
MICROTURBULENT MAGNETOACTIVE PLASMAS

AND POLARIZED RADIATION FROM THE SOLAR CORONA

by

W.N.-C. SY

A thesis submitted for examination for the degree of 

Doctor of Philosophy at the Australian National University

Department of Theoretical Physics 
Faculty of Science 

Australian National University

Canberra, January 1973



ii

STATEMENT OF ORIGINALITY

Except for references cited in the text, the work presented in 

this thesis is entirely my own.

My sincere thanks go to Dr. D.B. Melrose, my supervisor, for many 

valuable suggestions and numerous critical discussions throughout the 

course of this research. I express my gratitude to members of the 

Solar Group, Division of Radiophysics, C.S.I.R.O., Sydney, for 

discussions on solar radio bursts and for supplying preprints and 

unpublished materials. In particular, I thank K.V. Sheridan for 

supplying excellent prints of radio spectrographs, which are reproduced 

in this thesis. I also express my appreciation to Professor 

H.A. Buchdahl for his interest in this work and for his helpful 

comments.

The research scholarship awarded to me by the Australian National 

University is gratefully acknowledged.

ACKNOWLEDGEMENTS

W.N.-C. SY



iii

ABSTRACT

A semiclassical theory of weak nonlinear interactions in a mag­

netoactive plasma is developed neglecting effects of binary collisions 

(chapters 2 and 4). Thomson scattering of magnetoionic waves by non- 

relativistic electrons and inverse Compton scattering of magnetoionic 

waves by relativistic electrons are discussed together with illustra­

tive examples. Scattering by ions and by electrons in a Maxwellian 

plasma are treated and compared. Examples of nonlinear scattering of 

magnetoionic waves by thermal plasma ions are studied.

A theory of polarized radiation arising from nonlinear conversion 

of microturbulences in electron plasma waves and in electrostatic 

electron cyclotron waves is developed (chapter 5). On a simplifying 

assumption about the turbulence spectrum of electron plasma waves, 

polarized radiation arising from the "plasma emission processes" in a 

weak background magnetic field is studied in detail. Polarized radia­

tion from nonlinear conversion of a microturbulence in electrostatic 

electron cyclotron waves is discussed for cases with either weak or 

strong background magnetic fields.

Type I solar radio bursts and associated noise storm phenomena are 

investigated in chapter 6. A model of type I solar radio bursts is 

constructed, based on the "plasma hypothesis" and including induced 

effects. A mechanism is proposed to explain the strong circular polar­

ization of type I bursts from source regions where the background

coronal magnetic field is expected to be weak.
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CHAPTER 1

INTRODUCTION

1. SCOPE OF THE THESIS

In this thesis, a plasma is taken to be a fully ionized gas com­
posed of electrons and positive ions. If these particles have speeds 

which are much less than that of light in vacuo, the plasma is non- 
re lativiStic. A plasma permeated by a background magnetic field is 
said to be magnetoaotive.

Waves in normal modes in a plasma are called plasma waves. Each 
normal mode is defined by a dispersion relation, which is a solution or 
a suitable branch of a solution of the determinantal equation 
associated with the homogeneous wave equation. The homogeneous wave 
equation is the equation obtained from the general inhomogeneous wave 
equation (see equation (2.48) below) on setting the extraneous current 
density equal to zero and on neglecting all terms connected with non­
linear responses, i.e., all terms quadratic, cubic, ..., in the 
electric field.

A plasma is mioroturhulent if plasma waves in it have been excited 
to a level higher than that corresponding to thermodynamic equilibrium. 
The prefix "micro" distinguishes the type of turbulence considered here 

from other types of turbulence which could be called "macroscopic". 

Macroscopic turbulence includes shock waves, bulk transport of gases, 

"hydromagnetic" turbulence, etc. Unless stated otherwise, the terms 
turhulenoe or turbulent shall henceforth refer to microscopic turbu­
lence and all associated processes are assumed to be microscopic.
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In laboratory plasmas and thermonuclear fusion devices, plasma 

turbulence is manifested by anomalously high electrical resistances, 

anomalous diffusion of particles, excessive radiation losses, etc. 

Astrophysically, the existence of plasma turbulence can be inferred 

from phenomena such as non-thermal radio emission from the solar corona, 

from the planetary magnetospheres, and from galactic and extragalactic 

radio sources. Our understanding of the physical processes in these 

diverse places is closely associated with our understanding of how 

plasma turbulence is generated and how plasma waves interact with par­

ticles and among themselves. The scattering of plasma waves by 

particles and coalescence and decay processes of plasma waves are 

examples of nonlinear processes, since at least some of the terms con­

nected with nonlinear responses must now be retained in the general 

inhomogeneous wave equation (equation (2.48)) in treating these 

processes.

There are many important distinctions to be drawn between labora­

tory plasmas and astrophysical plasmas. A major difference is that 

laboratory plasmas generally have dimensions comparable with scale 

lengths or wavelengths of interest and they cannot be regarded as 

unconfined, whereas astrophysical plasmas often have dimensions much 

larger than scale lengths or wavelengths of interest and they can be 

regarded as unconfined. Because of this difference, laboratory plasmas 

generally have comparatively large gradients in density and other 

plasma parameters and the inhomogeneity due to such gradients usually 

cannot be ignored. By contrast, astrophysical plasmas have relatively 

small gradients and they can often be regarded as homogeneous. Other 

important differences are: (1) Laboratory plasmas are generally

optically thin, i.e., radiation in emerging from the central regions of 

the plasma and propagating to the boundary of the plasma passes through
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a comparatively short distance, in which no significant absorption 

takes place, whereas astrophysical plasmas are usually optically thick, 
particularly for radiation at certain frequencies. (2) Laboratory 
plasmas can emit radiation due to the presence of currents in the sur­

face layers of the plasma, whereas radiation from astrophysical plasmas 
can rarely be attributed to such currents. In our theoretical studies, 
plasmas are assumed to be homogeneous and unoonfined. In astrophysical 

applications, these assumptions sometimes need modifications, e.g., in 
treatment of absorption of radiofrequency waves propagating through a 
stellar atmosphere.

Because almost all plasmas, including laboratory plasmas and those 
of astrophysical interest, are magnetoactive, one should include the 
effects of a background magnetic field even if only to determine the 
conditions under which these effects are unimportant. The important 
role played by magnetic fields in astrophysics in general has been 
stressed by Alfven and Falthammar (1963), and Piddington (1969). Cer­
tain astrophysical phenomena may be explicable only by taking into 
account the effects of a background magnetic field. For example, the 
strong circular polarization of type I solar radio bursts may be one 
such case, a detailed discussion of which will be given in the second 
part of this thesis.

In summary, in the theoretical part of this thesis, we shall study 

problems associated with the generation and interactions of plasma 
microturbulence in a non-relativistic, unconfined, homogeneous, magneto­
active plasma, taking into account the effects of the bacground mag­
netic field in all our discussions. In the astrophysical part, we 
shall apply our theoretical results to the study of type I solar radio

bursts.
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2. ASSUMPTIONS

The following assumptions are made throughout the thesis:

(a) Nonlinear interactions are weak.

(b) Collisional effects can be neglected in treating the non­

linear interactions.

(c) The random phase approximation for plasma waves is applicable 

to all nonlinear processes considered.

We discuss each of these assumptions in turn.

(a) Weak Nonlinearity

The Fourier transform of the phenomenological equation (see 

equation (2.11) below) describing the response of a plasma to a pertur­

bing electric field E(k,oo) can be written as (see equation (2.17) 

below)
. J 3l, » A . . * A 3l-*'A . v"

Di(k,oo) = (k,u)) (k,w) +

x 6 (m-o)’-ca") e. . (kf ,u)’;k",00") E.(k',(jo’) E.(k",u)") + ... , (1.1)1J£ ~ ~ J ~  ̂~

U  iS. UUU U  IX U.UÜ

(2tt)4 6(k-kf-k")

where D(k,oo) is the Fourier transform of the displacement current,

e..(k,oo) is the linear response (dielectric) tensor and ij ~

eijT (~* ,W? ,ÜJ") t*ie ^ rst nonlinear response tensor. Nonlinear
interactions in a plasma are considered weak if the series expansion in 

terms of E(k,oo) on the right hand side of equation (1.1) converges suf­

ficiently rapidly, i.e., only the first few terms need to be considered. 

In general, the nonlinear interaction can be regarded as weak for 

sufficiently small electric field amplitudes.

The weak nonlinearity condition can be expressed by the inequality

(Tsytovich, 1970):
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vE/Vjlc «  1 , (1.2)

where is the velocity amplitude of a plasma particle oscillating in 
the field of a wave with amplitude |e | and v^ is the characteristic 
velocity of a nonlinear process (e.g., it might be a phase velocity in 
a wave process).

(b) The Neglect of Collisions

The mean time between two successive binary collisions xc may be
defined by xc := l/vc where is the effective collision frequency
(see equation (3.44) below). If a process occurs in a time much

shorter than x , then binary collisions can be neglected in treating
the process. In the literature a plasma is loosely referred to as
ooitisionless if binary collisions can be neglected in treating all the
processes discussed. For linear processes, a plasma can usually be
regarded as collisionless under the condition n X 3 >> 1, where n ise De e
the electron number density and X^e is the Debye length. For nonlinear 
processes, there is no such simple general condition for collisions to 
be negligible. The neglect of collisions usually has to be justified a 
'posteriori for each individual nonlinear process.

The inclusion of distant binary collisions usually involves 
retaining a Fokker-Planck term on the right hand side of the Boltzmann 
equation (Montgomery and Tidman, 1964) and this complicates the prob­

lems considerably. We shall neglect collisions except in the treat­

ments of damping of plasma waves. Collisional damping or damping by 
distant binary collisions (inverse-bremsstrahlung) is important in 

astrophysical plasmas for the following reasons. (1) Collisional damp­
ing is often the most efficient damping mechanism predominating over 
"collisionless" damping mechanisms, e.g., Landau and cyclotron dampings.



(2) The effect of collisional damping accumulates over the long 

distances through which the plasma waves propagate.
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(c) The Random Phase Approximation

For waves having a width in the frequency spectrum 6w, a 

correlation time or a time in which the relative phases of the waves

shift significantly can be defined by x, := 1/6cu. When these waves<P
participate in a physical process which occurs in a time x>>x^, these

waves can be regarded as random-phase waves for the purpose of treating

the process. Furthermore, the ensemble averages of field quantities of

the waves, which are assumed to be equal to the time averages of the

corresponding quantities, all vanish over the time interval x. Except

for autocorrelations, all bilinear correlations of field quantities

over the time interval x vanish (see equation (3.1) below). The random

phase approximation can be justified by comparing the correlation time

x, with the interaction time x and showing x >> x , .9 <P

When the random phase approximation is not valid, we are dealing 

with processes involving fixed-phase waves whose mode of interaction is 

qualitatively different from those of random-phase waves.

3. FORMALISM

Among nonlinear processes, weak nonlinear processes have been 

studied in much more detail so far, because simple methods using series 

expansions of the form of equation (1.1) are available. Weak nonlinear 

processes in plasmas without a background magnetic field have been 

studied extensively (Davidson, 1972). Weak nonlinear processes in mag­

netoactive plasmas, however, have not been studied quite so extensively, 

due perhaps, in part, to the inherent iuathematical complexities
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associated with spiralling motions of plasma particles in the presence 

of a background magnetic field. Nevertheless, a number of studies have 
been made (see references in chapter 4), and of these, the semi- 
olassioal theory of Tsytovich and Shvartsburg (1966, 1967) is perhaps 
the simplest and easiest to interpret physically.

When the random phase approximation is valid, the phases of the 
plasma waves are unnecessary in the description of the interactions and 
the plasma waves are described as phasmons (photons). This simplified 

description of plasma waves together with the quantum mechanical 
language of spontaneous and induced processes (Einstein, 1917) forms 
the basis of the semiclassical theory. The probabilities used in this 
formulation are all calculated classically by using the kinetic 
equations and Maxwell’s equations. These probabilities together with 
the principle of detailed balance for microscopic processes are used to 
derive equations describing the evolution of distribution functions of 
plasmons and plasma particles. As the fields of the plasma waves have 
not really been quantized, the constant h = h/27r, with h := Planck’s 
constant, appearing in the equations are merely there for "book-keeping" 
purposes; equivalent equations can be written in which this constant 
does not appear. In brief, a quantum formalism is used to describe 

plasma physics in the classical regime.

In this thesis, we shall generalize and extend the semiclassical 

theory of Tsytovich and Shvartsburg (ibid.), and some aspects of the 
processes occurring in a magnetoactive plasma will be discussed more 

thoroughly here than in the existing literature. In symbols and nota­

tion, we follow a combination of those of Tsytovich (1970), Smith 

(1970), and Melrose and Sy (1972a,b), but with some alterations.
Unless stated otherwise, c.g.s. unite will be used throughout this 

study.
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4. OUTLINE OF THE THESIS

In chapter 2, starting from the collisionless Boltzmann-Vlasov 
equation and Maxwell’s equations, we define and derive response tensors 

for a magnetoactive plasma. We then obtain explicit formal expressions 
for the linear response (dielectric) tensor and the first nonlinear 
response tensor in terms of unperturbed one-particle distribution func­
tions. Various properties, viz. those of reality, causality and 
symmetries of these tensors are discussed. The dielectric tensor for a 
bi-Maxwellian plasma is rederived. Wave properties are defined and 
summarized for wave-modes of interest in a Maxwellian magnetoactive 
plasma. Apart from the formal expression for the first nonlinear res­
ponse tensor and the wave properties derived for electron cyclotron 
waves, this chapter is principally of a review nature.

In chapter 3, we review the relevant aspects of wave-particle 
interactions in a magnetoactive plasma within the framework of linear 
and quasilinear theory. Although it can be said that the basic 
physical principles behind wave-particle interactions are well under­
stood, certain aspects of this theory, are either still under develop­
ment or have been controversial in the literature. Included in the 
discussions are single-particle emission processes, quasilinear 
equations, and various classes of microinstabilities. Although new 
results are only incidental, the chapter has been found convenient 
(1) to provide a suitable basis for a comparison of linear with non­

linear theories, (2) to clarify the stance taken with respect to 

controversial issues on linear or quasilinear theory, and (3) to 
include instabilities, whose significance for astrophysics has remained 
incompletely explored.
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In chapter 4, a semiclassical theory of weak nonlinear inter­
actions in a magnetoactive plasma is developed. The principal 
contributions to the theory lie in the study of scattering of plasma 
waves.

After presentation of the semiclassical framework (sections 2 and 

3), a scattering cross-section is defined and derived, and Thomson (and 
inverse Compton) scattering of magnetoionic waves by relativistic and 

non-relativistic particles is considered in section 4. In particular, 
Thomson scattering by non-relativistic electrons is treated generally, 
conditions under which the motion of relativistic electrons can be 

regarded as rectilinear in treating inverse Compton scattering are 
derived, and when such conditions are not fulfilled, we study a 
specific example in detail.

In section 5, after the general inverse Maxwellian tensor has been 
written down and the conditions under which this tensor simplifies have 
been derived (Appendix E), nonlinear scattering by thermal ions and 
electrons are treated and compared. Useful approximate forms of the 
first nonlinear response tensor are derived in Appendix F. In addition, 
the absorption coefficient (in time) and the scattering cross-section 

for spontaneous nonlinear scattering of magnetoionic waves by plasma 

ions are calculated for special cases of interest.

Formal probabilities for coalescence and decay processes are 

written down in section 6.

The final section of chapter 4 is devoted to a qualitative dis­

cussion of the effect of a background magnetic field on the formation 

of turbulence spectra.

In chapter 5, the general theory of weak nonlinear processes in a 

magnetoactive plasma is applied to the study of polarized radiation
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arising from plasma turbulence. We consider in detail "plasma emission 

processes" where the microturbulence is in electron plasma waves. We 

also consider polarized radiation arising from a microturbulence in 

electron cyclotron waves, which do not seem to have been considered in 

this context in the literature. The amplification of radiation in mag­

netoionic waves, by induced effects, is discussed in the last section.

In chapter 6, we explore the possibilities of applying the results 

derived in the theoretical part of this thesis to polarized radiation 

from the solar corona. We have chosen to examine type I solar radio 

bursts in detail. After introductory discussions on radio emission 

from the sun (section 1), and on a morphological description of the 

solar corona (section 2), a simplified model of the solar corona above 

the active regions is adopted (section 3) in order to evaluate and 

develop quantitative theories of solar radio bursts. An updated review 

of the observational data on type I solar radio bursts is presented in 

section 4. Existing theories of type I solar radio bursts are reviewed 

and criticized in section 5. A model based on the "plasma hypothesis" 

is then constructed in an attempt to overcome some of the objections 

raised against the existing theories. The last section is devoted to a 

critical appraisal of the model proposed and to some concluding remarks.

In the final chapter, a synopsis of theoretical and astrophysical 

results found in our investigation is given. In conclusion, sugges­

tions for other possible astrophysical applications of the theory and

for further research are made.



PART I 

THEORY

"There is a mask of theory over the whole face of nature"

—  Whewell, 1831
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CHAPTER 2

ELECTRODYNAMIC PROPERTIES OF A MAGNETOACTIVE PLASMA

1. FUNDAMENTAL EQUATIONS

Our theoretical study of a magnetoactive plasma is based on the 

collisionless Boltzmann-Vlasov equation

9f 9fa , a
3t" + X • I T  + ««,

v x B v x Bq
E + 0 , (2 .1)

where fa = f^(p,r,t) is the one-particle distribution of particles of 
species a, with charge and rest mass m^.

The coordinate axes are chosen so that the background magnetic 
field is given by B q = (0,0,Bo). The electric and magnetic fields,
E E E(r, t) and jB = B̂ (r̂ ,t), are caused by extraneous sources and by plasma 
particles themselves, so they are related consistently by Maxwell's 
equations,

curl E

curl B

. 9B I ~
c 91

l
c

div E = 4irp , 

div B = 0

(2.2)

The charge and current densities are separated by writing respectively,

ext . indP +  P l
.ext . .ind
i + 1 (2.3)

sxt extExtraneous charge and current densities are denoted by p and ^ 
The induced charge and current densities are related to the particle 

distribution functions by
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indP d 3P f (p,r,t) ,
/-w  (Jt ^

. ind 
J d 3p v y p . r . O  .

(2.4)

In the study of wave motion it is convenient to use Fourier trans­

forms. The Fourier transform and its inverse for any quantity F(r,t) 

can be defined by

F(r,t)

F(k,u)

d^k dw 
(2tt) 4

J .

F(k,w) ei(k*r-wt)

d 3r dt F(r,t) e ~

(2.5)

To ensure the existence of the Fourier transform, the function F(:r, t) 

is to be truncated outside a space-time volume whenever necessary, i.e.,

F(r,t) = 0

= 0

outside volume V ,

outside time interval: - T / 2 < t < T / 2  .
( 2.5)’

Fourier transforming (2.1) and (2.2), one has

(v x B 0) 3fa
- iw f (P»k,ü)) + ik«v f (p,k,w) + q -- --- * t—  (p,k,co)a ~ ~  ~  ~  oc ^  ̂  cx c op /-w

d X (2) q E(k',a)’) +
v x B(k’ ,a)')

9E
(p,k",u>") = 0 (2.6)

and

kxE(k,w) = —  B(k,a)) , k*E(k,w) = -47rip(k,co) ,

-kxB(k,to) = —  E(k,to) + ^  j (k,w) , k*B(k,w) = 0 ,~ ~ ~ Q ~ ~ C ^ ̂  ~ ~ ~

where
(2.7)

d X (2) :e
r d^'du'dV'du" 

(2tt)4 63(k-kf-k") 6 (o)-u)’-ü3m) , (2.8)

and 63(k-k'-k") and 6 (w-u'-u") are Dirac delta functions. A quantity



on the left (right) hand side of := (=:) is defined by known 

quantities on the right (left) hand side.

13

2. RESPONSE OF A PLASMA

Electromagnetic fields in a plasma perturb particles and therefore 

alter their distribution functions. It is possible to make a perturba­

tion expansion of the particle distribution functions in terms of the 

electric fields of small oscillations in a plasma:

order correction, proportional to the square of the electric field of 

the plasma waves, etc.

The phenomenological equation describing the response of a plasma 

to a perturbing electric field is given by (Landau and Lifshitz, 1960)

where f ^ ^  (p) is the unperturbed homogeneous time-independent 

distribution, normalized according to,

(2.10)

Here, f^^(p,k,w) represents a correction to f ^ ^  (j>) proportional to
(2)the electric field of the plasma waves, f (p,k,u)) represents a higher
ot ~  ~

D(r,t) := E(:r, t) + 4nP(:r, t) , (2.11)

where the polarization ]P(£, t) is defined by

3P(r,t) .ind , v
: = i •

(2.12)

The Fourier transform of (2.11) on using (2.12), reads

D(k,m) = (2.13)
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The corresponding expansion of the induced current density in terms of 

the electric field E(k,w) reads,

ĵlnd(k,03) = j^(k,oj) + j ^ 2 (̂k,u)) + ... . (2.14)

The n-th order current density can be written as

jjn (̂k,<jo) : = (n)
a,. , (ki ,0)1 ;... ;k ,oo )E. (ki ,un) .. .E. (k ,u) )~ 1 '~n* n ji ~ j -mi n'

(2.15)

: = 2 q na a d3p v f^(p,k,w) ,

where n^ denotes number density of particles of species a and

a.. . (ki,a)i;...;k ,w ) denotes the n-th order conductivity tensor,
11 1 • • • J n ~ ^  n

with

dX(n) :e
d3kidooi d3k doo~ 1 ^n
(2tt) “ • (2tt) 4^  n (2tt)4 63 (k-ki~. . .-k ) 6(oj-wi-. . .-a) ) .

(2.16)

Substitution of equations (2.14) and (2.15) in (2.13) yields the 

electric displacement in the form:

D (k,o)) = 2
1 ~  n=l d x ( n )  e i j  1 # . . j  < k i . “ i ; - - - ; k 1. “ n ) E j 1(fe1* “ l ) - - - E j n (i n > " n ) ’

(2.17)

where e. . . (kj ,o>i;.. . ;k ,a) ) is the n-th order response tensor.J1 • • • Jn ^ ^  '
The first (linear) response tensor is just the dielectric tensor given 

by

:E 6ij + • (2.18)

The n-th order response tensor, for n > 2, is given by,

eij1...jn ^~1,ü)i;***;in,a)n^ :"
4TTi
a °lj1...j (fel»“!» 4 4 4 ̂ » “^  4 (2.19)
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3. REALITY, CAUSALITY AND SYMMETRIES

The expansion of the electric displacement D(r,t), defined by 

(2.11), in terms of the electric field E(r,t), reads

V i ’t) d3ridti e^Crijti) E.. (r-r i , t-tx) +
j

d3r ]_dt i d3r^dt2 x

X eij£(~ 1,ti;~ 2,t2) Ej(r-ri.t-ti) E£ (r-r2 ,t-t2) + ... . (2.20)

It is clear that the phenomenological coefficients (tensors), occurring 

in (2.20), whose Fourier transforms given by (2.18) and (2.19), are 

real quantities. Hence the response tensors (2.18) and (2.19) satisfy

reality conditions:

ei<(k,o)) = eij(_k»“w) , (2.21)

k

£ij £(~1 »^l>k2 »w2) — j £ (—k,l»—w 1 > ”k̂ 2 , — w2) , (2.22)

and in general,

k
e . . . . (ki ,coi;. . .k ,oo ) = e . .!J1J 2••-Jn ~  1 -n* ij!...jJn

. (2.23)

Here, complex conjugation is denoted by The above conditions

follow trivially from the Fourier transforms of real quantities.

The collisionless Boltzmann-Vlasov equation (2.1) is time- 

reversible, as may be seen by noting its invariance under the trans­

formation: p, v, B, Bq, t -* -p, -v, -B, -Bq, -t. It cannot describe 

macroscopically irreversible processes such as relaxation to 

equilibrium without introducing additional hypotheses such as the 

stosszahiansatz in Boltzmann's theory and the initial condition in 

Bogoliubov's theory. It can, however, describe macroscopically 

irreversible processes such as small damping (or growth) of plasma 

waves, by imposing causal requirements on the response of the plasma to



16

small electromagnetic disturbances. That is, the requirement that the 

response be subsequent to the disturbances is imposed.

To impose causality, the Heaviside step function is introduced,

0(t) :e
(t >0) 

(t < 0)
(2.24)

whose Fourier transform can be written as

0 (k,oo) oo + io (2tt) 3 63(k) (2.25)

where io is an infinitesimal positive imaginary constant. Explicit 

inclusion of causality alters (2.20) to read,

V l ’t)
+

d ^ d t i  e ^ C r ^ t i )  0(tx) (r-rx,t-ti) +

d 3£ 1dt1 d 3£2dt2 ^(£1 »Ü1 »£2»t2) 9(t l) 9(t2) x

x Ej(r-ri,t-t!) E£(r-£2,t-t2) + ... . (2.26)

Fourier transforming (2.26) and equating this with (2.17), one derives 

the following causality conditions:

e _  (k,oo) 2tt
doof

oo - oo’ + io ije..(k,oof) , (2.27)

2Theij£^~1 ,ü)1 »fc»“*)

and in general,

e . . . (ki ,ooi;... ;k ,oo )ii i ... i 1 ~n* nj i J n

doo’doo'
(oox-oo’+io) (oo2-oo"+io) £ij£^~1,C° ^

(2.28)

. inl doo’ . . .doo(n)

(ooj - oof + io) . . . (oô  - m (n) + io)

x e.. . (ki ,oo' ; . . . ;k ,oo^) .

The Fourier transforms of the phenomenological tensors e_(£,t), 

eij£(r1,t1;r2,t2), etc., satisfy (2.27) - (2.29).

(2.29)
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It is clear that the infinitesimal positive imaginary constants 
give rise to resonant contributions. However, only the non-resonant 

contributions to the nonlinear response tensors are of interest in this 
thesis. Hence, only the principal value parts of each of the singular 

integrals occurring in the nonlinear response tensors, is retained. 
Unless stated otherwise,, the nonlinear response tensors are taken to 
mean the non-resonant parts of the tensors.

The symmetry properties of the linear response tensor (dielectric 
tensor) are given by the Onsager reciprocal relations, which are 
essentially consequences of the "time reversal invariance" of the 
equations of motion of individual particles (de Groot and Mazur, 1969). 
For a magnetoactive plasma, they are well-known and can be written in 
the form, r«.

* &

e_(k,(jo,B0) = Ej^-k^j-Bo) = ej i Q b “w >”5o) > (2.30)

where reality condition (2.21) has been used.

Generalizations of the Onsager reciprocal relations to obtain 
symmetry relations for the nonlinear response tensors are not obvious. 
However, there is an obvious symmetry relation which arises from per­
muting dummy indices and their associated arguments in (2.16),

eij1...jn(-~1,a)i;***;̂ n,Wn) ei(j1...jn)('~1,ü)i;,,,;^n,a)n) (2*31)

where brackets (...) around the indices indicate that 1/n! times the 
sum of all tensors obtained by permutation of the indices and 
associated arguments is to be taken. This symmetry relation reflects 

the indistinguishability of the induced current density on spatially 

interchanging any pair of interacting electric fields. For the case 

n=2, equation (2.31) reads,
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eij£('~1 ,ÜJl ;fc ,a)2) “ ei£j f e  »^2^1 *Wl) • (2.32)

The "time reversal invariance" symmetry, which arises from the

invariance of the equations of motion of individual particles under the
itransformation: p, Bq , t -* -p, -Bq , -t, can be shown (Melrose, 1972a)

to be,

eij j... j (k1,u>i;...;kn ,ci)n;Bo) eiii 1 •J 1 • • * Jn
(2.33)

T Melrose (1972a) expands the induced current density in terms of the

vector potential A(r̂ , t) and obtains a response tensor k . . . related
J 1 • • • Jn

to e.. . bym . - o n

eij1...jn(£1’“i;- " ;£n’“n) = 4,ri
c_ J1 Jn______________________
i cocoicx>2 • • • ü)

(2.34)

There are also crossing symmetries, arising from the properties of 

the Poisson brackets in a dynamical formulation (Al'tshul’ and Karpman, 

1965; Melrose,1972a). These symmetries have not been established for 

the general n-th order nonlinear response tensor. However for the 

cases n = 1 and n=2, they can be expressed (see Melrose, 1972a) as

£ij (~,a)) = » (2.35)

£ij£^~1,Wi;~2,a32̂  = £ji£^"~1"^2j“Wl_a)2;fe,a)2̂
(2.36)

e£jift1 ,0J1 ;~~1_~2,_0J1_W2  ̂ *

where only non-resonant parts are retained.
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4. RESPONSE TENSORS

The dielectric tensor and the nonlinear response tensors describe 

completely the electrodynamic properties of a plasma and they depend 

essentially on the unperturbed homogeneous time-independent distribu­

tions (p) . To write the tensors explicitly in terms of f ^ ^  (p) ,
/ \

kinetic equations (2.6) and (2.9) are used to solve for f v '(p,k,co). 

Then application of equations (2.13), (2.14), (2.15) and (2.17) yields the 

required formal expressions for the tensors. The dielectric tensor and 

the first nonlinear response tensor read

e..(k,(*>) = 6.. + a . . (k,oo)
ij ~  ij oo ij

, . q n p . 4tti v 1 1 a0 . . H----- ^  --- — ---ij ^  CL
d^p t<f> ,.t P(<j>')-P(<f>) , , . . 3fad<j>' e g . (v ,k,u)) — r— j

£ ooa

(0)

(2.37)
and

eij£^~1,Wi;~ 2,a)2^
47Ti a. . (ki ,u)i;k2 ,a)2)oo ij A

, . q n 4tti ^ a a d3P v ±
r<P

dcp' eF^   ̂ P((})) g. (v' ,ki,mi) -r̂ r x
£ oo Ja

(0)
^  P2(4),,)-P2(c}5t) , „ . , 9fad<t>" e z Z gr £ (~  *^2»w2) T̂iT
 ̂£ ooa

(2.38)

The gyrofrequencies for non-relativistic plasma particles are denoted 

by = I q^ I Bo/m^c, and also oa = mi + m 2 , k = k j + k 2 , in (2.38). The par­

ticle velocities are taken to be v = (v^coscj) ,v̂ sin<|) ,Vn ) . Furthermore,

P (4>) : = e Q a a "

4>
dtf>’ (oo-k*v’) , (2.39)

P 2 ( 4> )  •• =
r<P

£ na a
d(j) ’ (oo2_k2 * v ’ ) , (2.40)

and
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§ i j  (v>k,co)
a

w (w-k*v) 6 . .  + k . v .  
-----  i j  i  Jj

( 2 .4 1 )

For  p u r p o s e s  o f  c a l c u l a t i o n  and f u r t h e r  a n a l y s i s ,  i t  i s  c o n v e n i e n t  to  

w r i t e  e q u a t i o n s  ( 2 .3 7 )  and ( 2 .3 8 )  i n  forms i n v o l v i n g  i n f i n i t e  sums con­

t a i n i n g  B e s s e l  f u n c t i o n s .  A f t e r  some t e d i o u s  c a l c u l a t i o n s  (Appendix  A), 

t h e  e q u a t i o n s  r e a d ,

8TT2q 2n
£ . . (k,oo) = 6 . . + 2 a a

i j i j P l dP_L

Ä . v ll 9 9 16 . „ 6 . 0  —i 3  j 3  v± V1 9p|| VH 9pj| ^ + 2  
s=—°°

v i ( s »fe>v)v j
03 -  s f t  -  k | |  V ||a II II

00 -  kn Vi
3 + k , 3Vĵ  9p^ II 9p, f a 0 ) ( p l > Pll)

and

( 2 .4 2 )

87T2i q  3na a
03031 03 2. PXdPx

s , y , y ' j V , v 1

6s + y ’ ,y+v '+v  exP^i e a ( P > l - s 'H-(P"v f v ')^2)  } Vx ( s »^»v)

J  ( z 2> f * a * i e  (v -v* )
------ — - ------ ‘l a .  ( y ’ , k x , (jo 1) T— + 3. (y* , k i , w i )  ------- ---------w - s ^ - k u v , ,  ( j  3px J ~  Pxa *11 1  

* J v ( z 2)

+ Yj  ( y , , - 1 , “ 1> 3p.|} oo2- v ’ na- k 2||v || K  (V’ ^ 2>W2) SpI

+ Yo ( v f , k 2 ,m2) f a ° ^ P l » P | p  * ( 2 .4 3 )

The u n p e r t u r b e d  d i s t r i b u t i o n  f ( p )  has  be e n  t a k e n  t o  be  i n d e p e n d e n t  

o f  a z i m u t h a l  a n g l e s  o f  p a r t i c l e  v e l o c i t i e s  4>, i . e .  f  (p) = f  (Px »Py) 

The w a v e v e c t o r s  a r e  w r i t t e n  as

k := (k^cosip,kj^sinip,k|| )

k 1 ( k i j _ c o s ^ i ,k i j _ s in ^ i ,k i | | )

k 2 : = ( k 2̂ c o s i p 2 , k 2̂ s i n i p 2 , k 2| | )

(2 .4 4 )
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In equation (2.42), 6g+^, is the usual Kronecker delta and the

quantities cu , 3^ > are defined as follows:

w2-k2||v|| v,|
ai^v? »&2*“2) := -------- " 6i3 Jvi(z2) ~  (u32-Vt^ct-k2||V|| )

Yi (v,,k2,W2) := k2|| V i(v',k2 ,v) + 6±3 (z2) (ü>2-v ' Vjj ) >

31(v* >^2*^2) '• =

32(v ' ,k2,a)2) : =

-(a)2-k2||V|| ) 

~^L
(a>2-k2|| v.| )

71

V 2(v’,k2,v) + k2j_vi sin^2 Jv ,(z2) , (2.45)

v l(v '>]S2>v) " k2_Lvi cos^2 J ,(z2) ,

kM v,
ß3(v'»^2>̂ 2) := ~ —  {sin^2Vi(v'»k^jv) ~ cos^2 v2(v '»k2,v)) ,

where

V .(v',k2,v) :e —  {exp(iea^2) Jvi_1(z2) + exp(-iea^2) Jv.+1(z2)>

-iea —  {exp(iea^2) Jv._1(z2) * expO-ie^) Jv,+1(z2)}, Vy Jv,(z2)
(2.46)

Occurring in the above expressions are the Bessel functions J^i(z2), 

J^,(zj), etc. where, as usual, the order is designated by v', y ’, etc. 

and the kernels are defined by

klVi k liVi k2lVi
Z !E I T "  ’ 2 1 :E - S T “  > Z2 =E ~ ä ~  ' (2>47)a a a

Expressions for the dielectric tensor, equivalent to (2.42), have 

been written down elsewhere in the literature (Sitenko and Stepanov, 

1957; Stepanov and Kitsenko, 1961; Akhiezer et at., 1967; Melrose 

and Sy, 1972a). These provide the basis for the study of small ampli­

tude oscillations in a magnetoactive plasma. A somewhat different, but 

rather unwieldy expression for the first nonlinear response tensor 

equivalent to (2.43) was written down by Tsytovich and Shvartsburg 

(1966). In its present form, it was reported by Melrose and Sy (1972a).



This tensor forms the basis for the study of nonlinear interaction of 

small amplitude oscillations in a magnetoactive plasma.
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5. WAVE PROPERTIES

Waves are described by solutions of the relevant wave equation.

The general inhomogeneous wave equation can be obtained from Maxwell's 

equations (2.7):

k x {k x E(k,oo) } + ^ 2" D(k,o)) = - j6Xt (k,oo) , (2.48)

where D(k,oo) is given by (2.12). This equation is essentially non­

linear, since D(k,oo) depends nonlinearly on the electric field E(k,oo) . 

In the weak nonlinear approximation, it will be solved by a perturba­

tion procedure. Application of equation (2.17) yields an expanded form 

of the above equation,

2. 2
•J f " " <$_) + e-jjQ^oo)! Ej(k,w) 47Ti .ext,. N--- j . (k,oo)co J1 ~

- 2 
n=2

dA(n) £ (k1,mi;...;kn ,a3n) E . (kj ,wi) .. .E (^,^,(2.49)
J 1 * * *J n Ji Jn

with k : = k/k. Resonance contributions are retained only in the linear

response tensor £ „ (k,oo)• By introducing hermitian (h) and 

antihermitian (a) parts,

£ij (~,w) := \ {e^Qcjrn) + £^(^.,03)} ,

£ij (~*w) :E \ ^  (k,o>) “ »

(2.50)

the causal condition (2.26) gives the Kramers-Kronig relations,

h '- ' > i ®
= -  ®

£. . (k, oo) 1J ~
doo a ,, ,N --- r £ . (k,oo ) ,C0-Ü0 1J ~

(2.51)
£_ (k,o)) doo’ hT  £..(k,co’) .oo-oo ij
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The Onsager relations (2.30) can be used to establish,

li h(k,(jo,B0) = e (k,-u>,-B0) ,

3. 3eij(k,u,B0) = - (k,-u,-Bo) .
(2.52)

It follows from the time-reversal operation: the simultaneous reversal
tl 3of the signs of w and B q , that £^ (e _ )  describes the time-reversible

(time-irreversible) dielectric properties of the plasma. The anti- 

hermitian part of the dielectric tensor describes such time- 

irreversible processes as the damping of waves in a plasma. Equation 

(2.49) can be rewritten as

A±j (k,w) Ej(k,o)) = -£^(k,oo) E_. (k,w) - j^Xt(k,u>)

- 2 
n=2

dX(2) e±jimuaj ( k ^ m u . . . ; ^ , ^ )  Ej ̂ (k,l »^1) • • • E^ (^,^,(2.53)

where

Aij k c2_ 2u2 - V  + (2.54)

Regarding terms on the right hand side of equation (2.53) as source
«terms, one arrives at the homogeneous wave equation,

A (k,oo) Ej (k,oo) = 0 , (2.55)

which describes free (undamped) oscillations in a plasma. The con­

dition for a non-trivial solution is that the determinant of the 

coefficients vanishes:

A(k,oo) := det{A_ (k,oo) } = 0 . (2.56)

A solution of (2.56) or a suitable branch of a solution w = u)° (k) is 

called the dispersion relation for waves in mode a. On account of the 

reality condition (2.20) and the hermitian nature of Â _.(k,od) it is
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seen that

A(k,oo) = A(-k,-cd) (2.57)

Hence there is an equivalent relation for positive and negative 

frequencies, viz.,

00 = ooC (k) = -oo° (-k) . (2.58)

To find the polarization vector e (k) defined by,

eu (k)
E{k,oo (k) }

IE{k,ooa (k) } I
(2.59)

the cofactor tensor X^_.(k,oo) of A_(k,oo) is introduced (Sitenko and

Kirochkin, 1966) ,

A_(k,oo) Aj^(k,oo) : = A(k,w)<$i£ . (2.60)

The elements A _  expressed in terms of the elements A „  read,

Aij 2 eik£ £jmn ^mk * (2.61)

where is the permutation symbol defined by,

'ijk

1 (ijk an even permutation of 123) 

-1 (ijk an odd permutation of 123)

0 (otherwise)

(2.62)

When A = 0, A., is of rank two (one less than its order) and so 
13

A „  is of rank one. Therefore any second order minor of A „  vanishes, 

i.e. for any ijk£,

Aij Akü Ai£ Akj 0 , when A = 0 . (2.63)

From equations (2.55) and (2.60), it is easy to see that
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A±_. {k,a)°(k) } a e_̂ a (k) e_. 0 (k) . It then follows from equation (2.63)

and the fact that A., is hermitian
ij

A. . A. . 
13 31

A. . A . . 
13 iJ hi xjj (A )2 ,SS (2.64)

where A : = Aji + A22 + A33 is the trace of X... By the normalizationS S lj
condition implicit in (2.59), it is thus proved that (Sitenko and 

Kirochkin, 1966)

A {k,aja (k)} = Ass{k,ma (k)} e±°(k) e ^ C k )  . (2.65)

From this, it is straightforward to show,

eiQ(k)
, o
Aij aj

* Q ,a )h * a . A . . a . A i ij J ss
(2.66)

where A?. := A . . (k,ooG (k) }, AG is the trace of A?, and a. is an ij ij ~  ss 13 i
arbitrary vector, whose phase can be fixed arbitrarily. The phase of 

eG can be arbitrarily fixed by a suitable choice of a.

Apart from the dispersion relation and the polarization vector, 

the other quantity useful in characterizing waves in mode a is the 

ratio of the electrical energy density in the range d 3k/(27r)3 at k to 

the total energy density in the same range (Melrose, 1968a):

[w e 1 a _ WEG(& A s s (k,m) '

W T;V <7

II

HC
Q s

i

-t (a ) = (jl)G  (k)

(2.67)

For longitudinal waves, this expression is replaced by

f *\I J £
WE = 1 /
WT,

3 £ xa) —  e (k,tjo)
e (k,o))=0

£ _ h
where e (k,w) := K^Kj -

(2.67)’



26

6. WAVES IN A MAXWELLIAN PLASMA

A detailed study of free oscillations in a plasma requires assump­

tions to be made concerning the actual form of the particle functions. 

From a theoretical point of view, a reasonably general form of the par­

ticle distribution functions for which the integrals in (2.42) remain 

easily tractable is the bi-Maxwellian distribution:

Vpj-’V
where

vof vdi exp

od-
a-L

2)
(2.68)

(2.69)

The particles are assumed to be non-relativistic, i.e. , V^y << c. 

The temperatures T ^ , T^y are measured in °K and k is a Boltzmann's 
constant. The bi-Maxwellian streaming distribution includes tempera­

ture anisotropies (V^ ^V^y) and anisotropies due to streaming motion

(u ^ 0). a

Insertion of (2.68) into (2.42) yields integrals in p^ over 

products of Bessel functions. These integrals can be evaluated from 

the standard integral (Watson, 1944):

* 00

J o x dx e
2 2 -p x Jg(ax) Jg(6x) 2p2" exP

f _ r aß
[ 4p2 ] s m

(2.70)

where I is a modified Bessel function of the first kind, s

Integrals over py give (see e.g., Stix, 1962; Akhiezer et at. , 

1967; Sitenko, 1967)

exp I- (virua> exp i-

-c w-sft -kMvM+ioa  II II

(virua)2
a(T

oj-s^ -kMvM+ioa  II II £ ><ov> •
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where

F(0)(y)
and

oj-sft -kuv a II a
as • /2 kiiV

,-y x iE H  fkjjj e  ̂ + 7 <|,(y)

(2.71)

+<y>
-t‘
y-t 2ye-y‘ ry t2

e dt

2y2 + ...

1 + W  + 4 ^  + •"

(|y| «  i) 

(|y| »  i)

.(O)Fried and Conte (1961) has published a table of Z(y) := -iF J (-y), 

with k|| = |k|| I .

After some straightforward but lengthy calculations, the 

dielectric tensor for a bi-Maxwellian-strearning particle distribution 

reads (Melrose, 1972b)

(k,a))

where

C“j (k,u>)

6.J + S {c^Ck.ui) + Dy(k,ia)) ,

- 7-- T 0kn a

1-- Tkn a

kl _ 032
T(X k||Vall

(2.72)

(k,u) :e 2 
J s=-

2 — X00 11 • a /n\a le „(0)
/2 ki IV F (y ) tt. . (k,w;s) J as ij ~

{sfi + (aj-sß -kuv )(l-x )} , (2.73)a a II a a
where
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7T_(k,w;s) : =

Y~ I A s a

-ie s(l'-I ) a s s

k._s__-L_
A kn a II

w — s

ie s(I’-I ) a s s
' 2
#- + 2A I I - 2A I’ -iea s a s

. kile -—  a kn
w-sft

(I'-I ) s s

k._s__i
A k a

a kn

j _ h
Xa k||

co-sft

oo-sfi

a
w-sft

(I'-I ) s s

(2.74)

The plasma frequency of particles of species a is denoted by 7Ta. The

argument of the modified Bessel functions I is A , and I' is theS O t  s
derivative of Ig with respect to Â . These quantities are defined as 

follows:

4irq 2m a a 1 - A : e a
ki V (2.75)

Of special interest are the waves in a stationary equilibrium

plasma (u =0, x =0). In this case, on writing V V , thea ' a ' aJ- all a‘
dielectric tensor reads (Sitenko and Stepanov, 1957; Stix, 1962;

Akhiezer et at., 1967; Sitenko, 1967)

it z r -A 00 y
s . . (k, co) = 6.. - |e a 21JJ ~ ij a 1 m y 1J

ao a \it . . (k,oo;s) x
s— 00 as 

2̂
(})(y ) - iv/rras k,,

kn -y. - 2y 6 6 „I ,ao ij JjJ (2.76)

where

Ji k|| Va
and A :=

k, v 1 a (2.77)

From equation (2.76), since (k,oo;s) is hermitian, the

electric tensor can be separated easily into hermitian and

antihermitian parts:
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2
fr? . (k,oo;s) 4> (y ) ij ~  v as

(2.78)

and

s=-°° as

oo ■yy as (2.79)

The free oscillations, described by the homogeneous wave equation 

(2.55) with A _ (k,w) given by (2.54) and (2.78), have been fairly 

thoroughly studied to various degrees of approximation (Sitenko and 

Stepanov, 1957; Ginzburg, 1964; Stix, 1962; Sitenko, 1967;

Shafranov, 1967; Bernstein, 1958; among others). The general 

procedure for obtaining wave properties of interest has been outlined 

in the previous section. A summary of these wave properties for 

various wave modes is given below.

(a) Magnetoionic Waves

In a magnetoactive plasma, magnetoionic waves in the ordinary (0) 

and extraordinary (X) modes can exist. Above their cutoff frequencies, 

they can excape from the medium to infinity. In this sense, at least, 

they are the counterpart of transverse electromagnetic waves in an 

isotropic (unmagnetized) plasma. Their importance astrophysically lies 

simply in the fact that radiofrequency waves from many astrophysical 

sources are just magnetoionic waves escaping from magnetoactive plasmas.

Spatial dispersion has only a slight effect on the properties of 

magnetoionic waves in a non-relativistic plasma (Silin, 1960; Sitenko, 

1967). The cold plasma approximation: <<  ̂> |ya o l> |ya + | >> 1» is

adequate in describing magnetoionic waves. For convenience, the two



incorporated into the formulae by introducing two magnetoionic 

parameters:
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(2.80)

The wavevector is taken to be k = k (sin0 cosip, sin0 sin^, cos0) 

and the wave modes are denoted by a = 0,X for the ordinary and extra­

ordinary modes respectively. The wave properties are given by (Melrose 

and Sy, 1972a)

1 - T - Ycos0 * a
(2.81)

(l + K ^  + T 2) 2 (a^cos^ - isinijj, a^simp + icosip, b^) , (2.82)

and

1 + K 2 + T  2 a a

2(1 + Ta2) %■& <“V (2.83)

where

a : = K sin0+T cos0 , b := K cos0-T sin© , a o a * a a a

XYTasin0 XYsin0( 1 + TaYcos0)
Ka := (1-X)(T - Ycos0) = (1-X)(1 - Y 2) - XY2sin20 *

_ Y(l-X)cos0 = -i$Y2sin20 + A 
a ^Y2sin20 + A Y(l-X)cos0 *

and
A2 = j Y 4sin40 + (1-X)2Y2cos20 .

(2.84)

The upper (lower) signs refer to a = 0 (a = X). Equation (2.81) is some­

times known as the Appleton-Hartree dispersion relation (Stix, 1962).

It can be seen from (2.82) and (2.84) that T^ and describe respec­

tively the transverse and longitudinal parts of the polarization. 

Furthermore, T^ is the axial ratio of the polarization ellipse, whilst 

the sign of T^ determines the handedness (RH for T^ > 0).
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(b) Electron Plasma Waves

In a magnetoactive plasma, the longitudinal (electrostatic) 

oscillations at high frequencies (above cô ) are the electron plasma 

waves and the electrostatic electron cyclotron waves. These waves in 

general have much lower phase velocities than the magnetoionic waves 

(Furutani and Kalman, 1965). Consequently, they couple more readily to 

non-relativistic or mildly relativistic charges, or in the language of 

modern electrodynamics, the emission and absorption of these waves by 

non-relativistic or mildly relativistic charges are preferred. Supra- 

thermal non-relativistic charges in a magnetoactive plasma could 

generate a turbulence of these waves by coherent or incoherent emission.

The dispersion equation for high-frequency longitudinal waves may 

be obtained from equations (2.54), (2.55) and (2.78). It reads (Stix, 

1962; Sitenko, 1967),

oco r 00 y s
e<k,“> " i + Z F 2- ♦<*es) Cs(V  = 0 , ( 2,85)e ‘ s=-°° y es

where ionic contributions have been justifiably neglected,

-A
Cs(\e) e e Is(Xe) and Xg :H (kp^/fl,)2 . (2.86)

On the assumption that

|y.
co-sft
J2 kn V > > 1 , for all s , (2.87)

and by the equations (2.71), the dispersion equation (2.85) can be

written approximately as

go 2 2co 2sin20 Cl (A ) oo 2sin20
e (k,o>) * 1 - — r  cos2e ^0 Âe) " J  - n 2 Ä + ? 2e e e

l - C 0 (Xe ) - 2 C i ( X e ) 2sin20 C (X ) 's e
Q 2 „ W2 - s2fi 2 Ae s~2 ° e

t -
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To the zeroth order in A , equation (2.88) reads

(k,oo) 1 - C O S Z 0
go 2sin20

2fi -  P
a)2 -ft 2 e

0 , (2,89)

which gives rise to the well-known cold-plasma dispersion relations for 

electron plasma waves:

co 2 = \ (go 2 + fi 2) ± {fco 2 4-ft 2 j 2 - 4go 2ft 2cos20}2 . (2.90)± 2 p e 2 1  ̂p e ' p e 1

Small corrections to (2.90), to allow for the effects of thermal 

electron motion, can be estimated by taking equation (2.88) to first 

order in A . Including thermal corrections, the dispersion relations 

for electron plasma waves read (Sitenko, 1967)

(we£)2 = oo+2 4- 3k2Ve2 F(oo±,0) , (2.91)
where

F(“ ’6) :5 l + o. 2sin2e/(U2-SJ 2)2 Xp e e

r .4- sin20cos20 (2go4 - G02ft 2+4- ft 4) u a '\sin 0 e 3 e cos 0[
X  \ ( a ) 2 - n e 2 ) ( m 2 - 4 f i e 2 )  go2 (go2 -  f i £ 2 )  3  go4 J  *

(2.92)

In a plasma where gô  > ftg the upper branch (+ve sign) of the electron 

plasma waves corresponds directly to the Langmuir waves in an isotropic 

plasma, as might be seen by allowing fte “*0.

The electron plasma waves have polarization vector e = £ : E k / k  and 

their ratios of electrical to total energy can be approximated from 

(2.89) to give

1
2

a) 2£2 2sin20*\ 1P e______ 1
( ü ) 2  —  ft 2 )  2  J0

(2.93)

One must bear in mind in equations (2.91) - (2.93) go and 0 are not 

independent variables: go depends explicitly on 0.
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(c) Electron Cyclotron Waves

The electron cyclotron waves are longitudinal waves at harmonics 

of the electron gyrofrequency. When , the fundamental coincides

with the upper branch of the electron plasma waves. When the > ̂ e > 

the fundamental is strongly damped.

The electron cyclotron waves were first correctly treated by 

Bernstein (1958); for this reason, they are sometimes known as 

Bernstein waves.

Equation (2.88), which is valid under the assumption (2.87), can 

be written as

££ (k,oo) 1 -
(jOp2COS20 o)p2sin20 2Ci(Ae)

2 Co (V  ”  u 2 -  Si 2 Äe e

l oo 2s 2f te2
■ W T J  u 2 - s 2S2 2 ?s (Ae)De s=2 e

0 , (2.94)

where Ape := Ve/oo is the Debye length for electrons. For wave 

propagation perpendicular to the background magnetic field

. 00 2s2fi 2
e < & “> - 1 - i ? T 7  2 , M2 _ s2̂ ~ 2 Cs(Ae> = 0 , (2.95)De s=l e

a result derived by Bernstein (1958). It is shown in Appendix B that 

°° 2s2 C (A )
2 — s'2 _ q"2—  5 1 " 71 q cotirq C (A£) . (2.96)
s=l q q

Hence, the dispersion equation (2.95) can be expressed as

k2*De = a ^ » Ae  ̂ :E 1 ~ ^  cotTTq Cq (^e) , (2.97)

with q := Dispersion curves for longitudinal waves propagating

perpendicularly to the background magnetic field for various thermal 

plasmas, have been obtained by Stone and Auer (1965), see Fig. 2.1.



34

fa>

Vx = Vo /üty

Fig. 2.1: Dispersion curves for longtidunal waves propagating at right
angles to the background magnetic field in a thermal plasma. For 
this figure only, vo is the thermal velocity of electrons and is 
the electron gyrofrequency (Stone and Auer, 1965).
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At arbitrary angles of propagation, the more general dispersion 

equation (2.94) must be used. On account of the smallness of 4g (^e) 

for s > 2, all terms in the sum of equation (2.94) are negligible 

except in the neighbourhood of resonances oo - sfte . The dispersion 

equation reads

££ (k,oo)
OO_2COS20

1 - 2---  4 (A )go2 o e
u)p2sin20 Ci(Ae)
go2 - ft 2 Ae e

2s2ftC (A )
k.2A 2 ,02 _ s2ft 2De e

(2.98)

In general, a cubic equation in o)2 must be solved to give a dispersion 

relation for cyclotron waves at o) - sfi . However, if

C (A )s e
k.2 A 2 De

< < £ (k,sft ) o ~  e
where

£ (k,u))o ~ 1 -
U)p2COS20

2 C0(V  " GO2 -ft 2
o)p 2sin20 Cl(Ae)

(2.99)

(2.100)

an approximate dispersion relation can be found:

s2ft 2 + 2s2ft 2 ------
6 6 k 2A 2

4 (A ) s e (2.101)
_ e (k,sft ) De o ~  e

In this case, the ratio of the electrical to total energy density is 

given by

C (A ) s e
k 2A 2 {£ (k,sft ) }2 D e 1 o ~  e 1

(2.102)

£Contrary to Sugihara’s approximations (1963), £q (k,sfte) <1 generally,

and £ ^(k,sft ) = 1, only when go2 - s 2ft 2 >> oo 2 + ft 2. o e * J e p e

The assumption that wave damping is exponentially small (2.87) and 

equation (2.101) together determine a cone of propagation, outside
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which the theory presented is no longer valid. This cone is small and 

is in a direction perpendicular to the background magnetic field, with

cot0 < <
C (X ) s e

^ ^ e  k2X 2 e ^(k,sft ) De o e

for cyclotron waves at w -

(2.103)

(d) Ion-Acoustic Waves

Ion-acoustic waves are longitudinal waves, which exist only when 

the electron temperature is at least a few times the ion temperature, 

and whose frequencies are much lower than the ion-cyclotron frequency 

Specifically, under the following conditions:

X. ,X l * e < <

v << v A << V , s A e

and |k|| |V± «  a) «  | k|( | V£
■ (2.104)

where the sound speed and the Alfvdn speed are defined respectively by,

z. kT? i ev  ̂ : = -----s m. 2 2 B 0-
tt. X  ̂ , v . := .l De A 4irm.n (2.105)

i i

a direct application of the equations (2.71) and (2.78) gives a 

simplified dielectric tensor,

(k,w) V
1

im
ft.

im
ft.

tan©
ft. 2l 1 -

tan0

k^v ^cos20l s '

.(2.106)

From this expression it is straightforward to use equations (2.54), 

(2.55) and (2.67)' to obtain the wave properties for the ion-acoustic



37

waves

and

k2v 2cos20 ,s * (2.107)

w„ S k2A 2 v 14 ft. 2 r •noE De / 1 1 1- 2 A 2KJ 2 it j, "o sin u cos u
VA4 “2 J / 1 v 2 k XDe

A  J
k2A 2De (2.108)

The ion-acoustic waves can be identified as slow magnetoacoustic waves 

(Sitenko, 1967) when o)<<ft^, as assumed above. However, ion-acoustic

waves can exist up to frequency n\ = (me/iiu) 00p . In the range

ft^<<ft<7K, their wave properties are essentially those of ion-acoustic 

waves in an equilibrium plasma without a background magnetic field:

k2v 2 s 1+k2A 2 De
and

[w e ]S k2A 2De 1 6TilKJ CM

1

l+k2A 2 TDe e ̂

(2.109)

(2 .110)

These relations can be derived in a straightforward way, from equations 

(2.67)' and (2.78) by allowing ft̂  0.
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CHAPTER 3

WAVE-PARTICLE INTERACTIONS AND PLASMA TURBULENCE 

1. INTRODUCTION

Amongst the topics of current interest in plasma physics, which 

could fall within the general category of wave-particle interactions in 

a magnetoactive plasma, are the emission of plasma waves by single 

charges, statistical acceleration of charges by plasma turbulence, wave 

damping and certain classes of microinstabilities. From the point of 

view of plasma turbulization, microinstabilities are particularly 

efficient mechanisms, as they can generate a suprathermal level of 

plasma waves in an avalanche fashion. This chapter is devoted 

principally to the study of wave-particle interactions in the random 

phase approximation, with particular emphasis on the causes of plasma 

turbulence.

Interactions involving random phase waves (plasmons) is qualita­

tively different from interactions involving fixed phase waves 

(Tsytovich, 1970). For this reason, the range of validity of the 

random phase approximation should be clarified. When the interaction 

time of a physical process t , say the growth time of plasma waves in a 

microinstability, is much longer than the correlation (phase-shift)

time t , of the waves, i.e. the phase of a wave must change<P <P
rapidly and repeatedly during the time of interaction. Hence, the 

ensemble averages of field quantities of the wave all vanish over the 

time interval x. Except for autocorrelations, all bilinear correla­

tions of field quantities vanish (Sitenko, 1967; Landau and Lifshitz,
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1969):

<Ei° (k,oo) Ej °* (k’ ,w ’)} = <EiQ E^a*> (k,u)) (2tt)4 6 (k-k ’) 6(00-00’) , (3.1)

where the brackets (...) denote the averaging operation and all other 

symbols have their usual meanings.

Thus when the random phase approximation is applicable, the 

essentially wave-like characteristics of the plasma waves, viz., their 

phases, are unnecessary in the description of the interaction. This 

means a purely "quantum" description of the plasma waves, the plasmons, 

is sufficient. This simplification together with Einstein's (1917) 

concept of induced emission and absorption forms the basis for a 

relatively simple semiclassical approach (Tsytovich, 1967;

Kovrizhnykh, 1968; Melrose, 1968a), which has the advantage of easy 

physical interpretation.

Plasmons with energy hu)a(k) and momentum hk, where h := h/2u and 

h is Planck's constant, are described by a distribution function N°(k) 

which is the number of plasmons in the range d^k/(2Tr)^ at k. The total 

energy density in the waves of mode a is then given by

W0
p d^k
72^yrh“°(y N°(k> , (3.2)

where the quantum formalism has been used for convenience, and the 

fields of the waves have not really been quantized. In fact, Fourier 

transforming the electrical energy density by (2.5), one obtains

lim
V-*OG

E0(k)I2 
8ttV (3.3)

where E{k,(jOG(k)} =: E° (k)2n6(oo-a)0 (k)) and V is the spatial volume con­

taining waves of mode 0. The quantities in (3.2) are related to the 

classical electric field amplitude E (k) by equations (3.3) and (2.67),
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hu)a (k) Na (k) = lim
V-X»

E° (fe) [2
8irV

8A'
a00=03 (k)

(3.4)

To describe the particles quantum mechanically, a set of quantum 

numbers (py ,n} is introduced, where the continuous quantum number py 

describes motion along the background magnetic field Bq and the simple 

harmonic oscillator quantum number n defined by (Tsytovich, 1962; 

Melrose, 1968a)

p^2 = ma^a fr(2n+l) , n = 0,l,2,..B

a q IBo/m c a u a

(3.5)

describes motion perpendicular to Bq .

Finally, the semiclassical theory of wave-particle interactions 

requires the introduction of a probability of spontaneous emission

w a (s,p,k), which is the probability per unit time that a particle of
ot ~  ~

species a, with momentum p, emits a plasmon of mode a, with momentum 

hk and at the same time decreases its harmonic quantum number by s.

The probability is defined by

Pa =: 2 ! wa(s,£,k) , (3.6)
g = S — 00 j  '

where subscript a has been dropped for convenience. The probability 

w°(s,p,k) is calculated classically.

From equations (2.53) and (2.54), the electric field generated by
. extan extraneous current ^  (k,u)) is given by

4ni Aij ^  .ext,,
---------- Ä l k ^ T J j  *

E.a,̂ )
(JU

(3.7)
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where A^(k,o)) is defined by (2.61). The electric field in mode a is 

found by setting oo-m0 (k), whereupon,

1
A(k,oo) ( M - < A k )  +  i o )  [ f £ ]

(3.8)

00= 0)°  ( k )

From equations (2.65) and (2.67),

r

Aij t*)° ( k )
oo=ooG (k)

e . ° * ( k )  e j ° * ( k )  . ( 3.9)

Classically, the time-averaged power radiated by a charge into 

waves in mode o is given by (see e.g. McKenzie, 1967)

P° = - lim y
T-*°o

T/2

-T/2
d 3r E°(r,t) • jext(r,t)

- lim y
T>°°

dm 
2 IT

d iS. Re (e° (k,w) •jext(k>u)) , (3.10)

where a Fourier transform has been taken and ’R e ’ denotes the real 

part. Application of (3.7) - (3.10) together with the Plemelj formula,

1
oo—oof ± io ®  + iTt6 (m-m') , (3.11)

yields

va , . 4 7T- lim —
T->°° 1

d 3k ,w f 1
(2tt) 3 WT

a . ext e *j ( k , u ° ( k ) ) I 2 (3.12)

For a charge spiralling in B q , it can be shown (Appendix C) that

OO

jext(k,m) = 2 2nq e is^ +r'^^ V(s,k,v) 6 ((D-kyVy-sfi ) , (3.13)
S=—00

where ft := ftmc2/E, E 2 = (p^ -c2 + py 2c 2 + m 2c4) , k is given by (2.44) and
•k

V(s,k^v) is defined by (2.46) with z := kj^/ft . On substitution of 

(3.13) into (3.12) and noting that from (2.5)',
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* Ä6 (oj-sfi -k|,V||) 6(a)-sffi —ki. Vi. )
s =—oo

—  ö(ü)-sß -k||V||) , (3.14)

the time-averaged power radiated reads 

d3k
PG 2

S=—o° (2tt) 3 87r2q 2
'tt WE e° .V(s,k,v)|2 ö(coG (k)-sft —k. i v.. ) .

(3.15)

It is clear that from geometrical symmetry, P° is independent of the 

azimuthal angle ip of the wavevector k. Hence for the present 

discussion V(s,k,v) can be set equal to

V(s,z,V||) := (vj_ ^  Jg(z), -ievj^ Jg ’(z), Vy Jg (z)) , (3.16)

which corresponds to the case = 0 in V(s,k,v) with z := kj^v^/ß . From 

(3.6), (3.15) and (3.16), the probability of spontaneous emission 

waa (s,p,k) is identified to be

wa

2

hu)G (k)
|ea* V(s,za,Vy)|2 6(ooG (k)-s^a -ky Vy ) . (3.17)

A probability essentially the same as (3.17) was derived by Melrose 

(1968a). Earlier calculations for low frequency waves, based on the 

same approach were made by Tsytovich (1963). Still earlier calcula­

tions for the probability based on the Hamiltonian formalism were made 

by Ginzburg and Eidman (1959), though they did not take spatial 

dispersion into account.

2. EMISSION BY A SINGLE CHARGE

The problem of radiation from an electron in a magnetoactive 

plasma is of considerable interest in various aspects of astrophysics, 

magnetospheric physics and thermonuclear research. For example, it is 

well known that the radio and optical spectra of the Crab Nebula can be
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attributed to synchrotron radiation from relativistic electrons. Type 
IV solar radiation at radiofrequencies has a similar origin (Kundu,

1965; Zheleznyakov, 1970). The decametric radiation from Jupiter has 
been attributed (Ellis, 1962) to cyclotron (gyromagnetic) radiation 
from non-relativistic electrons in the Jovian magnetosphere. The same 
physical idea has been used to explain certain features of the very low 

frequency (VLF) and low frequency (LF) emissions (3 - 300 kHz) from the 
earth’s magnetosphere (McKenzie, 1963; Liemohn, 1965). Attempts have 
been made (Sugihara, 1963; Canobbio and Croci, 1963; Stone and Auer, 
1965) to explain the observed noise radiation at electron cyclotron 
harmonics from laboratory plasmas (Crawford, 1965) on the basis of 
electron-cyclotron wave emission from non-relativistic electrons. In 
all the above theories, the electrons emit waves incoherently, i.e., 

the total emission is taken to be the arithmetic sum of emission by 
single electrons.

Radiation from a charge in a magnetoactive plasma has been studied 
by Eidman (1958, 1959, 1962), Liemohn (1965), Mansfield (1967),
McKenzie (1963, 1967), Melrose (1968a) and Trulsen and Fejer (1970).
In the last mentioned paper, many errors and inconsistencies of prevous 
derivations are pointed out. Our time-averaged power radiated as given 

by equation (3.15) agrees with those derived by the last three authors. 
Some numerical examples are given by McKenzie (1967) and Trulsen and 

Fejer (1970).

As examples, consider time-averaged power radiated by a charge 

into magnetoionic waves and longitudinal waves.

For magnetoionic waves, with spatial dispersion neglected, direct 

application of equations (2.82) - (2.84) and (3.16) gives the power 

radiated per unit frequency range per unit solid angle as
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J (z) - eJ ' (z)
O b

where z = O3na3j_sin0/fi and the right hand side is often known as the

emissivity. In the limit of ultrarelativistic electrons radiating in 

vacuo, equation (3.18) coincides with the well known results for 

synchrotron radiation. Because of its importance for the study of 

cyclotron and synchrotron radiation in a plasma, equation (3.18) has 

been derived many times in the literature (Eidman, 1958, 1959; Melrose, 

1968b, 1972b; Ramaty, 1969; Trulsen and Fejer, 1970; Sakurai, 1972).

For longitudinal waves, equations (3.15) and (3.16) gives

where o denotes any longitudinal wave mode.

The frequencies of electron plasma waves have a strong angular 

dependence, but a weak wavenumber dependence, as may easily be seen 

from equation (2.91). Consequently it is not very useful to write down 

equations in the form of (3.18) for electron plasma waves. Instead, 

the delta function in (3.19) is integrated away with respect to the 

wavenumber k to obtain the time-averaged power radiated per unit solid 

angle,

dp : q2to2 j , * Vi sin0 w-sft 1 /
co 2sin20

1 + P e
dti s- oo ^7T|V|| cos® ! °s SI* V|| cos0 1 (ü>2 -n 2)2 >

where the frequencies are given by

(3.19)

Ve 2 F(w±>8) , (3.21)Vi, cos 6ii

subjected to the usual proviso that the last term in (3.21) is a sma.11
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c o r r e c t i o n .  C o n s e q u e n t ly ,  (v|| c o s 0 ) 2 >> 3F(oo+ ,0 )  Vg2 (o)+ -  sft ) 2 / ü)+2 , and 

th e  a p p a r e n t  d iv e r g e n c e  i n  ( 3 .2 0 )  a s  Ivy cos0 | -*-0 i s  n o t  p e r m i t t e d  i n  

our a p p ro x im a t io n .  Yip (1970) d e r i v e d  a more c o m p l ic a te d  e x p r e s s io n  

th a n  (3 .2 0 )  by i n c l u d i n g  th e  e f f e c t s  o f  s p a t i a l  d i s p e r s i o n  i n  th e  d e l t a  

f u n c t i o n  o f  ( 3 . 1 9 ) .  However, a s  h i s  n u m e r ic a l  r e s u l t s  show, e f f e c t s  o f  

s p a t i a l  d i s p e r s i o n  a r e  s l i g h t ;  t h e  s im p le r  e x p r e s s i o n  ( 3 .2 0 )  g iv e s  

e s s e n t i a l l y  t h e  same r e s u l t s .

C o n s id e r  t h e  e m is s io n  o f  e l e c t r o n - c y c l o t r o n  waves a t  f re q u e n c y  

go -  nft . The weak damping c o n d i t i o n  (2 .8 7 )  t o g e t h e r  w i th  th e  D opp le r  

c o n d i t i o n  i n  ( 3 .1 9 )  im p l ie s

2V 2 e

oo -  nfi

oo -  sft
1 , (3 .2 2 )

w h ere ,  f o r  n o n - r e l a t i v i s t i c  e l e c t r o n s ,  = anc* (3 .2 2 )  can  o n ly  be 

s a t i s f i e d  i n  g e n e r a l  f o r  n = s and v | | 2 > > ^ e 2, I t  p o s s i b l e  to  u se  

(3 .1 9 )  d i r e c t l y  t o  o b t a i n  t h e  a v e ra g e  power r a d i a t e d .  However, b e c a u s e  

o f  t h e  c o m p l ic a te d  k dependence  o f  (w^/W^)0 , i t  i s  more i l l u m i n a t i n g  to  

o b t a i n  an  a l t e r n a t i v e  e x p r e s s io n  f o r  t im e - a v e ra g e d  power r a d i a t e d  by 

u s in g  e q u a t i o n s  ( 3 . 7 ) ,  ( 3 . 1 0 ) ,  ( 3 .1 3 )  and ( 3 .1 4 )  o n ly :

00 d 3k doo
p * 2  

S=-°°
TirF  8 ,r2q2  Im ^  J g 2 (z)  6(oo-sft —kj|V|| ) . (3 .2 3 )

T h is  e q u a t i o n  i s  v a l i d  f o r  l o n g i t u d i n a l  waves and i s  e q u i v a l e n t  to  

e q u a t io n  ( 3 . 1 9 ) .  F o r  e l e c t r o n  c y c l o t r o n  waves i n  t h e  v i c i n i t y  o f  

(jo -  nß , an e m i s s i v i t y  a n a lo g o u s  to  (3 .1 8 )  can  be w r i t t e n  down,

d 2PC
dwdft 7T2 dk a) J  2 (z)  n 6 (a j-n ^ e -k || V ||) . (3 .2 4 )

I t  can  be  deduced  from th e  d i s p e r s i o n  r e l a t i o n  (2 .9 8 )  t h a t  (S to n e

and A uer ,  1965; B e k e f i ,  1966)
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l 2-k06(k-k0) , (3.25)

Xjwhere kg is given, for any go and 6 ,  by e (o),0,ko) =0. Substitution of 

(3.25) in (3.24) gives

d2PC
dGodft

q2ü) k0 kQVĵ  sin0
6 ((jo-n̂ e-koV|| cos0) (3.24)’

Integration over solid angles, bearing in mind sin0 - 1, gives

dPC
doo

2q go kovj_
(3.26)

which differs from Stone and Auer’s (1965, eqn. (37)) result by a
2 ifactor 8 tt . Numerical examples have been given by these authors. Sig­

nificant emission occurs only for (kov^)2 > n2ft̂ 2 and waves are not 

strongly damped only if v||2 > > ^e2.

It is straightforward to use equations (2.107) and (2.108) to 

obtain the emissivity of ion-acoustic waves by charges in a magneto­

active plasma

dPS
dGodft

2...4q^GJ
277ft 2 J. 2v I cos 30 I nl s I I n=-°°

gov1
■k

ft V
tan0 GO 1 - - nft \ . (3.27)

It is clear from the above equation that Cerenkov emission is in 

general not possible. Cyclotron emission by electrons is highly 

unlikely, because one requires |vM | - (nft / go) v  >> (m./m ) 2 V , at which0 S 1 0  0

speed, other wave modes are preferentially emitted. Cyclotron 

emission by ions is possible provided > jvy j = |nft̂ vs/Go| >>vg , and it 

is via normal Doppler emission (n > 0) when Vy < 0 and via anomalous 

Doppler emission (n <0) when vM >0. In either case,

dPS
dft

q2ft.2v 4 M 1 s
27TIV|| cos 36 I n

2 n 4 J
nv^ tan0

(3.28)

Stone and Auer hive made a numerical slip in their equation (36).
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where cos0I > nfi./kV .1 1 l e

3. QUASILINEAR EQUATIONS

Due to various deviations from thermodynamic equilibrium, such as 

those caused by the presence of drifting or streaming particles or 

those caused by temperature anisotropies, a plasma is frequently found 

to be unstable with respect to the generation of plasma waves. The 

general criteria for determining whether a plasma with given particle 

distribution functions, is unstable or not, are well-known (see e.g., 

Akhiezer et at., 1967, p.86). To follow the development of such micro­

instabilities, the first logical attempt is to consider the changes in 

the unstable particle distribution functions resulting from the 

"feedback" effect of the waves.

From such considerations, a set of quasilinear equations was 

derived by Vedenov et at. (1961, 1962) and Drummond and Pines (1962), 

for an isotropic electron plasma. The basic assumptions, the range of 

validity and the consequences of the quasilinear theory have been sub­

jects of controversy, see for example Klozenberg and Bernstein (1970), 

Montgomery and Bodner (1971), Fukai and Harris (1972) and references 

therein. Much of the confusion disappears if one bears clearly in mind 

that the time-irreversible processes, such as damping of waves, des­

cribed by the quasilinear equations, must arise from the resonant parts 

of the equations, involving delta functions. The resonant parts are 

direct consequences of imposing causality on the time-reversible 

Boltzmann-Vlasov equation (2.1), as done in the previous chapter. The 

non-resonant parts, which appear most naturally from a classical 

derivation, describe reversible adiabatic diffusion (Kadomtsev, 1965; 

Sagdeev and Galeev, 1969), which apparently heats the non-resonant 

particles, on account of increased kinetic energy associated with
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increased wave amplitudes. However, it is the resonant interactions, 

which describe the alteration to the particle distribution functions.

In almost all derivations of the quasilinear equations, except 

that of Al’tshul' and Karpman (1966), the random phase approximation 

has been used. In some derivations, emphasis has been placed on the 

non-resonant parts (Vedenov et at., 1962; Drummond and Pines, 1962; 

Vahala and Montgomery, 1970) and in others, on the resonant parts 

(Pines and Schrieffer, 1962; Tsytovich, 1967; Harris, 1969; Fukai 

and Harris, 1972). A semiclassical or quantum mechanical derivation 

makes the random phase approximation and takes into account only 

resonant interactions, but it introduces the effects of spontaneous 

emission easily and naturally into the equations.

In a semiclassical derivation for a magnetoactive phasma 

(Tsytovich and Shvartsburg, 1966; Melrose, 1968a) the total 

(spontaneous and induced) emission probability and the absorption 

probability is given respectively by (Einstein, 1917) {1+Na (k)} w^° 

and NG (k) w^0 , where
00

w 0 := w a(p,k) := 2 w a(s,p,k) (3.29)a CL /-V/ CLs=—OO

and the wave mode and particle species are denoted as usual by a and a 

respectively. The change in particle momenta on emission or absorption 

of a plasmon of momentum bk is given by

Ap|| = frk|| << P|| ,

Ap^2 = hm^ysfi^ << p^2 , (s = 0,1,2, .. .) .
(3.30)

By a Taylor series expansion, the change in particle distribution 

function in an emission or absorption process is given by

a f a (E) = ± (ds ± | ds 2 + . . . )  f a (E) , (3.31;
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where

n __a 9 , 9
s ’_ 9p^ II 9py (3.32)

and the + (-) sign applies to absorption (emission) processes. From 

the above considerations, it is straightforward to obtain the following 

set of quasilinear equations (see e.g., Melrose, 1968a),

9 , ö 9--- r V • —9t ~g 9rJ N (k) = 2 2 n
a s=-c

d3p w a(s,p,k) (1+Na(k) fiD } f (p) ,

(3.33)

9f (p) a ~ 2 2
a s=-°°

dJk
(2tt)3 hDs^Wa (s ’P ’k) *1+N (k) hDs  ̂ fa(p)} » (3.34)

where v ° : = 9oaa(k)/9k is the group velocity of waves in mode a. It is 

frequently convenient to define a quasilinear growth (or damping) rate 

in (3.33) by

Ya°Qt) := - 2 na d3£ wa°<s -£-y hDs fa(£} ’ (3,35)S=-oo

where induced growth (damping) of plasma waves in mode a, by particles 

of species a, occurs when y^a(k) <0 (y^Qe) >0). T}ie quasilinear 

process is exactly analogous to collisionless Landau (s=0) and 

cyclotron damping (s ̂  0) , only that a microinstability has been made 

possible by the presence of non-Maxwellian distributions of particles.

4. WAVE DAMPING

Waves in an equilibrium magnetoactive plasma may be damped by at 

least two processes: a collisionless wave-particle interaction

process, which has been called Landau-cyclotron damping or gyromag- 

netic resonance absorption, and a collisional, inverse-bremsstrahlung 

process, which arises from binary collisions between plasma particles.
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The collisionless damping decrements can be calculated by retain­

ing only the first term on the right hand side of the inhomogeneous 

wave equation (2.53) and solving the resulting equation approximately. 

Or equivalently, they can be calculated from the quasilinear theory by 

taking an appropriate Maxwellian particle distribution function in 

equation (3.35). The latter procedure, together with equations (2.70), 

(2.80) - (2.84) and (3.17), gives, after some straightforward calcula­

tions, the collisionless damping decrement for magnetoionic waves by 

Maxwellian plasma electrons,

-X
yG(u>,e) 2

S=—oo
A(oo,9 ,s)

where

A(u),0,s) : =

“\ ßelCOs9l (1+T 2) n £  (un)0 0 OU) 0

(üJ-sfi )2

(y 2+s2)

exp r  2oo2n 28 2cos20j » 1 0 e J
(3.36)

* (3-37)
with

yg := y(oo,0,s) := (iob^sin0/fte + sT^)/cos0 ,

A ' = n 2u)20 2sin20/ft , and 8 : = V /c .e 0 e e e e

All other symbols have their usual meanings. Collisionless damping has

been treated by many authors, see for example Landau (1946), Sitenko

and Stepanov (1957), Gershman (1960), Stepanov (1960) and Zheleznyakov

(1970). However, the collisionless damping decrement (3.36) is more

general than previous analyses, since fewer approximations have been

made here. In the various limits, previous results can be recovered.

For example, when oj - nfi and A - n2n 28 2sin20 << 1,K * e e 0 e
A(oo,0) - (a^+1)2 n2 Aen ^/2n n! and
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yG (oo,0)
if oo 2 2n (a +1)2 n 2n~4 3 2n 3 . 2n-3fiP n  g o e s m  0

2nn! (1+Ta2) 3 (conCT)/3oü COS0

exp i-
(co-nfi )2 e

2ü)2p 2ß 2co s2q a e
(3.38)

In the limit go >> go , (3.38) becomes particularly simple, since - 1 

and therefore, close to the vacuum limit,

YO(<u,0) ** “P2 n2n
0n , 2 n:

(1+COS0)2 sin2n 30 g 2n-3 
I cos0I pe

exp i-
(oo-nft ) 2 e

2a)2ß 2COS20e
(3.39)

where the upper (lower) sign refers to ordinary (extraordinary) mode 

waves. Similar application of equation (3.35) gives the collisionless 

damping decrements for longitudinal waves by Maxwellian plasma 

electrons,

& x «   ̂2
yQ(k)

, . ^  GO 2 GO 2 iWlV 7T P E
2 k3V 3 I cos0Is e 1 1 TV. s

ss(*e) exp >■
(oj-sft ) e

2k2V ^cos^0I * e
(3.40)

where denotes any longitudinal wave mode and C (X£) has been 

defined by equation (2.86). The well-known decrements for electron 

plasma waves and ion acoustic waves (Sitenko, 1967) can easily be 

recovered from (3.40):

y (k) k 3X 3 co Icos0 De p I

u) 2ft02 sin20'|""1
1+ •('M2-n~S)^7  1exp 2k 2V icos^e e

k2V 2 sin20 ___e_______
2 n 2e

exp -
( go - ft ) 2e'

2k^V 2 cos20 e
+ exp

(a) + ft ) 2
2k2V 2 cos^0 e

+ . . .

and

Y S (k) y * 5 f v  
,8j i mi.

(Ae «  1) , (3.41)

(3.42)
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In addition, the collisionless, cyclotron damping decrements can easily

be written down for electron-cyclotron waves. For example, equations

(2.98) - (2.102) give, for the case oo - nft >> oo 2 +ft 2 ,e p e

f \ 7T h  2 0 ( 0oo^ n e r (oo -  n ^ e ) 2  'i
2 oo k 5X 5 I cos© I p De1 1 ( 2 k 2 V e 2cos20 j (3.43)

Classically, collisional damping lies outside the scope of the 

Boltzmann-Vlasov equation and it can only be properly treated, in 

general, by including a Fokker-Planck term on the right hand side of 

(2.1), see for example Chandrasekhar (1943), Rosenbluth et at. (1957), 

McBride (1969a,b) and references contained in Krishan and Selim (1971). 

However, for an equilibrium plasma, it is possible to use Kirchhoff’s 

law together with an approximate bremsstrahlung emissivity to estimate 

the collisional damping decrements (Bekefi, 1966; Zheleznyakov, 1970).

For high frequency waves (oo > oo^), collisional damping is deter­

mined essentially by electron-ion interactions whose damping decrements 

are generally 0(oo2 / k 2V e 2 ) greater than those arising from electron- 

electron interactions (Buti and Jain, 1965; Buti, 1967; McBride, 

1969a,b). When oo >> ̂ e> the magnetic field B̂o does not affect the 

nature of the collisions, and to the lowest order, the damping 

decrement is independent of the effects of Bq {too. oit.),

2
,7T,

%  00.

ooz c (3.44)

where the effective collision frequency is given by

v : = c
£n A____ e
Ae

Ae 127m X 3 e De (3.45)
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5. TWO-STREAM INSTABILITIES

Depending on the relative amount of bunching in physical and 

velocity space, it is possible theoretically to discern three distinct 

types of coherent mechanisms whereby streams of charges can generate 

plasma turbulence and give rise to non-thermal radiation.

The first mechanism operates when a group of, say, N monoenergetic 

particles of charge q, is spatially bunched to such a degree that

kd «  1 , (3.46)

where d is the dimension of bunch measured in the direction of emitted 

waves of wavenumber k. The bunch then radiates like a single particle 

of charge Nq. The total power radiated is N2 times the power radiated 

by a single charge q or N times the total power radiated incoherently 

by all the charges. This mechanism, which requires bunches of charges 

to be postulated, has been invoked in theories of pulsar radiation by 

Caroff and Scargle (1970) and Komesaroff (1970) (among others); it has 

been criticized by Ginzburg and Zheleznyakov (1970) and defended by 

Goldreich et at. (1972). However, it is unlikely to be applicable to 

non-thermal radiation by non-relativistic or mildly relativistic 

particles under cosmic conditions.

The other two mechanisms are the well known two stream 

instabilities in plasma physics. They operate when there is no 

appreciable spatial bunching and in fact when the opposite limit of 

(3.46) is satisfied. Two classes of two stream instabilities are dis­

tinguished here: one is hydrodynamic or reactive and the other is

quasilinear, resistive or maser-like. The hydrodynamic instability can 

occur only when the velocity spread of the stream is sufficiently 

small, so that the hydrodynamic approximation is applicable, i.e. when
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oo-sft-ki, u• II u  I S V (£’V s) >> i , (s = o,i,...) , (3.47)/2 Vsll /2 kH Vsll

where is the parallel thermal spread of the stream and y^a (k,us ,s)

is the hydrodynamic growth rate when the beam is in resonance, at the 

s-th harmonic, with the unstable waves in mode a. A quantum mechanical 

or semiclassical approach based on Einstein’s coefficients is not valid 

in this case, because a random phase description of the waves is not 

admissible, i.e., beam particles are not in resonance with several 

waves (Twiss, 1963; Ginzburg et at. , 1962; Ginzburg and Zheleznyakov, 

1965).

By arguments exactly analogous to those given by Shapiro (1963) 

and Tsytovich (1970, p,183)> it can be shown that the hydrodynamic 

instability is accompanied by a significant increase in the thermal 

spread of the beam. If nonlinear interaction is unimportant, it will 

lead eventually to the situation where

At this stage, the hydrodynamic instability passes over to the quasi- 

linear instability. The energy density of the unstable waves resulted

energy density of the initial stream. On account of the applicability 

of the random phase approximation to the quasilinear instability, 

classical considerations based on the kinetic equation coincide with 

quantum mechanical or semiclassical considerations based on Einstein’s 

coefficients. In the absence of significant nonlinear interactions, 

the quasilinear equations (3.33) - (3.35) describe the relaxation or 

flattening of the beam particle distribution function and the decrease 

in quasilinear growth rates of unstable waves (Harris, 1967; Rogister

a )-s °—v "
(3.48)
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and Oberman, 1968).

Analogous to the derivation of (2.53), the wave equation, includ­

ing effects of a stream but neglecting damping by the background plasma 

and nonlinear effects, reads

{A „(k ,co )  + A e _ ( k ,o ) ) }  E_. (k ,w) = 0 , (3.49)

where A „(k ,oo )  is defined by (2.54),

A e_(k ,oo )  := (k,oo) -  , ( 3 . 5 0 )

and (k,oo) is given by (2.42), with primed plasma parameters 

referring to the stream. In the hydrodynamic limit,

Aeij(~»w) = eij (&»“) “ 6ij » (3.51)

and the instabilities for this case have been extensively studied, see 

e.g. Fainberg (1962), Neufeld and Wright (1963) and Briggs (1964).

The hydrodynamic instability has been divided into two types: convec­

tive and absolute instabilities. In the convective instabilities, 

plasma waves are amplified as they move away from the origin of the 

instability. In the absolute instabilities, plasma waves grow at the 

origin of the instability. Sturrock (1958) showed that the dispersion 

relations are sufficient to determine whether an instability is convec­

tive or absolute. In general, a necessary and sufficient condition for 

hydrodynamic instability is that real k should give rise to complex oo 

solutions of the dispersion equation. Furthermore, the instability is 

convective (absolute) if real oo give rise to complex (real) k solutions 

of the dispersion equation (Polovin, 1962; Akhiezer et at. , 1967; 

Akhiezer and Polovin, 1971). In the quasilinear limit,

= t / ?  (k,oo) ,Aeij(fc»“) (3.52)
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and the instabilities for this case can be described by the quasilinear 

equations (3.33) - (3.35), provided the density of the stream is suf­

ficiently low so that wave properties are only slightly perturbed by 

the presence of the stream.

For such low density streams, the dispersion equation, viz., the 

determinantal equation of (3.49), can be solved generally to find the 

growth rates of various plasma wave modes. A perturbation expansion of

detfA^j(k,u) + Ae...(k,w)} = 0 , (3.53)

with respect to go for a given real k gives to first order,

(k ,o o a ( k ) )  A e j i ( k , w )  +  Ago 0 , (3.54)
C0=G0

where oo = Goa ( k )  =  -ooa ( - k )  is the dispersion relation for waves in mode 

a ,  obtained from the zeroth order equation A ( k ,o o )  =0, and 

Ago go-go ( k )  =6 exp(iy), say, is the frequency perturbation caused by 

the presence of the stream. Application of (3.9) yields

a

e ^  ( k )  e^a(k) Ae_ (k ,GoG + Ago)  , (3.55)Ago
a

where A e „  (k ,o o a +  Ago)  -  ’ (k ,o o a )  gives essentially the same growth

rates as (3.35), in the quasilinear limit. The growth rates from a 

hydrodynamic instability can only be obtained in general by solving 

equation (3.55) for Ago. Since wave amplitudes change in time according 

to exp(-ioot), the temporal growth rate is given by Im(Aoo) = 6sinx*

Treatments of the two-stream instabilities, involving a relativis­

tic stream have been given by Blanken et dl., (1969) and Fainberg et al», 

(1970).
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(a) Hydrodynamic Instabilities

To determine the growth rates of hydrodynamic instabilities, 

equation (2.42) can be used to write

h *Ae_(k,a)) = (k,oo) - 6 _
»2
2 1 i3 j3 d3P fs(P>

r oj- R ii Vi
h

—  TT— (V.v.*) +•kll v ivJ
(w-nfi’-k|| v,| ) v^ 9v^ i j (w-nftfk,, v,, )2 (3.56)

where (n,k,v), fg (p) is the distribution function of the stream

particles and dashed quantities refer to the stream. For a stream with

fs(E.) = cfsi(pi) 6(virus) • (3.57)

where C is a normalization constant, it is possible to choose values of

n and k,. such that (joa (k)-n^,-kM u << Aw. Under these conditions, a com- II ~  II s
parison of imaginary parts in (3.55), using equations (3.56) and (3.57) 

gives a cubic equation for 6, for a specific value of n,

6 3 + a 6 + b = 0 , (3.58)n n n n *
where

and

b

2™ ^ ^ '  2
r”p]

a
a W m nft' Pj_ dI

w TV» /

27im’ Cu)p ’ 2 W
a
Oi. 2, r

aa) WTj

1 9
^  9 v j l

I e a * V I 2 (3.59)

P1 dpl fsl(pl} l&°'XJ2 > (3.60)

with V = V(n,k,v^,ug) . Substituting the appropriate wave properties, 

equations (3.58) - (3.60) recover the growth rates for hydrodynamic 

instabilities of whistler mode waves (Bell and Buneman, 1964) and of 

electron plasma waves (Yip, 1970, 3T ' =0).

Consider a stream with a bi-Maxwellian distribution function of a 

form given by equation (2.68). The above procedure together with



equations (2.72) - (2.75) and condition (3.47) gives again an equation 

of the form (3.58) with
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i 2
“p ”e]cLn 0
00 N

and

bn
» 2

_ “p N
00) WT

o * o , n o v 

ei ej
-A’e

o* o , „  o v - A 1 e . e . 7T. ' (k, ül) ,n) e i J 13 ~

nft' , (3.61)

2(1-t ') k||2Vsl| cosx , (3.62)

where tt_̂  (k,u)a ,n) , with stream parameters, is given by (2.74) and the 
temperature anisotropy parameter is t ’ := 1 — Vs /Vs11 - Coefficients 

(3.61) and (3.62) can also be obtained from (3.59) and (3.61) by taking 

f.(pj^) to be Maxwellian. For small gyroradii, i.e., A' << 1, the coef­

ficients (3.61) and (3.62) are very small except for small harmonic 

numbers n.

As an example, consider longitudinal waves, then the coefficients 

simplify considerably to

an Cn (X-> nftT
k2V 2 si

(3.63)

and
l

C (A?) 2cos20 cosx > (3.64)n

where Cn (A?), with A' = k^2V ^ / ß l2, is given by (2.86). As might be 

obvious from a physical argument, equations (3.63) and (3.64) show 

clearly that temperature anisotropies are not important in hydroaynamic 

instabilities. For the case n = 0, equation (3.58) gives the 

hydrodynamic growth rate,

Yi_ (k,n=0) = (6Qsiny) S3 fWP
max

* 2 fl.T
0 * 0 , ,  1 0 ne. e. 7i. (k,oo ,n) i J ij ~

-X' , ,V . 2tt 2] 1/3X e (L-t') kj| ̂ Vg|| j* (3.65)
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Yh (k,n=0) V3 f ,2 A
~ Z ~  ioo 0̂)2 I p Co(A’) cos2eJ1̂ 3 . (3. 66)

For the case n^O, in general, the cubic equation (3.58) has to be 

solved. However, when a 3 >>b 2,

y, a(k,n) = (6 siny) = a ^h ~ ' n max n (3.67)

For example, the case n = -l for longitudinal waves in the limit A’ << 1
3 2could satisfy the inequality, a ^  >>6.-^ or

I 2 &
V  w

fi’3
sin60

2A'2cos40 »  1 , (3.68)

provided 0 is not too small. Thus,

Yh£(k,n = -1) = up 'sine jfr
a h

(3.69)

which gives a growth rate for electron plasma waves, which coincides 

with the one found by Stepanov and Kitsenko (1961). Note that when 

an 3 >>bn2, hydrodynamic instability can occur only when n<0.

(b) Quasilinear Instabilities

The quasilinear growth rates can be found either by the applica­

tion of equation (3.52) and (3.55) or by the direct use of (3.35). For 

a bi-Maxwellian streaming distribution function of the form (2.68) , the 

former procedure is simpler, as the integrals have already been 

performed in (2.72) and (2.73). It gives

»2 r
Y°(k) - 2

n=-oo w
v/tt exp(-y ’2) e.Q e .°i\. ! (k,ooa;n) r J n l j ij ~

* e"x’ i r r W - TV l  > (3-70)
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where the symbols have their usual meanings and y^ ’ := (ooa-nfi ’-ky ug) / 

/2 k||Vs|| , with streaming velocity ug and velocity spread parallel to 

the background magnetic field . The condition for growth of 

unstable waves is

nft* + — ^  (a)a-nfi’-k|| ug) < 0 , (3.71)

which reduces to go -kyU^cO, in the absence of temperature anisotropies. 

Equation (3.70) can be rewritten in the form

W
YG(k) = - 2 /tt —

n=—oo
e ±a ê TT-jJ (k,Goa;n) e X f (Xn) , (3.72)

where

f(X ) :e (C +dX ) e n n n
-X 2 n (3.73)

C := n n f w -n^'-knu
n -  ^2 |k|||Vs|| * d := 1-T' Xr ” - ̂  hii’sii '

For each n, the growth rate (3.72) can be maximized by finding the 

largest negative value of f(X^). Simple calculus gives

(X ) n max
n 1 
2d 2 + 2 (3.74)

at this value f(X^) is not exponentially small only if (cn/2d)2 £ 1 or

[nfl
/ 2 lk ||lV sll V 2 * s||

(3.75)

Note that this necessary condition derived from (3.74) is independent 

of the streaming velocity ug and it is trivially satisfied for n =0  as 

may be seen from (3.74).

For magnetoionic waves, it is convenient to regard the wavenumber 

k as dependent on go and 0. It is easxly shown that for jea = (a^,i,b^),
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a* a , , .e i  it (w ,0 ;n) _AJ^J!0 l n)
1 + K  2+T 2 *a a

( 3 .7 6 )

where  A (w ,0 ,n )  h a s  t h e  fo rm  o f  ( 3 . 3 7 ) ,  e x c e p t  t h e  p lasma p a r a m e t e r s  now 

r e f e r  t o  t h e  s t r e a m .  S u b s t i t u t i o n  of  ( 3 .7 6 )  and wave p r o p e r t y  ( 2 .8 3 )  

i n t o  e q u a t i o n  ( 3 .7 2 )  g i v e s

t 2
y a (oj,0) e ^ A(oo,0,n)2  ^ L - L

w (1+T 2) n (wn )n = - o o
f (Xn ) . ( 3 . 7 7 )

a 3(a)

For  l o n g i t u d i n a l  w a v e s ,  e q u a t i o n  (3 .7 2 )  y i e l d s

Y*(k) -  2  / tt
n = - o o

wp - oj 

k 2V

2, a r

c (X' )  f (X  ) , n n ( 3 .7 8 )

w h ic h ,  f o r  t h e  s p e c i a l  c a s e  o f  = Vg , X’ << 1 and f o r  e l e c t r o n

p lasm a  w aves ,  r e c o v e r s  t h e  r e s u l t  found f i r s t  by S tepanov  and K i t s e n k o  

( 1 9 6 1 ) ,

-  2 n/ tt X’ >n l
t 2 w 2f2 2s i n 20 ' " 1

0 I n 1+1 I I , k2V 2 
n = - o o  2 1 1  n  .  s

r a) “ u  “s in -ö 'i
X0 exp (-X n2) | l  + (u 2 ! fi 2 ) it }  •

( 3 . 7 9 )

For  t h e  n o v e l  c a s e  o f  e l e c t r o n - c y c l o t r o n  waves g e n e r a t e d  by 

e l e c t r o n  s t r e a m s  a t  a f r e q u e n c y  to - rft ( r  > 0 ) ,  t h e  c o n d i t i o n  t h a t  

growth  i s  n o t  e x p o n e n t i a l l y  s m a l l ,  t o g e t h e r  w i t h  t h e  weak damping 

c o n d i t i o n  ( 2 .8 7 )  r e q u i r e s ,  f o r  u s >> V n ,

a) -  rft

go -  n f i e
»  1 , ( 3 . 8 0 )

which can  be s a t i s f i e d  i n  g e n e r a l  o n l y  f o r  n = r  and u >>V . Under
S  c

t h e s e  c i r c u m s t a n c e s ,

YC(fe) r  u ’ 2 ? U  ) C (X’ ) 
v/ tt p *r e r

k 2V k2X 2 , o l2
s ll De 1G0 (k»r ^ ) i

f ( x r ) , ( 3 . 8 1 )
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where £q (k,rfi ) is defined by (2.100). For optically thin laboratory 
plasmas, condition (3.80) is not necessary and Cerenkov excitation of 
the electron-cyclotron waves is possible. Mizuno et at. (1971) have 
observed the Cerenkov and cyclotron excitation of these waves by 
electron beams in a laboratory plasma.

6. VELOCITY-ANISOTROPY INSTABILITIES

Harris (1959, 1961) was the first to show that a plasma with 
anisotropic velocity distributions could give rise to micro­
instabilities. For this reason, such instabilities are often known as 

Harris instabilities. Sometimes, they are also known as instabilities 
due to temperature or pressure anisotropies. Velocity-anisotropy 
instabilities can be studied by substituting various anisotropic 
velocity distribution functions into equation (2.42) and examining dis­
persion equation (2.56) for complex frequency solutions. Such 
investigations have been carried out quite extensively, particularly in 
connection with cyclotron harmonic wave phenomena, see for example 
Crawford (1968), Tataronis and Crawford (1970a,b) and Brambilla (1970) 
and the references therein. Although the instabilities themselves have 
been well investigated, the properties of the waves which exist in such 
plasmas with anisotropic velocity distributions have not been studied 
to sufficient analytic detail. However, from the point of view of 

astrophysical applications and some laboratory experiments (Perkins and 
Barr,1966) it seems that a relevant type of velocity-anisotropy 

instability is the double-distribution instability, where a group of 

particles with anisotropic velocity distribution exists in an 
equilibrium plasma (with isotropic velocity distributions). Provided 

the density of the "extraneous" particles is sufficiently low, such 
instabilities can be treated by equation (3.55) and the wave properties
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can be taken to be those of the background equilibrium plasma.

Consider an anisotropic velocity distribution of particles of the

form,

fs(P} = (2tt) m' 3V 2 eXPSi

21
2V 2

SU
<S(V||) , (3.82)

where dashed quantities refer to the "extraneous" particles. Again, 

provided values n exist such that wG (k) -nft’ << Aw, equations (3.55) and

(3.82) gives a cubic equation (3.58), with coefficients for magneto­

ionic waves:

»2
nft' e-A’

2w
(1+To2) na 3̂

(a 2+l) n2I 
a  n + 2 (na -A ’)(I '-I ) a n n

(3.83)
tio_ *2 co V ? - — 2fi —  2-li  ̂ ~2n cosz0 cosx f(a z+l) nzI ,t

- — r —  H - r ----+2(na0-X')(In'-InU  ,(1+Ta2> 3̂ <“V
with A1 = ha^w2Vs^ sin20/c2ft’2 and for longitudinal waves:

»2 f t.t 1

» 2

n 3ft'fte2
W  Cn(A,) *

2n2ft 2 cos20 cosx C (A’) , e n

(3.84)

with A' = k ^ 2V ŝ /fi’2. Hence groups of non-streaming charges with 

anisotropic velocity distributions could give rise to hydrodynamic 

instabilities of magnetoionic and cyclotron waves at frequencies 

w~nft', in an equilibrium plasma.

Similarly, a non-streaming bi-Maxwellian distribution of 

"extraneous" charges gives rise to a quasilinear instability, with 

growth rates given by (3.72), (3.77), and (3.78) with

= (wG-nft') 1 ^ 2  |k|| |Vg|| . Instabilities in a bi-Maxwellian plasma (not
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double-distribution instabilities) have received considerable attention 

in the literature, see for example Hall and Heckrotte (1964), Shima and 
Hall (1965) and references in Crawford (1968). Zayed and Kitsenko 

(1968) pointed out, as shown here, velocity-anisotropy instabilities 
are also possible for magnetoionic waves, which can be radiated from 

the plasma directly.

Instabilities of magnetoionic waves in plasmas with anisotropic 
temperatures have been studied by Landau and Cuperman, 1970; Gaffey et 
atc, 1972; and Davidson et at. , 1972). Bursts of radiation have been 
observed from such plasmas adiabatically compressed by a pulsed mag­
netic field (Schwartz and Lichtenberg, 1972). The quasilinear 
relaxation of a weak temperature anisotropy in a rarefied and hot 
plasma without a background magnetic field has been theoretically 
studied by Montes et at. (1970) and Montes and Peyraud (1972).

7. DRIFT INSTABILITIES

Microinstabilities can arise in a current-carrying plasma. Such 
currents, which are just relative motions of electrons and ions, may be 
driven by ExB drifts or by drifts due to gradients in density, temper­

ature or magnetic field and they are present in certain collisionless 
magnetosonic shocks (see e.g., Tidman and Krall, 1971) and in some 
theta-pinch experiments (Davis et at*, 1972). The microturbulence 

generated by the drift instabilities, which is usually ion-acous»ic 
turbulence, can heat the plasma particles (see e.g. Keilhacker and 
Steuer, 1971; Paul, 1971) and it can also produce radiation at 
electron cyclotron harmonic frequencies (Livshitz and Tsytovich, 1968).

To study instabilities from drifts parallel to the background mag­
netic field, the dielectric tensor (2.h2) can still be used, since the
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cylindrical symmetry assumed in its derivation is preserved. However, 

for drifts perpendicular or at an oblique angle to the background mag­

netic field, cylindrical symmetry is broken and the dielectric tensor 

(2.42), as it stands, is no longer directly applicable. Under these 

circumstances, there are two equivalent ways of proceeding: the first

is to derive the dispersion equations ab initio, not assuming 

cylindrical symmetry (Krall and Rosenbluth, 1963) and the second is to 

transform dielectric tensor (2.42) in the rest frame of drifting 

electrons back to the laboratory frame by a Galilean transformation. 

Galilean transformations of wave properties and the dielectric tensor 

have been treated by Melrose (1972c), from which it is easy to show

w2{£±jOi»w) - S-Ljl = (m-k‘v)2{eij(k,aj-k*v) - 6_} + (w-k*v)

X ks(vi K j  _<Ssj!f + vjleis(fe“-fe’X> " 6is^

+ v.v. k k {e ’ (k,m-k*v) - 6 } ,l j r s l rs --- rsJ *

where the prime refers to the rest frame of the electrons with drift v. 

From (3.85), it is easily deduced that

££ (k,oo) £'£ (k,ü)-k-v) (3.86)

Consider the drift instability of ion-acoustic waves at (angular) 

frequency range << w < t\, caused by electrons drifting relative to 

ions with velocity (0,u^,us). For such ion-acoustic waves, the wave 

properties are determined principally by unmagnetized ions and the 

instability may be regarded as resulting from the perturbing effects of 

the drifting electrons.

Straightforward application of (2.42) and (3.86) gives
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e£(e)(k,oO k2X_7De
1 - 2

n=-oo
d3v f J ; e n

kivi

■ W i r s
u)-k u_-k,,u -nft —ki.v.yi) lls e II I

(3.87)

where is a Maxwellian electron distribution and u^, the perpendicu­

lar component of drift, might be dependent on v^, e.g., u^=£V|2/2^e , 

with e= (dB/dx)/B. On integration with respect to vN, (3.87) becomes

e^Vk.to)
k2AT,2De

00 f>

1 + 2
n=-oo •>

Vĵ  dv^

x exp

iy J (0)( y Jeo en

r Vi

V 2 e

2V 2 e •
V i

e '

where F V ) (y) is given by (2.71) and

m-k Up.—kiI u -nfi y D II s e
^en ' /2 k.iV

(3.88)

(3.89)

When Iy I >> 1» which is the case, for example when 6^-tt/2, for all 

values of n

e£(e)(k,w) k2An2De n=-°°

• Vj^dvj^ r 2 'lV1 T 2 V i
Y 2 exP ' 2V 2 J n ftJ e e e ̂ s

oo—k u_-k|. u -nft y u  II s e
(3.90^

For drifts which are independent of v^, for example u^ = c|E * B|/B“ 

equation (3.90) can be integrated;

e£(e)(k,aj)
2 n 2 ß  2 C (X ) e n e

k2X^2_i n2^^2 _ (o)-k̂ Up-k|| ug) 2 *De n=l e

which, by equation (2.95), can be summed to give

e ^ V k . u )  = k2x 2 {1-^qcotTiq C U e) } (3.91)
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with q =  I üo-k̂ iip-k|| ug j/^£ . Equation (3.91) is valid, in general, only

for almost perpendicular propagation of the waves, so that

q = |u)-k u_|/n , A = k 2V 2/ 0, 2 . Now, k ~ A  implies X ~oo 2/ft 2 , which n 1 y u 1 e e e e  De e p e

is much greater than unity when cô  >> ̂ e * Hence, C^(A£) ~ (^irX^)

Also, when oo-k^u^-nft^ - Aw, q - n  + Aoo/ft̂  and TrqcotTrq - nft^/Aoo, so that

(3.92)e£(e) (k,oo)
. nft ft1 __e # e

k ^ A 2 * Aw * /2tt kV * De e

Substitution of (2.110) and (3.92) into equation (3.55) gives a growth 

rate of perpendicular propagating ion-acoustic waves, in direction of 

the drift u^,

fte 1+k 2 A 2 De
+ 3 T 0l t / I k

U p  - oo/k^
f 1 , 6 I i l\hT' e J J H V e J It h T ^  T e J J *

(3.93)

which reduces, under the condition T >>T., toe l

fte
wp2/̂ e2 ^

( ^ 2Ve)3J
“D -  w /k 'i  %

9 (3.94)

which agrees essentially with the results of Gary and Sanderson (1970) ,

who used a different method of calculation. For ion-acoustic waves

propagating parallel to the background magnetic field, there is no

drift instability of the hydrodynamic type, as may be readily verified

by the above equations. However, there is a quasilinear type drift

instability and its growth rate can be found from equation (3.78).

Under the conditions T >> T . and (u -oo/k)/V <<1, it readse l s e

Ys 1 f m 'i it e 2̂ ru - oo/k'i s
fte 1+k2A 2 De 8  m. Ve J

(3.95)

It is clear from a comparison of equations (3.94) and (3.95) that when

oo * (m /m.)^ ft - 43 M  , the growth of ion-acoustic turbulence is faster p e l  e -'6 I
in the perpendicular direction than in the parallel direction, for the



68

same drift speed.

The importance of ion-acoustic waves in turbulent heating 
processes at fronts of perpendicularly propagating MHD shocks is well- 

known (Lampe et at. , 1972). Ion-acoustic turbulence may give rise to 

suprathermal particles which could then be exciting agencies of non- 
thermal radiation (Lacombe and Mangeney, 1969; Smith, 1971).
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CHAPTER 4

NONLINEAR INTERACTIONS IN A MAGNETOACTIVE PLASMA

1. INTRODUCTION

Nonlinear effects manifest themselves frequently in plasma physics. 

For example, they are important in studies on development of micro­

instabilities, determinations of quasistationary spectra of turbulence, 

anomalous diffusion in confined plasmas and turbulent heating (see 

references below). Of particular relevance to this thesis are scatter­

ing of magnetoionic waves and nonlinear conversion of plasma turbulence 

into magnetoionic waves which are easily radiated from the plasma.

Many cases of interest fall within the weak turbulence regime

where

w , «  w << w .th p (4.1)

That is, energy density in plasma turbulence W is much greater than 

that in thermal equilibrium fluctuation W ^ »  but much less than kinetic 

energy density of the plasma particles W^. When the frequency of tur­

bulent plasma waves m is of the order of, or greater than the electron 

plasma frequency w , condition (1.2) is usually satisfied and the above 

cases also fall within the weak nonlinearity regime, where perturbation 

techniques are available.

Especially in the weak nonlinear approximation, nonlinear inter­

actions have been intensively studied both for fixed-phase (coherent) 

waves and for random-phase (turbulent) waves. See for example, 

Kadomtsev (1965), Vedenov (1968), Kalman and Feix (1969), Sagdeev and
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Galeev (1969), Tsytovich (1970), Stenflo (1972), Davidson (1972) and 
references contained therein. However, all these studies concentrate 
principally on plasmas without a background magnetic field, in contrast 
to the present study which includes a background magnetic field.

In addition to the random-phase approximation, our study of non­

linear interactions in a turbulent magnetoactive plasma also makes the 
collisionless assumption, i.e.,

T << T << T , (4.2)<p c

where the characteristic time of nonlinear interaction t is short com­
pared to mean time between particle collisions x , but long compared to

characteristic correlation time x,.<P
Studies of weak nonlinear interactions in a turbulent magneto­

active plasma, making similar assumptions, have been undertaken by 
Kadomtsev and Petviashvili (1963) , Karpman (1963), Tintsadze (1965), 
Kropotkin and Pustovalov (1966, 1967), Tsytovich and Shvartsburg (1966, 
1967) and Gratzl (1971). The semiclassicial theory of Tsytovich and 
Shvartsburg (1966, 1967) has been generalized and extended by Melrose 
and Sy (1972a,b, hereafter referred to as I,II), who include finite 
gyroradii effects and allow particles to have arbitrary energies. In 
particular they discuss Thomson scattering of magnetoionic waves by 

non-relativistic electrons in detail (I) and they study polarized 
radiation from nonlinear conversion of turbulent electron plasma waves 
in a plasma where >> (II) .

In this chapter, some nonlinear interactions in a magnetoactive 
plasma are investigated following the formalism presented in I and II. 

Thomson scattering of magnetoionic waves by both relativistic and non- 
relativistic particles, nonlinear scattering, coalescence and decay
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processes of plasma waves are discussed. In addition, nonlinear 

effects on the formation of turbulence spectra are qualitatively

considered.

2. EVOLUTION OF DISTRIBUTION FUNCTIONS

In the semiclassical theory, scattering of plasma waves by par­

ticles, which is a nonlinear wave-particle process, is described by a
GO ’spontaneous scattering probability w^ (s,jD,k,k’), which is the prob­

ability per unit time that a particle of species a, with momentum p, 

scatters a plasmon of mode a1 in the range d3k T / (2tt) 3 at wavevector k* 

into a plasmon of mode o in the range d3k/(27r)3 at k and at the same 

time decreases its harmonic quantum number by s. Standard procedures 

based on the use of Einstein coefficients give equations describing the 

evolution of distribution functions Na (k), Na (kT) of plasmons and 

f̂ (j)) of scattering particles, see I for example. The evolution is due 

to the combined effects of spontaneous scattering a’ -»-a, a-►a' and 

induced scattering o ' * * o :

8 ^ 0 9---h V * --9t ~g 9r N (k) = 2 2 n
a s=-°° 

.a,, v . „a

d3E
d3k ’
(2tt) 3 a

{N° (k’) - Nu(k) + Nu (k') Nu(k) hfi) f^g) ,

w?° (s,p,k,k’>

(4.3)

9 , a' 9—  + v • —  9t ^g 9r Na (kf) = - 2  2 n
a s=—00

d3,
d 3k
JzHŷ Va

{Na '(k’) - N°(k) + N°* (k’) N°(k) hD} f (p) , (4.4)

and

2

s=—CO

d3k
T^Ö"3 j

r d3k ’
J2^)l hß K  (s *£>£>£’>

{Na '(k') - N°(k) + Na '(k’) N°(k) hD} f (p)} , ~ ~ ~  ~  ot ~ (4.5)
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where is the number density of scattering particles of species a, 

f (p) is normalized by (2.10), v  ° := (k) / 3k, v a := 8coa (k’)/8k'
(X  '“V  ^ V g  / v  'V/

are group velocities and D is the differential operator,

D
S « -
—  +  (kn - k,: ) ,
v± 8pj^ II II 3p||

sfi = ooa (k) a ~
a fco (k’> - (k,, -k,!)v.

(4.6)

O’ 1The terms linear in N in (4.3) to (4.5) describe the effects of 

spontaneous scattering a ’->a, those linear in Na the effects of spon­

taneous scattering a-*o', while the remaining terms involving Na N° 

describe the effects of induced scattering. If the waves are in the 

same mode (ö = a ’) (4.3) and (4.4) are the same while (4.5) includes the 

effect of each scattering twice and so only one half of the right hand 

side of (4.5) is to be taken. It is apparent from (4.3) and (4.4) that 

scattering conserves the total number of plasmons.

Similarly, in the semiclassical theory, nonlinear wave-wave inter-
o o 1 a"action is described by a spontaneous probability u (k,k’,k") which

is the probability per unit time that a plasmon of mode a' in the range 

d / (2ti) ̂ at wavevector k f coalescences with a plasmon of mode a" in 

the range d3k"/(27T)3 at k" to form a plasmon of mode o in the range 

d 3k/(27r)3 at k. The equations describing the evolution of the distri­

bution functions of plasmons due to the decay and coalescence processes 

o ’ + a n<>a are unchanged from the case of a plasma without a background 

magnetic field:

d , O d-- + V • —3t ~g 9r N°(k)
d 3k' r d 3k"
( 2tt ) 3 (2tt) 3 uaaV'(k,k',k")

(Na '(kf) Na"(k") - Na (k) Na '(k’) - NG (k) Na"(kM)} , (4.7)
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—  + v • — ,3t 9rj NU (k’)
d3k

J
d 3k"

0 ^ 3  - <fe.fe’ Jt">

{Na (k’) Na (kM) - Na(k) N°'(kT) - N°(k) N° (k")} , (4.8)/^/ /«N»/ /■>■/ /-ŝ

together with a further equation obtained by interchanging primed and 

double primed quantities in (4.8).

From these equations, total energy density of interacting waves
o o 1 o n ocan be shown to be conserved, i.e.,W +W +W = const., where W is 

defined by equation (3.2), etc.

3. SCATTERING OF WAVES

In this section, a general theory of scattering of waves in a 
magnetoactive plasma is presented ignoring intrinsically quantum 
mechanical effects (important for particles or plasmons of very high 
energies) but otherwise allowing arbitrary particle energies and taking 
into account effects of the background magnetic field on wave proper­
ties, on unperturbed (by waves) motions of scattering particles and on 
shielding fields which depend on dielectric properties of the plasma.

Scattering of waves in a plasma arises from contributions due to

(a) Thomson (Compton) scattering, which can also occur in vacuo, and
(b) nonlinear scattering, which can only occur in a medium. Thomson 
scattering (Fig. 4.1a) is connected with perturbed motions of a par­
ticle in the field of unscattered waves, while nonlinear scattering 

(Fig. 4.1b) is connected with nonlinear interactions of shielding 

fields of a particle with the field of unscattered waves.

In Thomson scattering of a wave in mode a’, the current density 

which gives rise to scattered waves reads (Appendix D)
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a ,k

a’
(b)

(c)

Fig. 4.1: Schematic diagrams of (a) Thomson scattering, (b) nonlinear
scattering, and (c) a coalescence process. The circle represents 
a nonlinear interaction, the horizontal line a particle, the solid 
line a plasma wave and the dotted line a virtual plasma wave.

„ . 2 00 f d3k* dm’Ztticj 2 (2̂ )4 0!' Aij(s;u,lc;M',k.';v) (k'X)

6{to—oo* — (kn -k|!)v.| - sft} , (4.9)

S = —°° ^

where subscripts for particles have been dropped,

A±j (s ;w,~;u)f 2 A^Cs-Vj^jüjjVjk’,o)';v̂  (4.10)
V = — °° 3

and

A.^s.kjmjs' ,k' ,03? ;v) 
ij ~  ~  ~

-ie (s 'ip’+sip)

Y“sV “s“s' Js(z) Js’(z,) Tij

+ a) J (z) t . k V.*(s? ,k’ ,v) + coT f J ,(z') V (s,k,v) k' x . s s i m m  j ~  s s i ~ m mj

I ̂. , , 0303
£T£,m m c2 Vi(s,k,v) Vj*(s' ,k' ,v) (■ , (4.11)
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with symbols having their usual meanings, see equations (2.46) , (2.47) 

for example,

“s = w-sfi-k||V|| , = u' - s'Si-k|]v,| , (4.12)

T .. = T ..(w ) and ij ijv s'

t i j > : =

oj2- ieoô
032“ft2

-iewfi (4.13)

The current density which gives rise to scattered waves in non­

linear scattering of a wave in mode o ' reads (Appendix D)

. n.s. „  ̂ 2iTiq2 v’
Ji <£>“> ■ ~ r ~  2S=—oo

r d3k' dw'
-p T ’\T--r T.. (o3,k;o3* ,k’) V (s,k-k',v)(2tt)1+ a) ljm ~ ~ y m ~ ~

E_. (kT ,03') 6{o3-o3’-(k|| -k|j) Vy - sft} , (4.14)

where Vm (s,k-k',^) is given by (2.46) and

2imo)0)’ ,̂ -03')r.. (<jo,k.;u3f ,kf) := — 7- - pr e . . (k1 ,03' ;k-k' ,03-03' ) — 777— n - - p rljm q (03-03 ) ij £ ~ ~ ~ A(k-k ,03- 03f)
(4.15)

The total current density associated with the scattering is given 

by the sum of (4.9) and (4.14) and it is given by equation (4.9), with 

A_̂ j replaced by

Aij (s ;k* ,o3f ;v) = A ^  (s ’ k,03;k' ,03’ ;v) + rî m(k,o3;k' ,03') Vm (s,k-k’,v) .

(4.16)

By a procedure exactly analogous to that outlined in the introduc­

tion of the last chapter, the scattering probability is derived from
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the total current density associated with the scattering:

, 4 (2tt) 3 q 4oo , 1 1 t \w (s ,p ,k,k ) = --- — p---
öl ~  ~  ~  m z

\o

|A°° (s,k,k',y)|2 ,
------  6{ ooa — oo —  (k|| -k | j )  V|| -  sft^} ,a a a) a)

with

(4.17)

Aaa (s,k,k’,v) := e.a (k) e.G (kT) A. . (s;k,urG ;kf ,ouG ;v) . (4.18)~ ~ ~  i ~  J ~  ij ~  ~  ~

On account of the symmetry properties of A_^, and the

probability (4.17), which is derived for scattering a'-*-a, is equal to 

w G ° (-s ,£,k’ ,k) , a probability of the inverse scattering o + o'. A

fortioriy w00 (p,k,k*) = w° a (p,k’,k), withot ~ .—• .—. a ^ - • ■ •

w G° (p >k,k') : = 2 wGG (s,p,k,k’)CX -w (4.19)
s=-°°

4. THOMSON SCATTERING

When |Ak| >> » with |AkJ := |k-k' |, shielding effects are neg­

ligible and the scattering process can be regarded as Thomson scatter­

ing. Astrophysical applications of Thomson scattering in a magneto­

active plasma have been considered by Canuto et al. (1971) and 

Goldstein and Lenchek (1971). Canuto et al. considered Thomson scat­

tering of magnetoionic waves by non-relativistic electrons in the 

atmosphere of white dwarf stars with strong magnetic fields. Goldstein 

and Lenchek considered inverse Compton scattering, which is Thomson 

scattering by relativistic electrons, but they neglected the spiralling 

motion of the scattering electrons. In this section, Thomson scatter­

ing is studied more exactly, more generally, and in greater detail than 

in previous studies.
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(a) Scattering Cross-Sections (I)

A quantity useful for comparing the different processes which 

determine a plasmon's mean free path is the differential scattering 

cross-section 2aa (0^ ,\p; 0^ f\p' ) which relates the power generated in 

scattered plasmons propagating in the range of solid angle dcos0^dip to 

the energy density flux in unscattered plasmons in the range of solid 

angle dcos0Mi|)T. The plasmons propagate with group velocity

3w°(k)
— ^ —  =: Vg (sin0rcosijj, sinÔ siniJ), cos0r),(4.20)

which is not parallel to k= |k| (sin0cosij), sin0sini|), cos0) in general. 

The energy density flux in the range d3k/(27r)3 at k, FG (k), which is 

the Poynting vector only for non-spatially-dispersive media, may be 

identified as

Fa(k) = v G(k) hma(k) N°(k) . (4.21)~ ~ g ~ ~ ~

Retaining only the effects of spontaneous scattering o ’ a due to 

a single scattering particle in (4.3), the power generated in scattered 

plasmons is given by

d3k 
(2tt)3

r d3k'
"(2 7 ? 3 hu>°(}0 \  * (4 -22>

hand,

f  oo * 2 tt + 1 f OO ■ 2 tt + 1

dft
J 0  J

dil)
0  J

dcos0
- 1  r  J dfl1

0  J
dipf

0  J -1
dcos0' r

2 a o ' ( e r ,iC;e;,D-') i a ' («>’ ,e^,<n') , (4.23)

Ö 1where I (a)',0^,ij)' ) is the intensity of a monochromatic flux of 

unscattered plasmons (power per unit surface area per unit solid angle 

about the ray direction per unit frequency range) and
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* 00

J 0dw'
■ 2 tt

. 0 dijj ’
+ 1

dcose' Ia’ (a)' ,0' ,i|)’) r * r ,T
* d^kT ,
^ | F a (k’)|. (4.24)

From (4.22) and (4.23), the cross-section reduces to

2aa (0r )
r00

da)J 0

3 2^ 9cos8 9cos8 *
(2ttc)3 oo’ 9cos0 9cos0f r r

<“V  wa0 > (4-25>Vg
where na : = |k|c/a)a is the refractive index.

For the scattering of magnetoionic waves the cross-section (4.25) 

reduces to

2 Cer ; 0̂. 1)

where (see I)

OO
V

CMcr

S = — oo
me2 n

9cos0 9cos01
9cos0 9cos0’

v 2 (1+Ko2+T02) (1+K02+Ta2)

IAaa’ |2
V|| COS0 ,(4.26)

1_̂  (“V

sin©

c(l+6a2)^
3(a)n )/9a) * a

sin0 - 6 cos0 ______ a
u+6 2r*a

COS0
cos0 + 6 sin0 ______ a___
{1+6 2}*5 a (4.27)

l 3rU6 •= J ----2.a n 30a
K T a a
1+T 2 »a

and the frequency of scattered wave u) is given by the solution of

r v,| ) r vn )
0) 1 - n —  cos© = 0)’ 1 - n , —  cos01

[ a  c J Q o + sft (4.28)

for each-value of s, with = q̂ (o)) and =qai(u)'). The result

(4.26) disagrees with those of Canuto et at. (1971), because they have

neglected spatial dispersion.
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(b) Scattering by Non-relativistic Electrons (I)

If scattering electrons are non-relativistic, the small gyroradii

conditions z,z' << 1 are sometimes satisfied. For magnetoionic waves,

we write z = wp 3sin0sina/fi and z' = u)'n , 3sin01 sina/fi , where the pitch a e a e r
angle a is defined by v^ =: |v||sina|. The conditions z,z' << 1 are

satisfied provided 03,00' are not much greater than Under these cir­

cumstances, significant scattering occurs only for small harmonic 

numbers s in (4.26), since the Bessel functions for given small 

arguments decrease rapidly with increases in s.

The scattering probability and cross-section in general depend on 

the azimuthal angle between the planes defined by k', Bq and k, B q . 
However, in practice, only waves distributed with axial symmetry about 

Bß are considered; therefore it is convenient to average over this 

azimuthal angle from the outset and denote the average by (...).

For zeroth harmonic scattering by non-relativistic electrons

equation (4.28) gives w-w' and (4.11) and (4.18) give

|A00 |2 = | tGG := |e.G e.G T..(m,fi )|2 . Equation (2.82), togethere 1 j lj e
with the averaging process yields

< | t"° l 2>
1+Y2

2(1-YZ)z ((1+V,') (a +a ,) v o o'7 (1-Y2)2

(1+a a ,)(a +a ,) + (b b ,)
0 0 0  o J v a a ' /(1+Ka2+Ta2)(l+K0?+Ta?) , (4.29)

where a^jb^, etc., are given by (2.84) and Y :e 0,̂ /u . The correspond­

ing scattering cross-section can be obtained by substituting (4.29) 

into (4.26):

2GG (0 ,0’)r* r
f 2 1
me*

Gq 9cos0 9 c o s 0 ' f 1+Y2
n , 9cos0 9cos0 ' 1 2 ( 1-Y2) 2 v------cTcr "  '"a “ a[a+a. a ,)2 +(a +a ,)2)

(1-Y2)2 (1+a a , ) (a +a , ) + (b b , ) 2 \/ (1+T 2) (1+T ?) (1+6 ?)** .a a a a a a J a a a
(4.30)
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Example

When 00p << oo << a situation which is presumably possible for the 

magnetospheres of white dwarf stars, pulsars and perhaps Jupiter, the 

cross-section reduces to

2°a (8 ,0’)r r

CM0) 21
m c ^ 1\2(1-Y2)2 ((1+ V a ,)2+(a0+V )

(1-Y2)2 (1+a a ,) (a +a ,) + (b b , )2 >/(1+T 2) (1+T 2) . (4.31)a a a a a a J

From an analysis of (4.31), using (2.84), it can be shown that 

except for ordinary mode waves propagating perpendicularly to the back­

ground magnetic field, all other cross-sections are smaller than the 

classical Thomson cross-section := (8tt/3)(e2/mc2)2 by approximately 

a factor o)2/^e2 << 1, a result in qualitative agreement with Canuto 

et dl. (1971), who considered only zeroth harmonic scattering (io = w ’). 

However, shielding effects are important when |Ak| < and |Au>| << ̂ p»

both conditions of which are satisfied for the zeroth harmonic Thomson 

scattering considered here.

For the first harmonic scattering however,

^e/ |k||-k|j |Ve £ ̂ ec/ Iw-w’ |Ve - c/V^ >> 1 and shielding effects are 
unimportant. When magnetoionic waves are scattered by non-relativistic 

electrons under the conditions z,z' <<1, equation (4.28) gives 

ü) - m'+^e and equations (4.11) and (4.18) give

<|Aaö I 2) = {Ji2 (z) + Ji2 (z ’) } (I tG° I 2) +2Ji(z) Ji(z') b^b^,

(aoao,+aoY-aa,Y-1)/(1-Y2)(l+K02+To2)(l+Ka?+Ta?) , (4.32)

where (|t0ö [2) is given by (4.29). From the above expression and 

equation (4.26), it is seen that first harmonic scattering is smaller 

than zeroth harmonic scattering by a factor of the order of
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J i2 (z) - z2/4 << 1.

In retrospect, the following conclusions have been reached with 

regard to Thomson scattering of magnetoionic waveö by non-relativistic 

electrons:

(1) When the conditions z,z’ << 1 are satisfied, Thomson scatter­

ing by non-relativistic electrons weakens as the harmonic number of 

scattering s is increased.

(2) In the presence of a strong background magnetic field, such 

that ojp<<w<<^e, Thomson scattering cross-section is about u2/^^2 

times the classical Thomson cross-section (save in a special case).

However, we point out that shielding effects cannot be neglected 

for zeroth harmonic scattering by non-relativistic electrons and that 

scattering at higher harmonic numbers becomes important for mildly 

relativistic electrons and predominates for ultra-relativistic 

electrons, when z,z' >> 1.

(c) Scattering by Relativistic Electrons

Thomson scattering by highly relativistic electrons, usually 

called inverse Compton scattering, leads to scattered waves of much 

greater frequencies than the unscattered waves. In this limit, it is 

possible, under certain conditions, to regard motion of the scattering 

electrons as rectilinear in treating the scattering. Such conditions 

are derived here for electrons with y>> 1.

The spiralling motion, neglected by Goldstein and Lenchek (1971), 

enters through the Bessel function in (4.11) and through the fact that 

x„  defined by (4.13) differs from the unit tensor . The spiralling 

motion can be regarded as approximately rectilinear, for the purposes 

of treating the scattering, when x^  can be approximated by 6^ and
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when the arguments of the Bessel functions are much greater than unity, 

i.e. z,z' >> 1. For high frequency magnetoionic waves (o>,ooT >> oô ) , the 

last requirement leads to

> > a)’sin0 'sina and y >> oosin0sina (4.33)

Furthermore, the requirement t _  -6 leac*s to — ojT (1— 3) — co* /y 2 >> f t ^ / y

> > y (4.34)

Combining the inequalities (4.33) and (4.34), it is found that spiral­

ling motion for electrons with y  >> 1 can be neglected provided

——  >> y >> max w f sin0 'sina * oosin0sinaj (4.35)

These conditions necessarily entail >> ^  and they are trivially

satisfied as ft ->0.e

When the condition (4.35) is not satisfied, the anisotropy intro­

duced by the background magnetic field cannot be ignored. Such cases 

do not appear to have been discussed in the literature. An example is 

presented in detail below.

Example

Consider inverse Compton scattering by a relativistic electron 

moving in the direction of a background magnetic field B q . Conditions

(4.33) are violated since sina = 0  implies z = z' =0. But when condition

(4.34) holds, i.e. oo* > > Y ^ e , t „  can be approximated by 6 „  . Equations 

(4.10) and (4.11) then give

1 r k.ö.ov 6.»k!v
A.{J(s=0,k,(jo;k',oo’;v) = —  ■! 6 . . + t' Y'i " + — ^~r---ij ~  ~  ~  y ! ij oo'-k. v oo-k.. v

6i36j3v2
(oo’-k.! v) (oo-k,. v) k . k ’ - 0000 (4.36)
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w i t h  o)' -k| jv = u)-k| |v. For  m a g n e t o i o n i c  waves t h i s  can  be  r e w r i t t e n  i n  

t h e  form:

■ , (  k . ö . on p o . ; n , p* q,   ̂ N 1 . i  J j o  , i 3  ] a'A. ; (s=O;w,0  ;oo ,0 ,v )  = — <6.. + 7 -:------ -------77  + 7-;--------0----- 777
it ~  y 1 3-3 (1-n  3cos0)  (1-n ,ßcos0  )v a a

<$. '3ß2 (nrTn_»K.Kf- l )
+  — ±12*_ _ _ a . Q. rr. ~ _ _ _ _  ( 4  3 7 )

( l - n a ß c o s 0 ) ( l - n 0 , 3 c o s 0 ’ ) J *

where  K = k / | k | ,  3 = v / c ,  e t c . ,  as  u s u a l .  From t h i s  and e q u a t i o n s  (2 .8 2 )  

and ( 4 . 1 8 ) ,  i t  i s  s i m p l e  t o  show

<|A
00 I 2\

b b ,n n , 32s i n 0 s i n 0 '  ^2
O O  G O

aoao' + 1 + (1 -n  3 c o s 0 ) ( l ~ n  , 3 c o s 0 ' ) >

+ 2 (w )2 +
K b I n ‘3 lc I b n 13a a 0 q a a

a a ’ ( l - n 0 3c o s 0) ( l - n 0 3c o s 0 ’ )

b b , (n_n_i COS0COS0 ' -  l ) ^ 2'!
P  .Q. P ---------------— - 1 /y2 (1+K 2+T 2)(1+K ?+T ?) . (4 .3 8 )

( 1- n  3c o s 0) ( l - n 0 i3cos0  ) J J T a a a a

T h i s  r a t h e r  c o m p l i c a t e d  e x p r e s s i o n  s i m p l i f i e s  c o n s i d e r a b l y  u n d e r  t h e  

c o n d i t i o n  i n  which  c a s e  e q u a t i o n s  ( 2 .8 1 )  and ( 2 .8 4 )  g iv e

n -  n 1 -  1 > T »  K -  0 , T f »  K , -  0 ,  a  -  T COS0, b^ -  -T s i n 0 , e t c .a a a o a a a a a a

E q u a t i o n  ( 4 .3 8 )  t h e n  r e d u c e s  t o

( |A °a ' | 2>
T T , g 2s i n 20 s i n 2e ' -  2 

ToTa ,co se co se '  + 1  + ( i ! ßeOS9 ) ( l - ß c o s e ' )

+ 4  (T c o s 0 + T  , c o s 0 ' ) 2 +  (T T , s i n 0 s i n 0 ' ) 22 a a ~ /'ra a

1 + 32 ( c o s 0c o s 0 ' - ! )
( l - 3c o s 0) ( l - 3c o s 0 ’ )

j / y 2 ( l+ T a 2) ( l + T a 2) . ( 4 .3 9 )

Case ( i )

C o n s i d e r  an u n s c a t t e r e d  wave p r o p a g a t i n g  a l o n g  t h e  l i n e s  o f  t h e  

ba ckground  m a g n e t i c  f i e l d ,  i . e .  c o s 0 ’ = ± 1 .  On a p p l i c a t i o n  o f  ( 2 . 8 4 ) ,  

e q u a t i o n  ( 4 .3 9 )  r e a d s

<|Aoa
? (1 ± T0cos0)  

2 y 2 ( l + T 0 2) > ( 4 .4 0 )
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where the upper sign refers to unscattered waves in 0 (X) mode propaga­

ting antiparallel (parallel) to v or Bq, and the lower sign refers to 

unscattered waves in X (0) mode propagating antiparallel (parallel) to 

v or I5q . Under quite general conditions the scattered waves are quasi­

longitudinal (cos20 >> Y 2sint+0/4) . This is the case for example under 

the conditions Y - 10 2, y - 10 for 0 $ 86° and 0 £ 94°. Granted this, 

(4.40) reduces further to

< I Aaa |2> (It COS0)2 
4y2 (4.41)

where the upper sign refers to X + 0 or 0 +X  ( 0+0 or X + X) scattering 

with the unscattered waves propagating antiparallel (parallel) to v or 

B q and the lower sign refers to 0 + 0 or X + X  (X + 0 or 0+X) scattering 

with the unscattering waves propagating antiparallel (parallel) to v or

BO-

The total scattering cross-section for a plasmon of mode o', 

propagating initially in direction (sin0Vos^', sin0^simjj’, cos0^) and 

then scattering into a plasmon of mode a can be defined by

SOG (0'V) : =
2tt + 1

dcos0r 2 ao (©r »4*5 0 ^ . ’) , (4.42)

where X (0r ,^;0^.,^f) is determined by equation (4.25). When the 

scattering process is axisymmetric, the integrals can be recasted to 

read

s00 (e')
+ 1

dcos0-1 r
f  (A) 3cos0 3cos0f
0 (2ttc) 3 a)' 9cos0^ 9cos0^

““ T (a>n ) <wGG (p,k,k’)> ,o a 00 o e ~  ~  ~Vg
where (...) again denotes an average over azimuthal angles.

(4.43)

For the present problem oo’ >>yfte >ü)p, application of this expres­

sion together with an integration with respect to co over the delta
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function in the probability gives

, (
£Ga (cos01 = + 1) me'

, +1
d±ß) <Uoq' l 2>

_! dcos0 (1-e'coseT? ’ (4>44)

where the approximations 0’ =0^ and 0=0^ have been used (u),o)' >> cô ) . 

The upper (lower) sign refers to antiparallel (parallel) propagation of 

unscattered waves. (|Aaa |2) is given by equation (4.41). The integ­

ration over 0 includes a small cone about the perpendicular direction 

where the quasilongitudinal approximation fails for scattered waves.

But it can be shown that this introduces only a negligible error.

Evaluation of the integral in (4.44), by using standard integrals 

of the form

1 dcos0 = 1 f(1+8)11+1 ~ (l-ß)n l]
J-l (l-ßcos0)n " ß(n“1) \ (l-ß2)11’1 >

(n > 2) (4.45)

gives the total scattering cross-section,

2ÜÜ (cos0 * =±1)
.2 )

g(y) (4.46)

where g(y) is given by the following table of approximate values:

Table 4.1

Mode of
Scattering

These results can be compared with those for the case of an 

isotropic distribution of unscattered waves without a background 

magnetic field where g(y) = 16y2/9 (Melrose, 1971).
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Case (ii)

Consider an unscattered wave propagating perpendicular to the 

background magnetic field. The total scattering cross-section in this 

case reads

2 aa (cos6'=0)

CM<u 2

•

1 /1 a aa ? I 2)
-! dcose "(l-TcoseF ’ (4-47)

where we have from equation (4.39),

< I a 00' 12> - { | ( 1 + I o W e + i0V ^ » ) + ^ , B W e ( I "2 , A , )(l-3cos0)

. T 2T 2ß2sin20(2+sin20 h
I ■ ° (1-Bcos8)'2-----}/Y2(l+T,2)<1+Ta-> • <4'48>

On account of the large momentum transmitted by the electron in 

process of scattering, the scattered waves can be regarded as satisfy­

ing the quasilongitudinal approximation for the purpose of estimating 

the total scattering cross-section. This will be justified a 

posteriori. Equation (4.48) then reads

<|Aoa’ |2>
r , T tß2sin20 (2T , ±1)
j  (1+ cos20 +  Io?sin20 ) ---- (l-ßcos0)

. T 2B2sin20 (2+sin20) 'i
1 (1-ScoiJT2----} I 2Y2(i+Ta?) . (4.49)

where the upper (lower) sign refers to scattered waves in the 0 (X) 

mode. Again the integral in (4.47), with (|A°Ö |2) given by (4.49), 

can be evaluated using integral formulae (4.45) to give

2 00 (cos0’=O)
y2Ü + V )

4ß3
^(1-ß2)2 + U + T 02)

4Tö ,(2Ta ,±l)(3-2ß2) T 02
3(l-ß2)2 + I F

f2ß(3+802-7g“) rl+3l u3(l-32)2 ‘ li-ejj/
(4.50)

which, for highly relativistic electrons y>>l, is approximated by
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2öa (cos0'=O) TT
Y2(l+Ta?) £n(4y2))

<2Ta’±X) + 3 Ta (2Ta ,±l) . (4.51)

For unscattered waves propagating perpendicularly to the back­

ground magnetic field, •><» for O-mode waves and T^?->0 for X-mode 

waves. Hence the total scattering cross-section for scattered waves in 

either mode is given again by (4.46) with

g(y)
' 2yV3 (O-mode unscattered waves) 

(X-mode unscattered waves)
(4.52)

The negligible effect of scattered waves in a small cone about 

0 =  tt/ 2  on the estimates of the total scattering cross-sections can be 

shown as follows. For 0 = tt/2, (]Aaa |2) and also the integrand in 

(4.47) can be approximated by (see equation (4.48))

t  + T T 2 a a
V'
2 y2 / y 2(i+t o 2)(1+t cj?) (4.53)

which is smaller than the corresponding integrands for scattered waves 

in the quasilongitudinal approximation by at least a factor y4 << 1. 

Hence the assumption made in expression (4.49) is justified a

posteriori.

In conclusion, we note that relativistic electrons moving in the 

direction of a background magnetic field are particularly effective in 

scattering O-mode magnetoionic waves propagating perpendicularly to the 

background magnetic field under the conditions a)' >>y^e >u)p.

5. NONLINEAR SCATTERING

The effects of shielding become important when the changes in 

wavevector | Ak j = |k-k' | and in frequency | Au31 = |to—tof | on scattering
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satisfy | Alej <, A^e ‘ and J Ao) J << m (Bekefi, 1966).

Assuming the nonlinear response tensor e.. is determined princi-1 J  36

pally by electrons, one can infer that the two terms in (4,16), one due 

to Thomson scattering, the other due to nonlinear scattering, always 

have opposite signs for electrons (as scatterers) and have the same 

sign for ions. In this sense, the two scattering processes interfere 

destructively for electrons and constructively for ions. For relativ­

istic particles, Thomson or inverse Compton scattering always 

predominates over nonlinear scattering. For non-relativistic electrons, 

there are large cancellations between the two terms in (4.16).

Although the cancellation is not as complete as for the case without a 

background magnetic field, the resultant scattering is nevertheless at 

least a factor z2 = (kj^/ft )2 << 1 smaller than either Thomson scatter­

ing or nonlinear scattering taken alone. For non-relativistic ions 

however, nonlinear scattering predominates over Thomson scattering by a 

factor (iin/m ) 2 >> 1.

In a plasma, where T^ >T^, when

Am «  |Ak,j |V± «  IAk|| IVe , (4.54)

nonlinear scattering by ions is the dominant process. When

IAkj| |Vi «  Am «  |Akj||Ve , (4.55)

scattering by ions is exponentially small and scattering by electrons 

is dominant. Finally when

I Ak|| i Vg << Am , (4.56)

scattering by either ions or electrons is exponentially small.
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(a) Inverse Maxwellian Tensor

The tensor X „  (1c,00)/A(k,oo) , occurring in (3.7) and (4.15) for 

example, is often called the inverse Maxwellian tensor. For arbitrary- 

directions tc= (sin0cos0, sin0cos^, cos0) and arbitrary dielectric tensor 

(k,o)) , standard matrix theory gives (see equations (2.54) and

(2.56))

A(k,oj) = An4-Bn2 + C , (4.57)

with

and

A = e\i sin20 + 2ei3 sin0cos0 + £33 cos20 ,
2 9B = E22 A + eii£33 - £i3+ (e23 cos0 - £12 sin0)z

C = det(£_) ,

(4.58)

X u  = q4s i n 20 c o s2i|> -  q2{2Ree23COS0s i n 0siniJj + £22s i n20

+ e 33( l  -  s i n 20s i n 2(|)) } +  ( e 22£33 “ e 23  ̂ »

A22 = nL+s i n 20s i n 2(|) -  n2( 2R e e i3c o s0s i n 0cosi|; + e i i s i n 20

+ e 33( l  -  s i n 20c o s2ij)) } + (GHE33 -  e 13) ,

A33 = q^cos2© -  q2{2Re s i n 20cosipsimj) + e i  1 (1 -  s i n 20 s i n 2^)

+ £22(1 “ sin20cos2(p) } + (£1l£22 “ £ 12) *

A12 = A2 i = r)4s i n 20cos(psim|) + n2 ( ( £ 2 3 cosl lj + Ei 3siniJj) c o s0s i n 0

+ (e12 + £33Cosi|)sini|)) sin20 } + (e23£i 3 - £12^33) >

^23 = X32 = q4cos0sin0s imj;  + q2 { ( e ^ c o s ©  + £ 1 3s i n 0s in ^ )  s i n 0cos^

+ £23(1 -  s i n 20 c o s2i|;) -  E n c o s 0 s i n 0 s i m j ; } +  ( e i 2£ 13 “ e l 1£23) > 

^13 = ^31 = ql+c o s 0s i n 0c o s i | )+ n2{ ( £ i 2c o s0+ £23s i n öc o s ^ ) s ^n®s:‘-n ^

+ e13(1 - s i n 20 s i n 2\|)) - £22c o s 0s i n 0 s i m p } + ( e i 2£23 “ £22£ 13) »

(4.59)

with q2 := |k|2c2/o)2 and denoting complex conjugation. Tsytovich
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and Shvartsburg (1967) have written down an inverse Maxwellian tensor, 

which is valid only when sin0 =0. No such assumption has been made 

here.

Under quite general conditions, discussed in detail in Appendix E 

for various cases,

n2 = I Ak j 2c2/ 1 Aoj 12 >> |e_(Ak,Ao))| , (4.60)

and the inverse Maxwellian tensor reduces to

^ij (Ak,Aw) 
A(Ak,Aoo)

KiKj (4.61)
£ (Ak,Ao))

where jc = Ak/|Ak| and e^(Ak,Ao))=A (see (4.58)). When (4.60) is not 

satisfied, the inverse Maxwellian tensor has to be obtained from 

equations (4.57) to (4.59). It is assumed, in what follows, that the 

inverse Maxwellian tensor can be approximated by (4.61).

(b) Scattering by Ions (II)

In the scattering of high frequency waves, the conditions:

-j-f-r >> VItl e and I Ac
k' ~  Ve ^  t W  ’ (4'62)

are often fulfilled. The nonlinear response tensor then reads (see 

(F.6), Appendix F)

£ij ,a)’ >A£>Aa)) 2m 0)2 e
ol/  AkP __s
a)' A go

|Tij(e)(io)Aks{eJ e)(Ak,Aco) - 6sjl}

bile)(“)xSje)(ü),) - Tise)(“)Tu e)(u,)}}(4-63)

where x „  ' (a)) and (u)’) are given by (4.13) with fi = and e=-l,
(e)and £ „ is the electronic contribution to the dielectric tensor. s£

Substitution of (4.61) and (4.63) into (4.15) gives
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ri j n Ä ’w;iSf’w,) [®1 m L ’l
kJ m ,a e;U  J

(e)
ij M

e£ (e )  (Ak,Aco) -  1
. (4.64)

e (Ak,A(jü)

For the case of scattering by ions with q = Z ^e and m = nK, equation 

(E.10) can be used to reduce (4.64) to

r i j n Ä ,a);~ ? ,00' )
mi 1
Z.m I v l eJ

Ak T-h  ^  (w)_in -LJ_______
AO) ( l  +  Z . T e / T i ) * (4.65)

It is convenient to define a probability averaged over the 

distribution of scattering particles fa(v):

(s,k,kf) :e a ~ ~ d3v f (v) w0G (s,p,k,k*) , (4.66)

where f (v) is normalized as usual an4 w^ (s,p,k,k’) is given by 

(4.17).

Consider nonlinear scattering by a Maxwellian distribution of ions. 

After some calculations using (4.16), (4.17) and (4.65), the averaged 

probability (4.66) simplifies to

wGG (k,k')
4(2tt)5^2Z.2e4 ^l

2  a a m (jo e

a* (e)( N a 
ei Tij (M)ej

( l + Z 1Te / T ±)2

" ? (A.) r (id0-«0 -sJ2. ) 2 1

x JL m exp r  2iAkni2VJ ’ ( 4 ‘ 6'

where A^ = (Ak^V^/fh ) 2 and £g(A_̂ ) is given by (2.86).

In the limiting case of negligible small ion gyroradii, i.e.,

A^ << 1, the contribution from different values of s decreases rapidly 

with increase in |sj. The contribution from s = 0, with Co(^) ~1» 

dominates.

In the opposite limiting case of arbitrarily large ion gyroradii, 

i.e., A^ >> 1, the motion of the ions can be regarded as rectilinear for 

the purpose of treating scattering. The 6-function in (4.17) can be
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0  ^  freplaced by 6 {(oa -to ) - (k-k')*v} and Vm (s,k-kf,v) can be replaced by 

v . With this approximation, the probability (4.67) is replaced by

wi
4(2n)5/2Zi2e4

2 0 0 m ô) u) e

o*
ei TiJ

(e) , , a' 
(“)ej

(l + ZiTe/T.)2

(AkVi eXP
/ a a \  2(a) — CO )
2 j AkI2V 2 (4.68)

Except for cases of little interest, the conditions under which 

the contributions from |sj = 1 could be comparable to that from s =0, 

are just those for (4.68) to be a reasonable approximation.

(c) Scattering by Electrons

In the regime (4.55), it is evident from the results of the 

previous section that scattering by ions is an exponentially small 

effect and scattering by electrons is dominant.

In the limit of arbitrarily large gyroradii of electrons, i.e., 

k^v^/^e >> 1 for all relevant waves, the motion of the electrons can be 

regarded as rectilinear for the purpose of treating scattering and the 

results would reduce to those for the case of a plasma without a back­

ground magnetic field. It is interesting to consider the opposite 

limiting case of negligibly small electron gyroradii, i.e. k^v^/^ << 1. 

For this purpose, it is convenient to use the current density due to 

nonlinear scattering in the form given by (D.15) with (D.16) and (D.17), 

since this facilitates calculations of (4.16).

For the zeroth harmonic scattering, which is dominant in this con­

text, Thomson scattering by non-relativistic electrons contributes a 

term (see (4.11)):

A/j(k,(o;k’ ,0)’ ;v) = Jq(z) Jo(z’) t.jJ 6'* (oo) , (4.69)
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(D.16), (D.17), (2.46), (E.17) and (4.63), the term,
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n s (e) 1Akl vi' ' (k,w;k' ,u' ;v) = -J0(z) Jq(z ') (w ) + — — —  Jo'(z) Jo(z')

where

X sinOT +  10 t (e)(u>) , (4.70)

tamp"
sinijj - kj* sinijj1 

k^ cosii) - kj* cosip ’ (4.70)'

Substituting the sum of terms (4.69) and (4.70) into (4.17), the 

appropriate scattering probability is obtained. On averaging over a 

Maxwellian distribution of electrons, by (4.66), the probability reads

w°° (k,kf) e ~ ~
4(2Tr)~̂ ê"

2 o o' m m

fwJ o fvL,lE E
Wm w„lj tJ

k, V  ̂1 e
Am

2 2A sin2(ipM +ij0

e |Ak||lVe
exp \ -

a* (e) , x a' I 2
6 Tij (a)) ej '

, or 0 \  (m -m )
|Ak,||2V( (4.71)

where the approximations J q (z ’) - 1 and exp(-A ) {Io (A^) - I o ' C ^ ) )  ~ 1

have been made and here, A := k. 2V 2/ft 2 << 1.e - L e e

Comparison of (4.67) and (4.71) shows that scattering by electrons 

is more effective or comparable to scattering by ions provided

M 2 _ 2lakn l2V  ' £n
Z . 2V  / 2 V . l e l A m 2 f ^ 'le 21

(1 + Z 1T e / T . ) 2 kiV k, V  ̂ 1 e* 1 (4.72)

where it is assumed that V >>V..e L

It is a simple matter to write down scattering cross-sections for 

scattering by ions or electrons, by merely substituting the appropriate 

probability into (4.25).
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Example

Consider nonlinear scattering of magnetoionic waves by plasma ions 
under the conditions oô << m << (cf. example in section 4b). Inser­
tion of either (4.67) or (4.68) into (4.25) gives the cross-section,

- /Ul Zi2 (e2/mec2)2 f 1+y2
{ * vl2J (l+ZiTe/Ti)2 6(1+Taz) (1+Ta?) |2(1-Y2)2 ^ 1+aaaa?)

+ (a0+aa,)?-) + (Y-Y2)2 (1+Vo')(aa+aa') + (baba'}

doo I (l-rn/o)')2— r exp <- ---o oa' 1 2?2 (4.73)

where £ = |cos0-cos9 ' |Vi/c when ^ « 1 ,  ? = /{2( 1 - i c . i c 1) }V±/c when > > 1, 

and approximations u)-wf, 6 = 6̂  and 6' = 0̂  have been made. The 
integral in (4.73) can be accurately approximated (£ << 1) to give

, _ Z.2 ,(e^/mec2)2 f 1+y2
V ; (l + ZiTe/Ti)2 (1+Tq2) (1+T {2(1-Y2)2 ^  oaa,j

+ Cao+aa,)2) + (1_2yY2)2 a+aoaö,)(aa+aa,) + ( b ^ , ) 2} .(4.73)'

From this, it is seen that for certain directions of propagation
(e.g., 6' =0) the scattering cross-section is reduced by a factor
w2/fi 2 « 1.e

(d) Absorption Coefficients

The Landau-cyclotron damping decrements and the collisional damp­

ing decrements, written down in section 4 of chapter 3, are also known 
as true absorption coefficients, since the wave amplitudes are truly 
attenuated by the corresponding interactions with plasma particles. 
There is also an absorption coefficient due to scattering by plasma 
particles and this is generally scattering by ions, provided the 

electron temperature Tg does not greatly exceed the ion temperature T^
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(Bekefi, 1966).

From (4.3), such absorption coefficients due to spontaneous 

scattering reads

d3k' ,

(2iyr wi° '<&»£»&’> f±(£) • (4.74)

As an example, consider the nonlinear scattering of high frequency mag­

netoionic waves by plasma ions. The conditions u)’ > 2u) >> imply

T 2 - K - $1 / co, so that a - T cos6, b - -T sin0, T 2 -l, etc. After a a a e * a a  a a ’ a *
little manipulation, the equations (4.66), (4.67) and (4.29) give

W “>0)
>4 Z12e‘*

2m 2c 3a) (1 + Z.T /T.)2 e l e' l
f  CO  ̂ f 2 '

+ 2(l-cos20) (1-c o s20 ’)} I da)’ exp j - —

I d c o ^ Q _ {(l+cos20)(1+ c o s 20 ')

(4.75)

where E, = jcos0-cos0’ |V./c when X^ << 1 and E, = /{2(1-jc.jc’) }V^/c when 
X^ >> 1. Integration gives finally

8 TT
3 m c  e

n . Z ._____ l l_____
(l+ZiTe/Ti)2 » (4.76)

where (8it/3)(e^/m^c2)2 = = Thomson cross-section. Such absorption 

processes have been considered in connection with ionospheric research 

(see Bekefi, 1966).

In conclusion, we have discussed nonlinear scattering by ions and 

electrons in a magnetoactive plasma and have shown that nonlinear 

scattering of magnetoionic waves by plasma ions can be strongly 

suppressed under the conditions w << uo <<

6. WAVE-WAVE INTERACTIONS

The evolution of distribution functions due to resonant inter­

action of three plasma waves (Fig. 4.1c) is described by equations
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(4.7), (4.8), etc. Like these wave-kinetic equations, the spontaneous
GO 1 Q f lprobability u (k,k' >k") of the coalescence and decay processes is 

formally identical to that for the case of a plasma in the absence of a 

background magnetic field. The effect of the background magnetic field 

on the probability enters through the nonlinear response tensor and the 

wave properties.

Standard calculations, for example, substitution of the approp­

riate form of nonlinear current density (see (2.49)) into (3.12), yield 

a probability which reads (see (14) of II)

a'*... . . . W W Waa au a (k,k’,k") = 2(2tt)5 hajawa go0 Na f

WE
a' rwE]KJ WT wl

with

e°° *ö" (k* ,k") I 2 6 3 (k-k’-k") 6 ((/-</ ' -</") , (4.77)

aa'a"/, , . _ a* o' a" , a’ . ,, a'\ 7Q>.e (k ,k ) : = e± ê  *“ ;k ,u> ) . (4.78)

When there is only a single distribution of waves in mode o’ = a", the 

factor 2 must be dropped from (4.77).

7. FORMATION OF TURBULENCE SPECTRA

Turbulence spectra of plasma waves are formed in many experimental 

and astrophysical situations. For example, ion-acoustic turbulence has 

been observed directly in perpendicular shock experiments (Paul, 1971) 

and it may play an important role in collisionless shock waves 

associated with type II solar radio bursts (Smith, 1972). The suppres­

sion of quasilinear relaxation of charged particle streams associated 

with type III solar radio bursts has been attributed to the formation 

of a turbulence spectrum of electron plasma waves (Kaplan and 

Tsytovich, 1968; Smith, 1970).
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Plasma waves excited by sources are usually confined to narrow 
regions of wavevector k space. When their dissipation is not rapid, 
energy will be transferred by nonlinear processes to other waves, which 
are not directly excited by the sources. The balance between the non­
linear inflow and the outflow of energy due to dissipative processes, 
determines the quasistationary spectra of turbulence (Kropotkin, 1968). 

Quasistationary spectra of ion-acoustic turbulence driven by a current 
have been discussed by Kadomtsev (1965, p.68) and Tsytovich (1971), 
whilst the quasistationary spectra of turbulence in electron plasma 
waves, arising from the two-stream instability in the context of type 

III solar radio bursts, have been discussed by Kaplan and Tsytovich 
(1968) and Smith and Fung (1970). However, in these studies the 
effects of a background magnetic field have been largely ignored. 
Although it is out of the scope of this thesis to do the computations 
required to solve the corresponding problems for a magnetoactive plasma, 
it is nevertheless desirable to discuss the qualitative effects of a 
background magnetic field on the nonlinear transfer of energy across 
the turbulence spectra.

In the references cited, nonlinear scattering by plasma ions 
determines the spectral transfer of Langmuir waves, which are upper- 

branch electron plasma waves (see equations (2.90) - (2.93)) in the 
limit ^e =0. In the limit of a weak background magnetic field such

that

0) > >  ftP and A . > A l e (&k1Ve/J2e)2 »  1 , (4.79)

the modified dispersion relation reads

(4.80

and the averaged probability reads approximately (4.68),
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zi' n , w± (k,k')
(27T)5/2Zi2e4

m 2^ 2
e p

K . K '•

( l + Z iTe/Ti)2 |Ak|V. exp j-
3V 2(k2-k’2)-2 e ________

_ 2v/2 co I Ak | V .
(4.81)

which is identical to the averaged probability for the case of a plasma 

without a background magnetic field. All the assumptions made in 

deriving (4.81), e.g. (4.61) and (4.62), can be justified a posteriori. 

Under the conditions specified by (4.79), the background magnetic field 

can be neglected in treating spectral transfer of electron plasma waves.

On the other hand, under the conditions:

ü) £ ft , and (Ak.V /ft )2 p e * l e  e' X < X. «  1 , (4.82)e •. l *

the background magnetic field has significant effects on spectral 

transfer and turbulence formation.

Induced scattering of longitudinal waves by a Maxwellian distribu­

tion of ions is described by a wave-kinetic equation (4.3):

dN£ (k)

where

/(k)
hiK r d3k f

miVi2 J (27T)3

- y £ (k) N£(k) ,

„V n ,\ f Z Z\ ZZ1 n .N (k ) (oo -to ) w i (k,k?)

(4.83)

(4.84)

p p p *
with d/dt = 3/9t+Vg •(d/dr) and w^ (k,kT) determined by (4.67). Under 

the conditions specified by (4.82), zeroth harmonic scattering 

dominates and from maximization of (4.84), the condition for most 

efficient induced scattering reads

Z' - IAk|( |V. , (4.85)

which implies that in the induced scattering £ ’ ->■£, the scattered wave 

has a decreased frequency. In the case of electron plasma waves in a 

relatively strong background magnetic field, this means induced



Scattering has a tendency to produce anisotropic turbulence spectra 

along the direction of Bg.
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When (4.85) is satisfied, bearing in mind, - cô >> [Akjj jv̂  in a 

strong magnetic field, equation (4.84) reduces to

ueV) 3/(2tt)
5 U  + Z.T /T.)2 o)3l e l

r d3k ? We£(k')
(2tt) 3 2

Tj
eZ *

(\k± (e) / \ , I 2v
T . ;  (0))  K . /1J 3 1 (4.86)

where (...) denotes again an average over the unimportant azimuthal 

angles.

From (4.86), it is seen that induced scattering of electron plasma 

waves by ions has a characteristic time given in order of magnitude by

(W./We£) co_1 >> uf1 ,i p P * (4.87)

where is the kinetic energy density of the plasma ions and W is 

the turbulence energy density of the electron plasma waves

d3k 
( 2tt ) 3 We£(k) . (4.88)

Comparison of (4.76) and (4.86) shows that the neglect of spontaneous 

scattering is justified provided

Wex7W. »  cT cne/o)p , (4.89)

where o^ is the Thomson cross-section, numerically equal to 6.65x10 25 

cm2. Since the factor on the right hand side of (4.89) is of the order 

of v/ng x 10 zC, condition (4.89), together with the weak turbulence 

assumption W /W^<<1, can be satisfied in most situations of interest.

Bound up intimately with the problem of formation of turbulence 

spectra of electron plasma waves arising from the two-stream instability
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is the question of stabilization of* the stream itself. Within certain 

ranges of plasma parameters, nonlinear spectral transfer of growing 

waves from the resonance region into the non-resonance region can be so 

rapid that the instability is suppressed and the stream stabilized 

(Tsytovich and Shapiro, 1965). Analysis so far has pertained only to 

plasmas without a background magnetic field.

In the presence of a background magnetic field, a one-dimensional 

treatment of the problem becomes possible. The conditions under which 

such a treatment is valid, are discussed here. Analysis of the quasi- 

linear instability due to an electron stream of velocity ug along JBq 

and thermal spread Vg (see section 5(b) of chapter 3) shows that in 

both limiting cases A' << 1 and X 1 >> 1, with X ’ = elect­

ron plasma waves grow fastest along Bq and the maximum growth rates can 

be approximated by (see (3.78))

10
h ru ib n

—  0 )
ne p

(4.90)

where n ’ is the number density of the streaming electrons.

From equations (4.81) and (4.86), it is clear that induced non­

linear scattering by ions tends to maintain the anisotropy along Bß* 

Hence a one-dimensional treatment for these cases is qualitatively., 

justified. The corresponding absorption coefficient due to induced 

nonlinear scattering by ions reads

e£y _3_
10

weV w ±
(l + Z.Te/Ti)2 ^p (4.91)

p 0 p 0
When e := y /y << 1, the speed of spectral transfer of waves from the 

resonance region can be sufficiently fast to quench the instability.

Taking W -n'm u V and W, & e s s  ] W = n m V z, one has e e e e

1 +
Z .T l e

{V j
(4.92)
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If in addition,

e £n(e We^/Wg) << 1 , (4.93)

where Wq t îe distribution function of the stream changes

little for the instability (Tsytovich and Shapiro, 1965).

Summing up, we have written down conditions under which a one­

dimensional treatment of the problems of turbulence spectra formation, 

can be justified. But we note that quantitative solutions are needed 

particularly for a plasma with a strong background magnetic field.
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CHAPTER 5

POLARIZED RADIATION FROM PLASMA TURBULENCE 

1. INTRODUCTION

Nonlinear conversion of plasma turbulence into observable radia­

tion is now firmly established in laboratory and astrophysical plasmas; 

see for example, the monographs cited at the beginning of the last 

chapter, and also Kaplan and Tsytovich (1969). However, little 

attention, so far, has been devoted explicitly to the consideration of 

polarization of radiation arising from such mechanisms. Since polariz­

ation yields important and sometimes crucial information concerning the 

sources of radiation, it is worthwhile considering such questions here.

Polarized radiation can appear from a turbulent plasma even in the 

absence of a background magnetic field (Tsytovich, 1969). However, 

such cases must be regarded as marginal, since ad hoo assumptions, such 

as the existence of anisotropic turbulence, etc., have to be made con­

cerning the plasma. In general, we assumed polarized radiation arises 

from a plasma with a background magnetic field.

To study polarization of radiation in a magnetoactive plasma, the

magnetoionic character of the escaping radiation must be taken into

account. For the purpose of discussion the name "magnetoactive" will

henceforth be restricted to refer to those waves of magnetoionic theory

which can escape directly to infinity. These waves are waves in the

ordinary mode (0-mode) at angular frequencies w > oô and waves in the

extraordinary mode (X-mode) at id > w , where the cutoff frequency isA
given by
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\ n + \ (4a) 2 + 2)^  .2 e 2  ̂ p e ' (5.1)

The generation of polarized radiation from microturbulence in a 
magnetoactive plasma will be studied in this chapter.

2. ELECTRON PLASMA WAVES (II)

For the purposes of this chapter, "electron plasma waves" is res­

tricted to refer to the longitudinal waves (2.90) in the upper 

frequency range max[oOp,^eJ $  go $  (go 2 + ß e 2 ) To obtain approximate
probabilities for the nonlinear conversion of electron plasma waves 
into magnetoionic waves, the mode a in probabilities (4.67), (4.68) or 
(4.77) is identified with one or the other of the magnetoionic waves 
and the modes o' and o" are identified with the "eil" mode, designating 

electron plasma waves.

Since the phase velocities of electron plasma waves are much less 
than the velocity of light, we may approximate |Aky | - k ’|cos0'| in 
(4.67) and |Ak| - k ' in (4.68). In the limiting of negligibly small ion 
gyroradii, i.e., = (Ak^V^/fL)2 << 1, zeroth harmonic scattering is
dominant in (4.67) and the simplified probability for scattering of 

electron plasma waves into magnetoionic waves by thermal ions, after 
averaging over the azimuthal angles, reduces to (see II)

<wiaell(k,k')>
2(2tt)5/2 Zi2e4 V e£

? ° £ (u,0,0')
m 2WU» (1 + Z.T /T . ) 2 e l e i/ WT V.k’l COS0 ’ I

________ (gQ-Qo’ ) 2
X 6XP 1 2k,2Vi2|cose' I 2 (5.2)

where go’ and (w^/W^)6  ̂are functions of 6’, given by (2.90), (2.91) and

(2.93), and
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a a
(10,6,0') (1+t„2) n__ 3 (tona) / {2 ( 1—Y2) 2 (1+aa2) sln20'

"(_i'_V2)2 aosin2e' + bo2cos28'| , (5.3)+

with a^ and given by (2.84), and Y = ̂ e/oo as usual. Expression (5.3) 

can be rewritten in terms of T , X, Y and 0 by using

cos0 - YT ________ a
T -Ycos0 *a

cos20 - T 2___________ a
sin0(T - Ycos0)

and
XYcos0T

n —  (oori ) a a 1 + 2(T - Ycos0)2 ö
1 +

(1+X)(l-Ta2)
(1-X)(l+Ta2)

(5.4)

with X = w 2/w2. In the opposite limit of >> 1, the probability 

(4.68) must be used and this leads to a simplified probability of the 

form of (5.2), with k' |cos0 ’ | replaced by k'.

The probability for the coalescence process e£ + e£-*ö can be found 

by inserting the appropriate wave properties in (4.77) with ^ given 

by equation (F.8). Since e£-waves have phase velocities much less than 

the velocity of iight, |kf |, |kM | >> |k| ; the requirement k = k ’+k" 

leads to k" - -k ’, which reduces the number of independent directions in 

the problem and therefore results in considerable simplification. The 

average probability reduces to (see II)

j o e £ e £ , y i m \\ <u (k,k ,k ))
(2ir) 5 h e V 2 f fVL,

m ĉ̂ oo’
e£v 2

G°£(u ',6,0’)

* «3(fe-fe'-k.") , (5.5)

where co' and are again given by (2.90) - (2.93), and
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GG£(go' ,0,0') (1+T 2) 3(un )/3a, a a
sin20 sini40 * 

8(1-Y'2)4 {(3+Y12)(aQ+ Y ')2

+ (1+3Y'2)(a^Y’+1)2} + cos20 sin20 , cos20' 
2(1-Y’2)2 {(aa+ Y ’)2 + (l+aaY f)2 }

, 2sin0 cos0 sin20' cos20 ’ , ,„IN , , (1+Y’2)
+ ------- --------------  (aa+Y > ba + 2 (1-Y’*')'*

sin20 sin20’ cos20' b 2 + cos20 c o s ^ Q ’ o (5.6)

with Y* = ft /oo* . e

Similar considerations give an average probability describing the 

coalescence of an electron plasma wave and an ion-acoustic wave into a 

magnetoionic wave e£ + s + a  (see II):

<uae£s(k,k\kM)> (2tt) 5 he2
t \m.l (a.")3 M2m 2 Z . m k ’2V 4e [ l ej e Ty

x Fo£(w'»0,6 ' ) *5 3 <5 (aj—aj1 —ai1') , (5.7)

Owhere the assumptions co - g o * >> go"  and k' - -k" have been made and F is 

given by (5.3).

Particularly in the context of solar radio astronomy, "plasma 

emission processes" refers to the nonlinear plasma processes whereby 

electron plasma waves are converted to escaping radiation at about the 

plasma frequency (the fundamental) and twice this frequency (the secor 1 

harmonic). In a magnetoactive plasma, on account of preferential 

emission of one or other of the magnetoionic modes, the escaping
J

radiation can be expected, in general, to be polarized.

It is possible at this stage to estimate the degrees of polariza­

tion for both the fundamental and the second harmonic in the region of 

emission. The estimated degrees of polarization will coincide with the 

degrees of polarization actually obseived provided the polarization
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limiting region is at the source. However, if the polarization limit­

ing region is far removed from the source, the estimated degrees of 

circular polarization will coincide with those actually observed (even 

in the presence of Faraday rotation) provided mode-mode coupling and 

preferential absorption of one mode or the other can be neglected.

(a) The Fundamental

Emission at the fundamental can be 100% polarized in the sense of 

the 0-mode, when emission is at frequencies t o < to ^  below the cutoff of 

the X-mode. This occurs in a plasma with a strong background magnetic 

field ft£ - t o , provided the wavenumbers k ’ of the electron plasma waves 

satisfy the condition k2 AD 2 <0.6. This condition is usually satisfied.

In the weak field limit to >>fte , equation (5.1) reduces to

“X “ “p + \ > (5-8)

while the frequency of e£-waves is given by

to’(0’) - to + (ft 2/2to ) sin20* + 3(V 2/2v 2) to , (5.9)p e p  e cp p

where v^=to’/k’  ̂oo^/k’ is the phase velocity. From the probability 

(5.2), emission occurs at frequencies to < tô  when

’ (1 + (V^/v^) I cos0 ' I } $ tô (5.1C)

which requires

v, > max{V (3to /ft )^, V.(2to /ft )} . 9 e p e l p e (5.11)

When the condition (5.11) is satisfied the radiation in the region of 

emission is 100% polarized in the sense of the 0-mode. When the 

opposite of the inequality (5.11) is satisfied, the emission is in 

general expected to be a mixture of the two modes.
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The case of most practical interest is for eß-waves propagating 

nearly along the field lines, i.e., sin0? -0. Consider the following 

limiting cases for emission at a given angle 0, with Y < 1-X (the 

reverse of inequality (5.11)).

(i) For Y2sin40 << (1-X)2cos20 ,

the degree of circular polarization in the sense of the 0-mode can be 

estimated by (see II)

r = {F°£(w ,0,0’) - FX£(w,0,0f)}/}FO£(w,0,0f) + FX£(u),0,0’)> , (5.12)c

where F is given by (5.3), with sin0 ’ =0. Since

Tq - -cos0/|cos0] , Kq - XYsin0(1-Y]cos0I)/(1-X) ,
(5.13)

Tx - cos0/Icos0 I , = XYsin0(1+Y|cos0[)/(1-X) ,

it follows that Fa£ -y sin20 and

rc = 2Y(1-X)jcos0I/{Y2 + (1-X)2cos20> , (5.14)

where 1-X << 1 and Y << 1 have been assumed. It is noted here that at 

|cos0] =Y/(1-X) the radiation is fully polarized in the sense of the 

0-mode.

(ii) For jr Y2sin40 >> (1-X)2cos20 ,

TQ - -Ysin20/(1-X)cos0 ,

Tv « (1-X)cos0/Ysin20 ,A

K = XYsin0/(l-X) , 

Kx » XY/(1-X-Y2) ,
(5.15)

and it follows that

FO£(w ,0 * % tt, 0 ' - 0) - 1 >> FX£(w ,0 - V tt, 9 ’ ~ 0) . (5.16)

Thus for emission nearly perpendicular to the field lines the power is
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almost all in the 0-mode even for Y << 1-X, and the radiation at the 

source is almost 100% linearly polarized in the sense of 0-mode waves.

To illustrate the range of the limiting cases, the angle defined 

by -r Y 2sin1+0 = (1-X)2cos20 is 0 = 65° for Y = 1-X and is 0 = 77° for 

Y=|(l-X).

(b) The Second Harmonic

For the second harmonic emission, X=-^- and the condition 

jr Y 2sinl+0 << (1-X)2cos20, which is equivalent to Y ' sin20 << 3 | cos0 | , with 

Y' = O e/ojp, is satisfied for a wide range of angles 0. For example, the 

angle defined by Y 'sin20 = 3 |cos0 | is 0 = 72.5° for Y' = l, and it is 

0 = 81° for Y' =2. It is reasonable to approximate the properties of 

the magnetoionic waves by

T = CQS0 _ Y'sin20 _ COS0 _ Y'sin20
0 |cos0| 3cos0 * X |cos0| 3cos0 ’

which have been expanded to first order in Y 'sin20/3|cos0| << 1.

The degree of circular polarization of the second harmonic, in the 

sense of the 0-mode, can be estimated by (see II)

rc = {GOX,(m',0,0') - GX Ä (to' , 0,0 ' ) }/{GO Ä (ü)',0 ,0 ’) + GX Ä (m',0,0')} , (5.18)

(T ßwhere G° is given by (5.6).

For the case sin0' =0,

GaÄ(m',0,0') = na2b a2cos20/(l+Ta2) na 3(wn0)/3w . (5.19)

O &Application of (5.17) gives an expression of G to first order in 

Y'sin20/3|cos0I << 1:
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Ga ^ (to' , 0 , 0  ’ = 0) I  sin20 cos20(l+a) — ■■■
*i 2

[ i ± b  1 / , T Y ’|cos0I( 1 + 5a/3){ 4 ( l ± b ) J / /  16(1 ±b)2 J ,(5.20)

where upper (lower) signs refer to 0 (X) mode waves and

a = a(Y',0) :e Y'sln29_______  t = v /y t n\ .= Y'(2 + CQ32e)
31cos0I * ' 61cos0I (5.21)

On the explicit assumption that Y* = ße/ü) << 1, (5.20) reduces to 

G3<1(u>' ,0,6' = 0) = I sin2© cos20 {l t (164+8[ £ ” 'j9) . (5.22)

from which it is found, by (5.18), that

r - (16,+s}lco^ 9) ^  (sln0' = 0) . (5.23)c 48|cos0| u)p

At the maximum power, cos20 = sin20 = y, and

ß
r * 0.63—  (e'=0, 0=f) . (5.24)c co ** 4'P

At a quarter of the maximum power, 0 = 75°, and

r = 1.35—  fe'-O, 0=4?) . (5.25)c ( o ' *  12'P
Thus the second harmonic is weakly polarized in the sense of the 0-mode, 

in a weak background magnetic field <<(0^.

However, in a relatively strong background magnetic field, the 

second harmonic can be significantly polarized. Take for example,

Y ’ =1/5, cos0 = l/2, which corresponds roughly to three quarters maximum 

power, one finds Y fsin20/3cos0=0.1 << 1 and direct calculation from 

(5.20) and (5.18) gives rc ~26%. Again Y* = 3^2/10 - 0.42 and cos20 = O.5 

imply Y'sin20/3cos0=0.1 << 1 and rc ~33%.
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(c) Conclusions

In conclusion we summarize the results obtained in this section.
\ *

General formulae have been derived for estimating the degrees of 

circular polarization at the source for the fundamental and the second 

harmonic radiation arising from the "plasma emission processes".

In a strong background magnetic field (ft - oo ), the fundamental ise p
100% polarized in the sense of the 0-mode provided the wavenumbers k ’ 

of the electron plasma waves satisfy the condition k2 A^2 s0.6.

For the case of electron plasma waves propagating nearly along the 

lines of the background magnetic field, the radiation at the funda­

mental and the radiation at the second harmonic have net degrees of 

circular polarization at the source in the sense of the 0-mode. In a 

weak background magnetic field (tô  >> ftg) the second harmonic is always 

weakly polarized, whilst the fundamental can be strongly polarized in

the sense of the 0-mode. Under the condition (5.11), viz.
uv , £ max{V (3u) /ft ) , V.(2w /ft )}, the fundamental radiation is 100%9 e p e  i p e

polarized in the sense of the 0-mode.

3. ELECTRON CYCLOTRON WAVES

Despite numerous observations of radiation at electron cyclotron 

harmonics from laboratory plasmas (see Crawford, 1968), a detailed 

theory of radiation from electrostatic electron cyclotron waves does 

not seem to have appeared in the literature. One reason for this might 

be that in this case, it is important to take into account the effects 

of the background magnetic field on the dielectric properties of the 

medium, on the waves as well as on the conversion processes. Such 

effects are taken into account in a theory presented here.
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In a plasma with a strong background magnetic field (ft > 0 0 ),e p
radiation can arise in principle from parallel electron cyclotron waves 

at ft and 2ft , and from perpendicular electron cyclotron waves at 

higher harmonics. Radiation at the fundamental in this case can be 

identified as radiation arising from electron plasma waves in the 

frequency range ft < co < (ft 2 + co 2)^.

In a plasma with a weak background magnetic field (00 >> ft ) onlyP e
perpendicularly propagating electron cyclotron waves at high harmonic

numbers n > w  /ft >> 1 can lead to observable radiation. For the pur- p e
poses of discussion, we shall refer to electron cyclotron waves 

propagating perpendicularly to the background magnetic field as 

Bernstein waves. From the results of chapter 3, it can be shown that 

for given plasma parameters, the power radiated into Bernstein waves by 

non-relativistic electrons decreases with increases in harmonic number 

n. Therefore, when the microturbulence in Bernstein waves is generated 

coherently, e.g., by a microinstability, one expects the energy density 

to be highest for the generated Bernstein waves in the lowest harmonic 

number. Thus most intense radiation from astrophysical plasmas con­

taining such microturbulence is expected to arise from Bernstein waves 

at the lowest harmonic n satisfying n > o)̂ /fte at the source.

(a) Case 00 >> ft -----  p e

Consider Bernstein waves at frequencies 00 - sft£ with

s > m ./ft > s-1 >> 1 . (5.26)p e

From equation (2.102), it can be shown that the ratio of the electrical

to total energy density f w  / W „ )  C for Bernstein waves at frequencies
Co - sft would be very small unless the condition ft £ s >> 1 is satisfied, e e
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Assuming that this condition is fulfilled we find

e0£ (k,sfie) = l - { w p2/(s2-l)fie2 H C i(Ae) A e} * l-Cl(Ae)/Ae - 1. Hence 

the dispersion relation (2.101) can be written as

sfi +  (sc (A )/X ) (a) 2 /n 2}ft ,e  ̂ s e e'  ̂p e ; e * (5.27)

where the last term determines the natural bandwidth of Bernstein 

waves at the s-th harmonic. From the theory of Bessel functions 

(Watson, 1944) it can be established (i) sC (A )/A =C . (A ) + C , (A ),S 0 0 S— JL 0 S“T X 0

(ii) ?s_i(Ae) > Cs+ x(Ae) » (iü) C0 (A^) maximizes at Aq - s2 for fixed ss e
-hand (iv) c (A ) - (2ttA ) 2 for A >>s >> 1. From these relationships,S 0 0 0

the maximum natural bandwidth of the waves can be estimated to be

(Aco)max (s/^2 (s-1)3) (wp2/£2e2) S2e . (5.28)

However in general the range of values of A , which determines the 

actual bandwidth of the Bernstein waves, is itself determined by the 

excitation processes in question and the actual bandwidth could be much 

narrower than (Am)max

Since A^ = (Ak^V^/£L)2 - (k'V^/ ^)2 £s(nu/me) >> 1, where k' is the 

wavenumber of Bernstein waves in the s-th harmonic, the probability for 

nonlinear scattering of the Bernstein waves by thermal ions is given by 

(4.68). On noting k* >>k, where k is the wavenumber of magnetoionic 

waves, the probability averaged over azimuthal angles reads

(w^Qtjk1))
2(2tt)5/2 Zi2e4

m (1 + Z.T /T.)2 e l e l
F (m, 6 , 6 ’ = tt/2) 

k'V.

(m-m')2 ,X  e X p  1 “  2 V 2 V . 2 f  ’ (5.29)

where primed (unprimed) quantities refer to Bernstein (magnetoionic)

waves, and F is determined by (5.3).
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From the above probability, it is seen that emission occurs at 

frequencies w < w^, when

a)' + k ,V± <; ojx , (5.30)

which, on application of equation (5.8), reads

s-w^/fi^ + (Aw + k ’V^ ) \  , (5.31)

where A go is the bandwidth of the Bernstein waves determined by the 

excitation processes, and k' £ \fs For example, in the case where

tOp - s^e and k ’ -\fs ^/V^, equation (5.31) can be satisfied in an 

isothermal plasma (Tg = T\) provided Aw << and n/s <20. When equation 

(5.31) is satisfied, emission is purely in 0-mode waves.

On the other hand, when the plasma parameters are such that w^ 

lies midway between (s-l)fte and sft̂ , i.e., s-Wp/fl^-^, equation (5.31) 

is always violated, and the emission consists of a mixture of 0-mode 

and X-mode waves. In this case, and in others when (5.31) is violated, 

the degree of circular polarization of the radiation at the source in 

the sense of one mode or the other, can again be estimated by (5.12) or 

an analogous expression.

From (5.3), one finds

Fo£(w,e,e'=7T/2)
{(1+Y2) Ü+aa2) + 4aaY}

2(1-Y2)2(1+T 2) n 3(wn )/3w 0 0 o

cos20 + T 2____________________a____________
2(T -Ycos0)2(1+T 2) n 3(wn )/3w * a o o o

where Y = fi /w-s’"1 and the quantities a , T^, etc., are given by 

and (5.A).

(5.32)

(2.84)

Consider the following limiting cases for emission at a given 

angle 0, when the reverse of inequality (5.31) obtains.
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( i )  For 7- Y2s i n 40 «  (1-X )2co s20,

Y sin202 —
0

4

c o s8
co s0 I 2(1-X)cos0 *

COS0 Y sin 20
cos0I “ 2 ( l -X )c o s 6 » (5 ,33)

and i t  fo l lo w s  th a t

Fa ^(co,0,0 '=ir/2) ( i+ c o s 2e) 1 - Y sin28 x Y 
2 (1-X )2 2

s i n 28 ( 1 + 3cos28)
c o s 0 I (1 -X ) ( l+ c o s z0)

+ 3 cos0 (5 .34 )

The degree  of c i r c u l a r  p o l a r i z a t i o n  in  th e  sen se  of th e  X-mode re a d s

1  s I n 28(1 + 3cos28) , ,  .
2 I cose I(1-X )(l+C 0s28) 1

1 -  . (5.35)
2 (1-X)2J

The assum ptions  1-X << 1 and Y << 1 have been made in  d e r iv in g  (5 .34) and 

(5 .3 5 ) .  At th e  maximum power, c o s 20 = l ,  and r^ = 3Y/ 2 t i n  th e  sen se  o f  

th e  X-mode.

( i i )  For — Y2s i n 40 >> (1 -X )2c o s 20,

Tq « -Y s in 20 / ( 1-X) c o s 0 , Tx “ (1 -X )cos0 /Y sin20 , (5 .36 )

and i t  fo l lo w s  t h a t

XC. i n ?
FAX/ (w,0 ~ u / 2 , 0 '  = tt/ 2 )  * ~  »  FU (w,0 ^ tt/ 2 , 0 ’ = tt/ 2 )  . ( 5 . 37 )

Thus fo r  em iss ion  n e a r ly  p e rp e n d ic u la r  to  th e  d i r e c t i o n  of th e  back­

ground m agnetic  f i e l d ,  th e  power i s  a lm ost a l l  i n  th e  X-mode p rov ided  

th e  r e v e r s e  of i n e q u a l i t y  (5 .31) i s  s a t i s f i e d .  The r a d i a t i o n  a t  th e  

so u rce  i s  a lm ost 100% l i n e a r l y  p o la r i z e d  in  th e  sense  of th e  X-mode 

w aves .

Consider n e x t ,  r a d i a t i o n  from B e rn s te in  waves a t  f r e q u e n c ie s  

a) - n^e w ith  n > s ,  under th e  c o n d i t io n s  s p e c i f i e d  by e q u a t io n  ( 5 .2 6 ) .

In  t h i s  c a s e ,  th e  r a d i a t i o n  from th e  n o n l in e a r  s c a t t e r i n g  o f  th e s e  

B e rn s te in  waves by th e rm al io n s  always c o n s i s t s  of a m ix tu re  of 0-mode
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and X-mode waves, and the degrees of polarization can be estimated by 

the formulae presented above.

Coalescence of two Bernstein waves at u) - sQ,^ can give rise to 

radiation at go - 2sfie> The degree of circular polarization at the 

sources can again be estimated by (5.18) or by analogous expressions. 

In this case, we find

GaV '  ,0 ,0 *=tt/2)
na2sin20{(3+Y'2)(aö+Y')2 + (1+3Y’2)(aaY ’+1)2}

8(1-Y,2)4(1+t^2) a(cona)/8Go
(5.38)

from which it is seen that at maximum power sin20 = 1,

GX£(w ' ,0=7T/2,0’=Tr/2) = ^  »  G°£(w ’ ,0=7t/2,0’=7t/2) , (5.39)

on the assumption Y' = fie/s^e = s 1 << 1.

However, since we have X ~ 1/4 and Y - l/2s << 1, emission is also 

possible for a wide range of angles 0 satisfying the condition 

-y Y 2sin40 << (1-X)2cos20 . Under this condition, equation (5.38) 

together with (5.4) and various wave properties gives, to first order 

in Y' « 1 ,

Ga£(o)’ ,0,0'=tt/2) = (1-X) (1 + 3cos20) U  + Y ’x(9 ,X) } , (5.40)

where the upper (lower) sign refers to 0 (X) mode waves and

, . 1 + c o s20(28 - 23X+X2) + cos40 (3 - 21X+3X2)
^ " 4 1cos0I(1-X)(1 + 3cos20) (5.41)

The degree of circular polarization in the sense of the X-mode is then 

given by

rQ - s 1x(9,X) (0' - tt/2)

As a rough estimate, take X =  1/4, we find

x(e,x=k) 1 + 357ccs^0 - 33cos^6 
48 Icos0I(1 + 3cos20)

(5.42)

(5.43)
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Thus for 0 — tt / 3, one finds r -2.1/s and for 0  — tt / 6, r -1.85/s, withc c
radiation polarized in the sense of the X-mode.

(b) Case £2 > to-----  e p

In the case of a plasma with ft̂  > tô , one must be cautioned that 

microinstabilities at electron cyclotron harmonics in general have 

reduced growth rates and in some cases, particularly when ^e >>ajp> the 

instabilities are suppressed altogether. For example, from (3.78) it 

can be shown that in the two-stream instability, parallel electron 

cyclotron waves at to - ftg have a growth rate reduced by a factor (Op/fte 

compared with the corresponding growth rate of electron plasma waves in 

a plasma with w >■&£. Brambilla (1970), for example, examined density 

thresholds for the onset of anisotropy and loss-cone instabilities in 

hot electron plasmas and found that some instabilities are suppressed 

in hot electron plasmas.

Suppose parallel electron cyclotron waves at to - ft£ have been

excited in a plasma with ft > to and ft - to . Since the cutoff frequencye p e p
X-mode waves is given by u> = 1 6  ft , from an inequality exactlyx e
analogous to (5.11), we find that radiation at to - ft£ from nonlinear 

scattering of these waves by thermal ions consists purely of 0-mode 

waves provided k ’^V^/ft^ - k ,2A^^$0.4, i.e., the phase velocities v 

of the electron cyclotron waves satisfy the condition v^Sl.6 V .  

Similarly, in a plasma with a strong background magnetic field 

(ft£ >> co ) , the cutoff frequency of X-mode waves reads tô  - ftg + tô 2/ ^ > 

and the radiation at to - ft̂  is purely in 0-mode waves provided 

k l2Xp2 £0.67 or the phase velocities v^ of the electron cyclotron waves 

satisfy the condition v >1.24 V (ft /to ) . When the radiation consists 

of a mixture of 0-mode and X-mode w a vs, the degree of circular polari­

zation can again be estimated by using equations (5.12), (5.32), etc.
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Radiation at the second or higher harmonics can occur by the 

coalescence of electron cyclotron waves at frequencies go -  or by non­

linear (Rayleigh) scattering of electron cyclotron waves at higher 

harmonics. In any case, the radiation in general consists of a mixture 

of O-mode and X-mode waves. Procedures for estimating the degrees of 

polarization follow exactly the method presented above.

(c) Conclusions

On recapitulation, a theory of radiation arising from the non­

linear conversion of electrostatic electron cyclotron waves has been 

presented and general formulae for estimating the degrees of polariza­

tion of the radiation at the source, at harmonics of the electron 

gyrofrequency, i.e., at s^e , with s = l,2,... have been derived.

In general, when the radiation at go = sfî  (s > 2) satisfies the

condition s ti > goy ,  where gov  is the cutoff frequency of the X-mode, it e x  a
has a net degree of polarization at the source in the sense of the

X-mode. The actual degree of polarization depends on the ratio 00̂ /^, 

the harmonic number s and the angle of emission 0.

Exceptions to this rule occurs when the condition

s(s-l) < go 2/ft 2 < s2 is satisfied for the radiation at go - sfl . In this p e e
case the radiation is completely polarized in the sense of the O-mode 

This could happen under the following situations:

(i) go >  ß  : p - e
e.g. go /ft = n/5) . p e

(ii) ß  > go : e p
k ’2X 2 <0.4 (i.e. v.D e  (p

(iii) S2 >> go : e p
k' 2X 2 £ 0.67 (i.e. v De

for at most one harmonic s > 2 (sometimes none,

from parallel electron cyclotron waves provided

* 1.6 V ). e
from parallel electron cyclotron waves provided

1.24 V fi /go ) . cj> e e p
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The wavenumber and phase velocity of the electron cyclotron waves 

have been denoted by k ’ and v^ respectively.

4. AMPLIFICATION OF RADIATION

Under certain circumstances, radiation from nonlinear Rayleigh 

scattering of turbulent plasma waves can be amplified by induced 

processes. In these cases, the absorption coefficient is negative and 

it is appropriate to speak of the "maser" effect. Such effect is 

required (Smith, 1970) to explain the brightness temperatures of some 

radiation at the fundamental from the solar corona.

Radiation into magnetoionic waves by induced Rayleigh scattering 

of longitudinal plasma waves is described by a wave-kinetic equation 

(4.3):
dNö (k)

-y°(k) N°(k) , (5.44)

with

ya(k) m.V.2l l

d^k’ ,
-rj^- N*,'(k,)(u)a-t/')w10* (k,k') , (5.45)

a£ ’where w^ (k,k?) is determined by either (4.67) or (4.68). When 

A^ = (Ak^V^/Sh)2 << 1, w^a  ̂ (k,k’) is given by (4.67) with contribution 

from s = 0  dominating, and the amplification is most effective under the 

condition:

</ = </' - IAk|| |v± . (5.46)

On the other hand, when A^>>1, w ( k , k ' )  is given by (4.68) and the 

amplification is most effective when

V
-  lA£ l v i • (5.47)

In either case, when the amplification process is most efficient, the 

absorption coefficients read
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1
hi

3 / ( 2 tt) W P '
d2k ’ Wr (k’)

5(1 + Z1Te/T±)2f u 3 J (2 tt) 3 N (5.48)
q O »where F (co,0 ,©T) is given by (5.3). Note that if O-mode and X-mode 

waves are uncoupled in the amplification region, the differences in the 

absorption coefficients can give rise to a high degree of polarization 

in the sense of one mode or the other.



PART II 

APPLICATIONS

"Sic itur ad astra"

-  Virgil, 30 B.C.
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CHAPTER 6

TYPE I SOLAR RADIO BURSTS AND 
ASSOCIATED NOISE STORM RADIATION

1. INTRODUCTION

Radio emission from the sun has been classified into three dis­

tinct components (Kundu, 1965): (1) Quiet sun component, which is

simply thermal emission by bremsstrahlung from the solar atmosphere;

(2) Slowly varying component, which is also thermal emission but from 

high density regions called condensations; (3) Non-thermal component, 

which can consist of radio bursts of numerous spectral types. Studies 

of the thermal components contributed usefully to our understanding of 

the large-scale structure of the chromosphere and corona. But it is 

the non-thermal component which has stimulated new developments in our 

understanding of generation, propagation and transformation of waves in 

plasmas.

Radio bursts are generally associated with solar flares, though 

not always (see e.g., Martres et at.-, 1972), and they originate between 

the lower chromosphere (millimetre and centimetre waves) and the outer 

corona to heights of several solar radii (metre and decametre waves). 

Their observed source brightness temperature can reach as high as 

lO12 °K, and their suggested emission mechanisms are enhanced 

bremsstrahlung (Tidman and Dupree, 1965), cyclotron-synchrotron radia­

tion and plasma emission processes. Burst radiation is characterized 

by its intensity and polarization as functions of position, time, and 

frequency. On the basis of these spectral and temporal characteristics,
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the bursts have been classified into various types.

Bursts on centimetre wavelengths have been classified (Kundu,

1965) into three distinct types: (1) Impulsive bursts; (2) Post-burst;
and (3) Bursts exhibiting gradual rise and fall of intensity. Bursts 
on decimetre wavelengths consist of a variety of fast drifting elements 

superimposed on a background continuum. There is a great variety of 
bursts on metre and decametre wavelengths. Apart from rarer events 
such as drift pair bursts, Hook bursts, U bursts and spike bursts, 
bursts on metre and decametre wavelengths have been classified (Wild 

and McCready, 1950; Wild et al. , 1959) as types I, II, III, IV, and V, 
on the basis of their spectral characteristics. Examples of the 
principal spectral types of solar radio bursts on metre wavelengths, 
taken with the Dapto Solar Radio Spectrograph, are shown in Fig. 6.1. 
Their principal characteristics are summarized in Table 6.1.

Whilst considerable progress has been made in our understanding of 
type III, type II and moving type IV bursts during the last decade (see 
Wild and Smerd, 1972), the same cannot be said for type I bursts. In 
view of the fact that type I bursts and associated noise storms are the 
most common events on metre wave bands, being present about one tenth 

of the time during periods of the disturbed sun (Kundu, 1965) , the 
noise storm phenomenon presents to us a theoretical challenge. The 
complexity of the phenomenon can perhaps be attributed to the sig­

nificant role played by the coronal magnetic field, since type I bursts 

are strongly associated with the appearance of sunspots and with 
optical activity in the photosphere and the chromosphere. Evidences 

for this are the strong circular polarization and the high degree of 
directivity of type I bursts (see section 4). The emission mechanisms 
in a magnetoactive plasma, considered in the first part of this thesis,
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TIME (MlnutM)

The main figure shows records taken with the Dapto Solar Radio Spectrograph (near Sydney, Australia). The records chosen show 
typical examples of the six main types of events observable at meter wavelengths. Frequency is measured vertically and time hori­
zontally, the intensity is given by the shade: intense bursts appear white, weak ones grey, and the background is black. The bright 
lines which are observed at a constant frequency are interference from radio transmitters.

The bottom figure shows in the same form, an idealization of the most complete sequence of events which can follow a major flare. 
Other details of the particular events are as follows:

Type I  (22-12-59 record starts 0210 U.T.). This is a typical “noise storm” which may last for hours. This particular event oc­
curred simultaneously with a large number of type III bursts (see below) which should not be confused w'ith the type I.

Type I I  (30-11-59 record starts 0251 U.T.) This is also called a slow-drift burst. The direction of drift is always the same and the 
rate of drift does not vary greatly. Note, particularly near the end, the twro pairs of bands, one at tw'ice the frequency of the other.

Type I I I  (7-10-60 record starts 0547 U.T.) These are also called fast-drift bursts. Each of the individual, almost vertical lines is 
a separate burst. The direction of drift is the same as for type II bursts.

Type IV  (11-11-60 record starts 0408 U.T.) The example shows a form of continuum radiation (so called for its slow variation with 
frequency and time) which commonly follows type II bursts. It is sometimes called “type IV,” but the term has been loosely applied 
to various forms of continuum.

Type V (4-2-60 record starts 0422 U.T.) This is a continuum event, of much shorter duration, which follows immediately after a 
group of type III bursts.

Drifting pairs (D.P.) (12-2-60 record starts 0422 U.T.) A drifting pair is a pair of short-duration, narrow-bandwidth bursts, very 
similar to one another, which occur separated in time by about two seconds. Both parts drift rapidly in frequency, either from high to 
low frequencies (“forward-drift pairs”) or from low to high (“reverse-drift pairs”). This record shows a portion of a particularly dense 
torm of drifting pairs and includes drifts of both senses.

(Recorded with the Dapto Radio Spectrograph of the Division of Radiophysics C. S. I. R. O., University Grounds, Sydney, Australia. 
Courtesy, Paul Wild.)

Fig. 6.1: Examples of principal spectral types of solar radio bursts.
(After L.H. Aller, 1963: The Atmosphere of the Sun and Stars,
New York, Ronald Press.)
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constitute a theoretical basis for the understanding of type I bursts.

It is relevant to study the physical conditions in the solar 

atmosphere above active regions, where noise sources are situated.

Thus a brief review is given of the coronal conditions above active 

regions, which have been deduced from observations. This is followed 

by a summary of the most important observations. Succeeding sections 

are given to a critical appraisal of existing theories and construction 

of a new theoretical model.

2. SOLAR CORONA (Newkirk, 1967)

As eclipse photographs might suggest, the solar corona is largely 

inhomogeneous, consisting of structures of various shapes and sizes, 

with enhanced densities. Perhaps the most conspicuous of these are 

polar plumes, narrow rays and coronal streamers.

Polar plumes and narrow rays are essentially beams with enhanced 

brightness and density, protruding approximately radially outwards from 

the chromosphere. Polar plumes are generally associated with bright 

polar foculae on the solar surface and their densities are enhanced 

several times above that of the background corona (Newkirk, 1967).

Coronal streamers are larger structures which are also brighter 

and denser than the background corona and which extend beyond 0,5- 1.0 

solar radii. Two different types of coronal streamers can be distin­

guished (Mustel, 1962, 1963): one is the helmet streamer associated

with quiescent prominences and the other is the active streamer 

associated with the active regions. The helmet streamers, whose main 

structural features at low heights are arches of qtfiescent prominences, 

are probably not important for the discussion of noise storm phenomena.
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Active streamers are associated with more complex structures above 

the active regions. The diffuse condensation which surrounds an active 

region but which does not extend beyond 0.3 RQ above the limb, is often 

simply called "enhancement", and it seems to merge smoothly into the 

background corona. The "permanent" and "sporadic condensations" are 

smaller-sized density enhancements and they include loops, arches, 

isolated knots, and filaments.

Loops, with a typical diameter of 5 * 103 km, appear to follow mag­

netic field lines and seem to connect regions of opposite magnetic 

polarity within the same active region (Howard, 1971). Arches have 

larger cross-sections, they are more open and stable and they often 

connect different active regions. Isolated knots are more transitory 

high-density enhancements, with a roughly spherical shape. They occur 

frequently together with loops and arches. Long, thin, and tortuous 

filaments are often seen above active regions. They are denser and 

cooler than the background corona. The part they play in solar flares 

and noise storm phenomena is not well understood.

It must be said that in the classification of coronal 

inhomogeneities, due to inherent complexities, some arbitrariness is 

often unavoidable and that the features described are changing more or 

less rapidly all the time.

3. THE ACTIVE REGION CORONA

In order to consider quantitative theories of type I bursts, it is 

necessary to adopt a simplified model of the solar corona above active 

regions. The basic physical quantities required are the electron 

density, the magnetic field strength, and the electron temperature. 

After what has already been said in the previous section, the following
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models of the requisite parameters represent only an average, "smoothed 

out" picture of the corona in these regions.

(a) Electron Density

The conventional model of electron density distribution in the 

solar corona is given by the Baumbach-Allen formula:

ng = 108 (1.55 p”6 + 2.99 p"16) cm"3 , (6.1)

where p = R/R0 , R = radial distance from centre of the sun. On the basis 

of observations made with the K-coronameter, Newkirk (1961) proposed an 

electron density distribution in the quiet corona described by

ln4.32/R «3 (rn = nn 10 cm * , (6.2)q
where ng = 4.2xlOu. He suggested that electron densities along the 

axis of coronal streamers are about double those of the quiet corona at 

the same height. From radio observations of type II and type III 

bursts, Wild et dl» (1963) proposed a streamer with twice the density 

given by the Newkirk coronal streamer. Such an electron density dis­

tribution, which is four times that of the Newkirk quiet corona and 

about ten times that of the Baumbach-Allen model, appears to be the 

best empirical model to adopt for the corona above active regions (see 

Fig. 6.2).

(b) Magnetic Field Strength

Even though the magnetic field probably determines the morpholog­

ical structure of the corona, comparatively little is actually known 

about the coronal magnetic field (Howard, 1971). There is ample 

evidence that the coronal magnetic field is inhomogeneous on a scale- 

length of 103 km, possibly associated with fine magnetic field
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Proposed
Model density distribution

Corona ^  >
( Baumbach -A lle n )

Coronal streamer 
( Newkirk )

10 R0
Radial distance above photosphere

Fig. 6.2: Average electron densities in the solar corona as a function
of height. The plotted points give the measured height of origin 
of type II and type III bursts. ® — type III bursts, fl —  type II 
bursts. The bar represents the probable error of the 50 Mc/s point 
and is typical of the errors in all four points for type II bursts. 
(After Wild et at., 1963.)
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structures originating from the photosphere (see e.g., Sweet, 1971).

Potential field models for the coronal magnetic field above active 

regions have been proposed by Newkirk (1967) to match estimates derived 

from observations of radio bursts. Such models have been justified by 

Rust and Roy (1971), who show that coronal magnetic fields above slowly 

varying active regions can be accurately represented by vacuum poten­

tial fields derived from underlying photospheric field sources 

(principally the larger sunspots in a region). However, the observa­

tional data on coronal magnetic fields deduced from radio bursts 

usually suffer from the difficulty that the validity of the assumed 

radiation mechanism is frequently not known.

Nevertheless, a potential field of the type (A) (see Fig. 6.3) 

proposed by Newkirk (1967) appears to be a reasonable model for the 

coronal magnetic field above an active region. Let us take as our 

model the potential field of a dipole of magnetic moment 1032 e.m.u., 

with length 4 x 10*3 cm, embedded about the same distance below the 

photosphere. This corresponds to a magnetic field of strength 

2.5x10- gauss on the solar surface, and at distances greater than 

about 0.1 R>3 above the photosphere, the magnetic field strength can be 

approximated by

B = 0.292 (6.3)

where p is the height above the photosphere in units of solar radii. 

This model, together with twice the Newkirk model for electron density 

in a streamer can be used to obtain electron plasma frequency, electron 

gyrofrequency, their ratio, and the cutoff frequency of X-mode waves 

(see equation (5.1)) as functions of height above the photosphere (see 

Fig. 6.4).
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MICROWAVE BURSTS

TYPE I BURSTS

CHAINS OF TYPE I BURSTS

TYPE II BURSTS (a)

TYPE II BURSTS (b)

TYPE II BURSTS (c)

TYPE IV BURSTS

ACTIVE REGION PROMINENCES

SPRAY PROMINENCES

QUIET CORONA

POLAR CROWN FI IAMENTS

QUIESCENT FI I A M  ENTS

CORONA NEAR FI LAMENT

POLE

INTERPLANETARY

REVERSlHiG HEIGHT OF V  BURSTS

HEIGHT OF ARCHES

Distance from Solar Surface ( R „ )

The strength of coronal magnetic field as a function ofFig. 6.3:

height above the photosphere as estimated by various techniques. 
Values referring to active regions appear as heavy lines. Simple 
models for the potential field above an active region (A), an 
extended dipole region (B), and the general solar field at the 
equator (C) appear for comparison. The curve H represents the field 
required for pressure equilibrium with the solid wind. (After 
Newkirk, 1967.)



130

P e

Radial Distance Above Photosphere (RQ)

Fig. 6.4: Electron plasma frequency f , electron gyrofrequency ft /2 tt ,P ®
their ratio oâ /ft̂ , and the cutoff frequency of X-mode waves as
functions of height above the photosphere for the adopted models of
electron density and magnetic field strength above active regions.
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(c) Electron Temperature

On account of the high thermal conductivity of the solar corona, 

the kinetic temperature of electrons varies only slightly with height 

and it can be taken to be 2 x 10® °K above active regions. This corres­

ponds to a thermal velocity of electrons V£ = 7.8x10® cm sec"1. 

Existence of ion-acoustic waves above active regions (Gordon, 1968) can 

be regarded as evidence for T£ > in these regions.

The adopted electron temperature and the adopted electron density 

distribution are sufficient to calculate the electron Debye length 

= V^/oüp and the collision frequency (see equation (3.45)) as 

functions of height above the photosphere (see Fig. 6.5).

Another important characteristic parameter is the plasma beta, 

which is the ratio of particle-kinetic pressure to magnetic pressure:

6
2 n kT a a
B2/8tt (6.4)

At the assumed temperature and on the supposition that electron 

pressure is dominant,

3 = 6.75 xlO"4 (oop/fte)2 , (6.5)

whose variation with height above active regions is illustrated in 

Fig. 6.6. The Alfven velocity, which is given, for a hydrogen plasma,

by

v. = 6.93 x 10® fi /w cm sec”1 , (6.6)A e' p

is displayed as a function of height above the photosphere in Fig. 6.7. 

4. OBSERVATIONS

Several reviews on the general nature of type I bursts and 

associated noise storm radiation are available; see for example Wild
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Radial Distance Above Photosphere (R0)

Fl8* 6*5: Electron Debye lenSth and effective collision frequency as
functions of height above the photosphere for adopted model of 
electron density distribution and T =2 x 10̂  °K.
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Radial Distance Above Photosphere (r )
Fig. 6.6: Plasma ß as a function of height above the photosphere for

adopted models of electron density distribution and magnetic field 
strength.
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Radial Distance Above Photosphere (Rc)

Fig. 6.7: Alfvdn velocity as a function of height above the photosphere.
The scale on the right is its value normalized with respect to Ve, 
taking Tg = 2x 106 °K.



135

et dl. (1963), Kundu (1965) and Zheleznyakov (1970). However, more 

recently, heliographic observations, high-resolution observations with 

improved instruments and observations of chains of type I bursts have 

contributed significantly to our knowledge of the phenomenon, so that 

an updated review is called for. Although no attempt is made at being 

exhaustive in our review, all the important observations are included 

and are presented in an order which reflects their importance for our 

understanding and for the construction of theoretical models.

(a) Intensity

(1) The intensity of noise storm radiation varies from barely 

detectable values up to thousands of times the quiet sun intensity. 

Typical flux density observed is about a few times 10 21 W m"2 Hz' 1, 

corresponding to brightness temperatures of about 109 °K, for apparent 

sizes of the sources. The flux density from bursts is typically an 

order of magnitude greater than that of the storm radiation. Bright­

ness temperatures of bursts 1011 °K or higher have occasionally been 

observed.

(b) Polarization

(2) Type I bursts and the background continuum are usually 

strongly circularly polarized to the same degree and in the same sense. 

Exceptions to this general rule can occur during the initial stages of 

a noise storm, when the polarization is highly variable, with varying 

degrees of polarization even within individual bursts (Chernov et at., 

1972). Otherwise, exceptions can be attributed to independent sources 

situated in opposite hemispheres or to the inhomogeneity of the back­

ground magnetic field in a large source.
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(3) The degree of polarization of individual bursts usually 
increases gradually at the initial stage of storm development and after 

it attains 100%, it remains on this level till the end of the storm 
(Chernov et at. , 1972).

(4) The polarized radiation corresponds to ordinary mode waves of 

the magnetoionic theory (Payne-Scott and Little, 1951).

(5) There is no significant difference between the polarization 
of bursts occurring in chains and those occurring separately (Hanasz, 

1966).

(c) Duration

(6) A noise storm as a whole can last up to hours or days. How­

ever, the spectrum of the background continuum can change continuously 
with time and during periods of high activity, it shows marked changes 
in profile in periods of about 20 minutes.

(7) Individual bursts have duration between about 0.1 to 1.0 sec, 
and it decreases with increase in frequency (Elgaroy, 1967). Their 
intensity-time profiles are usually symmetric (Elgaroy, 1961; Chernov 

et al., 1972).

(8) The average lifetime of a chain of type I bursts is about

5 sec (Elgaroy and Ugland, 1970). The distribution of the number of 
chains w.r.t. lifetime follows an exponential law: N a exp (-t/30) ,

where t is in seconds (Hanasz, 1966).

(d) Bandwidth

(9) The bandwidth of the background continuum radiation is 

usually about 100 MHz, while that of bursts is between 2 to 10 MHz,
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typically about 4 MHz. The bandwidth of bursts increases with an 

increase in frequency (Elgaroy, 1967).

(e) Frequency Drift

(10) About half of type I bursts exhibit frequency drifts w.r.t. 

time, either toward higher or lower frequencies. The drift rate 

ranges between 1 MHz sec”1 to tens of MHz sec-1', being between those of 

type II and type III bursts.

(11) About 50% of chains drift toward lower frequencies, 30% 

toward higher frequencies and 20% show no detectable drift (Elgaroy and 

Ugland, 1970). The absolute value of the frequency drift varies 

between 0.16 MHz sec"1 and 0.25 sec”1, corresponding to a "radial" 

velocity of the exciting agency between ±0.27 V , with an average 

absolute value of about 0.05 (Elgaroy and Ugland, 1970; Hanasz, 

1966; Wild and Tlamicha, 1964).

(12) Drift directions and drift rates can be different for bursts 

occurring in the same chain. In some cases, all bursts in a chain have 

no detectable frequency drift (Elgaroy and Ugland, 1970).

(f) The Source

(13) The shape of the source appears to be that of an elliptical 

disk (Malinge, 1963), the major axis of the ellipse being more or less 

in the N-S direction and the plane of the disk being roughly parallel 

to the photospheric surface.

(14) The angular size of storm centres varies from less than

1 min of arc to about 10 mins of arc and it decreases with increase in 

frequency of observation. At 169 MHz, a typical diameter of a storm 

centre is 3 or 4 mins of arc (Malinge, 1963). The angular size of
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bursts is somewhat smaller, less than 1'.6 has been observed (Goldstein, 

1959). (One min of arc corresponds to a dimension of 0.062 RQ on the 

solar surface.)

(15) The mean height of sources of type I bursts, when investi­

gated on 200 MHz, is between 0.2 to 0.3 R0 above the photosphere 

(Morimoto and Kai, 1961).

(16) In general, storm centres are located near the corresponding 

plasma level of Newkirk’s model of the solar atmosphere above active 

regions.

(17) Chains of type I bursts appear most frequently at 100 MHz. 

They are not found in spectrographic records at frequencies greater 

than about 300 MHz (Elgaroy and Ugland, 1970). Assuming type I bursts 

originate at close to the local plasma frequency, and using the 2 x 

Newkirk model of coronal streamer, one deduces that chains of type I 

bursts occur mostly between 0.3 and 0.7 R0 above the photosphere, with 

most frequent occurrence at about 0.5 R0 .

(18) Although bursts and continuum radiation come from the same 

general region, they have been observed to come from distinct parts of 

the same source by radioheliographic observations (Sheridan, 1972).

(g) Centre-Limb Variations

(19) The number of occurrences of noise storms decreases from the 

central meridian toward the limb. This means the storm radiation is 

narrowly directed.

(20) The average height of sources of bursts and continuum radia­

tion increases toward the limb (Morimoto and Kai, 1962; Malinge, 1963).

(21) The average degree of polarization of storm bursts and the
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intensity of an average storm centre, both decrease from the central 

meridian (Kai, 1962; Malinge, 1963) (Figs. 6.8a and 6.8b).

(22) It appears that the average lifetime of the chains decreases 

toward the limb whilst the change in bapdwidth between the start and 

end of chains and the average frequency drift, both increase toward the 

limb (Elgaroy and Ugland, 1970).

(h) Associated Phenomena

(23) Most noise storms are preceded within two hours by a flare 

and for important flares, the most probable time delay between noise 

storms and flares is about 30 minutes (Kundu, 1965).

(24) Noise storms are always associated with sunspot groups, with 

the area of a group greater than about 6 x 10 4 of the solar disk. When 

the area of a sunspot is greater than 7.5 x 10~'4 of the solar disk, the 

probability of its association with an important storm centre is about 

80% (Malinge, 1963).

(25) Some storm bursts appear to split into two components 

(Elgaroy, 1961; Yoh and James, 1967). Observed in the range 190-215 

MHz, the mean frequency separation between the two elements is about

8 MHz (Elgaroy, 1961).

(26) Two or more chains running almost parallel at the same time 

are frequently present on spectrographic records (Elgaroy, 1961;

Hanasz, 1966). Statistical analysis does not reveal any harmonic 

phenomenon, the two components of a pair often do not start simul­

taneously and their frequency separation varies between 10 to 50 MHz 

usually, with 20 MHz being a most common value (Hanasz, 1966).

(27) Weak type III bursts sometimes appear to "grow" out of 

type I chains (Wild and Tlamicha, 1964; Hanasz, 1966). However,
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Distance from Centre of Disk (RQ)

Fig. 6.8a: Centre-limb variation in the average degree of
polarization of type 1 bursts. (After Kai, 1962.)

Fig. 6.8b: Centre-limb variation of the intensity of an average storm
centre. (a) Intensity < 20 x 10~22 W m~2 Hz”1; (b) Intensity
> 20 x 10' 22 W m' 2 Hz' 1. (After Malinge, 1963.)
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radioheliographic observation of a noise storm in 1968 showed that the 

type III source position was displaced about 0.5 R0 transversely from 

the type I (Stewart and Labrum, 1972).

A schematic drawing of a type I noise storm and type III bursts is 

given in Fig. 6.11.

5. REVIEW OF EXISTING THEORIES

Various interpretations to the above observations have been 

proposed. In this section, existing theories of type I bursts and 

associated noise storm radiation are reviewed and critically appraised.

Two theories, so far, appear to have survived in the literature: 

one involves coherent gyromagnetic radiation at low harmonics of the 

electron gyrofrequency (Fung and Yip, 1966), the other involves radia­

tion from coherent plasma waves at about the local plasma frequency 

(Takakura, 1963; Trakhtengerts, 1966). These theories are antedated 

in their basic physical ideas, by earlier, less quantitative theories 

(see references cited in them). Because these theories are the most 

developed, qualitatively and quantitatively, our review and discussion 

will be confined to them. A summary of the aspects of type I 

phenomenon considered by these authors is given in Table 6.2.

It will be shown below that the theory based on coherent gyromag­

netic radiation (Fung and Yip, 1966) is unsatisfactory and the theory 

based on plasma emission processes (Takakura, 1963; Trakhtengerts, 

1966) is incorrect and incomplete in various ways. Our judgements are 

based on the criterion that observations, particularly those which dis­

tinguish type I phenomenon from phenomena of other spectral types, 

should be explained on established principles of plasma physics and on 

plausible assumptions.
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Active streamer

Type I noise st
\
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Fig. 6.11: A schematic drawing of a type I noise storm and type III

burst events in the solar corona.
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(a) (b) (c) (d) (e)* (f) (g) (h) (i) (j) (k)

Fung and Yip (1966) A / X / / X A X X A X

Takakura (1963) / X * X A / A / ✓ / / A
Trakhtengerts* (1966) / X X * X X X X X X / /

Table 6.2: Summary of aspects of type I phenomenon considered by
the authors. Cases with asterisks are discussed in the text. Column 
(a) origin of type I bursts; (b) origin of the background continuum 
radiation; (c) origin of chains of type I bursts; (d) intensity of 
radiation; (e) polarization; (f) duration; (g) bandwidth;
(h) origin of frequency drift; (i) centre-limb effects; (j) exciting 
agency; (k) origin of the exciting agency.

(a) Theory of Fung and Yip (1966)
I

Fung and Yip (1966) have developed a theory for type I bursts and 

continuum radiation, which can be summarized as follows. Electron 

streams gyrating in the solar corona above active regions emit gyromag- 

netic radiation at low harmonics of the electron gyrofrequency. 

Simultaneous solution of the dispersion and Doppler equations (see e.g. 

equations (2.81) and (3.18)) gives rise to so-called "single" and 

"double" frequency solutions when the conditions s/y > wn v/£2 and 

s/y< Wq respectively are satisfied. Here, as elsewhere, s is the

harmonic of the radiation, y is the Lorentz factor, is the electron 

gyrofrequency and con Y is the cutoff frequency of the 0, X-mode waves. 

"Single" frequency solutions are assumed to give rise to broad-band 

background continuum radiation, whilst "double" frequency solutions are 

assumed to give rise to narrow-band bursts of radiation. This theory 

is open to several criticisms, the main ones of which are related to 

polarization, burst radiation and model of exciting agency. These

points are discussed in detail below.
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( i )  P o l a r i z a t i o n

The s i n g l e - p a r t i c l e  t h e o r y  o f  g y ro m a g n e tic  r a d i a t i o n  ( s e e  e . g .  

e q u a t i o n  ( 3 . 1 8 ) )  p r e d i c t s  t h a t  t h e  r a d i a t i o n ,  f o r  g iv e n  p lasm a p a r a ­

m e t e r s ,  i s  p r e d o m in a n t ly  i n  t h e  X-mode ( s e e  Fung and Y ip ,  1966, p . 7 7 3 ) .  

T h i s  a l r e a d y  fo re sh a d o w s  a d i f f i c u l t y  f a c e d  by g y ro m a g n e tic  t h e o r i e s ,  

s i n c e  ty p e  I  n o i s e  s to rm s  a r e  p o l a r i z e d  i n  th e  s e n s e  o f  t h e  O-mode. 

G ra n te d  Fung and Y i p ' s  s t r e a m  d i s t r i b u t i o n  ( e q u a t io n  ( 3 . 8 ) ,  loo.  o i t . )  

w hich  w i l l  be  q u e s t i o n e d  be lo w , t h e  th e  g row th  r a t e s  f o r  b o th  modes o f  

r a d i a t i o n  a t  t h e  same harm on ic  a r e  o f  th e  same o r d e r  o f  m a g n i tu d e ,  w i t h  

X-mode grow th  r a t e s  s i g n i f i c a n t l y  l a r g e r  f o r  l a r g e  p i t c h  a n g le s  o f  t h e  

s t r e a m .  L a rg e  p i t c h  a n g le s  a r e  in v o k ed  by Fung and Yip (1966 , p .7 8 0 )  

t o  e x p l a i n  t h e  n a r ro w -b a n d e d n e s s  o f  t h e  b u r s t s .  T h e r e f o r e ,  t h i s  r a d i a ­

t i o n  m echanism does n o t  p ro d u ce  a p redom inance  o f  O-mode r a d i a t i o n  and 

i n  f a c t ,  when l a r g e  p i t c h  a n g le s  o f  t h e  s t r e a m s  a r e  assumed f o r  ty p e  I  

b u r s t s ,  t h e  r a d i a t i o n  p ro d u c e s  an e x c e s s  o f  X-mode waves r e l a t i v e  to  

O-mode w a v e s .

To e x p l a i n  t h e  h ig h  d e g re e  o f  c i r c u l a r  p o l a r i z a t i o n  i n  t h e  s e n s e

o f  t h e  O-mode, Fung and Yip (1966) p ro p o se  t h a t  t h e  r a d i a t i o n  e i t h e r

o c c u rs  a t  f r e q u e n c i e s  below  th e  c u t o f f  f r e q u e n c y  o f  X-mode waves o r

s u f f e r s  s t r o n g  g y r o re s o n a n c e  a b s o r p t i o n  o f  t h e  X-mode waves a t  t h e

t h i r d  ha rm on ic  ( p .7 8 9 ,  loo. o i t . ) .  These  p r o p o s a l s  m igh t w e l l  be

a d e q u a te  i n  e x p l a i n i n g  t h e  p o l a r i z a t i o n  o f  ty p e  I  b u r s t s  a t  h ig h

f r e q u e n c i e s ,  c o r r e s p o n d in g  to  low s o u rc e  a l t i t u d e s .  However, a t  low

f r e q u e n c i e s  ( sa y  80 MHz), c o r r e s p o n d in g  to  r e l a t i v e  h ig h  a l t i t u d e s ,  t h e

r a t i o  (jo /ft i s  p r o b a b ly  l a r g e  ( g r e a t e r  th a n  4 sa y )  , e m is s io n  p u r e l y  i n  
P ®

O-mode waves i s  c o n f in e d  to  a v e ry  na rrow  f r e q u e n c y  r a n g e  ( s e e  F i g .  

6 . 4 ) ,  g y ro re s o n a n c e  a b s o r p t i o n  a t  h a rm o n ics  g r e a t e r  th a n  3 o r  4 i s  weak 

( s e e  s e c t i o n  4 ,  c h a p t e r  3) and h e n c e  th e  a b o v e -m en t io n ed  p r o p o s a l s  f o r
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explaining the high degree of circular polarization in the sense of the 
O-mode seem implausible.

(ii) Burst Radiation

The "double" frequency solution condition, which is also the con­

dition for occurrence of burst radiation in their theory (Fung and Yip, 
1966) and the escape conditions for radiation give the following 
inequalities:

s^e < yWp < s^e/(1 - na$scos0) , (6.7)

where ß := u /c, with u denoting the stream velocity parallel to the s s s
background magnetic field. From frequency drift rate measurements and 
other observations it seems that there is no reason for supposing the 
beams responsible for type I bursts are relativistic. If the electron 
beams are non-relativistic, then the inequalities (6.7) would place 
stringent conditions on the occurrence of burst radiation.

Fung and Yip (1966) predict maximum intensity of the burst radia­

tion occurs near the level where and significantly reduced
intensities at higher levels. An examination of spectralgraphic 
records (see e.g. Fig. 6.10) appears to indicate that bursts of 

comparable intensities can occur at widely separated frequencies.

(iii) Model of Exciting Agency

As a model of the exciting agency, Fung and Yip ('ibid.) adopt 6- 

function distributions for electron streams and they allow stream 
velocities up to 0.7 c. No justification, based on observations or 
otherwise, appears to have been given for neglecting velocity spreads 
in the electron streams or for considering relativistic velocities. In 
view of the discussions given in section 5 of chapter 3, th«
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hydrodynamic or reactive treatment of the amplification process of the 

radiation (associated with the 6-functions) also needs some 
justification.

An alternative model involving a bi-Maxwellian streaming distribu­

tion for electron streams has been used by Melrose (1973) to discuss 
coherent gyromagnetic radiation. He concludes that preferential gyro- 
resonance absorption of X-mode waves cannot overcome preferential 

emission to give net polarization in the sense of the O-mode.

(b) Theory of Takakura (1963)

Takakura (1963) has developed a theory of type I bursts, based on 
the "plasma hypothesis", i.e. the radiation arises from nonlinear 
Rayleigh scattering of coherent electron plasma waves. This theory, 
which contains discussions on more features of the observed radiation, 
can be summarized as follows.

Two Alfven wave packets, propagating in opposite directions, col­
lide and produce a beam of electrons with a velocity about three times 

the Alfven velocity 3v.. On the assumption that v. - V , the beam 
generates coherent electron plasma waves, which are then scattered by 
thermal density-fluctuations to give rise to radiation at about the 

local plasma frequency. The amplitude of electric field of the elect­
ron plasma waves, which determines the intensity of the radiation, is 
taken to be that of the steady state, when energy gain of the electron 

plasma waves due to beam-plasma interaction balances energy loss due to 
collisional damping. The polarization characteristics are explained by 

the escape conditions of radiation and by gyroresonance absorption.

For example, if 1>X > 1-Y, where X and Y are given by equation (2.80), 
only 0-mode radiation can escape to the earth, and if 1-X>Y>1$, the
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radiation is subjected to gyroresonance absorption at levels Y = -j> 
etc. The duration of the burst is assumed to be determined by the 

deflection time of the beam, from which the beam velocity is determined 
to be about 1.2- 1.6 x 109 cm sec'1 *. The bandwidth was suggested to be 
due either to a variation in electron densities at the source or to a 
dispersion of velocities in the beam. The frequency drift was 
attributed to beam motion through the solar corona.

Although in this thesis, we will also develop (section 6) the 
"plasma hypothesis" for the generation of type I bursts, Takakurafs 
theory is, nevertheless, criticized in several respects. These 
criticisms pertain to the intensity, polarization and duration of the 
bursts, and to the generation mechanism of the exciting agency. These 

are discussed separately and in detail below.

(i) Intensity

Takakura's calculation of the radiation intensity, based on the
work of Ginzburg and Zheleznyakov (1958), neglects induced effects. As
shown by Kaplan and Tsytovich (1969) induced emission and absorption
processes become important as the energy densities of non-thermal
electron plasma waves are raised. For example, from equations (3.44)

0and (4.87), it can be seen that at W ~ , induced absorption
of the electron plasma waves begins to dominate over collisional damp­

ing which is assumed by Takakura (p.466, loo. oit.) to be the sole 
absorption process determining the amplitude of electron plasma waves. 

In fact, at the energy densities of non-thermal electron plasma waves 

(~ 10 7 erg cm’3 * * *) considered by Takakura, induced effects cannot be 
neglected. In general, induced effects alter the naive picture of 
plasma turbulence and they affect plasma emission processes.
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If induced effects on the radiation are only those of "positive" 

absorption, i.e., the radiation is damped by induced conversion to 

electron plasma waves, Kaplan and Tsytovich {ibid.) showed that the 

brightness temperature of the fundamental at the source cannot exceed 

about 109 °K. Hence the radiation must be amplified for higher 

brightness temperatures to have been observed.

(ii) Polarization

Takakura (1963) neglects the effects of a background magnetic 

field in his treatment of the "plasma emission processes". He predicts 

type I bursts at frequencies above the cutoff frequency of X-mode waves 

would be completely unpolarized at the source. Hence, to account for 

the polarization of type I bursts, he suggests that either the radia­

tion occurs at frequencies below the cutoff frequency of the X-mode 

waves or the radiation is subjected to strong preferential gyro- 

resonance absorption of the X-mode waves at levels Y = -j and -j, as the 

radiation propagates to the earth.

According to this theory then, if the source is situated at a suf­

ficiently high altitude where the condition Y < is likely to be 

satisfied, the type I bursts observed at earth should be unpolarized. 

The sources of type I bursts at low frequencies (24 - 38 MHz) are 

expected to satisfy the condition Y < y  (see Fig. 6.4) and the radia­

tion is then expected to be unpolarized. The observation of strongly 

polarized type I bursts at these low frequencies by Yoh and James 

(1967), Warwick and Dulk (1969), and Sastry (1972), appears to suggest 

that causes of the strong polarization observed are not just those 

proposed by Takakura (1963).
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(iii) Duration

Takakura (1963) suggests that the duration of type I bursts is 
determined by the deflection time of the electron beams. The 
deflection time is given by {ibid.)

xn = m 2u VSire^n £n A - 0.07 x (u /V )3 (sec) , (6.8) D e s  e e c s e v ' * N '

where u (> 2V ) is the beam velocity and x is the collisional dampingS c C

time given by (see equation (3.44))

T = 7.71x1016/{f 2(17.95 - log f )} (sec) , (6.9)c P P

with the local plasma frequency f in Hz.

Although the deflection time x^ is capable of accounting for the 
duration of bursts at high frequencies (say 200 MHz), it appears to be 
too long compared with observed durations at low frequencies (Yoh and 
James, 1967; Warwick and Dulk, 1969; Sastry, 1972). For example, at
25 MHz, one finds x^ - 8(ug/Ve)3 secs, which is much larger than the
typical observed value of 2 or 3 secs, for the duration of bursts at 
high source altitudes.

To circumvent this difficulty, Elgaroy and Eckhoff (1966) and 
Sastry (1972) suggest that type I bursts occur in coronal regions where 
the temperature is significantly less than 106 °K. Sastry (1972) sug­

gests temperatures T^ - 105 °K. In view of the high thermal conductiv­

ity of the solar corona, it seems difficult to substantiate the 
hypothesis that coronal regions with temperatures as low as 105 °K are 
sufficiently prevalent to account for the common occurrence of type I
bursts.
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(iv) Generation Mechanism of Electron Beams

As pointed out by Trakhtengerts (1966), Takakura (1963) has not 

taken into account charge separation at the MHD wave front. When 
charge separation at the wave front is taken into account Trakhtengerts 

(ibid. ) shows that the reflected particles are stable with respect to 

the excitation of electron plasma waves.

(c) Theory of Trakhtengerts (1966)

Trakhtengerts (1966) is principally concerned with the generation 

mechanism of electron beams which could give rise to type I bursts; 
little discussion is given over to the explanation of observed features 
of the bursts. He raises objections against Takakura's (1963) 
generation mechanism and proposes the following alternative.

A magnetohydrodynamic pulse (soliton) of finite amplitude 
propagates along the background magnetic field and reflects plasma par­
ticles from its wave front. On account of differences in mass between 
electrons and ions, more electrons than ions are reflected from the 
wave front and thus a charge separation is set up at the front. Con­
trary to Takakura's conclusions, the reflected electrons are shown to 
be stable with respect to the excitation of electron plasma waves.

Under the conditions (1) V /ft < d <V /v ande e e c
(2) 1 >>b/Bo >> (m /m.) (V /v )2, where d is the width of the pulse, 
b + Bq Is the maximum amplitude of the magnetic field in the pulse, and 
other symbols have their usual meanings, the charge separation causes a 
counter current which is unstable with respect to the excitation of 

non-thermal electron plasma waves. Moreover, when two such MHD waves 

collide, the bursts of radiation that arise from the non-thermal elect­
ron plasma waves should appear as intense transient blips superposed on
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a relatively weak background of radio emission, which consists of

slowly drifting narrow-band bursts with large overlaps in frequency.I

This theory can be questioned on a number of points. We discuss 

separately (i) the question of dissipation, (ii) the assumption 

V -v., (iii) the frequency drift of the bursts occurring in chains.6 Ä

(i) Dissipation

In the absence of dissipation, it is possible to obtain from the
I

MHD equations only solitary waves or solitons, which are represented by 

symmetrical potential barriers (Sagdeev, 1966) for disturbances propa­

gating along the background magnetic field. However, in the presence 

of dissipation, in this case by the generation of microturbulence, a 

soliton solution changes into a shock solution (Tidman and Krall, 1971). 

It appears therefore the problem has not been solved self-consistently, 

since the effect of dissipation on the structure of the disturbance, 

viz. the soliton has to be taken into account.

(ii) Assumption V -v,6 Ä

Trakhtengerts (1966) makes the assumption V - vA and so the con- 

dition (2) above reduces to 1 >> b/Bo >>11̂ /111̂ , a condition which can 

probably be easily met. However, he also identifies v^ with the speed 

of propagation of the disturbance. Interpreting the frequency drift 

rates of chains of type I bursts as indicating the Alfven speed v^,

Wild and Tlamicha (1964), Hanasz (1966) and Elgaroy and Ugland (1970) 

find the average value of vA to be about 0.05 V . It appears therefore 

that the assumption V - v. needs further justification.0 A
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(iii) Frequency Drift of Bursts Occurring in Chains

Following Trakhtengerts' theory, one would expect the directions 

of frequency drift of individual bursts occurring in a chain to be 

roughly aligned with the direction of frequency drift of the chain as a 

whole. However, drift directions and drift rates can be different for 

different bursts occurring in the same chain (Elgaroy and Ugland, 1970).

6. MODEL OF TYPE I BURSTS

In the previous section, some difficulties encountered by existing 

theories of type I bursts are indicated. In this section, an attempt 

is made to construct a model of type I bursts, which overcomes some of 

the objections raised in the previous section.

Our model is also based on the "plasma hypothesis", but it takes 

into account effects which have been ignored in a previous theory 

(Takakura, 1963). These effects are (a) the effect of a background 

magnetic field on the plasma emission processes and (b) the induced 

effects which alter radically the quantitative consideration of inten­

sities of type I bursts given by Takakura (1963). The effect of a 

background magnetic field is generally believed to be manifested by the 

strong polarization of type I bursts (Kundu, 1965), whilst induced 

effects have been shown to play an important role both in the formatio i 

of spectra of plasma turbulence and also in the amplification and 

absorption processes of radiation (Kaplan and Tsytovich, 1969).

Indeed our understanding of induced effects in plasma emission 

processes has been enhanced by a quantitative theory of type III 

bursts (Smith, 1970). Although the radiation mechanism invoked here 

for type I bursts is the same as that invoked for type III bursts 

(Zheleznyakov and Zaitsev, 1970a,b; Smith, 1970), problems involved in
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constructing theoretical models for the two phenomena are different in 
many respects. Firstly, interpeting the frequency drifts observed on 

spectrographs as indicating the radial motion of the source through the 
solar corona, one finds the speeds of electron streams associated with 
type I bursts are about several times the thermal velocity of electrons 

in the solar corona, whereas those associated with type III bursts are 
about c/3. This difference in electron stream speeds is expected to 
lead to different spectra of turbulence in electron plasma waves. 

Secondly, the background magnetic field is probably stronger in the 
source region of type I bursts than in that of type III bursts. The 
stronger magnetic field could lead to differences in the turbulence 
spectra and in the radiation processes.

To develop a fully quantitative theory of type I bursts, one needs 
to include a background magnetic field and obtain the turbulence 
spectra of electron plasma waves generated by electron streams, with 
average speeds several times V . Since this problem has not been 
solved, the model discussed below can only be semi-quantitative. How­
ever, it is possible to estimate certain quantities, such as the energy 
density of microturbulence in electron plasma waves and the number den­

sity of electrons in streams, which are required to account for certain 
features of type I bursts. Moreover, the inclusion of a background 
magnetic field will allow an estimate of the degree of polarization of 

the radiation in the source region.

(a) Intensity

The observed equivalent brightness temperature T^ of a source is 

related to the observed flux density of the radiation Sq by (Kundu, 

1965; Bekefi, 1966)



(6.10)Tb
2tt̂ c ^S______ o
K0o2ft (°K) ,

o

where ftQ is the solid angle subtended by the apparent source area at 

the observer. However, due to scattering of the radiation by coronal 

inhomogeneities (Fokker, 1965; Steinberg et at. , 1970; Riddle, 1972) 

the apparent source size can be very much larger than the actual size 

of the source. The effect of coronal scattering can therefore lead to 

an underestimation of the true brightness temperature of the source by 

a large factor. For the fundamental radiation (oo - w ), Smith (1970) 

finds the factor to be between 10^ to 105. It would appear then the 

actual brightness temperature of a strong type I burst could be as high 

as 1016 °K.

The brightness temperature of the source is related to the inten­

sity of the radiation leaving the source region by the formula (Bekefi, 

1966)

Tbs
4 tt^c 2
kü)2^2 I (oo ,ft) (°K) , (6.11)

where r\ is the refractive index and I((jo,ft)dco is the intensity of the 

radiation propagating in a direction ft in the frequency range between oj 

and w + da).

To obtain the intensity of radiation leaving the source region, a 

radiative transfer equation needs to be solved for a particular source 

configuration. Assuming the magnetoionic wave modes are uncoupled in 

the source region, one deduces from equations (4.3), (4.21), (4.24) and 

(5.2), radiative transfer equations of the form

_d_
d£ ja (w,x) yg(̂ ,Q) iq(̂ »9)

v (oo,e) na
g

(6.12)

where the derivative is taken along the ray path £. The other 

quantities are given by
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j a ( o o , e )  : =
fr£ \h 3 ( c o n  ) / 9 go a
TrJ (4 tt) 2 niC2 ( l + Z i Te / T i ) 2 R1 (w,6)  » (6 ,1 3 )

and,  from e q u a t io n s  ( 4 .2 7 )  and ( 5 . 4 8 ) ,

yg (üü , 0 ) 

v ga (w,0)

9  ( o o n  ) / 9 go

2 c n . m . V . 2 ( 1 + Z . T  /T . ) 2  ̂ '  i l l  l  e l
R2 (w,e)  , ( 6 .1 4 )

where  t h e  a p p r o x i m a t i o n s  go =  go' = to and v = c/{9(oori ) / 9 go}  have  been
P 8 ®

r r  0 fT 0
made. The f u n c t i o n s  R]_ (oo,0) and R2 ( go§  ) a r e  r e l a t e d  t o  t h e

e f f i c i e n c y  o f  t h e  " n o n l i n e a r "  r a d i a t i o n  p r o c e s s  and t h e y  a r e  d e f i n e d  by

R15 *'(m,0 )  : e
d 3k ’ e £ ’

and

R2a j l (a),0) : =

J ( 2 tt)  3 WT k ' V ^ 1c o s 0 ’ 1

exp j  -

, d 3k ’ f w J e £ ' „
E F (co,0 , 0 ’ )

(2ir)3 k ' V . Icos0 ' I 
1 1 1

W ( k ' )

( t o - to 1) 2
2k ’ 2vi 2 | c o s 0 ’ I2 (6 .1 5 )

exp • (co-00* )

, e £ 1

t '1 2

2 k ’ 2V .2 I c o s 0 ’ I 2 
1  I I

( 6 .1 6 )

when : = (Ak^V^/SL)2 << 1; o t h e r w i s e  k ' | c o s 0 ’ | i s  t o  be  r e p l a c e d  by 

k ’ , when (Ak^V^/ft^)2 >> 1. The f u n c t i o n  FG^ ( go, 0 ,0  f ) i s  d e t e r m i n e d  by 

e q u a t i o n  ( 5 . 3 ) .  Given  a p a r t i c u l a r  d i s t r i b u t i o n  o f  n o n - t h e r m a l  e l e c t -
I

e £»
r o n  p lasm a  waves W ( k ' ) ,  t h e  i n t e g r a l s  i n  e q u a t i o n s  ( 6 .1 5 )  and ( 6 .1 6 )  

c a n  b e  e v a l u a t e d .

On d e f i n i n g  an o p t i c a l  d e p th  x by

dxa := - y ad £ / v  °  , 
g

( 6 .1 7 )

t h e  e q u a t i o n s  o f  r a d i a t i v e  t r a n s f e r  can  be  r e w r i t t e n  as

in 2j ̂ a ;
s °  - ( l ak ( 6 .1 8 )

where  t h e  s o u r c e  f u n c t i o n s  S a r e  d e f i n e d  by
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Sö (oj,6)
3oo 3m.V.2 Ria^(w,0)

(6.19)

For a ray path of length £, the optical depth is given by

ya£ V 8 (oop^) / Boo
c2n.m.V.2 (1+Z.T /T . ) 2 i l l  l e l

R 2a l ( a , e ) (6.20)

Consider a source region of total thickness less than 109 cm, with

an amplification layer and an absorption layer.
I

Ray path

Absorption layer

Source region ^

Amplification layer

Fig. 6.12: A source model.

The ray path (Fig. 6.12) has been taken to be rectilinear for the 

following reasons. (1) Bending of the ray by refraction is insig­

nificant if the source has small dimensions L < < R 0 , so that the total 

change in refractive indices is negligible. (2) If L < 109 cm, scatter 

ing by coronal inhomogeneities is probably insignificant (Fokker, 1965) 

(3) If the source structure is highly transient and it changes in a 

time scale of the order of the time taken for the ray to traverse the 

layers, then the rays propagating initially in a backward direction and 

subsequently reflected forward will be unimportant.

For a ray emerging from a point at the base of the amplification 

region, it reaches the absorption region with intensity/unit frequency
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range:

I a (03,fi)
-T

(1 - e 2S a
- T

- - n e a m (6.21)

where the subscript 'm' designates quantities in the amplification 

region. Similarly, the intensity/unit frequency range for the radia­

tion leaving the source region, after passing through the absorption 

layer is given approximately by

-T a~T °
I°(oo,fi) = -n 2S °e m a , (6.22)~ a m

where the assumptions |-t a |, |-x a |, |-t a-x a I >> 1 have been made and1 m 1 1 a 1 1 m a 1
the subscript ’a ’ designates quantities in the absorption region.

The quantities , x^0 and the thickness of the amplifica­

tion and absorption regions all depend on the actual spectrum of micro­

turbulence in electron plasma waves. Since this is not known, only 

estimates can be made. Let us assume that background magnetic field is 

weak (o)p >> fî ) and the differences due to the magnetoionic character of 

the waves can be neglected in a first approximation. Estimating the 

function given by (6.16), one finds

oô  v,
ri -±

g
c V n.m.V.^ * e i l l

(6.23)

where v^ is the phase velocity of the electron plasma waves. On the 

assumption that equation (6.23) is numerically approximately equal for 

both the amplification region and the absorption region, except for a 

change in sign, net amplification of radiation would result if the 

thickness of the amplification layer £ is greater than the thickness 

of the absorption layer £^.

From equation (6.19), the source function can be estimated to be

(6.24)
, oo 'm V 2 v 4 p e e ({>

c2( 2tt) 3
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The equivalent brightness temperature of the radiation on emerging from 

the source can be found from equations (6.11), (6.20) - (6.24):

T - exp{-T -T }: m r 1 m a

2m V 2 v, e e
K V^ exp (10~1 —  W 2 {1 )} , (6.25)^ c V n.m.V2 m a Il  ̂ e l i i '

On taking v^/V^ - 10 and T. - Te - 2 x 106 °K, equation (6.25) reads

T, = 3.4 x 109 exp {o.06 We£ —  (£ - £ )) . (6.26)bs K ( n m a J

Hence to obtain a source brightness temperature of 1015 °K, one 

requires, from the previous equation,

We (̂oo /n )(£ - £ ) = 16.6 £n(3 x 106) - 3.63 x 102 erg cm sec 1 .p e m a
(6.27)

The assumption that £^ - £& - 108 cm gives the condition 

W ojp/ne ~3.63x 10 b erg sec 1. The energy densities in electron 

plasma waves required to give rise to radiation with a source bright­

ness temperature of 10^ °K for assumed parameters at various plasma 

levels in the solar corona are given in Table 6.3.

MHz 200 169 100 80 50 27

We  ̂ (10-7 erg cm-3) 1.4 1.2 0.74 0.61 0.36 0.18

Table 6.3: Energy densities in electron plasma waves required to
give rise to intense type I bursts, at various plasma levels.

The average intensity of the radiation at the second harmonic can 

be found from equations (4.7), (5.5) and (5.6) and it can be shown to 

be (Smith, 1970)

I(2o) )Aü) - 4tt x 10 2ojp (W6 )̂ 2 (&m + £^)/n^^c2 , (6.28)
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where Aco is the bandwidth of the radiation. From equation (6.11), this 

intensity corresponds to a source brightness temperature,

(2tt)4 x IQ-2 (WeV ( *  + 0________m a
<m n a) Au)e e p

(6.29)

On assuming Aco/oô  - 0.04, £ ^ + £ ^ - 2 x 1 0 ®  cm, it is possible to estimate 

the brightness temperatures of the second harmonic radiation for the 

same energy densities in electron plasma waves which give rise to 

radiation in the fundamental at 1016 °K at the source. This is done 

for various plasma levels in the solar corona in Table 6.4.

MHz 200 169 100 80 50 27

Tbs (°K) 5.2 x io12 7.5 x lo12 2.3 xio13 3.8 xio13 8.6 xio13 2.6 x 1014

Table 6.4: Source brightness temperatures of the second harmonic
radiation at various plasma levels.

Thus it appears that the source brightness temperatures of the second 

harmonic radiation are about 2-4 orders of magnitude smaller than that 

of the fundamental radiation, for the same energy densities in electron 

plasma waves.

The total energy in non-thermal electron plasma waves involved, if 

the source area is 1018 cm2, can be estimated to be about 1018 ergs.

If the energy densities in non-thermal electron plasma waves are 

derived from interactions with an electron stream with speed ug - 10 V^, 

then we have

W6  ̂ - n'm u Au , (6.30)es s

where Aug describes the amount of "flattening” of the stream distribu- 

tion due to beam-plasma interactions. Taking W - 10 7 erg cm 3 and
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Au^-0.1 V£, one finds the number density of electrons in the stream n' 

to be about 200 cm“3.

It is now justified a posteriori that collisional effects can be 

neglected in the above treatment of the nonlinear processes. The con­

version of electron plasma waves to magnetoionic waves by nonlinear 

scattering off thermal plasma ions generally occurs in a time longer 

than, or at most comparable to, the scattering time of electron plasma 

waves into themselves (Tsytovich, 1970). From equation (5.44), it is 

seen that the nonlinear conversion time t (for e£-*o), with 

W6  ̂- 10' 7 erg cm” 3 and - T_̂  - 2 x 105 °K, can be estimated by

1/t - f (MHz) . (6.31)

In the region of the solar corona of interest, we have l/x^-0.27 Vc 

with the effective collision frequency decreasing from 50 sec 1 at 

R/RQ =0.1 to 0.4 sec“1 at R/R0 =1.5. It can be seen that the condition 

t << t c is generally satisfied and the neglect of collisions has been 

justified.

Finally, the weak nonlinear condition given by equation (1.2), can 

be written in the form

We£ << (co/ cjo )2 W , (6.32)
P P

where w is the (angular) frequency of the microturbulence and W ̂ is the

kinetic energy density of the plasma particles. Since one has

W6  ̂- 10"7 erg cm“3, oo - oo , and W -n kT - 10~2 erg cm-3, the weak 6 * p* p e e  0
nonlinearity assumption has also been justified.

(b) Polarization

As suggested by Fung and Yip (1966) and Takakura (1963), the 

strong circular polarization of type I bursts in the sense of the
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O-mode might well be explained by

(i) Radiation occurring at frequencies below the cutoff frequency 

of the X-mode waves.

(ii) Strong preferential gyroresonance absorption of the X-mode 

waves at levels Y = -j and -j.

However, at high photospheric altitudes and also during the 

initial stages of development of a noise storm at lower altitudes, one 

might reasonably expect the radiation to come from regions where 

oop > 3^e. Moreover, when the frequencies of the radiation are above the 

cutoff frequency of the X-mode waves, i.e., oo > oov (see the reverse of 

inequality (5.11)), any strong polarization of type I bursts in the 

sense of the O-mode that is observed must be attributed to causes other 

than those stated above. For such cases, it is postulated here that 

the strong polarization in the sense of the O-mode is due to 

preferential amplification of the O-mode waves in the source region.

On the assumption that the magnetoionic waves are uncoupled in the 

source for certain distributions of non-thermal electron plasma waves 

and for some angles of propagation of the radiation, amplification (and 

absorption) of O-mode waves is preferred (see e.g., chapter 5). This 

leads to small differences in optical thicknesses of the O-mode and 

X-mode waves. However, the intensity of radiation emerging from the 

source region is dependent exponentially on the optical thickness. The 

resultant intensity of the O-mode radiation can therefore be many times 

larger than that of the X-mode radiation, i.e., the net degree of 

polarization in the sense of the O-mode can be very high. For sim­

plicity, let us illustrate this by the case Y << 1-X << 1, which is 

applicable to the case of a very weak background magnetic field.
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Taking care to include differences due to different magnetoionic 

modes, one obtains, from a slightly modified form of equation (6.14), 

the total optical thickness,

(6.33)
c j o _ W  ( £  - l  )P m ay

2cn m V *(1+Z.T /T.)2 n  F (w,6,0,) *e e e  l e  l (1 + 6 z)

where F ( g o , 0,0') is given by equation (5.3). On taking 

V e £ a xn-£a)/ne = 3.63*102 erg cm sec"'1, from equation (6.27), Z^=l, 

and Te - - 2 x 106 °K, the total optical thickness reads

- 6.86 H ( g o, 0,0 ' ) , (6.34)

where H ( g o, 0,0’) is defined by

{sin20 ’ (cos20 + T 2)+2(cos20-T 2)2cos20'/sin20}
H  ( g o , 0 , 0  ' ) : =

2 q { (1 + T 2)2 + K  2T 2}^(T - Ycos0) 2 o a o o o
-. (6.35)

Since Kq 2 = 0{Y2/(1-X)2} << 1 and for ^Ysin2© «  (1-X)cos0,

T s +a
COS0 ’ , Ysin20
COS0 1 " 2(1-X)|cos0 |J (6.36)

it can be found, after expansions in the parameter Y/(l-X), that

( GO , 0 , 0  ' ) 0(9,9*) f Y$(0,0')
4(1-X) V  ~ (1-X) 0(0,0') ' ’

where

©(0,0') := sin20'(1+cos20) + 2sin20cos20'

(6.37)

(6.38'
and

$(0,0') := {sin20 (1 + 3cos20 ') - (l + sin20/2) ©(0,0' ) }/| cos0 | . (6.39)

On neglecting small differences between the 0-mode and X-mode 

waves in the source function, the degree of circular polarization in 

the sense of the 0-mode, for radiation emerging from the source region 

can be estimated by

r = {exp(-x° + tX) - l}/{exp(-T°+ tX) + 1} , (6.40)
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O X  owhere x and r are given by equation (6.34) with H (to,6,0') determined

by equation (6.37). Again from equations (6.34), (6.37), (6.38) and

(6.39) the exponent reads

-t° + tX = 3.43 Y$(e,e’)/(1-X)2 . (6.41)

For illustration, take Y = 0.01, 1-X = 0.04, 0'=O and 0 = 45°. In this 
0 Xcase, -T + t =22.8, hence r^ - 1, i.e., the emergent radiation is fully 

polarized in the sense of the O-mode. Again, take Y = 0.01, 1-X = 0.04, 

but 0 ' = 30° and 0 = 35°, one finds -t^ + tX = 0.23, hence r^ - 12%, i.e., 

the emergent radiation is weakly polarized in the sense of the 0-mode.

The above discussion of the polarization of radiation arising from 

a "plasma emission" process is semi-quantitative only, since the tur­

bulence spectrum of electron plasma waves must be known to determine 

the optical thicknesses precisely. But it has been argued that 

preferential amplification of the 0-mode waves, even in a weak back­

ground magnetic field, can give rise to strongly polarized type I 

bursts.

7. DISCUSSION

Including induced effects, a model of type I bursts based on the 

"plasma hypothesis" has been proposed. The physical parameters of the 

source, such as its dimensions and its temperature, have been chosen 

in agreement with the available observational data. The energy- 

requirements deduced from the model can easily be met under the known 

conditions prevailing in the solar corona. An electron stream with 

speed ug - 10 V£ and number density 200 cm" 3 has been shown to be 

capable of exciting a microturbulence in electron plasma waves with 

energy density of about 10  ̂ erg cm 3, which is required to explain a

strong type I burst.
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The preferential amplification of O-mode waves in the source 
region has been postulated as the mechanism giving rise to strong cir­

cular polarization (in the sense of the O-mode) of type I bursts coming 
from regions where the background magnetic field is weak Y << 1. This 

mechanism rests on the assumption that coupling between O-mode and 
X-mode waves is weak in the source region. It can be shown (Cohen,
1960) that in the solar corona, mode coupling is weak for magnetoionic 

waves propagating in the QL-approximation under the conditions where 
(i) X<<1, (ii) Y << 1, and (iii) collisional effects are negligible. 

Mollwo (1970) has considered, in the solar corona, mode coupling of 
magnetoionic waves propagating close to the direction of the background 

magnetic field and under the assumption (i) X - 1 and (ii) Y - 1, and he 
shows that mode-coupling can be important. In the present context, it 
appears that the problem of mode-coupling under the conditions (i) X - 1 
and (ii) Y << 1 needs to be considered.

Although Takakura's (1963) explanation for the duration of type I 
bursts has been questioned in section 5, no alternative is offered here, 
since no satisfactory explanation has been found. Scattering by 
coronal inhomogeneities can give rise to a duration of 0.2-0.6 sec at 
most (Steinberg et at. , 1970; Riddle, 1972) for an impulsive source 
and this appears too short in comparison with duration of type I bursts 

at high source altitudes.

The mechanism of accelerating electron streams responsible for 

type I bursts and the phenomenon of chains of bursts might well be con­

nected with collisionless shock waves propagating parallel to the back­
ground magnetic field in the low-ß coronal plasma. Parallel turbulent 

shocks have been considered by Parker (1961) and Kennel and Sagdeev 
(1967), but however, not in connection with particle acceleration and
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non-thermal radiation. Such problems lie outside the scope of this 
thesis.

Finally, it is suggested here that the background continuum radia­

tion of type I noise storm is probably not merely a superposition of 

type I bursts. Apart from the known observational evidence (see Kundu, 
1965; Chernov et at. , 1972) in support of this view, a point which has 
not been stated before is this. The background continuum radiation 

usually has a bandwidth of about 100 MHz. If type I bursts were to 
give rise to this radiation, they must occupy a layer between two 
plasma levels whose frequency separation is about 100 MHz. Between the 
200 MHz and the 100 MHz say, the thickness of the layer is about 
0.25 R0 (see Fig. 6.4). Such a distance on the solar surface would 
subtend an angle of ~ 25 mins of arc at the earth. Since the source is 
probably disk-shape and since the angular size of a typical noise storm 
is usually not more than 10 mins of arc (even including the effects of 
coronal scattering), it appears that the required radial thickness of 
the source is much larger than reasonable expectations from observa­
tions. Hence a different radiation mechanism seems to be needed to 
account for the background continuum radiation of type I noise storms. 
Such a mechanism might be coherent gyromagnetic radiation (Fung and Yip, 
1966) or the mechanism proposed by Friedman (1972).
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CHAPTER 7 

CONCLUSIONS

In this chapter, a synopsis of the theoretical and astrophysical 

results found in the previous chapters is presented. Other possible 

applications of the theory and suggestions for further research are 

briefly stated.

1. REVIEW OF RESULTS

(a) A general theory of weak nonlinear processes in a magneto- 

active plasma has been developed in the semiclassical formalism 

(chapters 2 and 4). For the specific examples considered, the follow­

ing conclusions have been reached.

(i) On neglecting shielding effects, Thomson scattering of 

magnetoionic waves by non-relativistic electrons is determined by the 

zeroth harmonic scattering; first and higher harmonic scatterings are 

not important.

(ii) In the presence of a strong background magnetic field, 

under the conditions Wp<<oj<<fie, Thomson scattering of magnetoionic 

waves by non-relativistic electrons in general has a reduced cross- 

section, being about times the classical Thomson cross-section

(save in a special case).

(iii) When shielding effects of a non-relativistic plasma 

are included, nonlinear scattering by thermal ions is the dominant 

scattering process. When the conditions << oo << are satisfied, the
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cross-section is reduced generally to about oo2/!^2 times the classical 

Thomson cross-section (save in a special case).

(iv) The conditions under which the motion of relativistic 

electrons can be taken to be rectilinear in treating inverse Compton 

scattering have been derived. Such conditions are not satisfied in the 

case of inverse Compton scattering of magnetoionic waves by relativis­

tic electrons moving in the direction of the background magnetic field. 

The results for this case are summarized by equations (4.46), (4.52) 

and Table 4.1. Under the simplifying assumptions ooT >>y^e >(jOp, the 

inverse Compton scattering of O-mode magnetoionic waves propagating 

perpendicular to the background magnetic field is enhanced by at least 

a factor y2 >> 1 in comparison with all the other cases considered.

(b) A general theory of polarized radiation arising from micro­

turbulences in electron plasma waves and electron cyclotron waves has 

been presented (chapter 5). Radiation arising from any one of the 

processes discussed is 100% polarized in the sense of the 0-mode at the 

source if it is emitted in the frequency range m < oo < oô , where is 

the cutoff frequency of the X-mode waves. Bearing this clearly in mind, 

one reaches the following conclusions for the specific cases considered.

(i) For the case of electron plasma waves propagating

nearly along the lines of the background magnetic field, radiation at

the fundamental and radiation at the second harmonic have net degrees

of polarization at the source in the sense of the 0-mode. In a weak

background magnetic field (w >> fl ), the second harmonic is alwaysP ®
weakly polarized whilst the fundamental can be strongly or weakly 

polarized in the sense of the 0-mode.

(ii) The radiation at w - (s > 2) arising from the non­

linear conversion of electrostatic electron cyclotron waves has
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generally a net degree of polarization in the sense of the X-mode.

(c) In chapter 6, an updated review of observations on type I 

solar radio bursts and their associated noise storm phenomena has been 

presented. Existing theories have been examined and their deficiencies 

have been indicated.

(i) Type I bursts have been explained on a model which is 

based on the "plasma hypothesis" and which includes previously neg­

lected induced effects. The physical parameters assumed are consistent 

with the observational data.

(ii) The preferential amplification of 0-mode waves has 

been shown to be capable of explaining the strong circular polarization 

(in the sense of the 0-mode) of type I bursts from source regions where 

the background magnetic field is weak.

2. SUGGESTIONS FOR FURTHER RESEARCH

(i) To obtain a fully quantitative theory of type I bursts 

based on the "plasma hypothesis", one needs to solve the problem of 

formation of quasi-stationary turbulence spectra arising from the 

interaction of a suprathermal, non-relativistic electron stream with a 

magnetoactive plasma.

(ii) A justification of the mechanism of preferential amplifica­

tion of one mode or the other, requires the solution of the problem of 

magnetoionic mode coupling in a region where X - 1 and Y << 1.

(iii) In view of the similarity of the radiation mechanism 

invoked for type I, type II, and type III solar radio bursts, one 

should attempt to explain the different polarization characteristics of

these bursts.
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(iv) The duration of type I solar radio bursts appears to be 

inadequately explained at present.

(v) The continuum radiation of type I noise storm is similar to 

stationary type IV B radiation in many respects. Its mechanism of 

radiation, together with that of stationary type IV B, needs further 

investigation.

(vi) The acceleration of electron streams responsible for type I 

bursts and the phenomenon of chains of type I bursts might well be con­

nected with microturbulent, collisionless shock waves propagating 

parallel to the background magnetic field. Since parallel shocks may 

be important in type II bursts as well (Wild and Smerd, 1972)* they 

deserve investigation.

(vii) The theory presented has been sufficiently general to be 

easily adaptable to other astrophysical and magnetospheric applications. 

It is straightforward for example to consider "whistlers” and evaluate 

the significance of their nonlinear interactions in the ionosphere.

(viii) The emission from electrostatic electron cyclotron waves in 

the earth’s magnetosphere appears to be an important component of the 

radiation detected by airborne satellites (Kennel et al, , 1970).

(ix) The decametric radiation from Jupiter, identified as in the 

X-mode, has been attributed to coherent gyromagnetic radiation by 

electrons in the Jovian magnetosphere (Goldreich and Lynden-Bell, 1969). 

In view of the theoretical results found in this thesis, and in view of 

the large number of instabilities giving rise to electrostatic electron 

cyclotron waves, radiation by the nonlinear conversion of electrostatic 

electron cyclotron waves should be considered as a possible candidate

radiation mechanism.
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APPENDIX A

CALCULATION OF RESPONSE TENSORS

The infinite sums containing Bessel functions arise from power
P (4> *) -P(<f>)series expansions of the exponentials e 

one has

, etc. From (2.39),

P(4>) ■jj—  Cüj—k.|| V||) <)> - ieoz sin(<M0 . (A.l)

From the definition of Bessel functions (Watson, 1944), one has

exp{-ie z sin(4>—ip)} = 2 J (z) exp{-ie s(<j>-^)} , (A. 2)
S=—oo

and

exp-f-ie^z sin(cf>—xp) } 2 V (s ,k,v) exp{-ie s (4>—ip) > ,(A.3)l ~  ~  ■ otS=—00

where V^(s,k,v) is given by (2.46). Substitution of (A.2) and (A.3) 

into (A.l) gives,

and

where
v i e

-P(<f>)

-P(^)

00 r i s a)
2  Jg (z) exp * - ieo*h .

s= — 00 v a
(A. 4)

00 r ie a)
2 V±(s,k,v) exp -j---<j> - » (A.5*

s=-°°  ̂ a

oo : = oo - sft - kn Vi. . s a I II (A.6)

In cylindrical coordinates, one has Cartesian components,

9P
3 sin<t> 3 , 3 cos<J> 3 3cos4)  ------- —  , sin4) -—  + ---- *- rr , *r~3p Pjl 3Pj_ Pj_ 9<t> 9piiJ (A. 7)

Application of (A.4)-(A.7), together with (2.41), gives
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P ( D  ,  t . v 9 
e  g s . (v  ,k,o)> - ^ - r

i e  oo .
*q 2; ___  1 a s  A,
oo ,S =-o°

exp
Q + +  i £ a s ’ *a

X  ̂a j *  ( s ' - £ - +  ß j V . k . a , )  ^ 4r +  Yj * ( s ' ^ ’ “ ) 3 ^ J  > ( A . 8)

P l W )  ,  , . . 3
: 8 s j ( v  . f e l . “ ! )

i e  oo ,
e x p  <\— °L 1U- - <j>' +  i e  y ' l ^ i  oo I . r  a  T1

1 y =-oo- v a

q oo
2SL 2

i  a
X jq_. ( y ' . k j . o o i )  +  ß j  ( y ’ ^ i ’ OOi) T I T  +  y / C u ' , k ! , o o i )

a n d

p 2 (<t>")
Sr £ ( X , " . k 2 . “ 2) -g^-n ■

Pj_ ^

i e  oo , 
~q 2  ___  J a  2V

V  ’
(A. 9)

OOo I^ v —- 00
e x p 4>" +  i e  v 14)2 y a

"k g ä i a ^  a
X -jo^ ( v 1 , k 2 , u ) 2) J —  +  ß Ä ( v ’ , ^ 2 , 0 ) 2 )  —  -gjiT +  Yjj (v* f e . u z )

3 p , | j  •

(A.  10)

On s u b s t i t u t i o n  o f  ( A . 5 ) ,  ( 2 . 3 7 )  r e a d s ,

Pj_ dp±e ^ O k . u i )  =  <5. .  +  A ü i  2  J l a h l
a ^  a  a , d p n ?

J S , S  -
00 J00 «*

d<j>

x •jVi ( s , k , v )  e x p
r i e  ooa s ,

D T ~  * -  1 £ qS ^

( 0 )

f 4>
dcj)1 exp

(0 )
f * ,  , , D  a  , * ,  . , D  a  11
[ a j  ( s  ’ i > u )  ~ 3 ? r ~ +  Y j  ( s  — J  j  •

f i e  oo .

- ¥ ~  ♦ '  +  l e a s >

(A.  11)

C a r r y i n g  o u t  t h e  t r i v i a l  i n t e g r a t i o n s  o v e r  a z i m u t h a l  a n g l e s  <f>' a n d  

(J) a n d  u s i n g  w e l l - k n o w n  r e s u l t s  o n  s u m m a t i o n  o f  B e s s e l  f u n c t i o n ,  e . g .

OO
2  V± ( s  , k , v )  J g ( z )  = V|| 6 i 3  , (A.  12)

S = -o o

o n e  d e r i v e s  t h e  d i e l e c t r i c  t e n s o r  i n  t h e  f o r m  ( 2 . 4 2 ) .

S i m i l a r l y ,  o n  a p p l i c a t i o n  o f  ( A . 4 ) ,  ( A . 5 ) ,  ( A . 9)  a n d  ( A . 1 0 ) ,  

e q u a t i o n  ( 2 . 3 8 )  r e a d s ,
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4ir iq  3n r 00

= dpi Pj_ dPl
s , y , y ’ , v , v ’ J

d<|>

i e  a)
x V , ( s , k , v )  exp  -j- ~  S 4> -  ie^sij; d(J>’ J y ( z 2)

ri e  co 'j _ ,
x e xp i 4 >  +  i e a y ^ 2 f  e x p  j — <|> * +  

a '  ̂ a

i e  03 ,

Q ocj ( y ’ ,ki ,03 i)

x 3p7 + J [ W + a^-} J v ( z2)

r i e  in  ̂ rep ’ r
{■  ' n 2V * '  - l e a v * 2}  I  <4" exp  {■x exp

C4> * f i e  03 ,
d <f>" exp  \ — aQ—  ■ <j>" +  ie ^ v ' ip z

* { “ * * ( v ' >fe*“ 2) 4 r  + T r / c v . k x , ^ )  g | 4  f a ( 0 ) (P i .P | | )  •

A g a in ,  t r i v i a l  i n t e g r a t i o n s  o v e r  a z im u t h a l  a n g le s  4 " , (j)' and <}>

g i v e  t h e  r e s u l t  ( 2 . 4 3 ) .
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APPENDIX B

SUMMATION FORMULA (2.96)

On account of £ (A) := e  ̂ I (X) remaining finite as jz| -* 00, it z z
follows from Cauchy's theorem that

cz00cotTrz dz = 0 ,
J c z-q (B. 1)

where c is a circular contour with radius R -*■ 00. On evaluating the 

integral in (B.l) by the residue theorem and using the identity,

7T COtTTZ = 2
1

z-s (B. 2)

it is easily shown that

s=—°°
CS (X)
-------------  =  IT COtTTq C ( X )q-s H q v (B. 3)

Application of this result together with the simple algebraic identity,

.2s- _ 1 q_
: 2_n 2 - 1 “ 9ŝ -q- 1 + 1(q+s q-sj (B. 4)

gives the relation (2.96) trivially.
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APPENDIX C

CALCULATION OF CURRENT DENSITIES DUE TO A CHARGE SPIRALLING IN B0

To derive the current density (3.13), it is noted that the 

solution of the relativistic equation for a charge spiralling in a 

background magnetic field Bq = Bq (0,0,1),

dE  <1 v ( 0  x Bo
dt c *

can be written as

(C.l)

^ &
r(t) = (R sin{ft t + <£}, eR cos{ft t + <f>}, Vnt) , (C.2)

where R := v^/ft , e = q/|q|, = ftmc2/E and the parameters <J>, v^ , and Vy

are determined by initial conditions.

The current density due to the motion of a charge reads

j± (r,t) = q v± (t) 6{r-r(t)} , (C.3)

the Fourier transform of which, with :r(t) and v(t) determined by (C.2), 

reduces to

j, (k,ü)) dt V_^(s,k,v) exp{i(a)-sfi ~kj| Vy )t - is(<J)+eip) } (C.4)

where V^(s,k,v) is defined by (2.46) and equation (A.3) has been used. 

Final integration with respect to t gives the result (3.13).

On the other hand, when k is replaced by Ak = k - k ’ and oo is 

replaced by Aw = oo - to' , instead of (3.13), it is possible to obtain an 

alternative form of the current density by making a different Fourier 

transform on (C.3) and using (A.2) and (A.3). After straightforward 

calculations, the current density reads



j±(Ak,Au>) 2 27rq 
s, s ' = - 0 0

(s,k,v) J_s ,(z’) e-ie(siJH-s ’̂ )

6 {Aw - (s+s ’ )fi — Ak,. v.| } (C. 5)

where the initial conditions are chosen such that 4> = 0, and as usual
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APPENDIX D

CALCULATION OF CURRENT DENSITIES IN THOMSON AND NONLINEAR SCATTERINGS

In this appendix, the current density in Thomson scattering given 

by (4.9) with (4.10) to (4.13) and the current density in nonlinear 

scattering given by (4.14) with (4.15) are derived.

The equation of motion of a spiralling charge in the presence of 

an arbitrary perturbing force F(v,r,t) reads

dp(t) qv(t) x B 0
+ £(v,r,t) . (D.l)

Expanding in powers of F, we write

r(t) = r (0)(t) + r {1)(t) + (D.2)

The current density which is proportional to F can be written as

j(1)(k,u,)
-<ir(1)(t) (

dt (— 3-----ik-rU >(t)
dr (t)i (t))

(D.3)

where r̂  '(t) is determined by (C.l). Since the choice of initial con­

ditions appears only in an unimportant phase factor in j^^(k,w), the 

initial conditions are chosen such that

r(0)(t) & k
(Rsinft t, Rcosft t, Vnt) , (D.4)

where R : = v^/R , e = q/|q|, SI =fi/y, y2 = (1 - v^2/c2 - Vy 2 / c.2) and, v^ 

and Vi I are velocity components in the absence of the perturbing force F.

From (D.l), the equation of motion to first order in F reads

dv(1) <IX(1) x£o F(t) , d
-------------- + ------------- —  -f-myc my my dt

fv (0)(t) ft \

v (0)(t,)-F(t')dt' ,(D.5)
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where F(t) := F ( v ^  (t) , r^^(t),t). From (D.5), it is straightforward 

to show

r.(1)(t) = JLl my dt’

v.(0)(tM)

where

Ti.(t) :

dt" T.^t'-t") |Fj(t") - jpr

v (0)(t'")-F(t'") dt'"

cosft t sinft t 0
 ̂ *

- sinft t cos t 0

(D.6)

(D.7)

Identifying F with the force due to fluctuating electromagnetic 

fields, we have

v x B(r,t)
£(Z»£.>t> = <5 i + (D.8)

and on using
r d3k do3
(2*)4 » «y-

t
TyCt-t’) e-iut' dt-

, , -io)t' r dv y
dt' e ^1 dt + “~l

ix̂ _. (a)) e ^Wt/(j0 , (D.10)

-iu)tdt1 = iv(t) e , (D.ll)

and equations (A.2) and (A.3), it is reasonably easy to show

(1)(t) = --3- 2i mv
00 r d3k do3 -iwct icsip ~  e s e

S = -o o  •>
(2tt)3 w o - E (k,oo) w 2 3 ~

lTU (ws)(6£jws Js(z)+V j * (s^ (0)))- Vi(0)(t) V C S ’̂ T ' W c 2} .
(D.12)

(0)

with 03g = 03-sfi “k||v||* This expression, together with equations (D.3)

and (D.4) yields (4.9).
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By equation (3.7), the shielding field due to the current density 

(3.13) associated with the unperturbed motion of a charge reads

E .q (k,oo) 87T2qi îj y -iesijj
ca A(k,oo) S=—oo

V_.(s,k,v) 6 (w-k|| Vj|-sft*) , (D.13)

(0)where v = d:r /dt is determined by (D.4). From (2.15) and (2.49), the 

nonlinear current density resulted from the interaction of the electric 

field E° (k,oo) of a wave in mode a’ with the shielding field Ê (k,oo) 

given by (D.13), can be written as

d3k ’ doo'
. n. s. n v oo
Ji (̂ >“) = M (2tt)4 °ij££ . . (k' , oo ’; k-k' ,oo-o)' )

E . ° (k’,o)?) E q (k-k' , oo-oo') , j ~ ic ~ ~

from which, equation (4.14) emerges with (4.15).

Again by equation (3.7), the shielding field due to the current 

density (C.5) associated with the unperturbed motion of a charge reads

00 o 2 • X. .(Ak,Aoo) . .^ \ v 8fTzqi ij ~ -iesi[)E.H(Ak,Aoo) = - L  — r——  — fsTi— Ä— \—  e i ~ ÄoT^ A(Ak, Aoo)S=—oo

x 2 V (s+v,k,v) Jv(z’) e 
v=—°° J

6 (Aoo-sfi*-Akj| V|| ) 

—iev(ib—^f ) (D.14)

where Aoo : = oo—oof and Ak = Ĵ -k' .

The nonlinear current density, corresponding to (4.14), then reads

> r d3k' doo’
j?‘S*(k,oo) 2Triq2 (2̂ )4 A1"-s-(s;a,k;u>',k,;v)

S=— oo '

E.a'(k’ ,oo’ ) 6 {oo-oo ’ - (k|( —k|| ) Vy -sft* } , (D.15)

where we have

,S* (s;ü),k;a)’ ,k’ ;v) 2 Ai?*S‘(s+v,k,oo; v,k',oo';y) , (D.16)
V=—00 3

with
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a n .  s .A. . 2imojT(jo 
q ((a)—a)' ) , ( j o '  ; k — 1 c T , oo— oj  ' )

A0 ( k - k ’ , (a) co' )  . f . , . ,
&m ~  ~  - ie (s ip -s  ip )
A ( k - k ' ) e Vm( s , k , v ) J s ( z ’ ) . ( D. 17)x
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APPENDIX E

CONDITIONS FOR SIMPLIFICATION OF THE INVERSE MAXWELLIAN TENSOR

In the regime (4.54), provided

> >lAk|| I

it is evident that

k

ß .1> --v and X
vi

Aw-sfta
v/2 Aki, V II a

rAk.V ^2 1 a «  1 , (E. 1)

«  1 , (E.2)

for small harmonic numbers s and d> (y ) - 2y . Since X << 1, onlyY v as Jas a * J

small harmonic terms contribute significantly to the dielectric tensor 

(2.78) and it may be approximated by

•n- 2

eyCik.Au) S±j 2 |Ak|||2Va2

with the inequality,

00 r sft
2

s=-°°
1 -

-X

^ “(Ak.Aw.s) - 6136j3j , (E.3)

=: tanz9 << min ni2 1
l1’ |Au|2J (E.4)

given by (4.54) and (E.l).

Summations over modified Bessel functions in (E.3), using formulae 

such as

2 e X I ( A )  =  1 ss=—00

and

2 s2n+1 I (X)ss=—00

2 e"X I'(X) = 1 , 2 s2I (X) e“A = X(E.5)
S=— oo s=-<

2 s2n+1 r(A) = 0 , (n-0,1,2,...) , (E.6)
s=—00

give a dielectric tensor,
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(Ak,Aw)

1 - 1/2 | Ak|| | 2X 2
Da 2 ieona/|Aa)||Ak|||2XD2 2 2tan0 / | Aky | 2X 2

Da

ieafia/|Aa)||A^|2X 2
Da 1 - 1/2 |Akjj |2Xd2 2 ie^tane/lAajl |Ale,, |2X 2

Da

2 2tan0/|Ak|| |2XD2 -2 ie^tane/| Au | | Ak,, | 2XD2 1 + 1/2 | Ak,, | 2XD2 .

where X 2 := V 2 / tt 2 . Da a a
(E.7)

In order that n2 = |Ak|2c2/|Aw|2 >> |e .|, it is sufficient that~ IJ

tan0I < I Aw I/ft (E.8)

and

|Ak| * '

When (E.8) and (E.9) are satisfied, the inverse Maxwellian tensor is 

given by (4.61) with

(E.9)

e^(Ak, Aw) = A = 1 + 1/2 I Ak 12 \-2 . (E.10)

Again in the regime (4.54), provided

! Ak. << 77̂  << and XV . V al e

rAk,V 1 a »  1 , (E.11)

straightforward calculations of equation (2.78) give

e (Ak, Aw)ij ~

2 i£ — — r—— h (X ) 
a a |Aw|fia a

-2 i e h(X ) 1-2 2X h(X )a a |Awpa a I Ak|| |2V ̂2 a a
7T 2

2 ie I.ay7 tan0h(X ) 
a a I M 2 a

-2ie a .'9- tan0h(X ) 1+ 2 . y*- „a a I Aw 12 a a |Ak|| \ ̂ J ̂ 1 -
“^aT e I o tar?0 l A w l 2 !

ft 2 a

where h(X ) := exp(-X )(In-Ii) and In and Ii are modified Bessel a a

(E.12)
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functions with argument X^. The variation of hCX^) with respect to X^ 

is given by fig. E.

On picking the largest term in (E.12), it is seen that n2 >>

provided

I A k I 2 > u)p2 I tan9 |/c2 . (E.13;

Since effective nonlinear scattering stipulates |Ak| < w /V ,~ p e
X $ (to /ft )2 and X,  < (m./m ) ( w  /ft )2, under the condition e p ex i v i e p e' *

c2/Ve2 > ItanöI >> 1 , (E.14)

the inverse Maxwellian tensor again reduces to (4.61) and in addition 

if
I Aw I < f t ^ / c  ,

e (Ak,Aw) is again determined by (E.10).

(E.15)



In the regime (4.55), where scattering by electrons is the 

dominant process, the conditions (2.104) give a dielectric tensor of 

the form (2.106), from which it is seen that n2 >> |e_^|, w^en

Vs = Vi(ZiTe/Ti ^ V  Pro v id e d

IAkI i: (^i/vg)(Ve/c) . (E.16)

When (E.16) is satisfied, the inverse Maxwellian tensor is again given 

by (4.61) with

e^(Ak,Aoo) = l/|Ak|2A ^  . (E.17)



186

APPENDIX F

APPROXIMATE FORMS OF THE NONLINEAR RESPONSE TENSOR e

In  t h i s  a p p e n d ix ,  u s e f u l  a p p ro x im a te  form s o f  t h e  n o n l i n e a r  r e s ­

po n se  t e n s o r  ^ ( k '  , 0 0 ’ ;k "  ,co") g iv e n  by ( 2 .3 8 )  and (2 .4 3 )  a r e  d e r i v e d .

An a l t e r n a t i v e  form  o f  e q u a t i o n  ( 2 .3 8 )  can  be  o b ta in e d  on 

i n t e g r a t i o n  by p a r t s :

, . q n 4 tti y  ^q a
00 „ ft 2 d 3p

gr *<X.'. £ > " )  - i p ~ \  8sJ < v . k ' X )
r  s

w i th  q u a n t i t i e s  d e f i n e d  by ( 2 .3 9 )  t o  ( 2 . 4 1 ) .

, P2 (<T) -P2 (<f>’ )d4> e

d * 'v i ' e

( F . l )

Under t h e  c o n d i t i o n

> / |k |  »  V , (F .2 )

w i t h  00 » ü)’+ oü" and k = k '+ k " ,  t h e  e x p o n e n t i a l  i n  ( F . l )  can  be  expanded 

i n  powers o f  k*v/oo and th e  l a s t  i n t e g r a l  i n  ( F . l )  can  be e v a lu a t e d  

a p p r o x im a te ly .  To f i r s t  o r d e r  i n  | k | | v | / o o ,  t h i s  l e a d s  to

|q In
e ( k - , U, ;k', (U)") =

J a q q J
, r ( 0 )

d 3p { f ° d v
~  u  

> { Ti ‘

kq n q+  t . —  i s  u) Tnm

k, s q q+ —  T.(jo i n Tnm
(F .3 )

w here  T ^ * T ^ ( o a )  i s  g iv e n  by ( 4 .1 3 )  w i th  e ~^e a and ft +  ßg» To t h e  

lo w e s t  o r d e r ,  e q u a t i o n  (F .3 )  w i th  ( 2 .3 7 )  g iv e s
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eij £ (~T ,ü3’
k"T̂Te J _ (e) s  ̂ (e)

iaU2m.

- T.fe) - T O  .(e)(k",i»") + - T T . (e) a,.(e)(k'>") f , (F.4)lj or s£ ~  a) is j£ v~  1

where only electronic contribution is retained,

If, in addition to condition (F.l),

u 7  |k* I »  V e and o)"/|k"| «  , (F.5)

imposition of symmetry (2.32) together with (F.4) gives

eij£(k',u>';k",u>") 2m oo2e {Tije)(“> K  h sie)(k".“") - 

+ {Tiie)(“> Tsj<e)(u),) • Tise)(u) Tfy(e)(“')}} ’ (F.6)

(g)
where z . is the electronic contribution to the dielectric tensor.s £

On the other hand, condition (F.2), together with the conditions,

)'/ |k' I << V g and u"/|k" | >> Vg (F.7)

gives, on calculating (F.3) and symmetrizing by (2.32),

ieu) z (k f . f vP I s  (e) ( IN (e) , ,IN-- rrr r ^  ) Ti (o) )= ÖT I II -1 . Lc.ij £ ~  ~  Zm uw a) u sj

+ ̂ s!e)(“n) Tij(e)(“’>

+ f (F.8)

which is the nonlinear response tensor for a cold electronic plasma.
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LIST OF SYMBOLS

All symbols are defined in the text of the thesis at least when 
they first occur. Where no ambiguity can arise, a symbol is sometimes 
used with another meaning. Those symbols which are used more 
extensively are listed below in their usual meanings.

lo Background magnetic field (induction)
B Magnetic field (induction)
c Speed of light in vacuo
D Electric displacement
e Electron charge
a£ Polarization vector of waves in mode a

E Energy of a particle
E Electric field
E° Electric field of wave in mode a
fP

Fa(k)

Electron plasma frequency (Hz)
Particle distribution function
Energy density flux of waves in mode a in the range 

d3k/ ( 2 tt) 3 at k
h : = h/2-rr, h is Planck’s constant
^n(^e)
I a(w,£)
ja(oo,6)

Modified Bessel function of the first kind 
Intensity per unit frequency range 
Emissivity

j (k,u>) 
jq(k,w) 
^n.s.(k#w)

Current density
Current density associated with Thomson scattering 
Current density associated with nonlinear scattering

Js(z) 
k, kĵ , ky

Bessel function of the first kind
Wave vector, its component perpendicular (-L) , 

parallel (II) to Bp
£ Length of ray path
L Linear dimension of source
ma Mass of particle
n Harmonic number
na Number density of particles
jP » Pj_» P|| Particle moment, its component perpendicular (1), 

parallel (II) to Bq
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p° Time averaged power per unit volume radiated into 
waves of mode o

qa
r

Charge of particle 
Position vector

rc
Ro

Degree of circular polarization 
Solar radius

s Harmonic number
Sos am
S 0 
a

t

Observed energy flux density of radiation 
Source function of amplifying layer 
Source function of absorbing layer 
Time

T Time interval

Tb
Tbs
Ta
ua
iiacj’a" (k,k* ,k")

Observed brightness temperature 
Source brightness temperature 
Temperature (°K)
Streaming velocity
Probability of three-wave interaction

V, Vj_, V|| Particle velocity, its component perpendicular (1) , 
parallel (II) to jBq

VA
V

V ( k )

v 4>
V

Alfven speed 
Sound speed 
Group velocity 
Phase velocity 
Spatial volume

v , v.e* l
w aa (s,£,k) 

w aGQ »£»£»£')

Thermal velocity of electrons, ions 
Probability of wave particle interaction 
Probability of scattering 
Energy density in electron plasma waves

WP
W , th
W a

(WE /WT ^

Kinetic energy density of plasma particles 
Energy density in thermal fluctuations 
Energy density in waves of mode a
Ratio of electrical to total energy density of waves 

in mode a
X :E 03 2 /u32

p
Y := 0, / 03e
z : = k, V. /ft1 1  a
Z.l
a

Valency of ions 
Particle species

3 := |v|/c
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Y
n

:E (1-32) 2, Lorentz factor

Y° (k) Growth or damping rate

6 . . 
ij

ea
(k,a))

,w1 ;k2 ,a)2)

e^ (k,oa)

Kronecker delta

:i V K I
Linear response (dielectric) tensor 

First nonlinear response tensor

<± Kj £±j (k,m)
C (A ) s e : e  e~Ae I (A ) s e

na
0

Refractive index

Wave normal angle w.r.t.

6r Ray normal angle w.r.t. B q

K Boltzmann's constant

< := k/|jk|
A , A. e* l

^Da 
£n Ae
A. . (k,oa) 
1J ~  

A(k,ca)

:i (kjVg/sy2 , (kjVj/op2 
Debye length 

Coulomb logarithm

: = n 2 (KiKj “ 6 ij) +
: = det{A „  (k,w) }

A _  (k,oo) 

Ass
yG (k)

Cofactor of A ^  (k,m)

Trace of A_(k,u))

Absorption coefficient (in time)

V c Effective collision frequency

7Ta Plasma frequency

a Wave mode

Scattering cross-section

T Interaction time

T c Mean time between collisions

t d
Deflection time of beam

X4)
t g

Correlation (phase-shift) time 

Optical depth

(j), If, Particle azimuthal angle, wave azimuthal angle

0) Angular frequency

a)a (k) Angular frequency of waves in mode a

GO
P

wo,x
fia
no
dft

Electron plasma frequency

Cutoff frequency of 0, X-mode waves

Gyrofrequency

Solid angle subtended by source at observer 

Element of solid angle
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Fluids Ĵ 5, 662.

Landau, L. (1946). - J. Phys. U.S.S.R. JJ3, 25.

Landau, L.D., and Lifshitz, E.M. (1960). - "Electrodynamics of 
Continuous Media" - Course of Th. Phys. Vol. 8 (Ch. XIII 
Electromagnetic Fluctuations), Pergamon Press, New York.

Landau, L.D., and Lifshitz, E.M. (1969). - "Statistical Physics", 
Pergamon Press, New York.

Landau, R.W., and Cuperman, S. (1970). - J. Plasma Phys. 4_, 13.

Liemohn, H.B. (1965). Radio Sei. 69D, 741.

Livshitz, M.A., and Tsytovich, V.N. (1968). - Sov. Phys. JETP 26_, 927.



195

Malinge, A.-M. (1963). - Ann. d'Astrophys. 2_6, 97.

Martres, M.J., Pick, M., Soru-Escaut, I., and Axisa, F. (1972). - 
Nature Phys. Sei. 236, 25.

McBride, J.B. (1969a). - Phys. of Fluids _1_2, 844.

McBride, J.B. (1969b). - Phys. of Fluids _12, 850.

McKenzie, J.F. (1963). - Phil. Trans. Roy. Soc. London A255, 585.

McKenzie, J.F. (1967). - Phys. of Fluids _1(D, 2680.

Melrose, D.B. (1968a). - Astrophys. & Space Sei. 2̂, 171.

Melrose, D.B. (1968b). - Astrophys. J. 154, 803.

Melrose, D.B. (1971). - Astrophys. Space Sei. _10_, 186.

Melrose, D.B. (1972a). - Plasma Phys. _14_, 1035.

Melrose, D.B. (1972b). - Unpublished notes.

Melrose, D.B. (1972c). - Plasma Phys. (in press).

Melrose, D.B., and Sy, W.N. (1972a). - Astrophys. & Space Sei. J_7_> 343.

Melrose, D.B., and Sy, W.N. (1972b). - Aust. J. Phys. 25_, 387.

Melrose, D.B. (1973). - Aust. J. Phys. (in press).

Mizuno, K., Sugaya, R., and Tanaka, S., Phys. Lett. 36A, 441.

Mollwo, L. (1970). - Solar Phys. _12, 125.

Montes, C., Coste, T., and Diener, G. (1970). - J. Plasma Phys. j4, 21.

Montes, C., and Peyraud, J. (1972). - J. Plasma Phys. 7_, 69.

Montgomery, D., and Bodner, S. (1971). - J. Plasma Phys. 5̂, 131.

Montgomery, P.C., and Tidman, D.A. (1964). - "Plasma Kinetic Theory", 
McGraw-Hill Book Co., New York,

Morimoto, M., and Kai, K. (1961). - Publ. Astron. Soc. Japan 13, 294

Morimoto, M., and Kai, K. (1962). - Publ. Astron. Soc. Japan 17, 220

Mustel, E.R. (1962). - Sov. Astron. AJ, 6 , 333

Mustel, E.R. (1963). - Sov. Astron. AJ, 6 , 488
Neufeld, J., and Wright, H. (1963). - Phys. Rev. 129, 1489. 

Newkirk, G. (1961). - Astrophys. J. 133, 983.

Newkirk, G. (1967). - Ann. Rev. of Astron. Astrophys. 5̂, 213.



196

Parker, E.N. (1961). - J. Nucl. Energy, Part C: Plasma Phys. 2_, 146.

Paul, J.W.M. (1971). - "Collisionless Shocks", Culham Lab. Preprint 
CLM-P290.

Payne-Scott, R., and Little, R.G. (1951). - Aust. J. Sei. Res. A4_, 508.

Perkins, W.A., and Barr, W.L. (1966). - "Observation of a Velocity*- 
Distribution Instability", Plasma Phys. & Controlled Nucl. Fusion 
Research II, Vienna, I.A.E.A., 115.

Piddington, J.H. (1969). - "Cosmic Electrodynamics", Wiley-Interscience 
Publ., New York.

Pines, D., and Schrieffer, J.R. (1962). - Phys. Rev. 125, 804.

Polovin, R.V. (1962). - Sov. Phys.-Tech. Phys. 6_, 889.

Ramaty, R. (1969). - Astrophys. J. 158, 753.

Riddle, A.C. (1972). - Proc. ASA _2, 98.

Rogister, A., and Oberman, C. (1968). - J. Plasma Phys. 2_, 33.

Rosenbluth, M.N., MacDonald, W.M., and Judd, D.L. (1957). - Phys. Rev. 
107, 1.

Rust, D.M., and Roy, J.-R. (1971). - "Coronal Magnetic Fields Above
Active Regions", 'Solar Magnetic Fields' - I.A.U. Symposium No. 43, 
(ed. R. Howard), p.569.

Sagdeev, R.Z. (1960). - Rev. of Plasma Phys. 4_, 23.

Sagdeev, R.Z., and Galeev, A.A. (1969). - "Nonlinear Plasma Theory",
W.A. Benjamin, New York.

Sakurai, K. (1972). - Astrophys. J. L74, 135.

Sastry, Ch.V. (1972). - Astrophys. Lett. 11, 47.

Schwartz, M.J., and Lichtenberg, A.J. (1972). - Phys. of Fluids J_5, 470.

Shafranov, V.D. (1967). - Rev. of Plasma Phys, j3,

Shapiro, V.D. (1963). - Sov. Phys. JETP 17_, 416.

Sheridan, K.V. (1972). - Private communication.

Shima, Y., and Hall, L.S. (1965). - Phys. Rev. A139, 1115.

Silin, V.P. (1960). - Sov. Phys. JETP LI, 1136.

Sitenko, A.G. (1967). - "Electromagnetic Fluctuations in Plasma", 
Academic Press, New York.

Sitenko, A.G., and Kirochkin, Yu.A. (1966). - Sov. Phys. JETP 9_, 430.

Sitenko, A.G. , and Stepanov, K.N. (1957). - Sov. Phys. JETP 4_, 512.



197

Smith, D.F. (1970). - Adv. in Astron. & Astrophys. 7_, 148.
Smith, D.F. (1971). - Astrophys. J. J70, 559.

Smith, D.F. (1972). - Astrophys. J. (in press).

Smith, D.F,, and Fung, P.C.W. (1971). - J. Plasma Phys. 5̂, pt. 1, 1.

Steinberg, J.-L., Aubier-Giraud, M., Leblanc, Y., and Boischot, A. 
(1971). - Astron. Astrophys. _10, 362.

Stenflo, L. (1972). - J. Plasma Phys. 7_, 107.

Stepanov, K.N. (1960). - Sov. Phys. JETP _U, 192.

Stepanov, K.N., and Kitsenko, A.B. (1961). - Sov. Phys.-Tech. Phys. j5,
120.

Stewart, R.T., and Labrum, N.R. (1972). - Solar Phys. (in press).

Stix, T.H. (1962). - "The Theory of Plasma Waves", McGraw-Hill Book 
Co., Inc., New York.

Stone, P.M., and Auer, P.L. (1965). - Phys. Rev. A138, 695.

Sturrock, P.A. (1958). - Phys. Rev. 112, No. 5, 1488.

Sugihara, R. (1963). - J. Phys. Soc. Japan 1062.

Sweet, P.A. (1971). - "Theories of Small-scale Magnetic Fields", ’Solar 
Magnetic Fields’ - I.A.U. Symposium No. 43 (ed. Howard), p.451.

Takakura, T. (1963). - Publ. Astron. Soc. Japan _1_5, 462.

Tataronis, J.A., and Crawford, F.W. (1970a). - J. Plasma Phys. 4̂  231.

Tataronis, J.A., and Crawford, F.W. (1970b). - J. Plasma Phys. <4, 249.

Tidman, D.A., and Dupree, T.H. (1965). - Phys. of Fluids 8_, 1860.

Traktengerts, V.Yu. (1966). - Sov. Astron. AJ, JJ), 281.

Trulsen, J., and Fejer, J.A. (1970). - J. Plasma Phys. 4_, 825.

Tsintsadze, N.L. (1964). - Sov. Phys.-Tech. Phys. 9̂, 1397.

Tsytovich, V.N. (1962). - Radiofizika .5, 1078.

Tsytovich, V.N. (1963). - Sov. Phys. JETP J_7, 643.

Tsytovich, V.N. (1967). - Sov. Phys. Uspekhi 9_, No. 3, 805.

Tsytovich, V.N. (1969). - Sov. Astron. AJ, J^, 806.

Tsytovich, V.N. (1970). - "Nonlinear Effects in Plasma", Plenum Press, 
New York-London.



198

Tsytovich, V.N. (1971). - Plasma Phys. JJ3, 741.
Tsytovich, V.N., and Shapiro, V.D. (1965). - Nucl. Fusion _5, 228.

Tsytovich, V.N., and Shvartsburg, A.B. (1966). - Sov. Phys. JETP 22, 
554.

Tsytovich, V.N., and Shvartsburg, A.B. (1967). - Sov. Phys.-Tech. Phys. 
11, 1431.

Twiss, R.Q. (1963). - Phil. Mag. 8, 1249.
Vahala, G., and Montgomery, D. (1970). - J. Plasma Phys. _4, 677.
Vedenov, A.A. (1968). - "Theory of Turbulent Plasma", Iliffe Books, 

London.

Vedenov, A.A., Velikov, E.P., and Sagdeev, R.Z. (1961). - Nucl. Fusion 
1, 82.

Vedenov, A.A., Velikov, E.P., and Sagdeev, R.Z. (1962). - Nucl. Fusion 
Suppl. 465.

Warwick, J.W., and Dulk, G.A. (1969). - Astrophys. J. 158, L123.
Watson, G.N. (1966). - "A Treatise on the Theory of Bessel Functions", 

University Press, Cambridge.
Wild, J.P., and McCready, L.L. (1950). - Aust. J. Sei. Res. A3_, 387.
Wild, J.P., Sheridan, K.V., and Neylan, A.A. (1959). - Aust. J. Phys. 

_12, 369.
Wild, J.P., and Smerd, S.F. (1972). - Ann. Rev. Astron. Astrophys. 10, 

159.
Wild, J.P., Smerd, S.F., and Weiss, A.A. (1963). - Ann. Rev. Astron. 

Astrophys. Ĵ, 291.
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