Aspects of overdetermined systems of
partial differential equations in projective

and conformal geometry

Matthew Randall

August 2013

A thesis submitted for the degree of Doctor of Philosophy

of The Australian National University

Australian
S/ National

University







Declaration

The work in this thesis is my own except where otherwise stated.

Matthew Randall






Acknowledgements

The author would like to thank the Australian government for support through
an Australian Postgraduate Award and the ANU for support through an ANU
Supplementary Scholarship. The author would like to thank Professor Mike East-
wood for encouragement and supervision, especially for highlighting the impor-
tance of 2-dimensional projective structures and for suggesting that resultants
should appear in the search for obstructions. The author would also like to thank
Professors John Bland, Rod Gover, Paul Tod and Peter Vassiliou for comments

and discussions, and Graham Weir for his observation leading to Section 2.3.1.






Abstract

This thesis discusses aspects of overdetermined systems of partial differential
equations (PDEs) in projective and conformal geometry. The first part deals with
projective differential geometry. A projective surface is a 2-dimensional smooth
manifold equipped with a projective structure i.e. a class of torsion-free affine
connections that have the same geodesics as unparameterised curves. Given any
projective surface we can ask whether it admits a torsion-free affine connection
(in its projective class) that has skew-symmetric Ricci tensor. This is equivalent
to solving a particular overdetermined system of semi-linear partial differential
equations. It turns out that there are local obstructions to solving the system
of PDEs in two dimensions. These obstructions are constructed out of local in-
variants of the projective structure. We give examples of projective surfaces that
admit skew-symmetric Ricci tensor and examples that do not because of non-
vanishing obstructions. We relate projective surfaces admitting skew-symmetric
Ricci tensor to 3-webs in 2 dimensions. We also give examples of projective
structures in higher dimensions that admit skew-symmetric Ricci tensor. The
second part of the thesis deals with conformal differential geometry. On Md&bius
surfaces introduced in [5], we can define an analogous overdetermined system of
semi-linear PDEs as in the projective case. This is called the scalar-flat Mobius
Einstein-Weyl equation and is conformally invariant. We derive local algebraic
constraints for Mobius surfaces to admit a solution to this equation and give local
obstructions. These obstructions are similarly constructed out of local conformal
invariants of the Mobius structure. Again we provide examples of Mobius surfaces
that admit a solution and examples that do not because of non-vanishing obstruc-
tions. Finally, we also investigate the conformally Einstein equation on Mobius
surfaces and derive obstructions. In contrast to the previous two equations, the

conformally Einstein equation is linear.
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Chapter 1
Introduction

This thesis is divided accordingly as follows: Chapter 1 starts with a review of
smooth projective structures, and then introduces the projective Einstein-Weyl
(pEW) equation which will occupy most part of the thesis. We will prolong the
pEW equation and derive a closed system, from which the integrability condition
can be determined. Chapter 2 is concerned with extracting local obstructions for
the existence of solutions of the pEW equation in 2-dimensions. Chapter 3 re-
formulates the pEW equation using tractors, and this chapter can be skipped for
readers not familiar with tractor calculus. The local obstructions derived in Chap-
ter 2 are recalculated in Chapter 3 with a two-fold purpose: 1) to verify accuracy
and 2) to verify the projective invariance of the obstructions obtained. Chapter 4
deals with projective structures in 2-dimensions that admit skew-symmetric Ricci
tensor and relates them to the theory of second order ordinary differential equa-
tions (ODEs) and 3-webs. Chapter 5 gives examples of projective structures that
admit a solution to pEW and examples that do not. In Chapters 6 and 7 we turn
to conformal geometry. In Chapter 6, we discuss a conformally invariant equa-
tion on Md&bius surfaces called the scalar-flat Mobius Einstein-Weyl (sf-MEW)
equation. We proceed to find local obstructions for the existence of solutions to
the st-MEW equation and give examples. In Chapter 7, we discuss the confor-
mally Einstein equation on Mo&bius surfaces and also derive local obstructions.
The reader is assumed to have some knowledge of affine connections, and the
notation for tensorial objects as found in [26]. In particular, an affine connection
is usually denoted with a covariant index like so: V,. Round brackets over the
indices of the tensorial objects denote symmetrisation, e.g. T{q) = %Tab + %Tba,

while square brackets denote skew-symmetrisation like so Tj,) = %Tab - %Tba.
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1.1 Preliminaries

We shall work in the smooth category of manifolds. A projective structure
(M, [V]) on a smooth oriented manifold M is a class of torsion-free affine connec-
tions [V] that have the same unparameterised curves as geodesics. Equivalently,
two torsion-free affine connections V and V are projectively equivalent (and be-
long to [V]) if and only if

~

Vawb = Vawb — Tawb — waa (1.1)

for some 1-form Y,. Details can be found in [15]. The projective transformation
formula (1.1) for connections acting on 1-forms extends to connections acting on

n-forms, where n = dim M by Leibniz rule; as a result, we have
ﬁawbc...d - va(*‘}bc...d - (n + 1)Tawbc...d + (n + 1)T[awbc...d] (12)

for any volume form wy...q4 € I'(A™). However, the last term Y| wy... 4 is identically

zero and hence we have

A~

vawbc...d = V(lwbc...d - (Tl + 1)Tawbc...d-

For oriented projective structures we can find a connection in [V] to preserve
any given volume form locally, i.e. such that V,wp.. 4 = 0 (this connection is
necessarily flat on the bundle A™). To see this, given any connection V € [V],
we have V,wpe. . q = MaWpe..q for some 1-form pu,. This is because the bundle of
volume forms is 1-dimensional, so that its covariant derivative is proportional
to the volume form. Now take the projective transformation to be given by
T, = n+r1 lta, and this normalises the connection so that %awbc,_d = 0, where vV is
projectively related to the V we started with. We then relabel V as V to obtain
a connection for which the volume form is parallel. Since M is oriented, we can
take roots of the volume form and we define the density line bundle £(w) to be
the —-25-th root of A™ (see [15] for more details). Sections of £(w) are projective
densities of weight w. Given o a section of £(w), we have under a projective

change of connection that
ﬁaa =V,0+wY,o.

By definition, £(—(n 4+ 1)) = A" = &pe..qp and the line bundle e q(n + 1)
is trivial. Let €, 4 be the tautological section of this bundle, which satisfies

Va€te.a = 0. The inverse of the tautological form €“?¢ identifies the bundle of



n-forms A" with the density line bundle £(—(n + 1)). For a chosen volume form
wpe...q the associated connection will be called special. A special connection has
the property that its Ricci tensor is symmetric. Given any projective structure we
can always locally restrict to this class of special connections and the projective
changes will be restricted to closed (and hence locally exact) 1-forms Y,. A choice
of volume form wy,... 4 is often referred to as a choice of scale. Any other volume
form consistent with the orientation is of the form Q""w;. 4 for some positive
smooth function 2 and then by (1.2) the transformation rule (1.1) holds with
T, = V,log .

1.1.1 Curvature of a projective structure

Let us now look at the curvature tensor associated to an arbitary torsion-free
affine connection in the general projective class. The curvature of any affine

connection V € [V] decomposes as follows:

Rapa = Wapa + 04Ppa — 0p°Paa — 2Pay04°

where Py, = R + n2171Rba is called the projective Schouten tensor or pro-

n
n?—1
jective rho tensor and R,, = R, is called the Ricci tensor. The totally trace-
free part of R, °; is called the projective Weyl tensor, denoted as W5 It
has the same symmetry properties as the curvature tensor: W% = 0 and
Wa‘a = Wia°e- The projective Weyl tensor is projectively invariant, that is
to say it is a universal polynomial in the jets of the projective structure that is
invariantly defined as a projectively weighted tensor. A projectively invariant
quantity does not change under a projective change of connection. In 3 or more
dimensions, the quantity Y. = ﬁvdwabdc is called the Cotton-York tensor. It
has the symmetry properties Yj,5) = 0 and Yy = Y[4p)e. By the second Bianchi
identity, Y 5. = VoPpe — V3Pge. In 2 dimensions the projective Weyl tensor van-
ishes identically due to symmetry considerations. However we can define the
quantity Yape = VoPpe — VP, just as well in 2 dimensions. It turns out to be
projectively invariant. This quantity is known as early as 1889 by Roger Liou-
ville (see [4]), but as tradition decrees it is more befitting to again call it the
Cotton-York tensor. The skew-symmetric part of the projective rho tensor Py
is called the Faraday 2-form F,,. It is always exact, i.e. Iy = V|zap for some
I-form ag, and hence it is always closed, i.e. V(o Fyq = 0. If we restrict to a class
of special connections in [V] this forces F,, = 0, and hence the Ricci tensor (and

the projective rho tensor) for any special connection is symmetric. Given any
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projective structure [V], we ask is it always possible to find a connection in [V]
so that the Ricci tensor is skew, i.e. R = 07 The answer turns out to be no,

as we see in the following section.

1.2 An analogue of Einstein-Weyl equation on

projective manifolds

The condition of a projective structure admitting a torsion-free affine connection
with skew-symmetric Ricci tensor is equivalent to finding a connection D € [V]
such that the symmetric part of its projective rho tensor can be made to vanish,
i.e. Py = 0. By definition, this condition depends only on the projective class
and is therefore projectively invariant. In this case the projective rho tensor
Pa = Play) = Fy is precisely the Faraday 2-form and the curvature decomposes
into
Rapa = Wap a4 04" Frag — 0p° Faqg — 2F4404°.

Choosing any V from [V], we have

D,wy, = Vawp + aqwy + appw, (1.3)

for some 1-form a, by the projective transformation formula (1.1). Here the
connection D, has skew-symmetric Ricci tensor. We can use the background
connection V, and its associated curvature to write down conditions on «, to
admit skew-symmetric Ricci tensor. It is well known that the projective rho
tensor transforms accordingly as ﬁab = Py — V., Ty + T, T, under a projective
change of connection, where Y, is some 1-form. Hence using (1.3) the skew-

symmetric Ricci condition is equivalent to asking whether

0= ﬁ(ab) = V(e + @qp + Pap)
for some 1-form «,. This is the pEW equation written in terms of an arbitary
connection V € [V]. However, the preferred background connection V, we will
work instead with is the special one so that V,wp.. . = 0. Note however that
the connection D, we are looking for with skew-symmetric Ricci tensor does not
lie in the special class of connections. Normalising the projective structure by
taking the class of special connections in [V], the projective rho tensor Py, = Pap)
becomes symmetric. Taking V, as the background representative for the special

class of connection we obtain the projective Einstein-Weyl equation:

V(aQ) + aqop + Py, = 0. (1.4)
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Observe that «, is not necessarily exact. In fact ﬁab = Fup = V[,ay and we can
rewrite (1.4) as

Voo + gy + Py = Fu. (1.5)
Exactness of «, implies F,;, = 0. In this case we can write «a, as a gradient
of some function f, i.e. o, = V,f. Now let 0 = ¢/. Then V,o = V,(¢f) =
e/Vof = oV, f, and therefore

VoV 4+ Papyo = V(o Vi f) + Payyo

= (Va0 )(Vif) + 0(VoVif) + Payyo

=0(Vaf)(Vof) + 0(VoVif) + Panyo

= 0(Veap + agon, + Papy)

=0
provided that (1.5) holds. But the left hand-side of this expression is none other
than projectively invariant Hessian operator [7] which determines whether a pro-
jective structure admits a representative in its connection class that has Ricci
curvature zero. The projective Einstein-Weyl equation can therefore be seen as a
generalisation of the projective to Ricci-flat (or projectively Einstein condition),
recovering the latter equation when the 1-form «, is exact (since we are working
locally, we can also make do with a, being closed, i.e Fy, = 0). This is the
main reason for justifying the nomenclature Einstein-Weyl: The Einstein-Weyl
equation in conformal geometry (see [12] and [13]) generalises the conformal-to-
Einstein equation exactly in the same manner. The solution to (1.4) is the 1-form
a, determined up gauge equivalence: a projective transformation changes o, by
a locally exact 1-form. While the projective invariance of (1.4) is automatic from
the projectively invariant geometric condition the equation determines, it can

also be verified by direct calculation.
Proposition 1.1. The equation (1.5) is projectively invariant.
Proof. Under a change of projective scale,
ap = ap = ap + Ty,

Pab > Py = Pay — Vo Ty + Lo Lo,

Fap v Fop = Fp + Vi Ty = Fa,
where T is a closed 1-form. Hence we obtain

Vo = Vady — Yoty — Vs

= VaOéb + VOL'Tb - Taab - TaTb - Tbaa - TaTbu



and so

~

VG + Qalip + Poy — Fip
=V, +V, Ty — Yoo — T, Ty — Toa, — Lo Yo

+ agap + Yoo + Ty, + Lo Xy + Popy — Vo Xy + 1, Ty — Fyy
=V + gy + Pap — Fap,

verifying the projective invariance of (1.5). O

1.3 Prolongation and integrability conditions

Applying the theory of prolongation developed in [3] and [14] to equation (1.4)
gives a closed system. Prolongation involves introducing new unknowns into
the system and trying to solve the derivatives of the new unknowns in terms of
known variables. If this can be done, the system is said to be closed. As an
example, the prolongation of the Einstein-Weyl equation in conformal geometry
is carried out in [12], giving rise to a closed system. The general aim of the
prolongation procedure is three-fold: 1) to get algebraic constraints on the system,
and in the process hopefully derive obstructions to existence of solutions to the
original equation, 2) to get explicit bounds on the dimension of the solution
space of the system, and 3) to read off directly the symbol of the differential
operator associated to the equation. Most of the equations that are prolonged
by this process are overdetermined, that is to say they have more equations than
unknowns. Most of them are also linear in their variables, so that obstructions
and bounds can be readily obtained, e.g. in [4]. However, equation (1.4) and the
Einstein-Weyl equation are semi-linear (linear in the symbol and non-linear in
the lower order terms) and so there is no systematic algorithm developed to find
obstructions for these equations. They also do not share the properties that the
linear equations have. We shall now derive integrability conditions for equation
(1.4). Differentiating
Voo + agap + Poy = Fp

gives
chab - vcvaafb + (vcaa)ab + CYa(chl/b) + VcPab

- vcvaOéb + (Fca - Pca - acaa)ab + aa(Fcb - Pcb - acab> + chab
= Vcva()éb + FcaOfb - Pcaab + aaFcb - aaPcb - 2OCCLOCbOCC + chab-



Exchanging the a and c indices gives
VCLFCb - VOLVCOQ) + Facab - Pacab + acFab - acPab - 2Oéao%o% + vaPcln
and so taking the difference, we obtain
chab - v(chb :chaab + Fcaab — Pcaab + aaFcb - aaPcb - 205a04b050 + chab
- Vavc@b - Facab + Pacab - acFab + acpab + 204(10%040 - vaPcb
:Racdbad + Fcaab - Pcaab + aaFcb - aaPcb + Y;:ab
— LgeQp + Pacab - acFab + acPab
= acdbad + aanc - &cPab + Fcaab - Pcaab + aaFcb - aaPcb + chab
- Facab + Pacab - acFab + acPab
- acdbad + 2Fcaab + aaFcb - acFab + }/czzb-
Since Vi Fyg =0,
chab - vaFcb - chab + Vanc - _vaca
and so
vaac = _vaca = Wacdbad + 2Fcaab + aaFcb - acFab + Ycab
or that
VcF'oLb = Wabdcad + 2F’baac + aanc - abFac - }/;11)0‘ (16)
This expresses the derivative of Fj; in terms of known quantities of the system
and curvature of the system, namely Wy%., Yape, Fup, and a,. The system is now
closed with the 2 equations of the system given by:
VCCVb :Fcb — QO — Pcb

VcPwobb :Wabdcad - Yabc + 2Fbaac + aanc - abFa(r
Taking the derivative of (1.6) once more and skewing the indices gives the equation

WeisFoe — WedaFpe =(VaWap' Dy — (VWar! a)ay + Wa! cFyp — Wap o F oy
+ WabchédOéf — WabfdoécOéf — Wabchdf + Wabfchf
+ VeYard — VaYape + ayWea“ate — aaWea“pae
+ Yeara + 2Ypacta — 2Ypaatte — Yeaato
+AF W Fog + 2F o Fyrg — 2Fp Flug. (1.7)
This is the first integrability condition that must be satisfied for (1.4) to hold.

The algebraic constraint (1.7) has symmetries of the Riemann curvature tensor

and is projectively invariant.



1.4 The pEW equation in flat space

A smooth manifold (M", [V]) with a projective structure is called projectively flat
ifft W,,¢9 = 0 when n > 3, and Y, = 0 when n = 2. In this section we investigate
equation (1.4) on projectively flat manifolds. This is in the same spirit of [12]
where the authors investigate the Einstein-Weyl equation on conformally flat
manifolds. The results we obtain are similar to those obtained in [12], namely
that the only solutions to (1.4) on projectively flat structures are local projective

rescalings of Ricci-flat structures.

Proposition 1.2. On projectively flat manifolds M™ with n > 3, the Cotton

tensor Yy = 0.

Proof. This follows from the vanishing of the projective Weyl tensor. Alterna-
tively, from [15], the curvature tensor on projectively flat manifolds decomposes
into Rupq = 04°Ppa — 0,°Pug, where Py, = ﬁRcacb. Differentiating this equation
gives

veRabCUl = 6acvepbd - 5bcvePad

and so
VeRa a4 = ViPra — ViPoid = Yapa.

By the Bianchi identity,

VeRabcd + vaeacd + VaRbecd = 07

and so
0 =VeRuw 4+ VRea"a + Vallbea
=Yua + (n —1)VpPug — (n — 1)V, Py
=Yopa + (1 = 1)Ypaa
=(2 — n)Yapd,
which implies that Y, . = 0 for n > 3. ]

The closed system for (1.4) in projectively flat space for n > 2 is given by

VcOéb :Fcb — QO — Pcba

VeFuy =2Fpq0c + agFye — abFaca
and the integrability condition (1.7) reduces to

0 = 4FFog + 2F 0 Foq — 2Fpe Fag. (1.8)



We claim that (1.8) forces F,;, = 0. This conclusion is entirely algebraic and has

nothing to do with the form of Fj;,. Rewriting (1.8) as

2FwFea = FyeFog — FacFra (1.9)
and relabelling indices gives

2FFva = FupFea — FaoFog = FapFea + FyeFaa,
and so
AFcaFya = 2FpFea + 2FycFog = FocFaa — Foclva + 2FpcFoa,
which simplifies to
FeaFya = FycFua.

Substituting back into (1.9), we have

FapFea = Feaboa = Foelha

Assume now that Fj;, # 0. Let X Y? be two linearly independent non-zero
vectors generically chosen so that they are not eigenvectors of F;, (viewed as an

n X n skew-symmetric matrix) with eigenvalues 0 and also that
FpXP=m,#0,  FaY"'=1(,#0.
Then
(MY ) Fog =(FupFrog) XY
=(FpeFog) XY
=m.ly
and we have

Fog= fm.ly,

1
mgY @’

tion. Transvecting once more with Y gives

—lg=FY° = fmcycfd = Lq,

where f = If m,Y® = 0, then either m, or {4 is zero, which is a contradic-

forcing ¢4 to be zero, which again is a contradiction. Hence (1.8) forces Fy, = 0,
and (1.4) reduces to the projective Ricci-flat equation V,V,o + Pyo = 0, with
a, = V,logo. We have the following:

Theorem 1.3. Forn > 3, the only local solutions of the projective Einstein- Weyl
equation (1.4) in flat space are projective rescalings of solutions to the projectively

Ricci-flat equation.
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Chapter 2

Deriving local obstructions to the
pPEW equation for projective

surfaces

A projective surface is a smooth 2-dimensional manifold equipped with a pro-
jective structure. In this chapter we derive local obstructions to existence of
solutions to the pEW equation on projective surfaces. In higher dimensions, no
local obstructions to (1.4) have been found. The obstructions we obtain are the
resultants of polynomials with coefficients given by invariants of the projective
structure. Computing these obstructions and checking that they do not vanish tell
us that the projective surface does not admit skew-symmetric Ricci tensor, thus
giving us a means to distinguish projective surfaces that admit skew-symmetric
Ricci tensor from those that do not. That being said, in Chapter 5 we give an
example of a projective surface that does not admit a solution to (1.4) but the
obstructions vanish. Parts of Chapters 1, 2 and 5 appear in [28]. In 2 dimensions,
affine structures with skew-symmetric Ricci-tensor have been investigated in [8].
The relationship between surfaces with skew-symmetric Ricci tensor and affine
Osserman structures is also investigated in [16]. We first set up the closed system
for the pEW equation in 2-dimensions, then derive the algebraic constraints that
give rise to the obstructions. Previous work devoted to finding local obstructions
for various other geometries include [23] and [1] for 4-dimensional manifolds to be
conformal to Einstein, and [19] and [20] for metrics in general dimensions to be
conformal to Einstein. Local obstructions to whether a fixed projective structure

is metrisable are given in [4] and [25].
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2.1 The closed system for the pEW equation in

2 dimensions

We shall rederive the closed system for the pEW equation in 2 dimensions, this
time using the weighted volume form to dualise Fj;. In 2 dimensions, choose an
inverse weighted volume form € to satsify €%e,. = 0, so that ey, = 2! = 2
(we have V, €&, = 0). We shall use the term weighted volume form to denote €
and its inverse €4, interchangeably. Choose a special connection V € [V] such
that the projective rho tensor P, = P(4) is symmetric. Then Fy = Vi,ay is

determined by a scalar density F' = € F,;, and we can reexpress

1
Fab = §6abF

and

1 1
eF,. = —e%ep F = —=0.2F.
2 2

We can rewrite (1.4) in 2 dimensions as

1
vaOéb + ag,0p + Pab = éeabF. (2.1)

Differentiating (2.1) gives

1
EEQbVCF = chaOéb + (chéa)Oéb + Oéa(chéb) + VcPab

1 1
= chaab + (§€caF - Pca - OKcafa)Oéb + aa(EGCbF - Pcb - acab) + chab

1 1
- chaab + §€ca,Fab - Pcaab + §€ch05a - aaPcb - 2aaabac + chab'

Skewing gives

1 1 1 1
§€abch - §€cbvaF :Racdbad + §€caFab - Pcaab + §€chaa - aaPcb + Y;:ab

1 1
- §€acF05b + Pacab - EGabFQc + acPab

1 1
:EcaabF+ §€cbaaF - EeabacF—'—}/cab'

We have made use of the fact that in 2 dimensions, the Weyl tensor W,,°; van-
ishes by symmetry considerations and the projective Cotton-York tensor Y ;. =

VaPye — VP is projectively invariant. Since €,V = 0, we have

1 1 1
§€acva:€caabF+§€cbaaF_éeabacF_f—Y;:ab (22)
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completing the pEW closed system. Contracting equation (2.2) with the weighted

volume form €*¢ gives

1 1
va:—QFOéb—§FOéb— §FOéb—YE,
= —3F — Y, (2.3)

where we have used the weighted volume form € to dualise Y, = €*°Y, 4. Equa-
tion (2.3) is precisely equation (1.6) in 2 dimensions. It is projectively invariant
because € has projective weight —3, which means that both F and Y; have
weight —3 as well. One observes from equation (2.3) that for F' # 0, we can

express

1 1
Q, = —S—FvaF - 3—F}/a (24)

so that a, is determined by the curvature terms £’ and Y,. We shall subsequently
assume that F' # 0, since F' = 0 implies that «, is locally a gradient and the
solution to pEW is then a projective rescaling of the solution to the projective
to Ricci-flat equation. In this case the manifold is locally projectively flat. Also

from (2.3) we can deduce

Proposition 2.1. Suppose (M?,[V]) is not (locally) projectively flat, i.e. Yop # 0

and admits a solution to (1.4). Then F cannot vanish on an open set.

Proof. If F' vanishes on an open neighbourhood U, around some point p € M,
then by (2.3) the Cotton-York 1-form Y, = 0 on U,. This is a contradiction since
M? is not (locally) projectively flat. O

2.2 Constraints of the pEW system in 2 dimen-

sions

Differentiating (2.3) one more time gives a first constraint of the pEW system.
We first obtain

V. VoF = —=3(V.F)ay, — 3F(Vaap) — V.Y,
=—3(-3Fa, — Yoy — 3F(%eabF —agap — Pay) — VoY,
=9Fa,op + 3Y,ay — ;eabﬁ + 30,0, F + 3P F — V,.Y, (2.5)
and skewing gives

0 = 3Y,ap — 3V, — 3 F2 — V.Y, + V,. Y,

13



We again dualise with the weighted volume form € to obtain
0= —6a,Y*—6F*—-2V,Y,

which we rewrite as
0 =3a,Y*+3F?+V,Y", (2.6)

where Y% = ¢®Y}. It can be verified that (2.6) is projectively invariant, taking
into account of the weight —6 of Y. In the flat case when Y, = 0, we necessarily
have F' = 0 by (2.6). The 1-form «, is therefore locally exact, and equation
(1.4) specialises to the projective Ricci-flat equation. We shall therefore restrict
our attention to non-flat projective surfaces, that is one with Y, non-zero. This
ensures that F' # 0. In higher dimensions constraint (2.6) is precisely (1.7) and
has symmetries of the Riemann curvature tensor. However in 2 dimensions the
space of such tensors is 1-dimensional and so the constraint reduces to a single

scalar equation. Let
¢ =€V, Y. —V.Y,) =2V, Y

and we can rewrite equation (2.6) as

a Y = —F% — %. (2.7)
This gives us the first constraint of the pEW system. We shall obtain a second
constraint as follows. Differentiating (2.7) gives
Vo
6

(VoY) + (VoY = —2F(V,F) —

Using (2.1) and (2.3), we obtain

o (VeY?) + (%EcaF — ety — Pop )Y = —2F(=30,F - Y,) — Vg(b,
Contracting the equation with Y¢, we obtain
a(YOV.Y) — (V)2 — PV "V = 6(0aY ™) F? — Yag”. (2.8)
Using equation (2.7) again we obtain
(Y VoY ) =(0eY )% + PoY Y + 6(arg Y ) F2 — Y“gad)
=(—F? - %)2 F P Y 4 6(—F? — %)FQ _ YGXW
_Ft g ng+ g;; PLYYC — 6 — 6F Yagad)
=—5F" - %qbﬁ + gi; + P, Yy — @

14



We shall now introduce the vector W@ := Y*V,Y® — %Y“. It is projectively
invariant with weight —12. To see this invariance, since the Cotton-York vector

Y* is projectively invariant and has a weight of —6, under a projective change,

Y=V, Y — 57, Y+ 46,077,
Y=V, Y*—-37T,Y

Together these give
6= —61,Y",
YoV, Yb =YV, Y? — 4(T. Y)Y,
so that
WP =Yav,yb — g&?b
=YV, Y? —4(T.Y°)Y? (gb 6T, Y)Y
=YV, Y’ — 4T Y)Y’ - —¢Yb + 47, YY"
=YV, Y’ — §¢Yb
=W,

Hence W = Y*V,Y" — 2¢Y? is projectively invariant. Now consider

2
W =ap,(Y*V,Y" — §¢Yb)

=y, (YV,Y?) — ggb(abe)

= —5F* — ;FQ + g% + P YV — Y@g@ - %(b(— - %)
— _5Ft_ ?fb F? ?Z, + P, YV — agaqs + §¢F2 %2
= —5F' 4 53% + P, YV — Ya§“¢. (2.9)
Let 547 yav ¢
(=5 +8PY Y — — ==

This quantity has projective weight —12 and projectively transforms as follows:
0 =0+ 3T,W.

15



We can write (2.9) as
14

a,We=—5F" + 3 (2.10)

giving us the second constraint of the pEW system. Together (2.7) and (2.10)
allows us to solve for a,, under the assumption that the projective invariant p :=
Y, W® is non-zero. Since both Y, and W® are projectively invariant, the scalar
density p = Y,IW* = ,Y°V,Y? = —Y?Y?V,Y, is also projectively invariant and
has weight —15. The case where p = 0 will be dealt in Section 2.4.

2.3 Local obstructions to the pEW system for
p70

We can use the weighted volume form € to raise indices and its inverse €y, to
lower indices so that W@ = %W, and W, = W%,,. We shall now assume that the
manifold (M2, [V]) has a projective structure with p = Y, W@ # 0. This is a local
generic condition. It suffices to assume that p # 0 at a point since by continuity,
p # 0 in an open neighbourhood of that point. Under this assumption, the basis
vectors Y, W® span a 2-dimensional vector space. The case where Y* and W*
are linearly dependent at a point (i.e. p = 0) will be dealt with in Section 2.4.
Together the two constraint equations (2.7) and (2.10) imply
L (¢ 2 1 4

=3 (5 + 3F ) W, — 3 (15F* =) Y,. (2.11)

We shall show that «,, given by (2.11) rescales correctly under a projective rescal-

ing. We first need the spinor identity lemma

Lemma 2.2. In 2 dimensions, the following identity is valid:

1 1 1
YaWch] :EYaWch + EKWaTb + EYEJWCT(I

1 1 1
~ Y, WLy — Y WY, — Y, W, Y,
6 bt 6 °

=0, (2.12)
Contracting (2.12) with € gives
Y, W, — VX W 4+ YO, W, = 0,
or

yor woY
T, = — p bW, + b

Yo (2.13)

upon rearranging.
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Proposition 2.3. Under a projective change of connection, o, given by (2.11)

transforms accordingly as o, — 0y = g + Y.

Proof. Under a projective change of connection, we have

1 (o 1 ~
Qo =— | = + 3F? Wa——<15F4—£>Ya
“ 3p<2+ > 3p

1 (¢ _ GTGYG) 2 1 4
= | ——FF—+3F | W, — — (I56F* = (- 3T, W) Y,
3p ( 2 * 3p ( )
1 1 TpY? T, W
S (?+3F2) W, — — (15F* — ) Y, — =W, + oWy
3p \2 3p p p
T, Y T,W
=, — b W, + b Y,
p p
=Qq + Taa
where in the last step we made use of (2.13). O

Substituting (2.11) back into the pEW equation (1.4) yields further constraints
on F. The first polynomial constraint P;(F) = 0 comes from computing F' =

Vae®ay, = V,a¢ for the formula of o, in (2.11). A computation gives

Ya a
P(F)=—90F°® 415 ( Vap _ 5—¢> Pt - (M + 60 — 3vawa> F?

p 2 p
W9 ¢ ol oWN,.p  YV,.p
2 2 2p p

—9pF+( 2y ryev,e+ .y

=0.

The second and third polynomial constraints in F' come from contracting (1.4)
with WeW? and W2Y? respectively and again using (2.7) and (2.10) to elimi-
nate o, Y® and a,W* We note that another possible contraction Y*Y°’V, a4 +
oYY + P, Y?Y? is identically zero and yields no new information. Evaluat-
ing WaW°V i + gy WeW? + Py, WW? = 0 for a, in (2.11) gives

- € d e a
Py(F) = — 2T5F" + ( WAVl %M> F* 4 20pF8 + (—W W VeW“) F?
P p
wWewev W, 2 IWeYIY W, WV L
+¢ + P VWS + — + d—l—
6p 9 3p 3

=0,
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while evaluating W“va(aab) + WYl + P, WY = 0 gives

Pg(F) — 40F6 + (_5Y (W veYa +Y VaWe) B 25¢)) F4

2p 6
2) e d Y. Yd
. _E n We(Wev Yy + YV W) 2
3 2p
Wev, WoWev.,Y, (WeYeV.,Y,
+pF — ? 40 Lt
12 12p 6p
YeV Ll WYV W, Lo LYYV, W,
P, WeYy* Ly - Te''b
+ * 6 + 12p 18 + 6p
=0.

The polynomials P;(t), P»(t) and Ps(t) obtained by replacing F' with the indeter-
minate ¢t turn out to have coefficients which are scalar invariants of the projective
structure. For example, under projective rescalings, the coefficient of the degree
4 term in P;(t) transforms as follows:

—

ya ay b
15( Vap _ %) —15 (—Y Vap _ 5—¢>
p 2 p 2
s (Y Vap = 15T Y 5(6— 6T, Y)
_ p .
Ya

=15 ( Vol 157,y - % + 15TaY“>
p

—15 <Y Vap _ 5—¢> .
p 2

It is therefore projectively invariant. We have therefore established the following:

Theorem 2.4. Let (M?,[V]) be a projective surface with p # 0. Suppose M?
admits a solution to (1.4). Then there exists polynomials Pi(t), Py(t), Ps(t) in
the single variable t with coefficients given by the invariants of the projective
structure such that when t = F,

Pi(F) = PR(F)=P(F)=0
must hold.

Let Res(P(t), Q(t)) be the resultant of polynomials P(f) and () in the single
variable t. Res(P(t),Q(t)) = 0 is a necessary and sufficient condition for P(¢)
and Q(t) to share a common root. The desired local obstructions for there to

be solutions of (1.4) are therefore given by the resultants of any two of the three
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polynomials P (t), P»(t) and Ps(t). The resultants are constructed from the
coefficients of P;(t), Py(t) and Ps(t) and are therefore invariants of the projective

structure. We have

Corollary 2.5. Let (M? [V]) be a projective surface with p # 0. Suppose M?>
admits a solution to (1.4). Then

Res(Py(t), Po(t)) = Res(Ps(t), P5(t)) = Res(Pi(t), Ps(t)) =0
must hold.

In principle one can find these resultants explicitly, but that involves more
lengthy computations. In practice, checking that the polynomials P (t), P(t) and
Ps(t) associated to a given projective structure at a particular point do not share a
common root will suffice to show that the projective surface admits no solution to
(1.4) (since the obstructions do not vanish identically), so explicit computations
of the resultant polynomials are not necessary. We conclude this section with a
couple of remarks. Firstly, it is not clear that the three polynomial equations
P (F) =0, Po(F) = 0 and P3(F) = 0 altogether give a sufficient condition for
projective structures with p # 0 to admit a solution to (1.4). We have an example
of a projective structure with p = 0 given in Section 5.3 where the obstructions
vanish but it does not admit a solution to (1.4). We suspect it is possible to
construct a similar example with p # 0. Secondly, more polynomial constraints
can also be found by differentiating P,(F) = 0, P»(F) = 0 and P5(F) = 0
repeatedly, contracting with Y* or W, and again using the relations in (2.7) and
(2.10) to generate more polynomial constraint equations in F' with projectively
invariant coefficients, so we suspect that the resultants given in Corollary 2.5 do

not form a complete set of obstructions.

2.3.1 Concise way of extracting obstructions

We can eliminate the single odd degree terms so that even degree terms remain
in Pi(t), Py(t), Ps(t). Namely, define

Q1(t*) = — 202 P3(t) + Py(t),
Q2(t*) = — 9P3(t) — Pi(t),
Qs(12) = — %ﬁpl (t) — By(t).

Then the three polynomials Q1 (%), Q2(t?), Qs(t*) will be quartic, cubic and

quartic polynomials of t? respectively since only even powers of ¢ remain. This
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allows the obstructions to be extracted easily since now the resultant of any
of these 2 polynomials will at most be the determinant of an 8 by 8 matrix.

Supposing that

Pi(t) = — 90t° + ait* + aot® — Ipt + as,
Py(t) = — 275t% + byt* + 20pt® + byt? + by,
Ps(t) = — 40t° + c1t* + cot® + pt + c3,
where
a, =15 <Y Vap _ 5—¢>
p 2
3WeV,
s = — (—p + 60— 3vawa>
WV, 1 waev, YV,
as = v¢+?vaW“+Y“VCL€+¢— _ W Nep Y Vap
2 2 2 2p p
—5WeYIvV W, 500
by = +=
p 3
wewev . w,
by =——— "
P
wewev W, 2 WYV W, Wev 0
bs _? + P VWS + — + d 4y
6p 9 3p 3
YWY, + YV W) 259
e 2p 6
20 We(WIV.Yy+ YIV,W,)
Cp =— +
3 2p
e biase ey a e
N Wev.é N PWIWEV,Y, (WYV.Y, L PWeYe 4 VeV, 0
12 12p 6p
L WY VW Lo (VY VW,
12p 18 6p 7

then a computation gives

Q1(X) =525X"* — 20¢; X? + (by — 20c9) X? + (by — 20c3) X + bs,
Q2(X) =450X° — (9¢; + a1)X? — (9¢y + az) X — (9¢cs3 + a3),

20 20 20
Q3(X) =475X* — §a1X3 — (gag + bl) X? - (gag + b2> X — b3,
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where X = t2. The local obstructions are therefore

Q12 = Res(Q1(X), Q2(X)) =

525 —20c1 (b1 — 20c2) (b2 — 20c3) b3 0 0
0 525 72001 (b1 — 20C2) (b2 — 2003) b3 0
0 0 525 —2001 (b1 — 2002) (b2 — 2003) b3
450 —(9c1 +a1) —(9c2 +a2) —(9¢3+ as) 0 0 0 s
0 450 —(9c1 +a1) —(9c2 +az2) —(9cs + as3) 0 0
0 0 450 —(9c1 +a1) —(9c2 +az2) —(9¢s + as3) 0
0 0 0 450 *(901 —+ a1) 7(962 =+ ag) 7(963 —+ a3)

Q23 = Res(Q2(X), Q3(X)) =

450 —(9c1 +a1)  —(9c2 + a2) —(9¢3 + as) 0 0 0
0 450 —(9c1 + a1) —(9¢2 + a2) —(9¢3 + as) 0 0
0 0 450 —(901 + al) —(902 + az) —(903 =+ CL3) 0
0 0 0 450 —(901 + al) —(902 + az) —(903 + a3) s
475 —%al — (%GQ + bl) — (%a;g + bz) —bs 0 0
0 475 7%&1 — (%ag + bl) — (%ag -+ bg) —bs3 0
0 0 475 72?00,1 — (%ag + bl) — (%ag; 4 bg) —bs
and

Q13 = Res(Q1(X), Q3(X)) =

525 —20c1 (b1 — 20c2) (by — 20c3) bs 0 0 0
0 525 *2061 (b1 — 2062) (bz — 2063) b3 0 0
0 0 525 —2001 (bl — 2002) (b2 — 2063) b3 0
0 0 0 525 —20¢; (b1 — 20c3)  (by —20cs)  bs
475 —Var — (Raz+b) - (Fas+b2) —bs 0 0 0
0 475 —2a, —(Baz+b1) —(Pas+b2) —bs 0 0
0 0 475 —2—90611 — (%az-ﬁ-lﬁ) — (%a3+b2) —bs 0
0 0 0 475 —%Oal — (29—0a2 + bl) — (%CL:), + bz) —b3

and the knowledge of the values of aq, as, as, by, ba, b3, c1, o, c3 at a point will let

us determine the values of the obstruction at that point.

2.3.2 Solving for X

Now the polynomials

Q1(X) =525X"* — 20, X + (by — 20c9) X? + (by — 20c3) X + bs,
Q2(X) =450X° — (9¢; + a1)X? — (9¢z + az) X — (9¢c3 + a3),

20 20 20
Qg(X) :475X4 — EG1X3 - (5@2 + bl) X2 - (6013 + b2> X — b3,
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all have to satisfy Q1(F?) = Qo(F?) = Q3(F?) = 0 for there to admit a solution

0 (1.4). We can rescale these polynomials so that they become monic:

~ 2001 (bl — 2002) (b2 — 2003) bg
X)=x4_lxs 0T )y 2 20y 3
@ (X) 55 T 595 t 595 525’
~ 91 + ay) (9¢y + as) (9¢cs + as)
x) —x? - Y X? - X - =
@2(X) 450 450 450

~ 4&1 4&2 bl 4&3 bQ b3
X)=X*—-——=X3— — ) X% - = )X - =,
Qs(X) 855 (855 * 475) (855 * 475) 475
Now we find that
- - 2 4 4 -2
Q) - i) = (- ) o (g oy 2

5925 855 855 475 525
4(13 bQ (bg — 2003) b3 bg
Y (VI B2 | S E N OB T
(855 * 475 * 925 475 525 ( )
and
461 4@1
—_—— 2.1
(105 855) () (2.15)

Qa(X
401 3 401 4&1 (901 + Gl)X2
105 855 105 855 450
(4 dar) (9e + ag)X 4der 4an) (9es + ag)‘ (2.16)
105 855 450 105 855 450

Taking the difference between equations (2.14) and (2.15) allows us to eliminate

the cubic term to obtain a polynomial at most quadratic in X:

Qs(X) — Qu(X) — (ﬂ - 1) Q2(X)

105 855
20c,  4ay N dag b (b1 —20cy) 2
L)y (202, 0 i D))
( 525 855) 855 + 475 + 525

4&3 bg (bQ — 2063)) X bg bg

855 Tas T 525 475 525

<4c1 4@1)X3 (ﬂ_ﬁ) (9cl—|—a1)X2

I
/\f—'/—\

105 855 105 855 450
(4o dar) (9e2 + ag)X der dar\ (9¢s + a3)
105 8535 450 105 855 450
_ 4der day (9¢1 + aq) ([ 4az N by N (by — 20c9) e
105 8535 450 855 475 925
do _dm <902+a2> _(das be (b= )Ny b B
105 855 855 475 525 475 525
4 (9
n 4cy 03 + a3
105 855
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Multiplying throughout by % -15-225-7- 57, we clear denominators and obtain

the polynomial

(513¢} — 120c1a1 — Tai — 3150as — 2700b; + 25650c,) X
(51301C2 -+ 57CLQC1 — 63(1162 — 7@1@2 — 3150@3 — 2700b2 + 25650C3) X
+ 5136103 + 5701&3 — 63&103 — 7(11&3 — 2700b3

Let

A =513¢2 — 120c1a, — Ta® — 3150ay — 2700b; + 25650¢,,
B :51301C2 + 57&261 - 63G1C2 — 7@1&2 — 3150@3 — 2700b2 + 2565063,
C :5130163 + 5701@3 - 630,103 — 7@1@3 — 2700b3

We find that the polynomial constraint AX? + BX + C = 0 must hold for there
to admit a solution to (1.4). A criterion for there to be real solutions to X is
then B? —4AC > 0. The quadratic formula allows us to solve for X, then F and
finally «, using (2.11).

2.3.3 On projective surfaces with p # 0 admitting more

than one solution to pEW

The aim of this section is to investigate whether it is possible for a given projective
structure to admit more than one solution to pEW, and derive constraints if
possible for more than one solution to exist. From the example given by the
second order ODE (5.1) in Section 5.2 in Chapter 5, it is possible for projective
structures with p = 0 to admit 2 distinct solutions to pEW. We would like to
understand if the same phenomenon exists when p # 0, however we are not able
to proceed quite far with the results. In the case where p # 0, this would imply
that the polynomials P (t), P»(t) and Ps(t) share more than one distinct common
root. Now suppose there exist (a,, F') and (5,, J) that are two solutions to (1.4)
for a fixed projective structure [V], with F' # J. This means that the integrability
conditions have to be satisfied for (a,, F') and (f,, J) separately. Let v, = ag— Sa.
Then

3a,Y* 4+ 3F? = 38,Y* + 3.2,

so that
VY =J? = F?.
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Differentiating once more, we obtain

l
aWe = —5F* + 3
l

ﬁaWa = - 5J4 + 5’
which gives

VW = 5J4 — 5F4,
so that for p =Y, W® £ 0, we have

5(J* — F* F?—J?
Ya = ( )}/a‘i‘ Wa.
p p

We therefore have the proposition

Proposition 2.6. Let (M2 [V]) be a smooth projective structure with p # 0,
admitting a solution (o, F') to (1.4), with F' non-zero. Then there does not exist
another solution (B, J) such that F' = —J.

Proof. Suppose there exists §, such that J = —F. Then v, = a, — 8, = 0, so
that a, = ,. But this means that J = F' = —J, or that J = F' = 0, which is a
contradiction. O

Hence using Proposition 2.6, we conclude that for projective structures (M?, [V])
with p # 0 that admit two different solutions to pEW, that J? — F? # 0 for any
pair of distinct solutions (o, F') and (5., J) to (1.4). This means that J # +F,
as J% = I? implies o, = (3, Then the two solutions (ag, F') and (3., J) have to
satisfy

AX? 4+ BX+C =AY’ +BY +C =0,

where X = 2, Y = J2, and hence taking difference,
0= (X - Y)(AX +Y) + B).
Since X # Y, we obtain

B
F2+J2:X+Y:—Z>0.

Hence we have

Proposition 2.7. Let (M?[V]) be a projective structure with p # 0 that admits
at least one solution (o, F') to (1.4), with F' non-zero. If in addition A = 0, then
either 1) B =0, in which case C' =0 as well, or

2) B # 0, in which case X = F? = —£ > 0, so that C # 0 and (ag, F) is the
only solution to (1.4).
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2.4 Local obstructions to the pEW system for
p=10

In this section we shall further investigate the case where p = 0. This means
that the vectors W¢ and Y® are linearly dependent everywhere on M? and we
can express W* = fY* for some density f of weight —6. Under the assumption
that the projective structure has Y, # 0 and p = 0, the quantity f is projectively
invariant. It is however not invariant in the classical sense since it is rational in

the jets of projective structure. Constraint (2.10) becomes

14
fa,Y* = —5F* + 3

upon which multiplying (2.7) throughout by f and eliminating «,Y* gives the

quartic equation

15F* —3fF? — (e + %) = 0. (2.17)

Let h = ¢+ 12

2
projectively invariant under the assumption that W = fY* as

a projective invariant density of weight —12. The term h is

ﬁ:e+%zg+3nwa+%—3rawf
. 1P
=l+ 7 =h

Differentiating equation (2.17) gives
60F3 (Vo F) — 6fF(VoF) — 3(Vof)F? —V,h =0,
which we contract with Y to get

0 =60F3(Y*V,F) — 6fF(Y°V.F) — 3(Y*V,f)F2 — Y*V,h

:60F3(% +3F3) — 6 fF(% +3F%) = 3(Y*V.f)F* —Y*V,h
=180F° + (30¢ — 18f)F* — 3(¢f + YV f)F* — Y*V,h. (2.18)
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We have used the fact that YV I = % + 3F3 to eliminate all derivatives of F.

Equation (2.18) projective transforms like so:

180FS + (306 — 18f)F* — 3(¢f + YOV, f)F2 — YoV, h
=180F° + (30¢ — 18 f)F* — 3(¢f + YV, f)F* = Y"V,h
— 180, Y F* + 18, Y fF? + 18, Y fF? + 12Y, Y h
=180F° + (309 — 18f)F* — 3(¢f + YV f)F* — YV, h
— 127, Y*(15F* — 3fF* — h)
=180F° + (30¢ — 18f)F* — 3(¢f + YV, f)F*> = Y"V,h

where in the last step we have used (2.17). Equation (2.18) is therefore projec-
tively invariant. Multiplying (2.17) by 12F? gives

180F® — 36 fF* — 12hF* = 0,

which can be used to eliminate the degree 6 term in (2.18) to obtain

(309 + 18f)F* — 3(¢f + Y*V,of —4h)F?> =YV ,h = 0. (2.19)
Substituting
i3 fF?+h
15

into (2.19) gives the quadratic equation

0 =(30¢ + 18f) (@) —3(¢f +YVuf —4h)F? —Y*V,h
2 a 2 18 2 12 6hf a
=60 fF* 4 2¢h — 3(¢f +Y*Vof —4h)F + = [ == - Y Vah

1 h
= (3¢f —3Y*Vof +12h + €8f2) F? + % —Y*V,h + 2¢h.

Let us call

18
k=3¢f —3Y 'V, f +12h + Ef?,

m :% — YV, h + 20h.
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We shall show that &k, which has weight —12 and m, which has weight —18 are

projectively invariant. We have
T a7 = 18
k=3¢f = 3Y*Vaf +12h + —f
18
=30f — 18X Y[ =3V Vo f + 18T Y[ + 120 + —

1
=3¢f —3Y°V,f + 12h + ggf2

=k,
6h ~ ~
m :Tf —Y*N,h+2¢0h
6h f
:T —Y*V,h+ 12T, Yh + 20h — 127, YA
:¥ — YN ,h+ 2¢ph
=m.
Hence we have
EF?+m = 0. (2.20)

Substituting F? = —2* given by (2.20) into (2.17) gives

15 (%)2 +3f (%) _h=0, (2.21)

and we clear the denominator k? to obtain the vanishing of the first obstruction
of weight —36 in Theorem 2.8. To obtain a second obstruction, differentiating
(2.20) gives

(Vo k)F? + 2FkV,F + V,m = 0,

which contracted into Y gives

oF

2
=YV k)F? + k¢ F? + 6kF* + YV ,m
=6k + (ko + YV k) F? + YV ,m
=0.

(YOVK)E? + 2Fk(Y 'V F) + Y*V,m =YV k) F? + 2Fk(—— + 3F*) + Y*V,m

Now substituting
6kF* = —6mF?,
which is a consequence of (2.20), we obtain

(k¢ + YV, k) F? + Y*V,m — 6mF?* = 0, (2.22)

27



which we multiply by £ to get
(k¢ + YV, k)kF? + kY *V,m — 6mkF? = 0.
Again we make use of (2.20) to get
—m(k¢ + YVk) + kY YV m + 6m? =kY*Vom — m(Y*Vak + k¢ — 6m) = 0.

The quantity kY *V,m —m(Y*V k+ k¢ — 6m) is a projective invariant of weight

—36 and is our desired second obstruction. We therefore have the following;:

Theorem 2.8. Let (M?,[V]) be a projective structure with p = 0. Suppose M?
admits a solution to (1.4). Then both

15m? 4 3fmk — hk? = 0, (2.23)
kYN om —m(YVok + k¢ —6m) =0 (2.24)

must hold.

We now attempt to solve for a, in the case where p = 0 and (1.4) both hold.

The formula for «, is given by

k k
Qg = —6—mva (%) + B—mYaF. (225)
To obtain this formula, observe that differentiating F? = —7 gives
OFV F = 2F(—30,F — Y,) = —V, (%) ,

and so
—6a, <_%> — 2V, F = —60,F* — 2Y,F = —V, (%) :

which rearranges to give

Qg = —ﬁva <@> + iYaF

6m k 3m
Now contracting both sides of (2.25) with W* gives
m ¢ 5 @ k m
B A R _F?2_ 2y = Yo — a__ _ v a e
f(k 6) FF? = 2) = faY* = a,W* = —— WV, (T).

which recovers (2.24) upon expanding the terms and equating them.

Remark 2.9. Are there projective structures that admit a solution to pEW and

have p = 07 The answer is yes, and an example is given in Section 5.2 of Chapter

d.
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Chapter 3
Tractor calculus formalism

In this chapter we shall proceed to derive the same polynomial constraints in
Theorem 2.4 and obstructions in Theorem 2.8 by tractor calculus. This makes
the projective invariance of the coefficients of the polynomials P;(t), Py(t) and
P5(t) explicit, since the objects constructed out of tractors will be projectively
invariant. For readers unfamiliar with the formalism, this section can be skipped
on first reading. Tractor calculus is not used in the other sections of the thesis

except Chapter 7, which deals with the conformal version.

3.1 Preliminaries: the cotractor bundle

In this section we review the tractor bundle construction in projective geometry.
On a smooth projective manifold (M, [V]) we can associate a co-tractor bundle
T* as defined in [2]. This is the first jet prolongation of £(1). Consider the direct
sum bundle £(1) @ &£,(1) and a section given by

()

for 0 € I'(€(1)). The covariant derivative acting on a density o, denoted V,0, is
determined by a projective scale 7 and is given by V7o = 7d(7'0). If another
projective scale 7 = Q77 is chosen, this gives another formula for the derivative.
In particular,

Vio=V0o+To (3.1)
where T is a 1-form given by dlog{2. In abstract index notation, let @aa denote
V7o and the equation (3.1) reads

A~

Voo=V,o+7T,0.
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A different choice of projective scale therefore determines a new section of the
direct sum bundle £(1) ® &,(1) given by

o B o
@aa B V.o + 7T/

It is natural to identify all sections of £(1) ® &,(1) that are related in this way by
a projective change of scale. Note that an arbitrary section p, of £,(1) may not

be locally exact. Declare two sections of £(1)®E,(1) to be projectively equivalent

()~ (. 5an)

for some 1-form T,. The projectively equivalent class of sections

()]

related in this way is called a co-tractor, denoted by T,4. It is a section of the
bundle £(1) & &,(1) modulo the equivalence relation defined above. This bundle
is called the co-tractor bundle and let us denote this bundle by 7*. Without a
splitting, 7 is a composition series. An arbitrary projective scale 7 determines
a splitting of the tractor bundle into the direct sum bundle £(1) & &,(1) and we

can write
S
Ty =
Ha

to denote the choice of projective scale used in this splitting. A projective change

ift

of scale from 7 to 7 = Q7! determines a new splitting of the co-tractor into

components related to the splitting by 7 by the following;:

T g o T
Ty = ~ =Ty.
A (%) (ua + Tw) 4

The projective scale also determines a splitting of tensor products of co-tractor
bundles. There is a canonical projectively invariant connection V7" on the co-
tractor bundle that acts on sections of the co-tractor bundle. By definition, the

tractor connection is a linear map
v (T - T(A'® T

satisfying Leibniz rule. A choice of projective scale 7 determines a splitting of
A' ® T* into a direct sum of vector bundles A' ® £(1) @ A' ® £,(1). This same
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scale T determines a splitting of 7* into £(1) @ &,(1). Hence we obtain two linear

connections on the direct sum bundle: the first is given by
VT E(1) = AN ®E&Q)

which is the connection on the density bundle determined by 7 and the second is

an induced affine connection
V&) = A ®&(1)

which is given by some choice of V € [V]. For any splitting of the co-tractor, the

covariant derivative is given by the following formula:

VI Ty =Vl (7] = V7 (3.2)
Ha vb,ua + PabU

for some choice of torsion-free affine connection V € [V]. The above formula
defines a connection since it is linear and Leibniz rule holds: for any function f

and co-tractor T 4,
. <[ fo Vio(fo) = [
VT T,) = vT —
’ (f A) ’ (f,ua) (vb(fﬂa) + Pabf0>

IVyo +oVuf — fu
(VoS ta + [(Votta) + Pavfo

B Vo — i oV f
B f (vb,ua + Pab0> - ((be):ua>

Vo — 1y o
= +V
f (vb,ua + Paba> bf (,ua)

= V] Ta+ (Vsf)Ta.

In fact the definition of the tractor connection is independent of the choice of

torsion free afline connection.

Proposition 3.1. The formula for the tractor connection V7" acting on sections

of the co-tractor bundle is independent of any choice of affine connections in [V].

Proof. Suppose we pick another torsion-free connection v projectively related to

V. Let
T,=|(°
Ha
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denote the splitting of a co-tractor by a projective scale 7 and

S P
Ha pa + Yoo

denote the splitting of a co-tractor by another projective scale Q~'r. Then

62—*1/1\‘14 _ AV;,& _P\\b
Vilia + Payo

Vo + Tpo — iy — Tyo
Vb(/JJa + TaO') — Ta(,ub + TbO') + PabO' — (VaTb)a + TaTbO'

Vo — iy
Vitta + Papo + Yo (Vyo — 1)

_ Vo — 1y
Valta + Ta(vbd) + Poo — Yo

]

Let T denote the tractor bundle which is dual to the cotractor bundle. Under
a choice of projective scale the tractor bundle splits into the direct sum of vector
bundles 7 = £(—1) ® £*(—1). Sections of the tractor bundle are called tractors
and are denoted by T#. Sections T4 of the tractor bundle change under rescaling
by (p %) = (p— Y. v%). A splitting of a tractor using some scale allows
us to write T4 = (p v%). There is a canonical connection on the tractor bundle

called the tractor connection on 7 given by

Viip v*) = (Vep—Par® V' + ps®). (3.3)
The following can be easily verified:
Proposition 3.2. The tractor connection VT T4 is projectively invariant.

The Thomas’ D-operator Dy : E(w) — Ea(w — 1) acts on a section o €

I'(E(w)) by
Dao = (;“i) . (3.4)
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This is projectively invariant because

Dao= |27 = we i (3.5)
V.0 V.o +wY,o V.o

When w = 1, we have a canonical map into the co-tractor bundle:
Dy :E(1) — E4(0) =T (3.6)

Define X4 : 7* — £(1) by XAT, = o to be the projecting part of a co-tractor
field into the top slot in £(1). So XAD 40 = o on £(1). X4 satisfies

XBD 4o = 64"0.

We subsequently use drop 7 in V7 and use V, to denote the connection acting on
tractors or co-tractors. We can expand a tractor in terms of tractor basis under
a choice of scale. The tractor bases are obtain from considering the projections

which are invariant:
XA T = £(1), Xb T — &(-1),

and the splitting maps of the short exact sequence which are not invariant:
Ya:E(01) =T, Yit: E(-1) = T.

In a scale, the elements of the tractor bases that are invariant are given by

0
XA:<1 O)a XZ:(&I})’

and the elements of the tractor bases that are not invariant are given by:

Y, = (é) : Y =(0 &%).

We can see this as follows:
XAT, = o,

and since T4 and o are projectively invariant, X* has to be invariant as well.
Similarly,
a4 =%,

and since T4 and v® are both projectively invariant, X4 has to be projectively

invariant as well. Together we have the identities

XAY, =1, Xb Y4 = 4,7, XAXY, = YAY7 = 0.
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A cotractor T4 can be written as
Ta=0Ya+ 1. X%.
Under a projective transformation,
oY 4+ (fta + Yao)X% =Ta =T = 0Yu + X%,
but

oY 4+ (e + Ya0)X% = 0V 4 + 1 X4 + Yoo X5
=0Yy + 1o X%

and so
Ya=Y4— TX5.

A tractor T4 can be written as
T4 = pXA + oY
Under a projective transformation,
(p— Tav“)XA + U“Yf —TA=T4= pXA + U“Yf,
and since
pXA + U“Yf = pX? — T, XA + v”’?{f,
we have

—T XA + v“?f = Y2
Y2 = Y2+ ToXA

The tractor connection acts on the tractor bases as follows:

V.XP =Y5,
V.Y? = - P, X5

The tractor connection acts on the cotractor bases as follows:

VXY = — 6,°Yp,
V.Yp =P, X0,
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With the cotractor bases, we can write out explicitly how Thomas’ D-operator
acts on co-tractors. For a general co-tractor Tpo. p € I'Epc. p(w), the D-

operator is given by
DaTpo.p =wYaTpe. p+ X4V Tpe. p

where V,, is the connection on Epc. p(w) obtained by coupling the tractor con-
nection VI" on Egc.p with the connection on &£(w) corresponding to the trivi-
alisation of the density line bundle. We remark that

ﬁap]/fBC’...D = ﬁaTBC’...D =V.Tge.p+wY,Tge..p

because of the weight of the co-tractor, so that this definition of the D-operator

is also projectively invariant.

3.2 Tractor formalism for pEW

Consider the weight —1 cotractor as (equivalently, a section of £4(—1)) given in

1
oy = ( ) =Y+ a, X%,
Qg

Proposition 3.3. Solutions a, to (1.4) are in 1-1 correspondences with cotrac-

some scale by

where « is a 1-form.

tors ay satisfying the tractor equation D aapy + aqap = 0.

Proof. A computation using the standard tractor bases gives

1 1
D(AOéB) =§DAOéB + §DBOéA
1 1
25[ %vaOéB — YAOéB] -+ §[XbBVbOéA — YBOéA]
1 1
=5 “Va(Yp + aXy) + §X%Vb(YA + 2, X%)

1 1
— §YA(YB + apX5) — §YB(YA + @ X%)
1

:§Xf4[—aaYB + (Voo + Py )X5]

1
+ §XbB[—OébYA + (VbOéa + Pab>XfL4]
1 1 1 1
— —YuY5 — =Y5Y4 — —ap Y4XE — =
2AB 2BA 2abAB 5

=~ Yap — 20aZp + (Viaaw) + Pan)Xip

a
Oéa AYB
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where Yap = Y4 Yp), Z45 = Y(AX“B) and X%’B = X‘(IAX%). In the matrix repre-

sentation, this is equivalent to

—1
D(AOzB) = — (37)
v(aab) + Pab

in some choice of projective scale (we have normalised the middle component by
3). The symmetric cotractor given by (3.7) is a section of € ap)(—2). Taking the

tensor product of a4 with itself, we have

asop = oaap) = (Ya + . X%)(Yp + aX5)

- YAB + QaaZ?qB + aaabXZbB7

which is a section of £ 4p)(—2). In the matrix representation, this is given by

QO

where we have again normalised the middle component by % It is then evident

that the projective Einstein-Weyl equation is satisfied if and only if
Dsapy + agap = (V(a@b) + agop + Pab)XZbB =0. (3.8)

[]

3.3 Prolongation of the tractor pEW equation

Again we can apply the theory of prolongation to the tractor pEW equation (3.8).
We can rewrite (3.8) as

Daap + agap = Fyp,

where F)yp = Djsap). Differentiating this gives
DeDaap + (Doaa)ap + aa(Deag) = DoFap
and upon skewing, we obtain
Quc”pap + 2Fcaap + aa(Deap) — ac(Daag) = DoFap — DaFep = DpFac,
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since the identity DiaFpe; = 0 holds. Here Qac”pap = (DeDa — DaDc)ag.
We can thus rewrite as

DpFac = Qac”pap — 2Facap + asFop — acFap.

Differentiating once more gives

DaDpFep =(DaQcp”p)ap + Qop”5(Dacg) — 2(DaFep)ap — 2Fep(Daag)
+ (Daac)Fpp + ac(DaFpp) — (Daap)Fep — ap(DaFep)
=(DaAQp"5)og + Qep” p(Fap — aaag) — 2(DaFep)agp
— 2Fop(Fap — axap) + (Fac — aaac)Fpp + ac(DaFpp)

— (Fap — aaap)Fop — ap(DakFep).
Upon skewing, we obtain the constraint

DaDptep — DpDaFep
=Qpa”cFep + Qpa”pFor
=(DAQcp”B)og + Qop” p(Fap — anop) — 2(DaFep)ap — 2Fep(Fap — aaop)
+ (Fac — asac)Fpp + ac(DaFpp) — (Fap — caap)Fop — ap(DakFep)
— (DQcp” a)ap — Qep” a(Fpp — apag) + 2(DpFop)aa
+2Fop(Fpa — apaa) — (Fpo — apac)Fpa — ac(DpFpa)
+ (Fpp — apap)Foa + ap(DpFoa)
=(DsQcn”p)ag + Qep” p(Fap — anag) — 2(DaFep)ap — 2Fep(Fap — aaap)
+ (Fac — asac)Fpp — (Fap — aaap)Fop
— (DBQep” a)ap — Qep”A(Fpe — apag) + 2(DpFep)aa
+2Fcp(Fpa — apaa) — (Fpo — apac)Fpa + ac(DpFap)
+ (Fpp — apap)Foa + ap(DcFpa)

and upon substituting

DpFap =Qap”pap — 2Fapap +asFpp — agFap,
DpFep =Qcp”pag — 2Fcpap + acFpg — apFop,
DoFpa =Qpa"cap — 2Fpaac + apFac — aaFae,

DaFop =Qcp” aap — 2Fopaa + acFpa — apFea,
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we obtain

Qpa”cFep + Qpa”pFop
=(DaQcn”)ag + Qcp” p(Fap — aaar)
—2(Qep” aap — 2Fcpaa + acFpa — apFea)ap
—2Fop(Fap — aaap) + (Fac — aaac)Fpp — (Fap — asap)Fop
— (DQcp” a)ap — Qep” a(Fpp — apag)
+2(Qep”pap — 2Fcpag + acFpp — apFep)aa
+2Fop(Fpa — apaa) — (Fpe — apac)Fpa+ (Fpp — apap)Foa
+ ac(Qup”pap — 2Fapap + aaFgp — apFap)
+ ap(Qpa”cop — 2Fpaac + apFac — aaFpe)
=(DaQp")og + Qcp”pFap — Qep” paaay — 2Qcp” aapag
+4Fcpasap — 2apackpa + 2apapFea
—2FcpFap + 2Fcpaaap + FacFpp — anackpp — FapFep + aaapbeop
— (DBQep” a)ap — Qep” aFpe + Qep” aapap + 2Qcp” papaa
—4Fcpapay + 2as00Fpp — 204apFeop
+2FcpFpa — 2Fcpagas + FapFee — Fapagac
+ Qup”papac — 2Fapacap + axacFpp — apacFap
+ FepFoa — apapFea + Qpa”capap — 2Fgaacap + apFacap — aaFpeap
=(DaQcn”)ag + Qep”sFap — Qep” aapap — 4FcpFap + 2FacFpp
— (DpQep® a)ap — Qep”aFpe + Qop” papaa

+2FapFpo + Qap®pagac + QpaFcapap.

Expanding this expression out in terms of tractor bases, we get constraint (1.7).

3.4 Tractor pEW equation in 2 dimensions

In this section D4 is Thomas’ D-operator which is related to the standard tractor
connection and satisfies Leibniz rule. Consider an invariant of the projective

structure the tractor V4 of weight —5 given in some scale by

s )

where Y = €Y}, and ¢ = ¢®(V,Y, — V,Y,) = 2V,Y % The Cotton-York vector

Y® is projectively invariant and its divergence ¢ transforms according to (/5 =
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¢ —6T,Y“* as one changes the projective connection. The tractor expression is
given by VA = %XA +YeYA. Let V4 denote the cotractor of weight —4 given in

a projective scale by
0
Va = .

The cotractor V4 = Y, X is clearly projectively invariant and satisfies V,V4 = 0.
However it is not dual to V4 (there is no canonical way to get V4 from V4). We
find that equation (2.3) in the tractor formalism is

1 1
= ———DsF — — . .
0= gDl = 5pVa (3:9)

Proposition 3.4. Suppose (M?,[V]) admits a solution to (1.4). Then the fol-

lowing algebraic constraints
a, VA = —F? (3.10)

and

(VADAVB)ap = —5F* (3.11)
must hold.

Proof. Expanding a4 V4 gives

((j) (% Y“) = ozaY“Jr%: —F?

from constraint equation (2.6). We can obtain equation (3.11) from (3.10) by
differentiating with respect to D4, using (3.9) to eliminate D4 F and finally con-
tracting with V4. Differentiating equation (3.10) gives

(Dsap)VE +ag(DaVP) = —2FD4F.
Substituting D4 F = —3Fay — V4 from (3.9) gives
(Dsap)VE +ap(DaVP) = 6F%a, + 2FV 4.
Contracting with V4 gives
(VADAap)VE 4+ ap(VAD,VB) = 6 F2a, VA + 2FV VA = 6F2(—F?) = —6F*.
Since pEW holds,
VAVED sap = —VAVPa a5 = —(—F?)? = —F*.

Hence we have
—F* 4+ ap(VAD,4VP) = —6F*
which gives (3.11). O
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Corollary 3.5. Let (M?,[V]) be a projective surface with V4 # 0 satisfying
the tractor geodesic equation VAD,VP = 0. Then (M?,[V]) cannot admit any

solution to the projective Einstein-Weyl equation.
Proof. Suppose (1.4) holds on M?2. Since VAD,4VP = 0, this forces F = 0 by
(3.11). But F = 0 if and only if M? is projectively flat, i.e. VA = 0, which is a

contradiction. O

Introduce W4 = VEDZV4, a tractor of weight —11 and the cotractor W, =
VADAV5 of weight —10. In a projective scale,

YV,¢ a 5¢? a 2¢
WA = ( o~ PaY Y — %) XA 4 (Yov, Y7 — ?Yd)yg‘
(

— §XA + Wy,

while W4 is given by W4 = (Y°V.Y,; — %d)}/;i)Xj = W, X%. Equations (3.10) and
(3.11) can be rewritten as
VADF =3F3, (3.12)
WADAF =15F° — VWA, (3.13)

Since the tractor bundle has rank 3, we need another basis in order to solve for

D4F. The canonical one to use is the projector X#. We have
XADAF = —3F,

where —3 is the weight of . In matrix form, where we let Y'! (resp. Y;) denote
the first component of the vector Y (resp. covector Y,) and Y2 (resp. Y3) denote

the second component of the vector Y* (resp. covector Y,) and so on, we have

1 0 0\ [-3F —3F
eyl Y2 |WViF| = 3F3
—£ Wt W?) \VoF 15F° — VWA

The matrix on the left has determinant p = Y,W* = V,W4. Inverting it is

particularly difficult, but if we introduce a new set of basis vectors

V/A :VA . ?XA W/A :WA + ng
6 37
we can reexpress constraints (3.12) and (3.13) as
VADLF =VADLF — %XADAF =3F3 + %F

14
WAD,F =WADLF + §XADAF = 15F% — p—(F.
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These are the tractor version of constraints (2.7) and (2.9). The matrix form now

becomes

1 0 0 —3F —3F
0 Y! V2| |WwF|=| 3r+2
0 Wt w2/ \V,F 15F% — p—(F

This can be easily solved to obtain

15F5 — p— 3F + ¢F
DAF:(E)F p £F)VA_< + ¢

Wy — 3FY 4.
p p

and a4 is given by

5F4 14 F?
ap = ——DAF — —VA = ——VA -+ pVA + FWA + 6¢

W4+ Y
3F 3F P 3 AT A

We check that under a projective transformation,

T.We T.Y*

aA:O./A+ TCXZZQA,
since
T, wey, 7Y, YW, T, Wwe T, Y
TCXC = ( - ) i} - Va— W 4
p p p
follows from (2.13). Computing D ap gives
2FD,F  F?D F? 20F3DyF  5F*D
Djap = < AT 2Ap) Wi+ —DsWg — ( AT QA'O) Vs
p p p p p
5F4 ﬁ DAK EDAp DAqb ¢DAp
— —D4V D,V —_— = \% — AW
p AB+3/) ave (3p 3p? 2 Top 6p° "
+ %DAWB + DYp.
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Symmetrising the indices gives

Daap,
1 /[2FDsF F2D 20F3D F 5F4D
=— AL _ 2AP Wpg + fD(AWB) — = A 3 AP Ve

2 P p 2 p p
5F4 2FDpF F2D 1 /20F3DgF 5F*D

— 2 DV + ( B 2B,0> Wy — = ( BL > BP) V4
p 2 p p 2 p p
14 Dl IDyp 1 (Dagp  ¢Dap

D \% - Vp+ = | =25 —
+ (AVB) + ( 30 352 + ) Vp+ 5

¢
W — D4 W
6p 6p2) BF o alp
DE (D 1 /D D
B By, 4 L B¢ ¢Dpp
3p 3p2 2

W DY
6,0 6,2 > A+ DaYp)
_2FW(ADB)F F W(ADB)p

5F4 20F3V 4D F
p p? P p p
5F4 V(ADB)/) Y4 ¢ V(ADB)f EV(ADB)p
——————+ — D,V —D4aW —
+ p2 +3p (A B)+6p (A B)+ 3p 3p2
WaDpy¢  ¢WaDpyp
- D 4Y
+ 6p 6,2 + DY p),
from which we obtain
Dapy +asap
2FW 4D F F>W 4Dpgyp F? 5F4 2063V 4D F
_ ( )z ( : )P + DuWp) — D4V — ( )

p P P p P
5F4V(ADB)p J4 10) V(ADB)Z EV(ADB),O W(ADB)(b
——————+ — D4V — D AW —

+ P2 +3,0 (A B)+6p (A B)+ 3/) 3/)2 + 6p
WD 5F4 ( F?
_ WuDsyp +DaYp)y+ | ———Va+ -Vat+ —Wy+ EWA +Yu

6p? p 3p p 6p

( 5F4 14 2
X

F
——Vp+ VB—F*WB-F d)WB—i-YB
p 3p 6p
=0.

We remark that

DaYp = DuYp) = —YaYp + X4VaYp = Py X4X} — Y, V5.
Contracting with VAV? is identically zero, as we shall show. Since V,V4 = 0,
we obtain
VAVEDsap) + aaV»iapV?

2FVAVBW 4D F F?VAVBW, 4D 514
= Sl - Ar) VAVED s W) — Z—VAVED 4V

p p p p
14 VAVBW 4D
+ 3 VAV DY) + g;VAVBD( AW, + (1Dn)?

B PVAVEW 4 Dpyp
6p 62

F2

+VAVED 4 Y5 + (pWAVA L0

F2
L wWavA+y AVA> <WBVB v P wavE YBVB> .
6p P 6p
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Substituting Vo4 W4 = p, VAVED, Vg = —V, WA = —p, VAD,p = —VAVED Wy,
YaVA = ¢ VAVED, Y = Py VY — & and VAD ¢ = YOV, — 62, we get
VAVED qap) + aaV>iapVh

VED F? 5F*
— —2FVEDyF + F2TB/) + - VAVED W) — = VAVED LV

/ BD BD
- ?pVAVBD( AV + g;VAVBD( AW — ; Zlal 5 B 4 vAVED 4 Y )
) s ¢ ¢
S 1S T [ (O -1 S .
+< 66 66
¢ VBDgo 2
6F*+5 3 G + Pay 36+
 YV.p ¢ by ¢
- - P T L PLYOYh
3 6 g ta 36
_t ¢
3 3

=0.
The polynomial constraint P(F) = 0 is given by contracting with WAW?5:

WAWP D 4ap) + aaWrapW?

F? F4 5F4WAD
:7WAWBD( AWp) — 5pWAWBD AV — 20F*WADAF + TAP
14 WBDgt (WED
+ L WAWB D,V + L WAWED W + CAS B
3p 6p 3 3p

¢ ¢
+ WAWEB DY 5 + (—5F4 +3+ YAWA> (—5F4 +3+ YBWB) ,

but Y, W# = —£, and using (3.13) we have

WAWP D sop) + aaWap W

- SFY o AwB 8 3
=—WAWED W — =—WAWB D,V — 300F® + 20pF3 +

p “@EB Ty

WBDgt  (WED

L AwE D awp + B b
6p 3 3p
+ WAWB DY + 25F8

5FYWAD 4p

¢
+ 3—pW‘WBDNB +

A AyyB WAWB D, W
:—275F8+<5W Dap _ 5W7W DAVB>F4+2OpF3+ A5 p2
p
WEDRl (WBD ¢
+ WAWBD Y 5 + ; 5= 5, BP | g;WAWBDAWB + 37)W“WBDWB

=0,
which gives P,(F) = 0. The polynomial constraint P3(F) = 0 is given by
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contracting with VAW?E:

VAWP D 4ap) + aaVAap WP
:F—QVAWBD W 1 <2OF3VADAF _ BF'VAD,p

P ( ) 2 p p2
5F4 1 (2FWBDpF F?WED
p 2 p p
_ 5F° B A, PyAwB G awB

VW W4VA + —VAWP D \Wp) + —VAWP D4V,

p? 6 3p
L L (VADAl _ (V2Dap

2 3p 3p?

+ VAWBD(AYB)

> VW8

) W, VA

1 (WBDpt  ¢WEDpgp A
= — W4V
+ 2 ( 6p 62 A
5F'VAD4p  5F*
2p p
¢
VAWE D, Wpy + —VAWED 4V,
3p

VAWE D4V

F2
:7VAWBD( AWp) — 10F3VADLF +

F>WED
EWDsp | 5ps 1 @
2p 6
N VADAlL  ¢VADap WEDge N SWEDgp
6 6p 12 12p
5F4VAD 5F4
5 AP 22 yAWB D,V — 15FS
P p

— FWEBDgRF +

+ VAWBD(AYB)

F2
:7VAWBD( AW ) — 30F° +

F>WBD 14
TBP +5F0 4+ %VAWBD( AWy + 3 VAWED (V) +
_(VADsp WPEDgl  ¢WBDpp

6p 12 12p
A A
 _40FS 4 5VAD4p  SVAWP D4V o VAWE D 4 W, N WBDpp =
2p p p 2p
) 14 VADAl N4 D4sp  WEDpl

F+ ZVAWE D, . W —
TET G @We) * 3 6 6p 12

VAD ¢

+ pF +

+ VAWBD(AYB)

VAWE D4 V) +

. ¢W5Dpp

AywwB
o,V WEDY

=0.
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Finally to get P;(F) = 0, we compute

F =Dja?
<2FWADAF F2WADAp> N F? DA <20F3VADAF 5F4VADAp>
= - 2 A - - 2
P p P p p
_BFY, ya, (VADat  (V'Dap\ | (WADap  $WADap\ 6 ) wua
p 3p 3p? 6p 6p? 6p
30F% —2Fp F*WAD F? 60F% 5F*VAD
_ , P > AP + D WA - ; + = AP
VADAl  VADap WADp ¢WADup & WA
+ 3p — 3p2 + 6p — 6p2 + @DA
FS 5F4VAD D WA AD
:_30 +5 \% Ap+ AW _W AP P2 _op
P p? P p?
N VADAL  ¢VAD4p N WADsp  ¢WAD4p N 5 A
3p 3p? 6p 62 6p A

making use of the fact that D,VA = 0 and D,Y# = 0. We then rearrange and
multiply by p to get

AD AD
—30F° + W—APF4 + (DAWA _ M) F2 — 3pF
p p
VADAl  (VAD WAD WAD
N al AP\ ap ¢ A/)JFQDAWA:O_
3 3p 6 6p 6

The case where V, W4 = 0 can also be worked out in the tractor formalism. We
take note however that the condition W2 = fY¢is equivalent to X4 W4 = fXqV4
for a —6 density f and not W4 = fV4, which is a stronger invariant condition.

In the case where p = 0, we have

WA = —ng + WY = —ng + fYiys) = — gxf‘ + f(VA — %xf‘)
t fo
— A~ J7 XA
= (5+5)
h
=fv4 — —x4
V=3

Hence —5F* = a,W4 = fa, VA4 — % = —fF? — %, which gives us

h
5F' = fF? + 3

or equation (2.17). Applying the tractor D-operator throughout gives

20F*(DAF) =(Daf)F?* + 2F(DAF)f + %

45



and contracting with V4 gives

AD Ah
20F3(VADAF) =(VADAf)F? + 2F(VADAF) f + v ; 4

VAD AR

20F3(3F3) =(VADf)F? + 2F(3F3) f +

VAD4h
60FS =(VAD,f)F? + 6F*f + 5 AZ

Now multiplying (2.17) by 12F? throughout gives
60F% = 12fF* 4+ 4hF?,

and so we obtain
VAD AR
3 )

12fF4 + 4hF? =(VAD4f)F? + 6F*f +

or that
VAD 4k B

0.
3

6fF* + (4h — VADf)F?
Again using
6 2
6F'f = 5f2F2+ghf,
obtained from (2.17), we get

VAD AR
3A ):0.

2
(gf"’ +4h — VADAf> F?+ (ghf -
Multiplying throughout by 3, we obtain
1
<38f2 + 12h — 3VADAf) F? 4+ (ghf — VADAh) =0. (3.14)
A computation shows that
VADAf = YVauf — ¢/,
VADAh =YV, h — 2¢h.
Hence
18 , " 18 , 18 ,
TP 120 = 3VADAS = 22 + 120 = 3(YVaf — 6f) = £ f* + 120~ 3YV.f + 30f
=k,
6 A 6 a 6 a
Shf = VADAh = Zhf = (Y*Vah = 20h) = Zhf = Y*Vah + 26h
= ”[’)’]‘7
and (3.14) becomes (2.20). The desired obstructions (2.23) and (2.24) can be

obtained analogously.
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Chapter 4

Projective surfaces admitting

pEW and web geometry

In this chapter we discuss in greater detail the relationship between projective
surfaces with skew-symmetric Ricci tensor and its characterisation in terms of
second order ordinary differential equations (ODEs) using ideas in [8]. We also
discuss the relationship between solutions to (1.4) and 3-webs (and its extension
to Veronese webs) on the surface. Most of the material in this chapter will overlap
with [22] and existing literature on 3-webs such as [17]. Let us first recall the
relationship between 2-dimensional projective structures and second order ODEs.

Details can be found for instance in [4].

4.0.1 Deriving the second order ODE from the geodesic
equation
Given a projective structure [V] on M2, we can associate to it a second order
ODE as follows. Let t be an affine parameter defining the geodesic curve 7(t) on
M? via
t=y(t) = (x(t), y(t)).

We can write the geodesic equations as

i+ Thad + 2T a9 + Dhyyy = 0,

i+ Thad + 215,39 + T30y = 0,
from which we can eliminate the parameter ¢ to obtain a second order ODE at

most cubic in its first derivatives associated to a projective structure. It is given
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d’y dy\’ dy\? dy
3= I3, (@> + (2I'}, — I'3,) <@) + (T}, — 2T'},) (%> — T2,
We can label

Az = 1—%27 Ay = 21—‘%2 - FgQa A = Fh - 21?2’ Ay = _Fi

d*y dy\’ dy\’ dy
— = A = Ay | == A | == Ap. 4.1
dx? ’ (dx) T (d;t:) i <d:c) Ao (4.1)

Conversely, let y = y(z). If we further normalise the connection coefficients to

to obtain

be trace-free in this coordinate system, then a second order ODE of the form
(4.1) where Ag = Ag(x,y), Ay = A1(z,y), Az = As(x,y), A3 = As(z,y) defines a
projective structure with the 6 components of the trace-free symmetric connection

coefficients 1I¢, given by

1 1
—gAl, ]._.[32 — _§A2

(4.2)

1 1
H%l - 51417 H%z - §A2, H%z - AS: Hi - _A07 H%l -

The connection coefficients II¢, depend on the chosen coordinate system (in this
case (x,y)) but have the property of being independent of the choice of connection
in the projective class. Furthermore we have chosen the normalisation so that
T2, = 0 is satisfied.

Remark 4.1. If we choose a volume form ¢, to be constant in the chosen coor-
dinates and impose the normalisation condition that V,e,. = 0 for V € [V], then

the connection coefficients I'¢, are obliged to be trace-free, since
0 = Vaehe = et — Iheae — Toiera = —Theae — Tieng
and so the connection coefficients have to satisfy
F%l = _F%m F%l = _ng-

We use II¢, to denote the trace-free part of I';; we can check that

1 1
Hgb = ng - §F2d51§ - grgdég'

The connection coefficients I'¢, are related to II, by a projective transformation.
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Remark 4.2. In [21] it was mentioned that given a holomorphic projective struc-
ture in 2 dimensions, we can choose x = ¢, where ¢ is constant, to be geodesic,
to get rid of A3. Further, one can use geodesic polar coordinates to get rid of
A,. However, we are unable to reproduce this aforementioned normalisation pro-
cedure. Instead, choosing the coordinate functions given by x = ¢ and y = d to
be constant, so that the level sets are geodesics, gives £ = y = 0, which forces

I}, = A3 =0and I'}; = —A4y = 0 in the geodesic equations.

4.1 The pEW equation in 2 dimensions

In this section we shall fix a coordinate system (x,y) and give the pEW equation
(1.4) as a system of 3 equations on 3 unknowns involving quantites from the
projective structure, such as the Ricci tensor, in this coordinate system. The
Ricci tensor, which is identically the projective Schouten tensor, can be explicitly

computed from the connection coefficients using that

Py =0.115, — 0115, + TIE, IS, — T16,T18, = 0,115, — T16, TS

cettab ~ ‘taettch T aettch

This gives us

_0A) 104, 2 2

= Sl Z A2 ZA0A
H gy 30z 91Tty
0A; 104, 2 ., 2
Pop= —2 — 222 2421 2404
2= 5 T3y g2tz
104, 104,

1
2 ST DA Ay + A As.
30z 3oy o 1frtieds

To obtain (1.4), let @« = Pdr + Qdy where P = P(z,y) and Q = Q(z,y).

Following conventions in [4], we have

P12 = P21 =

Vgab = 8a04b — HZbOéC.
The projective Einstein-Weyl equation becomes
Vgab) + g + Pop = Oy — oo + gy, + Poy = 0,

which is equivalent to the following system of equations:

oP
%_H%lp_H%Q*'PQ‘FPn:O,
0
3_§_H52P—H32Q+Q2+P22:07
10Q 10P
§%+§a—y—HiQP—H%QQ+QP+P12ZO.
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Introducing

0@ _op
Jor Oy
and substituting the quantities from (4.2) we find that (1.4) becomes
opP 04y 10A; 2 2
————AJD A pP? — S — A+ S ApAy =
Ox P+ AQ+ ay+3(‘3x 91—i_S02 0
2Q 1 A3 194, 2 2
— AP+ <A 2 O08 O Sz S Ay =0
oy Ty dr 30y 9 23 =0,
00 1 104, 104, 1 1
———AP A P4 -—————— — —Aj Ay + AgA3 = = F.
o 2P 3@ QP+ 350 5oy o et As=g

This system of equations is overdetermined and generically admits no non-trivial

solution.

Proposition 4.3. The second order ODE of the form

BEEw

where ¢ = ¢(x,y) is smooth and 7é 0 defines a projective structure (M?,[V])
that has skew-symmetric Ricci tensor. In particular, (M?,[V]) admits a solution

a to the projective Einstein-Weyl equation with o given locally by

- 10¢ . 10¢ dy.
- 30« 3 dy
Proof. For projective structures with Ag = A3 =0, A; = —g—i’ and Ay = —g—z’, we

have the symmetric connections given by

10¢ 106 106 106
Hh:—g%, %zz—ga—y 3125%7 32258_34’ I3, = I}, = 0,

and the components of the Ricci tensor are given by
p,__ L0 2 %
N 3002 83: ’
by 170 a_¢
22 — 3 ay ay 9

B 1 8% 1 0% 1( 9¢ 0¢
Pz =Fa =  30xdy T3 30ydr 9 (_8_x> <_8_y)

@
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For P=1% and Q = —%g—z’, it can be verified easily that

OP 1 p_ 2 2 1% ([ 10¢ 1093 199\

oz~ P~ L@+ PP+ Pu =355 30z ) \ 30z 300) TPn
_18%¢ 2 (09\* 1% 2 (09
3022 9\ oz 3022 9 \ 022

=0,

Q 1 2 1% ; _Log\ (109’
oy Moo P = MpQ + @7 + Pop = 38@/ 30 30y 38y + P2
L0 2 (00)F 10% 2 (00’
30y2 9 ay 3 Oy? dy
=0,

10Q 10P 1 1 0% 1 0% 10¢ 10¢
e AN | £ 990N i P+P - ) (222
28x+28 12 2Q+ QP+ P = 68x8y+68y8x 3 0y 30z

10¢ 10¢ 10¢\ (10¢
B (:wx) (—wy) i (—wy) (m)
+P12
b\ [0
5(30) (5)

29\ (98
6y ox
or that the projective Einstein-Weyl equations hold. O

Proposition 4.4. Let (M?,[V]) be a projective surface that admits a solution to
(1.4), with F nowhere vanishing. Then there exists local coordinates such that
the projective structure is given by a second order ODE of the form

Py _ 90 (dy\* 99 (dy
dr? ay Ox \ dx
where ¢ = ¢(x,y) is smooth and 2 Bxay £ 0.

Proof. By assumption, since M? admits a solution to (1.4), there exists an affine
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connection D € [V] such that the curvature of D is given by

Ry = — 2F464° — Foab® + Fpad,”

1 1
= — Few0q" + = Fepady” — §F€ad6bc

2
1 1
=F <§€bd5ac — §€ad5bc — Eab5dc>
3
= — §F6ab5dc.

The Ricci tensor of this connection D is given by

3 3

RE = RPc¢, = —§Feca5bc = —§Feba,

which is skew. By Theorem 6.1 of [8], at any point p € M, there exists local
coordinates around p such that the non-vanishing connection symbols of D are

given by I'l; = —2¢ and I, = —% for some ¢ with ;:—% # 0. Using these

coordinates we can write down the ODE
&y _ 9 (dy\"_9¢ (dy
dz?2 Oy \dx Ox \ dx
which gives rise to a projective structure on M?. Since D € [V] is a representa-

tive of the projective structure, this second order ODE has to be the projective

structure of M2, written in special local coordinates. O

4.1.1 The Cotton-York tensor in 2 dimensions and con-
straints to pEW

In two dimensions, the Cotton-York tensor in the chosen local coordinate system

is given by
Yabe = VaPie = ViPoe = 0aPpe — 5 Pee — 15 Ppe — OpPoc + 115, Pee + 1} Poe.
In particular,
Yigr = 0Py — I}, Pyy — 115, Poy — 9,P1y + 115, Py + 113, Py
and

Y22 = 01Pgg — H%2P21 - H%2P22 — 0hP1o + H%QPH + H§2P21-
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We shall relate the Cotton-York tensor to the relative invariant Y = (Lidx +
Lydy) ® (dx A dy) found in [4] (due to Liouville and Tresse). A computation gives
Yiar

0 (104, 104, 1, (104, 104, 1
= (22 oL A Ay AgAs ) — A Sl C A Ay + ApA
ax<3ax 3 Oy 912+°3> 31<38:c 3 Oy 912+03>

DAy 104y 2 , 2 0 (_0dy 104 2,
A _ 108 2 2y a) - L% f——fA AA
+0(8:{: 39y 92" 13) ( oy 3 oz 042

1 84y 1041 2 2 1, (104 1aA
+ 542 <° i gA+ AoA2> - 34 <2 e §A1A2 + AoAg)

oy 3 Ox 3 30x 30y
20%4; 10%4, 0%A 0As 0Ap
S h 4,22 g
3 0x0y + 3 Ox2 + 8y 0 8y 2 0y
0Ay 0As 0A; 0As
As3—— +2A fA —_— = fA
+ A3 O +2A0—F— O 1 By L
_—
Similarly,
Y122
0 (0As 104y 2 5, 2 1 104 10A4; 1
= (G2 -3 — A+ A1) — s Az (350 — ST — S ALA + AoA
8x<8x 30y 9 °2 313> 3 <38w 3 Oy 12+03>

0Ay 104, 2 ., 2 0 (104y 104,

Ag (20 4 2L 2424 2404, ) — — ———————AA A A:
+ 5( 8y+30m 9 1+302> 8y<381‘ 3 Oy 12 03>
1. (104, 104; 1 0As 104y 2 .,

<3 dr 3 Oy 9A1A2+A0A3> T3 ( or 3oy o2t 3A1A3>

3
20%45 10%A;  0%A; 0A; 8A3
=—= - A A
38$0y+3 0y? + 6302 + 3 ox + Vor
A3 0Ap 0Ay 1, 044
—A —2A fA —Z 4 —Ay——
an 38y 326:E+328y

= — L.
Using the convention
Yo = € Vica,
we have
Y1 =2Yi = — 2Ly,
Yy =2V = — 2Ls.
The differential consequence (2.3) reads

OF

— = -3FP+2L 4.4
Ox +aby (44)
oF

— = -3F 2L 4.5
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and the constraint equation (2.6) is

oL oL
222 4 97V L 6L,Q — 6Ly P + 3F2 = 0. (4.6)
ox dy
It can be verified that the solution o to pEW from Proposition 4.3 satisfies (4.4),

(4.5) and (4.6).

4.2 Projective version of Derdzinski’s correspon-

dence

In this section we give an analogue of Derdzinski’s correspondence in Corollary
4.2 from [8] which highlights studying affine connections on surfaces with skew
symmetric Ricci in the projective setting. We remark that projective flatness is

used in a different sense in [8] compared to this thesis. Recall Corollary 4.2 from

[8]:

Corollary 4.5. Given a smooth surface ¥, the assignment (V,,) — (D, a,),
where Dav® = Vb + %aavb defines a 1-1 correspondence between the set of
pairs (V,ay) consisting of a torsion-free affine connection V on ¥ along with
a I-form g such that Vigoy = Fu is the Ricci tensor of V, and the set of
pairs (D, ay) consisting of any flat connection on ¥ with torsion tensor given by
Tt = —3()([,1(55]0.

The projective version of Derdzinski’s correspondence can be formulated as
follows:

Lemma 4.6. On projective surfaces (M,[V]), the assignment
1
g = DV =V, VP + §aaVb — 0 Ve,

for an arbitrary vector field V¢ € 5“(—%) defines a 1-1 correspondence between
solutions of the projective Finstein-Weyl (pEW) equation, and the set of flat

connections on the bundle £4(—3).

Proof. Fix a connection V € [V]. We would like to show

luti f pE ti -
{ Solutions of pEW equation } i {ﬂat connections on £° (—§>}

up to projective change of connection 2
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=-. Suppose the surface M admits a solution «, to the pEW equation given by
Voo + aqop + Pop = Fop,.
This means that the projectively related connection on 7'M given by
%avb = V0’ — agv® — 8,.a0”

for v* € T(T'M) has skew-symmetric Ricci tensor. Define a connection D, on the
bundle £%(—32) = £(—3) ® TM by

1
D,V =V, V' + 5%1/” — 8,0V

for V* € I'(€%(—2)). This is precisely the connection induced by V on E(=3).

A computation shows that

3
DoDyV¢ =V 4(DyV¢) + §&a(DbVC) — 8.5 (D VY ag + ap(DgVE)

1 3 1
:VG(VI)VC + éach — 5bcadvd) + §aa(Vch + 5(1/17‘/6 — 5bcadVd)

1 1
— 8V SV = 8tV g + (VY SaaV = 8 aaV )

1 1
:VaVbVC + §(Vaab)Vc + Eab(VaVC) — 6bc(Vaozd)Vd — 5bcozd(Van)

3 3 3
+ édavbvc + ZOéaOébvc — §Oéa6b60édvd

1
— 0, fagV, Ve — 5aC§abadVd + 0, apa . V©

1
+ VoV 4+ =,V — 6,5 apagVe

2
1 3
:VaVch -+ §(Vaab)Vc + §ab(VaVC) — 5bc(Vaad)Vd — §bcad(Van)
3 5 3 1
+ §aaVch + Zaaabvc - éaaébcadvd — 0, 0V Ve — 5aC§abadVd.
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Therefore,

RP V¢ =(D,Dy — DyD,)V*

1 3
=V, V,V¢+ 5(v@oz,,)vc + 5CJq,(VaX/C) — 5(Vaag) Ve = 5,°0q(V, V)

3 ) 3 1
+ éaaVbVC + ZOéaOébVC — §Oéa(sbc(ldvd — 5acadVde — 6ac§()éb()édvd

1 3
— V)V, V¢ — é(vbaa)vc — 5%(vaC) + 0,5(Vpg) VE + 8,5aq(Vy V)

3 5 3 1
— §oq,VaVc - ZozbozaVc + 5oq)éacad\/d + 0,y V, Ve + 5;5%%\/‘1

1 1
:Rabcdvd + §(Vaab)Vc — 5bc(Vaad)Vd — (SchéaOédVd — §(Vbaa)Vc

+ cif(Vbad)Vd + 5aCOébOédvd
= abVC — (Sbc(Vaad + a,0q — Pad)Vd + 5aC(Vbad + apag + Pbd)Vd.

Since pEW holds, we have
RDabcdvd :Fabvc - 5bc advd + 5aCdeVd = 07

so that the connection is flat on the bundle 5“(—%). <. Conversely, given any

torsion-free affine connection V in the projective class, it induces a connection
D on the bundle £%(—2). Suppose we have a flat connection D, on the bundle
£*(—2). Then

0= R4V =FV° — 8 (Vata + aatqg — Poa) V¢ + 8,5(Vyag + apag + Ppg) V'
must hold for any section V* of £%(—2). Tracing the indices a and ¢ gives
(Voorg + aporg + Pog — Frg) Ve = 0.
Since V' is arbitrary, the pEW equation
Viay + apag + Ppg — Fpg = 0
must hold. O

Remark 4.7. The flat connection induced by the projective structure on the
bundle 5“(—%) can be seen as an alternative route to establish Theorem 6.1 in

[8], which we now proceed to show.
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4.2.1 Obtaining Derdzinski’s normal form for solutions to

pEW equation

We now apply Derdzinski’s argument to the projective setting of Lemma 4.6 to
write down his normal form for solutions of the pEW equation. Choose linearly
independent sections of £*(—2) written locally as U* = (U',U?) = (eX,0) and
Ve = (VL V%) = (0,e¥), where 0, = (01,05) = (0,,0,) = (8%,%) are local
coordinates for the tangent vector fields adapted to the linearly independent
sections and x = x(z,y) and ¢ = ¢(x,y) are smooth functions. This gives
U, = X9, and V9, = €¥9,. We now impose the condition that they are
covariantly constant with respect to some affine connection D in the projective
class:

DV’ = D,Ub=0.

This means that the system of 4 equations have to be satisfied for V* (and U®

respectively)
DV =0,V +T1, VI +T1,V? + %alVl — oV —aV? =0,
DIV =0,V*+ T4V + T2,V + %aﬂ/Q =0,
DoVt =0,V 4+ T,V + T3,V + %agvl =0,
DoV =0, V2 + T2V 4+ T V? + %OQVQ — oV —aV? =0.

For our choice of local coordinates (V!,V?) = (0,¢e%d,), this reduces to the equa-

tions
I, —ay =0,
9 1
Oxv + 'Yy + 5041 =0,
F;Z =0,
1
ayw + F%Q — 50&2 = 0

Similarly, our choice of local coordinates for (U', U?) = (eXd,,0) gives

1

I, =0,
1 1
ayX + 15 + 5042 =0,
Fgl = Q1.
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Let ¢ = x — 1. The projective structure then is given by
F%l =0,
F%z =0,
Oy = Dox — Ot = oy —Tqy +T7, = 21, — Ty,
Oyt = 0yx — Oyt = —Tgy — ap + I3y = T35 — 213,
This gives rise to the second order ODE (4.3). In particular, from Proposition

4.3 we have a, given by a = ajdz + aody = I's;dx + T'l,dy a solution to pEW
equation.

4.3 Derdzinski’s example from first order ODE

In this section we show that Derdzinski’s example (4.3) arises from the derivative
of a first order ODE. We can use Lemma 3.2 in [22] to show that it is point
equivalent to the derivative of a first order ODE. Consider the following first
order differential equation

dy

27 (@) 4.7
o =€ (4.7)
Differentiating with respect to x gives

L " (_% _ ¢ (d_y)>

dx? Jr Oy \dx
0 (dy o6 (dy\*
“a?(@)‘a@(%) ’ (48)

where in the last step we made the substitution given by (4.7). This is Derdzinski’s

normal form (4.3) and we can read off the projective structure given by
AO = O, A1 - —8xgb, A2 == —8y¢, Ag = 0

and this admits a solution to the pEW equation following Proposition 4.3. The

solution is given by

1 1
o= §8x¢d9€ — §8y¢dy

and
1 1 2
da = 20,.¢dy N dw — S Opyédr N dy = =3 0yddz A dy
= Fdx N dy,
where
_ 20
3 0yox’
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Remark 4.8. If we instead substituted

@ — 6_¢($’y)
dx
into (4.8), we obtain
di? Oz dy
which we can regard as a projective structure with connection coefficients given
by

d2y = — %e’d’ — %e’w.

Ag = —%67‘1’ - @efw, A =0, Ay =0, Az =0.
ox oy

This projective structure is not point equivalent to the projective structure given
by (4.8) as they have different Liouville invariants in general. This observation

shows that the same second order ODE can define different projective structures.

4.3.1 Different normal form example

In this section we show that the any second order ODE given by the derivative
of a first order ODE admits a solution to pEW. Consider the following first order

differential equation
dy

Differentiating with respect to = gives
d> oG (d oG
y _ ( y> N

da? 9y \dz) " 0z’

i (4.9)

We can read off the projective structure given by
Ay = 0,G, Ay = 0,G, Ay =0, As; =0

and this admits a solution to the pEW equation. This is quite different from the

normal form given by (4.3). The solution is given by

2
o= gadex
and
2 2
da = gﬁnydy Ndx = —gﬁnydx ANdy = Fdx N dy,

where ) G
F—_Z2

3 Jydy



Remark 4.9. If we make the further substitution
dy
— = G(,
- = Gl@y)
back into (4.9), we obtain
d2y
da?
which we can regard as a projective structure with connection coefficients given

by

= Go,G + 0,G

Ay =GO,G+0,G, A =0, Ay=0, A3=0.

This projective structure is not point equivalent to the projective structure given
by (4.9) and have different Liouville invariants in general. However, they share a

1-parameter family of solutions, namely the integral curves given by solutions of
z—gyc = G(x,y).

Conjecture A. Suppose we have a projective structure given in local coordinates
d’y dy
=A A
12 1 (d + Ap.

The condition that there admit a solution to pEW for the given projective structure
15 that

as

oA _ 04
or Oy
must hold. As a consequence, we have
oG oG
A= — d Ag = —
Ty 0T or

for some G = G(z,y).

For this projective structure the equations we are trying to solve are

or , 0Ay 104, 2,
% —A1P + AOQ + P ay + g% 5141 —0,
a—Q +Q* =0,
0qQ 18A1 1
A P— —_F
or 1Q+¢ 30y 2

The evidence supporting this conjecture comes from taking o = %Alda: so that
setting P = %Al and ) = 0, the pEW equation is satisfied iff

0A,  0A

ox oy
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holds. We suspect that we can use the constraints from the pEW system to

eliminate all other possible solutions of a.

Remark 4.10. Given a projective structure that admits skew-symmetric Ricci
tensor, we can use Lemma 4.6 to write down locally the connection coefficients
of the projective structure in Derdzinski’s normal form (4.3). The second order
ODE corresponding to the projective structure turns out to be point equivalent
to the derivative of a first order ODE. See also Theorem 3.3 of [22].

4.4 Complex structure on the pEW surface

Fix U?,V® € T(£%(—2)), so that D,U®* = D,V* = 0. Introduce e® = 20V

and observe that D,e* = 0. Its inverse is given by €, and we raise and lower

indices according to V¢ = ¢V}, V, = €,V . Normalise so that
1= e, UV
We can write €, = 2U,Vy.
Proposition 4.11. The tensor ga, = 2UVy) defines a Lorentzian metric of

_3

5), and is covariantly constant with respect to D,.

signature (1,1) on £%(
Proposition 4.12. The tensor
J" = U0+ V,V°
defines an almost complex structure on M.
We check that
JL I = (U U+ V VO (OUC + VO = —U,VE + VU = —§,°.

Proposition 4.13. A pEW surface admits a compatible complex structure, i.e.

there exists a projective connection D, n its projective class such that

D,J,* = 0.

4.5 Twistor theory for holomorphic projective

surfaces with skew-symmetric Ricci tensor

In the real-analytic setting, there exists a holomorphic projective structure on
M? for which the real-analytic projective structure is the real slice. In partic-

ular, 2-dimensional projective structures in the holomorphic category admit a
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twistor theory. Mini-mini-twistor space, denoted Z is a complex surface with a
2-parameter family rational curves having normal bundle O(1). In [21], Hitchin
showed that mini-mini-twistor spaces are in 1-1 correspondence with holomorphic
2-dimensional projective structures. The twistor theory for holomorphic projec-
tive structures with skew-symmetric Ricci tensor have been dealt with in the
appendix of [6] and in [10] separately. We would like to give a brief summary of

known results. Recall the following proposition of Dunajski-West in [10]:

Proposition 4.14. There is a one to one correspondence between holomorphic 2
dimensional projective structures such that the corresponding second order ODE
15 point equivalent to the deriwative of a first order ODE, and complex surfaces
which contain a holomorphic rational curve with normal bundle O(1) and fiber

holomorphically over CP*.

Together with the observation that any projective surface admitting a skew-
symmetric Ricci tensor has a projective structure whose corresponding second
order ODE is point equivalent to the derivative of a first order ODE, we have the

result, also found in [6]:

Proposition 4.15. There is a one to one correspondence between holomorphic
2 dimensional projective structures admitting skew-symmetric Ricci tensor and
complex surfaces which contain a holomorphic curve with normal bundle O(1)

and fiber holomorphically over CP'.

4.6 3-webs in 2 dimensions

We shall follow [18]. A 3-web W5 on a smooth manifold M? is 3 distinct pairwise
transverse foliations of smooth curves on M? in generic position, i.e. such that
the tangent lines to the curves of different foliations through any point p € M are
distinct and locally any 2 curves of transverse foliations have at most 1 common
point. It can be encoded by three differential 1-forms wy, ws, ws such that any 2

of them are linearly independent.

Proposition 4.16. [18] There is a normalisation such that
W1 + Wo +wsg = 0. (410)

In view of Lemma 4.6, the correct projective weight for each of the three

3

1-forms is 3, so that wy,ws,ws should be regarded as sections of Sa(g).
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Figure 4.1: Example of a 3-web on surfaces

Proposition 4.17. [18] Two normalisations wy, we, ws and Wy, W, Wy determine

the same 3-web if and only if
~ 3 ~ 3 ~ 3
w1 :QQCdl, w2:Q2w2, w3:Q2w3.
For some non-zero smooth function Q € £.

We shall now follow [17] to derive the structure equations associated to a 3-
web. Since the 1-forms w;, wo and ws are pairwise linearly independent on M2,

we have
dw1 = — /\wl, dw2 = — (9 /\(A)Q, du)g = —(O3 /\Cdg,
2 2 2
and we deduce from (4.10) that

O:oq/\w1+042/\w2—|—043/\w3 :al/\w1+oz2/\wQ+oc3/\(—w1—w2)

:(Ckl — 053) N w1 + (CEQ — 053) A\ wW9.
We can therefore write

a1 — o3 =aw; + bws,

g — g =bwy + cwy
for some functions a, b and c¢. We find that
a; — (a—bw; = ag — (¢ — b)wy = az + b(w; + wo)
and taking

a:=a;— (a—bw =ay— (¢ —bwy = ag + b(w; + ws)
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we obtain

3

dw, = §oz/\w1, (4.11a)
3

d(JJg = 50& A Wa, (411b)
3

dws = ol A ws. (4.11c)

The 1-form « is the connection form for the web structure equations (4.11). Under

a rescaling of the web as given by Proposition 4.17, equations (4.11) transform as

-

A&y = d(Q2w,) = gﬁz(dQ)wl + Q% (dwy) = gﬂi(Q—wQ +a) Aw

Dy = d(Q3wy) = 202 (dQ)wy + Q7 (dwy) = Q2 (21 + ) A wy

N W

where @ = o + T, where T = Q7 1dQ). Now
3
éda = Kwi A wo,

where K is the curvature of the web (or Chern) connection and is also known as
the Blaschke curvature. Now

3 3

§d0[ = éd@ = f?&)\l /\@2 = ngwl /\LUQ,

so that K = Q3K and K has projective weight —3. Later on we shall relate K
to the projective density F' of weight —3, thus justifying our earlier assertion that
the 1-forms wq, wo and w3 are best viewed as having projective weight % Observe
that given a projective structure [V] on M, for the coframe (%), and connection

symbols I'f., we have the connection 1-forms I'y = I'7.0°. Let
0 NGO = ! N
A\ = 56@' A

0

1
denote the web surface element, where ¢;; = < | O). The connection 1-forms

(T%) for a particular representative (torsion-free affine connection) in [V] give the
structure equations
do* +T¢ NO° =0,
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and curvature
Q% =dl'y + TSN}

which defines the curvature tensor
a 1 a pe d
Q b:§Rcd L0 A 6%,
Now take
‘91 = w1782 = W2,

and compare it with the web structure equations (4.11). We obtain

3
Fg = —56(1[70[,
and 5 K
Q") = —Z0%da = —KO' A 6267, = = €edf” A 0%5%,
so that ] %
_Rc Y =—— c 0 )
5 d b 9 €cdO b

or K = %F in our convention. This gives
1 2 1 a b
da=FO NGO = §Feab9 N6

We see that any 3-web W3 on M? defines a torsion-free affine (web or Chern)
connection with skew-symmetric Ricci. This is due to Goldberg in [17]. It has
also been shown in [17] and [18] that

Proposition 4.18. The leaves of the foliations of the 3-web structure given by
{w1 = 0}, {wy = 0} and {w3 = —w; — wy = 0} are unparameterised curves for
the geodesics on M?.

Hence it is natural to consider the projective structure induced by the web
connection. We have

Proposition 4.19. Let W3 be a smooth 3-Web structure on the surface M, with
the web connection given by V. Then (M,[V]) is a projective surface admitting

a torsion-free affine connection V with skew-symmetric Ricci.

The projective structure [V] is the class of torsion-free affine connections pro-
jectively related to the web or Chern connection V. Conversely given an affine
connection on M? with skew-symmetric Ricci, one can use Derdzinski’s corre-

spondence in Corollary 4.2 in [8] to obtain linearly independent 1-forms w; and
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wy parallel with respect to D satisfying the web structure equations. The foli-
ations given by {w; = 0}, {ws = 0} and {ws = —w; — ws = 0} then define a
(local) 3-web on M?. This generalises straightforwardly to the projective setting
We have

Proposition 4.20. Let (M,[V]) be a projective surface admitting a torsion-free
affine connection V with skew-symmetric Ricci. Then there exists a 3-web struc-

ture on the surface, with the web connection given by V.

Proof. Suppose M? admits a connection with skew-symmetric Ricci. Then by
Lemma 4.6, there is a flat connection on the dual bundle &,(2) and in particular,
there exist linearly independent non-zero sections fi,, v of Sa(%) satisfying D, =

0 and D,v, = 0. In particular this is equivalent to p,, v, satisfying the equations
1
Vi = 5 Qakly = Qfla;

Vay = §OlaVb — Qplyg,

for some 1-form «, yet to be determined. Skewing gives

3
Viatty) = 5 takh);

3
Vil = 5 at);

which are the web structure equations (4.11) and so taking w; = pa, we = v,
w3 = —[g — V, gives the desired three 1-forms, and the foliations {w; = 0},
{wy = 0}, {ws = 0} define a 3-web on M?2. The web structure equations also give

rise to o, which determines the web connection V. ]

Note that with Propositions 4.19 and 4.20 we are not establishing a 1-1 cor-
respondence between 3-webs in 2 dimensions and projective surfaces with skew-
symmetric Ricci tensor. Certainly the map from 3-webs to projective surfaces
with skew Ricci is surjective, however it is not clear whether two 3-web struc-
tures with the same web curvature are necessarily web diffeomorphic to each
other. In view of Theorem 2.3 in [22], we may establish a 1-1 correspondence
between Veronese webs in 2 dimensions up to a Mobius transformation with pro-

jective surfaces with skew-symmetric Ricci tensor.

4.7 3-webs and first order ODEs

In this section we start with a 3-web given locally by a web function f and write

out the projective structure in the associated coordinate system. We then give a
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solution a, to the pEW equation in this coordinate system. We formulate this
section following Section 2.2 of [18], with ws chosen so that the normalisation
dws = 0 holds. The results in this section can easily be generalised to Veronese
webs, in view of Proposition 2.1 of [22]. In particular, we get the connection
coefficients (4) in [22] associated a 3-web (where we denote f for the web function
instead of w). Assuming that M? is a simply connected domain of R?, there exists
a smooth function f such that ws is proportional to df. i.e. w3 Adf = 0. The
function f is called a web function, defined up to renormalisation. Choose f such
that
ws = df,

and similarly we find functions z, y for w; and ws respectively such that
wy = adx, wy = bdy,

for some functions a, b to be determined. The functions z and y are linearly
independent and can be viewed as local coordinates. In these coordinates, and

with the normalization wy + ws + w3 = 0, we have a = —f, and b = —f,, so that
w1 = _fmdx> Wo = _fydy7 w3 = df>

where f, = %. Because of the linear independence criterion, f,f, is nowhere
vanishing. Foliations given by {w; = 0}, {ws = 0}, {ws = 0} are geodesic with
respect to the web (or Chern) connection, with the integral curves of {w; = 0}
and {wy = 0} given locally by = ¢, y = d where ¢, d are constants. Recall that
this choice of coordinates forces A3 = Ay = 0 in (4.1). The leaves of the foliations

of {ws = 0} are integral curves of the first order ODE

dy _ _ e
dx N
Now
dw?, = 0,

so that « is proportional to ws. Write a = %ng for some function H to be
determined. Let 0; and 0, be the basis of vector fields dual to wy, wy, so that
wi(aj) = 51] We have

b L0, 10
YT for T foy
Dually,

W1 = —fg;dl', Wy = _.fydy'
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Let X; = 0y, Xy = 0, so that the vector fields (X,) = (X1, X3) = (01, 02) form a

frame on M, and (0%) = (6',6?) = (wy,w>) form a coframe dual to (X,), so that
0(Xp) = ™.
The structure equations defining the connection coefficients are given by

Vx, X =%, X,
Vx, 0" =—T%0°

The torsion tensor is given by
T(al7 62) = V8182 - Vagal - [817 82]

The web structure equations define a torsion-free affine connection called a web

connection, so that

[815 82] - valaZ - V8281'
We have

0°([Xa, Xp]) = 0°(Vx, Xp — Vx, X)) =0°(Vx,Xp) — 0°(Vx,Xa)
:ec(rgaXd) - 96<FZbXd)
=1 — Lo
Since
0" ([01,05]) =w1([01, B2))
= —dw (01, 0,) = —g(a Awi)(0r,02) = ga(52)>
0%([01, 0u]) =ws([01, D))
(D, 0) = —g(a A o) (O, D) — —g@(a),
we therefore obtain
F51 - F%Q :ga(32)>
3, —T7 =~ ga(al)‘
Now to determine the connection coefficients, we compute

Va0 = —T16' — T 6%
Vo, 02 = —T2,0" —T2,6%
Vo0t = —T1,0" — T'5,0°%,
Vo 0? = —T2,0" —12,6%
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Since the connection forms are given by F; = —%@’d, we have
F%l = F;Q =0,
and using o = %ng = —%le — %ng gives
IV, 0F = T = 6% (Hwy + Hus),
and so
I1,0" +I',0* =HO' + HO?,
I2,0" +12,0> =HO' + HO>.
Moreover, since the connection is torsion free,
3 3
Iy, =}, + 50{(82) =H-H=0, TI}=05+ 504(31) =H-H=0.
Hence the connection coefficients are given by
F%l - F%2 =0, Fh - F%z - Fgl - ng =H, F%l - F%z =0.
from which we obtain
Vo, 0t = —T'},0" —T1,0° = —HO',
Vo,0? = — 5,00 — T5,6° = —HO,
Vo,0' = — HO',
V02 = — HO?.

We would like to find the connection coefficients of the web connection associated
to a 3-web in terms of the chosen coordinate system (z,y) and web function f.

With respect to the coordinate basis 9, and 9,, since

Vx, Xy =1%,X,

we obtain
Vo, 01 = — %Vaz (—%@6) = figvaﬁx - %@m
Vo,0s iyvay (—fiyay> _ J%vayay J;ggay,
Vg, 0s = — %Vaz (—%y(%) = f%hvaﬁy — %é@,
Vot == 3V (-7 ) = 75 Va0~ o



from which we get the structure equations
Vo,00 =2V 5,01 + =20, = f? ——(9 —Hf: ) 0Oy,
> oLt O B) TR

fyy 2 ( Jyy Joy
7, % fy(fy> 1= (fy ny>a

Vaa fwfyv%al"i_fyxa _f:tfy( f )—i_&a N <_ny+&> Op,

Vay a f V82 82 + =

I fa fa
X H X T
Vo0, =fufVadi+ 220, = 1, (- 50,) + 220, = (-1 + 220,
fy fy fy fy
which gives rise to the connection coefficients
ry —Fy—fxy Hf, =0, I —Fz—fxy Hf, =0, IV =17 =0
yr my_f_y_ f$_7 Ty ym_ﬁ_ fy_a zxr — tyy — Y
fxx fyy
Fiz:__Hf7 ry :__Hfza
fx Y yy fy

from which we deduce that H = - “”;;’ and the connection coefficients are

r,=ry,=0 1T, =I,,=0 T =1I,,=0,
re _ Jor fuy Y _@_@

R R TR PR

These are the connection coefficients (4) obtained in [22]. We therefore have

2 2 fxy 2 fﬂcy 2 fmy

&:gHW;g 3fwfy 3fxfy<_ 1—0.)2) 3fzfy(fxdx+fydy)
2fry zfry
=37 Tz + 32ty (4.12)

and it can be verified that « given by (4.12) is a solution to pEW with the
projective structure in this coordinate system given by the connection coeffcients

above. A computation shows that

o 1 fxy:r: . fxyfxoc . f:cyy fxyfyy
s ( A <fy>2)
_ fxya: . fryfxx . fxyy + fxyfyy

A A A RN A A

Remark 4.21. We avoid writing




because of the ambiguity in the domain for which log ( z) is defined. Following

J

[22], because the sign of f—“” is alway fixed, we can take K = - <10g (f—ﬂ”)) if
7, Foly 7)) ay

}c‘” >0 and K = <log < fy)> if }CZ < 0. Also the quantity K defined here

is negative of K deﬁned in [18], because of the conventions chosen.

We can verify the accuracy of our computations by computing the connection

coefficients dually. Dually, using the equations
Vx, 0" = —T% 0°

and the fact that H = 422 we obtain

Jofy’
Vo, 0! = — Eva (= fodr) = Vo, dx + ifx
Vo, 0% = — —yvay(—fydy) = Vo, dy + ffijdy,
Vo, 0% = — %Vax(—fyd ) = fivamdy + J;fjx
V0" = — iyvay(—fzdx) = ﬁvayd + J;fy :
so that
Vo, dr =V, 0" — %d ( ff + fo) = <—ff— + ff—;’> dz,
Va,dy =V,0% — %dy = ( J;fyy + ny> (_% + %) dy,
R AR L i A A (L &
0,

=0.

This gives the connection coefficients in terms of the coordinate functions x and
Y as
ry,=ry, =0, I, =0I/,=0 Ty =TIy =0,
pe _ e S fw e
Ty Yoty T
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This gives rise to the second order ODE
d*y dy\’ dy\? dy
— =T | = 2, =TV ) | =— e, =2\ —= ) —TI?

_(fo S dy ’ Jeo  Juy dy
() () ) () (4.13)

associated to the projective structure, which is precisely equation (8) in Proposi-
tion 3.1 of [22]. Moreover, by Lemma 3.2 of [22], the second order ODE (4.13) is
point equivalent to the derivative of a first order ODE. We can read off solutions
to pEW from (4.13). We obtain

=g () (e )

and a computation shows that

Q)

N 1 foy | Joo 1 J fa
da =— -0, ——y+—>d Adw—l——@m(—ﬂ—i——y)dx/\d
3y< f )Y 3 fo T Y
+fa:acy_fyya:

2 fa:yfyy facyfxa:
— — d d
( 2 T fy> v

3
2
:§fmnyda: A dy

2
=—Kw; A
3 w1 Wa

=Fuw; Aws (Recall K = 3F.)
=da,

where a = %dm + %J;f—:dy is given by (4.12). Thus « differs from & by a locally

2
3
exact 1-form. We have

G L fa fi) _1(@ &)
T=0a—« 3(fx+fy d$3fy+fx dy,

and a computation shows that

dY = 0.

Hence given a 3-web, we have found « in terms of the web function (and the
chosen coordinate system) that satisfies pEW.

4.8 Global obstructions to pEW

Derdzinski has shown in [8] that the only oriented closed (compact without bound-

ary) surface admitting a globally defined connection with skew-symmetric Ricci
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tensor is diffeomorphic to the 2-torus T?. To prove this one has to to use a re-
sult of Milnor [24] which says that a surface with genus g > 2 does not posses
any flat affine connection (with or without torsion). We provide an alternative
proof as follows. Suppose (M?,[V]) is a closed oriented smooth surface with a
globally defined projective structure that admits a skew-symmetric Ricci. Now
by Lemma 4.6, there is a globally defined flat connection on the weighted tangent
bundle. In particular, it admits a globally defined parallel section V' which is a
vector field tensored with some non-vanishing density. Now V' cannot have any
zeroes, or otherwise parallel transport would mean V' is identically zero. But by
the theorem of Poincare-Hopf, a nowhere vanishing vector field exists only on
surfaces with vanishing Euler characteristic. Hence M? has to be diffeomorphic
to the 2-torus, and the Euler characteristic can be seen as a global obstruction

to closed smooth surfaces admitting skew-symmetric Ricci.
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Chapter 5

Examples

This chapter presents various examples of projective structures that either ad-
mit or do not admit skew-symmetric Ricci tensor. The first two examples in
Section 5.1 are projective surfaces with non-vanishing obstructions, and hence
do not admit any skew-symmetric Ricci tensor in its projective class of connec-
tions. The next 2 examples in Section 5.2 are projective structures that do admit
skew-symmetric tensor, and hence have vanishing obstructions. We also give an
example of a projective surface for which the obstructions vanish, but yet does
not admit a real solution to pEW in Section 5.3. Following this in Section 5.4
we give 2 examples of three-dimensional projective structures that do not ad-
mit skew-symmetric Ricci tensor, namely the projective geometry induced by the
metric structure on ‘sol’, and the Berger sphere geometries. In Section 5.5 we
then give 2 different examples of a three dimensional projective structure that
do admit a solution to pEW, the first of which can be seen as a generalisation of
Derdzinski’s normal form in [8]. In the final Section 5.6, this normal form again is
generalised to higher dimensions to obtain affine structures with skew-symmetric
Ricci tensor, thus yielding solutions to pEW in higher dimensions by taking the

projectively related class of connections.
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5.1 Projective surfaces with non-vanishing ob-

structions

5.1.1 An example with p #£ 0
Ingredients required for computing the polynomial constraints

We shall first specify the objects needed in order to compute the polynomials
Pi(t), Ps(t), Ps(t) for a projective structure with p = Y, /W # 0. In practice,
to show an example of a projective structure which does not admit any solution
to pEW, one only needs to evaluate these polynomials at a generically chosen
point and show that there are no common solutions at that point. The curvature
terms Y W% etc. needed to compute the coefficients of the polynomials get
out of hand quickly and we suggest a program like MAPLE or MATLAB to do
general computations. The difficulty of performing the computations by hand
is illustrated in the example. The data from the projective structure that is
needed to compute the coefficients of the polynomials Pi(t), P(t) and Ps(t)
come from the following objects: Y@, W, ¢, p, V, W%, YWV, Yy, WeWIV Yy,
WeYav W, WiW eV W, YY OV W, YWV Wy, WeN op, YV up, Py WeW?,
P Y Y PuWeY? £, WV, YV .0, WV £ and YV, (. Explicitly, working

Dy = a%v and using Y = Y5,

in local coordinates (z,y) and denoting 9 = 2,

Y? = -V}, we have
W= Yoyt + V20! £ LYY 4 ol yly? 4 mLy?y? - 27
W2 = Y19Y? 4+ YV20,Y? + T2, Y'Y! 4 22, YY2 ¢+ I8,y 2y? — 27
¢ =20,Y" +20,Y7.

We check that p = Y,W* =Y, W'+ Y,W?2 £ 0 on an open dense set and proceed
to compute V,W? = o, W' + 9,W2. We also find

ViYy = oy, — LY, — 113, Vs, ViYs = 0Ys — I3, Y; — I13,Y5,
VoY = oYy — 11y, Yy — 113, Y2, VoYs = Yo — I3, Y1 — 113,Y5,
VW = Wy — I W, — I W, Vi Wa = O Wy — TTL, W, — T2, W,
VoWy = oWy — I, Wy — 113, Wa, VoW = 0,Ws — I, W, — 113, W,
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so that

YWV,Y, = VWV, Y, + YIW2V,Y, + YWV, Y, + Y22V, Y,
WeWV,Y, = WWV .Y, + WIW2V,Y, + W2IWIV LY, + W2IW2V,Ys,
WYV, W, = WYV Wy + WYV W, + WYV W, + W2Y2V, W,
WWeV, W, = WWIV W, + W'W2V, W, + W2WIV, W, + W22V, W,
YUYV, W, = YIVIVIW, + YIVEV W, 4 Y2V W, 4 Y2Y 2V, W,
YWV, W, = YWV W, + YWV W, + YWV W, 4 Y22V, W,

We have
YoV,.p = WYV, Y, — YV°V W,
WV op = WWV,Y, — WYV, W,,
but a simpler method is to compute

Yavap = Ylalp + Y20210>
W .p = W'oip + W20,p.

Also computing

P YV’ = P Y'V! 4 2P YY2 + Py VY2,
P Y WP = P YW + PRY W2 4+ PuY2W! 4 Py Y22,
P WeW? = Pyt 4+ 2P, W2 4 P, W22,

and

Y“Vagb = Y181¢ + Y282¢,
WV, = W16 + W20a,

allows us to find

52 YV,
— 2% L 3p, yoye - 1 Ya@
(=5 +3 .

which gives us

YOVl =Y'010 4+ Y200,
WVl = WO 4+ W320,L.

We shall now compute the ingredients for the following example with p # 0.
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Computing the ingredients for an example with p # 0

This example is a projective structure with A; = Ay =0, Ay = y, A3 = xy on

R2. This gives rise to the connection coefficients
H;Q =Y, H% =Y Hh = H%1 = H%Q = Hg? = 0.

We compute

Pii=-1, Pp=y, Pp= 9173/2a

for this projective structure, and the relative invariants are

Ll = _2927 L2 = B'xya

so that

Y, = =20, = 4y%, Y, = —2L, = —6ay.
Alternatively,

Y=Y, = —6ay, Y?=-Y,=—4y>
We have

OQYI = —6ZE, 81Y1 = —6y, 82Y2 = —8y, 61Y2 = 0,

which gives
¢ =20Y" +20,Y? = —28y.

We get

224
Wt = —52zy? + 162y°, W? = 32y — 362%)° — Ty?’,

so that
p =YW+ YVoW? = 48zy* 4 2162°y* + 64xy” = Sxy*(6 + 272% + 8y°).

Observe that p =0 on {x = 0} U{y = 0} U {6 + 272% + 8> = 0} but p # 0 on
an open dense set. We have

W = —10dzy + 80xy*, O, W = —52% + 169/,
DW? = —128y% — 108z%y%, OW? = —72x°,

which gives
VW =0, W' 4+ 9,W? = —180y* + 16y° — 108z%y>.
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Now we compute

VWi = 202y° + 1623°,
VW, = —52¢% + 16¢°,
VWi = 10822%y? + 12842,

112
VoW, = —104zy — 3623y* + —axy?,

3
and
V.Y = —6xy2,
Vlyé = _6y7
VQYi = 8y7

VoYy = —6zx — 4xy3.
Altogether this gives

Y*WV,Y, =(—6xy)(—52xy* + 162y°)(—6xy?)
+ (—4y*) (—52xy* + 162y°) (—6y)
224
+ (=62y)(32y° — 362°y" — —=y")(8y)

9224
+ (—4y*)(32y° — 362%y* — 7y3)(—6x — 4ay®),

WeWV,Y, =(—52xy* + 162y°)(—522y> + 162y°) (—62y%)
224

+ (32y° — 362%y* — ?y?’)(—52xy2 + 162y°)(—6y)
224
+ (—52zy” + 162y°)(32y° — 3622%y® — 73/3)(81/)

224 . . 224
+ (32y° — 362%y> — 7y5)(32y5 — 362%y> — ?y?’)(—&v — 4ay®),

WYV, W, =(—52xy* + 162y°)(—6zy)(202y> + 162y°)

224 112
+ (32¢° — 3627%y° — 7y3)(—4y2)(—104xy — 362°%y* + ?xy“)

224
??Jg)(—5292 + 16y°)

+ (=52zy” + 162y°) (—4y?)(108z%y? + 128y?),

+ (—62y)(32y* — 3627y —
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WeW NV, W, =(—52zy> + 162y°)(—52zy? + 162y°)(202y® + 162y°)
224

224
+ (32y3 o 36$2y3 _ ?y3>(32y3 _ 361’2?]3 _ 3 y )

112
x (—104xy — 362°y* + ——ay*)
3
224
+ (=52xy® + 162y°)(32y> — 3627y — ?yS)(—52y2 + 16y°)

224
+ (=52xy? + 162y°) (32> — 3622y — ?y3)(108x2y2 + 128y?),

YYOV, W, =(—6xy)(—6zy)(202y> + 161y°)

112
+ (—4y?)(—4y?)(—104xy — 362°y* + Tmy‘l)
+ (—6zy)(—4y*)(—52y* + 16y°)
+ (—6zy) (—4y*) (1082%y* + 128y?),
WYV W, =(—52xy* + 162y°)(—6zy)(202y> + 162y°)
224 112
+ (32y° — 3627%y> — Ty3)(—4y2)(—104xy — 362°%y* + ?a:y‘l)

+ (=52zy* 4 162y°) (—4y?)(—52y> + 163°)
224
+ (—62y)(32y° — 362%y> — 7y3)(108x2y2 + 12852).

We also have

YV ,p =(—627y)(48y* + 6482%y* + 64y") + (—4y?)(192xy> + 864239448 + xy%),
WV op =(—522y° + 16xy°)(48y* + 6482%y* + 64y")

224
+ (32y° — 362%y° — ?ys)(192zy3 + 86427448 4 1y/°).
We still have to find

224
PayWY? = — (=52wy” + 162y”) (=6xy) + y(32y” — 362%y" — —=y")(—4y”)

9224
+ 2y (—52zy* + 162y°) (—4y®) + 2y*(32y° — 3627y° — 7y3)(—6wy),

P WeW? = — (=52232 + 162y°) (—52zy? + 162y°)

224 224

7?ﬁ)(32y3 - 3633293 -5 Y )

3
2 3 2,3 224 4 2 5
+ 2xy*(32y° — 36x°y” — =Y )(—=52zy” + 162y°),

+ 4(32y° — 36x%y® —

PapY Y = — (—6xy)(—6zy) + y(—4y°)(—4y”) + 2zy*(—4y®)(—6zy),
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the last of which enables us to compute

980
(= Ty2 — 108z2y? + 1442%y® + 48y° — 562,

which gives

ol = —216zy* + 28821,

1960
Ol = ==y = 2162%y + 7202y + 240y" — 112y,

enabling us to find

YOV =Y 100 + Y20,
=(—6zy)(—2162y> + 2882y°)
2 1960 2 2.4 4
+ (—4y )(Ty — 21627y + 72027y~ + 240y" — 112y)

and

WOV £ =W'010 + W30yt

=(—52zy* + 162y°)(—216zy” + 2887y°)
224 , 1960

= y?)(——y — 21627y + 72027y" + 240y" — 112y).

32¢% — 362%y° —
+ (32y Ty 3 3

Finally,

224
WV ¢ = (32y° — 362%y° — Tyi"*)(—Qg).

Having all the ingredients, we are ready to cook up the polynomials P (t), Ps(t)
and Ps(t) at any point p € M where p(p) # 0. We shall do this at an arbitrarily
chosen point (z,y) = (1,1).

The polynomials for this example at the point (1,1)

At the point (1, 1), the ingredients for the example from the previous section take

the following values:
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4592 575968
YavabYa — _T’ Wavaa% - 9 ’
67840 601856
WaYbeWa = _T’ WawbvaWb _ = ’
13360 735104
Y“vaawb = T’ YbWaVaWb _ 5 :
437024
YaVap = _10576, Wavap - 3 ,
2144
PabYaYb = 287 PabWaYb = ) PabWaWb = 958087
6608 1064
WV e = —, /= 7
¢ 3 5
1672 44
Yoy — — 6; 0 pege _93393 |

We can now substitute the data into Py (), Pa(t) and Ps(t). At the point (1,1),

for the pEW to hold on this example, the following polynomial equations must
hold:

185760 528608 134912

P, (F) = —90F® F'— ————F? - 2052F — =

1(F) NI+ =53 328 95 328 ’
13774080 601856 523957248

Py(F) = —275F% + ———— 3 2020 o 929I0ER0

2(F) BE 03 0560 8856~ T 26568
30960 125360 31603200

Py(F) = —40FS + 2"t 4 22207 P2 308 4 200

3(F) R Y + * 726568

If we run a program through MATLAB to solve these polynomials, we find that
they do not share a common root, i.e. there exists no F' (real or complex) such
that Pi(F) = Py(F) = P3(F) = 0. We can also compute the resultants of the
polynomials P;(t), Py(t) and Ps(t), and even @12, Q13 and Q23. A computation
using MAPLE shows that the obstructions at the point p = (1,1) take on the

values

1457890459574161592339200000

Qi2(p) = — 681 ~ —8.6728 x 10%,
188610437798501965389961756672000000000
== ~ —4.1710 x 10%
Qu3(p) 152190681 710 x 1077,
1457890459574161592339200000
Qas(p) = 631 ~ 8.6728 x 10%.

The three polynomials P;(t), P»(t) and Ps(t) therefore do not share a common

root, since the obstructions Q12(p), Q13(p) and Qa3(p) are non-zero. In particular
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the obstructions do not vanish at p and on an open set near p. Moreover, since
Q12(p), Q13(p) and Q23(p) are polynomials in p we can conclude that there is no
solution to pEW anywhere on R?, as the set where these polynomials Q12, Q13

and (3 are non-zero is Zariski open and hence dense in R2.

5.1.2 An example with p =0

Using the obstructions obtained in the case where p = 0, we shall now show that

the projective structure on R? with connection coefficients given by
_2 It = _x_Q 2 = x_2
6 ’ 22 — 2 ) 21 — 6 )
does not admit a solution to pEW. We shall show that equations (2.23) and
(2.24) do not hold (for any y on the y-axis). This projective structure in fact has

H%lz_ Hflzl_[%l:l_[gQ:O

a metric connection in its projective class. We find that

4 4

- a P2 =0, P22:%—=75>

P=—c— =
11 3 187

and the projective invariants are

o <Y1> _ (21:3 - 2) el <W1> _ (—ga:?(x?’ —1)(a + 5)) |
y? 0 W2 0

We therefore find that

x? x® 522
—1922 =Y,W* =0, = _Z (P =_ -
6 =122 I (G
We also have
5¢? ,  YV,0  5(122%)? 1 Yoo
{ = — +3P,pY*Y" — = 3P, V'y'— —-
g Tt 2 TR 2
r ! (223 — 2)(24x)
=602" +3 ( -5 — =) (227 —2)* —
v ( 3 18)“’7 ) 2
2 8 130
= 3x10 §x7 z* + 20z,
which gives
of 2 o 8. 130, o x°  ba?
h=¢4+ 2L = _Z2,10_"Z - 20 6 2
+ 5 3.:1: 33: + 3 x” + 20x + bz 3 3
2 14 100
= gIlO—EZLj‘I’TIA"‘QOﬁE.

83



We now compute

18
k :Efg +3¢f + 12h — 3Y°V. . f

18/ 2° 522\’ x®  bx?
=—-=-= 3(122%) [ =% — =
5( 3 3)+( x)( 3 3)

=— 210 — 5427 + 3602* + 2202

and

m = 6;5’f YV, h + 2¢h

4 s 8 19 g 1180 4 2000 ,
=— — — 64 40.
15x + 15x x” + 3 T 4+ 3 x° +

Using MATLAB, we obtain that the obstructions are

15m? + 3fmk — hk?

=15( 1453715 + 185 — 6427 + 1138Om6 + 20300x3 + 40)?
+3 <—%5 - 5?9:2) (%x“” + %x” — 64z + gagﬁ + 20300 % 4 40)
(— 358x — 542" + 360z + 220x)
— (- ;.7310 — %aﬂ + 120 4 202) (- 358 1 — 542" + 3602 4 220z)?
:?(x — 1)*(262*" + 583z*" + 660x'® — 429852

— 4850022 + 8640002° + 7445002° — 1025002 4 15000)

:gmm . 42548 . 349776,

— 1651200212 — 11640002° + 154320025 — 21200023 4 24000,
E(Y*Vom) — m(Y*V,k + k¢ — 6m)

32 4, 14 o o 117408 , 311104
— 208z ot
=Tt T o5 5

+ 1362082 + 7153622 — 9961602° + 9785602° —

— 768z — + 610082 + 14688242

113'18

824000
3 427200

and we can conclude that this projective structure does not admit any solution
to pEW locally.

84



5.2 Projective surfaces admitting skew-symmetric
Ricci tensor (and hence with vanishing ob-

structions)

5.2.1 An example with p # 0

A second order ODE that is the derivative of a first order ODE will define a
smooth projective structure that has a solution to (1.4) and generically has p # 0.

We refer to example (4.9) in Section 4.3.1 for more details.

5.2.2 An example with p =0

Consider the second order ODE given by

d*y 1
— = —— 5.1
dx? 43 (5:1)
The solutions are y = ++vax? 4+ bx + ¢ where a, b, ¢ are constants such that
4ac — b* = —1. This is well-defined away from y = 0. We can regard (5.1) as
giving rise to a projective structure with connection coefficients given by
1

Ag = ——
0 4y37

A =0, Ay=0, Az=0.

Using MATLAB, this projective structure have the invariants Y* and W% given

by
Yl 0 Wt 0
Yo = = , We = = .

We find that p = W'Y? — W?2Y! =0 and

10 420 120 1080 4320
f:Ea = F’ = F’ - g2’ m ys

A computation shows that

15m? + 3fmk — hk* = 0,
kYN m —m(Y*Vk + k¢ — 6m) =0,
and so the obstructions for this example vanish. This projective structure in fact
admits two distinct real solutions to pEW. We find that
2
F - j:_37
Y
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and

1 1
a ==+ —dr+ —dy.
Y )

5.3 Projective surface with vanishing obstruc-

tions but not admitting a solution to pEW

The example of Hitchin [21] is a second order ODE given by

d?y 1

_— = —. 5.2

dz? 493 (5:2)
The solutions are y = ++ax? + bx + ¢ where a, b, ¢ are constants such that
4ac — b* = 1 (together with y = oo according to [21]). Since b* — dac < 0,
y # 0 and (5.2) is well-defined. We can regard (5.2) as giving rise to a projective
structure with connection coefficients given by

1

:4_y3’ Alzoa A2:Ov A3:0

Using MATLAB, this projective structure have the invariants Y* and W given

by
Yyl 0 wt 0
Yo = 2| = 6 | W = 2] = | 60 |-
Y £ W s

We find that p = W1Y2 — W?2Y! = (0 and

10 420 120 1080 4320
f=== - 120 ) k=—5 m=
Y Yy Yy

A computation shows that
4320\ 2 10\ /4320 /1080
2 2

120\ /10802
- F y12

=0,

and

kY *Vm — m(YV ok + k¢ — 6m) = 0,
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and so the obstructions for this example vanish. We claim that this projective
structure does not admit any real solution to pEW. The obstructions hence do not

distinguish real solutions from complex ones. Equation (2.20) for this example is

given by
1080 5 4320
<y12 )F " y's =0
or that
4
2 _
F*+ s 0, (5.3)

and this equation has no real solutions. However, this projective structure admits
a complex solution which we can determine as follows. From (5.3), F' is necessarily
given by

2
F=+=.

y?
Using the formula for a, given by (2.25), we find that
6

-3
v, (l> + Yy

<

qg — —

o |

so that in local coordinates
6 1 ) 1
a =Pdx + Qdy = zy (—5) dr + —dy = :I:%dac + —dy. (5.4)
6 Yy (0 Yy Yy

We conclude that this example admits no real solutions to pEW.

Remark 5.1. We can try to solve the pEW equation directly for this projective
structure, however in this approach it is not clear whether we are finding all
possible solutions. The pEW equation for this projective structure is given by

the following system of equations:

o°P @ 3 oQ 1 8@ 10P
PP+ —=0, —+Q*=0 P =0,
ar Tap T gm0 gt =0 o5 Ty, e
and completing to form the closed system gives two extra equations
oF 6 oF
— =-3PF - —, — =-3QF
ax y5 Y ay Q )

— 8Q aP _ 1
where F' = . Hence ) = TS (I)

most general solutlon If Q =0, then 28

where s is a function of x or ) = 0 is the
a = 0 so that F' = 0, which we eliminate.

Substituting @) = m into the last equation gives

18_}7 P N §'(x)
20y  y+s(x) 2y+s(x)?’
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which solves to ,
~ale)+ (2

(y +s(x))

_ a(z) — s'(x)s(x)
(y+s(z)?®
Now set s(xz) = 0, although we still have to check whether there other possible

This gives

solutions where s(z) # 0. Then

and the first equation now becomes

M_FL a@)?* 3 d@y’ +a(z)’ +1

— = =0.
vy Ayt oyt Ay y'
Setting a(x) = d, where d is constant, (and again there might be other possible
solutions, such as a(x) = — tan(x;;c), where ¢ is constant) gives
1+ d?
=0
Y

so that there are no real solutions. Over the complex field this recovers @ =
:I:y’—;da: + %}dy. The method of computing « using the constraint equations (2.25)
tell us definiteively that « has to be of the form (5.4) so that there are no possible

real solutions.

5.4 Three dimensional non-projectively Ricci-

skew examples

In this section we show that sol and Berger sphere geometries do not locally admit
a solution to pEW. In the higher dimensional setting no local obstructions to pEW
are known to the author. To set up the projective Einstein-Weyl equation on sol
and the Berger sphere geometries (the conformal case is done in [13]), we consider
the class of connections projectively related to the Levi-Civita connection VY on

M?3. The curvature tensor associated to V9 is given by
Rap“a = Pa°goa — By Gaa + Prada® — Paady’

where P, is the conformal Schouten tensor on M. The projective Schouten tensor

is given by
1 1 ~
Puw = =Ry = =(Jgap + Pup).
b= 5 b 2( Gab + Pap)
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Taking the trace free part of R, gives

1 1
W a =Rap‘a — §5aCRbd + §5bCRad

1 ~ 1 -
=R q — §5ac(<]gbd + Ppq) + §5bc(<]gbd + Pra)

~ 1 . 1 1 -
= (PaC - _5ac<]) Gbd — <Pbc - —5bCJ) Gad + <_5bc - 5bc> P
2 2 2
+ (8,6 — 15 °) P
a 9 a bd

N 1 ~ 1 1 ~ 1 ~
— Pac__ac —( pec— Z§¢ 'l — — cPa _acP .
( 25 J) Gbd ( b 25b J) Jad 25b d+ 25 bel

The two examples fall under the Class A classification of homogeneous 3-geometries
(see [13]). For background on the geometries of 3 dimensional Lie groups see [29].

The structural constants are given by
le1, €2]) = —(A+ B)es les,e1] = —(C + A)es lea, €3] = —(B + C)ey

where A, B and C are constants. With respect to the chosen orthonormal frame

(e1, €2, e3), the projective Schouten tensor is diagonal and given by
Pll = BC, P22 = AC, P33 = AB

and all remaining terms equal 0. Let the smooth 1-form a have components
X,Y, Z. That is

a=X0"+Y0*+ 76
where the basis of 1-forms 0!, 2, 3 is dual to e;, es, e3. The projective Einstein-

Weyl equation can now be expressed in terms of the variables X, Y, Z. They are

given by the following system of 6 equations

er X +X?+ BC =0, e X +eY +2XY + (A—-B)Z =0,
ey + Y24+ AC =0, esX +eZ +2X7Z+ (C—AY =0,
esZ + Z°+ AB =0, esY +exZ +2YZ + (B—C)X =0.
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We introduce Fy, = V{qap). Using the connection coefficients specified by tableau
(2.9) in [13], this has components

Fia = 1(Vey)(e2) — 2(Veya)(e) = ;[ela@) o(Ver2)] ~ glea(er) — a(Veen)
ey laxs <A+ %)z
Fis = 5(Ve,0)(es) — 3 (Veya)(er) = gl - a(%es)] SlesX — a(Vegen)
%elZ — *63X )
Fas = 5(Ves0)(e5) — 5(Ves0)(e2) = gleaZ — a(Veses)] — les — a(Veyen)]
Lz lovs (B;C) x

Let us call P = Fy3, QQ = F3; = —Fi3, R = Fi5. We can introduce these auxiliary

variables to rewrite the pEW system as the following set of equations:
et X = —BC — X? e X =—R—-XY+BZ esX=-CY+Q—-XZ
etY =R— XY —AZ e)Y = —-AC —Y? esY =CX—-P-YZ

e =AY —Q—-X7 eZ=—-BX+P-YZ e3Z=—-AB— 7>
(5.5)

We can in turn determine the derivatives of P, () and R by applying the com-
mutation relations. This gives
e1P =(A— B)C? + B*(A—C) —2PX + QY + RZ
eaP =BR+ B(C — A)Z —3PY
esP=—CQ+C(A-B)Y —3PZ
e =— AR+ A(B—-C)Z —3QX
esQ =(B — O)A? + C*(B — A) — 2QY + RZ + PX
esq) =CP+C(A—- B)X —3QZ
etR =AQ + A(B - C)Y —3RX
esR=—BP+ B(C —A)X —3RY
esR =(C — A)B? + A*(C — B) —2RZ + PX + QY.
Together we have 6 constraints obtained from computing the commutation rela-
tions on P, Q and R. Three of them are given by
—3RQ + A(C — B)P + X(AB? + A’B + BC* — AC? — B’C — A*C) =
—3QP +C(B— AR+ Z(CA>+ C?A+ AB* - CB? — A’B—(*B) =
—3PR+ B(A—-C)Q+Y(BC?+ B>C 4+ CA? — BA®> — C?A — B?A) =0,
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while the other three are given by

2Y?C(A — B) —2B(C — A)Z* — 6P?
+2(ABC? — B*C? + AC® — A’BC — BC® + AB*C + AB* — B*C) = 0,
2X?B(C — A) —2A(B — O)Y? — 6R?
+2(CAB? — A’B* + CB® — C?AB — AB* + CA’B+ CA® — A’°B) =0,
27*A(B - C) — 2C(A - B)X* — 6Q*
+2(BCA? — C?A*? + BA® — B*CA — CA® + BC?A+ BC? — C?A) = 0.

These are precisely the integrability conditions (1.7) for pEW to hold.

5.4.1 sol
Following [13], the structure constants for ‘sol’ are given by taking A =0, B = 1,
C = —1, so that the orthonormal basis e, e3, e3 commute according to

le1, 0] = —e3, ez, e1] =€z, [eg,e3] = 0.

With respect to this orthonormal frame, the Ricci tensor on sol is diagonal with
components

Rll — _27 R22 - 07 R33 - 07

and the conformal Schouten tensor is diagonal with components

_ 3 _ _
P{=— Py == Py = =,
11 5’ 2= 5 83 = 5
The metric trace of the conformal Schouten tensor is

~ 3 1 1 1
__ ab — —_ — —_ = ——
J—g Pab—P11+P22+P33— 2—|—2+2 2

The projective Schouten tensor is easily computed and is also diagonal with
components
Py = -1, Pay =0, P33 = 0.

The projective Weyl tensor has components given by

1 e 3 e
W12 2 = W6162 162 = _17 W32 2 = W€3€2 382 = 17
W2323 = W62638263 - 1; W1313 = W61636163 = _1a

and all other components vanish. The projective Cotton-York tensor is non-zero
and has components

1/'123 = 17 1/'231 = 07 1/312 = _17
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and all other components vanish. To see this, we can compute explicitly. For

instance,

Y(ei,eq,e3) =(Ve, P)ea, e3) — (Ve,P)(eq, €3)
=e1P(eq,e3) — P(Ve, ea,e3) — P(eg, Ve,e3) — eaP(eq, e3)
+P(Ve,e1,e3) + Pler, Veyes)
=0-0—-0—-0+0+P(e1,—e1)
= —P(ey,e1)
=1.

The pEW equation for sol is given by

e X +X?2—-1=0, e X +eY —Z4+2XY =0,
€2Y—|—Y2:0, €3X+€1Z—Y+2XZ:0,
esZ + 72 =0, esY + e, Z +2YZ +2X =0,

and the associated closed system is given by

e X=-X?>+1 eX=Z-R-XY eeaX=Y+Q-XZ
ey =R— XY Y =-Y? esY =—X—-P-YZ (5.6)
el =—Q—XZ eZ=-X+P-YZ esZ =72
We can in turn determine the derivatives of P, (), R by applying the commutation
relations. This gives
etP=-2PX +QY + RZ eeP=R—-7Z—-3PY e3sP=Q+Y —3PZ
e =-2QY + RZ+PX +1 e3Q=X—P—-3Q7 e1QQ=-3QX

esR=—-2RZ+PX+QY -1 egR=—-3RX esR=—-X —3RY — P.
(5.7)
A computation shows that the commutation relations are satisfied on X,Y and
7, but give immediate constraints when applied to P, ), R. For example, one
expects
lea, e3] P = 0.

Expanding eses P gives
~Y? —2RZ +3Z>+12PYZ +4PX — 3P%? —2QY +1
while expanding eszes P gives

4PX +12PZY —2QY — 1+ Z? —3Y? 4+ 3P* —2RZ.
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Taking the difference, we obtain the first constraint that
[62, eg]P = €2€3P — €3€2P = 222 — 6P2 + 2+ 2Y2 = O,

or

3PP =2 +Y?+1.

Together we have 6 constraints obtained from computing the commutation rela-
tions on P,Q),R. The other five are

Q = 3PR, R = -3QP, 2X = 3QR,
-3Q* =1+ X2, 3R> =1+ X~

These constraints can be computed from the equation (1.8) and they form an

inconsistent system. Squaring 2X = 3QR gives
4X? = 9Q°R? = (-3Q*)(—3R*) = (1 + X)) (1 + X?) =1+ 2X* + X4,

which gives

X' —2X?+1=(X?*-1)2=0.
Solving for X, we have X? = 1, or X = 41. This implies that

—1-Xx2 2

2 2

P=R=—"—=-2
3 3’

and so ), R have no real solutions. If complex solutions are allowed, with @) =
+ %i, R= j:\/gi, we can compute

Q* = (3PR)* = 9P’ R?.
Since Q? = R?, cancellation on both sides gives
1=9P%
or P = +3. Now multiplying @ = 3PR on both sides by —3P gives
R=-3QP = -9P’R = —R,

or R = 0, which is an inconsistency.
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5.4.2 Berger sphere

Substituting A =1, B =1, C' =t into the 6 constraint equations give

0=—3RQ+ (t—1)P+ X(2—2¢)

0=—3QP

0=—3PR+(1-t)Q+Y (2t —2)
0=—2(t—1)Z>—6P>+2(1 1)
0=2X2(t—1)—2(1 —t)Y? — 6R> + 2(4t — 3 — t?)
0=27%1—1) —6Q*+2(1 —t).

For t = 1, we recover the standard sphere and this forces P = Q = R = 0,
i.e. Fy, = 0, so that solutions are projective rescalings of Ricci-flat connections.
For t # 1, 3PQ = 0 forces either P or Q = 0. Assume P = 0. Then from
0=—-2(t—1)Z%—-6P*+2(1 — t) we get
Z*=-1

?

so that Z = 4. Substituting this into the equation 0 = 22%(1—1) —6Q*+2(1—t)
we obtain

Q =0,
but from the equation 0 = —3PR + (1 — t)Q + Y (2t — 2) we get

Q=2Y,

so Y = 0, and consequently X = 0. Also, 3R> = —(¢t — 1)(t — 3). Similarly for
Q = 0, we have a = +i6%. We conclude that over the reals, the Berger sphere

does not admit a solution to (1.4).

5.5 Three dimensional examples

Here we give examples of projective structures in 3 dimensions that admit a
solution to pEW.

5.5.1 3 functions of 2 variables

In (z,y,t) space consider 3 functions of 2 variables P = P(z,y), Q = Q(y,1t),
R = R(z,t), i.e. P isindependent of ¢, ) is independent of x, R is independent
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of y. We claim that the affine connection V with connection symbols given by
[y =T, = 0.P — 0.R,
I3, =TY =—-0,P+0,Q,
Too =Ty = 0.R — 0,Q,

and all remaining connection symbols equaling zero has skew-symmetric Ricci. A

computation using
Rea® = 05, — 0alg + Tl — Toal's, (5.8)
gives

Rll = R22 = ROO = 07

R12 = _8xrzy = 8:caypa RQl = _ayrﬁa; = _ayaxp’
RIO — _amrit = —8$atR, ROI - _atria: - atamR’
Roo = —0,1}, = 0,0,Q, Ryy = =0,y = —9,0,Q,

thus verifying the skew-symmetry of the Ricci tensor. Now take the projective
class related to this affine connection. Using that o, = —%HFZC, we compute
that in a local coordinate system {dz, dy, dt}, « is given by aydx + aady + apdt =
—2(0,P — 9,R)dx — 3(—=0,P + 9,Q)dy — (&R - 0,Q)dt. We have under a
projective change of connections of the form I'¢, — I'S, = 'S, + 05ay, + 05 v, that

the connections symbols get modified as follows:

i 1 1 - 1 1
FiQZF%Q'FOQ:ZPy—ZQy, 1_‘82:I‘82—|—042:ZPy_ZQy7
i 1 1 - 1 1
F81:F81+061:ZR$—ZPI, Fglzrgl—i_Ql:ZRx_Zan
Al 1 1 1 “o ) 1 1

I =T+ a0 = ZQt - ZRt, Fo0 =T+ a0 = ZQt - ZRta
i 1 1 - 1 1
Fgo - Fgo + 20[0 = §Rt - §Qt7 F%l = Fil + 20[1 = §Px - §Rx7

. 1 1
13, = T3 +2a2 = 5Q, — 5 P,
2 2
The Ricci tensor is now symmetric, and we check that «, satisfies the pEW

equation Vap) + a,ap + %Rab =0.

5.5.2 2 functions of 3 variables

This example is found by experimenting with MAPLE. In (z,y, ) space consider
2 functions of 3 variables ¢ = ¢(z,y,t), ¥ = 1 (x,y,t). We claim that the torsion-
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free affine connection V with connection symbols given by

F%O = awgb’ F%O - 8y¢, F%O = 61-77Z), F%O = 6y77ZJ,
Too = (2 + )90y + cddyh + 0pp,  Tiy = —(2+ c)1h0pd — chpDpth + Osib,
F80 = al“¢ + aywa

where ¢ is an arbitrary constant, and all remaining connection symbols equal 0

has skew-symmetric Ricci. Again using (5.8), we obtain

Rll = R22 = ROO = R12 = R21 - O?
RlO = ¢a:x + ¢xy7 R()l = _¢xz - ¢xya
Rog = ¢y + 1y, Roz = —uy — thyy.

Now take the projective class related to this affine connection. Using that o, =

—%HF ¢., we compute that the only non-vanishing component of ¢, is given by

ag = —1(0,¢0 + 0,1). We have under a projective change of connections of the
form I'¢, — ['¢, = I'¢, + 6Cay, + 0fay,, that the connections symbols get modified
as follows:

~ 1 1 A

F%O = F%O +ap = §8x¢ - 5@;% 1—\(1J0 = F(1)0 = (2 + C)way¢ + C¢3y¢ + 09,

A 1 1 N

Fgo = Fgo +ap = Eazﬁb - §8y1/1, F(2)0 = F(2)0 = —(2+ )Y0:¢ — O,y + Oy,

fgo = F%o = 0,0, f%o = F%o = 0.1,

The Ricci tensor is now symmetric, with components
1
Riy = Ry = Ry = Ry =0, Rop = o + 2y — 5(@: + ¢y)27
1 1 1 1
Rip= Ry = 5%:;/ + §¢ma Ryp = Rpp = §¢yy + §¢zy>

and we check that a, satisfies the pEW equation V (,0p) + aqa + %Rab =0.

5.6 Higher dimensional examples

n
2

tions of 2 variables in n dimensions. This is also an appropriate generalization

We generalise the 3 functions of 2 variables case in 3-dimensions to ( ) func-

of Derdzinski’s normal form [8] to higher dimensions. In (z,zs,...2,) space
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consider (72‘) functions of 2 variables denoted by P;; = —P};, ¢ # j, where P;; de-
pend only on z; and x;. We claim that the affine connection V with connection

symbols given by
=Y 0Py
J

for 1 <1 < n and all remaining connection symbols equal 0 gives rise to an affine

structure with skew-symmetric Ricci. A computation using (5.8) gives
R = airéi - airﬁi + FZFZ - FZF; =0,

and

R.% = 0., — 0TS, + TSI, — T¢I = — O, = —0,0; Py,

C

since all other terms in T;:j = >, 0;Pj; that do not depend on z; will be annihi-
lated by 0;. But now

R = —0,0;P;; = 0;0;F;j = 0;0;P;; = —Re;,

thus verifying the skew-symmetry of the Ricci tensor for this given affine struc-

ture.
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Chapter 6

Local obstructions to a
conformally invariant equation on

Mobius surfaces

6.1 Introduction

In this chapter and the next we discuss conformal geometry, and it will be clear
from context that tensor quantities in conformal geometry are different from
the ones derived in projective geometry even though the script used to denote
them are similar. Let (M? [g]) be a Riemann surface. This is a smooth 2-
dimensional oriented manifold equipped with a conformal structure [g], which
is an equivalence class of smooth Riemannian metrics under the equivalence re-
lation gap — G = 2%ga for any smooth positive nowhere vanishing function
(2. Since every metric gy in dimension 2 is locally a conformal rescaling of the
flat metric d,5, conformal geometry in dimension 2 carries no local information.
To remedy this, one can impose on Riemann surfaces additional local structure
present in conformal manifolds of dimension n > 2. This is the motivation behind
Mébius structures [5]. A Riemann surface with a Mobius structure will hence-
forth be called a Mobius surface. We can study on Mobius surfaces a well-defined
conformally invariant equation, which we call the scalar-flat Mobius Einstein-
Weyl (st-MEW) equation. This equation specialises the Einstein-Weyl equation
in conformal geometry in higher dimensions to the 2-dimensional setting. We
derive algebraic constraints for a given Mobius surface to admit a solution to
st-MEW, and from there derive obstructions to existence of solutions to the equa-

tion. Checking that the obstructions do not vanish tells us definitively that the
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Mobius surface cannot admit any solution to the st-MEW equation locally. Most
of the material in this chapter appears in [27]. Again abstract indices [26] will be
used throughout Chapters 6 and 7 to describe tensors on the conformal manifold.
We have already used g¢,, to denote the metric tensor. For another instance, if
we write w, to denote a smooth 1-form w, then the 2-form dw can be written as
Viewy = %(Vawb — Viwa)-

6.2 Conformal geometry and Mobius structures

A Mobius surface is a Riemann surface (M2, [g]) equipped with a smooth Mdbius
structure as defined in 2.1 of [5]. Taking the Weyl derivative D, in the definition
to be the Levi-Civita connection V, for a particular representative metric g, in
the conformal class [g], a Mobius structure on (M2, [g]) is a smooth second order
linear differential operator D, : E[1] = Ewp),[1] such that D), — V(o Vy), is
a zero order operator acting on sections of the density line bundle of weight 1,
denoted by £[1]. The definition of a density line bundle in the conformal setting
can be found in [2] for instance. Let P(4), be the symmetric trace-free tensor

denoting the difference, i.e.
Pa).0 = (D(ar)o — V(@Va),)0,

where o is a section of £[1]. Since the operator D 4, is invariantly defined, under

a conformal rescaling of the metric G, = 922¢q, we find that

~ 1 1
P(ab)o = P(ab)o - va’rb + TaTb - §gabTCTC + §gabchc

where T, = V,log Q. Let K denote the Gauss curvature of gq, i.e. K = %, where
R is the scalar curvature of gq. Define the Rho tensor by Py, := Pqp), + %gab.

Under a conformal rescaling, K transforms as K=K-— V., Y® and therefore

Pap =Py — VLo + T Ty — %gachTC-

Hence for any representative metric g, in the conformal class [g] with its associ-
ated Levi-Civita connection V,, a Mébius structure in the sense of [5] determines
a symmetric tensor P, satisfying the following two properties:

1) The metric trace of Py, is the Gauss curvature K of gu;

2) Under a conformal rescaling of the metric gup = ©2ga, the tensor Py, trans-

forms accordingly as

~

1
Puw=Pup -V, Tp+ T, Tp — EgachTC, (6.1)
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where T, = V,log Q. This is the definition of a Mobius structure given in [11]
which we shall subsequently use. A Mdobius surface will be given by (M?, [g], [P]),
where [P] denotes the Mobius structure on (M?,[g]), which is the equivalence
class of smooth symmetric tensors related to a representative Rho tensor P,
by formula (6.1) under conformal rescalings of the metric. In 2 dimensions, the
Schouten tensor P, is not well-defined and a M6bius structure remedies that by
equipping the manifold with a Rho tensor that behaves like the Schouten tensor

under conformal rescalings. In 2 dimensions, a Rho tensor P, allows us to write

Rabcd - K(gacgbd - gbcgad) = Pacgbd - Pbcgad + Pbdgac - Padgbm (62)

even though the tensor P, cannot be recovered from the Riemannian curvature
tensor alone, in contrast to the higher dimensional setting. A fixed representative
metric g, from the conformal class [g] can be viewed as having conformal weight
2 and induces a volume form €, = €[4 of conformal weight 2. We set our
convention so that €®ey = §,.% and we raise and lower indices using the metric.

The Cotton-York tensor given by
Y;bc = Vanc - VbPac

is a conformal invariant of the Mobius structure. This means that it is a universal
polynomial in the jets of the Mobius structure that is invariantly defined as
a conformally weighted tensor. Under conformal rescalings of the metric, the
quantity Y. remains unchanged. We can use the volume form ¢, to dualise, so
that

Yabe = %%bYc,

where Y, = €Y. is now a 1-form of conformal weight —2. Observe that

1
§€abyb = Yabb = VCLK — VbPab.

The vanishing of Y, characterises flat Mobius surfaces. In [5] it is shown that flat

Mobius surfaces are precisely those which are integrable.

6.3 The MEW equation on Mobius surfaces

A Weyl connection D, on a Riemann surface (M?,[g]) is a torsion-free connection
that preserves the conformal class [g], or equivalently D,gp. = 20, gp. for some 1-

form «,. The 1-form «, is determined up to a gauge freedom; under a conformal
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rescaling of the metric gu, — Gap = Q*gap, We have o = Gy = @y + T4, Where
again T, = V, log Q. The Mébius Einstein-Weyl (MEW) equation asks for a fixed
Mobius surface (M?,[g], [P]) whether there is a compatible Weyl connection D,
such that the second order linear differential operator D 4, is given by the trace-
free symmetric Hessian of the Weyl derivative, i.e. D(q), = DDy),. On Mobius
surfaces (M?,[g], [P]), the MEW equation for a representative metric g, € [g]

and its associated Levi-Civita connection V, is given by
Trace-free part of (V(,ap) + aqap + Pay) = 0.
Let A denote the trace term, so that we have
V) + gty + Pop = Agap. (6.3)

The nomenclature MEW is chosen because (6.3) is the Einstein-Weyl equation
in conformal geometry in higher dimensions. In higher dimensions, the Einstein-
Weyl equation asks for the symmetric part of the Ricci tensor of the Weyl con-
nection D, to be pure trace, see for instance [12] and [13]. This is a conformally
invariant system of PDEs. Analogous to the pEW equation, a common proce-
dure to treat equations such as (6.3) is through prolongation [3]. This involves
expressing first derivatives of the dependent variables in terms of the variables
themselves. We get a closed system if the overdetermined system is finite type.
However, in 2 dimensions (6.3) is not finite type in the sense of [30] because of
its symbol. (We can compare this to the conformal Killing equation also has the
same symbol and is also not finite type in 2 dimensions). To see this explicitly,
we can attempt to prolong equation (6.3) and see where it leads to. Introducing
s = a’a, — 2/, we can rewrite (6.3) as

a0

S
V(aOéb) + g + Pop — Tgab = _igab- (6-4)

The reason for doing so is that s is the scalar curvature of the Weyl connection
D, and is conformally invariant of weight —2. It makes the conformal invariance
of the left-hand side term also more apparent. Introducing F,, = %eabF = V,ay

as the extra dependent variable where ' = €®F,;, we can rewrite (6.4) as

oo 1 s

— Yab = _EabF — ZYab- (65)

a a Pa -
Vozb+ozozb+ b B 5 5

We now attempt to write a closed system for this equation. Differentiating and
skewing (6.4), we find
VoF = =20, F + 2€,4,M°, (6.6)
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where tautologically
1
Ma = vaba + 2abea = eravbp + 6baOéaF1~

Also, we have
Vs =2M, — 20048 — €,.Y € (6.7)

as a consequence of (6.4). However, we cannot express V,M, in terms of the

other known quantities to close up the system. We have the following

Proposition 6.1. Prolongation of (6.4) does not form a closed system in 2 di-

MENSIONS.

In dimensions n > 2, the EW equation (6.3) is finite type. Prolongation of
(6.3) in general gives us Z:? V.M, in terms of the other known variables of the
system and (6.3) can be prolonged to form a closed system. In 2 dimensions the
expression Z—:%VCLMI, vanishes and the only piece of information that remains is
the divergence of M,:

VoM* = —2a,M* — F>.

Since the equation cannot be prolonged to form a closed system, it makes no sense
to derive local obstructions as we cannot derive integrability constraints on the
solutions. Equation (6.7) is precisely Calderbank’s definition of Einstein-Weyl
when Y, = 0 (see the first equation of [5]). When the Mdbius structure is flat
and (6.4) holds, we have

D,s — 2DF,, = Vs + 20,8 — 2V°Fy, — 4a°Fy,, = 2M, — 2M, = 0.

Note however that [5] does not mention (6.7) is a differential consequence of (6.4).
While Calderbank’s EW equation is defined on flat Mobius surfaces, our MEW
equation is defined on general non-flat Mdbius surfaces. The MEW equation
becomes finite type if we consider further restrictions on the Weyl structure. By
taking s = 0 in (6.4), we obtain the sMEW equation. This will be discussed in
the next section. By taking F' = 0 instead, we obtain the conformally Einstein

equation. This will be discussed in Chapter 7.

6.4 The st-MEW equation on Mobius surfaces

If we impose the additional condition that the scalar curvature s of the Weyl

connection D, is 0, the equation becomes finite type and forms a closed system.
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This is the st-MEW equation and is given by

a0

2

V(aab) + a0 + Pap — Gap = 0. (6.8)

The ‘scalar-flat’ in the terminology of st-MEW hence refers to the vanishing of the
scalar curvature of D,. The st-MEW equation is a conformally invariant, finite
type, overdetermined system of semi-linear partial differential equations. Taking
s =01in (6.5) gives

a‘o 1

Vaab + a0 + Pab — Tgab = §€abF' (69)

Observe that tracing the equation gives V,a® + K = 0 as a necessary constraint
of the system. Differentiating (6.9), we find that

V' = 20,F -Y,

is a consequence of the original equation. The derivative of the extra dependent
variable F'is now given by known quantities «,, F' and Y, of the system. The

prolonged system is therefore given by

1 ‘o
Va04b :éeabF + %gab — Qg — Paba (610)
VoF = —2a,F — Y,. (6.11)

Equation (6.11) can similarly be obtained by taking s = 0 in (6.7) and substi-
tuting the formula for M, = %eabe into (6.6). We can use the prolonged system
to derive algebraic constraints for there to be a solution to (6.8). We obtain as a
necessary condition for there to be solutions of (6.8) three polynomial equations
in a single variable ¢t with coefficients given by conformal invariants of the Mobius
structure, under the assumption that a certain conformal invariant M,, defined
in (6.22) is non-zero. This is the result of Theorem 6.4. The resultants of any
two of these 3 polynomials will then have to vanish for there to be a common
root t, and since the resultants are given only by the invariants of the Mobius
structure, we obtain obstructions for there to be solutions of (6.8) in Corollary
6.5. We also discuss the case where M, = 0 in Theorem 6.6. We conclude the
chapter in Section 6.8 by giving three examples of Mobius structures on R? with
the flat metric d,, for which one admits a solution to (6.8), one does not because
of non-vanishing obstructions and one with vanishing obstructions but does not

admit any real solution to (6.8).
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Remark 6.2. We remark on the case of global solutions to (6.8) on closed Mébius
surfaces (M2, [g],[P]). Since V,a® + K = 0 is a consequence, we find that inte-
grating this equation over M2, the integral of the divergence term vanishes, so
that 0 = — [, K = —2mx(M?) by the Gauss-Bonnet formula and this implies
that M? has to be diffeomorphic to the torus.

6.5 Deriving algebraic constraints for sf-MEW
to hold

In this section we derive the algebraic constraints that have to be satisfied for
equation (6.9) to hold. In the flat case when Y, = 0, we necessarily have F' = 0 by
differentiating (6.11) and skewing. The 1-form a, is therefore exact, and equation
(6.9) specialises to the conformally Einstein equation for flat M6bius surfaces. We
therefore restrict our attention to non-flat Mébius structures, that is one with Y,
non-zero. By (6.11) this ensures that I # 0. Introduce the vector U = e*Y,.
Locally this is obtained by rotating the vector Y* 90° clockwise on the plane. We
have Y, = U%,. The 1-form U, has conformal weight —2. Differentiating (6.11)

and skewing with €%¢ gives the first constraint of the system, namely that
—2F?% = ¢*V,Y. + 2¢*Y.ar, = V,U* + 20, U (6.12)

Define the quantities

The scalar p has weight —4 and transforms as it = p — Y,Y* under conformal
rescaling. The scalar ¢ also has weight —4 and transforms as gg = ¢—T,U® under

conformal rescaling. We can rewrite equation (6.12) as
a,U* = —F* — ¢. (6.13)

Set W, =YV.U,+¢Y,—3ulU,. The 1-form W, can be verified to be conformally

invariant of weight —6. To see this, we have
W, =Y*V.U, + ¢Y, — 30U,
=Y(V.U, —3Y U, — YU+ gea YU.) + (¢ — T U)Y, —3(pn— Y.Y)U,
=yY°v.u,-37.YU,+ Y YU, + oY, — YUY, — 3uU, + 37 YU,
=W,.
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Differentiating (6.13) and using (6.10), we find that

a W =3(apY?)F? + gpF — YV + P UY? + 3uF? 4 3u0,

where p := U, U® = Y,Y* and has weight —6. To simplify notation, set
0 =3u¢ + PuUY" — YV 6.
The scalar ¢ has conformal weight —8. We have
Proposition 6.3. Under a conformal rescaling, l=10+ T, We.
Proof. We have
PoUTYb =P, UY? — (V1) UY? + T, TUY?,
316 =3 — 3¢(TyY") — 3u(ToU") + 3(TU)(TY),

Y Vop = — YVup + YUVT,) + Lo(YVU) + 27, Y(V,U) — 4(LY)(LUP).

A computation shows

C="0+ T YV + ¢Y® — 3uU% = £+ T, W

We find that .
a,We =1+ §pF + (3p + 3a,Y*) F2, (6.14)

We can now solve for a, assuming the scalar density o of conformal weight —10
given by o :=Y,W* #£ 0. It is given by
Ya 5 awW?
g =— <€ +5pF + (3u+ SaCYc)F2> _ e (F*+9). (6.15)
o o
Contracting with Y* on both sides gives
o

5
aYe =2 (6 +5pF + B+ 3aCYC)F2> + g (F*+9),

where 7 := U,W* has conformal weight —10. Hence

3pF? 5
(1 _ 2 ) oY =2 (z + -pF + 3uF2) + L (FP+9), (6.16)
o o 2 o
and for Py(F) := 0 — 3pF? # 0, we obtain

p 5 2 T 2
Y ' =———F——= |+ —pF + 3uF —— (F .
“ cr—3pF2(+2p o )+0—3pF2( +9)
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Substituting this expression into (6.15) gives

Y, 5 eaW” we
a, =22 (E +2oF 4 3uF2) @ (F?+ ¢)
o 2 o

3Y,pF? ) 3Y,7F?
e (4 ZoF +3uF? el (2
+o—<a—3pF2)( Tarten )+ (o~ spr) 7 F9):
which simplifies to
Y, 5 eaW? — 32U,
a=—""-= |/ F + 3uF? 2 2 (F? :
“ 0—3,0F2( * 27 on ) o — 3pF? (F* +¢)

We can rewrite this expression to obtain

5 a
(0 —3pF?)a, = (Yol — ey W) + 5 YapF + (VQp ) F? 4+ 3F*U,.

The case where Py(F) = 0 — 3pF? = 0 will be discussed in Section 6.6. Call
Ly =Yl — eW¢. The 1-form L, has conformal weight —10, and we have
5 \%

(0= 3pF?)ay = Lo + 3 YapF + T“pﬁ + 3, (6.17)

The derivation of (6.17) still holds when o = 0. We shall now derive polynomial
constraints for there to admit a solution of (6.9). This involves differentiating
equation (6.17) and using the equations (6.10) and (6.11) in the prolonged system
to substitute. We then contract by the quantities U*U?, Y*Y? and € to produce

three polynomial constraint equations
P (F)=0, Py(F) =0, Py(F) =0,

in the variable F' with coefficients given by conformal invariants of the Mobius
structure. The three polynomial constraint equations have to be satisfied for
there to be solutions to (6.9). After a routine computation we find that the first

polynomial constraint is given by

63 12p0¢ — 63p*¢? + 3pUV 0 + (7 + 3pp)? ) P

Py(F) =—p’F® — 12pc F°® +
1 (F) P p +2(3pp — )2 + 3pU UV Vyp — 9p*P o, UU”

2

15 5) 15
+(2p,u+2p+ (U“UbVY))F?’

(309 — 0)(U"Va0) + 21p¢%0 = 3¢0* + (pl + 67)(3up +7) | 1o
Tl Bt 43U, L, + GpoP U — UL YT
8 P P blia + PO qp g 5

5 5
+ <502(p€ +¢71) — §(U“UbeY;)<fp) F
1 1
— 0p(UV,40) + 5(;}6 + ¢71)* — 2¢2 02 — o(UUN Ly + 0P, UU?)
=0.
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The second constraint is given by

. o — 15pF? 5 2 9
Py(F) = <—pp> <(p€ +7¢) + 5,02F + (7 + 3up)F2) — §p2F8
— (Y'Y VyUa)p + 3p(3¢p — 0)) F® — 25p% (7 + 3pup) F?

N B(YY'VyU,)o — 5pY "Y'V Vip + 5(7 + 3up)? ol
+9p* P YY" + 3¢op — L(3¢p — 0)?
Y VV,Vypo — Bpt — 3(YYPV,L,)p — 6po Py, YY" 2
+¢o(3dp — o) + Bup +7)(pl + ¢7) — Bup + 7)(Y*V,0)

11 27 5
+ (Yoot + 30 = T 2lot+om) = S0V ) B

1
+ (YY*V,L,)o — ga;ﬁ +PaY Y0 — S (pl+ 67)°
1
— 5@5202 — (pl+ 19)(Y*V,0)
=0,

and we clear denominators to obtain Py(F) := Py(F)Py(F) = 0. Finally the third

constraint is given by

Py(F) = — 67F% +18p°F° + (3Y*Vyo + 24(pl + 7¢) — 60p) F* + 130pF>

L (36 = 2)Y"Vio + 3000 + 30000 + 3067
—(3u + %)(Ubvba) — 100 + 3pe® V4L,

5
+ (25¢o,o - %’(Ubvba) - 802) F
- ¢—0vaba — (UV4o) (£ + %) — (e®VyLy)o
—0.

We have derived the polynomial constraints Py (F) = P»(F') = P3(F) = 0 for (6.9)
to hold under the assumption that the generic condition Py(F') # 0 holds on M?.
The polynomials P (t), Py(t) and Ps(t) in Theorem 6.4 are obtained by replacing
F with the indeterminate ¢ (the polynomial Py(t) is given by Py(t)Py(t)).

6.6 The case where Fy(F) =0

In this section, we examine the case where Py(F) = o — 3pF? = 0 and (6.9) both
hold on the Méobius surface (M?,[g], [P]) and show that they imply the vanishing
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of a conformally invariant symmetric tensor M, of weight 0 constructed out of
invariants of the Mébius structure. Under the assumption Py(F') = 0, we obtain
from (6.16) that

5
0= pl+ 5p2F + 3puF? + 17F% + 7.

Substituting F? = 1 gives
d o TO
0=pl+ =p°F + po + — + 79,
2 3p

which upon rearranging gives

2 (pl+po+ 32 +7¢
F:__( — ) (6.18)
) p
Also, the first constraint (6.13) becomes
0 Ut = ~(F2 4 ¢)=— (- +¢) =—m,
3p
where
o
Differentiating once more and using (6.10) we obtain
a W =a,(YV U + ¢Y* — 3uU?)
1
=—-Y°V.m + §pF + P UY+ (¢ — m)(a.Y€) + 3um.
Let
77/] — 3“m + PcaUcYa — YCVCm.
We obtain the following expression for aj:
Y, (1 W’
ay = — (—pF +Y+(p— m)acYc) A (6.19)
o \2 o
Contracting with Y* on both sides, we obtain
1 m
aaya :E <_pF + @/J + <¢ - m)aCYC) + T_
o \2 o
2
1
:p_F+ @ _ _Odcchr@’
20 o 3 o
from which we obtain
3p? 3
aY*® :iF + M (6.20)
8o 4o
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Substituting (6.20) into (6.19) now gives

o, — 3—'0F+ 3(xp +7mm) y, mU,
8o dop p

and a further substitution of (6.18) gives

aaz(—i (£+H+L+T—¢> +—3(W+7m))Ya—mUa.

o p 3p* po p

Defining the quantity & by

- @(£+H+L+T_¢>+3(¢p+7m)

20\0 " p 302 po 4o
then gives
kY, U,
SLALC I et (6.21)
P P
Let .
e
Mab = V(aab) + a0 + Pab - 9 Jab (622)

for a, given by (6.21). Hence for Mdobius structures with Py(F) = 0 and (6.9)
both holding, we necessarily must have «, given by (6.21), and the tensor My,
given by (6.22) automatically vanishes. Conversely for M&bius structures with
M,, = 0, taking o, to be as given in (6.21), we obtain a solution to (6.9). This
is the result of Theorem 6.6.

6.7 Statement of results

The symmetric tensor M, is an invariant of the Mobius structure that can be used
to distinguish st-MEW Maobius surfaces with Py(F') = 0 from those with Py(F) #
0. For the formulation of Theorem 6.4, we therefore assume that M,, # 0, which

allows us to work locally in an open set U C M? where Py(F) = o — 3pF? # 0.

Theorem 6.4. Let (M?,[g],[P]) be a Mobius surface, with My, # 0. Suppose
the surface locally admits a solution to (6.8). Then there ezist polynomials P (t),
Py(t), P3(t) in a single variable t with coefficients given by conformal invariants
of the Mobius structure such that when t = F, where F = ¢®F,,

Pi(F)=R(F)=R(F)=0
must hold.
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We have explicitly computed the polynomial constraints Py (F) = Pa(F) =
P3(F') = 0 in Section 6.5. For any polynomials P(t), Q(¢) in a single variable t,
let Res(P(t),Q(t)) denote the resultant of P(t) and Q(t). Res(P(t),Q(t)) =0 is
necessary and sufficient for P(t) and Q(t) to share a common root. As a corollary,

we obtain local obstructions for there to be solutions of (6.8).

Corollary 6.5. Suppose the Mobius surface (M?,[g], [P]) has My, # 0 and locally
admits a solution to (6.8). Then the following conformal invariants of the Mdbius

structure have to vanish:
Res(Pi(t), P»(t)) = Res(Pi(t), P3(t)) = Res(Py(t), P5(t)) = 0.
For the case when M,, = 0, we have

Theorem 6.6. Let (M2, [g],[P]) be a Mobius surface with My, = 0. Then the
surface locally admits a solution to (6.8), with a, given by (6.21).

However, the author does not know of any examples of non-flat Mobius sur-
faces for which M,, = 0.

6.8 Examples

In this section we give examples of three different M&bius structures on the Eu-
clidean plane R2. The first example has non-vanishing obstruction, while the
second and third have vanishing obstructions. In the third example we show that
the Mobius structure does not admit a real solution to (6.8) despite having van-
ishing obstructions. Since p = Y,Y* > 0 for non-flat M6bius surfaces, computing
the discriminant of Py(F') gives 12pc > 0, or o > 0 for there to be solutions of
Py(F) = 0. (For o = 0, it would mean —3pF? = (0 which cannot happen if p > 0
and F # 0.) In the first 2 examples we have o < 0, so that Py(F) = o —3pF?* # 0
and we do not need to compute the Mobius invariant M,,. The last example has

o > 0, but a simple argument eliminates the possibility that Py(F) = 0 can hold.

6.8.1 Example with non-vanishing obstruction

The first example will be the Mobius structure given by Pu, = x(,6).2° on R?
with the flat metric J,;. On R? we have K = 0. Here x¢ are standard local
coordinates in R? so that 0,7, = d4. Let r = z,2% A computation shows that
for this example,

aanc = 5a(b€c)d$d + T(b€c)a-
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This gives
}/c = 2€abaanc = —4ZEC, Uc = _4€caxa7

from which we obtain

aaUc == _466a7 (b = aa2(] = 07
ya
80,3/0 = _45(187 n= 8(12 =—4

We therefore have

W, =Y°0.U, + ¢Y, — 3ulU, =Y (—4eae) — 3(—4)U,
=16€4.2° + 12(—4)€gea
= — 32¢,.2°

:8Ua>

and so deduce that the Mobius structure has ¢ = 0. For this Mobius structure,

we have
9 (63 5 4 3 2,2 3 4
Py (t) =256r ?t + 56t% — 640rt° + 672r°t* + 320r°t 4+ 32" |,

Py(t) =2567* (—gts + 56t* — 7392r%2 4 147213 + 288r4) 7
Ps(t) = — 768rt* (t* — 6rt — 4r?).
Using MAPLE, we find
Res(Py(t), Ps(t)) = 212 . 3194424 . 32. 72® + 22 . 72 . 59 . 2510* — 3% . 131)

which is non-zero for general r. A similar computation shows that the local
obstructions given by Res(Ps(t), P3(t)) and Res(P;(t), P>(t)) do not vanish on
any open set. We conclude that the Mobius structure for this example admits no
local solution to (6.9).

6.8.2 Example with vanishing obstruction (and solution
to st-MEW)

Consider the Mobius structure given by Py, = x,x, — %(becxc on R? with the
flat metric J,,. Again we have K = 0. It can be verified that o, = +e,2° is a

solution to (6.9), since
aaab = aCl(:l:ebc:vc) = :l:eba = F€uw,
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and therefore, using €,.€pg = dap0cd — daddep, We find

0 1 2ot
Oatt) + Qaty + Pap — 2 Sap =0 + €qerepgz? + (wqmp — §5abxcxc) -3 o
1 T.x€
:6abxcxc — TqTy + Taqlp — §5ab«rcxc - 2 5ab

=0.

We have
Fop = Ol = Le€pa) = Fean,

so that F' = F2 depending on the sign of «, chosen. For this example, we have
OaPpe = dapTe + Oactt, — Opea,
and so
Y, = 2¢%9,Py. = deqz®, U, = —A4z,,

from which we obtain

aach = _4500,7 ¢ = 802(] = _47
WY
aa,}/c = 460(17 n = 0 9 =0.

We therefore have

W, =Y.U, + ¢Y, — 3uU, =Y (—464.) + (—4)Y,
= — 32z’
= - 8Ya7

so that the Mobius structure has 7 = 0. We also find that ¢ = 0. Computing

P (t) gives

2 2
Pi(t) =p*(t* — 4) <%t6 +222t* + (512 — 9312)# + (384 + %)) :

where p = 16z,2% Computing Ps(t) gives

N 8 + 152\ /25 9 9p*
Pt) = ——— ) [ =p"? ) — Zp%® + 48%t5 + (136p% — =)t
»(t) (8+3t2)(4p ) QP A8 (13697 — 5o)

197
+ (—640p% — ?p4)t2 — 1536p* + 18p™.
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Multiplying throughout by Py(t) = —p(8 + 3t?) and expanding the terms on the

right, we obtain

27 . e e PP 224, 6400 19 , , 8, 2048
g N (VY i V2 Y et i S AR
o = 4) (18—t (5 = e = O A+ G - T
The third polynomial Ps(t) for this example is

Ps(t) =2p*t(9t* — 16)(t* — 4).

It therefore can be seen that P;(t), Py(t) and Ps(t) share a common root t? — 4,

attained when ¢t = F. The local obstructions vanish for this example.

6.8.3 Example with vanishing obstruction but does not
admit a real solution to sf-MEW

Consider the Mobius structure given by P, = %éabxcxc — x,2p on R? with the flat
metric 4. Again we have K = 0. We shall claim that obstructions vanish for
this example but it does not admit a solution to (6.9). As we shall see below, for
this Mobius structure, we have 0 = 8p, and u =0, £ = 0, 7 = 0. The polynomial
constraint Py(F) = 0 cannot hold because equation (6.18) yields F' = 0, which

cannot happen if the Mobius structure is not flat. A computation shows that
OaPpe = OpeTa — dapTe — dacTy-
This gives
Y, = 26€0,Pp. = 2™ (0peq — Oaetty) = —4epa’, U, = 4x.,

from which we obtain

aaUC = 4(50(17 ¢ - 8(1;] - 4—7
ya
aaYc = —4€cq, H= aa2 = 0.

We therefore have

W, = YO,U, + ¢Y, — 3ul, =Y(46,.) + 4Y,
—8Y,

= — 322"
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and the M&bius structure has 7 = 0. Computing P (t) for this example gives

9 2 2
Pi(t) =p*(t* + 4) (%tﬁ — 222t + (512 + %)ﬂ + (% - 384)> :

where again p = 16z,2%. The second polynomial ]32(15) is given by

~ 8 — 15t2 25 9 9p*
Pyt) = ——— | [ =p*t? ) — =p°t® — 48p%% + (136p* + —)t*
197
+ (640p* — ?p4)t2 — 1536p* — 18p%,
so that clearing denominators we obtain

Py(t) =(8 — 3t*) Py(t)
2224 6400 19 , 8 2048))

27 5,9 8 6 P 4 2 2
SR (B at — (e (- ) - (2
(e ) (o (B B (R - e - G+ T

The third polynomial Ps(t) for our example is given by
Ps(t) =2p°t(9t* + 16)(t* + 4).

It can be seen that the three polynomials Pi(t), Py(t) and Ps(t) all share a
common factor, namely ¢> +4. The local obstructions all vanish for this example.
Dividing Py(t), P»(t) and Ps(t) by their common factors p?(t* + 4), we obtain

63 952 2
Su(t) ==t — 2224 + (512 + 3%)19 + (% — 384),
27 P2 224 6400 19 8 , 2048
=20 (88 pars — (2 20 228 e o (S 20

Ss(t) =2t(9t> + 16),
and we find that

Res(S1(t), Sa(t))
1076168025
67108864

Res(S,(t), S3(t)) =80289792000000p* — 61662560256000000,

Res(S(t), S3(t)) = — 3583180800(73600 + 812)%(3p> + 256).

p®(243p°% 4+ 12704256p" + 1311358976000 + 251658240000)?,

Hence the three polynomials P (t), Py(t) and P;(t) share no other common factors

besides t? +4 and the Mobius structure does not admit any real solution to (6.9).
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However, the Mobius structure does admit a complex solution to (6.9). It can be

verified that o, = Fie,2? is a solution to (6.9), since
Doty = aa(j:iebch) = *i€py = Fl€ap,

and using €,.€pg = 0ap0cd — 0aadep, We find

(& (&
le'Ne" 1 T.T

5 Sap =0 — €qetepq? + (=0apTe® — T41p) + 5

2
T.T

2

5ab

C

8(aO‘b) + a0 + Pab -

1
= — 0apTeX" + 2Ty — ToTp + §5ab:vc:vc + Oab

=0.

We have
Foy = a[aOéb] = :l:ie[ba] = Fi€ab,

so that F' = F2i depending on the sign of «a, chosen.
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Chapter 7

The conformally Einstein

equation on Mobius surfaces

On Mobius surfaces (M2, [g], [P]), the conformally Einstein equation is a well
defined overdetermined system of linear PDEs. In this chapter we first give a
geometric description of the conformally Einstein equation and apply the theory
of prolongation to the overdetermined system on Mobius surfaces in Section 7.1.
We find local obstructions to the existence of conformally Einstein metrics on the
Mobius surface and discuss this further in Sections 7.3 and 7.4. We give examples
where the obstructions vanish and examples where they do not vanish in Sections
7.2 and 7.5. On a conformal manifold of dimension n > 2, it is well known that
parallel sections of the standard tractor bundle with nowhere vanishing scale are
in 1-1 correspondence with solutions of the conformally Einstein equation. It
turns out however that an additional term involving curvature in the form of
the Cotton-York tensor appears in the prolongation of the conformally Einstein
equation in 2-dimensions, in contrast to the higher dimensional setting. In Section
7.6 establish 1-1 correspondence between solutions of the conformally Einstein
equation on Mobius surfaces with nowhere vanishing scale and parallel sections
of the modified standard tractor connection called the prolongation connection.

We conclude the chapter with a summary table in Section 7.7.
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7.1 Conformal-to-Einstein equation on Mobius

surfaces

The conformally Einstein equation on conformal manifolds has been studied ex-
tensively, for instance in [19] and [20]. Algebraic obstructions to the existence of
conformally Einstein metrics have also been found, for example in dimension 4
the Bach tensor is an obstruction to the existence of conformally Einstein metrics.
Other obstructions are found for self-dual manifolds in [1] and a complete set of
obstructions is found recently in [9]. In this section we apply the prolongation
proceedure to the linear system of PDEs associated to the conformally Einstein
condition on Mobius surfaces and see that the closed system differs from that
obtained in the higher dimensional setting. Prolongation of the conformally Ein-
stein equation in higher dimensions is done in [2] and [20]. The closed system has
consequences in deriving algebraic obstructions for the existence of conformally
Einstein metric on general non-flat Mobius surfaces. Let (M2, [g], [P]) be a Mobius
surface. A Weyl connection D, is called closed if the 1-form «, determined by
the Weyl derivative is closed, i.e Viqap) = Fy = 0. The conformal-to-Einstein
equation asks for a fixed Mobius surface, whether there is a compatible Weyl
connection D, that is closed, such that the second order linear differential op-
erator is given by the symmetric trace-free Hessian of the Weyl derivative, i.e.
D), = D(aDp),. Choosing a representative metric g, in the conformal class
[g] with its associated Levi-Civita connection V,, we can write the conformally

Finstein equation as

a0 s
Vaay + agay + Py — Tgab = _§gab- (7-1>

This is obtained from the MEW equation precisely when F' = 0. Substituting
Vao

a, = ~2% into (7.1) gives us the conformally Einstein equation

(VaViy, + Papy,)o =0, (7.2)

where (...), denotes symmetric trace-free part. This equation is conformally
invariant when o has conformal weight 1, or equivalently ¢ is a section of the
density line bundle £[1]. Rewriting (7.2), we obtain

VoVyo + Pyo + Mgy = 0. (7.3)

Note that we have used the same notation A even though the trace quantity in

(7.3) is not the same as the trace term appearing in (6.3). We shall prolong
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the conformal-to-Einstein equation and find remarkably that it differs from the
prolongation in higher dimensions with the addition of a curvature term! Let
fta = Vqo. Then (7.3) is

Vatts = —Papo — Agap. (7.4)
Differentiating we obtain
VeVt + (VPaw)o + Pappte + VeAga, = 0,
so that skewing a and c¢ indices, we get
Rac’opta + Yearo + Papptc — Peppta + VeAgap — VaAge = 0.
Since on Mobius surfaces we have (6.2) holding, we obtain

(5achb - 6chab + Padgcb - Pcdgab>/~Ld + }/cabo- + Pab/vbc - Pcbﬂa + chgab - VaAgcb
:,uapcb - ,ucPab + Pad,uldgcb - Pcd,uldgab + }/;aba + Pab,uc - Pcb,ua + chgab - vaAgcb
:Pad,udgcb - Pcdﬂ’dgab + }/;abo- + chgab - vaAAgcb
=0.

Tracing a and b indices, we get
VaA = _Y;zcco- + Pad,ud-

Now in dimensions n > 2, Y,.° = 0 because the Cotton-York tensor is totally

trace-free. However, in 2 dimensions,
1
}/abc = §€abYca

where Y, = €®Y,;., so that

1 1
Yacc =3 acYC = _Ua-
2° 2
Hence we obtain
1
Vol = =2 U0 + P, . (7.5)

We now use the closed system to derive algebraic obstructions for there to admit

a solution to (7.3). Differentiating equation (7.5) once more gives

1 1
ViV A = _§(vaa)U - §Uaub + (VP pta + Po (= Adpg — Ppao),
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so that skewing gives

1 1 1
0= E(Van — ViylUa)o — B alty + §Ubﬂa + Y;md,uda

ba

or contracting with the volume form €’*, we get

0= (V,Y%o + 2Yyu®.

In our notation, we have
You® + po = 0. (7.6)

This is the first constraint equation we obtain for (7.3) to hold. It is one equation

in 3 unknowns. Differentiating this equation once more gives

(VeY)u? + (Vep)o+u(Veo) + Ya(=Ad6.? — P.lo)
=(V YY)t + (Vep)o + ppre — AY, — P Y0 =0.  (7.7)

This is the second constraint equation and is given by 2 equations in 4 unknowns.

Recalling that both Y, and U, have weight —2, we have under conformal trans-

formations
VoYi = V.Ya— 3TV — YaYe + gea XY,
UeV,Y,; = UV, Y, — 3T UY; + U, TY,,
so that
VYd = UeVeYd + ,LLUd — 3¢Yd
is conformally invariant of weight —6. In turns out that V, = —W,, where W, is

defined in Section 6.5 of Chapter 6. Contracting (7.7) with U® gives
(U Y )l + (U)o + pu(peU¢) — PogUY %0 = 0
and so

Vap® = (UV Yy + pUy — 3¢Ya)u = — (UVep)o + PegUY Yo — 3¢(Yau)
= — (UVep)o + PUY % + 3uo.

Let us call
k=P UY?— U,y + 3.

The quantity k£ has conformal weight —8 and under conformal rescaling, k=
k+ 7T, V¢ and we have

Vapd = ko.
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Combining the 2 constraints

Yo = — po,
Vot =ko,

and assuming that U;V¢ # 0, we can solve for u¢ to obtain

i_ pe*Voo  koU? 1
H=""ove TUve  Uve

We remark here that since V, = —W,, U,V* = —U,W* = —1 from Chapter 6.

The case where U;V?% = 0 will be mentioned in Section 7.4. Let us call

(ne™V, + kU 0. (7.8)

K, :

= (e Vi + kU,) . (7.9)

The 1-form K, has conformal weight 0 and under conformal rescalings, [A(a =
K, + T,. Then from (7.8) we get

pa = Ky0,
and substituting this back into (7.4) we find that
Ve = (Vo K)o + Kypia = —Agap — Papo,
which gives
(VoKp)o + Ky K0 4+ Poyo = —Agap.

This implies that
1
A= _E(VCKC + K.K°+ K)o,

so that
(Vo Kp)o + KyK,0 + Poyo — %(VCKC + KK+ K)oga =0
must hold and assuming ¢ # 0, we obtain
Vi + Ky 4 Pay — (VK + KK 4 K)gay = 0
Equivalently, we have the consequence that
trace-free part of (VK + K, K, + Pg) =0
must be satisfied for (7.3) to hold. We have the following proposition
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Proposition 7.1. Let (M?,[g],[P]) be a Mdbius surface with U,V® # 0. Sup-
pose it admits a solution to the conformal-to-Einstein equation (7.3). Then the

following tensorial obstruction E,, of conformal weight 0 given by
1
Eab = vaKb+KbKa+Pab_ E(VCKC—FKCKC—{—K)gab (710)

must vanish, where K, is given by (7.9). Conversely, suppose the tensor Eg
defined in (7.10) vanishes for some non-zero 1-form K, given by (7.9). Then
ViaKy = 0, and taking o, = K, = V,log o, we find that o satisfies the conformal-
to-FEinstein equation (7.3) on M?.

7.2 Examples

We now give 2 examples of Mobius structures on the Euclidean plane R?, one
with vanishing obstruction and one without. In both examples U,V* # 0. The

first example will be the Mobius structure on R? given by
P :PlleEdZE + 2P12dl’dy + ngdydy

1 1 1 1
= (y —x+ 53/4 — 5:1:4) dxdx — 2%y dedy + (:c —y+ §$4 — §y4> dydy.

For this Mobius structure, we obtain

Y =Yidx + Yody = (—4ay® — 4y° — 2)dx + (42° + 42y + 2)dy,
¢ =62% + S8xy + 6y°,
p=2x" — 2%,
V =Vidx + Vady
= (48239 4 1122%y° 4 88xy* + 249° + 32xy + 82° 4 4022 + Syx*)dx
+ (—242° — 88yx* — 32wy — 1122%y* — 482%y> — 8ay* — 8y° — 40y°)dy,
U,V =8022 — 128zy* — 128y° + 128yx* + 12825 4+ 1922°y® — 64y
—192¢°2% + 642"y — 80y — 128y°x? — 32y° + 128y%2°® + 3248,
k =40z" — 40y* + 242°y® + 24zt — 249'2® — 249° 2
+ 828y — 323z — 8ybx + 3223y + 827 — 8y7,

and K, remarkably simplifies to give
K = Kydx 4+ Kydy = 2*dx + y2dy.
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We find that the following holds:

1
aa-Kvb + KaKb + Pab - 5(8(:}(6 + KcKc)gab = 07

3

x3+1/

so that the obstruction tensor E,, vanishes and taking ¢ = e 3  gives us a
solution to the conformal-to-Einstein equation. The second example will be the
Mobius structure given by Pu, = z(4€)c2¢ on R2. We shall show that this Mobius
structure admits no solution to (7.3) by showing that the tensor obstruction does
not vanish. On R?, we have K = 0. Let 2% be standard local coordinates in R?

so that d,x, = d4. A computation shows that
9uPre = Sapecyar® + Tec)as
from which we obtain
Y, = 2¢%0,Py. = —4z., U, = —4de,x°.

This gives

and so

We also obtain

Vy = UCB.Y, + Uy — 36Y, =U*(—48,4) — 4U,
- - 8Uaa

and so U,V* = —8U,U* = —128x.x°. Further computations of the various

quantities yield
k=3up+PuU%Y — UV =P, UY?

1 1
= (—xaebcxc + §$b€ac$c> (—4e™zy)(—4ab)

2
=8(mpx’)?,
K, - _m (U + pucV*) = = T (U = S(~eucl)
1
T 128z .x¢ (kU = 32Y.)
1

= ((xcxc)2eab:cb — 4x,) .
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We then find (with the aid of MAPLE) that

1
0, Ky + K, Ky + Py — 5(80[(6 + KCKC)gab 75 0,

and so we conclude that this Mobius structure admits no solution to the conformal-
to-Einstein equation. Also observe that d), Ky # 0 for this Mobius structure.

7.3 Proposal to derive obstructions via the de-

terminant method

Following the theory developed in [4], we would like to relate the obstructions
obtained in the previous section to the determinant of some 4 by 4 matrix. How-
ever, the computational complexity increases when we take more derivatives, and
so here we only give an overview of the steps involved. Together constraint equa-
tions (7.6) and (7.7) give us 3 equations in 4 unknowns. We can write this as in

matrix form as

H Y Y, 0

1

Vip—Pp Yt —=PpY? ViYi+gup ViYo+giap —Y; p
Vou — P Y1 — PooY? VoY) + goip VaYo+ goop —Yo

—

o
) _

o O O O

A

From this system of equations it is not clear which additional constraint equation
is the best thing to augment to get a 4 by 4 matrix with non-zero determinant.

We can differentiate (7.7) one more time and obtain 3 more equations (note that
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skewing yields identically zero). They are given by

(vaeu — (VfPed)Yd — PedeYd)O' + (VG/L — Pede),Uf + (vaeyd + gede,u),ud
— (VAN)Ye + (VeYa + gear) (V) — AV Ye)
=(V§Vept = (ViPe) Y = PegV Yo + (Ve — PeaY g + (ViVeYa + geaV g i

1
+ (EUfU — Ppap®)Ye + (VeYy + geapt)(—65°A — Plo) — A(V,Y,)

)
=(ViVept = (VPea)Y! = PeaV Yo + (Vep — PeaV )iy + (Vi VeYa + geaV )
. )
2
1
=(V Vet — (VPed)Y? = PoyV ;Y% — POV Yy — Posp + 5Ufy;)a

+ (ve,u - Pede)ﬂf + (vaeyd + gedvfﬂ - Pde:a)Hd
- A(VfY; + Ver + gefu)

+(5Ur0 = Prap®)Ye = A(VeYy) = gepph = Py'oV.o Yy = Peppo — A(V,Ye)

1
=(V Vet — (ViPeg)Y? = PogV ;Y% — POV Yy — Posp + SUsYe)o

+ (V4VYa+ geaVipt + graVept — PraYe — gpaPecY )
- A(Vf}/e + Ver + gef:u)

1
=(VVest — (VP pa)Y? = 2Py .V Y = P+ sUeYp)o

+ (V(eV pYa+ 294V py1t — YieP pya — gaeP peY ) u
— A2V (Y + geppt)
=0.

From this we obtain 6 equations in 4 unknowns and the determinants of the 4 by
4 minors associated to the 6 by 4 matrix will give us the obstructions. However,
it is quite difficult to compute these determinants explicitly. In the next section
we discuss a similar method to compute the obstruction when U,V = 0 and the
method can be applied even when U,V* # 0. The obstruction is given by the

determinant of a 4 by 4 matrix.

7.4 Deriving obstructions when U,V* =0

In this section we discuss the case where U,V* = 0 and proceed to derive obstruc-
tions. One obstruction can be computed quite readily; since U,V* =0, V* = fY*
for some scalar density f of weight —4. Note here that f is not an invariant in

the classical sense since it can be rational in the jets of the Mobius structure.
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However assuming that U,V* = 0 holds on the non-flat Mobius surface, f is

well-defined and is conformally invariant. Then
ko =Vop® = fYou" = —fpo,

so that k4 fu is an obstruction to conformally Einstein on Md&bius surfaces with
U,V* = 0. We now would like to find more obstructions in the form of solving
for p, or in the form of a non-zero determinant of a matrix associated to some

linear system of equations. Contracting equation (7.7) by Y* gives

(YV Y u + (YoVp)o + p(—po) — Ap — PV =
YV Yl + YVt — > — PogY Yo — Ap = 0. (7.11)

Let
Xy =YV, Y, — 2uYy — %.

The 1-form X, is conformally invariant of weight —6. Let

MCZXC+Vgp.

Let
Q:=PuYY® — YoV, + 342

This has weight —4. Then M, = M, — Tp, @ = Q + T.M® — 17, T%p and we
have from (7.11)
M.uf = Qo + Ap. (7.12)

Differentiating this equation gives
1
(Vo M) p® + My(—AS," — P.lo) =(VaQ)o + Qg + <—§Uaa + Pab,ub> p+ A(Vap),

so that we obtain

1
(VaQ + Py M’ = SUap)o + (=VaMy + Qs + Parp) " + MVap + M) = 0.
(7.13)

Let Ca = va@"‘Pabe_%Uapa Dab = _vaMb+anb+Pabp and Ea = vap+Ma-

From equation (7.13), we have
Cyo + Doy + E,A = 0.
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This gives 2 extra equations on 4 unknowns, so together with equations (7.6) and

(7.12) we obtain a linear system of 4 equations in 4 unknowns:

pooYh Y, 0 o 0
—M; —M. 1 0
Ci Du D E u 0
Cy Dy Dy E, A 0
where
C1 =ViQ+Pul’ + PuM? = LUy, By =Vip+ M,
Cy =VoQ + Pl + PpuM® = LUy, By =Vop+ My,
Dy =—ViM; + Qg1 + Piip, Dyy ==V 1My + Qg12 + Piap,
Dy = — VoM 4+ Qg1 + Piap, Dyy = — VyMy + Qgaz + Paap.

The obstruction is then given by the determinant of the 4 by 4 matrix in (7.14).
The next example in Section 7.5 shows that it is generically non-zero. However, it
is quite difficult to check the conformal invariance of the determinant and invert

the matrix to solve for p,. We note that under conformal rescalings,

-~

Ca :Ca - 7TaQ - 7TaTbe - %TbTbEa - DabTb -+ gTaTbpry

~

Dab :Dab + TbEa -+ 7TaMb — 7Tapr,
Ea =FE, — 7Y .p.
A possible future project will be to relate the determinant obstruction obtained
in (7.14) to the tensor E,, given by (7.10), and to check the conformal invariance

of the determinant. Also we would like to see whether we can solve for p, in

terms of invariants of the Mobius structure.

7.5 Example with U,V* =0

In this example the Mobius structure on R? has U,V = 0 but the obstructions
are non-vanishing, and so it does not admit a solution to (7.3). Take the M&bius

structure given by

2 2 2 2
P = P1ida® + 2P odady + Posdy® = (% - %) da? + (% - %) dy?.
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We compute and find,

2 —2 8
vo=| Y, ve= ("), ve=| ).
—2x —2y —8x
Here f =4, p = 0, k = day(y* — 2?), so that fu+ k = dxy — 423y # 0 and we

can conclude that the Mobius structure does not admit a conformally Einstein

scale. Moreover, we find

12 20
M, =), Eo= ("), Q=dy2a?— 2y — 2",
12y 20y

o _ 62z + 22° D 12 + 49222 — 494 0
‘o 6yx® + 2% |’ “= 0 12 + 4y%2? — 42t )’

so that the 4 by 4 matrix in (7.14) is given by

0 2y —2x 0
4y?2? — 2yt — 22% —12x —12y 4y? + 4a?
6y%x + 223 12 + 4y%a0? — 494 0 20z
6yx? + 23 0 12 + 4?22 — 424 20y

The determinant of the matrix is non-zero and is given by —256y3x7 + 256723 —
384y %x + 3842y — 2304y°x + 2304yx°.

7.6 Conformal tractor calculus on Mobius sur-

faces

Because of the way we defined Mobius surfaces, the conformal class [g] on M? is
assumed to be Riemannian and so of signature (2,0). However, the tractor con-
struction in this section essentially goes through without change for conformal
classes with metrics of signature (1,1) or (0,2). The conformally Einstein equa-
tion (7.3) is finite type and prolongs to form a closed system. Details can be found
in [19] and [20]. In this section we shall discuss how to construct the conformal
standard tractor bundle £4 on Mobius surfaces. We have used the tractor bundle
here to really mean its dual, the co-tractor bundle, under the identification via
the tractor metric. This essentially follows the construction given in [2]. The jet
exact sequence at the 2-jets of the density line bundle £[1] gives

0= Eayl] = JX(ENL]) — J'(E[L]) — 0, (7.15)
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and the conformal structure further decomposes &) [1] into the direct sum Eypy, [1]®
E[—1]. The symmetric trace-free bundle £y, [1] is a smooth subbundle of J?(£[1]),
and the tractor bundle £4 is simply the quotient bundle of J*(E[1]) by )., [1],

defined by the exact sequence
0= E@avy.[1] = JX(E[L]) = €4 — 0. (7.16)
The short exact sequence (7.15) at the 2-jets level and the short exact sequence
0— &[] — JHE[N]) — &[1] =0

at the 1-jet level determine a composition series for £4 described by £4 =
E[—1]D &,[1]D £[1] where B is the semi-direct sum. A choice of metric gq € [9]
determines a splitting of the exact sequence, and identifies the standard tractor
bundle £4 with the direct sum E[—1] ® &,[1] @ E[1]. On Mdébius surfaces, the con-
formal cotractor bundle has an invariant metric hyp of signature (2, 1) called the
tractor metric, and an invariant connection V, preserving h4p called the tractor
connection. On a Mébius surface (M2, [g], [P]), we have a section of the stan-
dard tractor bundle T4 € I'€4 given in a conformal scale obtained by choosing a

representative metric g € [g] by

e

o D
r-IFA g Hb € ga[]-] )

A )
€l-1]

and under conformal rescalings of the metric,
- o
Ta =8 wy + Lpo

A — Ybuy — %Tb'fba
Using the tractor bases convention as used in [20] for instance, we have
Ta L oYa + paZ% + AXy,
where under conformal recalings, the bases transform according to
Ya=Ya—T.Z4% — %TGT“XA,
2% =78 + T*X 4,
X4 =Xa,
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and the tractor connection acts on the bases according to
VY4 =Py,
V(szA = - PabXA - gabeh
VX4 =Zga.

We have the standard tractor connection acting on sections of the tractor bundle
by

o Vaa — Ha
VT =Va | | = | Vatts + Paro + Agap
A Va/x - Padlud

Recall that in dimensions n > 2, there is a 1-1 correspondence between solutions
of the conformally Einstein equation and parallel sections of the standard tractor
bundle with nowhere vanishing scale o (see for instance [19]). We would like
to establish a similar correspondence on Mobius surfaces. However, we have
seen from the prolongation of the conformally Einstein equation (7.3) that an
additional term involving U, appears in the closed system, so the standard tractor
connection is not the right object in the correspondence. We have however in the
flat case, where U, = 0, that

Proposition 7.2. There is a 1-1 correspondence between solutions of the confor-
mally Einstein equation on flat Mobius surfaces (M2, [g], [P]) and parallel sections

L4 of the standard tractor bundle with o = X1, nowhere vanishing.

Proof. Suppose the flat Mobius surface admits a solution to (7.3). In a particular

conformal scale, a parallel section of the tractor bundle £4 is given by

o
]IA = Vaa
—3(Ao + Ko)

and we find from the prolonged system of (7.3) that

o Voo — Va0
Vg =V, Vo = | VaVyo 4+ Puo — 5(Ac + Ko)gay
—3(Ao + Ko) Vo(—3(Ac + Ko)) — PoyVio
—0,

where the equation on the bottom slot holds as a differential consequence of

(7.3). It is precisely (7.5). Conversely given a parallel section of the standard
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tractor connection with nowhere vanishing scale, 0 = X414 defines a solution to
(7.3). O

We define the prolongation connection on general Mobius surfaces by the

following formula:

o Va0 — la
D, Tp=Da | iy | =] Vatio +Papo + Agas
A Vol = Pogp® + 3Uq0
Va0 — pig
= | Vaup +Papo + Agap | + 0 (7.17)
Val\ = Poap U0

1
=V,Tp + §UGTAXAXB.

Proposition 7.3. There is a 1-1 correspondence between solutions of the confor-
mally Einstein equation on Mobius surfaces and sections of the standard tractor
bundle with o = X414 non-vanishing and parallel with respect to the prolongation
connection defined in (7.17).

Proof. The proof is similar to the proof in Proposition 7.2. ]

7.6.1 Almost Mobius Einstein scales

We shall work with the prolongation connection on the standard tractor bundle.
Let (M?,[g], [P]) be a Mobius surface equipped with a parallel section I, (with
respect to the prolongation connection) of the standard tractor bundle. Such a
surface is called almost Mobius Einstein. We can look the scale singularity of
o. If o is nowhere vanishing, then by Proposition 7.3 the surface locally admits
a conformally Einstein metric everywhere. Otherwise the scale singularity set
Y = {p € M?*o(p) = 0} could be either codimension 1, in which case X is a
curve on the Riemann surface, or codimension 2 in which case ¥ is a collection of
isolated singularity points. Such Mobius surfaces are conformally Einstein away

from the scale singularity set of o.

Proposition 7.4. Let (M?,[g],[P],14) be an almost Mobius Einstein structure
with a codimension 1 scale singularity set X. Then on X, which is a curve in M?,

we have the normal cotractor be given by

0
Ng=Iuls =] no |,
—H
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where n, := V,0o|s # 0 is the normal covector of ¥ in M?, and H := V,n® is the
mean curvature of ¥ in M?. The normal vector field n® := V%|x. is a multiple

Of Ua|2.

Proof. The last statement follows from the constraint equation (7.6). Since 0 =0

on X, You® =0 on ¥ and so p%|y =: n* is some multiple of U®. [

This tells us that Y* is tangent to X.

7.7 Summary of equations studied on Mobius

surfaces

We can summarise the equations studied on Mobius surfaces in Chapters 6 and
7 in the table here:

F=0 F#£0
s =0 | Conformally Einstein on flat surfaces | s MEW
s#0 Conformally Einstein MEW

The most general equation (6.4) called MEW is not finite type and cannot
be prolonged to form a closed system. Taking s = 0, F' # 0 yields the st-MEW
equation (6.8). Taking s # 0, F' = 0 gives us the conformal-to-Einstein equation
(7.3). Requiring both s = 0 and F' = 0 to hold force Y, = 0, so that the M&bius
structure is flat. In this setting we obtain the conformally Einstein equation on

flat MoObius surfaces.
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