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Abstract

Non-linear systems give rise to a rich array of phenomena including chaos, turbulence,

solitons, and dynamical instabilities. The great degree of experimental control over

Bose Einstein condensates (BECs) makes them a unique tool to study these ubiquitous

processes. Although single isotope BECs offer an ideal system for the study of simple

non-linear physics, dual-component condensates allow the study of even richer coupled

non-linear systems.

This thesis presents experimental results utilising a newly built dual-species
85Rb/87Rb BEC system where the precise manipulation of non-linear interactions is

achieved through a Feshbach resonance. An overview of the experimental apparatus

is given, with a focus on particular improvements and new features in comparison

to previous designs. The BEC machine is capable of creating 2 × 105 and 2 × 106

condensates of 85Rb and 87Rb, respectively, as well as isotope mixtures, with a duty cycle

of 13 s. The minimalist design of the apparatus, focusing on increased optical access

combined with accurate control over the interaction parameters of 85Rb, will open many

avenues for future work.

Utilising the 85Rb system, the behaviour of single component BECs in an optical

waveguide is investigated. Focusing on the propagation of BECs with negative scat-

tering lengths, we observe the formation of soliton trains. Using the nonpolynomial

Schrodinger equation, it is shown that the formation of these trains can be understood

as a manifestation of a modulational instability (MI). A non destructive imaging system,

called shadowgraph imaging, allows multiple images of the stochastically forming

soliton trains in a single run. Subsequently, we make the first real time observation of MI

in a BEC.

Considering the full dual component 85Rb and 87Rb system, a wider variety of cou-

pled non-linear phenomena can be investigated. Crucial to accessing applicable regimes

is the reliable preparation of mixed groundstates in different configurations. We present

a detailed experimental study of phase separated groundstates for the 85Rb/87Rb BEC
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system. It is shown that sensitively tuning the energy scales of the system allows the

creation of a wide variety of immiscible (non-mixed) groundstates to be created. We

demonstrate control over the shape of the interface between immiscible condensates for

a wide range of interaction parameters and isotopes ratios. This work lays a foundation

for future dual-component instability studies.
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Chapter 1

Introduction

THE beautiful simplicity of linear systems, underpinned by the principle of su-

perposition, is dethroned by one disruption: nature is non-linear. However, the

disproportionate response of the over-excitable physical world in which we live is

no inconvenience; rather it is a feature, producing a lavish array of behaviour to be

perceived and comprehended. Even those restricted systems with linearity at their

heart can exhibit non-linear phenomena, with complexity giving rise to non-linear

equations of motion. The subject of this thesis, Bose-Einstein condensates, is one of

the most fantastic manifestations of this. Formulated in the linear world of quantum

mechanics, the assumption of a bulk description for the evolution of many individual

atoms produces a non-linear dynamical system for a macroscopic quantum object.

The same dynamics which give rise to rich behaviour also create substantial math-

ematical difficulties. While the non-linear realm often submits to approximation and

linearisation, it is exactly the cases where this approach fails which elicit seemingly

unpredictable and counter-intuitive results; with an accompanying desire to understand

them.

The foundation of non-linear theory began to be developed by Henri Poincaré in

the late 1800s concerning the three body problem in celestial mechanics [1]. One of

the first people to identify that deterministic systems could exhibit chaotic behaviour,

his work was seminal in the creation of the now extensive chaos theory framework.

Independently, Aleksandr Lyapunov developed a new framework for the study of the

stability of non-linear dynamical systems, not reliant on a reductionist linearisation

approach [2].

With continual advancement of computational infrastructure, numerical methods

became a tractable approach to the study of non-linear systems. Notably, the work

of meteorologist Edward Lorenz in atmospheric modelling showed that even simple

systems could have limits on their predictability [3]. The sensitivity to initial conditions

of a dynamical system became known as "the butterfly effect", a term now ubiquitous
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2 Introduction

enough to spawn a Hollywood film franchise [4]. The treatment of non-linear systems

at a higher global level, often utilising statistical methods, led to the development of an

array of new results in a breadth of areas such as fluid physics, materials science, particle

physics, astrophysics, fibre optics and condensed matter physics.

Despite these new techniques, non-linear systems still remain some of the most dif-

ficult to study, with many open questions. These still fruitful areas are broad reaching,

from the transition from laminar flow to turbulence in fluids [5], the emergence of chaos

in quantum systems [6] and the behaviour of soliton like structures in dissipative systems

[7]. Further afield in chemistry and biology, molecular simulation [8] and biochemical re-

actions [9], remain difficult with current methods. Even the mere existence of solutions to

the Navier-Stokes equations, those that govern the flow of viscous fluids, is still an open

question. Deemed so important, it is the subject of one of the Clay Mathematics Institute

Millennium Problems attracting a one million dollar prize for its solution [10].

1.1 Bose-Einstein condensation

Bose-Einstein condensates (BECs) present a unique platform to investigate the nature

of common non-linear processes. Their theoretical inception by Einstein in 1924 [11],

following the work of Bose [12], brought about a fervour for an experimental observation

of this new state of matter. Combining the de Broglie matter wave with particle statistics,

the creation of such a state occurs when a Bose gas is cooled until a large fraction of atoms

fall into the lowest quantum state. The critical temperature of this transition for dilute

gases [13]:

Tc = 3.31
h̄2n2/3

mkB
, (1.1)

where n is the particle density, kB is the Boltzmann constant, and m is the atomic mass,

is very near absolute zero. It would not be until significant new cooling and trapping

techniques for neutral atoms were developed that the search would be satiated in 1995.

First produced in a dilute gas of 87Rb atoms cooled to 170 nK [14], the technological

developments led to the awarding of two related Nobel prizes [15–17]. BEC production

relies heavily on laser cooling, and the increasing availability of various laser wave-

lengths has made the cooling of a large number of atomic species possible. All alkali

metals except radio-active Francium [14, 18–23], two alkali earth metals (40Ca and 84Sr)

[24, 25], as well as 174Yb [26], 52Cr [27], 164Dy [28], 168Er [29], 1H [30] and He* [31], have

all been cooled to BEC.
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More importantly, the field of BEC now contains a myriad of different applications.

Having demonstrated macroscopic interference [32] and quantum superposition over

0.5 m [33], BECs have been proposed as a mechanism to test wavefunction collapse [34].

They have also been used to investigate quantum tunnelling and reflection [35–38], with

the possibility to create the matter wave equivalent of Fabry-Perot cavities [39]. With

BECs recently demonstrated in microgravity [40], their ability to make high precision

inertial measurements [41, 42] has prompted great interest in future tests of the weak

equivalent principle [43], quantum gravity [44], and gravitational wave detection [45].

The governing equations behind the behaviour of BECs, combined with the highly

configurable nature of experimental BEC apparatus, give them the ability to mimic the

behaviour of often inaccessible or unmeasurable dynamics, making them a unique tool

to create analogue systems. Proposed BEC models include gravitational effects such as

relativity and wormholes [46–48], quantum gravity [49, 50] and have even led to the

first experimental observation of analogue Hawking radiation [51]. The potential for

quantum simulations of many body states to be simulated on timescales much faster

than current numerical methods [52] is of great interest to condensed matter physics and

is an exciting future area of research.

1.2 Atom interactions and the non-linear Schrödinger equation

The interactions due to atomic scattering in a BEC manifest themselves as a non-linear

term in the dynamical equation, forming the well known non-linear Schrödinger equa-

tion (NLSE). Given in its simplest 1D form:

i
∂ψ

∂t
= −1

2
∂2ψ

∂x2 + κ|ψ|2ψ, (1.2)

with the non-linearity parameter κ, the NLSE describes the evolution of many systems

including fibre optics, plasma oscillations, water waves and ionosphere waveguides

[53–56]. The associated non-linear phenomena of the NLSE are global in nature, with

exotic objects such as solitons, breathers, rogue waves, shock waves, chaos and instabili-

ties existing across a range of systems [57–65]. BECs possess several unique aspects that

make them ideal candidates for the study of these. Firstly, unlike fibre systems where

the non-linearity parameter is fixed, both the strength and sign of the non-linearity

can be dynamically altered in a BEC through a magnetic Feshbach resonance [23].

Secondly, highly configurable confinement can be applied with relative ease. Finally,

non-destructive imaging methods make real time observation of dynamical processes

possible, giving the ability to study stochastic events.
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Bose-Einstein condensates have thus far been used to observe bright and dark

solitons as well as their excited breathing states [66–69], several dynamical instabilities

including modulational instability (work presented in Chapter 5) [70–72], shock waves

[73] and the onset of turbulence [74–76].

Two-component mixtures of condensates, comprised of coupled NLSEs, offer an

even richer system and there has been significant recent interest in a wide variety of

coupled non-linear phenomena: quantum turbulence and superflow [77–80], capillary

instabilities [81], dark soliton decay [82], the onset of quantum chaos [83] and skyrmion

collisions [84]. These experiments require accurate control of the initial ground state

condition and the boundary between components, a prime motivating factor of the work

presented in Chapter 6.

1.3 Outline of this thesis

This thesis is written with a focus on experimental work in the creation of an entirely

new dual-species 85Rb/87Rb BEC apparatus and the use of atom interactions to inves-

tigate non-linear effects. The following chapters of this thesis are divided into three parts:

Part I: "The theory of light and atoms" presents an introduction to the background

material necessary for experimental work in the following two parts. Chapter 2 intro-

duces the two level atom and builds relevant concepts for the control, trapping and

imaging of atom ensembles. Chapter 3 introduces the theoretical BEC with a focus on the

tools necessary to control atom-atom interactions and create exotic non-linear processes.

Part II: "Making a Dual-Species Bose-Einstein Condensate" details the experimental

work comprising the creation of the dual-species 85Rb and 87Rb apparatus. This unique

machine was purpose designed to be highly configurable and act as an indispensable test

bed for future experiments in dual component condensates, non-linear stability, optically

guided atoms, and non-destructive observation of quantum tunnelling. The chapter

presents a detailed experimental view of the improvements, difficulties and subtleties of

this particular apparatus compared to previous works. This part is concluded with an

outlook on the versatility and future of the machine.

Part III: "Controlling Atom Interactions" presents experimental results utilising the

control of atom interactions present in the dual-species 85Rb/87Rb system. Chapter 5
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presents the first real time observation of the non-linear process known as modulational

instability in a BEC. Utilising a new non-destructive imaging technique, called shad-

owgraph imaging, we demonstrate that the breakup of soliton-like BECs in an optical

waveguide into several spatial components can be understood in the framework of the

nonpolynomial Schrödinger equation (NPSE). The statistics of the stochastic nature of

this system are used to show that the underlying mechanism is modulational instability.

Chapter 6 presents a detailed experimental study of phase separated groundstates

in a 85Rb /87Rb mixture. We demonstrate the ability to reliably produce a range of

groundstate configurations by controlling the intraspecies scattering length of 85Rb,

together with the isotope ratio. The curvature of the phase boundary between isotopes is

shown to be a good categorisation of these states, with good agreement to accompanying

numerical simulations. The dependence of this new measure on the scattering length and

isotope ratios is shown to obey a power law which does not agree with simple energetic

comparisons. This chapter concludes with an outlook of how these reproducible and

well categorised groundstates enable experimental access to a range of theoretical results.

The thesis concludes in Chapter 7 with a summary of the presented work, and an

outlook for the future directions of research.
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The Theory of Light and Atoms
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Chapter 2

Atom Light Interactions

Atom-light interactions provide a high degree of control over atomic ensembles. This

chapter presents a brief introduction to atom-light interactions through the simple model

of a two-level atom interacting with a classical light field. From this model the opti-

cal Bloch equations are generated, including the affects of spontaneous emission. We

then use this model to elucidate concepts related to the trapping of ultra-cold atoms, fo-

cusing on the optical dipole force generated inside Gaussian and non-diffracting Bessel

laser beams. The same equations are then used to develop the framework needed to im-

age these trapped and cooled clouds, including a non-destructive shadowgraph imaging

technique used subsequently in Chapter 5. Finally, the effects of external magnetic fields

on atomic spectra are discussed, a feature used to precisely calibrate magnetic fields ap-

plied to the atoms in later chapters.

2.1 Two-level atom

The predominant use of alkali metals in BEC physics comes as no surprise; having only

a single valence electron in the outer shell gives rise to a relatively simple level structure.

With almost closed optical cycles they are well modelled by a simple two-level atom, with

a small number of necessary repumping lasers treated as a technical detail. The coupling

of this two-level atom to a radiative field is the foundation for the experimental detail

behind optical cooling, trapping and imaging. The ubiquitous nature of this system has

resulted in a plethora of detailed texts, with some of the writers’ favourites given for the

interested reader [85, 86].

2.1.1 Semi-Classical Approach

For most applications to ultra-cold atoms the radiative driving field is strong in compar-

ison to its depletion by the atomic field. The semi-classical approach treats the radiative

field as a classical wave, with the atom treated quantum mechanically.

We treat the two-level atom as having two eigenstates |g〉 and |e〉 (ground and excited

9
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Figure 2.1: Level diagram of a two level
atom with resonance ω0, coupling to a
radiative driving field of frequency ω
with detuning ∆. Also shown is the
spontaneous decay pathway from |e〉 to
|g〉 .

|g

|e

ω0

ω

Δ

states, respectively), with the level separation equal to h̄ω0 as in Figure 2.1. The atomic

Hamiltonian is:

Ĥatom =
1
2

ω0h̄ (|e〉 〈e| − |g〉 〈g|) . (2.1)

The radiative driving field, detuned ∆ from the atomic resonance, is given by:

E(t) = E0 cos (ωt + φ), (2.2)

where ω = ω0 + ∆ and E0 is the amplitude vector of the field. The interaction Hamilto-

nian is given by:

Ĥint = d̂ · E(t), (2.3)

where d̂ = er̂ is the dipole operator. Assuming the two-level atom has no permanent

dipole moment, the interaction can be purely described by the off-diagonal entries of

dij = 〈i| d̂ |j〉:
Ĥint = h̄Ω cos(ωt + φ) (|g〉 〈e|+ |e〉 〈g|) , (2.4)

with the Rabi frequency defined as Ω = 1
h̄ dge · E0 giving the rate at which the system

cycles between the two states with resonant driving. For the linearly polarised case, the

Rabi frequency reduces to Ω = 1
h̄ eXge|E0|, with Xge = 〈g| x̂ |e〉. The Schrödinger equation

then describes the evolution of this system:

ih̄
∂ |Ψ(t)〉

∂t
= Ĥ |Ψ(t)〉 , (2.5)

with the Hamiltonian Ĥ = Ĥatom + Ĥint. To simplify the solution we make a transfor-

mation to the interaction picture, first writing Ĥ in its time dependent and independent
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parts:

Ĥ =
h̄ω

2
(|e〉 〈e| − |g〉 〈g|)︸ ︷︷ ︸

Ĥ0

+
h̄∆
2

(|g〉 〈g| − |e〉 〈e|) + h̄Ω
2

(
ei(ωt−φ) + e−i(ωt−φ)

)
(|e〉 〈g|+ |g〉 〈e|)︸ ︷︷ ︸

V̂

(2.6)

The transformation into the rotating frame of the interaction picture is completed with

the unitary operator, V̂1 = eiĤ0t/h̄V̂e−iĤ0t/h̄, giving the interaction picture Hamiltonian (in

matrix form):

V̂1 =
h̄
2

 ∆ Ωeiφ
(

1 + e−2i(ωt+φ)
)

Ωe−iφ
(

1 + e2i(ωt+φ)
)

−∆

 (2.7)

The rapidly oscillating terms will average quickly over any appreciable timescale and so

we can make the rotating wave approximation where e2iωt → 0:

V̂1 =
h̄
2

(
∆ Ωeiφ

Ωe−iφ −∆

)
. (2.8)

The Schrödinger equation in the interaction picture ih̄ ∂|Ψ〉
∂t = V̂1 |Ψ〉 allows us to write

down the evolution of a general state |ΨI〉 = cg(t) |g〉+ ce(t) |e〉:

2i
∂cg(t)

∂t
= ∆cg(t) + Ωe−iφce(t) (2.9)

2i
∂ce(t)

∂t
= Ωeiφcg(t)− ∆ce(t) (2.10)

The solution to these coupled differential equations for the population in the excited state,

given an initial ground state occupation, is:

|ce(t)|2 =
Ω2

Ω̃2
sin
(

Ω̃t
2

)
, (2.11)

where Ω̃2 = Ω2 + ∆2 is the generalised Rabi frequency at which the system undergoes

Rabi flopping; a full oscillation between the excited and ground states.

2.1.2 The optical Bloch equations

Thus far we have ignored the effects of spontaneous emission in the two level atom. The

optical Bloch equations allow a succinct way of including this damping of the classical
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dipole. To derive these equations we start from the density matrix for our two level

system:

|ΨI〉 〈ΨI | =
(∣∣cg

∣∣2 cgc∗e
cec∗g |ce|2

)
=

(
ρgg ρge

ρeg ρee

)
, (2.12)

then make a change of variable such that ρ̃ge = ρgee−i∆t and ρ̃eg = ρegei∆t. The Heisenberg

equations of motion gives:

ρ̇gg =
i
2
(
Ω∗ρ̃eg −Ωρ̃ge

)
,

ρ̇ee = −
i
2
(
Ω∗ρ̃eg −Ωρ̃ge

)
,

˙̃ρge = −i∆ρ̃ge +
i
2

Ω∗
(
ρee − ρgg

)
,

˙̃ρeg = i∆ρ̃eg −
i
2

Ω
(
ρee − ρgg

)
, (2.13)

where we note that ρ̇gg = −ρ̇ee and ˙̃ρge = ˙̃ρ∗eg. Taking advantage of these symmetries, we

can define the parameters of the familiar Bloch vector a = (u, v, w):

u = ρ̃ge + ρ̃eg, (2.14)

iv = ρ̃ge − ρ̃eg, (2.15)

w = ρgg − ρee. (2.16)

The simplified set of equations in terms of these parameters give us the undamped optical

Bloch equations (also known as the Maxwell-Bloch equations):

u̇ = ∆v, (2.17)

v̇ = −∆v + Ωw, (2.18)

ẇ = −Ωv. (2.19)

The inclusion of spontaneous decay into these equations is achieved with the phe-

nomenological inclusion of a damping term with decay rate Γ into Equation (2.13):
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ρ̇gg =
i
2
(
Ω∗ρ̃eg −Ωρ̃ge

)
+ Γρee,

ρ̇ee = −
i
2
(
Ω∗ρ̃eg −Ωρ̃ge

)
− Γρee,

˙̃ρge = −i∆ρ̃ge +
i
2

Ω∗
(
ρee − ρgg

)
− Γ

2
ρeg,

˙̃ρeg = i∆ρ̃eg −
i
2

Ω
(
ρee − ρgg

)
+

Γ
2

ρeg, (2.20)

giving the complete optical Bloch equations:

u̇ = ∆v− Γ
2

u, (2.21)

v̇ = −∆v + Ωw− Γ
2

v, (2.22)

ẇ = −Ωv− Γ(w− 1). (2.23)

After a driving field is switched on and transient behaviour (a timescale on the order

of 1/Γ) has decreased, the time derivatives approach u̇ = v̇ = ẇ = 0. Solving the

resulting linear system of equations gives the steady state solution:


u

v

w

 =
1

∆2 + Ω2

2 + Γ2

4


Ω∆
ΩΓ
2

∆2 + Γ2

4

 (2.24)

2.2 Forces on the Atom

The dipole moment induced on an atom by an electric field is given by:

p = αE (2.25)

where α = ε0χa is the polarisability. The dipole moment can be written down in terms

of the Bloch vector variables u and v (Equation (2.14) and 2.15), giving in-phase and in

quadrature components for the rotating frame, which assuming an electric field polarised

in the x̂ direction gives:

p = −eXge (u cos(ωt)− v sin(ωt)) x̂. (2.26)

The potential U(r) formed from the interaction of this dipole with the driving field

allows the force on the atom to be calculated:
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U(r) = −1
2

er · E (2.27)

F(r) = −∇U(r), (2.28)

with the z component of the force given by:

Fz = −ex
(

∂E0

∂z
cos(ωt− kz) + kE0 sin(ωt− kz)

)
. (2.29)

The timescale of the electric field oscillations is fast compared to the physical response

of the atom for typical field magnitudes, so we may take a time average over one driving

field cycle:

F̄z = −
eXge

2

(
u

∂E0

∂z
− vE0k

)
(2.30)

=
h̄kΓΩ2

4
1

∆2 + Ω2

2 + Γ2

4︸ ︷︷ ︸
Fdipole

+
h̄∆Ω

2
1

∆2 + Ω2

2 + Γ2

4

∂Ω
∂z︸ ︷︷ ︸

Fscatt

(2.31)

where we have labelled the force from the in-phase component of the dipole as the dipole

force, and the quadrature component as the scattering force.

2.2.1 Dipole Force

The potential that gives rise to the dipole force is proportional to the intensity of light and

can be written neatly in terms of experimental quantities [87]:

Udipole(r) = −
3Γλ2λ4

0

16c2π3(λ2 − λ2
0)

I(r) (2.32)

with the scattering rate found by dividing Fscatt by the photon momentum h̄k :

Γscatt(r) = −
3Γ2λλ8

0

16c3h̄π4(λ2 − λ2
0)

2
I(r) (2.33)

For cases where the laser detuning from the atomic resonance is large, such that the

scattering rate drops towards zero, then a purely conservative potential is formed. This

potential is the basis for optical dipole traps (also known as optical tweezers). Current

cooling techniques require high optical powers to form deep traps with large volumes for

atomic samples. The development of relatively high power fibre amplified laser systems,

such as those used in manufacturing, has made optical dipole trapping ubiquitous with

cold atom and BEC physics. Typically these traps are formed by combining more than



2.2 Forces on the Atom 15

one Gaussian laser beam into a crossed dipole trap.

Gaussian Beams

The ease with which Gaussian beams can be focused makes them an obvious choice for

the formation of optical traps. For lasers with a high M2 value, most of the optical power

will be utilised to form the trap.

The electric field of a Gaussian laser beam propagating along the ẑ direction and po-

larised in the x̂ direction is:

Ê (r, z) = x̂

√
2Pw0

π

1
w(z)

Re
[

exp
( −r2

w(z)2 + ikz +
ikr2

2R(z)
+ iζ(z)

)]
(2.34)

With r2 = x2 + y2, w(z) = w0
√

1 + (z/zR) (beam width), R(z) = z
(
1 + (zR/z)2)

(wavefront curvature), ζ(z) = tan−1(z/zR) (Gouy phase). Here z and r are the axial and

radial distance from the waist respectively, P is the beam power, w0 is the beam waist, k

is the wavenumber and zR is the Rayleigh length.

For a single beam the optical potential is proportional to the intensity of light

(Equation (2.32)). When combining multiple beams the interference effects in the elec-

tric field are important to consider, such as the case for optical lattices. These small scale

variations in the intensity fields are undesirable for voluminous optical traps but can

be mitigated in two ways. Firstly, lasers with a broad linewidth can be used such that

high frequency spatial variations average out. Secondly, lasers with significantly differ-

ing wavelengths can be used, creating a fast moving travelling wave that becomes time

averaged away for the slow moving atoms. Keeping these considerations in mind, the

intensity field of a Gaussian beam can be used to model the potential:

IGaus(x, y, z) =
2P

πw(z)2 exp

(
−2

(
x2 + y2)
w(z)2

)
. (2.35)

Let us consider the form of the resulting trap by making a series expansion around

the centre along the x direction:

Udipole(x) = Cd IGaus(x, 0, 0) (2.36)

= Cd
2P

πw2
0

exp
(−2x2

w2
0

)
(2.37)

= Cd
2P

πw2
0

(
1− 2

w2
0

x2 +O(x4)

)
, (2.38)
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where Cd is the constant in Equation (2.32). Up to third order the trap is well approxi-

mated by a harmonic potential of the form:

V(x) =
1
2

mω2
xx2, (2.39)

where m is the mass of the atom and ωx is the harmonic trapping frequency in the x

direction. Solving gives a trapping frequency of:

ωx = 2

√
Cd2P
πmw4

0
. (2.40)

This approximation assumes the centre of the trap is formed at the centre of the op-

tical potential. The introduction of a gravitational term to a harmonic trapping potential

creates a sag in the trap:

V(y) =
1
2

mω2
yy2 −mgy (2.41)

=
1
2

mω2
y

(
y− g

ω2
y

)2

− 1
2

m
g2

ω2
y

, (2.42)

where y0 = g
ω2

y
. Now consider a dipole beam placed horizontal with gravity in the ŷ

direction. We make an expansion around y0 in the ŷ direction:

U(x, y, z) = Cd IGaus(x, y, z)−mgy (2.43)

= gmy0 + gm(y− y0)

+

(
Cd

2P
πw2

0
e
−2y2

0
w0

)(
1− 4y0

w2
0
(y− y0)−

2
w4

0

(
w2

0 − 4y0
)
(y− y0)

2
)
+ O(y)3.

(2.44)

Taking the quadratic term we can find the adjusted trapping frequency by setting it equal

to Equation (2.39):

ω∗y = 2

√
Cd2P
πmw4

0
e−y2

0/w2
0

√
1− 4y2

0/w2
0. (2.45)

For deep traps, the sag is much less than the width of the laser beam y0 � w0, so
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making a series expansion around y0/w0 the adjusted trapping frequency reduces to:

ω∗y = 2

√
Cd2P
πmw4

0

(
1− 3

y2
0

w2
0
+ O(

y0

w0
)4
)

(2.46)

ω∗y ≈ ωy

(
1− 3

g2

ω4
yw2

0

)
. (2.47)

Bessel Beams

Although using Gaussian beams is optically simple when creating dipole traps, their use

for the optical guiding of atoms is limited by the Rayleigh length, zR =
πw2

0
λ . Beyond

this length, the intensity of the central peak rapidly drops, and the waist increases. An

alternative option is to use a non-diffracting Bessel beam. Consider the electromagnetic

wave equation:

(
∇2 − 1

c2
∂2

∂t2

)
E(r, t) = 0, (2.48)

with the corresponding solution propagating in the ẑ direction [88]:

E(x, y, z > 0, t) = ei(βz−ωt)
∫ 2π

0
A(φ) exp (iα(x cos φ + y sin φ) dφ, (2.49)

where β2 + α2 = (ω/c)2 and A(φ) is a complex function. When β is real, it represents a

wave vector parallel to the propagation direction and the time averaged intensity (found

by integrating over) becomes a function of only x and y:

I(x, y, z > 0) =
ε0

2
|E(x, y, z > 0, t)|2 (2.50)

=
ε0

2

∣∣∣∣∫ 2π

0
A(φ) exp (iα(x cos φ + y sin φ) dφ

∣∣∣∣2 (2.51)

= I(x, y, z = 0). (2.52)

Thus our solution is a non-diffracting field along ẑ. The case where we also have az-

imuthal symmetry, where A(φ) is a constant, reduces to:

E(x, y, z > 0, t) = ei(βz−ωt) J0
(
α(x2 + y2)

)
, (2.53)

where J0 is the zeroth-order Bessel function of the first kind. A beam of this kind would

require infinite power to generate all the lobes in the Bessel function. However, an ap-

proximately non-diffracting beam can be created by passing a Gaussian beam through

a conical lens called an axicon. Figure 2.2 shows a Gaussian beam passing through an
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axicon with conical angle α. The intensity of the resulting beam in the near field (z < f2

and r′ < D/2) is given by [89]:

α

β

f2

D

(r,z)(r')

I0=A  exp(-r’2/D)

Figure 2.2: A Gaussian beam passes through an axicon with refractive index n and conical angle
α. In the region 0 < z < f2 a non-diffracting Bessel beam is created.

I(r, z) = I0(r′)r′
2πk sin β

cos2 β
J0(kr sin β)2, (2.54)

where β = arcsin(n sin(α) − α) is the divergence angle of the generated conical rays

and I0(r′) is the intensity of the incoming beam at r′ = z tan(β) + r. For a Gaussian

beam with diameter D we take I0 = Ae−2r′2/D. The depth of field where the beam

remains non-diffracting is f2 = 1
2 D cot(β). This beam generates a trapping potential in

the central Bessel lobe with an unchanging width, ideal for the optical guiding of cold

atoms (Figure 2.3).

2.3 Imaging

As we will see in Chapter 3, the density of a BEC gives a direct method by which to

measure the magnitude of a macroscopic wavefunction. Spatially resolved detection of

the density is straightforward due to the polarisability of the atoms. The interaction of

the atomic clouds with a probe beam can be described by the refractive index [86]:

n =
√

1 + 4πχa ≈ 1 + 2πNα. (2.55)

Ideally, a closed two-level transition would be used to image the atom cloud; this can

be approximated by keeping the exposure time short. The refractive index can then be

described by the cross-section with corresponding real and imaginary parts:

n(r) = 1 +
σ0λρ(r)

4π

(
i

1 + (2∆/Γ)2 −
2∆/Γ

1 + (2∆/Γ)2

)
(2.56)
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Figure 2.3: Theoretical Bessel beam for parameters D =1 mm, k = 2π×1064 nm, n = 1.458 and
α =0.5◦. a) Radial intensity (mirrored around r = 0) of the Bessel beam as a function of distance
from the axicon. b) Image of Bessel beam intensity at z = f2.

where ρ(r) is the atomic density and σ0 = 3∗λ2/(2π). The factor of Three-Star (3*) is de-

pendent on the polarisation of light and must be chosen carefully [90]. For a probe beam

traveling in the ẑ direction and an optically thin sample such that we can approximate

the refractive index from the column densities of the sample (ρ̄(x, y) =
∫

ρ(x, y, z)dz), the

electric field after interaction with the atoms is:

E(x, y) = E0 exp
(

2π

λ
(n(x, y)− 1)

)
(2.57)

= E0t(x, y)eiφ(x,y), (2.58)

with:

t(x, y) = exp
(
− σ0ρ̄(x, y)

2(1 + (2∆/Γ)2)

)
(2.59)

φ(x, y) =
σ02∆ρ̄(x, y)

2Γ(1 + (2∆/Γ)2)
. (2.60)

t(x, y), and φ(x, y) are the transmission and phase shift of the probe beam, respectively.

2.3.1 Absorption Imaging

Absorption imaging relies only on the absorption of a probe beam as it passes through

the atoms. Due to the Beer-Lambert law and assuming near resonant operation, the trans-

mitted intensity becomes:

I(x, y) = I0(x, y) exp
(
− σ0ρ̄(x, y)

2(1 + (2∆/Γ)2)

)
. (2.61)
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Rearranging:

ρ̄(x, y) =
2(1 + (2∆/Γ)2)

σ0
ln
(

I0(x, y)
I(x, y)

)
. (2.62)

The atomic column density is thus found by taking two images, one with the absorp-

tion from the atoms, and another background image. Absorption imaging is particularly

robust for atom counting since it is independent of the incoming light intensity. This

method, however, is completely destructive due to the large number of scattering events.

After each image, an entirely new atomic sample must be prepared.

2.3.2 Dispersive Imaging

Utilising the dispersive element (φ(x, y)) of the refractive index allows the destructive

nature of absorption to be minimised, while still extracting reliable spatial information

of the density. Moving the probe beam away from resonance, the scattering rate

(Equation (2.33)) reduces to zero faster than the dispersive signal (Figure 2.4).

1
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Δ (half linewidths)

Figure 2.4: Complex and imaginary contributions to the atomic refractive index. The dispersive
component has a slower scaling with ∆, leading to viable signals at larger detunings where the
destructive transmissive signal drops towards zero.

A number of non-destructive dispersive imaging techniques have been developed

for BECs. Dark ground imaging, where the non-diffracted beam of light is blocked by a

spatial Fourier filter, was one of the first implementations [91–93]. A small improvement

on the imaging signal is achieved with phase contrast imaging, where a phase dot

is used to interfere the diffracted and non-diffracted signals [94, 95]. Each of these

techniques require precise alignment of the Fourier filters, necessitating specialised

beam paths if these methods are used. Faraday imaging utilises the vector part of the
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atom-light interaction where birefringence in the atoms induces a phase shift on only

one polarisation [96–98]. This method requires an applied magnetic field, which may

already be limited by accessing a Feshbach resonance. Off-axis holography is a relatively

new technique exploiting heterodyne gain to increase the signal, however this requires

the use of an additional reference beam [99].

A simple alternative to these approaches is shadowgraph imaging. Typically applied

to flow visualisation in gas or liquids, it can be achieved with few materials such as

a smartphone and a bright torch [100]. Applied to cold atoms, no alterations to an

existing absorption setup are required, allowing the dual use of imaging paths [101]. In

Chapter 5 we utilise this new non-destructive technique to make the first observation of

modulational instability in a BEC.

Assuming that we have an optically thin sample with sufficient detuning that the

absorption is flat across the extent of the image, then the propagation of light after the

sample is given by Fresnel propagation:

Iz(r) =
∣∣∣eiφ(r) ∗ Pz(r)

∣∣∣2 , (2.63)

with the Fresnel propagator:

Pz(r) = −
i

λz
eiπ(|r|2)/(λz), (2.64)

where z is the distance from the sample and ∗ is the linear 2D convolution. The form of

this propagation is simplified in Fourier space where:

F [Pz](kr) = eiπλz(|kr|2), (2.65)

with kr the spatial frequency. Equation (2.63) then becomes:

F [Iz](kr) =
∫

dr
∣∣∣eiφ(r− λzkr

2 )
∣∣∣2 e−2πir·kr (2.66)

For small z as in the case of near field imaging, we may linearise Equation (2.66)

function around z = 0 and then transform back to spatial co-ordinates:

Iz(r) = I0(r)−
λz
2π
∇ (I0(r)∇φ(r)) (2.67)

Again we can make an approximation using near field imaging whereby Iz(r)− I0(r) u
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z ∂I0(r)
∂z to arrive at the transport of intensity equation:

−2π

λ

∂I0(r)
∂z

= ∇ · I0(r)∇φ(r). (2.68)

In practice, as a camera cannot be place in the near field, the image is re-imaged with

an additional lens external to the vacuum. In the limit of large detunings, where the

absorption signal drops towards zero, an expression for the density can be recovered:

ρ̄(r) = −4πΓ(1 + (2∆/Γ)2)

2σ0∆
1

λz
∇−2

(
Iz(r)
I0(r)

− 1
)

(2.69)

Although the solution to the inverse Laplacian is ill-posed with only a single image at z,

it can be solved with a Fourier method assuming appropriate boundary conditions:

∇−2 f (R2 → R) =
1

4π
F−1

[
1

|kr|2 + ε
F [ f ]

]
, (2.70)

where ε is a regularisation parameter in order to avoid the complex pole at the origin.

2.4 Hyperfine Splitting

Hyperfine structure in atomic spectra arises from the coupling of an electron’s total an-

gular momentum J and the total nuclear angular momentum I. J is given by the sum of

the orbital and spin angular momentum (L and S respectively). The total atomic angular

momentum is:

F = J + I; where |J − I| ≤ F ≤ J + I. (2.71)

The resulting hyperfine structure Hamiltonian is:

Hhfs = AhfsI · J + Bhfs
3(I · J)2 + 3

2 (I · J)− I(I + 1)J(J + 1)
2I(2I − 1)J(2J − 1)

+ Chfs f (I, J) (2.72)

Where Ahfs, Bhfs and Chfs are the magnetic dipole, electric quadrupole and magnetic oc-

topole constants. The function f (I, J) can be found in [102]. Considering only the mag-

netic dipole contribution, as is the case with J = 1/2 levels, the energy shift due to this

interaction is:

∆Ehfs =
1
2

AhfsF(F + 1)− I(I + 1)− J(J + 1). (2.73)

Each of the hyperfine levels with total atomic angular momentum F are composed of

2F + 1 degenerate magnetic sublevels. The degeneracy can be lifted by the application of

a magnetic field. Taken along the ẑ direction, the Hamiltonian describing the interaction
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of the atom with this field is:

HB =
µB

h̄
(gSSz + gLLz + gI Iz) Bz, (2.74)

where gs is the electron spin, gL is the electron orbital and gI is the nuclear Landé factor.

In cases where the splitting due to the magnetic field is much smaller than the fine struc-

ture, the total electron angular momentum is still a good quantum number (J remains an

eigenvalue of the system). The Hamiltonian reduces to:

HB =
µB

h̄
(gJ Jz + gI Iz)Bz (2.75)

where gJ is the fine structure Landé factor. Although approximate solutions are available

for splittings much smaller than the hyperfine levels, the intermediate regime requires

numerical diagonalisation of the total Hamiltonian Hhfs + HB. For the special case of

J = 1/2 (as in the case of the groundstate manifold of the D transition in 85Rb and 87Rb)

an exact solution is given by the Breit-Rabi equation:

E|J=1/2,mJ ,I,mI〉(B) =
∆Eh f s

2(2I + 1)
+ µBgImB± Eh f s

2

√
1 +

4mx
2I + 1

+ x2, (2.76)

with

x =
(gJ − gI)µBB

∆Eh f s
and ∆Eh f s = Ah f s(I + 1/2).

In practice, numerically solving the full Hamiltonian avoids the sign ambiguity in the

∆Hh f s term.
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Chapter 3

Background: Bose-Einstein

Condensates

The state of matter known as a Bose-Einstein condensate is perhaps one of the most

widely recognised manifestations of quantum mechanics in a macroscopic object. Con-

sisting of a dilute gas of bosons existing at close to absolute zero, where a large number of

individual particles occupy the lowest energy state, their behaviour becomes governed

by a single effective wavefunction (the order parameter). In this chapter we give a con-

densed theoretical overview of interactions in a BEC. Starting with the Gross-Pitaesvskii

equation (GPE), the governing equation for the behaviour of interacting BECs, we then

introduce the fundamental tool used in later chapters to control the non-linear behaviour

of condensates: the Feshbach resonance. Next, the GPE is transformed into it’s hydrody-

namic form to analyse the collective oscillation modes of trapped BECs. Experimentally

exciting these modes is used as an accurate method to probe the shape of the optical po-

tentials confining the atoms in Chapter 4. The non-linear object known as a soliton is also

introduced through an energy functional analysis. Then, an explanation of a non-linear

process, and the subject of Chapter 5, modulational instability, is given. Finally, the cou-

pled GPE for two component BEC systems is presented and a simple derivation is given

for the miscibility criteria of such mixed condensates, which is the starting point for the

experimental work in Chapter 6. The reader would be well served by [13] as a starting

point for further study.

3.1 Gross Pitaesvskii Equation

A non-interacting Bose gas, with all atoms in the single particle ground state (φ0), can be

described by the product of these states:

Ψ(..., ri, ...) = ∏
i

φ0(ri), (3.1)

where
∫

dri|φ(ri)|2 = 1. When considering the inclusion of an inter-particle interaction,

the diluteness (low-densities) and low temperature of the system, allows a two body

25
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contact potential to be assumed:

Vscatt(ri − rj) = gδ(ri − rj), (3.2)

where g = 4πh̄2as/m is the interaction strength with as the inter-particle s-wave scatter-

ing length. The effective Hamiltonian of this system is then:

H = ∑
i

(
p2

i
2m

+ V(ri)

)
+ g ∑

i<j
δ
(
ri − rj

)
, (3.3)

where V(r, t) is the trapping potential. The energy of Equation (3.1) can be written by

finding the expectation value of this Hamiltonian, and with the introduction of the wave-

function for the condensed state ψ(r) = N1/2φ(r), this becomes:

E(ψ) =
∫ ( h̄2

2m
|∇ψ(r)|2 + g

2
|ψ(r)|4 + V(r)|ψ(r)|2

)
, (3.4)

Minimizing this subject to the constraint that the total number of particles is constant

with N =
∫

dr|ψ(r)|2, gives the GPE [103]:

ih̄
∂Ψ(r, t)

∂t
=

(
− h̄2

2m
∇2 + V(r, t) + g|Ψ(r, t)|2

)
Ψ(r, t) (3.5)

Under this framework the condensate density is simply ρ(r, t) = |Ψ(r, t)|2, allow-

ing direct measurements of the magnitude of the condensate wavefunction with rela-

tively simple imaging techniques. Being a particular form of the ubiquitous non-linear

Schrödinger equation (NLSE), combined with well developed experimental control over

the trapping potential and scattering length, BECs have become a powerful tool in the

quantum workshop.

3.2 Feshbach Resonance

The non-linear parameter in the GPE, g ∝ as, governs the behaviour of the BEC due

to repulsive (g > 0), attractive (g < 0) or vanishing (g = 0) inter-atomic interactions.

Although different atomic elements and species allow us access to varying scattering

lengths, it is difficult to swap sources in a BEC apparatus. Furthermore, it is challenging

to create an ultra cold atomic source without favourable scattering properties. Instead,

the scattering properties, arising from the atom’s internal structure, can be controlled

with an external field through a Feshbach resonance.

A Feshbach resonance occurs during atom scattering events when the incoming col-
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bound state

closed channel

open channel

r

E

E
k
+V(r)

Figure 3.1: Diagram of a Feshbach res-
onance showing the energy of differ-
ent states (E) with atom separation (r).
An open channel collision (where all
bound states exist below the scatter-
ing energy) and a nearby closed chan-
nel bound state can drastically alter the
scattering cross section. Tuning the en-
ergetic separation of these two states
with an external field can allow di-
rect control over the s-wave scattering
length.

lision energy is close to that of a bound state in another channel (usually an electronic

internal state) as in Figure 3.1. Temporary coupling to this ’closed’ channel causes the

collision dynamics to be drastically altered and hence the scattering length can be ma-

nipulated. Feshbach resonances typically utilise magnetic fields to alter the energy of

the internal bound state, however optical resonances have also been previously used

[104, 105]. The variation of as due to a magnetic Feshbach resonance is given by:

as = abg

(
1− ∆

B− B0

)
, (3.6)

where the background scattering length (abg), width (∆) and centre (B0) are usually

experimentally constrained values.

In the case of 85Rb, a Feshbach resonance exists for atoms in the |F = 2, mF = −2〉 hy-

perfine state. Figure 3.2 shows the variation of scattering length with applied DC mag-

netic field. With parameters abg = −443a0, ∆ = 10.7G and B0 = 155.04G [106], the zero

crossing magnetic field (165G) is easily accessible and the width makes accurate control

(< 0.1a0) over the scattering length feasible.

3.3 Collective Oscillations

Low energy excitations manifest themselves as collective oscillations of the condensate

wavefunction around equilibrium. A number of theoretical approaches have been

developed [103, 107–109] —here we discuss the hydrodynamic theory.
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Figure 3.2: Response of the 85Rb self scattering length across the Feshbach resonance at 155G. A
convenient zero-crossing is found at 165.7G.

The GPE can be rewritten in a hydrodynamic form in terms of density and velocity

fields [109]:

∂ρ(r, t)
∂t

+∇vρ(r, t) = 0, (3.7)

m
∂v(r, t)

∂t
+∇

(
δµ +

1
2

mv(r, t)2
)
= 0, (3.8)

where the velocity field is given by v(r, t) = 1/(2miρ) (Ψ∗∇Ψ−∇Ψ∗Ψ) from

Equation (3.5). The difference in chemical potential relative to the ground state is given

by:

δµ = V(r) + gρ− h̄2

2m
√

ρ
∇2√ρ− µ. (3.9)

In the case of a ground state of this system, v = 0 and δµ = 0. Additionally, in the

hydrodynamic limit the kinetic energy pressure is small compared to the interaction and

external potential energies. Equation (3.9) then becomes:

ρ0 =
1
g
(µ−V(r)) , (3.10)

which is the well know Thomas-Fermi ground state for strongly interacting condensates.

Given we prepare BECs in a cigar-shaped optical trap (as discussed in following chap-

ters), we can assume a harmonic potential of the following form:

V(r) =
1
2

m
(
ω2
⊥(x2 + y2) + ω2

z z2) . (3.11)



3.3 Collective Oscillations 29

Linearising the equations of motion (Equation (3.7) and Equation (3.8)) around this

Thomas-Fermi groundstate gives a reduced eigenvalue system:

ω2δρ = −1
2
∇ ·

(
2µ/m−

(
ω2
⊥s2 + ω2

z z2))∇δρ, (3.12)

where s2 = x2 + y2 and δρ = eiωt (ρ− ρ0). Solutions to this equation of the form δρ =

rlYl,m(θ, φ) (Ylm are the spherical harmonics) give the lowest order dispersion laws (and

hence their frequencies):

ω2(m = ±l) = lω2
⊥, (3.13)

ω2(m = ±(l − 1)) = (l − 1)ω2
⊥ + ω2

z . (3.14)

For the axial quadrupole mode (m = 0, l = ±2), extra care must be taken to diagonalise

the degeneracy formed with the monopole excitation. Nonetheless, the excitation eigen-

values can be found [109]:

ω2(m = 0) = ω2
⊥

(
2 +

3
2

λ2 ∓ 1
2

√
9λ4 − 16λ2 + 16

)
, (3.15)

where λ = ωz/ω⊥. For cigar-shaped geometries where ωz � ω⊥, we can linearise

around λ = 0 to get the simplified expressions ω ≈
√

5/2ωz and ω ≈ 2ω⊥.

3.3.1 Principal Component Analysis

The collective modes in a BEC are not only a useful tool in understanding excitations, but

can also be used to make measurements of the trapping frequencies of the potential. The

most obvious method of measuring trapping frequencies is to excite a centre-of-mass

(COM) oscillation in each of the three axes. COM oscillations have the benefit that the

three axes are completely uncoupled, unlike collective compressional modes, and that

the measured oscillation frequency exactly matches the trapping potential. However,

the excitation of these COM modes requires some broken symmetry across the trap,

such as an offset potential or the ability to kick the atoms (such as a Bragg transition).

Equation (3.15) allows us to use the collective quadrupole mode to make the same

measurement, and conveniently this excitation is trivial to create with the already

present trapping hardware.

Typical experimental runs would involve exciting the BEC, and then taking time-of-

flight images at different hold times in the trap, in order to measure the excitation as a

sequence of column density images. The frequency of any excitation can be extracted by

fitting widths to each image. There are two drawbacks to this method. Firstly, simply
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Figure 3.3: Example of PCs resulting from PCA applied to absorption images. a) Center of mass
mode. b) Monopole excitation. c) Quadrupole excitation

fitting widths does not make use of all the information present in the images. Secondly, it

elicits no information about which modes may have been excited. Principal component

analysis (PCA) is a model free analysis method which solves both of these issues [110].

PCA begins with a set of N measurements, each a vector with dimension P. The

mean of all measures is subtracted from P and the total data set is B = N × (P− P̄). The

covariance matrix of B is given by:

S =
BTB

N − 1
. (3.16)

This is a P × P matrix where the diagonal entries are the variances of P and the off-

diagonals contain the correlations between each dimension in P. The diagonalisation

of this matrix results in a basis of eigenvectors, called principal components (PCs) with

associated eigenvalues. The eigenvalues give a measure of how much variance in the

data set each PC accounts for. Since the basis spans B, we can reconstruct the original

data in this uncorrelated space.

In the case of cold atom absorption images, each P vector is of length m× n where m

and n are the pixel widths of the images. The PC basis allows the original images to be

reconstructed with a set of coefficients weighting each PC. Including only the PCs with

the largest eigenvalues allows smaller contributions such as noise to be filtered out.

Figure 3.3 shows typical PCs extracted from images of an excited BEC. Choosing the

correct excitation and projecting across the original images allows only the contribution

of that PC to be extracted. Fitting the resulting coefficients accurately measures the fre-

quency of a known oscillation, and hence the trap frequency can be calculated as in Sec-

tion 4.5.
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3.4 Solitons

Solitons, a phenomenon of non-linear wave equations, are localised wave packets which

propagate without dispersion. Originally found in shallow water waves, they have since

become a well known and useful tool in fibre optics [53]. Solitons in BECs are formed

when there exists a balance between kinetic dispersion and attractive interactions.

In the 1D case, the time independent GPE in the absence of any trapping potential

(V(z, t) = 0) is given by:

µΨ(z, t) =

(
− h̄2

2m
∂2

∂z2 + g|Ψ(z, t)|2
)

Ψ(z, t). (3.17)

This has a stationary soliton solution of the form:

Ψ(z, t) =
1√
2lz

e
(
− iµt

h̄

)
sech

( z
l

)
, (3.18)

where lz = 2h̄2/(m |g|) and µ = g2m/(8h̄2).

In 3D, there exist no stable soliton solutions in free space (V(r, t) = 0). However, a

quasi-1D system can be created with a strong transverse confining potential (as in the

case of an optical waveguide where |ωz| � ω⊥). Following [111], the stability of soliton

solutions in this system can be analysed by a variational method.

The energy functional for the GPE can be found by integrating the contributions of

the kinetic, potential and interaction terms:

E(Ψ) =
∫ ( h̄2

2m
|∇Ψ(r)|2 + gN

2
|Ψ(r)|4 + V(r)|Ψ(r)|2

)
, (3.19)

where V(r) is the potential given in Equation (3.11). Assuming a sech like trial wave-

function, with a Gaussian transverse profile:

ψa(r, z) =
1√

2πl2
⊥lz

exp

(
− r2

2l2
⊥

)
sech

(
z
lz

)
, (3.20)

the integrated energy is then [111]:

ε =
1

2γ2
⊥
+

γ2
⊥
2

+
1

6γ2
z
+

π2λ2γ2
z

24
+

α

3γ2
⊥γz

, (3.21)

where γ⊥ = l⊥/
√

h̄/(mω⊥), γz = lz/
√

h̄/(mωz) and α = Nas/
√

h̄/(mω⊥).
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A stationary point on this energy surface indicates the existence of a soliton solution.

However, this does not guarantee the found soliton is stable under perturbations of its

size. To find the stability, the Hessian containing the second partial derivatives of the en-

ergy surface must be inspected. Figure 3.4 plots Equation (3.21) for parameters typical of

the apparatus discussed in this thesis: ωz = 2π × 3i Hz (where the imaginary frequency

indicates an anti-trapping potential), ω⊥ = 2π × 70 Hz, N = 2× 104 and as = −0.8a0.

Two stationary points exist, with a stable point found at γ⊥ = 0.9 and γz = 1.26 corre-

sponding to a soliton in the trap of radial and axial size l⊥ = 1.2 µm and lz = 8 µm,

respectively.
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Figure 3.4: Energy surface for experimental parameters in Chapter 5. ωz = 2π × 3i, ω⊥ = 2π ×
70, N = 2× 104 and as = −0.8a0. A stable soliton solution exists at γ⊥ = 0.9 and γz = 1.26 which
corresponds to l⊥ = 1.2µm and lz = 8µm

3.5 Modulational Instability

The existence of stable solitons as above does not preclude instability from a different

mechanism. The energy surface analysis requires only stability in the condensate widths

around an equilibrium point, ignoring the effect of any spatial modulations across the

BEC. Under certain conditions, these modulations can undergo exponential amplification

due to the self focusing nature of attractive interactions, in a process known as modula-

tional instability (MI). Modulational instability can be understood by analysis of the gain
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spectrum in the 1D nonlinear Schrödinger equation as in [112]:

∂A
∂z

+
i
2

β2
∂2A
∂t2 = iγ|A|2. (3.22)

One solution to this equation is a periodic waveform of the form:

A(z) =
√

P0eiγP0z. (3.23)

To analyse the stability of this solution to small periodic perturbations, we add a small

term where |a(z, t)|2 � P2
0 :

A(z, t) =
(√

P0 + a(z, t)
)

eiγP0z. (3.24)

Substituting into Equation (3.22) and linearising the result around A we get:

∂a
∂z

+
i
2

β2
∂2a
∂t2 = iγP0(a + a∗), (3.25)

with corresponding solution:

a(z, t) = a1 cos(Kz−Ωt) + a∗2 sin(Kz−Ωt), (3.26)

where Ω is the frequency of the perturbation with wavenumber K:

K(Ω) = ±1
2
|β2||Ω|

√
Ω2 +

4γP0

β2
. (3.27)

The dispersion relation for K identifies the regions where growth is exponential (i.e. the

wavenumber K is complex):

Ω2 < −4γP0

β2
. (3.28)

The gain spectrum of the perturbation is given by the imaginary part of K [112]:

=
[

K
(

Ω2 < −4γP0

β2

)]
=

1
2
|β2||Ω|

√
−Ω2 − 4γP0

β2
, (3.29)

which reaches a maximum at Ω2 = 2γP0
β2

as we can see in Figure 3.5.

The analysis here refers to the treatment of light propagation in optical fibres,

whereby the breakup occurs in time. As we show in Chapter 5, guided BECs undergo

a modulational instability breaking up into spatially resolved components.
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Figure 3.5: Gain spectrum of MI for Equation (3.22) with β2 = 1, γ = −1 and P0 = 1. The
maximum growth rate is achieved at

√
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3.6 Miscible and Immiscible Mixtures

Single component BECs offer a plethora of phenomena to investigate, but this richness is

increased when two component systems are considered. These mixed condensates can

be described by coupled GPEs which, neglecting terms due to three-body recombination

and electromagnetic coupling, are given as [113]:

ih̄
∂Ψ1

∂t
=

(
− h̄2

2m
∇2 + V1 + g11|Ψ1|2 + g12|Ψ2|2

)
Ψ1, (3.30)

ih̄
∂Ψ2

∂t
=

(
− h̄2

2m
∇2 + V2 + g22|Ψ2|2 + g12|Ψ1|2

)
Ψ2, (3.31)

where gij = 4πh̄2aij/m is the interaction term, with a11 and a22 the intra-species scattering

lengths and a12 is the inter-species scattering length. V1 and V2 are the trapping potentials

for the components 1 and 2, respectively. The corresponding time independent form is:

µ1Ψ1 =

(
− h̄2

2m
∇2 + V1 + g11|Ψ1|2 + g12|Ψ2|2

)
Ψ1, (3.32)

µ2Ψ2 =

(
− h̄2

2m
∇2 + V2 + g22|Ψ2|2 + g12|Ψ1|2

)
Ψ2. (3.33)

An important property of this system is the components’ miscibility. This is a measure

of the inclination of the components’ to either homogeneously mix or remain separated.
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The distinction between these states is driven by the competing interaction terms g11, g22,

and g12. Following [114] but additionally including atom number differences for the two

components, we can derive a miscibility criterion using the interaction energy density:

Eint(r) =
1
2
(

g1n2
1(r) + g2n2

2(r) + 2g12n1(r)n2(r)
)

. (3.34)

Consider a condensate containing N1 and N2 atoms confined to a box of volume V.

For a homogeneously mixed condensate, the interaction energy is found by integrating

over the volume:

Emix =
1

2V
(

N2
1 g11 + 2N1N2g12 + N2

2 g22
)

. (3.35)

If instead the components are completely phase separated, then they will occupy vol-

umes V1 and V2, with the total interaction energy:

Esep =
N2

1 g11

2V1
+

N2
2 g22

2V2
. (3.36)

Solving for the stationary case where ∂Esep
∂V1

= 0, the interaction energy becomes:

Esep =
1

2V
(

N2
1 g11 + 2N1N2

√
g11g22 + N2

2 g22
)

. (3.37)

Inspecting Equation (3.35) and Equation (3.37) we recover the usual miscibility

criterion g12 >
√

g11g22 (assuming g11, g12, g22 > 0). We note that under this analysis the

atom number difference between the components is inconsequential.
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Chapter 4

Experimental Apparatus

4.1 Apparatus Overview

A careful choice of atom is crucial to achieving the phase space densities required to

experimentally achieve Bose-Einstein condensation. 85Rb poses an ideal candidate for

the work of this thesis, having an easily accessible Feshbach resonance (165G) for control

over its interactions. The difficulties in creating pure 85Rb condensates, due to the large

natural negative scattering length, are offset by the relative ease with which large 87Rb

condensates can be created. Here we present a dual-species BEC machine capable of

creating 2× 105 and 2× 106 condensates of 85Rb and 87Rb, respectively, as well as isotope

mixtures, with a duty cycle of 13 s. This apparatus was used to perform the detailed

experimental study of phase separated groundstates reported in Chapter 6.

The apparatus described here is a significant improvement on previous iterations of

the dual-species BEC machine at the ANU [114–116], and this chapter will focus on the

key differences, both in design and implementation, when compared to previous builds.

Specifically: the newly designed vacuum system and optics layout greatly increases

the optical access; a state-of-the-art ultra-stable current driver combined with magnetic

shielding improves the fine scattering length control around the 85Rb Feshbach reso-

nance; a well characterised crossed optical dipole trap produced with a non-diffracting

Bessel beam allows stable, reproducible condensate groundstates and the potential for

greatly increased atom guiding lengths. Further details on experimental procedures not

covered here, such as magneto optical traps (MOT), can be found in [114–116].

The building and characterisation of this apparatus represents a large component of the in-

dependent experimental work conducted in this thesis. Vacuum system design and construction

(including manufacture of custom internal mounts), optical system layout and construction, as

well as the design and implementation of the tuned H-bridge and magnetic shielding system were

led by P.J. Everitt. All data and calibrations shown in this chapter were also taken and analysed

by P.J. Everitt.

39
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Figure 4.1: Render of the dual-species vacuum system

4.2 Vacuum System

Bose-Einstein condensates of alkali atoms are created at low pressures, necessitating

extremely low temperatures in order to achieve transition phase space densities. Without

adequate isolation from the room temperature environment (300K), collisions with high

kinetic energy particles would limit the efficiency of evaporative cooling and cause

heating in the resultant BEC. For this reason an ultra-high vacuum (UHV) system is

used, with the atoms isolated from the chamber walls through a combination of magnetic

and optical trapping.

The vacuum system is based on a previous 2D+3D MOT design [115]. A render of

the system is shown in Figure 4.1. The main science cell geometry is lowered from the

main pumping compartments to improve optical access to the trapped atoms. After un-

dergoing vacuum baking, the titanium sublimation pump was used to bring the system

down to UHV (1× 10−10Torr). Two Alvatec dispensers generate a vapour of rubidium in

the 2D MOT cell, separated by a 0.8 mm diameter impedance to the UHV 3D MOT side.

The ion pump provides a sufficient pump rate to maintain the UHV while running the

dispenser.
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4.2.1 Internal Mirror Mount

Bessel 
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Figure 4.2: Cutaway of the 2D+3DMOT
vacuum system. Atoms pass through the
impedance and into the 3DMOT cell. Two
internally mounted EO3 right-angle prism
mirrors are carefully positioned either side
of the atom beam. Shown is the path of
the optical trapping Bessel beam, utilising
an internal mirror to dump to high power
outside the vacuum system.

Two internal mirrors are located inside the centre cube between the 2D MOT and 3D

MOT glass cells (Figure 4.2). These are placed in a custom designed aluminium mount

giving two extra possible beam paths aligned axially along the cell. The mirrors allow

high power trapping beams to be dumped outside the system, avoiding internal heating

problems inside the vacuum, while the laser cooled atoms from the 2D MOT pass be-

tween them through to the 3D trap. Additionally, the on-axis beam path may be used

to image clouds axially along the waveguide (Subsection 4.5.3), achieving high optical

densities. These extremely high OD clouds would be ideal for the implementation of

quantum memory schemes such as electromagnetically induced transparency [117–119].

4.3 Laser System

The laser frequencies required for 87Rb and 85Rb magneto optical trapping on the D2 line

are easily accessible with 780nm external cavity diode lasers (ECDL). The laser system

consists of a combination of home-built Littrow configuration lasers and Moglabs cateye

diode lasers [120], using one laser for each of the trapping and repump transitions for

each isotope. All lasers are frequency locked using saturated absorption spectroscopy

(SAS) with a combination of current or Zeeman modulation used to generate an error
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Isotope Laser Lock Point Purpose Transition Detuning (mHz) Power (mW)

87Rb F = 2→ F = 1, 3 c.o.

2D trapping

F = 2→ F′ = 3

-15 115
3D trapping [−76, 0] 80

Imaging [−12,+12] 2
Push Beam -9 0.6

85Rb
F = 3→ F = 3, 4 c.o.
(115MHz detuned)

2D trapping

F = 3→ F′ = 4

-15 80
3D trapping [−76, 0] 50

Imaging [−12,+12] 1
Push Beam -9 0.4

87Rb F = 1→ F = 1, 2 c.o.
2D repump F = 1→ F′ = 2

0 8
3D repump [−8,+0] 7

85Rb F = 2→ F = 1, 2 c.o.
2D repump F = 2→ F′ = 3

0 6
3D repump [−3, 0] 6

Table 4.1: Locking points and detunings for the magneto optical and imaging laser system. All
lasers are locked to SAS crossover peaks (c.o.). The 85Rb trapping laser light is frequency shifted
by 115 MHz with an AOM before being locked to the F = 3→ F = 3, 4 c.o. peak. This gives both
isotopes trapping lasers to the same detuning from their respective transitions.

signal. Individual lasers and their lock points are shown in Table 4.1.

The two repumping lasers are frequency shifted from their lock point onto resonance

by passing through an acousto-optic modulator. This allows control over both the

amplitude and detuning of the laser light, required for efficient polarisation gradient

cooling. The 85Rb and 87Rb light is combined together with a polarising beam splitter

(PBS). The combined beam is then split and coupled to the main optical table through

two polarisation maintaining (PM) fibres for the 2D and 3D MOTs, respectively. As the

BEC is formed into the lower hyper-fine states, a small number of resonant repumping

photons will destroy the sample. An inline fibre switch1 is used to fully attenuate any

remaining photons passing through the PM fibre when the AOM is off.

The MOT trapping laser light production setup for 85Rb and 87Rb is shown in

Figure 4.3. The output of two SAS locked ECDLs is passed through two tapered

amplifiers, raising the power to approximately 2 W. A small amount of light is split

off for both imaging and the push beam, both of which are shifted towards resonance

with a double-pass AOM (DPAOM) setup before being coupled to the main table.

Careful choice of the 85Rb locking point, shifted 115MHz further off resonance with an

AOM inside the locking loop, gives identical detunings from both isotopes’ trapping

transitions. The remaining light is combined on a non-polarising beam splitter to create

coincident trapping light for both isotopes. This is split into two double pass AOM

setups for the 2D and 3D MOTs, respectively, which are then coupled to the main science

1Agiltron 780nm NS 1x1 Switch.
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Figure 4.3: The optical table setup for the MOT trapping, push beam and imaging light. Separate
ECDLs, locked with saturated absorption spectroscopy, are used for 85Rb and 87Rb. Each is am-
plified by passing through a tapered amplifier after which light is split off for imaging and the 2D
MOT push beam. The split off light passes through four independent DPAOM setups before be-
ing recombined and coupled into PM fibre. The remaining 85Rb and 87Rb light is combined and
split with a non-polarising beam splitter. Each output port is passed through DPAOM setups,
before being coupled into the 2D and 3D trapping fibres.

table.

A full schematic of the vacuum chamber optical layout is shown in Figure 4.4. MOT

trapping and repump light from the laser source table is out-coupled and combined for

both the 2D and 3D setups. 2D MOT light passes through a telescope increasing the size

to a two inch beam diameter. This light is recycled for both the vertical and horizontal

2D MOT beams before being retro-reflected. The push beam is aligned through the
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*Vertical 3DMOT 
beam (out of plane)

*Recycled 
2DMOT light 
(out of plane) 
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Figure 4.4: Optical layout for the vacuum system table. Beam colors are used as a guide only
and are not indicative of laser wavelength. The repump and trapping MOT light (Red) for 85Rb
and 87Rb is combined on the laser source table and coupled to the main table via polarisation
maintaining fiber. The 2DMOT is formed from a single, slightly focusing, 2 inch beam which
is recycled to create both the horizontal and vertical MOT beams with the maximum possible
optical power. The 3DMOT is formed from 1 inch beams, with optics placed far from the cell
the maximise available optical access. The optical dipole trap is formed from two intersecting
high power lasers (Blue). A 30 W Keopsys 1064 nm laser is first passed through a Ronar-Smith
BXZ-1064-2-8X beam expander before passing through a 0.5◦ axicon to form a Bessel beam. This
is crossed at 30◦ by a 30 W redPower 1090 nm fiber laser focused with a f = 1000 mm lens. An
imaging system (Green) with 3.3× magnification is placed orthogonal to the Bessel beam and is
incident on a Pointgrey Grasshopper3 camera.
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Figure 4.5: Schematic of the imaging system, consisting of two sets of achromatic doublet pairs.
Shown is the aperture from the optical access hole in the mu-metal shield. The magnification of
the system is 3.3×.

vacuum impedance, which a slight divergence in order to minimise the density in

the cold vapor beam as it impacts the 3D MOT. A standard retro-reflected three beam

setup is used to create the 3D MOT. The initial beam is enlarged to one inch before

being split. A slight convergence in the beam is used to counteract power loss from

optics, giving similar intensities in the forward and retro-reflected beams. Optics for the

3D MOT are placed far from the cell to take up a minimum angular space around the cell.

An absorption imaging system is set orthogonal to the optical trapping Bessel beam

(Figure 4.4). The image is formed with two sets of achromatic pairs (150mm2+300mm3

and 75mm+150mm4) giving a total magnification of 3.3× (Figure 4.5). The image is

incident on a Pointgrey Grasshopper35 camera, chosen for its high frame rate (up to

3kHz)[101]. The performance of the imaging system was calculated using Zeemax Optic

Studio [121] and is shown in Figure 4.6. At a threshold modulation of 5% the modulation

transfer function gives a diffraction limited imaging resolution of 3.3 µm. Due to the

mu-metal shield aperture, our system achieves a resolution of 5.5 µm. Slightly enlarging

the aperture in the shield would improve the performance of the imaging system with

potentially a small magnetic field noise increase, although the size of this increase must

be checked.

2AC508-150-B Ø2" Achromatic Doublet
3AC508-300-B Ø2" Achromatic Doublet
4MAP1075150-B 1:2 Matched Achromatic Pair
5GS3-US-41C6NIR-C
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Figure 4.6: Calculated modulation transfer function (MTF) for the imaging system shown in
Figure 4.5. The MTF is given by the amplitude of the optical transfer function (OTF). Also shown
is the theoretical diffraction limit of the lens system. A threshold modulation of 5% occurs for
180 lines/mm corresponding to an imaging resolution of 5.5 µm.

4.4 Magnetic Field Control

The various cooling techniques used to approach condensation phase space densities are

heavily reliant on control over the background magnetic field. Magneto-optical trapping,

polarisation gradient cooling and magnetic evaporation require a well defined magnetic

zero and magnetic gradient field. In addition, precise control over high magnetic bias

fields (∼165G) is required to access the Feshbach resonance of 85Rb with sufficient

accuracy over the atom scattering length. This is achieved through a combination of

Helmholtz/anti-Helmholtz coils, precise current drivers and passive mu-metal shielding.

The magnetic field at the centre of a coil pair can be found by integrating the

Biot–Savart law for a loop of wire carrying a current. The magnetic field at the centre

of a Helmholtz coil pair is given by Equation (4.1). For an anti-Helmholtz field the mag-

netic gradient at the centre is given by Equation (4.2):

B = µ0
INa2

(d2/2 + a2)3/2 , (4.1)

∂B
∂z

= µ0
48a2dIN

(4a2 + d2)5/2 , (4.2)

where µ0 is the vacuum permeability, I is the current in the coil, N is the number of loops

in each coil, a is the radius and d is the separation.

4.4.1 Bias Coils

The background DC magnetic bias field in the apparatus room is approximately 0.3 G.

Efficient polarisation gradient cooling requires a well zeroed field. This is achieved with
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the use of three large (2m) helmholtz coil pairs, with the main science cell at their cen-

tre. The large size of the coils limits the introduction of field gradients and curvature

while still reducing the remaining DC field to below 0.05 G, as measured next to the cell

(without passive magnetic shielding).

4.4.2 Imaging Coil

An additional Helmholtz coil pair, of diameter 30cm, is placed horizontally on axis with

the imaging. The coil pair is used primarily to define a magnetic axis for the atoms

along the imaging line. For appropriately chosen imaging light polarisation, the factor

of Three-Star (3*) in the atomic susceptibility can be set to 3[90]. With these conditions

absorption imaging can be used for accurate atom number measurements.

The coil is also utilised to maximise the magnetic trap loading after Polarisation gradi-

ent cooling (PGC) is completed. Due to the zeroed magnetic field, the 87Rb atoms occupy

the three MF states in the |F = 2〉 hyperfine groundstate equally. When loading into the

magnetic trap, only the low field seeking state (|F = 2, mF = −2〉) is captured. During

this transfer, the coil pair applies a bias field of 0.26 G, increasing the captured atoms

from 1.4× 109 to 1.8× 109. Notably the fraction of atoms captured from the 3.6× 109

available after PGC MOT is 50%, above the expected 33% if the atoms were simply pro-

jected into the three MF states by the trapping field, indicating that the increased load

may be due to a small amount of spin-polarising from the coil.

4.4.3 Magnetic Trap

In order to increase optical access around the main science cell, a single pair of coils is

used to generate both the quadrupole field for the MOT and magnetic trap, and also

the large DC bias field to access the Feshbach resonance of 85Rb. This pair of coils is

spaced 51mm apart above and below the science cell (Figure 4.7) with each coil having

a central hole diameter of 50mm, outer diameter 96mm, depth 20mm and 120 coil

turns. In anti-Helmholtz configuration the magnetic trapping gradient at the trap centre

according to Equation (4.2) is 8.6 G/cm/A. The DC bias field generated in Helmholtz

configuration (Equation (4.1)) is 23.5 G/A. The particular geometry of coils was chosen

to reduce the magnetic curvature at the centre compared to the previous design [122].

The calculated curvature (−37 mG/mm2) allows a larger region of constant scattering

length when accessing the 85Rb Feshbach resonance.
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Figure 4.7: 3DMOT cell with magnetic trapping coils. The two optical trapping beams intersect at
30◦ in the center of the magnetic trap.

4.4.4 H-Bridge

The dual use of the main coil pair requires switching the direction of the current in one

of the coils while transferring atoms from the magnetic trap to the optical dipole trap.

Rapidly ramping the bias field up to 165G minimises loss due to the large negative

scattering length of 85Rb away from the resonance (−440a0).

The large currents (16A), high voltages (140V) and rapid switching times (40A/ms)

combined with the required current stability (1ppm) necessitate careful consideration of

how this switch is implemented. Figure 4.8 shows a custom designed H-bridge using

twin pairs of Crydom D20D40 200V 40A solid state relays. Rapid switching of the

current in the coils would result in large reverse bias voltage spikes, well above the

damage threshold of the solid-state relays. A usual solution to this problem, consisting

of a flyback diode and resistor placed in parallel across each relay, results in lengthy

switch off-times. This is mitigated with a tuned flyback protection circuit: for each relay

a 200V 20A Schottky diode (D1) allows current to flow backwards without applying a

large damaging voltage to the solid state relays. A 5Ω power resister and 130V Zener

diode (D2) also allows the voltage to rise at switch off to provide faster power dissipation.

The current in the circuit after switching the H-bridge off can be modelled using

Kirchhoff’s Law:

V = −L
dI
dt

= I(t)R + VD + Vz, (4.3)

with Vz(I) = min{Vrev, Vrev I/Iz} where Vrev is the reverse voltage of the Zener diode,

Iz is the Zener reverse current, L is the Coil inductance, R is the resistance of the power

resister and VD is the forward voltage of the Schottky diode.



4.4 Magnetic Field Control 49

5 Ω5 Ω

5 Ω5 Ω

1 mH

5 Ω

V+

V-

D1

D2

S1

D1

D1

D1

D1 D1

D1D1

D2

D2 D2

S2

S1S2

Figure 4.8: Circuit diagram of the H-bridge used to reverse the direction of current in one coil to
enable both Helmholtz (S1 relays active) and anti-Helmholtz (S2 relays active) operation. S1/S2:
Crydom D2D40 200V 20A solid state relay, D1: B20200G 200V 20A Schottky diode, D2: 1N5381B
130V 5W Zener diode. Due to the high current and voltages applied during rapid switching of
the coils, all relays have flyback protection in the form of 5Ω power resister, 130V Zener diode
and 200V 20A Schottky diode placed in parallel with the solid state relays. Additional Schottky
diodes are placed in series with the relays to prevent current circulating inside the H-bridge out
of loop with the precision low noise current driver.

For current monitoring, twin current transducers6 were wrapped around the supply

wire of each coil. Figure 4.9a shows the performance of the tuned H-bridge flyback pro-

tection circuit. Rapid switch off from 10A to 0A is achieved within 100 µs while keeping

the voltage across the H-Bridge below 120V. Figure 4.9c shows the long dissipation time

of a simpler implementation.

4.4.5 Precision Low Noise Current Driver

A custom built precision current driver is used to drive the main pair of coils in both

their anti-Helmholtz quadrupole and Helmholtz bias field configurations. Although

current drivers exist with either the precision required for our purposes [123], or the fast

slew rates [124], achieving both is extremely difficult. Our current driver is capable of

providing up to 16A with extremely low noise (1.5 µA) and drift (1 part in 106 RMS),

while still achieving high slew rates (40A/ms) and fast settling times. The feedback loop

is formed by using a current sensing shunt resistor and a series pass regular MOSFET.

The main current sensing element is a 0.1Ω shunt resistor consisting of a folded

6Danfysik Ultrastab 867-60I current transducer.
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Figure 4.9: Measured current in the main trapping coils after switching off from 10A: a) Measured
current, b) Theoretical current with only a power resister 5Ω, c) Theoretical current with power
resister and 130V zener diode showing good agreement. Inset: Theoretical voltage across the
solid state relays. With the flyback protection the voltage remains below the damage threshold of
the Crydom D20D40 while still allowing rapid power dissipation and fast switch off times.

loop of resistive strip bonded to a 250mmx50mm aluminium substrate. Stray AC fields

through the loop are cancelled (< 1 in 107) with an additional loop on the substrate,

wired in series anti-phase with the main loop. The resistor is temperature stabilised at

36± 0.1◦C, where an inflection point exists in the temperature response of the resistor

alloy which minimises ∂T
∂t . The temperature lock is achieved using the aluminium

mounting block’s thermal mass to suppress fast temperature changes due to step

changes in current, while active peltier modules eliminate slower (> 1s) temperature

drifts.

Current set points are provided by four digitally selectable analogue voltage inputs

(1.6 A/V). In order to maintain stability despite input noise, three of the inputs are

low-pass filtered with a 10 kΩ resistor and 5 µF capacitor, giving an RC time constant

of 50 ms. The fourth input remains unfiltered, allowing fast changes in current. An

additional fifth input, with fine control at 0.16 A/V is summed with the active main

input to allow small fast changes in current around each low-pass filtered set point.

Optically isolated TTL signals allow switching between each of the four set points, this

enables switching between two precise low-pass filtered set points.

Although high current slew rates on the 1.8mH inductive load of the coils are easily

achieved by using a high voltage supply (>100V), this would require a 2kW power

supply at 16A. At constant driving current, due to the low resistance of the load coils,

most of this power would need to be dissipated inside the series pass mosfet. Instead,
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a low voltage (19V) supply is combined with a high voltage (140V) capacitive boost

circuit. When a large current step is required, the boost circuit activates for a short period

(<10ms) providing a current slew rate of 40A/ms.

The rapid switching ability of the combined H-Bridge and precision current driver is

shown in Figure 4.10. With the coils operating in anti-Helmholtz configuration at 5 A the

direction of one coil is switched using the H-Bridge. Within 130 µs the current in one coil

has changed direction and a stable Helmholtz configuration is achieved.
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Figure 4.10: Measured current in the individual coils while switching from anti-Helmholtz to
Helmholtz configuration at 5A using the custom H-Bridge. The 10A swing in current magnitude
is completed and stablised within 130 µs. Note: a -0.5A offset is applied to Coil b for visual acuity.

4.4.6 Magnetic Shielding

The large magnetic compensation coils reduce the DC component of the Earth’s magnetic

field at the science cell, however no reduction in the time varying component is achieved.

Sources such as power distribution lines, transformers, lighting, compressors and air

conditioning can all contribute to a building’s time-varying magnetic field, usually in

the form of 50 Hz AC noise.

Initial attempts at using radio-frequency transitions on the ultra-cold atoms to

calibrate the magnetic field in the centre of the optical trap gave large (>100mG) changes

in the magnetic field, much larger than the noise expected due to limitations of the

current driver. The background magnetic field, with the coils off, was measured by

placing a three axis magnetic field sensor with 1.5 kHz bandwidth7 as close as feasible

7Bartington Mag690-100µT three axis magnetic field sensor.
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to the main glass cell. Data was logged on a Tektronix DPO 7054C oscilloscope for 500 s

at a sample rate of 10 kS/s. The mean magnetic amplitude spectrum of the discrete

Fourier transform of 1 s data segments is shown in Figure 4.11. The noise spectrum is

dominated by 50 Hz AC noise and its associated harmonics. It is worth noting that if

the control system (National Instruments PXI modules) for the experimental timings of

each run was always synchronised to the mains AC cycle, then this noise source would

be consistent run-to-run. However, this solution would only mask the noise, as the 85Rb

atoms would still see a time varying magnetic field, effectively broadening the scattering

length control through the Feshbach resonance.

To achieve the necessary resolution for sub a0 control over the 85Rb scattering length

through the Feshbach resonance, a reduction in room AC noise is required. Although ac-

tive feedback control of the DC compensation coils to reduce AC noise is possible [125],

it would require an array of six field sensors placed around the cell. Additionally, it is

unclear how the active system would manage large (>100G) step changes in the mag-

netic field when rapidly switching the coils. A passive Mu-metal shield was instead

implemented consisting of a removable Mu-metal box placed over the main coils and

science cell. Access holes for optical beams were punched rather than drilled to avoid

heating and subsequent reduction in the efficacy of the Mu-metal. Due to the shield be-

ing a retrofit to the system, large gaps such as where the pumping section of the vacuum

chamber exists, are unavoidable. Nonetheless the shield achieves −9 dB attenuation at

50 Hz (Figure 4.11), sufficient to achieve sub a0 control in the scattering length.

4.4.7 Feshbach Field Calibration

The accurate calibration of the magnetic field applied to the atoms inside the optical trap

is crucial. Due to magnetic gradients across the volume of the glass cell, a field sensor

placed nearby is insufficient. Instead, the ultra-cold atoms are themselves used as a

probe by using radio-frequency waves to drive transitions between the Zeeman split mF

substates. Since our aim is to address the Feshbach resonance of 85Rb, performing the

calibration with this isotope would pose two problems. Firstly, the 85Rb BEC is formed

in the |F = 2, mF = −2〉 state where inelastic losses are minimised [114]. RF transitions

into the m f = −1 state would induce rapid losses and heating. Secondly, at magnetic

fields away from the Feshbach resonance, the background scattering length of −440a0

prevents a stable 85Rb condensate. For these reasons the calibration is performed with
87Rb, taking advantage of the large available atom number.

A 87Rb BEC held in the optical trap is driven between the |F = 1, mF = −1〉 and
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Figure 4.11: Amplitude spectrum of the magnetic noise close to the main science cell with and
without the mu-metal shield. The noise floor of the Bartington Mag690-100µT sensor used was
2× 10−7 G/

√
Hz rms at 1 Hz. The addition of the shield provides−10 dB attenuation for <100 Hz

noise sources, with −6 dB at higher frequencies. The dominant noise source is from 50 Hz mains
power hum and it’s harmonics; the maximum amplitude of 15mG corresponds to an error in the
85Rb scattering length of 0.3a0.

|F = 1, mF = 0〉 states by applying Gaussian pulses of RF radiation from a small coil

placed inside one of the main magnetic cells. The 2ms long pulses are generated by a

Moglabs Agile RF synthesizer providing accurate frequency and pulse shaping. The

optical trap is then switched off and the atoms allowed to fall, during which the main

coils are switched to anti-Helmholtz configuration. The magnetic gradient produced

separates the two mF states before they are imaged and relative populations measured.

The RF resonance for a particular magnetic coil current is found by sweeping the

frequency of the pulse over many runs and fitting the peak transition position. The

RF frequency is then related back to the magnetic field using the Breit-Rabi equation

(Equation (2.76)) with parameters for 87Rb given in Table 4.2. This is repeated for differ-

ent current driver voltages, and as in Equation (4.1) a linear trend is found (Figure 4.12).

After calibration, the uncertainty in the applied magnetic field is 5 mG corresponding to

a scattering length uncertainty of ±0.13a0 at the Feshbach zero crossing. The calibration

was repeated at different times over a number of days and was found to be stable within

the background magnetic noise except for a transient period after the machine began op-

eration each day. This is most likely due to the coil mount heating and expanding while
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Property 85Rb 87Rb

I 5/2 3/2
gJ 2.002 331 13(20)
gI −0.000 293 640 00(60) −0.000 995 141 4(10)
Ahfs/h 1.011 910 813 0(20)GHz 3.417 341 305 452 145(45)GHz

Table 4.2: Values for the 85Rb and 87Rb electronic groundstate energy splitting calculation
(Equation (2.76)) [102].

reaching an equilibrium temperature. For aluminium, the fractional expansion rate is

24× 10−6 ◦C−1, which for a coil spacing of 51 mm in Equation (4.1) gives a change in the

field at 165G of 3.8 mG/C, easily accounting for this transient behaviour during warm

up.
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Figure 4.12: Calibration of the current source and magnetic field produced by the Helmholtz
coils. Inset: Residue of the fit with 90% confidence bands. Extra data points were taken around
the zero crossing of the 85Rb Feshbach resonance to well categorise the scattering length. The
∼5 mG residue corresponds to 0.13a0 uncertainty at the zero crossing.

4.5 Optical Trap

The creation of 85Rb condensates with large atom numbers (> 105) requires a large DC

magnetic bias field (165 G) to access the Feshbach resonance and create favourable scat-

tering lengths for evaporation. Although an additional bias field could be applied to

the magnetic trap to reach the resonance, the field gradient produced in a magnetic trap

would create a region of varying scattering length across the condensate. Instead, the
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atoms are loaded into an optical dipole trap. The trap is formed by combining a Gaus-

sian and Bessel laser beam at 1064 nm and 1090 nm, respectively, intersecting at 30◦ with

waists of 90 µm and 150 µm (shown in Figure 4.4). The shallow intersection allows for a

greater total trap volume which results in increased mode matching from the magnetic

trap.

4.5.1 Optical Potential

Although one of the trapping beams is a non-diffracting Bessel beam (over the length

of the glass cell), we can still treat the central lobe as approximately Gaussian for short

distances from its waist. The optical potential can be well modelled by the analytical

form of the electric field of a Gaussian laser beam given in Equation (2.34).

As our potential is formed from unpolarised lasers with wavelengths differing by

30nm, effects due to interference and phase will not be present so we can simplify this to

the intensity profile:

IGaus(x, y, z) =
2P

πω(z)2 exp

(
−2

(
x2 + y2)
ω(z)2

)
. (4.4)

Since we have an intersection angle of α = 30◦, we rotate the coordinate system for one

beam {x cosα+ z sinα, y, z cosα− x sinα} → {x′, y′, z′}. The dipole potential for each laser

is given by [87]:

Udip(x, y, z) = − 3Γλ2λ4
0

16c2π3(λ2 − λ2
0)

I(x, y, z), (4.5)

where Γ is the spontaneous decay rate of the excited level, λ0 is the transition wavelength

and λ is the laser wavelength.

The total trapping potential, including gravity is:

Utrap(x, y, z) = −mgy + U1064(x, y, z) + U1090(x′, y′, z′). (4.6)

Here we have defined ŷ to be the direction of gravity in order to remain consistent with

the usual coordinates for cigar shaped traps where the axial trapping direction is ẑ.

The resulting optical trap is shown in Figure 4.13 for the optical powers after conden-

sation to BEC is complete. It is crucial to include the gravitational potential in the full

model as the increased sag causes a limit to the depth of the trap. This manifests as a

leak at the lowest point in the trap and is dependent on the atomic mass. Depending on

the laser parameters, the 2% difference in the mass of 85Rb and 87Rb can result in signif-
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Figure 4.13: Optical trap potential showing the effect of gravity. Each colour is a surface of con-
stant potential. Left: Without gravitational sag. Right: With gravitational sag the trap depth is
decreased by a hole through the bottom of the trap, additionally the trap centre is displaced by
27 µm.

icant differences in trap depth, position and trapping frequencies (Figure 4.14). During

the final stages of optical evaporation, the lower trap depth of 87Rb allows it to be prefer-

entially removed from the system. Complete removal of 87Rb atoms can be achieved by

lowering the trapping power until there is no trapping potential remaining.
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Figure 4.14: Plot of the analytical optical trap potential in the vertical direction. Left: For trapping
laser powers 0.76 W and 0.39 W both isotopes are trapped. The gravitational sag creates a trap
offset of 27 µm. The trap depth is slightly lower for 87Rb allowing it to be preferentially evapo-
rated from the trap. Right: For sufficiently low trapping powers (0.6 W and 0.39 W), 87Rb is no
longer trapped allowing it to be preferentially removed. Under these conditions the trap potential
is anharmonic, after evaporation is complete the trap powers are adiabatically increased into the
harmonic regime.

4.5.2 Trapping Frequencies

For deep optical traps, the trapping potential can be approximated as harmonic

(Equations (2.47) and (2.40)) and the full analytical model in Equation (4.6)) provides

numerical estimates of the trapping frequencies for different powers and configurations.

An experimental measurement is desirable due to the comparatively large errors in

measuring the laser power in the focused Gaussian spot inside the main science cell.
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Figure 4.15: Measurement of the vertical COM oscillation for a 87Rb BEC. Open circles are individ-
ual experimental runs. The fitted sinusoid gives the trapping frequency of ωx = 2π× (74.6± 0.5).

This can be made with several methods such as parametric heating [114], however, here

we use the excitation of centre-of-mass (COM) and collective mode oscillations in the

BEC to make a direct measurement of the harmonic trap.

To excite these motional modes, a BEC of either pure 85Rb or 87Rb BEC is produced

in the optical trap. The optical trap powers are then adiabatically ramped up to ensure

the anharmonicty of the optical trap is minimised. The trapping power in the axial beam

is then pulsed higher for 1ms and due to the gravitational sag in the trap, this generates

an upward force on the BEC exciting the COM mode. The BEC is then allowed to freely

oscillate for different times before the trap is switched off and the cloud is imaged.

The frequency of the COM oscillation is then fitted to give the trapping frequency

(Figure 4.15).

Measuring the trap frequency in the axial direction is more subtle due to the lack

of any broken symmetry that can apply a COM kick. Instead, a collective quadrupole

oscillation is excited by momentarily switching off the transverse trapping beam. This

allows the BEC to expand in the axial direction before the beam is switched back on.

This non-equilibrium state then oscillates inside the trap. The frequency of the excited

quadrupole mode can be directly related to the trapping frequency. For our cigar-shaped

trap geometry this relation is given by [103]:

ωquad =
√

5/2ωz. (4.7)

The quadrupole excitation frequency can be extracted by measuring the width of

the condensate for different hold times, however a more robust solution is the use of

principal component analysis (PCA) (see Section 3.3). PCA allows different excitation

modes to be distinguished as well as the extraction of their frequency and corresponding

eigenfunction [110]. Figure 4.16 shows the largest four eigenvectors extracted from

PCA when applied to images of different hold times after excitation. The eigenvectors
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Figure 4.16: The result of principal component analysis of an excited 87Rb BEC. The first four
eigenvectors are shown, ordered by decreasing eigenvalue (corresponding to the amount of image
variance accountable to each). The normalised amplitude of the projection of each mode onto each
experimental image is plotted against the trap hold time (offset vertically for each eigenvector).
Eigenvector 1: Atom number variation corresponding run-to-run fluctuations of atom number as
well as increasing loss from extended hold times (note that PCA does not presuppose a sign to the
eigenvectors, so here loss is indicated by an increasing amplitude). Eigenvector 2: Vertical COM
oscillation excited as a byproduct of the method used to create the quadrupole mode. The fitted
frequency of 74.8(1)Hz is in agreement with the direct measure in Figure 4.15. Eigenvector 3:
Quadrupole excitation mode, with fitted frequency 20.7(1)Hz. Eigenvector 4: Axial COM mode,
due to a lack of broken symmetry this excitation is too small to directly extract a frequency.

correspond to atom number fluctuations, vertical COM mode, quadrupole collective

mode, and axial COM mode. The fitted frequency of 2π × (74.8± 0.1)Hz for the vertical

COM mode is in agreement with the previously measured value. The fitted frequency

of the quadrupole excitation mode (2π × (20.7± 0.1)Hz) substituted into Equation (4.7)

gives a calculated axial trapping frequency of 2π × (13.1± 0.1)Hz.

Multiple measurements of both the axial COM mode and the quadrupole mode for

each isotope were taken, with the final values of the calculated trapping frequencies

given in Table 4.3.

While the imaging line (shown in Figure 4.4) is placed horizontal and perpendicular

to the axial axis of the optical trap, and can make direct measurements of both the axial

and vertical trapping frequencies, there is difficulty in measuring the final trapping

axis. Although in principle a breathing mode could be excited in this direction, the

resulting signal is small due to the column integrated imaging. Instead the analytical

model (Equation (4.6)) of the optical trap is used, along with the previous measurements,

to determine this final frequency. This is achieved through a statistical process of

bootstrapping.

For most parameters in the analytical model, including laser frequency, waist size
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ωx/2π (Hz) ωy/2π (Hz) ωz/2π (Hz)
85Rb 104.4± 0.5 78.1± 0.5 13.2± 0.5
87Rb 103.3± 0.5 74.6± 0.5 13.1± 0.2

Table 4.3: Trapping frequencies of the optical trap for each isotope. The values for ωy and ωz were
experimentally measured. The values for ωx were found through a process of bootstrapping the
analytical potential model.

and crossing angle, the values are well defined with the largest parameter error entering

through the trapping laser powers. To utilise the model we begin by taking a random

statistical sample of the axial and vertical trapping frequencies, using the measured error

for the variance of their distribution. The power in each modelled trapping beam is then

allowed to vary such that the errors between the fitted trapping frequencies from the

model (ω∗) and the sampled experimental values are minimised. Specifically, the cost

function combining the error in all four measured trapping frequencies is:

f (P1090, P1064) =
(ω∗85,z −ω85,z)2

ω2
85,z

+
(ω∗85,y −ω85,y)2

ω2
85,y

+
(ω∗87,z −ω87,z)2

ω2
87,z

+
(ω∗87,y −ω87,y)2

ω2
87,y

,

(4.8)

where P1090 and P1064 are the powers of the two trapping beams. The laser powers which

minimise f (P1090, P1064) are then used to extract a corresponding value of ω85,x and ω87,x

from the model. Repeating this process for many samples of the axial and vertical trap-

ping frequencies allows a distribution of possible ω85,x and ω87,x trapping frequencies to

be calculated. The final mean and variance are given in Table 4.3.

The nature of our optical trap is such that the tight axis beam (90 µm) provides most

of the trapping force, while the weaker beam simply closes the axial sides of the trap.

Under this model, Equation (2.47) can be used to analytically estimate the effect of grav-

itational sag on trapping frequencies. These values are commensurate with those found

in Table 4.3, but underestimate the error as they do not consider the full parameters of

the model.

4.5.3 Bessel Waveguide

Using one Bessel beam to form the crossed optical trapping potential was motivated by its

low axial divergence, which creates an ideal optical waveguide. Discussed in Section 2.2,

theoretical non-diffracting Bessel beams can only be formed with an infinite amount of

energy, however they can be approximated over short distances by passing a Gaussian

beam through an axicon lens [89]. The particular choice of input beam diameter and

axicon angle gives a trade off between the non-diffracting distance ( f2), the waist of the

central lobe (r0) and the fraction of power in the central lobe (P0/P). The width of the

central Bessel lobe, r0, is set by the axicon cone angle α, not the waist of the input Gaussian
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Figure 4.17: Experimental Bessel beam profiles. a) Radial intensity (mirrored around r = 0) of the
Bessel beam as a function of distance from the axicon. b) Image of Bessel beam intensity at the
optical trap center (25 cm from the axicon).

beam. To first order in α:

r0 = 2.4
λ

2(n− 1)πα
. (4.9)

Unintuitively, it is the length of the non-diffracting region ( f2) which is dependent on the

input beam size. To first order in α:

f2 =
D

(n− 1)α
. (4.10)

For a given choice of α, f2 can be made arbitrarily large by increasing D. However as D

is increased, the intensity of the central lobe decreases with the inverse:

I(r = 0, z = f2) =
4(n− 1)πα

Dλ
√

e
. (4.11)

The Bessel beam here is formed by passing a Gaussian beam with 600 µm waist

(D =1200 µm) through an axicon lens with cone angle 0.5◦ and refractive index n = 1.458.

The calculated first Bessel zero is r0 = 101µm with non diffracting length f2 = 30cm.

Figure 4.17 shows the intensity of the beam as a function of distance from the axicon.

The theoretical treatment over-estimates the fitted Bessel waist of 95 µm, most likely due

to not including the Gaussian beam propagation and waist location. Figure 4.18 shows a

comparison between a theoretical Gaussian beam and the experimental Bessel beam with

similar waists. The Bessel beam maintains its waist over a much longer region.
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Figure 4.18: Waist of the Bessel beam as a function of axial displacement from the (approximate)
optical trap centre. The red dashed line indicates the theoretical waist of a Gaussian beam. The
Bessel beam achieves much greater flatness.

4.6 Dual Species BEC

The experimental procedure for creating condensates is similar to previous iterations of

the dual species 85Rb/87Rb apparatus given in [115, 116]. Improvements, both in terms

of stability and optimisation of each stage of the preparation scheme, have dropped the

duty cycle from 23 s down to 13 s. The same optimisations have increased the size of

the condensates produced by nearly an order of magnitude compared to [115], creating

stable condensates with atom numbers N85 = 2× 105 and N87 = 3× 106 for 85Rb and
87Rb respectively.

Initially, a red detuned (−9 MHz) push beam loads the 3D MOT through the vacuum

impedance from the 2D MOT source. After 5 s of loading the 3D MOT contains up to

N85 = 6× 108 and N87 = 3.6× 109 atoms. Due to the large heat load imposed by the
85Rb atoms the relevant push beam is only switched on for the final 1 s of loading, with

shorter times allowing the final BEC mixture to be controlled.

After loading, the 2DMOT magnetic field is switched off to minimise the field gradi-

ents across the 3DMOT side of the chamber. Simultaneously, the magnetic gradient from

the 3D coils is dropped from 18 G/cm to 12.5 G/cm and the trapping light is detuned

further from −15 MHz to −25 MHz. This step compresses the 100 µK cloud over 30 ms,

allowing better mode matching when loaded into the tight magnetic quadrupole trap.

Polarisation gradient cooling, as described in [126], is then applied. Over 15 ms the

trapping light detuning is ramped to −76 MHz while the magnetic gradient is reduced

to zero. Due to the laser source setup, the trapping light detuning is common to both

isotopes. In order to individually optimise the PGC step, the repumping lights of 85Rb
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and 87Rb are detuned to−8 MHz and−3 MHz, respectively. The repumping light is then

switched off for 2 ms to allow all atoms to decay into the |F = 2〉 and |F = 1〉 dark states

of 85Rb and 87Rb, respectively, before all remaining MOT light sources are switched off.

At this point the temperature of the cloud is typically 25 µK.
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Figure 4.19: Temperature of 87Rb atoms after initially loading the magnetic trap for different mag-
netic gradients.

The atoms are then caught in the magnetic trap by rapidly (<100 µs) switching on the

quadrupole field. The field gradient is initially set to 55 G/cm, which allows maximal

capture of atoms (N87 = 1.8× 109) while reducing the amount of heating (Figure 4.19).

Over 100 ms the gradient is ramped to 110 G/cm, increasing the rethermalisation rate

due to collisions, while only heating the cloud to 120 µK. The two optical dipole beams

are also ramped on over 200 ms, serving both to increase the collision rate at the cen-

tre of the trap, as well as mitigate atom losses due to spin flips in the zero field region

[127]. The trapped atoms, now in the trapped Zeeman states (|F = 2, mF = −2〉 and

|F = 1, mF = −1〉 for 85Rb and 87Rb, respectively), undergo forced evaporative cooling

by driving RF transitions into the untrapped states. For a quadrupole magnetic field, the

trapping frequency can be found from the field curvature:

ω2
z =

µBgFmF

m85

∂2B
∂z2 , (4.12)

where µB is the Bohr Magneton, gF is the Landé g factor, m85 is the mass of 85Rb and

mF is the Zeeman state. Atoms with higher velocities occupy regions further from the

trap centre, and hence experience higher B values in the quadrupole magnetic field. The

Zeeman splitting between states is given by:
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ω =
µB |gF| B

h̄
. (4.13)

Tuning the RF field allows hot atoms to be preferentially removed with the cloud

continually rethermalising due to scattering collisions. Over 5 s, the RF frequency is

swept from 18 MHz to 1 MHz. The evaporation is isotope selective, predominantly

removing 87Rb as its larger Landé g factor (gF = −1/2 and gF = −1/3 for 87Rb and 85Rb

respectively) spatially locates the RF knife closer to the centre of the trap. Additionally,

the 85Rb atoms occupy the mF = −2 state compared to mF = −1 for 87Rb, resulting in

a tighter trapping frequency (ω2
z,85 = 1.36ω2

z,87) causing the 85Rb atoms to be located at

lower magnetic fields for equivalent temperatures. Over the last 1.5 s of RF evaporation,

the magnetic field gradient is reduced to 27 G/cm, leaving a cloud of N87 = 5× 107 at

10 µK.

Magnetic evaporation could continue, however at these temperatures the sympa-

thetically cooled 85Rb atoms begin to undergo inelastic collision losses due to their large

background scattering length. Instead, the atoms are transferred into the optical trap,

allowing the scattering length of 85Rb to be set with the Feshbach resonance. The switch

from the quadrupole magnetic field to the high field positive scattering regime must be

done rapidly to minimise three body recombination through the centre of the Feshbach

resonance (Figure 3.2) [128]. The rapid switching is achieved with the custom designed

current driver and H-bridge discussed in Section 4.4.

The quadrupole field is first switched off and allowed to dissipate before the H-bridge

reverses the direction of current in one coil. The field is then rapidly increased to 165 G,

setting the 85Rb self-scattering length to 80a0, with the atoms supported in the crossed

optical dipole trap. The H-bridge switch process is completed in 130 µs, both reducing

the zero-field time where spin flips can occur and minimising three body losses from

passing through the 155 G Feshbach resonance.

Typically, the transfer into the optical trap loads a N87 = 3× 107 cloud at 5 µK and

up to N85 = 5 × 106, though typically the 85Rb number is set lower by reducing the

initial MOT loading time. Although the 85Rb scattering length could be set to zero

for optimal sympathetic cooling, as BEC is approached the clouds become immiscible

preventing further sympathetic evaporation. Instead we set a85,85 = 80a0, below that of
87Rb in order to preferentially rethermalise through inter-isotope collisions while still

allowing evaporation once a BEC is formed. To evaporatively cool in the optical trap,

the powers in each beam are reduced over 2.5 s following an exponential decay. Pure
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Figure 4.20: Dual species BEC imaged after 20 ms of free expansion. Due to the mass difference
between 85Rb and 87Rb, the immiscible clouds separate vertically, a key signature that condensa-
tion has been achieved.

BECs are formed with up to 2× 105 and 5× 106 85Rb and 87Rb atoms respectively. Mixed

species BECs are formed at lower atom numbers, as the immiscibility of the condensates

prevents efficient sympathetic cooling.

Figure 4.20 shows a typical dual species condensate imaged after 20 ms of expansion

after the optical trap was switched off. The immiscibilty of the two isotopes is a clear

signature of condensation into a BEC. The nature of these mixed BEC groundstates is

investigated in detail in Chapter 6.

4.7 Outlook and Future Work

We have presented a dual-species BEC machine capable of creating up to 2 × 105 and

2 × 106 condensates of 85Rb and 87Rb, respectively, as well as isotope mixtures. The

apparatus described here was designed to be highly configurable for ongoing single

and dual component experiments. Several improvements over previous designs were

made, achieving greater stability, more accurate control and larger atom numbers. The

repetition rate of the machine was reduced from ∼23 s to 13 s while also increasing the

size of BECs compared to similar previous designs which incorporated a single, dual-use

main coil [115]. The use of an ultra-precise current driver, combined with additional

magnetic shielding, allowed the accurate calibration of the Feshbach resonance of
85Rb. We are able to control the intra-species scattering length with an uncertainty of

±0.13a0, suitable for a range of non-linear experiments. An accurate model of the optical

potential, with experimental measurements of trapping frequencies allows the system to
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be well simulated by numerical GPE simulations.

In Chapter 5 a previous iteration of the dual-species machine is used to make

an observation of modulational instability in a BEC. The improvements made to the

experimental apparatus allow detailed studies into many new aspects of non-linear

phenomena. For instance, the optical system design easily allows the future addition of

a reconfigurable potential with a spatial light modulator (SLM) or digital micromirror

device (DMD). This will open avenues to investigate seeded instabilities, where applied

perturbations seed the growth dynamical instabilities, as well as a range of real time

tunnelling experiments [37, 129]. Furthermore, the replacement of the previous Gaussian

optical trap with a non-diffracting Bessel beam increases the length over which atoms

may be guided, greatly increasing the space-time area of atom interferometers [115, 122].

In Chapter 6 we use the apparatus to make a detailed study of phase separated

groundstates. The high degree of calibration and control over the machine allows us to

study the shape of the interface between immiscible condensates, and we demonstrate

reliable production of a range of interface curvatures. The numerous upgrades to the

apparatus in terms of stability, repetition rate, condensate size and imaging access were

essential for this work.

This apparatus will act as an indispensable test bed for future experiments in dual

component condensates, non-linear stability, optically guided atoms, non-destructive ob-

servation of quantum tunnelling and feedback cooling.
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Chapter 5

Modulational Instability in

Bose-Einstein Condensates

The following chapter presents work summarised in the following two publications:

• P. J. Everitt, M. A. Sooriyabandara, M. Guasoni, P. B. Wigley, C. H. Wei, G. D. McDon-

ald, K. S. Hardman, P. Manju, J. D. Close, C. C. N. Kuhn, S. S. Szigeti, Y. S. Kivshar,

and N. P. Robins. Observation of Modulational Instability in Bose-Einstein Condensates.

Physical Review A 96, 041601 (2017). DOI: 10.1103/PhysRevA.96.041601.

• P. B. Wigley, P. J. Everitt, K. S. Hardman, M. R. Hush, C. H. Wei, M. A. Sooriyaban-

dara, P. Manju, J. D. Close, N. P. Robins, and C. C. N. Kuhn. Non-destructive shad-

owgraph imaging of ultra-cold atoms. Optics Letters 41, 4795 (2016). ISSN 1539-4794.

DOI: 10.1364/OL.41.004795.

I led the investigation in the first publication, including building the imaging system, perform-

ing the experiment and analysing the experimental data; all NPSE simulation data was taken by

M. A. Sooriyabandara. In the second publication, I developed the imaging system on the dual-

species apparatus, performed dual species evaporation and single species dynamical experiments.

The theoretical and experimental analysis techniques were developed jointly with P. B. Wigley.

Intensity-dependent instabilities are a dramatic manifestation of the strong nonlinear

effects that can occur in nature, and they are observed throughout physics as the

development of spatial or temporal modulations with growing amplitudes. Modulational

instability (MI) is a well-known phenomenon in optics which manifests itself as a decay of

long optical fibre signals into pulse trains [60, 62, 63]. MI is a general wave phenomenon

that occurs when a weak perturbation to a waveform is enhanced by nonlinearity, giving

rise to sidebands in the spectrum with subsequent modulation growth and the formation

of a train of spatially or temporally separated solitary waves [53].

Solitary matter-waves of a different origin have been extensively studied in

Bose-Einstein condensates (BECs), where interatomic interactions give rise to strong

69
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Figure 5.1: RF transition resonance across the waveguide. The fitted magnetic field (Bwg(x))is
shown in red a) Prior to adjustment the optical trap center is offset from the magnetic minimum.
b) Adjusting the dipole trap position along the waveguide allows the optical center and magnetic
center to align. The magnetic curvature is measured to be 107(1)mG/mm2.

nonlinearities. In particular, soliton trains in BECs have previously been observed in
7Li condensates with attractive interactions loaded into highly anisotropic traps [67].

The formation of multiple solitary waves has also been observed during collapse of Rb

condensates [130]. Recently, BEC solitons have been employed for the first realization

of a solitonic atom interferometer [122]. Despite theoretical predictions [131, 132], the

stochastic nature of many nonlinear processes, combined with traditionally destructive

methods of BEC imaging, has impeded the direct observation of more subtle nonlinear

effects.

In this chapter, we present real-time observations of MI in BECs. Using nondestruc-

tive in situ imaging, we are able to image a single BEC placed in an optical waveguide as

it undergoes the transformation into a train of spatially localized components. We show

that the number of localized components observed after the breakup is consistent with

an MI analysis conducted in the framework of the nonpolynomial Schrödinger equation

(NPSE) [133], suggesting that MI is the underlying physical mechanism driving the ob-

served breakup. This work was carried out on a previous iteration of the dual species

apparatus, best summarised in [115].

5.1 Feshbach Resonance Calibration

The experiments here are conducted in an optical cross trap consisting of intersecting

1090 nm and 1064 nm laser beams with approximate waists of 300 µm and 250 µm

(halfwidth at 1/e2 intensity), respectively. A bias magnetic field over the extent of the

cloud is generated with a pair of Helmholtz coils. This allows the s-wave scattering

length of the cloud, as, to be tuned utilizing the Feshbach resonance. Crucial to the

formation and control of 85Rb clouds is precise knowledge of this applied magnetic field.
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In order to calibrate the magnetic field values along the waveguide, a 87Rb BEC is

loaded into the optical waveguide and allowed to expand along its length. A 1ms pulse

of radio frequency waves is then used to drive a transition between the mF = −1 to

mF = 0 states, which are separated due to Zeeman splitting. Sweeping through a range

of frequencies allows the magnetic field as a function of space to be precisely probed.

Figure 5.1 shows the atoms remaining in the mF = −1 state spatially along the waveguide

for each frequency pulse (converted to magnetic field). The atoms remaining as a 2D

function of position and magnetic field is given by:

f (x, B) = Ae
(x−x0)

2

(2σ2)

(
1− e

−(B−Bwg(x))

2σ2
B

)
, (5.1)

where Bwg(x) = B0 − κ
2 (x − xB)

2) is the magnetic field along the waveguide, x0 is

the center of the cloud, σ0 is the width of the cloud, xB is the center of the magnetic trap,

B0 is the value at the center of the magnetic trap, σB is the width of the rf pulse, A is an

arbitrary scale factor and κ is the magnetic curvature ( ∂2B
∂x2 ).

If misaligned, the optical trap, located at the centre of the cloud, and the magnetic

trap centre are not co-incident (Figure 5.1a). Careful adjustment of the optical cross beam

moves the optical trap into alignment with the magnetic trap (Figure 5.1b). The residual

magnetic curvature, ∂2B
∂x2 = 107(1)mG/mm2, results in a repulsive potential along the

guide according to the relation ω2
z = µBgFmF/m85

∂2B
∂x2 , where µB is the Bohr Magneton,

gF is the Landé g factor and mF is the MF state. This gives an imaginary anti-trapping

frequency of ωz = 2πi× 3 Hz.

5.2 Imaging

To monitor the cloud dynamics two orthogonal imaging systems are available. Firstly,

a horizontal absorption beam allows the cloud to be imaged after 20ms of ballistic

expansion (as = 0) in free space to calibrate absolute atom number. A second vertical,

far-detuned imaging beam utilizes nondestructive shadowgraph imaging to take in

situ images of the condensate [101]. Discussed in Chapter 2, the atomic density can be

recovered from the shadowgraph imaging signal using the inverse Laplace operator

(Equation (2.69) and Equation (2.70)).

Figure 5.2 shows typical signals for shadowgraph imaging of a 85Rb condensate for

different probe detunings. For sufficiently large probe detunings, up to 100 images can

be taken in a single run as little as 0.4ms apart with no measurable change in atom

number. The imaging laser is offset-beat locked, allowing the beam detuning to be
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Figure 5.2: Left: density plot of the SNR of the image peak against the nth image number and
probe detuning. Right: sequential images from a single run at select detunings. For the initial
image, the signal is highest near resonance, however this quickly destroys the BEC. For larger
detunings (1 GHz), the SNR is smaller but the signal persists unchanged for up to 100 images.

85Rb

-1.0s -0.9s -0.8s -0.7s -0.6s -0.5s -0.4s -0.3s -0.2s -0.1s 22ms TOF

87Rb

shadowgraph absorption

Figure 5.3: Non-destructive shadowgraph images of the sympathetic evaporation process which
leads to 85Rb BEC formation. For each isotope, a set of 10 non-destructive images was taken over
the last 1 s of evaporative cooling in the optical trap. An absorption image of the final 85Rb BEC
with 3× 104 atoms after 22 ms of ballistic expansion is also shown.

dynamically changed during a run [134]. This allows several nondestructive pictures

to be taken before the laser is brought onto resonance and a final destructive, high

signal-to-noise ratio (SNR) picture is taken with the same optics. Figure 5.3 shows the

use of shadowgraph imaging to image the process of sympathetic evporative cooling of
85Rb with 87Rb.
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5.3 Soliton Break Up

The experiment is conducted as follows: a 85Rb condensate of atom number N = 3× 104

is formed at an s-wave scattering length of as ≈ 300a0 in a harmonic trap (ωz = 2π× 7 Hz

axially, ωr = 2π × 70 Hz radially) before the axial trapping is turned off creating an

optical waveguide for the atoms. The waveguide has a repulsive harmonic potential

with frequency ωz = 2π × 3i Hz (the complex frequency here forms the anti-trapping

potential) due to curvature in the magnetic potential (Section 5.1). Simultaneously, the

scattering length is rapidly quenched to another value within the range [−2.1, 5]a0,

before the condensate is allowed to evolve in the waveguide for approximately 100ms.

In all figures t is the time after this quench, once the condensate is freely propagating in

the waveguide. For these initial conditions the chemical potential is µ = 6.2h̄ωz, which is

the strongly cigar-shaped regime [135]. The longitudinal shape of the condensate has a

width (Lz) on the order of tens of micrometers. Dispersion of the cloud in the waveguide

is minimized by careful choice of initial scattering length. Our choice ensures that the

dimensions of the axially-trapped cloud prior to quenching as are similar to those of

an axially-untrapped soliton at the new (necessarily negative) scattering length. This is

determined by a variational method [111]. The condensates are then propagated in the

waveguide for a range of scattering lengths (as/a0 ∈ [−6, 6]).

For propagation at certain negative scattering lengths the condensate breaks up into

a train of similarly sized, spatially-localized components. These are soliton-like, in that

they are stable under further propagation beyond 90ms. Three separate exemplar runs

are shown in Figure 5.4. These examples demonstrate the typical train formation at

−1.15a0, a scattering length for which the condensate is stable up to 60 ms. Moreover,

for as > −1.15a0, three-body-recombination losses are < 5% in the first-stage dynamics

where train formation occurs.

Ten runs were conducted for each choice of as. The number of spatial components

formed after each experimental run was quantified using an image processing algorithm

(Figure 5.5). The images are firstly de-noised with a discrete cosine transform (DCT)

threshold filter. A binary threshold (60% of peak image intensity) is then applied. The

number of resulting solitons is then found by counting the morphological components.

Train formation is stochastic in nature – the same experimental conditions resulted in

a varying number of constituent components (Figure 5.4). Although the atom number

varied shot-to-shot by up to 10%, this variation was shown to be uncorrelated with the

final number of components (0.042 correlation co-efficient). Variations in both the spatial
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Figure 5.5: Example of post-processing experimental data for soliton enumeration. The top image
is the destructive absorption image taken at the end of propagation. The middle image is the
noise-reduced absorption image. Noise reduction is performed by DCT thresholding using 16×
16 pixel blocks. The bottom image shows the connected components of the binarized middle
image.

locations of the individual components and the formation onset time were also observed.

5.4 Theoretical Approach

5.4.1 Modulational Instability in the Nonpolynomial Schrödinger equation

The NPSE [133] – an effective 1D model of the Gross-Pitaevskii equation (GPE) – pro-

vides a simple and effective theoretical insight into our experimental observations. It

well-approximates the full 3D dynamics of the GPE for cigar-shaped condensates whose

relevant dynamics occur in the axial direction [131, 133]. According to the NPSE, the

3D condensate wavefunction is factorized into transverse and longitudinal components:

ψ(x, y, z, t) = f (z, t)φ(x, y, t; f (z, t)). The axial component f (z, t) is the unique unknown

of the model, and its evolution is described by

i
∂ f
∂t

=

[
−c1

1
2

∂2

∂z2 +
c2

σ2 | f |
2 + c3

(
σ2 +

1
σ2

)]
f , (5.2)

where c1 = h̄/(2m), c2 = UN/(2πa2
⊥h̄), c3 = ω⊥/2 and σ2 = (1 + c4 | f |2)1/2, with

c4 = 2asN. Here U = 4πh̄2as/m, N is the condensate number, and a⊥ =
√

h̄/(mω⊥) is

the oscillator length in the transverse direction with corresponding trapping frequency

ω⊥.

Following the standard procedure [62], we describe the MI dynamics in the axial

coordinate by assuming f (z, t) is the sum of a plane wave and two small perturbations

centred at spatial frequencies ±k: f (z, t) = u exp(iβut) + p+ exp[ikz + iβ+(k)t + g(k)t] +
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p− exp[−ikz + iβ−(k)t + g(k)t], where u and p± are complex, βu is real, and β± and g

are real functions of k, with g the temporal growth rate of the perturbations.

Inserting this ansatz into Equation (5.2) and applying a linear stability analysis yields

expressions for βu,± and g. The latter quantity is the gain spectrum of spatial modes with

wavenumber k:

g(k) =
√

c1k2(4M− c1k2)/2, (5.3)

M =
−(c2 + c3c4/2) |u|2

σ2
0

+
(c2 |u|2 + c3)c4 |u|2

2σ6
0

, (5.4)

where σ2
0 = (1 + c4 |u|2)1/2.

Equation (5.4) implies that all spatial frequencies in the MI-band |k| ≤ 2(M/c1)
1/2

undergo amplification and that the fastest growing sidebands are at k̂ = (2M/c1)
1/2

with corresponding growth rate ĝ = M.

In the weakly-interacting limit c4 | f |2 � 1, Equation (5.2) reduces to the well-known

1D GPE [133], which is less accurate than the NPSE as it fails to describe the condensate

dynamics outside the weakly-interacting regime [133]. Therefore, Equation (5.4) accu-

rately describes the growth rate of perturbations in both weak- and strongly-interacting

regimes.

In the more general and realistic case where the initial axial function

u0(z) = f (z, t = 0) is not a plane wave but finite-sized, the BEC undergoes both a

linear reshaping [first term in RHS of Equation (5.2)] and a nonlinear reshaping [second

and third terms in RHS of Equation (5.2)], which are respectively analogous to the

diffraction and nonlinear self-phase modulation (SPM) experienced by an optical beam

propagating in nonlinear Kerr-media [136].

Linear (diffraction) and nonlinear (SPM and MI) effects interplay with each other and

a characteristic time defines the temporal scale over which they become relevant to the

dynamics (Appendix A). Exploiting the analogy with optical phenomena in Kerr media,

the characteristic time for linear diffraction and nonlinear phenomena can be roughly

estimated as TD = Lz/c2
1 and TNL = 1/(|c2| u2

peak), respectively, where Lz is the spatial

width of u0 and upeak = max{|u0|}. In our experiment TD � TNL, hence the first-stage
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Figure 5.6: Top: Density of a simulated BEC undergoing MI in an antitrapping waveguide. Mid-
dle: Autocorrelation traces of axial density: A(z) =

∫
dz′| f (z− z′)|2| f (z′)|2. Bottom: Width of

central peak of A(z). This width’s sharp decrease at 75 ms corresponds to the time where MI is
well-developed.

evolution of the condensate is dominated by MI and can be written as:

f (z, t) = u0eiβut +
∫

dk p(k)eikz+iβ(k)t+g(k)t, (5.5)

where the integration is performed over the whole MI-band and p(k) indicates the

initial perturbation at spatial frequency k that is amplified with growth rate g(k) [see

Equation (5.4)]. The integral in Equation (5.5) represents a superposition of sinusoidal

waves giving rise to the typical components observed in the condensate axial profile. If

the condensate is seeded by random noise, then the initial perturbation p(k) is a stochas-

tic variable whose value depends on the particular experimental run. Consequently, for

a fixed time t, the position, amplitude, and shape of the components differs between

runs. This explains the random nature of the components experimentally observed and

represents a truly distinctive signature of the MI regime.

Although the number of morphological components after breakup is random, the

average distance 〈dz〉 between consecutive components is set by the fastest growing

spatial frequency, i.e. 〈dz〉 = 2π/k̂. This allows a simple estimate of the average number

of components via 〈NComp〉 = Lz/〈dz〉.
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5.4.2 NPSE Simulation

Additional to this analytic theory, we performed NPSE simulations that aimed to

reproduce experimental conditions, including the antitrapping waveguide potential

and three-body recombination losses, modeled by including iK3N2| f |4 f /(2πa2
⊥σ2)2 in

the RHS of Equation (5.2) (K3 = 4 × 10−41 m6s−1 is experimentally determined). The

simulations were seeded with Gaussian noise with a minimum spatial correlation width

determined by the condensate’s healing length, ensuring that the perturbation only

contained physical noise. The noise amplitude was approximately 1% of |ψ|.

Figure 5.6 displays the evolution of a simulated BEC undergoing MI, resembling the

typical evolution observed in experiments (Figure 5.4). Condensate breakup causes the

formation of spatial components, which become distinct and separated once MI amplifi-

cation is well-developed. Furthermore, the final distribution is typically asymmetric as a

result of the random seeding noise (|Ψ|2 in Figure 5.6).

SPM induces an axial compression of the condensate, corresponding to a broadening

of the condensate’s initial axial spectrum (i.e. Fourier transform of u0). The larger

the width ∆k of the initial axial spectrum, the faster the spectral broadening and the

corresponding spatial compression. When ∆k & k̂, the spectral broadening of the axial

spectrum overlaps the MI-band and amplification of the seeding noise is negligible.

Here, the SPM-induced spatial compression is followed by complex dynamics that could

lead to the creation of distinct spatial components (Appendix A). These dynamics are

similar to those undergone by short optical pulses in Kerr-media [136]. However, in

this circumstance the number, position, and shape of the spatial components are fully

deterministic, as they do not depend on the seeding noise.

An intermediate regime exists where neither MI nor SPM are truly dominant, but

are equally important to the condensate dynamics. In this instance, the condensate

undergoes a partial reshaping followed by the creation of random spatial components

related to the MI (Appendix A).

For typical experimental parameters Lz ∼ 50µm and as ∼ −a0, we estimate ∆k ∼
1/Lz ≈ 20m−1 and k̂ ≈ 100∆k, therefore SPM does not dominate over MI. However, for

sufficiently negative scattering lengths, simulations show that a fast and strong spectral

broadening due to SPM occurs.
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Figure 5.7: Average number of spatial components observed in experiment at t=90ms compared
with NPSE simulations and analytic estimation 〈NComp〉 = Lz/〈dz〉 (shading indicates 10% un-
certainty in measured Lz). The initial BEC is considered to have one component. Uncertainties
are indicated by the standard error in the mean (these are smaller than the point width for simu-
lations). The hatched region indicates the absence of a stable soliton solution.

The average number of spatial components experimentally observed as a function of

quenched as is shown in Figure 5.7 alongside the predictions from a stability analysis of

the NPSE as well as NPSE simulations. The difference between simulations and analytic

estimation is expected due to the presence of a partial SPM pulse reshaping as well

as the antitrapping potential not accounted for by our analytical model. Nevertheless,

after excluding data for as < −1.7a0 (where a large thermal population was observed,

so mean-field formalism is not applicable), χ2-tests show that our analytic theory

(χ2(6) = 1.512, p = .959) and NPSE simulations (χ2(6) = 0.861, p = .990) agree

well with the experimental data. Note also that stable soliton solutions of the initial

condensate do not exist below as = −1.2a0, as determined by a variational analysis of

the GPE energy functional [111].

The distribution of measured components was also compared to that predicted by

NPSE simulations. We compare the number of spatial components experimentally

measured after breakup to 1D NPSE simulations (only in the regime as ≤ −1.7a0

where a negligible thermal population was observed and mean-field theory is valid).
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In order to determine whether the predictions of this theoretical model are in good

agreement with the experimental data, we apply the independent samples t-test for

unequal variances (i.e. Welch’s t-test). This allows us to assess the difference between the

theoretically-predicted and experimentally-measured distributions for each quenched

scattering length. We did not assume equal variance between the two distributions, as

we do not have a detailed a priori understanding of the technical noise sources within

the experiment that lead to the stochastic variation in component breakup.
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Figure 5.8: Probability of observing a given number of spatial components for both experiment (57
runs) and simulation (250 runs) at quenched scattering length as = −0.75a0. Grey regions indicate
overlap of both distributions. An independent sample t-test (t(71.67) = −1.346, p = .183) reveals
no significant difference between the two distributions.

The results of our analysis are shown in Table 5.1. Each scattering length was

analysed with 250 simulation runs and between 10 and 57 experimental samples. Since

all t-tests returned p > 0.05, we conclude that the distribution of components in the

experiment did not significantly differ from the distribution of components predicted by

the NPSE; this agreement is pictorially demonstrated for as = −0.75a0 in Figure 5.8.

Scattering length (a0) t statistic df p value
-0.200 .838 9.318 .423
-0.517 .683 9.344 .511
-0.750 -1.346 71.670 .183
-0.832 -.560 9.226 .589
-1.148 -1.278 9.376 .232
-1.463 -2.241 9.178 .051

Table 5.1: Results of t-tests for each quenched scattering length. For each test, we report the
t-statistic, the degrees of freedom (df), and p value.

The observed random position, number, and amplitude of measured components is

truly indicative of MI dynamics. Agreement with NPSE simulations of MI is seen in both
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the mean and standard deviation of the number of measured components. In contrast, if

train formation was seeded by linear effects, its dynamics would be deterministic, similar

to what occurs with SPM reshaping. Furthermore, although the mean-field formalism

employed here cannot account for fragmentation effects captured by the many-body

model, the fragmentation dynamics predicted in an initially symmetric condensate

are highly symmetric [137]. Therefore, the stochastic breakup dynamics observed in

our experiments are a truly distinctive signature of MI, whereas the observation of

symmetric and deterministic behavior would be suggestive of a different underlying

mechanism, such as MI seeded by linear effects from fragmentation or SPM reshaping.

Similar work, developed independently, was released after the preparation of the

manuscript related to this work, which focuses on MI in Li condensates [71]. The process

used to investigate the onset of MI in Li was comparable to that used here for 85Rb, with

a Li BEC cloud quenched from a scattering length of 3a0 to a negative value. Although

[71] was performed in the presence of axial harmonic confinement (an additional effect

that needs to be disentangled from MI), the results presented broadly confirm what was

observed here.

In summary, we have presented a continuous experimental observation of MI in

a BEC. A major advance of our experiment is the ability to nondestructively image

stochastic time-dependent nonlinear phenomena with high temporal resolution. Our

experimental observations are in good agreement with analytical and numerical predic-

tions provided by the NPSE, and suggest that MI seeded by noise is the key physical

mechanism underlying the breakup of elongated condensates into matter-wave solitary

waves.

5.6 Future work

The improvements made to the experimental apparatus will allow the detailed study

of many new aspects of nonlinear dynamics driven by MI. For MI to occur, an initial

perturbation is required that then exponentially grows. Applying a reproducible initial

noise profile to seed the condensate (necessarily greater in amplitude than those already

present in the system) would remove the stochastic nature of the MI, allowing the

timescales and transient dynamics of MI to be closely compared with simulations.

Additionally, the solitons here are created by matching the dimensions of the trapped

and untrapped clouds when switching off the confining potential and adjusting the

scattering length. If, instead, a small mismatch in the radial widths of these two solutions
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is created, then a transverse excitation will be present during MI, altering the dynamics

in a way not captured by the NPSE. Finally, the role of the relative phase in soliton-

soliton interactions, either attractive or repulsive, has previously only been inferred

through comparison with GPE simulation [138]. Combining the agile imaging system

of the apparatus and the ability to perform Bragg interferometry along the waveg-

uide [122] would allow a direct measurement of this effect. By first nondestructively

observing train formation and subsequent soliton interactions, neighboring solitons can

then be interfered and their relative phase read out with higher SNR destructive imaging.



Chapter 6

Dual Species Groundstates in an

Optical Trap

Single component condensates present a unique system for experimentally probing the

non-linear Schrödinger equation (NLSE). Due to the high level of control over both the

non-linearity and trapping potential, they have been a useful tool in studying a variety

of manifestations of nonlinear physics such as solitons and instabilities.

Specifically, bright solitons, where an attractive non-linearity balances dispersion,

have been created in optical waveguides [66, 67]. These solitons, propagating without

expanding, have been utilised to enhance fringe visibility in guided atom interferometers

[122]. The formation of trains of bright solitons has also been shown to be a manifestation

of modulational instability (Chapter 5) [70, 71]. Dark solitons – a non-dispersing dip in

the density profile – have also been imprinted directly onto BECs [68]. The ability to

actively drive these systems, by way of modulating the non-linearity or the trapping

potential, has shown the onset of dynamical instability in a moving optical lattice [72],

the creation of pattern-forming Faraday waves [139], as well as the creation of superfluid

vortices [140].

Two-component mixtures of condensates, comprised of coupled NLSEs, offer an

even richer system and there has been significant recent interest in a wide variety of

coupled nonlinear phenomena. The onset and control of a breadth of two-component

instabilities have been investigated both in theory and experiment: quantum turbulence

and counter superflow instabilities [77, 78], Kelvin-Helmholz instability [79], classical

rotation emergence in superfluids [80] and the formation of dark solitons and their

subsequent decay to rings [82]. Periodically driven two-component BECs have shown

the onset of chaos and allow the crossover from classical to quantum systems to be in-

vestigated [83]. Additionally, large non-linear atom-atom interactions in two-component

BECs have been used to generate exotic non-Gaussian entangled states [141] which have

potential applications in quantum enhanced atom interferometry [142]. Systems with

83
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asymmetric atom densities also give access to impurity physics and may be used for

thermometry [143].

All these exotic phenomena require the preparation of varied, yet reproducible

ground states. While previous work has focused on experimental observations of

immiscible states in 85Rb /87Rb mixtures [144], it has lacked a thorough theoretical

investigation through a coupled Gross-Pitaevskii approach.

In this chapter we present a detailed experimental study of phase separated ground

states in a 85Rb /87Rb mixture, showing that we can reliably create a variety of ground-

state configurations, and provide a comparison to coupled Gross-Pitaevskii simulations.

Firstly, a brief introduction to two component BEC theory is presented and an overview

of previous experimental work in superfluid mixtures is given. We then describe

the experimental procedure for generating, imaging and analysing our mixed states.

The apparatus allows us to sensitively tune the energy scales of trapping potential,

interaction, and gravitational potential energies, which allows access to a variety of

phase separated states for our system. Tuning the intraspecies scattering length of 85Rb

(as) allows the curvature of the isotope boundary to be tuned with a high reproducibility

shot-to-shot. Accompanying theoretical groundstate GPE simulations, done by S.S.

Szigeti, are shown to be in good agreement with the measured curvatures. The curvature

of this boundary is shown to be a good categorisation of these phase separated states,

in contrast to previous uses of shifts in the center-of-mass (COM). The phase-separated

groundstates generated open up an avenue to investigate the effect of surface curvature,

which can be well controlled, tuned and repeatedly generated in our system, on interface

and instability dynamics.

6.1 Two component condensate mixtures

6.1.1 Theory of Mixed BECs

An important property of the mixed BEC system is the components’ miscibility. This

is a measure of the inclination for the components’ to either homogeneously mix or

remain separated. In Section 3.6 we derive the usual miscibility criteria g12 >
√

g11g22,

however under this analysis the atom number difference between the components is

inconsequential. Additionally, this criteria gives no information of different immiscible

groundstate configurations resulting from the form of the trapping potential, and any

effects of gravitational sag.
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When considering ground states for single component condensates, a number of

exact solutions exist for both 1D and fully 3D cases. For non-interacting BECs, in the

ideal gas limit, the condensate takes on the harmonic oscillator ground state [13]. In the

strongly interacting regime the kinetic energy term can be neglected in what is known

as the Thomas-Fermi limit where the condensate takes on the shape of the trapping

potential [13]. Attractively interacting condensates give rise to soliton like solutions

where the attractive interactions balance the repulsive kinetic term [122].

While there has been some analytical work on solutions to the two component case

[145], these have had limitations. Firstly, for immiscible condensates the boundary be-

tween two condensates may limit the applicability of the Thomas-Fermi limit, as the

high spatial derivative increases the kinetic energy locally in this area. Secondly and

more importantly, the effects of atomic mass difference in a gravitational field have been

sidestepped by using highly symmetric Gaussian trapping potentials. These effects are

crucial to understanding and controlling experimental two component systems.

6.1.2 Experimental Superfluid Mixtures

Superfluid mixtures have been observed in a variety of inter-atomic and inter-isotope

combinations: 87Rb/41K [146], 87Rb/133Cs [147, 148], 85Rb/87Rb [144], 168Yb/174Yb [149],
87Rb/84Sr and 87Rb/88Sr [150]. Although these superfluid mixtures can exist in miscible

states, where there is no well defined phase separation, additional richness of the system

is gained for immiscible mixtures. First created with superfluid mixtures of 3He/4He

[151], there have now been a number of experimental realisations of these states.

The manifestation of this phase separation is highly dependent on the competing

scattering lengths of the system, trapping frequencies and mass difference. While the

relation g2
12 > g11g22 [114] is typically given as the condition for immiscibility, a number

of experimental realisations have shown that other factors can increase the regime where

separation occurs [152, 153]. The competing energies from the gravitational and trapping

potential give rise to either horizontal phase separation (vertical phase boundaries), or

vertical phase separation (horizontal phase boundaries). The horizontally separated

case has been experimentally investigated in Bose-Fermi mixtures of 40K/87Rb [154],
85Rb/87Rb [144], and two spin states in 87Rb [147, 155]. Previous work on groundstates

with gravitational sag driven separation has shown a variety of possible vertically

separated configurations [152, 153, 156, 157] but has lacked a systematic study into the

separation boundary between the two components.
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Figure 6.1: Groundstates for the dual species BEC system with N85/N87 = 1 for increasing 85Rb
self scattering length as (from left to right), as imaged perpendicular to the prolate optical trap
direction. Tick marks are in µm. Each pair of absorption images (85Rb and 87Rb) is a single
experimental realisation, taken after 5ms of ballistic expansion. The vertical position shift due
to the 1ms delay between the 85Rb and 87Rb images has been removed. For small scattering
lengths the 85Rb condensate is partially enveloped by 87Rb. As the 85Rb scattering length increases
beyond that of 87Rb (100a0), the curvature of the boundary between them changes sign. For
as > 526a0 the two clouds begin to enter the miscible regime and become increasingly overlapped.

6.2 Formation of 87Rb and 85Rb condensates

6.2.1 Experimental Procedure

The experimental apparatus is described in Chapter 4 with the experimental procedure

as follows: a dual species mixed BEC is formed in the optical dipole trap with the 85Rb

scattering length set at 80a0. Over 400ms the powers in the optical trap are adiabatically

ramped up, increasing the depth of the optical trap and preventing further evaporation.

This step also serves to re-enter the harmonically trapped regime in the optical trap

(Figure 4.14). Simultaneously, the scattering length of 85Rb is adiabatically ramped to

the final value for the desired groundstate. The adiabaticity of these ramps is checked

by looking for a lack of collective excitations in the BEC. The optical trap is then rapidly

switched off and the atoms undergo 5ms of ballistic expansion before being imaged. The

experiment is repeated for 85Rb intra-species scattering lengths from 0 to 1000a0. The

effect of relative atom number is also investigated. Controlling the initial load time of
85Rb atoms from the 2D MOT we are able to create atom ratios from pure 87Rb to 85Rb.

6.2.2 Dual Species Imaging

Ideally the BEC groundstates would be imaged while still in the optical trap, however

this is difficult for two reasons. Firstly the small size of the condensate (a few microme-

tres) requires the use of high numerical aperture optics with large magnification, and

any structure inside the boundary between condensates would be much smaller again.
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Secondly, the two isotopes are imaged at slightly different wavelengths, F = 2→ F′ = 3

(780.246 02 nm) and F = 3 → F′ = 4 (780.243 73 nm) for the D2 line of 87Rb and 85Rb

respectively. Although switching between these two frequencies is trivial, the 1.1 GHz

detuning between them would cause parasitic lensing of the light which passes through

the non-resonant isotope due to the high optical densities in trap. This lensing will

distort the isotope boundary in the final image [101].

Instead the clouds are allowed to undergo ballistic expansion, whereby the optical

trap is rapidly switched and the clouds free-fall for 5ms. This has the effect of both

lowering the optical density and any lensing effects, while also enabling the self-similar

expansion to magnify the phase boundary. A fast frame rate camera (Grasshopper 3

GS3-U3-41C6NIR-C) allows separate images of both 85Rb and 87Rb in the same run

to be taken with a 1ms delay. The 85Rb atoms are first repumped and imaged on the

F = 3 → F′ = 4 transition. After 1ms delay, limited by the camera frame rate, the 87Rb

atoms are repumped and imaged on the F = 2 → F′ = 3 transition. No significant

change in the characteristics of the BECs, due to either the repumping or extra 1ms of

expansion, is shown when the imaging order is swapped. The additional 1ms of fall for
87Rb results in a positional offset of 54 µm, which must be removed from the image to

realign the two isotopes. Typical images of the groundstates are shown in Figure 6.1.

6.2.3 Image Processing

Although the centre-of-mass shift is a useful tool for identifying different features of the

transition between immiscible and miscible groundstates, it elucidates little information

about their geometrical configuration. Alternatively, this categorisation may be done by

extracting the nature of the isotope boundary. The boundary is found using an image

processing algorithm on the two absorption images (Figure 6.2).

Firstly, the ratio of the two atomic column densities is calculated with regions of low

atomic density (< 5 × 1012µm−2) removed (Figure 6.2c). The boundary is then along

the line where the atomic number ratio is parity. Given the limited image size, optical

resolution and noise in the absorption images, this line is non-trivial to calculate imme-

diately. Instead, the region −0.2 < Log(N85/N87) < 0.2 (Figure 6.2d) is found. Small

non-contiguous components are removed and then morphological thinning is applied to

extract the 1-pixel wide boundary path (Figure 6.2e). The curvature κ along a parametri-

sation of this path is calculated by the first and second derivatives of the path in the x

and y direction:



88 Chapter 6: Dual Species Groundstates in an Optical Trap

0 10 20 30 40

- 0.10

- 0.08

- 0.06

- 0.04

- 0.02

0.00

Boundary path point (pixel)

C
ur

va
tu

re
(p

ix
el

-1
)

(f)

(e)(d)(c)

(b)

(a)

Figure 6.2: Example of the boundary curvature extraction process for a single experimental run
at as = 370a0. a) Absorption image of 85Rb. b) Absorption image of 87Rb. c) Density plot of the
isotope ratio N85/N87; 85Rb and 87Rb are pink and blue respectively with white regions of equal
density. d) Region where −0.2 < Log(N85/N87) < 0.2. e) Morphologically thinned phase path
giving the isotope boundary. f) Calculated curvature along the boundary path; integrating this
curve gives the dimensionless total curvature as -2.1.

κ =
x′y′′ − y′x′′

(x′2 + y′2)3/2 . (6.1)

The numerical derivatives y′, x′, y′′ and x′′ along the path are found by convolution

with a Gaussian derivative kernel of radius equal to the diffraction limit of the imaging

system, removing sharp steps between pixels due to the discrete sampling. κ is then

integrated along the path to give a dimensionless parameter for the phase boundary

curvature (Figure 6.2f).

The curvature finding algorithm is applied to both experimental and simulation im-

ages identically with no free parameters.

6.3 Simulation Approach

The difficulty in achieving analytical results for this system necessitates the use of

numerical simulations. A full 3D two component GPE simulation, while numerically
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ωx/2π (Hz) ωy/2π (Hz) ωz/2π (Hz)
85Rb 104.4± 0.5 78.1± 0.5 13.2± 0.5
87Rb 103.3± 0.5 74.6± 0.5 13.1± 0.2

Table 6.1: The values of the trapping Frequencies used for 3D GPE simulations, as found in
Section 4.5.

costly to solve, is needed due to the lack of symmetries in the system. Groundstates of

our system are found by utilising imaginary time propagation [158, 159], solved using

the software package XMDS2 [160].

Ramping the optical trapping powers up after BEC formation minimises the anhar-

monicty of the optical trap. However, the gravitational sag still induces both a shift in

the trap centre and trapping frequency between the two isotopes. The experimentally

measured trapping frequencies for each isotope are shown in Table 6.1 and are consistent

with the full potential model shown in Section 4.5. Careful attention must be paid to the

inclusion of the vertical trapping frequency, as this includes the effect of gravitational sag

shifting the trap centre. The expected trapping potential, combining the optical dipole

trap with the gravitational potential, is given by:

V(y) =
1
2

mω2
yz2 −mgz

=
1
2

mω2
y

(
z− g

ω2
y

)2

− 1
2

m
g2

ω2
y

.
(6.2)

This is factored to give an analytical estimate ( g
ω2

y
) for the trap centre shift given a

measured trapping frequency in the vertical direction. The parameters in Table 6.1 give

trap offsets of −40.6± 0.5µm and −44.6± 0.6µm for 85Rb and 87Rb respectively.

Without the inclusion of both the gravitation sag and trapping frequency difference

between the isotopes into the simulated groundstates, the geometrical arrangement seen

in the experimental results could not be reproduced. Instead, immiscible groundstates

with horizontal separation along the weak trapping axis were found. Simulations

with the 4 µm trap centre offset were able to show agreement with the experimental

configurations found.

The high densities present for the in-trap BEC groundstates will influence the

condensate evolution during ballistic expansion due to the inter-species mean field [153].

To account for this, after groundstate convergence from imaginary time propagation the

condensates were allowed to freely evolve with no trapping potential for 5ms. Due to

the delayed dual species imaging, the 87Rb was also expanded for an additional 1ms.



90 Chapter 6: Dual Species Groundstates in an Optical Trap

The 5ms and 6ms expansions showed negligible difference in the final image (except a

known COM shift due to free fall under gravity). The experimental absorption images

are taken on resonance, necessitating the switch off of the Feshbach resonance generating

magnetic coil 500 µs beforehand. During this brief period the 85Rb atoms evolve under

the zero-field scattering length −440a0, potentially causing catastrophic collapse [128].

Simulations including this period showed that 4ms of expansion sufficiently lowered

the atomic densities such that collapse was avoided and had no significant difference

compared to those which omitted this detail.

Simulated groundstates were completed for parameters found from each individual

experimental run, N85, N87, and as (1108 groundstates in total).

6.4 Results

Figure 6.1 shows experimental dual species groundstates with equal atom numbers of
85Rb and 87Rb. The horizontal prolate trapping potential (Figure 4.13) gives a large

preference for groundstates with vertical separation between the species. This consistent

separation allows for a variety of immiscible groundstates to be accessible simply by

varying the scattering length of 85Rb.

6.4.1 Miscible to Immiscible Transition

As the scattering length increases, the condensates transition from the immiscible to

miscible regime. The cross scattering length a85,87 = 213a0 and the self scattering

length a87,87 = 100.4a0 [161], along with the immiscibility criteria (g2
12 > g11g22), gives

as = 452a0 as an estimate of the point at which the phase separation occurs. Figure 6.1

shows this transition beginning to occur at as = 526a0, with fully miscible states at

as = 1131a0. In contrast for an unequal mixture where N85/N87 = 0.35 the immiscible

states persist into higher scattering lengths (Figure 6.3).

6.4.2 Centre of Mass

Previous works on phase separated BEC mixtures have predominantly focused on the

use of centre-of-mass (COM) differences between the two components to identify phase

separated groundstates [144]. Figure 6.4 shows the measured vertical COM separation

(∆COM) of the 85Rb and 87Rb condensates for 1108 different experimental runs. The
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Figure 6.3: Groundstates for the dual species BEC system with N85/N87 = 0.35 similarly as for
Figure 6.1. Tick marks are in µm. For small scattering lengths the 85Rb condensate is almost
fully enveloped by 87Rb, with much smaller COM shift compared to the N85/N87 = 0.5 case. As
the 85Rb scattering length increases beyond that of 87Rb (100a0), the curvature of the boundary
similarly changes sign. For these 85Rb depleted cases the phase separation between the isotopes
persists at higher scattering lengths.
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Figure 6.4: Density plot of the centre-of-mass separation between the 85Rb and 87Rb condensates
for different atomic ratios and 85Rb intra-scattering lengths. The scattering length has been plotted
with a logarithmic axis. The logarithm of the atom ratio has been taken to equally distribute
around a y-axis value of 0 which corresponds to N85/N87 = 1. Each rectangle corresponds to one
experimental realisation (1108 total groundstates). Maximum separation between the isotopes is
achieved when as is close to parity with a87,87; this separation is increased for 85Rb depleted cases
(-1 on the y-axis). The separation reduces towards zero for increasing scattering lengths above the
predicted immiscible/miscible boundary of as = 452a0. This boundary is atom ratio dependent
with isotope separation (immiscible states) persisting for larger as for smaller 85Rb clouds. For
small values of as the COM decreases due to the 85Rb condensate becoming enveloped by 87Rb.

separations measured are significantly greater than the gravitational sag in the optical

trapping minimum between the two isotopes. Above the predicted immiscible/miscible
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boundary of as = 452a0, ∆COM decreases towards the in trap gravitional sag given by

Equation (6.2) (4.0(8)µm) indicating overlapping condensates. The separation decreases

to as little as 1.5 µm, most likely due to a small potential difference between the two

isotopes (such as from a magnetic gradient) during the time of flight. The transition is

gradual, consistent with previous investigations into the immiscible/miscible transition

[153]. This is extended for mixed BECs which are depleted in 85Rb, with immiscible

states persisting up to as = 1131a0 for N85/N87 = 0.37 (corresponding to -1 on the y-axis

of Figure 6.4).

The largest separation between the isotopes is achieved when as is close to parity with

a87,87 with a maximum reached for small 85Rb condensates. Scattering lengths below

this, although well into the immiscible regime, are seen to reduce the isotope separation

(Figure 6.5). The lower mean field energy allows the spatially small 85Rb BEC to sag into

the large 87Rb condensate.

N85/N87=1±0.2

N85/N87=0.3±0.1
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Figure 6.5: ∆COM as plotted against as. Individual points indicate the mean and standard de-
viation of all experimental runs which fall within the atom ratio bins N85/N87 = 1 ± 0.2 and
0.3± 0.1.

6.4.3 Isotope Boundary

The curvature of the isotope boundary for equal mixtures (N85/N87 = 1± 0.2), integrated

over the length of each path, is plotted in Figure 6.6 against the 85Rb scattering length. A

clear trend from convex to concave isotope boundary is seen, with good agreement to

theoretical simulation. Several fitting functions were trialled, with an arc-tangent found

to well identify the zero crossing point. For both simulation and experiment this occurs

where the 85Rb intra-scattering length is equal to the 87Rb intra-scattering length, with
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values of 99± 3a0 and 107± 9a0 for the experiment and simulation, respectively.
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Figure 6.6: Curvature of the isotope boundary for equal mixture immiscible ground states at
different 85Rb scattering lengths. Individual points indicate the mean and standard deviation of
all experimental and simulation runs which fall within the atom ratio bin N85/N87 = 1 ± 0.2.
As the 85Rb scattering length reaches that of 87Rb the curvature tends to zero. The zero crossing
point is correctly predicted by theoretical simulations of the full 3D GPE. For larger scattering
lengths the experiment tends towards larger negative curvatures than simulation. This is most
likely caused by the curvature finding algorithm becoming unstable due to experimental noise as
the cloud begins to transition into a miscible arrangement.

The curvature was additionally found for non-equal mixtures of atoms. Individual

realisations of experiment or simulation were gathered by log(N85/N87) with a bin width

of 0.2. The range of ratios over which curvature values could be found for experimental

runs is smaller than simulation, primarily due to limitations of the imaging system. For

each bin the curvature as a function of as was fitted with an arc-tangent function. The

fitted curvature zero crossing points in terms of as are plotted against the bin centres in

Figure 6.7. As the ratio of 85Rb to 87Rb increases, the scattering length at which there

is a flat isotope boundary decreases. The linear trend in the logarithmic plot shown in

Figure 6.7 was fitted with the line in Equation (6.3):

log as = b1 + b2 log
(

N85

N87

)
(6.3)

N85

N87
=

(
c
as

)d

. (6.4)

With the substitution b1 = log c and b2 = − 1
d Equation (6.3) can be rewritten as

Equation (6.4). The fit parameters of c = 100.4± 2.2, d = 1.9± 0.3 and c = 100.1± 2.3,

d = 1.9 ± 0.1 for experiment and simulation respectively, are both in good agreement
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(see Figure 6.7). The parameter c, defining the scattering length at which an equal isotope

ratio achieves a flat boundary curvature, is equal to the 87Rb scattering length.

This somewhat surprising result suggests the idea that there may be a balance in the

interaction energies of the two isotopes at this point. Under inspection of Equation (3.37),

we can equate the self interaction energy terms N2
1 g11 and N2

2 g22 to attempt an energetic

explanation for this balance:

N1

N2
=

(
g22

g11

)1/2

. (6.5)

Experiment

Simulation

-2 -1 0 1 2
20

50

100

200

Atom Number Ratio

S
ca
tte
rin
g
Le
ng
th

(a
0
)

Figure 6.7: Logarithmic plot of the scattering length where the boundary curvature crosses zero
for different atom number ratios (plotted as Log(N85/N87) for clarity), with lines of best fit for

experiment and simulation. The fit lines are of the form N85
N87

=
(

c
as

)d
which are linearised by

fitting in logarithmic space. Fit parameters are c = 100.4± 2.2, d = 1.9± 0.3 and c = 100.1± 2.3,
d = 1.9± 0.1 for experiment and simulation respectively.

However, the resulting equation does not agree with the fitted value for the exponent

d. Given the disagreement already discussed with this simple homogeneous model, this

is no surprise. Conveniently, the GPE groundstate simulations allow the contribution

of different energies to be extracted. The self-interaction energy for each isotope (Eint,85

and Eint,87) in each ground state is calculated by integrating the terms in Equation (3.34).

Figure 6.8 shows the variation of the ratio of the per atom interaction energy over the

ground state sampling domain. A clear linear trend is seen where the energy per particle

is equal. Similar to Figure 6.7, the data was binned and a line of fit N85
N87

=
(

c
as

)d
found

for these regions. A line of fit for both the interaction energy and interaction per atom is

shown in Figure 6.9. The resulting fit parameters do not agree with the trend found for

the boundary curvature zero crossing points. As of yet the theoretical nature of the line

of zero curvature is still an open question.
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Figure 6.8: Density plot of the ratio of the interaction energy per atom for both 85Rb and 87Rb,
respectively. The line N85a85 = N87a87 is shown in green.
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Figure 6.9: Logarithmic plot of the scattering length where the energy ratio between the isotopes
is equal for different atom number ratios (plotted as Log(N85/N87) for clarity), with lines of best

fit. The fit lines are of the form N85
N87

=
(

c
as

)d
which are linearised by fitting in logarithmic space.

a) Interaction energy ratio (Eint,85/Eint,87), with fitted parameters c = 87± 6, d = 0.30± 0.01. b)
Interaction energy per atom ratio (Eint,85/N85)/(Eint,87/N87), with fitted parameters c = 79± 2,
d = 1.26± 0.03. c) 95% confidence band for the fit to the simulated groundstate curvatures shown
in Figure 6.7.
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85Rb

87Rb

Figure 6.10: A single experimental run of a dual component 85Rb/87Rb condensate released into
an optical waveguide at as = 2.8a0. Spatially separated clouds are formed in a stochastic manner
run-to-run. As the scattering length is positive, the breakup mechanism cannot be modulational
instability, however the data is too preliminary to classify it as capillary instability.

6.5 Applications and Future Work

The breadth of theoretical investigations for two-component physics [77–81, 84] prompts

a desire for experimental investigation. These experiments require both the ability to

prepare a variety of groundstates in a controllable manner and high confidence that

the preparation procedure produces the desired groundstate with high fidelity from

shot-to-shot. Quantum turbulence and counter superflow and the resulting manifes-

tations of instability require exquisite control of the component boundary. We have

shown a unique ability to manipulate the initial ground state into a number of reliable

configurations, and given a robust method of classifying these states. The region where

the interface between two BEC components is flat, shown to be of the form N85
N87

=
(

c
as

)d
,

is of particular interest when considering velocity shear experiments.

The states we have shown thus far are simply prepared in an optical trap. However,

our ability to create an optical waveguide by switching off one of the confining beams

as in the case of Chapter 5, allows the investigation of further dynamical instabilities

for two-component condensates. Of particular interest in this system is the capillary

instability, whereby an elongated two component BEC undergoes spontaneous droplet

formation [162]. Unlike the case of modulational instability which causes a single

component BEC to form spatially localised clouds due to self focusing from an attrac-

tive scattering length, a capillary instability will still occur for repulsive interactions.

Figure 6.10 shows the result of releasing a dual component 85Rb and 87Rb BEC into

an optical waveguide with as = 2.8a0. Although preliminary, the stochastic formation

of spatially localised clouds is promising for the investigation of dual component

instabilities.



6.5 Applications and Future Work 97

The ability to control the formation of groundstates through as is an ideal mechanism

to investigate the onset of critical wetting, first-order wetting and prewetting phase

transitions in dual component condensates [163]. A steep potential wall is required to

observe this transition and could be achieved with a blue detuned light sheet. This

experimental addition would be straightforward with the current optical setup.
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Chapter 7

Conclusions and outlook

This thesis has presented experimental work on the creation of an entirely new dual-

species 85Rb/87Rb BEC apparatus and the use of atom interactions to investigate

non-linear phenomena. The new apparatus, presented in Chapter 4, is a significant

improvement on previous designs, both in terms of the size of condensates and duty

cycle, as well as experimental simplicity [115]. BECs of atom number up to 2× 105 and

2 × 106 of 85Rb and 87Rb, respectively, can be created in 13 s. Accurate control over

the intra-species scattering length of 85Rb is achieved with a combination of an ultra

precise current driver and passive mu-metal shielding. Combined with a well calibrated

model of the optical potential, the apparatus is well suited for investigating a range of

non-linear phenomena.

In Chapter 5 we presented the first real time observation of the non-linear process

known as modulational instability (MI) in a BEC. A novel non-destructive imaging

technique called “shadowgraph imaging” was used to image the break-up of soliton-like

BECs into a train of spatially localised components. Utilising a statistical comparison to

both analytical and simulated results from the nonpolynomial Schrödinger equation, the

underlying mechanism of the instability was demonstrated to be MI.

Chapter 6 presented an experimental study of the dual-component ground states

of the 85Rb/87Rb system. We demonstrated the ability to reliably generate a range

of configurations, utilising control over both the intra-species scattering length and

the atom ratio in the BEC. The interface between two components was shown to be

well categorised by the curvature of the boundary, with good agreement between

experimental and simulated ground states. The dependence of the interface curvature

on the scattering length and isotope ratio is shown to obey a power law, of which the

origin remains an open question.
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7.1 Future Work

The fundamental design principle of the apparatus – one of simplicity and high optical

access – was guided by the future introduction of experimental hardware necessary to

investigate a range of phenomena. The non-diffracting Bessel waveguide will allow a

large increase in the space-time area and hence sensitivity of a guided atom interferome-

ter compared to previous experiments [115, 122]. The addition of either acousto-optically

steered optical tweezers [164], or a DMD or SLM generated reconfigurable potential

[165] transverse to the waveguide, combined with easy to implement non-destructive

shadowgraph imaging, will allow a breadth of new experiments to be undertaken.

Immediate avenues include the investigation of real time tunnelling and the effects of in-

teractions on transmission [129] and the construction of atomic Fabrey-Perot cavities [39].

The free on-axis beam path, given by the internal mirror mounts of the vacuum

system, gives access to extremely high optical densities (OD). For typical 87Rb BECs,

ODs of up to 1000 could be achieved. These high OD clouds would be ideal for the

implementation of quantum memory schemes such as electromagnetically induced

transparency, achieving unprecedented phase shifts [117–119], as well as quantum

non-demolition squeezing with an application to atom-interferometers [166].

The ability to accurately engineer a range of two-component ground states allows

the study of a range of novel non-linear effects in superfluids [79–81, 84]. The creation

of a velocity shear across the isotope interface may generate quantum turbulence and

counter-flow instabilities [77, 78, 167]. Loading a suitably prepared dual-component BEC

into the Bessel waveguide will allow the onset of a capillary instability to be observed

[162]. Controlling the formation of ground states through as, combined with a steep

potential wall generated by a DMD or SLM, is an ideal mechanism to investigate the

onset of critical wetting, first-order wetting and pre-wetting phase transitions in dual

component condensates [163].

The reliance of these phenomena on the non-linear parameter (the collision scattering

length) may necessitate a more accurate calibration scheme than current methods which

utilise Feshbach resonance properties. Applying a known spatial perturbation across

a BEC with an optical potential transverse to the waveguide will generate seeded

instabilities [168]. Monitoring the onset of instability and measuring the timescale for

development gives another method for calibration of the non-linear parameter in the

GPE [169]. An alternative method is the direct measurement of mean-field shifts in atom

interferometers. Utilising spatial-fringe readout [170] would allow the mean field energy
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to be read out as a function of atomic density, thereby calibrating the interaction strength.

The dual-species apparatus at ANU has provided new insights into non-linear phe-

nomena. Its upgraded, flexible and robust design will ensure a continued contribution to

the field in the future.
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Appendix A

Interplay between reshaping and

modulational instability

In this appendix we analyze in more detail the role played by condensate reshaping (lin-

ear and nonlinear) as well as its mutual interplay with MI. We show the existence of

two distinct regimes that are dominated by reshaping and MI, respectively. We finally

discuss an intermediate regime where reshaping and MI are both important to the con-

densate dynamics. These theoretical calculations are published as supplemental material

in [70], and were performed by M. Guasoni. They have been included as an appendix for

completeness.

Numerical simulations discussed below are related to the solution of the 1D NPSE

(Equation (5.2)), where the system parameters are those of the experiment: N = 3× 104

is the number of 85Rb bosons in the condensate; m ≈ 85 u is the corresponding atomic

mass; ω⊥ = 2π × 70 Hz is the trapping frequency in the transverse direction. We set

the s-wave scattering length as = −a0 (a0 is the Bohr radius). The initial axial function

f (z, t = 0) is described by a supergaussian of order 2: f (z, t = 0) = ne−z4/L4
z , n being

a normalization factor such that the integral
∫
| f (z, 0)|2 dz = 1. We analyze the axial

spectrum of the condensate, that is, the intensity of the Fourier transform in z of f (z, t).

Moreover, we vary the axial width Lz of the condensate in order to enter the different

aforementioned regimes.

A.0.1 MI REGIME

When we fix Lz = 1500µm the condensate undergoes a strong MI effect that determines

its dynamics. In this case, reshaping induced by diffraction is negligible because its char-

acteristic timescale TD is much longer than that related to nonlinear effects, TNL. More-

over, SPM is also negligible because the width ∆k of the initial axial spectrum is much

smaller than the MI peak frequency k̂ (see Figure A.1b). In order to demonstrate that the

condensate dynamics are unaffected by diffraction and SPM, we simply run the simu-

lation without seeding noise. Results in Figure A.1a,b clearly show that at t = 7s the

shape of the density distribution | f |2 and the corresponding spectrum are practically un-
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changed, confirming that the presence of diffraction and SPM do not play any relevant

role. On the contrary, when a seeding noise is employed in the simulation, the condensate

axial shape is strongly modified by MI. Figure A.1c,e show that running two simulations

with different seeding noise yields a different pattern of separated components. There-

fore, the random position, shape, and number of components is actually a clear signature

of MI in the spatial domain. Another interesting MI-feature comes from the spectra in

Figure A.1d,f; we clearly observe the raising of MI-bands that are in full agreement with

the theoretical MI-bands calculated from Equation (5.4). To conclude: both in the spatial

and in the spectral domain we have a strong signature of an MI regime.

Figure A.1: Input (blue) and output (red) density functions (panels a,c,e) and corresponding spec-
tra (panels b,d,f) when Lz = 1500µm and t = 7s. Panels a,b: no seeding noise. Panels c,d: seeding
with noise 1. Panels e,f: seeding with noise 2. Noise 1 and 2 are different but possess the same
statistics. Dotted black line in panels d and f represent the theoretical MI-band. Spectra are in dB.
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A.0.2 RESHAPING REGIME

If we strongly shrink the initial condensate in the axial direction, then the perturbed plane

wave approach typically employed in the description of MI cannot capture the true con-

densate dynamics, which is actually dominated by the reshaping due to both diffraction

and SPM. Figure A.2 displays (at t = 0.2s) the input and output density distributions of

the condensate and their corresponding spectra when Lz = 5µm. Panels a,b refer to the

instance in which no seeding noise is applied, whereas panels c,d to the instance where a

seeding noise is applied whose statistics is the same as the seeding noise used to produce

Figure A.1c-f. As shown in Figure A.2d, in this case the initial spectrum width ∆k is large

enough to completely overlap the MI-band. Therefore, the SPM causes a strong spectral

broadening which is totally independent of the underlying seeding noise. Contrary to

the case of Figure A.1, here panels b,d clearly show that the output spectrum is practi-

cally unaffected by seeding noise and the same applies to the output density distributions

(panels a,c). The dynamics are then fully deterministic and, at a fixed time t, we observe

almost the same density distribution whatever the seeding noise is.

Figure A.2: Same as Figure A.1, but for Lz = 5µm and t = 0.2s. Panels a,b: no seeding noise.
Panels c,d: seeding with noise.

It is worth examining the full spatio-temporal evolution of the density distribution,

which is shown in Figure A.3. We see that the condensate alternately experiences a com-

pression and broadening in the axial direction, which is due to the mutual interplay be-

tween SPM and diffraction. The first induces a strong compression, that is the spatial

counterpart of the spectral broadening, whereas the second counterbalances the SPM
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and tends to widen the condensate once it has been compressed. As a result, the full

dynamics is almost periodic and resembles the dynamics experienced by short optical

pulses in Kerr-media. On the other hand, several different spatio-temporal evolutions

can be observed depending on the particular shape of the input condensate as well as on

the linear and nonlinear coefficients of the system (c1,2,3,4 in Equation (5.2)).

Figure A.3: Spatio-temporal evolution of the density distribution | f |2 for Lz = 5µm and t = 0.2s.
In this instance the evolution, which is dominated by reshaping, is quasi-periodic.

A.0.3 INTERMEDIATE REGIME

From the above considerations, we may expect that an intermediate regime exists where

neither MI nor reshaping are dominant. In order to explore such a regime, we fix t = 0.2s

and Lz = 45µm, which is similar to the input axial width in our experiments (Figure 5.4).

Following the same procedure employed for the MI regime and the reshaping regime,

we first run the simulation in the absence of seeding noise. We see in Figure A.4a,b that

if the noise is absent then the dynamics is driven by a strong reshaping. On the other

hand, when noise is introduced, MI also plays a non-negligible role and gives rise to the

formation of components, similarly to the case of a pure MI regime (see Figure A.4c-f).

Most importantly, the output density distribution exhibits the typical MI-signature which

is represented by a random position and shape of the components. However, in this case

a partial correlation among components (i.e. ‘humps’) in different runs is present (see

humps-A,B in panels c and e), which is due to the interplaying deterministic reshaping.

Note also that the creation of well-defined and separated components occurs on a

timescale . 90ms, in agreement with experimental results (Figure 5.4).
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Figure A.4: Same as Figure A.1, but for Lz = 45µm and t = 0.2s. Lateral humps (i.e. components)
in the output density function are highlighted in panels a,c,e, showing the partial correlation
between their position in the absence and presence of noise, respectively.
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[83] J. Tomkovič, W. Muessel, H. Strobel, S. Löck, P. Schlagheck, R. Ketzmerick, and

M. K. Oberthaler. Experimental observation of the Poincare-Birkhoff scenario in a driven

many-body quantum system. Physical Review A 95, 011602 (2017). DOI: 10.1103/Phys-

RevA.95.011602. [pp 4, 83]

http://dx.doi.org/10.1103/PhysRevLett.95.145301
http://dx.doi.org/10.1002/lapl.201110052
http://dx.doi.org/10.1140/epjd/e2015-50851-y
http://dx.doi.org/10.1007/s10909-010-0324-y
http://dx.doi.org/10.1103/PhysRevA.82.063604
http://dx.doi.org/10.1103/PhysRevA.93.033601
http://dx.doi.org/10.1103/PhysRevA.93.033601
http://dx.doi.org/10.1103/PhysRevA.86.023614
http://dx.doi.org/10.1103/PhysRevLett.86.2926
http://dx.doi.org/10.1103/PhysRevA.95.011602
http://dx.doi.org/10.1103/PhysRevA.95.011602


References 117

[84] T. Kaneda and H. Saito. Collision dynamics of skyrmions in a two-component Bose-

Einstein condensate. Physical Review A 93, 033611 (2016). DOI: 10.1103/Phys-

RevA.93.033611. [pp 4, 96, and 100]

[85] C. J. Foot. Atomic Physics. Oxford Master Series in Physics. Oxford University Press,

Oxford, New York (2004). ISBN 978-0-19-850696-6. [p 9]

[86] D. Budker, D. Kimball, and D. DeMille. Atomic Physics: An Exploration through Prob-

lems and Solutions. Oxford University Press, Oxford ; New York, 2 edition edition

(2008). ISBN 978-0-19-953241-4. [pp 9, 18]

[87] R. Grimm, M. Weidemüller, and Y. B. Ovchinnikov. Optical Dipole Traps for Neutral

Atoms. In B. Bederson and H. Walther, eds., Advances In Atomic, Molecular, and

Optical Physics, volume 42, pages 95–170. Academic Press (2000). DOI: 10.1016/S1049-

250X(08)60186-X. [pp 14, 55]

[88] J. Durnin. Exact solutions for nondiffracting beams. I. The scalar theory. JOSA A 4, 651

(1987). ISSN 1520-8532. DOI: 10.1364/JOSAA.4.000651. [p 17]

[89] D. McGloin and K. Dholakia. Bessel beams: Diffraction in a new light (2005).

DOI: 10.1080/0010751042000275259. [pp 18, 59]

[90] A. E. Siegman. Lasers. University Science Books (1986). ISBN 978-0-935702-11-8.

[pp 19, 47]

[91] M. R. Andrews, M.-O. Mewes, N. J. van Druten, D. S. Durfee, D. M. Kurn, and

W. Ketterle. Direct, Nondestructive Observation of a Bose Condensate. Science 273, 84

(1996). ISSN 0036-8075, 1095-9203. DOI: 10.1126/science.273.5271.84. [p 20]

[92] A. Reinhard, J.-F. Riou, L. A. Zundel, and D. S. Weiss. Dark-ground imaging of high

optical thickness atom clouds. Optics Communications 324, 30 (2014). ISSN 0030-4018.

DOI: 10.1016/j.optcom.2014.02.070. [p 20]

[93] M. Pappa, P. C. Condylis, G. O. Konstantinidis, V. Bolpasi, A. Lazoudis, O. Mori-

zot, D. Sahagun, M. Baker, and W. von Klitzing. Ultra-sensitive atom imaging for

matter-wave optics. New Journal of Physics 13, 115012 (2011). ISSN 1367-2630.

DOI: 10.1088/1367-2630/13/11/115012. [p 20]

[94] R. Meppelink, R. A. Rozendaal, S. B. Koller, J. M. Vogels, and P. van der Straten.

Thermodynamics of Bose-Einstein-condensed clouds using phase-contrast imaging. Phys-

ical Review A 81, 053632 (2010). DOI: 10.1103/PhysRevA.81.053632. [p 20]

http://dx.doi.org/10.1103/PhysRevA.93.033611
http://dx.doi.org/10.1103/PhysRevA.93.033611
http://dx.doi.org/10.1016/S1049-250X(08)60186-X
http://dx.doi.org/10.1016/S1049-250X(08)60186-X
http://dx.doi.org/10.1364/JOSAA.4.000651
http://dx.doi.org/10.1080/0010751042000275259
http://dx.doi.org/10.1126/science.273.5271.84
http://dx.doi.org/10.1016/j.optcom.2014.02.070
http://dx.doi.org/10.1088/1367-2630/13/11/115012
http://dx.doi.org/10.1103/PhysRevA.81.053632


118 References

[95] M. R. Andrews, D. M. Kurn, H.-J. Miesner, D. S. Durfee, C. G. Townsend, S. Inouye,

and W. Ketterle. Propagation of Sound in a Bose-Einstein Condensate. Physical Review

Letters 79, 553 (1997). DOI: 10.1103/PhysRevLett.79.553. [p 20]

[96] C. C. Bradley, C. A. Sackett, and R. G. Hulet. Bose-Einstein Condensation of Lithium:

Observation of Limited Condensate Number. Physical Review Letters 78, 985 (1997).

DOI: 10.1103/PhysRevLett.78.985. [p 21]

[97] F. Kaminski, N. S. Kampel, M. P. H. Steenstrup, A. Griesmaier, E. S. Polzik, and

J. H. Müller. In-situ dual-port polarization contrast imaging of Faraday rotation in a high

optical depth ultracold 87Rb atomic ensemble. The European Physical Journal D 66, 227

(2012). ISSN 1434-6079. DOI: 10.1140/epjd/e2012-30038-0. [p 21]

[98] M. Gajdacz, P. L. Pedersen, T. Mørch, A. J. Hilliard, J. Arlt, and J. F. Sherson. Non-

destructive Faraday imaging of dynamically controlled ultracold atoms. Review of Scien-

tific Instruments 84, 083105 (2013). ISSN 0034-6748. DOI: 10.1063/1.4818913. [p 21]

[99] J. Smits, A. Mosk, and P. van der Straten. Imaging trapped quantum gases by off-axis

holography. Optics Letters (2020). ISSN 1539-4794. DOI: 10.1364/OL.384120. [p 21]

[100] G. S. Settles. Smartphone schlieren and shadowgraph imaging. Optics and Lasers in

Engineering 104, 9 (2018). ISSN 0143-8166. DOI: 10.1016/j.optlaseng.2017.07.002. [p 21]

[101] P. B. Wigley, P. J. Everitt, K. S. Hardman, M. R. Hush, C. H. Wei, M. A. Sooriya-

bandara, P. Manju, J. D. Close, N. P. Robins, and C. C. N. Kuhn. Non-destructive

shadowgraph imaging of ultra-cold atoms. Optics Letters 41, 4795 (2016). ISSN 1539-

4794. DOI: 10.1364/OL.41.004795. [pp 21, 45, 71, and 87]

[102] D. A. Steck. Alkali D Line Data. https://steck.us/alkalidata/ (2019). [pp 22, 54]

[103] F. Dalfovo, S. Giorgini, L. P. Pitaevskii, and S. Stringari. Theory of Bose-

Einstein condensation in trapped gases. Reviews of Modern Physics 71, 463 (1999).

DOI: 10.1103/RevModPhys.71.463. [pp 26, 27, and 57]

[104] K. Enomoto, K. Kasa, M. Kitagawa, and Y. Takahashi. Optical Feshbach Resonance

Using the Intercombination Transition. Physical Review Letters 101, 203201 (2008).

DOI: 10.1103/PhysRevLett.101.203201. [p 27]

[105] M. Theis, G. Thalhammer, K. Winkler, M. Hellwig, G. Ruff, R. Grimm, and J. H.

Denschlag. Tuning the Scattering Length with an Optically Induced Feshbach Resonance.

Physical Review Letters 93, 123001 (2004). DOI: 10.1103/PhysRevLett.93.123001. [p 27]

http://dx.doi.org/10.1103/PhysRevLett.79.553
http://dx.doi.org/10.1103/PhysRevLett.78.985
http://dx.doi.org/10.1140/epjd/e2012-30038-0
http://dx.doi.org/10.1063/1.4818913
http://dx.doi.org/10.1364/OL.384120
http://dx.doi.org/10.1016/j.optlaseng.2017.07.002
http://dx.doi.org/10.1364/OL.41.004795
http://dx.doi.org/10.1103/RevModPhys.71.463
http://dx.doi.org/10.1103/PhysRevLett.101.203201
http://dx.doi.org/10.1103/PhysRevLett.93.123001


References 119

[106] N. Claussen, S. Kokkelmans, S. Thompson, E. Donley, E. Hodby, and C. Wieman.

Very-high-precision bound-state spectroscopy near a 85Rb Feshbach resonance. Physical

Review A 67 (2003). DOI: 10.1103/PhysRevA.67.060701. [p 27]

[107] V. M. Pérez-García, H. Michinel, J. I. Cirac, M. Lewenstein, and P. Zoller. Low En-

ergy Excitations of a Bose-Einstein Condensate: A Time-Dependent Variational Analysis.

Physical Review Letters 77, 5320 (1996). DOI: 10.1103/PhysRevLett.77.5320. [p 27]
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