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Abstract

We propose a flexible framework for profit-seeking market imgby combining cost
function based automated market makers with bandit legraigorithms. The key
idea is to consider each parametrisation of the cost fun@fa bandit arm, and the
minimum expected profits from trades executed during a geagthe rewards. This
allows for the creation of market makers that can adjusidityyand bid-asks spreads
dynamically to maximise profits.

1 Introduction

An extensive literature on cost-function based automatarcket makers motivated by prediction mar-
kets [13/14] with deep connections to no-regret onlinenieay [8,[9]. A largely separate literature has
developed on profit maximising market making|[12, [10, 6]. By&ting outcomes in the market setting
with experts in the learning setting, and the trades madkeenrtarket with the losses observed by the
learning algorithm[[B], one can establish the striking neatlatical equivalence between cost function
based prediction markets and regularised follow the leadkme learning. A related literature on using a
bandit framework to attack a pricing problem goes back iret@nomics literature t0 [21] who considers
the case with discounting. The problem has more recently bealysed using modern methods by [4],
[15] analysed an online posted-price auction using advietdamndits. It is important to note that market
making is a more general problem, while the sum of instamasgrices can in some sense be considered
the market makers "pricing problem” the question of how ttroglly set the liquidity of the market does
not have a parallel in the pricing literature.

The market makers traditionally considered in the prediictharket context is have instantaneous asset
prices that sum to one, this allows the for prices to be imetgul as probabilities while also implying that
the market maker can not be profitable in expectation. Forlietpossible to achieve a profit regardless
of the outcome, the prices must sum to greater than|one [20Hemote the sum of prices for all assets
as theoverround Two interrelated choices with an exploitation/explavatiradeoff are at the core of
market making for profit. On the one hand if the true prob#édiwere known to the market maker
it would be possible to observe expected profits from theesadut it is not possible to observe how
much higher (lower) that demand would have been at with alem@larger ) overround. On the other
hand, if the profit maximising overround where known, butttiue probability distribution is unknown,
the market maker still faces a choice of how much liquiditptovide the market so as to move prices
towards equilibrium prices sufficiently quickly, while &gt same time not having prices be so volatile as
to loose potentially profitable trades.

Our contribution consists in casting market making for gradi a no-regret online learning problem, in
particular the bandit setting. Each action in the bandtirsgtorresponds to a parametrisation of a cost
function based automated market maker with prices that sugrdater than oné [20] 1, 119,/18]. The
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rewards on the bandit setting correspond to minimal explgntefits for the trades incurred in that period
that are consistent with the final set of prices in that periddoint choice controlling the overround
(the sum of prices) and the liquidity of the market maker it8sa a given parametrisation. The bandit
algorithm provides a way to dynamically adjust liquiditydaoverround so as to obtain a parametrisation
of the cost function that asymptotically extracts maximaifits for the class of cost function under
consideration. Furthermore, it also provides a rich nunabesettings that enable new types of market
makers. Of particular interest are enabling the market makéesarn to use side-information, and to
operate successfully in non-stationary environments witknown change points; empirically market
makers already appear to profit from side information [17].

2 Framework

We consider a setting with mutually exclusive and collectively exhaustive outconaeslT" time periods

of trading. At each time periotthe bandit algorithm selects a parametrisation of the costtfon from

a feasible set, and a sequence of traders indexddwigh which assign a probability distributions,
over then outcomes are drawn from a distributid® and interact with the automated cost function
based market maker. The aggregate purchases of the seqii¢rackers that arrives at periodhifts the
obligation vectow from it's previous state;_; to ¢;, the quantity vector at the end of the period.

Cost function based market makers for prediction marketbased on sequentially shared proper scoring
rules. These are myopically incentive compatible: thaf tsaiders do not consider the effects of their
trades on other players beliefs or on the market makersdiztions then proper scoring rules incentivise
players to reveal their true beliefs. if traders can interagltiple times with the market maker and act
strategically, neither the proper scoring rules are in garenough to guarantee traders reveal their true
beliefs [1]. We focus on the setting with myopic traders.

2.1 Cost function

We consider the use of a underlyingst functionC' : R} — R, which assigns a monetary valagq)

to market positiordescribed by a vectar € R’} where eachy; is the total size of the obligation vector
in case event occurd] If the market is in positioy and a trader wants to buy a portfolio ohare the
price for that portfolio is”'(¢ +7) — C(q). This means thinstantaneous pricper share for each security

iis P% C(g) and which can be summarised by the veatos (8§(q) e ag(q) ) that is, the gradient
qi q1 dn

VC(q). We require our cost function to have similar propertiesldsif particularpath independence,
continuity and differentiability everywhere, informatimcorporation, and expressiveness

In addition we require that the cost function always offdces that argpotentially profitable for the
market maker This requires that prices sum to greater than one forgatlyat is> ", m; > 1Vq. Thatis
for any state of the quantity vector, the cost function stiaifer a set of prices that if a uniform vector
of assets is purchased by traders it will make a profit withadety. When prices sum to less than one
it opens the market to risk-free arbitrage opportunitiegtenpart of the traders. Here we follov [20]
and consider complete market makers whose prices that sgme&ter than one and only allow trades
to purchase assets so as to avoid risk-free arbitrage orathefatraders. We will focus on a complete-
market setting, so that this prohibition on asset salestisowt loss of generality: if traders wish to take
positions against a given outcome, they can still do so byriguthe basket of assets that make up its
complement.

An immediate consequence of this is that there are beliefsdders that are ngdrofitably expressible
Given some vectoq there exists a vector of beliefs over outcordesich that a trader who believes the
true probability distribution isl cannot engage in any trades and expect to profit. In particoke that
by construction sinc@ , m; > 1 there must exist a vectarsuch thatl — Z#i T <d; <mVi.

Lan initial obligation vector, which denotes the market makers a priori beliefs over theawnés probabilities
and whose magnitude may encode the starting level of lityuisider some cost functions such as that of the OPRS.



2.2 Rewards

We would like the rewards of the bandit for periodo be the expected profits/losses incurred by the
market maker during the period. The existence of a range l@dfbehat are not profitably expressible
implies that there is no unique way to transform the priceamdnto a probability vector, thus we consider
the expectation with regards to the worst case probabilgtridution over outcomes (for the market
maker) that is consistent with the prices of the quantityiaeat the end of the period.

Thus at each time period our bandit’s unnormalised rewanglgigen by;

ry =minp: C(q) — C(qi-1) — Z(pi(Qt,i —qi-1)) 1)

i=1

s. t. [1 — Z#i wj} <p; <mVi,andd " pi=1
JF

These can be normalised [@, 1] which most bandit algorithms consider in their analysis Hinaar
interpolation between the worst case losses within thelfieagarameter region, denoted 6Y¢) which
occurs when all demand is for the same asset, and the cositinizbeing parametrized with the smallest
feasible minimum bid-ask spread and the maximum level afidiity and C(g) corresponding to the
maximal one period profit, which consists of the maximal &gk spread, the maximal amount of asset
being purchased uniformly and the lowest level of liquidity

2.3 Bandit Algorithms

The framework is flexible in the choice of underlying bandgaithm, with different algorithms being
appropriate depending on the structure of the distributiom which traders beliefs are drawn as
well as what other structural assumptions can be made, withsa to side information ( "context”) and
unimodality of the rewards, being particularly natural floe setting.

To set the overround and the liquidity we face a bandits with ¢ontinuos arms. To be able to tackle the
continuum of arms with vanishing regret we must impose soxtra structure; In the stochastic setting,
thatisD, = D, + 1Vt € T, [5] provides a policy with vanishing regret when the meawards is locally
Lipschitz with respect to a dissimilarity function that isdwn to the market maker. A similar result with
a known metric on the strategy space is provided by [16].

An alternative which does not achieve vanishing regret gdgtitally but rather one that approaches
a constant fraction of the optimal profits is to use a dissa¢iton over the space of arms; how large a
fraction is achieved will then depend on the smoothness ®fptlofits with respect to the parameters
and the fineness of the discretisation grid (i.e. how muchédrigre the profits under the true optimal
parametrisation from those of the best parametrisatidngipart of our discretised set). In this parameter-
discretised setting there are however extremely att@biandit algorithms. We can use the classic Exp3
[2] which imposes no stochastic assumption, that is it adléov an arbitrary sequence of, = D, — 1

in the market and obtains@(7"%/4)regret bound. A unimodality assumption on the rewards allaw
demands a sequence of distribution with unknown number iamidd of change-points [22]. We can
also explore new natural settings where the market makététa access side information (for example,
knows if events that may affect the exogenous drivers of aehteave occurred recently or not) and
traders valuations are drawn iid conditional on the contexusing for example [11].

It is important to note once again that we are assuming tsaoleing myopic, if they are not then the
bandit algorithms are not generally truthful [3].



3 Examples

Consider a cost function that charges a multipte 1 above the LMSR prices, that is:

C(q) = ablog i edi/b (2

i=1
which gives instantaneous prices for asset i
_9Clg) _ el

i = = ) 3
T 0q; azj:1 €45/ (3)

3.1 Examples

To clarify the roles ofeandb consider the following two toy examples, represented bynatized ex-
pected rewards per round to the market maker , the frequdrtbg states is unkown to the market maker
at the start of the game (and may vary in time).

low a | higha
Low variance| 0.5 0
High variance| 0.5 1

In the first table we consider a case where the true prohiabiite known to the market maker, and thus
the profit maximising choice dfis as high as feasible (that is no matter what the tradershmiyniarket
maker does not want to change it’s beliefs about the outcpraed two possible underlying distributions

of beliefs, one which is tightly concentrated around théhti(low variance) , and one that is spread out
(high variance). A high value af means we make a smaller number of trades but each is at a higher
margin, this is advantageous when beliefs have highernegigut in the low variance situation can lead

to no trades occurring (as the entire distribution of beliedn fall between the price of the asset and the
price of the complement; that is not be profitable expresdigltraders).

If Exp3 was used as the algorithm to select the from the féapi#rameter set (in this case high or layv
the market would initially select high and lawwith the same frequency but would quickly converge to
selecting the one with higher payoff with higher probabijlitote it would never stop selecting the lower
payoff option with some small probability, since it needstmtinue to explore it to insure than, has
not shifted and it is now more profitable to change choices.

low b | highb
News 0.25 0
No News| 0.5 1

In the second example we consider a situation where the aptiverround is some known fixed and
we want to look at how to optimally vary which affects how quickly prices change in response tcetsad
We consider a situation in which we have access to some dideriation, such as for example wether
news is likely to reach the agents (and thus shift the digtion of D) on a given period, but we do not
have access to the news itBelf

In periods when there is News the true probability of the ehess shifted and thus our relative probabili-
ties from the previous period are incorrect. A higlneans the market maker is slow to update it's prices
to reflect the new conditional probabilities, and will actddow profits or possibly large losses (depend-
ing on how much variance there is in the beliefs) due to masgtasheing sold too cheaply relative to

%for example the moments before an announcement, were iasiagy already know the updated probabilities of
wether the event will occur or not



their true probabilities. In the No News situatiorb @hat is too low causes the prices to jump around
excessively, which means many traders who where willingap the equilibrium price will not face it,
but instead either pay too low or not purchase due to the peagg too high depending at which points
of the prices jumping around they have the opportunity tdera

If we used Exp3 we would not take into account this contexitufalkmation and we would converge to
playing with high probability whichever choice has the héghaverage payoff, but by using a contextual
bandit algorithm such a5 [11] we would instead convergeagipt with high probability a low when
there is news, and a highwhen there is no news.

4 Sketch of Results

4.1 RegretBound

WhenD is satisfies a suitable Lipschitz condition with rewardde prices offered by the market maker
(which will depend on the underlying bandit algorithm aligfom), then so will the rewards with respect
to the arms, and the sum of the worst case expected profitmettay the bandit market maker will have
regret bounded relative to those of the optimally parameticost function in the class being considered.

4.2 Fixed number of arms independent of number of assets

A simpler reduction from market making to bandit problenasts each bid and ask price for each of the
assets as a continous arm; while here we asymptoticallyoapprthe optimal profits, without restricting
the class of cost function to which we compare, we do so at arexqtially worse rate in the number of
assets. While the bandit market maker we propose can wolkasitittle as a two dimensional set of
arms, the naive reduction requir2d” arms, whereV is the number of assets.

4.3 Relationship of asset demand to reward distribution

If asset demand is time and path independent, i.e. when Yiekdé demand that was met in previous
time periods and the prices and elasticities of offers daffett the demand in future time periods, and
demand shocks are i.i.d distributed thBpfor a given period can be modelled as i.i.d. draw from some
fixed distribution and the corresponding bandit problemussan i.i.d. reward distribution.

A more natural situation is where the supply of assets by thkket maker in one period can affect the
level of demand in future periods. For example a when a peaigdry low prices (overround) for an
asset has been offered with a very low level of elasticitynaded that would have otherwise showed up
in future periods might be moved forward in time. In this ceereward function must be modelled as
an adaptive adversary, and suitable algorithms used tinadpgarantees on the regret.

5 Conclusion

While past research in cost function based market makets#imapotentially be profitable has focused
on how to use the overround to increase liquidity as the amofitrading increases while retaining
bounded loss, we focus on how to adapt liquidity and the owerd to maximise profits. Leveraging
bandit algorithms we propose a method to dynamically adapsize of the overround and the level of
liquidity in a cost function based market maker so as to maémrofits for the market maker. We believe
this framework opens an new and interesting set of reseamettions and practical implementations.
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