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Abstract

X-ray computed tomography (XCT) is a powerful tool, renowned for its ability to non-

destructively produce highly-detailed 3D images of an object’s internal structure. The

scanning process captures X-ray projections of the object of interest from various angles

and then computationally creates a volumetric map of its X-ray attenuation coefficient.

Conventional lab-based XCT invariably employs polychromatic (or broadband) X-ray

radiation. This causes imaging artifacts since attenuation (the reconstructed quantity) is

a function of X-ray energy, making it difficult to differentiate materials, let alone obtain

quantitative information. While some methods have been proposed in the literature, no

effective approach has been widely applied.

In this work, we propose a two-material (2M) model for polychromatic multi-energy

XCT. This model is an alternative to the well-known Alvarez-Macovski (AM) model,

that approximates that X-ray attenuation for a material by a simple function of its

density, atomic number, and the energy of X-rays. The 2M model assumes that X-ray

attenuation for a material can be modeled by a linear combination of that of two known

materials (basis materials). We can then effectively reconstruct a quantitative estimate

of the material properties: density and atomic number, from those of the two basis

materials. Moreover, since these models capture the energy-dependence of attenuation,

they inherently account for common tomography artifacts.

In simulation tomography, the 2M model showed improved artifact correction and

yielded quantitative results comparable to the AM model, with densities and atomic

numbers having a relative error within 10%. Through experiments, we demonstrated that

the 2M model can simplify laboratory XCT calibration. Unlike the AM model, which

requires full spectrum knowledge, the 2M approach only needs measurements of X-ray

attenuation for specific basis material combinations to approximate where our target

material fits. While the 2M model exhibited some potential, we further identified its

limitations in the lab and suggested future improvements for its mature implementation.
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Chapter 1

Introduction

1.1 X-ray Computed Tomography (XCT): Working

Principles and Applications

X-ray computed tomography (XCT) is a powerful tool that has become indispensable

in volumetric imaging due to its capacity to generate intricate 3D scans of an object’s

internal structure without causing any damage [1]. Given that X-rays generally interact

weakly with matter and have minimal refraction, i.e., they follow straight lines, they serve

as a penetrating probe, making XCT versatile for various object sizes and compositions.

The XCT scanning process involves taking a series of X-ray images (also known as

radiographs or projections) of the object of interest from various angles. The images

collected are then processed using mathematical algorithms to reconstruct a 3D map of

the object’s internal structure. This map reveals the object property of X-ray attenuation,

which is related to both density and atomic number (factors that form the basis for image

contrast) of the materials inside the object. As the X-ray beam passes through the object,

different materials attenuate (or absorb and scatter) the X-ray photons to varying extents.

For instance, denser materials tend to attenuate more X-rays than lighter ones. This 3D

representation is typically rendered in grayscale, wherein different materials correspond

to distinct grayscale values, which can allow us to discriminate between certain materials

within the object. Figure 1.1 shows an XCT image of a cross-section of a human head,

with different grayscale values corresponding to various features such as the brain, skull,

etc.

One of the standout qualities of XCT is its ability to probe non-destructively. Contrary

to many other investigative methods that often involve invasive measures or modification

1



Figure 1.1: An XCT image of a cross-section of a human head, with varying grayscale values
represent structures and features such as the brain, skull, and other anatomical details [2].

to the subject under study, XCT can reveal detailed insights into the internal composi-

tion of objects without any detrimental effects. Therefore, XCT can be used on living

tissue as long as dose is taken into consideration. Moreover, the resolution of XCT can

extend from nanometers to centimeters, even to meters. This unique capability makes it

a preferred choice in a myriad of applications. One common implementation in our daily

life is luggage scanning at airports [3]. In medical imaging, XCT is used for visualising

structure of internal organs and bones, thereby facilitating the early detection of health

concerns like tumors and infections [4]. XCT is also commonly used in industrial in-

spection for evaluation and quality control of manufactured products, such as electronics

[5]. Furthermore, its applications extend to diverse sectors including material science [6],

where it aids in analysing material properties, geoscience [7], where it contributes to un-

derstanding geological formations and phenomena, and archaeology [8], where it assists

in the non-invasive study of historical artifacts and relics.

1.2 Motivation: Quantitative XCT and Its Practical

Applications

While XCT is an excellent tool for understanding the internal structure of an object, it

has limitations in detecting the actual composition, i.e., the material or chemical makeup

of the object. The detailed reasoning behind this limitation is provided in Section 1.3. If
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XCT could differentiate between the actual compositions within an object—quantifying

physical properties such as density and atomic number—it could provide value to a great

many more applications.

One example is that quantitative XCT could be used to detect the magnesium (Mg)

content in the skeletons of certain marine organisms (e.g., corals, foraminifera, coralline

algae). This is of interest to climate scientists because the Mg content can be related

to climate indicators such as ocean temperature and salinity [9]. Quantitative XCT can

also provide valuable insights into the effects of osteoporosis and bone remineralisation

processes. Bone is primarily composed of collagen, hydroxyapatite (HA), and water in

varying ratios, and it is generally assumed that the concentration of HA that determines

bone rigidity and strength [10]. Quantitative XCT could effectively evaluate the amount

of hydroxyapatite (HA) in bones. A third example is in mineral exploration, diamonds are

exceptionally rare, and the presence of large diamonds is typically associated with many

microdiamonds (diameter < 100 µm). Imaging drill cores with XCT for microdiamonds is

an ideal method to estimate the likelihood of finding larger diamonds. However, diamonds

are hard to identify because they resemble sandstone at low X-ray energies and denser

minerals at higher energies. Quantitative XCT could solve this problem and is a current

research project in the Material Physics Department in ANU.

Unlike in medical imaging, where the elements inside the human body are known,

in laboratory XCT, we typically do not have any information before scanning and re-

constructing the image of the object of interest. Quantitative XCT generally provides

geologists with the necessary information, such as material density and atomic num-

ber. It also allows for differentiation among materials that exhibit identical attenuation

(grayscale values) in conventional reconstructed X-ray tomograms. Additionally, it can

reduce X-ray beam-hardening artifacts that may distort automated analysis, a topic I

will explore in the next section.

1.3 Artifacts in XCT Limiting Quantitative Analysis

As with any imaging technique, XCT is not immune to the presence of artifacts — various

types of errors, inconsistencies, or distortions in the reconstructed tomograms that do not
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correspond to the object’s true structure or composition. Here, I explore the two main

causes of artifacts: X-ray beam-hardening and X-ray scatter.

1.3.1 Beam-Hardening Artifacts

One of the most notable artifacts in XCT is X-ray beam-hardening [11]. Conventional

laboratory XCT invariably employs polychromatic (or broadband) X-ray radiation and

uses various filters to manipulate the incident energy spectrum of the X-ray beam [12].

Beam-hardening refers to the phenomenon wherein the lower-energy (or soft) X-rays are

attenuated more readily or with a higher probability as they pass through any material.

As a result, the remaining X-ray beam that emerges from the object and reaches the

detector is ‘harder’ or has a higher average energy than the original beam [11]. Figure

1.2 shows the spectra after passing through a certain amount of Aluminum; the average

energy of the spectrum shifts to a higher energy as it traverses more material.

Figure 1.2: Spectrum after passing through different thickness of Aluminum (Image sourced
from Mahsa Paziresh’s presentation slides in [13]).

Beam-hardening can severely impact the accuracy of quantitative measurements made

using XCT. For a specific incident X-ray spectrum, two or more materials inside an

object might exhibit extremely similar grayscale levels in the reconstructed image. Unless

each has a unique location or morphology, differentiating one from another becomes
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challenging, let alone obtaining quantitative information. Beam-hardening affects XCT

primarily by producing the following artifacts (see Figure 1.3): cupping artifacts, where

the center of an object exhibits a lower attenuation coefficient than its periphery (the

image profile exhibits a cup shape); and streak artifacts, which introduce unexpected

lines or patterns into the reconstructed images [11].

Figure 1.3: Beam-hardening example: a simulated sample consists of water (gray), bone
(white) and air (black). (a) 2D slice through an ‘ideal’ volume reconstructed using a monochro-
matic X-ray beam (b) 2D slice through a volume reconstructed using a realistic polychromatic
X-ray beam, with beam-hardening artifacts exhibited: cupping (edges brighter than the center)
and streaking (unwanted lines and patterns) [14]. The image profile for both reconstructions
along the middle vertical line (marked as red dashed lines) is shown below. The y-axis shows
the normalised intensity (essentially the normalised grayscale values along the line), which il-
lustrates cupping artifacts (values increasing towards the edge) and streaking artifacts.
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1.3.2 Secondary Radiation Artifacts

Secondary radiation, often referred to as scattered radiation, is another artifact that

degrades image quality in XCT. This scatter can originate from multiple sources:

1. Scatter from the X-ray source (off-focal X-rays): X-rays scattered inside the

source tube as well as X-rays produced from electrons scattered inside the tube can

produce off-focal radiation that diverges from the primary beam direction [15].

2. Scatter from the object: When primary X-rays penetrate and interact with an

object, a portion of these X-rays is attenuated by Compton scattering, which causes

them to be deflected from their original path and scatter in various directions [16].

A portion of these scattered X-rays will be detected by the detector.

3. Scatter from the cabinet: The imaging cabinet, designed to shield the surround-

ings from radiation, can contribute to scatter if residual X-rays reflect off its walls

and are directed back towards the detector.

These scattered X-rays carry altered properties, i.e., they have a different spectrum and

are not travelling from the primary focal point. As mentioned above, these X-rays can

still reach the detector, thus introducing confounding data to the radiographic image

being analysed.

The artifacts produced by scattered radiation manifests as a reduction in image con-

trast, the appearance of ‘haze’ or ‘fog’, and sometimes even streaks across the image

[17]. Such artifacts can obscure fine details and lead to misinterpretations, particularly

in situations where quantification or differentiation between materials is important.

Several strategies have been developed to reduce scatter artifacts, including hardware

solutions like anti-scatter grids and software-based post-processing corrections [18]. Nev-

ertheless, the complete elimination of scatter artifacts remains a challenge, especially in

higher-energy imaging of large or dense objects where scatter is pronounced.
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1.4 More about Quantitative X-ray Imaging: Be-

yond Beam-Hardening

In this project, among XCT artifacts, the one I focus on the most is dealing with beam-

hardening artifacts in image reconstruction, and quantitative tomography reconstruction

must inherently account for beam-hardening. This section provides an overview of ex-

isting approaches to mitigate beam-hardening artifacts. More details including their

limitations will be presented in Chapter 3.

Numerous strategies that deal with beam-hardening artifacts have been developed

to improve the quality of the reconstructed images. The simplest hardware approach

in the lab is beam filtration. It uses filters made of uniform material to reduce the

soft X-rays in the illumination beam, thereby reducing its potential to ‘harden’ as it

traverses the object [19]. In situations where the sample attenuation is relatively low,

this is an effective mitigation. The most common software approach is linearisation,

which converts the measured X-ray attenuation values into equivalent ‘ideal’ values that

a monoenergetic X-ray beam would produce when passing through different thickness of

a particular material [20]. The most quantitative method is multi-energy (or dual-energy)

imaging [21]. By acquiring images at two distinct X-ray energy levels, this method allows

for differentiation of materials and correction of beam-hardening artifacts. The two sets of

images are combined, drawing from the complementary information in each, to produce

an image with reduced artifacts. More details of this approach will be presented in

Chapter 3. Another potential method is hyperspectral imaging [22]. It substitutes the

conventional detector with one that measures the photon energy of each X ray that arrives

and constructs a spectrum for each pixel, making it possible to discriminate between

materials with similar grayscale levels by comparing their differences in absorbed X-ray

spectrum.

1.5 Project Goals and Thesis Outline

In medical imaging, the chemical elements inside the human body are known a-priori,

known attenuation models can be employed for calibration and tuning of the incident

7



spectrum to produce contrast between important tissue types [20]. However, in laboratory

XCT, where we do not have prior knowledge about the composition of an object, other

techniques must be developed to properly identify the materials present.

Although the existing theoretical model has previously been proven valid through

simulations, it has not been validated experimentally due to numerous complicating fac-

tors including secondary radiation artifacts. Given that some promising approaches have

been developed to mitigate these issues in recent years [15], it is hoped that the theo-

retical model will be effective with real data this time. Therefore, the primary objective

of this project is to achieve material discrimination and identification in laboratory XCT

systems. This involves finding ways to quantitatively extract information from materials,

such as their atomic numbers, as well as working on reconstruction algorithms to account

for beam-hardening artifacts.

This work focuses on investigating X-ray attenuation models that are based on the

principle of the multi-energy imaging method. In this project, I aim to explore both simu-

lations and experiments using the existing model and the proposed model, to demonstrate

the reduction of beam-hardening artifacts visually and to obtain quantitative measure-

ments that enable material identification.

The thesis proceeds as follows: Chapter 2 introduces the X-ray spectrum generation

process and relevant X-ray attenuation mechanisms and their models. Chapter 3 illus-

trates more details and limitations of approaches to reduce beam-hardening artifacts as

mentioned in Section 1.4, and delves deeper into the mathematical details of the mod-

els for multi-energy imaging, including the existing attenuation model and the proposed

model. Chapter 4 introduces the noise model in X-ray measurements and the method for

estimating the mean energy of the X-ray spectrum. Chapter 5 describes the simulation

processes, and the results from different models are compared both visually and quanti-

tatively. Chapter 6 illustrates the experimental calibration procedures for implementing

the proposed model. Chapter 7 describes the experimental process, with results discussed

both visually and quantitatively, and compared to theoretical predictions. The findings

from Chapters 5, 6, and 7 are summarised in Chapter 8, where an outlook on potential

future work is also provided.
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Chapter 2

Background theory Part 1:

X-ray/Matter Interactions

In this chapter, I introduce the fundamentals of X-ray physics, including how X-rays are

generated, as well as X-ray attenuation mechanisms and their relevant models. This lays

the foundation for understanding the interaction of X-rays with matter, which is pivotal

in quantitative XCT, as it helps us comprehend the underlying processes and identify the

sources of uncertainties that might be encountered in experiments.

2.1 X-ray Spectrum Generation

X-rays are produced within the X-ray source, also known as an X-ray tube (see Figure

2.1). It is equipped with a filament cathode and a metallic anode (or target). When a

high voltage is applied between these electrodes, electrons from the cathode are rapidly

accelerated. As these high-velocity electrons strike the metal anode, they decelerate or

come to a sudden stop. This abrupt deceleration causes the electrons to release energy in

the form of X-rays [23]. Common materials for the target include tungsten, molybdenum,

and copper. The choice of anode material can influence the reflection and transmission

types of the X-rays produced [23]. For instance, tungsten, with its high atomic number,

is effective in producing high-energy X-rays more commonly used in materials science and

geology [24]. On the other hand, molybdenum, with its lower atomic number, produces

softer X-rays [24]. These are often used to image less attenuating elements that are more

prevalent in life science and biological imaging.

The X-ray spectrum generated in an X-ray tube primarily consists of two components:
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Figure 2.1: Schematic of a reflection target X-ray tube. X-rays are produced when high-energy
electrons strike the metal anode. [23]

Figure 2.2: A typical X-ray spectrum that consists of Bremsstrahlung and characteristic peaks.

a continuous and smooth curve, and peaks (see Figure 2.2). The continuous spectrum,

known as ‘Bremsstrahlung’, a German term meaning ‘braking radiation’, is the X-ray

radiation produced when high-energy electrons are decelerated by the nuclei of atoms

in the target material of the X-ray tube [25]. The energy reduction of the electrons

manifests as X-ray photons, yielding a continuous spectrum [23]. The maximum energy

of the produced X-ray equals the energy of the incident electrons, which is determined

by the voltage applied across the X-ray tube.

The peaks are called characteristic peaks. When the incident electrons have enough

energy, they can knock out inner-shell electrons from the target atoms. When electrons
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from higher energy levels fall into these inner-shell vacancies, the energy difference be-

tween the two shells is emitted as X-ray radiation with specific energies [25]. These

emissions are termed ‘characteristic’ because they have distinct, well-defined energies

unique to the target material [23].

2.2 Relevant X-ray Attenuation Mechanisms and

Their Models

In the typical imaging energy range of 10 to 120 keV, X-rays interact with matter and

attenuate primarily through three mechanisms (shown graphically in Figure 2.3):

1. Photoelectric Absorption (PE):

In this process, an X-ray photon interacts with an inner-shell electron of an atom,

completely absorbing the photon’s energy and ejecting the electron from its shell

[26]. The inner-shell electrons of an atom are organized into various shells, known

as K, L, M shells, and so on [27]. The K-shell, closest to the nucleus, has the highest

binding energy, followed by the L and M shells. When an X-ray photon’s energy

exceeds the binding energy of an electron in one of these shells, it can eject that

electron, creating a vacancy. This ejected electron is termed a photoelectron [26].

This vacancy is often filled by an electron from a higher shell, emitting energy in

the form of a characteristic X-ray. PE dominates at lower energies, typically less

than 30 keV [13].

2. Compton Scattering (CS):

Compton (or inelastic/incoherent) scattering occurs when an X-ray photon interacts

with a loosely-bound outer electron of an atom. The photon transfers a portion of

its energy to the electron, ejecting it, and the photon is deflected from its original

path [26]. The scattered photon has reduced energy compared to the incident

photon [13]. CS becomes more prominent (relative to PE) at higher energies [13].

3. Rayleigh Scattering (RS):
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Rayleigh (or elastic/coherent) scattering is a process in which X-rays interact with

an atom, resulting in the scattering of the X-ray photon without any energy loss,

but with a change in direction [13]. Rayleigh scattering causes refraction, and while

this effect is very small, it allows for phase-contrast X-ray imaging. However, when

compared to PE and CS, its effect on the X-ray attenuation coefficient of interest

is negligible.

Figure 2.3 shows the total mass attenuation coefficient of aluminum and copper as

examples, composed of PE, incoherent scattering (CS), and coherent scattering (RS)

components. All materials exhibit a similar trend in the attenuation coefficient curve,

with PE dominating at lower energies and CS at higher energies. Note that the sudden

jump in PE attenuation (at between 10−3 and 10−2 MeV in the plots) is called the K-edge

discontinuity.

2.2.1 Beer-Lambert Law and Attenuation Coefficient Model

The Beer-Lambert Law relates the attenuation of monochromatic radiation to the line

integral of the attenuation coefficient, µ, as:

µl = − ln
(

I

I0

)
, (2.1)

where l represents the distance that the X-ray beam travels through the object, I0 is the

intensity of the incident beam, and I is the intensity of the transmitted beam.

Since X-ray sources are polychromatic, the attenuation coefficient µ is a function

of energy E, the Beer-Lambert Law can be adapted to account for that, yielding the

transmitted intensity as:

I = I0

∫ Emax

0
S(E)e−µ(E)·ldE, (2.2)

where S(E) is the normalised incident X-ray spectrum generated by the X-ray source

with Emax equals the energy of the incident electron.
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Figure 2.3: Total mass attenuation coefficient of aluminum (left) and copper (right), composed
of photoelectric absorption, incoherent scattering (Compton scattering), and coherent scattering
(Rayleigh scattering). Note that the sudden jump at very low energy is called the K-edge
discontinuity. (Image generated using data from NIST.XCOM [28])

2.2.2 Alvarez and Macovski (AM) Attenuation Model

Alvarez and Macovski demonstrated that the X-ray attenuation coefficient (for ∼ 10−500

keV) for a material, µ(E), can be approximately modeled by a relatively simple function

that is an energy-dependent linear combination of PE and CS [21]. In Equation 2.3,

function 1/Em approximates the energy dependence of the PE component, where m

typically ranges between 3 and 3.5 [13]; and function fKN(E) represents the energy

dependence of the total cross-section for the CS component [21]. Therefore, Equation 2.3

is referred to as the AM attenuation model.

µ(E) = a1 · 1
Em

+ a2 · fKN(E), (2.3)
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where a1 and a2 are energy-dependent coefficients discussed below, and fKN(E) is the

Klein-Nishina function given by

fKN(E) = 1 + α

α2

[
2(1 + α)
1 + 2α

− 1
α

ln(1 + 2α)
]

+ 1
2α

ln(1 + 2α) − 1 + 3α

(1 + 2α)2 ; α = E

mec2 ,

(2.4)

where me is the electron mass, mec
2 ≈ 511 keV.

The dependence of a1 and a2 on the material’s inherent physical parameters is as

follows:

a1 ≈ K1
Z

A
ρZn−1; a2 ≈ K2

Z

A
ρ, (2.5)

where K1 and K2 are constants, ρ is mass density, A is atomic weight and Z is atomic

number.

Equation 2.5 illustrates how the photoelectric absorption and Compton scatter vary

with ρ and Z of a material. For PE, the coefficient a1, the probability of photoelectric

absorption occurring is approximately proportional to the cube of the atomic number

(n − 1 ≈ 3) of the attenuating material; for the Compton scattering, the coefficient a2, is

approximately proportional to the number of electrons present [13]. Note that the AM

model captures the attenuation in Figure 2.3 accurately for energies above 10−2 MeV.

2.2.3 NIST Attenuation Model

The National Institute of Standards and Technology (NIST) provides a comprehensive set

of online databases on material properties, including an attenuation coefficient database

for a variety of materials. The NIST attenuation model provides energy-dependent mass

attenuation coefficients for photons in materials [28]. This data ranges from low-energy

X-rays to high-energy gamma rays. The materials covered in the database span from

elements to compounds and even some mixtures. NIST scientists use theoretical models

based on quantum mechanics and atomic physics to predict and explain how X-rays

and gamma rays interact with matter at the atomic and subatomic level. The dataset

is constructed based on a mix of experimental data from the literature and theoretical

calculations, often validated against experimental results.

In this work, I will frequently use the attenuation model from NIST X-Ray Cross
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Sections Database (NIST.XCOM) [28] as the ground truth data for comparison against

other models. Figure 2.4 shows the modeled attenuation for aluminum (Al) and copper

(Cu) using the AM model and the NIST model, respectively. The parameters K1, K2,

m, and n for the AM model are retrieved from [13]. It is important to note that the AM

model produces smooth curves, which means it does not properly account for absorption

edges (such as the K-edge discontinuity at around 8.98 keV for Cu) [29].

Figure 2.4: Attenuation coefficient curves from 5 to 120 keV for Al and Cu, modeled by the
AM model vs. the NIST model.

To summarise, in this chapter, we have learned the fundamental physics of how X-rays

are produced and how they interact with matter, as well as the relevant X-ray attenuation

models. This chapter lays the foundation to discuss approaches to mitigate the beam-

hardening artifacts mentioned in Section 1.4, which I will do in the next chapter.
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Chapter 3

Background Theory Part 2:

Quantitative X-ray Imaging -

Approaches and Limitations

In this chapter, I delve more deeply into the approaches that mitigate the beam-hardening

artifacts mentioned in Section 1.4, along with their limitations. Since this work focuses

on achieving quantitative XCT using the multi-energy imaging method, I also detail some

related models and the underlying mathematics.

3.1 Basic Approaches: Beam Filtration and Lineari-

sation

In this section, I illustrate the basic hardware (beam-filtration) and software (linearisa-

tion) approaches to reduce the beam-hardening artifacts. These are probably the most

straightforward approaches that one might immediately consider. Here, I explain the

principles as well as outline their limitations to emphasise that further improvements to

account for beam-hardening are necessary.

Beam Filtration: Beam filtration refers to the ‘pre-hardening’ process of modifying

the incident X-ray beam spectrum. This is achieved by placing specific filters, made of

uniform material, in the path between the X-ray tube and the object being imaged (or

can be placed after the object too). Figure 1.2 illustrates the spectrum after passing

through filters of different thicknesses of Aluminum, resulting in a shift to higher average

energy. The purpose of these filters is to reduce low-energy photons, which are undesirable
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because they are preferentially absorbed in the object being imaged, thus causing extra

beam-hardening artifacts in the reconstructed images [11]. By removing them, these

artifacts are mitigated.

However, this method also reduces the number of hard X-ray photons and reduces the

signal-to-noise ratio due to increased shot noise. Since the electron beam power in the

X-ray tube is limited to prevent damage to the target material that produces the X-rays,

the number of X-rays produced can only be increased so far. Adding a filter can then

lead to a loss of contrast (higher energy X-rays provide less contrast) and result in more

Poisson noise (see Chapter 4 for noise model).

Linearisation: Linearisation in XCT is the process of converting the measured X-ray

attenuation values into equivalent ‘ideal’ values that would be obtained if a monoenergetic

X-ray beam were used for a particular reference material. These attenuation values

essentially represent a logarithmic depiction of the reduction in X-ray beam intensity due

to absorption and scattering within the object. However, because of the polychromatic

nature of X-ray sources, these values might not always be inherently linear. This process

transforms them into linear coefficients, which are directly related to the density and

atomic composition of the materials within the scanned object. Figure 3.1 shows the

linearisation curves generated by a direct polynomial fit and other modelling methods,

including calibration curves derived from aluminum (Al) step wedges, applied to the

measured polychromatic attenuation values.

Figure 3.1: Linearisation curves generated through direct polynomial fitting to attenuation
measurements, and through other modeling techniques [20].
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This method often relies on a calibration curve derived from the known reference

material. However, since each material will require a different linearisation curve and it

is only effective for single-material objects of similar composition to the reference material.

3.2 Multi-Energy (Dual-Energy) Imaging

To improve material discrimination and characterisation, numerous methods have been

developed over the past few decades, with the most well-known being the multi-energy

(or dual-energy) imaging method [21, 30]. In general, XCT scans using a soft incident

spectrum exhibit both higher contrast and signal-to-noise ratio but more beam-hardening

artifacts. Conversely, using a hard spectrum, XCT scans exhibit fewer beam-hardening

artifacts, but have lower contrast and signal-to-noise ratio. Figure 3.2 displays two images

of the same object, acquired at low and high energy, respectively. In the low-energy image,

there is a higher bone-tissue contrast, whereas the high-energy image exhibits reduced

contrast. Multi-energy imaging acquires X-ray images using two different incident energy

spectra at two distinct energy levels to make use of the complementary information that

images from each spectrum provide.

Figure 3.2: Example radiographs of the same object [31], acquired using two distinct X-ray
energy beams: one generated with a tube voltage of 60 kVp (green) and the other at 120
kVp (red). An illustration of the relative attenuation of soft tissue and bone is shown below
each image, which indicates the difference in attenuation between tissue and bone (contrast) is
reduced in the 120 kVp image.
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3.2.1 Alvarez and Macovski (AM) Model in Multi-Energy

Imaging

The underlying principle of most multi-energy imaging methods is based on the AM

model. Here I describe how the AM model enables one to estimate inherent material

properties (such as density and atomic number) from projections acquired with two dif-

ferent spectra.

X-ray systems essentially measure the line integrals of the attenuation coefficient:∫
L µ(x, y; E) · dl, where (x, y) represents each pixel location. This is analogous to mea-

suring the line integrals of coefficients a1 and a2 as presented in Equation 2.5. From

Equation 2.3 we have

µ(x, y; E) = a1(x, y) · 1
Em

+ a2(x, y) · fKN(E), (3.1)

where m lies between 3 to 3.5, a1 and a2 are inherent properties of the material (i.e.,

related to density and atomic number) that are independent of energy E, fKN(E) is

given by Equation 2.4, then

∫
L

µ(x, y; E) · dl = A1
1

Em
+ A2fKN(E), (3.2)

where

A1 =
∫

L
a1(x, y) · dl; A2 =

∫
L

a2(x, y) · dl. (3.3)

Therefore, to reconstruct a1(x, y) and a2(x, y), measurements of line integrals A1 and

A2 are required at every pixel or measurement in the object’s projections. To solve the

equation with two unknowns, two measurements need to be performed, corresponding

to the multi-energy (or essentially multi-spectra) scans. Based on Equation 2.2, the two

equations for these measurements can be derived as follows:

I1(A1, A2) = I01

∫ E1max

0
S1(E)e[−A1/Em−A2fKN (E)]dE (3.4)

I2(A1, A2) = I02

∫ E2max

0
S2(E)e[−A1/Em−A2fKN (E)]dE (3.5)
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where S1(E) and S2(E) are the incident X-ray spectra at different energy levels with I1

and I2 the measured total transmitted intensities, I01 and I02 the corresponding initial

incident intensity. E1max and E2max represent the maximum energies of the two incident

spectra respectively.

The resolved parameters, A1 and A2, at every detector pixel then lead to the recon-

struction of a1(x, y) and a2(x, y), which reveal the inherent properties of the material (as

seen in Equation 2.5). Note that one needs to numerically solve Equations 3.4 and 3.5

for A1 and A2 from the measured I1 and I2, using two complete spectra. By leverag-

ing the energy-dependent attenuation properties of materials, multi-energy imaging can

yield more precise and detailed information about the object’s composition. Additionally,

because the AM model captures the energy-dependence of the attenuation, it inherently

accounts for beam-hardening artifacts. As such, several beam-hardening correction meth-

ods have been developed based on this model, either employing its full form [13] or using a

simplified version [32]. However, as mentioned earlier in Section 2.2.3, the AM model has

limitations: it does not account for K-edge discontinuities and also requires knowledge of

effective spectrum information (more details in the next section).

3.2.2 Two-Material (2M) Model in Multi-Energy Imaging

Despite the robust theoretical foundation provided by the AM model for multi-energy

imaging, its application is generally constrained by its complexity in the lab. Multi-

energy XCT requires more complex hardware and software than single-energy imaging.

This includes, for example, perfect alignment between two scans, since minor variations

between two measurements might introduce other artifacts that could be difficult to

identify. Additionally, the exact form of spectra S1 and S2 required in Equation 3.4 and

3.5 is generally very hard to be directly measure and often necessitates a computational

fitting process, which includes taking the detector response into account. Hence, multi-

energy imaging currently only has niche applications, as no one has yet overcome all the

obstacles for its general use.

The two-material (2M) model [33] postulates that X-ray attenuation for a material

can be modeled as a linear combination of the attenuations of two known materials,
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termed basis materials:

µ(x, y; E) ≃ b1(x, y) · µ1(E) + b2(x, y) · µ2(E), (3.6)

where µ1(E) and µ2(E) are the energy-dependent attenuation coefficients of the known

basis materials, and b1(x, y) and b2(x, y) are scalars representing their contribution to the

total attenuation coefficient. Note that this equation is exact when the attenuation is

modeled by the AM model, i.e., the AM model implies the 2M model.

Then in projection space, the basis material line-intergals are given by

B1 =
∫

L
b1(x, y) · dl; B2 =

∫
L

b2(x, y) · dl. (3.7)

Similarly, the two equations needed to solve for the two unknowns are given by:

I1(B1, B2) = I01

∫ E1max

0
S1(E)e[−B1·µ1(E)−B2·µ2(E)]dE (3.8)

I2(B1, B2) = I02

∫ E2max

0
S2(E)e[−B1·µ1(E)−B2·µ2(E)]dE (3.9)

where S1(E) and S2(E) are, as before, the incident X-ray spectra at different energy levels

with I1 and I2 the measured total transmitted intensities, I01 and I02 the corresponding

initial incident intensity. E1max and E2max represent the maximum energies of the two

incident spectra respectively.

The resolved parameters B1 and B2 at every pixel of the detector can then be used to

reconstruct b1(x, y) and b2(x, y), the volume fractions of the basis materials of the target

object. If the AM model is assumed, the inherent properties of the target object can then

be extracted as the effective electron density and the effective atomic number.

For a composite material, the AM model gives the electron density as

ρe = ρ ·
∑

piZi∑
piAi

· 1
1 u , (3.10)

where ρ is mass density of the material, pi represents the weights of the number fraction

of atom i, Zi is the atomic number of atom i, Ai is the atomic mass of atom i, and 1 u

is 1 atomic mass unit.
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Based on [34] and the AM model, the effective atomic number of a material is given

by

Zeff = 3.0

√∑
wi · Z3.0

i , (3.11)

where wi the weights account for the contribution to a mixture by element i with corre-

sponding atomic number Zi.

Therefore, the effective electron density of the target material at every point can be

calculated by weighting the volume fractions of the basis materials as:

ρe,eff (x, y) = b1(x, y) · ρe,1 + b2(x, y) · ρe,2, (3.12)

where ρe,1 and ρe,2 are electron densities of basis material 1 and 2.

Using Equation 3.11, the effective atomic number at every point of the target material

can be calculated as:

Zeff (x, y) = 3.0
√

w1(x, y) · Z3.0
1 + w2(x, y) · Z3.0

2 , (3.13)

where Z1 and Z2 are the atomic numbers of the basis materials, w1,2 are the mass fractions

of basis material 1 and 2:

wi = bi(x, y) · ρi

b1(x, y) · ρ1 + b2(x, y) · ρ2
, (3.14)

where ρ1 and ρ2 are mass densities of the basis material 1 and 2 respectively.

Equations 3.8 and 3.9 can be applied in the same way as the AM model, i.e., Equa-

tions 3.4 and 3.5; it is possible to computationally fit spectra S1 and S2 to solve these

equations. Another approach, which does not necessitate full spectrum knowledge, is

simply making measurements of X-ray attenuation for different basis materials combina-

tions to approximate where the target material fits in. This approach has the potential

to simplify laboratory XCT calibration and will be further explored in Chapter 6.
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3.3 Hyperspectral Imaging

Hyperspectral imaging captures full spectral data per detector pixel to identify mate-

rials and features in images [22]. In traditional single-energy or multi-energy imaging,

an energy-integrating detector is employed. This integrates the energy of all detected

photons at each pixel. In contrast, hyperspectral imaging employs a ‘photon-counting’

energy-dispersive detector that measures the photon energy of each arriving X-ray sep-

arately and constructs a spectrum for each pixel. This introduces a spectral dimension

alongside the spatial dimensions, enabling discrimination between materials with similar

grayscale levels by analyzing variations in their absorbed X-ray spectra.

However, it is important to note that photon-counting detectors can only detect a

limited number of photons per second, making this method time-consuming because each

photon needs to be recorded separately, and the technology currently lacks the energy

resolution precision required for accurate material identification across a wide range of

elements and energies. Furthermore, the advantage of discriminating between a small

range of elements usually does not justify the increased cost of these specialized detectors,

which can reach up to $2 million, approximately twenty times the cost of conventional

detectors. Overall, this technique, while promising, is not yet mature in practice.

In summary, in this chapter, we have learned the working principles of multi-energy

imaging and understand how this method can enable quantitative XCT, which is the

objective of this work. We have illustrated the AM and 2M models, which will be the

two models of focus throughout this work. In the next chapter, I will introduce X-ray

photon statistics, which is crucial for understanding noise in X-ray images.
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Chapter 4

Background Theory Part 3: X-ray

Photon Statistics and Noise

In this chapter, I introduce the noise model used in this work, which will be employed

in simulating X-ray measurements in the next chapter. This model also provides the

method for estimating the mean energy of the X-ray spectrum being detected, which is

also included in this chapter.

4.1 Noise Model

In X-ray measurements, noise models are of paramount importance for statistical image

reconstruction, particularly in the context of low-dose scans and the execution of realistic

simulations [35, 36]. While the statistical phenomena related to X-ray measurements

are very complex in nature [37], in practical applications, certain simple approximations,

such as the Poisson & Gaussian model [36], are sufficient. Consequently, in XCT, we

primarily consider two types of noise, which are as follows:

1. Photon Shot Noise

Photon shot noise occurs because photons arrive at a detector in a random and

unpredictable manner, reflecting the quantum nature of light [38]. Assuming that

the photons are uncorrelated, the number of emitted photons follows a Poisson

distribution for a given tube current [36]. If the number of transmitted photons

is denoted as N with a mean value N̄ proportional to the current, the probability
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density distribution of which follows:

N ∼ Poisson(N), i.e., P (N = k) = N̄ke−N̄

k! , k = 0, 1, 2, ... (4.1)

where the mean value N̄ also equals to the variance of N .

2. Electronic Noise

Electronic noise arises from various sources within electronic components, such as

photosensors and preamplifiers, and can manifest as voltage or current variations

that are not part of the intended signal [39]. One reasonable model for this noise is

a Gaussian distribution. Assuming we have a signal x with a noise-free mean value

x̄, with Gaussian noise of σ standard deviation, the probability density distribution

follows:

Gaussian(x̄, σ), i.e., P (x) = 1√
2πσ2

· e− (x−x̄)2

2σ2 , (4.2)

where we take the electrical signal to be in photon units so that σ is a number of

photons.

4.2 Estimating Mean Spectrum Energy: Variance-

Mean Ratio

Common X-ray detectors are energy-integrating, i.e., the total energy of the X-rays de-

tected is recorded as opposed to the number of X-rays. In the following discussion, we

assume a Poisson distribution model for photon shot noise, i.e., assuming that electronic

noise is insignificant relative to photon shot noise.

In monochromatic radiation, assuming we have a mean of N photons detected with

energy E, then the measured value in each pixel is given by I = NEγ, where γ is

a detector-dependent parameter that includes detection efficiency and electronic gain

[40]. It has recently been realised that, even with an energy-integrating detector, it is

possible to get information about the beam spectrum by capturing multiple repeat X-ray

images [40]. Assuming a Poisson distribution, the mean value N̄ equals to the variance

of N , so the standard deviation in the number of photons is given by σp =
√

N , and the
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corresponding standard deviation in intensity is given by σ =
√

NEγ, and so the intensity

variance σ2 = NE2γ2 [40]. Therefore, the X-ray photon energy E as seen by the detector

can be calculated by the ratio of the variance and mean intensity: σ2/I = Eγ.

Extending to polychromatic radiation, and assuming γ is not a function of energy, we

have a realistic broadband X-ray spectrum, S(E), with S(E) = E · N(E) representing

the energy-weighted spectrum. We have I =
∫

S(E)γ dE, and thus σ2 =
∫

S(E)Eγ2 dE.

Therefore, taking the ratio of the variance to the mean intensity yields the mean energy

of the spectrum, denoted as ⟨E⟩, as observed by the detector:

σ2

I
= γ2 ∫ S(E)E dE

γ
∫

S(E) dE
= γ ⟨E⟩ . (4.3)

The estimation of the mean spectrum energy provides spectral information and es-

sentially measures the amount of beam-hardening (how much the mean energy increases

when passing through increasing amounts of material). Hence, it can be used for direct

correction of beam-hardening, e.g., fitting with a beam-hardening correction model and

finding parameters automatically.

Furthermore, it is found that variance data can be used analogously to mean data in

XCT: it will resemble the mean data but be imaged with a harder spectrum (averaging

a higher energy) [41]. Therefore, within a single measurement, both mean and variance

data can offer equivalent information to the low- and high-energy measurements in multi-

energy imaging. Note that this has only been validated through simulation to date.

In conclusion, in this chapter, we have learned about the noise model, that will be

applied in simulation, as well as the method for estimating the mean energy of the spec-

trum being detected using energy-integrating detectors. We now have all the background

knowledge required to understand this work. In the next chapter, I will use simulations

of a set of simple imaging scenarios to explore quantitative XCT through the AM and

2M attenuation models.
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Chapter 5

Simulations of Tomographic

Reconstructions

We have seen the potential benefits of achieving quantitative XCT and have under-

stood its working principles. In this chapter, I use simulation to explore the details of

quantitative XCT through the two attenuation models introduced in Chapter 3: (1) the

two-material model and (2) the Alvarez-Macovski model. Using simulated test objects

with simple configurations (referred to as phantoms), I aim to demonstrate that quan-

titative measurements can theoretically be obtained through multi-energy imaging with

appropriate attenuation models. Additionally, I intend to show that beam-hardening ar-

tifacts in tomographically reconstructed images can be effectively reduced compared to

conventional single-energy reconstruction.

In the following sections, I will first explain how I simulated the intensities measured

at the detector, including the correlation with different incident energy spectra. Sub-

sequently, I will illustrate the method used for image reconstruction. This method is

conventional, and I will display some images reconstructed using this method directly

from simulated intensities to highlight the presence of beam-hardening artifacts. Finally,

I will demonstrate how we can apply the two attenuation models to make quantitative

measurements, comparing their resulting performance with each other and with that of

conventional reconstruction.

This chapter represents my original work on implementing the two-material model

for XCT with polychromatic spectra and comparing the performance of the two-material

model with the Alvarez-Macovski model. Note that these two models themselves already

exist.
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5.1 Simulating Single-Energy Measured Intensities

(Forward Projection)

In this section, I illustrate the simulation procedure to obtain single-energy measured

intensities at the detector in detail. This is the initial step, as it simulates what would

be directly measured at the detector in the lab.

In this work, I focussed on a 2D image phantom, as depicted in Figure 5.1. The

phantom represents a 2D cross-section through two 3D cylinders composed of different

materials; as a convention I refer to the top-left located circle as ‘material 1’ and the

bottom-right one as ‘material 2’. I proceeded to simulate the transmitted X-ray intensities

measured at the detector as follows:

1. I described the location of each material using a characteristic ‘mask’ function that

equals one where the sample is present and zero elsewhere in the 2D (x, y) space.

2. I projected the characteristic function for each material separately (essentially sum-

ming the values along each row at various angles) to obtain the projected charac-

teristic function (the path length in pixels through the material at each direction

and position).

3. I multiplied the path length, or the projected characteristic function, by the corre-

sponding material attenuation coefficient at each X-ray energy and the pixel length

(with 1 pixel set to 0.005 cm × 0.005 cm) to derive the projected attenuation func-

tions at every energy for that material. The attenuation data was sourced from the

photon cross sections database by the National Institute of Standards and Technol-

ogy (NIST-XCOM) [28].

4. I summed the projected attenuation functions for both materials and weighted

the values in each energy bin by the normalised X-ray spectrum calculated using

Python Spekpy library [42] to obtain the total projected attenuation. According to

Equation 2.2, the total measured intensities can be calculated as:

I = I0
∑
E

S(E)e−[µ1(E)·l1+µ2(E)·l2], (5.1)
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where I0 is the initial intensity of the incident beam, S(E) is the normalised X-ray

spectrum, µ1(E)·l1 and µ2(E)·l2 are the projected attenuation functions of material

1 and 2 provided in Step 3.

Finally, I added Poisson and Gaussian noise to the simulated intensities as described

in Chapter 4, with a fixed Gaussian standard deviation σ = 15 photons and a typical

I0 of 106 photons per pixel (ppx) for Poisson noise (unless otherwise stated).

Figure 5.1: Simulating the measured intensities of a phantom consisting of two different
materials. Step 1: Using a characteristic function to describe the location of each material.
Step 2: The characteristic function for each material is projected separately to determine path
lengths. Step 3: The projected characteristic function for each material is multiplied by the
corresponding attenuation coefficient at each energy and the pixel size to obtain the projected
attenuation at every energy for that material. Step 4: The projected attenuation functions for
these two materials are added together and weighted by the normalised X-ray spectrum to give
the total measured intensities (Equation 5.1). Poisson and Gaussian noise are added to each
energy bin separately.
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5.2 Simulating Multi-Energy Imaging

Having seen the simulation process for single-energy imaging, in this section, I illustrate

how I simulated multi-energy imaging using that method in this project.

Recall that multi-energy imaging acquires X-ray images using two or more different

incident energy spectra at two or more different tube accelerating voltages. The two

normalised spectra I here used are illustrated in Figure 5.2. These spectra were simulated

using the Python Spekpy library [42]. The low-energy spectrum, S1(E), was generated

with a tube voltage of 60 kV and a 0.5 mm Aluminum (Al) filter, while the high-energy

spectrum, S2(E), was generated with a tube voltage of 120 kV and a 0.35 mm Copper

(Cu) filter. Both spectra were normalised so that their integrals (areas under the curve)

equaled one.

Figure 5.2: Two normalised spectra used in the simulation. The low-energy spectrum is
generated at 60 kV with 0.5 mm Al filter (blue). The high-energy spectrum is generated at 120
kV with 0.35 mm Cu filter (orange).

Given these spectra, I used Equation 5.1 to simulate the total measured intensities

transmitted – the projections – as follows:

I1 = I0
∑
E

S1(E)e−[µ1(E)·l1+µ2(E)·l2], (5.2)

I2 = I0
∑
E

S2(E)e−[µ1(E)·l1+µ2(E)·l2]. (5.3)
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Here the initial intensity, I0, is set to 106 ppx (unless otherwise stated), µ1(E) · l1 and

µ2(E) · l2 are the projected attenuation functions of material 1 and 2 contained in the

phantom, S1(E) and S2(E) are normalised spectra such that ∑E Si(E) = 1, i = 1, 2.

Note that we only need to project materials once to obtain l1 and l2 (as illustrated in

Step 2 of Figure 5.1), and then combine them with different µ1 and µ2 values at different

energies from each spectrum.

5.3 Tomographic Reconstruction by Filtered Back

Projection

In previous sections, I illustrated how I simulated the forward projection process to ob-

tain the intensities measured at the detector. In this section, I introduce the tomographic

reconstruction method used to transform these measured intensities into images or to-

mograms.

Filtered Back Projection (FBP) is a conventional, analytical image reconstruction

technique where one-dimensional projections are used to reconstruct two-dimensional

images. These projections are acquired from various angles around an object, creating

a sinogram (Step 2 of Figure 5.1). In ‘Back Projection’, the sinogram’s data is smeared

or ‘back projected’ across an image matrix, accumulating values to approximate the

object’s internal structure. While ‘Back Projection’ (the adjoint operation to projection)

provides a basic reconstruction, it results in blurred images. Ramp filtering is applied to

the projections prior to ‘Back Projection’ to produce clearer and more accurate images

[43]. In all reconstructions for this work, I utilised the FBP algorithm from the Python

skimage.transform.iradon library with a ‘ramp’ filter.

Figure 5.3 shows attenuation coefficient maps of phantoms composed of various ma-

terial combinations: (1) aluminum (Al) and copper (Cu), (2) Al and titanium (Ti),

(3) Ti and iron (Fe), as well as (4) magnesium (Mg) and zinc (Zn). The reason for

these choices will be outlined in the Section 5.4. These maps were generated from con-

ventional single-energy imaging, projected by the X-ray spectra, S1(E) (the low-energy

spectra employed in multi-energy imaging). The measured intensities were calculated
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using Equation 5.2 and then directly reconstructed using FBP. The corresponding line

profiles were generated along the red diagonal lines marked in the images. In these con-

ventional reconstructions, both cupping (circled by green dotted lines, areas that should

be flat if there is no beam-hardening) and streaking artifacts (indicated by white arrows,

which show unwanted patterns between two materials) were observed at varying degrees.

Also, it was not possible to extract quantitative information directly from these images.

Figure 5.3: Attenuation maps generated from conventional single-energy imaging, projected
by the X-ray spectra generated at 60 kV with a 0.5 mm Al filter, and reconstructed using the
FBP algorithm. The corresponding line profiles were generated along the red diagonal lines
marked in the images. The four phantoms are: (1) Top circle - Al, bottom circle - Cu; (2) Top
circle - Al, bottom circle - Ti; (3) Top circle - Ti, bottom circle - Fe; (4) Top circle - Mg, bottom
circle - Zn. Note the presence of beam-hardening artifacts, particularly cupping (green dotted
circles), and also streaking (white arrows).

In the following sections, I am going to apply both the two-material and the Alvarez-

Macovski models to intensity data obtained using two energy spectra, demonstrating that

we can extract quantitative information through multi-energy imaging. We will also see

that the beam-hardening artifacts present in conventional single-energy imaging can be

greatly mitigated using these methods. Furthermore, we will be able to compare the

performance and robustness of these two models.
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5.4 Two-Material (2M) Model for X-ray Attenuation

In this section, I illustrate the 2M model, detail the simulation process, and present

reconstruction results for both visualisation and quantitative measurements. I aim to

determine whether beam-hardening is reduced and the precision to which we can extract

the quantitative results obtained from this analysis.

5.4.1 Method

According to Section 3.2.2, for this simulation, I selected two common materials: Alu-

minum (Al) with an atomic number of 13 and Copper (Cu) with an atomic number of

29 as the two basis materials in the proposed 2M model.

I focused on examining four phantoms made up of different combinations of materials:

1. Al and Cu: Exactly the same as the two basis materials.

2. Al and Titanium (Ti): Al is the same as one of the basis materials, Ti is in

between the atomic number range defined by the basis materials.

3. Ti and Iron (Fe): Both materials are different from the basis materials, but their

atomic numbers fall within the range defined by the basis materials, i.e., the atomic

number of Ti is 22, and that of Fe is 26, both within the range provided by Al (13)

and Cu (29).

4. Magnesium (Mg) and Zinc (Zn): Both materials are different from the basis

materials, and their atomic numbers lie outside the range defined by the basis

materials. To clarify, the atomic number of Mg is 12, and that of Zn is 30.

Based on Equation 3.8 and 3.9, for each pixel in each measured sinogram we have:

I1 = I0
∑
E

S1(E)e−[µAl(E)·BAl+µCu(E)·BCu], (5.4)

I2 = I0
∑
E

S2(E)e−[µAl(E)·BAl+µCu(E)·BCu], (5.5)
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where I1,2 are simulated measured intensities using Equations 5.2 and 5.3 given the ma-

terials in the interested phantom, µAl(E) and µCu(E) are attenuation coefficients of Al

and Cu taken from NIST-XCOM database [28].

The line-integrals BAl and BCu, which are the unknowns in Equations 5.4 and 5.5, were

numerically solved by performing a minimisation of the log-likelihood function (MLE) for

given measured total intensities for each pixel [44]. The optimisation method employed

was the Limited-memory Broyden-Fletcher-Goldfarb-Shanno with Box constraints (L-

BFGS-B) algorithm [45] provided by the Python scipy.optimize.minimize library.

Subsequently, I applied the FBP algorithm to the BAl and BCu sinograms to recon-

struct images of bAl(x, y) and bCu(x, y). These images illustrate the volume fractions

of the basis materials Al and Cu at each pixel. Using Equations 3.12 and 3.13, I then

calculated density and atomic number images. I computed the mean values within the

regions of interest on these images (where the sample is present) and compared them

quantitatively with the actual density and atomic number values.

5.4.2 Results & Discussions

Figure 5.4 illustrates the reconstructed volume fraction maps bAl(x, y) and bCu(x, y) for

the basis materials Al and Cu produced by the 2M model. Figure 5.5 shows density

and atomic number maps with corresponding line profiles generated along the red di-

agonal lines marked in the images, I have also included the theoretical values provided

by the NIST-XCOM database [28]. Note that the original reconstructed atomic number

maps were distorted by extreme values in the background, (i.e., divisions by extremely

small numbers in Equation 3.14), thereby obscuring meaningful features. I deliberately

set volume fraction values bAl and bCu less than 0.05 (within uncertainty, the extremely

small values obtained in the background from optimisation that were indistinguishable

from zero) to 0 when calculating the atomic number in reconstruction. The mean values

of density and atomic number from the regions of interest within the circular areas can

then be extracted. The quantitative results were summarised in Table 5.1, where the

relative error was calculated in relation to the actual values (the values used in the for-

ward projection when the simulated projections were calculated): the absolute difference
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between the actual value and the reconstructed value, divided by the actual value. Note

that in this study, I did not explicitly calculate the standard deviation within the areas

of interest. This was because the primary objective is the mean value, i.e., the quan-

titative measurements in regions of interest where we know that a particular region is

composed of the same material. The standard deviation indicates the noise level in the

reconstructed images and the stability of the reconstruction method, aspects that are not

the main focus here.

Figure 5.4: Reconstructed volume fractions maps bAl, bCu, produced by the proposed 2M
model using Al and Cu as basis materials. The configurations of the four phantoms are: (1)
Top circle - Al, bottom circle - Cu; (2) Top circle - Al, bottom circle - Ti; (3) Top circle - Ti,
bottom circle - Fe; (4) Top circle - Mg, bottom circle - Zn.

ρ (gr/cm3) (2M) ρ (gr/cm3) (GT) Rel err (ρ) Z (2M) Z (GT) Rel err (Z)
Al 2.704 2.70 0.16 % 12.90 13 0.77 %
Cu 8.957 8.96 0.03 % 28.99 29 0.03 %
Ti 4.095 4.506 9.12 % 22.64 22 2.90 %
Fe 7.661 7.86 2.53 % 26.39 26 1.50 %
Mg 1.820 1.738 4.72 % 13.00 12 8.33 %
Zn 7.320 7.14 2.38 % 29.00 30 3.33 %

Table 5.1: Density (ρ) and atomic number (Z) values reconstructed by the 2M model, averaged
over the region of interest in the circular area, compared to theoretical values (GT)

Upon inspecting these maps, one can observe that beam-hardening artifacts (cupping

and streaking) were insignificant in most reconstructions, though minor cupping was still

observed in atomic number profiles for Al & Ti and Ti & Fe phantoms. The streaking
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Figure 5.5: Reconstructed density and atomic number maps produced by the 2M model, with
corresponding line profiles generated along the red diagonal lines marked in the images. The
theoretical values (NIST-XCOM) are given by the cyan and green lines in the profiles. The four
phantoms are: (1) Top circle - Al, bottom circle - Cu; (2) Top circle - Al, bottom circle - Ti;
(3) Top circle - Ti, bottom circle - Fe; (4) Top circle - Mg, bottom circle - Zn.

lines in the Al & Cu and Ti & Fe phantoms, as well as the ring-shaped artifacts in the Mg

& Zn phantom, arose from optimisation failures along those particular lines. A failure

to find the optimal solution for BAl and BCu in Equations 5.4 and 5.5 would result in

an incorrect data point in the data set. When back-projecting that data point using

FBP (which essentially assigns the same value along a particular line) to reconstruct

images, it manifests as an incorrect line (line artifact). I observed that the reconstructed

features in the Mg & Zn phantom were the most unstable among all volume fraction

reconstructions, containing various artifacts. Furthermore, I noticed negative values in

the volume fraction map bAl of the Mg & Zn phantom. This was as expected, since Mg

and Zn fall outside the range defined by the basis materials. It is important to note that

negative pathlengths are technically challenging to achieve in experiments, as it is not
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possible to physically calibrate the 2M model for negative volume fractions of the basis

materials.

From the line profiles and quantitative results, it was also observed that the relative

errors were minimised for Al and Cu because they were the same as the basis materials

and were, therefore, inherently more accurate than other materials. The large error in

atomic number and instability in the reconstructed image for Mg primarily arose because

its atomic number falls outside the range defined by the basis materials. An intriguing

finding was the larger relative error for Ti compared to the results obtained in [33]. This

discrepancy might be due to the choice of basis materials. In this study, I selected Cu as

one of the basis materials because it has an atomic number of 29, allowing more elements

to fall within the range defined by the basis materials, i.e., Z ranging from 13 to 29.

However, Cu exhibits a K-edge discontinuity around 8.98 keV (as seen in Figure 2.4),

which can complicate the fitting process. This can lead to larger errors in the density

and atomic number reconstructions for certain materials.

These observations highlight the complexities of choosing basis materials in practice.

A limitation of the 2M model is its inaccuracy for materials whose atomic numbers

fall outside the range defined by the basis materials. Opting for a high-atomic-number

material as one of the basis materials can expand the range of materials for which we

can obtain meaningful results. However, most high-atomic-number materials exhibit a

K-edge discontinuity at higher energies (≥ 10 keV), which can significantly impact the

fitting process, thereby affecting the accuracy of quantitative results when reconstructing

the density and atomic number of materials of interest. Therefore, the selection of basis

materials should depend on the approximate range of materials contained in the object

of interest (if known). This selection can also be adjusted until reasonable results are

obtained.
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5.5 Alvarez-Macovski (AM) Model for X-ray Atten-

uation

In this section, I examine the existing AM model, detail the simulation process which

is similar to the 2M model in structure, and also present reconstruction results for both

visualisation and quantitative analysis. The results obtained in this section can provide

a comparison with the 2M model.

5.5.1 Method

For reconstruction with the AM model (refer to Section 2.2.2 and 3.2.1), I used a set

of universal parameters fitted in [13] that work for a wide range of materials: K1 =

13.96 keV3cm2/gr, K2 = 0.30 cm2/gr, m = 3.0, and n = 4.2. Once again, I examined the

performance on the same four phantoms of interest as in the 2M model for the purpose

of comparison.

I adjusted Equation 3.4 and 3.5 to give:

I1 = I0
∑
E

S1(E)e−[µP E(E)·A1+µCS(E)·A2], (5.6)

I2 = I0
∑
E

S2(E)e−[µP E(E)·A1+µCS(E)·A2], (5.7)

where I1,2 are ground truth intensities simulated given the materials in the interested

phantom, µP E(E) and µCS(E) are the photoelectric absorption and Compton scattering

components of the attenuation, and are analogous to the material attenuations µAl(E)

and µCu(E) in the 2M model. The behaviour of µP E(E) and µCS(E) as a function of

energy is as follows:

µP E(E) = K1

Em
; µCS(E) = K2 · fKN(E). (5.8)

The sets of line-integrals A1 and A2 were numerically solved by minimising the least

square error (LSE) based on the given measured total intensities [46]. The optimisa-

tion method employed was the Nelder-Mead algorithm [47] provided by the Python
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scipy.optimize.minimize library. Subsequently, I applied the FBP algorithm to the A1

and A2 sinograms to perform pixelwise tomographic reconstructions of images a1(x, y)

and a2(x, y). Note that the optimisation methods in both the 2M and AM models (L-

BFGS-B and Nelder-Mead, respectively) were chosen based on the optimised values that

provided the most robust reconstructed images. As mentioned before, failing to find the

minimum could result in a bad pixel value, which would be back-projected, causing a line

artifact in the reconstructed images.

According to Equation 2.5, image a1(x, y) provides the reconstruction map of

a1(x, y) = ρ(x, y) · Zn(x, y)
A(x, y) , (5.9)

while image a2(x, y) provides the reconstruction map of

a2(x, y) = ρ(x, y) · Z(x, y)
A(x, y) . (5.10)

Assuming A ≃ 2Z, the density image can be obtained as

ρ(x, y) = 2 · a2(x, y), (5.11)

and the atomic number image as

Z(x, y) =
(

a1(x, y)
a2(x, y)

) 1
n−1

. (5.12)

note that Equation 5.12 becomes unstable as a2(x, y) → 0.

Again, I computed the mean values within the regions of interest on these images and

compared them quantitatively with the theoretical density and atomic number values.

5.5.2 Results & Discussions

Figure 5.6 illustrates the a1 and a2 maps produced by the AM model for the same set of

phantoms used in the 2M model (see Figure 5.4). Figure 5.7 shows density and atomic

number maps with corresponding line profiles generated along the red diagonal lines

marked in the images. Again I have included theoretical values provided by the NIST-
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XCOM database [28]. Recall that the reconstructed atomic number maps were distorted

by extreme values in the background, (i.e., divisions by extremely small numbers in the

a2 images), making it hard to recognise features in the areas of interest. I deliberately

set values in a2 images less than 0.2 (extremely small values obtained in the background

from optimisation) to 0 when calculating the atomic number in reconstruction. The mean

values of density and atomic number from the regions of interest within the circular areas

can then be extracted. The quantitative results were summarised in Table 5.2, with the

error calculated relative to the theoretical values: the absolute difference between the

theoretical value and the reconstructed value, divided by the theoretical value.

Figure 5.6: Reconstructed a1 and a2 maps produced by the AM model. The four phantoms
are: (1) Top circle - Al, bottom circle - Cu; (2) Top circle - Al, bottom circle - Ti; (3) Top circle
- Ti, bottom circle - Fe; (4) Top circle - Mg, bottom circle - Zn.

ρ (gr/cm3) (AM) ρ (gr/cm3) (GT) Rel err (ρ) Z (AM) Z (GT) Rel err (Z)
Al 2.563 2.70 5.07 % 12.94 13 0.46 %
Cu 9.187 8.96 2.53 % 27.69 29 4.52 %
Ti 4.237 4.506 5.97 % 21.81 22 0.86 %
Fe 7.765 7.86 1.21 % 25.42 26 2.23 %
Mg 1.692 1.738 2.65 % 11.35 12 5.42 %
Zn 7.615 7.14 6.65 % 28.28 30 5.73 %

Table 5.2: Density (ρ) and atomic number (Z) values reconstructed by the AM model, averaged
over the region of interest in the circular area, compared to theoretical values (GT).

Inspecting these reconstructed maps, it is difficult to observe the presence of beam-

hardening, such as cupping or streaking artifacts. As with the multi-energy 2M model,
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Figure 5.7: Reconstructed density and atomic number maps produced by the AM model, with
corresponding line profiles generated along the red diagonal lines marked in the images. The
theoretical values (NIST-XCOM) are given by the cyan and green lines in the profiles. The four
phantoms are: (1) Top circle - Al, bottom circle - Cu; (2) Top circle - Al, bottom circle - Ti;
(3) Top circle - Ti, bottom circle - Fe; (4) Top circle - Mg, bottom circle - Zn.

this highlights the power of multi-energy imaging. Based on the line profiles and quan-

titative results, the artifacts and errors mainly arose because the AM model does not

account for K-edge discontinuities in the PE model. Note that the most pronounced

cupping artifacts in the line profiles, as well as the largest relative error, were observed

in Zn, which has a K-edge discontinuity at approximately 9.66 keV, the highest among

these materials. The relative errors for Al and Mg, which have K-edges at lower energies

(Al at 1.56 keV and Mg at 1.30 keV), were higher than expected. While such K-edge

discontinuities should minimally affect the model, their elevated errors might be due to

the parameters (K1, K2, m, and n) for the AM model being universally determined as

an average fit for all materials.
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5.6 Performance Comparison of the 2M and AM

Models

In this section, I compare the performance between the 2M model and the AM model.

First, I compare their capabilities in theory by plotting the fitted attenuation coefficients

from these two models with the NIST ground truth values. This provides a fundamental

understanding of how effective these two models can be. Then, I compare the results

obtained by these two models for the four simulated phantoms, consisting of different

combinations of materials as illustrated in the previous sections. Finally, I examine the

noise sensitivity of these two models.

5.6.1 Method

To gain a fundamental understanding of how well the 2M model compares to the existing

AM model, I plotted the attenuation coefficient curves for Al, Cu, Ti, Fe, Mg, and Zn in

the energy range of 1 to 120 keV, as provided by the NIST-XCOM database [28] (ground

truth), together with the curves fitted by the 2M and AM models, respectively.

The attenuation coefficient curves for all materials fitted using the AM model were

determined using Equations 2.3, 2.4, and 2.5, with constant parameters derived from [13].

On the other hand, for the 2M model, the attenuation coefficient curve for each

material was fitted individually based on Equation 3.6:

µ(E) = b1 · µAl(E) + b2 · µCu(E), (5.13)

where µAl,Cu(E) are attenuation coefficients of basis materials Al and Cu sourced from

NIST-XCOM database [28].

I fitted b1 and b2 for each material by minimising the sum of the square of the rel-

ative errors with respect to the ground truth attenuation values at every energy, i.e.,

min∑E

(
µNIST (E)−µ(E)

µNIST (E)

)2
, from 10 to 120 keV (to avoid K-edge discontinuity in these ma-

terials [29]). The optimisation method used was the Nelder-Mead algorithm [47] provided

by the Python scipy.optimize.minimize library. As mentioned in Section 5.4, properly

modeling negative b1 and b2 values in experiments is technically challenging due to the
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absence of a suitable model for calibrating negative volume fractions of the basis materi-

als. However, here I allowed negative values as the focus was to examine the fundamental

performance of the 2M model in theory.

I calculated the average relative error in the attenuation coefficients for both the AM

and 2M models fitted data with respect to the ground truth data as:

∑
E

∣∣∣µNIST (E)−µ(E)
µNIST (E)

∣∣∣
Nbins

, (5.14)

where µ is the attenuation data provided by the AM or 2M model, µNIST is ground truth

attenuation data retrived from NIST.XCOM [28], and the Nbins is the total number of

energy bins used in generating these attenuation data.

The average relative errors were calculated in the energy range of 10 to 120 keV (the

fitting range, which was also the imaging range, as I did not really image with energy

less than 10 keV), to quantitatively compare the performance of the 2M and AM models

in modeling the attenuation coefficients, which form the basis for image contrast.

I also compared the performance of the 2M model with the AM model in the four

simulated phantoms consisting of different combinations of materials as mentioned above

by:

1. Visually, I inspected the reconstructed density and atomic number maps generated

by these two models to determine whether beam-hardening artifacts were reduced

or eliminated compared to the conventional single-energy reconstructions presented

in Section 5.3.

2. Quantitatively, I compared the densities and atomic numbers in the circular region

of interest reconstructed by both models to the theoretical values.

To compare the noise tolerance of these two models, I selected a phantom consisting

of Ti and Fe and introduced increasing levels of noise into the reconstructed density and

atomic number images generated by both models. This was achieved by reducing the

initial incident intensity in the forward projection process, I0, from 106 ppx to 104, 103,

and even 500 ppx (extremely low), allowing us to assess the sensitivity of these two models

to noise.
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5.6.2 Results & Discussions

Figure 5.8 shows the attenuation fitted by the 2M and AM models, respectively, and

compared with the NIST ground truth attenuation for Al, Cu, Ti, Fe, Mg, and Zn. The

corresponding relative error data is summarised in Table 5.3.

Overall, the relative errors of the attenuation fitted by the 2M model were less than

those fitted by the AM model when comparing with theoretical values. This was because

of the nature that the 2M model assumes a linear combination of attenuations of two

basis materials, whereas the AM model fitted data is always a smooth curve. In other

words, the 2M model was fitted per plot, while the AM model was fitted on average over

all materials. This was also the reason the curves fitted by the AM model showed a large

relative error for Cu and Zn. This discrepancy arose because the parameters used for

the AM model in [13] were fitted over a range of different materials, but Cu and Zn were

outside the atomic number range defined by these materials. The relative errors in the

2M model for Al and Cu were minimised because they were exactly the same as the two

basis materials; hence, the fitted curves nearly overlapped with the theoretical curves.

These results provide an understanding of how well the 2M model can potentially

perform compared to the existing AM model in theory. However, we should bear in mind

that in this fitting process, I had no constraints on the parameters b1 and b2 in the linear

combination (i.e., they were free to become negative), which led to decent results for

materials outside the range defined by the basis materials, namely Mg and Zn.

Al Cu Ti Fe Mg Zn
10 - 120 keV (AM) 2.57 % 5.36 % 3.48 % 4.33 % 2.34 % 5.83 %
10 - 120 keV (2M) 1.06 × 10−3 % 1.41 × 10−4 % 1.68 % 0.84 % 0.97 % 0.35 %

Table 5.3: Average relative error of the fitted attenuation with respect to the NIST ground
truth.

In the reconstructions of four simulated phantoms, the 2M model (in Figure 5.5)

demonstrated the potential to reduce beam-hardening artifacts and obtain quantitative

results comparable to those of the AM model (in Figure 5.7), given the appropriate choice

of basis materials. From the line profiles, it was hard to observe any cupping artifacts in

the 2M model reconstructions, while cupping artifacts were still visible in the AM model

reconstructions for high atomic number materials. From the quantitative results, the 2M
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Figure 5.8: Attenuation fitted by the 2M and AM models, plotted alongside the NIST ground
truth attenuation for Al, Cu, Ti, Fe, Mg, and Zn.

model provided comparable accuracy to the AM model. Regarding computational speed,

as the 2M model required optimisations involving all linear combinations of attenuation

of basis materials, it was approximately ten times slower than the AM model. This issue

could potentially be addressed by pre-computing a table containing various combinations

of attenuation values for the basis materials and then utilising this table to estimate the

approximate positions of the measured values. This matter will be further discussed in

detail in Chapter 6.

Figure 5.9 shows density and atomic number maps of the Ti & Fe phantom recon-

structed using the 2M and AM models, respectively, with increasing noise levels resulting

from a decrement in the initial intensity I0 from 106 to 104, 103, and 500 ppx. Their cor-

responding quantitative results of the circular areas of interest are summarised in Table

5.4.

The reconstructed images became noisier as the value of I0 decreased, as expected.

However, the quantitative results for the densities and atomic numbers were not signifi-

cantly affected. The results obtained using the 2M model showed a similar trend to that

of the AM model (reconstructed density values slightly increased while atomic numbers
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slightly decreased as the noise level increased), demonstrating comparable robustness in

noise tolerance to the existing AM model.

Figure 5.9: Density and atomic number maps of the Ti & Fe phantom (top circle - Ti; bottom
circle - Fe), reconstructed using the 2M and AM models, respectively, with increasing noise
levels resulting from a decrement in the initial intensity I0 from 106 to 104, 103, and 500 ppx.

I0 = 106 ppx I0 = 104 ppx I0 = 103 ppx I0 = 500 ppx
ρT i (gr/cm3) (2M) 4.095 4.149 4.167 4.191
ρT i (gr/cm3) (AM) 4.237 4.217 4.225 4.267
ρF e (gr/cm3) (2M) 7.661 7.661 7.670 7.720
ρF e (gr/cm3) (AM) 7.765 7.756 7.751 7.824

ZT i (2M) 22.64 22.69 22.50 22.15
ZT i (AM) 21.81 21.97 21.77 21.27
ZF e (2M) 26.39 26.40 26.40 26.37
ZF e (AM) 25.42 25.45 25.42 25.41

Table 5.4: Density (ρ) and atomic number (Z) values for the Ti & Fe phantom with varying
levels of added noise (where noise increases as the value of I0 decreases), reconstructed by the
2M and AM models, respectively. These values are averaged over the region of interest within
the circular area.

46



In summary, in this chapter, I found that:

1. In theory, the 2M model has the potential to achieve quantitative XCT and is

overall more robust than the AM model, based on the analysis of tomographic

reconstructions of some common materials.

• It shows improved beam-hardening correction relative to the AM model (refer

to Figure 5.5 and 5.7).

• It provides quantitative results comparable to the AM model, with densities

and atomic numbers registering a relative error within 10%.

2. One limitation of the 2M model is its inaccuracy for materials whose atomic numbers

fall outside the range defined by the basis materials.

• Selecting a higher atomic number material as one of the basis materials, such as

Cu, can expand the applicability of the model to a broader range of materials

within this range.

• However, materials with higher atomic numbers display K-edge discontinuities

at higher energies (≥ 10 keV) which can affect the fitting process and impact

the accuracy of quantitative results.

3. The optimisation process used in obtaining the 2M model, analogous to identifying

the optimised solution in a table that lists varied combinations of attenuation values

for the basis materials. This suggests that the 2M model has the potential to

be simpler than the AM model in experiments, as it does not require spectrum

information if this table can be obtained through direct measurements.

Therefore, I will explore the 2M model using real data in experiments to further

investigate its ability in practice in the following chapters.
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Chapter 6

Experimental Calibration of the

Two-Material Model for

Multi-Energy Imaging

In the previous chapter, I demonstrated through simulations that the 2M model serves

as a robust attenuation model for obtaining quantitative information from materials and

reducing beam-hardening artifacts in tomographically reconstructed images. In this chap-

ter, I present the experimental calibration process that will enable us to implement this

model through experiments.

As mentioned in Section 5.6.2, during experiments, I will measure a table of attenua-

tion values (or equivalently, transmission values) for various combinations of pathlengths

through the basis materials. I will use this table to estimate the approximate 2M de-

composition of the measured multi-energy transmission values. I will first explain how

I construct this table and, then explore various methods to extract the 2M model from

this table.

6.1 Direct Measurement of Transmission Tables Us-

ing 2D Step Wedges

In this section, I illustrate how I measured the transmission tables using two step wedges.

A step wedge is a calibration or test object made of a material with a stepped increase in

thickness or density. These measurements would later be used to obtain the 2M model.

Since high-purity Aluminum (Al) is difficult to obtain in practice, I selected Silicon
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(Si) with an atomic number of 14 and Copper (Cu) with an atomic number of 29 as the

two basis materials. Matthew Shadwell constructed step wedges of increasing thickness

for both materials (as depicted in Figure 6.1). Both wedges were created starting from

layer 1 at the bottom, with equal thickness added in each step until reaching the top

(layer 10). The thickness of each Si layer was 0.48 mm ± 0.01 mm, while that of each

Cu layer was 0.08 mm ± 0.005 mm.

Figure 6.1: Step wedges of Si (left) and Cu (right). Both created starting from layer 1 at the
bottom, with equal thickness added in each step until reaching the top (layer 10). Thickness of
each layer: Si : 0.48 mm ± 0.01 mm; Cu : 0.08 mm ± 0.005 mm.

Benjamin Young, Adrian and I then imaged these step wedges using both low-energy

and high-energy spectra. For low-energy imaging, we set the tube voltage to 60 kV and

the tube current to 80 µA; for high-energy imaging, the tube voltage was set to 120 kV

and the tube current to 60 µA. The exposure time was 0.25 seconds. The sketch of the

experimental set-up is shown in Figure 6.2. The detector was positioned 835 mm from

the X-ray tube, as far back as possible to minimise the detection of Compton scattered

X-rays from the object (represented by green arrows). The sample was placed 200 mm

from the tube, about 1/4 of the distance between the tube and the detector. This position

was chosen as a trade-off to balance the effects of source scattered (off-focal) X-rays and

Compton scattered X-rays. Assuming that the penumbral blurring from off-focal X-rays

can be estimated as the product of the aperture diameter and the distance from the

sample to the detector (635 mm), divided by the sample distance, the blurring in this
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case was around 4.75 mm, as indicated by the orange ray paths in Figure 6.2. Therefore,

placing the sample closer to the detector would reduce the blurring effect. However,

assuming Compton scattering is equally distributed in all directions, placing the sample

closer to the detector would result in a larger portion of scattered X-rays being detected.

Additionally, we centred a 1.5 mm aperture through a lead plate in front of the X-ray

tube window to minimise off-focal X-rays from the source. Without the aperture, the

diameter of the off-focal X-ray source is 10 mm.

Figure 6.2: Sketch of the experimental set-up.

We took 1000 X-ray images (for the purpose of collecting sufficient data for mean and

variance analysis) with the HeliScan MicroCT MkII from Thermo-Fisher Scientific for

each of the following set of samples:

1. Darkfield (DF): Imaging was performed with the X-ray turned off.

2. Clearfield (CF) at 60 kV: Imaging without a step wedge, using a 0.5 mm Al filter.

3. Si Wedge at 60 kV: Imaging of a Si step wedge, using a 0.5 mm Al filter.

4. Cu Wedge at 60 kV: Imaging of a Cu step wedge, using a 0.5 mm Al filter.

5. Si & Cu Wedges at 60 kV: Imaging of Si and Cu step wedges placed on top of each

other in a cross pattern, forming a 10 × 10 grid table, with a 0.5 mm Al filter.

6. Clearfield (CF) at 120 kV: Imaging without a step wedge, using a 0.5 mm Al filter

and a 0.34 mm Cu filter.
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7. Si Wedge at 120 kV: Imaging of a Si step wedge, using a 0.5 mm Al filter and a

0.34 mm Cu filter.

8. Cu Wedge at 120 kV: Imaging of a Cu step wedge, using a 0.5 mm Al filter and a

0.34 mm Cu filter.

9. Si & Cu Wedges at 120 kV: Imaging of Si and Cu step wedges, done in the same

manner as for 60 kV, using a 0.5 mm Al filter and a 0.34 mm Cu filter.

The estimate transmission data T for each set of samples x is normalised as follows:

T = I

I0
= mean(x) − mean(DF )

mean(CF ) − mean(DF ) , (6.1)

where I is the transmitted intensity, I0 is the incident intensity, mean(·) represents the

per-pixel average over those 1000 images, and CF is the clearfield data taken at either

60 kV or 120 kV, corresponding to the energy used for sample x.

Figure 6.3 shows the transmission images for sets 5 and 9, calculated using Equation

6.1, with the corresponding line profiles generated along the red lines marked in the

images. In the images, from top to bottom, there is Si from layer 1 to layer 10, with

thickness ranging from 0.48 mm to 4.8 mm. From left to right, there is Cu from layer 1

to layer 10, with thickness ranging from 0.08 mm to 0.8 mm. These two sets of data (sets

5 and 9) will be used to generate the two transmission tables for multi-energy imaging.

I extracted the average values within a smaller centered region inside each grid to

minimise the effect of off-focal X-rays, and constructed the corresponding 10 × 10 trans-

mission table, as shown in Figure 6.4. These images have values ranging from below

0.05 (very low transmission) to almost 0.9 (about 90% transmission). The top left corner

indicates the transmission T after passing through one layer of Si and one layer of Cu,

or equivalently, 0.48 mm of Si and 0.08 mm of Cu. Similarly, the grid location (3, 2)

(third row, second column) represents the transmission after passing through three layers

of Si and two layers of Cu, or equivalently, 3 × 0.48 mm of Si and 2 × 0.08 mm of Cu.

Using these tables, one can obtain various combinations of transmission values, defined

by different thicknesses of Si and Cu, at both low- and high-energy levels for multi-energy

imaging. These combinations serve as look-up tables to estimate the mixture of Si and Cu
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contained in the sample of interest. This then allows us to calculate the effective atomic

number and density of that material (Equations 3.12 and 3.13 from Chapter 3). This

approach is equivalent to the optimisation process I previously conducted in simulations

(Section 5.4). The exact procedure will be illustrated in Section 7.1.

Figure 6.3: Transmission images for Si and Cu step wedges placed on top of each other in a
cross pattern, forming a 10 × 10 grid of different material thickness, to provide calibration for
the 2M model. The corresponding line profiles are generated along the red lines marked in the
images. From top to bottom: Si from layer 1 to layer 10, with thickness ranging from 0.48 mm
to 4.8 mm. From left to right: Cu from layer 1 to layer 10, with thickness ranging from 0.08
mm to 0.8 mm.

6.2 Analysis of Transmission Tables

In this section, I analyse the results of the two transmission tables obtained from the

last section. Specifically, I generate the corresponding theoretical transmission table

that would be expected, given the theoretical spectrum produced under the experimental

settings, and compare them to those in Figure 6.4.

Figure 6.5 shows the two theoretical normalised spectra I would expect to be measured

by the detector. These were calculated using the Python Spekpy library [42]. The low-
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Figure 6.4: Transmission tables generated using Si and Cu step wedges at 60 kV and 120 kV,
respectively. From top to bottom: Si from layer 1 to layer 10, with thickness ranging from 0.48
mm to 4.8 mm. From left to right: Cu from layer 1 to layer 10, with thickness ranging from
0.08 mm to 0.8 mm.

energy spectrum, Sd1(E), was generated with a tube voltage of 60 kV and a 0.5 mm Al

filter. The high-energy spectrum, Sd2(E), was generated with a tube voltage of 120 kV,

a 0.5 mm Al filter, and a 0.34 mm Cu filter. The detector had sensor protection that

consisted of a carbon fibre with thickness of 2.5 mm, and an Al layer that was 0.25 mm

thick. X-rays were detected by an amorphous Si layer behind a cesium iodide scintillator

that was 0.7 mm thick. Both spectra were normalised so that their integrals (areas under

the curve) equaled one.

Figure 6.5: Two normalised spectra we would expect to be measured by the detector. The low-
energy spectrum is generated at 60 kV with 0.5 mm Al filter (blue). The high-energy spectrum
is generated at 120 kV with 0.5 mm Al filter and 0.34 mm Cu filter (orange).
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The values in the theoretical transmission table were calculated as follows:

Ttheory =
∑
E

Sdi(E)e−µSitSi−µCutCu , (6.2)

where i = {1, 2}, Sdi corresponds to the two theoretical normalised spectra shown in

Figure 6.5, µSi and µCu represent the theoretical attenuation coefficients for Si and Cu,

respectively, as retrieved from NIST.XCOM [28], tSi and tCu denote the corresponding

actual thicknesses of Si and Cu at that grid.

Figure 6.6 shows the two theoretical transmission tables calculated using Equation

6.2, and their absolute difference images with the corresponding experimental tables are

presented in Figure 6.7. One can observe that the average difference at 60 kV was less than

that at 120 kV. Nevertheless, both difference images exhibited some patterns (i.e., not

random), indicating that the theoretical spectra used to calculate the table is probably

not a good match to the actual spectra in the experiment. This discrepancy suggested

that further work needs to be done in estimating the spectra, which will be discussed in

Section 6.4.

Figure 6.6: Theoretical transmission tables calculated for Si and Cu step wedges at 60 kV and
120 kV, respectively. From top to bottom: Si from layer 1 to layer 10, with thickness ranging
from 0.48 mm to 4.8 mm. From left to right: Cu from layer 1 to layer 10, with thickness ranging
from 0.08 mm to 0.8 mm.

54



Figure 6.7: Absolute difference images between the experimentally obtained transmission
tables and the theoretically calculated ones, at 60 kV and 120 kV. These differences suggest the
modelled spectra may not be an accurate estimate of the actual spectrum.

6.3 Analysis of Relative Mean Energy of the Spec-

trum

Before delving into finding ways to match the theoretical spectrum with that detected

in the experiment, I examined the relative mean energy of the spectrum after it passed

through the single-material wedges (i.e., sets 3, 4, 7, and 8, as mentioned in Section 6.1).

I compared values calculated from experiments to those generated theoretically to further

demonstrate that the theoretically generated spectra were incorrect.

According to Section 4.2, I estimated the mean energy using variability in pixel values

from repeat experiments as follows:

γ ⟨E⟩ = var(x − mean(DF )) − var(DF )
mean(x − mean(DF )) , (6.3)

γ ⟨E0⟩ = var(CF − mean(DF )) − var(DF )
mean(CF − mean(DF )) , (6.4)

where γ is a detector-dependent parameter, ⟨E⟩ is the mean energy after passing through

the sample x, ⟨E0⟩ is the mean energy of the incident beam reaching the detector when

there is no sample, var(·) represents the variance calculated over the corresponding 1000

images calculated using Python numpy.var library, mean(·) represents the average over

those 1000 images, and CF is the clearfield data taken at either 60 kV or 120 kV.
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I then computed the relative mean energy images, ⟨E⟩ / ⟨E0⟩, by taking the ratio

γ ⟨E⟩ /γ ⟨E0⟩. Again, I extracted the average values within a smaller centered region

inside each thickness step.

To calculate the theoretical mean energy passing through a certain thickness of the

corresponding material (Si or Cu), I used the Python Spekpy library [42] to generate

the spectrum, adding that amount of material as an extra filter. For example, when

generating the mean energy of the spectrum after it passes through 0.48 mm of Si at 60

kV, I kept everything else unchanged but added an extra filter of that thickness of Si when

generating Sd1(E), and then computed the mean energy of that spectrum. Subsequently,

I computed the theoretical relative mean energy by dividing this by the mean energy of

the incident spectrum, namely Sd1(E) or Sd2(E), depending on the tube voltage used.

The mean energy for Sd1(E) was 32.03 keV, and for Sd2(E) was 61.91 keV.

The results are illustrated in Figure 6.8. The error bar on the x-axis represents the

uncertainty in the thickness of the step wedges, while the error bar on the y-axis represents

the standard deviation of the values in the extracted regions divided by the square root of

the number of points in that region. Notice that, as more materials were passed through,

the relative mean energy increased progressively, except for the Cu wedge at 60 kV.

This observation was a direct demonstration (or even measurement) of beam-hardening,

which also emphasised the challenges of analysis in real XCT systems. The experimental

data points were unstable, with the instability mainly arising from variance calculations.

The experimental relative mean energy data deviated from the trend indicated by the

theoretical calculations: both curves at 120 kV showed similar trends but with a different

offset for the Si wedge, whereas both at 60 kV were lower than the theoretical values.

This further demonstrated that the theoretical model did not account for all phenomena

that happened experimentally.

6.4 Fitting the Spectrum to Obtain a 2M Model

If we assume all deviations from theory are due to an incorrect spectrum model, we can

try to fit the correct spectrum to the experimental data. This approach would enable us

to use optimisation methods to solve Equations 5.4 and 5.5 and perform tomography, as
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Figure 6.8: Relative mean energy analysis of the 1D Si and Cu step wedges, varying with
material thickness, at 60 kV and 120 kV, respectively. Experimental data x-axis error bar: the
uncertainty in the thickness of the step wedges; y-axis error bar: the standard deviation of the
values in the extracted regions divided by the square root of the number of points in that region.

done in simulations (Section 5.4). In this section, I analyse the single-material wedges,

namely sets 3, 4, 7, and 8, as mentioned in Section 6.1. This analysis elucidate why I

did not choose to directly fit the two spectra using the obtained data, highlighting the

challenges in this approach.

I plotted − ln(T ) (where T is the transmission) as a function of the thickness of

the corresponding material for the following three cases, as shown in Figure 6.9. Note

that in the monochromatic case, − ln(T ) is the attenuation and is directly proportional to

thickness of material. Here I refer to − ln(T ) as polychromatic attenuation for convention.

The analysis process for these plots follows:

1. Experimental data
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I calculated the transmission image for each set (3, 4, 7, and 8) using Equation

6.1. Similar to the process used in creating the transmission table for 2D data in

Section 6.1, I extracted the average transmission values within a smaller centered

region inside each thickness step. Taking − ln of these values yields the scattered

points shown in Figure 6.9. The error bar on the x-axis represents the uncertainty

in the thickness of the step wedges, while the error bar on the y-axis represents the

standard deviation of the values in the extracted regions divided by the square root

of the number of points in that region. In this case, they were so small that they

were essentially within the circular points.

2. Theoretical data

The theoretical transmission data Ttheory were calculated as follows:

Ttheory =
∑
E

Sdi(E)e−µjtj , (6.5)

where i = {1, 2}, Sdi corresponds to the two theoretical normalised spectra shown

in Figure 6.5, j = Si or Cu, µj represents the theoretical attenuation coefficient for

Si or Cu, as retrieved from NIST.XCOM [28], and tj is the thickness given by the

x-axis values.

3. Best fit data

I directly fitted the spectrum in this case to obtain the best-fit data, Sf1(E) and

Sf2(E), as shown in Figure 6.10. In both the 60 kV and 120 kV cases, I attempted

to minimise the square error between the transmission table shown in Figure 6.4

and the table generated using the fitted spectra correspondingly.

For 60 kV, the optimisation parameters were the thickness of the filters. The reason

I varied only the thickness and material of filters when fitting the spectrum was that

I observed that the data generated with the theoretical spectrum basically agreed

with the trend of the experimental data (see Figure 6.9). Therefore, I assumed

the spectrum at 60 kV accounted for most phenomena happening at the detector,

and only minor adjustments needed to be made. I set three different filters to vary

thickness: Al, Si, and Cu, and the initial guess was the theoretical spectrum Sd1(E).
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The best-fit spectrum, Sf1(E), was given by Al of 0.5 mm and Cu of 0.0023 mm

(no Si).

For 120 kV, I observed that the data generated with the theoretical spectrum was

off the trend of the experimental data (see Figure 6.9). In this case, I started the

initial guess with a normalised flat spectrum and allowed the spectrum parameters

(heights of each bin) to vary directly to minimise the square error, which then gave

the best-fit spectrum Sf2(E) shown in Figure 6.10.

The transmission data generated by the best-fit spectra can be calculated using

Equation 6.5, with Sdi(E) replaced by the best fit spectra Sfi(E) accordingly.

Figure 6.9: Polychromatic attenuation (− ln(T )) analysis of the 1D Si and Cu step wedges,
varying with material thickness, at 60 kV and 120 kV, respectively. Experimental data x-axis
error bar: the uncertainty in the thickness of the step wedges; y-axis error bar: the standard
deviation of the values in the extracted regions divided by the square root of the number of
points in that region. Here, they are so small that they are essentially within the circular points.
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Figure 6.10: Two normalized best-fit spectra in the detector space, plotted alongside the two
normalized theoretical spectra.

Even with the best-fit spectrum I obtained, the generated data still did not quite follow

the trend of the experimental ones. Particularly in 60 kV Cu and 120 kV Si; I was not able

to get the tail to match the correct trend (or shape). Additionally, in the difference images

of the transmission tables obtained directly from experiments (Figure 6.4) and those

generated using the best-fit spectra, I did not observe a random pattern, which would

indicate a decent fit. This underscored the difficulties in directly fitting the spectrum and

indicated that spectrum fitting alone might not account for all discrepancies. There could

be other X-ray or matter interactions at play. The model did not account for everything

that happened experimentally, and identifying the missing elements without more clues

would be very challenging. This is also why the AM model has not been validated in

experiments before — the difficulty in obtaining the exact spectra and accounting for all

interaction phenomena, both of which are necessary for the AM model.

One interesting observation was that, while the theoretical polychromatic attenuation

aligned more closely with the experimental data at 60 kV than at 120 kV, the opposite

held for the relative mean energy analysis, especially for Cu at 60 kV. This discrepancy

certainly highlighted the insufficiency of the model and suggested that this could be a

valuable focus for future work.
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6.5 Other Methods to Obtain a 2M Model

Since spectrum fitting proved to be not useful, I investigated other methods that could

be applied using the transmission tables to obtain the 2M model.

Upon inspecting the experimental polychromatic attenuation data illustrated in Fig-

ure 6.9, I observed that the smooth variations may be captured by a polynomial function.

I fitted a 2nd-order polynomial, P1(tSi, tCu) and P2(tSi, tCu), where tSi and tCu represent

the thicknesses of Si and Cu, to the transmission table at 60 kV and 120 kV, respectively.

Given the measured transmission values at two energies for an object of interest, m1

and m2, I calculated the object’s equivalent thickness as a combination of tSi and tCu, as:

tSi, tCu = argmin
tSi,tCu

[
(P1(tSi, tCu) − m1)2 + (P2(tSi, tCu) − m2)2

]
, (6.6)

where the optimisation method used for finding tSi and tCu was the Nelder-Mead algo-

rithm [47] provided by the Python scipy.optimize.minimize library. However, through

simple simulations, I found that this approach did not extrapolate well beyond the mea-

sured regions of the table and became very unstable.

Another approach is that one can use the table directly as a model. By employing

linear extrapolation, we can extend the table to data outside its original range, for ex-

ample, from 10 × 10 to 20 × 20, or even to accommodate negative thicknesses. This

extension allows us to handle a wider range of measurement data for objects of inter-

est. Subsequently, we can use linear interpolation to calculate equivalent thickness as a

combination of tSi and tCu. This approach will be discussed in the next chapter.

In summary, I have presented the 2D transmission tables along with their analysis

and have demonstrated why spectrum fitting was not chosen using the experimental cali-

bration process: the model did not account for everything that happened experimentally.

Therefore, I investigated other methods that could be applied, using the transmission

tables directly, to obtain the 2M model. Theoretically, these methods should be less

time-consuming as they do not require a massive fitting procedure to find the optimised

results through random combinations and are also easier to implement as they do not

require spectrum information. These will be further discussed and applied in the next

chapter to examine the performance of the 2M model in experiments.
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Chapter 7

Implementation of the Two-Material

Model Through Experiments

In this chapter, I explain in detail how I use the transmission table directly as a model

to obtain a 2M model and test its performance on several test objects. This represents

original work on implementing the two-material model experimentally with polychro-

matic data using a conventional X-ray detector. The results highlight the complexities

introduced when dealing with real data compared with the scatter-free models used in

simulation.

7.1 Developing the 2M Model Directly from Mea-

surements

In Figure 6.4, the directly measured transmission tables contain only 10 thickness steps

for each basis material. These are generally insufficient for accurately estimating mea-

surements across a wide range of objects. Therefore, in this section, I first describe how I

expanded these tables to accommodate measurement data beyond the directly measured

regions, as well as discuss how I enhanced the resolution to address finer thickness steps

in the basis materials. Subsequently, I illustrate how I used the extended and refined

tables to obtain a 2M model for determining the equivalent thickness of the object of

interest.
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7.1.1 Extending, Linearly Extrapolating, and Cubic-Spline In-

terpolating the Transmission Tables

In this section, I present how I extended, extrapolated and smoothed the directly mea-

sured transmission tables in Figure 6.4 to handle a wider range of measurement data of

interest.

Extending: I first extended the tables presented in Figure 6.4 from 10 × 10 to 11 ×

11 by adding the first row (layers of Cu with 0 layers of Si) and the first column (layers of

Si with 0 layers of Cu), using the data from the 1D step wedges (sets 3, 4, 7, 8 mentioned

in Section 6.1). By definition, the transmission for 0 layers of Si and 0 layers of Cu

(top-left corner) is simply 1. The extended tables are shown in Figure 7.1.

Figure 7.1: Extended transmission tables generated at 60 kV and 120 kV, respectively. From
top to bottom: Si with thickness ranging from 0.0 mm to 4.8 mm. From left to right: Cu with
thickness ranging from 0.0 mm to 0.8 mm.

Linear Extrapolating: To enable the transmission table to account for a wider

range of measurement data, I applied linear extrapolation to extend the table from its

original maximum thickness of x and y to 3x and 3y maximum thickness, in this case

from 11 × 11 to 33 × 33. Observing that the values in the transmission table vary slowly

and that the change in gradient due to beam-hardening is much lower when passing

through substantial amounts of Si and Cu (reaching the edges) than when going through

little material. I assumed that for each row and column, the gradient thereafter follows

that provided by the last point and the second-to-last point of that row or column. The

extrapolated tables are shown in Figure 7.2.
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Figure 7.2: Extrapolated transmission tables generated at 60 kV and 120 kV, respectively.
From top to bottom: Si with increasing thickness, starting from 0.0 mm and increasing at an
interval of 0.48 mm. From left to right: Cu with increasing thickness, starting from 0.0 mm
and increasing at an interval of 0.08 mm.

Cubic-Spline Interpolating: Finally, I created a smoother table using code from

Andrew that was realised based on the scipy.interpolate.RectBivariateSpline library in

Python. I zoomed in on the table by a factor of 10, transforming it from 33 × 33 to 330

× 330. Note that in this step, I did not extrapolate any new data; I simply increased

the table’s resolution. Consequently, Si now increases at an interval of 0.048 mm, and

Cu at an interval of 0.008 mm. The smoothed tables are illustrated in Figure 7.3. These

tables will also be the ones I use for subsequent analysis. For convention, I refer to them

as Tab1 for 60 kV and Tab2 for 120 kV.

Figure 7.3: Smoothed extrapolated transmission tables generated at 60 kV and 120 kV, respec-
tively. From top to bottom: Si with increasing thickness, starting from 0.0 mm and increasing
at an interval of 0.048 mm. From left to right: Cu with increasing thickness, starting from 0.0
mm and increasing at an interval of 0.008 mm.
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7.1.2 Linear Interpolation to Obtain a 2M Model

In this section, I explain how I used the extrapolated and smoothed tables from Figure

7.3 to determine the equivalent thickness of the object of interest. I further employ

a simulated example to examine the performance of this method in comparison to the

method applied to the simulations (Section 5.4).

For the transmission data obtained for an object, T1 at 60 kV, and T2 at 120 kV, I

determined the equivalent thickness as a combination of Si thickness of B1 cm and Cu

thickness of B2 cm using Tab1 and Tab2 through the following steps:

1. I first identified the position (x0, y0) on the table that minimise the square error:

x0, y0 = argmin
x,y

[
(Tab1(x, y) − T1)2 + (Tab2(x, y) − T2)2

]
. (7.1)

Note that this is only robust because T1 and T2 are both monotonic functions of B1

and B2.

2. I extracted a 3 × 3 region from each table with (x0, y0) as the center.

3. I fitted a linear surface aix + biy + ci (where i = {1, 2}, ai, bi and ci are constants)

to the 3 × 3 region of Tab1 and Tab2, respectively.

4. Lastly, within the 3 × 3 region, I pinpointed the position (xmin, ymin) by finding:

xmin, ymin = argmin
x,y

[
(a1x + b1y + c1 − T1)2 + (a2x + b2y + c2 − T2)2

]
. (7.2)

The determined position (xmin, ymin) essentially provides the thicknesses B1 and B2:

B1 = 0.0048 · ymin cm, and B2 = 0.0008 · xmin cm.

To validate the proposed approach of using the transmission table directly, I compared

the B1 and B2 values obtained by the proposed interpolation method with those estimated

using the optimisation method from Chapter 5, given ideal spectra. Figure 7.4 shows the

solved B1 and B2 of a simulated example of 10 increasing thicknesses of marble (CaCO3),

from 0.2 mm to 2mm. Marble has an effective atomic number of 15.35, so it falls within

the atomic number range determined by the basis materials. I plotted the solved Si

thickness B1 and Cu thickness B2 at each thickness using:
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1. Solutions obtained through the method applied in simulations (Section 5.4), i.e.,

direct optimisation using the Python scipy.optimize.minimize library and the theo-

retical spectra presented in Figure 6.5.

2. Solutions obtained using the interpolation method on the 10 × 10 theoretical tables

generated with the theoretical spectra (Figure 6.6).

3. Solutions derived from the interpolation method on the extrapolated and smoothed

330 × 330 theoretical tables. These tables utilised the same extrapolation and

smoothing method presented in the preceding section but applied to these theoret-

ical 10 × 10 tables.

For consistency, I relied on all simulated results, i.e., theoretical tables generated using

theoretical spectra produced by the Python Spekpy library, rather than the experimental

tables previously presented. The results presented in Figure 7.4 provided insight into

how the extrapolation and zoom-in resolution approaches can improve the accuracy of

determining B1 and B2, using the method described in Section 5.4 as a ground truth

(since this method has proven effective). The thicknesses derived from the 10 × 10 tables

were unstable and did not follow the trend set by the ground truth, and the B2 values

were all confined to nearly 0 since the ground truth values of Cu thickness were below

the thickness steps of the tables (< 0.008 cm). In contrast, those obtained from the 330

× 330 tables aligned more closely with the ground truth values. The instability in the

B2 values derived from the 330 × 330 table might also be due to the small ground truth

values of Cu. This could be tested and confirmed by using a material other than marble,

which contains a higher portion of Cu. However, this was omitted here due to time

constraints. Furthermore, the results validated that this interpolation method applied to

the 330 × 330 tables would yield reasonable outcomes. Therefore, we can proceed to test

the performance of the method on experimental samples, which will be detailed in the

next section.
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Figure 7.4: Si thickness B1 and Cu thickness B2 determined for a simulated example of 10
increasing thicknesses of marble (CaCO3) using: (1) the method from simulations (Section 5.4);
(2) interpolation method on the 10 × 10 theoretical tables; (3) interpolation method on the
330 × 330 theoretical tables. The B2 values derived from the 10 × 10 table are all confined
to nearly 0 since the ground truth values of Cu thickness are below the thickness steps of the
tables (< 0.008 cm).

7.2 Experimental Testing of the 2M Model on Test

Objects

7.2.1 Method

In this section, I apply the method presented in Section 7.1.2 to different test objects to

examine the performance of the 2M model.

I used the following sets of test objects (also called phantoms), as illustrated in Figure

7.5:

1. Al step wedge: 13 steps, each with a thickness of 0.4 mm, placed on 1 mm of

glass.

2. Steel step wedge: 10 steps, each with a thickness of 0.1 mm, placed on 1 mm of

glass. The cut-off edge of the thickest step is marked by a black line.

3. Glass step wedge: 6 steps, each with a thickness of 1 mm. The cut-off edge of

the thickest step is marked by a black line.
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4. Ti step wedge: 10 steps, each with a thickness of 0.1 mm. The thickest step is

placed on a smaller region to the right of the second-thickest step (See Figure 7.5).

5. Three cylinders: An Al cylinder with a diameter of 8.25 mm, a marble cylinder

with a diameter of 10.4 mm, and a steel cylinder with a diameter of 2.5 mm (from

Hozan Ball Point Wrench Set W-110, made of alloy steel).

Figure 7.5: Phantoms used to test the performance of the 2M model. From left to right: steel
wedge (10 steps), glass wedge (6 steps), Al wedge (13 steps), Ti wedge (10 steps), Al cylinder
(d = 8.25 mm), marble cylinder (d = 10.4 mm), and steel cylinder (d = 2.5 mm).

Andrew and I took X-ray images (or radiographs) of each set using the same exper-

imental setup described in Section 6.1, at both 60 kV and 120 kV. For set 5, we bound

the three cylinders together and took images of them as a single unit. For each set, we

averaged 40 captured X-ray images to improve the signal-to-noise ratio.

I calculated the transmission image for each set at 60 kV and 120 kV using Equation

6.1. Figure 7.6 displays the transmission image calculated at 60 kV for the five sets of

phantoms.

Using the method described in Section 7.1.2, I determined the equivalent thicknesses

B1 and B2 of the basis materials Si and Cu. For sets 1 - 4, I extracted the average values

from a smaller centered region within each thickness step and calculated B1 and B2 for

each step. For set 5, I performed this calculation for every pixel.

For each set, I plotted:

1. Experimentally reconstructed B1 and B2 and compared them to the ideally recon-

structed B1 and B2 values. These ideal values were calculated first by generating
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Figure 7.6: Transmission images calculated at 60 kV for Al, steel, glass, and Ti step wedges,
as well as the three-cylinder phantom (from left to right: the thinnest rod is steel; top right is
marble; bottom right is Al).

the corresponding ideal transmission values for given material thicknesses. Then, I

applied the same procedure in simulation with the optimisation method provided

by the Python scipy.optimize.minimize library, assuming the spectra to be Sd1 and

Sd2 as outlined in Section 6.2. Note that it was previously observed that the spectra

Sd1 and Sd2 did not correctly predict attenuation and therefore were unlikely to be

accurate. Consequently, these values were not theoretical but merely provide an

indication of the general trend that B1 and B2 should approximately follow.

2. I also plotted reconstructed effective mass thickness, denoted as ϱ (density multi-

plied by thickness), which was calculated for each pixel in the radiographs by:

ϱ = B1ρSi + B2ρCu, (7.3)

where ρSi and ρCu are densities of Si and Cu, respectively, retrieved from

NIST.XCOM [28]. Note that since radiographs are projections of densities, it is

not possible to directly reconstruct the density of a step wedge or cylinder without

a priori knowledge about the objects (such as their projected thickness).

Since the material thickness and density are known, for these samples we can com-
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pare with theoretical values given by:

ϱtheory =
∑

i

tiρi, (7.4)

where ti corresponds to the thickness (in cm) of material i with density ρi. For

example, ϱtheory for the first step of the Al wedge (0.4 mm thick Al on a 1 mm glass

slide) should be 0.04ρAl + 0.1ρglass.

7.2.2 Results & Discussions

Note that in this section, ‘reconstructed B1 and B2’ refer to the thickness of Si (B1)

and Cu (B2) calculated pixelwise in each particular radiograph using the method de-

scribed in Section 7.1.2. The term ‘reconstructed effective mass thickness’ refers to the

corresponding value determined using Equation 7.3.

Figures 7.7 and 7.8 show the reconstructed equivalent Si thickness B1, and equivalent

Cu thickness B2, and the reconstructed effective mass thickness, for the glass, Al, Ti, and

steel step wedges (sets 1 - 4). The reconstructed effective mass thicknesses are plotted

alongside theoretical curves generated using Equation 7.4, with straight lines fitted to the

reconstructed data, and the reconstructed B1 and B2 values are plotted together with

their corresponding ideal reconstruction data. Note that they are ordered in increasing

density as well as atomic number: glass (ρeff = 2.23 gr/cm3, Zeff = 11.65), Al (ρ = 2.7

gr/cm3, Z = 13), Ti (ρ = 4.506 gr/cm3, Z = 22), and steel (ρ = 7.86 gr/cm3, Z = 26).

From the B2 image of glass and Al wedges (in Figure 7.7), one can observe that the

ideal values were negative, which was as expected because glass and Al fall outside the

atomic number range defined by the basis materials, as discussed in Chapter 5 where

negative values were required. However, since I did not find a robust way for the trans-

mission tables to cover this range, so most of the time, they were confined to 0. This

caused the algorithm to compensate with less Si, resulting in inaccuracies. Nevertheless,

the gradients in the reconstructed effective mass thickness for glass and Al wedges roughly

followed the trend of the theoretical predictions.

I attempted to extrapolate the table to account for negative values using linear ex-

trapolation. Essentially, each point in the negative part was derived from calculations
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involving three points from the original (positive) table. However, this negative extrapo-

lation produced extremely unstable results during the analysis, so I chose not to use this

approach. For future work, it might be beneficial to find an extrapolation method that

takes the entire table into account, rather than just three points, to generate a smoother

negative section, which could potentially lead to more stable results.

When inspecting the Ti and steel wedges, both of which fall within the range defined

by the basis materials, it was surprising that their gradients in the reconstructed effective

mass thickness significantly deviated from the trend of the theoretical ones. From their

B1 and B2 images, it was evident that the reconstructed B1 was higher than the ideal

one, while B2 was lower than the ideal one, indicating that one or both measurements

of the basis material wedges contained significant unknowns about either the spectra or

other X-ray interactions not modelled.

Figure 7.9 displays the reconstructed B1 and B2 maps for the three-cylinder phantom

(set 5), with line profiles generated along the red, green, and blue lines, respectively.

These profiles are plotted alongside the values that would ideally be obtained. Figure 7.10

depicts the reconstructed effective mass thickness map for the three-cylinder phantom.

Line profiles generated along the red, green, and blue lines are also shown, compared with

the theoretical values derived from Equation 7.4.

The B1 and effective mass thickness images for marble (ρeff = 2.7 gr/cm3, Zeff

= 15.35) and Al generally agreed with the ideal and theoretical predictions. However,

there were artifacts at the edges of the Al cylinder reconstructions: double cylinders

(additional edge-like features) in the reconstructed images and sudden turning points in

the line profiles. These artifacts were potentially result from the solution crossing over

the original regions of the tables into extrapolated regions (around 5 mm thick matching

the thickest Si step). On the other hand, the reconstructed parts for steel significantly

deviated from the predictions. Specifically, it underestimated the amount of Cu (B2) and

compensated with a larger amount of Si (B1), which was incorrect but consistent with

the B1 and B2 results for the steel step wedge shown in Figure 7.7. The flat tops in the

B1 images for steel indicated that the solved Si thickness reached the boundaries or edges

of the transmission table.

From the results of the radiograph analysis, it appeared that errors increased as the
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atomic number or density increased. In most cases, due to the inaccurate underestimation

of Cu, the algorithm attempted to compensate with more Si, resulting in significant errors.

Upon examining the B1 and B2 maps of the three-cylinder phantom, I concluded that

it was highly likely that there were substantial uncertainties or phenomena not captured

in the model for the measurements of the Cu step wedge. One potential explanation

for these results could be Compton scattering recaptured at the detector. Assuming

that Compton scattered X-rays travel in all directions, I can estimate the fraction of the

total scattered X-rays that would be detected by dividing the area of the detector by

the area of a sphere with a radius equal to the distance from the object to the detector.

This fraction was around 3.5%, which should be insignificant. However, generally, higher

density is associated with greater Compton scattering, and since Cu has density of 8.96

gr/cm3, it is particularly susceptible. During the measurement of the Cu wedge, scattered

X-rays may have been measured, causing our original table to record more transmission

data than expected. Consequently, this could lead to predictions of much less Cu than

theoretically expected.

Another potential factor affecting the measurements could be off-focal X-rays from

the source. Despite our efforts to center a 1.5 mm lead aperture to mitigate this issue,

there may still be some leakage that could blur the images. From Figure 6.2, this could

cause blurring in the images by merging data from neighboring steps of the step wedge.

In summary, in this chapter, I have illustrated the method of applying the transmission

tables to measured data to obtain a 2M model and tested its performance with several

phantoms composed of different materials. The resulting errors between the reconstructed

experimental data and theoretical predictions showed greater deviations with increasing

atomic number or density of the target material being imaged. The overall significant

discrepancy indicated that the model requires improvement for proper implementation

in experiments. I have also outlined potential reasons that can be considered as future

directions.

While I had the tools to perform tomographic reconstruction from radiographs taken

from different viewing angles, this would not be successful (i.e., free of artifacts) until the

discrepancies between the expected and measured projections are reduced.
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Figure 7.7: Reconstructed equivalent Si thickness B1 and equivalent Cu thickness B2 for
the glass, Al, Ti, and steel step wedges, plotted alongside values from ideal reconstructions.
Reconstructed data x-axis error bar: the uncertainty in the thickness of the step wedges; y-axis
error bar: the standard deviation of the values calculated in the extracted regions divided by
the square root of the number of points in that region. Here, they are so small that they are
essentially within the circular points.
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Figure 7.8: Reconstructed effective mass thicknesses for the glass, Al, Ti, and steel step wedges,
with a linear curve fitted (cyan), and plotted alongside theoretical curves. Reconstructed data
x-axis error bar: the uncertainty in the thickness of the step wedges; y-axis error bar: the
standard deviation of the values calculated in the extracted regions divided by the square root
of the number of points in that region. Here, they are so small that they are essentially within
the circular points.
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Figure 7.9: Reconstructed equivalent Si thickness B1 and Cu thickness B2 maps for the three-
cylinder phantom. The leftmost, thinnest rod is steel; the top right is marble; the bottom right
is Al. The corresponding line profiles are generated along the red lines (for steel), green lines
(for marble) and blue lines (for Al).
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Figure 7.10: Reconstructed effective mass thickness map for the three-cylinder phantom. The
leftmost, thinnest rod is steel; the top right is marble; the bottom right is Al. The corresponding
line profiles are generated along the red line (for steel), green line (for marble) and blue line
(for Al).
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Chapter 8

Conclusions & Future Work

8.1 Concluding Remarks

In this work, we proposed a two-material (2M) model, inspired by [33], to obtain quanti-

tative measurements in multi-energy XCT and mitigate beam-hardening artifacts. This

model has the potential to be simpler than the well-known Alvarez-Macovski (AM) model

as it does not require knowledge of the spectrum. The AM model approximates the X-

ray attenuation for a material as a simple function of its density, atomic number, and

the energy of X-rays. The 2M model assumes that X-ray attenuation for a material can

be represented as a linear combination of the attenuation of two known materials (i.e.,

basis materials). Given the ratio of these materials the density and atomic number of

the target material can be estimated. This work is, to my knowledge, the first time

that the 2M model has been applied to polychromatic radiation in a standard laboratory

configuration.

Through simulations, I demonstrated that the 2M model is more robust in the presence

of some uncertainties than the AM model. It showed improved beam-hardening correction

and provided comparable quantitative results (with densities and atomic numbers having

a relative error within 10%) compared to the AM model for phantoms composed of

different materials. It was observed that for materials with atomic numbers outside the

range defined by the two basis materials, negative volume fractions of the basis materials

were required. However, modeling such negative fractions in the lab practice can be

challenging. Therefore, one consideration when applying the 2M model is the choice

of basis materials. A limitation of the 2M model is its inaccuracy for materials whose

atomic numbers fall outside the range defined by the basis materials. Opting for a

higher atomic number material as one of the basis materials, such as Cu with an atomic
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number of 29 in this work, expands the applicability of the model to a broader range

of materials. However, higher atomic number materials exhibit K-edge discontinuities

in their attenuation curves at higher energies (≥ 10 keV), which can affect the fitting

process and impact the accuracy of quantitative results. Note that based on simulation

results, the choice of Cu as one of the basis materials was acceptable for the 2M model.

Through experiments, I showed that the exact form of the spectra was hard to obtain

by direct fitting, since our theoretical model for generating the expected spectra does not

yet accurately account for all phenomena occuring in the experiment. The exact form

of the spectra is required for the AM model; however, it is not necessary for the 2M

model. As an alternative, I used a transmission table containing various combinations

of transmission (equivalently attenuation) values for the basis materials, constructed by

imaging two step wedges, Si and Cu. I then used this table directly to estimate the

approximate positions of the measured values. Theoretically, this method should be less

time-consuming as it does not require a massive fitting procedure to find the optimised

results through random combinations and is also more accurate and easier to implement

as it does not require spectrum information or a model at all. I applied the 2M model

obtained using this method to several phantoms composed of different materials to test

its performance. However, the results showed larger errors than expected. The resulting

errors between the reconstructed experimental data and theoretical predictions showed

greater deviations with increasing atomic number or density of the target material being

imaged, particularly larger for Ti and steel. One potential factor for this is Compton

scattering, which is more significant for higher density, causing scattered X-rays to be

measured during the measurement of the Cu wedge, so the table possibly recorded more

transmission data than expected. Another potential factor is that the off-focal X-rays

from the source were not completely blocked, which could cause blurring in the images by

merging data from neighboring steps of the step wedge. The trend of the reconstructed

experimental data for low-atomic number materials (glass, Al, and marble) followed the

theoretical predictions; the errors mainly came from the table not accounting for negative

values.

In summary, the experimental work uncovered some important discrepancies between

model predictions and measured transmission; understanding these discrepancies will be
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essential for achieving quantitative XCT.

8.2 Future Directions

Future work should focus on investigating the 2M model in laboratory XCT, in the

following directions:

1. Investigating the cause for the discrepancy in X-ray transmission through high-

atomic number materials. This can be done by properly modeling the X-ray source

using multicolor particle simulation software, such as TOPAS [48], to see if the

Compton scattered X-rays and off-focal X-rays play an important role in each case.

2. Extrapolating the transmission table to account for negative values to further de-

crease the error for materials that fall outside the range defined by the basis ma-

terials. As mentioned in Section 7.2.2, the current negative extrapolation model is

very unstable. Due to time constraints, I used the one with only positive values.

However, it is worth considering finding an extrapolation method that takes the

entire positive table into account to generate a smoother negative section. This

should lead to more stable results for some material combinations.

3. Further investigating spectrum fitting. Although this method was time-consuming,

it showed promising results in simulations. It is worth trying other fitting methods,

as well as considering missing parts in the detector space (this can also be investi-

gated through modeling the X-ray sources mentioned in step 1 of future directions)

to obtain the exact form of the spectrum and run optimisations to find solutions

directly.

4. Using other basis materials. In this work, Cu was chosen as one of the basis mate-

rials in both simulations and experiments. However, it was observed that its high

atomic number can significantly affect the reconstruction of target materials. It is

reasonable to try a relatively low-atomic number material, such as Ti, to redo the

experiments (as well as simulations) to see how the results will change.
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5. Improving experimental setups. For example, a better aperture (smaller diameter)

for the source to minimise the off-focal X-rays, and an anti-scatter grid for the

detector to minimise the effects of scattering. Additionally, step-wedges with less

uncertainty in thickness or higher purity may be developed.

6. Tomographic reconstructions. Due to time constraints, I concluded the experiment

part by discussing only radiography reconstructions (the simulations were all on to-

mography reconstructions). Although Andrew and I took the data for tomography

reconstructions of the three-cylinder phantom, because of the large inaccuracy in

the steel cylinder as seen in the radiographs, the tomographic reconstructed slice

of this phantom exhibited significant artifacts. Therefore, if through the previous

steps it is possible to obtain decent results for radiography, the next step will be to

test on tomography.

Overall, the 2M model showed some potential in achieving quantitative XCT. How-

ever, this work demonstrates that significant further work needs to be done to understand

the complete X-ray interactions involved before this model can be implemented success-

fully in the lab.

This work emphasises that if we can eliminate all scattering that distorts the accuracy

of measurements in experiments and develop the model to account for negative transmis-

sion (or attenuation) values, the 2M model can (1) effectively eliminate beam-hardening

artifacts in tomographic reconstructions and (2) provide quantitative results, such as the

density and atomic number of materials being imaged, as proven through simulations.
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