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ABSTRACT This paper studies the cooperative localization problem for mobile nodes. Different from the
previous work which highly relies on the synchronized time-slotted systems, the cooperative localization
framework we establish does not need any synchronization for the communication links and measurement
processes in the entire wireless network. More specifically, the mobility of nodes is modeled by the stochastic
differential equation, which allows the modeling of each node utilizing the asynchronously received mes-
sages and measurements in the continuous-time domain. To solve the cooperative localization problem, first
we propose the centralized localization algorithm based on the global information. Then, we rigorously prove
under what condition a localization estimation with partial information has a small performance gap from the
one with global information. Finally, by applying this result at each node, the distributed prior-cut algorithm
is designed to solve this asynchronous localization problem. Two cooperative localization examples are
presented to corroborate the effectiveness of the distributed prior-cut algorithm in dealing with asynchronous
communications and measurements.

INDEX TERMS Cooperative localization, wireless networks, asynchronous, stochastic differential equation,

distributed prior-cut algorithm, continuous-discrete filter.

I. INTRODUCTION

A. MOTIVATION

Cooperative localization in mobile wireless networks has
attracted significant attention in recent years, and is becom-
ing increasingly important for various in location-aware
applications [1], [2]. To estimate its location, each wireless
device (node) works cooperatively with other nodes in the
wireless network. Generally speaking, there are three key

elements in any cooperative localization algorithm:
1) receiving location-related information from other nodes

(information collecting);

2) estimating location based on the received information so
far (information inferring);

3) transmitting new location-related information to other

nodes (information sharing).
The information collecting-inferring-sharing framework is

very helpful to understand the existing work and develop new
techniques.

The associate editor coordinating the review of this article and approving
it for publication was Ligang Wu.

For mobile nodes, the cooperative localizations are usu-
ally based on the sequential Bayesian filtering technique
in time-slotted systems. That means all the information in
the wireless network must be collected, inferred, and shared
in a synchronized manner according to the time-slotted
system. Without synchronization, the existing cooperative
localization algorithms for mobile nodes cannot work prop-
erly. In the very recent years, the importance of the syn-
chronization in mobile wireless networks has been realized,
and clock synchronization problems were considered
in [3] and [4].

In practical scenarios, however, it is difficult to synchro-
nize all the clocks, communication links, and sensor mea-
surements, especially in the large-scale wireless networks.
This fact motivates us to rethink the sequential Bayesian
filtering framework: whether cooperative localization can be
done in an asynchronous way without relying on the syn-
chronized measurements and communications? More specif-
ically, how to model and solve the cooperative localization
problem for mobile nodes with asynchronous measurements
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and communications? In this paper, we aim to provide a
solution to this problem.

B. RELATED WORK

Since this work represents the first step towards solving the
asynchronous cooperative localization problem for mobile
nodes, there is no closely related work in the sense of asyn-
chronous communications and measurements. We review the
Belief-Propagation (BP) based cooperative localization and
the continuous-discrete Bayesian filter, because they inspire
us the most in this work.

BP localization is based on the factor graph [5] in the
Bayesian filtering framework [6]. It marginalizes the joint
posterior into approximated marginal posteriors (i.e. beliefs)
by iteratively exchanging local information (i.e. sched-
uled message passing) among a given cluster of nodes,
where each marginal posterior refers to the posterior of the
location-related state in the corresponding node. Employ-
ing the BP method in localization problems can date back
to the study on static nodes [7], which was then general-
ized to the famous Sum-Product Algorithm over a Wireless
Network (SPAWN) method for mobile nodes by the cele-
brated work in [1]. Note that for SPAWN the information
is collected, inferred, and shared multiple times (i.e. multi-
ple iterations) in each time slot, which can have complex-
ity and overhead issues in communications. To solve this
problem, a series of improvements were studied to reduce
the computational complexity and communication (iteration)
times [8]-[12]. In [8], a Gaussian mixture model replaced
the particles to describe the beliefs, and the communication
scheme was modified to only include beliefs (rather than
both beliefs and messages) where Kullback Leibler diver-
gence was employed to censor if a belief is good enough to
transmit. In [9], the sigma point BP was proposed to reduce
the low communication overhead. Based on the sigma point
BP, [10] designed a greedy algorithm for further reducing the
communication overhead. In [11] and [12], the BP method
was combined with the mean-field approximation to reduce
the message size in transmission.

In terms of the continuous-discrete Bayesian filter, it is
considered in the continuous-time domain, and its measure-
ments can be observed at any discrete time instants without
time-slotted constraints. If a cooperative localization problem
can be modeled in this continuous-discrete framework, then
the asynchronous communications and measurements will
automatically fit in this model.

Compared to the discrete Bayesian filter, the continuous-
discrete Bayesian filter has not drawn much attention since
R. E. Kalman proposed his famous Kalman filter [13]. The
continuous-discrete Kalman filter as well as the extended
Kalman filter were presented in the Bayesian framework
in [14]. The unscented Kalman, cubature Kalman, and par-
ticle filters were studied in [15]-[17], respectively.

Unfortunately, unlike its discrete counterpart, there are
no existing works on the distributed continuous-discrete
Bayesian filtering. That means modeling and solving the
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asynchronous cooperative problem in the continuous-discrete
filtering framework is challenging.

C. MAIN CONTRIBUTIONS

In this work, for the first time we establish the mathematical
model of the asynchronous cooperative localization prob-
lem for mobile nodes, and solve this problem by our pro-
posed distributed prior-cut algorithm. Two key features of our
algorithms are: 1) The distributed prior-cut algorithm does
not need any synchronization for the communication links
and measurements processes in the entire wireless network.
2) Different from the existing localization algorithms, the dis-
tributed prior-cut algorithm does not require any scheduled
iteration for exchanging local information, and the localiza-
tion is conducted in a timely and fully distributed manner.

Before giving the detailed contributions, we highlight

the key idea of distributed prior-cut algorithm here. Differ-
ent from the BP method which marginalizes the posterior
(see Section I-B), the distributed prior-cut algorithm is based
on cutting the prior into two parts at each node: one part is
closely related to the self-location, and the other part is not.
Then, every node refines its prior from the received mes-
sages by prior cutting, and discards less useful information
accordingly (i.e. only collecting the useful information for
self-localization).

The main contributions are given as follows:

« Asynchronous model. The asynchronous cooperative
localization problem is modeled in the continuous-time
domain. To be more specific, the mobility models of
mobile nodes are modeled by stochastic differential
equations, where a measurement can be taken and a
communication can happen at arbitrary time instants
without any time-slotted constraint.

o Centralized algorithm analysis. We give the central-
ized localization algorithm by the continuous-discrete
Bayesian filtering theory, where the global information
in the entire network is utilized. Then, we strictly prove
an important property of the centralized algorithm that:
if we cut the prior properly, i.e. the cut two parts are
independent enough, then a localization algorithm with
partial information can perform very close to the central-
ized algorithm.

o Distributed algorithm design. By the analysis of
the centralized localization algorithm, the distributed
prior-cut algorithm is proposed. This algorithm has a
database at each node to memorize the history informa-
tion which is different from the existing algorithms in the
Bayesian framework. When a node receives the related
information from other nodes (information collecting),
the database update is triggered (information inferring).
Specifically, the history information is updated by the
continuous-discrete Bayesian filter, and the priors are
refined by prior cutting which can significant reduce the
computation complexity and communication overhead
in estimating locations. After updating the database,
the node broadcasts its refined information to other
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TABLE 1. List of main symbols.

Symbol(s)  Description

T, AL
zi(t), yi(t)
zij (t55 k)

Sets of all nodes, anchor nodes, and non-anchor nodes
System state and location of node ¢ € Z at time ¢
The k™ measurement that node 7 measures the distance between nodes ¢ and 7 (i.e. measurement

i <= 7)
Z; 5[t] Set of all the measurements ¢ <— j within time window [0, ]
Z;t] Set of all the measurements ¢ <— - within time window [0, ¢]
Z[t] Set of all measurements in the entire network within time window [0, ]
mm The k™ broadcast message by non-anchor node [ € £ (anchor nodes do not broadcast messages)

m;(ti5%) The k™ received message at non-anchor node I € £ from non-anchor node j € £ (anchor nodes
do not receive broadcast messages from non-anchor nodes)

M5 [t] Set of all the messages received by non-anchor node ! € £ from non-anchor node j € £ within
time window [0, ]
M;e[t] Set of all the messages received by non-anchor node ! € £ during [0, ¢]
x5 (tayx)  Anchor state (i.e. the system state) of anchor node a at measurement time ¢5,'; »
Wi a[t] Set of all the anchor states received by non-anchor node ! € £ from anchor node a € A during
0, {
Wilt] Set of all the anchor states received by non-anchor node ! € £ during [0, ]
W(t] Set of all the received anchor states in the entire network during [0, ¢]
pi() Local probability deduced from the perspective of non-anchor node [ € £
u(t) Location estimation of node [ € £ at time ¢
i The measurement graph of measurement set Z [¢};"]
Ci The r™ measurement cluster in G
Bi(t) The database at non-anchor node | € £ which is updated at every t}lj’cd (we define By =
Bi(t;%))

nodes (information sharing), but only the nodes who
determine this information is useful, will use this infor-
mation. Each node uses the updated information to esti-
mate its own location.
Our simulation results show that the proposed distributed
prior-cut algorithm performs nearly the same as the central-
ized algorithm.

D. PAPER ORGANIZATION

In Section II, the system model (including node mobility
model and information exchanging model) is given, where
the measurements and communications are asynchronous.
Then the cooperative localization framework is provided
and the cooperative localization problem is formulated in
Section III. In Section IV, we propose and analyze the
centralized localization algorithm. Base on the analysis in
Section IV, we design the distributed prior-cut algorithm in
Section V. In Section VI, simulation results are shown to
illustrate the effectiveness of the distributed prior-cut algo-
rithm, where two cooperative localization case studies for
the mobile users and Unmanned Aerial Vehicle (UAV) are
presented, respectively. Finally, the concluding remarks are
given in Section VII.

E. NOTATION

Throughout this paper, R, R, and Z, denote the set of
real numbers, non-negative real numbers, and positive inte-
gers, respectively, and R” stands for n-dimensional Euclidean
space. We use x represent a random variable or its realiza-
tion. For a random variable/vector x, p(x) denotes its pdf
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(probability density function), and supp[x] returns its support,
i.e. supp[x] = {x: p(x) # 0}. The mathematical statement
x € X means supp[x] = X. {x(¢)};c7 represents a stochas-
tic process, and dx(¢)/d¢ denotes its time derivative at ¢ in
the mean square sense [18]. We use || - ||, to denote the
g-norm or the £9-norm, and | - || to represent the Euclidean
norm or the £2-norm. We also give a list of main symbols in
this paper, which is shown in Table 1.

Il. SYSTEM MODEL

Consider a wireless network with I nodes. For each node
i € {l,...,1} =: Z, its location trajectory y;(¢) follows
a stochastic process {yi(t)};e7 (T = R.) described by a
state-space model:

dx;(r) = fi(xi(r), )dr + dB;(1), ey
yi(t) = gi(xi(1)), @

where (1) and (2) are called the state equation and the location
equation, respectively. The state equation is a stochastic dif-
ferential equation, and 7 € 7 denotes the global time. x;(t) €
AX; = R" stands for the location-related state (or system state)
of node i, which can contain the location, velocity, accelera-
tion, etc. We assume the initial condition x;(0) for different
i € 7 are mutually independent. The nonlinear map f; :
X; x T — Aj is the system function, and it captures the key
feature for how the system state evolves with time (a simple
example is given in Remark 1). {B;(¢)};c7 is a n;-dimensional
Brownian motion with diffusion matrix Q; € R *" .U which

IThat means dp;(t) satisfies E[dﬂ,-(t)dﬂiT (1)] = Q;dt.
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describes the additive noise for state evolutions. We assume
{Bi(t)};e7 (i € T) are mutually independent. The location
equation determines the node location y;(t) € ); < R4
(d € {1,2,3}), where g; : X; — ), is the location function,
which reflects the relationship between the state and location.
Note that if x;(¢) refers to the location of the node i, then
gi(xi(?)) = x;(¢) is the identity map.

Remark 1: A simple example for the mobility model
described by (1) and (2) is a 1-dimensional Brownian motion,
where xi(t) gives the location of node i, and

fixi@®), 1) =0, gx@®)=xt), Qi=1,

The initial condition is x;(0) ~ N(O, 1), i.e. it follows the
standard Gaussian distribution. Thus, at each time t, location
vi(t) is a realization of yi(t) ~ N(O,t + 1). Note that the
Brownian motion is a commonly used model for describing
human mobilities in wireless networks (see [19]). Our mobil-
ity model not only embraces the standard Brownian motion
as a special case but also describes more complicated and
realistic mobilities [20], e.g., for Unmanned Aerial Vehi-
cles (UAVs) in Section VI-B.

For localization problems, location y;(¢) is usually not
obtainable by node i itself, except for anchor nodes i € A,
where A is called the anchor set. For the other nodes i €
I\ A =: L, they are unable to get their locations y;(¢), and
we call them non-anchor nodes. Without loss of generality,
weset L={1,...,L}and A= {L+1,...,1}. We assume
that anchor node @ € A can accurately get its true state
and location at any given time ¢ € 7T, which are labeled
as x)(¢) and yi(r) = gu(x} (1)), respectively. Note that for
each anchor node a € A, its state x,(¢) of (1) is degener-
ated to a deterministic vector; but for each non-anchor node
| € T\ A =: L, it does not know its exact state or location
by itself, and the only way to estimate its own location is to
cooperate with other nodes.

In this work, the cooperation is based on exchang-
ing two kinds of information: the direct information
(see Section II-A) and the indirect information (see
Section II-B). Briefly speaking, the direct information refers
to the measurements directly taken by a node, and it introduce
new location-related information in the whole network. For
the indirect information, it does not generate new information
in the whole network, but helps all nodes to share their
information to each other through communications.

iel.

A. DIRECT INFORMATION
The direct information exchanged between nodes is the
distance-based measurements directly taken by a node. For
example, node i can take a measurement of the distance
between node j and node i by using the TOA or TDOA
estimation. The detailed description is given as follows

At time tmsk € {tuk e T\{0}: k € lCmS CZy}=
G e D), node i € 7 measures the d1stance between nodes J
and i via

) = I — ol + v, (3)
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Equation (3) is called the measurement equation, and
zi,j(t{f}fk) € Z;;j € Ris called the measurement i <« j
at time tms Random variable v; j(tms ) represents the mea-
surement noise and the process {v; ](t k)}kelC"“ is white.?
The measurement equation in (3) is a general model for a
variety of distance-based measurement methods. The specific
measurement method is not the focus of this work. In this
paper, we assume that x;(0), {8i(t)};c7, and {Vz,(l,j k)}kelCmS
are mutually independent. We can see that 1, Tk for different
node i are not required to be synchronous.

The assumption of taking internodal measurements is
given as follows.

Assumption 1: No measurements are taken between any
two anchor nodes.

The measurements can be taken between two non-anchor
nodes, or one non-anchor node and one anchor node. How-
ever, for anchor nodes, since the states and the locations
are exactly known, there is no need to take measurements
between anchor nodes. Thus, Assumption 1 is reasonable.

An example for measurements is given in Fig. 1.

y ™ Az{al,az,%}
‘,ZS}

ms
Za, (’m Ay

. ms
le Ja (t[3 ,a3.2

FIGURE 1. lllustrations of direct information. There are 8 nodes in this
network, where points a;, a,, a; stand for the anchor nodes, and points
Iy, ...,Is denote the non-anchor nodes. The shaded circles with dashed
boundary are high probability regions (HPRs) for nodes /;, .. ., I5, where
an HPR for a node is the region that the true location falls in with high
probability. For anchor nodes ay, a,, as, they know their own true
locations. The straight arrows I} — Is, a, — Is, I3 — ay, a5 — I5, and

ay — |, represent the measurements Zj 1 (tlm,sll 3) 2,

ms
ax (tls;ﬂzJ)'
ms d

,l)’ Zl5,a5 (tls’”z,z)' and 2], a5 (tlz a

ms - .
LZA (t"l I 3’5) at time instants

For the internodal measurements, we provide some nota-
tions for the convenience of discussion in the rest of the paper.
At time ¢, the set of all the measurements i < j during [0, ¢]
is labeled as Z;j[1] = {Z’/(tu S tl“]“k c 7:;15[[]}, where
7’ms[t] = Tms N[0, ],i.e. 7'ms[t] is the set of measurement
tlme instants (1n ’Tms) within tlme window [0, t]. We define
Zi[t] =: U/eZ Z; J[t] which stands for the set of all the
measurements i <« -, i.e. taken by node i, during [0, ¢].
Furthermore, we define Z[¢] = UieI Zi[] to represent the

21t means v; ](tl 5 k) (tl Tk € ’72}“) are mutually independent and have
Zero mean.
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set of all the measurements in the whole network within time
window [0, ].

B. INDIRECT INFORMATION

The indirect information refers to the messages exchanged
between non-anchor nodes. A message can include the mea-
surements and other information related to the nodal loca-
tions. For example, after non-anchor node / obtaining direct
information z; j(#;" i, %) from node j € Z, it can transmit this
measurement as a message (indirect information) to other
non-anchor nodes. Non-anchor node / can include its location
information yl(tlm‘k) as well to the message to help other
non-anchor nodes localization.

mll ml 2
1 (—/ﬁ f—%
tl 1 tl 1 tl,l tl,Z
b be
my m,
! - " - k
I 1 %3 p)
mfcl ’"ffz
L [ Bl ( |

T T
st et
! .2 tL‘Z

FIGURE 2. lllustrations of broadcasting time.

In this work, each non-anchor node / € £ transmits mes-
sages to other nodes by broadcasting, where the broadcasting
time instants are illustrated in Fig. 2. In this figure, mE’Ck refers
to message k € ICbC broadcasted by non- anchor node /, and
the broadcast starts from 7', and ends at #;',. When receiving
the broadcast messages, each non- anchor node spends time
to finish decoding and get the message This i 1s illustrated in
Fig. 3, where broadcast messages ml | and m 5 are received
by non-anchor node j # [ (j € L) at t1me instants ;1
and tj; 2, respectively. For general cases, at time tl * €
{tllk €T:ke lCrC CZy} = 7'T (1,j € L), non-anchor
node [ receives message mfc (t ) from non-anchor node j.
Note that not all the broadcast message can be successfully
received by node /, because the communication channel is not
always in good condition. We can see that this communication
framework does not need any synchronization.

JELY
FIGURE 3. lllustrations of receiving time.

Similar to Section II-A, we give some notations for
the indirect information. Mrc[t] = {ml,](tl]k) tljk €
l]?[t]} denotes the set of all the messages received by [
from non-anchor node j within time window [0, ¢], where
77;[1‘] = l,; N0, t]. M[[t] := JeﬁMrc[ ] represents
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the set of all the messages received by non-anchor node /
during [0, ].

C. ASYNCHRONOUS LOCAL CLOCK
In Section II-A and Section II-B, even though the direct
and indirect information is exchanging in an asynchronous
manner, the time instants are still based on the global time
system. But actually, each node deals with information based
on its local clock. For example, time instant tms would be
,"/“7( at node 1, and t”mS at node 2. However, for each node,
it is easy to convert the local time from other nodes to its
local time system, by simply adding the time difference. For
example, if t”j“i 1 at node 1, while £/ = 2 at node 2,
then the time difference between the local clocks of 1 and 2
is tl";‘z - t”/m,: = —1, which means the clock at node 2 is
1 second faster than that at node 1, and all the time instants in
the information from node 2 should be added with —1 at node
1. Note that this process does not need any synchronization in
the entire network, and all the adjustments are done locally.
In this paper, we still use the global time system, since is
helpful to formulate and discuss the problem. It should be also
noted that our focus is the asynchronous measurements and
communications, rather than simply the asynchronous local
clocks.

llIl. COOPERATIVE LOCALIZATION FRAMEWORK
AND DESIGN PROBLEM
A. COOPERATIVE LOCALIZATION FRAMEWORK
In this section, we describe the proposed cooperative localiza-
tion framework and define the localization design problem.
We consider a practical scenario that each node [ € £ does not
know when the next measurement z;, j(tlrf]j?k +1) G €I)orthe
next message ml,j(tlr’cj’ wr1) G € L) will come,? and all the
information one node can use is the received measurements
and messages at hand.

To conduct the cooperative localization, all the nodes
(including both anchor nodes and non-anchor nodes) work
cooperatively.

1) ANCHOR NODES

o For each anchor node a € A, it can take measure-
ment from non-anchor node [ € L, say za,l(t;fl,s’k).
After taking this measurement, it transmits its state

xpar al } ) as well as the measurement z,, I(QTIS, &) tonode /
1mmed1ately.

o For each anchor node a € A, it can be measured by
non-anchor node / € £,* and we label the corresponding
measurement as z; u(tl . » ) When anchor node a realizes
that it is being measured it sends its state x*(tl . o) to
node [ at once.

Assumption 2: The time spent on transmission for

Za,1(2) lsk) x*(tmls ) and x*(tl o.k) can be neglected.

30ne reason for it is that the measurement/meassge cannot be always
successfully taken/received.
4That means the distance between nodes a and [ is measured by node [.
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Since the anchor state x;k(tg"ls’k) or xj(tl’fl;’k) just con-
tains one node’s information, and za,l(t;?ls’k) is merely a
one-dimensional number, the transmission can be completed
timely. Hence, Assumption 2 is appropriate.

Similar to Section II-A and Section II-B, we provide
some notations for the sets of received anchor states. For
non-anchor node /, the set of all the received anchor states
from anchor node a during [0, ¢]is

Wialt] = {xa(t"s ): 1'% ¢ € T 1]
Gl 0 185 € TIPLe,

where l,as [¢] and 7335[1] correspond to the sets of measure-
ment times (see Section II-A), since the anchor states are sent
when anchor node a takes measurements or is measured. We
define W;[t] := Uae A Wi alt] as the set of all the received
anchor states at non-anchor node / within time window [0, ¢].
Furthermore, W([t] := | 1er. Wilt] stands for the set of all the
received anchor states in the whole network during [0, ¢].

2) NON-ANCHOR NODES

For each non-anchor node I € L, it wants to estimate its
location y;(¢) for the current time instant ¢ with the help of
the other nodes. This is called the cooperative localization,
which is briefly illustrated in Fig. 4.

Non—anchor node /
t

Measurements

Anchor states

-

—
=

il

0
0
0
0

I
|
|
I
I
|
i
;
I
|
|
I
I
I
|
|
T
I
|
|
|
I
I
|
i
Messages 3
I

FIGURE 4. Illustrations of cooperative localization at non-anchor node
I € L. The triangles, circles, and squares represent the measurements,
anchor states, and messages, respectively. Note that at time ¢, node /
utilizes the information from Z;[t], W[t], and M[t] to estimate the
location y(t).

From Fig. 4, we can see that all the information a
non-anchor node / € £ can obtain by time instant ¢ is from
Z;[t], W;[t], and M;[¢t], and we call it the external information.
As a results, different cooperative localization algorithms
are indeed based on utilizing different parts of the external
information.

B. COOPERATIVE LOCALIZATION DESIGN PROBLEM

To give a formal description of the cooperative localization
problem, we need to introduce a concept — local probability,
which is given as follows. Let X(r) := [x](t), ..., xg(t)]T,
i.e. the vector of all non-anchor nodes’ states at time z. For the
simplicity of analysis, we rewrite X () as [xlT(t)]lTe .- Hence,
a sub-vector of X () with part of non-anchor nodes can be
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simply expressed as [xlT(t)]lTeL— =: X(t), where £ C L. Due
to the limited communication bandwidth, global information
X(t) can hardly be exchanged among all non-anchor nodes.
As a result, each non-anchor node /| € L at time t € T
can only know a portion of the global information as denoted
by X;(¢) based on its received measurements and messages
during [0, ¢], where the subscript / is employed to distinguish
the different sub-vectors X (¢) for different non-anchor nodes.
In this paper, the inference of X;(r) refers to deduce the
conditional probability p()_(l(t)|Zl [£], Wilz], M;[t]) which is
conditioned on the received measurements, anchor states, and
messages. Since the storage and computational capability of
node / are limited, it is impossible to utilize all the information
from Z;[¢], W;[t], and M;[¢] when ¢ goes to sufficiently large.5
That means only a portion of Z;[¢], W;[t], and M;[¢] can be
utilized to infer X; (¢) atnode [. To represent this “local” infer-
ence of X;(1), we use the notation p;(X;(t)|Z;[t], Wi[t], M;[t])
[called the local probability of X;(1)], where pi(+) means it
is deduced from the perspective of node [, and the local
probability must be properly designed at node / to largely
approximate p()_(l(t)|ZI [t], Wilt], Mi[]). As a special case of
local probabilities, the initial condition of non-anchor node /
is p(x;(0)) which reflects the initial guess of state x;(0) and
is only known to node i itself, while the initial condition
P1(xj(0)) is not available (undefined) for other node j # I
(where j € £). Note that local probabilities are the first part
to be designed in our cooperative localization algorithm.

With local probabilities, we can define the local loca-
tion estimation y;(¢) from the perspective of non-anchor
nodes [ € L as follows:

Su(t) = B0 1Zi1e], Wilel, Mil)
= /X " qiCa)piXi(0)1Z4 [, Wilt], My[#1)dX, (b),
1t
)

where the superscript X;(r) of IAE[_] means the estima_tion is
based on the local probability of X;(¢), and X;(#) > X;(?) is
the support of X;(¢). In this paper, we assume

/)2( : Il g1Ca P XN Zi11], Wile], Myle])dX (1) < oo.
1(t

The second part to be designed is what to exchange
between different nodes, i.e. designing the broadcast mes-
sages. The broadcast messages can include the measure-
ments and local probabilities from other nodes, or any useful
information for location estimation. Note that whether these
messages are successfully transmitted is dependent on the
physical layer and the MAC layer of the network which are
considered in Section VI.

Now, it is readily to formally introduce the cooperative
localization problem.

Problem 1 (Cooperative Localization): At time t, each
non-anchor node | € L calculates the location estimation

50ne important reason is that the Markov property cannot be guaranteed
when the information is collected in a distributed manner.
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yi(t) by (4), where the prior p(x;(0)), the measurement set
Z1[t], the anchor state set Wi[t], and the message set M[t]
are known to node . With the help of anchor nodes (see
Section IlI-Al), a cooperative localization algorithm for each
non-anchor node l is to:
i) design the local probability p;(X;(1)|Z;[t], Wilt], M;[t])
atnodel € L;
ii) design the broadcast message m}’ck
nodel € L;
such that the mean squared error E|y;(t) — yl(t)||2 is mini-
mized at eacht € T.
If we do not consider the communication constraints, the
local probability at each non-anchor node / € £ will become

(k € IC}’C) for each

XN Zi[2], Wile], Mile]) = pX (DI Z 1], We),

i.e. it contains the global information since ideal communi-
cations can make Z[¢] and W[t] known to every non-anchor
node. In this case, the solution to the cooperative localization
in Problem 1 is equivalent to run the centralized localization
algorithm at each non-anchor node where the global infor-
mation can be always obtained in estimating locations. This
centralized algorithm is given in Lemma 1 in Section IV-A.
Note that the centralized algorithm can serves as a benchmark
for distributed algorithms in which the communication con-
straints are considered.

Since the optimal solution to Problem 1 is hard to derive
when communications constraints are considered, in this
work, we are aim to find a suboptimal solution to Problem 1
by analyzing the performance gap between the distributed and
centralized algorithms. The analysis of performance gap is
given in Section IV, and the distributed algorithm is proposed
in Section V.

IV. INSPIRATION FROM CENTRALIZED LOCALIZATION

In this section, we propose a centralized localization algo-
rithm, as a benchmark for distributed algorithms, which can
utilize all the states of nodes and all the measurements in the
whole network (see Section IV-A), and then show that the
centralized localization algorithm has a key property which
is very helpful in the designs of cooperative algorithms (see
Section IV-B).

A. CENTRALIZED LOCALIZATION ALGORITHM

The centralized localization algorithm is to derive the location
estimation in a centralized manner. That means the set of all
measurements Z[¢t] = Z[#™] and the set of all anchor states
WIt] = W[™] in this network are used, where #"* is the
largest time instant in 7™ := Ul jeT 7.5 up to time 1.5 The
centralized location estimation y;(¢) is glven by

I @) = By iOIZIE™], W™
- /X g OPXOIZE], WIEDAX @), (5)

9The subscript k in #™ means that /™ is the k™ smallest element in 7™S.
p k k
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where [ € £ and X(¢) € X. In this work, we assume

/XIIgz(XI(t))IIP(X(I)IZ[IFS],W[t;'fls])dX(t)<<>0. (6)

The centralized algorithm can be implemented in the recur-
sive Bayesian filtering framework as shown in Lemma 1.

Lemma 1 (Centralized Localization Algorithm): At time
instant t, the estimated location 3j(t) for non-anchor node
I € L is calculated by (5), where p(X()|Z[;"*], W[t{™]) is
derived by

/ PXOIXE™NPX EGMIZ1], W™ DdX (™), (7)

inwhich p(X (t"™)|Z[1t;
sive equations:
o Initialization. The recursion starts from the prior distri-
bution p(X(0)) = [ P1(1(0)).
o Prediction. At time instant t;" € T™, the prior dis-
tribution p(X(t")|Z[t;",1, W[t,]) is derived by the
Chapman-Kolmogorov equation

1) is computed by the following recur-

fP(X(tins)IX(t Y))
PXGEDIZIGE ), WIRE DAX @2, (8)

where ty" := 0 and p(X(0)|Z[0], W[0]) := p(X(0)).

o Update. Given the measurement set and the received
anchor state set at t'°, ie. Z(t) = Z[t™] \
Z[t%,1 and W(8]™®) := W[tmS 1\ W[ tmsl] respectively,
the posterior distribution p(X (t;"*)|Z[;"*], W[t{"*]) can
be computed by

PEZE)IX ), W )NpX ™) Z [t
Normalization

=0 W[tm‘l])

&)

where
Normalization = / PEZATHIX ™), W™))
X

PXEI)IZ [

and the likelihood function p(Z(t;"*)|X (™), W (™)) is
derived from the measurement equation (3).
Proof: See Appendix A. |
Remark 2: In Lemma 1, all the probabilities are defined
except for p(X ()| X (™)) in (7) and p(X ()| X (£))) in (8).
These two probabilities can be derived by solving the
well-known Fokker-Planck equation (see Chapter4.9in [14])
of the group of state equations (1) for | € L, when the system
function is linear w.r.t. the system state x;(t). If the system
function is nonlinear, solving the Fokker-Planck equation is
difficult, but we can numerically solve the state equations
with different initial values instead.” These solutions can
work as the propagated sigma points in Gaussian filters [6],
[16], or the particles in particle filters [22], [23].

B WS DAX (1),

TFor example, we can use the Euler-Maruyama method or high-order
methods [16], [21]-[23] to solve the state equations with initial values at
1 for deriving p(X (1)|X (1))
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From Lemma 1, we can see that when new measure-
ments come, the algorithm should make the prediction
[through (8)] and update [through (9)] to derive the posterior
distribution p(X (£;"*)|Z[#;™], W[£;"®]). Thus, the distribution
p(X(®)|Z[t], W[t]) is derived by (7), and the estimated loca-
tion is 7(¢) is calculated by (5).

It is, Z(#™), the set of all the new measurements who
updates the estimated location j}}"(t) = Eynbi®IZ[t],
W{¢]]. However, not all the new measurements and system
states have notable contributions to the estimated location.
Actually, we can utilize part of the measurements and the
states without losing too much performance of location esti-
mation. This property will be analyzed comprehensively in
Section IV-B, and we stress that it plays a pivotal role in
designing a cooperative localization algorithm, since not all
the non-anchor nodes need to know all the new measurements
and the states as the centralized algorithm does.

B. ESTIMATION GAP UNDER PARTIAL INFORMATION
In this subsection, we analyze the performance gap between
the centralized location estimation and the location estima-
tion when the information of measurements and anchor states
is partially known (see Theorem 1), which plays a pivotal role
in designing the cooperative localization algorithms.

Recall that the centralized location estimation

Ey, o [yiOIZ[1™], W™ 1]

is defined in (5). For the location estimation with partial
information at £, it has the following form

= f)e( g OPXOIZIGE ] Z@™), WIRE, 1,
W(r*)dX (@), (10)

where Z (") and W(t,?‘s) are the partial known measurement
set and anchor set, respectively. Thus, the estimation gap is
define as follows

[ B 1Zigm1 Wi

SOOIZI 1, 26, Wi 1L W@l an
We can see that the smaller the estimation gap is, the closer
the location estimation with partial information to the central-
ized location estimation will be.

Before analyzing the estimation gap, we propose two
important concepts: the measurement graph and the measure-
ment cluster, which are given in Definition 1.

Definition 1 (Measurement Graph and Measurement
Cluster): At time instant 1, directed graph G =
(V(Z ™), EZ (t,'(m))) is the measurement graph, where ver-
tex set V(Z(1;"®)) represents the set of nodes directly related
to the measurements in Z(1;™*), and has the following form

V(Z (1) = {i: zij(1") € Z(t7™®) Vv zj,i(t7™) € Z(™)},

VOLUME 7, 2019

inwhich Vv is the logical “or”; and edge set E(Z(;)) records
the pairs of node related to the measurements which is

EZ@™) = 1{(, ) zij(t™) € ZH™) V z,i((;™) € Z(™)}

The measurement clusters are the connected components® of
Gy when ignoring the direction of all the edges. We label the
measurement clusters as ;n,i, wherer € {1, ..., Ry} =: Rx.

Remark 3: The measurement graph tells which nodes are
related to the considered measurements (i.e. vertices), and
how the measurements connect to these nodes (i.e. edges).
An example of the measurement graph is given in Fig. 5,
where we use the same network as that in Fig. 1. The
vertices of G|y are {ay,az,ly,ls,1s} and the edges are
{(la, a1), (I, I5), (a2, Is)}. Note that edge (i, j) corresponds to
the measurement z; i(t]y).

ms ms
Cl*)l UC92

13 a,

@) @

FIGURE 5. lllustration of measurement graph and measurement
cluster. We continue using the network in Fig. 1, where

e = t;:f, 3 t’s ay.7 t"]“ dg 1" The measurement graph is

g;';s = (lay, a3, 1y, 1y, Is), l(’a, ay), (1, Is5), (a2, I5))). Note that nodes as,
I, and I5 are not included, since their corresponding measurement times
are not equal to t™MS. In G™MS, there are two measurement clusters,

ie. C?;s] = ({a1, Ig}, (g, @1)}) and CTF, = (taz, Iy, I5}, Uaz, 1), (hh, 15)))-

In terms of the measurement clusters, they reflect which
nodes are directly connected by the measurements. Between
any two clusters, there are no nodes linked by the measure-
ments From Fig. 5, we can see that the measurement graph

1o contains two disjoint subgraphs ({a1, l4}, {(4, a1)}) and
({az, 11, Is}, {(a2, Is), (11, Is)}) which are exactly the measure-
ment clusters Cly | and C{g 5, respectively.

With the measurement graph and measurement cluster,
we define the admissible measurement-state (AMS) triple as
follows.

_ Definition 2 (AMS Triple): Let Z(t,?ls) - Z(t™),
W™ < WE™), and X@™®) < X(@™). The
measurement-state triple z ), X (t,i“s) W(tms))

8 A formal definition of connected component for an undirected graph
is from [24] that: A path is a sequence of vertices where there is an edge
connecting each vertex to the next vertex in the path. If there exists a path
from vertex u to w, then we say that vertex w is reachable from vertex u.
A connected component is a group of vertices in an undirected graph that are
reachable from one another.
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is admissible, if the following three conditions hold:

U am. (12)

reRk
VZEPN ()L S Lygpsy S LAVEE),  (13)
VEZ(H™)) (A S Awgmsy) S A\VEE™).  (14)

(VEZ @), EZ@™)) =

where Ri, © Ry, Z(t™) = Z@™) \ Z(G™), Lygms) =
{I: (™) € Xt™)}° and Ay = {ar xa(@) €
W (™)}

Remark 4: The AMS triple contains three elements.
The first one is the measurement set Z(t,‘{m) which sat-
isfies condition (12). This condition tells that graph
(V(Z(t,?‘s)), E(Z(t,?“s))) is exactly the union of connected
components of graph Gy. That means any node linked by
Z(t™) cannot be connected by any other measurements in
Z(t™). For example, in Fig. 5, Z(t]y) can be {zq4, 1,(t]3)},
{le I (tlg) s, az(tl S)} or {Zal l4(t19) Zls.1 (tlg) s, az(tlg )}

The second element is the state set X(t;"*) which sat-
isfies condition (13). This condition states that the set of
non-anchor nodes £;((t]£n5) must contain non-anchor node set
V(Z (")) (N £ and must be contained in non-anchor node set
LA\VZ (t")). That means non-anchor node set E)‘((tim) must
contain the non-anchor nodes linked by Z(t,‘(“s), and cannot
be associated with other measurements [i.e. measurements in
Z(I $)]. For example, in Fig. 5, le(t *) = {2a,,1,(1]5)}, then
a valde(t]'cm) can be {x;;(t;™), xi, (t,im)} since condmon (13)
holds, i.e.

VZ@EN ()£ = {la) € Ly,
= {I3,14) € L\ VEZEY) = (L, 13, lu}.

However, fort € (t19 . 'l state set {x;,(t;"*)} is not a valid
X(t]'(m) since V(Z(t{@) (L & ,CX(th) [i.e. {b} does not
contain any non-anchor node linked by Z(t $)]. Also, state
set {xp, (1), x;;, (1)} is not a valid X(t,in*) since Ex(t]ins) gz
L\ V(Z(t{ns)) [i.e. {x (t,’{ns) x5 (1)} is associated with
measurement zjs |, (t 5) & Z(t ).

The third element is the anchor state set V_V(t,ﬁns) satisfy-
ing condition (14). It says that anchor set AW(z;"S) should
include anchor set V(Z ("N M A. This implies any anchor
node associated with measurements in Z(t,i"s) must be in
set Ay ms). For example, in Fig. 5, if we choose Z(t]y’) =
{zay.1,(t]5)}, then a valid W) can be {a1} or {a1, a3},
since it contains V(Z(t]§)) (VA = {a1} and is included in
A\VEZ ) = {a1, a3).

Given prior p(X (t"™)|Z[;=,1, W[, 1), each AMS triple
determines a prior cut

PEEHZIES, 1, WIS DpX EPHIZIE™,1, WG, D),

15)

9Strictly speaking, L:}'((tl:ns) refers to the set of nodes such that

[xl(tk )]leﬁx(tms)

125450

where X ") =

[,

term and the second term are called the related sub-prior and
unrelated sub-prior, respectively. The cut gap is defined as

lpoca)izige, 0, wig,
= PXEIZIE, 1, WK™ D
pEREHZEELWEED| a6

which measures the independence between the prior and prior
cut. If the cut gap is small, then X () and X (") tend to be
independent of each other; and if the cut gap is zero, then
they are independent. Theorem 1 says that the estimation gap
defined in (11) is continuous with the cut gap, if the following
two conditions are satisfied

/X 1B L Ga(o) ()]
X PZEIXE™), WEPHAX ™) < 00, (17)

. In (15), the first
JGl:X(tms)\l:X(tms)

/XP(Z(I;?]S)IX(I;TS), W(™)dX (1) < oo, (18)
where
B oy [g1(a () xi (™)1 = /X g1 ()pCer (1) |x1(2™))dx (¢).
1
(19)

Theorem 1 (Continuity of Estimation Gap): Let
(Z@™), X@™), W)

be an AMS triple, and conditions (17) and (18) are satisfied.
For node | € Lz ms) = Ly, Ve > 0, there existsa § > 0
such that if the cut gap defined in (16) is not greater than 6,
the the estimation gap defined in (11) is not greater than ¢.
Proof: See Appendix B. |

Remark 5: The detailed relationship between § and ¢ is
shown in equation (51) in Appendix B, which indicates the
continuity of the estimation gap given in Theorem 1.

Remark 6 (Implications from the Key Property in Theo-
rem 1): Theorem 1 provides an important implication for
designing cooperative localization algorithms that: If the
cut gap is small (i.e. the two sub-priors in (15) are nearly
independent of each other), then the estimation gap in each
node |l € EX(:) is also small. Also, it means the related nodes
should share their information to estimate their locations
cooperatively.

V. DISTRIBUTED PRIOR-CUT ALGORITHM

In this section, we propose a cooperative localization algo-
rithm termed the distributed prior-cut algorithm, where the
prior refers to the local prior defined in Definition 3.

Before defining the local prior and posterior, we illus-
trate that in the distributed prior-cut algorithm, the local
probablhty pl(Xl(t)|Zl [t1, Wilt], M; [t]) is actually with the
form XD\ Z[t], Wlt]), where Z[tr] < Z[t] and

WI[t] € W]t]. This is because, in the distributed prior-cut
algorithm, the received messages during [0, ¢] contain the
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information of the measurements and anchor states from
other non-anchor nodes (see Section V-D).

Definition 3 (Local Prior and Posterior): For the local
probability p;(X;()|Z[t], W[t]):

o If all the measurements in Z[t] are within the time
window [0, t), i.e. not including t, then we label this
measurement set as Za[t]. Similarly, Wa[t] represents
the anchor state set whose elements are within [0, t).
We call py(X;(t)|Z2[t], W2[t]) as the local prior:

o If at least one measurement in Z[t] is at time instant t,
then we label this measurement set as Z°[t]. Likewise,
WP[t] stands for the anchor state set which contains
at least one anchor state at time instant t. We call
131()_(1(t)|2b[t], WP[1]) as the local posterior.

A. METHODOLOGY

This subsection gives the main ideas of designing the dis-
tributed prior-cut algorithm mainly based on the main prop-
erty (which is given in Theorem 1 and explained in Remark 6)
derived in Section IV-B.

Firstly, the broadcast-message design in Section II is bene-
ficial to the information sharing, since the information in one
node is potentially useful for all nodes. Specifically, the more
one node knows, the closer its local localization algorithm to
the centralized algorithm (see Lemma 1) will be.

However, if all the nodes broadcast all their information
without proper reduction, then the communication cost would
be very large and cannot be afforded by a wireless communi-
cation network. Theorem 1 (see also Remark 6) provides an
effective resolution to this problem: every node only needs
to consider and transmit the messages related to the AMS
triple (see Definition 2) with a small cut gap [defined in (16)].
It should be noted that the AMS triple used in each node
is similar to the analysis in Section IV-B but based on the
local information in each node, since the global information
is usually unable to be accessed.

B. ALGORITHM STRUCTURE
In this subsection, we propose the structure the distributed
prior-cut algorithm. The main ideas are:

o Each non-anchor node [ € £ contains a database ()
which contains all the knowledge on the whole network
from the perspective of node /.

o After receiving measurements, anchor states, or mes-
sages, each non-anchor node / updates its database B;(t)
through these newly arrived information.

« Based on the newly updated database B;(¢), the broad-
cast messages are properly designed.

« Based on the newly updated database, each non-anchor

node / estimates its location continuously.'?
We can see that the database B;(¢) plays a pivotal role in our

algorithm.
Now, we begin to propose the structure for the cooperative
localization algorithm, which is given in Algorithm 1.

mPractically, the update of estimated location depends on the clock of the
onboard chip.
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Algorithm 1 Cooperative Localization Algorithm of Non-
anchor Node [
1: Imitialization: p;(x;(0)).
2: loop
32 Zi(t) A0 || Wi(t) £ 0 || M(t) # ¥ then
: Update the database B;(¢);

4
5 Design broadcast messages;

6: endif

7. Caleulate py(X;(1)|Z/[1], Wilt], My[1]);
8:  Estimate y;(¢) by using (4);

9: end loop

In Algorithm 1, the initialization gives the local probability
Di(x;(0)) for non-anchor node /. Recall that at time ¢ = 0,
non-anchor node ! does not know p;(x;(0)) from any other
nodes j # [ in L (see Problem 1). Line 3 is a condition to
trigger the database update and the broadcast message design
(see Lines 4 and 5, respectively). For Line 7, it calculates the
local probability of X;(¢) based on the database 5;(¢). Then,
Line 8 gives the local estimated location y;(z).

Above completes the description of the structure of the
cooperative localization. Note that the parts to be design are
Lines 4 and 5 in Algorithm 1.

C. DATABASE STRUCTURE

Recall that for each non-anchor node [ € L, the database is
updated after taking measurements, anchor states or messages
(see Section V-B), and thus it just makes changes at time
instants tllfid € 7;upd =T UT*UT, where T™ =
Uiez 75 T = Usea Ty and T = Uje 75 are
the time sets of measurements, anchor measurements, and
messages, respectively. At any given time instant ¢, there is

the largest tlu,id € 7;“pd satisfying t > tllfid. Then, the database
B;(t) (I € £) has the following form:

Bty = Bt 1% = max 7" ()10, 11,

which means the database keep unchanged before the
next update time t}fi‘il. Thus, we just need to focus on
B[(tlu’id) =: B .

For Bk, it contains the local priors and posteriors (see
Definition 3), local measurement sets, and local anchor state
sets over time window [0, t; Ed]. The detailed descriptions are
given as follows.

For the local priors, they have the following form

A dbay ._ A db,a, db,a db,ar db,a db,a db,a
Py ) = iy N2 L L W D
(20

db,a b,a
where Iis € 'T;’ik . In (20), EXﬁi"’(tz‘fZ’D

. db,ay db,aq db,aq .
the local prior node set, and Zl,k [t k,s] - Z[tl,k,s] is the
local prior measurement set, and Wldk’a[tldz’i] - Z[tldz’i‘,] is
the local prior anchor state set.

C L represents
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Similarly, for the local posteriors, they have the following
form

db.b db,b,,db,by(~dbbr.dbby 1yrdb,by,db,b
k(tlks) =i e NZ 1 1 WL 6D,

2L

where 10 € 0. In 1), Lyaw o) S L, Z°11501 €

(
Z[[upd] and Wzdz b[tldz 2] cZz [t ] are the local posterior

node set, local posterior measurement set, and local posterior
anchor state set, respectively.

For local measurement sets, they not only refer to those
measurements taken by node /, but also include the measure-
ments between other nodes which are obtained by received
messages or anchor measurements. We label the measure-
ment set in database B; x as

db ms ,, db,ms . .r,db,ms db,ms b,ms
ks )2 aites ) s e (22
db,ms ,,db,ms

where i, j € Z, and the local measurement set Zl 1

is a subset of the measurement set Z (tldg’rsns).

Similarly, for local anchor state sets, they not only refer to
those only related to node /, but also contain the anchor states
associated with other nodes. We label the anchor state set in
database B i as

(ks )

db, db, db, db, b,
Wi e 2 xalt D), s e Tlfjk X))
For a clearer description of the database, we label
b,a b,b b,ms
7% =T U TR U TS (24)
as the local timeline in database Bj;. At each time
db

tldg s € T/} we use a quadruple to contain the local prior,
posterior, measurement set, and anchor state set, i.e.

db
bl,k(tl k. s)

db, db,
= (B} et ) BTt Z i ™R, Wik ).

If at t, %.s> there is no prior or posterior, then the prior or pos-
terior is undefined. Likewise, if at tfz’ ,» the measure-
ment or anchor state set does not exist, then it is empty.
To sum up, B; ; has the following structure:

Bk = {bl NGV 721/?}~

D. BROADCAST MESSAGE
In the distributed prior-cut algorithm, only local priors, mea-
surement sets, and anchor state sets are transmitted. Thus,
the broadcast messages do not include any local posterior
from the database. To be more specific, each broadcast mes-
sage has the following form

be be . 7-db

where 0% () = (ﬁ;ﬁk(r) Z0"S(1), WmS(1). Also, T2 €
7?“” such that bz,k(tldz ) F bl,k_l(tldk ;)- That means each
m}’ck only contains the information different from that in the

previous database.
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E. RECEIVED MESSAGE

Since not all the parts of a broadcast message can be success-

fully received, the received message is a part of the broad-

cast message. Recall that at 7;° Gk node [ receives message
rc/(tl 1) from node j (see Section II) To unify the time

d
index, we still consider the time index tl k , since Trc - T up

(see Section V-C). At tl k , if node [ receives message from
node j, then we label it as

upd

mg mg
my(t ) = {ug, (tljk D ljrs € Trjxh

1C g . . . .
where (g, is a triple containing the local prior,
measurement set, and anchor state set from non-anchor
node j, i.e.

_ ra mg ms mg ms
I /( l,j,k O = <pj,k/(tl] ks Z; (fzj ks Wi Gy gk M)

where

A db, db, db,
p;,k/(tlr’nﬁk’s) = PJ(X d(t[] k, Y)|Z d[t]] k, g] W a[tlj k, Y])

and the local prior, measurement set, and anchor state set
correspond to those in (20), (22), and (23), respectively.

We define y;;(t;fl,';d) = ()}, and let M) =
Ujez er;(tlu’i ), and also set ﬁfzg = Ujez 77;1%{ Then, it is
readily to design the database update in Section V-F.

F. DATABASE UPDATE

This section gives the key methods in the distributed prior-cut
algorithm. The main idea is to cut the local prior at each node
and at each time instant into two parts such that the estimation
gap (measured by MSE) is reduced when the irrelevant part
(to the location estimation) is discarded. The details are given
as follows.

At each time instant tl k , the database of each non-anchor
node ! € L is updated from Bjx—1 to B;; by the
newly arrived measurements, anchor states or messages,
which is Z(%) = Ujer Z1j@ %, Wit =
Usea Wg,u(t;tid) or Ml-rc(tlu’i ), respectively. The database
update refreshes the local timeline [see (24)], measurement
set, anchor state set, prior, and posterior, respectively.

We provide the local timeline update first, since it is the
foundation of the other updates. Due to the limited compu-
tational capability and the storage space, B; x cannot include
every information in the past, especially when k goes large.
We use N, Imax, the largest number of time instants to constrain
the size of B x, which means the total number of time instants
included in the database cannot exceed this number. As a
result, the updated timeline Tdb [see (24)] contains N/
most recent time instants in time set Ta“ defined as follows

lk—l U{’upd}U lk )

T = if Z)(1%) # 9 or Wit}
b_ 1 U ’7?2g, otherwise,

E

where Tz « is the subset of Tl . satisfying at least one of the
following three conditions:
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mg Zmg .
D Vs € T Lyirs, ) D ntreauane ) %
mg
2) Vi s €

mg, ms (me
lk 7V(Z l]k g))ﬂﬁ dba(madeb )5’é
0;

3) #Lyma < L.
Lk

(l’]‘l Tdb 1) =

Condition 1) tells that for each time instant tlmjgk L in T35,
. LN, mg

the corresponding local node set Cx,ng‘(f;?j,gk,x) in p; v )

from a received message must has a non-empty intersection

with £, X max T ) in node I’s database. It implies that we

should utilize those messages whose local prior is related to
the most recent local prior in the previous database. Simi-
larly, Condition 2) means we should consider those messages
whose measurement set is correlated to the most recent local
prior in the previous database. Condition 3) says that if the
number of nodes stored in the previous database is smaller
than a level L™, !! the received message should be uncondi-
tionally included in the database update. Above complete the
description of timeline update. For the other updates, they are
given in Algorithm 2.

Algorithm 2 Distributed Prior-Cut Algorithm: Database
Update
: for tl k ; i=min 77db to max 7;"1,? do

upd
1ftl hs == 111 then

db d db,
ms(’z k) = Zl(tup uz,; mf(’z ko)
db d db,
Wik ms(lz kos) = Wl(tup yuw;, k—n;s(fz kos):
elsedb ,
ms mg ms ms .
db (tlks)_ (tlks)UZlkdbl Iks)
ms mg ms ms .
Wik (llks)_ (llks)UWlk l(tlks)
end if
for each valid !’ do

10: ]l /s = Arg Him {Var [xl/(tl 2 Y)] .
jeas. Ut -n}:
11:  end for

db,
2 Py =TI P,k/(ﬁks’jlks(/))

R e A A S o

j€‘7/ks
db,ms db,a, . db .
13: (Zl k (tl . o) Xl P k,s)) = arg min Al kst

14: p,k(tl ,”) <~ (26);
150 AEZTEA ) £ g WG ) £ 0 then

16 PR izt )« @7);

17: end 1f

18:  if tl h.s < Max 7;d,'§ then

0 po 1<XC“,: il L OIZBA 1) < (28):
20: end if

21: end for

In Algorithm 2, the database B is updated ele-
ment by element from tl rs = min 7}‘“3 to max7}
Lines between 1 and 21 provide the detailed update

Ultisa parameter in this algorithm which constrains the sizes of prior and
posterior, see Section V-F3.
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of bl,k(tl‘%,s)’ which contain five building blocks: local mea-
surement and anchor state update, prior fusion, prior cut,
posterior update, and prior prediction. Note that the database
for each non-anchor node / € L is initialized as

By o := Bi(0) = { (p1(xi(0)), 1, 1, M)}, (25)

which further specifies the initial condition in Algorithm 1.
In (25), each 1 stands for an undefined term. For B,
the local posterior, measurement set, and anchor state set are
undefined.

1) LOCAL MEASUREMENT AND ANCHOR STATE UPDATE

From Line 2 to Line 8 of Algorithm 2, the local measurement
db,ms dbms(tlk )
S

set Zl s (tl . ) and the local anchor state set W,
inby, k(tl %.5) are updated. If tld,t; 5 €quals tluid, then the updated
local measurement set is composed by the set of newly taken

measurements Zl(tluzd) and the set of measurements from the

old database Z, db, inls(tl 7 ¢) (see Line 3); and the updated local

anchor state set consists of newly received local anchor state

set Wl(tluid) and the local anchor state set in the old database

Wldz mf(tl 7.s) (see Line 4). If tl‘{% . is notequal to t;: id, then the

updated measurement set includes the set of measurements

provided by the newly arrived messages ng’ms(tl o) and

the set of measurements from the old database Zld',z mls(tl £ S

(see Line 6), where Zﬁg’ms(tl BEE UJEI ng ms(t, PR
and similarly the updated local anchor state set cons1sts of
the local anchor state sets provided by the newly arrived
messages and the old database, respectively (see Line 7),

mg,ms , m mg,ms, m . .
where W) ) == Ujer W3 ™ (1] ) in Line 7.

2) LOCAL PRIOR FUSION
Lines 9-12 of Algorithm 2 return the fused local prior

db,a odb,a,  db,a db,ap db,a db,ay db,a
PLilt ) = P (g N2 1 ) Wyt s,
db,a

wheret; ;' € 771,]: 4, Firstly, we define the local prior variance

Var; [xl/(tfz S)] as follows:

db,a
/db iEa xz/(tzks)] _xl’(tlks)} xpj, k’(t“”)dx PGS

Jk’

db,a

where k' = k forj = 1, X0t ) € X%, and

.k 5 &

Ta - db \n~a db db,a
E; [xl Gy s)] = /de,a X (1R DB (R IAXG AR )

Gk s

Variance \75#.‘ [xl/(tldz ¢) | reflects the uncertainty of xﬁ(tflz P

under local prior p k/(tl . ) which comes from: by i 1(l1 k. o)

(e.j=1D, (tl k) (i.e.j & {l, —1}, and all such j form the
set % 5) or the predicted local prior from the previous time
instant (i.e. j = —1, see Section V-F5). For different j but the

same state xl/(tfg’x), the variance \/k;rjl [xl/(tl‘f%s)] differs. The
smaller the variance is, the less uncertainty the state xl/(tld2 o)
should have. Thus, the marginal pdf of ]3;" k/(fz‘f?& w.r.t. state
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xl/(tfzx) with the smallest variance should be chosen as the
updated marginal pdf. This process is conducted from Line 9
to Line 11 for each valid state xlf(tldz o ie it should be
included in at least one of the message mfc (tl % ) or in the old
database B; x—1, or in the predicted prior from tdk 1~ Note
thatif s = 1, the predicted pdf is derived from the nearest time
instant in the old database. For each valid /', the best marginal
prior’s index'? ]l 1 x.s 18 selected by Line 10 among indices
j€ »71 ks UL, l} All such]l ks (for all valid [’) form the
set »7;,(1(,5’ and we set ‘-7l,k,s(]) {] ]l,l/,k,s =j}, and

~a db * N ~a db e
Pj (tl,k,s’ ~7l,k,s(])) = /* Djy (tl,k,x) ks
‘X}'.k,s

=L dba(tdb )\»711”(1) and )v(*ks .)(;*,,”

Then, we reconstruct the local prior (i.e. the fused local prior)
from the selected marginal priors, which is given in Line 12:
For the marginal priors from node j, they still remain the same

where L; X*

joint distribution f)j“ i Qﬁz’ /i (j)). Since the relationship
among the priors in different nodes j are unknown, we assume
they are independent of each other, which means pj. k(tl k. S) is

the product of different p? ik (tl, ks I k’50)>.

Remark 7: Note that the marginal priors can be from all
possible nodes who broadcast messages in this network, and
as a result, the fused local prior would contain a large number
of nodes’ information. Thus, it is impractical if

o we put the fused local prior in the broadcast message,
since the communication cost would be very large;

o the whole fused local prior is used to do further cal-
culations (including Bayesian inference and local prior
prediction), because the computational capability of a
node is limited;

o we store the fused local prior in the new database, as the
storage space is limited.

Therefore, it is necessary to reduce the size of the fused local
prior. This size reduction is based on the local prior cut (see
Section 1V-B) and given in Lines 13 and 14 of Algorithm 2.

3) LOCAL PRIOR CUT

We explain the meaning of Line 13 as follows. Firstly,

we define the state-number-constraint AMS (SNCAMS)

triple. Similar to the AMS triple in Definition 2, we need the

lo(cbal measurement graph based on the local measurement set
mg(tl k.s)s 1€

g = ( (szz RGHIE 5(Zdb G s))) .
Then the local measurement cluster can be defined as
cf owhere roe {1,... R } = R _ Thus, the
(local) AMS triple (Z'%" ms(t, b ), Xy, WS dh ) s

defined according to Definition 2, where Zdb mq(tl by S

dbms db,a ~dba db,ms
(’11”) Xk (tlkv) S X (tlkv) and Wlk

(tl hs) € Wldg ms(tl 1.s)- To give the definition of SNCAMS
12This means the best marginal prior is provided by node j;" U ks
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triple, we introduce the state-generating node set El ks> and

it has the following relationship with de b, a(tl hs)
. db
{l’: (', ) e E(Zl,k’ms 1)

voneea“mmkaeﬁﬁJ~

E dba

Xk (tlk:

If we only consider the state-generating node set with number
constraint L;", i.e. #ﬁgen = L;"*, then the generated AMS
triple is called Lma"-SNCAMS triple

For Lmax SNCAMS triples, we have the similar results as
those in Theorem 1: Cut local prior 13?’ k(tl‘f% ¢) into two sub-

priors, i.e. pl k(tl 1.s) and pllelit , Which are the local priors of

de 2 (t) and X, . a(t), respectively. From the perspective of
node /, if the cut gap is small enough, then there is no big
difference between the original local location estimation and
the estimation only considering the L;"**-SNCAMS triple.
Let l . v(Lm“”‘) be the set of all possible L"*-

SNCAMS triples at t = tl ks> which means it is
the set of (Z™® ), X" ® ), W™ ) with
states-number constraint L;"**, labeled as uf‘ s Then,
we define the set of cut gaps corresponding to Ul‘fz,s(leax)
as follows

_ left
Al = [

plk(tlks)plks

db max
U s €U lks )}

Line 13 selects the SNCAMS triple corresponding to the
smallest element in A% Lk.s’ and finally Line 14 gives the local
prior pl k(tl 1.s) stored in the database, specifically:

iy, = /de Bl DA . 26

Lk,s

~a .db
PLitg,s) —

where dez “(tl hs) € )Eld,':’?
4) LOCAL POSTERIOR UPDATE
Lines 15-17 provide the local posterior update. If the local
measurement set or anchor state set is not empty, then the
local posterior can be derived by Bayes’ rule
db ms db,a
abo. PR DX R PR )

; _ . 27
l Pix( Lk, 5= Normalization &7

where
N lizati _ Zdb ms de a
ormalization = v p( Ik (tl k. D] Ik (tl .s)

1.k,s
db,a

X Pt DX ).
5) LOCAL PRIOR PREDICTION
From Line 18 to Line 20, the updated local posterior is
employed to predict the local prior at the next time instant
tl‘{%s 41 if tld’g’x is not the last time instant in 77?,?. This
prediction is given in Line 19, where

db,a db,a
PR ) = fde’aP(X (R DXL R )
Lk,s

<P} iy, s)de‘;Z ‘). (28)
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G. ALGORITHM SUMMARY

We give a summary of the distributed prior-cut algorithm
in this subsection. For each non-anchor node ! € L,
it has an initial prior p;(x(0)) on its state x;(0) at r =
0. Since node [ is not able to obtain its location y;(z)
(see Section II), it takes measurements from other nodes
(see Section II-A), and broadcasts/receives messages to/from
other nodes (see Section II-B). Note that node ! does not
know when the next measurement or the next message will
come (see Section III-A). Based on the measurements and
messages, the distributed prior-cut algorithm estimates y;(¢)
in a real-time manner (the structure of this algorithm is given
in Algorithm 1):

o If node / takes a measurement from a non-anchor
node, then the database (whose structure is shown in
Section V-C) is updated according to this measurement.

o Ifnode [ takes a measurement from an anchor node, then
it will receive the anchor state from that anchor node
immediately (see Section III-A1), and the database is
updated according to this measurement and the anchor
state.

o If an anchor node takes a measurement from node /, then
it will receive this measurement as well as the anchor
state immediately (see Section III-A1), and the database
is updated according to this measurement and the anchor
state.

o Ifnode/ receives a message (the structure of the received
message is given in Section V-E), then the database is
updated according to this message.

Note that these four situations can happen simultaneously.
The detailed database update, including the design of local
probability, is given in Section V-F. After updating the
database, node / designs the broadcast message accordingly
(see Section V-D). We stress that the designed message is
not necessarily to be broadcasted directly due to the limited
bandwidth, and whether it can be successfully broadcasted
is dependent on the MAC layer (an example is given in
Appendix C which is employed by our simulation examples
in Section VI). After designing the broadcast message, node
[ calculates the local prior based on the updated database, and
estimates its location y;(¢) correspondingly. Note that even if
no measurements or messages arrive, node [ still needs to cal-
culate the local prior and estimate its location y;(¢) but based
on the current database (without update). Measurements and
messages play the role in updating the database and designing
broadcast message.

VI. SIMULATION RESULTS

In this section, simulations are given to corroborate the
effectiveness of our proposed distributed prior-cut algorithm.
We consider two different localization problems: the mobile
user cooperative localization (Section VI-A), and the UAV
localization in scanning task (Section VI-B). Note that the
simulations are conducted under practical wireless network
settings, where the physical and MAC layers are properly
modeled.

VOLUME 7, 2019

A. MOBILE USER COOPERATIVE LOCALIZATION

Consider a network with 25 mobile users (I = 25), where
only 5 users (anchor nodes) can access their real-time loca-
tions timely. For example, these locations can be obtained
from the GPS/DGPS signals, base station measurements
for outdoor positioning systems, or WiFi based localiza-
tion for indoor positioning systems. For the other 20 users
(non-anchor nodes), they conduct the self-localization coop-
eratively by using our proposed distributed prior-cut algo-
rithm during time duration [0, 50].

1) MOBILITY MODEL

The initial locations of these 25 users are uniformly dis-
tributed in a 60m x 60m area, see Fig. 6(a) for one realization.
Each node does not know the initial location accurately,
but we assume its guess on the initial location is within a
10m x 10m area centered at the true location. The mobility
model of mobile users is govern by a 2-dimensional Browian
motion, which can be described by (1) and (2) with

rwon=[o] s =0, 0=[g 1],

where x;(1), yi(t) € R2 and i € Z. One realization of the
location trajectories is given in Fig. 6(b), which indicates how
the node locations change over time (the initial locations are
given in Fig. 6(a)).

2) MEASUREMENT MODEL

Each node can take measurements from at most 5 neighbors at
one time instant, and we assume these 5 neighbors are nearest
to the node.!® For each measurement link, the measuring
time instant follows the Poisson process with rate A = 5,
i.e. a measurement is taken every 0.2 second on average. We
assume the measurement noise in (3) follows a zero-mean
Gaussian distribution with standard deviation 0.1, i.e.

vij(ti55%) ~ N0, 0.1),

which means the measurement accuracy is at the level of
0.1m. Note that the neighbors are changing over time due to
the mobility of users.

3) COMMUNICATION MODEL

In the distributed prior-cut algorithms, the non-anchor nodes
interchange their information through broadcasting in wire-
less communications. We assume all the non-anchor nodes
share a B = 40MHz communication bandwidth. To present
our simulation in a more explicit way, we move the com-
munication details in Appendix C, where the physical layer
power control is with the on-off structure and the media
access control (MAC) layer protocol is carrier-sense multiple
access (CSMA). It should be noted that the communications

131t should be noted that the node never knows its distances between
their neighbors. This assumption just implies that the measurement can
be taken more easily between closeby nodes, and the other measurements
corresponding to longer distances are neglected in the simulation.
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FIGURE 6. An example of the mobile users’ motions: (a) initial locations,
where the circles and triangles are the locations of non-anchor nodes and
anchor nodes, respectively; (b) location trajectories, where the thin and
thick lines represent the trajectories of non-anchor nodes and anchor
nodes, respectively.

are fully asynchronous, i.e. they are not scheduled to happen
exactly in each time slot synchronized by the whole network.
Also, there is no delay for processing the broadcast, but the
broadcast process takes time since the data rate is limited
(more details can be found in Appendix C).

4) DISTRIBUTED PRIOR-CUT ALGORITHM

Our proposed algorithm (the details are given in Section V)
only has two parameters: one is the memory length N/"*,
and the other is the constraint for state-generating node set
L;"™ which determines the size of local prior. In this problem,
we set N™ = 5 and L;"™™ = 8. For the prior prediction and
posterior update, we use the continuous-discrete unscented
Kalman filter (UKF).!#

4Since the local priors and posteriors are approximated by Gaussian
distribution in the UKEF, the cut gap is not easy to calculate (for particle filters,
the cut gap is easy to calculate), and for the local prior cut in Section V-F3,
we use the linear correlation (averaged on each component of a state) instead.
This is reasonable, because the correlation reflects the dependence of two
Gaussian variables.
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FIGURE 7. Comparisons of the distributed prior-cut algorithm,

the localization without cooperation, and the centralized localization
algorithm for mobile user cooperative localization, averaged over 100
simulation runs with different initial node locations. The average
root-mean-square error (RMSE) means the square root of E||y; (t) — y; ()|l
(see Problem 1) averaged by all nodes / € £. The average RMSE of the
distributed prior-cut algorithm converges to 0.43m/node within 2
seconds, which is comparable to the centralized algorithm. For the
localization without cooperation, even though the average RMSE
experienced a decrease (around 1.7m/node) during time interval [0, 5],
it goes worse and reach 2.3m/node at t = 50.

5) RESULTS AND COMPARISONS

We compare the average RMSE among the distributed
prior-cut algorithm, the localization without cooperation, and
the centralized localization algorithm for 100 simulation runs.
The results are shown in Fig. 7. We can see that on average,
each node’s localization error is within 0.5m. This result is
very close to the centralized algorithm and much better than
the localization algorithm without cooperation.

B. UAV LOCALIZATION IN SCANNING TASK

Consider 45 UAVs carrying out a scanning task for a region
by hovering around the same point, where only 5 UAVs
(anchor nodes) can access their own location timely and the
other 40 UAVs are non-anchor nodes to be localized. The
simulation period is [0, 50].

1) MOBILITY MODEL

The initial locations of these 45 UAVs are uniformly placed
ina 500m x 500m x 500m region [100, 600] x [100, 600] x
[300, 800]. Similar to Section VI-A1l, each UAV does not
know the initial location, but we assume its guess on the initial
location is within a 100m x 100m x 100m region centered
at the true location. The mobility model of UAVs is govern
by (1) and (2) with

0 —wj 0
fii), ) = wi 0 0 fx(0), gx()=xit),
0 0 o0
1 0
o=|0 1 ol iez (29)
0 I
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where x;(1), yi(t) € R3.In (29), w; is the hover angular
velocity for UAV i. For this problem, we assume w; = w3 =
co. = g5 = O.lrad/s and W) = W4 = ... = W44 =
—0.1rad/s, in which the positive angular velocity means the
hover is counter-clock-wise from the bird’s-eye view. One
realization of the location trajectories is given in Fig. 8, where
two non-anchor nodes and an anchor node are highlighted.

800

E 600

y@-axis

400

200
1000

(1)

y@-axis (m) -1000  -1000 y-axis (m)

FIGURE 8. Location trajectories of UAVs. From the top to bottom, three
highlighted UAVs are UAV 42 (non-anchor nodes), UAVs 7 and 3 (anchor
nodes), respectively. For these three UAVs, the triangle and circles label
the initial locations of anchor and non-anchor nodes, respectively.

2) MEASUREMENT AND COMMUNICATION MODELS

The measurement model is the same as that in Section VI-A2.
For communication model, we still use a similar model in
Section VI-A3 (these parameters below can be found in
Appendix C) with a small difference highlighted as follows:
The transmit power is 0.5W. The path loss exponent is 2. The
silence distance is 20m.

3) RESULTS AND COMPARISONS
For the distributed prior-cut algorithm, we use the same
parameters as that in Section VI-A4, ie. N™ = 5 and

50 [
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Centralized Localization Algorithm
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FIGURE 9. Comparisons for UAV localization in scanning task, averaged
over 100 simulation runs with different initial node locations. The average
RMSE of the distributed prior-cut algorithm reaches 3.5m/node att =5
and 1.5m/node at t = 30, which is comparable to the centralized
algorithm. For the localization without cooperation, the average RMSE
cannot be smaller than 17m/node.
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L™ = 8. For the prior prediction and posterior update,
we still use the UKF. The comparison of the distributed
prior-cut algorithm, the localization without cooperation, and
the centralized algorithm averaged by 100 simulation runs is
given in Fig. 9. We can see that the distributed prior-cut algo-
rithm has a close performance to the centralized algorithm,
and outperforms the localization without cooperation.

VIl. CONCLUSION

In this paper, the mobile nodes’ cooperative localization prob-
lem with asynchronous communications and measurements
has been studied. We have modeled the node mobility by
using the stochastic differential equation, and employed the
continuous-discrete Bayesian filter to give the centralized
localization algorithm which utilizes the global informa-
tion. Important concepts including Admissible Measurement-
State (AMS) triple, prior cut, and cut gap, have been
introduced in analyzing the estimation gap between the cen-
tralized algorithm and the algorithm with an AMS triple.
We have proved that if the cut gap is small enough, i.e. the
cut two parts are nearly independent, then the estimation
gap can also be very small. With this important property,
we have designed the distributed prior-cut algorithm to solve
the cooperative localization problem with asynchronous com-
munications and measurements.

The presented work serves as the first step to develop the
asynchronous localization problems. For future work, it is
meaningful to consider the outlier and structural noises [25]
for practical applications which leads to a noise-tolerant
cooperative localization. We are also considering to imple-
ment our proposed prior-cut algorithm to multi-UAV systems.
To improve the estimation accuracy, we will place multiple
nodes in one UAV, which is inspired by [26] (see Fig. 10).
Note that this design can also enable the attitude estimation
of each UAV.

FIGURE 10. Multiple (three) nodes assembled in each UAV.

Another line of future work can consider the cooperative
localization in an ., manner. Different from the Bayesian
filtering framework utilized in the current work which relies
on the exact probability density function of the noises,
the Ho filter does not need any knowledge on the probability
measure (see [27], [28]). Therefore, it will be more practical
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to use Hoo as the performance measure in cooperative local-
ization problems.

It is also very meaningful to analyze important properties
of the distributed prior-cut algorithm, e.g., the stability (or
convergence) and the convergence rate. Since the overall sta-
bility and convergence rate are difficult to prove for nonlinear
stochastic systems, we would simplify the system model to a
linear system and then conduct the analyses accordingly.

APPENDIX A
PROOF OF LEMMA 1
This proof is divided into two parts: In the first part, we prove
the recursive equations [i.e. (8) in the prediction step and (9)
in the update step] hold. As a result, p(X (;"*)|Z[#;"*]) can be
derived sequentially from ¢ = 0. In the second part, we show
that equation (7) holds.

i) In the prediction step, p(X (;")|Z [t 1, W[;,]) can be
written as

PXEM)NZIE,], WS,
/p(X(t,?“) X(GEDIZIGE 1 WIRE DX @ Z ), (30)

because the marginal distribution can be obtained by
integration. Then, in equation (30), we write p(X(#;™),
(tmsl)lz[tmsl] W[tmsl]) as

PXEMIX@E), ZI52 1, WIKE D
x pX(GEDIZIGE ], WIRED)
(i)p(X(lmS)lX( SOIPXGEDIZIE ], WIS D, (G

where (a) holds with the Markov property of sequence
{X(#™)}kexc- Combining (30) and (31), we have (8).
In the update step, we rewrite the posterior

PXEIZI™T, W™D
by Bayes’ rule:

pXAEIZIH™], WK™
PXG™), ZIZIGE ), W™D
fXP(X(t,?ls) ZM)IZIGE 1 W DaX (1)

where p(X (™), Z(t™)|Z[1™,]1, W[#™*]) has the following
form

(32)

PEZE)IXG™), ZIg= 1, W™D

x pX(EMIZIGE ] WIRESD.  (33)

Since Z(#*) is independent of Z[#™,] and W[, ]
when X(#*) and W(#™*) are given, the first item
in (33) can be written as p(Z(t™)[X ("), W(™)).
For the second term in (33), it can be written as
pPXEIZILE ], WIEE Dp(W I 1IW (#™)). Thus, (33) is
rewritten as

PEZE™)IX (™), WE™))pX (™) Z[1”
p(W[™

S WIRED
W@ (34
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We put (34) back into (32), and (9) is derived [note that
the common term p(W [, ]|W(#™)) in the numerator and
denominator can be cancelled out].

ii) For (7), the proof is similar to that in (8). Using X (#;"*)
as the bridge, we have

pX(DIZ[t], W[t])
= pXOIZ[;™], W™D

=/XP(X(t)IX(t;Z"S))p(X(t;i“s)IZ[l}fs],W[t DAX (™).

APPENDIX B
PROOF OF THEOREM 1
We divide this proof into three parts: In the first two parts,

we write Ey, ¢ [y (DI Z (1], W™ 1] and EX [y, (1)|Z [, 1,

_ _ yi(1)
Z(t™), WL 1, W(™)] into two suitable forms, respec-

tively, so that they are comparable. In the third part, we com-
plete this proof by comparing those two comparable forms.

i) By (5) and (7), Ey, () [yi (DI Z[1™], W[t;**]] can be written
as

/gl(m(t))[/ pXOIX@™)
X X

X pX (I Z[1™],

- Ll

X pX () Z[5°], Wt

-1,

X pX DI Z[1], W 1)AX (1)

Wi dx (t,‘:‘s)]dX (1)

/X g1 pXOIX (1" S))dX(t)]

DX (™)

/X g ()pCa (D)X (1" S))d)w(f)}
1

“ fx By [ 210 ()1 ()]

X pX(@G™)IZ[5™], WIS DAX (™), (35)
where (a) follows from (19). We write term
PX(G™IZIL], WIE™1)

in (35) as (9). Letting F (X (¢{™)) = p(Z(;")|X (™), W[1;™])
and G1(X(#5™) = pX(E™)IZ[H2, ], W[5™]), we can re-
express (35) as

Ey ) [yi ()| Z[E], W ]]

_ / B [21 (o) b (17)]
X

FX@™))G1X (™))

. dXx 36
o FRA)GrxX e pax ) X - 36

ii) We rewrite the right-hand side of (10) as

/X g1uOPpaOIZIE 1, Z™), WIS, 1, W(e™)dX (o),
1
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where term p(y()IZ[£™ 1, Z(E™), W[ 1, W) is

written as
/_ P @l @™)
X(th)
PXGINZIE N, Z), W), WIS DAX (1)
(37

Since g, PEEHZIS], WIESDAX ((75)\ X (1) = 1,
where we have X(t) = X \ X(1™), 5((;;315) = X(™) \
X, ZIg™1 = ZIPs1\ Z@™), and W1 = W1\
W(#™), equation (37) can be further rewritten as

/ PO ()|x (™))

PXETHNZIS 1, ZAPS), W), WIS, D
~p(X(t;§“s)lZ[t;§“S], W[ 5 DAX (™). (38)

In (38), term p(X (#{")| Z [}
be written as [similar to (9)]

L Z@S), W), W™, 1) can

PEE)IX @), WEP)NpX EP)IZIR",

Normalization

L WIL= D

’

where

Normalization = /, PZEHIXE™), V_V(tlins))
X@")

PXEIHZIES, 1, WIS DAX ™).

Likewise, we can write term p(X (t,ﬁ“s)|Z (1], W[t,?ls]) in the

integral of (37) as
PEZEP)|XAS), WP ))pX ()| Z[1™

L WIS
Normalization ’

(39)

where

Normalization = / p(Z(t g)|X(t %), W(t 5))

X@")
pXAPHIZIE ), WK DX (™).

In (39), Z(™) = Z(5™) \ Z(t™) and W(t™) = W(I™) \
W (™). Note that

PZET)|X (A, W (1))
= pZ(EDS), Z(EM)|X (1), W (1))

© pZ ™ XA, WP EIX ™). W)

D pZAPIX G, WA DPE I, W),

(40)
where (b) holds with the independence of the measurement
noises in (3), and (c) follows from condition (13) in Defini-

tion 2. The product of the first items in the numerators of (39)
and (40) is p(Z (™)X (™)) = F(X(¢{™)). Letting
Go(X (1) = pXEIHNZI DpX @)\ XEHNZI52 D),
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i.e. the product of the second items in the numera-
tors of (39) and (40), we can write the estimation

By DiOIZIE 1 ZEE). WIS 1 W] as

/X 81(x (1)) [ /X POl @G NFG(X (™)dX (1" S)} dx; (1)
1

= /x Eyo[giaO) () [FGa(X ()NAX (1), (41)

where
FX@™)NG2X (™))
S FX@PNGAX 1)dX (1)
We can see that (36) and (41) have a similar structure.
Actually, the only difference comes from G(X(#"*)) and
G (X (™).
iii) Subtracting (41) from (36), we have

Ey o[ yiOI1Z[1, W[1™]]

X
~EXO iz,

_ /X Ex, 0[50 (P F X ™)

H G1(X (1)) — Hy G2(X(1™))
H| H

FG(X (™) =

LZ@™), Wi 1, W)

dX (™), 42)
where

Hy = /XF(X(IITS))Gl(X(tli“s))dX(t;inS),

Hy = / FEUPHGX AP NAX ™). (43)
X
Note that Hy, H> > 0. We split (42) into two parts, i.e.

Ey 0 [Vi1Z1E™1, W [11]

X
yl((tt)) [yl ) |Z[tms1 Z(t]?ls) W[t

=A+B,

W)

where

A= /X O P
GLX (™)) — GoX (™)

H,
Hy — Hy
I )

FX@GPNGIX (6 )NX (1), (45)

FX (™)

dX#™), (44

In the rest of this proof, we find the upper bounds for
|lA]l and ||B||, respectively, so that the following can be upper
bounded

HE)’I(t)[YZ(tNZ[t]?S], W[tlzns]]
SOOIZI, 1, ZG), Wi 1 W))|
< Al + IB]l. o

For A, we have (47), as shown at the top of the next
page. where (d) follows from the “triangle inequality”’ and
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= H[X B o [g1Ca@)xi(™)IF X (™))
(d)
= /;( | By [1Gar D xe ™D | F(X(tllcns))‘

= H |81 () (61| FX (1)
GI(X (™)) — Go(X(1™))

]

G1(X(#™)) — G2(X (™))
H,
GI(X(™)) — Ga(X (1"
H,
Gi1(X(™)) — Ga(X (™))
H; 1

dX (™)

) ‘ o

HAl(X(l‘;TS))
|Hy — Hi|
H;

H

1Bl =

I

‘/x B (810G )i (™) pX ™I Z 15 DX (1)

|Hy — Hi| ms
A 8y ()P ey (1) x (2°))dx; (1)
> x Il x

; (47)

1

H— H
< 2T1' f By 1) (PN || P AR Z I HAX (1)
2 X

pPXE)IZ[ DX (™)

|H2_H1| ms ms ms ms
e lgGxa (NI pCer () |x (2 )i (2) | p(X (@ ™I Z 1 1AX (1)
2 X X

@ |

H, — H
(h)VI 2 1|’
H»

H»— H .
® ZT" / lgCaO) ] pXOIZ I Dk (1)
2 X

(48)

FX(#™)) = 0. For (e), it holds with Aj(X(#™)) =
”]Exl(t)[gl(xl(l))|x1(t]£ns)] ” FX (™).
With Holder’s inequality, (47) can be zoomed as

IAI < |AX @), [GIX ™) — GaX (™), -
(49)

From (17), we know that HA1 X (™) H | is bounded. Since the
cut gap defined in (16) is not greater than §, inequality (49)
can be rewritten as

Al < A @), 8.

For B, from (45), we have (48), as shown at the top of this
page, where (f) follows from (19), and (g) is based on the
interchange of the order of integration.

According to (6), we set

/X lgC O pXOIZ I Dk (1)
1

=fXIIgz(XI(l))IIP(X(I)IZ[t],W[f])dX(t) =V,

which leads to (h). According to (43), we rewrite term |H; —
H;| in (48) as

|Hy — H>|

_ ' /X FOG™) [G1X ™)) — GaX(™)] dX ()

0]
< |F&a™n|, |GiX @) — GaX (™)
= [FX@™n|, 8.
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where (7) follows from Holder’s inequality. Thus, (48) can be
rewritten as

1Bl <V

JFezaryl, o
H,

Note that |[F(X(™))|, is bounded by (18). Comb-
ing (46), (47), and (50), we have

HEyz(t)[yl(t)IZ[z}(“s], WImS]]
— B DuOIZI 1 26, WIS 1 W)

yi(t)
ms “F(X(tlrcns))Hl
< |:||A1(X(tk ))||1+VT 3.

Therefore, Ve > 0, there exists a
H;
8 S &,
Hy [ X @), +V [FX @],

such that if the cut gap is bounded by § in (51), then the
estimation gap defined in (11) is bounded by e¢.

61V

APPENDIX C
COMMUNICATION SETTINGS IN SECTION VI-A3
The transmit power of non-anchor node [ € L is Pi'(r)

with maximum value PY = 0.2W, and the power of
noise (from the receiver side) is Ppoise = —90dBm. The

relationship between the received and transmit powers at
time ¢t € [0, 50] is
hy j(P (1)

P = ,
@) 1+ Df (1)
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where hy (¢) is the fading gain with Nakagami-m model
(see [20]) and m = 2. Notation Dy ;(t) is the distance between
nodes / and j, and « is the path loss exponent. In this problem,
we assume o = 3.

Note that there are 20 non-anchor nodes sharing the same
bandwidth, and each broadcast can generate interferences.
To mitigate the interference, we use the CSMA technique.
The threshold for detecting an idle channel is determined by
the following equation

— Pglax
1+ DY’

where parameter D, is the silence distance that if a node is
outside the range covered by this distance, then the transmis-
sion interference can be neglected. We set D,, = 2m in this
problem, which means the node only regards the communi-
cation signals within 2 meters as interferences. If the received
power is lower than 6, then a node assumes this channel is idle
for broadcasting, and it uses the maximum transmit power
to transmit (on-off power control), otherwise the node would
wait for a random time follows the exponential distribution
with mean u = 0.05s.

For message receiving, the SINR for node / receiving the
message from node j is

P(1)
Zi;éj ;C,(l) + Proise .

The channel is complex Gaussian, and the Shannon’s
capacity is

SINR; ;(t) =

C1j(1) = Blog, (1 + SINRy (1)),

where the bandwidth is B = 40MHz. The broadcasting rate
fornodej € Lis R}?C = 100KB/s = 800Kb/s. If the average
capacity for a broadcast message is lower than the broad-
casting rate, then a transmission outage occurs. Specifically,
an outage happens when
1 ik

pra—r / " Cnde < R

o, — st

Jk Tk
where tjsfk and tjegc the start and end times, respectively,

of broadcast message mjbﬁc (see Fig. 2). The broadcasting time
¢

length t/etk — 17 depends on the packet size of m?i, ie.
size(m}’i)
bc
R;

The packet size is determined by the content in the broad-
casting message, where the real numbers (e.g., for describing
the priors, posteriors, and measurements) are stored in double
precision numbers with 64bit size.
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