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A B S T R A C T 

Magnetic fields and turbulence are important components of the interstellar medium (ISM) of star-forming galaxies. It is 
challenging to measure the properties of the small-scale ISM magnetic fields (magnetic fields at scales smaller than the 
turbulence driving scale). Using numerical simulations, we demonstrate how the second-order rotation measure (RM, which 

depends on thermal electron density, n e , and magnetic field, b ) structure function can probe the properties of small-scale b . We 
then apply our results to observations of the Small and Large Magellanic Clouds (SMC and LMC). First, using Gaussian random 

b , we show that the characteristic scale, where the RM structure function flattens is approximately equal to the correlation 

length of b . We also show that computing the RM structure function with a higher-order stencil (more than the commonly-used 

two-point stencil) is necessary to accurately estimate the slope of the structure function. Then, using Gaussian random b and 

lognormal n e with known power spectra, we derive an empirical relationship between the slope of the power spectrum of b , n e , 
and RM. We apply these results to the SMC and LMC and estimate the following properties of small-scale b : correlation length 

(160 ± 21 pc for the SMC and 87 ± 17 pc for the LMC), strength (14 ± 2 μG for the SMC and 15 ± 3 μG for the LMC), 
and slope of the magnetic power spectrum ( −1.3 ± 0.4 for the SMC and −1.6 ± 0.1 for the LMC). We also find that n e is 
practically constant o v er the estimated b correlation scales. 

Key words: magnetic fields – polarization – methods: numerical – methods: observational – ISM: magnetic fields – Magellanic 
Clouds. 

1

M
m
p
r
2  

c  

I
m
o  

i  

c
d  

s
g
d

 

s
s
o  

�

E  

t
2
p
o  

t  

t  

n
I
c  

m  

e  

g  

m
t
t  

d
o  

a
t
i  

©
P

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/518/1/919/6762923 by guest on 02 April 2025
 I N T RO D U C T I O N  

agnetic fields play an important dynamical role in the interstellar 
edium (ISM) of star-forming galaxies. Locally, the magnetic field 

rovides pressure support against gravity (Boulares & Cox 1990 ), 
educes the star formation rate (Mestel & Spitzer 1956 ; Federrath 
015 ; Krumholz & Federrath 2019 ), controls the propagation of
osmic rays (Cesarsky 1980 ; Shukurov et al. 2017 ), heats up the
SM via magnetic reconnection (Raymond 1992 ), alters the gas flow 

orphology (Shetty & Ostriker 2006 ), and also suppresses galactic 
utflows (Evirgen et al. 2017 ). Globally, the role of magnetic fields
n the formation and evolution of galaxies is still unknown but recent
osmological simulations suggest that they might be important (van 
e Voort et al. 2021 ). Thus, it is crucial to study the strength and
tructure of galactic magnetic fields, especially in different types of 
alaxies (such as spiral, elliptical, and irregular) and also in their 
if ferent e volutionary stages. 
Magnetic fields in galaxies can be probed by a variety of ob-

ervational methods such as optical polarization, dust polarization, 
ynchrotron emission, the Zeeman effect, and the Faraday rotation 
f the polarized light (see chapter 3 of Klein & Fletcher 2015 ).
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xcept for the Zeeman effect, which is accessible only in the low-
emperature and high-density regions of the ISM (Heiles & Troland 
004 ), usually one requires additional assumptions or other inde- 
endent observations to extract magnetic field properties from these 
bservations. F or e xample, to infer magnetic field properties from the
otal synchrotron intensity (which is due to cosmic ray electrons and
he magnetic field component perpendicular to the line of sight), one
eeds information about the cosmic ray electron number density. 
n the absence of such information, energy equipartition between 
osmic rays and magnetic fields is usually assumed to extract the
agnetic field strength from synchrotron observ ations. Ho we ver, the

nergy equipartition assumption is not al w ays applicable and might
ive erroneous results (Seta & Beck 2019 ). Similarly, to extract
agnetic field information from Faraday rotation (which is due to 

he thermal electrons and the magnetic field component parallel to 
he line of sight), one requires an estimate of the thermal electron
ensity. The thermal electron density can be inferred from H α

bservations or dispersion measures in the case of pulsars, but in the
bsence of such observations, additional assumptions (e.g. a constant 
hermal electron density) are required. Such assumptions might give 
ncorrect magnetic field information (Beck et al. 2003 ). In this paper,
e study the impact of such assumptions on the estimated small-

cale magnetic field properties, primarily using the structure function 
f rotation measure (RM) calibrated with numerical simulations. 
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Table 1. Description of the notations used throughout the text. 

Notation Description 

n e thermal electron density 
〈 n e 〉 mean n e 
b small-scale fluctuating magnetic field 
b rms root mean square strength of b 
RM rotation measure 
σRM 

standard deviation of RM 

P k (variable) power spectrum of the variable 
β slope of the RM power spectrum, P k ( RM ) ∼ k −β , β > 0 
α slope of the b power spectrum, P k ( b ) ∼ k −α, α > 0 
γ slope of the thermal electron density power spectrum, P k ( n e ) ∼ k −γ , γ > 0 

SF ( np pts) 
2 ( variable ) second-order structure function of the variable computed using np-point stencil 

� (variable) correlation length of the variable 
L size of the numerical domain 
PDF probability distribution function 
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e then apply the structure function method to Faraday rotation
bservations of the Small and Large Magellanic Clouds (SMC and
MC). 
Based on radio observations, magnetic fields in a typifcal spiral

alaxy can be divided into fluctuating (or small-scale) and mean
or large-scale) components. The small-scale fields are correlated
t scales less than the driving scale of turbulence ( ∼100 pc in
pirals), and the large-scale fields are correlated o v er sev eral kpcs.
he linearly polarized and total synchrotron intensity traces the
rdered field and total field components perpendicular to the line of
ight, respectively. Information about small-scale fluctuating fields
an be obtained from depolarization values (which refers to a
ecrease in the polarization fraction due to random magnetic fields
long the path-length, see Sokoloff et al. 1998 , for further details).
he magnetic field component parallel to the line of sight can be
tudied using Faraday rotation measurements, where the mean and
tandard deviation of RM roughly probes the large- and small-scale
omponents, respecti vely. Using these observ ations for the Milky
ay and nearby spiral galaxies, the total field strength is estimated

o be of the order of 5 μG (Haverkorn 2015 ; Beck 2016 ). The small-
cale field strength is found to be comparable to (or even slightly
tronger than) the large-scale field strength. The large-scale field
oughly follows the spiral arms (Fletcher et al. 2011 ; Beck 2016 ) and
he small-scale random field has both Gaussian and non-Gaussian
omponents (see appendix A in Seta et al. 2018 , for further details).
hysically, the strength and structure of magnetic fields in galaxies
an be explained by the turbulent dynamo, which is a mechanism
or the conversion of turbulent kinetic energy to magnetic energy
Brandenburg & Subramanian 2005 ; Federrath 2016 ; Rincon 2019 ).

oti v ated by the synchrotron and Faraday rotation observations, the
ynamo theory can also be divided into a small-scale (fluctuation) and
arge-scale (mean-field) dynamo. The small-scale dynamo requires
urbulence (see Seta et al. 2020 ; Seta & Federrath 2021a , for further
etails), whereas the large-scale dynamo, besides turbulence, also
equires large-scale galaxy properties such as differential rotation
nd density stratification (see Shukurov & Sokoloff 2008 , for a
etailed description). Moreo v er, the small-scale random field can
lso be generated by the tangling of the large-scale field (section 4.1
n Seta & Federrath 2020 ). 

Irregular galaxies, such as the SMC and LMC, also show syn-
hrotron polarization (albeit weaker than that in spiral galaxies)
nd Faraday rotation (Gaensler et al. 2005 ; Mao et al. 2008 , 2012 ;
ivingston et al. 2022 ). This implies the presence of a small- and (a
eaker) large-scale magnetic field. Also, for the SMC and LMC, a
NRAS 518, 919–944 (2023) 
Pan-Magellanic’ magnetic field, i.e. a large-scale field connecting
he SMC and LMC is discussed (Kaczmarek et al. 2017 ; Livingston
t al. 2022 ). Also, see Chy ̇zy et al. ( 2016 ) for a detailed investigation
f magnetic fields in an irregular galaxy, IC 10. 
In most of these different types of galaxies, except for the strength

f the small-scale magnetic field (which can be obtained from
epolarization observation, polarized synchrotron fluctuations, or
M variations), it is very difficult to estimate the other properties

such as the length scales and structure) of the small-scale random
agnetic field. In external galaxies, this is because of limited

esolution, with telescope beams often corresponding to hundreds
f parsecs, which is larger than the expected correlation length of
mall-scale magnetic fields (for example, see Kierdorf et al. 2020 ).

hile resolution effects are less problematic for observations in the
ilky Way, the main difficulty is confusion due to the observer

eing positioned inside the Galaxy and the influence of the Local
ubble (Alves et al. 2018 ; Pelgrims et al. 2020 ; West et al. 2021 ).
ynchrotron polarization gradient techniques can also be used to
tudy properties of small-scale magnetic fields (Gaensler et al.
011 ; Burkhart, Lazarian & Gaensler 2012 ; Iacobelli et al. 2014 ;
erron et al. 2017 ; Lazarian & Yuen 2018 ). Ho we ver, especially for

xternal galaxies, these techniques are difficult to use due to a lack
f resolution, missing pixels in the data due to an insufficient signal-
o-noise ratio, and noise (these are common problems when taking a
eri v ati ve of sparsely sampled data in observations). 
Here, we start by using simple numerical experiments and magne-

ohydrodynamic (MHD) simulations to show that the second-order
tructure function of RM from point radio sources in the background
f a magneto-ionic medium can be used to obtain the strength and
mportant length scales of the small-scale fluctuating magnetic field.

e also discuss the role of the thermal electron density in the analysis,
hich was previously either completely ignored or considered in a
ery simplified manner (for example, assuming a constant thermal
lectron density). Finally, we apply our methods to observations of
M from background polarized sources located behind the SMC and
MC to probe the small-scale magnetic fields in those systems. 
We discuss our methods to compute and characterize the structure

unction of RM in Section 2 . In Section 3 , we demonstrate how
he properties of the RM structure function can be translated to
he properties of small-scale magnetic fields and thermal electron
ensities. For this, we use simple numerical experiments with a fixed
istribution of random magnetic fields (Section 3.1 ) and thermal
lectron density (Section 3.2 ). Then, in Section 4 , we use the results
rom Section 3 to probe the small-scale magnetic fields in the SMC
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(a) (b)

Figure 1. One-dimensional shell averaged power spectrum of three-dimensional magnetic fields ( b ), P k ( b), normalized by its total power (a) and probability 
distribution functions (PDFs) of a single component, b x , normalized to the rms value, b rms (b), for various slopes of the magnetic power spectrum ( α). The fitted 
slope matches the input slope well and the PDFs for all slopes approximately follow a Gaussian distribution with mean zero and one-third standard deviation, 
N (0 , 1 / 3). 
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nd LMC. Finally, we summarize our results and conclusions in 
ection 5 . In Table 1 , we provide the notations used throughout the

ext with their descriptions. 

 METHODS:  R M  STRUCTURE  F U N C T I O N  

O M P U TAT I O N  

 or a giv en thermal electron density, n e , and magnetic field, b , of the
agneto-ionic medium, the rotation measure is 

RM 

rad m 

−2 
= 0 . 812 

∫ 

L pl / pc 

n e 

cm 

−3 

b ‖ 
μG 

(
d l 

pc 

)
, (1) 

here b � is the component of the magnetic field parallel to the
ine of sight and L pl is the path-length (from source to observer).
bservationally, RM can be determined from the slope of the 

ynchrotron polarization angle versus the square of wavelength of 
ight or more accurately using the RM synthesis technique (see 
rentjens & de Bruyn 2005 , for further details). Faraday rotation of

adiation can be due to the medium in front of a background polarized
ource (usually referred to as point source/background polarization) 
r that emitted by the medium itself (usually referred to as the diffuse
olarization). Most of this work deals with RM due to background 
olarized sources, but the ideas and results presented here can also 
e extended to diffuse polarized emission. 
Throughout the text, we consider RM sources as point sources, i.e. 

he projected size of these sources is much smaller than the typical
SM scales, because the angular size of these sources is of the order
f 1–10 arcsec (Oort et al. 1987 ; Windhorst et al. 1993 ; Rudnick &
wen 2014 ), and we probe scales much larger than these scales.
oreo v er, we assume that the intrinsic RM fluctuations of sources are

egligible in comparison to the RM due to the intervening medium 

see Schnitzeler 2010 ; Shah & Seta 2021 , and Section 4.2 for further
etails). 
Some of the properties of a small-scale random magnetic field 

an be studied with power spectrum analysis, which can be further
robed by the power spectrum of RM (knowing some properties of
he thermal electron density distribution). Ho we ver, it is usually very
ifficult to compute the power spectrum of RM from observations 
ecause the polarized sources are located at random positions and 
ven for the diffuse polarization there can be gaps in the observational 
ata. In such a situation, it is easier to compute the structure function
f RM which in principle contains the same information as the RM
ower spectrum (e.g. Stutzki et al. 1998 ). 
The second-order structure function of RM (with a two-point 

tencil, where stencil refers to the arrangement of points around 
he point of interest for the numerical calculation) as a function of
he scale, r = | r | , SF 

(2 pts) 
2 ( RM ), can be computed as, 

F 

(2 pts) 
2 ( RM ) = 〈| RM ( x + r ) − RM ( x ) | 2 〉 , (2) 

here x is the (two-dimensional) positional v ector, o v er which the
verage, 〈〉 , is computed. This has been used to study magnetic fields
n a variety of observations (Minter & Spangler 1996 ; Haverkorn
t al. 2008 ; Stil, Taylor & Sunstrum 2011 ; Anderson et al. 2015 ;
ivingston et al. 2021 ; Raycheva et al. 2022 ) and simulations (Hollins
t al. 2017 ). 

If the power spectrum of RM, P k ( RM ), follows a power law
ith slope −β ( β being positive), i.e. P k ( RM ) ∼ k −β ( k being the
avenumber), then ideally (Stutzki et al. 1998 ), 

F 

(2 pts) 
2 ( RM ) ∝ 

{
r β−1 , if β < 3 
r 2 , if β ≥ 3 

. (3) 

urthermore, from the RM spectra, the correlation length of RM, 
 (RM), can be computed as 

 ( RM ) = 

∫ 
k −1 P k ( RM ) d k ∫ 
P k ( RM ) d k 

. (4) 

f � (RM) is smaller than the size of the medium probed, at larger
cales, the second-order structure function (with two points) would 
pproach a constant value of 2 σ 2 

RM 

, where σ RM 

is the standard
eviation of the RM distribution, i.e. 

F 

(2 pts) 
2 ( RM ) r→∞ 

= 2 σ 2 
RM 

. (5) 

he scale around which SF 

(2 pts) 
2 ( RM ) flattens, is approximately equal 

o � (RM). We note that r → ∞ refers to scales much larger than the
orrelation scale, not actually infinitely large scales. 

To study the slope of P k ( RM ), SF 

(2 pts) 
2 ( RM ) is only helpful

hen β < 3 (see equation 3 ). Ho we ver, the slope of the RM
ower spectrum can well be steeper than 3, and in that case, to
ccurately capture the fluctuations at smaller scales, multiple points 
MNRAS 518, 919–944 (2023) 
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Figure 2. Two-dimensional slices of the Gaussian random magnetic field strength, normalized to the corresponding rms values, for various slopes of the 
magnetic power spectrum. As the power spectrum becomes shallower, the magnetic field contains more power in small-scale structures. 
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or stencils) are required to compute the second-order structure func-
ion (Lazarian & Pogosyan 2008 ). The second-order RM structure
unction computed using three ( SF 

(3 pts) 
2 ( RM )), four ( SF 

(4 pts) 
2 ( RM )),

nd five ( SF 

(5 pts) 
2 ( RM )) points, and the corresponding expectation for

 k ( RM ) ∼ k −β and at high values of r (assuming � (RM) is smaller
han the size of the region) is given below: 

(i) The second-order RM structure function with a three-point
tencil: 

F 

(3 pts) 
2 ( RM ) = 〈| RM ( x + r ) − 2 RM ( x ) + RM ( x − r ) | 2 〉 , (6) 

F 

(3 pts) 
2 ( RM ) ∝ 

{
r β−1 , if β < 5 
r 4 , if β ≥ 5 

, (7) 

nd 

F 

(3 pts) 
2 ( RM ) r→∞ 

= 6 σ 2 
RM 

. (8) 

(ii) The second-order RM structure function with a four-point
tencil: 
NRAS 518, 919–944 (2023) 
F 

(4 pts) 
2 ( RM ) = 〈| RM ( x + 3 r ) − 3 RM ( x + r ) 

+ 3 RM ( x − r ) − RM ( x − 3 r ) | 2 〉 , (9) 

F 

(4 pts) 
2 ( RM ) ∝ 

{
r β−1 , if β < 7 
r 6 , if β ≥ 7 

, (10) 

nd 

F 

(4 pts) 
2 ( RM ) r→∞ 

= 20 σ 2 
RM 

. (11) 

(iii) The second-order RM structure function with a five-point
tencil: 

F 

(5 pts) 
2 ( RM ) = 〈| RM ( x + 2 r ) − 4 RM ( x + r ) + 6 RM ( x ) 

− 4 RM ( x − r ) + RM ( x − 2 r ) | 2 〉 , (12) 

F 

(5 pts) 
2 ( RM ) ∝ 

{
r β−1 , if β < 9 
r 8 , if β ≥ 9 

, (13) 
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nd 

F 

(5 pts) 
2 ( RM ) r→∞ 

= 70 σ 2 
RM 

. (14) 

Second-order structure functions must be computed with these 
igher-order stencils in case of very steep spectral slopes of the 
nderlying fields. The computed RM structure function with a 
ifferent number of points per stencil is also generally useful in 
rder to study the convergence of the slope of the RM structure
unction. 

In the next section, we apply these concepts to RM computed from
agnetic field and thermal electron density distributions with known 

pectral properties, i.e. with a range of controlled spectral slopes, in 
rder to determine how the properties of thermal electron density 
nd magnetic fields are translated to the RM structure function. 
hroughout the next (numerical) section, we express quantities of 

nterest in terms of normalized units, i.e. magnetic fields in terms
f their root mean square (rms) value, thermal electron densities in 
erms of their mean value, and lengths in terms of the path-length.
his keeps the analysis and results more generic and can be applied

o a wide range of systems. For reference, the rms strength of small-
cale random magnetic fields in the Milky Way and nearby galaxies 
s ≈10 μG (Haverkorn 2015 ; Beck 2016 ), the mean thermal electron
ensity is ≈0.02 cm 

−3 (Berkhuijsen & M ̈uller 2008 ; Gaensler et al.
008 ; Yao, Manchester & Wang 2017 ), and the path-length depends
n the region probed (see Section 4 for specific cases of the SMC
nd LMC). 

 ROTAT I O N  MEASURE  STRUCTURE  

U N C T I O N  F RO M  K N OW N  MAGNETIC  FIELDS  

N D  T H E R M A L  E L E C T RO N  DENSITIES  

.1 Gaussian random magnetic fields and constant thermal 
lectron density 

irst, we consider the simplest possible case of constant thermal 
lectron density and Gaussian random magnetic fields ( b ) with 
ean zero and a power-law spectrum with a controlled slope, α,

.e. P k ( b) ∼ k −α (where α is positive). 1 The field is constructed
n a three-dimensional cubic uniform triply-periodic grid with side 
ength L and 512 3 grid points. Fig. 1 shows the computed magnetic
ower spectrum and probability distribution function (PDF) from the 
onstructed Gaussian random magnetic fields with α in the range [1, 
], and maximum power at k = 2 (see Appendix A for a discussion on
he effects of varying this scale) for all values of α. As expected, the
lope of the fitted power spectrum in Fig. 1 (a) agrees well with the
rescribed α, and the corresponding PDF for all α in Fig. 1 (b) is very
lose to a Gaussian distribution. In Fig. 2 , we show the magnetic
trength, normalized to its corresponding rms, computed from the 
ntire three-dimensional grid in a slice centred on the middle of the
umerical domain for α = 4, 2, 5/3, and 1. We see that the relative
ize of magnetic structures decreases as the slope of the magnetic 
ower spectrum becomes shallower. 
Assuming a uniform density of background polarized sources 

the path-length is the entire simulation domain, L ), we compute 
M due to these Gaussian random magnetic fields ( n e is constant)
sing equation ( 1 ). Fig. 3 shows RM maps, normalized by the
 While constructing the Gaussian random magnetic fields, we ensure that the 
ivergence-free nature of magnetic fields is preserved. This is done via the 
elmholtz decomposition, where we only keep the modes transverse to the 
av e v ector and then normalize the field to hav e the desired b rms . 

P  

i  

2

t

tandard deviation in RM, σ RM 

, for four different magnetic field 
ower spectrum slopes ( α = 4, 2, 1.67, and 1). Even though the
M structures at larger scales look similar between various cases, 

tructures with smaller sizes are seen for shallower slopes. Fig. 4
ho ws the po wer spectrum of RM, P k ( RM ), and the PDF of RM/ σ RM 

or α = [1, 4]. We see that the power spectrum of RM is also a
ower law and for P k ( b) ∼ k −α , P k ( RM ) ∼ k −α−1 . This holds true
or all α tested here. Thus, knowing the slope of the RM power
pectrum, one can compute the slope of the magnetic field power
pectrum (provided the electron density is constant). The PDF of 
M roughly follows a Gaussian distribution with mean zero and 

tandard deviation one. Since P k ( RM ) ∼ k −α−1 , the slope of the
econd-order structure function (when it captures the fluctuations 
ccurately, see equations 3 , 7 , 10 , and 13 ), would be −( −α − 1) − 1 =
. Thus, for Gaussian random magnetic fields, P k ( b) ∼ k −α implies
F 2 (RM) ∼ r α . 
Fig. 5 shows the second-order RM structure function computed 

sing a two-point (equation 2 , Fig. 5 a), three-point (equation 6 ,
ig. 5 b), four-point (equation 9 , Fig. 5 c), or five-point (equation 12 ,
ig. 5 d) stencil for different magnetic field power spectrum slopes

n range α = [1, 4]. The level of fluctuation in the second-order RM
tructure function at each scale is computed by taking a standard
e viation of v alues in that bin. For all four cases, the structure
unction first increases and then (statistically) saturates to a value 
that varies with the number of points per stencil) at higher distances
 r / L � 0.2). This shows that the correlation length of RM is al w ays
ess than L . The saturated values agree well with equation ( 5 )
structure function with two-point stencil), equation ( 8 ) (structure 
unction with three-point stencil), equation ( 11 ) (structure function 
ith four-point stencil), and equation ( 14 ) (structure function with
v e-point stencil). F or SF 

(2 pts) 
2 ( RM ), the slope of the RM structure

unction roughly agrees with our expectation (SF 2 (RM) ∼ r α for 
 k ( b) ∼ k −α), only for shallower slopes ( α = 1, 1.25, and 1.67,

s also expected from equation 3 ). Using a higher number of
oints per stencil, the agreement with our expectations improves, 
ith SF 

(5 pts) 
2 ( RM ) providing the best agreement, where the slope 

f SF 

(5 pts) 
2 ( RM ) is approximately equal to α (ne gativ e of the slope

f the magnetic power spectrum). Thus, to correctly probe the 
agnetic power spectrum, especially with steeper slopes, one must 

ompute the second-order RM structure function with a higher-order 
tencil, where the number of points per stencil must be greater
han 2, depending on α. We also find that comparing structure
unctions computed with different stencils is useful in checking for 
onv ergence. After e xploring RM structure functions with Gaussian 
andom magnetic fields and constant thermal electron density, we 
ow look at the effects of including a lognormal thermal electron
ensity distribution in the next subsection. 

.2 Gaussian random magnetic fields and (uncorrelated) 
ognormal thermal electron density fields 

ith Gaussian random magnetic fields, we now also consider the 
ontribution of the thermal electron density ( n e ) to RM and its effect
n the computed RM structure function. Moti v ated by the studies
f lognormal gas density PDFs in the ISM (Vazquez-Semadeni 
994 ; Federrath, Klessen & Schmidt 2008 ), we construct lognormal
DFs of n e with a power-law spectrum and a controlled slope, γ ,

.e. P k ( n e ) ∼ k −γ ( γ > 0). 2 Like the magnetic field, n e is also
MNRAS 518, 919–944 (2023) 

 For constructing the thermal electron density with a lognormal PDF, we use 
he module pyFC ( https:// bitbucket.org/ pandante/pyfc ). 

https://bitbucket.org/pandante/pyfc
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Figure 3. RM maps (computed by assuming n e = const.) for four different slopes of the magnetic field power spectrum, P k ( b) ∼ k −α, α = 4 , 2 , 1 . 67 , 1. As 
the slope becomes shallower, the RM maps exhibit more small-scale structures, but the large-scale features remain roughly the same. 
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onstructed on a three-dimensional cubic uniform triply-periodic grid
f side length L with 512 3 points. The constructed thermal electron
ensities are uncorrelated with and independent of the Gaussian
andom magnetic fields. In Fig. 6 , we show the power spectrum of
 e (Fig. 6 a) and the PDF of ln ( n e / 〈 n e 〉 ) (Fig. 6 b) for γ = [1, 4]. The
lope of the fitted power spectrum agrees with the input slope, and
he PDF of n e / 〈 n e 〉 follows a lognormal distribution. In Fig. 7 , we
how the normalized thermal electron density in a slice centred on
he middle of the numerical domain. As the power spectrum of n e 
ecomes shallower, smaller-scale structures are seen, while the large-
cale structures remain roughly the same between various cases. 

Again, we use equation ( 1 ) to compute RM, but now we consider
aussian random magnetic fields ( P k ( b) ∼ k −α with α = [1, 4])

ombined with lognormal thermal electron densities ( P k ( n e ) ∼ k −γ

ith γ = [1, 4]). The computed RM depends now on both α
nd γ . Fig. 8 shows the RM maps for four combinations of the
inimum and maximum of α = 1 , 4 and γ = 1 , 4. The RM maps

ave smaller fine-scale structures when either the magnetic field or
hermal electron density power spectrum slopes are shallower, and
NRAS 518, 919–944 (2023) 
how the smallest-scale structures when both of them are low ( α =
= 1). The structures, even at larger scales, are primarily controlled

y the quantity with the shallower slope. We further investigate this
sing the power spectrum of RM for different values of α and γ . 
For all combinations of α and γ , the RM power spectrum follows

 power law with slope β, i.e. P k ( RM ) ∼ k −β . Here, we aim to find
ow β can be estimated from a given α and γ . In Fig. 9 , we show
he power spectrum of RM for a fixed γ = 4 in Fig. 9 (a) and γ =
 in Fig. 9 (b) with α in the range [1, 4]. In Fig. 9 (a), for shallower
agnetic field power spectra ( α = 1, 1.25, 1.67, 2), we find β ≈
α − 1. On the other hand, for very shallow thermal electron density

lope ( γ = 1) in Fig. 9 (b), for steeper magnetic field power spectrum
lopes ( α = 4, 3, 2.5, 2), we find β ≈ −γ − 1. Thus, if the slopes of
he magnetic field power spectrum and the thermal electron density
ower spectrum are significantly different, the shallower of the two
lopes have a larger influence on the slope of the RM power spectrum.
o we v er, when the y are close, that need not be the case, and both

he slope of the magnetic field and thermal electron density power
pectra decide the slope of the RM power spectrum. 
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(a) (b)

Figure 4. One-dimensional shell averaged power spectrum of the two-dimensional RM maps from P k ( RM ), see Fig. 3 (assuming n e is constant), normalized 
by total power (a), and PDFs of RM normalized by its standard deviation σRM 

(b), for different magnetic field power spectrum slopes, P k ( b) ∼ k −α, α in [1,4]. 
We see that P k ( RM ) approximately follows a power law with slope −α − 1. The RM PDF is roughly Gaussian with mean zero and standard deviation one, 
N (0 , 1), for all α. 

(a) (b)

(d)(c)

Figure 5. Second-order RM structure function computed using stencils with a different number of points: two (a), three (b), four (c), and five (d), for Gaussian 
random magnetic fields with different slopes of the magnetic field power spectrum ( P k ( b)) and a constant thermal electron density. The shaded region shows the 
corresponding one-sigma variation in each case. At higher values of r , the structure functions for all slopes tend to their expected values (2 σ 2 

RM 

for the two-point 
stencil, 6 σ 2 

RM 

for the three-point stencil, 20 σ 2 
RM 

for the four-point stencil, and 70 σ 2 
RM 

for the five-point stencil). As the number of points per stencil increases, 
the agreement with our expectation, SF 2 (RM) ∼ r α for P k ( b) ∼ k −α over the entire range of αs, impro v es. Ev en for shallower slopes (e.g. for P k ( b) ∼ k −1 ), 
the structure function remains roughly independent of the number of points per stencil, which is a sign of convergence. 
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(a) (b)

Figure 6. One-dimensional shell-averaged power spectrum of the three-dimensional lognormal thermal electron density, P k ( n e ) ∼ k −γ (with γ = [1, 4]) (a), 
and the corresponding PDF of ln ( n e / 〈 n e 〉 ) (b). The slope of the n e power spectra agrees well with the input slope and the PDF of n e / 〈 n e 〉 follows a lognormal 
distribution for all slopes. 
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We use our estimated values of β (slope of the RM power spec-
rum) from our numerical experiments with different α (slope of the
agnetic field power spectrum) and γ (slope of the thermal electron

ensity power spectrum) to construct an empirical relation between
hose three slopes. In Fig. 10 (a), we show that the dependence of β
n α for all values of γ (different marker styles) is approximately
aptured by a quadratic equation, c 1 ( − α − 1) + c 2 ( − α − 1) 2 +
 3 , where c 1 , c 2 , and c 3 are coefficients that depend only on γ . In
ig. 10 (b), we determine the functional form of the dependence of

hese coefficients on γ . Thus, for a Gaussian random magnetic field
ith power spectrum slope α and lognormal thermal electron density
ith power spectrum slope γ , the slope of the computed RM power

pectrum is 

( −α, −γ ) ≈ ( −0 . 45 ( −γ + 2 . 48) 2 + 2 . 31) ( −α − 1) 

+ ( −0 . 06 ( −γ + 2 . 09) 2 + 0 . 25) ( −α − 1) 2 

− 0 . 60 ( −γ + 2 . 56) 2 + 1 . 66 . (15) 

he errors in the fit parameters of equation ( 15 ), obtained from
he least-squares fitting procedure, are less than 10 per cent. These
umerical experiments are repeated with different seeds in the
andom number generator. We find that the variation in the results
estimated slopes of RM, magnetic fields, and thermal electron
ensities, and by extension the coefficients in equation 15 ) are within
he reported fitting errors. 

Fig. 11 shows the PDF of RM/ σ RM 

for two extreme values of γ (1
nd 4) and all α in the range [1, 4]. The RM PDFs no longer follow
 Gaussian distribution, even though the magnetic field is Gaussian
andom (see Fig. 4 b). This is the effect of the lognormal thermal
lectron density, and thus, including n e not only affects the spectral
roperties (second-order statistics), but also the PDF (which includes
igher-order statistics). To further demonstrate the non-Gaussianity
f these RM PDFs, we compute their kurtosis as 

 RM 

= 

〈 RM 〉 4 
〈 RM 

2 〉 2 , (16) 

here 〈〉 denotes the spatial average over the entire map. The kurtosis
f a Gaussian distribution is three. The estimated kurtosis of RM for
if ferent v alues of α and γ are gi v en in the le gend of Fig. 11 . All the
urtosis values are significantly greater than three, confirming the
on-Gaussian nature of the computed RM. 
NRAS 518, 919–944 (2023) 
Finally, we show the second-order structure function of RM
omputed with the five-point stencil ( SF 

(5 pts) 
2 ( RM ), equation 12 ) in

ig. 12 for two extreme values of γ (1 and 4) and all α = [1, 4].
he slope of the RM structure function is primarily controlled by the
lope of the power spectrum of RM, β. Since, β is more affected by
he shallower of the two spectra (magnetic fields, −α, and thermal
lectron density, −γ ), the slope of the RM structure function is
oughly either α or γ (depending on which one is shallower; see
ig. 12 ). More generally, given a value of α, γ , and β can be estimated
sing equation ( 15 ), and then the slope of the RM structure function
ould be β − 1 (provided the structure functions are converged).
fter studying the effect of Gaussian random magnetic fields and

ognormal thermal electron densities (constructed independently of
ach other) on the RM power spectrum and structure function. In
ppendix B , we explore the effect of uniform random magnetic
elds and lognormal thermal electron density and in Appendix C ,
e study the properties of RM from MHD simulations, where the

hermal electron density and magnetic fields can be correlated. 
The main summary of the numerical section of the paper is as

ollows. Assuming a constant thermal electron density for Gaussian
andom magnetic fields with a power law spectrum with slope α,
.e. P k ( b) ∼ k −α , the slope of second-order structure function of RM
s −α − 1. Ho we ver, the second-order structure function computed
sing more than two points per stencil is required for accuracy and
onvergence (Section 3.1 ), depending on the underlying spectral
lope of the quantity for which the structure function is computed.
he RM PDFs follow a Gaussian distribution. Then for Gaussian

andom magnetic fields with P k ( b) ∼ k −α and lognormal thermal
lectron density with P k ( n e ) ∼ k −γ , the slope of the RM power
pectrum can be computed (assuming no effect of any window or
ampling function) using the empirically derived equation, equa-
ion ( 15 ) (Section 3.2 ). In the next section, we use these results and
bservations to study the properties of small-scale magnetic fields in
he SMC and LMC. 

 R M  STRUCTURE  F U N C T I O N  A N D  

ROPERTIES  O F  SMALL-SCALE  MAGNETIC  

IELDS  IN  T H E  SMC  A N D  LMC  

ere we apply the ideas and results from Section 3 to study the
roperties of the small-scale magnetic fields in the Magellanic clouds.
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Figure 7. Two-dimensional slices of three-dimensional thermal electron density ( n e ), normalized by the mean value, for four different slopes (indicated at the 
top of each panel) of the thermal electron density power spectrum. Over larger scales, the structures are similar with smaller-scale structures emerging as the 
slope of n e becomes shallower. 
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M observations for the SMC (79 sources) are taken from Livingston
t al. ( 2022 ) and for the LMC (250 sources) from Mao et al. ( 2012 )
nd Livingston et al. (in preparation). 3 These RM observations are 
ue to polarized point sources behind (or within) the SMC and LMC.
o estimate the thermal electron density contribution to these RMs, 
e use the H α observations from Gaustad et al. ( 2001 ). 
We remo v e the Milk y Way RM contribution from the observed

Ms by using analytical models, equation (5) in Mao et al. ( 2008 )
or the SMC, and equation (3) in Mao et al. ( 2012 ) for the LMC, at
heir location. In Appendix D , we discuss three models to account for
he Milky Way RM contribution and our reasoning to choose these 
nalytical models. Besides the thermal electrons in the medium, the 
 α map also has contributions from the Milky Way and the H α
 We neglect the large-scale stratification and any radial dependence in the 
nalysis. Ho we ver, since we are mostly interested in small-scale magnetic 
eld properties, we expect those to not make a significant difference in our 
esults. 

p  

f  

t
d  

d
t

mission is also attenuated by dust in the Milky Way, SMC, and
MC. These contributions have been removed using the prescription 

n Smart et al. ( 2019 ) (see their section 3.4, where they estimate these
ontributions for the SMC and we assume the same prescription for
he LMC). Furthermore, for both clouds, we chose only those RM
or which H α data is available and the error in RM is less than
he RM value. This reduces the number of point sources to 65 for
he SMC and 246 for the LMC. With this low number of sources,
t would not be possible to study the PDF of RM, but we aim to
xplore small-scale magnetic field properties via the RM structure 
unction. 

Fig. 13 shows the RM (Milky Way corrected) as circles (red for
ositive RMs, blue for negative RMs, and the size of a circle is
roportional to | RM | ) and the intensity of H α, I H α in the background
or the SMC (Fig. 13 a) and LMC (Fig. 13 b). In both cases, it is clear
hat the sources are located at random positions with non-uniform 

istances between pairs of sources, and thus, it will be extremely
ifficult to compute the RM power spectrum. We, therefore, resort 
o RM structure functions to probe the properties of small-scale 
MNRAS 518, 919–944 (2023) 
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Figure 8. RM maps for different combinations of α = [1, 4] in P k ( b) ∼ k −α and γ = [1, 4] in P k ( n e ) ∼ k −γ , as indicated at the top of each panel. Visually, it 
seems that the large-scale structures are more controlled by the steeper spectrum out of the two slopes and the smaller size structures by the shallower one (see 
Figs 2 and 7 for corresponding b and n e , respectively). 
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agnetic fields in the SMC and LMC. Before that, we first need to
haracterize and account for the contribution of the thermal electron
ensity to the RM structure function. 
In Fig. 14 , we study the dependence of | RM | (with the Milky Way

ontribution remo v ed) on I H α (contributions from the Milky Way
nd dust in the medium also remo v ed) for the SMC (Fig. 14 a) and
MC (Fig. 14 b). Ideally, we would expect that since RM ∝ n e and
 H α ∝ n 2 e , the slope of | RM | versus I H α line would be roughly 0.5
this slope is approximately 0.43 when computed using pulsars in
he Milky Way, see fig. 11e in Seta & Federrath 2021b ). We find
hat the slope is approximately 0.55 for the SMC and 0.37 for the
MC. The deviation of this slope from the theoretical expectation
f 0.5, especially for the LMC, is probably because of the following
wo reasons. First, the filling factor of n e affects I H α more than RM
ecause of the quadratic dependence, and thus, a clumpy medium
long the line of sight would lead to a deviation from the expected
lope. Second and more importantly, the large-scale magnetic field
n these clouds could vary along the path-length (and even change
NRAS 518, 919–944 (2023) 
ign), and this would lead to cancellations (this also depends on the
umber and location of those reversals), which in turn would lower
he RM values and give a slope < 0.5 for the | RM | versus I H α line. The
econd point is further corroborated by the fact that the large-scale
eld in the LMC ( ∼1 μG, see Mao et al. 2012 ) is stronger (enhanced
ancellation) than that in the SMC ( ∼0.2 μG, see Mao et al. 2008 ),
nd we find that the slope is smaller for the LMC (0.37) than the
MC (0.55). We use this relation to account for the contribution of
 e while computing the RM structure function. 
We compute the second-order structure functions with the two-

oint ( SF 

(2 pts) 
2 ( RM )) and the three-point stencil ( SF 

(3 pts) 
2 ( RM )), as a

unction of the angular separation δθ of RM, RM compensated by
 H α as per the relationship from Fig. 14 , and RM/I H α0.5 (theoretically
xpected slope) for the SMC and LMC. These are shown in Figs 15
nd 16 , respectiv ely. F or computing these structure functions, we
ake sure that there are at least 10 values for each δθ . The fluctuations

n the structure functions are estimated by propagating errors in the
bserved RM and the Milky Way RM model. For both clouds and
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(a) (b)

Figure 9. One-dimensional shell-averaged power spectrum of RM for γ = 4 (a) and γ = 1 (b), for various magnetic field power spectrum slopes, α = [1, 4]. 
The slope of the RM power spectrum is more affected by the shallower of the two slopes ( −α and −γ ) and it roughly varies as α − 1 or γ − 1 (whichever is 
shallower). 

(a)

(b)

Figure 10. To estimate the slope of the RM power spectrum, β, from the slope of magnetic field power spectrum, α, and thermal electron density power 
spectrum, γ , we first fit the obtained values of β as a function of α (different colours) for different values of γ (different marker shapes) (a). We see that the 
function, c 1 ( −α − 1) + c 2 ( −α − 1) 2 + c 3 , where c 1 , c 2 , and c 3 are γ -dependent coefficients, fits the trends well for all α. Then we fit c 1 , c 2 , and c 3 as a 
function of γ (b), and obtain the dependence of those coefficients on γ . A quadratic function of γ with different constants approximately fits c 1 , c 2 , and c 3 (see 
the legend in (b)). This shows that β can be estimated for a given α and γ using the derived empirical relation given by equation ( 15 ). 
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ll three structure functions for each cloud at high values of δθ ,
F 

(2 pts) 
2 ( RM ) is approximately equal to 2 σ 2 

RM 

, and SF 

(3 pts) 
2 ( RM ) is

pproximately equal to 6 σ 2 
RM 

, where the σ RM 

denotes the standard 
eviation of RM in the sample. We also fit the second-order structure
unction from roughly a few times the minimum δθ to where the 
tructure function starts to saturate (see also the RM structure 
unctions from the simulations, for example in Fig. 5 , for which
e fit from a few times the spatial resolution, L /512, till the structure

unction starts to saturate). The details of the fit for each case are
iven in the legend of Figs 15 and 16 . The slopes for SF 

(2 pts) 
2 ( RM )

nd SF 

(3 pts) 
2 ( RM ) are roughly similar, indicating convergence. This 

s a benefit of computing RM structure function using multiple-point 
tencils. We now use the properties of these structure functions to 
stimate the following properties of the small-scale ISM in the SMC
nd LMC: the magnetic correlation length (Section 4.1 ), the field 
trength (Section 4.2 ), and the slope of the power spectrum of the
agnetic field and thermal electron density (Section 4.3 ). 
.1 Correlation length of the small-scale magnetic fields 

he correlation length of small-scale random magnetic fields is 
oughly equi v alent to the turno v er or break scale of the RM structure
unction (see Appendix A ). The approximate turno v er separation is
.15 ◦ for the SMC (Figs 15 a, b) and 0.1 ◦ for the LMC (Figs 16 a,
). This separation remains the same for both SF 

(2 pts) 
2 ( RM ) and

F 

(3 pts) 
2 ( RM ). Assuming the distance to the SMC and LMC at ≈61

nd ≈50 kpc, respectively, these separations imply a scale of around
60 ± 21 pc for the SMC and 87 ± 17 pc for the LMC. Thus,
hese are roughly the correlation lengths of the magnetic fields, � ( b ).
he scale for the LMC is comparable to that obtained in Gaensler
t al. ( 2005 ), which reports ≈90 pc, and that for the SMC is also
omparable to that obtained in Burkhart et al. ( 2010 ), which reports
160 pc, albeit using a different method. In the next subsection,
e use these scales to estimate the magnetic field strength from

and 〈 I 〉 . 
MNRAS 518, 919–944 (2023) 
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(b)(a)

Figure 11. PDF of normalized RM for all values of α (magnetic field power spectrum slopes) in the range [1, 4], for two extreme values of γ (thermal electron 
density power spectrum slope), i.e. γ = 1 and 4. Unlike for purely Gaussian random magnetic fields in Fig. 4 (b), the PDF of RM is non-Gaussian and this is 
further confirmed by the computed kurtosis values, K RM 

(given in the legend). They are al w ays greater than three (kurtosis of a Gaussian distribution). 

(a) (b)

Figure 12. Second-order RM structure function computed using the five-point stencil, SF (5 pts) 
2 ( RM ) (equation 12 ), for γ = 1 (a) and γ = 4 (b), and α = [1, 4]. 

The shaded region shows the corresponding one-sigma variation in each case. The slope of the second-order RM structure function is largely controlled by the 
shallower of the magnetic field and thermal electron density spectrum. Thus, for P k ( RM ) ∼ k −β , β ≈ α (if the magnetic field spectrum is shallower), or γ (if 
the electron density spectrum is shallower). More accurately, equation ( 15 ) should be used to calculate β from α and γ , and then the slope of the second-order 
RM structure function is approximately β − 1. 
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.2 The small-scale magnetic field strengths 

or a Gaussian random magnetic field with strength b rms [ μG] and
 mean thermal electron density 〈 n e 〉 [cm 

−3 ], the standard deviation
f RM (equation B9 in Mao et al. 2008 ), 

RM 

= 0 . 81 〈 n e 〉 ( L pl � ( b)) 1 / 2 
(
f 

[
B 

2 
0 ‖ (1 − f ) + b 2 rms / 3 

])1 / 2 
, (17) 

here � ( b ) is the correlation length of the magnetic field in pc, L pl 

s the path-length in kpc, B 0 � is the parallel (to the line of sight)
omponent of the large-scale field in μG, and f is the filling factor.
he correlation length of small-scale magnetic fields, � ( b ), in the
MC and LMC is estimated from the RM structure function in
ection 4.1 and we use 〈 I H α〉 to estimate the product 〈 n e 〉 L pl 

1/2 .
sing equation (8), (12), and (16) of Mao et al. ( 2008 ), 

 n e 〉 L pl 
1 / 2 = 

(
10 f 〈 I H α〉 ( 〈 T e 〉 / 10 4 K) 0 . 5 

0 . 39[0 . 92 –0 . 34 ln ( 〈 T e 〉 / 10 4 K)] 

)1 / 2 

, (18) 
NRAS 518, 919–944 (2023) 
here f is the filling factor, 〈 n e 〉 is in cm 

−3 , L pl is in pc, 〈 I H α〉 is in
ecirayleighs, and 〈 T e 〉 is the electron temperature in K. We take f ≈
.4 and T e ≈ 1 . 4 × 10 4 K from Mao et al. ( 2008 ). Furthermore, we
ake B 0 � values from the literature, ≈0 . 3 μG for the SMC (Livingston
t al. 2021 ) and ≈1 μG for the LMC (Gaensler et al. 2005 ). We can
stimate the average b rms over the entire cloud using equation ( 17 )
nd equation ( 18 ), and this method does not require knowing the
ath-length, L pl , explicitly. In both clouds, σ RM 

( ≈117 rad m 

−2 for
he SMC and ≈95 rad m 

−2 for the LMC) is significantly greater
han the level of fluctuations intrinsic to RM sources ( < 10 rad m 

−2 ,
ee Schnitzeler 2010 ; Shah & Seta 2021 ), and thus the intrinsic
uctuations due to background sources can be neglected (see Ap-
endix E for further discussion on the effects of intrinsic fluctuations
n the properties of second-order RM structure functions). In the
MC, for σ RM 

≈ 117 rad m 

−2 , 〈 I H α〉 ≈ 290 decirayleighs, and � ( b )
160 pc, using equation ( 17 ) and equation ( 18 ), we obtain b rms ≈

4 ± 2 μG. This is higher than the value ( ≈2 μG) obtained by Mao
t al. ( 2008 ) and that by Livingston et al. ( 2021 ) ( ≈8 μG). Similarly,
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(a)

(b)

Figure 13. RM observations from background polarized sources after removing the Milky Way contribution (red circles show positive RM, blue circles show 

ne gativ e RM, and the size of the circle is proportional to the magnitude of RM) for the SMC ((a), 65 sources) and the LMC ((b), 246 sources). The background 
colour shows I H α (in decirayleighs) after removing the contribution from the Milky Way and dust in the medium for both cases. Pairs of sources have non-uniform 

separation, and thus, it would be very dif ficult to compute an RM po wer spectrum for them, so we resort to RM structure functions to study the small-scale 
magnetic field properties in the SMC and LMC. 

(a) (b)

Figure 14. | RM | versus I H α (blue points with magenta lines showing the fluctuations in RM) and the best-fit relationship (obtained using the least-squares 
fitting procedure but also considering the errors in the fitting) between them (red, dashed line) for the SMC (a) and the LMC (b). The slope of the relationship 
for the LMC deviates significantly from the theoretically expected slope of 0.5. This might be because of the clumpy medium and/or large-scale magnetic field 
variations along the path-length. The slope is smaller for the LMC ( ≈0.37) than the SMC ( ≈0.55), and this is probably because the large-scale field (as reported 
in the literature) is stronger in the LMC ( ∼1 μG, Mao et al. 2012 ) as compared to the SMC ( ∼0.2 μG, Mao et al. 2008 ). 
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or the LMC with σ RM 

≈ 95 rad m 

−2 , 〈 I H α〉 ≈ 294 decirayleighs,
nd � ( b ) ≈ 87 pc, we obtain b rms ≈ 15 ± 3 μG. This estimate is
ignificantly higher than the value ( ≈4 μG) in Gaensler et al. ( 2005 ).
hese differences might be due to differences in the methods of
btaining these strengths, differences in the Milky Way model used, 
nd also because of systematics in different terms. After studying the 
verage strength of the fluctuating component of the magnetic field, 
e now estimate the slope of the magnetic field and thermal electron
ensity power spectrum. 
.3 Slope of the small-scale magnetic field and thermal electron 

ensity power spectra 

o estimate the slope of the magnetic field power spectrum ( α), we
se the second-order structure function of RM compensated by I H α
ccording to the relationships derived in Fig. 14 (magenta points and
ashed, dotted lines in Figs 15 and 16 ). The slopes of the second-order
M structure functions are very similar for the two- and three-point

tencils and this shows convergence (we use the structure function 
MNRAS 518, 919–944 (2023) 
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M

(a) (b)

Figure 15. Second-order structure function of RM (blue), RM/I H α0.55 (using the relationship from Fig. 14 a, magenta), and RM/I H α0.5 (red) computed with the 
two-point stencil ( SF (2 pts) 

2 ( RM ), (a)) and the three-point stencil ( SF (3 pts) 
2 ( RM ), (b)) for the SMC. The error in the second-order structure function of RM (both 

stencils) is computed as the one-sigma variation of values in each of the angular separation bin. We also provide the value of σRM 

and 〈 I H α〉 . The dashed lines 
show the corresponding asymptotic values, 2 σ 2 for SF (2 pts) 

2 ( RM ) and 6 σ 2 for SF (3 pts) 
2 ( RM ), at high values of angular separation, δθ . The slope of the fitted line 

(dashed-dotted line, obtained using the least-squares fitting procedure, which also includes error bars) is given in the legends. These slopes are similar for both 
SF (2 pts) 

2 ( RM ) and SF (3 pts) 
2 ( RM ), indicating convergence. 

(a) (b)

Figure 16. Same as Fig. 15 , but for the LMC, and thus includes the structure functions for RM/I H α0.37 (using the relationship from Fig. 14 b). The slopes are 
similar for both SF (2 pts) 

2 ( RM ) and SF (3 pts) 
2 ( RM ), indicating convergence. 

Table 2. Estimated properties of small-scale magnetic fields and 
thermal electron densities in the SMC and LMC. The columns are 
as follows: 1) cloud name, 2) correlation length of the small-scale 
magnetic field, � ( b ), 3) average small-scale magnetic field strength, 
b rms , 4) slope of the magnetic field power spectrum, α in P k ( b) ∼
k −α , and 5) slope of the thermal electron density power spectrum, 
γ in P k ( n e ) ∼ k −γ . 

Cloud � ( b ) [pc] b rms [ μG] α γ

SMC 160 ± 21 14 ± 2 1.3 ± 0.4 0.002 ± 0.2 
LMC 87 ± 17 15 ± 3 1.6 ± 0.1 − 0.02 ± 0.09 
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NRAS 518, 919–944 (2023) 
omputed with the three-point stencil for further calculations, be-
ause it is probably more accurate). Assuming Gaussian random
agnetic fields for the SMC, SF 

(3 pts) 
2 ( RM / I H α

0 . 55 ) ∼ r 1 . 27 ±0 . 41 im-
lies α ≈ 1.3 ± 0.4 in P k ( b) ∼ k −α (as demonstrated in Section 3.1 ).
imilarly, for the LMC, SF 

(3 pts) 
2 ( RM / I H α

0 . 37 ) ∼ r 1 . 63 ±0 . 06 implies α ≈
.6 ± 0.1. We can use these values of α and estimated β (the slope of
he RM power spectrum, P k ( RM ) ∼ k −β ) to compute the slope of the
hermal electron density power spectrum, γ in P k ( γ ) ∼ k −γ , using
quation ( 15 ) (which assumes a lognormal thermal electron density
istribution and no correlation between thermal electron density and
agnetic fields). Since SF 2 (RM) ∼ r β − 1 , using SF 

(3 pts) 
2 ( RM ) in

igs 15 and 16 , we obtain β ≈ 2.4 and 2.5 for the SMC and LMC,
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especti vely. No w, gi ven α and β, we obtain γ from equation ( 15 ).
his gives two solutions for γ as the equation is quadratic, and 
e choose the ne gativ e or smaller of the two solutions. 4 We find

hat γ ≈ 0.002 ( ± 0.2) for the SMC and ≈−0.02 ( ±0.09) for the
MC. The uncertainty in the estimated slope of the thermal electron 
ensity power spectrum is high but the thermal electron density power 
pectrum has a slope ≈0, implying very small (or no) variations o v er
hese scales. Thus, the RM power spectrum is primarily determined 
y the magnetic field power spectrum and the contribution from 

he thermal electron density power spectrum is relatively small or 
egligible. 
A summary of all the estimated parameters is given in Table 2 . We

nd that the correlation length of the magnetic field is higher for the
MC by a factor roughly equal to two but the field strength and the
lope of the magnetic field power spectrum are comparable for both 
he SMC and LMC. 

 C O N C L U S I O N S  

sing numerical simulations, we first comprehensively study the 
ependence of the RM structure function on the properties of 
mall-scale random magnetic fields and thermal electron densities. 
e then use those results to study the properties of small-scale 
agnetic fields in the SMC and LMC. In particular, we discuss

he effects of thermal electron density on the statistical properties of
M. For numerical simulations, we use Gaussian random magnetic 
elds and lognormal thermal electron densities (in Appendix C , 
e also explore magnetic fields and electron densities from MHD 

imulations, where the magnetic field-thermal electron density cor- 
elation is varied). Our results and conclusions are summarized 
elow. 

(i) For Gaussian random magnetic fields with a power-law spec- 
rum of slope α, i.e. P k ( b) ∼ k −α , the slope of the RM power
pectrum is −α − 1 (assuming a constant thermal electron den- 
ity). The corresponding slope of the second-order RM structure 
unction is α (Section 3.1 ). This has to be confirmed by computing
econd-order structure functions with different numbers of points 
er stencil (Section 2 ). We compute the structure function with 
wo-, three-, four-, and five-point stencils, and show that agreement 
ith theoretical expectations is best for the five-point stencil. Thus, 

o accurately capture variations in the RM structure function, its 
omputation with a high-point stencil (points greater than the two- 
oint stencil) may be required. This is particularly crucial for 
bservational data, where we usually have only one snapshot and 
 limited range in the probed scales. Furthermore, we show that 
he length scale around which the structure function approaches an 
symptotic value (which depends on the number of points per stencil) 
s approximately equal to the correlation length of the random mag- 
etic field (Appendix A ). The PDF of RM also follows a Gaussian 
istribution. 
(ii) With the Gaussian random magnetic fields, we consider 

ognormal thermal electron density PDFs with a power-law spectrum 

f slope γ , i.e. P k ( n e ) ∼ k −γ . The slope of the RM power spectrum,
, i.e. P k ( RM ) ∼ k −β , depends on both α and γ . We derive an
 This is because we expect the slope of the power spectrum of the small-scale 
agnetic field and thermal electron density to be ne gativ e, i.e. their strength 

ecreases with decreasing length scale. Given the turbulent nature of the ISM, 
his is a reasonable assumption due to the energy cascade (energy injected at 
arger scales, cascades to smaller scales, and ultimately dissipates). 

C
C
G
t
b
p
a

mpirical relationship, equation ( 15 ), to determine β, given α and γ
Section 3.2 ). Once β is known, the second-order structure function 
f RM, has a slope approximately equal to β − 1. The RM PDFs,
hen a lognormal thermal electron density is included, are non- 
aussian. 
(iii) We use RM and H α observations for the SMC and LMC

o determine the fluctuating, small-scale magnetic field properties 
n the SMC and LMC (Section 4 ). From these observations, we
emo v e the contribution of the Milky Way from RM and I H α , and
lso the contribution of dust in the SMC and LMC from I H α . First,
e find the dependence of | RM | on I H α , | RM | ∝ I H α0.55 for the
MC, and | RM | ∝ I H α0.37 for the LMC. Any deviations from the

heoretical expectation, | RM | ∝ I H α0.5 , are probably because of
he non-homogeneity of the interstellar medium and/or because 
f variations in the large-scale magnetic field along the path- 
ength. 
he number of RM sources for computing RM statistics is 65 for

he SMC and 246 for the LMC. We study the properties of the RM
ower spectrum via the RM structure function (since the pair of
ources have non-uniform separation). For the SMC, the low number 
f points means that there is a higher uncertainty in some of the results
especially the slope of the magnetic power spectrum; see Appendix F 

or further discussion on the effect of the number of sources on the
roperties of second-order RM structure functions) and might be 
iased towards a particular region. Future observations from the 
olarization Sk y Surv e y of the Univ erse’s Magnetism (POSSUM)
urv e y (Gaensler et al. 2010 ) and eventually the Square Kilometre
rray (SKA) (Heald et al. 2020 ) would provide data with higher

ensitivity for a significantly larger number of sources, which would 
ake it possible to study the RM spectra (probe of magnetic scales)

nd PDFs (probe of magnetic field structure, i.e. Gaussian versus 
on-Gaussian) in much greater detail. Using the data at hand for
he Magellanic clouds, it is difficult to study RM PDFs and thus we
annot explore the magnetic field structure. Ho we ver, we compute
he second-order structure function of RM, RM compensated by 
 H α according to the derived relation, and the theoretical relation. 

e show that the slope of the RM structure functions for the
wo- and three-point stencils are roughly similar, for both the SMC
Fig. 15 ) and LMC (Fig. 16 ). This shows the convergence of the RM
tructure function. Based on the RM structure functions, we derive 
he following three properties of the magnetic fields in the SMC
nd LMC (assuming Gaussian random magnetic fields, lognormal 
hermal electron density, and no correlation between them): the 
orrelation length (160 ± 21 pc for the SMC and 87 ± 17 pc for
he LMC), the magnetic field strength (14 ± 2 μG for the SMC
nd 15 ± 3 μG for the LMC), and the slope of the magnetic power
pectrum ( −1.3 ± 0.4 for the SMC and −1.6 ± 0.1 for the LMC).
urthermore, we find that the thermal electron density is practically 
onstant o v er the magnetic field correlation scales and the RM
ower spectrum is primarily decided by the magnetic field power 
pectrum. 
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n the framework of the National Computational Merit Allocation
cheme and the ANU Merit Allocation Scheme. 

ATA  AVA ILA BILITY  

he RM observations for the SMC are taken from Livingston et al.
 2022 ) and that for the LMC are from Mao et al. ( 2012 ) and
ivingston et al. (in preparation). The H α map for the Magellanic
louds is taken from Gaustad et al. ( 2001 ). The Milky Way RM
odels are taken from Oppermann et al. ( 2015 ) and Hutschenreuter

t al. ( 2021 ). The MHD simulation data and the data derived
rom the observations is available upon reasonable request to the
orresponding author, Amit Seta (amit.seta@anu.adu.au). 
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(a)

(b)

(d)

(c)

Figure A1. One-dimensional power spectrum ((a), (c)) and second-order structure function computed with two points ((b), (d)) for magnetic field ((a), (b)) 
and RM ((c), (d)) for a Gaussian random magnetic field with power spectrum, P k ( b) ∼ k −1 . 67 , and different k min (largest scale of the magnetic field). The 
corresponding correlation length of magnetic fields, � ( b ) and RM, � (RM), is given in the legends. The slope of RM power spectrum is ≈2.7, as expected from 

Section 3.1 . The turno v er scale of RM structure function is approximately equal to � (RM), which in turn is roughly equal to � ( b ). This shows that the turno v er 
scale of RM structure function probes the correlation length of the small-scale random magnetic fields. 

A F  T H E  R M  STRUCTURE  F U N C T I O N  

H tion depends on the properties of the small-scale random magnetic fields. 
F ower spectrum of slope −1.67, we vary the minimum wavenumber, k min 

(  the size of the numerical domain, L , and the number of grid points, 512 3 , 
s wn in Fig. A1 (a). We calculate the correlation length of the small-scale 
m ding v alues are gi v en in the le gend of Fig. A1 (a). In Fig. A1 (b), we show 

t  magnetic field, and it shows that the scale at which the structure function 
t  the RM po wer spectrum and second-order structure function computed 
w gth of RM computed using equation ( 4 ) is given in the legend. The RM 

s y equal to the � (RM), which in turn is roughly equal to � ( b ). Thus, for a 
G  function is approximately the correlation length of the magnetic field. If 
t  of the magnetic field, the RM structure function does not turn o v er and 
d

A E  F U N C T I O N  F O R  U N I F O R M  R A N D O M  

M A L  E L E C T RO N  DENSITY  

H ctron densities with a power-law spectrum ( P k ( n e ) ∼ k −γ with γ = [1, 
4 netic field drawn from a uniform distribution with no particular power 
s e corresponding RM power spectra and second-order structure functions 
( tencil, see Section 3.1 ) for different values of γ . For all γ , the RM power 
s at (at 70 σ 2 

RM 

; see Section 2 ). Thus, we do not get any RM fluctuations 
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PPEN D IX  A :  T U R N OV E R  O R  B R E A K  SCALE  O

ere, we study how the turno v er or break scale of RM structure func
or a Gaussian random magnetic field with a power-law magnetic p
which corresponds to the largest scale in the random field), keeping
ame. The power spectrum, P k ( b) for k min = 2, 4, 8, and 16 is sho
agnetic field, � ( b ), using equation ( 4 ) with P k ( b) and the correspon

he second-order structure function computed with two points for the
urns o v er is approximately equal to � ( b ). Figs A1 (c) and (d) sho ws
ith two points for different k min . The corresponding correlation len

tructure function roughly turns o v er at a scale that is approximatel
aussian random magnetic field, the turno v er scale of RM structure

he scale of the region probed is smaller than the correlation length
oes not saturate at the expected value. 

PPEN D IX  B:  ROTAT I O N  MEASURE  STRUCTUR
AGNETIC  FIELDS  A N D  L O G N O R M A L  T H E R M

ere, we explore RM structure functions for lognormal thermal ele
], normalized to the same 〈 n e 〉 for all γ s) and for a random mag
pectrum (normalized to the same b rms for all γ s). Fig. B1 shows th
 SF 

(5 pts) 
2 ( RM ), calculated with the highest number of points for the s

pectrum follows a k 1 power law and the RM structure function is fl
MNRAS 518, 919–944 (2023) 
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(a) (b)

Figure B1. One-dimensional power spectrum (panel a) and second-order structure function (panel b), SF (5 pts) 
2 ( RM ), computed with five-point stencils, for a 

random magnetic field, b , drawn from a uniform distribution (no particular power spectrum), and lognormal thermal electron densities, n e , with a power-law 

spectrum and different values of the slope, γ , in the range [1, 4]. For all γ , the RM power spectrum follows a power law with slope 1 and the RM structure 
function is flat at 70 σ 2 

RM 

. This further shows that the scales of RM fluctuations are primarily controlled by the magnetic field spectra. 

f the thermal electron density power spectrum (unlike Section 3.2 , where 
w  magnetic field spectrum and distribution are important for studying RM 

fl

A S  A N D  T H E R M A L  E L E C T RO N  DENSITY  F RO M  

C O  M E A N  FIELD  A N D  W E A K  R A N D O M  SEED  

F

I  densities and magnetic fields, which are numerical solutions of the MHD 

e ed. We use numerically driven MHD turbulence simulations, where we 
s  equation with a prescribed forcing on a three-dimensional triply-periodic 
u it viscous and resistive terms. The flow is driven on the scale, L /2, where 
L  is initialized with a very weak random seed field (with mean zero) and 
u t grows exponentially and then saturates once it becomes strong enough 
t cal simulations are given in section 2 and section 3 of Seta & Federrath 
( he thermal electron density and magnetic fields is the Mach number, M , 
o per, we use the thermal electron density and magnetic fields for four Mach 
n iscosity , resistivity , solenoidal nature of the turbulent forcing, driving scale 
o  Mach numbers. These simulations are labelled as M 0 . 1 , M 2 . 0 , M 5 . 0 , 
a pendent snapshots in time, once the field has saturated, for statistical 
a

etic field strengths, b / b rms , and thermal electron densities, n e / 〈 n e 〉 , centred 
o rent Mach numbers. The magnetic field is random but shows complex 
s tic field strengths than the Gaussian random magnetic fields in Fig. 2 . The 
t ic case), but varies spatially as the Mach number increases. Even visually, 
t  correlated for M = 2 , 5 , and 10. The correlation and enhancement in 
c  in Fig. C3 . For M = 0 . 1, the thermal electron density does not change 
m th distributions are largely uncorrelated. Ho we ver, as the Mach number 
i fitting line for M = 2 , 5 , and 10 (Fig. C3 ) approximately agrees with 
t  , and more number of points tightly follow the relation for higher Mach 
n  . 0 cases in Fig. C3 ). 

ermal electron density for different Mach numbers. Unlike our numerical 
e se MHD simulations is quite small. The magnetic field spectra at larger 
s ntrast, the slope of the thermal electron density power spectrum becomes 
s t a smaller scale for the thermal electron density increases as the Mach 
n ssible hydrodynamic turbulence (Kim & Ryu 2005 ) and MHD turbulence 
w

 fields, b x / b rms , at different Mach numbers. The distribution is far from 

G the computed kurtosis (using equation 16 but for b x / b rms ), which is > 3 
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or a uniform random magnetic field, even on varying the slope of 
e get RM fluctuations even for a constant n e ). This shows that the
uctuation scales (also see Appendix A ). 

PPENDIX  C :  CORRELATED  MAGNETIC  FIELD
OMPRESSIBLE  M H D  SIMULATIONS  WITH  ZER
IELD  

n this Appendix, we explore RM constructed from thermal electron
quations, not independent of each other, and can also be correlat
olve the continuity equation, induction equation, and Navier–Stokes
niform grid consisting of 512 3 grid points. We also consider explic
 is the side length of the cubic numerical domain. The simulation
ndergoes small-scale dynamo action. Thus, the magnetic field firs
o react back on the turbulent flow. The full details of these numeri
 2021b ). The main parameter that controls the correlation between t
f the turbulent flow and the correlation increases with M . In this pa
umbers ( M = 0 . 1 , 2 , 5 , and 10) and all other parameters (such as v
f turbulence, and length of the domain) remain the same across all
nd M 10 . 0. Moreo v er, for each M , we take 10 statistically inde
veraging. 

Figs C1 and C2 shows two-dimensional slices of normalized magn
n the middle of the three-dimensional numerical domain for diffe
tructures. It also spatially varies o v er a much larger range of magne
hermal electron density is practically constant for M = 0 . 1 (subson
he structures in thermal electron densities and magnetic fields seem
orrelation with M is shown by two-dimensional PDFs of n e and b
uch but the magnetic field varies significantly (see Fig. C1 ), so bo

ncreases, the correlation between n e and b is enhanced. The best-
he relationship obtained from the flux-freezing constraint, b ∝ n 2 / 3e 

umbers (compare the distribution of points for the M 2 . 0 and M 10
In Fig. C4 , we sho w po wer spectra of the magnetic field and the th

xperiments in Section 3.1 and Section 3.2 , the inertial range in the
cales have roughly the same slope across all Mach numbers. By co
hallower as the Mach number increases. This shows that power a
umber increases. This result agrees with previous studies of compre
ith a mean field (Federrath & Klessen 2013 ). 
Fig. C5 shows the PDF of a single component of the magnetic

aussian (even for the M 0 . 1 case), and this is also confirmed by 
NRAS 518, 919–944 (2023) 
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Figure C1. Two-dimensional slices of normalized magnetic field strengths, b / b rms , obtained from the MHD simulations at various different Mach numbers, 
M = 0 . 1 , 2 , 5 , 10. Magnetic fields have complex structures and spatially vary o v er man y orders of magnitude in comparison to the Gaussian random magnetic 
fields explored in Section 3.1 (c.f. Fig. 2 ). 

( r cases. The kurtosis increases with the Mach number and this shows that 
t M . Thus, the magnetic field PDFs in these MHD simulations are highly 
n netic fields (see Seta et al. 2020 ). 

l (Vazquez-Semadeni 1994 ; Passot & V ́azquez-Semadeni 1998 ; Federrath 
e 5 ) model (except for the M 0 . 1 case, where n e does not vary much). For 
t distribution, 

L (C1) 

w pectively, to be determined from the fit. Also, due to mass conservation, 
s , which includes the effects of intermittency, we fit s with the following 
d

H

(C2) 

w riance, and θHK is the intermittenc y parameter. F or θHK → 0, the Hopkins 
P er the θHK , the larger the de viation from the lognormal distribution (i.e. 
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kurtosis of a Gaussian distribution is equal to 3) for all Mach numbe
he non-Gaussianity in the magnetic field increases with increasing 
on-Gaussian; a characteristic of small-scale dynamo-generated mag
In Fig. C6 , we show the n e / 〈 n e 〉 PDFs, and fit them with a lognorma

t al. 2008 ) and Hopkins (Hopkins 2013 ; Federrath & Banerjee 201
he lognormal distribution, we fit s = ln ( n e / 〈 n e 〉 ) with the following 

N ( s) = 

1 (
2 πσ 2 

LN 

)1 / 2 exp 

(
− ( s − s 0 ) 2 

2 σ 2 
LN 

)
, 

here s 0 and σLN 

are the mean and variance of the distribution, res
 0 = −σLN 

2 / 2 (Vazquez-Semadeni 1994 ). For the Hopkins model
istribution, 

K ( s) = I 1 
(
2 ( λω( s)) −1 / 2 

)
exp [ −( λ + ω ( s))] 

(
λ

θ2 
HK ω ( s) 

)−1 

, 

λ ≡ σ 2 
HK / (2 θ

2 
HK ) , ω( s) ≡ λ/ (1 + θHK ) − s/θHK , ( ω ≥ 0) , 

here I 1 is the modified Bessel function of the first kind, σ HK is the va
DF model is equi v alent to the lognormal distribution, and the high
MNRAS 518, 919–944 (2023) 
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Figure C2. Two-dimensional slices of normalized thermal electron densities, n e / 〈 n e 〉 , obtained from the MHD simulations at various different Mach numbers, 
M = 0 . 1 , 2 , 5 , 10. For M 0 . 1, the thermal electron density is practically constant. As the Mach number increases, the thermal electron densities spatially vary 
o v er a large range of scales and the structures show correlation with the magnetic structures in Fig. C1 . 

s  2010 ; Konstandin et al. 2012 ; Federrath et al. 2021 ). Both σ HK and θHK 

a
 the fitted distributions for M = 2 , 5 , and 10. The best-fitting parameters 

f bution, as expected, s 0 ≈ −σLN 

2 / 2. For the Hopkins PDF model, θHK 

i rovides a better fit to n e than the lognormal distribution. This is especially 
t ates the data. Most of the previous simulations studied this in the absence 
o field (Hopkins 2013 ) (although see Beattie et al. 2021 , which explores 
i  statistics of the density field are similar to the cases studied in Hopkins 
(

d analytically as (Federrath & Brunt 2011 ; Padoan & Nordlund 2011 ; 
F al. 2012 ; Federrath & Banerjee 2015 ), 

σ (C3) 

w  & Federrath 2021b ), b is the driving parameter ( b ∼ 1/3 for our purely 
s  is the Mach number. We provide σ s computed using equation ( C3 ) in 
T ions ( σLN 

). 
imulations, we now compute RM from them using equation ( 1 ). Fig. C7 

s s are filamentary (especially at a higher value of RM/ σ RM 

) and this is due 
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tronger intermittency; see also Kritsuk et al. 2007 ; Federrath et al.
re to be determined from the fit. 

In Fig. C6 , we show the PDF of s of the simulations together with
or both fit models are given in Table C1 . For the lognormal distri
ncreases as the Mach number increases. The Hopkins PDF model p
rue for higher values of n e / 〈 n e 〉 , where the lognormal PDF o v erestim
f a magnetic field, or in the presence of a weak mean magnetic 
ntermittency in the case of a strong mean field). We show that the
 2013 ), but here in the absence of a mean field. 

Besides the n e PDF, the density variance can also be compute
ederrath & Klessen 2012 ; Molina et al. 2012 ; Price, Konstandin et 

s = 

√ 

ln 

(
1 + 

βplasma 

βplasma + 1 
b 2 M 

2 

)
, 

here βplasma is the plasma beta (values computed in table 1 of Seta
olenoidally driven turbulence; see Federrath et al. 2008 ), and M
able C1 , which is close to that obtained from fitting the n e distribut
After studying the spectra and PDFs of n e and b from the MHD s

hows the RM maps from all four Mach numbers. The RM structure
NRAS 518, 919–944 (2023) 
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Figure C3. Two-dimensional PDF of normalized thermal electron density and magnetic fields for various Mach numbers. No significant correlation is seen for 
the M 0 . 1 case, but as the Mach number increases, the correlation between the two quantities is enhanced. For M = 2 , 5 , 10, the best-fitting line (dashed, black 
line; obtained using the least-squares fitting procedure) approximately follows the flux freezing constraint, b ∝ n 

2 / 3 
e . However, as the Mach number increases, 

the points fit the constraint more tightly, which shows that the correlation increases with M . 

(a () b)

Figure C4. One-dimensional shell-averaged power spectrum of magnetic fields (a) and thermal electron densities (b) for all Mach numbers (averaged over 10 
statistically independent time snapshots). The spectral slope of the magnetic field is largely independent of the Mach number on larger scales ( k � 20), but the 
slope of the thermal electron density spectrum becomes shallower with increasing Mach number. 
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Figure C5. PDF of a single component of the magnetic field at M = 0 . 1 , 2 , 5 , and 10. The lines and shaded regions show the mean and standard deviation 
obtained after averaging over 10 snapshots. The distributions are non-Gaussian and the computed kurtosis (given in the legend) increases with the Mach number. 
This shows that the magnetic field distribution becomes more non-Gaussian as the Mach number increases. 

Figure C6. PDF of s = ln ( n e / 〈 n e 〉 for M = 0 . 1 , 2 , 5 , 10 (solid lines show the mean and the shaded region show the one-sigma fluctuations, when averaged 
o v er 10 statistically independent time snapshots). The thermal electron density is practically a delta function for the M 0 . 1 case. For M = 2 , 5 , 10, n e / 〈 n e 〉 
varies by orders of magnitude. We fit the lognormal (equation C1 , dotted line) and Hopkins PDF model (equation C2 , dashed line), and show that the Hopkins 
PDF model provides a better fit, especially at higher Mach numbers and at higher values of s . The parameter, θHK , is a measure of the spatial intermittency of 
the thermal electron density and it increases with increasing Mach number. 

Table C1. Fit parameters for the lognormal and Hopkins fits of the thermal electron density PDF (Fig. C6 , except for the M 0 . 1 case, where 
the thermal electron density is practically a delta function) and the computed kurtosis for the magnetic field PDF (Fig. C5 ). The columns are: 
1) Mach number of the simulation, M , 2) mean in the lognormal fit, s 0 , 3) variance in the lognormal fit, σLN 

, 4) −σ 2 
LN 

/ 2, which is roughly 
equi v alent to column 2 due to the mass conservation constraint, 5) intermittency parameter in the Hopkins PDF model, θHK , 6) variance in 
the Hopkins PDF model, σHK , and 7) kurtosis of the x -component of the magnetic field, K b x (the y - and z-components are very similar to 
the x -component, as the simulations analysed here do not have a mean field). Further in column 8) we provide the variance of s , σ s , obtained 
using the analytical expression, equation ( C3 ). The variance estimated from the fit (column 3) is close to that obtained using the analytical 
expression (column 8). 

M s 0 σLN 

−σ 2 
LN 

/ 2 θHK σHK K b x σ s 

0.1 – – – – – 4.9 ± 0.42 0 .03 
2.0 − 0.21 ± 0.0023 0.73 ± 0.0019 − 0 .27 0.054 ± 0.0016 0.73 ± 0.0014 5.7 ± 0.34 0 .6 
5.0 − 0.72 ± 0.0056 1.3 ± 0.0045 − 0 .84 0.081 ± 0.0023 1.3 ± 0.0022 13 ± 1.9 1 .2 
10.0 − 1.1 ± 0.013 1.7 ± 0.011 − 1 .4 0.17 ± 0.0035 1.7 ± 0.0037 19 ± 3.2 1 .6 
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Figure C7. RM maps obtained using the thermal electron density and magnetic fields at four Mach numbers, M = 0 . 1 , 2 , 5 , and 10. The RM structures look 
filamentary, especially for higher Mach numbers and at higher values of | RM | . 

t nsities along the line of sight (specifically at high M ). To study the effect 
o and the PDFs, for all Mach numbers, we also compute 

(C4) 

w  as in equation ( 1 ). Now, we compare the spectra and PDFs of RM and 
R

 1 , 2 , 5 , 10. The spectrum for the M 0 . 1 case is roughly the same for both 
R with the Mach number. This is because the magnetic field power spectra, 
a ig. C4 a). For M = 2 , 5 , 10, the RM b power spectrum is different from 

t  Also, the RM power spectrum becomes shallower as the Mach number 
i 4 b for the power spectrum of n e ). Fig. C8 (b) shows the PDF of RM and 
R n distribution ( K RM b 

≈ 3) for all Mach numbers, whereas the PDF of RM 

i  Mach number ( K RM 

increases with M ). Thus, even for a non-Gaussian 
m aussian distribution if the thermal electron density is assumed to be a 
c  n e and correlated n e − b structures (also, see fig. 3a and table 2 in Seta & 

F ation with magnetic fields affect both the spectra (and by extension the 
s
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o elongated structures in the magnetic fields and thermal electron de
f n e and its correlation with the magnetic fields on the RM spectra 

RM b 

rad m 

−2 
= 0 . 812 

∫ 

L pl / pc 

1 

cm 

−3 

b ‖ 
μG 

d 

(
l 

pc 

)
, 

here we assume n e / 〈 n e 〉 = const, and all other quantities are same
M b . 
Fig. C8 shows the spectra and PDFs of RM and RM b for M = 0 .

M and RM b . The power spectrum of RM b does not change much 
t larger scales, have a very similar slope for all Mach numbers (F
he RM power spectrum, the slope for RM is shallower than RM b .
ncreases. This is because of the contribution of n e to RM (see Fig. C
M b for all Mach numbers. The PDF of RM b follows a near Gaussia

s non-Gaussian and the level of non-Gaussianity increases with the
agnetic field (see Fig. C5 ), the PDF of RM is approximately a G

onstant. The non-Gaussianity in the PDF of RM is primarily due to
ederrath 2021b ). Thus, the thermal electron density and its correl
tructure function) and PDF of RM. 
MNRAS 518, 919–944 (2023) 
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(a) (b)

Figure C8. RM spectra (a) and PDFs (b) of RM (computed using equation 1 , solid lines) and RM b (computed using equation C4 , without considering n e , 
dashed lines) for MHD simulations with all four Mach numbers. For all Mach numbers, the slope of the spectra of RM b (at larger scales) is roughly the same 
as that of RM and the RM b PDF roughly follows a Gaussian distribution. On the other hand, for RM, the slope of the magnetic spectrum becomes shallower as 
the Mach number increases and also the non-Gaussianity of the RM PDF is enhanced. 

A M  C O N T R I BU T I O N  

observed RMs using a known model. Here, we compare three different 
m r the SMC and LMC are located. These models are following: analytical 
m C and equation 3 in Mao et al. ( 2012 ) for the LMC), a Bayesian model by 
O chenreuter et al. ( 2021 ) (this model is referred as ‘Faraday 2020’). Fig. D1 
s mmarizes the mean and standard deviation of RM (MW) for each model. 

F
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PPENDIX  D :  M O D E L S  F O R  T H E  M I L K Y  WAY  R

We remo v e the RM contribution due to the Milky Way from the 
odels for the Milky Way RM at sky positions where RM sources fo
odel from the literature (equation 5 in Mao et al. ( 2008 ) for the SM
ppermann et al. ( 2015 ), and a more recent Bayesian model by Huts

hows the comparison between these three models and Table D1 su
NRAS 518, 919–944 (2023) 

(a)

(b)

igure D1. Comparison between the three different Milky Way RM models, analytical model (blue points, using Mao et al. ( 2008 ) for the SMC and Mao et al. 
 2012 ) for the LMC), Oppermann 2015 (red points, Oppermann et al. ( 2015 )), and Faraday 2020 (magenta points, Hutschenreuter et al. ( 2021 )) for the RMs 
bserved from the SMC ((a), RM SMC ) and LMC ((b), RM LMC ). The RM MW 

predicted by the analytical model is al w ays higher than the other two, which gives 
omparable numbers in that region of the sky. These differences in models might affect the estimated properties of small-scale magnetic fields. 

able D1. Table showing the mean ( μ) and standard deviation ( σ ) for RM (MW) computed at locations of RMs for the SMC and LMC for each of the three 
ifferent models: analytical (Mao et al. ( 2008 ) for the SMC and Mao et al. ( 2012 ) for the LMC), Oppermann 2015 (Oppermann et al. 2015 ), and Faraday 2020 
Hutschenreuter et al. 2021 ). All numerical values are in rad m 

−2 . 

loud Analytical Oppermann 2015 Faraday 2020 
μRM (MW) σRM (MW) μRM (MW) σRM (MW) μRM (MW) σRM (MW) 

MC 25.1 6.6 7.7 1.9 7.5 1.3 
MC 28.8 3.5 −0.043 3.4 −2.0 4.7 

nras/article/518/1/919/6762923 by guest on 02 April 2025

art/stac2972_fC8.eps
art/stac2972_fD1.eps


RM structure function & higher-order stencils 943 

W ) and also have a larger variation (the mean and standard deviation both 
a ults for the SMC and slightly different numbers for the LMC. Thus, these 
m tension to the estimates of small-scale magnetic field properties. For our 
w  for the LMC, which we use, is also used to generate the Bayesian Milky 
W  RM of the LMC and RM (MW) (see section 4.2.2 in Hutschenreuter et al. 
2

A H E  INTRINSIC  R M  DI STRI BU TI ON  O F  S O U R C E S  

I ersion, say σRM int , which is intrinsic to the source distribution. This σRM int 

i , σ RM 

. For the case of the SMC and LMC, σRM int is � 10 per cent of the 
σ all and can be neglected. Ho we ver, for completeness, here we sho w ho w 

v
b) ∼ k −1 . 67 , in Fig. E1 , we show the second-order RM structure function 

c rying levels of intrinsic RM fluctuations (in units of σRM int , ranging from 

0 d-order RM structure function gets flatter and this affects the slope of the 
R xpected value at large length scales are not significantly affected. These 
c

(b)

(d)

F ith two (a), three (b), four (c), and five (d) points for a Gaussian random magnetic 
fi M fluctuations (solid lines, corresponding values shown in the legend), σRM int in 
u ine shows the expected values of the second-order RM structure function at large 
l 2 ). For all the cases (i.e. different number of points in the stencil), the following 
p es, the turno v er scale, and the expected values at large length scales are unaffected 
b cture function at smaller scales is affected (the structure function at smaller scales 
b

D
ow

nloaded from
 https://academ

ic.oup.com
/m
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e find that the analytical models al w ays give the highest RM (MW
re higher, see Table D1 ). The other two models give comparable res
odels can introduce differences in computed quantities and by ex
ork, we chose analytical models as the data from Mao et al. ( 2012 )
ay RM models, and thus might show some correlation between the

021 ). 

PPEN D IX  E:  EFFECT  O F  F L U C T UAT I O N S  IN  T

n principle, the background RM distribution can also have some disp
s usually small compared to the RM due to the intervening medium

RM 

(see Section 4.2 ). So, practically, its effect on the analysis is sm
 arying σRM int af fects the second-order RM structure function. 
For a Gaussian random magnetic field with power spectrum, P k ( 

omputed using stencils with two, three, four, and five points and va
 to 25 per cent). For higher σRM int /σRM 

, at smaller scales, the secon
M structure function. Ho we ver, the slope, turnover scale, and the e
onclusions hold true for any number of points in the stencil. 

(a)

(c)

igure E1. Second-order RM structure function computed using stencils w
eld with power spectrum, P k ( b) ∼ k −1 . 67 and different levels of intrinsic R
nits of σRM 

(which is due to the intervening medium). The dashed, black l
ength scales (depends on the number of points in the stencil, see Section 
roperties of the second-order RM structure function: the slope at larger scal
y the intrinsic RM fluctuations. Only the slope of the second-order RM stru
ecomes flatter) as σRM int increases. 
MNRAS 518, 919–944 (2023) 
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M

A F  S O U R C E S  

U rison to numerical experiments. Here, we test how varying the number of 
s e compare the second-order RM structure function obtained for the whole 
s ted for a random sample with varying sample size, n samp (coloured lines). 
F ion is severely affected at smaller scales. However, with a sample size of 
a  and the expected value at the large scales remain largely unaffected. 

(b)

F ith two (a) and three (b) points for a Gaussian random magnetic field with power 
s , n samp (moti v ated by Figs 15 and 16 ). The dashed, black line shows the expected 
v lid, black line shows the entire sample (512 2 ) and coloured lines show the different 
n maller scales is severely affected by the number of samples. However, with a few 

h r scales, the turno v er scale, and the expected values at large length scales remain 
r

T

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/518/1/9
PPENDIX  F:  EFFECT  O F  VA RY IN G  NUMB ER  O

sually, RM observations have a much smaller sample size in compa
amples affects the second-order RM structure function. In Fig. F1 , w
ample (using 512 2 points, shown in solid, black line) and that compu
or a lower number of sources, the second-order RM structure funct
 few hundred sources, the slope on larger scales, the turno v er scale,

(a)

igure F1. Second-order RM structure function computed using stencils w
pectrum, P k ( b) ∼ k −1 . 67 and varying number of RM sources in the sample
alues of the second-order RM structure function at large length scales. The so
umber of samples chosen randomly from the entire sample. The slope at s
undred points, the slope of the second-order RM structure function at large
oughly the same. 
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