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ABSTRACT

The chief purpose of this thesis is to establish for semi-Markov
processes the same type of behaviour that is characteristic of the
better-known Markov chains; this is achieved mainly through the use
of Laplace and Laplace-Stieltjes transforms and a frequent appeal to
renewal theory. The mathematical tools needed for the task are
developed in the first chapter. In the second chapter the solidariﬁy
nature of geometric ergodicity within an irreducible class is
examined, and necessary and sufficient conditions are derived for
geometric ergodicity in the particular case of a process with a finite
state space. In chapter three it is shown that the Laplace transforms
of the transition probabilities pertaining to an irreducible class all
have the same abscissa of convergence, a fact that permits the definition
of a-recurrence and leads to a result for a-recurrent processes that
generalizes the familiar ergodic theorem of Markov chain theory;
quasi-stationary distributions are also studied in the same chapter.
Chapter four is devoted to some general ratio-limit theorems involving
a parameter A (A equals zero in the usual ratio-limit theorems),
and the last chapter applies the results obtained in the earlier part
of the thesis to the study of an inventory model and a continuous-time

Markov branching process.
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CHAPTER 1

INTRODUCTION

§1, Definitions and notation.

Semi~Markov processes were first defined and studied by Levy
[26]1, [27] and Smith [37] in 1954, and a similar type of process was
introduced in the same year in a paper by Takdcs [4,3]. The theory
of suéh processes has since been éxtensiVely developed, mainly by Pyke
and Schaufele. Iﬁ 1961 Pyke [30], [31] gave a Qefinition of a semi-
Markov‘process and studied it in the spéciai case of a finite state
space; 1nclude¢ in the first paper wés a bibliography‘gf’WOrks on the
subject that have been published between 1954 aﬁd 1961.- ‘The'definition
of Pyke in [30] was a 'cbhstrﬁdtiVe"one which did'nb;‘admit
instantaneous states and definied the process only ;p,to its first
explosion; a more general definition allowing both instantaneous states
and explosions was given by P&ke and Schaufele [32] im 1964. A
general definition has also been given by Feller [i5]. Roughly, a
semi-Markov process is a generalization of a Markov process and differs
from it in that the holding time in a given state has an arbitfé?y
distribution and is not necessarily independent of the state immediately
following the next transition.

Let usAwrite I+ for the state space of the process, and denote
by Z_ both the process and the state of the process at time t; it

t
is unlikely that ambiguity will arise over the meaning of Zt in a




given context. Before we proceed to describe the process, we make the
following definitions. Ut =t -sgup{uc<t: Zu # Zt},

. - = +=
v, = inf{u > t : zu;ézt} t, X =0, +V, and z, ztwt.

The interpretation of the various quantities is as follows: Ut is the
time that has expired since the last transition before time ¢, Vt

the remaining time to the next transition, Xt the length of time spent

in 2 and Z: the state immediately following the next transition.

t,

Let N, (t) =card{0<u<t:Z_ #2Z =1} and N = ) +Ni(t); |

iel
these are respectively the number of transitions into state i1, and
the total number of :transitions, in (0,t]. (Pyke called the process
{Ni(t) - B I+, t > 0} a Markov Renewal Process.) Zt is said to be
regular if Pr[Ni(t) <w} =1 for all i e I+ and all t > 0, and
strongly regular if Pr[N(t) < «] =1 for all t > 0. A regular
process obviously need not be strongly regular (see, for example, remark
2 of #ectiOn 4, [33]). We observe that in [30], strong regularity
was called regularity.

The process that we shall study in this thesis 1s the process
defined by Pyke and Schaufele [32]; our notation is consistent with
theirs, and we refer the reader to their paper for the complete definition
and detailed description of the process. We shall assume that Zt

satisfies hypothesis A of [32]; for the sake of completeness, we

note below the salient points of this hypothesis.



Hypothesis A. Zt 1s a separable stochastic process defined on a complete

probability space having a denumerable state space i+, compactified

by the addition of «. Almost all sample functions are right continuous,
have left limits on [0,»), and are such that if Zt +>® ag t-=7T

from one side, then Zt +® as t -+ 1 from both sides. The

stochastic process {(Zt’Ut) : t > 0} 1is a Markov process having

the strong Markov property for all stopping times which are almost surely
finite. Evolution of Zt is determined by a matrix of one-step
transition probabilities Qij which satisfy

L 0y =1 ] (<1, and
jel jel

..|.
Qij(x) Priz; =3, X_< x]Zt 1, U, =0(Z,U); O0<v<t]l. The
transition probabilities, Pij(t) = prlz_ = jIZO =1, U, =0], are

related to the Qij's by the equation

Pij(t) = Gij{l-Hj(t)} + )

Qtrt

ij(t-u)dqik(u) (1.1),

ke I+

where Hi(t) = z Qik(t) is the unconditional distribution of the holding
keE

time in state i. Hi is clearly an honest distribution function.
The strong Markov property assumed in hypothesis A 1is an

important one for it enables us later to establish the transition

identities that are used throughout the thesis. Other important

implications of the hypothesis are that the process is regular and every



state in I'T is stable (stable and instantaneous states were defined
in [32]). A significant feature of Pyke's definition 1s that it
~includes all denumerable Markov processes; on account of this, the
results derived in this thesis for a general semi-Markov process quite
often yield, as special cases, new results in the theory of denumerable,
continuous~-time Markov processes.

In this thesis we are mainly concerned with the properties of

quantities connected with the transition probabilities P1 (t). The

3
behaviour of Pij(t) is closely associated with that of the first

passage distributions

Gij(t) = Pr[Nj(t) > olz0 =1, U = 0]

0
and the means

Mij(t) = E[Nj(t)lzo =1, U, =0]+ 844"

Playing a vital role in linking these are the 'taboo'

gquantities defined below.

Let D be a sub-set of I+, possibly empty but strictly

contained in I+; then

DPij(t) = Prlz, = 33 N(t) = 0 for all ke n]zo =4, U = 0],

0

DGij(t) = Pr(for some u < t, Ni(u) >0, N(u) =0 for

all k¢ Dlz0 =1, U, = 0],

and

DMij(t) ={1-35§ ‘}E[Nj(sknzo =1, U

i 0 =01+,

j’
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where GjD =1 if 3 ¢ D and zero otherwise, 8 = min(t,tk) and

= inf{t > V., :2_ ¢ D}.

x 0 "%
Note that in all cases the 'taboo' is imposed only after the first

exit from the initial state. Clearly, if Jj ¢ D, DPij(t) = 51 {1-H,(t)}.

o I
The expectations of Hj and Gij will be denoted by ny and
-] - -]
respectively i.e. = [{1-H,(t)}dt and = [{1-G,, (t)]}dt.
Mgy Tesp y ny {) 4 (®) My g{ 138

States 1 and j are said to communicate if either 1 = j or
Gij(“)éji(m) > 0. Communication is an equivalence relation, and a set
of states is said to be irreducible if it is an equivalence class under
this relation. Zt is said to be irreducible if there is only one

irreducible class.
We shall write U_(t) for the function which is one for t > ¢
and zero for t < c, and because of the frequent appearance of

transforms and convolutions, we shall use the following abbreviations:

AT (e) = [ e Staa(e), A%(s) = [ e %ta(t)dt,
0- 0-

(1-2)°(s) = [ e °F{1-A(t)}at, AT(s) = [ te™®taa(t)

0~ 0-
and

| 3

A * B(t) = [ B(t-u)dA(u).
0-

Important results in the thesis will be numbered according to the
chapters in which they occur; thus theorem (equation) 2.3 will refer

to the third theorem (equation) of chapter two.
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§2. Structure of thesis and its relationship to relevant literature.

Chapter I: In §3 we list the main idontities governing transitions
between states. These are merely extensions of familiar results in
the theory of Markov processes (see [ S] for cxample), and most of
them have already been quoted and used by Pyke [31], and Pyke and
Schaufele [32]. The appearance of convolutions in all the identities
makes the problems posed in this thesis specially amenable to solution
by the method of Laplace and Laplace-~Stieltjes transforms. It may in
fact be said that the elementary lemmas on transforms and convolutions
in §4 are the basic mathematical tools used in this thesis, and we
therefore feel justified in devoting an entire section to them, their
elementary nature notwithostanding. Lemmas 1.1 - 1.4 are due to Widder
[47], and the rest, though apparently new, are easily proved by
imitating Widder's methods.
The result in §5 gives us a simple criterion for the validity of
the key~-renewal theorem (for a discussion on the key-renewal theorem,
see [38]). Let A be a renmewal function on [0,») i.e. A(t) = E B(n).(t)‘,
(0 6 n=0
where B ' (t) = Uo(t), B /(t) 1is some distribution function
(possibly dischonest), and B(n) (t) 15 the n-fold convolution of
B(l) (t) with itself (n > 1). 1f B(l) (t) dis non-lattice,

o0
v = f{l-B(l) (t)}dt and vl s interpreted as zero if v is infinite,
0
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t R ®
then the key-renewal theorem states that 1lim Ig(t-u)dﬁku) = v 1'fg(u)du
t+e 0 0

provided g satisfies certain conditions. The conditions stipulgted
by Smith in his 1954 paper [36] are too stringent and exclude a large
class of functions. A later scet of conditions of his (1961, [40] :
page 469), and Feller's condition of direct piemann integrability

(see [16]), are more easily satisfied; in fact, lemma 1.8 of §5
agserts that ali functions which are Lebesgue integrable and of bounded
total variation in [0,) are directly Ricmann integrable. This
result is uged at a crucial stage in the proof of the main ergodic
theorem of Chapter III wherce, in the case of an a-null recurrent
procesc, the relevant function satisfies none of Smith's earlier

conditions,

Chapter II: We restrict our attention in this chapter to an irreducible
class i.e. an equivalence class of mutually communicating states.

By a solidarity property (of an irreducible class E) we shall mean a
property possessed by either every staté in E, or none. Well-known
examples of such propertiecs are those of recurrence and positive
recurrence in the theory of Markov processes.

In 51 we agssume the existence of 1lim P_,(t) and denote it by

treo 13
nij' (The existence of the limit when j is stable and nj < ® ywas
: -1
roved by Smith [ 37 ho showed that 11 =G, ,(%°)n if < »

and nij =0 if ujj =® or Z  is transient. Recently in 1966,
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Yackel [48] proved the existence of the 1iﬁ1t when j ‘is an
instantaneouc state, and discussed the case of a éfbcess'in which
"j =» for every j in I+.) A transition 1 » j ‘15 said to be
geometrically ergodic if there exists a positive i such that

St 1

Pi (t) - MI,, =o(e 4 ) as t + o, In 1959 Kendall [19] proved

3 1]
the following solidarity theorem for irreducible, diséféte—time.Markov
chains: 1if for some 1, the transition 1+ 1 1is ge;ﬁetrically

e:godic, then for all j,k 4n I+, the transition j + k 1s geometrically
ergodic. This was improved upon by Vere-Jones [45] in 1962: Vere-Jones
showed that there exists a parameter of convergence A > 0 whiéh’is

common to all transitions 1 + j; 1in the case of a transient chain, a

best possible parameter is obtainable. In [20], Kingman éxtended
Vere-Jones' results to continuous-time, transient Markov processes;

and finally, in [21], to both transient and recurrent processes by

applying Vere-Jones' results to the discrete skeleton of the continuous-
time process. We ask in the first cection of this chapter if the results
of Kingman would continue to.hold for a general semi&Markov process.

An unqualified, affirmative answer is obtained if tﬁe process is transient;
if the process is recurrent, the solidarity theorem holds provided certain
regularity conditions are imposed on the holdiﬁg time distributions

Hi(t)“ These conditions are trivially satisfied if the process is

HMarkov, and the holdingvtime distributions consequently negatiQe

exponential. We are aided in the pfoof of our theorem b& results of
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Leadbetter [25] and Stone [42]. We conclude the section by
establishing a necessary condition for geometric ergodicity.

In 52 we persist with the assumption of irreducibility but
consider only irredﬁcible classes with a finite number of states; It
has been shown By Pyke ([30) : lemma 4.1) that when the state space
is finite, the process is necessarily strongly regular. There is thus
only a finite number bf transitions in any finite interval of time and
we can, when considering transitions between two given states in a
finite time, enumefate all possible paths of the process. This strong
regularity is made uée of in this section to establizh necessary and

sufficient conditions for the finite prpcéss to be geometrically ergodic.

Chag;er III. We consider again an irreducible class E. In §1 and
§2 we show that the transformsv_Pijo(s) and Gij+(5) have abscissae
of convergence thét are common to all transitions, 41 + j, within E.
Denoting the common abscissa of convergence of Pijo(a) by ~a and
calling o the convergence parameter of E, we are able to define
a-transience, o-positive recurrence and a-null recurrence (a > 0),
and demonstrate that 2ach is a solidarity property. Our theorems yield
as special cases results of Xingman [20] on continuous-time Harkov
processes and Vere-Jones [45] on discrete-time Markov chains. When

a = 0, our results show that ordinary transience, recurrence and

positive recurrence are solidarity properties; this result is not
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entirely new, for the solidarity property of ordinary recurrence
follows immediately from theorem 5.1 of Pyke [30].

In §3 we prove the existence of, and evaluate, the limits as

t > o of eatPij(t) (1,3 € E) under the following conditions:
a>0, or a =0 and nj < o eat{l—ﬂj(t)} is of bounded, total
variation in [0,»); and at least one non-zero ka(t) (k,2 € E)

is non-lattice. The last condition eliminates periodicity, and the

regularity condition on H_, (t) prevents extremely erratic behaviour _ t

j —

j(t). If Zt is Markovian (whence Hj(t) =1 -e j),

all the conditions are trivially satigsfied; if Zt is semi-Markov and

of the function eatPi

a = 0, then eat{l~Hj(t)} has total variation in [0,=) equal to one.

Our theorem thus generalizes theresults of Vere-~Jones [45] and Kingman
[20] for MMarkov processes, and the result of Smith ([37] : theorem 5)
for semi-Markov processes with o = 0 and nj < @, In an analogous

13 of the quantities

eatPij(t) are positive if E 1is a-positive recurrent, and zero otherwise.

manner to the Markovian case, the limits L

When E is a-positive recurrent, we cannot extend the results of
Vere-Jones and Kingman further by expressing as they did the limits

Lij as the product X Wy where x, and m, are respectively the

i h|
unique q-invariant vector and a-invariant measurec. Even in the
case a = 0 an invariant measure does not exist in general, and an

example will be produced in 8§4 to show this. However, when Zt is
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a Markov process, a little more may be added to known results. For a

continuous—time Harkov process, Kingman {[20] has proved the existence

of a unique o~-invariant vector Xy» and a unique o-invariant measure
m

52 satisfying respectively the two sets of equations

-ot
z Pik(t)xk e x

3
keE i

) m, P (t) = e %%

, forall 1,J e E, t > 0.
ke © K 3 .

He showed furthermore that E is a-positive recurrent if and only if

x.m
1™
Z m X, ~converges, and then Lij —X——El—— . In §4 we complement
keE KeE M

Kingman's results by proving that the unique a-invariant vector and
* o
measure are respectively given by Xy G11 (=) and mj 11?1:l (~a),
where 1 1s some fixed state in E; moreover, Lij = (q1~a)L11ximj
and } =1, where L. =xm[] x ]'"1 and q—l is the mean
L = 1 11 = *1™ 1 1
keE keE
of the holding time in state 1.

We consider in §5 the sum R,(A,t) = Z u, (t)ekt

P,
3 kel © kj

and Si(l,t) = I Pik(t)ektvk; and establish conditions under which
keE

they are finite for every t, and converge to finite limits as t =+ =,

Our results yield as a special case a theorem of Vere-Jones

\
(f46] : theorem 6.1) for discrete-time Markov chains. The result
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concerning the convergence of Si(l,t) to a finite limit, as t -+ o,
is used at the end of the section to study the existence of 'quasi-
stationary distributions'; these are the limits (when they exist) of

the quantities
P, ()
V,,(t) = 4 .
ij
L By (e
keE
Vij(t) is of particular interest when the irreducible class E 1is
not closed i.e. there is a positive probability of a transition from

some state in E to some state outside E. When this is so,

2 Qik(“) <1 for some i in E, and E 1s ecasily shown to be
keE

transient (once the process escapes from E, it cannot return since E

is irreducible); Vi (t) may then be interpreted as the probability

i
that the process goes from i to jJ 1in time t, conditional on its

being in E up to time ¢t. Let 1 - r, = lim Z Pik(t) (1 € E)
t+o keE

be the probability that the process starting from 1 remains
forever in E. If 1 - r, > 0, Vij(t) + 0; we then study the more
interesting quantity

P, (t)r
(t) = ij i

W
i3 ’
P, (t)r
keE 1k k

whose interpretation is the probability that at time t the process is
in state j, given that it started from i, was in E till time ¢,
and will eventually escape from E. We shall derive sufficient conditions

under which Wij(t) tends to an honest distribution (over E) as t =+ =,
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For finite, discrete~time Markov chains, quasi-stationary distributions

were first studied by Seneta and Darroch [9 ] in 1965, and a discussion

of the continuous time case was given by tus two authors in [10]: in 1966
Seneta and Vere-Jones {34}, using the concept of a~-positive recurrence,
obtained results for the denumerable, discrete-time Marliov chain. A

portion of the results of Seneta and Vere-Jones emerge as a special case of our
theorem 3.8 (for general semi-Markov processes) and corollary 3.5

(for continuous-time Markov processes).

Chapter IV: We dispense with the assumption of irreducibility in this

t

t , - '
chapter. Let f;j(l,t) = g.exxPij(x)dx and ij(A,t) = g eAdeij(x).

After some preliminary lemmas in §1, we proceed in §2 to

evaluate, under certain conditions, the limits of the ratios

—

P, (A,t) M,,(,t)
e RARARA Y R A R W 4
P, 06 L, 0,6

Results for the case A = 0 have already been proved by Pyke and
Schaufele [32], and it is in extending their results to cases A > 0
that the usefulness of the elementary lemma in Chapter I viz lemma 1.5,
is exemplified. In the case of an irreducible class E with

convergence parameter o, our results yield the limits of

Fi!(a,t) g ﬁil(ag_t)

Fy, (,t) H,(a,t)
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and generalize a result of Vere-Jones [45] for discrete-time Markov

chains.

Chapter V: In 3§l we use the analytical technique and results of
earlier chapters to study an inventory model in which the restocking
policy is a special case of the familiar (S,s) type, while in §2
we apply corollary 3.5 to the problem of deriving quasi-stationary

distributions for continuous-time Markov branching processes.
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§3. Transition Identities.

The identities in this section are straightforward generalizations
of well-known identities in the theory of llarkov processes. lost of
them have been quoted, usually without proof, and used in the paper by
Pyke and Schaufele [32].

Let 6, °(t) = U,(£), © Mty = ¢, . (t) and, for n> 1,

i3 i3 i3
ij(n)(t) = the n-fold Laplace-Stieltjes convolution of ij(t)
with itself. For i # j, define Gij(l)(t) = Gij(t) and

).\ . (n-1)
Gij (t) Gij*ij (t), (n>1l). The iterates of the taboo

distributions, ,GC (n)(t), are similarly defined by replacing in
K13 y

the above definitions Gj (n)(t)

(0)(t) with .G (0)(t) and G

3 k733 1]

with kGij(n)(t).

An attractive feature of semi-Markov processes, which makes its
theory so tractable, is that its points of transition are regeneration
points which erase all memory of the past. Moreover, the points
of entry into a glven fixed state are points of regeneration of a
recurrent (or regenerative) event. (See Smith [37] for a definition
and description of a regenerative process. A recent, thorough
development of the theory of regenerative events is given by
Kingman in {22], [23] and [24].) ij(t) is therefore the

renewal function associated with the recurrent event ”Zt enters

state j'". The length of the time interval between two successive

occurrences of this event has the distribution G, (t), so

33
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® = 7 o @,

U300 = L G

and

ij (t) =1+6G *ij (t) (1.2).

A similar renewal theory type of argument yields

M,.(t) =

14 (t), L #3 (1.2a).

kjjkjj

When 1 # j, Mij(t) is the renewal function associated with a
'delayed’ recurrent event (see, for instance [14] : chapterxin),

s0 we have ij(t) Z Gij(n)(t), and

n=1
j(t) = ij ij(t) (1.3).
Similarly, k'M.ij(t) k 13 k ij(t) (1.3a).
Let p = inf{t : t > O, Z, # ZO} and ej = inf{t : t>p , Zt = j}.

These are random variables representing respectively the time spent
in the initial state and the first entrance time into state j.
o= 0}l. Then,

since ej and p are independent random variables because of the strong

Let 6, = 6, - p and Gij(t) = 1=::[ej <tlzy=1,0

Markov property,

Gy5(t) = Prloy < tlzyg=1,U,=01=¢ *(E)  (1.4).

0 ij

The next group of equations are forward equations derived by

considering the last transition. Since Zt is regular, the number of
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transitions into a fixed state j in any time interval [O,t),
t < », is finite with probability one: hence by the theorem of

total probability,

pju)=sju43un~+glqﬁ“%0A5xw,
and

Pij(t) = Mij*(l-ﬁj)(t) . (1.5)
((l—Hj)(t) denotes the function 1 ~ Hj(t))'
Similarly,

K1 (t) =y *(I-HH)(t) (1.5a)

Furthermore, since

- (n)

G j(t) 46 j(t) + nzl o *1Gij(t)
and

(n),

ORI ING, +q§_1 Gy *gPyy(8)s
we have

Gij(t) j 1% 15 (t) (1.6)
and

P j(t) = dii ! ij(t:) (1.7).

By considering the first transition, we obtain the backward

equation

Gyy(E) = Quy () +_kZ + 24y () (1.8)
ki
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The last three identities of this section are first entrance
formulas which may be proved by means of the strong Markov property
and familiar probabilistic arguments (see, for example, Chung's

proof in [5 ], chapter 11.11).

Gi (t) + (1.9)

j(t) = kcij jGik*ij(t)

Pi (t) = kPi (t) + Gik*ij (t) (1.10)

3 3

(t) + h # k (1.11).

= *
P13 ) = n,ifyy kC1h*kPhy (>
Identies (1.1) - (1.11) hold for all 1i,j,k,h in TIT,
except where expressly stated otherwise. It should be borne in mind

that Drij(;) = Gij{l-Hj(t)} if j € D.
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§4, Properties of convolutions and Laplace~-Stieltjes transforms.

From now on, t,x and u will denote real variables, s a
complex one, and XA, 8, vy, o and @ real parameters; the real
part of s will be written Rs. The first four lemmas of this
section are due to Widder [47]; lemmas 1.5 and 1.6 appear to be new,
but are very easily proved by the standard methods.

All functions appearing in the lemmas of this section are

assumed non-negative in [O,») and identically zero in (-=,0).

%
Lemma 1.1. ([47] : page 40). If A (s) converges for s = -\ + 1§,
with A > 0, then A(») exists and A(t) - A(=) = O(e-xt) as
t > o,
Lemma 1.2. ([ 47) : page 39). If A(®») exists and
L] *
A(t) - A(=) = 0(e™®) as t+ =, for some A, then A (s)

converges for all Rs > -A.

Lemma 1.3. ([47) : page 58). If A(t) is monotonic, then the real

% %
point of the axis of convergence of A (s) 1is a singularity of A (s).

*

Lemma 1.4. (BL7] : page 89). If C(t) = A*B(t), and A (so) and
* *

B (so) converge, one of them absolutely, then C (so) converges and

C*"(so) = A*(BO)B*(%)-
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Note that unlike corollary 1.2 below, lemma 1.4 makes no
assumption of monotonicity. With the help of lemmas 1.1 and 1.2,
the condition of absolute convergence in lemma 1.4 may be removed to

obtain the following slightly weaker result:

% %
Lemma l.4.a. If C(t) = A*B(t) and 1if both A (~A) and B (-))
- *
converge for some A > O, _then for all Rs >~§l, C (8) converges and

c*(s) = A"(s)B” (s).

Proof: By lemma 1.1, A - A(t) = o(e~lt) and B - B(t) = o(e—xt)

as t + =, Since

t
2 t
AB - C(t) = B{A-A(t)} + [ {B - B(t-u)}dA(u) + [ {B - B(t-u)}dA(u),
0 t
2

-t
] *
AB - C(t) = o(e C ) as t + o, 8o by lemma 1.2, C (s)
converges for all Rs > :%. We can now appeal to yet another result
* % %
of Widder's ([47] : page 91) to assert that C (s) = A (s)B (s)
-A

for Rs > ¢

Lemma 1.5. Suppose C(t) = A*B(t). Then for every )\,

t t t-x

1) [ Mace) = [ ™ [ MaB(uw)aax),
0 0 0
t t t-x

(11) f exxc(x)dx = f ¥ f eAuB(u)dudA(x)
0 0 0

and
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t t t-x t t-xX
(1i1) i xexxdc(x) = | ® f ueludB(u)dA(x) + [ ze * |
0 0 0

0 0

eMaB () dA (x) .

Proof: The proofs of all three equations are very similar, and we
shall concern ourselves with (iii) only. On integrating by parts,

the left hand side of (iii) becomes

At t tx AX AX
te" [B(t-u)dA(u) - [{] B(x-u)dA(u)}{e' " + Axe " }dx
o 00

t e tt Ax te AX
= [te" "B(t-u)dA(u) - [f B(x-u)e""dxdA(u) - Af[ B(x-u)xe" dxdA(u)

0 Ou -~ Ou
t t t t t
= te* B(t-u)dA(u) - felu IB(x-u)ek(x-u)ddi(u) —Afexu [B(x—u)xex(x-u%di(u)
0 0 u 0 u
£ ot Fauf™ fauf™ ax
= [te" "B(t-u)dA(u) - [e""[ B(x)e “dxdA(u) - Afe uf xe  B(x)dxdA(u)
0 0 o 0 o
Eoauw B ax
Af we'® [ e"*B(x)dxdA(u)
0 0

t t-u t-u
= [ (mu)e! EB(tu) - [ *Bx)dx - A xe*B(x)dx}dA(u)
0 0 0

t t-u
+ fuer¥iet (E-0)g(tu) - 2 [ *Bex)dx}da(u)
0 0
£au b ax o U ax
= [e"" [ xe"¥dB(x)dA(u) + [ ue'? [ & *dB(x)dA(u).
0 o 0 0

If (i) 1s established, (i1ii) may of course be easily obtained

from it by differentiating both sides of the equation with respect to A.
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To emphasize the convolution structure present in the equations of

Lemma 1.5, we rephrase the lemma thus:

t

, *
Lemma 1.5a. Suppose C(t) = A*B(t) and let F (A,t) = f ekxdF(x),
t t 0
FP0,t) = [ *Fx)dx and F (\,t) = [ xe*¥dF(x), where F may
0 ' 0

be any of the functions A,B or C. Then for every A,

(1) c* (L) = B0, * AT L),

(1) oLt = B°0,.) * 4500

and

(111) cFoLe) = 350, % ATGLE) +B 0L * AT, E).

Corollary 1.1. Suppose A(t) 1is monotonic increasing. c®(-2)

%
converges if and only A (-A) and B2 (-1) converge. If c®(-2)

*
converges, then c®(-1) = A (=2)B°(-2).

Corollary 1.2. Suppose A(t) and B(t) are monotonic increasing.

% % *
C (-A) converges if and only if A (~A) and B (~A) converge.

% % % %
If C (-A) converges, then C (-A) = A (-A)B (-A).

Proofs: Corollary 1.1 follows from (ii) and corollary 1.2 from (i).
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Corollary 1.3. Suppose A(t) and B(t) are monotonic increasing.

C+(~A) converges if and only if A+(-A) and B+(—A) converge.

* *®
1f ct(-A) converges, then CT(-1) = AT(-1)B (-A) + A" (-\)BT(-1).

Proof: The 'if' part follows easily from (iii). Suppose C+(—A)
converges. Then
t-x

M [ ueraB(u)dalx)
0

© > C+(--l)

|v

o
%
[« XS
»
~
"
~

fv

Ok Ot O—N|r

AX

e""dA(x) uexudB(u) for all t > 2T.

|v

Q- N| It O Nt

Hence B+(-A) converges; similarly, A+(-A) converges. Clearly

from (111), ct(=) = at1)B (@) + A¥ (BTN,

Corollary l.4. Suppose F(t) = G(t) + H*F(t), H(t) 1is monotonic

% %
increasing, G°(—A) and H (-A) converge, and H (-1A) < 1.

o
Then Fo(—h) converges angd F°(-x) = __§;S:Ll .

1-H (-2)
Proof; The proof of this corollary is similar to that of corollary 1.5
below. Alternatively, it may be regarded as a direct consequence of

lemma 1.3.
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Corollary 1.5. Suppose F(t) = G(t) + H*F(t), F(t), G(t) and H(t)

%
are all monotonic increasing, F (-2), G+(-A) and H+(-A) converge,

* N
and H (-A) < 1. Then F+(—A) converges, and

¢t 2) + B (0)F (1)

+
F ) = - :
1-H (=)
Proof: From (iii),
t t t t~x t t-x
IxelxdF(x) = fxexxdG(x) + fele ueludF(u)dH(x) + Ixexxf eludF(u)dH(x)
0 0 0 0 0 0

t
< et (-2) + [xedRGOH" () + F (-0)ET () .
0

Hence
t + + *
I xexxdF(x) < G (“A) + H*(“A)F (=)
0 1-H (-2)

and F+(—l) converges. The rest of the lemma now follows easily.

Lemma 1.6, Suppose A(t) 1s monotonic increasing, A(=) exists

%
and N > 0. Then A (-A) converges if and only if

f ext{A(w) - A(t)}dt converges.
0
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Note: The lemma obviously cannot be extended to include the case
A = 0, for otherwise any honest distribution function with an

infinite first moment will provide us with a contradiction.

t t
Proof: Let R(t) = [ ¢'dA(u) and S(t) = A[ e®{A(=) - A(u)}du;
0 0

then S(t) = R(t) + e S{A(x) - A(L)} + A(0) - A(=). TIf A (-2)

converges, elt{AO») - A(t)} + 0 by lemma 1.1, so S(«) converges.

@®
€ f ta() - A(t)}at converges, then
0

® > [ AwE) - A(E)}de = [ e}EdA(e)
0 0
-— t —— —
vhere A(t) = [{A(=) - A(u)}du. By lemma 1.1, A(=) - A(t) =
0

t+l

[Ia() - A@uMKu = o(e™t).  Now €' [{a(=) - A)Idu > T [ @(e)-A(u)}du >
t t t

A t{a(e) - A(t+L)), so0 e P{A(®) - A(t)} » 0 and R(») = A(-A) converges.

In succeeding chapters, we wish to apply Widder's lemmas to
the Laplace-Stieltjes transorms of Pij(t)’ Gij(t) and the
corresponding taboo quantities. The next lemma shows that
T

-8t
g e dP1

j(t) exists for every finite T, so we may define the

Laplace~Stieltjes transform of Pi (t) by

3

* T _-st 1im
By () = (f) e TPy (t) =

O]

-st
e dPij(t).

Gij(t), being a monotonic function, presents no difficulty.
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Lemma 1.7. Pi:l (t) and k 11 (t) are functions of bounded variation

in [0,T] for every finite T.

Proof: Let VarT(A) denote the variation of the function A 1n the

interval {[0,T]. We have VarT(l-Hj) <1, and Var,r(Mij) = Mij(t);

dij (t) is finite by virtue of the regularity of the process. ' Hence
by (1.5) and theorem 11.2b of Widder,

VarT(Pij) < VarT(l-Hj)VarT(Mij)

< Mij (t)

Similarly, from (1.5a), Var (,P,.) < M (t) < o,

T 'k 1] ij
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§5. Comments on the key-renewal theorem.

o
Suppose A(t) 1is a renewal function i.e. A(t) = z B(n)(t),
n=0

where B(O)(t) = Uo(t), B(l)(t) is a distribution function (possibly
dishonest) and B(n)(t), n>1, 1is the n-fold convolution of

B(l)(t) with itself. Let v = f{l—B(l)(t)}dt and interpret v—l
0

as zero if the integral diverges. The key renewal thecorem states that
-1 %
lim A * g(t) = v = [ g(x)dx
o 0
if one of the following conditions holds:
(A) g 1s bounded, Lebesgue integrable and non-increasing in [0,»);

(B) g is Riemann integrable in every finite interval and

) sup  |g(x)| < =5
n=0n<x<n+l

(C) g is directly Riemann integrable.

(g 1is directly Riemann integrable if for sufficiently small h, the

@ ©

sums o(h) =h ) sup g(x) and g(h) =h ] inf  g(x)
n=1 (n-1)h<xz<nk n=1(n~1)h<x<nh

converge absolutely, and lim{o(h) - g(h)} = 0.)
0

If in addition v < =, then the key-renewal theorem holds if B(k)
posscgses an absolutely continuous component for some k, g is

bounded and Lebesgue integrable in [0,»), and 1lim g(t) =0
to

(Smith, [361]).
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Conditions A and B are due to Smith (1954, [34]; 1961, [40]),
and condition C to Feller (1964, [16]). It is easy to see that A
implies C, which in turn implies B, so that B is satisfied by the
largest class of functions. (The class of functions satisfying B
is strictly larger than the class of functions satisfying C: it
requires little effort to comstruct an example of a function which
satisfies B but not C.)

In appiicationa of the key-renewal theorem, it may happen that A
does not hold, as when g is not non-increaging, and B and C are
not easily verifiable directly. One such situation occurs in the
proof of theorem 3.4 of this thesis; there, the relevant function
satisfies instead the condition
(D) g is non-negative, Lebesgue integrable and of bounded total variation

in [0,x).
The chief object of this section is to prove that C follows from D.
Let Mh(h) and mn(h) denote respectively the supremum and infimum
of g in the interval [(n~1l)h,nh), and write Var(g) for the total

variation of g in [0,x).

Lemma 1.8. If g 1s non-negative, Lebesgue integrable and of bounded
total variation in [0,»), then g is directly Riemann integrable

(whence A * g(t) -+ vﬁl f g(t)dt).
0
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Proof. For every fixed h > 0, since g is Lebesgue integrable,

N
w > fg(t)dt >h) m (h) for every N; hence g(h) < w. For every W,
n=1
N oN
hiM (h)-h]m(h) <hVar(g), so o(h) <= and lim{o(h) - g(h)} = 0.
n=1 1 e ‘ b0

Another useful criterion for direct Riemann integrability was given

by Feller ([ 14 : page 349, example a)} this we state as our

next lemma.

Lemma 1.9. Suppose g 1is non-negative and continuous. Then g

is directly Riemann integrable if and only if o(l) < =.

Proof: Suppose g 1is directly Riemann integrable. We can then select

anumber h, O<h<1l, so that o(h) = h X M (h) < o, For every r,
n=1

there exists n such that Mn(h) = Mr(l)’ Hence
h{r1(1)<h{u (h) < », so o(l) < =,
r=1 n=1
Suppose now that o(l) < ®, and h is any positive number

smaller than one. For every n, there exists r such that
M (h) <M (1); hence o(h) =h 2 M_(h) < h{[n Yy Z M (1) < =,
n=1 ° r=1 *

where [h ] denotes the integral part of n}.,  How choose N so that

0

Z Mn(l) < —-. Since g is uniformly continuous in ([O,N+1], we can
n=N+1
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choose h < 1 so that Mn(h) - mn(h) < 3(§+1) for all n j_fyﬁl .
Then
o -
o(h) - g(h) = h nzl (M (h) -m ()} +h ] {M_(h) - m_(h)}
n= EEEJ+1
< h[—"l"'}—}] '3_@%1—)' +h J M_(h)
N+1
n= T]-i-l

_<_§+h{[h’1] +1} 7 om
n=N+1 ©°

The converse of lemma 1.8 1s false; while a directly Riemann
integrable function is necessarily Lebesgue integrable, it is not
true that it must also be of bounded total variation. As a counter
example, consider the continuous, non-necgative function g defined as
follows: for every non-negative integer n,

1
bl
(n+1) 2

T
(n+l)

gn) = g(n + 3) =

L1 + 1 )=0, r=0,1,...,(n+1)3-1.

gln +
@) 2(n41)3
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X + L 3] (and the interval

(n+l) 3 2 (n+l)

In the interval [n + ___r___3_ , n+
(n+1)

[n + —5 3+ 1 3, n+ —-—-rﬂ'-é-]), g 1is a straight line joining
(n+1) 2(n+l) (n+1)

its values at the end points of the interval. For this function g,

1 -
Mn(l) -:f and o(1) =

%Ms

% <o, go by lemma 1.9, g 1is directly
1ln

Riemann integrable. However, the variation of g in [O,N] is

N

——2——2&:&1)3—-—141-2 + -:-L-f + L 2 which is unbounded in N.
n=1 N —H)—

N
1 * 2 Z_(n-\»\\ +

\
Ny
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CHAPTER II

Geometric Ergodicity

51. A solidarity theorem.

Let E be an irreducible class 1i.e. for every i in E, 1
communicates with a state j 1f, and only if, j ¢ E. In this and
the subsequent chapter, we réstrict our attention to only those transitions
which occur between the states of E. In the present chapter, we assume
that 0 < n, <o for every 3 in E; wunder this assumption, the limits

3
I, of the transition probabilities Pij(t) exist, are independent of

3
the original states 1, and are positive or zero according as E 1is
positive recurrent or not. (See theorem 5 of Smith [37], or
theorem 3.4 of this thesis.) We shall call a property a 'solidarity
property' if it is possessed by either every state of E, or none; or
by either every transition within E, or none. A transition from 1
to j (i, € E) 1is said to be geometrically ergodic 1f there exists
a positive number A

~Aijt
such that Pi (t) - Hj = ofe ) as t =+ o«

i3 i
a state i 1s geometrically ergodic if the transition from i to {1 is
geometrically ergodic.

If 2, is Markovien, Kendall f19), Kingman Do) and [21], and
Vere-Jones [45] have shown that all transitions in E are geometrically
ergodic, given that some state in E 1is (see §2 of chapter I for a
fuller discussion); the main purpose of this section is to examine

whether this type of solidarity behaviour persists in a general semi-

Markov process.
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Transcience and recurrence will be comprehensively treated in the
next chapter. It suffices here to say that a state i 1is transieat if
Gii(w) < 1, positive - recurrent if Gii(w) =1 and w, <o, and
null-recurrent if Gii(m) =1 and "ii = o3 and that the states of an
irreducibie class are either all transient, all positive - recurrent,
or all null-recurrent. E 1is transient, positive-recurrent or null-
recurrent according as whether its states are transient, positive-
recurrent or null-recurrent.

We show firstly that a null-recurrent state cannot be geomctrically
ergodic, so that we need consider the transient and positive-recurrent
cases only. Suppose to the contrary that a state i is null-recurrent
and geometrically ergodic. Then the first passage distribution Gii(t)
is honest and has;an infinite mean, and there exists a positive number
A such that eAtPii(t) +0 as t -+ ®, Since Pii(t) >1- Hi(t)’
it follows that eAt{l—Hi(t)} + 0. Hence there exists a positive §,

§ < A, for which both the integrals P11°(~6) and (1~H1$°(-6)
converge . Putting i =3 =k in (1.10) and using corollary l.1,
we see that Gii*(-é) converges. But this is a contradiction, since
the convergence of »Gii*(-s), § > o, implies the existence of all
moments of Gii(t). |

Suppose a state b in E 1is geometric#lly ergodic.,. If E is
transient, the results of Kingman and Vere-Jones carry over without change

to the general semi-Markov process, and we can then assert that all

transitions within 'E arc geometrically ergodic. However, if E is

positive recurrent, difficulties arise and conditions must be imposed

on the holding time distribution Hb(t).
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These conditions are of course satisfied when Zt is Markovian, and
Hbft) consequently negative exponential.

The first condition is rather obvious: we want the tail 1 - Hbﬁtﬁ
to tend to zero exponentially fast as t + », We shall see later that
this is also a necessary condition for every transition to be geometrically
ergodic.

Denote the first two moments of Hb(c) by N and "y 2 and
. s

00
write Nb(t) =1+ 2 Hb(nzt), where Hén)(t) is the n-fold convolution
n=1l

of Hb(t) with itself. Nb(t) is a rcnewal function, and if

1~ Hb(t) = O(e-lt) for some positive A, all the moments of Hb(t)
exist and the corresponding renewal process is positive recurrent. By

: ' n
a well-known renewal theorem (see [38]), Nb(t) - %—-= ~24£-+ R(t),

2
b an

where R(t) is a remainder function that tends to zero. The other
condition that we haveito impose on Hb(t) is one that ensures that

R(t) tends to zero exponentially fast. Sufficient conditions for this
to happen have been obtained by Leadbetter [25] and Stome [42], and

we now quote their results without proof.

Leadbetter's theorem. If ‘Hb(t) is absolutely continuous with density

*
function hb(t); and ifor some A > o, Hb(-A) converges and

%*
Hb(-l+iy)
":iii;‘ E'Li(—”,“); then there exists &6 > o such that
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n
Nb(t) -t . —2*3'+ o(e Gt) as t > o,

n 2
b an

*
Stone's theorem. If Hb(-k) converges for some A > 0, and Hb(t)
is lattice or strongly non-lattice, then there exists &6 > o such that

n
Nb(t) -%-=—P-’£+o(e Gt) as t » o,
b 2nd

(A function A(t) 1is said to be lattice if there exists vy + o such
liminf

V2 )

% *
that A (iy) = 1, and strongly non-lattice if 1-A (-1iy)

> 0.)
A simple proof of Stone's result was obtained by Teugels [44].

*
Note that by Stone's theorem, the condition ' Hb(-x+iY)e Ll(-”,“) !
-A+ly

in Leadbetter's theorem is superfluous; for if Hb(t) is absolutely
continuous and H:(—A) converges, then Hb(t) must be strongly non-lattice
(see [25]).

We shall need also a modified version of Stone's theorem to treat
the case of a 'delayed' renewal process; in such a process, the time to
the first renewal has a different distribution, Hk(t) say. If ﬁb(t)

is the renewal function associated with the delayed process, then

n)

ﬁb(t) =1+H(t)+H * ngl Hé () =1+ H *N(t).

The following modified form of Stone's theorem is easily proved.

* *
Stone's modified theorem. If Bb(—x) and Hk(-e) converge, X > o,

6 > o, Hb(t) is lattice or strongly non~lattice, and

H;(S)

N(s) =1+
b l-H;(S)

3 then there exists y > o such that




41

" n n, -n _
Nb(t) S S 7Y + bk + o(e Yt) as t >,
LN an "

where N is the mean of Hk. The equation is satisfied by

Yy = %min{d,e}, where & 1is the parameter of convergence in the
enunciation of Stone's original theorem.

Proof: Let £ = min{6,0}. From the definition of N ),

t t
- - 1
N (t) - %—- =1+ [ N (c-u) - E—;]-:-}dﬂk(u) - ;;[o{l-uk(u)}du ,

b
and
~ n n- :
Ny - o P2 D k' 0 - £ allgy ()
b 2n My  2n2

+ —-j {l-Hk(u) }u + -2——'-{1-Hk(t)}
ﬂ
b

- 8t
= e 2 as t <+ w,

Note that Stone's original theorem is a special case of Stone's modified
theorem with ﬂk = Hb'

In proving the solidarity theorem for geometric ergodicidy, we
shall be relying heavily on the transition identities of §3, chapter I;
by means of Laplace-Stieltjes transforms and their properties, we shall
make inferences regarding a general transition, 3j to k, from what
is known of a given transition, b to b, To facilitate this task, we
now list explicitly the transition identities which we shall be using.
Taking Laplace-Stieltjes transforms in (1.9) - (1-11), we have, for every

b,j,k in E, with b # 3, b # Kk, j # k:



. 1-1, (s)
Pop () = *
lf-be (s)

be*(s) = kcbb*(s) + bik*(s)Gkb*(s)

Gkb*(s) = kab*(S) + kak*(s)Gkb*(s)

Pkb*(s) = Gkb*(S)Pbb*(s)

%
% 1-H, (s)
P (8) = ——
b kk 1-.G,, (s)
b kk

* * %
bPbk @) = Ok (8)pPiy (8)

*
x bk &
P (s) - ————
bk 1-G..  (s)
bb

pkk*(s) - bpkkf(e) + ckb*<s)pbkf(s)
* % %* %*

Gjb (s) = ijb (s) + bij (s)Gkb (8)
* * *

b?jk (s) = bij (s)bPkk (s)

* * * *
ij (s) = ijk (s) + Gjb (s)Pbk (s)
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(2.1)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)
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Equations (2.1) - (2.11) hold for all Rs > 0; if one side of an
equation has an analytic continuation in some half~-plane, then so has

the other side, and the equation continues to hold in the half-plane.

THEOREM 2.1. Suppose there exists A > 0 and a state b in E

=it
satisfying Pbb(t) - Hb =0(e ") as t -+ »; and furthermore, Hb(t)
is lattice or strongly non-lattice; and 1 - Hb(t) = 0(e~6t) as t + o,

for some § > o, Then there exists y > o such that for all j,k in E,

ij(t) - Hk = o(e‘Yt) as t > o,

Proof: Let j,ke E, jJ ¢k, j#b, k#b. We shall show that for some
* * * *

Y > o, all the transforms Pkb -y), Pbk (-v), Pkk (-y) and ij (~-v)

converge; whence the desired result follows by lemma 1.1,

*
Let &' = min(A,8). We show firstly that G_, (-)') . converges

bb
' - o, N
for some A' > 0. If nb 0, then Pbb (-8) and (1 Hb) (-8) converge
for all 6 < §', and as in the discussion in the fourth paragraph of
: %
this section, be (~8) converges for all 6 < §', If nb >0, then,
*

by lemma 1.2, and since Pbb (s) 1is analytic in its region of convergence
([47]1: theorem 5a), we can choose a positive number A' < §' such that

% ' *
P.. (8) and H%(s) are analytic for all Rs > - A\', and P,, (s) 1is
bb b -_ bb
non-vanishing for real values of s in the interval ([-A',(]. By

*
(2.1), be (s) has no singularity on the segment, [-A',0], of the real

*
line; so by lemma 1.3, be (-A') converges.
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Applying corollary 1.2 to (2.2) and (2.3), we see that all the
transforms in those two equations are convergent in the half-plane
Q' = Rs > - A% In particular, Gkb*(-k') converges, hence by
(1.4), H;(-l') converges.

By (2.4) and lemma 1.4, Pkb*(-k') converges. By (2.3) and the
irreducibility of E, kak*(s) # 1 anywhere in Q'. (For suppose
otherwise: kak*(s ) =1 for some s =x +it , x > -\,
whence b kk (x ) > 1 and, by (2.3), kab*(xo) = 03
Gkb*(xo) = 0, so we have a contradiction.) From (1.2a), kak*(s) =

by (1.6),

* - .
{1- kak (s)] 1 is analytic in @', and as it is the transform of a

monotonic function, it is also convergent there. By lemma 1.4 and (2.5),
P *(-l') = {1 - *(-X')} *(-A') converges The convergence of
bTkk B bkk ges. 8
*
bek (-A') now follows from (2.6).
By (2.5) and (2.6), we may write (2.7) as
* *

Pbk (s) = + S . Using (2.1), we may further re-write
{1-6, . (s)H1~ 6., (s)}

this as

*
G (s)
B, () = 22 e Yy (o) (2.12),
116 ()

(S)

where Uk(s) & — It is at this juncture that we now apply Stone's

l-Hb(S)
1 Hk(s)
result. Since Uk(s) = 14—
1-H (s) Hb(s)

. n "
Stone's modified theorem, A" > o such that Uk(t) - EE = o[e A t}
; b

}, there exists, by
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as t +»®, Note that A" dis independent of k. By lemma 1.2,
U;(s) is convergent for all Rs > -A". We have already seen that
bGbk*(s), [1-kak*(S)]_l and Pbb*(s) converge in Q': so by
(2.12) and lemma l.4a, there exists a positive number v,

vy < min(A',\"), such that Pbk*(-y) converges. By (2.8),

jk*(-y) now follows easily

from identities (2.9) - (2.11), thus completing the proof.

%
Pkk (-y) converges; the convergence of P

Note that if Zt is a Markov process, the conditions on Hb(t)
are trivially satisfied.

Theorem 2.1 cannot be improved upon to assert the existence of a
best possible parameter of convergence, vy, for all transitions; an
example is given in [45] of a discrete—time, positive recurrent Markov
chain, for which the best common parameter of convergence is not the
best possible parameter for all transitions.

However, if E 1s transient, there is a best possible parametér
for all transitions, and a stronger solidarity result holds (see

theorems 3.1 and 3.4).
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We take the opportunity here to comment briefly on an earlier
solidarity theorem of the author's ([3 ]: theorem 3.1), which is the
same as theorem 2.1 except that the conditions on Hb(t) are replaéed
by the condition:

*
-\t H, (-a+iy)
1- Hj(t) =0(e ") as t > and v € L,(-=,) for

every j € E. An error exists in the proof of that theorem; this
can be rectified by including in the theorem the hypothesis that Hj(t)
is absolutely continuous for every j in E. The additional
hypothesis is required for the validity of Leadbetter's theorem, which
was invoked in the proof and wrongly quoted (as theorem D in [31]).
Theorem 2.1 thus represents a significant improvement on theorem 3.1
of [ 3): at the time of writing {3 ], the author was unaware of
Stone's result; by the use of this result and equation (1.4), we
have been able to replace the clumsy conditions of the earlier result
by the more pleasing condition that Hb(t) is lattice or strongly
non-lattice, and 1 - Hb(t) = O(e-lt). Using the terminology of (3],
we remark also that in the light of theorem 2.1, every geometrically
ergodic class is strongly geometrically ergodic. (A geometrically
ergodic class was defined in [3 ] to be a class E such that for

every 1,j in E, there exists A, 0 satisfying Pij(t) -0, =

3’ |
o[e-xijt]; a geometrically ergodic class was said to be strongly
geometrically ergodic if all the Aij's could be replaced by a single

parameter common to all transitions.)
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We conclude this section with a necessary condition for geometric
ergodicity. As expected, a stronger result is obtained if E dis
transient. In the transient case, we have seen that if Pbb(t) =
o(e’xt) for some state b and some positive )\, then
be*(-e) converges for all 6 < A. By (2.2) and corollary 1.2,
Gkb*(—e) converges for all 8 <A and k € E; finally, by the same
corollary and (1.4), H:(-O) converges and 1 - Hk(t) = o(e-Ot) for
all 6 <A, Let us call E geometrically ergodic if there exists
A > o such that ij(t) - nk = o(e-At) for every 3j,k in E.

If E 1s positive recurrent and geometrically ergodic, we can select
a state b and a pos;tive number Ab such that ij*(s) is analytic
for all Rs > -\, and §,k in E, and pbb*(s) #0 for all real
8 1in the interval [-Ab,O]. By (2.4), Gkb*(-kb) converges for

*

every k, and by (1.4), Hk(—kb) converges and 1 - Hk(t) =
“A L

o(e ). We summarize the preceeding remarks in the following:

THEOREM 2,2. (1) 1f E 4is transient, and there exist a state b

and A > o satisfyiﬁg P () = o(e™%); then for all j 4in E and
every 6 <A, 1 - Hj(t) = o(e‘et).

(11) 1If E 1is positive-recurrent and geometrically ergodic, then there

exists ¥y > o such that for all j in E, 1 - Hj(t) = o(enyt).
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§2, Geometric ergodicity in a finite, irreducible class.

We assume in this section that the irreducible class, E, 1s the
whole state space. However, this is only for simplicity of exposition,
and it can be easily checked that the assumption results in no loss of
generality; our results remain valid even if E 41s a proper sub-set
nf the state space.

Our object here is to establish a sufficient condition for geometric
ergodicity when E has a finite number, m, of states. (Recall that
E 1is geometrically ergodic if all the transitions within it are
geometrically ergodic.) That we succeed is due, to a large extent,
to lemma 4.1 of [ 3. Pyke showed by the lemma that if m < =,
then there can be at most a finite number of transitions in any finite
period of time; it is this strong regularity property that allows us to
enumerate all possible paths taken by Zt in moving from one given state
to another in finite‘time, and admits the method of induction used in the
proof of theorem 2, 3.

In the sequel, we shall say that a Laplace-Stieltjes transform,
A*(s), is 'analytic at the origin', i1if there exists a positive ¢
such that A*(-G) coﬁverges. Note that by lemmas 1.1 and 1.2 A*(s)
is analytic at the origin if and only if A(t) tends to its limit

exponentially fast.

*
Lemma 2.1, (s) 1is analytic at the origin for all i,j in E {if

Gij
*
and only if Qij (s) 1s analytic at the origin for all 41,j in E.
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Proof: The necessity part follows at once from (1.8) and corollary 1.2.

The proof of the sufficiency part proceeds by induction. The lemma
is trivially ttue for m = 1; suppose it holds for m = N. We now consider
a semi-Markov process Zt of N+ 1 states, with one-step transition
probabilities Qij(t) and first passage distributions Gij(t).
Sfuppose Qij*(s) is analytic at the origin for all 1,j, and let k
and £ be two arbitrarily chosen states, k# 2, k# N+ 1,
LN+ 1.

We wish to show firstly that kaz*(s) is analytic at the origin.
To pave the way for the induction argument, we define a new semi-Markov
process Ek,
probabilities: for i,j = 1,2,...,N, 1 # k, j # k, and some fixed state

with N states and the following one-step transition

Bgr 3otk 3 FN L,

Pik
1+ U, v ®) 1f Py v 40,
: Py N+1
Qqy (£ £ by w41 =0;
1 +._E§iﬂnﬁi._- (t) if ? # 0’
1§ Qn+1, 3 P T O
p
oLy P hik
{ h#k )
= ) =
Ty ) )
8 1f ) p = 0;
31, pL PN+ = O3

hek
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Qii(t) = Qkk(t) = 0; .and Qij(t) = Qij(t)’ The notation here is obvious:
all quantities related to E; will be marked by a horizontal bar; thus

Eij is the first passage distribution for i;, It is easily checked that

N .
) Sij =1 for all i=1,..,,N. The new process may not be irreducible,
i=1

*

but this will not affect the proof. Now, kaz

(s) 1is determined by

the Qij's according to the equation

N4l
Grg @) = q, (o) + 321 Qg (10, () +
ifk,
N+l ©
+ 1 o @] I o e, e ...
je1 M Tpml g e 3% %
j*k,z -nn
&
e G (8) (2.13),

where S, = {gn = (ul,,.,,an) Py = 1,2,...,N41, ay # k,2} is the
set of all paths of n states not containing k or &. By the
definition of aij(t)’ (2.13) may be re-written as

N ML
Itk %

* *

N * o - _
+ 7 Q.Y I a Q. () ...7q ,(s)

19k,

f“Qk,:m(s) mZ'-l L s, Q ‘*(3) 6%"*(8) (2.14),

gnesn. -1 1l
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where a, <1 is a constant, and

LY
Sn = {gn = (ql,...,an); a, = 1,...,N, o, # 2}, For each j =1,...,N,
g, (s) @+ 7 L @ .. e @)
g, (s sz s o o jal (s) ... anl s . ,
n

T, () = Q. (e) + Z L 9, (e ... “; 2 Q.18).
n=l o es 1

By the induction hypothesis, jz (s) and G (s) are analytic at the
origin. A comparison of (2.14) with (2.15) and (2.16) shows that
kaz*(s) is also analytic at the origin.

It can be similarly shown, by revefsing the roles of k and £ in

- *
the definition of Zt’ that _G Kk (s) is also analytic at the origin,

26k
From <{(1.9),
Gy, (8)
8
Gy () =t — .17,
1 - szk (s)
Gy (&) = Oy (8 + 8, (66, " (0) (2.18).

_ ok
By (2.17) and lemma 1'3"Gk2 (s) 1is analytic at the origin. Similarly,

* *
Gox (s) 1is analytic at the origin, and by (2.18), so is Gkk (s).
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The proof for the remaining cases when either one or both of k
and ¢ is N+ 1 will be omitted. This proof can be easily obtained
by modifying slightly‘the definition of E% and proceeding in exactly
the same way as before.

After lemma 2.1, the proof of the main result below presents little

difficulty.

%
THEOREM 2. 3. 1f Hi(s) is analytic at the origin for every 1, and

limsup
[y]+e

*
Hb(-iy) <1 for some b, then E 1is geometrically ergodic.

*
Proof: We first observe that Gij (8) 1is analytic at the origin for
every 1,] by lemma 2.1. Also, by the hypothesis of the theorem and

liminf
|y |

1imsup

@8yl

< 1, and this implies that > 0.

%*
Cp (-1iy)

1-g. "
- bb(-iv)

From (2.1),

*
(s)
Pbb*(s) =1+ ————l;———— - {1+ -—Eh--—4

— = :
1-be (s) l—be (s)
* *
since both Hb(s) and be (s) are analytic at the origin, and all moments

of Hb(t) and be(t) consequently exiast, there is a X > 0 satisfying

Pbb(t) - ;2— = o(e‘At), by Stone's modified theorem. An appeal to theorem
bb

2.1 completes the proof.
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Note that theorem Z.i improves theorem 4.1 of Cheong [3]. An
immediate corollary to theorem Z.i is that every fiuite;*irreducible
Markov process 1s necessarily geometrically ergodic. The theorem is
best possible in that it no loﬁger holds if E has infinitely many
states; this must be so, or else every non-geometrically ergbdic,

irreduc¢ible Markov process would produce a contradiction:
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CHAPTER III

Ergodic Theorems

§1, Convergggce of P; (s); oa-recurrence.

3
We continue to assume in this chapter that E isirreducible.

In the first two sections solidarity type theorems will be proved for
the transitions within E: these will lead to the main ergodic theorem
in §3; and to a discussion on invariant measures and vectors in §4;

and the convergence of certain sums, and quasi-stationary distributions,

4in  §5.

THEOREM 3.1. If for some A > 0 and a pair of states a,b in E
(a,b possibly identical), Pabo(—l) converges, then for all states 1,j
in E, Pijo(-k) converges. The theorem holds for A = 0, provided

<o for every j in E.

"3
Remark: The proof of theorem 3;1 tgéemb;es closely that of theorem 2.1:

the underlying method of both proofé consists of operating on the tranaition‘
identities by transforms (either Laplace or Laplaée—Stieltjes), and dféwing
cénclusions regarding a general transition, given information on some
specific one. Theoreﬁ 3.1 is more easily proved because we are consideting‘

here the Laplace transforms Pi °(x), which, unlike the Laplace-Stieitjés

3

% .
transforms Pij (A), are positive. As an example of the usefulness of
this positivit&, consider equation (3.1) below: because every term in

the equation is positive, the convergence of Pbbo(-A) allows us to

%
deduce that both (1~Hb)°(—l) and be (-\) converge, and that

%
be (")\) < 10
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Proof: Let i and j be any two states of E, 1% 3j, 1#b,
§ #b. We wish to show firstly that pbb° (1) and Gy, (-A)

converge, and be*(-l) < 1. Applying corollary 1.1 to equation
(1.10) (with b replacing j and 'k, and a replacing 1), we see

that Pbbo(—x) and Gab*(-x) converge, and
) - SR - n X o,
@ > P (A) = 6, (A-H )" (-2) + G, ( x)Pbb (-2).
Similarly, be*(-x) and (l—HgP(—A) converge and
0 o S P o,
@ > Pyt (d) = Q-H)T(A) + G (AP () (3.1),

‘Since every state is assumed stable, (1~Hb)°(-x) > 0, so

%*
Gy, (- <1. By corollary 1.2 and equation (1.9),

% LI % *
1 >6, (-0 R ST CE LM EE

-

% %
(-l)Gjb ¢=2) (3.2),

= %b ®b3

0> 6. %) = 6. T
ib 185 X * Sy

and-all the transforms in-the two'equations converge. From the first

. * o L o ‘
equation, ijb (=A) < 1;- hence ijb (fx) # 1 anywhere in the half-
*
G "-.:(S) ’
I v b
plane @ = Rs > -}, and‘“ij (s) B'B~Eife—~* is convergent in Q.
' , 1 - ijb (s)

*
By corollary 1.2, G,, (-)) converges and

i3

# ko * * _
ij’(-x) = %33 (-A)‘+‘jGjb‘(-A)ij (-X) < » . Finally, we obtain
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* x * * * |
the convergence of G, (-2) from G,, (-A) = 1€ (=2) + (-N)G, . (-)).

3 13 13 1891 13

x % o ' %
By the convergence of ij (-A) and (1.4), Hj'(-h) converges.

If A > 0, an appeal to lemma 1.6 yields the coﬁvergence of (1~Hj)°(—x).

If A =0, (1QHj)°(-x) = n, <= by the hypotheses of the theorem.

* o * -
Since be (-x) <1, 1-~- be (-2) has no root in Q; by

%
bij -2). Thus

. * -1 w Ay = _ PN !
‘Mbb (-A) = [1 - CGp (fA)] and bdjj -2) =11 bqjj (-\)]

irreducibility and »(3.2), neither has 1 -

are both convergent. Applying corellary 1.1 to equations (1.10) and

(1.11), we obtain the following sequences of equations and inequalities:

° * o
ij (=x) = Gjb (-A)Pbb (-)) < =

P00 = RO - et <o

b33 b%43

) o * o o
bej (-A) = bij (—A)bpjj (=A) <
o o %* -1
Ppy’ (1) = (P LG, )T < =

o o * o
B0 0 = 2060 + ey TR O <

b3

*p, 0(-1) < =,

0
(=A) = G4y 13

Pij
The last inequality completes the probf.
It is worth noting that in theorem 3.1, the additional condition
'nj <o for every j in E'  has to be imposed when A = 0. The
reason for this is evident from the proof of the theorem. A necéssary

condition for the convergence of ij°(—x) is the convergence of

(l-Hj)o(-A). When A > 0, the convergence of (1~Hj)°(-x) follows
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* ®
from the implications G,, (-A) < = = Hj (-2) < =+ (1-H 1% (-A) < =,

33 3
The last implication stems from lemma 1.6, which is false if A = 0.

Theorem 3.1 is essential to the development of our theory in that
it guorantees the existence of a common, best possible abscissa
of convergence, =0 say, of all the Pijo(s), i,y € E. It ensures
furthermore that if o > 0, or d =0 and nj < = for every j; then
Pijo(-a) either all diverge or all converge. We shall call o the
convergence parameter of E.

In the special case when Zt is a Markov process, theorem 3.1
has been obtained by Kingman [20]. kingman showed that a, which he
called the 'decay parameter', is the limit of -t-llogPij(t) as
t >, ! His érguments are based on’‘the Markovian property of the transition
probabilities, and cannot be adapted for the general semi-Markov process.

A state 1 1is called recurrent (transient) if Gii(w) =1
(Gii(ﬂ) < 1); 41if it is recurrent, it is called positive-recurrent if
uii = Gii+(0) < » and null-recurrent otherwise. To avoid confusion,
we will designate these usual definitions by the terms 'ordinary recurrence'
'ordinary transience', and so on.

We now follow Vere-Jones [45] and Kingman [20] in defining an
a-recurrent (c-transient) state 1 as one for which Piio(-a) diverges
(converges); if 1 is a-fécurrent, we call it a-positive recurrent
if Gii+(-a) <o and o-null recurrent otherwise. We shall see after
the proof of lemma 3.2 that {f n, < «, then O-recurrence of the state

i
i 1is equivalent to ordinary recurrence. .
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The next solidarity result, which we state as a corollary, follows

immediately from theorem 3.1.

Corollary 3.1. If «a >0, or a =0 and n,Z < » for every |,

3

then the states of E are either all a-transient, or all a-recurrent.

Henceforth, E will be called a-transient if its states are

a~transient, and g-recurrent otherwise. If Zt itself is irreducible,

then Zt will be called a-transient or a-recurrent according as its
states are oa-transient or a-recurrent.

We now proceed to investigate what happens in a class E with

convergence parameter a.

: *
Lemma 3.1. For all i,j,k in E and all A < a, Gij (=A) and

* *
kuij (~\) converge, ij (-}) <1, and

1imelt{1-H (t)} = 1inie>‘tkPi (¢) = 0. 1f, moreover, a >0 ora =20
> 3 £ J

and "j < o, then (l—Hj)o(-k) and kri;(-x) converge.,

Proof: It is clearly sufficient to prove the lemma for ) = a.

The equation ijo(-y) = (I-Hj)o(-y) + Gj ( y)ij (-y) shows that

_ *
for all vy < a, ij (-y) converges and G (-y) <1, Since G *(-y)

i3 i3

is a non-decreasing function of y and bounded by one for all vy < a,

*
1imGjj (-y) exists, and the limit is less than or equal to one. By
Yo

the monotone convergence theorem, 1 > 1linG,, (~y) = 1im]°e7tdc (t) =
> o 3 a0 S48 -

= ]:eathjj(t); thus, ij*(-a)vjcéﬁv&rges'and ij*(-a) < 1. The
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#*
convergence of ij (-a) follows from the equation

% *
ij (-a) = ijj ( a) + jij (--a)Gkj (-a), and the convergence of

*
Hj(-a) from (1.4). When a > 0, lemma 1.6 yields the convergence of

*(-a) <1, so M. (-a) =

(l-Hj)o(-a). By irreducibility, W3

K633

=1 - kcjj*(-a)l'l < »; and from (l.3a), kMij*(-a) -
k"jj ( a)kcij*(—a) < o, Next, if a > 0 or o =0 and nj < ®,
By = (1—Hj)°<-a)[1 - 8y N7 <@, and (P 0Ca) =

*(- a) P jj -a) <®, When a« =0, eat{l-Hj(t)} > 0 trivially.

%13

For a > 0, since (1-H )o(-a) converges and

3

l-Hj(t+1)} < ft+1eau{l H,(u)}du, we have limeat{l-ﬂ (t)} = 0.

3 fen 3

Finally, from (1.5a), P j(t) = f a(t- u){1-111‘(1:-u)}dk 1j(a,u), where

BICROR JEe™a, M gy stace (M @,=) = a1, “(-0) < and

. ot = . ot
lime {l—Hj(t)} 0, we have %ggg k?ij(t) = 0

L o0

( %}g A * B(t) = A(=)B(») 1if both the limits exist; see [47], page 86)

Lemma 3.2. If >0, or a=0 and n, <o, then j 1s a-recurrent

j ?
)
if and only if ij (-a) = 1. If E is a=-recurrent then

G j( )G jk (-a) = cik*(-a) (vhence G,. (-a)G,. (-a) = 1) for all

13 31
1,3,k in E.
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Proof: P o(-A) = (1-H )°(-A)M *(-A) (equation (1.5)), so from

i3 3 i3
the previous lemma and the hypotheses of the present one, ijo(-a)
* .
diverges if and only if ij (-a) diverges i.e. if and only if
G,.“(-a) = 1, since M, (-a) = [1 -G, (-a)1"l. This proves the
-a) = nce -a) = - - . S pro
13 » ® 13 33 7 P

first statement of the lemma. Suppose E 1s a-recurreat; then

*
(-a) + .G (—a)G

%
1=¢G (-a) = 1844 34

ii ")

3644

%
Gij (-a) = iGij (-a) + jGii (- a)Gij (~a).

*
Eliminating iGij (~a) from the last two equations, we get

1- 6. %a) =6 “(-e. . "

3844 (-a){1-

(-a)}.

ij ji h] 11

* % %
Since .G (=a) < 1 by irreducibility, (-a)G (-a) = 1. Now,

joid Gij ji
* % % * *
on eliminating kgij (-2) from G, (-a) = jGik (~a) + kGij (-a)ij(-a)

and Gij*(-c) = kGij*(—“) +j ik (-a)ij (-a), we get

Gik*(-a) = ¢, * (~0)G

13 ko

Corollary 3.2. If n, < », then the definitions of O-recurrence

3

and ordinary recurrence, with respect to the state j, are equivalent.

Corollary 3.3. If a>0, or a =0 and n, <o, j 1is g-recurrent

3

%
if and only if ij (-a) diverges.

Proof: The corollary follows at once from the lemma and (1.2).
Lemma 3.2 yields as a special case a result of Vere-Jones [45]

for discrete~time Markov chains.
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§2. Convergence of G +(s); a-positive recurrence.

1j

We now use for the first time, in the proof of the next theorenm,

corollaries 1.3 and 1.5.

. *
THEOREM 3.2. If for some state b and some A > O, be (-A) =1
*
then Gkk (-A\) =1 for every state k. If for some b and some A,

*
be+(—k) converges and be (-)) <1, then G -A) converges for

+
ke ¢
every j and k.

Proof: Making theAdbvious substitution of indices in (1.9), we get,

for k # b, the following:

Gpp(t) = (G (E) + .G * G\ (E) (3.3)
Gkb(t) = kb(t) + Gkk * Gkb(t) (3.4)
Co(8) = 101 (8) + 1 Gpp * Gy (B (3.5)
Gkk(t) = kak(t) +'k§kb * Gbk(t) (3.6).

Suppose firstly that be*(-x) = 1, By corollary 1.2, the Laplace-~
Stieltjes transforms of all the distributions in (3.3) and (3.4)
are convergent in the half-plane Rs > -A. By irreducibility and
3.3),
converges; the convergence of ckk*(—x) follows from (3.6). Taking
transforms and eliminating bikf(-A) from (3.3) and (3.5), we get
Gy ()6, (-1) = 1; and on eliminating G, “(-\) from (3.4)

and (3.6), we have

o *(-\) <1, so from (3.5), cbk*(-x) - bcbk*(-x)[1~kcbb*(-x)]'1
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* . &
Gp () = (G V)

*
Gp (-2)

* + .6, (MG, () 1

v * .
Assume now that be+(-x) converges and be (-A) < 1. Corollary 1.3
applied to (3.3) and (3.4) gives the convergence of"kab+(—k),

+ +, +
bk (A5 Gy (A, (G

() anmd G, (-A). Since

* + - -
kab (-2) < 1, Gbk (-A) converges by (3.5) and corollary 1.5. A

repetition of the-arguments yields the convergence of 'ij+(—k) for
every J.

With - A = 0, theorem 3.2 says that ordinéry recurrence and ordinéty
positive-recurrence are solidarity properties. ‘Supﬁ&éé’ a > Q: by
lemma 3.2, a state i 1is o-recurrent if, and only if, Gii*(-a) = 13
thus, theorem 3.2 says also that a-recurrence and a-positive recurrence
are solidarity properties. We summarize these remarks in the next
solidarity theorem.

vlan ) & OO
THEOREM 3.3. Ordinary transiénégs ordinary positive-recurrence and
ordinary null-recurrence are solidarity properties. So, too, are
a-transience, a-positive recurrence and o-null recurrence.

The first half of theorem 3.3 is not entirely new. Pyke in [30]
proved ([30]: theorem 5.1) that 41 is ordinarilly recurrent if aﬁq dn1§

if it is ordinarilly recurrent in the imbedded Markov chain {Jn =2y
t

Since ordinary recurrence is a solidarity property of irreducible ﬂhrkbﬁ

it > Ol

chains, it follows immediately that ordinary recurrence in an irreducible

class of a semi-Markov process is a solidarity property.
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§3. The main ergodic theorem.

We suppose in this section that E is an irreducible class

with convergence parameter a.

t
Let Gij(u,t) = é e“uﬂGij(u); ij(a,t) is a distribution

*
function by lemma 3.1, and honest if ij (-0) =1 i.e. E 1is

a-recurrent. Define the iterates by G

(0)
Gy

j(l)(a,t) = Eij(a,t) and, for n > 1,

@,) *8, @D ). By lema (1.5(1)),

(n) _ =
(a,t) = G1 34

€13 j

t

(n) e [ &Y%e (R
3 (a,t) é e dcjj (u) 3.7).

[
3
We shall be considering the main ergodic theorem only in the
aperiodic case; a corresponding result can be obtained for the
periodic case without much additional difficulty. Let us assume that
at least one non-zero one-gtep transition probability, Qik(t) say,

is non~lattice; and call this hypothesis B. It is easy to see that

i1f A and B are distributions, then A * B(t) 1is non-lattice 1if
either A or B 1is non-lattice (see, for example, Lukacs [pg] @
lemma 8.5.2). Thus, if Qik(t) is non-lattice, then by (1.8) and
(1.9),

G4 (€ = Qu(e) + ]

' heE
h#k, 3

Qp * Oy (8) + Qpy * Gy ()
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Gy, (t) = .G, . (t) + .G

1 1%3 1841 * G5y

so j(t:) is non~1attice for every j in E. (a,t) 1is

G.
i 33
clearly non-lattice, and this allows us to apply the key-renewal theorem
tb derive the main ergodic theorem in the aperiodic case.

"Denote by Var(f) the total variation of £ in [O0,x).

THEOREM 3. 4. Suppose hypothesis B is satisfied. For every 1,j . in

if a>0, or a =0 and n:l < o, and Var[thii—Hj~(t)}] < o, then

( 0 if E 1is .a-transient or

~ a~null recurrent,
at
%;:m e Pij(t) = Lij =

*
Gij (--m)L:l if .E is

a-positive recurrent,

L

A-0)°¢a)
where L, = 1im e*'p (t) = ——-—1-_':—-—-—- >0
J e 33 ij (-a)

Proof: For every 1i,j in E, define " j(a.,t) = ] c=.~°""dMi:l (u).
, 0

o t

Then M, (a,t) = J Ie dG (n)(u)= Z

(n) _
33 =0 0 jj s jj (x,t) by (3.7).
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Suppose first that E 1is a-transient. By corollary 3.3 and

equation (1.3), Mij*(-a) = —;j(a,w) converges. Equation (1.5)
at t a(i-u)J —
gives rise to e Pij(t) = f e {1~H3(t—u)}dMij(a,u), ‘and the
0

theorem follows for the a-transient case from lemma 3.1.
Suppose now that E 4is o-=recurrent. Under the conditions

of the theorem G,, (-a) = 1; hence G j(a,t) is an honest

distribution funci;on and ﬁsj(a,t) isja renewal function.
From (1.7),
&t (e) = ’f e E0) (1 p(e-u)}dH, . (a,u) (3.8).
i3 0 3 33

Since Esj(a,t) is non-lattice, eat{l—Hj(t)} is Lebesgue integrable

(lemma 3.1) and Var[eat{1~Hj(t)}] < o, we may apply the key-renewal

theorem (see lemma 1.8 ) to (3.8) to obtain

(1-8)° (-a)
L, = lm %P, (t) = " |
I e i3 vy
33
éﬁere ﬁgj = g td Egj(a,t) € ij+(-a) if E 1is a-positive recurrent,

and EEj-l =0 if E 4s o-null recurrent. To complete the proof
we note (by (1.10)) that

t .
eatPij(t) - I ea(t-u)P

0 jj (t-u)dcij (G ’u) [}




66

and on taking limits, obtain

- at -
Li’j‘— il:.:-t:e Pij(t) Gij

*

(ia)Lj.

For o= 0, ‘theorem 3.4 ig simply theorem 5 of Smit}z [37]. In

the special’ case offiiarkov process, theorem 3.4 is well%ﬁown for

a=0. For o >0 Kingman [20] has shown that the limits exist,
and are positive or gero according as E 1s o-positive recurrent or not.
Our results give the actual values of the limits in terms of the
distributions Hj and Gij;
Vere-Jones [45] for discrete-time Markov chains.

these agree with those obtained by

It is interesting to note that theorem 3.4 cannot be improved by
removing the condition ' ny &' when a=0: when o =0

and "y = o, the transition probability P i (t) may have an ordinary

3
limit, a (C;1) 1limit, or no limit at all at t+ «; this situation
cannot, of course, occur in irreducible Markov processes. Several

"peculiar' examples of semi-Markov processes have been constructed by

Smith [41] (see also Derman [11l] and Yackel [48]).
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§4. Invariant measures and vectors.

When Zt is a Markov process and E 1is o-recurrent, Vere-Jones [45]
and Kingman [20] proved the existence of a unique, a-invariant measure
and a unique, a-invariant vector (unique up to a constant multiple).

Thus in the continuous time case, Kingman showed that there exist unique

positive numbers m, and x, satisfying, for all 1i,i§ in E and

;| 1
t >0,
_ ~at
kEE mPy (8 = e "my
I » _ ot
ek Fag(B)F =& X .

Kingman also showed that E is a-positive recurrent if and only if

Xx.m

() =L, =—21,
ij zx
KKk

Unfortunately, these results no longer hold when Zt is a general

I at
kep DXy converges and when this is so %Ei e P1j

semi-Markov process, for even in the simple case o = 0, an invariant
measure usually does not exist. Consider, for example, the alternating
process (see Cox, [7] : chapter 7) in which one state has a negative-
exponentially distributed holding time with unit mean, and the other a

fixed holding time of unit length. Thus E = {1,2}, 1,

P12%Py <

Qp,(t) = By(t) =1 - e™" and Qy(t) = By(t) = U (t). 2, 1is semi-Markov

and E obviously irreducible and positive recurrent. The ergodic limits

n
are JlimP, . (t) =1 =—J—-=—§- (1, ¢ E). Let X

8 Py j n1+n2 5 be the random

variable representing the holding time in state j, and suppose 1 < t < 2,
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Then
Pe [Y+1 < £ 2+
= PEX -1 < < 2%+ 2}
Plz(t) 131:[x1 <t< Xl + 1] + 1 2%y

= =X, ¥+ X,
Pzz(t) Pdl + xl <t <2+ Xll., where Y L

In particular,

i

g
=
N
ren——
N
| S

0

)=
N~

N

i

P

1

9] b

0

, 2 '
If an invariant measure mj exists, mj = Z mk?kd(t) for every ¢t

k=1
and every j; so on letting t -+ =, we must have m =m, =~% or
1 3 1
some constant multiple of %u But -% # ; 2 . 1.2 1= >
IS R T W
so there cannot be an invariant measure. "{ : e L ‘}

Let us assume for the remainder of this section that Zt is a
Markov process and E 1s a-recurrent. Under this assﬁmption, a little
more may be added to Kingman's results.

For an a-positive recurrent E, theorem 3.4 gives the actual values
of the limits Lij invterms of the distributions Hi(t) and Gij(t);
one consequence of this is that given these distributions, the a-invariant
measure and oa-invariant vector may be found. From theorem 3.4 and the
(1-4,)° (-a) _ Xy,

+
(-a)
3 é?k?k

results of Kingman, and

6
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* o
G (-a) (1-H,) (-a) x,m
ij h| I v = *
+(-a) 7 » whence x, xjcij (-a). Suppose

KKk

653

%
that state 1 belongs to E and put X = 1 and X, = Gil (-a): then

* )
Gy () 1-H,)%(=0) Egkpk

T = Ll' Z X, m,
G -a Ik <
11 (-a) k
0(g) L
_ 1Py ) e
+

Gyq (@)

(The last equality follows from the eiuation P,.(t) =M

11 (t))
Thus mj 1 13 (-a) and X, = Gil (~a) are respectively the

-qlt

o-invariant measure and a-invariant vector. If Hl(t) =1~ .

we also have

K™k

, .0
= (ql-a)Lllcil Gfa)iPlj (~a) .

The arguments we have just used depend on the positivity of the limits
Lij; when E 1s a-null recurrent, these limits are no longer positive,
*
but the quantities 1Pljo(-a) and G11 (-a) remain the respective-

invariant measure and vector. To prove this we shall have to anticipate

a ratio-limit theorem which will be proved in the next chapter. With
this theorem, we shall be able to treat both the a-positive recurrent
and a-null recurrent cases simultaneously, and expand Kingman's results

for continuous~time Markov processes. By virtue of the Markov property

of Pij(t)’ we may write

Pyy(tix) = kEE Pyy ()P 4 () (3.9)
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for every 1,j in E and every t and x. If 1 ¢ E, then from

(3.9),

ITea(t+x)P (t+x)dx fTeaxP, (x)dx
Tty e e .10
foe Pll(x)dx keE foe Pll(x)dx

]Te“(t+x)P (t+x)dt Tetp  (e)dt

0 13 ax 0 1k

T ot = e 2 T ot ij(x) (3.11) .
J'oe P, ()t keE [ e’ P, (t)de

The left hand side of (3.10) equals

T ax

o8 Pyq(x)dx +f:f,f‘f¢af2u(x)dx - fseaxl’ﬂ(x)dx

fzedell(x)dx

for a fixed ¢,

the last two terms of the numerator are bounded in T, while the

denominator diverges to infinity as T + »; since

yim Joe Py ()ax * "'
oo T ox = G11 (-a) according to theorem 4.1 of chapter four,
Pll(x)dx

' *
the left hand side of (3.10) tends to G11 (-¢), 80 by Fatou's lemma,

Izeakal(x)dx

* at
® > G, (-a) = ime ™™ § P_ (t) ;
il B kep ¢ fzeaxPll(x)dx

> e""k{E P ()6, (-a) .
€
T a
foe uPlj(x)dx

o
K [Teox = 1Py )
0

Similarly, using (3.11) and the result 1714

Pll(x)dx
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(theorem 4.1), we obtain
o at o
o > ].Plj ("a) Z_ e kEE lPlk (-G)ij (t) .

*
mj = 1Pljo(—a) and x, = G,, (-a) are thus respectively an a-subinvariant

i il
measure and an qg-subinvariant Vector; by theorem 4 of Kingman [20],
they are respectively the unique @-invariant measure and vector, and

2 m X, converges . if and only if E 1s a-positive recurrent. We

have already seen that if E 1is a-positiﬁe recurrent, then

‘ s -1
Lij = (ql--a)Luximj and Eka = 1, where q is the mean of the holding

X, m

time in state 1 and L11 = El—l;-. We now summarize our reg~lts in the
K™k

following

THEOREM 3.5. If Zt is a Markov proééés and E 1is a~-recurrent, then

Cx o
m °(-u) and x, = 611 (-a) are respectively the unique (apart

3 ™ 1Py
from constant multiples) a-invariant sieasure and a~invariant vector.

Z m, X, converges if and only if E is a-positive recurrent, and
keE

then, as t + =,

Lij . tﬁg e Pij(t) (ay a)Lllximj,

L. =1
kzz ke

where qzl is the mean of the holding time distribution of state 1 and

-1
L= xlmlfékak] .
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Theorem 3.5 complements the result of Kingman ([20] : theorem 4)
on continuous-time Markov processes, and yields as a special case

Vere-Jones' result on discrete-time Markov chains ([45] : theorem 2).
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. AL,
(t) and ge Pij(t)vj

In this section we investigate the conditions under which the

At
§5. Convergence of Ju.e" P
i i ij

sums R, (A,t) = Zuie“pij(c) and S, (\,t) = {e"tpij(c)vj tend
icE jeE
to finite limits as t + «, where u, and vj are numerical,

possibly complex, vectors, and A < a, the convergence parameter of
the irreducible class E. A study of these sums was made for
discrete-time Markov chains by Vere-Jones [46], who also obtained
sufficient conditions for the convergence of the double sum
§’j§Euiextpij(t)vj to a finite limit, 1In trying to extend his :esﬁlfs
to the general semi-Markov process, we are handicapped by our inability
to assert the existence of invariént measures and vectors; however,
while we can gather no information on the double sum that is worthy of
comment here, we succeed in obtaining an almost complete generalization
of Vere~Jones' results for Rj(x,t) and Si(A,t). Our result on
the convergence of si(x,:) will be used tovards the end of this
section in a discussion of 'quasi-stationary distributions'.

The sum Rj(k,t) may be treated in exactly the same manner as
its counterpart in the theory of discrete-time Markov chains;
'Si(k,t), however, poses problems which we cannot overcome except by

imposing conditions to ensure regular behaviour of the lholding time

distributions (t). One is that the sums P o(--a) v and
ksEi ik k

* .
) My (~a)|vk| converge (as usual, & denotes the convergence
eE ‘
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parameter). We shall comment later on how this relates to a similar
condition of Vere-Jones for disérete—time Markov chains. The other
condition involves a uniform bounded variation property which we shall

call hypothesis (C: there exists a number d such that

Var[eat{luﬁk(t)}] < d for every k. (Var (f) denotes the total variation
of the function £ in [0,»).) Note that hypothesis C 1s trivially
satisfied 1if Zt is Mardeian, in which case Var[eat{l-ﬂk(tiﬂ =]
for every k.

To eliminate periodic behaviour and so simplify the descriptionm,

we assume hypothesis B: at least one non-zero one-step transition

probability is non-laﬁtice. Then by theorem 3.4, provided
Var[eut{l-Hk(t)}] is finite, eutPij(t) tends to a limit as t + o,
which is positive if and only if E is o-positive recurrent and
A= aq,

We study Rj(A,t) first: suppose Var[extfl-Hj(t)}] is finite
and ) IulekJ*(-x) converges; we shall show that R,(\,t) is finite

keE k|

for every (fixed) t, and lim Rj(h,t) exists. From equation (1.10)
o

X At N t A(t-u) —
killukle Py (£) = lchlukl(f)e By (E0)dG, Ou)  (3.12)

<ext§l ré- (,t)
= k-luk kj e

{A

At *
e fu ]G, . (=2) .
kEEuk kj
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Since the upper bound is finite and independent of N,

Z uke P j(t) is finite for every t. Now, replacing N by =
keE

in (3.12) and interchanging the order of summation and integration

on the right hand side, we have

t
, = [or(t-0) - 3.13
R, O) {)e N u)d{kEEuk gy @)} (3.13)
-+ L! (by theorem 3.4),
ALY
(1-8,)° (-0)
where L' = -——*%*——-‘- if E is a-positive recurrent and A = q,
Poeyew

and L; = 0 otherwise. If E is oa-positive recurrent

and A = o, and u is a real and non-negative vector, then the

convergence of 2 k k3 (—a) is a necessary condition as well

keE
for the existence of 1im Rj(a,t); for clearly the right hand side of
(3.13) diverges if X qu (~a) diverges. We have thus proved:
keE _

THEOREM 3.6. Suppose the hypotheses of theorem 3.4 hold, and
*
A <a. 1f 2 'ulek (-A) converges, then R,(A,t) 1is finite for
keE Y 3
every t, and

Lim R, () = ] u {lin et P )} = w6 (1),
=3 ksnuk kz“ s

where

1-8,)°(-
I"“( Hl)(“)

3 +
Gyy o)

>0 4if E is a-positive recurrent
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and A =qa, and L! = 0 otherwise. If E is @-positive recurrent and XA=o

3

and u is a real, non-negative vector, then the convergence of
* .

Zukaj (~a) 1is a necessary condition for the existence of éﬁgle(A,t).
For the sum Si(A,t), we prove the following weaker result.

THEOREM 3.7. Suppose the hypotheses of theorem 3.4 hold, and

*
A<a. If ) Mg (-A)Ivkl converges, then S (A,t) is finite
keE
for every t. If in additionm, iPiko(—x)lvkl converges and
keE

hypothesis C holds (i.e. Var[eltfl-ﬂk(t)}].i d for some .d and
all k), then

.. At * '
Mg, S, () = kEE Lp{e" P, (t)}v, = kEEGik (-ML}v,,

where

-4, )° (-a)
L' = __i_.____

k Gk£+('“)

>0 1if E is a-positive recurrent

and A = qa, and L& = 0 otherwise.

Proof: As Vere-Jones has commented in [46], we may separate Vi

into its real and imaginary parts, and separate these again into

positive and negative parts; since Z eAtPik(t)lvkl converges
, keE

if and only if each of the corresponding sums involving its component
parts converges, it suffices in what follows to consider only real

and non-negative vectors vy
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Suppose Z Mik (- A)v converges. From (1.7) and (1.5a),

keE"
we have
N t N
kzl Atpik(t) = £ kxlex(t u)ipik(t ~u)v, di ii(l’“) (3.14)
At VA \
W1 i ik(t)v = kzl é {1~ Hk(t u)}di ik()\,u)vk (3.15)

)\tz
( A)v .
KeE i ik

From (3.15) I eAti ik(t)v is finites from (3.16), S (A t) 1is
keE

finite for every t, and
S.(A,t) = } Z el(t'u) (t-uw)v, dM, . (A,u) (3.16)
i i ik k 1i ’ ) ’
0 keE
We would like now to apply the key-renewal theorm to (3.14) in order
to assert the existence of %yg Si(k,t). Before doing this, we have

to be certain that the integraﬁd,. z e i ik(t)v , does not behave
k

too erratically for large t; in fact, regularity of

Z e i k(t)v follows from the regularity of
keE i

Z ekt{l—ﬂk(t)}vk, which in turn is ensured by hypothesis C. Since
keE

hypothesis C holds,
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Var{ ) &t (t)v ]} < V-ar[e (t)v ]
REE 1 ik kEE 1 ik

_hZ:E varfe {18 (£)}1Var [ 1k(" v,

<d ¥ (x)v
keE i ik

(Var[A*B(t)] < Vgr_(A)Var(B): see Widder [ 47), theorem11i.2bh ).

. 0, . .
Since kZE Py X )Yk, converges, we have

At

e

> [e"“i g ()t = (t)v,dt.

keE O

O 8

The integrand in (3.16) 1is thus Lebesgue integrable and of total
bounded variation in [0,»); application of the key-renewal theorem

now ylelds
| z/ At
{, kEE & 1P (EIvydt
(3.17)

Yp 5;0,e) = 6 )
ii
where [Gii.'-(-)‘)rl is zero unless E 1is a-positive recurrent and

A=a, If E 1is a-positive recurrent and X = a, then

) (-u)v
keR i ik
o+

Gy (

%}E Si((x,t) = > 0. Appcaling to theorem 3.4 and

-0.)
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applying the key-renewal theorem to the equation

t
at _ a(t-U)

we obtain

°(-a)

..ot i ik .

He Sy @) = oy ey - e teay
11 V7

the proof is now complete.

We devote the next few paragraphs to examining the hypotheses of
theorems 3.6 and 3.7 when Zt is Markovian. If time is discrete and
the chain aperiodic, then by theorem 6.1 of Vere-Jones [46], the
respective sufficient conditions for the finiteness of R,(A,t) and

3

Si(A,t), and for the convergence of these sums to finite limits as

t + o, are (in our terminology) the convergence of

*
Ju, | 6., (-A) and § P %) {v.|.
kEE k' ki keE 1 1k k

This result emerges as a special case of our theorems: as we have already
observed, hypothesis C is trivially satisfied when Zt‘ is Markovian;
hypothesis B 1is also trivially satisfied if the chain is aperiodic;
moreover,
* o
Lot Ol = LRy Dy

if time is discrete.
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When Zt is a continuous-time Markov process, theorems 3.6 and 3.7
yield new results, and for this reason we shall discuss this special
case in greater detail. The existence of A-subinvariant measures
and vectors may be demonstrated as in the discussion preceeding
theorem 3.5; adopting the arguments used there, but replacing the
convergence parameter, o, by A (< a), we see that iPi )

*
(1 fixed) and Gij (-A) (j fixed) are the respective solutions to
At Z

keE

the inequalities ykij(t) 2 vy and et 1 Ptz <z,
keE

If A =0a and E 1is a-recurrent, these solutions are unique up to
constant multiples. If A <a, or A =a and E is a;transient,
they are no longer unique, but we shall show in the next paragraph that.
they possess the following minimality property: if £y (;k) is any.

A-gubinvariant measure (vector), then

£ () r
s 1‘——1———- L g, *))

G e o U

The minimality property may be established by considering the
discrete skeletons of Zt and applying to these the known results
.concerning discrete-time chains. (The discrete skeleton on scale h

of the Markov process Zt is the Markov chain, Zn(h), defined by the

transition matrix Pij(h)') Suppose &, 1s a A-subinvariant

A

measure; then for every- h > 0. and every j in E,

Ahzg

> (h).
e g
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Hence gj is a eXh-subinvariant measure of the discrete~time Markov

chain Zn(h). If we write zig)(h) for the probability of the event
{Zn(h) = j; Zm(h) #i, 1l<m< n|Zo(h) =1}, and Lij(h,r) for

-
the generating function Z rnzig)(h) (we define zig)(h)' as being
n=0

equal to one or zero according as whether i and j are identical or

not), then it is known ([46] : §4) that Lij(h,r) is a r-subinvariant

measure; furthermore, if Yic is an r~subinvariant measure, then

([46] : lemma 4.1) ZJ_Z_Lij(h,r). Since

Yy

o

Ly, (h,r) = ] rnPij(nh)[

e -1
P (nh)}
3 h=0 L i1

n=0

([46] : equation (4)), we have

I ™%, ()
> n=0 .

oy L_m
P

I M7, @h)

n=0

Because the inequality holds for every h, we may allow h to

approach zero, and so obtain

(o)
-A
TS
‘51*91;(-1)

o o -1
- ipij MIA-H)" )17,
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by (1.7). (Mote that all the transforms used in the above argument

are finite because X < a or E 1s o-transient.) It may similarly

4
be shown that if ;i_ is any A-~subinvariant vector, then —1~> G

5y~ 4

By virtue of the uniqueness property of the \-subinvariant measuresand

(1),

vectors when Z is a~-recurrent and A = a, and the minimality property
wvhen E is o-~transient or A < @, we have the following result:

*
P Vv (kEE NN
keE

converges if

g lv] €Y lulz)
o S (L e

converges for some A-subinvariant measure Ek (A-subinvariant vector
_qt
ck). Let us write Hk(t) =] - e k ; we may now formulate theorems

3.6 and 3.7 in the following way for continuous-time Markov processes.

(1-H,)° (=)
Corollary 3.4. Suppose XA < a; and L' = — o0
ij (~a)

if E 1s o-positive recurrent and A = a, LS = 0 otherwise.

(i) If ) Iuklck converges for some A -subinvariant vector i,
keE

then Rj(x,t) is finite for every t, and

g££‘Rj(A’t) - Z uk{lme *r j(t)} - L’ Z g kd*(-x)'
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If E is o-~positive recurrent and A = o, and uy is real and non-

negative, then the convergence of z uk;k, where ;k is the
keE

unique A-invariant vector, is necessary for the existence of

%}gl Rj(A,t).

(11) 1f ) (g, ~M)E lvbl converges for some A-subinvariant measure
keE

Ek, then Si(A,t) is finite for every t. If in addition

X Eklvkl converges, ﬁhen

At
li = lim =
b*g Si(h’t) kEE {t+w € Pik(t)}vk sz ik ( ML Wk

The corollary follows from the preceeding remarks and theorems
3.6 and 3.7; we note that

(@ v | = I 1Q-B)°-017, |v, |
kz::E k' k kéE g Kk

sz RC RISV i N TN

%
(by 1.5a)), which converges only if } Mo (-l)lvkl converges.

keE

We note also that conditional on ) Eklv | converging,
keE

Z (qk~x)£k|v1| converges if the qk's are bounded, uniformly in k
keE ¢

i.e. the means of the holding time distributions are bounded away
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from zero, uniformly in k.

Our result concerning the convergence of Si(A,t) finds a use
in the theori bfg='qﬁ§éi-stétionary distributions'. Suppose E 1is
irreducible but not closed i.e. from gsome state in E, 1t is possible
to go to some state outside E (and néver to return to E, since E

is irreducible). This means that for some i in E,
z Qik(w) = Z p,, < 1; when this is so, an elementary argument shows
keE keE 1€

that E dis transient. In many applications, we are interested in the
ratio ‘
P (t)
V) = —3— iy g,
3

) P, (£)

keE ;
which represents the probability of Zt being in state j at time ¢,
given that it began in state i and is still in the class E at time
t. The probabiiity that the process, starting from i in E, d4s still

in E at time t is given by § P (t).  This probability is obviously
' keE '

a decreasing function of t, "aﬁd thérefore tends to a limit as t - o}
the limit, which we shall dénote by 1-r,, may be interpreted as the
proﬁability of Zt remaining for ever in E, given that it started in 1.
Using the relationship Pik(t) = jPik(t) + Gij*ij(t) and the fact that E

. 1s 1irreducible, we see at once that the ri's are either all equal to

one or all less than one. If r, <1, S R tends to zero;
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Pyy (BT,

Z P, (t)r
keg 1k Tk

'1,j € E, which is the probability that z, isin j at time ¢,

(t) =

a more interesting quantity for study then is Wij

given that it started in i, 45 still in E at t, AND will

i3

when r, = 1 i.e. when with probability one, Zt eventually

eventually escape from E. Note that V, (t) and Wij(t) coincide

escapes from E.

When time is discrete and Zt Markovian, it has been shown by
various authors (Darroch and Seneta [9 ], Seneta and Vere-Jones [34])
that under certain conditions Wij(t) tends to an honest distribution
(the 'quasi-stationary distribution') as t » «. Our next

theorem extends this result to the general semi-Markov proéeés.

THEOREM 3.8. Suppose the hypotheses of theorem 3.4 hold, and E is

' %
not closed. If E 1s oa-positive recurrent, 2 iMik (—-u)rk and
keE

Z 1Pik?(-u)rk ConVerge, and hypothesis C holds, then w1 (t) tends

keE 3

to an honest distribution which is independent of the initial state 1.

(1-8,)° (=)
Proof: By theorem 3.4, eatPij(t) - Gij*(_a)Lj’ where LJ = ————1;7—~——-> 0;
G,, (~a)
i3

ot *
by theorem 3.7, kEE e "B, (B)r, + kEE Gy (FOIL T, . VThus
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at
e P, (t)r
Ly ey = 1im ij h|
keE ik k
*
_ Gy Colyry

*
} 6, (o)L r
KeE ik k'k

> 0.

The form of the limit shows that it is an honest digtribution. To

show its independence of i, we multiply both numerator and denominator

* 4%y
by Gji (-¢); by lemma 3.2, the limit is then equal to .

*
kEE Gy odymy

Corollary 3.5. Suppose Zt 15 a continuous-time Markov process

and E 1is not closed. If E 1is a=-positive recurrent, and

! (g, -a)m r, and r, converge, where m, is the unique a~invariant
wop Tk Kk ’ k

keE
measure, then wij(t) tends to an honest distribution which is

independent of the initial state 1.

Proof: By theorem 3.5 and corollary 3.4,

lim eatP (t)r m,r
1im “13(‘) - ij h| -

. t
Lin | eVry0r [mr
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CHAPTER IV

Ratio-Limit Theorems

§1. Preliminary lemmas.

For every j in I+, let a(j) denote the convergence

parameter of the irreducible class containing j, and for all 1i,j,k

in I+, let

-t t
= AX - AX
Pij(k,t) = fo e Pij(x)dx, kPij(k,t) = fo e kPij(x)dx’

t t ' '
-t Ax - AX
Gij(x,t) = fo e dGij(x), kcij("’t) = [o e deij(x),
W, 000 = S @, 000 = [ o
ij ] - o e ij X ’ k 11 A, = o e dkMij(x)o

In this chapter we are interested in the asymptotic behaviour of the ratios

P..(A,t) M, (A,t)
:%i_u_- and :%1———- under the assumption sz(w) > 0.
Pkl(x,t) Mkz(l’t)

When X = 0, our results ha#e already been obtained by Pyke and
Schaufele [32] by means of an Abelian lemma ([32] : lemma 3.1) which
utilizes the convolution relationship existing between the quantities

Pij(t)’ Gi (t) and Mi (t). Because of lemma l.5a, this convolution

3 3

relationship is preserved when the quantities are replaced by the

respective integrals Pij(x,t), Gij(k,t) and Mij(x,t).
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Under the assumption A < a(j), jj(x »t) 1s a renewal function,

so the boundedness hypothesis of the Abelian lemma (viz.

jj(A ,t) - jj(x »t=1) < d for some d > 0 and all t) is satisfied.

We may therefore, if we so wish, continue to quote the Abelian
lemma, and retain with slight modification the arguments of Pyke
and Schaufele, to deriQe the desired results for A > 0. But we
prefer instead to set down our arguments in full, and illustrate how very sim-
ply but effectively' the convolution nature of the transition identities
may be exploited, by lemma 1.5 and an elementary renewal theoretic result
to yield ﬁhat we want.
When Zt is Markovian, our results are partly known. (See Chung
[5] for A =>0, and Vere-Jones [45] for a discrete-time, irreducible

Markov chain with A = R, the 'radius of convergence' of the chain.)

Lemma 4.1. For all i,j in I', 143j, 4f 0 <A < a()), then

(A,t)

*
._j_._. s G '(-—A);
t«m (,t) ij
jj )
O,t
where the equation is interpreted to mean iizsgp ——i-———
My Qo8

if Gij*(-x) diverges.

%
Proof: Since the lemma is trivially true if Gij (-2) = 0, we shall

*
assume that G1j (-1) > 0. Applying lemma 1.5 to equation (1.3), we

obtain
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t AX t AX t-x ru
j’o e, () = j’o e jo e dej(u)dGij(x) (4.1)
and
(O,t) t
__-'L(___)~ [ eMac, 13 @) - K(®) (4.2),
M A,t 0o
33
where t AX t Au
[ 7 e"am, (w6, (x)
R(t) = 2 tx 4 ! (4.3)
t Au )
fo e dej(u)

. _ 5 _
Suppoese firstly that Gij (-\) converges (this will be the case
if 1 and j belong to the same irreducible class). It obviously

*
suffices to show that %igK(t) =0, If ij (-A) converges, then

given ¢ > 0, we can choose T such that

) eAxdGiij) < %3 and T' > T such that for all t > T',
T
T

Au
- . [o e di, , (u)
[ eMau, () <3. = . Thus for all t > T',
t-T i3 Gy, (1)
j .
T AX t t AX t Au
[ & & dM (u)dGi x) f e[ e'Tad (w)dG, , (x)
t t
fo e dej(“) fo e dMﬂj(u)
% t
p -nf & dM HO)
< = t-T + fT & ij(x)
u
jo e dM, , (u)
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%
1f Hjj‘(—k) diverges, we resort to a renewal theoretic argument.

Since X < a(j), (A,t) 1is a distribution function (possibly dishonest)

:lj -
by lemma 3.1, so M, (A,t) = ) I eAxdG(n)(x) = I G(n)(x,t) is
33 n=0 o 33 n=0 33

a renewal function. From a well-known result in renewal theory

(See [1] for example), ij()\,t) jj

every fixed T, by C(T) say., From (4.3),

(A,t-T) 4is bounded in t for

%
G,, (-x)c(T) t
R{t) < tj N — +JT ekudcij (u), and
f e 0d,  (u)
33
o

clearly R(t) » 0 as t + =,

%*
Suppose now that Gij (-2) diverges. From (4.1),
t-T

Ax
ﬁ ) T f e dej(x)
SH— s Moy 60 ' %.8).

3
M, jo‘ 't) ° [ M, x)
5 My

%
If M,, (~\) converges, then

33
t-T

{ e""dmj 460

2 + 1: if Mﬁ*(—)«) diverges, then
[ Man,, x)

° i3

t-T t Y
;é dM 4 | e dej (x)

o 1 t-T 3 1. H . .

2 =1 - +> 1. ence, from (4.4),
| M an (x) | e)‘de x)

o o o a3




LQ,t) T :
llmsug:JL—*~—— / exxdGij(x) for every T.
e L (A t) o .

Lemma 4.1 is false if the condition ) < o(j) 4is omitted.

As a counter-example, consider once again an alternating process with

states 1 and 2, Py =Py = 0 and Pyy =Py T 1. Let the

holding time in each state have the same negative exponential distribution,

1- emt. The process is Markovian and obviously irreducible and positive

recurrent with convergence parameter o = O, Both the first passage
times have the same Erlangian distribution i.e.

-t -t
Gll(t) = Gzz(t) =1l-ae - te . Now

ij*(s) =[1- Gllﬁ(S)]—l = [1- e+ )21 =21 - a1t + [zs]‘l,
-2t
and consequently %§ﬂ=%+%+%e . Let 0<A<1l; from (4.3),
t Ax t A .
I e f e ude (u)dGij(x)
R(t) > 1 t-1 3
f et fm 3@

(x).

t
-A AX

~ Q- dG,

aL-e"™ Il ede, ,

Hence K(t) does not tend to zero, and from (4.2), it is not true that

. .(A,t) &
11m -J--- =G,, (=\). (Mote that because X > o in this example,
tro ij
jj(l st)

ﬁsj(kgt) may not be a renewal function, so renewal theoretic arguments

are no longer available to us.)
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Lemma 4.2. Under the conditions of lemma 4.1,

P..(\,t)
__i___~_ *(-A)
t O, t) ij
jj
P..(\,t)
if Gi *(wk) converges, and tiis:p :}ﬂ————— = 4f Gi *(—l) diverges.
1 B,y (0i6) 3

Proof: From (1.10) and lemma 1.5,

(,t) t
Py®®) [ e%ac, NORRIOR

P, (\,t) o

i3
where
t Ax t A
[ &% e uij(u)dudGij(x)
R(t) = -2 t-x .
t Au
f e P, (u)du
o M
By theorem 3.4, eAtij(t) is bounded, and this in turn implies the
boundedness of | equjj(u)du for every fixed T. By exactly
t-T

the same line of argument as was used in the proof of lemma 4.1,

K(t) = 0.
Lemma 4.3. For all 1i,j in I+ (1,3 possibly idertical), 1if
0 <A <o(l), then

lim
toro

Pi.(A,t)
ﬁii(A’t) 113
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Pi (,t)

if [P o(—l) converges, and limsup A L. if [P 0(»)\) diverges.

171§ t > 1713

Mii(l,t)

Proof: From (1.7) and lemma 5+%, (.5,

t
- [ e (wyduay, )
Py 1) e o i3 11 3

t-x

— - t
Miy ) f e*“dmii(u)
[o]

1f iPijo(--)\) diverges, it can be easily shown as before that

?,.0,t)
limsup _4j " ° "~ _ Otherwise,

t >+ — *

Mii(l,t)

P,.(A,t) t
B0
1

= j(X)dx - R(t),
Mii(l,t) o

where [ & e*“ipij(u)duduii(x)

I eAdeii(x)

‘ t
. | (P30 0 e a,, (u)
5_[T eAuiPij(u)du + L

t
AX ..
Io e dﬂii(x)

The rest of the proof is now obvious.
We end this section by noting that iPiio(—)x) = (l-Hi)o(wk); and
that, by lemma 3.1, the limits in lemmas 4.1 and 4.2 are finite if i

and j happen to be in the same irreducible class, while the limit in



lemma 4.3 is finite if 1 and j are in the same irreducible class,

and A >0 or n, < o,

3

94
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§2. Ratio-limit theorems.

THEOREM 4.1, Suppose i and j are two arbitrary states in I+, i# 3.

,t)
(1) If A <a(f), then —l———- G, . (-2).

t+w ij
Jj(x »t)

(ii) If A <a(d), and X >0 or ny < o, then

1im 1_1(A >t) EAES °(-1)
PTEL 00 @H)OE)

(111) If x < min{a(i),a(i)}, Gij(m) > 0, Gij*(_x) converges and

A>0 or ny < o, then

— * o
1 Fg®0 G0

O (=2)

oit—)oo

.

ij(x,t) iPij
Remarks: (1) The equations in (i) and (ii) are interpreted'to mean
that the limit superior of the left hand side is infinite if the quantity

on the right hand side diverges; in (1ii), the limit is zero if

( -A) diverges.

T
(2) Since Pij(t) ij jj(t) = Mii { ij(t) (equations (1.10) and
1.7y, Gij(W) >0 if and only if iPij (-A) > 0; furthermore, because

every state is assumed stable, (1-Hi)°(—k) > 0. Thus the denominators

in the limits in (ii) and (i1i) are positive.
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(3) The situation is considerably simpler if i and j belong to the
same irreducible class. In this case, if A < a(i) =a(j), and
A>0 or ny < o and n

<@, then G, (=) >0, 1"130("")’

3 .|
%
Gij (-A) and (l-Hi)o(-A) converge (by lemma 3.1), and all three

limits of the theorem are finite and positive.

Proof: (i) is lemma 4.2.

(A st) P,.0,t) M, .Q0,t)
(11) lim S o gy A LA :
Pii(l,t) Mii(k,t) Pii(l,t)
, P, 0.t) M, (,t)
Since by lemma 4.3 1lim ii = (l—Hi)o(-A) > 0, iim._ii_____' exists
vl S0 =
M, (O,t) P 0,t)

and equals [(1--}11)0(—}\)]—l < w3 under the stipulated conditions,

[(l-Hi)Q(-A)]-l > 0. Appealing once again to lemma 4.3, we obtain

T "i‘ijo,t) L i_iﬂo )
Pii()‘ ’t) Mii(h st) Pii(x ’t)
o] )
(1-H)°(-2)

(iii1) follows easily from (1) and (ii) by means of the following

equations:
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= = = 1
P,.(A,t) P..(\,t) P..()\,t)
1im = 1n 2 14m
ij(x,t) ij(k,t) Pii(k,t)

* o
Gyy (1) (A-H)® (1)
%\

Pij

For the case Gji(w) > 0, we have the following result, which we

state as a corollary.

Corollary 4.1. If XA < min{a(i),a(3)}, ji(°°) > 0, Gji*(~k) and

-\ converge, and A > 0 or n, < », then

T T Y 2 T .

TR0 6y <x>u.n> TR

0 <

Proof: From the last part of theorem 4.1, with 1 and j interchanged,

* o
_ lin jj(x st) 6117(-A)(1-H ) (=0

toe
0,8 RIRIEN

o

> 0.

The co;ollary follows at once by taking reciprocals in the above.

Igris evident that with some appropriate bound on A, and assuming
finiteness of the relevant quantities, theorem 4.1 enables one to
evaluate the limits of all ratios of the form

I (A, t)

, where 1,j,k,% are arbitrary states of I+, ka(m) >0,
P Ast)

and it is possible to travel between the sets of states {i,j} and
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{k,2} in at least one direction. For example, suppose i # j,

/ * o o ° - ° -
i # ks k * 2‘: 0 < Gik (—A) < @, GLQ( ) > 0’ ipij ( A)s iPik ( A)

and P ®(-A) converge, and 0 < A < min{a(i),a(k)}. Then, by

theorem 4.1,

(,t) (A, t) P, (1) P, ()|
lin Py %o lin By 1im 1ipm —%
P, (0s1) ?,, 0,0) Py (AsE) Py (A t)

o * o
Py, ()G, (1) (-8 )% (-1

(o] [o]
1P APy M)

THEOREM 4. 2, Suppose 1 and j are two arbitrary states in I+, i+4 3.

(A,t)
(1) If X <a(j), then ! m My o) G, (-A).

o €13
iy 0,0

(i1) If A f.min{a(i),a(j)}, cij*(-x) converges, and A > 0 or

n, <, then

3

l(l »t)

%
M,. (=) .
= 1My

t—>@

(411  If A <minfa(D),a(D}, Gyy(=) > 0, Gji*('“ converges and

A>0 or ny < o, then

1am Yy @G0 1 ji " )
tro o '
ij{A,t) Gji (-A)
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The equations in (i), (ii), (iii) are all given the usual interpretation

if G, (-\),

14 iMij*(-A) or j ji ( A) diverges.

Proof: (i) is lemma 4.1,

(ii) 1is trivially true if Gij(w) = 0, so agssume G,,(x) > 0. Then

i3

(,t) (A,t) P (A,ti]'l P (x,ti]"l P, (A t)
lim TR lim ! — it 1im-L
ii(x t) uij(A o) ij(A,t)l P (A,t)J Mii(x,t:) K

LI RN IS § LIRS § o,
Gij -2 Hj) -2)1 [Gij -1 iPijVC A)

(by the preliminary lemmas in §1)

%
= iMij -x)

(by (1.52))

(A,t) M,.(\,t) .t~
(i11) lim = o oy 4 nmJi
jj(A ) jj(x »t) M (A,t)

= M *—A)[c * = ]"1

(by (1) and (i1).
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When A = 0 all the conditions in theorems 4.1 and 4.2, excepting

those involving the finitemess of the means and n are trivially

ﬂi j’
satisfied. In this special case, lemma 4.3, the first two parts of theorem
4.1, and theorem 4.2 have been proved by Pyke and Schaufele [32], They
obtained different expressions for theorems 4.1(11) and 4;2(iii),

but it is easy to see that these are equivalent‘td ours. For instance,

in theorem 4.1(ii),

t
©,t) J pyytax 5 oy - 1O, ©
i __1_____ in -2 J g - R £y _11Mij"<0),
?,,(0,8) [ r e TETO (1-1,)°(0) "t
[o]

which agrees with Pyke and Schaufele's corollary 3.1.

When Zt is ilarkovian and t discrete, it is again easy to show,
and we discuss below a simple example to illustrate our assertion, that
our results yield a theérem of Vere-Jones (f45] : theorem III). In the
discrete time case, summation takes the place of integration, and instead
of a convergence parameter ¢, we have a 'radius of convergence' R,
which is of course common to all transitions if the chain is irreducible.
Vere—Jones proved that for all states 1i,j,k,2 1in an irreduciblé,

aperiodic, R-recurrent chain,

z l@.(n) n
ij X m
1lim n=0 - i
’
e . § P(n)Rn xkpz

=Om
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where pi§n) is the n-step transition probability, and x, and mj

are respectively the R-invariant vector and R-invariant measure discussed

in §4 of the previous chapter. Thus

(n)_n
4 R
lim nzﬂ 13 _ M
W g P(H)RP xj
a=0 33
¢, (-R) |
= —il;~—~— (by theorem 3.5)
Gjl (-R)

% *
Gy CRG; R

% *
Gjl (-R)Glj (-R)

*
" Gij (-R) (by lemma 3.2),

which is in agreement with our theorem 4.1.
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CHAPTER V

Applications

§1, An inventory model.

In this section we apply the familiar analytical arguments used
throughout this thesis, and the theorems proved in the previous chapters,
to examine an inventory model which is a spacial case of the (S,s) model
(see [29]) with s = 0. The model which we shall consider is the
following. A store contains material in discrete units, has a finite
capacity K, and receives demands for goods at moments which are the
regeneration points of a renewal proéess {Xn :n = 1,2;...}. We
denote the random variable representing the time between the ith. aqd
(i+l)th, demands by X

and write Pr[xi < t] = X(t). Let S, =0,

i 0

N ©
s =3 X, @>1, x™()=Pr[s_ <t], and let M(t) = ) x® ()
n a1 3 n-= n=0

be the renewal function of the process {Xn}. Every demand is for
exactly one item; as soon as the store becomes empty it replenishes
itself by ordering K items from the supplier. No backlog is kept,
and demands made when the store is empty are rejected. A time-lag,
Y, exists between the ordering and the arrival of supplies, and Y
is a random variable with the distribution Y(t). It will be assumed
that X(t) and Y(t) are honest distribution functionms.

Let Zt be the amount of stock at time t; Zt is a stochastic
process whose state space is the finite set E = {0,1,2,...,K}, and
our first aim is to see if Zt is semi-Markov. The cyclic manner in
which Zt evolves is very clear: from every state i > O, Zt

proceeds to 1-~1 1in one tramsition; when it gets down to zero, the

only possible state after the next transition is K. If Zt is in
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state 0, 1t obviously remains in it for;as long as the supplies take
to arrive, so the holding time in the state is distributed as Y and

is independent of the past and future states of the process. This
independence of past and future states is easily seen to apply to any
other state 1 < K, the holding time of which must have the same
distribution as Xi' The holding time in state K 1s the time that
elapses between the arrival of fresh supplies for the store and the
receipt of the next demand; 1f we consider the ordering renewal process
.{Xn} as having begun at the last time point at which the store became
empty, then the holding time in state K is simply the forward recurrencea.

time (see Cox [ 7]) of '{Xn} at time u, given that Y = u. Denote

the forward recurrence-time of Xn at time u by £y then

Prlf <t} = nZlPr[u <S5 <utt <8 ]

utt
= [ {1-X(utt=v)}dM(v),
u

and the unconditional holding time in K is given by

Hy(t) = (f) Prig < tld¥(u) (5.1).

Since Pr[gu‘g t] is an honest distribution function (the easiest way
to show this is to use the key-renewal theorem), so obviously is
H.(t). Note that if we are told that the time spent in the Oth. state

immediately preceding the Kth. state is of length y, then the
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conditional distribution of the holding time in the state K 1s
Pr[Ey_g t]. The only situation in which Ey is independent of y is
that which occurs when {Xn} is a Poisson process. Thus Z, cannot
be semi-Markov unless {X } is Poioson i.c. unless X(t) is a
negative~exponential distribution;

We make the following assumption about the model: from the moment,
T say, at which supplies arrive, the time to the next demand is
independent of what has happened prior to 1, and its distribution is
given by (5.1). From the preceeding discussion it is now clear that
Zt is a semi-Markov process with the following one-step transition

probabilities and unconditional holding time distributions:

o u+t
QK,K,l(c) = HK(g) = g £ {1-x(u+t~v)}dm(v)dY(u) (5.2)

Q 1_1(t) = Hi(c) = X(t) (0 <i<K) (5.3)
Qu(®) = Hy(t) = ¥(e) (5.4)
and Qij(t) = 0 otherwise.

Since QOK(w) = Qi,i—l(w) =1 (i>0), E is dirreducible.
(It is of incidental interest to observe that Zt is a special case of

the 'cyclic-k-state process' defined and discussed in [2].)
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We proceed now to study the transition probabilities Pij(t)’ and
to do this we require a knowledge of the first passage distributions.
The first entrance time from K-1 to K 1is the sum of two independent
random variables: one (the time taken to go from k-1 to 0 for

the first time) is distributed as § and the other (the time-lag

k-1’
of the supplying process) has the distribution Y(t). Thus

-
Q
7

(X-1) k
Cpop x(®) = X % Y(t) .; (5.5).

In the same way we obtain, for every i < K:

Gy (®) = B * Gy (8 | (5.6)
6y (6) = X1 % ¥(r) (5.7)
(K10 |
Gyq(E) = He * X, o, (¢) (5.8)
Gy g (€) = Gy * Gy, (£) (5.9).
i« tzo.

(In the equations above Xo(t) is #éfined to be identically onex)
By (5.5) and (5.6) G (=) =1, so by irreducibility and
solidarity (theorem 3.3), E is recurrent. To obtain the means of Gii
we need to know the means of Xl’ Y and HK' Suppose Xl and Y have
means n and O respectively, and denote the mean of Hi by n, as

usual. From (5.4) and (5.3) ng = & and n; =1 for 0 < 41 < K;

< n; this

«©
and from (5.1) g = f E[Et]dY(t). We know algo that ny
0
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must be so since the interval of time spent in K is contained in a
time interval between two successive demands. The means of Gii(t)

can now be obtained from (5.5) and (5.6):

Myg = Mgg =g + uK—l,K = ng + (K~1)n + 0. (5.10)

We digress here briefly to discuss an interesting aspect of semi-
Markov processes that distinguishes it from Markov processes. We see
from (5.10) that Zt is positive-recurrent if and only if both n and
8 are finite; thus a semi-Markov process, unlike a Markov one, may not
be positive~-recurrent even when the state space is finite and

irreducible. This cannot happen, however, if every n, i1is finite;

h |
for then, by a theorem of Pyke ([3p] : theorem 5.1), a state in a finite

class E 1is positive-recurrent if and only if it is positive-recurrent

in the imbedded Markov chain {ZN : t > 0}.
t

With the knowledge of ny and Byyo theorem 3.4 yields at once

the limits of the transition probabilities Pij(t)'

THEOREM 5.1. Zt is positive-recurrent if and only if n and © are

both finite. If Zt is positive-recurrent, and either X(t) or Y(t)

is non-lattice, then

ot if §=0

v, = limP_  (t) = nt if 0<j <K
I e 13 _

nt if =K
\ K ’

vhere 1T = [nK 4+ (K=1)n + 9]-1.
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Note that because the convergence parametar'is.zero, the ﬁounded
variation condition of theorem 3.4 is trivially satisfied. The
limiting distribution may alternatively be obtained‘by using theorenm 1,
chapter two, of [2 ].

Suppose at t = 0 the store has just been restocked. Quan:ities
of interest are GKO(t), PKj(t) (EKO(;) in particular) and

K .
z PKi(t)]-l, which give respectively the probabilities that

Pry (t) [ial

the store will not be empty till time t at ieast, the store contains

3 dtems at time t, and the store contains Aj items #t time ¢t

given that it has not been empty till time t. GKO(CS may be obtained
from (5.8); to obtain Pij(t) we use Laplape-Stieltjes transforms’and
enlist the aid of the transition identities 6f §3, chapter one.

For 0<3j <K

*
: 1-H, (s)
ij*(“) = ——

l-ij (s)

l—X*(s)
l-H;(s)Y* (e) X ()11

by (5.7), (5.8) and (5.9); similarly,

%*
%* 1-Y (s)
P., (s) = , ,
00 1-E ()Y (s) X (2)1°7
and
1-H} (s)
PKKf(s) = HK - .

1-H ()Y () [X" ()17
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% % *
Since PKJ (s) = GKj (s)Pjj (s) for j # K, we have by (5.8),

o B 15 -1 )]
1 (8)Y (o) [X" ()1

and

B (s K" ()11 12" (6))
1-H ()Y (s) [X” ()75

*
PKj (s) =

(0 < jJ <K). Inverting the transforms gives us the desired probabilities.%
Having derived the time-dependent transition probabilities Pij(t)

and evaluated their limits Hj’ we now wish td know the rate at which

Pij(t) converges to nj. An examination of the form of the

individual ‘Pij's will provide the answer, but a less exact answer

can be given more easily. By theorem 2.2 we know that the process

cannot be geometrically ergodic unless X(t) and Y(t) are such that

their tails tend to zero exponentially fast. Conversely, 1f both

the tails approach zero exponentially fast, and either

limsupIX*(Qiy)| <1 or 1imsuﬂY*(—iy)l < 1, then by theorem 2.3 the

¥ [y [+

process is geometrically ergodic. (Note that 1 - HK(C) <1 =~X(t).)
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Let us now consider a particular model in which the time-lag has

a constant value, one say, and X(t) is negative-exponential with

parameter A. Thus Y(t) = Ul(t), X(t) =1 - e‘At, 0 =1 and

n = %n Even without using (5.2) we know at once, frdm'thé peculiar

nature of the negative-exponential distribution, that :HK(t) =] - e-xt.

The conditions of theorem 5.1'ére eési1y satisgfied, so

if §=0

1imp t) =
e ij( ‘ vy if >0 .

.

The probability PKo(t) is given by

A K., -

. Gag) [1-e™] |
PKO (s) = .
1 - (_L_gki =6
e’ ©

If both X(t) and Y(t) are negative-exponential, Z isa
Markov process and the problem simplifies considerably.

A slightly different and more difficult model than ours has been
studied by Fabens [12] (see also [13]). In Faben's model X(t) 15 a
gamma distribution, an order is sént out for K-k (k < K) items
whenever the stock reaches a fixed level k, and a backlog is kept, so
that the state space of Zt is the infinite set of integers in (-=,K].

By means of semi-Markov analysis, Fabené obtgihed the limiting probability

distribution of the stock level.
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§2. Quasi-stationary distributions in continuous-time Markov branching

processes.

Let {Zt; t > 0} be the size of the population at time t of a
continuous-time, time-homogeneous Markov branching process; denote by
fk the probability that a dying particle is replaced by k objects
(k = 0,1,2,... fl = 0), and by A A t the probability that a
particle existing at time t  will die in the interval (t, t + At).

Zt is a Markov process which hags 0 as an absorbing state, and one-
step transition probabilities and unconditional holding time distributions
-ikt)’

(t) = 0 otherwise, and

given, for 1 > 0, by: Qi;i—l(t) = fo(l-e

~iAt

(t) = £ . (1-e"%) for k>1,

Q14 K+l Qj

Hi(t) =1 - e-ilt.

v .k v k
Let f£(s) = ] £s and F(s,t) = ) P _(t)s, |s] <1;
k=0 K i k=0 1k ’

it 1is well-known that Fi(s,t) ='{F1(s,t)}1 and

Fl(e,t1+t2) = F1[F1(s,t1),t2] for every t,tl,tz > 0 (see [17], for
example). Pio(t) is the ptobability that the process with an
initial population of i individuals will become extinct by time ¢t;
it 1is obviously an increasing function of t, and its limit, which
we shall denote by LD gives the probability of eventual

extinction; putting & = 0 in the equation F,(s,t) = {Fl(s,t:)}:l

and taking limits, we get r, = ri, where r = ;. If we write
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aFi(s,t)

£(s) = 4£0) Fils,t) = ——0

e and m = £'(1) for the mean
number of off-spring per individual, then it is again well-known that
r=1 (i.e. extinction is certain) if and only if m < 1.

We assume that 0 < fo <1l and fj > 0 for some j > 1; under
these conditions, ; > > 0 for every 1 > 0, and the class
E={1i:1> 0} is irfeducible. The main pufpose of this section
is to use corollary 3.5 to investigate the size of the population size

at time t, conditional on extinction not having occured till then.

Specifically, we wish to prove

THEOREM 5.2. If m> 1, Wij(t) tends to an honest distribution

(over E) as t >+, forall i,j in E; if m< 1, (t) tends

v

® 13

to an honest distribution if Z (k log k)fk converges. The limit
k=2

distributions are independent of the initial states i.

P, (t)rx P, ()
(Recall that wij(t) = % I and 'Vij(t) = ~;7$1*——- )
kél Pik(t)rk k£1 ?1k(t)

For the discrete-time Galton-Watson process, theorem 5.2 was proved by
Seneta and Verc~Jones [34]; their result was an improvement on Yaglom's
[49], which required the more restrictive condition £"(1) < ». In
another paper ([18]) the two authors, in collaboration with Heathcote,

showed that when m < 1, the quasi-stationary distribution in fact
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exists without additional conditions. When time is continuous theorem
5.2 is a step forward from the corresponding result of.Sévast'yanov

[35] which, liké Yaglem's, needed the finiteness of £''(1). Our result,
howaver, is wcaker than that of Zolotarev [50], who obtained the

limiting form of the generating function of V,,(t) under the

1377
condition 1 <m < or m< 1. Theorem 5.2 is therefore not new,
and the main reason for its inclusion in this thesis is that it
illustrates very well the usefulness of corollary 3.5.

The proof of theorem 5.2 will rely on lemma A below, which we
shall apply to Zt by means of discrete skeleton arguments anq the

following result of Conner [ 6].

Conner's theorem. For every positive integer n and every positive

-] o
number h, ] (k"logk) £, converges if and only if ] (knlogk)Plk(h)
k=2 k=2

converges.

Lemma A. ([34] : section 5, lemma (1ii)): Let {Zn; n >0} be
a Galton-Watson process and suppose the class E = {1 : 1 > 0} is
irreducible. The convergence parameter R 1is equal to m‘l if

m<1l, and to [f'(::)]'1 if m>1l. When m< ], E is R-positive

(-]

recurrent if and only if Z (klogk)fk converges; when m > 1, E
k=2 .

is always R-positive recurrent.
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For every h > 0 let us denote the discrete skeleton (on scale h)
of Zt by zn(h), zn(h) is a discrete-time Markov chain governed by
the transition matrix Pij(h); and its n~step transition probabilities,
which we shall denote by P(n)(h), satisfy P(n)(h) =P

i3 i3 13
For every h > 0 E 1s obviously irreducible in Zt if and only if

(nh).

it 1s frreducible in Zn(h) ; to avoid confusion, the irreducible class
E will henceforth be written E(h) if the process under consideration

is Zn(h).

Lemma 5.1. E 1is oa-positive recurrent if and only if E(h) is

eah-positive recurrent for every h > 0.

Proof: Because of solidarity (theorem 3.3) we need consider only one

state in E, j say.

If E 1s a-positive recurrent eatij(t) +L, >0 as t+ e

3

(theorem 3.4),‘ whence eanthj(nh) = (eah)nP§§)(h) -+ Lj as n-> o,

for every h > 0.
To prove the converse we require a theorem of Kingman ([71] :
theorem 2) which states that if g 1is a continuous function from the

positive reals to the reals, and for ever& h >0 lim g(nh) exists
0o

and is finite, then this limit is independent of h and g(t) + 1lim g(nh)

>0
as t > o, (Kingman's theorem is based on a result of Croft [g].)




115

Now suppose that for every h > 0 E(h) 1is eah-positive recurrent.

nh
P11

L(h); since eatP (t) 1is continuous (see [5]), Kingman's theorem

i3
allows ugs to conclude that L(h) 4is independent of h and *tp (t) »

Then for every h > 0 e (nh) tends to a positive, finite limit

33
+L(h) >0 as t =+ o,

Let a = -A(m-1) and b = -A(£'(r) -1).

Lemma 5.2. Let o be the convergence parameter of E. Then

a=a 1if m<1l and a=b 1if m> 1.

Proof: Since a=b when m< 1 and £'(r) consequently equals
m, it suffices to show that o = b in the general case m —:- 1.
From Fl(s,tl-i-tz) = Fl[Fl(s,tl),tZ] we have

= B! = ! !
Pll(t1+t2) Fl(o,t1+tz) Fl[Fl(O,tl),tz,]Fl(O,tl) and

Pyg ()
Py (e

: ‘
Fl{Fl(O,tl)tzl (5.11).
As Fl(O,t) = Pm(t) increases monotonically to r,
|
Pll(t+1) < Pll(l)Fl(r,t) (5.12)
Fi(r,t) is given by the equation

t
Fj(r,t) = exp Af{f'(Fl(r,x)) - 1}dx (5.13)
0 }

(see Harris [17] : page 121, equation (2)). For every t the monotone
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-]

convergence theorem applied to Plo(t+r) = Lo Plk(t)Pko(T) yields

r= Z Plk(t)rk. Hence f'(Fi(r,t)) = f'(r) for all t, and from
k=0

(5.12) and (5.13),

By (r,t) = o Dt (5.14)

and Pll(t+1)_i Pll(l)e-bt; it is now clear that the convergence

parameter > b. (Mote that we have obtained Pll(t) = O(e—bt)

without any condition c¢f. equation (21) and theorem 10 of Zolotarev [501.)
We now have to show that the convergence parameter < b. Since

Fl(O,c) +r as t >,

1im F13(m¥D) b

oo = Fi(r,l)-= e

P (@

by (5.11), (5.13) and the monotone convergence theorem; hence

given any € > 0, there exists M such that

Plfxn+1)M) 3.P110H)(e-b-e)nm, which shows that Pllo(—x) diverges when-

ever A > b.

Proof of theorem 5. For every h > 0 let m(h) be the mean number

of off-spring per individual for the discrete skeletonic chain Z (h);
n

then m(h) = ] kb (h) = ™20

(see L7 1).
k=1
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Consider firstly the case m > 1. We then have a < 0 and

m(h) > 1; by lemma A E(h) 1is o(h)-positive recurrent, where

a®) = [ § ke, e t@1™ = [Fle®m,m1™ and r() is the
k=1

probability of extinction of the zn(h) chain. As r(h) = lim Pig)(h) =r,
. oo

bh

we have a(h) = e’® by (5.14); so by lemma 5.1, E 4s b-positive

recurrent. Now suppose m < 1 and Z (klogk)fk converges. By
k=2

Conner's theorem z (klogk)Plk(h) convergeé for every h, whence
k=2

byllemma A E(h) is a(h)-positive recurrent for every h, where

a(h) = [m(h)]~1 = eah. Finally, by lemma 5.1, E 1s a-positive
recurrent.
We have thus shown that, under the conditions of the theorem, E
is a-positive recurrent i{f m < 1, and b-positive recurrent 1f m > 1.
Hence, 1if o and X, are respectively the unique a-invariant measure
.. ”
and vector, then X m X converges (theorem 3.5). If m<1
kel E K
T t
(amd r=1) ] kP, (t) =1e at, 8o x, = k is the invariant vector;

k=1

o«©

Z m < > By

© © '
we then have [ (q -a)m, = ] (KA-a)m <» and
KR gk kel

corollary 3.5 Vij(t) tends to an honest distribution which is

independent of the initial state i, If m>1 (and O < r < 1),
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bt

then Fi(r,t) =e by (5.14). Differentiating the relation

Fi(s,t) = [Fl(s,t)]i and using induction, we can easily show that

ri-l

Fi(r,t) =1 Fi(r,t), from which it follows that

r1—1e—bt i-1

-]
= ) kPik(t)rk-l. Hence x, = ir is the unique

i
k=1 i

t 0 -]

b-invariant vector and as before, | (q —b)mkrk = ) (kl—b)mkrk <
: k
k=1 k=1

vk
and 2 L, r < ®, The proof can now be completed by appealing

k=1
once again to corollary 3.5.

When m = 1 the convergence parameter is zero by lemma 5.2, so E

must be transient and corollary 3.5 cannot be used. However, results

for this case have been obtained through other means by Zolotarev [50].
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