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Abstract

A theory is developed for the formation of a low pressure, current-free
double layer just inside an upstream dielectric source chamber connected to
a larger diameter, downstream metallic expansion chamber. The double
layer is described using four groups of charged particle: thermal ions,
mono-energetic accelerated ions flowing downstream, accelerated electrons
flowing upstream and thermal electrons. The accelerated electrons are
formed downstream from an initially nearly half-Maxwellian electron
distribution. A fifth group of counter-streaming electrons formed by the
reflection of the accelerated electrons from the sheath at the insulated end
wall of the source chamber is used to enforce the condition that the double
layer be current-free. The condition of particle balance upstream is found to
determine the double layer potential. The double layer is found to disappear
at very low pressures due to loss of ionization balance upstream and due to
energy relaxation processes for ionizing electrons at higher pressures. The
theory is found to be in good agreement with the experiments.

(Some figures in this article are in colour only in the electronic version)
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and expansion chambers. The theory is found to be in good
agreement with the experiments.

Langmuir [8] first described a double layer formed
between an electron-emitting cathode and and ion-emitting
anode, with an applied dc voltage across the gap. The space
charge density is negative near the cathode and positive near the
anode. Langmuir showed that the sum of positive and negative
charge within the gap vanishes when

I, = M/m)\1, 6))

where I, and [; are the electron and ion currents flowing across
the gap and m and M are the electron and ion masses.

Andrews and Allen [9] obtained conditions to embed
a double layer in a quasi-neutral plasma using four groups
of charged particles inside the double layer: (a) thermal
ions, (b) accelerated ions flowing downstream, (c) accelerated
electrons flowing upstream and (d) thermal electrons. For
assumed mono-energetic accelerated species and Maxwellian
thermal species, Andrews and Allen determined the density
ratios of the species at each edge of the double layer, as well
as the entering velocities required for the accelerated species,
at a given double layer potential drop. In section 2, we
introduce an initially near-half-Maxwellian, rather than mono-
energetic, accelerated electron group, to more realistically
describe the experiments. To treat the formation of a current-
free double layer, as seen in the experiments, we assume that
the accelerated electrons are (almost entirely) reflected from
the end wall of the source region, forming a counter-streaming
population.

In section 3, the densities and particle fluxes at each edge
of the double layer are coupled to the particle balance relations
upstream and downstream, using low pressure diffusion theory.
At low pressures, the upstream and downstream thermal
ionization rates are equal, but the particle loss rate is greater
upstream than downstream, due to the smaller upstream
radius. The accelerated electron group supplies the additional
ionization rate required upstream. The ionization rate for
this group depends on, and thus determines, the double layer
potential. A high pressure limit is determined for the double
layer formation, when the energy relaxation length for ionizing
electrons (~20V) becomes important compared with the
system length. Comparisons of the theory with the experiments
are given in section 4. We also give a discussion of some
additional theoretical and experimental issues, in this section.

2. Double layer formation

We follow the procedure and notation of [9], with subscripts
a, b, ¢ and d referring to thermal ions, accelerated ions,
accelerated electrons and thermal electrons, respectively, and
subscripts 1 and 2 referring to the downstream and upstream
double layer edges, respectively. Choosing the zero of
potential at the downstream edge, with a potential V at the
upstream edge, the charge density within the double layer is
determined by solving Poisson’s equation for the potential V.
For the thermal ions and electrons, the charge densities are
given by the corresponding Boltzmann relations

Pa = pare "', 2)

pa = pae” VT, 3

where p,; and p,;, are the thermal ion and electron densities
at the downstream and upstream edge, respectively. In (2)
and (3), and throughout this work, the symbols 7; = kT;;/e
and T, = kT, /e are the ion and electron temperatures in
equivalent-voltage units (volts), where k = 1.38 x 10723 JK~!
is Boltzmann’s constant, ¢ = 1.6 x 107'°C is the unit of
charge and Tj; and T, are the ion and electron temperatures
in kelvins. For mono-energetic ions entering the double layer
upstream with velocity v; and charge density pj,, the charge
density is determined by particle flux and energy conservation
within the double layer

PpVz = Pp2Vi; vi=v+2e(V, = V)/M, (4

which yields
ob = ppoll +2e(Vy — V)/MvF~/2 )

In appendix A, we treat mono-energetic accelerating
electrons flowing upstream, first described in [9]. Here, we
introduce a nearly-half-Maxwellian energy distribution, which
more realistically describes the energy distribution seen in the
experiments. At the low pressures of the experiments, the
energy relaxation length for electrons with energies below the
first excitation potential of argon (~11.6V) is much larger
than the system length. Therefore, we choose the same
characteristic 7, for the accelerated group (c) as for the trapped
electron group (d). As discussed in [9], the distribution
function must be zero at v, = 0. We therefore introduce a
near-half-Maxwellian electron distribution

21 m
fcl =
erfc(¢y) \2meT,

=0

1/2 R
) e—mv;/ZeTg v, > v,

(6)

v, < U,

where ¢ = (mvez/ZeTe)l/z, neg = —pe/e, erfc is
the complementary error function and the normalization is
f fe1dv, = ngp. The velocity v, will be shown to be of order
(eT;/m)'/?, which is much smaller than the electron thermal
velocity for T; < T,. The corresponding charge density is

o0
0c = —e/ v, (v} +2eV/m)~' 2 £ dv,. (7

Evaluating the integral yields

erfc(¢)

_ —V/T.
= 'O“erfc(;l) e (®)

Pe

with ¢ = [(mv? +2eV)/2eT,]'>.

We introduce [9] the normalized quantities t, = 7,/ Vs,
T = Tt/an = V/V.rv D, = mvz/zevs andq)i = MU?/Z@VX
such that £, = (®,/7.)"/? and ¢ = [(®, +1)/7.]"/>. The total

charge density is p () = p, + Pb + Pc + Pu-
The boundary conditions at the downstream and upstream
edges are

p=0 atn=0; p=0 atn=1, ©)]
dpo/dn =0 atn=0; dp/dn =0 atn=1. (10)
Boundary conditions (10) are discussed in [9]; they are

equivalent to the Bohm condition [10] for a collisionless
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plasma joining a collisionless sheath, such that the space
derivatives of the total electron and ion densities at the sheath
edge must be equal.

The four equations (9) and (10) have the form

811 812 813 814 Pal
821 82 823 824 Pb2 —0 (1n
831 832 833 834 | Pel
841 842 843 844l | Pa2
with the coefficients
gn=1L go=>0+® "% ga=1; gu=e /%
gn=c T gm=1; g3 =e"erfe(s)/erfe(s):;
gu=1 gn=-1/u gn=30 (1+o7)7%
gn =11 —e b/ ymerfe(2)]; g =1 e V",
g =—1 e’ gp=1a7l
g =7, ' [e"erfe(sy) — e / (Vg ferfe(2);
gu =1/ (12)

with &, = [(®, +1)/7.]"/?. The determinant of the coefficient
matrix must vanish for a non-zero solution of (11)

det[g] = 0. (13)
The ratios of the charge densities are then given by the ratios
of the cofactors of the first row of [g]
Pal : Pp2 i el = Pa2 i Crp i Crp i Cr3: Crg. (14)
The final condition required to determine the double layer
parameters is that the sum of positive and negative charge in the
double layer must vanish or, equivalently, that the total force
acting on the double layer must vanish:

1

[ panan=o. as)
0

Condition (15) ensures that a zero electric field at one edge of

the double layer leads to a zero electric field at the opposite

edge. Evaluating (15), we obtain

Eipa1 + Exppp + E3pc1 + E4pq2 =0, (16)
where
Ey=n(l—e V%), Ey=20;[(1+® )" 1],
Es = t.[2(& — ¢e ™5 //m erfe(¢))
+e!/Terfe(gy) ferfe()) — 11,
Ey=1.(1 —e V%), (17)
Substituting (14) into (16) yields
C11E1+C12E2+C13E3+C14E4=0. (18)

For given values 1; and t,, the simultaneous solution of (13)
and (18) determines ®; and ®,. Once these are found, then
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Figure 2. Density ratio versus double layer strength V,/T,;
(a) ny/na; (b) ney/ny ( ) and n,; /ny (----) and (¢) ne/n;.

the densities are obtained from (14). Except for a common
constant of proportionality, these are

na1 = Cii/e;  ng=guCri/e; np = gnCr/e;
np =Cpje; ng=-—-Cife; no=—gnCis/e;
ng1 = —g14Cuafe;  ngy = —Cia/e. (19)

Equations (13) and (18) are highly nonlinear and must
be solved numerically. We have obtained the solutions and
verified their relative accuracy to within 0.1%. Figure 2(a)
shows the ratio of total downstream-to-upstream density n, /1
as a function of the double layer strength V,/T,, for an
assumed ion-to-electron temperature ratio 7; / 7, = 0.05. Here
ny = ng +np and ny = ngy + nyy. The density ratio is
nearly unity over the entire range of strengths. Figure 2(b)
gives the densities for the accelerated electron group (solid
line) and the accelerated ion group (dashed line) as fractions
of the total downstream density. The electron group rises
sharply to 100% of the total as V,/T, increases, and the
ion group falls from nearly 100% to 20% over the range
of Vi/T, shown. The electron group is about 90% of the
total downstream density and the ion group is about 55%, for
Vs/T, = 2. Figure 2(c) gives the density of the accelerated
electron group as a fraction of the total upstream density. The
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Figure 3. (a) Ion velocity v; ( ) and electron velocity v, (----)
entering the double layer versus V;/T,; the ion velocity is
normalized to ug = (eT,/M)'/? and the electron velocity to

ug. = (eT;/m)'/?; (b) the ratio of electron-to-ion flux for the
accelerated species versus V;/T,; the Langmuir condition (1) is
shown as the solid horizontal line.

accelerated electrons comprise about 20% of the upstream
density, relatively independent of the ratio V;/T,. There is
a negligible thermal ion density n,; passing from downstream
to upstream. Figure 3(a) gives the ratios v; /upg (solid line)
and v, /u g. (dashed line), where uz = (eT,/M)"'/? is the usual
Bohm velocity and ug, = (eT;/m)'/? is a similar velocity
defined for electrons. The accelerating ion group is seen to
enter the double layer at a velocity of 1.2—-1.3 u g. The entering
velocity v, for the lowest energy electrons in the accelerating
electron distribution is seen to be in the range 0.2—1 u 3., which
is small compared with (e7,/m)'/?. These results are found
to be practically independent of 7;/T, over the range 0.01-
0.06, except that v, decreases as T;/ T, decreases. The ratio of
electron-to-ion flux for the accelerating species

neup e <2M>1/2

Fe/ ;=
npy v; erfe(gy) \mwm

(20)

is compared with the Langmuir ratio (1) in figure 3(b). At low
double layer strengths, we see a significant reduction compared
with the Langmuir ratio.

The entire source chamber is insulating in the experiments,
such that the net (electrical) current flowing into the source
must vanish. To apply the preceding results to this situation,
a fifth species is introduced, which is formed by the reflection
of (almost) all the accelerated electron group by the sheath
at the upstream wall. It is easily seen that this reflected
group contributes exactly the same charge density to the
double layer and to the downstream plasma as the original
group. Hence, the double layer solution is unaltered by the
addition of the reflected electron group. In this sense, there is
no fundamental distinction between a current-carrying and a

100 ) @
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Figure 4. (a) Double layer strength V; versus pressure p without
(O) and with (O) accounting for the energy relaxation length of
ionizing electrons; (b) electron temperature 7, versus pressure p;
the lines are drawn to guide the eye.

current-free double layer [11]. The slightimbalance in currents
between the incident and reflected accelerated and thermal
electron groups balances the flow of ions to the upstream wall.
The resulting floating potential that forms at the wall will be
determined in section 3.

3. Downstream and upstream particle balance

The downstream particle balance is determined by low pressure
diffusion theory [12, section 10.2] according to the relation
KingwRY - 2w = 2 R{hay, + 27 Ry - 2whp, )ug,  (21)
where K;,(T,) is the ionization rate coefficient for thermal
(Maxwellian) electrons, n, is the neutral gas density,

haw = 0.86 (3 +w/r;) V2, hg, =0.8(4+ R /1) 2
(22)

are the axial and radial edge-to-centre density ratios, given
from low pressure diffusion theory [12, p 148] and A; =
(330 p)~! is the thermal ion mean free path in argon, with A;
in cm and p in Torr. Solving (21) determines 7, in the entire
system at any given pressure. Guided by the experiments and
the results from the double layer theory, we have assumed
in (21) and (22) that the thermal ion diffusion flux flowing
upstream into the source chamber is negligible.

Because the upstream radius is smaller than the
downstream radius, ionization by thermal electrons upstream
does not suffice to balance the larger particle losses upstream
at low pressures. An additional source of upstream ionization
is required, which is supplied by the accelerated group of
electrons. We use a simplified one-dimensional diffusion
model for the particle balance upstream.  Letting n;,
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ng =n; —ne. and ng, be the densities of ions, thermal
electrons and accelerated electrons, with the latter species
assumed to be uniform in z, then the diffusion equation is

2

d n;
— Dypy—— +vgn; = ny(Kizng + Kiyenea),

dz? @3

where

Dyy = hp,upR; (24)

is the low pressure ambipolar diffusion coefficient (see
appendix B),

Vg =2hp,up/Ry (25)

is the radial loss frequency and Kj,. is the ionization rate
coefficient for the accelerated electron group. Kij,. is a function
of Vs and T, and is calculated in appendix C. We assume a
symmetric solution for the ion density about z = /2

n; = fng — njgcosh y (z — %h) , (26)
where
— ng(Kizc - Kiz) (27)
(VR - Kizng)
and
y? = (g — Kizng)/Daa (28)
is the square of the axial decay constant. The ion flux is
F,’ = )/DAQI’l,'O sinh Y (Z - %h) . (29)
Setting I'; = n;v; at z = h determines n;o. The complete
solution is then
coshy (z — 1h
ni=|1- : (1 ") — | Bra. (30)
(y Daz/v;) sinh 5h + cosh 5y h

Evaluating (30) at the upstream edge of the double layer z = &
yields

v; niz
B = (1 + yD’AZ coth%yh) n— 31

c2
where 1,5 = nyy + ny, is the total ion density at the upstream
edge. The ratio n;,/nq, in (31) is given from (19). Equating
(27) to (31) yields

ng(Kizc - Kiz) _ (1 4 Vi

Mgl Rize — Riz) iz
(UR - Kizng) yDAZ

coth %yh) (32)

nep

Since Kj,. and n;;/n. depend on Vi, (32) determines the
double layer strength V; needed for particle balance upstream.

Equation (32) has been solved numerically, and the results
for V; versus pressure p are given as the squares in figure 4,
along with 7, determined by solving (21). We see that V; rises
dramatically as the pressure is decreased, with a minimum
pressure of approximately 0.096 mTorr for a solution to exist.
Below that pressure, the maximum ionization rate coefficient
of ~2.2 x 10713 m3 s~! for the accelerated electrons upstream
(see figure C1) is not sufficient to balance the excess upstream
particle losses. The maximum double layer strength is seen
to be of the order 100 V near the minimum pressure but is
a very sensitive function of pressure for such high values of
Vs. Figure 5 shows the various density ratios corresponding
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Figure 5. (a) Downstream-to-upstream density ratio n,/n,,

(b) downstream ratios n.;/n; and n,;/n; and (c) upstream ratio
ne/n, versus pressure p for the solution shown in figure 4; the lines
are drawn to guide the eye.

to figure 4. These have little variations with pressure except at
the lowest pressures.

In the experiment, the double layer also disappears at
pressures above a few milliTorr. To understand this, we
examine the energy relaxation length forionizing electrons [12,
p 691],

Miz = Crethinet /3)'/2, (33)

where Ao and Ay are the elastic and inelastic mean free
paths for electrons in argon. For a 20V electron, we find
that A;; = 30cm at 1 mTorr, which is comparable to the
system length. Since electrons are heated upstream, the
downstream ionizing electron density can be depleted at the
higher pressures. When the ratio of downstream-to-upstream
ionization rates becomes equal to the ratio of downstream-
to-upstream particle loss rates, then the additional ionization
provided by electrons accelerated upstream by the double layer
is no longer needed. For a uniform ionizing density nj,
upstream, the downstream density is

niz1 = Rigz cosh[(h + w — z) /A ]/ cosh(w/A;.);

h<z<h+w, (34)
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where we have assumed electron reflection from the
downstream sheath. The average downstream density is

(35)

~ 1 h+w )\iz w
Niz] = — dzni,1 = ny;p— tanh —.

w Jh w iz
Hence, for a given downstream ionization rate coefficient Kj,,
the effective ionization rate coefficient upstream is larger and
is given by

Kizett = Kizﬂ coth —. (36)

)“11 )\iz
Using (36) in place of Kj, in (32), we can solve to determine
Vj, as previously. The results are shown in figure 4 as circles.
We find that the double layer disappears at pressures above
about 2.5 mTorr, as is seen experimentally.

Downstream, the accelerated ions enter the expansion
chamber, where they undergo charge transfer collisions with
the neutral gas, leading to the production of thermal ions.
The experiments show that the characteristic radius of the
beam ions inside the expansion chamber is that of the source
chamber. The neutralizing electrons associated with the
downstream beam ions also lead to additional ionization. A
simplified diffusion model is used to describe these processes,
in which the ionization and the volume rate of production of
thermal ions due to the presence of the beam ions is assumed
to be uniform within the expansion chamber. The downstream
beam ion density is

—m)/hp.

h<z<h+uw; r <Ry,

(37)

ny =np e ¢

where A, & 0.74; is the beam ion—neutral charge transfer mean
free path. The net number of beam ions per second converted
to thermal ions in the expansion chamber is thus

npivp(l —e ) R3, (38)
where v, = (vi2 +2¢V,/M)/? is the beam ion velocity in the
expansion chamber. Dividing by the volume of the expansion
chamber, the volume rate of production of thermal ions is then
VpMpett, Where v, = vy, /Ay, is the charge transfer frequency and

)\'b R2 —w
Rpeir = np— —= (1 —e /™). (39)
w Ry
The diffusion equation for thermal ions downstream is
dzl’ll‘
— D FE + VRN = ngKi, (N + Npeir) + Vplipesr,  (40)
where Djy = hgupR; (see appendix B) and vg, =

2hgup/Ry is the downstream radial loss frequency. The
solution is

n; = R coski(z — h) + anpee[coski(z — h) — 11,  (41)
where
ki = (ngKiz — vr,)/Dai (42)
is the square of the downstream axial wavenumber and
_ klzDAl + VR, +Vb. (43)

k3D

The thermal ion flux is

[y = kiDa1(na1 + anpesr) sinky (z — h). (44)
Setting I'; = n;jup at z = h + w yields
kiDa1(na1 + onper) sinkyw
= up (a1 + onperr) COS KW — U Tpefr (45)

Solving (45) for ki, we obtain the density profile from
(40); k; is found to be real at low pressures and imaginary at
higher pressures.

The potential distribution in the discharge is determined
from the density distribution. With the zero of potential
at the downstream wall and a floating potential of Vyj =

%Te In(M/2nrm) = 4.87, across the sheath there, the
downstream potential is
Vi(z) =48T,+ T, In(n.(2)/n.(h + w)). (46)
The upstream potential is
Va(@) = Vith) + Vs + T. In(naz(2) /nax (). (47)

The potential drop Vs, across the sheath at the upstream
floating wall is obtained by equating the ion and electron fluxes
there

1 /8eT,\'?
nipv; = 7< ¢ ) (agz + nere"/ Toye VT, (48)
4\ Tm

Figure 6 shows the density and potential profiles at low
(0.1 mTorr), medium (0.3 mTorr) and high (1 mTorr) pressures.
The potentials (with respect to earth) at the upstream and
downstream walls are indicated by crosses. At low pressures,
a large double layer potential drop V; is seen, and the charge
transfer of the ion beam with the neutrals is small. The medium
and high pressure cases are similar, with a lower double layer
potential and almost complete charge transfer of the ion beam.

4. Comparison of theory with measurements

In a relatively complete experiment in argon gas with source
length and radius 4 = 31 cm and R, = 6.85 cm and expansion
chamber length and radius w = 29.4cm and R; = 15.9cm,
the double layer potential V; was measured as a function of
the pressure p. The measurements are shown in figure 7
as the solid squares, with the theoretical curve shown as a
solid line. The general shape and height of the theoretical
curve match the experimental results quite well. We see
experimentally the low and high pressure cutoffs for double
layer formation, as also seen in the theory. At low pressures,
the experimental pressure measurement is estimated to have an
accuracy of about 0.1 mTorr. Figure 8 shows the theory results
for the potential and the thermal ion density at 0.2 mTorr (left
side), for comparison with the experimental result published
in [2] (right side). The thermal ion density was measured
using a retarding potential energy analyzer whose orifice was
oriented at right angles to the exiting ion beam. The general
shapes of the potential and the thermal ion density are quite
similar to that seen experimentally. The theoretical densities
agree quite well with the measurements on both sides of the
double layer. A somewhat smaller double layer potential V;
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Figure 6. Potential V and total ion density n; versus position z at (a) 0.1 mTorr, () 0.3 mTorr and (¢) 1 mTorr; the downstream total density

(----) is decomposed into the accelerated ion beam density (decaying exponential,

potentials are given by the crosses (x).

is seen in the theory than in the experiment. However, V; is a
quite sensitive function of pressure in this range, and a small
decrease in the theoretical pressure will give a better match
to the experimental result for V;. An unexplained feature of
the experimental results, not seen in the theory, is the large
potential rise upstream of the double layer, which may be
an artefact of the experimental measurement for z less than
0.2m, where a non-negligible earthed area (probe shaft) is
introduced into the insulated region 2 [7]. Figure 9 shows the
theoretical results for the decay of the relative ion beam density
versus position at 0.27 mTorr argon. The measured beam decay
(solid squares) is somewhat faster than the theoretical decay
(solid line) given by (37), but the results are quite sensitive to
the uncertainty in the pressure measurement and to the value
Ap & 0.7 A; used in the theory.

In another experiment in a larger device, the double layer
potential was measured over a somewhat limited range of
pressures in argon [13]. The experimental parameters were
source length and radius # = 57.8cm and R, = 10cm and
expansion chamber length and radius w = 200 cm and R,
50 cm. The experimental results are shown as solid squares in
figure 10, with the theoretical curve shown as the solid line.
There is a reasonable agreement between the measurements
and the theory, although the full range of pressures was not
explored in the measurements.

In this work we have developed a theory for the
formation of a low pressure current-free double layer in
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Figure 7. Double layer potential V; versus pressure p;
measurements from 1999 in argon (M) [15] and from 2006 (®) using
two different energy analysers; theory for argon (——).

a plasma expanding from a small diameter source to a
larger diameter chamber. The diffusive flows of the quasi-
neutral plasmas in the source and expansion chamber were
coupled to the dynamics of the particles in the non-neutral
double layer. To preserve the current-free nature of the
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Figure 9. Relative ion beam density versus position z;
measurements in argon (M); theory for argon ( ).

experimental double layer, a fifth species consisting of a
counter-streaming population of electrons formed by the
reflection of the accelerated electrons from the end wall of
the source region has been introduced. The results of the
theory are in reasonable agreement with experimental results
obtained on two different-sized devices exhibiting double layer
formation.
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Figure 10. Double layer potential V; versus pressure p in a larger
device; measurements in argon (M) from [13]; theory for argon

(—).
Acknowledgments

MAL acknowledges the support provided by the Lam Research
Corporation, the State of California MICRO Program, National
Science Foundation Grant ECS-0139956, a UC Discovery
Grant from the Industry-University Cooperative Research

3301



M A Lieberman et al

Program (IUCRP) and the SP3 group at ANU. We thank
A Viquerat for his assistance with initial modelling studies.
MAL thanks A J Lichtenberg for enlightening discussions on
double layer physics.

Appendix A. Monoenergetic accelerated electrons

Double layer formation with mono-energetic accelerated
electrons was examined in [9]. The modified terms in (12)
and (17) are

g =1+d;H% gy =—2d,)7

g =—Qd,) A+ ;)2 (A1)

and

E; =20, [(1+d;H'2 —1]. (A2)

In [9] additional approximations were made that the thermal
ion density upstream and the thermal electron density
downstream were negligible

gu=g1=8gu=8gu=0; Ei =71, Ei=r1. (A3
Using these assumptions, (13) and (18) were solved, yielding
the solutions plotted in [9]. (There are typographical sign
errors in [9] for g33, g41 and gs43, which we have corrected
here.) An interesting feature is that, due to approximation
(A3), solutions do not exist for certain ranges of 7, and t;;
for example, solutions do not exist for 7, 2 0.4 at ; = 0.04
(see figure 2 of [9]). For small double layer strengths, with
Vy < few T, the thermal electron density downstream is
significant. Solving (13) and (18) when the approximation
(A3) is not made yields the results for ®; and ®, shown in
figure Al.

Appendix B. Low pressure diffusion coefficient

For R, < h in the pressure regime 7; /T, < A;/Ry; < 1, an
estimate for the ambipolar diffusion coefficient D4 is

Dar = wiTe, (BD)

where
i = (2ek; /T ME)'/? (B2)
is the low pressure mobility [12, p 144]. The radial

ambipolar electric field is the strongest component and is
estimated as

=1, (l8) 5 L (B3)

" \ndr) TRy

Substituting (B2) and (B3) into (B1) yields
D> ~ 0.8(%i/R2)"*ugR,. (B4)

An extension of (B4) to the collisionless (Langmuir) pressure
regime A; > R, is obtained using the edge-to-centre density
ratio hpg,, through the substitution in (B4) that
0.8(i/Ry)"* —> hg, (BS)

with
hg, = 0.8/(4+ Ry/1)'/? (B6)

3302

0.35

0.3t
0.25f

O; 0.2}
0.15}
0.1¢
0.05f

0.2 0.25

0.1

0.08¢

0.061

0.04}

0.02}

0.05

Figure A1. Double layer formation for mono-energetic accelerated
electrons and ions; the approximation of negligible thermal ion
density upstream and thermal electron density downstream is not
made; (a) &, versus t,/2 for various values of 7;; (b) &, versus t;/2
for various values of ..

as in (21). The final result is

Dy» %thuBRz. (B7)

Appendix C. Ionization rate coefficient for
accelerated electrons

‘We calculate the rate coefficient K;,. for accelerated electrons
upstream, which depends on both 7, and V;. The accelerated
electron flux is conserved across the double layer

szdszfCZ = vzldvzlfcl (Cl)

with

v = v +2eVy/m. (C2)
Since v, dv,; = v, dvy, the distribution function is
conserved across the double layer. Hence, f.(v) =
fer(vp(vy)). Using f. from (6), along with its counter-
streaming counterpart, and ignoring the small ‘hole’ in the
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distribution for |v,;| < v,, we obtain

m 3/2
—mv2/2e
ch =N eVS/Te e mvz/ZLTg; |vz2| > v,
2meT,

=0 otherwise

(C3)

with v, = (2¢V,/m)"/? and with v% = vﬁz + vfz + vzzz. The
upstream density is

Nep = / ch d3U2 = ncler/TeerfC(gs) (C4)
with ¢, = (V,/T,)"/?. Hence f,, is given by
neo m 3/2 2/2eT,
_ —mvy [2eT, . ~
fo = fe(c) <27‘reTg> e ; [v2| > v
=0; otherwise.
(C5)

The ionization rate coefficient is found by integrating
oi,Vf2 over spherical coordinates (v, 6', ¢’) in velocity space.
The ¢’ integration yields the factor 27r. We then obtain

2]_[ o] b
Kize = —/ dv/ sin@'do'v? - oy,v - fra(v).  (C6)
ne2 Jo 0

Substituting (CS5) into (C6), we obtain

4 m 32
Kie = —— (5=
erfc(¢y) \2meT,

o] 0
x / v2dv - o, (v)v - eV 2T / sing’do’,  (CT7)
v, 0

where cosf® = vy/v. The 6’ integration yields the factor
(1 — vs/v). Inserting this into (C7) yields

4 m 3/2
Kizc = —"T
erfc(¢y) \2meT,
00 v i
X / v2do - o, (V) (1 _ ;) . e—mv? /2T,
Vg v

Making the substitution £ = mv?/2e, we obtain the final result

PO (0 R TS
ize = m Tezerfc(g‘x) sy Le)s

(C8)

(€9

where

o) v 1/2
I:/ dE € [1 - (?) }nz(g) e/, (C10)
V,

s

For V; < 50V, the integration in (C10) is done numerically
using the ionization cross section given in [14], and the results
for Kj,. are plotted in figure C1 versus T, over this range of V.
Above 50V, the accelerated electrons are nearly beam-like,
and we use the simpler expression Ki,. = oi,(2eV,/m)'/2.
We see from the figure that as V; increases, the rate coefficient
increases, with the greatest increase at lower temperatures. At
V, ~ 300V, Ki,. has a maximum value of 2.1 x 10~ m3s~!,
and then falls slightly for still larger values of V. For
Vi < 50V, at each value of V;, we determine the coefficients
A, B and C that give the best fit to the rate coefficient

Ki,e = AT /T (C11)

12

14

2
E 10
x 7
1 04 6 L 5

3

2

1

Vi=0

-18

T, (V)

Figure C1. Upstream ionization rate coefficient K;,. versus 7, at
various double layer voltages V;; the solid lines are the fits to (C11)
using the ABC coefficients given in table C1.

Table C1. Best fit values A, B and C for Kj,. in equation (C11).

V,(V) A0 Mm’s) B c)
0 2.1779 05735 16.256
1 2.9091 04895  14.927
2 3.1033 04701  13.879
3 3.1693 04633  12.859
5 3.0916 04691  10.844
7 2.8508 04916 8.8487
10 2.3443 05484 5.9006
13 1.8176 06257  3.0954
158 15217 0.6807  0.97202
20 2.1201 05666  —0.13575
25 3.6450 03910  —0.23700
30 5.1994 02821  —0.26627
35 6.2641 02340  —0.33219
40 7.0458 02121  —0.34701
50 10.638 0.09751  0.089166
70 13755 0 0
100 16.909 0 0
200 20.078 0 0
300 20979 0 0
500 20.121 0 0

Note. T, is in the range 2—8 eV; cross section
from [14].

over the range 2 < 7, < 8 V. Above 50V, we use A = K,
with B = C = 0. The best fit values are given in table C1.
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