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A B S T R A C T 

Many astrophysical small-scale dynamos (SSDs) amplify weak magnetic fields via highly compressible, supersonic turbulence, 
but most established SSD theories have only considered incompressible flows. To address this gap, we perform viscoresistive 
SSD simulations across a range of sonic Mach numbers ( M ), hydrodynamic Reynolds numbers ( Re ), and magnetic Prandtl 
numbers ( Pm ), focusing on the exponential growth phase. From these simulations, we develop robust measurements of the 
kinetic and magnetic energy dissipation scales ( � ν and � η, respectively), and show that � ν/� η ∼ Pm 

1 / 2 is a universal feature of 
turbulent ( Re ≥ Re crit ≈ 100), Pm ≥ 1 SSDs, regardless of M . We also measure the scale of maximum magnetic field strength 

( � p ), where we confirm that incompressible SSDs (where either M ≤ 1 or Re < Re crit ) concentrate magnetic energy at � p ∼ � η
with inversely correlated field strength and curvature. By contrast, for compressible SSDs (where M > 1 and Re ≥ Re crit ), 
shocks concentrate magnetic energy in large, o v erdense, coherent structures with � p ∼ ( � turb /� shock ) 1 / 3 � η � � η, where � shock is 
the characteristic shock width, and � turb is the outer scale of the turbulent field. When Pm < Re 2 / 3 , the shift of � p (from the 
incompressible to compressible flow regime) is large enough to mo v e the peak magnetic energy scale out of the subviscous 
range, and the plasma converges on a hierarchy of scales: � turb > � p > � shock > � ν > � η. In the compressible flow regime, more 
broadly, we also find that magnetic field-line curvature becomes nearly independent of the field strength, not because the field 

geometry has changed, but instead the field becomes locally amplified through flux-frozen compression by shocks. These results 
have implications for various astrophysical plasma environments in the early Universe, and cosmic ray transport models in the 
interstellar medium. 

Key words: dynamo – MHD – turbulence. 
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 I N T RO D U C T I O N  

.1 Setting the stage for present-day galactic magnetism 

s far as we understand, the Universe was born without magnetic
elds. This, ho we ver, stands in stark contrast with the present-day
niverse, where dynamically important magnetic fields are observed

o be ubiquitous (see Krumholz & Federrath 2019 ; Brandenburg &
tormousi 2023 , for recent re vie ws on magnetic fields in galaxies

nd their impact on star formation). While the origin of these fields
emains uncertain, two main candidates exist: phase transitions
uring inflation, which could have generated fields with strengths
anging from 10 −36 to 10 −8 G, varying on ∼ Mpc scales (Quashnock,
 E-mail: neco.kriel@anu.edu.au 

f  

U  

d
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Commons Attribution License ( https:// creativecommons.org/ licenses/ by/ 4.0/ ), whi
oeb & Spergel 1989 ; Sigl, Olinto & Jedamzik 1997 ; Kahniashvili
t al. 2013 ), and battery processes during the epoch of reionization
 z ∼ 35–6) (Biermann 1950 ; Naoz & Narayan 2013 ), which could
ave produced fields of around 10 −24 G on ∼ 10 kpc scales. 
Regardless of which mechanism seeded the first magnetic fields,

rimordial fields are believed to have decayed until the structure
ormation era at z ∼ 2 (e.g . Brandenburg et al. 2017 ; Vachaspati
021 ; Hosking & Schekochihin 2022 , 2023 ; Mtchedlidze et al. 2022 ,
023 ), by which time they would have been more than 15 orders of
agnitude weaker than the ∼ μG fields observed on ∼ kpc scales

n the Milky Way and in other nearby galaxies (e.g . Kulsrud et al.
997 ; Beck et al. 2019 ; Shah & Seta 2021 ; Lopez-Rodriguez et al.
022 ). Present-day magnetic fields therefore cannot simply be relics
rom electroweak phase transitions or battery processes in the early
niverse, and instead some mechanism must have amplified them
ramatically. 
© 2025 The Author(s). 
ty. This is an Open Access article distributed under the terms of the Creative 
ch permits unrestricted reuse, distribution, and reproduction in any medium, 

provided the original work is properly cited. 
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1 Geach et al. ( 2023 ) arrive at an upper bound for the magnetic field strength 
based on the assumption of energy equipartition between magnetic and kinetic 
energy. Ho we ver, e ven the most efficient dynamos do not reach perfect 
equipartition on all scales (e.g. Federrath et al. 2011 , 2014 ; Kriel et al. 
2022 ; Beattie et al. 2023b ). For supersonic dynamos, which are expected to 
be important in the cold molecular gas traced in 9io9 , the final saturation 
is more likely ∼ 1 per cent , which means 9io9 is more likely in a ∼ μG 

state, making it consistent with the field strengths of modern galaxies. 
2 Geach et al. ( 2023 ) estimate that the dynamo number for 9io9 is ≈ 3, 
which is lower than the critical value ≈ 7 which is required for a LSD 
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.2 Flavours of dynamo 

ynamo action is believed to be the most plausible mechanism for
mplifying primordially produced fields to the levels we observe 
n the present-day (e.g . Latif et al. 2013 ; Mtchedlidze et al. 2022 ,
023 ), and broadly describes the process by which initially weak 
agnetic fields are amplified and subsequently maintained through 

he conversion of kinetic into magnetic energy (see Rincon 2019 ; 
randenburg & Ntormousi 2023 for recent re vie ws, and Tzeferacos 
t al. 2018 ; Bott et al. 2021 , 2022 for recent laboratory experiments).
hese mechanisms are categorized either as small-scale dynamos 

SSDs) or large-scale dynamos (LSDs), determined by the scale on 
hich magnetic fields are grown relative to the fields that amplify 

hem. In the current paradigm for the origin of galactic magnetic 
elds, both SSDs and LSDs are believed to be important, but are
nderstood to play very different roles (see e.g. Bhat, Subramanian & 

randenburg 2016 ; Pakmor et al. 2017 ; Rieder & Teyssier 2017a ,
 ; Gent, Mac Low & Korpi-Lagg 2023 ; Steinwandel et al. 2023 , for
ecent works). 

.2.1 Small-scale dynamos 

SDs in the interstellar medium (ISM) of galaxies are primarily 
riven by supersonic turbulence, in turn supported by a combination 
f supernova feedback and gravitational instabilities (Krumholz & 

urkhart 2016 ; Bacchini et al. 2020 ). Starting with initially weak
primordial) seed fields, these SSDs follow roughly a three-stage 
rocess: (1) random kinetic motions (or more precisely, random 

elocity gradients) (e.g. Vainshtein & Zel’dovich 1972 ; Zel’dovich 
t al. 1984 ; Archontis, Dorch & Nordlund 2003 ) amplify magnetic
nergy exponentially fast-in-time (termed the kinematic phase); (2) 
nce magnetic fields are strong enough to impart a backreaction on 
he flow via the Lorentz force, growth slows down to polynomial- 
n-time (termed the non-linear phase; e.g. Schekochihin et al. 2004 ; 
eresnyak 2012 ; Schleicher et al. 2013 ; Xu & Lazarian 2016 ; Seta &
ederrath 2020 , see also Section 4.3 for a discussion); finally, (3) once

he magnetic field is in close equipartition with kinetic energy, the 
eld strength saturates and continues to be maintained at this level 
ia the velocity field (e.g. Schekochihin, Boldyrev & Kulsrud 2002b ; 
ho et al. 2009 ; Seta & Federrath 2021 ; Beattie et al. 2023b ). 

.2.2 Large-scale dynamos 

alactic LSDs are also capable of exponential magnetic growth o v er
Gyr time-scales, which could be driven by a mix of helical turbu-

ence (e.g. Bhat et al. 2016 ; Rincon 2021 ), potentially due in part
o galactic differential rotation/shear (e.g. Vishniac & Brandenburg 
997 ; K ̈apyl ̈a, Korpi & Brandenburg 2008 ; Squire & Bhattacharjee
015 ; Gent et al. 2023 ), or magnetic instabilities (e.g. Johansen &
evin 2008 ; Qazi et al. 2024 ). While catastrophic quenching at high
agnetic resistivity has been a concern, particularly in domains 
ith either closed or periodic boundaries, where magnetic helicity 

annot escape (see Vishniac & Cho 2001 ), this effect is believed
o be less severe than previously thought, especially in shearing 
ystems (Hubbard & Brandenburg 2012 ). Moreo v er, quenching can 
e alleviated by factors like non-conservation of helicity flux (Verma 
003 ; Sur, Shukurov & Subramanian 2007 ; Del Sordo, Guerrero &
randenburg 2013 ), as would be the case in the presence of outflows

e.g. galactic winds) and accreting flows, or with the additional 
nfluence of cosmic ray pressure (Parker 1992 ; Hanasz et al. 2004 ).
one the less, LSDs alone are not believed to be solely responsible for

mplifying primordial fields to the magnitudes we observe today, as 
hey operate much slower than the kinematic phase of SSDs (Schober
t al. 2012 ; Gent et al. 2023 ) and are less efficient in the presence of
o w resisti vity SSDs (e.g. Gent et al. 2023 ). Ho we ver, some LSDs,
ike the shear-current dynamo (Squire & Bhattacharjee 2015 ), can 
irectly feed on the turbulent magnetic fluctuations produced by 
SDs (see Brandenburg & Ntormousi 2023 , for a recent, thorough
e vie w of LSDs). 

.2.3 Dynamos in young galaxies 

upernov a-dri ven SSDs operating in the interstellar medium (ISM) 
f young, isolated Milky Way-like galaxies, have been numerically 
hown to be capable of amplifying primordial magnetic fields with 
n e-folding time of ∼ 100 Myr , reaching a saturated field strength
f 10–50 μG (corresponding to ∼ 10 per cent of equipartition with 
he kinetic energy) by z ∼ 3–2 (Rieder & Teyssier 2016 ; Pakmor
t al. 2017 ; Rieder & Teyssier 2017a ; Steinwandel et al. 2023 ; Zhou
t al. 2024 ). As these galaxies evolve and become more quiescent,
ome yet unconstrained combination of the aforementioned galactic 
echanisms creates a LSD that operates on the SSD-amplified fields, 

radually contributing to the total magnetic field amplitude and 
f ficiently de v eloping large-scale, ordered fields observ ed in present-
ay galaxies (Rieder & Teyssier 2017a ; Brandenburg & Ntormousi 
023 ; Gent et al. 2023 ). This was demonstrated by Gent et al. ( 2023 ),
here a rotation-driven LSDs was shown to be capable of amplifying

he saturated SSD energy state by a factor � 10, o v er sev eral Gyr , and
n doing so, efficiently reorganize SSD amplified magnetic fields to 
roduce large-scale, coherent structures on scales larger than where 
he SSD operates. 

Galaxy mergers are an example of systems where both an SSD
nd LSD operates in concert (Berlok & Pfrommer 2019 ; Pfrommer
t al. 2022 ). While the exact interaction between these two dynamo
rocesses largely remains an open problem, the interplay between 
he non-linear phase of the SSD and the LSD is important for
e-establishing large-scale order after temporary merger-induced 
isruption, and for redistributing kinematic SSD-amplified fields 
rom the inner regions, outward (Whittingham et al. 2021 , 2023 ).
one the less, for most of this paper, we focus on the kinematic
hase, returning briefly to the non-linear phase in Section 4.3 . 

.3 The question: does the small-scale dynamo always produce 
mall-scale magnetic fields? 

ur current paradigm for magnetogenesis has recently been chal- 
enged by the detection of � 500 μG magnetic fields ordered on
 kpc scales in a distant ( z ∼ 2 . 6) gravitationally micro-lensed galaxy
io9 (Geach et al. 2023 ), as well as ∼ kpc fields in a z ∼ 5 . 6 galaxy

Chen et al. 2024 ). While the field strength of 9io9 remains poorly
onstrained, 1 the fact that it is ordered on ∼ kpc scales poses a
roblem for the model outlined abo v e, since a LSD would not have
ad enough time to become established 2 at z ∼ 2 . 6. Moreo v er, SSDs
MNRAS 537, 2602–2629 (2025) 
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ave been traditionally thought to produce fields that are chaotic on
arge scales, only becoming ordered on the smallest scales allowed by

agnetic dissipation (e.g. Schekochihin et al. 2004 ; Kriel et al. 2022 ;
randenburg, Rogachevskii & Schober 2023 ), which are expected

o be � pc in size for ISM conditions (Marchand et al. 2016 ). A
imilar problem exists in galaxy mergers, where the rapid growth of
agnetic energy seen in simulations points to SSD action, but the
elds are correlated on ∼ kpc scales, which have been thought to be

oo large scale to be generated during the kinematic SSD phase (e.g.
odenbeck & Schleicher 2016 ; Basu et al. 2017 ; Brzycki & ZuHone
019 ; Whittingham et al. 2021 ). 
Now, the expectation that SSDs only produce small-scale fields,

tems from e xtensiv e e xplorations of SSDs in incompressible (e.g.
ubsonic) flow regimes (see seminal works by, e.g. Kazantsev
968 ; Vainshtein 1982 ; Vincenzi 2002 ; Boldyrev & Cattaneo 2004 ;
chekochihin et al. 2004 ). This e xpectation was confirmed in P aper
 of this series (Kriel et al. 2022 , herein Fundamental Scales I),
here we used direct numerical simulations (DNSs) to explore the
agnetic fields produced during the kinematic phase, and showed

hat the bulk of magnetic energy becomes concentrated at the
mallest possible scales in the incompressible problem, i.e. the
cale where magnetic fields dissipate. Given that these scales are
uch smaller than a galactic scale height, and fall within the regime
here turbulence becomes independent of the anisotropy imposed by

he galactic potential (K ̈ortgen, Pingel & Killerby-Smith 2021 ), the
resence of large-scale shear, differential rotation, or other similar
rg anized g alactic flows, does not alter this conclusion. Ho we ver,
his understanding may not fully capture the dynamics of more
ompressible environments. 

Both the first galaxies (Maio, Koopmans & Ciardi 2011 ; Man-
elker et al. 2020 ) and later galaxy mergers (Geng et al. 2012 ;
parre et al. 2022 ), are expected to host highly compressible
i.e. supersonic) turbulence. This is because the great majority of
heir mass, and a substantial fraction of their volume, consists of
ense, atomic, and molecular gas (Cox et al. 2006 ; Krumholz,
cKee & Tumlinson 2009 ; Popping, Somerville & Trager 2014 ;
andakumar & Dutta 2023 ) where rapid cooling keeps the sound

peed well below the characteristic flow velocity (Rees & Ostriker
977 ; White & Rees 1978 ; Birnboim & Dekel 2003 ; Krumholz et al.
020 ; Li et al. 2020 ). While it has been shown that supersonic flow
ecreases the efficiency of SSDs (Federrath et al. 2011 , 2014 ; Seta &
ederrath 2021 , 2022 ; Hew & Federrath 2023 ), there has to date been
o systematic study of how compressibility changes magnetic field
eometry, characteristic turbulence and dynamo scales, or structure
f the magnetic field. Given the discrepancy between the observations
nd the predictions of incompressible SSD models, there is a clear
eed for such a study. Our goal in this paper is to carefully explore
ow magnetic fields become organized during the kinematic phase
f SSDs driven by supersonic turbulence, and in turn to explore its
mplications for galaxy mergers and other phenomena that depend
n magnetic field structure, most notably new cosmic ray transport
odels relying on curvature and gyro-radii resonances (e.g. Kempski

t al. 2023 ; Lemoine 2023 ). 

.4 Structure of the paper 

he remainder of this paper is structured as follows. In Section 2
e describe the numerical simulation suite we use to develop our
NRAS 537, 2602–2629 (2025) 

o be estimated as dynamically important in Milky Way-like disc galaxies 
Ruzmaikin, Sokoloff & Shukurov 1988 ). 

h  

M  

d  

d

heoretical model for compressible SSDs. In Section 3 we present
nd interpret the simulation results, and in Section 4 we discuss the
mplications of these results for a variety of astrophysical systems.

e summarize our results and conclusions in Section 5 . 

 SIMULATING  T H E  PROBLEM  

n this study we use DNSs to explore the kinematic phase of SSDs
n plasma flows ranging from viscous to turbulent, and subsonic to
upersonic. In Section 2.1 we introduce the basic equations that we
olve, the numerical method by which we do so, and the initial
onditions for our simulations. In Section 2.2 we introduce the
ey dimensionless parameters that describe different plasma flow
egimes, and how we vary these parameters to explore different flow
roperties. In Section 2.3 , we then discuss issues of convergence. 

.1 Numerical approach 

.1.1 Solving the MHD equations 

or all the simulations in this study, we solve the compressible set
f non-ideal (viscoresistive) magnetohydrodynamical (MHD) fluid
quations, which in conserv ati ve form are 

∂ ρ

∂ t 
+ ∇ · ( ρu ) = 0 , (1) 

∂ ρu 

∂ t 
+ ∇ ·

[
ρu ⊗ u − 1 

4 π
b ⊗ b 

+ 

(
c 2 s ρ + 

b 2 

8 π

)
I − 2 νρS 

]
= ρ f , (2) 

∂ b 
∂ t 

− ∇ × ( u × b − η j ) = 0 , (3) 

 · b = 0 , (4) 

or an isothermal plasma evolving o v er a uniformly discretized,
ubic-domain � ( x ,y ,z) ∈ [0 , � box ], with triply periodic boundary condi-
ions. Here we use constant (in both space and time) kinematic shear
iscosity and Ohmic resistivity, parametrized by the coefficients ν
nd η, respectively, in combination with an external forcing field
f , to achie ve flo ws with desired plasma numbers (see Section 2.2
or details). The remaining quantities in the equations are the gas
ensity ρ, the gas velocity u , the sound speed c s , the current density

j = ∇ × b / (4 π ), and the magnetic field b = b 0 + δb , which has
ean field b 0 , and fluctuating (turbulent) field δb components.
inally, our viscosity model is based on the traceless strain rate

ensor, S , where 

 = 

1 

2 
( ∇ ⊗ u + ( ∇ ⊗ u ) T ) − 1 

3 
( ∇ · u ) I , (5) 

nd ⊗ is the tensor product ∇ ⊗ u ≡ ∂ i u j . 
We solve equations ( 1 )–( 4 ) with a modified version of the finite-

olume FLASH code (Fryxell et al. 2000 ; Dubey, Reid & Fisher 2008 ),
mploying a second-order conserv ati v e MUSCL-Hancock 5-wav e
pproximate Riemann solver, described in Bouchut, Klingenberg &
aagan ( 2007 , 2010 ), and implemented into FLASH by Waagan,

ederrath & Klingenberg ( 2011 ), who showed that it possesses
xcellent stability properties for highly supersonic MHD flows, with
mpro v ed efficienc y and stability compared with Roe-type solv ers.
ince our primary interest lies in studying the effects of shocks (a
allmark of supersonic flows), this solver proves highly suitable.
oreo v er, we utilize the parabolic divergence-cleaning method

escribed by Marder ( 1987 ) to enforce that ∇ · b = 0 modes are
iffused away. 



Supersonic small-scale dynamos 2605 

2

A
s  

c  

i
v  

n
v
W
(  

t  

t  

k  

u  

δ  

W  

n  

fl
n  

e

2

I
p
fl
a  

s

2

F
(  

e
U
S  

r  

t
∇  

a  

A  

t  

s
s  

n
e  

o
fi
a  

z  

k  

T
fi

t

 

t  

n

M

W  

0  

i  

w  

f
(
i  

(  

a  

o  

s  

i  

s  

F

2

T
t

R

w
v

t
(  

p
t
l
t
e
s
t
I

 

m
r

3 From the density dispersion-Mach relation we expect M = 0 . 3 fields driven 
by solenoidal forcing to have ≈ 10 per cent fluctuations in the density 
field (Padoan, Jones & Nordlund 1997 ; Passot & V ́azquez-Semadeni 2003 ; 
Federrath, Klessen & Schmidt 2008 ; Federrath et al. 2010 ; Price, Federrath & 

Brunt 2010 ; Gerrard et al. 2023 ). 
4 Velocity gradients reflect local deformation rates and energy dissipation, 
where larger, more intermittent gradients indicating turbulence, and con- 
versely, smaller, more uniform gradients suggest viscous flow (Schumacher 
et al. 2014 ). 
5 In turbulence theory, naming conventions originally inspired by Kol- 
mogorov ( 1941 ), primarily apply to incompressible ( M � 1) flows. In 
these flows, the time-derivative of the average kinetic energy ∂ t 

[ 〈 E kin 〉 V 
] = 

0 . 5 〈 ρ〉 V ∂ t 
[〈

u 2 
〉
V 

] ∼ ∂ t 
[〈

u 2 
〉
V 

]
, assuming that density fields are roughly 

constant in time, while velocity fields vary in time. However, for highly 
compressible ( M � 1) flows, these conventions need to be adjusted to 
account for the time variation in both ρ and u , as well as their covariance. As 
a result, � ν represents the characteristic dissipation scale of kinetic energy, 
not just the velocity field. 
6 While � ν is the characteristic viscous scale, where kinetic fluctuations 
transition from inertial dominated to viscous dominated, there are in fact a 
whole range of scales � � � ν o v er which dissipation takes place (e.g. Frisch & 

Vergassola 1991 ; Chen et al. 1993 ). These dissipation scales have also been 
shown to be directly affected by the degree of intermittency of velocity 
gradient fluctuations (e.g. Schumacher 2007 ). 
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.1.2 Initial conditions 

ll our simulations use a dimensionless unit system where the 
imulation box size � box = 1, mean density ρ0 = 1, the sound speed
 s = 1, and magnetic fields are measured in units of ρ1 / 2 

0 c s = 1. We
nitialize every simulation with uniform density ρ = ρ0 = 1, zero 
elocity u = 0 , and zero mean magnetic field b 0 = 0 . Since there is
o mean magnetic field, and magnetic flux through the simulation 
olume is conserved, only a fluctuating component can exist, b = δb . 
e initialize this fluctuating component with a spectral distribution 

using TURBGEN ; Federrath et al. 2022 ) that is non-zero only o v er
he wavenumber range 1 ≤ k� box / 2 π ≤ 3, with a parabolic profile
hat peaks at k� box / 2 π = 2, and goes to zero at k� box / 2 π = 1 and
� box / 2 π = 3. Here, the isotropic wavenumber k is defined as per
sual: k ≡ 2 π/� . We choose the amplitude of this initial parabolic
b profile such that the plasma–β ≡ p th /p mag = 8 πc 2 s ρ0 /b 

2 = 10 10 .
e note that the exact configuration of the initial seed δb field is

ot important, because it is quickly forgotten by the Mark ovian-lik e
ow dynamics, and has been shown to not affect the amplification 
or the final saturation of the dynamo (Seta & Federrath 2020 ; Bott
t al. 2022 ; Beattie et al. 2023b ). 

.2 Important dimensionless numbers and flow regimes 

n this study we explore 34 different simulation configurations, each 
arametrized by a set of dimensionless numbers that characterize the 
ow and plasma regimes. Here we introduce each of these numbers, 
s well as the range of values o v er which we vary them, before
ummarizing our full set of simulations in Table 1 . 

.2.1 Sonic Mach number 

or all our simulations we produce an isotropic, smoothly varying 
in time and space) acceleration field via the forcing term, f , in
quation ( 2 ), which is modelled with a generalization of the Ornstein–
hlenbeck process in wa venumber -space (Eswaran & Pope 1988 ; 
chmidt, Hillebrandt & Niemeyer 2006 ; Schmidt et al. 2009 ; Feder-
ath et al. 2010 ; Federrath et al. 2022 ) using TURBGEN . We choose
o drive the acceleration field with purely solenoidal modes, i.e. 
 · f = 0, because they produce motions that are the most efficient

t amplifying magnetic energy (Federrath et al. 2011 , 2014 ; Martins
fonso, Mitra & Vincenzi 2019 ; Chirakkara et al. 2021 ), and tune

he amplitude of f in each of our simulations to achieve a root-mean-
quared (rms) gas velocity dispersion, 〈 u 〉 1 / 2 V , on the driving (outer) 
cale, � turb , that lies within 5 per cent of our desired value, u turb ; the
otation 〈 q 〉 V indicates the volume average of quantity q over the 
ntire simulation domain V ≡ � 3 box . We choose � turb = � box / 2 for all
f our simulations to maximize the scale separation between velocity 
elds and the small-scale magnetic fields they generate, which we 
chie ve by dri ving f with a parabolic power spectrum that is non-
ero only o v er the wav enumber range 1 ≤ k� box / 2 π ≤ 3, peaking at
� box / 2 π = 2, and falling to zero at k� box / 2 π = 1 and k� box / 2 π = 3.
he corresponding autocorrelation time of f , and hence the velocity 
eld, is 

 turb ∼ � turb 

u turb 
= 

2 π

k turb u turb 
. (6) 

Even though c s = 1 in our simulations, it is convenient to express
he flow velocity relative to the sound speed, i.e. the sonic Mach
umber 

 ≡ u turb 

c 
. (7) 
s 
e run simulations spanning a wide range of M , with M =
 . 3 , 1 , 5, and 10. To get a baseline for how the plasma behaves
n the absence of compressible effects, we first run 11 simulations
ith M = 0 . 3, where incompressibility in the probability density

unction (PDF) of M values in V holds up to 3-sigma fluctuations 3 

assuming Gaussianity). This is the regime we previously explored 
n Fundamental Scales I, and is rele v ant for studying Kolmogorov
 1941 )-like turbulence. In addition to these simulations, we also run
 set of four trans-sonic simulations, M = 1, but then turn most of
ur attention towards the supersonic flow regime, where we run 16
imulations with M = 5 and three simulations with M = 10. Here,
n the highly compressible ( M � 1) flow regime, one expects to
ee Burgers ( 1948 )-like turbulence (see for example Federrath 2013 ;
ederrath et al. 2021 ). 

.2.2 Hydrodynamic Reynolds number 

he second dimensionless parameter that characterizes our simula- 
ions is the hydrodynamic Reynolds number 

e ≡ ‖∇ · ( ρu ⊗ u ) ‖ 
‖∇ · (2 νρS ) ‖ ∼ u turb � turb 

ν
, (8) 

hich describes the relative importance of inertial compared to 
iscous forces in a flow; here ‖ . . . ‖ is the 2-norm. 
In Fundamental Scales I, we identified Re crit ≈ 100 as a critical 

hreshold for Re during the kinematic phase, separating viscous 
 Re < Re crit ) from turbulent ( Re ≥ Re crit ) flows, with several flow
roperties changing across this boundary. Abo v e this threshold, 
he flow becomes more turbulent, leading to intermittent ve- 
ocity fluctuations 4 (super-Gaussian kurtosis), while flows below 

his value show sub-Gaussian kurtosis. Similarly, the kinetic en- 
rgy 5 dissipation (viscous) scale 6 follows the theoretically expected 
caling � ν ∼ Re 3 / 4 (Kolmogorov 1941 ) for turbulent flows, and 
hen scales as � ν ∼ Re 3 / 8 for viscous flows (Fundamental Scales 
). 

Based on this, we explore 10 ≤ Re < 3000, where we run
ost of our simulations with Re ≥ Re crit (in the turbulent 

egime), and dedicate a small portion of our simulations to 10 ≤
MNRAS 537, 2602–2629 (2025) 
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Table 1. Main simulation parameters and derived quantities. 

Sim. ID Re Rm Pm νt turb /� 
2 
turb ηt turb /� 

2 
turb M γ t turb 

(
E mag 
E kin 

)
sat 

k ν/k box k η/k box k p /k box Extra N res 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) 

M = 0 . 3 
M 0.3Re500p.m.1 500 500 1 3 . 0 × 10 −4 3 . 0 × 10 −4 0 . 30 ± 0 . 01 0 . 42 ± 0 . 01 0 . 14 ± 0 . 03 23 . 9 ± 0 . 5 13 ± 1 4 ± 1 –
M 0.3Re100p.m.5 100 500 5 1 . 5 × 10 −3 3 . 0 × 10 −4 0 . 30 ± 0 . 02 0 . 48 ± 0 . 01 0 . 36 ± 0 . 06 8 . 4 ± 0 . 2 9 ± 1 4 ± 1 –
M 0.3Re50p.m.10 50 500 10 3 . 0 × 10 −3 3 . 0 × 10 −4 0 . 30 ± 0 . 02 0 . 46 ± 0 . 01 0 . 4 ± 0 . 1 5 . 8 ± 0 . 2 9 ± 1 4 ± 1 –
M 0.3Re10p.m.50 10 500 50 1 . 5 × 10 −2 3 . 0 × 10 −4 0 . 29 ± 0 . 02 0 . 40 ± 0 . 01 0 . 05 ± 0 . 06 3 . 0 ± 0 . 1 9 ± 1 4 ± 1 –
M 0.3Re3000p.m.1 3000 3000 1 5 . 0 × 10 −5 5 . 0 × 10 −5 0 . 29 ± 0 . 01 0 . 76 ± 0 . 01 0 . 32 ± 0 . 04 75 . 5 ± 1 . 3 41 ± 1 16 ± 1 576 
M 0.3Re600p.m.5 600 3000 5 2 . 5 × 10 −4 5 . 0 × 10 −5 0 . 31 ± 0 . 01 1 . 00 ± 0 . 01 0 . 43 ± 0 . 05 27 . 7 ± 0 . 6 30 ± 1 10 ± 1 576 
M 0.3Re300p.m.10 300 3000 10 5 . 0 × 10 −4 5 . 0 × 10 −5 0 . 30 ± 0 . 01 0 . 93 ± 0 . 01 0 . 7 ± 0 . 1 16 . 7 ± 0 . 3 22 ± 1 8 ± 1 –
M 0.3Re100p.m.30 100 3000 30 1 . 5 × 10 −3 5 . 0 × 10 −5 0 . 30 ± 0 . 01 0 . 76 ± 0 . 01 0 . 9 ± 0 . 2 8 . 4 ± 0 . 2 20 ± 1 8 ± 1 –
M 0.3Re24Pm125 24 3000 125 6 . 3 × 10 −3 5 . 0 × 10 −5 0 . 31 ± 0 . 02 0 . 83 ± 0 . 01 1 . 6 ± 0 . 3 4 . 2 ± 0 . 1 16 ± 1 7 ± 1 –
M 0.3Re10p.m.300 10 3000 300 1 . 5 × 10 −2 5 . 0 × 10 −5 0 . 30 ± 0 . 02 0 . 79 ± 0 . 01 2 . 4 ± 0 . 4 3 . 0 ± 0 . 1 14 ± 1 7 ± 1 –
M 0.3Re2000p.m.5 2000 10 000 5 7 . 0 × 10 −5 1 . 0 × 10 −5 0 . 29 ± 0 . 01 1 . 34 ± 0 . 01 0 . 36 ± 0 . 04 70 . 6 ± 1 . 0 80 ± 1 26 ± 1 576 , 1152 

M = 1 
M 1Re3000p.m.1 3000 3000 1 1 . 7 × 10 −4 1 . 7 × 10 −4 0 . 97 ± 0 . 04 0 . 59 ± 0 . 01 0 . 18 ± 0 . 03 78 . 0 ± 1 . 3 38 ± 1 13 ± 1 576 
M 1Re600p.m.5 600 3000 5 8 . 5 × 10 −4 1 . 7 × 10 −4 1 . 02 ± 0 . 03 0 . 72 ± 0 . 01 0 . 40 ± 0 . 05 30 . 7 ± 0 . 9 27 ± 1 8 ± 1 576 
M 1Re300p.m.10 300 3000 10 1 . 7 × 10 −3 1 . 7 × 10 −4 1 . 04 ± 0 . 04 0 . 78 ± 0 . 01 0 . 45 ± 0 . 08 18 . 9 ± 0 . 8 22 ± 1 8 ± 1 –
M 1Re24Pm125 24 3000 125 2 . 1 × 10 −2 1 . 7 × 10 −4 1 . 04 ± 0 . 06 0 . 83 ± 0 . 01 1 . 1 ± 0 . 2 4 . 4 ± 0 . 1 16 ± 1 8 ± 1 –

M = 5 
M 5Re10p.m.25 10 250 25 2 . 5 × 10 −1 1 . 0 × 10 −2 5 . 1 ± 0 . 3 0 . 43 ± 0 . 01 0 . 14 ± 0 . 05 3 . 2 ± 0 . 1 7 ± 1 3 ± 1 576 
M 5Re10p.m.50 10 500 50 2 . 5 × 10 −1 5 . 0 × 10 −3 5 . 1 ± 0 . 3 0 . 64 ± 0 . 01 0 . 26 ± 0 . 06 3 . 2 ± 0 . 1 9 ± 1 4 ± 1 576 
M 5Re10p.m.125 10 1250 125 2 . 5 × 10 −1 2 . 0 × 10 −3 5 . 0 ± 0 . 3 0 . 77 ± 0 . 01 0 . 29 ± 0 . 04 3 . 2 ± 0 . 1 13 ± 1 6 ± 1 576 
M 5Re10p.m.250 10 2500 250 2 . 5 × 10 −1 1 . 0 × 10 −3 5 . 0 ± 0 . 3 0 . 81 ± 0 . 01 0 . 40 ± 0 . 07 3 . 2 ± 0 . 1 16 ± 1 9 ± 1 576 
M 5Re500p.m.1 500 500 1 5 . 0 × 10 −3 5 . 0 × 10 −3 5 . 1 ± 0 . 3 0 . 19 ± 0 . 01 0 . 01 ± 0 . 01 37 . 5 ± 0 . 7 16 ± 4 3 ± 1 –
M 5Re500p.m.2 500 1000 2 5 . 0 × 10 −3 2 . 5 × 10 −3 5 . 2 ± 0 . 3 0 . 34 ± 0 . 01 0 . 04 ± 0 . 01 37 . 8 ± 0 . 7 21 ± 3 4 ± 2 –
M 5Re500p.m.4 500 2000 4 5 . 0 × 10 −3 1 . 3 × 10 −3 5 . 1 ± 0 . 3 0 . 42 ± 0 . 01 0 . 06 ± 0 . 01 37 . 6 ± 0 . 7 25 ± 2 4 ± 2 –
M 5Re3000p.m.1 3000 3000 1 8 . 3 × 10 −4 8 . 3 × 10 −4 5 . 1 ± 0 . 2 0 . 35 ± 0 . 01 0 . 03 ± 0 . 01 101 . 5 ± 1 . 2 46 ± 5 5 ± 2 576 
M 5Re1500p.m.2 1500 3000 2 1 . 7 × 10 −3 8 . 3 × 10 −4 5 . 1 ± 0 . 3 0 . 37 ± 0 . 01 0 . 05 ± 0 . 01 80 . 8 ± 1 . 2 41 ± 3 4 ± 2 576 
M 5Re600p.m.5 600 3000 5 4 . 2 × 10 −3 8 . 3 × 10 −4 5 . 0 ± 0 . 2 0 . 44 ± 0 . 01 0 . 07 ± 0 . 01 43 . 9 ± 0 . 8 34 ± 3 4 ± 1 576 
M 5Re300p.m.10 300 3000 10 8 . 3 × 10 −3 8 . 3 × 10 −4 5 . 1 ± 0 . 3 0 . 50 ± 0 . 01 0 . 11 ± 0 . 04 27 . 0 ± 0 . 6 25 ± 2 5 ± 1 –
M 5Re120p.m.25 120 3000 25 2 . 1 × 10 −2 8 . 3 × 10 −4 5 . 0 ± 0 . 3 0 . 57 ± 0 . 01 0 . 13 ± 0 . 01 14 . 3 ± 0 . 4 25 ± 1 7 ± 1 576 
M 5Re60p.m.50 60 3000 50 4 . 2 × 10 −2 8 . 3 × 10 −4 4 . 9 ± 0 . 3 0 . 72 ± 0 . 01 0 . 25 ± 0 . 03 9 . 0 ± 0 . 3 23 ± 1 7 ± 1 576 
M 5Re24Pm125 24 3000 125 1 . 0 × 10 −1 8 . 3 × 10 −4 4 . 9 ± 0 . 3 0 . 76 ± 0 . 01 0 . 38 ± 0 . 09 5 . 0 ± 0 . 2 19 ± 1 8 ± 1 576 
M 5Re12p.m.250 12 3000 250 2 . 1 × 10 −1 8 . 3 × 10 −4 4 . 8 ± 0 . 3 0 . 72 ± 0 . 01 0 . 42 ± 0 . 06 3 . 4 ± 0 . 1 17 ± 1 8 ± 1 576 
M 5Re2000p.m.5 2000 10 000 5 1 . 3 × 10 −3 2 . 5 × 10 −4 4 . 9 ± 0 . 3 0 . 49 ± 0 . 01 0 . 09 ± 0 . 02 104 . 2 ± 1 . 5 71 ± 3 9 ± 2 576 , 1152 

M = 10 
M 10Re3000p.m.1 3000 3000 1 1 . 7 × 10 −3 1 . 7 × 10 −3 9 . 6 ± 0 . 5 0 . 44 ± 0 . 01 0 . 02 ± 0 . 01 98 . 5 ± 1 . 7 53 ± 4 5 ± 2 576 
M 10Re600p.m.5 600 3000 5 8 . 3 × 10 −3 1 . 7 × 10 −3 9 . 8 ± 0 . 5 0 . 55 ± 0 . 01 0 . 05 ± 0 . 01 45 . 5 ± 0 . 8 37 ± 2 6 ± 1 576 
M 10Re300p.m.10 300 3000 10 1 . 7 × 10 −2 1 . 7 × 10 −3 10 . 1 ± 0 . 5 0 . 65 ± 0 . 01 0 . 07 ± 0 . 02 28 . 5 ± 0 . 6 26 ± 2 6 ± 2 –

Notes. Column 1: unique simulation ID. Column 2: the hydrodynamic Reynolds number (equation 8 ). Column 3: the magnetic Reynolds number (equation 9 ). 
Column 4: the magnetic Prandtl number (equation 10 ). Columns 5 and 6: the kinematic viscosity (in equation 2 ) and magnetic resistivity (in equation 3 ) 
expressed in units of the turb ulent turnover -time ( t turb ), and the driving scale ( � turb ). Column 7: the turbulent sonic Mach number ( M = u turb /c s ), where c s is 
the speed of sound. Column 8: the exponential growth rate of the volume-integrated magnetic energy ( E mag ) during the exponential-growth (kinematic) phase of 
the small-scale dynamo (SSD), in units of t turb . Column 9: the ratio of the volume-integrated magnetic to kinetic energy ( E kin ) in the saturated state of the SSD. 
Columns 10–12: the characteristic kinetic dissipation wavenumber ( k ν ; see Section 3.3.1 ), magnetic dissipation wavenumber ( k η; see Section 3.3.2 ), and peak 
scale of the magnetic energy power spectrum ( k p ; see Section 3.3.3 ) during the kinematic phase. Note, all scales are expressed in units of k box = � box / (2 π ). 
Column 13: extra grid resolutions that were explored in addition to the default N res ∈ { 18 , 36 , 72 , 144 , 288 } (see Section 2.3 for details). 
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e < Re crit , to explore the transitional regime towards viscous
ows. 

.2.3 Magnetic Prandtl number 

ur final two dimensionless numbers 7 are the magnetic Reynolds
umber and the magnetic Prandtl number. The magnetic Reynolds
NRAS 537, 2602–2629 (2025) 

 Instead of parametrizing our flows with respect to the dimensionless Alfv ́enic 
ach number ( M A ), we follow SSD conventions, and use the magnetic- 

o-kinetic energy ratio ( E mag /E kin ). In purely fluctuation plasmas, these 

wo quantities are directly related: M A = (4 πρ) 1 / 2 
〈
u 2 

〉1 / 2 
V / 

〈
b 2 

〉1 / 2 
V = 

m  

(
s
E

umber is defined as 

m ≡ ‖∇ × ( u × b ) ‖ 
‖ η∇ × j ‖ ∼ u turb � turb 

η
, (9) 

hich, analogously to the hydrodynamic Reynolds number, charac-
erizes the relative importance of magnetic induction compared with

agnetic (Ohmic) dissipation. The magnetic Prandtl number is then
 E mag /E kin ) −1 / 2 . Thus, we choose E mag /E kin as our measure for the 
ignificance of Lorentz forces in the flow, where, during the kinematic phase, 
 mag /E kin � 1, meaning M A � 1 and Lorentz forces are negligible. 
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iven by 

m ≡ Rm 

Re 
∼ ν

η
, (10) 

nd it characterizes the relative strength of the magnetic and kinetic 
nergy dissipation. In collisional plasmas, Pm is an intrinsic property 
f the plasma itself, unlike Re and Rm , which depend on the flow
roperties (i.e. � turb and u turb ). In our simulations, we choose values
f 1 ≤ Pm ≤ 300 to explore plasma regimes rele v ant for most of
he gas in the ISM, with a focus on Pm > 1 scenarios. Ho we ver,
esolution constraints prevent us from exploring turbulent flows 
ith large Pm . Regardless, in all cases, the characteristic kinetic 

nd magnetic energy ( � η) dissipation scales are organized such that
 ν ≥ � η. 

Now, during the kinematic phase of subsonic, Pm > 1 SSDs, there 
xist well-established theoretical predictions for the relationships 
etween key MHD length scales: � turb , � ν , � η, and the scale � p where
agnetic fields are strongest. Schekochihin et al. ( 2002b , 2004 )

redicted – and Fundamental Scales I and Brandenburg et al. ( 2023 )
onfirmed numerically – that magnetic energy becomes strongest 
n the smallest scales allowed by magnetic dissipation, yielding an 
rdering of scales � p ∼ � η ∼ � ν Pm 

−1 / 2 . One of the primary goals of
ur study is to test whether this hierarchy also holds in the supersonic
egime. 

.2.4 Choice of simulation parameters 

he discussion of dimensionless numbers abo v e moti v ates our choice
f simulation parameters. To determine the scaling behaviour of � η
nd � p in compressible flows, we first run a set of eight simulations
ith Rm = 3000, where we vary 1 ≤ Pm ≤ 300 while keeping M =
. To isolate the role of compressibility, we then also run a subset
f these simulations with M = 0 . 3 , 1, and 10. Next, we run three
e = 500, M = 5 simulations, with Pm = 1 , 2, and 4, and four
e = 10, M = 5 simulations with 25 ≤ Pm ≤ 250. Then, to explore

he transition from turbulent to viscous flows, we run a set of four
 = 0 . 3 simulations, where we fix Rm = 500 and vary 1 ≤ Pm ≤

0. Finally, we run two simulations with Re = 2000 and Pm = 5
which gives Rm = 10 000), with M = 0 . 3 and 5, respectively, to
onfirm that our findings in both the subsonic and supersonic regimes 
old in the high- Rm limit. 
We summarize our full set of simulations in Table 1 , adopt-

ng a naming convention whereby each simulation is labelled 
 MMM Re RRR Pm PPP . Here, MMM , RRR , and PPP give the numer-

cal values of the sonic Mach number, hydrodynamic Reynolds 
umber, and magnetic Prandtl number, respectiv ely. F or e xample, 
 5 Re 600 Pm 5 corresponds with a simulation where M = 5 . 0,

e = 600, and Pm = 5. 

.3 Numerical conv er gence in time and resolution 

o ensure well-sampled statistics, we run all of our simulations for a
uration of t = 100 t turb (i.e. 100 autocorrelation times of the forcing
eld), which we show extends well beyond the kinematic phase and 

nto the saturated state of the dynamo for all of our simulations. We
lso collect data every t = 0 . 1 t turb to ensure well-sampled temporal
tatistics. 

To ensure convergence with regard to spatial resolution, we sys- 
ematically run each of our simulation setups at progressively higher 
esolution, until our measurements of key characteristic scales: � ν , 
 η, and � p converge. All our simulations use a uniform, cubic grid of
 

3 
res cells, where we test for convergence by carrying out simulations
t resolutions N res = 18 , 36 , 72 , 144, and 288, and then for a subset
f our simulations, we also run at higher resolutions of N res = 576,
152 as required (we indicate these simulations in column 13 of
able 1 ); we defer a discussion of how we assess convergence to
ection 3.4 . 

 RESULTS  

efore we detail our methods for characterizing field structures in 
ur simulations, we first confirm that we measure dynamo growth 
or all our simulations in Section 3.1 . We also discuss the effect
f compressibility on the efficiency of the dynamo, and define how
e isolate the time-range corresponding with the kinematic phase. 
hen, in Section 3.2 , we compare magnetic field morphologies in

he subsonic and supersonic regimes, which moti v ates our methods
or measuring characteristic MHD scales described in Section 3.3 . 

e e v aluate convergence in Section 3.4 , and then analyse trends of
converged) characteristic scales in Sections 3.5 and 3.6 . 

.1 Simulation phases 

n Fig. 1 we plot the time evolution of the rms M and volume-
ntegrated ratio of magnetic to kinetic energy, 

 ratio ≡ E mag 

E kin 
= 

∫ 
V 

b 2 / (8 π ) d V ∫ 
V 

ρu 

2 / 2 d V 

(11) 

or two representative simulations, M 0.3 Re 600 Pm 5 in purple and
 5 Re 600 Pm 5 in yellow. These runs have identical plasma numbers,

e = 600 with Pm = 5, but differ in M . In both simulations shown,
nd in fact for all our simulations (see Table 1 ), we identify four
istinct phases: a transient phase at the start of the simulation,
mmediately followed by the exponential-growth (kinematic), linear- 
rowth, and finally, saturated dynamo phase. 
The transient phase roughly spans 0 ≤ t/t turb ≤ 5, and may be a
ixture of the time it takes for our imposed forcing field to accelerate

he plasma into a fully developed (statistically stationary) turbulent 
tate, or the so-called diffusion-free regime, where the magnetic 
eld itself mo v es do wn to the resisti ve scale (Schekochihin et al.
002b ). During this initial phase, the magnetic field reorganizes 
tself out of its initial configuration, and in the case of subsonic
urbulence, into a self-similar configuration that has most of its 
nergy concentrated on the smallest scales (e.g. Fundamental Scales 
 and Beattie et al. 2023b ). Ho we ver, we do not focus on this initial,
otentially diffusion-free phase, and instead mo v e directly to the
lassical kinematic stage, which is the focus of this study. 

Once the magnetic field progresses past the initial transient state, 
e see the onset of the kinematic phase. Here, E mag grows exponen-

ially fast, amplifying the magnetic energy by more than seven orders
f magnitude, until it reaches ∼ 10 per cent of the kinetic energy. 
e measure the growth rate, γ , of magnetic energy during this phase

y fitting each simulation with an exponential model, E mag ( t) ∼
xp ( γ t), o v er the time range 5 t turb ≤ t ≤ t end , where t end is implicitly
efined as the time when E ratio ( t end ) = 10 −2 . For the two simulations
hown, namely M 0.3 Re 600 Pm 5 and M 5 Re 600 Pm 5, we measure
rowth rates γ = (1 . 00 ± 0 . 01) t −1 

turb and γ = (0 . 44 ± 0 . 01) t −1 
turb , and

eport the measured γ for all of our simulations in column 8 of
able 1 . Inspection of these values support the idea that at fixed
e and Pm , γ is generally lower in supersonic compared with 

ubsonic SSDs (see e.g. Federrath et al. 2011 ; Schober et al. 2012 ;
ederrath et al. 2014 ; Chirakkara et al. 2021 , for more detailed
MNRAS 537, 2602–2629 (2025) 
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Figure 1. Time evolution of the root-mean-squared sonic Mach number ( M ; 
top panel) and the ratio of the volume-integrated magnetic to kinetic energy 
( E mag /E kin ; bottom panel) for M 0.3 Re 600 Pm 5 (purple) and M 5 Re 600 Pm 5 
(yellow). Both plasmas have Re = 600 > Re crit ≈ 100 and Pm = 5, but 
M = 0 . 3 and 5, respectively. We indicate four distinct phases in the 
simulations: (1) a transient phase where the turbulent velocity field becomes 
fully established (grey shaded region); (2) a kinematic phase when the 
magnetic field grows exponentially in time (black solid lines show fits of 
an exponential model); (3) a linear-growth phase that begins once magnetic 
fields are strong enough to suppress some of the kinetic motions (dashed 
black lines in the inset panel show linear fits); (4) a saturated phase that 
begins once the magnetic energy is close to equipartition with the kinetic 
energy (dotted horizontal lines). We report the measured exponential growth 
rate, and saturated energy ratio for each of our simulation setups in columns 
(8) and (9) of Table 1 , respectively. 
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nalysis on this effect). During this (kinematic) phase we also
onfirm that M remains statistically stationary, and within 5 per cent
f our desired value for all our simulations; M = 0 . 31 ± 0 . 01
or M 0.3 Re 600 Pm 5, and M = 5 . 0 ± 0 . 2 for M 5 Re 600 Pm 5 (see
olumn 7 of Table 1 for all other simulations). 

Following the kinematic phase, the magnetic energy growth
ransitions from an exponential-in-time process to a linear-in-time
or secular) process for both M < 1 and M ≥ 1 SSDs. To illustrate
his, we plot E ratio for our two representative simulations on a linear–
inear scale in the inset axis of the bottom panel in Fig. 1 . Here,
or our M ≥ 1 SSDs, we do not find a transition into quadratic
rowth, as has been suggested should be the case by Schleicher
t al. ( 2013 ). Moreo v er, as was the case in the kinematic phase,
e find that the growth rate in the linear-growth phase is lower

or the supersonic, i.e. M 5 Re 600 Pm 5, compared with the subsonic,
.e. M 0.3 Re 600 Pm 5, SSDs, which is not directly predicted by any
inear growth model based on the energy flux of the hydrodynamical
ascade (Xu & Lazarian 2016 ; St-Onge et al. 2020 ; Beattie et al.
023a , e.g.). Interestingly, for all of our simulations we find that
NRAS 537, 2602–2629 (2025) 
he duration of the kinematic and linear-growth phases are roughly
qual. While the duration of the kinematic phase decreases (as the
xponential growth rate increases) with plasma numbers (i.e. Re and
m ), the duration of the linear-growth phase also decreases by a
roportional amount. 
Finally, once the magnetic energy approaches equipartition with

he kinetic energy, the energy ratio saturates, and is maintained
hereafter at a nearly constant value by the forcing field; this
efines the saturated phase. We measure ( E ratio ) sat = 0 . 43 ± 0 . 05 and
 . 07 ± 0 . 01 for M 0.3 Re 600 Pm 5 and M 5 Re 600 Pm 5, respectively,
nd report this ratio for all simulations in column 9 of Table 1 . Again,
hese values are generally smaller in the supersonic compared with
ubsonic regimes. 

.2 Magnetic structures 

ow that we have confirmed we observe SSD growth in all of our
imulations, we turn our attention to field morphologies that are
roduced during the kinematic phase. In Fig. 2 we plot 2D field slices
or six simulations from Table 1 (with the two simulations in Fig. 1
lotted in the two middle column-panels). All slices are taken from
he middle of the simulation domain, ( x , y , z = � box / 2), at a time
ealization midway through the kinematic phase, viz. (5 + t end ) / 2,
here t end is defined as in the previous section. The top and bottom

ow panels show slices for simulations in two different M regimes,
here the top ro w sho ws subsonic simulations with M = 0 . 3, and

he bottom row shows supersonic simulations with M = 5. For all
imulations in this figure, we keep Rm = 3000 fixed, and vary Pm
and thereby Re , or more explicitly 8 ν) between the columns. 

In the left column we show two simulations in the viscous-flow
egime, where Re = 24 < Re crit , in the middle column we show
ildly turbulent flows, Re = 600 � Re crit , and the right column we

how highly turbulent flows, Re = 3000 � Re crit . In each panel we
lot u 

2 /u 

2 
rms in blue, b 2 /b 2 rms in red, and ρ/ρrms contours in black,

here we have normalized both the velocity and magnetic fields
y their rms values to reveal the underlying structure. Note that we
runcate the magnetic energy colourbar to only show regions where
 

2 /b 2 rms > 0 . 5, so that the weak-field regions are not shown (i.e.
ransparent). 

Qualitatively, the top row of Fig. 2 showcases how the distribution
f magnetic energy in subsonic plasmas shifts from being primarily
resent in large-scale structures in viscous flows (top-left panel),
o smaller scale structures in turbulent flows (top-right panel). This
ystematic transition is characteristic of subsonic SSDs during the
inematic phase, where magnetic fields become stretched, folded,
nd ultimately organized with most of their energy concentrated at
he smallest available scales allowed by Ohmic dissipation. 

This is understood to be the result of viscous-scale kinetic
uctuations that most rapidly stretch the magnetic field, giving rise

o subviscous magnetic structures that are relatively straight, and
ecome increasingly interspersed with regions of field reversals on
maller scales. Kazantsev ( 1968 ) showed that the eigenfunction of
he induction equation during the kinematic phase of a subsonic SSD,
ssuming a balance between field stretching and diffusion, leads to
 � −3 / 2 self-similar scaling of magnetic energy that concentrates
nergy at the resistive scale. Schekochihin et al. ( 2004 ) further
redicted that the scale on which the magnetic field becomes
ominated by dissipation is determined by the balance of the viscous-
cale stretching rate and magnetic dissipation rate (more on this in
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Figure 2. 2D slices of u 2 /u 2 rms (blue), b 2 /b 2 rms (red), and ρ/ρrms (black contours) fields for six different simulations at N res = 576, spanning a range of 
plasma regimes. Note that the colourbar for b 2 /b 2 rms is transparent for values b 2 /b 2 rms < 0 . 5, so regions of low magnetic energy density are not visible. The six 
simulations shown are M 0.3 Re 24 Pm 125, M 0.3 Re 600 Pm 5, and M 0.3 Re 3000 Pm 1 in the top row, and M 5 Re 24 Pm 125, M 5 Re 600 Pm 5, and M 5 Re 3000 Pm 1 
in the bottom row, respectively, where all simulations have Rm = 3000, with Pm (and therefore also Re ) changing, and velocity flows are subsonic ( M = 0 . 3) 
in the top row, and supersonic ( M = 5) in the bottom row. We see that in the viscous flow regime ( Re < Re crit ≈ 100; left column), both the subsonic 
and supersonic simulations produce similar, large-scale magnetic structures. Moving towards the turbulent regime ( Re � Re crit ; middle and right columns), 
structures that carry most of the magnetic field energy live on significantly smaller scales compared with the viscous regime. In the subsonic regime (top row), 
magnetic fields are more uniformly distributed and space-filling, occupying even smaller scales than in the corresponding supersonic simulations (bottom row). 
In the supersonic simulations, magnetic fields are concentrated in high-density shocked regions bounded by sharp jumps in the velocity magnitude, with an 
almost constant characteristic length of approximately � turb , and shock width � shock decreasing with increasing Re . 
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ection 3.5.2 ), which yields � p ∼ � η ∼ � ν Pm 

−1 / 2 . In Fundamental 
cales I we confirmed this predicted scaling using DNSs of subsonic
SDs with resolved physical dissipation, and also measured power- 

a w e xponents of the magnetic energy that was consistent with � −3 / 2 .
Our subsonic simulations (e.g. top row of Fig. 2 ) once again align

ith this picture. Here we see that as Re increases and � ν ∼ Re −3 / 4 

hifts to smaller scales, the flow becomes increasingly more turbu- 
ent, supporting smaller scale kinetic fluctuations. These turbulent 

otions give rise to magnetic structures that are significantly smaller 
cale than the kinetic motions, via the process we described abo v e.
or constant Re subsonic plasmas, one also expects to see smaller 
cale magnetic structures emerge, since � p ∼ Rm 

1 / 2 , ho we ver, here
ur choice to highlight simulations where Rm = 3000 is fixed, is to
emonstrate the effect of viscosity, which will become important in 
ection 3.6 . 
Now, in the supersonic regime (bottom row of Fig. 2 ), we

bserve the magnetic morphology converge on a completely different 
onfiguration in the transition from viscous to turbulent plasmas. 

hile both the subsonic and supersonic plasmas shown in the viscous 
egime (left column) have similar large-scale magnetic structures, the 
ighly turbulent plasmas (right column) produce distinctively differ- 
nt energy distribution patterns. The turbulent, subsonic plasma (top- 
MNRAS 537, 2602–2629 (2025) 
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ight panel) produces significantly smaller scale magnetic energy
tructures compared with the turbulent, supersonic plasma (bottom-
ight panel), where magnetic energy becomes primarily concentrated
n elongated, coherent, shocked regions of gas, as illustrated by the
ightly packed density contours that coincide with the boundaries of
lasma regions where the magnetic energy is strongest. 
Embedded within these shocked structures, we still observe sub-

tructures that appear to have field correlations similar to the subsonic
lasma. Ho we ver, in addition to the smallest scale field structures
ssociated with magnetic dissipation, we now see the emergence
f another , larger , scale in the magnetic energy distribution, which
ppears to be associated with shocks. This scale appears to vary
cross the supersonic simulations, despite all the supersonic runs
eing forced on the same scale and with the same strength ( k turb = 2
nd M = 5). This suggests that the location of the second scale
epends not just on turbulent driving, but also on the viscoresistive
roperties of the plasma. 
While there exist a number of systematic studies of the volume-

veraged SSD properties (e.g. growth rate and saturated energy
atio) across this transition in the supersonic regime (see for example
ederrath et al. 2011 ; Chirakkara et al. 2021 ), a direct, systematic
tudy of the underlying magnetic field properties has yet to be
erformed, and therefore we focus on this aspect for the remainder
f this study. 

.3 Measuring characteristic scales from energy spectra 

o understand the differences in magnetic field characteristic scales
hat we saw visually in the previous section, we now quantify
hree key characteristic scales: the size of viscous fluctuations ( � ν),
hich most dominantly drive SSD amplification during the kinematic
hase of subsonic SSDs; the resistive scale ( � η), where Ohmic
issipation becomes significant; and the scale where magnetic energy
s concentrated ( � p ). By establishing a relationship between these
cales and plasma parameters (e.g. M , Re , and Pm ), we aim to
ompare and contrast subsonic and supersonic plasma SSDs, thereby
hedding light on how amplification differs in supersonic SSDs
ompared with their subsonic counterparts. 

Since the flows we are studying are homogeneous and isotropic, we
tudy characteristic scales in Fourier space, where length scales and
avenumbers are directly related ( k ≡ 2 π/� ). In Fundamental Scales

, we measured characteristic wavenumbers from our simulations by
tting semi-analytical models for the kinetic ( E kin ( k)) and magnetic
 E mag ( k)) energy spectra. These spectra were derived from 1D shell-
ntegrated power spectra calculated from our simulations in the usual
ay of summing the total power in discrete, radial shells in k-space.
ore explicitly, the energy spectrum of field ψ is computed as 

 ψ ( k, t) = 

∑ 

k ∗< ‖ k ‖ <k ∗+ �k ∗
4 πk 2 ˜ ψ ( k , t) ˜ ψ 

∗( k , t) , (12) 

here we choose to bin in integer k -bins ( k ∗ ∈ Z 

+ : k ∗ �= 0) sepa-
ated by �k ∗ = 1, and 

˜ 
 ( k , t ) = 

1 

(2 π� box ) 3 / 2 

∫ 
V 

ψ ( � , t ) exp ( −i k · � ) d 3 � (13) 

s the Fourier transform of ψ ( � , t ), with ˜ ψ 

∗( k , t ) its complex
onjugate. 

We also attempted this approach for this study, but found that the
xisting functional models for both energy spectra fail to reliably
easure characteristic scales in our supersonic simulations, espe-

ially in lower resolution runs, which were necessary to perform our
esolution study. Two main issues arose: (1) due to the limited inertial
NRAS 537, 2602–2629 (2025) 
ange for our low- Re simulations, we could not ef fecti vely constrain
 ν ; (2) supersonic simulations had a broader energy spectrum than
he subsonic simulations, which was not well-fit by the functional
orm we had used in Fundamental Scales I (i.e. the E mag ( k) model
riginally derived by Kulsrud & Anderson ( 1992 ) for a magnetic
eld coupled to a delta-correlated in time velocity field during the
inematic phase of a subsonic, Pm � 1 SSD). Furthermore, at very
igh- Re , as shown in Beattie et al. ( 2024 ), if there are break scales
n the spectrum it is not obvious what the dissipation scales should
e if derived directly from a fit. 
Prompted by these challenges, we develop new and simpler,

pectral model-free methods for measuring k ν , k η, and k p , based
n the underlying turbulence and fluid physics theory, which we
pply to all our simulations, and demonstrate yields robust results
or all plasma and flow regimes. 

.3.1 Characteristic viscous wavenumber 

e define the viscous wavenumber, k ν , directly from the definition
n Kolmogorov turbulence, i.e. the wavenumber where the scale-
ependent hydrodynamic Reynolds number equals one, Re ( k ν) = 1.
his scale marks the transition from inertial forces dominating in the

urbulent cascade, k turb < k < k ν , to dissipation dominating at k ν <

. Hence, to measure k ν , we construct the wa venumber -dependent
ydrodynamic Reynolds number, 

e ( k , t) = 

u turb ( k , t) 

νk 
, (14) 

hich follows from the turbulent velocity as a function of k, 

 turb ( k, t) = 

(
2 

ρ0 

∫ ∞ 

k 

E kin ( k 
′ , t) d k ′ 

)1 / 2 

. (15) 

n practice we solve for k ν from our simulations using a root finding
ethod, 

 ν( t) = argmin k 
[ 
I 
{ 

∣∣∣Re ( k, t) − 1 
∣∣∣} ] 

, (16) 

here | . . . | is the absolute operator, I[ . . . ] is a piecewise cubic
olynomial (spline) interpolation operator, as performed in Beattie
t al. ( 2023b ), and argmin k [ h ( k)] returns the argument k which
inimizes the function h ( k). For each of our simulations, we e v aluate

quation ( 16 ) at each time-snapshot during the kinematic phase. 
While equation ( 16 ) provides a simple way of extracting the

iscous wavenumber from E kin ( k), there remains the question of
hich field, ψ , to Fourier transform in the supersonic regime.
hen ψ = u / 

√ 

2 in equation ( 13 ), then E kin ( k) is the velocity
ower spectrum, which leads equation ( 14 ) to carry the same units
s the usual definition of the hydrodynamic Reynolds number.
or incompressible flows, this approach is directly proportional to

he kinetic energy spectrum, because the density field is constant.
o we v er, this v elocity power spectrum definition for E kin ( k) ignores

he covariance between the density field and the square velocity field,
.e. 

〈
ρu 

2 
〉
V / 2 (see footnote 5), as well as fluctuations in the density

eld, which for compressible, isothermal plasmas are a factor of
 larger than velocity fluctuations (this factor follows from a unit

nalysis of the ideal-hydrodynamic momentum equation in steady
tate). Beattie & Federrath ( 2020 ) showed that the density spectrum
ecomes dominated by high- k modes that can lead to large pressure
radients, which mediate the exchange of kinetic and internal energy
see for example Federrath et al. 2010 ; Federrath 2013 ; Schmidt &
rete 2019 ; Grete, O’Shea & Beckwith 2021 , 2023 ). Therefore, we

lso check whether density fluctuations affect our measurements of
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Figure 3. Normalized and time-averaged (over the kinematic phase) kinetic 
energy spectrum ( ̂  E kin ( k); top panel) constructed with ψ = u / 

√ 

2 in equa- 
tion ( 13 ), for the M 0.3 Re 600 Pm 5 (purple) and M 0.3 Re 600 Pm 5 (yellow) 
simulations run at N res = 576. The solid lines show the 50th percentile of 
the ̂ E kin ( k) spectrum o v er all snapshots during this phase, and the bands 
show the 16th to 84th percentile variance of ̂ E kin ( k). We also plot the 
wa venumber -dependent hydrodynamic Reynolds number [ Re ( k) computed 
via equation ( 14 ); bottom panel]. From Re ( k) we measure a characteris- 
tic kinetic energy dissipation (viscous) wavenumber [ k ν : Re ( k ν ) = 1 via 
equation ( 16 )], which we annotate with vertical lines for both simulations 
in the top and bottom panels. For reference, we also plot ̂ E kin ( k) ∼ k −5 / 3 

and ̂ E kin ( k) ∼ k −2 in the top panel, which corresponds with the expected 
inertial range scaling of Kolmogorov ( 1941 ) and Burgers ( 1948 ) kinetic 
energy spectra, respectively. 
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Figure 4. As in Fig. 3 , but for the current density power spectra [ ̂  E cur ( k); 
top panel] and magnetic energy spectrum [ ̂  E mag ( k); bottom panel] for 
M 0.3 Re 600 Pm 5 and M 5 Re 600 Pm 5. We annotate the measured charac- 
teristic magnetic dissipation (resistive) wavenumber in the top panel, [ k η; 
equation ( 17 )], and the magnetic peak wavenumber [ k p ; equation ( 18 )], in 

the bottom panel. We also annotate ̂ E mag ( k) ∼ k 3 / 2 for reference, which 
is the expected scaling of E mag ( k) in the subviscous range during the 
kinematic phase of a subsonic SSD (Kazantsev 1968 ; Schekochihin et al. 
2002a ). 
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 ν , by also considering the definition for E kin which carries the units
f kinetic energy, namely with ψ = u 

√ 

ρ/ 2 (see e.g. Federrath et al. 
010 ; Grete et al. 2021 , 2023 ). 
Here, in the main text, we focus on k ν derived from equation ( 14 )

onstructed with ψ = u / 
√ 

2 , which we demonstrate in Fig. 3 for
he same two representative simulations shown in Fig. 1 , namely 

 0.3 Re 600 Pm 5 and M 5 Re 600 Pm 5. Then, in Appendix A , we
emonstrate that regardless of the choice of definition for E kin ( k),
hether based on Re ( k) having dimensionless units (i.e. constructed 
ith ψ = u / 

√ 

2 ), or choosing ψ = u 

√ 

ρ/ 2 such that E kin ( k) carries
nits of kinetic energy, we reco v er the same scaling behaviour for
 ν , and thus the choice of definition for E kin does not affect any of
he conclusions presented in our study. 

.3.2 Characteristic resistive wavenumber 

hile our approach of defining k ν in terms of the wa venumber -
ependent hydrodynamic Reynolds number performs well, we find 
hat an analogous approach to defining the resistive wavenumber in 
erms of the spectrum of Rm yields results that are inconsistent with 
hose derived from early methods (Kulsrud & Anderson 1992 ; Kriel 
t al. 2022 ; Brandenburg et al. 2023 ); see Appendix B for details. For
his reason, we adopt a different approach. Recognizing that, since 
e employ Ohmic dissipation in the induction equation (equation 3 ),

he magnetic dissipation rate at any point in space is exactly equal
o ηj 2 . On this basis we define the resistive wavenumber as the
avenumber of maximum j 2 ( k), corresponding to the maximum 

agnetic dissipation (since η is a constant). Explicitly, we define 
 η as the value of k corresponding to the maximum of the 1D
hell-integrated current density spectrum (which has units of current 
ensity squared), E cur ( k), which is defined similarly to E kin ( k) in
ection 3.3.1 , but for the field ψ = ∇ × b / (4 π ). 
In practice we implement this as 

 η( t) = argmax k 
[ 
I 
{ 

E cur ( k, t) 
} ] 

, (17) 

here I{ . . . } is defined as in equation ( 16 ), and argmax k [ h ( k)]
eturns the argument k which maximizes h ( k). As with k ν , we
ompute this quantity for every snapshot during the kinematic phase. 
e illustrate this procedure in the top panel of Fig. 4 , where in

nalogy with the top panel of Fig. 3 , we plot the normalized and time-
v eraged (o v er the kinematic phase) E cur for our two representativ e
imulations, with the corresponding measured resistive wavenum- 
ers k η indicated with vertical bands. 

.3.3 Peak magnetic wavenumber 

inally, we define the magnetic peak wavenumber as the maximum 

f E mag ( k), defined similarly to the current density power spectra but
MNRAS 537, 2602–2629 (2025) 
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Figure 5. Measured viscous ( k ν ; top panel), resistive ( k η; middle panel), and 
magnetic peak ( k p ; bottom panel) wavenumbers plotted against linear grid 
resolution for M 0.3 Re 600 Pm 5 (magenta) and M 5 Re 600 Pm 5 (yellow) as 
circles, indicating the 1-sigma standard deviation in the temporal variation 
of each scale with error bars. We o v erlay a best fit of our convergence 
model (equation 19 ), to each set of wavenumbers to measure characteristic 
wavenumbers that hav e conv erged with resolution. We report the converged 
k ν , k η , and k p for each of our simulations in columns (10)–(12) of Table 1 , 
respectively. 
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ith ψ = b / 8 π . Explicitly, 

 p ( t) = argmax k 
[ 
I 
{ 

E mag ( k, t) 
} ] 

. (18) 

e illustrate E mag ( k) and k p for our two representative simulations
n the bottom panel of Fig. 4 . In Appendix C we point out that, while
he magnetic correlation wavenumber is directly proportional to peak
avenumber during the kinematic phase of a subsonic (both viscous

nd turbulent) SSD (Schekochihin et al. 2004 ; Galishniko va, K unz &
chekochihin 2022 ; Beattie et al. 2023b ), this scaling breaks down
or supersonic, turbulent SSDs. 

.4 Conv er gence of measured wavenumbers 

s previously discussed in Section 2.3 , we ensure that all the
haracteristic wavenumbers we measure from our different sim-
lation setups are converged with respect to the grid resolution
 res . We do this by running each simulation setup in Table 1

cross a wide range of N res , measuring our three wavenumbers of
nterest, k scale ∈ { k ν, k η, k p } in the kinematic phase, and then fitting a
eneralized logistic model of the functional form 

 scale ( N res ) = k scale ( ∞ ) 

( 

1 − exp 

{ 

−
(

N res 

N res , crit 

)R 
} ) 

, (19) 

o the resolution-dependent wavenumbers. The parameters in our
ts are k scale ( ∞ ), which represents the converged ( N res → ∞ ) value
f each wavenumber { k ν, k η, k p } , the rate of convergence R, and the
ritical resolution N res , crit at which characterizes the resolution where
onv ergence be gins. 

As discussed in Section 2.3 , we start by running each simulation
onfiguration across N res = 18 − 288, separated by factors of 2, and
hen we fit those data for N res , crit . If we find that our best-fitting value
f N res , crit is larger than 288, or that our data does not yield a fit
or N res , crit with reasonable uncertainty, we rerun that setup at the
igher resolution N res = 576. We then repeat the convergence test,
oubling the resolution until we obtain a well-constrained value of
 res , crit , such that our highest resolution run for each setup satisfies
ax [ { N res } ] > N res , crit . 
In Fig. 5 we plot the resolution ( N res ) dependent k ν , k η, and k p ,

nd our best fits to these wavenumbers, for our two representative
imulations. Broadly, for both simulations, we find evidence of
onvergence at N res ≈ 576, but since k ν , k η, and k p may all exist on
ifferent scales, one would expect the convergence properties of each
avenumber to be different, since small-scale (high- k) structures are

xpected to require higher resolution to converge than larger-scale
low- k) structures. This is what we find. For M 0.3 Re 600 Pm 5 we find
 ν be gins to conv erge at N res , crit = 43 . 0 ± 2 . 2, while k η and k p begin
onverging at N res , crit = 190 . 4 ± 20 . 2 and N res , crit = 117 . 2 ± 40 . 0,
espectively. This is expected, since we are operating in the Pm ≥ 1
egime where magnetic structures are smaller scale than velocity
tructures, viz. k ν < k η ∼ k p , and therefore require a higher grid
esolution to resolve. By contrast, for M 5 Re 600 Pm 5, we find that
 ν shows convergence at N res , crit = 79 . 4 ± 4 . 6, whereas k η requires
 res , crit = 173 . 5 ± 40 . 7 and k p requires N res , crit = 20 . 6 ± 18 . 3. Com-

aring the subsonic and supersonic cases, it is noteworthy that
 η shows similar convergence beha viour, b ut that k p converges
t significantly lower grid resolution, consistent with the visual
ifferences in size-scale visible in Fig. 2 . 
We report the converged values k scale ( ∞ ) (extrapolated to infinite

esolution) for all our simulations in columns 10–12 of Table 1 , and
se this in all of our analysis that follows, but for compactness
rom this point on (and in the header of Table 1 ) we drop the
NRAS 537, 2602–2629 (2025) 
otation ( ∞ ). We also report the measured N res , crit and R for all three
eriv ed characteristic wav enumbers, from each of our simulations,
n Table D1 . These fits are based on using all data up to the highest
esolution we have run for each simulation configuration. 

.5 Where does kinetic and magnetic energy dissipate? 

ow that we have obtained converged dissipation wavenumbers, we
re prepared to explore how these scales depend on the dimensionless
lasma parameters M , Re , and Pm . In the kinematic phase of the
ynamo, where magnetic fields are subdominant on all scales, we
xpect the separation between k turb and k ν (i.e. the inertial range)
o depend only on the velocity field properties (i.e. Re ), and the
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Figure 6. In the left panel we plot the scale separation between the converged kinetic dissipation wavenumber ( k ν ) and the external forcing wavenumber 
( k turb = 2) as a function of the hydrodynamic Reynolds number ( Re ) for each simulation setup in Table 1 . In the right panel we also compare the scale separation 
between the converged magnetic and kinetic dissipation wavenumbers ( k η/k ν ) against the magnetic Prandtl number ( Pm ). Points are coloured by M , where 
M = 0 . 3 simulations are coloured magenta, M = 1 are coloured white, M = 5 are coloured yellow, and M = 10 are coloured black. To guide the eye in the 
left panel, we fit theoretical scalings of k ν in different flow regimes: k ν ∼ Re 2 / 3 to supersonic ( M > 1) simulations (solid yellow line; expected for Burgers 
1948 turbulence), k ν ∼ Re 3 / 4 to the turbulent ( Re ≥ Re crit ≈ 100) subset of trans- and subsonic ( M ≤ 1) simulations (dashed magenta line; expected for 
Kolmogorov 1941 turbulence), and k ν ∼ Re 3 / 8 to viscous ( Re < Re crit ), trans- and subsonic velocity fields (dotted magenta line; see Fundamental Scales I). In 
the right panel we plot viscous simulations ( Re < Re crit ) as circles, and turbulent simulations ( Re ≥ Re crit ) as diamonds. We also fit a k η/k ν ∼ Pm 

1 / 2 scaling 
to the full data set (solid blue line), the supersonic simulations (dashed yellow line), and the turbulent subset of the trans- and subsonic simulations (dashed 
magenta line). Finally, we also fit a general power-law model to the viscous subset of trans- and subsonic simulations, and reco v er a fit (dotted magenta line) that 
is consistent with our findings in Fundamental Scales I, where the range of subviscous scales has a shallower dependence on Pm than in the turbulent regime. 
We report all fitted parameters and their 1-sigma uncertainties in their respective labels. 
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9 Brandenburg et al. ( 2023 ), for example, recognized this simplification and 
e xplicitly remo v ed the Lorentz force from the momentum conservation 
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eparation between k ν and k η (i.e. the subviscous range) to be a
unction of only Pm . The exact relationship between these dissipation 
cales and the principal plasma parameters should change between 
he subsonic and supersonic regimes, an effect we explore in Fig. 6 .
ere we plot k ν/k turb against Re in the left panel and k η/k ν against
m in the right panel, in both cases colour-coding the simulations by 
 . 

.5.1 Viscous scaling (inertial range) 

e first consider the scaling behaviour of k ν , and its dependence on
e (left hand panel of Fig. 6 ). Here, for our turbulent ( Re � Re crit ),

ubsonic ( M = 0 . 3; plotted in yellow) and trans-sonic ( M = 1;
lotted in white) simulations, we reco v er k ν/k turb ∼ Re 3 / 4 as ex-
ected for Kolmogorov ( 1941 ) turbulence where E kin ( k) ∼ k −5 / 3 .
his is the same scaling behaviour we had previously demonstrated 

n Fundamental Scales I using our previous methods, and now, here, 
e confirm that our new method (equation 16 ) reco v ers the same

caling in the same flow regime. This scaling has also been exten-
ively demonstrated in both numerical simulations (Yeung & Zhou 
997 ; Schumacher 2007 ; Schumacher et al. 2014 ) and laboratory
xperiments (Barenblatt, Chorin & Prostokishin 1997 ), and reflects 
he conservation of energy flux through the self-similar, inertial 
ascade, with dissipation only becoming significant at the viscous 
cale. 

For our viscous ( Re < Re crit ), trans- and subsonic ( M ≤ 1)
imulations, we reco v er k ν/k turb ∼ Re 3 / 8 = ( Re 3 / 4 ) 1 / 2 . This result
gain agrees with our previous findings in Fundamental Scales I, 
here we had found that viscous, subsonic flows have sub-Gaussian 
elocity gradients. These gradients reflect a lack of intense, localized 
issipation events, characteristic of more stable, laminar-like flow 

egimes (e.g. Schumacher 2007 ; Schumacher et al. 2014 ), where
nergy cascade is less efficient compared with Kolmogorov ( 1941 )
urbulence. 

Finally, for our supersonic ( M = 5 and 10) simulations we
easure k ν/k turb ∼ Re 2 / 3 , which corresponds with Burgers ( 1948 )

urbulence where E kin ( k) ∼ k −2 (Schober et al. 2012 ; Federrath et al.
021 ). This scaling of k ν sits intermediate between that expected 
or Kolmogorov ( 1941 ) turbulence and the scaling for a viscous,
ubsonic velocity field (Fundamental Scales I). It reflects shock- 
ominated energy transfer, where dissipation occurs on all inertial 
cales, unlike in Kolmogorov ( 1941 ) turbulence, where dissipation 
nly occurs on and below the viscous scale. 
To summarize these three regimes, we find 

k ν

k turb 
∼

⎧ ⎨ ⎩ 

Re 3 / 8 , M ≤ 1 , Re < Re crit , 

Re 3 / 4 , M ≤ 1 , Re ≥ Re crit , 

Re 2 / 3 , M > 1 . 
(20) 

The fact that during the kinematic phase of our SSD simulations,
e have, in all cases, reco v ered well-known viscous scaling results

or purely hydrodynamic turbulence, is not surprising, since during 
he kinematic phase E mag ( k) � E kin ( k) for all k [see Beattie et al.
023b for the subsonic E mag ( k ) /E kin ( k ) functions showing this],
nd therefore the magnetic field e x erts a ne gligible Lorentz force. 9 
MNRAS 537, 2602–2629 (2025) 



2614 N. Kriel et al. 

M

T  

h  

t  

e  

s  

s

3

N  

c  

s  

d  

s  

m  

e  

p  

i  

w  

a
 

t  

t  

o  

F  

a  

t  

u  

e  

(

�

w
 

s  

a  

k  

t  

A  

s  

n  

f  

a  

c
ν  

b  

t  

i  

e  

r
 

i  

i  

i  

f  

k  

e
p

(  

b  

s  

p  

t  

g  

t

3

I  

s  

w  

n  

s  

a  

s  

c  

o  

t  

a
 

o  

d  

w  

t  

S  

n  

2  

i  

s  

e  

2  

i
a  

f  

o
 

m  

t  

k  

s  

t  

p  

a  

m  

o  

d  

c  

t  

e  

R  

2  

M  

(  

e  

l

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/537/3/2602/7994432 by D
a-C

ollect C
hifley Library AN

U
C

 user on 04 August 2025
hus equation ( 2 ) becomes independent of b , and approximately
ydrodynamical. Once b is strong enough (as the SSD process
ransitions into the linear-growth and saturated phases), we do not
xpect these dissipation scalings to persist, but measuring these
calings in the other growth regimes is beyond the scope of this
tudy. 

.5.2 Resistive scaling (subviscous range) 

ext, in the right hand panel of Fig. 6 we consider the subvis-
ous range of scales ( k ν < k < k η), and determine how the scale-
eparation between k η and k ν depends upon Pm . This is the most
irect way to test whether, even in supersonic flows, the smallest
cale kinetic fluctuations are responsible for amplifying (shearing)
agnetic fields (see Section 2.2.3 for details). And in fact, we find

vidence that the size of the subviscous range of scales is directly
roportional to Pm 

1 / 2 in the turbulent, subsonic regime, as well as
n the supersonic flow re gime. Howev er, as in Fundamental Scales I,
e find that this scaling does not appear to hold in the viscous, trans-

nd subsonic flow regimes. 
Now, perhaps this is not completely unexpected, because the

heoretical expectation that k η ∼ k ν Pm 

1 / 2 follows from arguments
hat do not make any assumption about the underlying flow properties
f the velocity field (i.e. if the flow is subsonic or supersonic).
 or e xample, Schekochihin et al. ( 2002b ) predicted this scaling by
ssuming that viscous-scale fluctuations most dominantly amplify
he magnetic field, with characteristic shearing (or stretching) rate
 ν/� ν ; where u ν is the velocity on scale � ν . Balancing this rate of
nergy injection (into the magnetic field) with the rate of magnetic
Ohmic) dissipation, η/� 2 η, rearranges to give 

 η ∼
(

η � ν

u ν

)1 / 2 

= 

(
� 2 ν

η

ν

ν

� νu ν

)1 / 2 

∼ � ν Pm 

−1 / 2 ; (21) 

here � ν ∼ ν/u ν follows from a straightforward unit analysis. 
Here, the key assumption is the existence of a characteristic viscous

cale, where shearing occurs fastest, while the fluctuations still carry
 significant amount of energy. For simple plasma flows in the
inematic SSD phase, where there is a single turbulent cascade,
his corresponds with the smallest scale in the turbulent cascade.
t smaller scales, fluctuations may induce shearing on faster time-

cales, but their energy dissipates to the point where they contribute
egligibly to magnetic amplification. The nature of the energy trans-
er process that leads to the viscous scale is also not important, as long
s the concept of a viscous scale – below which the kinetic energy
ascade dissolves – remains meaningful. Moreover, the relation � ν ∼
/u ν , derived from dimensional considerations, represents a general
alance between viscous forces and inertial effects. Therefore, while
he model of Schekochihin et al. ( 2002b ) draws upon concepts
nspired by Kolmogorov ( 1941 )-like turbulence, its applicability also
 xtends be yond, as we hav e shown, for e xample, to the supersonic
egime. 

On this basis, we conclude that k η ∼ k ν Pm 

1 / 2 is a universal scaling
n the kinematic phase of turbulent ( Re ≥ Re crit ), Pm ≥ 1 SSDs,
nvariant to the presence of shocks (i.e. M ). This result supports the
dea that the smallest (viscous) fluctuations are al w ays responsible
or converting kinetic into magnetic energy, regardless of whether the
inetic energy cascade follows a Burgers ( 1948 )-like or Kolmogorov
NRAS 537, 2602–2629 (2025) 

quation, thereby allowing them to indefinitely explore the kinematic SSD 

hase, as the plasma has no means to become aware of the magnetic field. 

(  

r  

d  

w  
 1941 )-like behaviour. Ho we ver, we find that the scale separation
etween k ν and k η is generally larger for subsonic compared with
upersonic flo ws (e videnced by larger fitted coef ficients in the right
anel of Fig. 6 ). This aligns with previous works which have shown
hat turbulent, subsonic flows are more efficient at driving SSD
rowth than their supersonic counterparts, even for plasmas with
he same Pm (Schober et al. 2012 ). 

.6 What sets the scale where magnetic energy peaks? 

n Fig. 7 we plot the wavenumber where the magnetic energy
pectrum peaks ( k p ), and compare it with the characteristic resistive
avenumber ( k η), for all of our simulations. As in Fig. 2 , we again
otice an interesting dichotomy between the subsonic and supersonic
imulations, with the scaling of k p derived from the M ≤ 1 (sub-
nd trans-sonic) behaving differently to the M > 1 (supersonic)
imulations. To make this difference between these two flow regimes
lear, we introduce a new colouring criteria for all our simulations,
ne where we colour all the M ≤ 1 simulations white, and colour
he M > 1 simulations based on a colour map that we will discuss
nd moti v ate belo w. 

Before we mo v e to the supersonic simulations, we again verify that
ur new methods for measuring k p and k η are robust and reliable. To
emonstrate this, we highlight that we find k p = (0 . 40 ± 0 . 06) k η,
hich reco v ers k p ∼ k η for our M ≤ 1 subset of SSD simula-

ions (white points). This is a well known theoretical result (e.g.
chekochihin et al. 2002b ), which was confirmed in previous
umerical simulations (Fundamental Scales I; Brandenburg et al.
023 ), and tells us that in the kinematic phase of (even approximately)
ncompressible SSDs, magnetic energy becomes concentrated at the
mallest scales allowed by magnetic dissipation (e.g. Schekochihin
t al. 2002b ; Xu & Lazarian 2016 ; Kriel et al. 2022 ; Brandenburg et al.
023 ). Now, notice that the 0 . 40 ± 0 . 06 constant of proportionality
n this relation is dependent upon the models used to measure k p 
nd k η, and therefore expectantly, it is different from the 1 . 2 ± 0 . 2
ound in Fundamental Scales I (see Section 3.3 for a discussion on
ur choice of new models for k η and k p ). 
The behaviour of k p for supersonic SSDs during the kine-
atic phase is dramatically different from the subsonic scaling,

hough. While a portion of our M > 1 simulations follow the same
 p ∼ k η scaling as the subsonic cases, the rest deviate significantly to
maller wavenumbers, viz. k p < k η. To develop an intuition for why
his happens, we briefly turn our attention back to the bottom row
anels in Fig. 2 , which show runs M 5 Re 24 Pm 125, M 5 Re 600 Pm 5,
nd M 5 Re 3000 Pm 1, respectively. In M 5 Re 3000 Pm 1, for example,
agnetic energy (red) seems to be preferentially concentrated inside

f shocked regions of gas, where there are large jumps in the
ensity field (black contours), that have previously been shown to be
oherent up to k turb (and even beyond, depending upon how strong
he magnetic field is; Beattie & Federrath 2020 ; Beattie et al. 2021 ),
v en though the y fill v ery little of the volume (e.g. Hopkins 2013 ;
obertson & Goldreich 2018 ; Mocz & Burkhart 2019 ; Beattie et al.
022 ). Based on k p , shocks do not seem to be present in
 5 Re 24 Pm 125, where, even though the velocity dispersion is large

 u turb � 5 c s ), the kinetic energy diffusion coefficient, ν, is large
nough to dissipate supersonic velocities before they form shocks. A
ikely criteria for this effect is that the shock lifetime, t shock ∼ �/u turb 

which is a fraction of the sound crossing time across the shocked
egion, �/c s ; Robertson & Goldreich 2018 ), is shorter than the
iffusion time-scale, t ν ∼ � 2 ν/ν. When this condition is met, shocks,
hich naturally occur at scales larger than the viscous fluctuations,
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Figur e 7. Conver ged magnetic peak wav enumber ( k p ), plotted against the conv erged characteristic magnetic dissipation wav enumber ( k η), for each simulation 
setup in Table 1 . In the main panel, we plot sub- and trans-sonic simulations with white circles, and in both (main as well as inset) panels, we plot supersonic 
simulations with diamonds that are coloured based on the reciprocal of our characteristic shock width model [ k shock ; see equation ( 26 )]. To provide further 
insights into the supersonic dynamics, we add an inset panel where we focus on a subset of the supersonic simulations. In this inset, we plot the set of M = 5 
simulations where Rm = 3000 is fixed, and Re is changed via ν. In both panels, we also annotate the same k p ∼ k η fit in black, indicating the 1-sigma standard 
deviation of k p /k η in the M ≤ 1 subset of points, using a grey coloured band in the main panel. 
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re able to create and sustain large-scale structure in the magnetic 
eld faster than the viscosity diffuses them away, and generates 
ubviscous scale magnetic structure. 

.6.1 The role of isotropic hydrodynamic shocks 

ur supersonic simulations appear to support a hypothesis that, when 
hocks are present, � p approaches a value much larger than � η, which
epends somehow on the typical width of shocks, � shock . To test
his conjecture, we estimate � shock from the quasi-equilibrium state 
f the momentum equation, omitting the magnetic terms because 
he Lorentz force is unimportant in the kinematic phase, even 
n shocked regions [ E mag ( k ) /E kin ( k ) � 1 , for all k; Beattie et al.
023b ], and e xcluding e xternal forcing, but not setting viscosity or
he sound speed to zero (e.g. not going to the pressureless, Burgers’
quation limit, ∇P / M 

2 → 0 as M → ∞ ), namely, 

 · ( ρu ⊗ u + c 2 s ρI − 2 νρS ) = 0 . (22) 
t
ince shocks are generated isotropically in our supersonic turbulent 
imulations, we simplify equation ( 22 ) by considering a single
haracteristic shock travelling in 1D (adopting the usual convention 
hat x < 0 and x > 0 are the up and down stream directions,
espectively; see Fig. 8 for a schematic of this setup). It follows
hat 

d 

d x 

[
ρu 

2 + c 2 s ρ − 4 νρ

3 

d u 

d x 

]
= 0 . (23) 

he quantity in square brackets represents the momentum flux, which 
emains constant (conserved) across the shock. Since the velocity 
radient vanishes far up stream of the shock, i.e. d u/ d x → 0 as x →
∞ , the momentum flux there must be ρ0 u 

2 
0 + c 2 s ρ0 , where subscript

 indicates quantities in the far up stream region. Conservation of
ass flux further implies that ρu = ρ0 u 0 = const , which allows us to
rite position-dependent quantities (without subscripts), in terms of 

he upstream values. Making use of these relationships, we integrate 
MNRAS 537, 2602–2629 (2025) 
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M

Figure 8. Schematic of a 1D velocity shock, in the reference frame of the 
shock: the up stream material ( x < 0), with up stream sonic Mach number, 
M 0 , approaches the shock located at x = 0 with a velocity u . 
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Figure 9. For each of our M > 1 simulations we compare k p /k η with 
the reciprocal of our model for the shock aspect ratio [ k shock /k turb via 
equation ( 26 )] plotted as green diamonds. We annotate the scaling relation 
k p /k η = ( k shock /k turb ) −1 / 3 with a solid line, and the measured average 
k p /k η = 0 . 40 ± 0 . 06 from the M ≤ 1 simulations with a dashed line. 
We also indicate the 1-sigma standard deviation in the M ≤ 1 subset of 
k p /k η points with a grey band, and annotate k shock /k turb = 10 2 with a 
vertical dotted line. We find that the scale-separation between k p and k η
for the supersonic transitions from incompressible ( k shock /k turb < 10 2 ) to 
compressible ( k shock /k turb > 10 2 ) scaling behaviour when the aspect ratio 
of filamentary shocks becomes large [captured by equation ( 26 ) when 
M � 1 and Re � Re crit ≈ 100; k shock /k turb ∼ 10 2 ]. This is because, in the 
compressible regime, supersonic flows support and become dominated by 
shocks, where flux-frozen magnetic fields become compressed by shocks into 
larger scale, filamentary structures (see for example the bottom-right panel in 
Fig. 2 ), which brings k p from k η towards larger scales (smaller wavenumbers, 
k) by an amount proportional to the reciprocal shock aspect ratio, k shock /k turb 

(see equation 26 ). Conversely, in the incompressible, supersonic regime, 
where even though M > 1, the flow is so viscous ( Re < Re crit ), that shocks 
are dissipated before they form ( ν > u turb � turb ), and therefore compressed 
structures do not form, and magnetic energy remains organized in a ‘folded 
field’ configuration (see Section 3.7 ). 
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quation ( 23 ) and solve for 

d M 

d x 
= 

3 c s 
4 ν

(
M 

2 −
(M 

2 
0 + 1 

M 0 

)
M + 1 

)
, (24) 

hich captures how M varies across the shocked region. 
Equation ( 24 ) has the form of a Riccati equation (non-linear,

uadratic differential equation of first-order) with constant coeffi-
ients, and has the solution that d M / d x = 0 when M = M 0 or
 / M 0 ; the former solution represents the upstream region, and the
atter the downstream region. Since x does not explicitly appear
n the right-hand side of equation ( 24 ), we are free to choose our
oordinate system such that M = 1 at x = 0 (as we have done in
ig. 8 ). From this, we estimate the characteristic shock width as 

� shock 

� turb 
∼ 1 

� turb 

∣∣∣∣ M 

d M / d x 

∣∣∣∣
x= 0 

∼ ν

u 0 � turb 

M 

2 
0 

( M 0 − 1) 2 
. (25) 

ow, in supersonic turbulence, one expects to see a population of
hocks that take on a wide distribution of � shock (e.g. Smith, Mac
ow & Heitsch 2000 ; Brunt & Heyer 2002 ; Donzis 2012 ; Lesaffre
t al. 2013 ; Squire & Hopkins 2017 ; Park & Ryu 2019 ; Beattie,
ederrath & Seta 2020 ; Beattie et al. 2022 ), where each of the
ifferent � shock are determined by the M 0 that is upstream from it.
hat being said, the distribution of shock widths is regulated by the

urbulent properties on � turb (Park & Ryu 2019 ), where on average,
 0 ≈ M , and u 0 ≈ u turb . Therefore, we model the characteristic

spect ratio of a shock in our isotropic turbulent simulations as 

k turb 

k shock 
= 

� shock 

� turb 
∼ M 

2 

Re ( M − 1) 2 
. (26) 

In the inset axis of Fig. 7 we test whether this shock aspect ratio
odel can explain the difference between k p and k η [note that we

olour points by the reciprocal of equation ( 26 ), to emphasize that
n our experiments, the numerator, k shock , is changing, and k turb = 2
emains fixed in the denominator]. Here we plot the full set of M = 5
nd Rm = 3000 simulations. Within this collection of runs, Re is
aried via changing ν (i.e. u turb and k turb are fixed), and we find
hat the most turbulent simulation in this set, M 5 Re 3000 Pm 1, lies
arthest from the k p ∼ k η relation, while the most viscous simulation,

 5 Re 24 Pm 125, lies on the relation. Between these two limits, the
nverse shock width (equation 26 ) scales directly proportional to the
eviation of each point from the k p ∼ k η relation. 
We demonstrate this more explicitly in Fig. 9 , which shows k p /k η

s a function of k shock /k turb , and here it is clear that all the M > 1
imulations (green diamond points) are well-fit by the empirical
NRAS 537, 2602–2629 (2025) 
elationship 

k p 

k η
= 

(
k shock 

k turb 

)−1 / 3 

. (27) 

e interpret this to mean that shocks compress flux-frozen magnetic
elds into filamentary structures, bringing k p from k η towards larger
cales by an amount determined by the aspect ratio of typical shocks,
.e. the ratio of shock length ( � turb ), compared with shock width
 � shock ). 

Now, while compressions of flux-frozen magnetic fields do not
ield irreversible growth in the magnetic field (see for example,
he top panel of fig. 7 in Beattie et al. 2023a ; because growth due
o compression is soon negated by dilation), we do see that the
ompressions introduce qualitatively different and lasting imprints
n the field amplitude structure (see for example, the bottom row
anels in Fig. 2 ). Because the forcing modes in all of our simulations
re � turb = � box / 2, the aspect ratio of the shocks, i.e. � shock /� turb ,
an only change via the shock width, which is mediated by the
roperties of the medium (i.e. ν) and flow ( Re and M ). The
xact nature in which the aspect ratio of shocks, and thereafter,
he scale on which magnetic energy becomes concentrated, depends
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Figure 10. Schematic of the important scaling properties of the kinetic (blue) 
and magnetic (red) energy spectra during the kinematic phase of a turbulent 
SSD. We summarize our main findings in Figs 6 and 9 for incompressible 
(dotted line) and highly compressible ( M → ∞ ; solid line) plasmas with the 
same dimensionless plasma parameters Re ≥ Re crit and 1 ≤ Pm < Re 2 / 3 . 
Here we highlight a compressible plasma where the subviscous range is 
smaller than the net shift in k p ( Pm < Re 2 / 3 ), and thus the magnetic tug- 
of-war between shocks and viscous-scale fluctuations shifts k p from k η to 
beyond k ν . 
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n fundamental plasma numbers, is well captured by equations ( 26 )
nd ( 27 ), respectively. 10 

Moreo v er, in Fig. 9 we once again see evidence for a critical
ydrodynamic Reynolds number Re crit ≈ 100 that separates the 
 > 1 flows that are able to support shocks ( Re ≥ Re crit ), from

hose flows where strong viscosity prevents shocks from forming 
 Re < Re crit ). This becomes clear in the high M limit, where
 shock /k turb → Re , and thus Re = Re crit ≈ 100 corresponds with 
 shock /k turb ≈ 100; we highlight this value with a dotted vertical line
n Fig. 9 . It is clear from the figure that this line roughly identifies
here the M > 1 simulations transition from k p /k η ≈ const to 
 p /k η = ( k shock /k turb ) −1 / 3 . Indeed, one should notice that the seven
ed points that lie to the left of the vertical line in Fig. 9 correspond
ith the seven that lie along the k p ∼ k η relation in Fig. 7 , where in

ll seven cases Re < 100. 

.6.2 A hier arc hy of MHD scales 

e conclude that Figs 7 and 9 can be explained simply by two distinct
ow regimes (see Fig. 10 ). In the first, incompressible regime, the
evelopment of shocks is not supported by the plasma, whether it is
ecause the velocity dispersion is too small ( M ≤ 1) or because the
0 We hypothesize that the exponent 1 / 3 in equation ( 27 ) is likely associated 
ith shocks concentrating magnetic energy into filamentary structures (Das & 

ronke 2024 ). Therefore, the slope of the � p /� η scaling reflects how magnetic 
nergy is distributed within the plasma, and would likely differ if the shocked 
egions were not filamentary, but, for example, sheet-like instead. 

v

1

a
s
t

iscosity is large enough to dissipate the supersonic velocities before 
hocks are able to form (i.e. M > 1 and Re < Re crit ). This results in
he well-known hierarchy 

 turb > � ν > � η ∼ � p . (28) 

n the second, compressible (shock-dominated; M > 1 and Re ≥
e crit ) flow regime, shocks concentrate magnetic energy in large- 

cale, filamentary structures. As a result, the peak magnetic field 
cale shifts from the resistive scale to � p ∼ ( � turb /� shock ) 1 / 3 � η � � η,
pproaching � p ∼ Re 1 / 3 � η as M → ∞ . 

A key question then becomes whether magnetic structures can 
row larger than the viscous scale, since scales smaller than � ν
the subviscous range) are generally on relatively small scales 
but not al w ays, e.g. the intracluster medium, with low Re ∼
0 2 ⇐⇒ k −1 

ν ∼ 3 kpc and extremely high Pm � 10 29 ; Schekochi-
in & Cowley 2006 ; St-Onge et al. 2020 ). Our analysis shows
hat this can occur, but only when the subviscous range is not
oo large. To be precise, in the M → ∞ limit, our results (equa-
ion 27 ) indicate that the scale separation between the peak magnetic
nergy and viscous scales is � p /� ν ∼ Re 1 / 3 Pm 

1 / 2 , and therefore 
 p > � ν when Pm < Re 2 / 3 . This yields the following hierarchy of 
cales 

 turb > � p > � shock > � ν > � η, (29) 

hich we contrast in Fig. 10 with the hierarchy of scales produced
y an incompressible SSD. On the other hand, if Pm > Re 2 / 3 then
 p still shifts from � η toward larger scales, but it remains contained
n the subviscous range, producing 

 turb > � ν > � p > � shock > � η. (30) 

Here we have shown that shocks in compressible ( Re ≥ Re crit 

nd M > 1) flow regimes are able to mo v e the magnetic peak
cale out of the subviscous range when 1 ≤ Pm < Re 2 / 3 . Physically,
his condition can be understood as a statement that shock lifetimes
re longer than the characteristic time-scale associated with kinetic 
uctuations at the viscous scale [follows from comparing � ν/� η
iven by equation ( 21 ) and � p /� η given by equation ( 27 )]. If this
ondition is met, then large-scale correlations in the magnetic field 
re produced through flux freezing in shocks faster than by kinetic
mplification on the viscous scale, the mechanism that dominates in 
ll incompressible SSDs. This distinction has important implications 
or the transition to the saturated regime, which we discuss in 
ection 4.3 . 

.7 Underlying field structure 

hile we have shown that shocks reorganize and concentrate 
agnetic energy into large-scale, filamentary structures, here we 
ant to show that, in doing so, they also completely change the
nderlying magnetic field-line properties. To quantify field geometry, 
e compute the curvature of magnetic field-lines, 

= 

∥∥∥(̂ b · ∇ 

)̂ b 
∥∥∥ , (31) 

t every point in a simulation domain, where ̂  b = b / ‖ b ‖ is the tangent
ector to the field, 11 and curvature points in the ̂ κ = ( ̂  b · ∇) ̂  b /κ
MNRAS 537, 2602–2629 (2025) 

1 Note that in regions where the field changes substantially o v er the scale of 
 single cell, as it does in shocked regions, numerical e v aluation of κ requires 
ome care in choosing a stencil that maintains exact orthogonality of the 
angent-normal-binormal basis vectors. See Appendix E for a discussion of 
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13 We annotate a ∼ κ2 scaling for the log 10 ( κ) PDF at low values of curvature, 
and for large values of curvature we contrast Schekochihin et al. ( 2002c )’s ∼
κ−13 / 7 model derived from the Fokker–Planck equation for the one-point PDF 
of κ , with the ∼ κ−5 / 2 scaling found both in decaying, incompressible 3D 

MHD simulations (Yang et al. 2019 ) and also throughout most regions (i.e. in 
the galaxy centre, disc, and halo) of merging galaxy simulations (Pfrommer 
et al. 2022 ). The ∼ κ−5 / 2 scaling agrees with theoretical modelling of 
magnetic field fluctuations as quasi-Gaussian distributions (each spatial 
component is independent of one another, but still satisfying ∇ · b = 0), 
with the curvature force, ‖ f c ‖ (see Section E ), becoming independent of κ
(Yang et al. 2019 ; Pfrommer et al. 2022 ). In the kinematic phase of both the 
incompressible and compressible SSD, we find that the ∼ κ−5 / 2 scaling better 
represents the observed high- κ end of the PDFs derived from our simulations 
(we also find that this is true in the saturated phase). At low- κ we find ∼ κ2 , 
which is steeper than the ∼ κ found by Schekochihin et al. ( 2002c ) using 
incompressible SSD simulations with k turb = k box , and Yang et al. ( 2019 ) 
in their decaying simulations. We suspect that the shallower scaling in their 
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irection. Note that the radius of curvature of the field in units of box
ength is then � box /κ . 

.7.1 Relationship between magnetic field strength and field-line 
urvature 

n Fig. 11 we plot the time-averaged, joint distributions of the
elative magnetic field strength, b/b rms (normalizing out the dynamo
rowth in b), and the field-line curvature magnitude, κ� box , for
he same six simulations as in Fig. 2 , namely M 0.3 Re 24 Pm 125,

 0.3 Re 600 Pm 5, and M 0.3 Re 3000 Pm 1 in the top row, and
 5 Re 24 Pm 125, M 5 Re 600 Pm 5, and M 5 Re 3000 Pm 1 in the bot-

om ro w, respecti v ely. F ocusing first, only on the three subsonic
imulations (top row of Fig. 11 ), we find that the ( κ, b) distributions
n both the viscous (left panel) and turbulent SSDs (middle and
ight panels) appear to have the same o v erall shape, where the
eakest magnetic fields have the largest curvature, e.g. have the
ost field reversals, and conversely the strongest fields are the

traightest. Here we find evidence of a scaling consistent with b ∼
−1 / 2 , which was first demonstrated by Schekochihin et al. ( 2004 )
as opposed to b ∼ κ−1 as previously suggested by Brandenburg,
rocaccia & Segel 1995 and Schekochihin et al. 2002c ) for incom-
ressible SSDs, and more recently by Kempski et al. ( 2023 ) using
 < 1 SSD and weak mean-field simulations to study cosmic ray

ropagation. 
Schekochihin et al. ( 2004 ) associates the b ∼ κ−1 / 2 anticorrelation

ith a ‘folded field’ geometry, 12 where the incompressible compo-
ents of the velocity gradient tensor (see Beattie et al. 2023a ) and the
agnetic tension are balanced. This 1 / 2 exponent is a unique solution

hat produces a steady-state ( κ, b) configuration in the co-moving
rame of the fluid, based on the cancellation of the ̂  b ⊗ ̂ b : ∇ u term
n the co-moving, evolution equation for the correlation between the
agnetic field amplitude and magnitude of the magnetic field-line

urvature (see equation 25 in Schekochihin et al. 2004 ). 
In contrast, the supersonic SSDs (bottom row of Fig. 11 ), show

 significantly weaker relationship between the field strength and
eld-line curvature, with the relative statistical independence of
 and κ increasing as we evolve from the most viscous plasmas
bottom-left panel) to the most turbulent (bottom-right panel). In
he turbulent, supersonic flow regime, it is clear that both strong
 b > b rms ) and weak ( b < b rms ) field-lines can maintain a straight
onfiguration ( κ� box < 2), although we still see a dearth of low
urvature ( κ� box < 2) for strong magnetic fields ( b > b rms ; i.e. the
pper left quadrant of the plot is empty). We quantify this growing
ndependence between b and κ for each of our simulations in
ig. 11 by computing the Pearson correlation coefficient between

og 10 ( b/b rms ) and log 10 ( κ), 

= 

cov 
[

log 10 ( b/b rms ) log 10 ( κ� box ) 
]√ 

var 
[

log 10 ( b/b rms ) 
]

var 
[

log 10 ( κ� box ) 
] , (32) 

here cov [ . . . ] and var [ . . . ] are the covariance and variance operators,
espectively. We annotate these values in each panel of Fig. 11 . 

The numerical results confirm our qualitative, visual impression:
 and κ are strongly anticorrelated (and in the log - log domain, this
ranslates to being linearly anticorrelated, as one expects for the
chekochihin et al. 2004 -type models) in both the subsonic, viscous
NRAS 537, 2602–2629 (2025) 

ur method, and Schekochihin et al. ( 2004 ) for a brief acknowledgement of 
his issue. 
2 A term coined by Schekochihin et al. ( 2004 ) to describe the configuration 
f magnetic fields in the incompressible flow regime. 

s
M
w
P
f
t

ow regime (upper left panel, φ = −0 . 60) and subsonic, turbulent
ow regimes (upper middle and right panels; φ = −0 . 55 and
= −0 . 53, respectively). The anticorrelation remains, but becomes
eaker for supersonic flows that are too viscous to support shocks

lower left panel, φ = −0 . 40), and then the anticorrelation almost
ompletely disappears once strong shocks become ubiquitous (lower
iddle and right panels; φ = −0 . 21 and φ = −0 . 10, respectively). 

.7.2 Sensitivity to compressibility 

e find that the field which drives this anticorrelation in Fig. 11
s not the distribution of log 10 ( κ), but the distribution of log 10 ( b).

e demonstrate this in Fig. 12 , where we plot the time-averaged
o v er the kinematic phase) PDF of log 10 ( κ) (left panel) and
og 10 ( b) (right panel) for our two representative simulations (again,

 0.3 Re 600 Pm 5 and M 0.3 Re 600 Pm 5). Notice that while the
og 10 ( κ) distributions look very similar, 13 the log 10 ( b) distribution
hanges significantly between the two flow regimes, with the
agnetic-amplitude distribution becoming much broader (a greater

roportion of the field is weaker or stronger than b rms ) in the
upersonic compared with the subsonic SSD. This is likely due
o shocks growing magnetic energy via compression, ∼ b 2 ( ∇ · u ),
rom magnetic energy equation (Beattie et al. 2023a ), and flux-
reezing, which do not significantly change the underlying field-
ine structure of the magnetic field. There is, ho we ver, a marginal
ncrease in straight fields, with low κ/κrms in the compressible regime,
ut for our M ≤ 10 simulations, this effect is largely negligible,
herefore it would be worth checking whether this effect becomes

ore pronounced in simulations with much larger M flows. 
This picture is supported by Fig. 13 , where we plot 100 magnetic

eld streamlines for our two representative simulations at a time
ealization midway through the kinematic phase. M 0.3 Re 600 Pm 5
s plotted on the left half of the cube, and M 5 Re 600 Pm 5 is plotted
n the right half. The key takeaway is, in line with our findings
bo v e, that while magnetic field-lines in both regimes thread the
imulation domain with an equally ‘chaotic structure’ (the field-
ine curvature distribution remains largely unchanged between the
wo flow regimes), the magnitude of the field corresponding with
ifferent field-line structures is different in the incompressible,
imulations could be a consequence of flow statistics that are not turbulent. 
oreo v er, in the inner (turbulent) portion ( < 1 kpc ) of their galaxy merger, 
here most of the dynamo growth occurs (e.g. Whittingham et al. 2021 ), 
frommer et al. ( 2022 ) found some evidence at moderate values of curvature 
or a ∼ κ scaling, ho we ver, the scaling at low- κ is ∼ κ3 / 2 –κ3 , which is steeper 
han ∼ κ and more consistent with our ∼ κ2 observed scaling. 
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Figure 11. Joint distributions of the relative magnetic field strength ( b/b rms ), and the magnetic field-line curvature ( κ; measured in units of inverse box-length, 
� box ), for the same six simulations as in Fig. 2 . In all panels we report the Pearson correlation coefficient φ [given by equation ( 32 )] between log 10 ( b/b rms ) 
and log 10 ( κ/κrms ). We also annotate a b ∼ κ−1 / 2 scaling, which is associated with a curvature relation where the magnetic tension is exactly balanced by the 
turbulent stretching (the symmetric rate of shear component in ∇ ⊗ u ; Schekochihin et al. 2001 , 2004 ); see Section 3.7 for a discussion. We also show b ∼ κ−1 / 4 

and b ∼ κ−1 to guide the eye. The red, horizontal, dashed lines indicates b = b rms , while the red, vertical, dashed lines indicate κ� box = 2, which marks the 
transition between fields that can ( κ� box ≥ 2) and cannot ( κ� box < 2) reverse within the box-domain. The b ∼ κ−1 / 2 scaling holds well (on average) for the 
subsonic plasmas (top row), but breaks down for the supersonic plasmas (bottom two right panels), which is most likely due to the presence of shocks being 
able to compress and grow the field without necessarily modifying the curvature. 
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ompared with the compressible flow regime. In M 0.3 Re 600 Pm 5, 
or example, all strong ( b > b rms ; red) field-lines are straight, and
ll weak ( b < b rms ; blue) field-lines are located in regions with
ntense curvature. In contrast, for M 5 Re 600 Pm 5 we see that some
urved fields are strong and others are weak, and likewise, some 
traight fields are weak, although most straight fields are still strong.
henomenologically, this is expected, since shocks are able to bend 
ll but the strongest magnetic field-lines, and, conversely, even weak 
elds can be relatively straight if they happen to lie in regions of the
ow far from shocks. 

.7.3 Compressible versus incompressible field geometry 

v erall, our quantitativ e analysis of the field geometry supports our
nterpretation and Schekochihin et al. ( 2002b , 2004 )’s models for the
elationship between the magnetic peak energy scale and resistive 
issipation scale in the previous section: in the incompressible 
ow regime (where shocks are absent), the SSD in the kinematic
hase produces a ‘folded field’ geometry where magnetic energy 
ecomes concentrated at k η – the smallest scales possible [a state that
chekochihin et al. ( 2004 ) shows persists into the saturated phase],
nd b ∼ κ−1 / 2 , but in the compressible flow regime (where shocks
re ubiquitous), this correlation between the amplitude and the field 
eometry disappears. Again, we emphasize that the distribution of 
agnetic field-line curvature remains essentially the same, regardless 

f the flow regime, but the magnetic field amplitude distribution 
hanges significantly, reducing the amplitude–correlation covariance 
nd giving rise to strong deviations away from the incompressible 
 ∼ κ−1 / 2 relation. It would be an interesting additional avenue of 
xploration to understand if the correlation is re-established at small 
nough � , perhaps � s , the sonic scale, where the plasma transitions
rom supersonic to subsonic, and becomes highly magnetized and 
MNRAS 537, 2602–2629 (2025) 
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M

Figure 12. Volume-weighted PDFs of the magnetic field-line curvature ( κ , measured in units of � box ; left panel), and the normalized magnetic field amplitude 
( b/b rms ; right panel), for M 0.3 Re 600 Pm 5 and M 5 Re 600 Pm 5. We annotate κ2 (dotted), κ−13 / 7 (solid; Schekochihin et al. 2002c ), and κ−5 / 2 (dash-dotted; 
Yang et al. 2019 and Pfrommer et al. 2022 ) in the left panel, and b 3 in the right panel. We only find a negligible difference between the PDFs of log 10 ( κ� box ) for 
the M < 1 (purple) and M > 1 (yellow) simulations, but there is significantly more low and high b/b rms probability densities in the M > 1 simulation. Hence 
we conclude that the weakening correlation between κ and b (shown in Fig. 11 ) is caused from shock compressions that grow and shrink b without influencing κ . 

Figure 13. Magnetic field streamlines for M 0.3 Re 600 Pm 5 and 
M 5 Re 600 Pm 5 plotted on the left- and right-hand side of the cube, re- 
spectively, for a time realization midway through the kinematic phase of 
each simulation. Streamlines are coloured based on the normalized magnetic 
field magnitude, b/b rms , using a colour-range that spans across the same 
range of b/b rms as plotted in the right panel of Fig. 12 . Notice how the 
relationship between field magnitude and field-line curvature (see Fig. 11 ) for 
M 0.3 Re 600 Pm 5 is readily apparent, with strong fields (red) being straight 
and weak fields (blue) bent, whereas for M 5 Re 600 Pm 5, this relationship 
weakens, and some strong fields are bent significantly, and some weak fields 
are straight. 
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undamentally incompressible (see e.g. Beattie et al. 2024 for an
e ∼ 10 6 simulation that resolves this transition). We leave this

nvestigation for future studies. 

 DISCUSSION  

ur findings for the scaling behaviour of velocity and magnetic fields
enerated during the kinematic phase of SSDs are rele v ant to a wide
ange of astrophysical systems, but here we highlight galaxy mergers
NRAS 537, 2602–2629 (2025) 
nd cosmic ray propagation as two particularly interesting cases.
he former case creates an environment that excites a kinematic
SD, and the latter has recently been explored in terms of underlying
urvature statistics of the magnetic field. In both of these examples
e highlight how it is of key importance to differentiate between

he incompressible and compressible SSD regimes (see the end of
ection 3.6 for our distinction between these two regimes) for these
strophysical processes, since the underlying fields are completely
ifferent in these two re gimes, ev en based on the power spectrum
lone. We also moti v ate the importance of this distinction in regime
or the transition of magnetic fields out of the kinematic phase, and
nto the saturated phase, which is ultimately the phase the Milky

ay’s ISM is in today. 

.1 Small-scale dynamos in galaxy mergers 

oung galaxies (Geach et al. 2023 ) and galaxy mergers are two
nvironments where turbulent SSD amplified magnetic fields play
 critical role in shaping the plasma dynamics (e.g. Pakmor,
arinacci & Springel 2014 ; Pakmor et al. 2017 ; Martin-Alvarez

t al. 2018 , 2022 ; Brzycki & ZuHone 2019 ; Whittingham et al.
021 , 2023 ; Pfrommer et al. 2022 ). Merger events, particularly
hose involving gas-rich disc galaxies, are highly transformative,
ith strong magnetic fields influencing angular momentum transport

nd providing pressure support against collapse (Whittingham et al.
021 ). Ho we ver, in these environments, a notable but as-yet unex-
lained property of the amplified magnetic fields is that magnetic
nergy peaks on scales of � p � kpc during even the kinematic phase
f the SSD (e.g. Rodenbeck & Schleicher 2016 ; Basu et al. 2017 ;
rzycki & ZuHone 2019 ; Whittingham et al. 2021 ; Pfrommer et al.
022 ), which is much larger than predicted by incompressible SSD
heory, which limits field growth to smaller scales (i.e. magnetic
issipation scale, � η). 
Since, here, in this study, we have found that compressible SSDs

an drive fields to larger scales than incompressible ones, it is
atural to ask if considering compressibility resolves this problem.
o answer this question, recall that we found that compressibility

n the highly turbulent, supersonic plasma flows can shift the peak
agnetic scales � p from � η to much larger scales, even larger than the

iscous scale � ν . The condition for this to occur is Pm < Re 2 / 3 , where
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kinematic phase but holds in the saturated phase, this seems unlikely. In 
f act, Schek ochihin et al. ( 2004 ) showed that for incompressible SSDs, the 
relationship between magnetic field-line curvature and field strength remains 
largely unchanged from the kinematic to the saturated phase, with the main 
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e and Pm varies with plasma density, temperature, and ionization 
hroughout different phases of the ISM (Ferri ̀ere 2019 ; Rincon 
019 ; Shukurov & Subramanian 2021 ; Brandenburg & Ntormousi 
023 ). This condition is met in some phases (most notably the cold
eutral medium, CNM), but not others, and it is unclear how to extend 
ur condition to a realistic environment where different phases are 
ntermixed and thus there is no single value of Re and Pm . None
he less, even if we are generous and assume that this condition
s satisfied, it is clear that compressibility alone cannot explain 
he large observed scales of magnetic fields in mergers, simply 
ecause the ratio � p /� ν ∼ Re 1 / 3 Pm 

1 / 2 is not large enough – even 
or the most fa v ourable case of the CNM, for which Brandenburg &
tormousi ( 2023 ) estimate Re ∼ 10 10 and Pm ∼ 10 4 , we only have
 p /� ν ∼ 10 5 , whereas � turb /� ν ∼ Re 2 / 3 ∼ 10 7 . Thus, even using the
ost generous possible characteristic numbers, a compressible SSD 

ould still yield a peak magnetic scale that is ∼ 2 orders of
agnitude smaller than the turbulent driving scale, which is much too 

mall to explain the observed ∼ kpc -scale fields observed in galaxy 
ergers. Adopting values of Re and Pm for other ISM phases 

especially the warm and hot phases, which are volume-filling in 
he disc) only strengthen this conclusion. 

That said, the fact that compressibility alone cannot explain the 
xistence of large-scale fields in galaxy merger does not mean that 
t is irrele v ant. While compressible SSDs still leave � turb � � p , they
one the less produce � p that are larger than in the incompressible
ase by a factor of Re 1 / 3 (in highlight compressible, M → ∞ plasma
ows) – a factor that, depending on the ISM phase and the large-
cale velocity dispersion, ranges from hundreds to tens of thousands. 
he resulting intermediate-scale fields can then serve as seeds for 
rocesses such as shear from galactic rotation or gravitational and 
uoyancy instabilities (e.g. Pakmor et al. 2017 ; Steinwandel et al. 
023 ) that drive the field to yet larger scales, significantly reducing
he time required for this growth compared to what would be expected 
f one had to begin from the smaller seed fields produce by an
ncompressible SSD. 

.2 Cosmic ray propagation in compressible plasmas 

osmic ray propagation is a longstanding problem, the bulk of 
hich is far beyond the scope of this paper. Ho we ver, there is a

lass of propagation models for which our conclusions regarding 
urvature statistics have important implications. For example, Butsky 
t al. ( 2023 ) has recently suggested that intermittent magnetic field
uctuations are necessary for regulating low-energy ( ∼ MeV – TeV ) 
osmic ray scattering in the Milky Way. Kempski et al. ( 2023 ) and
emoine ( 2023 ) provide a potential source of magnetic field inter-
ittenc y: intense re gions of curv ed magnetic fields that rev erse upon

hemselv es, i.e. magnetic field rev ersals. The y argue that if magnetic
elds are dominated by their fluctuating field ( δb/b 0 � 1; as is the
ase for our simulations because there is no b 0 ) then there is an energy
ependent diffusion process associated with cosmic ray particles 
cattering off of magnetic fields due to the field’s reversal being on
cales that are resonant with the gyroradius of the cosmic ray. 

The Kempski et al. ( 2023 ) model contains a resonance criterion
erived from the assumption that b ∼ κ−1 / 2 , which we have shown 
olds during the kinematic phase of incompressible SSDs but breaks 
own in compressible (i.e. supersonic, turbulent) SSDs. 14 Instead, 
4 It is not immediately clear whether this breakdown is rele v ant for cosmic 
ay propagation in galaxies like the Milky Way, where magnetic fields 
re maintained in a saturated dynamo state. While one might consider the 
ossibility that b ∼ κ−1 / 2 breaks down for supersonic SSDs during the 

d
c
t
t
p
l

ection 3.7 shows that magnetic field strength and curvature tend 
owards being independent in the compressible regime. That is not 
o say that the magnetic field does not also support reversals in the
ompressible regime; in probability density, it has just as many as
he incompressible regime (see Fig. 12 ). Ho we ver the magnetic field
mplitude is no longer constrained to a curvature relation, and hence
he gyroradii of the CRs are free to vary more independently of the
urvature than would be true for the incompressible case. Therefore 
hese models will need to be modified for the M > 1 turbulent
egime, where parts of the volume will have no resonances. The
aveat being, we do not know how these relations scale as a function
f length scale, and it could be that the required correlations emerge
n small enough scales and the resonances are restored. 

.3 The transition out of kinematic growth 

inally, we would like to briefly moti v ate the importance of perform-
ng an analysis similar to this study for the dynamo transition through
he non-linear and into the saturated phase. This would not only reveal 
he hierarchy of scales ultimately produced and sustained by SSDs in
teady state, but would also determine what mechanism mediates the 
agnetic backreaction onto the velocity field as the magnetic energy 

aturates. This e x ercise carries direct rele v ance for galaxy formation,
here repeated mergers induce SSD action that evolve through the 
inematic phase, which we have studied here, and converge on a
emnant ISM where the post-merger galaxy is maintained in the 
aturated phase of the SSD. It is therefore important for building an
nderstanding of the magnetic fields that provide the backdrop for 
ll post-merger interstellar processes. 

For an incompressible SSD, Schekochihin et al. ( 2001 , 2002c ,
004 ) first predicted, and Fundamental Scales I confirmed with 
NSs, that during the kinematic phase where E mag ( � ) � E kin ( � ) for

ll � , magnetic fields naturally become organized into a folded field
eometry with magnetic energy concentrated at the smallest scales 
llowed by magnetic dissipation (see also e.g. Brandenburg et al. 
023 ), namely � p ∼ � η. In this phase magnetic fields are most rapidly
rown through stretching motions (Beattie et al. 2023a ) induced 
y viscous fluctuations, since these fluctuations have the shortest 
urno v er time (see Section 3.5.2 ). These fluctuations, ho we ver, cannot
emain the most ef ficient dri ver of SSD growth indefinitely. Once the
agnetic field reaches an amplitude where u · ∇ u ∼ b · ∇ b , it sup-

resses hydrodynamic motions on that scale. Following Schekochi- 
in et al. ( 2002a ), this happens when E mag ∼ E kin ( � s ), where in the
inematic phase, the stretching scale is � s ∼ � ν . Once stretching
n � ν becomes suppressed, SSD action is expected to transition 
nto a reduced growth re gime. F or incompressible SSDs, there is
 theoretical consensus that magnetic energy growth transitions to 
inear-in-time (Cho et al. 2009 ; Beresnyak 2012 ; Xu & Lazarian
016 ; Seta et al. 2020 ), characterized by E mag ∼ εt (see Fig. 1 ). 
The situation is less clear for compressible SSDs, where there is

n ongoing debate about whether the growth mechanism is univer- 
al, or if SSDs in the presence of Burgers ( 1948 )-like turbulence
MNRAS 537, 2602–2629 (2025) 

ifference being simply that high values of b/b rms are suppressed as b rms 

onverges towards the saturated value. In a forthcoming paper we extend 
his result to the compressible regime, meaning that our conclusions about 
he implications of a breakdown in the b ∼ κ−1 / 2 relation for cosmic ray 
ropagation apply to both high-redshift galaxies and present-day galaxies 
ike the Milky Way. 
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ransition into quadratic-in-time regime, E mag ∼ t 2 , as proposed by
chleicher et al. ( 2013 ). Regardless of the answer to this question,

he mechanism behind the backreaction is thought to be generally
imilar to the incompressible case: � s shifts from � ν to the next
mallest unsuppressed turbulent fluctuations. Since these fluctuations
re larger than the viscous-scale fluctuations, they have longer
urno v er times, and thus generate magnetic flux at a slower rate
Schober et al. 2015 ). Magnetic amplification continues to suppress
rogressively larger scales ad infinitum, until the dynamo saturates at
he driving scale, with � p > � ν . This has very clearly been shown in
he time-dependent spectral ratios in Beattie et al. ( 2023b , a ). Various
henomenological models that describe the details of this process
a ve been proposed, b ut they ha ve never been tested at a fundamental
evel using DNSs, and it is unclear exactly which details of the
ncompressible picture are extensible to the compressible regime.
hus, in the third part of this series, we will explore the statistics
f the non-linear and saturated phase using the comprehensive data
et we have built in this study, as well as in Fundamental Scales I.

here it is important to reveal the mechanism, and thereby the time-
cale, of the backreaction, as this process also provides an avenue for
enerating ‘large-scale’ magnetic fields, in addition to LSDs (see the
ntroduction and the previous section for a discussion), and thus play
n important role in the context of explaining ∼ kpc fields observed
n young and merger-disturbed galaxies. 

 SUMMARY  A N D  C O N C L U S I O N S  

n this study we explore how both the energy spectrum (see
ection 3.6 ) and field-line curvature (see Section 3.7 ) of magnetic
elds produced during the exponential-growing (kinematic) phase of
SDs depend upon the plasma flow regime (from subsonic M < 1

o supersonic M > 1, and viscous Re < Re crit ≈ 100 to turbulent
e ≥ Re crit flows). To do so, we have used DNSs where we explicitly
ontrol the velocity field magnitude, as well as the dissipation rates
f kinetic and magnetic energy to explore a wide range of M ,
ydrodynamic Reynolds number, Re , and magnetic Prandtl number,
m . This has allowed us to extend our understanding of Pm ≥ 1
SD-amplified magnetic fields into the previously poorly understood
egime of supersonic SSDs. In particular, we have identified new
elationships between the important characteristic length scales in
 SSD – the outer scale of turbulence � turb , the kinetic energy
issipation scale � ν , the magnetic energy dissipation scale � η, and
he peak magnetic energy scale � p – as a function of the fundamental
lasma numbers: M , Re , and Pm . We complement this with a study
f the statistics of magnetic field-line curvature, which support our
ndings. 
We list our key results below: 

(i) During the kinematic phase of SSDs, the kinetic energy
issipation scale � ν varies with Re and M as expected for hy-
rodynamic flows (see the left panel in Fig. 6 ). That is, we find
hree regimes: � ν ∼ � turb Re −3 / 4 for subsonic, turbulent flows (where

 ≤ 1 and Re ≥ Re crit ), which corresponds with Kolmogorov
 1941 )-like scaling, � ν ∼ � turb Re −2 / 3 for supersonic ( M > 1) flows,
hich corresponds with Burgers ( 1948 )-like scaling, and finally
 ν ∼ � turb Re −3 / 8 for viscous, subsonic flows (where M ≤ 1 and
e < Re crit first shown in Fundamental Scales I). 
(ii) The magnetic dissipation scale � η is related to the kinetic dis-

ipation scale as � η ∼ � ν Pm 

−1 / 2 in all Pm ≥ 1 turbulent plasma flow
egimes. Since this scaling relation, first proposed by Schekochihin
t al. ( 2002b ), follows from assuming that � η is located on the scale
here the viscous shearing rate is balanced by Ohmic dissipation,
NRAS 537, 2602–2629 (2025) 
e conclude that the viscous (smallest scale) kinetic fluctuations are
l w ays the most efficient at amplifying magnetic energy during the
inematic phase of Pm ≥ 1 SSDs, invariant to the M of the plasma.
(iii) The magnetic peak scale � p and the associated statistics of

he magnetic field-line curvature κ produced by SSDs are very
ifferent for incompressible (i.e. either M ≤ 1, or M > 1 and
e < Re crit ) and compressible (i.e. M > 1 and Re ≥ Re crit ) flows.
he incompressible case behaves as predicted by the ‘folded field’
odel of Schekochihin et al. ( 2002b , 2004 ), where the field-line

urvature κ and the field magnitude b are strongly anticorrelated (see
ig. 11 ) as b ∼ κ−1 / 2 , and the magnetic energy becomes concentrated
n the smallest scales allowed by magnetic dissipation, which results
n the hierarchy of characteristic length scales � turb > � ν > � η ∼ � p .
y contrast, in the compressible regime, supersonic turbulence
aturally gives rise to shocks with characteristic shock width � shock ∼
 

2 / ( Re ( M − 1) 2 ), which we derive in Section 3.6 . These shocks
reate magnetic structures via flux-freezing and compression, which
hange the distribution of b amplitudes, essentially destroying the
nticorrelation between b and κ , but notably, does not change the
istribution of field-line curvature. These (isotropic) shocks also
oncentrate magnetic fields on a scale � p ∼ ( � turb /� shock ) 1 / 3 � η � � η,
here, in the M → ∞ limit, this produces � p ∼ Re 1 / 3 � η. In plasmas
here Pm < Re 2 / 3 , the subviscous range is smaller than the net

hift in � p to larger scales (from � η), which gives rise to a hier-
rchy � turb > � p > � shock > � ν > � η. Moreo v er, in the compressible
egime, magnetic field-line curvature and magnitude tend towards
ndependence, b ∼ κ0 . 

(iv) We discuss a longstanding problem about the generation of
arge-scale magnetic fields in the context of galaxy mergers (but
otentially can be more broadly applied to other young galaxies,
uch as the recent observation of a young starburst galaxy with a
arge-scale field in Geach et al. 2023 ). Since the turbulence in these
alaxies is likely supersonic due to high gas densities that fa v our
apid cooling, the SSDs within them are likely compressible rather
han incompressible. We show that this is not by itself sufficient to
xplain the large-scale fields observed in these galaxies, because,
hile compressibility increases the characteristic field size by many
rders of magnitude compared to the incompressible case (at least for
ome combinations of plasma parameters), this increase still leaves
elds concentrated on scales much smaller than those observed. None

he less, we argue that the increase in field size scale enabled by
ompressibility have the potential to help accelerate other, larger
cale dynamo mechanisms that produce large-scale fields. 

(v) We discuss the implications our results have on models of
osmic ray scattering based on resonances between the size-scale
f magnetic field reversals and the gyroradius of the cosmic ray
e.g. Kempski et al. 2023 ). We suggest that for supersonic plasmas,
hich may be a significant portion of the interstellar medium of the
ilky Way, these resonances may not work, since the magnetic field

mplitude ( ∼ gyroradius) and underlying field curvature become
ndependent from one another, at least in the sense that the global
orrelation reduces between the curvature and field amplitude. 
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Figure A1. For each simulation setup in Table 1 , we compare the converged 
(see Section 3.4 for details) characteristic viscous wavenumber, k ν , measured 
from equation ( 16 ) constructed with ψ = u / 
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2 (y-axis; studied in the 
main text), and k ν constructed with ψ = u 

√ 

ρ/ 2 (x-axis). We find that our 
measurement of k ν is insensitive to the inclusion of density ( ρ) variations in 
the plasma. 
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PPEN D IX  A :  DENSITY-WEIGHTED  

Y D RO DY NA M I C  R E Y N O L D S  NUMBER  

n the main text (see Section 3.3.1 ) we measured characteristic 
iscous wavenumbers, k ν , from kinetic energy spectra, E kin ( k),
onstructed only from the velocity field [that is, ψ = u / 
√ 

2 in
quation ( 13 )]. An alternative, popular definition for compressible 
ows (see for example Federrath et al. 2010 ; Federrath 2013 ;
chmidt & Grete 2019 ; Grete et al. 2021 , 2023 ), which ac-
ounts for density fluctuations, is E kin ( k) constructed from equa-
ion ( 13 ) with ψ = u 

√ 

ρ/ 2 . This definition is based on the idea
hat E kin should have units of kinetic energy, and such that
 

2 needs to be a positive definite quantity (Kida & Orszag
990 ). 
In Fig. A1 we compare converged (with numerical resolution; 

ee Section 3.4 ) k ν measured from both definitions for E kin ( k),
or all our simulations, plotting k ν derived from the ψ = u 

√ 

ρ/ 2
pectrum on the x-axis, and ψ = u / 

√ 

2 on the y-axis. We show that
 ν measured from the different definitions for E kin ( k) scales 1:1,
nd therefore our measurements for k ν in the kinematic phase of the
SD are robust and insensitive to density fluctuations, even for our
 > 1 simulations. 
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PPENDIX  B:  RESISTIVE  SCALE  MEASURED  

RO M  T H E  M AGNETIC  R E Y N O L D S  SPECTRUM

iven the success of our definition for the viscous scale (equation 16 ),
ne may be tempted to define the resistive scale analogously. That is 

 Rm 

( t) = argmin k 
[ 
I 
{ 

∣∣∣Rm ( k, t) − 1 
∣∣∣} ] 

, (B1) 

here Rm ( k, t) ≡ u turb ( k, t) /ηk. Ho we ver, in Fig. B1 we show
hat this wavenumber, k Rm 

, does not correspond with k η derived
rom equation ( 17 ). In this figure we plot the separation between
he converged (with numerical resolution; see Section 3.4 ), time
v eraged (o v er the kinematic phase) k Rm 

and k ν , for each of our
imulations in Table 1 , and show that this separation does not scale
ike Pm 

1 / 2 , which we showed in Fig. 6 is the case irrespective of the
ow regime. 
We interpret this to mean that, whilst a unit analysis of the
agnetic Reynolds number gives Rm ∼ u turb � turb /η, more directly,
m (equation 9 ) controls the relative importance of the induction

erm, ∇ × ( u × b ), compared with magnetic dissipation, η∇ × j .
o we ver, each of these terms operate on different characteristic

cales (scales associated with � ν for the induction, as we showed in
ig. 6 , and scales associated with � η for the dissipation). These details
re not captured by only considering the influence of u turb � turb /η,
.e. only considering the velocity structures for building the scale
ependence [as we did with equation ( 14 )]. In fact, we know from
ection 3.5 that k η should be largely independent of the kinetic
ascade statistics, which equation ( B1 ) is completely dependent upon
along with the material properties of the magnetic field). 
NRAS 537, 2602–2629 (2025) 

igure B1. For each simulation in Table 1 , we plot the separation between the 
avenumber where the magnetic Reynolds number is one ( k Rm 

: Rm ( k) = 1), 
nd the viscous wavenumber ( k ν ; using the definition in the main text, 
ee Section 3.3.1 ), via k Rm 

/k ν , and compare this scale separation with the 
agnetic Prandtl number. We plot simulations with Re < Re crit ≈ 100 as 

ircles, and Re ≥ Re crit as diamonds, and colour points by the sonic Mach 
umber. We also annotate two power laws Pm 

1 / 3 (solid line) and Pm 

1 / 7 

dashed line) to highlight the different empirical scaling of k Rm 

/k ν for 
ubsonic and supersonic SSDs. Since k Rm 

does not return a scaling consistent 
ith Pm 

1 / 2 , as we previously found in Fundamental Scales I for M < 1 
ows, we conclude that this measurement does not ef fecti vely probe magnetic 
issipation, unlike k ν : Re ( k) = 1, which accurately probes the dissipation of 
he kinetic flow. 

F
e
t
p
f
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PPENDI X  C :  MAGNETI C  C O R R E L AT I O N  

CALE  

chekochihin et al. ( 2004 ) and Galishnikova et al. ( 2022 ) assume
hat the magnetic correlation (coherence) wavenumber, 

 cor ( t ) = 

∫ ∞ 

0 E mag ( k, t ) d k ∫ ∞ 

0 k −1 E mag ( k, t ) d k 
, (C1) 

s proportional to the magnetic peak wavenumber, k p , which Beattie
t al. ( 2023b ) showed seemed to be qualitatively true not only
n the kinematic phase, but also in the saturated phase. It is not
lear whether this assumption would be valid for supersonic SSD
mplified fields, where the magnetic energy spectrum is broadened
y shocks when M > 1 (see the bottom panel in Fig. 4 ). To test
his, we compute k cor and k p for our two representative simulations,

 0.3 Re 600 Pm 5 and M 5 Re 600 Pm 5 at N res = 576. In Fig. C1 we
ompare the time evolution of these two scales by plotting k cor /k p 
omputed throughout the simulation for both setups. We colour
ndividual hexagon-bins based on the number of occurrences, and
hade the time range corresponding with the transient, exponential
ro wth (kinematic), linear-gro wth, and saturated phases grey, green,
lue, and red, respectively. 
As expected for M 0.3 Re 600 Pm 5, we find evidence that during

he kinematic phase k cor ∼ k p , ho we ver, this relationship appears
o weaken in the saturated state. For M 5 Re 600 Pm 5 we find that
igure C1. Time evolution of the magnetic correlation scale [ k cor ; from 

quation ( C1 )], compared with the magnetic peak scale [ k p ; from equa- 
ion ( 18 )], for M 0.3 Re 600 Pm 5 and M 5 Re 600 Pm 5 in the top and bottom 

anels, respectively. We highlight the transient phase of the simulation in grey, 
ollowed by the exponential growth (kinematic), linear-growth, and saturated 
SD phases in green, blue, and red, respectively. 
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 cor > k p at all times, where initially k cor � k p due to shocks com-
ressing magnetic energy into long, thin (i.e. filamentary) structures, 
hich broaden the magnetic energy distribution. The typical length 
f these shocked regions contributes energy to low- k modes, while 
heir typical width [see our model equation ( 26 )] contributes energy
o high- k modes. As the magnetic energy gradually amplifies and 
pproaches saturation, the magnetic field becomes strong enough to 
uppress deformation on the smallest scales. Consequently, the ratio 
 cor /k p tends towards � 1. 

PPEN D IX  D :  FIT  PA R A M E T E R S  D E R I V E D  

RO M  M EASU R ING  SCALE  C O N V E R G E N C E  

n Section 3.4 we highlighted numerical convergence for two 
f our representative simulations, namely M 0.3 Re 600 Pm 5 and 
 5 Re 600 Pm 5. We also performed the same convergence study

or all of our other simulation setups in Table 1 , so here, for
ach of our simulation setups, we list the two fitted parameters: 
Table D1. Convergence properties of characteristic MHD wavenumbers. 

Sim. ID k ν

N res , crit R N re

(1) (2) 

M = 0 .
M 0.3Re500Pm1 34 . 7 ± 1 . 9 0 . 8 ± 0 . 1 67 . 8 
M 0.3Re100Pm5 18.0 – 54 . 4 ±
M 0.3Re50Pm10 18.0 – 49 . 9 
M 0.3Re10Pm50 18.0 – 54 . 5 ±
M 0.3Re3000Pm1 116 . 8 ± 5 . 0 1 . 0 ± 0 . 1 229 . 2 
M 0.3Re600Pm5 43 . 0 ± 2 . 2 0 . 8 ± 0 . 1 190 . 4 
M 0.3Re300Pm10 23 . 9 ± 0 . 9 0 . 9 ± 0 . 1 120 . 3 
M 0.3Re100Pm30 18.0 – 124 . 3 
M 0.3Re24Pm125 18.0 – 102 . 4 
M 0.3Re10Pm300 18.0 – 102 . 4 
M 0.3Re2000Pm5 130 . 3 ± 4 . 3 0 . 8 ± 0 . 1 534 . 9 

M = 1
M 1Re3000Pm1 116 . 4 ± 4 . 5 1 . 1 ± 0 . 1 205 . 2 
M 1Re600Pm5 48 . 5 ± 3 . 5 0 . 7 ± 0 . 1 159 . 8 
M 1Re300Pm10 18.0 – 117 . 4 
M 1Re24Pm125 18.0 – 96 . 7 ±

M = 5
M 5Re10Pm25 18.0 – 35 . 2 
M 5Re10Pm50 18.0 – 56 . 5 ±
M 5Re10Pm125 18.0 – 101 . 5 
M 5Re10Pm250 18.0 – 144 . 2 
M 5Re500Pm1 61 . 9 ± 4 . 0 0 . 8 ± 0 . 1 64 . 6 ±
M 5Re500Pm2 62 . 7 ± 4 . 2 0 . 8 ± 0 . 1 84 . 1 ±
M 5Re500Pm4 62 . 1 ± 3 . 8 0 . 8 ± 0 . 1 100 . 3 
M 5Re3000Pm1 146 . 7 ± 3 . 9 1 . 2 ± 0 . 1 200 . 1 
M 5Re1500Pm2 143 . 6 ± 8 . 0 0 . 9 ± 0 . 1 199 . 8 
M 5Re600Pm5 79 . 4 ± 4 . 6 0 . 8 ± 0 . 1 173 . 5 
M 5Re300Pm10 43 . 1 ± 3 . 5 0 . 7 ± 0 . 1 120 . 1 
M 5Re120Pm25 20 . 3 ± 1 . 2 0 . 7 ± 0 . 1 157 . 0 
M 5Re60Pm50 18.0 – 159 . 8 
M 5Re24Pm125 18.0 – 143 . 7 
M 5Re12Pm250 18.0 – 137 . 4 
M 5Re2000Pm5 208 . 5 ± 10 . 1 0 . 8 ± 0 . 1 457 . 0 

M = 10
M 10Re3000Pm1 137 . 8 ± 4 . 0 1 . 2 ± 0 . 1 228 . 8 
M 10Re600Pm5 83 . 7 ± 5 . 0 0 . 8 ± 0 . 1 198 . 1 
M 10Re300Pm10 45 . 7 ± 3 . 6 0 . 7 ± 0 . 1 125 . 9 

Notes. All parameters are derived from fits of equation ( 19 ) to the time averaged (o
each simulation. Column 1: unique simulation ID. Column 2: the characteristic grid r
wav enumber, k ν [deriv ed from equation ( 16 ) with ψ = u / 

√ 

2 ], sho ws e vidence of conv
2 but for the resistive wavenumber, k η [derived from equation ( 17 )], and the magnetic p
1) critical numerical resolution, N res , crit , required for wavenumber 
onvergence, and (2) the rate of convergence, R, for the viscous
column 2), resistive (column 3), and magnetic peak wavenumbers 
column 4). 

For all of our viscous simulations, where Re < Re crit ≈ 100, 
e find that our measurement for k ν (and k p in the case of
 5 Re 10 Pm 25) converged at even our lowest resolution runs (i.e.

s expected, we do not need much resolution to resolve low-
e dynamics). In these cases, we report the lowest resolution 

un we performed as N res , crit , and report no value for R, in
able D1 . 

PPENDI X  E:  C O M P U T I N G  FIELD-LINE  

U RVAT U R E  

s mentioned in the main text [and very briefly mentioned in
chekochihin et al. ( 2004 )], when computing the curvature ‖ κ‖ of

he magnetic field b in the presence of grid-scale structures, it is
MNRAS 537, 2602–2629 (2025) 

k η k p 

s , crit R N res , crit R 

(3) (4) 

 3 
± 8 . 7 1 . 0 ± 0 . 2 31 . 6 ± 13 . 4 0 . 9 ± 0 . 8 

10 . 4 1 . 0 ± 0 . 2 31 . 4 ± 14 . 7 0 . 9 ± 1 . 0 
± 7 . 5 1 . 1 ± 0 . 3 32 . 5 ± 12 . 0 1 . 2 ± 1 . 0 

12 . 6 0 . 8 ± 0 . 2 25 . 8 ± 15 . 3 0 . 8 ± 0 . 8 
± 19 . 0 1 . 1 ± 0 . 1 169 . 7 ± 32 . 4 1 . 0 ± 0 . 1 
± 20 . 2 1 . 0 ± 0 . 1 117 . 2 ± 40 . 1 0 . 8 ± 0 . 2 
± 15 . 0 1 . 1 ± 0 . 1 84 . 8 ± 26 . 6 1 . 0 ± 0 . 3 
± 21 . 0 1 . 0 ± 0 . 1 89 . 2 ± 35 . 2 0 . 9 ± 0 . 3 
± 12 . 9 1 . 0 ± 0 . 1 77 . 3 ± 37 . 5 0 . 8 ± 0 . 3 
± 21 . 6 0 . 9 ± 0 . 1 82 . 2 ± 27 . 1 0 . 9 ± 0 . 2 
± 33 . 1 1 . 0 ± 0 . 1 317 . 4 ± 51 . 9 0 . 9 ± 0 . 1 

 

± 19 . 8 1 . 0 ± 0 . 1 148 . 7 ± 36 . 5 0 . 9 ± 0 . 2 
± 19 . 0 0 . 9 ± 0 . 1 90 . 8 ± 36 . 2 0 . 7 ± 0 . 2 
± 17 . 0 1 . 0 ± 0 . 1 103 . 2 ± 81 . 7 0 . 7 ± 0 . 3 

16 . 1 0 . 9 ± 0 . 1 95 . 4 ± 111 . 2 0 . 6 ± 0 . 3 

 

± 7 . 8 0 . 8 ± 0 . 4 18.0 –
12 . 1 0 . 8 ± 0 . 2 26 . 1 ± 9 . 8 0 . 8 ± 0 . 5 

± 24 . 1 0 . 8 ± 0 . 1 63 . 9 ± 38 . 9 0 . 6 ± 0 . 2 
± 36 . 8 0 . 8 ± 0 . 1 151 . 9 ± 124 . 8 0 . 6 ± 0 . 2 

35 . 3 1 . 0 ± 0 . 4 14 . 1 ± 27 . 5 1 . 0 ± 6 . 9 
32 . 8 1 . 0 ± 0 . 3 11 . 2 ± 20 . 5 0 . 6 ± 1 . 8 

± 28 . 7 1 . 0 ± 0 . 2 22 . 0 ± 14 . 8 0 . 7 ± 1 . 2 
± 60 . 5 1 . 0 ± 0 . 1 20 . 1 ± 18 . 1 0 . 7 ± 1 . 6 
± 45 . 1 1 . 0 ± 0 . 1 21 . 6 ± 13 . 1 0 . 8 ± 1 . 6 
± 40 . 7 0 . 9 ± 0 . 1 20 . 6 ± 18 . 3 0 . 6 ± 0 . 8 
± 26 . 5 0 . 9 ± 0 . 1 31 . 1 ± 35 . 0 0 . 5 ± 0 . 5 
± 29 . 2 0 . 8 ± 0 . 1 84 . 3 ± 112 . 4 0 . 5 ± 0 . 3 
± 36 . 9 0 . 8 ± 0 . 1 75 . 7 ± 99 . 4 0 . 5 ± 0 . 3 
± 33 . 1 0 . 8 ± 0 . 1 134 . 4 ± 169 . 0 0 . 5 ± 0 . 3 
± 30 . 7 0 . 8 ± 0 . 1 112 . 5 ± 54 . 6 0 . 6 ± 0 . 2 
± 68 . 8 0 . 9 ± 0 . 1 146 . 1 ± 161 . 6 0 . 5 ± 0 . 2 

 

± 55 . 0 1 . 0 ± 0 . 1 26 . 2 ± 12 . 2 0 . 8 ± 0 . 6 
± 32 . 0 0 . 9 ± 0 . 1 35 . 1 ± 34 . 6 0 . 5 ± 0 . 4 
± 32 . 3 0 . 9 ± 0 . 1 60 . 7 ± 98 . 6 0 . 5 ± 0 . 4 

ver the kinematic phase of the SSD) characteristic wav enumbers deriv ed for 
esolution, N res , crit [scale-height parameter in equation ( 19 )], where the viscous 
ergence, and the rate of convergence, R. Columns 3 and 4: the same as column 
eak wavenumber, k p [derived from equation ( 18 )], respectively. 
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Figure E1. Comparison of how well the orthogonality is maintained between 
the tangent ( ̂  b ) and normal ( ̂  κ) basis vectors when computed using a 
straightforward, but flawed algorithm (plotted in black; see Section E1 ) 
versus our improved algorithm (plotted in green; see Section E3 ). The volume 
weighted PDFs of ̂  b · ̂ κ is shown for the M 0.3 Re 600 Pm 5 simulation run at 
N res = 576, at a snapshot midway through the kinematic phase. Notice that 
our impro v ed algorithm maintains orthogonality to machine precision. 
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ecessary to take some care to preserve the exact orthogonality of
he tangent and normal basis-vectors, 

 b = 

b 
‖ b ‖ , (E1) 

 = 

κ

‖ κ‖ , (E2) 

espectively. Here the non-normalized normal vector, 

= ( ̂  b · ∇ ) ̂  b = 

������ 

0 
1 

2 
∇ ( ‖ ̂  b ‖ 2 ) + ( ∇ × ̂ b ) × ̂ b , (E3) 

oints in the direction of maximum curvature, and carries magnitude
qual to the inverse-radius of curvature ‖ κ‖ −1 . 

In the following subsections we will discuss two different ap-
roaches for computing ‖ κ‖ . In Section E1 we demonstrate how
irectly calculating κ from ̂

 b produces measurements polluted with
ignificant numerical errors (through a violation of orthogonality
etween ̂  b and ̂  κ), whereas the impro v ed e xpression that is e v aluated
n this study, and derived in Section E2 , inherently preserves
rthogonality . Finally , in Section E3 we describe how we compute
 κ‖ in practice. Note that when discussing these algorithms (in
ection E1 and Section E3 ), we denote the x-component of b in
ell ( i, j, k) as b i,j ,k 

x , which should not be confused for the index
otation used in Section E2 . 

1 Flawed algorithm 

he following is a straightforward, but flawed algorithm for comput-
ng ‖ κ‖ : 

(i) Define the tangent vector in every cell: 

 b 
i,j ,k = 

b i,j ,k 

‖ b i,j ,k ‖ . (E4) 

(ii) Construct the magnetic gradient tensor by approximating the
eri v ati ve of each component in each spacial direction, via second-
rder centred differences, for example the derivative of the y-
omponent in the z-direction: 

 ∇ ⊗ ̂ b ) i,j ,k 
z,y = 

1 

2 �x 

(̂ b i,j ,k+ 1 
y − ̂ b i,j ,k−1 

y 

)
. (E5) 

(iii) Compute the curvature vector in every cell as: 

i,j ,k = ̂

 b 
i,j ,k · ( ∇ ⊗ ̂ b ) i,j ,k . (E6) 

(iv) Finally, compute the curvature-magnitude as: 

i,j ,k = ‖ κ i,j ,k ‖ . (E7) 

The difficulty in this algorithm is that there is no guarantee that the
ector κ i,j ,k produced by equation ( E6 ) will be exactly orthogonal
o b i,j ,k ; instead, the degree to which orthogonality is maintained
epends on the accuracy of the finite difference approximation used
o construct ( ∇ ⊗ ̂ b ) i,j ,k . 

Based on numerical experiments, we find that in regions where
b i,j ,k is smooth, this algorithm computes ̂  κ

i,j ,k that is very close to

rthogonal to ̂  b 
i,j ,k 

, but in regions where b changes directions over
ength scales of the order of �x (e.g. in shocked regions), these two
basis) vectors deviate away from orthogonality (see Fig. E1 ). 

2 A stable approach to compute cur v ature 

s an alternative approach, we expand the expression for κi in such
 way to ensure that any numerical errors introduced by the finite
NRAS 537, 2602–2629 (2025) 
ifference approximation are eliminated by construction. Through
ome algebra-gymnastics, it is straightforward to show that κi can
qui v alently be expressed as 

i = 

b j 

b k b k 

∂ b i 

∂ x j 
− b i b m 

b j 

( b k b k ) 2 
∂ b m 

∂ x j 
, (E8) 

r in vector notation 

= 

1 

‖ b ‖ 2 
(
I − b ⊗ b 

‖ b ‖ 2 
)

· ( b · ∇) b , (E9) 

hich while algebraically equi v alent to ( ̂  b · ∇) ̂  b , is significantly more
ccurate when e v aluated numerically. To see why, consider the inner
roduct between b and κ [given by equation ( E8 )], viz. 

 i κi = 

b i b j 

b k b k 

∂ b i 

∂ x j 
− b j b m 

b k b k 

∂ b m 

∂ x j 
= 0 . (E10) 

he critical point to notice, is that b · κ vanishes by construction,
 egar dless of the finite difference approximation used to compute
he ∂ b i / ∂ x j and ∂ b m 

/ ∂ x j tensors. These approximations need not
e accurate, they merely need to be the same for both gradient tensors.
This property is not guaranteed for κ computed via equation ( E6 ),

ince 

 i κi = 

b i b j 

( b k b k ) 1 / 2 
∂ 

∂ x j 

[
b i 

( b m 

b m 

) 1 / 2 

]
(E11) 

s only zero if the finite difference approximation for
 [ b i / ( b k b k ) 1 / 2 ] / ∂ x j is exact. Of course, in practice this is never the
ase. Moreo v er, in our testing, we found that e v aluating equation ( E6 )
ielded results polluted with significant numerical errors, even when
mploying a fourth-order accurate finite difference stencil, whereas a
econd-order stencil was sufficient to converge on numerically exact
esults when e v aluating equation ( E8 ) instead. 

3 Impro v ed algorithm 

n practice, the algorithm we adopt is: 
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(i) Compute the tensor field ( ∇ ⊗ b ) as in Section E1 , for
xample, for the deri v ati ve of the y-component in the z-direction: 

 ∇ ⊗ ̂ b ) i,j ,k 
z,y = 

1 

2 �x 

(̂ b i,j ,k+ 1 
y − ̂ b i,j ,k−1 

y 

)
. (E12) 

(ii) Compute κ i,j ,k as: 

i,j ,k = 

∥∥b i,j ,k 
∥∥−2 (

b i,j ,k · ( ∇ ⊗ b ) i,j ,k 
)

−∥∥b i,j ,k 
∥∥−4 (

( b i,j ,k ⊗ b i,j ,k ) : ( ∇ ⊗ b ) i,j ,k 
)
, (E13) 

here the colon-operator represents the double contraction (double 
nner product) of tensors, i.e. M : N ≡ M ij N ij . 
2025 The Author(s). 
ublished by Oxford University Press on behalf of Royal Astronomical Society. This is an Open
 https://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reuse, distribution, and rep
(iii) Compute the curvature as: 

i,j ,k = ‖ κ i,j ,k ‖ . (E14) 

In line with our discussion abo v e, we find that this algorithm
aintains the orthogonality of ̂ b and ̂ κ to machine precision, in 

very cell, which sits in contrast to the flawed implementation, as
emonstrated in Fig. E1 for M 0.3 Re 600 Pm 5 at a snapshot during
he kinematic phase. 
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