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PREFACE

The work presented in this thesis was done during
the period October, 1953 to July, 1955,

The work is original in the‘sense that 1t was
wholly done by myself, However, in the course of pre-
senting the results it has been necessary to refer to the
work of other men, Where this has been done it has
always been made clear by means of a reference.

Chapter I contains no original research but is
rather a review of the existing state of the subject.

In # 2.2, a theorem due to Pitman is proved so
that the only original research in Chapter 2 is contained
in # 2.3. where Pitman's theorem is extended.

Chapter 3 is based on a paper by Ogawara, but
most of the chapter is original and consists either of
extensions of Ogawara's results or of an examination of
their efficiencye.

Chapters 4, 5 and 6 present original results
obtained by the author, while Chapter 7, where a theory
due to Dr. E.G. Bowen is tested, is also wholly original.

Most of the contents of Chapters 3 and 4 were
published by the author in a paper in Blometrika,

Volume 42, Parts 1 and 2, Most of the contents of

IT
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Chapter 5 will appear under the author's name in
Biometrika, Volume 42, Parts 3 and k. . The material
making up Chapter 7 appeared as an article by the author
in The Australian Journal of Physles, Volume 8, Wo. 2.
Most of the sublect matter of Chapter 6 has been
comrmunicated (by Professor P.A.,P. Moran) for publication
under the author's name in The Proceedings of the
Cambridge Philosophical Society.

I wish to give my most sincere thanks to
Professor P.A.P. Moran for suggesting the subject of
this thesis to me and for his advice in the research.

I have also received helpful advice from the referees
of my papers, who are, however, unknown to me.

A great part of the computations required for
the work presented in Chapter 7 were done for me on the
CeSe&eI.Re0s electronic computer, through the help of

Mr. Pearcey and Mr., Beard,




SUMMARY
THEORY AND APPLICATION OF

STOCHASTIC PROCESSES

PART I
EXACT TESTS FOR CORRELATION IN TIME SERIES

Chapter I, Testing for correlation in time series.

The second sectlon of this chapter reviews the
work which has been done, mainly in recent years,; on the
problem of testing for serial correlation in a stationary
time series. In # 1e3s the particular problem of test-
ing for serial correlation in the residuals from a least
squares regression is discussed. Finally, in # l.l4e

the correlation of time series is considered,

Chapter 2. The aéymptotic efficiency of testss

If t; and t, are statistics computed from samples
of size n, thelr asymptotic relative efficiency as test
statistics of an hypothesis specified by a parameter

value §, 1is defined as:

Bt b 0) = o [[BEEN" Vi) }
HE)T g |TVaET  [Dhe ta] P e e
Here &&)and Var(e;) are respectively the mean and

variance of the tj. The justificatilion for the use of

this eriterion rests upon a theorem due to Pitman which

Iv
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is presented in # 2.2, Pitman shows that under certain

1 and t2 with limiting normal

distributions and variances or order n~' the ratio of the

regularity conditions for t

sample sizes required for t, and t, to have the same

"power against alternative values of  which differ from &

-+

by quantities of order n
E(€.,¢6]0)

Pitman's theorem is extended in # 2.3. to enable

is in the limit given by

the asymptotic ﬁowers ;ﬁ two variates distributed as 7(?
with p degrees of freedom to be compared. This covers
also the case where it is required to compare the

asymptotic powers of two tests based on multiple corre=
lations computed from regressions on the same number of

Tegressors.

Chapﬁer 3» An exact test for serial correlation,

An exact test for serial correlation was derived
by Ogawara by considering the conditional distribution of
the X,, for fixed X,.. when X, comes from a stationary
simple Markoff process. The asymptotic efficiency of
this test is shown to be unity,. When the hypothetical
serial correlation f is not zero the procedure can be
modified so as to obtain another exact test whose

asymptotic efficiency is (invfiﬁ The procedure was



VI

"also extended by Ogawara to the case of a stationary
multiple Markoff process but here it is shown that the
asymptotic efficiency of the estimates of the autore=
gression coefficients never rises abOVe‘ﬁ%J s where h is
the order of the autoregressive process (multiple Markoff
process).

Testing for serial correlation in the Residuals
from a regression.

Chapter Y4,

Ogawaratls method is further extended to obtain
an exact test for serial correlation in the residuals
from a least squares regression. The test is shown to

be asymptotically fully efficient,

Chapter 5., Exact tests for correlation between time series.

Two principal models are considered in this
chapter, In the first, two processes are considered as
correlated by means of a regression relation, the residual
being a simple Markoff process. In the second, two
linear processes, of which at least one is Markovian, are
correlated by means of a correlation between the shocks,
of which they are (infinite) moving averages. In each
case the procedure of Chapter 4 leads to an exact test
and in each case this test is for a range of circumstances
of some interest in practice, asymptotically more efficient.

goeene,

o
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than the ordinary correlation coefficient. However, a
statistic due to Quenoullle is shown to be asymptotically
fully efficient when the alternatives are prescribed by
the second model and of fairly high efficiency when the
first model is appropriate, This statistic is the
partial correlation between the two series with the
effects of lagged values of both removed, Though the
exact distribution of Quenoullle's statistic is nob known
it has been shown, by Quenouille; by sampling exreriments,
that its large sample theoretical mean and variance on
the null hypothesls are also appropriate for small
samples so that its treatment as'an ordinary correlation
will probably give a good approximation to the true

significance point,

Chapter 6. Exact tests for correlation in vector processes.

The considerations of Chapters 3, 4 and 5 are
extended to processes whoge values at each point of time
constitute a vector, The methods of correlation
analysis are now replaced by those of canonical correl-
ations, It is shown that when the order of the vector
1s greater than unity the test for serial independence of
a vector process (inéluding the case of a vector of

residuals) obtained by Ogawara's method is no longer as
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powerful (asymptotilcally) as that which would be obtained
by a straightforward canonical analysis of the relation
between the vector and its lagged values, The loss of
power arises from the necessity of introducing additional
parameters, which follows from the (general) lack of
commutativity of the matrix of regression coefficients
and the covariance matrix of the residuals. Of course,
in the case of the straightforward canonical‘analysis

the distribution of the test statistic would only be
known asymptotically.

A particular case of a vector process can be
obtained by a redefinition of an autoregressive processe.
The approach of the present chapter gives no improvement
(with respect to the power of the test) on that of
Chapter 3 and, in general, the case of a simple Markoff
process appears to stand in a unique position in relation

to Qgawarals ﬁethod.

~

PART II
APPLIED RESEARCH

Chapter 7. Iesting for singularities in rainfall data.

A test of the homogenelty of dally mean rainfalls

in Sydney over the period 1859 to 1952 is made, This
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test was suggested by the theory proposed by E.G. Bowen
that showers of meteors passing into the atmosphere
provided the nuclei without which certain cloud formations
may not rain and, thus, since some such meteor showers are
annually recurring, lead to singularities (peaks) in the
seasonal rainfall pattern.

The test is mede difficult by the complicated
stochastic nature of the process generating the observe
ations so that the actual significance point used may be
appropriate to a more stringent test than that proposed.
As the sample point does not fall in the critical region,
however, there can be no doubt that the test gives a
fnot significant® result at the 5% level so that the test

does not support*Bowen's theory.
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PART 1

EXACT TESTS FOR CORRELATION IN TIME SERIES

Chapter:1

Testing for correlation in time series

1.1 Introduction

The first part of this thegis is concerned with the
problem of testing for correlation when the set of observ-
ations from which the test statistic is being constructed is
generated by a (possibly multidimensional) stationary discrete
stochastie process.,

By a discrete, strictly stationary (vector) process
is meant a family of random vectors ggﬁﬁ(where t is any
Integer), of k elements, such that the joint distribution of
(1.1.1.) e 2 Ee 5 o e, :
1s the same as the joint distribution of
(1.1.2.) Liit  Kpths
£ and .

78 . 2
- ‘f‘: {;;.' 7 K,

kg

for ally, ¢, - -,
Throughout most of the thesis it wilill also be

assumed that the Jjoint distribution of the elements of the

Vector~£§t,is normal, For the stationarity of such processes

it is sufficient that f( %) should be constant and C (%e \;4*

should depend only 3. Following Doob (1953) any process
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for which these last two conditions are fulfilled may be

called a stationary process in the wide sense.

1.2, Testing for serial correlation in a scalar process.

In this section we will be concerned with a series
of observations
(1.2.1.) x,,%,, -
from a stationary scalar process.

Very many tests have been constructed for the
serial independence of such a series. However, we shall
not in this thesis be concerned with the most general
situation, where the null hypothesis is specified no further
while the alternatives to independence are only very
generally specified, so that non parametric and distribution
free tests must be used. In general it will be assumed
that the x. , on the null hypothesis, come from a dis-
tribution which is sufficiently near normal for the results
suggested by normal theory to be reasonable approximations
for medium sized samples.

The alternative hypotheses to randomness which have
received the grcatest attentlion have been those which have
involved the simplest linear processes; low order auto-
regressions or moving averages.* These are processes

whose realisations satisfy relations of the form

* The process of concealed harmonics will be considered in
Part II of this thesis.
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(1e2626 M.~ ) #8208, jp)pr o F A, - m) 7 %, (Autoregression)
(Lo2:3XKympi) 2 G # 6,8, - - - # by 6, 4 (Moving Average)
In both cases the realisation ¢. 1s generated by a process
of independent random variates (strict or weak sense) with
mean value zero and variance g+ %, In the case of the
process (1.2.2.,) it is necessary further, in order to ensure
stationarity, to add the condition that all the roots of
(1.2.2.)/ z;”f» m,z“"’«f»: e Ha, ®O
should lie inside the unit ecirele.

In a fundamental paper T.W. Anderson (1948)
considered the problem of finding most powerful tests,
independent of the nuisance parameter's in s and < 2 in
case the probablility density for x. is of the form;

(Le2:40) K enp {~352 [lee006 - o2 Y (36 - p 5 - zf(zsw)’(%«/:fﬁ}
and [¢let.

Here )¢ and st are Vectors of n elements and & 1is an

w1 ¥ v Symmetric matrix.

Anderson showed that in the case where the vector
M can be expressed linearly in terms of characteristic
vectors of the matrix a uniformly most powerful (one
sided) test of the hypothesis g=f 1is given by the region,
pF< T where
(Le2.5) (e - 2) @ (x4

(%= f2) (% - pe)
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and ﬁ? 1s the least squares estimate of 4t . The constant
fo 1ls, of course, chosen so as to give the region < %
the appropriate content on the null hypothesis. The
distribution of r is independent of the parameter o > and
those parameters involved in jﬁg . The same statistie can
be used to define a critical region of type B, , i.e. one
which is uniformly most powerful in the class of regions
Usimilar to the sample space!" (with respect to the same
nuisance parameters) and which are unbiassed at least in a
neighbourhood of the null hypothesis.

If the alternative hypothesis is the process (1.2.2.)
with A=/ and % normal (i.e. a Gaussian Markoff process)
Anderson showed that no uniformly most powerful (one sided)
test exists,  The matrix & for this alternative is

rP ¢! o o . - -
f o 1 o . - -
(102063) ‘ le] l o !
2
oo o0 © ! ?i

When the two corner elements of (1.2.6,) are replaced by
zeros and the vector ;3 is the null vector the statistic

(1.2.5.) becomes

oy Fop .,
(1.2.7.) r = § e

%
e
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and thils statistic satisfies the conditions of Anderson's
theorem when the alternative hypothesis is prescribed by
(1.20"}.) W“ith

replaced by the modified form of the
matrix (1.2.6,) and st mulle

Similarly when (1.2.6.) is modified by replacing f
by unity the test statistie

b P g
J v B y: e m My 382
R o S o O

(lonB..)- f; =

vy N
AN GRS
. 0%

also satisfies Andersonts theorem for (1.2.4.)} containing
this modified & as the density function specifying the
alternative hypothesis.

MbreoVer; the distribution of (1.2.8.) for =¢ = =z,
is the same as that of (1l.2.7.) for =»t=7t-/, The 5%
and 1% significance points of these two statistics (for the
hypothesis f =< ) were tabulated by Anderson in his paper,
having been obtained from the (accurate) approximation.to
the significance points for Von Neumann's ratio tabulated by
Hart (1942).

In practice, of the alternative hypotheses
mentioned above, the one which 1s most likely to be in view
is that specified by (1.2.2.), with h equalling unity.

It is clear that for n reasonably large the
statistic (1.2.8.) will provide a test against this
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hypothesis whose power will be very near to the power of
the most powerful test for all values of f’ o As pointed
out by Watson (1955) the tabulated significance points
given by Anderson show that even for n quite small (say
15) the distribution of #2 1is very near to that of the
ordinary correlation coefficient computed from =2+ #
observations,

Thus when the null hypothesis is independence
and the alternative hypothesis 1is a Markoff process; and
normality is maintained, a more or less complete solution
to the problem of a test (within the context of the
Neyman Pearson theory) has been given.

In practice 7 is not the statistic which has
most frequently been used. The most commonly used
statistics ﬁaVe probably been the ratio ‘%2 =:j§%‘§f”?2§ﬁ

the statistice

(1.2.9.) v, =

and the statistic ..

/
(1.2.20.) ¢ = L

where x, = 3, .

Z
As mentioned above the distribution of 3/%2, on

* guenouille (1949b) has investigated a number of modifi-
cations of this statistiec, by means of sampling experiments,
from the point of view of bias and variance on the null
hypothesis, for small samples.



the null hypothesis, was investigated by Von Neumann (1941)
and its significance points were tabulated by Hart (1942).
The exact distribution of é;j was determined by
R.L. Anderson (1942) (see also Watson (1951a)) who also
tabulated the significance poihts.
On the null hypothesis the joint characteristic
function of the numerator and denominator of the ratio

(1.2,10.) is
XY

e

(1.2.11,) é{é},%? = ﬁ{*‘”’zéﬁzw%v{:i{j&j z
J=f

E

where A; = Os fi%’i (see for example Whittle (1951)).
This may be written (Koopmans (1942)).

(1.20.129) é(&;,gz) = {“ﬁ-‘i’fg/@ﬁ(f”z"gs-zé‘gjéj%zg I“*z!:éfi‘*g&'%

oo

= [otp- fi;[/*m'% -206,Ge )] (1-206,-2(8)

From this expression Dixon (194L) obtained
epproximations to the moments of the ratio (1.2,10) and
showed that these approximations were in fact exsct for
the moments of order not greater than “= . By
identifying these moments with those of the distribution
with density function )
(1.2.13.) Kk (1=23) e
he showed that the statistic (1.2.10) was approximately
distributed as.the ordinary correlation coefficient based

on M +2 palrs of observations,
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This result was checked by Rubin (1945) who.
inverted the integral approximation to the character-
istic funetion (1.2.11,) for the case where the
population mean was zerb.

In practice it is clear that it will be
sufficient to use the statistic # and refer it to the
tabulated significance points of the distribution
(1.2.13.), for n reasonably large.

For the case in which the alternative hypothesis
to independence is prescribed by (1.2.2,) with A =/
T.W. Anderson (1948) showed that no uniformly most
powerful test exists, as was to be expected. The test
statistic which is intuitively suggested is the multiple
correlation coefficilent of X and .., , .35 - = s%e- s~
Similarly for the test, of the hypothesis that h = m
against the hypothesis that A= £+%1 , the test statistic
whlch suggests itself is the, partial, multiple |
correlation of . and X, ,, ., 4 X sy s " " 3 Hpor- & with
the effects of .., , X455 - ° 5 Ay s  Temoveds
(The use of such statisties was, in fact, suggested
originally by Yule (1927)). By analogy with the results
for h = 1 it might be hoped that these statisties could

be treated in the same way as theilr counterparts when the

relation between sets of variates, independent at
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successive points of time, is being considered.

This possibility was investigated by Quenounille
(1949) who obtained the exact joint distribution of the
first m, circularly defined, serial correlations when the
nunber of observations, n, is odd. The circular serial
correlations will be indicated by r:j/ where
g"‘k"@:ﬂ‘ - ‘;ﬁ:{g}é

Fa® o i3 e )
¢ i

e S faullVd

4

e
1

i |

2

(1.261k,) |

and X, ., 1s defined as equal to J .-

A simpler and more general derivation of
Quenouille's result was given by Watson (1955) who
extended t’de distribution to even ne ’

From the computational point of view the exact

distribution is extremely difficult to use, the density

function being for n even m
A A o L L Y R A e
!é’gzﬂﬁgé ég‘éﬁi{ PRI ésim“‘; l é}zﬂg‘ é’fﬂ?j’ “é;g;;

‘ gﬁ?“&f
(1,2.15,) | i M (im0
ot lésﬁ'“ G L | e’ 5
M%) 5.5 : . —
M2y . T . f e 5Q‘Z§J ‘gg’z{
Fé‘ = }Jéurjmﬁ*l { ”t:’f = f E‘g - mﬁé e i@sﬂ’;; &52@?&’?@
e R 2
, Jz«#«

‘ " sl
2 TS 24474 f i pinnida P ;
l, aﬂm@ m‘“ P ;é W_q;?% 2J$[j;"}i‘n; ‘ Ba }



10,

The summation is over all suffimes J, (i=¢- - %)
for which the point, r;" --- . in euclidian m -space,
falls in the least convex polyhedron with vertices

(,.,’__, s e =1) ) (m.g;gf;ﬁ@zgi;? S jmzmTJ,}?
,(};3 2 g L L G T
For n odd the constant term becomes ("m’};’fg?w* =)

while the terms, -1, in the determinants are replaced by
Zeros.

The distribution is clearly of little practical
use because of the complicated summation involved
combined with the fact that density function has a
different analytic form for different ranges of values of
the correlations.

Quenoullle conjectured that a sﬁoothing operation
analogous to that suggested by Koopmans for r;’ would
give an approximation to the joint density of the r

(uncorrected for mean) with n odd as

—oifn, r(g+) - - F(F-mr2) (I?‘”

)‘%{nﬂwrvf;}

(1.2016.) ‘lT ["’("%4,;) e e F(‘i"'m*"> Réﬁ'“’i
where AR ™
"’;/ / Cpet

.2.17) R, *

TGRS LS RIS TR

/ s
f;, ‘ﬁmqvl !

This conjecture was supported by the following arguments:
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(1} The joint distribution of the correlations between
a Variate and m sets of other lndependent variates was
shown to be of this form by Garding so that this was the
nafural generalisation of Dixon's result for -
(2) Smoothed outer 1limits to the values of ey - 375"
will be provided by the equations & sg {(p=1 - )
so that these determinants could be expected to play a
part in the frequency function,
(3) Quenouille showed that if . s %u’s » ---- 7’ are
integrated out of the function (1.2.16.) the result is |
Dixon's approximation to the distribution of 5“;{
(4) If the joint characteristic function of the #;  1is
smoothed in a manner analogous to that suggested by
Koopmans the result suggests that the smoothed frequency
function is a polynomial in the #’f whieh vanishes for
Ru=9.

Quenouille's conjecture was substantially
verified by Watson who observed that for n odd the joint
density of #7; - - - -, #3a-:1s constant. The true
joint domain of these variates is polyhedral but the
vertices of the polyhedron can easlily be seen to lie on
the boundary of the region for which Rn.,.,, is positive

definite. Using this region for the density the
variates r“m,}.’,g SR ’%:; can be integrated out to give a
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density of the same form as (1.2,16,) but with the power,
to which the term gﬁ%éﬁﬂgis raised, reduced by 'é% +
As Watson pointed out the integration out of all of the
remaining f@f g Save ?jf , suggests that Quenouille's
conjectured approximaetion is the better approximatién.

A further check on Quencuille's approximation
was carrled out by Watson (195la) and Jenkins (1954b)
who took the case m=3: and integrated out ?3’ to get the
approximation to the distribution of ?gi ° Dixon had
shoun that on the null hypothesis the distribution of <3~
should be the same as that of ?éf but the approximatlon
resulting from Quenouille's form differs from thils;
though the difference will be small for large n.

This case was considered in more detail by

Jenkins (1954b) who, by presuming that ?:/ and the first

partial serial.correlation

o '~ "
(1020180) ?ﬁé‘z - QTT%‘;%

were independent obtained an approximation to the joint

distribution of ¥;” and #, as

[}
ayx(4-2 g
,)& - (corrected for mean)

“ R
(1020190) 2Tr («_R.T‘ 75:%?;
compared with

i f‘(g-l’l) r’(_g) 5; ]2‘_

T g4y M(2-4° R,

br %
} b
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from Quenouille's forme
It appéars, however, that for n reasonably large,

and m small relative to n, the distribution of the first
m circular serial correlation coefficients (without mean
corrections) will be reasonably well approximated by the
distributions arising in classical least sguares analysis
treated as having come from samples of n+ 3 observations.
In practice the non circular definition of the serial
correlations (with mean corrections) will be used and in
this case the number of observations should probably be
treated as n+ 2, *
» Finally, as pointed out by Watson (1955}, the
hypothesis which will be under test will often be that
the observations are generated by a process of the form
(1.2+2,) of order m against the hypothesis that the order
is m+ k, When the process (1.2.2.) is circularly
defined, so that x,,. =X , Madow's (1945) result for

q/ can be generalised (Quenouille (1949, Watson (1955))
to show that the density is obtained from (1.2.,15.) by

adjoining a factor

”“‘ﬁmnl'

B!l
2.

o mo e -
(10.2w~200) {§ aa:‘ + z (‘iz;;z,'; &""f.!} r;~ }

gt

¥ As pointed out on page 6 the distribution of rg is close
to that of the ordinary correlation from n+ 4 observations,
As compared with n 3 however, ¥y has no mean correction

and has an additioha term in the numerator.
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It is then evident that the distribution of the
multiple correlation F ., ;.- - -- #s) and the partial
multiple correlation ly ?’li, e I T B will be
independent of the 4, so that, to the extent that the
tests based on the distribution (1.2.16, )ate a satis-
factoy approximation, and the assumption 6f a circular
universe does not distort the situation, these statisties
can be treated as if they were ordinary correlations
based on three additional observations.

Less study seems to have been devoted to the model
(1.2.3.) than to (1.2,2.). In most applications, on
prior grounds, the process (l.2.2.) seems more acceptable
than (1.2.3.). This is so, for example, in econometries,

Ne uniformly most powerful test agalnst an
hypothesis of the form (l.2,3.) is available. Consider,
for example, the process (1.2.3.) with B=/ , Then a
test against the hypothesis b, s-a& will be provided by the
statistie e
(1.2,20,) b= Z &

where /* 1s the /' serial correlation coefficient (none

f-1 .
Vi

eircular), This test, for fixed #, will be near to a
most powerful test, for the covariance matrix of the

process 1s
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iya® ~d @ « - - O]
- 14 - "7 @
] AN T SR
(1.2.21.) .| © %
&
¢ © o e
and if the elements /Aot in the two corners are altered to

unity the inverse becomes

-
r, o - - - - a4
; % | . f-2
(102422, ) oo . .
21"
“mlan«z L. I

Then for s<o the statistic (1,2,20,) ( computed

without mean corrections) is most powerful against this
fixed value of % , when the alternative hypothesis ie
prescribed by the matrix (1.2.22.), as the matrix of the
quadratic form in the exponent of the density function of
the X, . (T.W. Anderson (1948)),

Clearly the best critieal region (of fixed
neontent") will depend on &, so that no uniformly most
powerful test will exist,

If the range of alternative held in mind suggest
that 74,/ 1s small then only the first few terms of

(1.2,20.) need be included and a reasonable test could be
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found by choosing suitable coefficients for thevg
on prior grounds, (See Whittle (1951)).

So far the null hypothesis considered has been
the hypothesis that the X, are independent. It will
sometimes be necessary to test the hypothesis that the
process generating the %, is of the form (1.2.2,) with
preseribed A; not all equal to zero, The 6nly case
which has so far received anything approaching an exact
treatment is the case Azt o In thisg case the null
density is mmltiplied by the factor (see 1,2.20.)

2 -5

(142,234} {: ta + 24.«;} *

when the universe is circularly defined, so that X, = X4/ -
Putting 4.,z -¢ (as is usual) an approximation to

the density is obtained by adjoining (1¢2.23.) to (1.2.13,)

to obtain
R

nt!) nox .
f'(.z i-—l’;;}a‘ (;Haza_sz;f} 2.

(Le202%0) ore o
ra) re)

This approximation was also obtained by Leipnik

(1947) directly from the smoothed form of the character-
istic function for the case where the true mean is known
to be zero, so that ﬁf 1s computed without the use of a

mean correction. Leipnik showed that the mean and
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variance of the variate in this distribution are

(1.2.25.) f‘tqf 3 F{n—:{‘z“' 2 d—” - ] f] _ f‘(n—;‘)ﬂ

!
n+ n s ] {ﬂﬂ){ﬁ?é«;}j

In practice, of course, the universe will not be
circular and the mean will not be known to be zero. In
this case r, will be used and it is known that this
statistic has a large blas when P is not zero and n is
small, In fact the mean and variance are (Bartlett
(1946) Marriott and Pope (1954));
pr, = p -k foepiie2p)) + O(n?)

Tp o= L 0= + 00

Though the two variances agree reasonably well

(1.2.26,)

the bias in fg;is much larger (for‘P positive) than in
f&hf}for n small,

In practice, therefore, the distribution (l.2.24.)
" will not be satisfactory for n small and f? large positive
(near unity). Even though, if the exact distribution
of a statistic is known, blas is not important in
relation to tests of slgnificance it can still be
important if it is desired to average a number of,
otherwise non homogeé?us, estimates of the same parameter,
since the resulting statistic will not tend to the
population value in probability as the number of estimates
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averaged is increased. (An example is mentioned in
part II of this thesis), )

The distribution (1.2,24.) is not in a usable
form as it stands, Quenouille (1948) suggested the use
of the transformation r,’s tmhz , which reduces the
distribution to approximate normality, However, the
variance 1s not independent of p (to order n~' ) ag is the
ease with the ordinary correlation coefficient so that
other devices have to be used to obtain a confidence
interval, A preferable procedure was suggested by
Jenkins (1954%a) who observed that ) = 777 (/ —pt> )  so
that the transformation v;” = sur 2 makes the variance
approximately independent of the mean. The mean and

variance new become

- 3
/,(2 = S ’!0 - E?;':‘;%m’/" + O(‘”—“Z)'
(1e2.27.) o2 = LI C:}(n"z') .

z - !

The variate z can then be approximately treated
as normal with mean s+ p and variance —5~ * so that a
confidence interval can be obtained directly. The
transformation is not satisfactory for fﬂ>ﬁ~€.

The tests considered in thils section have all
related to a specified range of alternatives, Often it

will be necegsary to test the appropriateness, of a
prescribed stochastic model, to an observed series without

* An examination of the term in n 7 in o7 suggests that,
for p small, n™° is a better approximation to the
variance,

o oWy
H b

R,



19,

specifying alternatives. In such cases a test of

goodness of fit is required. For a prescribed process

of the form (1.2.2.) a test was given by Quenouille (1947B)

who used Bartlett's (1946) results for the covariance

matrix of the observed serial correlations to obtain

linear forms,AE:; s in the serial correlations, the j“:

form dependlng only on the serial correlations of order }

and under. The R’ are asymptotically normally and

are (asymptotically) distributed independently of the

" (4%ﬁ&fz} « Thus a goodness of fit test is obtained

based on the deistribution. For the case of a simple

Markoff process, the parameter f being estimated by r;

the forms are

(1.2.28,) K;= 1rj—==2hr, + Sl i

which have, asymptotlcally, the variance QL:;314)
Quenoullle's test was extended to other schemes

by Walker (1950) and Wold (1949), (see also Bartlett and

Diananda (1950)), but the results will not be discussed

here as they are not used in thig thesis,

1.3, Testing for Correlation in the Residuals from a
Begression.

We will be concerned, in this section, with the
problem of estimating the regression coefficlents in a
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relation
(1e3e1e) Y, = Bo + Pi*ic + Po2ae+ - " +FpXpe F T
where, (1) the ¢p are wholly independent of the 7,
(2) the residuals t_are generated by a stationary
stochastie process. (At least to the second order),

The relation (1.3.1.) may be written
(1.3.2.) 4 = XB+ = |
where 4 and fare vectors of n elements ¢, and % ; é
is a égctor of the p+! coefficientsf% and 2{ is an n xfp+
matrix whose first column consists of n units.

It is well known (Aitken (1934/35)) that if the
covariance matrix of the % is known to be ﬁf the best
linear unbiassed estimate of the coefficient vector f5
is obtained by minimising the quadratic form ~
L33 (y-XB) [(y-XB)
and that this estimate will also be the maximum likelihood
estimate when the %, are jointly normal.

In general the matrix 17 will not be known. If
it is wrongly preseribed the estimation procedure can
become very inefficient (Watson (1951a)), In particular
the use of straightforward least squares (which would
correspond to‘EE g; ) will in general be inefficient if

the %, are not in fact uncorrelated. Since the
straightforward least squares procedure will bften be used
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it is, therefore, important to be able to test the -
resulting (observed) residuals for serial correlation,
The analysis of #l.2 can be carried over to the
present case, The vector # in (1.2.4%,) will now be
the vector XE and, 1f this veetor can be expressed
linearly in terms of the characteristie vectors of ;@ ’
then Anderson's theorem shows that the test eriterion
giving a uniférmly most powerful (one sided) test (or a
uniformly most powerful ZE?ca/lly unbiassedn test) will be
(4-XE) ®(4y-%xp)
(4-xpB) (4-%E)

In case % 1s generated by a circular simple Markoff

(1.36k4e)

process the matrix becomes 3 ¥ where

ré o - - " /
fet - ©
(103050) \ﬁ{ =
oo o
wnich has characteristic vectors
Gslld | (& 2EE n even
Gs 4T é sm EIE L (a0 H
4%
(1.3.6.) ) \ 3 } ’ l_hzl 'nzz
n oolcd
- [izo o 2t
2’””] %Z”WE/ CERE not




226

It is, therefore, evident that when the
alternative to independence of residuals is the hypothesis
that the residuals are generated by a simple Markoff
process, and the regressands are the terms of a Fourier
serles, the first serial correlation of the residuals
wlll provide a test which will, for all values of the
parameter f> s be near to the most powerful (one sided)
test. This case is also to some extent unique in that

the distribution of the test statistic can be obtained
exactly (R.L. & T.W. Anderson (1950))., Since any

reasonably smooth function can be well approximated by a
relatively few terms of a Fourier series it follows that
in any case of "analytical" regregsion* the first serial
correlation coefficient of the residuals will provide a
good approximation to a most powerful test.

It 1s in just this case that the test is least
important, however since the straightforward least squares
procedure will be, asymptotically at least, fully
efficient. For the estimates of g cbtained by mini-
mising the quadratic form (1.3.3.), is (Altken (1934/35))
w3y (X)X
and if the column vectors o; 5 ar: characterlistic vectors

-7 ;
of Q? they are characterigtic vectors of gjw so that

* That is, regression upon the "variates" which are the
values, &t equidistant points, of an analytic function of t.
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(1.3.80) X XA
where {? is the(p+1) x(p+1)  matrix of the characteristic
roots of j?~’ corresponding to the characteristic vectors
in :é .
The expression (1.3.7.) then becomes
(1e3.70)" (xz()"’x'g
This is the ;;me aéN;traightforward least squares estimate
of}i.

The covariance matrix of the estimates 1s, however,
not given by the usual formuls, For this covariance matrix
is (Aitken (1934/35))

(1.3.9.) (XX )= 4”;{.’;‘(2’;")4
This;is, of course, important in connection with tests of
significance,.

Since in practice the serial correlations f&
the residuals %€, will converge to zero fairly quickly, 1t
it evident that for n large the matrix [q will be well
approximated by a sum of the form (Whittle (1951)).
(1.3,10.) r- c-z“" fwj

: ~Ln~i)

for which the vectors (l.3.6,) are still characteristie
vectors. It follows, therefore, that in almost any case
of analytical regression the straightforward method of
least squares will be, asymptotieally at least, fully

efficlent, This result has been checked by a rigorous
investigation by Grenander (1954),
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The matrix X' will not usually be expressible as a

linear combination of characteristic vectors of QQ °
However, Durbin and Watson (1950) showed that as Zg varies
the statistic (1l.3.4,) will still lie between two bounds,
the bounds being attained for regression matrices,&d which
are matrices composed of characteristiec vectors of @ so
that, when the bounds are attained, (1.3.4.) 1s an optimal

test statistie. These bounds were shown to be of the form
p=p~t z
2 A Z;
L =27
Y;ﬂﬂﬂ‘ = H;?'I .

(1.3.1]—0) 2% g‘

75 fr o 4 by
)_ A,,‘ +prt ‘fa

Pubper = L

n—‘P.—l =,

&

e=J

where the 4ﬁ are (orthogonal) linear combinations of the

.
true residuals and the A; are the characteristic roots of

@ arranged in order of magnitude. When @ 1is of the
form (1.3.5.) the A, are the values of (=58 for & at
equal intervals in the range 7 to zero (n even) and it 1is
evident that ( r (upper~ r {lower) will tend to zero in
probability as n increases, (for fixed £ e

Thus the first serial correlation coefficient of

the residuals will have considerable appeal as a test

statistic, against the hypothesis of independence of the e
for the cases where the alternative hypothesls is the
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hypothesis of a simple Markoff process or some process
which is reasonably well approximated by such a scheme,
Durbin and Watson showed that the statistic
(Le3s4s) could bgﬁreduced to the canonical form
(1.3.12.) 2 62
S ey

2. &
where the ¥; are éhe non zero roots of the matrix

@330 [T - x(x%)7x’]

The distribution of (1.3.12.} has not beeh given
in & closed form except in cases where the ¥; Thave
special properties (e.g. equal in pairs)e. Moreover, the
distribution would depend upon the ¥; and it would be
computationally impracticable to determine these in every
case, The only case for which an exact treatment has
been given is the case of residuals from a fitted Fourier
series (R.L., & T.W. Anderson (1950)).

For the case in which ?«z Moran (1950)
obtained the mean and variance of the cireular serial

correlation of the residuals as

7
o) - A
(10301)‘4’5) ( 41 * 2
Nar( ) = -+ O(n2).

where ¥ . is the observed first cireular serial correlation
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of the regregsand series.
These formulae were extended to the general case
by Durbin and Watson (1950) (pages 420, 421,)
Durbin and Watson (1951) also tabulated bounds
to the 5%, 2.5% and 1% significance points of (l.3.Y4.)

when
oo f]
-} 2 ~10O - o
o -1 2-1 -- "~ © f

loo [ :_L_

(1.3.15.) L |
le o0 0 --- - i

The test statistic is then 4 = =L 3
The bounds whose significance points were tabulated will
be given by (1.3.,11.) with the Ai as latent roots of
the matrix (1.3.1%.).

In cases for which the bounds test is inconclusive
(that is, in which d falls between the bounds) Durbin and
Watson recommended the use of ﬁrd' * as a Beta variate with
the appropriate mean and variance, provided the number of
observations 1s reasonably large.

The bounds for small samples are fairly far apart,
For example for n=3¢ and p=% the bounds for a (one sided)
5% test are 0,98 and 1,73, corresponding (roughly) to a

serial correlation between .13 and .49,

*¥ 4= 2(i~rY which varies between O and &,

7
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For small samples the situation is not, therefore,

entirely satisfactory. One suspects that the treatment
of the serial correlation of the residuals as an ordinary
correlation from n+3—§p observations will (in most cases)
lead to a significance point, even for samples of around 30
observations, not far from the true significance point, but
this is merely a conjecture.

1.4, Testing for correlation between serially correlated
series.

The problem of testing for multiple correlation
between the variate y, and the variates x. in (1.3.1.) 1s,
of course, closely connected with the problem of the
efficiency of estimation procedures for the fg‘

' If the covariance matrix 1? of the % 1s known
then, as mentioned in # 1l.3. 2 fully efficient estimation
procedure can be developed and corresponding to this
procedure there will be exact tests for multiple
correlation, in the case where the ¢ are normally
distributed, In fact if the matrix /i is orthogonal
(though not necessarily orthonormal) and
Ll ALA™ ]
the classical procedure applied to the Vectoriﬁéé and the
vectors in AX will yleld the classical tests.
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In the cases with whiech we will be econcerned the
covariance matrix f will be of the form

PR f ¢

(1.“;2.} rv__, o va Ud
~ P d o~
where o¢* 1s the variance of the %, and
o/o0 . .. .o o“
t o i oo

(10“.30) U = v
see "} Qj
Then the covariance matrix of the straightforward least

squares estimates of ﬁ is

(Loloks) (,)\‘(/Z)‘J,X ’[’X (’?S/E)""

P
i

(lohogoj = n“ﬂ”z {!’j‘:’*’ ??Z;. f& ,@Z&fﬁk ﬁ;;i

k=t
here 2 .
wher M,> [eci0] ot My = [2o + )]
(1ol 64)
R
and c(’.j(l:e )z oo X j!.é) oy
=i ’

If the ﬁg (k#0) are all zero(l.4.5.) reduces to
the covariance matrix in the classic case. In general it
will be different and the test of mmltiple correlation
based on the least squares procedure will be invalid.

In the case where jf; is unity the variance of

P N
e .
Y
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from (l.4.5,) reduces to

z M-I
7y L f = }
! + 2 r
nst | 5‘;} ﬁ? R
where 5. 1s the observed variance of the X,. and r;;is

the observed K* serial correlation of this variate,

This suggests an approximate procedure (due to Bartlett
(1935)). This is to test the correlation as having come
from a sample of i‘&/fa’% 2 %”:;j‘; r,/ ! observations, On
the null hypothesls the ﬁ: can be estimated from the
serial correlations of the 4_ so that the number of
degrees of freedom will be estimated by n/{i*:a?i%%lg
where V. 1s the observed k'™ serial correlation of the . .
If both 4, and X, are Markovian then (1.4,7.) converges

in probability, as n increases, to

4
(1.k4.8,) o 1 *PF
rol i -fF
where F and fb’ are the parameters in the two Markoff
processes, so that the number of degrees of freedom can be

estimated as (Bartlett (1935))

P~ o’
(1.4.9.) A e
i

In the case of a test for multiple correlation

the cofrespondi;ng procedure would be to replace the Fe
with the &%in (1,4.5.) and to use the inverse of this
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matrix as the matrix of the quadratic form (in the ﬁ’; )
in the numerator of |- R* (where R is the multiple
correlation ceefficient), For partial correlation the

ﬁg would have to be estimated from the residuals as,
on the null hypothesis, the serlal correlatlions of the y_
and 35 are, then, no longer the same, A test for
multiple correlation of this form does not appear to have
been used in practice.

The disadvantage of these procedures, apart from
the inexactness of the tests involved, is that they are
inefficient, since the least squares estimates of the Fi
are lnefficient. When it is reasonable to specify that
the residuals are from a (fairly simple) stochastic
process of a known type an alternative would be to estimate
the ﬁ@ from the residuals from a least squares
regression, use these to obtain an estimate of the .
parameters specifying the process, and use the resultlng
estimate of ‘E? to transform the variates to a from where
the residuals were (approximately) independent. The
tests for multiple and partial correlation could then be
carried out in terms of these transformed variates
(Cochrane and Orcutt (1949)). Such a test would not,
of course, be exact and could be very misleading, |

partieularly if the nature of the process generating the
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errors is incorrectly specified (Watson (1951)).
It is clear from (1,4.8,) that if f and g “are
small the variance of the estimate of /2 will be little

affected by the departure from independence, For
‘. : o* 3}
example, for p=p'= o2 (L.4.8,) becomes gﬁ;qgﬁ;.@ﬁj

Any transformation that will remove most of the serial
correlation will, therefore, recover most of the lost
information and enable approximate tests to be used. In
many cases in economics the serial corrglations are high
and they are nearly all positive. Insofar as the
specification of the €. process (and the X; processes)
as simple Markoff processes ls appropriate the use of the
first difference of the observations should then be a
reasonable procedure (Cochrane and Orcutt (1949)).

None of the expedients mentioned above 1s very
satisfactory for, apart from the fact that they are inexact,
they all suffer from other disadvantages, belng either

inefficient or involving the use of only very rough
approximatlions to the variance on the null hypothesis,

Quenouille (1949b) suggested the use of partial
correlation coefficients for the cagse where the correlation
between two series ( ¥, and ¥ ) 1s being considered.
This procedure 1s appliecable in any case where the ;rocess

generating one of the two series can be represented by an
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autoregression. His procedure is as follows:

(1} Determine the order of the autoregression
needed to represent the two series by the use of partial
serial correlations., (The adequacy of the resulting
autoregressiive representation eould be checked by the
test mentioned at the end of # 1l.2.).

(2) Calculate partial correlations r'{Xe Y. [Xeis
PR T %ﬂ”%ﬂz<..»Z‘%£}where h and k are the orders of
the two autoregressive schemes and p(xy[z) 1is the
partial correlation‘between x and y with the effect of 2z
removed.

(3} Treat the resulting statistic as a
correlation from n - h - k observations,

If only one process could be adequately represented
avtoregressively the effects of lagged values of this
variate only would be removed. 8ince only one of the two
processes needs to be independent in order to valldate the
usual test of significance this is all that needs to be
done 1in any case, from the point of view of the validity
of the test. The power of these tests will be considered
in Chapter k4.

Quenouille considered the case of a pair of,
independent, simple Markoff processes* with serial
* The processes used were not in fact simple Markoff

processes but approximations to such schemes obtained for
example, by putting X, = #7; P(xna! |2}z P(2tn7 =1 (x4 oo [} = O F;

P(xpn=1 |5pye—1) = Plxpz—1 |Xpyy=1) = 0.2
which approximates to a simple Markoff scheme with ?—*— 0.6,
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correlation O,% and 0,6 and by a sampling experiment
showed that the mean and variance,on the null hypothesisg,
of his statistics were near to zere and (J1-z)"or(ﬁ1~3ﬁ~i
according as the effects of lagged values of only one or
of both of the series were removed. For example, for
32 pairs of series of 20 observations the average
correlation, v (%e¥e¢ [<e-i59e) ,was =0,011 and the variance
of the correlations was 0,069, (1’7"1 = 0,059). The
results for the case where the effects of lagged values
of both variates were removed were better than those for
the case where the effects of lagged values of only one
varlate were removed.

The generalisation to the case of multiple
correlation is clear though the validity of the approxi-
mation to the distribution on the null hypothesis has not
been checked by a sampling experiment,

Finally, in this section mention may be made of
a test suggested (amongst others) by Orcutt and James
(1948) for econometric data. This test treats the
correlation between two economic series of yearly data,
of any length, as being equivalent to a correlation
between two series of five or six observations, each series
of observations being random in time. The basis of the |

argument for the test was a sampling experiment based on
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observations generated by a process of the form
(L.%.2Qy  (Xp =) = 0.2 (Xp.,~ Xe-n ) + S

Such a process is not statlonary. The argument
for treating all economic series of yearly observations as
of this form was presented in a previous paper by Orcutt
(1948}, but was not convineing. It would seem better
to employ no test at all, and to rely on subjective
Judgement, than to use a test founded on such an insecure

basis as is this one.



Chapter 2.
The Asymptotic Efficiency of Tests.

2. 1. Introduction

It 1s often extremely difficult to determine the
distribution of a test statistic on the alternative
hypothesls, for usually the null hypothesis corresponds
to the value zero for some parameter, of which the test
statistic is an estimator, so that on the alternatiye
hypothesis the frequency function of the observations is
complicated by the presence of an additional parameter.

For this reason calculation of the power function
for a test is often not easy. In this chapter an
asymptotic eriterion of the efficiency of a test, due
essentially to Pitman (1948), will be described and
justified. Because the criterion is asymptotic it is
not wholly satisfactory but in the cases in which it will
be applied in this thesis no alternative criterion is
readily available. To calculate the power function would
usually be very difficult,

2.2, Pitman's Theorem

Consider a test based on a statistie C1b y &
function of n observations x,,x%,, - ,%, with mean f%£Qand

variance oj?a; . We will be concerned with the power

35
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of the test, based on the statistic € g 0f the hypothesis

"w
€ = Oo against the hypothesis
(2.2.1) H, : ©Gn= &+ ks ko
We shall assume

§ 1. {%e P, (63] exists and is greater than

g zero in some neighbourhood of
( @""’@4}
( . ) &)
( 2, o mé‘/“”(j = £ > O
é PARE 0,6} o-6,
(2.2.2,) ¢
(
G G s g
( 2 ul6s) ? s U (65)
(
§
E y, If F,:(XIG)the distribution function of
Ep = ) -if,
g ~%E:.€§(£ then Fffelana F, (x| +R# ‘)
2
E tend to the standard normal distribution as n
( tends to infinity.
If

___L - G -'é)&l
FM) = 7z Lue Aoe = &
then the level of significance of the test based on the

eritical region

| £, (00 — pn(€e)
(2.2.3.3 £, > E,(x) L7 = A

MCD

o

tends to ¢/ &as n increases,
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_ The power of the test against the hypothesis
€= & 1s a(ﬁn,) - g(!‘n)
(03 () A+ penc@) =0 (o)
Co (6 )
But '/,an(g,)s,pt,,(@,f'k n') s ponlls) + kn'%{z}%/‘n@ 9z’

where Q§<§j¢‘%;

(2.2.%) A =

80 that s
Y T N i) Ax — R {??;ft{ff?i‘fjff _ /g,~k¢
nae N nde . ,
Then h(&)

(2.250)  ow P, (Au) = §(Ii-c)
This proof 1s substantially the same as that given by
Pitman (1948), Condition 4 is due to Noether (1959),
(Pitman's corresponding condition required uniform
convergénce in @ ), who also generalised the proof to the
case where /&ﬁév 1s zero for .frc; SN (L

In the cases in which the criterion (to be
defined below) is used in this thesis the validity of
Pitman's theorem will be agsumed. The statistics
will all be regression coefficients or correlation
coefficients and it seems that the limiting oscillations

of the sequence of (cumulative) distribution functions

of the corresponding statisties £Q%§r¢:2 will vanish
<)

at Ay~ Ke in the sense that the limlt of the oscillations

of this sequence of distribution functions, in some
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neighbourhood of 2@* %6, will tend to zero with the
neighbourhood. This will ensure the validity of Pltman's
thoerem,
If the seguencs of alternative hypotheses is
given by
-
Gn= G, +kn

then (2.2.4%.) becomes
B £
0,(6,)ha = K 1 [Bo FrbNe-or
[oprRL =A%
and from (2.2.2.), condition 2, this converges to Ax or

diverges to é«w) according as m is greater than or less
than %. The power of the test, therefore, converges to
% or unity so that it is only the case m = % which is
of interest.
Consider two test statistics [, and £, satisfying
the condition of Pitmen's theorem and having means s (¢/and.

z 2.
f2n®) and variances g’ and ¢ (¢} and with

~e

: n /e 1 &

(202060} &4&.‘ f 0¢ //L’-”(& } = CC‘ (“.: !}‘;}
nse | G, Jee,
Now if we have two sequences of alternatives,

-, ,
(2027 Mo 0 Grkon™* i
then from (2,2,5.), (2.2.6.) and (2,2.,7,) the two tests

have, asymptotically, the same power against the same

alternatives if
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"/ -Ys

n 5;};%@ lie f[%om,,fej’;/a"@)?

" 8 n" &y
z_ E%a /“’m(siﬁj / @3 /g e &,
The ratio{w} will be called the asymptotic relative

efficiency of the test based on €, relative to that based

on &, against the hypothesis specified by the parameter
& and will be indicated by

(2.2.8.) E(&,,¢ [67€)

The quantities £ {@69&%]%&@%&;: called the efficacies
of the statistics [ ,(c=/2).

The gquantity (2.2.8.) evidently gives the
asymptotic ratio of the sample sizes required for the tw
tests to give the same power against sequences of
alternatives which are asymptotically identilcel and which

- B,

tend to the null hypothesis at the same rate as #° tends
to zero. Asymptotically, for statisties with varlance

n s these are the only alternatives of interest,
This eriterion is, of course, due to Pitman (19%8).
In order to make use of the criterion 1t is only

necessary to know the variance on the null hypothesis and

' =)
(2.2.9.} ’fﬁ; {5"9 g(tl,'n)}grQa

Often it is simpler to evaluate {§§£kbﬂgfﬁﬁ;miL§>§
but then it wlll be necessary to show that the two limits
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are the same. This will certainly be so 1f the converg-
ence of {ge f[ew}? is uniform in & , at least in some
neighbourhood of £=56,.

As mentioned before the statisties with which we
will be concerned in this thesis will all be reducible
to correlation coefficients, P(Eﬁ}, computed from
vectors of observations ,gg}i s having a Joint normal
distribution with covariance matrix ﬁg N The limit
(2:249+) can then always be evaluated directly (see for
example Chapter ¥). Nevertheless in what follows the
limit will often be evaluated as
(2,2.10,) %@ { % 5((:;4‘,,);} o 6.

to save the presentation of more extensive algebra.

2.3 An extension of Pitman's theorem

Let £, and £, be two statistics with means
2 z
/4,4‘,,,(9) and p4 (9 variances £, and g, ¢ and correlation
ﬁgéé;} . We shall presume that £,,, and £y, have
distributions satisfying the conditions 1 to 3 of # 2.2
(with ¢=C ;4> ) and in addition
' : -4
3 b o) L S O, & thaTTT
H =@ oo Fn(ge)
while 4 will be replaced by
] s
4, Iff,(xyl6) is the joint distribution function

Ein = 4,8 Es o ©) - Iy
of Ly S €24 f’_‘«?ﬁ - Pl Ein »/“’m@) ?{- 2 /3
Fao | e e f1-pe)f
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then the sequences F, (*4/€,)and F,{xy 6, both converge to
the bivariate normal distribution with zero means, unit
variances and zerc correlation,.

If 4! holds then the distribution of

<‘2.3.1.)‘Rh(e)-{l_f—ﬁ-«”@ } f‘” Can 3"4 Lt Eap ol }(:« pe@))

74&; aiﬁ( 0; m@ 02;1@) j

converges for &-6, and £, to the distribution of X
with two degrees of freedom,
We may test the hypothesis € =& by means of the

critical region

R[8,) > 7(‘,{70

where
!f& 'sz z
P £ 2 =
2 )2, AxX =
Then the power of thils test against the alternative
& =90+kﬂ"é!“' will be:
o9
[, Gn(Ries]0)o R
A .
vhere G, (@, e.)/¢.} is the frequency function of Q“{Q)
1 ]
vhen ©:8, . But from 3, 3, 4 and (2.3.1.) this is
easily seen to converge to the distribution of non central
Xz where the distance, d, from the origin is given by:
z_ s f /“‘m(&)‘f‘m@j [MM mﬂj MQJA,«,,{% | o, % .
A % 1L a6 Gney )T ”}éé;ﬁ? .
and from 2 this limit is:

(2.3.2.) 7

where F N e ﬁ(ge )
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Suppose now that we have two palrs of statistics
L-l,l,n 3 tl,z,m and tz’,’ “ _,L‘,, 2,0 with means /“2’;‘,,(‘9) variances
aff;,ééj and correlations (between the same pair)ﬁ;n(@),
([,J = /,2) and consider the sequences of alternatives:
Hi: 6= 8,+ R n"">
Then if we put:

(20303.) L ; = Lo S

v Nn-peo 2/ GZ'J'M @3

n-"z re /“*[jn@)} =

o6,
and
2 j .
(o] fnipiot) ™, o Join P Loz pl]
‘2°3-“->E;“‘v”l[ 7, H Ol e g Ry a ey (£

the tests of #2&,based on the R will have equal power

against the same sequences of alternatives if:
i -4
er”l > - k; ny, f>

and oz . .
Q"l 14 “I“jlj;z?ﬁfnat‘& - R: Csh O = 26,6
‘ —
where 1=
fie Coms 108 Lo
Then
2 .
N ke, o (el+ei-2fcun)(1-67)

(2\03050) DU T -
| Ny kP (em+6b -sBe e )-8

and this ratio can be computed from a knowledge of limit
of the covariance matrix of thef; and {;, at &-&, and
. S J iy )]
the quantities zé:;:, /39/‘1”(9)19’_% only.
As before the ratio ;,-’1_ may be called the asymptotic

relative efficiency of the two tests and may be denoted by:
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E(R,,R |o-&]

A number of comments may be made here.

(1) It is evident that this result may be directly
generalised to any finite number of statistics
b;J';[fﬂgng?4;~;ﬁf and that the resulting asymptotic
relative efficiency will be the ratio of two quadratic
forms in the "efficacies®™ of the statistiecs in each set,
the matrices of the quadratic forms being the inverses of
the correlation matrices of the statistics in each set.

(2) This result has an immediate application to the
comparison of a pair of multiple correlations for when the
fgj are regression coefficients the guantities 4 differ
from the\quadratic form in the regression coefficients in
the numerator of the test statistiec (used for the test of
significance of a multiple correlation) only in that the
sample variances used to weight the guadratie fofm have
been replaced by the true variances on the null hypothesis,
Asymptotically (for the sequences of alternatives
congldered) this replacement will have no effect.

(3) One cannot, however, use the ratio of the quadratic
form (§ ) in the efficacies of a set of t;, [Jﬁf /y - - “gﬁ}
to the efficacy of a statistic t (which satisfies the
conditions of the original theorem of # 2,2) as a

eriterion of the relative power of the two tests. For
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thig relative power depends then not only on the quanti-
ties in the ratio but also on the form of the two limiting
distributions, In fact for the set {; the asymptotic
power will be obtained from the distribution of non
central XL'for p degrees of freedom while that for the
statistie t will be obtained from the normal distribution,
The two powers will be, asymptotically, %{),( bc) and

P(sz,O‘? ) where }(/Id-kC) has already been defined and
Gb(k’Q o{) is the power function of the 1 test when the
square of the distance of the alternative from the origin
is k?@ ,oC is the level of significance and p is the
number of degrees of freedom, The two power functions
are no longer of the same analytical form and cannot,
therefore, be made the same function by a proper choice of
the limiting ratio of the sample sizes. For fixed k, p
and & one can of course determine the two powers as
functions of ¢ and Q (making use of Tang's (1938) tables
of the power function of the P test) but as k varies the
relation between the two power functions willl vary also.

(4) The same situation (as im (3) above) arises when
tests based on two multiple correlations from different

numbers of regressors are being compared,



Chapter 3.
An Exact Test for Serial Correlation.

3.1, Simple Markoff Processes

The fundamental property of a simple Markoff
process is embodied in the relation
(3+1.3.) P{xf-'é k ’xe,:xc,,' e 'r"‘k,..} = P{xc-é k !-"e,}
where (>&,>C, " €,

It follows easily that if n is odd and the
variates x, (k-5 “z!) are held fixed the joint
conditional density of the X,. factors into the several
conditional densities of each X, for fixed e ,,7e s -

If the process is
(3:102.)  Xp-p = plXe,~fO) + Se
where (P/</ and % is V(0,0 then the conditional
frequency function of X, 1s
R N onps5 1 -2 =%, )7
where - p3*

2l = (X Xy phs )
This was pointed out by Ogawara (1951) who then

observed that, from standard normal regression theory,

45,
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the gtatistie
A S - %)t = %)
(3.1.ke) b, * S - FOE

could be used to test a prior hypothesis concerning ID or
to obtain a confidence interval for ‘P .

£
] fo 515'}

In (3.1.4%.) the surmations are from
where ECI means the integral part of x (it is no longer

assumed that n is odd), and
4
Y4 ~/
(1.5 x-S, G P T

The test statistic for an hypothetical value £
corresponding to b= b, , would of course be
A = Land
F (b-g)zl(x‘l-.."[)'l
nLp!l-r —
ks 2(”%"“"”6 Xt )®
Here o 1s estimated, in the usuval way, by
— AR
(30106;) QC & X;Mé[,}é
A
The variance of b, in the conditional distribution
of the X,, is
I O
3.107. !_f./;g_ 2.{“‘{#;29 >

and as this converges in probability as n increases to

fre] -2

O”z(l ) i /I~ f
(3.1.8,) ““7’;“7??’“ ProloN P

(since j{x, —«;c’}”ls almost everywhere greater than zero) the
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A

conditional variance of b, converges to (3.1.8,) also.

We then have 4
. vy J{?hpf(@{l’? = n il 4 2
(3-1.90) 'él-;‘: l VZV‘(@,) j (1 ‘f/’z)

The first serial correlation coefficient of the
X, 17, (see (1.2+9.)) is well known to have the asymp-
totle variance L;HEE and this will clearly be asymp=-
totically fully efficient, /§Whld (1948), Whittle (1953)).

The asymptotic efficiency of b, , relative tor, is
2
" i"£ Lol
(30101.) E'(Ll,r[/f:@) = ( T e

This funetion is shown for some valuesg of f? in
table 1 below.
Table 1.

E{:gffrf !F"’)

1Pl

0 0sl 0,2 0,3 Ol 0,5 0,6 0,7 0,8 0,9

E(b,qfpo) [1000 0.96 0,85 0,70 0,52 0,36 0,22 0,12 0,05 0,01

A
The statistic b| therefore provides an exact test

of the hypothesis F=¢>, which is asymptotically fully
efficient against the hypothesis of a simple Markoff process,
It also provides an exaect test of an hypothesis

(3.1.11) H ¢ p= p &0 3, Markovian,
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but the asymptotic efficiency of this test is less than
unity,
In this derivation 1t has been presumed that
b $2 £0r3] * 2 (s 2]
but this can easily be Verifled, for example, by a direct
evaluation of the first limit,

If the null hypothesis is that given by (3.1.11.)
another procedure would be to use the gquantities
(3.1.12.) yt' = Xy ~fXe-y

On the null hypothesis the variance of 5? ’
where this statistic is given by (3.1.4.) with the Xg
replaced by the corresponding Yo will be !1-1. It is
also easy to show that now

¢ A

Lo [HE(R)]-

Hence the asymptotiec efficienecy of the test
based on this statistie is,

6.3 Efby,n Jp)- 1-p>

which is shown in Table 2.

Table 2.

E(Z?,"; ;P,}

0,0 0,1 0,2 0,3 0.4 0,5 0,6 0,7 0,8 0.9

@5);;;5} 1 0,99 0,96 0.91 0,84 0,75 0.64 0,51 0,36 0,19




)'{'9.,
A

The statistic é%; therefore provides a more
efficient test of the hypothesis (3.1.11.) than éff .
It will also provide a confidence interval for £,
However, it does not provideﬂan unbiagssed estimator of a
known function of @ as does ﬁ . As mentioned in # 1,2
(page 18) the presence of bias prevents the averaging of
a number of estimates, of the same value of p , from other-
wise differing samples,* It is, therefore, of interest
to see if another unbiassed estimator of ;g;; can be
obtained, with a higher efficiency than 2 -

A second estimator i% aiailable in the statistic
Gaany o B a0

where j? g(ﬂ}c4rx§§¢z; and the summations are from

1t§_,ﬂ 3‘3

The statistic
A A A
(3.1.15.) = A #5)
will be an unbiassed estimator of,ffxand its variance will
be i U (b)) Vw(é;+i@gé,;’?§
which, as n increases, tends to

;L:;.i};» + _,&V é é
A (4P [ s 7
To the order m‘gthe sample means may be neglected

* An example (due to E.J, Willlams) has arisen in connect-
ion with the serial correlation of measurements along a log.
The averaging of estimates from different logs, the only
method of substantially increasing the number of observ-
ations, would not result in a consistent estimator 1if the
estimates were obtained from the first serial correlation
coefficient.
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A A
and the covariance of b, and L, becomes (by an obvious

extension of the Theorem in Cramer (1946) page 366)

J;ﬁ?}z e (7“5’;5“’ aes) (,,,,9:{6% NI TS
Ay o':z'n I e (Xapa *+ Xacw)

v 7 fn Y ks (Hae  Xaes2)

<y o= ﬁ% 5 (Hapar +AXaews)

2 ot 57 o
€ i Z(Xae ¥ Xach)

By straightforward algebra we obtain, to the order n~’

| 2 Va1 [atepiptoapt
e el 2 e

4»«35: wopop® 0 0"
(14777 Iy
2F 12 +20f % 4 p*- 4F}?

(P /— P
The asymptotic variance of é therefore 1is
[i75]
Vo ’: T +ee

and the variance of the estimator of ’pobtained by pitting

A A

- (1- ‘ii/-wﬂ.‘%}/a@é

e
/ f )
This function was shown in Table 2,

is

yu\’“‘*h\

A
The statistic b, provides a test of an hypothetical

value of f which has some attractive features, but these
are not sufficient to make its use often worthwhile 1n
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practise, |

1) The test of the hypothesis,f%c7is exact, is
based on a distribution of which tables are widely
available and is asymptotically fully efficient, Other
tests, however, are also available which are exact (see
(1257}, (1e2:8.) and (1.2,10,), Moreover these last
statistics clearly give tests which are not only asymp-
totically fully efficient but are near to the most power-
ful test against one sided alternatives (this is usunally
what is required) for all values of p on that side of the
origih. Though the significance points of these
statistics are not so readily available, for larger
samples accurate approximations can be obtalned from the
tables of the significance points of the correlation
coefficient. A |

2) The statistie &3 will give a test against an
hypotheslised value of‘f s not equal to zere, whieh will
be exaet and which will be reasonably efficient if the
value off>, to be tested, is not too large. A more
efficient test will be obtained from the statlistie z,
where i";’:: Smz « (See # 1.2, page 19, However, the

distribution of this test statistic is not known exactly
and, because of the blas inys when the mean is not known,

and the effects of departure from circularity in the
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universe, the treatment of z as normal with mean 3in~}>and
variance nfimay be a poor approximation unless n is guite
large, An exact test of equal efficiency to that based
on gﬁ will be obtained from any of (1.2.7.), (1.2.8.) or
(1.2.10.) with the 3¢, replaced by the corresponding Y,
and good approximations to the significance points can be
obtained from readily available tables.

In any case the test of a value of P o not zero,
will not often be required,

3) Exactnconfidence intervals for p can be
obtained from g,, by, or the statistic mentioned at the
end of the second last paragraph. For n fairly large the
statistic z will, presumably, give a reasonable approxi-
maetion and, moreover, the confldence interval may be much
narrower because of the low efflciency of g,, gg g &Coay
when F is large. On the other hand when Fﬁis large the
confidence interval based on z will also become very
inaccurate (in the sense that the confidence coefficient
may be very far from the assumed value).

4) PFinally g (see (3.1.15.) 1s an unbiasged
estimator of’;ﬁ%yand, will therefore enable estimates

based on otherwise inhorogeneous material to be combined,

Again, however, this situation will not often arise,
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3,2, Multiple Markoff Procesgses

Following Doob (1953) a process generated by a
relation of the form (1.2.,2,) may be called a (stationary)
maltiple Markoff process. This nomenclature 1is

suggested by the relation
(3.2.1‘)} P{xeﬁk lxcl ’x‘,z’ e et ,.Xc.h-?: P{)Z.ﬁklxt”xt_:.,.”xt“}

wherelbrt,>ty - - Dbgv .- >&, and X, 1is generated by (1.2.2,)
&s in 3.,1. it follows that for fized values of

xh[""".)“./'jxhch‘f’) 'f'J' , (k_: AR --}rl.‘,‘J'—‘lf-"f') the variates 'Xk(f)‘")
(k21,2 .-, ) are independent. The conditional

frequency function of X (B+1) is then
(302.2.) F(xk'(k*’)}xn(‘*’)“‘j)xk,(gfl)f‘llj J.:- [1.. .o ,ﬂ}

- 2z ~! N A /
= (2may) b — 352 {xg(g‘,ﬂ) - Z bi Xjg,

where .
[”Co-k = | 3 bp = /,c (,-— ‘?: bj)
Xl = Cx ‘ b's ').(f:;.., &)
Ik & (Br1)-) + Xgeard+5 ) ; R
2 | +a,p + a ‘.- a
JD' = 5 a’.’ > :1’024- 7 ?P& 6”‘1.,
] 2 R “*ﬁ, '
I -~ -
f"b“ I Fﬁ.-l P&-H s Fz& F FF&
(3.2.3.)\ bed B foer Pa - Frpey) | PR
: ? « 0 N P v v « P v . . :
b, | = | fer ok Faer| | F
it I I
\_ _B*VJ i.fz& e [l Fa-r 0 { ] _.,f‘)&

Here fj is the j’& gerial correlation of the X .
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This result is again due to Ogawara (1951),
The third and fourth relations in (3.2.3.) follow easily
from the following well known result (Rao (1952) page 54),
If X%, .- --,% follow & p variate normal

digtribution with the covariance matrix

N
h [ » 3
€ 21 (n e 3) - £ X on e |2 2

| o

Xp L=

Then for fixed J(,- - - -,xk the conditional distribution of
X415 « - "5 X, 1is normal with covariance matrix
(3.2.4.) c - B'A”'B
and expected va?ue ” -
(3.2.5.) B'A x,

e P

The least squares estimate of bf» in the frequenecy
function (3.2.2,) will provide a test of the hypothesis
that the X_ process is of order (h - 1) against the
hypothesis that 1t is of order h, since it is easily seen
that bﬂ‘ is zero when a is zero,. A
The variance of the estimator, éﬂ’ of b& is,

when &, is zero and n ebservations are available,

%...&,“'l Z’Q’JFJ

V, . oic
w(L{v)ﬁ—&ao Lot W ~E&

Here R, =/ and C’&& is the element in the last row
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and column of the covariance matrix of the )gé {fﬁ@-"';‘)
This matrix converges in probability te B
[14F, R+fs - - - it Fss
V+fy - - " Fh-37fas3
20
L I +fre ]

Using the relationsg
Al
(362660 ) S 4.
302:60 24 flgyr=e K=o
we easily obtain ]
Py -~
(an § 1)

(302.70 ) s Vv b, ! a?
2”"9’9 Aj&*:o Z )(‘+/ o J j

From the fourth relation in (3.2.3.) it is
easlly seen that

' A=t ¥
e 15010,
(3.2.8.) & (b )s bu» 22—
‘ Aﬁfﬂ_,%.-il

Here ém i bt is the determinantal value of
the matrix whose inverse appears on the r.h.s. of the

third relation in (3.2.3.) while

?PA, PA—{ . - ., 3 P' |
; f | R {0
A‘ A Y O = TR Fo-3
b foei - R

From (3.2.6.) it is seen that / vanishes when
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3 by,
A, 18 zero so that to evaluate 3:;} we have only to
fa L= 0
evaluate -5:%—1 )A o

But the relation

{“;? F.‘.-pk_,?f’f”tv?
EAJJ Lﬁ'\-;" ’ ’jz&j
follows from (3.2.6,) and differentiating both sides with

respect to 'ﬁk and putting &, equal to zero we obtain

(/M;) AR (ST
” =
} ,,r» =D F-A—l‘ T l
so that (3.2.8,) becomes, when 2, 1s zero
f-- - f)&_/ |
5
(3.29.) - T4 ,o?
° &-4 / el /
- 2 - Zﬁj'f, Z..,._.
ﬂﬁw oy ’ Kan ket
where
I Fl Pz o T F:a
P’IF‘I"..‘&?K—I

o

be a1 G ' Azt ! -
t 4/14,‘”&” is easﬂy seen to be( %q.’.&. Y?*jz) so

that (3,2,9,) becomes

fgb 7 _ - ;
(3.2.20,) : ... }mf:? ) (A

| %)y, ” T LS
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Then we have from (3.2.7.) and (3.2.10.):

A
o f[aete ]“) y
me 9 Aye - T’ ]
n »o Z Vv (B J L+t LS S
A most efficlent test will clearly be obtained

from the partial serial correlation coefficient qh.;;‘. A1
for which the limit of the corresponding ratio will be ne.
We may, therefore, conslder:

A 4-° -
(3.2011.) E(é{\’ 7 MTkes, - foms /%_,o - z:%- }7'2’4};} /
The test based on the statistic Zi, is, therefore, always
very inefficient for K >/,

The other tests of interest which result from
(3.2.2.) are:

(1) The test of independence of the X_based on
the multiple correlation between Xfiigr ) and the
Jg;a (f=1- -+, A)+ As shown in # 2.3, the criterion of
the asymptotic efficiency of a test can be applied to a
rultiple correlation, In the present case it is clear,
however, that the test based on this stétistic will be
very inefficient compared with the test based on the
multiple correlation between X, and the set

(X%, Xey, - - X._,).  The distribution of this last

statistic is of course known only very approximately. It



58,
would be possible, under some circumstances, for the
multiple correlation whtech follows from (3.2.2.} to give
a more poverful test than that based on the first serial
correlation coefficient, of course, but these circumstances
are, perhaps, very unlikely to occur and even less likely
to be recognised a priori,

(2) The test based on the partial multiple
correlation between the rk (%+/) 8nd the J{j/; (Jf,é_;ma.,")
with the effects of the Jgé (=4 - 3§~5) removed,
The same comments as those made under (1) above may be
made agaln here,
3.3 A critigue of the method

The method which has been used in the two

previous sections is essentially that of dividing the
observations into two sets so that when one set 1s held
fixed the other becomes a set of independent variates and
the test statistic can be taken as a correlation between
the two sets.

It is somewhat misleading to regard the loss of
information as coming from the fixing of variates. For
one thing test statisties can be taken whose digtribution
1s exact when the variates are not fixed. An example
1s the correlation between X;, and X .., # Xyeey 1n
# 3.1. which, on the null hypothesis, is distributed as
an ordinary correlation from E%gg] obgservations whether

the 'Igt+j are fixed or not.
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& second objection to this point of view arises
from the fact that by fixing fewer varlates the tests may
become less efficlent. An example here ls the fixing
of .. 4+; and the use of the partial correlation
between J%u? and Y.y 5 with the effects of i ._,
removed, as a test statistle against the hypothesis that
the process is of the form (1.2.2.) with h = 1 (the
alternative being that h = 2. Here only one observe
ation in % will be fixed but the test will be even less
efficient than that presented in 3.2, since the efficiency
wlll clearly be no greater than 4 compared with é}(Vfﬁf)"
(which is never less than =& ) from the test in 3.2, (see
(3.2.11.)),

The loss of accuracy clearly arises from the
impossibility of using seﬁe cross products, in the case
where 4 >/ . For eﬁample in the second order case Xx;,_
must be in one set and X;._, 5 X3+42 in the other, but
ne matter which set .., and x, . are put the cross
product between them cannot be used if an exact test 1is to
be simply obtained.

In some cases the loss of information can be
identified with the introduction of additional parameters,
as will be seen in Chapter 6,

R

{é%‘ Liﬂmﬂi‘



Chagter }'!‘c
Testing for Serial Correlation in the

Residuals from a Regression.

4,1, An exact test against a simple Markoff alternative.

The method used in the previous chapter can be
extended to give a test for serial correlation in the
residuals from a regression of the form (1.3.1e)e The
condition (1) under (1.3.1.) will be retained, but (2)
will be replaced by
(29! the residusls are generated by a process of the form
(4.1.1.) % = F S +47E
where [f, /< | and \7’: comes from a process of lndependent
random variates with zero mean and variance €’ - g

Now for fixed %, " (¢70,,[E])and fixed x,_ the
conditional distribution of tb.e g ‘becomes

| oy J | %5’" | )
CIW-RTE 9,('5_,5:,) ] .Zu- -2 ¥ Z./,e; T4,
R (. B YO
(4.1.3.) i ﬁ”!'% o B Xee ek
Yprs = T+p3 3 Zpti = (YapestYatts)
R Yor1 By 3 Zp= (0 5 -1, 2eee)({ =

In the case where p = 1 the relatlon between ¢, .

* The notation £ and s,-rather than p and «>18 used to
conform with a satisfactory notation for later chapters,

60,
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and the ,Zjécan be expressed diagrammatically as followss

‘;t"l de ;b*/
Ye T . ¥, 36 & Y, ?
1 i 4
Xr o o -
‘ b=l & Qb4

The fixing of the varilates y%,and Yps) directly
affects the probability distribution of ¢, (with an
influence measured by Yz } and the fixing of)&éinfluences Yye
directly also (with an effect measured by ¥ which equals
fi ). The fixing of X,. ,and X,,,, also influences the
effects ofy and ofy, on 4, (this influence 1is
measured by the product of -% , and ¥, ). The dlagram
is merely suggestive of course,

If the information involved in the knowledge that
83*?” z“%yﬁf‘sg{ﬁ{”l’;ﬁ} is discarded, and the coefficients
are estimated by the straightforward least squares
procedure, these estimates will have the usual properties
of least squares estimates when the residuals are normally
digtributed. They will not be maximum likelihood
estimates but the computation of maximum likeliheod
estimates will involve the solution of non linear
likelihood equations and exact tests will not be readilly
available,

Representing least squares estimates of the ‘@; by
I3

35’ the hypothesls, ¢-¢ , can be tested by the use of the
statistie ”

A

P

2 $Ta-t
(4.1.0.) &L‘%}wz < 5T o] ooy b
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which has the F distribution with 1 and [%5] ~24-> degrees
of freedom (Cramer (1946) page 553). Here ¢* is the
variance of the residuals from the least squares regression
of y,_on the z; while L 1s the covarlance matrix of the <ji
and ]L; W‘:Pf’j is the cofactor of the element in the
indicated row and column, The test is, of course,
equivalent to the test of the partial correlation of ¢ .
and (Y., + Yip47) With the effects of the Z j'{:’@'ggﬁs} removed.,
Tests of significance and confidence limits for
the parameters ﬁ

J
statistles such as

can ¥ similarly be obtained from

(2.5 Fruggspes {50243 05 gl

while the multiple correlation between Efl.— and the X;,. may
be tested by the statigtie
p=7 y -]
'y, ) F . _)(l:]?ﬂ""}f ~,\,_
(4.1.6. k; [n,’,’]_;r,z ﬁ J L%' g ¢ ij\. i
Here A is the matrix formed from the first p rows and
-~ 2

- % -1
columns of fL:‘ S0 thatl,_'?;‘;:',:j N is the covariance matrix
~5- Vi d

7
of the ¥, (j=1, -, p

':>
o e

y

)

h

In order to examine the limiting variances and
A

covariances of the estimates of the Y, it is necesgsary to

obtain the stochastie limit of the matrix [ . If the

N

1“Jc
, = / /
ZZJI:} lVNllf . Zl,f”,, ﬁvgc
F4

vectorfz’. ‘3 1s partitioned as

)
/
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: /
where \ﬂ: {zu’z“, . ey ‘u,, {2Zppoe, - s Zape]
then the covariance matrix L 1s ‘ - /

(Y.”" '&V; )ZM',L- {)ﬁg‘l’j ) ggg,—

_ ’
(oo Zm)dme  (Bmc%m )g;ﬂ;

/ i,.elf: %)Zpﬂe \g;»(_ V;) K?e
Here ‘V is the veetor of arithmetic means of the variates ‘

in Ve (c=1,3).
Since, from (4,1.3.) and (1.3.1. ),
Zl,ﬂ)l: Greems * Mopsy = Jﬂ‘, * Z/%[J_, Iy r.JrJ'JJH,) HE e, t vt
S 2f * 5-’% P"’JH e *Ep .t Sr)

we have
Zpﬂ,(:/ ? '25 ﬁt Mu— F@”’*%"H)
where g! is the vector {ﬁ/ ﬁ;j *

Under fairly weak restrictions on the nature of
the process generating the X;_ , the matrix (bole7e ) will
have a 1imit in probability of the form

)[0 VY, é/ ;\(1 ?

(4.1.8.) V - /\/’ 257146 i
YeofY My M; 34
L V/ Vs éf Va
HereV \/, (and its transpose) and VY, are the stochastic

limits of the matrices in the corners of L . Since the
determinantal value ofé will be almost everywhere

different from zero (if the Joint distribution of the

(1%.23?.110 Tonger included in’g;; as 1t was in P in
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is not singular) the matrix L,-’will converge in probability

to the inverse of the matrix just written.

By elementary transformation on (4,1.8,) it is
eaglly seen that \

EL o amrep)

Lo ol
The variiange” f ?,mtherefore converges to

1 al(-p?, ! il
A R (T2 263 146%) WA

Since 9?,,,; 1s an unbiassed estimator of £, fi+¢*)we have

-, VAl 2.
oo SOHECRWIT e
LR Z VW(?P*") j‘ } (.,‘;?ﬁi}
Which iS ﬁle same as (’3.1.9.}

&
The test statistic ﬁL«?%i% used by Durbin and

Watson is asymptotically equal to 2{s-r)(see 1.2.9.)e
The variance of r; will depend on the matrix zXQ (See
(1.3.2,)) but from the general expressions for the
variance, (see Durbin and Watson (1951) page 164), it
can be seen that var (1) will converge to nwle The
asymptotie relative efficiency of '?’,Hand d as tests of
the hypothesis ﬁzo therefore is

(14019100}‘ E(g}l"’_i 56(# gﬁ;,g% ::f

&

s b § 9 2 2l
Again here we have put ”é_ff;’ ) %, ﬁmﬁ?g.,{ %ﬁ?&%}@a

but again the first quantity can be evaluated directly,

though the algebra becomes very cumbersome.

73

X
8
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The 1likelihood equation of the observations is

lgh « k-4 legllil - L(y-xXE) 17 (y-XxP)

where )
w = . n-1
U PR VR P’,.-m
b 1 T
[:' s
ne Fnl n 3 I

and X ﬁ was defined after (1 3024 )e

It is easy to see that the quantities f{gp 3,9,_;?0 co
: 1

and f’ 1372 ‘7, o are zero and that
! (+e* ! =y !
(4.1.11.) ff_;‘?;ijp :n-u T a(y-X8) L 1z, L) (4-48)

7

..(ﬁ-%ﬁ) r' (afﬁ)ﬁ ( AE)f: @’{é\)}?:o
Since the elements in the diagonal of( Joga I ),.,811 vanish

i
this is
—_{ =1 _
L ) - (0-1)35{{1 Xf)(af[')& xf)/?é =0
But the elements in the leading diagonal of( r',)F co
(64,264, 26 . . - - 5 =5%6") so that (’-l.l.lle)
becomes (n~/) —( ax-a)= — (=1}
Thus the only non zero element in the row contain=-

ing —f 2%11'7 in the information matrix is that
l 3f ? jp 0

~Y
corresponding to ~ {’—-*@i { S C7 e | so that the
element of the inverse, which gives the asymptotic

variance of the maximum likelihood estimator (Wald (1948},

Whittle (1953)) is (n-1j . It follews that as test
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statistics of the hypothesis ﬁ,=c9 both 4 and J,, are
asymptotically fully efficient.

The statistic 2H;appears to give the best test at
present available against serial correlation in the
residuals from a regression because:

(1) The test is exact, provided only that the
conditions (1) and (2) are fulfilled. The test
statlistic is, fundamentally, a correlation se that it is
hikely that the distribution of the %, can diverge
fairly far from normal without the validity of thig test
being much affected. The statistie %ﬁ,is the only
statistic at present available giving an exact tes%.

(2} The test requires the use of tables which are very
generally available,

(3) The statistie %ﬂappears at first sight to suffer
from the disadvantage that additional computations will
have to be ecarried out if the straightforward least
squares procedure is to be applied (to estimate the f% e
However, it will be shown in Chapter 5 that, for f, high,
the estimates of theBj.., obtained from the ¥, may be
more efficient than th;se obtained from least squares
procedures. In any case both are inefficilent, Only

in those situations where the test of serlal correlation
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A
based on %w,accepts the null hypothesis will more

computations be'necessary than wounld be the case with the
statistic 4 (if it also gave a non significant result).
Finally, in a proportion of those cases where the result
1é not significant d will fall between the bounds
tabulated by Durbin and Watson so that additional
computations will be necessary to obtain the mean and
variance of the test statistic and, thence, the approxi-
mation to the signiflecance point from the appropriate
Beta distribution.

(4) On the 6ther hand the criterion of efficiency which
has been used is asymptotic and is only suggestive for
medium sized or small samples. For really small samples
the effects from the estimation of p additlonal parameters

will be felt, (¥ ,  ,%;,)s  The integer p will,

presumably, be small for small samples (though this may

not be always so in econometrics),

4,2, Examples.

The following examples illustrate the use of this
statistic, The results are given in more detall than is
necessary for the purposes of this chapter since they will
also be used in Chapter 5.

Example (1). A series of 30 terms was chosén from
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Kendall (1946, 1949) series 1 and another from his series
9. The commencing terms were 341 and 235, The two

serles were, therefore, generated by the relations:

.)C(_. =1 )‘&"‘I +0.¥ x"‘-‘zg%lf

=0T etes = Ve

where in the first case the disturbance is rectangular
and in the second case normal,

The series Yy = 14 Ky + % was then formed,
The data required for the test based on ;b+’ (p =1, in

this case) is as follows:

- g s .
v! }2.030 =-0.001 1,008 | 6.9u5 2.423
(b.2.1.)( %] = 0.041 =-0.112| | 38.642] = | 0,30
% | 0.940] | 11,527  [-0.180Q
2 [L’..f-! - 2=f0
OF x0 687 F) ZP"'

The matrix on the right hagg side is the inverse of the
matrix of cross products, ;(Z;,_."E,;)(z_;e—ét,«)
The test statistic is &= Vis €308 = [ SH

{08831k no.our]!™
Using a one sided 5% test this is not significant, the

significance point being 1.812,
From the straightforward least squares analysis
the regression coefficient is 2.791, The ratio d proves

to be d = 33&59% = 1.4k, From Table 4 in Durbin and
23,27

Watson (1951) the upper and lower bounds for a 5% (one
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sided) test are 1.395 and 1.49, The additional

computations required for the carrying out of a test
based on the Beta distribution have not been done.

In practice the approximate significance point falls
very near to half way between the bounds and the result
in this case is fairly certain to be not significant,

(A low value of 4 indicates positive serial correlation).

This example agrees fairly well with the
suggestion from the asymptotic relative efficiency of
the two tests. Both estimates of the regression
coeffieient are very inaccurate, but this is partly due
to the low variance of X, compared with that of ¥, .

In this example the **end effects® from dropping
one observation when n is even and from the estimation
of additional parameters is evident for the degrees of
freedom available for the estimation of the test statistie,
instead of being in the ratio 1:2, as they will be
asymptotically, are in the ratieo 1:2.7. In example 3
below (where 69 observations are available and there are
two regressors) the ratio is 1:2,2.

A
On the other hand %ﬁ,is always an unbiassed

b
(tf®

there 1s probably a substantial upward bias in d which will

estimator of whereas, for small samples and £ 7o s
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reduce the power of the test based on this statistie.

Example (2)., Two sets of 70 consecutive observations
were chosen from series 7 in Kendall (1949), the
commenecing terms being 191 and 316, These series are
sufficiently far apart to justify their treatment as
independent. Both series are then Gaussian simple
Markoff processes with serial correlations 0.9
Representing the series by X% and %k a third series ecan
be eonstrycted as

A
A
The details of the test based on Y, are as follows:

“§; 0,0639 =0,0017 =0,0320 [ 32.929] | 0,994
(h.z,z.)i z 0,0023 =0.0005|1201,613] =| 0,422
_% i o*f.ozoh‘ | 23.705] -0, 472
oc*%a p.udq/ [7’,;;:7_:.#—-2 = Fo
The test statistic is

V3o O 4+
£ = — = I T
30 " fouqr x34x 0-0023] 7

which is clearly very highly significant.

The regression coefficient from the least squares
procedure is 0,417, which 1s much further from the true
value than gé -

The ratio d 1s 0,694, * The lower bound to the
1% point of a one gided test is 1,43 so that this alse
gives a very highly significant result.

¥ This vaiue 1s slightly inaccurate as the estimate was
based on the computations leading to (4.1.13.) and differs
from the correet value due to the use of different mean
corrections,
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Example 3, Durbin and Watson (1951) used economic data

due to A.R. Prest (1949) to demonstrate their method,
The original data covers the period 1870-=1938 and shows
the logarithm of the consumption of spirits per head in

the T.K. ( gE )y the logarithm of real income per head
(%.) and the logarithm of the relative price of spirits
( x,.) The result of the least squares regression is:
(Ye=9) = = 0120 (X =%, ) = [ 328 (X0 -5, }
The statistic d@ equsls 0.249 and is highly significant.
The %‘ are as followss
(4424 30)
175,459 0,855 =2,063 ~177.455 -4.873) [ =0.636] [ 0.795
69,870 =-2,958 2.275 =75,048| | -1.818| 1-0.,693
10.616 3,505 16,107 2.,401{=| 0,950
187,762 0,794 | ~0.621) |-0,792
98,166 »1.80&. _0.63Q‘

e

I el QPSSP

Oy = 0 65023% Y zp-z
0.9%

9ce. /7. 3F

Eyg = ﬁ}mwmawaj’/&‘
which is highly significant.
On economic grounds the regression coefficients
;}, and ?, are more acceptable than the two least squares
estimates as it is unlikely that the demand for spirits

would fall as income rises.
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In this casgse the lack of independence in the

residuﬁls may not be due so much to serial correlation as
to a trend, due to the changing hablts over the period
(the decline of the "gin shops®), the upward trend in
income having absorbed some of this< effect in the least
squares regression, For the alternative method the

£
effect would be absorbed in ér‘s of course.

4,3, An alternative test.

In # Lr;\l. a test of the hypothesis p =o© was
obtained from ¥p,, . The statistics é,&rj (i1} wily
also give tests of this hypothesis though the power .of
these tests will clearly depend upon the ﬁ, and the
coveriance matrix of the Z;, .  In fact, since |
is a~s§1aptotically fully efficiént, it follows from
Fisher's well known theorem (Flsher (1924) page L46)
that the asymptotic efficiency of %ﬁ{ﬁ)f;is p * where P
is the correlation between &’?M and “5’?%' on the null
hypothesis. In the case in which p = 1, for example,

p can be shown to be given by

%.lm

.3.1) P= = 1+ .,".'.:,‘ ‘ )"z
P L O BA+R,) *6,55 J

wheregf is the variance ofx,.and £, and £, are the first

and second serial correlations of this variate, The

efficiency approaches unity as 5?; and ¢, increase relative

Wty
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&
to o

, 9 &s 1s to be expected.

It is elear that a linear combination of ;}+y
and the ?Pd will always yleld a less efficient test
statistic than QP”’ the best linear combination being
that which gives all of the weight to ? J e The partial
multiple correlation (between Y, and the Zje (1% p#)with

the effects of the Zj. (s< p++) removed) is not, however,

a2 linear combination of the gf:rj {j?Pﬂ) . Consider,
however, the two statisties:
b = g}z
(4.3.2.) %Y
s s (' 5} — P = )
2
which arise from the case p = 1. Here S, and g; are the

(true) variances of X and Z; respectively on the null
hypothesis, Then £, and £2 are independent and under

the conditions of Pitman's theorem (# 2.2,) these will be
asymptotically jointly aﬁd independently normally
distributed, The test statistic gained by weighting

the two statisties with their mefficacies™ (the quantities
i {ijaf[# bgﬁj>/xﬁwlf %@) will give a eritical region

h -y

) [
in the sample space of ’?;-{ggfggz} s 25 gzafi;%? )

which will be the region "above" a straight line (for a
one sided test), But asymptotically this straight line
wlll be orthogonal to the line upon which the alternatives
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e
corresponding to = B 4ill lie while for those
fr

alternative hypotheses (which will vary with k) the
variances of 7, and 7, will be unity, and the correlation
will still be zero (under the conditions of # 2.2.)s It
follows that, asymptotically, this linear combination gives
the best test of these sequences of hypotheses (which are
the only sequences of interest), From what has been said
before the linear combination will, of course, reduce
merely to ;}L so that no combination of ‘?; and {% » linear
or otherwise, can give a better asymptotic test than 2
gives and, in particular, the partial multiple correlation
cannot,

When two arbitrary independent test statistics [,
and £, are available the knowledge that the best linear
combination will give asymptotically the best test from
the two statistics is of no practical value, of course,
since the best compounding coefficients will be unknown.
If they are chosen so that the angle between the line
bounding the critical region and the line defining the
alternatives is small the asymptotic power of the test

will become near to the level of significance. The virtue

L& z
£ £
in the use ofgﬁit'r{iiaéis that it gives, asymptotiecally,
3 H

a region whose power 1s independent of the direction of the
line prescribing these alternatives and is yet fairly

powerful,.
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Exact Tests for Correlation between Time Series.

5¢ls The efficiency of estimates of regression coefficients

when the residusal is Markovian.

From (1.4.5.) the covariance matrix of the
regression coefficients, when a straightforward least
squares procedure is used 13.

(5110 w7 M) (R M) Mo

Herg it will be more convenient to make mean
corrections and to omit the coefficient [30 s 50 that [jg ’
for example, 1s the sample covariance matrix of the x; . R

The least squares estimates willl be 1ndicated by !%

The covariance matrix of the %is, from (4.1.3.)
and (4,1.8.) (asymptotically):

20 (- BT -
n (I1+A%) y}

It is fairly clear that the maximum likelihood

(5:1s2e)

estimates will be asymptotically equivalent to the
estimates which will be obtained if 8 is known and 1is

used to transform 98: and the X. so that the residuals

JE
from the regression become the \7& (see (Helele))e The
limiting form of the covariance matrix of the maximum
likelihood estimates of the }%’ will, therefore, bes

(5.163.) wn” (l-»/o’) [M (”‘f’,) p M }-—f

75,
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These estimates will be represented by the
notation é%%".

Because of the non linearity of the likelihood
equations, the lack of any small sample distribution theory
for these estimates and the lack of knowledge concerning
bias 1t is worthwhile considering the properties of f?
and 3 even though they will, in general, be inefficient.

A fourth estimation procedure, which was dis-
cussed in # 1.4 (pages 30 and 31) is based on the first
differences of the observations, The covariance matrix
of the resulting estimates iZ'is asymptotically:

(SaTulie}
w e G e -] -y Mo M}i@;p P M M M, JIEM- ;]

The estimates ﬁj , ¥, and ﬁ, are all unbiased,
while the Fﬂ are asymptotlcally unbiaseds

A For the moment we shall restrict ourselves to
the ¥; for o<J < p.

If all of the X;.are independent in time the
covariance matrices become:

CRRTI LIRSl

(5ele2.) 1 26 (B
" n(i+pr) ~°
(501030)‘ U;: (‘—ﬁt) M.ﬂ
n (IR~
(50\101}.)" qz(‘"ﬁxa"ﬂ ﬁ;’

27 ~
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fj‘, and };/f, will clearly have the same limit 1n
probabillity so that the asymptotic effliciencies of the

various estimators in this case are:
- F*
E{ﬁuﬁ*’ﬁs} ) "f”?é?
(5.1.5.5  Ef¥, P 6] ?

B

P

— # - .z(u»f;
E{f £ P-] (HE(-F) )

For ”3;}3 § ﬁj is less efficlent than ¥ .
However, ﬁ is more efflcient than & for p,> «;ﬂ +¢&  and
is more efficient than ﬁ, when p,>a-V3 = 0z fiis fully
efficient only when ﬁ is zero, while ﬁ becomes fully
efficient as §>§ tends to one,

If all of the x;.are generated by independent
stationary processes with variances a‘xj and R serial

correlations 5% the covariance matrices are asymptotiecally

diagonal with non zero elements:

ey R’
(51010 " a’ L c&;‘ {f+z Z?g Fii]
[N ‘l - f H’F’z
(5.1.2.) 't =4 ;,{ 3
| o S U e, 2k
(5.1.30' S 1_f 1-R* 3
BT 7 R gﬂﬁ;§
d-?-

(5elolte) ! ____!_..,,L.. ’-'P =6 = pk-1
oM 6 wg’;g { - :-f: f D?g z(ﬁk~ ﬁi@‘f”)}ﬁ
Again 1t is clear that for ;;Pi sufficiently high,
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44 A —
Yi will be more efficlent than f; and that f; will be
more efficient than either.
Consider the case where J{,-t, is generated by a
process of the form (l.2.2,) with h = 2, Then it is
well known, from the spectral theory of discrete processes,

that: - Z.:z.

3 AT
. ~ Z 2 ‘e
i if“‘ (/-fa, Z+RZ )(Z 4@54’%;
the Laurent series converging on an annulus including the

unit circle,
It easily follows (Quenouille (l947a)) that:
| 425 6" (el b
The asymptotic efficiencies of the ﬂ 5 Y (isp)

«i‘*@, *’&2 ﬁ&
and ﬁ; could now be written down from (5.1.1,2,3,4.)'%,

In example 1 of # 4,2 we had ay=z=i-l, a, =05

and f:o 7
Fa)
The asymptotic efficiencies of /9, and ¥, then

E{ﬁaﬂf’ﬁ}“ o.52
(5.1.6.) £ g)q;? ﬁ:ghg;; - 0.29

This partly explains the very inaccurate

were:

estimates of the regression coefficient by the two
estimators,
Finally, when X;. (still independent of the

other regressors) ls generated by a simple Markoff process
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with serial correlation g, the variances become:

| I +£Fjy
(5.‘1610) T — == —
. A o‘,; /1 —F b

(5ul2) 11t 257 [ (1=RDUHE)
o S (ARP(-y)

('501030)"' 071 ’ I“Plz
. " 0}:’ /+;‘32~zg£;;

) 2
(Felob)tte O 1 y-p (:?—ﬁ&,«g- 73
2 . f
Sy FR Ale-phI )
The asymptotic efficlencies then become:

1-F* I-FEFy
E{ﬁ,;,«% //g ] R AR zf’?;' wf’jf”f;

., y 1+2)( 1~ £])
(5.1.8)  Ef¥ prIA] L ((/7‘;2)(”/953”1%”
— s &(Hﬂ)(’“ﬁ/)(’*ﬁffft}
E{ﬁl’ﬁﬁj fﬁﬁ (485200, X3 1,5y~ ~Fir)
In example 2 of # 4,2 [ and F both equalled 0.9 so
that these ratios were 0,105, 0.5 and 0,974, In fact

the estimate based on A, was much further from the true
value than that based on ;' o«  Evidently ﬁ; would here
be very near to the maximum likelihood estimate.

It is falrly evident that if an accurate point
estimate is required better statistics than the i can
always be found, Even 1f the computations required for
a maximum likelihood solution are too lengthy much of the

information can usually be recovered by the unse of a
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transformation, This is, of course, well known. The
virtue in the gglies in the faet that their distribution
is known so that confidence intervals can be obtained and
tests of significance carried out, In particular, the
correlation between ffk and ‘the X;.can be tested exactly,

This subject will be considered in the next section.

5¢2» An exact test for correlation between two series

when the residual 1s Markovian and independent of

the regressor series.

We shall first consider the regression model:

(562616} Y, * /90 +ﬂxb + %
where
(1) €= f G-t # e and " is N{o,a;u-f,’)""}
(562426 (2) Ty is independent of X, for all t and s.
L(}‘) X, 1s generated by a process of the form
Xe= P Xe t {‘__ where [1.- is N{a,ﬂi(’-f.’»’)yz}
As was shown in # 4.1 an exact test for
correlation between Y, and )Cb_can be based on the statistic
?, (see (%.1.5.))s However, this test will not be
fully efficient as can be seen from (5.1le7.)e In fact
| the efficienecy can never rise above 0,61 and can be very
low for [f | low and |f,[highe

One can, of course, find tests of the hypothesis
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that there is no correlation between Y, and % which are
asymptotically fully efficient, Such a test ecould be

based on the maximum likelihood solutions for the para-
meters involved, In fact, of course, one needs merely
to use any consistent estimator Of;ﬁ y to transform the
observations so that the residual process is approximately

independent in time, in order to get an asymptotically

fully efficient test. Apart from the faet that the
asymptotic efficiency of a test statistic is an asymptotie
criterion and, therefore, only of suggestive value for
small samples it has an added disadvantage when applied to
test statistics whose distribution}is not known exactly

in that for small gsamples it does not take into account
any bias in the statistic (as an estimator) or any
deviation of its trme variance (on the null hypothesis)
from its limiting form, If such a deviation in the
variance is present the sigﬁificance point used may be Very
far from the point appropriate to the level of significance
required,

One procedure which has been fairly commonly used
in the past has been to calculate the ordinary correlation
coefficient between the series 4, and X and use (1.4.9.)
to adjust the degrees of freedom so that a distribution
(that of the correlation coefficient) with approximately




the correct variance is being used.

two main disadvantagess

82,

This procedure has

(1) The estimators ofﬁ and ﬁh obtained from ‘t‘ne first

serial correlations of the two series will be biased

downwards (see 1.2,26.), if p,end g are positive, so

that the number of degrees of freedom will be biassed

upwards and an insufficiently stringent test will be used.

One can, of course, make a subjective adjustment for bilas

(see for example Moran (1952)), but this 1s clearly an

unsatisfactory procedure.

(2} As can be seen from (5,1.7,) the test can be very

inefficient for P high. |

In fact if ﬁ

based on J, can be more efficilent, as will

Table 3 below.

ablen3.
E{8,4 18]

is high the test

be seen from

i&g ~0.8 ~0:6 -0.4 -0.2 0O 0,2 0,4 0.6 0.8

0 2,28 1,06 0.69 0,54 0,50 0,54 0,69 1,06 2,28
002 [ 1.52 0,77 0.5% 0,46 0,46 0.54% 0,75 1.25 2,90
Ol | 0485 0,47 0.36 0,33 0.36 0,42 0,69 1.26 3.20
0.6 |1 0,38 0u24 0,20 0,20 0,24 0.32 0,63 1,06 3.05
0.8 | 0,11 0,08 0,08 0,09 0,11 0,16 0,29 0.66 2,28

The remaining statistic mentioned

in # 5.1. is the
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estimator of the regression coefficient obtained from the
first differences of the observations, In order to use
this statistic it would be necessary to make some estimate
of the variance of the estimator, using a formula such as
(5s1lel,) 7!, and estimates of fand f . The difficulty
mentioned under (1) above will still apply, however, though
the effect may often be now less serious since (5.l.h4.)''!
is less sensitive to small variations in ﬁ and f;(mmen“v
these are high and of the same sign) than is (5.1l.1.)''',

It is of some interest to examine the efficiency
of the statistics suggested in Quenouille (1949b) ( see
# L.bo, pages 31 and 32).

For the present case Quenouille's most appropriate
statistic would appear to be r(%e,Y% | X¢-) since only X,
will be Markovian if P, is not zero.  Because of the
resulté of later sections and Quenouille's findings with
regpect to the blas and variance of the étatistics on the
null hypothesis (see page 33, first paragraph) it is also
interesting to examine the efficiency of f{’&;ﬂc ixbﬁs)t&pg}
Quenouille at no time specified the alternative hypotheses
held in view but, as will be seen below, the alternative
for which Quenouille's statisties are really appropriate 1s
not (5.2.1.) but rather a situation where the correlation
between two Markoff processes arises from a correlation

between the random "shockg® of which they are linearly



8o
composed. Nevertheless, it may often be difficult to
specify accurately beforehand the range of alternatives
so that it is necessary to consider the efficiency of
Quenouille's tests in the present case also. Moreover,
the resulté of the sampling experiments carried out by

Quenoullle for the case of no correlation between the

serieg, are fully appropriate and, as mentioned in # l.4.,
appear to indicate that the significance point obtained
by treating the partial correlations as if they were
obtained from separate series independent in time, will Dbe
near to the true significance point for the level of
significance used., If the power of Quenouille's tests
is fairly high, therefore, there is much to recommend them,
Asymptotiecally @he variances of Quenouille's
statistics on the null hypothesis will be nl" Wé shall
evaluate Gim { f E"{"eﬂ& :xe_§} directly though it is

Nnpa

simpler to reVerse the order of the two limit operations.

We have o

§ 7 l j
g{r(x&-) 3&5"&-1)} ff’"{x&ﬁe s}aé" (y E —ﬁ,x.) L‘l' “ﬁf‘)*ﬁﬁl;f ﬁ‘ﬂ
vhere I, is the cOvariance matrix of the %,., [, 1is the
COVariance matrix of the X, , ﬁo is the vector {f, fb, - - - fof

and Y and X are the vectors of the ffe and X -

L

Differentiating under the integral sign (as we

may) and putting , 7o we obtaing

{gﬂ,ffm‘&ﬂe “"‘J}#ﬁo ﬁ@v{f(xt.,y‘,pré,_,)’ j’]‘j"éﬁ j/ﬁ*”-’@

L4l
AN

n §% ?
= v { PO tebpie-s) gy T 35t =6 2 Yo ~F ] 3o
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ignoring certain end effectse
The limit of this may be obtained using an
obvious extension of the theorem quoted in Cramer (1946),

 page 353, so that we obtain finally-

3 Ef@
ﬁ%ﬁt laﬂ g(rcj{lg ‘jl.‘ ar&”‘))}ﬁsg [5_ Fﬁrz;
Similarly we obtain: :
2 {1~ Fm ? o~

05 (G € (rowie /-’«.-nye-»zw ey
Since the two statisties have the same 1imiting variance

on the null hypothesis the second is always asymptotically

the more efficient and from (5.1.3e)'!!

i-R*
E{"é"z»:%l"( ct# Jiset) 'ﬂ }Pl } 1462 26F * !‘%w-gf‘g%;{"

Evidently ¢ (4,4 )¢ >4e¢) 1s asymptotically o1ty
efficient 1f, and only if £, = fy » This is due to the
fact that P =f, implies that ij& is also Markovian and
vice versa (when /;?I:i:' ¢ e

We alsc have from (5.,1.26)%'?
% 14 f
E{r("!n Je [2-1>9e-1), Y, Iﬁ:’"oz = X Wl-fﬁ:?— = | Jﬁ}iﬁkf

and from (5elels)''! Y-8
5 N 2 14.0) « (HAEIO-F
E{re e tenteds b 1000 = (a5 0-69

This ratio 1s shown in Table 4 below for some values of P,

and ﬁz .
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Table )-b

E [V'("L: .Jb/‘ft--r Teatd, ﬂ, //91 ‘“‘:’.é

P Pi "O. 8 “"O & 6 “O m"i‘ ""0:0,2 0 O & 2 0/}. )‘* 006 Oh‘o 8
X

0 2,78 1456 1,19 1l.04% 1 1.,0% 1,19 1.56 2,78
0u2 | 1e23 1.18 0,97 0.92 0,96 1.08 1,34 1.91 3.68
Oul 11,20 0,80 0,72 0,75 0,84 1,03 1.38 2,14 L.53
0.6 | 0,62 Qui7 047 0,52 0,64 0,85 1.24% 2,13 5,06
0,8 10,22 0,20 0,22 0,27 (.36 0.52 0,83 1,60 4,56

B —————r T . TR OGRS Y

The statistiec r("hﬁe!"esfﬁw) has considerable
appeal as a test statistic of the hypothesis ﬁ, 0 o .
The partial correlation coefficient corresponding to ¥,
has one advantage of course since it glves an exact test,
However, unless ;‘g; is large relative to ji;the test may be
much less efficient than r(x., v, 1x..,, .. )

Another test statistie, whose distribution is
exactly known is g; » Since g} is not fully efficient it
appears that some inerease in efficieincy might be obtained
from a combination of 7?, and 93 y for example the corres-=
ponding partial multiple correlation (ofy with X, and
( ., * Xy ) with the effects of (Yy.., ¥ Y3p4s ) Temoved),

The efficacy of ywcan be easily evaluated as:
(5.2.3.) biw [BEEDTY  mpr-g?) o>

npe 1 \/w(?) ﬂ 0 (1—¢g% 7=
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and we have:

A A i i'f'ﬁ z
The ecorrelation between the two statisties when

ﬁ, is zero is:
fvfz Fe_
[.‘;—f’Z)V}

The efficacy of the best linear combination of

(502 la) F - -

the two statistics (which gives, asymptotically, the best
test; see # 4,3.) will be the guadratic form in the two
efflcacies whose matrix is the inverse of the correlation
matrix of the two statistics, We, therefore, have as
the efficacy of 9 (say) (where $ 1s the best linear
combination of iand §3 ) from (5.2.1¢)%'", (5.243.) and

(5.2.h )
Uﬁ;fﬂ’)} ) ne 46 [ gAa-6Y |, (HEN-RY

T s e S

n—?ao Ve I f& GF It ) —fe J(/— CD 1165

| J2EA feR) )
G+ Vg, ?)(sz’)ff

remembering that the square root of the efficacy of ‘ig

must be treated as negative if p 1is positive. This
guantity 1s:

W,O'; cml‘,ﬁ?} . [_i, zﬂ‘!gf
(502.5.) > [ B L, 1th 2’5
o 1 1= 2 (=67
We, therefore have:
- R g »
(5.2.6.) o] - HR™ [ (8% i
E{ f"‘f;f ? !+ (/fﬁzﬁz Ifﬁz‘g/i
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(as it clearly must be).

This is shown for some values ofﬁ and £ in Table 5 belows

[
{}/ ;
¢ ""008 “096 ”'On)‘{' "0.2 0 0}2 O.L" O.6 Oo8

0 | 1.48 1.39 1.2% 1.07 1 1,07 1.2% 1.39 1,48
0.2 2.04 1,94 1.65 1,33 1.08 1 1,05 1,11 1,20

0| 3.22 2,98 2,52 1,92 1.38 1.07[1  1.03 1.07
0.6 | 5.99 5.50 4,57 3,32 2.13 1.36 || 1.05 1 1.01
0.815.22 13,90 11.36 7.91 4.56 2,30'[1.31 1.03 1

This table is of no direct practical value, of
course, since the best cdmpounding coefficients are never
known in advance, In practice the (partial) multiple
cdrrelation corresponding to 9: s and %will be used (for
the reasons mentioned at the end of # 4.3.) and (5.2.5.)
is still important in the determination of the asymptotilec
power of the resulting test (as was shown in # 2.3.).
However, the comparison of the powers of this test and of
the test depending on g, , depends on the particular
sequence considered. The double lines in Table 5 enclose
a region of values of ﬁ and f% which, from experience,

seem very important, Here the best linear combination

gives a test which is not very much more powerful than that
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A
based on y, alone and it seems, therefore, that through-
out most or all of this region the power of the test based
on the multiple correlation coefficient will be lower than

A

that based on ¥ .

The asymptotic powers can, of course, be compared
but 2 large number of parameters are involved; &, P, fi, 6 5 s
and k. We shall consider only the case where Pl:ﬁ'.-‘f f,=e %
and &% =0, so that (5.2.5.) becomes n(0.198) while
the efficacy of ’;/ 1s n(0.152) from (5.1.2.). We shall
also restrict ourselves to the 5% level of significance
and will conslder a two sided test. A

The asymptotic power function for Ye agalnst the
alternative ;= kn™" 15 now:
(5.2.6.) & {196~ R (o-r52Y%] + §{1.9¢+R(o-1523"] = P(Y)
while for R, the partial multiple correlation, the
asymptotic power function is:
(502.7} (hz(a 198), -65) = P(R)
where G {g{ fzﬁis the power function of the X test for p
degrees of freedom at the level® and for an alternative at
a distance 4 from the origin. This function appears to
be poorly tabulated. The tables used were those
prepared by Tang (1938) and the values of k have been

chosen to econform with this tabulation.
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Table 6.
kb 3.893  5.8%0  7.787  9.73%  11.680
) 0.329 0,623 0,858 0.966 0.995
P(R) 0.322 0,638 0,883 0,979 0.998

It appears that even in this case the asymptotie
power of the test based on the partial multiple correlaE}on
is, at best, not much above that of the test based on 3;
Of course, if f and P, were chosen so that E(f,fl’ﬁ”a)
were very high this would not be so but such a set of
values of ﬁ and f; is, perhaps, not met often in practice,

The situation, therefore, appears to be as
followst |

(1) An asymptotically fully efficient test can, of
course, always be gained from the maxiﬁum 1likelihood
estimators or from the use of any consistent statistic
(as an estimator offg ) to transform X and 4 so that. the
residuals are approximately independent. No exact
distribution theory is available and little is known of
small sample bilases in means and variances.

(2) Quenouille's statistic r(X,Y; [%.. Ye-1)1s fairly
efficient for most values ofgf and {, , particularly if
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they are not too far from equal. Its distribution is
not known exactly but from Quenouillets sampling
experiments it appears that its treatment as an ordinary
partial correlation will be a reasonable procedure.

(3) The ordinary correlation coefficient is well known
to be inefficlent and its use is also hindered by the blas
in the estimators °f§3 and ¢ (which affects the accuracy
of the determination of the degrees of freedom to be used),

(4) The test based on the partial correlation between
%,,and % with the effects of ( Xy, # Xy ) and (Y., # 2,
removed is exact, and compares reasonably favourably with
the ordinary correlation, with respect to efficiency, over
a fair range of the values of f and f>. met in practice.

It is always less efficient than p (¥e, % /5., %-.} so that
the exactness of the distribution is its only advantage
here,.

(5) The test based on the (partial) multiple correlation
of 4, with X, and (X. *%esiwith the effects of (Ypn., # Vas<i)
removed can be asymptotically more powerful than the test
considered in (4) above, but it ecan alsc bé less powerful.
When | P, — P, ] is not very high little can be gained by
using the multiple correlation and a good deal can be lost,

When X, is not Markovian the comparison of the
powers of the various tests becomesmore complicated.

4

Even when x. comes from a second order autoregressive
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process the formulae resulting from (5.1.1,2,3,4s)'!! and

(5.1e6.) are quite complicated algebraic expressions; It
appears, however, that no essentially new situation emerges
and the asymptotic relative efficienclies of the various
tests have not, therefore, been computed.

Example 1. The data is that of Example 2 of # 4e2.
Some of the statistics considered in this section have
been applied to this data and the results are shown in

Table 7 belows
Table 2.

Statistic Sample Value Population Value Test Statistie

A

,Zt 0099"" 008 t?o = 5027 b

' 0.417 0.8 e = 0.316
réx!s“f&t {5t aid 0'316 00329 5/;7 = 0'.\361**
LS TARC TS b ORI 0.68% 0,625 e = Ou 681 **

** Highly significant.
Here £; indicates Student's t with 30 degrees of freedom
while ry, is a correlation \éith m degrees of freedom.

The degrees of freedom appropriate to r,_  were

cal cﬁlated froms

fo Vg V5 — (0755 X®-73G)
I+ O iy 7+ (o 75549739}

In fact, of course, the two serial correlations were 0.9,

Example 2. Here the data 1s that of Example 1 of
A A
# L2, The statisties B, ¥, , r(%,4. /%  %. jand the
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partlal multiple correlation R (ffzc 5;(”’xm‘fxzwl}hw%w}are

considered below,.

Table 8.
Statistic Sample Value Test Statistic
2
P, ‘ 2,791 s = 0,803 **
(e 1%y, Yoo 0.636 "ae = 0,636 **
R{yu%éf*%g*x:s"wfb’ww*b’zr;w} g‘: g% F?E;: ; %:gg
H

503+ An exact test for correlation between two simple

Markoff processes.

Let
Ye-por = F (fer =) F e lplel

Xp=poy * £, (emem#)F ) If 1<

be two simple Markoff processes with normally distributed

(5e3.1.)

disturbances having zero means and variances o;%(/-£%) and
(- £

The correlation betweenvthe two processes can be
prescribed in terms of the correlation properties of the
residuals, Since these residuals come from processes of
independent random variates this will be achieved by saying
for what lags the residuals are correlated and what the
correlations are,

We shall consider the case where the only non
zero correlation is between G and'prjand the series have

been so lagged relative to each other that m is zero.



e

If the correlation between % and r‘ik is f then

the correlation between X, and ¢, 1s:
tzs PA(- Pg’X'aP N, s &
(53.2,) ~hh R - df,  (say)
E<s A f
The two series Y, and . will be jointly normally

distributed for every t so that:
(Yorpo) = ok E(xe-pia) t by

where 4‘ is 1ndepen§ent of x and has mean zero and
variances o - ¥,

Then a2 simple calculation shows that:

E(GLes) = o7 G-aYF’

It follows, since . 1s normally distributed,
that it 1s generated by a simple Gaussian Markoff process
with parameter £ (Doob (1953), page 233).

The disturbance &, in the process:

6o = Pl * 60

-
E, = mg(x&-:"/"‘zm”ﬁ)* 2&:”“5’; 71(:-
If 4 ¢, and p# o then 8 depends on Xx.., , and

is

is not wholly lndependent of the process x, . The &,
are, of course, independent,.

When ﬁﬁ& the present case is equivalent to that
considered in the # 5,2, When ﬁ*& the exact test of
correlation there considered is still an exact test but
the conclusions as to the power of the test and of the

others there considered do not apply for when A1 condition
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(2) of (5.2.2,) no longer holds.

The conditional distribution of the Yaes(t=t, -5 f;xmﬁ
for fixed X,, (¢=4.. -, n)  and Yopa (670 (a2 7
is the product of the conditional distributions of each y, .
for £ixed Yy ) Yorsrs Xou-p s ¥ze 8DA Horss e This
follows from the fact that for fixed y,..;; and Xyc4s the ¢,
and x.. are serially independent (Ogawara (1951)). The
correlation matrix of the variates Yobet s Grpi s Katet 35325 Kypirs Hat:

(in that order) is:

A [a B
= B
/ a
8 1]
where o
1 p « ap «p
A - f’fe aﬁ &fy o
of, &F, i %
LB &% Fz Fa %f)j

= (P op v of)

Then, u51ng the theorem mentioned in # 3.2 (page 5h4), we

find thaty is conditionally distributed with mean cA'BY
. )

and variance a',z(/«-’@/ﬂ B)

Here
The vector (A & )' is easily seen to bet

f o -Ra(-8B) & (- p7h7) _ﬁw[l-ﬁ@);
1 $PF UO: 1 - £* W W;

while

(5:3+3.) q, (4 B'A o (1= f ){jwz ]

b

?

)\?D\

P
i
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For ﬁ:}i_these formulae are equivalent to those
given in # 4.1, when it is remembered that there the
variance of the residual €, was o¢;* , while here the
variance of the corresponding residual é; is g;iépmgii
When p #f, two things are noticeablé.

(1) The regression coefficient of X, 1s not equal to
that ofaahﬁ so that some of the symmetry present when p=f,
is now lost,. This loss of symmetry is obviously due to
the fact that:

g{(ﬂe'ﬂi)("‘é»ﬁ“/”ﬁ} =+ E{(%"f%@%ﬁ "i“’*}g s F 6 P#0

and correspondingly:

E 100 p Semis Yeti] 7 0 4520
+Fo, 5=
(2) The coefficient of x,is no longer equal to gz

but instead to
& o (1-F2 ﬁ{j.¢
(iI+E2 )X -R77

Since tﬁé coefficlents ofy, ,andy, .

are equal we

may consider the four variates:

& (1—-{7,”;&’} 7y

Zye 7 Xee ¥ (THEDG-R) T
Z .7 -+ = ﬁ
(5.3.8)  Zze 7 YoooitFoews T

..Px_oé(l -6 9
Ed _MW

Z (TR o

Zap T Taesd g, A (680

(196351~ ) B
whose coefficients (as regressors relative to ¥, ) have

Zyg = ot

been written down opposite them.

The covariance matrix of the corresponding least
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squares estimators 1s, asymptotically,

po— P ey
T b O (A > o3 g o
2 % P X
26 (- )~ F3?) 2oy (LFER) o8 ace (8
n(1+F>) o e
and for f=o this iss e
t+f _ *
(‘:Fz) 0 ,...a;fwz——“ "'?’X-
F(-k 4 G-R*Y T O
L7 2z
(5630 56) 201~ 6 ) 25’;2(;+ﬁ’) P )
n 4”5;2:5 !
s -657) °
g =
» o 8 Fen OFY
We have, therefores GOk
,{ a EC\’) ? "
(5¢3060) L . n+hA)
e l. wm jf’:vo 2+ 6

The partial correlation coefficlent between Y,.

and Z,,. (with the effects of

s

i

Z,,

and Z, removed)

again gives an exact test of the hypothesis that the two

series are independent,

Again, however, the coefficients

A &
¥, and ¥, also give tests of this hypothesis and we may

calculate the efficacy of the best linear combination of

these three statistics as in # 5.2

this combination by 3; we have:

fﬁBﬁ(W

n—:»O l \/M{?}

o
po

-
P

35/, o '
where this quantity is obtained from (5.,3.4.) and (5.3.5.)

Once more indicating

by taking the quadratie form in the efficacies of the three
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statistic whose metrix is the inverse of the correlation
matrix of the statlsties, We have, therefore:

(16 1+67)

CTE

(5.3.7.) E{7Y, [ pe)

This reduces to unity for gbsxf; as we already
know it must (see Table 5). It is shown for some values

of ¢ and ¢, in Table 9,

Table e
E S{ E/ 2( pﬁe«f
el - | |
f\{’i "OJ‘QB "'006 “OQL" "'0/‘.2 0 0.2 O.l'[ 0.6 0.8
0 L6 1,36 1,16 1,04 1 1.oh 1. 16 1.36 16k
0,2 | 2,42 1.83 1.43 1.17 1.04 1 3203 1a13  1.27
OB | 4,11 2,73 1,91 1.43 1,16 1,03 ¢ .09
006" 8025 Ll’o 52 2073 1.83 .1936 1513 51003 l 1.02
0.8 :20,75 8.25 k4,11 2.42 1,64 1.27_51 .09 1,02 1

For the range of values of most practiecal interest
(enclosed by double lines) it is evident from Table 9 (in
combination with Table 6) that grwill provide a better
test than the test based on the (partlal) multiple
correlation corresponding to ¥;g s and 3?

In order to obtain the efficacies of Quenouillels
statistics we need the limits of the rates of increase of
thelr expected values on the null hypothesise As in

# 5.2 we have: }

P
] : ( Y ol i )
E“"’“ Y Gov PO Yo (Xpai) 2 5 w3 b A }f
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where [ is the covariance matrix of the ¢, L[; is the

covariance matrix of the.x and

“'«Mum!

‘F' [f flyi - penC - pes) ]

The limit of the covariance may be evaluated in

the same manner as before to give:

M PO 23/}5(7"(79{;5},[?& [))} :(I,_ﬁZJ l/\-
Similarly
fu',. \ 2y Y=
>0 {‘% g("’(xl;, Ef(:/;yt,—-/))jfzo = (’-Pz)
b (3
n-peo L3P f( W("t’;%/&»—u&*l))j}?:a “ l
Thus the last statistic is the only one which we
need to consider and its efficacy is n.
The other variate considered in # 5.2 was the

ordinary correlation coefficient (r) whose efficaey is,
A(i-F (Y (-RN-R) (-6 K-8

PFE {(I-66}" - I~ G R
The maximum likelihood estimator will be

as before,

asymptotically equivalent to the statistic which would be
obtained if ﬁ and f, were known and were used to trans=-
form to the residuals %, and 7¢ (see (9e3ele))e We,

therefore, have:

. (2E217)

NP l Var(r" Je.o

This can easily be checked by a direct evalu-
ation of the information matrix when £ 1s zero, We,
therefore, have the asymptotic efficiencies of the three

main statistic ass
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%
e A (1 +E6)
% 3 AL §

(59 3#80—) E{ f’} ¥ i F’OE > f;:ﬁ}[;@?) < ;
E{r(x“»’ﬁ’/’(é—o%—f);’ﬂﬁf’m,ﬁ? = .

Here Quenouille's statistic is unquestionably
superior to r, It is-always at least twice as efficient
as % s whose distribution is, however, known exactly,.
Since Quenouille's statistiec, from the sampling experi=-
ments, gives a réasonably good approximate test it
appears, however, that it should always be preferred to ¥, .
'Example: In Moran (1952) the correlations between the
" records of the numbers of game birds shot over a period
of 73 years were consldered. In this example the
series for Caper and Ptarmigan are related.

Using the test given in Quenouille (1947a) (see

# 1le2, page 19) we find that the quantities:

R
X % gﬁf’)’% Ry

are for Ptarmigan 13,3 and for Caper 7.l. Neither is
significant at any reasonable level, Here r; 1s the
first serial correlation while the é% were defined in
(14242840 It, therefore, seems that the two series
can be treated as Markoviane

The results of some of the tests discussed above

are shown in Table 10.
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Table 10.
Statistic Sample Value Test Statistic
0,417 Figy = 0,417 *
) RHRA Y = omuBh x
V‘("‘Lz:':fc ixi"ﬂ:‘!:ff"‘!} 0’387 iﬁé@ = 0'387 e

*  Significant at 5% point.
*% Highly significant,

The two observed first serial correlations were
0592 and 0,417 and these were adjusted to 0,65 and 0,55
by Moran to allow for bias, Using these values it appears
from (5.348.) that % and r should give tests of (roughly)
the same asymptotic efficiency while /(%e,Yc[»e.:;%.,)should
be over twlce as efficient as either of these two. The

results here appear to agree with this theorys

5.4s The cage where the regressor process is a second

order autoregressive process.

The tests for correlation between two series
which have been presented in this chapter are exact
provided that‘the residual from the regression of one
variate on the other is a Markoff process. The effici-
ency of the tests have been examined in detail in the
following cases:=

(I) The regressor process is a Markoff process wholly

independent of the residual, In particular this covers
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the case where the regressand is also a Markoff process
with the same parameter as the regressor and the residual,
(2) The regressand and regressor processes are both
Markovian, When the two parameters are equal this case
is equivalent to the particular case mentioned under (1)
above.

If neither of the two processes belng correlated
can reasonably be said to be Markovian then, strictly, the
tests presented here are not applicable, for the residual
can then be Markovian only if there is in truth a relation
between the seriess (One might apply the test as an
approximation to an exact test of course),

A case which may arise in practicé is that in
which one process appears Markovian and the other an auto=
regressive process of higher order. It is then possible
to maintain the null hypothesis in a2 form which validates
the test. The more interesting alternative hypothesis
then appears to be one in which the correlation between the
series ariges from a correlation between the shocks of
which they are linearly composed. In this section the
efficiency of the test given in the previous section will
be considered when one process 1s an autoregressive
process of the second order. Now, of course, X, . and

Xp4n will appear in the conditional mean value of
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In fact no one is likely to carry out such a computation-
ally burdensome regression as would be necessary to
include their effects so that we shall study the same

estimators as in # 5e3e

Let (Y= per) = P(dey M) T %
and  (Xpmpa) # @,y " f5) 4 Ay (Hpen ” f) < /A
be the two processes where:
COINTIDY
(2) A1l roots of Z§Mf2441:p are less than unity
in absolute value.
(3) % and W, are Jointly normally distributed
with variancesg'(Fp?) ando] { %:—: B!f@,,}%&,ﬂz and correlation ?
Tﬁen the correlation between Y, and X, is:

I-a, 14 -
PLO-12) may frmy=a2] ™ T F b,
where b; 1s the coefficient of 7& ,in the representation
o
of X, as a moving average of infinite extent,
This expression is (Quenouille, 1947a}:
f{a’ﬁ:) {+A 5z E’fﬂl)z““t’j} /> {" PR, G TR, ;F;?}
The mean in the conditional distribution of Y,

for fixed y,. , and X willl now involve Jx

Yoe4s Ct-3
as well as the variates included in the regression given

and X.4q

in the previous section, It is of interest to examine
the effect on the efficiency of the tests presented in

the last section of the divergence of the parameter Oy
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from zero.

By straightforward methods it can be shown thate

(3 %[ pao) - LITHb m )T
El Yl,r IP 0] J(,ffz)(/*az_,az)

Efry rlp=o) - (’ f”){maa) - Z
g N%ﬂfw )

E {.r@‘c)'ft'l"b—lfy(:-/); V’*lf":ﬁg = /= @2 :

It is clear now that the statistic r(x,d, [Xe  %e-3 %]
will give an asymptotically fully efficient test,
However, it is unlikely that in practice the effect of
more lagged values than the first will be removed.
Nevertheless, Quenouille's statistic r(%Ye/?e-s, e will
still give a fairly efficient test prQV1ded [a ;] 1s not
too high.  In Table 11 the ratioc £ § ¥ys ©(t,% 1> de-OlF*

- t&,
is shown for certain values of ﬁ , &and A, e Here ﬁ: T
Table 11, ’! , RA PFE ?
P ad f— 23
tg 19 "'(KL)“J'@I"(«U Yoo !)if“o; d(lfﬂz)(’fﬁ éﬁg}
3?2_ Pu = F’. ﬁ = ?y P = 0 6 P = 0.8
aé : = 0.h4 = 0196 = 0.8 F2= 0,8 Pu.= 0,6
"Oneé 0, 50 Ob 51 0. 52 O, 5’,"‘ O#h’?
=04k 0450 050 0.51 0e51 Ook g
042 0, 50 0650 0, 50 0,51 Ool
0 0. 50 0l 50 0.50 0.49 049
0,2 0,50 06 50 0650 O, 48 0s51
0okt 0. 50 0,51 0,52 0,48 0 54
0 & 6 0\1& 5‘2 G‘b 51* 0‘958 0‘: 50 0 060
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For & sufficlently near to unity the ratio just
tabulated will be greater than unity but in this case, of
course, both statistics give very inefficlent testse.
Examples The data for Grouse and Blackgame from Moran
(1952) may be used for illustration (see the example of
# 5s3e)s The Blackgame series appear to be Markovian
but the first partial serial correlation for the Grouse
series 1s 0,34 (from 73 observations) which is highly
gignificant, The first serial correlation for Grouse
is 0.64 and for Blackgame O,43. TUsing &,~903, [, <o 7
and ? =&, we obtain:

Ef8 vip=e]={.03 E { 3 (et [Xesy Yooy 1P 0] = 0447

The results for the various statistics are shown

in Table 12.

Table 12,
Statistic Sample Value Test Statistic
g 0,347 G = 0,347 *
f] 0.0l)'} £3; 2.56 **
r(xk)‘ft: ,}‘#aﬂj gf;-»y) 0‘327 f;’? = 0#327 *

* Significant at 5% point. ** Highly significant,

These results again appear to agree with the theorye

5.5 Exact tests for multiple correlation.

As shown in # 2.3. the asymptotic relative
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effieiency of two multiple correlations, as tests of an
hypothesis & = &, (where all of the regression coefficients
depend upon € ) can be satisfactorily defined as the ratio
of two quadratic forms, when the sequence of alternatives
considered is of the type &< 6, + K . These
quadratic forms (which may be termed the efficacies of
the multiple correlations) are quadratic formg in the
efficacies of the sample regression coefficients, from
which each multiple correlation has been computed, the
matrices of the forms being the inverses of the
correlation matrices of the regression coefficients
(at ©=6p).

In general, the regression éoefficients will not
be directly specified as functions of a single parameter
but for the purposes of an asymptotic criterion they can
be, formally, so specified the /™ coefficient f§ being
put equal to K; 6.

If we write the covariance matrix of the §;

(=t 9=‘eg ) asﬁﬂ}wqj then the correlation matrix is-
[}fgg%fgg}ﬁ and the efficacy of the corresponding

multiple correlation is:

. / s
| (o 1" j_me T'Jﬁb" | R T
(50 S.IQ)Z(MI:‘:)&/,;J L{""&JMJ)A)%’ l(’“{;’)l/}j = ‘%Q;J Ef’“ei‘j} ZQL—E

We shall conslider the case where each regressor
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is Markovian and independent of the other regressors and
the residual is Markovian also and independent of the
regressors, Using the notation of # 5,1, the matrices
for the various regression methods there considered were
given by (5.1.1,2,3,4)t'',

We shall considér in particular the ratios of the
efficacies of the multiple correlations correSponging to
the ordinary least squares procedure and to the %' (as
obtained from the procedure formulated in # 4.,1.) for J=p
(where p is the number of regressors.)

Writing R for the ordinar& multiple correlation
and [ for the partial multiple correlation computed from

the Y, (ini - ,F) we then have:
= 2 ,"'ﬁp.l‘i
7. 2 ¢ M TERR
R:»FIQ:OJ ) T k* (162 L-6,)
7 V(-6 +67)

It is again evident that for any fixed ﬁ? and @j’

£y

(5.5.20) F

NJ‘O\

this will be less than unity for ?1 sufficiently near te
unitye.

The test based on [" could be useful even though
it 1s clearly inefficient (since (9.1.3.)1!' is always
less than (5.1.2,)'!!) for not much consideration has been
so far given to teéfé of significance of multiple.
correlation when the residual from the régression is

serially correlated. One can obtain an asymptotically
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fully efficient test by the use of a consistent estimator
of ﬁ s but for small samples the biases present might be
considerables Again one could generalise Quenouille's
statistices by taking the multiple partial correlation -
with the effects of lagged value of all variates involved
removed, and one suspects that the small sample properties
of this test (with respect to the variance on the null
hypothesis) will be reasonably satisfactory. EbweVer,

this has not yet been shown, Moreover, the .% at once

give an unbiased estimate of the f%’ together with an
exact test (or a confidence interval). In any case the
method which leads to f’seems to have some advantages over
the straightforward least squares procedure in econometrics
(where f; is fairly certain to be high and positive).
The least squares procedure has been recommended by
Wold (1953).

A more thorough examination of the efficieniy of
[’ eould be made and the inclusion of the remaining §§£5>§?£
could be considered but the formulae become forbiddingly
complicated. The analysis could also be extended to the
cases where all of the series are Markovian and the
multiple correlation arises from a multiple correlation

between the "shocks'" of which the series are composed.
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5.6 Exact tests for correlation when the residual is an

autoregressive process of order higher than the first.
The whole analysis of # 5,1 to # 5.5, could be

carried over to the case where the residual is generated
by @ process of the form (le2¢2.) with A >/ . However,
1t is evident from the results of # 3,2 that the exact
tests will now become very inefficient and at the same
time the computational procedures required in order to
obtain exactness will become very great,

These facts, of course, underline a deficilency
of the exact tests. They are only exact provided the
residual is Markovian. This difficuolty dggs not arlse
in the case of the test of significance of Yy, (test of
the independence of the residual) since there the null
hypothesls always validates this test (subjeet to normel=-

ity of distribution, of course}..



Chagter 6.

Exact Tests for Correlation in Vector Procegses.

6.1. The canonical analysis of a vector Markoff process.

A vector of variates:

/ ;
(6.1.1.) W » ( Hpe s Uag - 5 ¥y )

will be generated by a stationary vector Markoff process

if 1t satisfies the relation:

(6.1020) %C’ = 8 ?\Lb’—’l e fé(:

el

where

(a)'ga is a square matrix of order p having all of its
latent roots inside the unit circle.

(b) & 1s a vector of p elements, §, which is generated
by a process of independent random vectors. (Mann and
Wald (3943)),

The €, process will be taken to be normal in
what follows, with covariance matrix [, and there will
be no loss of generality if the mean value of E% is
taken as the null vector.

An overall test of the serial independence of
the process could be obtained from a canonical analysls
of the relation between U, and 2, ,(Kendall (1946b) page

348). Apart from the neglect of information in cases

where some of the elements of 5 can be prescribed in

advance, the tests based on a canonical analysils would

110,
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hAVe some appeal were the distributions of the test
statlistics known.

An alternative procedure which gives a test of
the hypothesis that thelg%process is independent can be
obtained by an extension of the method given for scalar
processes by Ogawara (1951) (see Chapter 3). This
consists in carrying out a canonical analysis of the

relation between the vectors ¢, and the vectors:
EET

V. = f?’i‘ay—;g

e Vakoeg :
The matrix of regression coefficients, of n,,
R

on ¥,.y will be (from (3.2.5.)%

o
ittt

!

)m

Yo
\\:A\:

(1]

6.1.3.) M- (84 AB7)

23

B?

e

}k‘

where , .
/ ot RN ST A
ET(EﬁeiFw->’ <%Jé§ A/
JE

The conditional covariance matrix of the U,

is (from (3.2.4%.)):

{

A

o~

1o

- fyyle 7 g

A MBS TABT

(601ek,) A-’{E’A /Lt?’j %
e -V S (O N B ¥

It is fairly easy to show that (6.1,3.) and
[6.1.b4,) reduce to:¥

* The inverse exists because of (2) below (6.1.2.)
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- [B'[r+8r877'3"  relresrsl’ |
(601.5.) / R -/ .
l r- r8'[r+srs]BJ

Since the validity of the tests, based on the
canonical analysis, hold” for arbitrary fixed vectors of
regressors provided that the vectors of regressand are
then normally and independently dlstributed the

canonical correlation of uﬁﬂgnd . will give a test of

the independence of the‘E%process. For fixed B&c- the
U, are serially independent even if B 1s not null so
that the whole appartus of canonical analysis is
available and not merely that part which tests the
hypothesis that B is null.

The canonical correlations 5; between 4, and Vi,

e

are obtained as the roots of the determinantal equation:
‘ - z -
(6.1.6.) i£;21£;a,é;z - € Cos i = °

Here ptj] / f%%] ’

Caz e Y W 3 f;/ z Ja ~al
-~ Lot Ext
Y- §
(6.1. 70) i:ff F’I
Car® | UquVac
£/

where L50V§E is again used to indicate the integral

part of ¥(n = 1),
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An overall test of significance of the s’f is
obtained from the guantity 'Xz;gw{g}(wﬂwé[??ﬂ}?@gék which is
(approximately) distributed as %° with *;{?ij“degrees of
freedom (Bartlett (1938), Wald and Brookner (1941), Rao
(1948)).

Here:
A iﬁn - Lo 5::i§u / %?— ‘«23
) [ Cos ! ;J
When p equals 2 an exact test-is available, for

%
the quantity fs - = A i {},‘.JM is then distributed in

(601089)

pXL
the F distribution with 8 and J{g, ;«,{e degrees of freedom.

(Pearson and Wilks (1933)).

When p is greater than 2 no simple exact test is
available but using the results of Wald and Brookner (1941),
Rao (1948) obtained an asymptotic expa&nsion for the
distribution of ”i'*iwx«of the form: .

(6.1.9.) ﬁv@"’ > By aq,)"&-’f?{Mfgw”?’b}”%{%%w"%}&”

where, in the present case, e {[¥ato-0)] - 1(3%5}% ; & °2f
Nt gE(5H-5) , Yar 24 2 fqupo rvep 4

an,d P%ﬁ is the distribution function of X’ for éé%ff

degrees of freedom,

Thus the significance point may be obtained from
the distribution of }(f’ alone, Bartlett's approximation

corresponds to the use of the first term of the expansion.
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Under some circumstances the largest root of
the equation (6.1.4%,) will provide a more powerful test
of the serial independence of the process %@f(for example
if B is of rank one)de In certain circumstances (p = 2)
an exact test 1s available for the largest root (Marriott
(1952) ). En approximate procedure in any case is to
take

- T -4 (3] log, (1 -
as X;where D=23p-1+ % {{é”f,}(%?“”f)}%% (Marriott (1952)),
wheretﬁ is the largést r00t,

If this largest root is significant Bartlett
(1938,1947) suggests that the remaining roots may be
tested by using

(['/,(u nJ - l(;pw)?fé? fz’f f/é“" 5 j?
as ?éwﬁith (p -~ 1)(2p - 1) degrees of freedom, For
large samples the largest root will cbrrespond to the
largest true canonical éorrelation, but if all of the
canonical correlations in the population are zero the
selection of the largest root will bias the value of %7
downwards so that the test will not be valid (Bartlett
(1947)).
In the next section we shall examine the

asymptotic efficiency of the procedure suggested here,
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6.2« The agymptotic efficiency of the exact test.

It is well known that, under certain regularity
conditions, if A is a likelihood ratio then -24y/t is
asymptotically distributed as X* with s degrees of
freedom, where s is the number of parameters whose values
are specified by the null hypothesis which A 1s designed
to test.  (Wilks (1938)),  This follows, fundamentally,
from the fact that, asymptotically,

-2k = 3 (G- NG -6
where & are the specified values, 9 the maximum
likelihood estimators of the corresponding parameters
(when all of the #+5 parameter values are estimated) and

the C;; are the elements of the inverse of the matrix ins

=
{ f )z S .
(6.201.) é iﬁQQQ (&_,Jxai);.~~}f"’%5j

which corresponds to the éfs (i.e., the matrix in the
bottom right hand corner if the suffixes (r#/, - - 7+ )
are allotted to the parameters specifying the null
hypothesise ). Here L is the likelihood function.
We may consider the sequence of alternatives:
6= fi©) , ©=kn™ (iirs arts)
where now, without loss of generality, we have put the é

equal to zeros

The asymptotic power of the test based on A
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will be, from # 2.3, G (R @ , & ) where q is a
quadratic form in the efficacies of the %*; (V=0 L, 135)
whose matrix is the inverse of the correlation matrix of
the é:‘ s on the null hypothesis,

The A eriterion of Wilks, which appears in
(6.1.8,) is of course a likelihood ratio. Equally if
we took the corresponding criterion ( A/ , say) obtained
by treating the 3%, and the %, ,as separate sets of vectors
and carrying out a canonical analysis, this would also
lead to a test statistic asymptotieally distributed as A
(0f course the exact tests of Pearson and Wilks and Rao
would no longer hold,) This follows from the fact
that this criterion would still be, apart from certain
end effects whose influences vanish in the limit, a
likelihood ratio.

We may, therefore, use the results of # 2.3. to
compare the power, asymptotically, of the test presented
in # 6.1, and what appears to be the best overall test
of the correlation of the vector process, i.e. the test
based on / . The "overall" in the last sentence
should be emphasised since no uniformly most powerful test
will exist and under some circumstances a more powerful

test than elther of those discussed may be obtained by

another (and perhaps a simpler) approach.
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The null hypothesis now relates to the elements
b‘;J‘ of Q and we shall put:
bijn t Ry € Enc ken "
The distance from the origin for the test based

on /{, is nows

e bbb Ly )

since the b - will be asymptotlcally independent of the
other unspecifled parameters (those in | ).

We have s

E{.;; 5"?&:15 0 : z—* Z( c_“,[ . ,‘! (é?]?:,‘%w/)j?

. ?
fz Z«? re ( iy “e,ew)jgg
ck

where | is the element in the itR row and the kth

ity
i
N

’\:'\

et e §

colum of [ e

~ = Fﬂé 3{;4 [Pﬂféidj)

Hence: "%
[
2 ReiRye r )/Jf,)
Q { 4: 2L ( “J
- In cormectlon with the corresponding distance for
the test presented in # 6.1l. we require:

il? re'rr+era’] “B? [g’[p“éﬂ"{f

4 ﬁ

= L—E’euj [ [ke] ng;}

The corresponding distance then ise

; £
,, | = e c. . . Fiyk £y ]
04 4T, P (o +(5, Xoko I8 )

If we write é * g to indicate the sum of the
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elements obtained by multiplying each element of A by
the corresponding element of B, then:

g ¥4 o . - S f
2 F 3/;& k‘f} K&C E [f gi{ﬂﬂjgﬁ ) }( Ek"v.jj

L jRE

It follows, since 35°7p”, that the test based
on A} is always asymptotically more powerful than that
given in # 6.1, When p = 1 the effect is clearly seen
for now the latter test is that which results from
ignoring the equality of the coefficients of X;.., and

X a¢47 in (3.1.3.) so that a multiple correlation is
used instead of a t test and the same kind of effect as
that mentioned in # 4.3, reduces the power of the test.
(A region "exterior" to a circle is used instead of the
region Yexterior® to a palr of lines orthogonal to the
line on which the alternatives lie). In general (when
a transformation to appropriate axes is made) a region
exterior to a2 hypersphere in 2p2 dimensions is used
instead of a region exterior to a hypereylinder (with
base a p dimensional hypersphere) whose generators are

orthogonal to the hyperplane in which the alternatives lie.
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A condition which will ensure that the two
matrices (into which the first matrix in (6.1.5.) is
‘partitioned) should be equal is that B and I, should
commute and §§ should be symmetric. Since, in general,
it will not be possible to presecribe this in advance the
information lost through the doubling of the number of
regression coefficients is not recoverable. The only
circumstances under which this condition would be likely
to be recognised in advance would be those which make
both 8 and | diagonal, but then it would be foolish to
use a canonical analysis.

The loss of efficlency by the use of Ogawara's
method can here by related to the necessity of intro-
ducing additional parameters, as was mentioned at the end

of # 303.

6.3, The canonical analysis of a vector of residuals.

Consider now the mnltiple regression:
(6e3.14) ;{;h = Eﬁh* .
where g% is a vector of p elements, x,_is a vector of g4
elements and 4, comes from the vector process (6.1.1.)e

Here £ 1is a »¥4 matrix of regression coefficients.

;

Then for fixed %@}(tsg4~',s¢)and‘gzg+hgfzg,~';£ﬁéiﬁ

e

the vector i, _has mean values

v BT,

¥ TECUL 4
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(6.3.2.) Dx, +Mf§2t’~ ! M IR Qrf-ifz.eﬂf?

~~2 i’:fgl,#f ~ 12 Djlxies
where [j is given by the first relation in (6.1.5.) and
Q "1s the null matrix (px4).

Moreover, Lj;‘."_, is now serially independent with
covariance matrix ngen by the second matrix in (6.1.5.).

One can now carry over the analysis of Chapter 4,
The serial independence of the 3;" can be tested by a
partial canonical analysis of the relation between j;w'
and (Y., 1”_” ) when the effects of the vector
variates ’364, and (X,u- X,i4s) are removed.

Let us write:

=5 4 5 /
Caa® Z., ‘_fz’ggﬂ:_&,_- (;.zy = Z—ff,w(’izc-r ffjéti/)

& ) (351

/ y
\Cax "2. ff.w ()Ew»\'.n«—/ "E,zux) C Lyx- L [ Zaecs

where all sum‘ations are from 1 to[/mj

Ko
(6e3.3. ;ajy le‘:;’:}(y@‘ 4 lel) (fxiu Z {x‘“ ’}(x.re Xates Xoe)

]C)" Xop, ) X3 )
3 “A] e
!‘:fgwf e

Then if:

Laax

-
€22 — Lz £xo0 Cxa

(6e3eHs ) C,ﬂ x Qw-—w Cyx ;C;IJ‘ Cocy

gzﬂx = Q‘gy-’— E&J‘ g?(?&g)‘ﬂ
the partial canonical correlations —(Z- are found as the

roots of the determinantal equation:

-~/ v
(633950) !ga,‘j'}‘ 2Yy.x 'ch_)c - f"zgggzix g = O
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then Wilk's test criterlon is:
- i / §
/% g gd;’oe’— 6981;{ ¢ fﬁflj 3% C%g{,;a »5_
r lggg&*é f

and sz’ = - {fﬁin"ﬂ'Sﬁ,"”S{5}”‘f5?5%f§z is approximately

distributed as’?@pwith 2p2 degrees of freedom, and more
exact tests may be obtained by using (6.1.9.) with a
sultable modification of m (or the appropriate modi-
fication of the F test given by Pearson and Wilks for the
case p = 2),

It isvclear that, asymptotically, the relation
between the power of this test, as compared with that
obtained by carrying out a partial canonical analysis of
the relation between ¢, and y,.,, with the effects of X
- removed, will be thef;ame a§~the relation between the
power of the test given in # 6.1, (as compared with the
test based on the canonical analysis of the relation
between3,_and ., ).

In addition to this test just described, (6.3.2.)
also leads to a test of the independence of‘gg and X, ,
this test being obtained by taking the partial canonical
correlation of ggc andmw with the effects of (‘%L%; gziz;;f )

and (gg;_, 5ﬂ;f ) removed, or alternatively the partial

/
Yo
the effects of (ggi, g@;, ) removed,

/
canonical correlation of and (g&é Mgy ¥ot4s ) with
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With regard to this last test a similar situation to that
met in # 5.2. will be met here. Some additional
information relative to the independence of 4, and X,
will, in general, be available from the esti&éted CO=
efficlents of X,,. ,and ;../y but the use of this
information (since ﬁ? will not be known a priori) will
require that instead of writing the matrix of regression

coefficients as:

~ D
[I HM]|e

o

s

this will have to be replaced by a general pxiQ, matrix

and, unless the additional information from s%:-;and 2.«
is large, the test will be less powerful than that based

on the partial canonical correlation of ¥

P 4

!Jand ., alone
because of the inefficient weighting of the coefficients
of J4.in the analysis.

The calculation of the asymptotic power of either
of the two tests just discussed could now be carried out,
once a prescription of the nature of the process generatling
the vector X, was made, following the method used in # 6.2.
The analysis is fairly straightforward but will not be
effected here, Its only purpose would be to compare the

power of the test with that obtained from a canoniecal
analysis of the relation between ( Yp - B 4 ) and
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(X, ~Bxe.; ), which will be asymptoticaliy equivalent
to the maximum likelihood procedure, We know that the
last mentioned procedure will be superior (though
computationally difficult and with unknown small sample
properties) and a numerical comparison of the two power
functions will be made difficult by the necessity to
interpolate in the tables of the power function for the
test, even when the most suitable alternatives (from the
point of view of the tables of this function) are chosen.

Two extensions of the subject matter of this
section may be considered. The first of these corres=
ponds to the case discussed in # 6,1. when the matrix B
is diagonal and it 1is necessary to test whether i? i
diagonal also, or is the direct sum of a number of sub-
matrices. This is the natural extension of the test dis-
cussed in # 5.3. The procedure of this section may clearly
be modified to deal with this case. (See Wilks (1935)).
) The second extension relates to a relation of the
forms ¢

Yoo Dxp + L Eidey + %0

Such systems 6f relations are fundamental in
econometrics and procedures for estimation based on
meximum likelihood, or on some modified maximum likelihood

procedure, have been considered in the case where ut, is



124,

serially independent., (See Koopmans, 1950), When .

is of the form (6.1l¢l.) we may consider the regression

S Yae- E g f&f,,zb-l -
D%&L— +.§ AE:-" -y + ﬂ{g:r*'j?' fﬁg le ,?;ﬂa.é"“’?

.f * oy ~? . Y
(693060) = Er‘ Q gfé!&wj’;g
CRG B dpgar]

NE

The same procedures as those applied in the
case B:0 will give estimates of D and the £, in the
present case, and one expects these latter estimates to
be more efficient under some circumstances than those
obtained by treating B as null whep, in fact, it is not
No exact test procedures (for the signifiecance
of the coefficients in D or the £, ) have been developed
so far even for the case where B is null, Any that are
developed could, of course, be applied directly to
(663260)e

The computations for even modified maxlimum
likelihood procedures (see Chapter IX of Koopmans (1950))

are computationally very burdensome and the computations

for (6.3.6.) will be very great indeed,

6.ty Miltiple Markoff processes.

A particular case of (6,1.,1.) is obtained from

the multiple Markoff process (1l.2.2.,) with h equalling p

* New identification problems arise, however,
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(with % on the r.hss. replaced for convenience by ¥. )

when we puts

E’bz{xﬂbaxéﬁ‘f”) S -’@wjgﬁ-«!}
o1 0----- 0lp
o o) - - - 7 Q%
B - o
~ o © o i I
; Ap-2 Ay o
(60)-’010) % a.ﬁ,., 5 —r&,’ __a’p,'

n

?'?i’ {%P Vt;w SR T 2
0 o - . . !

In order that the process should be stationary
it 1s necessary and sufficient that (1.2.2.)!' (with h = p)
should have all of its roots inside the unit circle.

An overall test of serigl correlation is obtained
from the canonical analysls of the relation between fﬁzz
and (%g;u Ek;$z). It 1s easy to see that in the present
case the first s and last s columns ofgﬁ will be null
when (1.2.2,) is of order p -~ s instead of p. As a
result a test of the hypothesis that the X4 brocess is of
order p = s can be obtained by carrying out a partial
canonical analysis of the relation between the vectors

j%lé and X§L= (Ce-vbts,- ':m%pa53%gﬂ)k,-"‘:3@4ﬁ%wﬁfﬁ}
with the effects of gy;’remOVed where
ff/el * (%[:4),53 co oy HemdptS s Hes)p sy s’i@ﬁ)ﬁ?"é’}
Let us consider the second order case which is

simple and illuminating,.
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The matrix Ef now becomes:?

[ p R@ F%;
gfa A, fz fs—g Pl / FB 104*;
5 o £ BB A 1R
_.iqg ﬁ& ﬁ 5,}

where
Fr = € (X Xens) JE12)
It is ecasy to see that ,:4 is of the forms

?fbi ba ‘63 b“?

H £ £
: éq by By b4

em

But the correlation matrix of the vector 1w, 1st
‘-ﬁ ﬂ"g
£, 4
so that the discriminant functions corresponding to the
two non zero canonical correlations can be immediately
written down as ( Xy + Xar4s ) and ( e — 2Qe++) and
40 not need to be estimated, The two non zero canonical

regressions then are the two multiple regressions:
(Kap * %ae#r) =01 0 )Gyt Xa sz ) # (by+ b3 Moy 2aps2) + Gt

(6.14.2,) %
[0 = Xoesr) > {h=5e) Pk Yari3) 4 (b3=63) Phapr=¥ars23 1 Ear

Here &, and &, are independent serially and of
each other and it is evident from the orthogonality
relations between the variates in the two regressions that
the tests based on the two correlations will be independent

and can, therefore, be simply combined,

An analogous situation does not arise with
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processes of higher order than two for then the
correlation matrix of the regressand vector depends upon
more than one unknown parameter and its latent vectors
cannot be prescribed in advance,

We can easily determine the efficacies of the
estimates of ( b +by ) and ( b,- by ) in (6,4,2.) (which
give tests of the hypothesis that a, in (1.2.2.) is zero).

These are: J——
P 1 s TN I
3y i z_ Vo (b thy) j‘z«;,‘“"’-” “4 T
," NM_.S'— 2 Y
lo, (Dl o)y e
hieo ) Sy oo B PR =
Here { b +5u) , for example, is the sample

regression coefficient of (2.,+%.;) in the first

regression in (6.%.2.)s

The efficacy of the best linear combination of

e R

A %9 8 M
and { & - 5. is easily shown to be:

P (00 N

b, VTV @ . A
where £ is thils best linear combination. We already
¥

know from (3.2.11l,) that the efficacy of the estimate 5,

obtained by Ogawara's original method is:

an 1
3 Itar

)
We have, therefore,

2 - 43
{1 s » ;? ({ fﬁ! }é! d! -~

&
I




1285

(since [a,|< /is implied by the stationarity condition).

The power of any exact test based on,{ggzzgiand

{i:jzg}‘will be even lower, of course, since the best
compounding coefficients will not be known,

It would be possible to compare directly the
multiple correlation procedure of # 3.2, with that result-
ing from the present section, but it is again clear what
the results wlll be. The approach of the present
section is no improvement on that of # 3.2. and the first
order case, in relation to Ogawara's method, appears to

stand in an unique position in that only there 1is it
possible to obtaln asymptotically fully efficient tests.



PART IT

APPLIED RESEARCH

Chapter 7

Testing for Singularities in Rainfall Data

7s1le Meteoric dust as a cause of rainfall singularities

It would be natural to expect that the seasonal
variation in daily mean rainfall for a certein station
would show a fairly smooth pattern. In connection with
work being carried out to determine methods of artificial
rain stimulation Bowen (1953) noticed what appeared to be
singularities in the pattern for the Sydney stationg
that is certain abrupt peaks in the mean seasonal
variation. A comparison of the Sydney figures with
figures from a number of other stations in the southern
hemisphere* appeared to show that similar peaks were
also present in the seasonal patterns of these other
stations, at least for the month of January, Again a
graph of the number of days upon which "heaVy"'falls of
rain had occurred in the British Isles in January and
early February, over a period from 1919 to 1949, showed
peaks near to or at the dates of the Sydney peaks.

*  These other stations were Durban, Perth, Alice Springs,
Brisbane, Auckland and Christchurch.

129,
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The widespread nature of the phenomenon led
Bowen to search for an extra-terrestrial cause and this
he located in the passage of showers of meteors through
the atmosphere. He conjectured that it would take
approximately 30 days for the smaller meteoric dust
(which would not be burnt up on entering the atmosphere)
to fall, from the height at which it is initially
concentrated by the abrupt fall in velocity as it enters
the atmosphere, to a height where it would meet the
larger, potential rain making, cloud structures. Bowen
was then able to name certain principal meteor streams
whose dates of maximum intensity preceded the dates of
the Sydney rainfall singularities (for November, December,
January and February) by about 30 days. He, therefore,
suggested that these rainfall singularities were funda=-
mentally due to the provision, by the meteorie dust, of
the suitable rain forming nuclei without which certain
types of cloud formations may not turn to rain.

The theory was eriticised by Martyn (1954) who
pointed out the danger of basing conclusions on rainfall
data without satisfactory sbatistical tests, due to the
nature of the distribution of daily rainfall. (This
will be discussed in the next section). Martyn also

showed that one of the main peaks in the Sydney rainfall
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(January 13th for the period 1902 to 1949) could be
entirely accounted for by one exceptional rainfall of
708 points on January 13th, 1911, a rainfall which from
meteorological records could be directly attributed to

a travelling cyclone of standard pattern. The theory
was also criticised by Swinbank (1954) on physical
grounds, Swinbank suggested that at the rain forming
level there would not be a sufficient concentration of
particles to upset the stability of rain clouds and that,
in fact, the time of fall from the initial entering of
the atmosphere by the particle to its descent to the
upper troposphere would rather be from 50 days to one or
two years than 30 days. He also pointed out that the
rainfall peaks were mainly due to one or two days of
heavy rain and that the years in which these occurred
varied from station to station. (For example, the
Sydney peak at January 13th for the period 1900 to 1949
was due almost entirely to a very heavy fall in 1911,
whereas the Durban peak on this date over the same period
was malinly due to heavy falls in 1931 and 1933, For
Auckland and Christchurch the main cause was a heavy fall
in 19%0), Swinbank also inferred that the stations

chosen were not representative,
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The theory was tested in a statistical manner
by Neumann (1954) and Oliver and Oliver (1955)e Neumann
considered a number of stations in the Palestine area
and noted that the peaks for Tel Aviv for January and
early February agreed fairly well with those for Sydney
and thus could be claimed by Bowen to support his theory.
Neumann then "shifted" each year's data (for Tel Aviv)
in a random manner (for example ét&rting the 1924 year
at December, 26th, instead of January, l.) and recomputed
the mean rainfalls. Peaks of the same magnitude were
observed in the rearranged data which suggested that the
effect was a chance one and not due to any systematic
extra terrestrial effect., Oliver and Oliver considered
data for Kiambu in Kenya, which again showed peaks on
dates near to the dates of Sydney peaks. They took as
a measure of association between the peak dates and the
dates of meteor showers the sum of the number of days
between each rainfsll peak and the nearest meteor shower
date (date of maximum intensity). This measure was
computed for every possible lag of one series relative
to the other. A low value of the measure clearly ine
dicates association. The lowest value was obtained for

a lag of about 60 days, but in general the graph of the
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365 values of the measure had no sufficiently marked
trough to indicate, subjectively, a strong association,

Both of these statlstical tests were essentially
subjective, Because of the criticisms of the theory it
.became necessary to carry out a proper statistical test
and this was dong by the writer at Bowen's request.

The test could be approached in—different wWaySe
One would involve a consideration of the data for a number
of stations. At the time the stations for which daily
figures were available were those mentioned in the footnote
on page 129 (in addition to Sydney), A completely
satigfactory test using all of this data would not be easy
to obtain for twes reasons. Firstly the stations may not
have been chosen in an objective manner and the importance
of the element of subjectivity might be diffieult to
ag8sesse. Secondly some of the stations are sufficiently
close together to be affected by the same meteorological
phenomena, on occasionsg, (this would certainly be so for
Brisbane and Sydney or Christchurch and Auckland) even if
the phenomena were not extra terrestrial but rather fairly
local, The nature of the association between the
statlions might be a very complicated one, which reflected,

for example, only the common effects of very large
meteorological disturbances. A third difficulty arose
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from the fact that for the stations mentioned in the foot-
note on page 129, statisties were immediately available in
some cases for only two months of the year, while in all
cases only the records of the last 50 years were immediate=
ly available. For Sydney 9% years of continuous record
was immediately available.

A second method of procedure would be to correlate,
in some way, the dates of peaks in one or more stations
with the dates of meteor showers. Here again two
difficulties occur.  The knowledge available of the dates
of meteor streams is not entirely satisfactory as until
recently these were mainly streams observed visually and
at night, There are now, of course, a number of streams
which have been identified by radar methods. Moreover,
the information concerning the intensities of the streams
does not. appear to be very good. Secondly, since one
must clearly lag the series of meteor showers relative to
the peak rainfall dates one is faced with the alternative
of a very weak test based on a large number of trial lags
or a test based on a lag of approximately 30 days. However,
the choice of a lag of 30 days by Bowen may have been made
after reference to the data so that the true level of sig=-

nificance used in the latter test would be unknoun.
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It was decided, therefore, to consider the Sydney
series alone and to test whether there was any evidence in
the Sydney data for the presence of singularities.

Since the Sydney rainfall series originally suggested the
theory 1t appears reasonable to check whether the
suggestion was obtained from what might be a real effect
or could have been suggested by a lack of familiarity with

the extraordinarily non normal rainfall distribution.

7+2s The nature of the data and of the null hypothesis.

The distribution of daily rainfall at Sydney is
J = shaped as is shown by Table 13 on page 136.

The period in late October and November, from
which the distribution in Table 13 was obtained, was chosen
because at this time of the year the seasonal effeect is
small and 22 days were used to attaln 2000 observations
(actually 2068), The numbers in the column headed f,
are the observed class frequencies. Those in the column
headed f_' are obtained from the distribution with
frequency.function:

(0-013)0403\ -0 0f3 @108 |
(7:2010) e x
[ (o-10%)

The X* (with 15 degrees of freedom) 1s 7.8 so

that the fit is good. The distribution (%.2.1.) was

fitted by Das by maximum likelihood after truncation at §
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points and considering only the total number of days of
ralnfall in the region to the left of the point of
truncation in the likelihood function.

Table 13

Daily Rainfall st Sydney, l7th October to 7th, November,
1859 te 1952,

Class Interval | fo fe fe"

0 = 5 1631 1638.5 (161%,.0)

6 - 10 115 _ 106,0° 103,6
11 - 15 67 6240 6242
16 = 20 42 43.6 43,6
21 - 25 27 32,2 32,9
26 - 30 26 26,0 26,0
31 - 35 19 20,67 21s1
36 = 40 1k 17.2 17.5
L1 = 45 12 14,3 14,6
46 - 50 18 12,2 12,5
51 = 60 18 19.6 20,2
61 - 70 13 14,7 154
71 - 80 13 11.6 12,0
81 =~ 90 8 89 9.6
91 - 100 8 762 | 7.6
101 =~ 125 16 12,2 13,5
125 - 150 7 762 843

150 - L25 14 13,2 15,7
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The numbers in the column headed fe" were
obtained by fitting by maximum likelihood using only the
truncated distribution (neglécting the observations to the
left of the point of truncation altogether). (See Das
(1959)). Again the fit is good (X"a 8.47) and, more~
over, the numbers in the class, O - 5 points, do not
differ significantly from the observed frequency (an
approximate test is given in Das' paper). This suggests
that there is no singularity in the distribution at the
origin, an hypothesis which might have been suggested by
the very large number of zero frequenciles and which Das'
procedure was designed to test.

Finally from (7.2.1.) the distribution of the

mean of 94 independent observations from this distribution

can be obtained, (There are 94 years of rainfall data
available,) This $s§7g

(1-128) " —i128% __ (9270 /)
(7.2.2) X

(9 -¢70)
Thus, except for the constant of scale, the mean
daily rainfall (for Octbber and November) over 94 years
could be expected to be close to a X with 20 degrees of
freedom and, therefore, by no means normal,

The variance of the distribution (7.2.1.) is



138,
621,3 and the mean is 8.08, The largest observed
rainfall was 425 points which is just over 16.5 standard
deviation units from the mean. On the basis of normal=-
ity such a deviation is of course incredible but, from
the tables of the Incomplete Gamma function (Pearson (1922))
it appears that deviations as large as this or larger
occur in the distribution (7.2.1.) with the probability
lonh. In 2000 observations the event is not, therefore,
exceptional, This highlights the extreme non-normality
of the distribution and the danger of conclusions drawn,
fundamentally from normal distribution theory, based on
standard errors. It should be mentioned that there are
no marked peaks in the daily mean rainfall over the
period, from which the observations to which (7.2.1.) was
fitted were taken. There do not appear to have been any’
meteor showers observed which, with a lag of 30 days, could
have caused rainfall singularities in this perilod. (See
Lovell and Clegg (1952) pages 78 and 99),

This non-normality is the first of a number of
difficulties which affect a test of the significance of
the rainfall singularities. A second is the lack of
independence between rainfalls on days near each other in
- times A fingl difficulty is the seasonal varlation in

the data which affects not only the daily means and
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variances but also the degree of dependence between days.
A study of the correlation for lags of'up to h

days suggests thats
Rk
F&,j ~ PIJ k =l,3v,3}4,

Here ﬁ;iis the correlation between rainfall on
days Jj and j-k. For k >4 the correlation appears to be,
effectively, zero. For example, the first four lag
correlations were computed from the observations over the
9% years between the dates October, 17th and November, 7th
(2068 observations in all). Over this period the
seasonal variation is small, The correlations were

computed using the formulae:
¥ 5 (X Xpjag) ~Gubfo2- k)

22 b ;
rh. = T VE %fﬂ k=134
2 f-—u‘xu - ?4{7’3’)‘}(’
Here: st 34l
G 22
= A’y
x: Zobﬁ’ };’% <

and 3%5 is the rainfall on the jth day of the ith years
This particular formula was useg“mainly for computational
convenience, the Z_ 2 U e and ‘.gi xz’,j having already been
computed on the C,S.&.I.R.O. electronic computer so that
the seascnal variation in the means, variances and lag
correlations could be estimated. The statistics

will provide consistent estimators of the corresponding
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33
A formula such as (22~k)-%;frgj , where f;j is the observed
correlation between days g-znd j=k, would not be satis«
factory since the bias will remain the same as the bilas
of the individual iéj . The statistics ¥, , together
with iﬁ y are given belows

rp = 0.219 5 rp = 0,057 5 ry=-0.,007 ;1 = 0,048
rZ = 0,048 ; r= 0,011 ;rll* = 0,002

If these were computed from normally distributed
observations their standard deviations would be about .02,
The variance in the correlation coefficient depends upon
the moments of the fourth order (Cramer (1946) page 359)
and in the pfesent case will be under-estimated by the
formulagiégi;; which applies approximately for a normal
distribution.

| The high value of r, (compared with rlh) is
entirely due to one cross product, that between the rain-
fall of 181 points on October 25th, 1882, and 423 points
on October 29th, 1882, which 1s probably fortuitous and
a result of the extraordinarily skew parent distribution.*

It is interesting to note that the serial
correlations rk in the rainfall data are here estimated by
ordinary correlations (space averages), the data for the

several years being treated as realisations of a stoch=-

astic process. This is a rather extraordinary situation

* The intermediate days were fain free,
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for usually only one realisation is available from which
the serial correlation is estimated as a phase average.

The relation f;,:F?, which may hold reasonably

y

well for k small, at first sight suggests that the process
can be represented by a model of the form:
(7023:) (Xj=w) = p(Xjy~m) + % ; IfI<!
Here m is the mean of the process, p the correlation
between xj and xj-l and ‘g is an independent random
process with zero mean and variance JJ(P"F’)-

It is at once evident that this process cannot
be used to describe railnfall data for not only 1s there
a seasonal variation in F, m and ¢ “but the variate 3
is necessarily positive so that % would have to have a
distribution admitting only positive values. This
would, however, imply a smoothness in the series of xj
which would not be supported by the data. (A high x,

could not be followed by an Xj .1 near to zero),

A modified process which suggests ltself is:
, K -ty o Rhy - P ,
Here m; is the mean and cﬁ’ the variance of X0 Py is
the correlation between xj and x 1 and the %, are
J—

independent random variates with zero means and

ii 'ﬁa
Varianceséfmgi},

It can be seen that the correlation between x

J
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and x, _ will be:
j=k
fi = P Cismr - Pk

If the lag k is not too large and the seasonal

effect is small, over short periods, then:
k
fej = P

Again this process will not be satisfactory for the daily
rainfalls (since they are positive) but it may provide a
good approximation to the process generating the daily
mean rainfall (over 94 years) since the range of
variation of the sample mean below the true mean will be
much greater, Moreover if the nv,tﬁiand ﬂj are equated to
the means, variances and first serial correlations of
.
Yaily rainfall for day j, (as estimated from a graduation
of the observed values) the process (7.2.%.,) will have,
approximately, the same means, variances and serial
correlations (for all lags) as the actual series.

A better approximation to the brocess generating

Koy = Mg
Rl

the daily means could be got by inecluding a term - &y

However, the nearness of the Vas tOé?? suggests that the
coefficient of this term will be very small for this

s~ iy
W [ The
i

additional computations involved would not be Jjustifiled

coefficient will be, approximately,

by the very small effeet from the lnclusion of the extra

term. T BT

{7 ymmart g}
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The model of the process generating the daily

means which will be used 1s, therefore:

p

X; - My 52,

Vad T J=1 - nt %
(702 5 ) 4 j’d,. (, Pz)}yﬂ 1/‘? {f 62)3
Here X: is the mean rainfall observed on the jth

J
day of the year while ny, qf;and.ﬁ-are the true means,

variances and first serial correlations of rainfall on
that day. The*%-come from a process with zero mean and
unit variance.

The specification of the null hypothesis will be
completed if the nature of the seasonal variation in the
means, Variances and correlation coefficients 1s laid
down. All that needs to be sald here is that these
seasonal variations should be deseribed by reasonably
smooth curves such as & low order polynomial in j or a
trigonometric polynomial formed from the first few
harmonics, The choice among these alternatives depends
on the goodness of their fit to the data, with the
proviso that the fit should not be carried anywhere near
to the point where individual singularities, confined to
a period of a relatively few days, would be eliminated.

This restriction on the order of the polynomials

means that a very large number of degrees of freedom are
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available for the estimation of the relatively few
constants involved so that thet%i, g;'and ﬁj given by the
estimated curves can be treated as the exact values to a
satisfactory degree of approximation and when used to
transform the‘E; into the corresponding %5 these last can
be regarded as uncorrelated random variates with zero mean
and unit variance, Since the means,.gf, should have a
distribution pear to normality the sum X'= 5% should be
approximately distributed as X with (365 - p) degrees of
freedom, where p is the number of constants fitted in the
process of estimating the seasonal wvariation of the Mg 5
qf’and ﬁj'

This test is the generalisation of the classical
test of the homogeneity of a set of means (from observe
ations subjeet to different treatments) which is obtained
by comparing the variance within treatments with that
between the means themselves, In the present case the
comparisoh is being made between the within days varlance
of rainfall and the variance as estimated from the daily
means. In addition, however, the data have had to be
transformed to independence by the use of thefi; and the
within days variances made homogenous while the effect of
the seasonal variation in the means has been removed so
that 1t will not void the test against the effect of the

meteor showers.
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This test will be subject to certain gqualifi-

cations, however, which follows from the non-normélity of
the daily means, for (7.2.2.) is still by no means normal
and, in particular, there is éositive kurtosis. This
suggests that a transformation should have been made to
reduce the distribution to something nearer normality.
A log transformation could not be used because of the
zero frequencies but the taking of cube or fourth roots
would probably be falrly effective. In fact this was
not done mainly because of the computations involved,
There are nearly 35000 observations and even though over
half are zeros and two thirds are less than 5 a large
amount of work would still have been needed,
As a result of the non-normality the test will,

however, be biaseds

(1) The high fourth moment will increase the variance
of the X .

(2) The true nature of the underlying process gener-
ating the E% will be more complicated than is indicated by
(7.2.5,) so that the residuals é%will not, in faet, be

independent and terms such as:

EQTEY - UREWED

may be greater than zero (since the fourth moment of
the %;will be high). This will also increase the

variance of thefi%test statistic.
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If, therefore, the observed X is just beyond
the eritical point it will not follow that the result is
significant at the chosen level since the true critical
point may be further to the right by a sufficient amount
to render this conclusion invalid, On the other hand if
the obserVed‘X?ris to the left of the critical point it can
be said with a fair degree of certainty that the result
would still be not significant if the true significance
point, appropriate to the level of gignificance used, were

knowne

7:3s Removal of seagsonal variation.

In order to get a closer agreement between calendar
and siderial years the leap year was reinserted in 1900
so that March lst, 1900, become February 29th, 1900, and
SO O,

Since a strictly periodiclseasonal effect was
being removed it seemed clear that a trigonometric regress-
ion should be used to graduate the series. At the same
time no attempt was made to fit a curve including terms
with too short a period as this would tend to remove the
effect being sought,

For both means and variances the year was divided

into 24 periods of equal length and the first four
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harmonics were fitted to the resulting 24 figures. The
intensities I? of these four harmonics, expressed as
multiples of %%?are shown in Table 1k, Here S~ is the
estimate of the variance of the 24 figures.
The intensity corresponding to the period zi@

is derived from the relations (Kendall (1946))

IP”‘gbé%éy Eﬁﬂ%gi

G = e 2 W€ >

l:i
where G, is the complex conjugate of G‘é and #.1s the mean

(or variance) on the jth day.

Table 14
6 L{E]

Period Means Variances
2k 8453 9457
12 <09 <06

8 ol7 »10
6 e13 o 2h

The periodogram was computed no further since it
would not be desirable to remove effects with too short a
period In any case. In order to carry out an
(approximate) test of significance of the intensities in
Table 14 it would be necessary to make some estimate of the

non singular component of the spectrum of the process (see
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for example Bartlett (1954%)), However, in the present
case any reasonable test will clearly declare the first
intensity significant and the remainder as not significant.
The first harmonic was, therefore, fitted to the
means and variances using the individual dally averages.

The resulting curves were:

(7+3+1.) means: j =287+ 4377 5%@2’;‘;} +0.527)
. leJ ST
(7.362+) variancess 03 2 (155 + w16 So~ Sesis 1O )

Here jJ = 1 on March lst,

A simple harmonic was also fitted to the between
days correlations the resultlng curve belng:
(7+343s) correlations: f; = 0338 + o./oﬂm&% - 6.255)

Insofar as the seasonal trends, (7.3.1,2,3.), are
not fully adequate for the true seasonals the effect
mentioned at the end of # 7.2. will be strengthened, of
course,

Graphs of the means, variances and correlations
together with the curves (7.3.1,2,3.) are given in

appendices A, B and C.

7.4, The test of homogeneity of means,

The residuals: - A — p
A o i f KRy S e
(7ul+olo) e - ‘f 2 ) A - | 5
Q; ( { - E. 1 oy f; ag 7
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were formed. The 25]« had a small positive mean (0,018)

and a small negative serial correlation (- 0,05} both of

which were far fron significant,

The distribution of the ‘?n, approached normality
as could be expected but there was some positive skewnesse
The distribution is also shown, in appendix D.

There are 366 e;, one resulting from the 24% rain-
falls on February, 29th, (For this %;the factor(a)®
will replace (9%)% in (7.4.36))e Three constants have
been fitted to each of the means, variances and serial

correlations so that~

‘XZ%

357
may be treated as distributed as X with 357 degrees of
freedom, The value ofxl is 394,11, Using Fisher's
approximation to the dlstrlbutlon of:xﬁ, for large p, the

quantitys i ’
2(3a4.0]"- (2351} < 437
was computed, Treated as a standard normal varilate and

using one tail of the normal distribution this is well
inside the 5% point (1.65).

The null hypothesis, therefore, cannot be rejected
at this level of significance and the result of the test,
while not disproving Bowne's hypothesis, cannot be sald to

Justify it.
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7¢5s Alternative tests,

The test which has just been given wight not be

very Qowerful against the alternative of a few very
widely scattered singularities since the effect of these
in increasing‘xg;nmy'be lost among the accompanying "noise",
At first sight an alternative would be to pick
out the high pesks in the residuals and test them as the
largest among 366, For example the highest peak is on
July, 23rd (24th, 1901 to 1952), This residual 1is
4,037 times its (trend) standard deviation, This lies
almost exactly upon the 1% point for the largest out of
366 normally and independently distributed observations.
In computing the probability of obtaining a largest
observation as extreme as or more extreme than the
largest observed, only the extreme tail area of the
distribution of the individual observations is used,
Moreover any error here will be multiplied in the process
of computing the first probability by the number of
observations (approximately), It is certain, from the
shape of the parent distribution that the tail area used
(on the basis of normality) will be too small but it is
difficult to say by how much, How badly misleading the
assumption of normality can be seen by considering the

distribution of:Xffor 102 degrees of freedom (the largest
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number of degrees of freedom available from Pearson (1922).
This distribution, to the eye, would be indistinguishable
from the normal distribution yet the 5% point for the
greatest out of 366 observations from )q;bis 4,2 standard
deviation units from the mean so that on this basis the
July, 23rd deviation is not significant at the 5% point
rather than significant at the 1% point. Since the
distribution of the daily mesns is near to X,,(see # 7.2.)
it is clear that the distribution of the glis much further

from normal thangng% .

The large effect on the computed
probabilities of small varistions in the nature of the
parent distribution appears to make the testing of the
significance of the large observations an impossible task.
It is of some interest to examine the days for
which the residuals are high. The 1% point was used
as a criterion and all of the high residuals individually
"gignificant", as normal deviates, at that point are
shown in Table 15 together with the total of the four
highest rainfalls on that day over the 94 years.
The highest rainfall for the 94 years for these
16 days is, on average, 23% of the total rainfall,
Most or all of the deviation from the trend seems to be

due to a relatively very few days of exceptionally

heavy rain and this phenomenon is to some extent at least
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due to the very skew distribution of daily rainfasll,

Table 15

BT RIS B, SRR

94 years falls over 94 Col 1
years

Pts, Pts. %
Jan 11 1792 1170 65
12 2293 1296 57
Feb 29 816 (24 days) 766 ok
Mar 20 2603 1307 50
Apl 6 3293 1943 59
May 6 2382 1159 49
25 2758 ' 1412 51
July 23 2826 1043 37
Aug 2 1866 1148 62
23 1635 613 37
Sept 2k 1512 836 55
28 1754 1067 61
Oct 12 1452 1066 73
29 1186 743 63
Nov 17 1315 540 L1
18 1897 871 46

Dec 1 1505 905 60
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