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SUMMARY

This thesis is primarily concerned with obtaining
aéymptotic identification and estimation results for vector
linear time seriesvmodéls whiéh can be parameterized by a
finite and fixed'number df parameters and for which a sequence
of discrete, equally spgced observations is évailable. We

note, however, that Chapter 3 presents results of a more general

nature.

The main ;esults are given in Chapters 3, 4, 7 and 8.
In Chapter 3 we consider a general nonlinear multivariate time
series model which can‘be'rewritgen, if necessary, in a form’
"such that'tﬁe disturbances are stationary martingale
differences. We prove the strong consistency and asymptotic

Normality of the Gaussian Estimators of the parameters.

Chapter 4 applies the results of Chapter 3 to a general
“vector linear time series model, a special case of which 1is

the vector ARMAX model.

Chapters 7 and 8 consider the estimation of an unknown
_ : P
vector parameter in a multivariate regression model with
. ) .
stationary residuals. Applications of the general theory of

Chapters 3, 4, 7 and 8 are given.

Chaptér 2 gives th& main idenéifidhtfon reéults used in
the thesis. Chaptér 5 discusses some of the properties ofi
' the Gauss-Newton algorithm from a computational point of view.
It.also relates the algorithm to some of the estimators proposed

_in the literature;

In Chapter 6 we give a general method for obfaining
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recursive estimators for time series models by using a Gauss-

Newton linearization.

Chapter 9 obtains conditions for which the methods of
estimation in Chabter 4 and Chapters- -7 and 8 are equally as
efficient (asymptotically) when applied to dynamic simultaneous

equations models with autoregressive or moving average residuals.
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CHAPTER 1
INTRODUCTION

- 1. THE THESIS IN PERSPECTIVE

This thesis is primarily'coﬁcerned with obtaining
asympfotic identification and estimation results for vector
linear time series models which can be parameterized by a
finite and fixed number of parameters and for which a
sequencetéf discrete, equally spaéed, observations is
available. We note, however, that Chapter 3 preséﬁts results

of a more general nature.

The models discussed in the.thesis have qsefulﬂempiriéal
applicat;ons (prediction, control, structﬁralAanalysis) in
Engineef?ng and Ecoﬁometrics, although‘it may sometimes be
necessary to transform the data, for example by trend or’
seaspnal adjustmept, before analysis can take place.. Data
transformation is ca:ried out to ensure that the variables we
.finally work with satisfy (approximately) ghé assumptions of

. the theoretical analysis.

A general procedure we use throughout the thesis is to”~
prove, subject to regularity conditions, the consistency and
asymptotic Normality of parameter estimates obtained‘by:
maximizing . a Gaussian Likeiiﬁood,'or an approgimation to it

the'proofs,>however, will not require the observations to be

Normally distributed.

Following Whittle [1962] we call estimates thus obtained
Gaussian Estimates to distinguish them from Maximum Likelihood
Estimates. Subject to regularify'conditions, the Gaussian

Estimates areiefficient‘in the sense that they have the same



asymptotic distribution as the Maximum Likelihood Estimates
for Normally distributed observations. This definition of

efficiency follows Hannan [1970, p.377].

An importagt feature of the thesis is the use of the
Gauss—-Newton algorithm to provide, subject to appropriate
regularity conditions, a sequence of itérates that are strongly
consistent and asymptotically efficient, and that converge for
N sufficiently large, almdst surel&, to the Gaussian Estimate.
Thus we can obtain asymptotically efficient estimators of the
parameters in a fixed and finite number of steps. Tﬁe Gauss-
Newton algorithm has often been ﬁsed in ihe past as a |
computatipnai algorithm, which, when iterated to convergence,
~gives us a statibnary poiht of the Normal Equations. The
statistical properties of the individual iterates have not been
discussed before, aithoggh as we will see in Chapter 5, the
Gauss-Newton iterates have been used\to provide efficient two-
step estimators for partiéular models without explicit

recognition being made of this fact.

Chapter‘Z gives the basic identification results that -
will be used throughout the thesis, these results being based
mainly on Hannan's [1969a, 1971a] work, with Hannan [1969a]

being a special case of Hannan [1971a]. Unfortunately there

are small errors in Hannan [1971a]. We gmend these and also
extend Wegge's [1965] classical identification result to

ARMAX strﬁcturés. We will also show how the ARMAX identifica-
tion results can be used to identify ARMAX structures when |

" identities are present, as well as to identify structures with

autoregressive or stationary residuals.




-3~

The latter part of Chapter 2 discusses and extends some
recent Qork on identification which has appeared in the
Econometric literature. In particular, we aﬁend and extend an
identification result of Hatanaka [1976] and discuss
Deistler's [1976] work on vector linear models, where he obtains
jdentification results under conditions which appear to be
weaker than those in Hannan [1971a]§‘ we also show the link
betweenbidentification and estimation, especially for the time
series context, by using Sargan's [1975] concept of asymptotic

identification.

In Chapter 3 we consider a general nénlinear multivariéte
time series model which can be parameterized by a finite and
fixed number of par;ﬁeters and which can be rewritten, if
necéssarj, in a form suph that the disturbances are stationary
martingale differences. Subject to regularity assumptions,
we prove the strong consistency,and asymptotic Normélity of the
Gaussian Estimators of the parameters,>the péramefers possibly
being éubject to nonlinéar constraints. Because the Normal
Equations are usually highly nonlinear it may be difficult to
obtain explicit expressions for the Gaussian Estimates. T;
overcome this problem we use the;Gauss—Newton algorithﬁ to

obtain a sequence of iterates which converge to, and have the

same asymptotic properties as, the Gaugsian Estimates.

Because the approach in Chapter 3 is so general; we can
expect that in any specific gpplication we maf be able to prove
strong consistency under weaker assumptions on the admissible
parametér set. I feel, however, that ahy modification of the
proof, necessary to weaken the assumptions in tﬁe‘specific

-case, . will be minor. The other results of the chapter only
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require local (in a neighbourhood of the true parameter point)

conditions on the parameter set and the assumptions we make

are quite weak.

The results of Chapter 3 are a natural generalization of

the results in Jennrich [1969] who considered the scalar model

y(n) =‘f(n;eo) = u(n) n=1,2,...

where the u(n) are independent and identically distributed
residuals with a zero mean and a finite variance, and the
f(n;-) are known, continuous, nonstochastic functions on a

compact set.

Hannan [1971b] generalized Jennrich in a different
directiod from us b§'permitting u(n) to be a general
stationary residual and, for a frequency domain criterion

function, obtained the asymptotic properties of the Gaussian

Estimator of eo.

Chapter 4 applies the results of Chapter'3 to the vector
linear time series model
r ) © ) ©
= - -— - -
z Bj(eo)y(n i) z cj(eo)x(n )+ z Aj(eo)e(n i)
j=o j=o j=o
- .n = 0,x1,.., (1.10)

where the ‘{y(n)}are endogenous variables, the {x(n)} ére

exogenous variables and the {e(n)} are stationary martingale

- ] 2

differences. "The assumption that the e(n) are martingale

differences is a very natural one to make for the linear system
(1.10), as then the best linear predictor of y(n) given the

past is the best predictor (see Remark 2.1(ii) of Chapter 4).

" We use the vector ARMAX model

s

I C,x(n-j) +

A.e(n-j)
J

3

Il MR
ot

Byy(n-3) =

j
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and the dynamic simultaneous model with autoregressive

residuals to illustrate the theory.

Chapter 5 discusses some of the properties of the Gauss-
Newton algorithm from a computational point of view. It also
relates the Gauss-Newton algorithm to some of the estimators.

proposed in the literature.

In Chapter 6 we show how to obtain recursive estimators
for multivariate time series‘modeis by using the_Gauss—Newton
linearization. This gives us a general method of ;Btaining
récursive estiﬁators whose nonrecursive counterparts have

- desirable asymptotic properties.'

In Chapters 7 and 8 we consider the estimation of the

unknown yectbr parameter eo appearing in the multivariate

regressioi model

y(n) = = D,(s )x(n-j)+v(n) S (1.11)
jeo 40 . ; .
with v(n) a stationary residual. No specific parametric
structure is assumed for v(n). We again éhow that the

Gaussian Estimates are strongly consistent and asymptoticalf}
Normal and obtain the asymptotic properties of the constrained
Gauss-Newton estimators. Chapter 8 also deals in detail with

the application of the.generai theory to the linear model
r ‘.f ‘

Z B.y(n-j) =

J=o J J‘

fl 10

C.x(n-j) + u(n) (1.12)
o J . '

where ﬁ(n) is a stationary residual.

The model (1.11) is a particular case of a more general
"continuous time model consideréd-by Robinson [1972b, 1975].

Using a criterion function which is similar to ours, Robinson

also obtains consistency and asymptotic Normality results for
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the parameter estimates. Because our model is more specific
than Robinson's we have been able to weaken his conditions in

some respects.

In Chapter 9 we take (1.12) to be an identified, dynamic
simultaneous equations model with wu(n) either a stationary
autoregression or a stationafy moving a§erage. Given that
» the parametric treatment of the :esiduals is correct, we show

)

that an asymptotically efficient estimator of the «FjA aﬁd
Ck ﬁatrices which takes account of the'parametric nature of
the residuals will be at least aé efficient (asymptotically)
as, and generally more than, the.corresponding estimator |
discusseq in Chapters 7 and 8, the latter using only the
stationafity property of the residuals. A necessary and
sufficient cbndition for the two approaches to be equally as

efficient is given. These results generalize previous

results obtained by Espasa [1975] and Espasa and Sargan [1975].

2. BASIC DEFINITIONS

‘In this section we define some technical terms that are

used later in the thesis. id

We také (2, F, P) as our basic probability space, with
@ a set, F a o-field of subsets of .2 and P a probability
measure defined on F. A
A . Martingales
»Let. J be anlinterval of the form  [m,n] of the set
(...,-150,1,..;) and let  {Fn, n € Jlbe aﬁ increasing sequence

of o-fields such that Fn C F. 1f ‘{Xn, n € J} is a sequence

of random variables defined on @ which satisfy: (i)_Xn is Fn



-7
measurable; (ii) E("Xn“) < o3 (iii)'E(Xn|Fm) = X a.s. for

all m<n with m,n € J,

then the sequence ‘{Xn, n € J}is a martingale(with respect to

the o-fields '{-Fn, n € J}).
If Xn is' a vector, then each component of Xn is Fn‘

= - (< : (S
measurable.‘ Let Y =X X 1 (n 5. Then {Yn,Fn,n J}

is a sequence of martingale differences.
B. Regular Stationary Process.

We follow Hannan [1973b]. Let F{Xn, n=0,+x1,...} be
a strictly stationary process. Let Fa ~be the o-algebra

' generated by A{Xn, n < a} and put N Fa =F . 1f F is

-C0 - -0
a

the trivial o-field, then Xn is a regular process.

C. Process with Orthogonal Increments

We follow Ibragimov and Linnik [1971, p.292]. ' A random

process Y(A) is- said to have orthogonal increments if for

\

~any values A <Ay 2 hg < Ay

ET{Y(A4)-Y(X3)}{Y(12) - Y(x;)}*] = 0.
D. Miscellaneous

The Finite Fourier Transforﬁ (FFT) of f{Xn,.n =1...,N}

at the frequency X is

1
(27TN) CR

Let A be an arbitrary mxn matrix with columns a,

to ban. Then, vec(A) is the vector (ai,...,a;)'. Let B

be an arbitrary pxq matrix.: Then; (ABB) is the mpxngq

block matrix with ,(aijB) in the (i,j)th block, where a is

ij
the (i,j)th element of A; 1 =1 tom, j =1 to n.
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Unless stated otherwise, [Al will stand for‘any proper
matrix norm of A. We can make the selection of-the norm
arbitfary because any two matrix norms are equivalent in the
following sense.- If “-“1 ;ndA -1, are two matrix norms,

2

then there exist positive finite constants cq and c,y such

that “."l < clﬂ-“z i.czﬂ-"l. v51milar1y, if b 1is a vector,

then UIbl will stand for any proper vector norm of b.

3. NOTATION

We now list some of the symbols and abbreviations used
in the text. Those symbols that are not standard are either
explained now, or will be explained when they first apﬁear in

the text.

(1) Internal Referencing

§4 "Section 4 of current chapter

2.84 ‘Section 4 of Chapter 2

(5.10) %equaﬁion number (5.10), which is equation 10 in
.Section 5. of current chapter

(2.5.10)  equation (5.10) of Chapter 2

Theorem 5 Theorem 5 of current chapter _

‘Theorem 2.5 Theorem 5 of Chapter 2 | ~

The same notation as applies to theorems, applies
to lemmas and coroll;ries. We note that lemmas,
theorems and corollaries are numbered consecutively
‘within chapters. - - '

Remark 6.2 Remark 2 in"§6 of cuffent‘éhapter

(ii) Abbreviations

AR : ‘autoregressive

ARMA ~autoregressive moving average v

ARMAX rautoregressive moving average with exogenous variables
a.s. A "almost surely

CLT nceﬁtral limit theorem

FFT :finite Fourier transform




g.c.d.
g.c.1l.d.
G.N.
iff
i.i.d.
MA

ML
NSC
p.d.
“p.s.d.
r.v.
s.t.

w.r.t.

(a) Limits

)
B
"

0(1)
a = o(l)

-0 -

greatest common divisor
greatest common left divisor
Gauss-Newton

if and only if

" independent and identically distributed

moving average

maximum likelihood

necessary and sufficient condition
positive definite

positive semi-definite

random variable

such that

with respect to

Mathematical Notation

converges to . p

monotonically increasing convergence

convergence in probability
convergence a.s.

convergence in distribution

limit as n » o

{a#} is a bounded sequence

a » 0 as n »> o«
n

(b) Probability

E
E(X|F)

D
N(a,®)

an=0p(1)
an=op(1)

‘expectation operator

cpnditiona}nexpeétatidn of'tge r.v. X w.r.t. the
o-field F ; |

has the same distribution as

multivariate Normal distribution with mean a and
covariance matrix ¢.

the sequence j{an} is bounded in probability

the s'equence'{an } converges to zero in probability
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(c) Vectors and Matrices

Let A be an arbitrary matrix, B a square matrix, C

a Hermitian matrix and b an arbitrary vector.

I(p) the identity matrix of dimension p
»Amax(c) maximum eigenvalue of the matrix C
<Amin(c) ‘minimum eigenvalue of the matrix C

er B trace of the matrix B

det B ' determinant of the matrix B

A' ) transpose of the matrix A

A* : complex transpose of the matrix A

A-+ . Moore-Penrose generalized inverse of -the matrix A

Tal any proper matrix norm of A -

vl any proper vector norm of b -

"A"S spectral norm of A =f{lmax(A’A)}%‘

(d) Migce]lanedus ’

a i end of proof; end of statement

€ belongs to |

[x] largest integer less than or ‘equal to x
R approximately

co compleﬁent of the set ©

) closure of the set ©
= iff



-11-
CHAPTER 2

IDENTIFICATION IN ARMAX AND RELATED STRUCTURES.

1. INTRODUCTION

The first part of the chapter gives identification

conditions for the simultaneous ARMAX structure

r - s ’
X Bj vy(n-j) = I Cj x(n-j) + u(n), n = 0,%1,... (1.10)
j=o : j=o
with
u(n) = I A, e(n-j) ‘ . (1.11)
=0 h| , : '

where we allow identities to be present in (1,10); As far
as Econometric applications are concerned, the most importani
ARMAX idéntification results have been given by Hannan in a
series of papers, Hannan [1969a, 1971a, 1976a, 1976b].; of
these, Hannan [1969a, 1971la] are the seminal, and perhapé the
most important, ones with Hannan [1969a] being a special case
of Hannan [1971a]. Unfortﬁﬁatelythere are small errors in
- some of Hannan's [1971&] theorems; we give corrected versions
- of these theorems. We also generalize to the ARMAX case the.

classical identification result of Wegge [1965] and -

P

Rothenberg [1971, pp.587-588].

We will also discuss briefly how to obtain analogous
identification results-when the residvals u(n) are auto-
3o

regressive, or are taken to be stationary with no specific

parametric structure assumed.

The second part of the chapter looks at some other recent
contributions to'identifiéation_that have appeared in the
Econometric literature. More specifically, we amend and

extend an identification result of Hatanaka [1976]; we show
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how some of the derivations in Deistler [1976] may be
simplified and the realism of one of Deistler's assumptions

is discussed; the implications of Sargan's [1975] conceﬁt of
ﬁéymptotic identificatiﬁn are explored, especially for the

time series case.

We have-nAt discussed Akaike's [1974a, 1974b and 1975]
(see also Hannan [1976a]) and Deistler,’Dunsﬁuir and Hannan
[1977]) important results because we mainly direct our
attention to those identification éonditions‘that preserve
any prior information we may have about the;strﬁc£ﬁre.
Akaike's just identified canonical form for reduced form'ARMA
models would, in general, make prior informatibn impossible

to apply. -

In later chapters we will often refer to the results of

this chapter,.

The chapter is structured as follows. §2 states the
assumptions we make for fhe ARMAX casé§ §3 -defines
identification tefms such as model and structure, while §4&4
givés some results for matrix polynomials. - §8§5 and 6 give
the main ARMAX results; §§7 and 8 discuss identification~
when the residuals are statiopaty’and autoregressive‘
respectively; §9 considers identificafion when identities
are present; §10 extends ﬁatanaka's.[1976] result; §11 looks
at S;rgan's concept of asymptotic identification while §12

discusses Deistler's work; proofs are placed in §13.

We adopt the following notation in the chapter: (1) For

a function of the complex variable 1z, g(z) say, we will write

ia
e

g( ) as g(A); (2) We will use 2z both 35 3 complex

variable and as a lag operator, e.g. zy(n) = y(n-1); its
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usage will be clear from the context; (3) p(A) denotes the .rank

of the matrix A.

2. ASSUMPTIONS FOR THE ARMAX MODEL

. r 8 t
Put B(z) = I B zj, c(z) = = C’zj, A(z) = ¢ A zj
" j=0 j‘ | j=o j 3=

Al. {e(n), n = 0,%1,...} is a sequence of p
dimensional‘i.i.d. r.v.'s having zero mégn and covariance
matrix §, where  1s a nonsingular matrix.

A2. The q° dimensional exogehous variables
{x(n), n = 0,*1,...} are stationary, ergodic, havé'finite
seéond moments and are independent of the e(n)‘sequgnéé.

. For j = p,il,... put

r.(3 = E{x(n)x(n+j)"}.

Furthermore, we assume that the {x(n)} have a spectral
density matrix, fx(k) say, which is continuous on [-m,7] and
‘nonsingular on an open subset of [~-w,n].

A3. The y(n) are stationary.

A4.(1i) The matrices B,, C, and A are pXp, pXq and

ve

pXp respectively, where O r, 0 <k <s and 0 < z‘g t
(11) det B(z) $# 0 for |z| < 1;

(iii)det A(z) £ 0 for |z| < 1. DO

To simplify the. discussion we have imposed the simplest,
and therefore also the‘strongest, assumptions possiﬁle on the
e(n), x(n) and y(n). As we shall see below, as long as we can

-1% , :
lA(A)QA(A)*B(A) 1 uniquely from

obtain B(A)—IC(A) and B(A)—
one complete realization,any other assumptions (see for

example 4.8§2) will do just as well.
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3. IDENTIFICATION DEFINITIONS

For j = 0,*1,... we put Py(j) E{y(n)y(n+j)'},

F;x(j) = E{y(n)x(n+j)'}. For mqst of the chapter, our

identification results are based on a knowledge of the second
order moments and cross-moments of the observed variates,
i.e. on a knowledge of>'{Py(j), Pyx(j),'rx(j); j = Q,il,...}'
or equivalehtly on fx(k), fyx(k), fy(k),l € (-m,m), where
£,()) is the spectral demsity of y(n) and f,,(}) 1s the

cross-spectral density of -y and x.

It seems useful to define what we mean by te}ﬁs such_as
structure, model, identification and obsgrvational equivalence,
for the following reasons. (i) In much of the Econometric‘
literature identification is’defineé throﬁgh the likelihood;
e.g. Hurwicz 119501, Koopmans et al. [1950], Rothenbefg [1971]; .
(11i) in the time series context integer valued, as well as
continuously varying, pérameters are present; they describe

_the lag lengths.and do matﬁer.

The approach below, with a structure defined first and
‘then a model, is in the spirit of Hurwicz [1950]. Some ofA
our definitions are quite similar to those in Deistler [1976,

p.32, §3].

We constrﬁct an ARMAX structﬁre“by choosiﬁg nonfnegétive
integer values for r, s énd t and then alloting numerical
values to elements of the matrices “Bj, Ck’ Az and £, where
0 <j<r, 0<k<s, 0<2&<t. Unless stated otherwise,

we will always assume that the above choice is made in such a

wdy that Q@ 18 p.d. and aésumption A4. is satisfied.
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For our purposes the properties of the x(n), y(ﬁ) aqd.e(n)
are taken as given and so do not enter our definitions of

structure or model.

By a model we mean a class of structures satisfying
certain prescribed conditionms. We denote a structure by S,
a model by M and let G be the class of all ARMAX
structures. Let F be the class of ail second order momentsu
{Pyx(j), Py(j), j = O,il,.;.} generated by members of G with
F a typical member of F. | It is easy to see that a given S

determines F uniquely. We take ¢ to be the mapping of G

onto F. o : ; N

Two structures S1 and 82 will be called
obserbatibnally equivalent if ¢($1) =.¢(Sz). The
equivalence classes of a model M are defined as

.{¢-1(F) O M : FEF}, where ¢~1(F) NM = {sS € M:p(S) = F}

Some of these model equivalence élasses may be empty.

A modelAis‘giobaZZy - (1) identified, 1f eacﬁ of 1ts

A equivalence classes has at most one member in it; (ii) over--
identified, if it is globally identified and there exists at
least one empty equivalence class; (iii) just identified, i;

it is identified, but not overidentified; (iv) under-

identified, 1f it is not identified.

A structure S, belonging to the model M, is globally
identified 1if it is the sole member of its model equivalence

class.

We can look upon an ARMAX structure as a point in some
suitably dimensioned Euclidean space, i.e., given r, s and

t. We put e = VEC{BO,‘..-_,Br., CO-,...’CS’ Ao,oou,At, Q}’ and
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regard 06 as representing the structure. This leads to.
the following definition. A structure S, belonging to
the model M, is locally identified if there 1s a |
neighEourhood of S such that no other structure belonging to
M and observationally equivalent to S 1lies in the

neighbourhood.

4. RESULTS FOR MATRIX POLYNOMIALS

The following results, which are well known and not our

own, will be used in later sections.

D(z) is called a pxq matrix polynomial of degree r
if it can be written as

. T
. D(z) = T D zj
- ’ j=

where the D are constant pxq dimensional matrices.

k|
For the éest of this section we suppose that H(i),‘
Hl(z), Hz(z) are pXp matrix polynomials having determinantg‘
that are not identically zero and K(z),bKl(z) and Kz(z) PXq

matrix polynomials. : " _ -

A pxp matrix polynomial U(z) is called unimodular if
there exists another pxp matrix polynomial, V(z) say, such

that U(z2)V(z) = Lip) - ' ' .

The following result (e.g. MacDuffeé'[1956, p.30,

Theorem 20.1]) gives NSC's for a matrix to be unimodular.

Lemma 1 Each of the following is a NSC for U(z) to be

a unimodular matrix.
(1) det U(z) is a nonzero constant.

(11) U(z)-l.exists for any 2z and is a matrix




-17-

polynomial. For a proof see MacDuffee. [

An example of a unimodular matrix is

L . 1 =z . . 1 -z
: U(z) = with U(z) = , det U(z)=1.
-10 1 0 1 '

The pxp matrix polynomial L(z) 1is called a common
left divisor (c.l.d.) of H(z) and K(z) if there ekist matrix-

| polynomials Hl(z)_and Kl(z) such that
 {n(z), R(2)} = L(2){H, (2),K, (2)}

L(z) is called a greatest common left divisor (g.c‘L.d.)
of H(z) and K(z) if for any other c.l.d. of H(z) and K(z),
Ll(z) say, there exists a matrix polynomial P(z) such that

L(z) = Ll(z)P(z); i.e. Ll(z) is a left divisor of L(z).

By MacDuffee [1956, p.35, Coroilary 23.12] if H(z) and
K(z) have a g.c.1l.d. L(z), then every g.c.1.d. of H(z) and

K(z) 1is of the form L(z)U(z) where v is unimodular.

We will say that H(z) and K(z) are relatively left

" prime (or left coprime) if all their g.c.l.d.'s are unimodular.

Lemma 2 H(z).and K(z) are left coprime iff the rank
of [H(z), K(z)] is p for any =z in the complex\plane.,
For a proof of this result see Rosenbrock [1970, p.71,

Theorem 6.1(i)]. O

The next'lemﬁa is'aue to Hannan [1969a]. Its proof is
given implicitly in the proof of Theorem 1 of that paper. See
also Deistler [1976, Theorem 1, pp.35-36].

Lemma 3 Suppose that [Hz(z),‘Kz(z)] = U(z)[Hl(z),

1

Ky(2)] ( = U(z) = Hy(2)H,(2z) 7). Then: (1) If B, (2) and

Kl(z) are left coprime, then U(z) is a matrix polynomial;
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(ii) if, in addition, Hz(z) and Kz(z) are also left copr;me,

then U(z) is unimodular. O

- Lemma_ ¢ If H(O). is nonsingular, then there exists a
unimodular matrix U(z) such that U(z)H(z) 1is lower
triangular with.the degree of the (j;j) element of U(z)H(z)
greater than the degree of the (i,j)th element (i > j)

and with U(O)H(O) = I(p)‘<

The.pfoof follows from MacDuffee [1956, p.32, Theorem

22.1]. O

Lemma & Suppose that kl(z) and kz(z) are two pPXp
matrices with elements.phat'are rational functisns of 2z .and
have real coefficients. The determinants of k,(z) and
kz(z) have no poles in or on the unit c#rcle, and no zeros
inside t@e unit circle. If- Ql, 92 are two pXxp positive
definite matrices, k, (0) - k,(0) = 1(p) and  k,(A)R,k,(A)* =
kl(l)ﬂlkl(k)* for €~[-n,n],.then kl(é) = kz(z)_v z and

- . . .
For a proof of this lemma see Haamnan [1970, p.163,

Theorem 1"]. O

5. IDENTIFICATION FOR ARMAX STRUCTURES

For convenience we dendte Haqnan [1971a] by H. In this
. section we wiil,give amended versions Bf Theorems 3, 4 and 5
of H and modify Theorem 1 of H to make‘it more usefui for
estimation.A All identification resﬁlts will be global and we
will not mention this agaiﬁ. Throughdut we assume thaf
Assumption A4. holds and Q 1is p.d. .FOriconvénience wé

denote the ARMAX structures §; and 32' as

Sy:= [By(2), Cy(2), Ay(2), a1, 3 j=.1,2.
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The following lemma gives NSC for two ARMAX structures to be

observationally equivalent.

- Lemma 6 (i) and (ii1) are equivalent NSC's for the two
ARMAX structures’ Sl and S2 to be observationally

equivalent.

1

T i
(1) B ()7TTC (M) = By(A)7TC,(A) and

BITO0A) (004 (0BT T ) *=31 (DA, (D ay8, ) *8, (07

forvX € [?n,ﬂ]. 7

(ii) There exists a pXp matrix u(z), witﬁ:élements
that are rational functions of 2z, and a pXp constant non-
singular matrix F such that [Bz(z),Cz(é),Az(;)] =
= U(Z)[Bl(z),Cl(Z),Al(z)Flﬁf z and Ql.=,FQZE"

(1) is due to H (eqns (6) and (7) on. p.754); (ii) is
given.in'Deistler [1976, Propbsition 2, p.35 and Lemmé 2,

p-41] but his assumptions on the exogenous variables, and

hence his method‘of proof, are quite different from ours. O

The next4theorem is a minor modification of Theorem 1
of H. We:replace Hannan;s fequiremgnt that kﬁo = Ao by
A° = I(p). Tﬁe practical ad#antége.of this is thét there;is
‘now mno 1onéer any_qeed to impose the restriction -Bo = Ao-
when estimating, in the cése that }Bo e I(p).

Theorem ; Suppogg that the-ARMA? model is défined by
the following conditions: (i) B(z) is lowgr triangular with
diagonal elements b, (z) satisfying b

33 .
diagonal elements satisfying either:

0y - i
jj( ) 1. and Fhe off

(5}’deg{bij(z)} < deg{bjj(Z)} (£ > j), or:

3 13 = Iepyd
(11) A(0) = I{p); (1i1) A(z), B(z) and C(z) are left coprime.

(b) deglb, (2)} < deglb, (2)} (1 > 1) and B(0)
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Then the model is just identified. O

The next example shows that the conditions of Theorems

3.and 4 of H are insufficient to ensure identification.

Example 1 Consider the two ARMAX structures
s, = [I c, 1 1 d s, = [I P, I
17 Dy © Tpye T ! 228 55 = Thgpys O B Iy s
where C 1is an arbitrary constant matrix and P 1is an ortho-'
gonal matrix. Both Sl ~and S2 'satisfy the conditions of
Theorems 3 and 4 of H and their observational equivalence can

be deduced from Lemma 6(ii). a

It is interesting to investigate whether the-imposition
of the extra condition A(O) = I(p) is sufficieﬁt to eQSuré
identification. Alth&ugh the example above is no longer
relevant, the following example showsithat there are still

insuffiéient conditions for identification.

Examéle 2 Leﬁ P = (pl,p25p3), where
p] = %(V2, 1, 1),.p) = %(/2,-1,-1) and p} = 2’%(0,1,—1);

. let Q = (ql,qz,q3)‘where 9 = Py + (/E;l)pz =

= {1, @-VD)/2,Q2-/D)/2}", a, = b, + VT py = (V2/2,1,-2)"

v
and g = /E(/E41)P1 + pg = V2 +1, /2 +1,1)'. _If can be

easily verified that P {s an orthogonal matrix and

1 0 2472
P'Q =|vV2-1 1 0 ;
' o 3//2 1 ‘
det P'Q = 4 so that P'Q 1is nonsingular. We define the
two ARMAX structures S, amnd S, as 8, =

. | (2,61 (5y 2T (p))
andﬁS2 = (PfQ, P'C, I(é), I(p)) wbere C 1is an arbitrary

constant matrix. Sl ~and S2 certainly satisfy the conditions
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of Theorems 3 and 4 of H and their observational equivalence

can be deduced from Lemma 6(ii), 0O

. The following theorem provides two possible amendments

of Theorem 3 of H.

Theorem 2A° Put T(z) = [B(z),C(z),A(z)] and define the

model by the following conditions: (i) In each row of T(z)
we prescribe at least (p-1) zero elements; (ii) 1 is the
greatest common divisor of the elements of each row of ‘T(z);

(iii) the diagonal elements of B(0) are unity;.(iV) B(0)=A(0).

A NSC that a structdre belonging to this model is
identified is: Cl. for each row, the matrix consisting of the
columns of T(z) having prescribed null elements in that row

is of rank (p-l);

Theorem 2B Let T(z) bé redefined as [B(z),C(z)]. We
define the model by: (i), (ii) and (iii) are the same as in
(A);'(iv) A(0) = I(p)' "~ A NSC fo? a,structure’belbnging to
the model to be globally identified is Cl. of Theorem 2A.
There are ARMAX structures that aré not observationally

equivalent to any structure of the form just described. 0O _

In the following theorems, and Theorems 5 and 6 of §6,
we will aséume that the degrees of B(z), C(z) and A(z) are

preécribed as r; s and t .respectively.

o

The next theorem gives two possible amendments of

Theorem 4 of H.

Theorem 3A Put N = (Bo’..co’Br,Co"--O,Cs’Ao,nc.,At).'
We define the model by: (i) at least (p-1) zero elements are
prescribed in each row of N; (1ii) the diagonal elements of

Bo are unity; (iii) B° = Ao'
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Sufficient conditions for a structure Belonging to ;he'
model to be identified are: Cl. A(z), B(z) and C(z) are left
coprime; C2. [Br’ Cs’ At] has rank’ p; C3. the rank of each

submatrix of N obtained by taking the columns of N with

prescribed zeros in a certain row is (p-1).

v . am

Let M' be the class of all structures belonging to the
model and satisfying Cl. and Cé.;.CS. is then also a

necessary condition for a structure belonging to M' to be

identified.

Theorem 3B We define N as (B ,...,B , C ,...,C ) and
- o T ) s

let the model be defined by: (i) and (ii) are the same as in

part A; (iii) Ao = I(p).

Sufficient conditions for a structure belonging to the

model to be identified are the same as in pirt A. O

Theorems 2 and 3 indicate that if Bo e I(p) and we
want to use restrictions on the A,'s for identification, then,

3

in general, we must impose the constraint Bo = A° as well.

It will often be the case in the Econometric context
;ﬁat'the matrix [Br,Cs,At] will be very sparse and hence not
of full row rank. Therefore, condition C2. of Theorems 3A
and 3B will not be satisfied. To cope with this situation
we give an‘alternative version of Theofem 3, based on the’

results of Theorem 2 of H.

Theorem 3' Put T(z) = [B(z), C(z), A(z)]. 1In
Theorems 3A and 3B,instead of preséribing.the degrees of
B(z), C(z) and A(z) we will have instead: (0') At least p
components are chosen from the vectors y(n), x(n) aﬁd e(n),

and for each the maximum lag is prescribed; e.g. if yl(n)
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is chosen, then the degree of (bll(z),...,bpl(z))' is

prescribed.

“Let N ©be the matrix of coefficients of these maximum

lags; é.g. if yj(n) is specified to have a maximum lag &,

then the jth column of B is included in N,

L

We also replace condition C2. in Theorems 3A and 3B by:

C2.' rank (N) = p.

If the rest of the conditions of Theorems 3A and 3B
remain as they are, thenvthe'results of both parfs”of

" Theorem 3 still hold. O

A similar result may be obtained by using condition
(iii)4 on p.758 of H instead of prescribing the degrees of
B(z), C(z) and A(z).

1

Put K(z) = B(z) "A(z), D(z) = B(z) 'C(z). By

assumption A4. we can write K(é) and D(z) as

K(z) = I K,z3, p(z) = 1 p,zd = (5.10)

o 3

e 8

3

Theorem. 5 of H is motivated by rewriting (1.10) and

(1.11) as
y(n) = I D, x(n-j) + I K, e(n-j).
T yeo 3 YTl

"

The next example shows that the conditions of Theorem 5

of H are insufficient to ensure identification.

Example 3 Put p =3, r=s8=+¢t =20 and let the matrices
P and Q be defined as in Example 2. We define the two

oo ) =1 -1
ARMAX structures S1 and 82 by 51 = (Q" 'QY‘ ’1(3)’1(3))’.
1 1, 1(3), 1(3)). Hencg Kl(z) = Q',

Sz - (PlQl- ’.P'Ql"
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Dl(z) = I£3) = Dz(z), Kz(z) = Q}P so that Kl(O)' and

KZ(O) have 1's on the diagonal. If D(0) is prescribed

as diagonal, then Dl(O) and DZ(O) certainly satisfy fhis
condition and thus there are two zero elemeﬁts in each row of
the matrix A which is given in the statement of Theorem 5

of H.By Lemma 6(1i) Sl and S, are observationally

equivalent and it is evident that they both satisfy the

conditions of Theorem 5 of H. 0
The following is an amended version of Theorem 5 of H.

Theorem 4 Put N = (Ké,’K', Ké,...), where the Kj,

j > 0, are defined by-($.10). We define the ﬁodel by:

(1) at least (p-1) zero elements are prescribed in each row
of N; kii) one element in eech;row of lké is prescribed(as
unity; (;ii) A; f I(p); (iv) B(z), C(z)_aﬁd A(z) are left

coprime.

The ﬁSC's for a structurerbelonging.to the model te be
globally identified are: Cl. [Br,CS;At]‘has.rank P cz.Ache_
rank of each submatrix of N obteined by taking the eolemns'
of N with prescribed zeros in a certain row is (p-1).
Unlike Theorem 5 of H, our conditions (i) - (iv)'do not
involve the Dj' O

6. SOME FURTHER_ARMAX IDENTIFiCATION'RESULTS

The vector ARMAX @edel will usuelly eontain a large
number of mo&ing average parameters. . For certain data sets
a more persimoniOUS representation ma& be adequate; e.g.
'B(z) or .A(z) may be‘taken as diagonal. Identifieatioﬁ with
B(;) diagonal is an easy consequence of~Theoremii;7'f;r ehe

special case where all the diagonal elements of B(z) are
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equal (usually called scalar identification), identification-
has been discussed by Hannan [1976a, p.717]. See also
Zellner and Palm [1974] for an application. A drawbéck of
taking. B(z) diagonal is that if we have some information on
the structural coefficients Bj’ 0 <j<r, then we will

almost cerfainly not be able to use it if B(z) 'is chosen

canonically as diagonal.

The next theorem gives sufficient conditions for the

identification of a structure when A(z) is diagonal.

Theorgm 5 Put N = (Bo""’Br’ Co’f"’cs?’f' We define
the model by: (i) for each row of the matrix N there .is -
prescribed at least one zero element; (ii) the diagonal

élements of Bo are unity;t (1ii) Ao = I(p).

Sufficient conditions £of a structure belénging to the
model to be globally identified are: Cl. A(z), B(z) and C(2)

are left coprime; C2. (Br, c

R

c3. ai(z)'+ aj(z), i,j=1,...,p, where ai(z) is the ith
diagonal element of A(z); C4. In each row of N there is at

least one prescribed zero element such that there is no other

zero element in the column to which this zero element belongs.O

We now give an example of an identified structure which

satisfies the conditions of Theorem 5.

- . A

Example 4 Let p=3, r=1=1¢t, s =0 and put

| (14%2z 0 0 | 1 2 1) (1 0 1
A(z) = 0o - 1+y%z 0 , B(z) = 2i+ |1 1 o]z,
L0 0 1tk 2 1 1 0 1 1
(1 -1 1 , -
_C(z) = 1 1 1| Q = 1(3). The structure certainly
! 12
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satisfies (i) - (11i) and conditions C3. and Cé4. Because
det C(z) ¥ 0 it follows that C2. is satisfied. By Lemma 2,

Cl. is also satisfied. O

The next theorem extends the Wegge [1965, Theorem II,
p.71] and Rothenberg [1971, Theorem 9, p.588] results to the
ARMAX case. Because nonlinear restrictions are aliowed the

identification will be local.

Theorem 6_ ’Put A = (Bo"°°’Br’ Co,...,cs),.é;f jec A,

a = vec(Al,...,At), w =vec § and 6 = vec(d,a,w). | We
défine the model by,thg‘foliowing conditions: (i)‘Ao = I(p);
(ii) 6 satisfies the restrictions ¢(8) = 0, where ¢ is an
Rxl vector function which is symmetric with respect to w ;
i.e. ¥(S,0,0) = v(8,a,Lw) with L the permutation matrix
defined by vec(F') = L vec F for any pxp matrix F.

(a) Suppose that ¢ 1is continuously differentiable in a
neighbourhood of Fhe structure So’ Wherg- S° belongs to the
model.  Put Yo = 3p/38', ¥ = dy/aa', ¥ = 3p/3u’,

J& = (AIQI

Jér=‘(AGI (P),..;, Atgl(p))

(p))’
(I(P)eAi,...,I(p)eAE).

. The following conditions are sufficient for the structure 'So
to be locally identified: Cl. A(z), B(z) and C(z) are left

coprime; C2. (Br’cs’At) has ‘rank  p; C3. the rank of the matrix

4 .

G(B) = ¥, J, +'wa3a‘+ 2 Q;(nel(p)) is p24a§ S, -
(b)'Let M' be the subclass of the model containing all

those structures satisfying conditions.CI., C2. and

det A(z) $ 0 for lz| < 1. 1f Sq € M' and is a regular

point of the matrix G(-), i.e. G(-) has constant.rahk in a

neighbourhood of So (see the comment made at the top of
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p.77 ), then C3. is also a necessary condition for So

to be locally identified.

(c) If WG is' ' a constant matrix and ¢ 1is independent
of a and w, then we can replace the words 'local
. identification' by 'global identification' in (a) and (b)

above. [

The next lemma is used in the proof of Theorem 6.
Because of its independent interest we give a statement of it

here rather than in §13.

Lemma 7 For r and s positive integers define the
permutation matrix L(r,s) by vec R' = L(r,s) vec R where
R 1is an arbitrary rXxs matrix. lObviously

L(r,s)'L(r,s) =lI(rs) and L(r,s)' = L(s,r). Suppose that

A is an. mxn matrix with columns ei, i=1,...,n, and
rows ai, i=1,...,m and B ie a §Xq matrix with columns

bi’ i=1,...,q9, and‘roqs Bi, i =_1,...,b.

Then, L(p,m) (A8B) = (bleai,...,bq&al,...,blaaﬁ,...,bqﬂan)

]

(al@Bl,...,am@Bl,...,aleBp,...,amQBP)',

and L(p,m) (ABB)L(n,q) = BeA. O - -

Remark'ﬁ;l (1) I wish to thank Dr Tony Hall for pointing:

out an error in the original proof of Lemma 7.

(ii) We now give an application of Lemma 7. Put

f = vec(AB'CBD), B vec B where A is mxn, B 1is rxn, C
is rxr and D is nxs.
Then,

(DBAB'C)B=L(s,m){A8(CBD) '}8

£ = {(CBD) '®A}L(r,n)B
ib§ Lemma 7. Therefore

9£/38" = L(s,m){A®(CBD)'} + {D8AB'C} (13.11)
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By using Lemma 7 we can obtain an explicit expression -

for the first term on the right in (13.11). O

7. IDENTIFICATION WITH STATIONARY RESIDUALS

In this section we show how the ARﬁAX identification
results of the previous two sections can be specialized to-
obtain identification conditions for (1.10) when u(n) is a
general stationary process with»no particular parameterization
of it assumed. We assume that assumptions A2., A3. and Aﬁ.
(i) and (ii) ﬁold; A4.(iiii becomes irrelevéﬁt. Al. is
replaced by: Al.! {u(ﬁ), n = O,il,...}'iské secﬁga ordgr
stationary process with-a spectral density matrix fu(x).

We assumé that {x(n)} is uncorrelated with "{u(m)}.

Thé;definition of'a structure will be similar to the
ARMAX case; except that it will now involve B(z), C(z) and
£ » rather than B(z), g(z), A(z) and Q. All other
identification définitions given in §3 rémain reievant. We

denote the structures S1 and 82 by

= (i) =
Sj b [Bj(z), Cj(z)s fu ]9 j = 1920

Because B(A)fyx(X) = C(M)f_(A) and
BOOE (MBO)* = CONEICO* + £.(0), it follows readily

1 -1%

that B()"lc(d) and BOOIE (A)B(V)

- L4 Py

will be.uniquely
determined from a complete realization. Therefore the

analogue of Lemma 6(ii) is (Deistler [1975, p.20, Lemma 3]):

Lemma 8 The following is a NSC for the two structures
S1 and 82 to be observationally equivalent: There exists
a pxp mnonsingular matrix U(z) with elements that are

rational functions of z so that
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[B,(z), C,(2)] = U(z)[B,(2),C (z)]1¥ z and

D0 = v P v, € [on,al.

The proof of the lemma is immediate and will not be.
given. 0O )

If we are willing.to only use information on the B(z)
and C(z) matrices, then an obvious specializatidn oéithe
ARMAX results yields identificatioﬂ conditions for the
stationary-case. Since we will rarely have more additional
information on fu than that contained in aasumptign Al.',

uéing only B(z) and C(z) for identification involves little

loss of generality.

We illustrate the correspondence between the ARMAX and

stationary cases by obtaining an analogue of Theorem 1.

Theo;em'? We define the model by the following conditions:

(i) B(z) is lower triangular withAdiagonal.elements bjj(z)
satisfying bjj(O)'= 1 and the off diagonal elements

satisfying either: (a) deg{bij(z)} < deg{bjj(z)} (i > j), or:

b) deg{b,.(z)} < degib,, 1> j d B(O I, \;

(b) g 1J(Z) < degi JJ(Z)}( J)}an (0) (p)} |

(i1) B(z) and C(z) are left coprime. 7
Then the model is just identified. Theorem 7 follows

immediately from Theorem 1 and a proof will not be given. ]

Hatanaka [1975] obtains an anélogué of Theorem 2B for the
‘stationary case using a completely different method of proof
to that given for Theorem 2B. Given the above remarks,

Hatanaka's result is just a simple corollary of Theorem 2B.
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8. IDENTIFICATION WITH AUTOREGRESSIVE RESIDUALS

We now briefly discuss how the ARMAX identification
results may be spécialized to give identification conditions
for the dynamic model (1.10) when the residuals u(n) are

autoregressive, i.e.

t

T Aj u(n-j) = e(n) ‘ ' . ~ (8.10)
j=o ' , '

For convenience we céll (1.10) coupled with (1.11) anmn
ARMAX (r,s,t) structure and (1.10) coupled w;th k8:10) an
ARARX (r,s,t) structure. Assumptions Alf - A4T stay as they
are except that A4.(iii) is strengthened £o§ A4, (iii') .
det A(z) $# 0 for |z| < 1. The definitions of model,
structufé, etc. given in §3 will apply here as weil. Becauée
an ARARXi(r,s,t) structure is a special type of ARMAX
(r+t,s+t,0) structure, the foliowing lemma is an immediate

consequence of Lemma 6.

Lemma 9 (i) and (ii) are equivalent NSC's for the ARARX
structures Sl and 52' to be observationally equivalent.

(4) Bl(x)'l c, (M) ='B§1(A)c2(x) and -

» -1 ~ -1%_ | =1, g-1%
‘{Al(A)Bl(A)} ﬂl{Al(A)Bl(A)} —{AZ(A)BZ(A)} QZ{AZ(X)BZ(A)}
for A € [-m,7].

(ii) There exists a pxp matrix U(Z), with elements

that are rational functions of -z, and a constant nonsingular

matrix F such that [Bz(z),Cé(z)]=U(z)[Bl(z),cl(z)];
A, (2)0(2) = T A(z) and 0, = FQF'. 0

(i) can be deduced from Lemma 6(ii) while (ii) follows

easily from Lemma 5. (1ii) has also been obtained by
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Deistler [1976] but his assumptions, and therefore his method

of proof, are completely different from ours.

- .As in the stationary case, if we are willing to only use
information on the B(z) and C(z) matrices, and also to
impose AO = I(?), the? an obvious specialization of the ARMAX.
results yields ARARX identification conditionms. sting the |
notation of Lemma 9(ii), this is because once B(z) and <C(z)

are identified we have ﬁ(z) = I(p); because Al(O) = AZ(O)

we also ﬁave F = I(p) s0 Fhat Al(z) =»A2(z) ahd~-ﬂl = QZ.
We note that to eliminate redundancy in ARARX structures
we can always assume that B(z) and C(z) are left coprime.
This is not so, in general, for ARMAX structures. For suppose
we have-;n ARARX structure S = [B(z),C(z)}A(z),Q] such that 
the g.c.l.d. of B(z) and C(z) is U(z), with UCz) not uni-
modular. If we define [B,(2),C;(2)]1=U(z) "[B(2),C(2)],

Al(z) = A(z)U(z) and Ql = Q, then the ARARX structure

Slt= [Bl(z),Cl(z),Al(z),Qll is observationally equivalent to
S by Lemma 9 (ii) and Bl(z), Cl(z) are left coprime by

construction. P

Given the just-mentioned conditions, we illustrate the
correspondence between ARMAX and ARARX identificatidn by

obtaining an ARARX analogue of Theorem 1.

- v .

Theorem 8 We define the ARARX model by the conditions

of Theorem 7 togethef with AO = I( . Then the model is just

P)
identified. 0O
bif identification conditions (besides Ao = I(P)) are also

iﬁposed on A(z), then, in general, the analysis b2comes much
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messier and usually the only useful identification results

obtainable are local ones. See 510 for example.

9. IDENTIFICATION WITH IDENTITIES PRESENT

We now discuss i&entification for the ARMAX model (1.10),
(1.11) when identities.are éresent. Bgaring in>mind the
remarks ﬁade in §§7 aﬁd 8, it is easy to seé that analogous
results may be obtained if the residuals;are stationary or

autoregressive.

Supposing that the last (p-pl) equations (Oﬂ_’<.p1 < p)

in (1.10) are identities, we can write

Byy(2). By,y(2) c (z)) a2 .0
B(z)= ceean , C(z)= oo | A(z) = coe e e 0y
' Bgl(z): B,,(2)) N C,(2) , o . .0
{ @, -0 o ‘ -
Q = ceee |5 u(n)' = {ul(n)',O'}, e(n)' = {el(n)',O'},

o :oj . -

..... f

y(n)f =‘{y1(n)';y2(n)'},where Bll(z) is P{*Py> Blz(z) is

Plx(P—Pl), Cl(Z) iS PlXQs All(Z) iS plxpl’ 911 is plxpl’
L

ul(n) is p1X1, el(n) is p1Xl and yl(n) is p1X1;-B21(z),_
Bzz(z) and Qz(z) are known.

We make the following changes to assumptioﬁs Al. to A4.
In assumption.Al.; Qll'“rather than 9' ié ﬁonsingular now,
in A4.(ii) we will a;so assume thét' det{Béz(z)} + Q for
lzl < 1l; instead of A4.(iii) we will now ASSume that
det{All(z)} + 0 for |z] < 1.

Assumptions A2. and A3. remain as they are. Given these

" assumptions we can rewrite (1.10) and (1.11) as
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ﬁ(Z)yl(n? = C(Z)X(n) + ul(n),ul(n) = All(Z)el(n) (9.10)

where B(z) = B (x)-B,,(2)B,,(2) "B,y (z) and &(2) = C (z)-

- By, (2)B,, ()7}

C2(z), with det B(z) + 0 for |z| < 1.
Although jdentities have been eliminated in (9.10), (9.10) is
-not usually a suitable.form for identification because it will
be difficult to state priorAknowledge on B(z) aﬁd‘ c(z) in
terms of B(z) and C(z).

We will denote the two ARMAX structures S, and S, by
55= [B,(2), ¢ (2), All,j(?)’ Qll?j], i= 1,2 '

The following lemma gives NSC's for two structures to be

observationally equivalent.

Lemma 10 Put K(z)"='{A11(z)',0'}. The two structures
Sl and 82 are observationally equivalent if and only if -

there exists a nonsingular matrix U(z) with elements that are

rational functions of 2z, and a “PyxPq nonsingular constant

matrix F, such that -

N\

[B,(2), C,y(2),K,(2)] = U(2)[B;(2),C (2), A;(2)Fl¥ z and

o ' _
11,1 = FRpp oF'- O

. ‘ _ 21
Because BZl(z)’ BZZ(Z) are known and» U(z)—Bz(z)Bl(z) s
U(z) must be of the form
.Ull(z) . Ulz(z)

- »
.

0 1
(p-py)5p; " (P-Py)
‘Using Lemma 10 we can obtain identification results
similar to those of §55 and 6. We illustrate by obtaining an

analogue of Theorem 3B.

o (o]

Theorem 9 Put N = (B_,...,B_, C ,...,cs){ We define
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the model by the following conditiomns: (i) at least (p-1)

zero elements are prescribed in each of the first rows

, Pl.
of .N; (ii) the first p diagonal elements of B are unity;
- . 1 o

(1i1ii) All(O)‘= I{pl).
Sufficient conditipns for a structure belonging to the

-model to be globally identified are: Cl. B(z); C(zj and A(z)

are left coprime; | |

c2. (Br,CS,At) has rank‘ p; C3. the rankbof eacﬁ submatrix

of N obtaiﬁed by téking the columns of N with ﬁtescribed

zeros in a certain row is (p-1).

The proof of the theorem fbllowsAdirectly'from the proof

of Theorem 3A and will not be given. [

Hannan [1971a] also alldws for fhe pfesence of identities
by permiéting 8 to be singular; in the statements of his
theorems, however, he‘does not Seem to take account of the
 fact that B21(z)3 Bzz(i) and Cz(z)-arevknéwn matrices. In
addition we feei‘that for the type of structures we are
consideriﬁg, our derivation (Lemma 10) of the NSC's for twb
structures to be observationally equivaient is simpler than”

that given in Hannan [197la,_p.763}.

Deistler [1975, p.21] also meﬁtions the problem of
idéntificatiop‘wheh identities are pregent. His analysis
seems to be deficient, however, because he. assumes that

Ulz(z) = 0 and this is not'necessarily the case.

10. AN EXTENSION OF A THEOREM OF HATANAKA

Hatanaka [1976, pp.200-203] gives a local identification

result for the ARARX (1,0,1) model
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Boy(n) + Bly(n-l) = Cox(n)+u(n),u(n)+Alu(n-1)=e(n) (10.09) .
We note, however, that condition (II') of Hatanaka's
theorem (p.201) is not necessary. For example, consider the

ARARX (1,0,1) model with p=q=2 and with zerosprescribed on

B, Bl and CO- as in the following structure

(o]
1 % [0 %) 13
B =y o [P %P la e AT R Ty
asIn 010

Below we use Hatanaka's (p.191) definition of the integers
my and 31¢ Under the usual normalization convéﬁtion, the
structure given in (10.10) is certainlyiidentified. However

m = 1 and s, = 2 i1implying that m, + s, =3, while the

1 _ 1 1 ’
matrix in (II') (Hatanaka, p.20l) can be of rank two at most.
In addition Hatanaka's condition (I') is satisfied because
Co is of full rank. Hence we have demonstrated that (11')

can be violated for an 1dentified structure..

We also note that Hatanaka's result is not diréctly

applicable to models having lagged exogenous variables. To
see this suppose we had Cbx(n) + Clx(n—l) instead of 4‘/
Cox(n) in (10.09). The former expression could be rewritten

as 'aoi(n) "where éo =‘{Co,Cl} and x(n)' =“{x(n)',x(n-1)'}.
Unfortunately, i(g) does not.satisfy Hatanaka's (p.200)
condition (III). Thus we cannot reduce a situation where

there are lags on the exogenaus variables to the unlaggéd one

of (10.09).

We now show how the issues raised above may be overcome.
The role of condition (I') (Hatanaka, p.200), whose function

is'a little unclear in the BHatanaka analysis, is shown, and a
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more straightforward proof than Hatanaka's is given, The -
degrees of B(z), C(z) and A(z) are allowed to bé arbitrarily
p;escribed, and conditions under which global identification
is achieved are given, Analogous results are obtained for
ARMAX structures. For simplicity we assume that there are

no identities and the conditions of 53 and §8 hold for ARMAX
and ARARX structures respectively. We denote ARMAX and

ARARX structures as in previous sections.

To show the simplicity of our approach we first deal with

Hatanaka's case.

Theorem 10 We define the ARARX model by: (i) the.
degrees of B(z), C(z) and A(z) are prescribed as 1,0 and 1

respectiéely.

We put N = (Bo.Bl,Co).

(1i) In each row 6f N there are prescribed at least
(p-1) zero elements; (iii) A = I(é); (iv) the diagonal

elements of Bo' are prescribed as unity.

Denote the structure So as [Bé(z)’co(z)’Ao(z)’Qo]’

-
where we write Bo(z), etc. as B _ +B1 °z+...+Br,°zr,.etc.
Put a = vec Al’ a = vec Al,of J () = (A eI( )),

- -1'_, - - vogr
J, (1(p) o, oBl o) J4=(1 (p) o) »H(a) [_.{JZAJlA(a)} »J31.

If the stfructure S; belongs to the fmodel and satisfies

plia)] = p%, | (10.15)

then it is»locally identified 1if énd only if the following
condition holds: Cl. The rank of each submatrix of N

obtained by taking the columns of N with prescribed zeros in

a certain row is (p-1).
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Proof Suppose S := [B(z), C(z), A(z), Q] is another .
structure belonging to the model and observationally equivalent

to 'So. By Lemma 9(ii),

[B(z),C(2)] = U(2)[B_(z),C (=2)], A(Z)U(Z)=FA°(Z),9=F9°F',

(10.18)
where U(z) = I?»(z)B'O(z)“1 and F = U(0).
By assumption A4.(ii) we can write U(z) as
U(z) = £ U, 23 for |z| <1 , (10.19)
j=o 3 - T ”
By (1)
UlBl,o + UZBO, =0, U1C o - 0, AlUl + U2 = 0 (10.20)
-1 _ _
_implying'that AlUl - UlBl,oBo,o = 0 and Ulco,o 0.

Hence H(a)u = 0, where u = veé{Ui}. For S close to S
a will be close to @ _, so that H(o) will be of full column

rank by (10.15). It follows that U, = 0. Because

1
_A1Uj + Uj+1 =0 Y j > 1, it fol}qws ;ecu?siyely Fhat Uj =0
for j > 1. Hence U(z) must be a constant matrix for S

close to So' ' Having reduced the identification problem to’
the classical case, it is clear that Cl. is a NSC for So

to be locally identified. O

Corollary 1 Subject to conditions (i) - (iv) of

Theorem 10, if

'}p[‘

B, B¢ ’
l,070,0 0,0

1=0p (10.22)

then Cl. of Theorem 10 is a NSC for the global identification

of S .
o

Proo Because UZC° 0 = 0 it follows from (10.20) that
| ]
UiB1,0B0,0 Co,0 = 0+ If (10.22) holds, then U; = 0 and

therefore Uj =0 for j > 1 as in the proof of Theorem 10.



-38-~-

The proof is now completed as for Theorem 10. O

Remark 10.1 (i) It is now clear that condition (10.15)
aone, (i.e. condition (I') of Hatanaka) ensures that the

matrix U(z) 1s constant for structures close to So'

(ii) We note that by imposing the stronger condition
(10.22), instead of (10.15), we obtain a global identification
result, rather than the local identification one'of‘Theorem

lol D

Define the permutation_matrix Pd by
. 1 1 1
VeC(Ul...,Ud) = Pd VEC{(UI,--.,Ud) }

where the U 1l <j < d, are arbitrary pxp matrices. It

j’
_is easy Fo verify that Pd = (PdGI(p)) where -Pd

pdxpd permutation matrix mapping the (j-1)d + & element into

;s the

the (2-1)p+j position, 1 < j i‘p, 1 < & < ad. For example, -

if p = 2, then

([ 100 .000

000 .100

000.010
001.000 g
{ 000 .001

For the rest of this section we suppose that the degrees

- .

of B(z), C(z) and A(z) are prescribed as r,s and ¢t

respectively. The next theorem is a generalization of

Theorem 10.

Thgorem 11 Put N = (BO,...,Br,Co,...;CS). We define
the model by: (i) Im each row of N there are prescribed at
least (p-1) zero elementg{ (11) Ao = I(p); (iii) the diagonal

elements of Bo are prescribed as unity. Denote the
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structure So by [Bo(z),co(z),Ab(z), QO} and put

d = max (r,s,t), o = vec(Al,...,At),

Kl(q) = "  '. ’ Kz(a) =

and let K5 and K6 be defined with respect to the Cj o
. L]
in ‘the same way as K3. and K4 were defined with respect to

the By .; put Jj(a) = [I(p)GK;]’(a)Kl(a)],»v o -
J, = (Ka—lKéﬁl(p)),‘j(a) = PdJi(a)Pé ~ and
F@) - 3y | .
H(a) = v e e e ,
(ngl(p)) - (Ké@l(p))Jz .
Let a be the value of o at -So.' If the‘struﬁture So

belongs to the model and

plH(a )] = pld,
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then So is locally identified if and only if Cl. of

Theorem 10 holds. O

. The following lemma may prove useful in obtaining a

simple expression for 3(&).

Lemma 11 Let Pd be as described above. Suppose A

is an arbitrary pxp matrix, and D 1is an arbitrary dxd

block matrix with the pxp submatrices Dij (1,5 = 1,...,4).

Then:

@ Pyt Ty,

(ii) Pd(AQD)Pé is a dxd block matrix with the submatrix

(ABDi ) in the (i,j)th position.

3

(1) follows because P is a permutation matrix, while

d
the proof of (ii) is eésy but meésy'and hence is omitted. - O

Corollary 2 (1) Subject to conditions (i) - (iii) of

Theorem 11, if

o (g - KsKZIKe) = pd, S : (10.24)

then Cl. of Theorem 10 is a NSC for the global identification

of S .
o e

If (10.24) hoids, then: (ii) Bo(z) and Co(z) are left

coprime and the rank of (B s, C ) is p. O
‘ r §,0

s O

Corollary 3 Put d = min (r,t),

L "

H(a)
"T(A) = | seeeoevsnse

Tp2a) * %p24,(da-d)p2

Subject to the conditions of Theorem 11, 1if o« is a

regular point of T(a) and H(a) and 1if

p{T(e)) = plHGs )Y, 0.2
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then Cl. of Theorem 10 is a NSC for the local identification

of s . O
o

- 'Remark 10.2 (1) Because Kz(ao), K4 are block

triangular matrices, Kzl(ao)Kl(ao) and K K-'1 may be computed

374

2

explicitly. In addition, because Kl to- K6 are block

triangular, we can speed up the calculation of H(ab) by

1

recursively without actually evaluating K (ao) and K,

4

taking explicit account of blocks of zeros.

(iiy Using Lemma 12, we can obﬁain an explicituexpressipn
for E(a).

(iii) Identification using Theorem 11 just in;slves
checking two rank condifions. They will be easier to.check
than the 'usual criteria for determining wheth;r left |
coprimeness holds. | _

(iv)— Corollary 2 shows thaﬁ’(10.24) will in general not
be a.necessafy condition for 'Sé to be identified. This 1is

because (see §8) 'the conditions stated in Corollary 2(11)

together with Cl. of Theorem 10 suffice to identify So'

(v) By the obvious rewording of condition Cl. in
Theorems 10 and 11 and in Corollary 2, we may obtain 1oca1.//
identification results (global in the case of Cofollary 2)
for a single'equation or -a subset of equations..

(vi) For a result-compafable'to Corollary 3 see Wald

[1950, p.244, Theorem 3.3]. 0O

We now obtain identifiqation_reéults for ARMAX structures

analogous to those obtained above. The identification will

“now be global rather than local.
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Theorem 12 Put N = (Bo""Br’ Co,...,CS). ‘"We
define the ARMAX model by the folldwing conditions: (i) In
eachh row of N there are prescribed at least (p-1) zero

elemenﬁs; (ii) Ao‘= I(P); (iii) the diagonal elements of

Bo~ are prescribed as unity.

Denote the ARMAX structure 'So by [Bo(z), C&(z),Ao(z),Qol

-1 -1_ <
3Ky Ky Rs=RaK, "Ke)s
where K3, K4, K5 and K6 are defined in the same way as in

and put d = max (r,s,t) and H = (Kl-K

Theorem‘ll, while Kl and K2 are>defined with respect to

the Aj o in the same way as K3 and K4 are defined with
s ) . ' -

respect to the B .

jso

I1f So belongs to the model and

p(H) = pd, A T . : (10.30)

then S°~ is globally identified if and only if Cl. of

Theorem 10 holds. O

‘Corollary 4° 1If (10.30) holds, then B_(z), C_(z) and

Ao(z) are left coprime and p(B:

r,O’ C ? A ) - P D

Corollary 5 Put g'='min(r,t). Subject to conditions

-
-

_(i) - (iii) of Theorem 12, if

I(pt_i_)

cees = p(H),
-0 : :

©
R

L]

]
.

. s

then Cl. of Theorem 10 is a NSC for the global identification

of s . O
o

Remark 10.3 (i) Remarks 10.2 (1), (1ii) to (vi) apply

equally well to the ARMAX results just obtained. O
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11. IDENTIFICATION WITH RESPECT TO A SEQUENCE OF
| CRITERION FUNCTIONS .

For observations generated by a probability distribution
which is known up to the specification of a parameter vector,
and which possesses a probability density function, Rothenberg
(1971, pp.581-582] ob;ained conditions for the local
identification of the trug parameter Go iﬁ the presence of

nonlinear restrictions.

Using an information inequalify, Bowden [1973]
~generalized Rothenberg's results by obtaini;g a g;obal
identification conditiop and dispensed with thé requirement
that the probaﬂility density function of the oBservations

should éxist. :

Although constituting a significant contribution to
identification theory, the Rothenberg - Bowden results have
the following shortcomjings: (i)'the resuitsvdepend on a
knowledge of the distribution function sf fhe observations.
Because this information is usually not available, it Qould
be preferable to have a distribution free method of
identifying parameters of interest; (ii) tﬁere ié little,
attempt to link the identification theory with common |
egtimation érocedures to demonstr;te how the lack of
identification affectS"estimétioﬁ; (iii) there is no link

between the results stated above and the ‘time series

identification results we have discussed in previous sections.

In an unpublished paper Sargan [1975] overcomes some of
the problems raised in (i) to (iii). Subject to
regularity conditions analogous to those given below, Sargan

-defines the identifiabilitf of a parameter (cgliing it
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asymptotic identifiability) with respect to the‘uniform limit
of a sequence of criterion functions. It is the purpose of
this-seption.to examine the implications of Sargan's'.
definition. In so doing we will obtain an intuitive under-
standing of results obtained more rigorously in later chapters.
In particular‘Theorem 13, Application 1 and Applications 3

and 4 introduce informally important ideas and techniques.

To estimate 60, the true value of the unknown parameter
8, we usually choose a seQuence ‘{Lﬁ(e), N > 1} - of stochastic
criterion functions indexed by the time paraﬁeter N and
select as an estimate of Ho that value of 6 'ﬁhich minimizes
LN(G) over an appropriaté parameter space, 0 .say. Fof
example, «din Applications 3 and 4 ve select Lﬁ(e) as
-2/N xlog of a Gaussian 1ike11hood.‘ If the eétimation of 'eo
is to be—meaningful, then, at least for large sémples, the
criterion function should‘distinguishbbetweén 60 and other

-

values of 6.

Let m be the dimension of 6 and denote the permissible

parameter space by 03 ‘eo € o. We suppose that there exists

a nonstochastic function of 6, L(8) say, such that

a.s. : - '
LN(B) - L(6), uniformly in 0. We now make .the following

assumptions:
Bl. L(6_) < L(8) ¥_ 6 € o. .

B2. h(6) is an 1: ~dimensional, 0 < f < m, continuous

vector function of 6 € ©.  Furthermore ,h(eo) = 0,

Definition 1 8 1is observationally equivalent to 6,
1f L(8) = L(e ).

Definition 2 Subject to the restrictions h(8) = 0, we

will say that eo is globally identified with respect to the
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sequence of criterion functions '{LN(G)} if there is no

other 6 € 0 satisfying h(6) = 0 and observationally .

equivalent to 60.

Definition 2 involves exactly the same idea as the
definition of asymptotic identification»given‘in Sargan [1975,
p.81. We prefer our ;wn terminology as it suggésts the link
between the sequence of criterion-functions that are minimized

to obtain an estimate of 6, and the identification process.

Definition 3 Subject to the restrictions h(8) = 0,

we will say that 60 is locally identified with respect to
the sequence of criterion funétions "{LN(é)} if there_exis;s

a neighbourhood of 90 such that there is no other 6 €0
lying in'the neighbourhpod, which- is obsgrvationélly equivaient

to 60 and satisfies the constraints.

To obtain an analogue of Theorem 2 of Rothenberg [1971;
P-581] we need thg'following_additionai aé;umptiop.-
B3.(1i) 9°~ is an intgrior point ofb 0.
(ii) There exists a neighbourhood of 0, N say, such
that h(6) is continuously differentiable for 6 € N. P
Furthermore BZLN(G)/GGBS' and 92L(6)/23630"' exist and are
continuous for 6 € N, |
(11i5 aZLN(e)/aeae' _3 32L(06)/2036"', uniformly in
6 € N. Put H(8) = dh(8)/36', H = H(e;),'A(e)=32L(e»%eae'.

A = A(Go).

Theorem 13 Suppose 6 is a regular point of the
matrix [a(e)', H(6)']. Given assumptions B1.-B3., (i), (ii)
and (iii) are equivalent NSC's for 60 to be locally identified

in the sense of Definition 3.
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(1) p(A',H') = m

(ii) . . A . H" ‘ - . -
p { ® o0 0 }=m+f’ Where f = p(H)

I H.O

Put E = I,

\ \J +
(my ~ B'(HH')TH.

(iii) p(EAE) = m = f. DO

Application 1 - This example illustrates the connection

between estimation and local identification. The constrained

minimization of LN(G) yields
BLN(B)/BB + H'(e)l =0, h(B) = 0 . (11.10)

where A 1is a vector of Lagrange multipliers. Because we
cannot usually solve (11.10) for 6 and A we linearize

about 6, a consistent estimate of SR in the manner of

Aitchison and Silvey [1958], to obtain

(11.11)

]
o .

3L (8) /36 + AN(e)(é-e) + H'(8) A
h(8) + H(3)(8-8) =0 (11.12)

~

where e,.i are the linearized approximate solutions to

(11.10). We can rewrite (11.11) and (11.12) as g
: PN ' P .,,-A . - ‘V o
by(8) « B'(®) -8 - fang(8) /00
e e s ec oo e N o e's = - ® o 0 s . (11.13)
CH(B) 10 PO N YOO

‘Without 1loss of generality we can assume that H(eo) is
of full rqw’rank. 1f 60 ié locaily'identified, theﬁ
' Theorem’13(ii) implies that with a high probability the matrix
‘,fn: (11.13) will be nonsingular for N large so:we can
‘SOlVE (11.13) for (546) and X, Confersely; 1f o_ is

: o o
not locally identified then, the matrix on the left side of
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(11.13) will be close to singularity for N 1large and it will

~

be numerically unstable to soive (11.13) for (5-5) and A. (N

We need the following lemma in the next application.

Lemma 12 vLet E be a pxp symmetric, idempotent matrix
of rank f (0 < £ < p)vand A an arbitrary pxp métrix.
Then: |

(1) EEaE)Y = (2AB)T = (2aE)YE.

For the next two results we assume that p(E)”% p (EAE) .

0

: +
ii E{1I - (EAE) EAE
(ii) { (p) ( ) } |
(iii) Suppose that . (EAE) x = y is a consistent equation
for x. Then xT = (EAE)+y is the only solution of the

equation which satisfies Ex = x. 0O

Application 2 - We again illustrate the connection

between local idéntification and estimation. . We assume that
H(8) is constant, i.e. the restrictions are .linear. Rather
than use Lagrange multipliers, as was done in the previous
application, we impose the restrictions using a symmetric
idempotent matrix. ' This method of handling linear | ~
restrictions is used in‘Hannan and Terrell [1972, p.190 and

1973, p.306].

) ‘défined'above satisfies the

»

constraints h(e) = 0, (11.12) is equivalent to E(§—§)=(5-§),

Assuming that the

where E 1s defined in Theorem 13. (11.11) and (11.12) imply

. that

{EA(B)E}(§-8). = ~E{aL(B)/20) (11.15)

Put QN = EAN(é)E. Assuming that H 1is of full row

- rank and eo is idehtifiéd,_it.follows from Theorem 13(iii)
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that for N 1large p(QN) = p(E) with a high probability. It
therefore follows from Lemma 12(iii) that, with probability
tending to 1 as N increases, ] = 5 - Q; BLN(é)/Be is the
unique‘solution to (11.15) thatbsatisfies the linear

restrictions. O

7 Using the approach taken in this section we ﬁill re-
derive the NSC's for two ARMAX, or ARARX, structures to be
observationally équiValent aﬁdbthereby show the close 1link
between the.identification results of previous sections and
common -estimation practice-as dépicted by Apélication 1.
Although the criterion.functions we will ﬁork with cor;espond
approximately to Gaﬁssiaﬁ likelihoods (or more precisely to
-2/N xlog of a Gaussian Likelihood) they are ;fteﬁ used to
derive estimators (see Chapté: 4) irrespe;tivé of whether tﬁe
data is é;ussian or not. The results below also do not depend -

on. Normality.

-
A

It will be convenient to adopt the convention that a zero
- subscript indicates the value of a function at the true

parameter point.

Application 3 We now consider ARMAX structures as

described by (1.10) and (1.11).- Let r,s and t be
prescribed and take R1 as an arbitrarily large positive
number and €, as an arbitrarily small positive number.

Pu;ting 0 = vgc[Bo,...,Br, Co,...,CS, o

A ,;..,At, 2], we take

the .parameter space O as the closure of the set Oo,

where Oo is ‘defined as follows®
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' Cl. @ is p.d. and |det Q| > €4

c2. (i) lel < R.; (41i) |det B(O)| > ¢

for- |z| < 1; |det A(2)| > e, for |z]| < 1.

‘det B(z)l > 0

1
We assﬁme that o8 € o .
0 o

- -1 . -1
We put Q = B(0) “A(0) QA(0)'B(0) ;

1

¢(z30) = B(0) TAC0)A(2) H{C(2)-B(2)B () TTC_(2))

1 1

B(0)~ A(O)A(z)‘lB(z)Bo(z)'le(z)Ao(O)‘ B_(0)

¥(z3;6)

and define the sequence {v(n;8), ﬁ > 1} constructively by
A(Z)A(O)-lB(O)V(q;e) = B(z)y(n) - C(z)an)

with v(m3;6) = 0 for n < 0. Wé define.the’ﬁriterion

function LN(B), N >1, as

N er 870z v(a;e)v(n;e)' +'log det @ (11.20)
1

2

(23

2}

9
o=

n

It follows from Lemmas 4.1 and 4.3 that

a.s. - : __1- m ' ‘ ' ' ’
L (8) "> L(8) = tr d 'J (A58 £ _(A)0(A;0)*dA +
‘ -7

: 5 T ’ .
+ (2m~1 tr»ﬁ’lf ¥(A;0)Q_¥(X;0)*dx + log det Q
-— ‘"‘ .. .

~
uniformly in 6 € 0. We will now show that L(8) > L(eo)
'with equality holding if and only if
o _ S D -1
C(z) = B(2)B_(2)7'c (2), A(z) = B(2)B_(2)"1a_(2)F,

@, = FAF', where F = A_(0)7'B_(0)B(0) ' 4(0).

- This result is preciself Lemma 6(ii).  We can write
¢(z;6) 'and W(z;é)_fespectively as

T <I>.(6)zj and T ‘l'j('e)zj . .

j=°. J . j=° :

the series converging for |z| < 1; wo(e) = I For fixed

(p)°
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6 € o,
L(e) > tr & % T v.(0)d v (e)' + log det Q >
o j=o j o j —
R > tr ﬁ—lﬁo + log det Q =

1
-3

celin ool welin oo ~
= tr Q QOQ G log det Q 4909'% + log det Qo =

(A

L 3" log A

(]
t Mo

; j) + log det & > p + log det @ = ;(eo).

because (X - log A) > 1 & A > 0, with equality only at X = 13

the Aj (L <3J < p) are the eigenvalues of ﬁ-%ﬁoﬁf%. We

can therefore deduce that L(8) > L(eo) with equality if and

only if
=1 [T - ' . -
tr @ I '@(X;e)fx(l)é(k;e)*dl =0, Q = Qo and
- ~—l . “ A )
¥(z;8) = I(p). Because tr @ I '@(A;e)fx(A)Q(l;e)*dl =.0

-

implies that &(z3;6) = 0, the required result follows. O

Appliecation 4 We now consider the ARARX structures

described byv(l.iO) combined with (8;10); Supp&se the degrees
of B(z), C(z) and A(z) are prescribed as r, s and t
,respectively‘and lef R; and g, be two pbsitive»numbersi/
the first arbitrarily 1argg and the second arbitrarily small.
Defining 6 as in Appliéatibn.3, ﬁe take.the perﬁissibie
parameter spéce © to be the'closure of the set 90 which is
défined by: .. - | - . .'

Dl. @ is p.d. an&"|det é[ > ei;

'ng (@)lel i R |de; B(0)| > ‘el;rldec B(z)| > 0 and
.|det A(z)|>> 0 for |z| < 1. |

We assume that 6 € 0,- .

- . - R - : o
Put f = B(0) 1a(0) tea(0)™ 5 (0) and define the

sequence v{(n;30) constrﬁctive1y<by
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1a0) " a(z) [B(2)y () =C(z)x(n)], n > 1.

v(n;0) = B(0)

We now define the criterion function LN(G), N > 1, as
in (11,20) above. Because an ARARX (r,s,t) structure is a
speciﬁl case of an ARMAX (r%t,s+t,o) structure we can deduce
from Application 3 that 6 1is observationally equivalent to
e, (in the sense of Definition 1 of this section) if and only
if |
C(z) = B(z)Bo(z)"lco(z),'A(z)B(z)=FAo(z)B°(z), Q = FQOF'

1 1

with F = A(O)B(O)BO(O)— AT

This is precisely the result of Lemma 9(it). O

12. A COMMENT ON DEISTLER [1976] .

Deiétler [1976] gives identification results for linear
time series models undér conditiéns that are in some respects
weaker than the corrésponding'conditions which were statea in
previous sectiong. We. now make three oBservatibns on
Deistler's faper. The first two simplify some of Deistlef’é
' derivations; hopefully suéh simplifiéation may make Deistler's
paper more accéssible. Thé third observation concerns thq.
realism of one of Deistlgr's éssumptions. Throqghdut this
section we use Deistler's notation and all references are to
Deistler unless stated otherwise.

(1) Defining D(z) and T(z) ad id Deistler (pp.29 and

30 respectively), D(z) and T(z) can be expressed as

D(z) = I D,zd, T(z) = 1 T.23,
j=o 3 . j=o0 j

the expansions being valid for small 2z because of the non-

singularity of AO.‘
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Because of the zero initial conditions (II), we can rewrite

eqn (1) (p.27) as

N~

. n X
y(n) = I -TjX(n-j)
j=o h|

Defining Ky(n,m), Kx(n,m), K#(ﬁ,m) (n,m > 0) as in Deistler

D,u(n-j) (12;10)
o h| .

we deduce from (12.10) that

. m ’
K (n,m) = £ T K (n=j,m) - o (12.11)
X j=o h| : }
and . |
n m : n m '
K (nym) - I T T K (n -j,m-k)T! = I ID K (n- j m—k)D'
-y j=o0 k=o 3 k‘ j=o k=o j .

- (12.12)

From assumption (IV), x%(j) = 0 a.s. for 0 < j < t and

Kx(t,t)'is nonsingular. It follows from (12.11) above that

Ryp(308) = TR (LEFTIR (-1, 00400 4T (K (£,8) for

Ti-t

j > t. We can therefore compute the T j > 0, fecursively.

j’

Since the T as we11~as.the second moments of ‘the observed

. 3’
variates, are now known, the left side of (12.12) above is
known and hence also the right side.  We have now effectively
obtained equations (8) to (9¢) (Deistler, p.34) without

having to use isomorphisms between formal matrix power

series and infinite block triangular matrices as is done in

’ Déistler.

-os
14 »

(i1) We now give a substantially shorter proof'of
Deistler's Theorem 3 (p.42). Unlike Deistler's proof, the
proof does not require Deistler's Lemmas 3-5. Consider

equation 18(a) (Deistler, p. 41) From Theorem 1 (p.35),

U(z) is a polynomial matrix. Suppose deg{U(z)} = £ 5> 0.

Then ,
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' %
Letting 2z > 0 in the above equation we obtain U_G _IH: = 0.

fp
Becéusg G;, H: are nonsingular by assumption (XIII),
Uf>=‘0. Hence U(z) must be a constant matrix.

(i1i) As shown in the p:evious section, identification
is closely related to estimation. With this coﬁsideration
in mind we look at Deistler's assumptions on the second
moments of the observed variates. He assumes that the

exogenous variables are stochastic and that E(ytx;) and

E(xtx;) are known ¥ s,t > 0.

Now,even if the"{xt} and '{yt} sequences tended. to -
stationarity for large t, we could still not evaluate the
abovementioned moments from a single, complete realization of

the underlying process; x ‘and Ve cannot be stationary

t
because of the zero initial conditions (II)Q This must cast
some doubt on the usefulness of DeiStler’s results for pre-

estimation identifiéation.

'13. PROOFS

Proof of Lemma 6 ~ (i) follows from Hannan [1971a,

" equations (6) and (7)].
(1i) Sufficiency - given the conditions of (ii) we have that

-1 -1 “1,.y; | .
?2 (X)CZ(R) = B1 (X)CI(A), BZ (A)AZ(A»,-'BI (A)AI(X)F‘ and
e, = FQZF'. It is now easy to check that the conditions of

(1) hold.

Necessity - suppose the structures S1 ‘and “Sz are

1

obsérvationally'equivalent. ‘Put U(z) = Bz(z)Bl(z)-

Kj(z) = Bj(z)-lAj(z),'j =1,2. Using Lemma 5 we can deduce
from (1) that K,(2)K,(0) ™ .= K (2)K (0)7} and.
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Ké(O)QZKZ(O)' = K (000K, (0)' so that A,(2)=U(2)A (2)F .

-1
= ! -
and Ql FQZF s with F = Kl(O)

follows from (1) that.[Bi(z),Cz(z)] = U(z)[Bl(z),Cl(z)].

Kz(d). Furthermore, it

This completes the proof of (ii). [

Proof of Theorem 1 We first show that the model is

identified. Suppose Slr and 82 are two observationally
equivalent structures belonging to the model. From

Lemma 5(ii)

[3,(2),C5(2),8,(2)] = T(2)[B;(2),C, (=), 4, (2)F1.

It follows froﬁ Lemma 3 and (iii) that U(z) . is uni—‘
modular and hence det U(z) is a ﬁonzero constant. Because
U(z) is also lower triangular (U(z) = Bz(z)Bl(z)-l) its

diagonal elements must be nonzero constants.

To deal with conditions (1) (a) or (1) (b) we take p=2

for convenience, but the proof applies to a general p. Put

b ,(2)- 0 - " a(z) O ,
Bl(Z) = , R BZ(Z) = | s
b21(z) .b22(z) B(z) v (2)

' u 0 ) | ' | ‘
U(z) = 1 ' ‘ ' -
uy,(2) w, y ' o -

We havgrshown fhat uy ~and u, are nonzero constants.
We have a(z) = ub,;(2), B8(2) = u,;(2)b,;(2) + uyb, (2).
Because deg'B(z) i deg a(z) and deg bél(z) < deg‘bll(z)
it_fo}lowslthat u21(z) is a constant. If (i)(a)'applies,
then Uy is zero so that ﬁ is é conétént diagonal ma;rix.
It follows that U = I(p) because the diagonal elements of
?(0) a;e’unity. - If (1) (b) applies, then U = I(P) becausg

Bl(O) = BZ(O)_= I(P). Therefore (i) implies that v‘%.l(p)'
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F now equals I(p) by (i1).

We now show that the model is jus; identified.
Suppoge Si ¢= [Bl(z),Cl(z),Al(z),Qll is an arbitfarf
ARMAX structure; we construct an observationallj equivalent
structure belonging to the model. Let L(z) be a g.c.l.d.
of Bl(z),Cl(z) and 'Al(z). By‘Lemma 4 there exists a

unimodular matrix U(z) such 1‘:hat_U(z)L(z)_1

Bl(z) is lower
triangulaf with the degreé<of itsb(j,j)th element greater

than the degree of the (i,j);hrelement (i > j), and with

A -1 . _ C o -1 -1
U(0)L(0) B,(0) = I(p). Put F = {U(0)L(0) Al(‘o)} R
G(z) = U(z)L(z)-l. Then'the structure .

82:= [G(z){Bl(z),Cl(z),Al(z)F},F‘lﬂlF—l'] is observationaliy

equivaléﬁt to S1 by Lemma 6(ii) and cerfainly belongs to

“the model. 0O

Proof of Theorem 24 Suffietency: Suppose S1 and S,

are two observationally equivalent structures belonging to

the model and furthermore S1 satisfies Cl.. By (iv) and

Lemma 6(11)’[BZ(Z)’CZ(Z&AZ(Z)]éU(Z)[Bl(Z)’Cl(z)’Ai(z)] and

92 = Ql. By (i) and Cl, U(z) must be diagonal. We can

-

-

write the diagonal elements of U(z), uj(z) say (1 < j‘i,p),‘

as mj(z)/n.(z) 'where, for each j, m,(z) and n (z) are

i/ 3 3

polynomials with no common roots. By (ii), each of the
mj(z) and na(z)'must-beAconétanf and- it. now follows from

(11i) that wu,(z) =1 for 1 < j < p. Hence U =1

3 N

Necessity: Suppose the structure S belongs to the

1
’model'but-does not satisfy cl.. Without loss of generality
we suppose that the rank of the matrix having prescribed null

elements in the first row is of rank less than  (p-1).
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There exists a px1l vector polynomial m(z),
m(z)' = (L,0(z)"') with a(z) + 0, vy = m(0)'b(0) + 0 and
g(z) orthogonal to the abovementioned matrix; b(z) 1is the
first column of. Bl(z).» Put Il(z)=[B1(z){Cl(z),Al(z)]
and let &(z) be the g.c.d. of the elements of the row vector
m'(2)T,(2) with 6(0) = y. Put

§(z) " Im' (2)

CRe) = | eeenees
0 'I(p—1)

Then the structure [R(25£Bl(z)’Cl(Z%Al(z)}'Qll ié

observationally equivalent to S1 and belongs to the model.

Because R(z) % I(p) by construction, S1 cannot be

identified. O

Proof of Theorem 2B  The p¥odf"thét Cl. is a NSC for
a structure to bé'identified is verybsiﬁilar to the proof
given.for Theorem ZA aﬁd is omitted. We now show that the
last statement in_Theofem 2B holds.\ For p=1 we consider
the ARMAX structure Sl’ Sl i= (1+az;1+az,1,l), a % 0. |
Clearly S1 does not sétisfy'(ii) qf the theérem,»i.e; the
g.c.d. of (l+az, 1l+az) is nof unity, and no ARMAX struCtufe

observationally equivalent to S, can satisfy (11). O

1

Prodf of Theorem 34 Let 81 and 52 be two

oBservationally’equivalent étructures.belonging to the model

with S1 satisfying conditions Cl., C2. and C3.. Then, by

(iii) and Lemma 6(ii),

18,(2),C,(2),4,(2) ] = T(2)[B;(2),C, (2),4,(2)], 2, = @,.

By Lemma 3 and Cl. U(z) must be a pdlynomial matrix and

because the degrees of_.Bi(z),Bz(z),Cl(z),Cz(z);Al(z) and Az(z)

\
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are prescribed it follows from C2. that U(z) must be a
constant matrix. We have reduced the proof of the theorem

to the classical case. (i), (ii) and C3. now imply that

U=1 . Hence S is identified.
- (p) 1

The proof that C3. is a NSC for a structure belonging to

the model to be identified is straightforward and we omit it. O

The proofs: of Theorems 3B and 3' are very similar to

that of Theorem 3A and will be omitted.

Proof of Theorem 4 Suffietency: Suppose that S

1
and S2 are two observationally equivalent_structhres

belonging to the model with Si satisfying Cl. and C2..

It follows from (iv), Cl. and Leﬁma 6(ii) that

- [By(2)4C,(2) A, (2)1=ULB, (2),C; (2) A, (2)F]

U_l} Hence

with U a constant matrix. From (iii), F

K3 5 = VK; 1 »»J > 0, where
’ ’

. (1), (ii) and C2. now imply that V = I

_ -1
Kz(z) = Kl(z)U sogth?t

1
veut The

(r)’

required result follows.

The proof of necessify is easy'and is omitted. O

-

re

Proof of Theorem § Suppbsei Sl’ S2 are observationally

equivalent structures belonging to the model with S,

satisfying Cl. to Cé4.. As in the proof of Theorem & we can

o : . .

show that
[B,(2) 405 (2),4,(2)] = U[B;(2),C; (2),4; (2)U7 1]

with U a constant matrix. Hence»_Az(z)U = UAl(z). We
now show that one, and only one, element in each row of U is
non-zefo; bécause U 1is nonsingular, at least one non-zero

element exists in each row of U. Let the jth'diagonal
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elements of Al(z) and Az(z) be agl)(z) and agz)(z)

respectively. The first row of Az(z)U equals the first
-row of UAl(z) so that

{a{z)(z)ull,..:,a{z)(z)ulp}={ulla§1)(z),-'~sulpaél)(z)}'

Suppose two (or more) elements in the first row of U

are non-zero; we take them to be u

11 and ug, for
convenience. Then aiz)(z) = a{l)(z) and a§2)(z) = aél)(z)

so that ‘ail)(z) = aél)(z), contradicting C3. Hence there

can only be one non-zero element in the first row of U and

wé can similarly show that this is true of -all other rows as

well. (i), (ii) and C4. now imply that U = Itp)' 0o -
Proof of Lemma 7

A®B =-(aleb1,ﬁ..,alebq,...,anebl,...,anebq)

and

(BRA)' = (Bleal,...,Biﬁam,...;Bpeal,..,,Bp@am). (13.10)

-

Hence,

L(p,m) (A®B) (bl@a b ®a b Qan,...,bq@an)

1,'...v’q 1’.."1 ‘
(qlasl,.;.,amQBl,...,alﬂsﬁ,...,amesp)'

Hence _ -

"L(g,n){L(p,m) (ABB)}" '(sleal,..;,slaam,...,speal,...,eéeam)

(BBA)' by (13.10)

The result follows., [

wer . o

Proof of Theorem 6 (a) Suppose the structure So belongs
to the model, Satisfies conditions Cl. to C3., but is not
locally identified. Then there exists a sequence of structures,
{s, :=[B_(2),C (2),A (2),2 1, n > 1; s +‘s°.=¢ n > 1}, that

are observationally equivalent to So’ belong to the model,

and converge to 'S°.< For n >0 1let 4, §, 0, w, 6 take the
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values An’ § , a_,

, 8 at S = S . As in the proof of
n n n . n

W
n .
Theorem 4, we can show that (i), Cl. and C2 imply that

1

- [B_(2),C_(2),A_(2)] = U_[B_(2),C_(2),A (2)U;"1, n > 1

- ) -1 - A = -
where Un = Bn(O)Bo(O) . Therefore An Ao (Un I(p))Ao’
A, -A = -1, A uiloa, TR ST, ), 5= 1,..sts

j»n "j,o0 n “(p)""j,omn “j,on “"n "(p)°7 :
9 - Q = (U - Q '+ Q u' —I
n
= - P, = Q @I + (I 8@ )L,
Put u | vec(Un I(p)), 2 (U ( )) ( (p ) )
¢ .—1' o -1
U_C A e I, . -1
n 1,0 (») I(p)aAl,oUn
n _ . _ .
Pp = : : .
_1' J L] » —1
LU Ae,0 8 Tpy )%, 0% Y

where the permutation matrix L was defined in the statement

of the theorem.

Because Sn'# S, ¥n 21, u, +0Vnao> 1. We can obtain

from the above that

n
§ - 50 JGu » &~ o = Plun’wn w

n -
n n n qun, n > 1 (13.15)

(o]

with J, evaluated at 5, Because S = and S satisfy

the constraints ¢(8) = O; we have that -
= - = + - t - t -
0.= y(o )-v(o ) Y58 =8 )+Y (a -a )+¥ (o -w))

where Wg, WZ ~and WZ are symbolic derivatives evaluated

1.

at 6;, with e€ach row of'[wg, Wa, WI] e&aruated at a possibly

different value of 9'r and with lef -9 0l < llg - o I,
N n o - n o

Substituting in from (13.15) and putting v,o= un/“un“, n>1,

we obtain A

Tyt tph 4 ytplyy =
[viag + wqpl + ¥leolv =0

Because the sequence (vn,n > 1) lies on a compact set, it
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it has a convergent subsequence (v n > 1).° Put
m(n), -

v = 1imn Va(n) (vl = 1), . Then,

'
O
il

11mn[w*J + W+Pm(n)+ W*Pm(n)]v

8§76 1 m(n)

[Ygds + ¥ T, + 2¢¥ (2,81 )]1v,

where we have used

( (p)@Q YL = me(I(p)@Qo)L‘(by the symmetry of ¥
with respect to w)
= V¥ (Q 81( ))
by Lemma 7. Because v # 0, G(e ) cannot be of rank pz.

(b) The proof uses a technique of Rothenberg [1971,p.580].
If G(:) is regular at So and has less thaq full column rank
there, then there exists a neighbourhood of So’ N say, and

a vector. function ¢(0) defined on N, so that
G(6)c(B) = 0, 8 EN . (13.20)

If N is sufficiently small, then ¢ S € N,
det A(z) %+ 0,]|z] < 1, and det B(z) % 0 for |z| < 1; it
also follows (Deistler, bunsmuir and Hannan [1977, Theorem 3])

- that Cl. and C2. are satisfied. N e

Choosing N small we put Bj = vec Bj’ Y, = vec Ck

|A

and o) =vecA;; 0<j<r,0<k<s and 1< 2 < t. We

L
nbwbdefine tbé curve ‘ip(x); X > 0} in N by:

dsj(x)/dx =‘{B'(x)a1( yle(®sx), 0. <3 <r
de(x)/dx = {Cj(x)GI( )}c(e;x), 0 <j<s
do, (x)/dx = [{A::'@el( y}- (1(,)08;(x)}]c(853),

» 1 < 3§ <t Ao(x) I(p)
dw(x)/dx = [{Q(x)él(p)}+{I(p)@Q(x)}L]c(e;g)

with 6(0) = eo. Denote S by Sx for 68 = 08(x). We now
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show that the structures Sx (x > 0 and small) are
observationally equivalent to So and satisfy the restrictions
v(8) = O. First'we deal with observational equivalenée.

For x > O

dBO(x)‘IBj(x)/dg,= Bo(x)_ldB (x)/dx-B_(x) 1dB_ (x)/dxB_(x) B, (x).-

]

Hence

vee dB_(x) 1B, (x)/dx={T 1B (x) 11EB, (x) 01 Yelo(x),x} -

(p) j (p)

.‘v’ -1 -1 1] ) . =
- [Bj(g) B (x) 8B _(x) "1{B_(x) Ql(p)}c{e(X),x} =0

so that

1

-1 - _ ) _ .
Bo(x) Bj(x)=Bo(O) Bj(O), iie. Bj(x)—UxBj§0), j=0,...,13

Ux = Bo(x)Bo(O)-l. We can similarly show that

= - vy~ 1 = Tyt
Cj(x) UXGj(O), Ak(x)—UxAk(O)Ux _apd' Qx UXQOUx for

j = 0,...,s and k = 1,...,t. By Lemma 6(ii) ,the structures

SX (x > 0) are observationally equivalent to So.
Using Lemma 7 it is easy to check that for x >0
dy{e(x)}/dx = G{o(x)}e{o(x),x}

so that dy{e(x)}/dx = 0 by (13.20). Hence ¢ 1is constant

along the curve. Because the curve passes thfough So we”’

have thus shown that for x 'small and positive the structures

Sx belong to M' and are observationally equivalent to So'

It follows that S, cannot be lbcally identified.

(c) If the conditions in (c) hold, then G(6) depends
only on So and the desired result follows readily from the
proofs of (a) and (b). DO
L _ Proof of Lemma 10 Put. ¢(z) = _322(2)-1
-1

| ‘ 321(2)3
y(z) = ;Fzz(z)- C,(z) and let fyl(x), fylx(x) be

1 1 ’
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respectively the spectral density of Yy and the cross-

spectral density of Yy and = x. We immediately obtain that

B2)) [ 1, C(z) o
vesef= B(2)]| ceveely Jeeee|= C(2) + B(z)| "°°°° (13.25)
0 ®(z) 0 ' ¥(z)
Putting 5(2) =v§(z)_1§(z) and G(z) = ﬁ(z)-lAll(z) it

follows from (9.10) that

() = ﬁ(x)fxﬁ(x)*+é(x)gllé(x)*.

SO I ICOLMC )

1
Thefefore, given the second moments of the observed
variates, we can obtain D(A) and é(x)allé(x)* (AE€[-w,7])

uniquely.

Let‘{ﬁj(z),éj(z)}, j = 1,2, denote '{ﬁ(z)?a(z)} at the

structures $4 and S2 respectively. We now give two sets

of NSC's for the structures Sl - and 82 to be observationaily

equivalent. The first set of conditions (NSCi.) follows

directly from above, whi}e the sécond set (NSC2.) folldws from
theAfi;st by an'aﬁplication of Lemma 5; for.a clésely related
‘result see how Lemma 6(i) is shown to be equivalent to |

Lemma 6(ii).

~=1 ~ o=-1 ~
NSC1. ‘BZ (X)Cz(k) = Bl (A)Cl(l) and

~-1

-1 -_1
% k=
By A11,2(08 ;5 o817 p(M)*By 7 (M) *=B e

| -1
*
1 %11,1 1 (M*

11,1A11,1(A)*ﬁ

for A €[-m,w]. 4 B | . A
NSC2. [ﬁ;(z),éz(z),All,z(z)]

= ﬁ(z)[ﬁl(z),&lﬁz),éll,lcz)F] ¥ z

- ~ ~ -1
= ! = :
and 911’1 F Qll,ZF , where U(z) Bz(z)pl(z) and F

is a constant (plel).matrix.

Put U(z) = Bz(z)Bl(z)-l.‘ From (13.25)
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1 B.Z(Z) ' -1 B-l(z)
Bz(z) . e o o o = Bl(z) * o & 0
0 0
so that
18 U
(p]_) (z)
U(z) |eeee | = «un. _ (13.26)
0 B ¢ )
Suppose that S1 Vand. Szk are observationally

equivalent. Then, by NSC2., [CZ(Z)’All;Z(Z)] f

=,ﬁ(z)[él(z)’All,l(z)F]’ so that

2 1 1 f{» }
eo{=C, + B, [-e|="|eees| =TU| .. |= U $C.+B. oo
0 2 2 |y 0 0 ULy
using (13.25) and (13.26). Therefore Cz = UC1 because
32 = UBl; We can similarly show that
A11,2 A11,1
* o o = U e o & o F
0 0
Therefore the conditions of Lemma 10 hold. Conversely,

if the conditions of Lemma 10 hold, then by reversing the

arguments above we can show that NSC2. holds. O

Proof of Theorem 11 As in the proof of Theorem 10 ,1f

i=[B(z),C(z),A(z),Q] 1s an ARARX structure which is

- .. 14 ,

observationally equivalent to So’ then (10.18) holds and
U(z) can be expanded as in (10.19).. If S belongs to the
“model, then

cha)G1+K2(a)G 0, F1K3+F2K4 = 0 F1K5+F2K6 =0

‘where @! = (U],...,03),65 = ( F =(U

1 1 Ud+1""’ 2a’° ' (5- 1)d+1""Ujd)

for 3§ > 1. Hence; . : -
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: -1 ST I _
{I(p)eK2 (a)K;(a) g +8, = 0, {K4 R30I ,y}f + £, = 0

VI

’ 1
1)
and {K5 I(P)

1
+ {KGQI

1 (p)3f2 = 0

where. f, = vec F

3

Eliminating

(3 > 1) and = vec G, (j=1,2).

©3 & i
. = ' = '
gl, and g, by using g8 Pdfl’ g, Pdf2
we obtain that 'H(a)fr = 0. As in the proof of Theorem 10,
fl = 0 for S <close to So and we can-then reCuréively show

that fj =0 for j > 1. This égain reduces us to the

classical identification situation. O

Proof of Corollary 2 - We use the notation of the proof

of Theorem 11. (i) We know from the proof of Theorem 11 that

Fl(KS-K3K21K6) = 0, so if (10.24) holds, then F; = 0 for all

structures S belonging to the model and observationally

.

equivalent to So' The rest of the proof proceeds as for.
Theorem 11. Global, rather.than.local, identification is

obtained because the matrix (K

-1 ‘
5-7K3K4 KG) éepends on So_only.

(ii) Let ©U(z) be a g.c.l.d. of. Bo(z)_and <C°(z) and

put .
V(z) = 0(z)" Y = £ v,zd , lz| <1.
j=o '

-

7

Let [B(z), C(z)] = V(z)[Bo(z),Co(z)]; B(z) and C(z) are:
matrix polynomials. Let g be the maximum degree of

Bb(z), Co(z),B(z) and C(z).  Then

Vj+1 Bo,o+"'+vj+1—d Bd,o =0, j > 8
and
Vj+l~co,o+"'+vj+1-d Cd,ob= 0, J > g.
As in the proof of Theorem 11 we can now show that
Vj = 0 for j > g+l if (10.24) holds.  Hence V(z) is a

matrix polynomial so that U(z) is a unimodular matrix;
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i.e. Bo(z) and Co(z) are left coprime. We now show that

the rank of (Br,o’ Cs,o) is p. Suppose U(Br,o’cs,o? = 0

where U 1is a constant matrix. Put [B(z),C(z)] =
= (I(P)+Uz)[Bo(z),Co(z)]. Then, because deg B(z) < deg Bo(z)
and deg C(z) < deg Co(z), it can be shown as in (i) that U = 0

if (10.24) holds. Hence (Br ,Cs o) is of rank p. O
, .

s O

Proof of Corollary 3 We use the same notation as in

the proof of Theorem 11. To be specific we suppose that

d = t. From the proof of Theorem 11 we know that
H(a)fl = 0. Hence, if (10.25) holds, then in a small
neighbourhood of 8> T(a)fi = 0 so that Uj-=‘0 for j=l...,r.

Because

AU, + A
T

3 r—lUj+1+ =0. (3 21

.‘..+ Uj+r

we can show that U, = 0 for j > 1. The rest of the proof

J
follows that of Theorem 10. O

Proof of Theorem 13 1t follows from Lemma 3.9 and its

proof that eacH of (i) and (ii) are NSC's for eo to be
locally identified. We now show that (i) «<(iii). For .
any vector x _ o _ ~

Ex = x> Hx = 0 _ . (13.30)

If (iii) does not hold, then there exists'an x_# 0 such that
Ei.Q x and x'EAEx = 0. so fhatz x'Ax_= 0 and ﬁence

Ax = 0. From (13.30), (1) cannot hold.  Conversely, if (i)
does not hold, then there exists ani x $ 0 such that A# = 0
and Hx = 0. Hence Ex = x (by (13;30)) and x'EAEx =‘0

so that (iii) does not hold. O

Proof of Lemma 12 (i) There exists an orthogonal (pxp)

matrix M such that (Rao[1973, p.20 and p.28])
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I(f)'. 0

MEM' ...:.
0 . 0

Put B = MAM' and partition B as

with B,y fxf. We note that for an arbitrary matrix A and

an orthogonal M, (MAM')+ = MA+M'

+ N
+ + By, O
ME(EAE) TM' = MEM'(MEM'MAM'MEM')T = :
0
similarly
S
meEaE) T = |11
: 0

Therefore E(EAE)+ = (EAE)+. " We can similarly show that
(EaE)TE = (EAR)T.
(ii) If p(E) = p(EAE), then B11 is nonsingular and

(ii) follows easily.

(iii) Put Q = EAE. A general solution to the equation

is (Rao [1973, p.25, (ii)(d)])
x = X++(I(P) - Q+Q5ﬁ where n is arbitfary, I1f
_ o + - _ +
Ex = x, then we deduce thgt E(I(p) Q Qn (I(p) Q Q)n .

. i
Hence (I(p)-Q Q)n = 0 by (ii). .D

. . -eor . v »
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bHAPTER 3

~ASYMPTOTIC PROPERTIES OF TIME DOMAIN GAUSSIAN
ESTIMATORS |

- 1. INTRODUCTION

In this chapter we obtain parameter estimates by
.maximizing é particulér afproximation to a Gaussian Likelihood.
In obtaining the asymptotic properties éf the estimates,
however, we will not require the observations to be Normally
distributed. Following Whittle [1962] we call estimates so
obtained Gaussian Estimatés in-ordér to distinguish them from
Maximum Likgliﬁoéd Estimates. The two coincide‘if the
observations are Normaliy distributed. We note that«our use
of the term Gaussian Estimates s}ightly extends Whittle's

usage of it.

Let eo be the true value of the parameter 6. We

consider models of the form

v(nie ) = e(n), m = 1,2,... (1.10)

where (e(n), Fn’ n > 1) is a sequence of stationary, squareF

115 Q.

Q, is assumed to be a constant nonsingular matrix and v(n;0)

integrable, martingale differences with E{e(n)e(n)'an_

is a nonlinear vector function of the observations and the
parameter 6. We obtain estimates of 60 and Qo by

v »

minimizing the criterion function

‘ ‘N
Lg(0,0) = % log det @ +Xtr nfl{n’l zlv(n;e)v(n;e)'}(l.ll)
n=

over all 6 1lying in a compact set and satisfying nonlinear
restrictions of the form h(8) = 0, and over all positive
definite matrices Q. If the e(n) are independent and

Normally distributed, then 'exp{éNXLN(eo,Q)} -is the likelihood
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for vec{e(l),...,e(N)}. This observation, together with:
(1.10), provides the motivation for using (l.ll). The way
in which (1.11) is an approximation to a Gaussian Likelihood

and the reason for using this approximation are given below.

Subject to the assumptions stated below, we prove the
strong consistency and asymptotic Normality of the Gaussian
Estimator of 90, as well as the strong consistency  -of the

Gaussian Estimator of QO.

The Normal Equations will uéuéily be highly nonlinear so
that their closed form solu;ion is unlikely go exist. Because
of this, we give a‘Gaués—Newton,type algofithmvénd show‘that,
with probability tending.to 1 as the sample size increases,
the iterates converge to the Gaussian Estimatér if the iteration
is initidlized by a cbnsisteﬁt eétimator.. In addition, we-show
that the iterates are consistent and have the same asymptbtic

distribution as the Gaussian Estimator.

In the next chapter our results are applied to the vector

" linear time series model

r © ©
Z B,(6 )y(n-3j) = I C.(80 )x(n-3j) + I A,.(86 )e(n-j) n=0,%1,..
j=°. j o j=0 j (o] j=° j v..o . =
(1.12)
B = 8) = 1, .. '
o(e) I(P), Ao( ) (p) The exogenous var;ables
{x(n), n = 0,#1,... } are assumed to be independent of the e(n).
. L . e . . :
If, for Izl <1, I Aj(e)zj is a nonsingular and analytic
' ' J=o ‘

function of 2z and we put

[ I A (e)zjl'l = £ D, (8)zd,
3 y .

j=o =0 3

then (1.12) can be rewritten as (1.10) with

- - r ® ’ . .
v(n;e) = I Dk‘°>{ I B (0)y(a-j-k) - I cj(e)x(n—j—k)}
k=0 j=o j=o0 T
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Our results have a much wider application than (1.12), however,

and apply to general nonlinear models.!

"We now briefly discuss the way in which {-NxLN(e,Q)} is
an approximation -to the log of a Gaussian Likelihood. Consider

the scalar first order AR process

y(a)= 6 y(a-1) + e(@)  =n =1,...,8  °  (1.15)
where IG]{'l. Put yﬁ ='{y(1),;..,y(N)}, PN = E(yNyﬁ).
If {y(n)} 1is stationary and Gaussian, then -N_IXIog~likeli-
hood of Yy is
20! 1og det T + (2M) Yyl oy (1.16)
5N NN N

If we put.'v(n;e) = y(n) - ey(n—l) and if y (o) is~knswn,
then LN(B,Q) is given by (1;11). It is easy to see that
(1.11) and (1.16) are not the‘same. " 'The reason fo¥ using
(1.11) ralher than the exact log-likelihood is that the former
will usually be much easier to work with.  For example, for
the model (1.15), the presence ofbthe<matrix. PN .makes. (1.16)
a more complicated function of 6 than LN(G,Q).

Under certain circumstances 'exp{-NXLN(e,Q)} will be

exactly a Gaussian Likelihood’ e.g. for the model (1.15) with

y(o) a known constant and the e(n) independent and Normal.

Our results may be considered as a generalization of the
results given .in Jennrieh [1969] who considered the scalar

model

y(n) = f(n;eo).+-u(n) n=1,2,...

where the u(n) are independent and identically distributed
’residuals with zero mean and fini;e variance o¢2 > O; The

f(n;e)'are known continuous nonstochastic functions on a

! See the comment on P.135 concerning the application.of the
theory in this chapter to the model (1.12).
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compact subset © of Euclidean space. Jennrich proved the
consistency and asjmptotic Normality of the Gaussian
estimator of eo and the strong consistency of the Gaussian

Estimator of o2,

Hannan [1971b] generalized Jennrich, in a direction
different'fromlours, by,perﬁitting u(n) to be a stationary
residual and, for a frequency domaih criterion fuﬁption,
obtained the asymptotic propertiés of the Gaussian Estimator
of 60. Robinson [1972a] generalized Hannan's.aﬁalysis to the

multivariate case.

The chapter is structured as follows: §2 ‘contains the
assumptions on which sﬁbsequent analysis 1is Eased, §3 contains

the results, while all proofs are placed in §4.

2. ASSUMPTIONS

The un&erlying probability space is taken as (¢,F,P)

with ¢ having t&picélneleﬁent w.

Ai; {e(ﬁ), Fn’ n >0} is a p dimensional sequgnée of
stationary, squafe-integréblé, maftingale differences
éatisfying E{e(n)e(n)'an_l | |

constant nonsingular matrix.

} =@ a > 1, where & is a
o - T o

A2, '®, the space of permissible parameter points, is
a compact subset of n diﬁensional @uc}idean spéce. Go?
the true parameter point, belongs to ©O.

A3. {v(n);9), nii 1} is a p dimensional sequence of
random variables depending on the parameter 6 such that:

(1 v(n;8 ) = e(n) ¥n>1 and ¥ 6, 6, € o,

" {v(n;6) - v(n;6+)} is F measurable.

n-1



-
_1N
Put QN(G) = N Z v(n;6)vi(n;8)'. (2.10)
n=1 -

(1i) a.s., and uniformly in 6 € 0, 2,(8) converges to
- a nonstochastic finite limit, Q(8) say. |

1 v(in;8)e(n)'

1

(iii) a.s.; and uniformly in 6 € 0, N~

I~

n

converges to a nonstochastic, finite, limit.

(iv) ¥ nvz_l and_ a.s. v(n;Q) is a continuous function
of 6 for 6 € 0.

¥ ¢ > 0 put Ua = (0 :ﬂe—eou < a).

A4, (1) eo is an interior point of © . 3‘&1 > 0 such

that Ua C© and ¥ n > 1, and almost surely, v(n;0) is
1 : n ‘
twice differentiable with respect to 6, with continuous first

and second partial derivatives for 6 € U, -.
. ' Tay

CPut V(n30) = (3/96")v(n;0),W 3 (nse) = (a/36,)V(n;0),

h |
V(n) = G(n;ed) and W) () = W(j)(n;eo) (4 = 1,...,m).

. N . C - N . . . '
(11) N 1 5 3v(n;6) e(n)' and N 1 - 3v(n30) av(n,e)

n=1 98, n=1 304 36,
converge in probability, uniformly in o € U, » to finite
: 1
nonstochastic limits; (i,3=1,...,m).
' -1 N -1 P » » -
Put lim N I VvV(n)'Q V(n) = A" (2.15)
: o A
n=1
-1 Y 32y(n;0) Cooo-1 Y 32y(n;e) 32v(n;e)"
(iii) N z EE—EEL—E-e(n)' and N .z =5 86, 36 39,
n=1 °%1°9%; . | n=1°"1°% k%2

- . e

,

converge in probability, uniformly in 6 € Ua s to finite

1
nonstochastic limits; (1,j,k,2 = 1,...,m).
4 N -1 D
A5.(1) limg N7 I V(n)'@ e(n) = N(0,a)
' n=1 . :
: | -1 N 2,
(11) 1im supy N 7 I EQvm)l®) < »
' n=1



-72-
A6.(i) For 6 € 0, h(8) is an f dimensional, (0 < f < m)
continuous vector function of e; In addition h(eo) =_0..

.. (1) h(8) has.continuous first and second partial

-~

derivatives for- 6 €U °
ay
Put H(8) =j(3/39')h(0), H = H(Bo) and define ©

h 28
0, = © N {h(e) = 0}.
(iii) H‘has rank f
(iv) The matrix | '%.:.?'
H.O

is nonsingular.

(v) If 6 €6, and 0(6) = 0(8_ ), then 6 =6 . O

Remark 2.1 (i) It follows from A3.(i) and A4.(1i) that
(3/36;)v(n;6) and (3 /aeiaej)v(n,e) are Fn-l measurable
for 8 E_Ua . '

1.

(ii) 1In practice 60 is unknown so that we will havé
to check assumptions A4. and A6. for eacﬁ point in a subset
of ©, 6' say, in which we think that 60 is likely to 1lie.

(iii) For models of the type (1.12), the requirement that
the e(n) are martingale differences is quite a natural oﬁg,‘
as then the best predictor of y(n) given the past, i.e;
E(y(n)IFn_l)} will be the best linear predictor,both in a
least squares sense. For a’furtherAd13cussioﬁ of this point

. .

see Hannan and Heyde [1972, p.2059].

3. RESULTS
Instead of working with the criterion function (1.11).we

‘can concentrate £ out to obtain the criterion function

=1 . .
QN(G) =3 log det QN(G)
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where QN(B) is defined in (2.10). Below we take zN(e) as

the criterion function to be minimized. 1f éN minimizes

»QN(Q), then we take QN(éN) as the Gaussian Estimate of Qo.

This is justified by the following lemma.
Lemma 1 LN(G’Q).Z zN(e)-+%p with equality if and only
if @ = QN(B). O

For N 1large, and almost surely, - EN(B) will be well defined

because, by Lemma 3, QN(G) will then be positive definite.
We first obtain a strdng consistency result;

Theorem 1 Suppose’assumptions Al.-A3, and A6. (1), (v) .

hold. Then,

~

(i) ’a.s. g a eN such that © minimizes R.N(e) for

N
8 € 0, - For each N, choosing one such. éN’ we have:
(ii) 1imN eN = Bo a.s. and limNQN(ON) = no a.s. O
1 .
Let a, = 50y and for each N > 1 put
L= "A e . .
Ag-=(o : b €U ) (3.09)
2
We know from Theorem 1 that limNP(AN)'= 1. Because éN
minimizes QN(G) we know that for w € AN there exists an” f

dimensional vector of Lagrange Multipliers,'ln(w), such that
GlN(B
96 N

. - - oo L4

h(éN) =0 (3.11)

o) ..
+HY (B = C (3.10)

|
-

We put .XN(w) equal to zero for w E AN' (3.10) and

(3.11) are called the Normal Equations.

1 N 1 {ag(8) . EB'(8)
Put AN(B)é N~z V(n;e)'ﬂN (G)V(n;e),JN(9)= cececeecns ,

n=1 H(8) . O

(3.12)
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Ac(8) . 0O [ a . B
» -1 N - !
by(0)= I (8) T E G A A B - ;
o o | | mr-o |
L g1 j12 L T 4
J 7=l ceeeeee | s b= ..., |and L=T  y~H'(EE') "H(3.15)
521 0 22 * .22

“voo (Y " - ' ogty ;
Put ™ (SN, AN) (N > 1), T, (89,0 ). We .now come

to the central limit theorem.

Theorem 2 Suppose assumptions Al.-A6. hold. Then,

L A D

limg Nf(TN—TO) = N(0,}) and $N(6N) > *u a.s. O

Remark 3.1 (i) By the proof'of Theorem 2 .$N(8N) is a

strongly consistent estimate of t.

(ii). It follows from Theorem 2 and Lemma 5 of §4 that
D .

L . )

: N”(eN-eo)+ N[O,(LAL)*]. DO

A natural way of obtaining the Gaussian Estimate of eo

would be to solve the Kormal Eqﬁations (3.10) and (3.11).

In éractice, hdwéver, these equations are likely to be highly
nonlinear so tﬂat their closed form solution may not exist.
Because of this, it ﬁill often prove useful to re-express the
problem - of solving the Normal Equations - in a fixed point
framework and iterate to the solutlon, beginning with apriori

'given initial values of 8 and- A. Put k (8)=(3/306")2,(8)

(s € Ua ) and define t@g'itefation scheme by

1
| Tb(]j+l)= '[Igj)_J;I]-(eéj))KN(.rlgj)) ‘(jz- 0) (3.20)
Téj); (eéj)',xéj)'),. Tt =(6",A") and
Rg(r) = [{kg(O)+H'(0)A}', B(e)']"; (3.21)
‘%6) is given prior to the commencement of the iteration.

(3.20) may be written in the fo;lowing, simﬁler, form
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o ey | (En(®)
o) e [ Gz o

0 h(8) e=e§j)

.Theorem 3 There exists an a' > 0 (o' < al) suéh that:

(1) In the set U , x(a:Ial < a"), 7 is, with

N
probability tending to 1 as N + «, the unique solution to

the Normal Equations.

(ii) 1f Téo) € Ua; x(x :Ial < a'), then, with probability

tending to 1 as N+, the iterate Téj) converges to %N as

j+m, (M}

Remark 3.2 | (i) The algorithm (3.20) is motivated by the
Gauss—Newton algorithm (see 5.§2)nand the iteration scheme
~given in Aitchison and Silvey [1958, p.827]. It is clear
"that if éhere were no restrictions,.then»(3.20) would be

exactly the Gauss-Newton iteration scheme.

(ii)'By assumptions A4.(ii) and A6.(iv) and equation
(2.15), JN(G) will be-nonsingular,vwitb-prpbability tending
to 1 as N » o« fof & close to 60. Hence the algorithm
given in (3.20) will be well defined if the eéj) are close to
6. O | : » -

'The next theorem deals with the asymptotic properties'of

the iterates. Téj), (i > 1), when the iteration scheme (3.20)
' : ' ' : : ' h
is initialized by r§°), whete T§°) = (e§°) , 0') and e§°)

is a consistent estimator of CE

Theorem 4 Suppose that for the iteration scheme (3.20)

we put réo)'= (Béo)', 0').

(1) 1If 6§°)+ Bo p, then, with probability tending to 1
asl N > o, ;im T§J)=_;N.

3



-76-

: % ,,00)
(ii) If, in addition, N (eN -eo) = Op(l), then

, . D
N;i('rl(qj)- 'ro) > N(0,3) for j > 1. 0O

. Corollary 1 If we replace convergence in probability by

almost sure convergence in assumptions A4.(ii) and A4.(iii) and
we also have that eé°)+ eo a.s. in Theorem 4(i), then we can
replace the words "with probability tending to 1 as. N » =" by

"almost surely for N large" in Theorem 3 and Theorem 4(i). O

‘Remark 3.3 (i) Corollary 1 generalizes Theorem 8 in

Jennrich [1969].

(ii) Subject to the assumptions in Theorem 4 and Corollary

l,the iterates eéj) are consistent and aéymptotically as

efficient as the Gaussian Estimate 8 Thus, to simplify

N.
the computation, we may prefer to choose as the estimate of .

6 ,e(j)

o’ n rather than iterate to

» for some small posifive i,

convergence. Whether we‘do so or not will depend on the

size of N and the class of models we are considering.
(iii)We show'in,§§2~and 3 of Chapter 5 that the Gauss-

Newton iterates are easy'to obtain once we have subroutines to

compute v(n3;86) and V(n;8). This is especially so when @

is unrestricted or the restrictions can be substituted out. O

For some problems assumptions A5.(i) and A6.(iv) may be
quite difficult to check from first principles.. Because of
this the following simple sufficiént coenditions may prove

useful in applications}

Put

2(0) = %: log det 2(8) ¥ '0 €6 (3.24)

It follows from the proof of Theorem 1 that zN(e) +> 2(8) a.s.

for ©® € 0. We now make the followihg additional assumption:
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A7. eo is a regular point of the matrix

[(32/3636')2(B8), H(6)']"'", 1.e. the matrix has constant rank

in" some neighbourhood of I

This assumption involves little loss in generality because
(Fisher [1966, p;166, Theorem 5.A.2]) the set of nonregular

points has Lebesgue measure zero.

Theorem & Suppose'that assumptions Al.~A4. A6.(1i), A6.(ii),

A6.(i11) and A7. hold. If, in addition,

- N . .0y ! i - N 2 o
N'l T Bv(gée) avgg,e) and N 1 z %Ezégigl v(n;6)"
n=1  °%i 3 n=1 °%1°%;
(i3 = 1,...,m), converge almost surely, and uniformly in

6 € Uu » to finite nonstochastic limits, then assumption A6.(w)
1 .

implies .assumption A6.(iv). O

"For an application of the next theorem see the proof of

Theorem 4.2.. We will not discués its meaning here.
Theorem 6 ',Sﬁppose that for eacﬁ n i’lA we éan write
V(n) =V (a) +V (a), r=1,2,... (3.25)
and | P
Vr(n)= Vlr(n) + VZr(n) | ' (3.26)

where the decompositions (3.25) and (3.26) have the following

‘properties:

o - v .

(1) Vlr(n) is stationary, Fn-l measurable, and square-

integrable; V2r(n) is nonstochastic.

N :
(ii) limg 1o v, (n)V2 (n)' exists and is finite.
0=l T r .
o 1 N -1 P
(iii)(a) 1lim_ N T V.(n)'Q "V.(n) = A_ (r > 1), where
‘ N © n=1 ¥ o r T -
A is a nonstochastic matrix.."

r
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(b) limrAr = A,

(iv) v e >0 3R = R(e) such that
N

- lim Supy Nm1 T E("ﬁ (n)"2)< e 1if r > R.
, n=1 T
Y N -1 D
Put u_ = N I V(n)'Q e(n). Then u_ - N(0,A).
N o . N
nél
4. PROOFS

Throughout this section ¢ is a universal constant, not

always the same.

Proof of Lemma 1 Let ‘Ai(i = 1,...,p) be the eigenvalues

-k =k ‘ . P

of Q@ *o_(8)2 “. L _(6,0)-2..(6) =% ¢
N N TN i=

¢ _ N P
L (A -log A;)> F/2 .with

equality, if and only if Ali =1 for i=1,...,p. This is

because A - log A i 1 for ‘A > 0 with equality if and only if

A =1.0

fo prove Theorem 1 we need the following two lemmasr

Lemma 2 Suppose £hat (a;,Gn,vn>i 0) is a scalar
sequence of sqﬁare - integrable marfingale differenées, bn
is Gn-l measurable for n > 1, and there exists a non-
stochastic positive constant e such that E(aﬁ]Gn_l) <<

a.s. ¥ n i'li

_ _1. N
(i) If 1lim supy N 1 I b2 < ¢ < o(a.s.), then
n — )
n=1
. —1 N v - - '] »
limN N X anbn =0 a.s..
n=1
‘ -1 ¥
(ii) 1f 1in P(N T bn < e¢) =1 for some finite
o n=1
positive constant ¢, then
;1' N
lim N I ab_=0p.
N - nn
n=1



(z ,G_, n>1) 1is a square-integrable martingale.
Ez?) < ¢ E{-z BTZbZ-} <ec J (1+t) %4t < =
n’ — ly=p J h| -
j o
the analysis proceeding as in Stout [1974, p.157, Theorem o]
3.3.10]. It follows from the Martingale.Convergence‘Theorem

(Stout [1974, p.42, Theorem 2.7.2]) that there exists a

random variable 2 ‘such that E(|Z|)< © and ’zn > Z a.S..
Hence
N;l g b =N_1N;1 (B_-B ) (2 —z)+N'lB (z —z)+N‘lB Z >0

n=1 n%n n=1 n n+l n . NONOTAOT 1 8.8.5

the proof proceeding in the égme way as the proof of the
Kronecker Lemma (e.g. Neveu [1975, Lemma VII - 2-5, p.152}).
The proof of (ii) is almost the same as that of (i) and is

omittéd. O

a.S. .

Ly eme@' = a. (4.10)

n

'~ =2

L 3 =
emma Q(eo) ‘l%mN N i
and '
(8) > a(8 IV 6-€ 0 (4.11).

(Q(0) is defined in assumption A3.(ii)).
/

Proof (4.10) follows immediately from assumption Al.
and Heyde [1973, Lemma p.150].
A : . N | , | | |
2 [e(n){v(n;8)-e(n)}'+{v(n;6)-e(n)}le(n)']

2y(8) - ag(e )> N~ z A
¥ S REL - g (4.12)

For fixed o € 0, the>right side of (4.12) converges to zero
almost surely by Lemma 2(i) and assﬁmptions Al, and A3. (4.11)

now follows from (4.10). O

Proof of Theovem 1 (1) '@, 1is compact because o 1is

compact and h(@8) is continuous. The required result now

follows by noting that gN(e) is a continuous function of ¢
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by A3.(iv).

(ii) Put 2(8) = % log det Q(8). By (4.11) of Lemma 3
and.assumption A3.(ii),1imNzN(6) = 2(8) a.s. > 2(90), the
convergence being uniform in ¢ € 0. We note also that

2(0) is continuous in 8 € 0. The proof that éN > 6, now

proceeds by contradiction as ihbJennrich [1969, p.638,

Theorem 6].

If éﬁ > eo, then the proof is complete. If it does

not, then there exists a é € eh - eo and a subseﬁuence

{eM(N), N > 1} of {QN} such that 1imNe = 6. it

follows that

M(N)

2(8) = limy Q'M(N)(SM(N))_ < Hmgty(ny (8o) = 285D -

But, from above, z(é) > z(eo). Hence ‘2(é) = 2(60) implying
that R(8) = 9(60). It follows from assumption A6.(v) that

-

6 = 6°, giying us a contradiction. Therefore eN > eo a.s.

> Q a.s. is now.immediate. O

(B > 9

The proof that QN

To prove Theorem 2 we neéed the following lemmas.

Lemma 4 Let X be a subset of Euclidean space.

~

rd

(a) Suppose that: (i) (fn(x), n > 1) 1is a sequence of
stochastic functions that are continuous in xle X a.s..

(ii) iimé fn(x) = f(x) a.s., thé convergence being
uniform in x.€ X. - | ’

(ii1)f(x) 1is finite a.s. ¥y x € X.

If (xn, n > 1) is a sequence of random variables, X an
interior point of X and X + X a.s., then fn(xn) -> f(;)a.sf
“(b) Suppose that: (i) There exists_a sequence of subsets

df »Q, (Bn, n > 1) say,.suchyﬁhat .limn P(Bn) =1,

(11) (£ (%), n 2 1) is a sequence of random functions of
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X such that fn(x) is continuous in x € X for w € Bn._

(iid) fn(x) + f(x) p, the convergence being uniform in

x. € X, and f(x) is finite a.s. ¥ x € X.

If (xn, n i 1) is a sequence of random variables, X an

interior point of X and x > X p, then fn(xg + f(x) p.

Proof (a) By Rudin [1964, p.136, Theorem 7.12] f£f(x) is
continuous at x. X € X for =n sufficiently large because

x 1is an interior point of X. Hence ;
£, (x ) - £(x)] < |fn(xn) - £(x )+ [£(x) - £(x)]| » 0 a.s.

by the uniform convergence of the<-{fn(x); n > 1} sequence
and the continuity of f(x) at x.

(b) ‘We first show that f£(x) is continuous at X a.s..

s

¥ 6 > 0-let A (8) = (wisup|lf (y)-£f(y)|< 6)NB_. TFor h
. _ n . yex n - n

sufficiently small (x+h) € X. ‘For uw € An(G),
| £(x+h)-£(X)| < |£(x+h) - fn(§+h)|+|fn(§+h) - £ (0] +
+ lfn(g)-f(x)l < 28 + |fn(x+h) - fn(x)| < 38
if we fix n and take h ‘sufficiently smali. The desired

result follows by noting that P{Anta)} 1 as n+w®, & is

rd

arbitrary and |f(§+h) - f(§)| is independeﬁt of n and 6.
Hence

£ (x )-£(x)]| < Ifn(xn)-ﬁ(xn)l+ | £¢x )-£(x)| ~0 »p
because of the uniform~convergence of ‘the '{fn(x),'n > 1}

sequence and the continuity of f£(x). 0O
Lemma 5§ We take J-l, f and L to be defined as in.

equatibn (3.15). Then

-1 "l o4 ana - aamyt
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Proof It can be readily verified that

-1 A .0 -1 ' JllAJll . JllAle
J s e 0 0 0 J = EEEEEEEREEEEEE ’
_ 0.0 J21AJ11 . JZIAJIZ
11 . 21 |
A + ' = 02
J H'J I(m) » (4.20)
g3t = o o | | (4.21)
12 . .
= .22
Hq I(f) (4 )
ast? 4 wrg??2 2 (4.23)
11 11 11

From (4.21) LI~ = J . It follows that (LAL)J " = L.
Put M = LAL. By Rao [1973, (ii)(d) p.25]

11

A vty + - M )n

(m)
for some matrix n. By Theorem 2.13 rank (L) = rank (LAL).

It follqws from Lemma 12 of 2.§11 that LM+ =,M+ so that

(I(m) - M+M)n = 0, i.e. J11 = (LAL)+. -From (4,26)
g11agt% o 512 _ 5125512 2 0 using (4.22).  From (4.23)
REEIW S ¢ LD RN L —J22_ using (4.22). O

Lenma 6 Suppose assumptions Al1.-A6. hold. Then.
' D

1 ' :
) .
N kN(eo) -+~ N(0,8). | ‘(4.2A)
Proof
N%k (9 )=ﬁ;%:§ V(n)'{h—l(e )—SZ'—]'}e(n)H‘I_L5 g V(n)'Q—le(n)
N' o n=1 N o” "o . n=1 o

o ' co (4.25)
By (4.10) 9;1(60) -»> Q;l 2.5, By Chebyshev's inequality

and assumption AS5.(i1), ¥38 > 0
N D v (e @] » &) < §5°1
AT k ' =& r

P(|N"
- n=1

"~

BV, ?y/x < 8
n=1 _ _
for K sufficiently large. It now follows that the first

term on the right in (4.25) tends to zero in probability, the
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proof proceeding as in Rao [1973, p.122 (x)(a)l. (4.24)

now follows from assumption‘ASQ(i) and Rao [1973,p.122(x)(b)].0

- Lemma 7 Let A(j) be the jth column of A, 8, the

. , J
jth element of ej 1 < j < m, and suppose that assumptions
Al. - A6. hold.  If 6N > 0_ p, then
SEPPENER N ED |
(B/BGj)kN(eN) +A | | 4 (4.26)
.Proof
dky(8) N .1
55— =N T (3/36,){V(n;8)'Q,(8) "v(n3;8)} =
. _ j N
J n=1 .
N . N , "
-5t 3 W(J)(n;e)'Q;l(e)v(n;6)+N—‘l z V(n;e)'ge’{n;l(e)}v(n;en
n=1 ' " n=1 i . .
N .ayro-1 d3v(n;6) »
+ N—l 5 V(n;6) QN (8) 56 _ (4.27)
n=1 i
= 1,.(8) + II(8) + III (8), say.
' -1 Y o (d) -1
IN(B) = N I W (n;e)'QN(e) {v(n;8)-e(n) }+
n=1 . : .
1Y) -1,
+ N I W (n;e)'QN (8)e(n) (4.28)
n=1 ’

By assumption A3., N_lzn“v(n;e)-—e(n)“2 converges a.S., .

and uniformly in 6, to a finite continuous, nonstochastic limit.

Hence

: p
w13 iy - e@l? o0 - (4.29)

1.

W™=

n

-or - .

By an application of fheVCauchy—Schwarz inequality and (4.29)

it follows that the first term on the right in (4.28), when
evaluated at §N,:tends to zero in probability. By assumption
A4.(iii),‘Lémmé 4b.ana Leﬁma 2(ii), the»second»term on the right

side of (4.28), when evaluated at 6 tends to zero in

N’
oo . P . N P
probability. Thus, ~IN(6N)“+ 0 and similarly 'IIN(BN)_+ 0.
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Finally,

. -1 - . P
V(a8 et (B0 1(a/06 ) vnsd )} = a ()

3

by Lemma 4(b); assumption A4.(ii), (2.15) and (4.10).

Therefore (4.26) holds. [

Proof of Theorem 2 First we expand kN(éN) and h(éN)

about 60 .to obtain

=
~
<<
~r
il

N (B = Ty (8) + (/30 eV (By - o)) (4.30)

o
]

H**(eﬁ*)(éN - 8,) | : (4.31)

where the symbolism '{(a/ae')k§(9§)} is meant to indicate,
here and in the sequel, that each row of'{(a/ae')k§(a§)}' is
to be evaluated at a possibly different eﬁ suchbthat
lex - ¢ 8. -

log - o 1 < M6, - o 1.

A similar explanation holds for H**(Sﬁ*).

From (3.10), (3.11), (4.30) and (4.31) it fqllows'thAt

"1 % * e 1
(3/309kF(0%) . H'(8) N7k (8 )
..-.uZo--a 1/2'\ . N ©
: . N (TN—TO)—- - e e e e L
H¥* (0%%). 0 0 -

for w € AN’ where the set A is defined in (3.09). By

N
(4.24), (4.26), Lemma 5, assumptions A6.(ii) and A6.(iv), and
‘Rao [1973, p.122 (x)(d)] we obtain that’

, 0 ,
¢

N3 (T - To) > N(?,t). O

To prove Theorem 3 we need the results of the following
lemma, Its proof is modelled on that of a contraction

:mapping theorem (e.g. Petrovski [1966, p.44 Theorem 1]);

Lemma 8 Suppose that there éxists a point X having
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a neighbourhood Xa = (x : Ix - xo“ < a) and {fn(x), n > 1}
is a sequence of stochastic functions defined on Xa such

that:

(a) X, is a -subset of s dimensional Euclidean space for
some positive integer s and the fn(x) are s dimensional
vector functions.

(b) £ (x)) * x_ .

(c) There exists a sequence of subsets of ¢, (B_, n >1),
such that 1imnP(Bn) =1 and ¥ x€X ,n2>1 ‘and w € B
fn(x) is differentiable with respect to x and has a

continuous first derivative. .

Put Fn(x) = (a/ax')fn(x) whenever the derivative exists.

(d) 1im_P(sup IF (x)I < 3/4) =1
- B x€X n

For each n > 1 we define the sequence (xéj), j > 1) by
G+D_ o (3)
xn = fn(xn ): 3 Z.,O’

~with xéo) given apriori.

If xéo) € Xa’ then, with probability tending to 1 as

n > », there exists an x such that: (1) 1im,x(j) = § , ~
: n ‘ i“n n

(ii) in € Xa’ and (iii)';{n is the unique'solution of the
equation

= x € | (4.
X .fn(x) ... for x ‘Xa .. (4 3?)

Proof By (b), (c) and (d) there exists a sequence of
subsets of ¢, (Cn, n > 1) séy, such that limnP(Cn) = 1 and

for w € C
, n

sup IF (x)I < 3/4 and If (x) - x 1 < %o,
. n n "o o
.KGXG

For convenience we drop the subscript n from x(k); We
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first show that if u € Cn and x(o) € X,» then x(k) € X,
v k > 1. Proceeding by induction, suppose that x(j).E X,

for j < k. Then

llx(k+1)—xo I i"fn(x(k))"fn(xo.) I+ “fn(xq)—xo" < 3/4||x(k)_xoll +

+ %a < 0.
Hence x(k)e X, ¥ k > 1. Iterating backwards we have that

"}x(k)_x(k—l)" < (3/4)k-1||x(1)_x(°)ll ¥ k > 1, so that

< oo,

M _ (k=1 g (o)

™8

k=1

Thus for w € Cn and x(°> € Xa; the series
z (x(k)—x(k_l)) + x(o)

k=1

is absolutely convergent and hence convergent. (i) now.
-follows., We now show that (ii) holds. From (i) , x is

n
a limit point of X . Because X is compact, x € X .
a ' a n o

15 -
X fn(xn)“

IA

“in_x§j+l)"+ “fn(3§j))-fn(in)“ =

1 -xGFD 3 G sy
< nxn X ! /4"?n -xn“

Since the right side of this last set of inequalities can be
. made afbitrarily small by incréasing j» while the left side

is independent of j, ;n ‘must be a solution of (4.35). To

~

prove uniqueness, suppose that X is another solution of

(4.35), with % € X . Then % % 1 < 3741z =% 1 =» % =% .0
- n o n n - n n .. n n

Corollary 2 IfriniLemma 8 conditions (b), (c) and (4d)

are changed to:
' . - .
(p'") limnfn(;o) X, a.8.,
(c') ¥ x-GXa and ¥y n > 1 and a.s. fn(x) is
differentiable with respect to x and has a continuous first

derivative, .
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(d') 1im sup sup IF (x)I < 3/4 a.s.,
Fn xEXa n

then for xéo) € Xa (1), (ii) and (iii) of Lemma 8 hold a.s.

for n sufficiently large.

Proof The proof is very similar to that of Lemma 8 and

is omitted. O

Proof of Theorem 3 In the proof of this theorem o will

stand for a positive constant, not always the same, such that

o < a,, where

1
= T - JN(B)—IKN(T)1 where J (8) and KN(T) are defined

in (3.12) and (3.21) respectively. =~ The proof‘of the theorem

consists of checking that conditions (b), (c) and (d) of
Lemma 8 ‘are satisfied. Once this is shown the result of the
"theorem- follows because %N -+ T, a:8. and with probability

is a solution of the Normal

tending to 1 as N > w,?N

Equations.

By assumptions A3.(ii) and A4.(ii),"JN(B) converges in

probability, uniformly in 6 € Ua s, to a finite nonstochastic

1
limit which can be-shown to be continuous. Itifollqws from
assumption A6.(iv) . that limN JN(QO) is nonsingular.- 'Hé;ce
there exists an a > 0 and a sequence of sets (BN’ N 1‘1)
with 1imeP(By) = 1 such that for w € By and 0 €U,
JN(S)-I is differenttuble wi;h fesPect to 6 and has a
cohtinuoﬁs derivative. It follows from assumptions A4. and

A6. that condition (c) of'Lémma 8, when applied to fN(r), is

satisfied.

Put Fy(1) = (3/31')fN(1). Then,

bul is defined in assumption A4.(i). Put fN(T)=



-88-

FN(T) = I(m+f>-{KN(T)'8I(m+f)}[(3/31')vec JN(B)—I] -
- JN(G)_I{(B/BT')KN(T)} (&4.40)
with ‘ '
r(a/ag*)kN(e)+(x'eI(m)){(a/ae'>vec H'(8)}. H'(O))
Wy (1) | ‘ |
at - ‘ | (4.41)
L H(8) 0

h

Let ej be the jt- element of 6. (a/aej)kN(e) is given by

(4.27). Let le(e) and ‘sz(e) be, respectively, the first
and second terms in (4.28). An application of the
Cauchy-Schwarz inequality, the discussion immediétqu following

(4.28), together with assﬁmptions A3.(ii) and A4.(iii) enable

us to .deduce that ¥ e >0 3 o0 = a(e) such that

tlimNP(sup “le(e)“ <e) =1 = 1,...,m.

8E€U
a
By assumption A4.(iii) and Lemma 2(ii) the second term
in (4.28) tends to zero in probability, uniformly in

6 €U . Hence ¥ e >0 Ja = a(e) such that
1 .
lim P (sup It . (8) + T2

(e)" < €) = 1 j = 1,0.0 m.
N 6T 13 - ’

3

-

A similar result may be obtained for the secondterm on the -
right in (4.27). For any a > 0 put Qa = Uax(A:“k“ < a).
It now follows from (4.27),-(3.12), (4.41), asSumpfion A6.(i1),
and the arguﬁent‘abbv;: that ¥ € > 039 o = a(e) such that

1im P(sup D (/81K _(1)-J (8)l < ¢e) =1 (4.42)

7€Q . .
o -
We can show.similarly that ¥ ¢ > 0, Ja = a(e) and a

finite positive constant. ¢ such that:

1iﬁNP<sup Ik ()l <e) =1 | o (4.43)
c
€, .
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1im P(sup I1(3/06,)3 . (8)l < ¢c) =1 j=1,...,m (4.44)
N oen 37°N &
o : . .
~ limgP(sup la ()M < o) = 1 (4.45)

8E€U
a

From (4.40) - (4.45) we can now deduce that ~3 a' > 0 such
that | '

limcP(sup Ir, (o)l < 3/4) = 1.
N .
TEQ(!‘

It follows that condition (d) of Lemma 8 is satisfied.
Finally, we show that condition (b) 1is also satisfied. With
v { ' - - -1  | 11t
T, (Bo, 0') we have that fN(TO)—To JN(GO) {kN(eo) ,0"}"'.

By (4.24) kN(eo) + 0 p, and it now follows from (4.95) that

fn(To) > To.p. This completes the proof of the theorem. [

Proof of Theorem 4 (i) follows from Theorem 3(ii). (ii)

is obtained using a standard argument (e.g. Dhrymes and Taylor

(1976, p.370, Lemma 10]). We note, however, that the

(o)

requirement in Dhrymes and Taylor . that ‘Né(eN

eo) converges

- in distribution is unnecessary, the condition given in Theorem

4(ii) being sufficient for the argument to go through.

We proceed by induction. Suppose that for j = k

-
Lo (k) _ - , : Ny
For convenience we put T = r§k+l), T = Ték). From (3.20)
k(0 )y ., [Cassetykx(ex) . H'(8) 6 -0
T =T—JN1(G) 'I:I-o?‘ —JN-J:(G) .}}- Je et oeosos - -o:onoo
' 0 . H** (0%%) 0 A

where the symbolic derivatiQes (8/89')k§(6*), H*%% (0%%*) have
the same meaning as in the proof of Theorem 2 and le* - 60",
Noxx ~ eo“ are less than “6—60“. It follows that
T * %* B o
-1 (a/ge kX (o ):H (8)

N%(§-T°)= I(m+f)fJN (8) REREREEERE 'N%(%dfo)_-

He* (0%%) 1 0



The first term on the right in the above expression tends
to zero in probability because T satisfies (4.50) and the
term.in {-1 éonverges to zero in probability by an analysis

similar to the one given in Theorem 2. It now follows, as in

the proof of Theorem 2, that

D
1 .
tamg B2 oy = oL D).

From this we can deduce that 'N%(Ték+l)- ro) = Op(l).

1
Because Nz(réo)

- To) = Op(l), the proof‘of the theorem is

complete., O

Proof of Corollary 1 The proof of this corollarf

follows from Corollary 2 and a simple adaptation of the proofs

of Theorems 3 and 4. O

We need the following lemma to proyé Theorem 5.

Leﬁma 9 Suppose that: (i) g(x) is a nonstochastic
scaiar function of an ﬁ dimensional vector argumept and is
twice differentiable, with continuous first and second |
derivatives, in a neighboufhood Xd of the point

X 3 = slx-x | .
x5 X, (x:ix x < a)

(1i)The f dimensional, (0 < f < m),vector function h(x) is

well defined, and has continuous first dérivatives, in X _.

Put X_(h) = (x:h(x) = 0) N X_,
H(x) = (3/3x")h(x), M(x) = (32/3x5x")g(x),
M(X) . H'(x) .
Q(x) = | cieeeen , T(x)' = {_M(x)'_, H(x)'}..

H(x) . O

(ii1) H(xo) is of rank f.

Ar(iv) X, € Xa(h) andnié(x) > g(x,) ¥ x € X,*
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(v) X is a regular point of the matrix T(x).
Then X is an isolated local minimum of g(x) for

x € Xa(h) if and only if Q(xo) is nonsingular.

Proof Wé use an argumént similar to that given in
Rothenberg [1971, Theorem 1]. First we note that (Rao [1973,
P.296, eqn (4i.1.21)1]) Q(xo) is nonsingular if and only if
T(xo) has rank m. If X is not an isolated local minimum of

g(x), then there exists a sequence of points (xn, n > 1) with

€ h) - = = :
X Xu(h) X s g(xn) g(xo).and limnxn X . Put

Gn = (xn—xo)/"xn—xo“ V n > laC: “Gn"_= 1 ¥n > 1).

Then, | -
0= {h(x ) -h(x )}/ Iz -x I = H¥* (xk*) 8§ (4.;5)
and . ‘
"0 = {g(xn)—g(xo}/“xn-xong = {(3/3X')g(xo)}sn/“xn-xo“+/
ML CLOLINERE U LT L | | (4.56)

where M*(x:), H**(xg*) are symbolic derivatives whose meaning

is explained in the proof of Theorem 2 and

"x*‘-—x “, "x**—x I < “x -X 1 ¥n > 1.
n [0} n o - n (o] -

7

Because the sequence (Sn,_n > 1) lies on a compaét set
it has a convergent subsequence (Rudin [1964, p.33]),

(Cn,,n > 1) say, such that -limncn = with Izl = 1. It

t
follows from (4.55) ang.(4.56) that E'M(xo)z = 0 and
H(xd)z = 0. Hence T(xo)f‘= 0 because M(ko) is a positive
semi-~definite matrix. Heﬁce the rank of T(xo) is less than

m, implying that Q(xo) is singular,.

'_Conversely, if T(x) has rank less than m at - xo;~

(o]

\
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"by the regularity assumption. Hence 3J a', 0 < o' < a, and
a vector function c¢(x) defined on Xa" such that

T(x)c(x) = 0 ¥ xle Xa"

We now define the curve {x(t), t > 0} in ‘Xa' by:

d—x((i—z)'? c{x(t)}, x(0) =%,

Then,
%;[{(B/aX')g(X(t))}, h(x(t))"]=[T{x(t) }el{x(t)}]1'=0,

i.e. [(3/3x)g(x),h(x)] 4is constant along the curve. Because
[(8/3x)g(x), h(x)] = 0 at x = X it follows that it is zero

at every point on the curve. Furthermore

Sele(x(0)} = ((3/3x)g(x(£)) Ie(x(t)) = 0

so that. g(x) 1is constant along the curve. Hence X
cannot b; an isolated local minimum of g(x) for =x € Xa(h)
because the curve passes through X by construction. This

completes the proof of the lemma. O

Proof of Theorem & It follows from the assumptions of

Theorem 5 that (aZ/aeiaei)nN(e), (i,j=1,...,m), converges

a.s., and uniformly in 6 € Ua » to a finite limit. Because
1 -

(a/aei)nN(e) and ‘QN(G) converge a.s. to finite limits for

6 = 6_, it follows (Rudin [1964, p.140, Theorem 7.17]) that
. 20, (0,) a.s. 38(8,) o
N T 56,
and» ) ‘2~
1im E___S.z__bl,(_?f_)_ als. _a._._Q_E&.)_ 1,y = 1 m
T = ’ - 9 ¢ e 0y .
PN 5690, T |

From assumption Al., Lemma 2(i), and the assumptions of -

Theorem 5 it follows that (8/391)QN(80) +> 0 é;s. so that
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(3/361)9(6 ) =0 i=1,...,m (4.60)
o

by above.
- We can similarly show that

1 (g2 SN _
tr {(3 /aeiaej)n(eo)}— 2(n) i,j=1,...,m (4.61)

ij
Let 2(6) be defined by (3.24). If assumption A6.(V)
holds, then, as'we have already shown in the proof of Theorem 1,
eo is an isolated minimum of 2(8) for 6 € Ua N Qh. in
: 1
addition (82/8686')2(6) and H(8) are continuous functions of

6 and H(Go) has rank f.  Hence the conditions of Lemma 9

are satisfied-and it follows that

aZz(eo)
]
9636"' - B (eo)
] H(® ) . 0
is nonsingular. But
322 (0 2 '

: ( 0) -1 d Q(eo) Q—l aQ(eo) -1 ag(eo) _
2 96,98 = tr Qo - tr o Qo ) -
1994 80496 4 205 o 20,

= Z(A)ij (i,j = 1,-.-,m)
by (4.60) and (4.61). This completes the proof of the theorem.[

-
Remark 4.1 Although the theorems quoted from Rudin assume

that 6 lies in a bounded interval of the real line, their

conclusions apply also to our situation. O
To prove ‘Theorem 6 we need the fofioﬁing lemma.

Lemma'IO, Suppose that there exists a sequence of subsets
of ¢, (Bn’ n > l)'say, such that limnP(Bn) = 1. If X >0

'a.sf,E(X) < o, then 1imﬁ J XdP‘=»0
B

Proof By Halmos [1950, p.85, Theorem B and p.1l1l2
Theorem B] there exists a séqueﬁce (X j §'l) of noﬁ—negative

j’
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simple functions such that Xj+X (a.s.) and ¥ ¢ > 0 4J=J(¢)

such that J (X-Xj)dP < € for j > J.
¢

Fixing j (>J) we have

' J X dP < J(x—x.)dp ¥ J X, < e + I X. dP.
B J B J ; B J
n n n
Hence

lim supﬁ I X dP < €
Bn

because Xj is a simple function. = Since lim sui:n J X dP

B
n

is independent of €, the result follows. O

Proof of Theorem 6 By Rao [1973, p.123 (xi)] it is

sufficient to show that for each t # 0

D

lim t'ug = NCO,t"aAt) (4.65)

By (iii), (iv) and Anderson [1971, p.425 Theofem 7.7.1]

(4.65) holds if

1 N - ‘
limN N ft'{ r V. (n)'Q le(n)} = N(O,t'A _t) (4.66)
A r o r
n=1 .
: . ~
Fix t and r and for 1 < n < N put
’ -1 | -1,
. - ' ' = ' '
Yn t Vlr(n) Qo e(n), Zn t V2r(n) Qo e(n),
X, = N (Y +z ), F,_ = F_, o2 = E(X2_|F )
Nn n n’’ "Nn n’ "Nn . Nn' N,n-17’
b, = max. o2 ,,.T =31 o2_. T
N 1<n<N Nn N n=1 Nn

Below we can, without 1bss of generality, take t to
be normalized so that ltl=1.
Sufficient conditions for (4.66) to hold are (Brown and

' Eagleson [1971, Corollary 11): (a) by » 0 p,
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P

(b) T.. > t' Art,' and (c) ¥ e > 0

N

) limN
n

p
} =

o™=

2
E{xy IC|x > e)|F

|
o

'1 N,n"l

By Chebyshev's inequality, a sufficient condition for (c)

to hold is:

E{anxclan[ > €)} = 0.

o~

- (e") ¥ e >0 limN

n=1

By the ergodic theorem (Stout [1974, p.176, Theorem 3.5.61])
1imN N_lﬂvlr(N)" = 0 a.s. and it follows (Anderson [1971, p.25,"

Lemma 2.6.1]) that

lim max N'-1

“Vlr(n)“2 = 0 a.s. - ‘ (4.67)
lipiN

From condition (ii) of Theorem 6 N—I“V2¥(N)ﬂ2 + 0.a.s.

and it'again follows that

1in. N1 max Iler(n)ll2 =0 (4.68)
1<n<N

By condition (ii) of Theorem 6
N

Lo

n=

2 _
1Hv2r(n)m = 0(1) (4.69)

We will also have that

-

(x| 2 s)iI(IYnlz%N%e) + I(IZnIZhN%e) - ©(4.70)
and _
2 -1,,2 2 :
Xygg < 2 N (Y +27) _ , (4.71)
y =l o o1 -1 Y 2
Now 62 =N""t'V_(n)'Q "V _(n)tsc N (v, ()l +Hv, 1),

(a)now follows from (4.67) and (4.68), while (b) follows from

condition (iii)(a) of Theorem 6.

We now show that (c') holds.

) N
lim_ N z
_ n=

E{Yil(IYn[ > 4 N%)} = 0 O .72)

1
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_ because Yn is stationary and square-integrable. Put
-1 |
z(N) = max N Zlv, (a)l.
2r
l<n<N
Then, - .
-1 ¥ 9 Xk
N T E{z71(|z_| > % NZ%)}
n n' =
n=1
-1 N ~ 2, 2 -1
< c{N T “VZr(n)" FoE{le@)I“z(le(n)l > ¢ (M) 7))=
: n=1 - _ '
-1 N 2, . 2 -1
= ¢{N z “V2r(n)“ YLE{leq) Nz (lleq) > cz(N) )} (4.73)
n=1
because of the stationarity of the e(n). 1trnow follows from

(4.68), (4.69), (4.73) and the square-integrabilif& of e(1),

that
"1im_ N1 : etz?1(]z_| > * N%e)} = 0 4.74
img T an( Zn > % e)} = (4.74)
. n=1
-1 ¥ -9 1 ¥ s -1
N T E{YZ1(lz_| > %NZ%e)}<N ~ r E{YTI(le(n)) > c z(M)"T)} =
n=1 n n n=1 n .
= Byirdel > ez} > 0as N = (4.75)

using the stationarity of Yn and e(n), (4.68) and applying

Lemma 10.

Finally, ‘
N .
-1 o2 o
N nil E{zni(IYnli 5 N2 e)} <
-l 12 o 2 3
< c{N b ’ﬂVzr(n)“ YLE{le(1) I([Yll > % N* €)}+0 ‘as N+o
n=1 e MR

- (4.76)
using (4.69) and applying Lemma 10.
" Condition (c¢') now foiloﬁs from (4.70), (4.71), (4.72)

and (4.74) - (4.76). This completes the proof of the theorem.[
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CHAPTER 4

SOME ASYMPTOTIC RESULTS FOR VECTOR LINEAR TIME SERIES N
- ‘ MODELS

1. INTRODUCTION
We apply the fesults of the previous chapter to the

vector linear time series model

r
_Z_ Bj(eo)y(n-j) =
j=o : k|

©

o?j(eo)x(n_j) + jioAj(eo)g(n_j)’n=0’i1"o

W™ 8

(1.10)

where the y(n) and x(n) are the endogenous and exogenous
variables respectively; we observe the y(n) and x(n), but

not the e(n).

We also obtain analogoué results for Gaussian Estimates

minimizing an equivalent frequency domain criterion function.

The theory is then applied to some of the time series

models appeériﬁg in the literature.

When we refer to (1.10) as a linear model we mean that
it is linear in the variables y(n), x(n) and e(n); the
Bj’ Cj and Aj matrices may be nonlinear functions of the-

unknown parameter vector o, -

The chapter is structured as follows: §2 states the main
assumptions qequi;ed for the.results to Qold; the time domain
results are given in §3 and the frequency domain ones in . §4;
§§5 and 6 discuss applications of the theory; all proofs are

placed in §7.

We will adopt the following notation in the chapter:

1. Eof a function of the complex variable 1z, g(z) say, we
S - b - '
will write g(eix) as g(A). 2. ¢ =0 41if- a > b.

J

a
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2. ASSUMPTIONS

[=2]

r
Put B(z;0) = I B.(G)zj, C(z;08) = T C (e)zj and
- : j=o J . j=o j
A(z;0) T A (é)zj. We make the following assumptions:
j=0 j i .
Al. (e(n), G, n = O,il,..)'is a sequence of »p

n

dimensional, stationary martihgale differences satisfying

E(e(n)e(n)'|6__;) = @

0? where Qo is a constant nonsingular

matrix and Gn is the o-field generated by the e(m), m < n.
A2. The q dimensional exogenous variables
(x(n), n = 0,xt1,...) are assumed to be either:
(i) a stationary, ergodic, sequence Baving finite
second m&ments and independent of the {e(n)} sequence; Put

r (1) = E(x(a)x(a+i)'} for 3 = 0,:l,... .

OR
(i') a nonstochastic sequence such that the following

limits exist and are finite for all non-negative integers j.

-1 N-j
lim_ N  x(n)x(o+j)' = Tr_(3)
N b4
n=1 _ X
We will also assume that

11mN N’lllx(-N)Il2 = 0. .

In either (i) or (i') we put‘ Px(-j) = Px(j)' for j > 0.

For either (i) or (i') it follows (Doob [1953, p.474,
Theorem 3.2]) that there exists a distribution matrix Fx(k)
such that

" g o
r () = J_ne Par ) 5 3= 0,51,

We will further assume that:

b(ii) For A € [-ﬂ,ﬁ] there exists a continuous matrix
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A
function £ (1) s.t. F_(1) = J_“fx(x)dx, with £ (1)

nonsingular on an open subset of [-w,7] having Lebesgue

measure greater than zero.

A3.(i) 0, the permissible parameter space, is a compacﬁ
subset of m dimensional Euclidean space. 60, the true
parameter point, belongs to 0.

(ii) The degree, r, of the polynomial B(z;6) is
chosen prior to estimation.

(iii) The matrices Bj(e), 0 <j=<r, afe"pxP; the
éj(e), j>o, gre pXq; . the Aj(e), 3 1‘0, are pXp.

(iv) Vv 6 € o, B (8) = Aho(e)-E I(P).- '

(v) 3R > lbs.t. ¥ 6 € 0 and for |z| <R,
~det A(z;e) + 0 and the elements of A(z;6) and C(z;e) are

analytic functions of 2z, given 6 , and continuous functions
of (z,0).
(vi) For 6 € 0, the elements of Bj(e) (3=1l,...51)

are continuous functions of 6. det{B(z;Bo)} + 0 for

|z| < 1.
¥ a >0 put U, = (o : ﬂe-eoﬂ < a)

A4, (1) 3o, > 0 s.t. U, E 5}

1
(1i) ¥ 6 € U, the elements of Bj(e) (1 <3 <01,
1l .
cj(e) (i > 0) and Ajée) (j > 1) are twice differentiable

functions of 6 with continuous first and second derivatives.
(iii) Let R be defined by assumption A3.(v)

“For |z| <R and 6 € U ,
R - ’ a 1



e o] 2 o]

; iﬁﬁigl zk ; 3 Ak(e)zk ; ack(e) zk
’ b ’

k=0 aei k=0 36136. k=0 aej

© 2

9 ck(e) Kk
P 30 50 z 4, i,j = 1,...,m
k=o ~ i "]

are analytic £ugctions of z, given 6, and continuous
functions of (z,6).
A5.(i) = For 6 € 0, h(8) is an f- dimensional, (f < m),
¢ontinuous,.vector function of 9. .h(eo) = 0. '
(ii) h(e) haé continuous first and second partial

derivatives for 6 € Ua .
' 1

Put H(®) = (3/36')h(8), H = H(®

S
.

(iii) H has rank f£f.
Put

0, = © N {6: h(v) = 0}, z(e) = 4% log det Q(0)
where Q(8) is defined in (2.10) below.
| A6. (i) The matrix [{(32/5606')2(0)},H'(8)] 1is regul#r
at the point eo, i.e. the matrix has constant raﬁk in some
neighbourhood of Qo. |
(i1) If o € Oh and
[C(230),A(236)] = B(2z30)B(230_ ) T[C(230,),A(z;56 )]

for |z] = 1, then @ = eo.'D

Remark 2.1 (i) As far as the results of this chapter are

‘concerned, theére is no Toss of genefalfty‘in assuming that
BO(B) = I(p). If this was not so, then, assuming Bo(e) is

nonsingular % 6 € 0, we could always premultiply (1.10) by

1

Bo(eo)_ and make it so by a simple redefinition of the

Aj(Bo) and e(n). More specifically, we would put Aj(eé)"

1

equal to Bo(ed) Aj(eo)Bo(eo) and g(n) equal to

Bo(eo)_l e(n). For a further clarification of this point see
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the treatment of the simultaneous linear ARMAX model in
§5. O

(ii) As we have already mentioned in Remark 2.1(111)
o£ 3.82, the assumption that the e(n) -are martingale
differences is qgite a natural one for ;he model (1.10) and
its derivatives;as it is equivalent to requiring that the
best predictor;of y(n) gi&en‘ vy(3) (3 < n) and x(k) (k < n)
is equal to the best linear predictor (both in a least squares

sense).

Put D(z)

P B T
B(z,eo) C(z,eo) i Djz .

A(z;0) L =
h|

E(z;0) Ej(e)zj,

o

e~ 8

.

F(z30) = A"1(230)C(230) =
) i

J

™8

F.(6)23,6(2:0)=A"1(z;0)B(z;:0)=
Fo) .

1 _

Gj(ejzj; H(z) = B(z30 )" _
o J
= . -‘1 = - j

K(z) G(z,eo) jio sz

|

I ™8
-]
N
e

I
I~ 8

A

@(2;6)

G(z;8)D(z)-F(z;0)

[}
o8
L=

(N
~
(<]
~
N
e

¥(z30) G(z;8)K(z) = = ‘l’j(e)zj

S _ 5 T : .
Q(e) = J @(A;e)de(x)Q(x;e)*+(2n)’1j ¥(rse)e ¥(r;6)*dr (2.10)
: -7 - _ =T -

oo e »

We can deduce from our assumptions that the above series
expansions are valid for 6 € © and for |z| < R', for some

R' > 1.
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3. TIME DOMAIN RESULTS

o N

We put
v(n;8) = I Gj(e)y(n-j) - @ F_(0)x(n-j) (3.10)
j=o B ELE |
and
-1 N . ,
QN(S) =N r v(n;e)v(n;e)' (3.11) :
n=1 - , |
To obtain the Gaussian Estimate of 6 8 say, we

minimize

=1
RN(S) s log det QN(B)

over 6 € eh and take QN(éN) as the Gaussian Estimate of

90. This last step is justified in 3.83.

Theorem 1 Suppose assumptions Al. - A3., A5.(i) and
A6.(ii) hold. Then: (i) a.s., for N sufficientiy large,

3 a 6y such that 6y minimizes 2,(8) for 6 € 0y

For each N, choosing one such ‘éN,~we have: (ii)

1imN6N = 60 a.s. and llmNQN(ON) = 9, a.s. O

We now suppose that assumptions Al.-A6. hold. Then we

N

interior of Ud for N ‘sufficiently large aﬁd therefore
1

there exists an f dimensional‘vectdr of Lagrange multipliers,

know from Theorem 1 that - 8 lies, almost surely, in the -~

-iN’ such that,

-or . .

|
o

(3/30) 2, (8)) + H'(éN)iN = (3.15)

LICO =0 | (3.16)
Put V(n;e)é(a/aa'jv(n;e),
_ . -

AN(e)= N 'E
n—

V(n;0)'e (8) 'V(n;e),

1



~103-

g (8) . H'(8) oy .0
° -1 . "l
35 (8) ol BRI tN(e)-JN(e) ceeete [T4(0)
H(8) ° 0 : "0 .0
) a. H' A. O
A = (aZ/aeae')z(eo), J= 1 ... , 1 = LR IEERE K b
: H o0 0° 0
L =1 - H'(uu') lu.
(m)
We now obtain an explicit representation for A. Let
Aij be the (i,j)th element of A (i,j =1,...,m). From
(2.10) it is fairly easy to obtain that
. . . F3
Ai"= tr Q;l{Jw iié%lgglfx(k)‘iﬁégligl— arx +
J ' -7 i j ’
. _q[T 3¥(r30 ) YigYx -
+ (21) 1[ ol o A¥(rze)* }
» 96 o 26 o
- -T i : h |

Put ¢(X) = (3/36")vec @(A;eo), p(A) = (3/38")vec w(x;eo)
Using the identity tr AB = [vec{A'}]'vec B, we will have that

. L] ™
A= J ¢(l)*{f;(l)89;1}¢(1)dk+(2ﬂ)_lj w(l)*(ﬂo QQ;l)w(l)dk.

- -T

We now come to the central limit theorem. Let‘

Zv _ (A 31 1T - (gt '
.TN (BN, AN), To (60,0 ).

Theorem 2  Given assumptions Al. - A6.

<

. X D A .
limN N%(Tﬁ_To) = N(0,%) and limN N%(GN_eo) N(Q,te), where
te = (LAL)+... Furthermore iN(én)'+ {.2.5., i.e. iN(éN)bis a

strongly consistent estimate of t. O

We will see 4in Chapter 5 that for most time series models
we cannot obtain closed form solutions of the Normal equations
(3.15, 3.16)." Because of this we again set up the constrained

G.N. iteration
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GDANE ‘ (i)
8 k. (9 )
N N N -
{3+ A e A CASEO N e 120, (3.20)
. - 3j . '
0  E R h(eN )
where
— ] -1 N '\
kN(e) = (3/86 )zN(9)=N nilv(n;e) QN(e)v(n;e)
and Téj)f = (eéj)',,léj)');Téo)initiates the iteration.

~Subject to the conditions of the next theorem the eéj) (7 > 1
will be consistent and have the same asymptotic distribution

aS. BN.

Theorem 3 Suppose that for the iteration scheme (3.20)

l 1 .
§°)= (Géo) , 0"). Given that assumptions Al.-A6.

we put T
hold we will have that:

(1) Ja', 0 < d’' < a

U x(: Al < a1

1° s.t. in the set

N is, a.s., the unique solution pfbthe

Normal Equations for N sufficiently large.

(ii) 1f e§°) + 6_ p, then, with probability tending to

~ >

o (i) _
1l as N » =, limj-'rN = Tyt
(iii) If Géo) -+ ©_ a.s., then, a.s. for N sufficiently

5 o
RED

Ve

la;ge, limj N

(iv) If, in addition, in both (ii) and (iii),

(0)
6y = ©

=0 (N-%) then lim_ N%(T(j)-T ) Z N(O-$) for j> 1.0
o P ? N N ) : 2ra 3=

We note that *N(Géj)) is a consistent estimator of $.

It will oftep be more realistic to assume that (1.10)
holdg for n > 1 -only,and that the pre—observation;period
values of y(n) and e(n) are given constants. The next.
theorem shows that in this.slightly modified situation the

conclusions of Theorems 1 - 3 still hold.
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We change assumption Al. to:
Al'. (1) (1.10) holds for n > 1 only

(i1) Thisbis the same as assumption Al. but with.
n_ taking on pos}tive values -only. Go is assumed to be the
trivial o-field.

(14id) for some non-negative integers r and t, known
prior to'estiﬁatibn, y(o),‘.,,y(l-r), e(o),...,e(1l-t) are
known constants. y(n) and e(n) are identically zero for
n < l—r.‘and n < 1-t° respectively.

Assumptions A2.-A6. stay as they are. O

We change v(n;8) to ' B

n-1 t ‘ © on-1
v(n;0)= - I Ek(e){ T A.(e)e(n-j—k)} + I Ek(e)X‘
k=0 j=n-k J " k=o
r _ ® _
}{  B,(8)y(n-j-k)- £ C (6)x(n—j—k)},n > 1 (3.25)
V=0 j=o 1

The_definition of v(n;06) in (3;25) is motivated by the fact
that v(n;eo) = e(n) (sée 3.81 for avdiscussion qf the
criterion function LN(G,Q) which is given there). Given
v(n;8), QN(G) and 2N(6) will still be defined by (3.10)

and (3.11).

Theorem 4 Suppose assumptions Al'., A2. - A6. are

given. Then Theorems 1 - 3 still hold. O

4. FREQUENCY DOMAIN ESTIMATION

Let wy(k) and wx(l)‘be the FFT's of the y(n) and x(n)
respectively. Put An = 2mn/N, -%N < n < [%N],
P a6y = ar 30) B 300w (A )-COA 300w (A)}
’ n’ n’ y 'n n’ x''n ‘

N ' - '1znv(F)(n;e)v(F) (n;8)*%, 2I§F)'(6)=¥5 log det ﬂéF)(e). |
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The superscript F stands for frequency. Let we(k)

be the FFT of the e(n). Then the definitions of sztgF)(e)

(F)
N

approximately we(ln) and the easily proved identity

and (86) are motivated by the fact that V(F)(n;eo) is

-1

; -1
*:
27N z We(kn)we(kn) = N

n n

e(n)e(n)'
1

[ e I -1

See also Lemma 9 and Theorem 8.
To obtain the Gaussian Estimate of 60, ééF) say, we

N h

as the Gaussian Estimate of Qo.

minimize Q(F)(e) over 6 € 6,. We then take 'QéF)(géF))

In order that the centralvliﬁit the;rem results of
Theorems 2 and 3 remain valid for fhe frequency domain
' estimato;s we need the following additional assumptionAif
‘the exoéenous variables ére nonétochastic.

'A2;(i") If the exogenous variables are nonstochastic,

then there exists a finite positive comstant ¢ such that

Ix(a)! < ¢ for n = 0,t1,... O

Theorem 5 (i) If assumptions Al.-A3., A5.(i) and
A6. (i) hold, then ééF) > eo a.s. and QéF)ﬁééF)) -> Qo a.s.

(i1) If assumptions Al.-A6. hold, then the analogues of
Theorem 3(1), (ii) and (4ii) also hold for the frequency
domain estimators. |

(iii) 1f assﬁm?tigh A2.(1'") holds &s well, then the

results of Theorem 2 and Theorem 3(iv) will also apply to the

frequency domain estimators. O

5. APPLICATIONS

We now apply our results to some of the time series models
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proposed in the literatﬁre. Throughout this section we will
make fhe following assumptions:

1. Where relevant, assumptions Al., A2.(i) and (1'),
AS. and A6. (1) Qold. As well, A2.(i'') holds for frequency
domain estimation.

2. The degfees of all lag polynomials are non—ﬁegative
integers whicﬁ are speqified_prior’to estimation.

3. R1 and e, are two poéitive numbers chosen before the
start of the estimation. R can be taken very large and

1

£ will be chosen close to zero.

1

MODEL 1

The, first model we look at is the simultaneous equations

model with AR residuals

\J - ]

T s t
B, y(a-3)= I €, x(n-j)+u(n), % A.u(a-j) = e(n)
Al # 1(p) (5.10)

] — . ' ‘ N
with E(e(n)e(n) ‘Gn-l) = 20’ where &o is nonsingular;

g; is nonsingular and not necessarily the unit matrix. We

. _ Ta _ .
8 = s'+t, @ = B 19 B 1 and e(n) = B 1 e(n). Let -the
' o =0 —o0—o0 -0 - oo TE

put © =,vec{§o,.u.,§r, Co,...,gs, él""’ét}’ r = r'+t,

-

3

matrices B,(8), 0 < j <r, C (8), 0 <k <s, be defined by

r t : '
T B.(8)z] -.B'l[-z A.zj][ : B zﬁ].
j:

j=o0 3 -° ofJ. j=o =]

s t s'

¢, (0)z) = z'l[ I A j][ s zj]
j=o j - 0 j=o J j=o j

We can now rewrite Model 1 in the standard form (1.10).

We will make the following assumptions:
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Bl. Let xY(z) = (l,z,...,zs). The matrix

ki)
A A)*8dF (A) is nonsi lar.
[_ﬂ Xy( )xY( ) x( ) nonsingu

The parameter space © 1is the closure of the set 00,'

where Go is defined as follows:

B2.(1) el < »,, |det B | > ¢, |
(11) |det (zjgjzj)| > 0, Idet(Zjéjzj)l > 0 for
lz] < 1.
hE '

(111) A g.c.1.d. of I and ngazjn_is Iipy-

B.z
3=3
(iv) . The matrix [Er" QS.] has rank p.
We will assume that o G"OO.,
Put B(z;6) = r_.B (e)zj, c(zi8) = r.C (e)zj,

R j—3
A(z;0) = Zjéj(e)zj. We have written gj(e) etc. instead of .

B, etc. in order that we may distiﬁguish betﬁeed.argﬁmen;s

3

at two distinct values of 6. .

B3. If 8 € Oh and [B(z;6), g(z;e)]=U[§(z;eot,g(z;60)],‘
A(z;0)U = Ué(z;eo) where U 1is some pxp matrix, then -

e =96 . O

Theorem 6 Subject to assumptions Bl.-B3., the reéul;s

~

of Theorems 1-5 hold for Model 1. »Db

Remark 5.1 (i) Expressions for t and te (see the

statement of Theorem 2) are given.in 9.§3. , ;. -

- v »

(ii)- Dhryﬁes and Erlat [1974] give a proof of tﬁe strong‘
consis;ency_and ;symptotic Normality of.a three-stage-least-
squares type of estimator for Model 1 whemn r' =t = 1 and
s' = 0 under the following conditions:

DEl. The é(n) are i;i.d; r.v.'s and have finite sixth

- o -

‘moments. ~ o ) .
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DE.2 (i) The x(n) éequence is nonstochastic and
uniformly bounded.
| (11) A matrix labelled M (see Dhrymés and Erlat
[1974, p.253 ])Cékists and is nonsingular.
DE.3 We have initial consistent estimates of

.(go, By go) prior to estimation. (see p.253 in Dhrymes and

Erlat). , 7
DE.4 det(go + Elz) + 0 and det(I(p) + élz) + 0 for
Izl < 1. : !
DE.5 There are simple exclusion and normaliiapion
restrictions on the elements of (go, gl; go). 0

It is not clear what coﬁdi£ion DE.Z(iijAmeans és it is
a mixed condition dnvolving the exogenous variables;
éndogenous variables énd the paféﬁéteré of the nodel. It
does éppea;, mo¥eover, Fhat the cla;sical identiﬁic;tioﬁj
conditions imposed by Dhrymes and Erlat will be iné&ffibient
to identify thé model. For éxample, the two strugéure;

(1) y() +.(8 é] y(n-1) = (‘g 3) x(n) +“u(niz
u(n) + ( g g),u(n-l).= e(n) and

1D y@ + § Hy@-n = § PHxe + um),

-

u(n) + (g é) u(n-1) = e(n) will certainly satisfy ‘i
assumptions DE.4, DE.5 and the classical identification .
conditions and yet they are observatfondlly equivaie;t. ﬁif
could be, of course, that condition DE.2(ii) does énsup?
identification but this remains to Be shown. Finally, it

seems that the limits in assumption A2.(if) must also exist

1f the analysis is to be valid.

Dhrymes and Taylor [1976] give a proof of the
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consistency and asymptotic Normality of ‘an efficient two-step
estimator (see 5.54 ) for the model discussed in Dhrymes and

Erlat. They maké the following assumptions:

DT.1 The (e(n), n = 0,*¥1,...) are independent N(O,gb)

r.v.'s with ﬁo nonsingular.

DT.2(1) This is condition (iii) of Theorem 1 in

Dhrymes and Taylor.

(ii) The ML estimators of (go, B

Bis Co» go) have

well behaved limiting distributions.

DT.3 This is the same as DE.3 —'DE.S,H

Again it appears that there. is a need for additioﬁal‘>
identification conditions besides the classical onesi'
Furthermore, a condition of the tng DE.2(1) seeés to be needed
since Dhrymes and Taylor [1976, p.§69 Lemma 9] uge a:fesult

from Dhrymes and Erlat where this condition is assumed.

T

Finally, both the above papers do not, in general, allow

lagged exogenous variables to be present. To demoﬁs¢rate-this
we will, for convenience, depart from our own notation and use

that in Dhrymes and.Taylor and Dhrymes and Erlat. ~If w

n _
P

was of the form w; = (t;, t;-l{’ then‘thef Q'Q matrix.

" (Dhrymes and Erlat p.250, eqn (13); Dhrymes and Taylor p;363

eqn (5)) would always be singulaf, contrary to their assumptions;
 <111) Hatanaka  [1974] préves the consistenéyiand ’

asymptotic Normality of‘a“two-step estimator (see 5.84 ) for

the scalar versién‘of.(S.IO). ' It is not clear whether our

conditions on the exogenous variablés are stronger than |

Hatanaka's or not. On the one hand, the Grenandef‘conditions

‘(A.Za) - (A.2c) imposed by Hat;n;ka [1974, p.212]’are weaker‘

than A2;(;')§ on the other hand éondition (A.2e) in Hatanaka

]
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is a mixed condition involving the exogenous variables and
the parameters.
(iv) When t = 0 (5.10) becomes the classiéal

simultaneous equations model (e.g. Schmidt [1976, p.119])

| \

r S ’
Z B, y(n-j) = I <4 x(n-j) + e(n) (5.15)

j=o 3

Even for (5.15) our results seem td be superior to those -
obtained previously. For example, Schmidt [1976, p.221;
Proposition 5] gives a pfoof of the consistency and asympéofic
Normality of the time domain Gaussian Estimates assuming that
the e(n) are independently, identicaily and qumélly -
distributed, the exogenous vafiasles'are unifdrmly bounded, ‘and
the restrictions on. © are simple exclusioﬁ and'
normalization ones. It should befhoted, howevef; tﬁat the
result used in Séhmidt's proof’(Schm&dt’tl976, py?SSS.Théorem
19]) does not apply to (5.15) as it is for i.i.d. n:gégubnly;

. : . .
Eo = I(p) in (5.15), i.e. we are.Qeaqug;with

(v)  1f :
a reduced form system, then we can'redefige‘ 0 ‘aé i
o = vec(gl,.;.,gr; go,f..,gg). When there are no restrictions
on © ﬁe»can obtaiﬁ a closed form solutioﬂ to the ﬁormél -
Equations - and strong consistency can b; proved from firs;

principles without imposing any boundedness assumptions.dn 6.

For the Feduced fgfm caée, AndersPn [1971, Theorém‘5.5;13,
p.210] prbves the weak consistency and asymptotic;Normality of
"the Gaussian Estimates when the e(n) are independent , with
E(e(n)) = 0 and E{g(n)g(n)'} = @_, and have bounded fourth
moments; the x(n) are assumed to be nonstochastic, uniformly
'Aboﬁnded and satisfy-assumptioﬁ'A2.(i').. |

- )
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Therefore our results are stronger- than Anderson's.

Schonfeld [1971, p.125, Theorem'Z]Aand Schmidt [1976,
P.99, Theorem 3] also prove the consistency and ésymptotic
ﬁormality of the Gaussian Estimates, for the case just

considered, but under stronger assumptions than in Anderson.

MODEL 2

The second model we look at is the simuitaneous ARMAX

model _ ; !

|| ac o ]
I Mo
nhoer

B, y(n-3) =
0o 3 3

c, x(n-j)+

5 éngn’j), Ap.E I

i {p)

o

3

o

We put 6 = vec(go,,..,gr, go,...,gs, Al""’ét) and

define Bj(e), Ck(ﬁ), Az(e),‘ﬂb'.and e(n), respectively, as

» R -1 I | =1 1"
Bj(e) =33 Fk(e) = By Sy AZ(?),— By 2¢3s go_gq-goﬁo

j’
and e(n) = Bglg(n); 0 <j<r, 0<k<s, 0:i>i*i é.  We

can now rewrite Model 2 in the standard form (1.16); We

make the following assumptions: ' S

Cl. This 1is the‘same as A2,(ii).

We take the permissible parameter space ® to be the"glosure

of the set ©_, where ©  is defined as follows: d
gz;(i) fell < Rl, | det gof L Idef(2j§j23)| > Olfor

lz] <1

(11) !det(zjéjzj)l > e, for, lz| < 1. o

| A 3 1 IR

111 A g.c.l.d. of I._,B ,.C d I, A,z is

( ,) ‘g c 0 38427 j—jz an 124

Ty i o

(iv) The matrix [gr, c , At] has rank p.

b -]

We will assume that BO.G 0,

€3.(1) If 0 €9, and [B(236),C(2;0),A(2;0)] =

- . O

=[B(z;Go;,C(zgeo),A(z;éb)],_then" ] °




-113-
Theorem 7 Subject to aééumptions:CI.-CB., the results

of Theorems 1-5 hold for Model 2. O

Remark 5.2 (1) Expressions for t_ and te (see the

statement of Theorem 2) are given in 9.§3.

(11) To the best of my knowledge, no compléte'treatment
of the ARMAX case has yet been givén in the literature. When
the exogenous.variabies are missing andv Eo EAI(p) we obtain
the ARMA model. The literature relating to Gaussian
Estimates pf the ARMA model is quite extensive;'the most |
- comprehensive treatment beiﬁg given by Duﬁsﬁuir and Hannan
[1976]. | -

(1ii) For the scalar version of Mo&el’Z,vHannan‘and
Nichqlls [1972, p.538, Theorem 1] obtain a two-step frequency
domain estimator (see Remark (ii)ié.§.§6 ) and sﬂﬁw éhat it
is strongly consistent and asymptotically>efficiént (in'ﬁhé
sense of 1.§1 ). Using the notation in Hannan'ade§£2ﬁ§llS}
it appears, howéver, that their proof of asymptotic,ﬁo:mélity

is incomplete in that the step of going from (Hannaniand“

. : r
Nicholls [1972, top of p.540]) lhwy + I G(j)wjl
L j=1 ’

. N /
a result of the type given in Theorem 8 of §6 to make it wvalid.

to I needs
B w

This step is also not juStified}in Nicholls [1971], to which

Hannan and Nicholls refer‘for a complete proof.

2
Y

(iv)‘Thq boundedness reéuirement& on the Ej ané gk e
(1 <3 <r, 0 <k £ s) matrices and the condition C2.(ii) are
of no practical imporfance because R, -can be chosen ve;y
large‘and €1 chosen veff close to zero. For theoretical
purposes, however, they are both unnecessary and undesirable.

‘We can still obtain the strong.cdnsistency results even if the

Ej and ék*(l <3 <£ry0 <k < s) are not bounded .and C2.(ii)
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-

is changed to: det(zjéjzj) + 0 for .|z| < 1, and 6, can
belong to 06 - éo' - The proof in the frequency domain would
follow Hannan [1973c] and Dunsmuir and Hannan [1976] (see

also Theorems 7.1 and 8.6 and their proofs); analogous

techniques can be used in the time domain.

Uhfortunately, I can see no way, at present, of
relaxing the requirement that e, < |det B | < R' < =, where

R' 'is a coanstant. . : . !

6. SOME FURTHER APPLICATIONS ~

We now briefly discuss tﬁo other, potentially useful,
applications of the theory.

Example 1 - Estimating the coefficients in a differential

equation model.

Rather than give a_genera1 thgoryrwe—illustrate,theiﬂffﬂ

, . :
methodology using a simple example taken from Robinson [1976a,

p.759-760]. We suppose that y(t) is a scalar staffbnary‘

process generated“by

LY . ) /
y(t) + o STE o pr(e)tule), t € (-=,) (6.10)
where x(t) and u(t) are stationary processes whose spectra

1

are respectively f;(x) oij(Zw)(l+u?A2)]_ and

f:.:l()\) = 0-%[2‘"((1-'-\)2}\2) ]:.1" A € (_°°,°°) . . . » - o
It follows from Robinson [1976a, p.760] that we can,

'regérd y(n) (n = O,il,;..) as being generated By

y(n) - ay(n-1) = bx(n) + cx(n-1) + &(n) : (6.11)

-

where £(n) is an ARMA process-I

£(n)+yg(n-1)=e(n)+pe(n-1),E(e(n)e(m))=5 o2 - (6.12)



-115-

a, b, ¢, ¥y and p are nonlinear functibns/of a, B, ¥ and
V. If we observe (6.10) for t = 0,*1,... only, then we
can obtain estimates of o, B, u and v by applyingithe
theory of §§3 and 4 to (6.11) and (6.12). In principle

the discussion generalizes to higher order, and‘vector,

differential equations systems.

Example 2 - Nonrational .A(z;8) and C(z;0)

’

So far all our examples have dealt with A(z;6) and
C(z30) rational functions of =z. Our theory, however, gives

us more flexibility than this. For examplé, consider the

simple model

[}

y(n) = £ - x(n-j) + e(n)
j=o JI°

Here C(z;e) = eez and certainly‘éétisfies our éssumptions.

e

Therefore we can estimate 6 by the methods of §§3 and'A{

A o

7. PROOFS . .

~;ﬂ.in A A

Throughout this section ¢ 1is a universal consﬁant;

not always the same. _ Unless stated otherwise, it should be
assumed that all convergence results below mean a.s. -
convergence; the mode of convergence will often not be :
indicated.

Let .Fx' be the sub-c-fiéld‘genenated by the =x(n) L
sequences and put F_ = F(G_,F ), i.e. F is the smallest

n n’ x n i

o-field containing the elements of Gn -and Fx' When the

x(n) are nonstochastic Fx is the trivial o-field.
Let v(n;0) be defined by (3.10). It follows from
Chapter 3 that: -

1. Theorem 1 holds if Al.-A3., A5.(i) and A6.(ii) imply that
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conditions S1.-S3. and S6.(i), (ii) hplé; (The S.
conditions are given below).
2. Théorems 2 and 3 hold if Al.-A6. implyvthat S1.-S6. hold.
sl. (e(n), Fn,.n = 0,+*1,...) is a sequence of p

~dimensional, stationary martingale differences with

E(e(m)e(n)'|F__4) = a,.

S2. This is just assumption A3.(i).

§3.(1) ¥ n > 1 and b6, 6, € 0, v(n;eo) = e(n) and

*

<+

n-1
uniformly in 6 € 0, Qﬁ(e) converges to Q(e8). (iii) a.s.,

{v(n;08) - v(n;e+)} ‘is F measurable. (ii) a.s,, and

. and uniformly in 6 € o,

-1 N
N £ v(nz;o)e(n)'
n=1 -
converges to a nonstochastic finite.limit. ‘(ivf'V nf:_l,

and a.s., v(n3;8) is a continuous function of o for ‘9 € 0.
S4.(1) ¥ n > 1, ¥ 6 € Ua and a.s., v(n;8) is twice
‘ ) 1 b ‘

differentiable with respect to 6, with continuqﬁs fé}stJand;

second derivatives.

N N e ony
(11) N 1 5 Bv(nze)e(n),’ N 1 . d3v(niB) 3v(n;0) ,
- 00 _ 90 36 -
. n=1 i n=1_ i J
1 N 42 N v (n-
1oy 2vm:8) ey, p 22¥(B30) Ly
00,936 36,96
_ n=1 i 7] n=1 i
. _1 N szv(n.e) a.z.v(n.e)' L4 . . R . -
and N z 2 2 converge a.s., and uniformly
_ 96.960., 96, 96
n=1 S | k™2

s

in 6 € Ud s, to finite nonstochastic limits; (i,j,k,£=1,...,m).

1l
Put V(n) = (3/36')v(n;eo)
-1 X 2.
$5.(1) lim supy N z EC(lv(a)l®) < =
n=1 _

o

(i1i) For each.n > 1 we can write.
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-

V(n) = V() + V_(n), r = 1,2,... and *

Vr(n) = Vlr(n) + V2r(n) where: (a) ,Vlr(n) is statiopary,
Fn-l "measurable, and square-integrable, while VZr(n) is

nonstochastic. -

. N
(b) limN N-1 v, (n)V, (n)' exists and is finite.
n=1 »r 2r . .
11 -1 X L o-1 P
(c) my N )X Vr(n) Qo Vr(n) = Ar ¥ r > 1, where Ar is
n=1
a nonstochastic matrix and limrAr = A. - !

(d) ¥ ¢ > 0 QR = R(g) s.t.

-1 E"ﬁr(n)ﬂz < € for r > R.

N
lim Supy N z

n=1

S6.(i) This is A5.(i).

Let Q(6) be defined by (2.10).

. A € - 5‘ ] = 1.
(ii) If oo Gh aéd Q(9) 9(60), thep 6_ QP
(iii) This is A5.(ii) and (iii) and A6.(i).0 -t
To obtain the required results we need the following

p—

lemma:

Lemma 1 Suppose that: (i) X is a subset of Euclidean

space with typicalleiément x; (ii) (Xj(x),j > O)Aaﬁd _
(Yj(x), j > 0) are two‘matrix‘sqquenceé with elements that
are functions of x for =x € X3 (iii) (z(n), n = O,il,;;.)y

is a stochastic vector sequence satisfying

- ' -1 N - a.8. * ! - ‘
1imN N : z(n-j)z(n-k)' = T(j-k
. n=1

where TI(j) is a finite nonstochastic matrix ¥ j, and

-1

lim supy N “z(-N)“2'= 0 a.s. '

If (mj, 3j i 0) is a'sequence of non-negapive s;alar

constants such that: .
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o8

jmj < » and “Xj(x)“i my s “Yj(x)“ <m, ¥ x €X and

j j

o}

¥ j > 0, then: (a) For all n > 1

-]

T Xj(x)z(n—j)
j=o 7
converges uniformly in x € X.
oo '
(b) lim_ N I X.(x)z(-N-j) = 0 a.s.
N §=0 j

uniformly in x € X,

(¢) Put
N © - : @© . :
-1 _ . ,

.. (x,x,)=N T { T X.(x)z(n—j)}{ T Y, (x )z(nrk)}'.

N '+ n=1\j=o0 J k=0 k M
Then

lim ¢ (x,x,)=0(x,x,)= I I X, (x)r(j-k)y,. (x,) a.s.,

NN + + j=o k=o‘j ko

the convergence being uniform in x,'x+€5§.

Proof (a) Fixn > 1 and choose r > n. It is

sufficient to show that % e > 0, FJJ = J(e), J possib1§

dependent on n and also on the realization, such that

-]

sup I £ . X.(x)z(n-j)f < € for r > J.
x€X  j=r+l 3 '

Now

’
©

Iz X, (x)z(-3)1 < j%m >'<{_'j_;5"z(n'-j)“}
j=r+l 3 j=r+l i

andrthe result follows.
(b) The proof’of (b) is trivial.
(e¢) Put

N

$ z(n-j)z(n-k)' ¥ j,k.
n=1 : :

-1
CN(j sk) = N

_For each r >0, let

r r

A (sx )= jio konj(x)cu(j,k)Yk(x+). A (x,x )=
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r r .
= I E Xj(x)r(j k)Y (x ) and urN(x,x+) =
j=o k=
= g(x,x)) - 2 MR R For fixed r,
) r T
DI N A LI mjmkﬂc (3,K)-r(G-K)l + 0
j=o k=o
as N » o, Hence % ¢ > 0 aN, = N,(e,r), possibly
realization dependent, s.t.
sup ﬂx N(x,x%)fxr(x,x+)ﬂ < ¢ for N > Nl (7.09)
x,x,€X
Ix (x,x,)-c(x,x )l < 1 T m,m HP(j -k) I+
T T j=r41 k=o
r ©
+ I z kﬂr(j -k)I+ 0 as r + w
joo kersl 3 |
because Ir(j)l < tr T(o) ¥ j.
Hence ¥ ¢ > 0 3J1 = J_l(e) s.t.
sup Tl (x x ) t(x,x )“ < e for T > Jl (7.10)
X,X GX
= -1 ¥ S [ S | |
I m. (N r lz(a-3)012) < x jmj(N  j lz(m-3)012) +
j=r J n=1 j=r n=1 ° ‘
, o X
+ I m, (N r lzm)I2) >0 as r + = (7.11)
- j=r 3 n=1
‘ e
[+ ] [« o}
oo (x,x.)= ¢ I X, (x)C . (j,k)Y, (x,)+
rN + j=r+l k=o 3 N*Y? k"4
r [+
+ I L (x)C (i, k)Y (x ).

j=o k=r+l E .
Hence ,

z
j=r+l k

© N
|
IurN(x,x+)n < i j (N i

o 1

n

r ©
z L.
j=o0 k=r+l

N 2
£ lz(n-3)1°4N
n=1

-1 -1
+ mjmk(N‘

It follows from (7.11) that ¥ e

“z(n-j)“2 +N

N .
13 lz-r)1%)+

n=1

N
£ lz(n-k)0?%)

n=1

‘a J

> 0 Aa.s. 9

=J2(s)s.t.
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sup "urN(x,x+)“ < g for r > J

) (7.12)
x, %, €% '

2

Given ¢ > 0, we choose r > max{Jl(e),Jz(s)} and
then keep it fixed. We then choose N > Nl(e,r).
Because

Ty Gux)-cGnx )l < I Gex )2 (x4
+ “Ar(x,x+)—;(x,x+)“+"urN(x;x+)“

it follows from (7.09), (7.10) and (7.12) that

sup Mg (x,x,)-z(x,x, )l < 3¢ (a.s.) 4if N > N._(e,r).

pox g NTHTER e
+ )

This completes the proof because neither ;N nor ¢

depends on r. O

Lemma . 2 Let the matrix functions G(z;6), F(z;8),

D(z) and K(z) be defined as in §2, and suppose assumption A3.

holds. Then there exists a positive'constant ¢ and a

number Rl >1, ¢ and Rl being independent of j and 6,

s.t. for each j > 0 the norms of Gj(e), F.(6), D, and

3 R
’Kj are each less than c/Rj, uniformly in 6 € O,
Proof The lemma 1is an immediate consequence of

assumptions A3.(v) and (vi). O

Lemma 3. Suppose that assumptiomns Al., A2.(i) or (i")

| and A3. hold. Then,'for any integer Jj,
N ' .

img N1 I x(ade(n+s)' = 0 a.s. (7.15)
n=1
-1 ¥ T 14 ‘
limN N I y(n)y(n+j)' = f e 7 "D(N)AF_(AM)D(A)* +
n=1 : - x
™
+ @2mt f. ey k*AX - aus. (7.16)

-7
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1

n

o

- N L Y :
limN N y(n)x(n+j)' = e D(A)de(X) a.s. (7.17)
-7

1
limg Uy mi? =0 a.s. (7.18)

Proof (5.15) follows from Lemma 3.2(1i) and assumptions

Al. and A2.(i) or A2.(i"). From (1.10)

y(n) = ¢ D.x(n-j) + Kjg(n-j). ' - (7.20)

o] 3 3

™8

(o]

By Lemma 2 I, jlp | < =, 3 j“Kj“>< » so that the right side

] h| 3 .
of (5.20) converges for any n by Lemma 1(a). (7.16) and
(7.17) follows from (7.15) and Lemma 1(c), while (7.18)

follows from Lemma 1(b). O

Lemma 4 Suppose assumptions Al.-A3., A5.(i) and
A6.(i1i) hold. Then conditions S1.-S3. and S6.(i) and (ii)

also hold.

Proof s1., S2., S3.(1i) and S6.(i) hold trivially .
QN(B) + Q(6) a.s. and uhiformly in 6 €0 by Lemmas 1-3,
Therefore S3.(ii) holds. S§3.(iii) holds by a similar

argument. Finally, we show that S6.(ii) holds.

Let ¢(z;0) and VY¥(z;8) be as defined in §2. For fi&ed

©

8 €0, (8) > I V¥ I,..)
§=o 3 h| (p)

with equality if and only if wj(e) =0 ¥j >1 and

N : ' . E
(B)Qo? (e)' > Qo (because Wo

w N oo v »
I 'Q(A;e)fx(k)¢(l;6)*dl =0 : (7.25)

It follows from assumption A2.(ii) that (7.25) holds if and
only if 3(A;0) = 0 ¥ A €[-n,7]. Hence Q(e) = Q(eo) if and
only 1if

[C(A30),A(256) 1=B(X;0)B(A;8 ) T [C(A;0 YA(A;0 IVAE[=7,7].

S6.(1i1i) now follows from A6,(ii). O
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Having shown that assumptions Al.-A3., A5.(1i) and
A6.(ii) imply that conditions S1.-S3. and $6.(1i) and (ii) hold,

it follows from Chapter 3 that Theorem 1 holds.

Lemma & Suppose assumptions A3. and Ak. hold. Then
there exists a positive number ¢ and a number R2 >1, ¢
and Rz' being independent of k and 6, s.t. the norms of

) o -
(3/38,)6,(8), (3 /aeiaej)ck(e), (3/96,)F, (8) and
(azlaeiaej)Fk(e) are each less than c/Rt, uniformly in

e EU ; (1,5 =1,...,m).
,al _

Proof The lemma is an immediate consequence of

assumptions A4.(i)-(iii). O

Lemma 6 If assumptions Al.-A4. hold, then conditions

S4.(i) and (1i) hold. : - | |

Proof (i) By Lemmas 1-3 and 5

5 36, (8) = 3F (8) . -
o ———— y(n-k) - I —F—— x(n-k) i=1,...,n
k=0 891 k=0 aei ! -
(7.30)
~and -
5 azck(e) © asz(e)
k=0 -a—ei—ae——- yv(n-k) - kzo sa—iae—x(n—k) i,j=1,...,m/
i J (7.31)

converge a.s., , and uniformly—iﬁ- 8 € Ud » for n > 1 and
. " ,
i’j = 1’...’m.
By Lemmas 1-3 thé"right side of t3.10) also converges for
n >1 and for 6 = eo. It follows (Rudin [1964,p.136,
‘Theorem 7.12 and p.l140, Theorem 7.17]) that v(n;6) is twice

differentiable with continuous first and:second derivatives

for n > 1 and for 6 EAUGI; (3/36,)v(n;0) and
1 ’ '

(aZ/aeiaej)v(n;e) are given by (7.30) and (7.31) respectively.
Hence S4.(1) holds. ' '
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Using Lemmas 1-3 and 5, we can deduce from (3.10),

(7.30) and (7.31) that S4.(ii) also holds. O

- Lemma 7 If assumptions Al.-A4. hold, then S5. holds.

Proof For convenience we separate the case where
assumption A2.(i) holds from the case where A2.(1') holds.

By (3.10) and (7.20)

v(n;é) = I ¢ . (8)x(n-j) + T VY,(0)e(n~-j)
j=o 1 R
For each r > 1 we put
r : T } 5
o (238) = T ©.(8)z), v.(z38) = I ¥, (8)z3
r R T . 3"
j=o j=o

(a) Suppose A2.(i) holds. We put

. . 4 ‘ ) .
v (n;8) =" I ¢j(e)x(n—j) +
h j=o o

r
z

Wj(ﬁ)e(n-j)
3

o

n
i

Vie(R) = (3/381)v (n38)), ¥, (n) =0, V. (a) =V, (a),

1]

ﬁr(n) V(n) - Vr(n)‘fpr r‘l 1.

‘For this decomposition of V(n), SS.(ii)(a) and (b)

are certéinly satisfied.

av(n;6 ) w 36.(0 ) - 90, (8 )
E(Il—é-e——°- 12y= tr{ b —3 _o” Px(j—k)—lc—"— +
i x T

j.k=o i
© 3Y_(0) 3¥, (6’ »
+ I Q <ew, 1 =1,...,m (7.40)
j=o 304 .0 30, . .

Hence S5.(1i) holds.

i er.

V Cawy . . '
-1 -1 ¥ Bvr(n,eo) Bvr(n,eo)
limN tr Q N z ) Y =
° v n=1 1 A
_ 30 _(Az6 ) - 9% _(A;8 )*
= tr o7} U — 2 4F_(\) ——— 4.
o T 98 X
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.0 o %
T ¥ _(X;0.) . ¥ (A58 )* O
_. 98y o 36, R A&

+ (2m) L f

say.  Obviously 1im A = A so that S55.(ii)(c) is

th

satisfied. Finally, the i column of Gr(n), Gr(n,i) say,

equals

©  238,(8) © 3y, (8 )
I i xe) + 1 2 e(a-p)
j=r+l i ' j=r+l i

so that

.- m ;
EQV_(n,1)1%H< ¢ tr I_n“(3/391){°(‘;°o)'?r(“‘°o)}"2de(*>+
+ c I' P(azae ) {v(xs0 )-¥_(a50 D}PI%dr > 0 as r » =
-7 : | o

by dominéted convergence. Because Vr(n) is stationary,
§5.(11) (d) follows.
"(b) "We now briefly discués the proof when A2.(i') holds.
For each r > 1 we put
T r

v (830) = I ¥ (8)e(n=1),v, (a30) = I 2 (e)x(n-1),
» j=o . j=0 o

vV, () = (3/28")v, (n36 ), V, () = (a/ae')VZr(ﬁ;eo).

For this decomposition of V(n) S5.(ii)(a) is satisfied.

3v(ni;6 ) ‘o 20 .(8 ) 36, (06 )
E(n——gg——ﬂ— 2y o tr { z ——%3—2 x(n-j)x(n-k)' ge 0 +
, i ‘j,k=o0 i . i
w3y (8 oAy, (8 )Ty
P j(‘o) oo l( o) } .,
j=o 30y o 8y | |
‘Therefb:e limy N1 an(“(a/aei)v(n;eo)“z) equals_the

right side of (7.40) and so is bounded. Hence S5.(i) is
satisfied and it is evident that §5.(11)(b) is also.
S5.(i1) (c) and (d) may be shown similarly using a proof

analogous to that given in (a). O



-125-
We have now shown that assumptions Al.-A6. imply that
conditions S1.-S6. hold. It follows from Chapter 3 that

Theorems 2 and 3 also hold.

Proof of Theorem 4 Only a brief discussion is given

as the proof of the theorem follows readily from the above

analysis. From (1.10) and assumption Al

n-1 r ; :
y(n) = - I H { I' B,(6 )y(n—j~k)}+
k=0 k j=n-k j o
n-1 { © ©
+ I H I C.(6 )x(n-j-k) + £ A,(® )e(n-j-k)},u
k=0 k j:—_o 3 o . j=o ] o \ A
and we can rewrite this as
n-1 - n-1 : C
y(n) = I D, x(n-k) + I K,  e(n-k) + q(n)
k k . »
. k=0 . k=0 .
. n-1 r -
where q(n) = - I Hk{ L . B,(® )y(n—j-k)} +
g k=n~-r j=n-k o
o« L n+t, £ . . :
+ I { z - H.C,_, (® )}x(n-2)+ z_{-z. H A, . (8 )}emfz)
2=n \ k=o,k<n-1 X *7F 0 2=n k=0, ,k<n-1 ¥ F7E 0
Put w(n) = y(n) - q(n). It is not difficult to show that

limn q(n) = 0 a.s., limn,n—lnw(-n),“2 = 0 a.s. and

| - | , | -
w(n)w(n+j)' and N_l £ w(n)x(n+j)'
-n=1 ' * n=1

-1

N
N - z

~converge a.s. to the right sides of (7.16) and (7.17),

respectively.

-

We can rewrite (3.25) as

o n-1-  n-
v(n;e) = I Gj(e)w(n—k) - I Fk(e)x(n-k)+p(n;9)
j:o‘ = .

and it .is not hard to shqw that

1im_ suplp(n;e)l= 0 a.s., limn.sﬁp uﬁB%%iﬂl‘ﬂ =0 a.s.,
m gco - IS i ' :
. ay
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— 2 . ’
lim_ sup 12 (n e)“ =0 a.s., (1, = 1,...,m).
n 36,00
6eU i 73 .
%1

The rest of the proof now proceeds in the same way as,

but is simpler than,the proof given for Theorems 1-3, O

We will de&uée Theorem 5 from Theorems 1-3. To do this
we will need the resulté given below. 'Alternﬁtively, we
could prove the strong consistenci result in Theorem 5 directly
by using the techniques of Chapters 7 and 8. See also

Remark 5.2(iv).

Suppose that {a(n), b(n); n = 0,%1,...} are two
sequences of vector random variables, the element £ beldngs

to the set & and {Pj(g), Q,(E); 3 > Olare two éequences'of

h
matrix functions of E.

We put
P(r3E) = I P (Ba(a-3),a(msE) = I Q()ba-3),
j=o e L
P(z;E) = I P (£)zd, Q(z;E) = I Qj<g)z3;
j=o ; j=o :
N ' ,
WP(A;E) = N-“li z p(n;g)einx,,-and define wa(k), wb(l) and/

n=1

w

wq(k;g) similarly to wp(A;E) » but with respect to the

a(n), b(n) and q(n;g) terms, respectively.

]

Put vy (A3E) = Niw (38) - POE)w, ()}

ey (8 = N¥w (38) - Q0sE)w (V).

For convenience, we will often omit to indicate

dependence on N and below.

p eliXp

;
X
co 1 is

Lemma 8 v()) = N(A), whergl

3



o : N
R N()\) = I a(m)eiml - I a(m)eimx, 0 <j<N
3s =-j+1 m=N-j+1
- N-j N
I p(m)eiml R a(m)eimx , § >N
n=-j+1 m=1 :

A similar decomﬁosition can be obtained for z(1A).

Proof
n ©
) p(n)einl = ¥ P eijAS N(A), where
n=1 j=o i 3>
N n N
S, () = I a(n-j)ei(n—j)k. Put u_ = I a(k)eikx.
j,N - n =
n=1 k==
Thgn Sj,N(X) = uN-j - u_j. i.e.

Sy n) =ug-w tu - - (e -ug S, 0 <F <N
- = ug - u_+ (uN_j - u_j):- (ug = v ), 3 >N,
The required result follows. O

Below, we will denote sup. by sm}.;w:,,
‘ EEE & -

Lemma § »If: (i),supgﬂPj(g)n < my and supgﬂQj(g)ﬂi my s
¥ j >0, where {mj, j >0} 1is a sequence of non-negative

numbers satisfying I,m, < =,

J 3 -
(i1) a.s. ’ v .
limg N Z a(n)a(n)' and limg N Z b(n)b(n)'
n=1 - - n=1
exist and are finite, ..
(iii) 1imn n-%ﬂa(—n)ﬂ = 0 a.s., 1imn»n-%ﬂb(—n)ﬂ_=.0 a.S.,
o N 9 | . o
then 1im sup, sup, N : bv(x )1 =0 a.s., A_ = 27wt/N.
N £ eyt t

_ (iv) 1If, in additioh, Ja finite positive constant c
“8.t. E(“a(n)"z)'i ¢ and E("b(n)“z) < c for n = 0,%1,...,

then ¢ € > 0 3K = K(e) s.t‘.
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-1 N 2
P(sup, N T hv(xa )% > ®) < e
£ t
t=1
Similar results hold for <z(X).
: 4 N 1 N
Proof N T v(At)v(xt)* = N Z{ T T K N(t) +
=1 £y, k=0 J2%> |
N © o N
+ I I T (¢) + T T (t) +
j=o k=n+1 JoKoN J=N+L ke=o Jsk,N
(<] «© V
4+ X b (t)}

J=N+1 k=N+1 j N

= I+ IT_ 4+ III_ + IV.

N N N N say,
- . i(j—k)kt
t = . E D! -
where Tj’knﬁ ) PjRj,N(At)Rk’N(At) Pl e | with
Rj N(J\) defined in Lemma 8 above. Putting
] .
' = 1 M : - -
Sj,k,m,n(t) Pj g(m)a(n) Ek egP{i(J k+m n)At}
we can write IN_ as IN = Iél)— Iéz)—1§3)+1é4? where
- N o (] .
1§1)= Nl o: 3 3 Sy g gt
t §,k=o m=-j+1 n=-k+l J°K:Ts0
N
= z t P a(m)a(j—k+m-fN)'PL
jsk=o0 f——°° ’ '

and tm is a sum over -j+l1 < m < 0, -k+1 < j-k+m-fN < 0.-

It follows that .

N min(o,k—j)
I T I ﬂﬂPk““a(m)“ﬂa(j—k+m“
Kk | '

1)y
N =0 m=-j+1 3

IA

3,

’ N min(o k-3)
¢ I %k*m m [ (3+1) (k1) } 2 a(ml? +
~ 3,k=o0 m——j+l

A

+‘na(j-k+m)n?}

Below we assume that constions'(i) - (iv) of the lemma

" hold unless stated otherwise.=

Using Chébyshev's inequality, it follows from the ‘above
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that ¢ € > 0 aKl = Kl(e) s.t.

P(supgulél)“ > K) < e for K > Kl } (7.45)

- furthermore, if only conditions (1) - (iii) hold, then

it is easily shown that

lim s{.xpN sup, N—lﬂlél)ﬂ =0 a.s. (7.46)
. N o N
I§2)= Ntroos z Tos. o (e) =
t jy,k=0 m=-j+1 n=N-k+1 jok,m,
N min(o,k-j)
= T T P a(m)a(j—k+m+N)'Bé
j,k=o m=-j+1 3
_ N N o
1é3)= vl oz : I Sy 1 mq(t)
t j,k=0 m=N-j+1 n=-k+1 Jsk,m,n
N N N
I§4)= 'l =: z z 5. (t) =
t j;k=o m=N-j+1 n=N-k+1 ) ?m,n
- N min(N,N=j+k) '
- = X P { T a(m)a(j-k+m)'} quc'
jsk=o0 3 m=N-j+1 :

and it is not hard to show that results analogoﬁs to (7.45)

and (7.46) hold for Iéz),...,Iéa) and hence for ' Ig-
: o (1) _ (2) _ (3) (4)
We can writg IIN as IIN = IIN IIN IIN + IIN s Where
N © o N-k
IIé1)= N1z oz z z I8, o () =
t j=o k=N+1 m=-j+1 n=-k+1 J°<°0> -
N © 3=k -
= I L

z Pj a(n+k-j)a(n)'Pé
j=o k=N+1 n=-k+1

. N - - . [s) v N
. t j=o k=N+1 m=-j+1 n=1 jrk,m,

Let k = sN + k' (s = 1,2,4..3 k' = 1,...,N). Hence

(2) N o N j-k' :
IIN = 7 )X T Pj{  a(n+k'-j)a(n)' +

j=o0 s=1 k'=1 ~‘a=1
| N+i-k' -
- "_ ' '
+ z a(n-N+k'-3j)a(n) }PSN+k'-

" n=N-=k'+1
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© N N-k

' N
t j=o k=N+1 m=N-j+1 n=-k+1 jr,k,m,n
- ‘ = I I P { z a(n+N+k-j)a(n)'}'Pﬁ
j=o0 k=N+1 n=-k+1
N o N N
pp(8) -1
IIN =N "L I z b L Sj,k,m,n(t)'

t j=o k=N+1 m=N-j+1 n=1

Let k = sN + k' (s = 1,2,...5 k' = 1,...,N). Hence

4 _ Y = ¥ 3kt
I = I > I P {'Z a(n+k'—j+N)a(n)' +

N =0 s=1 k'=1 Ilg=1
min(N,N+j-k')
: X v ' '
+ >n=§_k'+1 a(n+k'-j)a(n) }PSN+k'

and we will have results analogous to (7.45) and (7.46)

- holding for each of II(l),{..,II(A) and hence for IIN

the symmetry between j and k, similar results will also

hold fon I1I

N.
SRR & § BN ¢ BRI ¢ ) SN ¢'3 )
We can write IVN as.IV IV IVN IVN f IVN ,
where -
- ® N-j N-k ,
IVél)= N L L > S, k (t) =
t j ’ k=N+1 m=-~j +1 n=-k+1 JsK,m,n
) N._j )
= . 1 P a(m)a(y-km) "By
iy k=N+1 m=-j+1. _
(2)_ -1
Wy =8 "2 z z E 5y ,m,n(0)

t j,k=N+1 m=-j+1 n=1

Let k = sN + k' (s 3;1;.k' = 1,;..,NJ; ., Hence

»  ® N N-j , |
IVé2)= r I I P { I a(m)a(j-k'"+m)"' +
| §=N+1 s=1 k'=1 I lm=-j4+14%" ' |

—j+k'

+ I a(m)a(j—k'+m+N)'}P' .
m=-1+1 | ) sN+k'
o N . N-k |
(3)_ -1

IVN = N z I z L j k,m, n(t)

t j,k=N+1 m=1 n=-k+1
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o N N
5 t 1S ,k,mn‘t)*
j,k=N+1 m=1 n=1 J :

(4)_

IVN

N1z

t
Let j = rN+j', k = sN+k' (r,s > 13 j',k' = 1,...,N).  Thus
o N | min (N,N+k'-§')

(4)_ ; { Cortam) ! .
A ARLISTI ) 3 P 5 a(m)a(j'=k"+m) " -
N r,s=1 j',k'=1 TN+] ' m=max(l,1+k'-3j")

N
+ T a(m)a(ji'-k'"+m-N)' +
n=N+1+k'-3"'
k'_jl
) 1 1
+ mfl a(m)a(j'-k'+m+N) }'PSN+k'

and we shall have results anaiogdus to (7.45) and (7.46)

holding for each of - IVél)— IVé4)‘and hence for IVN' - This

completes the proof of the lemma. [

Theorem 8 Put At = 27t/N  and
, - N N
'TN(E) = ~-I WP(Xt;E)Wq(Xt;E)*- E P(lt;g)wa(lt)wb(lt)*Q(lt;E)*

t=1 ' t=1

(i) If conditions (i) - (iii) of Lemma 9 hold, ;hen

-1
limg supEN “TN(E)" 0 a.s.
(1i1) If, in addition, condition (iv) of Lemma 9 holds,
then . ‘ : 7 .
| -5 - ;
supE N TN(g)“ op(l).,

Proof of Theorem 8

. _ -L T .
TN(E)-N' iv(lt)wb(lt)*Q(kt)* +,

Y * -1, | *
+ N iP(At)wafxt)c(xt) + N iv(kt)c(xt) (7.50)
and it is obvious from Lemma 9 that (i)»holds. Let
Q(M)(A;E) be the Cesaro sum to .M, terms of the Fourier series

for Q(r;&). Then (Zygmund [1959, Theorem 3.4,p.89]),

¥ & < 0 there exists an Mi'é M, (e) such that
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Ay= sup sup “Q(M)(A;E)-Q(A;g)“<.e for M > M
EEE AE[-m,7] -

;  (7.51)
Let S, .= sup N1 Iv(r_)w, (A )*{Q(A’)-Q(M)(A )} Then
N,M Pt AR e Agl it

N 2

-1 4 12 -1 1
Sy u S ¢ Ay supN T Zhv(a )1 +e AN z b(n)l
, Lt : n=1
so that _ _
| -1 o ]2 € \ioap
P(SN,M > 2¢e) < P(sngN i v(kt) > cAM)+ cAM/e

and by (7.51) and Lemma 9 the right side of this last
ineduaiity can be made arbitrarily small by increasing M..

Hence, to show that ¥ € > 0

| lim_supNP(supg"N_l VO )w, (A %O > e) =0 (7.52)
3 "t

it is sufficient to show that ¥ ¢ > 0

lim supNP(supE“N_l IV wg (A ) ke Il > e) =0 (7.53)
’ t . .

for all finite integers wu. To be specific we take u > 0,
where u is fixed and N >> u. The‘analysis for u< 0 is

very similar and is omitted.

1 fud, .y N (N
N7 I v )wy (A ) *e =N 23 3 { T, _(t) + -
t - ~ toamily=o 107
N ff)}= 1,0+ I
j=N+1 3B

with Tj;n(t) f PjRj’NK{L)b(nj'exb{i(j+g—nzlt}

Uy m,n(E) = Py a(m)b(n)'exp{i(j+u+mfh)xt}.
We cén write IN as Iél)f iéz),where
3y N N o
Itgl)-= Ny oro: s (t)

U m,n
't n=1 j=o0o m=-j+1 jom,
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N - ¢ min(o,N-j-u) | o . o
_ N-% z Pj{ : z a(m)b(j+m+u) '+ T a(m)b(j+m+u-N)’}
j=o

m=1-j " m=N+1-j-u

and it.follows that

(1) -
lim supNP(supgﬂIN I> ¢) =0 (7.54)
_3. N N N
1§Z)= N 2% ¥ I I Usom 2(t) =
t n=1 j=o0 m=N-j+1 “°*>° :
_1 N - (min(N,2N=j-u)
=N z P{- L a(m)b (j+m+u-N)' +
j=o 9 m=N-j+1 S
N . .
+ z a(m)b(j+m+u—2N)'“}\
m=2N-j-u+l

and a result of the type (7.54) will hold for iéz) and hence.

: ‘ : (1) _ (2)
for IN' We can wE;te IIN as IIN IIN with
_3 N =  N-j ' o ’
II§1)='N f@ I = z U, o (t) =
: .t n=1 j=N+1 m=-j+1 J°™
y, = _ ( N-i-u | N-j | '
= N pX P.{' T a(m)b(j-m+u) ' + I a(m)b(j+m+u—N)‘}
j=N+1 I\ p=1-3 : : n=N-j-u+l o :
-3 N .® N
11152)= N % T I .z DU HOP
t n=1 j=N+1 m=1 J°™>
Let j = rN+j' (r > 1; j = 1,...,N). Hence <
(2) » _;i © N . N'-j"u
IIN = N * % z PrN+j'{v T a(m)b(j'+utm) ' +
r=1 j'=1 : n=1

min(N,}N-u-i') .
T+ 3 a(m)b(j'+m+u-N)"' +
m=max(l,N-u-j'+1l) ‘

N ' '
o+ z a(m)b(j'+m+u-2N)'-}.
m=2N~j'-u+l

Hence a relation of the type (7.54) will hold for Ilél) and

N , and thus also for 'IIN. It follows that (7;53), and
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hence (7.52), hold. A resuit similar to (7.52) may be
obtained for the second term on the right in (7.50) and, by
Lemma 9, also for the third térm on the right. This

completes the preof of Theorem 9. O

Corollary 1 Let v(X) and wb(x) be defined as above.» If
R(A) is a continuous periodic hatrix function of A of period 2w,

and the following ﬁatrix—vector product is compatible, then

N .
sup IN"Y I RO )veelv(A)w (A )} = o (1), A, = 2me/N.
3 ey E SAedwy LAy P Ae T
Proof This follows directly from the proof .of

. Theorem 8. [

Proof of Theorem 5 By using Theorem 8 we can deduce

Theorem 5 from Theorems 1-3. O

Proo} of Theorem 6 It can be readily verified that the

assumptions of Theorem 6 impiy that assuﬁptions Al., A2.(i)
or (i'), A3., AA.;‘AS; énd A6.(i) hold. Because 'assumptions
A2.(1ii) andAA6.(ii)'are'on1y used to show that condition

s6. (1i1) holds, the proof of the theorem will:be complete if
we can show that assumptions Bl. - B3. imply that S6.(ii) -

holds. We now do so. ' ”

For a fixed 6, suppose that h(e) = 0 and Q(e)=9(60).

- From the proof of Lemma 4 we will have that V¥(z;0) = I ¥z

| (p)
"and
™
' J m(x;e)de(x)¢(A;e)* = 0 , (7.60)
But ¥(z;0) = i(p)' means that B(z;0) = B(z;eo) and hence
'Q(z;e) = c(z;eb) —‘C(z;e). " Therefore ©¢(z;0) is a polynomial

of degree s at most. It now follows from (7.60) and

assumption Bl. that ¢(z;8) = 0 ¥z, i.e. C(z3;6) = c(z;8 ).
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Thus, we have shown that if Q(g) = Q(eo), then

[B(z;8), C(z38)] = [B(z;eo), C(z;eo)]. If this last

relatfon holds, then
[B(z;8), C(z38)] = U(z30)[B(236 ), C(z;6 )]

where U(z;80) is a rational function of z. By Lemma 2.3
.and B2.(iii) U(z;6) must be a polynomial matrix in - z. It
now follows from B2.(iv) and B3. ﬁhat U(z:0)

O

i.e. 6 =06 ., O
o N

Proof of Theorem 7 We omit the proof as it is similar

to, but easier than, the proof of Theorem 6. 0O

.. COMMENT

Usually v(n3;6) as defined in (3.10) involves the
infinite past (an exception to this is when assumption Al' of
§3 holds) so that" 2&(6),=given} 6, is not computablé. Using
the lemma below, it is straightforward to show, however, that
Theorems 1 to 3 still hold if v(n;6) of (3.10) is replaced
by - '

n-1 ' n-1 -
z Gj(e)y(n-j) - I Fj(e)X(n-j)-
j=o , j=o

Lemma  Suppose that: (a) E 1is a subset of Euclidean
space with typical element £. (b) "{a(n), n = 0, + 1,...1}
is é-possibly stochastic vector sequence satisfying

2
=0 a.s.

o 11mNN'11Ia(-N)
and
N
lim N 1 .

N a(n)a(ntk)' = P(k)A a.;.,'k~= 0, i.l,f..

n=1

where T(k) is a finite nonstochastic matrix ¥ k.
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(c) {Pj(E), j > 0} 1is a matrix sequence with the Pj matrix

functions of & such that

- ‘ sup ”Pj(E)" < oy for j > 0,
EEE '

where ‘{mj, j > 0} is a sequence of scalars satisfying

zj=o jmj L
Let
n-1
p(n;&) = I Pj(a)a(n-j), q(n3g) = I Pj(E)a(n-j)-
 d=o N
‘ fhen, uniformiy in &, E+ € 3, we have: ‘
N . N » ‘ . :
-1 ' -1 , 88,
(1) N 7 L p(n;E)p(nte;E )" - N Xiq(n;s)q(n+2;§+) —
n=1 n= :

as N > &,

I1f, furthermore,

Rl *® 1 2
s 1 { T e @1} <o,
=0 ‘ k= v -

then

a.8.

N ]
(11)  limN° z q(n;g){p(n3E,) - a(n;e} = 0

Proof (i) This follows immediately from the proof of
Lemma 1(c). A ‘ o

N
(11) N7 Zlq(n;E){p(n;£+) - a(n;E )} =

. n = . .
a(n;&) { £ P (E )a(-jS}' +
1 ‘ =0 j+n 7+

. N.
=N g I

n

_ - [ » '
+N7 1 q(n;8) { L Py n(E)al=1) } .
n=M+1 j=o
For M a fixed positive integer, the first term on the

right obviously tends to zero. We look at the second terﬁ.

0
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N

IN"?% g q(n;a){
n=M+1

. ,
; Pj+n(£+)a(-j) <

W8

o

) -1 N 2. ¥ >k
< {N - lqm;se)l }x b { zj HPj+n(E+)H X -
n=M+1 n=M+1 ‘*j=o

x i 75 a -1 }

a.s.
— 0 ‘as M,N »+ o

by assumption. Thus we obtain (ii). O
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CHAPTER 5
DISCUSSION OF THE GAUSS-NEWTON ALGORITHM

__ 1. INTRODUCTION

This chapter has two aims, The first is to briefly
and informally discuss the properties of the é.N. algorithm
from a computatioqal, rather than a statistical, pﬁintvof
view. The second aim is to relate fhe G.N. algofithm to

some of the estimators proposed in the literature.

2. DERIVATION OF THE GAUSS-NEWTON ITERATES
Suppose that we minimize thé criterion function

1

!

I~ =

2£(08) = (2N)~ tf{@(n)v(n;le)v(n;.e)'}

) 1
over somé permissible parameter sbace, © say, to obtain an
estimate of an unknown parameter value 60. The +v(n;6),
1 < n < N, are tWice‘differentiéble \pX1 veptor1functions of
® with continuous second derivatives; the ¢(n), 1 < n < N,
are pxp symmetric p.d. matrices; 6 is an mx1l vectorland

we assume that eo is an interior point of 0. P

~

To obtain the minimizing value of 6, 6 say, we would
normally try to solve the first order equations

92(8)/36 = 0" . ' (2.11)

. »

Put k(8) = 22(6)/26. If k(8) is highly nonlinear in
6, then a closed form solution of (2.11) cannot usually be
obtained; instead, we often use some iterative procedure to
obtain 6. A common iterative algorithm to determine 8 is

the Newton-Raphson algorithm (e.g. Kowalik and Osborne [1968,

P.65]) which is described by
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e (311 _o(3) -[azz(e)/aeae'l’lk(e)l Cgyr 320 (2a2)
6=6 :

with ~9(0) initializing the iteration. Let s

be the ith element of 9. Then

2 - w1
) z(e)/aeiaek N‘ .

N o=

tr[@(n){Bv(n;e)laei}{av(n;e)'/Bek}]+
1 . }

nm~m=z

tre(n)v(n;0) {a2v(n;0) '/20,00, 31 (2.13)
1 . : .

n

" If we modify (2.12) by omitting the secondvsummation

on the right in (2.13), then we obtain the G.N. iteration

e (31 _ 6 (3 o _x(e) Li(e) s 320 (2.14)
|6=6(J) - '

whereb A(B) = N_lznﬁ(n;e)'é(n5V(n;9) and V(n;6)=3v(n;9)/36'.

" An instructive altermative way of obtaining (2.14) is
the following. Given 6(0),t6 0 (1) e obtain. p (3+1) by

minimizing

\

(2m) "1

I I~

n=1

tf{@(n)v(n;ﬂ,e(j))v(n;e,é(j))'} v(2.15)

Where v(n;e,e(j)) is the 1ipearization of v(n;6) abaut -
e(j); i.e. v(n;e,e(j)) = v(ﬁ;e(jZ) + V(n;e(i))(e—e(j)). It

is easy to check that the minimization of (2.15) yields (2.14).
Tﬁis second approach shows that in obtaining thé G.N. iterates
(2.14) we per%orm‘a sei;ence of linear'reéressions,

regressing v(n;e(j)) oh'{-V(n;B(j))},,with weighting matrix
®(n), tb obtain the corrections (e(j+1) - e(j)). This last
.obéervation means that if @(n)iis constant for_ n=1l to N, as
is usually the case, then.we can use ordinary linear regression

programs to update the iterates once we have written sub-

routinés to compute v(n;6) and V(p;e).
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We now discuss some useful simple extensions of the
basic G.N. algorithm (2.14).
1. We can permit the ¢(n) to be functions of 6; We
would then use @jn;e(j)) in (2.14).
2. Suppose we want to minimize 2(6) subject to the

continuously differentiable constraints h(6) = 0. Constrained

minimization of 2(6) gives the first order conditions

~3(e)/o6 + H'(8)A o,lh(e) =0 (2.16)

wheré H(6) = 3h(0)/36' and A is a vector of ﬁagrange

multipliers. Hence a simple constrained version of (2.14) is

o (3FL) o (3) A(B) JH'(O) -1 k(0)

e & o o *® o o 0 ® & ¢ s & 0 0 0 L ’jlo

EYCAN 1

o) lue o {ne) W)

(2.17)

We have already met the above algorifhm in 3.83.

3.> The criterion function (2.10) and the algorithms (2.14)
and (2.17) are'maiﬁly suitable for tiﬁe domaiﬁ esgimation. We
can, however, obtain diréct anélogues to deal with frequency

domain estimation. See for‘example 4.84 and 7.86.

3. FURTHER PROPERTiES‘AND MSDIFICATIONS

A is obviously p.s.d. and hence it is p.d.;if it is non-
- singular. VWe.can~take-advantage dfvthis property in an un-
constrained application of the G.N. algorithm, i.e. (2.14), by
using the efficient Cholesky decomposition to invert A. See:

Wilkinson [1971, p.2].

We now assume that if there are any constraints on. 6,

then they are linear, with H of full row rank. We call

{e(j) - e(j'l)} the jth step of the G.N. iteration (2.17).
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For convenience we let 6 = e(j'l), 6 = 03) ana put

+ t(é- E), t > 0. Given that and 6 satisfy the

@|

Gt =

linear restrictions, we will say that the direction of the

jﬁh step of the ?teration is downhill if for vt sufficiently
~small and positive l(ét) < 2(6), with equality if and only if
5 satisfies the first order conditions (2.16). The following
lemma is a generalization of (I) in Kowalik and Osborne

[1968, p.72]. |

Lemma 1 Suppose that the restrictions h(e)‘f 0 are

linear in 6 and the matrix

- rA(B) . H'
)
is ‘invertible. If;'h(e(o)) = 0, then h(e(j)) =0 for j > 1

and (2.17) has its jth step downhill for j > 1; furthermore,

12 63)  garisfies (2.16), then oW*L1) o (),

Proof It is obvious from (2.17) that if h(8) is linear
in 8 and h(8¢®) = 0, then w83y = 0 for j > 1. Put
E = I(ﬁ) - H'(HH')_IH. Because rank (EAE) = rank (E) by

Theorem 2.13(iii), it follows from the proof of Lemma 3.5 that
: ~

8§ -9 = —(EA(G)E)+Ek(6)| ; (3.10)
|e=6

so that
20, - 2(8) = (8,-0)'k(®) + 0(t?)

= —t{Ek(8)}"{EA(B)E}T(EK(T)} + o(t?).

Henée Q(Bt) < 2(8) for t positive and sufficiently émall
unless Ek(g) = 0. Ek(8) = 0 means that there exists a A
~such that k(8) + H'A = 0 so that_ ® satisfies (2,16) because
h(e) = 0; Furthermore if Ek(8) = 0, then it follows from

(3.10) that 6 = eo. O
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If the restrictions are linear ;n 6 and the
itérations (2.14) or (2.17) converge very slowly or not at
all, then the result of the above lemma leads naturally to the
modified Gauss-Newton algorithm described below. For
convenience we discuss the unconstrained case. Foilowing
Kowalik and Osborme [1968, p.66] we compute the modified G.N.

iterates as follows. For i > 1:
(1)  compute &1 = —a(e (1))l 1)y
(i{) define 1) = s D) s D)y ,
(iii) letA o* minimize g(e(i) + pvfi));

(iv) let o i+l =‘9(i) + p*v(i).

This modific;t{on, which retaigs the>G.N. direction but
modifies” the step length, usually minimizes total computation
‘time and ensures convergence. Its success is mainly due to the - -
fact that the G.N. direction is downhill so thaf each step of
the modified iteration decreases 2(8). For a further
diécussion on the choice of steplength in the G.N. algorithm

see Bard [1974, pp.110-116], and Kowalik and Osborne [1968,
e
p.711. ‘ : _

]

If the above modification of the G.N. algorithm is used,

then

Ty = [20o D)y e (3)y 171142 (e C3-1)y,

could be used as a termination criterion. If Tj < some small
pfeééribed positive value on two or more occasions, then the

iteration is terminated. Seg also Box, Davies and Swann

11969, p.8] and Bard [1974, p.114].

A different modification of the G.N. algorithm, which is
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also designed to increase computational efficiency and
enhance convergence, is due to Marquardt, Levenberg and

Morrison (see Bard [1974, p.94]) and is described by

e (31 _ 5 () _ _iacey+o ) j>o0

3T (m) ()’

with > 0. See also Kowalik and Osborne [1968, p.74].

°3
4. RELATING THE G.N. ESTIMATOR TO ESTIMATORS PROPOSED IN THE
LITERATURE

" In this section and the following two we relate the
G.N. estimator to some of the estimators proposed in the
literature. Before doing so however we obtain some

elementary but useful perturbation results.

Lemma 2  Suppose that A, A, B, B, ¢, &, D and D are
matriées of dimension pxp, pxp, PXq,Pxq, PXr, pxr, pxp and
PxXp respectively, A, ﬁ, E aﬁd ﬁb may be regardeé as
perturbed values of ‘A, B, C and ,D.\ If A; K,‘D and D are

nonsingular, then omitting terms of second order or higher in

(A-A) etc. we have

. -~
(1) a~t=2"18+47 1 (3-8)-A7  (a-R) A7 1B,
(ii) AB=AB+A (B-B)+(A-A)B=AB+(A-4)8.
(1i1) A'lsc-ﬁ'lﬁé+2'1ﬁ(c4é)+&“1(3—ﬁ)é-i (A- A)A'lﬁé
=11y _z-ls-l= 2-la- -1

(iv) A B=A""D B+AT D L-8y-a~15~"1(p-pyp 13-
| i la-aatls1s,
The proof is straightforward and is omitted. 0O

The first modellwe look at is the simultaneous equations

. model with AR residuals
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r s t
jiijy(n-j) = jiocjx(n-j)+u(n), jioAju(n-—J)=e(n);'Ao = I(p)'
(4.10)

We have already discussed this model in 4.5§5. Let
. % s . t 3
B(z) = I B,zJ, c(z) = 1 C.z) and A(z) = I A,z
j=o J ’ 1=
J
and put 6 = vec(Bo,...,Br,co,..,,cs,Ao,...,At) and

v(n;8) =‘B;1A(L){B(L)y(n) - C(L)x(n)}, with L the lag

operator.

It is clear from Chapter 4 why v(n;6) has been defined
in this way. We will assume below that the G.N. iterates are

constructed as described in Chapter 4.

Using Lemma 2(iii), the Iinearization of v(n;0) about
0 is_gi;en by
v(n30,8) = p(a) + BITAL) [{B(L)-B(L) Iy (a)={C(L)-E(L) }x(n)] +
+ BoHA@-AW Yam) - 8718 -3 )p(n) (4.11)
where P(n).= v(n368),9(n) = B(L)y(n)-C(L)=x(n); we»writé A(L)
evaluated at 8 as A(L), with B(L) and C(L) defined -

similarly. . -

I1f (4.10) is a reduced form system, i.e. Bb = I(p)’

we redefine © by dropping B_. (4.11) reduces to
v(n30,8) = p(n) + A(L)[{B(L)-B(L)}y(n) - {C(L)-E(L)}x(n)] +
+ {A(L) - A(L)}q(n) S (4.12)
We now note the following.
(i). We can rewrite (4.12),as

v(n30,8) = A(L){B(L)y(n) - C(L)x(n)} + {A(L)-A(L)}q(n)

then -
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and it is clear from this last equation that Hatanaka's
[1974] two-step estimator is just the first iterate of a G.N.
iteration scheme. This has already been observed by'
Hendry [1976, p.83] and Byron and Pagan [1975] but the
derivations in ;he references just cited seem to be more
cumbersome than our derivation.v

(ii) Put §(n) = y(n) - p(n).” We'can rewrite (4.11) as
v(n30,8) = BZ1{{A(L)-A(L)}q(n) + A(L)q(n)-A(L){C(L)-E(L) }x(n)+
HAM) - T HB(L)-B(L) }y(n) + {B(L)-B -(B(L)-B ) }y(n) +
+ (BB )5 ()] | | - (4.13)

Identifying §(n), q(n) respectively with ‘%(2) and u .
of Hatanaka [1976, pp.194—196] it is not difficult.to see'froﬁ
(4.13) tﬂat Haténaka's [1976, p.196] estimator (c) is exactly
the firs; iterate of the G.N. algorithm. |

(iii) Hatanaka's estimators (a) and (b) are also closely
related to the G.N. algorithm aﬁd it‘is eésy‘to>ppove that
they are asymptotically efficient once we have proved that the
’C.N. estimator is asymptotically efficient.. We first discuss
the estimator (b) (Hatanaka [1976, p.195]),vuéing'Hatanaka'g

notation for convenience.

It is not difficult to verify that

y - (ﬁ'eIT)XY = ¥ +u - (ﬁ'elT)Iﬁ. | o (4.14)

- rl

Therefore,we can rewrite the ekpreésion for the estimator
(b) as

e 4 i
where 4(¥,0) = [(, 1_elD) ($GII)- (e,1_8l0)],

k(¥) = (¥, I_6 Xﬁ)'(iel,r')'l{ﬁ - (R'e1p) Luy,
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~

8 = vec(5,R), 82 - vec(5(®) 2(2)y,

Because the expression for the G.N. algorithm is
(Hatanaka, p.196)
(6 (3

-5 = 4B, §y "L (D)

it follows that' é(z) - 6(3) = oP(N-%). "Hence Hatanaka's

estimator (b) is asymptotically efficient.

Because A(@(z),ﬁ) is not p.d.,it seems to me that (4.15)
is computationally inferior to the G.N. algorithm for the
fpllowing reasqns:(l) We now require a general matrix
inversion routine to invert A(@(Z), @); (2) the direction-of

a step of (4.15) is no longer downhill.

We also note tliat if we iteréte (4.15) till convergence,
then we will obtain a solution of tﬁe first order equations
(2.11). )

(iv) Next we look at Hatanaka's estimator>(a)‘(p.194).
We again use Haténaka's notation. It is not difficult to

check that

a8 D) 5y = ae D)5 )y,

Using (4.14) we can now rewrite Hatanaka's estimator (a)

P

as

A R Y AR AR R FEARR

and- again we see the clése relationship between Hatanaka's

estimator (a) and the G.N. estimator.

We note that the estimator proposed in Dhrymes and

Taylor [1976, eqn(l7), p.372] is exactly Hatanaka's estimator
(a). ' ’
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5. CONTINUATION - THE ARMA MODEL

The second model we consider is the_ARMA model. It

will be convenient to consider the scalar case and to depart,

for this section-only, from our usual notation. We consider
q ' P
T Bjx(n-j) = ¢ a.e(n-3) (n=1,...,N) (5.10)
j=o j=° J ]

where a, = Bo =1, The observed scalar sequence {x(n),n > 1}

forms a stationary process, while the e(n) are independent and
identically distributed with mean zero and vgriance\ o2. We

-but

LN 3 ]
a(z) = I a.z°, b(z) = I B,z
j:o J j=

@t = (agseepe)), B0 (BysenesB)y 01 = (a',81),x5(A) =

- (ei" ix iqa

,...’eipx), Xé,(}\) =(e seeese )

x(a)el™, 1(n) = Jw(r)]|?

1

w(d) = (21N) "%

n

I ™

We assume that a(z) and b(z) have all their zeros out-
side the unit circle and denote a(eik) and b(eik) by a(x)

and b()A) respectively. Let

E S

1

n

- N 2
2(8) = (2N) £ |v(n;e)|
=] . .

- - P

where v(n3;0) = afl(xn)b(xn)w(xn), with »An = 2mn/N (n=1,...,N).

For a motivation of the criterion function £(6) see 4.54.

We will now show that: (i) the estimator proposed by
Akaike [1973] for the model (5.10) is exactly the first step of
a G.N, iteration applied to z(e);' (ii) in general, the

estimator proposed by Hannan [1969b] for (5.10) is not the same
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as that of Akaike but differs from it by a term of order
op(N-%). For the pure moving average case, however, Hannan's '
estimator will be the same as Akaike's if the initial estimate
of o 1is obtained by factorizing the estimated spectrum of

the =x(n) process.

- Proof An application of the G.N. algorithm to 2(6)

~ yields as a first step,

N -
T a -1 d3v(n;08) 3v(n3;6),-1232(H8) L =
® 0 [{x E BEL 26" I 36 ‘]e;e -
n=1 -
U . -W'n1 (-c - Ua ‘ (5°11)
= - " e ‘ X s % / -
w. v | |4V g3
where -
-1 Y 5v(nze) 3v(nje) -1 ¥ —
U(e) = N pX 2 =t = N I x_x*bb(aa) I
- - da Ja =1 @70Q ‘
n=1 n=1
(5.12)
-1 Y 3v(a;0) 3%(nze) -1 X -
W'(8)==N z a’ BB: = N T xaxgba(aa) 1
n=1 @ : n=1 :
(5.13)
N - N
vie) = vt p 2vmi®) Wv(mi8) _ 7l ;o yxcad) Tl
n=1 , n=1 (5.14)
-1 N ) -1 ¥ -
c(8) = N PN xabb(aa) I, d(6) =N z xB(aa) I
with P an initial consistent estimate of 60, the true value

o ]

I3

of 6. In (5.12) to (5.15) Xy stands for xa(kn) with a

similar_expianation for Xgs @5 b and I. Comparing (5.11)
to (5.15) with (3.9) to (3.13) and (4.1) of Akaike [1973] it
is eaéily seen that Akaikefs estimator corresponds exactly to

" the estimator just obtained. Hence (1) is proved.
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Let s ov7lay s, oD ua=pvT o (6 -pywerva

P = (U.--W'lew)'-1 and R = V-IWP. It follows that

a- &='{Pv(a(i)—&)}e=5, é-é#{RU(a(i)—&)+s(i)-é}e=§ (5.16)

To prove (ii) we restrict outselves to the case where
Hannan's estimator is obtained by factorizing the spectrum
.%y(A) (Hannan [1969b, p.585]) to yield an initial estimate of
o, a say. The case where %y(l) is not factored follows
similarly. The derivation of Hannan's estimator may be
described as follows. Starting with initial consistent

-~

" estimates a and B satisfying

B -0 =0, ter 8{Y = -vH()a(d) ana

A BN RO TYCH IS

(1) (1)

It follows from above that BH = B and

a -1 _\
a}(li)—a =[ U %% ] , =[U 1{'2—2 aaae'(s(i) B)}]
- 6=0,8 (1) | B
+ op(N )
= [U-l{-c—Ua—W'(B(i)—é)}]e=§ + oé(N—%)
because

322(8) /2adB' = - W'(8)-+ o (1) | (5.17)

It follows that aéi)- a = -(a(i)—&) + op(N-%). Next we put
ag = a + B(OUMB) (a-a{t)), 8, = -v'l(aﬂ)a(aﬂ).

By (5.16), @y = a + OP(N-%),
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INCONME IR TIN
By~B {v aB}e=a e

H’

-1,~.793% 324 -
V@ B + St}

1

+ OP(N )

6=5,8 (%)

-1 .~ - N o=l
V " (a)W(8) (ay-a) + OP(N )
because of (5.17) and the fact that az(&,s(i))/as = 0.

, Hence by (5.16)
By - g (1) V—l(a)W(é)(&—&)+op(N_%) - rOHUG D5+ ?

+ op(N_%) and it follows that BH = é + op(N_%), again by

(5.16). The proof of the'first.part of (ii) is completed by
(D) 2R, 8@

A A i .
identify?ng a, B, gé )? g * %g and BH with o, B, a
(1) L) 5 (1)

and respectively of Hannan [1969b, p.585].

For the iurevmoving average case, i.e. b(z) =1,

o = 28 + U-l(&)c(&), since a = a(i)’by (5.16). The proof

of (ii) is compléted by identifying ﬁ&, -U_l(&)c(&) and a o
2 5 (D)

with ¢, and a respectively of Hannan [1969b, p.582].

Remark 5.1 (i) Because the Akaike énd Hannan estimators

-

-

are not exactly the same it should be verified that § is’a
real vector. To prove that it is we first note that if

eiZ'tr/N N

z = , them 2z~ = 1 and (zm)N_n, is the complex conjugate

of (z™" for m and _n integers. Hence (zm)N_n+(z

m)ﬂ
is real for 1 < n < [%N] and it is now easy to verify that the
right sides of (5.12) to (5,15) are real. The required
result folléws.

(ii) It is‘cléar that the matrix inverted in (5.11l) is
p.s.d., a result obtéined more indirectly by Akaike [1973,

pP.261]. This remark extends immediately to the vector case
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dealt with by Akaike.

(iii) We now amplify on a comment made at the bottom of
,p:26é of Akaike [1973]. Usiné the notation of Hannan [1969b,
eqn (2) and p.59i] the Normal Equations for the vector moving
average case become

P N

- ‘ 1% - - -1 =1%
N3z expliCe-Ba g i 6 Hade T Al g e =0
2=0 n=1 ) . ks
k=1’o.t,p’ (5-18)
' - - —1% ' ) C o
where G(a) = 27N 1 an 1Ig 1 and o = vec{A(l),...,A(p)}.

Assuming again that the spectrum is factorized to yield

A(j) (j=1,...,p), the linearized version of (5.18) becomes

-4 P N : A=]n vb—- .v—‘ ’ »
N or @ expli(a-k)a_}E LWy iz ™ -0 (5.19)
: _%=0 n=1 : : ) :
where
- P . . .
g(Aj) = I A(k)exp{ikxj}.

k=o0 .

Hence (5.19) would replace Hannan's eqn (12) if the
treatment there was a direct generalization-of the scalar case.
A similar remark extends to Hannan's eqn (13). Therefore, .

. unlike the scalar case, it is harder to»compare Hannan's

estimator for the vector moving average to the G.N. estimator.

6. CONTINUATION - THE ARMAX MODEL

. The. final model we look at is the ARMAX model

r. R - t
I B,y(n-3j) = I C,x(n-j)+ I A,e(n-j), A =1 (6.10)
=0 37 Cy=0 3 j=o 3 0 (p)

We-have.already discussed thié model in 4.§5. Let B(z), C(z),

A(z) and 6 be defined as in §4 and put
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v(n;0) = B;lA(L)-1{B(L)y(n)-C(L)x(n)}. It 1s clear from.
Chapter 4 why v(n;6) has been defined in this way. Below

we assume that the G.N. iterates are constructed as described

in Chapter'4.

Using Lemma 2(iv), the linearization of v(n;6) about 8
is given by

v(n36,8) = p(n)+B7TA(L) TH{B(L)-B(L) }y(m) ~{C(L)-E(L) }x(n) -

(A=A 1B p(m)] - 51 -B )p(n) o (6.11)

where p(n) = v(n;é); wé write A(L) evaluated at 5 as

K(L),with ﬁ(L) and e(L) defined similarly.

If (6.10) is a reduced form system, then we redefine g by

dropping 'Bo. (6.11) reduces to

v(n30,8) = p(n)+K(L>'1[{B(L)-ﬁ(L)}y(n)é{C(L)—&gr)}%(n)-
AL -A@W) Ip(a)] (6.12)
~ We note the following -

(i) Comparing (6.11) and (6.12) witﬁ (3.50) and (2.25)
respectively in Phillips [1966] we see that the estimators
derived by Phillifs are each précisely thg first step of a }
G.N. scheme for the simultaneous ARMAX model and the reducéd.
.fbrm ARnAX models respectively. Although this fac; is well
known for the reduced form case, it may not be (as‘well?)
~-known for the'simuitane;ﬁs equétions cése:

(ii) Hannan and Nicholls [1972] and Nicholls [1976]
extend to the reduced form ARﬁAX case Hannan's.[1969b] ARMA
estimator, while Nicholls [1977] extends Akaike's [1973] ARMA

estimator, also to the reduced form ARMAX case. Put

o = vec(Al,...,At),‘y = vec@o,...,Ct) and
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9(6)4

N-lznv(n;e)v(n;e)'.

Despite ah assertion to the contrary in Nicholls [1977]
we can easily deduce from §5 that the estimator given in
Nicholls [1977] is just the first step of a G.N. scheme where,

in addition,

-1 Y 5v(ei8)' _La-1 3v(n;b)
N r —2=— q(8) : 1
n=1 sa 3y

is feplaced by its asymptotic limit which is zero. (if

8 - 6, = 0 (1)). Therefore the Nicholls [1977] estimator
cérresponds to'the‘scoring method. We see'from 85 that it
is not identical to the Nicholls [1976] estimator (as claimed

in Nicholls [1977]) but differs from it by a term of order

1 .
—,i
o (N .
P( )

It seems to me that the scoring estimator will be
computationally inferior to the G.N. estimator for the reasons

~given in (iii) of §4. -
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CHAPTER 6

RECURSIVE ESTIMATION AND THE.GAUSSéNEWTON_ALGORITHM

- 1. INTRODUCTION

To introduce the idea of recursive estimation we first

look at the multivariate linear regression model
- (0) g L |
~y(n) v(n)eo + e(n) n=1,2,... (1.10)

where V(n) 1is a pxgq nonstochastic observed matrix,

6(0) a qx1 vector of parameters, y(n) a pxi vector of

observations and‘{e(n), n > 1}.a'sequence of independent and
identically distributed random variables having:zero mean and

a nonsingular covariance matrix Q(O). If eN is the

~generalized least squarés estimator of e‘o)bbased'on the

first N- observations, then
N _

oy = Pyl Z v(n)'Q(O)“ly(n)} , (1.11)
. n=1 o '
where
» : (0)-1 -1
- \i
PN = {ZnV(n) Y V(n)} .
It can be readily verified that (see Appendix 1) | -
- | o (0)-1 _ - | -
oy = eN_1+PNV(N) Q {y(N) V(N)eN_l} (1.12)

where P can be updated by

- . ] . ] (0) "'l
Py = Py y = Py V) 'IVAN)RL  VANY"+0° 7 1 TTV(N) B (1.13)

in accordance with current usage, we call (1.12) the
recuréive version of the least squares estimator (1.11). Let
é(n) = y(n) - V(n)en_l; the ';(n) are called the recursive
residuals and have nice properties (Brown, Durbin ana

Evans [1975, p.152]) if the e(n) are Normally distributed and
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~the V(n) are nonstochastic. 1f Q(O) is unknown, then it

may be estimated by

Q. = N I e(n)e(n)'

N n=1

and this estimate substituted for 9(0) in (1.12) and (1.13).

To avoid inverting Q. for eachNye can update 9—1 by using

N N
Sl e qn=lo-l =1, o2 -1 A s o1 '
Qg = NM(N-1) "y -1 (N-1) "Q je(n)e(n) ey} (1.14)
where .
, o .
= . - ' .
™ 1 + (N 1)e(N) QN_le(N). ) L

The recursive estimation technique may be described as

follows: we obtain the sequence of estimates {Gn; M <n< N}

by using the updating formulae (1.12) to (1.14) with M some

M? PM and QM

prescribed prior‘tb estimation in order to initialize the

prescribe& non-negative integer and with 6

recursion. Depending on the choice of BM, PM and QM’-
;the seqﬁence of fe#ursive estimators '{en, n > M} may or‘maj nqt 
coincide with the seﬁuence of non-recursive_generalized least
squares estimators (1.11). For the single equatioh versionm”

of (1.10), the recursions (1.12) and (1.13) were first‘givén

by Plackett [1950].

" We will now'discuss"priefly returs%ve'instrumental
variable estimation for the model (1.10). .Let {Z(n), n > 1}
be a sequence of gqxp matrices of instrumental variables. Then

(Iv) N

6y = Qg I Z(n)y(a) '_' (1.20)

is an instrumental variable estimator of e(o) based on N

1

observations, where QN¥{ZZ(n)V(n)J- . A recursive version of
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(1.20) is given by

D
]

enfl+QnZ(n){y(n)—V(n)en_l} : | (1.21)

o
|

n o Qn_l-Qn_lz(n){V(ﬁ)qn_lz(n)ﬂ(p)}'1v(n)Qn_1 (1.22)

In this chapter we show how to obtain. recursive . .
estimators for multivariate time series models by gsing the
G.N. algorithm. As will be explained below, the non-
recursive versions of our class of recursive estimators have
desirable statistical and computational properties. We will
not give any consistency or convergence in distriﬁugibn results
for the recursive éstimators as, given present techniques, they

seem very hard to get.

A heuristic discussion of almost sure convergence for
recursive estimators is given in S6derstrom, Ljung and
Gustavsson [1974] (see also references therein); while Hannan

[1976c] and Hannan and Tanaka [1976] give rigorous proofs of

a.s. convergence for some simple time series models.

We will also relate our class of recursive estimators to

some of the estimators appearing in the literature.

.o -
We conclude this section by explaining why it seems

likely that reﬁursive estimation will piay an important role
ip_the»empirical analysis of fime series models:

(a) To examine thé'staBility-of parameters énd variances
in the model by looking at the sequence of recursive parameter
estimates and functions of the recursive residualé. Various
test criteria have élreédy been suggestedbin Brown, Durbin and
Evans [1975] for the single equation version of (1.10).
| (b) To estimate on-line (particularly in engineering)

where it would be impractical to re-estimate the whole model
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every time a new observation came in. - Furthermore we may’
~continue estimating till a desired degree of accuracy is
achieved.

(c) Tracking parameters in real time (see Gertler and
Bdnydsz [1974, fig. 2].

(d) Closely related to (b) is the updating of estimates
in off-line (ordinary) estimation when if may be too costly to
re-estimate the whole model-every time a new observation came

in; e.g. monthly observations in a large econometric model.

2. RECURSIVE ESTIMATION FOR NONLINEAR TIME SERIES MODELS

Suppose we have the model

(0))

v(n;e = e(n) n=1,2.... ©(2.10)

subject to- the assumptions of 3.§2. For convenience we denote

the true values of 6 and Q by 6(0) and Q(o) respectively.
This is a departure from the notation of previdus chapters.

In Chapters 3 to 5 we obtained estimates of ie(o) and

(0)

Q by doing the following: (i) we linearized about 6, an

initial estimate (guess) of 6(0) to obtain , -

~v(n;0) = v(n;eo) + V(n;eo)(e-eo)

where V(n;0) = 3v(n;6)/36"'; (ii) we then performed a generalized
',1eas£‘squares regression -based on N observations, using the
estimated covariance matrix QN(GO), to give the first step of

the G.N. algorithm

V(n;eo)'ngl(eo)v(h;eo) (2.20)

o~

9-60 = -PN(eo)
o n=1

where

PN(e) ='{ZV(n;e)'Q§1(6)V(n;ejf
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By analogy with §1, a recursive version of (2.20) would

be -
. 6 =19 -P V(n;e6 )'Q—lv(n'e ) | (2.21)
- - n n-1 "n >"n=1 "n >“n-1 ' )
where Pn' and Q; are updated by
= P . T 1 . . '
Fa Pa-1 Pn—lv(n;en-l) {V(n’en—l)Pn—lv(n’enhI? +
+ 9 " vinze. P L | ' ' (2.22)
n >*n-1"n-1 _ *
-1_ Ca=lo-1 -2 -1 -1 . ) -1
Qn ‘ n{n-1) Qn—l (n-1) T Qn_lv(n,en_l)v(n,en_l) Qn—l}
(2.23)
with
T =1+ (n-l)_lvkn'e )'9_1 v(n'B" ) :
n 2 n-1 n-1 *"n-17"
Remark 2.1 We showed in 3.§3, in particular Theorem

3.4 and Corollary 3.1, énd'in 5.§é and 5.§3 that the non-
recursive versions of our claés of recursive estimators hgd
desirable statistical and computatipnal prqperties;

(ii) Closely. relateéd to our sequence of recursive
_ estimatoré (2.21) is the class of recursive estimators based
on the Newton-Raphson algorithm which ﬁas suggested by
Gertler and Banyasz [1974]. = It seems thatlour estimators are

simpler to compute, especially in the multivariate case.

3. -RECURSION IN MULTIVARIATE-LINEAR TIME SERIES MODELS

- . . P

For expository purposes we give a_detgiled derivation
of the recursive estimator.for the ARMAX model (3.10) (see
below) and for the vector linear simﬁltaneous quations ARMAX
model (3.30). Before doing so however it is useful to have

the result of the following lemma.

" Lemma 1 Suppose
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is a bxc polynomial matrix and r 1s a ¢ dimensional

. t
vector. Let x(z)' =(zd,...,zd ) and vy = vec(Gd,...,Gd.).

Then G(z)r = (x(z)'@r'@ I )y.

(b)
The proof of the above lemma is straightforﬁard and hence-

omitted.
We first look at the ARMAX model

r ‘ s RN
y(a) + I Bj<e‘°))y(n~a>= 5 cj(e(°)>x(n-j>+e(n) +
j=1 j=o 3~
t e I
+ T A,(6 Ye(n-3) o . (3.10)
j=1 1 | |

subject to the assumptions of 4.§2. Let

t .
. =.> j . ‘=
A(z;8) ;(p)+ jilAj(e)z , B(z:0) I(

r i
+ I B,(6)z",

C(z;é) =

[ e ]

Cj(e)zj

j=o
AXB(Z)' = (2,.0.327), xY(Z)' é_(l,x--,zs), xa(Z)' =1(z,-f-.zt),

a(f) = veé{Al(e),...,At(e)}

B(8) = vec{B (8),...,B_(8)},y(8) = vee{C_(8),...,C ()}, ~
~a(e) - da(0) /30", |
b(8) = 38(8)/30', c(8) = ay(e)/a8".

Putting v(n;g) = é(L;e)hl{B(L;e)x(ﬁ{-C(L;e)x<n)},'where

L is the lag'operator, we can re-express (3.10) in the form
(2.10). By Lemma 5.2(i) |
v(n;0) = V(n;§)+A(L;é)'lt{B(L;e)-B(L;é)}y(n)4{C(L;6)-
=C(L38) Ix ()= (ACL; 0) ~A(L; §) v (n; ) 1+0 (No-512)

and it now follows from Lemma 1 and the last equation that

V(n;0) = 2W(BED) A(L;e)fl[{xB(L)'ey(ns'eI Ib(e) -

(p)
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4{xY(L)'ex(n)'eI(ng(e)é{xa(L)'ev(n;e)'el )}g(e)]-

(p
We obtain v(n;en_l) and V(n;en_l) recursively by using

the relations

t - ‘
v(n36 _,)=- J.ilAj(Bn_l)V(n-j;en_J._l)+13(L;en_l)‘y(n)-C(L;en_l)X(n)
' (3.20)
¢ ,
V(n;an_l)= - jiiAj(en'l)v<n_J;en'j’1)+
* {xg (L) 'ey(m) eI \Ib (6, 1)
4{xY(L)'9x(n)'el(p)}g(en_lyf{xa(L)'ev(n;en_l)'@I(p)}i(en_l)
’ o (3.21)

: th | o , o
with the j°  block column of {x (L)'év(n;6__,) Gl(p)} given

by»'{v(nfj);en_j_l)'el(p)}(j =1,...,t). A recursive estigator

of 6(0)‘ can now be constructed és:in (2.21) - (2.23).

We now discuss recursive estimation for the .linear

simultaneous equations model

T s - , t
I B.y(n~-j) = £ C x(n—j)fg(n) + I A

e(n-3) (3.30)
j=o j=o 3 =137

where (3.30) is subject to the assumptions made for Model 2
of 4.85. For (3.30) to be identified it is necessary (but”
not sufficient) to impose some constraints on the- Ej’ Ej.

éj matrices.. A common set of constraints is the following:

and

(a) The diagonal elements of go are unity - a normalizationm
constraint.

(b) Certain elements of the matrices B, (j = 0,...,r) and

_ =3
gj (j = 0,...,8) are prescribed as zero.
Below we assume that the indices 1,7 and k have the
follbwing_ranges

l<1i<p,0<3J<r,,0c<k=<s,1

|A
)
A
t
L]
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Let bj(i)' be the ith row of Ej’ Bj

vector containing the unconstrained elements of b,(i)' in

h|
their natural order and define ck(i)' and Yk(i)' similarly

(i)' the row

but with respect to the gk matrices; let

Bj = vec{Bj(l)l-..,Bj(p)}, Y = veé{yk(l),---,vk(p)},

g = veé{Bo,..{,Br},Ay = veé{yo,..,,ys}, o = veC(él,...,At)

and 6 = vec(B,y,a).
We.define Yj(n), Xk(n) and Q(n;e) by

Byy(n) = Yy(m)Bys 3> 05 (Bo-T( 1)y (m)=Y ()8 ,Cx(n) =X, (v,

(B,-T(,))v(n30) = Qn;0)8, and let q(n;e)=B v(n30),

R(@={X, () ..., (am8)}, Y(@=(Y (@), ..., ¥ (a-D)],

S(n30)=¥(n)-{A(L)Q(n;6),0}, B,(e)=B; B, ,c, ()=B  C,,

3

Cn_a=l, -1 ~ (0)_.-1_(0)_-1",
AR'(B)—_]_S_.o A B, e(n)-ﬁolg(n) and Q° =B, "9 "B "

&M o»

S \ ‘
Putting B(z) =- ¢ B zj, C(z)= gjzj and A(z) = I +

o j=o0 (p)

-~

we can rewrite (3.30) in the standard form (3.10) so that

v(n;6) becomes
v(n;o) = B2 RAW MBIy - cWx@))  (3.35)

It follows from (5.6.11) and Lemma 1 that

. = '.1 -1 . - - ] . ' ‘
V(n;e) = B TA(L) [S(n;0),-X(n),-{x, (L) '@q(n;0) '0T ) }]

S(n;en_l), v(n;en_l) and V(n;en_l)bare now obtained

recursively by
, o .
s(nze__;) =‘Y(n)-{Q(n;en_l)+j£1éjQ(n-j;Bn_j;l),0} (3.40)
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t
v(n3o, =B HEMLY(M-LLx(m))- 2

] éjgov(n-j;e

)} (3.41)

V(n;en_1)=§;1[{8(n;en_l),-X(n),-(xa(L)'ﬁq(n;en_l)’QI(P))}-
-t ,
_vjiléjgov(n-j;en_j_l)] (3.42)

with gj, € and A gvaluéted at o6 _, in (3.40) to

(3.42). In (3.42) the 2th block column of

1 P ' . ‘ : Sl ‘,
{xa(L) 9q(n,en_l) QI(p)} is evaluated as {q(n-2;6

1
0h-g-1) O

(p)}'
Recursive estimators for (3.30) may now be constructed as in

(2.21) to (2.23). - | -

Remqu 3.1 (i) Because of the linear stfucture of

the models (3.10) and (3.30) we were able to obtain
v(n;en_ID and V(n;en_l) using (3.20), (3.21), (3.41) and
(3.42) without doing excessive calculation. An alternative

to obtaining v(n;en_l) by‘(3.20) would be to use

t
v(n;en_l) = - E

i Aj(Bn_l)V(n-j;en_1)+B(L;en_l)y(n) -

1
- C(L;eﬁ_i)x(n)

-

Eut this involves much more.calculation as we would have tg
‘récompute v(j;en_l) (i = 1;...,n-1) for each n.

(ii) As in (1.31) and (1.32) we may obtain recursive
instrumental yvariable estima£ors for the models (3.10) and
(3.30). Instruments that work well in non-recursivé |
estimation should be suitable candidates for recursive
estimafion.' _

(iii) wWith y(;), x(nj and g(n) scalars and go equal -
to unity, Fﬁhrf [1973] seems to have been the first to derive

the algorithm just obtained .for the mbdel (3.30) and for this
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case the recursive algorithm is sometimes known in the
literature as RML2 (see Soderstrom, Ljung and<Gustavs;on
(1974, p.16]. The direct iink of the algorithm with the
Gauss-Newton linearization does not seem to have been noted
by Fuhrt.

(iv) We can similarly obtain recursive estimators for
Model 1 of 4.§5. With y(n), x(n) and.g(n) scalars and Eo
equal to unity Hannan and Tanaka [1976] derived the recursive
G.N. algorithm for this model. Agaip the direct 1link with
ghe G.N. algorithm does nbt seem to havg been noted; |

4. SOME FINAL COMMENTS

(i) It is clear from (2.21) that if Pn tends to zero
as n increases, which is normally-the case, new
observat;ons will affect the sequence of recursive estimators
{Qn, n > 1} 1less and less.. ‘A common practice (e;g.
Soderstrom, Ljung and Gustavsson [1974, p.22]) to make the
recursive algbrithm.mére responsive to new data'is to compute
Pn by (2.22) with Pn—l replaced by .A(n)-an_l on thg
right in (2.22) where the seﬁuence {A(n), n i‘l} satisfies
"the relation vA(h+1) =_A;A(n) + (lfko). with ~Ao cﬁos;n close:
to 1, e.g. ‘0.99.

(ii) When Pn bécomes small we may approximate

- o "

{V(n;en_l)Pn_lv(n;en

-1
\J
)t Qn}_

RIS DS N (n 1oL '
in (2.22) by Qn- Qn V(n’enfl)Pn—lv(n’en-l) Qn thus
~eliminating the need to do any matrix inversions when updating

the recursions.

(i11) To initialize the recursions (2.21)-(2.23) we need
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to specify 80, Po and QO apriori. The choice of these
‘parameters should, if possiﬁle, be based on brior knowledgg.
Bearing in mind the remarks in (i) above, strong uncertainty
abbut o, ought- to be reflected in a choice of a large P

so that (2.21) is responsive to new data.

(iv) We now briefly recapitulate the reasons for
recommending the class of recursive estimators given in the
thesis. As mentioned in Remark 2.1(i)»the non—rgcursive
analogues of these es£imators havekdesirable statistical and
cpmputationél properties. Theoretical results (Hannan [1976c] i
and Hannan and Tanaka [1976] for very simple modeis indicafe |
that our class of'recursive estimators is strongly consistent
and simulation results (Hannan and Tanaka [1976] énd S§derstr5m‘
et.al [1974]; see also the references in the last cited paper),
again for very simple models, indicate that the Gauss-~Newton
recursive estimates are well behaved.

(V) It seems iikely that even.asymptotic results oﬁ how
the recursive estimators and functions of the recursive
residuals are distributed‘will be very difficult to obtéin.
None have been obtained to date. Névertheless I feel that-a
judicious use of analogy between the model discussed-ia §1,
where some yardsticks have'been given by Brown, Durbin and
Evans [1975], and more complicated time series ﬁodels, tégether
with simulatién reéultst.oﬁght'to.give'us'some yardsticks in
the time series case as well. |

(vi) For an interesting discussion of recursive

estimators see Young [1976].
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APPENDIX 1

We now check that (1.12) and (1.13) hold. For

convenience we omit the zero superscript in Q(O).

-1 a1 | y ' -1
4[PN_1 + V(N).Q V(N I[Rg_4=Po (VO {V(N)P_ V(N)' + @} "X
| SCILN
- U (NY -1 -

T LTV Ty TVODEY_ VD

~Q‘1{Q+V(N)PN_1V(N)'}]{V(N)PN_1V(N)'+Q}‘1V(N)P

N-1
GO
. n 1 -
Let b_= I V()'? “y(3i). Then
n
. j=1
_ R RS |
O = [Py q-Py_1V (M) {V(N)PN_lV(N)‘+Q} V(NP Hby 4+

+ v 'ty ()

-1+ Py-1V () LV Ry v (D) 40} V(D Ry V(N +2de Ry () -

—V(N)eN;l-V(N)PN_lv(N)'Q_ly(N)]

= 6N_1+PN_1V(N)'{V(N)PN_1V(N)'+9}'1{y’(N)-V(N)eN_1}

o1
On-1tExV (M e Ty (M) -v(w)ye .}

because

101 _ [ . ' -1
PV(N) 'R T = PNTlV(N) {v(mp_jv(m) '+a2} ~.

Hence (1.12) holds.
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CHAPTER 7

ESTIMATION IN REGRESSION MODELS
- B WITH STATIONARY RESIDUALS

1. INTRODUCTION

In this chapter and the next we consider the estimation
of the unknown parameter vector 66 appearing in the multi-
variate regression model

-]

y(n) = I Dj(GO)X(n—j) + v(n’, n>1, - - (1.10)
j:o - ) ;

with v(n) a stationary p dimensional residual.,. We observe
the y(n) and x(n), but not the v(n). Unlike Chapters 3 and
4 all estimation takes place in the frequency domain rather than

in the time domain. Given {y(n), x(n); 1 < n < N} let

wx(l) and wy(l) be the FFT'é (see 1.§2) of the {x(n)l}and
{y(n)} respectively. Let

 Dp.(8)zd, D(r;e)

D(z30) .
j=o j,

]
o
”~~
(1]
-
<
A
-

V(r;0)

@ () = DOAsOIW (V)

and put 2 2nt/N  for -LN < t < [LN].

t
Suppose_that: (1)! B is a subset.of (-m,7) and is

. composed of a finite number of disjoint open infervals that'
are symmetrical about A = 0, i.e. if A € B, then -\ € B; .
(11) #()) is a Hermitian p.s.d. matrix function of A,

A

A€ [-m,7], with o(-2) = s())". An estimate of Bo is

obtained by minimizing the criterion function

1 Such a set B is also considered by Hannan and Robinson
[1973]. ' ’ l

-
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1

L (0;0) = 2071 erz eV OVO 50 (1.15)

B

over all 6 lying in a compact space and satisfying restrictions

of the form h(8) = 0. Here, and in the sequel, is a sum

i B
over all At € B. Subject to the assumptions stated below we

shall show that that value of 6 minimizing (1.15), is

N’
strongly consistent and asymptotically normal. It is also
efficient if ¢ = f;l and B = (-m,m), where fv is the

spectral density matrix of v(n). By éfficient we mean that

éN will have the same asymptotic distribution as the maximum
likelihood estimator of 60 when the v(n) are Gaussian and fv

is known. We remind the reader .that efficiency in this

chapter and the next means asymptotic efficiency.

Because it will usually be difficult to obtain the closed
form 301ﬁtion of the Normal Equations we againrgivé an
iterative G.N. algorithm with iterates that converge to ‘é
As in previous chapters, the iterates themsélves will be con-
sistent and have thé same asymptotic distribution as éN;

In the next chapter we show that if ¢(A) is unknown but
a consistént estiﬁate of it is available;then we can substitute
it for ®(A) in (1.10) and the results of the present chapter

will still hold. We will also apply the theory to the linear

regression model

i

r - - 8 o
"L B, y(n-3) = I €, x(n-j) + u(n), (1.20)
j=° J j=o j

where '{u(n)}is a stationary residual sequencé. We have

already seen in Chapters 4 and 5 that when Bo + I(p) and u(n)
. has a rational spectrum, i.e. u(n) is generated by an ARMA

model, (1.20) is frequently used in Econometric work. For a
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further discussion of this model see 8.52.

Our model (1.10) is a particular case of a more general
continuous time quei considered in Robinson [1972b,1975].
Usipg a criterion function of the form (1.15) Robinson obtaiﬁs
consistency and asymptotic normality results for éN similar
to ours. Because our model is more specific than Robinson's
we have been aﬁle to weaken his conditioﬁs in some respects;
in other respects, however, his results are more general than
ours. A fuller discussion of thébdifference between Robinson's.
results and ours is givem in the text below as they arise.

To hélp compare Robinson's work with ours his assump;ions arev

listed in Appendix 2 of this chapter.

A2.-MOTIYATION AND CHAPTER STRUCTURE

We now motivate the use of the criterion function (1.15)
and give reasons for estimating in the frequency domain.
Suppose that the v(n) are p dimensional,bstationary, Gauésian,
random variables and fv(k) is nonsingular for A€ [-m,7m]. -
Let vﬁ ='{v(l)',...,y(N)'} and .PN = E(vaﬁ). Then, omitting

is -~

additive constants, - 1/N x log - likelihood of N

+ ety 2y  (2.10).

-1 .
(2N) log det T N Tx N

N
"Let Sﬁ be the Np x Np block matrix having (t,n)th

Y

bloeck N .exp(inkt).l(p)”‘and w the block vector with

‘. N
entries (Zn)%wv(xt) (1 <n <N, -%N <t < [%&N]). It is easy

to check that SﬁsN = I(Np).and we know that'(Hannan[1970,p,378]§

SINSE = Ay + o(l); where Ay is a block diagonal matrix with

entries ZWXfV(At) on the diagonal. Since S = wys it

N'N
follows that for N 1large,a good approximation to (2.10) is

w
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1 1 -1

log det‘Aﬁ + (2N) T wk A W

(28" N My

N=
=22m)7 L log det fv(kt)+(2N)-1tr zf;l(xt)wv(xt)wy(lt)*;
t t ’

here, and in thé_sequel, I means summation over -%N<t<[LN].
t .

Hence a good approximation to - 1/N x log - 1ikelihood20f
vec{y(1l),...,y(N)} is
(ZN)_l 1

- -1
ilog det 2mf (A )+(2N) “tr Df T(A V(A 50)V(X 50)%(2.12)

t

where we have used the approximatibn

inlt“

Dj(e)x(n-j)}e PR v, 30).

{Y(n) - t?

1 i

Replacing f;l by ¢ in the second term of (2.12) and

o~z

n

™8

o

restricting the summation over the -At to the set B
described in §1 ,we obtain the critgrion function LN(B;Q).
Hence our estimation procedure consists of minimizing a

"generalized exponent" of a Gaussian likelihood.

The above heuristic derivation of (1.15) depended on

Gaussianity and the approximation of (2.10) by (2.12). Our

results, however, do not depend on Gaussianity nor on

justifying rigorously the approximation of (2.10) by (2.12):
Purely as a matter of interest, however, we show in Appendix 1
- that the difference between (2.10) and (2.12) tends to zero as

N increases.

-

1

We now briefly discuss why replacing f;l by ¢ and

allowing B to be a strict. subset of [-m,7] permits-a‘greéter

flexibility in the estimation of 8, It is true, however,

1

that the choice of ¢ = f; and B = [-m,n], if permissible, is

~optimal asymptotically in a minimum variance sense. This ‘is

shbwn in §§.

2 Omitting additive constants,
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Dealing with ¢ first, it may be that £, is singular,
or nearly éo, for some values of A, or that it is unknown
and difficult to estimate. To avoid numerical instability
in the estimatés; associated'with a nearly singular £y, or
the problems associated with estimating fy, we may prefer to

choose, if possible, a & # f;l

>that avoids such difficulties
and results in only a small loss in efficiency. For a

further discussion of this point see 8.5§6.

When working in the frequency domain i; is'véry easy to
filter off certain frequencies or bands of frequencies by
simply choosing B # (-m,n). Reasons for doing such filteriné
may be: |

(i) the model (1.10) is not valid over the fuli'
frequency range (-mw,m)}

(ii) mean correction and trend and seasonal adjustment
aré éasily done by dropping off appropriate frequencies;

(iii) the signal to noise ratio may be very low for some
frequency bénds. The estimation procedure may then be
simplified, without too much loss in efficiency, by dropping

. P

these frequency bands. Knowiedge of the signal to noise

characteristics may come from an understanding of the recording

- device, previous estimation experience with like data or

preliminarly e;aminatidnvof the current. data.

We will now give reasons for working in the frequency
domain rather than, or in complement with, the time domain.

(i) For the filtering reasons advanced when discussing

(i1) If D(z;6) is not a rational function of , , or if

-

- v(n) cannot be represented adequately by an ARMA process, then
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it seems to be more natural to estimate in the frequency

domain than in the time domain.

k|
e.g. if y(n) = %T x(n-3j) + v(n)
o

3

W18

then D(z;0) = eez.

(iii) Even if we could eétimate in the time domain, the
frequency domain estimates may still be‘quite useful because:
(a) of the reasons advanced in (i) above .

(b)_fv may not be known (this is usually the ;ase).

The estimates pf 60 which are obtajined by using a nonparametric
estimate of fv can be used as benchmark against which to
compare estimates obtained by fifting an ARMA model to the
residuals. -

(c)»The fitting of an AR or ARMA model to the residuals
may be extremely tedious, eépecially in the vector case, if theﬁ
lag lengths are large, and we may prefer to estimate 'fv non-
parametrically.

(d) We may want to obtain separate estimates of 60 fof
each of several frequency bahds and then see whether the-
estimates stay séable over these bands. Sich an exercise
wouid be quite useful in modellbuildiﬁg.

We should mention, however, that for small samples, time

domain estimators, if applicable, may have smaller mean square

errors than their freqﬁéhcy domain équivalents.

Finaliy,fwe_give.a brief outline of the remaining ’
sections of this chapter. 53 deals with the Strong Law of
Large Numbers, §4 with thg Central Limit Theorém, §5 considers
the choice of an éptimal ¢, while §6 deals with the G.N..
ite?ation.f All proofs are placed in §7. iThere are two

appendices attached to this chapter. The first gives a more



-170-
rigorous derivation of (2.12) from (2.10), while the second

gives the model and conditions of Robinson [1972b,1975].

3. STRONG CONSISTENCY
For the model (1.10) we assume that:
Al. (v(n), n = 0, ii,...) is a p dimensional, regular,
stationary sequence having zero mean and finite second

, T
~ moments. For any integer j, E{v(n)v(n+j)'}= J eijkfv(k)dk
-7

with fv(x) continuous on [-7m,7]. Furthermore, the best

linear predictor of v(n) is the best predictor..3

A2. (1) r jlo

(e )n < "
= j o
i—O

(i1) {x(n), n = 0,#1,...} is a q dimensional sequence,

possibly stochastic, of real exogenous variables such that for

any integer j > O
' -1 N-3 a.s.
limN N I x(n)x(a+j)' = r_(3)
n=1 X
with rx(j)'a-finite constant matrix. We also assume
_1 a.s. . N
limN N 6“x(-N)nié“ 0. If the {x(n)} sequence is stochastic

‘ﬁe'will also assnme that it is independent of the'{v(n)} -
sequence.
B LT E Y
(111) . ¥ §,T_(3) = I e " £_(A)dxr,with £_(})
-
continuous on [-n,n] and nopsingular on an open subset of é;

Bl say, having Lebesgue measure greater than zero.

t

With D(z;6) defined as in 81 we will assume that it can
be_Written in the form D(z;6) = B(z;B)_lc(z;B) where the
assumptions placed on B(z;6) and C(zge) are given below.

-3 gee l.82.
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A3.(i) 0, the permissible parameter space, is a
boundéé subset of m dimensional Euclidean space. 90, the
true parameter point, belongs to ©.

Let 6 .bé the closure of 0.

(ii) For each 6 € 5, B(z;é) is an analytic function
of z for |z|iR(R > 1) and C(z36) is a regular function of
z for |z| < 1. In addition- B(z;0) and C(z;e) are
continuous in (z,0)€(z;|z]| < 1)x 0. _ A

(iii) Yo Ela,.det,B(O;e) + 0;¥e6 €0, |z] <1
det B(z;0) * 0.

A4.(i) TFor 6 € o, h(e) is an f dimensional (f < m)
continuous vector function of 6. h(eo) = 0.

Put Eh = & N(o3h(8) = 0).

(i1) If 6 € 8, and D(r30) = D(r30 ) for A lying

h

in some open subset of [-w,w], then 6 = 60. O

For conveniénce, we will often omit to indicafe
bdependence on &. We also édopt the convention that 1f the
é argument is omitted from an expression, then it is assumed
to be eo. e.g., we will write LN(B;Q) as LN(G) and Dj(eo)
as Dj' | v A A | e g
Theorem 1 Given assumptions Al.-A4., suppose that:
(i) For A€ [-m,n],9(A) is a pxp Hermitian p.s.d., continuous,

matrix functiomn of . It is also nonsingular on Bl (seé

-

assumptioﬁAAZ.(iii)).

(ii) a.s. and ¥V N > 1, 3 6N € 5£ such that

LN(§N) inf Lﬁ(e)

If for egch N wé choose one such 8 ﬁhen we shall have.

N,
that 6. 6 a.s. 0O
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Remark 3.1 (1) Because © 1is bounded and h(.) is
conﬁinuous,both © and Eh are compact sets. Requiring ©

to be bounded is not a severe restriction in practice'because
w; can-make the Pound arbitraril& large.

(ii) It was necessary to impose condition (ii) of
Theorem 1 because LN(ﬁ) may be discontinuous on. 5 - 0. We
note, however, that,exqept‘in very pathological situations,a
minimizing 'éN is likely to exisf because LN(e) >0
¥ o € 0. This conjecture is supported by the results of
Dunsmuir and Hannan [1976] -for their model. . Mofeéﬁer,
Wéld's [1949] classic proof of the strong consistency of the
maximum likelihood estimator is based on the aséumptioﬁ that
the maximum likelihood estimator exists.

(iii) The main way in which'ourrassumptions are weaker

than Robinson's [1972b]is that we do not require D(eik;e) to
ix '

be continuous on ©. e.g. if D(eik;e) = (1+o0e )-1, then
Robinson would require le] < 1-§ for some ¢§ > 0 whereas we
can have 0 = '{e:.lel < 1}. See also 8.52. On the other hand,
Robinson [1972b,1975] does not require the factbrization

D(z;6) = B(Z;G)—IC(Z;S). 1f LN(9)  was continuous on 5, Ehen
the existence of a minimizing éN follows as-in Theorem 3.1
and the strong consistency result is given by Robinson [1972b,
Thgprem 2.3;‘1975, Theorem 1]. (see Appendix 2 for Robinsog's

-

assumptions). -

4. THE CLT

To prove a CLT we need the following additional

assumptions given below.

¥ o 3>0 put Ua = (6:"9-—eoﬂ < a) and let ﬁa be the
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closure of Ua'

A5.(1) 6, is an interior point of 0.

“(ii) ol > 0 s.t. Ual C o and D(A;6) has elements

that are twice differentiable with respect to & for 6 € Uai’
these second derivatives being continuous functions of

(A,0) € [-ﬂ,ﬂ]XUal. |
(iii) h(8) has continuous first and second partial

derivatives for 06 € U ..
al ,
Let a2 =% al. For 6 € ﬁaZ put
H(6) = (3/30')h(8); A(A;8)=(a/36"){vec D(A;6)},A E[-m,7];

L(8;9) = limNLN(B;Q).

By Lemma 1 of §7 the last limit exists a.s., and
uniformly in @ e‘ﬁazi’ Put A(0;0)=(32/3030"')L(0;0). It
readily follows that

A(9) ='(2n)’1j A*(A){f;(x)e¢(x)}A(x)dx.
B :

A5.(iv) H is of rank f.
(v) 6, 1s a regular point of the matrix [A(S;@)',H(e)'j;
i.e. the matrix has constant rank iﬁ some neighbburhood of eo.
A6. There ex;sts a positivelconstant c s.t. ﬂx(n)ﬂ2 <c,
(n = 0,%#1,...), if the sequence {x(n)} is nonstochastic, and

E(“x(n)“z) <¢c, (n=0,+x1,...), if it is stochastic. O

By Theorem 1 and assumption A5..,§N € ﬁaz for N

sufficiently large'(a.s;), and hence there exists a sequence

-

}, such that *

of Lagrange multiplier vectors,'{iN

4



~174-

PN ' ~ ~ =
ky(6y) + H (eN)AN 0 (4.10)

h(éN) =0

where kN(B) = %E LN(G). We will call (4.10) the Normal

Equations.

Let Ty = By, AD), ) = (87, 0",
AC®) . H' [ aces ey
3(e) = | «..iutooi| and (o) = a7t 0LV 0 D seyt
. H o : 0 :.0

Because eo is an isolated constrained local minimum of
L(6;9), iﬁ follows from Lemma 9 of 3.§4 that J(¢) is nonsingular.

Theorem 2 Subject to assumptions Al. - A6.

‘ L. 0 _
lim ‘N (1474) = N[O,f(e)].O

Remark 4.1 (i) The main difference between Theérem 2
and Robiﬁson [1972b, Theorem 2;6; 1975, Theorem 2] is that
quinsoﬁ requires the exogenous variables to be stationary ana
ergodic with finite fourth moments whereas we do not. (s?e
Appendix 2 conditions Rs. and R6.). On the bther hand,
'Robinson places weaker conditions on D(z;6) than we do.

A (11) LetLAJN<e) and Aﬁ(e;@)be defined as in §6, and/}et_

: : ' ay=-1
§.00) = JN(e)"1 A?f?:ffﬁ??:,o 3 ()7L,
. L

Given ¢ and fy, it follows from the proof of Theorem 2 that
iN(éN) ié.a stréngly.consistent estimate of *(@); If either
¢ or fy 1is unknown we replace the unknown function(s) by a
" suitably construéted estimate; the modified iN will again be
strongly consistent. Further disﬁussion of conditions qﬁder

which the theory continues to hold when either ¢ Qr fy.  is

replaced by its estimaté is given in 8.56.
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5. EFFICIENT ESTIMATION

The asymptotic efficiency of 8 obviously depends

N
on'the choice of ¢. Put
IR AR OO W R O
J(@) = - e . . . . .
21 22

- D A
It follows from Theorem 2 that N'ﬁ(eN - 60) +N[0,$e(¢)],

where $G(¢) = Jll(Q)A(QfVQ)Jll(Q)} Subject to assumption
A7., given below, Robinson [1972b]shows that f;l is an

optimal choice of ¢ in the sense that
bg(2) > }te(f’.l) | (5.10)‘
v - ) .
‘'The following theorem,_using a proof which is
statisticai in nature and different from'Robinson's,givgs

necessary and sufficient conditions for equality to hold in

(5.10). (5.10) is obtained during the proof.
A7. fv(k) is nonsingular for A € B.

Theorem 3 Subject to éssumptions Al.-A7.,(5.10) holds.

Equality is attained if and only if A ‘ -

(p)

where T 1is some real matrix independent of A and

: LA*.(A'){fo(A);f'e <I>fv'()\)}=TLA*.()\'){fz"(A)eI }¥ A € B,

. . 1
L=1 - H'.(HH' .-
(my = BW(EED)TH

~In the»proof of Theorem 3 we show.thét

te(f;l) = [LA(f;l)L]+. It follows from this that the optimal

]

choice of B, in a minimum variance sense, is B = (-m,m).
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6. GAUSS-NEWTON ITERATION

A natural way of obtaining 8 would be to solve the

N
Normal Equations (4.10). Unfortunately they are likely to
be highly non-linear in general. We therefore again resort"
to G.N. iteration. As expected,the results are similar to

those of Chapter 3. Let IX(A)'= wx(A)wx(A)*,

1

A(03e) = N g A*(A 38){I1 (A )82(A )}IA(A 50), (6.05)
by(ese) . H'(0) ky(®)
J._(8) = , K.(8) =
N . N
H(8) I 0 h(e)‘

and define the iteration scheme by

: ' (3
6
(3+1) _ N (j).-1 (1) |
N = | oo 7 InCegt) T ORg(eT?) 3 2 0, (6.10)
0

where Téj)' = [eéj)',‘xéj)'], with 1§°> a given initial

estimate.

. 1 t ‘ '
“Theorem 4 In (6.10) put Téo) = (Béo) s, 0'). Then 3

\

(1)3 23,0 < ¢3 < al, such that in the set

U,g * (A: Al < 03) there exists, for N sufficiently large

and a.s., a unique solution to the Normal Equationmns, Ty Sav.
(ii) 1If 1imN e§°) Z A then,with probability tending

to 1 as N -+ o=, limj téj),= %N'

(11f) If 1limg éébj'a;séd;theﬁ,for ‘N “sufficiéntly large
- () . .- | | - :
(aos-)’limj TN = TNO i M .
(iv) 1If, in addition, in both (ii) and (iii),
(0)_ , -5 o (3) D
oy = 8, *+ op(N ), then lim N*(1y T°)=_N[o,¢(¢)]
for 3 > 1.0

Thus, we agaih-have that for j > 1 the eéj) converge to,
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and have the same asymptotic distribution as, § With

N'
$N(e) defined in §4, $N(e§j)), j > 1, will be a strongly

consistent estimate of §(¢).

If B(z3;6), C(z;6) and h(9) are linear in ¢, then the
requirementvthat e§°{ be consistent and vVN-consistent in
Theorem 4 can be relaxed. By generalizing a reéult due to
Hannan and Terrell [1973] we show that (iidi) and (iv) of
Theorem 4 still hold if we just have, respectively,_uniformly

in ) € B, consistent and V/N-consistent estimates of D(eil

).
Because it may be simpler to obtain an estimate of D than
to obtain an estimate of eo, this may iessen the.

computational burden of the algorithm. An application of the

next theorem is given in 8.852 and 8.53.

We now suppose that . vec B(z;6) = F(z)o,

vec C(z;0) = G(z)6 with F(z) and G(z) independent of 6.

(p)

It follows easily that A(z;e)é{I(q)eB(z;e)_l}d(é;6).

Let d(2;8) = - {D(2;8)' ® I, J}F(z) + G(z).

Let e§°) be independent of N (we write it henceforth as
0(0)), lie in 9; and satisfy h(e(°)) = 0. - Given that h(e)

is linear in 6, we will have that
n(e) = u(e-06¢°))

with H a constant matrix independent of 6. Let

B(n) = B(el?; 0(0)y, &) = cel*;0(°)y.  The first ste§ of

%

the G.N. iteration (6.10) is modified by putting

’\—l* '\—1 ~
& B ¢ B ]dN,

A - aml% : Al
* -
dNIw ® B §](wy B °C wx)
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where

A=-A' .
dy [Dg @ I(p)]F + G;

for convenience the A - argument is omitted in the above

summations. This will often be done in the sequel. We note

that ﬁN F B—lﬁ.

Theorem 5 Suppose that the first step of the G.N.
iteration is modified as described‘above and that B(z;0),
C(z3;6) and h(8) are linear in B;B‘o) is independent of N,

belongs to ©, and satisfies h(d(o)) = 0. Then:

(i) If 1lim sup, sup "D (\)-p(A) =0 a.s. (p), then

AEB
lim my él) = Bo a.s. (p)l

(ii) 1If, in addition, sup NZID (A) D(A)“ = 0,(1), then
A€B :

N%(eél)Qeo) = 0 (1).
eél)

Once is obtained we proceed with the G.N.
iteration as usual. From Theorem 4 we know that the
eéj) (j > 2) will have the properties described in Theorem 4.
Because e(°) can be any 8 € 0 that satisfies the linear |
restrictions,thie gives us great fle#ibility in the choice of
o (0) | |

to start the iteration off.

77; PROOFS _
Throughout this_éection ¢ is a universal constant,
not always the same. Unless stated otherwise it should be
assumed that all convergence results below mean a.s.
convergence and the mode of convergenee will not be e#plicitly
stated; for nonstochastic functions we will just have

convergence in the ordinary sense.
~
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In the proof of Theorem 1 we will need the result of

the following lemma due to Hannan and Robinson [1973,pp.256-
2571]1. "

Lemma 1 Let {u

j(n); n > 1; j = 1,2} be two real

sequences and define
-1 N-n

cjk(n) =N i uj(m)uk(m+n) =.ckj(—n), 0 <mn < N;‘

mn=1

j,k = 1,2.

’wk(s) = (271N) * uk(n)e ' s Ijk(sj=wj(s)wk(s), jok = 1,2,

As = ZNSN_l and -%N < s < [%N].
o -1
= . C -
Put gjk(N) N g Ijk(s) v (A CC [-m,m]

and is a union of a finite number of disjoint open intervals.

~ a.s. '
If for each =n, limchk(n) = yjk(n), jsk = 1,2 and ¢ (X)

is a complex valued continuous function of A for A €C,

then-
. -1
img gy (M) = (2m) Jc V(A)dF,, () (7.10)
' n T ina
where ij(l) is éefined by yjk(n) = J-“ e " dij(A)-
| If, in addition, ¢y 1is also a function of a vector -~

parameter T, lying in a compact set, T say, of some finite
dimensional Euclidean space, so that ¢(A;1) is continuous in
(A,1)€E T x. T, then the limit 'in (7.10) is uniform in t € T .

(T is the closure of C). O

Proof of Theorem 1 The proof utilizes techniques
developéd in Dunsmuir and Hannan [1976]. Let
z(n) = Zij x(n=-j). We know from Hannan [1973a, Theorem 1]

" that ¥3 > 0

<
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-1 N-j
lim_ N b x(n)v(n+j) = 0,
- m=1 ' »

It now follows from Lemma 1 of 4.87 that

_1 N-j L
limN N 1 I z(n)z(n+j) ' = J eijAD(eiA)fx(k)D(eik)*dA,
n=1 ‘ - '
4 N-j m | ,
.1imN N 1 z y(n)x(n+j)' = J ‘eijAD(eiA)f (A)dx
n=1 : -7 : o
and
' -1 N-3 T 13x_, 1a ix
1imN N 2 y(n)y(at+j)' = J e D(e )fx(A)D(e TYy*dx +
n=1 -7 :

- |
+ J_nfv(l)dx.

Applying Lemma 1 we have

lim supy LN(éN) < limgLo(e ) = (Zﬂ)—IJBtr{Q(})fv(A)}dA

(7.20)
Let n > 0 and define b(z;6) = det B(z;6),

F(z30) = [adj B(z;8)1C(z30), ¢ (1;0)= o (M) {|bCet?;0) | 24+n1 L,
c(r;0) = b(e™;0)n(e™) - F(elP;0),

gN(A;B)= b(eix;e)wy(x) - F(eix;e)wx(l) and
-1 )
Ly;n(®) = N er % e (30 (N30) g (N3 0)*.

A~

I1f BN -> 60, then the proof is complete. If it does ;ot,

then there exists a 6§ € 6h - eo and a subsequence

>> A‘. h . . ~ ~ . . . .
{em(n)’ > 1}of {6_} such that ) * ° Using Lemma 1 we

ﬁill have that

A

lim inf L
f n

-

n(n) Cuny) 2 1w i Loy Gnay)
= @2n Y er | o (A;8)6(A38)E (A)G(A30) *dr+
BN T 0

+ (21 tr‘J o (A36) |b(e?;8) |26, ()ar . (7.21)
. B n v ; .

Because b(O;é) + 0 .and b(z;é) is regular in |z|<R, R >1,

<
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b(z;8) can have at most a finite number of zeros on |z| = 1.

Hence,
| sup-<zn>’1trj o (a38) |bCel?;8) |2 (x)dx=<zn>’1tij 2(A)£_ (1) dA
mn>0 B n v ) B M .
- : (7.22)

It now follows from (7.20) - (7.22) that

(2n)'1trJ & (A38)G(A38)E_(A)G(r38)*dx = 0
JB x | |

= @(l){b(éik;é)D(eiA)—F(eiA;é)}fx(x) 0¥ ) € B, aﬁd hence

that

i

b(e';6)n(e™)-F(e™58) =0, v 2 €8,

by assumption A2.(iii). Therefore § = 0, by assumption
A4.(ii), giving us a contradiction. Hence éN > eo. O

To prove Theorem 2 we need the results of the following
lemmas.- The next lemma is due to Hannan [1973b, Theorem 1

‘and pp.l168-169] when B = [~ﬁ,ﬂ]. The modification for B a

strict subset of [-m,7] is due to Robinson [1972b ,Theorem 2.47.

Lemma 2 Let T(A) be a pq columned matrix that is
continuous in X over B and such that T(-1) = T(}). if

assumptions Al. and A2. hold, then

. D '
_1,5 i . e— _ .
lim N g TN (A 8w (A )}= N©,}), -

with % = (2n)'1'f T(A{E_(N)! 'W: (M) IT(A)*da. O
B X v .

Let 1\1';5 ¢

|Lviz

CN(K) = (27N) { T D x(n-j)}einA—D(eix)wx(Ax

1 j=o 3

n

Lemmé 3 Subject to the assumptions of Theorem 2 .
'n‘lé AOD*IT gy ® @(xt)]vec{cN(xt)wx(;t)*}=.op(l)
Proof Let ¢(A) = A(A)*[I(q) 8 2()\)] andAlet'
$(1) = ¢(1), A EB

v = 0 s A € ¢ B N[-m,7].
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Then $ is discontinuous at a finite number of points at.

most, namely the end points of the intervals making up B.

We now émploy an argument similar to Hannan and Robinson [1973,
p.257]. For eacﬁ ﬁositive integer m let Cm be a finitée
union of open intervals of total length m_1 such that Cm
covers all points of discontinuity of &; let wﬁ be a
continuous periodic function, of periodi 21, which is equal to ;
on [-m,w] N ¢ Cm and is bbunded, uniformly in m, on [-ﬂ,ﬂ].
N'_1 I ¢ vec T Wk = N_lz ¥ vec w¥+N_1Z($-¢ Yvec z w* (7.30).

_ B N x e B v N ' x & P N'x

The first term on the right is op(l) by’Corollari 1l of

4.87 We now look at the second term. Let 'pm = ¢ - ¢m’
INY 2o vee rowrlZ<cintzlp 120w 123 (N 1zl 02},
m N'x -— m - X N
t .t . t
-1y, 12 - |
N DR = Op(l) by Lemma 9 of 4.87, )

t

It follows that we can choose the sequence of functions

{wm} in such a way that ¥ e > 03 M = M(e) s.t.

lim supy P(“N-l Ebm vec CNW§“ > €)< e for m > M.
. ¢ .

The result of the lemma now follows. O

Lemma 4 Subject to the conditions of Theorem 2

limg N kN(eo) = N[O,A(va¢)]

. . 1 - - . - ' ‘ : "." .
Proof -NikN(eo) = N %éA(xt)*(wx 9 ¢){wy—D(eiAt)wx}= _

= N 723 ATy e'¢)ve¢{wvw§}+N'1

z z A(xt)*(l(q)e¢)ve¢{;Nw§}

B

By Lemma 2 the first term tends to ;N{O,A(@fvé)]: the

second term is op(l) by Lemma 3. The result now follows. [

~
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Let Aj(k;e) be the jth column of A(A;0), (1 < j < m).

1.

Lemma & Suppose assumptions Al.-A6. hold. If eN—+e°, then
k(o) " |
lim, ———— = (27) A¥*(Q)IEN () & (M)A, (A)dA

. S . 60) T ()
Proo kN(e)- N gA*(Xt,B){I(q) e @(At)}<wx(lt) 8 I(p))
*ay - Dt 0w )

ak (8) . ‘ - ia
N = -y 1y 2A%* c0) { -D(e E.
55— = N g Y (At,e){I(q)eé(kt)}vec[{wy D(e ,e)wx}wg] +

3

+NTL () 125 e3®)

II (8) + III (6), say.

lZA*(At;G){I(q)eQ(At)}{I;(At)al

By Lemma 1,

11, (0)>(2m) j %%? (3031 8 (M) IveclinletM)-D(e s0) )
- B o Cox £ ()]d),

'IIIN(e)+(2w)’1J Ax(X;0){T 102 (A)}A, (A;0)d),
B

(q) k|

uniformly in 6 € U,p- . The required result follows. o

Proof of Theorem 2 The proof is virtually the same as

that of Theorem 3.2. As in the proof of Theorem 3.2 we will

have that
. -
t,at - , Y
dky(oy) | BI(oQ] Nk (0,)
' o -
ae o.on:.~o.o X N;E(T -T ) = - ¢ e 0 000
T 1ty SN
H (8, ) . 0 0
N .
,1. . o
ok (6,0 | ,
3 is a symbolic derivative and indicates that each row
Bk;(eﬁ) : +
Y L is to be evaluated at a possibly different value BN

.

such that "e;-eoﬂ < “éN—eoﬂ. A similar explanation holds fo

HT*(G;T).w' The matrix above on the left tends ta  J{®) Ey -

¥
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Lemma 5, while

D

25
N kN(eo) > N[O,A(@fv¢)]

by Lemma 4. The result of the theorem follows. O

Proof of Theorem 3 Let L be defined as in §5. It

follows from Lemma 3.5 that

ey = [Lacorynr?t

'so that
fo(2) = [La(@)LI™a(ef o) [La(e)L]”

and

1 1 +

b (£,7) = [LACE T)L] - (7.40)

It is noﬁ not difficult to show that

_¢e(¢)zje(f;1)«= LA(SE &)L > LA(&)L(LA(f;l)L)+LA(o)L

and

$e(¢) = $e(f;1)%='LA(¢fv¢)L = LA(Q)L(LA(f;l)L)+LA(¢)L»‘

To complete the proof we apply Lemma 9.3. Let

x{(2), » € [n,71], be a p dimensional, zero mean, process with
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orthogonal  increments’s.t,’

E{x(d\)x(du)*} = I(p)dk, A=y ,
) =0 A F ous (A, ul€[-m,m]
and define - |
z,. = (2 )-%L.r A*(A)(f'%@ Qf%) (dxr)
1 m ) x v/ X ’
A -
z, = (2m) L 4*(x)(f;%e f;%)x(dx)

/

B

It follows that

E(Z,2%) LA(@f;Q)L, E(z,2%) = LAKQ)L,.

=l
LA(E T)L.

%
E(ZZZZ)
By applying Lemma 3 of 9.§5 we obtain the result of the

lemma. O

Proof of Theorem 4 The proof is very similar to the

proof of Theorem 3.4. It is clearly sufficient to prove the
result for j = 1, the proof for j > 1 following similarly.
Let t' = (6',A') and let

-1 N
F (1) = j...| = J,(8) o
SN [ 0 } N [ h(6) ]

(a) We know that
ky(8) (2n)'1 [ A*(A;e)(f;e¢)ve¢{n(ei*;e)-n(éi*)}dx
) B : .

uniformly in 6 €U by Lemma 1.

o2

-

Hence k. (6. ) + 0 and for a(>0) sufficiently small

lim sup, sup Mk (o)l < %- ‘ . )
N 6€U N :
o

(b) It follows from the proof of Lemma 5 that
¥ e >0, 3a, 0 <o <aol, s.t.

lim supy sup “AN(G) - ae)l< e 5o-
1=
6 Ud

-

4 See 1.52;
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nakN(e) I
lim sup, sup Il——— - A_(0)i< ¢
‘ N geg 00 N
a
and
- ' ’ L
lim ianigf ApiaIg(@) I} > ¢ > 0.
o<y
- a
From (a) and (b) it can be readily shown that 3 a,
_ BFN(T)
"0 < a < al, s.t. lim sup, sup l——~—I < %4, Since
. < e N 36
€U '
‘s . a
3F (1) ’
——377— = 0 and FN(TO) - To ,because kN(eo)+0 by the above .

and h(Bo) = 0, (1),(ii) and (iii) of Theorem 4 follow from

Corollary 3.2.° To prove (iv) we note that
cora (1) ™ :
G] - 6 I ak (o )
nE | ¥ ol= || (™ -3 (e(°)) —a—— ||. ¥ (e(°) -8 )+ -
e o ° 00 ) M ® o 0 0 O
(1) 0 o @& & & 0
A - t+, .7t
N i | H (GN )
(1%
O;I...l 9
L. 0
s 10 LT -
where YL H (GN ) are symbolic derivatives having the
same meaning as in the proof of Theorem 2. The result (iv)

of the theorem now follows because the matrix in [-]1 above is
' B/
,.,(0) _ 5 :
op(l), N (BN 60) = Op(l), and N kN(9°)+ N[O,A(@fVQ)] by

Lemma 4. O

In the proof of Theorem 5 we need the following lemma-“
whose proof is an adaptation of Hannan [1971b; Lemma p.776].
Lemma 6 Let T(A) be a pq columned matrix function of

A Subject to assumptions Al., A2. and A6.
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N-%Z T(At)vec wv(kt)wx(lt)* = sup HT(A)HZ.OP(I)

B A€B

Proof Let Q(x.) = T(At){G;(At)GI(p)} and let

Ex(.)'mean expectation conditional on the {x(n)}. Without:

loss of generality we can take B = [-m,w]; 1if it is not,then
we can always redefine- T so that T vec WVW§ =
= % T vec w w¥,
¢ v X :
IN"2zq(r d)w_ (A )1=cN " “tr 2z : I Q(A)v(m)v(n)'Q(r )*.
St vt - 1 8 STt
t s t m=1 n=1
. ?xp{imxs-inkt}
Hénce ‘ , o
T
E (I %590 Jw. (A 012)=c8"2er £ 2 1 QA ){J el(n-m)2e (A)da}x
X t’ vt s v :
t s tmn -7
* . exi -
xQ(A ) *.exp{imr -inA } <
- ‘ ™ . » - .
<eN? f Iz Q)i P2l (ylax <
-7 s m s '
T im(A_-2)
<eN"? J Iz zQ(r,)e s 12 aa
-T 8 m
=cN"2 tr I IQ(A )Q(r )*.exp{imr -imx }
S t S t
s,t m
=eN™ tr £ QA )Q(A )% o P
s s ,
2 -1 N2
<e sup IT(A)I°, N r lIx(a)l
' A n=1

Hence

E{"N_ké T(X,) vec WG(At)wi(At)¥“2} ; c s;pnT(A)nz

The proof of the lemma can now be completed by an application

of Chebyshev's inequality. O

=

Proof of Theorem & Let ﬁ, c, A d D and be

defined as in §6.

w
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+ 87 1g(w -Dw ) =
' y X

~ ~ AA—l A ,.—1 A . _A . .
(B—B)DNwx + B (CfC)wx+B (B B)(wy.Dwa)+

- e i (©) 341371 (3-8 { (D5 -4 e
= (W;GB )dN{ep'e }+[B “(B-B){ (D DN)wx+N ity t wv}+
+B "B{N _CN + Wv}]:.
where N is defined above Lemma 3. Call the exéression in
[*] above ‘gN(A). Then ﬁN isAgiven by
A A _af0)y _ y=lo S./o Qa-l®
kN = -AN(B° ) ) N g dN(Wx 8B <I>)gN

_% _qa(0) ) -
AN(G° ] ) + qN, say .

}—1’

~1 ¢

(o) A '
X - AN:.?
, H® O

0

. (o),
—AN(GO-G ) + qN
(0))

e o 00 0 0

Therefore T§1)=
-H(ao-e

-0

(L
eN (o}

Iy

0

1) .
‘Alg H 0

We now show that Theorem 5(i) holds. It is not hard to

that
. 1%

&Ne-(zn)'lj d(eik)*(féeﬁ- 28 Nyacel?yan say.
. B

As in Theorem 2,it follows that

A '
AN H

0

H
is nbnsinéﬁiar for N sﬁfficiently large.

Next we show that

ay > 0.
Let _
T N= N'lzaﬁ(azeﬁ‘l*¢)ﬁ'1(ﬁ-3)(p-ﬁN)wx
ﬂTiN“ < ¢ sup lp - ﬁNﬂ.sup "aN“. sup I8 - B"SN

€SB A€B AEB

(7.60)

see

(7.70) -
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- ATk A '
where s. = N1z I (108 3711 = oc1).
B ' .

Since

sup “&N“ = 0(1) and sup IB-Bl = 0(1)
- xeB AEB

it follows that -TlN > 0.

Let

T = N

N

~ —_ n_l* o\_l ~
* -
ng(wx ® B @)B (B B}cN-

I, 1?2 < cosuplag(i2on el 1. w72zl 0% = o(1)
— B N t X £ N

by Lemma 9 of 4.§7. It follows from Lemma 1 that

-— ~ — A1k “; ~ .
N1z axGi_ e B 1%y L (B-B)w_ - 0
B x . v

because f£ = 0. The ‘rest of the terms in

vX qN nay

similarly be shown to tend to zero. From (7.60) we have

that e§1)+ eo,lkél) + 0. .This‘completes the proof of (i)

when
™ a.s.
sup “DN -pl - o.
~AEB
The proof of (i) when
R P
sup ||DN -pl >0
~A€EB

is very similar .and is omitted.

o

We now show that Theorem 5(ii) holds. Let TlN - and

TZN be defined as above. It follows from (7.70) that

3

N IlN = Op(l)._ Wg will also have'that

-

e 12, c-supldy

In S LA

T 12 8y Lz0z 12,872zl 02 = 0 (1) by
B t % t ¥ P

Lemma 9 of 4.8§87. Since
- . ~ —— ) A1 % r\_’ PN R

N %z{d-dN}* G- e 310y 1 (B-B)w_ = 0 (1) and
3 x _ v P

_;i * — A_l* h_l ~ L
N %d (WX-Q B )B “(B B)Wv = Op(l)

~
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by Lemma 6,it follows that

A - a=l% A=l
* - =
rd (Wx ® B )B T (B B)wv Op(l).

3

The rest of the terms in N qy may similarly be shown to be

Op(l).

It follows from (7.60) that N%(eél)-eo) = Op(l). 0
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APPENDIX 1

We now provide a more rigorous justification for the
approximation of the log-likelihood b§ (2.12). Although
this more rigorous approach is not needed in obtaininglour
a;ymptotic resul@s it seems both interesting and instructive.
to follow it through, as it captures the essence of many of
the asymptotic proofs encountered when working with stationary
variables. .= As we will see, the required proof is obtained by
approximating the inverse of the spectral density matrix by a
trigonometric polynomial or, viewéd in another way, by
approximating the stationary process {v(n)l}. by a‘finite
léngth autoreg%ession. The derivation we give below follows,

to a large extent, Dunsmuir and Hannan [1976, pp.350-352].
For a pxp matrix function U(X), let

T : .
r'(an,U) =‘I einxU(A)dA, and let PN(U) be the NpxNp block

matrix with T (n-m,U) in the (m,n)th block. If U1 > U2

then FN(Ul) > FN(UZ) in the usual partial ordering of

Hermitian matrices.

If ¢()) is a pxp matrix that is continuous in
- A €[-m,7] with ¢(-7) = ¢(n),then it may be approximated ~
arbitrarily well, uniformly in A, by a matrix of trigonometric

polynomials; to do this it suffices to take the Cesaro sum

of the Fourier series for $(r).
. ’ ®
Let v(n;8)=y(n)- £ D

(8)x(n-3), (1<n<N),
. j=o .

3

¥

v (8)' = {v(1;6)",...,v(m;0)'}, (1 < m < N). =28 x log-
likelihood of {y(j), 1 < j < N} based on Gaussian

assumptions is

1g(8) = N1 log det T (f) + N"Lu (0) TR (£) vy (8) (AL.10)
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with £()A) standing for fv(k);

is p.d. for A€[-n,n] and £(-m)

for fixed 6 € 0, 0 defined by

1

2. (8)-N""I log det2nf(r, )-N_
N t , DA =

we will assume that £(1)

= f(n). We show below that

assumption A3.,

1 -1 .
tr f (At)V(At;e)V(At;e)*+o,

t

(A1.12)
as N » o, With a little more care, and under slightly more
restrictive conditions we could show that the convergence in

(Al1.12) 4is uniform in 9. We will not do this, however.

To give the derivation we need the results of the

following lemmas.

Lemma Al1.1 If A and B are p.d. matrices of the

same dimension, A < B and vkmin(A)’-Amin(B) > &8 > 0,then

-1 _-1 S .=2
‘Amax(A -B 7) < Amax(B-A).é .
Proof x'(A" -B"1)x=(3"1x)'(B-a) (a7 x) <
<IB-al I3 el 1™ el -l . 672 0kl ?,
= ﬂA'l—B'lﬂS = sup x'(A"1-3"lyx < IB-al_.s"%2. O
- S
Ixl=1 .
Lemma A1.2' Suppose P(A) is a pxp Hermitian p.s.d.
matrix. Then ) -
'Amin[PN(P)] > 21 inf *Amin[P(A)] (Al1.20),
AE[=-m, 7]
Ir ()0, < 27 sup el (A1.21).
N s — . S
o AE€[=-m,m] - . .
Proof "Let '{s(js, 1 < j <N} be p dimensional vectors

and let s = veé{s(l),f..,s(N)}.

A2

Aﬁin[rN(P)] =n:i21

: |
j csheltMyse) zs(eliMyar >

-

> 2n, inf Ao [PODT.
A€[=-m,7] -oin
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We can similarly show that (Al.21) holds. 0O

We now show (Al.12) holds. We know that ¥ . € > 0 there’
exists a matrix of trigonometric polynomials P(X) such that

-1 - -1 ' .
£ P<f ~ + : Al.2
<P < € I(p) ( 5),

for all ) €[n,n]. Then P-l may be taken as the spectrum

of an autoregressive process

M . .
jio Bju(n—j) = £(n), E{E(@)a(n)'} = 6 aKps Bo T I
M
i.e. P'l(x) = o rem ™tk sy, B = @ oB,elIA,
. : : P ’ j=0j
Let AN be the NpxNp matrix
( Lap) ’
A, = |""2 - o '
0
By .

Then

O o (A1.30)
. K ,
\ R o
We first deal with the log det Ih(f)’term of (A1.10).

From (Al.25) and (Al.30)

'Nm1 lég det FN(f)zﬁ-l log det FN(P—l) = (N-—M)N“1 log det KP+
+ N log @e; PM(P )

A = log det K_ +.0(1)

P
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m .
log det KP (21r)-1 J log det[ZnP-l(A!)]dA‘=
. - .

= 87! rlog det [2027T(A) T + 0(D)
- : t
= ﬁ_l I log det{an(At)} + 0(e) + o(l),
t .

because 1log det f > iog det P-l > log det f - 1bg.det[1(p)+éf].

It now follows that

N ! log det re(£)>N"" ¢ log det 21£(x,) + 0(e) + o(1).

t .

We can similarly show that

N L 1og det T ([£ ver, 171)<n™ I log det 2m£(r.) + o(1).
N (p) = t D - o
Hence
N"'[log det I ((£) - © log det 21£(A,)] > 0 as N » =, .
t. o

(Al1.35)
Next we deal with the exponent term of (A1.10). By

Lemma Al1.2 3§ > 0 s.t.
_ 4 P | _ -1 _
-Amin[rn(f)]iﬁi Amin[FN(P )1>86, nrN(f) PN(P )ﬂsica 0(e),.

where ¢ 1s independent of N and €. We now have by
Lemma Al.l that:.
-1

-1
- rN(f) IS = 0(¢)

-1

HrN(P )

Hence ‘
oip'lvN(e)'fN(P_l)flvN(e) -.N"lvN(e)'rN(f)’lvN(e)Ai

-

-1 ¥ :
< ceN £ v(n;8)'v(n;8) = 0(e).
n=1 .
. M . .
Let a(n3;0) = I Bj v(n-j;98) , 0 > M,
A =0

3
=0 » 1 <mn <M,
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For convenience we will not indicate dependence on g.

N
-1 -1.-1 -1 -1,-1 -1 po=1
N ‘vﬁPN(P ) vN=N vﬁrM(P ) vM+N E a(n)'KP a(n)=
i n=M+1
=2rN Lz oer k2w (A)w (AL)* + o(l)
i t P a t” a't
= 2ot 5 oer k2T B(ADdw (A dw (A )*B(A_)* + o(l)
£ P ST et vt t
=N L1z tr PCA DVOAIV(AD®,  + o(l)
£ t t t
by Theorem 4.8(i),
=8I er £ TIVADVO* + 0(e) + o(1).

t
It now follows that

1 1

N'lvN(e)'rN(f)' ve(8)-N"" I tr f(At)’lv(xt;e)V(xi;e)* > 0

' t

(A1.40)

Putting together (Al.35) and (Al1.40) we obtain (Al.12). 0O

L)
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APPENDIX 2

Conditions imposed by Robinson [1972b,1975]

Robinson considers the continuous time model
[+ <]

y(t)=B§ f D(t;eé)x(f—T)dT+v(t), —o<t<e, (A2.ld)

- 00

Here v(t) is a "px1l residual vector; y(t) 1s a pxl vector
of endogenousrvariables; x(t) is a qx1 vector of exogenoﬁs‘
variables; Bo is a pxs matrix of real parameters; 6 is
an mxl vector of real parameters; T (t;0) is a sxq matrix
of possibly non-linear functions or generalized fﬁnctions,of_

t and 6. Let 6(t) be the Dirac delta function defined by

©

§(t) = 0, t + 03 j s§(t)dt = 1,

- 00

If B D(t386 ) = I D,(6 )8(t-j), then (A2.10) becomes,
. 0 o j=o j- o
for t = n, the model we consider in this chapter, i.e.
y(n) = I D,(8 )x(n-3j) + v(n).
jmo J © o
Let
©
= izt
T()r;8) = e r(t;e)dt, == < A < =, (A2.15)
- 00 .

-
e

and take éN’ ﬁN to be the values, out of the set of all
admissible 6, B, that absolutely minimize
Nz le(h ) {w_(r )-BT(A -ejw (A )2
B ~Ts y' s s’ “"x""s ’.

Ya

with &(2),B defined as in §1,

To obtain strong consistency Robinson imposes>the
following conditions:
Rl. ©, the set of all admissible 6, is the compact

closure'qf a (m-f) dimensional Ck manifold, m > f > 0,'k3_25
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R2. The processes x(t), v(t) have null mean vectors,.
are mutually incoherent, are stationary and ergodic and have
absolutely continuous spectra and continuous spectfal density

matrices fx(k),,fv(l) respectively, |A| < w.

R3. Uhiformly in -» < ) < =, 8 €0, f(x;e) exists and
is given by (A2.15). Uniformly in 6 € 0, f(x;é)-is
continuous in X, satisfying a Lipschitz condition of order

greater than one half. (see Zygmund [1959, p.43]).
R4 . Uniformly in admissible (6,B) + (60,30)’

ex{ (2m) L J[Bof(x;eo)fo(k;e)]fx(l)[Bof(k;eo)-sf(l;e)]*@(A)dk}>0‘
B .

B may also be subject to some linear restrictions but
is otherwise unconstrained.‘ We haﬁe omitted,an aliasing
.conditioh imposed by quinsén as it is of no interest to us;
its purpose is to enable inferences fo be made about a

continuous time process from discrete data.

To obtain .a central limit theorem result Robinson imposes

the following additional conditions:

R5. v(t) satisfies the strong mixing condition. and,
unifornly in k, € {k: k=1,...,p}, § = 0,1;2,3,
z oz z

e k. x k_,’(o?“l’“z”“s)I < e
(o]

n1=o n2=o n3=o 172

the summand being the absolute value of the fourth cumulant

of - vko(n), vkl(n+nl), vkz(n+h2) and vk3(n+n3).

R6. Uniformly in -» < t, < «» and k,E{k:k=1,...,q},

3 3

j =1,...,4, the cumulant function of'xk (tl),
1

X (t ),
| Ky 2
(t4) is finite and given by

x (t,) and x
k3 .3 . k4



| =

where £ is continuous over I A, = 0.
kykyksky, | |

f AysAnasAash b{i I t.,A,}NdA
JJ klk2k3k4( 12492430 4)exP{ "33 15
A.=0

3

& 1is constrained to satisfy the £, possibly non-linear,
restrictions h(8)= 0, (0 < f < m), while B satisfies the
linear restrictions L[vec B] = vec B ,ﬁith L a symmetric

~idempotent matrix.

R7. Uniformly in 6 € @ the derivatives

9 3

exist and are continuous in 63 éo is a regular point of H .

and rank{H(Bo)} = f,
R8.  Uniformly in -« < A < », § € 0, the derivatives
, . 2 . :
(a/30, )T (150), (°"/20,06,)F(A30), k, £ = 1,...,m, exist,being
continuous in A, uniformly in. 6 € ©, and continuous in 6,
uniformly in A € B;(SO,BO)'is a regular point of [¥(9),H'], .
where,
_l i

¥(2)=(2m) JBT<A;6,B)*[§x(A)*e®(A)]T(A;e,B>da,

with ' .

T(130,B) = [(8/36')veé{Bf(l;e)};{f(A;e)'@I(p)}L].
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CHAPTER 8
ESTIMATION IN REGRESSION MODELS WITH STATIONARY RESIDUALS:
APPLICATIONS AND FURTHER EXTENSIONS |

1. INTRODUCTION

This chapter is an extension of the last. A large part

of it i1s devoted to a discussion of the linear model

r s
I B,y(n-j) = I €, x(n-j) + u(n) . (1.10)
j=o j j:o j :
where u(n) is a stationary p dimensional residual. We

know from previous chépters that 1if 'u(n) caﬁ be modelled as B
an autoregressive, MA or ARMA prbcess,then numerous -algorithms -
have been suggested to estimate the unknown system énd noise
parameters.- When {u(n)} is a general stationary process
‘whose spectrum is not necessarily rational,Hannan and

Terrell [1973] give estimators that are strongly consistent
and asymptotically efficient (in the»sense of 7.555 when

r = s =0 and the parameters are subject to linear |
restrictions only; they also allow identities to be present;

~ For a different, but closely related, model Robinson [1976b]
obtains consistent and asymptotically efficient instrupentai -
vériable estimators; thé analogous estimators.for éhe model
(1.10) are discussed by Engle [1976] and Espasa and Sargan
[1975]. Espasa and Sargan [19751 also suggest a ML type

estimator based on the full log-likelihood (7.2.12) rather

than on the exponent only; this is discussed further in * §9.

We now give a brief outline of the contents of this
chapter. §2 applies the results of Chapteri7 to the model
(1.10); - §3 allows identities to be present. In 54 we discuss

<

the instrumental variable estimator mentioned above and
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compare it to the G.N. estimator, while §5 looks at the
estimation of a subset of the equations imn (1.10). 56
shows that the resuits of Chapter 7 will still hold if ¢ 1is
unknown, but an estimate of it, either parametric or non-
parametric, is available; an explanation of what these terms
mean is given in §6. §7 discusses in detail the construction
of the G.N. iferates for the model (1.10) when only the
standard exclusion and normalization restrictions are present.
Because the restrictions are imposed explicitly rather than
through Lagfange multipliers, a considerable.saviné>in
computer storage can be made. §8 significantly relaxes the
boundedness assumptions previously imposed on fhe parameters
of (1.10) in order that strong consistency hold. Finally,
in §9 we consider estimation based on the full log-likelihood
(7.2.12) rather than on the exponent only. All proofs are

given in §10.

It is important that the reader take note of the following

three conventions adopted in this chapter.

1. z will be used both as a lag dperator, i.e.
zy(n) = y(n-1), and as a compiex variable. = Its usage will be
ciear from the context. | | |

2, We will indicate dependence on 6, even for the
liﬁearvmodel'(l.IO), e;pliqitly; if fhe ® argument is
omitted f?bm an expression, then it is assumed to be 60, the
true paraﬁeter ppint; e.g. we will write Bj(e), B(z;0)
ordinarily but write Bj(eo) and B(z;eo) as Bj and B(z),
respectively. A

3. For a function of the complex variable =z, g(z) say,

we will write g(eil) as g(iA).
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2. THE LINEAR MODEL

In this section we apply the resﬁlts of Cﬁapter 7 to
the model (1.10). We make the following assumptionsf

Bl. {u(n)y, n = 0,#1,...} is a p dimensional, regular,
stationary sequence having zero mean and finite second moments.
For any integer j wé assume  that

Y i .
E{u(n)u(n+j)'}= [- eijxfu(k)dl, with fu(k) continuous
: -1

for X €[-m,7]. Furthermore, the best linear predictor of
{u(n)} is the best predictor.

B2. This consists of assumptions A2. (i) and (ii) of
'7.83.

B3.(1) r and s are given non-negative integers.

Let 6 = vec(Bo,...,Br,Co,...,CS)._ The dimensioﬁ ’
m, of o is (r+1)152 + (s+1l)pgq. R1 and €, are two
positive numbers chosen before the start of the estimation; -
Rl can be taken very large and €y will be,choseﬁ close to
zero. We define the permissible parameter space © as the.

‘set of all 8 such that:

B3. (i) fell< R

1
r “ -
(1i1) det( I B,z + 0 for |z| <1
oo 37 .

(iv). |det(B°)| > ey

r 5o s y »
(v) ~ t© B,z and I C,z” are left coprime

j-.-.-o j _ j=o j
(vi) ‘[Bf, Cs] is of rank p. "

|

The true pafameter point, 90, belongs to ©. © 1s the
closure of 0.
B4.(1) - For 6 € 0, h(6) is an f dimensional, (f < m),

continuoﬁé vector function of 6. In addition h(eo) =0 .
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(i1) If e € o0, 6 = [I(t) 8 V]e° and h(#6) = o,
then 6 = 90; V 1is a pxp matrix and t = p(r+l) + q(s+1).
B5.(1) ¥ 8 € 5, h(e) has»continuous first and second
pértial derivatives. Put H(6) = (3/36')h(6).
Let the matrix A(0;%) be defined as in 7.54.
(ii)'eb is a regular point of the matrix

[ACe58)', H(g)'].

B6. This is the same as assumption A6. of 7.54. O

c.(0)z3; D(z;8) =

Put B(z;0) = ;

3

h M

s
B (e)zj; C(z;0) = I
j .j=

o (o]

1

= B(z36) ~C(z;6).

We define the stationary sequence {v(n)} constructively by
) .

z B V(n-j) = u(n) (n = O,il,.oc).

j=o 3 7
It follows readily that {v(n)} satisfies assumption Al. of

, ) i _

7.53 and that fv(k) = B(X) 1fu(A)B()\) ! . We can rewrite -
(1.10) as

y(n) = D(z)x(n) + v(n) A

pbssibly omitting negligible transient terms that decay

vexponentially to zero. This suggésts that we can appiy

-

Theorems 7.1 - 7.5 to (1.10). With D(z;6) as defined above
we minimize (7.1.15) to obtain an estimate of eo. We now

have the folldwing result:

Theorem 1 Given conditions Bl. - Bé4., Theorem 7.1

- holds for the model (1.10). If B5. and B6. are also giyen,

then Theorems 7.2 - 7.5 will also hold., O

Remark 2.1 (i) For practical application condition

B2.(ii) will not be a serious restriction beéause we can make

Rl as large as we like. .Due to the limitations of computer
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storage, any minimization algorithm must, of necessity,
also place an upper bound on fell,
(ii) We would.like tovreplace BB.(iv) by
: 3;.(iv)‘ ]det.sol‘> 0.

Unfortunately our method of proof requires B3.(iv) in order
that |det B_(8)| > 0 ¥ 6 €8. If (1.10) is a reduced form
system, i.e.AvBo(e) = I(p)’ then B3.(iv) is automatically
satisfied if we take € < 1. We also note that for such a
system, with 6 redefined as veé{Bl,...,Br, Co,...,CS},
B4.(4ii) is Unnecessary. h
| (iii) From Chapter 2 we recognize B3.(v) and (vi) as
being time series identificafion'conditions, wﬁile ﬁ&.(ii) is
a classical identification requi:ement. We know from 2.§7
ﬁhat we could substitute other, essentially equivalent;
conditions for B3.(vi). For a further discussion of time
series identification conditions for the model (1.10) we refer :
the reader to Chapter 2, in particular 2.§7.

(iv) We now show how Theorem 7.5 cén be applied to the’

estimation of (1.10). First we hote that vec B(z) and

vec C(z) are linear in 6. Put B = veé{Bo,.u.,Br}; )

Yy = vec{CO,...,CS}; xB(z)' = (1,2,.0.0527), xY(z)'=(1;z;...,zs).

Nextwelet§=B;IB CéB'lc(oijir;Oikf_s).

g j’ -k o k
Because .
r _ 8 - ’ _1 5
y(n).= - £ B, y(n-j) + gj x(n-3j) + B° u(n)
=1 73 ~ 3=o
we can obtain instrumental variaﬁle estimates, éj and gk; of
the gj ‘and gk.such that Ej > gj a.s., gk - gk a.s.,

%3 -B.) = 0_(1), N%(E,-C,) =
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1ia, =1 132

Let By = (z; Bie™HTh(z,E 0T, €[-n,1]. Because
D(z) = B(z) lc(z) = (zjgjzj)‘l(zjgjzj), it follows that
R sup . “ﬁN(A) -p(M)I > 0 a.s.
AE€[-7, 7]
and Co
sup N%HﬁN(k) - oI =0 _(1).
A€[-m, 7] . P

Thus conditions (i) and (ii) of Theorem 7.5 are satisfied.

~

(v) Let ﬁj and Ck be pérturbed values of Bj and Ck

and put ﬁ(z) = Zjﬁsz; 6(2) = Zjajzj. We know from

Lemma 5.2 ‘that
B(z) Ytc(z) = ﬁ“lcg)é(z) - 37 () (B(2)-B(2) 187 (2)E(z) +
+ ﬁ(z)—l{c(z) - a(z)}+ second order termsbin (Bj-ﬁjj and
(Ck-ak). Hence,
y(n) - 3" (z)c(z)x(n) = y(m)-B"1(2)&(z)x(n) +
+ 37 (2) (B (2)-B(2) 8" (2)C(z)x(n)-B(2) "1{c(z)-C(z) }x(n)
+ u(n) = v(n) ‘ (2.10)

with p(n) consisting of second order terms in (Bj—ﬁ ) and

h|
(C-C,) -

It is now appafent from (2.10), 5.82 , and equations
(12) and (13) in Hannan and Terrell [1973], that the Hannag/
and Terrell algorifhm (pp.303-309 in Hannan and Terrell
[1973]) is.just the G.N. algorithm with the first step
ﬁodified as described.in Theorem 7.5 and with ¢ = f;l (see
§6) and B.= (-n,7m). The construction of the Hannan - Terrgil
estimator differs_slightly from the G.N. estimator as.gizen

in 7.56 because Hannan and Terrell average periodogfams over

bands (see 57'for further details).

(vi) It follows as in Deistler, Dunsmuir and Hannan -[1977]

that © is an.open subset of m dimensional Euclidean space.

<
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‘Hence 8, is an interior point of © and © - © is not empty.

For 6 € 0 - 0, det B(z3;6) may be zero on |z| = 1, and
B(z;6) and C(z;0) are not necessarily left prime. Hence
LN(G;Q) may not be continuous on O. (See Remarks 3.1(1)

and (ii) of Chapter 7).

3. EXTENSION TO IDENTITIES

We now consider the linear model (1.10) when identities
are present. To clearly indicate that identities are present

we rewrite (1.10) as

. Bll’j . Blz’j y(n-3) S’ cl’j ' "~ [u(n)
z e e v e e e . . =z e oix(n-3) + |[. . (3.10)
3= 1 Pa1,i . Baz, i) 5a-n) 37°(C2,3 0

Bll,j is pxp; B12,j is pxp; BZl,j is pxp; B22’j is pxp;

1,k is pxq; CZ,k is pxq; BZl,j"BZZ,j’ Cz,k are knowq

matrices; 0 < j <r and 0 i k < s. y(n) is px1;

}(n) is §X1; x(n) is gq%x1l; u(n) is px1. Put

. Byp,y(8) « Byy 4(0) . cl’j(e) '
BI(z;e) T e e e e e s zj;CI(z;e) = I . e . ;j;
j=0 j=° )
BZl,j(e) "322,j(9) _ Cz’j(e)

Jq,-1 J
szZZ,jz } {zjcz’jz }

B(z;0) = szl;’j(e)zj t;{sziZ,j(e)zj}?l(z);

= j -1 j ' =
r,(z) = {szZZ,jz } {Z;8,1,42 b, Ty(2) = |

c(z30) = z,¢; s(®)zd - (x;3y, L(0)2hir,(2);

DI(z;e) = BI(z;e)’ch(z;e);

It is not hard to show that (3.10) can be rewritten as

B(z)y(n) = C(z)x(n) + u(n) (3.15)
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We make the following assumptions:

Cl. and C2. are the same as Bl. and B2.
Let © = vec{Bll,o,Blz’o,..;,Bll’r,Blz’r,cl,o,...,cl’s}. Ry
aﬁd e, are giv?n positive numbers having the same meaning as
in §2. We take the permissible parameter space 6O to be thé
set of all 6 such that::

c3.(i) r,é > 0 are given. (ii) Hel < R,-

(iii) det BI(z;e) + 0 for |z|.i 1;

det(Zszz,sz) + 0 for |z| < 1. (iv) |det BI(O;G?l > €.

(v) BI(Z;G) and CI(z;e) are left coprime.

(vi) The following matrix is of rank (p+p).

B11,:€8) - Byy (0) Cy,s(8)
. . . . . . : ’ . . . °
By1,r(8) - Byy (8) 1€2,s(8
Let p = veé{BZI;o,Bzz’o,...,321’r,322’r,cz’°,...,CZ’S}.

C4.(i), C5.(i) and (ii) and C6. are the same as B4.(1i),

B5.(i) and (ii) and B6., respectively.

C4.(ii) If o € © and 6 = [1(t)ev1]e° + [Ty 00,00

and h(e) = 0, then 0 =0 ;3 t = (r+1)(p+p) + q(s+l); V

o 1

is a PXp matrix and V2 is a pxp matrix. O

Defining the stationary sequence {v(n)} by
B(z)v(n) =u(n) (n = 0,x1,...)
we will again have that "{v(n)} satisfies assumption Al. of

7.53 and that " fv(k) = B(A)-l

1

s |
£ (VB 1% putting

D(z;6) = B(z;06) ~C(z;9) we can rewrite (3.15) as

y(n) = D(z)x(n) + v(n).
This suggests that we can again apply Theorems 7.1 - 7.5 to

(3.15). With D(z;6) as defined above we will again minimize

<
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a criterion function of the form (7.1.15)to obtain estimates

of eo. Formally, we have the following result:
Theorem 2 If conditions Cl. - C4. are given, then the
result of Theorem 7.1 holds for the model (3.10). If

conditions C5, and C6, are also given, then the results of

Theorems 7.2 - 7.5 also hold for (3.10). O

Remark 3.1 (i) Remarks 2.1(i) - (vi) apply equally well

here.

(ii) We motivate condition C4.(ii) by showing that it is

a classical identification condition. If o and 60 are

observationally equivalent, then, because eo satisfies

C3.(v) and (vi), we know from 2.§9 that there exist matfiées

Vl and V2, having dimensions pxp and pxp, respectively,

such ;hat

.{Bll,o(e>,B12,°(e),...,cl’o(e),...,cl,s(e)}g

| B11,0 * B12,0 | J C1,s
= {Vl,vz} X . ) . . . .'.;
' B21,0 . B22,0 l cZ,s

"Vectorizing both sides yields 6 = [I(t)GVl]e°+[I(t @VZ]p. ~
k|

(iii) Because is known we can check the

Zszz’jz ‘
condition _det(ZjBZ'2 jzj) + 0 for |z| <1 prior to estimation.
,j°

- . ‘ s
(iv) Let xg(z)' = (l,z,---,zr),,xY(Z)' = (1,2,...527)%,
We now show that

A(z3;0) = %5.{vec D(z;e)}=‘{I(é)en'l(z;ej}d(z;e) ~with

d - = : 'e' - - 1 . J . ‘2
(Z,e) [XB(Z) { DI(Z,e)} eI(P)"xY(Z) eI(q)] (3 0)
This gives us a representation of A(z;6) in terms of DI(z;e)
rather than D(z;6). The usual representation in terms of

D(z;8) is .given in 7.86 (see also (3.30) below). Because
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A(z;0) is needed in the construction of the G.N. algorithm,-
the representation (3.20) will be of some importance if
DI(z;e)vis computationally easier to obtain than D(z;8).
To obtain (3.20) .we first note that

D (z38)" = {D(z30)', - D(z;e)'rl(z)'+r2(z)'} (3.25)

(3.25) can be verified by direct substitution.

Because
. . I .
| o (") )
B(z3;8). = {Bll,o’B12,o?'f"Bll,r,312,r},XB(z)e e
: ; \-1‘1(2)J
and g .
. (0 ) .
. = : : ' Pxq
c(z36) {311,0,312,0’...,Bll,r,Blz’r}{xB(z)e S
-T,.(z)
L 2 J

+'{cl’o,...,cl,s}{xy(z)el(q)}

we can write vec B{(z;8) = F(z)06, vec C(z3;6) = G(z)®6

with
F(z) = [x.(z)'®{I, .,-T.(z)'}e1, ., 0 (3.26)
A R @ %2 ) -
and
G(z) = [XB(Z)'Q{o;Xq’ - FZ(Z)'}ﬁl(p),xY(?)'QI(pq)] P
(3.27)
From 7.56
d(236)" = -F(z)"'{D(z;0)@ Iy} + G(z)'  (3.30)

We can now. obtain (3.20) from (3.25) - (3.27) by some
elemehtary manipulation. ,

(v) We showed above that ved B(z:;9) and vec C(z;e)‘are
linear in 6, even though B(z;6) and C(z;8) are not

necessarily polynomials in 2z =now.  Thus Theorem 7.5 is

relevant to the model (3.10).
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We can obtain a consistent (a.s.) and VN - consistent
estimator of DI(z) by using instrumental variables as éut-
léned in Remark 2.1(iv). ﬁsing (3.20) we can now obtain a
consistent and VN - consistent estimator of d(z) which is

required when applying Theorem 7.5.

4. COMPARING THE G.N. ESTIMATOR WITH AN INSTRUMENTAL VARIABLE
ESTIMATOR |

We now go back to model (1.10), i.e. the no identities
case, and look at an estimator which is closely related to

the G.N. estimator. For convenience of exposition we assume

that Bo = I(p) and that there are no constraints on 6.

We redefine ©6 and XB(Z)’ respectively, as 6 = vec{B .,B

b
. e J
1’ T

and xB(z)' = (z,zz,...,zr). It is not hard to show that

A(z30) = 25 {vec D(z38)}= [-{x,(2)'OD(z;0) 0B (z30)},

[} -1 .
{XY(z) GI(q)QB (z30)1}] | (4.10).

It follows that AN(G;Q), as given in (7.6.05), can be written

as '
{X3X§9DIXD*9¢}- —{x6x$@DIx8¢} |
AN(6)=N-1§ C e e e e e e e e (4.11)
—{xYx§®IxD*8¢} {xyx$exx 8¢}
where o (x38) = {BOA;e) T o(n)B(r;0) "Ly
Put L .
{xBXBe DIxy8¢}. —{xBX¢@DIXe¢} | 1
wN(e)=N’lz e e e e e e e e o (4.12)
’ - * . *
{xYx @Ixy@ ¢} {xYxYe Ix8¢}

B
For convenience the arguments A and © are omitted from the

-summatioﬁg in (4.11) and (4.12); dependence on ¢ 1is also
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not shown. With -kN(e) as defined in 7.84,consider the

iteration scheme

(G+1)_ (3)_ (3),-1 £3) .
N By GRS i NI RSSO T BE (4.20)
If ¥, is replaced by Ay 1in (4.20) we obtain the G.N.
_ . (3, _ 4. (1) .
iteration. Becapse leN YN(GN ) = 11mN AN(GN .) if

eéj) - eo, it follows that the iterates in (4.20) héve the
same asymptotic properties as the G.N. iterates. Following
Robinson [1976b](see below) we call the sequence of iterates

(4.20) iterated instrumental variable estimators (IIVE).

We note that

B(A;e)wy-C(A;e)wx=wy(l)+[{xsewy81(p)},—{XY@wxel 116

(p).

so that

ke(0) = - N1 5 A%(w @0}{w_ - Dw_}

N - B < y X

= wN(e)e - pN(e) (4.25)
using (4.10), whe;e .
[ -{x.® Dw_ ® ¢'}
_ o1 B8 x =
pN(G) = N g e o o e o wy

{XYQ wx Q o'}

Substituting (4.25) into‘(4.20) we obtain

(3+1)
on

= v 03 0l3)y 55 0 (4.30)

As mentioned in thgvintrbduction, Bobinson [1576b,p.77l}ﬁ
proposes ;ﬁ estimator of the form (4.30) for a linear
differential equations model and suggesté iterating. For a
derivation of (4.30) using instrumenta} variables see Robinson
[1976b]. It is clear from (4.25) and-(4.30) that an alternative
way of obtaining (4.30),13 to linearize kN(e). Thus,

equating kN(e) to zero and solving
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veCoi3ye I+

N - ogeiiNy = 0

(3+1)

for BN

we obtain (4.30).

Because WN(p) is unlikely to be p.d., whereas AN(G)
almost certainly will be, the IIVE seems to be computationally

inferior to the G.N. estimator for two reasons.

1. As explained in 5.§3, it will be easier to invert
AN than WN because the former is p.d.

2. In 5.53 we showed that the G.N. direction is down-
hill. This means that the G.N. iteration can be modified so

that each step of the iteration is acceptable; by acceptable
>we mean that LN(6§J+1)) < LN(eéJ)) except at the minimum.

The IIVE direction is not downhill because V¥ is not p.d.;

N
we cannot, therefore, modify (4.20) as in 5.§3 to ensure
the acceptability of the m@dified iterates. Because

acceptability aids convergence in non-linear minimization we

prefer the modified G.N. iteration to IIVE.

5. ESTIMATING A SUBSET OF EQUATIONS

In this section we show how to obtain relatively efficiént.
estimates of the parameters in a subset of the equatiomnsof
(1.10) without having to estimate all the structural parameters
in the system;' we willvyequife, howeve;, estimates of the

.

reduced form parameters for the whole system. Without loss of

generality we can consider this subset to consist of the first

Py equations (pl < p) in (1.10). We write these as -

[ I ]

r ) ) )
£ B, . y(n-j) =
=0 1’J j

Cl,j x(n-j) + pl(n),

o
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For this section only we put o = vec{B

1’°’l..’ Bl’r,
C R o }. This is done to differentiate ¢ from the
1,0, 1,s A

total parameter vector 6 dealt with in §2. We will also
assume that the restrictions on ¢ are independent of the
other parameters in (1.10) and that they are linear in ¢ ; we

write them as hS(o) = Hs(o—oo) = 0, H being a constant

S

matrix of full row rank and Uo is the true value of o.

(o)zj; the

. = 3. . =
Put Bs(z,o) ZjBl,j(O)z ; Cs(z,c) Zj Cl,j

subscript S ' stands for subset.

The estimator to be given shortly is motivated by the
linearization (2.10). Premultiplying both sides of (2.10)
by ﬁ(z) we obtaiﬁ |

ﬁ(z)y(nj - &(z)x(n)+{B(2z)-B(2)}B(2) " 1E(z)x(n)- |
-8(2) "M e (2) -8 (2) Ix()+B(2)u(n) = B(z)v(n). (5.10)
»u(n) consists of second order terms in Bj - ﬁj’ Ck - .c
The first Py - rows of (5.10) are » |
Bo(2)y(n) - éS(Z)X(p)+{BS(Z)-ﬁS(Z)}ﬁ—l(Z)@(Z)X(n) -

- 1Cg(2) = E5(2)Ix(n) + Bg(z)u(n) = Bg(z)v(n).

The last equation suggests the following iteration scheme:.
~
i rst obtain f as outlined in Remark.2. v
(i) Fi btai DN(A) lined R k.2:1(iv)
of §2. Put WS(A) = Dﬁ(l)wx(k). ,
(ii) For j > O,'given that béj) is the jth iterate,

the (j+1>§F iterate is obtained by minimizing

Lg,y(o3®)=(20) tex g@(xt)q<xt;o,o§j’>q(xt;o,o§j?>* (5.20)
for o, subject to the linear restrictions hs(c) = 03
Q(o;céj)) = Bs(céj))wyfcs(oéj))wx+{BS(c)—Bs(c§j))}ws -

_ ()
(o) = Cglogd )t .
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For convenience we have omitted to indicate dependence on A
in the last equation. ¢ 1s a plei matrix fupction of A
satisfying similar conditions to the ¢ matrix introduced in

Chapter 7.

" Let

IgO) = wgwg(*, T, () = wgOIw ()* = T,4()*,

' % 'y L * '
b el {xgxgergee'} . {xBxYeISx9¢ }
S;N * o o 0 .b..".' ‘
B *QT 03"}, * o'
-{xYxB <S } {xYxYeIxe }
;nd

{xsswssé'} , ,
-1 - = = -
ko o(o)=N "I eeee J{B (A _30)w_=-C_(A_30)w_1}
S,N B -{XYGWx@‘P'} S t y S t X |

It is not difficult to verify now that the constrained

mninimization of (5.20) .gives

. ) A : (j)
0§J+1) oéj) AS_;N_. HS kS;N(_GN ) .
= _ . . . ' . . L] . (5.30)
..:. . L N . (j)
A§J+l) -0 A HS | 0 hs(oN )
where (Aéj), h 1) is a sequeﬁce of Lagrange multiplier
vectors. I -
Put v
iy y* *QY ! - * '
» {xBxBenfxD ey }: {xBxY@Dfx@T }
AS(‘{‘)= (2“) J -e . : e . . d)\;
‘ B . o :
- * * " vk []
N }- {xYXBGfxD (3 | {xYxY@ £ 8y }
\j
AS(Q). HS 1 AS(QBSfVBgé) . 0 » .
JgCod= . 1. is(e) = Jg(2) e el L ]Ig(0)
HS . 0 J ‘ 0 . 0
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11 12
-1 _ : | . 11 11
Jg(2) = R 3 $S;c(¢)-JS (2)8 (2B £ BXO) IS (2).

21 ' 22
ORIEAIO

In order to obtain results similar to Theorem 1 we will

- assume that:

Dl1. - Conditions Bl. and B2. of §2 hold.
D2.(i) r and s are given nom-negative integers.
(ii) The true. parameter point, 60, satisfieé
B3.(iii) - (vi).
D3. (i) hs(co) = 0
(ii) 1If o = [I(t)QV]eo and hs(c) = O,theﬁ o= 0.3
V is a PXP, matrix and t = (r+1l)p + (s+l)q.
(iii) o, is a regular point of the matrix
Ag[8B ()£ Bg(o)*e].
D4. This is the same’as condition A6. of 7.54. OO

Subject to the above assumptions the following result holds.
Theorem 3 For the iteration scheme (5.30) above put

TI(;[j)'“= (O'Igj)', }\éj)')’j > 0" withb T‘; = (0:), ol).

Then, ' e

(i) if o§°>;= 0(1l) a.s. (Op(l)) and hs(c§°))'= 0,

then {56 as. (¥ 321 and b)) =0 v g1

(1) 1f og® - o = o (1), then
L. D

limg N%(Téj) - T

N[O, §(e)1¥ 3 > 1.
(iii) Alternatively, suppose that oéo) is nonstochastic

and hs(oéo)) = 0. Then we shall have that oéj) > 0, a.8.

and hS(oéj))

0oV 3 >1. In addition,




-215-

. N (D) D |
limg N*(r""- 1) = N[0,f,(0) ], ~j > 2.

Let. fu (1) be the spectral density matrix of'{ul(n)}.

1
In (ii) and (iii) we will have that
D B
1 .
Limg ¥ (og-0) = N0, 1, (0],

The following result is analogous to Theorem 7.3.
uy 3
i.e. f;l is the optimal choice of ¢. O
1

Remark 5.1 For N 1large the iteratiom (5.30) will be

-1, .
(iv) If f is nonsingular on g,»then is-c(ful)itS;c(Q)‘

well defined because the matrix being inverted will be non-

singular. This follows from Lemma 2 of §10. O

6. USING AN ESTIMATED ¢

Webnow return to the general model considered in
Chapter 7. There are two ways in which our treatment so far is
deficient as far as practical estimation is concerned.
First £ is unlikely to be known; 1in order to construct the
estimate iN(éN) of $(®) (see Remark 4.1 of 7.54) in terms
of known quantifies the replacement of fv by an estimate of

it must be justified;

The second way in which it is important to extend tﬂe‘
analysis of Chapter 7 is to consider the situation where ¢ .
is unknowﬁ bué an estiﬁgfe of it is av;ilable, The following
theorems provide the basis for such eXtenéions of previous
results. Their aﬁpiication to some important examples 1is
given later in the section.

For each positive integer M we define the 2M sets

%
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s(i)! (-M < 3 < M) as , | T

S(i)={r:tw,=7m/2M < X < wj+1r/2M; w, = mj/M; AEB},|j|'iM-1

h| h|
S(M)={x:-m <fx < -w(l- f%), ﬂ(l‘i%P<,l < m;h € B} (6.05)

We have omitted to indicate the dependence of the S(j)
on M; this will be clear from the usage. We first deal with
the case where ¢ 1is estimated non-parametrically,i.e. ¢ is

not assumed to be a function of an auxiliary set of parameters.

Wé now suppose tﬁat for each pair of positive integers
M and N, M << N, @M,N(A) is a pxp matrix function of
A € B and has the following properties:
(i) 5M’N(A) is a Hermitian p.s.d. matrik with
aM,N(ex) = éM,N(A)'.
(ii) 6M’N(x) is a gtep—functiop on B, being constant on
each of the sets S(j) defined above.
(iii) There exists an Hermitianm, nonstochastidg pis.ds

‘matrix function @M(A), defined on A € B, such that

lim_ sup 13

M- o (W)= 0 a.s. (6.10)
N_AEB M,N M-

and | -
lim, sup o, (1) - o)l =0 a.s. © (6.11)
~\EB
We note that ¢M must be a step~-function, constant on the sets
s(3).

The foilowing theorem generalizes, in an obvious wayy
Hannan .and Robinson [1973, pp.260-262].

l Such a decomposition of B follows Hannan and Robinson [1973].
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Theorem 4 Suppose that assumptions Al.-A6. of Chapter
7 hold and éM,N is defined as above. Then, there e#ists
a sequence of positive integers, {M(N), N > 1}, such that
MkN)f ¥ as N - = and the results of Theorems 7.1 and 7.2 .

hold when QM(N),N is substituted for ¢. O

It is clgar that.Theérems 7.4, 7.5 and Theorems 1-3 of
this chapter can be similarly extended. Subject to the

assumptions made in the respective theorems we have:

Corollary 1 There.exists a sequence of positive

integers,A{M(N), N > 1}, such that M(N) ¢ o as N » w andi
the results of Theorems 7.1, 7.2, 7.4, 7.5 hold when

A

QM(N),N is substituted for ¢. O

Remark 6.1(1) As pointed out by Hannan [1973b,pp.169-

170] thére are no results available, at present, to guide us

in choosing the appropriate rate of increase of M with N. O

The next theorem deals with the case where ¢(A) can
be parameterized by a\fixed-and finite number of parameters

so that ¢(A) = @(A;wo), with ¢° an m dimensional vector.

We assume that: P

A8. There exists a compact neighbourhood of ) ¥

o’
say, in which ©@(XA;¢y) is differentiable w.r.t. ¢ . ®(A;5¢)

and T(Xx3y) =

o)lcu
<

y{veec @(A39)} are continuous in (x,w)éﬁxw. O

Suppose that @N > wo a.s. and N%(&N—wo) = Op(l);

We now have the following result: ' .

Theorem 5§ .Given cpnditioné Al.-A6. of -Chapter 7
" and A8., the results of Theorems 7.1 and 7.2>continue to_

hold when ¢(X) is replaced by @(A;@N). O

Theorems 7.4, 7.5 and Theorems 1-3 of this chapter can be
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similarly extended. Subject to the assumptions .made in the

respective theorems we have:

Corollary 2 The results of Theorems 7.4, 7.5 continue

to hold when @(i) is replaced by @(A,QN). O

Remark 6.2(7) The main difference between Theorems &

and 5 is that when ¢ 1is a parametric function it is no

longer necessary to have % conétant on the seté S(j) for

the CLT.result. to remain valid when ¢ 1is replaced by 3.

In addition, given the sample size N, we eliminateAthe need to

choose an appropriate M. [

In proving Theorem 4 we need the result of the following
lemma. It is placed here, rather than in §10, because the
result is of independent interest, being a generalization of

a lemma due to Bernstein (e.g. Hannan [1970]1, p.242),

Lemma 1  Suppose ‘{zj,k’ Y',k’xj,k; i,k > 1} are

sequences of vector random variables and

z =Y, . + .
ik J,kvxj,k | j.k > 1
If (1) limX, . = N(0,0,) P
(ii) limjoj f o, 0 >0

(iii) ¥ € > 0, 6§ > 0 JK=K(S8,e) s.t. 1imkP(||Y

i>8
1,k078)< €

for k > K,
then, for‘ény~sequence of positive.integers ’{jl(k),k > 1} E
s.t. jl(k) + » as k = m,'there exists a sequence of'posit%ve'
integers {j(k), k > 1} s.t. j(k) < jl(k), k > 1, j(k) + = as

k + o and

D

rlim A = N(O,'c)-. O

PP (k) Lk
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Applications For each positive integer M 1let the .

sets S(j) be defined as in (6.05) above and suppose en - 60

a.‘s L] .l .
For M << N~ and ) € S(j) put (following Hannan and
Robinson [1973])
~ -1 - —— . P, ‘
. = - - *
fM’N(A) 2MN i(j){wy D(GN)wx}{wy D(BN)wx} s

omitting the argument A for convenience; s(j) means
summation over all vAt € s(j). One way of obtaining a
strongly consistent estimate of 60 would be to minimize

LN(G;Q)sWith o = I(P).

(a) It follows from Lemmas 4 and 10 that there exists
a sequence of positive integers M(N) 4 = as N »+ « such

that

limN suplf
AEB

Let $(®) be defined asnin 7}§é/and AN(G;Q), JN(G) as in

0 a.s..

M(N)’N(A) - fv(x)ﬂ

7.86. If ¢ 1is known but fv isrnbt,»then a strongly

" consistent estimate of i(@) is

N''N e e e e N''N ’
0 . 0

“where éN is the estimate obtained by minimizing 'LN(B;Q).ﬁx

-

(b) If fv satisfies condition A7. of 7.85, then we can
put QM,N = fM,N and apply Theorem 4 and Corollary 1. In
practice N 1is fixed and we would decrease M till %M N

: H]
became non-singular over each band.

(c) Irrespective of whether or not fv satisfies A7.

we can choose 'p(A) > 0 (A€B) and put
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QM,N(A)

-1

(6.20)

If

p(A) 1s chosen uniformly small then the estimates obtained

would be highly efficient asymptotically. N

In practice is

fixed and fv is unknown. If we suspect that fv(x) is

singular, or close to singularity, over some frequency bands,
then we can use (6.20) to eliminate the numerical instability
inherent in inverting nearly singular matrices;

this procedure

is an alternative to decreasing M as suggested in (b).

(d)

We now give an application of Theorem 5 and

Corollary 2. Suppose v(n) is generated by an ARMA process,

i.e. a n
1 2
v(n) + £ F, v(n-j) = e(n) + £ G, e(n-j) .
with the {e(n)} i.i.d. having E(e) = 0 and E(ee') = sze»;@
det (T ) + Eijzj) $+ 0 for |z| < 1; '
det(I(p) + EjszJ) + 0 for |z| < 1.
= L= _ a .
Put y_ = vec(Fl,...,Fnl,Gl,...,GnZ). If N°(ey-6.) = °p(1.)
and Eﬁ + 6 a.s.,then we can . use the residuals ‘
v(n) = y(n) - D(z;gﬁ)x(n) to obtain an estimate . @N (of wo}/
, - . on _ 4 S
such that wN > wo a.s. and N (wN wo) --Op(l). We
then put

eOsdy) = £ (Ash) T

and apply Theorem 5. @N may be obtained by using either

the time domain or frequency'domain estimators described in

Chapter. 5.
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7. COMPUTATIONAL ASPECTS OF THE G.N. ALGORITHM

In this section we look at the computational side of the.
G.N. élgorithm for the model (1.10). Rather than discuss
eétimation when we have general nonlinear constraints, we
will confine ourselves to the following two types of

restrictions.

(a) The diagonal elements of Bo are unity - a

normalization restriction.

(b) Certain elements of the matrices - B, (0 < j < r)

3
and Cj (0 < j < s8) are set to zero prior to estimation.
Although (a) and (b) are very specialized they occur
frequently in Econometric work. Rather than use Lagrange
multipliers we will impose the constraints explicitly.
Doing this enables a signifiiipt reduction in the dimension

of the parameter vector, thus greatly reducing the computer

storage needed for the iterative algorithm.

More generally, we also note, and we show this below,
that when the constraints are linear in 6 we can reduce the

estimation to the case just discussed by redefining the

parameters using a known orthogohal transformation.

We first show how the constrainedG.N. iterates (7.6.10)
can be reduced to the projection - operator form used in
Haﬁnan and Terrell [1972, 1973] if the restrictions are linear

"

in 6, i.e. H is a constant matrix. From (7.6.10)

(3+1) (3) ' v -1
N - oy Ay (8) . H ky(8)
n‘o-oo-o- . = - . L o.-of (7.10)

, H 0 h(e) 8(3)
N , | o ¢
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It is easy to verify that h(eéj)) =0 for j >1 |if

h(e§°)) = 0. We henceforth assume that this is so. Let

L = I(m) - H'(HH')-lH . Then, by Lemma 3.5

7 ] "1 +
AN . H (LANL) .« X
. . . . = . . . ., (7.11)

H O X X
where for the remainder of this section we adopt the convention
~that submatrices denoted by x's are of no concern to us and
therefore will not be given explicitly. In addition, since

N can be regarded as fixed in this section, we will often

omit to indicate dependence on N. -

It follows from (7.10) and (7.11) that

oI+ _ o) o _amyt k.. 3 > 0; (7.15)
le(i) —,

the linear restrictions can be rewritten as

L(6 Yiﬁff =6 -0 . (7.16)

Because L “Is a symmetric, idémpotent matrix we call
(7.15) the projection - operator form of the G.N. algorithm.

There exists an orthogonal matrix 0 such that

I . 0
Q L -o—l = (m_f) . o
0 . 0

where f is the rank of H. Let:

Pox £ (e® 0!
0A0" = |.... |, 0k=1|..], |..c|=006, |.2.] =06
0a0 o o 8 6, .
lx o ox 1z } . le© o€

where & 1is (m-£f) x(m-£), k is (m-f)x1 and % is (m-£)x1.

It follows from (7.16) that %  is unrestricted while

c

0 is just a known constant. Thus we need only update eu

when iterating and (7.15)'becomes
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(GU)(j+1)_(eu)(j) = —E(eh)—lﬁ(eu)l(eu)(j) (7-20)
By Theorem 2.13(iii) i(e%) will be nonsingular for N large

and 8" close to 62.

If only the constraints (a) and (b) are present, then L |
will already be diagonal with Just zeros and ones on the
diagonal and we only need to permute the elements of 8 to
obtain the representation (7.20). We now take a closer look

~

at the construction of A and k for this particular case.

Below we assume that the indices 1,]j and k have the

following ranges
1<i<p,0<3j<r,0c<kc<s,
, th

Let bj(i) be the i row of Bj’ j

containing the unconstrained elements of bj(i)' in their

B

(i)' the row vector

natural order and define ck(i)' and yk(i)' similarly but o

with respect to the Ck matrices; 1lét

Bj = Veé{Bj(l)’ ""Bj(P)}, Yk = VéC{Yk(l)"..’Yk(p)}?
B = veé{Bo,...,Br}, Yy = veé{Yo,...,Ys} and 6 = vec{B,y}.
- We note that ©, as just defined, is unconstrained and.

will therefore differ from that used in §§1 and 2. 'Fbllowing

Dhyrmes [1973] we define the‘selector matrices Sij’ Tix by

iJ j(i) = % (i),‘Tikck(i) = Y (1)
Put z,(x)=D,(A;e>w-x(x);zj(i;x)'={sijz,(>\)}'; X (130 ={T  w_ m}'-

NENEEY O N 'X(lx) O
] . . L ‘ ijk ¢ ikk.

Zj(A)= '.. | e , Xk(k) = '.. e
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Z(A) = {2,(0) 5.+ +5Z ()35 XA = (X (A),e05X ()}
It is easy to verify that

r : . s
{2 Bz = zo0+ze, { & c.e v =x)y
j=o 3 - : j=o J x

and it therefore follows that

T asec0sew (D)= BTR(58) [-2(0),X()].

Choosing a positive integer M, M << N, let the sets

S(j) and the frequencies -M+1 < j < M, be defined as in

j’
(6.05); take . éM to be an estimate of ¢, with 6M taking

the constant value . §M(w ) on the set S(j). Some

3

suggestions on the choice of ¢ are given in the last section.

Because M will remain fixed until indicated otherwise we will

\

omit to indicaterdépendence on- M Dbelow. )

Put

YD = BT (0y30)%0(u)B  (uy30) for A € S(1);

WA 38) = B(At;e)wy(lt) = C(A 30w (A )3

o -1 : a -1
f (w,) = 2MN z I (A); £ (w.,) = 2MN T ow_ (A )D)w (A )*;
. . t
X ] s(j) Xt Xu - jJ S(J)_x u' 't
where L is a sum over A, € S(j), -M+1 < j < M. We note

s(3) ;
“that T(At) is constant over each of the sets S(j).

Put A(6) - g{-z(kt{1X(At)}*W(At){-?(xt),X(At)};
k(0) = I{-20),XO IO W, ().
The G.ﬁ. iteration (7.20) beéomes

G+l _ ) _ -1
8 ] A(8) k(e)le(j)
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We note at this point that the quantities z(1A), zj(i;x),
zj(A), Z(r), ¥Y()) and wu(x;e) all depend on the unknown
parameter © and so will have to be updated after each

iteration.

We now give a detailed description on how to construct
A(®) and k(). For notational convenience we omit _to

indicate dependence on. 6.

Constructing A It is sufficient to consider the

construction of

2% - é 2O AOZO) .

as the other submatrices of A are obtained similarly. Az
is a block matrix having (j,k)th submatrix

yA z n ..
= * .
Aj] ZBZj(A Y*Y (X )Z](A ). | Aj] is also a block matrix with

(R,,n)th submatrix

Z _ .‘ . ' . .« . . -.
Ajk,zn = ZBZj‘z,kt)*?zn(kt)zk(n,kt).exp{l(k J)At}
M- A .
= I ¥ (w ) I Z,.(232 )*Z (n3;2 ).exp{i(k-j)Ar_}
=M+l AR gy 3Tt ke t
- (7.30)
with Wzn the (Q,n)th element of V. _ : -
. 3 - c - =
s%m) zj(z,xt) Zk(n,At).exp{i(k DAY

= Slj[sim)f(kt)lx(ﬁg)'D(At)'.exp{iFk—j)At}]S;k' (7'31)'1

We can approximate this last expressidn in [.] by

1

(2M) 77N Du ) E1(w ID(0,) "exp{i(k=-1)u )

for easier computation. . It is easy to check that the effect

of the matrices Snk on the matrix in [-] in (7.31) is

.Slj,

to delete“certain of its rows. and columns. Working backwards
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we first construct the matrices D(wj)fx(wj)D(w Yk M < § o< M

3

the matrices are then obtained by appropriate row

Z
Ajk,ln
and column deletions. Next we obtain the A?k matrices and
finally aZ.

Constructing k(9) It is again sufficient to discuss

Z
= ) * .
the construction of k ZBZ(At) T(At)wu(lt)

2 ,
kz has jth block row submatriX'kj,= ZBZj(At)*T(At)wu(At).

k? has an zth block row submatrix

152

z _ . * - ...+
kjl g Zj(z,kt) Wzl(kt)yl(xt)e ]
~13h,
. * ) ’
+ % zj(z,xt) Wlp(xt)wp(kt)e : |
with v, the th element of L l<aoc<p. A typical sum
'in the above equation is
M - : SES I
T Yo (w) I Z,.(2;2.)%w (1 )e (7.40)
m=-M+1 L ™ s(m) 3 toent
with ' :
-1, _ ~13A
. * Y =
z Zj(z,kt).wa(At)e _ Slj[ z D(At)wx(kt)wa(kt)e
s(m) _ s (m) .
(7.41)
We can approximate the matrix in [.] by
-1 — ~ . . -
(2M) N D(wm)[fxu(wm)]a.exp(—ljwm)
where [f#u]a denotes the ath column of £ . Premultiplication

Xu

by -SZj has the effect of deleting certain rows of the matrix

in [-] in (7.41). As in the conmstruction of A% we can now
work backwards to obtain kZ, '

Remark 7.1 Many of the following comments will apply
equally well to the general model (7.1.10).
(1) In constructing A(®) and k(0) we have dealt with

terms of.the form (see_(7.30) and (7.40)):

-
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M .
z g(w,) with 'g(-wj) =‘g(wj) and g(0) and g(w)
j=-M+1 3
real.
. : M M-1
Hence, :  g(w,) = 2R2{ = g(w,)} + g(0) + g(n).
j=-M+1 J i=1 J

It follows that we need only use real summands in the
computation. For further remarks on this'aspect of the

computation see Hannan and Terrell [1973, pp.316—317].

(ii) Suppose 6y 1s a strongly consistent estimate of

6 . If ¢ = E-l,then y =,%j;, and £ . can be obtained
o v T4 u ) :

directly by putting »
- -1 - S '
= . . * 1) .
fu(xt) 2MN -sij)wu(xs,eN)wu(As,eN) Ay € S(3)

¥ will certainly be Hermitian p.d. if fu is nonsingular.
Let mj be the number of »At-G S(j), 0 < j < M. A

necessary condition for fu to be nonsingular is for the mj

~

to satisfy the following inequalities:

ij >p j=1,...,M-1; 2m6 -1-46 > p; 2mM—1 > p

~where 6 = 1 if mean correction has been made and § = 0 if it
has not. We note that mean correcting the data is equivalent

~

to dropping the zero frequegcy in Zs(o)' _ ;

In practice 5& could be chosen as an inconsistent
estimator, e.g. the OLS esfimator if we are dealing with thé
liﬁéar-system'(l.lO). “fu _Qould then be updatédifor the first
few iterations by replacing Eﬁ by eéj).A

(iii) We have already noted in Remark 6.1(i) that thére
are, at present, no useful results.on the rate at which M
should increase with N, It is therefore advisable to try

out several different values of M and pick that value of M

at which the parameter estimates stabilize.
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"(iv) If the convergence of the G.N. iteration.is slow,
or the iteration fails to converge, it is‘advisable to modify
the a%gorithm as suggested iﬁ 5.83. ,AlternatiVely we may
p;efer to use the Marqugrdt type iteration described in 5.5§3.
For some remarks_on termination criteria for the iterationmn

see 5.83,

8. A FURTHER RESULT ON STRONG CONSISTENCY

For the linear model (1.10) the requirement_tﬁat 0 1is
a bounded set is now relaxed; this will reduire the
strengthening of some of the other conditions stated in §2.
The following assumptions are made:
EO. B = [-m,n].
El.(i) This is Bl. (of §2).
(ii) det fu(k) > 0 ¥ A €[-m,7m], except possibly at
a finite number of points. |
E2.(i) This is B2f _
(ii) det fx(k) >0 ‘Vﬂk E[—n,n];
Let 6 = vec(Bo,.}.,B’, C ""’Cs)f The dimension, m,

r (o]

of 8 , is (r+l)p2 +.(s+i)pq. Rl and €, are two positive

numbers chosen before the start’pf ;he éstimation; R1 ‘can
be taken very 1axg¢ and =2 can be chosen close to Zero;
The permissibleuparameter space is definéd by the
fdllowing conditions:
E3.(1i) €1 §|det Bo|‘< Ri : ‘ ,
(41) det [B(z)] %+ 0 for |z| < 1.
(iii)B(z) and C(2) a?e left coprime.

(iv) [Br,Cs] is of rank p.
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E4.(1i) The constraints h(8) = 0 are linear in 6 and

H = (3/36')h has full row rank £f.
(ii) If lell < w, h(e) = 0 and 6 = {I(,y0V}e , then
6 = eo; V. is a pxp constant matrix and t = p(r+l)+q(s+1).0
Put ©, = 6 N (6: h(6) = 0).

h

Remark 8.1 (i) Our assumptions do not exclude u(n)
being generated by an ARMA prbcess with the movihg average
polynomial having roots on the‘unit circle.

(ii) There are no bdundedness assumptions placed on the
Bj’ Ck (1 <3 <r, 0 <k < s). Unfortunatéiy, wg still heed
to impose E3.(i). In the reduced form cése,_i.e. Bo = I(p),

E3.(i) is automatically satisfied. 0O

The following theorem strengthens the strong consistency

result given in Theorem 1.

Theorem 6 We take conditions EO.-E4. as given.
Subpose that:

(i) ¥ X E[-nm,7],2()) is a Hermitian,p.d. and continuous
matrix function of A, with @(fA)>=‘¢(A)'.

(i) a.s. and ¥ N3>1 36 €5 with 180 <= 5.t

) = £ \
LN(eN) in: LN(G).
€3
) 9h
If for each N we choose one such éN’ then éN > 60

-

a.s. O

Remark 8.2 (i) Clearly -the rest of Theorem 1 goes through

if we assume, in .addition, that condition B6. hdlds.
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9. SOME RESULTS ON GAUSSIAN ESTIMATION

We now go back to the general non-linear model
(7.1.10). The notation used in this section will be that of
Chapter 7. In }.§2 and Appendix 1 of Chapter 7 we showed
that if the y(n) are generated by (7.1.10) and the v(n) are
stationary and Gaussian, then,neglecting additive cbnstants,

-1 | -1 -1 |
(2N) T log £ (A )+(2N) “tr Zf "V(X_38)V(A_36)% (9.10)
t vt & v t t

is a good approximation to —N_lxlog—likelihood of -
{y(L),...,y(M) }; V(r 30) = wy(kt)—D(kt;e)wx(kt) ané i
indicates summation over all At for -%N<t < [%N]. Let
M be a positive integer, M << N, and define the sets S(j)

and the frequencies w, (-M < j < M) as in §6: Put

i
p ( L3 - - 1 | . . . »
fy,x(130) = 2MN sﬁj)vgxt,e)V(xt,e)* for A € S(j),

-M < j <M, and suppose, for the moment, that fv(k) is a
step-function, constant.on each of the sets S(j). We follow

Sargan and Espasa [1975] and rewrite (9.10) as

-1 M -1 M -1
R(OsE =™ 3 log £ (u, y+cam) "L g tr £ (uy)
| o j=-M+1 | j=-M+1 |
Fy n(uy30) - (9.15)

where fv(wj) is the common value of all the fv(At) for
-Atﬁ € 8S(3). We note that in going from (9.10) to (9.15) we

have replaced the summation Zt by  Zé in order to give

extra flexibility to our estimation. Estimates of 6 and
the fv(mj) éan be obtained by minimizing LM,N(e;fv) with

respect to these terms. Concentrating the fv(mj) out of

'(9.15) we obtain, omitting additive constants,
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M
-1 “ ,
L (8) = (4M) T log det f (w,39) (9.20)
M,N Joont1 M N3
Let éM Ny 8&ive the constrained minimum of (9.20) for
- 9 .

fixed M and N. We will show that for fixed M,

eM,N - eo a.s. and that eM,N'

Because fv will rarély be a step-function it is desirable

is asymptotically normal.

to be able to increase M with N, i.e. make M a
monotonically increasing function of N, and still retain the
consistency and asymptotic normality properties of our

estimator. This is done in the following theorems.
The first theorem gives some strong consistency results.

Theorem 7 We take assumptions Al.-A4. and A7. of
Chapter 7 asvgiven.r Suppose that,‘given M,E'Nl = Nl(M) s.t.

for each N > N, 36 € o satisfying

M,N h
. €0.. '
6 Oh
Then,
(i) ,1imN 9M,N = 60- a.s.

(ii) 4 a sequence of positive integers {M(N), N > 1} s.t,

M(N)+ » as N > » and 6 + 0 a.s.. If {M(N), N > 1}

M(N),N
is another sequence of positive integers s.t. Ml(N) + © as

N - « and gl(N) < M(ﬁ? ¥ N, then BML(N)’N > 6 a.s. L

Next, we give a CLT result. Let the neighbourhoods
(Ua,’aj> 0) be defined as in 7.54.  Put H(e) = (8/86')&(6);
. = 1y~ . . = '
A(A,G). ‘(8/86 Jvec D(X;30); kM’N(e) (p/ae )zM’N(e). For
the 8

M. N defined in Theorem 7, we will havé, analogously to
’ o ,

7.84, that for N sufficiently large

<
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g,y By, ) B Gy iy y = 0 _ |
. ~ (9.30) |
h(oy §) = Q _ :
(9.30) are the Normal Equations with the XM y Lasgrange
- . s
. : t = (A" T . v - ' 1y,
multipliers. Put TM’N (eM N° A N)’ TS (60,0 )

%M(A) =HM/n J fv(x)dk for X € 8(j), -M < j < M.
' S(3) L

J(®) and i(@)‘are defined as in 7.5§4.

Theorem 8 We take conditions Al.-A7. of Chapter 7 as

given. Then:
. D

(i) For each M, lim Nﬁ(T = N[o,i(%&l)]

N M, "o’
(ii) d a sequence of positive integers {M(N),N > 1} s.t.

M(N) 4 « as N » « and

limN N%(%

4 -1
M(N).’N_To) = N[Oat(fv )]
If ‘{Ml(N),AN > 1} is another sequence of positive integers
s.t. Ml(N) 4 » as N > « and MI(N) < M(N) ¥ N, then

D .
4 -1, o

lim_ N (TMI(N)’N-IO) = N[o,.i;(fv )].

N

Because the Normal Equétions (9.30) are likely to be

highly nonlinear; we will again set up a G.N, iteration. -~

Put
(8)=n"1 ? R A*(x ;) {1 (A; ) f. o )‘i}Akx . 0) 3
by, N Jo-M+1 s(9) M, N £3°73
(AL (8) . H'(8)
| Bu,n | ,
N(e) - cesenee ’

-

H(B) . O

The next theorem gives an analogous result to Theorem

7.4.
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Theorem 9 We take conditions Al.-A7. of Chapter 7 as .
given. There exists a sequence of positive integers,
{M(N), N> 1}, s.t. M(N) + ® as N > » and the following
results hold: '
(i) 8 50 a.s. and Ni(i. -t ) E N[O i(f"l)j
M(N),N o °°° ™M(N),N "o s lty 2

Let Ual be defined as in 7.§4.

(i1) 3o, 0 < @ < al, s.t. in the set Uax(xzﬂxﬂ < a)
there is (a.s.),for N sufficiently large, a unique solution

to the Normal equations (9.30) (with M=M(N)), T “say.

N

Put T§°)'= (eéé){,o'),Téj)'=(q§j)',x§j)') j>1 and

define the G.N. iteration by

(1) .
ey N . ky (wy ,n(®)
j+l - ¢ o o - ad S
N - JM(N),N(B) o.ocoo j _>_ 0
0 h(8) \
b(j)
N
P -
(iii)If Béo)* eo, then, with probability tending to 1 as
SR ¢ D S ' '
N > =, llmj'cN ™"
(iv) 1If e§°) > 60 a.s., then (a.s.) for N sufficiently
. (3) _ = ' . g
large, llmer ™" ‘ .

(v) If,in addition, in either (iii) or (iv),
35 ,.(0) _ T ' |
N (e 8,) = 0.(1), then

5 .0

1imN N (Téj)— ro) = N[6;$(f;1)]for j i'l. D

We now comment briefly on the computation of the G.N.®

iterates.

Remark 9.1 (1) The G.N. iterates can be constructed as

~

~outlined in §7; now, however, £ will be updated at the end

of each iteration rather than for the first few iterations only.
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(see Remark 7.1(ii) 1in §7).
(11) Let lj = 2(6(j)), omitting Ehe M and N sub;
scripts for convenience. If the G.N. iteration is modified
a; in 5.§3, then we could use

T, =37t - dyrasdtp

as a termination criterion (see 5.§3). -1f, however, some

of the E(mj;e) are nearly singular, then it may be more

satisfactory to use

1= texpITh - expad) 1714 expadTh

This is because small changes in x result in large changes

in log x for 0 < x < 1. Using ‘Tj rather than T3 - may

lead to unnecessary additional iteratioms.

A ridge regression analogue’

If in minimizing (6) one (or more) of the matrices

M, N
fM,N(wj;eM,N) is nearly singplar; possibly dge to the near
singularity of fv(wj), the minimization process may have the

following undesirable features:

(i) the estimation may become numerically unstable in
the sense that small perturbations in the data produce marked
changes in the parameter estimates

(ii) the suggested G.N. iteration may take extremely

long to converge.

(iii) the effect (on the parameter es;imates) of the

-

bands where fM N is close to singularity may be overwhélming.
’ bl

. To avoid such unpleasantness we could alternatively

minimize
M
(6) = (4M) T log det[f
j==M+1

M, Njn u,n(@y30)4nT (]
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where 1n 1is some small positive number. Put
fM’n(A) = fM(A) + nI(p); fv;n= fv + nI(p). If, in the above,
we replace fM and fv’ respectively, by fM;n and fv;n ’

then all the results of this section will still hold when
working with zM,N;n rather than zM,N' A procedurg for
choosing an optimal n, based on a suggestion by‘qurl and

. Kennard [1970a, b] is to plot the paraméter estimates for
several different values of n and choose .n in the region

- where the parameter estimates stabilize. The idea is to

choose an n such that small changes in the data produce

only small changes in the parameter estimates. . Hopefully, by

choosing an n such that small changes in n produce'ohly

small changes in the‘parameter estimates the above requirement

is fulfilled.

10. PROOFS

Throughout this section ¢ is a universal constant, not
always the samé. Unless stated otherwise, it should be
assumed that all convergence results below mean a.s.
convergence; the mode of convergence will often not be ;7

‘indicated.

Proof of Theorem 1  To show that Theorems 7.1-7.5 can be
apélied we need to check thaf conditions Bl.-B4. imply
condition; Al.-A4., of Chapter 7 and cbnditions Bl.-B6. imply
conditions Al.-A6. With the exception of A4.(ii) it iéeeasy
to check that the B. conditions imply the A. conditions.

We ﬁbw show that B3.(v), (vi) and B4.(ii) imply A4.(ii). -1f
D(Ar3;6) = D(A) and B3.(v), (vi) ﬁold, theﬁ {B(x;8),C(r308) =

= V{B(A),é(k)} by Lemma 3 of 2.54 , where V is a constant
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matrix. By B4.(ii), 6 = 60. O

Proof of Theorem 2- To apply Theorems 7.1-7.5 we need

to ‘check that conditions Cl.-C4. imply conditions Al.-A4.
and B1.-B6. imply Al.-A6. With the exception of conditions
A3.(4iii) and A4.(ii) it is easy to show that the C.

conditions imply thé A. conditions.

Let B(z;6), C(z;6) and D(z;6) be defined as in §3.
We first show that C3.(iii), (iv) imply A3.(iii). Because

. = . ! 3y
det BI(z,e) d?t B(z,e).det(szzz’jz )

it follows from C3.(iii) that ¥ 6 € 0, det B(z;0) + 0 for

|z] < 1. From C3.(iv) .

|det B(0;8)]|=|det B (0;0)/det 322’01 > ey/ldet B | >0

22,0
¥ 0 € 0. ’
Hence A3.(iii) holds. Next we show that c3.(v), (vi) and
C4.(11i) imply A4.(11). If D(x;6) = D(A), then

1 1

Br(230) "€ (x38) = B (A) "C () from (3.25). By C3.(v),

(vi) and Lemma 2.3.
:{BI(;;e), clgx;e)}= V{BI(A),CI(A)}7.

where V 1is a constant matrix. It now follows from C4.(1i)

that 6 = ¢ . [
(o]

Let c,'AS(Q), JS(Q), BS(G;Q) and CS(U;Q) be defined as
in §5. 'ABefore giving--a proof of Theorem 3 we obtain several
preliminary results. We first show that JS(¢) is non-

*

singular.

Lemma 2 ‘If assumptibnsle.-D4.'of §5‘hold, then Js(é)

is-nonsingular.
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Proof Put Q(Aj;0) = BS(A;c)D(A)—CS(A;o);

P(X)=[{Xé(k)@D'(A)el(pl)},-{x;(k)el(q)el(pl)}l;

M(o;0) = (4m)° 1 tr I & Q £ Q* da.
B X .

It is easily shown that vec Q(A3¢) = P(A)o and

tr 0Qf Q% "{vec(@Qfx)}'vec qQ = o'Pf(fxeé')fb .

Hence, M(0;9) %d'AS(Q)c. If M(o3;8) = 0, then Q(r3;0) = 0.

From D2. and D3. we have that o¢ = ¢ if Q(Arj;0) =0 and

o
hs(c) = 0. But M(GO;Q) = 0. Hence g, must be an isolated
constrained local minimum of M(o;9d). An application of

Lemma 3.9 completes the proof. O

Let Ej’ gk (j =0y.e..,r3 Kk =0,...,8) and BN be defined

as in Remark 2.1(iv) of §2. Put £ = veé{gl,...,gr,
C ,...,C } and write ¢ for the true E. Put

) -=s o

{ by Djx(n-j)}einl

NI (0 = (2mN) 72 .
. j=o

- D(M)w_(N).
We know that ﬁN(A) = D(1;é

Ey ™ &

.2 -
., 2-5- and N (EN - Eo) = Op(l) (10.10)

Lemma 3 If ¢()) is a p2 columned matrix function of

A, continuous in A for A € B, then the following results

hold:
..1 . ~ — )
(1) ,N ‘§¢{Dwa8;(p)}wv +‘O a.s,.
ii -3/2 Lo {D 1T, |
-> . . : . *
( ‘) N B¢ waal(p).CN 0 a.s _

. - }
. =% Sl eh o = -

Fil%) N ‘§¢{(DN D)wxel(p)}wv op(l)
-1 . en L _ =

(iv) N .§¢{(DN D)wxel(p)}cN op(l)
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Proof (1) From Lemma 5 (see below)

1

N g ¢{(DN—D)wx@I(p)}wv > 0.
Because N_lz ¢ {Dw_OI }w >0 by Lemma 7.1, (i) follows.
B X (p) v

(ii) This follows from Lemma 4.9(iil).

Put  Q(r;&) = (3/3g")vec{D(A38)"}; I__ = W wks
Xz = v Cﬁ'

-k A = _rn-1c; ' .7
(iii) N g¢{DN—D)yXQI(P)}wv-[N §¢{I(P)®va}q(xt,£§)]Ax
XN%(EN,; EO)
= Q(l)-Op(l) = opgl)

by Lemma 7.1 and (10.10); I&f-g D<0E g 1.

-1

(iv) N "I ¢ {(D_-D)w_eI

B
3/
= [N_ 2

=T (p) o
; L 2t s
z ¢{I(p)eIXC}Q(At,gN)].N

z (EgmE,)

0(1);0p(1) = op(l)’

by Lemma 4.9 and (10.10). o

Proof of Theorem 3_. It is sufficient to prove Theorem 3°
(1)
N

for , since the proof for Téj) (j > 1) follows

similarly. Foflconvenience we put o0 = qéo)’ ﬁs(x)=Bé(X;Q§°))’

és(k) =‘CS(A;0§°)); Then,

ES

~ ~ o= _.!5- ~
Bgw ~Cgw, = BgDw +N "B, +B

s¥y vsVx s Yy T CgVyg T

S'v S ' x

] : S e 4 Bw 4 N g =
= (BS-ES)DWX + (ES CS)Wx + BSWV.+ N} BS;N =

= -(BS-BS)WS + (CS-CS)Wx + BSWv + gN(A;U)

whgre WS = Dwa gnd

- _ _%; ) -~ . - N
AgN(A,o) = N BSCN f (BS-BS)Wv + (BS—BS)(D-DN)wx.
Put

. L. tyr 1117,
ny (M) .[{xsewseél}‘, {xYewxeé 11
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L. ' o : Tyt
ny (A) [{xBeDer¢ ¥, {xYewxe¢ 1'1,
=yl aBw., v =8tz:nzg (A ;0)
UN g NSty VN 3 Ney 39

It follows that

kS;N(o) = - AS;N(oo-o) + My +va
so that
(1) 1 -1
ON . oo AS;N . HS uN + vN
* 0000 = . \.:.. (10020)
(l) - ) ."l.. .
because HS(E—OO) = 0 by assumption.

(i) If o = 0(l) a.s., then it follows from Lemma 3(i),

(i1) that g 0 and vy 0. It now follows from (10.20)
that Tél) =T, 0. If o = Op(l), then we can show,

o ‘
similarly, that Tél) =T, 7 0. Finally, it is clear from

(10.20) that hS(cél)% = 0.

1
(11) limg N*

g = N[o,AS(QBvaB§§)J. (10.25)

S ~ '\ ' )
because N ZB(nN nN)BSwv = op(l, by Lemma 3(iii) and

D
'%z —

— X % '
N gMxBs¥y .“N[O,AS(QBvaBSQ)] by Lemma 7.2.

We now show that

Nav

if o - o, = op(l).

-154 N : _ _ . -1 “ : — .-
N ZB“NBS CN = op(l) because N EB(annN)BScN = op(l)

. 3
-
-

-1 ~ _
by Lemma 3(iv) and N ZBnNBszN.— op(l) from the proof of |
S L . = - .
—4 ~ _ B — = .
Lgmma 7.3. XN ;BnN(BS s)wv op(l) using Lemma 3(iii) and
Lemma,7.2. (10.26) now follows easily. " From (10.20),

(10.25) and (10.26) we will have that
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D
lim N % (e (1) )

N[O,35(2)]

(iii). (iii) of Theorem 3 follows easily from Theorem 3(i),
(ii).

(iv) We first note that oB_f BX® = f . The proof of
S'v S uy :

(iv) is now very similar to the proof of Theorem 7.3 and will

not be given. O

We now give a proof of Lemma 1. The statement of the

lemma is given in §6.

. -, (t _%SZ“
Proof of Lemma 1 Put a(t) = (27) »I T e - ds. It

follows from Rao [1973, p.123(xi)] that it is sufficient to

Xj,k’ Yj,k and Zj,k all scalars.

j > 1} be a non-negative sequence of numbers  such

prove the result for

Let .{Ej’

that ej‘+ 0 as j » =, By Polya's Theorem (Rao [1973,
P-120 (vi)]) and conditions (i) and (iii) of Lemma 1, there
rexists a positive function g(t) s.t. g(t) 4+ « as t +» «» and

for k > g(j),P(]Yj,kL> ej) < €.,

h|
PRy, St +e) <al(tt e)/o ] + gj,
P(xj,k <t - ejj‘i af (t- ej)/aj] - Ej /'

.

for all real numbers ¢t.

Hence,
P(Zj,k < ;? = P(Zj’%“i t,Xj,k < t+ej)+
B +-P(Z. < t,'Xj k>t Tt ej)
< P(X ik < <t + ej) + P(|Yj,k| > ej). | ‘
i-“[(t + sj)/oj] + Zej | _k > g(3)
uniformly ip t.
Simila:ly
p(xj’k'i £ - ej) < 1>(zj’.k < t) + P(le k| > ej)
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> B(Z, 4 < )2 al(t=e,) /o

3

1 - 2€j k > g(3)

uniformly in t.
Put j(k) = mih{[g—l(k)], jl(k)}, where [x] is the

integral part of_ x. It follows from above that

Py, 28 2 elle* g0 /95001 + 2850

PEiy, e £ 8 2ol = o500 /05001 = 28500

The proof of the lemma is completed by noting that j(k) + =

as k - o, so that ¢

. ¥ .
j(k) 0, 3

(k) >0 as k f %. O

The next few lemmas are needed in the proofs of

Theorems 4 and 5.

Lemma 4 Suppose that Xj’k(a), Xj(a), (j,k > 1), and
X(a) are matrix functions of the variable o, where o  belongs
‘to the set A. Let sup . denote the supremum over all
o € A. 1f 1imk supa“Xj’k(a) - Xj(a)“ =0 a.s. and
1imj supa"Xj(a) - X(a)l =0 a.s., thep, for any seduence qf
positive integers '{jl(k), k > 1} s.t.’ jl(k),+ © gas k -+ o,

there exists a sequence of positive integers {j(k), k > 1}

s.t. j(k) < jl(k), k > 1, j(k) + » as k + « and
1imk supa"Xj(k)?k(a? - X(a)!l = 0 a.s.

Thé5proof*is'a_géneralization/of Robihsonj[1972b;p.51].
and choose a sequence 'th,“j > 1} of ‘positive real numbers
s.t. ej + 0 as j > > and: Ejej < ®, From the assumptions

of the lemma, there exists a positive function .g(t)-s.t.

g(t) + = as t > » and

P(sup G

SuB Gy y > Ej)‘< ej | for K > g(j).
> 4 ’
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Put
j(k) = mih{jl(k),[g—l(k)]}. It follows thati

©
z

P(G, > € ) < =
SRR [SOM SRS 105

so that V e >0

0
Z P( > E)< o,

L D00,k

k
By the Borel-Cantelli lemma, Gj(k),k + 0 a.s. as k » =,

The result of the lemma follows readily. O

Lemma & We take the assumptions and notation of

Lemma 7.1 as given. Put
h, (M) = N1z oI, €s) p(A)en(A)
jk c jk* ~Tg/ TN Tt
If i;g |¢N(A)l + 0 a.s., then limg hjk(N) = 0 a.s.}

if ¢y 1is a function of t,ithen the convergence is uniform in
T € T(see the statement of Lemma 7.1 for a definition of ¢

and T ).

. -1 ‘ o]
Proof |hjk(N)|f_ i;glch_()\)l.N E{Ijj(s)+1kk(s)}|¢(>\s)|—o‘(1).
.0(1) = o(1) using Lemma 1 of 7.§7. O

~

Let the matrices ¢ @M(M,N Z_l) be as described in 55,

M,N? _ .
and let LN(6;¢) be as defined in (7.1.15). Suppose that

-

minimizes LN(e;é ) over 6 € ©,. . Because & > 0,

OM,x M, N h M

there exists an 'Mo' such that @M is monsingular on an opeﬁ:

subset of Bl(B1 is defined in assumption A2.(iii) of 7.83).

A

Lemma 6 Sup?ose assumptions Al.-A6. of Chapter 7 hold.

For M > M° ~we have that:

), where AM,N is a vecto? of
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Lagrange multipliers, and let T; = (eé, 0o"). Then,

D
N%(%M’N R ENITRICIN

Proof The ﬁroofs of (i) and (ii) are essentially the
same as the proofs of Theorems 7.1 and 7.2 respectively.
The method of proof consists in showing that we can replace
6M,N by @M.> Once this is done (i) and (ii) will follow

because @M has, essentially, the same properties as ©@.

(i) Let LN.n(e}Q) be defined as in the proof of
: ;

Theorem 7.1. From Lemma 5 we will have that

LN[eo;(®M,N—®M)] + 0, suE LN;n[e;(QM,N - @M)] > 0¥ n>0.
~ The proof of (i) now follows from the proof of Theorem 7.1.

(1i1) Put A(X3;6) = (3/96"')vec D(A30),

1 (050) = (3/20)2,(838)5 $(A3038) = AA30)*{I, ., © 8(A)}.

(q)

We first show that

[y~ ]

0 (10.40)

The above ekpression can be rewritten as

M . . -

I oz o (A

A H
j=-M+1 s(3) t’> 0’ M,N N

~

- Noting that QM N is constant on each of the sets S(j), we
s )

can deduce from the proof of Lemma-7.3 that for each jJ

-©-
~
>
<D
(=)
=
2
~
]
o
0
Y
2
£
*
[}

op(l).

Since M 1is fixed, (10.40) follows.

.For o small and positive

I
o
-
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uniformly in 6 € Ua’ by Lemma 5. It follows from Lemma 7.5

that if ol -+ ¢ , then
N o

1 1"‘\ = -1 * ¥
llmN(B/BBj)kN(eN,QM’N) (Zﬁ) JB A (A)[fx(k)eéM(x)]Aj(A)d}
(10.41)
where Aj(l) is the jth column of A(}F).
Finally, we show that
1 . D
limN ﬂ kN(eo;QM’N) = N[O,A(@MfVQM)] (10.42).
From the proof of Lemma 7.4 we know that
e [0 5 (b Y= 1 NEr el (d )1 |
N 6 (9 - 9 = I N L ¢iAr_30 3(@ -® . vec w_w* +
N""o M,N M j=-M+1  s(§) t’ o M,N M~. vV X
—1 A . ) .
+ N 2 ¢[At,60,(@M’N-¢M)]vec ;Nw§ = IIM,N + IIIM,N’ say.

We can deduce from the proof of Lemma 7.6 that for each j

1 ‘ p
- - . . (3 - * =
llmN.N zS(j)¢[At’eo’(@M,N @M:})]vec wowk 0.

o

Hence, ‘1lim_ II

N M,N 0. Furthermore, 1lim_ III

o =2

from (10.40). i.e.,lim N%kN[e . (%

N M,N_QM)]
L

o0

)

Because limN N kN(eo;QM N[O,i(@MfVQM)] by Lemma 7.4,

(10.42) follows. Given (10.41)and (10.42), the proéf of (ii)

is the same.as that of Theorem 7.2. O

Proof of Theorem 4 0’Appiying Lemma 4, there exists a
sequence of positive integers Ml(N) 4+ o as N > « s.t.

eMl(N),N > eo. Fext we note- that 1imM$(¢M) = $(¢)‘ It

follows from Lemma 1 that there exists a sequence of positive.

o D
integers MZ(N)+ @ ag N » = s.t. N%(GMZ(N),N-GO) + N[0,$(¢)].

Putting M(N) = miﬁ{Ml(N),Mz(N)}, the result of the theorem
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follows. 0O

Proof of Corollary 1 By Lemmas 1, 4 and 6, there exists

a sequence of positive integers M(N) 4 « as N > = s.t.

Sup"& (A)—@(X)“ + 0, 8

0 .
N (8 -9 )->N[O0,3(2)].
EB M(N),N" M(N),N Yo i

M(N) ,N

The proof of the analogues of Theorems 7.4 and 7.5 follow
along the same lines as the respectlve proofs of these theorems.
The method of proof consists in applying Lemma 5 to show that

~

a O |
QM(N),N cao be replaced by ¢. We omit the details. | :

Proof of Theorem & We note that

limg supl e(asy ) - e(x; wn)ﬂ =0 a.s. ~ (10.50)
AEB ‘

Put 5N(A) = (A3 wN). We first discuss strong consistency.

From Lemma 5 we will have that

LN[BO;(QN—Q)] > 0, sup LN;n[e;(QN—¢)] >0 ¥ n > 0.

6ED
The proof of strong consistency now follows from the proof of
Theorem 7.1. We now discuss. the proof of the CLT. Put

kN(e;Q) = (a/ae)zN(e;o). From the proof of Lemma 7.4

-N%kN[eo;(én-Q;] - N—%EA(At)*[I( y0CUby=0) Ivect (w ~Dw )wi}=

tN-léA(At)*t{(WY_DYX)Wi}'eI(P)]r*(k;wg)]'N%(@N‘¢o)

il

0(1)-0p(1)~= op(l);

T(A3;y) 1is defined in §6; P+(A;¢§) is a symbolic derivative, in
the sense of p. 84 , and “w;éwoﬂ < “@N-wou. It follows from
the above and Lemma 7.4 that

D . ‘
N0 58) » N[0,A(2f 2)] (10.5;)

For o small and positive, limN(élae’)kN[e;(aNQQ)] = 0
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uniformly in 6 € Ua » by (10.50) and Lemma 5. It follows

from Lemma 7.5 that if ol > ¢

N o’ then

. _ +.2 - =1 " '
Limg(2/20 Dky(ofs8) = (2m)7 JBA D IEL()8e() 1A, (M)A
(10.52)
where Aj(k) is the jth column of A(X).
Given (10.51) and (10.52), the proof of the CLT is the same

as that of Theorem 7.2. O

Proof of Corollary 2 The proofs of the analogues of

Theorems 7.4 and 7.5 follow along the same lines as the
proofs of Theorems 7.4 and 7.5 respectively. - The method of
proof consists in applying Lemma 5 to show that 3 can.bé

N
replaced by 9. We omit the details. O

To prove Theorem 6 we need the following results.
Lemma 7 (Deistler, Dunsmuir and Hannan [1977]). 1f
r(i) is a rational function of 2z which is analytic within a

circle containing the unit circle, then

m .
: J r(eMe™ gy =0, 0< 3 <m
- .. :

-

implies r(z) = 0, where ,ﬁ is the degree of the numerator of
r(z).
Proof Let 1r(z) = (a°+mlz+..,+ amzm)( z szj) for |z|. < 1
. _ .- . j=o :

with Bo = 1, Suppose that uj =0 (0 <j < k-1) for k < m.

Then, A

, -

(2")"1 J r(eil)e_ikxdx =B, =0=a =0.
- ' o k

Since it is easy to verifyvthat a, = 0, it follows that’

aj =0 (0 <j<m). O
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Lemma 8 (Dunsmuir [1976, p.90]). Let £f()) be a pxp
Hermitian p.s.d. matrix function of 2, Which is nonsingular
for A € [-n,7] except possibly at a finite number of points.

For V > 0 let T be the block-matrix having

\'
T i(k=j)A th

J e I)2e(x)dr  as (3,k)°" submatrix, (j,k = 1,...,V).
-T

Then, ¥ V > 1,'PV is a p.d. matrix.
Proof Let '{a(j), 1 <j <V}l be p dimensional vectors
and put a = vec{a(l),...,a(V)}

TV Y (v 132
X . (r,) = dinf a*r_a = inf J [2 a(j)e ') f(A){Z a(j)e ]dk
min oV fal=1 v lal=1 /-1 4

(10.60)

Now;V € >'0,define Ae F[AE[—ﬂ,ﬂ],lkmiﬁ{f(k)} > €] and let

Wy be the jth of the, R |y, A-values at which det f£(X) = 0.
Then € may be chosen so that [-m,m] - Ae has arbitrarily
small Lebesgue measure 6.‘ This 1is possible because

Amiﬁ{f(l)} is a continuous function of A Thus the right

hand side of (10.60) is not less than

| v A
€ inf J Iz a(j)eij “2
lall=1 /A 1
: €
: v ijAg2 -
> ¢ inf {1 - 6.R sup sup Iz a(j)e ™17} > .
- lall=1 lijiﬁlkele-ﬁ,wj+6] 1
> €(1-2.V.8.R)
' \' v v-- , ' vV - ; 5
since Iz a(j)eijxﬂzi(zﬂa(j)“)z’i 2(2Ha(j)ﬂz), By choosing §
1 1 1 ‘

A

s.t. (1-2.8.R.V) > 0, the_requiredAresult follows. O

Let {Pn(z),'n > 1} be a sequence of matrix functions of
z and P(z) anothér matrix function of 2z, all matrices being

of the same dimension.

.
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Definition  We shall say that the sequence {Pn’ n > 1}

converges point wise to P 1if ¥ p, 0 < p < 1,

limn sup "Pn(z) - pr(z)l =0
|z]<p

We indicate this mode of convergence by Pn + P, The

above definition follows Hannan and Dunsmuir [1976].

Suppose that Pn(z) and P(z) are analytic functions of

z for |z| < 1. Then we can write

m.

‘ ©
P (z) = % p, zl, P(z) = 1 p.zd |z| < 1.
n j=° J.n j= ‘.

The following result holds.

L ‘ i . - = i .
emma 9 N j >0 llmnupj,n pjﬂ 0 if Pn > P

Proof Choose 0 < p < 1. Then
. -1 : _—f—
P - p, = (271) J {P_(z)-P(z)}z J 1dz
ij,n J z]l=0 B
=p
¥-e >0, 3 N1=Nl(e) s.t. sup “Pn(z)—P(z)“ < € n >N, .
z|<p -
. i _3
| It follows that "pj,n pj“ < €ep for n > N,. The
required result is now easily obtained. [l
Proof of Theorem 6 The proof follows Dunsmuir and ~

Hannan [1976, pp.354-355]. As in the proof of Theorem 1 we
shall have that
T .
~ _1 .J
< T 3
Linm supyly(8y) < 2M70 [ erfeODE, (D) }ax (10.70)
Put bn(z) =»det B(z;én), Fn(z)='{adj B(z;én)}C(z;én),
= - \ . ' ) - .a ' -'|=
Pn(k)_ {bn(k)I(p), Fn(k)}, D (2)=D(z;6 ) and s(n)

= {y(n)', x(n)'}. It follows from assumptions E3,(i),(ii)
that

. sup . b )] < RlZPr
 AE[-m,m] ‘ . .
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Hence
L o(8,) = N1 ¢ er{ep Q wxPX|b |"2}> N Yr trip w w*P*} c >0
NN N N's s NI'"'N' - "~ . ns s N °? '
Since PN(A).is a polynomial matrix in eil of degree
‘ v <A -
V=pr+s at most, -i.e. PN(A) = Z-pN(j)eiJ say, we have that
o
. -9 \' N
LN(BN)-i cN tr| T I ) pN(j)s(m)s(n)'pN(k)'x
t j,k=0 m,n=1
x exp{i(j-k+m-n)A;E] (10.75)
5V N ' . :
N "z I z Py (i)s(m)s(n) 'py(k) "expli(j-k+m-n)A } =
. Lo _ Tt
t j,k=0 m,n=1 -
-1 v - (min(k-j+N,N)
= ¢ N I pN(j) z s(m)s(m+j-k) "' +
jsk=0 m=max(1l,k-j+1)
N k-j
+ I s(m)s(m+j-k-N)' + I s(m)s(m+j-k+N)' pN(k)' =
m=k-j+l+N ' m=1
V .
=c I P T (3-K)+G(3,k) Ipy (k) ", say
jrk=o : ‘
‘ _1 N-3 : .
where T(j) = limN N z s(n)s(n+j)'. It follows from
n=1 '
assumptions EL - E4. that
. ‘ ‘ | _
llmN“GN(j,k)n =0 (j,k=0,...,V)

Let PV, Gv N be block-matrices having, respectively, T'(j-k)
]
and GN(j,k) as (j,k)th submatrices (j,k = 0,...,V). Then,
v . - .
. s . 1
tr LE Py (31 (3 k)+GN(J,k)}pN(k)]_>_

sk=o0

A - '
> cvkmin(rv+Gy;N).tr {j£°APN(j)PN(j)'}’ c >0 (10.85)

It is not difficult to show that

. ™
) = J e an
o _

S S—



-250-

where

DOVE_(DDOD* + £ (1) . DOE_(A)

£(A) =

- . _
£ (A)D(A) £ (V)
It follows that det f(X)= det fv(k).det fx(k).
Assumptioms E1.(ii) and E2.(ii) now imply that Amin{f(k)} >0
for A €[-m,n], except, possibly, at a finite number of points.

It follows from Lemma 8 that A ., (I'..) > 0 and hence that
~mintV : )

+ G c >0

Amin(rV V,N) Z
for all N sufficiently -large. By (10.75) and (10.85)

\')
Ly 2 cotr { 2 pypg('} s e > 0,

j=o
for all N sufficiently large. Combining this with (10.70)
\Y4 .
we have that tr{ z pN(j)pN(j)'} < c¢c < o for all N
j=o .

sufficieﬁtly large. = Next we show that
Py 4
limN DN = D(=D(z;eo)) (10.90)..

The proof proceeds by contradiction. Suppose that (10.90)
does not hold. Then, because [{PN(O),,..,pﬁ(V)};N] is a
bounded sequence for all N sufficiently large, it has a

convergent sﬁbsequence [{p_,.{0),...,p (V)},N > 1] with
A m(N mn(N) =

limN pm(N)(J) = f’(J)s Sé-};, 0 <j <V. ‘ Put B(Z)=1imme(N)(z>i;

J . . _ --1. :

F(z)-limNFm(N)(z) and D =D »F. It follows that» v

D ,..\ = b-'1 F Et D As in the proof of Theorem 7.l> we
m (N) m(N)  m(N) : ) A

can now show that bD - F = 0 and this gives us a contradiction.

Tﬁerefore (10.90) holds. To complete tha proof of the theorem

-
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consider, for given ¢, the following set of equations for 6

" SR Y
J {B(A;8)D(X;4) - C(r;0)}e J dx = 0, 0 <. j < pr+s,
-
‘ (10.95)
Assuming that D(z;¢) does not have any ﬁoles in or on the

unit circle, (10.95) becomes

Bj(e)Dk_j(¢) - ck(e) =0, 0 <k < pr+s,(10.96)

[ o ]

j=o
which we will write more compactly in the form Q(4)6 = O,
say; we take ck(e) =0 for k > s and Dk(d>)'E 0 for Kk < 0
in (10.96). We know from Lemma 7 that if © is a solution
of (10.96), then it is a solution of

B(A;G)D(x;¢)b- C(r38) = 0 ¥ A E[-m,7].

It now follows from assumptions E3. and E4. that eo is
the unique solution of [Q(eo)',H']'e = [Ox(Heo)']'.

N

Therefore [Q(eo)',H‘]' has full column rank. ~Because 6
is a solution of (10.96) for ¢ = éN’ it must be a solution of

[Q(@N)',H']'e = [0',(H6°)']'. (10.100)
By (10.90) and Lgmma 9 "Q(éN) - Q(eo)“ + 0 implying
that [Q(éN);,H;]' has full column rank for N sufficiently
large. Henge éN is the unique'soiution of (10.100) for N
large and

A _ A "ArA -1,
eN = [Q(eN) Q(GN)+H'H]’ H HBO > eo. O

-

For the final few results we adopt the notation of 59;

¥

Proof of Theorem 7 (i) From Lemma 7.1,

"
- -l :
1imN2M’N(eo) = (4M) jE-M+1log det fM(wj)

Hence,
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M ¢
a -1 A
lim sup_ % (8 ) < (4M) I log det £  (w.) (10.120)
N'M,N""M,N jooitl MY
3ut
b(z;8) = det B(z;6),F(z;8)={adj B(z;6)}C(z30),

G(z3;0) = b(z;6)D(2) - F(z30), gy(rs0) = b(A;e)wy(A) -
- F(A;0)w (1),

- -1 | 2, .-

4 = . 3 * .

By wyn (ug30)=2UN Sﬁj)gN(xt,e)gN(At,e) (b 30) | 2+ a0,
= (4™ 1
RM,N;n(e) (4M) _ i-M+1 og det fM

’N;n(mj;e).

If lim_ 6 + 06 _, then the proof of (i) is complete. If it
N "M,N o : -

does not, then there is a 6 € eh - 60 and a subsequence- of

N > 1} say,s.t. 1lim.6 = 6.

N> 1}, {8y | (n)e NM,n (N)

M,N?

Put G(A) = G(A36), BH(A)

b(x38). Then,

~

I%m 1an2M,n(N)(eM,n(N)) > 1imN2M,n(N);n(e

M
= um™l 1 1og det{M/ ;
j=-M+1 "

+ M/ﬂ J

\'

M,n(N))

G &*(|D|2+n) " tar +

. ,
5(3)
15128, (15 + )7

| da}
S(4)

Using exactly the same reasoning as in the proof of Theorem

7.1 we have that

sup "/ J lﬁlzfv(x><|6|2+n)'1dx = %M(wj>
n>0 s(3) :
so that> .
. o 1 M o -
bllm ianRM,n(N)(SM,n(N))iﬁéM) ji-M+llpg det{ /n _3 e

. . . 2 - 1 PN :
"% J GE_G*(|b|"+n) Tdx + fM(wj)}
s(3) .
- It now follows from (10.120) that Gfo* = 0 for A € B

and hence é(k) = 0 for X € Bl' By assumption A4.(ii)

-
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6 = eo,rgiving us a contradiction.

Hence 1lim g =
' v, T %

(ii) The proof of (ii) follows from Lemma 4. n
Lemma 10  Put ¥(1;6)={D(A)=D(A;8)}£_(A){D(A)-D(X;0)}*+
+ £ (1), T(r50) = {(a/aez)n(x;e)}fx(x){Dgx)-n(x;e)}t +

+ {p()-D(rse) e (M) { (37008, )D*(A50)}

. Cwy I‘ . , .
vy (r;0) = 5(4) ¥(r;6)dx  for X € S(j),
T, (A38) = M/, J T(r;8) dx for X € S(j),
M"Y . P ~ ’
S(3)
a2 = % al.

Given conditions Al. - A7. of §7 we have that

(1) 11mN fM’N(A;e) -?M(A;e) a.s.-

(11)  Umy, (A;0) = ¥(r;6)
(111) Limy(3/90,)F, 1 (A38) = - 1, (3;8) ) a.s. 1< gcm
(iv) limMTM(X;B)Q = T(A;e)l 1 <2 <m
the convergence in (i) - (iv) being uniform in ¢ € ﬁaZ and-
A € B.
Proof (i) and (i1ii) follow from Lemma 7.1 while (ii)

and (iv) are immediate. O

Proof of Theorem 8 It follows from the proof of Theorem

-

7.2 that‘the result of Theoremr8(i) holds if we can show that

D

L 7 a=1_ 2-1 .
1imN N_kM’N(eo) eANIO,A(fM fvfM )1 (10.130)
and
lim_(3/306")k (e 5 A(f‘l) (10.131)
| N M,N'"N M T
P <
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From Lemma 10(i) we have that

llmeM N()\) = fM(A) _ (10.132)

uniférmly in )\ € B,

(3/36 )2y y(8) = (4m)7F §tr-éng(wj;e){(a/aea>%M,N(wj;e)}=
=-xt: : {(3/08 )vec D(At;e)}*{GXeEilN(At;e)}.
j s(3) : ?
.{wy - D(At;e)wx}
= Ky (00" Nl oz oA efMlN)( - v =
? j s(3) 7
=- N‘%[N“%; L A#(#Xeéi‘dl)(wy - Dw ) -
i s(j)
L
- N % 3 A*{w e(f )}(w -Dw_)] =

i s X M N

- N o
= N (IIN + IIIN) say.
D

It follows from Lemma 7.4 that limNII ='N[O,»(ih:"-lf E—l)]
P N . M. v™™
To show that IIIN > 0 .it is sufficient to show that for each
j, -M < j <M,
N_!5 T A*{w G(fM N E;l)}(w - Dwx) =
s(j) y
-
NE [{(w_-Dw_)wk}'@I, .lvec(f. %‘1) 3 0 (10.140)
s(3) y x’ ' x (p)Vvee M N "M :

(10.140)follows from Lemma 7.2, Lemma 7.6 and (10.132) by

noting thatv (Egln - iil) is constant on S(j). Thus (10.130)
. . .

hélds.

Next we show that (10.131) holds

3k, . (8) .
-l oyt o —g— (7 0f ) (w, = Dw ) -
% i s(3) ’ y
-xlr o3 A*{F ef -1 EEELE g1 }(w - Dw ) -
¥ s5(3) X M,N 862 M,N X
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-v bty oz oaxqrreg;l )i yec D (10.141)

i s(3) X "M,N _862

= IIN(S) - IIIN(G) - IVN(G), say.

For convenience we have omitted to indicate dependence on A,

and 6 in (10.141).

Let ¥y(A3;8) be defined as in-Lemma 10.

1 (o) & e 3A%(230)

3 JS(j) T ec[WM‘A;G){D(A)—D(A;e)}fx(k)]dk,

uniformly in 8 € EaZ’ by Lemma 7.1 and Lemma 10(i). It
follows that IIN(eﬁ) -+ 0. - We can similarly show that

IIIN(eg) + 0 (use Lemma 10(i), (iii)).

Finally,

IV-(G) +~ I M/ﬂ J Ax(x;8){£'(X)eY (A;G)}A (r30)dx
N P S (3) X M L

uniformly in 6 € ﬁaZ’ where AR(A;G) is the zth column of’
A(x;0). (10.131) follows.

(ii) This follows from (i) and Lemma 1. O

Proof of Theorem 9 Let Y¥(x30), T(A;e)g (1 <2 < m be

-

rd

defined as in Lemma 10. From Lemma 4 and Lemma IQ we know

that there exists a sequence of positive integers Ml(N) + o

as N » o s}t.
limeMl(N),N(X;e) = ¥(r306) - (lOfISQ) '

limN Y —— = -« T(A36) 1 < & < m (10.151)
. . . LT = 7 =

uniformly in 9 € T A € B.

a2’

It now follows from Lemma 4 and Theorems 7 and 8 that there

exists a sequence of positive integers M(N) + » as N » = s.t.

-
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D

> e, N7 -6) > N[0,}(£;1)] and (10.150),

OM(N) ,N COrp(my, N
(10.151) hold with Ml(N) replaced by M(N).. Given the
sequence M(N), the following results can be easily deduced

from the proof of Theorem 8.

kM(N),N(eo)‘* 0 |
For a(>0) sufficiently small, lim sup,.sup lk (e)l< %,
? NGEU M(N),N
o
¥ € >0, Ja, 0 <a < al s.t.
lim sup, sup Ml v (8)-a(8)l< ¢
v 528 TOMm N |
Ta
.3k (8)
mn) v
lim supy sup ! Y AM(N),N(G)" < g

€U
a

Also, 3 a > 0 s.t.

lim inf_ inf 2

N ()} > ¢ > 0.

=t min{JM(N),N(_e)'J
a

M(N),N
Given the above reéults, the proof of Theorem 9 can be

completed similarly to the proof of Theorem 7.4. We omit

the details. O
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CHAPTER 9
ON THE RELATIVE EFFICIENCY OF TWO METHODS OF

ESTIMATING A DYNAMIC SIMULTANEOUS EQUATIONS MODEL

1. INTRODUCTION

In this chapter we deal with an identified, dynamic,

simultaneous equations model

™R
Mo

Bjy(n—j) =

ij(n—j) + u(n) (1.10)
0 3

3 o

and we assume that the residuals are generated by either a

stationary MA
t ) -
u(n) = I Aj e(n-3) (1.11)

or a stationary AR

Aj u(n-j) = e(n) (1.12)

™t

3

(o]

Given the particular residual structure, either (1.11) or (1.12),
Chapters 4 and 5 dealt with the efficient estimation of the

B and C,.

i’ i

estimators efficient parametric estimators, where the word .

coefficient matrices A We will call such
parametric is meant to convey that we take into account the
particular parametric nature of the residuals when estimating.
We remind the reader (see 1.81 ) that by an efficient estimator
we mean one that has the same asymptot{c distribution as the

maximum likelihood estimator if the e(n) are really Gaussian.
An alternative way of estimating the coefficient matrices

J

B. and Cj’ which does not rely on the parameterization of the
reéiduals u(n) but just assumes that they are stationary, is

" given in Chapters 7 and 8. The estimators of the Bj and -Cj
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matrices obtained using this method of estimation will be

called nonparametric estimators for the obvious reason.

éiven two estimators dél) and Géz) of a vector §
. b, (1) D e (2) D :
with N (6N -60) > N(O,tl) and N (GN - Go) > N(O,iz), we .

will say that 6;1) is asymptotically more efficient than 6;2)
if (ié-il) is p.s.d. and not zero.

In the presence of general nonlinear restrictions on the
parameters we will show that the parametric estimators of the
coefficient matrices Bj and Ck are at least as efficient

asymptotically as,and generally more efficient than, the non-

parametric ones, when the pqrametric treatment 18 correct.

The results verify that the estimator given by Hannan and
Terrell [1973] will be as asymptotically efficient as the
parametric estimators. See Remark 4.2(i) of s4.  Some of our
results have already been obtained, in a different way, by
Espasa [1975] and Espasa and Sérgan [1975]. This is discussed

in more detail in Remark 4.2(ii) of §4..

We now give a brief outline of the contents of the

chapter. §2 states the assumptions required for the results to

hold; §3 derives the asymptotic covariance matrices; §4 states

the results of the chapter, while §5 contains all the proofs.

Finaily,'we give some notatidn and conventions used in the
chapter.

1. z will be used both as a lag operator, i.e.
zy(n) = y(n-1), and as a complex variable. Its usage will be

clear from the context.

2. For a function of theAcbmplex variable z, g(z) say,

ix

we will write g(e™™) as g(A).
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3. r(A) will mean the rank of the matrix A. If A
is a p.s.d. matrix we will write A > 0 if A $ 0; 1if A
and B are matrices such that (A-B) is p.s.d., then we will

write A > B 1if (A-B) > 0.

2. ASSUMPTIONS

In (1.10) - (1.12) the matrices are pxp, 0 < j < r;

B
_ |
the C matrices are pxq, 0 < j < s3 the A matrices are

3 b

pkp, 0 <j < t; the "{y(n)} are the p dimensional endogenous
variables;r the {x(n)} are the q dimensional exogenous

variables.

c.zd and A(z)=

r
Put B(z) = : szj, c(z) = ]

o ]

[ e BN}
™t
g
N
e
L]

(o] [o} 3

3

As 1ong as the asymptotic results outlined in the next

section hold, it is immaterial what the exact assumptions on the"

{e(n)} and {x(n)} are. To be specific, however, we assume

that:

Al. (e(n), Gn’ n=0,x1,...) is a sequence of p

dimensional, stationary, martingale differences satisfying

-

E(e(n)e(n)'IGn_l) = Q, where Q 1is a constant nonsingular

£

matrix.

A2. The {x(n)} satisfy assumption A2. of 4.§2 and, in
addition,vf(“x(n)ﬂz) i.c‘<<».V n.

A3.(i)The degrees Ar, s and t of the polynomials B(z),
C(z) and A(z)_ respectively aré chosen prior to esfimat;on.
"If r', s' and t' are the degrees of the respective
polynomials at the true parameter point, then we assume that .

r' <r, s' <s and t' < t.

(fi) det B(z) 4 0 for |z] il} det A(z) £ 0 for |z] <1




-260-

and Ao _E I(p)' For the simultaneoué equations case, 1.e.

B, F I(py» Put © = vec(A;,...,A, B ,...,B

t®> "o

r,Co,..._,CS) and

m = pz(t+r+l) + pq(s+l). In the reduced form case, i.e.

o 1’000’

m = p2(r+t) + pq(s+l). Let eo be the true value of 6. m

B = I(p), put 8. = vec(A At’ Bl,...,B ,Co,...,Cs) and

r

is the dimension of 6.

A4, The constraints h(8) = 0 aré imposed during
estimation. h(6) is an £ (0 < f < m) veétor function of 6
with continuous first and second derivatives. Put
H = (3[86')h(60). We assume H has rank f.

A5. In addition we assume that if B(z)“1

C(z) 1is known,
then, given A3. and A4., additiomal identification restrictions

are available to determine B(z) and C(z) uniquely. 0O

A5, 'is made vague>on purpose, because there are available
a number of essentially equivalent identification requiréments
(see Chapter 2) and we leave it to the reader to choose the set

he prefers.

For both the AR and MA cases assumption A5. ensures that

A(z) and § are also identified. This follows from Ch. .2

-

-~

Put § = vec(Bo,...,B

- Co""’cs) in the simultaneous
gquations case, § = vec(Sl,...,Br, Co""’cs) in the non-
simultaneous one,and let 60 ~be the true value of §. Without

loss of generalify'we can restrict our attention to those noﬁi
. linear constraints- that only involve ¢, as onl& these can be
‘appliéd in both parametric apd nonparametric estimation. The
othér nonlinear constraints involving elements of the Aj
_matrices'can'only enhance‘the re}ativé efficiéncy of the

parametric estimators. We will, therefore, assume in the

~



-261-

sequel that h = h(8) and put H1 = (3/86')h(60)}

Hence H = (8/36')h(60) = (O,Hl) with Hl of full row~rank.

3. DERIVING THE COVARIANCE MATRICES

Put B = vec(Bo,...,Br), xs(z)' = (l,z,...,zr) for
= L. » r
B, % I(p) and B vec(Bl,...,Br), XB(Z) (zy...,2z ) for
— ‘ - oVt o s
B0 = I(P)' Put vy vec(Co,,..,CS), XY(Z) (l,z,...,z ),

]
vec(Al,...,At), Xa(z)

t
o = = (Zy.00052 ),
-1 -1 -
= _ 1 ' X] = - _ 1 '
L I(m) H'(HH') "H ,‘L1 I(m) Hl(ﬂlﬂl) Hl. vbere m is
the dimension of &, D(z) = B(z)_lc(z).
Then, it is easy to show that
I . 0
2
(p7t) .
L = LR ] LI I ) (3.10)
0 . Ll

We will now derive the asymptotic covariance matrices.

Nonparametric Estimation We define the stationary sequencé
"{v(n)} constructively by
T .
r B, v(n-j) = u(n) , n=0,x1,...
jmo 3
and let fv(x) be its spectral density matrix. Let wy(A)
and wx(x) be the Finite Fourier Transforms of y(n) and x(n)

respectivelj (see 1.82 ). If N 1is the sample size, then the

nonparametric estimate .of 60, 3§NP) say, is obtained by
minimizing
-1 » ' i
z tr £ "{w_-D(A Jdw_(A )Hw_(x )-D(x Jw_(Xx_)}*,x _=27t/N,
—%N<ti[%N] v ¥ t"xTt y t t" x t t :

for 6, subject to the constraints h(s§) = 0. It follows from
7.52 and (7.7.40) that |
) o D
1 ~ - .
wEE -6y > N0, 3 M)y (3.15)
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where
10 o @By, C(3.16)
and
égp) = 27! JiﬂF(x)'{kax)ef;l'(x)}F?x)dx; (3,17)'
F(A) = (3/38")vec D(A).

If fv is unknown, then, as shown in 8.5§6, it can be
replaced by a suitable esfimate and (3.15) will still hold.

It is also shown in 8.56 how to construct the estimate of fv

We now obtain an explicit expression for §§p). It is
easy to show that
vec B(Z)ﬁ{xB(Z)'@I(pz)}B, B $~I(Py, : (3720j
={ 1 .‘ . = R .‘-
vec B(z) {XB(z) eI(pZ)}B + vec I(P)’ I(p) (3.21)
vec C(z)%{xY(z)'el(pq)}y (3.22)

Let 6j be the jth element of §. Then,

2 Vegﬁz(k) -vsé{B—l(A)égéil-D(A)}+vvep{B_l, aC(A)}

-

rd

3 vec .C())

S{p(r)te t(n) 2 yec BOY) 4y

—
@B “()A)}
36j (q) | 36j

Using (3.20) - (3.22) we have

F(A)=[§{XS(A)'eD(x)*eB'l(A)},‘ixY(k)'@I(q)eB’l(A)}].

It now follows from (3.17) that

.

. _ 1 -1
r'{xexganfxn*eful }. '{Xex$@Dfx9ful } )

A (NP)

Bss dx

_(21‘.)-1 1 ‘e . . . . . . . .
. . ' _1" . _1!
- * % *
{nyeefxD of =} . {x xjef,ef =} |
\ : - )




-263-

where f is the spectral density matrix of the u(n)
. u .

sequence.

Parametric Estimation - MA Residuals

Put £(n;8) = B. A(z) '{B(2)y(n)-C(z)x(n)},

E(n) = g(n3;6 ) = B ten), o, = 5 loz"l'.  Let
>0’ o > g o o
~ . ' ~ ' )
6§MA)= (aéMA) ’ 6§MA) )' Dbe the estimate of eo obtained

by minimizing
. (1 X ’
log det{N z g(n;e)g(n;e)’}
C n=1

with respect to e,tsubject to the constraints h(§) = 0.

By Theorem 4.2
;’ D

2 ‘(MA)_ (MA) '
where
téMA) - (LAégA)L)+ | : . (3.31)
and AggA) is given by _
‘N 3&(n;6 )° 3¢(n;0 )
-1 Yo -1 > o
lim_ N L —— Q7 = .
N a1 36 g 96"
A , )
It follows from (3.30) that N%(sénA) - 50) > N(0’$§MA))

where an expression for iéMA) is given in (3.46).

A (MA)

66 when

We now obtain an explicit expression for

Bo e I(p); The expression for the reduced form case is then

~deduced from it. v
It is easy to see that

, veé A(z) = {xa(?)'eI(Pz)}a + vec I(p) (3.35)

Iy Bj be the jth elements of o and B

reépectively.

Let _a
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Then,
(3/30,)E(n;0 ) = -B_1a(z)"t 222 45y Lip(z)y(n)-C(2)x(n)}
3 o o oa j ‘ _
. - ;{e(n)'9B;1.A(Z)—1}a vegaA(z) .
h|
From (3.35)
(3/0a")E(ns0,) = ~{x (2)'0e(n) "B A(2)""}  (3.36)
3g(n306 ) 3B _ - :
_5.8___0_ = - Bgl 38— g(n) + B -1 A7t %—g—(—ﬂ y(n)
h| J h
9 vec B ‘ .
= - {e(n)'eB )2 + (y(n) e8] a(z) THpR VoL Bl)
i ' k|
From (3.20)
] = [ ] -1 ‘ad v 1 -1 ;‘1
(3/88.)£(n;6°)— -[{g(n) 8B }’0]+{XB(Z) 8y(n) 8B A(z) 7}
(3.37)
We can similarly shoﬁ that
(3/3y")E(ns38 ) ='{xY(z)'ex(n)'englA(z)“l} (3.38)
Denote
. N 3E(n3;6 )' _. 3E(mze ) ,
limN N_l z ———a-a—-—o—— 9;1 _a"&""—o— H -
n=l .
N 23&(n3;0 )’ 3¢(n;0 )
-1 ’“o -1 ’>“o (MA)
limN N E “Se Qg Y etc. by A ,
n=1
égA) tc., respectively. Let 4fe(kf, fE(A) be the spectréi

densities of the e(n) and £(n) respectively, and let
feE(A), féu(x) be the cross-spectra between e(n), E(n)‘.and

e(n), u(n) respectively.

 From (3.36) - (3.38) we have that

«
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1|

(MA) -1 (™ -
By = (2m) J_ {xaxgefeéfu }da
: (Ma)' _ , (MA) _ _ -1 (™ -1
- ABa = AaB = -(27w) J- {xaxgefeuefu Ydx +

1T

-1 [ -1 -1 '
+ [(27) J {xaefegeA (/2w) “}dr, 0] (3.40)
-

A(MAY T (MA) 0, A(MAY T (MA) (A(MA)’A(MA))
Ya ay Sa - ad aB ay
MA)  _ , (NP) (MA)
Ags = bgs Y5 | (3.41)
(MA)
'where WéMA? = Ws - 0 __ (3.42)
0 0
with
(MA) _ -1 (™ -1, _-1%__-1'
WB = (27) f_“{xsxg@B fuB efu Tda f
s (MA) .0
-(@iMA),O) - (@iMA)‘ ,01) ' 4+ [ "2 ],
0 . 0
(MA) _ -1 (" -1, _,-1" -1,
@ = (27) J_“{xeeB fquA »(Q/Zn) }da
. ™ o
oMA) . (o1 J '{fge(a/zn)’l}dx

2
m

Putting together the abové results we can obtain AégA).

It follows from (3.10) that

p (MA) (MA) '

: e AaG L1 : -
LAégA)L'= T : (3.45) °
(MA) © . . (MA) |
LlAGG L1A66 Ll .

To obtain *éMA) we need the following lemma due to Rohde

1

[1965]
Lemma 1 Let H be a squdre p.s.d. matrix. If

w
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: ' 11 12
F11 ;P2 N . H
H=-‘ . PR . 'and H = o.‘oco. »
. 21 , .22
- H21 . H22 H H
wﬁere sz and H 2 are square matrices of the same dimension,
22 _ + +
then H™" = (H,, - H, H, H,;,) . D

It follows from (3.31), (3.45) and iemma 1 that

+ : .
W - e e

In the reduced form case (3.45) and (3.46) still hold,with

the second term on the right in (3.40) and ngA) dropped.

Parametric Estimation - AR Residuals

Put  E(n;8) = B;lA(z){B(z)y(n) - c(z)x(n)},

1 -1__-1"

E(n) = £(n30 ) = B "e(n), 2, = B 0B~ . Let
~ ~ ] ~ (] o
eéAR)= (aéAR) s 6§AR) )' be the estimate of eo obtained by

minimizing

. |
log det {N 1 I E£(n;0)E(n;0)'}
n=1l '

with respect to 6, subject to the constraints h(§) = 0.

By Theorem 4.2

D
% .4 (AR) (AR)
(AR) _ (AR) .+ : » (AR) (AR) (AR)
where $e | -'(LAee sz. Expression; for Aaa , Aad . A66 g
are given below and are obtained similarly to the analogous
terms in the MA case. From these we can deduce A(AR)- '

86
Let fgu be ‘the cross-spectrum between &(n) and u(n).

fu -and fg are defined as above.
(AR) -1 (™ * -1
Aaa (27) ) {xaxaequ(Q/ZW). }da

“
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(AR)' _  (AR) _ -1 ("
ABQ = AaB = (27) J-“

-1 (™ -1
-[(2m) {xaefug@(Q/ZH) }dr, 0]

-

AC(ARY' _ (AR)

Yo ay =0, Sa asd
(AR) _ , (NP) (AR) (AR)
Bss =Llss T ¥ s ¥
(AR) _ -1 T =1, _=1%
¥ = (27) f_n{x6x§es £ B
S8R gryr 4 [o(AR),
with
: s
@iAR) = (2n)-l.J_%{xBeB_lqu8A'(Q/2w)_
. T i '
o8B = (amt [ '{fge(n/zn)‘l}dx;
-T

 {xax§8fuB-1*9(Q/2n)_

LA (AR)

“rar-(e 4 0)-

A0 Jaa-

It is easy to see that (3.45) and (3.46) also hold for the AR

case if the (MA) superscripts are replaced by the (AR) super-

scripts. In the reduced form case the second term oﬁ the

right in (3.50)  and YéAR)‘ are dropped.

4. RESULTS

We will state and discuss the results in this section

~give the proofs in §5. 7

In estimating & parametrically or nonpérametrically
have allowed for the possibility that the degree of one or

. of the polynomials A(z), B(z) or C(z) is overstated (see

assumption A3.(i)). The degrees of

the true parameter point are r', s'

B(z), C(z) and A(z)

and

we

more

at

respectively, whereas
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we estimate on the assumption that they are r, s and ¢,

] |

with r' <r, s' < s, t' < t.
Put :
Ly s By ‘
Ll = QOOQ‘QO - (4-10)
La1 Lo

where L11 is a square mxm matrix with m the dimension of

We first look aé the case where u(n) is a MA.

Theorem 1  Suppose that wu(n) is generated by (1.11).
The first three parts of the theorem deal with the _ |
simultaneous equations case, i.e. Eo $ I(p), although it may
equal it. Part (iv’ discusses the reduced form case.

(1) Even if r' < r or t' < t, or both, iéMA) i$§NP).
In generalA thA) < thP) if r' > 0.

1

Put G(z) =‘B(z)— A(2z),

Tl(K) ='{Xs(k5@G(A)8I(é)}—[{BgleA‘(A)}',0']',%6[-n,n] (4;11)‘
T,(0) = {x,(\)er , ) s A €[=m,]
(")
and let L11 be defined By (4.10). -
(ii) A necessary and sufficisnt condition for i(gA)
to equal $§NP) is that there exists a real matrix S,

independent of X , such that

-

L;,T; () = ST,(0) ¥ A €[-m,7] . (4.15)

2

(iii) A sufficient condition for $§MA) to equal #éNP)

is that there exists a constant real matrix Sl such that

T, (1) = slrz(x) » ¥ A €[~m,7] . -~ (4.16)

(iv) In the reduced form case, the second term on the
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right in (4.11) drops out. (1) above still holds and (ii)
and (iii) apply if there are restrictions. In the absence .

of restrictions(4.16) becomes necessary as well as sufficient.l

Remark 4.1 (i) Theorem 1(i) implies that even if the lags

on the endogenous variables and the moving averége are over
specified, the parametric estimator willistill be at least as
efficient as the nonparametric one. If therg really are lagged
enddgenous variables, i.e. r' > 0, then the parametric-
estimator will in general be more efficient than the non-
parametric one. Although (ii) may be difficult to work with,

(iii) is easy to apply as can be seen from the proof of the-

" next corollary. O

Corollary 1 Let G(z) be defined as above. If G(z)

is a ﬁolynomial of degree g and r+g < t, then iéMA) = jéNP).
This result covers: A
1. The distributed lag case where B(z) = A(z) and

Bo = ;(P)' Here ‘G(Z) = I(p),_g = 0 and r = t.

2. The simultaﬁeous equations case when there are no
lagged endogenous variables, i.e. r = 0. . Here G(z)=B;1A(z)
. N N /

and g = t'.

The Condition r+g < t does not automatically hold when

G(z) is a polynomial even if r=r' and t=t',. As an example
consider -
) 0 1
B(z) =1

= '=p= "—¢=
(2) + 0 0 Z, A(Z) I(z): r r 1’ t t, 0‘»
Because det A(z) = det B(z) = 1 ¥ 1z, A(z) and B(z)

B(z) L = .

certainly satisfy condition A3. of §2. G(z).
.0 -1

I +
@ [ 0 0

Next we will deal with thé AR case.

] z. Hence g = 1 -and r+g 2 >t=0.70
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Theorem 2 Suppose that wu(n) is generated by (1.12).
The first three parts of the theorem deal with the simultaneous

equations case and part (iv) looks at the reduced form case.

(1) With 'iéMA) replaced by iéAR) this is the same as

Theorem 1(1i).

Put

]

T, (V) {xs(x)eB'l(x)eA'(M}—[{B;lA(A)eI 111,01 A€[-7, ]

(p)
(4.20)

Tz(k) ‘{XQ(A)QI 2 } A E€[ln,m]

(@) |
(ii) The necessary and sufficient condition for

*éAR) *éNP)

to equal is the same as given in Theorem 1(ii).

(iii) and (iv) are the same as (iii) and (iv) of Thedrem
1 with Tl(k) given by (4.20). In the reduced form case, the
second term on the right in (4.20) drops out. O

Corollary 2 Put G(z) = B(z)_l. If G(z) 1is a

polynomial of degree g and r4g+t' < t, then iéNP) = *éAR).,

The condition r+g+t' < t does not automatically hold
when G(z) is a polynomial,even if r=r' and t=t'. This

can be seen from the example of Corollary 1 where r=r'=g=1l

t=t'=0. 0O 4

Remark 4.2 (1) Hannan and Terrell [1973, Theorem 1]

obtain estimates of Goh‘for r=r'=s=s'=0 which have the same

asymptotic distribution as the nonparametric estimates discussed

1

above. . We know from Corollary 1 that if u(n) is a MA, then

$
Corollary 2 a similar result also holds for the AR case.

under the Hannan - Terrell conditions ,X(MA) = $§NP). By

(ii) Espasa [1975] demonstrates Theorem 2(i) in the

»

simple scalar case with u(n) following a first order AR by
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wusing the calculus of residues. Espasa and Sargan [1975]

show that as the lag on the assumed AR tends to infinity, the .

efficiency of the parametric estimator tends to that of the

monparametric one. They also state, but do not prove

‘Theorem 1(i).

~ (MA)
On

defined in §3, have the same asymptotic distribution as the

(iii) It is clear that

ééAR),which are

and
estimates obtained by maximizing the exact Gaussian
likelihood rather thanm an approximation to it as we have done.
‘Therefore Theorem 1 and 2 and Corollaries 1 and 2 will also
apply to these quasi-maximum-likelihood estimates.

(iv) An alternative to estimating 60 nonparametrically

is to obtain quasi--ML estimates of it from the model

y(n) = B(2) te(z)x(a) + F(2)"te(z)eln) (4.25)
‘where the e(n) have the properties described in assumption
£ 8 ' : :
Al., F(z) = I ‘F.zj, G(z) = I G.zJ, and we do not assume
j=o 3 j=° J .

that the coefficient matrices F, and G, are related to &.
Let *6 be the asymptotic covariance matrix of the obtained
estimate of 60; If f and g are taken sufficiently large
(NP)

. = 6 )
It follows that the results of this chapter will also apply to

to ensure that all estimates are consistent, then *6 =3

the parametric estimation of (4.25) as described above.

~ 5. PROOFS

To prove the results of §4 we need the following twd

lemmas.

Lemma 2 Let A and B be two nxn p.s.d. matrices.

1

(i) If A and B are p.d,; then A > B??'B—l i A~

-

(11) If x(A) = r(B), them A > B B' > A",
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(iii) If E 1is a symmetric matrix such that r(E)=r(EBE),

then EAE > EBE = (EBE)' > (Eap)¥.

Proof (i) By Rao [1973, p.4L(ii)], T a nonsingular
matrix R s.t. R'AR = I(n)’ R'BR = A, where A 1is a
diagonal matrix. Let -Aj’ 1l <j < n, be the jth diagonal
element of A. Then A > B = 1 > A= 1 < 3

, ~ () = =2
-1, -1, a7l The reverse
= "(n) =

inequality is now obvious.

» 1 < j < n.

It follows that A

(ii) By Rao [1973, p.39(i)] J an orthogonal matrix M

héving columns m, 1 < i < n, such that Ami =0 for
i > r(A). If A > B, then Bmi = 0 for i > r(a). Thus .
A1 . 0 B1 . 0
] = e oo ' = soe e
MTAM 0.0 | M'BM 0.0

j
say, where A1 and B1 are p.d. matrices of dimension r(A).

-1 -1
If A > B, then A, > B; so that B," 2 A ﬁy (1).

Hence Bt > A+ because L L
M3t = (')t =[Bl..:.?] > Al.:.? = (o' am) Famratu,
| 0o "0
The reverse 1inequality is proved similarly.
(i1i) EAE > EBE = r(E)=r(EBE) < r(EAE) < r(E). Hence

‘v

r(EBE) = r(EAE). Applying (ii) we obtain (EBE)+1(EAE)+. O

Lemma 3 Let Zl, Z2 be two complex random variables

]

such that. E(zi) 0, étzizg) = Q i,y = 1,2. Put

ij?

_ + _ - ot
5% Q2% and Q= Qpy = Qp,0Qy,Q,-  Then, o

(i) 0'<Q E{(zl—szz)(zl-szz)*}

(i1) Q < E{(zi—ézz)(zl-ézz)*} for ahy arbitrary complex

matrix S having the same dimensions as S.

(111) Q = 0 iff J a complex matrix § such that
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PPOOE (i) E{(zl_szz)zﬁ} = 0 because le = leQZZQZZ.

Hence
0 < E{(Zl—SZZ)(Zl-SZZ)*} = E{(Zl-SZZ)Zf} + 0 = Q
and (i) follows
(ii) This follows_from
E{(z, - 522)(zl—§zz)*} = Q + (s—§)Q22(s—§)'.

~

(iii) If there is an S such that"Zl = §22 a.s., then
Q = 0 from (i)_and (ii) and hence Zl = 522 a.S.. If Q= 0,
thenA z, = SZ, a.s. 0

. N S
Proof of Theorem 1 From (3.16) and (3.46)

+ .
(NP) _ (NP) , +(MA) _ (MA) +
bs (Lyags L) ¥y = [y (8 - 0,801 ]
+ .
A (MA)  (MA) (MA) .
where Qa,ﬁ Ga ‘Aaa AaG . By Theérem 2.13(iid)
(NP) =
r(LlAGG Ll)‘— r(Ll) - (5.10)
because & 1is identified.
From Lemma 2(iii) and (5.10) we obtain that
(NP) (MA) (MA) _ (NP)
¢ > ¢ if L4, Qa,G) 1 2 LB Ly
~
In addition iy
(NP) _ (MA) (MA) _ _ (NP)
}s = 1 1£f Ly(Ag 2,81 = L1lgs Iy

by the uniqueness of tthMoore-Penfose,generalized inverse.

From (3.41) and (3.42)

RESIN (Np) | o
Ly (g a8 12855 Tk T L (Yg T2, 60020

- and

L (A(MA)—¢ oLy =L P =1 (W(MA) ® ;8)L11=d (5.16)
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where L11 is defined in (4.10) and
_ Ay, (ma) T (a)
L} = A A A .
osB Ba oa oB

Let ¢e(l)’,l €[-w,71],be a. p dimensional, zero mean,
stochastic function of A having orthogonal increments

(see 1.82 ) such that

o , A + U,

fe.(k).d)‘s_ A=y ’ (As“)e[""a'“]'

E{o (a0 ¢ (du)*}

Let T be a p dimensional vector random variable which is

independent of ¢e(k) and has zero mean and covariance (Q/Zﬂ)fl.

We now define the complex vector random variables

-5 (T -1 “1,.
W, = (2m) J {XB(X)QB (AM)AM) ¢ (dr)ea “(x) "t} -
. -7

. -1 m -1
- (2m) I_“{Bo ¢ (dr)et}

O , » (5.17)
o ° .

1 'ﬂ'. -1 . )
W, = -(2m) " ® J_ {xa(x)@¢e(dx)eA 1 (M)tl.

m

Putting Zl = Lll“l’ 22 = W2 we can readily show thag

= 2 (M)

%*
L 222 aa

E(z,23) = L y (MA)

_ (MA)
11%g E(leg)—L- A

11°Ba * E(z

11’
Identifying Zl and 22 -with the Z1 and Z2 of Lemma 3,
(i) of that lemmé implies thét the inequality on the right

side of (5.15) holds. Hence thP) > $§MA).

L]

o +
Put S =1L A(MA)A(MA) . S 1is real because A(MA) and
‘ 11 Ba oo Ba
(MA) : e . : ’
Aaa are real. By Lemma 3(iii) the equality on the right

side of (5.16) holds iff

-z, = SZ, a.s. - R (5.20)
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Hence

¢(MA) - ¢(NP) iff 2z, = sz, a.s. | (5.21)

By poétmultiplying both sides of (5.20) by '{xe(dx)*er'} and

taking expectations we have that Z1 = 822 a.s. implies that

1! -1

Lll[}xB(A)QB_l(A)A(A)fe(l)@A- my@/2n) “1-

—'{(Bglfe(g)e(glzn)'l)v,o'}' ]

-1 1

W) @/20)" Y ¥ A€ [-n,7]

1

S{x, (M)ef_ (1)ea
with Tl(k) and TZ(A) defined in the statement of Theorem 1.

Conversely, if LllTl(A) = §T2(A) o E’[—ﬂ,ﬂ], where

S 1is a constant complex matrix, then Z1 = §ZZ and it follows

from Lemma 3 that Zl SZz a.S-. From (5.21)

iéMA) _ iéNP) 1FE Ly, l(x) = ST,(\) ¥ A €[-m,7].

Taking r > r' or t > t' merely increases the

dimension of the Xq ©OF Xg vectors; we will still have

i(MA) < i(NP). If r' > 0, then, in general, G(z)=B(z)—lA(z)
is not a polynomial but has the infinite series expansion .
G(z) = I szj for |z| <1 by condition A3.
j:o : .
The submatrices of Tl(A) are
oo ’ t' . . .
(68T NEMEES (B;leAs)zJ , oz = el (5.30)
j=o j=o o
and *
' | > + ix
r (6,81, )zt 1< g <, z=¢ (5.31)
j=0 j (P) - -

The submatrices‘df TZ(A) are
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I ,z2d,1<5<t, 2= (5.32)

If r' > 0, then it is clear from (5.30) - (5.32) that there

is usually no constant matrix S s.t. LllTl(A) = §T2(x).

*éNP) N *(MA) if

Therefore we will usually have r' > 0.

This completes the proof of (i) and (ii) of Theorem 1.

(iii) If there is a constant matrix S1 such that

T,(A) = 8, T,(A) ¥ X € [-m,7], then Llltl(}) L1,84)T,(}), and

(L,

putting S = Lllsl,(iii) follows from (ii).

(iv) The reduced form case follows in exactly the same
way as the simultaneous equations one, except that the second

term on the right in (5.17) drops out. O

Proof of Corollary 1 If Gj =0 for j > g, then

(5.30) can be rewritten as

(G oI )+ % (G.01 )zj (B'lel ) ; (B“leA')zj
(p) - i T(p) o (p) . o h|
j=1 j=1
8 Lt 1 i X ’
= I (G, @I( )) - I (B "BA!)z", z = e (5.35)
j=1 =1 °
where we have used Go = B;l to cancel the first and third
terms on the left side of (5.35). (5.31) becomes )
8 ' , oy
I (G.91, )zj+£ s 1 < 8°< x, z = elk (5.36)
j=0 J (p) - -

If (r+g) < t, then‘it is clear from (5.32), (5.35) and
(5.36) that there is a-;onstant métrix. S such that

T,(}) = ST, (M) ‘V“X E[-m,7]. An application of Theorem:1
(iii) completes the proof. [

Because the proofs for the AR case are very similar to

the MA case we wiil’not give them in detail.

Proof of Theorem 2 Let the random variables ¢e(k)
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and T Dbe defined as in the pfoof of Theorem 1.

Put
_ -3 (7 -1, ,,-1 N
W, o= (2m) Xg (A)8B7"(A)AT (A)¢_(dr)BA' (M) -

i - ki
S _;5 -1 .
{(2m) I_ﬂ B ¢e(dx)er}

e, » (5.40)
0

1 [T -
w2 = (27) 2 J {xa(dA)GA 1(A)¢e(dk)81}, (5.41)

w -

| Zl = LllWl’ Z2 = WZ' As in the proof. of Theorem 1 it
can be shown that iéAR) < *éNP), and that iéAR)"= iéNP) if
and only if there is a real, conétant, matrix S such that .

Zl = SZ2 a.s.

By postmultiplying (5.40) and (5.41) by (¢e(dl)*®1')‘
and taking expectations we have that Z1 = 822 a.s. impiies
that

- -1,.,,-1 . -1
Lllt{xs(x)en (M)A “() £, (A)ea (ny/2n)y Y-

\j

' -1 ’ -1 1}t
- (@ £, (e@/2r) 7)) , 0'}']

= six (e tons ez ¥ A € [-n,1].

-

LllTl(A) = ST2(A) Y X € [~m,7] . (5.45)
where Tl(k)- and Té(k) are defined in the statement of
Theprem 2. Conversely, if (5.45) holds for some matrix S,

then Z1 = SZ2 a.s. Therefore iéAR) = iéNP) iff

LilTl(A) STZ(A) V¥ XA € [-m,n], with S a real constant
matrix. If r' > 0, then, in general, G(z) = B(z)'-1 is not

a polynomial but has the infinite series expansion

G(z) =

™8

szj valid for Alz[ i 1.

3

Q
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The submatrices of Tl(x) are

© t! t
I I (G 9Ai)zj+k - 1 (B

' j=o k=o i j

s I, 9
Ajel(p))z , Z=e

-1
o
and -

yg I FetE ix -

1

(GjGAk

The submatrices of TZ(A) are giVen by (5.32); If

r' > 0, then it is clear from (5.32), (5.50) and (5.51) that
there is usually no constant matrix S such that (5.45)

holds. Therefore we will usually have iéNP)> $(AR) if

)
> 0. This completes the proof of (i) and (ii) of

r'
Theorem 2. (iii) is shown in the same way as for Theorem

1(iii), while (iv) .follows from above. O

Proof of Corollary 2 If Gj =0 for j > g, then

(5.50) can be rewritten as

L] k » g t \l
(Go@Ai)z + I X (Gj
1 j=1 k=o

. .
etk
(Go@I(P))+ ki 8A!)z -

-1 LA 3
o ®T(p)) - kil (B, Akel(p))z‘ (5.52)

- (B

[
™~

k
|
(GOQAk)z +

(5.50)

s, l < g <r, z =c¢ - (5.51)

where thé first and third térms‘on the right in (5.52) cancel

because Go = B;l. V(S.Sl) becomes 3 T

g t!
. z (G,8A
j=o k=o ; k

y g KL i\

If (g+t'+r) < t, then it is clear from (5.32), (5.52) and

(5.53) tﬂat there exists a constant matrix S such that

s, 1l <2 <r, z=c¢ (5.53)
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Tl(k) = STZ(A) ¥ X €[-m,n]. An application of Theorem 2(111)

completes the proof. 0O
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