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Abstract: We describe a novel method of single-shot trap frequency measurement for a confined
Bose-Einstein Condensate, which uses an atom laser to repeatedly sample the mean velocity of
trap oscillations as a function of time. The method is able to determine the trap frequency to an
accuracy of 39 ppm (16 mHz) in a single experimental realization, improving on the literature
by a factor of three. Further, we show that by employing a reconstructive aliasing approach our
method can be applied to trap frequencies more than a factor of 3 greater than the sampling
frequency.

© 2022 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Approximating a confining potential near its minima as harmonic is ubiquitous throughout the
field of physics. Under this approximation the potential is completely characterized by the mass
and the trap frequency which, in the absence of damping, corresponds to the spatial oscillation
frequency. In cold-atom experiments the vast majority of confining potentials formed by magnetic
or optical fields, are well approximated as harmonic. The trap frequency is therefore a key
characterization parameter for describing properties of these systems, such the condensation
temperature or the density distribution [1].

Measurements of trap frequency can be used for curvature sensing, providing a means to
measure the second spatial derivative of a perturbing potential. This is particularly well suited
to the sensing of weak perturbing potentials that are spatially localized [2]. In this way, trap
frequency based sensors are complementary to interferometric sensors that typically measure the
first derivative and curvature [3,4] of a potential, such as gravity, over a wide spatial extent. Trap
frequency measurement has enabled precision sensing methodologies across a wide range of
fields such as a single electron sensitive electrometer [5], measurement of the proton magnetic
moment [6], and measurement of the Casimir-Polder force with a Bose Einstein condensate
(BEC) [2,7,8].

There has been little development of techniques for trap frequency measurement in BEC
experiments over the last decade, despite being a routine part of characterization and having
sensing applications. Furthermore, the uncertainty of established measurement techniques due
fundamental effects such as shot noise and the density distribution of a BEC in position/momentum
has not been well studied. Improving the precision, speed and convenience of trap frequency
measurement will allow higher precision investigations of BEC physics including many body
physics phenomena (e.g. quantum depletion [9–11], thermalization [12], collective excitations
[13], and phase transitions [14,15]) and improve the capability of curvature sensing.

In recent work, we have found existing trap frequency measurement techniques to be a limiting
factor in the measurement of a tune-out frequency in Helium [16]. Specifically, the fractional
uncertainty in the trap frequency was found to limit the use of the tune-out frequency measurement
as a rigorous test of quantum electrodynamics (QED).
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In this work, we present a novel method for measuring the trap frequency of a confined BEC
using a pulsed atom laser [17] which we have employed in a number of recent works [10,16,18].
We demonstrate this technique allows for measurement at a precision beyond existing methods,
achieving a fractional uncertainty of 39 ppm in a single experimental run. We also demonstrate
that our implementation of this method approaches the fundamental limiting uncertainty for this
technique.

2. Prior approaches to trap frequency measurement

The key metric that we will use to compare sensing methods is the fractional uncertainty in the
measured trap frequency in a single experimental run (termed a shot), which consists of the
creation of a BEC and the measurement protocol. For methods that require multiple shots to form
a trap frequency measurement we have assumed inverse square root scaling of the uncertainty
with the number of shots. As a general remark, methods that require lower number of shots to
make a measurement are generally preferable as they are able to resolve faster changes in the
trap frequency. There are two main approaches to measuring trap frequencies in cold atoms
experiments: excitation with parametric heating and measurement of trap oscillations.

Trap driving is a popular approach [19–24], and involves the transfer of kinetic energy to the
trapped atoms via periodic modulation of the trap potential. The excitation is maximized when
the drive frequency is at the fundamental or harmonics of the trap frequency (parametric heating),
and is measured as loss of high energy atoms or heating. Typically, the measured frequency
response in these methods is in general rather wide, leading to a poor uncertainty in the measured
trap frequency. Furthermore, the harmonic approximation of the trapping potential often breaks
down in these methods, as atoms must sample increasingly high-energy anharmonic regions
of the trapping potential in order to be lost. This results in a complex shape of the measured
frequency response, and can introduce systematic errors. Finding this response also takes many
experimental cycles, requiring a long acquisition time. To our knowledge, the best fractional
uncertainty such a method has been able to achieve is 4 × 10−3 (4000 ppm) per square root shots
[21].

The second class of methods which we call kick-and-drop induces a center of mass oscillations
in the BEC (kick), followed by the BEC being released from the trap (drop) after a variable time
delay. By detecting the mean position (typically with absorption imaging) of the freely evolving
BEC, the mean velocity at the time of release can be deduced. The trap frequency is then found
by fitting these measurements (acquired over many experimental cycles) of the in-trap velocity as
a function of delay time [2,14,25–29]. To date the highest precision application of this approach
is by Harber et al. with a fractional error of 4 × 10−4 (110 ppm) per square root shots [2].

Some non-destructive methods, which allow for multiple measurements with the same BEC,
have also been used to measure the trap frequency. These include Faraday imaging [30],
interferometric approaches [31], echo spectroscopy [32], and relative phase shift [33]. Faraday
imaging has demonstrated the highest precision, of the aforementioned techniques, with a
fractional error of 3 × 10−4 (300 ppm) for a single-shot [30]. The method we describe below
combines the kick-and-drop method with a (effectively) non-destructive probe of the motion of
the BEC.

3. Atom laser trap frequency measurement

Our novel method involves setting a BEC in motion and uniformly outcoupling a small fraction
of the atom cloud from a magnetic trap by using weak, radio frequency (RF) pulses to transfer
some atoms into an untrapped state. By then measuring the mean position of these pulses in
the far field we can reconstruct the in-trap velocity of the BEC as a function of time (as in the
kick-and-drop method) with only a single experiment.



Research Article Vol. 30, No. 8 / 11 Apr 2022 / Optics Express 13254

Our implementation of the method uses a BEC of Helium atoms in the long-lived metastable
23S1 excited state (He*) [34]. Due to the large internal energy of the 23S1 state, single atom
detection with high spatial and temporal resolution is possible via a micro-channel plate (MCP)
and delay line detector (DLD) system [17]. After forming the BEC of He* in a bi-planar
quadrupole Ioffe configuration (BiQUIC) trap with the methods outlined in [35], we use a short
(50 µs) pulse of a magnetic field gradient to set the atoms into oscillation, in all three dimensions,
around the magnetic trap minimum. The trap frequencies for the experiments in this work are
(fx, fy, fz) ≈ (51, 412, 415) Hz.

While oscillating, the velocity of the BEC is periodically sampled by a pulsed atom laser
(PAL), which weakly out-couples a small fraction of atoms (∼ 1%) from the magnetic trap with
pulses of RF radiation resonant with the mJ = 1 (trapped) → mJ = 0 (untrapped) state Zeeman
splitting. For atoms at the trap minimum this corresponds to a transition frequency of ∼ 1.7 MHz.
As the BEC oscillates, it will sample different magnetic field strengths and hence experience
different state splitting. To ensure near uniform outcoupling as the BEC oscillates we use a short
(∼ 5 µs) pulse duration which ensures a spectral width (∼ 5 KHz) wide enough to capture all
positions in the oscillation cycle.

The timescale of these pulses is far below the characteristic timescale of the in-trap dynamics,
and they can hence be considered as near instantaneous sampling. After falling approximately
850 mm under gravity, the spatial-temporal distribution of the atom laser in the far field is then
measured by the MCP-DLD system, as shown in Fig. 1 A. From this we use the mean position of
the detected atoms in the pulse to reconstruct the mean velocity of the condensate in the near-field,
giving us a description of the in-trap dynamics (see Fig. 1 B) [17]. Note that all frequency
components of the potential in position space also arise in the velocity dynamics of that potential,
with higher frequency components having a greater root-mean-square (rms) velocity. This is
described further in supplemental document section 2.

In metrology it is common to relate the performance of a measurement back to the expected
uncertainty due to fundamental limitations (e.g. shot noise), however to date this has been rare in
trap frequency measurements. In supplemental document section 5 we derive the fundamental
limiting performance of this method, assuming the measurement of the PAL position is limited
purely by shot noise.

3.1. Sampling rate limitation

As our method relies on tracking the center-of-mass motion of the cloud, each atom laser pulse
must be sufficiently separated in time in order to correctly group atoms to the pulse from which
they originate, which sets a limit on the maximum rate that the BEC’s motion can be sampled.
This maximum sampling rate decreases monotonically with atom number and trap frequency,
due to the increased momentum width of the BEC. A derivation of the maximum sampling rate
is provided in supplemental document section 4. For the parameters considered in this work,
the maximum sampling rate is approximately 155 Hz, well below many of the trap frequencies
used in our experiment. Thus, determining the true oscillation frequency practically requires a
method that can use a sampling rate below that of the oscillation rate. To this end we show that
there is a simple and elegant way around this problem by utilizing aliasing.

3.2. Aliased signals

Given a continuous signal sampled instantaneously at a uniform rate fs, then an interpolation of the
sampled points will reconstruct the original continuous signal if it has no frequency components
greater than half the sampling rate. This defines the the Nyquist frequency defined as fN = fs/2.
However given arbitrary frequency content of the signal, then there are a family of possible
signals that could produce the same sample series. When sampling a frequency component
greater than fN that component will be aliased and have an apparent frequency different to the
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Fig. 1. (A) Experimental schematic. The velocity of a oscillating BEC in a magnetic
trap is periodically sampled by transferring a small fraction into the untrapped state using
pulses of radio frequency (RF), forming a pulsed atom laser (PAL). The PAL falls under
gravity onto a detector below the trap which measures the mean position of each pulse and
in turn the velocity of the BEC. Gravity is aligned down the page, anti-parallel to the z
direction. (B) A sine wave fit, of the form of Eq. (3), to y-axis data for a single experimental
run, with sampling frequency fs = 105.2 Hz. Each point represents the center-of-mass of
a single atom laser pulse, which has then been converted to near field velocity, with error
bars indicating the standard deviation of the density distribution of that pulse. We determine
an apparent frequency of fa = 2.998(6) Hz and a damping rate of λ = 0.30(4) s−1. (B
Inset) Two dimensional histogram showing changes in the density distribution of the PAL
during oscillation. Inset shows the integration of 8 shots. (C) Discrete Fourier transform
of the sampling series, shown in (B), which has a peak frequency of 2.996(13) Hz, with a
signal-to-noise ratio of 86, and a cutoff frequency equal to the Nyquist frequency fN = 52.6
Hz. The true frequency was determined by reconstructive aliasing to be 415.13(1) Hz (see
Section 3.2 and Fig. 3).

true frequency, measured somewhere between zero and the Nyquist frequency. To understand
this process we use the concept of Nyquist zones, which are a division of the frequency spectrum
into regions fN wide.

The Nyquist zone of a signal of true frequency f is given by:

N = ⌈f /fN⌉, (1)

where ⌈x⌉ is the ceiling function. Under aliasing, the sampled data produces an apparent
frequency fa inside the first Nyquist zone (N = 1), which ranges in frequency from 0 to fN . The
mapping can be seen as a folding of the input spectrum, as frequencies at even multiples of fN are
mapped to zero while frequencies at odd multiples are mapped to fN . In general the apparent
frequency component fa is given by

fa =

{︄
−f + Nfs/2, N even
f − (N − 1)fs/2, N odd

, (2)

which is illustrated in Fig. 2. To find the true frequency unambiguously we need a method to find
the Nyquist zone that the original signal lies in. In the relationship above the gradient of the
apparent frequency with the sampling frequency ∂fa/∂fs uniquely specifies the Nyquist zone.
Notably, this gradient only takes on integer values and therefore it may be measured with a
relatively large uncertainty, so long as an integer value can be unambiguously determined.
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Fig. 2. When a signal with a single frequency component (f ) is aliased (fs<2f ) the apparent
frequency (black solid line) changes as a function of the sampling frequency with an
enveloped triangle wave shape. This envelope is set by the Nyquist frequency (dashed red
line) fN = fs/2 which is the maximum frequency that can be unambiguously determined at
the sampling rate fs. Green vertical dashed lines indicate edges of the first six Nyquist zones
with the zone index indicated between them. Both axes are normalized by the true frequency
f .

In our application the reconstruction is simplified by two properties; firstly the motion of the
BEC has a narrow frequency distribution which does not span multiple Nyquist zones. Secondly,
given reasonable choice of sampling frequency, the trap frequency is sufficiently stable that the
oscillation will remain in the same Nyquist zone indefinitely.

In our measurement of trap frequency we first conduct our atom laser method with a few
sampling rates around a given frequency in order to characterize the Nyquist zone. This can be
done by fitting a linear trend between fa and fs in a single Nyquist zone, with the gradient and
intercept as fitting parameters that determine N and f , respectively (see Fig. 3(B)). Alternatively,
the Nyquist saw-tooth function from Eq. (2) can be fit to data across multiple Nyquist zones,
with the true frequency calculated as the lone fit parameter, as it determines the spacing of the
Nyquist zones (see Fig. 3(A) for example). In both examples in Fig. 3, we see that when the
Nyquist frequency becomes greater than the true frequency, as is the case for the x-axis frequency
with fs>104 Hz, the signal is no longer aliased, and we observe a flat relationship between
apparent and sampling frequency. Importantly, as the uncertainty in fs is negligible (<0.2 ppm),
once the Nyquist zone is determined the uncertainty of the true frequency is given solely by the
uncertainty in the apparent frequency, allowing for very high relative precision. In this work we
focus only on reconstructing signals with a single frequency component for simplicity, however it
may be generalised to more complex signals by considering the aliased value of each frequency
component individually [36,37].



Research Article Vol. 30, No. 8 / 11 Apr 2022 / Optics Express 13257

Fig. 3. Aliased frequencies across a range of sampling rates, with (A) displaying multiple
Nyquist zones, and (B) showing the behavior within a single Nyquist zone. The fit in
each dimension is indicated as follows: x, blue solid dashed line and squares; y, red solid
line and circles; z, black dash-dotted line and triangles. Each point is the average of 3
measurements, with error bars showing standard deviation too small to see. Fits are of the
form of Eq. (2), with fit parameters for each dimension (A) fx = 51.297(7) Hz, fy = 411.67(1)
Hz, fz = 415.13(1) Hz (note these fits are across all zones), and (Right) fx = 51.297(8) Hz,
fy = 411.67(2) Hz, fz = 415.14(2) Hz.

4. Results

The method as described above may be applied in all three dimensions simultaneously however
here we will concentrate on the y direction (see Fig. 1(A)), in a tight axis of our cylindrically
symmetric trap. From a single outcoupling sequence, the detector provides the average position
of the condensate as a function of time in the far field, allowing us to reconstruct the in-trap
velocity. We can then determine the apparent frequency of oscillation by fitting a damped sine
wave to the in-trap velocity:

v(t) = Ae−λt2πfd sin(2πfat + ϕ) + c, (3)

where λ is the damping rate, A is the amplitude, fa is the apparent frequency (in Hz, restricted to
the range [0, fs/2]), ϕ is the phase of the oscillation at t = 0, and c is an offset to compensate
for small offsets in the velocity reconstruction. Alternatively, we can use the discrete Fourier
transform of the raw data to determine the apparent frequency (Fig. 1 Right), and use the
signal-to-noise ratio of the peak to determine the upper limit of the uncertainty (see supplemental
document section 6 and [38]). This gives us an independent measure of value and uncertainty
of the apparent frequency, and importantly serves as a strong validation and benchmark of the
underlying single-shot uncertainty.

A comparison of the fitted model to the raw data and Fourier transform of a single-shot is
shown in Fig. 1. The fitted function returns an estimate of the standard error for each parameter,
calculated through the summation of the squared residuals. The fitted frequency of the sine wave,
fa = 2.998(6) Hz, has an associated error of 6 mHz, compared to the peak Fourier component
of = 2.996(13) Hz, where the uncertainty is inversely proportional to the interrogation time
and signal-to-noise ratio [38]. As both values are within error of one another, and have similar
associated uncertainties, we can be confident in the magnitude of the single-shot uncertainty.
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To determine the Nyquist zone we measure the apparent frequency across a range of sampling
frequencies. Figure 3 shows typical results with our Nyquist saw-tooth fit (Eq. (2)) across both
a wide and narrow range of sampling frequencies. The fit parameter corresponding to true
frequency here is given by fx = 51.297(7) Hz, fy = 411.67(1) Hz, fz = 415.13(1) Hz. If the
variation in the true frequency is less than the width of a given Nyquist zone, we can then invert
Eq. (2) to obtain the true frequency. As the stability of our trap is on the order of millihertz, we
only need to perform this aliasing procedure once for each trap configuration. Once we determine
the Nyquist zone we can use a single sampling frequency to measure changes in frequency, for
example from frequency drift, or due to applied potentials for sensing purposes.

4.1. Trap stability

As a benchmark of our method we quantify the stability of our magnetic trap. In our experiment
the trap currents are stabilized with a current regulator to a fractional stability of ≈ 50 ppm and
background fields are actively stabilized to ≈ 3 nT [39]. The trap frequency measured in the
y-axis over ≈ 2000 measurements is shown in Fig. 4. Over ≈13 hours we observe a drift of order
of tens of millihertz (50 ppm) and an approximately Gaussian distribution of measurements.

Fig. 4. Drift of measured trap frequency for 1929 experimental runs taken over ∼ 13
hours. (A) Time series of difference between measured trap frequency and the average,
with dot dashed red and dashed blue lines indicating standard deviation and mean of the
series respectively. Single-shot uncertainties are not shown for clarity. The time between
measurements is set by the 24 s shot duration. (B) Histogram of measured values, solid
orange line is a Gaussian fit to the data with standard deviation of 17.6 mHz.

To give a quantitative measure of our measurement noise we find the Allan deviation σ(τ)
of successive measurements (Fig. 5). The minimum of the Allan deviation is σ(τ) = 1.4 mHz
(3.4 ppm) and occurs at an averaging time of τ = 2700 s = 0.75 hrs. At times less than this
we find that the Allan deviation is given by σ = 86 mHz/

√
Hz which for our shot duration of

≈ 24 s corresponds to σ = 16 mHz/
√

Shots. This deviation corresponds to a trap frequency
measurement with a fractional uncertainty of 39 ppm in a single-shot, improving on the current
record in the literature by a factor of 3 [2].

4.2. Statistical and systematic error

The two factors which dominate the uncertainty of this method are the damping rate of the
oscillation and the standard error of the PAL mean velocity. The former limits the interrogation
duration (T) which would otherwise scale the frequency uncertainty (σω) as 1/T and is increased
by the thermal fraction, trap frequency and anharmonic components of the trap. The standard
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Fig. 5. Allan deviation of the y-axis frequency of our experimental magnetic trap, using the
same data set as presented in Fig. 4. The shot duration (24 s) which sets the time between
measurements is indicated with the vertical dot-dashed line. A fit of the form 1/

√
τ, for τ in

the range [0, 3000] seconds, is shown as a red dashed line, with a proportionality constant of
15.7 mHz/

√
Shots. The deviation reaches a minimum of 1.5 mHz at around 2 hours. At time

scales longer than 2 hours the deviation begins to increase due to long term systematic drifts,
such as temperature changes of the trap current sense resistor.

error of the PAL mean velocity is determined by the velocity distribution of an atom laser pulse in
the far field which arises from the complex outcoupling dynamics we have investigated previously
[40]. We have derived a simple expression for this uncertainty given in supplemental document
section 5 which has been validated with simulations of outcoupling dynamics, both predicting
a single-shot uncertainty of ≈ 5 mHz. Considering the discrepancy between this value and
the measured single-shot deviation we consider it likely that the variations in the trap current
dominate the measured deviation. Given the measured fractional trap current noise (50 ppm)
and the square root relationship between current and trap frequency, then the expected fractional
frequency stability is half the fractional trap current noise (25 ppm), in approximate agreement
with the measured deviation. Considering the estimated standard error of the fit frequency from
the individual fits (6.6(7) mHz [supplemental document Figure S1]) we expect that this current
noise is small on the timescale of a single measurement (1.2 s) and dominates shot to shot
deviation. With improved current regulator stability [41] we expect that an uncertainty near the
predicted value of 5 mHz (12 ppm) would be possible with this trap configuration. If further
improvements are sought then it is possible to use a trap with much lower frequencies which
decreases both the damping rate of oscillations and the velocity width of the PAL.

We have also quantified the small systematic shift in the measured oscillation frequency (≈−80
mHz) caused by the anharmonic shape of the magnetic trap [supplemental document Section 7].

5. Discussion

We have developed a method for measuring trap frequency in 3-dimensions simultaneously with
an uncertainty better than the state of the art. This method has formed a key tool in many of our
recent works; In [16] it was employed to find the trap frequency of a probe beam overlapped
with the magnetic trap. This formed a sensitive measurement of the optical dipole polarizability
of helium and in turn the tune-out frequency, at which the dipole polarizability vanishes, as a
stringent test of QED. The ability to measure the trap frequency of multiple axes simultaneously
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allowed for quick calibration in [10] where it was used to quantitatively compare theoretical
predictions with experimental measurements. In [18] this method was used to find the amplitude
of oscillations induced by transformation of a BEC trapping potential, in order to optimize the
transformation process.

In this work we have considered the uncertainty for a single shot (realization of a BEC) in
order to compare with other works with different BEC preparation times. However, as most
experiments average the results of many single shot measurements the total uncertainty is also
inversely proportional to the square root of the number of measurements per unit time, which is
generally dominated by BEC preparation time. By combining the method described here with
the approaches for rapid BEC creation (eg. 3.3 s [42] for He*) then a factor of ∼ 2 improvement
could be made in the measurement uncertainty of an experiment with fixed duration.

While we have focused on trap frequency the method also produces an accurate measurement
of the oscillation amplitude and phase, both of which have interesting applications. For example,
calibrating the quantity of energy transferred to a system via the center of mass motion for
calorimetry experiments. The non-destructive nature of this method also opens the possibility to
use the same BEC for both trap frequency measurement and further experimentation. We have
used this approach, with reduced outcoupling fraction, in some experiments to save time and
improve uncertainty.

At present the strong interaction between outcoupled atoms and the BEC cause the PAL to
have a large velocity width. It may however, be possible to reduce this width and improve the
fundamental uncertainty using a Raman outcoupling process which out-couples atoms with an
initial (downwards) velocity [43]. This initial velocity reduces deflection of the outcoupled atoms
by the BEC and thus reduces the velocity width in the far field. A further advantage of Raman
outcoupling would be that it could be used to measure the trap frequencies of non-magnetic traps,
such as optical dipole traps, where all mJ sub-states are trapped and thus RF outcoupling is not
possible.

In this work we make heavy use of single atom detection of He*’s for repeated measurement
of the PAL in the far field. In principle, the method outlined in this work may be adapted
to other atomic species (for example Rubidium, Cesium, Potassium, ect.) using a light-sheet
imaging system [44]. while using a BEC is preferable due to its narrow momentum width and
low oscillation damping rate, this method could also be used to measure the trap frequency of
trapped thermal Bosons or cold Fermions.

To summarize, we have outlined a novel method to measure trap frequency of a confined
BEC. We use a PAL to sample the velocity of an oscillating BEC, allowing us to decrease
the fractional uncertainty to 39 ppm in a single experimental realization. Additionally, we
demonstrate a reconstructive aliasing approach to allow trap frequencies much higher than the
sampling frequency to be measured.
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