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ABSTRACT

A semiclassical theory of weak nonlimear interactions in a mag-
netoactive plasma is developed neglecting effects of binary collisions
(chapters 2 and 4). Thomson scattering of magnetoionic waves by non-
relativistic elec£rons and inverse Compten scattering of magnetoionic
waves by relativi;tic electrons are discussed together with illustra-
tive examples. Scattering by ions and by electrons in a Maxwellian
plasma are treated and compared. Examples of nonlinear scattering of

magnetoionic waves by thermal plasma ions are studied.

A theory of polarized radiation arising from nonlinear conversion
of microturbulences in electron plasma waves and in electrostatic
electron cyclotron waves is developed (chapter 5). On a simplifying
assumption about the turbulence spectrum of electron plasma waves,
polarized radiation arising from the "plasma emission processes' in a
weak background magnetic field is studied in detail. Polarized radia-
tion from nonlinear conversion of a microturbulence in electrostatic
electron cyclotron waves is discussed for cases with either weak or

strong background magnetic fields.

Type I solar radio bursts and associated noise storm phenomena are
investigated in chapter 6. A model of type I solar radio bursts is
constructed, based on the 'plasma hypothesis' and including induced’
effects. A mechanism is proposed to explain the strong circular polar-
ization of type I bursts from source regions where the background

coronal magnetic field is expected to be weak.
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CHAPTER 1

INTRODUCTION

1. SCOPE OF THE THESIS

In this thesis, a plasma is taken to be a fully ionized gas éom—
posed of electrons and positive ions. If these particles have speeds
which are much less than that of light in vacueo, the ﬁlasma is non-
relativistic. A plasma permeated by a background magnetic field is

said to be magnetoactive.

Waves in normal modes in a plasma are called plasma waves. Each
normal mode is defined by a dispersion relation, which is a solution or
a suiltable branch of a solution of the determinantal equation
assoclated with the homogeneous wave equation. The homogeneous wave
equation is the equation obtained from the general inhomogeneous wave
equation (see equation (2.48) below) on setting the extraneous current
density equal to zero and on neglecting all terms connected with nen-
linear responses, i.e., all terms quadratic, cubic, ..., in the

electric field.

A plasma is microturbulent if plasma waves in it have been excited
to a level higher than that éorreéponding\to thermodynamic equilibrium.
The prefix "micro" distinguishes the type of turbulence considered here
from other types of turbulence which could be called "macroscopic".
Macroscopic turbulence includes shock waves, bulk transport of gases,
"hydromagnetic" turbulence, etc. Unless stated otherwise, the terms
turbulence or turbulent shall henceforth refer to micrescopic turbu-

lence and all associated processes are assumed to be microscopic.
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In laboratory plasmas and thermonuclear fusion devices, plasma
turbulence is manifested by anomalously high electrical resistances,
anomalous diffusion of particles, excessive radiation losses, etc.
Astrophysically, the existence of plasma turbulence can be inferred
from phenomena such as non-thermal radio emission from the solar corona,
from the planetary magnetospheres, and frem galactic and extragalactic
radio sources. Our understanding of the physical processes in these
diverse places is closely associated with our understanding of how
plasma turbulence is generated and how plasma waves interact with par-
ticles and among themselves. The scattering of plasma waves by
particles and coalescence and decay processes of plasma waves are
examples of nonlinear processes, since at least some of the terms con-
nected with nonlinear responses must now be retained in the general
inhomogeneous wave equation (equation (2.48)) in treating these

processes.

There are many important distinctions to be drawn between labora-
tory plasmas and astrophysical plasmas. A major difference is that
laboratory plasmas generally have dimensions comparable with scale
lengths or wavelengths of interest and they cannoet be regarded as
unconfined, whereas astrophysical plésmas often have dimensions much
larger than scale lengthsvor waveleng;hs of interest and they can be
regarded as unconfined. Because of this difference, laboratory plasmas
generally have comparatively large gradients in density and other
plasma parameters and the inhomogeneity due to such gradiénts usually
cannot be ignored. By contrast, astrophysical plasmas have relatively
small gradients and they can often be regarded as homogeneous. Other
important differences are: (1) Laboratory plasmas are generally
optically thin, i.e., radiation in emerging from the central regions of

the plasma and propagating to the boundary of the plasma passes through




a comparatively short distance, in which no significant absorption
takes place, whereas astrophysical plasmas are ﬁsually optically thick,
particularly for radiation at certain frequencies. (2) Laboratory
plasmas can emit radiation due to the presence of currents in the sur-
face layers of the plasma, whereas radiation from astrophysical plasmas
can rarely be attributed to such currents. In our theoretical studies,
plasmas are assumed to be homogeneous and unconfined. In astrophysical
applications, these assumptions sometimes need modifications, e.g., in

treatment of absorption of radiefrequency waves propagating through a

stellar atmosphere.

Because almost all plasmas, including laboratory plasmas and those
of astrephysical interest, are magnetoactive, one should inciude the
effects of a background magnetic field even if only to determine the
conditions under which these effects are unimportant. The important
role played by magnetic fields in astrophysics in general has been
stressed by Alfvén and Falthammark(1963), and Piddington (1969). Cer-
tain astrophysical phenomena may be explicable only by taking into
account the effects of a background magnetic field. For e#ample, fhe
strong circular polarization of type I solar radio bursts may be one
such case, a detailed discussion of which will be given in the second

part of this thesis.

In summary, in the theoretical part of this thesis, we shall study
problems associated with the generation and interactions of plasma
micreturbulence in a nen-relativistic, unconfined, homogeneous, magneto—
active plasma, taking into accéunt the effects of the bacground mag-
netic field in all our discussiens. In the aétrophysicai.pa;t, we
shall apply our theoretical results to the study of type I selar radie

bursts.



2. ASSUMPTIONS

The following assumptions are made throughout the thesis:

(a) Nonlinear interactions are weak.

(b) Collisional effects can be neglected in treating the non-

linear interactions.

(¢) The random phase approximation for plasma waves is applicable

to all nonlinear processes considered.

We discuss each of these assumptions in turn.

(a) Weak Nonlinearity

The Fourier transform of the phenomenological equation (see
equation (2.11) belew) describing the response of a plasma to a pertur-
bing electric field Eﬁkﬁw) can be written as (see equation (2.17)

below)

a3k du'd%K"dw"
— ) ~ ~ 1 V1M
Di(}i’ (.l)) = Eij (,15-‘9 w) Ej (,IS,U)) + J : (2_“,)4 § (,13 }s ,1_{_, )

x §(w-w'"-0") eijékf,w';kf,m") Ej(kf,w') Ez(kf,w") + ... y (1.1)

where Qﬁkpw) is the FourierAtransferm of the displacement current,
Eij(Eﬁw) is the‘liﬁear response (dielectric)ktepsor and
eijb(k',wi;Kﬁ,m")‘is.the first nonlinear response tensor. Nonlinear
interactioﬁs'in a plasma are considered weak if the series expansien in
terms of E(k,w) oh.thevright hand side of equaﬁion (1.1) coﬁverges suf-
ficiently raﬁidly, i.e., 6nly»the first few terms need to be cohsidered.
In general, the.nonlineér interaction‘can be regarded as%WEak for

sufficiently small electric field amplitudes.

The weak nonlinearity condition can be expressed by the inequality

(Tsytovich, 1970):



VE/V* << 1, (1.2)

where Vo is the velocity amplitude of a plasma particle oscillating in
the field of a wave with amplitude |§| and v, is the characteristic
velocity of a nonlinear process (e.g., it might be a phase velocity in

a wave process).

(b) The Neglect of Collisions

The mean time between two successive binary collisions T, may be
defined by T, iE 1/\)c where vcris.the effective collision frequency
(see equation (3.44) below). If a ﬁrocess occurs in a time much
shorter than Tas then binary collisiqns can be neglected in treating
the process. In the literature a pldsma is loosely referred to as
colligionless if binary collisions can be neglected in treating all the
processes discussed. For linear processes, a plasﬁa can usually be
regarded as collisionless under the condition nekDg>>-l, ﬁhere ne is

the electron number density'and_)\De is the Debye length. For nonlinear
processes, there is no such simple general condition for collisions to
be negligible. The neglect of collisions usually has to be justified a

posteriori for each individual nonlinear process.

The inclusion of distant binary collisions usually involves
retaining a Fokker-Planck term on the right hand side of the Boltzmanu
equation (Montgomery and Tidman,-19§4) and this complicates the prob-
lems considerably.‘ We. shall neglect collisions except in the treat-
ments of damping of plasma waves. (ollisional damping or damping by
distant binary collisions (inverse-bremsstrahlung) isbimportant in
astrophysical plasmas for the following reasons. (1) Collisional damp-
ing is offen the most efficient damping mechanism predominating over

"collisionless" damping mechanisms, e.g., Landau and cyclotron dampings.



(2) The effect of collisional damping accumulates over the long

distances through which the plasma waves propagate.

(¢) The Random Phase Approximation

For waves having a width in the frequency spectrum Sw, a
correlation time or a time in which the relative phases of the waves

shift significantly can be defined by T, := 1/6w. When these waves

¢
participate in a physical process which occurs in a time T>>‘T¢, these
waves can be regarded és randem-phase waves for the purpose of treating
the process. Furthermore, the ensemble averages of field quantities of
the waves, which are assumed to be equal to the time averages of the
corresponding quantities, all vanish over the time interval T. Except
for autocorrelations, all bilineaf correlations of field quantities
over the time interval T vanish (see equation (3.1) below). The random
phase approximatien can be justifig§ by comparing the correlation time
T¢ with the interaction time t and shdwing T>>‘T¢.
When the random phase approximation is not valid, we are dealing

with processes invelving fixed-phase waves whose mode of interaction is

qualitatively different from those of random-phase waves.

3. FORMALISM

Among nonlinear processes, weak nonlinear processes hgve been
studied in much more detail so fér, because simple methodsbusing series
expansions of the form of equation (l.l) are available. Weak ponlinear
processes in plasmas without a background magnetic field have been
studied extensively (Davidson, 1972). Weak nonlinear processes in mag-
netoactive plasmas, howevef, have not been.studied quite so extensively,

due perhaps, in part, te the inherent wmathematical complexities



associated with spiralling motions of plasma particles in the presence
of a background magnetic field. Nevertheless, a number of studies have
been made (see references in chapter 4), and of these, the semi- |
classical theory of Tsytovich and Shvartsburg (1966, 1967) is perhaps

the simplest and easiest to interpret physically.

When the random phase approximation is valid, the phases of the‘
plasma waves are unnecessary in the descriptien of the interactions and
the plasma waves are described as phasmons. (photons). This simplified
description of plasma waves together with the quantum mechanical
language of spontaneous and induced processes (Einstein, 1917) forms
the basis of the semiclassical theory. The probabilities used in this
formulation are all calculated classically by using the kinetic
equations and Maxwell's equationé. These probabilities tegether with
the principle of detailed balance for microscopic processes are used to
derive equations describing the evolution of distribution functions of
plasmons and plasma particles. As the fields of the plasma waves have
not really been quantized, the constant h=h/27, with h := Planck's
constant, appearing in the equations are merely there for '"book-keeping"
purposes; equivalent eduations can be written in which this censtant
does not appear. In brief, a quantum formalism is used to describe

plasma physics in the classical regime.

In this thesis, we shall generalize and extend the semiclassical
theory of Tsytovich and Shvartsburg (ibid.), and some aspects of the
processes occurring in a magnetoactive plasma will be discussed moere
thoroughly here than in the existing literature. In symbols and nota-
tion, we follow a combination ef those of Tsytovich (1970), Smith
(1970), and Melrose and Sy (1972a,b), but with some alterations.
Unless stated otherwise, c.g.s. units will be used throughout this

study.



4, OUTILINE OF THE THESIS

In chapter 2, starting from the collisionless Boltzmann-Vlasov
equation and Maxwell's equations, we define and derive respense tensors
for a magnetoactive plasma. We then obtain explicit formal expressions
for the linear response (dielectric) tensor and the first nonlinear
response tensor in terms of unperturbed one-particle distribution func-
tions. Various properties, viz. those of reality, causality and’
symmetries of these tensors are discussed. The dielectric temsor for a
bi-Maxwellian piasma is rederived. Wave properties are defined and
summarized for wave-modes of interest in a Maxwellian magnetoactive
plasma. Apart from the formal expression for the first nonlinear res-
ponse tensor and the wave properties derived for electron cyclotron

waves, this chapter is principally of a review nature.

In chapter 3, we review the relevant aspects of wave-particle
interactions in a magnetoactive plasma within the framework of linear
and qﬁasilinear theory. Although it can be said that the basic
physical principies behind wave-particle interactions are well under-
stood, certain aspects of this the¢ry, are either still under develop-
ment or have been controversial in the‘literature. Included in the
discugsions are single-particle emission processes, quasilinear
equatiens, and various classes of microinstabilities. Although new
results are only incidental, the chapter has been feund coenvenient
(1) to provide a suitable basis for a comparison of linear with non-
linear theories, (2) to clarif§ the stance taken with respect to -
controversial issues on linear or quasilinear theory, and (3) to
include instabilities, whose significance for astrophysics has remained

incompletely explored.



In chapter 4, a semiclassical theory of weak nonlinear inter-
actions in a magnetoactive plasma is developed. The principal
contributions to the theory lie in the study of scattering of plasma

waves.

After presentation of the semiclassical framework (sections 2 and
3), a scattering cross-section is defined and derived, and Thomson (and
inverse Compton) scattering of magnetoionic waves by relativistic and
non-relativistic particles is considered in section 4. 1In particuiar,
Thomson scattering by non-relativistic electrons is treated generally,
conditions under which the motion of relativistic electrons can be
regarded as rectilinear in treating inverse Compton scattering are
derived, and when such conditions are not fulfilled, we study a

specific example in detail.

In section 5, after the general inverse Maxwellian tensor has been
written down and the conditions under which this tensor simplifies have
been derived (Appendix E), nonlinear scattering by thermal ions and
electrons are treated and compared. Useful approximate forms of the
first nonlinear response tensor are derived in Appendix F. In additien,
the absorption coefficient (in time) and the scattering cross-section
for spoﬁtaneous nonlinear scattering of magnetoionic waves by plasma

ions are calculated for special cases of interest.

Formal probabilities fér coalescence and decay processes ate

written down in section 6.

The final section of chapter 4 is devoted to a qualitative dis-
cussion of the effect of a background magnetic field on_thé formation

of turbulence spectra.

In chapter 5, the general theory of weak nonlinear. processes in a

magnetoactive plasma is applied to the study of polarize& radiation
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arising from plasma turbulence. We consider in detail "plasma emission
processes' where the microturbulence is in electron plasma waves. We
also consider polarized radiation arising from a microturbulence in
electron cyclotron waves, which do not seem to have been considered in
this context in the literature. The amplification of radiation in mag-

netoionic waves, by induced effects, is discussed in the last sectiom.

In chapter 6, we explore the possibilities of applying the results
derived in the theoretical part of this thesis ﬁo polarized radiation
from the solar corona. We have chosen to examine type I solar radio
bursts in detail. After introductory discussions on radio emission
from the sun (section 1), and on a morphological description of the
solar corona (section 2), a simplified model of the solar corona above
the active regions is adopted (section 3) in order to evaluate and
develop quantitative theories of solar radio bursts. An updated review:
of the observational data on type I solar radio bursts is presented in
section 4. Existing theories of type I solar radio bursts are reviewed
and criticized in section 5. A model based on the "plasma hypothesis"
is then constructed in an attempt to overcome some of the objections
" raised against the existing tﬁeories. The last section is devoted to a

critical appraisal of the model proposed and to some concluding remarks.

In the final chapter, a synopsis of theoretical and astrophysical
results found in our investigation is given. In conclusien, sugges-
tions for other possible astrophysical applications of the theory and

for further research are made.




PART I

THEORY

"There is a mask of theory over the whole face of nature'

— Whewell, 1831
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CHAPTER 2

ELECTRODYNAMIC PROPERTIES OF A MAGNETOACTIVE PLASMA

1. FUNDAMENTAL EQUATIONS

Our theoretical study of a magnetoactive plasma is based on the

collisionless Boltzmann-Vlasov equation

oF, of,, yxB yxBy) Of,
'ﬁ—*‘x.%‘{"-qa;%* et ‘BR =0, (2.1)

where fa g fa(R’f.’t) is the one~-particle distribution of particles of

species o, with charge 4, and rest mass m, .

The coordinate axes are chosen so that the background magnetic
field is given by §p==(0,0,Bo). The electric and magnetic fields,
E=E(x,t) and B=B(r,t), are caused by extraneous sources and by plasma

particles themselves, so they are related consistently by Maxwell's

equations,
1 %8
curl_% = =23 divE = 4m , |
(2.2)
9E
Ll =, 4r -
curlE=cat+c1, divE 0o .

The charge and current densities are separated by writing respectively,

, ext | 1ind ext ind
p = p + p s i =4 + ] ) (2.3)
‘ - ext ext
Extraneous charge and current densities are denoted by p and j .

The induced chargé and current densities are related to the particle

distribution functions by
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ind
p ¢ = fqa ‘ d3p £ (p,r,t) ,
(2.4)
ind _ ( 3
I = 2, | PRy EELe -

In the study of wave motion it is convenient to use Fourier trans-

forms. The Fourier transform and its inverse for any quantity F(Eﬁt)

can be defined by

3k du ,
= i(ker-wt)
F(x,t) jW.F(E,w) e 'K ) | |
; : (2.5)
Flk,w) = Jda}; dt F(r,t) il rut)

To ensure the existence of the Fourier transform, the function F(xr,t)

is to be truncated outside a space-time volume whenever necessary, i.e.,

F(r,t)

0 outside volume V , (Q“SY

0 outside time interval: -T/2<t<T/2 .

Fourier transforming (2.1) and (2.2), one has

(v xBo) of

-iw fa(R3E’m) + i}i’z fa('p\'!}iaw) +‘qa e * apa (’val‘isw)'
(2) 1 ' IXE(}E" ’w' afa "o,n
+ J dxa q, Eﬂk{,w ) + = .82‘ (R)E',w ) = 0 (2.6)
and
kxE(k,0) = < Bk , k'E(k,w) = -4mip(k,0) ,
) wi
_EXE(E:N) = Z‘E(}gsw) +—E‘J(ksw) ’ ‘E'E(Esw) = 0 ,
2.7)
where
@) d3k'dw'd3k"dw" . :
= P ~ et PN BN | .
[a® . [ = FUk!KD Sl Q.9

and 63(k-kf—gﬁ) and §(w-w'-w") are Dirac delta functions. A quantity
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on the left (right) hand side of := (2:) is defined by known

quantities on the right (left) hand side.

2. RESPONSE OF A PLASMA -

Electromagnetic fields in a plasma perturb particles énd thergfore
alter their distribution functions. It is possible to make a perturba-
tion expansion of the particle distribution functions in. terms of the

electric fields of small oscillations in a plasma:
0 (1 2
£k = £ + £8P0, k0 + £ @ k0 + . (2.9

where féo)(p) is the unperturbed homogeneous time-independent

distribution, normalized according to,
3. ¢(0) =
J d E,fa (2) ‘ 1. (2.10)

Here, fil)(p,k,m) represents a correction to féo)(g) proportional to
the electric field of the plasma waves, fiz)(p,k,m) represents a higher
order correction, proportional to the square of the electric field of

the plasma waves, etc.

The phenomenological equation describing the response of a‘plasma‘

to a perturbing electric field is given by (Landau and Lifshitz, 1960)
D(r,t) := E(x,t) + 4mP(xr,t) , (2.11)
where the polarization gﬂg;t) is defined by

R (x,t) - ,ind :
e il e, . (2.12)

il

The Fourier transform of (2.11) on using. (2.12), reads

Dow) = EGuw) + 2L 10w L (2.13)



14

The corresponding expansion of the induced current density in terms of

the electric field E(E,w) reads,

e = 1 Pew + 1P ww + ... . (2.14)

The n-th order current density can be written as

jén)(kfw) $= J'dx(n)eijl...jn(kl’ml;"';kn’wn)EJ1(£1’w1)°"Ejn(kﬁ’wn)
(2.15)
. (n)
" E 9" J d3E'vi fa (R)E'w) ’

where n, denotes number deqsi;y of particles of species a and

cijl".jn(kl,wl;...;En,mn)Jdenotes the n-th order conductivity ;ensor,~

with

d3kidw; d3k_duw
(n) .. ~ ~n_ n

(2.16)
Substitution of equations (2.14) and (2.15) in (2.13) yields the
electric displacement in the form:

R

- (2.17)
where eijl...jn(EJ’wl;“';En?wn) is the n=-th order response‘tensqr.
The first (linear) response tensor is just the dielectric tensor given
by

ey Uu) 1= 8y + -‘*—I—)i oG .« (2.18)

The n-th order response tensor, for n' 2 2, is given by,

B . . » * = ﬁi ' H. | . ‘
Eijl...jn(kl’wl’”"}sn’wn)’ o= w Uijlr...jn(El’wl"“'}sn’wn) . (2‘19)
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3. REALITY, CAUSALITY AND SYMMETRIES

The expansion of the electric displacement D(x,t), defined by.

(2.11), in terms of the electric field Eﬂf}t)’ reads

Di(E)t) = J d3£1dt1 eij(El’tl) Ej(£7£1,t—t1) + f d3£ﬂdt1 J d3£2dt2 X
x eijz(ﬁl’t1;£25t2) Ej(szi’t'tl) EQ(ETEZ’t'tZ) + ... . (2.20)

It is clear that the phenomenological coefficients (tensors), occurring
in (2.20), whose Fourier transforms given by (2.18) and (2.19), are
real quantities. Hence the response tensors (2.18) and (2.19) satisfy

reality conditions:
*ko0) = K 2.21
Eij(~’w) = €ij(-,-w) s (f )
*
sijz(}gl,wl;kz,wz) = eijl(-lf,l.-wl;-kc;,-wz) > (2.22)
and in general,

(E1’w1;°°°f1§{1’wn) = (—’15’1 ’—wl;---;—}sn’—wn) . (2-23)

€ie s s €4
ij132...3 ijy...3,

Here, complex conjugation is denoted by '%#', The above conditions

follow trivially from the Fourier transforms of real quantities.

The collisionless Boltzmann-Vlasov equation (2.1) is time-
reversible, as may be seen by noting its invariance under the trans-
formation: P> V, E} Ep, t > -p, -V, —E) 'Eﬂ’ -t. It cannot describe
macroscopically irreversible processes such as relaxation to
equilibrium without introducing additional hypotheses such as the
stosszahlansatz in Boltzmann's theory and the initiél condition in
Bogoliubov's theory. It caﬁ,4h6wever, deécribe macroscopically
irreversible processes éuch as small damping (or gfowth) of plasma

waves, by imposing causal requirements on the response of the plasma to
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small electromagnetic disturbances. That is, the requirement that the

response be subsequent to the disturbances is imposed.
To impose causality, the Heaviside step function is introduced,

1 (t>0)
o(t) == (2.24)
0 (t<0)

whose Fourier transform can be written as

0w = Togg @ 63 (2.25)

where io is an infinitesimal positive imaginary constant. Explicit

inclusion of causality alters (2.20) to read,
Di(z,t) = J d3£1dt1 eij(£1,t1) 8(ty1) Ej(£“£lst"t1) +
+ J d3r;dt, J d3rpdt, €150 (E1E13E2,t2) 8(t1) B(E2) x
x Ej(ETEJ’t'tl) E,(r-rp,t-ty) + ... . (2.26)

Fourier transforming (2.26) and equating this with (2.17), one derives

the following causality conditions:

B i dw' , S ,
eij (E,w) - 21T J w-(ﬂ' +1io €ij (k’w ) ] (2027)
(k sk ) = | ’ du du” » (k1,0 3ko,0™)
eij,Q, Kl,W15%2,W2) = o (wl—w'+io) (wz-w"+io) Fijg KlsW 5X2» s
1 | (2.28)
and in general, ‘
. 10 1 (n)
i dw'...dw
€, . . (kl,wl;...;k S0 ) = [._) J y
1j1...3,~ ~n’ n 2 (wl-w'*‘io)---(wn-w(n)i-io)

X e, C(kp,utsee sk 0 ™) (2.29)

k
~n
The Fourier transforms of the phenomenological tensors Eij(Eﬁt)’

eijg(fi’t1;£2’t2)’ etc., satisfy (2.27) - (2.29).
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It is clear that the infinitesimal positive imaginary constants
give rise to resonant conﬁributions. ‘However, only the non-resonant
contributions to the noﬁiinear response tensors are of interest in this
thesis. Hence, only the principal value parts ef each of the singular
infegrals occurring in the nonlinear response . tensors, isbfetained.

Unless stated otherwise,. the nonlinear response tensors are taken to

mean the noen-resonant parts of the tensors.

The symmetry properties of the linear response tensor (dielectric
tensor) are given by the Onsager reciprocal relations, which are

essentially consequences of the "time reversal invariance" of the

equations of motien of individual particles (de Groot and Mazur, 1969).7A‘L

For a magnetoactive plasma, they are well-known and can be written in

" the form, "

¥ L

.Eij(E;wsEp) = éji(—E,Q,‘Ep) = sj:(E)—m,—Ep)', (2.30)

where reality condition (2.21) has been used.

-

Generalizations of the Onsager reCipfocal relations to ebtain
symmetry relations for the noenlinear response_tensors'are not obvious. . !
However, there is an obvious symmetry relation which arises from per- - -

muting dummy indices and their associated arguments in (2.16),
eijl...jn(kl’ml;"';Enfwn) ‘= Ei(j1---jn)(£1’91;'";En’wn) (2.31)

where brackets (...) afeund the indices indicate.tﬁat 1/n! times'the;'
sum of all tensors qbtained by fermdtation‘of the indicesjand

associated. arguments is to‘bé téken. Tﬁ;s symmetry rélatioﬁ reflects .~
the indistinguishability of'the ihducéd curreﬁt densityﬁon‘spatially
interchanging any pair of interaéting electric fields. For the case

n=2, equation (2.31) reads,




18

Sijg(}gl,wl;lf,z,wz) = euj(kz,wz;gl,wl) . (2.32)

The "time reversal invariance" symmetry, which arises from the
invariance of the equations of motion of individual particles under the
transformation: p, Bg, t ~ “P>» -Ep, -t, can be shown (Melrose, 1972a)*
to be,

Eijlo--jn(hl,wl;...;}sn,wn;"B“’a) = Eijl-.-jn(}sl,-ml;...;En,—wn;_g’o) *

. (2.33)

T Melrose (1972a) expands the induced current density in terms of the

vector potential.A(E)t) and obtains a response tensor Kijl i related
‘ eeedy ,
to ¢ . by
ij]_...Jn
M ‘Ili.k
e Qn Kijl.‘“jn(}ssm:}&l sW1s :,\n:wn)
eijl...jn(kl’wl;""kn’wn) = 4mi 7 WWIW2 e e '

(2.34)

There are also crossing symmetries, arising from the properties of
the Poisson brackets in‘a dynamical formulation (Al'tshul' and Karpman,
1965; Melrose, 1972a). These symmetries have not been established for
the general n-th order nonlinear response tensor. However for the

cases n=1 and n=2, they can be expressed (see Melrose, 1972a) as
eij<kﬁw) = Eji(_k’-w) s (2.35)
Eijg(El’“’UEZ"*’Z) = eju(—hl—}gz,-wl-wzskz,wz)
‘ (2.36)
Ezji(klswtl;-kl-lf,z,-wl-wz) ,

where only non-resonant parts are retained.
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4. RESPONSE TENSORS

The dielectric tensor and the nonlinear response téﬁsors describe
completely the electrodynamic properties of a plasma and they depend
essentially on the unperturbed homogeneous time-independent distribu-
tions féo)(g). To write the tensors explicitly in terms of féo)(g),
kinetic equations (2;6) and (2.9) are used to solve for fén)(R)E)w).
Then application of equatiens (2.13), (2.14), (2.15) and (2.17) yields the
required formal expressions for the tensors. The dielectric tensor and

the first nonlinear response tensor read

_ ., 4ri
eij(E;w) = 6ij + = Gij(k?m)
(0)
of
4ri |Qalna I j¢ P($')-P(9) o
= §,,+—2 3p v, do' "LK,0) —
1j 0 5 Qa d PV, o ¢ e gSj(X« ’~’m) 3p;
(2.37)
and
€ (ky,wysko,w2) 4rd o (ky,wiiko,w2)
ije K1sW]sX2,W2 o ije X1sW1sK2,
_ 4mi 940 3 ¢ v P(¢")-P(9) ' _9_
= ETJdgvi d¢' e gsj(x sk1,w1) 5p7 ¥
o g s
) (0)
¢' " ' of
" P2(¢ )—P (¢ ) " e U
x JE ) d¢v e 2 grz(z',kz,wz) ap; . . (2.38)
o

The gyrofrequencies for non-relativistic ﬁlasma particles are denoted
by Qa= IqalBO/mac,_and also w=w) +wy, k=ky+ko, in (2.38). The par-

ticle velocities are taken to be Xf=(vlcos¢,vlsin¢,v”). Furthermore,

.o o
P(¢) := e]h I de' (w-k-v') , (2.39)
L o o ) :
. ¢ - '
Pa(4) iz —5 J dé' (wa-kz°x") (2.40)
o o .

and
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oYy
gij(z)kﬁw) R (w-k*v) Gij + kivj . (2.41)

For purposes of calculation and further analysis, it is convenient to
write equations (2.37) and (2.38) in forms involving infinite sums con-
taining Bessel functions. After some tedious calculations (Appendix A),

the equations read,

8"2qa2nd ” ”
egg(ow) = 8, +f§,——wz—- jo p1dpy J_m dp)
v . . @ Vi(s,lg,x)Vj*(SslSsY)
8,480 = |V Fo= V) 5o '
13°33 v, [‘l op 'l Bp”J - W= 88y =k
w=-k;v
N 3| Ta CLPDT (2.42)
and
8ﬂ21qasna © *®
eig(kloonske,ua) = Z—gm o Jo PLeRy J_m I s,u,ﬁ,v,v'

Gs+u',u+v'+v exp{isa(uf¢1—5¢+(u—V+v')wz)} Vi(S’EAX)

J (z

u( 2)

w-s =k, v
o -1

. —_\!
‘1ea(v v')

* ' 0 * o0 .
. k + B, ki,w
{O‘J (l—l 9~1’w1) apl i (U sX1s 1) P_L

J (z9)
% ) v * 0
| VN ! —_—
Yj (u'skasw1) ap”} mz—v'Qa—kznv”_{uZ (v',k2,w2) 3

+ Yz*(v',kz,mz) Sgﬁ}lféo)(pL,p”) . (2.43)

The unperturbed distribution f;o)(p) has been taken to be independent
0
of azimuthal angles of particle velocities ¢, i.e. fgo)(2)==f; )(pl,p“).

The wavevectors are written as

E = (klcosw,klsinll),k“) ’ -
ki = (kycosyy,kysinyiky) , (2.44)
ko = (kglcoswzskgLsinwz,kq|)
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In equation (2.42), § is the usual Kronecker delta and the

stv',ptu'+y

* * *
quantities A s Bi > Yy are defined as follows:
o, (V' ko,wy) =wik—2ﬂv(vb'k ) - 3§ J()z”—(-'ﬂ-k )
ity 2R2e®27 == v itV 0X25% 13 “yr 22 vy W2mV TR V) s
‘Yi(\)' ,}32,(&)2) = k2” Vi(\)',’l\(z,y) + 613 J\)'(Zz) (wz—\)'Qa"kZHV”) N
B1(v'sko,wp) := :ESE:EEHZE1 Vo(v',ko,v) + k inyy J_,(z2) (2.45)
1(v7,kp,02) 22 = 2(vsk2,0) + ko vy sinyp J 0 (z2) , (2.
8 (o' K _ Loarkay ) ,
2(v',ko,wp) := ——V_L_ Vi(v',ko,v) = ko vycosyy J 4 (22) ,
: kv,
B3(v',koswp) = I\I,l“ {sinyaV1(v',kp,v) - cospp Va(v',kp,v) 1},
where
v .
L e .
Vi(v',Ez,z) =5 {exp(leawz) Jv'-l(zz) + exp(-leawz) Jv'+1(22)}’

v
_isa j;'{exp(ieawz) Jv'—l(z%) - exp(—ieawz) Jv,+1(zz)},.v" Jv,(zz)]».
| (2.46)
Occurring in the above expressions are the Bessel functions Jv.(zz),
Ju,(zl); etc. where, as usual; the 6rdef is designated by v', u', etc.
and the’kérnelé are defined by

k vy o kyv kg v)

Q> 22 Q
o o o

(2.47)

N
—
"

11

Expressions for the dielectric’tensor, equivalent to (2.42), have
been written down elsewhere in the literature (Sitenko and Stepanov,
1957; Stepanov and Kitsenko, 1961; Akhiezer et»ql;,‘1967;,‘Melrose
and 'Sy, 1972a). These'provide the basis for the study of small ampli-
tude oscillations in a magnetoactive plasma. A somewhat different, but
rather unwieldy expression for the first nonlinear respoﬁse tensor
equivalent to (2.43) ﬁas written down by Tsytovich and Shvartsburg

(1966). 1In its present form, it was reported by Melrose and Sy (1972a).
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This tensor forms the basis for the study of nonlinear interaction of

small amplitude oscillations in a magnetoactive plasma.

5. WAVE PROPERTIES

Waves are described by solutions of the relevant wave equatiom.

The general inhomogeneous wave equation can be obtained from Maxwell's

equations (2.7):
2 4Tiw ,ext :
kx {kxE(k,w)} + %Q(}S,w} = _—E;— fx (k,0) (2.48)

where D(k,w) is given by (2.12). This equation is essentially non-
linear, since Qﬂk,&) depends nonlinearly en the electric field E‘k}w).
In the weak nonlinear approximatieﬁ, it will be solved by a perturﬁa—
tion procedure. Application of equation (2.17) yields an expanded form

of the above equation,

k2e2 » 4mi t
{—-J‘zi— (egey = 855 + ey (,15,«»} Ey(kow) = —T05 37 (k,0)

[>]

- = de(“) e

n=2 ijl"'j (k{l’wl;'--;,lfn,wn) Ejl('l\{'l,wl).-.Ejn(k‘n’mn)’(z.qig)

n

with k := E/k. Resonance contributions are retained only in the linear
response tensor Eij(kﬁm)' By introducing hermitian (h) and

antihermitian (a) parts,

h _ 1 . * '
Eij(kﬁw) = 5 {Eij(k9w) + Eji(k’w)} . o
; (2.50)
e2 (k,w) = 1 {e (k,w) - € *(k w) }
ij ~? 2 iy RE A
the causal condition (2.26) gives the Kramers-Kronig relatioms,
h _ i ¥ duw' a '
Eij (}ssw) i @ J_m Ry Ei_’] (kam) ’ .
: (2.51)

® dw' h .
®J E-_Z))_'Eij(}i’“")

a

ERlS
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The Onsager relations (2.30) cén be used to establish,

h h ‘
eij (E:w ’EO) ei‘j (E’-w,_EO) )

(2.52)

a .. a
Eij (EQMQEO) - eij (}é,’-w’-EO)

It follows from the time-reversal operation: the simultaneous reversai
of the sign; of w and Bo, that e?j (eij) describes the time-~reversible
(time-irreversible) dielectriCxproperties of the plasma. " The anti- i
hermitian part of the dielectric tensor describes such time-

irreversible processes as the damping:of waves in a plasma. Equétion

(2.49) can be rewritten as

Aij (k,yw) Ej (}E’m) =.- Eij (,,139‘“-’) Ej(,ls,w) = ZHTTi jEXt (.}g,w)

“»

=]

_ (2) |
Ez del | Eijl...jn(kl’wl""’Kn'wn) Ejl(kl’wl)f"Ejn(kn’wn>’(2553)'

where

k2c?

7 (ke = 85 + e - ;2.54)

Aij(h,w) 3= "

Regarding terms on the right hand side of equation (2.53) as éource’i
terms, one arrives at the homogeneoué wave equation, -
Aij‘(}f’,w) E; (kyw) - 0, s (255)

which describes free (undamped) oscilldtions' in a plasma. The con-
ditionzfor a;non—triviai solution is that the»detefmiqant of the;'lm.

coefficients vanishes:
A(kyw) :2 dét.{Aij(;g,m} = 0. . (2.56)

A solution of (2.56) or a Suitabie branch of a solutiquw€=w?(E) is
called the dispersion relation for waves in mode . On account of the

reality condition (2.20) and the hermitian nature. of Aij(E’w> it is
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A,w) = A(-k,-w) . (2.57)

Hence there is an equivalent relation for positive and negative,

frequencies, viz.,

w = mo(k) = -wg(—k) . (2.58)

To find the polarizatioen Véctor g?(k) defined by,

E{k,u’ (&)}

Hi

So (k) S i g s
' - |E{k,0” (k) 3
the cofactor tensor Aij(E?w) of‘Aij(g)w) is introduced (Sitenko and
Kirochkin, 1966), '

Ai

(}E;’ w) A

3 js

The elements Aij expressed in terms of the elements A read,

(2.59)

(o0) 15 AGk,w)6y, - (2.60)

ij
A = l“e € A . A (2.61)
ij 2 “ikg “jmn mk ng °’
where eijk is the permutation symbol defined by,
1  (ijk an even permutation of 123)

0 (otherwise)

When A =0, Aij is of rank two (one less than its order) and so

-1 (1jk an odd permutation of 123) (2.62)

kij is of rank one. Therefore any second order minor of Aij Vanishes,

i.e. for any ijke,

‘g M T M Mg 50

From equations (2.55) and (2.60), it is easy to see that

s when A = 0 ., (2.63)



25
* v '
Aij{}f."”g(}i)} « eic(}g) ejc (k). It then follows from equation (2.63)

and the fact that Aij is hermitian

o, A, = AL A, = (0 )2 (2.64
ij it ij "ij ii "] (ss) ? ( )

where Ass t= A1+ A2+ A33 is the trace of >‘ij‘ By the normalization

condition implicit in (2.59), it is thus proved that (Sitenko and

Kirochkin, 1966)
g L g g a* :
Aij{}g,w (}5)} = ASS{}g,w (k) } ey (k) ej (k) . (2.65)
From this, it is straightforward to show,

Als a
e’ = 4. (2.66)

o) - o e . ’ o
where Aij $= Aij {k,w (R}, Ass is the trace of }‘ij and a; is an
arbitrary vector, whose pha‘sekc_an be fixed arbitrarily. The phase of -

so can be arbitrarily fixed by a suitable choice of a. -

Apart from the dispersien relation and the polarization vector,
the other quantity useful in characterizing waves in mede ¢ is the
ratio of the electrical energy density in the range 'd3’15/(21r)3 at k to

the total energy density in the same range (Melrose, 1968a):

g a
W W. (,IS-) A '(k,,w) »
Lo 2— - == : (2.67)
T W (k) w5 ACk,w) w=u’ (x)

For longitudinal waves, this expression is replaced by
i) 38 |
T = 1/ [w 35 € (}g,w)} y R (2.67)"
T . w e” (k,w)=0

'Q' E « = h
whgre e (k,w) := Kin €y (k,w).
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6. WAVES IN A MAXWELLIAN -PLASMA .

A detailed study of freg oscillations in a plasmé requires assump-
tions to be made concerning the actual form of the particle functioms.
From a theoretical point of view, a reasonably general form of the par-
ticle distribution functions for which the integrals in (2.42) remain

easily tractable is the bi-Maxwellian distribution:

L W )’
BOLR) = IR IV P\ W Ty | 0 4o
where
1
%
KT KT .
= G'L * = ._._.a“
Vo =l s vy = | (2.69)
¢ ' . : o

The particles are assumed to be non-relativistic, i.e. Val’ Va" << c.
The temperatures Tal’ Ta" are measured in °K and k is a Boltzmann's
constant. The bi-Maxwellian streaming distribution includes tempera-

ture anisotropies (VqLiGVa“) and anisotropies due to streaming motion

(ua#O).

Insertion of (2.68) into (2.42) yields integrals in p| over
products of Bessel functions. These integrals can be evaluated from

the standard integral (Watson, 1944):

© 2.2 2
-px 1 a2+B oB
Jo x dx e Js(ax) Js(Bx) = 3,7 eXP {— Y } Is[ZpZ] . (2.70)

where Is is a modified Bessel function of the first kind..

Integrals over p" give (see e.g., Stix, 1962; Akhiezer et al.,

1967; Sitenko, 1967)

{ (VH-ua)z} { (VH—ua)z}

exp {- —o 77— - exp - —o5—

¢ d ‘ 2Va” N g . zvaﬁ - ivm F(O)(y )

VIl To-sQ kv +io VIl Tw-sQ_~ky v +io k as’ ?
a I - o I

=-C
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where
w-sQ =kywv
. a e
Tos T T gy
(2.71)
k 2 '
0) - | -y i
F (Y) = Jn e +—¢(Y) ’
: ik"! y
and :
2
*® -t 2 (Y .2
= Y i r & = -y t :
¢(y) = F @ J_w dt S = 2ye | JO e dt
2y2 + ... (lyl << 1)
1 3
1+'§y—2-°+2;1+-+... ‘ (|y|>>1).

Fried and Conte (1961) has published a table of Z(y) := —iF(O)(-y),

“After some straightforward but lengthy calculations; the
dielectric tensor for:a binakwellianﬂsﬁreaming particle distribution

reads (Melrose, 1972b)

o o ,
eijck,w) = sij +.§ {Cij(’lg,w) + Dij(E,w)} , (2.72)
where
. A
ky
T (0] - — T
o k.“ (¢
T 2
o (e}
Cij(fls"w) = —F 0 Ty 0
2
kl . 0 kl c w?
- =~ T & 2
S Koo KV
a a ie (0) @ .
Dij (E’w) = S=zi wz J‘2 k“va” F (Yus) TTij (E’(‘JJQS)

{sQa + (w—sﬂa-k”va)(l—ra)} , (2.73)

where
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'Hg'j (k,wss) ==
, . _ w
.?’_g. I ie S(I'-I ) —_ EJ_'_ is_g_ I
Aa s a s s A k" Q s
-—— — |} - — 1_
-ie s(I'-I) [A * ZAaJ Ig-20 Ig 0 & Q (Is L)
o s s o ‘ Il
Ky [wsq K [w-s@ I i) [
——— i .
Ak Q I g, % Q (Ig-Ig) Ao Ky S s )
Mo o I a

(2.74)
The plasma frequency of particles of species a is denoted by L The
argument of the modified Bessel functionsbls is Aa’ and I; is the

derivative of IS with respect to Aa' These quantities are defined as

follows:
2 . 2 2
T 2 = M T .= 1 - val A .= kJ'VQL (2.75)
o tT m ’ o 7 VZ2° a °° Q '
a all a

Of special interest are the waves in a stationary equilibrium,
plasma (ua=0, 'ra=0). In this case, on writing vod.:vall =Va’ the
dielectric tensor reads (8$itenko and Stepanov, 1957; 8tix, 1962;

Akhiezer et al., 1967; Sitenko, 1967)

"o [ TP 2 Y4 a
elj(k,w) = 6ij - g-:;r {e S:iw —;; ﬂij(k,w;s) X
x {6Cy ) = iV al —yaz 25,6 (2.76)
*Uos TN Ywo °13 °33f ° .
where
w-sQ [ERAE
Yso HE m—l—‘;; and AOL $= Qa (2.77)

From equation (2.76), since nig(k)w;s) is hermitian, the
electric tensor can be separated easily into hermitian and

antihermitian parts:
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2 - o
el (k) = _ze A“Ei@n"(k-wc )
i3 ‘2o v ij w ¢ oy ij RoW38 Yas
s=- 708
- 2. : :
2y,% 6,4 aj3} R (2.78)
and
K T2 -A = y . -y 2

g2 (k,w) = iJﬁ-—JLé T2 ¢ 3 2 ﬂa.(k,w;s) e 98, (2.79)
= IkH| a @ gmmm Yo 11T :

The free oscillations, described by the homogeneous wave equation

(2.55) with A, (k,u) given by (2.54) and (2.78), have been fairly

thoroughly studied to various degrees of approximation (Sitenkoband

Stepanov, 1957; Ginzburg, 1964; Stix, 1962; Sitenko, 1967;

Shafranov, 1967; Bernstein, 1958; among others). The general-.

.procedﬁre for obtaining wave properties of interest has been outlined

in the previous section. A summary of these wave properties for

various wave modes is given below.

(a) Magnetoionic Waves

In a magnetoactive plasma, magnetoionic waves in the ordinary (0)

and extraordiﬁary (X) modes can exist. Above their cutoff frequencies,.

they can excape from the medium to infinity. In this sense, at least;

they are the countefpart of transverse electromagnetic waves in an

isotropic (unmagnetized) plasma. Their importance astrophysiéally'lies

simply in the fact that radiofrequency -waves from many astrophysidal

 sources are just magnetoionic waves escaping from magnetoactive plasmas.

Spatial dispersion has only:a slightveffect on the properties of

magnetoionic waves in a non-relativistic plasma (Silin, 1960; Sitenko,

1967) . The cold plasma approximation: Aa << 1, ]yaol, lya+| >>1, is
adequate in describing magnetoionic waves. For convenience, the two

natural frequencies of a magnetoactive plasma, wp and Qe, are
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incorporated into the formulae by introducing two magnetoionic

parameters:
mpz Qe
X = ke Y := ik (2.80)

The wavevector is taken to be k=k (siné cosy, sinf siny, cosé)
and the wave modes are denoted by o =0,X for the ordinary and extra-
ordinary modes respectively. The wave properties are given by (Melrose

and Sy, 1972a)

2 XTG
"o T 1T T —Yeoss (2.81)
o -3 . .
e = (14-K02-+T02) 2 (accosw-lsinw, 3031nw4-icos¢, bc) s (2.82)
and »
g 2 2
W. 1+K “+T
W;Ei = T 2 : : s (2‘83)
T 2(1+T %) ny 5= (wn))
where
a = Kosinefchcose » by = Kgcose-—TGsine s
XYTGsine : XYsine(l-FTUYcose)
% % (T, ~¥cose) - (1-%) (1-12) - X¥2sin26 *
| | (2.84)
T = _Y(1-X)cos® _ -%v25in6 F A '
¢ T k%Y¥2sin26F A Y(1-X)cos® °
and ‘ ’ ’

A2 = %-Y“sin“e~+(1—x)2Y2cosze .

The upper (lower) signs refer to o=0 (c;=x). Equation (2.81) is some-
times known as the Appleton-Hartree dispersion rel;tion (stix, 1962).
It can be séen from (2.82) and (2.84) that Tc and _Ko describe respec-
tively the transverse and longitudinal parts of the.polarization.
Furthermore, TG is the axial ratio of the polarization éllipse, whilst

the sign of Tc determines the handedness (RH for T0,>O).
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(b) Electron Plasma Waves

In a magnetoactive plasma, the longitudinal (electrostatic)
oscillations at high frequencies (above wp) are the electron plasma
waves and the electroétatic electron cyclotron waves. These Wavés‘in
general have much lower phase velocities than the magnetoionic waves:
(Furutani and Kalman, 1965). Consequently, they couple more readily to
non-relativistic or mildiy relativistic charges, or in the language of
modern electrodynamics, the emission and absorption of these Wavés.by
non-relativistic or mildly relativistic charges are preferred. Supra-
thermal non—relativistic charges in a magnetoactive plasma could

generate a turbulence of these waves by coherent or incoherent emission.

The dispersion equation for high-frequency longitudinal waves may
be obtained from equations (2.54), (2.55) and (2.78). It reads (Stix,

1962; Sitenko, 1967),
2 w .
2 I S Yeo s 1 .
e (k,w) = 1+ kzve2 {1" z y ¢(Yes) ES(Ae)} = 9 s (2085)

S==x ° as

where ionic contributions have been justifiably neglected,

oz e » o= | . 2 ‘
,Cs(xe) S e IS(Ae) and -Ae = (lee/Qe) . (2.86)
On the éssumption that
w—sﬂe :
Iyesl . = W >> 1 N for all S , (2.87)

and by the equations (2.71), the dispersion equatien (2.85) can be

written approximately‘as

w2 2w_2sin?0 gy(1)) w_2sin?e
sz(k w) = 1- 14 cos?9 ¢ (A ) - b e 4+ -2
~? Y o'e w2-Q 2 A Q2
. : e e e
- - ~ 2ainl o
1 Co(le) ZCI()\e) _ wp sin“6 > 22 CS()\e) . / .

A Q2
e

e

2 -g20 2 3
2 w s Qe Ae
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To the zeroth order in Ae’ equation (2.88) reads

2 | 2

3 wp ) wp sin20
€(E,w) = l-vcose—mg— = 0, (2.89)

which gives rise to the well-knewn cold-plasma dispersion relations for

electron plasma waves:

) 1

1 L
w, o= (wpzi-ﬂez) s {(mp24-9e2)2 - 4wp29e2cosze} . (2.90)

Small corrections to (2.90), to allow for the effects of thermal
electron motion, can be estimated by taking equation (2.88) to first
order in Ae. Including thermal corrections, the dispersion relations

for electron plasma waves read (Sitenko, 1967)

W2 = 0,2+ KW 2 Fu,,0) , (2.91)
where
4
= . w
Flw,0) = Toro g Tmmte/ @ -a HZ
P e , e
v sin?8cos26 (2uw" - w2Q 24"£_Q y L
N sin'0 + ‘ e 3-"e + cos -8
(02 - 0_2) (02 - 42,2) w2 (w2 ~Q.2)3 wt )

(2.92)
In a plasma where wp>’ﬂe the upper branch (+ve sign) of the electron
plasma waves corresponds directly to the Langmuir waves in an isotropic

plasma, as might be seen by allowing Qe-+0.

The electron plasma waves have polarization vector e=g :=k/k and
their ratios of electrical to total energy can be approximated from

(2.89) to give

el

W 0. 2Q 2gin26y"!

E 1 P e
———wT = 'i' {1 + (wz — Q 2)2} ) (2 093)
: e

One must bear in mind in equations (2.91) - (2.93) w and & are not

independent variables: w depends explicitly om 6.
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(¢) Electron Cyclotron Waves

The electron cyclotron waves are longitudinal waves at harmonics
of the electron gyrofrequency. When Qe:>wp, the fundamental coincides
with the upper branch of the electron plasma waves. When the wp>-Qe,

the fundamental is strongly damped.

The electron cyclotron waves were first correctly treated by
Bernstein (1958); for this reason, they are sometimes known as

Bernstein waves.

Equation (2.88), which is valid under the assumption (2.87), can

be written as

2 2 2 2
sz(k w) = 1- EE_EEi_g r () = wP s1in%0 ZC1§Ae)
~ w2 o'"e wZ-q 2 X
e e
1‘ b 2629e2
- T X Troozg T b)) = 0, (2.94)
De s=2 e

where Ae T Ve/wP is the Debye length for electrons. For wave

propagation perpendicular to the background magnetic  field

0 o 1 oo ZSZQe2 v
€ (}S',w) =} 1 - kZADZ > wz — SZQ 7 CS(AG) = 0 > (2.95)
= e

a result derived by Bernstein (1958). It is showh in Appendix B that

2
2s VES(Ae)

f '—fgitraf—— =. 1 - mq cotwq cq(Ae) . (2.96)

s=1

Hence, the dispersion equation (2.95) can be expressed as
kang = a(q,A)) = 1 - mq cotmg cq(xe) . (2.97)

with q := w/Qé. Dispersion curves for 1ongitudina1 waves propagating
perpendicularly to the background magnetic field for various thermal

plasmas, have been obtained by Stone and Auer (1965), see Fig. 2.1.
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6.0 T T ' I I

o 10 20 30 — 40

VX =k vo/wp

fﬁig;uz;lz‘ Disﬁersion curves fbr longtidunal waves propagating at right
" angles to the backgréund magnetic field in a thermal plasma. - For

this figure onlj, vp is ﬁhe thermal velocity of electrons and Wy is .

the electron gyrofrequency (Stone and Auer, 1965).
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At arbitrary angles of propagation, the more general dispersion
equation (2.94) must be used. On account of the smallness of QS(Ae)
for s 2 2, all terms in thé sum of equation (2.94) are negligible
except in the neighbourhood of resonances w==sQe. The dispersion

equation reads

2 2 2 2

1y wp“cos 8 , Wy sin<® cl(Ae)

R ™ =
e e

20 2

g (A 287,
- kZ)\ 2 wz - 529 2
De e

= 0. (2.98)

In general, a cubic equatioen in w? must be solved to give a dispersion

relation for cyclotron waves at w==sQe. However, if

z_(A) : )
s e 2
oz <% &, (E’SQe) , (2.99)
De
where
1y wp2c0526 25in2@ Cl(}e) :
€o (E,w) = 1= oz C’o(xe) = m2_962 . )\e ’ (2.100)

an approximate dispersion relation can be fourd:

. (x). ’
£ _e (2.101)

w2 = szﬂez + ZSZQe2 > % 2
k ADe €, FE’SQe)

In this case, the ratio of the electrical to total energy density is

givén»by
(o4
W z . (A)
ifi = : S»ze — (2.102)
T kZADé{eo'(h,sQe)} : ’ :

Contrary to Sugihara's approximations (1963), eoz(h,sﬂe) <1 generally,

L - 2 020 2 2 2
and eo‘(h,sﬂe) 1, only when w¢=s Qe >>wp 4-Qe .

The assumptien that wave damping is exponentially small (2.87) and

equation (2.101) together determine a cone of propagation, outside
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which the theory presented is no longer valid. This cone is small and
is in a direction perpendicular to the background magnetic field, with-

. z ()

leots| << 5

5 @ R (2.103)
e k ADe €, (g,sﬂe)

for cyclotron waves at wf=sﬂe.

(d) Ion-Acoustic Waves

Ion-acoustic waves are longitudinal waves, which exist only when
the electron temperature is at least a few times the ion temperature,
and whose frequencies are much lower than the ion-cyclotron frequency

Qi. Specifically, under the following conditions:

(2.104)
AppA, << 1, and iy [V, << w0 << iy lv,

where the sound speed and the Alfvén speed are defined respectively by,

2yKT - X B2 912 )
: = mAEANS, Vv : = 5 ¢4, (2.105)
s m, i "De | A 41rmini Ty

a direct application of the equations (2.71) and (2.78) gives a

simplified dielectric tensor,

1 -é-‘*i X )
i
2 iQ,
e.?(k,w) = JLE _iw 1 - —= tané .(2.106)
ij '~ vy Qi w | _
i Qi2 w2
' I Y 2 1'127;2:0—5‘26}

From this expression it is straightforward to use equations (2.54),

(2.55) and (2.67)' to obtain the wave properties for the ion-acoustic
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waves,
w? = kzvszcosze R 0 (2.107)
and
s 2, 2 | b oo 2
W kA ! v 'R 2
W_E = .2De 41+ _vs._‘+ %'sinze cos26| /|1 + ;c_i_ k_z)\Din
T " AW A
k2) 2 .
T | | (2.108)

The ion-acoustic waves can be identified as élow magnetoacoustic waves
(Sitenko, 1§67) when w'<<91, as assumed above, However, ion-acoustic
waves can exist up to ffgquency Tr:,L==(me/mi);5 wp. In the range

Qi <<£25‘ni, their wave properties #ré essentially those of ion-acoustic

waves in an equilibriuﬁ plasma without abbackéround magnetic field:

2 2, 2 1 3Ty

ws = k \A TFR25 2 + T s _ (2.109)
De e
and
s 2, 2

Yl L Klpe| 1 (2.110)
W h 2 1+k2x, 2 T :

T De e

These relations can be derived in a straightforward way, from equations

(2.67)' and (2.78) by allowing Qa > 0.



38

CHAPTER 3

- WAVE-PARTICLE INTERACTIONS AND PLASMA TURBULENCE

1. INTRODUCTION

Amongst the topics of cﬁrreht interest in plasma physics, which
could fall within the general category of wave-particle interactions in
a magnetoaétive plasma, are thg emission of plasma waves by single
charges, statistical acceleration of charges by plasma turbulence, wave
damping antt certain classes of microinstabilitiés. Frém the point of
viéW'of‘plasma turbuiiéation, microinstabiiities afe’particulérly
efficient mechanisms, as they can generate a suprathermal level of
plasma‘wéves in an avalanche fashion. This chapter is devoted
principally to the study of’wave—partiqle‘interactioné in the random

phase approximation, with particular emphasis on the causes of plasma

turbulence. B |
Interactions involving random>phasé waves'(plagmons) i; qualita-
tively diffe;ent‘from interactions involving‘fiXed ﬁhasetwavesi  |
(Tsytovich, 1970). For this reason, the‘range-of»vélidity of the
fapdom phase approximation should be cl#rified. Whgn the interéction
’time-ofia physical process T, say the growth time of plasma waves in a
»micrdinstability, is much 1enger than the corrélation’(phase-shift)
time'T¢ of the waves, i.e. 1'>>T¢, the phase of a wave mﬁst change .
rapidly and repeatedly during the time 6f interaction. Hence, the
ensemble averages of field quantities of the wave’all‘vanish over  the

time interval t. Except for autocorrelations, all bilinear correla-

tions of field quantities vanish (Sitenke, 1967; Landau and Lifshitz,
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' 1969):
%G BT RN0 = @7 B () (2 SGek!) SGamo’) 4 (3.1)

where the brackets (...) denote the averaging operation and all other

symbols have their usual meanings.

Thus when the random phase approximation is applicable, the
esééﬁtially wave-like characteristics of the plasma waves, viz., their
phases, are unnecessary in the description of the interaction. This
means a purely ''quantum" description»of-thé plasma waves, the plasmons;
is sufficient. This simplification together with Einstein's (1917)
concept of induced emission and abserption.forms the basis for a
relatively simple semiclassical approach (Tsytovich, 1967;

Kovrizhnykh, 1968; Melrose, 19683); which hasAthe advantage of easy

physical interpretatien.

Plasmons with energy hmo(g) and mdmentumkhk, where h := h/27m and
h-is Planck's constant, are described by a distribution function NG(E)
~ which is the number of plasmons in the range d3k/(2w)3 at k. ‘The total
energy density in the waves of mode ¢ is then given by
e _ dgk' g g |
W= J(zw)3 he’ (k) N(k) , (3.2)

where the quantum formalism has been used for convenience, and the
fields of the waves have not really been quantized. In fact, Fourier

transforming the electrical energy demsity by (2.5), one obtains

o ] B lEO'(}E’)‘Z :
WE (x) = 1lim = - (3.3)

Voo

where Eﬁk,wg(g)} = g?(g)Zwé(w—wq(k)) and V is the spatial volume con-
taining waves of mede o. The quantities in (3.2) are related te the

classical electric field am@litude E?(E) by equations (3.3) and (2.67),
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viz.,

|E° (k) |2
g o} B e w oA :
ho () N (k) - ‘élm 8V [A Eﬁﬂ 7 . _ (3.4)

ss =wG<E)‘

To describe the particles quantum mechanically, a set .of quantum
numbers“{p“,n} is intreduced, where the continuous quantum number P
describes motion aleng the background magnetic field Bg and the simple
harmenic oscillator quantum number n defined by (Tsytevich, 1962;

Melrose, 1968a)

N
]

1 mdﬂa h(2n+1) , n=0,1,2,...

(3.5)

o)
]

lanBO/mac s
describes motien perpendicular to Bj.

Finally, the semiclassical theory of ane-particle interactions

requires the introduction of a probability of spontaneous'emiesion
LA (s,p,k), which is the probability per unit time that a particle of
species o, with momentum P» emits a plasmon of mode g, with-momentum -
hk and at the same time decreases its harmonic.quantum numberiby 8.
The probability is defined by

s © a3 ' ’

P = S—ij (2 3 he? (’\) w (S’R’k) - (3.6)

where subscript o has been dropped for convenience. The prebability

wg(s,p,k) is calculated classicelly.
From equations (2.53) and (2.54), the electric field generated by

.e A .
an extraneous current l’xt(kkw) is given by

am Mi%®) e o
o A(ge) Y3 et o

E; (k,w) (3.7)
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where Aij(k’w) is defined by (2.61). The electric field in mode ¢ is

found by setting wf=w0(§), whereupon,

1 1

_1 . (3.8)
A(,lf;gw) (w-wo(lé) +j.0) {_g_%] 5
w=w" (k)
From equations (2.65) and (2.67),
Mg s (kyw) w )
. i - C® FE 4T ® e w6
EA(}ESN) T j

w=u’ (&)

Classically, the time-averaged power radiated by a charge into

waves in mode ¢ is given by (see e.g. McKenzie, 1967)

=0 1 T/2 g ext
P = —1imff dt J d3r E(x,t) -3 (r,t)
T -T/2 » ~
a*k
_ .1 | dw ~ o ., 1ext :
- -%ig = J_‘zw J—“(zn)s Re (E°(k,0) * 357 (k,0)) (3.10)

where a Fourier transform has been taken and 'Re' denotes the real

part. Application of (3.7) - (3.10) together with the Plemelj formula,

1 1 -
worite T © g Foameeh (3-11)
yields
=g . 4w a’k wE ° o .ext o 2
P = —llmT‘ W W Ig ) (}g,w (h))l . (3.12)
T->o0 T

For a charge spiralling in By, it can be shown (Appendix C) that

0]

Lo = T o2mg & Y s kwy sl v s | (3.19)

==—C0

.ext
;lex (

i

* .
where 9 ¢mc2/E, E2 = (pl2c24-p”2c2-km2c”), k is given by (2.44) and
%*
V(s,k,v) is defined by (2.46) with z := kivl/Q . On substitution of .

(3.13) into (3.12) and noting that from (2.5)',
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z G(w—sQ*-k“v”) 6(w—s'9*—k”v“) = -g%'é(w—sﬂ*-k”v“) , (3.14)

=0 - d3~' 2 o | _E ° o* 2 g *
P = . —_— . - -
Sjiw J YO 8m4q WT |e AV(S,k,V)I §(w (k)-sf k“v”)

(3.15)
It is clear that from geometrical symmetry, B9 is independent of the
azimuthal angle y of the wavevector k. Hence for the présent

discussion V(s,k,v) can be set equal to
V(s,z,w) = vy $3.(2), -tevy I .'(2), vy I (2)) , (3.16)

. % .
which corresponds to the case y=0 in V(s,k,v) with z := klyl/ﬂ . From
(3.6), (3.15) and (3.16), the probability of spontaneous emission

wa"('s,g,p is identified to be

s 81r2qa2 WE g' o g *
v, (ssp,k) = ———— == e U(s,z,vy) |2 8(u (-, ~ky vy ). (3.17)
o R o W =~ ol a
i ho (E) T , .

A prbbability essentially the same as (3.17) was derived by Melrose
(19683). Earlier calculations for low fréqUency Waﬁes, based on the
same approach:were made by Tsyto&ich'(1963). Still earlier calcula-
tions for the probability based on the Hamiltonian‘fermalism were made
by Ginzburg and Eidman (1959), though they did not take spatial

dispersion intp account.

2. EMISSION BY A SINGLE CHARGE

The problem of radiation from an electron in a magnetoactive
plasma is of considerable interest in various aspects of astrophysics,
magnetospheric physics and thermonuclear research. For example, it is

well known that the radio and optical spectra of the Crab Nebula can be
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attributed to synchrotron radiation from relativistic electrons. Type
IV solar radiation at radiofrequencies has a similar origin (Kundu,
1965; Zheleznyakov, 1970). The decametric radiation from Jupiter has
been attributed (Ellis, 1962) té cyclotron (gyromagnetic) radiation
from non-relativistic electrons in the Jovian magnetosphere. The same
physical idea has been used to explain certain features of the very low
frequency (VLF) and low'frequency (LF) emissions (3 - 300 kHz) from the
earth's magnetosphere (McKenzie, -1963; Liemohn, 1965). Attempts have
been mad; (Sugihara, 1963; Canobbio and Croci; 1963; Stone and Auer,
1965) to explain the observed noise radiation at electron cyclotron
harmonics from laboratory plasmas (Crawford, 1965) on the basis of
electron-cyclotron wave emission from non-relativistic electrens. In
all the above theories, the electrons emit.waves incoherently, i.e.,

the total emission is taken to be the arithmetic sum of emission by

single electromns.

Radiation from a charge in a'magnetoactiVe plasma has been studied
by Eidman (1958, 1959, 1962), Liemohn (1965), Mansfield (1967),
McKenzie (1963, 1967), Melrose (1968a) and Trulsen and Fejer (1970)(
In the last mentioned paper, many errors and inconsistencies of prevous
derivations are pointed out. Our time-averaged power radiatéd as given
by equation (3.15) agrees with those derived by the last three authors.
Some numerical -examples are given by McKenzie (1967) and Trulsen and

Fejer (1970).

As examples, consider time-averaged power radiated by a charge

into magnetoionic waves and longitudinal waves.

For magnetoionic waves, with spatial dispersion neglected, direct
application of equations (2.82)-(2.84) and (3.16) gives the power

radiated per unit frequency range per unit solid angle as
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= 2,2 2 - '
d2pd ®  q%wn B {ag B "y Tg

2
_— z - -~ J (2) -eJ '(z)}
dwdQ . 27rc(1+’1‘02) B_Lnasine s s

s

| G{m(l-ncB”cose)-sQ*} s (3.18)

where z==wn°6lsine/9* and the right hand side is often known as the
emissivity. In thé limit of ultfarelativistic electrons radiating in
vacuo, equation (3.18) coincides with the well known results for
synchrotron radiation. Because of its importance for the study of
cyclotron and synchrotron radiation in a plasma, equation (3.18) has
been deriveg4many timeé in the literature (Eidman, 1958, 1959; Melrose,

1968b, 1972b; Ramaty, 1969; Trulsen and Fejer, 1970; Sakurai, 1972).

For longitudinal waves, equations (3§15)’and (3.16) gives

LARN O
Wl k2

e a3k |
Y = : 87242
P z .J DE 8m4q

*
32(2) 8 ()-s ~kyv)
== S
(3.19)
where o denotes any longitudinal wave mode.

The frequencies of electron plasma waves have a strong angular
dependence, but a weak wavenumber dependence, as may easily be seen
from equation (2.91). Consequehtly‘it is not'very useful to write down
equations in the form of (3.18) for electron plasma waves . Insteaa,'

the delta function in'(3.19) is integrated away with respect to the

wavenumber k to obtain the time-averaged power radiated per unit solid

i

angié,
g - * 20 2102 .
@ ® Q22 o lu-s0 v, sind s Wy Qe sin“6 a 26)*
dQ 2n|v cosel s Q% v, cosf (w2 -0 2)2f ’
~ s=-w T 77T I e
where the frequencies are given by
wi—sﬂ* 2
w2 = w2+ 3=l V 2 F(u,0) , (3.21)

subjected'to the usual proviso that the last term in (3.21) is a small
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correction. Consequently, (v" cos6)2>>-3F(wi,6) Vez(wi-sﬂ*)zlwiz, and
the apparent divergence in (3.20) as |v" cese|-+0 is not permitted in
our appreximation. Yip (1970) derived a more complicated expression
than (3.20) by including the effects of spatial dispersion in the delta
function of (3.19). However, as his numerical results show, effects of

spatial dispersion are slight; the simpler expression (3.20) gives

essentially the same results.

Consider the emissien of electron-cyclotron waves.at frequency

u>=nQe. The weak damping condition (2.87) together with the Doppler
condition in (3.19) implies
w2 (w=-ng )2
Il e

7V 2 IS | (3.22)
e w==s8

where, for non-relativistic electrons, Q*==Qe:and (3.22) can only be
satisfied in general for n=s and v“2‘>>Ve2. iItvis possible to use
(3.19) directly to cbtain the average power radiated. However, because
of the complicated k dependence of (WE/WT)C, it is‘more illuminating to
obtain an alternative expression for timé—averaged power radiated by

using equations (3.7), (3.10), (3.13) and (3.14) only:

[

. a3k du - 1 o \ . o
P = > J—(Z_‘IT)E 8m4q Im[';z] -EEJS (z) S (w8 -k“V“) . (3.23)

S==~00 ’

This eqﬁation is valid for lengitudinal waves and is equivélent te
equation (3.19). For electron cyclotron waves -in the vi¢inity of

u;:nﬂe,ban emissivity analogous to (3.18) can be written down,
d.zﬁc ~ q2 ‘ ) —1—
dwdQ 2 dk(DJn (2) Im 5(m'n9e‘k“V”) . (3.24)

%

It can be deduced from the dispersion relation (2.98) that (Stone

and Auer, 1965; Bekefi, 1966)
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Im[ig] = T ko6 (ko) (3.25)
€

where kg is given, for any w and 6, by ez(w,e,ko)==0. Substitution of
(3.25) in (3.24) gives

425 ng ko ) koyl-sine

= N -— - 1
dwdQ 2m Ja a 8 (u-n@ ~kov) cosb) . (3.24)

e

Integration over solid angles, bearing in mind sinf =1, gives

dw lV“ I n Qe ?

=c 2 kov
P _ qw ;o4 (3.26)
"~ which differs from Stone and Auer's (1965, eqn. (37)) result by a
factor 81T2..f Numerical examples have been given by these authors. Sig-
nificant emission occurs only for (kOYl)z > n2Q 2 and waves are not

e

strongly damped only if v"25%>Ve2.

!

It is straightforward to use equations (2.107) and (2.108) to
obtain the emissivity of ion-acoustic waves by charges in a magneto-—

active plasma

=S 2.4 © wv ) V %
Edu'?&g = ?“Qizis(rwsael n‘iw 32 Q*js tans G{w[l - -;ll—]- nszj} . (3.27)
It is clear from the above equation that’Cerenkovvemission is in
general not possibie. Cyclotrdn emission by electrons is highly
unlikely, because one‘requires lv“l z(nﬂe/w)ys >>(ﬁi/me)% Ve’ at which
speed, other wave modes are preferentially emitted. Cyclotrén
emission by ions is possible provided Ve:>|v”|==|nﬂivs/uﬂ >>Vs? and it
is via normal Doppler emission (n >0) when vﬁ <0 and via anomalous

Doppler emission (n <0) ﬁhen v“i>0; In either case,

_ 2 4 \
4P q Qi?'vs L vy tanb

= by 2
dQ B Zwlv”|5|c0336] nfl n Jn v | ) (3.28)

T Stone and Auer h:ve made a numerical slip in their equation (36).
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where |cos8| >nQ,/kV..
i'"e

3. QUASILINEAR EQUATIONS

Due to various deviations from thermodynamic equilibrium, such as -
these caused by the presence of drifting or streaming particles or
those caused by temperature anisotropies, a plasma is frequently foundVi
to be unstable with respect to the generation of plasma waves. The
general criteria for determining whethef a plasma with given particle
distribution functions, is unstable or not, are well-known (see e.g.,
Akhiezer et al., 1967, p.86). To follow the development of such micro-
instabilities, the first logical attempt is to consider the changes in
the unstable particle distribution fuﬁctions resulting from the

"feedback'" effect of the waves.

From such considerations, a set of quasilinear equafions was
derived by Vedenov et al. (1961, 1962) and Drummond and Pines‘(1962),
fo;jan isotropic electron plasma. The basic assumptioﬁs, the fénge of
validity and the censequenées of the quasilinear theory have been sub-
jects -of controversy, see for example Klozenberg and Bernstein (1970);
Montgomery and Bodner (1971), Fukai and Harrié (1972) and references
therein. Much of the confusion aisappears if one bears clearly. in mind
that the time-irreversible processes, such as damping of waveé, des-
cribed By the quasilinear equations, must arise from the resonant parﬁs
of the equations, involving delta functions. Thebresonant partg are
direct consequences of imbosing causality on.the time-reversible .
Boltzmann-Vlasov equation (2.1), as done in the previous chaptéf. The
non-resonant parts, which appear most naturally from a classical
derivation, describe reversible adiabatic diffusion (Kadomtsev, 1965;
Sagdeev and Galeev, 1969), which apparently heats the non-resonant

particles, on account of increased kinetic energy associated with
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increased wave amplitudes. However, it is the resonant interactiemns,

which describe the alteratien to the particle distribution functions.

In almost all derivations of the quasilinear equations, except
that of Al'tshul' and Karpman (1966), the random phase approximation
has been used. In some derivations, emphasis has been placed onwthe
non-resonant parts (Vedenov et al., 1962; Drummond and Pines, 1962;
Vahala and Montgomery, 1970) and in others, on the resonant parts
(Pings and Schrieffer, 1962; Tsytovich, 1967; Harris, 1969; Fukai
and Harris, 1972). A semiclassical or éuéntum mechanical derivation
makes the random phase approximation and takes into account-oply
reéonanf“interactions, but it inﬁroduces the effects of sponténeous

emission easily and naturally inte the equations.

In a semiclassical derivation for a magnetoactive phasma
(Tsytovich and Shvartsburg, 1966; Melrose, 1968a) the total
(spontaneous and induced) eﬁission‘probability aﬁd fhe aﬁéorption
probability is given respectively by (Einste;n, 191?);{1;tNg(k)}ywag-

~and N?KE) wdo, where &
w = w O(E.’ ) &= z ‘WQG(S’R’E) (3.29)

and the wave mode and particle species are denoted as usual by ¢ and a
respectively. The change in particle momenta on emissien or absorptioen

of a plasmon of momentum ﬁE{is given by

bpy = Mg <<opy o,
(3.30)
2

hguysﬂd << p_L2 s ‘(Sf=0,1,2?.,.) .

By a Taylor series expansion, the change in particle distribution

function in an emission or absorption process is given by

h . \
Af (p) = + (D %3 D2+...) £, » (3.3
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where

SQ& d 3

2tk

o
!

(3.32)

and the + (-) sign applies to absorption (emission) processes. From
the above considerations, it is straightforward to obtain the following

set of quasilinear equations (see e.g., Melrose, 1968a),

D, 0,08]| 0 e o 3 o o
[8t+zg 3{] T 5 sim o J &°p Wy (s:p) (148709 Ao} £,(p)
‘ (3.33)

@ on P :
5 = 3 2 [y e (e ) @b, 6.

where ch Sma(k)/ak‘is the grdﬁp velocity of waves in moede o, It is
frequently convenient to define a quasilinear growth (or damping) rate
in (3.33) by

[>-]

- 2 n, J d3p Wac(s,g.}g) hDS £ ' (3.35)

S==

v’ ()

o

where induced growth (damping) of plasma waves in mode o, by particles
. g, o . ‘

of species a, occurs when Yo (k) <0 (ya (k) >0). The quasilinear

process is exactly analogous to collisionless Landau (s =0) and

cyclotron damping (s #0), only that a microinstability has been made

possible by the presence of non-Maxwellian distributions of particles.

4. WAVE DAMPING

Waves in an equilibrium magnetoactive plasma may be damped by at
least two processes: a collisionless wave-particle inferaction
process, which has been called Landau-cyclotron damping or gyromag-
netic resonance absorption, and a collisional, inverse-bremsstrahlung

process, which arises from binary collisions between plasma particles.
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The coellisienless damping decrements can be calculated by retain-
ing only the first term on the right hand side of the inhomogeneous
wave»equétion (2.53) and solving the resulting equatien appréximately;
Or equivalently, they can be calculated from the quasilinear theory by
taking an appropriate Maxwellian particle distribution functioen in
equation (3.35). The latter procedure, together with equatieng (2.70),
(2.80) - (2.84) and (3.17), gives, after some straightferward calcula- -
tions, the colliéionless dampiﬁg dec:eﬁent for magnetoionic waves by |

Maxwellian plasma electrons,

g o (w ¢ wPZ‘j ' e-ke A(w,8 é)
Y (w,08) = S=E_°° [-2—] mngﬁelcesel (1+.']': 2y _La_’( )
' ¢’ "o 3w WNg
‘ (w-sQe)2 1;
- (3.36)
exp { 2w2n028e2c0326f ’
where
(u %+s?) ‘ ' |
A(w,8,8) := TIS'(Ae)+2(uS-_-Ae)iIS ‘(A‘e)-Is_(Ae)} » (3.37)
with
UL ulw,B,8) == (mbasinelnei-sTé)/cose ,
— 2,2 2 2 o= ) .
Ay = nfw®B ®sin6/Q. , and B, = v/e .

All other symbols have their usual meanings. Collisionless damping has
been treated by many authors,vsge for example Landau (1946), Sitenkeo
and Stepanov. (1957), Gershman (1960), Stepanov (1960) énd Zheleznyakev “
(1970). However, the collisionless damping decrement (3.36) is more
general than previéus analyses, since fewer approximations have been
méde here.‘ In thefvafious limits, previqus results can bé recovered. )
For examplé, when wtinQe and Aéfgnéngzsezsin26<<'1;

Aw,0) = (a6+1)2 n2 ;\en’l/zn n! and
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2n-4 _ 2n-3

1 2 2 : _
G(w-e) [ﬂJﬁ wp nZn (ac+l) Ny Be sin2n 3e
YW 2 W Hn (1+T02) B(wng)/aw |cose|
(w-n&'ze)-2
exp {- 2w2n 28 2cesze} (3.38)
e

In the limit w >> wp, (3.38) becomes particularly simple, since Ny =.]

and therefore, clese to the vacuum limit, ’

1 2
5 W 2n F ooned)2 ainlD™3 _
yg(w,e) N Eﬂ P n (1* cosf)4 sin ] 8 2n-3

TPy ST |cos8 | , e
(w—nQe)2
exp {_ 2w28e2cosze}" (3.39)

where the upper (lower) sign refers to ordinary (extraordinary)-modé
waves. Similar application of equation (3.35) gives the collisionless

damping decrements for longitudinal waves by Maxwellian plasma

electrons,

L
v e 2e? (w (v-s0)?
g _ K P E o e
v &) = f [2] k3V_3[cosb] [WT} tg(Ae) exp { 2k§vé7co_s.29}-" (3.40)

where '%' denotes any longitudinal wave mode and CS(Ae) has been
defined by equation (2.86). The well-known decrements for electron
plasma waves and ion acoustic waves (Sitenko, 1967) can easily be

recovered from (3.40):

1 20 2 ain.2pa."1
L3 8 k3XDg mp|cose| 177 (w2 - Qe2)2 = Ve cos 28

k2V 2 sin20 (w-2,)? (ut0)2
+ 20,2 [exp - 2k2V 2 cosZGJ*-exP[- ZkZVEZCOSZG))i-...} ’

(A << 1) , (3.41)

and

o *
Yk = [—;} {—‘?—) w . (3.42)
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In addition, the collisionless, cyclotron damping decrements can easily
be written down for electren-cyclotron waves. For example, equations

(2.98) - (2.102) give, for the case w==nﬂe >> wp2-+ﬂezs

5 2 t 20 (0 -n% )2
¢ = | W n e _ e
- [2] w_ kSX 5|cos6 eXp { 2k2V‘2cos§§} (3.43)
P De e

Classically, collisional damping lies outside the scope of the
Boltzmann-Vlasov equation and it can only be properly treaﬁed, in
general, by includiﬁg a Fokker-Planck term on the right hand sidelef
(2.1), see for example Chandrasekhar (1943), Rosenbluth et al. (1957),
chBride (1969a,b) and references contained in Krishan and Selim (1971).
However,wfor an equilibrium plasma, it is posSiBle to use Kirchhoff's
law tégéther with an approximate bremsstrahlung emissivity to estimate

the collisional damping decrements (Bekefi, 1966; Zheleznyakov, 1970).

For high frequency waves Uuzu$), collisional damping is deter-
mined.essentially by elecﬁron—ion interactions whose damping decrements
are generally 0(w2/k2v82) greater thaﬁ those arising from electron-
electron interactions (Buti and Jain; 1965; Buti;‘i967£ McBride,
1969a,b). Wheﬁ wpiﬂ>9e, the magnetic field By dees not affect the
nature of the collisions, andito the lowest ordergbthe damping
decrement is independént of the effects of By (Zloec. citf),-

.
Yo 7 _113— [%];5 % Ve (3.44)

where the effective collision freQuency is given by

&n Ae 3
Ve p K, A = 12m A2 . 7 (3f45)
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5. TWO-STREAM INSTABILITIES

Depending on the relative amount of bunching in physical and
velocity space, it is possible theoretically to discern three distinct
types of coherent mechanisms whereby streams of charges can generate

plasma turbulence and give riseito non-thermal radiation.

The first mechanism operatés when a group of, say, N monoenergetic

particles of charge q, is spatially bunched to such a degree that
kd << 1, (3.46)

where d is the dimension of buﬁch,measured in the directioﬁ of emitted
waves -of wavenumber k. The bunch then radiates like a single particle
of charge Nq. The total power radiated is N2 times the power radiated
by a single charge q or N times the total_powér radiated incoherently
by all the charges. This mechanism, which requires bunches of charges
te be postulated, has been invoked in theories of pulsar radiation by
Caroff and Scargle (1970) and quesaroff (1970) (among others); it has
been criticized by Ginzburg and Zheleznyakov (1970) and defended by
Goldreich et al. (1972). However,‘it is unlikely to be applicable to
non-thermal radiation by nén—relativistic or mildly relativistic

particles under cosmic conditionms.

The other two mechanisms are the well known twe stream
instabilities in plasma physics. Théy operate wheﬁ there is ne
appreciable spétial bunching and in fact when the opposite limit of
(3.46) 1s satisfied. Two classes of two stream inétabilities are dis-
tinguished here: one is hydredynamic or reactive and the other is
quasilinear, resistive or maser-like. The hydrodynaﬁic instability can
occur only when the velocity spread of the stream is sufficiently

small, so that the hydrodynamic approximatien is applicablé; i.e. when
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o

w—sQ-k”us g (E)us,s)

B Y ~ T————— >> 1 (s=0 1 .ao) ’ ‘ (3'47)
V2 i Vg 2 Iy Vg ’ T

where VsH is the parallel thermal spread of the stream and yhc(k,us,s)
is the hydrodynamic growth rate when the beam is in resenance, at the
s—-th harmonic, with the unstable waves in‘mode 6. A quantum:mechanical
or semiclassical appreach based on Einstein's coefficients is not valid
in this case, because a random phase description.of the waves is not
admissible, i.e., beam particles are not in resonance with several

waves (Twiss, 1963; Ginzburg et al., 1962; Ginzburg and Zheleznyakov,
1965).

By arguments exactly analogous to those given by Shapiro (1963)
and Tsytovich (1970, p 183), it can be shown that the hydrodynamic
instability is accompanied by a significant increase in the thermal
spread of the beam. If nonlinear interaction is unimportant, it will
lead eventually to the situation where

w-sf~k,u
I s

T2V, s 1, (s=0,1,...) . (3.48)

At this stage, the hydrodynamic instability passes'over to the quasi-
linear instability. The energy density of the unstable waves resulted

from a hydrodynamic instability is less than (ns/né)1/3

times the
l.energy density of the initial stream. On account of the applicability
"of . the random phase approximation to the quasilinear instability,
classical consideratiens based on the kinetic equation coincide. W1th
quantum mechanical ot semiclassical considerations based on Einstein s
coefficients. 1In thelabsence of significant nonlinear interactions,
the quasilinear equations (3.33)-—(3f35) describe the relaxation or

flattening of the beam particle distribution function and the decrease

in quasilinear growth rates of unstable waves (Harris, 1967; Rogister
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and Oberman, 1968).

Analogous to the derivation of (2.53), the wave equation, includ-
ing effects of a stream but neglecting damping by the background plasma

and nonlinear effects, reads
{Aij (ksw) + deyy (k,w)} E; (e,w) = 0, (3.49)
where Aij(h,w) is defined by (2.54),
( * = \J - .
Aeij(E,w) $= aij(k,w) Gij s (3.50)

and eij(h,w) is given by (2.42), with primed plasma parameters
referring to the stream. In the hydrodynamic limit,
h'

Aeij(h,w) = 'eij (k,w) - 8 (3.51)

ij °?

and the instabilities for this case have been extensively studied, see
e.g. Fainberg (1962), Neufeld and Wright (1963) and Briggs (1964).

The hydrodynamic instability has been divided into two types: convec-
tive and absolute instabilities. In the convgc;ive instabilities,
plasma waves are amplified as they move away from the origin of the
instability. 1In the absolute instabilities, plasma waves grow at the
origin of the instability. Sturrock (1958) showed that the dispersion
relations are sufficient to determine whether an instability 1s convec-
five o?rabsolute. In general, a necessary and sufficient conditioﬁ for
hydrodynamic instability is that real k should give rise to complex w
solutions of the dispersion equation. Furthermore, the instability is
convective (absolute) if real w give rise to complex (real) k solutionms
of the dispersion equation (Polovin, 1962; Akhiezer et al., 1967;

Akhiezer and Polovin, 1971). 1In the quasilinear limit,

beg Gow) = €] Gw) (3.52)
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and the instabilities for this case can be described by the quasilinear
equations (3.33) - (3.35), provided the density of the stream is suf-

ficiently low so that wave properties are only slightly perturbed by

the presence of the stream.

For such low density stfgams, the dispersion equation, viz., the
determinantal equation of (3.49), can be solved generally to find the

growth rates of various plasma wave modes. A perturbation expansion of
det{Aij (k,w) + Aeij(}g,w)} = 0, (3.53)

with respect to w for a given real k gives to first order,

g . oA -
Aij(k)w (E)) Aeji(k,w) + Aw-sa . 0, (3.54)
w=w
where w==mc(kg =—m0(—E) is the dispersion relation for waves in mode

o, obtained from the zeroth order equation A(k,w) =0, and

Aw = m-wé(kg =§ exp(ix), say, is the frequency perturbation caused by

the presence of the stream. Application of (3.9) yields

Aw WE é a* ; o‘ A k.w® + A 3.55)

where Aeij(h,woi-Aw) :;ij!(kﬁmq) gives essentially the same growth
rates as (3.35), in the quasilinear limit. The growth rates‘from a
hydrodynamic instability cdn only be obtéined in general by solving
equation (3.55) for Aw. Since wave émplitﬁdes chgnge in time according

to exp(-iwt), the temporal growth rate is given by Im(Aw) = 8siny.

Treatments of the two-stream instabilities, involving a relativis-
tic stream have been given by Blanken et al., (1969) and Fainberg et al.,

(1970).



57

(a) Hydrodynamic Instabilities

To determine the growth rates of hydredynamic instabilities,

equation (2.42) can be used to write

12 ©
_ _h',. _ % 43
Asij (k,w) = sij (k,w) -61_'] = -z {6136j‘3+n=21mjd P fs(R)'

*
[ i A/ IR S TP N T\ ]}

(w-nﬂ'-k"v"‘) V__L. Bvl (vivj )+ (w-nQ'k"v")Z ‘(3.5§)

where Vi==Vi(n,E,x), fs(p) is the distribution function of  the stream

particles and dashed quantities refer to the stream. For a stream with-
£.(p) = Cf(p)) 5(v“-us) , -(3.57)

where C is a normalization censtant, it is. possible to choose values of
'n and k"_such that wo(k)-nﬂ'-k"ué;<<Aw. Under these conditiéns;'a com-
parison of imaginary parts in (3.55), using equatiens (3.56) and (3.57)

gives a cubic eqﬁation for §, for a specific valué‘of n,

3 Z : ‘ (a
én 4-an5njjbn_ = 0 ,- - (3.58?
where
am'Cuy'2 (W )° .
«= - .._E_ ’ » g . —l'—. —a.— G'. 2 X
&4 7 7 g W nf' J Pl d?l’fsl(Pl) v, oV IE/ XI > (3.59)
w L TJ 1l Y1 . .
and {
21rm'CmP'2 w17 :
.= — P I_E 2 9.2
bn HE= wo_ WT 21(” cosy J P-L dpl fSJ. (p_l.) IE, z‘ s (3.60)
‘ ) :

with'Yf=zﬂn,E,Yl,us). Substituting the appropriate wave properties, -
equations (3.58)-—(3.60)‘recover the growth .rates for hydrodynamic
instabilities of whistler mode waves (Bell and Buneman, 1964) and of

electron plasma waves (Yip, 1970, BT'==0);

Consider a stream with a bi-Maxwellian distributien function of a.

form given by equation (2.68).. The above procedure together with-
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equations (2.72) - (2.75) and condition (3.47) gives again an equation

of the form (3.58) with

w.'2 (w)° '
.. _P _E o* o_, o - '
a = o WT ey ej Wij(k,w ,n) e nQ' , (3.61)
and
w '2 (w)° '
.- _P _E 0¥ 0_ o -A' o 90 2 :
bn HE o WT e; ej ﬂij(k,w ,11) e 2(1-1t") k” VsH cogx s (3f62)-

where-nig(g,wa,n), with stream pérameters, is given by (2.74) and ;he
temperature anisotropy parameter is T' := 1-—st/Vsﬁ. Coefficients
(3.61) and (3.62) can also be obtained from (3.59) and (3.61) by taking
fsl(pl) to be Maxwellian. For small gyroradii, i.e., A' <<1, the coef-
ficiepts (3.61) and (3.62) are very small except for small harmonic

numbers n.

As an example, consider longitu&inal waves, then the coefficients

simplify considerably to

'W A
= 12 91 _E- 1 nﬂ'
a wp W' Cn(X ) w2V Z (3.63)
(T) sl
and ‘
Cw*
b = w 'zwz E z_(A') 2cos26 cosy , (3.64)
n P WTJ n :

where ;n(k'), with A'==kL2V§f/Q'2, is given by (2.86). As might be
obvious from a physical argument, equations (3.63) and (3.64) show
clearly that temperature anisetropies are nof important in hydroaynamic
instabilities. For the case n=0, equation (3.58) gives the

hydrodynamic growth rate,

J3 (4 '2 fug)’ o%
. P . E o o
th(k)n=0) = (6051nx)max = - { ] ?j nii(k)m ,n)

x e_A' (1-t") knzvsﬁ}l/3 R (3.65)
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and in particular,

2
W.
2 Vv
Yh (k,n=0) = 7; {wp'zwz ﬁ% Zo(A") cos? }1/3 . - (3.66)

For the case n#0, in general, the cubic equation (3.58) has to be

solved. However, when ané >>bn2,
G ' — N —
Yh (E,n) = (Gnsinx)max = a ‘., (3.67)

For example, the case n=-1 for longitudinal waves in the limit A'<<1

could satisfy the inequality, a,f >>b_§ or

W Vzwg’ W 2’
:' 6
P _Ef. __sin’6 s> 1 (3.68)
9'3 WT 2X1'2cost6 ’ * :

provided & is not too small. Thus,

PRCALY -
th(k’n=—1) =. wpvsj.ne {‘g—" {w—:] } N (3.69)

which gives a growth rate for electron plasma waves, which coincides
with the one found by Stepanov and Kitsenko (1961). Note that when

an3 >>bn2, hydrodynamic instability can oeccur only when n<0.

(b) Quasilinear Instabilities

The quasilinear growth rates can be found either by the applica-
tion of equation (3.52) and (3.55) or by the direct use of (3.35). For
a bi-Maxwellian streaming distribution function of the form (5.68), the
former procedure is simpler, as the integrals havg already been |

performed in (2.72) ‘and (2.73). It gives

o w|2 W

g = - P2 |_E — 12
Y (,-12) - n=2_°° wo- WT \[ﬂ exp( Yn ) el j ij (k w ’n)
- ' k'

X e |k"| {yo -1 y '}, (3.70)
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where the symbols have their usual meanings and yn' = (we-nﬂ'-k"us)/
V2 kHVsH’ with streaming velocity ug and velocity spread parallel to
the background magnetic field VS". The condition for growth of
unstable waves is

2
nQ' + V—Sl{ (-n'-kgu) < 0, (3.71)
s| s ‘

»

which reduces to wG-k"uS-<0, in the absence of temperature anisotropies.

Equation (3.70) can be rewritten in the form

w.'2 (w.\°

Y@ = - Z vrZ— 1R e e On t0%m) M Ex) ., (3.2
n=~c W T
where
. -xX 2 ‘
F(X) = (C +dK) e oo (3.73)

wo—nQ'—k u
. il s

R

nf'

Vol
C. = FFmmw—., d = lt' = B x
n 2 [ Ven - YSf T

]

For each n, the growth rate (3.72) can be maximized by finding the

largest negative value of f(Xn). ’Simple calculus gives

c 2

a2 {8
n’max 2d 2 d

at this value f(Xn) is not exponentially small only if (cn/2d)25 1 -or

” o
+ 2} 3 (3.74)

2v 2
Q' sl
72 }E lxlz * vz (3.75)
I sll s|| o

Note that this necessary condition derived from (3.74) is independent
of the streaming.velocity u_ and it isAtrivially satisfied for n=0 as

may be seen from (3.74).

For maghetoionic waves, it is convenient to regard the wavenumber

k as dependent on w and 6. It is easily shown that for g?==(ac,i,b6),
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o* _ _A(w,8,n
e,™e, my 1 (wy05m) = ﬁiijffﬁ);f (3.76)

where A(w,8,n) has the form of (3.37), except the plasma parameters now
refer to the stream. Substitution of (3.76) and wave property (2.83)

into equation (3.72) gives

J W 12 =2
8 =- 3 M P = A(‘*“:’“) EX) . (3.77)
n=-o (1+To ) "o B (wnc)

For longitudinal waves, equation (3.72) yields

Y = - 2 \fﬂp}rr [ E] (A £X) (3.78)
n=-w si "t |

which, for the special case of VSJ. =VS" =Vg» A' <<1 and for electron

plasma waves, recovers the result found first by Stepanov and Kitsenko

(1961),
el w 12 20 2 1
vy (k) Jr A"nl Wp Xy exp(-X.2) {1 . wp 8ty sin? 6}
== 2V 2 = "'“:7-7'7_ .
w n=c 2|B|*! | k2V_ n (w2 2,%)
(3.79)
For the novel case of electron-cyclotron waves generated by
electron streams at a frequency u)zrﬂe (r >0), the condition that
growth is not exponentially small, together with the weak damping
condition (2.87) requires, for u§:>>VS“,
us2 rQe 2
¥z m— > 1., (3.80)
e e ‘

which can be satisfied in general only for n=r and u >>V_. Under
these circumstances,

) e 62 () T

w k2V & s|| k ADe {eo (k rf )]-2

f(Xf) R (3.81)
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where egl(hﬁrﬂe) is defingd by (2.100). For optically thin laboratory
plasmas, condition (3.80) is not.neceséary and Cerenkov excitation of
the electron-cyclotron waves is possible. Mizuno et al. (1971) have
observed the Cerenkov and cyclotron excitation of these waves by

electron beams in a laboratory plasma.

6. VELOCITY-ANISOTROPY. INSTABILITIES

Harris (1959, 1961) was the first to show that a plasma with
anisotrepic velocity‘distributiqns could give rise to micro-
instabilities. Fof this reason, such instgbilities are often known as
Harris instabilities. Semetimes, they are also known as instabilities
due to temperature or pressure anisotropies.' Velocity-anisotropy
instabilities can be studied by substituting various anisotropic
velocity distribution functions into equation (2.42) and examining dis-
persion equation (2.56) for complex frequency solutioens. Such
investigations have been carried out quite extensively, particulariy‘in
connection with cyclotron harmonic wave phenomena,fége for example
Crawford (1968), Tataronis and Crawford (1970a,b) and Brambilla (1970)
and the references therein. Although the instabilities themselves have
been well investigated, the properties of the waves which exist in such
plasmas with anisotropic velocity distributions have not been studied
to sufficient analytic detail. However, from the point of view of
astrophysical applications: and some laboratory experiments (Perkins'and
Barr, 1966) it seems that a relevant type of velocity-anisotropy
instability is the double~distribution instability, where a group of
particles with anisotropic velocity distribution exists in an
equilibrium plasma (with isotropic velocity distributions). Provided
the density of the "extraneous" particles is sufficiently low, such

instabilities can be treated by equation (3.55) and the wave properties
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can be taken to be those of the background equilibrium plasma.

Consider an anisotropic Qelecity distribution of particles of the
form,

v, 2

_ 1 1
L% T Gnaw P Wzt (3.82)

where dashed quantities refer to the "extraneous" particles. Again, .
provided values n exist such that wo(k)'-rﬁﬂ << Aw, equations (3.:55) and

(3.82) gives a cubic equation (3.58), with coefficients for ﬁagneto—

ionic waves:

w_ "2 v =A! ‘ (a_2%+1) n?1
a = gw 2““ ea { g = n+2(naoﬁx')(1n'—1n)} S
(14T ) n, 35 (en) Mo
(3.83)
w.'20 V.2 1 cos26 cosyx ((a_2+1) n21_
_ P . sl g g n, | Y _ :
bn = ) { By f+2(naG‘A )(In In)}"

3
(4T %) == (un )

with X'==n02w2V 2 sinzelczﬂ'2 and for longitudinal waves:

sl
w 12 'w W'Q’ HBQ'Q 2
I | B S,
n w ?%J Vi @
(3.84)
12 (v )%
b = “p HE 2n2Q 2 cos?26 cosy z_(A")
ol w WT e n ’
\ 7

with A'==klzvsf/9'2. Hence groups of non-streaming charges with
anisotropic veloéity distributions could give rise to hydrodynamic
instabilities of magnetoionic and cyclotron waves at frequencies

w=nQ', i an equilibrium plasma.

Similarly, a non-streaming bi-Maxwellian distribution of
"extraneous" charges gives rise to a quasilinear instability, with
growth rates given by (3.72), (3.77), and (3.78) with

Xn==(wa-n9')/J2 lk”|Vs". Instabilities in a bi-Maxwellian plasma (not
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double-distribution instabilitieé) have recéived considerable attention
in the literature, see for example Hall and Heckrotte (1964), Shima and
Hall (1965) and references in Crawford (1968). Zayed and Kitsenko
(1968) pointed out, as shown here, velocity-anisotropy instabilities
are also possible for magnetoionic waves, which can be radiated from

the plasma directly.

Instabilities of magnetoionic waves in plasmas with anisotropic
temperatures have been studied by Landau énd Cupefman,.1§70; Gaffey et
al., 1972; and Davidson et al., 1972). Bursts of radiation have been
observed from such plasmas adiabatically compressed by a pulsed mag-
netic field (Schwartz and Lichtenberg, 1972). The quasilinear
relaxation of a weak temperature anisotropy in a rarefied and hot
plasma without a background magnetic field has been theoretically

studied by Montes et al. (1970) and Montes and Peyraud (1972).

7. DRIFT INSTABILITIES

Microinstabilities can arise in a current-carrying plasma. Such
currents, which are just relative motions of electrons and ions, may be
driven by ExB drifts or by drifts due to gradients in density, temper-
ature or magnetic field and theybare present in certain collisionless
magnetosonic shocks (see e.g., Tidman and Krall, 1971) and in séme
theta-pinch experiments (Davis et al., 1972). Tﬁe microturbulence
generated by the drift instabilities, which is usually ien—acéusric
turbulence, can heat the plasma particies (see e.g. Keilhacker and
Steuer, 1971; Paul, 1971) and it can also produce radiatiemn at

electron cyclotron harmenic frequencies (Livshitz and Tsytovich, 1968).

To study instabilities from drifts parallel to the background mag-

netic field, the dielectric tensor (2.42) can still be used, since the
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cylindrical symmetry assumed in its derivatioen is preserved. However,
for drifts perpendicular or at an oblique angle to the background mag-
netic field, cylindrical symmetry is broken and the dielectric tensor
(2.42), as it stands, is no longer directly applicéble. Under these
circumstances, there are two equivalent ways of proceeding: the first
is to derive the dispersion equations ab initio, not assuming
cylindrical symmetry (Krall and Rosenbluth, 1963) and the second is to
transform dielectric tensor (2.42) in the rest frame of drifting
electrons back to the laboratory frame by a Galilean transfeormatien.
Galilean transformations of wave properties and the dielectric tensor

have been treated by Melrose (1972c3, from which it is easy to show
wegyow) -6y5b = ke floukey) -6, + (wky)

* g (vifeg) Goumlew) - 841 + vyfe tGsu-kew - 841

+ VY krks{eré(Eﬁm-Efy)'-érs} ’ (3.85)

where the prime refers to the rest frame of the electroms with drift v.

From (3.85), it is easily deduced that

flw = e (umkew) | (3.86)

Consider the drift instability of ion-acoustic waves at (angular)
frequency range Qi << u)STi’ caused by electrons drifting relative to
ions with velocity (O,uD,us). For such ion-acoustic waves, the wave
properties are determined principally by unmagnetized ioms and the
instability'may be regarded as resulting from the perturbing effects of

the drifting electrons.

Straightforward application of (2.42) and (3.86) gives
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© kv
11
Ez(e)(E;w) Ef%—z {l - Z J daz,fe Jnslg ]
- "De n=-ow e

X

m-.k'yu‘D-k'"us i } (3.87)

e e M S TR
where fe is a Maxwellian electreon distribution and Ups the perpéendicu-
lar component of drift, might be dependent on Vis €:8e) uD==ey12/29e,

with €= (dB/dx)/B. On integration with respect to Vi|s (3.87) becomes

),
® iy F (v, )
2(e) . 1 : eo en
€ (k,w) = EEX—§>{1,+- z J'Yl dv) ——7
““De =—co « e
v, 2 k, v ‘
1 A N
X exp [— X 2] an{‘ﬂ ]} ’ (3.88)
e e

where F(O)(y) is given by (2.71) and

w-k up-kj ug-nl,
V2 k”Ve ot

‘(3.89)

en

When lyen|>>]” which is the case, for example when 6 +w/2, for all

values of n

© v dv v,2 kv
%(e) _ 1 Vi1 1 o | LVL
0w = - 2 J vz P -3zl Ta| T
- "De n==- e e e
nf
e

X . (3.90)
w—kyuD-k"qunQe

For drifts which are independent of Vi for example uD=;:|§X§,l/BZ,

equation (3.90) can be integrated;

o 20 2
1 ) 2n Qe Cn(xe)
23 2 20 2 - - - )2 ?
kAne n=1 2% (w kyuD k”us)

€£(e)(kpm) =

which, by équation (2.95), can be summed to give

Ez(e)(kﬁm) = -Eii—f {1-ﬂqcotnq ;q(le)} (3.91)
‘ De '
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with q==|w-kyuD-k"us|/Qe. Equation (3.91) is valid, in general, only
for almost perpendicular propagation of the waves, so that

= e — 12y 2/0°2 ~y =1 o1 ~y 270 2
q=|w kyuD|/Qe, Ag =KV /Q,%. Now, k “Ape implies Al oy /Qe , which
is much greater than unity when wp:»>Qe. Hence, cq(ke)= (ane)-%;

Also, when w-kyuD-nQe==Aw, q==n:FAw/Qe and ﬂqcotﬂqi=n9e/Aw, so that

10 Q
%(e) L1 M %
e ) = k2 he V2w kv (3.92)
e e
Substitution of (2.110) and (3.92) into equation (3.55) gives a growth

rate of perpendicular propagating ion-acoustic waves, ih direction of

the drift Uy,

's e (1 3T \\% “p up — w/k (1 6T, 1)
5; =A {ani [L+k21D§f+ Té]} {ZQe [ v, }L1+k2AD§-+_Te]} » (3.93)

which reduces, under the condition Te>>Ti’ to

'YS _ { me ‘wPZ/Qez }lz [uD —U)/k);i (3.94)

a9 2y 233
Q, 8mm, (L+k2)p2) A

which agrees essentially with the reéults of Gary and Sanderson (1970),
who used a different method of calculation. For ion-acoustic waves
propagating parallel te the background mégnetic field, there is no
drift instability of the hydrodynamic type, as may be readily verified
by the above equations. However,-there is a quasilinear type drift
instabiiity and its érowth rate can be found from‘equation (3.78).
Under the conditiens Te > T, and (uS - w/k) /Ve << 1, it reads

m
m,
e 1 e

Y 3 u_ - w/k
S - 1 T_el” |8~
T T ; ev[s J [ 7 ) . (3.95)
It is clear from a comparisén of equations (3.94) and (3.95) ;hat when

wp 2(me/mi)% Qef:43.ge, the growth of ion-acoustic turbulence is faster

in the perpendicular direction than in the parallel direction, for the
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same drift speed.

The importance of jlon-acoustic waves in turbulent heating
processes at fronts of perpendicularly propagating MHD. shocks is well-
known (Lampe et-al., 1972).. Ion-acoustic turbulence may give rise to
suprathermal particles which could then be exciting agencies of non-

thermal radiation (Lacdmbe;and Mangeney, 1969; Smith, 1971).
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CHAPTER 4

NONLINEAR INTERACTIONS IN A MAGNETOACTIVE PLASMA

1. INTRODUCTION

Nonlinear effects manifest themselves frequently in plasma physics.
For example, they are important in studies on development of micro-
instabilities, determinations of quasistationary. spectra of turbulence,
anomalous diffusion in confined plasmas and turbulent heating (see
references below). Of particular relevance tobthis‘thesis are scatter-
ing of magnetoionic waves and nonlinear conversion of plasma turbulence

into magnetoionic waves which are easily radiated from the plasma.

Many cases of interest fall within the weak -turbulence regime

where

Wth << W << Wb . (4.1)

That is, energy density in plasma turBulenCe W is much greater than
that in thermal equilibrium fluctuation Wth’ but much less than kinetic
energy density of the plasma particles WP. When.the‘frequency of tur-
bulent plasma waves w is of the order of, or greater than the electron
plasma frequency wp, condltlon (1.2) is usually. satisfied “and the above
cases also fall within the weak nonlinearity regime, where perturbation

techniques are available.

Especially in the weak nonlinear approximation, nonlinear inter-
actions have been intensively studied both for fixed-phase (coherent)
waves and for random-phase (turbulent) waves. See for exaﬁple,

Kadomtsev (1965), Vedenov (1968), Kalman and Feix (1969)} Sagdeev and
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Galeev (1969), Tsytovich (1970), Stenflo (1972), Davidson (1972) and
references contained therein. However, all these studies concentrate
principally on plasmas without a background magnetic field, in contrast

to the present study which-includes a background magnetic field.

In addition to the random-phase approximation, our study of non-
linear interactions in a turbulent magnetoactive plasma also makes the

collisionless assumption, i.e.,

R (4.2)

where the characteristic time of nonlinear interaction T is short com-
pared to mean time between particle collisions Tas but long compared to

characteristic correlation time T,.

¢

Studies of weak nonlinear interactions in a turbulent magneto-
active plasma, making similar assumptions, have been undertaken by
Kadomtsev and Petviashvili (1963), Karpman (1963), Tintsadze (1965),
Kropotkin and Pustovalov (1966, 1967); Tsytovich and Shvartsburg (1966,
1967) and Gratzl (1971). The semiclassicial theory of Tsytovich and
Shvartsburg (1966, 1967) has been generalized and extended by Melrose
and Sy (1972a,b, hereafter referred to as I,1I), who include finite
gyroradii effects and allow particles to have arbitrary energies. 1In
particu;ar they discuss Thomson scattering of magne;oionic waves by
non-relativistic electrons in detail (I) and they study polarized
radiation frem nonlinear édnversion of turbulent electron plasma waves

in a plasma where wp‘>>§2e (I1).

In this chapter, some nonlinear interactions in a magnetoactive
plasma are investigated following the formalism presented in I and II.
Thomson scattering of magnetoionic waves by both relativistic and non-

relativistic particles, nonlinear scattering, coalescence and decay
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processes of plasma waves are discussed. In addition, nonlinear
effects on the formation of turbulence spectra are qualitatively

considered.

2. EVOLUTION OF DISTRIBUTION  FUNCTIONS

In the semiclassical theory, scattering of plasma waves by par-
ticles, which is a noenlinear wave-particle process, is described by a
spontaneous scattering probability WZG'(S,E)k)Ef), which is the prob-
ability per unit time that a particle of species a, with momentum Ps
scatters a plasmon of mode ¢' in the range d3£'/(2w)3 at wavevector k'
into a plasmon of mode ¢ in the range d3k/(2ﬂ)3 at k and at the same
time decreases its harmonic quantum number by s. Standard procedures
based on the use of Einstein coefficients give equations describing the
evolution of distribution functions Nc(k), No'(h') of plasmons and
fa(R) of scattering particles, see I for example. The evolution is due
to the combiﬁed effects of spontaneous scattering 0';+0, og+g' and

induced scattering o' ©g:

AN fﬂ v - ’3 K J;dﬂ <2ilf'; ?’Zd;(s’z’hs}w

W% (e - N9 + N () Mo B0} £ () (4.3)
[_E%+ XSO'.-%] NG =‘ —f s=;:.°o u J ap J (—2;?5 WZG'(S"R’E’E')

% k") - 80 + 8 ) NG mBY £ () , 4.y
and v‘
SO L[ e

@' " - N + ¥ (") N hB) £ ()} (4.5)
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where n, is the number density of scattering particles of species a,
. 1 )
fu(R) is normalized by (2.10), ng 1= ng(k)/BE} ch FERN (k')/3k'

are group velocities and D is the differential operator,

b = —2 4 (k, -k!) =,
v, 9p) - 3p
(4.6)
1
s, = 0709 -6 ) - Uy -ky

1

The terms linear i.n.NG in (4.3) to'(4.5) describe the effects of
spontaneous scattering ¢'+g, those linear in N? the effects of spon-
taneous scattering o-~>o¢', while the remaining terms involving NG'N6
describe the effects of induced scattering. If the waves are in the
same mode (o=0") (4.3) and (4.4) are the s;me while (4.5) includes the
effect of each scattering twice and so only one hélf of the right hand
side of (4.5) is to be taken. It is appérent from (4.3) and (4.4) that
scattering conserves the teta1>number of plasmons.

Similarly, in the semiclassical theory, nonlinear wave-~wave inter-

[T} )
g9 (k,k',k") which

action.is described by a spontaneous probability u
is the probability per unit time that a plasmon of mode ' in the range
d3h'/(2n)3 at wavevector k' éeélescences with a plasmon of mode ¢" in
the range d?kﬁ/(Zw)3 at Ef'te form a plasmon of mode ¢ in the rangé
d3’15/(2'n)3 at b.“The-equations describing the evolution of the distri-
bution functionglof plasﬁons due to the decay and coalescence processes
g'+g" o0 aré:upchanged‘from the casé’of a plasma without a background
magnetic field:

3 g 3| o k' d3kﬁ gg'a"
— o m—— = C—_ 1 "n

R NED - N N & - N @, G
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a3k d3k"
9 o' 9] Iy ~ ~ gg'a" ' o
[at+¥g a;} N &D = 'J Gn? J Gn3 v ELED
) 1 " . ' "
o kD N ED -8R N kD - N 8 D), (4.8)
together with a further equation obtained by'interchanging primed and
double primed quantities in (4.8).

From these equations, total energy density of interacting waves
‘ % o,.0" , o" _ o
can be shown to be conserved, i.e., W +W  +W = const., where W is

defined by equation (3.2), etc.

3. SCATITERING OF WAVES -

In this section, a general theory of scattering of waves in a
magnetoactive plasma is presented ignoring intrinsically quantum
mechanical effects (important for particles or plasmons of véry high
energies) but otherwise allowing arbitrary particle energies and taking
into account effects of the background magnetic field on wave proper-
ties, on unperturbed (by waves) motions of scattering particles and on

shielding fields which depend on dielectric properties of the plasma.

Scattering of waves in a plasma arises from contributions due to
(a) Thomson (Compton) scattering, which can alse occur in vacue, and
(b) nonlinear scattering, which can only occur in a medium. ‘Thomson
scattering (Fig. 4.la) is ce;nected with perturbed motions of a par-
ticle in the field of unscattered waves, while nonlinear scattering
(Fig. 4.1b) is connected with nonlinear interactions of shielding

fields of a particle with the field of unscattered waves.

In Thomson scattering of a wave in mode o', the current density

which gives rise to scattered waves reads (Appendix D)



74
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(a) T~ f : (b)
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- (e)

Fig. 4.1: Schematic diagrams of (a) Thomson scattering, (b) nonlinear
scattering, and (c) a coalescence process. The circle represents
a nonlinear interaction, the horizontal line a particle, the solid

line a plasma wave and the dotted line a virtual plasma wave.

dSkl dw' ,

2miq? — A Qg cw' k' O (k! o'
jiq(k‘,’w) = oo sjim J nt o Aij(S,w’}&,w :}s s!) Ej (k ,w')

6{&)"(.0"‘(1(“ "kl'l)V” -SQ} ’ (4-9)
where subscripts for particles have been dropped,

Aii(s;w,Kﬁw',Ej;X) = z Aii(s-v,k,w;v,kf,w';x) (4.10)
\)=—m

and

—ie(sV +sy)
A f(ekuist K u'sy = S

!
{wswsv JS(Z) Jsv(z') Tij
*® 1
+ W JS(z) Timkm Vj (s',Eﬁ,x) + w;, JS,(z') Vi(s,k,v) km ij

' QQL Kol 1.1
+ [kZTkam ") Vi(s,E,z) Vj (s ,E',z)} s (4.11)
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with symbols having their usual meanings, see equations (2.46),(2.47)

for example,

ug = w-sl-kv o, wl, = w'—s'Q-kﬁv” , (4.12)

T =
15 = T35 (%) and

( wz iew® 0 3
w2-2 w2=02

e ~iewf w2,
Tij(w) o= w2_92 wz_Q . 0 . (4;13)
0 0 1

The current density which gives rise to scattered waves in non-

linear scattering of a wave in moede ¢' reads (Appendix D)
n.s 21iq2 . dsk} du!
ji Trkaw) =T X J T§;7E7;T~Pijm(w’5;w"kj) Vm(S,ETEj,Z)

s=—oo

Eio'(k},w') 6{w“w'-(k”"kﬁ) Vu"SQ} ’ (4-14)

where Vm(s,kafzx) is given by (2.46) and

<! —m !
Akk'sw-w')

_ 24mua’
SCH SNSRI

Llinww - Vol e leale ! e !
q(u-0") eijﬂ,(’lsv’w :,E,IE, s W w‘)

rij
(4.15)

The total current density associated with the scattering is given

by the sum of (4.9) and (4.14) and it is given by equatien (4.9), with

q
Aij replaced by
Aij (s;,li-,sw;}s' aw' ;!) = Aig(s'}&,w;}&' sw' ;z) + Fijm(h’w;r}&' ’w') Vﬁ(s ’,15._;15:' ’-—Y) °
(4.16)

By a procedure exactly analegous to that outlined in the introduc-

tion of the last chapter, the scattering probability is derived from
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the total current density associated with the scattering:

1

344 ()0 o
woo'(s k') = 4(2m) 9 WE WE
i SFC P - 2 W W
o ma WT WT
'
|AGG (S.,}S’}S' :,Y) l2 g o .
5 0_| B{UJ -W "(k" -k”) V” -SQG} s (4.17-) -
w w
with

o* o',
e;” (0 e (k) A (sik0k',0” 5y - (4.18)

|
A%° (s,k,k',z)

~ ~

qQ |
On account of the symmetry properties of Aij’ Eij and sijz’ the

probaki&ﬁty (4.17), which is derived for scattering ¢'-+o, is equal to
1 - . - ' . '
wg g('S’R)E"E)’ a probability of the inverse scattering o->e¢'. A4
1 1 .
fortiort, WZG (p,k,k') = wg G(Rﬂkf’E)’ with
' Lo * '
vl Rk = T owi¥(siplok) o (4.19)

g§==~

4. THOMSON SCATTERING

1l

When |Ak| >>AD;1, with |Akj,: |k-k'|, shielding effects are neg-
ligible and.the_scattering-process can be regarded as Thomson scatter-
ing. Astrophysical épplications of Thomson sc;ttering in a magneto-
active plasma have been considered by Canuto et al. (1971) and
Goldstein and Lenchek (1971).. Canuto et al. considered Thomson scat-
tering, of magnetoionic wavés by non-relativistic electrons in the
atmosphere of white dwarf stars with streng magnetic fields. Goldstein
and Lenchek conéidéred inverse Comptoﬂ scattering, which is Thomson
scattering by relativistic electreﬂs, but they neglected the spiralling
motion of the scatﬁering eleétrons.lAIn this section, Thomson scatter-

ing is studied more éxactly, more generally, and in greater detail than

in previous studies.
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(a) Scattering Cross-Sections (I)

A quantity useful for comparing the different processes which
determine a plasmon's mean free path is the differential scattering
cross-section ZGG'(er;w;G;,w') which relates the power generated in
scattered plasmons propagating in the range of solid angle dcoserdw to
the energy density flux in unscattered plasmons in the range of solid

angle dcose;dw'. The plasmons propagate with group velocity

L ~
v (k) := ——TQE__ EH vg (31n6rcosw, sinersinw,vcoser),(é.ZO)
which is not parallel to E;=|g| (sinfcosy, sinbsiny, cosb) in general.
The energy density flux in the range d3E/(2ﬂ)3 at k, FU(E), which is

the Poynting vector only for non-spatially-dispersive media, may be

identified as
P = Vgg(}s) ho’ (k) N(k) . (4.21)

Retaining only the effects of spontaneous scattering o' o due to
a single scattering particle in (4.3), the power generated in scattered

plasmons is given by

o d’k k' 1o} oo g
— ~ ~ 1 '
P = J PDE J OE hw (k) v, (p k,k') N° (k') . (4.22)
On the other hand,
o 27 +1 o 27 *1
5}
P° = do d dcosb aQ’ J dy'’ J dcos8'
JO JO v j“l r JO 0 v -1 r
1 g '
297 (8,,9301,") 17 (w',61,3") , (4.23)

|
where 1° (m',e;,w') is the intensity of a monochromatic flux of
unscattered plasmons (power per unit surface area per unit solid angle

about the ray direction per unit frequency range) and
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o 21 +1 5 ‘ dS}St 5
1 ' ' ot gt .= '
JO dg JO dy J-l dcoser I° (w ,er,¢ ) 1= J(ZF) |F (& )| . (4028

From (4.22) and (4.23), the cross—section reduces toﬁﬁ;

oo’ ® wanoz d9cos® Odcosb'
At 1 N
z (erfw’er’w ) JO du (2mc) 3 W' Bcoser acose;
1 ) '
—— 3 (n) w7 (kK ,  (4.25)
8

where n_ 3= Iklc/wG is the refractive index.

For the scattering of magnetoionic waves the cross-section (4.25)

reduces to

2 24 2 2 2y .
1 ® 2 n_w (14K _“+T_ <) (14K _$+T _¥)

S L BT S ) R R )
. .
9cos® 9Jcosh' IAog |2 (4.26)
Bcoser Scose; . 5 v"qose » (4.
(1+60,) I-E (umc) —
where (see I)
o c(1+602)% ' cose-+égsin6
v = T, cosb = -
g a(wﬂg)/aw r {l+602};§
(4.27)
. _ siqe-§gcose 5 N _L‘8n65 ; KGT0
= _ ’ S A - 2
r {1+§02}% o ng 9 - 4T

and the frequency of scattered wave w is given by the solution of
.

M M| v
w l-ng - cosf| - = uw' 1-ng.-?; cosf'| + sQ (4.28)

for each-value of s, with n@,zna(w) and Nyt Enc,(m'). The result
(4.26) disagrees with those of Canuto et aZ. (1971), because they have

neglected spatial dispersion,
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(b) Scattering by Non-relativistic Electrons (I)

If scattering electrons are non-relativistic, the small gyroradii
conditions z,z' << 1 are sometimes satisfied. For magnetoionic waves,

we write z =<unoesinesina/ﬂe and z' =cu'nc.Bsin9'sinu/Qe, where the pitch

angle o is defined by v =

lv||sina . The conditions z,z' <<l are
satisfied provided w,w' are not much greater than Qe. Under these cir-
cumstances, significant scattering occurs only for small harmonic

numbers s in (4.26), since the Bessel functions for given small

arguments decrease rapidly with increases in s.

The scattering probability and cross-section in general depend on
the azimuthal anglé between the planes defined 5y E', By and k, Bg.
However, in practice, only waves distributed with axial symmetry about
By are considered; therefore i;ﬁif convenient to average over this

azimuthal angle from the outset and denote the average by (... .

For zeroth harmonic scattering by non-relativistic electrons

equation (4.28) gives w=~w' and (4.11) and (4.18) give

ok a'
i % T4

with the averaging process yields

le

1 ] ] .
|AGU |2’=|TZO (w,Qe)lz. Equation (2.82), together
og' o _ 1+Y2 2 2 2Y
(lTe |2 = {E?T:§ZTZ ((l+agao,) + (ata 1) ) + a5z
(I+a_a_ 1) (a ta_ 1) + (bcbc.)z}/(1+1<a2+rd?-)(1+Ko%+mg2-) s (4.29)

Qe/w. The correspond-

m

where ac,bg, etc., are given by (2.84) and Y :
ing scattering cross-section can be obtained by substituting (4.29)

into (4.26):

oa' ' e2) "o 9cosh dcosd’ 1+Y2 2 2
= +
2 (6,500 [mcz} Ngr dcosb . dcosbl (2(1-Y2)2 ((1+acao') +(a tag) )

1
+ (1_—2Y¥m (1+a0‘a0')(ad+ac') + (bobo')Z}/(1+T02) (1+Tc%) (1_'_50."2)’5 .

(4.30)
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Example

When mp<<ua<<9e, a situation which is presumably possible for the
magnetospheres of white dwarf stars, pulsars and perhaps Jupiter, the

cross-section reduces to

' ' ‘ 212 1+Y2 )
EUO' (er’er) = [Ulecz] {Z(I—Yz)z ((1+acaev)2 + (ao+ao,l)2
+ Tl—_%—z)-g (I+a_a_,) (égfaq,) + (bobq,)z}/(lﬂ'dz) (1+1 3) - (4.31)

From an analysis of (4.31), using (2.84), it can be shown that
except for prdinéry mode waves propagating perpendicularly to the back-
ground magnetic field, all other cross-sections are smaller thaﬂ the
classical Thomson cross-section Op 1= (87/3) (e2/mc2)2 by approximately
a factor w2/962<< 1, a result in qualitative agreement with Canuto
et al. (1971), who:considered only zeroth harmonic scatter;ng (w=w").
However, shielding . effects are important Whgp‘IAEJ sAD;I and 1Am| <<m§,
both conditions of which are satisfied for the zeroth harmonic Tﬁomson

scattering considered here.

For the first harmonic scattering however,

=k! — ! o~ ; ‘ ,
./ |k” K IVe zQ.c/ | w=a lVe c/V, >>1 and shielding effects are.
unimportant. When magnetoionic waves are scattered by non-relativistic
electrons under the conditiens z,z' <<1, equation (4.28) gives

u)ﬂw'+Qe and equations (4.11) and (4.18) give
1 } ' )
(|a%9 |» = {J12(z)+J12(z!)}<|~cZ" |2 +231(2) J,(z") bb_
(aja s +a Y-a Y-1)/(1-¥2) (1+K02+T'0’2)_(1+K0%+TO%) , (4.32)

1 P
where <|qu |2) is ‘given by (4.29). From the above expression and
equation (4.26), it is seen that first harmonic scattering is smaller

than zeroth harmonic scattering by a factor ef the order of
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le(z) =z22/4 << 1,

In retrospect, the following conclusions have been reached with
regafd to Thomson scattering of magnetoionic waves by non-relativistic

electrons:

(1) When the conditions z,z' << 1 are satisfied, Thomson scatter-
ing by non-relativistic electrons weakens as the harmonic number of

scattering s is increased.

(2) 1In the presence of a strong background magnetic field, such
that wp << << Qe, Thomson scattering cross-section is about wz/Qe2

times the classical Thomson cross-section (save in a special case).

However, we point out that shielding effects cannot be neglegted
for zeroth harmonic scattering by non;relativistic electrons and Lhaﬁ
scattering at higher harmonic numbers becomes important for mildly
relativistic electrons.and predominates for ultra—relativisti;

electrons, when z,z' >>1,

(c) Scattering by Relativistic Electrons -

Thomson scattering by highlyﬁrelativistic electrons, usually
called inverse Compton scattering, leads to scattered waves of much
greater frequencies than the unscattered waves. In.this limit, it is
possible, under certain conditions, to regaﬁd motion of the scattering:
electrons as rectilinear in treating the scattering._ Such conditions

are derived here for electrons with y>>1.

The spiralling motion, neglected by Goldstein and Lenchek (1971),
enters through the Bessel function in (4.11) and through the fact that

Tij defiﬁed by (4.13) differs frbm the unit tensor § The spiralling

ij°

motion can be regarded as approximately rectilinear, for the purposes

of treating the scattering, when Tij can be approximated by éij and
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when the arguments of the Bessel functions are much greater than unity,
i.e. z,z'>>1. For high frequency magnetoionic waves (w,w' x>wp), the

last requirement leads to

Q Q
e ‘e
L w'sinb "sino and Y wsinfsina ° (4.33)

Furthermore, the requirement 7., =§,. leads to ws==w'(1—8)==w'/Y2‘>>9e/Y

ij ij
or
w'
o >> vy . (4.34)
e

Combining the inequalities (4.33) and (4.34), it is found that spiral-

ling motion for electrons with y >> 1 can be neglected provided

Q Q
w' . e e
7>, Y 2> max w'sine'sinuv’wsinesina] : (4.35)

These conditions necessarily entail ' >> Qe and they are trivially

satisfied as Qe-+0.

When the condition (4.35) is not satisfied, the anisoetropy intro-
duced by the background magnetic field cannot be ignored. Such cases:
do not appear to have been discussed in the literature. An example is

presented in detail Below‘

Example

Conside; inverse Compton scattering by a relativistic electron
moving in thevdirection‘of a background magnetic field By. Conditions
(4.33) are violated sihce sino =0 implies z=2"'=0. But when condition
(4.34) holds, i.e. w' >>er,.Tij can be approximated by 6ij' Equations

(4.10) and (4.11) then give

A q(s=0 shsw;h' ,(1)' ;X)

1]
1 { ki6j3v '6i3kjv
A e 5 L.+
ij y (13

T 10 ¢
w k”V w k"V

. 8;3853v% e ]} 4.36)
R (wy_kli V) ((J.)-k."V) K.X ‘-gz* . ’ .
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with w'-kﬂv==w-k”v. For magnetoionic waves this can be rewritten in

the form:

]
+ K16j3ncB 613ano'8
ij (l—nUBcose) (l-no,Bcose')

1

+

81303387 (Mggrig-"-1) }

(l—nGBcose)(l-ng.Scose') (4.37)

where Ef=5/|EJ’ B=v/c, etc., as usual. From this and equations (2.82)

and (4.18), it is simple to. show

I . R2a: v (2
<|A‘m' ‘2) _ 1 f e el bdbo.nonc.ﬁ_«s_inesine
- 2{%¢%e" (1-n03cose)(l—n0.8cosef)

Kch.ndB Kc,bono.e

(l-ncscose) + (l—nchose')

' -
bgbg,(nonc.cosecose 1

(1—n06cos6)(l-nc.8coée')

1 2 ‘
+ Zl(ao_"l"a.o_') +. {bO'bO" +

2 ,
2 2 2 2y .
+ ] }/y (LR T 2) (4K _T+T %) - (4.38)
This rather complicated expression simplifies considerably under the
condition YQe}sz, in which case equations (2.81) and (2.84) give
Ny N = 1, T(J >>Kc=0, Tg, »Ke' =0, ao=chose, bcﬁ-Tgsine, etc.

Equation (4.38) then reduces to

T T ,82sin26sin?9'\2
g'g )

<|A°a'|2) = {17 T ,cosecose’ +1 +
o o' (1-BcosB) (1-Bcosh ")

2

1 12 . 2
+ 5 (Tgcose-FTg,cose )< + (T0T0,31nesin8 )

B?(cosecosé'—l) 2 .
[1 ¥ (1-Bcesﬂ)(1—8cose')] }/Y2(1+T02>(1+Tg?)j- (4,39

Case (i)

Consider an unscattered wave propagating along the lines of the
background magﬁetic field, i.e. cos8'=2x1l. On application of (2.84),

equation (4.39) reads

-

(1 chose)
272(1+T02) ’

(|a%°" | (4.40)
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where the upper sign refers to unscattered waves'in 0 (X) mode propaga-
ting antiparallel (parallel) to v or By, and the lower sign refers to
unscattered waves in X (0) mode prépagating antiparallel (parallel) to
v or Bg. Under qﬁ;te’general conditions the'scattefed waves are quasi-
longitudinal (cos?9 >>stin46/4). This is the case for example under
the conditionva'=10'2, vy =10 for 6 586° and 62 94°. Granteq‘this,

(4.40) reduces further to

' ' 2
(|a%® [2) = (1.::ﬁfe) , | (4.41)

where the upper sign refers to X+0 or 0=+X (0+0 or X+X) scattering
with the unscattered waves propagating antiparallel (parallel) to v or
Bp and the lower sigh reférs to 0+0 or X+X (X0 or 0~X) scattefing
with the unscattering waves propagating antiparallel (parallel) to x'br ,

Bg.

~

The total scattering cross-section for a plasmon of mode ¢',
propagating initially in direction (sineécosw', sine;sinw', coseé) and

then séattering<into a plasmon of mode ¢ can be defined by

+1

2T
fo o],

o',
2% (81,v")

' SRR
dcoser 2“”’(er,w;6;,w') ’ 3(4'42)

S , o ‘ , .
where =% (er,w;e;,w').is determiped by equation (4.25). When the

scattering process is axisymmetric, the integrals can be recasted to

read
*1 3, 2 Lo -
Eca'(e,) = dcos® (»dw 2mu "o 3cosb dcosB'
: r -1 cosPy 0 (2me)3 w' accseé Bcose;
o ' ' i : S
2 wn) @K, (443)
g .

where (...) again denotes an average over azimuthal angles.

For the present‘prcblem m'>>-y9e2:wp; application of this expres-

sion together with an integration with respect to w over the delta =
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function in the probability gives

+1

: 0_0, 62 2 0'0" 2)
z (cosf'=%1) = 27 hﬁgﬂ (12B)2 J-l dcosH

(1-Bcosh)3 ? (4:44)

where the approximations ' = 61'. and 6 =6_ have been used (w,w'__a‘>y‘>:]w‘p). _
The upper (lower) sign refers to antiparallel (parallel) propagétion of
unscattered waves. (IAGG'lz) is given by equation (4.41). The integ-
ration over 6 includes a small cone about the perpendicular direction
where the quasilongitudinal approximation fails for scattered waves.

But it can be shown that this introduces only a negligible error.

Evaluation of the integral in (4.44), by using standard integrals

of the form

+1 - ‘
J dcosh - 1 {(1+S)n+1"(1‘3)n 1} s, (n>2) (4.45)
-1 (1=Bcoso)™® B(o-1) (1-82)11-.1 -

gives the total scattering cross-section,

' 232
2%9 (cosd'=%1) = 2r &ﬁ;ﬂ g(y) (4.46)

where g(y) is given by the follbwing table of approximate values:

Table 4.1
Mode of :
Scattering 00 ’ : 0+X
cost" ' X +X X+0
-1 16v2 sn(4v2) /v2
+1 ’ an(4y2) /16y4 - 1

These results can be compared with those for the case of an
isotropic distribution of unscattered waves without a background

magnetic field where g(y) = 16y2/9 (Melrose, 1971).



86

Case (ii)

" Consider an unscattered wave propagating perpendicular to the
background magnetic field. The total scattering cress-section in this

case reads

+1 ' ’
go' . . [e2)? ' (|a%° | 2)
2% (cosp'=0) = 27 kﬁ;ﬂ J-l dcos® (1-Bcos8)3 ° (4.47)
where we have from equation (4.39),

T_T_.8%sin?6 (1-2T T )

200"y o [1 20082 27 2g1p2 g o
(]a%% 19 {2 (1+T_2cos?0 +T 2T %sin?6) + (1-Bosd)
1 42T 78251026 (2+s1n?0) - :
* 2T (1-Bcos6)? }'/Y2(1+Toz)(1+Ta%) - (448

On account of theilarge momentum tfansmitted by -the electron in
process of scattering, the scattered waves can be‘régardea as—satisfy—’
ing the quasilongitudinal appfoximation for the purpose of estimating
the total scattering cross—section. This wiil be‘justified a
poster{ori. Equation (4.48) then reads

T %82s1n%0 (2T £1)
(1-Bcosb)

. 1 .
(IAGO' 12) = {_;_.(1.;:.(\_0326-{-T0%sin26) -

T2 (1-Bcosh) 2 .}/ 2v°(1+T 9 . (4.49)

where the upper (lower) sign refers to scattered waves in the 0 (X)
. , )
mode. Again the integral in (4.47), with (IAOU IZ) given by (4.49), -

can be evaluated using integral formulae (4.43) to give

o L _ o2 2 _— 1 483 2 [ﬁ])
277 (cosd'=0) = mez] Y2(1+Tcg).{233 [(1-82)2 + (1+ch) gn 1-8

4T (2T ,%1)(3-282) T % (.. 2_7ak
o' Vtg o' (28(3+882-78%) 1+8 ,
- SO + 787 |~ 3(1-F2)2 + Qn[——l_s)]} s (4.50)

which, for highly relativistic electrons Y >>1, is approximated by
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1 , 212 . 1
29 (cosf'=0) = [I:cz] YZ(IITU%) {5(47“-T0% 2 (4y2))

A 4 4 67 2
3 Y To,(ZTc,il) + 3 Tc,(ZTG.tl) + 3 Y To' . (4.51)
For unscattered waves propagating perpendicularly to the back-
ground magnetic field, TG%->w for O-mode waves and TG%-+0 for X-mode
waves. Hence the total scéttering cross-section for scattered waves in
either mode is given again by (4.46) with
2v4/3 (0O-mode unscattered waves)

gly) = . (4.52)
y2 (X-mode unscattered waves)

]

The negligible effect of scattered waves in a small cone about
6 =7/2 on the estimates of the total scattering cross-sections can be
!
shown as follows. For 6=1/2, (IAGO |2) and also the integrand in

(4.47) can be approximated by (see equation (4.48))

T 21 2

1 o a'}, .2 2y (1am 2 ay
{2 +TGT0, + 2 ) /Y (1+'1'U )(1+TU,) , (4.53)

which is smaller than the corresponding integrands for scattered waves
in the quasilongitudinél appfoximation by at least a factor << 1,
Hence the assumption made in expression (4.49) is justified a

posteriori.

In conclusion, we note that relativistic electrons moving in the
direction of a background magnetic field are particularly effective in
scattering O-mode magnetoionic waves propagating perpendicularly to the

background magnetic field under the conditions w' >>er:2wp.

5. NONLINEAR SCATTERING

The effects of shielding become important when the changes in

wavevector |Ak| = |k~k'| and in frequency |Aw| = |w-w'| on scattering
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satisfy |Ak| s >‘D=el and |Aw]| << Wy (Bekefi, 1966).

Assuming the nonlinear response tensor e,

"is determined princi-
ijl

pally by electrons, one can infer that the two terms in (4.16), ohe due
to Thomson scattering, the other due to nonlinear scattering, always
have opposite signs for electrons (as scatterers) and have the same
sign for ions. In this sense, the two scattering procesées interfere
destructively for electrons and constructively for ions. For relativ-
istic particles, Thomson or inverse Compton scattering always
predominatés over nonlinear scattering. For non-relativistic electrohs;
there are large cancella;ions bétWeen the two terms in (4.16).

Although the cancellation is not as complete as for the case without a
background magnetic field, the resultant scattering is neve#théless at .
least a factor zz==(k1vl/Qe)2<<<l smaiier»than either Thémson.scatter?
ing or nonlinear scattering taken alone. For npn-relativistic ions
howevér, nonlinear scattering}predominates over Thomspn scattering by a

; 2
factor (mi/me) >> 1.

In a plasma, where Te;:Ti, When
Ao << lAk”lVi << IAk"|Ve e 2
nonlinear scattering by ions is the dominant process. When
lAk" [V, << A << IAk”lV.e s (4.55)

scattering by ions is exponentially small and scattering by electrons

is dominant. Finally when
IAk"]Ve << Ao, ‘ (4.56)

scattering bj either ions or electrons is exponentially small.
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(a) Inverse Maxwellian Tensor ..

The tensor Aij,.(h,m)/A(g,w), occurring in (3.7) and (4.15) for
example, is often called the inverse Maxwellian tensor. For arbitrary

directions g = (sinbcosb, sinbcosy, cosh) and arbitrary dielectric tensor

Eij = Eij (k,w), standard matrix theory gives (see equations (2.54) and
(2.56))
A(k,w) = An*-Bn?2+cC , (4.57)
with |
A = e1) sin0+2¢e)3 sinBcosd +e33 cos? ,

B = €99 A+€11€33-€1%+(€23 cosf - €15 sin6)? ,  (4.58)

C = det(eij) .
and
A1 = n“sinzecosztp—nz{ZReezlgcosesinesim‘b+ezzsihze )
sin26sin2 2
+ e33(1 -'sin“esin?y) } + (eppe33 - 22_3) s
Agp = n*sin?esin?y - n2{2Reej 3cosfsinbcosy + ellsinze
‘ 2 2 | 2
+ e33(1 -sin“6cos4y) } + (e11e33 - 513) s
Azz = n*cos26 - n2{2Re sin?6cosysiny + 511(1-sin2631n2q;)
2 2 2
+ e92(l - sin®6cos“YP) } + (e11€22 — £;5)
| | (4.59)
* hoin2 2r¢.% -
A12 = A21 = n'sin®@cosysiny+ n“{(ez3cosy+ 513s1nw)cosesine .
*
+ (eyp+ e33cosysiny)sin?6}+ (en3e13~ €12€33)
* " . ) *. .
A2z = A3z = n'cosfsinésiny+ n“{(eypcosd +¢€;3sinfsiny)sindcosy
. %
+ e53(1 - sin?pcos?y) - €11cos6sinfsiny}+ (e12€13 - €11€23) »
* | .
A1z = A31 = n“cosfsinbeosy + n2{(e1,cos6 + € 35inbcosy) sinbsiny
+ €13(1 - sin2psin?y) - ezzcosesinesinw}+ (e12823- 5‘22813) Ty

/

with n2 := IE! 2¢2/4? and '*' denoting complex conjugdtion. Tsytovich
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and Shvartsburg (1967) have written down an inverse Maxwellian tensor,

which is valid only when sin® =0. No such assumption has been made

here.

Under quite general conditions, discussed in detail in Appendix E

for various cases,
n2 = |ak|2e2/|aw]? 5> leij'(A}i,Aw)l , (4.60)

and the inverse Maxwellian tensor reduces to

} A.ij (A‘IE’,AU)) f_- .Kin
A(AK,Aw) T

T ; (4.61)
e (Ak,Aw)

where 5;=AE/IAEJ and ez(Ag,Aw)==A (see (4.58)). When (4.60) is not
satisfied, the inverse Maxwellian tensor has to be obtained from
equations (4.57) to (4.59). It is assumed, in what follows, that the

inverse Maxwellian tensor canm be approximated by (4.61).

(b) Scattering by Ions (II)

In the scattering of high frequency waves, the conditiomns:

w ' ! lAwl
k] Ver @ T > Ve ¥ TEEp

€

(4.62)

are often fulfilled. The nonlinear response tensor then reads (see

(F.6), Appendix F)

€ij2(k}’w';AE,Aw) _Zﬁiiﬁz{Ti§6)(w)Aks{asée)(AE’Aw) - Gsl}‘
“p” By (o) ) (&) uny - o (&) (e (&) (e
+ Txr'jﬁ;-{rik (w)Tsj (w") - Tyg (w)le (w )}}(4.63)
where Tiée)(w) and ri§e)(w') are given by (4.13) with Q==Qe and e =-1,
and esée) is the electronic contribution to the dielectric tensor.

Substitution of (4.61) and (4.63) into (4.15) gives
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(,13’“);,1&' ’CU')

. (4.64)

- 2(e) _
. _] [-u_):_] ] (e) © Akm > (0k,Aw) -1
ijm ij

w Aw e'Q'(A}g,Aw)

I

TN
o
—
TN
of |8

For the case of scattering by ions with q=Zie and m=m,, equation

(E.10) can be used to reduce (4.64) to

+ ] [“’] By 43S )

Fyymdewskt>e) = [E'I'H; W) B (rzg_rpy ¢ 48
It is\convenient to define a probability averaged over the
distribution of scattering particles fu(x):
wgo'(s,’ls,}s') iz j d3x fa(x) wgc'(s,z,h,li') , (4.66)
where fa(X) is normalized as usual‘ apc} WZO'(S’,JE’E.') is given by

(4.17).

Consider nonlinear scattering by a Maxwellian distribution of ioms.
After some calculations using (4.16), (4.17) and (4.65), the averaged
probability (4.66) ;simplifies to

' ey 4(27r)5/22i2e” [WE ¢ WE]O' Ieio*rige)(m)ejc'lz

' W W 2
o 26%° WT WT (1 +Z1Te/Ti)

e

y ;

o o_o'_ 2
g (A { (w -w sﬂi)] 4.67)

0
ameee PR 2] 12V, )

where A = (Aklvi/Qi)z and ?;S()\i) is given by (2.86).

In the limiting case of negligible small ion gyroradii, i.e.,
» }‘i << 1, the contribution from different values of s decreases rapidly
with increase in Isl . The coﬁtribution from s =0, with co()\i) =1,

dominates.

In the opposite limiting case of arbitrarily large ion gyroradii,
i.e., Ai >> 1; the motion of the ions can be regarded as rectilinear for

the purpose of treating scattering. The &-function in (4.17) can be
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1
replaced by 6{(w0—w6 ) - (k~k')*v} and Vm(s,gfkf,yg can be replaced by

A With this approximation, the probability (4.67) is retiaced by

5/2 ! 2
99" (1, k") s’ z;%e" ()7 ()’ ]ei ( )(w)ej |
w. (k,k = 0 - -
i mezwcwd WT WT (1+ZiTe/Ti)2
v oo - ara)
X = eXP \~ 5T 5o 5 - (4.68)
[2k]V 2|8k 2V 2 .

Except for cases of little interest, the conditions under which
the contributions from [s[ 1 could be comparable to that from s=0,

are just those for (4.68) to be a reasonable approximation.

(c) Scattering by Electrons.

In the regime (4.55), it is evident from the results of the
previous section that scattering by ions is an exponentially small

effect and scattering by electrons is dominant.

In the limit of arbitrarily large gyroradii of electrons, i.e.,
klyl/ﬁe >> 1 for all relevant waves, -the motion of the electrons can be
regarded as rectilinear for the purpose of treating scattering and the
results would reduce to those for the case of a plasma without a back-
ground magnetic field. It is interesting to consider the opposite
limiting case of negligibly small electron gyroradii, i.e. klyL/Qe<K 1.
For this purpose, it is convenient to use the current density due to
nonlinear scattering in the form given by (D.15) with (D.16) and (D.17),

since this facilitates calculations of (4.16).

For the zeroth harmonic scattering, which is dominant in this con-
text, Thomson scattering by non-relativistic electrons contributes a

term (see (4.11)):

AdGouk w5 = 0@ D) P W (4.69)
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whilst nonlinear scattering contributes, on calculation using (D.15),

(D.16), (D.17), (2.46), (E.17) and (4.63), the term,

iAk, v
S ek 0w = - 30 306 1P W)+ — 30" @) oz
% sin(y" + ) Tijfe) W) , (4.70)
where
k, siny - k'siny'
tany" := L L . (4.70)"

klcosw-—kicosw'

Substituting the sum of terms (4.69) and (4.70) into- (4.17), the
appropriate scattering probability is obtained. On averaging over a

Maxwellian distribution of electroms, by (4.66), the probability reads

o) g
oo’ "“oo_ 4S27T!5/2€i+ Yl Vg o _ (e) a'2
v (kK" = o Wl e le Ty (@) e, |
mezw W T T J J
2 s 2 (.M '
[ glve] _21e51n (v 4-W)_e {_ (wo—wo ) } %.71)
—t b .

where the approximations Jg(z') *1 and exp(—le){lo(ke)-Io'(ke)}ﬁ 1

have been made and here, A := klzv 2/Q 2 << 1.
- e 'Te

Comparison of (4.67) and (4.71) shows that scattering by electrons

is more effective or comparable to scattering by ions provided

Z.2v J2v, RY
sl ,Q,n{ 1 Vel 23 [.A‘” ]2[ e] } . (4.72)
- _

2V .2 2
ANEA A+z,1 /T2 (k) (& V

where it is assumed that Vei>>Vi.

It is a simple matter to write down scattering cross-sections for
scattering by ions or eledtrons, by merely substituting the appropriate

probability into (4.25).
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Example

Consider nonlinear scattering of magnetoionic waves by plasma ions
under the conditions wp <<u)<<$'2e (cf. examplebin section 4b). Inser-
tion of either (4.67) or (4.68) into (4.25) gives the cross-section,

: z,2 (e2/m_c?)? 2
> (6,8") = \/{2) 1+ ZiTe/Ti) 2 £ (1+T02) (]_+T0%) {2(1-—Y2)7 ((l+agaov)2

2 2Y
+ (a0+a0") ) + (1_‘Y‘2—)—2 (1+acac')(ao+ac') + (bO'bCI')

® dw (1-w/w')?
Jo —¥ exp {-——ég—z—} R (4.73)

where £= |cos6-cosf' |Vi/c when A, <<1, g= /{2(1—5.5')}Vi/c when A, >>1,

i

and approximations w=w', e==er and 6' =e; have been made. The

integral in (4.73) can be accurately approximated (£ <<1) to give

2
299" (6,8") = “ (e mge)” L+ ((1+2
> - (1-+ziTe/Ti)2 (1+T02)(1+TG%) 2(1-Y2)2 ( aoac')

+ (a0+ac,)2] + TT£§%77 (1+a0a&.)(a0+a0,) + (boba')z} .(4.73)!

From this, it is seen that for certain directions of propagation

(e.g., 6'=0) the scattering cross-section is reduced by a factor

w2/Q 2 << 1,
e

(d) Absorption Coefficients

The Landau-cyclotron damping decrements and the collisional damp-
ing decrements, written down in section 4 of chapter 3, are also known
as true absorption coefficients, sinée the wave amplitudes are truly
attenuated by the corresponding interactions with plasma particles.
There is also an absorption coefficient due to scattering by plasma
particles and this is generally scattering by ions, provided the

electron temperature Te does not greatly exceed the ion temperature Ti



95
(Bekefi, 1966).

From (4.3), such absorption coefficients due to spontaneous
‘scattering reads
g ‘d3kf gg! ‘
Yo = nifd"‘gjmwi (kK" £.(p) - (4.76)

As an example, consider the nonlinear scattering of high frequency mag-
netoionic waves by plasma ions. The conditions w' 22mp >>$2e imply

2 o o~ = - i 2 o ;
T0 K0 Qe/w, so that a_ T cosé, bo, T sin, T _ 1, etc. After a

little manipulation, the equations (4.66), (4.67) and (4.29) give

1 2.4 ‘ *1
9(w,8) = m)* 2y oy dcosf'
stc > 2) 2m 2c3w (1+Z,T /T2 -1 g

'{(l+gosze)(1+cosze') -

) had ' 2
+ 2(1—cosze)(1—cosze')}I0.dw',exp‘{—ii:%zégl—} , - (4.75)

where £==|cose—coseflvi/c when A, <<1 and £= /{2(1—5,5f)}vi/c when

Ai,>>1' Integration gives finally

Yee = T3

. 2
o 8n e? 2 nizi
sc m

5| ¢ , > (4.76)
c (1-+ZiTe/Ti) ? .

e

where (8w/3)(ez/mec2)2==oT==Thomson cross-section. Such absorption '
processes have been éonsidered in connection with ionospheric research

(see Bekefi, 1966).

In conclusion, we have discussed nonlinear scattering by ions and
electrons in a magnetoactive plasma and have shown that nonlinear
scattering of magnetoionic waves by plasma ions can be strongly

suppreséed under the conditions wp <<o)<<ﬂe.

6. WAVE-WAVE INTERACTIONS

The evolution of distribution functions due to resonant inter-

action of three plasma waves (Fig. 4.1lc) is described by equations
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(4.7), (4.8), etc. Like these wave-kinetic equations, the spontaneous
probability uGO'G"(Eﬁk',kf) of the coalescence and decay processes is

formally identical to that for the case of a plasma in the absence of a
background magnetic field. The effect of the background magnetic field
on the probability enters through the nonlinear response tensor and the

wave properties.

Standard calculations, for example, substitution of the approp-
riate form of nonlinear current density (see (2.49)) into (3.12), yield

a probability which reads (see (14) of II)

W% (w g! W)
t .n L 1"
W ° (k,k',k") = 2(2m) 5 1’ «° W—E WE_ W—E
T T T
T .n 1 " .
" ‘EGG a (EI’E?)lz 63(&7&"Eﬁ) 6(w6—wc -° ), .77
with
go'ag" - L: gk o' o" . 01. " g"
€ (k',k") = e ey e eijk(kr’w kw0 ) (4.78)

When there is only a single distribution of waves in mode ¢'=0¢", the

factor 2 must be dropped from (4.77).

7. FORMATION OF TURBULENCE SPECTRA

Turbulence spectra of plasma waves are formed in many experimental
and astrophysical situations. For example, ion-acoustic turbulence has
been observed directly in perpendicular shock experiments (Paul, 1971)
and it may play an important rdle in collisionless shock waves i
associated with type II solar radio bursts (Smith, 1972). The suppres-
sion of quasilinear relaxation of charged particle streams associated
with type III solar radio bursts has been attributed to the formation
of a turbulence spectrum of electron plasma waves (Kaplan and

Tsytovich, 1968; Smith, 1970).

I
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Plasma waves. excited by sources are usually confined‘to narrow
regions of wavevector k space. When their dissipation is not rapid,
energy will be transferred by nonlinear processes to other waves, which
are not -directly excited by the sources. The balance between the non-
linear inflow and the outfloyiof energy due to dissipative processes,
determines the quasistationary spectra of turbulence (Krdpetkin, 1968).
Quasistationary spectra of ion-acoustic turbulence driven by a current
have been discussed by Kadomtsev (1965, p.68) aﬁd Tsytovich (1971),
whilst the quasistationary spectra of turbulence in electron plasma
waves, arising from the two-stream instability in the context of type
III solar radio bursts, have been discussed by Kaplan and Tsytovich
(1968) and Smith and Fung (1970). However, in these studies the
effects of a background magnetic field have been largely ignored.
Although it is out of the scoepe of this thesis to do the comﬁutatiens
required to solve the corresponding problems for a magnetoactive plasma,
it is nevertheless desirable to discuss the qualitative effects of a
backgﬁound magnetic fieid on the nonlinear transfer of energy across

the turbulehge spectra.

In the references cited, nonlinear scattering by plasma ions
determineé the spectral transfer of Langmuir waves, which are upper-
branch electron plasma waves (seé equations (2.90) - (2.93)) in the
limit Qe==0. In the limit of a weak background magnetic field such

that

= 2
w_o > Q ., and Ai > Ae = (Akivelne) >> 1, (4.79)
the modified dispersion relation reads

w2 = w2+ Q 2sin?0 + 3k2V. 2 , (4.80-
) e e

and the averaged probability reads approximately (4.68),
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B = <2v)5:zz%2e“ | 1 L {_\][ 3.Ve2(k2—k'2)f} :
P~ m, wp (l-i-ZiTe/Ti)2 |AEJV1 { 2V2 wplA&IVi ’
(4.81)
which is identical to the averaged probability for the case of a plasma
without a background magnetic field. All the assumptions made in
deriving (4.81), e.g. (4.61) and (4.62), can be justified a posteriori.

Under the conditions specified by (4.79), the baékground magnetic field

can be neglected in treating spectral transfer of electron plasma waves.

On the other hand; under the conditioens:

w, = 8, and (AV /)% = A <} << 1, (4.82)

the background magnetic field has significant effects on spectraL‘

transfer and turbulence formation.

Induced scattering of léngitﬁdinal waves by a Maxwellian distribuF

tion of ions is described by a wave-kinetic equation (4.3):

2
Ny 2 4
_d—t— = =u (,]f) N (}E) ’ ( '83)
where
, hn, ak' ., ' ' .
IR 7.2 J (2m3 MR @t W Gk L (4.84)
i'i ‘ L

) ' : .
with d/dt==8/3t-+zgz°(8/8£).and wiz (E)kf) determined by (4.67).‘ Under
the conditions specified by (4.82), zeroth harmonic scattering
dominates and from maximization of (4.84), the condition for m@sf'

efficient induced scattering reads

2: '

w = u)l' —‘ IAk” IV (4.85)

i b

which implies that in the induced scattering %' 2, the scattered wave
has a decreased frequency. In the case of electron plasma waves in a

relatively strong background mégnetic field, this means induced
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scattering has a tendency to produce anisotropic turbulence spectra
along the direction of Bg.

1
When (4.85) is satisfied, bearing in mind, w2 'zw2 >>|Ak”|Vi in a

strong magnetic field, equation (4.84) reduces to
€ el

' w t (W
el(k) - 3vV(2m) P E
H 5(1+2,T_/T)2 w3 [W

J d3,13' WE»Q'(Ev) WEW l (e) Iz

x | - == (g 1o 7 (W) kD (4.86)
3 2 ’

(2m) nimiVi W&) i i 3

where (...) denotes again an average over the unimportant azimuthal

angles.

From (4.86), it is seen that induced scattering of electron plasmé

waves by ions has a characteristic time given in order of magnitude by

T o~ (wi/we“) w;l >> w;l , (4.87)

where Wi is the kinetic energy density of the plasma ions and We2 is

the turbulence energy density of the electron plasma waves

d3k
Wel - J ~

s W (4.88)

Comparison of (4.76) and (4.86) shows that the neglect of spontaneous

scattering ‘is justified provided

L
we /Wi >> 0T<:ne/wp R (4.89)

where Op is the Thomson cross-section, numerically equal to 6.65 x 10725

2

cm“. Since the factor on the right hand side of (4.89) is of the order

of Jhe X10'20, condition (4.89), together with the weak turbulence

. L . . . . .
assumption we /Wi-<<l,»can be satisfied in moest situations of interest.

Bound up intimately with the problem of formation of turbulence

spectra of electron plasma waves arising from the two-stream instability
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is the question of stabilization of. the stream itself. Within certain
ranges of plasma parameﬁers, nonlinear spectral transfer of growing
waves from the resonance region into the non-resonance region can be so
rapid that the instability is suppressed and the stream stabilized
(Isytovich and Shapiro, 1965). Analysis so far has pertained only to a

plasmas without a background magnetic field.

In the presence of a background magnetic field, a one-dimensional
treatment of the problem becomes possible. The conditioﬁs under which
such a treatment is valid, are discussed here. Analysis of the quasi-
linear instability due to an electron stream of velocity ug along By
and thermal spread Vs (see section 5(b) of chapter 3) shows that in
both limiting cases A'<<1 and A'>>1, with A'= (kLVS/Qe)Z’ the elect-
ron plasma waves grow fastest aiong By énd the maximum growth rates can
be approximated by (see (3.78))

- 2 i%];i [3_8]2 n' o, L (4.90)
s

ne P

where n' is the number density of the streaming electrons.

From equations (4.81) and (4.86), it is clear that induced non-
linear scattering by ions tends to maintain the anisotreopy along Bj.
Hence a one-dimensional treatment for these cases is qualitatively.
justified. The corresponding absorption ceoefficient due tq induced

nonlinear scattering by ions reads

el
el 3 [ﬂ]% W /Wi

u = == [z - > W . (4.91)
10 (12 (1-+ZiTe/Ti) P

When ¢ := yeg/uez <<1, the speed of spectral transfer of waves from the

resonance region can be sufficiently fast to quench the instability.
. eSL ~ [ _ — 2
Taking W =*n'm uV_ and W,=W _=n m V_“, one has
es s i e "eee

Z.T 32 YV 33 |
<= el RR
i e

S
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If in addition,

etn(e W/Wy) << 1, | (4.93)

where W0:=meVe2/ADg, the distribution function of the stream changes

little for the instability (Tsytovich and Shapiro, 1965).

Summing up, we have written down conditions under which a one-
dimensional treatment of the problems of turbulence spectra formation,
can be justified. But we note that quantitative solutions are needed

particularly for a plasma with a strong background magnetic field.
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CHAPTER 5

POLARIZED RADIATION FROM PLASMA TURBULENCE

1. INTRODUCTION

Nonlinear conversion of plasma turbulence into observable radia-
tion is now firmly established in laboratory and astrophysical plasmas;
see for example, the monographs cited at the beginning of the last
chapter, and also Kaplan and Tsytovich (1969). = However, little
attention, so far, has been devoted explicitly to the consideration of
polarization of radiation arising from such mechanisms. Since polariz-

ation yields important and sometimes crucial information concerning the

sources of radiation, it is worthwhile considering such questions here.

Polarized radiation can appear from a turbulent plasma even in the
absence of a background magnetic field (Tsytovich, 1969). However,
such cases must be regarded as marginal, . since ad hoc assumptions, such
as the existence of anisotroepic turbulence, etc., have to be made con-
cerning the plasma. In general, we assumed polarized radiation arises

from a plasma with a background magnetic field.

To study polarization.of radiation in a magnetoactive plasma, the
magnetoionic character of the escaping radiation must be taken into |
account:. For the purpose of discussion the name "magnetoactive' will
henceférth<be restricted to refer to those waves of magnetoionié theory
which can escape directly to infinity. These waves are waves in the
ordinary mode (O-mode) at angular frequencies w2>wp and waves in the
extraordinary'mode,(X—mode) at w > ug, where the cutoff frequency is

given by
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w 29+2(4wp +Qe) . (5.1)

The generation of pelarized radiation frem microturbulence in a

magnetoactive plasma will be studied in this chapter.

2, ELECTRON PLASMA WAVES (II)

For the'purposes of this chapter, "electron plasma waves' is res-
tricted to refer to the longitudinal waves (2.90) in the upper
frequency range max[m Q ] Sws @n 2+Q 2)%. To obtain approximate

p’le P e «
probabilities for the nenlinear cenversion of electron plasma waves
into magnetoionic waves, the mode ¢ in probabilities (4.67), (4.68) or -
(4.77) is identified with one or the other of the magnetoionic waves
and the modes o' and o¢" are identified with the "el'" mode, designating

electroen plasma waves.

Since the phase velocities of electron blasma waves are much less
than the velocity of light, we may approximate IAk"|F=k'Icose'f‘in
(4.67) and |Ak| k' in (4.68). In the limiting of negligibly small ion
gyroradii, i.e., Ai==(Alei/Qi)2<< 1, zeroth harmopic séafteriné is
dominant in (4.67) and the‘simplified,probability fﬁr scattering of
electron plasma waves into magnetoienic waves by thermal ions, after

averaging over the azimuthal angles, reduces to (see II)

5/2 2 4 el
G cel(k K1Yy = 22(21r) Z;%e i W v, g o)
~d A ' . v ]
i o, 2ww (l%—ZiTe/Ti) WT Vik |cose |

. (w=w'")? S
x eXP'{_ zk'ZViZICGSellz} ’ (5.2)

where w' and (WE/WT]ez are functions of 6', given by (2.90), (2.91) and

(2.93), ‘and
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1 14+Y2

ol X 2 2g1
S § T 0 R T AT Y P {2(1—Y2)2 (1+a,%) sin%

2Y .
+ m aOSlnze' + bgzcosze'} s (5.3)

with a_ and bo given by (2.84), and Y=Qe/w as usual. Expression (5.3)

can be rewritten in terms of To’ X, Y and 6 by using

cosh - YT cos29 -T 2
o] o]

a; = Tc-Ycose ’ bc = siné(To-Ycose)

and ’ (5.4)
XYcosOT | {1 s (1+X)(1-TCr )1

+ 2<Tc - Ycosh)2 (1-%) (1+T02)f ’

)
”0575(“”0) = 1

with X=wp2/w2. In the opposite limit of }‘i >> 1, the probability
(4.68) must be used and this leads to a simplified probability of the

form of (5.2), with k' |cose'i replaced by k'.

The probability for the coalescence process el +ef >o can be found

by inserting the appropriate wave properties in (4.77) with €; given

jL
by equation (F.8). Since el-waves have phase velocities much less than
the velocity of light, Ilf" |, I,lg"| >> lh[ ;- the requirement k=k'+k"

leads to k" =-k', which reduces the number of independent directions in

the problem and therefore results in considerable simplification. The

average probability reduces to (see II)

2
(2m) 5 he2?w 2 ([ el

celefl " D Bl o, ,
(u (k,k',k") = 2 2c2a" W G "(w',6,0")
e T
x §3(k' k") S(w-20') , (5.5)

where w' and (WE/W,I,]e’Q are again given by (2.90) - (2.93), and
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n . 2 Lot
Goz(w',e,e') - o] sin<0 sin’6

(1+T62) a(umg)/aw 8(1-Y'2)k

{(3+1'2) (a _+¥{)?

2 241 2a1
+ (1437'2) (a_Y'+1)2} + <08  sin'6 cesth {(a H)2 + (L+a ¥")2)

o 2(1-Y'2)4
+ 2sinf cosH sin?H' cos?8’ (a +Y') b_ + (14Y'2)
(I¥75)2 %o o " 2(1-Y"2)2
sin?p sin26' cos29’ bg2 + cos?6 cos"9’ bGZJ , ’ (5.6)

with Y'= Qe/wf .

Similar considerations give an average probability describing:the
coalescence of an electron plasma wave and an ion-acoustic wave into a

magnetoionic wave .el+s+o (see II):

‘ m W el
(k' Ky = 2m> fe? | 1] _wne [
A YN 2m 2 Z,m J k'2V L ‘W

e i'e e T

(ucels

X F°2(w',e,e') 63(57§f—5?) S(w~w'-w") , (5.7)

where the assumptions w=w'>>w" and E'ﬁ-ﬂg'have been made and F°F is

given by (5.3).

Particularly in the context of solar radio astrenomy, 'plasma
emission processes" refers to the nenlinear plasma pfecesses whereby
electron plasma waves are converted to escaping radiation at about the
plasma frequency (the fundamental) ahd twice this frequency - (the seconi

, .
harmonic). In a magnet&pctive plasma, on account of preferential

emission of one or other of the magnetoionic modes, the escaping

|
radiation can be expected, in general, to be poﬂarized.

It is possible at this stage to estimate the -degrees Qf‘polariza—
tion for both the fundamental and the second harmenic in the region of
emission. The estimated degrees of polarization will ceincide with the

degrees of polarization actually observed provided the polarization
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limiting region is at the source. However, if the polarization limit-
ing region is far removed from the source, the estimated degrees of
circular polarization will coincide with those actually observed (even
in the presence of Faraday rotation) provided mode-mode coupling and

preferential absorption of one mode or the other can be neglected.

(a) The Fundamental

Emission at the fundamental can be 100% polarized in the sense of
the O-mode, when emission is at frequencies W< wy below the cutoff of
the X-mode. This 6ccurs-inxa plasma with a strong background magnetic
field Qe cmp, provided the wa§3numbers k' of the electren plasma waves .

satisfy the condition kz'ADé $0.6. This condition is usually satisfied.

In the weak field limit wp:¢>9e, equation (5.:1) reduces to-
w ~ w +lQ (5.8)
P 2 e’
while the'frequency'oféez—waves is given by
w'@') = wp,+ (QeZ/ZwP) sin20' + 3(Vé2/2v¢2) wp s (5.9)

where v¢==m'/k'==wp/k' is the phase Velocity. From the probability

(5.2), emission occurs at frequencies w <oy when

{1+ (Vi/v¢)|cose'l} S W (5.10)

X H

which requires

v, 2 max{ve(39p/s_ze)1”i, vy (20./0)) - o (5.11)

When the condition (5.11) is satisfied the radiation in the region of
emission is 100% polarized in the sense of the O-mode. . When the
opposite of the inequality (5.11) is:satisfied, the emission is in

general expected to be a mixture of the two modes.
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The case of most practical interest is for ef-waves propagating
nearly along the field lines, i.e., sing’ =O; Consider the following
limiting cases for émission at a given angle 6, with Y < 1-X 8the
reverse of inequality (5.11)).

vgi) For _%-stin“e << (1-X)2cos?0 ,

the deéree of circular polarization in the sense of the O-mode can be

estimated by (see II)

r = 7% (u,0,0") - P (0,8,0 ) 1/ 00 (6,6,07) + Frr(0,6,8")} , (5.12)

where FOQ is given by (5.3), with sin8'=0. Since

—cosel|cose] ,- K. = XYsine(l—Y1cosel)/(l—X) R -

To = 0 ,
. ‘ (5.13)
Ty = co§e/lcosel s KX.A= - XYsin6 (1+Y |cos8 |) / (1-X) -
it follows that Fcl 2%-sin29 and
r, = 2Y(1-X) |cos8 | /{¥2 + (1-X)2cos?6} , - (5.14)

[N

where 1-X<<1 and ¥ <<1 have‘been‘assumed. It is noted here‘that.at

A[cosel¥=Y/(1-X) the radiation is fully polarized in the sense of the

‘O-mode.
(11) For %-stin“e >> (1-X)2cos?6 ,
T, * -Ysin?6/(1-X)cos® , K, = XVsin6/(1-X) ,
' ' (5.15)
Ty = . (1-X) cos8/Ysin26 , Ry = XY/ (1-X-Y2) -,
and it follows that
FO%w,0 23, 6" ~0) x1 >> F¥(w,0 =%m, 8' =0) . (5.16)

Thus for emission nearly perpendicular to the field lines the power is
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almost all in the O-mode even for~Y’<<1—X, and the radiation at the i

source is almost 100% linearly polarized in-tﬁe sense of O-mode waves.
To illustrate the range of the 1imiting cases, the angle defined
by %’stin'*e = (1-X)2cos26 is 6 =65° for Y= 1-X and is =\77‘° for

1.
Y=§'(1—X). o ‘ o

(b) The Second Harmonic

for the.secoﬁd harmonié‘eﬁiésién, x::%-aﬁd the condition L
%VstinFG << (1-X)2cos?g, whichtis équivalen£ to Y'sin26 $<3|cosel, with
Y'==Qe/wp, is saﬁisfied'fer a ﬁide.range of angles 6. For example, the -
angle defined by Y'sin26 = 3|cose| 1s.6=72.5° for ¥'=1, and it is |
9 =81° for Y'=2, It is'reéssnaple to appreximate the properties of

the magnetoionic waves by

T __cosf_ Y'sin%9 . cos® _ Y'sin2p

o - |cos8 | = "3cosb . Iy = |cose| T "3cosh

(5.17)

which have been.expanded to first order in Y'sin2?6/3|cos6| << 1.
‘ | ‘ | -\
The degree of circular polarization of ;he second harmonic,‘inithe

sense -of the O-mode, can be estimated by (see II) ' ';
r, = 16%%u',08,6") -6 (0',0,8" /(6% (w'j8,8) +6X (10,601, (5.18)

1)

where %" is given by (5.6). |

For the case sinef=03'
G°2(w'.9.9')‘.= ‘”¢2b53°°?23/(;+T02) ng 2uny)/sw . (5.19)

Application of (5.17) gives an expression of ¢°* to first order in

Y'sin26/3|cos8 | << 1:

\
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2 2
GO'R/ ((D' ’e’e' = 0) = ‘%'Sinze C0526(1+a) [1 2 zl,a'{‘sbin e]

| 1+b Y'|coso| (1+5a/3)
[1 - 4(1-:b)} / [1 P TlerEny2 ] » (5.20)

where upper (lower) signs refer to 0 (X) mode waves and

_ Y'sin?6 Y' (2 + cos?0)
= 1 o= 2= 2 = ' =
aza(Y',s) := . b=b(¥',8) := 6|Cose| -~

3lcosel ’ (5.21)

On the explicit assumption that Y' =Qe/¢.up <<1, (5.20) reduces to

’ Q
TRt aat gy = 3 ain2 2 [1 4 (16+11cos?0) e
G (w',6,6 0) 8 8in40 cos“8 {1 % 48|C0$9| wp , (5.22)
from which it is found, by (5.18), that
. Ustllcos?) Jeo (0 (5.23)
c ~ 48|cos8| | ey 3 )
At the maximum power, cosze=sin26':=-;-,’ and
Qe . | m™.
r, = 0.63— (6 =0, 6=7) . (5.24)
Cow P o
At a quarter of the maximum power, 6 =75°, and
Q;a 5w
= —_— : ' = =—]
T, = L.35 o, (6" =0, 6 12) . (5.25)

Thus the second harmohic is weakly polarized in the sense of the O-mode,

in a weak background magnetic field Qe << wp.

However, in a relatively strong background magnetic field, the
second harmonic can be significantly polarized. Take fer»example,
Y'=1/5, cos6=1/3, which corresponds roughly to three quarters maximum
power, one finds Y'sin26/3cosd =0.1 << 1 and direct calculation from
(5.20) and (5.18) givés L ~26%. Again Y'=3J2/10=0.42 and cos26=0.5

imply Y'sin26/3cos6=0.1 <<1 and r, 33%.
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(¢) Conclusions

. V
In conclusion we summarize the results obtained in this section.
i

General formulae have been derived for estimating the degrees of
circular polarization at the source for the fundamental and the second

harmonic radiation arising from the "plasma emission processes'.

In a strong background magnetic field (Qe==wp), the fundamental is
100% polarized in thé_sensenef~the O-mode provided the wavenumbers k'

of the electron plasma waves satisfy the condition k2 XD2‘50.6.

For the case of electron plasma waves propagating nearly élpng the
lines of the background magnetic field, the radiation at the funda-
mental and the radiation -at the setond harmonic have net degrees of
circular polarization at the sourte in the sense of the O-mode. . In a
~ weak background magnetic field (Qp:»>9e) thé second harmonic is always
weakly polarized, whilst the fundamental can be strongly pblarized in
the sense of the O-mede Under the cendition (5 11), viz.

¢ max{V (3w /Q )%, V (2w /Q )}, the fundamental radiation is 100%

polarized in the sense of the O—mode.

3. ELECTRON CYCLOTRON. WAVES

Despite numeraus observations ef‘tadiation at electron cyclotren
hatmonics from laberatofy plasmas (see Crawford, 19685, a detailed
theory of radiatien from electrostatic electron cyclotron waves does
not seem te:have apﬁeated in the literature.i One reason for this might
be that in this case, it is important té»take into account the effects
of the background magnetic field on the dielectric properties of the
medium, on the waves as well as on the conversion processes. Such

effects are taken into account in a theory presented here.



111

" In a plasma with a stfong>backgroqu magqetiq_fiéld,(ﬂe?»wp),
radiation can arise iniprinciple from parallel eléctron.qulo;ron'ﬁaves
at Qe.and ZQei,and fromkpegpendisula#:electrbn‘cyc?ogygnvwgvei at
higher harménics, Radiation at the fundamental in this case can be
identified as’radiatioﬁ arising from electron plasma waves in the
frequency rangeéééhs w < (Qé?i;wéé)%.. ‘ ‘ :

In a plasma with a Weak~backéround magnetic field (wpz>>9e2von1y
perpendicularly propagg;ing,eiﬁctron*cxdiotrop“waves¥§tfhigh'har@gnic :
numbers n:>wp/9e >>1 can:lead-fd qbservaﬂle‘radigtion.A For the pur-
poses of discussion,‘ﬁe shéli.fefer to eiectrbngcyélbtidn waves
propagating‘perpendié#larlx to'the;backgrouﬁd magneﬁic field as
Bernstein waves. From the results of chapter 3, it can be shqu fhét
for giﬁen plasma parameters, the powe? radiated into Bgrnstein waves by
non-relativistic electrons décreases with.ingreééés in'harmonic’nuhber
n. Therefore, when_thg micrbﬁurbulénce;in Berﬁéteihlﬁavés is generatéd
coherentiy, é.g.,nb&Aa microinstability, one ekpects‘the énergy densify
to be highest for the generated Berﬁstéin waves in the 1bwest harmonic
number. Thus most intensé_radiation from astféphysiéal plasmas con-
téining such microturbulence is»expéCted'tb:arise'frOm Bernstein waves

at the lowest harmonic n satiéfying'nf>wp/9ejaf the source.

(a) Case wy >> Qg
Consider Bernstein waves at ffequencies wf=éQe with
‘7$va'mp/Q  >s=l. >> 1. (5.26)

From equatior (2.102), it can be shown that the ratio of the electrical
to total energy density (WF/Wi)C“fOr Bernstein waves at frequencies

w =8l would be very small unless*the-condition4Qén28*>>n1 is satisfied.
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Assuming that this condition is fulfilled we find

€OZ(E;SQe) = 1-{wpz/(sz-l)ﬂez}{cl(Ae)/ke} = l-cl(ke)/ke = 1. Hence

the dispersion relation (2.101) can be written as

w o= s, + (st ,(0 /) [mpZ/szeZ)n (5.27)

e b
where the last term determines the natural bandwidth of Bernstein
waves at the s—th harmonic. From the theory of Bessel functions
(Watson, 1944) it can be established (di) scs(xe)/ke==gs_l(xe)4—cs+1(ke),
(i1) Cs—l(xe) >§S+L(ke), (iii) CS(Ae) maximizes at-Ae==s2 for fixed s

_1
and (iv) ;S(Ae) ﬁ(ZﬂAe) 2 for_)\e >>g>>1, From these relationships,

the maximum natural bandwidth of the waves can be estimated to be
@) = (s/V2 (s-1)¥) (w‘p 2/9.2) 9, .« (5.28)

However in general the range of values of Ae’ which determines the
actual bandwidth of the Bernstein waves, is itself determined by the
excitation processes in question and the actual bandwidth could be much

narrower than (Aw) i
max

Since Ai = (AkJ_Vi/Qi)zz (k'Vi/ i)2 2 s(mi/me) >> 1,.wheré k" is the
wavenumber of Berﬁstéin waves in the s-th harmonic, the'probability for
nonlinear scattering of the Bernstein waves by tﬁgrmal ions ié-given by
(4.68). On noting k' >>k, where k is the wavenumber of magnefbiohic
waves, the probability averaged over azimuthal angles reads

5/2 2 c
2(2m) Z;%e Wel 9%, 0, 0" =1/2)

‘21 NCEYEEE [
m_ %0 (l-FZiTe/Ii) WT k Vi

oc ,
<Wi (}S’}E . ))

132
x ex‘p{—_ ‘éﬁ%{/‘?} , (5.29)

where primed (unprimed) quantities refer to Bernstein (magnetoionic)

waves, and ng is determined by (5.3).
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From the above p:obability, it is seen that emission occurs at

frequencies W < Wy, when
w' + k'Vi S Wy (5.30)
which, on application of equation (5.:8), reads
- ' 1
s wP/Qe + (Aw+k Vi)/Qe s %, (5.31)

where Aw is the bandwidth of the Bernstein waves determined by the
excitation processes, and k' 2 Vs Qe/Ve. For example, in the case where
wy =8Q, and k' = Vs Qe/Ve’ equation (5.31) can be satisfied in én
isothermal plasma (Te=Ti) provided Aw << Qe and Vs 520. When equation

(5.31) is satisfied, emission is purely in O-mode waveés.

On the other hand, when the plasma parametefs are such that w
lies midway between (s—l)ﬂe and sﬂe, i.e., s-mp/Qe==%, equation (5.31)
is always violated, and the emission consists of a mixture of O-mode
and X-mode waves. In this case, and in others when (5.31) is violated,
the degree of circular polarization of the radiation at the éource in
the sense of one mode or the other, can again be éstimated by (5.12) or

an analogous expression.
From (5.3), one finds

‘{(1+Y2)(1+a02)-+4a0Y}
2(1-Y2)2(1+T02) g B(mng)/aw

F7% (4,046 '=1/2)

2 2
cos“6 +To

2(T0-¥c0s6)2(1+T02) noua(wng)/am > (5.32)

where Y==Qe/w<=s'1 and the quantities a s Tc’ etc., are given by (2.84)

and (5.4).

Consider the following limiting cases for emission at a given

angle 6, when the reverse of inequality (5.31) obtains.
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(1) For %-stin“e << (1-X)2cos28,

T ~ _.C086 _ Ysin2e . cosb _ Ysin2g (5.33)
0 |cose| 2(1-X)cogd °* X |cose| 2(1-X)cosb?® "

and it follows that

ol "o _ (ltcos28) [, _ Ysin® ¥ (_sin28(1+3cos?6)
8,80/ . 4 {l 2(1-X)2 3 |cos@ | (1-X) (1+cos?8)

+ 3|cose|)} . (5.34)

The degree of circular polarization in the sense of the X-mode reads

Y (__sin26(1 + 3cos?8) Yein26 ,
Ye 2 [cos8| (1-X) (1+cos26) + 3|cose|] / l - 302 (5.35)

The assumptions 1-X<<1 and Y << 1 have been made in deriving (5.34) and

(5.35). At the maximum power, cos?6 =1, and rc==3Y/2, in the sense of

the X-mode,

(i1) For %‘stin“G >>(l-X)2coszé,
TO = ~Ysin26/(1-X) cos®,. Tx = (1-X)cos&/Ysin28 s (5.36)
{
and it follows that |
1
2

Pl o,0=n/2,8" an/2) = & >> FO%u,6=1/2,0" =1/2) . (5.37)

Thus for emission nearly perpendicular to the direction of the back-
ground magnetic field, the power i1s almost all in the X-mode provided
the reverse of inequality (5.31) is satisfied. The radiation af-the.
source is- almost 100% linearly polarized in the sense of the X-mode

waves.

Consider next, radiation from Bernstein waves at frequencies
w=nQ, with n>s, under the conditions specified by equation (5.26).
In this case, the radiation from the nonlinear scattering of these

Bernstein waves by thermal ions always consists of a mixture of O-mode
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and X-mode waves, and the degrees of polarization can be estimated by

the formulae presented above.

Coalescence of two Bernstein waves at w==sQe can give rise to
radiation at w =239e. The degree of circular polarization at the
sources can again be estimated byb(5.18) or by analogous expressions.

In this case, we find

ngzsinze{(3+Y'?t) (aG+Y')2 + (1+3Y'2) (agY',+1)2}
~V12y4 2 L
8(1-Y'2) (1+T0 ) g a(wnc)/aw
(5.38)

Ho',0,0"=m/2) =

from which it is seen that at maximum power sin?6 =1,

X2 (', 6=1/2,0"=1/2) = 2 5> %', e=n/2,0=1/2) . (5.39)

on the assumption Y'= Qe/sﬂe =g"1 <<1,

However, since we have X~ 1/4 and Y=1/2s << 1, emission is also:
possible for a wide range of angles 6 satisfying the condition
%-stin“e << (1-X)2cos26. Under this condition, equation (5.38)
together with (5.4) and various wave properties gives, to first order

in Y' << 1,

sin ]

O% (u',0,0"=1/2) (1- x)(1+3c0326){1xy x(8,%)} , (5.40)

where the upper (lewer) sign refers to O (X) mode waves and

1 +cos20 (28 - 23%+X2) + cos™6(3 - 21x+3x2)

x(6,X) := 4|cese|(1*X)(1'*300329)

(5.41)

The degree of circular polarization in the sense of the X-mode is then

given by

r, = s—lx(B;X) : e'=w/2) . B (§.42)

As a rough estimate, take X=1/4, we find

A _ 1+357ces?6 - 33cos"o
X(®:X%) = 78| cost | (1 + 3cos26)

(5.43)
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Thus for 6 =7/3, one finds.rcf=2.l/s and for 6 =7/6, rc==1.85/s, with

radiation polarized .in the sense of the X-mode.

(b) Casg Qe > wp

In the case of a plasma with Qe:>mp, one must be cautioned that
microinstabilities at electron cyclotron harmonics in general have
reduced growth rates and in some cases, particularly when Qe:8>wp, thg
instabilities are suppressed altogether. For example, from (3.78) it
can be shown that in the two-stream instability, parallel electron
cyclotron waves at w==9e have a growth rate reduced by a factor w /SZé
compared with the corresponding growth rafe of electron plasma waves in
a plasma with mp~>9e. Brambilla (1970), for example, examined density
thresholds for the onset of anisotropy and loss—cone instabilities in
hot eledtron plasmas and found that some instabilities are suppréséed

in hot electron plasmas.

Suppose parallel electron cyclotron waves a£ w==9e have been
excifedlin a plasma with ﬂe:>wp and Qe==wp. Since the cutqff frequency
X-mode waves is givén by wX=?1@6 Qe, from an inequality exactly
analogous to (5.11), we fiﬁd that radiation at w==Qe from nonliﬁear
scattering of these wéves by thermal ions consists purely of O—ﬁode
waves pro#ided k'ZVeZ/Qe2 = k'ékDg s0‘4,>i.e., the phase velocities-vq
of the electron cyclotroen waves sétisfy the condition v¢‘21.6 Ve'
Similarly, in a plasma with a strong background magnefic field
(Qei>>wp), the cutoff‘frequency of X-mode waves reads w

X

and the radiation at w‘=ﬂé is purely in O-mode waves provided

~ by 2
—Qe+u$ /Qe,

k'zkng 5$0.67 or the phase velocities v, of the electron cyclotron waves

¢

satisfy the.condition v,6 21.24 Ve (Qe/wp). When the radiatidn consists

¢

of a mixture of O-mode and X-mode wavcs, the degree of circﬁlar polari-

zation can again be estimated by using equations (5.12), (5.32), etc.
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Radiation at the second or higher harmonics can occur by the
coalescence of electron cyclotron waves at frequencies w==Qe or by non-
linear (Rayleigh) scattering of electron cyclotron waves at higher
harmonics. In any case, the radiation in general consists of a mixture
of O-mode and X-mode waves. Procedures for estimating the degrees of

polarization follow exactly the method presented above.

(c) Conclusions

On recapitulation, a theory of radiation arising from the non-
linear conversion of electrostatic electron cyclotron waves has been
presented and general formulae for estimating the degrees of polarizé-
tion of the radiation at the source, at harmonics of the electron

gyrofrequency, i.e., at sQe, with s=1,2,... have been derived.

In general, when the radiation at w==sQe (s 2 2) satisfies the

condition sQe:>m s Where w

is the cutoff frequency of the X-mode, it

X X

has a net degree of polarization at the source in the sense of the
X-mode. The actual degree of polarization depends on the ratio wp/ne,

the harmonic number s and the angle of emission 6.

Exceptions to this rule occurs when the condition
s(s-1) <wp2/ﬂe2 <s? is satisfied for the radiation at w=sQ,. In this
case the radiation is cempletely polarized in the sense of the O-mode.

This could happen under the following situations:

(1) wp E'Qe: for at most one harmonic s > 2 (sometimes none,

e.g. wp/Qe=\f5) .

(ii) Q, 2 Wy from parallel electron cyclotron waves provided

k'23250.4 (i.e. v, 21.6 V).

¢

(idid) Qei>>wp: from parallel electron cyclotron waves provided

124 2 :
k )\DeSO.67 (i.e. v, 21.24 Ve Qe/wp).

¢
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The wavenumber and phase velocity of the electron éyclotron waves

have been denoted by k' and v¢ fespectively.

4. AMPLIFICATION OF RADIATION

Under certain circumstances, radiation from nonlinear Rayleigh
scattering of turbulent plasma waves can be amplified by induced
processes. In these.cases; the absorption coefficient is negative and
it is appropriaté £o speak of the fmaser" effect. Such effect is
required (Smith, 1970) to explain the brightness temperatures of some

radiation at the fundamental from the solar corona.

Radiation into magnetoionic waves by induced Rayleigh scattering

of longitudinal plasma waves is desc;ibed‘by a wave~kinetic equation

(4.3):
aN’ (k) | |
5 = N, (5.44)
with 5
hn d k' . 1 : [ 1 i
W = o | T M ED W ek 5.49)
i'i 2 : T

where w,”" (k,k') is determined by either (4.67) or (4.68). When |
Aj_=(Alei/Qi)2 <<1, wiel'(k,gf) is given by’(4.67) with céntribution_‘
from s =0 dominating; and tﬁe amplification is mest effective undgr tbe
condition: |

W=t - |8y [V, | | (5.46)

On the other hand; when Ai

1 -
>>1, wi00 (k,h') is given by (4.68) and the
amplification is most effective when

W = w?' - |axlv, . | (5.47)

In either case, when the amplification process is mcstveffiCient, the

absorption coefficients read
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|

4) 201 % 14!
) = - 3Cm) “’prf'J R | R,
~ iy 3 U ’
5(11—ZiTe/Ti)Zf w (2m)3 nim.ivi2 WT

(5.48)
where FUR'(w,e,e') is given by (5.3). Note that if O-mode and X-mede
waves are uncoupled in the amplification region, the differences in.the
absorption coefficients can give rise to a high degree of polarization

in the sense of one mode or the other.
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CHAPTER 6

TYPE I SOLAR RADIO BURSTS AND
ASSOCIATED NOISE STORM RADTATION .

1. INTRODUCTION

Radio emission from the sun has been classified into three dis-
tinct components (Kundu, 1965): (1) Quiet sun component, which is
simply thermal emission by bremsstrahlung from the solar atmosphere;
(2) Slowly varying component, which is also thermal emission but from
high density regions called coﬂdensatioﬁs; (3) Non-thermal component,
which can consist of radio bursts of numerous sﬁectral types. Studies
of the thermal components contributed usefully to our understanding of
the large-scale structure of the chfomosphere and corona. But it is.
the non-thermal component which has stimulated new developments in our
- understanding of generation, propagation and transformation of waves in

plasmas.

Radio bursts are generally associated with solar flares, though
not always (see e.g., Marfrés et al., 1972), and they originate between
the lower chromosphere (millimetre and centimetre waves) and the outer
corona to heights of several solar radiii(métre and decametre waves).
Their observed source brightness temperature can reach as high as
1012 °x, and their suggested emission mechanisms are enhanced
bremsstrahlung (Tidman and Dupree, 1965), cyclotron-synchrotron radia-
tion and plasma emission processes. Burst radiation is characterized
by its intensity and pelarization as functions of position, time, and

frequency. On the basis of these spectral and temporal characteristics,
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the bursts have been-classified ‘into various -typess -

Bursts on centimetre wavelengths have been classified (Kundu,
1965) into three distinct types: (1) Impulsive bursts; (2) Post-burst;
and (3) Bursts exhibiting gradual rise and fall of intensity. Bursts
on decimetre wavelengths consist of a variety of fast drifting elements
superimposed on a background continuum. There is a great variety of
bursts on metre and decametre wavelengths. Apart from rarer events
such as drift pair bursts, Hook bursts, U bursts and spike bursts,
bursts on metre and decametre wavelengths have been classified (Wild
and McCready, 1950; Wild et al., 1959) as types I, II, III, IV, and V,
on the basis of their spectral characteristics. Examples of the
principal spectral types of solar radio bursts on metre wavelengths,
taken with the Dapto Solar Radio Spectrograph, are shown in Fig. 6.1.

Their principal characteristics are summarized in Table 6.1.

Whilst considerable progresé'has been made in our understanding of-
type III, type II and moving type IV bursts during the last decade (see
Wild and Smerd, 1972), the sam; cannot be said for type I bursts. In
view of the fact that type I bursts and associated noisg storms are the
most common events on metre wave bands,%being present about one tenth

Y
of the time during periods of the disturged sun (Kundu, 1965), the
noise storm phenomenon presents to us a theoretical challenge. The
complexity of the phenomenon can perhaps be attributed to the sig-
nificant role played by the coronal magnetic field, since type I bursts
are strongly associated with the appearance of sunspots and with
optical activity in thevphotosphere and the chromoesphere. Evidences
for this are the strong circular polarization and the highldegree of
directivity of type I bursts (see section 4). The emission mechanisms

in a magnetoactive plasma, considered in the first part of this thesis,
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The main figure shows records taken with the Dapto Solar Radio Spectrograph (near Sydney, Australia). The records chosen show
typical examples of the six main types of events observable at meter wavelengths. Frequency is measured vertically and time hori-
zontally, the intensity is given by the shade: intense bu appear white, weak ones grey, and the background is black. The bright
lines which are observed at a constant frequency are interference from radio transmitters.

The bottom figure shows in the same form, an idealization of the most complete sequence of events which can follow a major flare.
Other details of the particular events are as follows:

Type I (22-12-59 record starts 0210 U.T.). This is a typical “noise storm’” which may last for hours. This particular event oc-
curred simultaneously with a large number of type III bursts (see below) which should not be confused with the type I.

Type II  (30-11-59 record starts 0251 U.T.) This is also called a slow-drift burst. The direction of drift is always the same and the
rate of drift does not vary greatly. Note, particularly near the end, the two pairs of bands, one at twice the frequency of the other.

Type 111 (7-10-60 record starts 0547 U.T.) These are also called fast-drift bursts. Fach of the individual, almost vertical lines is
a separate burst. The direction of drift is the same as for type II bursts.

Type IV (11-11-60 record starts 0408 U.T.) The example shows a form of continuum radiation (so called for its slow variation with
frequency and time) which commonly follows type II bursts. It is sometimes called “type IV,” but the term has been loosely applied
to various forms of continuum.

Type V. (4-2-60 record starts 0422 U.T.) This is a continuum event, of much shorter duration, which follows immediately after a
group of type III bursts.

Drifting pairs (D.P.) (12-2-60 record starts 0422 U.T.) A drifting pair is a pair of short-duration, narrow-bandwidth bursts, very
similar to one another, which occur separated in time by about two seconds. Both parts drift rapidly in frequency, either from high to
low frequencies (“forward-drift pairs”) or from low to high (“reverse-drift pairs’’). This record shows a portion of a particularly dense

torm of drifting pairs and includes drifts of both senses.

(Recorded with the Dapto Radio Spectrograph of the Division of Radiophysics C. 8. I. R. O., University Grounds, Sydney, Australia.
Courtesy, Paul Wild.)

Fig. 6.1: Examples of principal spectral types of solar radio bursts.
(After L.H. Aller, 1963: The Atmosphere of the Sun and Stars,
New York, Ronald Press.)
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constitute a theoretical basis for the understanding of type I bursts.

It is relevant to study the physical conditions in the solar
atmosphere above active regions, where noise sources are situated.
Thus a brief review is given of the coronal conditions above active
regions, which have been deduced from observations. This is followed
by a summary of the most important observations. Succeeding sections

are given to a critical appraisal of existing theories and construction

of a new theoretical model.

2. SOLAR CORONA (Newkirk, 1967)

As eclipse photographs might suggest, the solar corona is largely
inhomogeneous, consisting of structures of various shapes and sizes,
with enhanced densities. Perhaps the most conspicuous of these are

polar plumes, narrow rays and coronal streamers.

Polar plumes and narrow rays are essentially beams with enhanced
brightness and density, protruding approximately radially outwards from
the chromosphere. Polar plumes are generally associated with bright
polar foculae on the solar surface and their densities are enhanced

several times above that of the background corona (Newkirk, 1967).

Coronal streamers are larger structures which are also brighter
and denser than the background corona and which extend beyond 0.5-1.0
soiar radii. Two different types of coronal streamers can be distin-
guished (Mustel, 1962, 1963): one is the helmet streamer associated
with quiescent prominences and the other is the active streamer
associated with the active regions, The helmet streamers, wﬁose main
structural features at low heights are arches of quiesceat prominences,

are probably not important for the discussion of noise storm phenomena.
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'Active streamers are associated with more complex structures above
the active regions. The diffuse condensation which surrounds an active
region but which does not extend beyond 0.3 R, above the limb, is often
simply called "enhancement", and it seems to merge smoothly into the
background corona. The '"permanent" and "sporadic condensations" are
smaller-sized dénsity enhanceménts and they include loops, arches,

isolated knots, and filaments.

Loops, with a typical diameter of 5x 103 km, appear to follow mag-
netic field lines and seem to connect regions of opposite magnetic
polarity within the same active region (Howard, 1971). Arches have .
larger cross-sections, they are more open and stable and they often
connect different active regions. Isolated knots are more transitorg
high—-density enhancements, with a roughly spherical shape. They occur
frequently together with loops and arches. Long, thin, aﬁd‘torﬁﬁpus
filaments are often seen above active regions. They are denser gnd
cooler than the background corona. The part they play in éoiar flares

and noise storm phenomena is not well understood.

It must be said that in the classification of coronal
inhomogeneities, due to inherent complexities, some arbitrariness is
often unavoidable and that the features described are changing more or

less rapidly all the time.

3. - THE ACTIVE REGION CORONA

In order to consider quantitative theories of type I bursts, it is
necessary to adopt a simplified model of the solar corona above active
regions. The basic physical quantities required are the electron
. density, the magnetic field sﬁrength, and the electron temperature.

After what ‘has already been said in the previous section, the following
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models of the requisite parameters represent only an average, 'smoothed

out" picture of the corona in these regions.

(a) Electron Density

The conventional model of electron density distribution in the

solar corona is given by the Baumbach-Allen formula:

n, = 108 (1.55 p"6 + 2,99 p"16) cm™3 , (6.1)

where p==R/R0, R=radial distance from centre of the sun. On the basis
of observations made with the K-coronameter, Newkirk (1961) proposed an

electron:density distribution in the quiet corona described by

o = ng 10%3%R o

q , (6.2)

where ng=4.2 x 104. He suggested that electron densities along the
axis of coronal streamers are about double those of the quiet corona at
the same height. From radio observations of type II and type IIL
bursts, Wild et al. (1963) proposed a streamer with twice the density
given by the Newkirk coronal streamer. Such an electron density dis-
tribution, which is four times that of the Newkirk quiet coroma and
about ten times that of the Baumbach-Allen model, appears to Be the
best empirical model to adopt for the corona above active regions (see

Fig. 6.2).

(b) Magnetic Field Strength

Even though the magnetic field probably determines thé morpholog-
ical structure of the corona, cogparatively little is actually known
about the coronal magnetic field (Howard, 1971). There is ample
evidence that the coronal magnetic field is inhomogeneous on a scale-

length of 103 km, possibly associated with fine magnetic field
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128

structures originating from- the photosphere (see e.g., Sweet, 1971).

Potential field models for the coronal magnetic field above active
regions have been proposed by Newkirk (1967) to match estimates derived
from observations of radio bursts. Such models have been justified by
Rust and Roy (1971), who show that coronal magnetic fields above slowly
varying active regions can be accurately represented by vacuum poten-
tial fields derived from underlying photospheric field sources
(principally the larger sunspots in a region). However, the observa-
tional data on coronal magnetic fields deduced from radfs bursts

usually suffer from the diffihulty that the validity of the assumed

radiation mechanism is frequently not known.

Nevertheless, a potential field of the type (A) (see Fig. 6.3)
proposed by Newkirk (1967) appears to be a reasonable model for the
coronal magnetic field above an active region. Let us take as our
model the potential field of a dipole of magnetic moment 1032 e.m.u.,
with length 4 x 10° cm, embedded about the same distance below the
photosphere. This corresponds to a magnetic field of strength/

2.5% 103 gauss on the solar surface, and at distances greater than
about 0.1 Re:abOQe the photosphere, the magnetic field strength can be

approximated by

\'\
B = ‘ 3 (6~3)

where p is the height above the photosphere in units of solar radii.
This model, together with twice the Newkirk medel for electron density
in a streamer can be used to obtain electron plasma frequency, electron
gyrofrequency, their ratio, and the cutoff>frequency of‘X—mode‘waves
'(see equation (5.1)) as functions of height above the photosphere (see

Fig. 6.4).
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models for the potential field above an active region (4), an
extended dipole region (B), and the general solar field at the
equator (C) appear for comparison. The curve H represents the field

required for pressure equilibrium with the solid wind. (After
Newkirk, 1967.)
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(c) Electron Temperature

On account of the high thermal conductivity of the solar corona,
the kinetic temperature of electrons varies only slightly with height
and it can be taken to be 2 x 10® °K above active regions. This corres-
ponds to a thermal velocity of electrons Ve==7.8 x 108 cm sec”!.
Existence of ion~acoustic waves above active regions (Gordon, 1968) can

be regarded as evidence for Te:>Ti in these regions.

The adopted electron temperature and the adopted electron density
distribution are sufficient to calculate the electron Debye length:
_}\De==Ve/mp and the collision frequency v, (see equation (3.45)) as

functions of height above the photosphere (see Fig. 6.5).

Another important characteristic parameter is the plasma beta,

which is the ratio of particle-kinetic pressure to magnetic pressure:

, z naKTa
B = —5278_'”_. (6.4)
At the assumed temperature and on the supposition that electron
pressure is dominant,
B = 6.75x107" (wp/sze)z, . (6.5)

whose variation with height above active regions is illustrated in
Fig. 6.6. The Alfvén velocity, which is given, for a hydfogen plasma,
by
= 8 ' -1 6.6
A 6.93x10 Qe/wp cm sec !, (6.6)

is displayed as a function of height above the photosphere in Fig. 6.7.

4. OBSERVATIONS

Several reviews on the general nature of type I bursts and

associated noise storm radiation are available; see for example Wild
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Fig. 6.5: Electron Debye length and effective collision frequency as

functions of height above the photosphere for adopted model of

electron density distribution and Te==2 x 108 °g,
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Fig. 6.6:
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Plasma B as a function of height above the photosphere for

adopted models of electron density distribution and magnetic field
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Fig. 6.7: Alfvén velocity as a function of height above the photosphere.
The scale on the right is its value normalized with respect to Ve,

taking T, =2 x 106 °k.
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et al. (1963), Kundu (1965) and Zheleznyakov (1970). However, more
recently, heliographic observations, high-resolution observations with
improved instruments and observations of chains of type I bursts have
contributed significantly to our knowledge of the phenomenon, so that
an updated review is called for. Although no attempt is made at peing
exhaustive in our review, all thé important observations are included
and are presented in an order which reflects their importance for our

understanding and for the construction of theoretical models.

(a) Intensity

(1) The intensity of noise storm radiation varies from barely
detectable values up to thousands of times the quiet sun intensity.
Typical flux density observed is about a few times 10721 W m 2 Hz"1l,
corresponding to brightness temperatures of about 109 °K, for apéarent
sizes of the sources. The flux density from bursts is typically an
order of magnitude greater than that of the stofm radiation. Bright-
ness temperatures of bursts 1011 °x or higher have occasionally beenh

observed.

(b) Polarization

(2) lType I bursts and the background continuuﬁ are usually
strongly circﬁlarly polarized te the same degree an&jiﬁ?ﬁhe same sense.
Exceptions to this general rule can occur during tﬁéﬁiﬁitial stages of
a noise storm, when the polarization is highly variablé; with varying
degrees.of polarization even within individual bursts (Chernov et al.,
1972). Otherwise, exceptions can be attributed‘tojindependept sources
situated in opposite hemispheres or to the inhomogeneity of the back-

ground magnetic field in a large. source.
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(3) The degree of polarization of individual bursts usually
increases gradually at the initial stage of storm development and after
it attains 100%, it remains on this level till the end of the storm

(Chernov et al., 1972).

(4) The polarized radiation corresponds to ordinary mode waves of

the magnetoionic theory (Payne-Scott and Little, 1951).

(5) There is no significant difference between the pelarization

of bursts occurring in chains and these occurring separately (Hanasz,

1966) .

(¢) Duration

(6) A noise storm as a whole can last up to hours or days. How-
ever, the spectrum of the background continuum can change continuously
with time and during periods of high activity, it shows marked changes

in profile in periods of about 20 minutes.

(7) 1Individual bursts have duration between about 0.l to 1.0 sec,
and it decreases with increase in frequency (Elgaroy, 1967). Their
intensity-time profiles are usually symmetric (Elgaroy, 1961; Chernov

et al., 1972).

(8) The average lifetime of a chain of type 1 bursts is about
5 sec (Elgaroy and Ugland, 1970). The distribution of the number of
chains w.r.t. lifetime follows an exponential law: N «exp(-t/30),

where t is in seconds (Hanasz, 1966). .

(d) Bandwidth

(9) The bandwidth of the background continuum radiation is

usually about 100 MHz, while that of bursts is between 2 to 10 MHz,
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typically about 4 MHz., The bandwidth of bursts increases with an

increase in frequency (Elgaroy, 1967).

(e) Frequency Drift

(10) About half of type I bursts exhibit frequency drifts w.r.t.
time, either toward higher or lower frequencies. The drift rate
ranges between 1 MHz sec”! to tens of MHz seé_lg being between those of

type II and type III bursts.

(11) About 50% of chainé drift toward lewer frequencies, 307
toward higher frequencies and 20% show no detectable drift (Elgaroy and
Ugland, 1979). The absolute value of the frequency drift varies
between 0:16 MHz sec”! and 0.25 sec”!, corresponding to a "radial"
velocity of the exciting agency between 20.27 Ve, with-an average
absolute value of about 0.05 Ve (Elgaroy and Ugland, 1970;"Hanasz,

1966; Wild and Tlamicha, 1964).

(12) Drift directions and drift rates can be different for bursts
occurring in the same chain. In some cases, all bursts in a chain have

no detectable frequency drift (Elgaroy and Ugland, 1970).

(f) The Source

(13) The shape of the source appears to be that of an elliptical
disk (Malinge, 1963), the major axis of the ellipse being more or less

in the N-S direction and the plane of the disk being reoughly parallel

to the photospheric surface.

(14) The angular size of storm centres varies from less than
1 min of arc to about 10 mins of arc and it decreases with increase in
frequency of observation. At 169 MHz, a typical diameter of a storm

centre is 3 or 4 mins of arc (Malinge, 1963). The angular size of
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bursts is somewhat smaller, less than 1'.6 has been observed (Goldstein,

1959). (One min of arc corresponds to a dimension of 0.062 R, on the

solar surface.)

(15) The mean height of sources of type'I bursts, when investi-
gated on 200 MHz, is between 0.2 to 0.3 R, above the photosphere

(Morimoto and Kai, 1961).

(16) In general, storm centres are located near the corresponding
plasma level of Newkirk's model of the solar atmesphere above active

regions.

(17) Chains of type I bursts appear most frequently at 100 MHz.
They are not found in spectrographic records at frequencies greater
than about 300 MHz (Elgaroy and Ugland, 1970). Assuming type I bursts
originate at close to the local plasma frequency, and using the 2 x
Newkirk model of coronal streamer, one deduces that chains of type 1
bursts occur mostly between 0.3 and 0.7 R, above the photosphere, with'

most frequent occurrence at about 0.5 R, .

(18) Although bursts and continuum radiation come from the same
general region, they have been observed to come from distinct parts of

the same source by radioheliographic observations (Sheridan, 1972).

(g) Centre-Limb Variations

(19) The number of occurrences of noiseusterms decreases from the
central meridian toward the limb. This means the storm radiation is

narrowly directed.

(20) The average height of sources of bursts and continuum radia-

tion increases toward the limb (Morimoto and Kai, 1962; Malinge, 1963).

(21) The average degree of polarization of storm bursts and the
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intensity of an average storm centre, both decrease from the central

meridian (Kai, 1962; Malinge, 1963) (Figs. 6.8a and 6.8b).

(22) 1It appears that the average lifetime of the chains decreases
toward the limb whilst the change in bapndwidth between the start and
end of chains and the average frequency drift, both increase toward the

limb (Elgaroy and Ugland, 1970).

(h) Associated Phenomena

_ e
(23) Most noise storms are preceded within two hours by a flare
and for important flares, the most probable time delay between noise

storms and flares is about 30 minutes (Kundu, 1965).

(24) Noise storms are always aséociated with sgnspbt groups, with
the area of a group greater than about 6 X10"“lof‘the'solar,disk. When
the area of a sunspot is greater than 7.5 XIO'4 of the solar disk, the
probability of its association with-an important storm centre is about

80%Z (Malinge, 1963).

(25) Some storm bursts appear to split into two components-
(Elgaroey, 1961; Yoh and James, 1967). Observed in the range 190 - 215
MHz, the mean frequency separation between the two elements is about

8 MHz (Elgaroy, 1961).

(26) Two or more chains running almest parallel at the same time
are frequently present on spgctrographic records - (Elgaroy, 1961;
Hanasz, 1966). Statisticél analysis does not reveal any harmonic
phenomenon, the tweo components of a pair often do not start simul-
taneously and their frequency sepafétion varies between 10 to 50 MHz

usually, with 20 MHz being a moest common value (Hanasz, 1966).

(27) Weak type III bursts sometimes appear to 'grow' out of

type I chains (Wild and-Tlamicha, 1964; Hanasz, 1966). However,
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radioheliographic observation of a noise storm in 1968 showed that the
type III source position was displaced about 0.5 R, transversely from

the type I (Stewart and Labrum, 1972).

A schematic drawing of a type I noise storm and type III bursts is

given in Fig. 6.11,

5. REVIEW OF EXISTING THEORIES ..

Various interpretations to the above observations have been
proposed. In this section, existing theories of type I bursts and

associated noise storm radiation are reviewed and critically appraised.

Two theories, so far, appear to have survived in thg liferaturei
one invelves coherent gyromagnetic radiation at low harmonics of the
electron gyrofrequency (Fung and Yip, 1966), the other involves radia-
tion from coherent plasma waves at about the local plasma frequency -
(Takakura, 1963; Trakhtengerts, 1966). These theories are antedated
in their basic physicai ideas,-By eariier, less quan;itétive theéries
(see references cited in them). Beqause-théseAtheeries are the'mest’
developed, dualitati;ely and quahtitatively,‘eur review:aﬁd:diSCussion
will be confined to them. A summafy of the aspects of type I

phenoﬁenon considered by these authors is given in Table 6.2.

It will be showﬁ below -that the theory based on coherenf g&romag-
ne£;; ¥adiation kFung énd Yip,;lQé@}fi? u?Sagigféctory and the theory
based on plasma emission processes (Takakuré; 1963; Trakhtengérts,
1966) is.incorrect and incompleﬁe in various ways. Our judgements are
based oﬁ”tﬁe criterion that observatiomns, particﬁlarly'those which dis-
tinguish typé I phenomenen from phenoﬁ;na of“other spectral types,
should be explained on established principles of plasma physidé aﬁd on

plausible assumptions.
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Fig. 6.11: A schematic drawing of a type I noise storm and type III

burst events in the solar corona.
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Fung and Yip (1966) v "%’ Yy 7V x VR x X Ve x
Takakura (1963) Y oxk ox /&Y vk /A
Trakhtengerts® (1966)| v x x* x  x  x x x x / /

Table 6.2: Summary of aspéﬁts of type 1 phenoﬁenon considered by
the authors. Cases with asterisks are discu§§ed in the text. Column
(a) origin of type I bursts; -(b) origin of the background centinuum
radiation; (c) origin of chains of type I bursts; (d) intensity of
radiation; (e) polarization; (£f) duration; (g) bandwidth;

(h) origin of frequency drift; (i) centre-limb effects;: (j) exciting
agency;’ (k) origin of the exciting agency. ’

(a) Theory of Fung and Yip (1966)

!

Fung;and‘Yip (1966)- have developed a theory for type I:bursﬁs and
continuum radiation, which can be summarizéd.as felloﬁs. Electron
streams gyrating ip the solar corona above active fégioﬁs‘emit»gyromag—
netic radiation‘aﬁ-ioﬁ‘harmonics of’fhe electron gyrofrequency.v
Simultaneous soluﬁioﬁ of the dispersioen and Dopplerkequations (see e.g.
equations (2.81)-and (3.18)) gives rise to so-called "single" énd ‘

"double" frequency solutions When the conditions s/y > and

; “O,x/ﬂe:
s/yl<w0 X/Qe respectively are satisfied. Here, as elsewhere,fs is the
’ . . . B

harmonic of the radiation, y is the Lorentz factor, Qe is the electron

»gyrofrequency and wO,X

is the cutoff fréquency of the O,VX;mode'wéveS.'
"Single" frequency solutions aré'assuméd ts giﬁe riée to broad-band"'
background continuum radiatien, whilst "doublé" fréquency s01ﬁtions afe
assumed to give rise to narrow-band bursts of radiagiqn. - This theory
is open to several criticisms, ﬁhe main ones of whiCh;;}e related. to

polarization, burst radiation qu model of exciting agency. These

points are discussed in detail below.
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(i) Polarizatien

The single-particle theory of gyromagnetic radiation (see e.g.
equation (3.18)) predicts that the radiation, for given plasma para-
meters, is predominantly in the X~mode (see Fung and Yip, 1966, p.773).
This already foreshadows a difficulty faced by gyromagnetic theories,
since type I noise storms are polarized in the sense of the O-mode.
Granted Fung and Yip's stream distribution (equation (3.8), loe. cit.)
which will be questioned below, the the growth rates for both modes of
radiation at the same harmonic are of the same order of magnitude, with
X-mode growth rates significantly larger for large pitch angles of the
stream. Large pitch angles are invoked by Fung and Yip (1966, p.780)‘
to explain the narrow-bandedness of the bursts. Therefore, this radia-
tion mechanism does not produce a predominance of O-mode radiation and
in fact, when large pitch angles of the streams are assumed for type I
bursts, the radiation preoduces ah excess of X-mode waves relgtive to

O-mode waves.

To explain the high degree of circular polarization in the sense
of the O-mode, Fung and Yip (1966) propose that the radiation either
occurs at frequencies below the cuteff frequency of X-mode waves or
suffers strong gyroresonance absorption of the X-mode waves at the
third harmonic (p.789, Zoc. cit.). These preposals might well be
adequate in explaining the polarization of type I bursts at high
frequencies;, correqunding to low source altitudes. However, at low
frequencieg (say 80 MHz), corresponding to relative high altitudes, the
ratio wp/Qé is probably large (greater than 4 say), emissioen purely in
O-mode waves is confined te a very narrow frequency range (see Fig.

6.4), gyroresonance absorption at harmonics greater than 3 or 4 is weak

(see section 4, chapter 3) and hence the above-mentioned proposals for
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explaining the high degree of circular polarization in the sense of the

O-mode seem implausible.

(ii) Burst Radiation..

The "double" frequency solution condition, which is also the con-
dition for occurrence of burst radiation in their theory (Fung and Yip,
1966) and the escape conditions for radiation give the felléwing

inequalities:
s, < Yu, < sQe/(l-nGBSCOSG) s (977)

where Bs HE= uS/c, with u, denoting the stream velocity parallel to thé
background magnetic field. From frequency drift rate measurements and
other observations it seems that there is no reason for supposing the

beams responsible for type I bursts are relativistic. If the electron
beams are non-relativistic, then the inequalities (6.7) would piace

stringent conditions on the occurrence of burst radiation.

Fung and Yip (1966) predict maximum intensity of the burst radia--
tion occurs near the level where wb =Qe and significantly reduced
intensities at higher levels. An examination of spect:algraphic'
records (see e.g. Fig. 6.10) appears to indicéte that bursts of

comparable intensities can occur at widely separated frequencies.

(iii) Model of Exciting Agency

As a model of the exciting agency, Fung and Yip (Zbid.) adoﬁt 8-
function distributions for electron streams and they allow stream
velecities up to 0.7 c¢. No justification, based on observations or‘
otherwise, appears to have been giveﬂ:for neglecting velocity spreads
in the electron streams or for considering relativistic velocities. 1In

view of the discussions given in sectioen 5 of chaptér 3, the
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hydrodynamic or reactive treatment of the amplification process of the
radiation (associated with the §-functions) also needs some

justification.

An alternative model‘involving a bi—Maxwellian streaming distribu-
tion for electron streams has been used by Melrose.(1973) to discuss
coherent gyromagnetic radiation. He concludes that préferential gyro—
resonance absorption of X-mode waves cannot overcome preferential

emission to give net polarization in the sense of the O-mode.

(b) Theory of Takakura (1963)

Takakura (1963) has developed a theory of type I bursts, based on
the "plasma hypothesis", i.e. the radiation arises from nonlinear
Rayleigh scéttering of coherent electron plasma waves. This theory,
which contains discussions on more‘featufes of the observed radiatien,

can be summarized as follows. -

Two Alfvén wave packets, propagating in opposite’directions, col-
lide and produce a beam of electrons with a velocity about three times
the Alfvén velocity 3v,. On thgbassumption that v, =V _, the beam
generates coherent electron piasma waves, which are then écattered by
thermal denéity—fluctuations to>give fisekto radiation at about the‘
local plasma frequency. The amplitude of electric field of the élect—
ron plasma waves, which determines the inteﬁsity of the rédiation, is A
taken to be that of the steady state, when energy gain of the electron
plasma waves due to beam-plasma interaction balances energy 1osé due to
collisional damping. The polarization characteristics are,expiéiné&ﬁby
the escape conditions of radiation and by gyroresenance absorption.’

For example, if 1>X> 1-Y, where X and Y are given by equation (2.80),

only O;mode radiation can escape to the earth, and if 1-X>Y>}%, the -
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1-1
2* 3

etc. The duration of the burst is assumed to be determined by the

radiation is subjected to gyroresonance absorption at levels Y =

deflection time of the beam, from which the beam velocity is determined
to be about 1.2-1.6x 10° cm sec”l. The bandwidth was suggested to be
due either to a variation in electron densities at the source or to a
dispersion of velocities in the beam. The frequency drift was

attributed to beam motion through the solar corona.

Although in this thesis, we will also develop (section 6) the
"plasma hypothesis" for the generation of type I bursts, Takakura's
theory is, nevertheless, criticized in several respects. These
criticisms perf;in to the intensity, polarization and duration of the
bursts, and to the generation mechanism of the exciting agency. These

are discussed separately and in detail below.

(i) Intensity

Takakura's calculation of the radiation intensity, based on the
work of Ginzburg and Zheleznyakov (1958), neglects induced effects. As
shown by Kaplan and Tsytovich (1969) induced emission and absorption
processes become important as the energy densities of non-thermal
electron plasma waves are raised. For example, from equations (3.44)
and (4.87), it can be seen that at Weﬂ"vwi (vc/mp), induced absorption
of the electron plasma waves begins to dominate over coellisional daﬁp—
ing which is assumed by Takakura (p.466, loc. cit.) to be the sole |
absorption process determining the amplitude of electron plasma waves.
In fact, at the energy densities of non-thermal electron plasma waves
(~ 1077 erg cm™3) considered by Takakura, induced effects éannot be
neglected. In general, induced effects alter the naive picture of

plasma turbulence and they affect plasma emission processes.
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If induced effects on the radiation are only those of "positive"
absorption, i.e., the radiation is damped by induced conversion to
electron plasma waves, Kaplan and Tsytovich (ibid.) showed that the
brightness temperature of the fundamental at the source cannot exceed
about 10° °K. Hence thé‘radiation must be amplified for higher

brightness temperatures to have been observed.

(ii) Polarization -

‘ Takakura (1963) neglects .the effects of a background magnetié
field in his treatment of the "plasma emission?processés". He predicts
type I bursts at frequencies above the cutéff frequenéy of X-mode waves
wouid Be completely unpolarized at the source. ’Heﬁce, to account for
the polarization of type‘I bﬁrété, he sﬁggests.that either the radia-
tion occurs aﬁ freddencies below the cutoff fréqueﬁcy of thé X-mode
waves or the radiation is subjected to strong preferential gyro-

2

resonance'absorption of the X-mode waves at levels Y = l—and %3 as the

radiation propagates to the earth.

According to this théory then, if the source is situated at a suf-
ficiently high altitude where the condition Y < %-is likely to be
satisfied, the type I bursﬁs observed at earth should be unpolarized.
The sources of type I bursts at low frequencies (24 - 38 MHz) are
expected to satisfy the condition 'Y < %~(see Fig.‘6.4) and the radia-
tion is then expected to be unpolarized. The observation of strongly
polarized type I bursts at these low frequencies by Yoh and James
(1967), Warwick and Du1k1(1969), and Sastry (1972), appears to suggestv

that causes of the strong polarization observed are not:just those

proposed by Takakura  (1963).
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(iii) Duration

Takakura (1963) suggests that the duration of type I bursts is
determined by the deflection time of the electron beams. The

deflection time is given by (2bid.)
= 2., 3 b ~ . 3
N m_“u, /8me o JLnAe, 0.07 Tc(us/Ve) (sec) , (6.8)

where u, (& 2Ve) is the beam velocity and T, is the collisional damping

time given by (see equation (3.44))

T, ® 7.71x1016/{fp2(17.95 - log fp)} (sec) , (6.9)

with the local plasma frequency fp in Hz.

Although -the deflection time T is capable of accounting for the
duration of bursts at high frequencies (say 200 MHz), it appears to be
too long compared with observed durations at low frequencies (Yoh and
James, 1967; Warwick and Dulk, 1969; Sastry, 1972). For“éxample, at
25 MHz, one finds TD==8(us/Ve)3 secs, which is much larger.than the
typical observed value of 2 or 3rsécs, for the duration of bursts at

high source altitudes.

To circumvent this difficulty, Elgaroy:and Eckhoff (1966) and
Sastry (1972) suggest that type I bursts occur in coronal fegioﬁs where
the temperature is significantly less than 108 °k. FSastry‘(1§72) sug—
gests temperatures Té==105 °K. In view of the high thermgl conductiv-
ity of the solar cofopa, it seems‘difficult to substantiafe the
hypothesis th#t coronal regions with temperatures as low as 10° °K are
sufficiently prevalent to aécount for the common occurrence of type I

bursts.
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(iv) Generation Mechanism of Electron Beams

As pointed out.by Trakhténgerts (1966), Takakura (1963) has not
taken into account charge separation at the MHD wave front. When
charge separation at the wave .front is taken into acceunt Trakhtengerts
(2bid.) shows that the reflectgd particles are stable with respect to

the excitation of electron plasma waves.

(¢) Theory of Trakhtengerts (1966)

Trakhtengerts. (1966) is principally concerned with the generation
mechanism of electron beams which could give rise tevtype I bursts;
little discussion 1s given over to the explanation of observed features
of the bursts. He raises objections against Takakura's (1963)

generation mechanism and propeses the following alternative.

A maénetohydrodynamic pulse (soliton) of finite amplitude
propagates along the background magnetic field and reflects plasma par-
ticles from its wave front. On account of différences in mass between .
electrons a;d ions, more electrons than ions are reflected from the
wave front and thus a charge separation is set up at the front. Con-
trary to Takakura's conclusions, the reflected electrons are shewn to
be stable with respect to the excitation of electron plasma waves.
Under the conditions (1) Ve/ﬂe~<d<Ve/vc and,

(2) 1>>b/Byg >>(n%/mi)(Ve/vA)2, where d is the width of the pulse,

b + By 1s the maximum amplitudg of the magnetic field in the pulse, and
other symbols have their usual meanings, the charge separation causes a
counter current which is unstable with respect to the excitation of
non-thermal eléctron plasma waves. Moreover, when two such MHD waves
collide, the bursts of radiation that arisé from the non-thermal elect-

ron plasma waves should appear as intense transient blips superposed on
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a relatively weak background of radio emission, which consists of

slowly drifting narrow-band bursts with large overlaps in frequency.

This 'theory can be questioned on a number of points.  We discuss

separately (i) the question of dissipation, (4ii) the assumptioen

Ve==vA, (111) the frequency drift of the bursts occurring in chains,

(1) Dissipation

In t?e absence of dissipation, it is possible to obtain from the
MHD equat;ons only solitary waves or solitons, which are represented by
symmetricél potential barriers (Sagdeev, 1966) for disturbances propa-
gating along the background magnetic field. However, in the,pfesence‘
of dissipation, in this case by the generation of microturbulence, a
soliton solution changes into a shock solution (Tidman and Krall, 1971).
It appears therefore the problem has not been solved self-consistently,
since the effect of dissipation on the structure of the disturbance,

viz. the soliton has te be taken into account.

(11) Assumption Vef=vA

Trakhtengerts (1966) makes the assumption Ve;=vA and so;the con-
dition (2) abéve'reduceé ﬁo 1>>b/Bg >>u%/mi, a condition which can
probably be easily met. However, he also identifies vy with th; spéed
of propagation of the disturbance. Interpreting the frequency drift
rates of chains of type I bursts as indicating the Alfvén speed Vas
Wild and Tlamicha (1964), Hanasz (1966) and Elgaroy and Ugland (1970)
find tﬂe averaée value of v, to be 'about Of05 Ve' It appears therefore

that the assumption V_=v, needs further jﬁétification.‘
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(111) Frequency Drift of Bursts Occurring in Chains

Following Trakhtengerts' theory, one would expect the directions
of frequency drift of individual bursts occurring in a chain to be
roughly aligned with the diréction of ffequency drift of the chain as a
whole. However, drift directions and drift rates can be different for-

different bursts occurring in the same chain (Elgaroy and Ugland, 1970).

6. MODEL OF TYPE I BURSTS

In the previous section, some difficulties encountered by existing
theories of type I bursts are indicated. In this section, an attempt
is made to construct a model of type I bursts, which overcomes some of

the objections raised in the previous section.

Our model is also based on the "plasma hypothesis', but it takes
into account effects which have been ignored in aAprevious theory
(Takakura, 1963). These effects are (a) the effect of a background
magnetic field on the plasma emission processes and (b) the induced
effects which alter radically the quantitative consideration of inten-
sities of type I bursts given by Takakura (1963). The effect of a
background magnetic field is generally believed to be manifested by the
strong polarization of type I bursts (Kundu, 1965), whilst induced
effects have been shown to play an important rdle both in the formatio=
of spectra of plasma turbulence and also in the amplification and -

absorption processes of radiation (Kaplan and Tsytovich, 1969).

Indeed our understanding of induced effects in plasma emission
processes has been enhanced by a quantitative theory of type III
bursts (Smith, 1970). Although the radiation mechanism invoked here
for type I bursts is the same as that invoked for type III bursts

(Zheleznyakov and Zaitsev, 1970a,b; Smith, 1970), problems involved in
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constructing theoretical models for the two phenomena are different in
many respects. Firstly, interpeting the frequency drifts observed on
spectrographs as indicating the radial motion of the source through the
solar corona, one finds the speeds of electron streams associated with
‘type I bursts are about several times the thermal veloecity of electrons‘
in the solar corona, whereas those associated with type III bursts are
about ¢/3. This difference in electron stream speeds 1s expected to
lead to different spectra of turbulence in electron plasma waves.
Secondly, the background magnetic field is probably stronger in tﬁe
source reglion of type I bufsts than in that of type III bursts. The
stronger magnetic field could lead to differences in the turbulence

spectra and in the radiation processes.

To develop a fully quantitative theory of type I bursts, one needs
to include a background magnetic field and obtain the: turbulence
spectra of electron plasmé.waves generated by electron streams, with-
average speeds several times Ve’ Since this problem has not been
solved, the model discussed below can only be semi-quantitative. How-
ever, it is possible ﬁo estimate céftain quantitieé, such as‘the energy
density of microturbulence in electron plasma waves and the number den-
sity of electrons in streaﬁs, whicﬂvare~réquired to account for certain
features of type I bursts. Moreover, the inclusion of a backgroﬁnd
magnetic field will allow'an estimate of the degree of polarization of

-the radiation in the source region.

(a) Intensity

The observed equivalent brightness temperature Tb of a source is
related to the observed flux density of the radiation S, by (Kundu,

1965; Bekefi, 1966)
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Zﬂ?czs
b = —KW (°K) , (6.10)
where QO is the solid angle subtended by the apparent source area at
the observer. However, due to scattering of the radiation by coronal
inhomogeneities (Fokker, 1965; Steinberg et al., 1970; Riddle, 1972)
the apparent source size can be very much larger than the actual size
of the source. The effect of coronal scattering can tﬁérefore lead to
an underestimation of the true brightness temperature of the source by
a large factor. Forlthe fundamental radiation (w==wp), Smith (1970)
finds the factor to be between 10% to 10°. It would appear then the
actual brightness temperature of a strong type I burst could be as high

as 1016 °g,

The brightness temperature of the source is related to the inten-
sity of the radiation leaving the source region by the formula (Bekefi,

1966)

3,2
T - 4moc

bs iz T, (K, -~ (6.11)

where n is the refractive index and I(w,g)dw is the intensity of the
radiation propagating in a direction @ in the frequency range between w

and o+ dw.

To obtain the intensity of radiation leaving the source region, a
radiative transfer equation needskto be solved for a particular source
configuration. Assuming the magnetoionic wave modes are uncoupled in
the source regién, one deduces from equations (4.3), (4.21), (4.24) and

(5.2), radiative transfer equations of the form

g g g
+ [;Ia—] = P, - 0D LG8 (6.12)
[0

g
vg (w,0) g

where the derivative is taken along the ray path %. The other

quantities are given by
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R, %% (w,8) , (6.13) -

9,0) 1= [z]*ﬁ w2 alen) /o
o (M nge? (L+2,1, /1)

and, from equations (4.27) and (5.48),

% (w, s w2 3(un)/dw |
u_(0,6) = |2 P N o33
vgg(w,e) [2) cnm V.2 (T+ZT_/T,)2 Ry" " (w,0) , (6.14)

where the approximations w=w' =u, and vg0==c/{3(wnc)/8w} have been
made. The functions Rlcz(w,e) and stz(we ) are related to the

efficiency of the '"monlinear" radiation process and they are defined by

3 [] el
R (o) = r” Wl pw,0,0") e e
1 ’ = (2m) 3 W, k'V, [cos8'| ~
(w-0')?
e"P{' W Z[cose 2] » (61D
and
2"
ask' (w,)®* _os
02; - ~ _E_ F w e e' ) el' 1
Ro (w8 = J @3 [0,| WV, [coser] @) W (D
_ (w-w")?
exP'{' 2k"2V 2|cos6"|2] ° (6.16)

when Aq iE (AkLYi/Qi)2<< 1; otherwise k'|cos8'| is to be reblaced by
k', when (Ak_LVi/Qi)2 >> 1, The function F°2(mge,e') is detefmined by
equation (5.3). Given a particular‘distri?ution of nonéthermal elect;
ron plasma waves Wez'kk'), the integrals in equations k6.15) and (6.16)
can be evaluated. o

On defining an optical depth ° by

}

a°® = -uUdR./v:go y : (6.17)

the equations of radiative transfer can be rewritten as

g g
d [I ] o [1.) .
= |==| = - =% (6.18)
2 i)
dar? g N

where the source functions S° are defined by
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m,V,? ngz(w 8)
(o] _ P i'i - ?
S"(w,0) = = - . (6.19)
0 (2m)3c2 R,%% (w,0)

3 Vo 3w 3

For a ray path of length %, the optical depth is given by

Ra"%(w,0) . (6.20)

1
o ugl —[ﬂ]é wP2 B(wnc)/aw

T = KX _
2 2 2
c nlmiV[ (1+z.T /Ti)

Consider a source region of total thickness less than 10° cm, with

an amplification layer and an absorption layer.

Ray path

¥
|
|
| Absorption layer
|
|
Source region ¢ |
{

Amplification layer

Fig. 6.12: A source model.

The ray path (Fig. 6.12) has beeﬁ taken to be rectilinear for the
following'reasons. (1) Bending of the ray by refraction is insig-
nificant if the source has small dimensions L <<Rg, SO‘ﬁhat the total
change in refractive indices is negligible. (2) if L <109 cm, scatter -
ing by coronal inhomogeneities is probably insignificant (Fokker, 1965).
(3) If the source structure is highly transient and it changes in a |
time scale df the order of the time taken for the ray to traverse the
layers, then the rays propagating initially in a backward direction and

subsequently .reflected forward wili be unimportant.

For a ray emerging from a point at the base of the amplification

region, it reaches the absorption region with intensity/unit frequency
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range:

o o
-T -1

ag = pn 2 ¢, MMy _ _, 20, W

I (w,) n, Sm (l-e ) g Sm e . (6.21)
where the subscript 'm' designates quantities in the amplification
region. Similarly, the intensity/unit frequency range for the radia-
tion leaving the source region, after passing through the absorption
layer is given approximately by

Ig(w,g) = -ngZSm e , (6.22)

5]

g l 0

where the assumptions I—del, |-ra s |-t —Ta°| >>1 have been made and
the subscript 'a' designates quantities in the absorption region.

The quantities S 0, t
m m

s Tag and the thickness of the amplifica-
tion and absorption regions all depend on the actual spectrum of micro-
turbulence iﬁ electron plasma waves. Since this is not.known, only
estimates can be made. Let us assume that background magnetic field is
weak (wp >>Qe) and the differenées &de to the magnetoionic character of

the waves can be neglected in a first approximation. Estimating the

function given by (6.16), one finds

o} oW, V. el
.l'l— o~ "'1 .._pa._i w
5 - 10 oV ——_Tnmv s (6.23)
vg e 1ii'i

where v¢ is the phase velocity of the electron plasma waves. .Oﬁ the

- assumption that equation (6.23) is numerically apprqximately equal for
both the émélification region and the absorption region,‘except-for a
change in sign, net amplification of radiation would result if the
thickness of the amplification layer lm is greater than the thickness

of the absorption layer L,

From equation (6.19), the source function can be estimated to be

2 2
w.“m V v
7 . AP ee o (6.24)

S ° T (2m)3 c2 A
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The equivalent brightness temperature of the radiation on emerging from
the source can be found from equations (6.11), (6.20) - (6.24):

_ 4H3C3 2
The = “n2ZaZe " S exP{-Tm—Ta}

mV 2y w, Vv el
_ee ¢ -1 P ¢ _W . - '
= Vi exp {10 c Ve ;;a;vzf (lm Ra)}, (6.25)

On taking v¢/Ve =10 and Ti zTe =2 x 10% °K, equation (6.25) reads

er '

T, = 3.4x10% exp {o.oe,w

(zm-za)}. (6.26)

e

Hence to obtain a source brightness temperature of 1016 °K, one

requires, from the previous equation,
—

Wez'(wp/ne) (lm—la) = 16.6 2n(3x10%) = 3,63x102 erg cm sec” L
' (6.27)

The as‘sumptl:ion‘ that L= 2a =108 cm gives the condition

Wejz'mp/ne ~3,63x 1076 erg sec”!. The energy densities in electron
plasma waves required to give rise to radiation with a source bright-
ness tefnpefature o:f 1016 °x for assumed» parameters at various piasma

levels in the solar corena are given in Table 6.3.

T

MHz 200 169 100 80 50 27

W% (1077 erg em™3) 1.4 1.2 0.74  0.61  0.36  0.18

Table 6.3: Energy densities in electron plasma waves required to

give rise to intense type I bursts, at various plasma levels.

'

The average intensity of the radiation at-th@a_ second harmoenic can
be found from equations (4.7), (5.5) and (5.6) and it can be shown to

be (Smith, 1970)

}  i' - 1a—2 ef\2 oy 2
:.I‘(pr)Aw = 4mx10 u;p(w ) (2m+£,a)/nemec s A(6.28)
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where Aw is the bandwidth of the radiation. From equation (6.11), this

intensity corresponds to a source brightness temperature,

(2m* x 1072 (Weg)z(zm-kga>

Tbs = 3 Kin n w Aw ‘ (6.29)
eep

On assuming Aw/wp ~0.04, £m4-2a1=2><108 cm, it is pessible to estimate
the brightness temperatures of the second harmonic radiation forrthe
same energy densities in electron plasma waves which give rise to
radiation in the fundamental at 1018 °K at the source. This is done

for various plasma levels in the solar corona in Table 6.4.

MHz 200 169 100 - 80 50 27

T,e (°K) 5.2x1012 7,5x1012 2.3x1013 3.8x1013 8.6 x1013 2.6 x 101%

Table 6.4: Source brightness temperatures of the second harmonic

radiation at various plasma levels.

Thus it appears that the source brightness temperatures of the second
harmonic radiation are about 2-4 orders of magnitude smaller than that

of the fundamental radiation, for the same energy densities in electron

plasma waves.

The total energy in non-thermal electron plasma waves.involved, if

the source area is 10!8 cm2, can be estimated to bé about 10!% ergs.

If the energy densities in nen-thermal eleétron plasma waves are
derived from interactions with an electron stream with speed ug =10 Ve’

then we have

W = n'meusAus s (6.30)

where Aus describes the amount of "flattening'" of the stream distribu-

tion due to beam-plasma interactions. Taking Wez ~10"7 erg cm™ 3 and
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Auq = 0.1 Ve’ one finds the number density of electrons in the stream n'

to be about 200 cm 3.

It is now justified a posteriori that collisional effects can be
neglected in the above treatment of the nonlinear processes. The con-
version of electron plasma waves to magnetoionic waves by nonlinear
scattering off thermal plasma ions generally occurs in a time longer
than, or at most comparable to, the scattering time of electron plasma
waves into themselves (Tsytovich, 1970). From equation (5.44), it is
seen that the nonlinear conversion time 1 (for ef +g), with

Wez = 1077 erg cm 3 and-Te =Tif=2><105 °K, can be estimated by

1/t = fp (MHz)'. (6.31)

In the region of the solaf corona of interest, we have 1/'rc = 0,27 V.
with the effective collision frequency Vo decreasing from 50 sec”! at
R/Ro==0.1 to 0.4 sec”! at R/R9 =1.5. It can be seen that the condition
T<<T, is generally satisfied and the neglecf of collisions has been

justified.

Finally, the weak nonlinear condition given by equation (1.2), can
be written in the form

Wt «< (w/wp)2 W ‘ (6.32)

where w is the (angular) frequency of the microturbulence and WP is the

kinetic energy demnsity of the plasma particles. Since one has

We'Q' 21077 erg cm™ 3, w =wp, and Wp ﬂneKTe = 1072 erg em™ 3, the weak

nonlinearity assumptien has alsoe been justified.

(b) Polarization

As suggested by Fung and Yip (1966) and Takakura (1963), the

strong circular polarization of type I bursts in the sense of the
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O-mode might well be explained by

(1) Radiation occurring at frequencies below the cutoff frequency
of the X-mode waves.

(ii) Strong preferential gyroresonance absorption of the X-mode

waves at levels Y = %-and-%;

However, at high photospheric altitudes and also during the
initial stages of development of a noise storm at lower altitudes, one
might reasonably expect the radiation to:come from regions where
wp >3Qe. Moreover, when the frequencies gf the radiation are above the

cutoff frequency of the X-mode waves, i.e., w>uw

< (see the reverse of

inequality (5.11)), any streng polarization of type I bursts in the
sense of the O-mode that is observed must be attributed to causes other
than those stated above. For such cases, it is postulated here that
the strong polarization in the sense of the O-mode is due to

preferential amplification of the O-mode waves in the source region.

On the assumption that the magnetoionic waves are uncoupled in the
source for certain distributions of non-thermal electren plasma waves
and for some angles of propagation of the radiation, amplification (and
absorption) of O-mode wavés is preferred (see e.g., chapter 5). This
leads to small differences in optical thicknesses of the O-mode and
X-mode waves. However, the intensity of radiation emerging from the
source region is dependent exponentially on the opticai thickness. The
resultant intensity of the O-mode radiatien can therefore be many times
larger than that of the X-mode radiatien, i.e., the net degree of
polarization in the sense of the O-mode can be very high. For sim-
plicity, let us illustrate this by the case Y << 1-X<< 1, which is

applicable to the case of a very weak background magnetic field.
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Taking care to include differences due to different magnetoionic
modes, one obtains, from a slightly modified form of equation (6.14),

the total optical thickness,

7% (0,0,0") , (6.33)

1 elg -
o -[W]z pr (zm za) B(Qno)/aw

2 2 2
2 2cnemeVe (l-+ZiTe/Ti)

2v3%
(1+6c )
where F“z(w,e,e') is given by equation (5.3). . On taking

% -
wPWe (R,m- ’Q‘a) /ne= 3.63x 102 erg cm sec”!, from equation (6.27), Z:L= 1,

and Te==Tif=2 x 108 °K, the total optical thickness reads

% = -6.86 H'(w,0,0") , (6.34)

where Hc(m,e,e') is defined by

{sin26' (cos?0 + T 2) +2(cos?6 -T 2)2c0s26'/sin?6}
o . _ ; o g
H (w,e,e ) HE=

» " .(6.35)
2y2 27 2 - '
2n0{(l+Tg ) -+K0 T0 } (Tc Ycos#)
Since K02==0{Y2/(1—X)2} <<1 and for %Ysin?6 << (1-X)cosH,
. ¢ _cosB YsinZ6 .
Ts = 7 Jcose] [ * 2(1—x>|cose]] , (6.36)

it can be found, after expansions in the parameter Y/(1-X), that

o ' _ ©8(8,6") Yo(6,6")
where
0(6,6") ;= sin26' (1 + cos?6) + 2sin?6cos?6’ (6.38"
and

Q(S;B') HE {sin26(14-3c0326;) - (1-+sin26/2).®(6,9')}/|c036|.(6.39)

On neglecting small differences between the O-mode-and X-mode
waves in the source function, the degree of circular polarization in

the sense of the O-mode, for radiation emerging from the source region

can be estimated by

r, = {exp(-ro-+TX)-1}/{exp(—T0-+TX)-f1} s (6.40)
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where TO and TX are given by equation (6.34) with Hg(w,e,e') determined
by equation (6.37). Again from equatioms (6.34), (6,37), (6.38) and

(6.39) the exponent reads

O+ X = 3.43 vo(8,8")/(1-%)2 . (6.41)

For illustration, take Y=0.01, 1-X=0.04, ' =0 and 0 =45°, In this
case, -TO-+TX==22.8, hence r, =1,‘i.e;, the emergent radiation is fully
polarized in the sense of the O-mode. Again, take Y=0.01, 1-X=0.04,
but 6'=30° and 9 =235°, one findé -T0+1:X50.-23, hencle r, = 12%, i.e.,

the emergent radiation is weakly polarized in the sense of the O-mode.

The above discussion of the polarization of radiation arising from
a "plasma emission'" process ié semi-quantitative only, since the tur-
bulence spectrum of electron.plasma waves must be known to determine
the optical thicknesses precisely. bBut it has been argued that
>preferential-amplification of the O-mode waves, even in a weak back-

K

ground magnetic field, can give rise to strongly polarized type I

bursts.

7. DISCUSSION.

inéluding induced effects, a model éf type I bursts based on the
"plasma hypothesis" has been prepoéed.» The physical parameters of the
source, such as itsbdimensions and its temperafure, have been‘chosén
in agreement-with the available observational data. The_energy
requirements deduced from the model can easily be met under the‘known
conditions prevailing in the solar corena. An electren stream with
speed u =10 V_ and number‘density 200 cm 3 hasvbeen shown to be
capable of exciting a microeturbulence in electren plésmé wavés with
energy -density of about 10”7 erg cm™ 3, which isbrequired to explain a

strong type I burst.



166

The preferential amplification of O-mode waves.in the source
region has been postulated as the mechanism giving rise to strong cir-
cular polarization (in the sense of the O-mode) of type I bursts coming
from regions where the background magnetic field is weak Y << 1. This
mechanism rests on the assumption that coupling between O-mode and
X-mode waves is weak in the source region. It can be shown (Cohen,
1960) that in the solar corona, mode coupling is weak for magnetoionic
waves propagating in the QL-approximation under the conditions where
(1) X<<1, (1) Y<<1, and (iii) collisional effects are negligible.
Mollwe (1970) has considered, in the selar corona; mode coupling of
magnetoionic waves propagating close to the directien of the background
magnetic field and under the assumption (i) X=1 and (ii) Y=1, and he
shows that mode-coupling can be important. In the present context, it
appears that the problem of mede-coupling under the conditions (1) xX=1

and (1i) Y << 1 needs to be considered.

Although Takakura;s (1963) explanation for the duratioen of type I
bursts has been questioned in section 5, ne altefnative is offered here,
since no satisfactory explanation has been found. Scattering by
coronal inhomogeneities can give rise to a duration of 0.2-0.6 sec at
most (Steinberg et al., 1970; Riddle, 1972) for an impulsi&e soﬁrce
and this appears too short in comparison with duration of type I bursts

at high source altitudes.

The mechanism of accelerating electron streams responéible for
type I bursts and the phenomenon of chains of bursts might well be con-
nected with collisionlesé shock waves propagating parallel te the back-
ground magne;ic field in the low-B corenal plasma. Parallel turbulent
shocks have been considered by Parker (1961) and Kennel and Sagdeev

(1967), but however, not in connection with particle acceleration and
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non-thermal radiation. Such problems lie outside the scope of this

thesis.

Finally, it is suggested here thaft the background centinuum radia-
tion of type I noise storm is probably not merely a superposition of
type I bursts. Apart from the known observational evidenée (see Kundu,
1965; Chernov et al., 1972) in suppert of this view, a point which has
not been stated before is this., The background centinuum radiation
usually has a bandwidth of about 100 MHz. If type I bursts were to
give rise to this radiation, they must occupy a layer between two
plasma levels whose frequency separation is about 100 MHz. Between the
200 MHz and the 100 MHz say, the thickness of the layer is about
0.25 R, (see Fig. 6.4). Such a distance on the solar surface would
subtend an angle of ~ 25 mins of arc at the garth. Since the source is
probably disk-shape and since the angular size of a typical noise storm
is usually not more thaﬁ 10 mins of arc (even including the effects of
coronal scattering), i; appears that the required radial thickness of
the source 1s much-larger than reasonable expectatioens from observa-
tions. Hence a different radiation mechanism seems to be needed to
account for the backgreund continuum fadiation of type I néise storms. -
Such a mechanism might be coherent gyromagnetic radiation (Fung and Yip,

1966) or the mechanism proposed by Friedman (1972).
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CHAPTER 7

CONCLUSIONS

In this chapter, a synopsis of the theoretical and astrophysical
results found in the previous chapters is presented. Other possible
applications of the theory and suggestions for further research are

briefly stated.

1. REVIEW OF RESULTS

(a) A general theory of weak nonlinear processes in a magneto-
active plasma has been developed in the semiclassical formalism
(chapters 2 and 4). For the specific examples considered, the follow-

ing conclusions have been reached.

(i) On neglecting shielding effects, Thomson scattering of
magnetoionic waves by non-relativistic electrons is determined by the
zeroth harmonic scattering; first and higher harmonic scatterings are

not important.

(ii) 1In the presence of a strong background magnetic field,
under the conditions wp Cw<<Q, Thomson scattering of magnetoionic
waves by non-relativistic electrons in general has a reduced cross-
section, being aBout wz/Qe2 times the classical Thomson cross—-section

(save in a special case).

(11i) When shielding effects of a nen-relativistic plasma
are included, nonlinear scattering by thermal ions is the dominant

scattering process. When the conditions wp <<w<<$2e are satisfied, the
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cross-section is reduced generally to about wz/ﬂez times the classical

Thomson cross-section (save in a special case).

(iv) The conditions under which the motion of relativistic
electrons can be taken to be rectilinear in treatiné inverse Cempton
scattering have been derived. Such conditions are not satisfied in the
case of inverse Compton scattering of magnetoionic waves by relativis-
tic electrons moving in the direction éf the background magnetic field.
v The results for this case are summarized by equations (4.46), (4.52)
and TéBlE”4.l. Under the simplifying assumptions o' >>Y9eizwp, the
inverse Compton scattering eof O-mode magnetoienic waves propagating .
perpendicular to the background magnetic field is enhanced by at’least

a factor y2>>1 in comparison with all the other cases censidered.

. (b) A general theory of polarized radiation arising from micro-
turbulences in electron plasma waves and electron cyclotrbn waves has
been presented (chapter 5). Radiation arising from any one of the
processes discussed is 100% polarized in the sense of the O-mode at the

source if it is emitted in the frequency range wp-<w <w

< where w,, is

X
the cutoff frequency of the X-mode waves. Bearing this clearly in mind,

one reaches, the following conclusiens for the specific cases considered.

(i) For the case of electron plasma waves propagating
nearly along the lines of the background magnetic field, radiation at
the fundamental and radiatien at the second harmonic have net degrees
of polarization at the source in the sense ofbthe O—mode. In a weak
background magnetic field (wp:>>9e), the second harmeniéris always
weakly polarized whilst the fundamental can be strongly or weakly‘

polarized in the sense of the O-mede.

(ii) The radiation at w==sQe (s >2) arising from the non-

linear conversion of electrostatic electron cycletron waves has



170

generally a net degree of polarization in the sense of the X-mode.

(c) In chapter 6, an updated review of observations on type I
solar radio bursts and their associated noeise storm phenomena has been
presented. Existing theories have been examined and their deficiencies

have been indicated.

(1) Type I bursts have been explained on a medel which is
based on the "plasma hypothesis" and which includes previously neg-
lected induced effects. The physical parameters assumed are consistent

>

with the observational data.

(ii) The preferential amplification of O-mode waves has
been shown to be capable of explaining the strong circular polarization
(in the sense of the O-mode) of type I bursts from source regions where-

the%background magnetic field is weak.

2, SUGGESTIONS FOR FURTHER RESEARCH

(i) To obtain a fully quantitative theory of type I bursts
based on the '"'plasma hypothesis', one needs to solve the preblem of
formation of quasi-stationary turbulence spectra arising from the
interaction of a suprathermal, nen—relativistié'electrpn stream with-a

magnetoactive plasma.

(ii) A justification of the mechanism of preferential amplifica-
tion of one mode or the other, requires the solution of the problem of

magnetolonic mode coupling in a region where X=1 and Y<<1.

(111) 1In view of the similarity of the radiation mechanism
invoked for type I, type II, and type III solar radio bursts, one
should attempt to explain the different polarization characteristics of

these bursts.
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(iv) The duration of type I solar radio bursts appears to be

inadequately explained at present,

(v) The continuum radiation of type I noise storm is similar to
stationary type IV B radiation in many respects. Its mechanism of
radiation, together with that of stationary type IV B, needs further

investigation.

(vi) The acceleration of electron streams responsible for type I
bursts and the phenomenon of chains of type I bursts might well be con-
nected with microturbulent, collisionless shock waves propagating
parallel to the background magnetic field. Since parallel shocks may
be important in type II bursts as well (Wild and Smerd, 1972), they

deserve investigation.

' (vii) The theory presented has been sufficiently general to be
easily adaptable to other astrophysical and magnetospheric applicationms.
It is straightforward for example to consider "whistlers" and evaluate

the significance of their nonlinear interactions in the lonosphere.

(viii) The emission from electrostatic electron cyclotron waves in
the earth's magnetosphere appears to be an important component of the

radiation detected by airborne satellites (Kenmnel et al., 1970).

(1x) The decametric radiation from Jupiter, identified as in the
X-mode, has been attributed to coherent gyromagnetic radiatiom by
electrons in the Jovian magnetosphere (Goldreich and Lynden—Bell; 1969).
In view of the theoretical résults found in this thesis, and in view of
the large number of instabilities giving rise to electrostatic electron
cyclotron waves, radiation by the nonlinear conversion of electrostatic
electron cyclotron waves should be considered as a possible candidate

radiation mechanism.
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APPENDIX A

CALCULATION OF RESPONSE TENSORS

The infinite sums containing. Bessel functions arise from power
serles expansions of the exponentials eP(¢‘), e P(¢), etc. From (2.39),
one has

iea
- P(¢) = 5 (w—k“v”) ¢-ieaz-sin(¢—w) . A.1)
o ‘

From the definition of Bessel functiéns’(Watson, 1944), one has

‘ exp{-ifaz sin(¢-9)} = Z Js(z) exp{-iea s(o-v)} , (A.2)

S==-x

and

vy exp{-iedz sin(¢-¢)} = ) Vi*(s,g,g)_exp{—iea s(o-y)} ,(A.3)

S=-—m

where Vi(s,E,y) is given by (2.46). Substitution of (A:2) and (A.3)

into (A.l)‘gives,

o ie w '
.e-P(¢)' - s:zé Js(z) exp {; '5;»5.¢ - i€a¢}is | (A.4)
and
o ie w. ’
vy e—P(¢) = Z Vi(ssE;X) exp {"’ —-S-Zg—i ¢ - ieaw} 2 (.5
g§==0 o
where
ws HE w-SQa"kuV“- (4.6)

In cylindrical ceordinates, one has Cartesian components,

sin¢ 3 cosp 3 29 } . (A.7)

9 : 9 a
— = e - . —— ——— -4 cmmt—
% [c°s¢ T R TR TR T

Kbplicatidn of (A.4)-—(A.7), together with (2.41), gives
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' q . «© i€ w: '
eP1(¢ ) g (V' ’kliwl) ._..._.3 : - __C;L. 2 exp _______.0. 1u
sj ~ '~ Bps

%, 3 :
X {aj (u',k1,01) 39 + Bj (u k1,w1) ¢. + Y5 (u sk1,w1) ap"} R

A.9)
and

On substitution of (A.5), (2.37) reads,

© © © 27
, _ 4ri 1qa‘n,a 9,
epgow) = 85+ 75 2 o, Jo L dy | 9y Ssi_ﬂw o 99
, .

4

' ieaws ¢ i ans' ' '
X {Vi(s,kﬁz) exp [— G ¢ - isasw] J d¢ exp ) o' + ieas w}

o

o (0) o _ (0)
Yy (s sk, w)

s',k : . A.11
< [oyenw ap,, I} @1

Carrying out the trivial integrations over azimuthal angles ¢' and
¢ and using well-known results on summation of Bessel function, e.g.

(A.12)

zZ ViGs,k,w) I (2) =" vy 84,

one derives the dielectric tensor in the form (2.42).

Similarly, on application of (A.4), (A.5), (A.9) and (A.10),

equation (2.38) reads,
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4ﬂiqa3na © o 5 27
€:4,(k1,015kp,w0) = Z'————————-J dp J py dp j dé
Rk ’ "~ alﬂwwlwzg(lz - ” ‘0 + L S,U,U':\J,v' 0
ieaws 0
X Vi(S’E;X) exp {‘ o, ¢ - ieasw} J do' JU(ZZ)
o ie w_
x {-—Q-—E ¢ + ie uwz} exp {——Ldﬁ + deu m}{ ay” (u'sk1,01)
o
3
x -ép—l+ 8, (u' ,kl,uu) ¢. vy * (! »K1,01) 3 ”} J,(z2)

ieawzv ¢‘ ieawzv' :
X exp {~'——5;—- ¢'-—iaavw2} J d¢" exp { o " + iaav'wz}

X { (v'sko5w2) 31 v, (V',stwz) p“} a( )(PL’PH)

Again, trivial integrations over azimuthal angles ¢", ¢' and ¢

give the result (2.53).
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APPENDIX B

SUMMATION FORMULA (2.96)

On account of cz(k) HH e-A IZ(A) remaining finite as iz] > o, it

follows from Cauchy's theorem that

;c cotmz z=q dz = 0 , 1 ‘ (B.1)

where ¢ is a circular contour with radius R + «®, On evaluating the

integral in (B.l) by the residue theorem and using the identity,

-]
- 1 ‘
™ cotmz = 2z 7 ° (B.2)
S==
it i1s easily shown that

= 7 () \

z = w cotmq ¢ _(A) . (B.3)
g=—w 178 q

Application of this result together with the simple algebraic identity,

s2 . q. |1 1
527 = 1772 (g ) (B-4)

gives the relation (2.96) trivially.
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"APPENDIX C

CALCULATION OF CURRENT DENSITIES DUE TO A CHARGE SPIRALLING IN By

To derive the current density (3.13), it is noted that the
solution of the relativistic equation for a charge spiralling in a

background magnetic field Bg =By (0,0,1),

R ax(®) xB

= - == .1)

can be written as
% %
r(t) = (R sin{@ t + ¢}, eR cos{Q t+¢}, v"t) , (c.2)
* *
where R := VL/Q R e==q/|q|,-Q = Omc2/E and the parameters ¢, v, , and v
are determined by initial cenditions.

The current density due to the motion of a charge reads
3;(.t) = quv () 8{z-rz(D)}, (c.3)

the Fourier transform of which, with r(t) and y(t) determined by (C.2),

reduces to

ji(K)w) = szm q J dt Vi(S’E)XQ exp{i(w—sﬂ*—k“v”)t-is(¢+ew)} , (C.4)

where Vi(s,Eﬁg) is defined by (2.46) and equation (A.3) has been used.

Final integration with respect to t gives the result (3.13).

On the other hand, when k is replaced by Ak=k-k' and w is
replaced by Aw=w-w', instead of (3.13), it is possible to obtain an
alternative form of the current density by making a different Fourier

transform on (C.3) and using (A.2) and (A;B). After straightfofward

calculations, the current density reads
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3, (2k,Aw) = ? - 2mq V,(s,k,0) J_ o (2") ;ie(svﬁs V)

X G{ALU‘ (S"‘S')ﬂ*- AkuV"} > . (C.S)

where the initial conditions are chosen such that ¢ =0, and as usual

*
z' =kl'v_|_/§2 , etc.
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APPENDIX D

CALCULATION OF CURRENT DENSITIES IN THOMSON AND NONLINEAR SCATTERINGS

In this appendix, the current density in Thomsen scattering given
by (4.9) with (4.10) to (4.13) and the current density in nonlinear

scattering given by (4.14) with (4.15) are derived.

The equation of motion of a spiralling charge in the presence of
an arbitrary perturbing force F(v,r,t) reads

dp(t) qu(t) x By

it - p + E(Y,r,t) . (0.1)

Expanding in powers of F, we write
@ = :Ow + Py + ... . (D.2)

The current density which is proportional to F can be written as

(1) (0) ,
dr "’ (t) dr "’ (t) (0)
j (1) (}ssw) = q J dt {—&‘—d—g—‘- 1’15.’-’13‘(1) (t) —’:-E-—} ei(wt—}& r (t)) ,

(D.3)
where 3(0)(t) is determined by (C.1). Since the choice of initial con-
ditions appears only in an unimportant phase factor in 1}1)(E)w), the

initial conditions are chesen such that
' o * ,
£ = @etnd't, Reost®t, vjb) @

where R :z VJ./R*’ s=q/|q|, Q*=Qly, y2=(1,-vl2/c2—v”2/c2) and, v

and V| are velocity components in the absence of the perturbing force F,

From (D.1), the equation of motion to first order in E'reads
AR TARES TR 105 B IS (>

32 + - L4 ——-———-—Jtv‘o)(t')-f(t')dc'] (D.5)
dat = myc my  my dt c? ~ ~ a
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where E(t) = Eﬁx(o)(t), E(O)(t);t). From (D.5), it 1s straightiforward

to show

Wy o L[5 (5 w _ _d
ry (t) = ——-J dt J dt Tij(t -t") {Fj(t ) -

~ e
[Z-'](O—Z:Q Jt" v (O (emy e dt"']} : (D.6)
where ‘
cosq't sing't 0
T, = |- sinf't  cos@t. 0 | . (.7)
0 0 1

Identifying F with the force due to fluctuating electromagnetic

fields, we have

¥ *B(z,t)
E(X’ﬁ’t) = Q{E(r:t) + c } ’ (D.8)
and on using
a3k dw
-3 i(ker-wt)
Fi(x)E)t) q J?E;TE—E {(W_Kfa) 6ij-+kivj} Ej(k;w) e "’f’ ’ (D0.9)
t -iwt' -iwt
J Tij(t-t') e Wt e = irij(w) e Jw , (D.10)
t _ ' dv _ -
J dt' e ot {i EE-+ wx} dt' = iv(t) e Lut , (D.11)

and equations (A.2) and (A.3), it is reasonably easy to show

r,Pw = -2

o 3 -
d°k dw e iwst eies¢
my

s o oz Eylew)

g==—0

, * 0)y_. (0 * 0 o€0) 2
R CRICHTIE NORS A ANCH S At EAAIOIANCH S Aeplliy B
(D.12)
with ==w-sﬂ*-k v, . This expression, together with equations (D.3)
8 _ i ‘

and (D.4) yields (4.9).
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By equation (3.7), the shielding field due to the current density
(3.13) associated with the unperturbed motion of a charge reads

8m2qi Mg (kv

q = -
Ei (}i)w) = A(}-_E,(D)

-iesy
S=_E_°° e vj(s,;g,y) G(w-k"v“—sﬂ*), (D.13)

where v = dg(o)/dt is determined by (D.4). From (2.15) and (2.49), the

nonlinear current density resulted from the interaction of the electric
'

field E? (E)m) of a wave in moede o' with the shielding field Eﬂ(k,w)

given by (D.13), can be written as

d3k' du'
— t LI TS P —m!
jin's'(k;w) 2:1 oL sijz(h ' sk=k' ,w-w")
\J
£,% ("o B0k emu)

from which, equation (4.14) emerges with (4.15).

Again by equation (3.7), the shielding field due to the current

density (C.5) associated with the unperturbed motion of a charge reads

o 2 4 A (AE,Aw)
B (00 = - = Srat H

-ilesy ok
— - TAGE L) © 8 (Burs@=4 v)|)

S===00

x IV (stv k) I (2" e tevi-vh) (D.14)

V==c

where Aw := w-w' and Ak = k-k'.

The nonlinear current density, corresponding to (4.14), then reads

n.s Zvriq2 dskj do’ n.s
b = eem———— bl . ot L
ji (E’w) = o siiw J 2Zmt o Aij (s,wskpw sk,:X)
o't ' ' % ‘
Ej (’]!E’ s W ) G{w-w "(k" "'k” )V”_SQ } ’ (D. 15)

where we have
Ai?'s'(s;w,hgw',kf;z) = z Ai?'s‘(s+v,k,w;v,h',w';g) . (D.16)
V=— .

with
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2imw'w k',0" k=K', 0-0").
A.?.S.(S’E,w;s"h"w';x) m ein,(~ ’ L R?

1]

Ak su-0")
Ak’ ,u-0')

y e-*ie(sw-S'IP') Vm(s’h’x) JS'(z') .(D.17)
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APPENDIX E

CONDITIONS FOR SIMPLIFICATION OF THE INVERSE MAXWELLIAN TENSOR

In the regime (4.54), provided

Qe Qi AkiVa 2
|Ak”| >> 7 >> 7 and Aa = [ o ] << 1, (E.1)
e i o
it is evident that
‘Aw-sna
Iyasl . 2 Ak”le. << 1, (E.2)

for small harmonic numbers s and ¢(yds) g2yas. Since Aa<< 1, enly
small harmonic terms contribute significantly to the dielectric tensor

(2.78) and it may be approximated by

m,2 w sQ) A,
e = by - a2 (- w) .
ﬂiﬁ(Ak,Aw,s) - 513533} , (E.3)
with the inequality,
bk 12 , szi?
IZEEI Z: tan“® << min [1, TZEWEJ" (E.4)

given by (4.54) and (E.l).

Summations over modified Bessel functions in (E.3), using formulae

such as

- A g . - -2

Z eI (=1, I e IL'()=1, z szxs(x) e "= A(E.5)
g==x g==0o =00 :
and

T ™ = 2 S =0, @=0,1,2,..0, &6
S“—'—oo, s=-oo

glve a dielectric tensor, )



183

€1j(AEﬁAw) =

,

LA/ ol B ae /el B2 D 2eame oy |BE

—5 ie 0 /|tu] |8k, [22p2 1- 1/5 |8k 1202 5 ie Q tand/|dw| |AKy |2AD§
= 2tano/ |k |22 -2 ie g tane/[du] |aky |22 2 L+1/Z |owg 1228 )
where ADg‘;E Vaz/ﬂaz' (E.7)

In order that n2==|Ag|2c2/|Aw|2>> leij|,'it is sufficient that

|tane| < |Aw|/9e '. (E.8)

and 4
' %
2 . (Eug)
IA,El 2 Vi/c ( E ADOL) :

When (E.8) and (E.9) are satisfied, the inverse Maxwellian tensor is

given by (4.61) with
L - - 24 2
e (Mk,0lw) = A = 1+1/§ | ak | 2 e (E.10)

Again in the regime (4.54), provided

Qi Q Aklva 2
lAkHI << == << == and A = [ G ) > 1, (E.11)
i o

straightforward calculations of equation (2.78) give

sij(Afli,Aw) =
m 2 :
( 1 2 de IA“’T%M}‘“) 0 )
ﬁ 2 Mo 2 Faz
_zi « 5 IQ T h(d) 1- E|—A'1?_|2—v‘_22>‘ah(>‘a) Eiea Mk :aneh_(xa)
m,2 m,2 Tl 2
| 0 “Tie, T, |2taneh(;\ ) 1+E|Ak” (L = w " tar?0 '?{;’l‘ ]J

(E.12)

where h( )\u)

exp(fxa)(Io—Il) and Ip and I; are modified Bessel
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functions with argument Aa. The variation of h(Aa) with respect to Aa

is given by fig. E.

.
h()\a)

0 5 . 10

Fig. E: Variation of h(Aa) vs. A,-

On picking the largest term in (E.12), it is seen that n2 >> leijf

provided
‘AE}Z 2 wp2|tane|/c2 . (E.13)
Since effective nonlinear scattering stipulates lAkl < mp/Ve,
. Ae s-(mp/Qe)2 and Ai S (mi/me)(mplﬂe)z, under the condition
c2/V 2 2 |tans| >> 1, (E.14)

the inverse Maxwellian tensor again reduces to (4.61) and in addition

if .
ldw| < ey /c, (E.15)

ez(Ag,Aw) is again determined by (E.10).
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In the regime (4.55), where scattering by electrons is the

dominant process, the conditions (2.104) give a dielectric tensor of

the form (2.106), from which it is seen that n2 >>|eij|, when
- 5.
vS-—Vi(ZiTe/Ti) "Vi’ provided
lak| = (/v )V /e) . (E.16)

When (E.16) is satisfied, the inverse Maxwellian tensor is again given

by (4.61) with-

e (ak,a0) = 1/]ak|2A 2 . (E.17)
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APPENDIX F

APPROXIMATE FORMS OF THE NONLINEAR RESPONSE TENSOR eijz

In this appendix, useful approximate forms of the nonlinear res-

ponse tensor eijl(}g",w';,lg“,w") given by (2.38) and (2.43) are derived.

An alternative form of equation (2.38) can be obtained on

integration by parts:

k', 0" k", 0" = 4mi po} qano" J dBR {J¢d¢v P2(¢")"P2(¢')

€12 'R »¥ 3% v g 02
(0) '
of ) . ' ,
Lo -p +P
rz(v k",w") .__B_i)_’__} 8 j(v k ’w ) ps {J . d¢'vi' e (¢ ) (¢>} )
' | ‘ (F.1)
with quantities defined by (2.39) to (2.41).
Under the condition
o/ k| > v, (F.2)

with @=w'+w" and k = k'+k", the exponential in (F.1) can be.expanded
in powers of k-y/uw and the last integtal in (F.1) can be evaluated

appfoximatelﬁr. To first order in |k||y|/w, this leads to

em(k'._m.,k..,mu) RPN J FEN {Jﬁ’w RZICDE FICH

a m?maﬂa
f(O) ' «¥a .
" ' ' a— 7
grz(v ,k ,w') } sj(v k! ,w ) {Tis + e o Tnn Vo
k. - '
8 o _a
e Tin Tm Vm} ’ (F.3)

, ] o - ad O Phe
where 7, =7, _(w) is given by (4.13) with-e>e and Q0. To - the

lowest order, v.equation (F.3) with (2.37) gives
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1 ] " " 4 ' "
Q,QS, w00 = wzr { i§e) ws sée) (50™)
k! k!
(e) s e) ;pn w" S (e) (@) ;pn
Tij o7 % k",0") +'U-J'r Tys jR, k",w )} s (F.4)

where only electronic contribution is retained.

If, in addition to condition (F.l),

w'/|k'] >V and W"/|K"| << V

. . s (F.5)
imposition of symmetry (2.32) together with (F.4) gives
"o _ ie (e) n @ pn _
Jg(k H'S ) = '_ZmewZ {Tij (w) kS {Esz k", w") Gsz}
up? Ty (e) (e) (e) (o)
+ == {1, () Tes (0') - (w) Ty (w')}} (5.6)

(e)

where €0 is the electronic contribution to the dielectric tensor.

On the other hand, condition (F.2), together with the conditioms,

e/ k] << vV, and W'/ k] > v, (F.7)

gives, on calculating (F.3) and symmetrizing By (2.32),

iew 2 [k
Eij 2(}&",03' ;l&:', oY = —-.——p— {m_s. (e) (LU') (e)( n)

zmewwvwn K] TSj
kl
+ Z,_'ST (e) (™) T, (e) (m ) - Z)-'ST Tsie) (™) ij( )( )
k'
- =1 (e)(w') Ty ( )( ) +_Z)§_T (e)(w) ’l‘ (e)(wu)

o I ORN (e)(w )}, (F.8)

which is the nonlinear response tensor for a cold electronic plasma.
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LIST OF SYMBOLS

All symbols are defined in the text of the thesis at least when
they first occur. Where no ambiguity can arise, a symbol is sometimes
used with another meaning. Those symbols which are used more

extensively are listed below in their usual meanings.

By Background magnetic field (induction)

B Magnetic field (induction)

c Speed of light in vacuo

D Electric displacement

e Electron charge

g? Polarization vector of waves in mode @

E Energy of a particle |

E Electric field

E? Electric field of wave in mode o

fp Electron plasma frequency (Hz)

fu(E) Particle distribution function

FO (k) Energy density flux of waves in mode ¢ in the range

-7 d3k/(2m3¥ at k | |

h - := h/2m, h is Planck's constant

I,(x) Modified Bessel function of the first kind

19 (w, Q) Intensity per unit frequency range

31%(w,0) Emissivity

Qﬂk)w) Current density.

jq(E,w) Current density associated with Thomson scattering

Eﬁ's'(k,w) Current density associated with nonlinear scattering

Js(z) Bessel function of the first kind

k, k, k“ Wave vector, its component perpendicular (l),
parallel (ll) to By

L Length of ray path

L Linear dimension of source

m Mass of particle |

n Harmonic number

n, Number density of particles -

Ps Py P Particle moment, its component perpendicular (L),

parallel (ll) to By
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Time averaged power per unit volume radiated into
waves of mode o ‘

Charge of particle

Position vector

Degree of circular polarization

Solar radius

Harmonic number

Observed energy flux density of radiation
Source function of amplifying layer
Source function of absorbing layer
Time

Time interval

Observed brightness temperature
Source brightness temperature
Temperature (°K)

Streaming velocity

Probability of three-wave interaction

Particle velocity, its component perpendicular (1),
parallel (II) to By

Alfvén speed

Sound speed

Group velocity

Phase velocity

Spatial volume

Thermal velocity of electrons, ions
Probability of wave particle interaction
Probability of Scattering

Energy density in electron plasma waves
Kinetic energy density of plasma particles
Energy density in thermal fluctuations
Energy density in waves of mode ¢

Ratio of electrical to total energy density of waves
in mode o©

1= wpz/w2
t= Qe/m
HE= k.LVJ./QG,

Valency of ions
Particle species

= |v|/c
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Eij Z(,ls,l sWi 5}52 ,W2)
el (}Saw)

2 (A)
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1
:= (1-2)” %, Lorentz factor
Growth or damping rate
Kronecker delta
i = qa/lqul
Linear response (dielectric) tensor

First nonlinear response tensor

1t

KiK3 Eij(k)w)
-)e
e Is(le)

Refractive index

Wave normal angle w.r.t. By
Ray normal angle w.r.t. By
Boltzmann's constant

= 1/ |kl

.= ) 2 . 2
$= (lee/Qe) s (lei/Qi)
Debye length

Coulomb logarithm

.= 2 - h
= (Kin Gij) + Eij(k;w)
:= det{Aij(E,w)}

Cofactor of Aij(h,w)

Trace oflxij(h,w)

Absorption coefficient (in time)

Effective collision frequency

Plasma frequency

Wave mode

Scattering cross-section

Interactibn time

Mean time between collisions

Deflection time of beam

Correlation (phase-shift) time

Optical depth

Particle azimuthal angle, wave azimuthal angle
Angular frequency

Angular frequency of waves in mode o
Electron plasma frequency

Cutoff frequency of 0, X-mode waves
Gyrofrequency

Solid angle subtended by source at observer

Element of solid angle
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