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INTRODUCTION

Let M be a von Neumann algebra on the Hilbert space H . £ &€ H s called a

cyclic vector for M if

H= {zftevze M} ;

£ is said to be separating for M if, for each a € M satisfying a§ =0, a=0. As-

sumne that M has cyclic separating vector e - Then

I\CO i IJ.\CO ] I E M

is a preclosed antilinear operator defined on the dense subset MS_~ of H . The closure

of this operator is denoted by S and its polar decomposition by

is a self-dual cone in H : and, for each & € H satisfying J. £ =&, £ has the unique
S0

orthogonal decomposition, that is. there are ¢ &€ H; and & € H. such that
=0 >0

E=¢" = ¢ and (£7,67)=0.

It was also shown that

i R POl

o
S0 S

/0

Q o:IE‘M.lr
So' E

Connes 1 also characterized order isomorphisms on H whose generating positive cone

is I

26
In this thesis we shall study those order homomorphisms preserving orthogonal

decomposition. For the sake of convenience, we shall call these o.d. homomorphisms.

The thesis consists of twelve sections. Sections 1 and 2 contain preliminaries in-
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cluding Tomita-Takesaki’s theory and various results of Araki and Connes on the order
structure of H . Section 3 gives an example of a Hilbert space ordered by a simple cone
P such that there are no von Neumann algebra M on H and cyclic separating vector

2 diii
§, satisfying

1 +

F= las e 2 € M7}
>0

In Section 4 we find some basic properties of o.d. homomorphisms and show that

there is a correspondence between Jordan isomorphisms on M and o.d. isomorphisms

on H :and when A, =1 there is a correspondence between m~bounded unital Jordan
RO

homomorphisms on M and ¢ -preserving o.d. homomorphisms on H .

Section 5 deals with characterizations of o.d. homomorphisms. The main result of

this section is that ¢ is an o.d. homomorphism if and only if o(H: ) C H and o'o
o) >0

belongs to the centre of M . In Section 6. we show that if o is an o.d. homomorphism

and o = u|p| is the polar decomposition of o . then both u and |¢| are o.d.

homomorphisms.

In Section 7, we characterize the generators of C_-semigroups and uniform semi-

groups of o.d. homomorphisms.

In Section &, we consider the differentiability of the absolute-valued function

6. H/ - H. defined by

S0
8(¢) = |¢|. <ce HY,
where
J_fc g ==
He =g e H:JE =¢|

We have only been able to prove the differentiability of 6 for ¢ € HS
o

In Section 9, we find equivalent conditions for all o.d. isomorphisms being normal.
Also, 1t is shown that if M 1is finite-dimensional then all 0.d. homomorphisms are nor-

mal if and only if M 1is a factor.

Let n, € HZ be another cyclic and separating vector for M . We set
>0




vil

L(E,n,.H)={¢ € L(H): 6(H; ) C Hf ,05,=1,} .

\O S0 So

We show in Section 10 that all o.d. homomorphisms in L(S,.n,,H: ) are extreme
>0

points; and M is commutative if and only if for any positive cyclic separating vectors £

and n , every extreme point of L(£,n,H. ) is an o.d. homomorphism.
>0

In Section 11, we show various results concerning o.d. homomorphisms satisfving

Al = B
¢, =€, .

A continuous linear operator 6 : H — H is a derivation if it satisfies the following
conditions:

(i) If €€ H , n€ H? and (£7) =0.then (65n) =0.

>0 S0
D(H™) denotes the set of all derivations. A continuous linear operator o is said

derivation-preserving if Jf ¢=¢J, and ¢*"D(H )¢ C D(HT) .

0 >0
In Section 12, we show that a continuous linear operator ¢ is an order homomor-
phic derivation if and only if 6 € (M N M")” . We characterize the generators of
uniform semigroups of derivations. We also characterize the derivation-preserving

operators to derive another characterization of o.d. homomorphisms.

o be



§1. TOMITA-TAKESAKI THEORY
Let M be a von Neumann algebra acting on a Hilbert space H . We assume that

there exists a cyclic and separating vector { € H for M . Then. the operator

zf, > z*E, forallz e M

is a preclosed antilinear operator defined on the dense subset MS_  of H . The closure

of this operator is denoted by S and its polar decomposition by

I

S=d. 4

0 (0]

The operators J, and A, depend on & . They are characterized as follows:
>0 =0 5

(1.1) (Araki 1)). The operator J. has the following properties:

>0

(1) (Je &Je n) = (n,§) forall {ne H.
0 =0,
() Js =1
=0
() (M) =M, where glz)=J; 2], forz € M
>0 B0
(iV) Jfoso = 50 y:

(v) (z75(z)€ ,£) >0 forall zE M.

So0'So

Conversely, i f a linear operator J on H salisfies these conditions. then J = J.
S0

This operator is called the conjugation operator associated with (M.H.S,) .

1.2 (Takesaki [1)). A densely defined operator A satisfies A=A, 1f and
S0
only 1 f
() 4 =14 .
(i) A s positive de finite.

(iii) o,(z) = AzAM ¢ M for every 1€ M and t € R .
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(iv) we satisfies the K MS-conditions with respect to {a,} .
\O -

(v) Ate =¢ forall t€R.

The operator A, s called the modular operator associated with (M,H.E) .
2O

Note. The condition (iv) above means that, for any z € M and y € M ., there
exists a bounded continuous function F on {z € C:0 < Im(z) < 1} such that F is

regular inside this set and satisfies

and

F(t+1) = we (yo,(z))

&
S0

for all t € R , where w, is a linear functional defined on M by
=0
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§2. THE NATURAL CONES
Let (M.H.)) denote the triple consisting of von Neumann algebra M acting on
Hilbert space H , with £ € H being a cyclic separating vector for M . The natural

cone H: associated with (M.H.£ ) is defined as
il

The theory of such cone was developed by Araki 1 and Connes 1.

When (M.H.SO) i1s fixed and there is no confusion, we shall denote J,. , A,
>0 S0

and H by J., A and H respectively. We set

=0

H/ ={¢e H:Je=¢}.

The natural cone has the following properties (Bratteli-Robinson 1. Propositions

2.5.26 and 2.5.28).

(2.1) (Araki (1], Theorem 4). Let H~ be the natural cone associated with

(M.H,S,) . It follows that

(i) H™ = {zj(z)¢,:z € M} , where j(z) = JzJ .
(i1) .'_\'l.t(:H~) = H" forall t € R.

f(logA)(H™) C H™ .

SR

(iii) If f s a positive definite function, then
(iv) H- ¢ H’ .

Wiz 0T O H “forall z'e M.

(vi) H™ 1s self—dual: £ € H  ifandonlyif (7)) >0 forevery n € H .
(vii) HT N (=H ) = {0} .

(viil) For any ¢ € H’ | there exist ¢ € H™ and €~ € H™ such that



4
=67 - £ and (£7.67) =0. This ~orthogonal decomposition” 1s unique, and the
“positive part” £ ts determined by

17N =nffllE+nll:ne€ H}.
(ix) H is linearly spanned by H™ .
With respect to the order introduced by the natural cone H™ |, H’ is a real

ordered Hilbert space and H = HY -+ iHY is a complex ordered Hilbert space. This
order structure of H has been investigated by Araki 1 and Connes 1. Their results
are listed below. Most of them can be found in the book by Bratteli and Robinson 1,

which we shall refer to as BR.

(2.2) (Araki 1/, Theorem 4; BR, Proposition 2.5.30). Let 1, be a cyclic and

separating vector for M and H; be the natural cone associated with (M.H.n, ) ,
0}

that 1s.

H;O = {z:JnoxJnOr)o €M}

Then,if n, € H™ (= H; ), we have HwE gl and, (S, =1

c
So 0 UP So

(2.3) (BR. Lemma 2.5.40). The map b: M — H defined by

s an order 1somorphism of MR the set of all sel f-adjoint operators in M , onto the

subset
— = -] < . }
Ffo =jeEd el s < af forsome a>0;.
(2.4) (Connes 1, Lemma 4.3). For £ € H  , the following conditions are
equivalent

(1) £ ¢s cyclic for M .

(i1) £ ¢s separating for M .



(iii) If (1) =0 and n € H" , then n=20.

(2.5) (Araki [1], Theorem 4: BR, Theorem 2.5.31). The map &£ —w. ts a

norm-topological isomorphism from H~ onto (M«)” . and

) | . i ug
1€ = nll* < llwe = w [l <€ =nll-lE=nll  for §ne HT .

o

c
S

(2.6) (BR, Corollary 2.5.32). For any automorphism a of M , there is a

unique unitary operator u on H suchthat u(H") = H  and
al(z) = uzu® forall z € M.

(2.7) (BR. Theorem 3.2.15).

(i) For every Jordan automorphism « of M .there is a unique unitary operator

w on H such that u(H;) = H ™ and

(Z.T.0a) (el .£.2) = (uzu* & L) for all € M and € H' .

(ii) For every unitary operator u such that uw(H )= H™ . there is a unique

Jordan automorphism a of M which satis fies (2.7.1,8)
(ii1) The pair (a,u) satisfies
1 1
(a) A, a(z)ul, = u(A} z€) forall z € M.
(b) There 1S a projection eEMN M’ such that

uzu® = a(z)e + Ja(z*)J(1 —¢e) forall z € M.

(2.8) (Connes 1, Theorem 3.9). Let T: H — H  be a positive definite and

tnvertible operator such that T(H ) = H™ . Then, T = aj(a) for some a € M.

(2.9) (Connes 1], Theorem 3.3). Let o: H— H be a continuous linear
bijection such that o(H )= H™ , and let ¢ = u|o| be the polar decomposition of

o . Then,

(i) w(H") = H .



(ii) |o| = ajla)  for some a € M.

(2.10) (Connes 1), Theorem 3.4 and Lemma 5.3). For a continuous linear

operator 6 on H . the following conditions are equivalent:
(i) ef%(H") = H~ forall t€ R.
(ii) J6 = 6J and (6&,m) = 0 whenever &n € H™ and (£n) =0.
(iii) 6 = z + j(z) for some z € M.
(iv) J6 = 6J and 6, M| C M, where [6.z] = 6z — z6.
The set of all such é will be denoted by D(H™) .

R™ imply

Mm

A subset F of H is called a subcone if ¢€ F. n€ F and A
£~n € F and A£ € F. It is said to be hereditary if 0 < £ < np and n € F imply

£ € F. A hereditary subcone of H™ 1is called a face of H™ . The set

Fo={n€ H":0< n< A¢ for some A >0}
S

is a face of H™ , which is called the face generated by £.

For any £ € H , the cyclic projection p. is defined by p, = M'¢ .

(2.11) (Connes 1|. Theorem 4.2). (i) Forevery £ € H™ , F. =p.j(p)H .

<
S
(ii) For every face F of HT , there exists a projection e € M such that

F=ejle)H™ . Furthermore, ej(e) = Pp s the projection to the subspace generated by

For every £ &€ H™ . the cyclic projection p. = M’'S is an element of M . p.
) S

S

coincides with the support of the linear functional w. ., that is, p.= s(w:) . The
S

oy Sy

following result is a direct consequence of (2.5).

(2.12) (Araki [1], Theorem 4; Stratili—Zsidé [1], 10.24, Corollary 1). Let

EEH and ne€ H™ .

(1) If (§m) =0, pep, =0.



(ii) If (&.p)

(iii) If n <

=0 and p € H  imply that (n.p) =0, then B, < Pe -

< & 3
\,'pr’_p

c
S



§3. AN ORDERED HILBERT SPACE

The ordered Hilbert space H . ordered by the natural cone H™ | is lattice-ordered
if and only if M is commutative, and it is an antilattice if and only if M is a factor
(Kadison (2| and Bos [1)). Among various order structures between these two extreme
cases, only some are defined by natural cones associated with some (M,H.S ) . The
characterization of such order structures was given by Connes 1. The following result
is an immediate consequence of Connes (1], Theorem 5.8, Definition 5.6 and Theorem
22k

Let H be a separable Hilbert space equipped with a proper and closed cone P .
Then, there exist a von Neumann algebra M on H and a cyclic separating vector ¢
for M such that P 1s equal to the natural cone H™ associated with (M.H.S)) if

and only 1 f P 1s sel f-dual, homogeneous and orientable.
The definition of self-duality was given in (2.1)(vi).
P 1s said to be homogeneous if, for every face F of P.

Po= Prl
e )(P):P forall t€ R,

t
e
where Ppr and Ppl are the projections on the closed subspaces generated by F and
Pt = {¢ € P:(£n) =0 forall n € F} respectively.
We denote by D(P) the set of all continuous linear operators ¢ on H such that
e (P)=P forall teR.
D(P) is an involutive Lie algebra. Let D(P) be the quotient of D(P) by its centre.

Then, an operator I on D(P) is called an orientation if it satisfies the following three

conditions:

(i3) [16,,8,) = [6,.06,] = 116,,6,] for all 6,6, € D(P).



(0" ) = =I(8)" forall 6 € D(P).
P is said to be orientable if D(P) admits an orientation.

In this section, we show an example of a Hilbert space, ordered by a simple cone,
which is not orientable. It is a kind of “spin factor™ considered in the book by

Hanche-Olsen and Stormer 1.

Let H be a real Hilbert space and suppose that there is a complete orthonormal

sequence 0,0,....0 ;y , where 1 < N < co. Then, every element £ € H is expressed as

n=0
where
Sn — (C’Qn)
We set
. N 1
LG ) 9N 2
H —{SEH-EOZ (> ) i
n—l1

This is a closed and proper cone. and it makes H an ordered Hilbert space.

We shall prove the following properties of this cone.

(3.1). H 1is a vector lattice when N =1 . For all M2 o H us-oan

antilattice.
(3.2). For each N, HT 1isa self-dual cone.
(3.3). For each N, H™ is a homogeneous cone.

(3.4). There is a von Neumann algebra M on the complexri fication H® of H™
and a cyclic separating vector u € H° for M such that H™ is the associated

natural cone H; tfandonlyif N=1 or N=3.

For &n € H,we write £ > n if §&—n € HT .

(3.1). H 1is a vector lattice when N =1. Forall N > 2., H isan antilattice,
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Proof. Let N=1 ; then H™ = {(£,5;):& 2> 6]} Let R? be the

50,51

two-dimensional Euclidean space equipped with pointwise order. Then R? is a Hilbert

lattice and the map

(€ 5] > (So*fla 50_51)

. - . 92 =L .
is an order isomorphism of H onto R~ . Hence. H . ordered by H . is

lattice-ordered.

We next prove that H is an antilattice when NV > 2 . By definition. H is an

antilattice if £A7n =0 implies £=0 or n=0 (Kadison 2|, Luxemburg 1).

Suppose. therefore, there are &= (S ), n=(n,) in H~ such that £An=0. We

assume that £ # 0 and n # 0. Then, £, # 0 and n_  # 0. Since (a§) An =0 for

any positive number « , we may assume that £ =n =1. For convenience, we shall
use the notation

N

el = (2 &)

M=l

tof—

Now, consider an element p of H defined by

Then, since [|¢]|, £ 1 and [jn]|, < 1, we have £ > p and 7 > p . Hence. by the

(0)

assumption, p < { A n =0, and this implies n, = -¢ for n > 1. Thus,

and
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It is obvious that £ > v and n > v . Then. v < 0 and this implies éiff[o = 1 and

Inll, = 1. We may assume that £; > 0: otherwise, we take —¢,.

= ... =0 because |[S||, = 1. Then

2
Ko 1

£=(1100:)
and
n=(1-100,..) .
V7
In this case, take a number t such that 1 <t < e and set

g T o

Then, £ > A and n > A. Hence, A < 0. which is a contradiction because

Lo

I« % 37

(

Therefore, 0 < §; < 1. We set

T

and

b= 1{-1,t0/0;..) .

Then £ > u and 7 > u. Hence, u < 0, which is a contradiction because t > 1.

Therefore, we have £ =0 or n=0.

(3.2). For every N . H™ 1is self-dual .

Proof. If £ € H™ |

N N
Em) =D Em =En, + > En
n=>0 n—=1
= e = e ],

vV
o

Suppose (&,n7) > 0 for every n € H™ . Take

]
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SRl e
( =1 >2
=11 - )
€11, 1€l
Then,
0 < (&n) =¢, - lI€ll,
that is, £ € H™ . O

The following three results are needed to prove (3.3).

(S NEe et HT '\ 10 Then, (£n) =0 if and only 1f there exists a

positive number o suchthat £ = ||¢l|,, n,=Ihnll,. n,=-&,, n,=af, .

Proof. Suppose that (£.,7) = 0. Then,

N
En == &0 < gl lnll, < €,n, -
n=1

This implies that & = ||£||; and n, = |[n]|, ; and the equality
N
lellollnlly = 2 (~&u)m,
n=1
implies that n, = —af_ for some positive number «a . Consequently, n = af .
The converse is obvious. O
(3.5). Let F bea facein H™
(2104 there estsic £ € F such that € > ||£|| .then F=H" .
(ii) If &, = ||8l|, for every & € F . then for an arbitrary non-zero £ € F ,

F={af:a > 0} and P+ = {an:a 2 0} , where n= (£,,~&,—55s.) -

Proof. (i) Let p € H™ and a a positive number such that

N ‘
202 2 2
¥l ~ 1613) + 20 (2 Supn = Ear0) = (6F = D) 2 0.

‘n=1



This inequality 1s equivalent to af > p. Hence, p € F.

(ii) Let p and & be arbitrary elements of F. Since F is acone, £~p € F .

By the assumption. £  + p, = ||§ + oll, s &, = lI¢ll, and p, = ||pl|, ; and hence there
is a real number o such that p = af forall n> 1. Again by the assumption.
p, = |l . a must be non-negative: otherwise, p— |al6 € F and
p — |a|§ = (2]|a]f,,0,0,...) would be a contradiction. Hence. there exists a positive

number o such that p = «f . Therefore,

F=laf:a20}.

[t follows now from (3.4) that
FL={an:a >0},
where n = (¢ ,—fl,—$2,...) . O

We note that self-dual cones in a real Hilbert space are generating
(Bellisard-Iochum  [1], Lemma 10), that s, Hi=sH* — HF | vand
H° = (H - H )= 1i{H™ — H"). Hence, (3.5)(1) states that F spans H® and (3.4)
implies F- = {0} . But it follows from (3.5)(ii) that F and FL span

one-dimensional subspaces. Therefore. (3.5) implies the following.
(3.6) Let F bea face in H™

(1) 1f there erists £ € F suchthat S > ||€|| ,then Pp=1 and PplL =0.

(i1) If €, = ||€ll, forall £ &€ F,choose & € F such that ||£|| = 1. Then, Pp

and Ppl are erpressed as N X N matrices of the following form:

(2 - & ) [ 2 S )
S0 5051 \032 ok So SoS51 5052 e
c ¢ c2 £ £ £ e £2 £ £

So51 Sl S152 bl S | S152

e £ e ¢ ¢2 - ¢2

SoS2 S1S2 S5 So>25 (SN2 S22
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and so
.
[0 g €6 .
Eofl 0 0
¢ €, 0 0
o 1 ! )

We are now ready to prove (3.3). Recall that H™ is said to be homogeneous if

for every face F of H™ .

Po— Pal
E F”(H—):H— forall te R.

t
€
It follows from Evans Hanche-Olsen 1, Theorem 1 that this condition is equivalent to

((Pp — PpL)&n) =0 forall &n € H satisfying ($n) =0.
(3.3) For each N . H™ 1is a homogeneous cone.

Proof. Let F be an arbitrary face of H~ . Suppose &n € H™ and (£,7) =0.

The case when Pp and Ppl satisfy (3.6)(i) is trivial. Now assume, as in (3.6)(ii),

(0 8, 3 e
B, 0 0
- )

Then, using the same a . £, and n asin (3.4), we have

N N
((Pp— Ppl)én) = <Z Jnfn)no + Z (8,€,)n,
7 —il 4 =1
ol N i N
= a(z 3n5n> So - a( z 3n5n50>
n—I u— 4
=3 ) a

Recall that H 1is a real Hilbert space which possesses a complete orthonormal




sequence 8 .0,.0,,....0 y , where 1 < N < o0 ; and

Bt ={6€ H:€, > |ldl,) -

e}
Obviously, 6, € H™ and, furthermore, 6 satisfies the following condition: if { € H™
and (£,0) =0 ,then £=0. Therefore. if there is 2 von Neumann algebra M on H®,
the complexification of H , and a cyclic separating vector u € H for M such that A~

is the natural cone associated with (M.H®u) , then by (2.4) #_is a positive cyclic

0}

separating vector for M and hence, H™ is the natural cone associated with (M,H*.0 )

by (2.2).

(3.7). Suppose that there i1s a von Neumann algebra M on H® such that H™
is the natural cone associated with (M,H.0,)) . Then, the number of mutually

orthogonal (non-zero) projections in M s at most 2.

Proof. Let p,q and r be three non-zero orthogonal projections in M such that
pLlq and pLr. Let J denote the conjugation operator associated with (M,H®6 ) .
We consider § = pJpl, ., n=4qJgd, and p=rJrf . Then, { # 0 because otherwise

(see Connes’ proof of (1, Lemma 4.4])

! !
(—‘ ~p90,p90) Re (JPQO,J;A -p@o)

= (Jpb,:p0,)
=

would imply p =0. Similarly. n # 0 and p # 0. Hence. £,7n and p are mutually

orthogonal non-zero elements in H~ . Then, by (3.4), there are positive numbers «
and 3 such that n,=af , n, = -af , p, =8¢, and p, = -8, . Hence nand p
cannot be orthogonal. O

We are now ready to prove (3.4).

(3.4). There is a von Neumann algebra M on the complezi fication H° of H
and a cyclic separating vector u € H° for M such that H™ 1is the associated

natural conei1f and onlyr1f N=1 or N=3.
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Proof. When N =1,let M be the algebra of all 2 x 2 matrices of the form

Then. H™ is the natural cone associated with (M,H*.0 ) .

When N > 2 . H is an antilattice by (3.2). Hence, such an algebra M is a
factor (Bos '1). Therefore, M is the algebra of n x n matrices for some n . By
(3.7), we have n=2 , and hence N=3 . Conversely, when N=3 ., H s the

natural cone associated with M,(C) with the Pauli matrices as {# } (BR. Example

4.2.7). O




§4. 0O.D. HOMOMORPHISMS

The studies of those operators preserving orthogonal decompositions in general
orthogonally decomposable ordered Banach spaces have been done in Yamamuro (1,
2!). We shall investigate the properties of such operators defined on an ordered Hilbert

space assoclated with a von Neumann algebra with a cyclic separating vector.

Let M be a von Neumann algebra on a Hilbert space H and { € H a cyclic
and separating vector for M . Let H  denote the natural cone associated with

(M,H.S) ., J the conjugation operator and
Hl={cgH:JE=¢£}.

Then, by (2.1)(viii), every element ¢ € H’ admits a unique orthogonal decomposition

E: S_" iy S_ i \vhere 5— E H— d S— = H—- and (5—‘5_) =0 . \\78 deﬁne the

absolute-value mapping || : H/ - HY by

|

A1
I

=l e ol A EEHJ.

With the foregoing notations, a continuous linear operator o : H — H is called
an o.d. (orthogonally decomposable) homomorphism if, for every § € g/ , o€ € HY

and o0& = 07 — 0&  1is the orthogonal decomposition of 0§ .

[t follows immediately from this definition that

(4.1). The following conditions are equivalent:
(i)  1s an o.d. homomorphism.

(ii) o(H7) C H™ , and (¢&,0n) =0 whenever £n € H™ and (1) =0.

Proof. (i) = (ii). Forany £ &€ H , £ — 0 is the orthogonal decomposition of

$.so o(&) — o(0) is the orthogonal decomposition of ¢& , thatis, ¢§ € H . Now

S
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for any £,n € H™ such that (£9) =0 . £ — n is the orthogonal decomposition of
c=£-nE€ H’ .| so 0f - on is the orthogonal decomposition of o(s) . that is,

(¢&0m) = 0.

(ii) = (iii). For any £ € HY with its orthogonal decomposition £ = £7 — £~ |

by hypothesis, ¢67 € H™ and ¢ € H™ | so

JGE = Jpf ™ = JoET

= 66" - o€

= of
Hence o©& has the unique orthogonal decomposition (0&)” — (0£)” . On the other
hand, by hypothesis, &&= 06€" — ¢~ , where o6~ € H™ , ¢~ € H™ and
(€7 .07 ) =0, that is, 9§~ — o& 1s an orthogonal decomposition of ¢©£. Hence, by
the uniqueness of orthogonal decomposition in g . (0f)T = &7 vand [¢€)” = ¢ .

Thus. we have

o8] = (0€)™ + (€)™

= ¢|&| .

(iii) = (i). For any £ € HY with its orthogonal decomposition &= £7 — £~ |

by hypothesis ¢&™ = o|¢7 | = |¢€ and hence, 667 € H™. Similarly, ¢~ € H .

i
Also, by hypothesis, 067 + 0™ = ¢|&| = |o€]| = (6€)™ + (¢€)” . On the other hand,

0" — & = (0€)" — (@€)” . Hence, & = (¢€)7 and ¢€ = (¢€)” . Thus,

of = 07 — o0& s the orthogonal decomposition of ©& . O

(4.2). Examples of 0.d. homomorphisms

Example (4.2.1). A unitary operator u satisfying u(H)= H  is an o.d.

homomorphism.

Example (4.2.i1). Every central projection is an o.d. homomorphism. Let p be

an arbitrary central projection. p=p?=pJpJ . so p(H")C H by (2.1)(v).




19

Furthermore, for any €€ H™ ., n € H™ such that (£.7) =0, since pf € M’¢ and
pn € M’'n we have (p€,pn) =0 by (2.12). So p is an o.d. homomorphism.

Example (4.2.iii). (Yamamuro 2| (3.4)). For a € M , the operator aJaJ is an
0.d. homomorphism if and only if a*a € M N M’ . Indeed, suppose a € M and aj(a)
i1s an o.d. homomorphism . Let p be any projection in M . Then pj(p)fo € H
(1-p)j(1-p)é, € H™ and (pi(p)é,, (1-p)s(1-p)§,) =0 , so (aj(e)ps(p)&,,
aj(a)(1-p)s(1-p)€,) = 0, that is,

((1-p)a*apé,, Jpa*a(1-p)JE,) = 0.

Thus.
(abpata(1-p)¢,, pa*a(1-p)¢,) = (Jpa*a(1-p)¢,. JA pa*a(1-p)E,)
= (Jpa*a(1-p)¢,, (1-p)a*apf,)
=3 ¢
and hence, pa*a(l-p) =0 . that is, pa*a = pa“ap . Since pa*ap is self-adjoint,

pa‘a = (pa*a)* = a*ap . Therefore, a*a € M N M" .
Conversely. suppose that a € M , a*ae MN M’ ., £¢€ H . n€ H and
(§,7) = 0. Then, by (2.12) we have

(aj(a)é, ajla)n) = (a*ajla”a)Sn)

Il

(a*a a*a&,n)
— LA
Example (4.2.iv). As mentioned in the beginning of §3, H’ is lattice-ordered

by H7™ if and only if M is commutative. Then, o.d. homomorphisms are exactly

lattice homomorphisms. This follows immediately from the following.

(4.3). Suppose that H 1is lattice-ordered. Then, for £ € H"™ and n€ H' ,

tenl =0 difand onlysf EAn=20.

Proof. Suppose that € € H™ ,n€ H and ({n)=0. Since 0 < A< ¢

and 0 < £ A n < n, by the self-duality of H~ we have
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0L (EAnEAnN) < (&n)=0
thatis, EAn = 0.
Conversely, suppose that € H |, n€ H and £An=0 . Then,
€ = n| = £ = n. Consequently. [[€ = nlf? = [I|€ - nllI* = ||¢ + nl|* . But
2
HE=nll* = (€=, € - n)
9 . . 2
= |[€llI* = 2(&n) + linll® ,
and
, 2 Y )
1€ + nll* = I§l1* + 2(&m) + [Inl]” -
Therefore. (£,n) = 0. O

The von Neumann algebra M itself is an ordered Banach space. Let M" be the
hermitian part of M . Then, the positive cone M~ consists of all positive operators,
and, for every r € M?  there exist 7 € M™ and 2~ € M~ suchthatz =z — 2~
and 7 r~ =0 . The following theorem of Kadison 3 shows that the o.d.

homomorphisms with respect to this orthogonal decomposition are exactly the Jordan

homomorphisms, when restricted to unital operators.

(4.4) (Kadison 3)). Let a: M — M be a linear operator such that «(l) =1 .

Then, a 1s a Jordan homomorphism if and only i f |a(z)| = a(|z|) for everyz € M*,

Theorem (2.7) of Connes shows that there is a correspondence between Jordan
isomorphisms of M and o.d. isomorphisms on H . The unitary operator u such that

u(H7) = H™ . which appears in (2.7), is obviously an o.d. isomorphism.

There is also a correspondence between unital Jordan homomorphisms on M and

§{,-preserving o.d. homomorphisms on H in a special case when A, =1 . This
>0

condition, as shown below, is equivalent to that & is a trace vector for M . A vector

€ € H is called a trace vector for the von Neumann algebra M on H if, for any

.y €M,



(4.5). Let M be a von Neumann algebra on H , £  a cyclic and separating

vector for M . It follows that
(i) A, =1 ifandonlyif £, 1isa trace vector.

(ii) M is finite 1f and only if there exists a cyclic separating vector n € H

such that ATI - B

Proof. (i) Suppose that A, =1 . Then Jz{ =z, for all z € M . and

\o \O

hence, for any rz.y € M .
(IySO‘So) = (yso? I:‘:So)
== (Ifo7 y*fo)
— (yISO’ 50) ~

Conversely, suppose that £_ is a trace vector. Then, the mapping

ME 3 af 1= a*E, € ME,
is isometric because & 1s a trace vector. Furthermore, as | 1s cvclic and separating,
this mapping extends to a well-defined antiunitary operator S . Hence, A, =1.
>0

(ii) If M is finite, there is a positive faithful normal central linear functional o
on M (Strdtild-Zsidé 1, Theorems 7.10 and 7.11). So there is a cyclic separating
vector n € H™ such that

8(z) = (zn.n)
for € M by (2.5). Hence n is a cyclic separating trace vector for M . It now

follows from (4.5)(i) that a,=1.

Conversely, let n € H be a cyclic and separating vector for M such that _'}T’ = 1

Then by (4.5)(i), n is also a trace vector for M . Hence the finite trace
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n(z) = (zn.n)
on M satisfies r{z) #0 if z€ M™ and z # 0 . Thus by (Stratild-Zsidé 1,
Corollary 7.14), M is finite. O
Therefore. we can find a cyclic and separating vector {, € H such that A, =1

>0

if and only if M is a finite von Neumann algebra of countable type. When M is such

an algebra and £_ is a cyclic trace vector, define a trace r by

e (2Bl Wz E M

v

a e M.

I|aHr = rlala)

Then, since & is a cyclic trace vector, |-||, isanormin M.

We shall call a linear operator a: M — M r—bounded if it is bounded with

respect to the ||-/|_ —norm, that is, if there exists a positive number k& such that
p r P

lelx)ll € kellxll_ Jorall z € M.

(4.6). Suppose that A, =1.

=0

(i) If o ¢s an o.d. homomorphism on H such that of = £, , there ezists a

r—bounded unital Jordan homomorphism o on M such that

a(z)é, =o(z€,), zTEM.
1) If a 1s a r—bounded unital Jordan homomorphism. there erists an o.d.
P

homomorphism ¢ on H suchthat 0§ = ¢, and

o(z§,) = a(z)s,, zEM.

Proof. (i) Let o denote an arbitrary o.d. homomorphism satisfying 0§ = ¢

So
Since A, =1, forany a € M . —l|lalj¢, < a€ < [la]|&, , and hence

o ; 0 o = li¢llSo

—llall§, = o(-llall§,) < o(a,) < o(llall,) = llallé, »
that is, o¢(al,) € F. . Hence, by (2.3) there is a unique b € M" such that



b€, = #(a&,) . We now define a : ME o MP by
a(a) =b,
where b€ = o(a ). Then, a_ is obviously well-defined. (real) linear and a (1) =1.

Furthermore, because for each a € M , there are two unique operators a;,ay € M

satisfying @ = a; + ta, , we may define the linear extension a of a_ on M by
a(a) = a (a;) +iay(ay), a€EM,
where a =a; —ia, and a;.a9 € M?" . Then. a: M — M satisfies (1) =1 and

ala)é, = o(af,)) for a € M.

Note that when A, =1, ,forall z & Mh ]

So
ISO =F L. =3 £

is the orthogonal decomposition of z¢_ . and hence,

Since £ is separating for M . we have, for every r € M
| o b b
la(z)| = af|z]) .

[t now follows from (4.4) of Kadison that « is a Jordan homomorphism. Moreover, if

la, = a||. = ({a,, — a)€,, (e, — a)&,) — 0, then
lafa,) = afa)ll, = (ala, - a)§,. afa, - a))
= (8(a, — a)¢,, o(a,, — a)§,)
< llgll? li(a,, = a)&,lI* = 0
Hence, « is r—bounded.
(ii) Let a: M — M be an arbitrary r—bounded Jordan homomorphism

satisfying a(1) = 1. We define a mapping o_: M, — MS by
6,(0€) = a(@)é,, a€ M.

Then because a is r—bounded, the closure ¢ of o_ is a bounded linear operator on
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H= MS, satisfying o(H )C H™ ., o5, =%, and o(al ) =ca(a)l, for a € M .
Now for any a € M? | since AEO =1 we have
[o(ag,)| = la(a)€,| = |a(a)], -
Hence by (4.4) of Kadison we have
|o(al,)| = la(a)|§, = afla])§, = o(lalS,) = oflag,]) .
Furthermore. for any £ € H) =gt - HT . there exist (an) = M" such that
g cov= L
Since HT is self-dual, for any £ € H’ and n € H’ we have
(o =aetar ) = (€50 )= m)+ (6 )
)+ (T )= () + ()
= (I&}; Inl)
and hence
el = 1alli® = Mii® ~ 201l 2 + Nl
= ||€l1? ~ 2(1¢€l, In) + linl®
< ll€ll® = 2(&m) + Inll?
= ||¢ - nl|?
Consequently |a & | — [¢]. As ¢ is continuous we have
¢(a,8,) — o¢
and hence
0(a,8,)| = [o€]
But for each n, |o(a, § )| = o(la, &), so
[#(a, &)l = #(la, &, l) — o(I€])
that is. |0€| = 0|&| . Therefore o is an o.d. homomorphism. O

This correspondence between @ and ¢ is unknown when A, # 1. The main
S
(0]

: Gk -2 : . 1
difficulty is in finding the orthogonal decomposition of At z{ when z € M" . For
>0



example, for r € M" |

i
2 e, —Arz £
0 >0

A

rpha b
gk

r§, = 4
(o)

. A3 1 :
Is not the orthogonal decomposition of A} z£ . In fact. we have the following.
>0

(4.7) The following conditions are equivalent:

S0

1 )
(1) (Af 7€, AL z7E) =0 forevery z € MM,
=0

1
(ii) f_\z-orfof = _Xéoirjf() for every z € MM .

(i) A, =1.

il 6
Proof. The equivalence of (i) and (ii) is obvious. It is also obvious that (iii)
implies (i).

(i) = (ii). Condition (i) is equivalent to

‘ ok 1
z,y € MT,zy=0= (A} £, A}oy&fo) =1 .

\O S

So for any projection p € M ., we have

that is. (£, pE_J = {JpE,, pfo) . Consequently.

i 217 '2
JpE, — pE | = (Jp€, — p€,, JpE, — PE,)

at (JPSOJPEO) o (JPSOPEO) < (PSO,JPSO> T (pfopgo)

= .
Hence Jp{ = p§, for any projection p € M . Then by spectral theory we have
Ja§, = a&, for any a € M . Now for any z € M , there are z, € MP zo € Mh

such that a = a; —+ ia, , hence



£ — A s c
Jal, = Ja,§, ~ Jias§,

)

Therefore, A, = 1.

\(D

In conclusion. an o.d. homomorphism on H is a lattice homomorphism when H
1s lattice-ordered. Generally, there is a correspondence between Jordan isomorphisms
on M and o.d. isomorphisms on H . When JS = 1 . there is a correspondence

(6]
between r—bounded unital Jordan homomorphisms on M and ¢ -preserving o.d.
homomorphisms on H . Therefore at least in these two cases. considering o.d.
homomorphisms is equivalent to considering 7—bounded Jordan homomorphisms on M
Since the order structure of H . being a Hilbert space. is simpler than that of M

there are some advantages in considering o.d. homomorphisms on H , one of which is

the characterization of these maps in the next section.
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§5. CHARACTERIZATIONS OF O.D. HOMOMORPHISMS

Throughout the rest of this thesis, unless otherwise stated, we always assume that
(M.H.S ) is given. that is. given M a von Neumann algebra on Hilbert space H and
£, € H cyclic and separating for M . The natural cone associated with (M,H.,§ ) will

be denoted by H™ .

We shall start this section with a characterization of bijective o.d. homomor-

phisms. To do this, we need the following result.

(5.1). Let o be an o.d. homomorphism. If o is bijective. © 1s an order

tsomorphism, that 1s, o(H )= H .

Proof. Let £ be an arbitrary vector in H’ such that o€ € H™ . Let

-

€ =& — £ be the orthogonal decomposition of £. Then we have

0T > 0T > 0.

b ; e

Since H 7 1s self dual.

0 < (667, 067) < (067, 087)=0.

Hence 0~ = 0 : and since o is bijective, £~ = 0. Therefore. £ € H™ . This shows

5

that o(H7) = H™ . O

(5.2) Let o be a bijective continuous linear operator on H . Then o is an o.d.
homomorphism i f and only i f. for the polar decomposition ¢ = u|o|. u 1s a unitary

operator such that w(H7)=H and |p| E MN M".

Proof. It follows from (5.1) that ¢ is an order isomorphism. Then by theorem

*

(2.9) of Connes. there is an operator a € M™ such that aj(a) = |¢| = u"o . Since o

and u* are o.d. homomorphisms, aj(a) is also an o.d. homomorphism. It follows from

2

Example (4.2.iii) that e“=a'ae MN M . Therefore a € MN M’ and



10| = ajla) =a? e MN M.

The converse is obvious. g
The following result is needed in characterizing o.d. homomorphisms.

(5.3). Let a € M and 6 =a+ j(a). Then, 6(H ) C H™ ifandonlyif é 1s

an o.d. homomorphism.

Proof. Suppose that §(H7)C H . It follows from (2.10) that ¢ satisfies
(£,6n) =0 whenever € H- . n€ H™ and (£&7)=0 . Since én € H by the
assumption. we can apply this condition again to obtain (é6£,6m) =0 . Hence 6 is an

o.d. homomorphism.

The converse follows immediately from (4.1). O
(5.4). The following conditions are equivalent:

(i) o is an o.d. homomorphism.

(iI)f(H)C H and oo e MN M.

Proof. (i) = (ii). Let o be an o.d. homomorphism and set é =o0%0 . It

follows from (4.1) that o(H ) C H . Since H™ is self-dual, for each & € H™ | for

all n e H .

that is, 9§ € H~ . So o0"(H ) C H™ . and hence 6(H ) =0 o(H") C H™ . Since

(§,6n) = 0 whenever £ € H™ , n € H™ and (£7n) =0, by (2.10)

6=a+ jla),
for some a € M . It follows from (5.3) that ¢ is also an o.d. homomorphism. We now
set

v =1+ ad,
where «a is a positive number such that «l|é]| < 1. Then v is bijective. Furthermore,

¥ is an o.d. homomorphism because if £ € H ., n € H™ and (£,7) =0, then
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(&,¢m) = (§ + adf, n — adbn)
= (&) = a(&bn) + a(85n) — a?(85.8n)
=0,
Since v = [¢|,we have v =|v| € MNM" by (5.2). Hence, 6 € MN M.
(ii) => (i). Foré € H .n € H™ and (&n) =0, we have, by (2.12),
(0€,06n) = (6%0&,n) =0 .
It follows immediately from (4.1) that ¢ is an o.d. homomorphism. a

Note that (5.4) implies all elements of (M " M”")™ are o.d. homomorphisms.

A bijective continuous linear operator o is called an o.d. 1somorphism if ¢ and

o~ 1 are o.d. homomorphisms.

(5.4) has two immediate corollaries. The first one generalizes (5.1).

(5.5). If o is a bijective o.d. homomorphism, ¢ 1s an o.d. isomorphism.

Proof. Let ¢ = u|p| be the polar decomposition of o . It follows from (5.4)

that u 1is a unitary satisfying w(H7) = H~ and |o| is a bijective operator in

(MAM)T . So u*(H")=H  and |¢o|7' € (MNM’)" ; that is both u* and
o/~ are o.d. homomorphisms. Therefore o ! = |6/ u* is also an o.d.
homomorphism. O

In a Banach lattice, all order isomorphisms are lattice isomorphisms. When M is
not commutative, this is no longer true. In fact. Yamamuro 2 has proved that every
order isomorphism is an o.d. isomorphism if and only if M is commutative.

Furthermore, we have the following.

-

(5.6). The following conditions are equivalent:
(i) If o(H™) C H™ and ¢ is bijective, then ¢(H )= H .

(ii) If o(HT) C H™ , 0§, = &, and o 1is bijective, then HMHT)=H" .

S0



iii) HY is isomorphic to the one-dimensional ordered space of all real
p

numbers.

Proof. (i) = (ii) and (iii) = (i) are obvious.

(ii) = (iii). Without loss of generality. we assume || || = 1, and set

As H™ is self-dual and ¢ isin H ., we have o(H ) C H™ . It is also obvious that

6
o, = §,, © Is bijective and

o)

—1 Al .
6= 26" (6,0

Since 6" 1(H™) C H™ . we have, forall ¢ € H™,

Hence for an arbitrary £ € H? with the orthogonal decomposition £ = &7 - £ |, we

have 26" > (£7.6 )€, and 28~ 2 (£ ,§ )€, . Thus, by the self-duality of HT
DR e G T L)

and henee &= or £ = 0 thatis, " f € H" " or =& € H . This means that HY

is totally ordered. Hence " s isomorphic to the set of real numbers equipped with

the usual order. a

The second corollary of (5.4) is due to Yamamuro 4/, which offers another

characterization of o.d. homomorphisms.

(5.7). A continuous linear operator ¢: H — H s an o.d. homomorphism i f

and onlyif o(H")C H™ and o*z0 € MN M’ whenever z € MN M.

Proof. Suppose that ¢ is an o.d. homomorphism and y € (M N M’)™ . Since

(31

i sl | .
EMNM’)™ , y2 is an o.d. homomorphism: and hence y2¢ 1is also an o.d.

1 1 ’ :
homomorphism. So, by (5.4), we have o0*yo = (y20)*(y20) € M N M" . Now for

Y

a€ (MnN M')h’ , 1+ aa € (MN M’)T with a being a positive number satisfying



allafl <1 . Then ¢*(1 — aa)o € MN M’ | and hence 0ao € MN M’ . Since for
any z € MN M’ , z is a linear combination of two self-adjoint operatorsin M N M~ .

we have ¢ o e M N M’ .

]

The converse follows when weset z =1.

As a consequence, an order homomorphism ¢ 1is an o.d. homomorphism if

o*Mo C M . because then, since Jo = oJ , (1.1)(iii) implies
o J(M)o C j(M),

and hence o*(M N M )o C M N M’ . This type of operator, “implemented” operators,
on M has been studied by Demoen and Vanheuverzwijn 1], in which they clarified the
relation between the implementability and another kind of orthogonality preservation.

We shall give a brief account of their results.

Let M. be the predual of M and M”? be the hermitian part of Mx . Then
every element w € M2 admits a unique orthogonal decomposition (the Jordan

decomposition)
w=w" —w , w EMI, w EMI, w lw,

where Mx is the positive part of M« , and the orthogonality, w™ L w™ | is defined by
s(wT)s(w™) =0 ( s(-) denotes the support of - ). Naturally, we can consider o.d.

homomorphisms on this orthogonally decomposable space M= .

When a linear operator a: M — M is normal. the dual a«: M« — Ms< is
defined. @We shall say that a- is an o.d. homomorphism if a«(M<) C MJI and

Qx(.dl) 1 ax(w,) whenever wy € M. Wy € M7 and Gy Lowy

Demoen and Vanheuverzwijn 1/ gave the following definition:

A wunital, normal and completely positive map a: M — M s said to be
(1sometrically) implementable 1f there exists an isometry v: H — H such that

a(z) =v*zv forall z € M and v(H ) C H ;
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and they have proved the following theorem.

DV]|. Let a: M - M be a unital and normal Schwartz map; then o 1s

implementable 1 f and only 1f «« 1s an 0.d. homomorphism.
(A Schwartz map is a linear map a: M — M such that a(z"z) > a(z*)a(z) for

all z e M)

It immediately follows from the remark after (5.7) that the operator v in the
definition above of implementability is an o.d. homomorphism. To make clear the
relation between the two orthogonality preservations of © on H and ax on M« , we

give the following definition.

A linear operator a: M — M is saild to be implementable if there exists a

continuous linear operator ¢ : H — H such that «(z) = 0*zo forall z € M.

[t is easy to see that implementable operators are normal. Hence if o 1is
implementable, as: Mx — Mx is well-defined. Under this circumstance, we have the

following result.

(5.8). The following conditions are equivalent:
(i) o 1s an o.d. homomorphism.

(ii) a+ is an o.d. homomorphism.

Proof. By (2.5). for every w € M< . there is a unique £ & H~ such that
w=w,,andfor €€ H™ and n€ H . (£&,7) =0 ifandonlyif w, 1L “p

(i) > (ii). Since a(M7)C M7 . a«(M:) C M<c is obvious. Suppose that
v, €My (1=12) and wy Lw,. Then w, = oF and woy = “ for some £ € H™

and n € H= such that (£,7) =0 . Since ¢ is an o.d. homomorphism, (0&,0n) =0 .

{0

On the other hand. w

: . B gty = ax(w Yo = Bl ) .
Consequently, Vo L Yo - hy: ax( 5) and o = @ (..ur])

Therefore ax is an o.d. homomorphism.

(i) > (i). If € H™ ,since ax(w) € Mi, ax(w,) =w, for some n e 4.
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that 1s w

—w_and n € H- . Thus, o(H7) C H . So by the remark after (5.7),

0§ n

o is an o.d. homomorphism. O

The following result follows immediately from (5.7).

(5.9). If o 1s implementable and o(H )C H | then

a(MNM)YCMN M.

Proof. It follows from the assumption that o is an o.d. homomorphism. So

a(MNM)=c*(MNMloCMN M" by (5.7). O



§6. POLAR DECOMPOSITIONS OF O.D. HOMOMORPHISMS

Every continuous linear operator ¢ : H — H admits the polar decomposition

o = u|o|,

(3] =

where |¢| = (6"9)2 and u is a partial isometry such that u*u = s(|¢|) , the support

of |¢o|. f o€ M,then u€ M and [p| € M.

The theorem (2.9) of Connes states that if o(H )= H , then u(H )= H
and |p|(H") = H  , that is, when ¢ is an order isomorphism, u and |¢| are also
order isomorphisms. However, this character is not enjoyed by order homomorphisms,
that is, there are operators ¢ on H satisfying o(H ) C H~ , with the polar
decomposition ¢ = u|o| , where either u is not an order homomorphism, or both u

and |o| are not order homomorphisms.

(6.1). An erxample of an order homomorphism o for which |o|(H") C H

and u(H") CH™ .

We consider the space of 2 x 2 matrices

a b}
,H2: a,b.c,d e C
c dJ
Then,
a b-] u ¥z u g a b
% = {race
c d y z z z c d
L " =y " J4

defines an inner product on H, ; and H, is a Hilbert space with respect to this inner

product. Let M,(C) be the set of all operators of the form

o 8
o = , a, 3, x,6 € C,
X )

defined on H, such that if A € H,, ¢(A) is the usual matrices product of 04 . It
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(1]

follows easily that M,(C) is a von Neumann algebra on H, . Furthermore. it is simple

to check that

is a cyclic and separating trace vector for M,(C) . So by (4.5)(i),

and hence
a b} [ a g
J] —
c d & d
((—1 =3
G

Since Hy = {JJpl: 0 € My(C)} . Hy is the set of all matrices of the form

a bidie . la*ibl%' | af + bd

c dl |6 d ca ~ db ef? = jd|? |

p q}
€ Hy
‘1
if and only if p>0 , r>0 and pr > q|') . Consequently. Ht_l consists of all

Hermitian matrices.

We now consider the operator o : H, — H, defined by

a b a—+~d b

¢ d c d

It is easy to see that o(H ) C H™ . Also,



(a b } |( i Y ) [ a b (r-u Y
o — .
c dJ " u ) l( c d L: u
=aZ + by + ¢z + (a+d)u
So
a b a b
O ==
c d c a+d
and hence
a b a+d b
O O =
o d c a—2d
Let o = u|o| be the polar decomposition of o . We have
(3a—d )
(a b — b
V' 3
9| =
a—2d
1€ & ) # s
L LN
and
! [ a—2d
R - b 7
V5
u 2
2a-d
€ d ( -
i \ v J

Then. it is easy to see that |o|(H;) C H, , and

! 0
€ Hy

(@)
(W]

but



(6.2).

and

Let M, be an algebra of all 3 x 3

An ezample of an order homomorphism o for

(@] ]

u(HT) ¢ HT .

J

EHy

E

<
(S|

which

matrices of the form

a. 3, x.6.0 € C,

g. b e.d.ec .,

ol (HT)

o

-1

CH™

with the underlying inner product defined in the same way as in (6.1). Then M, is a

von Neumann algebra on H, . and

is a cyclic separating trace vector. So by (4.3)(i) A, =1

(1

0

\

0

0

0

|

3

/

M, as sets. We now consider o : Hy — H3 defined by

’

\

Then o(H;) C H; and

a

0

0

0

O h

e . )
= 0 b c
LO d a—e)

. and hence H, is equal to
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3a—e
S 5.0 [ ~ 0 0 ]
VvV
lo| | O b c = 0 b c
a-+2e
k 0 d e 0 d -
4 L 5 )
Hence
i b ;
[0 0 0 ) — 0 0
VD
IR L R I T R g i v € H;
2
0 1 1 0 1 e
\ ) | V5 ]
From u"¢ = |p| . it follows that wu(H;) CH, . because u(H;) C Hy implies
u*(Hs) C Hs . O

Thus the polar decomposition is not compatible with the order structure of H .

However, for every order homomorphism ¢ with the polar decomposition o = u|o| . if

@, 1s also an o.d. homomorphism, then both u and |p| are order homomorphisms: in

fact, as the following result shows, both u and |¢| are o.d. homomorphisms.

(6.3). Let o be an o.d. homomorphism. o = ulo| be the polar decomposition.

It follows that
(i) |o| is an o.d. homomorphism.
(ii) s(|¢|) is an o.d. homomorphism.
(iii) |¢|(H) N H™ = [¢|(HT)
(iv) s(le|)(H) N H™ = s(|o|)(HT) .

(V) u is an o.d. homomorphism.

(3]

Proof. (i) and (ii). It follows from (5.4) that |o| = (¢*¢): € (M N M’)™ , and

hence s(|¢|) € (MN M’)” . So by the remark after (5.4), |¢| and s(|o|) are o.d.
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homomorphisms.
(iii). Since |o| is an o.d. homomorphism , |o|(H ) C |o|(H) N H™ . Hence
ol(H7) C lo|(H)n H™ C [o|(H) NHT .
Let £ be an arbitrary element in H such that |e|£ € H™ . By (2.1)(ix) of
Connes we have
§= 51 T 1'52 )
where £, € H’ and €y € H’ . Since 0| is an o.d. homomorphism. J|¢| = |o|J and
hence [o|§y = 0. So [o|; € H™ . Let & = & — £ be the orthogonal decomposition
of ¢, . Then |p|§7 € H™ , |o|§] € H™ and (|o|7], |#/S]) = O because ¢ is an o.d.
homomorphism. Therefore (0[S = 0. otherwise
867 = [sleT= lol¢, € B
would contradict the unique orthogonal decomposition of |o[¢; . Thus |8 = |o[¢] .
Consequently
lo|(H) n H™ C |o|(HT) ,
and hence
Bl(H) N H C |o|(H) N H* C |o|(H™)
Therefore |o|(H) N H™ = |¢|(HT)
(iv) is proved similarly as (iii) because s(|o|) is also an o0.d. homomorphism.
(v). Since s({|o|) is the projection on |o|(H) . it follows from (iv) and (iii)
that

= |o|(H7)

So for each { € H™ | there is a sequence (£ ) C H™ such that
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lim |o|€, = s(|o])& .

Then, as u is a partial isometry. we have
uf = uu-uf

= us(|o])¢

-1 ey
= lim ujo|,
n

= o g =
= lim o, .
n

where, as ¢ is an o.d. homomorphism. 0§ € H~ for each n. So uf{ € H  because

H™ is closed. We have just proved u(H™)C H™ .

Now for € € H™ ,n € H™ satisfying (£.n) = 0, it follows from (ii) that

Remark. Since s(|o|) is an o.d. homomorphism, it follows from (5.4) that

s(lel) = s(lel) s(le])

= s(|o])* s

Pl e MN M.

Hence n(o) =1 - s(|lo]) € MN M’" ( n(e) is the projection on the kernel of ¢ ): and

by Example (4.2.ii) n(¢) is also an o.d. homomorphism.
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§7. SEMIGROUPS OF O.D. HOMOMORPHISMS

Recall that when H is lattice-ordered. or equivalently when M is commutative,
o.d. homomorphisms with respect to the natural orthogonal decompositions
E=¢ET — & , where £ € H" , £ € H™ and (£7,67) =0 . are exactly lattice

homomorphisms (Example (4.2.iv)). Then since H is reflexive. the underlying norm of

H is an order continuous norm. Nagel and Uhlig ( 1. Theorem 3.4) proved that

[N-U]|. Let B be a complez Banach lattice that has order continuous norm.
The following conditions are equivalent for a C -semigroup {T(t):t > 0} of

continuous linear operators on B and its generator G .
(a) [T(t)z| = T(t)|z| ,z € B, t>0.

(b) The generator G 1is a real, local operator and its domain D(G) is a vector

sublattice of B.
(c) z € D(G) implies |z| € D(G) ; and Glz| = sign(zr) Gr .

The same result for the case when B is o-complete is also due to Nagel and
Uhlig. Later, Arendt |1 has proved a more general form of this theorem. Note that
when B is a o-complete Banach lattice, each element r € B™ determines a projection

operator P_ by

Foysdun gy Az forall y & B .

z
n—oc

and Py= Py  — Py~ forall y€ B. Then for each z € B, sign(z) is defined

z

by

sign(gy = P_.+(y) - P,—(y), yE€B.

Arendt 1 has proved the following equation:
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| gt 11 e \
sign(z)y = MI{; (lz = tyl = lz) = (1 = Py )y:t >0 [

forall z € B and y € B. The existence of the limit of the first term in the right-hand
side was proved in the same paper by Arendt. Approximately, “sign” denotes the
derivative of the absolute value function z — |z| , and. in this respect. it is related to
the Kato's inequality. Kato 1] has proved the following distributional inequality for the

Laplacian A :
Alf] 2 Re(sign(f) Af),

when f and Af are in the L}OC(E") . Later Simon 1 has shown that this equation
1s closely related to the positivity of the semigroup generated by A . The Kato's

inequality is in the following form:
G|z| > Re(sign(z) Gz) .
We now return to the ordered Hilbert space H in (M,H.S ) . In general,
whether or not H is lattice-ordered, there exist naturally C -semigroups of o.d.

homomorphisms. for example. {Ait :t > 0} is one. We shall generalize N-U to the

case of C _-semigroups of o0.d. homomorphisms.

Let {7(t):t > 0} be a C_-semigroup on the Hilbert space H and G be its

generator. We set

H/ ={ce H:Je=¢},

and

D(G) = D(G) n HY .
where D(G) denotes the domain of G . For the orthogonal decomposition
E=¢" — & we set

bl v e
is_s +s -

(7.1). Let {T(t):t >0} be a C, -semigroup on H such that JT(t) = T(t)J



for all t>0 and G be the generator. Then the following conditions are

equivalent.
(i) Each T(t) is an o.d. homomorphism.

(ii) If £ € D(G) ,then |¢| € D(G)’ and

G|£| = lim t—I'IS ~tGE|l - |€]). (HAato's equality
| | I | [S 1)
t10

Proof. (i) = (ii). Recall that in the proof of (4.6)(ii) we have shown that for

2

any €€ H, ne B, ||l - |nllI® < |l€ - ]

On the other hand, by (BR, Proposition 3.1.23).

J N

€ D(G) if and only if

sup{t “|T(t)6 — €]| : 0 <t < 1} < +00 .

Since |T(t)p| = T(t)|&| for each t > 0, we have
1T(e)I€l = Lelll = 1IT(e) ¢l - 1€l
< IITe - ¢

This shows that £ € D(G)” implies |¢| € D(G)” .

Moreover, for £ € D(G)J.

and since T(t)J = JT(t) for t > 0, we have
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ST - 1
JGE = =y ————— €
tl0 :
o T(t) -1
= lim JE
tl0 ¢
L el
= lim £
tl0 t
= G¢

that is, G¢& € H’? | and so & + tGE€| appearing in the right-hand side of Kato's

equality is meaningful. Now as ¢t | 0,

le=1(1€ + T(t)e - €] - |€]) - t71(e + tGgl - |2))|]

JiZN\
~
I
(==Y
=3
L
| pSe
LaY
|
N
e
|
D
,/n
O

Hence we have the required Kato's equality

Gle) =1lim Mg £ e =€)
tl0

(i) = (ii). The proof of this part is the same as that in the case of Banach lattices

(Arendt (1], Corollary 3.8). For each ¢ € D(G)J , since T(t) commute with J ,

T(t)¢ € D(G)J for all ¢ > 0 ; and hence we may define

of(t) = T(s — t)|T(t)€]| , t € (0.s) .

Then, for ¢ > 0,



1
%(of(z—e)—os(t)) =~ (T(s=t=¢)|T(tre)<| = T(s=t)[T(t)€])
1
= = T(s—t-0[T(t=e)¢]~T() (1)
1
= = T(s—t—e)[[T{t=e)) &l =[T(t) I (T(e)~1)[T(2)¢]
- Ts=t=9) |- (T0)¢ + (T(0)-1) TU)¢l-TL0)¢]
1
- Tlo=t=9 | (T(=1) [T0)S]
where
1
= (7)€ + (T(e) - DTWE - Me)g)

lim — (@t+€) — d.(t)) =0, forall t € (0,s).

Since the function ¢. is continuous for each ¢ € D(G{)J. it 1s constant. In particular,
?.(0) = ¢.(s) , that is, T(s)|&| = |T(s)&| . This proves that each 7T(t) is an o.d.
S »

™
—_

homomorphism.

The condition (7.2)(ii) below says that C_-semigroups of o.d. homomorphisms
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are “local” in the sense of (Nagel and Uhlig 1 ).

(7.2) Let {T(t):t >0} be a C,-semigroup of o.d. homomorphismsand G be

its generator. It follows that
(1) G = JG .

(ii) If E€e D(G)NH" ,n€ H™ and (£n) =0, then (G&n) =0.

Proof. (i)ws proved in (7.1).

(i1) Suppose £ € D(G)N H™ ,n € H™ and (&) =0. We have

(G&n) = lim ¢t~ YT(t)¢ - & n)
tl0

= lim ¢t~ YT(t)&, n) > 0.,
tl0

because T(t)€ € H™ forall t >0 and £ € H™ . On the other hand.

(G&n) = lim t~YT(1)¢ - & T(t)n)
tl0

=lim t~ (=€ T(t)n) <0,
t.0

]

because (T(t)&, T(t)n) =0 forall ¢t > 0. Hence (G&n) =0.

S

This locality is not shared by the C -semigroups of order homomorphisms as the
following statement shows. In the case of uniformly continuous group
JG = GJ . the locality is exactly the same as G € D(H ) (see (2.10)), or

equivalently, G is a derivation.

(7.3). If every uniformly continuous semigroup of order homomorphisms 1s

local, M is commutative.

Proof. Let p be an arbitrary projection in M . Since pj(p)(H™)C H .

{etPI(P) . ¢ > 0} is a uniformly continuous semigroup of order homomorphisms with the



generator pj(p) . Hence, pj(p) is local by the hypothesis. Then,for €€ H™ .n € H~

satisfying (£,7) = 0, we have

(ps(p)&, p3(p)n) = (ps(P)Sn) = 0.

So pj(p) is an o.d. homomorphism. It follows from Example (4.2.ii) that

p=p'PpEMNM. 0

We now characterize generators of uniformly continuous semigroups of o.d.

homomorphisms.

(7.4). Let {T(t):t > 0} be a uniformly continuous semigroup and G be its

generator. The following conditions are equivalent.

(i) T(t) is an o.d. homomorphism for each t > 0.

N

(ii)(a) JG = GJ and (G&;n) =0 whenever € H , n € H and (&) = 0.
(b)G ~-G*eMN M.
(iii)(a) G = a — j(a) for some a € M .

(b)a-a*"eMnN M.

Proof. (i) = (ii)(a) was proved in (7.2). To prove (i) = (ii)(b), we note that
since ¢t~ 1(T(t) — 1) converges to G uniformly, t~1(T%(t) — 1) converges to G*

uniformly, and hence

Bt TOT =) = m t HTH T = T + TH¢t) - 1)
tl0 t10

= T ()(T() 1) + T*(t) -1]
tl0

=G +G* (uniformly).

But each T(t) is an o.d. homomorphism. so by (5.4) T%(¢)T(t) € M N M’ for each

t >0,and hence G + G* € MN M’ because M N M’ isstrongly closed.
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(ii) = (iii). By theorem (2.10) of Connes (ii)(a) is equivalent to (iii)(a). Now
condition (ii)(b) becomes a + a* + jla — a*) E MN M’ where a € M and
a + jla) =G . By (1.1)(iii) . jla + a®) € M’ and hence

a-—a*€-jla+-a’)-MNM CM .
Consequently. a —a* € M N M’ .

(it} = (1) By theorem (2.10) of Connes, condition (iii)(a) implies
Tt)(H )=H" for t>0 . We now only need to show for each t >0
(T(¢)&,T(t)n) = 0 whenever £ € g ae il and [En)=0 . As G is the
generator of the uniformly continuous semigroup {7(t):t > 0} . G 1is the generator
of the uniformly continuous semigroup {77(t):t > 0} . Moreover, since a € M and
a* + ae MN M’ ., we have a(a®* + a)=(a* — a)a , and hence aa" =a"a .
Consequently, G commutes with G* . Thus by (Yoshida 1. IX.6. Corollary 2).

JAG* G _ t(G*+G)

and hence by (2.12) we have, for each t > 0,

I
o
L]

It follows from the proof of (7.4)(iii) > (7.4)(i) that if {7(¢t):t >0} is a
uniform semigroup of o.d. homomorphisms, then each T(t¢) has to be normal. that is

T*(t)T(t) = T(t)T*(t) . We now generalize (7.4) in the following form.

(7.5). Let {T(t):t > 0} be a C -semigroup such that T(t)(H )C H  and G

be its generator. Then, the following conditions are equivalent.

(i) Each T(t) is normal and an o.d. homomorphism.
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(ii)(a) G is normal and the real part of its spectrum s bounded above.

(b) G = G* is affiliated with MN M’ .

Proof. By (Rudin "1/, Theorem 13.37) the condition (ii)(a) is equivalent to that

each T(t) is normal.

(i) = (ii). Since {T(t):t > 0} is a C_-semigroup of normal operators with the

generator G , {T*(t)T(t):t > 0} isalsoa C_-semigroup with the generator G ~ G" .
Let £ € D(G - G*). Then by (BR, Proposition 3.1.23),
sup{t “Y|T*()T(t)¢ — &|| : 0 < t < 1} < +cc .

For an arbitrary unitary operator u € (M N M”)’ | because T*(¢)T(t) € M N M’ we

have for each t > 0,
sup{t Y| T*(t)T(t)ué — ugl|: 0 < t < 1}

= sup{t ™ H[uT*(¢)T(t)€ — ugl| : 0 <t < 1}

= sup{t~ YT (O)T(1)E - &l 10 <t < 1)

Hence. again by (BR, Proposition 3.1.23)

-
/

ué € DIG + G*).
Moreover, because T*(¢)T(t) € M N M for each t > 0, we have

w(G + G*)E = ulim t~YT*()T(t)€ - €)

= lim ¢~ (uT*(t)T(t)¢
tl0

J
|
=
o
N

= lim ¢~ Y(T*()T(t)us - ué)

S

tl0
= (G + G*)ué,
that is, G + G* commutes with every unitary operator in (M N M’")" . Hence

G + G* is affiliated with M N M’ .

(ii) = (i). Since (ii)(a) implies that {7(t):t > 0} is a C_-semigroup of normal



operators, G + G* is the generator of the C -semigroup {T7(t)7(t):t >0} . By

Hille-Phillip-Yosida's theorem (Dunford and Schwartz (1)),

RangelA — (G + G*)| = H .
and R(A\,G + G*) = (A — (G + G*))~! exists for all A large enough. Hence, for any
unitary operator u € (M N M”)” | it follows from (ii)(b) that

uR(AG + G* A - (G+G*))=u
SEC £ G~ (6 £ 6"
= BLC + GYul) - (G + G*%))-
Since Range/A — (G — G*)] = H ., we have
uR(},G + G*) = R(\G + G*)u,

that is, R(A.G —= G*) € M N M’ forall A large enough.

[t follows immediately from the formula

n n N ln
THt)T(t)E =  lim [? R(;, G + G*) by €
n— oo .
that T%(¢)T(t) € M N M’ , and hence each T(t) is an o.d. homomorphism. O

For the modular operator A, {A¥ :t € R} isa C-group of unitary operators
and its generator is 74 . It is known that A'(H7) = H~ . The following result gives
a property of this C_-group. Note that a unitary operator u is an o.d. homomorphism

if and only if u(H") C H™ .

(7.6). Let {u(t):t &€ R} be a C,-group of unitary operators such that
Ju(t) = u(t)J forall t € R, and let G be its generator. Then u(t)(H )= H for

all t € R ,1ifand onlyifthe following conditions are satis fied.
(i) € € D(G)Y implies |¢| € D(G).
(ii) G 1s local.

Proof .  Suppose that u@(H?) = H" for all teR . Then (UB} 15 a
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C_-group of o.d. homomorphisms. Therefore (i) follows from (7.1). and (ii) follows
from (7.2). For the converse, we need to prove the “dissipativity” of G (Batty and

Robinson 1, Corollary 2.2.2) in the following sense (Yamamuro [2):

(67,GE) <0 forevery £ € D(G)J_

To prove this, suppose that £ € D(G}J. Then by (i). £7 € D(G) and £~ € D(G) .

S /

Moreover, by (ii), (§7.G¢ ) = 0, and hence, because each u(t) is a contraction,

(£7,G¢) = (£7,G¢7) - (§7,G¢7)

=676 ET)

IA

i 2%

]

From the consideration of semigroups of o.d. homomorphisms, we observe that
there are two general problems. The first 1s the differentiability of the absolute value
involved in the Kato's equality. In the case of Banach lattice, the absolute value
r — |zr| is differentiable in a suitable sense and it was possible to write the limit in the
Kato’s equality as sign(r)Gr . The second problem is whether or not an o.d.
h(.)momorphism is a normal operator as we have encountered in (7.4) and (7.5). On
Hilbert spaces, the normal semigroups are much more easily handled than non-normal

ones. These two problems will be considered in the following two sections.
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§8. ABSOLUTE VALUES AND ITS DIFFERENTIABILITY

Let E be a vector space, F a topological vector space for some topology 7 and #

a function from E to F. 8 i1s r—Gateauzx differentiable if for every z,y € F,

D 8(y) = lim h~1(8(z + hy) - 6(z))
hlO

exists in F for the topology 7. When F is a Banach space. we say 6 is Gateaux

differentiable when it 1s norm Gateaux differentiable.

As mentioned in §7, Arendt 1/ has proved the Gateaux differentiability of the map

7 deﬁﬁed by
#el=lzl, z€ 8,

where B is a Banach lattice. The proof essentially depended upon the inequality
z+yl <lel+lyl, z€B, y€B,

which holds in any Banach lattice.

In the ordered Hilbert space H associated with (M,H.S ) . the absolute value
8(&) = & for £ € HY is difficult to handle, and one of the reasons for the difficulty is

that the above inequality does not hold in general.

(8.1). The following conditions are equivalent.
(i) [+ n| < |8 ~ o] forall $€ H' and n € HY.
(i) M s commutative.

Proof. (i) = (ii). Since || =¢€6T + & for £€=€7 — £ , it is obvious that

+£ < [¢| . Now suppose that +& < n for some n € H’ . Then since n = £e€ H |, we



(&1
(%)

L e g =
by = 9 T 9
1 1
Sglétal+5 €+l
1 1
0% (2 iyl g =)
:}”'

This shows that |£| is the least upper bound of £ and -¢ . that is.

Therefore HJ 1s lattice-ordered. and hence M 1s commutative.

1‘ (ii) = (i). Since H” is lastice-ordered. (i) is obvious. O

In the proof of (7.1) we have proved that the absolute-valued function is a
Lipschitz map, that is,
el = Inlll <li€ = nll ~ forall $e€ H and ¢ € HY.
Our next result about the absolute-valued function will show that it is additive for
*absolutely orthogonal” elements.

(82). If €€ B!, € H and (|ellnf) =0, then [€=n| =& = |n].

Proof. Suppose that ¢ € HY , n e HY and (I€l,|n]) = 0. Then, since H™ is

self-dual, |&§ > &= and |n| >n* . we have (:Ei.ni') =0 ', ‘and | hence
(§&m) =(§7 - €7, n" —n~)=0. Then, since |||p||| = |lp|| for every p € HY . we
have
| 112 4 i ell2 12
1€ + alll® = |€ + »ll* = ||€ll° + |Inl]
and
2 N2 1112 2 . (102
€L+ Inlll® = 1P + Hinill® = Nl + 1inll? -
Therefore.
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1€ + nlli® = 1l1€l = Inill® -
Again by the self-duality of H™ ,
(€T, 1€+ nl) 2 (€T, &+n) = (£7,6) = ll€T)I?
and
(€ e ab 2 (6, ~(6mm) = (£7.-8) = |||
Hence,
= =12 2
Qe mis Jlemll®ille|? = 1€l
Similarly,
"
(Inl:1€ = nl) 2 {Inll® .
‘; Therefore,
“
I
| 92 9
J 1€l + lmll= < (1€] + Inls 1§+ nl) < &+ Inlll - 1€ + =all -
Then, by the equalities proved above, we arrive at
1€l + Inlll® = (1€l + Inl, 1€ + a) = 1€ + nll* .
Finally,
| : | S | | b
1(1€l+InD)=16=nlll* = igl+InllI2=2(1&l+Inl, |+n])+]16+nll?
— I
and the required equality is proved. O
We now turn to the problem of the differentiability of #(&) = |£| . or, the

existence of the limit

lim — (|¢ + tn] - |¢]) -
tl0

When M is commutative, "' is lattice-ordered, and hence the absolute-valued

function || is convex. Then by Arendt ([1], Proposition 3.3) || is Gateaux

differentiable. The following example shows a case where M is a factor and |-| is
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Gateaux differentiable. and hence rules out the possibility that Gateaux differentiability

of |-| decides the commutavity of M .

(8.2). Erample. We consider the triple (My,H,,I) as defined in Example (6.1).

Let

(a b
A= € Hy
S

The characteristic equation of A 1is
15

A —(a +~c)A —ac - ]6!2: 0

Hence.

.

E1 A . 0
where D , = ac = [b|” is the determinant of 4 . Since

|A||? = trace A% = g 2'1)[2 et
we have
24,2 4 2
A|[FA% = A% -+ A
and hence.
et 9 : 112 2
(I1AI1* + 21D 4)A% = A% + 2(D 4|A% + | D 4|
- 2
= (A% + 2|D 4)° -

Now by the Caylev-Hamilton's theorem we have

) . ST 5
As A+ 2|D 4[ Is a positive matrix, we have

9

FLES e

Al =

Vil4ll? + 21D 4

Hence. for
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o 3
B= € Hy
B ok
with a, x € R . we have after tedious calculations,
~ |A+tB| - |A| AB + BA 2(ca + ax — b3 - b3)
lim t = =
i vV]jAll? + 2D 4 VIIAlI% + 2|D 4
FE=ECX T G o A ‘
I 2 7 D) ; (‘_12 L Z!D_-ll) b)
(14112 + 21D 41) - [IIAlI* + 2(D 4]
when D, > 0; and
~ |A+tB| - |A| AB + BA 2(2a + ax — b3 — b3)
lim t = -
/ 9 / ‘
& VIAIZ + 2D, VIIAIR + 21D g
ac + cx + (ca + ay) + 2(bB + b3) .
— 2 5 = (‘—12 = Q'D‘_il) .
(142 + 2iD,)) /T4 = 21D
when D, <0 O

[t remains an open problem whether or not the absolute-valued function is
Gateaux differentiable. In general. we have only been able to prove the existence of the

limit when £ € H™ .
The following property of the positive parts will be used later.

(8.4). If S€H'. ne H! and ¢ < n. then ||| < |In7]|.

Proof. Since n < n7 .we have £ < n™ . Hence by (2.1)(viii),

€7 = inf{ll€ = p||: p € HT}

]

S e+ {n" =&l = lln7]| -

The following result has also been found by Yamamuro.
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U

(8.5). If £ € H .the following limut erists for every n € B |

lim = (]§ = tn] = |€]) .
tl0 t

Proof. We set

g isiand s B ey e
n—r)E -U-’lx} an oo o

Obviously, €, and C_  are closed and convex. Therefore, we can define projections

P, and P. on C,  and C__ respectively. In other words, for each n € HJ,Pnn IS

n

the unique element of C such that
i =nll< llo~all, forall p€C, ,
and PEU is the unique element of C__ such that
|1Pen = nll < llp =l ,  forall peCy.
For n € H/ , we temporarily set

pnAE=n~ (g~ £
although n A £ is not equal to the greatest lower bound of n and &.
(i) P,n =n A n.
Since
e ARl = néE -~ np={n--nf)T =(n=nf” € H |
we have n A nf € C. . Next we prove
In=(nAngl <lln—-0pll foral peC,.
Since n — n Anf =(n—n& " , we need to prove
(n = n&)7|| < ln—pll foral peC,.
But because p < n¢, it follows from (8.4) that

= me&) Tl < liln — A7 < lin=oll -



Thus, n A n§ coincides with P n.

(ii) lm [|P,n-nll =[P —nl|.

n—oo

Since n — P.n = (n—-n€)” and £ € H it follows from (8.4) that
1P = nll = l(n = n&)7|| 2 |In = (n+1)E7|| = [P, qn - nl| -

Furthermore, for each n , we have
[P n=nll = inf{|lo=nll :p € C,} > inf{|lo—nll:p € C}.

Therefore, if our assertion is false, there exists ¢ > 0 such that

HPEU =l + € < Hpnn -l , forall n.
Then there exists p € C_ such that
lle = nl| < HPn'? -l - €. forall n.

Since

o0
G =" ) €

o0 n=1 n

and {Cn} Is increasing, there exist p; € C  such that p. — p. Then there exists 1
l

such that if 1 > ¢,

lp; = nll < [|P,n—nll—€¢ forall n,

that is, for all ¢« > ¢,

1By = nll < llog = nll < |[Pyn = nll =€ forall n.

which is a contradiction.

(iii) {P_ n} is bounded.

Because £ € H , we have n — né < n . Applying (8.4) to this inequality we
have

1Pynll < lnll + 1l(n = n&) 7| < 2[In]] .

(iv) lim P.n= P forevery £ € HY .

n—0o0



By (iii) there is {n,} such that {Pnkr)} converges weakly to some p_ . Since

P né€ C”k C COC and COC 1s weakly closed, we have g & Cx )
Since {P”Ar] — 1} converges weakly to p_ — 7n . it follows from (ii) that

log = nll € lim {[P, n = nll = [|Pgn =l -

1

k— oo

Since p, € C__ , we arrive at
1o, = nll = [|Pen = nl| .
Hence, by the unicity of the projection. we have p, = P.n . Therefore, {Pnkn - n}
S >
converges weakly to P.n — n. Combining this with (ii), we now have

lim (Pn =1 = P —n
k S

k— oo
and hence.

lim Pnkr) = an :

k— oo
Thus,

lim Pnry =Pl

)
M7 0

Now we have

alle==al=&) - 7= |nt + 5| - (n€ + 0)

= 2(nt +n)

= =9 — {{—n) A né

Therefore by (iv) we have

| 1
lim n(‘:’——n|—5>-n: ) = E (—n) = —Ps 5] -
n

n— oo ‘ n— co



Hence the required limit exists and equals —P

-
>

(—1) .
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§9. NORMALCY OF O0.D. ISOMORPHISMS
We shall characterize (M,H.S ) which has the property that every o.d.
1somorphism 1is a normal operator. This is connected to an unexpected problem. We

shall first explain this connection.

Let B be an ordered Banach space. Let G(B) be the set of all isometric order
isomorphisms. This is a group. The set of all continuous linear operators T on B

such that

—Axz STz < Xz forall z€ BT,

where A 1s a constant depending only on T , is called the ideal centre of B . An
element of G(B) which commutes with every member of the ideal centre is called a
symmetry, and the set of all symmetries is denoted by S(B) . This is a subgroup of
G(B) . In Yamamuro ( 3)), it was proved that S(B) consists of only the identity
operator when B is a Banach lattice. This means that S(B) is the smallest when B is
lattice-ordered. The opposite case when S(B) is the largest, that is S(B) = G(B) , has

also been given a characterization when B = 0’ .

When B = H” . it is obvious that G(_H‘]) is the group of all unitary operators u
on H such that w(H7) = H . Bos 1 has proved that the ideal centre of HY is
equal to (M N M’)" . the hermitian part of M N M’ . Therefore. S(HJ) is the group
of all unitary operators u such that w(H") = H and u € R(M.M”") . the algebra
generated by M and M’ ., which is the commutant of the centre.  Hence,
S(HJ) = G(HJ) i1s equivalent to the fact that all unitary operators wu such that
u(H") = H™ belong to R(M.M’) . As the following result shows, this property is

equivalent to that all o.d. isomorphisms are normal operators.

(9.1). The following conditions are equivalent:

(i) All o.d. isomorphisms are normal.



(ii) All unitary operators u such that u(H™) = H~ belongto R(IM.M') .
(iii) All unital Jordan isomorphisms on M are identical on the centre.

iv) For any central projections and q , 1f utpu = or some unitar
Yy g p q p q Y

operator u such that u(H )= H™ ,then p=gq.

(v) For any mutually orthogonal central non-zero projections p and q , there is

no Jordan isomorphisms 3 of Mp onto Mq such that 3(p) = q.

Proof. (i) > (ii). Let wu be an arbitrary unitary operator such that
u(H ) = H . Then. u is an o.d. isomorphism. Let p be an arbitrary projection in
the centre. Then. since (1=p)(1 — %p) =1 . 1-p is a bijective o.d. homomorphism,

and hence 1—pis an o.d. isomorphism. Therefore. u(1-+p) is also an o.d. isomorphism.
Since u(1+p) is normal by the hypothesis. we have

u(1+p)?u* = (1-p)?.
It then follows that upu™ = p.or, up = pu. This shows that u commutes with every

member of the centre. Hence., u € R{IM.M') .

(ii) = (iii). Let « be an arbitrary unital Jordan isomorphism. Then. among
others, it satisfies a(r”) = a(z)* for z € M ,and a(MN M) CMn M’ . Now, by
the theorem (2.7) of Connes. there exist a central projection e and a unitary operator

w such that u(H~) = H~ and

uzu® = a(z)e — Ja(z)*J(1-e) forevery r € M.

Suppose r € MN M’ . Since u € RIMM’)=(MNM’)" by the assumption, we

have uzu® = r . On the other hand. since a(z) € M N M’ . we have Jo(z)*J = (1)
Thtis, "2 = alzle Halzll-e] = alz) .

(iii) > (iv). Let p and ¢ be two arbitrary central projections. Suppose that

u*pu = ¢ for some unitary operator u such that u(H ) = H . Then, by (2.7), there

1s a Jordan isomorphism « and a central projection e such that

uzu® = a(z)e — Ja(z)*J(1—e) forall z € M.
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For z = ¢q, we have
p = a(q)e — Ja(z)"J(1-€) = ¢,

because a(q) = ¢ by the assumption.

(iv) > (v). Let p and ¢ be two arbitrary mutually orthogonal central non-zero
projections. Suppose that there is a Jordan isomorphism 3 of MP onto Mq such that

3(p) = ¢. We set

a(z) = (1 = (p~q))z + B(pz) + 3" Ygz) forall zE€ M.
Then a is a unital Jordan isomorphism on M and «(gq) = p. Hence, for the unitary
operator u determined by « by (2.7), we have u(H7) = H~ and u"pu =g¢q. Then

by the hypothesis, p = ¢, which is a contradiction.

(v) > (i). Let o be an o.d. isomorphism and o = u|o| be its polar
decomposition. Then, u 1s a unitary operator and also an o.d. homomorphism by
(6.3). Hence, by (5.6), u is an o.d. isomorphism, which is equivalent to
u(H") = H™ . Therefore it determines a unital Jordan isomorphism « by (2.7), and

for some central projection e ,
uzu® = a(zr)e + Ja(z)*J(1-€) forall z E M.

Suppose that «ff) # f for some central projection f . Note that g = a(f) is

also a central projection. We define p and ¢ as follows.

p=f-f¢g and qg=g-galg) f 9fF [,

pEg - and g =afg) - ¢ SRR
Obviously, p and ¢ are mutually orthogonal central projections such that a(p) = ¢ .
Then the restriction 3 of « on Mp is a Jordan isomorphism onto Mq such that
a(p) = ¢ . This contradicts the hypothesis. Therefore « is identical on the centre.
From the equation above between u and « , it follows that u € R(M.M”) . Since
lo| € MN M’ by (5.4), we can conclude that u and |¢| commute. Etoen o isha

normal operator. O

The equivalence of (i), (ii) and (iii) in (9.1) have been proved in
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Dang-Yamamuro ( 1/). The conditions (iv) and (v) have also been given by Yamamuro

independently.

(9.2). FEvery o.d. homomorphism 1s normal if and only if every partial

1sometric o.d. homomorphism 1s normal.

Proof. Suppose that every partial isometry which is an o.d. homomorphism is
normal. Let u be an arbitrary partial isometry which is an o.d. homomorphism. Then
by hypothesis and by (5.4), uu®=u'vu € MN M”" . Let p be an arbitrary central
projection. Then, (u*p)*u*p = puu’p € M N M’ . and hence by (5.4) u*p is a partial
isometry which is an o.d. homomorphism, because u*(H7)C H~ and p(H")C H™ .

Therefore, by hypothesis we have

s > r,

u*pu = u'p(up)* = (u"p)*u*p = puu’p.
Since u“u = uu® , we have u*pu = pu*up € M N M’ , and hence

p(u”pu) = (u*pu)p = pu*up .

Consequently, we have

(up — pu)™(up — pu) = pu”up — pupu — upup + u"pu

= Uiy
Thus, u € R(IM.M') .

Now let o be an arbitrary o.d. homomorphism and ¢ = u lo| be the polar
decomposition of o . Then by (6.3) u, is a partial isometry which is also an o.d.
homomorphism. So u, € R(M,M") and hence u, commutes with [o|] € M N M .

o}

Thus., © is normal.

The converse 1s obvious. a

It follows from (5.4) that factors satisfy conditions of (9.1). In other words, the
class of von Neumann algebras for which all o.d. isomorphisms are normal is somewhat
larger than the one of factors. To obtain a more precise statement, let us consider

finite-dimensional algebras.
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Let M be a finite-dimensional von Neumann algebra. Then, M is the direct sum
of factors Mp; (1 < ¢ < n), where p; are central projections and each Mp; can be

regarded as the k. x k. matrices algebra. Let 1. be the unit matrix of Mp, and set

which 1s a trace vector for M and H be the corresponding Hilbert space. Then

(9.1)(v) implies the following.

(9.3) (Yamamuro 3|, (5.1)). Let M be a finite-dimensional von Neumann
algebra as above. Then, all o.d. isomorphisms are normal i1f and only i1f M 1is the

direct sum of factors such that any two of them are not Jordan isomorphic.

We now show that, as long as M is finite-dimensional. we can reach the class of
factors if we replace “i1somorphism™ by “homomorphism” . In other words. we are going

to consider the following property:
(") All o.d. homomorphisms are normal operators.
For preparations, we shall first prove two statements.

When p is a central projection. Mp is a von Neumann algebra on pH , and p¢_
is a cyclic and separating vector for Mp . The natural cone (pH)™ associated with

(Mp.pH.p€,) is equal to p(H™) .

The following statements (9.4), (9.5) and (9.6) have also been found by

Yamamuro. [ follow his formulation.

(9.4). Suppose that (M.H.S)) satisfies (*) and p is a central projection.

Then (Mp.pH.p§,) satisfies (*).

Proof. If o is an o.d. homomorphism on pH , ¢ =o0¢p is an o.d.

homomorphism on H . Hence, by the hypothesis, ¢ is a normal operator, that is,

(op)*(op)¢ = (0p)(0p)*S, C€ H.

Since ¢ is an operator from pH to pH , the above equality can be written as

o on = ¢0*n, n € pH.,
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()

and hence ¢ is a normal operator.

In the following statement. M (C) denotes the algebra of all n x n matrices. the

unit of which is denoted by 1_, and the zero is denoted by On .

n

(9.5). Let n<m and M= M (C) ® M,_(C). Then, there is an element a
of M, _(C) such that afa=1, 80, aa*<0@® 1,6 andthemap v: M —> M

de fined by v(z) = aza™ satisfies v(M) C M™ .

Proof. M consists of matrices of the following form:
," A 0
0 B

forall A€ M (C) and B€ M_(C). Since n < m , we can write this matrix in the

following form:

[ 4 0 0 )
T = 0 B1 B2
0 B. B
| S 2

Then, a*'a=1_ 9 0_ . aa™ < On @1 and for z as above.

n m

:
o 0 0
w2l = aza® = 0 A 0
0 0 o
Then it follows immediately that v(M™) C M. O

Now we consider the case when M = Mp & Mp, ® ... ® Mp, is finite-




dimensional. We retain the notations given before (9.3).

(9.6). Let M be finite-dimensional. Then, (M,H.S ) satisfies (") if and

onlyi1f M 1s a factor.

Proof. If M is a factor and o is a non-zero o.d. homomorphism, it follows from
(5.4) that "9 = al for some positive number « . Since H is finite-dimensional, this

implies o 0 = 00™ .

Conversely, suppose that (M,H, ) satisfies (*) . Then, by (9.4), we can
assume that M = .\Ip = ‘\/Ipo , where .\-Ip. are algebras of k; X k; matrices such that
1 2 2

pp=1;,®0 and p, =0& 1, . By (9.3). we can assume that k; < k, . Take the

operator v defined as in (9.5). Since v'v=p, e MO M  , v is an o.d.

homomorphism. By the assumption.

py =vv=uw" < py.

Therefore, p; =0 and hence M is a factor. O

The general characterization of (M.H.£ ) which satisfy (*) is an open problem.
Hiai and Yamamuro [1| have proved that such an algebra is finite and furthermore,
when H is separable and M is hyperfinite, (M,H,§ ) satisfies () if and only if M
is a factor of type I . Yamamuro’s conjecture is that (M,H.,{ ) satisfies () if and

only if M is a factor of type I .
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§10. EXTREMAL MAPS AND O.D. HOMOMORPHISMS

In a real ordered Banach space. a positive element u is called a quasi-interior
pornt if f(u) > 0 for every positive continuous linear functional f . Then by (2.4) .
quasi-interior points of H ™~ are exactly cyclic and separating vectors. This fact has

been observed first by Bellisard and lochum 1!, Lemma 4.2.

Let E and F be Banach lattices with respective quasi-interior elements u € E _

and v € F_ . Define
E{uw,E F.)={T € L{E,F): T(E_ ) C F,, T(u) = v},
where L(E.F) denotes the set of all continuous operator from E to F . Obviously,

L(u,v.E _,F ) is a convex set.

A theorem due to Phelps. Ellis and Nagel (Schaefer 1/, Chapter IIl, Proposition

9.2) states that:

Let E and F be Banach lattices with respective quasi-interior elements
u€ E_ and v€ F_. Then, T is an ectreme point of L(u,v,E ,F,) i1fand onlyif

T is a lattice homomorphism.

The main aim of this section is to find a corresponding statement for Jigd

associated with (M.H.S ).

We set

0

Ll i H" ) =1{¢ € L(H) : o(H ) C H", ¢, =1} ,

where n € H~ is another cyclic and separating vector for M.

Remark. In this definition of L(So,r)o._H_) . we chose £ which is in (M.H.SO) ;

=0

This is only for the sake of convenience: in fact, it makes no difference in the following

context if we replace £  with another cyclic separating vector p € H™ , because
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(10.1). All o.d. homomorphisms in L($,.n,,H ) are extreme points.

Proof. Let o be an arbitrary o.d. homomorphism in L(§,,m,,H ") . Suppose

there are o, and o0, in L({ ,n,,H ) and 0 < o < 1 such that

¢ =ao; + (l-a)o,.

Then, for any £ € H™ and n € H™ satisfying (&) =0 , since a0, < of

aon < on and H™ is self-dual, we have
0 < (ao,S.a0;n) < (0f0n) =0.

Hence. o, Is an o.d. homomorphism and similarly ¢, is also an o.d. homomorphism.

On the other hand. we have

>) = = g x x

o o = 0;0101 o (l—a)zof,o.) + a(l-a) (0,09 + 050,) -

- - = -

It follows from (5.4) that

x ES

a(l-a)(0,0y + 050,) = 0*0 - aQOIol - (1-0)20503 EMN M.

%

But. since 01098, = P11, = 21918, and 0,0, = 09N, = 05055, , where £  is a

separating vector for M . we have

x B3 x

Thus.
(o1 - 0. )'(ol - 05) = 0,01 — 9109 —

that is, ®; = 0y . Hence. o is an extreme point of L(So.no.H*) : O

(10.2). The following conditions are equivalent:

(i) For any positive cyclic separating vectors & and n , every exrtreme point of

L(¢,n,H") 1s an o.d. homomorphism.

(ii) M s commutative.

Proof. (i) = (ii). Let ¢ be an arbitrary positive cyclic separating vector. For
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an arbitrary bijection a € M~ . aj(a)§ is a positive cyclic and separating vector by

(2.4). Hence aj(a) € L(&,aj(a)S.H7) .

We now show that aj(a) is an extreme point of L(£,aj(a)&,H”) . Suppose that

there exist &; € L(§,aj(a)S,H") (i =1,2). and o € (0,1) such that

aj(a) = a0y — (1-a)o, .

Since (aj(a))—1 == a—lj(a—l) and a-lj(;a—l)(H—) C H™ , we have

and a_lj('a—l)oi € L(6,6HT) (1=1,2) . Obviously, 1 € L(£,£,H") and 1 is an
o.d. homomorphism. Hence, by (10.1), 1 is an extreme point of L(&&H)

Therefore, aj(a) = ¢, = o, . that is, aj(a) is an extreme point of L(&,aj(a)S,HT) . By
the hypothesis. aj(a) is an o.d. homomorphism. Hence. by Example (4.2.iii),
a> € MNM’. Since a € M™ .wehave a € MN M’ . For any a € M? _there is a

positive number a such that 1 — aa 1is bijective and belongs to M™ . Hence

Mrc Mn M’ and it then follows that M is commutative.

(ii) = (i). When M is commutative. H” becomes a Banach lattice. Then. by
Example (4.2.iv), o.d. homomorphisms are exactly lattice homomorphisms, and hence
condition (i) holds by the Phelps-Ellis-Nagel theorem quoted in the beginning of this

section. O



§11. ON THE CONDITION ¢¢_ = ¢

O

We recall that a linear operator a: M — M is said to be unital if (1) =1 .

For a cyclic and separating vector § € H , the condition oS = £, which appeared in

So (6]

the previous section, can be regarded as corresponding to being unital for operators on

M.
To see this correspondence more clearly, let M be finite-dimensional and £  be a
cyclic and separating vector such that A, = 1. Then. the equation
S0
£ — o=
Q(I)\_() a O(ISo) 3 z E M

establishes a correspondence between operators © on H and a« on M. o(H ) C H™

if and only if o(M7)C M™ | because the map z '— z§ is an order isomorphism
between M~ and H7™ . Furthermore, o is an o.d. homomorphism if and only if a is
a Jordan homomorphism. Obviously, « is unital if and only if o = .

On the other hand, while the unit 1 of M is unique, there are many cyclic and

separating vectors in H .

(11.1). Let o be a partial isometric o.d. homomorphism. Then, the following

conditions are equivalent
] c — ¢

(ii) o0 =1 and (@&, ; EO) = (SO.EO) -

Proof. (i) = (ii). Let p=o0%p . p is a projection in M . Then, since
O";EO == @‘“OSO = pSO ?
2 . 2
HPEOH- — (pEO‘SO) = (O Sofso) == (507050) = }]SO": E
Hence, (1-p)§, =0. Since p € M and & is cyclic separating for M , we have p = 1.

Thus, 00 =1.



12
The second equality 1s obvious.
(ii) = (i). From the assumptions. we have
2 __ [u% s 2
HSo” . (O 050750) 1 HOEOH 2
Hence,
2 . 2 : 2
HSO i ofo“ =3 HsoH = (Eo’ofo) ol (ofo’go) T Hoéoll =0
Therefore, of = ¢ . O
As an immediate consequence.
(12.2). When M is finite-dimensional, every partial isometric o.d.
homomorphism o such that of = £  is a unitary operator.
Proof. When M is finite-dimensional. 0o*¢ = 1 implies o0o® = 1. O

Note that (11.2) fails if M is not finite-dimensional. Let M be the tensor

product of countable numbers of .\f[‘?(C) with respect to

1 0
Hn o e
0 1 X
Let £ = #, ® 8, ® ..., and o be an operator defined by the correspondence

E,® ... Q5 0000Q... 20®E68..05 0000 ..

Then. o is an o.d. homomorphism. gE —5 .00 =1,but 9" £ 1.
About (11.1), we make two remarks.

First. the assumption that o is partially isometric cannot be dropped except

when M is a factor (see (11.5)). For example, let M be the algebra of all matrices of

the form
[z 0 it
0 Yy z
0 u v




0

o

[ x 0 0)
0 o 0
0 0 &
\ J
O\
0 EMN M.
0

)

Secondly. for an o.d. homomorphism o and its polar decomposition o = v|o| .

Let
(1
£, =| 0
i 0
and
[z 0
o |0 y
0 u
¢
Then, o = ¢  and
(1
¢ =3 0
0
\
0§, = {, does not imply

e
L’SO

In fact, as the following result shows, this is

equivalent to © = v, a case which has been dealt with in (11.1).

(11.3). Let o be an o.d. homomorphism such that

o, =&, .and let ¢ = v|o|

be the polar decomposition of o . The following conditions are equivalent:

(ii) iOI =
(iii) ™€, = &,
Proof. (i) = (ii). Since lp|&, = v'ol, = v*E, . we have

(121€5:€5) = (v

50?\0

Furthermore,

[[81&,]1* = (8*0¢

Therefore.

):(,s's



818,11 = 2(101£,:,) + 11<I17

=1
Ci ll 1So0*So iisol

0.

Hence, |@|€, = £, . Since [o| € MN M’ , we have |o| =1.

i
i (i1) = (iii). 0*E, = 070 = [o|2$O = £, .
(iii) = (i). Since & =006, and o*9o € MN M’ | we have |[¢| =1
Therefore, vE = o€ =&, . 0

The fact that o Is an o.d. homomorphism such that o = ¢  does not imply the

dual @" has the same property in general. When it does. © becomes the most typical

o.d. 1somorphism, that is, a unitary operator u such that u(H™ ) = H™ .

(11.4). Let o be an o.d. homomorphism such that g =&, . Thenthe

following conditions are equivalent:

(i) " 1s an o.d. homomorphism such that g, =&,
*s ' : B = &
(ii) 0 is normal and 0*§, = £ .

(iii) © is a unitary operator such that o(H ) = H .

(iv) o is an order isomorphism and o%¢ = ¢

Proof. (i) = (ii). It follows from the hypothesis and (5.4) that 0*0 € M N M’

and oo € M N M’ . Furthermore, o0, = £, = 00"&, . Hence, 00 = 00"

(ii) = (iii). From the hypothesis, ¢0*¢0 = 00 € M N M’ . Hence, it follows
from ¢*¢ = £, = 00"S, that 00 =00* =1. By (5.1), o(H")=H .

(iii) = (iv). Obvious.

(iv) > (i). Let o = u|¢| be the polar decomposition of ¢ . By (2.9), u
satisfles u(H") = H™ , and by (11.3) we have |0/ =1 . Hence, o = u and o

satisfies the condition (i). O

Some improvements of the above results can be made under additional




-1

(W] ]

assumptions.

(11.5). Let M be a factor. Then,if o is an o.d. homomorphism such that

o€, = £, , we have o 0 =1.

Proof. Since 0'0 € MN M’ by (5.4) and M is a factor. ¢*0 = al for some

positive number « . Hence,

I
R

12 «
1€ N1* = (06,,08,) = (¢%6€,,5,)

Hence, a =1 and ¢ =1. O

It is a result of Kadison 1 that a unital order isomorphism on M is a Jordan

isomorphism. The corresponding result on H is as follows.

(11.6). If A, = 1. every order isomorphism ¢ on H such that 6§ = 1is
=0

an o.d. 1somorphism.

Proof. As in the proof of (11.4), (iv) = (i). with the additional assumption

A; =1, o determines a Jordan isomorphism « by
@iele = olz€ ), T EM.
Then, since o is unital.
= lalx)|§, = al]=])¢, = &(|=])¢, = &([zS,]) -

[2(2€,)| = la(z)€

Taking the limit, we have |o¢| = 6|¢| for all £ € HY . Hence o is a bijective o.d.

homomorphism. By (5.5). o is an o.d. isomorphism. O
We make two remarks about (11.6).

Remark 1. If A. # 1, there is an order isomorphism & of M,(C) such that
SO o

o, = £, which is not an o.d. isomorphism. For example, we set
2 0
[ = o
So =l
0 1 .

Then.



6
[ a b a g ]
J. =
>0
c d b d =
/
Consider o = aj(a) where
[0 OR
a = =g,
1
—— 0
Vv 2
\ )
Then 0§ = £  and
[ |
— 0
V2
8" = EM,(C) N M,(C)" .
0 2
\ )
Hence by Example (4.2.1i1) , o is not an o.d. isomorphism.
Remark 2. Even when A, =1 .if o is an order homomorphism (not an

(0]

isomorphism), © is not necessarily an o.d. homomorphism. Furthermore, in the

assumption of (11.6). “order isomorphism © 7 cannot be replaced by “bijective order

homomorphism o ”. For example, in M,(C) with
(1 0
e
So o
0 l
Let
: L A T M 1 ’
i A S S L
Q ==
1 1 1 1 2
L: uJ 37 SF T gy o= S
\ )

Then, ¢ is an order homomorphism such that o, = S, - However, since



(O]

- 1

~T—y—z—2U

o

]

is not an order homomorphism. Hence, ¢ is not an o.d. homomorphism.

et

i



§12. DERIVATIONS

We shall call a continuous linear operator é: H — H a derivation if it satisfies

the following two conditions:
(1) J& =8 .

(N e BNl e H v and (En)=0,then (661)=0.
Denote by D(H ) the set of all derivations.

Fundamental properties of derivations are listed in the theorem (2.10) of Connes,

to which we shall refer frequently. The aim of this section is to investigate the order

properties of the derivations, particularly,. their relations to o.d. homomorphisms.

When ¢ is an o.d. homomorphism. it follows immediately from the definition
that oo is a derivation, and (5.4) states that o0 € M N M’ . In this case, we

obviously have o"o(H ) C H™ . Our first result generalizes this situation and states

that order homomorphic derivations belong to the centre M N M" .
(12.1). The following conditions are equivalent:
()6 € D(H™) and 6§(H ) C H™ .

()6 (MN M) .

Proof. (i) = (ii). Since o0& D(H") . for £€ H . n &€ H™ satisfving
($.n) =0 , we have (65n) =0 . Then, because é6(H ) C H™ , we have

(6(6€),m) =0 . Similarly, we have (&M¢, 6"n) =0 for m =0,1,2,... and

O
'
=
s

I

n = 0.1,2.... with the convention é° = 1. Hence.

o0 tn

et(‘i ! § A 671
— La n'
n=0

is an o.d. homomorphism for each t > 0. So by (7.4), 6 + 6 € (M N M)?* . Then, it

follows from Bo6s ([1/, Corollary 7(2)) that there is « >0 such that



79
—af < (6~ 6%)E < af forall £ € H™ . But,since §*(H7) C H™ , we have
el AR JE X 0L S BHT)E < of
for all £ € H™ . Hence, again by Bés ([1], Corollary 7.(2)), 6 € (M N M')h :
Now for any £ = £, + 1§, with £;.5, € H’ and the orthogonal decomposition

S =¢ - (r=12).as 6€ (MN M), wehave

Hence, 6 € (MN M")7 .
g
(ii) = (i). It follows immediately from (2.12) and 6 =625(62) for

bE(MN M. O

Note that the last part of the proof of (i) = (ii) actually shows that if
a € (MNM)" and a(H™) C H™ then a is a positive operator. which is the converse
of BGs (1], Corollary 6.(2)) for the case where H ™ is the natural cone associated with

(M.HLE) .

The following statement is an immediate consequence of (12.1).
(12.2). Let u be a unitary derivation satisfying u(H )= H~ . Then, u = 1.

We shall next characterize generators of uniform semigroups of derivations.

(12.3). Let a: H — H be a continuous linear operator. The following

conditions are equivalent.
(i) e'® is a derivation for eacht > 0 .
(ii) el € (MNM’)T foreach t > 0.

(iii) a € (M N M.
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(iv)(a) Ja = aJ .

(b) (|aél,n) =0 for £€ H™, n € H™ and (£1n)=0.

Proof. (i) = (ii). It follows immediately from the hypothesis that for each

2 1 2

andif €€ H™ ,n€ H™ and (&) =0, then foreach t > 0.

Hence

satisfiles aJ =Ja and (afn) =0 for £€€ HT , n € H™ satisfying ({n) =0 .
Therefore a € D(H ™) , and hence. by (2.10) e'%(H™) = H™ for each t > 0. Then, it

follows from (12.1) that €% € (M N M’)” foreach t > 0.

(ii) = (iii). It follows immediately from M N M’ being strongl<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>