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PREFACE 

The work presented in this thesis was done during 

the period October, 1953 to July, 1955. 

The work is original in the sense that it was 

wholly done by myself. However, in the course of pre-

senting the results it has been necessary to· refer to the 

work of other men. Where this has been done it has 

always been made clear by means of a reference. 

Chapter I contains no original research but is 

rather a review of the existing state of the subject. 

In # 2.2. a theorem due to Pitman is proved so 

that the only original research in Chapter 2 is contained 

in # 2.3. where Pitman's theorem is extended. 

Chapter 3 is based on a paper by Ogawara, but 

most of the chapter is original and consists either of 

extensions of Ogawara's results or of an examination of 

their efficiency. 

Chapters 4, 5 and 6 present original results 

obtained by the author, while Chapter 7, ~here a theory 

due to Dr. E.G. Bowen is tested, is also wholly original. 

Most of the contents of Chapters 3 and 4 were 

published by the author in a paper in Biometrika, 

Volume 42, Parts 1 and 2. Most of the contents of 
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Chapter 5 will appear under the author's name in 

Biometrika, Volume 42, Parts 3 and 4. The material 

making up Chapter 7 appeared as an article by the author 

in The Australian Journal of Physics, Volume 8, No. 2. 

Most of the subject matter of Chapter 6 has been 

communicated (by Professor P.A.P. Moran) for publication 

under the author's name in !he Proceedings of the 

Cambr~dge Philosophical Society. 

I wish to give my most sincere thanks to 

Professor P.A.P. Moran for suggesting the subject of 

this thesis to me and for his advice in the research. 

I have also received helpful advice from the referees 

of my papers, who are, however, unknown to me. 

A great part of the computations required for 

~he work presented in Chapter 7 were done for me on the 

C.S.&.I.R.O. electronic computer, through the help of 

~~. Peareey and Mr. Beard. 



SUMMARY 

THEORY AND APPLICATION OF 

STOC PROCESSES 

PART I 

EXACT TESTS FOR CORRELATION IN TIME SERIES 

Chapter I. T~sting fo~QI!elation in time series. 

The second section of this chapter reviews the 

work which has been done, mainly in recent years, on the 

problem of testing for serial correlation in a stationary 

time series. In # 1.3. the particular problem of test-

ing for serial correlation in the residuals from a least 

s~uares regression is discussed. Finally, in # 1.4. 

the correlation of time series is considered. 

J 

Chapter 2. The asy;mptotic efficiency of tests·. 

If t 1 and t 2 are statistics computed from samples 

of size n, their asymptotic relative efficiency as test 

statistics of an hypothesis specified by a parameter 

value 90 is defined as: 

(t: t J ) .. ~ ( [~sf{I:~>J,_. Vtril::~.) ] 
£ 1

' " 
61
" - H ~810 l Va yt(l:t) [!J43lf) flLW] ~ e ~c:b 

Here f(e,;)and Var(t;) are respectively the mean and 

variance of the tj. The justification for the use of 

this criterion rests upon a theorem due to Pitman which 
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is presented in # 2.2. Pitman shows that under certain 

regularity conditions for t 1 and t 2 with limit~ng normal 

distributions and variances or order n-1 the ratio of the 

sample sizes required for t 1 and t 2. to have the same 

. power against alternative values of e which differ from~ 

by quantities of order n-tis in the liwit gi~en by 

E(t",,t~f~) 

Pitman's theorem is extended in# 2.3. to enable 
- of ~ 

the asymptotic powers ,te two variates distributed as Jl 

with p degrees of freedom to be compared. fhis co,;ters 

also the case where it is required to compare the 

asymptotic powers of two tests based on multiple corre­

lations computed from regressions on the same number of' 

regressors. 

Chapter 3. An exact test for serial correlation. 

An exact test for serial correlation was derived 

by Ogawara by considering the conditional distribution of 

the xlh for fixed xlt+lwhen comes from a stationary 

simple Markoff process. The asymptotic efficiency of 

this test is shown to be unity. When the hypothetical 

serial correlation r is not zero the procedure can be 

modified so as to obtain another exact test ~hose 

asymptotic efficiency is (I- f 2
). The procedure was 
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·also extended by Ogawara to the case of a stationary 

multiple }~rkoff process but here it is shown that the 

asymptotic efficiency of the estimates of the autore-
~ gression coefficients ne\1er rises above MJ , where h is 

the order of the autoregressive process (multiple Markoff 

process). 

Chapter q. Testing for serial correlation in the Residuals 
from a regression. 

Ogawara's method is further extended to obtain 

an exact test for serial correlation in the residuals 

from a least squares regression. 

be asymptotically fully efficient. 

The test is shown to 

Qhapter 2· Exact tests for correlation between time series~ 

Two principal models are considered in this 

chapter. In the first, two processes are considered as 

correlated by means of a regression relation, the residual 

being a simple Markoff process. In the second, two 

linear processes, of which at least one is Markovian, are 

correlated by means of a correlation between the shocks, 

of which they are (infinite) moving averages. In each 

case the procedure of Chapter 4 leads to an exact test 

and in each case this test is for a range of circumstances 

of some interest in practice, asymptotically more efficient. 
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than the ordinary correlation coefficient. However, a· 

statistic due to Quenouille is shown to be asymptotically 

fully efficient when the alternatives are prescribed by 

the second model and of fairly high efficiency when the 

first model is appropriate. This statistic is the 

partial correlation between the two series with the 

effects of lagged values of both removed. Though the 

exact distrj.bution of Quenouille 's statistic is not known 

it has been shown, by Quenouille, by sampling experiments, 

that its large sample theoretical mean and variance on 

the null hypothesis are also appropriate for small 

samples so that its treatment as an ordinary correlation 

will probably give a good approximation to the true 

significance point. 

Chapter 6. Exact tests for correlation in vector processes. 

The considerations of Chapters 3, 4 and 5 a.re 

extended to processes whose values at each point of time 

constitute a vector. The methods of correlation 

analysis are now replaced by those of canonical correl-

ations. It is shown that when the order of the ~ector 

is greater than unity the test for serial independence of 

a vector process (including the case of a, vector of 

residuals) obtained by Ogawara's method is no longer as 
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powerful (asymptotically} as that which would be obtained 

by a straightforward canonical analysis of the relation 

between the vector and its lagged values. The loss of 

power arises from the necessity or introducing additional 

parameters, which follows from the {general) lack of 

commutativity of the matrix of regression coefficients 

and the covariance matrix of the residuals. Of course, 

in the case of the straightforward canonical analysis 

the distribution of the test statistic would only be 

known asymptotically. 

A particular case of a vector process can be 

obtained by a redefinition of an autoregressive process. 

The approach of the present chapter gives no improvement 

(with respect to the power of the test) on that of 

Chapter 3 and, in general, the case of a simple Markoff 

process appears to stand in a unique position in relation 

to Ogawa.ra•s method. 

PART II 

APPLIED RESEARCH 

Chapter 7. Testing for singularities in rainfall data. 

A test of the homogeneity of daily mean rainfalls 

in Sydney over the period 1859 to 1952 is made. This 



rx· 
test was suggested by the theory proposed by E.G. Bowen 

that showers of meteors passing into the atmosphere 

provided the nuclei without which certain cloud formations 

may not rain and, thus, since some such meteor showers are 

annually recurring, lead to singularities (peaks) in the 

seasonal rainfall pattern. 

The test is made difficult by the complicated 

stochastic nature of the process generating the observ­

ations so that the actual significance point used may be 

appropriate to a more stringent test than that proposed. 

As the sample point does not fall in the critical region, 

however, there can be no doubt that the test gives a 

nnot significantn result at the 5% level so that the test 

does not support Bowen's theory. 
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PART 1 

EXACT TESTS FOR CORRELATION IN Tn1E SERIES 

Chapter'l 

Testing for correlation in time series 

1.1 Introduction 

The first part of this thesis is concerned with the 

problem of testing for correlation when the set of observ­

ations from.which the test statistic is being constructed is 

generated by a (possibly multidimensional) stationary discrete 

stochastic process. 

By a discrete, strictly stationary (vector) process 

is meant a family of random vectors t; (where t is any 

integer), of k elements, such that the joint distribution or 
(1.1.1.) 

is the same as the joint distribution of 

(1.1. 2. )i ~t::rt- -4 ' !£~;-~+A , r .. 

for all j, t 1 , .. J and 

Throughout most or the thesis it will also be 

a·ssumed that the joint distribution of the elements of the 

vector is normal. For the stationarity of such processes 

it is sufficient that f should be constant and- t (Ji;t 
1 

should depend only s. Following Doob (1953) any process 
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for which these last two conditions are fulfilled may be 

called a stationary process in the wide sense. 

1.2. Testing for serial correlation in a scalar process~ 

In this section we will be concerned with a series 

of observations 

(1.2.1.) 

from a stationary scalar process. 

Very many tests have been constructed for the 

serial independence of such a series. However, we shall 

not in this thesis be concerned with the most general 

situation, where the null hypothesis is specified no further 

while the alternatives to independence are only very 

generally specified, so that non parametric and distribution 

free tests must be used. In general it will be assumed 

that the , on the null hypothesis, .come from a dis-· 

tribution which is sufficiently near normal for the results 

suggested by normal theory to be reasonable approximations 

for medium sized samples. 

The alternative hypotheses to randomness which have 

received the greatest attention have been those which ~ve 

involved the simplest linear processes; low order auto-

regressions or mo~ing averages.* These are processes 

whose realisations satisfy relations of the form 

* The process of concealed harmonics will be considered in 
Part II of this thesis. 



(Autoregression) 

(1.2.3. • -rbt ~-~ 1-- . -. + hA (Moving Average) 

In both cases the realisation ~-.:c is generated by a process· 

or independent random variates (strict or weak sense) with 

mean value z·ero and variance tr% • In the case of the 

process (1.2.2.) it is necessary further, in order to ensure 

stationarity, to add the condition that all the roots of 
I A- h-

(1. 2. 2.) z + ~J z ' ' ' '" + .¢t.4 ;z;, 0 

should lie inside the unit circle. 

In a fundamental paper T.W. Anderson (19q8) 

considered the problem of finding most powerful tests, 
~ 

independent of the nuisance parameters in t::: and f7 , in 

ease the probability density for 

(1.2.4.) k~{-~'w~~+f2)(-) 

and I PI~ 1. 

is of the form, 

~lf(~-~:) 1@('£ 

Here )G and 
1"<!.1 

are vectors of n elements and (£!) is an 
~/fi.-' 

~ "I symmetric matrix. 

Anderson showed that in .the case where the vector 

can be expressed linearly in terms of characteristic 

vectors of the matrix ~ a uniformly most powerful (one 

sided) test of the hypothesis f :; is given by the region, 

~< where 
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and is the least squares estimate of j;t' • The constant 

~ is, of course, chosen so as to give the region r«. ~ 

the appropriate content on the null hypothesis. The 

distribution of r is independent of the parameter u~ and 

those parameters involved in ~ • The same statistic can 

be used to define a critical region of type , i.e. one 

which is uniformly most powerful in the class of regions: 

"similar to the sample space" (with respect to the same 

nuisance parameters.) and which are unbiassed at least in a 

neighbourhood of the null hypothesis. 

If the alternative hypothesis is the process (1.2.2.) 

with ~~ and normal (i.e. a Gaussian Markoff process) 

Anderson showed that no uniformly most powerful (one sided) 

test exists. The matrix for this alternative is 

p I D 0 

I 0 I 0 

(1.2.6.) 
• 0 I 0 I -2, 

0 () I) D I 

When the two corner elements of (1.2.6.) are replaced by 

zeros and the vector ~ is the null vector the statistic 

(1.2.5.) becomes 
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and this statistic satisfies the conditions or Anderson's 

theorem when the alternative hypothesis is prescribed by 

(1.2.4.) with ~ replaced by the modified form of the _..,. 

matrix (1.2.6.) and null. 

Similarly when (1.2.6.) is modified by replacing f 
by unity the test statistic 

~ 
# 

also satisfies Anderson's theorem for (1.2.4.) containing 

this modified ® as the density fUnction specifying the 
'~ 

alternative hypothesis. 

Moreover, the distribution of (1.2.8.) for- 71..- = ~, 
is the same as that of (1.2.?.) for ~= I. The 5% 
and 1~ significance points of these two statistics (for the 

hypothesis r ~ c l were tabulated by Anderson in his paper, 

having been obtained from the (accurate) approximation-to 

the significance points for Von Neumann's ratio tabulated by 

Hart (1942). 

In practice, of the alternative hypotheses 

mentioned above, the one which is most likely to be in view 

is that specified by (1.2.2.), with h equalling unity •. 

It is clear that for n reasonably large the 

statistic (1.2.8.) will provide a test against this 
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hypothesis whose power will be very near to the power of 

the most powerful test for all values of f • As pointed 

out by Watson (1955') the tabulated significance points 

given by Anderson show that even for n quite small (say 

15) the distribution of is very near to that of the 

ordinary correlation coefficient computed from '11- --t .iJ 

observations. 

Thus when the null hypothesis is independence 

and the alternative hypothesis is a Markoff process, and 

normality is maintained, a more or less complete solution 

to the problem of a test (within the context of the 

Neyman Pearson theory) has been given. 

In practice t; is not the statistic which has 

most frequently been used. The most commonly used 

statistics have probably been the ratio 

the statistic 

and the statistic 

(1.2.10.) 

where x" # 

As mentioned above the distribution of ;t' on 

* Qnenouille (1949b) has investigated a number of modifi­
cations of this statistic, by means er sampling experiments, 
from the point of view or bias and variance on the null 
hypothesis, for small samples. 



the null hypothesis, was investigated by Von Neumann (1941) 

and its significance points were tabulated by Hart (1942). 
. I 

The e.xact distribution of t; was determined by 

R.L. Anderson (1942) (see also Watson (1951a)) who also 

tabulated the significance points. 

On the null hypothesis the joint characteristic 

function of the numerator and denominator of the ratio 

(1.2.10.) is 
n-1 

(1.2.11.). J " 7J (' - ,· s"L - 2. d 1 e)-
J=l 

where A; = tls -~ (see for example Whittle (1951)). 

This may be written (lfoopm.ans (1942)). 

(1. 2.~2.) tJ(811 9,) = [ H/J-f ~ IIJ (t- z.i 411~- 2.t.·"'~s1:.!/JJj{l-2iP,.~z.4, 

% {Hp-J (;{t-zi.:Ds- 2.i ~~ tH t: )A<) 
From this expression ~ixon (1944) obtained 

approximations to the moments of the ratio {1.2.10) and 

showed that these approximations were in fact exact tor 

the moments or order not greater than • 
identifying these moments with those of the distribution 

with density function 

he showed that the statistic (1.2.10) was approximately 

distributed as the ordinary correlation coefficient based 

on "n. + 2 pairs of observations. 



a. 
This result was checked by Rubin (1945) who· 

inverted the integral approximation to the character­

istic function (1.2.11.) for the case ~here the 

population mean was zero. 

In practice it is clear that it will be 

sufficient to use the statistic and refer it to the 

tabulated significance points of the distribution 

(1.2.13.), for n reasonably large. 

For· the case in which the alternative hypothesis 

to independence is prescribed by (1.2.2.) with 

T.W. Anderson (1948) showed that no uniformly most 

powerful test exists, as was to be expected. The test 

statistic which is intuitively suggested is the multiple 

correlation ·coefficient of and x~_,, 

Similarly for the test, of the hypothesis that h • m 

against the hypothesis that h:: k , the test statistic 

which suggests itself is the, partial, multiple 

correlation of with 

the effects of 1 , .x t: ... ~ , . - - - ., ~~~ removed. 

(The use of such statistics was, in fact, suggested 

originally by Yule (1927)). By analogy with the results 

for h : 1 it might be hoped that these statistics could 

be treated in the same way as their counterparts when the 

relation between sets of variates, independent at 
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successive points of time, is being considered. 

This possibility was investigated by Quenouille 

(1949)" who obtained the exact joint distr~bution of the 

first m, circularly defined, serial correlations when the 

number of observations, n, is odd. The circular serial 

and X?t.+i. is defined as eqrual to Xi" 

A simpler and more general derivation of 

Quenouille's result was given by Watson (1955) who 

extended the distribution to even n. 

From the computational point or view the exact 

distribution is extremely difficult to use, the density 

l 

I I "z::.. t:lr~ 

I -1 , -i : , ,. -J 

I "s~~ 4t$.t, · · ·{,l~1 
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The summation is over all suffiEes J; {i= 1 ··--·~) 

for which the p_oint_, ...-;/, - / in euclidian m -space, 

falls in the least convex polyhedron with vertices 
. ' 

( -J, -1 . . . -I) ' ( G.rJ !.l!:.J, , G1 ':!:f[?# ' J 

' ( Crs ~!!":!:..' ~ ' . ' ~ ---~---~---) ~ 
For n odd the constant term becomes r(t:!;_.l)j 

while the terms, -1, in the determinants are replaced by 

zeros. 

The distribution is clearly of little practical 

use because of the complicated summation involved 

combined with the fact that density function has a 

different analytic form for different ranges of values of 

the correlations. 

~enouille conjectured that a smoothing operation 

analogous to that suggested by Koopmans tor 
I t: would 

give an approximation to the joint density of the· 

(uncorrected for mean) with n odd as 
_'1'11d1.,_ r(y. +•) ~ -. . rc~ -u.+:N > 

c1.2.16.> rr rt~4>4.J .. ". r(i-"'"+!~> 

where I r, I ' ~ ~ ' yo~ I 
r;' 1 r,.:_~ \ 

i 
I / I 

;;, rli4"'' 1 1 
This conjecture was supported by the following arguments: 
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(1) The joint distribution or the correlations between 

a variate and m sets or other independent variates was 

shown to be or this form by Garding so that this was the 
ff 

najural generalisation of Dixon's result for r;ff~ 

(2) 
I' 

Smoothed outer limits to the Values of r; ~ .. .. ~ ~ ~ '~ 

will be provided by the equations R ~ =: 0 { P :21 
1 

< 

so that these determinants could be expected to play a 

part in the frequency function. 

(J) 
I I' 

QUenouille showed that if r s..e , ""'~-~ :1 

integrated out of the fUnction (1.2.16.) the result is 

Dixon's approximation to the distribution of 
/ 

are 

(lt) If the joint characteristic function of the 'Y'J is 

smoothed 1n a manner analogous to that suggested by 

Koopmans the resUlt suggests that the smoothed frequency 

fUnction is a polynomial in the 

Rp~ ~ 

I which vanishes for 

Quenouille's conjecture was substantially 

verified by Watson who observed that for n odd the joint 

density of ~1 11 • '" , "' · , ,~ is constant. The true 

joint domain of these variates is polyhedral but the 

vertices of the polyhedron can easily be seen to lie on 

the boundary of the region for which RH-J is positive 

d'efinite. Using this region for the density the 

variates r'm 
1 

· tn:, can be integrated out to give a, 
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density of the same form as (1.2.16.) but with the power, 
f% to which the term R~~~is raised, reduced by 

As Watson pointed out the integration out of all of the 
I I remaining ~~ , save ~ , suggests that Quenouille's 

conjectured approximation is the better approximation. 

A fUrther check on QUenouille's approximation 
-

was carried out by Watson (19,la) and Jenkins (19~b) 

who took the case m = l. and integrated out r; 1 to get the 

approximation to the distribution of • Dixon had 

shown that on the null hypothesis the distribution of ~ 

should be the same as that of f}' but the approximation 

resulting from QUenouille's form differs from this; 

though the difference will be small for large n. 

~ 

This case was considered in more detail by 

Jenkins (1954bl who, by presuming that r; 1 and the first 

partial serial correlation 

were independent obtained an approximation to the joint 

distribution of 
/ 

Yj and 

(corrected for mean) 

compared w1 th 

1 rus .,_,) r{v . ( R,. -
-rr r£ ~ 4\.J rt;. -!J ) 
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from Qnenouille's form. 

It appears, howe'tfer, that for n reasonably large, 

and m small relative to n, the distribution of the first 

m circular serial correlation coefficients (without mean 

corrections) will be reasonably well approximated by the 

distributions arising in classical least squares analysis: 

treated as having come from samples of n+ 3 observations. 

In practice the non circular definition of the serial 

correlations (with mean corrections) will be used and in 

this case the number of observations should probably be 

treated as n+ 2. * 
Finally, as pointed out by Watson (1955), the 

hypothesis which will be under test will often be that 

the observations are generated by a process of the form 

(1.2.2.) of order m against the hypothesis that the order 

is m+ k. When the process (1.2.2.) is circulariy 

defined, so that .t:,.,..,...c.: = X,: ·, }1f..adow' s (1945) result for 

~' I can be generalised (Quenouille (1949, Watson (1955)) 

to show that the density is obtained from (1. 2.15.) by 

* Is pointed ou~on page 6 the distribution of re is close­
to that of the ordinary correlation from n+ 4 observations. 
As compared with r, i however, re has no mean correction 
and has an additiona term in the numerator. 
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It is then evident that the distribution of the 
I 

multiple correlation r/H'f>'l{l,. .. ... . ~) and the partial 

multiple eorrelati on 'i "i~n+ 
1

,.., 't-k)" 1 ~ ~~«~~will be 

independent of the IL,; so that, to the extent that the 

tests based on the distribution (1.2.16.)-ans a satis­

faetar approximation, and the assumption or a circular 

universe does not distort the situation, these statistics 

can be treated as if they were ordinary correlations 

based on three additional observations. 

Less study seems to have been devoted to the model 

(1.2.3.) than to (1.2.2.}. In most applications, on 

prior grounds, the process (1.2.2.) seems more acceptable 

than (1.2.3.). This is so, for example, in econometrics. 

Wo uniformly most powerful test against an 

hypothesis of the form (1.2.3.) is available. Consider, 

for example, the process (1.2.3.) with k"!ffl • Then a 

test against the hypothesis b1 ::-& will be provided by the 

statistic 
~'~'*' 

£·2 ! "' 1 r~ I J 

where r:- is the j serial correlation coefficient (non-
*' 

circular). This test, for fixed will be near to a 

most powerful test, for the covariance matrix of the 

process is 



0 () t:P 
'1. and if the elements I+~ in the two corners are altered to 

unity the inverse becomes 
I of • 

4 I .. 

, .... , Sf-~ 

4 « 
Then for JA:;O the statistic (1.2.20.) ( 

I 
computed 

without mean corrections) is most powerful against this 

fixed value of & , when the alternative hypothesis is 

prescribed by the matrix {1.2.22.), as the matrix cf the 

quadratic form in the exponent of the density function of 

the • (T.W. Anderson {1948)). 

Clearly the best critical region (or fixed 

"content") will depend on h1 so that no uniformly most 

powerful test will exist. 

If the range of alternative held in mind suggest 

that is small then only the first few terms of 

(1.2.20.) need be included and a rea.sona,ble test could be 
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found by choosing suitable coefficients for the 1 
on prior grounds. (S~e Whittle (195'1)). 

So far the null hypothesis considered has been 

the hypothesis that the X~ are independent. It will 

sometimes be necessary to test the hypothesis that the 

process generating the "tr is of the form (1.2. 2.) with 

prescribed , not all equal to zero. The only case 

which has so far received anything approaching an exact 

treatment is the ease h = J • In this case the null 

density is multiplied by the factor (see 1.2.20.) 

r, 
l 

when the universe is_ circularly defined, so that x,~ XH~i ~ 

Patting ~~~ --p (as is usual) an approximation to 

the density is obtained by adjoining (1.2.23.) to (1.2.13.) 

to obtain 
... J 

This approximation was also obtained by Leipnik 

(1947) directly from the smoothed form of the character­

istic function for the ease where the true mean is known 
I 

to be zero, so that ~ is computed without the use of a 

mean correction. Leipnik showed that the mean and 



variance of the variate in this distribution are 

' 
In practice, of course, the universe will not be 

circular and the mean will not be known to be zero. In 

this case Yj will be used and it is known that this 

statistic has a large bias when p is not zero and n is 

small. In fact the mean and variance are (Bartlett 

(1946) Marriott and Pope (1954)); 

f'r, = f- -:k {(1+-pJ(I+-.Zf)} + 0{7L_,_) 

cr z. = _!_ (• -p2) r, -...... + 
Though the two variances agree reasonablp well 

the bias in /'
1 

is much larger (for p positive) than in 

" ,ror n small. 

In practice, therefore, the distribution (1.2.24.) 

will not be satisfactory for n small and f large positive 

(near unity). Even though, if the exact distribution 

of a statistic is known, bias is not important in 

relation to tests of significance it" can still be 

important if it is desired to average a number of, 
e, 

otherwise non homogenous, estimates of the same parameter, 
ft 

since the resulting statistic will not tend to the 

population value in probability as the number of estimates 
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averaged is increased. 

part II of this thesis). 

(An example is mentioned in 

The distribution (1.2.24.)· is not in a usable 

form as it stands. Quenouille (1948) suggested the use 

of the transformation ,.., t~h z , which reduces the 

distribution to approximate normality. However, the 

variance is not independent off (to order n- 1 
) as is the 

ease with the ordinary correlation coefficient so that 

other devices have to be used to obtain a confidence 

interval. A preferable procedure was suggested by 

Jenkins (195'lta) who observed that ~~ ~ r1~1 {I-rr"i~ ) so 

that the transformation 'I/= ~ z makes the variance 

approximately independent of the mean. The mean and 

variance new become 
' -J 1 p 0{ .... "l Ll - SML f - ' + j n-- , r-z - _ Z{n-1)( J-f2) 11-z.. 

0:2 = + CJ {n -;e.} . 
z n- 1 

The variate z can then be approximately treated 
. _, 

a-s normal with mean sWI p and variance M -~ * so that a 

confidence interval can be obtained directly. The 

transformation is not satisfactory for f > o, q-

The tests considered in this section have all 

related to a specified range of alternatives. Often it 

will be necessary to test the appropriateness, of a 
prescribed stochastic model, to an obser~ed series without 
* An examination of the term in tl-z in uf suggests that, 
for p small, n- 1 is a better approximation to the 
variance. 
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specifying alternatives. In such eases a test of 

goodness of fit is required. For a prescribed process 

of the form (1.2.2.) a test was given by Quenouille (1947&) 

who used Bartlett's (1946) results for the covariance 

matrix or the observed serial correlations to obtain 

linear forms, l(j , in the serial correlations, the j "'­

form depending only on the serial correlations of order j 

and under. The Rj are a.symp,totieally normally and 

independently distributed, while for j :>- h, the KJ 
are (asymptotically) distributed independently of the 

f'C'R. ( k :=h) • Thus a goodness of fit test is obtained 

based on the ~~distribution. For the case or a simple 

Markoff process, the parameter f being estimated by r, 
the forms are 

(1.2.28.) J?j = rJ -z r;r.i-1 +- 'i'" z. '"-)~ 
which have, asymptotically, the variance c~.-~ 

Quenou111e 1s test was extended to other schemes 

by Walker (1950) and Wold (1949), (see also Bartlett and 

Diananda (1950)), but the results will not be discussed 

here as they are not used in this thesis. 

1.3. Testing for Correlation in the Residuals from a 
Regression. 

We will be concerned, in this section, with the 
problem of estimating the regression coefficients in a 
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relation 

(1.3.1.) !:It: = Po + p, x,t:: + {1;; X~b + .... + fJp:xp~:: + 

where, {1) the t~ are wholly independent of the ?'jt 

(2) the residuals t~are generated bT a stationary 

stochastic process. (At least to the second order). 

The relation (1.3.1.) may be written 

(1.3.2.) l == ~ ~ +- '& 

where~ and ~are vectors of n elements ~~::: and it-, ~ -is a vector of the ~..,..I coefficients f; and is an n 

matrix whose first column consists of n units. 

It is well known (Aitken (1934/35)) that if the 

covariance matrix of the ~ is known to be r the best 

linear unbiassed estimate of the coefficient vector fol -is obtained by minimising the quadratic form 

(1.3.3.) (y- ~~>' r-'( - ~fi) ,_, 
and that this estimate will also be the maximum likelihood 

estimate when the ~ are jointly normal. 

In general the matrix 1: will not be knov.n. If 

it is wrongly prescribed the estimation procedure can 

become ~ery inefficient (Watson (195la)). In particular 

the use of straightforward least squares (which would 

correspond to r= I > will in general be inerricient 1r 
"""' --

the ~ are not in fact uncorrelated. Since the 

straightforward least squares procedure will bften be used 
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it is, therefore, important to be able to test the 

resulting (observed) residuals for serial correlation. 

The analysis ~f #1.2 can be carried over to the 

present ease. The vector~ in (1.2.~.) will now be 

the vector,~£ and, if this vector can be expressed 

linearly in terms of the characteristic vectors of gg , 
then Anderson's theorem shows that the test criterion 

giving a uniformly most powerful (one sided) test (or a 

uniformly most powerful locally unbiassed test) 
A I A 

(t-5€) ®(!t-.~J?) 
will be 

('}_-~~)'{'1.-~f) 
In case ~ is generated by a circular simple Markoft 

process the matrix @ becomes where 

which has characteristic vectors 

I 
0 

0 
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It is, therefore, evident that when the 

alternative to independence of residuals is the hypothesis 

that the residuals are generated by a simple Markoff 

process, and the regressands are the terms of a Fourier 

series, the first serial correlation of the residuals 

will provide a test which will, for all values of the 

parameter f , be near to the most powerful (one sided) 

test. This case is. also to some extent unique in that 

the distribution of the test statistic can be obtained 

exactly (R.L. & T.W. Anderson (19,0)). Since any 

reasonably smooth fUnction can be well approximated by a 

relatively few terms of a Fourier series it follows that 

in any case of "analyt1eal"1 regression* the first serial 

correlation coefficient of the residuals will provide a 

good approximation to a most powerful test. 

It is in just this ease that the test is least 

important, however since the straightforward least squares 

procedure will be, asymptotically at least, fully 

efficient. For the estimates of obtained by mini-

mising the quadratic form (1. 3· 3. )', is (Aitken (1934/35)) 

( x~r-'x)-'x'r-' ....--.... """"' - - """' fj ........, 

and if the column vectors of X are characteristic vectors 
~ I 

of GV they are characteristic vectors of so that ....., ,....., 

* That is, regression upon the nvaria.tes" which are the 
values, at equidistant p·.oints, of an analytic -function of t. 



(1.3.8.) 

Where J\ is the(p••J .x (p+-1) matrix of the characteristic 

r _, 
roots of corresponding to the characteristic vectors 

.-.; 

in X • -
The expression (1.3.?.) then becomes 

c1.3.7.>' r ~~r~~ j_ 
This is the same as straightforward least squares estimate 

of {t. 
The covariance matrix of the estimates is, however, 

not given by the usual formul~ For this covariance matrix 

is (Aitken (1934/35)) 

(1.3.9. > r ~ r-'5. )_, = !J-f~~r' 
This~is, of course, important in connection with tests of 

significance. 

Since in practice the serial correlations ~· ot 

the residuals ~ will converge to zero fairly quickly, it 

it evident that for n large the matrix ~ will be well 
.-

approximated by a sum of the form (Whittle (1951)). 
t'l-1 ~ 

(1.3.10. > r =~ (jl: z f· wJ 
.-..A -Ln-1) J .......... 

for which the vectors (1.3.6.) are still characteristic 

vectors. It follows, therefore, that in almost any case 

of analytical regression the straightforward method of 

least squares will be, asymptotically at least, fully 

efficient. This result has been checked by a rigorous 
investigation by Grenander (195'4)'• 
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The matrix~ will not usually be expressible as a 

linear combination of characteristic vectors of ~ • 
However, Durbin and Watson (1950) showed that as ~ varies 

the statistic {1.3.4.l will still lie between two bounds, 

the bounds being attained for regression matrices 1 which 

are matrices composed of characteristic vectors of ~ so 

that, when the bounds are attained, (1.3.4.J' is an optimal 

test statistic. These bounds were shown to be of the form 
n-p-1 
2: Ai ,i,.. 

i Jtf 

11-/JP-1 2: 

2- (-
, " , .. , 
n::;:e-1 ~ ~ 

}_ A,:+ P'~-' ~.,~.· 
r £•' u..pp!tr • n-p-' 2. 

k <· 
where the ~ are (orthogonal) linear combinations of the 

true residuals and the Ai are the characteristic roots of 

~ arranged in order or magnitude. When ~ is of the 

form (1.3.5.) the Ai are the values of ~sDfor e at 

equal intervals in the range 7r to zero (n even) and it is 

evident that ( r!uppe~ rUowe~) will tend to zero in 

probability as n increases, (for fixed f ). 
Thus the first serial correlation coefficient of 

the residuals will have considerable appeal as a test 

statistic, against the hypothesis of independence of the ~~ 

for the cases where the alternative hypothesls is the 



hypothesis of a simple Markoff process or some process 

which is reasonabl~ well approximated by such a scheme. 

Durbin and Watson showed that the s'tatistic 

(1.3.~.) could ~~~~duced to the canonical form 

{1.3.12.1 ~ "l 
n-P-1 C~ 

where the ~i 
~ ., 

are -"&he non zero roots of the matrix 

The distribution of (1.3.12.)· has not beeh given 

in a closed form except in cases where the 

special properties (e.g. equal in pairs). 

have 

Moreover, the 

distribution would depend upon the ii and it would be 

computationally impracticable to determine these in every 

case. The only case for which an exact treatment has 

been given is the case of residuals from a fitted Fourier 

series (R.L. & T. w. Anderson (195'0) ). 

For the case in which p r:J I Moran (1950) 

obtained the mean and variance of the circular ·serial 

correlation of the residuals as 
l -1- 'i-'<-

· V:Jr ( r,') ~ 

where is the observed first circular serial correlation 



26. 

of the regressand series. 

These formulae were extended to the general case 

by Durbin and Watson (1950)" (pages 420, 421.) 

Durbin and Watson (1951) also tabulated bounds 

to the 5%, 2.5% and 1% significance points of (1.3.4.) 

when 

(1.3.15.) j 

z 

r, -~ ~ ~ I o _, z _, -

L 0 0 0 

The test statistic is then 

~l 
O! 

I 
- I 

{ 
i I .... 

The bounds whose significance points were tabulated will 

be given by (1.3.11.) with the Ai as latent roots of 

the matrix (1. 3.15. ). 

In cases for which the bounds test is inconclusive 

(that is, in which d falls between the bounds) Durbin and 

Watson recommended the use of ~ c1 * as a Beta variate with 

the appropriate mean and variance, provided the number of 

observations is reasonably large. 

The bounds for small samples are fairly far apart. 

For example for n=~o and /':::;.~-the bounds for a (one sided) 

5% test are 0.98 and 1.?3, corresponding (roughly) to a 

serial correlation between .13 and .~9. 

* d ~ 2 ( 1 ~ r;) which varies between 0 and 4. 
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For small samples the situation is not, therefore, 

entirely satisfactory. One suspectt that the treatment 

of the serial correlation of the residuals as an ordinary 

correlation from n +3-- p observations will (in most cases) 

lead to a significance point, even for samples of around 30 

observations, not far from the true significance point, but 

this is merely a conjecture. 

1.~. Testing for correlation between serially correlated 
series. 

The problem of testing for multiple correlation 

between the variate y~ and the variates xk in (1.3.1.) is, 

of course, closely connected with the problem of the 

efficiency of estimation procedures for the fi' 
If the. covariance matrix [ of the ~ is known 

then, as mentioned in # 1.3. a fully efficient estimation 

procedure can be developed and corresponding to this 

procedure there will be exact tests for multiple 

correlation, in the case where the ~ are normally 

distributed. In fact if the matrix J\ is orthogonal 
"""""" 

(though not necessarily orthonormal) and 

01. 4 ~1. A r /\ I= I 
~ ~ ~ ~ 

the classical procedure applied to the vector £1 Ji and the 

vectors in L!K will yield the classical tests. 
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In the cases with which we will be concerned the 

covariance matrix r will be of the form -

where cr:f; is the variance of the and 

0 I 0 . ·o o 
(1.4.3.) u ' 0 I . ·oo --.,..., 

' ' 

0 0 0 . ' . ' 0 

Then the covariance matrix of the straightforward least 

squares estimates of ~ is 

(1.4.4. ): 
,_, 

= ra.-' tr'a, f M -~ + 2_ 
~t:r 

/lt:tl 

where (:)~ ':$ [C.t.:j(O)] ~ 

(1.4.6.) 

and c. ·(/e);;! 
"J 

If-~ 

_}; £ Xt:J m 
ift:O 

If the f~ (~ti :t are all z·ero (1.4. 5.) reduces to 

the covariance matrix in the classic case. In general it 

will be different and the test of multiple correlation 

based on the least squares procedure will be invalid., 

In the case where p is unity the variance of 
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from (1.~.5.) reduces to 

where z is the observed variance of the x,l:' and "is 

the observed ~ serial correlation of this variate. 

This suggests an approximate procedure (due to Bartlett 

(1935)). This is to test the correlation as having come 

from a sample of n/[ ,.,. 2. ~~ r: observations. On 

the null hypothesis the fat can be estimated from the 

serial correlations of the u so that the number or 
~I.#' 

degrees of freedom will be estimated by n./[ ,., ~ 
1 

f'k/] 
where ~"'~~t is the observed k~~::. serial correlation of the 'ft: . 

If both ~k and X1~:- are Markovian then (1.4. 7.) converges 

in probability, as n increases, to 

(1.4.8.) 

Where r , and f I are the parameters in the tWO Markoff 

processes, so that the number of degrees of freedom can be 

estimated as (Bartlett (1935)) 

(1.4.9.) 

In the case of a test for multiple correlation 

the corresponding procedure would be to replace the 
with the t ~in (1.4.5.) and to use the inverse of this 
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matrix as the matrix of the quadratic form (in the f; ) 
in the numerator of 1- tl, (where R is the multiple 

correlation coefficient)'. For partial correlation the 

P would have to be estimated from the residuals as. lk , 

on the null hypothesis, the serial correlations of the ~~ 

and &= are, then, no longer the same. 
~'p 

A test for 

multiple correlation of this form does not appear to have 

been used in practice. 

The disadvantage of these procedures, apart from 

the inexactness of the tests involved, is that they are 

inefficient, since the least squares estimates of the 

are inefficient. When it is reasonable ·to specify that 

the residuals are from a (fairly simple) stochastic 

process of a known type an alternative would be to estimate 

the fk- from the residuals from a least squares 

regression, use these to obtain an estimate of the 

parameters spee~fying the process, and use the resulting 

estimate of to transform the variates to a from where 

the residuals were (approximately) independent. T.he 

tests for multiple and partial correlation could then be 

carried out in terms of these transformed variates 

(Cochrane and Orcutt (1949)). SUch a test would not, 

of course, be exact and could be very misleading, 

particularly 1£ the nature of the process generating the 
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errors is incorrectly specified (Watson (195'1) )., 

It is clear from (l.lt. 8.) that if f and f ,. are 

small the variance of the estimate of ~ will be little 

affected by the departure from independence. For 
I rg::t ) example, for t> ::z o .=. o.z.. (1.4.8.) becomes '~,.,·~·-- 1.. J 

' ' 1.n~-z. 
Any transformation that will remove most of the serial 

correlation will, therefore, recover most of the .lost 

information and enable approximate tests to be used. In 

many cases in economics the serial correlations are high 

and they are nearly all positive. Insofar as the 

specification of the ~ process (and the processes) 

a~ simple Markoff processes is appropriate the use of the 

first difference of the observations should then be a 

reasonable procedure (Cochrane and Orcutt (1949)). 

None of the expedients mentioned above is very 

satisfactory for, apart from the ~act that they are inexact, 

they all suffer from other disadvantages, being either 

inefficient or involving the use of only very rough 

approximations to the variance on the null hypothesis. 

Quenouille (19~9b) suggested the use of partial 

correlation coefficients for the case where the correlation 

between two series ( X& and ) is being considered. 

!his procedure is applicable in any case where the process 

generating one of the two series can be represented 'by an 
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autoregression. Els procedure is as follows: 

(ll Determine the order of the autoregression 

needed to represent the two series by the use or partial 

serial correlations. (The adequacy of the resulting 

autoregressiive representation could be checked by the 

test mentioned at the end of # 1.2.). 

(2) Calculate partial correlations-· r( :xh' ':lt / 

~ ~- • • ~-""; tf~.r_.,1 1 1~ ... l · k~ii)where h and k are the orders of 

the two autoregressive schemes and r ("' !:1 / z) is the 

partial correlation between x andy with the effect of z 

removed. 

(3). Treat the resulting- statistic as a 

correlation from n - h - k observations. 

If only one process could be adequately represented 

autoregressively the effects or lagged values of this 

variate only would be removed. Since only one of the two 

processes needs to be independent in order to validate the 

usual test or significance this is all that needs to be 

done in any ease, from the point of view of the validity 

of the test. rbe power or these tests will be considered 

in Chapter 4. 

QUenouille considered the case of a pair or, 
independent, simple Markoff processes* with serial 
* The processes used were not in fact simple Markoff 
processes but approximations to such schemes obtained for · 
example, by putting X 11 = !" 1; P(,.,~~~, ,,, ... ,.rrt):: ,(,,,/8 .... , fJ'H-1 ~I)~ O· · 

P (7<,.,:~1 Jx, .... ,•-J) = P(:x..H:=-1 Jx,_, ;;¥I)= o. 

which approximates to a simple Markof'f scheme with p.::: o~',. 
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correlation 0~4 and o.6 and by a sampling experiment 

showed that the mean and variance 10n the null hypothesis, 

of his statistics were near to zere and (n-~)-1 or(n­

according as the effects of lagged values or only one or 

of' both o:r the series were remo\1ed. For example, for 

32 pairs or series of 20 obser~ations the average 

correlation, r("~"i~ /"1:'-t'f'itr ... ,) 1 was -0.011 and the variance 
-1 of the correlations was 0.069, (17 : 0.059). The 

results for the case where the effects of lagged values 

of both variates were removed were better than those for 

the ease ~here tbe effects of lagged values of only one 

variate were removed. 

The generalisation to the case of multiple 

correlation is clear though the validity of the approxi­

mation to the distribution on the null hypothesis has not 

been checked by a sampling experiment. 

Finally, in this section mention may be ma~~ of 

a test suggested (amongst others) by Orcutt and James 

(1948) for econometric data. This test treats the 

correlation between two economic series of yearly data, 

-I 

of any length, as being equivalent to a correlation 

between two series of five or six observations, each series 

of observations being random in time. The basis of the 

argument for the test was a sampling experiment based on 
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observations generated by a process of the form 

Sueh a process is not stationary. The argument 

for treating all economic series of yearly observations as 

of this form was presented in a previous paper by Orcutt 

(1948), but was not convincing. It would seem better 

to employ no test at all, and to rely on subjective 

judgement, than to use a test founded on such a.n insecure 

basis as is this one. 



Chapter 2. 

The Asymp~~ff!9iency of Tests. 

2. 1. Introduction 

It is often extremely difficult to determine the 

distribution of a test statistic on the alternative 

hypothesis, for usually the null hypothesis corresponds 

to the value zero for some parameter, of which the test 

statistic is an estimator, so that on the alternatile 

hypothesis the frequency function of the observations is 

complicated by the presence of an additional parameter. 

For this reason calculation of the power function 

for a test is often not easy. In this chapter an 

asymptotic criterion of the efficiency of a test, due 

essentially to Pitman (1948), will be described and 

justified. Because the criterion is asymptotic it is 

not wholly satisfactory but in the cases in which it will 

be applied in this thesis no alternative criterion is 

readily available. To calculate the power function would 

usually be very difficult. 

2.2. Pitman's Theorem 

Consider a test based on a statistic t~ , a 

function of n observations JC, ,1(2 , ... ,x.., with mean f'J!;Jand 

variance o-(eJ • We will be concerned with the power 
n.: 

35. 
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of the test, based on the statistic t~ , of the hypothesis 

e.: t9D a,gainst tt:e hypothesis 

<2.2.1.>· H, : 
We shall assume 

(2.2.2.) 

~ 1. 

~ 
( 
( 
( 2. 

~ 
( 
( 

~ 3. 
( 
( 

~ 
( 
( 4. 
( 
( 

{~t:t ~11JB>] exists and is greater than 

zero in some neighbourhood ot 
8 

~ {~-~~~~-~n~) 1 = C /" 0 
fL. --f~J'III/0 .IJI"rf' U!'j' 

Vnf(f;TJ (;eSc:» 

f!::~t.(~ = I 
f"'n( e,) 

CJ;,(Bn) ~ I 
~ (Gi~) 

If f;(JtiG)the distribution fUnction of 

t,. ;J;;IP> then F;,Nl{.)and F,. (JC /B() rkn-'tr.) 

~ tend to the standard normal distribution as n 
( 
( tends to infinity. 

If' ~(A") .. ~ ( e -I.~ -z.tPJt. == "' 

then the level of significance of the test based on the 

critical region 

(2.2.3.) 

tends to <:/; a·s n increa se·s. 

t~(«J - jA-'nllk) = A"' 
~(~) 



The power of the test against the hypothesis 

e~ is 

(if;#'@) J 
(~} 

BUt . /"n(4.)" fl'n (Bo f' k ~~.-'"'-) "jA-,A:b)+ k ,-'h [.Je_r-.JG~6'•19' 
where 

so that 
tr,(B.,Jk- ~-'I:. {~~~'!}b~ .. ~-kc. 

«J:hen 
i1;,(6;.;) 

( 2~ 2 • 5 • ) ~ Pn (A,..} ::; J (,{1(- ) 
"H....,.«' 

This proof is substantially the same as that given by 

Pitman (19~8). Condition 4 is due to· Noether (1955'), 

(Pitman 1 s corresp:onding condition required uniferm 

convergence in e ),who also generalised the proof to the 
I 

l~ ( 
case where r,,fiJJ is- zero for J =" o, ' ' ' .. m ' 

In the cases in which the criterion (to be 

defined below>-' is used in this thesis the validity of 

Pitman's theorem will be assumed. The statistics 

will all be regression coefficients or correlation 

coefficients and it seems that the limiting oscillations 

of the sequence of (cumulative) distribution functions· 
I: - ~n 

of the corresponding statistics 11 cr: t-" will vanish ,., 
a:t Aa- kc in the sense· that the limit of the oscillations 

or this sequence of distribution functions, in some 
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neighbourhood of - ke., will tend to zero with the 

neighbourhoo.d. This will ensure the va.lidi ty of Pitman • s 

thoerem. 

If the sequence of alternative hypotheses is· 

given by 
rt k _m 
e?'J1 = eli + 11 

then {2.2.1+.) 

and from (2.2.2.), 2, this converges to or 

diverges·to (- according as m is greater than or less· 

than t. The power of the test, therefore, converges to 

C(, or unity ·so that it is only the case m : t which is 

of interest. 

Consider two test stati,st·iesc L~H and LJ,n satisfying 

the condition of Pitman's theorem 
~: 'Z, f-'-, ,_.f;?) and variances~ tf419) and · 

IL_,,~ a;<>~ 

and having means /'!,_{Gland. 

and with 

1 
--~~~------- { ~ C· 

{. 

)(9:~ 

Now if we have two sequences or alternatives, 

( 2. 2 • 7 • ) ff 
1 
i : {;0 , h ( { :::' 2 

then from (2':.2-.5.), (2.2.66)' and (2.2.7.)' the two tests 

have, asymptotically, the same power against the same 

alternatives if 
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R,1c1

.::: k~cz ; f.Z.1 -n 1- = 2-M':l.. 

I· e 4 ~ z \1 £?.,... "' ~ r r;a~ae9 ~~~I Q'~(S) 1 
tl,_ c., ) J 

c ~ n~ L [4~ J"'o,(l?)]-:t/ tr;: ) G:{)~1 
~e ratio(~) will be called the asymptotic relative 

ef'fioi eney of the test based e--n t).. _relati "'e to that based 

an b1 against the hypothesis specified by the parameter 

~ and will be indicated by 

c2.2.8.) (t:).,c, /GJ~r 

The quantities ~ lf@lde~H'i]%~ 
,~~ u;. 

of the statistic$ ti 1{i~~2), 
The quantity (2.2.8.) evidently gives the 

a-,symptotic ratio of the sample sizes required for the t\tAJ 

tests to give the same power against sequences of 

alternatives which are asymptotically identical and which 
-Y"~-

tend to the null hypothesis a:t the same rate as 14 tendS' 

to zero. Asymptotically, for statistics with variance 

~-J , these are the only alternatives of interest. 

This criterion is, or course, due to Pitman (1948). 

In order to make use of the criterion it is 0nly 

necessary to know the variance on the null hypothesis·and 

~ [9_ C(t· )) 
n....:P~~D l ae c ~, ~ B:: G;" 

Often it is simpler to evalua,te [~ [!:i;, f'{Ci11)]]19=(£j 

but then it will be necess,ary to show that the two limits 
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are tbe same. .'rb.is will certainly be so if' the conver g ... 

ence ef {; £{cc14}] is uniform in B , at least in .some 

neighbourhood of lJ = 

As mentioned before the statistics with which we 

will be concerned in this thesis will all be reducible 

to correlation coefficients, r( computed from 

vectors of observations ~; , having a joint nermal 

distribution with covariance matrix • The limit 

(2.2.9.) can then always be evaluated directly (see for 

example Chapter ~). Nevertheless in what foll~ws the 

limit will often be evaluated as 

(2. 2.10.) [~ [ lA 

to save the presentation of more extensive algebra. 

2.3. An extension of Pitman's theorem 

Let and be two statistics with means 

f'tnCB) and N~variances Of~CPJ and ~ land correlation 

• We shall presume that /:111 and l.l..H haye 

distributions satisfyin.g the conditions 1 to 3 of # 2.2 

(with C:::; , C"Z, ) and in addition 

3: ~ f;~(B,) g I 
H -1" tft'J f ,.,( Bo) ' 

while 4 will be replaced by 

~: rr 
Of f: IPL -/"'111(J9) 

'""""' (jl ;:;Zs9) 

is the joint distribution function 

f Cl H- jlJnfl!} _ 
} l . ....... . . 

l o;.,../IJ) 
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then the sequences f ~ ("; ~ and Fn{~~ both converge to 

the bivariate normal distribution with zero means, unit 

variances and zero correlation .• 

If ~l holds then the distribution of 

. ·R ) .fl[t:,, -~;.,ref· p:lll7•·,.1!1l ~- ~~~.-,._,Hie!. t ~,-MJ} { 1_ 
( 2. 3 .1. ) ,(e ll ... <7,' ..,It>, rt o;.,i&Jj -l f J61t (!j.ft9) c;,_,f/9) ]j 

converges for and B~Ch to the distribution of 

with two degrees of freedom. 

We may test the hypothesis e , $ by means of the 

critical region 
~ 

Rnl6o) ~ Ac< /'O 
where-

.;z £~e-i _ 
Then the power of this test against the alternative 

~ = f!?o + k11- will be: 
#IJ'() £
2 

G, { RJBo)/t;,)"'-R Jf),J 

where G11i~11('11'1)/0;r;) is the frequency function of RJ.tt(Q) 
t t 

when t9:: '11 • But from 3, 3, 4 and (2.3.1.) this is 

easily seen to converge to the distribution of non central 
y). 
~ where the distance, d, from the origin is given by: 

d% = ~ r r~ln(~)--t;Je,JJ; Jju,.('k)--JA-14,~~.2~ ff?/fi)<M~u~~~Ci;,~- .. ::. ~ 
n~ 1 L tr;~(~) J r d',.~~p) -} 111~t- 'fuW tr~) } f'fc~ 

and from 2 this limit is: -

l y c 1 ':& -+ c.;·s._ :Jfe.,c:z.. 
< z~ 3. 2. ) .#. 

1
_ f,. 

where f ~ ~ iJ (~) 
n.....,.~ I~ 



Suppose now that we have two pairs of statistics 

t;,,,n ' t~;n, and t:z.,t,n , t,~1J 11 with means /"ti
11

(1}) variances 

OZ;~£B) and correlations (between the same pair){), (/9) 
IJ; n ' 

(i~ j :=. I, l.) and consider the sequences of alternatives: 

Hi : B : BD + k~ 11,- ,,,. 

Then if we put: 
If .. f fl.- '/rz ~/)8 Jl'ii n(JSJJ} ,_ 

C··-~ 
f.IJ - n.~~ t {9J 

e~ec 

the tests of 9 aQ., based on the It,; will have equal power 

against the same sequences of alternatives if: 
- '/"2. _ lA -If,_ 

"' n1 - ">H),. 

where 

11, se: 2 2. lJ-I 

(2'·3· 5.) 
{c11 +c,,.- l-8 c11 Cn. J { t- ft .... :. "" 
(a~ +t;.; ... l-f;,~,_,.~)( t-1;~-J vt, k'l. 

I 

and this ratio can be computed from a knowledge of limit 

of the covariance matrix of the f;,1 and t~·~ at ": ~ and 

the quanti ties { ~ ~>8 r-t.J'n(8)~6b only. 
. n, 

As before the rat~o ~ may be called the asymptotic .... 

relative efficiency of the two tests and may be denoted by: 
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ErR o HLJ~£) 1 l ~ ' !'\ ~ J li..7 - D"rO j 

A number of comments may be made here. 

(1) It is evident that this result may be directly 

generalised to any finite number of statistics 

t t'J , {i~t,l; i::-'13 ··;f) and that the resulting asymptotic 

relative efficiency will be the ratio of two quadratic 

forms in the "efficaciestt of the statistics in each set, 

the matrices of the quadratic forms being the inverses of 

the correlation matrices of the statistics in each set. 

(2) This result ha-s an immediate application to the 

comparison of a pair of multiple correlations for when the 

t i j are regression coefficients the quanti ties fit differ 

from the quadratic form in the regression coefficients in 

the numerator of the test statistic (used for the test of 

significance of a multiple correlation)'- only in that the 

sample variances used to weight the quadratic form have 

been replaced by the true variances on the null hypothesi~. 

Asymptotically (for the sequences of alternatives 

considered) this replacement will have no effect. 

(3) One cannot, however, use the ratio of the quadratic 

form ( R ) in the efficacies of a set of tj· {i: '~ ~ -· " ·,/') 
to the efficacy of a statistic t (which s~l:tisfies the 

conditions of the original theorem of # 2).,2) a·s a 

criterion of the relative power of the two tests. For 



this relative power depends then not only on the quanti­

ties in the ratio but also on the form of the two limiting 

distributions. In fact for the set 9 the as.ymptotic 

power will be obtained from the distribution of non 
'J,.. 

central X for p degrees of freedom while that for the 

sta·tistie t will be obtained from the normal distribution. 

The two powers will ~e, asymptotically, lf J..,- kc) and 

G1ik,.Q;~) where j{A.,-kc) has already been defined and 

6/l(k,lJ.,of.} is the power function of the ::{\est when the 

square of the distance of the alternative from the origin 
p ). 

is fl. i;2 , ri is the level of significance and P' is the 

number of degrees of freedom. The two power functions 

are no longer of the same analytical form and cannot, 

therefore, be made the same fUnction by a proper choice of 

the limiting ratio of the sample sizes. For fixed k, p 

and ~ one ca.n of course determine the two powers as 

functions of c and Q (making use of Tang's (1938)- tables 

of the power function of the F test) but as k varies the 

relation between the two power functions will vary also. 

(4) The same situation (as in (3) above) a·rises ~hen 

tests based on two multiple correlations from different 

numbers of regressors are being compared. 



Chapter 3. 

An Exact Test for Serial Correlation. 

3.1. Simple Markoff Processes 

The fundamental property of a simple Markoff' 

process is embodied in the relation 

(3.1.1.) P[xt:~ kfxt:, ,~;, .....• ~t-,.,J"' p {-"t:~ k fxe.J 
where f::>t: 1 ~L3· · · · >i:w. · 

It follows easily that if n is odd and the 

variates x2t:+l, (t=-~· · ·) 1;!) are held fixed the joint 

conditional density of the x2b factors into the several 

eondi tional dens1 ties of each .x)t- ror fixed Jt.:u:- 1., 1 -

If the process is 

(3.1.2.) X~:--r-= f{Xt_ 1 -;")~ ~ 
where {fl' I and is N{o> then the conditional 

f'requeney function of XU:, is 

(3.1.3.) f{Xzt/JCu-., ~,)= r;r,' ~--!?- Lrx"(; -lA- bx~ 
' lff {}"'. 6 

() 

where ~(i- fJ'L 
-I+('.._ 

e 

observed that, from standard normal regression theory, 



the statistic 

..A 
(].l.lt.) b, .. 

could be used to test a prior hypothesis concerning f or 

to obtain a confidence interval for f. 
In (3.1.4.) the summations are from 1 to /!~1 

where ~J means the integral part of x (it is no· longer 

assumed that n is odd):, a:m.d 

The test statistic for an hypothetical value fo 

corresponding to b.:r bo , would of course be 

F, ~ { b,- £o) ~[ex; -fi.'J-.. r _ 
1 

.... 
,,~;7~:- - Z.1x)V-~- X/)~ z~]-dl 

Here ~ is estimated, in the usual way, by 
A ._ ~/ 

(3.1. 6. )'- .(A.. :J .X.;t.- X 
1\ 

The variance of b, in the conditional distribution 

I + fz "T(?l[ .... ~ > 
and as this converges in probability as n increases to 

(]"2(1- fl) J I-f~ 
I + f':a ·;;&2{ 11 fZ) : n ( t+f' ).->· 

(since {Jx/-Ji "'is almost everywhere greater than zero) the 



A 

conditional variance of b1 converges to {3.;t.8.) also. 

We then have 
1\ 

. . f[Jhf £ { 6,) 12 7 
(3.1.9.)· ~ l ~) J 

11, ..,.I'D (. V fJ 1 

The first serial correlation coefficient ef the 

x 6 , t; , (see (1. 2. 9. ) ) is well known to have the asymp­

totic variance .'~f~ and this will clearly be asymp­

totically fUlly efficient. (Wald (1948), Whittle (1953)). 
A 

The asymptotic efficiency of h, , relative to ~ is 

This function is shown for some values of f in 

table l below. 

Table 1. 

IPI o 0.1 0.2 o.3 ~ o.2 o.6 o.z o.B 0,9 
j'l;, 

E(~,,t;/f~o) 1,00 0,96 o.85 0,70 0.52) 0,36 0.22 0,12 o.o5, o:,Ol 

1\ 

The statistic b
1 

therefore provides an exact test 

of the hypothesis r~o ' which is asympt~tieally fully 

efficient against the hypothesis o.f a simple Markoff proeess·. 

It also provides an exact test of an hypothesis 

)Ct: Markovian, 



but the asymptotic efficiency of tbi·s test is less than 

unity. 

In this derivation it has been presumed that 

~ r ~ f/ >l ,. .1. f~ f(Y!J >.!! ' 
t't -9""' 7 )f (.,,.I 1Jf tk.P6'0 I l 

but this can easily be verified, for example, by a direct 

evaluation of the first limit. 

If the null hypothesis is that given. by {3.1.11.) 

another procedure would be to use the quantities 

(3,1.12,) J/:' ;r Xb - fo.Xt:'... I A 

On the null hypothesis the variance of 6'1 , 
where this statistic is given by (3.1.4.}. with the JC~: 

replaeed by the corresponding Y&, will be n-1• It is 

also easy to show that now 
' A ) 

,.~ [j;f(~)J = I 
Hence the asymptotic efficiency of the test 

based on this statistic is, 
A 

(3.1.13. ) E { b'() , r, J f.,) ,.. 1- f.,.. 
whieh is shown in Table 2. 

Table 2. 
;' 

E(£'1' ,-; !!.) _______ _ 
IPI o.o --2Ll 0,2 0,3 o.~ 0,5 0,6 o.z o.~ 0,9· 

~.~ r.Jp) 1 0.99 o.,6 0.91 o.B~ 0.75 o.6~ 0.51 0.36 0.19 
~~?,)I 
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The statistic b!J therefore provides a more 

efficient test of the hypothesis (3.1.11.) than 

It will also provide a confidence interval for ff 
However, it does not provide an unbiassed estimator of a 

A 

known function of f as does b, • As mentioned t/: 1. 2 

(page 18) the presence o~ bias prevents the averaging of 

a number of estimates, of the same value of f , from other-

wise differing samples.* It is, therefore, of interest 

to see if another unbiassed estimator of can be 

obtained, with a higher efficiency than 

A second estimator is ava.ilable in the statistic 
1 1: !' :llt:.c+l c~:;- ,, ") 

( 3. 1. 14 • ) 0 .a !~ ff - /f) ~ 
:xt' """" ,, 

where :x;1 
fll (Xzc + xJ.I:+~) and the summations are from 

rn- 3, 1 to Ia a J .. 

The statistic 
A II A 
b. = :! ( ,, + 62 ) 

p 
will be an unbiassed estimator of 11f~and its variance will 

~ 

be ' ( 'bl) 

which, as to 

o J. Will ams has arisen in connec -
ion with the correla.tion of' measurements along a log. 
The averaging of estimates from di~ferent logs, the only 
method of substantially increasing the number of observ­
ations, would not result in a consistent estimator if the 
estimates were obtained from the first serial correlation 
coefficient. 



,. ,. 
and the covariance cf h1 and ,, becomes (by an obvious 

extension of the Theorem in Cramer (1946) page 366) 

1 ~( ; e~ /:_.J t 1: /_J,. ) 

(I+ f,):. ~,,a.,. +(1 +f,)q 'VIIfC'JC.) -{l+f'/l4v(~<,,<:,.Jtt.<illf.,f.-~ 
where 

rJl, 
t:t., ::~ tiiM 2 )<ill:' (')(tll:•t 1 :J( ;;a t:'H) 

" If":,., y )lill:.f.t(JW + Xd.tl.:l) 

~ ').-c, :: tr:Z.n [ (>t.~t:-1 + XJ.t;+l) 

C ~ -.i1:_ "" ( )ol ::z.. ~~n '- Xe:1t.. + :X~ l.· ~ 

and the ,ariance of the estimator off obtained by putting 

f .. {t- 111-~t,_ )J~t 
is{ I- p2:). 

\ I -

This function was shown in Table 2. 

The statistic provides a test of an hypothetical 

value or f which has some attractive features, but these 

are not sufficient to make its use often worthwhile in 



practise. 

1) ~he test or the hypothesis, f•o is exact, is 

based on a distribution of which tables are widely 

available and is asymp~otically fully efficient. Other 

tests, however, are also available which are exact (see 

Moreover these last 

statistics clearly give tests which are not on1;y asym:p­

totically fully efficient but are near to the most power­

ful test a·gainst one .sided alternatives (this is usually· 

what is required)' for all values of on that side of the 

origin. Though the significance points ot these 

statistics·are not so readily available, for larger 

samples accurate approximations ean be obtained from the 

tables of the significance points of the correlation 

co effie ien t. 
1\ 

2) The statistic ~ will give a test against an 

hypothesised value or f , not equal to zero, which will 

be exact and which will be reasonably efficient if the 

\'alue of' f, to be tested, is not too large. A more 

efficient test will be obtained from the statistic z, 
I • 

where- r, = s~ • (S'ee I 1. 2, pa:ge 19). However, the 

distribution of this test statistic is not known exactly 

and, because or the bias in r; when the mean is not known, 

and the effects of departure from circularity in the 
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• -1 

universe, the treatment of z a.s norro.al w:t th mean :SU1 f and 
__ , 

variance ~ may be a poor approximation unless n is quite 

large. An exact test of equal efficiency to that based 
1\ 

on b'J will be obtained from an~ of (1.2.?.), (1.2.8.) or 

(1.2.10.) with the J~ replaced by the corresponding ~c 

and good approxima.tions to the significance points can be 

obtained from readily available tables. 

In any case the test of a value of f , not zero, 

wil1 not often be required. 

3) Exact confidence intervals for p can be 
.A A 

obtained from b1 , b,, or the statisttc mentioned at the 

end of the second last paragraph. For n fairly large the 

statistic z will, presumably, give a reasonable approxi­

mation and, moreover, the confidence interval may be much 
~ 1\ 

narrower because of the low efficiency of b,, b~, &c., 

when p is large. On the other hand when f is large the 

confidence interval based on z will also become very 

inaccurate (in the sense that the confidence coefficient 

may be very far from the assumed value). 
r 

4) Finally b (see (3.1.15.) is an unbiassed 

estimator of ,:p ... and, will therefore enable estimates 

based on otherwise inhomogeneous material to be combined. 

Age.in, however, this situation will not often arise. 



3.2. Multiple YArkoff Processes 

Following Doob (195'3) a process generated by a 

relation of the form (1.2.2.) may be called a (stationary) 

multiple Markoff process. This nomenclature is 

suggested by the relation 

(3 • 2.1. )i p { -"'c: s le I :J(t:, ' xt:'.z ' • • • , 'xt:,_, l ~ f[~:fk J X~:,,-Xf:.:z, . .. Xe4/ 

where l:'7t:, ,.t1 • · )I:. ~e.)'··· :;,t111 and :Ct:- is generated by (1. 2. 2.) 

As in 3.1. it follows that for fixed values of 

xklS,+I>-i; x.k(.Jt-r'J + i, (k =- '/. • ·_,t''-j i-= '" ·4 

• t •. ) the variates x k{~r~) 
( M. :r 1, 2, . · · · , .,.,. ) are independent. The conditional 

frequency :function of X~tt(A+•) is then 

(3.2.2.) f(xa(A.~o•> J xtt(.~+,)-j >xkl~n)1-J; i~ ,,. · 

where 

-z .I ' f A,. I l 
: ( 21TQ"o) ~1'- ~z; l ::C~(~tt) - ? ~·X lit 

I • 

p, . . . . . f~t-1 fA, 

tf • • ' •• 

&, ::. f"-1 . . f:2 ' 
b, p~1'1 • , . • p,_ , . 

.... 

f ~!..+I 
. f~-1 

~) 
' 

p, 
f, 

h~ li24 · · · · f~+' f-~t.-1 · · · . I Ptt 
Here f: is the J If::. serial eorrela t ion of the xt , 

J 



This result is again due to Ogawara (1951). 

The third and fourth relations in (3.2.3.) follow easily 

from the following well known result (Rao (1952): page ;4). 

If JC,, .. · · · :~ "; follow a p variate normal 

distribution with the covariance matrix 
Xt""' 

l ::+1 l ~;t !1' 

B 

Then for fixed ]l1, • • • -.., ~ the conditional distri bn tion of 

)('~~~- • · ·~X~ is normal with covariance matrix 

and expected value 

8 /A-I;x. (3.2.5.) , - .,......, """"" 
The least squares estim~te of b"" in the frequency 

function (3.2.2.1 will provide a test of the hypothesis 

tha-t the XI:- process is or order (h •· 1) against the 

hypothesis that it is of order h, since it is easily seen 

that b~ is zero when ~is zero. 
11 

The variance of the estimator, bit , of b~-., is, 

when a,~.., is zero and n observations are available, 
' ft.-J 

A ["""-- """] -I ~ a.J f./ z. V,.,-(t4 ) = _ ~t!d' ,c~~ 
a.A. • ., '4 -1- , 2 Gt.J 

(I 

Here '% =t and C4tt,is the element in the last row 



and column of the covariance matrix of the J(j·~ (i=-1~· · · · ,£) 

This matrix converges in probability to 
I -# f1 f, + f, . . ' ' ft. .. J + ft.,tl 1 

~ (1'2 

I + f£~ · · . • ft.-~+ f~+3 

Using the relations 
/...-1 
~ 
~ tlJ fJ/(-j I = o 

we easily obtain 

I 

I T~~J 

From the fourth relation in (3.2.3.) it is 

easily seen that 
~ 

("3 2 8 ) }:' l1 
' J ) ~ /, J :: • • • v t'-""' ~ 

Here A~, 1 ".,. 1 is 
' 

[
~,.. ... , )~ 

l.~t!·f•J .tJ, 
6 ,J .J ----iJ 4"* 1_, A-+ I 

the determinantal value of 

the matrix whose inverse appears on the r.h.s. or the 

third relation in (3.2.3.) while 

f~-1 
J 

p, 

ll 

, p I 

' ' f-1..-l 
. ft.-3 

p, 
:From (3.2.6.) it is seen that vanishes when 
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A~., is zero so that to evaluate ( ~::,) we have only to 

evaluate(~~~ ). '4.-oo 
'4 'A-t./' 0 

But the relation 

C?' 1 ~ _ r · · · · f~-~ 1 r f' 1 
l~J Lf1.-1 · · · I J i f,.J 

follows from (3.2.6.) and differentiating both sides with 

respect to a
4 

and putting a~ equal to zero we obtain 

{ 
) JJ I ) ~ -I' . ~ . . ft.- I I! 

>;; "·•:!!to I ~ ~~- f-t..- I • • •. 

so that (3. 2. a.) becomes' when ~(.. is zero--

(3. 2 •. 9.) - r!'a;t}]"'l' ~ . & • f-t.,_,," 
L 0 J ~ ... , • ~ • . I 

where I ~ f. ~: : : : 

l . . I . . 

I~~ &~-~ /3t;. ... 
is easily seen to 

I 
. . ' I be(2 'tj f· y~ 4.. .:t)-l so 

II) J i> J 

that (3.2.9.} becomes 

~ r, ;;.,-



( 

from (3.2.7.) and (3.2.10.}: 

.( .. t 1 - I r r tt :-J l ,) J -
A most efficient test will clearly be obtained 

from the partial serial correlation coefficient fj 4 • , ... ~-I ' , 
for which the limit of the corresponding ratio will be n. 

We w~y, therefore, consider: 

A 

(3. 2.11.) £ ( b-(. , rj4 • ;,,- .. ;~-"a~., .. o) • 
A 

The test based on the statistic b~ , therefore, always 

very inefficient for l >I~ 
The other tests of interest which result from 

(3.2.2.) are: 

(1) The test of independence of the Xc- based on 

and the the multiple correlation between x~(~+~ ) 
I 

Xj.fr.t (J::~ . . · ~~J. As shown in# 2.3. the criterion of 

the asymptotic efficiency of a test can be applied to a 

multiple correlation. In the present case it is clear, 

howe~er, that the test based on this statistic will be 

very inefficient compared with the test based on the 

multiple correlation between ~u and the set 

. , . . X~. ; ) • The distribution of this last 
' &:- .,.,.._, 

statistic is of course known only very approximately. It 



would be possible, under some circumstances, for the 

multiple correlation wh~ch follows from (3.2.2.) to gi~e 

a m.ore powerful test than that based on the first serial 

correlation coefficient, of course, but these circumstances· 

are, perhaps, very unlikely to occur and even less likely 

to be recognised a priori. 

(2) The test based on the partial multiple 

correlation between the £-It {-4.;-t) and the Jt._;~~ {i , .. A",. J ) 

with the effects of the X;·; (i ':'Itt.. , f-~) removed. 

The same comments as those made under (ll above may be 

made again here. 

3.3. A critique of the method 

The method which has been used in the two 

previous sections is essentially that of dividing the 

observations into two sets so that when one set is held 

fixed the other becomes a set of independent variates and 

the test statistic can be taken as a C$rrelation between 

the two sets. 

It is somewhat misleading to regard the loss of 

information as coming from the fixing of variates. For 

one thing test statistics can be taken whose distribution 

is exact when the variates are not fixed. An example 

is the correlation between XJ&- and X,J,./:'.- 1 r :X.c21:1-J in 

# 3.1. which, on the null hypothesis, is distributed as 

an ordinary correlation from [~""' 1] observations whether 

the .;t ;;u: + J are fixed or not. 
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A second objection to this point of view arises 

from the fact that by fixing fewer variates the tests may 

become less e~ficient. An example here is the fixing 

ef JC~c~/ and the use of the partial correlation 

between X'll- and ~L--:2 , with the effects of Jt.t.~~:-- 1 
remoVed, as a test statistic against the hypothesis that 

the process is of the form (1.2.2.)' with h = 1 (the 

alte);'nati-ve being that h = .&). Here only one observ-

ation in 4 will be fixed but the test will be even less 

efficient than that presented in 3.2. since the efficiency 

will clearly be no greater than t compared with t (t+rzl)-
1 

(which is never less than ) from the test in ).2. (see 

(3.2.11.)). 

The loss of accuracy clearly arises from the 

impossibility of using some cross products, in the case 

where ~ "1 • For example in the second order case Xsl:"' 

must be in one set and X;;~r- 2 J .>l !lt-+~ in the other, but 

no1 matter which set x3,4_1 and xfN::+; are put the cross 

product between them cannot be used if an exact test is to 

be simply obtained. 

In some cases the loss of information can be 

identified with the introduction of additional parameters, 

as will be seen in Chapter 6. 



Chapter 4. 

Testing for Serial Correlation in the 

Residuals from a Regressio~. 

4.1. An exact test against a simple Markoff alternative. 

The method used in the previous chapter can be 

extended to give a test for serial eorrelation in the 

residuals from a regression of the form (1.3.1.). The 

condition (ll under {1.3.1.) will be retained, but (2) 

will be replaced by 
I 

(2) the residuals are generated by a process of the form 

(4.1.1.) ~ # p, ~-1 -f • .,t 
wheretP,/<1 and· ?t comes from a process er independent 

random variates with zero m~an and variance ~z{t~ • 

where· 

::: I}~' 2t: ... l + :Ki lNf)(i::v P~» ··:;:tfn L ~ ~ 
' 

' 
In the ease where p = 1 the relati~n between ~~ 

¥ The notation P, and Ci"'rather than f and &r>is used to 
conform with a satisfactory notation for later chapters. 

60. 
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the t;,..,can be expressed diagrammatically ~s follows; 
J ~ «,t-1 J., 1: .J t..J-1 

of Y, ~.;_4ft~--- 'i 3--- o ---
a • I -Y,r'' b!/' -)',, .. 

-----(I p ..----"""""""'- t ~~-..... 

and 

),1:-1 ,JI: 

The fixing of tm variates lJ,u:...
1 
and lfJt:+1 directly 

affects the probability distribution of YJ.l'"' (with an 

influence measured by ~" )) and the fixing ofA2i-1nfluences· :J~~:­

direotly also (with an effect measured by ~, which equals ,, ) . The fixing of and X.z~1 also influences the 

effects of j~--~ and of !J:a .. +t on :f~t: (this influence is 

measured by the product o·f - il1 , and 

is merely suggestive of course. 

). The diagram 

If the information involved in the knowledge that 

~· s.. =-~J-~ 1 -,J>jis discarded, and the c0effieients J+ytl .. / 

are estimated by the straightforward least squares 

procedure, these estimates will have the usual preperties 

ot lea:st squares estimates when the residuals are normally 

distributed. They will not be maximum likelihood 

estimates but the computation of maximum likelihood 

estimates will involve the solution of non linear 

likelihood equations and exact tests will not be readily 

a:vailable. 

Representing lea.·st squares e stitna te s of the ¥J· by 

the hypothesis, ~~o , can be tested by the use of the 

statistic 



rn-11 I_ which has the F distribution with 1 and L~J -}--p-% degrees 

of freedom (Cramer (1946~ page 553). 
.,..... 

Here aN is the 

variance of the residuals from the least squares regression 

of ~&-on the ~h while J:.: is the covariance matrix of the ZJ~,; 

and Jk P+•,~·tl/ is the cofactor of the element in the 

indicated row and column. The test is, of course, 

equivalent to the test of the pa.rtial correlation of ':f#l £.­

and (':!.:~.~:., 1 t ~t-H) with the effects of the ZJ'~:,(J:fp+t) remved. 

Tests of significance and confidence limits for 

the parameters fi can ~ similarly be obtained from 

statistics such as 

while the multiple correlation between Yt- and the ;;<it: may 

be tested by the statistic 

f[";.']- .,L_ ~If" .k " A. i ~LJ·i 1 --- -d 
(4 .1. 6.) ~ ["..;; ~]. .. ~-~ ::: l ' - '$= :r J 4 tYi ~ -=-"'"~-- f (}~ 

,, , -r L ~ 1 LJ:o' f..t); I -

is the matrix formed £rom the first p rows and 
-1 coz, )\_, 

columns of L: so that cn-11 is the covariance matrix 
A ,..,_, '"'T ,....., 

of the ¥; J (i ~ 11 - . ~ ·' /·) 

In order to examine the limiting variances and 
ft 

covarianees of the estimates of the ~· 1 t is necessary to 

obtain the stocha:stie limit of the ~trix 

veetorfzft} is partitioned as 
l J -; 

rz ]1- fy,; ,~I) 
i J ~; - L _,tt:- , :z p1-1:; ~: 

1 
.!} t~ J 

L • If the ,,..., 



- I 
( Vlt:-V,) ~l: 
"" - """' 

/ 

( z;~-~,,; z,,) ~l: 

(/ '6~- ~)· ~:-- - ..., variates -

I 

- ~t: (~~:--~)zpt~~: 
Here · is tbe vector of ari thme·tie means of the 

in YL· t: {.i = t.,}) * 

Since, from (4.1.3.l and (1.3.1.), 
p 

Z b+t,t: ~ ~1:-1 + !f~t:.rt = I{) + f fJJ {JlJ~ .u---1 r:XJ~JL"'fl) +{(;,G_1 rfJc-A 

" ilfc 1-J~t f.iZfJTJ+t>t:- + tt .If) 
we have 

/ 
Z;.; 1 t.: = ;z P~> + p, ~ ~ r ~-~ -t ~4-t) 

> I ,.-- """ 
where tJ is the vector { p 1 • · • • /p] * 

Under fairly weak restrictions on the nature of 

the process generating the XJI::, the matrix (4.1. ?. )' will 

have a limit in probability of the form 
r 1 

I ~0 v_, #J . t~ I 
(lt .. l.8.) v = ~~~~~I :t.t;

1
{f.l"

1
) 4./v_ I 

,...., l:! -' + 1'Y;tl, !/ -'J, I 
I !J ,... J y, yd f, ¥2 

Here Vo \1, (and its transpose); and v<iL are the stocha,stic 
~)~ ~ 

limits of the matrices in the corners of L • Since the ---
determinantal value otL will be almost everywhere 

. -
different from zero (if the joint distribution or the 
* f() is no longer included in fi as 1 t was in p in 
(1.3.2.). ~ ~ 



is not singular) the matrix L-1will converge in probability ,..., 
to the inverse of the matrix just written. 

By ~lementary transformation on (lt.l.8. )· it is 

which is the same as (3.1.9.) 
;t 

The test statistic d." 1 ~ used by Durbin and 

Watson is asymptotically equal to) ~(•-r;)(see 1.2.9.)-. 

The -variance of r; will depend on the matrix X (See 

(1.3.2.)') but from the general expressions for the 

variance, (see Durbin and Watson (l95l)i page 164), it 

can be seen that var ( r;) will converge te· n.-1. The 

asymptotic relative efficiency of i~+ 1 and d as tests of 

the hypothesis f, '::1 o therefore is· 

<4.1 •. 10.) E(~~+' , Jp,;:o) = L 

Again here we have
1 
put ~ f ~Jf, 'i(I';J?p : r~ ~~· 

~ -.,.1;)1&1 ft#O i-t"?'(;/.) , .. f;:? 

but again the first quantity can be evaluated direetly, ~ 

though the algebra becomes very cumbersome. 
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The likelihood equation of the observations is 

'?t.. · k- i ~If/- f('J.-li1-)j,-'(!t-1&.J 
where 

'2. 
I F, f, . . . 
f, I f, · ' . 

.,.A I ~o~·l. ,.. 3 I 

l 
I F, P, • • . 

and X was defined after (1.3.2.). 
- )~~L 

It is easy to see that the quantities E [.}f. Y/9.· J f ~"J..i..Mi_) . I C.. .lfi :o 

and [z Jf,1!:s Jo.o are zero and that 
I I It- (" 1+-f,'- I I -l~:B .. I 

(1+.l.ll.){tfP~.J ~ Et't~·,) /-in.+x(Y-~1,) [, 71";:~r;)r; {~-!~) ~f.~~o '' - P,, .... -
t • 

1 - 1 :3 -t ;; rY) rr-Y, )? -lc;,- 'it£)[, (:if;~)£, (s~ 1 l' (,t~!£ Jt;=o 
Since the elements in the diagonal of (3/Jr,• [:)~~(:tall vanish 

this is 

-L~-I)- (-f;;;£ {f'J-'f[)'{/t0)"&._-!f)/p,~o 
But the elements in the leading diagonal of (ftj f, )f,:o are 

( cs;d, .zo;"', ~r;«.~, . . . . J oitr;"jt() so that (4.l.ll.l 

becomes (n-t) -l a-n.- ;z): - (n-1) 

Thus the only non zero element in the row contain-
{ )l.f.cw,L) . 

ing -£ l J~'- J :1o in the information matrix is that 
• f, &"'-'' 

corresponding to - f [ rJP"- / .... :: -u..-1 so that the 
It ~~~- 0 

element ot the inverse, which gives the asymptotic 

variance of the maximum likelihood estimator (Wald (1948), 

Whittle (1953)) is (tt-l) • It follews tha. t a-s test 
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A 

statistics of the hypothesis f, =a o both d and Y#'+l a.re 

a-symptotically fully efficient. 
ll 

The statistic ¥~,appears to give the best test at 

present availa-ble against serial correlation in the 

residuals from a regression because: 

(1) The test is exact, provided only that the 

conditions (1) and (2) are fulfilled. The test 

statistic is, fundamentally, a correlation so that it is 

likely that the distribution of the ~ can diverge 

fairly far from normal without the validity of this test 
1\ 

being much affected. The statistic Y~,1s the o~y 

statistic at present available giving an exact test. 

(2) The test requires the use of tables which are very 

generally available. 
j\ 

(3) The statistic J~1 appears at first sight to suffer 

from the disadvantage that additional computations will 

have to be carried out if the straightforward least 

squares procedure is to be applied (to estimate the ~ ). 

However, it will be shown in Chapter 5 that, for p high, 
t' I 

the estimates of the PJ~,_.-1 obtained :from the )1/ may be 

more efficient than those obtained from least squares 

procedures. In any ease both are inefficient. 

in those situations where the test of serial correlation 



A 

based on ~J accepts the null hypothesis will more 

computations be necessary than would be the ease with the 

statistic d (if it also gave a non significant result). 

Finally, in a proportion of those cases where the result 

is not significant d will fall between the bounds 

ta,bulated by Durbin and Watson so that additional 

computations will be necessary to obtain the mean and 

variance of the test sta~istic and, thence, the approxi­

mattion to the significance point from the appropriate 

Beta distribution. 

(~) On the other hand the criterion of efficiency which 

has been used is asymvtotie and is only suggestive for 

medium sized or small samples. For really small samples 

the effects from the estimation of p additional parameters 

will be felt, ( • !he integer ~ will, 

presumably, be small for small samples (though this may 

not be always so in econometrics).,. 

4.2. EXamp1es. 

The following examples illustrate t~ use o·f this 

statistie. The results are given in more detail than is 

necessary for the purposes of this chapter since they will 

also be used in Chapter 5. 
Example (1). A series of 30 terms was chosen from 
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Kendall (1946, 1949) series 1 and another from his series 

The commencing terms were 341 and 235. The two 

series were, therefore, generated by the relations: 

X~:- -I ·I ""~- 1 + t?. ~ ... xt: .. 2. .r= ~t:­

~- ()·? ~-1 • Yu-
where in the first case the disturbance is rectangular 

and in the second case normal. 

The series ':ft.: lfl 1·11 .?Cl- + '- was then formed. 
A 

The data r~equired for the test based on Y~.,.., (p =- 1, in 

this case) as follows: 
i4 

-1.008 6.945 Y, 2.030 -0.001 

(4.2.1.) 9.- - 0.041 -0.112 38.642 = 0.30 -
"' ~J 0.940 11. 527. -0.480 

o-~2 'II!(). 6f3 [f1;1} -:zp-2 ~ /0 

The matrix on the right hand side is the inverse· of the 
fAj. -

matrix of cross products, L {z~.·~: -z,: Xzi11 -~·) 
I 

The test statistic is /:1 • ,(;? ~·Job"' " :! I· .S41 0 {O·,f1~t~tt41ft)·D111JY"' 
Using a one sided 5% test this is not significant, the 

significance point being 1.812. 

From the straightforward least squares analysis 

the regression coefficient 2. 791. The ratio d proves 

to be d = JJL~ • 1.44. 
~ 

From Table 4 in Durbin and 

Watson (1951) the upper and lower bounds for a 5% (one 
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sided) test are 1.35 and 1.49. The additional 

computations required for the carrying out of a test 

based on the Beta distribution have not been done. 

In practice the approximate significance point falls 

very near to half way between the bounds and the result 

in this case is fairly certain to be not significant. 

(A lew value of d indicates positive serial correlation). 

i'his example agree·s fairly well with the 

suggestion from the asymptotic relative efficiency ot 

the two tests. Both estimates or the regression 

coefficient are very inaccurate, but this is partly due 

to the low variance of X~ compared with that of jb. 

In this example the "1end effectsn from dropping 

one observation When n is even and from the estimation 

ot additional parameters is e~ident for the degrees of 

freedom available for the estimation of the test statistic, 

instead of being in the ratio 1:2, as they will be 

asymptotically, are in the ratio 1:2.7. In example 3 

below (where 69 observations are available and there are 

two regressors) the ratio is 1:2.2. 
'\ 

On the other hand Y~1 1s always an unbiassed 
p, 

estimator of lf{[P whereas, for small samples and ~ > , 

there is probably a substantial upward bias in d which will 



reduce the power of the test based on this statistic. 

Example (2). Two sets of 70 conseeuti~e observations 

were chosen from series 7 in Kendall (1949), the 

commencing terms being 191 and 316. These series are 

sufficiently far apart to justify their treatment as 

independent. Both series are then Gaussian simple 

~rkoff processes with serial correlations 0.9. 

Representing the series by ~~ and ~ a third series can 

be constructed as 

" The details of the test based on Y,are as follows: 

0'·.0639 -0.0017 -0\,.0320 32.929 0.994 

(4.2.2.) 0.0023 -0.0005 201.613 = 0.422 --
0:.020lt 23.705 -o-.472 

[TJ-:z.p- :t .11 ~0 

The test statistic is 

t ~ ~k ~ ff,7/. 
3o {ti-4"11 J:~A/>( ()-~"2.11 'V 

which is clearly ~ery highly signifieant. 

The regression coefficient from the least squares 

procedure is Q)·•ltl7, which is mueh further from the true 
A 

value than ~ 9 .. 
The ratio d is 0•694.* ~he lower bound to the 

1% point of a one sided test is 1.43 so that this also 

gives a. very highly significant result. 
* This value is slightly inaccurate as the estimate was 
based on the computations leading to (4.1.13.) and differs 
from the correet value due to the use of different mean 
corrections. 
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Example 3. Durbin and Watson (1951). ,used economic data 

due to A. R. Prest ('191+9) to demonstrate their method. 

The original data eo~ers the period 1870-1938 and shows 

the logarithm of the consumption of spirits per head in 

the U.K. ( qb ), the logarithm of real income per head 

( X,c} and the logarithm of the relative price of spirits 

fhe result of the least squares regression is: 

('J~r""~) "- O·l't-o(X11;-x,)- f, (X~-X.,.) 

The statistic d equ~ls 0.249 and is highly significant. 

~e are as follows: 

(Lt.. 2. 3.) 

ii75.459 o.855 -2.063 

69.870 -2.958 

10.616 

L 

-177.455 

2.2?5 

3.505 

187.762 

/;). f = 6f { C·~l1~ 1(3""~ 10 · b ::.. 

whieh is highly significant. 

-4.872 -o.636 0.795 

-75.048 -1.818 -0.693 

16.10? 2.1t01 :::: 0.950 

0.794 -0.621 -0.792 

98.166 -1.804 0.630 

On economic grounds the regression coefficients 
A A 

~~and ~>are more acceptable than the two least squares 

estimates as it is unlikely that the demand for spirits 

would fall as income rises. 
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In this case the lack o~ independence in the 

residuals may not be due so much to serial correlation as 

to a trend, due to the ehanging habits over the period 

{the decline of the "gin shops"), the upward trend in 

income having absorbed some of this effect in the least 

squares regression. For the alternative method the 

effect would be absorbed in of course. 

4.3. An alternative test. 

rn· # 4.1. a test or the hypothesis f, = o was 
A A f' 

obtained from g.,.,..~ • The statistics 'iprJ tJ'> will' 

also give tests of this hypothesis though the power of 

these tests will clearly depend upon the #; and the 

covariance matrix of the zJ,t: • In fact, sinee 

is a,symptotically fully efficient, it follows from 

Fisher's well known theorem (Fisher (1924)- page 446) 
. A ~ 

that the asymptotic efficiency of' 1+J(i>t)is p where p 
1\ . " 

is the correlation between ~/J,H and ¥ptJ on the null 

hypothesis. In the case in which p ~ 1, for example, 

p can be shown to be given by 
K 

(4.3.1.) f • - {I+ 
I --~ 

l. 
where a;, is the variance of Xst: and p~ 1 and are the first 

and second serial correlations of this variate. The 

efficiency approaches unity as p, and increase relative 
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& 
01 , as is to be expected. 

" 

i\ 

It is clear that a linear combination of ~P+' 

and the Kp+j will always yield a less efficient test 
A 

statistic than Yf*l, the best linear combination being 

that which gives all of the weight to 9~J • The partial 

multiple correlation (between j~l.- and the Zjf: (j~pt,)with 

the effects of the 'Zj t' (j~ ~.,.,) removed) is not, however, 

a linear combination of the 9p.,.j ( j ~1''~"1) • Consider, 

however, the two statisties: 
t:, ;J' 9l. 

~ SJ " 
tJ. ~ ( ~ - F '2 't,. ) 

which arise from the case p = 1. 
2.. 2.. 

Here 5~ and s3 are the 
ll A 

(true) variances ar v~ and ¥1 respectively on the null 

hypothesis. Then t, and t~ are independent and under 

the conditions of Pitman's theorem (# 2.2.) these will be 

asymptotically jointly and independently normally 

distrib'uted. The test statistic gained by weighting 

the two statistics with their "efficacies"- (the quantities . f [:JE ( ~:;.) /c}P, J:z /. ) 
~ / Vc.tt_t,)'.o"c) will give a critical region 
"' .., ptl ..-'"f' 

~ t, ~ 
in the sample space of t.., :-f\7;:t'' 1

''- , c..~ = t: 1u:t 
!'~~'~ ')f;;:c CJJ.,f~ff 

which will be the region "above" a straight line (for a 

one sided test). But asymptotically this straight line 

will be orthogonal to the line upon which the alternatives 



-'1~ 
corresponding to o ~ /e!1 will lie while for those 

H~J 

alternative hypotheses (which will vary with k) the 

variances of ·rj and 'L¢. will be unity, and the correlation 

will still be zero (under the conditions or# 2.2.). It 

follows that, asymptotically, this linear combination gives· 

the best test of these sequences of hypotheses (which are 

the only sequences of interest). From wha. t has been said 

before the linear combination will, of course, reduce 
~ A A 

merely to v"j., so that no combination of ~ and y3 ' linear 
h 

or otherwise, can give a better asymptotic test than ~ 

gives and, in particular, the partial multiple correlation 

cannot. 

When two arbitrary independent test statistics·· t 1 

and ~ are available the knowledge that the best linear 

combination will give asymptotically the best test ~rom 

the two statistics is of no practical value, of course, 

since the best compounding coefficients will be unknown. 

If they are chosen so that the angle between the line 

bounding t~e critical region and the line defining the 

alternatives is small the asymptotic power of the test 

will become near to the level of significance. The virtue 
ftf t~2 J 

in the use of1~~.- 1' ;;:::;t -~ is that it giVes, asymptotically, 
i 'f131f;.,, y ~ ~) 

a region whose power is independent of the direction of the 

line prescribing these alternatives and is yet fairly 

powerful. 



Chapter ~. 

Exact Tests for Correla.tion between Time Series. 

5.1. The efficiencl of es~~tes of regres~ion coefficients 

when the residual is Markovian. 

From (1.4.5.)' the covariance matrix of the 

regression coefficients, when a straightforward least 

squares procedure is used i$.: 

( 5 ) _, ,_ M - I { I 0 ,:, M 7 1'1 -I 
.1.1. 'J1. a; _o 1 , -~J...-o 

Here it will be more convenient to make mean . 
corrections and to omit the coefftcient rat) ' so that t:Jo ' 
for example, is the sample covariance matrix of the ~j~ • 

It 

The least squares estimates will be indicated by~-

The covariance matrix of the is, from (4.1.3.) 

and (4.1.8.) (asymptotically): 

~a-. zu- f/'> v-f 
1'\. (I+ t;~) ~ 

("5 .1. 2 •. ) 

It is fairly clear that the maximum likelihood 

estimates will be asymptotically equivalent to the 

estimates which will be obtained if' f, is known and is 

used to transform tit: and the "Jt:so that the residuals 

from the regression beeome the ,1: (see (4.1.1.)). 

limiting form of the covariance matrix of the maximum 

The 

likelihood estimates of the ~· will, therefore, be: 

( 5.J. •. 3.) 'H.-1(fj ... (1-If) [ tfc (1-1-f, ,_) - ft _ 1 I 



76. 

These estimates will be represented by the 

notation * {3j • 
Because of the non linearity of the likelihood 

equations, the lack of any small sample distribution theory 

for these estimates and the lack of knowledge concerning 
1\ 

bias it is worthwhile considering the properties of ~ 
1\ 

and · even though they will, in general, be inefficient. 

A fourth estimation procedure, which was dis­

cussed in # 1.4 (pages 30 and 31) is based on the first 

differences of the observations. The covariance matrix 

of the resulting estimates p;' is asymptotically: 

(5.I~4.) 
n-1 f 

"'. I q; "&~ ~ ~ - r:J,r '[.2{1- r. >I!~ .. - t],J + F ~t-t ~ t,"+' ~ lj,. ~--r~ At a, Bljo- tJ~ 
1\ ,. 

Th~ estimates p;, l/i and f3i are all unbiased, 

while the fJ are asymptotically unbias·ed. 

For the moment we shall restrict ours·elves to 
1\ 

the 'i; for o < J .s:; p .. 
If all of the x;tare independent in time the 

covariance matrices become: 
_, ,. M .... ' 

(5.1.1.) • n cr, _ c 

( 5 .1. 2. ) I z ()I 'Z ( ,_ P/~) ~ -I 
n. (I I f,2) ..- v 

(5.1.3.) t o;:t (1- f.,.) i\11-1 

~ (I+ f;2) _f__lo 

( 5 •. 1.4. ): ' a;z(l- f,)( 3- fl) M;J 
~ '11...- ,.-1 



M-1 \ ;-1 
.- ~ and 'to will clearly have the same limit in 

probability so that the asymptotic efficiencies of the 

various estimators in this case are: 

(5.1.5 .. ) E[lL P!IPiJ # 

E f - * jDJ .... .J (I _,. f, ) 
t ~j, P; n -(iff.3J{;-

-L A A 
For Jf, 1 > -3 z1 Pi is less efficient than >'; • 
- A However, pj is more effie ient than 1; for p

1 
/'- c · 11 and· 

A A 
is more efficient than pj when p

1 
> .a-111 fil:f, D-Z'f. 

1 
s fully 

-efficient only when f. is zero, while fi becomes fully 

efficient as tends to one. 

If all of the x1,., are genera ted by independent 

stationary processes with variances ~~~ 
'J 

correlations e~ the covariance matrices 

diagonal with non zero elements:: 

and serial 

are asymptotically 



78. 
A ~ 

Yj will be more efficient than ~· and that fi will be 

more efficient than either. 

Consider the case where XJ~is generated by a 

process of the form (1.2.2.) with h • 2. Then it is 

well known, from the spectral theory of discrete processes, 

that: -< 

~ fP zk ----~~--
OX; ~60 li~q., - ( f+a.,,z+ ~ 

the Laurent series converging on an annulus including the 

unit circle. 

It easily follows (Qnenouille (1947a)) that: 
~ I ('-I/J.'4..~) f.'lt.. ' +:l! f; r,~t ~ - ti., '.~~~... p, - 4- ' 
, J ~:z ' 1 + Ci.,, P, .r a.. ::t n 1i: "" A 

The asymptotic efficiencies of the ~· 1 ~· ( p) 

and~ could now be written down from (5.1.1,2,3,4.)''• 

and 

were: 

(5.1.6.) 

In example 1 or # 4. 2 we had a...1 ::r -I· I 1 a....2. = a-S' 

J\ A 

The asymptotic efficiencies or p, and ~ then 

f {, ' p,-'~~ I P,] ~ l>¥ S'L 

Ef~,[J:JP,l ~~-ltV 

This partly explains the very inaccurate 

estimates of the regression coefficient by the two 

estimators. 

Finally, when Xjc (still independent of the 

other regressors) is generated by a simple Markoff process 
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with serial correlation f· the variances become: 
It J 

{ 5 .. l.le ) t I t 

f5.1.3.). t'' 

('5 ele 4 • ): I t t 

I + f, fil 
I -fs 
( 1- f, l )(I +-f.j: ) 
( f-;'f,~)( J-f.;;) 

J-f,-z, 

I + /; ~- l f; fi I 

1- p, ( i'-1', fil- t:- f.v ) 
I-F;, ~ ( ,_ e i 

The asymptotic efficiencies then become: 

E { ; ' IJ.* I 0. ? - ,_ f,.% • I - ft 
/'J IJ I'"'J J - t..,_f, 2 -:Lft P;, I r 

(5 •. 1.8.)- £. r ;. ll"! I P.• ( , ..L (1+1'/) ( ,_ t;/' J 
1 J 7 r J "_, ~ ( /+ r;·:) ( 11 fl ~-

~ ( Jfft)( 1- f.tt )(1-~ ,,,) 
E ffj 1/;!f/f5J] 

l ~ (I+ ft l._ 2 f; f/J X~- f} pi I \ 
) 

In example 2 of' # 4.2 F; and 
1 

both equalled 0.9 so 

that these ratios were o·.ro5, o·. 5 and 0.974. In fact 
1\ 

the estimate based onf1 was much further ~rom the true 

value than that based on 1~ • Evidently f
1 

would here 

be very near to the maximum likelihood estimate. 

It is fairly evident that if an accurate point 
A 

estimate is required better statistics than the ~i ean 

always be found. Even if the computations required for 

a maximum likelihood solution are too lengthy much of the 

information can usually be recovered by the use o·r a 
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transformation. This is, of course, well known. The 

A 

virtue in the ~lies in the fact that their distribution 

is known so that confidence intervals can be obtained and 

tests of significance carried out. In particular, the 

correlation between ~t and .the XJtcan be tested exactly. 

This subject will be considered in the next section. 

5.2.. An exact test for correlation between. .two serm 

when the residual is Marko~ia~nd ,indepe~Q§nt of 

the regressor series. 

We shall first consider the regression model: 

!Jt: r: ~o + ~X 1:: -1 ~ 

r(l) ~ = f1 ~-• + 1t and 'lt: is N{ o, r, {J-f,")'la..J 

(5.2.2.)l(2) ~ is independent of X 1 for all t and s. 

{J) Xt: is generated by a process of the form 

~,= P.?'t-1.,. (1: where C~ is N r o, t1i (1-G "') •h. 1 
As was shown in # 4.1 an e·xact test for 

correlation between Yt andX~can be based on the statistic 
1\ 
~~ {see (4.1. 5. )'·). However, this test will not be 

fully efficient as can be seen from (5.1.7.). In f'a·ct 

the efficiency can never rise above 0~61 and can be very 

low for / f. I low and If,. J high., 

One can, of course, find tests of the hypothesis 



tha-t there is no correlation bet~een Ye and JC~ which are 

asymptotically fully efficient. Such a test eould be 

based on the maximum likelihcrod solutions for the para-

meters involved. In fact, of course, one needs merely 

to use any consistent estimator of' f, , to transform the· 

observations so that the residual process is approximately 

independent in time, in order to get an a'syPlptotically 

fully efficient test. Apart from the fact that the 

asymptotic efficiency of a test statistic is an asymptotic 

criterion and, therefore, only of suggestive value for 

small samples it has an added disadvantage when applied to 

test statistics whose distribution is not known exactly· 

in that for small samples it does not take into account 

any bias in the statistic (as an estimator) or any 

deviation of its true variance (on the null hypothesis) 

from its limiting form. If such a deviation in the 

variance is present the significance point used may be ~ery 

far from the point appropriate to the level of significance 

required. 

One procedure which has been fairly commonly used 

in the past has been to calculate the ordinary correlation 

coefficient between the series :/~;; and Xt-.and use (1.4.-9. )' 

to adjust the degrees of freedom so that a distribution 

(that of the correlation coefficient) with approximately 
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the correct variance is being used. 

two main disadvantages1 

This procedure has 

(1) The estimators of and obtained from the first 

aerial correlations of the two series will be biased 

downwards (s-ee 1.2.26.), iff, and f~ are positive, so 

that the number of degrees of freedom will be biass:ed 

upwards and an insufficiently stringent test will be used. 

One can, or course, make a subjective adjustment for bias.' 

(see for example Moran (1952», but this is clearly an 

unsatisfactory procedure. 

(2) As can be seen from (5.1 •. 7.) the test can be very 

inefficient for D high. 
A II 

In fact if p, is high the test 

based on ~ can be more efficient, as will be seen from 

Table 3 below. 

-0.8 -0~_6: -0.4 -0.2 0 0.2 o.4 0.6 0.8 

0 2.28 1.06 0.69 0·.54 0.50 (Ji. 54 o.69 1.06 2.28 

Oo2 1.52 0.77 0.54 o.46 o.46 0·.54 o. 75 1.25 2.90 

o.4 o.B5 o.47 0.36 o •. 33 0.36 o •. 42 o .. 69 1.26 3.20 

o. 61 0.,38 o. 24, 0.,20 0.20 0.24 0.32 Ox.63 1.06 3.t)5 

o •. os 0.11 0.16 0.29 0.66 2.28 o .. a o.11 o •. os- 0':.-09 

The remaining statistic mentioned in # 5.1. is the 



estimator of the regression coefficient obtained from the 

first differences of the observations. In order to us·e 

this statistic it would be necessary to make some estimate 

of the variance of the estimator, using a formula such as 

(5.1.4.)''~, and estimates of P, and & • The difficulty 

mentioned under (1) above will still apply, however, though 

the effect may often be now less serious since (5.1.4.) 111 

is less sensitive to small variations in f, and f~(when 

these are high and of the same sign)' than is ( 5 •. 1.1.) ' 1 '. 

It is o~ some interest to examine the efficiency 

of the statistics suggested in Quenouille (1949b) ( see 

# 1.4., pages 31 and 32). 

For the present case Quenouille's most appropriate 

statistic would appear to be r ( xf::_, 'it I ) since only 

will be Markovian if p, is not zero. Because of the 

results of later sections and Quenouille's findings with 

respect to the bias and variance of the statistics on the 

null hypothesis (see page 33, first paragraph) it is also 

interesting to examine the efficiency of r(X~:~':It Jxk-i _:, ~~:-- 1) 

Quenouille at no time specified the alternative hypotheses 

held in view but, as will be seen below, the alternati~e 

for which Quenouille's statistics are really appropriate is 

not ('5.2.1.) but rather a ·situation where the correlation 

between two Markoff processes arises from a correlation 

between the random 11'shocks''' of which they are linearly 
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composed. Nevertheless, it may often be difficult to 

specify accurately beforehand the range of alternatives 

so that it is necessary to consider the efficiency of 

Quenouille•s tests in the present case also. Moreover, 

the results of the sampling experiment~ carried out by 

Quenouille for the ca~f no £Qrrelation between~ 

series, are fully appropriate and, as mentioned in# 1.4., 

appear to indicate that the significance point obtained 

by treating the partial correlations as if they were 

obtained from separate series independent in. time, will be 

near to the true significance point for the level of 

significance used. If the power of Qnenouille's tests 

is fairly high, therefore, there .much to recommend them. 

Asymptotically the variances of QUenouille's 
/ 

statistics on the null hypothesis will be n: 1 • We shall 

evaluate !!::: { ~. e [,.<Jft-1(, f.JCt-J j directly though it is 

simpler to reverse the order of the two limit operations. 

We have ~ h k 

f ( ~ I -1 I .,.f l nAn 
{ r<nt-, ~"/~,)] = k J\xt:,'1t:IX,..,)*il(~-fo-p,~ )[, lt~-MJ+~J;?!J ,pt; 

where r/ is the covariance matrix of the ~,.G.. is the 

covariance matrix of the X~:, f,, is the vector {floJ fc,J · · · fo] 

and 'j and ~ are the vectors of the ':f~: and Jl~;- • - Differentiating under the integral sign (as we 

may) and putting ,, =- o we obtain:· 

{j,, f [ rDct, )~t I J{fr. a] ,I~" :: ~ f r--(!t~.-, ':h: />'ft.. t) ' f. I r,-~ ] A-" 0 

/"_[ It ,., ~ 
: lAW r'(X~:, 'Jt< l'lt:-,) fa; ;(1• f.') Jlt-1f,2} f J(t: y~ - P, f }(£-~I - f, ~ ~ 



ignoring certain end effects. 

The limit of this may be obtained using an 

obvious extension of the theorem quoted in Cramer (1946), 

page 35'3, so that we obtain finally: 

[ ~ 1 f: ( r"(Jt,_,'il:'/''t:·l) J}ko " ~,. { 1-
2

} 

Similarly we obtain: 

~ r£. )1l cl. c 1- f, ,_ 
H -f)A za,, £ ( r('Jft:,'Jt: /;lft-1' ~ .. f) ~(J,:Jo :t a=; 1 ~-~ 

Since the two statistics have the same limiting variance 

on the null hypothesis the second is always asymptotically 

the more efficient and from (5.1.3.) 111 

E{ *I ] - 1-fi'& I 
r{Jl/:', 'Jt /Jlll,_t., lj~l); ~I PI • {) ..... J +fi2-l-f,f).c ~ J + f-

Evidently r"" (.x~.:- .J f::ft:-- 1 ''r-' ..~ ~~;-,) is asymptotically fill 

efficient if, and only if = • This i-s due to the 

fact that f, • (;,. implies that 

vice versa (when p,-:t a ). 

is also Markovian and 

We also have from c·5 .1. 2.l r 1 1 
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Table 4. 

f ( Y' { :iC~: 1 ":1 tt / M'l--1 'fu .. ,) 1 A / j11 
P'*'"~~Oftt>';.-.....·~ 

~ -o.B -0.6 -0.,.4 -o· •. 2 0 0.2 o·.4 0'.6 o.B 
' - .. ~ . ....,.._ .••••• _;'"''W;ol .......... ~~ .... '-'.-~~··"'l~·lfMII-1 

0 2.78 1;·56 1 .. 19 1.0'4 1 1.0'4 1.1~}' 1.56 2.78 

0•2 1.93 1.18 o·.97 0.92 0.96 1.08 1.34 1.91 3.68 

()·.4· 1 .. 2(1.' Ch.BO· 0.72 ():'.75 ();·.84 1.-03 1.38 2.14 4 •. 53 

I 0!.6 CD.,62 (1)1. 47 (J)i.,.lt7 C:t. 52' 0'.64 01.85 1.24 2.13 5.06 

Cl:. 22 0.20 o~.22 0.27 Ct. 36 a:. 52: o.B3 1.60 4.56 I o.a 
~~!~":1$~-,..._,.,111'"1"-~~-....-~··a::s;..·;';;.'l'·• ~·'l'\t .... '-·''"-··!a::,'·O.'~ .•• ~,J•Iflloo=..--

The sta tis tie r(''~.:, ':J~ f '(~: ... 1/J~1 ) has considerable 

appeal as a test statistic of the hypothesis p
1 
~o • 

1\ 
The partial correlation coefficient corresponding to ~ 

has one advantage of course since it gives an exact test. 

However, unless Iff/ is large relative to jthe test may be 

much less efficient than r (xtr ~ ':ft.: 1 tJ ~:~:) 

Another test statistic, whose distribution is; 
1\ 

exactly known is ~J • 
A 

Since ¥, is not fully efficient it 

appears that some increase in efficieincy might be obtained 
I' 1\ 

:from a combination of .,, and )'
3 

, for example the corres-

ponding partial multiple correlation (of' f» with X~~: and 

( :>'lt' ... t ,. x:ut+l ) with the ef'fects of (!JU%., 1 r ) removed} • 
fi. 

The efficacy of can be easily evaluated as: 

n 2 (t- f) 2
) 

(1-ft') 



and we have: 

It "" 1 t+f,7.. E f )'I ' )'.1 I {3, = 0 .. .::Zf, ;(Hf-.-~) > I ; !f,l, <. I 

The correlation between the two statistics when 

p, is zero is: 

. ~ P~ ... -
. (I+ &~;v~ 

The efficacy of the best linear combination of 

the two statistics (which gives, asymptotically, the best 

test; see # 4.3.) will be the quadratic form in the two· 

efficacies whose matrix is the inverse of the correlation 

matrix of the two statistics. We, therefore, have as 

the efficacy of Y (say) (where 9 is the best linear 
1\ 1\ 

combination of ~~and )'3 ) from l$".2.1.)-' 1 ', (5'.2.3.) and 

( 5. 2. 4.): 

~ f~fJ, fJP/,. 
n~t?O L --v~(t> ~ 

f: 2(1-~~) -1- (t-tf:~}(l-&~J 
~/=f, 4 :i(;::jfij(itf>Z) 

-~ f,(l-1'.,/) ) 
(J-tf,..''J'1z rz~ (t-c-;)(ti{j"'j 

.!": 

the efficacy of ¥3 remembering that the square root of 

must be treated as negative if p, is positive. This 

quantity is: 

We, therefore have: 

{ Y Y /9 B. ~o ~~ g 

' I jJI J 
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(as it clearly must be). 

This is shown for some values of P, and p. in Table 5 below: 

Table z. 
__ E [9, ~ I 

-0.6 -O.l.t -0.2 0 o·.2 o.4 o •. 6 0.8 
--

0 1 .. 48 1 .. 39: 1.24 1.07 1 1.07 1.24 1.39 1 .. 48 

0.2 2.04 1~94 1.65 1.33 1.08 1 1 .. 05 1.11 1.20 

0.4 3.22 2.98 2.52 1.9·2 1.-38 1 ... 07 1 1 .. 03 1.07 

0.~6 5.99 5.50 4. 57 3.32 2.13 1.36 1 •. 0'5 1 1.01 

o.a 15.22 13~90 11.36 7.91 4. 56 2.3(} 11.31 1.03 1 

---
This table is of no direct practical value, of 

course, since the best compounding coefficients are never 

known in advance. In practice the (partial) multiple 
A /\ 

correlation corresponding to~, and ~3 w111 be used (for 

the reasons mentioned at the end of# 4.3.) and (5.2.5.) 

is still important in the determination of the asymptotic 

power of the resulting test (as was shown in# 2.3.). 

However, the comparison of the powers of this test and of 

the test depending on , depends on the particular 

sequence considered. The double lines in Table 5 enclose 

a region of values of P, and which, from experience, 

seem very important. Here the best linear combination 

gives a test which is not very much more powerful than that 



1'\ 

based 9n ~ alone and it seems, therefore, that through-

out most or all of this region the power of the test based 

on the multiple correlation coefficient will be lower than 
A 

that based on Y, • 
The asymptotic powers can, of course, be compared 

I 
but a large number of parameters are involved; d, P,.,l'z, c; J q-~ 

and k. 

so that (5.2.5.) becomes n(0\ •. 198) while 

the efficacy of is n(O •. l52) from (5.,1.2.). We shall 

also restrict ourselves to the 5% level of significance 

and will consider a two sided test. 
1\ 

The asymptotic power function for V. against the 

Q !.. - ''"" alternative t' 6 = n.. n is now: 

( 5. 2. 6.) {I· f'- It (o.tS2)¥~] t- i { 1.q, ~ le(.,·n>z)'h J" ~) 
while for R, the partial multiple correlation, the 

asymptotic power function is: 

( 5. 2. 7 •. } G 2- ( k. ::(o. 141 i), · o s) = ) 
~ 

where Gp ~oG)is the power function of the '"X test for p 

degrees of freedom at the leveld and for an alternative at 

a distance d from the origin. This function appears to 

be poorly tabula.ted. The tables used were those 

prepared by Tang (1938) and the values of k have been 

chosen to conform with this tabulation •. 
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Table 6. 

--
~ 3~893 5.840 7.787 9.?31+ 11.680 
-- ~----

P(~) 0.]29 0.623 

P(RJ 0.322 0.638 

o·.B58 

0.883 

0.966 

0.979 

0'.995 

0.998 
---

It appears that even in this case the asymptotic 

power of' the test based on the partial multiple correlation 
1\ 

is, at best, not mueh above that of the test based on i, 
Of course, if f. and p, i.Jere chosen so that E { Y, i, J p,, 0 ) 

were very high this would not be so but such a set of 

values of ~ and f~ is, perhaps, not met often in practice. 

The situation, therefore, appears to be as 

follows: 

(1) An asymptotically fully efficient test can, of· 

co-qrse, always be gained from the maximum likelihood 

estimators or from the use of any consistent statistic 

(as an estimator o'f' fl ) to trans:form Jll- and Yt- so that·. the 

residuals are approximately independent. Nb exact 

distribution theory is available and little is kno'\vn of 

small sample biases in means and variances. 

(2c) qtlenouille IS StatistiC Y(X~;-, /JL'( ....... t}ft:-1) iS fairly 

efficient for most values of ~ and , particularly if 
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they are not too far from equal. Its distribution is 

not known exactly but from Quenouille•s sampling 

experiments it appears that its treatment as an ordinary 

partial correlation will be a reasonable procedure. 

(3) The ordinary correlation coefficient is well known 

to be inefficient and its use is also hindered by the bias 

in the estimators of f, and f~ (which affects the accuracy 

of the determination of the degrees of freedom to be used). 

(4) The test based on the partial correlation between 

and with the effects <lf ( + 

removed is exact, and compares reasonably favourably with 

the ordinary correlation, with respect to efficiency, over 

a fair range of the values of f, and fz. met in practice. 

It is always less efficient than r(.xb,1~r/>ft:--u/ft. .. -~~J so that 

the exactness of the distribution is its only advantage 

here •. 

(5) The test based on the (partial) multiple correlation 

of ~z.(: with ~:and 

removed can be asymptotically more powerful than the test 

considered in (4) above, but it can also be less powerful. 

When I P, - fz.l is not very high little can be gained by 

using the multiple correlation and a good deal can be lost. 

When Xb is not Markovian the comparison of the 

powers of' the various tests becomes more complicated. 

Even when xb comes from a second order autoregressive 

) 
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process the formulae resulting from (5.-1.1,2,3,-4.)''' and 

(5.1.6.) are quite complicated algebraic expressions. It 

appears, however, that no essentially new situation emerges: 

and the asymptotic relative efficiencies o~ the various· 

tests have not, therefore, been computed. 

Example 1 •. The data is that of Example 2 of # 4.2. 

Some of the statistics considered in this section have 

been applied to this data a.nd the results are shown in 

Table 7 below. 

Ta:-ble z. 
--- --
Statistic Sample Value Population Value Test Statistic 

A 

~~ o·.994 o.a t3o • 5.-27 ** o.a r':,o = 0.316 p, 0.,417 
rl~~r ~!:itt fjct:~i) O.Jl6 0.329 tt1 • () •. 361** 

= 0 .. 684** r (1<~.::, tje: txt-,., f, ~~f} 0.684 0.625 r"bt, 

----------------
** Highly significant. 

Here t.?t:> indicates Student 1 s t with 30 degrees of freedom 

while r,., is a correlation with m degrees of freedom •. 

The degrees of freedom appropriate to· r'20 were 

calculated fro·m: 
I I - ..-; " ~ ~ I - (e). 1 ~-'>-X II) ~ 71Cf ) 

11.- 2 1" SIJ 7 0 - . ~ ~0 
I + ~X rt y i + ( ¢9·1 ss: )( qf) -7 :let J 

In fact, of course, the two serial correlations were 0.9. 

Examp-le 2.,_ Here the data is that of Example 1 of 
/! A 

# 4 •. 2. The statistics p,, 'i, 1 t"(')(~:,tJ~;;/Jtft-_ 11 ':1t .. 1)and the 



93. 

partial multiple correlation R ( 'j,.~; ;x,11 ,:x2~..,l"ze:+1Jy1t: .. 
1 
~t:4)are 

cons ide red below., 

Table 8. 

--- --
Statistic Bample Value Test Statistic 

---
~~ 2.791 Y;, - 0.803 ** -r("~fi~.: tf~:-I) 0.636 r-~~ -0.636 ** -

R{!!u~h:t+Ii;,;:.nf !JHt"'i""!i~c +J) o.~61 F:1 t c = 2.82 
A 2. 23 fto = 1.82 ll, 

~- ............ ~ 

5.3. An exact test for correlation between two s-imple 

Markoff Rroce~. 

Let 

Y~::-r~ :T r, (!:lt-1 -

be two simple Markoff processes with normally distributed 

disturbances b.a:tting zero means and 'Variances o;,.(,-f:lJ and 

f{). 

The correlation between the two processes can be 

prescribed in terms of the correlation properties of the 

residuals. Since these residuals come from processes of 

independent random variates this will be achieved by saying 

for what lags the residuals are correlated and what the 

correlations are. 

We shall consider the case where the only non 

zero correlation is .. between ~ and ~c,.-m and the series have 

been so lagged relative to each other that m is zero. 



If the correlation between 

the correlation between x" and tj5 is: 

. t ;~> 5 P {(1-P?XI- f.,')Jif"'p,_t:-s 
(5.}.2.) ,_ , :& 

t6S 

and n is f then 
lLr 

1:'-S 
ot {; (say) 

0(; ft s~t: 
!he two series and will be jointly normally 

distributed for every t so that: 

(P.J~:·r$' = ct ~(x«: ... f'?) + 
where <. is indepen~ent or and has mean zero and 

variance; 

Then a simple calculation shows that: 

E(.J' f' ) ~ / 1t.J F:s 
'>b? 1:'-s :::~ a; o- 4 / ~ 

It follows, since ~~ is normally distributed, 

that it is generated by a simple Gaussian Markoff process 

with parameter (Doob (1953), page 233). 

The disturbance in the process: 

c: II: P,t;,_, .,_ 61: 

is 
e~:- ~ oc, ~ (x~-~-r:aXf,- fi) ~ ~ - ~-~ 'lr 

If fa :t f:.t and f-* c then S~: depends on X~;-- I , and 

is not wholly independent of the process X~;- • 

are, of course, independent., 

When ~::: f~ the present case is equiV'alent to that 

considered in the # 5. 2. When ~ t f~ the exact test of 

correlation there considered is still an exact test but 

the conclusions as to the power of the test and of the 

others there considered do not apply for when P, 1 f~ condi tioiJ 



(2) of (5.2.2.) no longer holds. 

The conditional distribution of the ~u:!;(t~l, .. 'J 

is the product of the conditional distributions of each 

' • This 

follows from the fact tha. t for fixed J;;t:...f! and 1 the !J2 t: 

and are serially independent (Oga.wara (1951)). The 

correlation matrix of the variates !fzt-l, ':h.£~4-tJ JCz~:~t 

(in that order) is: 

J : [!, 
where 

:: ~P.~ ~1 ~ :t; ~~~~ 
~ 010 < f, Y. 

rxp,. «fl 1 ,B1ll-~ Ji 
q.P:r-o; ~ P~ 

I 

~ :; ( p, p, ""fJ ~ fX,{; ) 
Then, using the theorem mentioned in# 3.2 (page 54), we 

find that 
-1 v 

is conditionally distributed with mean c; t! ~,..... 

and variance u,'Z (I- ~ 1 
[ '!} ) 

Here 
vI=: ( ~ IJ2t;-il J(z..(: J ) 

l"ttl (!'I CJ (T 2. 

The vector (A- 16 )• is easily seen to be: 
,.,. -

I 
I + f:~ 

while 

- fi ct ( ,_ R t<;) 

,_ f{·z, 
-A~ {1-RRJ J 

1- r,_z ) 



For f.= f~ these formulae are equiValent to those 

given in # 4 •. 1, when it is remembered that there the 

variance of the residual ~ was ~ 2 
, while here the 

variance of the corresponding residual (. is: r- f<;)_ 

When p~ :t-rP:t two things are noticeable. 

(1) The regression coefficient of X is not equal to ztt ... , 
that ofX2~~ so that some of the symmetry present when ~=P~ 

is now lost. This loss of symmetry is obviously due to-

the fact that: 

and correspondingly: 

E f (Y~;--F ,J(xt..~~ s- ~,.)I :It:-~, 

(2) The coefficient of 

mD
1
!?o 

* 0' 0 is no longer equal to 

but instead to 
~(jf (1-f{~f!$"t) 

tr: ci+A~x~--~~J 
Since th~ co~fficients of 

may consider the four variates: 

z, b :: ''z. (: 

X:J.t:- J 

and 
41

are equal we 

iz .::: 
'j _-fie(( 1-ftPz.} 0", 
1 .. ( 1-+P, / ( 1- f:. '2) ti"~ 

whose coefficients (as 

~ .... f1 d ( I - fJ 1:}1 
>'t.~ ~ c f-1 fj"')( (- p.,::~) 

regressors- relative to·· ~ ,_) have ..... ~..,~ 

been written down opposite them. 

The covariance matrix of the corresponding least 



squares estimators is, asymptotically, -
r.:l, + \ 

~ 
"').. 

,r ({ ~ l 
a 

) za:%. 
I 1-f/) u;o; ~; 

cr"J.,.._. 
cWAb+fi'i 

I 
fL ~ I 

and for o this is: 

0 

0 

We have, therefore: 
J\ 

~ [C' :;v,>r·1 
~( n.-+- L v~c~> Jf"'o 

The partial correlation coefficient between ':f)t:: 

and Z 1b' (with the effects of Z;u;. , and removed) 

again gives an exact test of the hypothesis that the two 

series are independent. Again, however, the coefficients 
fi 

and ~; also give tests of this.hypothesis and we may 

calculate the efficacy of the best linear combination of 

these three statistics as in # 5.2 .... Once more indicating 

this combination by 

r ~ €( 9)]~1 
/} _. ~ Jp q 

~ ) _..' ~..,.....0 l \/)11'(9) Jfft" D 

we have: 

Where this quantity is obtained 

by taking the quadratie form in the efficacies of the three, 

; 



statistic whose matrix is the inverse of the correlation 

matrix of the statistics. We have, therefore: 

( I t ft '}( I+ f$-~) 

(I f ft f~) ~ 

This reduces to unity for p
1 
~ f1:.. as we already 

know it must (see Table 5). It is shown for some values 

of and in Table 9. 

Table 9~ 
1\ ~ • . ") 

E.. 
Y 1 P~o: 

--·· ____ ,,_ __!..___:___:'_g --------------

0 
o~.2 

0~4 
0.6· 

I G•8 
~ 

0~2 o.4 o~6 o.s 

For the range of values of most practical interest 

(enclosed by double lines)' it is evident from Table 9 (in 
1\ 

combination with Table 6) that will provide a better 

test than the test based on the (partial) multiple 
A 

correlation corresponding to and 

In order to obtain the efficacies of Quenouille •·s 

statistics we need the limits of the rates o£ increase· of 

their expected values on the null hypothesis. As in 

# 5.2 we have: 

~r ~..,.#t) 
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where r, is the co-variance matrix of the !:ft , £. is the -
covariance matrix of the .x.~ and 

[; =f[E[£tti-F•JU'i-r>> 
The limit or the covariance may be evaluated in 

the same manner as before to give: 

~ ra c 1 -n-+QIO 1 ar c ( y"'I,,,P,~/.1' "'1:-1 >) = ( ~-~, ~J ~.,. 
f;:oo 

Similarly 
~ / :z)'/"'a.. .. _,.«> f~ E { t'{.XIn !f~: / Yt--1) )1 f=o '" I., I-

~ f ;r E ( v-c~_, t~-- ... !ft .. ,J )lp~ u ; 1. 
Thus the last statistic is the only one which we 

need to consider and its efficacy is n. 

rhe other variate considered in # 5.2 was the 

ordina!ry correlation coefficient ('r) whose efficacy is, 
- ,,_.,) YL ( ,_ (f1XI"'f,.. "1) 

a's before, ...:.---~ -
fi~f;,'J,-

The maximum likelihood estimator will be 

asymptotically equivalent to the statistic which would be 

obtained if P, and f~ were known and were used to trans~ 

form to the residuals ~ and 1~.: ( s:ee (5 .J •. l. J). We, 

therefore, have: 
/} . r [a eV'~> ]~ 7 
UM- 1 :: ee s 

n-1'~ t. V.Jr(r"J Jf~ 

This can easily be checked by a direct evalu-

ation of the information matrix when is zero. We, 

therefore, have the asymptotic efficiencies of the three 

main statistic a:s :· 



J f=r o] 
/ frroJ 

(t+-t;fi)~ 
:1 £(i+~:J;) ~ 
~ (1-- J 

E f r{:xt,~t;/Jtc .... ,> it~-,) 3 ~~ ( :-: aJ :::t I 

I 

Here Quenouille's statistic is unquestionably 

superior to r. It is always at least twice as efficient 
1\ 

as J1 , whose distribution is, however, known exactly. 

Since Quenouille's statistic, from the sampling experi­

ments, gives a reasonably good approximate test it 
A 

appears, however, that it should always be preferred to ~~ . 

. Example: In Moran (1952) the correlations between the 

records of the numbers of game birds shot over a period 

of 73 years were considered. In this example the 

series for Caper and Ftarmigan are related. 

Using the test given in Quenouille (194?a) (see· 

# 1.2, page 19) we find that the quantities: 
4 !.::- ,.. 

X-II ... , 1- r;•) "% ;k_ 
are for Ptarmigan 13.3 and for Caper 7.1. Neither is· 

significant at any reasonable level. Here ~ is the 

""' first serial correlation while the N; were defined in 

It, there£ore, seems that the two series 

ean be treated as Markovian. 

The results of some of the tests discussed above 

are shown in Table 10. 
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Table 10. 

-------------------------------------·---·--------------------~ 
Statistic Sample Value Test Statistic 

-------------------------------------------------·-------
~ o.417 
r~ o.44lt 

) 0.38? 
----

* Significant at 5% point. 
** Highly significant. 

'34 
l:'u 
ri/1 

• 0.41? * = 2.484 * 
• 0.387 ** 

The two observed first serial correlations were 

0 •. 592 and o.417 and these were adjusted to 0.65 and Q•55 

by Moran to allow for bias. Using these values it appears 
A 

from f5.3.B.) that Y~ and r should give tests of (roughly) 

the same asymptotic efficiency 'While r{xt,'dc 

be over twice as efficient as either of these two. The 

results here appear to agree with this theory. 

5.4. The case where the_Iegressor process 1~ a second 

order autoregressive process. 

The tests for correlation between two series 

which have been presented in this chapter are exact 

provided that the residual from the regression of one 

variate on the other is a Markoff process. The effici-

ency of the tests have been examined in detail in the 

following cases:-

(I) The regressor process is a Markoff process wholly 

independent of the residual. In particular this covers 
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the ease where the regressand is also a Markoff process· 

with the same parameter as the regressor and the residual. 

(2) The regressand and regressor processes are both 

Narkovian. When the two parameters are equal this case 

is equivalent to the particular ease mentioned under (1) 

a,bove. 

If neither of the two processes being correlated 

can reasonably be said to be ~~rkov1an then, strictly, the 

tests presented here are not applicable, for the residual 

can then be Markovian only if there is in truth a relation 

between the series. (One might apply the test as an 

approximation to an exact test of course). 

A case which may arise in practice is that in 

which one process appears Markovian and. the other an auto­

regressive process of higher order. It is then possible 

to maintain the null hypothesis in a form which validates 

the test. The more interesting alternative hypothesis 

·then appeB.rs to be one in which the correlation between the 

series arises from a correlation between the shocks of 

which they are linearly composed. In this section the 

efficiency or the test given in the previous section will 

be considered when one process is an autoregressive 

process of the second order. Now, or course, "'%,.and 

will appear in the conditional mean value or 
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In tact no one is likely to carry out such a computation­

ally burdensome regression as ~ould be necessary to 

include their effects so that we shall study the same 

estimators as in # 5.3 •. 

Let (~~:- ~,) = p, ('3~:- 1 -r~) + ~ 

and (XI: -r~J + a.,( Jt.~:- 1 ... !'•) t ~ ,_ ( Jfl:' ... , ,.. j'-,) :! 7~:-

be the two processes where: 

(1) 

(2) 
':!1. 

All roots of' z +a ZK :a are less than uni t·u· I :1.. J 

in absolute value. 

(3) \ and 1t- are jointly normally distributed 

with variance so/( f- f,2) and' C'": G-;: J.51tt<._)"- a.,~ J and correlation f· 
Then the correlation between Y~: and ~.J: is: 

f f (1- f, ') :::~{]I~)'-- t\ 1~] ]'1'" .[f.·\· 
J §() p 

where bj is the coefficient of 11 . in the representation 
/1: .. .} 

of as a moving average of infinite extent. 

This expression is (Quenouille, 1947a): 

[ 
t-a.:;. T; ~ , 71tf-,., I -I f (1- ({') ~ ..J. tf' +tt :L.) -a.? .J J " I +at fj {; 

The mean in the conditional distribution or ~t:-

for fixed~~ ... ,, 'f~t+t and "t- will now involve ~t-:. and 

as well as the variates included in the regression given 

in the previous section. It is of interest to examine 

the effect on the efficiency of the tests presented in 

the last section of the divergence of the parameter 



from zero. 

By straightforward methods it ean be shown that: 
A ( 1 - a, (1 - :: ) ~;-

£ f r, ' ,. * I f" o) .. .:; c' t fii""x ;-;-;_~z-":;::_-) 
E f r' ~ f'" / f" c'} • {_1- 1: ~![c '"a>:.J2- "'l] 

{i~':;1:1JF}qt } (1 f4,f} f 4.Jf,") 

E r r lx~: ' 1t:.J >C.t:---1' ~{;-I)' f'11 If ;!' 01 ~ I -

It is clear now that the statistic rf!tr:J'It:fx, ... ~,Jxi:P'J'.ft .. 1 ~ 

will give an asymptotically fully efficient test. 

However, it is unlikely that in practice the effect of 

more lagged ~alues than the first will -be removed. 

Nevertheless, Quenouille 's statistic Y'(Jt4:_,'1t.-- J'tr,.., J !:It-,) will 

st111 give a fairly efficient test provided fa~J is not , 

too high. In Table 11 the raticr E} ~, r(H~:,:ft: tJ 'Jt. .. ,)/P.I1" .. 
is shown for certain values or 

-o-.•. 6 
-o.4 
-0.2 

0 
<il. 2 
o.4 
0.6 

o.5o 
0'~50 
Cl.50 
o.5o 
o.5o 
o.5o 
01.52 

f o and •, r~ • Here fz s 



For sufficiently near to unity the ratio just 

tabulated will be greater than unity but in this case, of 

course, both statistics give very 1nefricient tests. 

Example: The data for Grouse and Bl~okgame from Moran 

(1952) may be used for illustration ( s·ee the example of 

The BlaCkgame series appear to be Markovian 

but the first partial serial correlation for the Grouse 

series is 0.34 (from 73 observations) which is highly 

significant. The first serial correlation for Grouse 

is 0~~64 and for Blackgame cr•43. 

and we obtain: 
A 

E f ~ J r(xt:.,t:f~; Jxt'?_,, yt?, 

The results for the various statistics are shown 

in Table 12. 

Table 12. 

------------------- ------~---------------------·------
Statistic Sample Value Test Statistic 

-------------------------------------------------·---------
~ 

r{x~:)'Jt.: ,,~ .. ,., !it.~-1 ) 

0.347 
Q:.Ollt 
0.327 

-----------------------
* Significant at 5% point. ** Highly significant. 

These results again appear to agree with the theory. 

5.5. Exact tests for multiRle correlation. 

As shown in # 2.3. the asymptotic relative 
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effieiency of two multiple correlations, as tests of an 

hypothesis (},. G0 (where all of the regression coefficients 

depend upon e ) can be satisfactorily defined as the ratio 

of two quadratic forms, when the sequence of alternatives 

considered is of the type ~: ~" 1 bZ ,-!;. • These 

quadratic forms (which may be termed the efficacies of 

the multiple correlations) are quadratic forms in the 

efficacies of the sample regression coefficients, from 

which each multiple correlation has been computed, the 

matrices of the forms being the inverses of the 

correlation matrices of the regression coefficients 

(at e:fblv). 

In general, the regression coefficients will not 

be directly specified as functions of a single parameter 

but for the purposes of an asymptotic criterion they can 

be, formally, so specified the J~ coefficient ~· being 

put equal to ~j t1 , 

If we write the covariance matrix of the ~j 

(a;t () = ~o ) a·sli'[!''c:J·] then the correlation matrix is · 

[ 
ltli,j J ('ffl.:.: w.lj] li and the efficacy of the corresponding 

multiple correlation is: 

. f ftt,· \' - mi./ J _, f k ~· 1 r ' . 
(5.5.1.) U;:.J'Is j L [~~<.:;"'i/11/~ l(;;;.:)'t~ "' l~] C"'.:J] 

We shall consider the case where each regressor 



is Markovian and independent of the other regressors and 

the residual is Markovian also and independent or the 

regressors. Using the notation of # 5.1. the matrices· 

for the various regression methods there considered were 

given by (5.1.1,2,3,4)•••. 

We shall consider in particular the ratios of the 

efficacies of the multiple correlations corresponding to 
II. 

the ordinary least squares procedure and to the ~· (as 

obtained from the procedure formulated in # 4 •. 1.) for j;Sp 

(where p is the number of regressors.) 

Writing R for the ordinary multiple correlation 

and r for the partial multiple correlation computed from 
A 

the '~i ( j r f,, ~' ·Jp) we then have: 

It is again evident that for any fixed and lz / 
J 

this will be less than unity for f, suffici-ently near to 

unity. 

The test based on r could be useful even though 

it is clearly inefficient (since (5.1.3.J 1 rt is always' 

less than (5.1.2.)''') for not much consideration has been 

so far given to tests of significance of multiple. 

correlation when the residual from the regression is' 

serially correlated. One can obtain an asymptotically 
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fully efficient test by the use of a consistent estimator 

of P, , but for small samples the biases present might be 

' considerable., Again one could generalise Quenouille•s-

statistics by taking the multiple partial correlation 

with the effects of lagged V'alue of a.ll variates involved 

removed, and one suspects that the small sample properties 

of this test (with respect to the variance on the null 

hypothesis) will be reasonably satisfactory. Howe~er, 
li 

this has not yet been ·shown. Moreo~er, the i; at once 

give an unbiased estimate of the ~- together with an 

exact test (or a confidence interval). !n any case the 

method whtch leads to r seems to have some advantages over 

the straightforward least squares procedure in econometrics 

(where ft is fairly certain to be high and positive). 

The least squares procedure has been recommended by 

Wold (1953). 

A. more thorough examination of the efficiency of 
A "' r could be made and the inclus~on of the remaining ~· (j?p1ff) 

could be considered but the formulae become forbiddingly 

complicated. The analysis could also be extended to the 

cases where all of the series are Marko~ian and the 

multiple correlation arises from a multiple correlation 

between the trshocksn- of which the series are composed. 



5.6. Exact tes~~or correlation w~g_the re~dual is an 

autoregressiv~ocess of order higher than the first. 

The whole analysis of # 5.L to # 5.5. could be 

carried over to the case where the residual is generated 

by a process of the form (1.2.2.) with A/'/ • However, 

it is evident from the results of # 3.2. that the exact 

tests will now become very inefficient and a.t the sa.me 

time the computational procedures required in order to 

obtain exactness will become very great. 

These facts, of course, underline a deficiency 

of the exact tests. They are only exact provided the 

residual is Varkovian. This difficulty does not arise 
ft 

in the case of the test of significance of Yp.t 1(test of 

the independence of the residual):' since there the null 

hypothesis always validates this test (subject to normal­

ity of distribution, of course):., 



Cha:Qter 6. 

Exact Tests for Correlation in Vector Processes. 

6.1. The canonical analysis of a vector Markofr process. 

A vector of variates: 

(6.1.1.) ~; " ( u 11,;; U;;c,- J . J -uft) 
will be generated by a stationary vector Markoff process 

if it satisfies the relation: 

where 

(a) 8 is a square matrix of order p having all of its -
latent roots inside the unit circle. 

(b) ~ is a vector of p elements, ;·t: which is generated 

by a process of independent random vectors. (Mann and 

Wald (1943)). 

The ~tProcess will be taken to be normal in 

what follows, with covariance matrix r ' and there will ,...,. 

be no loss of generality if the mean value of ~ is 
/""' 

taken as the null vector. 

An overall test of the serial independence of 

the process could be_obtained from a canonical analysis 

of the relation between and (Kendall (1946b) page 

Apart from the neglect of information in cases 

where some of the elements of 8 can be prescribed in ..,.., 

advance, the tests based on a canonical analysis would 
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have some appeal were the distributions of the test 

statistics known. 

An alternative procedure which gives a test of 

the hypothesis that the ~~process is independent can be 

obtained by an extension of the method given for scalar 

processes by Ogawara (1951) (see Chapter 3). This 

consists in carrying out a canonical analysis of the 

relation between the vectors and the vectors: 

Yz~ ~ { 
The matrix of regression coefficients, of ~~~ 

on , will be (from (3.2.5.)ft 

where 
J 

The condi tiona]. covariance matrix of the ~ ~t:­

is (from (3.2.4.)): 

(6.1.4.) 

It is fairly easy to show that (6.1.3.) and 

{6.1.4.) reduce to:* 

* The inverse exists because of (a) below (6.1.2.) 
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Since the validity of the tests, based on the 

canonical analysis, hold~for arbitrary fixed vectors of 

regressors provided that the vectors of regressand are 

then normally and independently distributed the 

canonical correlation of X and V.,- r~Will give a test of 
,.,.., :tl:' ~a,. 

the independence of the 'U..- process. For fixed the 
""'t" 

~~are serially independent even if ~ is not null so 

that the whole appartus of canonical analysis is 

available and not merely that part which tests the 

hypothesis that B is null. ,._, 

The canonical correlations £j between :f'cU: and ~~l: 

are obtained as the roots of the determinantal equation: 

(6.1.6.) -'c 
I """I% 

e 

[!'; ') I 
:: [. ~ ~ 1: 1::f dU:' 

f.::: I 

Here 

' i!Ji!] 
f~, ~ L_ 

It~ I 
_,... ,. 

where L-!(n-t)j is again used to indicate the integral 

part of t<n - 1). 
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An overall test of significance of the is 

obtained from the quantity 'X;.:- fJ:.JUH·I!I-!(Ipt!)~J. which is 

(approximately) distributed as ~ with lj ~degrees of 

freedom (Bartlett (1938), Wald and Brookner (1941), Rao 

(1948)). 

Here: 

(6.1.8.) 
I 

When p equals 2 an exact test,-is available, for 
\ lf"tl ... t ±"' r 1-" ~(~ .. ~' ... \; the quantity r .:~ --;-1:t .2.-- / .., is then distributed in 

;\ 4 
f1 ~\ the F distribution with 8 and ~- ~"} degrees of freedom • 
..,. J 

(Pearson and Wilks (1933)). 

When p is greater than 2 no simple exact test is 

available but using the results of Wald and Brookner (1941), 

Rao (1948) obtained an asymptotic expansion for the 
""""'$/ 

distribution of A.lb't{)f the form: 

(6.1. 9. > ~'tr t }. (~t+<~ -J1q,)- f f.t {it,_1i-~ )- ~" (PI>ftt4- "· 
where, in the present case, H1; :: f ['/'%. - t p+1)} t :;: 

21.,. t"). ...,.ll. 

~z = if, (sp~- s) , Y-4 :3 i + (if'U:J f 'ft fo"- p~ f } 

and P11, +S is the distribution function of X,. for -r s 

degrees of freedom. 

Thus the significance point may be obtained from 

the distribution of X" alon$. Bartlett's approximation 

corresponds to the use of the first term of the expansion. 
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Under some circumstances the largest root of 

the equation (6.1.4.) will provide a more powerful test 

o-r the serial independence of the process u~ t~ (for example 
,r.~ --

if B is of rank one). In certain circumstances (p • 2) 

an exact test is available for the largest root (~~rriott 

(1952)l. An approximate procedure in any case is to 

take 

...... ( ir"~,:.,F - .::{ {;,1&+ 1)] /,_ e (I - t;'-) l, ~~>- <,.,. _, ..,y «APf 

-~~ 7\ ~ ..L (( '{ I '\] ')-/3 as "'])where p =- 3 r- I ..f. z 1 ~- ';; l--p- 1 J - - (Marriott (1952)), 

where ~ is the largest root. 

If this largest root is significant BaTtlett 

(1938,1947) suggests that the remaining roots may be 

tested by using h 
L t )r\] x,-z"- [f'f>{H-J)j- f{Jj?+l)l.t,e f 1i (t- J, ), 

,"-y 

a-s 7\- with (p - 1) (2p - 1) degrees of freedom. For 

large samples the largest root will correspond to the 

largest true canonical correlation, but if all of the 

canonical correlations in the population are zero the 

selection of the largest root will bias the value of "7(~<p­

downwards so that the test will not be ~alid (Bartlett 

(1947)). 

In the next section we· shall examine the 

a'symptotic efficiency of the procedure suggested here. 



6.2. The asymptotic efficiency of the exact test. 

It is well known that, under certain regularity 
a 

conditions, if A is a likelihood ratio th&n -2 is 

asymptotically distributed as x~ with s degrees of 

freedom, where s is the number of parameters whose values 

are specified by the null hypothesis which A is designed 

to test. (Wilks (1938)'). This follows, rundamentally, 

from the fact that, asymptotically, 
( s t1 ()) ;1 ()) 

- ~ ~e" ::: .Z { B,# - o, { Cf - e./ e,·~/ 
~J~I ~ 

where · are the specified values, t;~t- the maximum 

likelihood estimators of the corresponding parameters 

(when of the parameter values are estimated) and 

the ~ are the elements of the inverse of the matrix in: 

(6.2.1.) 

which corresponds to the Bt· ( 1. e. the rna trix in the 

bottom right hand corner if the suffixes (r+~ , 

a-re allotted to the parameters .E?Pecifying the null 

hypothesis.). Here L is the likelihood function. 

We may consider the sequence of alternatives: 

) 

where now, without loss of generality, we have put the 

equal to zero., 
~ The asymptotic power of the test based on A 

) 



116. 

will be, from # 2.3, G S (k ..,Q 
1 

«.. ) where Q is a 
A 

quadratic form in the efficacies of the ~·) r,·:- f"+l, ' .. J 

whose matrix is the inverse of the correlation matrix of 
1\ 

the ~· , on the null hypothesis. 

The A criterion of Wilks, which appears in 

(6.1~8.) is of course a likelihood ratio. Equally if 

we took the corresponding criterion ( A
1 

, say) obtained 

by treating the ~b and the ~L-.... 1as separate sets of vectors 

and carrying out a canonical analysis, this would also 

lead to a test statistic asymptotically dis~ributed as 1 

(Of course the exact tests of Pearson and Wilks and Rao 

would no longer hold.) This follows from the fact 

that this criterion would still be, apart from certain 

end effects whose influences vanish in the limit, a 

likelihood ratio. 

We may, therefore, use the results of f} 2.3. to 

compare the power, asymptotically, of the test presented 

in # 6.1. and what appears to be the best overall test 

of the correlation the vector process, i.e. the test 

based on • The ttoverall"' in the last sentence 

~ 

should be emphasised since no uniformly most powerful test 

will and under some circumstances a more powerful 

test than either of those discussed may be obtained by 

another (and perhaps a simpler). approach. 
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The null hypothesis now-relates to the elements 

and we shall put: 

h·· ~ k·· (()11 :r kn-
"'J n ~J :J 

The distance from the origin for the test based 

on A1 is now: 

g.,-;.,/) k,. ~ { -' t k li E r Jlual.._ } ? 
J(t ~ ' = t~ ~a-> - n. t.J!ft, iJ ke l )~, .Jbe~ Br.Y ) 

A ~t t J -
since the bi: will be asymptotically independent of the 

.! 

other unspecified parameters (those in~). 
f"'><<' 

ik.. 
'Where r is the element in the i th row and the k th 

column of ·J) 
Hence: ' 

h '~ J. ) 
12 ,.(i 

1 
::: ~/' .• f { k,i kke 'n 

t;tJ/::! I 
In connection with the corresponding distance for 

the test presented in # 6.1. we require: 

~ [!1- f {[fr€D2'J-§.,. [{!!'+§Eft '.r 
= [c12~JJ r r:k~; J, r-' J 
The corresponding distance then is: 

f 14£1 

k )Q) "' tl/ f r r .: IQ. ~ e f ~C:J' kite + ( f 'Ki'l k~, ,,. r~~<,..~r) j 
i.J~-Jl t. r;~tl' , .. JJf 

If we write A * B to indicate the sum of the ,.,.. ,.,. 
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elements obtained by multiplying each element o~ A by -
the corresppnding element of ~' then: 

J~e f''l(rit. kt:j kRt , [f-'!f f]->J 
' 

It follows, since , that the test based 

on A1 is always asymptotically more po~erful than that 

given in # 6.1. When p = 1 the effect is clearly seen 

for now the latter test is that which results from 

ignoring the equality of the coefficients of Xlt:--t and 

)(~t+! in (3.1.3.) so that a multiple correlation is 

used instead of a t test and the same kind of effect as 

that mentioned in # 4.3. reduces the power of the test. 

(A region "e:xteriortt to a circle is used instead of the 

region tt·exteriortt· to a pair of lines orthogonal to the 

line on which the alternatives lie). In general (when 

a transformation to appropriate axes is made) a region 

exterior to a hypersphere in 2p2 dimensions is used 

instead of a region exterior to a hypercylinder (with 

base a p dimensional hypersphere) whose generators are 

orthogonal to the hyperplane in which the alternatives lie. 
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A condition which will ensure that the two 

matrices (into which the first matrix in (6.1.5.l is 

·partitioned) should be equal is that § and l should' 

commute and K ~,/ should be symmetric. Since, in general, 

it will not be possible to prescribe this in advance the 

information lost through the doubling of the number or 
regression coefficients is not recoverable. The only 

circumstances under which this condition would be likely 

to be recognised in advance would be those which make, 

both ~ and diagonal, but then it would be foolish to 

use a canonical analysis. 

The loss of efficiency by the use of Ogawara 1 s 

method can here by related to the necessity of intro­

ducing additional parameters, as was mentioned at the end 

6.3. The canonical analysis of a vector of residuals. 

Consider now the multiple regression: 

where !J,_ is a vector of p elements, ,:z:~,;- is a vector of 
~~ 

elements and 

Here is a 

comes from the vector process (6.1.1.). 

matrix of regression coefficients. 

Then for fixed ?£~: , ( t: Ill 1/:1 • · • • .> n) and ;t 2~.: 

the vector has mean value: 
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(6.3.2.) D:!zt + M [t;z~:-,JJ- M fE ~}f~zt--1] 
~ - ~.. 'i~t:.,, -- L52 1l l ~ ~~:~' 

where f1 is given by the first relation in (6.1.5.) and 
.,-1 

Q · is the null matrix ( p~lf;). 

Moreover, 'j,;tl: is now serially independent with 

covariance matrix given by the second matrix in (6.1.5.). 

One can now carry over the analysis of Chapter 4. 

The serial independence of the u can be tested by a 
-I; 

I 
partial canonical analysis of the relation between 1~~ 

I -and ( " u ) when the effects of the vector 
Jill:-/ J.tlll:+l 
,.. I ,... I 

variates ~t.;J..if' and (=~1.:-l ~cJ~ft) are removed. 

Let us write: 

f .3..;7. !! tj J. 1: ':it~ 
t: I"¥ -

- f!1...lt-t1 f I 

1.: i :Jt:.fl "" '"""' 

'C \ { I t t ) \ ...... :Jx = 1- '1i2t ~t: )l~t4 x.Jc-11 
"" - - -where all sumrr~.tions are from 1 

Then if: 

(£.J.2 · JC "' f.J~ - .f2x f;;. f x.;z · 

(6. 3. 4. )) f :f:f. ;\'. "' f'j, - ~'1"- f~ g ... :; 

lf2tf ·X :: f~~ - f.1x t;.;/.," f J('j 
the partial canonical correlations ~- are found as the 

roots of the determinantal equation: 

<6 .3· 5.) I £ ;z~.J< £ ;;.x {.-.~.J< - -f.Z fu·x / "" 0 
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then Wilk's test criterion is: 

I ~~.J·>" -

and -x.;,J = - [Chl"'-~>J- s~y-1 {3 is approximately 

distributed as with 2p2 degrees of freedom, and more 

exact tests may be obtained by using (6.1.9.) with a 

suitable modification of m (or the appropriate modi­

fication or the F test given by Pearson and Wilks for the 

case p = 2). 

It is clear that, asymptotically, the relation 

between the power of this test, as compared with that 

obtained by carrying out a partial canonical analysis of 

the relation between~~ and , with the effects of 

removed, will be the same as the relation between the 

power of the test given in # 6.1. (as compared with the 

test based on the canonical analysis of the relation 

between~£:' and_ ) • 

In addition to this test just described, (6.3.2.) 

also leads to a test of the independence of Y~ and~~' -
this test being obtained by taking the partial canonical 

correlation of ~and~~ with the effects of ( 
I I 

!iu-+t ) 

and f ) removed, or alternatively the partial 

canonical correlation of~~ and (~~ 
I 

the effects of ( J.};.~, J:;..f:','f l ) removed. 

) with 
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With regard to this last test·a similar situation to that 

met in # 5.2. will be met here. Some additional 

information relative to the independence of and :x .. : f··· 
~J~ 

will, in general, be available from the estimated co-

efficients of and ,, but the use of this 

information (since M will not be known a priori) will ,..,.... 

require that instead of writing the matrix of regression 

coefficients as: 

[J tJl r~ Lz 
0 ,........ 

this will have to be replaced by a general 

and, unless the additional information from 

matrix 

and 

is large, the test will be less powerful than that based-

on the partial canonical correlation of and alone 

because of the inefficient weighting of the coefficients 

of ~~~(kin the analysis. 

The calculation of the asymptotic power of either 

of the two tests just discussed could now be carried out, 

once a prescription of the nature of the process generating 

the vector ~1..~ was made, following the method used in # 6.2 •. 

The analysis is fairly straightforward but will not be 

effected here. Its only purpose would be to compare the 

power of the test with that obtained from a canonical 

analysis of the relation between { ~I: - § ) and 
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( ~L· =- -~t'-~ ) , which will be asymptotically equivalent 

to the maximum likelihood procedure. We know that the 

last mentioned procedure will be superior (though 

computationally difficult and with unknown small sample 

properties) and a numerical comparison of the two power 

fUnctions will be made difficult by the necessity to 

interpolate in the tables of the power function for the 

test, even when the most suitable alternatives (from the 

point of view of the tables of this function)· are chosen. 

Two extensions of the subject matter of this 

section may be considered. The first of these corres-

ponds to the case discussed in #-6.1. when the matrix 

is diagonal and it is necessary to test whether l~ iB 

diagonal also, or is the direct sum of a number of sub­

matrices. This is the natural extension of the te$t dis­

cussed in # 5.3. The procedure of this section may clearly 

be modified to deal with this case. (See Wilks (1935)). 

form: 

The second extension relates to_a relation of the 

' + j 

Such systems o£ relations are fundamental in 

econometrics and procedures for estimation based on 

maocimum likelihood, or on some modified maximum likelihood 

procedure, have been considered in the case where __ i~ 
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serially independent. (See Koopmans, 1950). When J:!c: 

is of the form (6.1.1.) we may consider the regression 

of Y~1.: on:·~ 

-- 1 (I:J;;,t-·') fE ~1 r ~~l--') 
1J ~~I:-+}" fJ· 'l;l:-i + tJ l ~ .. ,+, f - tl[e ~ l ?f~t·u J -

The same procedures as those applied in the 

case J?•£ will give estimates of JJ and the £-J·in the 

present case, and one expects these latter estimates to 

be more efficient under some circumstances than those 

obtained by treating B as null whe~, in fact, it is not.~ -
No exact test procedures (for the significance 

of the coefficients in ;p or the f./ ) have been developed 

so far even' for the case where 8 is null. - Any that are 

developed could, of course, be applied directly to 

(6.3.6.). 

The computations for even modified maximum 

likelihood procedures (see Chapter IX of Koapmans (1950)) 

are computationally very burdensome and the computations 

for (6.3.6.) will be very great indeed. 

6.4. Multiple Markoff processes. 

A particula.r case of (6.1.1.) is obtained from 

the multiple ¥arkoff process (1.2.2.) with h equalling p 

* New identification problems arise, however. 
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(with \ on the r.h.s. repla.·ced for convenience by ) 

when we put: 

. . . 

(6.4.1.) I -tt., · ... - litp-1 -~ ~-

o I •. • 
4 

... ~ - tt.~d,_ )f 
-I 

() 0 ··'' i ~ 

ft ' . ' 

In order that the process should be stationary 

it is necessary and sufficient that (1.2.2.)' (with h •· p) 

should haVe all of its roots inside the unit circle. 

An overall test of serial correlation is obtained 

from the canonical analysis of the relation between 
I / 

and (~t'--1 J::;,;et-4-! ) • It is easy to see that in the pres-ent 

case the firsts and lasts columns of~ will be null 

when (1.2.2.) is of order p- s instead of P• As a 

result a test of the hypothesis that the xt process is of 

order p - s can be obtained by carrying out a partial 

canonical analysis of the relation between the vectors·· 
f I 

~ ~l: and Y;tt: = (~-') p + s., · · · J x«::f.1-B , :lfJ:+o P,. · · · J ~..,~., 
l 

with the effects of ~~ removed where 

l;:!i.:
1 

= { :tb-J'f.J · · · · , , ~~)~ ts, Jl(c-1-'l)p -rs, · · · · _., -I) 
Let us consider the second order case which is 

simple and illuminating. 
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The rna trix f1 
;.........-

now becomes: 

I p, Pa.~- p~,-, 

~4 f, f,. f3l 
"' 

I f3 p~ I 
I 

Ptf t!3 f~J f~J. I 
I 

1'4 ~ tj ~ 

where 

-j) /E(j{ ... 
It is easy to see that is of the form: 

h4 "~ bLJ., I 
J 

But the correlation matrix of the vector !f~is: 
- ~1 

L~. : J 
so that the discriminant functions corresponding to the 

two non zero canonical correlations can be immediately 

~ritten down as ( + X:u--H ) and ( ~& - "(~t~+t ) and 

do not need to be estimated. The two non zero canonical 

regressions then are the two multiple regressions: 
(X:zt:- + X~+l) ::: (b, -r b:il )( X~t--'J. +X.t,-+~) f' ( ~ 4 hJ )('!Jt:·J f ~Hl) +' Bu~ 

Here ~c and~Jtare independent serially and of 

each other and it is evident from the orthogonality 

relations between the variates in the two regressions that 

the tests based on the two correlations will be independent 

and can, therefore, be simply combined. 

An analogous situation does not arise with 
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processes of higher order than two for then the 

correlation matrix of the regressand vector depends upon 

more than one unknown parameter and its latent vectors· 

cannot be pres·cribed in advance. 

We can easily determine the efficacies of the 

estimates of ( b, 1- b4 ) and ( b,- b4- ) in (6.4.2.) (which 

give tests of the hypothesis that a 2 in (1.2.2.) is zero). 

These are: 
1

,. 
~ [[.>fJa,. f ( ~) ~ 
}a~ d:Y L . V~(lo1 rht~) J~ ~o 

Here , for example, is tke sample 

regression coefficient of ( 

regression in (6.4.2.). 

) in the first 

The efficacy of the best linear combination of 

and is easily shown to be: 
&.;,.. ( [~:M). f.{ 2 )] .. ) z 

f"-+Q(I t Vw(fJ ft:4:J,:;o 

where e is this best linear combination. We already 
A 

know from (3.2.11.) that the efficacy of the estimate ~~ 

obtained by Ogawara's original method is: 
;z,n.. I - -:J 1 -ra1-.. 

We have, therefore, 

E[ j <.:: i 
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(since 1 ~,I-' J is implied by the stationarity condition). 

The power of any exact test based on{b,t"')and 

) will be even lower, of course, since the best 

compounding coefficients will not be known. 

It would be possible to compare directly the 

multiple correlation procedure of # 3.2. with that result­

ing from the present section, but it is again clear what 

the results will be. The approach of the present 

section is no improvement on that of # 3.2. and the first 

order case, in relation to Ogawara's method, appears to 

stand in an unique position in that only there is it 

possible to obtain asymptotically fully efficient tests. 



PART II 

APPLIED RESEARCH 

Chapter 7 

Testing for Singularities in Rainfall Data 

7.1. Meteoric dust as a cause of rainfall singularities 

It would be na-tural to expect that the seasonal 

variation in daily mean rainfall for a certain station 

would show a fairly smooth pattern. In connection with 

work being carried out to determine methods of artificial 

rain stimulation Bowen (1953) noticed what appeared to be 

singularities in the pattern for the Sydney station; 

that is certain abrupt peaks in the mean seasonal 

variation. A comparison of the Sydney figures with 

figures from a. number of other stati.ons in the southern 

hemisphere* appeared to show that similar peaks were 

also present in the seasonal patterns of these other 

stations, at least for the month of January. Again a 

graph of the number of days upon which "heavytt· falls of 

rain had occurred in the British Isles in January and 

early February, over a period from 1919 to 1949, showed 

peaks near to or at the dates of the Sydney peaks. 

* These other stations were Durban, Perth, Alice Springs, 
Brisbane, Auckland and Christchurch. 

129. 
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The widespread nature of the phenomenon led 

Bowen to search for an extra-terrestrial cause and this 

he located in the passage of showers of meteors through 

the atmosphere. He conjectured that it would take 

approximately 30 days for the smaller meteoric dust 

{which would not be burnt up on entering the atmosphere) 

to fall, from the height at which it is initially 

concentrated by the abrupt fall in velocity as it enters 

the atmosphere, to a height where it would meet the 

larger, potential rain making, cloud structures. Bowen 

was then able to name certain principal meteor streams 

whose dates of maximum intensity preceded the dates of 

the Sydney rainfall singularities (for November, December, 

January and February) by about 30 days. He, therefore, 

suggested that these rainfall singularities were funda­

mentally due to the provision, by the meteoric dust, of 

the suitable rain forming nuclei without which certain 

types of cloud formations may not turn to rain. 

The theory was criticised. by Martyn (1954) who 

pointed out the danger of basing conclusions on rainfall 

data without satisfactory statistical tests, due to the 

nature of the distribution of daily rainfall. (This 

will be discussed in the next section). Martyn also 

showed that one of the main peaks in the Sydney rainfall 
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(January 13th for the period 1902 to 1949) could be 

entirely accounted for by one exceptional rainfall of 

708 points on January 13t~l911, a rainfall which from 

meteorological records could be directly attributed to 

a travelling cyclone of standard pattern. The theory 

was also criticised by Swinbank (1954) on physical 

grounds. Swinbank suggested that at the rain forming 

leVel there would not be a sufficient concentration of 

particles to upset the stability of rain clouds and that, 

in fact, the time of fall from the initial entering or 
the atmosphere by the particle to its descent to the 

upper troposphere would rather be from 50 days to one or 

two years than 30 days. He also pointed out that the 

rainfall peaks were mainly due to one or two days of 

heavy rain and that the years in which these occurred 

varied from station to station. (For example, the 

Sydney peak at January 13th for the period 1900 to 1949 

was due almost entirely to a very heavy fall in 1911, 

whereas the Durban peak on this date over the same period 

was mainly due to heavy falls in 1931 and 1933. For 

Auckland and Christchurch the main cause was a heavy fall 

in 1940). Swinbank also inferred that the stations 

chosen were not representative. 
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The theory was tested in a statistical manner 

by Neumann (1954) and Oliver and Oliver (1955). Neumann 

considered a number of stations in the Palestine area 

and noted that the peaks for Tel Aviv for January and 

early February agreed fairly well with those for Sydney 

and thus could be claimed by Bowen to support his theory. 

Neumann then "Shifted" each year's data {for Tel Aviv) 

in a random manner (for example starting the 1924 year 

at Det?ember, 26th, instead of January, 1.) and recomputed 

the mean rainfalls. Peaks of the same magnitude were 

observed in the rearranged data which suggested that the 

effect was a chance one and not due to any systematic 

extra terrestrial effect. Oliver and Oliver considered 

data for Kiambu in Kenya, which again showed peaks on 

dates near to the dates of Sydney peaks. They took as 

a measure of association between the peak dates and the 

dates of meteor showers the sum of the number of days 

between each rainfall peak and the nearest meteor shov1er 

date (date of maximum intensity). This measure was 

computed for every possible lag of one series relative 

to the other. A low value of the measure clearly in-

dicates association. The lowest value was obtained for 

a lag of about 60 days, but in general the graph of the 
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365 Values of the measure had no sufficiently marked 

trough to indicate, subjecti V'ely, a strong association. 

Both of these statistical tests were essentially 

subjective. Because of the criticisms of the theory it 

.became necessary to carry out a proper statistical test 

and this was don~ by the writer at Bowen's request. 

The test could be approached in different ways. 

One would involve a consideration of the data for a number 

of stations. At the time the stations for which daily 

figures were available were those mentioned in the footnote 

on page 129 (in addition to Sydney). A completely 

satisfactory test using all of this data would not be easy 

to obtain for ~ reasons. Firstly the stations may not 

have been chosen in an objective manner and the importance 

of the element of subjectivity might be difficUlt to 

assess. s·econdly some of the stations are sufficiently 

close together to be affected by the same meteorological 

phenomena, on occasions, (this would certainly be so for 

Brisbane and Sydney or Christchurch a.nd Auckland) eV'en if 

the phenomena were not extra terrestrial but rather fairly 

local. The nature of the association between the 

stations might be a very complicated one, which reflected, 

for example, only the common effects of very large 

meteorological disturbances. A third difficulty arose 
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rrom the fact that for the stations mentioned in the foot­

note on page 129, statistics were immediately available in 

some cases for only two months of the year, while in all 

cases only the records of the last 50 years were immediate-

ly available. For Sydney 94 years of continuous record 

was immediately available. 

A second method of procedure would be to correlate, 

in some way, the dates of peaks in one or more stations 

with the dates of meteo·r showers. Here again two 

difficulties occur. The knowledge available of the dates 

of meteor streams is not entirely satisfactory as until 

recently these were mainly streams· observed visually and 

at night. There are now, of course, a number of streams 

which have been identified by radar methods. Moreover, 

the information concerning the intensities of the streams 

does not. appear to be very good. Secondly, since one 

must clearly lag the series of meteor showers relative to 

the peak rainfall dates one is faced with the alternative 

of a very weak test based on a large number of trial lags 

or a test based on a lag of approximately 30 days. However, 

the choice of a lag of 30 days by Bowen may have been made 

after reference to the data so that the true level of sig­

nificance used in the latter test would be unknown. 
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It was decided, therefore, to consider the Sydney 

series alone and to test whether there was any evidence in 

the Sydney data for the presence of singularities. 

Since the Sydney rainfall series originally suggested the 

theory it appears reasonable to check whether the 

suggestion was obtained from what might be a real effect 

or could have been suggested by a lack of familiarity with 

the extraordinarily non normal rainfall distribution. 

7.2. The nature of the data and of the null hyEothesiR• 

The distribution of daily rainfall at Sydney is 

J - shaped as is shown by Table 13 on page 136. 

The period in late October and No~ember, from 

which the distribution in Table 13 was obtained, was chosen 

because at this time of the year the seasonal effect is 

small and 22 days were used to attain 2000 observations 

(actually 2068). The numbers in the column headed f 0 

are the observed class frequencies. Those in the column 

headed f
9

1 are obtained from the distribution with 

frequency function: 
C· to~' 

(o·ot3) -O·Ot3 
<?.2.1.)' e 

( (o· to'S) 

I 
! 

The (with 15 degrees of freedom): is 7.8 so 

that the fit is good. The distribution C~.2.1.J was 

ritted by Das by maximum likelihood after truncation at 5 
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points and considering only the total number of days of 

rainfall in the region to the left of the point of 

truncation in the likelihood function. 

Table 13 

Daily Rainfall at S!dne~~ 17th October to 7th, 
18 9 to 192:2. 

November, . -

Class InterVal fo f I 

e 
f tl 

e 

0 ..... 5 1631 1638.5 (1614.0) 

6 - l(il• 115 106.~J 103.6 

11 - 15 67 62.,0 62.2 

16 - 20 42 43.6 43.6 

21 -· 25 27 32.2 32.9 
26 - 30 26 26.01 26.0 

31 -· 35 19 20.? 21.1 

3.6 - 4o 14 17 .. 2 1?.5 

41 - 45 12 14.3 14.6 

46 - 50 18 12.2 12.5 

5I - 60 18 19.6 20.2 

61 70' 13 14.7 15.4 

71 - 80 13 11.6 12.-01 

81 - 90 8 8.91 9.6 
91 -· 100 8 ?.2 7.6 

101 - 125 16 12.2 13.5 

125 -· 150 7 7.2 8.3 
150 - 425 14 13.2 15.7 
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The numbers in the column headed f tt were 
e 

obtained by fitting by maximum likelihood using only the 

truncated distribution (neglecting the observations to the 

left of the point of truncation altogether). (See Das 

(1955)). Again the fit is good ()(~. 8.47) and, more­

over, the numbers in the class, 0 - 5 points, do not 

differ significa.ntly from the observed frequency (an 

approximate test is given in Das' paper}. This suggests 

that there is no singularity in the distribution at the 

origin, an hypothesis which might have been suggested by 

the very large number of zero frequencies and which Das' 

procedure was designed to test. 

Finally from (7.2.1.) the distribution of the 

mean of 94 independent observations from this distribution 

can be obtained. (There are 94 years of rain~all data 

available.) This is: 
(1·1'l.f)q.t70 

r . v1o> 
Thus, except for the constant of scale, the mean 

daily rainfall (for October and November) over 94 years 

could be expected to be close to a )(~with 20 degrees of 

freedom and, therefore, by no means normal. 

The variance of the distribution (7.2.1.) is 
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621.3 and the mean is B.oa. The largest observed 

rainfall was 425 points which is just o~er 16.5 standard 

de~iation units from the mean. On the basis of normal-

ity such a deviation is of course incredible but, from 

the tables of the Incomplete Gamma function (Pearson (1922)) 

it appears that deviations as large as this or larger 

occur in the distribution (7.2.1.) with the probability 

In 2000 observations the event is not, therefore, 

exceptional. This highlights the extreme non-normality 

of the distribution and the danger of conclusions drawn, 

fundamentally from normal distribution theory, based on 

standard errors. It should be mentioned that there are 

no marked peaks in the daily mean rainfall over the 

period, from which the observations to which (7.2.1.) was 

fitted were taken. There do not appear to have been any· 

meteor showers observed which, with a lag of 30 days, could 

have caused rainfall singularities in this period. (See 

Lovell and Clegg (1952) pages 78 and 99). 

This non-norma,lity is the first of a number of 

difriculties which affect a test of the significance of 

the rainfall singularities. second is the lack of 

independence between rainfalls on days near each other in 

time. A final difficulty is the seasonal variation in 

the data which affects not only the daily means and 
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variances but also the degree of dependence between days. 

A study of the correlation for lags of up to 4 

days suggests that: 

FtJ· ~ 
Here o is the 

·~j 

k P, J ~ s I' ,,J_,d-. 
correlation between rainfall on 

days j and j-k. For k) 4 the correlation appears to be, 

effectively, zero. For example, the first four lag 

correlations were computed from the observations over the 

94 years between the dates October, 17th and November, 7th 

(2068 observations ). 

seasonal variation is small. 

computed using the 

Here: 

Over this period the 

The correlations were 

and · is the rainfall on the jth day of the ith year. 

This particular formula was used mainly for comnutational i!:t ' '14 .. 

convenience, the Z..~:.J .. Xl
1

r ... k and .L XL·~; having already been 
t=J ~rf 

computed on the c.s.&.I.R.O. electronic computer so that 

the seasonal variation in the means, variances and lag 

correlations could be estimated. The statistics 

will provide consistent estimators of the corresponding 



.,.., -rr . A formula such as ( 22-k) Y' . , where r;,J. is the observed 
j:}4. ~J ~ 

correlation between days j and j-k, would not be satis-

factory since the bias will remain the same as the bias 

of the individual 
~ 

' . The statistics ~ , together 

with r:- , are given below: 
i 

r 1 • 0.219 • r2 • 0.05? • r3 • -0.007 • r4 = o.o48 
' ' ' 

r2 • o.o-48 r 3. 0.011 
4 • 0.002 . ;rl 1 ' 1 

If these were computed from normally distributed 

observations their standard deviations would be about .02. 

The variance in the correlation coefficient depends upon 

the moments of the fourth order (Cramer (1946) page 359) 

and in the present case will be under-estiw~ted by the 
( 1- %. 

formula, ~~ , which applies approximately for a normal 

distribution. 

The high value of r 4 (compared with r 14) is 

entirely due to one cross product, that between the rain­

fall of 181 points on October 25th, 1882, and 423 points 

on October 29th, 1882, which is probably fortuitous and 

a result of the extraordinarily skew parent distribution.* 

It is interesting to note that the serial 

correlations rk in the rainfall data are here estimated by 

ordinary correlations (space averages), the data for the 

several years being treated as realisations of a stoch­

astic recess. This is a rather extraordinary situation 
* The intermediate days were ain free. 



for usually only one realisation is available from which 

the serial correlation is estimated as a phase average. 
Itt 

The relation f. .•f,·' which may hold reasonably 
RJ IJ 

well for k small, at first sight suggests that the process 

can be represented by a model of the form: 

f ( "';~ , ,.. ~ ) + ~ ; I fl < 1 

Here m is the mean of the process, p the correlation 

between xj and xj-l and 'i; is an independent random 

process with zero mean and variance If,(,- f'") · 

It is at once evident that this process cannot 

be used to describe rainfall data for not only is there 
.,... 

a seasonal variation in p , m and u but the \tariate xj 

is necessarily positive so that ~·would have to have a 

distribution admitting only positive values. This 

would, however, imply a smoothness in the series of x. 
J 

which would not be supported by the data. (A high rj 

could not be followed by an xj near to zero). 
+ 1 

A modified process which suggests itself is: 

(.Xi~.~ J') = f ·. ( ':!-' -. tHj:J ) _,_ c.,.,~ 
J IJ CJ-a 

Here mj is the mean and Oj..,.. the variance of xj, p,J· is 

the correlation between xj and x and the 
j-1 

'5,' are 

independent random variates with zero means and 

T"i i r" ':!.'!>. var ances' f_, . ) f 

It can be seen that the correlation between xj 



and x will be: 
j-k 

ft<j : ~j f,J·-1 ' ' ; . . P, 1(+1 

If the lag k is not too large and the seasonal 

effect is small, over short periods, then: 
k 

J 
Again this process will not be satisfactory for the daily 

rainfalls (since they are positive) but it may provide a 

good approximation to the process generating the daily 

mean rainfall (over 94 years) since the range of 

variation of the sample mean below the true mean will be 
'). 

much greater. Noreover if the ffl., ~J· and o ·are equated to 
J f IJ 

the means, variances and first serial correlations or 
d. 
~aily rainfall for day j, (as estimated from a graduation 

of the observed values) the process (7.2.4.) will have, 

approximately, the same means, variances and serial 

correlations (for all lags) as the actual series. 

A better approximation to the process generating 
.Xj'-')- 1'11.i .. ~ 

the daily means could be got by including a term ~ 
J-l... ,... 

However, the nearness of the ~i tO~j suggests that the 

coefficient of this term will be ~ery small for this 
;'IJio 

coefficient will be, approximately, • The 

additional computations invol~ed would not be justified 

by the very small effect from the inclusion of the extra 

term. 



The model of the process generating the daily 

means which will be used is, therefore: -XJ - fflJ 
( 7. 2. , • ) 1i4 r "] ~ (, =-~. ;, Y.2 = pj {;;4 

Here ij is the mean rainfall observed on the jth 
,. . 

day of the year while ffl•, tr:J· and. f.· are th9 true means, 
J J 

variances and first serial correlations of rainfall on 

that day. The ~~come from a process with zero mean and 

unit variance. 

The specification of the null hypothesis will be 

completed if the nature of the seasonal variation in the 

means, variances and correlation coefricients is laid 

down f) All that needs to be said here is that these 

seasonal variations should be described by reasonably 

smooth curves such as a low order polynomial in j or a 

trigonometric polynomial formed from the first few 

harmonics. The choice among these alternatives depends 

on the goodness of their fit to the data, with the 

proviso that the fit should not be carried anywhere near 

to the point where individual singularities, confined to 

a period ot a relatively fe'W days, would be eliminated. 

This restriction on the order of the polynomials 

means that a very large number of degrees of freedom are 



available for the estimation of the relatively few 
A /\).- A 

constants in'Y'olved so that the mi, U"i and Pi given by the 

estimated curves can be treated as the exact values to a 

satisfactory degree of approximation and ~hen used to 
- ~ transform the x.J· into the corresponding 'i.j these last ean 

be regarded as uncorrelated random variates with zero mean 

and unit variance. Since the means, Xi, should have a 
"s. ~A.,.. 

distribution ~ to normality the sum X • £.. ~· should be 

approximately distributed a-s -x?" with (365 - p) degrees of 

freedom, where p is the number of constants fitted in the 

process of estimating the seasonal variation of the mJ· , 

ttj ;-- and p, j . 

This test is the generalisation of the classical 

test of the homogeneity of a set of means (from observ­

ations subject to different treatments} which is obtained 

by comparing the variance within treatments with that 

between the means themsel~es. In the present case the 

comparisoh is being made between the within days variance 

of rainfall and the variance as estimated from the daily 

means. In addition, however, the data have had to be 

transformed to independence by the use of therjj and the 

within days variances made homogenous while the effect of 

the seasonal variation in the means has been removed so 

that it will not void the test against the effect of the 

meteor showers. 
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This test will be subject to certain qualifi­

cations, however, which follows from the non-normality of 

the daily means, for (7.2.2.) is still by no means normal 

and, in particular, there is positive kurtosis. This 

suggests that a transformation should have been made to 

reduce the distribution to something nearer normality. 

A log transformation could not be used because of the 

zero frequencies but the taking of cube or fourth roots 

would probably be fairly effective. In fact this was 

not done mainly because of the computations involved. 

There are nearly 35'000 observations and even though over 

half are zeros and two thirds are less than 5 a large 

amount of work would still have been needed. 

As a result of the non-normality the test will, 

however, be biased. 

(1) The high fourth moment will increase the variance 
~ 

of the X. 

(2) The true nature of the underlying process gener-

ating the will be more complicated than is indicated by 
A 

(7.2.5.) so that tne residuals ~will not, in fact, be 

independent and terms such as: 

( ) - 1;( } ( 
may be greater than zero (since the fo~wth moment of 

.~ 

the ~will be high). This will also increase the 
'),, 

variance of the X, test statistic. 
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If, therefore, the obser~ed is just beyond 

the critical point it will not follow that the result is 

significant at the chosen level since the true critical 

point may be further to the right by a sufficient amount 

to render this conclusion invalid. On the other hand if 

the observed is to the left of the critical point it can 

be said with a fair degree of certainty that the r~sult 

would still be not significant if the true significance 

point, appropriate to the level of significance used, were 

known. 

7.3. Removal of seasonal variation. 

In order to get a closer agreement between calendar 

and siderial years the leap year was reinserted in 1900 

so that March 1st, 1900, become February 29th, 1900, and 

so on. 

Since a strictly periodic seasonal effect was 

being removed it seemed clear that a trigonometric regress-

ion should be used to graduate the series. At the same 

time no attempt was made to fit a curve including terms 

with too short a period as this would tend to remove the 

effect being sought. 

For both means and variances the year was divided 

into 24 periods of equal length and the first four 



harmonics were fitted to the ·resulting 24 figures. The 

intensities Ip of these four harmonics, expressed as 
'& 

multiples of ~ are shown in Table 14. Here S~ is the 

estimate of the Variance of the 24 figures. 
,A~~,. 

The intensity corresponding to the period I~ 

is derived from the relations (Kendall (1946)): 

IL. G b ' 
, , ,lJ 2Tl ,·tJ 

6 • fih.e i. u. e :t. 
L. ' J 
Ji7 .r=' 

where Gf; is the complex conjugate of 6p and U;~ is the mean 

(or variance) on the jth day. 

Table 14 

IG· = J 

us,. 
Ipf~ 

Period Means Variances 

24 8.53 9.57 

12 •. 09 .06 

8 .17 .10 

6 .13 .2l:t 

The periodogram was computed no further since it 

would not be desirable to remove effects with too short a 

period in any case. In order to carry out an 

(approximate) test of significance of the intensities in 

Table 14 it would be necessary to make some estimate of the 

non singular component of the spectrum of the process (see 
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for example Bartlett (1954)). However, in the present 

case any reasonable test will clearly declare the first 

intensity significant and the remainder as not significant. 

The first harmonic was, therefore, fitted to the 

means and variances using the indiVidual daily averages. 

The resulting curves were: . 
II • 6 :ffJ + () ~·l1) ( 7. 3.1.) means: Wlj • /2· I? -r 4·117 SLJ1., ;,~--. ~.. · 

(7.3.2.) variances: '2. t4?'' s~ (j~>~~ ~ IJ.Sll) "j :~ 17 :iS ..f 

Hera j = 1 on March 1st. 

A simple harmonic was also fitted to the between 

days correlations the resulting curve being: , 
A , 6).1fJ 

(7 .3.3.) correlations: Pr so .;31 -+ o.ta~ S~AA- 16$-:t.s- e-:2 
J 

Insofar as the seasonal trends, (7~3.1,2,3.), are 

not fully adequate for the true seasonals the effect 

mentioned at the end of # 7.2. will be strengthened, of 

course. 

Graphs of the means, variances and correlations 

together with the curves (7.3.1,2,3.) are given in 

appendices A, B and c. 

7.4. The test or homogeneity of means. 

The residuals: 
2. = ( qi.J ) ,,, 
~ 1-~? t 

A 

J'i-1 - fflJ-1 
--· ft-:-w r--

6'.i-l 



were formed. 
A 

The ~·had a small positive mean (0.018) 

and a small negative serial correlation (- 0.05) both of 

which were far from significant. 
1\ 

The distribution of the~·approached normality 

as could be expected but there was some po tive skewness·. 

The distribution is also sho~ in appendix D. 
A 

There are 366 ~ , one resulting from the 2~ rain-

falls on February, 29th. (For this ~-the factor(2~)t 
1 

will replace (94)~ in (7.4.1.)). Three constants have 

been fitted to each of the means, variances and serial 

correlations so that: 
]1.6,. ~ -x." ~ z ~· 

3)1 I ~ 
may be treated as distributed asX with 357 degrees of , 
freedom. The v-alue of 'X is 394 •. 1. Using Fisher 1 s 

~1 '!\ 

approximation to the distribution orx,, for large p, the 

quantity: 
r~ ( 3'lt4 · !) ]'l-z- {3S1)-1]

1
I;; = I· ;]7 

was computed. Treated as a standard normal. variate and 

using one tail of the normal distribution this is well 

inside the 5% point (1.65). 

The null hypothesis, therefore, cannot be rejected 

at this level of significance and the result of the test, 

while not disproving Bowne's hypothesis, cannot be said to 

justify it. 
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7.5. Alternative tests. 

The test which has just been given might not be 

very ~owerful against the alternative or a rew very 

widely scattered singularities since the effect of these .,.. 
in increasing ~,1 may be lost among the accompanying "noise n. 

At first sight an alternative would be to pick 

out the high peaks in the residuals and test them as the 

largest among 366. For example the highest peak is on 

July, 23rd (24th, 1901 to 1952). This residual is 

4.037 times its (trend) standard deviation. This lies 

almost exactly upon the 1% point for the largest out of 

366 normally and independently distributed observations. 

In computing the probability of obtaining a largest 

observation as extreme as or ~ore extreme than the 

largest observed, only the extreme tail area of the 

distribution of the individual observations is used. 

Moreover any error here will be multiplied in the process 

of computing the first probability by the number of 

observations (approximately). It is certain, from the 

shape of the parent distribution that the tail area used 

(on the basis of normality) will be too small but it is 

difficult to say by how much. How badly misleading the 

assumption of normality can be seen by considering the 

distribution of X,..for 102 degrees of freedom (the largest 
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number of degrees of freedom available from Pearson (1922)). · 

This distribution, to the eye, would be indistinguishable 

from the norma.l distribution yet the 5% point for the 

greatest out of 366 observati.ons from X~), is 4. 2 standard 

deviation units from the mean so tha.t on this basis the 

July, 23rd deviation is not significant at the 5% point 

rather than significant at the 1% point. Since the 
.,. 

distribution of the daily means is near to )(~(see# 7.2.) 
11 

it is clear that the distribution of the ~-is much further 

from normal than • The large effect on the computed 

probabilities of small variations in the nature of the 

parent distribution appears to make the testing of the 

significance of the large observations an impossible task. 

It is of some interest to examine the days for 

which the residuals are high. The 1% point was used 

as a criterion a.nd all of the high residuals individually 

Hsignificant", as normal deviates, at that point are 

shown in Table 15 together with the total of the four 

highest rainfalls on that day over the 94 years. 

The highest rainfall for the 94 years for these 

16 days is, on average, 23% of the total rainfall. 

lvfost or all of the deviation from the trend seems to be 

due to a relatively very few days of exceptionally 

heavy and this phenomenon is to some extent at least 
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due to the very skew distribution of daily rainfall. 

Table 15 

Date (prior Total rainfall on Total of 4 Col 2 
to 1900) this date over highest rain- (100) 

94 years falls over 94 Col 1 
years 

Fts. Pts. ~ 

Jan 11 1792 1170 65 

12 2293 1296 57 
Feb 29 816 (24 days) 766 94 

:t<Iar 20 2603 1307 50 
Apl 6 3293 1943 59 
}~ay 6 2382 1159 49 

25 2758 1412 51 
July 23 2826 1043 37 

2 1866 1148 62 

23 1635 613 37 

Sept 24 1512' 836 55 
28 1754 1067 61 

Oct 12 1452 1066 ?3 

29 1186 ?43 63 

Nov 17 5 540 41 

18 1897 871 46 

Dec 1 1505 905 60 
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