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INTRODU CTION 

Let .M be a von ~eumann algebra on the Hilbert space H . ~ E H ts called a 

cyclic vector for .M if 

H = { I~ : X E .M } : 

E. is said to be separating for .M if. for each a E .M satisfying a~= 0 . a = 0 . As­

sume that .M ha cyclic separating vector ~
0 

. Then 

., C 
--+ X '>o ' XE .M 

is a preclosed an tilinear operator defined on the dense subset .M ' of H . The closure 
"' O 

of this operator is denoted by S and its polar decomposition bv 

l 
S=Jc ~~ . 

"o .,,o 

Araki ; 1: and Cannes , 1] showed that the set 

is a self-dual cone in H : and. for each ~ E H satisfying J ~ ~ = ~ , E has the unique 
0 

orthogonal decompo ition . that is . there are and such that 

C - c, - ,- d (. ,- , - ) - 0 ':, - ..... an 1.,, • ...., - • 

It was al o shown that 

H-; -= { xJ c xJ c ~ : x E .M } . 
"o "o "o 0 

Cannes 1: also characterized order isomorphisms on H whose generating positive cone 

In this thesis we shall study those order homomorphisms preserving orthogonal 

decomposition . For the sake of convenience. we shall call these o.d . homomorphisms . 

The thesis consists of twelve sections. Sections 1 and 2 contain preliminaries rn-
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eluding Tomita-Take aki · theory and various result of .-\raki and Connes on the order 

structure of H. Section 3 gives an example of a Hilbert space ordered by a simple cone 

P such that there are no von \Teumann algebra M on H and cyclic separating vector 

~
0 

satisfying 

In ~ection -4 we find some basic properties of o.d. homomorphisms and show that 

there is a correspondence between Jordan isomorphisms on M and o.d. isomorphisms 

on H : and when ....l c = 1 there is a correspondence between ,-bounded unital Jordan 
"o 

homomorphisms on M and ~
0
-presen·ing o.d. homomorphisms on H. 

Section 5 deals with characterizations of o.d. homomorphisms. The mam result of 

this section 1s that Q is an o.d. homomorph ism if and only if o ( H c ) C H--; and o ~-o 
"o "o 

belongs to the centre of M . In Section 6. we show that if o 1s an o.d. homomorphism 

and 0 = u l0i 1s the polar decomposition of o . then both u and l<i> I are o.d. 

homomorphisms. 

In Section i. we characterize the generators of C
O 
-semigrou ps and uniform semi-

' 
groups of o.d. homomorphisms. 

In Section 8. we consider the diff eren tiabili ty of the absolute-valued function 

B : HJ ~ H--; defined by 
"o 

where 

HJ = { C E H : J f = .;} . 

\,Ye have only been able o prove the differentiability of B for ~ E H-; . 
. "o 

In ection 9. we find equivalent conditions for all o.d. isomorphisms being normal. 

A..lso, it is hown that if M is finite-dimensional then all o.d. homomorphisms are nor­

mal if and only if M is a factor. 

Let 77
0 

E H--; be another cyclic and separating vector for M . \Ve set 
0 
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{ o E L(H) 

\Ve show in Section 10 that all o.d. homomorphisms in L( :,
0

.77 
0
,H-; ) are extreme 

'> 0 

points; and ),{ is commutative if and only if for any positive cyclic separating vectors ~ 

and rJ , every extreme point of L( ~.r;,H-; ) is an o.d. homomorphism. 
"o 

In Section 11. we show various results concerning o.d. homomorphisms satisfying 

(i)C = C . 
"> o "'o 

A continuous linear operator b : H ---+ H is a derivation if it satisfies the following 

conditions: 

(i) j C O = OJ C • 

"o "o 

(ii) If ~ E Hf, 
"o 

D(H+) denotes the set of all derivations. .-\. continuous linear operator </> 1s said to \,e, 

derivation-preserving if Jc </> = d>J c and d>* D(H_:_ )cp C D(H-) 
~o "o 

In Section 12, we show that a continuous linear operator 8 is an order homomor-

phic derivation if and only if 8 E ( M n Mr)- \\7 e characterize t he generators of 

uniform semigroups of derivations. 'Ne also characterize t he der ivation-preserving 

operators to derive another characterizat ion of o.d. homomorphisms. 
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§1. TO?vfITA-T}~KES.AKI THEORY 

Let .M be a von ::'\eumann algebra ac ing on a Hilbert space H. \Ve assume t hat 

there exi ts a cyclic and separating vector ~o E H for .M . Then. the operator 

for all x E .M 

is a preclosed antilinear operator defined on the dense subsel M~
0 

of H . The closure 

of this operator is denoted by S and its polar decomposition by 

The operators J ~ and d c depend on C 
"' o . The\· are characterized as follows: 

"o 1.,.0 

(1.1) (Araki :1:). The operator Jc has the following propert ,ies: 
', 0 

(i) (Jc ;,Jc rJ) = (77.C) for all ~,TJ E H. 
'>o "'o 

(ii) J~ = l . 
', 0 

(iii) j( .M ) = .M' . where j(x) =Jc xJ c for x E .M . 
"'o "'o 

( • ) J C - C lV c '->o - "'o . 
0 

C on t·er ely. if a linear operator J on H alz.s f ie:, t he se con d1.tion s . t he n J = Jc 
"' o 

This operator is called the conjugation operator a s soriated 1.n .th (.M.. H.~
0

) . 

1.2 (Takesaki _( ) . A den sely defined operator ..'...l sat?·s/1:es 

only if 

(i) --1 "' = _j. 

(ii) ..1 is po it ,ive defi nite. 

(iii) o-t (x) = _1 itx.:i-i·t E .M for every x E .M. and t E R . 

..1 = -1c if and 
'->o 
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(iv) ..uc satisjz"es the K-'v[S-conditions icith respect to {at } . 
"'o 

(V) ·" it c = c for all t E 1' 
.:J "'o ~o ~ · 

The operator ~.c is called the modular operator associ·ated wi.th (M ,H,(
0

) . 
...,0 

Note. The condition (iv) above means that~ for any x E M and y E M there 

exists a bounded continuous function F on { z E C : 0 :S Im( z) :S 1} such that F is 

regular inside this set and satisfies 

and 

for all t E R , where ~·E is a linear functional defined on M by 
0 

a EM. 
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§2. THE NATURAL CONES 

Let (.M.H,~
0

) denote the triple consisting of von ~eumann algebra M acting on 

Hilbert space H : with <;
0 

E H being a cyclic separating vector for ,M. . The natural 

cone H-; associated with (.M,H,~
0

) is defined as 
"o 

The theory of such cone was developed by Araki : 1] and Conn es : (. 

vV hen ( .M ,H, ~
0

) is fixed and there is no conf usjon, we sh al I denote Ji: , "6 c 
"o "O 

and Hf by J : <l and H..!.- respectively. \;Ve set 
"'o 

HJ = { ~ E H: J~ = ~} . 

The natural cone has the following properties (Bratteli -Robinson /1], Propositions 

2. 5. 2 6 and 2. 5. 2 8) . 

(2.1) (Araki [1], Theorem 4). Let H- be the natural cone associated w·ith 

(.M.H,E,
0

) . It follows that 

(i) H- = {xj(x)~
0

: x E .M } , where j(x) = JxJ. 

(iii) If f is a posit ·ive def'in-de functi"on, then f(log.:J.)(H-:-) C H-. 

( i V ) H_J_ C HJ . 

(v) xj(x)(H7
) CH- for all x E .M . 

(vi) H- is self-dual: ~ E H- z'f and only if (E,,17) > 0 for every r, E H-+ . 

(vii) H' n (-Ir)= {O} 

(viii) For any E, E H 1 . there ex-ist ~- E H+ and ~- E S-:- such that 



~ = ~- - ~- and ( ~- .E- ) = 0 . This -orthogonal decomposition., i s unique: and the 

-po~ itive par(' ~- is determined by 

(ix) H is Linearly spanned by H- . 

vVjth respect to th e order introduced by the na tu ral cone H- , HJ is a real 

ordered Hilbert space and H = HJ - 1:H1 is a complex ordered Hilbert space. This 

order structure of H has been investigated by Araki :i: and Cannes [1!. Their results 

are listed below. .'vlost of them can be found in the book bv Bratteli and Robinson . (, 

which we shall refer t o as BR. 

(2.2) (Araki ) ], Theorem 4; BR, Proposition 2.5.30). Let 17
0 

be a cyclfr and 

separat ,ing vector for M and 

tha t 'LS. 

H + be the natural cone associ·ated wdh 
17 0 

Then, i f r;
0 

E H- ( = H~ ) , we have H -
"'o ryo 

(2.3) (BR. Lemma 2.5.40 ) . Th e map b: .M --+ H defined by 

is an order 1-"somorph,ism of Mh . the set of all self-adjoi.nt operators ·in M , onto the 

subset 

F C = { E E HJ : - O'. .c < C < Q;: "'o , '> o .,, ..,, o for sorne 0: > O} . 

(2.4) (Connes 1 Lemma 4.3 ) . the f ollow,ing conditions are 

equ-ivalent 

(i) E is cyclic for M . 

(ii) ~ i's separating for M . 



(iii) If (~,17) = 0 
7 anu 17 E Ir . then 17 = 0 . 

(2.5) (Araki ri:, Theorem 4: BR. Theorem 2.5.31). The map 

norm-topological i·somorph-ism from H- onto ()(., )-, and 

C '> !~ 0.J c l S Q 
~ 

for ~,17 E H- . 

(2.6) (BR, Corollary 2.5.32). For any automorph,ism o: of ),{ , there is a 

un,ique un,itary operator u on H such that u(H7
) = H- and 

o:(x) = uxu* for all x E ),{ . 

(2.7) (BR. Theorem 3.2.15). 

(i) For every Jordan automorph1:sm o: of ),{ . there z· s a unz.que un-itary operator 

u on H such that u(H-L) = H- and 

(2.7.ia) (a(x) .~,~) = (uxu*~,~) for all x E ),{ and ~ E H- . 

(ii) For every unitary operator u such that 

. 
Jordan automorphi·sm a of ),{ wh-ich sati·s fi"es ( 2. 7 .i,a). 

(iii) The pafr (a,u) satisfies 

J or all x E ),{ . 

(b) There is a projecti·on eE M n M ' such that 

uxu 1
' = Q(x)e - Jo: (x"-) J (l - e) for all x E ),{ . 

(2.8) (Cannes ' (: Theorem 3.9 ) . Let T: H ~ H be a pos·it ·ive defini'te and 

in·uertible operator such that T(H-) = H-. Then, T = aj(a) for some a E M . 

(2.9) (Connes :1], Theorem 3.3). Let ¢ : H ~ H be a continuous hnear 

bijection such that 

© . Then, 

o(H+) = H + , and let d> = uid>I be the polar decomposi"tion of 

(i) u(W) = ~ . 
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(ii) J <Z> I = a j( a) for some a E .M . 

(2 .10 ) (Connes :i:, Theorem 3.4 and Lemma 5.3). For a continuous linear 

operator o on H . the f ollow,£ng cond,£tions are equi"valent: 

(ii) Jo= oJ and (o~,77) = o whenever ~,TJ E H 7 and (E:'7) = o. 

(iii) o = x -L j(x) for some x E .M . 

(iv ) Jo= oJ and [o, M] C .M ' where [o,x ] = bx - XO. 

The set of all such o will be denoted by D(H...L) . 

A subset F of H- is called a subcone if ~ E F , 17 E F and ,\ E R- imply 

~ - 77 E F and ,\~ E F . It is said to be hereditary if O ~ ~ ~ '7 and '7 E F imply 

' I 

~ E F. A hereditary subcone of H- is called a / ace of H- . The set 

F = { 77 E H' : 0 < '7 < ,\ ' ( - - c; for some ,,\ > O} 

is a face of H' , which is called the face generated by ~ . 

For any ~ E H_:_ , the cyclic projection pt is defined by pc = ; .M / ( 
~ '-,, . 

(2.11 ) (Connes ) ]. Theorem 4.2). (i) For e'uery 

I 

(ii) For every face F of H' , there exi"sts a projecti'on e E M such that 

F = ej(e)H' Furthermore, ej(e) = PF is the projecu·on to the subspace generated by 

F. 

For every ~ E }]- , th~ cycl-ic project1·on p~ = 'M / ( is an element, of .M . p( 

coincides \vith the support of the linear functional 

following result is a direct consequence of ( 2 . 5). 

o,J)c : that is, Pc= s(wc) . 
'-,, '-,, '-,, 

The 

( 2.12 ) ( Araki '. l ], Theorem 4; Stratila- Zsid6 [ 1 L 10. 24. Corollary 1). Let 

~ E H and 77 E H- . 

(i) If (rTJ) = 0, PcP = 0. , '-,, T/ 



-------------------------------...... 

(ii) If (; ,p) = 0 and p E Jr imply that (17 .p) = 0, then p
17 
~ P(_. 

(iii) If 11 ~ E : p 17 < p (. . 



§3. AN ORDERED HILBERT SP ACE 

The ordered Hilbert space H . ordered by the natural cone H- . is lattice-ordered 

if and only if .M is commutative, and it is an antilattice if and only if .M is a factor 

(Kadison '2j and Bos [1]). Among various order structures between these two extreme 

cases, only some are defined by natural cones associated with some (.M.H.~
0

) . The 

characterization of such order structures was given by Cannes _ l ' . The following resuit 

1s an immediate consequence of Conn es () j, Theorem 5.8. Defin ition 5.6 and Theorem 

.S.2). 

Let H be a separable Hilbert space equipped with a proper and closed cone P. 

Then, there exist a t·on ,.Veumann algebra .M on H and a cyclic separating vector ~o 

for .M such that P is equal to the natural cone H- associ·ated w£th (.M.H. ~
0

) 1} 

and only ·if P is self-dual, homogeneous and orientable. 

The definition of self-duality was given in (2.l)(vi). 

P is said to be homogeneous if, for every face F of P 1 

t(PF- Ppl-) 
e (P) = P for all t E R , 

where PF and Ppl. are the projec tions on the closed subspaces generated by F and 

FJ_ = {~ E P: (~.'7) = 0 for all T/ E F} respectively. 

'vVe denote by D( P) the set of all continuous linear operators 8 on H such that 

et (P) = P for all t E R . 

D(P) is an involutive Lie algebra. Let D(P) be the quotient of D(P) by its centre. 

Then, an operator I on D( P) is called an orientation if it satisfies the following three 

conditions: 

(i) 12 = 1 
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(iii) I(o"') = -I(o)"' for all o E D (P) . 

P is said to be orientable if D(P) admits an orientation. 

In this section, we show an example of a Hilbert space, ordered by a simple cone. 

which is not orientable . It is a kind of "'spin factor'" considered in the book by 

Hanche-Olsen and Stormer 1 . 
' 

Let H be a real Hilbert space and suppose that there is a comple te orthonormal 

sequence B0 JJ1:····BN, where 1 < N < CX) • Then, every element ~ E H is expressed as 

N 

~ e .,,n n' 

where 

We set 

This is a closed and proper cone . and it makes H an ordered Hilbert space. 

\Ve shall prove th e following properties of this cone. 

(3.1). H i s a vector latt'ice when N = l . For aLL 1V > 2 H LS an 

antilatti'ce. 

(3 .2). For each _V, H' -is a self-dual cone. _ 

(3.3). For each :V. H --t- i·s a homogeneous cone . 

(3.4). There is a uon 1Veurnann algebra M on the complex1"ffration ff of H ~ 

and a cyclfr separating vector µ E ff for M such that H- is the assoc'iated 

natural cone H µ i f and only i"f ~V = 1 or JV= 3 . 

For ~, '7 E H , we write ~ > TJ if ~ - rJ E H_}_ . 

(3.1). H is a vector latti'ce when JV = 1 . For all N > 2 H i·s an ant ilattice , 
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Proof. Let R2 be the 

two-dimensional Euclidean space equipped with pointwise order. Then R2 is a Hilbert 

lattice and the map 

( C f ) I--+ ( C ..J_ J: C - J: ) 
"o'"l "o ' ">l' "o "'l 

1s an order isomorphism of H onto R2 . 

lattice-ordered. 

Hence. H . ordered by H- . 1s 

\Ve next prove that H is an antilattice when .V > 2 . By definition. H is an 

antilattice if ~ /\ rJ = 0 implies ~ = 0 or rJ = 0 (Kadison '2:. Luxemburg ·i: ). 

Suppose. therefo re, there are ~ = ( ~n) , r1 = ( 11n) in H-'- such that ~ /\ rJ = 0 . 'vVe 

assume that E F O and T) F O . Then, ;
0 

F O and 'f}
0 

F O . Since ( o{) /\ TJ = 0 for 

any positive number a , we may assume t hat ;
0 

= T)
0 

= 1 . For convenience, we shall 

use the notation 

~ow. consider an element p of H defined bv 

Then. srnce ll ~llo :S 1 and il rJ ll
0 

< 1 , we have ~ ~ p and T) ~ p . Hence. by the 

assumption, p :S ~ /\ TJ = 0 , and this implies rJn = - ~n for n > l . Thus 1 

and 

C­
'> -

n-(l-1= _c ) ., - ' "'l' '>2' ... 

V\7 e now consider 

v = (l - ll ~ll o,0.0 .... ) 
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It is obvious that ; 2 v and T/ 2 v . Then. v :S O and this implies II ; !!
0 

= 1 and 

II rJ I J
0 

= 1 . \Ve may assume that ; 1 > 0 : otherwise. we take - ; 1 . 

If ~l = 1 . we have ;? = ~<> = ... = 0 because 11 ~11 = 1 . Then 
- J 0 

~ = (1.1,0.0 .... ) 

and 

TJ = (l ,-1 ,0,0, ... ) 

Y7 
In this case, take a number t such that 1 < t < - and set 

2 

,\ = (-lJ,t,0,0, ... ). 

Then, ~ 2 ,\ and 77 2 ,\ . Hence, ,\ < 0 • whjch is a contradiction because 

( 1) 2 - t2 > 1 . 

Therefore. 0 < ~ 1 < 1 . vVe set 

t _ J: I / J:2 3 - -'>l T V ~l T 

and 

µ = ( - l ,t,0,0, ... ) . 

Then ~ > µ and 77 2 µ . Hence, µ < 0 , which is a contradiction because t > l . 

Therefore, we have ~ = 0 or "7 = 0 . 

(3.2). For every .Y. H - 1·s self-dual. 

Proof. If ~.77 E H- . 

N N 

(~,'7) = L J:77 -Cf} - L C 
'>n n - '>o o c.,n"7n 

n=O n=l 

> ~ "7 - 11~11 011"7110 0 0 

> 0. -

Suppose ( ('7) > 0 for every r; E H+ . Take 

0 
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Then, 

that is . ~ E H- . D 

The following three results are needed to prove (3.3). 

(3.4). Let ~,TJ E H- \ {O} . Then. ( ~1 17) = 0 if and only if there exists a 

positive number o such that ~o = 11 ~!1 0 • '7 0 = 111711 0 · T/n = -0:~n · '7 = Q~ . o '>o 

Proof. Suppose that ( ~,'7 ) = 0 . Then, 

V 

~ 0 77 0 = - L ~r/ln < 11 .; lloll Tl ll o ::; ~o'7o · 
n=l 

This implies that ~o = 11 ( 11
0 

and ry
0 

= 11 '71 1
0

; and the equality 

N 

ll ~ll 0 II Tlllo = L (-~ n)Tln 
n=l 

in1plies t hat 11n = -oEn for some positive number o . Consequently, ry
0 

= o~
0 

. 

The con,·erse is obvious. D 

(3.5). Let F be a face ,·n H- . 

( i) If there e xi· ~ ts E E F such that ~ 
0 

> 11 ~ 11
0 

. then F = H - . 

(ii) If ~o = II Ell o for every ~ E F . then for an arbitrary non-zero EE F . 

F = { a c : o 2: 0} and FJ_ = { 0: T] : 0: 2: 0} . where TJ = ( ~ 
0

, - ~ 1, - ~ 2, ... ) . 

Proof. (i) Let p E H - and o a positive number such that 

,v 
<>

2
( I;~ - 11 <; 11 ~) - 2a (~ c nPn - ~0 P0 ) - (p; - IIPII;) ~ 0 · 
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This inequality is equivalent to O'.:: ~ p . Hence. p E F. 

(ii) Let p and ~ be arbitrary elements of F . Since F is a cone, ~ - p E F . 

By th e assumption. ~o ...!... p
0 

= II~ ..J._ Pll
0 

, ;
0 

= 11 ~11
0 

and p
0 

= IIPll
0 

; and hence there 

i:3 a real number O'. such that P = O'. c for all n > l . n '>n Again by the assumption. 

must be non-negative: otherwise , and 

p - IO'. I~ = (21 a I ~01 0.0, ... ) would be a contradiction. Hence. t here exists a positive 

number O'. such that p = a~ . Therefore, 

It follows now from (3.4) that 

FJ_ = { O'. ·ry : O'. ~ 0 } , 

0 

We note that self-dual cones 1n a real Hilbert space are generating 

( Bellisard-Ioch um [ l 1. j I 
Lemma 10), that 1s, H = H' - H...L and 

sc- = (H...!... - w ) - ,i(H+ - s +) Hence, (3.S)(i) states that F spans ff' and (3.4) 

implies FJ_ = { 0} But it follows from (3.5)(ii) t hat F and span 

one-dimensional subspaces. Therefore: ( 3. 5) in1plies the following. 

(3.6) Let F be a face ·in H-. 

(i) If there e.rists ~ E F such that ~
0 

> ll ~IJ
0

, then PF= l and PFJ_ = 0. 

(ii) If ~
0 

= 11 ~11
0 

for aLl ~ E F, choose ~ E F such that 11 ~11 = 1 . Then, PF 

and PFJ_ are expre ssed as .V x JV matrices of the followz·ng form: 

c2 C C C ~ ~; -~ ~ -~o~2 '>o '>o"'l '>o'>2 '>o 1 

~o~l 
~2 
'>l ~1~2 -~o~l ~i ~1~2 

PF and PFJ. 

~o~2 
C C ? 

- C ~ (1 ~2 
c2 c-

'>ll..2 '>2 ', 0 2 "2 
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and so 

0 C C 
~o~2 . ·· l '>o'>l 

C C 0 0 ', 0.., 1 

PF - Pp1- = 2 
C C 0 0 '>o"'2 

\Ve are now ready to prove ( 3.3 ). Recall that H- is said to be homogeneous if 

for every face F of H-c- . 

t(PF - Ppj_) 
e (H-) = H-.- for ail t E R . 

1 t follows from E\' ans Hanche-0 lsen t 1 ~, Theorem ( that this condition is equivalent to 

((PF - PF_L);;,77) = 0 for all ~-TJ E H- satisfying (~~TJ) = 0. 

(3.3 ) For each !V. H- is a homogeneous cone . 

Proof. Let F be an arbitrary face of H+ . Suppose ;,TJ E H-'- and ( ~,'7) = 0 . 

The case when PF and Ppl. satisfy (3.6)(i ) is trivial. ~ow assume, as in (3.6 )(ii), 

0 

3 1 0 

0 

0 

0 

Then. using the same o· . ~. and 17 as in (3. 4). we have 

;V 

(~ 
~v 

Bn~n) TJo - L. (/3n ;o)TJn 
n=l 

= 0. 0 

Recall that H 1s a real Hilbert space which possesses a complete orthonormal 
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Obviously 1 () 
0 

E H + and , furthermore, () 
0 

satisfies the following condition: if ~ E H --"­

an d ( ~-() 
0

) = 0 , then ~ = 0 . Therefore. if there is a von :\i eumann algebra .M on W 1 

the complexification of H , and a cyclic separating vector µ E H for .M such that H-

is th e nat ura1 cone associated with ( .M Jr\µ) 1 then by ( 2.4) () 
0 

is a positive cyclic 

separating vector for .M and hence. H- is the natural cone associated with (.M ,HC,B
0

) 

by (2.2). 

( 3. 7). Suppose that there is a uon ,Veumann algebra .M on W such that H -+-

zs the natural cone associated wi.th (.M ,JIC,B
0

) . Then: the nu·mber of mutually 

orthogonal (n on-zero) projecti"ons i· n .M ·is at most 2 . 

Proof. Let p , q and r be three non-zero orthogonal projections in .M such t hat 

p 1- q and p .l. r . Let J denote the conjugation operator associated with ( .M ,HC,B 
0

) . 

V·-ie consider ~ = pJpB 
O 

, 71 = qJqB 
O 

and p = rJd) 
0 

• Then, ~ f:. 0 because otherwise 

(see Connes' proof of [l, Lemma 4.4 )) 
' 

l 1 
( _:j,2 pB o,pB o) = ( JpB o'J £J 75 pB o) 

= ( JpB o,pB o) 

=0 

would imply p = 0 . Similarly. 77 f:. 0 and p f:. 0 . Hence. ~ , 77 and p are mutually 

orthogonal non-zero elen1enLs in s - . Then, by (3:4), t here are positive numbers a 

and 3 such t hat T)
0 

= aE
0 

, TJn = -a~n' p
0 

= {3~
0 

and Pn = - B~n . Hence ·r, and p 

cannot be orthogonal. D 

We are now ready to prove ( 3.4). 

( 3.4). There is a van 1Veumann algebra .M on the complexi"fi·cation W of H 

and a cycli'c separat·ing vector µ E lJC for .M such that H+ ·is the associ·ated 

natural cone i'f and only i'f JV= 1 or 1V = 3 . 
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Proof. \\'hen 1 . let .M be the algebra of all 2 x 2 ma rices of he form 

[: ~] 
Then. H- is the natural cone associated with (M.ff .B

0
) . 

\\'hen .V > 2 . H is an antilattice by (3.2). Hence, such an algebra )rt 1s a 

factor (Bos l _). Therefore. )rt is the algebra of n x n matrices for some n . Bv 

(3.7). we have n=2. and hence .V=3. Conversely. when .V=3 . H- is t he 

natural cone associated with /vf?(C) with the Pauli matrices as {B } (BR. Example 
- n 

-1.2.7). D 
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§4. O.D. HOMOMORPHISMS 

The studies of those operators preservmg orthogonal decompositions in general 

orthogonally decomposable ordered Banach spaces have been done in Yamamuro C(, 

' 2 '. ). We shall investigate the properties of such operators defined on an ordered Hi! bert 

space associated with a von )leumann algebra with a cyclic separating vector. 

Let M be a von )leumann algebra on a Hilbert space H and f,
0 

E H a cyclic 

and separating vector for M . Let ~ denote the natural cone associated with 

( M ,H: f,
0

) , J the conjugation operator and 

HJ = {; E H : J ~ = ~} . 

Then, by (2.l)(viii). every element ~ E HJ admits a unique orthogonal decomposition 

c = c- - c- where 
..., "' "> ' 

and ( c+ c-) = 0 
',, '"" . 'vVe define the 

absolute-value mapping l·I : HJ ~ HJ by 

\Vith the foregoing notations. a continuous linear operator (!) : H ~ H is called 

an o.d. ( orthogonally decomposable) homomorphism if, for every E, E HJ , c/>f, E HJ 

and (!)~ = q>f,- - (J)f,- is the orthogonal decomposition of <pf, . 

It follows immediately from this definition that 

( 4.1). The follow'ing conditions are eqw:vaLent: 

(i) d> 'lS an o.d. homomorphi.sm. 

(ii) ¢(H_J_) CH', and (cpE,,d>ry) = 0 whenever ~,17 E H-i:- and ((TJ) = 0. 

Proof. (i) => (ii). For any f, E H- , ~ - 0 is the orthogonal decomposition of 

so 0( ~) - 0(0) is the orthogonal decomposition of 0f, , that is, ¢E, E ~ . \low 
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for any :,.rJ E H- such that ( ~-TJ ) = 0 . ~ - 77 is the orthogonal decomposition of 

<; = E - 77 E HJ , so <1>E - OrJ is tr.e orthogonal decomposition of 0( ~) . t hat 1s, 

(<P t.:<P,TJ) = 0. 

(ii) ~ (iii). For any f, E HJ with its orthogonal decomposition E = ;- - ~­

by hypothesis, <PE- E H' and @E- E H 7 
• so 

= 0E. 

Hence 0 f, has the urnque orthogonal decomposition ( ¢0 -t- - ( 0f,)- . On the other 

hand~ by hypothesis, d>f, = (])f,+ - ¢f,- . where <pf, -"- E H + . <bf,- E H+ and 

( oE- .(])f,-) = 0 . that is, 0f,- - (])E- is an orthogonal decomposition of ff,. Hence, by 

the uniqueness of orthogonal decomposition in HJ , ( @f,) + = </>f,+ and ( ¢~)- = ¢E- . 

Thus, we have 

\0~! = ((])~) ' + (¢f,)­

= d>f,+ + <;bf,-

= ¢\~I -

(iii) ~ (i). For any f, E HJ with its orthogonal decomposition ; = ~---"- - f,- , 

by hypothesis ¢~+ = ¢\ E,- I = l¢E,+ I and hence: d>f,+ E H + . Similarly, </>f,- E H + 

A.l so, by hypo thesis. 0E- - 0~- = 01 ~I = I 0f, \ = (<P f, )~ 1 ( ¢~)- . On t he other hand, 

o f. - - d> f,- = ( 0f,)- - ( wf, )- . Hence, of,- = ( w{) + and d> ~- = ( @~)- . Th us, 

0 ~ = q> f, - - of,- is the or t hogonal decomposition of cpf, . 0 

( 4.2). Examples of o.d. homomorphisms 

Example ( 4.2.i). A unitary operator u satisfying u( HJ_) = H+ 1s an o.d. 

homomorphism. 

Example (4.2.ii). Every central projection is an o.d. homomorphism. Let p be 

an arbitrary central projection. p = p2 = pJpJ . so p(H+) C H+ by (2.l)(v). 
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Furthermore. for any ; E H - . '7 E H- such that ( ~-'7) = 0 , since p~ E · .M '; and 

P''7 E .M ''7 : we have (p~.pTJ) = 0 by (2.12). So p i an o.d. homomorphism. 

Example (4.2.iii). (Yamamuro :2: (3.-t)). For a E .M , the operator aJaJ 1s an 

o.d. homomorphism if and only if a"'a E .M n M' . Indeed , suppose a E .M and aj(a) 

is an o.d. homomorphism . Let p be any projection in M . Then pj(p)~
0 

E H - . 

so ( aj( a )pj(p) ~
0

, 

aJ·( a )( l-p)j(l-p)~
0

) = 0. that is, 

Thus. 

1 l 
( ...1 ~pa -" a ( 1 - p) ~ 

0
, pa "' a ( 1 - p) ~ 

0
) = ( J pa+ a ( 1 - p) ~ 

0
. J _j ~pa "' a ( 1 - p) ~ 

0
) 

= ( J pa* a ( 1 - p) ( 
0

, ( 1 - p) a* a p ~ 
0

) 

= 0. 

and hence, pa ~a(l-p) = 0 , that is. pa *- a = pa "· ap 

pa -I' a = (pa* a) :l. = a* a p . The re fore, a * a E M n .M ' . 

Since pa*ap 1s self-adjoint , 

Conversely. suppose that a E .M , a"'a E .M n .M' 1 ; E H- , '7 E H..L and 

( ~,77) = 0. Then~ by (2.12) we have 

(aj(a)~. aj(a)l'J ) = (a *aj(a *a)~.17) 

- o - . 

Example (4.2.iv) . . -\s mentioned m the beginning of §3. H1 is lattice-ordered 

by H - if and only if .M is commutative. Then. o.d. homomorphisms are exactl y 

lattice homomorphisms. This follows immediately from the following. 

( 4.3). Suppose that H is lattice-ordered. Then, for ~ E ~ and '7 E n , 

( ~: '7 ) = 0 i J and only i J ~ I\ TJ = 0 . 

Proof. uppose that ~ E Ir , 17 E H- and (~,,7) = 0 . Since O < ~ /\ TJ ::; ~ 

and O ::; ~ /\ 17 ::; 77 , by t he self-duality of n we have 



0 < (~ /\ 11, ~ I\ 11) < ( ~.17) = 0, 

hat is, E A TJ = 0 . 

Conversely. suppose that ~ E H- 77 E Ir and ~ A r; = 0 

I~ - r] I = ~ - 17. Consequently. II ~ - 111 12 = Ill ~ - TJ lll 2 = li e - 1111 2 . But 

II~ - 1111 2 = (f - TJ. ~ - 11) 

= II Ell 2 
- 2(~,TJ) - II TJll 2 , 

and 

Therefore. (~ 1 17) = 0. 
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Then. 

D 

The von >ieumann algebra .M itself is an ordered Banach space. Let .Mh be the 

hermitian part of .M . Then, the positive cone .M - consists of all positive operators, 

and, for every x E .Mh , there exist x' E .M- and x- E .M - such that x = x- - x­

The following theorem of Kadison 3, shows that the o.d. 

homomo rphisms with respect to this orthogonal decomposition are exactly the Jordan 

homomorphisms , when restricted to unital operators. 

(4.4) (Kadison (3;). Let a: .M ~ .M be a linear operator such that a(l) = 1. 

Then. a ,£s a Jordan homomorph,is ·m i'f and only if ja(x)I = a(lx l) for every x E .Mh. 

Theorem (2. 7) of Conn es shows that there is a correspondence between Jordan 

i-omorphisms of .M and o.d. i omorphisms on H . The unitary operator u such that 

u(H-) = H- . which appears in (2. 7), is obviously an o.d. isomorphism. 

There is also a correspondence between unital Jordan homomorphisms on .M and 

~
0
-preserving o.d. homomorphisms on H in a special case when .de =- l 

~o 
This 

condition, as shown below is equivalent to that c 
O 

is a trace vecto r for .M . A vector 

~ E H is called a trace vector for the von >l" eumann algebra .M on H if. for an v 

x.y E .M , 
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( 4.5). Let .M be a von .Veumann algebra on H . ~
0 

a cyclic and separating 

vector for .M It follows that 

(i) -1c = 1 if and only if ~ i"._ a trace vector. 
"o o 

(ii) .M is j£nite if and only £f there exists a cyclic separatz.ng vector TJ E H 

such that dry = 1 . 

Proof. (i) uppose that Ll c = l . Then Jx~
0 

= x '"~
0 

for all x E .M . and 
'>o 

hence. for any x.y E .M . 

( C 't' C ) x...,o, Y '>o 

Conversely. suppose that ;
0 

is a trace vector. Then, the mapping 

is isometric because ;
0 

is a trace vector. Furthermore. as ~
0 

is cyclic and separating, 

this mapping extends to a well-defined antiunitary operator S. Hence. de = 1 . 
"o 

(ii) If .M i finite. there is a positive faithful normal central linear functional Q 

on .M ( trat ila-Zsid6 (. Theorems 7 .10 and i" .11 ) . So there is a cyclic separating 

vector 17 E H- such hat 

o(x) = (xTJ .77 ) 

for x E .M by ( 2. 5). Hence 17 is a cyclic separating trace vector for .M . It now 

follows from (4.5)(i) that Ll = 1 
TJ 

Conversely, let TJ E H be a cyclic and separating vector for .M such that ~ = 1 
TJ 

Then by ( 4. 5 )( i), ry is also a trace vector for .M . Hence the finite trace 



r(x) = (xTJ .TJ ) 

on satisfies ,( x) -:f- 0 if x E .M + and x -:f- 0 . Th us bv (Stratila-Zsid6 

Corollary 7.14), .M is finite. 0 

Therefore. we can find a cyclic and separating vecto r ;
0 

E H such that .:1( = l 
0 

if and only if .M is a finite von >ieumann algebra of countable type . When .M is such 

an algebra and ~
0 

is a cyclic trace vector. define a trace , by 

XE .M 

and 11 · 11
7 

: .M ~ R by 

1 
11 a 117 = r( a"' a) 2 a E .M. 

Then, since ~o is a cyclic trace vector, 11· 11 7 is a norm in .M . 

We shall call a linear operator a : .M ~ .M ,-bounded if it is bounded with 

respect to the 11 ·II 7 - norm, that is, if there exists a positive number k such that 

ll a(x)ll 7 ~ k·l lxll 7 for all x E .M . 

( 4. 6) . Suppose that d c = 1 . 
..,,0 

(i) If <f> is an o.d. homomorph·is ·m on H such that cp~
0 

= (
0 

, there exists a 

r-bounded unitaf Jordan homomorphis·m a on .M such that 

IE .M. 

(ii) If a is a ,-bounded unital Jordan ho·momorphz.sm, there exists an o.d. 

ho·momor;>hism <f> on H such that cp~
0 

= ~o and 

XE .M. 

Proof. (i) Let d> denote an arbitrary o.d. homomorphism satisfying </>~
0 

= ~o . 

Since _j( = 1 , for any a E .Mh : - llall~o < a(
0 
~ ll a ll~o, and hence 

0 

Hence. by (2.3) there is a unique b E .Mh such that 
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where b~
0 

= 9(a~
0

) . Then, ex
0 

is obviously well-defined. (real) linear and ex
0
(1) = 1 . 

Furthermore, because for each a E M , there are two unique operators a 1,a2 E Mh 

satisfying a = a 1 -t- ia 2 , \Ve may define the linear extension ex of a:
0 

on .M bv 

a E .M , 

where a = a 1 - ia 2 and a 1 .a2 E .M h . Then. ex : .M -+ .M satisfies ex( 1) = 1 and 

:\ o t e that when ..:1 c = l , for all x E M h , 
'-> o 

is the orthogonal decomposi t.ion of x ~
0 

• and hence. 

lex(x) IE0 = !ex(x)E0 J = Jo(x~0 )J 

= ¢(Jx~ol) = ¢(lx l~o) 

= ex(lx l)~0 · 

Since ~
0 

is separating for M , we have, for every x E .M h . 

lex(x) I = ex( lxJ) . 

It now follows from ( 4.4) of Kadison that ex is a Jordan homomorphism. Moreover, if 

-
= (@(a - a) c . @( a - a) f' ) n ..,, o n . -o 

Hence, ex 1s ,- bounded. 

(ii) Let ex : .M -+ .M be an arbitrary T-bounded Jordan homomorphism 

satisfying ex( l) = 1 . We define a mapping q> 
0 

: .M ~
0 

-+- M ~
0 

by 

a E .M. 

Then because a: is r- bounded, the closure q> of <D
O 

is a bounded linear operator on 



);ow for any a E M h , since L1 c = l we have 
"'o 

Hence by ( 4.4) of Kadison we have 

Furthermore. for anv ~ E HJ= H+ - H~ , there exist (an) E Mh such that 

Since H ' is self-dual, for any ~ E HJ and rJ E HJ we have 

( C ) - (C~ -) (C- - ) (c - -) (c- -) ':, ' rJ - ', , 77 - ~ ' rJ - ', ' 11 ' ':, ' rJ 

and hence 

< ( ~+ 'rJ +) _l_ ( ~,-; rJ - ) -L ( ~ - • rJ +) + ( ~ - : 77 - ) 

= (IEI, hi) · 

111~1 - 171 111 2 = 111 ~1 11 2 
- 2( 1~1, lrJ I) + lll rJl ll 2 

= 11 ~11 2 
- 2( 1~1, !TJI) + 117111 2 

:S II Ell 2 
- 2(E,rJ) + l! rJll 2 

= II ~ - rJll 2
. 

Consequently lanEol ~ l~I . As <:> is continuous we have 

and hence 

that is. l6(j = ol (I . Therefore 0 is an o.d. homomorphism. 

2-1 

D 

This correspondence between a and ¢ is unknown when L'.l~ f::. l . The main 
0 

difficulty is in finding the orthogonal decomposition of L1} x~
0 

when x E M h . For 
"o 



example: for x E ),{ h , 

l 
is not the orthogonal decomposition of .d1 x~ . In fact. we have the following. 

~o o 

( 4. 7) The folLow'ing condz.tions are equivalent: 

l 1 
(ii) I.Ji x ~ J = _j J Ix I ~ J or e'uery x E ),{ h . 

"'o o "'o o 

(iii) .:1 c = l , 
"'o 

Proof. The equivalence of (i) and (ii) 1s obvious. It is also obvious that (iii) 

implies (i). 

(i) :::} (ii). Condition (i) is equivalent to 

, 1 1 
x.y E M', xy = 0::::} ( .d1 xE,

0
, ~1 y~ ) = 0. 

~o ~o 0 

So for any projection p E .M , we have 

l l 
= ( .<l1 pf,

0
, Li! (1-p)~) 

~o "'o 0 

=0 
' 

= 0. 

Hence Jp~
0 

= pf,
0 

for any projection p E .M . Then by spectral theory we have 

Jae = ac for any a E .Mh . ~ow for any x E ),{ , there are x 1 E Mh . x E .Mh "'o ...,o - 2 

such that a = a 1 - ia 2 , hence 



la( = Ja 1~ - Jia')~ 
0 0 - 0 

C . C - a - ia?~ - 1 "o _ o 

Therefore . ..J~ = 1. 
0 
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0 

In conclusion. an o.d. homomorphism on H is a lattice homomorphism when H 

1s lattice-ordered. Generally. there 1s a correspondence between Jordan isomo rphisms 

on M and o.d . isomorphisms on H . vVhen ..Jc = l . there is a correspondence 
"o 

between ,-bounded unital Jordan homomorphisms on M and c -preservin a o.d. 
"O o 

homomorphisms on H . Therefore at least in th ese t wo cases. considering o.d. 

homomorphisms is equivalent to considering ,-bounded Jordan homomorphisms on .M 

Since the order struct.ure of H . being a Hilbert space: is simpler than that of .M ~ 

the re are some advantages in considering o.d . homomorphisms on H one of which is 

t he charac te rization of these maps in t he next section. 
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§5. CHARACTERIZATIONS OF O.D. HOMOMORPHISMS 

Throughout the rest of this thesis . unless otherwise stated, we always assume that 

(M.H .. E,
0

) is given. that is. given M a von Neumann algebra on Hilbert space H and 

~
0 

E H cyclic and separating for M . The natural cone associated with (M,H,~
0

) will 

be denoted bv H- . 

We shall start this section with a characterization of bijective o.d. homomor­

phisms. To do this, we need the following result. 

(5.1). Let d> be an o.d. honwmorphism.. If <D is bijective. d> is an order 

isomorph,ism, that is, q>(H-) = H....L. 

Proof. Let ~ be an arbitrary vecto r in H 1 such that 

E,- be the orthogonal decomposition of ~ . Then we have 

Since s-t- is self dual. 

d>~ E H+ . Let 

Hence o~- = 0 : and since 0 is bijective 1 E,- = 0 . Therefore. ; E H+ This shows 

(5.2) Let o be a b1)ectiue conti'nuous hnear operator on H. Then q> is an o.d. 

homornorphisrn 1:J and only if. for the polar decornposit1:on q> = ul<PI . u is a uni.tary 

operator such that u( H-) = H...1.. and ltl E M n .. M ' . 

Proof. It follows f;om ( 5.1) that (}) 1s an order isomorphism. Then by theorem 

( 2. 9) of Conn es. there is an operator a E M 7 such that aj( a) = 1¢1 = u * (1) • Since ¢ 

and u~ are o.d. homomorphisms, aj( a) is also an o.d. homomorphism. It follows from 

Example ( 4.2.iii) that a 2 = a'i' a E M n ;'~' Therefore a E M n M ' and 
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lo! = aj(a) = a2 E .M .M' . 

The converse is obvious. 0 

The following result is needed in characterizing o.d. homomorphisms. 

(5.3). Let a E .M and 8 = a -L j(a) . Then, 8(H-i..) C H- if and only if 8 is 

an o.d. homomorphism. 

Proof. Suppose that ;_-( H-) C H- It follows from (2.10) that 8 sacisfies 

( ~,877) = 0 whenever ; E H- . rJ E H- and ( ~, -,,) = 0 . Since 877 E ~ by the 

assumption. we can apply this condition again t.o obtain ( 8~ 1877) = 0 . Hence 8 is an 

o.d. homomorphism. 

The converse follows immediately from ( 4.1). 

( 5.4). The f o!low,ing conditi·ons are equ,ivalent : 

(i) ¢ -is an o.d. homomorph,ism. 

0 

Proof. ( i) => (ii). Let cf> be an o.d. homomorphism and set 8 = ¢:.t-¢ . It 

follows from ( 4.1) that d>(H-) C H+ . Since H+ is self-dual , for each ~ E JI+ , for 

all rJ E H -1- . 

((Di'~, fl) = ( ~. 017) 2 0 1 

that is, o ·~,; E H- . So o+ ( H ~) C H- . and hence 8( H- ) = o + 0( H-) C s+ . Since 

(~ 1877) = 0 whenever ~ E H-: T] E H- and (~-'l) = 0. by (2.10) 

8 =a, j(a) , 

for some a E .M . It follows from ( 5.3) that 8 is also an o.d. homomorphism. We now 

set 

'!/.,' = 1 7 o.8 ' 

where ex is a positive number such that all8II < 1. Then 1./J is bijective. Furthermore. 

t/J is an o.d. homomorphism because if ~ E H- . 77 E Jr"" and ( ~,'l) = 0 , then 



(W(.tf;rJ) = (C - O'.b~, TJ - 0'.07?) 

= (~.TJ) - Ct(ro11) - 0'.(5~,TJ ) - 0:
2(0~.011) 

-o - . 

Since u = lwl , we have UJ = l1rl E M n .M ' by ( 5.2 ) . Hence. o E .. M n M ' 

(ii):::} (i). For~ E H-. TJ E H _J._ and (C:,77) = 0, we have, by (2.12 ), 

(cbt:,<i>TJ) = (¢"'0[ 77 ) = 0. 

It follows immediately from ( 4.1 ) t hat d> is an o.d. homomorphism. 

~ote that ( 5.4 ) implies all elements of ( .M n .M ' )- are o.d . homomorphisms. 
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D 

A bijective continuous linear operator <I> is called an o.d. i"somorphi·s ·m if q> and 

0 - l are o.d. homomorphisms. 

( 5 . 4) has two immediate corollaries . The first one generalizes ( 5 .1 ). 

( 5.5 ). If q> ·is a b1<jecti"ve o.d. homomorphism, </; 'is an o.d. -isomorph-ism. 

P r oof. Let ¢ = ul9I be t he polar decomposition of d> . It follows from (5.4) 

that u 1s a unitary satisfying u(H-,) = H - and 101 1s a bijective operator in 

So u*( H +) = H ...!.... and lol-l E (.M n .M ') -, ; that 1s both u t and 

1
,.,..,1 - 1 d h h " V,/ are o. . omomorp isms. Therefore e> - l = lml- 1u* is also an o.d. 

homomorphism. D 

In a Banach lattice. all order isomorphisms are lattice isomorphisms. When .M is 

not commutative: this is no longer true. In fact: Yamamuro [2] has proved that every 

order isomorphism is an o.d. isomorphism if and only if M is commutative. 

Furthermore, we have the following. 

( 5. 6 ). The follow,ing condi"tions are equ,ivalent: 

(i) If cp(H-) C H...!.... and q> is b,ijecti've, then ¢(Ir) = JP . 

' c C d . b . . . h ([)1 
( H +) -_ H - . <1>-, = ~ an C> is iJectzve. t en o ~o 
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(1·1·1·) H 1 . h . h d . l d d z s i somorp i c to t e 071.e- i mens1 ona or ere space o J all real 

numbers. 

Proof. (i) => (ii) and (iii)=> (i) are obvious. 

(ii)=> (iii). \Yithout lo s of generality. we assume ll ~o ll = 1 . and set 

c;C = ~ ( C _ ( C C ) C ) '> - '> , • ..,0 0 . EE H. 

As H - is self-dual and ~
0 

is in H- . we have (])(H- ) C H- . It is also obvious that 

oc = c o is biJ. ecti ve and 
"O "O' 

0- lc - •)C_ ( CC )C - -, ~ ·" a ':)o · 

2'>(CC)C .., - ..,, . ..,o "'o · 

Hence for an arbitrarv c E HJ with the orthogonal decomposition ~ = (- - ~- , we 

have ? ,- > ( ,- c ) c and ') c- > ( ,- c ) c Thus. by the self-duality of H+ . - .., - · "o "o - .., - .., 1 ~o "o · -

and hence ~- = 0 or ~- = 0 , that is. ~ E H- or - ~ E H- . This means that HJ 

is tot ally ordered . Hence HJ is isomorphic to the set of real numbers equipped with 

the usual order. D 

The second corollary of (5.4) is due to Yamamuro (-1 ), which offers another 

charac te rization of o.d. homomorphisms. 

(5.7). A conti"nuou linear operator (]): H-+ H 1s an o.d. homomorph,ism if 

and only if o(H-) C H - and <!:>*xo E M n M' whenever x E M n M' . 

Proof. Suppose that o 1s an o.d. homomorphism and y E ( M n M ')- . Since 

l 
y2 E (M n M ' )-

1 l 
y2 1s an o.d. homomorphism: and hence y2 d> 1s also an o.d. 

homomorphism. ( ) 
1 ) ' l ) , o. by 5.4 . we have (])*y0 = (y2(]) "'( y::!6 E M n M . :\ow for 

a E (M n M ')h , 1 - eca E (M n M ')- with Q being a positive number satisfying 
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a JJa JJ < 1 . Then o""(l - 0:a)0 E .M n .M' . and hence o"'ao E .M n .M' . Since for 

any x E .M .M' , x is a linear combination of two self-adjoint operators in .M n .M ' . 

we have q/''xG> E .M n .M' . 

The con verse follo\VS vv hen we set x = l . 0 

As a consequence 1 an order homomorphism q> 1s an o.d. homomorphism if 

(J) "' .M (J) C .M . because then, since Jo= ¢J , (1.l)(iii) implies 

(J) "J( .M ) 0 C J( .M ) 1 

and hence d>"' ( .M n .M ' ) o C .M n M' . This type of operator, ·'implemented'' operators. 

on .M has been studied by Demoen and Vanheuverzwijn (1]. in which they clarified the 

relation between the implementability and another kind of orthogonality preservation. 

\Ve shall give a brief account of their results. 

Let M"' be the predual of .M and .M ~ be the hermitian part of .M * Then 

every element vJ E .M ~ admits a urnque orthogonal decomposition (the Jordan 

decomposition) 

w=w -v.J 

where M~ is the positive part of .M * , and the orthogonality, ...;+ J_ :...;- , is defined by 

s(...;')s(w - ) = 0 ( s( · ) denotes the support of · ) . Naturally~ we can consider o.d. 

homomorphisms on this orthogonally decomposable space .M "' . 

When a linear operator o· : .M -+ .M is 11ormal. the dual O'. ," : .M :1: -+ Mx is 

defined. vVe shall sav that 0: "' 1s an o.d. ho·momorphism if 0:"' (M;) C .M t and 

Demoen and Vanheuverzwijn _ l ~ gave the following definition: 

A uni'tal, normal and complete! y posi'tive rnao a : .M -+ .,M is said to be 

( isometri·cally) implementable i"f there exi'sts an isometry v : H -+ H such that 

a(.r) = v*xv for ail x E .M and v(l-T·) CH- ; 
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and they have proved the following theo re m. 

DV). Let O'. : M -+ M be a un-itaL and normal Schwartz map· then O'. is 

implementable if and only i'f O'.x z·s an o.d. homomorphism . 

(..\ Schwartz map is a linear map ex: M-+ M such that O'.(x "' x) > O'.(x"') O'. (x) for 

all x E M .) 

It immediately follows from the remark after ( 5. 7) that the operator v m t he 

definition above of implementability is an o .d. homomorphism. To make clear the 

relation bet ween the two orthogonality prese rvations of o on H and O'.* on 1~ "' , we 

give the following definition. 

A linear operator O'. : M -+ M 1s said t o be £mplementable if there exists a 

continuous linear operator o: H -+ H such that O'.(x ) = d>~xd> for all x E M 

It is easy to see that implementable operators are normal. Hence if O'. 1s 

implementable . O'.x : Mx -+ ;~ "' 1s well-defined . Cnder this circumstance , we have the 

following result. 

(5.8). The following cond£tions are equi?;·alent : 

(i) o is an o.d. homomorphism . 

(i i) a,,,, is an o.d. homomorph1·sm . 

Proof. By (2.0). for ever:·; , r li -
J.J C JY\ X • ch ere is a urnque ~ E H- such that 

..;.; = ..iJ ~ • and for ~ E H- and TJ E H- . ( ~ .r7 ) = 0 if and only if ..;.J ( .l ..iJ 11 • 

(i) => (ii). Since ex( M-) C .M - ; O'.x ( M :-) C .M ;; is obvious. Suppose that 

» i E M :- ( i = 1. 2 ) and , ., J_ , ,, 
'-'-'l -2 · Then .JJl = .tJ~ and w2 = wT/ for some ~ E H-

and rJ EH- such that (~ .TJ ) = 0. Since 6 is an o.d. homomorphism. (cb ~,d>ry) = 0 

Consequently. w
0

~ J_ »<PT/ . On the other hand . w 0 ~ = o::ic(w.;) and wQ~ = O'.x(wT/ ) 

Therefore O'.x is an o .d. homomorphism. 
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that is »
0

c = .,;TJ and 77 EH-. Thus. o(H-) CH-. So by the remark after (5.7 ), 

o is an o.d. homomo rphism. D 

The following result follows immediately from ( 5. 7 ). 

( 5.9 ). If ls i 1npLementabl e and then 

ex( M n M')c M n M '. 

Proof. It follows from the assumption that <D 1s an o.d. homomorphism. So 

a( M n M ') = o"'( M M ')<D c M n M ' by (5.7) . D 
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§6. POLAR DECOMPOSITIONS OF O.D. HOMOMORPHISMS 

Every continuous linear operator ¢ : H --+ H admits the polar decomposition 

l 
where 1¢1 = (d>xd>)2 and u is a partial isometry such that u*u = s( i¢1) , the support 

of I¢ I . If ¢ E .M , then u E .M and I¢ I E .M . 

The theorem (2.9) of Connes states that if d>(H-) = H+ , then u(W) = JI+ 

and 1¢1 ( H...l...) = H- , that is, when ¢ is an order isomorphism, u and 1¢1 are also 

order isomorphisms. However, this character is not enjoyed by order homomorphisms, 

that is, there are operators d> on H satisfying ci>( H+) C H--t- , with the polar 

decomposition q> = ul¢ 1 , where either u is not an order homomorphism, or both u 

and !<Pl are not order homomorphisms. 

(6.1). An example of an order homomorph,ism <p for wh-ich 1¢1(W) C W 

We consider the space of 2 x 2 matrices 

a, b. c, d EC 

Then, 

= trace 

defines an inner product on H 2 ; and H2 is a Hilbert space with respect to this inner 

product. Let ~vf2( C) be the set of all operators of the form 

a, ,B, x, o E C , 

defined on H 2 such that if A E H 2 , cp(A) is the usual matrices product of q>A . It 



follows ea ily hat .\f 2 ( C) a von \'eumanr1 algebra on H2. Furthermore. it i 

to check that 

[~ 0 
l= r H2 C: 

1 

a cyclic and separating trace vec or for .\12(C). So by (4.5)(i). 

~I= 1 

and hence 

[: : r 
[; : I 

rnce n.;= {J fDl f)I: <I> E .\!~(C)} H 2 is t he set of all matrices of the form 

b 

[ 
ial

2 
- ~1

2 

ca - db 

ac - bd 1 
') ') 

!cl- - jd!- ) . d 

ln other words. 
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imple 

if and only if p 2: 0 . r > 0 and 
•) 

pr > jqj- . Consequently. H~ consists of all 

Hermitian matrices. 

\Ve now consider the operator <!J : H 2 --+ H 2 defined by 

It is easy to see that o( H-) C H- . Al o, 



So, 

: ]) = ([ : 

b 

d 

= ax --;- by 7 CZ - ((l.+d)u . 

and hence 

Let ¢ = ul0I be the polar decomposition of o . \Ve have 

a b r 3a--=d 
\ ' 5 

b 

1¢1 --

a.-2d 
C d ) C 

and 

a-2d 
a b b -

, / 5 
u --

2a-d 
C d C 

~ ; _ 
Vo 

Then. it is easy to see that i<f I ( H~ C H 2, and 

[ ~ 
0 

but 
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11 
1 0 0 

~ 

V5 

u !=Fi 
3 

0 ;) 0 r: V ;) 

(6.2). An example of an order homomorph,ism <!> for whi ch 

Let i'v[3 be an algebra of all 3 x 3 matrices of t he form 

0 

0 

0 0 

8 X 

e 

Q . 3. x. b. B E C . 

The Hilbert space H ') consists of all 3 x 3 matrices of t he form 
v 

a 

0 

0 

0 

b 

d 

0 

C a, b. c. d. e E C . 

e 
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D 

with the underlying inner produc t defined in t he sarm-' way as rn ( 6.1). Then J\!J<> 1s a 
v 

von :\eumann algebra on H ') . and 
v 

1 0 0 

1 = 0 1 0 

0 0 

1s a cyclic separating trac e vect or. So by ( 4. 5) ( i) ..J 1 = l . and hence H 3 is equal to 

,\13 as sets . \Ve now con sider <P : H 3 ~ H 3 defined by 

a 0 0 a 0 0 

(J) 0 b C 0 b C 

0 d e J 0 d a-e 

Then d> ( Hi] C H ~ and 
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3a-e 
a 0 0 0 0 

\' 5 

l<P I 0 b C 0 b C 

a ...1.. 2e 
0 d e 0 d -

I ,. 

Vu 

Hence 

1 
0 0 0 0 0 

\ 5 

1 1 0 l 1 EH-;;. 
v 

2 
0 1 l 0 1 

From u"'<i> = !<Pl it follow s that u.( H?) C H3 . because u( Hf} C H3 implies 

D 

Thus the polar decomposit ion is not compatible with the order structure of H . 

However, for every order homomorphism d> with the polar decomposition ci> = u lol . if 

d> , is also an o.d. homomorphism. t hen both -u and 11>1 are order homomorphisms: in 

fact. as the following result shows, bo th u and 1¢1 are o.d. homomorphisms. 

(6.3). Let d> be an o.d. homomorph,i sm. <I>= u l<I>I be the polar decomposi ti' on. 

It fallows that 

(i) jo l i's an o.d . hornomorphi'sm. 

(ii) s(l<DI) is an o.d . hom.on1orph-ism. 

(iii) lml(H) n H , = 1¢1(H-) . 

(v) u 'lS an o.d. homomorph,ism. 

1 
Proof. (i) and (ii). It follows from (5.4) that j<DJ = (¢*0)~ E (M n M ')-, and 

hence s(lml) E (M n M ')- . So by the remark afte r (5.4). l<PI and s(l<I>I) are o.d. 
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homomorphisms. 

(iii). Since /o/ is an o.d. homomorphism , /o /( H-) C /0/(H) n Jr . Hence 

Let ~ be an arbitrarv element in H such that /0/ ~ E H- . By (2.1) (ix) of 

Cannes we have 

C- C "J: 
"> - '>l - Z1.,2 ' 

where ~l E HJ and ~2 E HJ . Since /01 is an o.d. homomo rphism. 1161 = 10/J and 

hence /<Pl ~2 = 0 . So /01 ~ 1 E H- . Let ~ 1 = ~l - ~l be the orthogonal decomposition 

homomorphism . Therefore /6 / ~- = 0 . otherwise 

would contradict the unique orthogonal decomposition of I 0/ ~ 1 . Th us /ml ~ = Im/ ~1 . 

Consequently 

and hence 

I 6 I ( H) n H~ c I¢ I ( H) n H~ c I <PI ( H-t-) . 

(iv) is proved similarly as (iii) because s( lo!) is also an o.d. homon1orphism. 

(v). Since s(l0I) is th e projection on /ol( H ) , it follows from (iv) and (iii) 

that 

s ( I cp I )( H-) = s ( I <P I ) ( H) n H-

1 ¢ I ( H) n H-

So for each ~ E n , there is a sequence ( ~n) C n such that 
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lim lol~n = s(lol),c. 
n 

Then, as u is a partial isometry. we have 

= us( lwl)~ 

where, as © is an o.d. homomorphism. o~n E H- for each n . So u~ E n because 

H- is closed. We have just proved u(H+)"c H- . 

:',1 ow for ~ E H+ , rJ E H- satisfy in g ( ~. ry) = 0 . i t fo 11 o \Vs from ( ii ) th at 

(u~,urJ) = (s( l¢1 )~,rJ) 

= (s(l<Pl)2~,·ry) 

= (s(l<PI)~, s( l<Pl) rJ) 

= 0. 

Remark. Since s(l¢1) is an o.d. homomorphism. it follovvs from (5.4) that 

s(lci>I) = s(l©I) s(l<PI) 

= s(l<PI)* s(l<PI) E M n M ' . 

0 

Hence n(0) = 1 - s(l'PI) E M n M' ( n(o) is the projection on the kernel of 9 ); and 

by Exa1nple (4.2.ii) n(0) is also an o .d. ho1nomorphism. 
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§7. SEMIGROUPS OF 0.D. HOMOMORPHISMS 

Recall that when H is lattice-ordered. or equivalently when .M is commutative. 

o.d. homomorphisms with respect to the natural orthogonal decompositions 

~ = ~-+ - ~- , where E- E H· . ~- E H- and ( ;- :~-) = 0 . are exactly lattice 

homomorphisms (Example ( 4.2.iv) ). Then since H is reflexive. the underlying norm of 

His an order continuous norm. ~agel and Chlig (' 1:. Theorem 3.4) proved that 

[N-U]. Let. B be a complex Banach Lattice that has order continuous norm. 

The f ollowi·ng conditions are equi· valent /or a C
0
-se ·mi'group {T(t) : t ;::: O} of 

cont·inuous l-inear operators on B and ds generator G . 

(a) IT( t) x I = T( t) Ix I , x E B 1 t ;::: 0 . 

(b) The generator G 1·s a real, local operator a.nd its domain D(G) is a vector 

sublati'ice of B . 

(c) x E D(G) imphes lxl E D(G); and G lx l = s1·gn(x) Gx. 

The same result for the case when B is a-complete is also due to >Jagel and 

Chlig. Later, Arendt [ 1) has proved a more general form of this theorem. Note that 

when B is a a-complete Banach lattice, each element :r E B' determines a projection 

operator Px by 

Pxy= lim (y/\nx) for all y E B~ , 

n~cc 

and Pxy = Pxy+ - Pxy- for all y E B . Then for each x E B , sign(x) 1s defined 

bv 

y EB . 

.-\rendt : 1: has proved the following equation: 
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sign(x)y = ?nf n (Ix - tyl - lxl) - (1 - plxl) Y: t > 0 } 

for all x E B and y E B. The existence of the limit of the first term in the right-hand 

side was proved in the same paper by Arendt. A.pproximately, "sign.., denotes the 

derivative of the absolute value function x -+ lx l : and. in this respect. it is related to 

the Kato·s inequality. Kato i l ] has proved the following distributional inequality for the 

Laplacian .d : 

..J jf l 2: Re( sign(!) ~!) , 

when f and <l f are in the Lfoc ( R. n) . Lat er Simon : 1: has shovvn that this equation 

is closely related to the positivity of the sem1group generated by <l . The Kato 1s 

inequality is in the following form: 

Glxl 2: Re(sign(x) Gx) . 

\Ve now return to the ordered Hilbert space H in (M.H.~
0

) . In general, 

whether or not H is lattice-ordered, there exist naturally C 
0
-semigroups of o.d. 

homomorphisms. for example: {<lit : t 2: 0} is one. \Ve shall generalize '~- t:: to the 

case of C 
0
-semigroups of o.d. homomorphisms. 

Let {T(t) : t > O} be a C
0
-semigroup on the Hilbert space H and G be its 

generator. We set 

HJ= { ~ E H: J~ = ~} 

and 

D(G) 1 = D(G) n HJ. 

where D( G) denotes the domain of G . For the orthogonal decomposition 

C - c- c-'> - ..., - we set 

(7.1). Let {T(t) : t > O} be a C
0
-sem£group on H such that JT(t) = T (t)J 
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for all t > 0 and G be the generator. Then the follou:i"ng conditions are 

equi"valent. 

(i) Each T(t ) is an o.d. homomorphism. 

(ii) If ~ E D (G )1 . then l~I E D(G ) J and 

G l~I = lim t- 1 (1 ~ - tG~ I - 1( 1) . (Kato·s equali"ty) 
tJO 

Proof. (i) ~ (ii). Recall that in t he proof of ( 4.6)(ii) we have sh own t hat for 

any ~ E HJ, TJ E HJ , 111 ~1 - 111 111 2 :S II ~ - TJ ll 2 
· 

On the other hand, by (BR, Proposition 3.1.23 ) . ~ E D (C) if and onlv if 

sup{t- 1 jj T(t)~ - ~I I : 0 < t :S 1} < +oo . 

Since IT(t)<P I = T(t) l~I for each t ~ 0 , we have 

IIT(t)l~I - 1~111 = IIIT(t)~I - 1~111 

:S I IT( t ) ~ - ~I I . 

This shows that ; E D(G )J implies l~I E D (G)J . 

\tloreover, for ~ E D(G )1 , 

GI~! = lim t- 1(T(t)l~I - l; I) 
tlO 

= lim t- 1(1~ - (T(t )~ - ~) I - l~I: 
t 0 

and since T(t )J = JT(t ) for t ~ 0 , we have 
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T(t) - l 
JG~= J · lim ~ 

t Io t .... 

T( t) - l 
= lim · J~ 

t O t 

T( t) - I 
= lim C t ',, 

t 0 

= G~' 

that is. G ~ E H1 , and so I; + tG ~I appearing 1n the right-hand side of Ka to 1s 

equality is meaningful. >low as t l O , 

11 t - l ( I ( ~ T( t) ~ - ~ I - I ~ I ) - t - l ( I ( T t G ~ I - I ~ I ) II 

= t- 1 111 ( - (T(t) ~ - ~) I - I; ,- tG~ll l 

~ JJ t- 1(T(t)~ - ~) - G~II -+ 0. 

Hence we have the required Kato ·s equality 

Gl(I = lim t- 1(1~ + tG~I - l~J) . 
tlO 

( i) => (ii). The proof of this part is the same as that in the case of Banach la ttices 

(Arendt iI], Corollary 3.8 ) . For each ( E D(G) 1 , since T(t) commute with J . 

T(t)~ E D(G )1 for all t 2: 0 ; and hence we may define 

CD~(t) = T(s - t)IT(t)(I i t E (O.s) . 

Then, for f > 0 . 



where 

1 1 
- (<?c(t-E) - <7>c(t)) = - (T(s-t -E )IT(t-.E) -:1 - T(s-t) IT(t )~I) 
f <.., ', f 

1 

1 
= - T( s - t - E) [ IT( t-, €) ~ I - T( f) IT( t) ~I] 

f 

1 
= ; T( s - t - €) [ IT( t T f) ) ~ 1- 1 T( t) ( I - ( T( €) - 1 ) IT( t) ~I; 

= T(s-t-<) [~ (IT(t)( + (T(,) -1 ) T(t)<;I - IT(t )<:1] 

- r( s - 1 - , l [ ~ ( r (, l - 1 l Ir( t w] . 

11 - (IT(t)~ - (T(t) - l )T(t)~I - IT(t)-: 1) 
f 

1 
- - (IT(t )~-, €GT(t)~ I - IT(t) ~l)II 

f 

1 
= 11 - (IT(t)~ + (T(t) - l)T(t )~I - IT(t )~ _l_ tGT(t)~ l)II 

( 

1 
~ II - (T(t) - l)T(t)~ - GT(t)~II ~ 0 as f ~ 0. 

( 
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Hence by t he assumption (Kato's equality), we have 

1 
GIT(t)EI = lim - (IT(t)~ + (T(t) - l)T(t)~I - IT(t)~I) . 

f c~ o 

Therefore the first and second terms converge to the same limit. Thus, 

] 

lim - (0c(t-Lt) - <Dc(t)) = 0 1 for all t E (O,s) . 
EtO f <.., ', 

Since the function ¢c is continuous for each E E D{G )1 , it is constant. In particular , 
', 

homomorphism. 

The condition ( 7 .2) (ii) below sa vs that 

This proves that each T( t) is an o.d. 

0 

C -semigroups of o.d. homomorphisms 
0 
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are -Jocal~ in the sense of (:-:age! and Chlig ) :) . 

(7.2) Let {T(t): t ~ O} be a C
0
-semigroup of o.d. homomorphi'smsand G be 

its generator. It follows that 

(i) CJ= JG . 

(ii) If ~ E D ( G) n H- , rJ E H- and ( ~, ·17) = 0 . then ( G E, 77) = 0 . 

Proof. (i)WJs proved in (7.1). 

(ii) Suppose ~ E D(G) n H_J_: rJ E H- and (r11) = 0. \:Ve have 

( G ~, 17) = 1 i m t - 1 ( T( t ) ~ - ~, '7) 
tlO 

= lim t- 1(T(t)~, 77) > 0, 
tlO 

because T( t) ~ E H...:... for all t ~ 0 and ~ E H- . On the other hand . 

( G ~, 77) = Ii m t - l ( T( t) ~ - E, T( t) 17) 
tlO 

= l i m t - 1 ( - .; , T( t ) 17) < 0 , 
tlO 

because (T(t)~, T(t)-17) = 0 for all t ~ 0. Hence (G~,17) = 0. D 

This locality is not shared by the C 
0
-semigroups of order homon1orphisms as t he 

following statement sho\vs . In the case of uniformly continuous group { etG } such that 

JG= CJ . t he locality is exactly the same as G E D(n) (see (2.10)), or 

equivalently, G is a derivation. 

(7.3). If every un·iformly conti'nuous semigroup of order homomorphi"sms is 

local, M is commutati've. 

Proof. Let p be an arbitrary projection m M . Since pj(p)(H-.) C H--'- . 

{ etpj(p) : t > 0} is a uniformly continuous semigroup of order homomorphisms with the 
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generator pj(p) . Hence: pj(p) is local by the hypothesis. Then, for ~ E H- . ry E H -

satisfying ( ~,TJ) = 0 . we have 

(pj(p)~, pj(p)TJ) = (pj(p)~,TJ) = 0. 

o pj(p) is an o.d. homomorphism. It follows from Example ( 4.2.ii) that 

p = p !: P E .M n .M' . 0 

\i\7 e now characterize generators of uniformly continuous sem1grou ps of o.d. 

homomorphisms. 

(7.4). Let {T(t) : t ~ O} be a uni'formly continuous seniigroup and G be its 

generator. The following condit-ions are equi·valent. 

(i) T(t ) is an o.d. homomorph,£sm for each t ~ 0. 

(ii)(a) JG = CJ and (G~,TJ) = 0 whenever ~EH-'--, TJ EH- and (~,Tl)= 0. 

(b) G T G* E .M n .M' . 

(iii)(a) G =a, j(a) for some a E .M . 

(b) a - a* E .M n M' . 

Proof. (i) => (ii)(a) was proved in (7.2). To prove (i) => (ii)(b), we note that 

smce t- 1(T(t) - 1) converges to G uniformly, t- 1(T*(t) - 1) converges to C* 

uniformlv, and hence 

l i m t - 1 ( T1' ( t) T( t) - 1 ) = l i m t - 1 ( T" ( t) T( t) - TA ( t) - r·-(t) - 1 ) 
tlO tlO 

= lim t- 1[T*(t)(T(t) -1 ) : r ' (t) -1 ; 
tlO 

=GT G * (uniformly). 

But each T(t) is an o.d. homomorphism . so by (5.4) T*(t)T(t) E M n .M ' for each 

t > 0 . and hence G ...L G* E M n .M ' because .M n .~' is strongly closed. 
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(ii) => (iii). By theorem (2.10) of Cannes (ii)(a) is equivalent to (iii)(a). :'\ow 

condition (ii)(b) becomes a - a;, - J(a - a"') E .M n M' where a E M and 

a - j(a) = G. By (l.l)(iii) . j(a - a"') E M' and hence 

a - a"' E -J( a - a"' ) - M n .M ' C .M ' 

Consequently. a - a· E M n M' . 

(iii) => ( i). By theorem (2.10) of Connes, condition (iii)(a) implies 

We now onl v need to show for each t > 0 . 

(T(t)E,T (t)rJ) = 0 whenever ~ E H-L . -r7 EH+ and (~ 1 77) = 0 . .\s G is the 

generator of the uniformly continuous semigrou p { T( t) : t. 2: 0} . G '• is the generator 

of the uniformly continuous semigroup {r'(t) : t > O} . \tloreover, since a E M and 

a'.f' + a E Mn M' , we have a(a* + a)= (a * -;- a)a , and hence :.l :<: aa · =a a . 

Consequently, G commutes with G* . Thus by (Yoshida (. I:X.6. Corollary 2). 

and hence by (2.12) we have, for each t > 0, 

( T ( t) r T( t) rJ) = ( T " ( t) T( t) ~, rJ) 

= ( etG* iG E,TJ) 

= (et(G"'~G)E,11) 

co n 

= (z :! (G*-G)n~,,1) 
n=O 

= 0. 0 

It follows from the proof of (7.4)(iii) => (7.4)(i) that if {T(t) : t 2: O} is a 

uniforn1 semigroup of o.d. homomorphisms, then each T(t) has to be normal. that is 

T_._(t)T(t) = T(t)T*(t) . We now generalize (7.4) in the following form. 

(7.5). Let {T(t) : t > O} be a C
0
-sem,igroup such that T(t)(EP) CH- and G 

be its generator. Then, the followi·ng condit,ions are equivalent. 

(i) Each T(t) i·s normal and an o.d. ho·momorph1·sm. 
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(ii)(a) G is normal and the real part of its spectrum i s bounded abo ve. 

( b ) G - G "' is a ff ilia t e d w1· th .M n .M ' . 

Proof. By (Rudin ) ], Theorem 13. 37) the condition (ii) (a) is equivalent to t hat 

each T( t ) is normal. 

( i) => (ii). Since {T( t ) : t ~ 0} is a C
O 
-semigroup of normal operators wi t h the 

generator G : {T*(t)T(t) : t ~ O} is also a C
0
-semigroup with the generator G _l_. c ~- . 

Let ~ E D(G - G *) . Then by (BR, Proposition 3.1.23), 

sup{t- 1JJT* (t)T(t)~ - Ell : 0 < t '.S 1} < _L.x. 

For an arbitrary unitary operator ·u E (.M n .M ')' , because T"(t )T(t) E .Mn .M' we 

have for each t > 0 , 

sup{t- 1 JI T*(t)T(t)u~ - u~ JI : 0 < t < l} 

= sup{t- 1 JluT"(t)T(t)E - uEJI : 0 < t '.S 1} 

= sup{t- 1JIT"(t)T(t)E - Ell : o < t :S I} 

< + co. 

Hence. again by (BR, Proposition 3.1.23), 

u~ E D(G + G* ) . 

\f oreover, because T " ( t )T( t) E .M n M ' for each t > 0 , we have 

u ( G ...L G ~) ~ = ·u li m t - 1 ( T* ( t ) T( t) E - ~) 
tlO 

= lim t- 1(uT' (t)T(t )~ - u~) 
tlO 

= lim t- 1('I'(t )T(t )uE - uE) 
tlO 

= ( G , G"') uE, 

that is, G - G "' commutes with every unitary operator rn (M n .M ' ) ' . Hence 

G + G* is affiliated with M n M' . 

(ii)=> (i). Since (ii)(a) implies that {T(t) : t ~ O} 1s a C
0
-semigroup of normal 
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operators, e - ex is the generator of the C
0
-semigroup {T"(t)T(t) : t > O} . By 

Hille-Phillip-Yosida:s theorem (Dunford and Schwartz '. (), 

Range [>.. - (e -Le*) ] = H. 

and R(>.. ,e 7 ex ) = (>.. - (e -,- e"' )) -l exists for all >.. large enough. Hence, for any 

unitary operator u E ( },{ n },{ ') ' , it follows from (ii) (b) that 

uR(>..,e - e *)( >.. - (e ~ e*)) = u 

= R(>..,G -,- e "')( >.. - (e - e*) )u 

= R(>..,G - G*) u(>.. - (e - e*)) . 

Since Range l>.. - ( e - e *) _ = H. we have 

uR(>.. ,G - e"') = R(>.,G - e *) u: 

that is , R( >. 1e - e "') E },{ n },{' for all >. large enough. 

It follows immediately from the formula 

T*(t)T(t)( = lim [; R(;, G + G*) l \ 
n-+co 

that T"(t)T(t) E },{ n .M' , and hence each T(t) is an o.d. homomorphism. D 

For the modular operator .d , { .11:t: t E R} 1s a C
0
-group of unitary operators 

and its generator is i·<l . It is known t hat <lit (n) = ~ . The following result gives 

a property of this C
0
-group. ~ote that a unitary operator u is an o.d. homomorphism 

if and only if u( H- ) C H- . 

(7.6). Let {u(t) : t ER } be a C
0
-group of uni'tary operators such that 

Ju(t ) = u(t )J for all t E R , and let G be ·£ts generator. Then u(t)(H') = n for 

all t E R , i'f and only ·£ f the f ollowi'ng condi'tions are satz's f'i'ed. 

(i) ~ E D(G )1 implies Il l E D(e). 

(ii) e is local . 

.Proof . 
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C
0
-group of o.d. homor.1orphisms. Therefore (i) follo,.,vs from (7.1). and (ii) follows 

from (7.2). For the converse. we need to prove the ~dissipativity"' of G (Batty and 

Robinson) ;, Corollary 2.2.2) in the following sense (Yamamuro [2]) : 

(c-. G c) < 0 "' , "' - for every EE D(G) 1 . 

To prove this, suppose that E E D(G )1 . Then by (i). E D(G) and~- E D(G ) 

\,foreover. by (ii), ( ~- :G ~-) = 0 , and hence, because each u( t) is a con traction, 

< 0. 0 

From the consideration of sem1groups of o.d. homomorphisms, we observe that 

there are two general problems. The first 1s the differentiability of the absolute value 

involved in the Kato 's equality. In the case of Banach lattice, the absolute value 

x -+ !xi is differentiable in a suitable sense and it \\'as possible to write the limit in the 

Kato·s equality as si·gn(x)Gx . The second problem is whether or not an o.d. 

homomorphism is a normal operator as we have encountered in (7.4) and (7.5). On 

Hilbert spaces, the normal semigroups are much more easily handled than non-normal 

ones. These two problems will be considered in the following two sections. 
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§8. AB SOL UTE VALUES AND ITS DIFFERENTIABILITY 

Let E be a vector space. F a topological vector space for some topology , and () 

a function from E to F. () is ,-Gateaux differentiable if for every x.y E E . 

D
1
l(Y) = lim h- 1(B(x - hy) - B(x)) 

h 0 

exists in F for the topology , . \Vhen F is a Banach space . we sav () 1s Gateaux 

differentiable when it is norm Gateaux differentiable. 

As mentioned in §7. Arendt l '. has proved the Gateaux differentiability of the map 

() defined by 

B(x) = lxl . IE B ' 

where B is a Banach lattice. The proof essentially depended upon the inequality 

xEB, yEB, 

w.hich holds in any Banach lattice. 

In the ordered Hilbert pace H associated with (M,H.~
0

) . the ab -olute value 

B(() = l~J for ~ E HJ is difficult to handle, and one of the reasons for the difficulty 1s 

that the above inequality does not hold in general. 

(8.1). The follow1·ng condition:i are equi"ualent. 

(i) J~ - 11 1 ~ JEI - 1171 for all ~ E HJ and 17 E H 1 . 

(ii) M is commutative. 

Proof. ( i) => (ii). rnce I cl = c- - c- for c = c- - c- it is obvious that 
~ I., ', ~ ', '> • 

±E < I cl . >iow suppose that ±~ S r: for some TJ E HJ. Then since 17 ± ~ E H--r , we 

have 
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•) 2 

1 1 
= 2 (; - TJ) - 2 (TJ - 77 ) 

= 77 . 

This shows that I; / is the least upper bound of ~ and - ~ ; that is . 

/; I= sup(~,-;) . 

Therefore HJ is lattice-ord ered, and hence .M is commutative. 

(ii) => (i). Since HJ is lattice-ordered. (i) is obvious. D 

In the proof of (7.1) we have proved that the absolute-valued function 1s a 

Lipschitz map. that is, 

111~1 - 177111 ~II ( - 7711 for all ~ E HJ and ( E HJ . 

Our next result about the absolute-valued function will show that it is additive for 

··absolutely orthogonal" elements. 

(8.2). If ~ E HJ, ~ E HJ and (l~l,/111) = 0, then I;~ 77 / = l~I + /77 / . 

Proof. Suppose that ~ E HJ . l) E HJ and (l~/,/77/) = 0. Then, since H+ is 

and hence 

( C ) - ( c- - C - n ~ - 11 - ) = Q . ~,TJ - ,', "> • 'I '/ Then, since JI /Pill = Jl pJI for every p E HJ . we 

have 

and 

Therefore. 
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Ill ~ - TJ lll 2 = 111 ~1 - ITJ lll 2 
· 

Again by the self-cl uali ty of H- , 

and 

Hence. 

Similarly. 

Therefore, 

Then. by the equalities proved above, we arrive at 

Fin ally. 

= 0. 

and the required equality is proved. D 

vVe now tu rn to the problem of the differentiabilitv of B(~) = 1(1 . or, t he 

existence of the limit 

1 
lim - ( I~ J_ tTJI - IEI) . 
t O t 

When M is commutative, H 1 is lattice-ordered, and hence the absolute-valued 

function l·I 1s convex. Then by Arendt ([1], Proposition 3.3) H is Gateaux 

differentiable. The following exan1ple show a case where M is a factor and l·I is 



Gateaux differentiable. and hence rules out the possibility that Gateaux differentiability 

of I· I decides the commutavity of M . 

(8.2). Example. We consider the triple (,vf2,H 2,I) as defined in Example (6.1). 

Let 

a 

A= 

b 

b 

C 

E H1 
2 

The characteristic equation of A is 

Hence. 

where DA = ac - lbl2 is the determinant of .4. . Since 

2 ') ') 2 •) IIAII = trace A""'= a-+ 2lbJ I c-, 

we have 

and hence, 

(IIAll2 - 2IDA J) >.2 = >_4 T 2ID Al>-2 ~ ID Al2 

= (>.2 - 2ID Al)2. 

>low by the Cayley-Hamilton ·s theorem we have 

As A. 2 --"-- 2IDAI is a positive matrix, we have 

IAI = 
/jj.4112 - 2JDAI 

Hence. for 
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B= E Hf 
J X 

with a. x E R . we have after tedious calculations, 

lim 
tlO 

IA-tBI - IA! AB-"- BA 2(ca _j__ ax - bB - bJ) 
----- - ---------------

t 

when D.4 2 0; and 

IA T tBI - IA I 
lim - ------

AB - BA 

tlO t 

2(2a + ax - b,8 - bB) 

\/ IIAll 2 
-1- 2IDAI 

56 

when DA.< 0. O 

It remams an open problem vvhether or not the absolute-valued function is 

Gateaux differentiable. In general: we have only been able to prove the existence of the 

limit when ; E H- . 

The follov..,ing property of the positive parts will be used later. 

I 

Proof. Since TJ :S r; - . v.:e have E :S r;T . Hence by (2.l)(viii), 

II E-1- II = inf{ II ~ - PII : P E H-} 

:s II ~ - (TJ- - .;)II= l! TJ-L II . 0 

The following result has also been found by Yamamuro. 



(8.5). If ~ E H. the following li'mit exists for every 17 E HJ. 

1 
lim t (I~ - try! _l_ 1~1) . 
tlO 

Proof. \Ve et 

and C = 00 
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Obviously. Cn and Ccc are closed and convex. Therefore, we can define projections 

P and Pc on C and C
00 

respectively. In other words, for each 77 E HJ , PnrJ 1s n ~ n 

the unique element of Cn such that 

for all p E en ' 

and Pf.rJ is the unique element of e cc such that 

for all p E e CX) • 

For r; E HJ , we temporaril y set 

al though r; I\ ~ is not equal to the greatest lower bound of 77 and ~ . 

~ince 

n ~ - ( '7 /\ n ~) = n ~ - r; - ( 77 - n ~) - = ( rJ - n ~) - E H- , 

we have 77 /\ n~ E en. ~ext we prove 

11 77 - (77 /\ n~)I J < 11 77 - Pi! for all p E C n . 

Since 77 - 77 /\ n~ = ( 77 - n~) + , we need to prove 

f o-r o.ll p E C n . 

But because p :S n~, it follows from (8.4) that 



Thus, r, I\ n~ coincides with Pnr,. 

(ii) 1 i m 11 P n 11 - 1111 = 11 p ~ 11 - T7 11 · 

n---+ oo 

Since T] - Pn17 = (TJ - n()+ and ( E Ir , it follows from (8.4) that 

Furthermore, for each n , we have 

The ref ore, if our assertion is false, there exists E > 0 such that 

IIP~77 - 1711-,- E < IIPn77 - 1711 , for all n. 

Then there exists p E C 
00 

such that 

Since 

C = C() 

00 

u en 
n=l 

for all n . 
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and { C n} is increasing, there exist Pi E C n. such that p,i ---+ p . Then there exists i
0 

1, 

s'uch that if i > ,,: , 
- 0 

that is, for all £ > i·
0 

, 

which is a contradiction. 

(iii) {Pn17} is bounded. 

for all n , 

for all n . 

Because ~ E ~ , we have 77 - 77( < T/ • Applying (8.4) to this inequality we 

have 

(iv ) lim Pnl'J = P~17 for every~ E H 1 . 
n---+ oo 
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By (iii) there is { nk} such that { P 17} converges weakly to some p
0 

. Since 
nk 

Pn "7 E Cn C C
00 

and C
00 

is weakly closed, we have p
0 

E C(X). 
k k 

Since { P 17 - 17} con verges weakly to p 
O 

- rJ : it follows from (ii) that 
nk 

lim II Pn rJ - ·1111 = IIPc'7 - rJII · k ..,, 
k~oo 

Since p E C . we arrive at 
0 x , 

Hence, by the unici ty of the projection, we have p = P c17 . 
0 ', 

converges weak]y to Pc'7 - 17 • Combining this with (ii), we now have 
', 

lim ( P rJ - rJ) = P c'r/ - rJ 
n k " 

k~oo 

and hence. 

Tbus, 

lim 
k~oo 

lim Pn17 = Pf,17. 
n~oo 

Now we have 

. 1 ) 
n ( I ~ - n r, I - ~ - 77 = I n ~ -:- 17 I - ( n ~ -: 77) 

_ n(· C · )-
- L- n"' -:- '1 

= -rt - [(-77) /\ n~] 

Therefore by (iv) we have 
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Hence the required limit exists and equals - Pc( - 17) ... D 
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§9. NORMALCY OF O.D. ISOMORPHISMS 

\Ne shall characterize ( ),(H: ;
0

) v.: hich has the property that every o.d. 

isomorphism is a normal operator. This is connected to an unexpected problem. \,\' e 

shall first explain this connection. 

Let B be an ordered Banach space . Let G ( B) be the set of all isometric order 

isomorphisms. This is a group. The set of all continuous linear operators T on B 

such that 

->.x < Tx < >.x for all x E B' , 

where >. is a constant depending only on T , 1s called the ideal centre of B . An 

element of G(B) which commutes with every member of the ideal centre is called a 

symmetry. and the set of all symmetries is denoted by S(B) . This is a subgroup of 

G(B) . In Yamamuro (:3 )). it was proved that S(B) consists of only the identity 

operator when B is a Banach lattice . This means that S(B) is the smallest when Bis 

lattice-ordered. The opposite case when S(B) is the largest. that is S(B) = G(B) . has 

also been given a characterization when B = HJ. 

vVhen B = H 1 : it is obvious that G ( H 1) is the group of all unitary operators 'U 

on H such that u( H -) = H - . Bos ( 1: has proved that the ideal centre of HJ 1s 

equal to ( .M n .M ' ) h . the hermitian part of .M n .M ' Therefore. 5( H1 ) is the group 

of all unitary opera tors u such that u( H- ) = H- and 'U E R( .M . .M ') . t he algebra 

generated by .M and .M' , which is the commutant of the centre. Hence , 

S( II1) = G ( H 1) is equivalent to the fact that all unitary operators u such that 

u(H-) = JI+ belong to R(.M . .M ') . As the following result shows. this property is 

equivalent to that all o.d. isomorphisms are normal operators. 

( 9.J). The fallowing condit1:ons are equ'i ualent: 

(i) .1ll o.d. isomorph,isms are normal. 
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(ii) All unitary operators u such that u(H-) = H- belong to R(M.M ' ) . 

(iii) All unital Jordan isomorphisms on M are identi"cal on the centre. 

(iv) For any central proJections p and q , if u~pu = q for some unitary 

operator u such that u(H-) = H- , then p = q. 

(v) For any mutually orthogonal central non-zero projections p and q , there is 

no Jordan isomorph,£sms :3 of MP onto },{ q such that 3(p) = q. 

Proof. (i) :::;> (ii). Let u be an arbitrary unitary operator such that 

u( H-) = H- Then. u is an o.d. isomorphism. Let p be an arbitrary projection in 

the centre. Then. since (1-p)(l - !P) = 1 . 1-p is a bijective o.d. homomorphism, 

and hence 1-p is an o.d. isomorphism . Therefore. u( l-p) is also an o .d. isomorphism. 

~ince u(l-p) is normal by the hypothesis. we have 

u(l-p) 2u ~ = (1-p)2. 

It then follows t hat upu :... = p : or. up= pu . This sho\vs that u commutes with every 

member of the centre . Hence: u E R( M. },{ ' ) . 

(ii) :::} (iii). Let a be an arbitrary unital Jordan isomorphism. Then. among 

others. it satisfies 0: (x ·'' ) = 0: (.1: ) ·" for r E },{ , and a(.M .M ' ) C .M n .M ' . Sow. by 

t he theorem (2. 7) of Cannes. there exist a central projection e and a unitary operator 

u such that u (H- ) = H- and 

uxu ~ = a (x )e - Jo, ( x r ' J(l-e ) for every x E .M . 

Suppose I E .M 'l .M ' . Since u E R( .M . .M ' ) = ( .M M ' ) ' bv the assumption. we 

have uxu " = I. On t he other hand . since a (x) E M n .M ' . we ha Ye Ja (x )x J = a (x ) 

Thus. x = o,(x )e - a(x )(l -e) = a(x) . 

(iii) :::} (iv). Let p and q be two arbitrary central pr0Ject10ns. Suppose that 

u"' pu = q for some unitary operator u :3;1ch that u(H- ) = li . Then, by (2. 7), t here 

is a Jordan isomorphism a and a central projection e such that 

uxu* = a(x)e - Ja(x) *J(l-e) for all x E M . 
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For x = q . we have 

p = a(q)e - Ja(x)"' J(l-e) = q. 

because a( q) = q by the assumption. 

(iv) ::} ( v). Let p and q be two arbitrary mutually orthogonal central non-zero 

projections. Suppose that there is a Jordan isomorphism ,3 of .MP on to .M q such that 

3(p) = q. \Ve set 

a(x) = (1 - (p-q))x - 3(px) - a- 1(qx) for all x E .M . 

Then a is a unit.al Jordan isomorphism on .M and a( q) = p . Hence. for the unitary 

operator u determined by a by (2. 7), we have u(H-) = H- and uxpu = q . Then 

by the hypothesis. p = q . which is a contradiction . 

(v)::} (i). Let 0 be an o.d. isomorphism and 0 = ul0/ be -its polar 

decomposition. Then. u 1s a unitary operator and also an o.d. homomorphism by 

( 6.3) . Hence. by ( 5.6). u is an o.d. isomorphism, which is equivalent to 

u(H-) = H-. Therefore it determines a unita] Jordan isomorphism a by (2.7) 1 and 

for some central projection e , 

uxu* = a(x)e -r- Ja(x)'" J(l-e) for all x E .M . 

Suppose that a(f) f=. f for some central projection f . :\Tote that g = a(f) 1s 

also a central projection. \Ve define p and q as follows. 

p = f - Jg 

p=g-f 

and 

and 

q =g - ga(g) 

q =a(g) -g 

z"f gff=.f , 

i f gf =f. 

0 bviously, p and q are mutually orthogonal central projections such that a(p) = q . 

Then the restriction 3 of a on .M is a Jordan isomorphism onto .M such that p q 

a(p) = q . This contradicts the hypothesis. Therefore a is identical on the centre. 

From the equation above between u and a , it follows t hat u E R(.M . .M ' ) . Since 

/ol E .M n .M ' by (5.4), we can conclude that u and /01 commute. Hence <D 1s a 

normal operator. D 

The equivalence of (i). (ii) and (iii) rn (9.1) have been proved rn 
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Dang-Yamamuro ()J. The condiLions (iv) and (v) have also been given by Yamamuro 

independently. 

(9.2). Every o.d. homomorph-ism is normal £f and only if every part,ial 

isometn:c o.d. homo·morphi"sm is normal. 

Proof. Suppose that every partial isometry which is an o.d. homomorphism is 

normal. Let u be an arbitrary partial isometry which is an o.d. homomorphism. Then 

by hypothesis and by (5.4). u-u ··· = u''u E M n M' . Let p be an arbitrary central 

projection. Then. (u"'pVu+p = puu '+·p E Mn M' , and hence by (5.4) u xp is a partial 

i ometry which is an o.d. homomorphism, because u"'( H- ) C H and p(H+) C H+ . 

Therefore. by hypothesis we have 

u "' pu = u * p( u * p) * = ( u "' p) '" u + p = pu u * p . 

Since ,u* u = uu-+= , we have u * pu = pu* up E M n M' : and hence 

p(u "' pu) = (u * pu)p = pu*up. 

Consequently, we have 

(up - pu) ·" (up - pu) = pu "cup - pu '" pu - u * pup + u * pu 

= 0. 

Thus, u E R(M.M ') . 

\Tow let 6 be an arbitrary o.d. homomorphism and dJ = u<t> l<bl be the polar 

decomposition of G> • Then by (6.3) utJ> is a partial isometry which is also an o.d. 

homomo rphism. So u6 E R(M,M ') and hence uC!! comn1utes with jd>j E M n M ' . 

Th us. <!> is normal. 

The converse is obvious. 0 

It follows from (5.4) that factors satisfy conditions of (9.1). In other words, the 

class of von >l'eumann algebras for which all o.d. isomorphisms are normal is somewhat 

larger than the one of factors. To obtain a more precise statement, let us consider 

finite-dimensional algebras. 
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Let .M be a finite-dimensional von >leumann algebra. Then . .M is the direct sum 

of factors .Mpi ( 1 ~ i < n) : where Pi are central projections and each .Mpi can be 

re 0
0 arded as the k · x k · matrices al 0°ebra. Let 1 · be the unit matrix of .Mp - and set 

. 1. 1. 1. 1. 

which is a trace vector for .M and H be the corresponding Hilbert space. Then 

( 9.1 )(v) implies the following. 

(9.3) (Yamamuro '.3 ], (5.1)). Let .M be a fin-ite-dimens 'ional van 1Veumann 

algebra as above. Then, all o.d. isomorph·isms are normal if and only i"f .M is the 

direct su·m of factors such that any two of thern are not Jordan isomorph·ic. 

\\' e now show that. as long as .M is fini te-dimensional 1 we can reach the class of 

factors if we replace ·'isomorphism .. by ;:homomorphism~ . In other words. we are going 

to consider the following property: 

('") All o.d. hornomorphisms are normal operators. 

For preparations, we shall first prove two statements. 

\'--hen p is a central projection: .Mp is a von .\i'eumann algebra on pH , and p(
0 

1s a cyclic and separating vector for .Mp The natural cone (pH) -t- associated with 

The following statements (9.4), (9.5) and (9.6) have also been found by 

Yamamuro. J follow his formulation. 

(9.4). Suppose that (.M.H. ~
0

) satisf'ies (* ) and p is a central proJection. 

Then ( .M p.pH.p~
0

) sati·s fi'es ('") . 

Proof. If <D is an o.d. homomorphism on pH , ijJ = <pp 1s an o.d. 

homomorphism on H. Hence, by the hypothesis, 1/; is a normal operator, that is, 

( <Dp) "' (<PP) ( = ( <Dp )( a>p) * ~ , ~EH. 

Since <D is an operator from pH to pH , the above equality can be written as 

TJ E pH. 
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and hence o is a normal operator. D 

In the following statement. JJn ( C) denotes the algebra of all n x n matrices. the 

unit of which is denoted by 1 n , and the zero is denoted by On . 

(9.5). Let n < rn and .\! = .\Jn(C) EB .\Jm(C) . Then. there is an element a 

of .\I (C) such that a'"a = 1 EBO. n-m n aa* < 0 EB lm and the map v: _\,/ ~ .\,/ 

de f£ned by t:( X) = axa~· satisfies v(Jir) C .\1 . 

Proof. .\! consists of matrices of the fallowing form: 

X = [: : I 
for all .4. E _\,fn(C) and B E .\fm(C) . Since n < m , we can \\Tite this matrix in the 

following form: 

A 0 0 

:r = 0 B1 B2 

0 B? B4 v 

where B 1 is a n x n matrix. Take an element a E Jl[n-m(C) defined by 

on 0 0 

ln 

om 
0 

Then. Q~Q = ln EB 0 ,n. aa < on EB 1m and for x as above. 

on 0 0 

v(x) = axa * - 0 A 0 -

0 0 0 m-n 

Then it follows immediately that u(.\11) C .\11. D 

~ow we consider the case when .'vf = .\Ip1 EB .vfp') EB ... EB .\!Ip IS finite-
- n 
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dimensional. We retain the notations given before (9.3). 

(9.6). Let ,"v[ be fin ·i'te-dimens·ionaL. Then, (M,H.~
0

) satisfies (~) if and 

only i'f .\1 is a factor. 

Proof. If }vf is a factor and 0 is a non-zero o.d. homomorphism, it follows from 

(5.4) that 0 ·"q> = cd for some positive number o: . Since H is finite-dimensional, this 

implies 0 "- @ = c!>d>* . 

Conversely, suppose that (.M.,H,~
0

) satisfies (""). Then, by (9.4), we can 

assume that .\If= .ri.I EB _\,f , where 1\tl are algebras of ki x kz' matrices such that 
Pi P2 Pi 

p 1 = 1 1 EB O and p2 = 0 EB 12 . Bv (9.3). we can assume that k 1 < k2 Take the 

operator 1.: defined as in ( 9.5). Since ,. lJ ~, ' v ·· u = p 1 E JY~ n .JY~ ' V is an o.d. 

homomorphism. By the assumption. 

Therefore, p 1 = 0 and hence 1\ll is a factor. D 

The general characterization of (.M..H.E
0

) which satisfy (*) is an open problem. 

Hiai and Yarnamuro ll ] have proved that such an algebra is finite and furthermore, 

when H is separable and 1\ll is hyperfini te, ( .M. ,H ,~
0

) satisfies ( *) if and only if Af 

is a factor of type In . Yamamuro·s conjecture is that (M.H,~
0

) satisfies (*) if and 

only if .\1 is a factor of type In . 
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§10. EXTREMAL MAPS AND .O.D. HOMOMORPHISMS 

In a real ordered Banach space. a positive element u is called a quasi-inten_'or 

p01,'nt if /( u) > 0 for every positive continuous linear functional f . Then by (2.4) : 

quasi-interior pomts of H' are exactly cyclic and separating vectors. This fact has 

been observed first by Bellisard and Iochum [11. Lemma 4.2. ' , , 

Let E and F be Banach lattices with respective quasi-interior elements u E E_ 

and u E F, . Define 

L ( u . v, E +, F _) = { T E L ( E, F) : T( E +) C F _.__: T( u) = v} , 

where L(E.F) denotes the set of all continuous operator from E t o F. Obviously, 

L(u.1·.E_, F_) is a convex set. 

A theorem due to Phelps~ Ellis and \iagel (Schaefer :1 J, Chapter III, Proposition 

9.2) states that : 

Let E and F be Banach lattices w,£th respectz"ve quas'i-interi'or elements 

u E E,. and v E F -i- . Then, T 'is an extrerne poi'nt of L(u,v,E +'F +J if and only i"f 

T 1·s a lattice homomorph-ism. 

The main aim of this section 1s to find a corresponding statement for H 1 

associared v,ith (.M.H.~
0

) 

\Ve set 

where TJ
0 

E H- is another cyclic and separating vector for .M . 

Remark. In this definition of L(~
0

,TJ
0
,H-) . we chose ~

0 
which is in (M,H,~

0
) . 

This is only for the sake of convenience: in fact . it makes no difference in the following 

context if we replace ~o with another cyclic separating vector p
0 

E H..1... , because 



( 10.1). A .. ll o.d. homomorphisms in L(~
0

.'TJ
0
,n) are extreme pa£nts. 

Proof. Let o be an a r bitrary o .d . homomorphism in L( ~
0

,77
0
,n) 

there are o 1 and o 2 in L( E,
0
.77

0
.n) and O < Ct < l such that 

Then. fo r an v E E H- and E H - . f . , 77 sat1s ymg 

0:0 1 77 < OTJ and H- is self-dual. we have 
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Suppose 

Hence . o 1 is an o .d. homomo r phism and similarly 0 0 is also an o.d . homomorphism. 

On the other hand . we have 

lt follows from ( 5. 4) that 

~ X X 

B'ut . smce o 1o 2~
0

=91 77
0

=91o 1~
0 

and 
'.::!:= + X 

0201 ~o = 02TJ0 = (j)2(j)2~o ' where C ...,,
0 

1S a 

eparating vector fo r .M . we have 

X X X ~ 

0 1 @2 - 92°1 = (j) l 0 1 - 0 2°2 . 

Thus . 

" -" 

(01 - 02). (01 - 02) = 0101 - 0102 

D 

(10.2 ) . T he following condit-ions are equivalent: 

(i) For any positive cycli'c separating vectors ~ and T] • every extreme point of 

L ( ~ 77 .n) is an o.d . homomorphi'sm. 

(ii) .M is cornmutative . 

Proof. (i ) :::::} (ii ). Let ~ be an arbitrarv positive cyclic separating vector. For 
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an arbitrary bijection a E .M - . aj( a)~ 1s a posi ti \·e cyclic and separating vector bv 

(2.4). Hence aj(a) E L(;,aj(a);.H-) . 

We now show that aj(a) is an extreme point of L(~,aj(a)~,H-) . Suppose that 

there exist <!\ E L(;,aj(a);,n) (i = 1,2) and o E (0.1) such that 

and - 1 '( -1) . L ( c t: H~) ( · _ ? ) a J a CI\ E ...,,~, i - 1,- . 

o.d. homomorphism. Hence, by ( 10.1) , 1 is an extreme point of L( ;,~,H..J...) . 

Therefore, aj( a) = ¢1 = Cl> 2 . that is. aj( a) is an extreme point of L( ~,aj( a) ~,H+) . By 

the hypothesis. aj( a) 1s an o.d. homomorphism. Hence. bv Example ( 4. 2.iii) , 

a 2 E .M n .M ' . Since a E .M - . \Ve have a E .M n .M' . For any a E .Mh . there is a 

positive number o such that 1 - aa is bijective and belongs to .M- . Hence 

.M h C .M n .M ' and it then follows that .M is commutative. 

(ii)=> (i). \\lhen .M is commutatiYe . HJ becomes a Banach lattice. Then. by 

Example ( 4.2.iv ) , o.d. homomorphisms a re exactly lattice homomorphisms, and hence 

condition (i) holds by the Phelps-Ellis-Nagel theorem quoted in the beginning of this 

section. D 
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§11. ON THE CONDITION 6(
0 

== ~o 

\Ve recall that a linear operator o. : .M ~ .M is said to be uni.ta! if a ( l ) = 1 . 

For a cyclic and separating vector ~
0 

E H , the condition CD~
0 

= ~
0 

: which appeared in 

the previous section. can be regarded as corresponding to being unital for operators on 

.M . 

To see this correspondence more clearly . let .M be finit.e-di mensional and ~
0 

be a 

cyclic and separa ting vect,or such that _j c = l . Then. the equation 
"o 

a(x)c = o(xc ). 
'> 0 '> 0 ' XE .M 

establishes a correspondence between operators d> on H and 

if and only if o. ( .M -) C .M - . because the map x !~ XC "'o 1s an order isomorphism 

between .M - and H - . Furthermore, q> is an o.d. homomorphism if and only if o. 1s 

a Jordan homomorphism. 0 bviously, a is uni t al if and onl v if d>(
0 

= 

On the other hand. while the unit 1 of .M 1s urnque, there are many cyclic and 

separating vecto rs in H . 

(11.1). Let (]) be a partz"al isornetrfr o.d. homomorphi·sm. Then, the followi·ng 

condi.tz"ons are equi·valent 

(i) 0 C = C . '>o '>o 

Proof. (i) ~ (ii). Let '"' p=0 <p . p 1s a projection 1n M. Then. smce 

Hence, ( l-p ) ~
0 

= 0 . Since p E .M and ~
0 

is cyclic separating fo r .M , we have p = l. 

Thus, (]):+-0=1. 



The second equality i obvious. 

(ii) :::} (i). From the assumptions. we have 

Hence. 

Therefore. 0 c - C 
'>o - "'o · 

A .. s an immediate consequence. 

0 

(11.2). tVhen M Is Ji n.ite -di mens,ional. every partial ,isometric o.d. 

hon1omorph£sm o surh that o~
0 

- ~
0 

is a unitary operator. 

Proof. \Vhen M is finite-dimensional. o"'o = 1 implies oa/' = 1 . D 

~ote hat (11.2) fails if M 1s not finite-dimensional. Let M be the tensor 

') 
product of countable numbers of .\1-(C) with respect to 

Let ~
0 

= f\ © e2 © .... and o be an operator defined by the correspondence 

Cl @ . ' . @ ~ k @ (} @ (} @ . . . 1~ (} @ ~ l @ . . . @ ~ k @ (} @ (} @ 

Then . o is an o.d. homomorphism . o~
0 

= ~o . o~ o = 1 . but oo··· i= l . 

. .\.bout (11.1). \\·e make nvo remarks. 

First. the as umpcion that o is partially isometric cannot be dropped except 

when M is a factor (see (11.5)). For example, let M be the algebra of all matrices of 

the form 

X 0 0 

0 y 

0 u u 
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Let 

1 0 0 

E,o = 0 1 0 

0 0 1 

and 

( X 0 0 X 0 0 

0 0 y - 0 X 0 

0 u l.) 0 0 X . 
Then. 0(, = C 

o "o and 

1 0 0 

0'6=3 0 0 0 EMnM'. 

0 0 0 

Secondlv. for an o.d. homomorphism 0 and its polar decomposition <i> = vJcbl : 

d>f,
0 

= ~
0 

does not imply v f,
0 

= ~
0 

. In fact , as the following result shows, this is 

equivalent to <I>= v, a case which has been dealt with in (11.1). 

(11.3). Let <I> be an o.d. homomorph1.sm such that oc = c and let <I>, = vi-+.! 
'>o "'o ' '// 

be the polar decompositi·on of <I>. The folloun·ng condd1·ons are equi·valent: 

(ii) 101 = l 

(iii) 0+ C = C . 
'>Q "O 

Proof. (i) => (ii). Since l<Plc,
0 

= v !- </>f,
0 

= v*~
0

• we have 

Furthermore, 

Therefore, 



i -4 

= 0. 

Hence. io l~o = ~
0

. Since io i E M n M' . we have jo j = 1 

( 
•• ) ---... ( ••• ) >- C - ·'- t: - I 12 .c - C 
11 -r 111 . o ._, 0 - o o'>o - o '> o - '> o . 

(iii) => ( i) . Since cp* 9 E M n M' . we have l<PI = 1 

Therefore. U C - r.C - C 
'>o - 1.v"'o - '>o · 0 

The fact that 0 is an o.d. homomorphism such that 0E.. = c does not imply t he -o '>o · 

dual 0~· has the same property in general. \V hen it does. d> becomes the most typical 

o.d . isomorphism, that is . a unitary operator u such that u ( H-) = H - . 

(11.4). Let o be an o.d. homorrwrph1,'sm such that </>~
0 

= ~o . Then, the 

folloun-ng condit. ,ions are eq·u-i va/enl: 

(i) 0 :;: 'is an o.d. homomorpfrisrn such that ,-., -t- C - C 
1.v '>o - '>a · 

(ii) 0 is n ormal and 0 * ~
0 

= ~
0 

. 

(iii) 0 1·s a unitary operator such that o(H- ) = H -

(iv) o i's an order i'somorph-ism and (]/-c - c '> o - '>o · 

Proof. (i) => (ii). It follows from the hypothesis and (5.4) that <i/'' d> E M n M' 

(ii) => (iii). From th e hypothesis, o"' o = 00 -" E .M n M ' . Hence, it follows 

(iii)=> (iv). Obvious. 

(iv)=> (i). Let 0 = uJcb l be the polar decomposition of 0 . By (2.9), u 

satisfies u(H-) = H- . and by (11.3) we have l <±> I = 1 . Hence, d> = u and d> 

satisfies the condition (i). O 

Some improvements of the above results can be made under additional 
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assumptions. 

(11.5). Let .M be a factor. Then, if 0 is an o.d. homomorphis m such that 

6E
0 

= Ea , we have q/''6 = 1 

Proof. Since <D • o E .M n .M' by ( 5.4) and .M is a fac t or. cb:i<. 9 = cd for some 

positive number O'.. Hence. 

Hence, a = ] and (]) ~ (]) = l . D 

It is a result of Kadison 1 that a uni ta] order isomorphism on .M 1s a Jordan 

isomorphism. The corresponding resu It on H is as fallows. 

(11.6). If .::.1( = 1 . every order i"somorphism q> on H such that q>~
0 

= ~o zs 
0 

an o.d. ,£somorph,£sm. 

Proof. As in the proof of (11.4) , (iv)=> (i), with the additional assumpt10n 

.....\ c = l , (]) determines a Jordan isomorphism O'. by 
">o 

XE .M. 

Then: since o is uni tal. 

Taking t he limit, we have jm~ I = cb j~j for all ~ E HJ 

homomo rphism. Bv ( 5. 5). 0 is an o.d. isomorphism. 

\,·V e make two remarks about (11.6) . 

Hence o 1s a bijec tive o.d. 

D 

Remark 1. If ..1 c i=- 1 , there is an order isomorphism cb of lvf 2(C) such that 
">o 

(])~0 = ~
0 

which is no t an o.d. isomorphism. For example. we set 

C = [ 
2 

. ~o 

0 

Then. 
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( a b a C 

C d b d 

Consider <I> = aj( a) where 

0 

a= 
1 

0 
v2 

Then d>~
0 

= ~o and 

1 
0 

v2 
a -~a = E_vf2(C) n _\J2(C)' . 

0 2 

Hence by Example ( 4.2.iii) <J> is not an o.d. isomorphism. 

Remark 2. Even when .J c = 1 . if 0 1s an order homomorphism (not an 
"'o 

isomorphism). 0 1s not necessarily an o.d. homomorphism. Furthermore, in the 

assumption of ( 11.6 ): ··order isomorphism o cannot be replaced bv "bijective order 

homomorphism 0 ,, . For example . in !\f2(C) with 

( 1 0 I 
(0 = l 0 

Let 

X y 

(j) 

u 

2 

1 
3~ 

1 1 1 1 
-y 
3 

1 1 1 2 
-x - -y _!_ - z _!_ -u 
3 3 3 3 

Then, ¢ is an order homomorphism such that o(
0 

= ;
0 

. However: since 



I I 

X y 2x-y-::-u 3y 

G) 
-1 

z u 3z - x-y- z - 2u 

o - l is not an order homomorphism. Hence, o is not an o.d. homomorphism. 



§12. DERIVATIONS 

\Ve shall call a continuous En ear operator b : H .- H a den.'-uation if it satisfies 

the following two conditions: 

(i) lb= bl . 

(ii) If ~ E H- . rJ E H- and ( ~ J7) = 0 , then ( b ~, l'J) = 0 . 

Denote by D(H-) the set of all derivations . 

Fundamental properties of derivations are listed m the theorem (2.10) of Connes, 

to which we shall refer frequently. The aim of t his section is to investigate the order 

properties of the derivations, particularly. their relations to o.d. homomorphisms. 

When d> is an o.d. homomorphism. it follows immediately from the definition 

that <f>-+([) 1s a derivation. and (5.4) states that o 'r-([) E .M n .M' In this case, we 

obviously have d>,;;<;>(H-) C H- . Our first result generalizes this situation and states 

tryat order homomorphic derivations belong to the centre .M n .M' . 

(12.1). The folfow·ing condih.ons are eqw·ualent: 

(ii) o E ( .M n .M ' ) - . 

Proof. ( i) => (ii). Since b E D(H- ) . for ccH- cH--,,'- '. TJ.__ satisfying 

(~ .77 ) = 0 we have (b~, '7) = 0 Then, because b(H-) C H- , we have 

(b2 ~,77) = (8(8(),77) = 0 Similarly. we have ( 5m~, 6n'l'J) = 0 for m = 0,1.2,... and 

n = 0.1,2 .... with the convention 8° = 1 . Hence. 

is an o.d. homomorphism for each t 2 0 . So by ( 7 .4) , 8 + 8* E ( .M n .M )h . Then, it 

follows from Bos C 1 '. . Corollary 7 ( 2)) that there 1s a > 0 such that 
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for all ~ E s - . Hence. again by Bos ([1), Corollary 7.(2)), 8 E (.M n .M ')h. 

, . f C - C _ . C . , ow or any .., - ..,. 1 1..,2 with ~1.~2 E H 1 and the orthogonal decomposition 

c = c-_ r:-(r=l2) as 8E ( l-' n l-'' )h we have 
'> r '> r .., r ' · /T\ /T\ ' 

> 0 . 

Hence. 8 E ( .M n .M ')- . 

(ii) ::} ( i) . It follows immediately from (2.12) and 

o E (.M n .M ')-. D 

\iote that the last part of the proof of ( i) :::? (ii) actually shows that if 

a E (.M n .M ')h and a(H-) C H - then a is a positive operator, which is t he converse 

of Bos (: I°. Corollary 6. (2)) for the case where H - is the natural cone associated with 

The following statement is an immediate consequence of (12.1). 

\Ve shall next characterize generators of uniform semigroups of derivations. 

(12.3). Let a: H--+ H be a continuous linear operator. The follow'ing 

condit ,£ons are equi'valent. 

(i) eta is a den·vat 'ion for each t > 0. 

(ii) eta E (.M n .M ')~ for each t > 0. 

(iii) a E ( .M n .M ') h . 
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(iv)(a) Ja = aJ. 

(b) ( ja;j,77) = 0 for ~EH-. 17 EH- and (;,17) = 0. 

Proof. (i) ~ (ii). It follows immediately from the hypothesis that for each 

t > 0 . 

and if EE H-. rJ EH- and (~.TJ ) = 0. then for each t > 0. 

/a _ l ) 
( t ~Jl = 0 . 

Hence 

a= lim 
tlO t 

satisfies aJ = Ja and ( a~,'TJ) = 0 for ~ E H_._ . 17 E H- satisfying ( E,TJ) = 0 . 

Therefore a E D( H-) . and hence. by (2.10) eta( H-) = H- for each t > 0 . Then, it 

f~llows from (12.1) that eta E (M n M ')- for each l > 0 . 

(ii) ~ (iii). It follows immediately fron1 M n M ' being strongly closed and 

a= lim 
t 0 

( unz'formly) . 

(iii) ~ (iv). Since a E (M .M ' )h . a can be \vritten as 

a= 1(ja j - a) - 1(Jaj - a.) , 

where (!al - a) and ( jaJ - a) are positive operators and (ja j - a)( jaJ - a)= 0 . 

Furthermore. as aEMnM' we have jaJ E M n M' and hence 

!( jaj - a) E M M' and i( lal - a) E M n M' . It then follows from (12.1) that 

1(jaJ - a)(H-) C H- and !( jaj - a)(H-) C Jr . Hence. for E E H- , by the 

uniqueness of orthogonal decomposition in HJ . we have 



] 

and 

Hence. for ~EH- , l] EH- satisfying (~-'7) = 0 . vve have ((a~)-.rJ) = 0 and 

That 1s. (la~i-'7) = ((a~)- - (a~) - ,'7) = 0 whenever .; E Jr . 

rJ E H- and ( ~, rJ) = 0 . 

(iv) => ( i). Since H - 1s se] f-d ua], condition (iv) (b) in1plies ( a~- .17) = 0 

(( a~)-.77) = 0. and hence (an~,TJ) = 0 whene\·er ~EH- . '7 EH- and (~.TJ) = 0 

for n = 0,1,2, .... Therefore. if ~ E H - . 17 E H - and (~ .77 ) = 0. then 

Hence. eta is a derivation for each t > 0 . 

It follows immediately from ( 12.3) that 

D 

(12.4). Every uniform sem.1group of den·vatz.ons 1·s autornatically a u.n·iform 

semi group of posi.t-ive operators contained in the centre . and hence. of order 

homomorphisms. 

\iVhen B is a Banach lattice. Arendt ·) has defined a Lamperti operator as a 

continuous linear operator T: B -+ B which is order-bounded and jT:r j /\ !Ty / = 0 

whenever lxl I\ I YI = 0 . He ha proved r hat T is a Lampert i operator if and only if 

there exists a lattice homomorphism 1.iJ: B -+ B such that jTx l = u,x for all x E B'. 

Yamamuro 5: has adopted this latter condition, replacing lattice homomorphism with 

o.d. homomorphism, as the definition of Lamperti operators on H : and developed its 

general theory . 'Ne are interested in the first condition adapted to H , that 1s, 

(l<D(l,/<P77/) = 0 whenever .; E HJ. l] E HJ and (/~I-I'll)= 0. Because of difficulty in 

dealing with the absolute values, it is desirable to obtain an equivalent condition 



\1,,;ithout the ab olute values. 

\Ye note that condition (lo~ j.jory j) = 0 whenever ~ E HJ 

(l; l:177 1) = 0 1s equivalent to that (loP l:los-1) = 0 whenever p E H ­

(p . -) = 0 . 

The following result has also been found by Yamamuro. 

77 E HJ and 

~- E li and 

( 12.5 ). Let o be a continuous Li near operator such that Jo = oJ . Then . the 

follow1:ng cond,it-ions are eqU1."valent: 

(i) (lo~l -l017 j) = 0 H:hene'ver :, E H- . 17 E H- and (~.,7 ) = 0 . 

(ii) ( .M or o 77) = 0 whenever ; E H- . 77 E H- and ( ~. 17) = 0 . 

Proof. (i ) => (iii). Suppose ; E H- . 17 E H- and (~.17) = 0. By hypothesis, 

we have 

w.here o~ = (6,;)- - (o"l) - and 0'fl = (o"l)- - (orJ) - are the orthogonal decomposi­

tions of ©~ and OrJ respectively. It follows from the self-dualitv of H- that 

I I 

((o~)::r: 1 (017) ::r: ) = 0. Then . by (2.12 ): for each a E .M . 

Since Jo= oJ . we also have (JaJo:,:017 ) = (017 .aor7 ) = 0. Hence. fo r each a E .i\.t , 

(o"'(a - j(a))orTJ) = (ao~,OTJ ) - (JaJo~.or7) = 0: 

mo reover: as o "' (a - j(a))0 commutes 'Nith J . we have o ,._( a - j(a))a> E D(H- ) . 

(iii) => (ii ). Let a be an a r bitrary operator rn M . For ~ E n , 17 E H­

satisfy ing (;: 17) = 0 . by hypothesis we have 



Re(aof,,@fJ) = (ao c.o'l ) - (077.ao~ ) 

= (ao~,071) - (JaoE,.oT} ) 

= (o ... ao~,11) - (o"' JaJ0~,'7) 

= 0. 

Then, since £a E .M , we have 

Im ( aof,.0rJ) = - Re (£a0f..orJ) = 0 . 

Hence. ( a@(G>rJ) = 0 for any a E .M . 

(ii)=> (i). Suppose ~EH-. TJ EH- and (~ .!] ) = 0. \\'e denote by 

P(a>TJ) ' = :.M'(q>rJ) -.- : , and P(ory) - = :.M'(¢"7) - : . 

Then. P(a>~)± and P(<P TJ)± are all projections in .M . Hence, by hypothesis. 

((of,)' ,(d>77)-) = (P(¢>TJ)-P(<ri~)-@(orJ) = 0. 

3 

and similarly. ((CDf,)-,(cp17) - ) = 0 . ((0f,) - :(or7)-) = 0 . and ((o ~)-.(OrJ)- ) = 0 . 

Therefore, ( I of,J. I 017 I) = 0 . D 

The follov.'i ng statement follows readily from ( 12. 5). and g1 ves us another 

characterization of o.d. homomorphisms. 

(12.6). Let o : H ~ H be a continuous linear operator such that 

o(H-) CH- . Then. o is an o.d. ho·momorphism i/ and only i'f 

o"'D(H-)o C D(H-) . 



8-4 

BIBLIOGRAPHY 

Araki, H. 

·1; Some propertjes of modular conjugation operators of von ~eumann algebras 
and a non commutative Radon<\ikodym theorem with a chain rule. Paci"fic 
J. of .\lath. 50 (1974), 309-354. 

Arendt. W. 

1 Kato 1s equality and spectral decomposition 
. vfanuscripta iv!ath. 40 (1982). 277-298. 

for posn1ve C -aroups 0 0 . 

·2; Spectral properties of Lamperti operators. Indiana L ·m·v .• \Iath. Journ. 32 
(1983). 199-21,5. 

Batty. C.J .K. and D. W. Robinson 

) ] Positive one-parameter semigroups on ordered Banach spaces. A.eta .\1ath. 
Apphcandae 2 (1984) . 221-296. 

Bo~. VV. 

1 A classification for self-dual cones in Hilbert space. Arch. _\lath. 30 (1978), 
75-82. 

Belissard. J. and B. loch um 

11 Homogeneous self-dual cones: versus Jordan algebras. The theory revisited. 
A.nn. Inst. Fo·uri·er. Grenoble 28 (1978), 27-67. 

Bratteli. 0. and D. \\'. Robinson 

BR Operator Algebras and Quantum Statistical .\Jechanics I. Springer-Verlag, 
1979. 

Connes, A. 

: 1] Caracterisation des es paces vectoriels ordonnes sous-j acen ts aux algebres de 
von ~eumann. Ann. Inst. Four·i"er. Grenoble 24 (197-! ), 121-155. 

Demoen. B. and P. V anheu verzwij n 

1] Implementable positive maps on standard forms. lour. Funct. Anal. 38 
( 1980) 354-365. 



Dang. T.B. 

1 Extremal maps of a Hilben space equipped with a natural cone. (To appear 
in .\1athematische Zeitschrift.) 

Dang, T.B. and S. Yamamuro 

1 On homomorphisms of an orthogonally decomposable Hilbert space. lour. 
Funct. Anal. 68 (19 6). 366-373. 

Dunford. )i. and J.T. Schwartz 

1 Linear Operators ( Part I ). \Vilev-ln terscience. 1971. 

Ellis. A.J. 

) i Extreme posi ti \·e operators. Quart. 1 .. \lath. 15 ( 196-1 ). 3-12-:34-1. 

Evans, D.E. and H. Hanche-Olsen 

,l The generators of positive semigroups. lour. Fune. Anal. 32 (1979 ). 207-212. 

Gardner. Terrell L. 

t( A dilation theorem for 1-1-preserving maps of C+ -a}gebras. Proc. An1er . 
.\1 at h. Soc. 7 3 ( 1 9 7 9) . -161--16 5. 

Linear maps of C *-algebras preserving the absolute value. Proc . .-1mer .. \tlath. 
Soc. 1 6 ( 1 9 7 9) , 2 71- 2 7 8 . 

Hiai. F. and S. Yamamuro 

1 On homomorphisms of an orthogonally decomposable Hi1 bert Space III. 
. ..\ustralian ~ational C niversity. \1athematics Department, Research Report. 

Kadison. R.\'. 

1 Isometries of operator algebras. Ann .. \lath. 54 ( 1951 ). 325-33 

2 Order proper ties of bounded self-adjoint operators. Proc. Amer .. \lath. Soc. 2 
(19.51). 505-510. 

3 A generalized ~chwartz inequality and algebraic invariants for operator 
algebras. Ann .. \lath. 56 (1952). 494-.503. 

Kato, T. 

1 l '"' chrodinger aperators with singular potentials. Israel lourn . . vfath. 13 
(1973): 125-!4 . 

Luxemburg, W .A.J. and A .. C. Zaanen 

l Riesz Spaces I. (~orth-Holland \lath. Library. Vol. 1) . ~orth-Holland Publ. 
Comp., . ..\msterdam-London. 1971. 



86 

\' agel, R.J. 

1 
l • 

Darstellung von Verbandsoperal,oren auf Banachverbaden. Re1.;-£sta Acad. 
Ciencias Zaragossa, II Ser. 27 ( 1972), 281-288. 

\Tagel. R.J. and H. Chlig 

:1 An abstract Kato inequality for generators of pos1t1ve operators sem1groups 
on Banach lattices . Journ. Operator Theory 6 (1981 ). 113-123. 

Hanche-Olsen, H. and E. St0rmer 

l Jordan Operator Algebras. Pitman Boston-London-:vlelbourne. 1984. 

Penney, R.C. 

[1] Self-dual cones in Hilbert Space. Jour. Fune. Anal. 21 (1976), 305-31.S . 

• 
Phelps, R.R. 

[l ] Extremal operators and homomorphisms. Trans. Amer. ;\;Jath. Soc. 108 
(1963), 265-274. 

Rudin, W. 

Functional Analysis. \1cGraw-Hill, 1973. 

Schaefer, H.H. 

;I' Banach Lattices and Positive Operators. Springer-Verlag. 1974. 

Simon~ B. 

l 1; An abstract Kato :s inequality for generators of pos1t1v1ty preservmg 
semigroups. Indi.ana Un1.'v . J\,1ath. J. 26 (1977) . 1067-1073. 

Stratila, S. and L. Zsid6 

l Lectures on von .Veurnann Algebras. :\.bacus Press. Tunbridge \Yells. Kent. 
England, 1979. 

Stdrmer. E. 

fl ' l ] Positive Linear Maps of Operator Algebras. Ann. }vfath. 110 ( 1963), 233-278. 

;2! Positive hnear maps of e x-algebras . Lecture >Jotes in Physics, No. 29. 
pp.85-106: Springer-Verlag, 1974. 

Takesaki, M. 

:1] Tomita's Theory of _\tfodular H£lbert Algebras and Its Appli"cations. Lecture 
:'-lotes in :v1ath., 128. Springer-Verlag. 1970. 



-I 

Yamamuro. 

1 On orthogonally decomposable ordered Banach spaces. Bull. A ust ral. 1\lath . 
Soc. 3 0 ( 19 4) . 3 5 7 -3 8 0. 

·21 Absolute values in orthogonally decomposable spaces. Bull. Austral. Alath. 
Soc. 31 ( 1 9 8 5 ) , 215- 2 3 3 . 

3 ...,ymmet ry groups of ordered Banach spaces . B ull . A .. ustral . . \lath. Soc. 33 
(19 6) . 177-1 7. 

,4; On homomorphisms of an orthogonally decomposable Hilber t space II. Jour n . 
of Aus tral. \.fath. Soc. (to appear). 

·5: Lamperti Operators on an ordered Hilber t space. Australian >l"a tio nal 
l"niversity, \tfa thematics Department , Research Repor t:. 

Yosi da. K. 

l Funct ,ional A n aLys,is. Springer- Verlag , 1968 . 


	00001
	00002
	00003
	00004
	00005
	00006
	00007
	00008
	00009
	00010
	00011
	00012
	00013
	00014
	00015
	00016
	00017
	00018
	00019
	00020
	00021
	00022
	00023
	00024
	00025
	00026
	00027
	00028
	00029
	00030
	00031
	00032
	00033
	00034
	00035
	00036
	00037
	00038
	00039
	00040
	00041
	00042
	00043
	00044
	00045
	00046
	00047
	00048
	00049
	00050
	00051
	00052
	00053
	00054
	00055
	00056
	00057
	00058
	00059
	00060
	00061
	00062
	00063
	00064
	00065
	00066
	00067
	00068
	00069
	00070
	00071
	00072
	00073
	00074
	00075
	00076
	00077
	00078
	00079
	00080
	00081
	00082
	00083
	00084
	00085
	00086
	00087
	00088
	00089
	00090
	00091
	00092
	00093
	00094
	00095
	00096



