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Abstract

Advances in high performance computing (HPC) are pivotal for accelerating drug dis-
covery by offering the capacity for large scale high accuracy virtual screening. There
has been considerable interest in the large scale application of the QuantumMechanical
/ Poisson-Boltzmann Surface Area (QM/PBSA) end point method towards predicting
binding affinities of protein-ligand systems. However, its application is severely lim-
ited by the high computational costs of traditional QM methods as well as the slow
performance of existing PBE solvers for PBSA calculations.

This thesis presents methods and algorithms to overcome such bottlenecks. The
first half of this thesis is dedicated to accelerating QM calculations. An automated ac-
curate molecular fragmentation scheme is presented that divides large systems into
smaller, computationally feasible partitions, whilst enhancing algorithmic parallelis-
ability. Its applicability on protein and lipoglycans/glycolipids is demonstrated. On
the other hand, improved initial guess methods for self-consistent field (SCF) calcula-
tions are presented (basis set projection and fragmentation) and their performance is
systematically analysed against the traditional superposition of atomic density (SAD)
scheme. Results consistently indicate the improved performance of SCF calculations
with non-SAD schemes.

To address the lack of fast PBE solvers tomodel solvation, a high-performance GPU-
accelerated solver is presented. The algorithm exploits the sparsity pattern exposed in
its application on molecular systems to accelerate matrix-vector contractions prevalent
in conjugate gradient solvers, outperforming existing multi-core CPU and GPU-based
PBE solvers.

These tools are integrated into a QM/PBSA workflow and applied to large biolog-
ically relevant protein-ligand complexes to predict binding affinities. The influence of
various factors—fragmentation level, protonation states, and solvation methods—on
the performance of the proposed QM/PBSA workflow is systematically analysed and
compared to other computational approaches including alchemical free energy and
scoring function methods.

This thesis seeks to improve upon the accuracy, computational efficiency and fea-
sibility of large scale QM/PBSA workflows by leveraging chemical concepts and HPC
optimisations. Beyond drug discovery, the methodologies presented have broad ap-
plicability to molecular molecular systems beyond proteins, supporting research in
materials science, chemistry and energy applications. Such advancements become in-
creasingly important as HPC systems continue to evolve, offering the potential to study
molecular systems at even larger scales and and higher accuracy.
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Chapter 1

Introduction

With the average cost of developing a pharmaceutical drug being $1 billion USD, there
has been considerable interest in accelerating this process to reduce its cost. The pivotal
role of computers in accelerating drug discovery is unmistakable, with the progress of
the latter relying heavily on the advancement of the former. This process involves pre-
dicting the solvated binding affinity or free energy (∆Gbind) of small drug-likemolecules
(ligands) to target protein structures containing thousands of atoms for large scale vir-
tual screening—a task that demands considerable computational power and, conse-
quently, high performance computing (HPC) systems. Traditionally, computational
advancements were predominantly driven by Dennard scaling andMoore’s law, which
enabled higher clock speeds. Dennard scaling stated that transistors could operate at
higher frequencies by simultaneously shrinking their size and and increasing their on-
chip density without raising power density,1 while Moore’s law posited that the num-
ber of transistors per chip would double approximately every two years at constant
cost.2 However, physical constraints including excessive heat generation, current leak-
age problems and elevated power consumptions have led to diminishing returns, mark-
ing the end of Dennard scaling and the decline of Moore’s law.3

Consequently, HPC systems,whose computational powerwere once primarily drawn
from central processing units (CPUs), have progressively shifted to massively paral-
lel, heterogeneous architectures, typically featuring thousands of graphical processing
units (GPUs) as accelerators. A detailed overview of heterogeneous architectures and
the role of CPUs and GPUs is provided in Chapter 2 Section 2.1.1. These developments
have enabled the realisation of exascale machines, capable of performing 1018 floating-
point operations per second (FLOPs), thereby significantly expanding opportunities
for accelerating drug discovery. However, the benefits of such parallelism are not with-
out costs and several computational challenges persist. To further contextualise the
computational complexity of modelling protein–ligand binding for drug discovery, the
following sections discuss the HPC and computational chemistry considerations asso-
ciated with these methods.
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1.1 HighPerformanceComputingChallenges inDrugDis-
covery

Modelling protein-ligand systems at large scales presents a tremendous computational
challenge, in part due to the considerable size of such systemswhich are typically of the
order of thousands of atoms, as well as the need to simulate many such systems in large
scale virtual screening workflows. This is also further complicated by the fact that such
systems are solvated and solvation effects must be accounted for. Thus, tackling such a
task requires leveraging HPC and careful consideration of the associated challenges.

1.1.1 Computational Demand

Although a multitude of computational techniques have been developed to predict
binding affinities, accurate methods are accompanied by steep computational costs due
to a combination of reasons including sampling bottlenecks, high formal complexities
and slow convergence. A detailed description of the following computational methods
mentioned are provided in Chapter 2 Sections 2.3, 2.4 and 2.5.

For example, alchemical free energy (AFE) approaches which involve the alchemi-
cal transformation from ligand to another and considered to be one of themost accurate
computational techniques, require extensive sampling of many intermediate states to
achieve statistical convergence and accurate results.4 The computational cost is further
amplified as each sampling step involves modelling not just the protein-ligand com-
plex, but a much larger system: the complex is also solvated in thousands of explicit
water molecules, increasing the total system size of the order of 10,000 atoms. More-
over, typically each intermediate sampling step typically requires amolecular dynamics
(MD) simulation, often spanning 1 to 10 ns with sampling frequencies of the order of
10 ps, rendering the sampling of even a single intermediate state to be computation-
ally burdensome. In systems where large conformational changes or slow structural
transitions, convergence becomes even slower, further compounding the computational
demand.5,6 Importantly, in large virtual screening workflows where hundreds or thou-
sands of protein-ligand complexes are modelled, such approaches quickly becomes in-
feasible.

Due to their steep computational cost, themolecular system is typically treatedwith
molecular mechanics (MM) in AFEmethods, specifically, force fields (FF). However, it
iswell known that FFs do not sufficiently capture electronic effects critical in intermolec-
ular binding (e.g. charge transfer, π-π interactions, hydrogen bonding and many body
effects).7 Conversely, quantummechanical (QM) methods which provide highly accu-
rate characterisations ofmolecular systems, exhibit extremely high formal complexities.
For instance, Hartree-Fock (HF) which provides only a simple, qualitative approxima-
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tion to the energy of the system already scales asO(N4)whereN is the number of parti-
cles.8 Paired with more accurate methods such as the second-order Møller–Plesset per-
turbation (MP2) or coupled cluster (CC) theory levels, the formal complexity quickly
rises up to O(N5−8). Therefore, even outside the application of AFE or routines in-
volving dynamics/sampling, QM methods on their own prove to be computationally
intractable on such large systems including thousands of atoms.

Even other computational techniques which involve modelling solvation effects im-
plicitly and therefore are cheaper, for instance, the Poisson-Boltzmann Surface Area
(PBSA) solvation model, also incur high computational costs. These approaches in-
volve solving the linear Poisson-Boltzmann equation (PBE) equation, which often use
solvers such as conjugate gradient (CG) that compriseO(n2) scalingmatrix-vectormul-
tiplication routines, with n is the matrix-side dimension. With fine spatial resolutions
typically required to achieve accurate results (of the order of∼ 0.1Å),9–11 n is frequently
of the order one or ten million for protein systems,12,13 further exacerbating the compu-
tational workload.

Clearly, computational methods for modelling protein-ligand systems and predict-
ing binding affinities involve significant computational demands that render the appli-
cation of such approaches as they are on large protein-ligand systems to be infeasible.
The advent of HPC systems, increasingly dominated by accelerators such as GPUs, pro-
vides an opportunity to improve these methods by leveraging the massive parallelism
of such machines. Therefore, understanding the challenges associated with their par-
allel implementations also becomes critical.

1.1.2 Parallel Implementation

Parallelism in computing refers to running multiple tasks simultaneously across mul-
tiple execution units and its utilisation to accelerate program performance. Though
parallel architectures have realised powerful modern supercomputers, the exploitation
of such architectures remains non-trivial.

The parallel implementation of a program to exploit parallel architectures is met
with several concerns. First, as stated by Amdahl’s law,14 the maximum speedup af-
forded from parallelism is limited by the serial portion (fs):

speedup =
1

fs +
(1−fs)

p

(1.1)

where p is the number of processors available. This law demonstrates that the overall
performance gain is constrained when a considerable portion of the computation re-
mains serial, limiting performance gain from parallelism and scalability. Hence, for a
parallel implementation to be effective, the total computational workload must be suf-
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ficiently large and a substantial part of it must be parallelisable.
Second, on its own, parallelism inherently introduces overhead associated with dis-

tributing data work across the execution units and subsequently combining their re-
sults. To fully realise performance gains afforded by parallelism, factors including load
imbalance, communication overhead and synchronisation must be carefully managed.
Overall, it is crucial that the overhead incurred by parallelism remains small relative to
the amount of parallelisable work.

Third, the majority of software written for serial execution must be entirely refac-
tored or redesigned to fully exploit parallel architecture. Redesign is often necessary
to expose parallelisability and maintenance of accuracy since factors such as race con-
ditions or data dependencies arising from parallelism can lead to deviations in results.
Furthermore, a variety of parallel programmingmodels, such asOpenMPorCUDA, are
available to target different architectures (CPU and GPU, respectively). Each model
presents its own challenges, including high latency data transfers between host and
device for GPUs, as well as the need to redesign or refactor the algorithm to exploit
hardware specific parallelism. An overview of these parallel programming models can
be found in Chapter 2 Section 2.1.2.

With such concerns in mind, researchers have successfully developed a range of
techniques to accelerate computational chemistry algorithms, including AFE, QM and
PBSAmethods, by leveraging parallel architectures. For example, the workflow of AFE
methods is especially conducive for exploiting massively parallel architectures as sam-
pling of distinct intermediate states or structures can be performed largely indepen-
dently.15 To this end, AMBER introduced their GPU-accelerated AFE modules: ther-
modynamic integration (TI)16 and free energy perturbation (FEP).17 Its FEP module
has been demonstrated to deliver two orders of magnitude speedups relative to sin-
gle core CPU implementations on systems including tens of thousands of atoms.16,18

NAMD also developed a GPU implementation of FEPwhich yielded 30× speedup over
amulti-core CPU implementation on amolecular system ofmore than 98k atoms.19 Ad-
ditionally, other tools such asOpenMMTools andYANKhave been developed to extend
upon other GPU-acceleratedMD software such as OpenMM to facilitate AFE computa-
tions.20 A detailed description of the TI and FEP approaches are presented in Chapter 2
Section 2.3.2.

On the other hand, GPU-accelerated QM software such as TeraChem, GPU4PySCF
and EXESS have also been developed to capitalise the performance speedups afforded
by parallelism and have been scaled up successfully across multiple GPUs.21–30 For ex-
ample, a highly parallel eigenvalue solver has been developed for EXESS to forgo the
mostly non-parallelisable diagonalisation step—typically part of the traditional self-
consistent field (SCF) calculation—thus enhancing algorithmic parallelisability.31 Other
avenues of optimisation also include optimising Fock matrix construction and tailor-
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ing the evaluation of electron repulsion integrals on GPUs.28,32 Furthermore, molecu-
lar fragmentation, which involves dividing the system into smaller fragments, has also
been implemented within33,34 to both reduce formal complexity (O(N)) and enhance
algorithmic parallelisability of QM algorithms. A detailed explanation of the SCF rou-
tine and molecular fragmentation can both be found in Chapter 2 Section 2.4.1.

Efforts have also been dedicated to accelerating implicit solvation models such as
PBSA using parallel architectures. These include Delphi’s multi-core CPU-based mod-
ule,35–39 AMBER’s CUDA-enabled pbsa.cudamodule,12,40 a GPU-accelerated direct-sum
boundary integralmethod employing a generalisedminimumresidual (GMRES) solver,41

and a third-party GPU adaptation of DelPhi.42,43 Some of these GPU implementations
have been reported to demonstrate substantial performance advantages, with DelPhi
achieving approximately 10× speedups and AMBER’s pbsa.cuda up to 50× compared
to their CPU-based counterparts.12,42

Though the computational performance of these approaches has improved signif-
icantly from parallelism, such methods remain seldom, if at all, used in large scale
virtual screening workflows. The majority of PBSA software are predominantly CPU-
based38,44 and fail to exploit the massive parallelism of GPUs, whereas GPU-based im-
plementations such as AMBER’s pbsa.cuda do not efficiently utilise the hardware, aswill
be demonstrated in Chapter 5. For AFE, though the sampling of intermediate states can
be run independently of one another, its prior set-up step often needs to be performed
manually by an expert with domain knowledge to decide the order of alchemical trans-
formations from one ligand to another,45,46 not to mention convergence concerns also
arise from independent handling of states.47 Similarly, QM methods including frag-
mentation often require manual intervention. Themajority of molecular fragmentation
methods are not automated, often relying on chemical intuition to fragment systems
manually, and if they are automated, they are typically limited to a particular class of
systems. These problems concerning AFE and molecular fragmentation are not of a
computational or algorithmic origin, but rather, are rooted in the underlying chemical
theory. For example, it is the latter which provides an explanation for the best network
of alchemical transformations to use in AFE. Therefore, in addition to computational
challenges explored herein, it is also essential to consider the chemical models and the-
ory to develop efficient and practical computational techniques for drug discovery.

1.2 Computational Chemistry Challenges in Drug Dis-
covery

In computational chemistry, themain objective involves developingmodelswhich strike
a balance between the two competing priorities of maintaining accuracy and reducing
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computational costs. Today, many computational methods of varying complexities and
accuracies have been developed to model the binding behaviour of protein-ligand sys-
tems and subsequently predict the associated binding free energies.

On one end of the spectrum lies the widely adoptedMolecular Docking approaches
due to their low computational overhead.48 Therein, various binding conformations of
protein-ligand complexes are predicted and the corresponding free energies or bind-
ing affinities are computed using scoring functions.49 A more detailed description of
docking methods is provided in Chapter 2 Section 2.3.1.

Although docking methods have demonstrated some success in achieving good
correlation with experiment,50,51 their performance strongly depends on the type of
molecular system being studied, and overall they still display low predictive ability
across protein-ligand systems, namely, low correlation with experimental results. For
example, in a comprehensive study investigating the performance of 10 docking soft-
ware across a dataset comprising 2002 protein-ligand complexes, the highest Pearson
correlation coefficient (R) observed was 0.57.52 Additionally, therein, multiple dock-
ing software exhibited negative correlation coefficients where R varied between −0.50
and 0.57. Such an observation is not unique to this study, other assessments have also
demonstrated low or negative correlations.50,51,53–55

In contrast to docking methods which exhibit generally low predictive ability, on
the other end of the spectrum of complexity are the aforementioned alchemical free
energy methods. As described earlier in Section 1.1, such approaches are regarded as
highly accurate however are burdened by high computational costs as well as manual
intervention being required for the set-up procedure before any thermodynamic calcu-
lations, severely limiting its scalability. Specifically, this set-up stage involves defining
all the states, which is typically the same target protein paired with many different lig-
ands, as well the thermodynamic pathway between these states. The burden of such
a manual task is exacerbated when hundreds or thousands of protein-ligand systems
need to be modelled in large scale virtual screening. This automation of AFE methods
currently remains an active area of research, with the majority of efforts in early de-
velopment in or are limited to specific software programs.46,56–58 In view of this, AFE
methods remain largely unsuitable for large scale virtual screening and are limited to
the lead optimisation stage of drug discovery, where the ‘lead’ candidates identified are
further optimised.59–61

To this end, researchers have looked towards alternative approaches which offer a
balance between accuracy and computational efficiency. In particular end point meth-
ods, which are only concerned with the end states (bound complex, unbound protein
and unbound ligand) and are therefore much cheaper than AFE methods have gained
significant traction. Among these, a popular method termed Molecular Mechanics
Poisson-Boltzmann Surface Area (MM/PBSA) has emerged as an appealing alterna-
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tive for estimating binding free energies. A full description of MM/PBSA is provided
in Chapter 2 Section 2.3.3.

Briefly, in MM/PBSA, the binding free energy (∆Gbind) of a ligand to a protein is
approximated as

∆Gbind = ⟨∆EMM⟩+ ⟨∆Gsolv⟩ (1.2)

where ∆EMM and ∆Gsolv denote the gas phase interaction and solvation energies, re-
spectively, whilst ⟨. . .⟩ refers to an ensemble average over conformations obtained from
a sampling procedure, typically MD simulations with explicit solvent. ∆Gsolv is com-
puted with the PBSA model and is further explained in Section 2.3.3. On the other
hand, ∆EMM is computed with molecular mechanics and is further decomposed as

∆EMM = ∆Eint +∆Eelec +∆EvdW (1.3)

where∆Eint denotes the internal energy or ‘bonded’ interactions (e.g. bond stretching,
angle-bending, dihedral angle torsion, and out-of-plane distortions), whilst the ‘non-
bonded’ terms aremade up of∆Eelec and∆EvdW which denote the electrostatic and the
van der Waals (vdW) energies, respectively. Generally, the electrostatic and vdW en-
ergies are treated with the Coulomb and Lennard Jones (LJ) interactions, respectively.
The formulation of these classical terms are provided in Section 2.2.

Unlike AFE methods which require extensive sampling of intermediate states and
prior manual definition of alchemical transformation pathways, MM/PBSA generally
only involves one sampling routine per protein-ligand complex where the conforma-
tions of the bound complex, unbound protein and unbound ligand are extracted from.

AlthoughMM/PBSA has become a popular tool in estimating binding affinities due
to its balance between computational cost and accuracy, its large-scale application for
virtual screening is still limited by several concerns. As described previously in Sec-
tion 1.1, molecular mechanics do not sufficiently capture electronic effects critical in in-
termolecular binding and the incorporation of quantum effects in the binding descrip-
tion due to its improved accuracy over the traditional MM/PBSA method has gained
significant attention.5,7,62–66 For example, Maier et al. attained QM-based binding en-
ergies in excellent agreement with experiment across seven protein targets (R ranged
between 0.81 and 0.97), compared with MM/PBSA, where the R coefficients varied
between −0.22 and 0.89.5 In another study, Gundelach et al. performed QM/PBSA cal-
culations on a set of 10 ligands with the BRD4 target. Therein, QM/PBSA yielded sig-
nificantly improved correlations with Spearman correlation coefficients (Rs) varying
between 0.76 and 0.83, contrasting that of MM/PBSA where Rs ranged from −0.30 to
0.01.66

Hence, there has been considerable interest in the inclusion of quantum mechanics
in end point methods, specifically, Quantum Mechanical / Poisson-Boltzmann Surface
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Area (QM/PBSA) workflows for the prediction of binding free energies of protein-
ligand systems. However, as described in Section 1.1, current linear PBE solvers for
molecular systems remain prohibitively slow for large scale virtual screening. Fur-
thermore, QM methods exhibit extremely high formal complexities and even employ-
ing other approaches such as molecular fragmentation to reduce its steep scaling are
not without challenges as will be explained in Chapter 3. Due to the computational
costs and current implementations of QM and PBSA algorithms, the application of
QM/PBSAworkflows has been largely confined to single target systems.66–69 Therefore,
this works includes two overarching aims: 1) to develop methods and algorithms to
realise a computationally efficient QM/PBSA workflow at large scales; and 2) perform
systematic analysis of its performance across diverse targets to identify potential limi-
tations and optimise protocols.

1.3 Overview

The literature presented in this Chapter have highlighted the existing significant com-
putational and chemistry challenges of existing computational methods in modelling
large protein-ligand systems for large scale virtual screening of drug discovery, empha-
sising the need for an accurate, computationally efficient method for the computation
of binding affinities at large scales. In particular, the end-point method, QM/PBSA,
has emerged as a favourable strategy towards its prediction. However, its widespread
adoption in large scale virtual screening remains constrained by several factors:

1 Challenges of quantum mechanical methods. The use of quantum mechanical
methods is severely hindered by its steep computational scaling.

2 Lack of fast Poisson-Boltzmann solvers. The lack of fast, scalable solvers of
the linear Poisson –Boltzmann equation for large biological systems such as pro-
tein–ligand complexes remains a bottleneck.

Finally, in addition to the above concerns, another area of concern is the overall
lack of systematic performance evaluations of QM/PBSA workflows. Hence, another
concern tangential to those listed above is:

3 Limited performance evaluations of QM/PBSA workflows. QM/PBSA work-
flow evaluations have largely been limited to single target systems due to its high
computational cost and there is an overall lack of studies analysing its perfor-
mance systematically across multiple targets.

Therefore, a major goal of this thesis is to develop algorithms and methodologies to
realise computationally feasible large scale QM/PBSA workflows, as well as to explore
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the role of different factors towards the accuracy of its prediction. The above concerns
are addressed through the following aims, which are achieved in the corresponding
chapters. Briefly, Aims 1 and 2 focus on developing techniques for accelerating QM
methods for gas phase energies, Aim 3 is concerned with predicting solvation ener-
gies for large molecular systems, and Aim 4 combines techniques from the previous
chapters to yield a computationally feasible QM/PBSA workflow and examine its per-
formance.

Aim 1 Develop an accurate, automated molecular fragmentation algorithm for large
biological systems (Chapter 3).

Aim 2 Explore alternative initial guess schemes towards accelerating quantum chem-
ical calculations (Chapter 4).

Aim 3 Develop a high performanceGPU-accelerated linear Poisson-Boltzmann solver
for large molecular systems (Chapter 5).

Aim 4 Perform a benchmark analysis of a proposedQM/PBSAworkflow (Chapter 6).

The computational techniques developed in herein for modelling protein-ligand
systems provide researchers with powerful tools to study biological systems at large
scales and high accuracy. These advances have broad applicability not just within the
fields of drug discovery, chemistry and biology but also across disciplines such asmate-
rials science and energy since, as will be later demonstrated in the relevant chapters, the
methods presented in this work can be generally applied to chemical systems outside
of those with biological significance. Furthermore, the availability of a computation-
ally efficient QM/PBSA method represents a significant step forward in accelerating
drug discovery two main ways. First, by leveraging the parallel architecture of mod-
ern machines and novel algorithmic designs, the speed at which drug candidates can
be screened is significantly faster. Second, due to the improved accuracy of screening
techniques, the resulting, filtered pool of high potential pharmaceutical candidates is
of substantially higher quality. Taken together, this work presents techniques which
extend the frontier of computational modelling across multiple disciplines, as well as
driving the advancement of drug discovery.

Publication List

First author publications:

1. Yu, F.C., Galvez Vallejo, J.L. and Barca, G.M., 2024. Automatic molecular frag-
mentation by evolutionary optimisation. Journal of Cheminformatics, 16(1), p.102.



10 Chapter 1

2. Yu, F.C., Seidl, C., Palethorpe, E. and Barca, G.M., 2025. Acceleration of Self-
Consistent Field Calculations Using Basis Set Projection and Many-Body Expan-
sion as Initial Guess Methods. Journal of Chemical Theory and Computation, 21(3),
pp.1230-1248.

Co-authored publications:

1. Galvez Vallejo, J.L., Snowdon, C., Stocks, R., Kazemian, F., Yu, F.C., Seidl, C.,
Seeger, Z., Alkan, M., Poole, D., Westheimer, B.M. and Basha, M., 2023. Toward an
extreme-scale electronic structure system. The Journal of Chemical Physics, 159(4).

2. Stocks, R., Galvez Vallejo, J.L., Yu, F.C., Snowdon, C., Palethorpe, E., Kurzak, J.,
Bykov, D. and Barca, G.M., 2024, November. Breaking the million-electron and
1 EFLOP/s barriers: Biomolecular-scale ab initio molecular dynamics using MP2
potentials. In SC24: International Conference for High Performance Computing, Net-
working, Storage and Analysis (pp. 1-12). IEEE.



Chapter 2

Background and Methods

This chapter presents an overview of the core concepts and methodologies discussed
across chapters.

2.1 High Performance Computing

2.1.1 Supercomputer Hardware

The idea of supercomputing is to combine the computational power of multiple com-
puter systems and running these in parallel to perform highly computation-intensive or
data-intensive tasks. The advent of supercomputing has allowed researchers to tackle
large scale problems that would otherwise be impossible with conventional computers,
due to time and cost constraints. The performance of a supercomputer is determined
by the number of floating point operations per second (FLOPs).

Modern supercomputers have shifted towards heterogeneous architectures, com-
prising both CPUs and GPUs, these have enabled exascale machines capable of per-
forming more than 1018 FLOPs such as Frontier, El Capitan and Aurora, with the ma-
jority of computational power drawn from GPUs. In addition to high FLOPs, super-
computers with heterogeneous architectures are characterised by their high energy ef-
ficiency and high-bandwidth memory.
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Figure 2.1: Comparison of the CPU and GPU architectures.

CPUs and GPUs are designed for different purposes; the design of CPUs enables it
to execute a sequence of operations (thread) extremely fast and is able to execute a few
in parallel, whereas the GPU is designed to execute thousands of these in parallel.70

At the same time, GPUs tend to exhibit lower clock speeds than CPUs but the abil-
ity to perform thousands of tasks in parallel renders GPUs to have greater instruction
throughput than CPUs. These different functions of CPUs and GPUs are reflected in
their architecture which is shown pictorially in Figure 2.1. As illustrated in Figure 2.1,
GPUs typically exhibit many more cores (hundreds or thousands) compared to CPUs
which only comprise a few cores. This stark contrast gives rise to the varying degree of
parallel efficiency in CPUs and GPUs; GPUs exhibit a much higher parallel efficiency
than CPUs.

Since GPUs are designed to excel at highly parallel computations, a greater number
of transistors are dedicated towards data processing (e.g. floating point operations),
oftenmakingGPUsmore energy efficient thanCPUs formassively parallelworkloads.70

GPUs are designed to be latency hiding, that is, GPUs are able to disguise memory
operation latencies with computation. In the case of CPUs, large data caches (e.g. L3
Cache) and complex flow control procedures are employed to minimise long memory
access latencies.

The architecture ofGPUs andCPUs are designed differently to achieve distinct aims.
One salient distinction between the architectures of the two different processing units
are the threads. Threads on CPUs are much more heavyweight than those on GPUs
and therefore thread context switches are much faster and cheaper on GPUs.71 Cou-
pled with the fact that GPUs are designed to handle many lightweight threads con-
currently, GPUs are able to achieve a higher instruction throughput than CPUs. How-
ever, GPUs are not inherently “better” than CPUs nor is the opposite true. CPU com-
puting excels at control-intensive tasks, whilst GPU computing excels at data-parallel
computation-intensive tasks. Thus, GPUs are not intended to replace CPUs, but rather,
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leveraging GPU computing to complement CPU computing is the main objective in
developing software that leverages the heterogeneous architecture of modern super-
computers. Such software comprise two parts: host code and device code. Host code
is executed on the CPU whereas the device code runs on the GPU.71

Therefore, to efficiently utilise modern supercomputers, programs exhibit a combi-
nation of both parallel and serial portions, and a mix of both CPUs and GPUs is gener-
ally required to maximise performance. As GPUs enable highly parallel computations,
there has been a large focus on heterogeneous architectures inmodern supercomputers.

Figure 2.2: The architecture of a Frontier node. Each node consists of one consists of
64-core AMD Optimised 3rd Gen EPYC CPU and four AMDMI250X.

Another aspect of heterogeneous architectures to highlight is the high-bandwidth
(HBM) of GPUs. HBM is crucial to enabling large scale computations on exascale sys-
tems. As its names suggests, HBM offers significantly higher bandwidth than conven-
tional memory, providing higher computational throughput.72 For example, as shown
in Fig. 2.2, each GPU in the exascale Frontier machine, possesses 64 GB of HBM which
can be accessed at a peak of 1.6 TB/s.

Figure 2.2 displays the architecture of a node of an exascale machine (Frontier).
Each node of the Frontier supercomputer consists of one Optimised 3rd Gen AMD
EPYC CPU and four Purpose Built AMD Instinct 250X GPUs (MI250X) as illustrated
in Figure 2.2. The CPU has access to a 512 GB DDR4 memory and a bandwidth of
205 GB/s. Each MI250X contains two GPUs where each GPU is capable of performing
26.5×1012 FLOPs/s at its peak. The two GPUs on aMI250X are connected with Infinity
Fabric with a bandwidth of 200 GB/s. Each EPYC CPU comprises 64 cores whereas
each GPU has 14080 cores, highlighting the reliance on massive parallelism to achieve
peak performance. Other exascale machines such as Aurora and El Capitan exhibit a
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similar heterogeneous architecture with a reliance on GPUs for computational power.
Whilst this architecture has enabled Frontier to break the barrier of exascale comput-

ing, constraints associated with GPUs persist. Using the Frontier node as an example,
one such limitation involves the different bandwidths, specifically, the Infinity Fabric
connection between the GPU andCPU exhibit amuch lower bandwidth (36 GB/s) than
the communication between the main memory and the CPU (205 GB/s) and the con-
nection between the GPU processor and the GPUmemory (1.6 TB/s). Such a limitation
is not constrained to Frontier, the majority of modern supercomputers with heteroge-
neous architectures exhibit similar discrepancies in the bandwidths. Thus, software de-
veloped for heterogeneous architecture is generally accompanied by this high latency
host (CPU) to device (GPU) data transfer.

2.1.2 Parallel Programming Models

With heterogeneous architecture becoming more commonplace and the various hard-
ware on which parallelism can be achieved on (multi-core CPUs and GPUs), differ-
ing parallel programming models have arisen accordingly. For example, OpenMP is a
popular programming model to handle CPU parallelism. Initially developed to sup-
port CPU parallelism, OpenMP has since been extended to support accelerators such
as GPUs. On the other hand, CUDA targets only GPU architectures. In this section, an
overview is provided for both OpenMP and CUDA.

OpenMP

Open Multiprocessing, abbreviated as OpenMP, is an Application Programming In-
terface (API) for shared memory parallel programming that targets the low-level lan-
guages C, C++ and Fortran. OpenMP is one of the most commonly used program-
ming models to achieve CPU parallelism. OpenMP implements parallelism by con-
verting serial code into multi-threaded parallel code. This is achieved through the use
of directives wherein the programmer annotates the code with directives recognised
by compilers, which subsequently compiles it in an executable that can run in parallel.
Specifically, in C/C++, the directives keywords always come after a pragma:

#pragma omp directive name [clause list]

Common examples of directive name includes parallel, for and single. The clause
list provides further detail to the compiler, for instance, this could concern information
relating to data sharing or scheduling (dictates granularity of the workload).

OpenMP operates on a fork/join model73 where the program executes serially until
a parallel directive is encountered (see Figure 2.3). When this occurs, a group of
threads is generated and each thread executes the task in the structured block following
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the line where the parallel directive is declared. The structured block contains the
parallel region where multiple threads are active and potentially run in parallel. At the
end of parallel region, threads are joined and the code continues to run serially.

Figure 2.3: Schematic of the OpenMP execution model on CPUs.

OpenMP is a relatively simple model to implement to accelerate CPU-based soft-
ware. Indeed, the DelPhi program which will be used later in Chapter 6, one of the
most widely used linear PBE solvers, employs OpenMP for multi-core CPU accelera-
tion.

Beyond CPU parallelism, as aforementioned, OpenMP has also been developed to
support GPU parallelism. Although no programs employing OpenMP for GPU paral-
lelism is used in this work, it is mentioned here for completeness.

In C/C++, the directive target is used to achieve this. Specifically, it maps variables
to the data environment on the device and executes the construct on it.

A typical OpenMP GPU program has the following execution model:

1. Create variables on the CPU.

2. Copy data on the CPU to the GPU. Execution is transferred to the device.

3. Execution on the GPU.

4. Copy data from GPU memory to CPU memory.

Steps 2 to 4 belong to the target region. As will be shown in the following section, this
GPU execution model bears similarity to that of CUDA.
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CUDA

To achieve GPU parallelism, another successful programming model is CUDA. CUDA
programming is especially powerful at handling data parallel computations. Data par-
allelism refers to operating ondifferent data simultaneously anddistributingdata across
cores. One unique characteristic of CUDA is that it employs a two-level thread hierarchy
to organise threads.71 As illustrated in Figure 2.4, this thread hierarchy is decomposed
into blocks of threads and grids of blocks. All threads in the same grid share a global
memory space, and threads belonging to the same block can cooperate. Specifically,
cooperation involves block-local shared memory and synchronisation. Threads from
different blocks cannot cooperate. Furthermore, each block is divided into multiple
warps where each warp is a collection of 32 threads.74 This is the most basic execution
unit in CUDA programming. Every thread in the same warp must execute the same
instruction at the same time on its own private data.

Figure 2.4: Two-level thread hierarchy in CUDA.

A typical CUDA program has the following structure:

1. Allocate memory to the GPU.

2. Copy data from the CPU to the GPU memory.

3. Invoke CUDA kernels to operate on the data located in the device memory.

4. Copy data back from GPU memory to CPU memory.

5. Destroy the GPU memory.

Unlike CPU-based software, data transfers between the host and the device are
mandatory in any heterogeneous program. However, host-device data transfers have
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much higher latencies than host-host and device-device transfers as mentioned in Sec-
tion 2.1.1. Therefore, heterogeneous programs are always accompanied by high latency
host-device transfers and should be offset by sufficient on-device computation for effi-
ciency.

The CUDAprogrammingmodel is employed in Chapter 5 where a GPU-accelerated
linear Poisson-Boltzmann solver is presented.

2.2 Molecular Dynamics Simulations

Molecular Dynamics (MD) is a popular computational technique to simulate the dy-
namics of solvated protein-ligand complexes. As described in Section 2.3, it is often
used for sampling procedures in AFE and end point methods such as MM/PBSA as
well asQM/PBSA inChapter 6 to sample the conformations of the end states. It involves
the simulation of trajectories of particles in a system over a specified time frame75 and
the motion of particles is predicted by numerically integrating Newton’s equations of
motions where at each timestep, with coordinates, momentum, forces and potential en-
ergies being iteratively calculated.76 In classicalMD, used herein, atoms and bonds to be
modelled as spheres and “springs”, respectively, and therefore lack explicit treatment
of the electronic structure unlike that of QM methods. A requirement of MD simu-
lations are force fields (FFs), many of which are largely empirical. These are potential
energy functions and associated parameters, which permit energies of configurations to
be computed analytically and consequently, provides the forces acting on the particles
for the simulation of their motion in the system.77

In these FFmodels, Coulomb’s law and Lennard-Jones (LJ) potentials are employed
to account for electrostatic interactions and dispersion/repulsion forces, respectively.
Force fields generally vary in their geometric description of the molecules including
equilibrium bond angle and distance, potential charge on the atoms, the number of
sites, and the LJ parameters.78 The potential energy associated with the bonds (Ebond),
angles (Eangle) and dihedral angles (Edihedral) are given by79

Ebond =
∑

bonds

ai
2
(li − li0)2 (2.1)

Eangle =
∑

angles

bi
2
(θi − θi0)2 (2.2)

Edihedral =
∑

dihedrals

ci
2
(1 + cos (nωi − γi)) (2.3)

where li and θi are bond distances and angles, respectively. Those with a subscript of
zero denote the equilibrium quantity. ai and bi correspond the force constants. The
Edihedral term refers to rotations around covalent bonds and these have periodic energy
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terms determined by n, with the rotational barriers provided by ci. The formulation
for Edihedral can vary depending on the FF. The sum of the Coulomb and LJ interactions
gives the interaction energies betweenmolecules, where the LJ (Elj) and Coulomb (Ec)
components of the energy are given below.80 ϵij and σij correspond to the energetic and
geometric Lennard-Jones parameters, respectively.

Elj =
∑

i>j

4ϵij

((
σij
rij

)12

−
(
σij
rij

)6
)

(2.4)

Ec =
∑

i>j

Cqiqj
rij

(2.5)

where rij denotes the distance between atoms i and j.
Herein, only classical FFs are employed, however, advancements have beenmade to

develop more accurate FFs, including polarisable81–83 and machine learned interatomic
potentials.84

In QM/PBSA herein (see Chapter 6) and MM/PBSA workflows the following MD
runs are performed: heating, equilibrium and production. The heating step is per-
formed in the NVT ensemble where the number of particles and volume are kept con-
stant whereas the temperature fluctuates around an equilibrium value. On the other
hand, the equilibrium and production runs are performed in the NpT ensemble which
is similar toNVT but the volume is not held constant and the pressure fluctuates around
an equilibrium value. In Chapters 5 and 6, classical MD simulations are performed on
various protein-ligand structures. Chapter 5 uses the final structure from an equilib-
rium run since only the computational performance of the proposed PBE solver is of
interest and one structure per protein-ligand complex is sufficient. In Chapter 6, con-
formations from the production run are extracted to compute gas phase interaction
energies and solvation energies for the QM/PBSA workflow.

2.3 ComputationalMethods for PredictingBindingAffini-
ties

In this section, an overview of three methods for the prediction of binding free energies
of protein-ligand systems is presented. Firstly, a thermodynamic description of bind-
ing free energy is provided before detailing the current state-of-the-art computational
models for its prediction. For the purposes of this work, binding affinity is synonymous
for binding free energy.

Free energy is a fundamental thermodynamic concept that refers to the amount of
energy available to perform work. It dictates the direction in which a thermodynamic
process will occur, and importantly, determines whether a reaction will spontaneously
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occur.85

In drug discovery, binding free energies are crucial quantities to consider as part of
the hit-to-lead and lead optimisation phases in drug development.86 Therein, potential
‘hit’ drug candidates are identified and undergo further optimisation to ‘lead’ candi-
dates.87 Binding free energies quantify how thermodynamically favourable the binding
process of a drug candidate molecule to a target receptor is and serves as the preferred
metric when comparing the utility of drug candidates for a specific target receptor.

Of particular interest are protein-ligand complex systems, specifically, the binding
of a ligand to a protein structure, as the majority of receptors in the human body com-
prise a significant protein component.88 Studying the binding behaviour of a smaller
molecule (i.e. ligand) with a protein structure is key to understanding the binding of
drug molecules to target receptors.

Under physiological conditions where pressure and temperature are considered
constant, the binding free energy (∆Gbind) of a protein-ligand complex is

∆Gbind = ∆H − T∆S (2.6)

where T is the temperature, and ∆H and ∆S denote the change in enthalpy and en-
tropy, respectively, associated with the binding event.

For each protein target, virtual screening involves measuring its binding affinity
with hundreds or thousands of potential drug candidates (i.e. ligands). Therefore
whilst attaining accurate predictions of the binding free energy values is important,
of greater importance is the ability to rank the relative binding strengths of the lig-
ands against each other. Hence, binding affinity and binding free energy are treated
as equivalent in this work. It is the correlation with experiment which provides more
meaningful assessments of the accuracy of a computational method. Specifically, the
Pearson (R) correlation coefficient has become one of the most commonly used corre-
lation metrics to assess the accuracy of computational methods. Achieving high corre-
lation between predicted results and experiment is the primary goal of computational
techniques in drug discovery. In Chapter 6, R is used as the metric to assess perfor-
mance of the QM/PBSA approach.

2.3.1 Molecular Docking

Molecular Docking has become a popular method for predicting binding affinities due
to its low computational overhead.48 As stated in Chapter 1, molecular docking begins
by predicting the conformers of the bound protein-ligand structure and calculating the
binding affinities of the latter. This is accomplished by first generating various binding
conformations of the ligand bound to the binding site of the target protein system. Next,
a scoring function is employed to approximate the protein-ligand affinity and rank the
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binding poses accordingly.89,90

The quality of a molecular docking scheme is related to the scoring function em-
ployed.91 These scoring functions can be largely categorised into three main groups:
1. force field-; 2. empirical-; and 3. knowledge-based. Force field-based scoring func-
tions employ classical molecular mechanics energy functions and the interaction en-
ergy is approximated as the sum of bonded (intramolecular) and non-bonded (inter-
molecular) terms from a classical force field. Solvation can be accounted for through
continuum models such as Poisson Boltzmann or Generalised Bohr/Surface Area ap-
proaches.92

In empirical-based functions, the binding free energy is represented as theweighted
sumof various terms such as hydrogen bonding, hydrophobicity and solvation.93 Therein,
weights are optimised to reproduce the experimental binding affinities of a specific
protein-ligand dataset.94,95 Due to its simple formulation, empirical-based scoring func-
tions are more computationally efficient than their force field-based counterparts.96

However, the overall applicability of empirical-based functions is largely dependent
on the diversity and quality of the dataset the weights were derived from.94

In knowledge-based scoring functions, the binding affinity is expressed as the sum
of protein-ligand atom pair interactions.93 These scoring functions utilise information
from protein-ligand structures experimentally determined, namely, the protein-ligand
atom pair contacts to calculate a probability density function for each atom pair in the
protein-ligand complex being studied.97 Across the three types of scoring functions,
knowledge-based scoring functions aim to balance speed and accuracy by calculating
interatomic pair energies from experimentally determined structures, rather than fit-
ting to binding affinities as in empirical scoring functions.98

2.3.2 Alchemical Free Energy Methods

Alchemical free energy approaches are theoretically rigorous and accurate, and lever-
age the concept of free energy being a state function. Being a state function, only the
beginning and final states are required; it is independent of the path taken to transi-
tion from one state to another. In the context of AFE approaches, states typically refer
to different ligands with the same surroundings (e.g. bound to the same target pro-
tein or in an aqueous environment). For example, consider the alchemical transition
from state B to D in Fig. 2.5 where the functional group changes from a hydrogen to
an ethyl group. As discussed earlier, the role of computational methods in the drug
development pipeline is to select “high quality” drug candidates, i.e. molecules which
are predicted to have high binding affinities, by filtering out candidates which display
low binding potential. Consequently, though predicting ∆Gbind is important, it is the
relative binding free energy (∆∆Gbind), namely, the difference in the binding free ener-
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gies between ligands, which is more relevant. Using Figure 2.5 as an illustration, whilst
it is possible to attain ∆∆Gbind between two ligands by observing the transitions from
the aqueous unbound state to the bound state (i.e. from A to B and C to D) which
involves the alchemical transformation of many atoms in the protein (generally thou-
sands), it is much more computationally efficient to observe the transitions where only
the functional group of the ligand ismodified (e.g. B to D or A to C in Figure 2.5). Thus,
most applications of AFE methods involve the alchemical transition from one ligand to
another.

Figure 2.5: Thermodynamic cycle for calculating the relative binding free energy
∆∆Gbind for the transformation of ligand 1 to ligand 2. Functional groups circled in
orange correspond to regions which undergo alchemical changes during the AFE pro-
cedure. Text and arrows in blue (green) represent the transition from ligand 1 (aqueous
states) to ligand 2 (bound states).

Two popular AFE methods include free energy perturbation (FEP)99 and thermo-
dynamic integration (TI).100,101 Both methods involve sampling intermediate states as
the system transforms from an initial to a final state to compute relative free energies.
This is typically indicated with a coupling parameter, λ, between the initial (λ = 0) and
final (λ = 1) states. λ values between 0 and 1 noninclusive correspond to intermediate
states. TI involves integrating the derivative of the Hamiltonian with respect to λ from
λ = 0 to λ = 1.4 Specifically, the relative free energy as the system transforms from the
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initial to final state is given by:

∆G0→1 =

∫ 1

0

〈
∂H

∂λ

〉

λ

dλ (2.7)

where ⟨. . .⟩λ denotes an ensemble average at a particular λ. Typically, this integration
in Eq. (2.7) is performed numerically and the relative free energy is computed as the
weighted sum of the Hamiltonian derivative at various λ values between 0 and 1. At
each of these λwindows, sampling is performed oftenwithMolecular Dynamics (MD)
to compute the ensemble average of the Hamiltonian derivative.

Alternatively, in FEP, the change in free energy from state i to j can be computed
using Zwanzig’s equation99

∆Gi→j = −kBT ln

〈
exp

(
− 1

kBT
(Hj −Hi)

)〉

j

(2.8)

where kB is Boltzmann’s constant, T is temperature, andHi andHj denote theHamilto-
nian at states i and j, respectively. Beyond Zwanzig’s equation, the Bennett Acceptance
Ratio (BAR)102 is also widely used in FEP methods. Therein, the free energy difference
is calculated using the Fermi function f in the following relation

∆Gi→j = kBT ln

(
⟨f(Hj −Hi + C)⟩i
⟨f(Hi −Hj + C)⟩j

)
+ C, f(x) =

1

1 + exp( x
kBT

)
(2.9)

where C is a constant and is determined iteratively to satisfy the following equation103

⟨f(Hj −Hi + C)⟩ = ⟨f(Hi −Hj + C)⟩ (2.10)

Although both Eq. (2.8) and Eq. (2.9) may suggest that only two states need to be sam-
pled (i.e. by setting i = 0 and j = 1) to attain the relative free energies between the end
states, similar to TI which includes integrating at various intermediate states between
λ = 0 and λ = 1, sampling of intermediate states is also necessary in FEP to allow a
gradual transition from the initial to the final state.104 This is to ensure sufficient overlap
in the phase space between states, otherwise configurations sampled in one state will
be high energy in another state and contribute little to the exponential average terms in
Eq. (2.8) and Eq. (2.9),105 which is usually the case in biomolecular simulations relevant
for drug discovery.47 To handle multiple states, the BAR scheme has been extended to
the Multistate Bennett Acceptance Ratio (MBAR) method.106

AFEmethods have demonstrated high predictive ability in a broad range of protein-
ligand complexes. Perhaps one of the most notable FEP studies is by Wang et al. where
R values between 0.71 and 0.89 and MUEs of less than 1.16 kcal mol−1 were observed
across six protein targets spanning 149 protein-ligand complexes.55 Since its publica-
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tion, this study has served as the benchmark for other AFE studies on the same target
systems as that examined byWang et al.18,107,108 TI methods have also been shown to ex-
hibit similar accuracies as that of FEP. For instance, in a study employing various AFE
software, the averageR values varied between 0.91 and 0.95 for TI and 0.93 and 0.96 for
FEP, with corresponding ∆∆Gbind MUEs of 0.41 to 0.51 and 0.42 to 0.51 kcal mol−1, re-
spectively.108 Overall, FEP and TI applications on protein-ligand studies have regularly
demonstrated high correlations with experiment and low ∆∆Gbind errors.18,55,107–112

2.3.3 Molecular Mechanics / Poisson-Boltzmann Surface Area

In the Molecular Mechanics / Poisson-Boltzmann Surface Area (MM/PBSA) method,
the free energy of binding between a protein (P) and ligand (L) to form a complex
(PL) is approximated as

∆Gbind = ⟨GPL⟩ − ⟨GP ⟩ − ⟨GL⟩ (2.11)

where GPL is the free energy of the protein-ligand complex whilst GP and GL are the
free energies of the unbound protein and ligand, respectively. ⟨. . .⟩ denotes an ensem-
ble average over conformations obtained from a sampling procedure, typically molec-
ular dynamics (MD) simulations with explicit solvent. As implied from Eq. (2.11),
MM/PBSAmethods are only concerned with the end states, namely, the unbound pro-
tein, unbound ligand and the bound protein-ligand complex, contrasting AFEmethods
where sampling of intermediate states are required.

Equation (2.11) is further decomposed as

∆Gbind = ⟨∆EMM⟩+ ⟨∆Gsolv⟩ − ⟨T∆S⟩ (2.12)

Eq. (2.12) bears similarity to Eq. (2.6), where the enthalpy term of Eq. (2.6) is decom-
posed into two terms: the gas phase interaction energy ∆EMM and the solvation free
energy∆Gsolv. The formulation of∆EMM is provided in Section 1.2. On the other hand,
the solvation free energy term is represented as the sum of the polar and non-polar con-
tributions

∆Gsolv = ∆G polar
solv +∆G non polar

solv (2.13)

here, the polar contribution is attained with the implicit Poisson-Boltzmann solvation
model whereas the non-polar contribution is evaluated as a linear function of the sol-
vent accessible surface area (SASA) of the molecular structure. Specifically,

G non polar
solv = γ · SASA+ β (2.14)

where γ is a surface tension constant and β is a correction constant.
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As depicted in Fig. 2.6 in the dotted black line, both the solvent accessible surface
(SAS) and the solvent excluded surface (SES) are generated by tracing a solvent probe
sphere across the surface defined by the union of van der Waal spheres of all atoms
in the molecule. Specifically, the SAS is formed by following the center of the probe
sphere, whereas the SES is formed by following its outer edge. SASA used in Eq. (2.14)
is simply the area of the SAS.

Atom 1

Atom 2

Atom 3
Atom 4

Atom 5

Atom 6

Atom 7

Probe sphere

Solvent Accessible Surface

Solvent Excluded Surface

Van der Waals
surface

Figure 2.6: 2D diagram illustrating the solvent excluded and solvent accessible surface
areas. Both surfaces are obtained by tracing the probe sphere along the surface of the
van der Waals surface.

Lastly, ∆S of Eq. (2.12) represents the change in conformational entropy from the
binding event and comprises the translational, rotational and vibrational contributions.
In many applications of MM/PBSA, the entropy term is often neglected for two main
reasons. First, vibrational entropy is typically treated with Normal Mode Analysis at
the MM level, which is a computationally expensive routine as this involves the diag-
onalisation of the Hessian matrix.113 Second, for congeneric ligands—compounds that
share the same core structure with variations in its substituent groups and are typi-
cally of interest—binding to the same target protein, generally only the relative binding
energies or correlation with experiment are of interest. Consequently, the entropic con-
tributions are assumed to be similar owing to their structural similarity.114 In this work,
namely, in Chapter 6, only congeneric ligands are studied and therefore entropic con-
tributions are not considered herein.
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Figure 2.7: Workflow for the left 1A-MM/PBSA protocol and the right 3A-MM/PBSA
protocol. Molecule in pink (cyan) represents the protein (ligand). The first step in-
volves performing molecular dynamics simulations with explicit solvent, after which
the solvent molecules are stripped to obtain the conformations of the bound protein-
ligand complex and unbound protein and ligand.

The general workflow of the MM/PBSA procedure is as follows. 1. MD simula-
tion(s) are performed in explicit solvent to generate conformers of the protein and lig-
and structures. 2. All solvent molecules are stripped from the MD trajectory and an
implicit solvation model (e.g. PB) is used to compute the solvation energy, whilst the
interaction energy is computed with MM. Step 1 comprises either one or three separate
simulations, these differ in how the conformers of the unbound protein and ligand are
obtained. As illustrated in Fig. 2.7, the one-average (1A) scheme includes a single simu-
lation of the protein–ligand complex, fromwhich conformations of the bound complex
as well as the unbound protein and ligand are extracted. In contrast, the three-average
(3A) scheme employs three separate simulations: one for the bound complex and one
each for the unbound protein and ligand. A two-average (2A) approach has also been
suggested which includes an additional simulation of the unbound ligand to capture
the ligand reorganisation energy.115 However, it remains seldom employed relative to
either of 1A or 3A. The 1A-MM/PBSA approach is more widely applied than its 3A
counterpart as it is computationally cheaper involving only oneMD simulation. A con-
sequence of this is that internal energies (∆Eint in Eq. (1.3)) cancel out, and only the
non-bonding terms need to be computed. Furthermore, the 1A method benefits from
error cancellationwhich reduces the effect of incomplete sampling, and tends to exhibit
better accuracy and precision than the 3A approach.114,116–118 However, it is predicated
on the assumption that the structures of the isolated protein and ligand are sufficiently
similar to that of the bound state, which may not be valid for systems that exhibit large
conformational changes upon binding.
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NoMM/PBSAworkflows are performed in this work, however, its QM-based coun-
terpart, QM/PBSA, is performedwhoseworkflowbears similarity to that ofMM/PBSA.
In particular, a 1A-QM/PBSA approach is adopted in Chapter 6.

2.4 QuantumMechanical Methods

Quantum mechanical (QM) methods are used repeatedly in this work (Chapters 3, 4
and 6). This section provides an overview of QM theory and the QM methods used
herein.

The central problem in quantummechanical methods is solving the non-relativistic
time-independent Schrödinger equation of a chemical system:

Ĥ|ψ⟩ = E|ψ⟩ (2.15)

where E is the energy of the system, |ψ⟩ is time-independent wave function, hence-
forth, called the wave function, and Ĥ is the Hamiltonian operator and can be further
decomposed as

Ĥ = T̂e + T̂n + V̂ne + V̂ee + V̂nn (2.16)

where T̂e denotes the electronic kinetic operator, T̂n represents the nuclear kinetic opera-
tor, V̂ne accounts for the nucleus-electron attraction, V̂ee represents the electron-electron
repulsion and V̂nn captures the nucleus-nucleus repulsion.

Eq. (2.15) can only be solved analytically for one-electron systems such as a hydro-
gen atom or helium cation due factors such as the many body problem.8,119 To solve
Eq. (2.15), a number of approximations is made. The first of which is the Born- Oppen-
heimer approximation120 where the nuclear and electron components are separated.
This approximation uses the idea that nuclei are much heavier and display little quan-
tum effects whilst electrons are very light particles whose velocities are significantly
higher than that of the nuclei. Therefore, the motion of the electrons and nuclei can be
decoupled and Eq. (2.15) can be recasted as simply considering only the motion of the
electrons. This gives the electronic Schrödinger equation:

Ĥe|ψe⟩ = Ee|ψe⟩ (2.17)

where the electronic Hamiltonian Ĥe considers only the electronic components of Ĥ :

Ĥe = T̂e + V̂ne + V̂ee (2.18)

With themotion of the nuclei considered stationarywith respect to that of the electrons,
the nuclear kinetic energy is set to zero and the nuclear-nuclear repulsion is considered
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a constant.
Solving Eq. (2.17) is the main objective of many quantummechanical methods and

provides the eigenvalue (i.e. electronic energy) and eigenfunctions of the chemical sys-
temwhich describe its electronic state. All mentions of energy attained fromQMmeth-
ods refer to the electronic energy. All mentions of the Schrödinger equation henceforth
refer to Eq. (2.17) and e subscripts will be removed.

Thus far, the Hamiltonian in Eq. (2.17) considers only the spatial coordinates (r) of
the electrons, however, the spin (ω) must also be included to fully characterise an elec-
tron. Therefore, anN -electron system is represented by awave functionΨ(x1, x2, . . . , xN)

where xi = {ri, ωi}.
The wave function Ψmust also satisfy the anti-symmetry property:

Ψ(x1, x2, . . . , xi, xj, . . . , xN) = −Ψ(x1, x2, . . . , xj, xi, . . . , xN) (2.19)

where its sign flips from the exchange of two electrons, xi and xj .
Each electron occupies its own single-electron wave function also termed an orbital.

Each orbital is represented as a spin orbital χi that characterises both the spatial and
spin component of an electron.

A simple approximation (i.e. Hartree Approximation) of theN -electron wave func-
tion is represented as product of spin orbitals,121 specifically:

Ψ(x1, x2, . . . , xN) = χ1(x1)χ2(x2) . . . χN(xN) (2.20)

However, Eq (2.20) does not satisfy the antisymmetry principle. The anti-symmetry
principle can be satisfied by representing Ψ with a Slater determinant ψ.122 For a N -
electron system, ψ takes on the following form

ψ =
1√
N !

∣∣∣∣∣∣∣∣∣∣

χ1(x1) χ2(x1) . . . χN(x1)

χ1(x2) χ2(x2) . . . χN(x2)
... ... . . . ...

χ1(xN) χ2(xN) . . . χN(xN)

∣∣∣∣∣∣∣∣∣∣

(2.21)

In Eq. (2.21), each row and column describes an electron and spin orbital, respectively.
Therefore, exchanging two electrons corresponds to exchanging two rows, flipping the
sign of the Slater determinant and fulfilling the anti-symmetry requirement.

To determine the wavefunction, the orbitals χi must be attained first. This is accom-
plished by the variational principle, which states that the best set of orbitals are those
which give the lowest energy, i.e. the expected value of the electronic Hamiltonian op-
erator Ĥ

E0 = ⟨ψ|Ĥ|ψ⟩ (2.22)
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By minimising the energy with respect to the orbitals, a set of equation can be attained
of the following form

f(i)χ(xi) = εiχ(xi) (2.23)

These are theHartree-Fock (HF) equations. An overview of theHFmethod is provided
in the following section.

2.4.1 Hartree-Fock Theory

In Eq. (2.23), f(i) is called the Fock operator and has the following form

f(i) = −1

2
∇2

i −
M∑

A=1

ZA

riA
+ νHF (i) (2.24)

The first term is the kinetic operator, the second term accounts for the nuclear-electron
attraction where ZA is the atomic number of nucleus A and riA is the distance between
electron i and nucleus A. νHF (i) is the average potential (mean field) experienced by
electron i due to the presence of the other N − 1 electrons and is defined as

νHF (i) =
∑

j

(Ĵj − K̂j) (2.25)

where Ĵ is the Coulomb operator that captures the classical electrostatic interactions
between electrons whose elements are given by

Jµν =
∑

λσ

Dλσ(µν|λσ) (2.26)

whereas K̂ is the exchange operator and is a result of the antisymmetry of the wave-
function123 and its elements are given by

Kµν =
1

2

∑

λσ

Dλσ(µλ|νσ) (2.27)

where (µλ|νσ) is four-center two-electron integrals or otherwise known as electron re-
pulsion integrals (ERIs)124 and defined as

(µλ|νσ) =
∫
dr1dr2ϕ

∗
µ(r1)ϕλ(r1)r

−1
12 ϕ

∗
ν(r2)ϕσ(r2) (2.28)

νHF (i) depends on the spin orbitals and therefore so too does the Fock operator,
therefore, the HF equations must be solved iteratively and this is accomplished with
the Self-Consistent Field (SCF) method.8
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Self-Consistent Field Procedure

In this section, we focus on the SCF procedure for the restricted Hartree-Fock (RHF)
problem. RHF is a formulation of HF suitable for closed-shell systems where electrons
are paired. Here, the eigenvalue problem is125,126

FC = SCϵ (2.29)

where F is the Fock matrix, C is the molecular orbital (MO) coefficient matrix which
contains the unknown coefficients of MOs. Eq. (2.29) is known as the matrix form of
the Roothan-Hall equations. A molecular orbital ψi in RHF is represented as a linear
combination of basis functions (e.g. atomic basis functions) {ϕµ}

ψi =
N∑

µ=1

Cµiϕµ (2.30)

whereCµi are the coefficients that describe theweighting of each basis function ϕi to the
MO and taken togethermake up the coefficientmatrixC. The expansion in Eq. (2.30) is
exact if the set of basis functions {ϕµ} is complete (i.e. infinite). Given the infeasibility
of a complete set, the choice of basis sets is an important factor when performing QM
calculations.

S of Eq. (2.29) is the overlap matrix that accounts for the non-orthogonality of basis
functions used to represent AOs, and ϵ is a diagonal matrix containing MO energies.

As described earlier, theHF equationsmust be solved iteratively and this is achieved
with the SCF procedure. The general steps of an SCF procedure are outlined as follows

1. Initial guessAn initial guess of themolecular orbitals or density matrix (D). The
density matrix is formed from theMOs and are used to constructF . In Chapter 4,
various initial guess approaches are explored to accelerate SCF calculations.

2. Fock matrix construction Construct the Fock matrix using the components of the
Fock operator including one-electron kinetic and nuclear attraction operators and
two-electron Coulomb and exchange operators.

3. Diagonalise Fock matrix Diagonalise the Fock matrix to attain a new set of MOs
and energies.

4. Convergence checkWith the new set ofMOs and energies, substitute into Eq. (2.29)
and check for convergence. Repeat steps 2 to 4 until convergence is achieved. Con-
vergence is achieved if the difference in a metric between successive iterations is
less than a specific threshold. In this work, the metric utilised is the L1 norm of
the commutator (FDS − SDF ). Although metric is sometimes referred to as
the CDIIS error in the literature,127 it is referred to herein simply as the DIIS error.
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On the other hand, in the unrestricted HF (UHF) method which is generally used
for open-shell systems without paired electrons (e.g. triplet states in Chapter 4), the
two possible spin states α and β are treated separately. In the RHF method, where the
electrons are paired, the density matrix is given by

Dµν = 2

Ne/2∑

i

CµiCνi (2.31)

where Ne is the number of electrons. In contrast for UHF, the α and β electrons are
treated separately and the corresponding density matrices have elements of

Dα
µν =

Nα∑

i

Cα
µiC

α
νi (2.32)

Dβ
µν =

Nβ∑

i

Cβ
µiC

β
νi (2.33)

and the total electron density matrix is the sum ofDα andDβ .
Furthermore, the unrestricted alpha or beta Fock matrix differs to the restricted one

only in the exchange component (see Eq. (2.27)). Specifically, in UHF the alpha ex-
change matrix is given by

Kα
µν =

N∑

λ

N∑

σ

Dα
λσ(µλ|νσ) (2.34)

UHF calculations are only performed in Chapter 4 on triplet electronic states. All
other mentions of HF refer to the RHF method.

Although the HF method greatly simplifies solving the Schrödinger equation and
attaining the energy and wavefunction of a chemical system, it does not explicitly ac-
count for electron correlation due to its mean field treatment. The correlation energy
(Ecorr) is defined as

Ecorr = Eexact − EHF (2.35)

where Eexact is the exact electronic energy and EHF is the energy calculated with the
HF method. The accurate treatment of the correlation energy is essential to calculate
interaction energies128 and by extension critical for the computation of binding free en-
ergies.

In the following section, an overview of the second-order Møller–Plesset perturba-
tion theory, an accurate method for calculating electron correlation, is provided.
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2.4.2 Second-Order Møller–Plesset Perturbation Theory

In MP2, the idea is to capture electron correlation by double excitations, i.e. the contri-
butions between pairs of electrons.129 MP2 is part of a larger family of methods, namely,
perturbation methods.130 Therein, the electronic Hamiltonian takes the Fock operator
from HF theory and adds a perturbation to it:

Ĥ = Ĥ0 + λV (2.36)

where V is a small perturbation and λ is a dimensionless parameter.
The energy and wave function can be expanded in a hierarchical manner with re-

spect to the perturbation parameter λ

En = E0 + λE1 + λ2E2 + . . .+ λnEn (2.37)

Ψn = Ψ0 + λΨ1 + λ2Ψ2 + . . .+ λnΨn (2.38)

The HF energy is the sum of the zero and first order energies

EHF = E0 + E1 (2.39)

and the correlation energy can then be expressed as the following sum

Ecorr = E2 + E3 + E4 + . . . (2.40)

of which the first term is the MP2 energy.
The MP2 energy is given as

EMP2 = −
1

4

virt∑

a<b

occ∑

i<j

|⟨ab||ij⟩|2
ϵa + ϵb − ϵi − ϵj

(2.41)

where a, b denote virtual MOs, i, j denote occupied MOs, ϵi is the energy of MO i, and
the numerator is equivalent to

|⟨ab||ij⟩|2 = (ij|ab)− (ij|ba) (2.42)

where (ij|ab) is a two electron repulsion integral (see Eq. (2.28)).
TheMP2method has become awidely used approach for calculating electron corre-

lation due to it being one of the most computationally accessible post-HF method and
recovering between 80% to 90% of correlation.129 The MP2 method is used in Chapter 6
when calculating the gas phase interaction energies of protein-ligand systems.
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2.4.3 Resolution-of-the-Identity

The Resolution-of-the-Identity (RI) approximation131 of HF and/or MP2 is used across
multiple chapters in this work (Chapters 4 and 6). This section provides an overview
of the RI method.

One of the major bottlenecks of HF and MP2 computations is the evaluation and
digestion of ERIs. Storing these four-center ERIs requires an impractically high amount
of storage and instead they are typically recomputed at every SCF iteration.

Under the RI approximation, these four-center ERIs are approximated with a se-
quence of matrix multiplications of two- and three-center integrals:132

(ab|cd) ≈ (ab|cd)RI =
∑

PQ

(ab|P )J−1
PQ(Q|cd) (2.43)

where a, b, c and d denote primary atomic orbital basis functions, P and Q denote aux-
iliary basis functions, and JPQ is the auxiliary basis Coulomb inner-product tensor and
is a two-center integral.

Due to their lower spatial complexity, the two- and three-center integrals can be
computed once and stored in memory, avoiding the repeated calculation of four-center
integrals. Furthermore, this RI approximation reduces the pre-factor of the Fock ma-
trix construction step since the matrix multiplications can be performed at near-peak
floating point performance and utilise the computational hardware more efficiently.133

In the GPU-accelerated Extreme-scale Electronic Structure System (EXESS) quan-
tum chemistry program,26 these two- and three-center integrals are stored in the GPU
memory to avoid slow CPU-GPU data transfers. However, because the two- and three-
center integrals are stored in memory, the system size in which RI-HF and RI-MP2 can
be applied to is limited. Therefore, the RI approximation is only used in fragmented-
based calculations in this work.

In this work, the RI approximation of HF (RI-HF) is employed in Chapter 4 to ex-
plore accelerating fragmentation-based initial guesses. On the other hand, RI approx-
imations of both HF (RI-HF) and MP2 (RI-MP2) are used in fragmentation-based in-
teraction energy calculations of Chapter 6.

2.4.4 Density Functional Theory

Thus far, the QM methods described have been limited to wave function-based ap-
proaches. Another class of QM approaches are density functional theory (DFT) meth-
ods. Unlike HF and MP2 which are wave function-based methods, and thus are func-
tions of the coordinates of all particles in the system, DFT is based on the electron den-
sity (ρelec), which is dependent on the three coordinates in Cartesian space only.134

In “pure” DFT methods, also known as orbital-free DFT, the energy of interacting
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electrons is computed as a functional of the density.135 Though this is considered a direct
and correct approach, such methods typically exhibit low accuracies in practice due
to the lack of accurate approximations of the kinetic energy functional for interacting
systems.

To overcome this, Kohn and Shamproposed an alternative approach of dealingwith
a reference non interacting system instead whose kinetic energy can be exactly com-
puted.136 This Kohn-Sham approach enabled the practical application of DFTmethods.
All mentions of DFT henceforth refer to Kohn-Sham DFT.

In DFT methods, it is the Kohn-Sham (KS) equations which are solved136

(
−1

2
∇2 + νeff (r)

)
ϕi = ϵiϕi (2.44)

where the first term (−1
2
∇2) is the kinetic energy operator and the effective potential

operator νeff (r) is given by

νeff (r) = νne(r) + νH(r) + νXC(r) (2.45)

νne(r) accounts for the nuclear-electron attraction, νH(r) is the Hartree or Coulomb
potential and νXC(r) is the exchange-correlation potential which is not formally known.
Different DFT methods have different approximations of the νXC(r) term.

Level Name Variables
1 LDA ρ
2 GGA ρ, ∇ρ
3 meta GGA ρ, ∇ρ, ∇2ρ or τ
4 hybrid GGA ρ, ∇ρ, ∇2ρ or τ , HF exchange

Table 2.1: Classification of exchange correlation functionals. Higher accuracy is indi-
cated by higher level. LDA - local density approximation; GGA - generalised gradient
approximation. τ denotes orbital kinetic energy density.

DFT methods fall into various classes of accuracy as shown in Table 2.1 depending
on which variables it accounts for such as the density (ρ), its derivative (∇ρ) or its
second derivative (∇2ρ). In Chapter 4, two DFT functionals, MN15137 (meta hybrid
GGA) and B3LYP138–141 (hybrid GGA) are employed.

2.4.5 Molecular Fragmentation

Molecular fragmentation is a technique that involves dividing the molecular system
into smaller partitions by breaking bonds and is used across multiple chapters in this
work, namely, chapters 3, 4 and 6. This section provides an overview of this concept.
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Molecular fragmentation is an effective strategy for tackling scalability and paral-
lelisation issues in QMmodelling. This suite of methodologies is based on the premise
that chemical interactions are sufficiently localised, allowing a chemical system to be di-
vided into smaller segments known asmonomers. To approximate the energy of the en-
tire, unfragmented system, fragmentation approaches incrementally include the effects
of larger fragments. These fragments, which encompass interactions amongmonomers,
range from dimers and trimers to larger n-mers.

In fragmentationmethods based on theManyBody Expansion (MBE)142, the energy
of the system is obtained as the following sum over fragments

EMBE =
∑

I

EI +
∑

I<J

∆EIJ +
∑

I<J<K

∆EIJK + ... (2.46)

where EI is the energy of monomer I , ∆EIJ and ∆EIJK are dimer and trimer energy
corrections defined as follows

∆EIJ = EIJ − EI − EJ , (2.47)

∆EIJK =EIJK −∆EIJ −∆EIK −∆EJK

− EI − EJ − EK (2.48)

where EIJ is the energy of a dimer system obtained as the union of monomers I and J ,
and EIJK is the energy of a trimer system obtained as the union of monomers I , J , K.

The calculations of two-body and higher order terms (∆EIJ , ∆EIJK , etc.) are only
performed on fragments that are spatially close together, yielding an asymptotic scaling
of O(N)with system size.143,144

The hierarchical nature of the MBE allows it to approximate the total energy to
greater accuracy through the systematic inclusion of higher order terms.145 In addi-
tion, the energy calculations of the many body fragments (monomers, dimers, etc.) can
be performed independently, thereby exposing significant opportunities for exploit-
ing large scale parallelism.144 In Chapters 3 and 6, MBE is performed up to the two-
body/dimer (MBE2) and the three-body/trimer (MBE3) levels.

2.5 Poisson-Boltzmann Surface Area Model

The QM techniques presented in Section 2.4 are used in this work to calculate the gas
phase energies. In QM/PBSA workflows, in addition to the gas phase energy compo-
nent, the solvation energy is also required. This section presents an overview of the
PBSA solvation model.

The Poisson-Boltzmann SurfaceArea (PBSA)model is commonly employed to com-
pute the solvation free energy (Gsolv) of amolecular system. In particular, the polar and
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non-polar contributions of Gsolv are treated separately:

Gsolv = Gpolar
solv +G non polar

solv (2.49)

where Gpolar
solv and G non polar

solv represent the polar and non-polar contributions to Gsolv,
respectively.

The computation ofG non polar
solv is relatively simple and been presented in Section 2.3.3

(see Eq. (2.14)).
The evaluation ofGpolar

solv is accomplished by solving the Poisson–Boltzmann equation
(PBE). As discussed in Section 1.1 and later demonstrated in Chapter 5, current PBSA
software are much too slow to handle the demands for large scale virtual screening.
Thus, improving computational performance and efficiency in solving the PBE is es-
sential for expanding the applicability of QM/PBSA methods or other workflows with
PBSA integrated in computational drug discovery.

Under physiological ionic strengths relevant to protein-ligandbinding, the linearised
form of the PBE is employed:59,146,147

∇ · ε(r)∇φ(r)− εsolκ2φ(r) = −4πρ(r) (2.50)

where r represents solute positions, ρ is the solute charge density, φ is the electrostatic
potential and ε is the dielectric distribution function. Here, κ2 = 8πe2I

εsolkBT
is the modified

Debye–Hückel parameter where I is the ionic strength and εsol is the solvent dielectric
constant.

Formolecular systems of varying and arbitrary shapes, the linear Poisson-Boltzmann
equation Eq. (2.50) can only be solved numerically. In particular, Eq. (2.50) is typically
treated with finite difference methods and forms a system of linear equations, given
by12,148

q(i, j, k)

h
=

εx(i− 1, j, k)[φ(i, j, k)− φ(i− 1, j, k)]

+ εx(i, j, k)[φ(i, j, k)− φ(i+ 1, j, k)]

+ εy(i, j − 1, k)[φ(i, j, k)− φ(i, j − 1, k)]

+ εy(i, j, k)[φ(i, j, k)− φ(i, j + 1, k)]

+ εz(i, j, k − 1)[φ(i, j, k)− φ(i, j, k − 1)]

+ εz(i, j, k)[φ(i, j, k)− φ(i, j, k + 1)]

+ h2εsolκ
2(i, j, k)φ(i, j, k) (2.51)

where h is the grid spacing, i, j and k index the grids along the x, y and z axes, respec-
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tively. The terms εx(i, j, k), εy(i, j, k) and εz(i, j, k) are the dielectric constants between
the grid points connecting (i, j, k) to (i + 1, j, k), (i, j + 1, k) and (i, j, k + 1), respec-
tively. The terms κ2(i, j, k), φ(i, j, k), and q(i, j, k) denote the Debye–Hückel parameter,
the electrostatic potential and charge at grid point (i, j, k), respectively.

Equation (2.51) is applied to an Nx × Ny × Nz point lattice, where Nd denotes the
number of grid points in the d direction. The result is a system ofNgrid = Nx×Ny×Nz

equations with Ngrid unknowns (φ) to be solved at the grid points.
Conveniently, Eq. (2.51) can be expressed in the following matrix form

Ax = b (2.52)

where A is a coefficient matrix comprising the dielectric constants (ε) and the Boltz-
mann term (h2εsolκ2), x contains the electrostatic potential (φ) and b is the constant
vector of charges (q) at the grid points.

A range of different solvers have been employed to solve Eq. (2.52) including multi-
grid and relaxation methods and conjugate gradient.40 In Chapter 5, a Jacobi precondi-
tioned conjugate gradient solver is employed to solve the linear PBE numerically.

2.6 Artificial Intelligence Optimisers

In Chapter 3, the artificial intelligence (AI) optimisation approaches Bayesian Optimi-
sation (BO) and Genetic Algorithm (GA) are utilised to develop the automated frag-
mentation method proposed therein. This section provides an overview of the two
approaches.

2.6.1 Bayesian Optimisation

In Chapter 3, Bayesian optimisation (BO) is utilised to optimise the weights for the
scoring function (Eq. (3.3)). BO is an optimisation approach that focuses on solving
the problem:

min
x∈A

f(x) (2.53)

where f is a continuous, expensive objective function and x is the input vector. Of
course, this can also be reframed as a maximisation problem in which case the problem
appears as:

max
x∈A
−f(−x) (2.54)

In the context of Chapter 3, x contains the weights for each of the terms in the scoring
function Eq. (3.3).

BO builds a surrogate model for the objective function using previously sampled
points (i.e. x1, x2, . . . , xk). Typically a Gaussian Process (GP) is used to model the
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surrogate model. A mean function µ0(x) and a covariance function or kernel k0(x, x′)
define the GP149:

f(x) ∼ GP(µ0(x1:k), k0(x1:k)) (2.55)

A radial basis function kernel is widely employed for k0 where

k0(x, x
′) = exp

(
−∥x− x

′∥2
2l2

)
(2.56)

where l is the length scale.150

Following, the next sampling point (xi+1) is selected by maximising an acquisition
function. The most common acquisition function is Expected Improvement (EI), in-
deed EI is used in Chapter 3. EI is defined as

EI(x) = E[max(0, fbest − f(x))] (2.57)

where fbest is the best f value observed thus far, E is the expectation operator.149 In
essence, EI(x) computes the expected value of the improvement from a new sampling
point x. By maximising Eq. (2.57), a new xnext is selected that is expected to lead to
a new minimum/maximum. With the new xnext, the corresponding objective function
f(xnext) is evaluated, added to to the current dataset and the GP model is updated
accordingly.

2.6.2 Genetic Algorithm

Chapter 3 presents a new fragmentation scheme based on the optimisation of a scor-
ing function where the genetic algorithm (GA) is employed for the optimisation. This
section provides an overview of the GA method.

GA approaches operates on the idea of “survival of the fittest” whereby the genes of
the ‘fit’ individual are passed onto the next generation. Additionally, GA also utilises
concepts from the behaviour of chromosomes when cells undergo division, e.g. muta-
tion and crossover to create the next generation. Figure 2.8 illustrates a general schematic
of the GA and where the crossover and mutation are located within the procedure.

As shown in Fig. 2.8 and Algorithm 2.1, the GA method begins with a population
which is a collection of individuals and an individual contains a collection of genes. In
the context of Chapter 3, an individual represents a fragmentation scheme and a gene
corresponds to a bond. An individual is a binary vector (vector of 0’s and 1’s) that
signals which bonds to break (for fragmentation) and which bonds to preserve (to as
not perturb the chemical environment detrimentally).

Next, the fitness of each individual is determined, in the context of Chapter 3, this in-
volves evaluating the corresponding scoring function (Eq. (3.3))whose optimalweights
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Input
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Figure 2.8: General schematic of the genetic algorithm.

Algorithm 2.1 Genetic Algorithm
1: Initialise population P
2: Determine fitness of each individual in P
3: while not converged do
4: Select parents from population P
5: Apply crossover to parents to generate new population Pnew
6: Apply mutation to individuals in Pnew
7: Calculate fitness for each individual in Pnew
8: P ← Pnew
9: end while
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were determined with BO. Based on the fitness values calculated, parents are selected
to generate individuals for the next generation. There are multiple parent selection
methods such as tournament, roulette wheel, stochastic universal sampling and rank
selection. Individuals not selected do not survive to the next generation. Following,
crossover occurs to combine the genetic information of the parents to form the offspring,
as well as mutation which further modifies the genetic makeup of the offspring. The
next generation of the population contains only the parents and their offspring. This
process of parent selection and mating repeats until convergence.

GA was selected as the optimiser for tackling the fragmentation problem in Chap-
ter 3 for two main reasons. First, it is well suited to exploiting parallel computing ar-
chitecture at scale, which in turn helps reduce execution time. Second, it is particularly
adept at identifying global minima in complex combinatorial challenges,151 such as the
fragmentation problem addressed herein, where the aim is to find the optimal combi-
nation of edges to cut and leave intact.



Chapter 3

Automatic Molecular Fragmentation by
Evolutionary Optimisation

3.1 Introduction

Quantum mechanical models provide an accurate description of the binding interac-
tions (e.g. hydrogen bonding, many body effects, π · · ·CH interactions) in protein-
ligand systems. However, the computational time required by accurate QM methods
increases extremely fast—formally faster than O(N4)8,152,153—with the size of the sys-
tem. This rapid growth in computational demand severely limits the applicability of
these methods to large molecular systems. Additionally, the algorithms fundamental
to QM calculations are generally not optimised to leverage the extensive parallelism in-
herent in contemporary supercomputer architectures, which further complicates this
challenge.

Molecular fragmentation has emerged as a successful strategy to overcome such
concerns. By dividing the molecular system into smaller partitions, and using expan-
sions such asMBE (Eq. (2.46)), fragmentation techniques reduce the formal complexity
of QM methods to O(N). Furthermore, fragmentation exposes parallelism, enhancing
algorithmic parallelisation and opportunity to leverage heterogeneous architectures.
Although fragmentation methods offer considerable advantages, they are usually not
applicable in a general black-box fashion to medium and large molecular systems. This
can be primarily attributed to a dearth of automated fragmentation procedures. Cur-
rently, the design of fragments that yield accurate results is typically performed man-
ually, requiring a laborious iterative combination of chemical intuition and trial and
error. This not only limits the size of systems that can be accurately fragmented and
studied, but also renders the resulting fragmentation schemes largely nontransferable
across molecular systems and application studies.

Automated bond-breaking fragmentation algorithms have been developed in con-
junction with the Molecular Tailoring Approach,154,155 Systematic Molecular Fragmen-
tation,156–158 and the Generalised Energy Based Fragmentation.159–161 These techniques
create fragments from small units like functional groups or non-hydrogen atoms, select-
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ing a specific size based on distance criteria (either the number of bonds or spatial dis-
tance). However, these fragmentation algorithms generally do not explicitly consider
the surrounding chemical environment nor the energetic effects of the bond breaking,
as fragment generation is primarily guided by basic distance and connectivity factors.

The main challenge in constructing a high quality fragmentation scheme is the gen-
eration of an optimal set of fragments that minimises the fragmentation energy error
while retaining a user-defined fragment size. This goal is elusive and remains largely
unaccomplished, primarily due to the absence of fragmentation strategies focused on
generating high-quality fragments. A key issue with current schemes is their lack of
explicit consideration for the types of bonds being broken. It is well-recognised that
different sets of fragments, resulting from breaking various bonds, can lead to varied
approximations of the final energy value. The severance of different bonds, yielding
unique sets of fragments, results in the loss of distinct chemical interactions. This, in
turn, leads to different estimates of the final energy of the unfragmented system.

The significance of the nature of bond breaking in molecular fragmentation was
highlighted, for example, in a previous study which focused on the application of the
Fragment Molecular Orbital (FMO)162,163 method to DNA molecules. In this study,
DNA was fragmented by cutting either the carbon-carbon (C C) or carbon-oxygen
(C O) bond between the five-carbon sugar and phosphate group, as shown in Fig. 3.1.
Considering the close proximity of these bonds, one might anticipate similar energy
estimations for the intact system using both fragmentation schemes. However, the
calculated energies for the two approaches showed a significant difference, exceeding
18 kJ mol−1.164

Figure 3.1: The two alternative fragmentation schemes for fragmentingDNAused in164.
Fragments are formed by either a) breaking the C C bond or b) breaking the C O
bond.

Thus, the issue at hand raises an important question: How can one measure the effec-
tiveness of a molecular fragmentation scheme?

In current methodologies, the efficiency of these schemes is not known beforehand.
Instead, their effectiveness is only determined retrospectively. This is done by calcu-
lating the system energy with and without fragmentation and comparing the results.
However, for largemolecular systems comprising hundreds to thousands of atoms, cal-
culating the unfragmented system energy with traditional QM approaches is impracti-
cally demanding. The primary aim of fragmentation methods is, in fact, to circumvent
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this very challenge. Consequently, employing such a metric for evaluation is neither
practical nor reasonable, and necessitates the development of a more feasible alterna-
tive approach.

In this Chapter, a novel automatic fragmentation scheme that aims to obtain the
optimal sets of fragments for a molecular system is presented. This new approach,
named the Quick Fragmentation via Automated Genetic Search (QFRAGS), employs
a specialised scoring function to assess fragmentation quality. The scoring function is
designed and parameterised to obtain a strong correlation with the energy error of the
resulting fragmentation scheme, thereby circumventing the usage of an expensive and
generally unusable direct energy errormetric. This enables recasting the fragmentation
problem as an evolutionary optimisation of the scoring function, which is a rapid, cost-
efficient and accurate process.

This Chapter is structured as follows. Section 3.2 beginswith describing the datasets
of molecular systems QFRAGS was applied to. This is followed by a description of the
methodology of the fragmentation scheme, particularly, the scoring function used to de-
scribe the quality of fragmentation and the mathematical representation of the molec-
ular system and its fragmentation. Then, the approach used for the optimisation of
weights in the scoring function is detailed. Next, in Section 3.3, the algorithms utilised
for the optimisation of the scoring function are discussed. The optimised weights are
reported in Section 3.4 and these were used in the application of QFRAGS to over 1,000
protein systems. The corresponding fragment sizes generated and their corresponding
energetic accuracy are discussed in Section 3.4. To further exemplify the accuracy of
QFRAGS, a comparison to three manual fragmentation schemes is presented in Section
3.4. Section 3.5 concludes.

This chapter addresses Aim 1 and reproduces the following published manuscript:
Yu, F.C., Galvez Vallejo, J.L. and Barca, G.M., 2024. Automatic molecular fragmentation
by evolutionary optimisation. Journal of Cheminformatics, 16(1), p.102.

3.2 Materials and Methods

3.2.1 Datasets

The automatic fragmentation algorithm will be applied across a range of biologically
significant protein systems.

Figure 3.2 shows the classification of the three protein datasets used in this study.
Cumulatively, the datasets comprise 1,100 protein structures obtained from two dif-
ferent sources. A subset of 100 protein structures, included in Dataset 3 as indicated
in Fig. 3.2, was extracted from the PDB-Bind database.165 These structures are charac-
terised by having more than 500 atoms each. Notably, protein systems with less than
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Full dataset
1,100 protein structures

between 108 and 1396 atoms

1000 protein structures
between 108 and 455 atoms

Optimisation set
800 structures

(Dataset 1)

Test set
200 structures

(Dataset 2)

Test set
100 structures

(Dataset 3)

< 500 atoms > 500 atoms

Figure 3.2: Classification of datasets used in this study.

500 atoms are rare in the PDB-Bind dataset. To address the shortage of such systems,
existing protein structures in the PDB-Bind dataset were fragmented to generate 1,000
additional systems with less than 500 atoms. This involved severing single Cα N or
Cα C bonds and valence is restored by appending hydrogens along the axis of the
bond cut. Specifically, the coordinates of the hydrogen cap x(H) is given by

x(H) = x(i) +
r(i) + r(H)

r(i) + r(j)
(x(j)− x(i)) (3.1)

where x denotes a Cartesian coordinate, r is the standard covalent radius given by
Cordero et al,166 and i, j denote the atoms belonging to the severed bond.

None of the resulting 1,000 systems (< 500 atoms) were derived from structures
present in Dataset 3. All datasets are mutually exclusive.

All protein structureswere hydrogenated using the PDBFixer software at the default
pH of 7.0. All protein structures herein comprise one polypeptide chain and no metal-
dependent structures are present within the dataset.

As illustrated in Fig. 3.2, the classification of the datasets involves an initial split
of the full dataset based on the size where 500 atoms is the threshold. This threshold
distinguishes between structures taken directly from the PDB-Bind dataset as opposed
to the generated structures. The dataset of 1,000 generated systems is further divided in
two datasets with a 80:20 split. Here, 80% of the structures are used for the optimisation
of hyperparameters within the fragmentation algorithm (Dataset 1) and 20% is used to
test the application of QFRAGS with the optimised hyperparameters (Dataset 2). The
optimisation of the hyperparameters is presented in Section 3.2.4. Similar to Dataset 2,
Dataset 3 is also a test dataset but for protein systems with more than 500 atoms. The
size distributions of the three datasets are shown in Fig. 3.3.

Structures used for the optimisation of hyperparameters (Dataset 1) comprise a di-
verse set of protein sequences; 90.4% of protein pairs exhibited pairwise sequence iden-
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tity (PID) scores below 20%. On the other hand, 6.3% of structure pairs exhibit PID
values greater than 30%. Furthermore, these structures also exhibit a wide range of
functionalities including: signalling proteins, structural proteins, toxins, viral proteins,
enzymes, DNA/RNA binding proteins, transcription and transport proteins.
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Figure 3.3: Size distribution of systems belonging to the three datasets: Dataset 1, 2 and
3. Averages are indicated by vertical lines and the corresponding values are reported.

In addition, QFRAGSwas also applied to 10 glycolipid or lipoglycans systems rang-
ing between 368 and 727 atoms to demonstrate its applicability to systems beyond pro-
teins. All structures were taken from the Human Metabolome Database (HMDB) di-
rectly. These structures were selected on the basis of size. Specifically, structures within
HMDB were sorted against size and 10 systems were randomly selected belonging in
the top 20 largest glycolipids/lipoglycans. Glycolipids and lipoglycans structures were
selected to apply QFRAGS to for two main reasons. Firstly, such systems are of partic-
ular biological significance as they include structures that form part of cell membranes
responsible for structural integrity or modulating signal transduction events, as well
as serving as intermediates in the synthesis pathway of glycans where disruptions can
lead to congenital disorders of glycosylation. Secondly, unlike proteins which have an
intuitivemonomeric unit (amino acids), lipoglycans/glycolipids do not andwe endeav-
our to examine the performance of QFRAGS on such systems.

3.2.2 Single Point Hartree-Fock Energy Calculations

In this study, single point energy calculations on molecular systems are conducted to
evaluate the effectiveness of the proposed fragmentation algorithm and to fine-tune the
hyperparameters utilised in the process. These calculations were consistently carried
out at the Hartree-Fock theoretical level, employing the 6-31G* basis set. An overview
of the HF method is presented in Chapter 2 Section 2.4.1. Unless specifically indicated,
all computations were executed using the Extreme-scale Electronic Structure System
(EXESS) quantum chemical software package.23,24,26,28,167–169

To assess the accuracy of the proposed fragmentation scheme, the difference be-
tween the energy of the total unfragmented system (Etot) and the energy obtained via
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fragmentation (Ef) is the metric used in this Chapter:

∆E = Etot − Ef . (3.2)

Evaluating∆E requires performing full systemenergy calculations (Etot) ondatasets
of protein systems, each containing hundreds or thousands of atoms. To achieve this
within a feasible time frame, an improved initial guess scheme for the density matrix in
the SCF procedure was employed instead of the traditional Superposition of Atomic
Densities (SAD) approach. Specifically, the MBE initial guess method described in
Chapter 4 Section 4.2.3, was used, with fragment sizes of approximately 30 atoms.

The fragmentation-based single point energy calculations (Ef) were performed us-
ing two methods: the Many Body Expansion (MBE) (Eq. (2.46)) and the Fragment
Molecular Orbital (FMO) approach, both at the dimer (MBE2 and FMO2) and trimer
(MBE3 and FMO3) levels. An overview of the MBE approach is presented in Chap-
ter 2 Section 2.4.5. FMO is similar to MBE in that it utilises Eq. (2.46) to recombine
fragment energies. However, rather than performing fragment energy calculations in
vacuo as in MBE, in FMO these are performed in a self-consistent manner with respect
to an electrostatic embedding, known also as Coulomb bath or ESP (electrostatic po-
tential), of the surrounding monomers.162 Furthermore, in the MBE implementation,
hydrogen capping is used to restore valence at the sites of bond breaking. Hydrogen
atoms are appended to fragments along the axis of the broken bond. On the other hand
for FMO, the adaptive frozen orbital (AFO) approach was employed for the treatment
of broken bonds. This involves freezing the molecular orbital of the broken bond.170,171

All FMO calculations were performed using the GAMESS quantum chemical software
package.172

In dimer calculations, all possible dimers were included and for trimer calculations,
all possible dimers and trimers were included.

3.2.3 Methods for Automatic Fragmentation

In this section, the methods underpinning the proposed automatic fragmentation algo-
rithm are described. This includes the representation of amolecular system, themetrics
employed to evaluate the quality of fragmentation, and the representation of fragmen-
tation involving bond breaking.

Molecular graph characterisation

As illustrated in Fig. 3.4, in the fragmentation algorithm, a molecular system is repre-
sented as a graph where the nodes and edges correspond to atoms and covalent bonds,
respectively. Similar representations have been employed across multiple studies that
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use graphs to capture the connectivity of molecular systems.173–175

Figure 3.4: Graph representation of an input molecular system. Hydrogen atoms are
omitted for clarity. Loner nodes in hyperconjugated regions correspond to hypercon-
jugated donor/acceptor C H.

In the molecular graph representation, nodes and edges are assigned distinct at-
tributes to accurately map the molecular system. Each node, representing an atom, is
characterised by several attributes: the atomic number, formal charge, number of π elec-
trons, hybridisation state, and its Cartesian coordinates. The attribute for the number of
π electrons holds a non-zero value only for atoms that are components of a conjugated
system. In such cases, this value corresponds to the number of π electrons that the
atom contributes to the system. For instance, the nitrogen atom in a pyrrole molecule
possesses two π electrons.

In contrast, bond order represents the sole attribute of an edge. Edges, or bonds,
alongwith their respective bond orders, are determined based on the distances found in
the Computational Chemistry Comparison and Benchmark DataBase, which includes
experimental bond lengths.176

The program not only characterises the nodes and edges in the molecular graph
but also identifies regions of conjugation and hyperconjugation. This identification is
crucial for understanding how fragmentation might disrupt these molecular features.
However, aromatic regions are not considered in this context, as the current implemen-
tation is limited to the breaking of single bonds. The rationale behind this limitation is
discussed in greater detail in Section 3.3.1.

Conjugated regions identified as part of the molecular graph refer to groups of
atoms exhibiting π-conjugation. This effect occurs when there are alternating single
and double/triple bonds along a chain of the structure,177 and π-electrons across the
atoms becoming delocalised. To represent this, in the program, a conjugated group is
defined as a group of connected nodes where every node has a hybridisation state of
either sp2 or sp.

Hyperconjugation involves the interaction between polarised σ-bonds and nearby
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π-orbitals.178 π-orbitals are found in various forms, including conjugated systems, dou-
ble or triple bonds, and lone pairs on atoms. Polarised σ-bonds are typically of the
form C X, where X is a hydrogen or a halogen. In a hyperconjugated pair, there are
donor and acceptor groups, which can be either π-systems or σ-systems, or a combina-
tion of both. However, for a pair to be considered hyperconjugated, it must include one
σ-system and one π-system. In the current software implementation, the donor and
acceptor groups are limited to being at most three bonds apart. Table 3.1 outlines the
specific hyperconjugation donor and acceptor groups identified in this scheme. The
conjugated groups that are identified serve as potential donors and acceptors for hy-
perconjugation.

Table 3.1: Classification of hyperconjugated groups. Corresponding σ/π nature that
the program identifies. Hybridisation states and charges are shown on relevant atoms.

Group Type Classification
C C π donor/acceptor
C C π donor/acceptor
C H σ donor/acceptor
C O π acceptor
C F σ acceptor
C Cl σ acceptor
C Br σ acceptor
C I σ acceptor

C+(sp2) π acceptor
C–(sp2) π donor
N(sp3) π donor
O(sp3) π donor

Scoring Function

In pursuit of an alternative non-energy-basedmetric to describe the quality of fragmen-
tation, the following scoring function is employed

s =β1ppe + β2pconj + β3phyper + β4pvol

+ β5pcomp + β6pvrange (3.3)

where the penalty factors pi are designed to account for various chemical and imple-
mentation factors. Broadly, these penalty factors fall into two categories. The first cat-
egory encompasses penalties related to potential energy, conjugation, and hyperconju-
gation, with the primary objective of maintaining the chemical environment’s integrity.
The second category focuses onmanaging fragment size. This includes penalties based
on the volume of fragments, the number of fragments, and the range of their volumes,
ensuring that the fragments produced closely match the desired target size.
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Each penalty pi is a function that takes a set of broken bonds as input and produces
a corresponding penalty value associated with the factor i. The parameters βi serve as
the weights for these penalties pi. The subsequent text outlines the formulation of each
penalty term.

Potential Energy Penalty The ppe penalty is a measure of the change in the potential
energy of the system induced by the fragmentation scheme. This is evaluated according
to the formula:

ppe =
1

1 + exp (−λ
γ
(∆pe − γd))

+
1

1 + exp (−λ
γ
(−∆pe − γd))

. (3.4)

The formula for ppe comprises two logistic sigmoid functions that are mirror images
of each other and handle positive and negative ∆pe values. The ∆pe term is the differ-
ence between the energy of the total unfragmented system (Etot) and the total energy
(EMBE1) obtained at the one-body MBE level (MBE1)

∆pe = Etot − EMBE1. (3.5)

Here, both theEtot andEMBE1 energies are calculated using the universal force field
(UFF).179,180 This was selected due to its accessibility with parameters available for all
atoms in the periodic table181 as well as its low computational evaluation time.

The values of the parameters λ and d in Eq. (3.4) are 1.963 and 6, respectively. These
are defined based on where the sigmoid function has sufficiently approached the lower
and upper asymptotes. An arbitrary tolerance of 5% from each asymptote is used to
define the lower and upper thresholds, consistent with the definition of “sufficiently
approached” employed by McDowall and co-workers.182 Thus, λ and d were selected
by setting the lower and upper threshold values of the positive sigmoid function to
correspond to ∆pe = 10 and ∆pe = 40 kJ mol−1, respectively. These ∆pe values the are
called the boundary points.

The γ parameter in Eq. (3.4) is a scaling function and is defined as follows

γ =

√
Nf ·Nmin

A

nt

(3.6)

where Nf is the number of fragments, Nmin
A is the number of atoms in the smallest

fragment, and nt is the target fragment size. The role of this scaling factor is tomodulate
the range between the boundary points. If γ is small, the range becomes narrower and
the opposite is true for larger γ values.

The UFF employed in the computation of ppe implements simple functional forms,
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and may face difficulty in accounting for effects such as conjugation and electronic ef-
fects including hyperconjugation.183,184 Thus, the effects of the fragmentation on conju-
gation and hyperconjugation are included as separate penalties in the scoring function.

Conjugation Penalty The conjugation penalty (pconj) is defined as

pconj =
1

Ncs

Ncs∑

k

S
(
∆k

conj

)
(3.7)

where k indexes the conjugated systems that have been disrupted by fragmentation,
Ncs is the total number of affected conjugated systems, S is a normalisation function,
∆k

conj factors for conjugated system k and is defined as follows

∆conj =
1

cs

(
1

NA

NA∑

i

N i
e

N i
A

− cs
)
. (3.8)

Here, NA is the number of atoms within the conjugated system, with each atom
being indexed by i. The termN i

e denotes the number of π electrons contributed by atom
i to the conjugated system. Additionally, N i

A refers to the aggregate count of atoms in
the conjugated system that remains interconnected after fragmentation, specifically in
the fragment to which atom i pertains. The terms cs is a conjugation score of the system
given by

cs =
1

NA

NA∑

i

N i
e

NA

(3.9)

For example, consider the case of pyrrole which consists of one conjugated system
(Ncs = 1). In pyrrole, all non-hydrogen atoms participate in conjugation (NA = 5).
Each carbon atom contributes one π electron and the nitrogen atom contributes two π
electrons from its lone pair. Thus, the conjugation score of pyrrole is

cspyrrole =
1

5

(
1

5
+

1

5
+

1

5
+

1

5
+

2

5

)
=

6

25
(3.10)

The normalisation function S in Eq. (3.7) has the form

S(∆conj) =
1− exp (−λ∆conj)

1 + exp (−λ∆conj)
(3.11)

Similar to the normalisation function for the potential energy, the exponent λ is
chosen by setting a boundary value to correspond to 5% below the upper asymptote.
Specifically, S(∆max

conj) = 0.95 where ∆max
conj is the maximum possible value of ∆conj and

arises when every bond in the conjugated system is broken. The value of ∆max
conj is ob-

tained as follows
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∆max
conj = NA − 1 (3.12)

Hyperconjugation Penalty The hyperconjugation penalty phyper is calculated using
the following formula

phyper =
1

Nhs

Nhs∑

k

1

γk
S
(
∆k

hyper

)
. (3.13)

Here k indexes the hyperconjugated systems, each comprising a donor and an ac-
ceptor group, disrupted by fragmentation. The Nhs term represents the total count of
these affected systems, γk is the bond count between the donor and acceptor in system
k, S is a normalisation function, and ∆k

hyper is defined for each hyperconjugated pair k
as follows

∆hyper =
1

Nd

Nd∑

i

N i
e

N i
A

− 1

Na

Na∑

j

N j
e

N j
A

(3.14)

Eq. (3.14) captures the change in electron distribution across the donor and acceptor
atoms due to fragmentation. In the first term, Nd denotes the number of fragments
containing donor atoms from the hyperconjugated pair. The index i identifies these
fragments. N i

e and N i
A respectively represent the number of electrons donated and the

count of atoms in fragment i. The second term mirrors the first, focusing on acceptor
atoms. Na indicates the count of fragments with acceptor atoms, with j indexing these
fragments. N j

e andN
j
A respectively represent the number of electrons accepted and the

count of atoms in fragment j.

Figure 3.5: Labelled ball and stick model of 3-chloroprop-1-ene. Green, black, white
spheres correspond to chloride, carbon and hydrogen atoms, respectively.

To illustrate the meaning of the terms within Eq. (3.14), consider fragmenting the
molecule shown in Fig. 3.5 by cutting the bond between atoms 2 and 3. There is only
one hyperconjugation pair present, where the donor is the C C bond (atoms 1 and 2)
and the acceptor is the C Cl bond (atoms 3 and 4). After fragmentation, the two donor
atoms remain connected, therefore in the first term of Eq. (3.14), Nd = 1 and N i

A = 2.
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Here,N i
e = 2 as the C C bond contributes two π electrons to hyperconjugation and the

two atoms (1 and 2) remain connected. Conversely, for the second term in Eq. (3.14),
the two acceptor atoms remain connected, leading toNa = 1 andN j

A = 2. Since the bond
bridging the donor and acceptor groups together has been cut (bond between atoms 2
and 3), electrons are no longer being donated to the acceptor, resulting in N j

e = 0.
The functional form of S in Eq. (3.13) is identical to that of Eq. (3.11):

S(∆hyper) =
1− exp (−λ∆hyper)

1 + exp (−λ∆hyper)
(3.15)

The parameter λ was selected by setting S(∆max
hyper) = 0.95, with ∆max

hyper being the
maximum value of ∆hyper calculated as

∆max
hyper =

Ne

Nd
A

(3.16)

where Ne is the sum of all the electrons being donated in the hyperconjugated system
and Nd

A is the total number of donor atoms in the system.
The penalty terms discussed thus far all relate to capturing the perturbation in the

chemical environment. The following subsections provide the formulation of the penalty
terms associated with controlling the fragment size.

Volume Penalty The volume penalty (pvol) is defined as

pvol =
1

Nf

Nf∑

k

1

1 + exp
(
−14.654 (∆vol)

2) (3.17)

Here Nf is the number of fragments, k indexes each fragment, and

∆vol =
1

Nf

Nf∑

k

(
Vk − Vref
Vref

)
(3.18)

where Vk is the volume of fragment k, and Vref is the reference volume, which is deter-
mined from the target fragment size as discussed further below. The exponent of -14.654
in Eq. (3.17) was selected based on where the function has sufficiently approached the
asymptote value of pvol = 1. Specifically, the exponent was selected such that when
|∆vol| = 0.5, pvol = 0.95.

The volume of a fragment is evaluated according to the following formula

V =
∑

i

Vi −
∑

i<j

Vij (3.19)

Both i and j index atoms belonging the fragment. The Vi term is the hard-sphere
equivalent atomic volume185
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Vi =
4

3
πσ3

i (3.20)

where σi is the van der Waals radius of atom i, and Vij is the overlapping volume be-
tween two atoms185,186

Vij = aiaj exp

(
−αiαjr

2
ij

αi + αj

)(
π

αi + αj

) 3
2

(3.21)

The amplitude ai is set to a default value of 2
√
2, and rij denotes the distance between

atoms i and j. The αi term is calculated from σi as follows

αi = π

(
3ai
4πσ3

i

) 2
3

(3.22)

The reference volume Vref is computed using the following equation

Vref = nt ·
1

NA

∑

s∈S

NsVs (3.23)

Here, nt represents the target fragment size, while NA denotes the total number of
atoms in the molecular system. The set S includes all unique atomic elements present
in the molecular system, for instance, Argon (Ar), Carbon (C), Nitrogen (N), etc. The
variable s is used to index these elements. Ns indicates the total count of atoms with
the symbol s, and Vs represents the characteristic volume of an atom with symbol s in
the molecular system, defined as follows

Vs =
4

3
πσ3

s −
1

∥K∥
∑

i∈K

Vs,i (3.24)

In Equation (3.24), the first term calculates the hard-sphere volume of an atom de-
noted by s. Here, K refers to the set of atoms directly bonded to an atom symbolised
by s, with i indexing these neighboring atoms. Vs,i represents the overlapping volume
between atom s and its neighbors inK. Thus, the second term in Equation (3.24) aver-
ages the overlapping volumes between atom s and its adjacent atoms. As an example,
consider Fig. 3.6 illustrating the representative volume of oxygen VO. In this case, the
overlapping volumes between two atom pairs (designated as nO

neigh = 2) are consid-
ered: between atoms 1 and 4, and atoms 4 and 5.

Volume-Range Penalty In the previous discussion on the volume penalty formula-
tion, it is evident that pvol serves as an indicator of the average variation in fragment
volumes. This definition implies the possibility of creating a set of fragments with a
low pvol value, yet these fragments may vary significantly in size.

To address this issue, the following volume-range penalty is introduced
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Figure 3.6: Labelled ball and stick model of methanol. Red, black, white spheres corre-
spond to oxygen, carbon and hydrogen atoms, respectively.

pvrange =
1

1 + exp (−λ(∆vrange − d))
(3.25)

where d is preset to -0.25, λ is adjusted to 11.78, and

∆vrange =
Vrange − Vref

Vref
(3.26)

with Vref defined as in Eq. (3.23), and Vrange being the difference between themaximum
and minimum fragment volumes.

Number-of-Components Penalty The final component of the scoring function is the
penalty term pcomp, defined as

pcomp =
1

Nf

(3.27)

whereNf is the number of fragments the molecular system has been divided into. This
penalty term is designed to encourage scenarioswith a higher count of fragments, while
discouraging situations with fewer fragments. Specifically, pcomp seeks to mitigate cases
where no fragmentation occurs (i.e., Nf = 1), which is otherwise favored due to the
small pvrange value. In such instances, ∆vrange = 0 and pvrange ≈ 0, and this effect is
counterbalanced by a high pcomp value of 1.

The βi Weights Each penalty in Eq. (3.3) is weighted by a matching βi factor. These
factors are constrained to be non-negative (βi ≥ 0) and subject to a normalisation con-
straint, ensuring their sum equals one (

∑
i βi = 1). The importance of theseweights lies

in mitigating the impact of double counting. For instance, hyperconjugation and con-
jugation are interrelated chemical phenomena, and their combined penalties can lead
to an over-representation of chemical disturbances due to either conjugation or hyper-
conjugation. Therefore, the βi weights play a crucial role in moderating the influence
of each factor on the overall score, thereby attenuating the effects of potential statisti-
cal correlations among penalties. The process of determining the βi values involves an
optimisation procedure detailed in Section 3.2.4.
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Representation of Fragmentation and Solution Space

The essence of the automated fragmentation scheme lies in minimising Eq. (3.3) to
obtain an optimal set of fragments, each contributing to the best possible score.

This scheme segments amolecular system into fragments by breaking covalent bonds,
resulting in edges being either broken (labelled as ’1’) or unbroken (labelled as ’0’).
Consequently, a fragmented molecular system is represented as a binary vector, where
each element represents an edge in themolecular graph. This binary vector is then used
as input for the scoring function in Eq. (3.3). The resulting score reflects the quality of
the corresponding fragmentation.

The objective of the fragmentation algorithm is to partition a molecular system in
a way that minimizes the scoring function. This involves an optimisation process, as
outlined in Section 3.3.1, which minimises the scoring function and yields the ideal set
of fragments.

3.2.4 Optimisation of Scoring Function Weights

In this subsection, themethodology used for optimising theweights of the scoring func-
tion, {βi}, is provided.

The optimisation of the {βi} values, as applied in Eq. (3.3), is crucial for generating
high-quality fragments. These weights quantitatively represent the importance of each
penalty term in the scoring function. Suboptimal weightings can lead to an imbalanced
scoring function. For instance, excessively high weighting for the volume penalty (pvol)
might result in an unduly low weight for the potential energy penalty (ppe), leading to
fragments with significant potential energy variations.

To determine the optimal {βi} values, an iterative Bayesian optimisation (BO) ap-
proach is employed. The weights were fine-tuned using Dataset 1, comprising 800 pro-
tein systems with sizes ranging from 108 to 455 atoms. A description of the BO ap-
proach can be found in Chapter 2 Section 2.6.1.

The Bayesian optimisation aims to minimise the objective function defined as

f = α
1

n

∑

i

pivol + (1− α) 1
n

∑

i

S(∆Ei) (3.28)

Here, pvol represents the volume penalty, and ∆E denotes the energy difference be-
tween the total unfragmented system and the MBE2 energy, both computed at the
HF/6-31G* theory level. The symbol S in Eq. (3.28) indicates a normalisation function,
analogous to that used for ppe, as previously discussed in Section 3.2.3, with the excep-
tion that the boundary points of the sigmoid function correspond to 1 and 4 kJ mol−1.
Themethod for evaluating pvol is also detailed in Section 3.2.3. In the equation, i indexes
each protein system in the dataset, n is the total number of protein systems, and α is a
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hyperparameter. This function, thus, represents a weighted average of the deviations
in fragment volume and energy across the dataset. An α value of 0.5 was chosen to
balance the significance of volume and energy equally.

TheMBE fragmentationmethodwas selected as it forms the basis of other fragmen-
tation methods such as electrostatically-embedded MBE, generalised MBE and FMO.

The design of the objective function in Eq. (3.28) aims to derive {βi} values that
guide the scoring function towards producing fragments with minimal MBE2 energy
deviations from the complete, unfragmented system, while also maintaining fragment
sizes near the desired target. For the optimisation procedure, the target fragment size
was set as 50 atoms.

The surrogatemodel of the objective functionwasmodelled using theGaussian Pro-
cess Regressor from the scikit-learn Python package, employing a radial basis function
kernel.150 The noise variance and length scales were set to 1.0. The expected improve-
ment acquisition function guided the selection of subsequent {βi} values for sampling.

Figure 3.7 illustrates the optimisation workflow. The initial stage involved data
preparation to build the Gaussian Process model. This step included computing the
objective function f (Eq. (3.28)) for 16 different sets of {βi} values. These initial values
were derived through a grid search, ranging from 0.1 to 0.9 in 0.1 intervals, as listed in
Table 3.2. As Table 3.2 indicates, the minimum values for both βpe and βvol were set at
0.2, reflecting the anticipated higher significance and value of these factors (energy and
volume) compared to others.

yes

Initial input

(16 sets of {βi} values)

Fragment systems with

each set of {βi} values

Perform MBE2 calculations

on fragmented systems

Calculate objective function

for each set of {βi} values

Fit and update Gaussian Process

with sampled data

Determine new

sampling point {βi}

Fragment systems with new {βi}

Perform MBE2 calculations

on fragmented systems

Calculate objective

function for new {βi} values

Converged? Return best {βi}

no

1 2

21 Initial data preparation Optimisation loop

Figure 3.7: Workflow for the optimisation of {βi} values. The numbering corresponds
to each of the phases: (1) Initial data preparation; (2) Optimisation loop.

The second stage in the optimisation of {βi} values includes the optimisation loop
where each iteration involves updating the Gaussian Process with the recently sampled
data, generating the next set of {βi} values to sample and using these to fragment and
calculate the corresponding MBE2 energies. The objective function is evaluated using
the MBE2 energies and volume penalties across all 800 protein systems in Dataset 1.
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Table 3.2: Initial datasets of {βi} values.
βpe βconj βhyper βvol βcomp βvrange
0.2 0.1 0.1 0.2 0.1 0.3
0.2 0.1 0.1 0.2 0.2 0.2
0.2 0.1 0.1 0.3 0.1 0.2
0.2 0.1 0.1 0.4 0.1 0.1
0.2 0.1 0.2 0.2 0.1 0.2
0.2 0.1 0.2 0.3 0.1 0.1
0.2 0.1 0.3 0.2 0.1 0.1
0.2 0.2 0.1 0.2 0.1 0.2
0.2 0.2 0.1 0.3 0.1 0.1
0.2 0.2 0.2 0.2 0.1 0.1
0.2 0.3 0.1 0.2 0.1 0.1
0.3 0.1 0.1 0.2 0.1 0.2
0.3 0.1 0.1 0.3 0.1 0.1
0.3 0.1 0.2 0.2 0.1 0.1
0.3 0.2 0.1 0.2 0.1 0.1
0.4 0.1 0.1 0.2 0.1 0.1

This process was repeated until the minimum objective value remained unchanged for
200 iterations. A total of 645 iterations were performed accordingly.

3.3 Algorithms

This section describes the algorithms employed within QFRAGS for the optimisation
of the scoring function (Eq. (3.3)) as well as the overall automated fragmentation algo-
rithm.

3.3.1 Optimisation of Scoring Function

Restriction of solution space and allowed edges

As previously discussed, each specific solution to the fragmentation problem is repre-
sented in the form of a binary vectorwhere each entry corresponds to the state of a bond
(1 - broken, 0 - unbroken). However, since the aim is attaining fragments of a specific
size, edges that when severed generate fragments that are too small can be eschewed
from the solution space .

To accomplish this, the solution space is restricted to edges that when cut, do not
generate fragments that are smaller than 60% of the target fragment size (nt). For ex-
ample, consider the fragmentation of the protein system consisting of MFS-bound Sans
CEN2 peptide, with a PDB ID of 2L7T (174 atoms), into fragments containing ∼20
atoms. As shown in Fig. 3.8 if the A-B edge is cut, two fragments of size 6 and 168
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atoms are generated. Since 6 atoms is much smaller than the target size of 20 atoms,
the edge A-B is not considered part of the solution space.

Figure 3.8: Ball and stick model of MFS-bound Sans CEN2 peptide (PDBid 2L7T) dis-
playing an unallowed edge between atoms A and B. See text for more information.

In the present version of the fragmentation code, the solution space is constrained
exclusively to single bonds. That is, only bonds with a bond order of one are permitted
to be broken. From this point forward, the complete collection of edges within the solu-
tion space are referred to as allowed edges. In this implementation, all allowed edges are,
without exception, single bonds. Note that according to the definitions of conjugated
systems used herein, conjugated systems can include single bonds and consequently
be disrupted by fragmentation.

Initial Guess

To enhance the optimiser’s capability in identifying optimal solutions, a collection of
preliminary approximations is supplied. These are instances of fragmentation that rep-
resent initial fragment groups.

For formulating these initial guesses, to commence, all permissible edges are elim-
inated from the molecular graph of the system, essentially breaking all bonds within
the solution space. This process results in a group of diminutive fragments, which will
be called primitive monomers. The fragments constituting the initial guess are sub-
sequently assembled in a recursive manner by combining these primitive monomers,
following the methodologies outlined in Algorithms 3.1 and 3.2.

In Algorithm 3.1, a reference point ref pointi is required as an input to select a
reference primitive monomer (ref mon) to begin construction of the fragments. The
computation of the set of reference points {ref pointi} is dependent on system size
and shape. Specifically, the Euclidean space occupied by the system is partitioned into
three-dimensional rectangular intervals along the directions of the principal axes of in-
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Algorithm 3.1 Constructing initial guess for fragmentation instance
Require: ref pointi
1: Initialise empty fragment container F
2: while visited nodes ̸= all nodes do
3: ref mon ⇐ unvisited primitive monomer closest to ref point
4: frag ⇐ build fragment from ref mon (Algorithm 3.2)
5: Append frag to F
6: Label frag as visited
7: end while
8: Convert F to binary vector

ertia (the eigenvectors of the inertia tensor), and the midpoint of these intervals are
taken as the reference points, as shown in Fig. 3.9. The inertia tensor was used to en-
sure that the calculation of the set of {ref pointi} is invariant to translations, rotations
and reflections in the geometry of the structure. Further detail on the computation of
the reference points can be found in the Supplementary Information.

Figure 3.9: Ball and stick figure of steric acid; top: displaying the principal axes of in-
ertia (red, green and blue arrows); bottom: displaying the three rectangular intervals
formed using the principal axes of inertia, and the reference points (red crosses). All
rectangular interval edges are parallel to the principal axes of inertia.

Algorithm 3.1 begins by initialising an empty fragment container whichwill contain
the initial set of fragments obtained with ref pointi. Lines 2 to 7 describe the strategy
of forming these fragments. The algorithm monitors the nodes being visited and con-
tinues to build fragments until all nodes have been visited. The construction of each
fragment begins at the primitive monomer closest to ref pointi that is unvisited (line
3). A fragment, frag on line 4, is built from ref mon using Algorithm 3.2. The frag
object is a collection of primitive monomers, and this fragment is then appended to the
fragment container F . On line 6, the nodes within frag aremarked as visited. This pro-
cess is repeated until all nodes have been visited and the algorithm outputs a binary
vector as the initial guess.

Algorithm 3.2 describes the procedure of constructing a fragment from a reference
monomer (ref mon). Two empty containers are initialised on lines 1 and 2. Both Q
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andM hold primitive monomers. However,Q represents a queue andM is a container
that will contain the set of primitive monomers to form a fragment. Next, on lines 3
and 4 ref mon is added to both containers. Lines 5 to 16 describe the procedure of
constructing the fragment which is a collection of primitive monomers. The algorithm
uses a while loop and repeats until Q is empty.

Within each iteration of the while loop, Q is firstly dequeued and the first primitive
monomer in Q is assigned to mon v (line 6). Following, the neighbouring primitive
monomers are iterated over (line 7) of mon v, where mon w denotes the neighbours
and the visitation status of each neighbour is checked. If mon w has not been visited,
it is appended to Q and M (lines 8 to 10). Next on line 11, the algorithm checks the
size (number of atoms) of the growing fragment containerM and if the size is ≥ 90%
of the target fragment size (nt), M is returned; otherwise the while loop continues.
Algorithm 3.2 repeats until the fragment size condition (line 11) has been satisfied or
until the list of neighbouring monomers has been exhausted and Q becomes empty.

Algorithm 3.2 Building fragment from reference monomer
Require: ref mon, nt

1: Initialise empty queue containerQ
2: Initialise empty primitive monomer containerM
3: Enqueue ref mon toQ
4: Append ref mon toM
5: whileQ ̸= empty do
6: mon v ⇐ dequeueQ
7: for each monomer neighbour w ofmon v do
8: if mon w ̸= visited then
9: Enqueuemon w toQ
10: Appendmon w toM
11: if M.size ≥ 0.9 · nt then
12: ReturnM
13: end if
14: end if
15: end for
16: end while

Optimiser

The minimisation of the scoring function in Eq. (3.3) is performed using a genetic al-
gorithm (GA). A description of the GA method is provided in Chapter 2 Section 2.6.2.

Within the framework of the GA implementation herein, each individual within the
population represents a distinct fragmentation scenario or a set of fragments. The start-
ing population is comprised of initial guesses, originating from a dataset specifically
prepared for this purpose, as discussed in Section 3.3.1.

In the implementation, each gene in an individual corresponds to an allowed edge.
As described in Section 3.3.1 concerning the solution space, genes can only take on two
possible values: 0 and 1. The total number of parents selected for mating is two if the
population size is less than or equal to eight, and it is ⌊0.25×population size⌋ otherwise.
Parents are selected according to the tournament selection technique.187 The crossover
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type is a single-point crossover188 and mutation is random and occurs by replacement.

Algorithm 3.3 Iteration of the genetic algorithm
Require: min score, best sol
1: Initialise pop scores and next generation to be empty containers
2: Select parents from previous generation and add to next generation
3: Create offspring and add to next generation (crossover and mutation)
4: for each solution i in next generation do
5: Calculate score and append to pop scores
6: end for
7: local min score ⇐ min (pop scores)
8: if local min score < min score then
9: min score ⇐ local min score
10: best sol ⇐ argmin(pop scores)
11: end if

The GA approach involves an iterative procedure that aims to explore the solution
space by allowing fit individuals to mate and pass its genes to the next generation. Al-
gorithm 3.3 describes the procedure of creating the next generation in the GA scheme
implemented. The fragmentation algorithm monitors the ‘global’ individual (best sol)
with the minimum score (min score). Fit individuals (parents) are chosen from the
previous generation (line 2) and are used to create the offspring for the next genera-
tion via crossover (line 3). The solution with the minimum fitness in the next gener-
ation (local min score) is compared to min score, and the global individual and min-
imum score are updated if a solution with a lower score is found (lines 9 to 10 of Al-
gorithm 3.3). This iterative process is repeated until either the maximum number of
iterations has been reached or if the minimum score has not changed for more than 50
iterations. A maximum number of iterations of 100 was adopted for all computational
experiments.

To guide the optimiser in locating good quality solutions (low score from Eq. (3.3)),
the dimer energy (Eq. (3.29)) is utilised to further restrict the solution space throughout
the optimisation procedure. The dimer energy correction ∆EIJ is calculated as

∆EIJ = EIJ − EI − EJ (3.29)

where EIJ represents the energy of the dimer and EI and EJ are the energies of the
monomers. The value of∆EIJ provides ameasure of the energy perturbationwhen the
bond(s) connecting the twomonomers in a dimer is/are broken. A force field treatment
(UFF) is used for the calculations of the energies (EIJ , EI and EJ). As an example
consider Fig. 3.10, where a C C bond is broken in the dimer (FIJ) to produce two
monomers (FI and FJ).

If the dimer energy correction corresponding to an edge being cut exceeds a thresh-
old value, this edge is blacklisted and the corresponding bond remains unbreakable in
future iterations. The threshold value used is 10 kJ mol−1.

The evaluation of the dimer energy correction for each edge being cut is performed
within the scoring function calculation for each individual in Algorithm 3.3. The pro-
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Figure 3.10: Ball and stick figure of two separate monomers (FI and FJ) and the dimer
(FIJ) composing these monomers. Atoms coloured black, blue, red and white corre-
spond to carbon, nitrogen, oxygen and hydrogen, respectively. Red broken line denotes
a broken bond.

cedure of blacklisting edges is limited to the first ten iterations of a GA procedure. Oth-
erwise if this continues across the entire optimisation procedure, there is the risk of
potentially rendering the set of blacklisted edges to be too large and prevent the op-
timiser from exploring diverse solutions. By excluding edges associated with large
dimer energies from the solution space, the optimiser is steered towards an energet-
ically favourable solution that preserves the integrity of the chemical environment.

3.3.2 Fragmentation algorithm

Dealing with the complex optimisation challenge of optimally dividing a system into
Nf fragments, each with approximately nt atoms, proves arduous for the optimiser. As
molecular systems grow, the difficulty escalates. The optimiser struggles to fragment
the system in a feasible number of iterations, hindered by the exponential growth in
the combinations of bonds.

To mitigate this issue, a recursive fragmentation approach is adopted. With this
approach, a GA optimiser instancewill need to consider a significantly lower number of
potential broken bonds at any given time. In turn, breaking a smaller number of bonds
results in a smaller cumulative effect on the score, enabling the optimiser to distinguish
better between bonds that lead to low and high energy perturbations. Furthermore, the
reduction in the problem size that comes with this recursive strategy also means less
degenerate solutions for the optimiser to consider.

In the recursive procedure, the molecular system is initially partitioned into n larger
fragments and each of these fragments is then broken up further. This process is re-
peated until the fragments are sufficiently close to the target fragment size.

This recursive procedure is exemplified in Fig. 3.11, where a 174-atom protein sys-
tem (MFS-bound Sans CEN2 peptide, PDB ID: 2L7T) is fragmented, aiming for frag-
ments of approximately 20 atoms. Initially, the algorithm splits the system into five
larger fragments of 31, 35, 38, 36, and 42 atoms, respectively. These fragments are then
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Figure 3.11: Example of the recursive fragmentation scheme with MFS-bound Sans
CEN2 peptide (PDBid 2L7T). Target fragment size is 20 atoms. Number of atoms listed
for fragments includes hydrogen caps.

further subdivided to achieve fragments nearing the desired 20-atom size. After two
fragmentation stages, ten fragments emerge, each averaging approximately 19 atoms.

Figure 3.12 graphically illustrates the final automatic fragmentation algorithm. The
process starts by analysing themolecular system, which involves categorising node and
edge attributes and identifying conjugated and hyperconjugated areas. Subsequently,
the system undergoes recursive fragmentation, incorporating a series of genetic algo-
rithm optimisation steps. Following each fragmentation phase, the resulting fragment
sizes (||s||) are assessed against the target size (nt). If a fragment exceeds the target
size, it undergoes further recursive fragmentation.

3.4 Results and Discussion

3.4.1 Optimisation of Scoring Function Weights

Figure 3.13 displays the evolution of the minimum value of the objective function f

(Eq. (3.28)) over the course of the Bayesian optimisation procedure as described in
Section 3.2.4. Within the first five iterations, there is a drastic drop in the minimum
value from 0.38152 to 0.30799. Past this, the rate at which theminimum value decreases
slows down considerably, indicating a relatively flat optimisation surface. A duration
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Figure 3.12: The automatic fragmentation algorithm. The numbering corresponds to
different sections of the algorithm: (1) Recursive fragmentation; (2) Genetic algorithm.

0 100 200 300 400 500 600

Number of Iterations

0.26

0.28

0.30

0.32

0.34

0.36

0.38

0.40

M
in

im
u

m
v
a
lu

e

Figure 3.13: Evolution of the minimum value of f (Eq. (3.28)). Arrow indicates the
occurrence of the final minimum value of f at iteration number 445.
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of approximately 100 iterations were required for the occurrence of the next three min-
imum values; the final minimum value of 0.29205 (see black arrow in Fig. 3.13 at it-
eration number 445) occurred 135 iterations after the previous. After 200 iterations of
no change in the minimum value, the optimisation procedure was terminated and the
corresponding {βi} values at iteration number 445 were employed in the fragmentation
algorithm.

Table 3.3 shows the set of {βi} values that minimise the scoring function (Eq. (3.3))
against the objective function (Eq. (3.28)).

The term carrying the largest weight in the scoring function is hyperconjugation
(βhyper = 0.313325), which is immediately followed by the volume range (βvrange =

0.294074). As detailed in Section 3.2.3, the six penalty terms in the scoring function are
divided into two primary classes: one focusing on maintaining the chemical landscape
(encompassing potential energy, conjugation, and hyperconjugation), and the other
on managing fragment size (including volume, the number of fragments/components,
andvolume range). It is noteworthy that the twomost heavilyweighted factors—hyperconjugation
and volume range—belong to these distinct classes. Moreover, the aggregated weights
of penalty terms involved inmaintaining the chemical environment (0.595084) is greater
than that of controlling the fragment size (0.404916). This difference in weight distri-
bution between the two categories implies there is a greater importance to preserving
the chemical environment. Later, it is shown that a good balance between the preserva-
tion of the chemical environment and partitioning the system into appropriately sized
fragments is been achieved with these weights.

Table 3.3: The set of optimal {βi} values obtained from Bayesian optimisation.
βpe βconj βhyper βvol βcomp βvrange

0.135816 0.145943 0.313325 0.109416 0.001426 0.294074

The number of components/fragments exhibits the lowestweight of βcomp = 0.001426.
The low weighting for βcomp is likely influenced by the inclusion of the volume term
(pvol) in Equation (3.3). As discussed in Section 3.2.3, the volume penalty term aims
to penalise fragmentation instances where the fragments significantly deviate from the
desired target size. Similarly, pcomp decreases in value as the number of fragments in-
creases, serving a comparable purpose. These factors both encourage fragmentation,
but with the presence of pvol, the impact of pcomp diminishes. The comparative magni-
tudes of these weights, where βvol = 0.109416 is larger than βcomp = 0.001426, under-
scores their primary function of reducing the extent of double-counting.

Due to the small magnitude of βcomp compared to the other {βi} values, a two-tailed
t-test on the set of 800 systems (Dataset 1) is performed to examine its statistical signif-
icance. This involved comparing results obtained with βcomp = 0.001426 and βcomp = 0.
For βcomp = 0, the remaining {βi} values were normalised to ensure

∑
i βi = 1 (listed
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Figure 3.14: left: Distribution of the average fragment size of Dataset 1; right: Distribu-
tion of absolute energy errors at the MBE2 and MBE3 levels of Dataset 1. All energies
were calculated at the HF/6-31G* level of theory. Averages are indicated by vertical
lines and the corresponding values are reported. Error bars correspond to one stan-
dard deviation.

Table 3.4: The set of adjusted optimal {βi} values after removal of βcomp.
βpe βconj βhyper βvol βvrange

0.136010 0.146151 0.313773 0.109573 0.294494

in Table 3.4). In particular, the quantity compared in the t-test is similar to Eq. (3.28),
where each molecular system has a fitness value given by

f =
1

2
pvol +

1

2
S(∆E) (3.30)

where pvol, S and ∆E are evaluated identical to those in Eq. (3.28). A t-value of 0.014
is obtained and is substantially smaller than the critical t-value of 1.961 at the α = 0.05

level. Consequently, due to the presence of βcomp being statistically insignificant at the
α = 0.05 level, pcomp is removed from the scoring function altogether and the weights
listed in Table 3.4 is used for the remainder of this Chapter.

Since the weights of the scoring function terms were optimised on Dataset 1, the
following text concerns the application of QFRAGS with the optimised {βi} values to
Dataset 1.

Fig. 3.14 shows the distribution of the average fragment size as well as the energy er-
rors obtained with MBE truncated at the two-body and three-body levels for Dataset 1.
The vastmajority of systems inDataset 1 (81.9%) exhibited average fragment sizes rang-
ing between 35 and 50 atoms. Furthermore, 83.0% of systems exhibited average frag-
ment sizes less than the target size of 50 atoms. These resulting fragment sizes are en-
couraging for the purposes of thiswork; the standard deviation of 5.5 atoms is relatively
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small (approximately 10% of the target fragment size) and the majority of the average
fragment sizes do not exceed the target fragment size. Exceeding the target fragment
size can be problematic due to the growing size of larger fragments (e.g. dimers and
trimers)which can lead tomemory and convergence issues in fragmentation-basedQM
calculations. It is demonstrated later in Section 3.4.2 that the distribution of the average
fragment size narrows with larger system sizes (above 500 atoms).

Regarding the accuracy of total energies, Dataset 1 exhibits relatively low error mar-
gins. The mean absolute errors (MAE) are 20.7 and 2.2 kJ mol−1 for MBE2 and MBE3,
respectively. At theMBE3 level, 84.5%of the systems yielded errors smaller than 4.2 kJmol−1,
compared to 29.0% for MBE2. The significant improvement in error rates with MBE3 is
expected, as MBE3 accounts for more chemical interactions by incorporating trimers.

The set of {βi} values in Table 3.4 is used in the current implementation of the pro-
posed automated fragmentation algorithm. The subsequent section reports the results
obtained from applying QFRAGS to both Dataset 2 and Dataset 3.

3.4.2 Application of QFRAGS

Datasets

In this Section, QFRAGSwith the optimised {βi}values in Table 3.4 is applied toDatasets
2 and 3. The ability of the automated fragmentation procedure to generate fragment
sizes close to the input target fragment size is demonstrated as well its accuracy by the
comparison of the single point energies obtained with and without fragmentation. The
rationale for employing two distinct test datasets is to examine the impact of system
size on energy deviations and fragment dimensions.

Fragment Size

Figure 3.3 presents the size distribution of protein systems inDatasets 2 and 3. Dataset 2,
with a maximum of 408 atoms, features smaller systems in comparison to Dataset 3,
where the largest structure includes 1,396 atoms.

The distributions of average fragment sizes for Dataset 2 and Dataset 3 are shown
in Fig. 3.15. In Dataset 2, a predominant proportion (81.5%) of systems display mean
fragment sizes ranging from 35 to 50 atoms. Conversely, Dataset 3’s distribution is nar-
rower, with 85.0% of its systems having average fragment sizes within the 40 to 50 atom
range, compared to only 65.0% inDataset 2. This variance in distribution patterns is fur-
ther evident in their standard deviations: Dataset 2 has a higher standard deviation of
5.3 atoms, while Dataset 3’s is 3.2 atoms. These differences are attributable to the recur-
sive fragmentation process and the presence of larger molecular systems in Dataset 3.
Given that both datasets aim for a target fragment size of 50 atoms, Dataset 3 under-
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goes more fragmentation recursions than Dataset 2. Additionally, the larger systems in
Dataset 3 offer more possibilities for dividing the system into 50-atom fragments. Con-
sequently, Dataset 3 exhibits amore concentrated distribution, closely aligningwith the
target fragment size.
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Figure 3.15: Average fragment size distribution of Dataset 2 and Dataset 3. Averages
are indicated by vertical lines and the corresponding values are reported. Error bars
correspond to one standard deviation.

For both datasets, there is a very small number of molecular systems that, when
fragmented, exhibit mean fragment sizes greater than 50 atoms; this is true for 16.0%
and 0.0% of systems in Dataset 2 and Dataset 3, respectively. This was also observed
for Dataset 1 and the favourable implications of this were discussed earlier in Section
3.4.1.

Single Point Energies

Using the fragments produced by QFRAGS, the total energy of molecular systems in
Datasets 2 and 3 was calculated at the HF/6-31G* level using the many body expansion
method (Eq. (2.46)). The MBE calculations were truncated at the two-body and three-
body levels. Subsequently, energies derived from fragmentation were compared with
those obtained from full system (unfragmented) calculations at the same HF/6-31G*
level.

Figure 3.16 presents the distributions of absolute errors at the MBE2 and MBE3
levels. For both datasets, a noticeable reduction in the absolute error is observed as
the MBE level increases from dimers to trimers. This reduction is exemplified by the
change in MAEs when transitioning from MBE2 to MBE3. Specifically, in Dataset 2,
the MAE decreases from 20.0 to 2.2 kJ mol−1 and in Dataset 3, the MAE reduces from
181.5 to 24.3 kJ mol−1. This improvement in energy accuracy is anticipated and can be
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attributed to the inclusion of interaction energies in trimers. These findings align with
existing literature on hierarchical fragmentation methods.189–192
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Figure 3.16: Distribution of absolute energy errors at the MBE2 and MBE3 levels for
Dataset 2 and Dataset 3. All energies were calculated at the HF/6-31G* level of theory.
Averages are indicated by vertical lines and the corresponding values are reported. Er-
ror bars correspond to one standard deviation.

Comparing the two datasets, Dataset 2 exhibits much lower errors than Dataset 3.
TheMAEs of Dataset 3 are 161.5 and 22.2 kJ mol−1 greater than those of Dataset 2 at the
MBE2 andMBE3 levels, respectively. At the MBE3 level, 84.5% and 16.0% of systems in
Dataset 2 and Dataset 3, respectively, achieved errors less than 4.2 kJ mol−1. The higher
errors and lower occurrence of accurate results in Dataset 3 are due to the prevalence of
larger systems; the average system size in Dataset 3 is 1,021 atoms whereas the average
system size in Dataset 2 is 277 atoms (see Fig. 3.3). The same target fragment size of
50 atoms was used to fragment systems in both datasets. With the systems in Dataset 3
being larger than those in Dataset 2, the number of fragments generated in Dataset 3
will be greater than those in Dataset 2. Correspondingly, more bonds are being broken
in the systems belonging to Dataset 3, leading to larger absolute errors.

To better understand the system size’s impact, the relative error results is included in
Fig. 3.17. These errors are calculated by dividing the absolute error by the total electron
count in the system. Fig. 3.17 shows the distribution of relative errors for both datasets.

The mean relative error in Dataset 3 at the MBE2 level is 0.051 kJ mol−1 per elec-
tron compared to the 0.018 kJ mol−1 of Dataset 2. Conversely, at the MBE3 level, both
datasets exhibit the same relative error of 0.002 kJ mol−1 per electron.

Hence, when normalised for system size, at both MBE2 and MBE3 levels, relative
errors for the two datasets remain within the same order of magnitude. This contrasts
with the absolute errors, where Dataset 3’s MAEs for both MBE2 and MBE3 were con-
sistently larger than those of Dataset 2 by an order of magnitude. These findings sug-
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gest that, by considering system size, QFRAGS can achieve comparable relative errors
across a broad spectrum of system sizes, ranging from 158 to 1,396 atoms.
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Figure 3.17: Distribution of relative energy errors at the MBE2 and MBE3 levels for
Dataset 2 and Dataset 3. Averages are indicated by vertical lines and the correspond-
ing values are reported. Error bars correspond to one standard deviation. See text for
definition of relative errors.

3.4.3 Comparison to Manual Fragmentation

To demonstrate the advantage of the proposed fragmentation scheme, the results of
QFRAGS are compared on two samples of 20 protein systems randomly selected from
Dataset 1 and Dataset 2 to three manual fragmentation approaches specific to protein
systems.

The manual fragmentation approaches will be called naive, semi-naive, and non-
naive and corresponding fragments are obtained by severing the C N amide, Cα N,
and Cα C bonds, respectively. Figure 3.18 illustrates the three different manual frag-
mentation schemes. These three fragmentation approaches have been explored within
literature and it has been consistently demonstrated that the order of increasing accu-
racy generally follows the order of cutting theC Namide, Cα N, andCα Cbonds.193–195

To control for fragment size, as part of the criteria for bond breaking a fragment size
of 50 atoms was selected to match the target fragment size used in QFRAGS.

Figure 3.19 shows the distribution of average fragment sizes for the two samples of
20 protein systems using the four distinct fragmentation schemes. For the systems from
Dataset 1, the naive and non-naive methods yield fragments averaging between 40 and
48 atoms in size. Similarly, the semi-naive method produces fragments with average
sizes ranging from 38 to 49 atoms. In contrast, the QFRAGS approach results in frag-
ments averaging between 36 and 50 atoms. The fragment sizes derived from the three
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Figure 3.18: Definition of the three different manual fragmentation schemes employed
for the 20 protein systems: naive, semi-naive and non-naive. R1 and R2 denote arbitrary
side groups of amino acids.

manual methods (naive, semi-naive, and non-naive) are more closely aligned with the
target size of 50 atoms compared to QFRAGS. A similar outcome can be observed for
structures of Dataset 2 where the range of fragment sizes of QFRAGS is larger than
those of the manual schemes. Nonetheless, there is a substantial overlap in the average
fragment sizes among protein systems across all fragmentation schemes.
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Figure 3.19: Distribution of average fragment size obtained from fragmenting 20 pro-
teins randomly selected from a) Dataset 1; and b) Dataset 2 using the various bond
breaking schemes: naive, semi-naive, non-naive and QFRAGS.

Figure 3.20 shows the mean absolute energy errors calculated using two fragmenta-
tion methods (MBE and FMO) at the dimer and trimer levels across the four fragmen-
tation schemes for structures of Dataset 1 and Dataset 2. Across all 40 protein systems,
the MBE2 and MBE3 MAEs across the four fragmentation schemes are all within the
same order of magnitude. The MBE2 MAEs range between 41.8 and 58.5 kJ mol−1, and
the MBE3 MAEs range between 3.2 and 9.9 kJ mol−1 for systems in Dataset 1. Whilst
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for Dataset 2, MBE2 MAEs ranged between 19.4 and 42.5 kJ mol−1 and MBE3 MAEs
ranged between 2.0 and 4.0 kJ mol−1.

It should be noted that since the weights of the scoring function were trained on
systems belonging to Dataset 1 with MBE, there will be some bias in the MBE results
fromQFRAGS. It is for this reason that systems fromDataset 2 are included. The above
results demonstrate the similarity in the behaviour of MBE for systems belonging to
and outside of the training set (Dataset 1).

For Dataset 1 structures the FMO errors associatedwith the non-naive andQFRAGS
are consistently an order of magnitude smaller than the naive and semi-naive schemes.
Specifically, the FMO2MAEs of the naive (55.1 kJmol−1) and semi-naive (74.9 kJmol−1)
are both an order of magnitude larger than those of the non-naive (3.3 kJ mol−1) and
QFRAGS (8.5 kJ mol−1). This also holds true for FMO3 where the MAEs of the naive
(2.5 kJ mol−1) and semi-naive (1.1 kJ mol−1) fragmentation schemes are greater than
those of the non-naive (0.4 kJ mol−1) and QFRAGS (0.4 kJ mol−1) schemes.

Compared to the FMO results of structures belonging toDataset 1, those ofDataset 2
contrast in twoways. Firstly, the FMO2MAEs of all threemanual fragmentation schemes
are an order of magnitude larger than QFRAGS. Secondly, the FMO3 MAEs of semi-
naive, non-naive and QFRAGS are all within the same order of magnitude (less than
1 kJ mol−1). However, these differences only occur for the semi- and non-naive man-
ual fragmentation schemes; the behaviour of QFRAGS is consistent across systems in
Dataset 1 and Dataset 2.

These differing results betweenMBE and FMO, specifically, the errors of FMObeing
generally lower than those of MBE, highlight the importance of the treatment of bond
breaking and inclusion of electrostatic potentials in fragmentation methods. MBE frag-
ment calculations do not employ electrostatic potentials and use hydrogen capping to
restore valence at the site of broken bonds. The inclusion of hydrogen caps has the
potential to perturb the electronic environment and introduce spurious steric effects.196

Meanwhile, in FMO, fragment energy calculations are performed in the electrostatic po-
tential of surrounding fragments, and furthermore FMO avoids introducing hydrogen
caps, and instead the AFO approach is used to treat the broken bonds.162,197 The ef-
fects of such variability betweenMBE and FMO are best exemplified through the three-
body errors of 2LTX2 fragmented with the non-naive approach, where the MBE3 error
(94.2 kJ mol−1) is two orders of magnitude larger than that of FMO3 (0.2 kJ mol−1).

Furthermore, the MAEs of FMO3 across all four fragmentation schemes are con-
sistently lower than those of MBE3. On the other hand, the FMO2 MAEs are either
the same order of magnitude or an order of magnitude less than those of MBE2. Such
observations are consistent with the literature on fragmentation methods concerning
electrostatic potentials; methods that include electrostatic potentials typically outper-
form those lacking it,191,198,199 albeit being more computationally demanding than the



72 Chapter 3

latter.
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Figure 3.20: Mean absolute energy errors of various bond breaking schemes (naive,
semi-naive, non-naive and QFRAGS) with the fragmentation methods FMO2/3 and
MBE2/3 levels across 20 protein systems randomly selected from a) Dataset 1; and b)
Dataset 2. Error bars correspond to one standard deviation. See text for system descrip-
tion of the various bond breaking schemes.

Furthermore, it is important to recognise that the three manual approaches (naive,
semi-naive and non-naive) are suited to protein systems only, whereas QFRAGS pos-
sesses no information on the amino acid makeup of the protein systems. On the other
hand, the naive, semi-naive and non-naive approaches are specifically tailored to amino
acids because these schemes only consider breaking bonds that are found in protein sys-
tems. Yet despite this lack of amino acid information, the proposed QFRAGSmethod is
able to achieve MAEs of the same order of magnitude as the three manual fragmenta-
tion methods at both the MBE2 and MBE3 levels, outperform the naive and semi-naive
schemeswith two- and three-body FMO calculations and is comparable to the accuracy
of the non-naive scheme with both FMO2 and FMO3.

3.4.4 Application to Glycolipids and Lipoglycans

To demonstrate the applicability of QFRAGS beyond protein systems, it was applied
to a set of 10 glycolipid and lipoglycan systems ranging between 368 and 727 atoms,
with an average of 455 atoms. Unlike proteins, which are composed of well-defined
monomeric units (amino acids), these structures lack an intuitive monomeric unit due
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to the varied lipid component and consequently their manual fragmentation poses a
challenging task. Consequently, these structures were selected to analyse the perfor-
mance of QFRAGS.

Table 3.5: Performance of QFRAGS for glycolipid and lipoglycan systems. MBE2/3
errors are reported in kJ mol−1. System name corresponds to the HMDB ID.

System Average MBE2 MBE3
Fragment Size error error

0011945 41.8 -14.6 -0.2
0011957 40.9 7.8 0.4
0011959 41.2 -1.3 0.0
0012117 42.3 -8.6 -0.2
0012121 47.8 3.7 -0.1
0012123 47.1 3.0 0.5
0012124 44.5 0.3 -0.1
0012125 51.8 6.4 -1.0
0012232 48.7 5.0 0.0
0013470 40.4 27.9 0.1

Table 3.5 summarises the results of applying QFRAGS to the glycolipid and lipogly-
can systems including the average fragment size and MBE2/3 errors. With the excep-
tion of one system, the average fragment size is consistently less than the target frag-
ment size of 50 atoms. In fact, the majority of systems (60%) exhibit average fragment
sizes ranging between between 40 and 45 atoms.

Concerning the energy errors, the largest MBE2 error (27.9 kJ mol−1) belongs to
largest system (727 atoms) and this error reduces to 0.1 kJ mol−1 with the inclusion of
trimer energies. Across the 10 systems, the MAE decreases from 7.9 kJ mol−1 at the
two-body level to 0.3 kJ mol−1 at the three-body level. Once again, this decrease in the
MAE is ascribed to the inclusion of interaction energies of trimers. Such results high-
light the accuracy of QFRAGS even on systems beyond proteins, the systems where the
weights of Eq. (3.3) were trained on. With the results above, together, these outcomes
demonstrate QFRAGS’ capability of generating fragments of a specific size, its accuracy,
and its applicability beyond protein systems.

3.5 Conclusion

In thisChapter, an innovative, automatedmolecular fragmentation approach, QFRAGS,
is introduced, characterised by its evolutionary optimisation of a scoring function. The
proposed approach hinges on three main innovations.

First, the fragmentation process is fully automated, eliminating the need for manual
intervention.
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Second, traditional energy metrics, which are impractical for large molecular sys-
tems, are replaced by a multi-factor scoring function. This function integrates chemical
information and implementation aspects, offering a more feasible and effective alterna-
tive for fragmenting complex systems.

Third, the proposed approach employs evolutionary strategies to optimise the scor-
ing function. This actively seeks out fragmentation schemes that indirectly minimise
energy discrepancies when compared to the energy of the unfragmented, reference sys-
tem.

The scoring function’sweightswere fine-tunedusing 800 protein systems, each com-
prising 108 to 455 atoms. Using the optimised weights, QFRAGS was then applied to
over 1,000 protein systems with atom counts ranging from 108 to 1,396 atoms, targeting
fragment sizes of 50 atoms. For systems with less than 500 atoms, the mean fragment
sizes achievedwith QFRAGS varied between 32 and 65 atoms. In larger systems (505 to
1,396 atoms), the average fragment sizes improved, ranging between 37 and 50 atoms.
These results show QFRAGS’s efficiency in generating fragments that align well with
the desired target size.

Using the fragments generated by QFRAGS, total energies were calculated at the
two-body and three-body levels using the Many Body Expansion method, with HF/6-
31G* as the theory level. Themean absolute errors for systems less than 500 atomswere
20.6 and 2.2 kJmol−1 at theMBE2 andMBE3 levels, respectively. For larger systems (505
to 1,396 atoms), the MAEs increased to 181.5 and 24.3 kJ mol−1 at the MBE2 and MBE3
levels, respectively.

Then, a comparison of QFRAGS to three manual fragmentation approaches (naive,
semi-naive and non-naive) specific to protein systems was performed on 40 protein
structures ranging between 170 and 400 atoms. Total energies were calculated with
two fragmentation methods: the Many Body Expansion and the Fragment Molecular
Orbital, both at the two-body and three-body levels. All fragmentation strategies gener-
ated fragments with similar average sizes close to the target fragment size of 50 atoms.
With MBE, the MAEs across QFRAGS and the three manual fragmentation schemes
are all within the same order of magnitude. At the MBE2 level, MAEs ranged be-
tween 19.4 and 58.5 kJ mol−1, meanwhile at MBE3 level, the MAEs fell between 2.0
and 9.9 kJ mol−1. On the other hand with the fragment molecular orbital method,
the accuracy of QFRAGS (FMO2 and FMO3 MAEs of 6.6 and 0.4 kJ mol−1, respec-
tively) are comparable that of the non-naive scheme (FMO2 and FMO3 MAEs of 9.2
and 0.4 kJ mol−1, respectively) at both the two- and three-body levels. Both of these
schemes are consistently an order of magnitude less than the corresponding MAEs of
the naive (FMO2 and FMO3 MAEs of 43.4 and 2.1 kJ mol−1, respectively) and semi-
naive (FMO2 and FMO3 MAEs of 63.0 and 1.0 kJ mol−1, respectively) approaches.

Following, QFRAGSwas applied to 10 glycolipid and lipoglycan systems to demon-
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strate its applicability beyond protein systems, namely, on structures without explicit
monomeric units, and yieldedMAEs of 7.9 and 0.3 kJ mol−1 at the two- and three-body
levels with MBE, respectively.

The results of this study demonstrate the efficacy of the newly proposed automated
fragmentation scheme in various aspects. QFRAGS is capable of generating fragments
that closely match the desired size. When integrated with MBE and FMO fragmenta-
tion methods and applied to protein systems, it achieves an approximation of the total
energy that rivals that of manual, non-naive fragmentation. Furthermore, QFRAGS is
generalisable to organic systems beyond proteins. Finally, this study corroborates the
importance of employing high-quality fragments and carefully selecting the bonds to
be broken in molecular fragmentation approaches. Overall, this Chapter presents a
new, accurate, automated molecular fragmentation scheme suitable for the application
of QM on large molecular systems, advancing strategies to reduce computational cost
and enhance algorithmic parallelisability.



Chapter 4

Acceleration of Self-Consistent FieldCal-
culations Using Basis Set Projection and
Many-Body Expansion as Initial Guess
Methods

4.1 Introduction

The research explored in Chapter 3 addresses limitations of existing molecular frag-
mentation methods in their application to large molecular systems. As described pre-
viously, fragmentationmethods alleviate the computational burden of QM calculations
by partitioning the molecular system into smaller units (i.e. fragments). Another av-
enue of accelerating QM calculations on large molecular systems (without fragmenta-
tion) involves improving initial guesses utilised in Self-Consistent Field (SCF) calcula-
tions to reduce the iteration count. A description of the SCF procedure is provided in
Chapter 2 Section 2.4.1.

The SCF procedure is at the core of electronic structure methods used to solve the
Hartree-Fock (HF) and Kohn-Sham equations.

All SCF calculations begin at the same starting point: an initial guess for the density
matrix or for themolecular orbitals of the chemical system. The accuracy of the starting
guess dictates the SCF procedure’s convergence behaviour; the closer the initial guess
is to the final solution, the faster the convergence. Additionally, a poor initial guess can
lead to convergence failure or convergence to different, undesired solutions.

One of the most commonly adopted initial guess methods is the Superposition of
Atomic Densities (SAD).200,201 In SAD, the initial density matrix assumes a block diag-
onal structure, assembled using spherically-averaged converged atomic densities. De-
spite its transferability and ease of implementation, SAD typically faces convergence
issues with larger systems. For instance, in a study focused on protein systems, SAD
guesses resulted in convergence failures for several structures comprising between 396
and 598 atoms.202 Additionally, its implementation is often charge neutral,203 making it
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incompatible with many ionic species. Namely, the SAD matrix is not consistent with
the charge state of the species with only some implementations allowing users to spec-
ify charge states. Furthermore, the SAD method yields a non-idempotent matrix and
therefore requires a minimum of two SCF iterations for convergence.

As as alternative to SAD, other initial guess methods have instead focused improv-
ing the accuracy of initial guesses. Two families of such methods include the basis set
projection (BSP) and molecular fragmentation approaches.

In BSP methods, the density matrix is constructed by projecting the converged den-
sity calculated in a smaller basis set into a larger target basis set. In this work the smaller
basis set is referred to as the “bootstrapping basis” and the target basis set as the “pro-
jected basis”.

Fragmentationmethods, on the other hand, involve dividing the system into smaller
units and assembling the initial guess matrix using the converged densities of these
fragments. Multiple studies have reported greater accuracy and fewer iterations asso-
ciated with BSP and fragmentation methods.192,202–209 For example, Hegely and Kallay
demonstrated that usingdef2-SVP as the bootstrapping basis set for triple-ζ calculations
in BSP led to a decrease in the number of SCF iterations by up to 10 iterations compared
to SAD, which had an average SCF iteration count of 20.208 Additionally, fragmentation
methods have been shown to reduce the number of SCF iterations by up to 40% relative
to SAD and greater for SAP.192

Recently, Ballesteros et al. proposed a new fragmentation-based initial guess scheme
employing the many body expansion.192 This MBE-density matrix (MBE-DM) scheme,
applied to water cluster systems, exhibited superior performance compared to BSP and
SAD, typically requiring 40% fewer SCF cycles. The MBE-DM method was also gener-
alised to the General Many Body Expansion (GMBE) scheme, where overlapping frag-
ments are used to construct the density matrix.192

In most studies evaluating initial guess performance, the primary efficiency metric
is the number of SCF iterations. However, this measure alone does not capture the com-
putational overhead associated with generating the initial guess itself. Consequently,
an improved-guessmethod that reduces SCF iterationsmay still result in its overall SCF
taking longer than the corresponding SAD-based SCF calculation if its guess-generation
step is particularly time-consuming. Thus, in addition to tracking SCF iterations, it is
essential to consider the total time-to-solution as a performance metric, encompassing
both the time required to produce the initial guess and the time required for the SCF
calculation of the target system to converge.

In this Chapter, an investigation on the acceleration of SCF calculations through the
use of improved initial guess methods is conducted, specifically focusing on Basis Set
Projection and on the Many Body Expansion, in comparison to the standard SAD ap-
proach. A detailed benchmark analysis of the time-to-solution for both Hartree-Fock
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and hybrid Density Functional Theory calculations is presented, exploring the perfor-
mance of BSP, MBE, and SAD individually, as well as their combinations. The analy-
sis spans a diverse set of molecular systems, ranging from 42 to 1,107 atoms (400 to
14,386 basis functions), and includes both fully connected covalently bonded systems
and non-bonded molecular clusters, offering a detailed evaluation of these methods
across a variety of chemical environments.

Unless stated otherwise, all algorithms were implemented in, and tested using the
GPU-accelerated Extreme-scale Electronic Structure System (EXESS) quantum chem-
istry program.22–29

This Chapter begins with Section 4.2 where the various initial guess methods ex-
plored in this study are detailed. In Section 4.3.2, a description of themolecular systems
on which these methods were tested. Sections 4.4.1 and 4.4.2 examine the influence of
parameters such as bootstrapping basis set selection, fragment sizes, fragmentation lev-
els, convergence thresholds, and approximate HFmethods (resolution-of-the-identity)
on the performance of the BSP and MBE methods for various molecular systems. Fi-
nally, in Section 4.4.3, the performance of multiple initial guess methods (SAD, BSP,
and MBE) are compared using the optimal parameters identified for BSP and MBE.
The energy errors, wall-time speedups, and number of SCF iterations required are all
analysed. Additionally, a new initial guess method is introduced, Basis Set Projection
with Fragmentation (BSPF), which is a hybrid of the BSP and MBE approaches, and
assess its performance against SAD, BSP, and MBE. Section 4.5 concludes.

This chapter addresses Aim 2 and reproduces a published manuscript: Yu, F.C.,
Seidl, C., Palethorpe, E. andBarca, G.M., 2025. Acceleration of Self-Consistent FieldCal-
culations Using Basis Set Projection and Many-Body Expansion as Initial Guess Meth-
ods. Journal of Chemical Theory and Computation, 21(3), pp.1230-1248.

4.2 Initial Guess Methods

In this section, a description of the four initial guessmethods examined in this study are
provided: the superposition of atomic densities, basis set projection, and many body
expansion-density matrix approaches. Additionally, a novel method is introduced, ba-
sis set projectionwith fragmentation (BSPF), which combines elements of the latter two
methods.

A description of the SCF procedure is provided in Chapter 2 Section 2.4.1 to clarify
the role of initial guesses in SCF calculations.
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4.2.1 Superposition of Atomic Densities

In the SAD method, the initial density is constructed on an atom-by-atom basis. For
each atom and basis set, a unrestricted/restricted open-shell HF computation is per-
formed depending on the implementation. The resulting atomic density is spherically
averaged and the initial density is then assembled from the converged densities of these
atomic unrestricted open-shell HF calculations, resulting in a block diagonal structure.
Specifically, the initial density matrix D is the direct sum of the atomic converged den-
sities, taking on the following block diagonal form:

D =




D0 0 · · · 0

0 D1 · · · 0
... ... . . . ...
0 0 · · · Dn




(4.1)

where Di is the converged density of atom i.

4.2.2 Basis Set Projection

In the BSP method, the initial density is obtained using the converged density matrix
in the bootstrapping basis set. In the bootstrapping basis set, an occupied molecular
orbital is defined as

|ψ⟩ =
∑

i

ci|i⟩ (4.2)

where ci are the coefficients and |i⟩ denote the atomic basis functions. To project |ψ⟩ to
the target basis set |J⟩, the following formula is used

|ψ⟩ =
∑

J

cJ |J⟩ (4.3)

where
cJ =

∑

JK

∑

i

⟨J |K⟩−1⟨K|i⟩ci (4.4)

where both J andK denote basis functions of the target basis set, i denotes basis func-
tions of the bootstrapping basis set, and ⟨J |K⟩−1 denotes elements of the inverse overlap
matrix.

4.2.3 Many Body Expansion-Density Matrix

As presented in Section 2.4.5, the many body expansion scheme (Eq. (2.46)) is used
to compute the total energy of a fragmented system. Ballesteros and Lao extended the
MBE method to form initial guess density matrices192 using the fragment densities as
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follows:
D =

∑

i

Di +
∑

i<j

∆Dij +
∑

i<j<k

∆Dijk + . . . (4.5)

Here, Di is the density of monomer i, and the higher-order correction terms ∆Dij

and ∆Dijk are defined analogously to Eqs. (2.47) and (2.48):

∆Dij = Dij − (Di ⊕Dj)

∆Dijk = Dijk − (∆Dij ⊕∆Dik ⊕∆Djk)

− (Di ⊕Dj ⊕Dk)

(4.6)

Here,Dij andDijk denote the densities of the dimer and trimer systems, respectively,
and ⊕ denotes the direct sum of matrices.

4.2.4 Basis Set Projection with Fragmentation

A new initial guess method is introduced, named Basis Set Projection with Fragmenta-
tion, a hybrid of the MBE and BSP methods.

There are various ways to integrate MBE with BSP. Figure 4.1 outlines the possible
combinations of algorithmic stages, with those highlighted in blue representing the
BSPF implementation used in thiswork. Specifically, stages labeled 1 and 2 are excluded
from the proposed implementation.

BSPF begins with partitioning the system into fragments and performing SCF cal-
culations on fragments in the bootstrapping basis set.

Stage 1 includes combining the converged fragment densities in the bootstrapping
basis to form the initial guess of the full-system and performing an SCF calculation on
the latter in the bootstrapping basis. We avoid this step since the fragmentation ap-
proach only serves to accelerate the full-system SCF computation in the bootstrapping
basis set whereas the main bottleneck is associated with the latter but in the projected
basis set.

Rather than stage 1, the converged densities of the fragments in the bootstrapping
basis are projected to the target basis set and these are used to assemble the full-system
initial guess matrix.

Stage 2 comprises performing SCF on each fragment in the projected basis set and
using the converged densities from the bootstrapping basis calculation as the initial
guesses. Whilst this is likely to result in a more accurate initial guess of the full-system,
it is associated with a notable rise in the overhead of constructing the initial guess due
to an extra round of fragment SCF calculations. Furthermore, given that fragments
will be of the order of ten atoms and relatively small, the speedup afforded by BSP on
the fragment SCF computations in the projected basis set is unlikely to be significant
enough to outweigh the reduced SCF timing of the full-system due to themore accurate
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Fragment system
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the projected
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fragments in the
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1

2

Figure 4.1: Algorithmic stages resulting from the integration of BSP and MBE. Stages
highlighted in blue constitute the BSPF algorithmused in thiswork, while thosemarked
with 1 and 2 are excluded.

initial guess.
With stage 2 excluded, the initial density matrix is formed directly from projecting

the converged fragment densities in the bootstrapping basis. BSPF concludes with per-
forming an SCF calculation on the full-system in the projected basis set.

For all BSPF calculations in this work, the optimal parameters obtained for BSP and
MBE in Section 4.4.1 and 4.4.2, respectively, are employed.

4.3 Computational Details

4.3.1 Single Point Energies

In this study, single point energy (SPE) calculations on molecular systems are con-
ducted to assess the speedup afforded by different initial guess schemes. Both HF and
DFT SPE calculations were performed. An overview of HF and DFT methods can be
found in Chapters 2 Section 2.4. For DFT calculations, the B3LYP138–141 and Minnesota
MN15137 functionals were utilised, and the (99,590) Mura-Knowles210 quadrature grid
was employed along with GauXC’s “robust” pruning scheme which matches the de-
fault pruning method of Psi4.211,212 These SPE calculations were performed with a va-
riety of double- and triple-ζ basis sets to demonstrate the generalisability of the results
across various initial guess schemes. In particular, the benchmarks include Dunning’s
correlation consistent basis sets cc-pVDZ and cc-pVTZ,213,214 the polarisation consis-
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tent basis sets pc-1 and pc-2,215–218 and the Karlsruhe basis sets def2-SVP and def2-
TZVP.219,220

The direct inversion in the iterative subspace (DIIS) solver was used as the SCF
solver for all calculations.221,222 AnSCF calculation on a full-systememploying the afore-
mentioned basis sets is considered converged if the DIIS error between two subsequent
iterations is less than 10−6 a.u. DIIS extrapolations employed a maximum of 10 error
vectors from previous iterations. A maximum iteration count of 100 was imposed; sys-
tems that failed to meet the convergence criteria with 100 iterations are considered to
be not converged. This is especially pertinent to the case of metalloenzymes which are
discussed in the next Section. An integral screening threshold of 10−10 a.u. was used
for all calculations.

All closed-shell SPE calculations were performed using EXESS.22–29 These include
SAD, BSP, MBE and BSPF-based computations. All results were obtained on the Perl-
mutter supercomputer at the National Energy Research Scientific Computing Center
of the United States Department of Energy. All timing results were obtained on an
NVIDIA DGXA100 node with 1×64-core AMD EPYC 7763 2.45 GHz, 256 GB of DDR4
memory and 4 NVIDIA Ampere A100 GPUs with each containing 80 GB of High-
Bandwidth Memory.

All open-shell unrestricted calculationswere performedwith Q-Chem223 version 6.0.
These include only SAD and BSP computations. All timing results were obtained on
the Gadi supercomputer at the National Computing Infrastructure on a 48-core Intel
Cascade Lake node.

To assess the performance of the various initial guess schemes, the following speedup
metric is used

speedup =
tSAD

t
(4.7)

where tSAD and t denote wall-times of SAD and non-SAD SPE HF calculations, respec-
tively. These are end-to-end times of the entire calculation inclusive of both the guess
construction step and the SCF procedure on the full molecular system.

Superposition of Atomic Densities

The implementation of SAD guesses can vary across different software. In EXESS, the
SAD guess is generated by performing an unrestricted open-shell HF computation. The
number of unpaired electronsmay vary across different systems. Details on the number
of unpaired electrons used can be found in Appendix Bn. On the other hand, the SAD
guess is obtained by a restricted open-shell HF calculation in Q-Chem. The atomic
SAD guesses are pre-tabulated in both Q-Chem and EXESS and therefore, the set of
SPE computations performed herein do not include those related to generating them.
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Basis Set Projection

Eq. (4.4) defines the projection from one basis set to another. This involves the compu-
tation of the mixed overlap matrix for the two bases and is followed by an orthogonal-
isation step.

In BSP calculations, two parameters are varied: the bootstrapping basis set and the
convergence threshold used in the SCF procedure performed with the bootstrapping
basis set. The performance of BSP calculations is evaluated using four bootstrapping
basis sets, 3-21G, 6-31G,224–228 STO-3G, and STO-6G,229,230 and multiple convergence
thresholds, 10m a.u. wherem ∈ {−6,−5,−4,−3,−2,−1, 0, 1}. The convergence thresh-
old refers to the DIIS error between two successive iterations.

Many Body Expansion-Density Matrix

In this paper, all many body expansion computations are performed using the MBE-
DMmethod, which will be simply referred as MBE for conciseness.

Three parameters in MBE computations are explored: 1) target fragment size (nt);
2) the convergence threshold for the SCF procedure of the fragments; and 3) the frag-
mentation level. Six different target fragment sizes are examined, 10, 20, 30, 40, 50, 60
atoms, eight convergence thresholds, 10m a.u. wherem ∈ {−6,−5,−4,−3,−2,−1, 0, 1},
and two fragmentation levels (MBE1 and MBE2) to assess their impact on MBE com-
putation performance. The varying convergence thresholds are applied only to the SCF
calculations of the fragments.

For MBE2 calculations, two initial guess schemes for the dimer densities are ex-
plored: using the traditional SAD guess and employing the converged densities of the
constituent monomers, termed MBE2(SAD) and MBE2(MD), respectively.

Additionally, the influence of varying cutoffs for dimer construction in MBE2 is ex-
plored. A dimer is assembled if the distance between the centroids of two monomers
is less than or equal to the cutoff value. Three cutoffs are explored: 5 Å, 10 Å, and no
cutoff, where all possible dimers are included.

In MBE calculations, all SCF calculations on fragments are performed sequentially
on a single node (see Section 4.3.1), with initial guesses constructed from converged
fragment densities.

To explore acceleratingMBE-based calculations further, the resolution-of-the-identity
(RI) Hartree-Fock (RI-HF) algorithm in EXESS for calculations of the fragments is em-
ployed.231 RI-HF typically outperforms traditional HF in small systems, making it ad-
vantageous for accelerating single-fragment calculations. Therefore, RI-HF is explored
for individual fragments required for building the MBE initial guess. A description of
the RI approximation is provided in Chapter 2 Section 2.4.3.

RI-HF calculations are limited toDunning’s correlation consistent and theKarlsruhe
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basis sets due to the availability constraints of the corresponding auxiliary basis sets.
To employ MBE, a set of fragments is required. An automatic fragmentation ap-

proach based on a target fragment size criterion is used, generating fragments close to
nt. Two fragmentation procedures specialised for both fully covalently bonded systems
and non-covalent cluster systems are described. The full details of these fragmentation
schemes can be found in Appendix B.

4.3.2 Molecular Dataset

Although this thesis focuses on protein systems, the goal of this Chapter is to provide
researchers with initial guess tools suited for a range of system types besides proteins.
More precisely, the focus is onmolecular systemswith significance across a range of dis-
ciplines such as biology, drug design and materials science. Additionally, a molecular
system dataset is sought that exhibits the following attributes:

• Spans a large range of system sizes, specifically, between 50 and 1,000 atoms ap-
proximately

• Includes a combination of both covalently bonded and non-bonded systems

• Includes systems that possess neutral and charged moieties

• Includes systems that exhibit various bonding types such as hydrogen bonding,
dispersion interactions and π-π stacking

To the best of our knowledge there is no existing datasets that satisfies this criteria
and therefore a dataset of molecular structures is constructed herein.

Figure 4.2 summarises the classification of the full dataset of molecular structures
used in this study. Structures are divided into two main bonding classes: bonded or
cluster. The distinguishing feature between these two classes is the extent of covalent
bonds and therefore whether or not bonds need to be severed to generate fragments in
the case of the many body expansion implementation. The generation of fragments is
described in Section 4.2.3.

Structures belonging to the bonded systems class are categorised into three types:
proteins, nucleic acids and carbohydrates. Such systems are of biological relevance,
and furthermore, their study is critical towards the design of bio-active drugs. On the
other hand, non-bonded systems are grouped into four types, of which two are neutral
systems (water and benzene) and two are ionic liquids: 1,3-Dimethylimidazolium di-
cyanamide ([C1mim+][DCA−]) and Guanidinium tetrafluoroborate ([Gdm+][BF−

4 ]).
Such systems play an integral role in the activity and synthesis of drugs, as well as
towards the development new materials.232,233
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Furthermore, there are seven structures belonging to each of the above seven system
types of varying size. These structures are approximately of the order 50, 150, 250, 400,
500, 750 and 1,000 atoms, giving a total of 49 systems in the dataset.

Calculations with double-ζ basis sets are performed on the full 49-system dataset.
For these computations, the system with the most basis functions (12,019) includes
1,023 atoms. On the other hand, due to memory hardware constraints, single-point
energy calculations employing triple-ζ basis sets are limited to 35 of the total 49 systems,
excluding structureswith approximately 750 and 1,000 atoms. The largest system in this
35-system dataset (509 atoms) includes 14,386 basis functions.

Full dataset
49 structures

Bonded systems
1. Proteins

2. Nucleic Acids
3. Carbohydrates

Cluster systems
1. Water
2. Benzene

3. [C1mim+][DCA−]
4. [Gdm+][BF−

4 ]

Figure 4.2: Classification of systems used in this study.

All protein and nucleic acid structures were taken directly from the RCSB Protein
Data Bank.234 All carbohydrate structures were obtained from Polysac3-DB.235 All clus-
ter structures are spherically shaped and were generated with its corresponding unit
cell crystal structure. Unit cell geometrieswere obtained from theCambridge Structural
Database.236–239 All 49 structures used in this study are available in Appendix B.

Beyond these systems, more complex systems are studied herein including metal
atoms, for which SCF convergence is not always guaranteed. Specifically, a set of 20
metalloenzyme structures comprising between 334 and 1,084 atoms was selected. Such
structures includemetals such as zinc, calcium, sodium andmagnesium. All structures
were taken directly from the RCSB Protein Data Bank.234 Double-ζ HF calculations are
performed on the full 20-system dataset, where the system comprising the highest basis
functions (10,884) includes 1,076 atoms. SPE calculations employing triple-ζ basis sets
are limited to 10 of the 20 metalloenzyme systems due to memory constraints. The
largest system in this 10-system dataset includes 503 atoms and 10,615 basis functions.

Furthermore, double-ζ calculations for the metalloenzyme structures are limited
to def2-SVP and pc-1 as cc-pVDZ is not currently supported for transition metals in
EXESS. On the other hand, triple-ζ calculations of the metalloenzymes are limited to
def2-TZVP only as cc-pVTZ and pc-2 require g-type functions which are not yet sup-
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ported in EXESS.
For the open-shell (triplet) states the original benchmark set of proteins, nucleic

acids, carbohydrates, water clusters, benzene clusters, and ionic liquids was used. Due
to memory and computational constraints, the molecular dataset is limited to systems
with less than 600(300) atoms for double(triple)-ζ computations, and to the methods
of HF and B3LYP. Correspondingly, the final dataset of triplet states comprises 35 and
21 systems for double- and triple-ζ basis sets, respectively.

4.4 Results and discussion

In this Section, the effect of parameters on the performance of the BSP and MBE initial
guess methods, as detailed in subsections 4.4.1 and 4.4.2, is analysed. Subsequently, in
Section 4.4.3, the performance of the BSP andMBE schemes are comparedusing optimal
parameters with the SAD and BSPF initial guesses. All mentions of SCF iteration count
refer to the SCF procedure on the full molecular system.

4.4.1 Basis Set Projection

In this section, the findings regarding the influence of bootstrapping basis sets and con-
vergence thresholds on the performance of BSP are presented.

Bootstrapping Basis Set
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Figure 4.3: Distribution of SCF iterations and wall-time speedups of triple-ζ basis set
BSP calculations with various bootstrapping basis sets at the HF level. Average is indi-
cated by broken horizontal line.

Figures 4.3 and B.2 to B.6 show the distribution in the number of SCF iterations
and wall-time speedups relative to SAD using different bootstrapping basis sets for HF,
B3LYP and MN15 methods, respectively.
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For all basis sets and levels of theory, BSP calculations typically demonstrated lower
SCF cycle counts compared to SAD. On average, double-ζ basis sets using HF, B3LYP
and MN15 methods required at least 17.1%, 3.5% and 21.7% fewer iterations, respec-
tively. Similar observations can be made of triple-ζ basis sets, where iteration counts of
HF, B3LYP andMN15were respectively on average at least 15.7%, 16.3% and 21.2% less.
These results are consistent with those of Hégely and Kállay.208 Furthermore, though
this study does not consider augmented basis sets, similar trends in the iteration count
can be observed with augmented basis sets as the projected basis.208

For all triple-ζ basis sets and all methods (HF, B3LYP and MN15), 6-31G as a boot-
strap basis consistently exhibited the highest average wall-time speedups. For exam-
ple with pc-2 as the main basis and 6-31G as bootstrap, HF and B3LYP BSP calcula-
tions displayed mean speedups of 11.8% and 2.6%, respectively. On the other hand,
MN15/triple-ζ BSP computations employing the 6-31G bootstrapping basis were typ-
ically slower those of SAD (see Figure B.6). While this might suggest that BSP is less
efficient for MN15, it is important to note that the speedup metric does not account for
system size. As shown in Figure B.7 which illustrates the speedup of BSP calculations
at the MN15 level across varying system sizes, the lower speedups are predominantly
associated with structures belonging to the smallest class of systems (between 42 and
65 atoms) whereas average speedups up to 20.5% were observed for systems between
480 and 516 atoms.

Concerning the double-ζ basis sets, in terms of wall-time speedups, 3-21G was the
best performing bootstrapping basis for HF and MN15, whereas STO-3G was the best
for B3LYP. However, only HF exhibited improved wall-time speedups with BSP at all.
Specifically, average speedups up to 3.4% could be observed for systems comprising be-
tween 996 and 1,107 atoms in HF, whereas in the best case scenarios, BSP computations
with B3LYP andMN15were on average 16.8% and 16.5% slower than SAD, respectively.
This is a direct result of the computational cost of constructing the initial guess; the ini-
tial guess assembly step constitutes on average at least 24.5%, 34.1% and 39.7% of the
total wall-time in HF, B3LYP and MN15 calculations, respectively.

Such results across the double- and triple-ζ basis sets highlight the importance of the
bootstrapping basis set selection for the performance of BSP; some may lead to a worse
performance than SAD, as in the cases of B3LYP and MN15 for the double-ζ basis sets,
whilst others may only exhibit marginal speedups.

All BSP computations thus far utilised a convergence threshold of 10−6 a.u., and in
the next section we aim to enhance the speedups by raising the convergence thresholds
for SCF calculations performed in the optimal bootstrapping basis sets.
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Figure 4.4: Average number of SCF iterations and wall-times of double-ζ basis set BSP
calculations with varying fragment convergence thresholds at the HF level. Error bars
are omitted for clarity. Arrows indicate the convergence threshold with the lowest av-
erage wall-time.

Convergence Threshold

Average number of SCF iterations and wall-times obtained across various fragment
convergence thresholds are shown in Figures 4.4, B.9-B.13. In these computations, the
bootstrapping basis set is held constant; the optimal bootstrapping bases reported in
Section 4.4.1 are employed. The convergence threshold is held fixed at 10−6 a.u. for all
calculations in the large basis set. Compared to SAD, a decrease in the count of SCF
cycles is frequently observed across the majority convergence thresholds. Noticeably,
there is a general rise in the number of SCF iterations with increasing (looser) con-
vergence thresholds. For example at the HF level, as the convergence threshold rises
from 10−6 to 101 a.u. the average iteration count increases by at least 8.9% and 9.4% for
double- and triple-ζ basis sets, respectively. Similar trends are also seen at the B3LYP
and MN15 levels (see Figures B.10 to B.13). This is largely attributed to larger thresh-
olds allowing for greater error margins, resulting in less accurate initial guesses.

Generally, improved wall-times can be attained with larger (looser) convergence
thresholds, such as that exhibited in Figure 4.4. Employing the optimal thresholds leads
to onlymarginal improvements and therefore are not reported here. The full discussion
and optimal thresholds can be found in Appendix B.

The results summarised above highlight the importance of the selection of boot-
strapping basis sets and convergence thresholds on the performance of the BSP scheme.
Increasing the convergence threshold from the default value of 10−6 a.u. can yield im-
proved speedups, though marginal. Furthermore, whilst lowering the number of SCF
iterations is a primary objective with these non-SAD initial guess schemes, consider-
ation of the computational cost of constructing the initial guess is also critical as we
encountered cases where BSP was more computationally costly than SAD.
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From the outcomes discussed above, the optimal BSP parameters, i.e. bootstrap-
ping basis and convergence threshold, are employed for the calculations reported in
Section 4.4.3 where the performance ofmultiple initial guess approaches are compared.

4.4.2 Many Body Expansion

In this section, the findings regarding the influence of fragment sizes, convergence
thresholds and fragmentation levels on the performance of MBE calculations as an ini-
tial guess method in comparison to SAD are presented.
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Figure 4.5: Average number of SCF iterations and wall-times of double-ζ basis set MBE
calculations with varying target fragment sizes (no. of atoms) at the HF level. Arrows
indicate the fragment size with the lowest average wall-time.

Figures 4.5, B.14-B.18 show the variation in the average SCF iteration count andwall-
times with respect to target fragment size of MBE1 calculations. All computations were
performed with a convergence threshold of 10−6 a.u. Across all MBE calculations, all
target fragment sizes greater than 20 atoms required fewer SCF cycles than that of SAD.
This is also reflected in the wall-time speedups where for example in the HF calcula-
tions, with a target fragment size of 30 atoms, average speedups up to 9.2% and 1.6%
could be observed for double- and triple-ζ basis sets, respectively.

Generally inMBE computations, the SCF iteration count decreases as the target frag-
ment size increases. Representative examples of this include HF/pc-1 and MN15/cc-
pVDZ computations as shown in Figures 4.5 and B.17; the increase in target fragment
size from 10 to 60 atoms corresponded to a reduction in the SCF iteration count of 9.1%
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and 16.2%, respectively. The decreasing cycle count with fragment size is a direct con-
sequence of fragment size; large fragments capture a greater extent of the chemical
interactions, resulting in a more accurate initial guess and requiring fewer SCF cycles.

For double-ζ bases, target fragment sizes with the lowest average wall-times tend to
veer on the larger size; the optimal target fragment sizes across HF, B3LYP and MN15
are typically between 40 and 60 atoms. The full list of optimal target fragment sizes
is detailed in Appendix B, Table B.3. As shown in Figure 4.6, only HF consistently
exhibited improved wall-times relative SAD for double-ζ bases computations; average
wall-time speedups with respect to SAD of 5.2%, 11.0% and 10.4% were attained with
cc-pVDZ, pc-1 and def2-SVP, respectively.

Conversely, despite improvements in wall-times with larger target fragment sizes
and lower iteration counts than SAD, B3LYP and MN15 computations with double-ζ
bases using MBE1 as initial guess frequently yielded worse average wall-times than
SAD spanning all target fragment sizes, as shown in Figures B.15 and B.17. As shown
in Figure 4.6, this translates to speedups less than 1 in multiple cases. This stark con-
trast between HF and B3LYP/MN15 can be ascribed to the computational cost associ-
ated with assembling the initial guess. For example in def2-SVP computations employ-
ing the optimal target fragment sizes, the initial guess construction step constitutes a
much higher proportion in B3LYP (37.1%) and MN15 (38.4%) calculations than in HF
(13.7%). Therefore, once more, we find evidence that lower SCF iteration count does
not necessarily translate to improved wall-times, and accounting for the computational
cost of assembling the initial guess is critical.

In contrast, for triple-ζ basis set MBE computations, improved wall-times could be
consistently observed over most target fragment sizes across all levels of theory, as
shown in Appendix B Figures B.14, B.16, B.18. Unlike the double-ζ calculations which
favored larger target fragment sizes, the optimal target fragment sizes for the triple-ζ
bases do not tend towards any particular size; the optimal target fragment sizes varies
depending on the theory and basis set employed. For instance, the optimal target frag-
ment size for MN15 is 10 atoms for all triple-ζ bases, whereas for HF computations the
optimal target fragment size was 40, 60 and 30 atoms for cc-pVTZ, def2-TZVP, pc-2,
respectively.

Employing the corresponding optimal target fragment size, as indicated in Figure 4.6,
improved speedups could be observed for many of the triple-ζ calculation using MBE1
as initial guess. Most noticeably, at the B3LYP level, average speedups of 7.9%, 8.3%
and 4.7% were attained with cc-pVTZ, pc-2 and def2-TZVP, respectively.

To reiterate, Figure 4.6 demonstrates the average speedups for varying basis sets
and theory levels when optimal fragment sizes are used. The fact that slowdowns are
observed in these ‘best’ case scenarios whilst improved iteration counts are observed,
emphasises the importance of considering the computational overhead of constructing
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Figure 4.6: Average wall-time speedups of MBE calculations for varying basis sets and
theory levels. Optimal target fragment size employed (see Appendix B for full list).
Error bars correspond to one standard deviation.

the initial guess. This is particularly important when comparing to previous studies on
fragmentation-based initial guesses for SCF acceleration.192,207,209 Such studies consis-
tently display improved wall-times, accuracy and iteration counts. Thus, such results
indicate that whilst acceleration of the final SCF calculation can be achieved (lower SCF
cycle count), this can be completely offset by the computational cost of generating the
initial guess.

In the following section which analyses the influence of convergence thresholds on
the MBE calculations, the optimal target fragment sizes reported above for each re-
spective double/triple-ζ basis set are employed . All MBE computations thus far have
employed a convergence threshold of 10−6 a.u. for the fragment SCF calculations; as
with BSP, we seek to improve the speedups by varying the convergence thresholds of
the fragment SCF computations.

Convergence Threshold

The average number of SCF iterations and wall-times with varying fragment conver-
gence thresholds of MBE calculations are shown in Appendix B Figures B.20-B.25. The
trends in the SCF cycle count and wall-times seen here in MBE calculations with vary-
ing fragment convergence thresholds are similar to those previously observed and ex-
plained in Section 4.4.1 for BSP. Due to the improvement in speedups relative to SAD
attained with optimal thresholds compared to 10−6 a.u. being marginal, these are not
reported here and the discussion can be found in Appendix B.

We also explored using an RI-HF approximation to accelerate MBE-based computa-
tions further, however, these yielded minimal speedups and are not reported here. The
full discussion on employing RI-HF can be found in Appendix B. Instead, in the next
Section, the influence of varying fragmentation levels is explored.
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Fragmentation Level

In this section, the performance of increasing the fragmentation level to MBE2 is anal-
ysed. Specifically, begin with MBE2 computations without dimer cutoffs and then ex-
plore the impact of imposing dimer cutoffs. Optimal parameters (fragment size and
fragment convergence thresholds) were employed in all MBE2 computations and these
are listed in Appendix B.
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Figure 4.7: Distribution of SCF iterations and wall-time speedups of HF/MBE calcula-
tions using double-ζ basis sets at various fragmentation levels. No cutoffs were used
for MBE2. Error bars correspond to one standard deviation.

Figure 4.7 and Appendix B Figures B.29-B.33 show distribution of the SCF itera-
tion count andwall-time speedups forMBE calculations at various fragmentation levels
across the different theory levels and basis sets.

Inmany cases, the average number of SCF iterations required inMBE2 computations
is less than that of SAD. This is especially true for HF where the reduction in number
of iterations is at least 14.1%. Furthermore, all HF/MBE2 computations exhibited fewer
iterations than that ofMBE1 across all basis sets. MBE2 calculations on average required
at least 10.3% and 4.3% less iterations thanMBE1 for the double- and triple-ζ basis sets,
respectively.

However, exceptions to this includes the case ofMBE2(MD) forMN15 computations
with double-ζ basis sets in Appendix B Figure B.32, where the SCF iteration count is at
least 2.2% higher than that of SAD on average. If the metric used to measure accuracy
is the difference between the converged and initial energies, this outcome cannot be
explained by the accuracy of the initial guess. As shown in Appendix B Figure B.35,
MEB2(MD) attains initial guesses whose energies are closer to the converged value
than that of SAD—on average at least 22.8 Eh closer. The higher SCF iteration count
of MBE2(MD) may be ascribed to a combination of the fact that MBE2(MD) uses the
converged densities of the substituent monomers and the relatively higher convergence
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thresholds of 10−1 a.u. employed for fragments. The latter 10−1 convergence threshold
was found to be optimal for MN15 across multiple basis sets (see Appendix B).

Using higher thresholds for monomer densities enables faster convergence than
MBE2(SAD).However, this can reduce accuracy, as the resultingdimer density inMBE2(MD)
will more closely resemble a simple sum of themonomer densities (i.e., non-interacting
monomers) rather than an accurate result of dimer interactions. In contrast,MBE2(SAD)
would provide a density matrix closer to actual dimer interactions. This mismatch can
lead to over- or under-representations of specific interactions within the system’s den-
sity matrix, requiring the DIIS algorithm to spend additional iterations correcting these
inaccuracies. Consequently, these effects may also question the suitability of using en-
ergy differences as a metric to assess the accuracy of initial guess schemes. In the fol-
lowing Section 4.4.3, further evidence for this is provided.
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Figure 4.8: Average absolute errors of initial guess energies relative to the converged
energies a) double-ζ ; and b) triple-ζMBE computations at various fragmentation levels
at the HF level. No cutoffs were used for MBE2. Error bars correspond to one standard
deviation.

Regarding energy errors, measured as energy difference between the converged
value and that which corresponds to the initial guess, HF/MBE2 calculations routinely
exhibit lower errors than that of MBE1 and likely this is responsible for the reduced
SCF cycle count observed earlier. Figure 4.8 displays this energy error at the monomer
and dimer levels for HF computations. Here, the energy error of both MBE2(SAD)
and MBE2(MD) are frequently an order of magnitude less than that of MBE1. For
instance in the cc-pVTZ computations, mean energy errors of 0.96, 0.07 and 0.12 Eh

were observed for MBE1, MBE2(SAD) and MBE2(MD), respectively. These lowered
energy errors attained with higher fragmentation levels is consistent with the existing
literature on hierarchical methods: MBE2 captures a greater degree of the interactions
present in the original unfragmented system due to the explicit inclusion of dimer in-
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teractions.189–192

On the other hand, concerning B3LYP andMN15, energy errors are typically of sim-
ilar orders of magnitude across the fragmentation levels, as shown in Appendix B Fig-
ures B.34 and B.35. Additionally, in MN15/double-ζ computations, energy errors of
MBE2(MD) are frequently higher than MBE1 and MBE2(SAD) by an order of magni-
tude. As mentioned earlier concerning the higher SCF cycle count of MN15/doubleζ
computations, this is a consequence of the utilisation of monomer densities combined
with higher convergence thresholds (10−1 a.u.). A similar result is seen for B3LYP/pc-1
in Appendix B Figure B.30, where a convergence threshold of 10−1 a.u. is also used for
the fragments.

Further, comparing the MBE2(SAD) with MBE1 results of B3LYP and MN15, as
displayed in Appendix B Figures B.34 and B.35 energy errors are typically of the same
order of magnitude, and even in some cases the errors of MBE2(SAD) exceed that of
MBE1. For instance, the MBE2(SAD) calculations of MN15/cc-pVTZ exhibits higher
energy errors than MBE1 by 5.53 Eh on average. These outcomes indicate that for hy-
brid DFT methods such as B3LYP and MN15, inclusion of higher order interactions by
increasing fragmentation levels do not necessarily yieldmore accurate initial guesses as
was observed in HF. These results are also consistent with a recent study that demon-
strated the divergent behaviour of hybrid DFTmethods (containing approximately less
than 50% exchange) with fragmentation level (B3LYP and MN15 comprise a 20% and
44% fraction of exact exchange, respectively) due to the self-interacting error of DFT
methods.240
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Figure 4.9: Average timing breakdown of MBE calculations at various fragmentation
levels for a) cc-pVDZ; b) pc-1; c) def2-SVP; d) cc-pVTZ; e) pc-2; and f) def2-TZVP
basis sets at the HF level. No dimer cutoffs were used for MBE2.

The significant discrepancies in the wall-time speedups between MBE1 and MBE2
calculations are predominantly attributed to the significantly higher computational cost
of assembling the initial guess with higher levels of fragmentation. Figure 4.9 and Fig-
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ures B.36 and B.37 in Appendix B display the variation in the timing distribution with
fragmentation levels using the HF, B3LYP and MN15 methods, respectively. Of the
three MBE schemes featured, MBE2(SAD) routinely displays the largest time compo-
sitions for the guess construction step across all basis sets. A prominent example of
this involves the HF/pc-2 calculations where on average the initial guess assembly step
constitutes 32.5%, 21.1% and 5.6% of the wall-time for MBE2(SAD), MBE2(MD) and
MBE1, respectively. Though replacing MBE2(SAD) with MBE2(MD) reduces the tim-
ing contribution of the guess construction step, such improvements remain inferior to
the low overhead of the initial guess step in MBE1. Similar outcomes are also attained
with B3LYP and MN15 methods.

Due to the substantial variation in guess timing betweenMBE1 andMBE2 computa-
tions being attributed to the presence of dimers, the use of different dimer cutoffs were
explored, namely, 5 and 10 Å, to observe whether this could improve the performance
of MBE2. However, MBE1 still outperforms MBE2 even with the smallest cutoff of 5 Å.
Thus, the findings here are not reported in the main section of this Chapter. The full
discussion can be found in Appendix B.

It is important to note that all MBE calculations presented here involved sequential
SCF computations of fragments. Although the initial guess construction time for MBE
can be reduced by using more parallel processors, in the current implementation, all
SCF calculations were performed with the same computational resources. As a result,
both the totalwall-times and the timing compositions of the guess step forMBE2 are sig-
nificantly longer than those for MBE1, regardless of the guess method used for dimers
or the imposition of dimer cutoffs. Therefore, for this study, MBE1 is the most favorable
fragmentation level, andis used in the following section to compare the performance of
multiple initial guess approaches.

4.4.3 Comparison Between Initial Guess Methods

In this section, the performance of SCF calculations usingmultiple initial guess schemes
are compared: SAD, BSP, MBE and BSPF. All MBE and BSP results in this Section em-
ploy the optimal parameters for fragment size, bootstrapping basis set, convergence
threshold, and fragmentation level, as presented earlier in Sections 4.4.1 and 4.4.2. All
BSPF computations are applied with the optimal parameters of BSP and MBE.

InAppendix B, figures B.45-B.50 illustrate how the average number of SCF iterations
andwall-time speedups varywith system size for different initial guess schemes among
the different theory levels and basis sets.

As a general trend, the SCF iteration count grows with system size with the excep-
tion of B3LYP andMN15/double-ζ bases calculationswhere the iteration count remains
relatively steady. Of those which exhibit this positive correlation between SCF cycle
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Figure 4.10: Average number of SCF iterations for increasingly large systems employing
the a) pc-1 and b) pc-2 basis sets at the HF level. Error bars correspond to one standard
deviation.

count with system size, the largest rate of increase is often observed with SAD. For
example in HF computations as shown in Figure 4.10, from the smallest to the largest
system size, the number of iterations rose by at least 12.7% and 31.0% in SAD compu-
tations employing double- and triple-ζ basis sets, respectively. This is a direct result
of growing energy errors accompanying larger systems as shown in Appendix B Fig-
ure B.51. As system size scales up from the smallest to the largest class, all four initial
guess schemes typically experience an increase in the energy error by an order of mag-
nitude. This is most prominently demonstrated in Figure 4.11a) where the energy error
rose by 85.45, 7.64, 2.27, and 4.77 Eh in the SAD, BSP, MBE, and BSPF approaches, re-
spectively, in HF/def2-TZVP computations as system sizes increased from 42 to 516
atoms. Similar outcomes can also be observed for the B3LYP and MN15 computations
with triple-ζ basis sets.

Within the double-ζ basis calculations, among the three non-SAD approaches, MBE
routinely exhibits the highestwall-time speedups. This ismost evident in theHF, B3LYP
and MN15 calculations employing the pc-1 basis set in Appendix B Figures B.45, B.47
and B.49, where average speedups up to 21.9%, 2.4% and 3.4% were observed, respec-
tively, in the largest class of system sizes (996 to 1,107 atoms). However, it is worth
noting that across most systems for B3LYP and MN15, wall-time speedups relative to
SAD are rarely observed in the non-SAD initial guess schemes. As discussed earlier in
Section 4.4.2, this is due to the computational overhead associated with the initial guess
construction step.

Of the three non-SADapproaches, BSPF regularly requires the highest average count
of SCF cycles across all theory levels. However, BSPF does not necessarily exhibit the
lowest wall-time speedups. For example, in the HF/def2-SVP calculations, BSPF fre-
quently exhibits higher speedups than BSP for systems including more than 65 atoms,
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Figure 4.11: Average absolute errors of initial guess energies relative to the converged
energies of various initial guessmethods for increasingly large systems employing def2-
TZVP with the a) HF and b) MN15 methods. Error bars correspond to one standard
deviation.

as shown in Appendix B Figure B.45. Similarly, as shown in Appendix B Figure B.48,
BSPF displays higher wall-time speedups than MBE in B3LYP/triple-ζ calculations for
systems ranging between 42 and 262 atoms. This mismatch between relatively high
SCF iteration count with higher wall-time speedups is once again a consequence of the
time fraction spent constructing the initial guess of BSPF being consistently less than
that of BSP in HF/double-ζ and MBE in B3LYP/triple-ζ (see Fig. 4.12 and Fig. B.56 in
Appendix B). For HF, this is most evidently seen in the case of the largest class of sys-
tems (between 996 and 1,107 atoms) where the guess time fraction of BSP (8.2% for
def2-SVP) is an order of magnitude greater than that of BSPF (0.5% for def2-SVP). On
the other hand for B3LYP/def2-TZVP, the initial guess assembly step constituted 17.1%
and 32.1% of the wall-time in BSPF and MBE calculations, respectively, for systems up
to 144 atoms.

Within the triple-ζ basis set computations spanning all theory levels, it can be ob-
served that among the three non-SAD initial guess methods as featured in Appendix B
Figures B.46, B.48 and B.50, BSP frequently requires the fewest SCF cycles and achieves
the highest average wall-time speedups. However, when comparing this to the corre-
sponding energy errors shown in Appendix B Figures B.51, B.52 and B.53d) to f), BSP
consistently displays the highest average energy errors. Despite this, the energy errors
across all three non-SAD methods are typically of the same order of magnitude. For
example, as shown in Figure 4.11b), the mean energy errors in MN15/def2-TZVP com-
putations between BSP andMBE varied from 0.93 to 7.49 Eh, while deviations between
BSP and BSPF ranged from -0.09 to 0.73 Eh. Although BSP shows significantly larger
energy errors than MBE and BSPF, it performs best in both SCF cycles and wall-time
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speedups.
These results indicate that the proximity of the first iteration energy, i.e., the energy

corresponding to the initial density guess, to the final SCF energy does not necessarily
lead to fewer SCF iterations for convergence. When different initial guessmethods yield
energy errors within the same order of magnitude at the first iteration, there is unlikely
to be a correlation between these energy errors and the number of iterations required
for convergence. Notably, the energy errors of SAD are typically at least an order of
magnitude larger than those of MBE, BSP, and BSPF, suggesting that an improvement
of at least one order of magnitude in energy errors is associated with noticeable perfor-
mance enhancements.
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Figure 4.12: Average timing breakdown of the BSP, MBE, BSPF initial guess approaches
with varying system sizes employing the a) cc-pVDZ; b) pc-1; and c) def2-SVP double-
ζ basis sets at the HF level.

Beyond energy errors, it is also valuable to consider the computational cost break-
down between the SCF procedure and the initial guess construction step as system size
increases. The timing breakdown of BSP, MBE, and BSPF with varying system sizes
with the different theory levels and basis sets are shown in Fig. 4.12 and Figures B.54-
B.58 in Appendix B, respectively. Larger systems generally show a lower timing con-
tribution from the initial guess construction step across all three non-SAD initial guess
approaches. For instance, in HF/def2-SVP calculations, as system size increased from
120 to 1,107 atoms, the BSP and BSPF methods experienced decreases in guess timing
by 17.6% and 21.3%, respectively. A similar trend is likewise observed with B3LYP and
MN15 methods.

These outcomes suggest that employing non-SAD initial guesses becomes increas-
ingly worthwhile for larger systems.
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4.4.4 Application to Difficult-to-Converge Systems

Metalloenzymes

In this subsection, the initial guess schemes are applied to molecular systems where
achieving SCF convergence is particularly challenging, such as those containingmetals,
where convergence is often difficult to guarantee. Specifically, the optimal parameters
of BSP andMBE as reported in Sections 4.4.1 and 4.4.2 are applied to a set of metalloen-
zyme systems to examine their impact on SCF convergence.

Metalloenzymes play a crucial role in a wide range of biological, geochemical, and
industrial processes, with metal ions being essential for their catalytic activity. To ex-
plore the effectiveness of the initial guess approaches, 20 metalloenzyme structures
were selected. These structures contained metals such as zinc, calcium, sodium, and
magnesium, with sizes ranging from 334 to 1,084 atoms

This section is constrained toHF only as application of the four initial guess schemes
(SAD, BSP,MBE, BSPF) to DFT calculations onmetalloenzymes yielded results with no
discernible difference; many systems failed to converge, and this likely exacerbated by
the relatively large system sizes and the lowered HOMO-LUMO gaps associated with
metals.

The 20-metalloenzymes data set consists of a diverse range of protein sequences.
Specifically, 90.1% and 5.1% of pairs of these structures have pairwise sequence identity
(PID) scores below 20% and between 20% and 30%, respectively. Only 4.7% of pairs
exhibited PID scores greater than 30%.
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Figure 4.13: Percentage of HF calculations that failed to reach SCF convergence in the
metalloenzyme dataset.

Figure 4.13 shows the percentage of systems that failed to convergewith the varying
initial guess schemes for the double-ζ basis sets. For pc-1, MBE exhibits the same failure
rate as SAD (16.0%), whereas this is lower for both BSP and BSPF (12.0%). For def2-
SVP, SAD has the highest convergence failure rate (12.0%) and this decreases with the
adoption of MBE (8.0%), BSPF (8.0%) and BSP (4.0%).

For both pc-1 and def2-SVP, SAD consistently exhibits the highest average SCF it-
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Figure 4.14: Average number of SCF iterations of double-ζ basis set calculations for the
metalloenzyme systems.

eration count, as shown in Fig. 4.14. The average number of iterations can decrease
by as much as 30.3% with MBE and 11.3% with BSPF for the pc-1 and def2-SVP basis
sets, respectively. This is also reflected in the wall-time speedups shown in Fig. 4.15,
where all three non-SAD methods exhibit lower mean wall-times than SAD. Further-
more, the initial guess approaches with the highest wall-time speedups correspond to
those which exhibited the fewest SCF iteration count, which are MBE for pc-1 (16.4%)
and BSPF for def2-SVP (13.8%).
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Figure 4.15: Average wall-time speedups of double-ζ basis set calculations for the met-
alloenzyme systems.

On the other hand, for the triple-ζ basis set where the dataset comprises 10 metal-
loenzymes, all 10 systems converged across all four initial guess schemes for def2-TZVP.

Scheme SCF Iterations Speedup
SAD 19.2 -
BSP 14.5 34.9%
MBE 20.2 5.0%
BSPF 16.4 18.7%

Table 4.1: Average SCF iteration count and wall-time speedups of various initial guess
schemes for def2-TZVP. Speedups are relative to SAD.

Table 4.1 lists the average SCF iteration count andwall-time speedups of the various
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initial guess approaches obtained for def2-TZVP calculations. In particular, BSP and
BSPF exhibit 24.5% and 14.6% less iterations than SAD on average. Conversely, MBE
has a higher average iteration count by a marginal 5.2% compared to SAD, although
MBE still results in a 5.0% wall-time speedup relative to SAD. This is mostly a result
of the iteration count being skewed by two systems, both comprising zinc, requiring a
high number of iterations for convergence (more than 30 iterations). When these two
systems are excluded, the average iteration count is 14.0, 9.6, 12.3 and 11.5 for SAD, BSP,
MBE and BSPF, respectively.

All non-SAD schemes displayed lower average wall-times than SAD. In particular,
among the non-SAD initial guesses for def2-TZVP, BSP exhibits the best performance
in terms of both speedup (34.9%) and SCF iteration count.

These results highlight the value of non-SAD initial guess schemes for HF. Not only
do they reduce the number of SCF iterations and improve wall-time efficiency, but they
also enable convergence in HF calculations on challenging systems, such as metalloen-
zymes, where a SAD initial guess would often lead to converge failure.

Open-Shell States

In addition to metal-based systems, another group of systems of interest where SCF
convergence is especially challenging are those with open-shell states. Due to their
unpaired electron(s), open-shell systems and states exhibit unique properties distinct
from closed-shell systems such as paramagnetism, enhanced reactivity andphotochem-
ical sensitivity, which can be exploited across many fields including reaction chem-
istry, biology, materials science. Due to their importance and convergence difficulties
in SCF, the potential of non-SAD initial guesses on enhancing the convergence of triplet
states was explored, using the original benchmark set of proteins, nucleic acids, carbo-
hydrates, water clusters, benzene clusters, and ionic liquids.

The comparison is limited to basis set projection with SAD due to the ambiguity
of assigning multiplicities to fragments. Optimal bootstrapping basis detailed in Sec-
tion 4.4.1 sets were employed, and a constant convergence threshold of 10−4 a.u. was
used for the SCF calculations in the bootstrapping basis set as this is a constraint within
Q-Chem.

Figure 4.16 displays the percentage of systems that failed to converge with SAD and
BSP initial guess schemes schemes inHF andB3LYP calculations on triplet states. InHF,
only pc-1 calculations showed any improvement in convergence rates when using BSP,
though this improvement is marginal (2.3%). BSP consistently exhibits higher rates of
convergence failures in both HF and B3LYPmethods. In the worst case (HF/cc-pVTZ),
a difference in the failure rate of 67.0% was observed. The source of failure invariably
occurred in SCF computations in the projected basis set; all SCF computations in the
bootstrapping basis sets converged successfully. The occurrence of failed SCF calcula-
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Figure 4.16: Percentage of a) HF and b) B3LYP calculations that failed to reach SCF
convergence of triplet states using BSP and SAD initial guess schemes.

tions is likely attributed to the multiple close-lying electronic states that is often charac-
teristic of open-shell systems and this is exacerbated when using larger basis sets such
as the projected basis sets. Thus, such results indicate that BSP does not necessarily im-
prove the rate at which successful convergence can be achieved for open-shell systems,
and specifically for triplet states.
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Figure 4.17: Average number of SCF iterations of a) HF and b) B3LYP open-shell triplet
calculations employing BSP and SAD initial guess schemes.

Considering the set of converged systems only, Figure 4.17 illustrates the SCF cycle
count for the BSP and SAD schemes of HF and B3LYP methods. In HF computations
across all basis sets, BSP continually requires lower iteration counts. This is especially
prominent in pc-2 computations where the mean SCF iteration count of BSP is 41.9%
less than that of SAD. These lower counts of SCF cycles of BSP inHF are also reflected in
the higher SAD to BSPwall-time ratios as listed in Table 4.2. For computations involving
double- and triple-ζ basis sets, average speedups of up to 20.3% and 80.3% could be
observed. This large speedup value of 80.3% is attributed to one carbohydrate system
which converged in 11 and 86 iterations using the BSP and SAD schemes, respectively.
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HF B3LYP
cc-pVDZ 1.13 1.29

pc-1 1.20 1.16
def2-SVP 1.02 1.17
cc-pVTZ 1.03 0.97

pc-2 1.80 1.11
def2-TZVP 1.48 0.92

Table 4.2: Average ratio of SAD to BSP wall-times of open-shell triplet calculations for
varying basis sets and theories.
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Figure 4.18: Distribution of SCF iteration count of B3LYP/pc-2 computations employing
the BSP and SAD initial guess schemes for triplet states.

Removal of this reduces the average speedup observed to 8.3%.
In B3LYP calculations, BSP routinely requires a greater number of SCF iterations

than SAD, especially in def2-TZVP calculations where the mean iteration count of BSP
is 16.3% higher than SAD. Unsurprisingly, these higher SCF iteration counts observed
are reflectedwith higher averagewall-times relative to SAD as tabulated in Table 4.2. In
particular, themeanwall-time ratios of SAD toBSP for B3LYP/cc-pVTZandB3LYP/def2-
TZVP are 0.97 and 0.92, respectively, demonstrating that BSP does not yield any signif-
icant speedup relative to SAD for B3LYP for these triple-ζ bases.

On the other hand, B3LYP/pc-2 exhibits an average speedup of 11.3% despite BSP
showing a higher SCF count than SAD as displayed in Figure 4.17. This is predomi-
nantly due to the fact that SCF cycle counts are not normalised whereas speedups are.
Considering the distribution of SCF iterations as displayed in Figure 4.18, the reason
for the 11.3% speedup is made apparent. BSP attains a higher occurrence of lower it-
eration counts than SAD; iteration counts of ∼10 are observed with BSP but not SAD.
This explanation can also be extended to that of B3LYP/def2-SVP where BSP exhibits a
mean speedup of 17.2% despite higher SCF iteration counts relative to SAD.

In addition to differences in wall-times and SCF iteration counts, the energy val-
ues in which BSP and SAD converge to can vary significantly for HF calculations. Fig-
ure 4.19 captures the distribution of the converged energy differences between SAD and
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Figure 4.19: Distribution of the differences in the converged energy values between
SAD and BSP normalised for system size using the HF method. Energy difference =
ESAD − EBSP .

BSP normalised for system size by dividing by the number of atoms. Normalised en-
ergy deviations ranging between -5.8 and 5.8 kJ mol−1 atom−1 are observed across the
basis sets although the vast majority of these are aggregated around zero. Therefore,
whilst BSP can reduce the wall-time of SCF calculations relative to SAD, this also comes
with the caveat that the resulting converged energy valuemay be distinct to that of SAD
and the magnitude of this difference can growwith system size. For B3LYP, energy dif-
ferences are significantly smaller and mostly negligible, with the highest deviation of
0.6 kJ mol−1 atom−1 attained.

Taken together, the outcomes of this section demonstrate that BSP does not decrease
the failure rate of convergence of triplet states, in fact, the opposite is observed. How-
ever, for those that do converge with BSP, improved wall-time speedups can be rou-
tinely observed relative to SAD, especially for HF, but this is not always the case for
B3LYP. Furthermore, different initial guess schemes can result in convergence to differ-
ent triplet states, particularly in HF, and rarely with B3LYP.

4.5 Conclusion

In this Chapter, a detailed analysis of the performance of basis set projection and many
body expansion method is performed to improve the density initial guess in SCF cal-
culations across a diverse set of molecular systems. The performance of these methods
is assessed by consideration of time-to-solution (wall-times), the number of SCF itera-
tions and energy errors.

The influence of multiple parameters on BSP (bootstrapping basis set and conver-
gence threshold) and MBE (fragment size, convergence threshold, RI-HF approxima-
tion, and fragmentation level) was examined. The results indicate that the number of
SCF iterations and the wall-times for BSP calculations are sensitive to the choice of the
bootstrapping basis set. Most BSP calculations showed improvements in SCF cycles and
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wall-times compared to the standard initial guess (SAD) for HF. However, adoption of
BSP routinely lead to higher overall wall-times for B3LYP and MN15 in double-ζ ba-
sis set computations. Reduction in wall-times with B3LYP/MN15 were only observed
when employing triple-ζ basis sets.

Additionally, raising the convergence threshold from 10−6 up to 101 a.u. led reduc-
tions in SCF cycles and timings for both BSP andMBEmethods inHF, B3LYP andMN15,
though these improvements were marginal.

For MBE, optimal target fragment sizes generally depended on theory level and
basis sets used; double-ζ tended to favor larger fragments whereas smaller fragments
were typically optimal for triple-ζ bases. Marginal speedupswere also observed by em-
ploying higher convergence thresholds (up to 10−1 a.u.) in fragment SCF calculations.
Similar to BSP, MBE computations with B3LYP and MN15 frequently exhibited higher
wall-times than SAD when employing double-ζ bases. Adopting the RI-HF method
for fragment calculations could accelerate these MBE-based calculations further in HF,
although only minimally. When increasing the fragmentation level, MBE2 consistently
resulted in decreased number of iterations and energy errors inHF.However, due to the
self-interaction error of DFT methods, the opposite was seen (higher SCF cycle counts
and energy errors) in B3LYP and MN15 MBE2 computations. Nevertheless, across all
HF and DFT methods, MBE1 consistently exhibited superior performance over MBE2.

With optimal BSP and MBE parameters, the performance of SAD is compared with
three non-SAD initial guessmethods: BSP,MBE, andBSPF—ahybrid of the two. Across
all basis sets and theories, these non-SAD methods typically required fewer SCF itera-
tions and showed improved wall-time speedups compared to SAD.

Among the non-SAD approaches, BSP displayed the highest wall-time speedups for
triple-ζ basis sets, whileMBE predominantly showed the greatest speedups for double-
ζ basis sets.

The correlation between SCF cycle count and energy errors of the initial guess were
also explored. BSP, MBE, and BSPF typically exhibited energy errors an order of mag-
nitude lower than SAD, accompanied by fewer SCF iterations and greater wall-time
speedups. However, improvements in energy errors do not always correlate with per-
formance improvements; when energy errors are of the same order ofmagnitude, slight
accuracy gains do not necessarily result in fewer SCF iterations or shorter wall-times.

Furthermore, the application of the various initial guess schemes on a set of difficult-
to-converge metalloenzyme and open-shell (triplet) states was examined. For metal-
loenzyme systems, itwas demonstrated that use of these non-SAD initial guess schemes
can achieve convergence in cases where SADwould lead to convergence failures. How-
ever for triplet states, the contrary was observed where the convergence failure rate of
BSP was higher than that of SAD in both HF and B3LYP computations. Despite this,
mean speedups of up to 80.3% and 29.3% could respectively be attained with HF and
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B3LYPmethods in caseswhere convergencewas successful. Further, inHF calculations,
utilisation of differing initial guess schemes could lead to the convergence to different
triplet states.

Thus, the following recommendations are made: 1) For closed-shell systems, MBE1
and BSP for double- and triple-ζ basis set calculations, respectively, are suggested as
these yield the greatestwall-time speedups. However, the suggestion for double-ζ basis
sets applies to HF only. 2) For HF calculations of metal-based systems, any of the three
non-SAD initial guess schemes can decrease the occurrence of convergence failures and
enhance wall-time speedups. 3) For triplet states, we do not advise the use of BSP
over SAD to reduce convergence failures in both HF and DFT computations. Although
wall-time speedups can be attained, users should be careful when adopting BSP since
convergence is not always successful and may lead to convergence to a distinct triplet
state from that of SAD, particularly with HF.

The outcomes of this study highlight the importance of considering the computa-
tional cost of assembling the initial guess when assessing the efficacy of an initial guess
approach. The relative computational cost of non-SAD initial guess methods reduces
with increasing system sizes, indicating that more sophisticated non-SAD initial guess
schemes become progressively worthwhile for larger systems.

Overall, the results of this study provide a comprehensive comparison of the per-
formance between multiple initial guess methods with varying parameters, offering a
useful reference guide towards the acceleration of SCF calculations through improved
initial guesses.

Although this thesis largely focuses on protein systems, and indeed the findings
of this Chapter have highlighted the improved speedups attained with non-SAD ap-
proaches on such structures, the performance of these initial guess techniques have
been analysed across a diverse set of systems including water, benzene, ionic liquids,
nucleic acids and carbohydrates. Such results emphasise thewide applicability of these
initial guess schemes on chemical systems in general, not only those of protein systems.



Chapter 5

High-Performance GPU-accelerated So-
lution of the Linear Poisson-Boltzmann
Equation

5.1 Introduction

Realising computationally feasible QuantumMechanical / Poisson-Boltzmann Surface
Area (QM/PBSA)workflows for large scale virtual screening involves at least two com-
ponents, namely, fast computation of both the gas phase (QM) energies and solvation
energies (via PBSA). Both Chapters 3 and 4 explored techniques towards realising the
application of QMmethods on largemolecular systems such as proteins for its accurate
prediction of gas phase energies. Besides QM, the polar component of the solvation en-
ergy poses a significant bottleneck in the QM/PBSAworkflow due to its computational
demand and the lack of fast Poisson-Boltzmann solvers that leverage the parallelism
afforded by modern GPUs. To address this gap, this Chapter addresses Aim 3 and
presents a new GPU-accelerated linear PBE solver suitable for large scale PBSA-based
workflows.

In end point methods such as QM/PBSA, the solvation energy term ∆Gsolv

∆Gsolv = GPL
solv −GP

solv −GL
solv (5.1)

is taken as the difference in Gibbs free energy of solvation between the protein-ligand
complex (PL), and that of the protein (P) and of the ligand (L) in isolation. Thus, the
evaluation of ∆Gsolv for a single protein-ligand complex involves at least two expen-
sive PBSA computations, namely, on the P and PL structures, since these comprise the
protein structure typically comprising thousands of atoms.

Several linearised PBE solvers have been developed for utilisation in PBSA work-
flows. Popular PBE solver software includes DelPhi,35–39 Adaptive Poisson-Boltzmann
Solver (APBS),44 and AMBER’s pbsa module.241 However, these implementations pre-
dominantly leverage CPUs and thus fail to exploit the massive parallelism afforded by
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modern Graphics Processing Unit (GPU)-based computing architectures.
Given that end point methods such as QM/PBSA (or MM/PBSA) involve hundreds

to thousands of PBE calculations due to the molecular dynamics simulation step-often
samplingprotein-ligand conformations every 10 ps across simulations of at least 1 ns—this
limitation severely restricts the scope of large scale computational drug discovery ef-
forts.242–246

Recognising the need for high-performance GPU-accelerated PBE solvers, several
GPU implementations have been proposed. These include AMBER’s CUDA-enabled
pbsa.cuda module,12,40 a GPU-accelerated direct-sum boundary integral method em-
ploying a generalised minimum residual (GMRES) solver,41 and a third-party GPU
adaptation of DelPhi.42,43 Some of these GPU implementations have been reported to
demonstrate substantial performance advantages, withDelPhi achieving approximately
10× speedups and AMBER’s pbsa.cuda up to 50× compared to their CPU-based coun-
terparts.12,42

Nonetheless, significant shortcomings remain. The third-party DelPhi GPU adapta-
tion is no longer maintained or compatible with contemporary high-performance com-
puting infrastructure, and the direct-sum boundary integral GPU method is not pub-
licly available as a distributable package. On the other hand, AMBER’s pbsa.cuda, the
most widely used GPU-accelerated PBE solver for molecular systems, exclusively sup-
ports single-precision arithmetic and can lead to non-negligible deviations (as large as
−20 to 10 kcal mol−1) from double-precision results12 when paired with the commonly
used convergence threshold of 10−3. Though these can be reduced significantly with a
tighter threshold of 10−6, the availability of double precision implementations remains
important for maintaining and testing accuracy. Furthermore, AMBER’s pbsa.cuda re-
lies on linear algebra libraries to handle specialised matrix data structures and Krylov
solvers. While such libraries provide higher-level interfaces and portability between
different architectures, due to their general purpose, they tend to under-perform com-
pared to tailored implementations, especially when it comes to exploiting the specific
sparsity patterns exposed by the PBE problem which are detailed in Section 5.2.3.

To address these limitations and provide the community with a robust and accurate
GPU-accelerated solution, this work introduces a novel double-precision GPU imple-
mentation of the linearised PBE within the Extreme-scale Electronic Structure System
(EXESS) quantum chemical software package.22–25,27–29,34,169,247 The proposed solver’s
accuracy and performance is rigorously evaluated against the established CPU-based
DelPhi solver and theGPU-acceleratedAMBER pbsa.cudamodule, demonstrating supe-
rior computational speed and numerical precision on large scale protein-ligand systems
containing thousands of atoms.

This Chapter is structured as follows. Section 5.2 provides the numerical framework
and describes the proposed GPU-accelerated implementation of the linearised Pois-
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son–Boltzmann solver. Section 5.3 details the computational setups, including software
parameters and molecular datasets used for benchmarking. Section 5.4 presents com-
prehensive accuracy and performance analyses comparing the new method presented
herein to the DelPhi and pbsa.cuda implementations. Finally, Section 5.5 summarises
the findings and concludes the study.

5.2 Theory and Algorithms

5.2.1 Poisson-Boltzmann Method

This section details the proposed approach for numerically solving the linear Poisson–
Boltzmann equation. An overview of the PBSAmethod has been provided in Chapter 2
Section 2.5.

In this implementation, a Jacobi preconditioned conjugate gradient (CG) algorithm
is used to to solve the set of linear equations, Eq. 2.51 (represented in matrix form as
Eq. (2.52)). The Jacobi preconditioned CG solver was selected as it has demonstrated
stable convergence at varying thresholds compared to other solvers such as multigrid
and relaxation methods.40. Furthermore, compared to other approaches—such as in-
complete Cholesky preconditioners, smoothed-aggregation-based algebraic multi-grid
preconditioners or no preconditioner—the Jacobi preconditioner has been shown to
exhibit superior computational efficiency in GPU-based implementations of the CG
solver.12

In the Jacobi preconditioned approach, a preconditioner matrix is introduced to im-
prove convergence of the CG algorithm, modifying Eq. (2.52) as follows

M−1Ax = M−1b (5.2)

whereM is the Jacobi preconditioner matrix and is taken as the diagonal ofA. There-
fore, the computation of its inverse (M−1), which is required for CG, is trivial and
relatively inexpensive. The details of solving Eq. (5.2) are given in the following sec-
tion.

5.2.2 Conjugate Gradient Algorithm

This section presents an efficient GPU-accelerated algorithm to solve the linear Poisson-
Boltzmann equation.

Algorithm 5.1 shows pseudocode for the implementation of the Jacobi precondi-
tioned CG solver. The notation ∥.∥ denotes the L2 norm. All variables in bold denote
vectors (e.g., r), whilst those which are both italicised and in bold denote matrices (e.g.,
M). All remaining variables are scalar quantities. The Niter parameter represents the
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maximum number of iterations and τ is the convergence threshold, which are both
user-defined quantities.

Algorithm 5.1 The Jacobi preconditioned conjugate gradient algorithm.
1: r⇐ b−Ax
2: p⇐M−1r
3: iteration⇐ 0
4: while iteration < Niter or ∥r∥ > τ do
5: α⇐ (r ·M−1r)/(p ·Ap)
6: x⇐ x+ αp
7: rnext⇐ r− αAp
8: β ⇐ (rnext ·M−1rnext)/(r ·M−1r)
9: p⇐M−1rnext + βp
10: r⇐ rnext
11: iteration⇐ iteration+ 1
12: end while
13: return x

Algorithm 5.1 begins by calculating the residual vector r (line 1) and uses this to
calculate the direction vector p (line 2) which directs the next guess of x later on line 6.
The iteration variable is initialised to zero just before the while loop and serves as the
iteration counter. Within the while loop, the first step involves calculating the step size
α (line 5) to obtain the new guess of x (line 6). Next, the residuals are updated (line 7)
and the gradient corrector factor β is computed (line 8) to update the new search direc-
tion on line 9. Finally, the residual rnext is stored as r (line 10) to prepare for the residual
computation in the next iteration and the counter variable iteration is incremented. The
while loop terminates when either ||r|| is less than the convergence threshold τ or when
Niter is reached.

In the proposed implementation, A is assembled and stored on the GPU to reduce
high-latency host-device data transfers. Specific details on the implementation ofA are
described in Section 5.2.3. Lines 1 and 2 of Algorithm 5.1 are performed on the GPU
device. The while loop (lines 4 to 12) control logic is executed on the host CPU. Lines
5 to 10 are all executed on the GPU, with each implemented as comprising one or more
GPU kernels.

The proposedGPU implementation of the Jacobi preconditionedCGalgorithmwhich
solves the linear PBE for molecular systems differs from previous implementations,
namely, AMBER’s pbsa.cuda12 in at least two ways. First, the proposed implementation
does not utilise linear algebra libraries such as CUSP and Thrust for specialised matrix
data structures (diagonal) and Krylov solvers such as the CG routine. This choice to
forgo such libraries was intentional since the sparsematrix-vector multiplication kernel
presented herein is memory bound. Dense matrix-vector multiplications are memory
bound,248 and therefore sparse matrix-vector multiplications are even more so. Conse-
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quently, having a tailored implementation enables us to achieve better memory access
patterns and exploit the memory bandwidth of the GPU over libraries which are suited
for general purposes. Furthermore, the new PBE solver is implemented in double pre-
cision instead of in single precision. Later, in Section 5.4, it is demonstrated that despite
the extra computational burden of executing the algorithm in double precision float-
ing point arithmetic, the proposed GPU implementation in EXESS exhibits lower wall
times than AMBER’s pbsa.cuda GPU implementation in single precision.

5.2.3 Sparse Matrix Treatment

In Eq. (2.52), the matrix A exhibits a sparse seven-banded structure where only the
main diagonal and the three diagonals above and below are nonzero148 as displayed in
Fig. 5.1. For conciseness, each diagonal i is denoted as Di.

A =







D3 D4 D5 D6

D2D1D0

Figure 5.1: Seven-banded sparsity structure ofA. Main diagonalD3 is shown in black.
Corresponding directions of each diagonal Di are listed in Table 5.1.

Non-zero entries outside of the main diagonal correspond to dielectric constants
between a grid point and one of its adjacent grid points in the positive and negative x,
y and z directions. Table 5.1 summarises the direction each diagonal Di corresponds
to.

i Direction
0 Negative z
1 Negative y
2 Negative x
3 Main diagonal
4 Positive x
5 Positive y
6 Positive z

Table 5.1: Directions represented by each diagonal Di and the corresponding offsets.

In the proposed implementation, only these seven diagonals ofA are stored on the
GPU, forgoing storing the full N2

grid elements ofA. Each diagonalDi is stored as an ar-
ray and the matrix-vector multiplication step is performed on the GPU which exploits
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this sparse structure of A. This allows the Ap contractions that are prevalent in Algo-
rithm 5.1 to scale asO(n) as opposed to theO(n2) scaling for a typical full matrix-vector
multiplication, where n refers to the matrix-side dimension.

Algorithm 5.2 Sparse matrix-vector multiplication routine.
1: for i⇐ Index < Ngrid do
2: for k = 0 to 6 do
3: b(i)⇐ b(i) +Dk(i) p(i+ δk)
4: end for
5: i⇐ i+Nthreads

6: end for

Algorithm 5.2 outlines the general structure of the sparse matrix-vector multiplica-
tion employed. Specifically, it evaluates the contraction b = Ap. Here, δk refers to an
offset for the p vector to target the pertinent values. The parameterNthreads refers to the
total number of threads launched, and Index is a unique index assigned to each thread
to indicate where to begin execution. The latter is computed as the sum of the thread
index and the product of the block dimension and block index.

Each thread operates on Algorithm 5.2 and contributes to distinct entries, denoted
by i, of the output vector b. Thus, there are no possibilities for race conditions across
threads, allowing the algorithm to fully exploit the massive parallelism afforded by
GPUs without the need for thread synchronisation.

This sparse matrix-vector multiplication routine and other modifications of it (e.g.
with subtraction) are used repeatedly in the CG workflow. For example, the product
Ap on line 5 as well asAx on line 1 in Algorithm 5.1.

Thus, the acceleration of the CG routine presented herein is attributed to two main
features: the exploitation of the sparsity pattern of matrixA to reduce the formal com-
plexity of matrix-vector contractions, and a synchronisation-free algorithm that effi-
ciently leverages the parallelism of GPUs to further accelerate such contractions.

5.2.4 Dielectric Mapping

In this section, a description of the dielectric mapping adopted in the proposed PBE
solver is provided, which improves on the approximate approaches employed inDelPhi
and AMBER, as it provides a formal exact mapping.

Thedielectricmapping involves the classification of grid points, specifically, whether
they are inside or outside of the solute molecular surface. In DelPhi, an approximate
iterative scheme is implemented and is based on themidpoints between a pair of neigh-
bouring grid points.9 Therefore, the classification of a grid point is dictated by the lo-
cation of its six neighbouring midpoints. The simple cases are grid points whose mid-
point neighbours are unanimously all within the surface (‘in’) or outside the surface
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(‘out’). Grid points whose set of six midpoint neighbours is not entirely ‘in’ or ‘out’ un-
dergo an iterative procedure. Let us denote these grid points as boundary grid points
(BGPs). The algorithm iterates on a container comprising BGPs, and updates the status
of its midpoint neighbours based on their distances from the solvent-accessible surface
(SAS). If the distance of the midpoint to the SAS is less than the probe radius, it is
marked as ‘out’ and ‘in’ for the inverse case. The definition of SAS is provided in Chap-
ter 2 Section 2.3.3 (Figure 2.6).

With these updated classifications of the neighbouring midpoints, the status of the
grid point is checked. If the grid point is no longer classified as a BGP, it is removed
from the BGP container and the procedure continues to the next BGP. The algorithm
converges when there is no change in the BGP container between two iterations.9

On the other hand, AMBER’s pbsa.cuda has multiple schemes to handle the assign-
ment of dielectric constants across the dielectric interface.10 Though AMBER includes a
scheme identical to that used by DelPhi, the level set function-based dielectric model10

was selected as it was found this to be the optimal dielectric model among the available
options. A detailed justification is provided in Appendix C.

In this level set function-based approach, a level set function is used to implicitly
characterise the molecular surface. Therein, the BGPs are identified where the level
set function is zero. The algorithm begins by labeling grid points as either ‘solvent’
or ‘solute’ where ‘solute’ grid points have positive level set values and ‘solvent’ grid
points have negative set values. BGPs therefore correspond to the region where the
level set function is zero, specifically, the intersection of a boundary grid edge and the
molecular surface. A quadratic function is then used tomodel the level set function near
this region. This function is spanned by three points, two that define the boundary grid
edge, and a third point obtained by extending one of these two points by a grid spacing
±h in one of the x, y or z directions. The intersection point (BGP) corresponds to a root
of the quadratic function.10

In contrast, the new implementation presented herein employs a method that di-
rectly computes the distance between the grid point and the solvent-excluded surface
(SES) to distinguish whether or not it lies outside the molecular surface. Algorithm 5.3
describes the scheme employed to classify grid points. Here, the rprobe parameter de-
notes the solvent probe radius. The algorithm begins by iterating across all grid points
and initialising the variable inside ses as False. Then it iterates across atoms, calcu-
lating the distance dj between each grid point and the current atom. If dj is less than the
atom’s van derWaals (vdW) radius ri, the point is classified to lie within the SES (lines
4 to 8). In the proposed implementation, the three-dimensional space is partitioned
into boxes and the set of atoms iterated over in Algorithm 5.3 refer to atoms belonging
to the box grid point i is located in. In this way, only atoms within the vicinity of grid
point i are considered and the two for loops (lines 3 to 9 and lines 10 to 26) do not grow
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Algorithm 5.3 Classification of grid points.
Require: rprobe
1: for each grid point i do
2: inside sesi ⇐ False

3: for each atom j do
4: dj ⇐ distance between grid point i and atom j
5: rj ⇐ vdW radius of atom j
6: if dj < rj then
7: inside ses⇐ True

8: end if
9: end for
10: for each atom j do
11: for each atom k > j do
12: dj ⇐ distance between grid point i and atom j
13: dk ⇐ distance between grid point i and atom k
14: rj ⇐ vdW radius of atom j
15: rk ⇐ vdW radius of atom k
16: if (dj < rj + rprobe) or (dk < rk + rprobe) then
17: C ⇐ Sj ∩ Sk

18: if C /∈ ∅ then
19: dC ⇐ distance between grid point i and C
20: if grid point i ∈ Ωjk and dC > rprobe then
21: inside sesi ⇐ True

22: end if
23: end if
24: end if
25: end for
26: end for
27: end for

with system size.
Next, the algorithm moves to the case of grid points located within the SES but not

within the spheres spanned by the vdW radius of any atom. As an example to illustrate
this, consider the shaded purple area in Fig. 5.2 located between two atoms j and k.
To determine whether a grid point lies in this region, pairs of atoms are iterated over
(lines 10 and 11), and the distance between grid point i and each of the two atoms is
calculated (lines 12 and 13).

Next, these distances are used to check whether the grid point i lies within the “ex-
panded” spheres of atoms j and k (lines 16). An “expanded” sphere has a radius equal
to the sum of the vdW radius of the atom of interest and the solvent probe radius rprobe
(see circles outlined in dashed lines in Fig. 5.2). It is important to note that Fig. 5.2 is an
example case, however, in general, the purple region corresponds to the region inside
Ω (shown red in Fig. 5.2) but outside both spheres spanned by the vdW radius and
within the “expanded spheres”. In this way, it checks for whether the grid point i lies
within the “expanded” spheres of atoms j and k.

A curve C on line 17 is defined as the circle formed from the intersection of the two
“expanded” spheres (Sj and Sk) corresponding to atoms j and k. If C exists, that is,
the two “expanded” spheres of atoms j and k do overlap, it proceeds to computing the
distance (dC) between grid point i and C.

In addition to all the checks mentioned above, two final checks are performed (line
20) to determine whether grid point i is located in the purple region of Fig. 5.2. First, it
checks if dC is greater than rprobe and grid point i lies within a triangular region denoted
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Figure 5.2: 2D representation of regions relevant to the dielectric mapping procedure.
Circles outlined in dashed black lines correspond to “expanded” spheres with radius
equal to the sum of the vdW of the atom and the probe radius. Ω denotes the triangular
region shaded in red. Orange cross represents a counter case described in the text. This
diagram is not to scale.

as Ω in Fig. 5.2 and Algorithm 5.3. The reasoning for this is best illustrated through
Fig. 5.2 where dC is the distance between grid point i and the center of the solvent
probe which is located on C–this point is denoted as p. Since the probe has radius
rprobe, to be located in the purple area, dC > rprobe must be true. However, the criterion
of dC > rprobe alone is not sufficient to ensure that p lies within the purple area. For
example, let us consider the case of a grid point located at the orange cross on Fig. 5.2;
this point satisfies the criterion of dC > rprobe but is evidently not in the purple region or
SES. Therefore, the additional criterion that a grid point imust also be in Ω is included
to confirm its location in the SES.

Later, in Section 5.4, it is demonstrated that although this more computationally
costly but exact dielectric mapping method is employed, the proposed PBE solver ex-
hibits superior computational performance over DelPhi and AMBER’s pbsa.cuda.

5.3 Computational Details

5.3.1 Molecular Dataset

In this section, a description of two molecular datasets is given, on which PB calcula-
tions will be performed using the three different software DelPhi, AMBER, and EXESS
to assess both accuracy and computational efficiency.

Minnesota Dataset

To validate the accuracy of the PB algorithm presented in this work, it is first applied to
structures taken directly from the Minnesota Solvation Database (MN12).249 The Min-
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nesota Dataset comprises 3,037 experimental solvation energies spanning 790 solutes
(charged and neutral) and 92 solvents. Since the application focuses on protein-ligand
systems solvated in water, only a subset of MN12 where the solvent is water is consid-
ered, which includes over 500 solutes. Figure 5.3 shows the distribution of the struc-
tures. The average solute size in the dataset is 15.7 atoms.
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Figure 5.3: Distribution of system sizes in the Minnesota dataset. Average size is indi-
cated by a vertical blue line and the corresponding value is listed.

Protein-Ligand Dataset

The main benchmark dataset consists of a range of biologically relevant protein-ligand
complexes. Such systems were extracted directly from the protein-ligand benchmark
dataset curated by Hahn et al.250,251 The final dataset employed in this study comprises
335 protein-ligand complexes, with ligands bound to 13 distinct target proteins. Ta-
ble 5.2 provides an overview of the protein-ligand dataset in terms the target proteins,
the corresponding number of ligand complexes, and their total number of atoms in-
cluding hydrogens.

The selected set of protein-ligand systemswas chosen for its relevance to drug devel-
opment. For instance, the overexpression of myeloid cell leukemia 1 (MCL1) inhibits
apoptosis and promotes tumor cell survival252. Inhibition of tyrosine kinase 2 (TYK2) is
a promising strategy for treating inflammatory diseases, including inflammatory bowel
disease253.

Additionally, the dataset has been curated by Hahn et al. with the aim of containing
only protein-ligand structures that exhibit large dynamic ranges, high quality struc-
tures, with an Iridium score of at least ‘mildly trustworthy’, and sourced from biophys-
ical assay conditions.251

With these structures from Hahn et al. equilibriumMD simulations in explicit solu-
tion are performed to account for the presence of explicit solvent (water) molecules, as
detailed in the following section.
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Target No. of ligands No. of atomsa
CDK2 10 9031
CDK8 30 10456
EG5 27 5473

HIF2A 37 3579
MCL1 25 2448
P38 29 5636
PDE2 21 5496

PFKFB3 32 7259
PTP1B 22 4821
SHP2 24 8363
SYK 44 4457

thrombin 21 4627
TYK2 13 4652

aNumber of atoms and includes hydrogens.

Table 5.2: Target proteins and the corresponding number of ligands in the protein-
ligand-benchmark dataset used in this study.

5.3.2 Protein-Ligand Structure Preparation

In this section, the details on the equilibriummolecular dynamics (MD) simulations are
provided. These simulations are performed on the protein-ligand systems presented in
Section 5.3.1 as part of the structure preparation. A detailed description of MD simula-
tions is presented in Chapter 2 Section 2.2.

GROMACS 2023.2 was used for all the MD simulations with three-dimensional pe-
riodic boundary conditions. MD simulations were performed on the Perlmutter super-
computer at the National Energy Research Scientific Computing Center of the United
States Department of Energy.

Protein-ligand complexes were first solvated in a rhombic dodecahedron water box
with buffer width of 15 Å. Counterions (Na+ and Cl–) were added to neutralise the
system. The AMBER ff03 force field was employed in all simulations for the protein.254

Ligands were parameterised with the second generation general AMBER force field
(GAFF2).255,256 ChElPG charges257 computed with Q-Chem223 at the B3LYP/cc-pVTZ
level were used for ligands. The short-range non-bonded interactions were computed
for atom pairs within 10 Å. The particle mesh Ewald (PME) method was employed
to model long range forces, with fourth-order cubic interpolation and 1.2 Å grid spac-
ing. All covalent bonds involving hydrogen atoms were constrained with the LINCS
method.258

Next, two minimisation routines were employed: 1) First, all backbone carbon and
nitrogen atoms were restrained using a strength of 1000 kJ mol−1nm−2, and 5000 steep-
est descent steps were performed; 2) Second, all atoms were optimised without any
constraints for 3000 steps of steepest descent and 2000 steps of conjugate gradient min-
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imisation. After minimisation, each system was heated from 0 to 300 K in the NVT
ensemble over a period 100 ps and then relaxed for 100 ps in an NpT ensemble MD
simulation with a temperature of 300 K and pressure of 1 atm. Temperature was con-
trolled by the Bussi-Donadio-Parrinello thermostat,259 and the pressure was controlled
using the Berendsen barostat260 in the NpT simulations. The time constant for the tem-
perature and pressure coupling was kept at 0.2 ps and 2 ps, respectively. The final
protein-ligand structure from the NpT equilibrium trajectory was used for PB calcula-
tions whose details are provided in the next section. The selection of the number of
minimisation steps, the solvers used for the latter, as well as the timing durations of the
heating and equilibrium steps is consistent with standard protocol used across numer-
ous studies in this field.66,242–244,261–263

5.3.3 Poisson-Boltzmann Calculations

In this study, the accuracy and computational performance of the proposed PBE solver
against the CPU-based DelPhi and GPU-based AMBER pbsa.cuda software are com-
pared. DelPhi employsOpenMP to utilise themulti-core capability of CPUs andwas se-
lected to serve as theCPUbenchmark. On the other hand, AMBER’s pbsa.cudawill serve
as the GPU benchmark. DelPhi 8.5.038 and AMBER 22.0264 were used. An overview of
the two parallel programming models OpenMP and CUDA are provided in Chapter 2
Section 2.1.2.

Although the solvation energy comprises the polar and non-polar contributions as
shown in Eq. (2.49), only the polar term is considered as this study concerns solving
the linear Poisson-Boltzmann equation. For conciseness, henceforth, all mentions of
solvation energies (Gsolv and ∆Gsolv) in this chapter will refer to the polar component
only unless stated otherwise.

Unless stated otherwise, the following parameters were held constant across all PB
computations with DelPhi, pbsa.cuda and EXESS: a temperature of 298 K for the MN12
dataset and 300 K for the protein-ligand dataset, an ionic strength of zero, a ratio of the
solute dimension to the lattice dimension of 0.5, dielectric constants of εsolvent = 78.54

(water) and εsolute = 1, a grid spacing of 0.4 Å, a solvent probe of 1.4 Å, Bondi van
derWaals radii were used for atomic radii.265 The boundary conditions were computed
from the sum of the Debye-Hückel potentials of all charges.

The Jacobi preconditioned CG solver was adopted for pbsa.cuda. A convergence
threshold of 10−3 was used for both pbsa.cuda and EXESS as they are defined similarly,
computed based on the L2 norm of the residual potential vector.12 On the other hand, a
“tighter” threshold (10−4) was used for DelPhi as the convergence depends on the root
mean square (RMS) change of potential instead of the L2 norm. Maximum number
of iterations in EXESS and AMBER were both set to 10000. All calculations converged
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within the maximum iteration count. Number of iterations in DelPhi is determined au-
tomatically in situ. All other parameters were set to their default values. Representative
input files for DelPhi and AMBER have been provided in Appendix C.

Hardware and Performance Measurement

All PB calculations were performed on the Perlmutter supercomputer at the National
Energy Research Scientific Computing Center of the United States Department of En-
ergy. All timing results for DelPhi were obtained using the program’s multicore CPU
parallel capabilities on a single 64-core AMD EPYC 7763 CPU. All timing results for
GPU-based solvers (pbsa.cuda and EXESS) were obtained on a single NVIDIA A100
40 GB GPU.

To assess the performance of EXESS against DelPhi and AMBER on the protein-
ligand dataset, the following speedup metric is employed

speedup =
t

tEXESS

(5.3)

where tEXESS and t denote wall times of PB calculations performed with EXESS and
DelPhi/AMBER, respectively.

To account for the different hardware utilised, the energy consumption of the three
different software are compared. Energy consumptions were measured using Linaro
Forge’s Performance Report which uses Cray HSS energy counters to monitor power
usage on the Perlmutter supercomputer.

For each protein-ligand system, three separate PB computations are required ac-
cording to Eq. (5.1): (1) the bound protein-ligand complex, (2) the isolated protein,
and (3) the isolated ligand. The timings and energy consumptions presented in this
work correspond specifically to the PB calculations performed on the bound protein-
ligand complexes.

For all structures belonging to the Minnesota dataset and ligands in the protein-
ligand dataset (described in Section 5.3.1), ChElPG charges were used in all PB cal-
culations. All ChElPG charges were calculated at the B3LYP/cc-pVTZ level using Q-
Chem223 version 6.0 with a convergence threshold of 10−8 a.u. Partial charges from the
AMBER ff03 force field were used for protein atoms.254

Non-Polar Contributions

For the Minnesota dataset, the non-polar component of Gsolv is included in addition to
the polar component obtained from solving the PBE in order to provide a fairer compar-
ison against experimental Gsolv values. The non-polar contribution is computed with
Eq. (2.14) and the values used for γ and β are 2.26778 kJmol−1 nm−2 and 3.84928 kJmol−1,
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respectively, consistent with those used in the AMBER package.59

The solvent accessible surface area (SASA) is computed once per system in theMin-
nesota dataset and these values are used in the comparison across all three software in
Section 5.4.2.

The SASA computation is approximate and is calculated as the sum of atomic con-
tributions. This contribution is calculated first by discretising the surface of the atomic
sphere using a Fibonacci lattice266 where the number of discretisation points per atomic
sphere is 2nf + 1with nf = 1000. Following, the proportion of points not found in any
other atom sphere are counted. This proportion is thenmultipliedwith the surface area
of the atomic sphere – this provides the individual atomic contribution to the SASA.

5.3.4 Dielectric Mapping Validation

To validate the proposed dielectric mapping scheme as described in Section 5.2.4, a
method that detects misclassifications in the dielectric model by comparing the dis-
tance between a given point and the solvent accessible surface (SAS) is utilised. The
validation method is as follows.

First, a discretisation of the SAS is computed and stored. This discretisation is com-
puted by discretising the surface of the “expanded” sphere of each atom. The discreti-
sation of each “expanded” atomic sphere is done using a Fibonacci lattice approach.266

Here, 2nf +1 (before removal of points) points per atom are generated. Next, any gen-
erated point that is within the “expanded” sphere of any other atom is removed from
the discretised set.

This discretised SAS is used to compute the distance of a point to the SAS and thus
verify the correctness of the classification of a grid point as within (i.e. ‘solute’) or out-
side the SES (i.e. ‘solvent’). This procedure is carried out as follows. First, note that
the two easy cases are: if a point is outside of every “expanded” atomic sphere, it is
certainly outside the SES and is given a nominal distance of infinity; and if a point is
inside any atomic sphere whose radius is spanned by the atom’s vdW radius, then is
it certainly inside the SES (i.e. ‘solute’) and is assigned a nominal distance of a fixed
negative number. Next, a naive search across the remaining points on the discretised
SAS is performed, recording the minimum distance to any of these points. If this mini-
mum distance is greater than or equal to the probe radius, this point is classified to be
inside the SES and assign it the same nominal distance value as the other points inside
the SES. If the minimum distance is less than the probe radius, then this point is classi-
fied to be outside the SES (i.e. ‘solvent’) and assign its distance value to be equal to the
minimum distance just recorded.

This validation procedurewas performed on 50 randomly selected systems from the
Minnesota set and two protein systems: MCL1 andHIF2A. nf = 20, 000 and nf = 1, 000
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are used for the Minnesota systems and proteins, respectively. Due to this validation
procedure being relatively expensive, this analysis is limited to the two smallest protein
systems and uses a smaller nf . The different dielectric mapping used across the three
software are compared. Using this validation method and the said nf discretisation
parameter, the number of points misclassified across the different dielectric models are
reported in Section 5.4.1.

5.4 Results and discussion

5.4.1 Dielectric Mapping Validation

In this section, an analysis of the dielectric mappings used across DelPhi, AMBER and
EXESS is presented. The validation method presented in Section 5.3.4 is employed.
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Figure 5.4: Distribution of the total number of mismatches of a point’s label between
the dielectric mapping schemes employed in each software with the validation method
(Section 5.3.4) across the 50 randomly selected systems from the Minnesota set. All
systems exhibit 0 for the dielectric model employed in EXESS. Averages are indicated
by black horizontal lines.

Figure 5.4 displays the distribution of the total number of mismatches between the
dielectric mapping scheme with the validation method as detailed in Section 5.3.4 on
the MN12 systems, namely, the number of points where the validation and dielectric
model disagreed. Across all 50 systems, the minimum number of points incorrectly
labeled is consistently zero with EXESS. The same cannot be said for either of DelPhi or
AMBER. AMBER exhibits the largest range (0 to 34) whereas DelPhi ranges between 0
and 6.

Such an outcome is not surprising given that the dielectric model utilised in EXESS
directly calculates the distance between a grid point and the SES. On the other hand, the
midpoint- and level set-based methods employed by DelPhi and AMBER, respectively,
are more approximate schemes and therefore are accompanied by a larger number of
mismatches.
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These mismatches become accentuated for larger systems comprising thousands of
atoms such as proteins. As shown in Table 5.3, which lists the number of misclassified
points in the dielectric models for the MCL1 (2,448 atoms) and HIF2A (3,579 atoms),
DelPhi and AMBER exhibit significantly higher misclassifications than EXESS; DelPhi
and AMBER are accompanied with tens (43 to 55) and hundreds (216 to 299) of mis-
matches, respectively, significantly higher than that of EXESS which remains zero.

Protein DelPhi AMBER EXESS
MCL1 43 216 0
HIF2A 55 299 0

Table 5.3: Number of misclassified points in MCL1 and HIF2A by the dielectric map-
ping schemes used across all three software. Averages are indicated by black horizontal
lines.

Such results not only validate the dielectric model employed in EXESS but also
serves to highlight the superior accuracy of the proposed dielectric model over the ap-
proximate schemes used in DelPhi and AMBER. Furthermore, despite employing this
more computationally burdensome dielectric mapping scheme, it is later demonstrated
that the proposed approach displays superior wall times than either of DelPhi or AM-
BER’s pbsa.cuda on practical application protein systems. Thus, having validated the
proposed dielectric model, the latter is applied to PB calculations in EXESS in the next
section.

5.4.2 Poisson-Boltzmann Calculations

In this section, the accuracy and computational performance of the proposed algorithm
in comparison to DelPhi and AMBER’s pbsa.cuda are compared. Section 5.4.2 begins
by verifying the accuracy of the proposed PBE solver on the Minnesota dataset which
includes systems with less than 50 atoms, before its application to the protein-ligand
dataset comprising systems with thousands of atoms.

Minnesota Dataset

In this section the accuracy of the proposed PBE solver on the Minnesota dataset is
verified before proceeding with its application on the large protein-ligand systems.

Figure 5.5 shows the distribution of solvation free energy errors obtained with the
different test programs relative to experimental results. For completeness, the Gsolv

obtained including the non-polar contributions is also displayed. The non-polar con-
tributions included are exactly the same across the three test programs to isolate the
effect of the polar contribution.

Considering only the polar contributions, all three programs exhibit similar Gsolv

errors; the mean absolute error (MAE) only varies between 13.7 and 14.8 kJ mol−1. On
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Figure 5.5: Distribution of absolute errors between experimental and predicted Gsolv

values for the Minnesota dataset using only the polar component (purple) and both
polar and non-polar components (blue). Mean absolute errors are indicated by dashed
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Figure 5.6: Distribution of PB calculation wall times on the Minnesota dataset. Mean
timings are indicated by dashed horizontal lines and their values are listed. Timings
for DelPhi were obtained on a single 64-core AMD EPYC 7763 CPU and timings for
AMBER and EXESS were obtained on a single NVIDIA A100 40 GB GPU.

the other hand, with the addition of the non-polar contribution, a reduction in theMAE
is observed across all three software; the MAE decreases by 1.1, 1.3 and 2.8 kJ mol−1 in
DelPhi, AMBER and EXESS, respectively.

These discrepancies between the predicted energies across the different software can
be ascribed to the different dielectric mapping employed across all software, yielding
varying coefficient matricesA of Eq. (2.52).

Nevertheless, the purpose of this section is to verify the accuracy of the proposed
approach and the comparable accuracy of between EXESS, AMBER and DelPhi has
been demonstrated.

Figure 5.6 compares thewall-timedistributions obtainedusingDelPhi, AMBER, and
EXESS. Themeanwall times for AMBER (4.6 s) and EXESS (3.3 s) are approximately an
order of magnitude higher than that of DelPhi (0.2 s). This result is unsurprising and
is likely attributable to the fixed overheads accompanying GPU implementations (i.e.
AMBER and EXESS) including device initialisation, kernel-launch latency, and host–
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Figure 5.7: Correlation between ∆Gsolv of protein-ligand systems attained with EXESS
and those of a) DelPhi; b) AMBER. Energies are calculated according to Eq. (5.1).

device communication, aswell as the limited parallel workload associatedwith the very
small molecules belonging to the Minnesota dataset (average size of 15.7 atoms), as
shown in Fig. 5.3. However, as demonstrated in the following section, for larger protein-
ligand complexes, the computational benefit gained by leveraging GPU acceleration
significantly outweighs these overhead costs.

Having established the accuracy and baseline performance of the proposed PBE
solver, the next section involves its application to large protein systems.

Protein-Ligand Dataset

In this section, the performance of EXESS relative to DelPhi and AMBER’s pbsa.cuda
module are evaluated by comparing their solvation energies (Eq. (5.1)) and computa-
tional timings.

Unlike in the previous section (5.4.2), which compared calculated results against
experimental data, no experimental benchmarks are used here. This is because only
experimental values of ∆Gbind are available in the literature, which include terms such
as ∆E and ∆S (see Eq. (2.12)). This study, however, focuses exclusively on the polar
contribution to the solvation free energy.

Figure 5.7 shows the correlation of the protein–ligand solvation energies computed
with EXESS against those obtained from DelPhi and AMBER. Two primary observa-
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Figure 5.8: Distribution of absolute solvation free energy differences relative to EXESS
for each target protein system. Target proteins are sorted in order of increasing size.
Averages are indicated by black horizontal lines.

tions emerge. First, there is generally good partitioning of the energies with respect to
the protein targets. For instance, the PTP1B solvation energies are all clustered together
where ∆Gsolv > 1100 kJ mol−1 irrespective of the program employed (EXESS, DelPhi,
and AMBER).

Second, across all 335 protein–ligand systems, there is a strong correlation between
∆Gsolv values from EXESS and those from DelPhi or AMBER, with nearly perfect Pear-
son correlation coefficients relative to bothDelPhi (R2 = 0.99) andAMBER (R2 = 0.99).

The similarity in the correlation between EXESS, DelPhi, and AMBER are also re-
flected in the solvation free energy deviations shown in Fig. 5.8. Across all 13 target
protein systems, the distribution of the∆Gsolv deviations between bothDelPhi andAM-
BER are noticeably similar. A salient example of this is the TYK2 system whereby the
average deviation in∆Gsolv between EXESS andAMBER is only 2.8 kJ mol−1 lower than
that of EXESS and DelPhi.

On the other hand, PTP1B exhibits the greatest absolute difference in the ∆Gsolv

deviations between EXESS with DelPhi and AMBER. As shown in Fig. 5.8, the aver-
age ∆Gsolv deviation between EXESS and DelPhi is 27.6 kJ mol−1 higher than that of
EXESS and DelPhi. Though these absolute energy deviations are large, the relative de-
viation with respect to the∆Gsolv values themselves is small. As observed from Fig. 5.7
PTP1B exhibits the highest ∆Gsolv values across all 13 protein targets where all ∆Gsolv

are greater than 1100 kJ mol−1. Compared to the∆Gsolv values calculated with EXESS,
these energy deviations in Fig. 5.8 amount to an average difference of 3.4% and 5.4%
with AMBER and DelPhi, respectively.

The underlying cause of these discrepancies can be attributed to multiple factors,
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some of which have been discussed in Section 5.4.2 including the different algorithms
used between DelPhi (SQR) and AMBER’s pbsa.cuda/EXESS (CG) as well as the dif-
ferent dielectric mappings employed. Discrepancies between DelPhi and AMBER have
been reportedwithin the literature previously.11,267 For example, one study reported dif-
ferences ranging from 8.7 to 49.0 kJmol−1 between solvation energies attainedwithDel-
Phi and AMBER on protein systems containing between 279 and 2803 heavy atoms.11

Similar results are observed between DelPhi when compared to AMBER; the corre-
lation between the solvation free energies calculated with DelPhi and AMBER, which
is shown in Appendix C Fig. C.1, is nearly identical to Fig. 5.7b.

Having shown the similarity in the accuracy of the ∆Gsolv values calculated across
all three software, the computational performance of PB calculations in EXESS is exam-
ined before its comparison to AMBER and DelPhi.

1 2 3 4 5 6 7

Number of Grids (×107)

20

40

60

80

100

120

W
a
ll

ti
m

e
(s

)

MCL1

CDK8

PTP1B

EG5

HIF2A

CDK2

PDE2

SHP2

CDK8

TYK2

thrombin

SYK

MCL1

P38

PFKFB3

Figure 5.9: Effect of grid size on wall times of PB calculations with EXESS.

Figure 5.9 displays thewall times of PB calculationwith EXESSwith the correspond-
ing number of grid points. Generally, a positive association between the grid point
count and wall times is observed. Such outcome is not surprising since the grid point
count dictates the size of the coefficient matrix A in Algorithm 5.1. Also of notice is
the correlation between the number of grids and protein size. Larger proteins such
as CDK8 (10,456 atoms) exhibit greater number of grids (mean of 7.09 × 107 grids)
and wall times (greater than 100 s) compared to smaller proteins such as MCL1 (2,448
atoms) which comprise lower number of grids (mean of 1.00× 107) and reduced wall
times (less than 20 s).

Next, the computational performance of EXESS againstDelPhi andAMBER’s pbsa.cuda
are compared. Figure 5.10 presents the distribution of wall times for PB computations
using DelPhi, AMBER’s pbsa.cuda, and EXESS. As shown in Fig. 5.10, EXESS consis-
tently outperforms both AMBER and DelPhi, often achieving wall times an order of
magnitude lower across a number of the target systems. This is particularly evident in
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Figure 5.10: Distribution of PB calculation wall times on the protein-ligand dataset us-
ing different software for each target protein system. Target proteins are sorted in order
of increasing size. Averages are indicated by black horizontal lines. Timings for DelPhi
were obtained on a single 64-core AMD EPYC 7763 CPU and timings for AMBER and
EXESS were obtained on a single NVIDIA A100 40 GB GPU.

the lower panel of Fig. 5.10, which highlights protein–ligand complexes ranging from
5,473 to 10,456 atoms. For these systems, all EXESS PB computations complete in under
125 seconds (see Fig. 5.9), whereas DelPhi andAMBER exhibit wall times of at least 179
and 270 seconds, respectively.

In contrast, no definitive trend emerges when comparing AMBER and DelPhi di-
rectly. In some cases, DelPhi is faster—for example, for the PDE2 system, average wall
timeswere 280.4 secondswithDelPhi and 332.9 secondswithAMBER.However, across
most protein targets, the PB wall times for AMBER and DelPhi are comparable.

A notable and apparent discrepancy arises when comparing the AMBER timings
observed in this work with those reported by Qi et al.12 Despite using the same solver
(the Jacobi-preconditioned conjugate gradient), similar grid spacing, and convergence
thresholds, Qi et al. reported GPU PB calculation times of the order of 1 second for
similarly sized protein systems. In contrast, the measurements herein frequently ex-
ceeded 100 seconds. To clarify on this aspect, it is important to reiterate that the tim-
ings reported herein correspond to the full runtime of each program. Specifically, the
discrepancy in wall times is due to the timings reported by Qi et al.12 comprise only the
solver routine, excluding the time spent setting up data to be transferred and executed
on the GPU. Profiling confirms that a substantial portion of AMBER’s pbsa.cuda code–
specifically the grid initialisation step–is not offloaded to the GPU (see Appendix C
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Figure 5.11: Distribution ofwall time speedups of EXESS relative toDelPhi andAMBER
for each target protein system. Speedups are calculated according to Eq. (5.3). Target
proteins are sorted in order of increasing size. Averages are indicated by black horizon-
tal lines. Timings for DelPhi were obtained on a single 64-core AMD EPYC 7763 CPU
and timings for AMBER and EXESS were obtained on a single NVIDIA A100 40 GB
GPU.

Fig. C.2). In EXESS, by contrast, this step is GPU-accelerated. Detailed profiling data
provided in Appendix C show that only a small fraction of AMBER’s total runtime is
spent executing on the GPU, helping to clarify the source of the discrepancy.

The significant differences in wall times between EXESS and DelPhi/AMBER trans-
late to substantial speedups for EXESS. Figure 5.11 displays the distribution of the
speedups of EXESS PB calculations relative to DelPhi and AMBER. Across the majority
of the protein target systems, EXESS exhibits a speedup greater than 7× over AMBER
and 5× over DelPhi. This is especially important in the three largest protein targets—
SHP2, CDK2, and CDK8—each comprising between 8,363 and 10,456 atoms which ex-
hibit the highest wall times (see Fig. 5.10). In these cases, EXESS achieved speedups of
5.9 to 7.4× over DelPhi and 8.4 to 9.3× over AMBER. On average, across all 335 systems,
EXESS delivers a 7.3× speedup over DelPhi and a 8.5× speedup over AMBER, based
on wall time measurements.

It should be again emphasised that the wall times reported herein were obtained
on a single structure per protein-ligand system as mentioned in Section 5.3.2. This is
in contrast to large scale PBSA-based workflows where PB computations are often per-
formed on hundreds or thousands of structures extracted from an MD trajectory per
protein-ligand system. Thus, further highlighting the discrepancy in the computational



129 Chapter 5

MCL1
HIF2A SYK

thrombin
TYK2

PTP1B EG5
PDE2 P38

PFKFB3
SHP2

CDK2
CDK8

0

20

40

60

80

100
E

n
e
rg

y
C

o
n

su
m

p
ti

o
n

(W
h

)

DelPhi AMBER EXESS

Figure 5.12: Distribution of energy consumption across DelPhi, AMBER and EXESS
for each target protein system. Target proteins are sorted in order of increasing size.
Averages are indicated by black horizontal lines.

expense between EXESS and bothDelPhi andAMBER’s pbsa.cuda, whichwhen coupled
with MM/PBSA or QM/PBSA studies on practical application protein-ligand systems
proves to be extremely computationally costly.

It is important to account for the differences in hardware used to perform the PB
calculations: DelPhi was executed on CPUs, whereas both AMBER and EXESS utilised
GPUs. To enable a fairer comparison of computational efficiency across platforms, the
energy consumption across each software are compared.

Figure 5.12 displays the energy consumption across all three software. Across all
systems, both DelPhi and AMBER consistently exhibit higher energy consumptions
than EXESS. Energy consumptions varied between 0.9 and 21.5 Wh across all PB calcu-
lations with EXESS whereas computations with DelPhi or AMBER required between
6.3 and 109.0 Wh.

Collectively, these results underscore the strong computational performance of EXESS’s
double-precision GPU-based PB solver. Compared to DelPhi, a multi-core CPU imple-
mentation, and AMBER’s single-precision GPU code pbsa.cuda, EXESS achieves supe-
rior timing and energy efficiency while maintaining accuracy comparable to both Del-
Phi and AMBER.
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5.5 Conclusion

In this Chapter, a novel GPU-accelerated solver implemented within the Extreme-scale
Electronic Structure System(EXESS) quantumchemical software package is introduced,
specifically designed for efficiently solving the linearised Poisson–Boltzmann equation
(PBE). This implementation directly addresses key limitations of existing PBE solvers
commonly employed in computational drug discovery, offering substantial improve-
ments in computational speed, numerical accuracy, and energy efficiency. The pro-
posed PBE solver utilises a Jacobi-preconditioned conjugate gradient algorithm that
efficiently exploits the inherent sparsity of the discretised PB linear system, and is im-
plemented without reliance on external linear algebra libraries. Furthermore, the pre-
sented solver incorporates a rigorous and formally exact dielectric mapping scheme,
and operates entirely in double-precision arithmetic to ensure numerical robustness
and precision, particularly when applied to large molecular systems typical of contem-
porary drug-design applications.

Extensive benchmarking of the proposed solver’s performance and accuracy was
conducted against establishedPBE solvers—DelPhi (CPU-based, double-precision) and
AMBER’s GPU-accelerated pbsa.cuda module (single-precision)—using two datasets:
the Minnesota solvation database and a diverse set of 335 biologically relevant protein–
ligand systems.

The validation on theMinnesota dataset demonstrated comparable accuracy to both
DelPhi and AMBER. MAEs in calculated solvation free energies, considering the polar
contribution alone, were 14.8 kJmol−1 (EXESS), 13.7 kJmol−1 (DelPhi), and 13.4 kJmol−1

(AMBER). Inclusion of non-polar contributions further improved MAEs for EXESS
(12.0 kJ mol−1), DelPhi (12.6 kJ mol−1) and AMBER (12.1 kJ mol−1).

For large scale protein–ligand systems (2,448 to 10,456 atoms), EXESS demonstrated
excellent consistency with both DelPhi (squared Pearson correlation R2 = 0.99) and
AMBER (R2 = 0.99) in the solvation energies computed.

Performance benchmarking revealed substantial computational advantages for EXESS,
achieving averagewall-time speedups of 7.3× overDelPhi and 8.5× overAMBERacross
the entire protein–liganddataset. When comparing energy consumptions, EXESSmain-
tained a clear advantage, demonstrating superior energy efficiency compared to both
CPU-based DelPhi and GPU-based AMBER. Average energy consumptions of 5.5, 33.1
and 38.1 Wh were observed with EXESS, DelPhi and AMBER, respectively.

Furthermore, though this GPU-accelerated PBE solver is developed for the purpose
of water-solvated systems, namely protein-ligand systems, it can easily be extended to
other types of solvents including hexane, ethanol or toluene—common solvents used
in manufacturing and synthesis industries— by simply changing the input parameters
(e.g. solvent dielectric constant).
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Overall, the EXESS GPU solver provides a robust, double-precision, computation-
ally efficient tool for solving the PBE in QM/PBSA workflows. Its enhanced perfor-
mance and accuracy significantly extend the applicability of QM/PBSA approaches to
large scale and high-throughput computational drug discovery efforts, ultimately facil-
itating faster, more reliable simulations of biomolecular complexes. Thus, in the next
Chapter, this solver is combined with QMmethods to construct a computationally fea-
sible QM/PBSA workflow.



Chapter 6

Predicting Binding Affinities of Protein-
Ligand Systemswith a QM/PBSAwork-
flow

6.1 Introduction

Chapters 3, 4 and 5 have each explored techniques towards the realisation of Quantum
Mechanical / Poisson-Boltzmann Surface Area (QM/PBSA) workflows. Specifically,
Chapters 3 and 4 provide techniques to accelerate the calculation of QM gas phase en-
ergies whilst Chapter 5 focuses on accelerating the evaluation of solvation free energies.
Putting these techniques together, this chapter addresses Aim 4 by performing a bench-
mark analysis on a proposed QM/PBSA workflow.

The adoption of any method at large scales (i.e. for virtual screening) necessitates
systematic study of its performance acrossmany target systems in order to identify lim-
itations and to optimise protocols. Previously, due to the steep computational costs of
QM and PBSAmethods, QM/PBSAworkflows have been unfortunately largely limited
to single protein target studies.66–69 With advancements in the field ofQM21–31,33,157,162,221,222,268–273

and PBSA9,12,38,40–43 outside of this work, in addition to the techniques presented herein
in Chapters 3 to 5, we are nearing the practical application of QM/PBSA workflows at
large scales. Therefore, to provide the community with a comprehensive performance
baseline of such approaches, a benchmark analysis of a proposed QM/PBSA workflow
is performed on a set of diverse protein-ligand systems spanning nearly 200 protein-
ligand systems. To the best of our knowledge, this work marks the first study where a
QM/PBSA workflow has been applied across multiple target structures spanning hun-
dreds of protein-ligand systems.

This Chapter begins with Section 6.2 by detailing the various components of the
proposed QM/PBSA workflow including the quantum chemical and solvation mod-
els utilised as well as the dataset the performance evaluation is conducted on. In Sec-
tion 6.3.1, the fragmented quantum chemical treatment is validated before its applica-
tion to a set of 198 practical application protein-ligand systems which is presented in
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Section 6.3.2. Therein, the influence of multiple parameters on the predicted binding
affinities by QM/PBSA are considered, namely, starting structure, fragmentation level,
solvation model. Its performance is also compared to other approaches including AFE,
scoring functions, and other end point methods. Finally, Section 6.4 summarises the
findings and concludes the study.

6.2 Computational Details

6.2.1 Molecular Dataset

In this section, a description is provided of the datasets employed herein for the val-
idation the quantum chemical treatment as well as to assess the performance of the
QM/PBSA workflow.

Gupta Dataset

To validate the fragmentation approach and the choice of basis set employed for the pro-
posed quantummechanical treatment, single point energy calculationswere performed
on structures taken directly from Gupta et al.274 which will be referred to as the “Gupta
dataset”. Unless stated otherwise, all SPE computations are conducted at the Second-
Order Møller–Plesset Perturbation (MP2) level of theory using the resolution-of-the-
identity (RI)275 approximation with either Dunning’s correlation consistent cc-pVDZ
or cc-pVTZ basis set.213,214 An overview of the MP2 method and RI approximation is
provided in Chapter 2 Section 2.4.

The Gupta dataset comprises two protein targets cyclin-dependent kinase 2 (CDK2)
and interleukin-2-inducible T-cell kinase (ITK) paired with 13 and 14 ligands, respec-
tively, and was selected for several reasons. First, these targets are of significance in
drug discovery. For instance, CDK2 deregulation is linked to tumor growth, and grow-
ing evidence suggests that its inhibition has anticancer potential,276 whereas inhibition
of ITK is of interest in treating inflammatory disorders.277 Second, the structures com-
prise less than 500 atoms, rendering full system Hartree-Fock calculations to be com-
putationally feasible and enabling a direct comparison of the error incurred from frag-
mentation. Only full system computations at the HF level are performed as RI-MP2 is
accompanied by highmemory requirements. Third, experimental binding affinities are
available for these structures and have been employed in other studies to measure the
accuracy of end-point methods.5,7,278

Table 6.1 provides a summary of the calculations performed on the Gupta dataset.
Briefly, the purpose of performing these calculations are to validate the fragmentation
approach and the basis set used. It is known that large basis sets such as cc-pVTZ are
important to accurately treat nonbonded interactions critical in binding.7,69 However,
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use of triple-ζ basis sets comes at a significantly higher cost andmotivated us to examine
whether comparable results could be achieved using smaller bases like double-ζ basis
sets. In a similar vein, the performance between MBE2 and the more computationally
costly MBE3 scheme are also compared.

Full system MBE2 MBE3
Theory level HF RI-MP2 RI-MP2
Basis set cc-pVTZ, cc-pVDZ cc-pVTZ, cc-pVDZ cc-pVTZ, cc-pVDZ

Table 6.1: Summary of SPE calculations performed on the Gupta dataset.

Wang Dataset

Of particular interest is the Wang dataset which comprises eight target systems each
comprising between 2,000 and 8,000 atoms, spanning 198 protein-ligand complexes as
shown in Table 6.2. First compiled in 2015 by Wang et al. to demonstrate the accu-
racy of free energy perturbation methods which subsequently catapulted its popular-
ity,55 the associated dataset has become an established benchmark dataset to evaluate
the performance of computational methods including scoring functions and alchemical
free energymethods.55,110,112,279–283 TheWang dataset is employed herein to measure the
performance of the proposed QM/PBSA workflow.

Target Number of Ligands
BACE 36
CDK2 16
JNK1 21
MCL1 42
P38 34

PTP1B 23
thrombin a10
TYK2 16

aNumber of ligands is one less than that in the Wang dataset due to convergence issues
associated with an iodine-containing ligand.

Table 6.2: Description of the Wang dataset.

Structures of the Wang dataset were obtained from two different sources. The first
involves the original dataset used by Wang et al55 which was made available as part of
a larger collection of datasets by Ross et al (Dataset I).112 The second source includes
structures originally provided by Zariquiey et al.282 and subsequently optimised by
Jalaie et al (Dataset II).283 The two datasets differ across multiple areas including ligand
placement, protein crystal structure and hydrogen position corrections. A full descrip-
tion of the differences can be found elsewhere.283 An additional version of the Wang
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dataset (Dataset III) is included which is obtained by performing an alternative pro-
tonation of the protein structures provided by Ross et al. This process was performed
with the pdb2gmx module in GROMACS with the -ignh option which disregards the
original hydrogen atoms in the protein system and re-inserts these according to stan-
dard geometry rules for distinct functional groups.284

Dataset I Dataset II Dataset III
Ross et al.112 Jalaie et al.283 Ross et al. with

alternative pro-
tonation.

Table 6.3: Sources of the three Wang datasets used herein.

To summarise, three versions of the Wang dataset is explored as shown in Table 6.3.
Multiple versions of the same dataset have been employed as it is known that the per-
formance of computational methods are linked to the quality of initial structures. For
example, Jalaie et al. demonstrated that the correlation of binding affinities predicted
by semiempirical quantum-mechanical (SQM)-based scoring function was heavily de-
pendent on the initial structures of the Wang dataset.283 Thus, this motivated the study
of Dataset I and II which exhibit significant structural differences, as well as Dataset
III which differs to I only in the protonation states of the residues. These structures
were used as the starting point for molecular dynamics simulations whose protocol is
described in Section 6.2.3.

6.2.2 Performance Evaluation

To evaluate the performance of the QM/PBSA workflow, the Pearson correlation coef-
ficient is used as the primary performance metric to measure the agreement between
predicted binding affinities and experimental binding free energies. Experimental data
for the Wang dataset comprises a mixture of ∆Gbind, IC50 and Ki values as listed in
Table 6.4.

Target Measurement type Reference
BACE Ki [285]
CDK2 IC50 [286]
JNK1 IC50 [287]
MCL1 Ki [288]
P38 IC50 [289]

PTP1B Ki [290]
thrombin ∆Gbind [291]
TYK2 Ki [292, 293]

Table 6.4: Experimental data for the Wang dataset.
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Experimental binding free energies (∆Gexp) were calculated as

∆Gexp ≈ RT ln(IC50) (6.1)

or
∆Gexp = RT ln(Ki) (6.2)

depending on the measurement type for each target system. R is the gas constant and
T = 300 K.

6.2.3 Molecular Dynamics Simulations

In this Section, the molecular dynamics protocol conducted on theWang dataset is pro-
vided. AnoverviewofMDsimulations is provided inChapter 2 Section 2.2. GROMACS
2023.2 was used for all the molecular dynamics simulations. All simulations were per-
formed on the Perlmutter supercomputer at the National Energy Research Scientific
Computing Center of the United States Department of Energy.

The MD setup, minimisation, heating and equilibrium routines followed the same
protocol as that detailed in Chapter 5 Section 5.3.2. After the equilibrium simulations,
production simulations were then performed in the NpT ensemble for 10 ns. Therein,
Langevin dynamics was applied to regulate temperature and Parrinello–Rahman baro-
stat294 for the pressure. Snapshots were taken every 10 ps, generating 1,000 conforma-
tions for each of the protein-ligand systems.

Sampling Method

In this section, a description is provided of the sampling method employed to extract
structures from the MD trajectories in which QM calculations are subsequently per-
formed on. The MD simulation protocol described in the previous section generates
1,000 structures per protein-ligand complex. Due to the computational cost of quantum
chemical calculations, a sampling procedure is adopted to reduce the number of frames
QM calculations are performed on. The sampling approach employs the dihedral an-
gle autocorrelation function (ACF) to provide a measure of the geometric similarity
between conformations.

At time j∆t where ∆t is the time step (10 ps) the dihedral ACF is computed as
the average of the correlation of all time points separated by j∆t ps according to the
following equation295:

C(j∆t) =
1

Ns − j

Ns−1−j∑

i=0

cos [ϕ(i∆t)− ϕ((i+ j)∆t)] (6.3)

where Ns is the total number of snapshots taken across the trajectory, i and j index
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the time steps and ϕ denotes the dihedral angle. The angle module of GROMACS was
employed to compute the dihedral ACFs.

A threshold value of 0.2 is used for the dihedral ACFs, specifically, an ACF value of
0.2 or less indicates that conformations (or frames) are sufficiently geometrically dis-
tinct to warrant sampling. The time at which this threshold is attained is recorded for
each dihedral, and the overall sampling time for the specific protein-ligand complex is
taken as the minimum of these times (i.e. where ACF < 0.2) across all the dihedral
ACFs. The resulting number of conformations for each protein-ligand complex em-
ployed for the Wang dataset in the latter part of Section 6.3.2 is listed in Appendix D
Table D.1.

Energetic quantities are computed for each of these conformers extracted accord-
ing to the above sampling procedure, and the overall energetic quantity is taken as the
average across all these conformers, thus, adjustments in weighting cancels out. To il-
lustrate this, for example, consider for a particular system that a sampling frequency of
500 ps is obtained with the above procedure, meanwhile the frequency that snapshots
are taken from the MD production run is 10 ps. Then conformers are extracted every
500 ps (i.e. every 50th snapshot). This effectively means that every 50 consecutive con-
formers are represented by one conformer. Thus, theweighted average energy quantity
would be represented as

⟨E⟩ = 1

Nsnapshots

∑
(50 · E0 + 50 · E1 + . . .+ 50 · En) =

50

Nsnapshots

∑

i

Ei (6.4)

where ⟨E⟩ is the weighted average energetic quantity, Nsnapshots is the total number of
snapshots (extracted at a frequency of 10 ps), andEi is the energetic quantity evaluated
with conformer i, and i indexes every 50th conformer.

Nsnapshots can be rewritten as the product of 50 and N50
frames where the latter is the

number of conformers/frames extracted every 500 ps. Then, the weighted average
quantity simplifies to

⟨E⟩ = 1

N50
frames

∑

i

Ei (6.5)

which is just the average across all the sampled conformers. This can be extended to
other sampling frequencies.

Since the area of greatest interest is the ligand and its binding pocket, the computa-
tion of the dihedral ACFs is limited to the ligand and the pocket residues. Furthermore,
dihedrals containing hydrogen atoms are also excluded. The following definition of
pocket residues is employed herein. A residue is classified as being part of the binding
pocket if the following criterion is met296

Rij < rvdWi + rvdWj + 2rprobe (6.6)
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where i and j denote heavy atoms on the protein and ligand, respectively, Rij is the
distance between the two atoms, rvdWi refers to the van der Waal radius for atom i, and
rprobe is the probe radius. A value of 1.4 Å is used for rprobe corresponding to water and
the Bondi van derWaal radii are used.265 This definition of a pocket residuewas selected
over the traditional hard distance cutoff criterion as this incorporates information about
the solvent and accounts for the identity of the atoms participating in bonds by way of
the vdW radius.

Using the above definition, pocket residues are identified across each of the 1,000
frames sampledper protein-ligand system. Theunion of the residues that fulfill Eq. (6.6)
identified throughout the MD trajectory is taken as the set of pocket residues for that
specific protein-ligand complex. For each protein target, the final set of pocket residues
usedwith the ACF sampling technique is defined as the union of pocket residues across
all ligands associated with that target. In this way, a consensus binding pocket defini-
tion for each protein target is achieved. Henceforth, all mentions of pocket residues
refer to this consensus set.

6.2.4 Single Point Energies

In this study, both fragmented and full system single point energy (SPE) calculations
are performed. SPE computations were performed with the GPU-accelerated Extreme-
scale Electronic Structure System (EXESS) quantum chemistry program.22–29 All frag-
mented SPE calculations were performed on the Frontier supercomputer at the Oak
Ridge Leadership Computing Facility, and full system SPE computations were per-
formed on the Perlmutter supercomputer at the National Energy Research Scientific
Computing Center, both of which are part of the United States Department of Energy.

All SPE computations on the Wang dataset were performed with the resolution-of-
identity (RI) approximation275 of HF and MP2 with Dunning’s correlation consistent
cc-pVDZ basis set.213,214 A description of the RI approximation is provided in Chapter 2
Section 2.4.3.

Herein, only the protein was fragmented amino-acid wise by breaking the bond
connecting the alpha carbon and the carbon belonging to the carbonyl group. Frag-
mented SPE calculations are performed using the many body expansion method (see
Section 2.4.5). The MBE method (Eq. (2.46)) is used to compute the gas phase interac-
tion energies.

However, since only the interaction energy (∆EMBE) of the ligand with the pro-
tein is of interest and not the total energy of the full ligand-protein system, a modified
version of Eq. (2.46) is used as follows

∆EMBE =
∑

I

∆EℓI +
∑

I<J

∆EℓIJ + . . . (6.7)
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where ℓ indexes the ligand, I and J denote monomers of the protein target system,
∆EℓI and∆EℓIJ denote the two-body and three-body corrections to the interaction en-
ergy, respectively. This modified version of Eq. (2.46) reduces the computational cost
considerably; MBE3 and MBE2 of Eq. (6.7) scales as MBE2 and MBE1 of Eq. (2.46), re-
spectively. Herein, MBE calculations are performed at both the MBE2 andMBE3 levels
according to Eq. (6.7).

In all MBE2 calculations unless stated otherwise, dimers were assembled using the
full set of protein residues, nonewere excluded. Contrastingly, in all MBE3 calculations
applied to the Wang dataset, only trimers comprising pocket residues were assembled.
MBE3 computations on the Gupta dataset involved the full set of protein residues as
these systems are significantly smaller (less than 500 atoms).

6.2.5 Solvation Energies

Theuse of twodifferent types of continuumsolvationmodelswas explored, the Poisson-
Boltzmann surface areamodel, and the semi-empirical quantummechanical conductor-
like screening model 2 (COSMO2) at the PM6-D3H4X level.297 All PBSA and COSMO2
calculations were performed on the Perlmutter supercomputer at the National Energy
Research Scientific Computing Center of the United States Department of Energy.

Poisson-Boltzmann Surface Area Calculations

All PoissonBoltzmann-Boltzmann SurfaceArea calculationswere performedwith EXESS,
specifically, using the GPU-accelerated PBE solver presented in Chapter 5. The same
parameters (i.e. temperature, grid spacing, solvent probe, etc.) employed in Chapter 5
are also utilised hereinwith the exception of the solute dielectric constant. In this study,
the use of three different solute dielectric constants (εsolute) is explored, specifically, 1,
4 and 6. It is known that the accuracy of PBSA is sensitive to the choice of εsolute,298 with
the optimal εsolute dependent on the characteristics of the protein-ligand system being
studied.262 Therefore, the use of εsolute = 4 and 6 is examined in addition to the default
value of εsolute = 1 typically used in PBSA-based workflows.

COSMO2 calculations

In addition to PBSA, the COSMO2297 model is also employed for the computation of
solvation energies. COSMO2 is a re-parameterisation of the COSMO model299 and
includes a non-polar term that scales according to the solvent accessible surface area
(SASA).297 The reasons for the selection of COSMO2 solvation model were twofold.
First, the performance of PBSA is highly dependent on the choice of a user provided
input εsolute, as is demonstrated later in Section 6.3.2. Thus, an alternative continuum
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solvationmodelwas sought that exhibited no dependence on εsolute as an input parame-
ter. Second, the SQM PM6-D3H4X/COSMO2 approach has been previously applied to
a range of protein-ligand systems, demonstrating high correlations with experimental
data.283,300

COSMO2 solvation energies were computed by coupling it to a single point en-
ergy calculation performed at the PM6-D3H4X level of theory.301–303 Such calculations
were performed using the Cuby4 interface304,305 of MOPAC software package306 with
the MOZYME algorithm.307 The most recent parameters for halogen-bond corrections
for PM6 were utilised where relevant.308 The solvation energy is computed according
to the following equation

∆Gsolv = ∆GCOSMO2
solv −∆G0

solv, where ∆Gsolv = GPL
solv −GP

solv −GL
solv (6.8)

Here, PL, P and L denote protein-ligand complex, protein, and ligand structures,
respectively. Two types of calculations are performed: one in the presence of solvent
(GCOSMO2

solv ) and one in vacuum (G0
solv).

Due to the computational cost of this more sophisticated solvation model, the pro-
tein structures were truncated, containing only the binding pocket residues and also
limited to the structures sampled according to the protocol given in Section 6.2.3.

6.2.6 QM/PBSA workflow

The proposed QM/PBSA workflow is summarised in Fig. 6.1. The workflow begins
with a starting structure of the bound protein-ligand complex as an input. Following,
an MD simulation is performed on the latter according to the protocol as described
in Section 6.2.3. Next, all solvent and counter ions are removed from the trajectory,
leaving only the trajectory of the complex from which unbound protein and unbound
ligand structures are extracted from. Solvation energy calculations are performed us-
ing COSMO2 or PBSA for each of the unbound protein, unbound ligand, and bound
protein-ligand structures to attain the corresponding solvation energy (see Section 6.2.5).
Concurrently, single point energy calculations are performed on selected frames (sam-
pling procedure described in Section 6.2.3) using a fragmented MBE-based approach
detailed in Section 6.2.4 to attain ⟨∆EMBE⟩. Finally, the gas phase interaction energy
and solvation energies are combined to give the binding affinity ∆G

QM/PBSA
bind .
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Figure 6.1: The proposed QM/PBSA workflow employed for each protein-ligand sys-
tem herein.

6.3 Results and discussion

6.3.1 Quantum Chemical Treatment Validation

In this section, the fragmented quantum chemical treatment to compute the gas phase
interaction energies is validated.

Table 6.5 lists the correlations attained using different fragmentation schemes and
basis sets on the Gupta dataset. A few salient observations can be made here. First, all
quantum chemical treatments yielded high correlations with experimental results; the
minimum Pearson coefficient observed is 0.93 and 0.78 for the CDK2 and ITK systems,
respectively. The lower correlation observed for the ITK systems can be attributed to the
lack of available crystal structures used to generate the corresponding protein-ligand
structures; crystal structures exist for all 13 complexes in the CDK2 series whereas the
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14 complexes of the ITK series were generated from a single crystal structure.274 Never-
theless, high correlations of≥ 0.78 are attained which are also consistent with previous
studies on the same CDK2 and ITK series,5,7,274,278 highlighting the importance of the
interaction energy contribution in predicting binding affinities.

Fragmentation CDK2a ITKb

cc-pVDZ cc-pVTZ cc-pVDZ cc-pVTZ
HF(full)/MP2(MBE2) 0.94 0.96 0.82 0.80
HF(full)/MP2(MBE3) 0.94 0.96 0.82 0.80

HF(MBE2)/MP2(MBE2) 0.93 0.95 0.79 0.78
HF(MBE3)/MP2(MBE3) 0.95 0.96 0.83 0.81

aExperimental data taken from Ref. [309, 310]. bExperimental data taken from Ref. [278, 311].

Table 6.5: Pearson correlation of gas phase interaction energy with experimental bind-
ing free energies using various fragmentation approaches and basis sets on the Gupta
dataset.

Additionally, use of fragmentation for the HF component led to no deterioration
of R; the correlation always lies between the narrow range of 0.93 to 0.96 for CDK2
and 0.78 to 0.83 for ITK. Furthermore, higher fragmentation levels (MBE3) yields ei-
ther no effect or increases the correlation slightly. Specifically, there is no change in
Rwhen comparing HF(full)/MP2(MBE2) and HF(full)/MP2(MBE3) for both targets;
the correlation remains steady at 0.94(0.96) and 0.82(0.80) with the cc-pVDZ(TZ) basis
for the CDK2 and ITK series, respectively. However, a marginal rise in the correlation
is observed when comparing HF(MBE2)/MP2(MBE2) with HF(MBE3)/MP2(MBE3)
for both targets, with increases varying between 0.01 and 0.04. Such results highlight
that at least for these systems, whose structures have been truncated to include only
nearby residues within 5 Å of each ligand,7 both MBE2 and MBE3 yield similar corre-
lations to each other. In the following Section 6.3.2, the application of MBE3 to a larger
pocket “shell” on the Wang dataset is investigated, comprising protein targets signif-
icantly larger than those belonging to the Gupta dataset. Nevertheless, the outcomes
here validate the fragmentation approach, withMBE2 andMBE3 both achieving similar
correlations as that of the non-fragmented approach.

Besides fragmentation, the influence of basis sets is also considered. Similar corre-
lations are attained across both double-ζ and triple-ζ basis sets. Use of a larger basis set
resulted only in marginal increases in R for CDK2 (maximum increase of 0.02), whilst
slight reductions in R by up to 0.02 were observed with ITK. Though large basis sets
are known to be important for the description of protein-ligand binding, the results
herein suggest that in the context of correlation, smaller double-ζ bases are sufficient in
describing the electronic effects paired with MP2.

Thus, in this section, the use of the MBE/MP2/cc-pVDZ approach is validated, for-
going the more computationally expensive triple-ζ basis set. Having validated this
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quantum chemical treatment, in the next section the MBE/MP2/cc-pVDZ approach is
applied to theWang dataset which comprises eight protein targets comprising between
2,000 and 9,000 atoms.

6.3.2 Binding Affinity Predictions

In this Section, the QM/PBSA workflow is applied to the Wang datasets. To begin, the
gas phase interaction energies are computed and the resulting correlations are com-
pared between the three variants of the Wang dataset. Following, solvation effects are
incorporated to examine its influence on the prediction of binding affinities. Finally, the
performance of the proposed QM/PBSAworkflow is compared to other computational
techniques.

Interaction Energy

This Section begins by comparing the MBE2 gas phase interaction energies across the
three variants of the Wang dataset to assemble the “best” set of starting structures. All
MBE2 computations utilise the full structure of the protein, namely, all possible dimers
were assembled (no cut off was employed).

Target Dataset I Dataset II Dataset III Best
BACE 0.22 0.07 0.43 0.43
CDK2 0.52 0.75 0.71 0.75
JNK1 0.66 0.60 0.29 0.66
MCL1 0.35 0.48 0.40 0.48
P38 0.42 0.49 0.62 0.62

PTP1B 0.26 0.45 0.52 0.52
thrombin 0.24 0.25 0.55 0.55
TYK2 0.60 0.60 0.65 0.65

Average 0.41 0.46 0.52 0.58

Table 6.6: Pearson correlation coefficient of MBE2 gas phase interaction energies with
experimental binding free energies on the three Wang datasets. Best correlation for
each target are shaded in gray.

Table 6.6 lists the correlations attained with the MBE2 gas phase interaction energy
across the three Wang datasets. Noticeably, the correlation varies significantly with the
starting structure for the majority of the targets. For instance, CDK2 and PTP1B exhibit
a 0.23 and 0.19 decrease in the correlation, respectively, when the initial structures are
obtained from Dataset I compared to Dataset II. Between Datasets I and II, the latter
consistently displays higher correlations; the average Pearson coefficients of 0.41 and
0.46 are attained for Datasets I and II, respectively.
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To examine the importance of protonation, Dataset IIIwas also includedwhose start-
ing structures differ to that of I only by the protonation states of the residues. The im-
provements in the correlation simply from a change in the protonation procedure are
striking. With the exception of one target (JNK1), all targets experience an improve-
ment in their correlation with the alternative protonation procedure; the average corre-
lations increased from 0.41 to 0.52 (see Table 6.6). This is most prominently illustrated
through the thrombin and PTP1B targets where an improvement in the correlation by
0.31 and 0.26 were observed, respectively. Geometric structures containing the varying
protonation states for all protein-ligand systems are provided in Appendix D.

Across all three datasets, Dataset III comprises themost target structures (five) with
the highest correlation whereas Dataset I comprises the least (one). These results to-
gether with those comparing Datasets I and II underscore the importance of the ini-
tial structure towards the accuracy of predicting binding affinities with QM methods;
though quantum chemical methods offer significantly higher accuracy compared to ap-
proaches like those employed inMM/PBSA, their effective application also depends on
the availability of high quality initial structures. Given the importance of the starting
structure, there is an unmistakable need for a robust protein preparation protocol to
fully exploit the accuracy of QM methods. However, this lies beyond the scope of the
current study, which seeks to evaluate the performance of QM and QM/PBSA on exist-
ing structures that have previously served as a benchmark dataset for other studies.

To provide a better assessment of the performance of the QM/PBSA workflow, a
new dataset is assembled comprising structures for each target from Datasets I-III that
displayed the highest correlation based on their MBE2 gas phase interaction energies
(see last column of Table 6.6). All mentions of theWang dataset henceforth refer to this
“best” collection of structures.

Next, the influence of restricting the two-body calculations to the pocket residues is
examined, as the results reported thus far include dimers assembled using the full set
of protein residues/fragments. The corresponding Pearson correlation coefficients are
listed in Table 6.7. Notably, truncating the protein system to the pocket residues virtu-
ally yields no change inRav, which remains steady at 0.58, highlight the significant role
of pocket residues at the MBE2 level in the correlations attained. However, it should be
noted that the R values listed in Table 6.7 are to two decimal places only. The choice to
report R values to two decimal places herein is to remain consistent with other studies
and to enable easier comparison. When correlations are considered to three decimal
places, a slight deterioration of the average correlations from 0.582 to 0.578 is observed
when restricting theMBE2 calculations to pocket residues (see Appendix D Table D.2).
Taken together with that fact that MBE2 calculations for the untruncated structures are
relatively inexpensive (see Figure D.1), the MBE2 results obtained for the full, untrun-
cated structure are used for the remainder of this study.
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Target Full Pocket
BACE 0.43 0.41
CDK2 0.75 0.76
JNK1 0.66 0.65
MCL1 0.48 0.44
P38 0.62 0.61

PTP1B 0.52 0.57
thrombin 0.55 0.57
TYK2 0.65 0.62

Average 0.58 0.58

Table 6.7: Pearson correlation coefficients of MBE2 gas phase interaction energies com-
puted using either the full protein or pocket residues for the two-body calculationswith
experimental binding free energies on the Wang dataset.

Following, the effect of increasing the fragmentation level to MBE3 is also explored.
Although Section 6.3.1 demonstrated minimal differences between the two- and three-
body fragmentation levels, the effect ofMBE3 on the structures in theWang dataset was
of interest as they are significantly larger, at least an order of magnitude larger (approx-
imately between 2,500 and 9,000 atoms) compared to the Gupta dataset where protein
systemswere truncated to less than 500 atoms by including only nearby residueswithin
5 Å of the ligands. Due to the number of trimers scaling quadratically with the num-
ber of fragments, the three-body calculations were limited to only the binding pocket
residues. It should be noted that the definition of binding pocket used herein (de-
scribed in Section 6.2.3) is more relaxed than the strict threshold of 5 Å used for the
Gupta dataset and protein residues up to 17.8 Å away from the ligand are included (see
Appendix D Table D.3) yielding systems of up to 919 atoms. Furthermore, since three-
body effects decay faster with distance than two-body effects, and trimers were con-
structed using pocket residues previously demonstrated (see Table 6.7) to yield almost
no difference in Rav for MBE2 compared to the full system, residues beyond the pocket
shell are not anticipated to contribute significantly at the three-body level. Therefore,
only the pocket residues are includedwhen constructing trimers forMBE3 calculations.

Table 6.8 lists the correlations achieved at the different fragmentation levels. Consis-
tent to the results attained in Section 6.3.1, both MBE2 and MBE3 yield similar results
on the Wang dataset; the average correlation observed with MBE2 and MBE3 are 0.58
and 0.57, respectively. Half of the targets (JNK1, MCL1, P38 nad PTP1B) saw no dif-
ference in the correlation with a change in fragmentation level. Three targets CDK2,
thrombin and TYK2 experienced slight improvements in the correlation with increases
ranging between 0.01 to 0.03. Conversely, BACE was the only target where increasing
the fragmentation level to MBE3 exhibited a noticeable deterioration from 0.43 to 0.32.
Upon initial glance, such observation may appear contradictory since as demonstrated
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Target MBE2 MBE3 best
BACE 0.43 0.32 0.43
CDK2 0.75 0.77 0.77
JNK1 0.66 0.66 0.66
MCL1 0.48 0.48 0.48
P38 0.62 0.58 0.62

PTP1B 0.52 0.52 0.52
thrombin 0.55 0.58 0.58
TYK2 0.65 0.66 0.66

Average 0.58 0.57 0.59

Table 6.8: Pearson correlation coefficient of MBE2 and MBE3 gas phase interaction en-
ergies with experimental binding free energies on the Wang dataset. Best correlation
for each target are shaded in grey.

in Chapter 3 Section 3.4.2 (e.g. see Fig. 3.16), MBE3 is an improved quantum chemi-
cal treatment over MBE2. However, as the results presented in Table 6.6 demonstrate,
QM methods are highly sensitive to the structure employed and utilisation of a more
accurate QM treatment does not yield necessarily yield better correlations—in fact, the
opposite can occur as in the case of BACE. Such poor correlations of the BACE target are
consistent with other studies employing alchemical free energy methods, where BACE
typically exhibited the lowest correlation across the Wang dataset.112,279,281,282 This may
be in part due to the mismatch between the pH at which the crystallisation process oc-
curred (7.5),312 and that of the experimental binding affinity measurements (5.0).285,312

This hypothesis is further supported by the correlation differences listed in Table 6.6
between Datasets I and III, which underscores the importance of protonation states on
binding affinity predictions.

Thus far, only gas phase interaction energies have been considered in the evalua-
tion of binding affinities. It is also important to account for solvation effects for a more
accurate description of the latter. In the following section, solvation energies are incor-
poratedwith the gas phase energies employing the optimal fragmentation level—either
two- or three-body—identified in this section.

Effect of Solvation

In this Section, the inclusion of solvation effects in the prediction of binding affinities is
analysed. Table 6.9 lists the correlations attained from the inclusion of solvation using
the PBSAmodel with different solute dielectric constants. Focusing only on the average
correlation, minimal or no improvement in the correlation is observed with the inclu-
sion of the solvation energy. Using solute dielectric constants of 1, 4 and 6 produced
average correlations of 0.54, 0.59 and 0.60, respectively—comparable to the gas phase
interaction energy correlation of 0.59. However, it should be noted that the performance
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of PBSA models is sensitive to the choice of the solute dielectric constant. For instance,
the correlation of BACE deteriorates drastically from 0.43 to 0.26 when εsolute = 1 is
used compared to 0.42 with εsolute = 4. On the other hand, using εsolute = 1 noticeably
improves the correlation for both thrombin and TYK2 to 0.75 and 0.80, respectively,
compared to those obtained with εsolute = 4 (0.63 and 0.68) or εsolute = 6 (0.61 and
0.67).

Target MBE MBE/PBSA(1) MBE/PBSA(4) MBE/PBSA(6) MBE/PBSA
(best εsolute)

BACE 0.43 0.26 0.42 0.43 0.43
CDK2 0.77 0.28 0.67 0.77 0.77
JNK1 0.66 0.48 0.65 0.65 0.65
MCL1 0.48 0.57 0.51 0.50 0.57
P38 0.62 0.63 0.63 0.63 0.63

PTP1B 0.52 0.59 0.54 0.55 0.59
thrombin 0.58 0.75 0.63 0.61 0.75
TYK2 0.66 0.80 0.68 0.67 0.80

Average 0.59 0.54 0.59 0.60 0.65

Table 6.9: Pearson correlation coefficients attained with the incorporation of solvation
by the PBSA model. Numbers in (. . .) denote the solute dielectric constant employed.
Shaded cells correspond to the best εsolute.

Such inconsistent performance between differing dielectric constants comes as no
surprise as previous studies have demonstrated similar outcomes.262,298,313–315 Specifi-
cally, different dielectric constants can overestimate or underestimate the polarisation
of the protein-ligand binding interface and the ‘optiminal’ εsolute is linked to the surface
area of the protein exposed to the ligand.298 Clearly, the varied results with differing
dielectric constants observed herein as well as those reported in previous studies not
only underscore the importance of the choice of εsolute but highlight a potential need for
a protocol of obtaining ‘optimal’ dielectric constants for PBSA models.

Due to the variability in the performance of PBSA models with dielectric constants,
only the results obtained employing the most favourable solute dielectric constant for
each target are considered to assess whether the inclusion of solvation via the PBSA
model generally improves correlation. The corresponding correlations are listed in the
last column of Table 6.9. Comparing MBE/PBSA(best εsolute) with MBE where no sol-
vation effects are included, the average correlation improves from 0.59 to 0.65. Most
noticeably, this rise in the average R value is attributed to the thrombin and TYK2 tar-
gets whose correlations improved by 0.15 and 0.14, respectively.

Given the system-dependent performance of PBSAmodels, this motivated us to ex-
plore alternative implicit solvation models that do not rely on εsolute as a parameter. In
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particular, the semi empirical PM6-D3H4X/COSMO2 model is employed to compute
the solvation energy.

Target MBE MBE/PBSA MBE/COSMO2 PM6-D3H4X/COSMO2
(best εsolute)

BACE 0.43 0.43 0.42 0.26
CDK2 0.77 0.77 −0.19 −0.12
JNK1 0.66 0.65 0.32 −0.06
MCL1 0.48 0.57 0.47 0.54
P38 0.62 0.63 0.77 0.21

PTP1B 0.52 0.59 0.33 0.18
thrombin 0.58 0.75 0.57 0.74
TYK2 0.66 0.80 0.75 0.59

Average 0.59 0.65 0.43 0.29

Table 6.10: Pearson correlations attained with varied implicit solvation models PBSA
and COSMO2 on the Wang dataset.

Table 6.10 lists the correlations attained with the two different solvation models.
With the exception of P38, COSMO2 consistently led to a deterioration in the correla-
tions. This is especially pronounced in the case of CDK2 where the inclusion of the
COSMO2 energy with the MBE gas phase interaction energy decreased the correlation
from 0.77 to −0.19. The stark decline of the correlation with COSMO2 is quite surpris-
ing since the latter is a re-parameterisation of COSMO, which is generally considered
a more accurate solvation model than PBSA. Additionally, accurate binding affinities
have been previously achieved with this solvation model.283,300

This counterintuitive observationwheremore accurate solvationmodels yield lower
correlations that less accurate ones, has also been reported previously.67–69 For instance,
Yuan et al. reported that using a fragmented QM treatment (fragment molecular or-
bital) with the solvation model density (SMD) or the polarisable continuum model
(PCM) resulted in lower correlations thanwhen usingCOSMO,67 a technique less accu-
rate than either of PCMor SMD. Therein, it was hypothesised the declined performance
was attributed to the poor treatment of the non-polar component, where the inclusion
of the latter in PCM had been previously shown to yield lower correlations.68,316 How-
ever, herein, as shown in Appendix D Table D.4, the exclusion of the non-polar term of
COSMO2 yielded no improvement in the correlation; rather, it led to either marginal
or noticeable declines in R. Specifically, Rav decreased from 0.43 to 0.33 when the non-
polar termwas omitted. Such outcome indicates the issue lies in the polar contribution
rather than the non-polar term as was the case in the SMD or PCM solvation model.

We entertained two potential causes for the poor outcome of the COSMO2 results
that do not stem from the limitations of the solvation model itself. As described in Sec-
tion 6.2.5 the COSMO2 computations were performed on a truncated protein system,
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potentially introducing errors, unlike that of PBSA calculations which was performed
on the full system. However, this hypothesis is not supported by prior findings, as the
PM6-D3H4X/COSMO2 approach has been previously shown to be largely insensitive
to protein truncation in binding affinity predictions.300

Secondly, it should be noted that the COSMO2 solvation energies were obtained by
coupling the latter to an SCF calculation performed at the PM6-D3H4X level of theory,
compared to the MP2/cc-pVDZ method used for the MBE calculations. Therefore, it
may be inappropriate to combine the COSMO2 solvation energies with the gas phase
MBE interaction energies instead of those attained at the PM6-D3H4X level. However,
binding affinities predicted with the PM6-D3H4X/COSMO2 model yielded consider-
ably worse correlations (see Table 6.10) than either of MBE/COSMO2 or MBE/PBSA;
an average correlation of 0.29 was observed. This is in stark contrast to the correlations
attained by Jalaie et al. using the same PM6-D3H4X/COSMO2 method where an aver-
ageR of 0.68was observed on theWang dataset.283 However, given the different starting
structures used here, such deviations in the correlations observed herein and that by
Jalaie et al. may be a result of structural differences.

The outcomes presented in this Section underscore the importance of accounting for
solvation effects, namely, its ability to improve the correlation as in the case of PBSA,
though its performance is sensitive to the εsolute parameter. Furthermore, the results
here also echo a similar finding from the previous section (6.3.2) analysing quantum
chemical treatments; the use of a more accurate solvation model, such as COSMO2,
does not necessarily lead to improved correlations compared to less accurate ones (e.g.
PBSA) and appear to be highly sensitive to starting structures.

Comparison of QM/PBSA to other methods

The aim of this work is to assess the performance of a proposed QM/PBSA workflow
and to examine the influence of quantum chemical treatments and solvation models in
binding affinity predictions—rather than to develop a novel, robust end state method
for predicting binding affinities. Nevertheless, in this section a comparison of the per-
formance of the proposed QM/PBSAworkflow to other computational methods is also
provided.

Table 6.11 contains the average correlations attained across four classes of computa-
tional methods for binding affinity predictions—alchemical free methods (AFE), con-
ventional scoring functions (SF), machine learning-based scoring functions (ML SF),
end point methods—compared to the QM/PBSA approach proposed herein. Notice-
ably, QM/PBSA consistently yields higher correlations than either of the conventional
or ML-based SFs; the average R of the QM/PBSA method is at least 0.13 higher than
the SF techniques. Such an outcome is unsurprising given the known low predictability
of scoring function methods in general as explained under Chapter 1 Section 1.2. Also
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unsurprising given its rigorous formulation is the higher average correlation achieved
by AFE methods (Rav = 0.72) compared to the QM/PBSA approach (Rav = 0.65).

aAFE bSF cML SF dEnd Point QM/PBSA
BACE 0.57 0.25 0.35 0.27 0.43
CDK2 0.71 0.56 0.48 0.37 0.77
JNK1 0.79 0.30 0.47 0.60 0.65
MCL1 0.71 0.50 0.55 0.58 0.57
P38 0.69 0.51 0.56 0.52 0.63

PTP1B 0.78 0.69 0.61 0.43 0.59
thrombin 0.68 0.69 0.65 0.83 0.75
TYK2 0.84 0.37 0.48 0.71 0.71

Average 0.72 0.48 0.52 0.54 0.65
aData taken from Refs [55, 110, 112, 279–282]. bData taken from Ref [55, 283]. cData taken

from [283] .dData taken from Ref [55, 283, 317].

Table 6.11: Pearson correlation coefficients, R, attained on the Wang dataset with var-
ious methods. Correlations listed in the AFE, SF, ML SF and End Point columns are
taken as the average across multiple studies. References are listed in the footnote.

Also observed in Table 6.11 is the higher correlation of QM/PBSA compared to other
end point methods with average correlations of 0.65 and 0.54, respectively. It should
be noted that the corresponding correlations listed in Table 6.11 are computed as the
average across three end statemethods—theMM/GBSA,55 VeraChem’sminingminima
(VM2)317 and SQM2.20300 approaches (see Appendix D Table D.5). The lower average
correlation of 0.54 is primarily due to the negative correlations achieved on the BACE
and CDK2 systems with MM/GBSA and also on the PTP1B system with VM2 (see Ap-
pendix D Table D.5 for the breakdown). If instead these correlations are set to zero, the
average correlation of the other end point methods increases to 0.58, striking a level of
accuracy closer to QM/PBSA.

The proposedQM/PBSAmethod achieves a similar level of accuracy as that of other
end point methods which may appear to be computationally cheaper—both SQM2.20
and VM2 exhibits wall times of the order of ten minutes on single-core and multi-core
CPUs, respectively283,317—compared to QM/PBSA which involves utilisation of GPUs
for both the QM and PBSA routines (see Sections 6.2.4 and 6.2.5). However, the PBSA
and QM software utilised in this study exhibit extremely high parallel efficiencies and
can be scaled up significantly to reduce wall times. Specifically, herein, each MBE cal-
culation was performed across 128 AMDMI250X GPUs and exhibited wall times of the
order of minutes whilst a PBSA computation was performed on a single NVIDIA A100
GPU and exhibited wall times of the order of 10 seconds (see Appendix D Figures D.1
and D.2). To run these calculations across all structures in theWang dataset and across
all conformers sampled, themassive parallelism of the OLCF Frontier andNERSC Perl-
mutter supercomputers was utilised, each comprising thousands of GPUs, to perform
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these calculation in parallel, yielding a full QM/PBSA workflow (minus the MD simu-
lation step) across hundreds of structures on the order of minutes. In light of this, the
results presented here demonstrate the increasing potential of QM/PBSA workflows at
large scales. To reiterate, the aim of this study is not to present a new, robust protocol
for accurate prediction of binding affinities but rather to examine the performance of a
computationally feasible QM/PBSA workflow across a number of diverse targets and
identify its limitations. Clearly, there are many factors highlighted herein (e.g. pro-
tonation states, quantum chemical treatments and solvation models) critical towards
the accurate prediction of binding affinities by QM/PBSA and warrant further study in
order to improve the predictive performance of the latter.

6.4 Conclusion

In this Chapter, a highly parallelisable QM/PBSA workflow for binding affinity predic-
tion is presented and its performance on a set of 198 protein-ligand complexes (Wang
dataset) spanning eight targets is analysed. The proposed QM/PBSA workflow incor-
porates a fragmentation-based many body expansion quantum chemical treatment at
the MP2/cc-pVDZ level to compute gas phase interaction energies, with the PBSA sol-
vation model for calculating solvation energies.

Firstly, the sensitivity of quantum chemical methods to starting structures in the
prediction of accurate binding affinities is highlighted. Specifically, correlations varied
significantly when applying the MBE2/MP2/cc-pVDZ method across three versions
of the Wang dataset, each exhibiting distinct structural differences (e.g. protonation
states, ligand placement and protein crystal structures). Furthermore, employing a
more accurate quantum chemical treatment by increasing the fragmentation level (from
MBE2 to MBE3) does not necessarily correspond to improvements in the correlation,
rather, the opposite could be observed. From only gas phase interaction energies (no
solvation effects), an average Pearson correlation coefficient of 0.59 could be attained
by using the optimal fragmentation levels and initial structures.

Next, solvation effects were incorporated with the PBSA solvation model and the
use of three different solute dielectric constants (1, 4 and 6) was explored. Consis-
tent with other studies, the performance of the combined MBE/PBSA model varied
with εsolute; some systems exhibited improved correlations with the default εsolute = 1

whereas other targets exhibited deteriorated correlations. When the best performing
εsolute for each target is considered, the addition of solvation energies with the PBSA
model improved the average correlation coefficient to 0.65. Given the εsolute-dependent
performance of PBSA solvation models, the use of a semi-empirical quantum mechan-
ical solvation model was explored, namely, COSMO2 evaluated at the PM6-D3H4X
level. However, this led to the noticeable reduction in the correlation for the majority
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of the targets, with an average correlation of 0.43 achieved.
Finally, the QM/PBSA method was compared to a range of other computational

methods: alchemical free methods, conventional and machine learning-based scoring
functions, as well as other end point methods (MM/GBSA, VM2 and SQM2.20). On
average, QM/PBSA (Rav = 0.65) exhibits better performance than either of the conven-
tional (Rav = 0.48) or machine learning-based scoring functions (Rav = 0.52). Expec-
tantly, AFE methods achieve higher average correlations (Rav = 0.72) than QM/PBSA
owing to theirmore rigorous formulations. Compared to three other endpointmethods
(Rav = 0.54), QM/PBSA exhibits comparable performance. Additionally, the compu-
tational costs between these methods are also considered; QM/PBSA makes extensive
use of GPUs and its performance can be further scaled by leveraging the massive par-
allelism of modern supercomputer architectures. The proposed QM/PBSA workflow
uses software that exhibits extremely high parallel efficiencies, with the full QM/PBSA
workflow(excludingMDsimulation step) across hundreds of protein-ligand structures
being achieved on the order of minutes when leveraging the massive parallelism of su-
percomputers.

Taken together, this Chapter advances the application of QM/PBSAmethodologies,
recognising that their accuracy depends on several factors such as structural prepara-
tion protocols, solvation models and quantum chemical methods. It marks an impor-
tant step towards the broader adoption of QM/PBSA workflows for large scale binding
affinity prediction and demonstrates their growing potential and computational feasi-
bility for practical application protein-ligand systems.
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Conclusion

This thesis presents computational methods and algorithms developed for the reali-
sation of large scale, accurate, computationally feasible QM/PBSA workflows in pre-
dicting binding affinities, focusing on improving efficiency and accuracy. The auto-
matedmolecular fragmentation, improved initial guesses for SCF, andGPU-accelerated
PBE solver provide researchers techniques to study solvatedmolecular systems at large
scales and accuracies.

Chapter 1 highlighted the computational challenges precluding the large scale adop-
tion of existing accurate chemicalmodelling techniques for protein-ligandbinding affin-
ity predictions. Such techniques include quantummechanical methods such as HF and
MP for predicting gas phase interaction energies, aswell as PBSA solvationmodels. The
need for computationally efficient QM and PBSA computations was emphasised, mo-
tivating the exploration of techniques for their acceleration.

Chapter 2 provides a background description of the core computational and chem-
ical concepts used within this thesis including high performance computing, existing
methods used for modelling protein-ligand systems, and quantum mechanical meth-
ods.

Chapter 3 presents an automated molecular fragmentation scheme (QFRAGS) suit-
able for large molecular systems. The proposed scheme aims to locate the optimal set
of bonds to break to fragment the system by an evolutionary optimisation of a scoring
function that considers a range of factors concerning the fragment size andmaintaining
the integrity of the chemical environment. QFRAGSwas applied to two types of biolog-
ical systems, namely, proteins and lipoglycans/glycolipids. Combined with the many
body expansion approach at the three-body level to estimate energies at the HF/6-31G*
theory level, mean absolute energy errors of 24.3, 2.2 and 0.3 kJ mol−1 were achieved
on the set of large protein, small protein and lipoglycan/glycolipid structures, respec-
tively. Though the molecular fragmentation method was developed as a tool to enable
computationally feasible QM gas phase energies for QM/PBSA on protein systems, its
excellent performance on other types of structures (i.e. lipoglycans/glycolipids) high-
light the general applicability of QFRAGS to other biological systems, and is generally
applicable to organic systems.
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Besides fragmentation, another approach of reducing the computational cost of quan-
tum chemical calculations on large molecular systems involves accelerating conver-
gence by improving the initial guess utilised in self-consistent field calculations to re-
duce iteration counts. Chapter 4 presents a performance analysis of two existing ini-
tial guess schemes—many body expansion and basis set projection—as well as a newly
proposed scheme that combines the two against the traditional superposition of atomic
densities. Across varying theory levels (HF, B3LYP andMN15) and system types (pro-
teins, nucleic acids, carbohydrates), the results consistently demonstrate the lower it-
eration counts and wall times of non-SAD techniques compared to SAD, with higher
speedups being observed for larger systems. Such observations highlight that more
sophisticated non-SAD techniques are of greater value for larger systems. Though the
focus of this thesis is predominantly protein systems, the merit of these initial guess
techniques has also been demonstrated for several class of systems beyond proteins,
underscoring the general applicability of these schemes.

In addition to computing gas phase energies, another key component of QM/PBSA
workflows are solvation models. Chapter 5 presents a new GPU-accelerated linear
PBE solver and its performance is evaluated on a set of 335 protein-ligand systems
ranging between 2,500 and 10,000 atoms, with comparisons made against two popular
PBE solvers: DelPhi (CPU-based) and AMBER’s pbsa.cuda (GPU-based). The results
demonstrate the significant speedups of the proposed PBE solver over both DelPhi and
pbsa.cuda, with respective average speedups of 7.3× and 8.5× observed. The availability
of this faster PBE solver, which can be scaled by leveraging the parallelismofmodern su-
percomputers, contributes towards the realisation of large scale QM/PBSA workflows.

With techniques developed to accelerate QM and PBSA computations, a QM/PBSA
workflow is presented in Chapter 6 and its performance is analysed on a diverse set of
198 protein-ligand complexes spanning eight targets. The proposedworkflow utilises a
fragmentation-based many body expansion quantum chemical treatment of gas phase
interaction energies at the MP2/cc-pVDZ level and a PBSA model for solvation. GPU-
accelerated software were employed for both types of calculations and can be scaled
up to exploit the parallel architecture of supercomputers, yielding a GPU-accelerated
QM/PBSA workflow. Applied to the 198 protein-ligand dataset, an average correla-
tion of Rav = 0.65 was attained. In addition, it was observed that the performance of
the latter was highly sensitive to starting structures, fragmentation level and solvation
models. Such outcomes underscore the importance for further study in these areas in
order to improve performance of computational methods in predicting binding affini-
ties. Additionally, the performance of the QM/PBSA method was also compared to a
range of other computational approaches: scoring functions (Rav = 0.50), alchemical
free energies (Rav = 0.72), and other end point methods (Rav = 0.54).

Altogether, this thesis presents several new techniques—including molecular frag-
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mentation, improved initial guesses for SCF and faster linear PBE solvers—towards the
realisation of computationally feasible QM/PBSA workflows at large scales, and pro-
vides a comprehensive benchmark analysis of a QM/PBSAworkflow using these meth-
ods. The availability of these tools used to assemble a QM/PBSA workflow represents
a significant step forward in accelerating drug discovery, capitalising on the parallel
architecture of modern HPC machines.

Though this thesis largely focuses on protein systems, the computational methods
and algorithms presented herein, can largely be extended to molecular systems in gen-
eral, broadening the range of systems and scientific fields in which such approaches
can be effectively employed. With the continued advancement of high performance
computing, the availability and development of such techniques become increasingly
important, requiring the adaption of methodologies and algorithms to changing super-
computing architecture.

7.1 Future Work and Outlook

The QM/PBSA workflow presented herein demonstrates the growing potential and
computational feasibility of its application at large scales. As highlighted in Chap-
ter 6, the performance of this technique is highly sensitive to starting structures, quan-
tum chemical models and solvation models. Thus, in order to exploit the accuracy of
QM/PBSA, the relationship between these factors needs to be well understood and op-
timised. The importance of these factors is not unique to QM/PBSA only. For example,
the performance of other end point techniques in addition to QM/PBSA (e.g. VM2317

and SQM2.20283) have been shown to be highly dependent on starting structures. The
structure of proteins can vary significantly even for the same protein target depend-
ing on the ligand it is bound to, as well as its protonation states and more. Therefore,
there is a general need for a robust protein preparation protocol that accounts for var-
ious factors including protonation states at a given pH, ligand placement, elimination
of steric clashes etc. The availability of this tool would not only be of enormous benefit
to the drug discovery research community, but also in the fields of computational biol-
ogy and chemistry, considerably reducing the amount of time spent preparing protein
structures.

Other avenues worth pursuing are concerned with solvation models. Specifically,
the optimisation of solute dielectric constants for the PBSA solvationmodel. As demon-
strated inChapter 6, the performance ofQM/PBSA is highly dependent on the dielectric
constant selected for the solute. Whilst there has been some attempt to characterise the
relationship between protein-ligand structures and the ‘optimal’ εsolute,298 there is an
overall lack of the explicit pursuit of optimising εsolute to exploit the benefit of the PBSA
model. In addition to εsolute, the performance of PBSA is also dependent on other factors
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including protein partial charges which are typically derived from force fields. Further-
more, there may also be issues associated with the separate treatment the two differ-
ent energetic terms (gas phase interaction energy and solvation energy) in QM/PBSA.
Therefore, it would also be worthwhile in shifting towards QM continuum solvation
models in which the latter is coupled to a quantum chemical calculation. This ap-
proach not only enables simultaneous evaluation of gas phase and solvation energies,
but should also provide more accurate energies: the gas phase energy is computed in
the presence of a continuum field, and the evaluation of the solvation component em-
ploys partial charges derived from the QM calculation. Additionally, the application
of molecular fragmentation (Chapter 3) has only previously been applied to QM cal-
culations in vacuo but could easily be extended to such QM computations coupled to a
continuum solvation model (e.g. PCM, SMD, COSMO2), reducing their high compu-
tational costs.

Moreover, though the GPU-accelerated linear PBE solver presented in Chapter 5 has
only been applied to water-solvated systems in this thesis, it can easily be extended to
other non-water solvents (e.g. ethanol, hexane, ethyl acetate or dimethyl sulfoxide) to
study systems beyond the context of drug discovery at large scales. This is particu-
larly important as modern computing systems shift toward greater reliance on parallel
architectures (i.e. GPUs).

Furthermore, there are also limitations associated with the use of force fields for
sampling of the bound protein-ligand conformations for QM/PBSA. The shortcomings
of a molecular mechanical treatment of molecular systems has been well discussed in
this thesis, particularly, its inability to accurately describe electronic effects important
in binding. Therefore, the conformations generated from this sampling procedure may
not be reflective of the protein-ligand structures in nature. In addition, there are also
concerns associated with the different energy functions utilised to generate the confor-
mations (AMBER ff03 force field) and compute gas phase energies (MP2/cc-pVDZ) in
the current QM/PBSA workflow presented herein. Instead, another worthwhile direc-
tion to pursue involves the realisation of computationally feasible QM-basedmolecular
dynamics (i.e. ab initio molecular dynamics - AIMD) simulations to perform the sam-
pling routine. For example, the molecular fragmentation and initial guess approaches
presented inChapters 3 and 4, respectively, can be extended toAIMDapplications to re-
duce its steep computational overhead.Given the sensitivity of end state methods such
as QM/PBSA to the geometry of molecular systems, the availability of computationally
feasible AIMD workflows would theoretically generate binding poses more reflective
of nature and enable researchers to more accurately assess the performance of compu-
tational methods.

Thus far, future developments or suggestions have been limited to the area of com-
putational methods. However, there is also a need for a high quality dataset for perfor-
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mance evaluation of computational methods in predicting binding affinities. Problems
exist in established datasets commonly used to assess computational approaches. For
instance, theWang dataset employed in Chapter 6 to assess the performance of the pro-
posed QM/PBSA workflow on includes at least two problematic targets. Specifically,
the crystallographic structure used for BACE is obtained at a different (7.5) than that at
which experimental binding affinities were measured (pH of 5.0).285 Additionally, the
JNK1 crystallographic structure was obtained at a relatively low resolution (3.5 Å)287

compared to the higher resolutions of the remaining targets (all less than 2.5 Å). The
Wang dataset is arguably the most studied benchmark dataset for evaluating the per-
formance of computational methods in predicting binding affinities. Therefore, access
to a high quality dataset with accompanying experimental data is of critical importance
in order to accurately assess various computational approaches in a standardised man-
ner, allowing researchers to make more informed decisions about which techniques to
use.

Overall, with advancements in high performance computing and computational
chemistry algorithms, including those presented in this thesis, the practical applica-
tion of QM/PBSA methods for large scale virtual screening is becoming increasingly
feasible, with the potential to substantially accelerate drug development and discovery.
However, several concerns remain that hinders its widespread adoption, as discussed
previously. Significant research is still required to fully exploit the benefits of these
computational methods.
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Supporting Material for Chapter 3

The geometries of the structures in the datasets, geometries of the fragments, full sys-
tem energies and MBE2/3 energies are available in the GitHub repository https://

github.com/fionacyu/fragPaper.

Reference points for initial guess

The approach for computing reference points involves dividing the space occupied by
the molecular system into three-dimensional rectangular intervals, and the midpoint
of each interval is taken as a reference point. The intervals are formed by partition-
ing in the direction of the three principal axes of inertia. This first involves computing
the inertia tensor and diagonalising it. The eigenvectors vi of the inertia tensor can be
arranged in matrix form

V =




... ... ...
v1 v2 v3
... ... ...


 (A.1)

The coordinates of the atoms are projected from theEuclidean space to the Eigenspace
by taking the product of V and the matrix containing the Cartesian coordinates of all
atoms as follows

V



x1 x2 . . . xn

y1 y2 . . . yn

z1 z2 . . . zn


 =




... ... ...
v1 v2 v3
... ... ...






x1 x2 . . . xn

y1 y2 . . . yn

z1 z2 . . . zn


 =



x′1 x′2 . . . x′n

y′1 y′2 . . . y′n

z′1 z′2 . . . z′n


 (A.2)

where (xi, yi, zi) and (x′i, y
′
i, z

′
i) denote the coordinates of atom i in the Euclidean and

Eigenspace, respectively.
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In the transformed coordinate system, the range (∆t) along the direction of the three
eigenvectors are computed. ∆t is given by

∆t = tmax − tmin (A.3)

where tmax and tmin denote the maximum and minimum coordinate values in the
Eigenspace along the t-direction. As we have three eigenvectors which form the basis
of the Eigenspace, we also have three range values. Of these, we take the minimum
range (∆t′min) to determine the number of intervals (nmin) along the direction of the
eigenvector that corresponds to ∆t′min. nmin is calculated as

nmin =

⌈
∆t′min

∆t∗

⌉
(A.4)

where ∆t∗ is a hyperparameter and is given the default length of 15 Å. For the other
two directions, the number of intervals (nint) is dependent on the value of nmin.

nint = nmin

⌈
∆t

∆t′min

⌉
(A.5)

Furthermore, the length of each interval along the t-direction (lt) can be computed
according to:

lt =
∆t

nint

(A.6)

For convenience let us denote the set of axes corresponding to the basis vectors
(eigenvectors of the inertia tensor) as x′, y′ and z′ axes. The number of intervals along
the direction of each of the three basis vectors is nx′ , ny′ , nz′ , and the corresponding
interval lengths are lx′ , ly′ and lz′ , respectively. The total number of intervals (ntot) is
given by the following product

ntot = nx′ny′nz′ (A.7)

The corresponding reference points (in the Eigenspace) is calculated according to
the following formula



x′

y′

z′


 =



x′min

y′min

z′min


+

1

2



lx′

ly′

lz′


+



ilx′

jly′

klz′


 (A.8)

where i, j and k are integer counters along the x′, y′ and z′ directions, respectively,
and these take on values between 0 and their corresponding nint.

The reference points calculated with Eq. (A.8) are located in the Eigenspace. To
transform these back to the Euclidean space, we multiply the inverse of V with each
of the reference points calculated with Eq. (A.8). Since V is orthonormal, its inverse is
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equivalent to its transform. Thus, instead of computing the inverse which is computa-
tionally expensive, the reference points in the Euclidean space can be accessed by



x

y

z


 = V T



x′

y′

z′


 =



. . . v1 . . .

. . . v2 . . .

. . . v3 . . .






x′

y′

z′


 (A.9)
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Supporting Material for Chapter 4

Geometries of the structures in the data set, geometries of fragments with varying frag-
ment sizes employed for MBE are available in the GitHub repository https://github.

com/fionacyu/initial_guess_paper.

Methodology

SAD guess

Table B.1: Element and number of unpaired electrons used to generate SAD guesses.
Only elements included in dataset are specified.

Element Unpaired Electrons
H 1
B 1
C 2
N 3
O 2
F 1
P 3
S 2

Fragmentation Schemes

The fragmentation algorithm for covalently bonded systems is detailed inAlgorithmB.1.
The core concept of this algorithm is that fragmentation is primarily driven by a target
fragment size and only severs single bonds.

Algorithm B.1 starts by sorting atoms in ascending order based on their distance
from the center of nuclear charge of the molecular system. This ensures that the frag-
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Algorithm B.1 Fragmentation scheme for covalently bonded systems.
Require: Molecular System, nt

1: Sort atoms by distance to centre of charge in ascending order
2: Initialise zero vector atom frag labels

3: frag index⇐ 0
4: for each atom i do
5: if atom i ̸= visited then
6: Na ⇐ 1
7: frag index⇐ frag index + 1
8: atom frag labels[i]⇐ frag index

9: Initialise empty queue containerQ
10: Enqueue atom i toQ
11: whileQ ̸= empty do
12: atom j ⇐ dequeueQ
13: for each unvisited neighbor atom k of atom j do
14: alert status⇐Na ≥ 0.85 · nt

15: if alert status then
16: Na ⇐Na + 1
17: if bond order between j and k > 1 then
18: Enqueue atom k toQ
19: atom frag labels[k]⇐ frag index

20: else if degree of atom j == 1 then
21: Enqueue atom k toQ
22: atom frag labels[k]⇐ frag index

23: end if
24: else
25: Enqueue atom k toQ
26: Na ⇐Na + 1
27: end if
28: end for
29: end while
30: end if
31: end for

mentation scheme is invariant with respect to rotations, translations, and reflections in
the geometry. A zero vector atom frag labels is initialised on line 2, containing the
fragment index to which each atom is assigned. Each unvisited atom is iterated over,
and a breadth-first search (BFS) is initiated to build a fragment. The BFS process, de-
scribed from lines 11 to 29 in Algorithm B.1, involves sorting neighbors in ascending
order by their distance to atom j.

A boolean variable alert status on line 14 and signals the algorithm to begin sev-
ering bonds when set to True. This occurs when the number of atoms in the growing
fragment (Na) reaches or exceeds 85% of the target fragment size (nt). At this point,
only atoms connected by non-single bonds or atoms with a degree of one are added
to the queue container Q, ensuring only single bonds are severed. Degree refers to the
number of covalent bonds an atom is part of. The BFS procedure continues until Q is
empty.

To illustrate the BFS step, consider Figure B.1 which showcases how a fragment is
constructed using Algorithm B.1 with a target fragment size of 10 atoms. In a), the
unvisited atom closest to the centre of nuclear charge (atom 32) is added to the growing
fragment, and its neighbor atoms 27, 33 and 38 (depicted in blue) are on the frontier
of the search. These are added to the queue container Q in Algorithm B.1. Next in b),
the atoms previously on the frontier (27, 33 and 38) are added to the growing fragment
and their respective neighbors (shown in blue) are enqueued toQ. In c), alert status



163 Appendix B

Figure B.1: The construction of a fragment using Algorithm B.1 on a protein system
(PDB ID: 6QM1). Target fragment size (nt) is 10 atoms. Red cross indicates center of
nuclear charge. a) to d) show the evolution of the growing fragment.

is set to True since the size of the growing fragment (9 atoms) exceeds 85% of 10. As
atoms 30, 31, 40 and 41 have degree of one and a double bond connects atoms 34 and
35, these five atoms (displayed in blue in c)) are first enqueued toQ before being added
to the growing fragment, as displayed in d).

The next fragment is generated beginning from the next unvisited atom closest to
the the centre of nuclear charge. Algorithm B.1 continues until all atoms have been
visited.

For bonded systems where fragments are produced by severing single bonds, va-
lence is restored by appending hydrogen caps.

AlgorithmsB.2 andB.3 together describe the fragmentationprocedure for non-covalent
cluster systems, targeting varying fragment sizes nt. Algorithm B.2 begins by identify-
ing the unit systems within the molecular system, which are the smallest repeating
units representative of the cluster. For instance, a single water molecule in a water clus-
ter system or a single ion pair in an ionic liquid cluster.

Algorithm B.3 determines these unit systems and requires the number of compo-
nents NC in a unit system as an input. This number, representing the connected com-
ponents, is evaluated using a BFS procedure: NC = 1 for water or benzene, andNC = 2

for ionic liquid clusters. The first step in Algorithm B.3 is a BFS procedure to identify
disjoint components. If NC = 1, the count of disjoint components equals the unit sys-
tem count. For NC = 2, the disjoint components are separated into two containers, A
and B, based on size (line 5). After separation, container A and B will contain disjoint
components of different sizes, with each container having components of the same size.

Next, disjoint components from A and B are paired together. The outer for loop
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(line 8) iterates first over the container with components closest to the center of nuclear
charge, sorted in ascending order of distance. In Algorithm B.3, this is container A. For
each iteration in the outer loop, disjoint components in container B are also sorted by
distance to the center of charge of system a. On line 10, component b is paired with a
to form a unit system, which is then appended to container S. S is returned after all
disjoint components are paired.

Algorithm B.2 Fragmentation scheme for non-covalent cluster systems.
Require: Molecular System, nt

1: S ⇐ Identify unit systems in molecular system (Algorithm B.3)
2: InitializeNA as number of atoms per unit system
3: NUS ⇐ nt/NA

4: Initialize zero vector unit system frag label

5: frag index⇐ 0
6: for each unvisited unit system i in S do
7: frag index⇐ frag index + 1
8: Nt

US ⇐ 1

9: unit system frag label[i]⇐ frag index

10: for each unvisited unit system j ̸= i in S do
11: if Nt

US == NUS then
12: break
13: end if
14: unit system frag label[j]⇐ frag index

15: Nt
US ⇐ Nt

US + 1

16: end for
17: end for

With the unit systems stored in S, Algorithm B.2 determines the number of unit sys-
tems per fragment NUS (line 3). A zero vector (unit system frag label) is initialised
on line 4 to store the fragment index for each unit system. The algorithm iterates over
each unvisited unit system i, settingN t

US to 1, representing the temporary count of unit
systems in the growing fragment. Unit system i is labeled with the current fragment
index (line 9). IfN t

US reaches the targetNUS , the next unvisited unit system in S is pro-
cessed (line 6). Otherwise, the unit systems in S are sorted by distance to the center of
charge of unit system i (line 10). Unvisited unit systems j encountered are appended
to the growing fragment, and labeled with the current fragment index (line 14). Once
N t

US reaches NUS , the next unvisited unit system is processed (line 6). Finally, with all
unit systems labeled, corresponding fragments are extracted for MBE.
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Algorithm B.3 Identifying unit systems for fragmentation of non-covalent cluster sys-
tems.
Require: NC

1: Perform breadth first search to determine all disjoint components
2: if NC == 1 then
3: return disjoint components
4: else if NC == 2 then
5: Initialise empty disjointA system containers A and B
6: Separate disjoint components to containers A and B
7: Initialise empty unit system container S
8: for disjoint system a in A do
9: for unvisited disjoint system b in B do
10: pair a and b forming a unit system, append to S
11: end for
12: end for
13: return S
14: end if

Results
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BSP calculations with various bootstrapping basis sets for HF. Average is indicated by
broken horizontal line.
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Figure B.7: Distribution of wall-time speedups of triple-ζ BSP calculations for increas-
ingly large systems employing the 6-31G bootstrapping basis set at the MN15 level of
theory. Average is indicated by horizontal dashed line.

Convergence Threshold

Employing the optimal thresholds listed in Table B.2, Figure B.8 displays the corre-
sponding averagewall-time speedups of BSP calculations. Noticeably, themean speedups
for the triple-ζ basis sets are higher than that of double-ζ ; the speedups of the triple-ζ
BSP computations for HF, B3LYP and MN15 are at least 1.13×, 1.27× and 1.26× higher
than their double-ζ counterparts. More significantly, in the DFT-based computations,
the double-ζ BSP calculations on average exhibit worse wall-times than SAD. For in-
stance, utilizing the pc-1 basis set, BSP yielded wall-times that were on average 14.7%
and 16.9% longer than that of SAD with the B3LYP and MN15 methods, respectively.
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Figure B.8: Average wall-time speedups of BSP calculations for varying basis sets and
levels of theory. Convergence thresholds employed are those listed in Table B.2. Error
bars correspond to one standard deviation.

Table B.2 also outlines the additional speedup relative to SAD afforded using the
optimal convergence thresholds compared to that of 10−6 a.u. With the exception of the
DFT-based double-ζ BSP calculations which were previously discussed, only marginal
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improvements in speedups were observed when utilizing larger convergence thresh-
olds. In particular, the highest improvement in average speedupover 10−6 a.u. observed
in double- and triple-ζ computations were 5.7% and 4.0%, respectively.

Table B.2: Improvement in speedup relative to SAD of BSP calculations using optimal
thresholds compared to 10−6 a.u. across various basis sets and levels of theory. The
exponents, λ, of convergence thresholds, 10λ, are listed in parentheses.

HF B3LYP MN15
cc-pVDZ 4.0%(-2) 12.9%(1) 11.4%(-2)

pc-1 4.4%(-2) 14.3%(0) 12.4%(-2)
def2-SVP 5.7%(-1) 15.8%(0) 12.2%(-2)
cc-pVTZ 1.6%(-2) 3.2%(-4) 3.1%(-4)

pc-2 1.2%(-2) 1.8%(-4) 1.9%(-4)
def2-TZVP 4.0%(-2) 2.9%(-4) 2.9%(-4)
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Figure B.9: Average number of SCF iterations and wall-times of triple-ζ basis set BSP
calculations with varying fragment convergence thresholds at the HF level.
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Figure B.10: Average number of SCF iterations andwall-times of double-ζ basis set BSP
calculations with varying fragment convergence thresholds at the B3LYP level. Arrows
indicate the convergence threshold with the lowest average wall-time.
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Figure B.11: Average number of SCF iterations and wall-times of triple-ζ basis set BSP
calculations with varying fragment convergence thresholds at the B3LYP level. Arrows
indicate the convergence threshold with the lowest average wall-time.
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Figure B.12: Average number of SCF iterations andwall-times of double-ζ basis set BSP
calculations with varying fragment convergence thresholds at the MN15 level. Arrows
indicate the convergence threshold with the lowest average wall-time.
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Figure B.13: Average number of SCF iterations and wall-times of triple-ζ basis set BSP
calculations with varying fragment convergence thresholds at the MN15 level. Arrows
indicate the convergence threshold with the lowest average wall-time.
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Many Body Expansion

Fragment Size

HF B3LYP MN15
cc-pVDZ 50 40 60

pc-1 60 60 60
def2-SVP 60 60 40
cc-pVTZ 40 60 10

pc-2 60 50 10
def2-TZVP 30 50 10

Table B.3: Optimal target fragment sizes across varying basis sets and theory levels.
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Figure B.14: Average number of SCF iterations and wall-times of triple-ζ basis set MBE
calculations with varying target fragment sizes (no. of atoms) at the HF level. Arrows
indicate the fragment size with the lowest average wall-time. Average SAD wall-times
of cc-pVTZ, pc-2 and def2-TZVP are 831.96, 984.47 and 690.27 s, respectively.
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Figure B.15: Average number of SCF iterations and wall-times of double-ζ basis set
MBE calculations with varying target fragment sizes (no. of atoms) at the B3LYP level.
Arrows indicate the fragment size with the lowest average wall-time.
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Figure B.16: Average number of SCF iterations and wall-times of triple-ζ basis set MBE
calculations with varying target fragment sizes (no. of atoms) at the B3LYP level. Ar-
rows indicate the fragment size with the lowest average wall-time.
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Figure B.17: Average number of SCF iterations and wall-times of double-ζ basis set
MBE calculations with varying target fragment sizes (no. of atoms) at the MN15 level.
Arrows indicate the fragment size with the lowest average wall-time.
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Figure B.18: Average number of SCF iterations and wall-times of triple-ζ basis set MBE
calculations with varying target fragment sizes (no. of atoms) at the MN15 level. Ar-
rows indicate the fragment size with the lowest average wall-time.
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Convergence Threshold

Table B.4: Improvement in speedup relative to SAD of MBE calculations using optimal
thresholds compared to 10−6 a.u. across various basis sets and levels of theory. The
exponents, λ, of thresholds, 10λ, are listed in parentheses.

HF B3LYP MN15
cc-pVDZ 2.4%(-3) 0.0%(-6) 9.5%(-1)

pc-1 3.8%(-2) 6.8%(-1) 10.8%(-1)
def2-SVP 2.5%(-4) 4.8%(-3) 11.1%(-1)
cc-pVTZ 4.2%(-2) 0.4%(-1) 0.6%(-2)

pc-2 5.5%(-1) 3.3%(-3) 4.4%(-3)
def2-TZVP 4.7%(-1) 3.1%(-3) 2.7%(-3)

Table B.4 summarizes the improvement in speedups relative to SAD attained with op-
timal thresholds compared to 10−6 a.u. With double-ζ basis sets, improvements in the
speedup by up to 11.1% could be observed with MN15 by using higher thresholds.
However, as shown in Figure B.19, the resulting average wall-times remain higher than
SAD due to the costly step of constructing the initial guess.

On the other hand for triple-ζ bases, marginal improvements in the speedups are
observed ranging between 0.4% and 5.5%. With these improvements, these translate to
average overall wall-time speedups relative to SAD by up to 9.1%, 11.7% and 6.8% for
HF, B3LYP and MN15, respectively.
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Figure B.19: Averagewall-time speedups ofMBE calculations for varying basis sets and
theory levels. Optimal convergence thresholds are employed (listed in Table B.4). Error
bars correspond to one standard deviation.
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Figure B.20: Average number of SCF iterations andwall-times of double-ζ basis setMBE
calculations with varying fragment convergence thresholds at the HF level. Arrows
indicate the convergence threshold with the lowest average wall-time.
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Figure B.21: Average number of SCF iterations and wall-times of triple-ζ basis set MBE
calculations with varying fragment convergence thresholds at the HF level. Arrows
indicate the convergence threshold with the lowest average wall-time.
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Figure B.22: Average number of SCF iterations andwall-times of double-ζ basis setMBE
calculations with varying fragment convergence thresholds at the B3LYP level. Arrows
indicate the convergence threshold with the lowest average wall-time.
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Figure B.23: Average number of SCF iterations and wall-times of triple-ζ basis set MBE
calculations with varying fragment convergence thresholds at the B3LYP level. Arrows
indicate the convergence threshold with the lowest average wall-time.
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Figure B.24: Average number of SCF iterations andwall-times of double-ζ basis setMBE
calculations with varying fragment convergence thresholds at the MN15 level. Arrows
indicate the convergence threshold with the lowest average wall-time.

10−5 10−3 10−1 101

Convergence Threshold (a.u.)

10

11

12

13

14

15

S
C

F
It

e
ra

ti
o
n

s

cc-pVTZ

pc-2

def2-TZVP

cc-pVTZ(SAD)

pc-2(SAD)

def2-TZVP(SAD)

10−5 10−3 10−1 101

Convergence Threshold (a.u.)

1000

700

800

900

T
im

in
g

(s
)

Figure B.25: Average number of SCF iterations and wall-times of triple-ζ basis set MBE
calculations with varying fragment convergence thresholds at the MN15 level. Arrows
indicate the convergence threshold with the lowest average wall-time.

Resolution-of-the-identity Approximation

RI calculations are constrained to Dunning’s correlation consistent and Karlsruhe basis
sets as auxiliary bases are available for these. Corresponding optimal fragment sizes
and convergence thresholds as discussed in the main text were employed.

Since auxiliary bases are only available for Dunning’s correlation consistent and



179 Appendix B

Karlsruhe basis sets, the discussion of the RI-HF approximation is constrained to these
bases. Corresponding optimal fragment sizes and convergence thresholds as discussed
earlier were employed.
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Figure B.26: Average SCF iteration count of MBE calculations with and without RI-HF
approximation. SAD results are provided for reference. Error bars correspond to one
standard deviation.

Figure B.26 illustrates the average SCF iteration count with and without the RI-HF
approximation for the MBE initial guess across all basis sets. There is virtually no dif-
ference in the SCF iteration counts between calculations with and without RI-HF, indi-
cating that RI-HF produces initial guesses of similar accuracy to HF.
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Figure B.27: Average wall-time speedups of MBE calculations with and without RI-HF
for increasingly large systems employing the a) cc-pVDZ; and b) def2-SVP double-ζ
basis sets. Number of atoms correspond to the system size.
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Figure B.28: Average wall-time speedups of MBE calculations with and without RI-HF
for increasingly large systems employing the a) cc-pVTZ; and b) def2-TZVP triple-ζ
basis sets. Number of atoms correspond to the system size.

Figures B.27 and B.28 showcase the variation of the wall-time speedups with sys-
tem size with and without RI for the double- and triple-ζ basis sets, respectively. In
particular for the double-ζ bases, as system size grows larger the speedups of RI-HF is
only marginally higher than HF for cc-pVDZ. On the other hand for def2-SVP, RI-HF
consistently performs worse than HF across all system sizes. The ‘lower’ performance
of RI-HF against HF for smaller systems (42 and 65 atoms) is a result of the target frag-
ment sizes employed (50 and 60 atoms for cc-pVDZ and def2-SVP, respectively) being
comparable to the system size. In these cases, no fragmentation occurs, and computa-
tions labelled as HF in Figure B.28 correspond to a single SCF calculation (using SAD).
Conversely, those labelled as RI-HF involves an additional SCF routine (a RI-HF calcu-
lation to construct the initial guess), yielding higher wall-times.

As displayed in Figure B.28, RI-HF consistently exhibits higher wall-time speedups
than HF across all system sizes in the triple-ζ basis set calculations. The main source
of these improvements is the lower computational overhead associated with the con-
struction of the initial guess; the proportion of time spent assembling the initial guess
reduces by 6.1% and 8.0% with RI-HF for cc-pVTZ and def2-TZVP, respectively, on av-
erage. With RI-HF, the decrease average wall-times are marginal; 2.0% and 1.0% for
cc-pVTZ and def2-TZVP, respectively.

These differences in the performance of RI-HF between double- and triple-ζ basis
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sets are primarily attributed to the optimal target fragment sizes used. As stated earlier,
the optimal target fragment sizes for the triple-ζ bases are smaller (40 and 30 atoms
for cc-pVTZ and def2-TZVP, respectively) than their double-ζ counterparts (50 and 60
atoms, respectively).

To emphasise this sentiment, we compare the existing results of the RI-HF calcula-
tions which employ the optimal target fragment sizes with those obtained with a target
fragment size of 10 atoms. On average, with a target fragment size of 10 atoms, the time
spent in the initial guess construction step was 1.45×, 1.69×, 2.87× and 1.53× faster for
cc-pVDZ, def2-SVP, cc-pVTZ and def2-TZVP, respectively, than with the optimal target
fragment size. However, this improvement is outweighed by an increase in the SCF iter-
ation count due to less accurate initial guesses; wall-times increased on average by 8.7%,
8.6%, 3.7% and 3.3% for cc-pVDZ, def2-SVP, cc-pVTZ and def2-TZVP, respectively.

Such results highlight the slight advantage of employing approximate HF methods
such as RI-HF in reducing wall-times of MBE calculations. However, these improve-
ments are marginal and are generally limited to triple-ζ basis sets.

Fragmentation Level

cc-pVTZ pc-2 def2-TZVP

4

6

8

10

12

14

S
C

F
It

e
ra

ti
o
n

s

cc-pVTZ pc-2 def2-TZVP

0.6

0.8

1.0

1.2

S
p

e
e
d

u
p

MBE1

MBE2(SAD)

MBE2(MD)

SAD

Figure B.29: Distribution of SCF iterations and wall-time speedups of triple-ζ basis set
MBE calculations at various fragmentation levels. No cutoffs were used for MBE2.
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Figure B.30: Distribution of SCF iterations andwall-time speedups of double-ζ basis set
MBE calculations at various fragmentation levels at the B3LYP level. No cutoffs were
used for MBE2.
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Figure B.31: Distribution of SCF iterations and wall-time speedups of triple-ζ basis set
MBE calculations at various fragmentation levels at the B3LYP level. No cutoffs were
used for MBE2.
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Figure B.32: Distribution of SCF iterations andwall-time speedups of double-ζ basis set
MBE calculations at various fragmentation levels at the MN15 level. No cutoffs were
used for MBE2.
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Figure B.33: Distribution of SCF iterations and wall-time speedups of triple-ζ basis set
MBE calculations at various fragmentation levels at the B3LYP level. No cutoffs were
used for MN15.
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Figure B.34: Average absolute errors of initial guess energies relative to the converged
energies a) double-ζ ; and b) triple-ζMBE computations at various fragmentation levels
at the B3LYP level. No cutoffs were used for MBE2. Error bars corresponds to one
standard deviation.
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Figure B.35: Average absolute errors of initial guess energies relative to the converged
energies a) double-ζ ; and b) triple-ζMBE computations at various fragmentation levels
at the MN15 level. No cutoffs were used for MBE2. Error bars corresponds to one
standard deviation.
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Figure B.36: Average timing breakdown of MBE calculations at various fragmentation
levels for a) cc-pVDZ; b) pc-1; c) def2-SVP; d) cc-pVTZ; e) pc-2; and f) def2-TZVP basis
sets at the B3LYP level. No dimer cutoffs were used for MBE2.
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Figure B.37: Average timing breakdown of MBE calculations at various fragmentation
levels for a) cc-pVDZ; b) pc-1; c) def2-SVP; d) cc-pVTZ; e) pc-2; and f) def2-TZVP basis
sets at the MN15 level. No dimer cutoffs were used for MBE2.

Thus far, all MBE2 results reported employ no dimer cutoffs. Due to the substantial
variation in guess timing between MBE1 and MBE2 computations being attributed to
the presence of dimers, we test two cutoff distances (5 and 10 Å) to restrict the number
of dimers assembled. Since MBE2(MD) consistently outperforms MBE2(SAD) across
HF, B3LYP and MN15, we proceed with MBE2(MD) for the testing of cutoffs.

Figures B.40-B.44 illustrate the average SCF iteration count and wall-time speedups
of MBE2 computations with varying cutoffs over the different theory levels and basis
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sets. In HF, for both double- and triple-ζ calculations, the number of iterations gen-
erally reduces with larger cutoffs; larger cutoffs lead to the inclusion of more dimer
interactions and therefore more accurate initial guesses.
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Figure B.38: Average absolute errors of initial guess energies relative to the converged
energies of a) B3LYP and b) MN15 MBE2 computations with varying cutoffs. Error
bars correspond to one standard deviation.

On the other hand for B3LYP andMN15,MBE2without any cutoffs frequently yields
higher SCF iteration counts. This is consistent with with the corresponding energy dif-
ferences between the converged value and that of the initial guess presented in Fig-
ure B.38, which shows that ‘no cutoff’ in the MBE2 initial guess leads to either the same
or an order of magnitude greater error than those with cutoffs imposed. This is likely
linked to the observationmade earlier of the non-convergent nature of hybridDFTMBE
calculations.240 Capturing a greater degree of interactions by increasing fragmentation
level from the one- to two-body level and by increasing the range of the dimer cutoff
does not guarantee a better quality initial guess in hybrid DFT calculations.

As shown in Figures B.40-B.44, across all theory levels and basis sets, a cutoff of
5 Å consistently exhibits the highest average wall-time peedup. However, MBE1 still
outperforms MBE2(5 Å) with respect to the wall-time speedups. The highest average
speedups achieved with MBE2(5 Å) with HF and B3LYP were respectively 9.9% and
8.2% while its respective MBE1 calculation exhibited a speedup of 14.8% and 10.9%.
Furthermore, MN15 MBE2(5 Å) led to mean wall-times higher than SAD whereas av-
erage speedups up to 6.0% could be observed with MBE1. Thus, while the imposition
of dimer cutoffs yields an increase in the wall-time speedup of MBE2, the resulting
acceleration remains less than that of MBE1.
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Figure B.39: Distribution of SCF iterations and wall-time speedups of double-ζ basis
set MBE2 calculations with various cutoffs at the HF level.
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Figure B.40: Distribution of SCF iterations and wall-time speedups of triple-ζ basis set
MBE2 calculations with various cutoffs at the HF level.
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Figure B.41: Distribution of SCF iterations and wall-time speedups of double-ζ basis
set MBE2 calculations with various cutoffs at the B3LYP level.

cc-pVTZ pc-2 def2-TZVP
2

4

6

8

10

12

14

S
C

F
It

e
ra

ti
o
n

s

cc-pVTZ pc-2 def2-TZVP
0.6

0.8

1.0

1.2

S
p

e
e
d

u
p
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Figure B.42: Distribution of SCF iterations and wall-time speedups of triple-ζ basis set
MBE2 calculations with various cutoffs at the B3LYP level.
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Figure B.44: Distribution of SCF iterations and wall-time speedups of triple-ζ basis set
MBE2 calculations with various cutoffs at the MN15 level.
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Figure B.43: Distribution of SCF iterations and wall-time speedups of double-ζ basis
set MBE2 calculations with various cutoffs at the MN15 level.
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Figure B.45: Average number of SCF iterations andwall-time speedups of various initial
guess approaches across for increasingly large systems employing the a) cc-pVDZ; b)
pc-1; and c) def2-SVP double-ζ basis sets at the HF level. Error bars correspond to one
standard deviation.

Comparison Between Initial Guess Methods

The following figures showcase the results for BSP, MBE, BSPF and SAD.
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Figure B.46: Average number of SCF iterations andwall-time speedups of various initial
guess approaches across for increasingly large systems employing the a) cc-pVTZ; b)
pc-2; and c) def2-TZVP double-ζ basis sets at the HF level. Error bars correspond to
one standard deviation.
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Figure B.47: Average number of SCF iterations andwall-time speedups of various initial
guess approaches across for increasingly large systems employing the a) cc-pVDZ; b)
pc-1; and c) def2-SVP double-ζ basis sets at the B3LYP level. Error bars correspond to
one standard deviation.
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Figure B.48: Average number of SCF iterations andwall-time speedups of various initial
guess approaches across for increasingly large systems employing the a) cc-pVTZ; b)
pc-2; and c) def2-TZVP double-ζ basis sets at the B3LYP level. Error bars correspond
to one standard deviation.
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Figure B.49: Average number of SCF iterations andwall-time speedups of various initial
guess approaches across for increasingly large systems employing the a) cc-pVDZ; b)
pc-1; and c) def2-SVP double-ζ basis sets at the MN15 level. Error bars correspond to
one standard deviation.
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Figure B.50: Average number of SCF iterations andwall-time speedups of various initial
guess approaches across for increasingly large systems employing the a) cc-pVTZ; b)
pc-2; and c) def2-TZVP double-ζ basis sets at the MN15 level. Error bars correspond to
one standard deviation.
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Figure B.51: Average absolute errors of initial guess energies relative to the converged
energies of various initial guess methods for increasingly large systems employing
double-ζ basis sets: a) cc-pVDZ; b) pc-1; c) def2-SVP and triple-ζ basis sets: d) cc-
pVTZ; e) pc-2; f) def2-TZVP at the HF level. Error bars correspond to one standard
deviation.
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Figure B.52: Average absolute errors of initial guess energies relative to the converged
energies of various initial guess methods for increasingly large systems employing
double-ζ basis sets: a) cc-pVDZ; b) pc-1; c) def2-SVP and triple-ζ basis sets: d) cc-
pVTZ; e) pc-2; f) def2-TZVP at the B3LYP level. Error bars correspond to one standard
deviation.
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Figure B.53: Average absolute errors of initial guess energies relative to the converged
energies of various initial guess methods for increasingly large systems employing
double-ζ basis sets: a) cc-pVDZ; b) pc-1; c) def2-SVP and triple-ζ basis sets: d) cc-
pVTZ; e) pc-2; f) def2-TZVP at the MN15 level. Error bars correspond to one standard
deviation.



199 Appendix B

a) BSP MBE

0

50

100
BSPF

T
im

in
g

(%
)b)

0

50

100

42
-6

5

12
0-

16
8

24
0-

26
2

38
4-

43
5

48
0-

51
6

c)

42
-6

5

12
0-

16
8

24
0-

26
2

38
4-

43
5

48
0-

51
6

Number of Atoms

42
-6

5

12
0-

16
8

24
0-

26
2

38
4-

43
5

48
0-

51
6

0

50

100

SCF Guess

Figure B.54: Average timing breakdown of the BSP,MBE, BSPF initial guess approaches
with varying system sizes employing the a) cc-pVTZ; b) pc-2; and c) def2-TZVP triple-
ζ basis sets at the HF level.
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Figure B.55: Average timing breakdown of the BSP,MBE, BSPF initial guess approaches
with varying system sizes employing the a) cc-pVDZ; b) pc-1; and c) def2-SVP double-
ζ basis sets at the B3LYP level.
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Figure B.56: Average timing breakdown of the BSP,MBE, BSPF initial guess approaches
with varying system sizes employing the a) cc-pVTZ; b) pc-2; and c) def2-TZVP triple-
ζ basis sets at the B3LYP level.
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Figure B.57: Average timing breakdown of the BSP,MBE, BSPF initial guess approaches
with varying system sizes employing the a) cc-pVDZ; b) pc-1; and c) def2-SVP double-
ζ basis sets at the MN15 level.
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Figure B.58: Average timing breakdown of the BSP,MBE, BSPF initial guess approaches
with varying system sizes employing the a) cc-pVTZ; b) pc-2; and c) def2-TZVP triple-
ζ basis sets at the MN15 level.
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Supporting Material for Chapter 5

Geometries of protein-ligand structures, representative input files for DelPhi and AM-
BER, calculated solvation energies and timing data are provided in the GitHub reposi-
tory https://github.com/fionacyu/pbe_solver.

Comparing dielectric mapping schemes in AMBER

In AMBER’s pbsa.cuda the ipb parameter controls the dielectric mapping scheme used.
We compare only ipb = 1 and ipb = 2 and exclude the other options due to them be-
ing non-compatiblewith themolecular surface treatment chosen (solvent excluded sur-
face) or the boundary condition (default option which uses all grid charges to compute
boundary grid potentials). ipb = 1 corresponds to the same geometric approachDelPhi
uses. ipb = 2 is the level set function-based dielectric mapping approach. We perform
the comparison on two target protein systems: the smallest (MCL1 with 2448 atoms)
and largest (CDK8 with 10456 atoms).

Tables C.1 and C.3 display the∆Gsolv values calculated using the different dielectric
mapping schemes on the MCL1 and CDK8 systems, respectively. As observed from
these tables, the difference in their solvation energies are negligible; MAEs of 0.16 and
0.12 kJmol−1 are attained between ipb = 1 and ipb = 2 for the CDK8 andMCL1 systems,
repectively.

Tables C.2 and C.4 showcase the wall times using the different electric mapping
schemes on the MCL1 and CDK8 systems, respectively. We observe that employing
ipb = 2 reduces the wall time of both MCL1 and CDK8, though minimally for MCL1.
On average, using ipb = 2 reduced wall times by 1.32 s and 19.84 s for MCL1 and CDK8
systems, respectively.

Therefore, in light of the negligible difference in the ∆Gsolv values calculated and
ipb = 2 reducing the wall times of associated calculations, we selected ipb = 2 as the
dielectric mapping scheme used for all AMBER pbsa.cuda calculations in this study.
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Ligand ipb = 1 ipb = 2

lig 27 594.94 594.78
lig 28 503.14 503.20
lig 30 564.15 564.09
lig 31 501.73 501.64
lig 32 506.91 506.60
lig 33 480.91 480.82
lig 34 472.72 472.63
lig 35 510.93 510.80
lig 36 547.32 547.47
lig 37 569.61 569.59
lig 43 560.09 560.07
lig 46 513.93 513.98
lig 47 555.19 555.03
lig 48 592.84 592.84
lig 49 554.82 554.58
lig 50 550.51 550.50
lig 52 539.22 539.09
lig 53 487.22 487.03
lig 56 604.94 604.98
lig 58 524.90 524.85
lig 60 529.01 528.82
lig 61 499.80 499.41
lig 63 492.82 492.71
lig 65 496.37 496.25
lig 67 548.72 548.72

Table C.1: Calculated ∆Gsolv (kJ mol−1) values using ipb = 1 and ipb = 2 on the MCL1
systems.
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Ligand ipb = 1 ipb = 2

lig 27 64.84 63.84
lig 28 63.53 62.21
lig 30 62.11 61.61
lig 31 61.14 60.27
lig 32 65.25 64.48
lig 33 65.24 64.39
lig 34 69.56 68.93
lig 35 64.46 63.24
lig 36 64.26 63.36
lig 37 69.28 68.69
lig 43 67.09 66.09
lig 46 64.72 63.87
lig 47 69.70 68.38
lig 48 61.44 60.55
lig 49 63.33 63.07
lig 50 69.43 68.28
lig 52 69.64 68.38
lig 53 68.79 67.98
lig 56 67.08 66.56
lig 58 64.15 63.50
lig 60 64.28 63.58
lig 61 64.61 64.34
lig 63 65.34 64.38
lig 65 69.37 68.75
lig 67 66.67 65.97

Table C.2: Wall times (s) of AMBER pbsa.cuda calculations using ipb = 1 and ipb = 2 on
the MCL1 systems.
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Ligand ipb = 1 ipb = 2

lig 13 185.22 184.97
lig 14 107.78 107.87
lig 15 145.85 145.75
lig 16 112.19 112.12
lig 17 111.36 111.14
lig 18 154.50 154.58
lig 19 140.39 140.27
lig 20 170.03 169.70
lig 21 157.17 156.94
lig 22 141.59 141.54
lig 24 137.91 138.04
lig 25 118.73 118.88
lig 26 165.21 165.04
lig 27 193.10 192.75
lig 28 127.46 127.32
lig 29 198.75 199.06
lig 30 224.57 224.39
lig 32 145.31 145.32
lig 33 127.19 127.00
lig 34 118.73 118.64
lig 35 178.89 178.47
lig 36 210.61 210.44
lig 37 185.04 184.61
lig 38 200.82 200.87
lig 39 154.00 153.99
lig 40 127.83 127.84
lig 41 201.41 201.46
lig 42 165.22 165.05
lig 43 166.57 166.36
lig 44 148.46 148.24
lig 45 186.91 186.81

Table C.3: Calculated ∆Gsolv (kJ mol−1) values using ipb = 1 and ipb = 2 on the CDK8
systems.
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Ligand ipb = 1 ipb = 2

lig 13 998.18 980.67
lig 14 947.46 931.53
lig 15 976.82 960.45
lig 16 1001.65 987.35
lig 17 997.03 977.19
lig 18 999.42 982.51
lig 19 1024.57 1008.13
lig 20 977.10 961.47
lig 21 1004.63 986.41
lig 22 945.33 927.58
lig 24 976.25 958.14
lig 25 930.43 912.69
lig 26 988.37 970.38
lig 27 967.45 951.69
lig 28 983.92 968.81
lig 29 1002.11 984.94
lig 30 1006.02 988.96
lig 32 980.81 961.69
lig 33 1027.73 1009.32
lig 34 945.60 929.78
lig 35 950.72 932.62
lig 36 967.78 953.49
lig 37 962.79 946.64
lig 38 958.75 941.26
lig 39 1012.02 997.39
lig 40 993.65 977.09
lig 41 973.95 968.67
lig 42 1012.02 1004.47
lig 43 955.80 952.03
lig 44 963.27 943.74
lig 45 986.85 968.89

Table C.4: Wall times (s) of AMBER pbsa.cuda calculations using ipb = 1 and ipb = 2 on
the CDK8 systems.
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Results

Solvation Energies

0 500 1000 1500

∆GDelPhi
solv (kJ mol−1)

0

250

500

750

1000

1250

1500

1750

∆
G

A
M

B
E

R
so

lv
(k

J
m

o
l−

1
)

R2 = 1.00

y = x

PTP1B

EG5

HIF2A

CDK2

PDE2

SHP2

CDK8

TYK2

thrombin

SYK

MCL1

P38

PFKFB3

Figure C.1: Correlation between solvation free energies of protein-ligand systems at-
tained with DelPhi and AMBER.

Profiling of AMBER’s pbsa.cuda

We profiled AMBER’s pbsa.cuda software using Linaro Forge’s MAP on the MCL1 pro-
tein system on a GPU node of the Perlmutter supercomputer which comprises NVIDIA
A100 40 GB GPUs and a AMD EPYC 7763 CPU.

Figure C.2: Timeline of main thread activity, CPU floating point executions and mem-
ory usage of AMBER’s pbsa.cuda. Purple and green sections in Main Thread Activity
correspond to the GPU and CPU portions, respectively.

Figures C.2 and C.3 together reveal that the GPU portion constitutes a very small
portion of the runtime. Specifically, only 1.7% (1.16 s) of the time is spent on the GPU
and this timing of 1.16 s is muchmore consistent with the timings reported by Qi et al.12

Furthermore, Fig. C.3 not only highlights that the main bottleneck originates from
routines run on the CPU, but that 31.2% of the time is spent performing expf64 op-
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erations. These expf64 operations arise from calculating the boundary values on the
lattice, which are performed on a single core on the CPU.

Figure C.3: Main thread stack of AMBER’s pbsa.cuda.



Appendix D

Supporting Material for Chapter 6

Geometries of protein-ligand structures used for both PBSA and SPE calculations, par-
tial charges of protein-ligand structures used for PBSA calculations, output gas phase
and solvation energies are provided in the GitHub repository https://github.com/

fionacyu/qmpbsa_benchmark.

Table D.1: Sampling times obtained with dihedral ACFs for
each protein-ligand complex and the corresponding number
of frames extracted.

Target Ligand Sampling time (ps) Number of frames
cdk2 lig 17 260 39
cdk2 lig 1h1q 330 31
cdk2 lig 1h1r 230 44
cdk2 lig 1h1s 250 41
cdk2 lig 1oi9 280 36
cdk2 lig 1oiu 240 42
cdk2 lig 1oiy 390 26
cdk2 lig 20 180 56
cdk2 lig 21 130 77
cdk2 lig 22 150 67
cdk2 lig 26 310 33
cdk2 lig 28 200 51
cdk2 lig 29 240 42
cdk2 lig 30 350 29
cdk2 lig 31 330 31
cdk2 lig 32 450 23
mcl1 lig 23 220 46
mcl1 lig 26 260 39
mcl1 lig 27 190 53
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Target Ligand Sampling time (ps) Number of frames
mcl1 lig 28 250 41
mcl1 lig 29 210 48
mcl1 lig 30 280 36
mcl1 lig 31 220 46
mcl1 lig 32 280 36
mcl1 lig 33 290 35
mcl1 lig 34 360 28
mcl1 lig 35 250 41
mcl1 lig 36 210 48
mcl1 lig 37 210 48
mcl1 lig 38 230 44
mcl1 lig 39 160 63
mcl1 lig 40 290 35
mcl1 lig 41 350 29
mcl1 lig 42 210 48
mcl1 lig 43 200 51
mcl1 lig 44 490 21
mcl1 lig 45 180 56
mcl1 lig 46 370 28
mcl1 lig 47 280 36
mcl1 lig 48 130 77
mcl1 lig 49 350 29
mcl1 lig 50 290 35
mcl1 lig 51 260 39
mcl1 lig 52 280 36
mcl1 lig 53 160 63
mcl1 lig 54 190 53
mcl1 lig 56 250 41
mcl1 lig 57 150 67
mcl1 lig 58 260 39
mcl1 lig 60 180 56
mcl1 lig 61 170 59
mcl1 lig 62 170 59
mcl1 lig 63 350 29
mcl1 lig 64 240 42
mcl1 lig 65 200 51
mcl1 lig 66 170 59
mcl1 lig 67 340 30
mcl1 lig 68 280 36
jnk1 lig 17124 280 36
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Target Ligand Sampling time (ps) Number of frames
jnk1 lig 18624 340 30
jnk1 lig 18625 140 72
jnk1 lig 18626 200 51
jnk1 lig 18627 290 35
jnk1 lig 18628 150 67
jnk1 lig 18629 180 56
jnk1 lig 18630 480 21
jnk1 lig 18631 240 42
jnk1 lig 18632 310 33
jnk1 lig 18633 360 28
jnk1 lig 18634 180 56
jnk1 lig 18635 340 30
jnk1 lig 18636 140 72
jnk1 lig 18637 460 22
jnk1 lig 18638 430 24
jnk1 lig 18639 240 42
jnk1 lig 18652 150 67
jnk1 lig 18658 170 59
jnk1 lig 18659 300 34
jnk1 lig 18660 210 48
bace lig 13a 190 53
bace lig 13b 240 42
bace lig 13c 340 30
bace lig 13d 180 56
bace lig 13e 100 101
bace lig 13f 170 59
bace lig 13g 210 48
bace lig 13h 310 33
bace lig 13i 180 56
bace lig 13j 200 51
bace lig 13k 640 16
bace lig 13m 510 20
bace lig 13n 200 51
bace lig 13o 230 44
bace lig 17a 1350 8
bace lig 17b 60 167
bace lig 17c 140 72
bace lig 17d 180 56
bace lig 17e 170 59
bace lig 17f 200 51
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Target Ligand Sampling time (ps) Number of frames
bace lig 17g 260 39
bace lig 17h 690 15
bace lig 17i 430 24
bace lig 24 500 21
bace lig 4a 90 112
bace lig 4b 80 126
bace lig 4c 180 56
bace lig 4d 480 21
bace lig 4i 170 59
bace lig 4j 180 56
bace lig 4k 170 59
bace lig 4l 180 56
bace lig 4m 210 48
bace lig 4n 420 24
bace lig 4o 430 24
bace lig 4p 130 77
p38 lig 2aa 210 48
p38 lig 2bb 190 53
p38 lig 2c 290 35
p38 lig 2e 250 41
p38 lig 2ee 320 32
p38 lig 2f 230 44
p38 lig 2ff 220 46
p38 lig 2g 270 38
p38 lig 2gg 210 48
p38 lig 2h 220 46
p38 lig 2i 310 33
p38 lig 2j 230 44
p38 lig 2k 280 36
p38 lig 2l 200 51
p38 lig 2m 190 53
p38 lig 2n 160 63
p38 lig 2o 290 35
p38 lig 2p 250 41
p38 lig 2q 220 46
p38 lig 2r 170 59
p38 lig 2s 280 36
p38 lig 2t 250 41
p38 lig 2u 280 36
p38 lig 2v 180 56
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Target Ligand Sampling time (ps) Number of frames
p38 lig 2x 190 53
p38 lig 2y 130 77
p38 lig 2z 230 44
p38 lig 3fln 290 35
p38 lig 3flq 210 48
p38 lig 3flw 300 34
p38 lig 3fly 200 51
p38 lig 3flz 250 41
p38 lig 3fmh 240 42
p38 lig 3fmk 200 51
ptp1b lig 20667 160 63
ptp1b lig 20669 200 51
ptp1b lig 20670 260 39
ptp1b lig 23330 260 39
ptp1b lig 23466 320 32
ptp1b lig 23467 160 63
ptp1b lig 23468 220 46
ptp1b lig 23469 150 67
ptp1b lig 23470 200 51
ptp1b lig 23471 310 33
ptp1b lig 23472 120 84
ptp1b lig 23473 330 31
ptp1b lig 23474 120 84
ptp1b lig 23475 310 33
ptp1b lig 23476 170 59
ptp1b lig 23477 190 53
ptp1b lig 23479 100 101
ptp1b lig 23480 190 53
ptp1b lig 23482 220 46
ptp1b lig 23483 150 67
ptp1b lig 23484 160 63
ptp1b lig 23485 120 84
ptp1b lig 23486 210 48

thrombin lig 1a 310 33
thrombin lig 1b 520 20
thrombin lig 1c 370 28
thrombin lig 3a 270 38
thrombin lig 3b 490 21
thrombin lig 5 150 67
thrombin lig 6a 460 22
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Target Ligand Sampling time (ps) Number of frames
thrombin lig 6b 440 23
thrombin lig 6e 290 35
thrombin lig 7a 200 51

tyk2 lig ejm 31 430 24
tyk2 lig ejm 42 280 36
tyk2 lig ejm 43 550 19
tyk2 lig ejm 44 510 20
tyk2 lig ejm 45 260 39
tyk2 lig ejm 46 310 33
tyk2 lig ejm 47 300 34
tyk2 lig ejm 48 310 33
tyk2 lig ejm 49 650 16
tyk2 lig ejm 50 280 36
tyk2 lig ejm 54 400 26
tyk2 lig ejm 55 260 39
tyk2 lig jmc 23 530 19
tyk2 lig jmc 27 470 22
tyk2 lig jmc 28 820 13
tyk2 lig jmc 30 600 17

MBE2 MBE3

Target full pocket full pocket
BACE 0.432 0.406 0.324 0.281
CDK2 0.752 0.762 0.769 0.773
JNK1 0.662 0.649 0.657 0.644
MCL1 0.480 0.444 0.480 0.423
P38 0.617 0.610 0.581 0.567

PTP1B 0.515 0.566 0.518 0.581
thrombin 0.551 0.568 0.575 0.562
TYK2 0.648 0.615 0.655 0.620

Average 0.582 0.578 0.570 0.556

Table D.2: Pearson correlation coefficients of MBE2 and MBE3 gas phase interaction
energies computed using either the full protein or pocket residues for the two-body
calculations with experimental binding free energies on the Wang dataset. Note all
three-body calculations involve the pocket residues only.
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Target Distance (Å)
BACE 14.0
CDK2 15.2
JNK1 13.3
MCL1 15.5
P38 14.5

PTP1B 17.8
thrombin 12.4
TYK2 13.2

Table D.3: Maximum distance between pocket protein residues and ligands observed
across all targets. Distance is calculated as the minimum atomic pair distance between
a pocket protein residue and a ligand.

Target including nonpolar excluding nonpolar
BACE 0.42 0.44
CDK2 -0.19 -0.22
JNK1 0.32 0.00
MCL1 0.47 0.41
P38 0.77 0.71

PTP1B 0.33 0.23
thrombin 0.57 0.31
TYK2 0.75 0.75

Average 0.43 0.33

Table D.4: Pearson correlation coefficients obtainedwithMBE/COSMO2 including and
excluding the nonpolar solvation component.

Target MM/GBSA VM2 SQM
BACE -0.4 0.67 0.54
CDK2 -0.53 0.88 0.77
JNK1 0.65 0.67 0.49
MCL1 0.42 0.57 0.76
P38 0.66 0.37 0.54

PTP1B 0.67 -0.11 0.73
thrombin 0.93 0.74 0.81
TYK22 0.79 0.6 0.74

Table D.5: Pearson correlation coefficients obtained using different end point meth-
ods (MM/GBSA, VM2 and SQM). Data listed here are taken directly from Refs. [55]
(MM/GBSA), [317] (VM2), [283] (SQM).
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Figure D.1: Distribution of wall times of MBE calculations. Wall times are attained
across 128 AMDMI250X GPUs.
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Figure D.2: Distribution of wall times of PBSA calculations. Wall times are attained on
a single NVIDIA A100 80 GB GPU.
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[166] B. Cordero, V. Gómez, A. E. Platero-Prats, M. Revés, J. Echeverrı́a, E. Cremades,
F. Barragán, S. Alvarez, Dalton Transactions 2008, 2832–2838.

https://doi.org/10.1109/SC41405.2020.00085


226 BIBLIOGRAPHY

[167] G. M. Barca, M. Alkan, J. L. Galvez-Vallejo, D. L. Poole, A. P. Rendell, M. S. Gor-
don, Journal of Chemical Theory and Computation 2021, 17, 7486–7503.

[168] R. Stocks, E. Palethorpe, G. M. Barca, Journal of Chemical Theory and Computation
2024, 20, 2505–2519.

[169] R. Stocks, E. Palethorpe, G.M. J. Barca, Multi-GPURI-HF Energies andAnalytic
Gradients − Towards High Throughput Ab Initio Molecular Dynamics, 2024.

[170] D. G. Fedorov, J. H. Jensen, R. C. Deka, K. Kitaura, Journal of Physical Chemistry
A 2008, 112, 11808–11816.

[171] D. G. Fedorov, L. V. Slipchenko, K. Kitaura, Journal of Physical Chemistry A 2010,
114, 8742–8753.

[172] G. M. J. Barca, C. Bertoni, L. Carrington, D. Datta, N. De Silva, J. E. Deustua,
D. G. Fedorov, J. R. Gour, A. O. Gunina, E. Guidez, T. Harville, S. Irle, J. Ivanic, K.
Kowalski, S. S. Leang, H. Li, W. Li, J. J. Lutz, I. Magoulas, J. Mato, V.Mironov, H.
Nakata, B. Q. Pham, P. Piecuch, D. Poole, S. R. Pruitt, A. P. Rendell, L. B. Roskop,
K. Ruedenberg, T. Sattasathuchana, M. W. Schmidt, J. Shen, L. Slipchenko, M.
Sosonkina, V. Sundriyal, A. Tiwari, J. L. GalvezVallejo, B.Westheimer,M.Wloch,
P. Xu, F. Zahariev,M. S. Gordon, The Journal of Chemical Physics 2020, 152, 154102.
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[304] J. Řezáč, Cuby: An integrative framework for computational chemistry, 2016.
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