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ABSTRACT

The general theme of this thesis is the harmonic analysis of Schrodinger operators and its

applications. We will focus on two distinct but related open problems in this field.

The first problem is the construction of potential dependent averaging operators and
will be primarily considered in the first part of this thesis. Here, a Hardy-Littlewood
type maximal operator adapted to the Schrédinger operator £ := —A + ]x\Q and acting
on L*(R") is constructed. This is achieved through the use of the Gaussian grid A,
constructed in [12] with the Ornstein-Uhlenbeck operator in mind. At the scale of this
grid, the maximal operator will resemble the classical Hardy-Littlewood operator. At a
larger scale, the constituent averaging operators of the maximal function are decomposed
over the cubes from A] and weighted appropriately. Through this maximal function, a
new class of weights is defined, A; , with the property that for any w € A; the heat
maximal operator associated with £ is bounded from LP(w) to itself. This class contains
any other known class that possesses this property and contains weights of exponential

growth. In particular, it is strictly larger than A,.

The second problem that we consider is the Kato square root problem for divergence
form elliptic operators with potential V' : R®™ — C. This is the equivalence statement
H(L + V)% u‘ >~ || Vull o gy + HV%u’ , where L +V := —div(AV) + V and
L2(R™) L2(R™)

the perturbation A is an L complex matrix-valued function satisfying an ellipticity

condition. One possible path to a solution for this problem is by proving square func-
tion estimates for perturbations of associated non-homogeneous Dirac-type operators. At
present, there is no general method to obtain such square function estimates other than
for potentials bounded both from above and below (cf. [10]). We develop such a method
by adapting the homogeneous framework introduced by A. Axelsson, S. Keith and A.
MeclIntosh in their seminal paper [I1]. Two distinct approaches will be considered when
adapting this framework. The second such approach will yield a satisfying solution to the
potential dependent Kato problem for a large class of potentials. This class will include
any potential V' with range contained in some sector of angle wy € [0, ) and for which
|V| belongs either to the reverse Hélder class RH, in any dimension or L2 (R") for n > 4.
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INTRODUCTION

Classical harmonic analysis is inextricably linked to the Laplacian operator A. Many of its
fundamental objects are intimately related to the functional calculus of this all important
operator. A current area of active research is the study of the harmonic analysis associated
with differential operators other than the Laplacian. A first step in this line of inquiry is to
attempt to define direct counterparts to the fundamental objects from classical harmonic
analysis in this new setting. Following this, one might then go on to ask whether these
adapted objects share similar properties to their classical counterparts. In this thesis, the

differential operators of primary interest are Schrodinger operators.

Throughout this thesis, n will be used to denote the dimension of the underlying Euclidean
space R™. For a locally integrable function V : R — C with range contained in the right-

half plane, one can define the sum
ﬁv =V -A

viewed as an unbounded operator on L? (R™). This operator can be defined rigorously
through its corresponding sesquilinear form. Ly is called the Schrodinger operator for
the potential V| named in deference to its indelible role in quantum mechanics and its

appearance in the Schrodinger equation.

PART I: POTENTIAL DEPENDENT AVERAGING OPERATORS

Consider some of the standard operators affiliated with the Laplacian such as the heat
operator
P :=e% >0,

and the Riesz transform
R:=V(-A)2.

These operators can be defined rigorously through the functional calculus of the Lapla-
cian (see for example §3.1). For such operators, it seems almost obvious how one could

define potential dependent counterparts. Simply swap the negative Laplacian with the



Schrodinger operator to obtain the potential dependent heat operator
pPY = etV t>0,
and Riesz transform
Ry =V (Ly) 7.

The dyadic cubes of R™, labelled A, is a collection of cubes defined as follows,

Ay ={2"(k+(0,1]"): ke Z"} for m € Z, A=A, forte (2m1,27M],

A= [j AN

The notation A is ambiguously used for both the Laplacian and the system of dyadic
cubes but it will be clear from context which object is being referred to. For f € L}, (R")

loc

and t > 0, define the dyadic averaging operator

1
A0 = gy L )

where Q(t, z) is the unique dyadic cube in A, that contains the point x € R". It is evident

from their definition that the averaging operators are not easily expressible in terms of
the functional calculus of the Laplacian. Thus a potential dependent counterpart cannot
be defined through the simple direct swap process that was used to define the potential
dependent heat operator and Riesz transform. A recurring theme throughout this thesis is

the development of averaging operators more suited to the Schrodinger operator setting.

Averaging operators are ubiquitous in classical harmonic analysis. From the Lebesgue
differentiation theorem to Calderén Zygmund theory, the importance of these ever-present
operators can hardly be overstated. It then stands to reason that the discovery of potential
dependent averaging operators would be of pivotal importance to the advancement of the
theory of Schrodinger operators through the transfer of numerous ideas and proofs from
the classical setting. In addition, these operators could also illuminate the underlying
intrinsic geometry of the Schrodinger operator. Averaging operators should ultimately
be thought of as being connected to the underlying intrinsic geometry of the differential
operator under consideration. Our lack of knowledge of the averaging operator for Ly

thus reflects our lack of knowledge of the geometry of Schrodinger operators.

The dyadic Hardy-Littlewood maximal operator is the sublinear operator defined through

Mf(x) :=sup A | f| (x)

t>0

2



for f € L}, (R™) and x € R™. Similar to its constituent averaging operators, the Hardy-
Littlewood operator plays a very influential role in classical harmonic analysis. Since no
appropriate analogue for the averaging operators has yet been discovered, at present there
is no suitable analogue for the Hardy-Littlewood operator in the Schrodinger operator
setting. The development of an adapted Hardy-Littlewood operator can be seen as almost

equivalent to the development of averaging operators

The first part of this thesis is dedicated to the construction of a Hardy-Littlewood opera-
tor, and thus averaging operators, for the Schrodinger operator with harmonic oscillator
potential,
2
L:=L,02:=z]"— A

It is hoped that such a construction for the specific potential V() = |z|* can be used as
a prototype to model the development of averaging operators adapted to a more general
potential. The harmonic oscillator potential has been chosen on the grounds that L is
perhaps the simplest example of a Schrodinger operator with unbounded potential and
in particular the heat kernel of £ is known precisely. This exact information on the heat

kernel will form a solid foundation on which we can base our construction.

PART II: THE KATO SQUARE ROOT PROBLEM WITH POTENTIAL

For Hilbert spaces H and I, let L (H,K) denote the space of bounded linear operators
from H to K and set £ (H) := L (H,H). Let A € L (R™; L (C™)) and suppose that the
ellipticity condition

/ (AVu, Vu)dz > k4 ||[Vul (2)

is satisfied for some k4 > 0, for all u € H' (R") := W2 (R™). Consider the divergence
form operator

L:= —divAV

viewed as an unbounded operator on L? (R™). Such an operator can be defined rigorously
through its corresponding sesquilinear form. For operators of this form, it is possible to
define a square root operator v/L, with domain D (L), that satisfies /L - v/L = L. The
domain D(L) is not a natural domain of definition for the square root operator since it is a
second-order domain and the square root operator is first-order and since the operator v/L
is not closed on D(L). The Kato square root problem asks what is the natural domain of
definition of the square root operator or, equivalently, is the square root operator closable
and what is the domain of the closure? This problem, first posed by Tosio Kato over 50

years ago, was conjectured to have the following solution.

3



Theorem (Kato Square Root). The natural domain of /L is
D(VL) = H'(R").
In particular, for any u € H' (R™)

HﬁuH ~ | Vul. (3)

This long-standing problem withstood solution until 2002 where it was proved using local
T'(b) methods by Pascal Auscher, Steve Hofmann, Michael Lacey, Alan McIntosh and
Phillipe Tchamitchian in [7]. Four years following this, building upon the technology
developed in [7], Andreas Axelsson, Stephen Keith and Alan McIntosh developed a general
framework for proving quadratic estimates for perturbations of Dirac-type operators in

[11]. The Kato problem was shown to be an easy consequence of this framework.

Many classical problems from harmonic analysis have a direct counterpart in the Schrédinger
operator setting. Adhering with this theme, in the second part of this thesis we consider
the Kato square root problem with potential. In a potential dependent context the Kato

square root problem takes the form of the following conjecture.

Conjecture (Kato Square Root with Potential). Let V : R™ — C be a locally integrable

function with range contained in the right-half plane. Then there must exist some constant
Cy > 0 such that for allu € D(L+V),

it (|[vEe|| + Ivull) < |[VEFVa| < cv (Vi + 19ul). (KP)

This problem is actually a statement concerning the domain of the square root operator
VL + V. Indeed, (KP) implies the equality

D(VI+V) =Y ®):= H' ®)n D (|V]F).

In this thesis, the Kato problem with potential will be solved for a large class of potentials
that includes any potential V' with range contained in some sector of angle wy € [0, %)
and for which |V| belongs either to the reverse Holder class RH» in any dimension or
Lz (R") for n > 4. This will be achieved by adapting the proof by Axelsson, Keith and
MclIntosh in [ 1]. The potential free proofs of both [7] and [I 1] involve habitual use of the
averaging operators A;. Adapting the argument from [11] will thus once again reintroduce
us to the question of how to adapt the averaging operators in an appropriate manner or,
alternatively, how to circumvent their use in order to transfer the classical proof to the

potential dependent setting.
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ABSTRACT

This part of the thesis sets out to construct a Hardy-Littlewood maximal operator, and
thus averaging operators, adapted to the Schrodinger operator with harmonic oscillator

potential,
Li=Lp2 = lz]? — A.

This is achieved through the use of the Gaussian grid A], constructed in [12] with the
Ornstein-Uhlenbeck operator in mind. At the scale of this grid, the maximal operator
will resemble the classical Hardy-Littlewood operator. At a larger scale, the constituent
averaging operators of the maximal function are decomposed over the cubes from A and

weighted appropriately.

There is a natural correspondence between Hardy-Littlewood type maximal operators and
generalised Muckenhoupt weight classes. As such, through the construction of an adapted
Hardy-Littlewood type maximal operator associated with £, we will obtain an adapted
Muckenhoupt class, A; , affilitated with the harmonic oscillator potential. This weight
class will have the property that for any w € A; the heat maximal operator associated
with £ is bounded from LP(w) to itself. Moreover, it will be proved that this class contains
any other known class that possesses this property and contains weights of exponential
growth. In particular, it will be shown that our weight class is strictly larger, and thus
closer to optimal, than the classical Muckenhoupt class A, and another adapted weight

class, A)">, developed in [17].






CHAPTER 1

PRELUDE

In this chapter we will provide background material required to understand and motivate
our construction of an adapted Hardy-Littlewood operator. This includes a brief survey
of classical weight theory, Schrodinger operators, the reverse Holder class of potentials,
the adapted weight class AX > and the adapted space of functions BM Oy ., as defined in
[16]. The final section of this chapter will provide an original proof of the fact that the
class A;/’OO does not satisfy an exponential-log link with BM Oy, a well known property
that holds for the potential free counterparts. This gives further credence to the argument
that the adapted weight class A;/ > and by the transitive property the Hardy-Littlewood
operator attached to Az‘foo, is not optimal in a sense that will be discussed in §1.4. The
details of our adapted operator and the weight class affilitated with it will be provided in
the chapter to follow.

Notation. Throughout this part of the thesis, the notation A < B and A ~ B will be
used to denote that there exists C' > 0 for which A< C-Band C™' - B< A< C(C-B

respectively.

ACKNOWLEDGEMENTS

This part of the thesis is inspired by discussions of my supervisor Pierre Portal with
Paco Villarroya, aiming to better understand how to adapt harmonic analysis to the hid-
den geometry of a differential operator. In most cases, this involves situations beyond
the reach of Calderén-Zygmund theory (see e.g. [13, 35]). However, this can also be
done within Calderén-Zygmund theory by proving stronger properties of smaller classes
of singular integral operators than the Calderén-Zygmund class. Paco Villaroya has par-
ticularly focused on describing compact (as opposed to merely bounded) singular integral
operators (see e.g. [31]). To do so, he had to refine classical dyadic approaches, in order
to understand which cubes particularly affect compactness. I follow a similar path here,

modifying standard dyadic arguments in a way that aims to reveal the “hidden geome-



1.1. CLASSICAL WEIGHT THEORY

try” of the harmonic oscillator. This is done by attempting to find the largest class of
weights for which the corresponding heat maximal operator is bounded. Perhaps surpris-
ingly, such a question seems to be rarely formulated in the context of standard weighted
Calderén-Zygmund theory (generic questions involving all singular integrals and all re-
lated maximal functions are considered instead), but quite common in the context of
two weights inequalities (where studying just the Hilbert transform is hard enough, and

natural).

I would like to thank the anonymous referee of the article version of this part of the thesis
for their suggestion that the improvement of the inclusion AZ‘,/’OO C A to a strict inclusion

would be of benefit to the article if it could be proved.

1.1. CrassicAL WEIGHT THEORY

A weight on R" is any non-negative measurable function w : R™ — R that is non-
zero almost everywhere. For a weight w and p € [1,00), let LP(w) denote the weighted
Lebesgue space

LP(w) = LP (R",w) := {f TR = C [ Fll pogu ::/ |f(2)]P w(x)de < oo}.

n

The weighted weak Lebesgue space is defined through
LP(w) = LP>™ (R™, w) = {f (R = C o || fll ppoo ) = s}\ulg)\ cw({z eR" | f(z)| > AP < oo} :
>

where w(E) := [, w(z)dx for a measurable subset £ C R™. Weight theory is a branch of

harmonic analysis that considers inequalities of the form

ITFlleowy < C - Mfllpawy  and T Fllppocquwy < C - 11fllagy »

for weights w and v on R", 1 < p, ¢ < 00, constant C' > 0 and some operator 1. By far
the most important object in classical weight theory is the Muckenhoupt class of weights.
We recall the definition of this fundamental weight class and some of the more pertinent
results connected to it. For a more thorough account of weight theory the reader is

referred to [30], [27], or [52]. For a contemporary survey of weight theory refer to [15].

Definition 1.1.1. A weight w on R" is said to belong to the Muckenhoupt class A, for
p € (1,00) if there exists C > 0 that satisfies

w(B)¥ -w 71 (B)% < C|B
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for all balls B C R™. w is said to belong to Ay if there exists C' > 0 for which

%gC-w(x)

for all balls B C R"™ and x € B. Finally, w is said to belong to A if there exists C' > 0

such that . .
— | w(x)dx | exp (—/logw x _ldx) <C
(721, wier2e) o (137 ot

for all balls B C R™. The smallest constant C' for which the A, inequality is satisfied for
p € [1,00] is denoted by [w], .

Remark 1.1.1. In the above definition, balls in R™ can be swapped for cubes and this
will not alter the resulting weight class. See [52, §V.1.6] for further details.

The Muckenhoupt classes {Ap}pe[1 form a nested increasing collection of weight classes

oo

that satisfy a self-improvement property in the following sense.
Theorem 1.1.1 ([30, Cor. 9.2.6]). For 1 <p < q < oo we have
Ay CA,CA C A

Let w € Ap,. There exists some € > 0 for which w € Ap,_.. In other words,
A= Ay
p'€[l,p)

Example 1.1.1. We list some typical examples of Muckenhoupt weights for the reader

to gain some insight into the type of weights that are contained within this class.

1. Any weight bounded both from above and below must be contained in A, for any
p € [1,00].

2. The weight |z|* is contained in A, for o € (—n,n (p — 1)) (cf. [30, Exm. 9.1.7]).
3. For any polynomial P, the function |P| is contained in A, (cf. [30, pg. 308]).

4. The function
logﬁ when |z| < 1,
wo(z) = .
1 otherwise,

is contained in A, for all p € [1, 00]. This example is taken from [30, Exm. 9.1.§]

One does not have to search for too long to encounter examples of functions that are not

contained in A,. Simply consider functions that either grow or decay at a fast rate.

11



1.1. CLASSICAL WEIGHT THEORY

1. The weight w(z) = |z|” is not contained in A, for « < —nor a > n(p — 1).

2. The exponential function w(z) = €l*! is not contained in A.

From looking at the previous examples, it becomes apparent that the spirit of the Muck-
enhoupt inequalities is to characterise weights that neither grow nor decay too rapidly on
average. The constant |[w] A, thus quantifies the rate of growth and decay. If the growth
or decay of a weight is too great then [w], = oo for all p € [1,00] and the weight will
not be Muckenhoupt. Another way to characterise this attribute is through the bounded

mean oscillation property.

Definition 1.1.2. A function u € L. (R") is said to be of bounded mean oscillation if

loc

there exists a constant C > 0 such that
5 [ ) = sl dy < €
— u(y) — (u)g| dy <
1Bl /5

for all balls B C R™, where the notation (u)g is used to denote the average of u over a
subset E C R™. The space of all functions of bounded mean oscillation on R™ is denoted
by BMO (R™), or more compactly BMO.

A weight will not decay or grow too rapidly if and only if its logarithm does not oscillate
too wildly. This connection between the Muckenhoupt weights and the function space
BMO is called the exponential-log link.

Theorem 1.1.2 (Exponential-Log Link, [52]). A weight w is in the class Ay if and only
if log (w) is contained in BMO.

Undoubtedly one of the most important theorem from classical weight theory is Muck-
enhoupt’s theorem. This result characterises the A, class in terms of the boundedness of

the Hardy-Littlewood maximal operator.

Theorem 1.1.3 (Muckenhoupt’s Theorem, [52]). Let w be a weight on R™. For p €
(1,00),
weA & Mm@ < 0©

Moreover,
Let e'® be the heat operator for the Laplacian for ¢t > 0. For a rigorous definition of this

operator using holomorphic functional calculus refer to §3.1. For now, it suffices to know

12



CHAPTER 1. PRELUDE

that this is an integral operator with representation

¢ f(z) = / hu(ey) - f()dy,

where hy : R” x R™ — R is the heat kernel for the Laplacian given by

1 x —yl?
ht<x7y) = (471'25)2 exp <_%> .

See for example [24, pg. 46] for a derivation of this kernel. Another fundamental operator

N

from classical harmonic analysis is the heat maximal operator. For f € L} . (R™), this is

the sublinear operator defined through

T f(x) = sup e |f] ()

t>0

for x € R™ As it turns out, Muckenhoupt’s theorem is not simply restricted to the
Hardy-Littlewood operator. The weight class A, can also be characterised in terms of

this heat maximal operator or, in fact, any Calderén-Zygmund operator.

Theorem 1.1.4 ([52]). Let w be a weight on R", p € (1,00) and S be a Calderdn-
Zygmund operator on R™ in the sense of [70, Def. 8.1.8]. Then

weA & T wwmrw <© € M@ i@ <

S ISy Lo () < 0

Moreover,
weA L ||T*||L1(w)_>L1,oo(w) <0 = ||M||L1(w)—>L1»°°(w) <0
S ISy ooy < 00

It is this fundamental characterisation of A, weights that our construction of the Hardy-

Littlewood operator for £ will be based on.

1.2. SCHRODINGER OPERATORS

The Schrodinger operator Ly has previously been defined to be the formal sum of the
negative Laplacian —A and the potential V. However, as it stands this object is not
well-defined and the domain of definition is not clear. As this is a thesis concerning
Schrodinger operators it is important to provide a precise and rigorous definition of these

operators.

13



1.3. THE REVERSE HOLDER CLASS

Let V : R® — C be a locally integrable function with range contained in the right half-
plane. V can be viewed as a densely defined closed multiplication operator on L? (R")

with domain

DV)={uel?R"):V-ue L*(R")}.

The density of D(V) follows from the measurability of V. Define the subspace
HY (R") := H' (R")N D <V%> = {u e HY(R") : V3. ue L2 (R")} .

Here the complex square root V2 is defined via the principal branch cut along the negative
real axis. To see that HYY (R") is dense in L? (R"), simply note that since V € L}, (R")

loc
2 2
[ VI < el [ W<
R™ supp ¢

for any ¢ € C3° (R™). This shows that C5° (R™) C D <|V|%> Since C§° (R") C H' (R")
and C5° (R") is dense in L? (R"), it then follows that H>" (R") is dense in L? (R™).

we have

Consider the sesquilinear form [y : H%Y (R") x HMY (R") — C defined through

ly [u,v] := /n<Vu(x),Vv(x)> dx —i—/ (V(z)u(z),v(z)) dx

n

for u, v € H%Y (R™). A well-known representation theorem from classical form theory (cf.
[39, Thm. VI.2.1]) asserts the existence of an associated linear operator Ly : D (Ly) C
L*(R") — L?* (R™) for which

ly [u,v] = (Lyu,v)

for all v € HYY (R") and u in the domain of Ly,
D(Ly)={ue H" (R"): 3w e L*(R") s.t. Iy [u,v] = (w,v) VveH"Y (R")}.

The operator Ly is denoted
Ly =V —A,

since the two sides of the above relation will naturally coincide whenever the right-
hand side makes senses. Ly is a densely defined maximal accretive operator called the

Schrodinger operator with potential V.

1.3. THE REVERSE HOLDER CLASS

The study of the Schrodinger operator £y has presented an important and difficult chal-
lenge for the progress of harmonic analysis. One factor that contributes to the intractabil-

ity of this problem is the growth and decay of the potential V. When V either grows
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or decays too fast then the situation can become quite complicated when this zero-order
term is mixed with the second-order derivative A. However, if suitable growth conditions
are imposed upon the potential, then matters become simpler. This tactic, pioneered by

Z. Shen in [50], led to the introduction of the Reverse Holder class of potentials.

Definition 1.3.1. A non-negative and locally integrable function V : R™ — R is said to
satisfy the reverse Hélder inequality with index q € (1,00) if there exists C' > 0 such that

(5 [ v d.’x); <0 (i [ Vi) (1)

for every ball B C R™. It is said to satisfy the reverse Holder inequality with index ¢ = oo
if there exists C' > 0 for which

supV/(z) < € (ﬁ /B Vi(z) dx)

for every ball B C R". The reverse Holder class of index q, denoted by RH,, is then
defined to be the class of all potentials that satisfy the reverse Hélder inequality with index
q. Define the reverse Holder class RHy as

RH,:= | RH,.

q€(1,00]

Remark 1.3.1. Similar to the definition of Muckenhoupt weights, balls can be replaced

by cubes in the above definition and identical potential classes will result.

Remark 1.3.2. Note that the reverse Holder inequalities are appropriately named since
the reverse inequality to (1.1) can be obtained with constant C' = 1 directly from Holder’s

inequality.

The reverse Holder inequalities present another quantifiable way of measuring the growth
or decay of a function. Given this strong connection between Muckenhoupt weights and
reverse Holder potentials, it should then come as no surprise that the reverse Holder class

RH, and A, are simply two ways of viewing the same class of functions.
Theorem 1.3.1 ([27, Cor. 2.13]). The classes RH; and A are identical,
RH, = A,.

Another result that highlights the relationship between these two sets of classes is the

following useful theorem.
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1.3. THE REVERSE HOLDER CLASS

Theorem 1.3.2 ([53, Cor. 6.2]). For any p € (1,00) we have the following equivalence

weRH, & w'eAy

Extending the analogy between the Muckenhoupt weights and reverse Holder potentials

even further, the reverse Holder classes {RH,} form a nested decreasing collection

g€[1,00]
that satisfies a self-improvement property in the following sense.

Theorem 1.3.3 ([30]). Let 1 <p < q<oo. Then
RH, D RH, D> RH, D RH.
Let V € RH,. There exists some € > 0 for which V € RH, .. In other words,

RH,= |J RH,.

p'€(p,00]

Theorem 1.3.1, together with Example 1.1.1, automatically gives us the following exam-

ples.

Example 1.3.1. 1. Any potential that is bounded from both above and below is
contained in RH, for any ¢ € [1, o0.

2. For any polynomial P, |P| will be contained in RH, for any ¢ € (1,00). To see
this, note that by Theorem 1.3.2 we will have |P| € RH, if and only if |P|? € A.
From Example 1.1.1, we know that |P| € A.. The exponential-log connection then
implies that log|P| € BMO and therefore

log |P|* = qlog|P| € BMO.

The exponential-log connection can then be applied once more to obtain |P|? € A.,.
3. For any ¢ € [1, 00], the function wy from Example 1.1.1 is contained in RH,.
4. The potential e®! is not contained in RH;.

5. Any compactly supported potential is not contained in RH;.

For over the past two decades, reverse Holder potentials have played a very influential role
in the development of the harmonic analysis of Schrodinger operators. Indeed, the fixation
on this class has not been without warrant since these potentials form a natural class for

the construction of numerous harmonic analytic objects associated with the Schrodinger
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operator. The key development that initiated this boom of interest and slew of results

was the introduction of the critical radius function by Z. Shen in [19].

Definition 1.3.2. ForV € RHz, define the critical radius function py : R" — R through

1
pv(x) = sup{r>0: _2/ VSI}
T B(z,r)

for x € R™; where the notation B(x,r) is used to denote the open ball in R™, centered at

x and of radius r.

Example 1.3.2. For the harmonic oscillator potential V (z) = |z|?, the critical radius

function is given by
1
p(x) Pla? mm{ ) |x|}

for z € R™. More generally, for a polynomial potential V(x) = P(z) of degree k, the

critical radius function is given by

()t = Mz, V) == Y |0°P(a)| ™7 |

laf<k

where oo = (o, - -+, av,) are multi-indices. See [50] for further details.

This radius function, to a large extent, determines the natural geometry associated with
a reverse Holder potential. At a scale smaller than the critical radius, the operators
affiliated with Ly behave locally like their classical counterparts for the Laplacian. This

intuitive idea will come to life in the statement of Theorem B in the next chapter.

An important inequality satisfied by the critical radius function and used extensively in the
harmonic analysis of Schrodinger operators is the Fefferman-Phong Lemma. Physically
speaking, it is a form of uncertainty principle which gives a lower bound on the sum of

the potential and kinetic energy of a state.

Lemma 1.3.1 (Fefferman-Phong Lemma, [70]). Let V € RHz. Then there exists C >0
such that

/n u(z)]? pv(lx),z dz < C (/ IVu(z)|? do + / lu(z)]> V (2) dx)

for all uw € C! (R™).

In classical harmonic analysis, the L? (R™)-boundedness of the Riesz transform R :=

\% (—A)_% is frequently used as a tool to swap the derivative V for (—A)% when evaluating
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1.3. THE REVERSE HOLDER CLASS

L? estimates from above. Similarly, for the Schrodinger operator, we could consider first-

order Riesz transforms such as

1

VE(V—A)EF, (-A)

1 1

(V—-A)yz and V(V-A)2,

N
l\)

or their second-order counterparts such as
VIV-AT, ViV =AY VYR (V=AY and AV —A)

Proving the L?-boundedness of such operators would enable us to transition between
different derivatives. In this way, we consider the multiplication operator V3 to act as a

derivative.

Out of these potential dependent Riesz transforms, the three first-order Riesz transforms

are trivially bounded on L? (R™). This is given in the below proposition.
Proposition 1.3.1. Let V : R™ — R be a non-negative locally integrable potential. Then

i

(-2)3

vul < [V = a)¢

for any u € D ((V — A)%).
PROOF. For the third inequality, it follows from the non-negativity of V' that

|Vul]* = (Vu, Vau)

= (u, —divVu)
<A(u,V —divVu)
(

(V= A)Fu, (V= A)? u)

2

l

The second inequality follows in an identical manner. The first inequality also follows
from a similar argument but the positivity of the Laplacian (—A) must be used instead

of the non-negativity of the potential. m|

The second-order Riesz transforms, however, are not trivially bounded on L?. Indeed,
there exist examples of non-negative potentials for which such Riesz transforms are un-
bounded.

Proposition 1.3.2 ([50, §7]). Let n = 3 and consider the potential V(x) := |x]7% € RH,
for any p < 2. The estimate
IVl S 1V = A)ull
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foru e D(V — A) does not hold for this potential.

In [50], Z. Shen used the critical radius function that he developed to prove boundedness
of second-order Riesz transforms on L? for reverse Holder potentials of limited growth
and decay. The most important Riesz transform for our purposes is V (V' — A)fl, it will
be used extensively in the second part of this thesis. Z. Shen proved the boundedness of
this Riesz transform in dimension n > 3 for V € RH, with ¢ > max (%, 2). This result
was later improved to RH, for ¢ > 2 and extended to arbitrary dimension by P. Auscher

and B. Ben Ali in [0].
Theorem 1.3.4 ([50], [0]). For anyV € RH, with g > 2, there exists a ¢y > 0 for which
Vally < ev-[[(V = A)ull

for allu e D(V —A).

1.4. TaE WEIGHT CLASS A]‘foo

—tLy

Consider the heat operators for £y, denoted by e . Once again, the precise definition

of these operators is made clear in §3.1. These are integral operators with representation
e f@) = [ k) )y

for f € L. (R") and x € R", where k; : R" x R" — R is the heat kernel for Ly. The
exact form of the heat kernel is rarely known except for a few special cases. For reverse

Holder potentials, however, we at the very least have the following upper bound.

Lemma 1.4.1 ( [10]). LetV € RHu. For any N > 0, there exists a constant Cy > 0
such that

2t viz)  pv(y)

ki(z,y) < Oy -t exp <—M> (1 + p\/f + Vi >_ (1.2)

forall x, y € R™ and t > 0.

The above estimate shows, in particular, that the heat operators e **V are pointwise
bounded from above by the classical operators e/®. Consider the heat maximal operator

for the Schrodinger operator Ly defined through
Ty f(x) = supe ™V [ f] (x),
>0
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for f € L}, (R") and z € R". This operator is pointwise bounded from above by T*
and, moreover, if the potential is suitably large then it will be noticeably smaller. We
should then expect for the first equivalence in Theorem 1.1.4 to break if the operator T™
is replaced by its potential dependent counterpart 7;’. Specifically, it is reasonable to

expect the implication
weAd = H7?/kf‘|LP(w)~>Lp(w) <00

to hold but the opposite implication should no longer be valid. Indeed, the heat maximal
operator for Ly should be bounded on L”(w) for a larger class of weights than the classical
A, class. This begs the question, is there a potential dependent weight class that will

produce this equivalence?

A significant source of inspiration for our investigation stemmed from the article [15]. In
this paper, B. Bongioanni, E. Harboure and O. Salinas defined a new class of weights

more suited to the Schrodinger operator setting than classical A,.

Definition 1.4.1. Let V € RHz forn > 3. Define, for 8 > 0, the map

= ()

for balls B C R™, where the notation rg and cp s used to denote, respectively, the radius
and center of a ball B. A weight w on R™ is said to belong to the class AI‘,/’O if there exists
C > 0 such that

w(B)»-w 71 (B)'F < C[B|Y} (B)

for all balls B C R™. Define
Voo .__ V.0
Ay = | IAp .

0>0

It is apparent from the above definition that the classical A, weight class is contained in
Apee for any potential V' € RHx since Ay® = A,. Moreover, if the potential is suitably
large then this inclusion will become strict. To see this, notice that for a large potential
the critical radius function will be smaller than unity and therefore more growth or decay

will be allowed in the weight.

What makes this weight class so interesting is that not only is it larger than the classical A,
weight class but the heat maximal operator along with other standard operators associated

with Ly are bounded on LP(w) for any weight w € A}

Theorem 1.4.1 ([15]). Fizp € (1,00) and n > 3. Let V € RHx and w € A)>. The
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heat maximal operator Ty}, the Riesz transforms

=

RV —- V(ﬁv)i 5

their adjoints

b= (Ly) 2V

( [T |G ne 2tdt>

are all bounded from LP(w) to itself. Moreover, the Ly -Riesz potential

and the Ly -square function

N

Iaf(x) = (Ev)_% = /(wa e—tﬁvf(m)t% dt

is bounded from LP(w) into L (w%> when wr € AYJ’FOOL and v, p and « satisfies 1 <p <2
p’ «

and % = 119— % The notation p’ has been introduced to denote the Holder conjugate to the
index p, p' = ]%.

The above theorem indicates that AZ"’O is a more suitable class of weights than the classical
Muckenhoupt class in the potential dependent setting. Although this is clearly a step in
the right direction, there is reason to suspect that this weight class is still not optimal.
That is, membership in this class does not completely characterise the boundedness of
the standard operators attached to £y on LP(w). A larger class is still required to fully

capture the harmonic analytic aspects of Ly .

In the chapter to follow, for the harmonic oscillator potential, a larger class of weights
will be constructed for which the heat maximal operator is bounded on LP(w) for any
weight in this class. It will be found that even for a potential of limited growth such as
V() = |z|?, the correct weight class should increase in size so dramatically as to include

exponential type weights of the form el®l. Such weights are not included in the class

2
Ay = AR et alone A,.

Theorem 1.1.4 indicates that if one is to construct an adapted Hardy-Littlewood maximal

operator My then it should satisfy the equivalence

HMVHLP(w)—)LP(w) <0 Ang H,];}kHLP(w)HLP(’w) <0

for any weight w and p € (1,00). It can be gleaned from this that the construction of
an adapted Muckenhoupt class is intrinsically related to the construction of an adapted

Hardy-Littlewood maximal operator. In [51], the author developed a maximal function
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My, corresponding to the class Ay in the sense that MY, : LP(w) — LP(w) is bounded if

and only if w € A]‘D/ %, This operator is defined through

MU () = pm /B @) dy, (1.3)

for f € L},. (R") and = € R", where the supremum is taken over all balls B = B(cg,rp) C
R™ that contain the point z. Unfortunately, owing to the fact that the classes A}D/") are
not optimal, this Hardy-Littlewood maximal operator will still not be optimally adapted
to the potential. Our aim through this research is to improve upon the weight class A;foo
and the operator MY for the specific case of the harmonic oscillator potential. This will

provide insight into what the correct objects should be for a more general potential.

1.5. THE GAUSSIAN GRID

As is quite frequent in mathematics, when studying a particular object it can be fruitful to
change perspective by studying an isomorphic object in a different setting. Let dvy(z) :=
=3¢ 1"’ dz denote the Gaussian measure on R". Gaussian harmonic analysis is the
study of the Ornstein-Uhlenbeck operator, O := —A + 2z -V, on the space L?*(7) and its
associated harmonic analysis. Its relevance to the study of £ is that through the isometry
U : L?(dx) — L*(v), defined by

for f € L*(dz) and = € R™, the operators £ and O become, more-or-less, similar. See 1]
for further details. This similarity allows for the transfer of geometric ideas between the

Gaussian and the harmonic oscillator setting.

A vital attribute of the Lebesgue measure is that when the radius of a ball is doubled
the volume of the enlarged ball will be a fixed dimensional multiple of the volume of the

original ball. This attribute for a measure is called the doubling property.

Definition 1.5.1. A measure p on R" is said to be doubling if there exists some C' > 0
such that
W (B(r,2r) < C - (Bla,r) (1.4

for all x € R™ and r > 0.

Example 1.5.1. It is well known that the measure w(x) dx is doubling for any w € A
(see [30]). This also implies, through Theorem 1.3.1, that for any V' € RH; the measure
V(z) dz is doubling. The class A; , to be defined in the next chapter, will contain some

non-doubling weights. For example, it will be proved that e*l € A;, which is easily seen
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to be non-doubling.

Many of the constructions from classical harmonic analysis directly rely on the fact that
the Lebesgue measure is doubling. Indeed, a substantial proportion of classical harmonic
analysis can be translated over to a more general metric measure space when the measure is
doubling. A fundamental obstruction in the development of Gaussian harmonic analysis is
that, due to the non-doubling nature of the Gaussian measure, many of these constructions
will not directly translate to the Gaussian setting. In their seminal paper [13], G. Mauceri
and S. Meda made a crucial step in this development by transposing the critical radius
over to Gaussian harmonic analysis. They introduced their concept of admissibility. The
intuition behind this move was that the isomorphism between the Gaussian and harmonic
oscillator settings should allow for the free flow of geometric ideas between these two

separate but parallel worlds.

As stated in Example 1.3.2, p(x) = min{1,1/|z|}. A ball B(z,r) is then said to be
admissible if » < p(z). The collection of all admissible balls in R™, B, possesses the
desirable property that there exists some C' > 0 such that the Gaussian measure satisfies
the doubling condition (1.4) for all balls in B. As such, by restricting their attention to
the collection B, Mauceri and Meda were able to construct Gaussian analogues of the
spaces BMO and H'. A similar construction for the harmonic oscillator, also based on
the distinction between local and non-local scales, was developed by J. Dziubanski and J.

Zienkiewicz in [21] and [20].

The collection of dyadic cubes A is an immensely important mathematical object that
forms a cornerstone of classical harmonic analysis. Due to their non-overlappling nature,
the dyadic cubes are commonly and efficaciously used to decompose quantities in the
spatial variable and analyse the quantity restricted to each cube separately. Then, the
separate components are summed in a meaningful way to achieve a desired estimate. This
form of argument is repeated in classical harmonic analysis countlessly many times. It is
therefore clear that the construction of a Gaussian analogue for A would be of tremendous

use.

In [12], J. Maas, J. van Neerven and P. Portal extended the idea of admissibility by
constructing an admissible dyadic grid A”. Just as the the critical radius function was
transposed from the harmonic oscillator to the Gaussian setting, the Gaussian grid will
be fed back through to the harmonic oscillator setting. It is this grid that will form the

foundation for our construction. We recall some pertinent details. Define the layers
Lo:=[-1,1)", L;:=[-2, 2™\ [-2"7 27 h)n,
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for [ € N*. Then define, for k € Z and | € N,

AL ={QeA:Qc L}, A=A, A :=[]AL

1>0 k>0

The collection A” is called the Gaussian grid and will be used extensively throughout this
part of the thesis. As the definition of the grid A is based on the critical radius function,
this grid will define a notion of locality for which operators affilitated with £y will behave
similarly to their classical counterparts at this local scale. For reference, a depiction of

the grid A] is provided below.

0

0 1 2 3 4 ) 6

Figure 1.1: The Gaussian grid AJ. The layers L; are depicted as the regions of differently
sized cubes.

Observe that the further you are from the origin, the smaller the cubes become. This is

in scale with the critical radius function p.

Notation. Let’s introduce some notation that can be used in conjunction with this grid.
For any x € R", R, will be used to denote the unique cube in A} that contains the point
z. For any R € AJ, j(R) is defined to be the unique integer such that R C Ljg). The
more commonly used notation, cg and [(Q)), representing the center and side-length of a

cube () respectively, will also be used.
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1.6. THE BMOy CLASS

Continuing in the spirit of defining potential dependent analogues for classical harmonic
analytic objects, one can define a BMO class adapted to a Schrédinger operator with
potential in the reverse Holder class. The following adapted BMO class was introduced

in [16].

Definition 1.6.1. Let V € RH%. Define BM Oy« to be the union

BMOy, = | ) BMOy,,

0>0

where BM Oy consists of all functions f such that

1
a0, =50 Gz [ 110) = (Paldy < .

where the supremum is taken over all balls B C R"™.

Recall the exponential-log link from classical weight theory as given in Theorem 1.6.1. An
obvious question to ask with the construction of this adapted BMO class is whether such
a connection holds between BM Oy, and the weight class AX’OO. It will in fact be shown
that such a link does not hold. This gives further merit to the argument that the classes
A;/’OO and BM Oy ., are not necessarily the correct classes associated with the Schrodinger
operator. Indeed, the class AZ‘J/ > is too small to be optimal and the class BM Oy is too
large to suit AX’OO. To the best of my knowledge, this result was originally proved by

myself and it runs counter to what some researchers in the field might expect.

Theorem 1.6.1. Consider the harmonic oscillator potential V(x) = |z|>. Introduce
the shorthand notation BM O := BMO,,2 . The exponential-log link between A}° and
BMOy, does not hold. In particular, there exists a weight w such that logw € BMQO4,
but w" ¢ A for anyn >0 and p > 1.

To formulate a counterexample we work in dimension n = 3 for simplicity and since this is
the lowest dimension for which the class A)*> was considered in [15]. We also work with
the equivalent definitions of BM Oy and AX’OO that substitutes balls in R™ for cubes.
Consider the weight w(z) = el*l. It will be proved that logw = |z;] € BMO4 but
w = el ¢ Ap® for any 7 > 0 and p > 1. The proof will be split into these two parts.

Lemma 1.6.1. The function f(x) := |x1| is contained in BMOy,.

PRrooF. It suffices to prove that f € BMQOy for some ¢ > 0. That is, it will be shown
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that there exists some constant C' > 0 such that

\@!/’f Joldy < C

for all cubes Q C R?, where

6
0@ =@ = (1452 )

For dimension n = 3, any cube will be of the form @ = (ay, a; +1] X (az, as+1] x (as, az+1]
for some aq, as, ag € R and [ > 0. Suppose first that a; > 0. Note that

1 a3+l pas+l  par+l
f>Q = l_3/ / / 21 dxy dxs dl’g
as asz ay

+z
=a; + —.
1o

N a1+l l
‘f Q‘—l 1 — a1+§ dIL’l
al
a1+% l a1+l l
:l2/ (a1+—)—x1da§1+l2/ .171—((11—}-—) dl’l
ail 2 a1+é 2
I (L’Q a1+é xg I a1+l
:l2 |:<G1+§)$1—711a +l2 |:?1—(a1+§)$1:| o
1 a1+3

Then

This gives us

/|f ol S 1°

<(1+10)|Q

< (145511

The case for when a; + [ < 0 will obviously be identical to 0 < a;. Lastly, let’s consider
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cubes for which a; < 0 and a; +1 > 0. For this type of cube, the average will be given by

1 a1+1
No=7 [ Il o

1 a1+l
:7</ —ZEldI1+/ $1dl‘1)
a1+l
_ (1) _ "
l 2], |2

a? + (a; +1)?
21 '

Define

Then

ay+1
/|f Q|—12/ l21] — ¢| day
ai
—c 0 c a1+l
=2 (/ (—21) — cday +/ ¢ — (—x1) da +/ ¢ —rydr +/ T1— Cdxl)
al —c 0 c
9 —c 270 97¢ 2 a1+l
=12 |:—ﬂ — CZL’1:| + {CZM + ﬁ} + {01’1 - ﬂ] + lﬁ - Cm1:|
2 al 2 —c 2 0 2 c
2

1
=3 (af + (ar +1)?)
We have
M = el < (6 + (@ +1)7)
~E
<(1+0]€|
l
<(1+-5) @
( p(Q) ©
Therefore we can conclude that f(z) = |x;| € BMO; C BMO. m|

To complete the proof of our theorem, it then remains to prove the following lemma.

Lemma 1.6.2. For anyp > 1 and n >0, w" = e"*1l ¢ A,

PROOF. Suppose that w” € A := UpsoAY for some p > 1, n > 0. Then w" € A? for
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some 8 > 0. There must then exist some constant C' > 0 such that

(méw%)dﬁ) (W/Qw”"l(w)dm)pl <C

for all cubes @ C R3. In particular, this inequality must be true for any cube of the form
Q = (=N, NJ? for N € N*. That is,

N N Pt

1(Q)
p(cq)

Since

Vo(Q) = (1+ )0: (1+2N)°.

This is equivalent to the bound

(/]:[ en:cldxl) : (/]]VV e_pnllxlldxl)p_l < C{ 42N 2N) (15)

for all N € N. Now,

N N ) p—1 N N ) P
([ mtan) ([ etan) = ([ eman) ([ mam)
-N -N 0 0

The above taken together with (1.5) then implies that
(™ —1) SC 1+ 2N (2N

for all N € N. This is clearly a contradiction since an exponential can’t be bounded by a

constant multiple of a polynomial for all N € N. m|
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CHAPTER 2

HARDY-LITTLEWOOD ADAPTED TO THE
HARMONIC OSCILLATOR

As alluded to earlier, the critical radius function py for a reverse Holder potential V'
determines a scale below which the operators associated with Ly will behave classically.
This indicates that if we are to construct a Hardy-Littlewood type maximal operator for
L, then our construction should resemble the classical Hardy-Littlewood operator at a
local scale of the size of the Gaussian grid AJ. The following definition establishes what

will be considered to be our local region in the Gausian grid.

Definition 2.0.1. For a cube R € A}, fiz a subcollection N'(R) C A} that satisfies the

following two properties.

e N(R) contains all cubes R' € A} satisfying
d(R,R') < 2718),

where d(R, R') := dist(R, R') :=inf {|zr —y| : 2 € Rand y € R'}.

o The region
NR):= || R,
)

R'eN(R

is a cube of sidelength 2°1(R).

The notation F(R) := AJ \ N(R) and F(R) :=R"\ N(R) will also be employed.

It is obvious that such a subcollection must exist for each cube. There might even be
more than one such example. This, however, is unimportant. What is important, is that
we fix N(R) from the outset. Examples of subcollections that satisfy these properties are

illustrated below.



Figure 2.1: Each of the above illustrations depicts a cube R, coloured in red, contained
in the grid AJ in dimension two. The near region, N(R), consists of all cubes highlighted
in yellow together with the cube R. The far region, F'(R), is coloured blue and extends
out to infinity.

As our operator is expected to behave differently at large scales than at local scales, it is
desirable to split it up into local and non-local components. For any sub-linear operator
B, define

Bioef (x) == B (f - xn(ro)) (z) and
By f(x) == B (f - Xr(r.)) (@)

for f € L. (R") and x € R™". Such decompositions into local and global components
for Schrodinger operators have their origins in the work of Shen, [50]. Notice that if B
satisfies the property that |f| < |g| implies |B(f)| < |B(g)| then due to sub-linearity, for
any weight w on R", to bound the quantity || Bf|| Lo(w) it is both sufficient and necessary

t0 bound |[Biac/ | gy and | Byarf |l -

As noted previously, A} acts as a mediator between the local and non-local worlds. It is
then appropriate to consider maximal functions of the below general form as candidates

for an adapted maximal function for L.

Definition 2.0.2. For Q € A, let G(Q) be the collection of cubes

B {Q} if Qe A
9(Q) = { {R' e A]: R C Q} otherwise.

Then for ¢ : A x A} x A} = Rso, f € L}, (R") and x € R € A], define the operator M.
by

Mcf(x) = sup

1 /
ST 2 AQRE) [ IF)ldy 2.)

R'eg(Q)

This looks promising but how do we determine what the right c-coefficients are? Any
candidate for an adapted Hardy-Littlewood should share similar properties to the classical
Hardy-Littlewood operator. We will determine appropriate coefficients from one of these

properties. In particular, we will make use of Theorem 1.1.4. This theorem indicates that
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if we are to construct a Hardy-Littlewood type maximal operator for £, then the correct

c-coefficients should satisfy the below equivalence for each 1 < p < oo,
1T o) rrwy <00 & ||Mc||Lp(w)_>Lp(w) < 00,
where 7 is the semigroup maximal operator associated with L,

T*f(2) = T f(2) = supe | ] (2).
>0
The coefficients for our generalised maximal function will be optimised in an attempt to

produce the above equivalence.

It can be inferred from the fact that the operator 7* is smaller than the classical heat
operator T™ that the coefficients for M, should be smaller than unity. This aligns with
the intuition from §1.4 since the weight class A}° is larger than the classical Muckenhoupt

class and therefore the adapted maximal operator should be smaller.

Remark 2.0.1. Notice that if ¢(Q, R, R') = 1 for all R' € G(Q) and @Q € A, then the
operator M, is identical to the classical dyadic Hardy-Littlewood operator. The dyadic
version of the maximal function M2 from §1.4 is also an example of the general class
from Definition 2.0.2 with ¢(Q, R, R') = 1(Q)~! < 1. This allows for more weights in
the class Az. However, it does not take into account the fact that if the cubes R and R’
are far apart, then the potential should have a larger effect and therefore the coefficient
c(Q, R, R') should be smaller. The coefficients that we define for our maximal function

will account for this.

The main theorem of this chapter is stated below.

Theorem A. There exists mazimal functions, M, and ./\/l}“ar, of similar form to Defi-

nition 2.0.2, that satisfy the chain of implications

HM}—ar <0 = H ftzr

<oo = ||Mj, < o0,

HLP(w) ‘Lp(w) HLP(w)

for any weight w on R™ and 1 < p < 0.

A precise definition of the above maximal functions, M7, and M}“M, and a proof of this
statement, will be deferred to §2.2. A secondary result of this chapter that characterises

the local behaviour of an adapted maximal function is the following theorem.
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Theorem B. For any weight w on R™ and 1 < p < oo,

||MlocHLp(w)_>Lp(w) < 00 ~ H l:cHLP(w)—>LP(w) < 0.

This theorem will be proved in §2.1. This is a manifestation of the general guiding
principle that the operators for £y, should behave classically at a scale smaller than the
critical radius. Theorems A and B together demonstrate that for any weight in the class

Al = {w weight on R" : || M

. < o0 and ||Mloc||Lp(w)—>LP(w) < OO} ’

+G7 H I —L

It is then natural to ask how our weight class compares with the class A>°. Section 2.3

provides an answer to this question in the form of the following proposition.

Proposition C. The following chain of strict inclusions holds for any 1 < p < oo,

o0 +
A, G AX C AF.

The above inclusion indicates that our coefficients serve as an improvement upon the

constant coeflicients of (1.3).

Finally, in §2.4, the techniques developed throughout this paper will be used to show
that the heat maximal operator for £ can be safely truncated when considering weighted

questions.

2.1. THE LocAL CLASS

In this section, a local version of the A, class is introduced, Aéoc. This class is a dyadic
variation of a similar class introduced in [15]. Through this class, and a few preliminary

lemmas, Theorem B will be proved.

Consider a cube in R™, Qg := [a1, a1+1(Qo)) X + - X [an, an+1(Qo)), where {as, -+ ,a,} C R.
In the usual manner, this cube can be divided into 2" congruent disjoint cubes with half
the side-length of the original cube. These cubes can themselves be divided into 2" disjoint
cubes each and so on ad infinitum. If a cube ) C R™ can be obtained in this manner
from (g, then it is called a dyadic subcube of the cube ()y. Note that we did not require
our initial cube )y to be a member of the standard dyadic grid and that @)y is a dyadic

subcube of itself.

Definition 2.1.1. Fix a weight w on R™ and 1 < p < oco. For a cube QQy C R", the
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weight w is said to belong to the class Ap(Qo) if there exists a constant C' > 0 such that

1 p—1

wT(Q)'F w(@)r < C|Q) (2.2)

for all dyadic subcubes @ C Qo. The smallest such C' is denoted [w]Ap(QO).

A variation of the next statement was originally proved in [33]. Tt is an extension lemma

for weights that satisfy the A, property when restricted to a cube.

Lemma 2.1.1. Fiz a cube Qo C R, 1 < p < oo and a weight w € A,(Qo). Then there
exists a weight wq, € Ap(R") that coincides with w on Qo such that [wg,], = [w]4 (qy)-

Proof. Our proof proceeds by construction. Let D% denote a dyadic system of cubes on
R™ for which @)y is a member. This can be explicitly constructed as follows. First, scale
the standard dyadic grid by a factor of [(Q)y) to form the collection [(Qp) - A that consists

of all cubes of the form

[ 250(Q0), (my +1) 26UQ0)) x -+ x [ma28(Qo), (mn + 1) 21(Qu))

where k,my, - ,m, € Z. Then, if we let by, denote the corner of the cube @)y closest to

the origin, we can translate this scaled grid to @y,

D = 1(Qp) - A +bg, :={Q +bg, : Q €1(Qy) - A}.

Let DY denote the subcollection that consists of all cubes in D9 of the same size as Q.

A weight, wg, on R", will be constructed for which there exists B > 0 such that

1 p—1

wer Q)7 we,(Q)F < BIQ) (2.3)

for all Q € D?. As the dyadic description of A,(R") is scale and translation invariant,
this criteria will be sufficient to determine that wg, € A,(R").

Fix @ € D(?O. Let ¢g : R" — R"™ denote the translation that takes the cube () to the
cube Q. Then, for x € (), define

W, () = w (pg(r))-

As the cubes in Dé’go partition R", this description defines a unique function wg, on R".

Moreover, it is clear that this function will be a weight that coincides with w on Q.

By definition, as w € A,(Qy), it follows that there must exist a C' > 0 such that (2.3)
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is satisfied for all dyadic subcubes Q C Q,. Fix a cube Q € DY?. Suppose that Q is
a dyadic subcube of a cube from DE°. Then (2.3) must be satisfied automatically with
constant C'. So suppose that () is not a dyadic subcube of any cube in D(?O. Then, since

a parent cube is always decomposable into its children, there must exist finitely many
cubes {Q;}~, € DF° such that Q = LY ,Q;. We then have

p—1

- (fj /Q g () dy> p (f} /Q ZwQ()(y)dy);

p—1

= (N/QO w T (y) dy>p (N/Qow(y) dy);

< ON|Qo
= QI

|

]

Definition 2.1.2. Fix 1 < p < co. A weight w on R™ is said to be in the class Ai,oc if

there exists a constant C > 0 such that

[w] g, v(ry <€

for all R € A}. The smallest such constant will be denoted by [w]Agfe'

The subsequent lemma will be used numerous times throughout this investigation. It
states the exact form of the heat kernel corresponding to £. Its proof can be found in
[51] in dimension 1. Higher dimensions follow from this case by taking tensor products of

Hermite functions.

Lemma 2.1.2. Fort > 0, define the map k; : R" x R® — R through

ki(z,y) = hy(z,y) - exp (—a(t) (]33\2 + \y|2)) ) (2.4)

where h; is the classical heat kernel

1 |z —y|?
)= — e

and « 1s defined by
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for all x and y in R™. The operator T* is then given by

T (0 i=sup [ k(o) )] dy

t>0

for any f € L, (R") and x € R".

loc

Note that the heat kernel for £ is actually kguno:. We have chosen to rescale the kernel

for simplicity. An expanded version of Theorem B is presented and proved below.

Theorem B. Let T* and M denote the classical heat mazximal operator and Hardy-
Littlewood operator respectively. Let w be a weight on R™. For any 1 < p < oo, the

following statements are equivalent.

]. ||MZOC||LP(w)—>LP(w) < 0.

2. we A;f’c.
3. ||lecHLp(w)ﬁLp(w) < 0.

4' H lzc‘|LP(w)—>LP(w) < 00.

Proof. We will prove the following chain of implications (1) = (2) = (3) = (4) = (1).

(1) = (2). Fix a cube R € AJ, Q a dyadic subcube of N(R) and f € L}, .(R"). Define

loc

C = ||Mioc|| 1 (1) 1v(w)- Then, using standard techniques from weighted theory,

(L) Gar L) = [ (g L) st

< /Q Mioe(f - x@)(W)Pw(y) dy

< [ Mioe(f - XQ)”ip(w)
<C? ”f ) XQHIEP(w)

()

Take f = (w + 5)717%1 for some € > 0. Then

@ (g [ s o) s o [ Oy
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which implies that

w(Q) ( /Q (wly) +2) 7 dy)p < cv QP /Q Nw)+e) g,

)
(w(y) + &)=

= w(Q) ( /Q (wly) +2) 71 dy)p_l <crjof

for each ¢ > 0. An application of the Lebesgue monotone convergence theorem then

produces the desired result.

(2) = (3). Lemma 2.1.1 states that for any cube R € A] the restriction w|yg) can
be extended to an A, weight wy(r). As wyr) € Ap, we know from Theorem 1.1.4 that

HT*||LP(U)N(R))—>LP(WN(R)) SJ [wN(R)]A,, < 00. Then, for f € Lp(w)a

1T 1) = / Ty f(2)u() d

=¥ [T )@l de

ReAj

< Z/ (- xvw) (@) wn(r) (2) de
ReA]

<Y [wvnl’, / £ wx () da
ReA] N(R)

< [wlee D / (z)dx

ReAj

S lw ]Aloc @) wz) dz,

where the final inequality was obtained from the bounded overlap property of the cubes
{N(R)} peaz-

(3) = (4). This follows trivially from the inequality k;(z,vy) < hi(z,y) for all x, y € R
and t > 0.

(4) = (1). Fix f € L,.(R") and 2 € R € A]. Let Q be any cube containing x that
satisfies Q@ C N(R). We first observe that for any y € @,

eXp<_ |$ — y|2) ~
20Q)* 7
To see this, note that
z =yl < Vn-1(Q).
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This implies that

and therefore

Moreover, we trivially have

Note that for any z, y € @, since {(Q) < 4l(R), we have the bound

Jj(R L— 8\/_
ol Iyl < 2y = 240 < 25

This then implies that

( 1+l(Q)4—1> :

g (el + 1) | Z e |~

exp | —

It is easy to show that the bound

\/1+t4—1

t4

l\DI»—t

is satisfied for all ¢ > 0. This then gives us

exp ( ( 1+ l(@): _ 1) (|a:|2 n y2)) > 6_82771.

21(Q)

For t :=1(Q)?, we then have

1

o /Q @)l dy
VI+HI(Q)* -1 "

< l(é)n/Qexp <( QP ) (iv2+|y2)) exp (—'2( )‘ )If( )| dy

- [ e ( W2 (o W)) exp <—'”“" -l ) 1)l dy

< /Q k(. y) | £ ()| dy
= f(2).

On taking the supremum over all such @, we obtain M,.f(z) < T.5.f(x).

loc
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2.2. THE FAR CLASS

In this section, the adapted operators ./\/l]?ar and M7, are defined and Theorem 4.1.2

T

is proved. With this, a sufficient condition for the boundedness of || T™(| 1o 1o(w) 18
obtained. Prior to presenting these definitions, it is necessary to introduce a collection of

cubes that represent the regions over which our averaging operators will act.

Definition 2.2.1. For each R € A}, define the following subsets of R™.
e Qo(R) is the smallest cube containing the region
{y eR": |yl < 216n42j(R)} ,
that can be decomposed into cubes from the grid A].
o Fort<2'n? Qi(R):= Qo(R).
o Fort>2'n% Qi(R) is the smallest cube containing the region
{yeR": |y| < 28200}
that can be decomposed into cubes from the grid A].

Notation. For sets A and B contained in R™, introduce the notation k; (A4, B) and
k,; (A, B) to denote respectively the supremum and infimum of k;(z, y) over all z € A and
y € B.

Definition 2.2.2. For f € L;,(R") and x € R € Ay, define the operators M7, and
M, through

MG, fz) = sup > kP(RR) [ |f(y)ldy  and
>0 e F(R), RICQu(R) R

My f@)=swp 3 k(R [ |f)]dy

>0 peF(R), RICQu(R)

With the introduction of our maximal functions, it is a straightforward matter to define

their corresponding weight classes.

Definition 2.2.3. For 1 < p < oo, the classes of weights on R™, A]f‘“”r and Ag‘“"_, are
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defined through

lﬂmﬂz{wwmwmeWZWMEmmewa<w} nd
(2.6)

Al = {w weight on R™ : HM;arHLp(w)—wp(w) = OO} '

We then define Af = Alor+ 0 Alee and A = AJor=n Alee,

In order to verify our main result, a string of technical lemmas must first be proved.
The first two of these provide some valuable estimates concerning the maximum of the

function t — ki(x,y) for fixed z and y in R™.

Lemma 2.2.1. Fiz points x € R € A and y ¢ Qo(R). There is precisely one maximum
for the function t — ki(x,y). Denote this point by t,,(x,y). Then for R not contained in
the first layer, t,,(z,y) must satisfy

] | —y|”
<tm(z,y) < . 2.7
5l < o) < 2.)
For R contained in the first layer, t,(z,y) will satisfy
n T

Proof. On differentiating expression (2.4) with respect to ¢ we obtain

0 1

akt(%y) = Q—ﬁg(t)k‘t(x,y),

where the function g is defined to be

(J” + Jy/*)
VI+ 12

As the kernel k(z,y) is always positive, it follows that the sign of the derivative will be

g(t) :=—n-t+

- 2<$,y>

identical to the sign of the function g(t). Suppose that g is negative. Then we must have
(n-t+2(z,y)) V1+8 > (|l +[y]")

That is, the derivative of the kernel will be negative if and only if the above inequality
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holds. Likewise, the derivative of the kernel will be positive if and only if
(n-t+2(@,y) VI+ 2 < (jaf* + [yP) (2.9

and the derivative will vanish if and only if equality holds.

It is simple to show that |z —y|* /n serves as the only maximum of the function ¢ —
hi(z,y). This implies that hy(z,y) is decreasing for t > |z — y|* /n. As the function o(t)

is strictly increasing, we have that

exp (—a(t) (|2 +[y[))

is strictly decreasing for all ¢. This shows that ki(x,y) is strictly decreasing for ¢ >
|z —y|* /n. It then follows that any maximum for ¢ — k(z,y) must be less than
|z — y|2 /n.  As this function must approach 0 as ¢ approaches 0, continuity of the

derivative then implies that there must exist at least one maximum in the interval
2
[O, |z — y /n]

Let t,,(x,y) denote the largest maximum in the above interval. It will be shown that
tm(z,y) is the only maximum. From our previous argument, equality will hold in (2.9)
for the value t,,(z,y). Suppose that ty < t,,(z,y). Then ty = t,,(z,y) — a for some a > 0.
We then have

(n-to+2(x,y))\/1+t2 = tm(r,y) —n-a+2(x,y))\/1+ 13
= (n-tm(x,y) +2(x,y))\/1+t2 —n-ay/1+ .

As equality holds in expression (2.9) for t,,(x,y), it follows that the factor n - t,,(x,y) +

2(x,y) must be positive. Therefore

(n-to+2(x,y)) \/1+ 3 < (n-tm(z,y) + 2(x,y)) V1 + tm(z,y)? —n-ay/1+ 2
= (|2 + [yl") =n-a\/1+ 43

2 2
< (Il + 1) .

This demonstrates that the derivative must be positive for any ty < t,,(x,y).

Let’s now show the lower bound for t,,(x,y). First suppose that R is not contained in

the first layer. It will be shown that for any t; < |y| /(9 n|z|), inequality (2.9) holds.

From our previous argument, this will then imply that the function is increasing on the
interval [0, |y| /(9-n|x|)). As y & Qo(R), it follows that y satisfies the bound |y| > 3 |z|.
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We know that

We also have

(n-ty+2(z,y)) < (n-4 +2|(z,9)])

ly|
< (L 4o
_(9,x‘+ || [y

(1))

|z
< Iyl 3|z)?.
|z
This demonstrates that

(n-t1 4+ 2(z,y)) \/1+ 1] < Bzl ly]) -

2
= ly[\/|z]” + |y
< (|z]* + |y]*) -

ly*
1+ )
7]

Wil

|2

Now suppose that R is in the first layer and y ¢ Q¢(R). Then |y| > 25n%. Let t, <

ly| / (9n). Then
(14+8) < (1 + (%)2)

I
- 92329,8 02p)2

2y’
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On noting that |z| < y/n,

(nta-+ 2op)) < (0 12+ 2 o) < (214 21al )
< (g+21el) bl < (+2v7)

< 3vnlyl.

This finally leads to

(n -ty +2(z,9)) \/1+13 < (3v/nyl) (%)

2

IA

Y|
< (lz1* + 1yl .

which validates our lower bound. O

Lemma 2.2.2. Fiz cubes R and R in A} with R' C Qo(R)°. Fiz points x € R and
y € R'. The mazimum t,,(z,y) satisfies the inequality,

23 (R)+35(R) tm(x7 y)
o+ Jy* 202

2 <8 ty(z,y) (2.10)

Proof. As y ¢ Qo(R), we have |y| > 2'n%2/(®) and also |y| > 2/)~1. The upper

inequality then follows from
j” + [y[* = JyI*
2 2j(R/)—1216n42j(R)
— 915,,49j(R)+j(R)

As for the lower bound, first consider when R is not in the first layer. On applying Lemma
2.2.1 and recalling that |y| > |z,

2j(R)+3(R') |y 2j(R)+3(R)

j* + 1y~ Onlzl Y 2 + |yl

tm(z,9)

|y|? 20 (R)+i (1)

1
> [
T\ 2|yl

Then, on applying the bounds |z| < /n2/F) | |y| < +/n2/F) and |y| > 2'9n*2/) succes-
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sively we obtain

2i(R)+i(R) 1 [2i(R)+i(R)
P+ lyP = oV 2n2i®
1 |yl
~ 9n V 2n3/22i(R)
1 216n42j(R)
= 9n \ 213/29i(R)
> 2.

Next, consider when R is in the first layer. Once again apply Lemma 2.2.1 and |y| > |z|

to obtain
92j(R)+3(R") y| [29(R)
tm(‘ray) T2 2 > l)_’ 2
2] + [yl ny 2yl
1 /2i(R)
TonV 2

Then, on successively applying the bounds |y| < /n2/%) and |y| > 2'%n?,

20+ 9 1yl
j* +lyl* 9\ 2vn
1 216n4

>
~9n\l 2v/n

> 2.

This concludes the proof. O

The next lemma obtains an estimate on ratios of the form ki(x,y) - ki, (ny) (z,y)~" for

fixed x and y. It will play a key role in the proof of Theorem 4.1.2.

Lemma 2.2.3. Fiz cubes R and R in A] with R C Qo(R)¢. Fiz the points x € R and
y € R'. Introduce the shorthand notation t,, := t,,(x,y). Define

2i(R)+3j(R')

M:=8 -t —.
jf* + lyI?

Then for allt < t,,/M = %\/ % we must have the bound

1
—1
kt(xa y) : ktm (:L‘a y) 5 9(i(R)+j(R))(n+1) (211)
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Proof. According to Lemma 2.2.2, t,,/M < t,,. Ast — k(x,y) is increasing for ¢ <
tm(z,y), it follows that it is sufficient to show (2.11) for the value t,,/M. We then have

Kty a1 (2, 9) Ky, (,9) 7 = M2 exp ((ltm) = a(ti/M)) (|2]* + [y[*)) -exp (—%(M — 1)) :

Let’s find a bound on the function «(t,,) — a(t,,/M) in terms of t¢,, and M. Define the
function 5 : (0,00) — R through

B(u) .—@(—) = > = 5 :

For any u < 1, perform a Taylor expansion about the origin for £ to obtain

1 uw?  out s
— - (1= bl T
Blu) 2( T TR 16 >

According to Lemma 2.2.2; both ¢,, and t,,/M are greater than 1. The above formula

will therefore apply to these values.

1 1 1 1 1

1 M M2 MY MS
My=>(1-2 - ).
altm/M) =3 ( R TaT )
Which gives
(M—-1) (M?>-1) (M*—1) (MS—1)
t) — /M) = . _
altm) = altm/M) = = TR T 320 T

(M—1) (M2-1) (M*—1)

< — .

T T T

4_ .
As M?2—1> MTQ and (A{I6t§ll) < 1];;’ we obtain

(M—=1) M
2, 162,

alty,) — a(t,/M) < (2.12)

Once more from Lemma 2.2.2, we have that

M/2QURFIED) (41 /290G (R)+5(R))(n+1)
<ly— $|n/2 9 (i (R)+j(R"))(n+1)
< (|ly| + |x|)n/22(j(R)+j(R’))(n+1)

< (210 | QiR /29GR4
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It is easy to see that there must exist some A > 0, independent of both R and R’, such

that )
<2j<R> +2j(R’>>”/ QURHIRN 1) o g 2P,

This would then give
M/29G(R)+i(R))(n+1) < 62J(R>+j<R’)'

On applying (2.12) and the above,

Kty yna (2, 9) - Ko, (, y)_12(j(R)+j(R'))(n+1)

2t,,
2
i(R)+j (R (M —1) M? 2 2 [z — |
< exp <2]( )+i( )> - exp (( o — ) (|£E| + |yl ) cexp | — o (M —1)
M—1) M? 2 2

(M —1) M2
B 2] |y| — 162 (|5'7!2 + \912) :

2
SAw“%U@HﬂHW”“%mp«a@m>—aamﬂw»(uf+wﬁ»-ema(—ﬁl—gluw-n>

< exp [ PRHE) 4

On applying M/t,, <1/(2'n?),
)~ 19U(R) () (n1)

. . T M?
< exp <2J(R)+J(R) + lellyl _ (|m|2 + |y|2)>

ktm/M(‘ra y) ’ ktm <I7 Yy

212 1612,
iR a2
< exp (QJ(R)-H(R) + 5~ e (|x| + |yl )) .

From which the definition of M then provides

Koy (2,) - by () 2IRHENED <y

The next result is a direct analogue for A;; of the defining condition for the classic A,

class. It is unlikely that this condition is enough to completely characterise A; .

Lemma 2.2.4. Let w be a weight on R™ and suppose that M7, : LP(w) — LP(w) is
bounded for some 1 < p < co. Fiz cubes R and R in A} with R' ¢ Qo(R). Then there
must exist some constant C' > 0, independent of both R and R', such that for all T € R
and § € R' we have

p—

w(R)y -w w1 (RS < Ckyy g (@) (2.13)
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Proof. 1t shall first be shown that
R C Quap)(R).
Fix any point y € R'. From the definition of Q;(R), it will be sufficient to show that
[y < 2%t (2, 5)?27".
First suppose that R is not in the first layer. Then

~12
R ¢ (552> B I
0 =2 2 e

As |7 < /n- 2B |yl < /m-2g] and |§] > n*21927) ) we have that

i(R n49169(R
o) 4 ; gj)2 . 23(R) || 2169j(R)
I =922 o/ n22(R)

> |yl .

Next suppose that R is contained in the first layer. Then

QJ(R) tm(i,g)Q > 93 -
n

ly| 2"

~2yn 9%n?
> |yl

This demonstrates that R C Qy,,(z,5(R). Then, for any 2 € R and § € R/,

w<R>(R/|f<y>|dy)p:/Rw<x>dx :E 3( i)
_ 5 [ (b [ 1061 r) (o) de
/ M (- x) @) () do.

From the boundedness of M7} far» We then obtain

w) ([ 1) £ s [ 17 ) .
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Take f:= (w+ 5)_17%1 for some € > 0. Then

wiE) (// (w(y) +2)77 dy)p S ktm(i,y)l(i'a?])p /’ (w(;;i—yzz‘)pfl dy

for all € > 0. Which implies that

o) ([t ver ) s s [ WS,

~ ktm(i,gj) (33, ZJ)p

=) ([ v ) s

~ ki z.9) (@, 9)P

for each ¢ > 0. An application of the Lebesgue monotone convergence theorem then

produces the desired result. O

Finally, enough machinery is in place to prove our main result.
Theorem A. Let w be a weight on R™ and 1 < p < oco. Then we have

HMfar” <00 = || f*ar

Lo (w) <00 = Mol < 0. (2.14)

LP(w)

Proof. The second implication follows quickly from the pointwise bound

i) =5 [ B 71y

t>0
—swp 3 [ ko) 7wl dy
>0 prerr)’ B

> sup > ke (R.R) [ 1f(y)ldy
=Y ReF(R), RCQu(R) R
= M;,. f(z)
for any f € L}, (R") and x € R € AJ.

As for the first implication, suppose that H./\/l fm,H Lo (w) > Lp () < 00. Then

1/p
H f*arf”Lp(w) = / ‘ fm« ‘ )dl’}
[ P 1/p
- / . (Stljg) e (f xreaa) (l’)) w(z) dx]

SRy ) 1) ) wta) s "
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The heat operators can be expanded dyadically to obtain

_ p 1/p
HEZJHLP(M):/ sup ) /kt(m,y)lf(y)!dy w(z) dx
TR\ P ReF(ra) T
_ P 1/p
S / sup > kS (Ray R) | fll iy | wi) d
n \ >0
i RIEF(Ra)
S D DI CLCOW 2 Fi
L " >0 RIGF(Rz)v R/CQt(Rz)
P 1/p
+ sup > ki (R, R) N fll oy | wila) da
>0 peF(R.), RZQu(Ra)
On applying Minkowski’s inequality,
p 1/p
1Tl | [ (50 2 R Wl | o) ds
"\ ReFR.), RCQu(RY)
P 1/p

+/ s S KR B [l | w() de

0 ReF(Ry), REQURS)
p 1/p
Ml | [ s X B ERR S | v s
R™ t>0

RIG}—(RZ): R/¢Qt(Rz)

It remains to bound the tail end term on the right-hand side of the above expression. On

expanding dyadically once more,

p

/ sip Y K (B B |l gy | (@) da
"\ 0 reF(R,), REQu(Ry)
P

=3 [ s (R R oy | wla)do
reay B\ ReF(R), R’¢Qt( )
p

=Y |sw >, k(B R |l ey w(R)Y

reay \ 70 ReF(R), ReQu(R)

Let 2%, and y%, denote points contained in R and R’ respectively that satisfy

k:_(R, R/) S 2- ]‘Ct(l'%, y%/)
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On applying Holder’s inequality and Lemma 2.2.4 we obtain

p

Z sup Z k(R RN Nl sy w(R)"?

rea] \ 70 ReF(R), REQuUR)

1 p=1 1
<Y [ sup > k(R R)w™ w1 (R) 7 w(R)? [ fll o ru
real \ 70 ReF(R), ReQuR)

5 Z sup Z kt(xizv yf%’) : ktm(af%,y%) (xIE% yf%’)_l ”f“LP(R’,w)

reay \ 70 ReF(R), RzQu(R)

Note that since |yt | > 25t22/() it follows that

L Y A S A [}
\ oimwimy - = g\ i+
. 1\/21(13’)—1 . 984293 (R)
-8 25(R)+j(R)
> t.

‘ 2

This implies that Lemma 2.2.3 can be applied to obtain

Z sup Z kt(f}% y%/) ) ktm(mg,yg,)(xl}%?ﬁ%/)_l HfHLp(R',w)

reny \ 70 ReF(R), REQuUR)

< Z sup Z 9= (i(R)+5(R))(n+1) [Falrr

reay \ 70 ReF(R), R¢Qu(R)

0 00 P
S Y (Z 5 2_<k+l><n+1>)

k=0 ReLy =0 R'eL;

o o) P
Sy > 2 (Z oin . 2—<k+z)<n+1)>

k=0 =0
S 11wy »

since the number of cubes in a layer L, is bounded by a constant multiple of 2*". O

Theorems A and B, together with the fact that ||7*| .., < oo if and only if both
’|7;:CHLP(U))—>LP(U)) < 00 and H,]?;zr

below corollary.

}Lp(w)HLp(w) < oo for any weight w on R", lead to the
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Corollary 2.2.1. The following chain of inclusions holds for any 1 < p < 00,

Al C {w weight on R™ : |]T*\|Lp(w)_>Lp(w)<oo} CA. (2.15)

The class of weights in the middle of the above chain of inclusions is a natural candidate
for the A, class associated with the harmonic oscillator. The above corollary indicates

that our A, classes are honing in on what should be the correct class.

2.3. RELATION TO THE Ago CLASS

Recall the definitions of the classes A>° and Ag from §1.4. This section is devoted to the
proof of the strict inclusion A% C A;;. This will be accomplished by first showing, for
any 6 > 0, that the pointwise bound M f(z) < M f(z) holds for all f € L} (R") and

far loc

x € R", thereby demonstrating the inclusion A;Z - A};‘“”r. Recall the heat kernel estimate
for Ly given in Lemma 1.4.1. Due to the rescaling of sinh 2¢ introduced following Lemma

2.1.2, our kernels will satisfy

Esinnot(,y) < Cyt™™? exp (—%) <1 + T\/ﬂi + r\/yg)) (2.16)

for any N € N, for some Cy > 0, for all x, y € R® and ¢t > 0.

Proposition 2.3.1. For any 6 > 0, there exists some Cy > 0 so that
Mi, f(x) < CoM f(2)

for every locally integrable function f on R™ and x € R™.

Proof. For R € Aj and k > 0, define C(R) to be the collection of cubes R € AJ that
satisfy d(R, R') < 2*I(R). As F(R) C Aj\ Co(R), the operator M7, can be decomposed

as

M fle) <sp S BHRE) [ |wld

>0
“Y ReAl\Co(R)

= sup Z /f;nth(R, R) |f(y)ldy
R/

>0 R'eAJ\Co(R)
<> S kR [ Ifldy

k=1 R'€Ci(R)\Cis—_1(R)

for z € R. Let’s find a bound on the values £}, ,.(R, R') for R’ C Ci(R)\Ci-1(R). Suppose
that z € Rand y € R’ € C,(R) \ Cr_1(R) where k > 1. Then, |z — y| > 2F71277(®) From
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this bound, (2.16) and the inequality p(z) < 2177,

_ql? Vi Y
ksin < t—n/2 _ |:L‘ y| 1
n2e(2,y) S exp ( Tor + _p(x)

tM/Z
e — (1 4 iR \/)
|z =yl
S (20 \/z‘s)M 27 (14 2017 -
< 9i(Rng- kM( J(R) 1\/‘) (1_|_2j \/’)
for any M > 0. Therefore

, . -N
bl (R, RY) S 2700mo M (23 Wi ) (1 + 2J(R>—1\/%> (2.17)

for any R’ C Cr(R) \ Cx—1(R). On applying this bound to our previous decomposition we
find that M7, f(x) can be estimated above by

SupZQJ gk <2J f) (1 +2j(R>‘1\/Tt>N > |f(y)] dy.

t>0 /
R'€CL(R)\Ch_1(R) 7 I

Define Ry to be the smallest cube that contains every cube in the collection Cy(R). Then

/\/lfarf(:z:) < 9B gup sM (1 4 5) NZ2 kM f(y)| dy,

s>0

where we set s := 27)~1/t It is obvious that if we set N > M —n, then the supremum
term must be bounded by 1. We then obtain

Mfar N 22 kM )’dy

On noting that I[(Ry) =~ 2¥277() and 1y(Ry) < 2%, we have

Mo f (@ <ZQ k(MnGle(an)/ |f(y)| dy
1
<ZQ K= 0) (Rk)|Rk| |f(y)|dy

< Maf(l’)

for M >n+6. ]
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Proposition C. The following chain of strict inclusions holds for any 1 < p < oo,
A, CAX C AL

Proof. The strict inclusion A, C A>° has already been proved in [I5]. As for the upper
inclusion, the previous proposition demonstrates that A)® C A}J;a”. It will now be proved
that A% C Aij’c. Fix w € A®. Then there must exist some § > 0 such that w € AZ' It

must be shown that there exists some B > 0 that satisfies

[w]a,(vry) < B (2.18)

for every R € A}. Fix any cube R € Aj and Q a dyadic subcube of N(R). As w € AY,

there must exist some C > 0 such that

[/
w(@)rw 71(Q)7 < Q| (1 - %) .

As @ is a dyadic subcube of N(R), we have that [(Q)) < 4p(cg) and p(cq) > p(cr)/2.
Therefore

w(Q)rw 7 1(Q)F < ClQ|(1+8)’
<9C|Q|.

This demonstrates that (2.18) holds with constant B := 9°C.

It will now be proved that the inclusion of A>° in A is in fact strict. In particular, the
weight defined by

U}(ZL‘) = w($17 e 7In) = 6|$1|

for x € R™ will be shown to belong to the class A; but not A2

Let’s first show that w € A;ffc. That is, it will be proved that there exists C' > 0 such that
for any R € A} and dyadic subcube @ of N(R)

1 N
w(Qu = () < Q. (2.19)
Note that for any z = (z1,--- ,x,) € @ we must have the bound
| =427 < gy < D] 4 4. 27IB),
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where cg = (cg), e ,cﬁ?). This gives

Similarly,

This gives estimate (2.19) and proves that w € Aé"c.

Next let’s prove that w € Aga”. That is, it must be shown that

1Mt

|Lp(w) 5 Hf”LP(w)

for any f € LP(w).

MG 0y = [ M 0l)

:/ sup Z k+Rx,R’/|f Vdy | w(x)dz

>0 preF(Ry),
R'CQ: (Rz)

= [ o ( / K (Ro, B)) \f(yﬂw(y)iw(yridy) w(z) da.
R >0 \J Qi (Ro)NF(Ras)

On applying Holder’s inequality we obtain

HMfaerM)N(/ o ([ kB B )5y ) (o) a )ufumw
R t>0 Qt(Rz)mF(Rx)

< (/ sup (/ kS (R, Ry)? dy) w(z) da:) 11 ) -
Rn t>0 Qt(Rz)NF(Ry)

Let M > 1, the exact value to be determined at a later time. It will now be proved that

(2.20)

the function ,

/

(t,z) — (/ ki (R, Ry)p’dy) ’ (2.21)
Qu(Re)NF(Ry)

is uniformly bounded for ¢ > 0 and = € [-M,M]*. For x € R" and y € R", let %
and ¢ denote points in R, and R, respectively that satisfy ki(R,, R,) < 2ki(Z,7). As
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j € F(R,) = F(R;) we must have |7 — | > 277(f«)_ This implies that

ki(R:, Ry) < ! exp (—M> - exp (—a(t) (\§:|2 + ]ﬂ|2))

As z is restricted to [—M, M|]™, the layer number j(R,) is bounded implying that (¢, z,y) —
ki(Ry, Ry) is bounded. For ¢ < 1 the size of Q¢(R,) is bounded proving that (2.21) is
bounded for t <1 and x € [-M, M]™. For t > 1 note that

ki(Ry, Ry) < 1 exp <—M> - exp (—a(t) (\:E|2 + ]ﬂ|2))

A
@
"
o
0N
Q
=
~—
=
T
~—

Since |y| < 2(]g] + +/n) and « is an increasing function,

2
/ kt(RmaRy)pldyS/ exp [ —a(1) (M—\/ﬁ> p | dy
Qu(Ra)NF(Ry) n 2

which is clearly integrable. This shows that (2.21) is uniformly bounded for z € [—M, M]"
and t > 0. Therefore, to complete the proof of w € Aga” it is sufficient to show that

p

p/

/ sup (/ kf(R,, Ry)p/dy) w(x)dz
R7\[-M,M]" t>0 Q¢(Rz)NF(Rz)

is finite. In fact, due to the form of the kernel, this can be further reduced to proving

that
P

/ sup / ki (Ry, R dy | w(x)dx (2.22)
RE\[0,M]" >0 \ JRRAF(R,)

is finite. Note that for any x € R% \ [0, M]", y € R} N F(R,) we will have the bounds
lz] < 4v/n)z|, ly| < 4y/nlyl and |z —y| < 4y/n|% — g|. This then leads to

k;r(Rfra Ry) 5 kt('%u 3])

s e (=20 (o)) exp (-2
~ (me)% 42n 42n -2t |’
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implying that (2.22) is bounded from above by a constant multiple of

1 pa(! Ple=o?\ )
2 2 —
/ sup (/ — exp <— e (\x| + |y| )) - exp (— yE ) dy) w(z) d.
RY\0.M]m >0 \JRY (27rt) 2 n "

(2.23)

For t > 0 and x € R, define the function
1 pal(t Pl =yl
)= [ e (<E0 (e ) ) oo (<2 g
R} (27t) 2 n e
1 P el 1 / > P'yi L\ | pnp
~— - )+—11- - t)+ — d
o P ( Z \“OF g A el GO 7S e KLU
> P'va 1Y | Paayn
. PO () + = dy,,
/0 P ( £2n (O‘< )+ 2t> T A

tn/2 ,t / /
~ — exp (_p— |m|2) erfc p;xl - -erfc p;xn .
5 (1+ t2)”/4 32n/1 + t2 32nty/1 + t2 32nty/1 + t2 |

where erfc(a) = \/%? [ e~%ds is the complementary error function. To prove that the

integral (2.23) is finite it is sufficient to prove that there exists ¢ > 0 such that
filx) < eelel’ (2.24)

for all ¢ > 0 and z € R \ [0, M]". For ¢t > 1 this bound follows easily from

p't 2)
) <exp| ———m——lz|" |,
o) Sexp (K o

for all z € R% \ [0, M]". For t <1 and x € R \ [0, M]" we have

n(p’—1)
/ / /
fi(z) < N A erfc p—xl ... erfc p—xn
32nty/1 + t2 32ntv/1 + t2 32ntv/1 + t2

1 ¢ T 1 i Tn
a1 e (Z) T (Z)

< Werfe ((u/lxl)) (u/xnl)(”"” erfe (W)

A

32ntv14

2 . .
where we have set v := 7 . This gives

1 1 1 1
su ) < su —erfc coosup ——————erfe [ —— ).
P o) S Gy (u/x> S Cafa, ) (u/)

Applying a simple integration by parts argument to the complementary error function

yields the estimate erfc(z) < e™*” for 2 > 1. From this it is not difficult to see that there
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must exist 0 < € < 1 small enough so that the derivative of the function

1 1
—erfc <—>
sp'—1 s

is positive on [0,e]. Therefore if we set M > 52 the function

u Werfo (ui/z)

will be increasing on [0, 8n] for any z > M. This then gives

’ €T ;o T
sup fi(z) < 2P Verfe <8_711> 2P Derfe <8_n) .

Bounding the above complementary error functions by Gaussian functions completes the

proof of (2.24) and we can therefore conclude that w € AJ*.

Lastly, it must be proved that w is not contained in the class A%°. Consider the cube

Q:=[l,21) x -+ x [[,2]) where [ > 1. We have

2 2
w(Q):/Z /z et dxy - - - dxy,
2
Z / ledl'l
!

Similarly,

This implies that

It is impossible to bound this exponential of [ in terms of a polynomial of [. Therefore
a bound of the type required for w € Af, is impossible for any 6§ > 0. This proves that
w ¢ AX. O
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2.4. TRUNCATING THE HEAT OPERATORS.

As a by-product of the techniques developed in this paper we now show that, in searching
for the appropriate weight class for the maximal function associated with the harmonic

oscillator, one can safely truncate the maximal function.

Definition 2.4.1. The truncated heat mazimal operator T# is defined through

()

T#f(:c) = igg) eftﬁ |f “ XQu(R.)

for f € L, (R™) and z € R™.

loc

Lemma 2.4.1. Fizx € R € A andy € R € A} where R C Qo(R)¢. Then for any
T€Randy e R,

Kt () (2 9) < C - Ky o) (2,9)
for some constant C' > 0 independent of both R and R'.
Proof. Introduce the shorthand notation ¢, := t,,(z,y). Evidently
2 —yl = |2 — g — Vn((R) + 1(R)).
This implies that
o =yl = |7 = §* = 2v/n[E — §l ((R) + U(R)) +n ((R) + (R))*

and therefore

o (_|as—y| ) . (_w—m ) e (mfs — il (U(R) +z<R'>>> exp (_na(R) +UR)) >

2tm 2t tm 2t
~ o~ 2 =~ /
- (_m% il ) o (mx R + l(R))>

(2.25)

Suppose first that R is not contained in the first layer. On recalling that |Z| < |g| and
applying the bound ¢, > |y| / (9n |z|),

7= 5l ((R) + UR)) _ (7] + 1) ((R) + UR))
tm o tm
_ 20l U(R) +U(R))
=Tl nlel)
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Then, from applying |j| < 2|y| and I[(R') < I(R) in succession,

|z — gl (I(R) + U(R)) _ 4-9nz|ly| ((R) + [(R'))
tm B ]
< 8-9n|z|I(R)
<8- gn3/29i(R)9—i(R)
=8 9n*2.

Next consider the case when R is contained in the first layer. On applying the bound
tm = |yl /(9n),

|z — gl (I(R) + () _ 2]yl ((R) + (R))
tm - [yl /(9n)
< 4 9ny[(((R) + I(R))

- Y]

< 8.9p3/2,

This demonstrates that the above bound is independent of layer number. On applying
this estimate to (2.25) we obtain

|z — y|2 |z — §|2
2 I )< = ) 29
exp ( 5 S exp 5 (2.26)

Let’s switch our attention to bounding the second exponential term in the kernel. First

consider the case when R is not in the first layer. Note that

2| > |Z| = V/nl(R) and |y > |g] — Vnl(R). (2.27)
From this we obtain

—|z[* < —|3[* + 2v/n- U(R) |7 — d - I(R)?
< —|&)* +2n - 27700 FE) _py [(R)?
< —|z]* + 2n,

and similarly — |y|* < — |§|° + 2n. We then obtain

exp (~altn) (2 + [y%)) < exp (~altn) (12 + [57)) - exp (4n - alts).

As the function « is uniformly bounded by 1, we then have

exp (—alty) (|2 + [y1%)) < exp (—altn) (12 + |7%)) -
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Combining this with (2.26) leads to our result.

Next consider the case when R is in the first layer. As R’ ¢ Qo(R), it follows that R’
can’t also be contained in the first layer. For this scenario, the bound (2.27) might not

be true for x and z, but it must hold for y and . We do, however, have the bounds
||, |Z] < y/n. Then

exp (—altm) (2 +[y[*)) < exp (—altm) [y[)
< exp (_a(tm) |ﬂ|2) ~exp (2n - a(tn)) -

Once again, on applying the uniform bound for o we obtain
2 2 <12
exp (—a(tn) (|o° +[y[)) S exp (—altn) [7°) -

Note that since |Z| < y/n we must have —a(t,,) |Z|* > —n. Then

exp (—atm) [§°) = €"e ™ exp (—altm) |§[°)
< e"exp (—al(tm) (|7 + 13%)) -

This leads to the desired bound and concludes our proof. O]

In direct analogy to Lemma 2.2.4, the following Lemma provides an estimate for weights
in the A class.

Lemma 2.4.2. Let w be a weight on R™ and suppose that M5, = LP(w) — LP(w) is
bounded for some 1 < p < co. Fix cubes R and R' in A} with R' ¢ Qo(R). Then there
must exist some constant C' > 0, independent of both R and R', such that

w(R)? -w = (R)'T < C -k 0 (RR)™

C’30 yo

for any xqg € R and yo € R'.

Proof. Recall that R' C Q4,,(zo)(R). Refer to the proof of Lemma 2.2.4 for why this

statement is true. Then

o) ([ rwlar) = [ ([ vwlar) wwas

~ o B [ (K () [ 17010 ) wle) do
< b (B R [ My () (o)

5 ktm(azo Y0) (R R/) - |f(y)|pw(y) dy
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Then from arguments identical to that of Lemma 2.2.4, our result is obtained. m

With Lemmas 2.4.1 and 2.4.2 in hand, the following result can be proved in a similar

manner to Theorem A.

Theorem D. Fiz 1 < p < oo. For any weight w on R™, the following equivalence holds

HT*HLP(w)%LP(w) <0 < HT#”LP(w)*)Lp(w) < 00.

Proof. 1t is trivially true that the equivalence holds for the local components of these

operators. That is, for any weight w on R",

< 0.
LP (w)— LP (w)

| Tiocll Loy Loy <00 Hﬁi

This leaves the far equivalence. The forward implication of the far equivalence follows
from the bound T# f(x) < T*f(x) for all f € L, (R") and z € R™.

It remains to show that for any weight w on R",

< 0OQ.
LP(w)—LP(w)

%
far

(w)sLrw) =X < HTFZ

Fix a weight w and suppose that 77, : L”(w) — LP(w) is bounded. Fix f € L} (R").
Then

Ty = | [ T Pta) ]

LJ R™

_ p y
= / (Sup e f XN ) w(z) df‘}
L n t>0
) P v
([ (s [ @l wd
LJen \ 150 Jro\N(R,)
_ / (sup / ke, y) | £(y)] dy
| J R >0 JQi(Rz)\N(Rz)

- kt<x,y>|f<y>|dy) w(x)da:}”
R\ Q¢ (Rz)
ki(x, d
< [ / n (i&%’ /Q i D )y

s [ o) 1) dy) w(z) dx]
>0 Jrm\Qu(Ry)
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On applying Minkowsi’s inequality and expanding dyadically,

’ :
Tl 5 | [ (sop | bl ) )]y ) (o) s
n \t>0 JQi(Rz)\N(Ry)

T U (Stglo) /Rn\Qt(Rz) kie(z,y) [f(y)] dy)pw(a:) dx} ’

1
Lp()—l—/ sup Z /k;t:cy]f dy | w(x)dz

20 peF(Ry), R'ZO(

It remains to bound the tail end term on the right-hand side of the above expression. On

expanding dyadically once more,

p

/ sup Z /k‘t:py|f Ndy | w(x)dx
"\ reF(R.), REQi(R)
P

Z/ sup Z /ktxy|f dy | w(z)dz
reay’ B\ 7 rerr), ReQu
P

S Z sup Z ki (R, R) HfHLl(R/) w(R).

rea) \ 7Y ReF(R),RCQUR)

For each t > 0, let z%; and y%, denote points contained in R and R’ respectively that
satisfy

ktJr(Ra R/) < 2 kt(lJ;% yg%’)
Note that since 7# : LP(w) — LP(w) is bounded, it is obvious that M7, : LP(w) — LP(w)
is bounded as well. On applying Holder’s inequality and Lemma 2.4.2,

p

Sl Y KRR | w®)

reay \ 70 ReF(R).RZQu(R)

_ 1 p=1 1
SY s D kG yR) e (R) T w Rl e

reay \ 7Y ReF(R),R¢Qu(R)

5 Z sup Z kt(xg%7y§%’) k; (zh y (Ra R/)il HfHLP(R’,w)
rea] \ 70 ReF(R).RZQuR)
(2.28)
We know from Lemma 2.2.3 that

k(@ Yr) S ity ) (T Ygr) - 27 VIOHED D,
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Lemma 2.4.1 can then be applied to acquire

Kol Y) S Koty () - 24D
for all Z € R and § € R'. Therefore

k(@ yp) S Ky o i) (B R)2-URHI(E)(n+1)

This can be applied to (2.28) to obtain

p
> sup > KRB llpm | wB)
reay \ P rzqur)
p
< su 2 R)+j(R'))(n+1) .
<5 w2 I
ReAj R'ZQi(R
S A Loy »
which concludes our proof. O
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I1

THE KATO SQUARE ROOT PROBLEM
WITH POTENTIAL



ABSTRACT

The Kato square root problem for divergence form elliptic operators with potential V' :
R™ — C is the equivalence statement H(L + V)% u‘ >~ [|[Vull o gny + HV%U‘ :

L2(Rm) L2(Rm)
where L +V = —div(AV) + V and the perturbation A is an L*> complex matrix-

valued function satisfying an ellipticity condition. One possible path to a solution for
this problem is by proving square function estimates for perturbations of associated non-
homogeneous Dirac-type operators. At present, there is no general method to obtain
such square function estimates other than for potentials bounded both from above and
below (cf. [10]). We develop such a method by adapting the homogeneous framework
introduced by A. Axelsson, S. Keith and A. McIntosh in their seminal paper [11]. Two

distinct approaches will be considered when adapting this framework.

The first approach alters the initial hypotheses of [11] to allow for Dirac-type operators
that depend on a scalar zero-order potential V' € L] (R™). This approach will not impose
any additional additional assumptions on the perturbations or the algebraic structure of
the operators and will therefore remain quite general. The end result, however, will be a
somewhat unwieldy square function estimate that will require rather restrictive conditions

on the potential in order to obtain boundedness.

The second approach assumes a concrete three-by-three matrix form for the Dirac-type
operators and imposes additional restrictions on the perturbations. Generality is lost
through these additional restrictions but then subsequently gained by allowing the scalar
zero-order potential V' to be replaced by any suitable operator J that is not necessarily
first-order homogeneous. The algebraic structure of these Dirac-type operators will be
exploited to obtain square function estimates for a large class of potentials that includes

any potential V' with range contained in some sector
Syt i={z € CU{oo} : |Jargz| < por z=0, oo}

with wy € [0, g) and such that |V| belongs to either the reverse Holder class RHs in any

dimension or Lz (R") for n > 4. Thus a satisfying solution to the Kato problem with

potential will be obtained for any such potential.






CHAPTER 3

PRELUDE

INTRODUCTION

Let A € L™ (R"; L (C")) and consider the sesquilinear form 1 : H! (R*) x H! (R") — C
defined by

(4 [u,v] == /n<A(x)Vu(x),Vv(x)> dx

for u, v € H' (R"). Suppose that [ satisfies the Garding inequality
Re (I [u, u]) > koa ||Vl (3.1)

for all u € H' (R"), for some r4 > 0. A well-known representation theorem from classical
form theory (cf. [39, Thm. VI.2.1]) asserts the existence of an associated operator L :
D (L) c L? (R") — L*(R") for which

(4 Ju, v] = (Lu, v)
for all v € H' (R") and w in the domain of L,
D(L)={ue H" (R"): Jw € L*(R") s.t. *[u,v] = (w,v) Vv e H (R")}.

The operator L is denoted
L =—divAV,

since the two sides of the above relation will naturally coincide whenever the right-hand
side makes sense. The operator L will be a densely defined maximal accretive operator. As
such, it is possible to define a square root operator V'L, with domain D (L), that satisfies
VL-+v/L = L. The domain D(L) is not a natural domain of definition for the square root
operator since it is a second-order domain and the square root operator is first-order and

since the operator v/L is not closed on D(L). The Kato square root problem asks what is



the natural domain of definition of the square root operator or, equivalently, is the square
root operator closable and what is the domain of the closure? This problem, first posed

by Tosio Kato over 50 years ago, was conjectured to have the following solution.
Theorem (Kato Square Root). The natural domain of \/L is

D(VL) = H' (R").
In particular, for any u € H' (R")

|VZd| ~ [9u]. (3.2)

This long-standing problem withstood solution until 2002 where it was proved using local
T'(b) methods by Pascal Auscher, Steve Hofmann, Michael Lacey, Alan McIntosh and
Phillipe Tchamitchian in [7]. We will be interested in an alternate method of proof that

was built from similar principles and appeared a few years later.

Let II := I'4+ I be a Dirac-type operator on a Hilbert space H and Ilg := '+ B[ B; be
a perturbation of II by bounded operators B; and Bs. Typically, II is considered to be a
first-order system acting on H := L? (]R"; CcN ) for some n, N € N* and the perturbations
B; and B, are multiplication by matrix-valued functions By, By, € L™ (]R”; L (CN )) In
their seminal paper [I1], A. Axelsson, S. Keith and A. McIntosh developed a general
framework for proving that the perturbed operator I1g possessed a bounded holomorphic
functional calculus. This ultimately amounted to obtaining square function estimates of

the form

o dt
Qe G = el (33)

where QP := Il (I + t211%) " and u is contained in the range R (Iz). They proved
that this estimate would follow entirely from a set of simple conditions imposed upon
the operators I', By and By, labelled (H1) - (H8). Then, by checking this list of sim-
ple conditions, the Axelsson-Keith-McIntosh framework, or AKM framework by way of

abbreviation, could be used to conclude that the particular selection of operators

0 0 I 0
.= , Bi=1, By= , 3.4

defined on L?(R") @ L? (R™;C"), would satisfy (3.3) and therefore possess a bounded
holomorphic functional calculus. The Kato square root estimate then followed almost

trivially from this.

Many classical problems from harmonic analysis will have a direct counterpart in the
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Schrodinger operator setting. Adhering with this theme, one can consider the Kato square
root problem with potential. Let V' : R® — C be a measurable function that is contained
in L]

L? (R™) with domain

(R™). V can be viewed as a densely defined closed multiplication operator on

D(V)={ueLl*R"):V-ueL*R")}.
The density of D(V) in L? (R") follows from the measurability of V. Define the subspace
HY (R") := H' (R")N D (V%) = {u e HY(R") : V3 .y e L? (R”)} . (3.5)
Here the complex square root V2 is defined via the principal branch cut along the negative
real axis. As explained in §1.2, H%Y (R") is dense in L? (R") since Cg° (R") ¢ HY (R™).

Let A € L>® (R™; L(C")) be as before with (3.1) satisfied for some x4 > 0. Consider the
sesquilinear form I} : HYY (R") x HYY (R") — C defined through

(6 [u, v] := I [u, v] + /(V(z)u(x),v(:v» dx

for u, v € HYY (R™). Suppose that there exists some x4 > 0 for which K} satisfies the

associated Garding inequality
Re (I [u, u]) > K, (HvéuHQ + uww) , (3.6)
for all u € H-V (R").
Remark 3.0.1. If the range of V is contained in some sector
S+ ={z€CuU{oo} : |arg(2)] < por z=0, oo}

for some i € [0, 7), then (3.6) will follow automatically from (3.1).

Once again, the accretivity of [} implies the existence of a maximal accretive operator

associated with this form denoted by
L+V =—divAV +V,
defined on
D(L+V)={ue H"YW(R"): 3w e L*(R") s.t. [}[u,v] = (w,v) Vv e H"Y(R")}.
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In this potential dependent context the Kato square root problem takes the form of the

following conjecture.

Conjecture (Kato Square Root with Potential). Let V : R™ — C be a locally integrable
function with range contained in S+ for some wy € [O, g) There must exist some

constant Cy > 0 for which
cyt (|[viu] + ivul) < |VZF V| < cv (Vi + 1wl (KP)
forallue D(L+V).

This problem is actually a statement concerning the domain of the square root operator
VL + V. Indeed, (KP) implies the equality

D(VL+V)=HY R").

In direct analogy to the potential free case, the Kato problem with potential will be solved
by constructing appropriate potential dependent Dirac-type operators and demonstrat-
ing that they retain a bounded holomorphic functional calculus under perturbation. In

particular, this strategy will be applied to the Dirac-type operator

0 00 0 |V|]F —div
v =D = VI oo |+fo 0o 0 (3.7)
Vv 00 0 0 0

defined on L*(R") & L? (R™) @ L? (R™;C"), under the perturbation

I 0 0
By=1I, By:=| 0 e o |. (3.8)
0 0 A

It should be observed that the operator F|V\% is not first-order homogeneous due to the
presence of the zero-order potential term. It will therefore not necessarily satisfy the
two conditions of the original framework that are intended to capture the first-order
homogeneity property, the cancellation and coercivity conditions, (H7) and (H8). As such,
the original framework developed by Axelsson, Keith and McIntosh cannot be directly
applied. The key difficulty in proving our result is then to alter the original framework in
order to allow for such operators. This part of the thesis is dedicated to the construction
of a non-homogeneous AKM framework and its applications to the Kato square root

problem with potential. We consider two distinct approaches to such a construction.

The first approach, considered in Chapter 4, alters the initial hypotheses of [ 1] to allow
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for Dirac-type operators that depend on a scalar zero-order potential. This approach will
not impose any additional algebraic structure or any restrictions on the perturbations
and will therefore remain quite general. The end result, however, is a somewhat unwieldy
square function estimate that will require rather restrictive conditions on the potential in

order to obtain boundedness.

The second approach, that will be introduced in Chapter 5, suffers from a reduction in
generality by imposing a concrete three-by-three matrix form for the Dirac-type operator.
Additional restrictions will also be placed upon the perturbations B; and B,. This re-
duction in generality is compensated for by allowing the scalar zero-order potential |V|%
to be replaced by any suitable operator J that is not necessarily first-order homogeneous.
The algebraic structure of these Dirac-type operators will be exploited to obtain square
function estimates for a large class of potentials that includes any potential V' with range
contained in some sector S, 4 with wy € [0,F) and such that |V| belongs to either RH,
in any dimension or Lz (R") for n > 4. Thus a satisfying solution to the Kato problem
with potential will be obtained for this class. Along the way, the explicit dependence of

the constant in (KP) on the potential will be determined.

The proof of the original AKM framework heavily relies on a square function equivalence
between the A, and P, := (I 4 2112)~" operators,

o0 dt
|l =Ry § <

This estimate allows one to interchange the A; and P, operators freely when evaluating
upper square function estimates, allowing one to take advantage of some of the more envi-
able properties of the averaging operators. Unfortunately the removal of the cancellation
and coercivity conditions will force such an equivalence to break. Indeed, given that the
P, operators become potential dependent in the Schrodinger setting, it seems intuitively
clear that the potential free averaging operator A; will not satisfy the previous equivalence
and will distinctly be the wrong operator to use in this context. This brings us back to the
central problem of the first part of this thesis on the construction of potential dependent
averaging operators. Although we do not construct general adapted averaging operators
in order to solve this problem, we will demonstrate how the breakdown of such a square

function equivalence can be bypassed entirely.

CHAPTER OUTLINE

In this chapter we will outline any preliminaries that will be needed to understand the
original AKM framework and the construction of its non-homogeneous counterparts. The
opening two sections are quite classical in nature. The first provides a brief survey of

the natural functional calculus for bisectorial operators. It also describes how to prove
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the boundedness of holomorphic functional calculus from square function estimates for a
bisectorial operator. These classical proofs are repeated here in order to precisely keep
track of how the dependence on various constants traces through these classical arguments.
This attention to detail will pay off later when we want to determine how the constant
in the Kato estimate with potential (KP) depends on the potential. The second section
will provide a couple of important results from the classical theory of Carleson measures

that will be needed for our proof.

In §3.3 we will provide a short review of the potential free Kato problem. Then, in §3.4,
we will go on to give a brief description of the original AKM framework. It is here that a
precise definition of the hypotheses (H1) - (H8) will be provided. A proof of the classical
potential free Kato square root problem from this framework will also be outlined. Then,
by adapting this classical argument, the path to the solution of the Kato problem with

potential through a non-homogeneous AKM framework will be delineated in §3.5.

As the operator FIVI% does not satisfy (H7) or (H8), it will be fruitful to see what happens
to the original AKM framework when these two conditions are removed. This will be
considered in the final section of this chapter. In particular, we will list which results
from [I1] remain valid without the hypotheses (H7) and (H8) and which ones will no
longer hold.
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3.1. FunNcTIONAL CALCULUS FOR BISECTORIAL OPERATORS

Let’s outline the construction of the natural functional calculus associated with a bisecto-

rial operator. This functional calculus constitutes the bedrock upon which the solution to
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the Kato problem through the AKM framework is built. The treatment of functional cal-
culi found here follows closely to [32] with significant detail omitted. Appropriate changes
are made to account for the fact that we consider bisectorial operators instead of sectorial

operators. Other thorough treatments of functional calculus for sectorial operators can
be found in [37], [3], [1&] and [15].

For p € [0,7) define the open and closed sectors

o { {z € C\{0} : farg ()] < i} € (0,m)
al (0,00) p=0

and
{z€eCU{oo}:|arg(2)| <porz=0, co} pe(0,m)
S“+ =

Then, for u € [0, g), define the open and closed bisectors

Sp = (S U (=5p)

and
Sp = (Su+) U (=Su)

respectively. Throughout this section we consider bisectorial operators defined on a
Hilbert space H.

Definition 3.1.1 (Bisectorial Operator). A linear operator T : D (T) C H — H is said

to be w-bisectorial for w € [O, %) if the spectrum o (T') is contained in the bisector S, and

if for any p € (w, %), there exists C,, > 0 such that the resolvent bound
<=1 < ¢, (3.9)

holds for all ( € C\S,. T is said to be bisectorial if it is w-bisectorial for some w € [0, g)

Sectorial operators are defined identically except with the sector S,y performing the role
of the bisector S,. An important fact concerning bisectorial operators is the following

decomposition result.

Proposition 3.1.1 ([I8, Thm. 3.8]). Let T : D(T) C H — H be a bisectorial opera-
tor. Then T s necessarily densely defined and the Hilbert space H admits the following

decomposition

™

Let T be an w-bisectorial operator for w € [O, 5) and p € (w, g) Our aim is to construct
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a functional calculus associated with the operator T'. That is, for appropriate functions f
we would like to assign an operator f(7). In order for a functional calculus to be of use,

the following basic principles should hold.

1. The operators in the range of the functional calculus can be manipulated like they
are functions. That is, something akin to the relations f(T) 4 g(T) = (f + ¢g)(T)

and (f - g)(T) = f(T) - g(T') holds.

2. The algebra of functions for which f(T') is defined is not too small. The usual
operators such as T, v/T? and (T —4)” " are contained within the range of the

functional calculus.

3. Tt is consistent. That is, it maps the functions z, 1 and (z — i)_l respectively to the

operators T, I and (T — )" for example.

Let M (SZ) denote the algebra of all meromorphic functions on the open bisector 5; and

define the following subalgebras,

H (SZ) ={feM (Sﬁ) : f holomorphic on S;} :

H™ (57) = {f € H (1) ¢ Il = sup |f(2)] < oo}
and

Hge (S) ::{fEHOO(S/‘j):HC’,a>OS.t. |f(z)|§C-$VZGSE}.
z

For any f € Hg° (82)7 one can associate an operator f(7) as follows. For u € H, define

1
o

f(M)u: &Igf (2) (2] = T)  udz,

where the curve
= {:l:rei“’ 0<r< oo}

for some v € (w, p) is traversed anticlockwise.
Theorem 3.1.1. The map ®f : Hg® (S9) — L (M) defined through
@ (f) = f(T)
18 a well-defined algebra homomorphism. Moreover, it is independent of of the value of v.

PrROOF. The resolvent bounds of our operator and the size estimates on f imply that

the above integral will converge absolutely ensuring that f(7') is a well-defined bounded
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operator. An application of the Cauchy integral formula will give us the independence of
the definition of f(7") from the value of v. For a proof of the homomorphism property
refer to [32, Lem. 2.3.1]. ]

Since the functions in H{° (SZ) approach zero at the origin we should expect that the
null space of the newly formed operator will be larger than the null space of the original

operator. This is indeed the case as stated in the below proposition.

Proposition 3.1.2 ([32, Thm. 2.3.3]). For a bisectorial operator T : D(T) C H — H,
the null-space inclusion

N(T) S N(f(T))

holds for all f € Hg® (SZ)

One serious deficiency with this functional calculus, as it is currently defined, is that many
important operators affiliated with 7" are not contained in the range of ®!. For example,
the resolvent operator (1" + i)fl, constant multiples of the identity and T itself are all out
of reach of this functional calculus. The astounding benefit of working with a functional
calculus is that operators in its range can be treated symbollically as if they were functions.
This makes for easy manipulation of what should be quite complex objects. However, if
even the most basic operator T itself is not contained in the range then we will quickly
run into problems with our symbolic manipulation and the functional calculus will cease
to be of any use. The bottom line is that the algebra of functions H® (SZ) is too small

for 1" to be useful. A step in the right direction is to extend ® to the subalgebra
E(89) = Hg* (S9) @ ((z=+1) ) & (1).
Specifically, define the extension
o7 £ (5%) = £ (H)

through
g(T) = (g) = f(T) + - (T+i) " +d-1
for g=f+c-(z+i)" +de&(SY), where f € Hy (S2) and ¢, d € C.

Theorem 3.1.2 ([32, Thm. 2.3.3]). The map (ID;F is an algebra homomorphism called the

primary functional calculus associated with T'.

Since the range of @g is restricted to the bounded operators, for unbounded 7' the range
of the functional calculus will still lack even the basic operator T'. Fortunately, one further

extension through the process of regularization will solve this problem and increase the
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range beyond the bounded operators. A function f € M (Sz) is said to be regularizable
with respect to the primary functional calculus CIDg & (SZ) — L (H) if there exists
e € £(S9) such that e (T) is injective and e - f € € (S9). The notation £ (SZ)T will be
used to denote the algebra of regularizable functions. Let C (H) denote the set of closed

operators from H to itself. Then define the extension
T £(S7) — C(H)

through

f(T) =" (f) =25 (e)" - @, (e- f)
for fe & (SZ)T ande € £ (SZ) a regularizing function for f. This definition is independent
of the chosen regularizer e for f and therefore ®7 is well-defined. We have the following
important theorem that establishes the desired properties of a functional calculus for this

extension. Thus the map ®7 will be known as the natural functional calculus for the

operator T'.

Theorem 3.1.3 ([32, Thm. 1.3.2]). Let T be an w-bisectorial operator on a Hilbert space

H for some w € [O, g) Let u € (w, g) The following assertions hold.

1. 1(T) =1 and (2)(T) = T, where 1 : S;, — C is the constant function defined by
1(z) =1 forz €S},

2. Let f,ge€& (SZ)T. Then
M) +g(T) C(f+9)(T),  AT)g(T)C(f g)(T)

and D (f(T)g(T)) = D((f-g9)(T)) N D(g(T)). One will have equality in these
relations if g(T') € L(H).

The ensuing definition plays a vital role in the solution method to the Kato square root

problem using the AKM framework.

Definition 3.1.2. Let 0 < w < p < 5. An w-bisectorial operator T : D(T) C H — H is

satd to have a bounded H* (Sﬁ) -functional calculus if there exists ¢ > 0 such that

IF (DI < eIl (3.10)

for all f € Hy® (SZ) T s said to have a bounded holomorphic functional calculus if it

has a bounded H> (Sz) -functional calculus for some p.

Remark 3.1.1. Note that a more intuitive definition for a bounded H> (SZ)—functional

calculus would be to require that (3.10) hold for all f € H*® (SZ) Unfortunately at this
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stage it is impossible to ascertain whether H (Sﬁ) Cc€& (SZ)T. When this inclusion does
not hold, the operator f(7') will not be well-defined for all f € H* (SZ) If T' so happens
to be injective, then each f € H™® (SZ) is in fact regularizable by z (1 + 22)_1 and the
estimate (3.10) makes sense for all f € H> (S9). Fortunately, in this situation the two
definitions coincide. That is, (3.10) will be true for all f € Hg® (S9) if and only if it is
true for all f € H*® (SZ) when 7' is injective.

Definition 3.1.3 (Square Function Norms). Let ¢ € Hg° (S9). Fort > 0, define
Y 2 S — C to be the function ¢y (z) 1= ¥(tz) for z € S5. The square function norm
associated with v and T s defined through

. R
folla = ([ ol )

foru e H. Let q:S; — C be the function given by

q(z) ==

Ty P

||,z s called the canonical square function norm for the operator T

For injective T', true to its name, the square function norms ||-||,, ,, for ¢ € Hg° (59)
not identically equal to zero on either Sj . or (—SZ +), are indeed norms on H. For non-
injective T however, they are at most seminorms on H and will only be norms following

a restriction to the subspace R(T).

Definition 3.1.4 (Square Function Estimates). A bisectorial operator T on a Hilbert
space H is said to satisfy square function estimates if there exists a constant Csp > 0
such that

1 1
Cop - ull < llullyr < Csp - [lul (3.11)

for allu € R(T).

The above definition is the same as saying that the canonical square function norm |-, »

is norm equivalent to [|-||,, when restricted to the Hilbert subspace R (T').

Remark 3.1.2. The use of the canonical norm |||, ;- in the above definition of square
function estimates is somewhat arbitrary. Indeed, it can be swapped with ||-|,, ;- for any
Y e Hy® (Sﬁ) not identically equal to zero on either Sj, or (—SZ ) This follows from
the equivalence of these two norms as stated in [32, Thm. 7.3.1]. The implicit constant

in the norm equivalence will depend on the functions under consideration.
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Proposition 3.1.3 (Resolution of the Identity). For i € Hg® (S5) and any u € H,

dt

ey (I =Pyiry) u= /0 Uy (T)*u - (3.12)

where Py denotes the projection operator onto the subspace N (T') and

> d
Cy ::/0 w(t)QTt

ProoOF. Equality follows from Proposition 3.1.2 for u € N (T'). For uw € R(T) this is
given by Theorem 5.2.6 of [32] in the sectorial case. The bisectorial case can be proved

similarly. O
Corollary 3.1.1. Suppose that T' is self-adjoint and 1 € HG® (SZ) Then for any u € H,

* dt
| @l § < ol

0

where ¢y, is as defined in the previous proposition. Equality will hold if u € R (T).

PROOF. As T is self-adjoint, it follows from the definition of ¢;(7") that it must also be

self-adjoint. On expanding the square function norm,

| § = [ g

— <u/ooo 1/)t(T)2u%>.

The previous proposition then gives

o dt
| @l = e (7= 2y )
< e Jull®.

Equality will clearly hold in the above if u € R(T). O

Theorem 3.1.4. Let T be an w-bisectorial operator on H for w € [O, g) Suppose that T

satisfies square function estimates with constant Csgp > 0. Then T must have a bounded

™

H*> (SZ)—functional calculus for any p € (u), 5). In particular, there exists a constant

¢ > 0, independent of T, such that

IF (D) < (e Csp - Cu) - [ fll oo
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forall f € HE® (SZ), where C,, > 0 is the constant from the resolvent estimate (3.9).

PROOF. Let f € Hg (S9). For u € N (T), the bound

IF (D) ull < (e Csp - Cu) - [ fllo - llull (3.13)

follows trivially from Proposition 3.1.2 for any ¢ > 0. Fix u € R( ). On applying the

lower square function estimate to f(T)u € R (T),

Al < Car a1 @l 3
=2Csp /OOO qs(T) f (T) /OOO (a(T))" it %

<20se [~ ([l amiam ©) L,

where in the second line we used the resolution of the identity Proposition 3.1.3. The

Cauchy-Schwarz inequality then gives

Iyl <20er [~ ([T 1ar@a@I ) ([ lemr @ e

(3.14)
From the homomorphism property for the Hg° (Sz)—functional calculus,
(1) f(T) u(T) = (gs - f - @) (T).
Since our operator 1" satisfies resolvent bounds with constant C, > 0,

lgs(T)F(T) g (T = 1l (gs - f - a) (T)]]

QL (qs faq)(2) (T—z])_ldz
C

< G ]dz]
< oo Wl f Il

On noting that ¢ € Hg® (S5),

|52 tz]" |dz|
2« |Z|

a0 (D)D) < e o 1] |

S 14 |52 1+ |t2]
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3.1. FUNCTIONAL CALCULUS FOR BISECTORIAL OPERATORS

for some a > 0 and constant ¢ > 0 independent of T. Thus we obtain the estimate

(5" (1+1log (%)) for0<t<s<oo
las(T)f (T) q(T) < ¢ Cp - | fll -
(f)a (1+log<§)) for 0 <s<t<oo,

where the value of the T independent constant c¢ is allowed to change. This then implies
that

sup [ e (DD T

s>0

o d
s [ 1A S < e Gy

t>0

On applying this estimate to (3.14),

2 & e 2d dS
I @)l < e Cu- sl [ [ Il D aDI Tl T2
0 ) 0 ds d
=Gy Csr e | ha@l® [ o) D aDI S5
2 > 2d
<G Cor I [ ladul*

S Cn Cp IIF IS Ml

O

Finally, the following Kato type estimate follows from a well-known classical argument.

Corollary 3.1.2. Suppose that the bisectorial operator T satisfies square function esti-
mates with constant Csp > 0 and the constant in the resolvent estimate (3.9) is C,, > 0.

Then there exists a constant ¢ > 0, independent of T, such that
(¢ Csp )™+ ITull < |VTPu|| < (e Cop- C) - 1T (3.15)

for any u € D(T).

Proor. Consider the restriction S := T ‘W' S is an injective bisectorial operator that
satisfies square function estimates with constant Csr > 0. Since S is injective it follows
that f(5) is well-defined for any f € H*> (SZ) by Remark 3.1.1. This allows us to define
the operators fi(S) and f2(S), where the functions f; and f, are defined by

fi(z) = — and  fo(z) == e for z€S).
The previous theorem allows us to deduce that both of these operators are norm bounded

by ¢ - Cgp - C, for some T' independent constant ¢ > 0. Applying the multiplicative part
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of Theorem 3.1.3 to the functions f = f; and g(z) = z implies that

2
\/5_ .8 =/85? (3.16)
on
2
D(S)=D (g : S) ~D (@) ND(S). (3.17)
Similarly, applying the multiplicative part of Theorem 3.1.3 to f = f, and g(z) = V/22
gives
S
VS2=8 3.18
Ve .
on
D(@):D(i.@):msmp(@). (3.19)
V'S?

Equations (3.17) and (3.19) together imply that the domains D (\/ Sz> and D (S) coincide
and therefore both (3.16) and (3.18) will remain valid on all of D (S).

Let w € D(T). Proposition 3.1.1 states that u has the decomposition u = u; ® uy €

N (T) @ R(T). Then

| Tu]| = ||Sual|
S
_ . A/ Q2
a H VS? S

<c-Cgp-C,- H@UQH

I

where in the last line we used the fact that the functional calculus commutes with the

:c-CSF-CM-H\/TTQu

restriction map as given in Proposition 2.6.5 of [32]. Also,
AR VERE
NI
ol

< CspCy||Sual
— ¢ Csp-Cy-|Tul.
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3.2. CARLESON MEASURES

The AKM framework relies on a few fundamental results from classical harmonic analysis
concerning Carleson measures. These results are listed here for the sake of completeness
and since they will also be required for the potential dependent case. First recall the

definition of a Carleson measure and the non-tangential maximal operator.

Definition 3.2.1 (Carleson Measure). Let pn be a measure on R := R" x [0,00). The
Carleson norm of u is defined to be the quantity
1 (Rq)

[14]|¢ := sup :
L]

where Rg := Q % [0,1(Q)) is the Carleson box over Q. p is said to be a Carleson measure

if llulle < oo

Definition 3.2.2 (Non-Tangential Maximal Operator). The non-tangential mazimal

operator N is the operator defined through

N(F)(z) == sup [F(y,1)]

(y,1):|ly—z[<t

for F: ]Ri“ — C and any © € R™.

Theorem 3.2.1 (Carleson’s Theorem, [30, Cor. 7.3.6]). There exists a constant ¢ > 0
for which

[ PO dutet) < IV (PIE-

for all Carleson measures pu on Ry and p-measurable F.

The following lemma was used in the original solution to the Kato problem in [7]. Tt
states that in order to prove a Carleson measure estimate it is sufficient to replace the

Carleson boxes with subsets Ef, C Rq that make up a sufficiently large proportion of Rg.

Lemma 3.2.1 (The John-Nirenberg Lemma for Carleson Measures). Let u be a measure
on Rﬁ“ and > 0. Suppose that for every QQ € A there exists a collection {Qr}, C A of
disjoint subcubes of Q) such that Eg := Q) \ UpQy satisfies |Eg| > 5|Q| and such that

E*
sup uEg) <C (3.20)
Qea Q)
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for some C' >0, where Ef, := R \ UpRq,. Then

sup 1(Rq)

<
Qen Q)

| Q

. (3.21)

PrROOF. Fix @ € A and let {Q4, },, be a collection of subcubes as in the hypotheses of
the lemma. Apply the bound (3.20) to the decomposition

u(Ro) = p (Ey) + > (Rle)

k1

to obtain

u(Fa) < C1QI+ > 1 (Ra,)

For each ki, let {Qx, x,},, be a collection of subcubes of @y, that satisfy the hypotheses
of the lemma. Decompose i(Rq, ) and once again apply (3.20) to obtain

W(Re) < ClQI+ 3 (mEz;kl) ¥ Zm@m))
kl k'?
< C |Q‘ + ZC |Qk1‘ + Z N(Qkhb)
k1

k1,k2

<CRI+CIQIA=B)+ Y 1(Qur),

k1,k2

where the last line follows from |Eg| > 3|Q|. Iterating this process and summing the

resulting geometric series gives (3.21). m|

3.3. THE KATO SQUARE ROOT PROBLEM

We will now present a brief survey on the Kato square root problem. For a more thorough
account of the problem, its general history and motivation, the reader is referred to [17].
The Kato square root problem has a long and varied history extending back to 1961 when
T. Kato first posed this problem in a more abstract form for general m-accretive operators
in [38]. A year following this, in [11], a counterexample to this general question was found
by J. L. Lions. This led to a reformulation of the problem for operators A associated
with sesquilinear nonsymmetric forms a. In this form, the problem amounted to proving
that the domain of the square root operator D <A%> was equal to the domain of the form
D (a). Once again, the general solution to this problem was answered in the negative
by A. McIntosh in [14] almost ten years later forcing the problem to be reposed in the
form that it it is famous for today, the Kato square root problem for divergence form

elliptic operators (—divAV). This problem was solved in one-dimension by R. Coifman,

83



3.3. THE KATO SQUARE ROOT PROBLEM

A. McIntosh and Y. Meyer in 1982 in [17]. Then, it wasn’t until a full 20 years following
this that the problem was solved by S. Hofmann, M. Lacey and A. Mclntosh, [31], in
arbitrary dimension with the additional assumption that the heat kernel of L satisfied
Gaussian upper bounds. Consecutively, the full solution was found for divergence form
elliptic operators on R™ by P. Auscher, S. Hofmann, M. Lacey, A. McIntosh and P.

Tchamitchian in [7].

This, however, was far from the end of the story. Indeed, the problem remained open in a
number of different directions. For instance, in [8] the solution was generalised to elliptic
systems. The solution was also extended to domains in [10] and [22] but all such results
in this vein required some degree of regularity of the boundary. The Kato problem was
considered in a more geometric setting on submanifolds in [16] and on vector bundles in
[14]. In yet another direction, the Kato problem and quadratic estimates were considered
in a Banach space setting in [36] and more recently [26]. The Kato problem and quadratic
estimates were also considered in the weighted setting for degenerate elliptic operators in
[19] and [9]. Finally, non-homogeneous Kato type estimates have been considered before

in [10, 22, 28, 29]. An expanded account of these references will be provided in §6.1.

The Kato square root problem presents as an important critical case of a more general
problem. For the operator L on L* (R") and a € (0,1), one could consider the domain of

the fractional operator L and ask whether it is true that
D (La) — W?oa,? (Rn) )

It was proved by Kato in [38] that for o € (0,1) this statement will be true but for
a € (%, 1) it will be false.

It is interesting to note that the solution to the Kato square root problem for the operator
L is actually trivial in the case that A is real symmetric. Observe that in this situation

L will be symmetric and therefore so will the square root operator v/L. This gives

V' Lu, V' Lu)

(V LV Lu, u)
(—divAVu, Va)
= (AVu, Vu).

z

Applying the ellipticity and boundedness properties of A then gives the Kato estimate.

Remark 3.3.1. For a proof of the Kato estimate for L on R", it is enough to prove the

upper estimate

H\/ZUH <C- ||Vl
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for all u € D (L). The lower estimate can be obtained from this using a duality argument.

On applying the Garding inequality for [4, (3.1),
k4 | Vul> < Re (1 [u, u))
< (Lu,u)
= (V'Lu, (\/E>* w)

Since the adjoint operator L* is a divergence form elliptic operator, the upper estimate

can be applied to obtain

ko |Vl < H\/ZuH V-

This gives the lower estimate.

There are numerous motivations and interactions of the Kato problem with other areas in
Harmonic Analysis including, but not limited to, the boundedness of the Cauchy singular
integral operator [17], solvability of boundary value problems on Lipschitz domains [5, 9],
quadratic estimates and T(b) type theorems. We present a brief motivating example

taken from [17].

Example 3.3.1. Consider the Neumann problem in R™ x (0, 00),

0*u ou
e =l | T

for some f € L? (R™). The boundedness of the holomorphic functional calculus of L would
allow us to form the solution

1
\ 1
= —L2e 2 f

to this problem. This solution would clearly satisfy the bound

9l = [ 1| < 171

uniformly in ¢. The Kato square root estimate would then also give us the bound

Ivall < [[23]| = [|e2 7| s 1111

3.4. POTENTIAL FREE AKM

We now recall the original AKM framework, as introduced in [11], and its applications to

the Kato square root problem. Let Il := I'+I' be a Dirac-type operator on a Hilbert space
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‘H and Il := '+ B, By be a perturbation of II by bounded operators B; and By. As Il is
a self-adjoint operator, it follows from Corollary 3.1.1 that it must satisfy square function
estimates and therefore possess a bounded holomorphic functional calculus. The aim of
of the AKM framework is to demonstrate that, under suitable conditions imposed on the
operators I', By and B,, the perturbed operator IIg will retain a bounded holomorphic
functional calculus. The hypotheses used form a set of eight conditions. These are listed

below for the convenience of the reader.

(H1) I' : D(I') — H is a closed, densely defined, nilpotent operator.

(H2) B; and By satisfy the accretivity conditions
Re(Byu,u) > kq ||ul|” and Re(Byv, v) > Ky ||v]|?

for all u € R(I'*) and v € R (I") for some &y, k2 > 0.

(H3) The operators I'" and I'* satisfy

I"ByBi I =0 and I'B;B,I' = 0.

(H4) The Hilbert space is H = L? (R"; C) for some n, N € N.

(H5) The operators B; and Bs represent multiplication by matrix-valued functions. That
is,
Bi(f)(@) = Bi(z)- f(z) and  Bsy(f)(x) = Ba(x) - f(z)
for all f € H and o € R™ where By, B, € L™ (R"; L (C)).

(H6) For every bounded Lipschitz function 7 : R* — C, we have that nD(I") € D (") and
nD (I'*) € D (I'*). Moreover, the commutators [I', /] and [['*, ] are multiplication
operators that satisfy the bound

[Ty nd] ()], |07 nl] (2)] < ¢|Vn(z)|

for all z € R™ and some constant ¢ > 0.
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(H7) For any uw € D (I'g) and v € D (I'§), both compactly supported,

/Fu:O and /ng:().

(H8) There exists ¢ > 0 such that
[Vul| < ¢ [[Hou]

for all v € R (Ily) N D (IIp).

The main theorem of [11] then states that under these hypotheses the operator Iz will

possess a bounded holomorphic functional calculus.

Theorem 3.4.1 ([I1, Thm. 2.7]). Let I', By and By be operators that satisfy the con-
ditions (H1) - (H8). The perturbed Dirac-type operator Illg := I' + B1I* By will satisfy

square function estimates. That is, there must exist C' > 0 for which

o dt

P < [Pl F < 0 ul?

for all u € R (1), where QB := ¢, (1) = Iz (I + t2113) .

Let us discuss how Theorem 3.4.1 is used to prove the Kato square root estimate (3.2).
Set the Hilbert space H to be

H:=L*R") @ L*(R";C").

Brand our operators as

I
I = 00 s Blzj and BQZ ’ )
vV 0 0 A

where A € L™ (R™; £ (C™)) is a perturbation matrix that satisfies the Garding inequality
(3.1). The perturbed Dirac-type operator will then be

0 —divA
IIg = ,

2 — —divAV 0
B = ) .
0 —VdivA

87

with square



3.5. A PATH TO THE KATO PROBLEM WITH POTENTIAL

The square root of this operator will then be given by

\/HT— v/ —divAV 0
= 0 V—VdivA |

It is straightforward to check that the operators {I', By, Bo} satisfy all eight hypotheses
(H1) - (H8). Indeed, (H1), (H3), (H4) and (H5) follow trivially from the definitions
of our operators, (H2) follows from the Garding inequality (3.1), (H6) follows from the
product rule, (H7) is given by the homogeneity of the operator V and (H8) follows from
the boundedness of the Riesz transforms 0,0y (=A)"" on L2(R") for j, k = 1,--- ,n.
Theorem 3.4.1 then implies that IIz must satisfy square function estimates and therefore

possess a bounded holomorphic functional calculus. Corollary 3.1.2 then gives the estimate

O™ M < | /T

for all uw € D (Ilg), for some C' > 0. If we apply this estimate to an element of the form
u = (u1,0) € D (Ilg) where u; € D (L) we obtain the Kato estimate

< C[pull.

OV |V || < H\/ZmH < |V

3.5. A PATH TO THE KATO PROBLEM WITH POTENTIAL

We will now delineate a path to the Kato estimate with potential from the boundedness
of holomorphic functional calculus for certain Dirac-type operators. The process used to
obtain the potential free Kato estimate in the previous section will be adapted. Define

our Hilbert space to be
H:=L*R") @ L* (R") @ L*(R™;C").
Let our operator I' be given by

0 0
=T ( ! 0) VIE 0
= 1 = = 2
Ik
Vipg 0

0
0 |
\Y 0

defined on the dense domain H“V (R") & L? (R") @ L* (R";C"), where HY (R") is as
defined in (3.5) and V|V|% : L2 (R") — L? (R™) @ L* (R"; C") is the operator

(v
VIVI% = ( v .
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It is tempting to write the adjoint of the operator I' 1 as

vz
1
0 |V]z —div
*,=10 0 0
4
0 0 0

However, this is not strictly speaking true and this notation should be used with caution

1
since the domain of FTVI 1 is not necessarily L*® D <|VP> ® D (V*). Instead, it is more
accurate to write

0 V* |
r , = \4E
V|2 0 0

Let A € L* (R"; L (C")) be a matrix-valued multiplication operator and suppose that
the Garding inequalities (3.1) and (3.6) are satisfied with constants k4 > 0 and ' > 0
respectively. Define our perturbations B; and By through

1 0 0
I 0 .
B =1 and By = - =1 0 eaeV o |,
0 A
0 0 A
where
A _ 6'L'-argV 0 .
0 A
Our perturbed Dirac-type operator then becomes
0 Vhﬁ
Hppp=typ T80 8= o 1)

V]2

It is straightforward to check that

V* AV

1
viz V]2

—V—divAV =L+V

with correct domains, where V' —divAV is as defined in Section 3 using sesquilinear forms.

Thus the square of our perturbed Dirac-type operator is

2 V —divAV 0
viEB 0 V. .V* LA

Viz vz

Suppose that it can be proved that H‘V‘% B is a bisectorial operator that satisfies square

function estimates with constant Cyy > 0. Corollary 3.1.2 then states that there must
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exist some ¢ > 0, independent of the potential, such that

10 < |
vViz,B V|2,B

for all u € D (HB wvid >, where C), is the constant from the resolvent estimates for II

(c-C,-Cy)~"

<e: Gy My o

vi2
(cf. Definition 3.1.1). For uy € D (L 4 V') we evidently have u := (u1,0,0) € D <H|V\%,B :
Applying the previous inequality to the vector u will then give the Kato estimate with
potential (KP).

This shifts the burden of proof to showing that the perturbed Dirac-type operator H\v|%,3
is a bisectorial operator that satisfies square function estimates. As the operators under
consideration are no longer first-order homogeneous, the conditions (H7) and (H8) will
clearly not be satisfied. Therefore the AKM framework cannot be applied directly. This
part of the thesis is dedicated to the construction of a non-homogeneous AKM framework

that can be applied to non-homogeneous Dirac-type operators.

3.6. AKM wITHOUT CANCELLATION AND COERCIVITY

The operators that we wish to consider will satisfy the first six conditions of [11]. How-
ever, they will not necessarily satisfy the cancellation condition (H7) and the coercivity
condition (H8). It will therefore be fruitful to see what happens to the original AKM

framework when the cancellation and coercivity conditions are removed.

Similar to the original result, we begin by assuming that we have operators that satisfy
the hypotheses (H1) - (H3) from [l 1]. In Section 4 of [I 1], the authors assume that they
have operators that satisfy the hypotheses (H1) - (H3) and they derive several important
operator theoretic consequences from only these hypotheses. As our operators I', B; and
By also satisfy (H1) - (H3), it follows that any result proved in Section 4 of [11] must also
be true for our operators and can be used with impunity. In the interest of making this
thesis as self-contained as possible, we will now restate any such result that is to be used

in this thesis.

Proposition 3.6.1 (The Hodge Decomposition, [!1]). Define the perturbation dependent

operators
'y .= B1I"By, T'p:=BI'Bf and llp:=T+T17%.

Suppose that the operators {I', By, B} satisfy (H1) - (H3). The Hilbert space H has the

following Hodge decomposition into closed subspaces:

H=NIg)® R(I'y) & R(D). (3.22)
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Moreover, we have N (Ilg) = N (I';) N N(I') and R(Ilg) = R(I%) @ R(I'). When
By = By = I these decompositions are orthogonal, and in general the decompositions are

topological. Similarly, there is also a decomposition

H=N(Ty) @ R(Tp) & R ().

Proposition 3.6.2 ([L1]). Suppose that the operators {I', By, By} satisfy (H1) - (H3).

The perturbed Dirac-type operator Ilg is an w-bisectorial operator with w = % (w1 + wo)

where
wy = sup |arg(Biu,u)| < T
ueR(T*)\{0} 2
and
T
wy = sup |arg(Bou,u)| < =.
ueR(M\{0} 2

The bisectoriality of Iz ensures that the following operators will be well-defined.

Definition 3.6.1. Suppose that the operators {I', By, Ba} satisfy (H1) - (H3). For
t € R\ {0}, define the perturbation dependent operators

RP = (I+itllg)™", PP=(I+£(115)?%) ",

QF :=tllgP? and OF :=tI'yPP.

When there is mo perturbation, i.e. when By = By = I, the B will dropped from the
superscript or subscript. For example, instead of ©! or II; the notation ©; and 11 will be

employed.

Remark 3.6.1. An easy consequence of Proposition 3.6.2 is that the operators R?, PP
and QP are all uniformly H-bounded in ¢. Furthermore, on taking the Hodge decomposi-
tion Proposition 3.6.1 into account, it is clear that the operators ©F will also be uniformly
‘H-bounded in ¢.

The next result tells us how the operators Iz and PP interact with I and I'}.

Lemma 3.6.1 ([!1]). Suppose that the operators {I', By, Ba} satisfy (H1) - (H3). The

following relations are true.
Hpl'u =T3lpu  for all we D (I'llg),

plzu =Tlpu for all we D (I'llp),

I PPu=PPTu forallue D(T), and
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PPy = PPThu  for all w e D (T).

The subsequent lemma provides a square function estimate for the unperturbed Dirac-
type operator II. When considering square function estimates for the perturbed operator,
there will be several instances where the perturbed case can be reduced with the assistance
of this unperturbed estimate. Its proof follows directly from the self-adjointness of the

operator Il and Corollary 3.1.1.

Lemma 3.6.2 ([I1]). Suppose that the operators {I', By, Ba} satisfy (H1) - (H3). The

quadratic estimate
o odt 1 9
Qi S < (323)
0

holds for all w € ‘H. Equality holds on R (1I).

The following result will play a crucial role in the reduction of the square function estimate
(3.3).

Proposition 3.6.3 ([I1]). Suppose that the operators {I', By, By} satisfy (H1) - (H3).
Assume that the estimate - "
| lerral < e ul (3.21)
0

holds for all w € R(I') and some constant ¢ > 0, together with three similar estimates
obtained on replacing {T', By, Bo} by {I'*, By, B1}, {I'*, B5, By} and {T', Bf, B5}. Then

[ satisfies the quadratic estimate

_ o0 dt
(c ) 1-||u||2§/0 [QPul % < e - ul? (3.25)

for allw € R (Ilg), for some C' > 0 entirely dependent on (H1) - (H3).

The constant dependence of (3.25) is not explicitly mentioned in Proposition 4.8 of [11],
but it is relatively easy to trace through their argument and record where (3.24) is used.

The following corollary is proved during the course of the proof of Proposition 4.8 of [11].

Corollary 3.6.1 (High Frequency Estimate). Suppose that the operators {I', By, Bs}
satisfy (H1) - (H3). For any u € R(I'), there exists a constant ¢ > 0 for which

> dt
[Tz ryu & <o

From this point onwards, it will also be assumed that our operators satisfy the additional

hypotheses (H4) - (H6). In contrast to the original result, our operators will not be
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assumed to satisfy the cancellation condition (H7) and the coercivity condition (HS).
Without these two conditions, many of the results from Section 5 of [I1] will fail. One
notable exception to this is that the bounded operators associated with our perturbed

Dirac-type operator 11 will satisfy off-diagonal estimates.

Definition 3.6.2 (Off-Diagonal Bounds). Define (x) := 1+|z| forx € C and dist(E, F) :=
inf{|x —y|:2z€ E,y € F} for E, F CR".

Let {U},-q be a family of operators on H = L? (]R”; CN). This collection is said to have
off-diagonal bounds of order M > 0 if there exists Cy; > 0 such that

1Ueull 2y < Cor{dist(E, F) /)~ [Jul] (3.26)
whenever E, F C R™ are Borel sets and u € H satisfies suppu C F.

Proposition 3.6.4 ([I1]). Suppose that the operators {T', By, By} satisfy (H1) - (HG).
Let U; be given by either RB, RP,, PP, QF or ©F for every t > 0. The collection of
operators {Uy},., has off-diagonal bounds of every order M > 0. Moreover, the constant
Chr in the estimate (3.26) depends only on M and the hypotheses (H1) - (HG).

Recall the dyadic decomposition of R™. Let A = U ___Ay; where A; := {27 (k + (0,1]") : k € Z"}

j=—00

if 2771 <+ < 27. Define the averaging operator A; : H — H through

1
Apu(z) = W/Q(m) u(y) dy

for x € R", t > 0 and u € H, where Q(z,t) is the unique dyadic cube in A; that contains
the point x.

For an operator family {U,},., that satisfies off-diagonal bounds of every order, there
exists an extension U, : L™ (]R”; CcN ) — L? (R"; CcN ) for each ¢ > 0. This is constructed

loc

by defining
Uw(z) = li_)m Z Ui (L1gu) (z),
e ReA
dist(Q,R)<r

forx € Q@ € Ay and u € L™ (R”; CcN ) The convergence of the above limit is guaranteed
by the off-diagonal bounds of {U,},.,. Further detail on this construction can be found
in [L1], [23], [16] or [26]. The above extension then allows us to introduce the principal

part of the operator Uj.

Definition 3.6.3. Let {U,},., be operators on H that satisfy off-diagonal bounds of every
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order. Fort > 0, the principal part of Uy is the operator (; : R™ — L ((CN) defined through

(G ()] (w) = (Uyw) (2)

for each x € R™ and w € CV.

The following generalisation of Corollary 5.3 of [11] will also be true with an identical

proof.

Proposition 3.6.5. Let {U;},., be operators on H that satisfy off-diagonal bounds of
every order. Let (; : R® — L ((CN) denote the principal part of the operator U,. Then
there exists ¢ > 0 such that

f G dy < c
Q

or all Q € A; and t > 0. Moreover, the operators (;A; are uniformly L*-bounded in t.
J y

The ensuing partial result will also be valid. Its proof follows in an identical manner to

the first part of the proof of Proposition 5.5 of [11].

Proposition 3.6.6. Let {U,},., be operators on H that satisfy off-diagonal bounds of
every order. Let (; : R" — L ((CN) denote the principal part of U;. Then there exists
¢ > 0 such that

[(Ur = GA) vf| < c-[[tVol]. (3.27)

for any v e H' (R*;CY) C H and t > 0.

The following lemma is entirely independent of the operators {I', By, Bo} and will be used

in our potential dependent setting.

Lemma 3.6.3 (The Weighted Poincaré Inequality, [1 1, Lem. 5.4]). There exists a con-
stant ¢ > 0 such that

[u(z) = (uhl” (dist (v,Q) /1) dw < e | [tVule)f* (dist (2, Q) /1) do

R?’L
for Q € A, B < —2n and for every u in the Sobolev space H' (R™; CY).
The cancellation and coercivity conditions are both an indelible part of the original AKM

framework. We cannot naively expect their removal to have no serious repercussions. The

most dire of these consequences is the failure of the estimate
Oo 2 dl 2
1(Ae = P)ull” - < € lu] (3.28)
0
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for u € R(IT). This square function equivalence between the A, and P, operators is used
in [11] to interchange the P, operators with the A; operators, granting use of some of the
more enviable properties of the A; operators. The failure of this estimate in the potential
dependent setting is one of two significant obstacles that must be overcome in order for
a non-homogeneous AKM framework to be developed. The second significant obstacle is

the construction of the test functions in the local T(b) argument.
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CHAPTER 4

ABSTRACT AKM WITH POTENTIAL

In this chapter, additional structure will be imposed upon our Dirac-type operator which
assumes that it is dependent on a scalar non-negative potential V' € L} _(R™) and that
it satisfies three additional potential dependent hypotheses intended to replace (H7) and
(H8). From this newly imposed structure, we will investigate how close we can get to the

usual square function estimate,

> d
[TlenP Y s we R m

without imposing additional constraints on our operators and potential. It will be proved
that the above perturbation dependent square function norm can be estimated by quan-
tities involving only perturbation free operators. Then, with further restrictions on the
potential and operators, the full square function estimate (4.1) will result. This theory
will then be applied to the Kato square root problem with potential. In particular, it will

be proved that the Kato estimate holds for a restricted class of potentials.

4.1. POTENTIAL DEPENDENT AXELSSON-KEITH-MCINTOSH

In this section we introduce our potential dependent hypotheses. Our main results for
this framework will also be stated. Similar to the original result, it is assumed that we
have operators I', By and B that satisfy the hypotheses (H1) - (H6) from [11].

For this chapter, our operators will be assumed to satisfy a potential dependent version
of (H7). It is labelled (H7V) below to distinguish it from the potential free case.

(H7V) There exists ¢ > 0, independent of the potential, for which

/ Tu / Mo

1
<c ”VH[ZA(Q) ) ||U||L2(Q)

1
<c|VIivg - lull g and
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for every cube Q@ C R", uw € D (I") and v € D (I'*) both with compact support in Q.

We introduce two distinct notions of coercivity to replace (H8). These conditions will not

be automatically imposed upon our operators.
(H8V1) There exists Ay > 0 such that
[Vull < Ay ||Tu|

for any v € R (II) N D (II).

(H8V2) There exists By > 0 such that

|vie|| < By oy

for any v € R (II) N D (II).
A weaker form of these coercivity conditions is given below.

(wH8V1) There exists Cy > 0 such that
o dt
| 1evrar G < cv
0

for any v € R (II) N D (II).

(wH8V2) There exists Dy > 0 such that

/100 |V P

for any v € R (II) N D (II).

2 dt
% < Dyl

Remark 4.1.1. It is not too difficult to prove that the strong coercivity conditions
(H8V1) and (H8V2) will respectively imply the weak coercivity conditions (wH8V1) and
(wH8V2). Indeed, on applying (H8V1) to the left-hand side of (wH8V1),

, dt

[tV Pul® — < A} [ |[tTTPu)? —
t v t
0 0

o dt
At [ l@u
0
1
= 54 lul?,
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where the last line follows from Lemma 3.6.2. On applying (H8V2) to the left-hand side

of (WH8V?2),
= 2 i > dt
/ Hv%Ptu‘ —gBa/ e P> &
1 13 1 t
1
= 1B}l

In the hopes of proving a result that is as general as possible, we will not automatically
assume that our potential dependent operators satisfy any coercivity conditions. In fact,
when we come to apply our results to the potential dependent Kato problem, it will be
found that the particular operators given in (3.7) satisfy the strong coercivity condition if
and only if the higher-order Riesz transforms associated with the potential are bounded
on L? (R™) (cf. Lemma 4.3.1). It is known that there exist potentials for which these
Riesz transforms are unbounded (recall Proposition 1.3.2 for example). It then follows
that the coercivity conditions will not necessarily be satisfied for these operators unless

additional restrictions are imposed upon the potential.

Notation. Throughout this chapter, the notation A < B and A ~ B will be used to
denote that there exists some constant C' > 0, independent of the potential, for which

A< C-Band C7'B < A< (- B respectively.

4.1.1. GENERAL POTENTIAL

Unlike the original AKM framework, we will not presume that our operators satisfy co-
ercivity conditions. As a result of this and the change in the cancellation condition (H7),
we cannot expect for the square function equivalence (3.28) to hold between the operators
A; and P,. However, a weaker form of this equivalence can be proved and it is this esti-
mate that will ripple through the proof and lead to a weaker form of the square function
estimate (3.24).

Theorem 4.1.1. Define, for allt > 0, the functions

1
2 2
wy(t) =14t (Sup][ |V|> . wy(t) =14t (sup][ |V|) :
QEALJQ QeEAJQ

=

g(t) == w ()" Ljo,1(t), and ga(t) == wy(t) ™" L1,00) (1),

where a and § are small numbers such that 0 < o <1 and 0 < 6 < 1/4. There ezists a
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constant C' > 0, independent of the potential, such that

2t
t

[ py g <o [ [T v R+l (1.2

for any uw € H, for both i =1 and 2.

A

The above aligns with our intuition. The classical heat operators e“ are well-known to

satisfy a square function equivalence with the A; operators. The potential dependent P,

HA=V)  Thus, for a sufficiently large potential,

operators are related to the heat operators e
the P, operators should become much smaller than the classical heat operators. This could
force the difference ||(P; — A;) ul| to increase, potentially breaking the estimate (3.28) and
preventing the A; and P, operators from being freely interchanged without paying a price.
This price is quantified in the weights of the above theorem and different weights are

required for small and large times.

Notice that the above estimate does not tell us anything interesting when V' is a potential
that grows to infinity as x increases to infinity. Indeed, in such a situation the weights w;
and wy will both be infinite and, as a result, the left-hand side of (4.2) will be zero. It is
also useful to note that the boundedness of the term on the right-hand side of (4.2) would
normally follow from the coercivity condition (wH8V1). However, since this condition has

not been automatically imposed, it must remain in this form.

Remark 4.1.2. At this stage, one might point out that the problem with (3.28) hold-
ing for general potentials is that P, is potential dependent while A; is not. Perhaps the
estimate (3.28) could be saved by replacing the A; operator with a potential dependent
counterpart A}". This is further motivation for our work in Part I of this thesis where
potential dependent averaging operators were constructed for the harmonic oscillator po-

tential.

In order to provide a concise statement of our main result, we introduce the following

non-tangential maximal functions.
Definition 4.1.1. Define the weighted local non-tangential mazimal function Ny through
Ni(u) (z) = N ((t,y) = Loy ()wi(t) A Pru(y)) () (4.3)
and the weighted global non-tangential mazimal function N5 through
Ny (u) () = N ((t,9) = Loy (Dw2(t) AcPru(y)) (z), (4.4)
forue L. (R") and x € R".

loc
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The effects of the weakened equivalence (4.2) permeate through the proof of Axelsson-
Keith-McIntosh and lead to the below main result that states what price must be paid
in the square function estimate (3.24). This result provides a perturbation free quadratic

estimate for our operators.

Theorem 4.1.2. Suppose that the operators {I', By, Bo} satisfy (H1) - (H6) and (H7V).
There must exist a constant C' > 0, independent of the potential, and functions (uq)
that satisfy ||ug|”® < Q| for all Q € A such that

QeA

| llerpal G < c-

(1+Sup |Q|/ 16V Paugy () I w1 (£) > Lo (t )dt> IV ()]

QeA

+ (1 + sup ﬁ/o [tV Pug () ||* wa () 211,00 (¢ )dt> N2 (u)|®

QeA
dt
Fll?+ [ levna g
0

(4.5)
for any u € R(T).

The proof of both Theorem 4.1.1 and Theorem 4.1.2 will be presented in detail in §4.2. At
first glance, the above estimate might seem complicated and unhelpful. However, there
are a few important things to note that will lead to a better understanding of the estimate

and its significance.

First of all, observe that the right-hand side of the estimate is independent of the perturba-
tion B. This estimate squeezes out any dependence on the perturbation while remaining
as small as possible for this method of proof. Another thing to note is the presence of the
localized functions (uq) gea- The precise definition of these functions is quite technical
and will be given in §4.2. The proof of [11] is heavily reliant on a local T(b) type argument

and these functions are a remnant of such an argument.

A final observation is that the right-hand side of (4.5) can be greatly simplified if the
weak coercivity condition (wH8V1) is satisfied. Indeed if (wH8V1) is satisfied, then each

term that contains the operator tV P, will vanish. The estimate will then reduce to
B 2 dt < 2 2
H@ Pal|”— Oy (Jlull® + N (@)|* + N2 (w)]7)

for some constant C'y, > 0 that is allowed to depend on the potential. Boundedness will
then follow from boundedness of the local and global weighted non-tangential maximal
functions. Before stating this in the form of a corollary, some additional notation will be

introduced to help us keep track of the dependence of the constants on the potential. In
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the below definition it is important to note that each of these quantities is reliant not
only on the choice of the potential V' but also on the operator I'. d(V') is also dependent
on both By and B,. This dependence on the operators is not explicitly represented in the

notation in order to promote readability.

Definition 4.1.2. Define the quantities

a1 (V) = sup ) as (V) := sup )
) uw€RIT)ND(II) || T | ") u€R(IN)ND(I) [ TTue|

1
2 dt\ 2
)

bi(V):= sup , bo(V):= sup N2 (u) |
ueR(I) HUH ueR(T) Hu”

dt _
d(V):= sup (/ |67 Pu H2 ) Jul| 7
ueR(T)

Let us now consisely state what conditions will lead to boundedness in estimate (4.5).

Also define

The below result is an immediate corollary of Theorem 4.1.2.

Corollary 4.1.1. Suppose that the following condition is satisfied by the operator I' and
potential V.

(V1) The quantities at’(V'), by (V) and ba(V') are all finite.
Then there must exist a constant Cy > 0 such that

| llempa§ < vl
for all w € R(T"). Moreover,

dV) S (T4aY(V)?) (L4 b1(V)? 4+ b2(V)?) .

The above corollary provides conditions on the potential and the perturbation free Dirac
operator that are sufficient to imply the square function estimates for the perturbation
dependent operators. Although this achieves one of our goals for this chapter, it must be

emphasised that the problem of determining whether these conditions are satisfied for a
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particular potential and operator I' is not immediately tractible. In particular, it is non-
trivial to determine whether the maximal functions A and N are bounded on L? (R™).
This point will be discussed further in §4.1.4.

For the above reason, in the remainder of this paper, we will attack the problem of
bounding the square function for ©F P, from two different directions in order to obtain
more tangible but less general results. Assumptions will be placed on our potential and
operator at the beginning of the proof that will enable us to circumvent the technical

hurdles and obtain boundedness.

4.1.2. POTENTIALS CLOSE TO ZERO

The first such simplifying assumption that can be imposed on the potential V' and operator
I' is that the equivalence between the A; and P; operators does in fact hold. That is,
the unweighted square function estimate (3.28) holds. The below corollary provides a

sufficient condition for this to occur. Its proof follows trivially from Theorem 4.1.1.

Corollary 4.1.2. Define the quantities

t<1l QeA¢

IVIl, := sup sup tw]é Vi

and

IVl = sup sup 2049 f v
QEeA:

Suppose that (wH8V1) is satisfied. If |V]|,, < oo then the local estimate

! dt y
/0 1A = P ull? 7S L+ VI, +af (V)?) flul?

holds for any w € R(IL). If ||V||s < oo then the global estimate

dt

/1 1A= P)ull® = < (1 + [VIIs + 0y’ (V)?) flull®

will hold for all w € R (II).

As the equivalence between the A; and P; operators was a key component of the classical
proof of the AKM framework, it stands to reason that if this equivalence holds in the
potential dependent setting then the entire argument from [11] has a good chance of flow-
ing through unchanged and unimpeded. It turns out that the conditions of the previous
corollary are indeed sufficient for this to occur. This is stated in the below theorem and
will be proved in §4.2.2.
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Theorem 4.1.3. Suppose that (wH8V1) is satisfied. If ||V, < oo then the local estimate

2 dt w
/ lO7Pul|” — < (L+a (V) + [IVIL,) (1+at'(V)?) ull (4.6)
is satisfied for allu € R(T'). If ||V||; < oo then the global estimate

[ leEPull G5 (1 a7 VL) (L af (V) ul? (4.7)
must be true for any u € R (). As a result, if V' satisfies the condition

(V2) The quantities oy’ (V'), ||V, and ||V||s are all finite,

then
dV) S (1 +a? (V> + VI, +IVI) (1+ai(V)?) < .

Unfortunately, the class of potentials that satisfy (V2) is rather restrictive. Moreover, it
is quite likely that this class is near optimal if we are to demand that the square function
equivalence (3.28) hold. Intuitively this makes sense since, as stated previously, the P,

operators are related to the heat operators e!®=V).

If a unit of heat energy were to
be placed at a point, then the spread of the heat distribution should be unaffected for
small times if the potential is bounded from above. If the potential satisfies some form
of decay condition then for large time scales the potential will be barely visible and the
heat distribution will again be unaffected. Conversely, if a decay condition is not satisfied
then e/®~Y) will be comparatively much smaller than A, for large times and the global

square function estimate will resemble

o dt dt
= eyt Ea [ g

and will then be unbounded.

4.1.3. POTENTIALS FAR FROM ZERO

The second assumption that can be placed on our potential in order to simplify the proof is
that the potential is essentially bounded from below. Indeed, if the potential is essentially
bounded from below and (wH8V2) is satisfied then it is not too difficult to show that the

global square function estimate must hold.

Proposition 4.1.1. Suppose that (wH8V?2) is satisfied and ||V !|, < oo. Then
B 2 dt 1 2 2
H@ PtuH < HV H ay’ (V) [Jul] VueR(II).
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PROOF. As V is essentially bounded from below,

dt dt
[ lerral s [ el g

L 2
Sl Hwau
1

T

where the uniform L? boundedness of the operators ©F was used in the first line. On
applying the coercivity condition (wH8V2) and Lemma 3.6.2 we obtain the desired esti-

mate.

O

Recall from Theorem 4.1.3 that if (wH8V1) is satisfied and ||V||, < oo then the local
square function estimate (4.6) will hold. The following theorem follows trivially from this

and the preceding proposition.
Theorem 4.1.4. Suppose that the following condition is satisfied.
(V8) a(V), az(V), [V, and [[V7H], < o0
Then there must exist Cy > 0 such that
/ R &y ul? (4.8)
for all uw € R(T"). Moreover,

dV) S (1 +af (V)2 +[IVI,) L +af(V)?) + ||V a8 (V) < o

Combining Theorems 4.1.3, 4.1.4 and Corollary 4.1.1 together with Proposition 3.6.3 and

Theorem 3.1.4 then form a complete proof of the following theorem.

Theorem 4.1.5. Suppose that V and I' satisfy one of the conditions (V1) - (V3). Then

the operator Il has a bounded holomorphic functional calculus with

If(Mp)[| < d(V) sup | £(O)].

¢ess

As a result, there exists a constant ¢ > 0, independent of the potential, for which

(c-d(V))™" - [Hpul| < ‘ Mgull < c-d(V) - [Hpul

for allu e D (Ilg).
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4.1.4. FURTHER REMARKS

Let us discuss the problem of bounding the perturbation independent operators N; and

Ns. As the operators P, can be thought of as being related to the operators e*(A=")

, We
can gain some insight into the conditions b1(V) < oo and by(V) < oo by studying the

operators

N ((ty) = wi(t) A’ @Vu(y))

for © = 1 and 2. For either ¢« = 1 or 2, it is straightforward to obtain the bound

IV (£, y) = wi(t) A" Vu(y) || <

sup w;(t)e" " [yl
t>0

If V=V,+ N for some N > 0 and non-negative potential V{, then the boundedness of

the above operator is obvious. Indeed, we would obtain a bound

IV (£, 9) = i) A Vu(y)) | S [[supwi()eVte @) fu]

t>0

The exponential decay would then more than compensate for the at most polynomial
growth of the weight w; and boundedness would be obtained as a result. This leads to
the following open question: can we compensate for this polynomial growth with a less

demanding condition on V' other than boundedness from below?

4.2. SQUARE FUNCTION ESTIMATES

In this section, the square function estimate of Theorem 4.1.2 will be proved for a general
non-negative potential. Following this, in §4.2.2, we will consider operators and potential
that satisfy the square function equivalence between the A; and P, operators. This will

simplify the problem, allowing us to obtain boundedness for the square function of ©F P;.

4.2.1. GENERAL POTENTIAL

Let’s begin by first generalising a result from the original Axelsson-Keith-McIntosh over

to the potential dependent setting.

Lemma 4.2.1. Let Y be either I, T or I'*. Then, for any Q € A and u € D(Y),

1 2 s
]]{2 Tu s@(]{? W) (]{2 |'rur2) + 23 WVl Il (49
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PROOF. Let u € D (Y) and @ € A. Define the quantity

() ()

If 7 > 1(Q)/4, then (4.9) will follow directly from the Cauchy-Schwarz inequality. So
suppose that 7 < I(Q)/4. Let n € C3°(Q) be a real-valued bump function with n(x) =1
when dist (z, R" \ Q) > 7 and |Vn| < 1/7. We have that

‘/QTU /Rn"T“+/Q(1_")TU
=’/Q[77,T}U+/Q(1—77)TU+/nT(W)

N

IVl (@) ([ )+ ey ([ ) + | [ vomw).
Q Q R~
On substituting in the definition of 7,
‘/ Yu| <UQ)"T (/ |u|2) (/ |Tu|2> + / Y (qu)] . (4.10)
Q Q Q R™
(H7V) states that
[ r| Vi Nl (.11

is satisfied for T = I'" and I'*. This is also true for T = II by the triangle inequality.
Applying (4.11) to (4.10) then gives us our result.

THE RELATIONSHIP BETWEEN A; AND P,

As stated previously, the equivalence of the A; and P, operators in the sense of the square
function estimate (3.28) forms a key component of the proof of Axelsson-Keith-McIntosh.
In the potential dependent setting, there is no reason to expect for this equivalence to
hold. In this section, Theorem 4.1.1 will be proved. This theorem quantifies how the
square function equivalence between the A; and P, operators becomes weaker in this new

setting.

Proposition 4.2.1. For any u € H,

dt

| 1A = DulP 0P <l (112)

fori=1 and 2.
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PROOF. The estimate is trivially satisfied for any u € N(II) since

(P Du=((1+em) " = 1)u
= ([ +£211%) 7 (I — (I +211%)) u
—0

for any ¢ > 0. So suppose that v € R (II). On applying the resolution of the identity,
Proposition 3.1.3,

,dt

o0 dt o0 © ds|?
|1 =D e = | HAt<Pt—I>2 | @ | aerd
0 0 0 S t

e ds\? dt
< _ 200 22 ()22
N/O (/0 1A (P = 1) Q2u| 3) gty

The Cauchy-Schwarz inequality leads to

> dt
| 1A= Dl s

[ ([ e -netanD)- ([ 1Iae-nedienrant) &
(4.13)

S

Let’s estimate the term ||A; (P, — I) Q]| ¢;(t). First assume that ¢ < s. On noting that
(I —P)Q,=1Q,(I — P,) we obtain

t t
14 (P~ D S 1P~ DR < Ll -y £ & (114)
Since g;(t) < 1 for all ¢t > 0, for i = 1 and 2,
t
1Ae (Pt = 1) Qsll 9s(t) < - (4.15)

Next, suppose that ¢ > s. Then the equality P,Q, = $Q.Ps gives

S
1Ae (Pt = 1) Qsll S 1PQs[l + | 4:Qs | < 7 + 1 A:Qs]l -
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On applying Lemma 4.2.1,

2

A,Quul? = Q' I (I + s211%)
JAQuu Z||]{28( 2112)

Qe

1 2 E
< Q| s —( PSUQ) ( HPSUZ) + — V1,00 | P2
Z| | [l(@ | Psul | | oF IVl 20 1Psullz2 )

QEA:

) (/ |Pu|) (/ |czsu|) T ‘nvnp 1Pl

[ (/ rPu\) (/ |@su\) (@Sup Vi )Huuiz(w)-
QEN: €Ay

As in Proposition 5.7 of [11], the first term can be bounded by (s/t) ||u||* leading to

2 98 2 2
4l S 3 ull + 5 (5 50 1Vl ) Helen- (1.16

This then gives

40 (P~ D @l 9(8) S ((f)% e (s f \vw);) st (1)

For 1 = 1 we have

A (P = 1) Qsll g1(t) S

For ¢ = 2,
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Putting everything together gives

t s

m%U%—angw>5mm{;¥}3 (4.18)

This bound can then be applied to (4.13) to give (4.12). |

Remark 4.2.1. The above square function estimate for A; (P, — I) actually holds triv-
ially for the weight g5(t) := t*(H‘s)]l(Loo) (t). Indeed, this follows from the fact that the
operators A; (P; — I) are uniformly L?bounded in ¢. Depending on the decay conditions
of the potential, this weight could be more or less demanding than g,. However, even
for potentials where g3 provides a stronger square function estimate, the weight go will
always be used. The precise form of g, and, specifically, its potential dependence will be
required later to circumvent a second obstruction that appears when proving the Carleson

measure estimate.

Let 42 denote the principal part of the operator ©F as defined in Definition 3.6.3.

Corollary 4.2.1. For any u € H,

dt

| s = Dl a0 < ol (119

fori=1 and 2.

PROOF. Combining Proposition 3.6.5 with the fact that A? = A; leads to

H’YtBAt (P —[)UH = ||PYtBAtAt (P —I)UH
SIA (P —T)ull.

The result then follows immediately from the previous proposition. O

Proposition 4.2.2. For any u € H,

R dt > dt
/ MI—AaamF7ﬁi/ 9P . (4.20)
0 0
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PROOF. On decomposing dyadically,

I(T = A) Pl = 3 / Pou() — (Pl do

QEeA:

Z / |Pau(z) — (Pl (1 + dist(z, Q) /t)~ Gt g

Qe

where dist (z, Q) := inf g | — y| and (f)g = fo for f € L}, .(R"). On applying the

weighted Poincaré inequality, Lemma 3.6.3,

=40 all £ Y [ WP (1-+ i, @)/
QEA
S [tV Pl

which gives (4.20). ]

The above proposition, together with Proposition 4.2.1, then forms a complete proof of
Theorem 4.1.1.

CARLESON MEASURE ESTIMATE

This section is dedicated to the proof of the following proposition.

Proposition 4.2.3. Let g : (0,00) — [0, 1] satisfy

/Ol(Q) tg(t)*dt < Cy (]{2 |V\) B (4.21)

for some Cy > 0, for all Q € A. Suppose that the estimate

/OOO (e = B ull o075 S Dy (HU\F + / 169 Pl g(t)? Cff)

t

holds for all w € R(I1). Then there exist functions (ug),ea with luoll” < |Q| such that

dz dt
t

dt
SBy |1+ tVP, , (422
B ( sup [ I Pl ot ) (422

|00 = a2t oup

where By =14 Cy + Dy. Moreover, the functions (uQ)QGA are independent of g.

The precise definition of the collection of functions (ug) ., Will be determined throughout

the course of the proof. Let 0 > 0 be a constant to be determined at a later time. For
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v € L(CV), define the set

K, = {1/ e L(CY):

Let V be a finite set such that

U K. =£(cV)\{o},

vey

where each v € V is of unit length, |v| = 1. Then, in order to prove (4.22), it suffices to
prove for any v € V that

dz dt e R

o S By | 1+su —/ tVPuo(x 2=
e iar ], PP P e, v( s [ 19 Paa(a)l o0
(4.23)

The John-Nirenberg Lemma for Carleson measures, Lemma 3.2.1, can now be used to

reduce the proof of (4.23) to the following proposition.

Proposition 4.2.4. Let g : (0,00) — [0, 1] satisfy the hypotheses of Proposition 4.2.3.
There exists 8 > 0, a choice of ¢ > 0 and a collection of functions (uq)yen with ugl® <
|Q| that satisfy the following conditions. For everyv € V and Q € A, there is a collection
{Qr}. C A of disjoint subcubes of Q) such that Eq, := Q \ UpQy, satisfies |Eg,| > 5|Q)
and such that

2 o dxdt 1 U@ , , di
sup Y. <B 1+sup—/ tVPug(z)||” g(t)” — |,
QeA |Q|/[‘“€E he'@)]"g t V( ok 101 /s [tV Prug(z) " 9(t) ;

¢ () GKV
(4.24)
where Ep, , := Ro\UrRg, and By is as given in Proposition 4.2.3. Moreover B and o are
entirely dependent on (H1) - (H6) and independent of (H7V) and the functions (uq)gea

are independent of g.

For now, fix v € V and Q € A. Let w”,w” € CV with |@"| = |[w”| =1 and v* (@) = w".
To simplify notation, when superfluous, this dependence will be kept implicit by defining

w :=w” and w = w"”. For € > 0 the function f  can be defined in an identical manner

to [11]. Specifically, let ng : R — [0,1] be a smooth cutoff function equal to 1 on 2Q),
with support in 4Q and with ||Vl < 7, where [ := [(Q). Then define wq = nq - w
and

f8 = wq — il (I + elillp) " wq = (I + €lil'y) (I + €lillp) ™" wg.
Lemma 4.2.2. There exists a constant C' > 0, that depends only on (H1) - (H6), that
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satisfies Hfé”eH <C |Q|% and

‘]2 - w‘ <c (& 4 <]é |vy>;) | (4.25)

for any € > 0.

PRrROOF. The proof of the first claim is unchanged from Lemma 5.10 of [1 1] and relies only

on potential independent results. For the second estimate, on applying Lemma 4.2.1,

’][ foe— w’ = ‘][ ell’ (I—i—eliHB)_le‘
Q Q
} :
<Se (][ (1 + eliTl ) ™" wa) (][ |ell (1+dz'HB)—1wQ]2>
Q Q

el 1 , 1 2 2
+ —[|[V]? (/ (I + €lillg) w )
AV ¢

) 3
<chid (][ |V|) |
Q

where we have used the Hodge decomposition and the uniform L?-boundedness of our
operators to obtain the last estimate. That is, there must exist some C' > 0 such that
(4.25) is satisfied. m

1\ —1
From this point forward, with C' as in the previous lemma, set € = 16(01“)2 (1 +1 <fQ |V|> 2)

and introduce the notation fg = f§ .

Lemma 4.2.3. There exists a constant D > 0, dependent only on (H1) - (H6), such that

[ [ 1ets o =5 < pu+cvlal (4.26)
Q

PRrRoOOF. Notice that

t - _
071§ = = (I +£°1Ip) Vel (1 + elillp) ™ wg.
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This leads to

[ [ terss oot = | | (5)29@2 (f ) arg 1+ gy gl ar)
caf ()
< |Q|/ l%(uz (J{)V)é>29(t)2dt
sial [ gl (f 1) [ oz

where the second line follows from the uniform L2-boundedness of our operators and the
Hodge decomposition. At this stage, we can apply the weight condition (4.21) to obtain
the estimate (4.26). )

Given our previous choice of €, it must be true that

‘]{zfg—w‘ §c<e;+d (J{QWO;)

(4 (Cl+ 1) 16 (Cl+ 1)2)

IN
Q

That is,

On rearranging we find that

From Lemma 4.2.2 and the above estimate, Lemmas 5.11 and 5.12 of [11] will follow in
our case by applying an identical argument. Moreover, since their proofs do not depend
on any other results, the constants obtained will be independent of the potential and only
dependent on (H1) - (H6). Combining these two lemmas into a single statement gives the

following result.
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Lemma 4.2.4. There ezists a choice of 0 > 0 and > 0, entirely dependent on (H1)
- (H6) and independent of (H7V), that will satisfy the following conditions. For v € V
and Q € A, there exists a collection {Qy}, C A such that |Eq,| > B|Q|, where Eg, =
Q\ UrQx. Also, for (z,t) € Ef,, and v (z) € K, we must have

[ (@)] < [ (@) (Afg ()]

where B, , = Ro \ Up R, .

We are now well equipped to tackle Proposition 4.2.4 thereby completing our chain of

results.

PROOF OF PROPOSITION 4.2.4. Let 3, 0, (Eqg.)qgea and (E’EM)QGA be as given in
Lemma 4.2.4. Fix Q € A and v € V. Then we must have

2 o dxdt B B A cw(2 o2 drdl
/ /MGE* @) g / L%E 0718 = Adg] 90" =
z)eK, EK

dx dt
T

B 2 2
+//x,t)EEZ2,V {Gt féu‘ g(t)
'yf(z)EKu

Lemma 4.2.3 can be used to bound the last term by D(1+Cy) |Q|, where D is a constant
independent of V. For the first term, note that

@f}fé’ — yfAtfé” =— (@B — At) elil’ (1 + el@HB)fl wg + (@f — vat) w

Then
Bpw B w22 G0 B _ B L12 o drdt
//x,t)EEaV ’@t fq = Ath| g9(t) ;~ /Z, 1Ry, ’(@t — Y At) uQ’ g(t) ;
1 (w)eKs v (@) €Ky
2 dz dt
[ e, 107 =224 wal* gt 212

vB(z)eK,

where ug, 1= elil’ (I + elz'HB)_l wg. The second term can be bounded by a V' independent
multiple of |@Q| by applying the argument from the proof of [11, Prop. 5.9] verbatim. We
can then restrict our attention to the square integral for the term (0F — P A;) uf). We
have that
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y dz dt
Sy 108 =) | g(0? % 5
'YP(I)EI(’V
2 dxdt L2 drdt
//xtEEQU|®B (I = P)ug) /[x,t)eEéy|(@tBPt_%EBAtPt)uQ‘ ;
72 (z)eK, 1B (z)eK,

) dx dt

T %ﬂct €By, 7 A (P = g g(t) ——.
(a:)GKV

(4.27)

As stated in Corollary 3.6.1, the high frequency estimate

& dt
PG AR S P &

must be true with constant independent of the potential. For the second term, apply

Proposition 3.6.6 to obtain

12 dx dt
al

Q) dt
(O P =P AR) el gt < [ v R P oter S (a2)
0

(a:,t)Ean
7B (z)eK,
Consider the collection of functions U := {ua (Vv E V}. As V is by definition finite it
follows that U must be finite. There must then exist a unique ug € U for which the

right-hand side of (4.28) attains a maximum.

For the third term of (4.27), the uniform L?*boundedness of the operators vZ A; together
with the hypothesis on g produces

dx dt
[xvt)eEau "yfAt(Pt — ])UVQPQ@Q $t
'th(x)GKV
dx dt dx dt
= [ Jlers, AP = Dot S [ adn = Dot
(:B)GKV
V|2 o0 12 dt 9 o dt
S Dv [|ug "+ / [V Pasgll” 9(*% 5 Dy [lug]|” + / [V Paug]* 9(6)*
0
We have
|uby|| = ||l (1 + elillp) ™ wi|| < ||elillp (I + elillp) ™ wp)|
= H((I—I—EZZ'HB) —I) (I + €lillp)™ wQH S HwQH + || (I + elillg) " wé”
S wall 5 1@l
Putting everything together gives (4.24). m|
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A PERTURBATION FREE ESTIMATE

With the proof of the Carleson measure estimate complete, we can now move on to the
proof of our main result, Theorem 4.1.2. To this end, it must first be proved that g; and

g2 both satisfy (4.21). This claim will follow from the below lemma.

Lemma 4.2.5. There exists C' > 0, independent of V', such that for any Q € A and
t>0 witht <1(Q),

V| <C- sup + |V]. (4.29)

PROOF. Let @ € A and ¢t > 0 with ¢t < (Q). Then

JQ‘V'—|@| > [

ReA;
RﬂQ;é@

o v

ReA:
ROQ;AUJ

< | sup ]{%\V\ Ql HRe Ay : RNQ #0}.

ReA
RNQ#D
It remains to show that
]{RGAt:RﬁQ#(Z)}\S% (4.30)

with constant independent of () and ¢. Let 3Q) be the cube with the same center as ()
but three times the length. Then evidently it must be true that

lJ Rc3Q.
ReA;
RNQ#D

Therefore

{ReA:RNQADN < [{Re A RC3QY
_ 50l
< 2%
el
tn
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On applying the above lemma for ¢ = 1,

() [ mera (L) [ s (e f)')

(@AL
/ (][ yV|> <Sup |vy> di
ReALJ R
/l Q)N

IA

A

tl 2« dt
0

L,

A

which shows that g; satisfies (4.21). For i = 2,

() = (e [ (o0 ][V)> i
? e (][ V1) (sup f 1) ot

)

which gives (4.21) for gs.

Given that g; and gy both satisfy (4.21) with constants independent of the potential,

Proposition 4.2.3 taken with Theorem 4.1.1 then gives us the Carleson estimates

dz dt
t

1 UQ) ) ,dt
S 1+ sup —- [tV Prug||” gi(t)"—, (4.31)
c Qen |Q Jo t

|(t0) 2 @0t

for functions (uq) gy, With luoll> < Q| for all Q € A, for both i = 1 and 2.

Split our main square function norm from above by

dt dt
[T ezpal S < [T 08R —aEaryulf o [ e L [ o b4
0
On applying Proposition 3.6.6 we obtain
dt dt dt
[0l S < [T hwral S [l [
0
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Carleson’s theorem can then be applied to give

odx dt

th o dt
[Tlerral? G 5 [T v R+ i o 0P ra

o d dt
: IV Qamuap)

) = P e

Applying (4.31) to the above estimate then proves Theorem 4.1.2.

4.2.2. POTENTIALS CLOSE TO ZERO

In this section, Theorem 4.1.3 will be proved. Namely, it will be shown that the square
function for ©F P, is bounded for potentials that satisfy (V2).

Proposition 4.2.5. Suppose that the coercivity condition (wH8V1) is satisfied. Let
g:(0,00) — [0,1] be such that

/Ol(Q) tg(t)dt < Cy (][Q |V|) B (4.32)

for some Cy > 0, for all QQ € A. Suppose that the estimate

o odt
|l = Ryl g0 S < Dl

holds for all uw € R (II). Then

o 2 dt w
| lerral gup S S @+ ot D)+ ar (v
0

for allu e R(T).

PROOF. Split the square function up according to

* dt > dt *
/ [CI A IO / |67 P =P AP) u* g(t) = + / 177 A (P = Dl g (2)?
0 0 0

dt
w [ It aw s0r S

(4.33)

For the first term, we have by Proposition 3.6.6 and (wH8V1),

= dt
[(©F P = AP AP ul gt R 2
0 0
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The third term of (4.33) is bounded by Carleson’s theorem, an application of Proposition
4.2.3 and (wH8V1),

dt

/0°° Y A (67— < H(t,m) s 2B () (1) da dt

t

dt
S(1+Cy+ Dy) <1+sup ’Q‘/ [tV Pougl|® g(t)? t)Hu\IQ
S (14 Cy + Dy) (1 +af (V)?) |ul®.

This reduces our result to bounding the second term of (4.33). Applying the L? uniform

boundedness of the v2 A; operators and splitting from above,

> N dt
/0 H%BAt(Pt—I)uHQg(t)Q—:/O 72 A Ay (P, — uH2
= dt
S [ 1ap= Dl g0
0

dt

< / T - a4 P & / 1B - A ul g

The first term on the right-hand side of the above estimate is bounded by a¥(V)? ||ul||* by
Proposition 4.2.2 and (wH8V1). The second term is bound by Dy |lul|* by hypothesis. O

Our proof of Theorem 4.1.3 can now be concluded. Suppose first that (wH8V1) and
V|, < oo. Then the weight g(t) = Lo,1)(t) will satisfy (4.32) since

-1

HQ) Q)AL
/ tg(t)? dt:/ 2042 [ sup ][\V\ sup ][\V| dt
0 0 ReA; JR ReA¢ JR

RNQ#D RNQ#D
QAL o
<Wi [ e s i) a
0 ReAy JR
RNQ#D

-1 QA
Sl (L) [ ea
Q 0
-1
sl (f 1)
Q

where the second line follows from the definition of ||V||, and the third line follows from
Lemma 4.2.5. It then follows from the previous proposition and Corollary 4.1.2 that the
local estimate (4.6) will hold.

Similarly, if instead (wH8V1) and ||V]|; < oo then the weight g(t) = 1(1,00)(t) will satisfy
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(4.32). This follows from

-1

Q) Q)
/ tg(t)2dt = / p20020+0) [ g ][ Vi [ sup ][ VI () de
0 0 R R

ReA ReA
RNQ#0 RNQ#0

-1

Q)
< IV, / 12040 [ gup ][|V| L oo (1)
0 ReA: JR

RNQ#D

@ 1-2(1+9)
S (fv) [ e a
Q 0
-1
sl (£v1)
Q

where the second line follows from the definition of ||V'||; and the third line follows from
Lemma 4.2.5. Tt then follows from the previous proposition and Corollary 4.1.2 that (4.7)
will hold.

4.3. APPLICATIONS TO KATO WITH POTENTIAL

Let FIVI%’ B; and B, be as defined in §3.5. As proved in that section, {FIV\%’BI’ Bg}
satisfies the properties (H1) - (H6). They also satisfy (H7V) since by Cauchy-Schwarz

/Fu

0
%

:/ Vu1

Vu1

- / V%ul

1
< Hszl(Q) ’ HUHLQ(Q)

(4.34)

for u = (uy,ug,u3) € D (') compactly supported. The bound for I'* follows similarly,
V%UQ — diVUg
/ IM™u

= 0
Rn 0

- / V%UQ

1
< HV’|21(Q) : HU”L2(Q)-

With this selection of operators, define the classes
A; :={V :R" — [0,00) : (Vi) is satisfied }
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CHAPTER 4. ABSTRACT AKM WITH POTENTIAL

for i =1, 2 and 3. Set
A3:A1UA2UA3.

The Kato estimate with potential for V' € A then follows by applying the estimate from

Theorem 4.1.5 to an element u = (u1,0,0) € D (HIVI% B> with u; € D(L+V).

Theorem 4.3.1 (Kato with Potential). For any V € A, the Kato estimate
aW) (||vau] + 1vul) < |VE+Va|| s av) ([via| + 19el)  @35)
is true for any w € D (L + V).

The following lemma sheds some light on what type of potentials will satisfy the coercivity

conditions for this set of operators.

Lemma 4.3.1. Let V : R" — [0,00) be a potential and let F‘V 1, B1 and By be as defined

n §3.5.

1. The coercivity condition (H8V1) will be satisfied if and only if the higher-order Riesz
transforms V2 (V — A" and VV2 (V — A)™" are bounded from L* (R") to itself.

In which case,

mWhﬂW%V—M*WﬂWVHV—M*

2. The coercivity condition (H8V2) will be satisfied if and only if the higher-order Riesz
transforms V (V — A)™" and V2V (V — A)™" are bounded from L2 (R") to itself. In
which case,

(V) < [V (V=2 +|Vive —a)?

PRrOOF. Let w € R(II). Then w is of the form
V%vg — divog

1
w = Vauy
VUl

for some v = (v1,v9,v3) € D (II). Note that
) . ' 2 L2 . 2
|Vw||” = HV (Vivg - dlvv3>H + HVVEMH + ||[VPu |
Also,
2 1 : 2 2 1,1 : 2
| Hw]||” = HV (V2v2 — dlvvg> H + [[(V = A) v ||” + HV2 <V2U2 — leUg) H :
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It is obvious by inspecting the previous two equalities that (H8V1) will hold if and only if
the higher-order Riesz transforms V2 (V — A)™ and VVz (V — A)™" are both bounded
on L*(R").

The second statement follows similarly. Simply compare

2

2 2
HV%wH :HV% (V%vz—divvg)u +||Vvl||2+Hv%w1

and ||Hw|| for w € R (II) N D (II). O

Corollary 4.3.1. For any V € RH, with ¢ > %5 the condition (H8V?2) is satisfied.

PROOF. In [50], it was proved that the higher-order Riesz transforms V (V — A)™" and
V2V (V —A)"! are bounded on L2 (R") when V is in the reverse Hélder class RH, for
q > 5. The claim then follows from the preceding Lemma. O

Remark 4.3.1. The reverse Holder condition may or may not be sufficient to imply
(H8V1). In [50] and [0], the Riesz transform V2 (V — A)~" is proved to be bounded but
there is no mention of the VV2 (V — A)™",
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CHAPTER 5

NON-HOMOGENEOUS AKM WITH 3 X 3
STRUCTURE

In this chapter we consider our second approach to the non-homogeneous Axelsson-Keith-

McIntosh framework that, although imposes more on the algebraic structure of the oper-

ators, will yield a surprisingly effective solution to the Kato problem with potential. For
€ [1,2], define W, to be the class of all V' € L; . (R") for which

loc

v ] + oo

V] sup < 00.

ueCEe (R H(|V| YN uH

a T

As will be proved in §5.3.2, the collection of potential classes {Wa}ae[1,2] is decreasing. The
largest class W consists of all locally integrable potentials with no additional restrictions
and the smallest class W, contains RH, in any dimension and Lz (R") in dimension
n > 4. Our approach to non-homogeneous AKM in this chapter will provide a proof of

the following theorem.

Theorem 5.0.1 (Kato with Potential). Let V € W, for some a € (1,2] and A €
L> (R™; L(C™)). Suppose that the Garding inequalities (3.1) and (3.6) are both satisfied

with constants k4 > 0 and kY > 0 respectively. There exists a constant Cy > 0 such that
;! <HVUH +[[vull) < H\/muH < Cy (Hqu + Vul) (5.1)
for allu € D (L + V). Moreover, the constant Cy depends on V' and o« through
Cy=Cyla=1)" (1+[V]),
where Cy only depends on V' through kY and is independent of c.

The above theorem tells us, in particular, that the Kato estimate with potential, (5.1),
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is valid for any potential V' with range contained in some sector S, for p € [0,7)
and with |V| either contained in RH, for any dimension or in L3 (R") in dimension
n > 4. This theorem will be proved by imposing additional constraints on our non-
homogeneous operator I' in order to mimic the three-by-three nature of the operator
vt

developed to handle operators of the form

In particular, a non-homogeneous Axelsson-Keith-McIntosh framework will be

FJ = (52)

S w o
o o o
o o o

where D is a homogeneous first-order differential operator and J is a possibly non-
homogeneous differential operator of order less than or equal to one. With this additional
structure, it will be shown that the perturbed Dirac-type operator will satisfy square

function estimates under modest coercivity conditions.

The technical challenge presented by the inclusion of the non-homogeneous part J will be
overcome by separating our square function norm into components and demonstrating that
the non-homogeneous term will allow for the first two components to be bounded while

the third component can be bound using an argument similar to the classical argument
of [11].

Since the operator I'; is of a more general form than I" 1, the non-homogeneous AKM

1
framework that we develop will have applications not CO‘I‘l/fliiled to zero-order scalar poten-
tials. Indeed, the non-homogeneous framework will also be used to prove Kato estimates
for systems of equations with zero-order potential and for scalar equations with first-order
potentials. It takes no great leap of imagination to see that it is also possible to apply
our framework to systems of equations with first-order potentials. This, however, will be

left to the readers discretion.

The structure of this chapter is as follows. Section 5.1 describes the non-homogeneous
AKM framework and states the main results associated with it. Section 5.2 contains most
of the technical machinery and is dedicated to a proof of our main result. Section 5.3 will
apply the non-homogeneous AKM framework to the scalar Kato problem with potential,
the Kato problem for systems with zero-order potential and the scalar Kato problem with

first-order potential. It is here that a proof of Theorem 5.0.1 will be completed.

5.1. THREE-BY-THREE STRUCTURE

At this point, further structure will be imposed upon our operators in order to generalise

the non-homogeneous operator F|V| 3 defined in (3.7). This additional structure will later
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be exploited in order to obtain square function estimates of the form (3.24).

Let CN =V, @V, ® V3 where Vi, Vs and Vs are finite-dimensional complex Hilbert spaces.
Let P; : CV — C¥ be the projection operator onto the space V; for i = 1, 2 and 3. Our

Hilbert space will have the following orthogonal decomposition
H =L (R;CY) = L2 (R V) & P (R Vo) & L*(R"; Vs).

The notation P; will also be used to denote the natural projection operator from H onto
L% (R™; V;). For a vector v € H, v; € L* (R"™; V;) will denote the 7th component for i = 1, 2

or 3.

Let I'; be an operator on H of the form

0 O
;.= =
Dy O

where J and D are closed densely defined operators,

U« o
o o O
o O O

J: L*(R";V,) — L? (R™; Va) and
D: L*(R" V) — L* (R™; V),

J
and Dy : L*(R™; Vi) — L?(R™; V,) @ L?(R™; V) is the operator D; = ( b ) Define the

operators

0
1—WO = 0 MJ =
D

o o O
o O O
o G O
o O O
o O O

HO::FO_‘_FSv SJZ:MJ—FMj and HJ:FJ—‘—F;

Let By, By € L™ (R”; L (CN )) be matrix-valued multiplication operators. The following

key assumption will be imposed on our operators throughout the entirety of this chapter.

Key Assumption. The family of operators {Uo, By, Bo} satisfies the conditions
(H1) - (H8) of [11] while {T';, By, By} satisfies only (H1) - (H6).
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Implicit in the assumption that {I';, By, By} satisfies (H1) is the condition that D(J) N
D(D) is dense in H.

Example 5.1.1. Typical examples of operators that satisfy the previous key assumption
are when both D and J are partial differential operators of order less than or equal to one.
If the perturbations By and By satisfy suitable accretivity conditions then the families of
operators {I'g, By, Bo} and {I';, By, By} will both satisfy (H1) - (H6). If, in addition, D

is first-order homogeneous and there exists ¢ > 0 for which
IVul| < c-[[Dul

for all u € R(D*)N D (D) and
IVul| < ¢ [|D*ull

for all w € R(D)N D (D*) then {T'y, By, Bo} will also satisfy (H7) and (H8). A particular
example of such a situation is given by the operator F|V| 1 together with perturbations B,
and Bj as defined in (3.7) and (3.8) with (3.1) and (3.6) satisfied.

Remark 5.1.1. Since the operator 'y, together with the perturbations By and B,, satisfy
all eight conditions (H1) - (H8) of [11], it follows that any result from that paper must be

valid for these operators.
Definition 5.1.1. Fort € R\ {0}, define the perturbation dependent operators
FLLB —- B;F]Bik7 FTT,B = Bll—‘;BQ, HJ7B = FJ+F§,B’

R;]’B = (I + /L.t]:[J’B)_l s PtJ’B = (] + t2 (HJ,B)2>_1 s
B = tHJ,BPtJ’B and ©]F = tF(*LBPtJ’B.

When there is no perturbation, i.e. when By = By = I, the B will be dropped from the

superscript or subscript. For example, instead of @;]’I the notation ©7 will be employed.

We now introduce coercivity conditions to serve as a replacement for (H8) for the operators
{T'y, By, By}. These conditions will not be automatically imposed upon our operators but,

rather, will be taken as hypotheses for our main results.

(H8D«) Let v € (1,2]. The domain inclusion
D ((D;D)) € D((D°D)Y)
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holds and there exists a constant C' > 0 such that
[ e

for all w € D ((D3Dy)?).

(H8J) By is of the form

I 0 I 0 0
By = ( A > = 0 Ay Az |, (5.3)

0
0 Az As
where A;; € L™ (R™; L (V},V;)) for i, j =2 or 3. The inclusion

D(D3Dy) C D (D;A ( g ))

is satisfied. Furthermore, there exists a constant C' > 0 such that for all u €

D (D%D,),
()

Remark 5.1.2. The situation of most interest to us is when A3, = 0 and

< C- || DFDyull.

17* Agg Jul| = [|J* Jul|

for all u € D (J*AyJ) = D (J*J). In this case, the Riesz transform condition of (H8J)

becomes the perturbation free condition
|J*Jul| < C- | DD yull

for all w € D (D%D,) and the domain inclusion of (H8J) becomes D (D%D;) C D (J*J).

Furthermore, when this occurs, the estimate from (H8J) will be equivalent to the condition
[Syul| < C - [T

or equivalently
[Moul| < C - [[TLyull

for all w € D (I1;) N R (I1,).

The Kato square root estimate is a first-order Riesz transform condition. To some extent,
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it then seems intuitively unnatural to use a second-order Riesz transform condition as in
(H8J) as our hypotheses. Indeed, when the conditions of the above remark are satisfied
and J is a positive operator, it will be sufficient to consider a lower-order version of (H8J)

as given below.

(H8Ja) Let v € (1,2]. The perturbation By is of the form (5.3) with Ass = 0. J is a positive
operator and
1T Aga Jul| = ||.J?u|

for all u € D (JAJ) = D (J?). The domain inclusion
D ((DD)%) € D(J%)
holds. Furthermore, there exists a constant C' > 0 such that
l77ul < - ||(D3D) %

for all w € D ((D3Dy)?).

Notation. For a € (1,2], let b2, b7 and b/ denote the smallest constant for which
(H8D«), (H8J) or (H8J«) are satisfied respectively. If the criteria for one of these condi-
tions is not met then the corresponding constant will be set to infinity. For example, if
(H8J) is not satisfied then b’ = oo. Also define

e = (14 (0)" + (min {b,511)") - (@ = )"

For the remainder of this chapter we introduce the notation A < B and A ~ B to denote
that there exists a constant C' > 0, independent of (H8D«), (H8J) and (H8J«), for which
A< (C-Band C7!'-B < A < C- B respectively. C is still allowed to depend on (H1) - (H8)
for {T'g, B1, B2} and (H1) - (H6) for {I';, By, Bo}. Note that this implies that C' will only
depend on J through the constants in (H2) for {I';, By, B2} and it will be independent of

Q.

We are now in a position where the main result of the non-homogeneous AKM framework

can finally be stated.

Theorem 5.1.1. Let {I';, By, Bo} be as defined above. Consider the following square

function estimate:
o 2 dt
| etep s (5.4
0

for allu e R (L), for some C >0, fori=1,2 or 3.
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(i) The estimate is trivially satisfied for i =1 for any C' > 0.
(i) If (H8J) is satisfied then (5.4) is satisfied for i =2 with C = (bJ)Q.

(i11) If (H8Ja) is satisfied for some o € (1,2] then (5.4) is satisfied for i = 2 with
C = (1 + (bi)2> (a—1)"".

(iv) If (H8D«) is satisfied for some a € (1,2] and either (H8J) or (H8Ja) is also satisfied
then (5.4) holds for i = 3 with constant C = c.

PROOF. The proof of (iii) and (iv) will be postponed until §5.2. For (i), simply note that
since I'; commutes with the operator P/ by Lemma 3.6.1 we must have P, P/u = 0 for
any u € R (I'y).

It remains to consider (ii). Suppose that (H8J) holds. First it will be proved that for
u € R(L;) we have PyP/u € D (T 5). Since u € R(L;), u = I'yv for some v € D (T';).
As

P’u= P/Tju=T;Pv

by Lemma 3.6.1 and P/u € D (I1,), it follows that (P/v), € D (D%5D,), which by (H8J)

~
is contained in D (Df}A ( 0 )) . This implies that

(J(PSU)I ) _ ( (Ptou)2 ) GD(DﬁA)

and therefore Py P/u € D(T' p)

Since Py Pu € D (T ), it follows from Lemma 3.6.1 that
O} PPy P/u = PPt sy P/

The estimate in (H8J) gives
(el L

for any v € R(T';) N D (I1;). Since P/ and I'; commute by Lemma 3.6.1, it follows that

I gPoPlul| < b7 - |

L3F u
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for u € R(T';). On applying the uniform L2-boundedness of the P/ operators,
I S
0 0
< [ s eyl
0
<) [ ersp g

On successively applying the Hodge decomposition Proposition 3.6.1 and Lemma 3.6.2

2dt

we obtain
/ |e/"p.P/u H @< ) / 1Pl S o
=0 [t
=5 07)? Jul?
This shows that (5.4) is valid for i = 2 with constant C = (b7)”. O

Let’s consider an estimate that serves as a dual to (5.4).
Proposition 5.1.1. Fort > 0, define the operator

PP = (I 4+ (T + BTy By)?)
The square function estimate

/ HtBQFJBlPJBPJ H < ul? (5.5)

will hold for all w € H when By = 1.

PrOOF. Since {I';, By, By} satisfies (H1) - (H6) it follows that {I', By, B} must also
satisfy (H1) - (H6). Proposition 3.6.2 then implies that the operators P;"” are well-defined
and uniformly L?-bounded. Since B; = I, it follows that PtJu € D(ByI';Byu) for any
u € H and therefore, by Lemma 3.6.1,

BT ;B PP P/u = PP B,T ;B P/u = P/ B,I'; P/ u.
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This together with the uniform L2-boundedness of the B;j B operators implies that

*° 2 dt ° 2.dt
[ lmezeraf % - [~ ezl
0

S [ lwsril

/ HtHJPJUH2 dt

— [l ¢

1
= 5 Ilul,
where the inequality ||I"jv|| < |[[I1,v]| for v € D (I1;) follows immediately from the three-

by-three matrix form of the operators and Lemma 3.6.2 was applied to obtain the last

line. O

From our main result, Theorem 5.1.1, and the previous proposition, the upper and lower

square function estimates for Qt can be proved.

Theorem 5.1.2. Suppose that By = I. Suppose further that (H8D«) is satisfied for
some « € (1,2] and either (H8J) or (H8Ja) is satisfied. Then

- o 2.dt
@)l s [ e s el ul? (5.6
0
for allw € R(I1;).

PROOF. Proposition 3.6.3 states that in order to prove the square function estimate (5.6),
it is sufficient for the estimate (5.4) to be valid for all i = 1, 2 and 3 for the permutations
of operators {I'y, By, Bo}, {I'y, B, B3}, {I', Bo, B1} and {I'*, B;, B }. The permutations
{T'y, By, Bo} and {I';, By, B3} both come under the umbrella of Theorem 5.1.1 and the
permutations {I'%, By, By } and {I'%, B;, Bf} are handled by Proposition 5.1.1. m|

From the upper and lower estimate of the previous theorem, Theorem 3.1.4 then implies

that II; 5 has a bounded holomorphic functional calculus.

Theorem 5.1.3. Suppose that By = I. Suppose further that (H8Da) is satisfied for some
a € (1,2] and either (H8J) or (H8Ja) is satisfied. Then 11,5 has a bounded H* (S¢)-

holomorphic functional calculus for any p € (wJ, g), where

1
Wy = — sup  |arg(Biu,u)| +  sup  [arg(Byu,u)l
ueR(T%)\{0} ueR(T 7)\{0}
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In particular,

IFALp)ll S e - sup [F(Q)]

CESS

for any f € H® (SZ)

Corollary 5.1.1. Suppose that By = 1. Suppose further that (H8D«) is satisfied for
some « € (1,2] and either (H8J) or (H8Ja) is satisfied. The operator

L} = D3AD,

18 a 2wjg-sectorial operator with a bounded H (S§M+) -functional calculus for any p €

(wJ, %) . Moreover

LJ

(I Jull + | Dull) (5.7)

for allu e D (LY).

Proor. The bounded H* (S§M+

H*> (SZ)—functional calculus of IT; 5 and that II7 5 is of the form

)-functional calculus of L, follows from the bounded

LE 0 0
HQJ, B = 0 x x
0 =* =*

The estimate (5.7) follows from Corollary 3.1.2 applied to the operator II; 5 and an
element (u,0,0) € H with u € D (L}). |

5.2. SQUARE FUNCTION ESTIMATES

In this section, a proof of our main result, Theorem 5.1.1, will be provided. The first
part of the proof consists in showing that the operators P/ can effectively be diagonalised
when estimating square function norms from above. This diagonalisation will be applied
to bound the second component of our square function norm when (H8J«) is satisfied thus
proving the third part of Theorem 5.1.1. To prove the fourth and most challenging part
of Theorem 5.1.1 we will use this diagonalisation and an argument similar to the original
result [11]. That is, a T'(1)-type reduction will be applied to reduce the third component of
the square function norm to a Carleson measure norm which will subsequently be proved
to be bounded.
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5.2.1. DIAGONALISATION OF THE P/ OPERATORS

Define the bounded operator P/ : H — H through

(I +#D%D;)™" 0 0
P = 0 (I+27J%)"" 0 :
0 0 (I +t2DD*)""

for t > 0. Observe that since the operators D3D;, JJ* and DD* are all self-adjoint, it
follows from Corollary 3.1.1 that square function estimates hold for each of these operators
with constant independent of J and D. Therefore each of these operators possesses a
bounded holomorphic functional calculus with constant independent of J and D. It can
be deduced from this that the operators P/ are uniformly L*-bounded with constant
independent of J and D.

Let us prove that the operator P’ can be effectively diagonalised when evaluating square

function estimates. Specifically, the following theorem will be proved.

Theorem 5.2.1. Suppose that (H8D«) is satisfied for some o € (1,2] then

/OOOHPB(W— H”lt (1+ (P2 - |lul (5.8)

for allu € R(I'y). Suppose, in addition, that (H8Ja) is also satisfied. Then

/OOOH(P PJ)u||2@<c u]? (5.9)

Such a diagonalisation will aid us tremendously in the bounding of our main square
function estimate (5.4) for the second and third component. This theorem will be proved

by inspecting each component separately.

Remark 5.2.1. It is easy to see that the diagonalisation estimate (5.9) is trivially

satisfied on the first component for any u € H since PyP/ = P, P/.

Proposition 5.2.1. For any u € H,

/OOOHPg’( Dl @ < e (5.10)
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PROOF. The estimate is trivially satisfied for any u € N(II;) since

(P = Du=((1+¢m) ™ = I)u
— (T +£12) 7 (I — (I +£112)) u
=0

for any t > 0. Suppose that v € R(Il;). On applying the resolution of the identity,
Proposition 3.1.3,

o0 dt o0 o0 ds||* dt
/ HPtJ(PtJ—I)uW?:/ ‘Pg’(PtJ—[)2/ (Qﬁ)%f "
0 0 0
') [e%) 2
[ I -nerd T) s
0 0 S t

The Cauchy-Schwarz inequality leads to
LU =0l
0

[ —nen ) ([ e -na e ) &

(5.11)

Let’s estimate the term ||[P/ (P —I) Q/||. First assume that ¢ < s. On noting that
(P —1)Q! =LQ] (P/ —I) we obtain

S

(5.12)

» | =+

t
1P (B =D QI < (B =D Qi s < llef (7 -1 5
Next, suppose that t > s. Then the equality P/Q7/ = fQ;] P/ gives
[P/ (B = 1) QI S |B/QI| + [P/l < 5 + P/l

The term P/ Q7 will be considered component-wise. For the first component, recall that
PP/ =P, P/ and observe that

PP/ Q; || = [BuFY sTL P
- ; [P,y B, P |
~ 2 eiai P

S

~+|
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For the second component, note that
PP = (I +t253)*1 Ps.

Also observe
PQH]U = ]P’ZHJlP’lu = ]P’QSJ]PH'LL

for u € D(I1;). This gives

where the last line follows from the fact that S; is self-adjoint and therefore possesses a
bounded holomorphic functional calculus with constant independent of J. Lastly, for the

third component, we have

P;P/ = P3P = PPPs

and
IED:),HJU = PgHJPl'U, = [P’gHOIP’lu

for u € D (I1;). This leads to
PP/ Qs || = | PPssTL P |
= || P'PssIIoPL P ||
_ ; |5ty PO, P |

<5
~t
Putting everything together gives
1
J(pJ J . Jtos|®
|7/ (P = 1) Q|| < min I (5.13)
This bound can then be applied to (5.11) to give (5.10). m|

Proposition 5.2.2. Suppose that the condition (H8Ja) is satisfied for some a € (1,2].
Then

> dt _
| =Py Rl S o= 17 )l
for any u € R(T).
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PROOF. It will first be proved that (P/u), € D (J*!). Since I'; commutes with P/ we

must have
v

Plu=T;]| 0
0

for some (v,0,0) € D (T;). This then gives (P/u), = Jv. Therefore (P/u), € D(J*™")
if and only if v € D(J*). We know that P/u € D(Il;) which implies that v € D(D%D;)
and therefore v € D ((D5D,)?%). Our hypothesis (H8Ja) then tells us that v € D(J%)

which allows us to conclude, using the previous reasoning, that (Pt‘] u)2 € D(J*7h).

Since (P/u), € D(J*), it follows that

Py (1= P/) Blu= (0,872 (1+ 5% " (P/u), .0)

(5.14)
= (0,5 (J) T (Plu), ,0)
where ¢, : S, — C is the bounded holomorphic function defined through
222
gl (z) = (5.15)

(I + 1222) o1 (\/z_2> o

As J is self-adjoint, it follows from Corollary 3.1.1 that J possesses a bounded holomorphic

functional calculus with constant independent of J. This, together with (5.14), gives
P> (1 =P/) Pl < [T (Bu), ||
On applying (H8J«),

|77 (B )| = 17|

sor-|[(DipnTe|
v
= b - || | o
0
v
~ b2 || I, | o
0

= b - [ P,
where |II;] := /II% and in the fourth line we applied the bounded holomorphic functional
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calculus of the operator II;. Therefore

| e =2y R S

th 2 dt

S [ e Rl g
0

< () (@—1)7" - Jlulf?,

[0}

where we used the fact that 11, is self-adjoint and Corollary 3.1.1 in the last line. m]

Proposition 5.2.3. Suppose that (H8D«) is satisfied for some o € (1,2]. Then

/ Py (1= P7) P/ H“” <(a—1)"" (7) - flul? (5.16)

for allu e R(Ty).

PROOF. First note that the left-hand side of (5.16) can be re-written as

|22y Rl = [ - ) PP T

:/WHU P)%wadt
0

2dt 2dt

It will be shown that P3P/u € D (\Ho\afl). Since I'y commutes with the operator P/ and
u € R(T;), we must have P/u = I';P/(v,0,0) for some (v,0,0) € D(T';). This implies
that

Py P/ u = P3P/ (v,0,0) = Psllg P/ (v,0,0)

and therefore P3P/u € D (|TIo|*™") will follow from P/ (v,0,0) € D(|T|* " P3Il,) =
D(|T1o|* " IIy). The bounded holomorphic functional calculus of the operator Il tells us
that D(|IIo|* " IIy) = D(|TIp|*) and it is therefore sufficient to prove that P/ (v,0,0) €
D(|TTp|*). Since P/ (v,0,0) is non-zero only in the first component, this in turn is equiv-
alent to proving that
(P/(v,0,0))1 € D ((D*D)?).

This however follows directly from our hypothesis (H8D«) and the fact that (P (v, 0,0)); €
D(D3Dy) C D((D5Dy)%). This completes the proof of our claim that P3P u €
D (|T)*™") .

Since P3P/u € D (|H0|a71), we must have
(I = P))PyP/u = gl, (To) £~ |TIo|* " Py P,
where ¢! is as defined in (5.15). From the bounded holomorphic functional calculus of I,

137



5.2. SQUARE FUNCTION ESTIMATES

we then obtain

| B2y P S

On recalling that P/u =T ;P/ (v,0,0) for some (v,0,0) € D ('),

th 2dt

/ || P5t " [TTo|*~ 1PJu|| —

> dt > _
/ HPgta_1|H0‘a 1PJ H2— :/ H]Ibgta_1’H0|a IFJPtJ (/U,0,0)H -
0
/ |Psto || P (v,0,0)|” —

On exploiting the bounded holomorphic functional calculus of the operator Il once more,

2 dt

/oo |Pste" |TIo|* ™ TP (v,0,0)||” — </ [t~ [TTo|* P (v,0,0 }}2 ot
0

Observe that since P/(v,0,0) is non-zero only in the first entry,

11" B (0,0,0)]| = || (D" D) (P (0,0,0)),

<bP. H(D*D +50)E (P (0,0,0)),

= b, - |[I1,]* P (v,0,0)] .
On then applying the bounded holomorphic functional calculus of the operator 11,

00" [ e e w0 < 00)° [ e il e 0.0 5

=) [ et )
0
< (O (=17 [lul?,

where we used the fact that II; is self-adjoint and Corollary 3.1.1 in the final line. m|

Combining Propositions 5.2.1, 5.2.2 and 5.2.3 together then gives Theorem 5.2.1. With
this diagonalisation in hand we can now return to our proof of Theorem 5.1.1. In particular

the second component of our square function norm will now be bounded.

PROOF OF THEOREM 5.1.1.(iii). On splitting the second component of our square func-

tion norm from above,
2dt dt o 2 dt
[ ormeaef %< oot -y 2« [ forvesrn
0

The uniform L?-boundedness of the operators @;5] B together with Propositions 5.2.1 and
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5.2.2 give

[ oeea (P~ pryul 4

S (14 ) @=17 ful?.

It remains to bound the second term in the splitting. In order to do do so, it will first
be shown that PoP/u € D(I' 5). From the definition of the adjoint, PyP/u € D(I'% ) if

and only if there exists some v’ € H such that
(T 5w, PP/ u) = (w,u')
for all w € D(I'; ), where I'j p = B3I";B;. For w € D(I';p),

(T jpw, PyPu) = (BT 1 Bjw, PaP; u)
= ([ Bjw, BoPy P u) (5.17)
= (M;Biw, BoPo P u),

where in the last line we used the fact that Ass = 0 by (H8J«a) and therefore BylPy =
Py ByPy. This proves that PyP/u € D(I'y ) will follow from ByPyP/u € D (M%) which,
in turn, will follow from (P/u)e € D(J*Ag) = D(J Ag).

Note that u € R (I';) implies that u = I';(v, 0, 0) for some (v,0,0) € D (I';). Then

(Pu), = (I+27%) " Ju
= J(I+27%) .

(H8J«) states that D(J?) = D(JAgJ) with ||J?u|| = ||JAxJu| for @ € D (J?). Since
(I +12J%)" v € D (J*) we must have (I +t2J%) " v € D (JAgJ) and therefore (P/u), €
D (JAp). This allows us to conclude that PyP/u € D (I 5). Moreover, from (5.17) we
know that I'; sPyP/u = By MjByPyP{u and therefore

|75 5P P || = || BiM; BoPy Py |
S || M BoPy P |

~Y

= ||[JAnJ (I+tJ%)"

1
(%

— |2 ()

1

=7+ .
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This together with Lemma 3.6.1 gives
[ etz 5= ]
0 0
S [ s spptal G
dt

< 2 72\ 1 H_
N/o 67 (7 + 22 | S

. 2 dt
2 dit

The theorem then follows from the fact that J is self-adjoint and therefore satisfies square

function estimates with constant independent of J by Corollary 3.1.1. m|

5.2.2. THE THIRD COMPONENT

This section is dedicated to bounding the third component of our square function norm
and thus proving the fourth and final part of Theorem 5.1.1. Specifically, it will be proved
that when (H8D«) is satisfied for some « € (1,2] and either (H8J) or (H8J«) is satisfied
the estimate -
| et empra] 5 s el ul? (5.18)
0

will hold for any u € R (I';). A similar argument to that of [1 1] will be used, but one will
need to keep track of the effect of the projection Pj.

T(1)-REDUCTION

Our first step towards a 7'(1)-reduction is to use the splitting
2dt 2dt > 2dt
/ H@JBIP?,PJ H / H@"Bﬂhg —P/)u ‘ 7+/ H@;{’BPP,WUH dt
0

The uniform L2-boundedness of the operators @ % and Theorem 5.2.1 can be applied to

the first term to obtain

| et Py = pyal " sl .

On recalling that P3P/ = P3P?, this reduces the task of proving our square function

estimate to obtaining the bound
o 2.dt
| et emara G s il
0

Introduce the notation ©;F to denote the operators 0/" .= 0/PP;. Let v/ and 7"
denote the principal parts of the operators @ % and G) respectively. That is, they are
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the multiplication operators defined through
P @) = 0P (w)(@) and 5P (@)(w) = (6]"Py) (w)(w),

for w € CN and z € R™. Evidently we must have 5;"" (z)w = ;" (2)Psw.

Our square function norm can be reduced to this principal part by applying the splitting

2 o0 ~ 2 o0
P e N [ AN e
0 t 0

Since the operator @;] B satisfies the conditions of Proposition 3.6.6, it follows that
[ lotr=oay 4= [ o) %
0
s [ levearn g
< [ lmapul

/ |l

=2 lul?,

2dt
”%LBAtPtOUH 7 (519)

where the estimate ||[VP3Plu| < ||[TgPlu| follows from (H8) for the operator T'y. It
should be noted that in order to use (H8) we had to use the fact that u = I'jv for some
v € D(I'y) and therefore

PngOU = PtOP3FJU = PtOP:;F()U = F()PtOU €ER (F(]) .
Our theorem has thus been reduced to a proof of the following square function estimate
/]
On splitting from above using the triangle inequality,

[ e G s [ e o e ]
0 0 0

’BAtU
Proposition 3.6.4 states that the uniform estimate H’y;]’BAtH < 1 is true for all ¢ > 0.
Furthermore, notice that A? = A; and P3A; = AP for all t > 0. These facts combine
together to produce

ST PR M

‘2 % (5.20)
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= 2 dt > 2 dt
/ ) ’YiI’BAt (Pto — I) u 7= / ‘ ’yt‘]’BAt]P’gAt (Pto — I) ul|| —
0 0
= dt
< [ (e -l
0
According to the argument from Proposition 5.7 of [11], this final term can be bound by

* dt
| A @ =0yl § <

since {I"g, By, B2} by hypothesis satisfies (H1) - (H8). For the second term in (5.20), apply

Carleson’s theorem, Theorem 3.2.1, to obtain

e

where p1 is the measure on R"*! defined through

At'U/

’ — S Dl - IV (Aa)l” < Nl - [l

2 dx dt

du(z,t) = ;

%]B(fr)’

for x € R™ and t > 0. The proof of our theorem has thus been reduced to showing that

the measure y is a Carleson measure with constant smaller than a multiple of ¢/.

CARLESON MEASURE ESTIMATE

Our goal now is to prove the following Carleson measure estimate,

2 dz dt
sup —- ° <l < . (5.21)
QeA
Let L3 denote the subspace
Ly:={ve Ll (C)\{0}:vP;=v}. (5.22)

By construction, we have it‘]’B(x) € L3 for any t > 0 and x € R" since

~JB

( > (Psw) (z)
<@J BP3> ()
7

P z)(w).

Let 0 > 0 be a constant to be determined at a later time. Let V be a finite set consisting
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of v € L3 with |v| = 1 such that U,ep K, = L3\ {0}, where

V/
W‘”S"}‘

Then, in order to prove our Carleson measure estimate (5.21), it is sufficient to fix v € V

sup
QEA|Q|//xt€RQ

where Rg := @ x [0,1(Q)). Recall the John-Nirenberg lemma for Carleson measures as

K, = {z/eﬁg\{()}:

and prove that

2 dxdt
o x)’ xt <l < o0, (5.23)

given in 3.2.1. With this tool at our disposal, the proof of our theorem is reduced to the

following proposition.

Proposition 5.2.4. There exists § > 0 and o > 0 that will satisfy the following condi-
tions. For every v € V and Q € A, there is a collection {Qx}, C A of disjoint subcubes
of Q such that Eg, = Q \ UQy, satisfies |Eq,| > [ |Q| and such that

onit ] foe
QEA|Q| f;eE

(EGI/

2 dxdt
5 x)‘ xt <¢! < oo, (5.24)

where Eg, , == Rq \UpRq, . Moreover, B and o are entirely independent of the conditions
(H8Da), (H8J) and (H8Jx).

For now, fix v € V and Q € A. Let w”, w” € CV with [@”| = |w”| =1 and v* (@) = w".
To simplify notation, when superfluous, this dependence will be kept implicit by defining

w :=w" and w := w”. Notice that since v satisfies v = vIP3, w must satisfy Psw = w.

For € > 0 the function f& can be defined in an identical manner to [11]. Specifically, let
ng : RY — [0,1] be a smooth cutoff function equal to 1 on 2Q, with support in 4Q and
with |[|[Vngll, < 7, where [ :=[(Q). Then define wq := nq - w and

f8 = wg — il (I + elillyp) " wg = (I + elil 5) (I + elill; )~ we.

Lemma 5.2.1. There exists a constant C' > 0, independent of (H8D«), (H8J) and
(H8Jav), that satisfies ||f5€H <C |Q|% and

l\J\»—A

‘fmmg ‘g : (5.25)

for any € > 0.
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PRroor. The first claim follows from

< Nlwall + [|eliTy (I + €lill 5) " we|
< |Q|2 + ||eleJB (I +elillyp)~ wQH
SlQlE.

/6

On recalling that w is zero in the first two components,

’ffwwbe

At this point, apply Lemma 5.6 of [I 1] to the operator T = I'y to obtain

2 1 1
N (][ | I+GZZHJB ’UJQ‘ ) (]{2 ‘FO (I+€liHJ’B)_1wQ‘2>2
Se (][ |€elil (I + elill 1 5) ™" wg )

>
<e ( }eliFJ (I + €lill ;)" wa) S,
Q

2 2

’][ PgéllFJ ([ + GZZHJB) wqQ

= ’][ Eliro ([ + EliHJ’B)_l wqQ
Q

‘][ diro (I + EliH(LB)_l wqg
Q

N[

where the inequality ||Tov|| < ||Tjv|| for v € D (I';) follows trivially from the matrix form
of I'y and T';. O

Lemma 5.2.2. There exists a constant D > 0, independent of (H8D«), (H8J) and

(H8Ja), such that
/.

PRroovr. First observe that

2
dx dt < D@.

;7 f& (z)

(5.26)

07 f& = PPy 5 (I + elil ) (I + elill ) wo

t
— _lpijezr’;B (I + €elill;5) " wq.
. :

Therefore

/OZ/Q‘@Z]’Bf&e( d:cdt: <%>

t
el

: QI
(d) /Otdt =

PtJBelFf'}B (I +elill;p)” wQ) d:B

) |el2F (I +€elill;p)~ wQH2@

2/\
/‘\
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From this point forward, with C' as in Lemma 5.2.1, set ¢ := —; and introduce the

ic
notation f§ := f4 .. With this choice of € it must be true that

1
Q

1 —2Re <]{9 ngé”,w> = ‘w‘Q — 2Re <]{2 ngé”,w>

2
S’][P’gfég”—w
Q
1
<

That is,

On rearranging we find that
1
R Ps f8 > —. 5.27
(f Bty = 5 (5.27)
In this context, Lemma 5.11 of [11] will take on the below form.

Lemma 5.2.3. There exists [3, ¢1, ¢ca > 0 and a collection {Qr} of dyadic cubes of Q
such that |Eq,| > £ |Q| and such that

Re<w,][ P3f5>201 and ][ |]P)3f5‘§62
Q' Q'

for all dyadic subcubes Q" € A of Q which satisfy Rg N Ep, , # (. Moreover, 3, c1 and cs
are independent of (H8D«), (H8J), (H8Ja), Q, o and v.

The proof of this statement follows in an identical manner to the argument in [11]. If we

set 0 = 2%, then the following pointwise estimate can be deduced.

Lemma 5.2.4. If (v,t) € E, and 5P (x) € K, then

@) (AB@)] 2 50

570 (@) (5.28)

PRrRoOF. First observe that

v (A:f5(@))| = Re (@, v (A5 ()
()

= Re <w, Arfg >
= Re (w, APs f5(x))
2 Cy.
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Then
~J,B ~J,B
x x
0 (@) = |2 (AR @)
@) 3P (@)|
w 3 ()
> |v (Acf5 (@) | [APs f5 (@)
5 (@)
> c1— 0Cy
_ L
= 501
O
PROOF OF PROPOSITION 5.2.4. From the pointwise bound of the previous lemma,
2 dx dt dz dt
[ Jigers, <] [ el S5
..JB Rq
At this stage we can begin to unravel our square function norm,
2 dxdt . 2 dxdt
[ [ pewasse // 077 f8(2) = 57 (0) Ag3 )| =
e (5.29)

dx dt

®JBfQ

/1.

Lemma 5.2.2 states that the final term in the above estimate will be bounded from above

by a multiple of |@)|. This reduces the task of proving the proposition to bounding the
first term of the above splitting. Recall that f¢§ can be expressed in the form

J§ =wq —u
where uf € R (L) is given by
ug = elil'y (I + elill; )~ we.

An application of the triangle inequality then leads to

| [, letesse - @ags] <

< / /R Q (@{’BwQ<x> ~ 3 (@) A )

0] Pu olr) —7 ’B(I)Atug(x)‘

2 dx dt

t

2 dxdt
e

(5.30)
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On noticing that for every x € Q and 0 <t < [(Q)

0] Pwq(r) — 3" (2) Avwg(x) = 6] Pwo(x) — O] (Anwe(w)) ()
=0, ((ng — Hw) (),

it is clear that the first term in (5.30) can be handled in an identical manner as in the
proof of Proposition 5.9 from [11]. Specifically, since (supp (ng —1)w) N 2Q = 0, the

off-diagonal estimates of the operator ©;” lead to

| |6t (e = vw) @) dx s 2
Q

which implies that

[ [ [et#wate) 5 @) Avwgta)| 2 <l
Q

As for the second term in (5.30),
- w, |2 dxdt
[ ] |erus -t @auga| =
Rq

<[] lei - r) g

[ [ Jer"ptuga) — (@) Auto
Q

Since ug; € R (I';), Corollary 3.6.1 gives

[ [ leot= - ryu 0 < g
Ro t
S QI

2 dx dt
t

(5.31)
2 dx dt

For the remaining term in (5.31),

/1.

2 dx dt

07" Flug(x) — 7" (2) A ()

2
// @JB I —Py) P ul do dt (5.32)
Ro t

s [ [ [t ptgie) - 3 @A)
R t
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Since we have already proved the boundedness of the first and second components,

R T e [
Rq

Se 1l

For the second term in (5.32),

~ - w, |2 dxdt
[ [ et rtige) =5 @A) =
Q
= - w, |2 dzdt
s [ [ e ruse - wr@artu@ S G
Rq

2 dxdt

]P)3 AtP — At) UQ( )’

A

To bound the first term on the right-hand side of the above estimate notice that
O} Py () = 377 (2) AP () = (017 = P A) By P (a),

Theorem 5.2.1 then allows us to diagonalise our P/ operators in the first term of (5.33)

to get

(Q) B
/0 H(@t’ - At) P3Py Q‘
From Proposition 3.6.6 we know that
o 2dt o dt dt
/ H (677 = 2" ) ByP s H s / |evesPlugl|” = / |evBs PPus||” =
0 0

> dt dt
< [ lmorrug) 5 = [ et
S 1@l

dt *° 2.dt
2 <ol [|(or - a4
2@ i Nca|Q|+/0 t Yt t | sy Ug

where in the second line we applied (H8) for the operators {I'g, By, Bo}. It should be
noted that in order to use (H8), we had to use the fact that

Py Pufy = PPPsuly = PPPselily (1 + elillyp) ™" wg
= PPPyelily (I + elill ;)" wo = elilo P (I + €lill; )~ wg € R (o).

It remains to bound the second term in (5.33),

[, F

2 dx dt

2 dx dt
2)P3 A, (p _[) ( )‘ xT://R ),%;LBAt]P)gAt (PtJ_[)ug@)‘
Q
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On noting the uniform L2-boundedness of the %‘] B A, operators and applying the triangle

inequality,

2
// AP (P — 1) ()| L / / By, (B — 1) (o) L2
RQ n

t

. / [ [Pats (R = P2y (o 5
[ I (= 1) i)

Applying Theorem 5.2.1 and recalling that P3P/ = P3P?,

[ [ b ama e =iy SE s e [ R =gl S
From the proof of Proposition 5.7 of [I 1] we know that

L[ -nuwP =t <al.
allowing us to finally conclude our proof. O

5.3. APPLICATIONS

Our non-homogeneous framework will now be applied to three different contexts. We
begin with the case that serves as the primary motivation for this part of the thesis, the

scalar Kato square root problem with zero-order potential.

5.3.1. ScCALAR KATO WITH ZERO-ORDER POTENTIAL

Theorem 5.0.1, the promised result of the introductory section, will be proved. Fix V €
W, for some a € (1,2]. Brand the definition of the operators I';, By and B, to be as
given in §3.5. That is, define our Hilbert space to be

H:=L*R") @ L* (R") @ L*(R™;C")
for some n € N*. Set J = |V|% and D = V. Our operator I'; is then given by
0 00
0 0 .
FJ:FM%: v .0/ Viz 0 0 [,
V|2

defined on the dense domain HY (R") & L? (R") & L? (R";C"), where HV (R") is
defined in (3.5).
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Let A € L™ (R™ L(C")) be a matrix-valued multiplication operator and suppose that
the Garding inequalities (3.1) and (3.6) are satisfied with constants x4 > 0 and kY% > 0
respectively. Define our perturbations By and B, through

I o 1 0 0
By =1 and By = < 0 A ) =1 0 eV 0
0 0 A

Our perturbed Dirac-type operator then becomes

H 1 = F 1 —I— F* 1 ~ pr—y ‘V‘Q
B,|V|z V]2 viz\ 0 A \V4 0

vi?
The square of our perturbed Dirac-type operator is then given by

V* AV
2 \4E

IT ;=
Bv|2 0 \Y

v - A
it Vi ! Vivid Vv

It is clear from the form of our operator I'y and the fact that A satisfies (3.1) that the
operators {I'y, By, By} satisfy (H1) - (H8). Similarly, since A and V' satisty (3.6), it follows
that {I';, By, Bo} satisfy the properties (H1) - (H6).

Lemma 5.3.1. For V€ W,, the conditions (H8Da) and (H8Jo) are both satisfied and
S (L+[VE)(a—-1)7

PRrROOF. The condition V € W, tells us that

[IViE | + ll-a)%a] < v,

(V] = A% uH (5.34)

for all u € C§° (R™). Let’s first prove that (H8Da) is satisfied. In order to prove this
condition, it is sufficient to show that D ((|V| — A)%) cD ((—A)%) and

[(=2)%u]| < V], [[(IVI = A)%ul| (5.35)

o

for all w € D((|[V|—A)2). Fix u € D((|V]—A)2). Since C5°(R") is a core for
(JV] — A)2, there must exist some {u,}>", C C° (R") with

[ —ul| + || (V] = A)2 (u, — u)|| == 0. (5.36)
We then have for n, m € N,

[un — wml| + H(_A)%(un - um)” < Jup — uml| + [V], H(|V‘ - A>%<Un - um)H .
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This proves that {u,} -, is Cauchy in the graph norm of (—A)2. The sequence {u,}>,

must therefore must converge to some @ € D ((—A)2) in the graph norm of (—A)?,

n—oo

[t = @il| + || (= 2) 2 (uy, — @)|| == 0.

This combined with (5.36) shows that u = @ and therefore u € D ((—A)?). Moreover,

we have that

I(=2)%ul| = Tim [[(=4)%u|

n—oo

<[V] o] hm H(|V| — A)%unH
= VI (V] = A)zu

9

completing the proof of (H8D«) with b7 < [V],. An identical proof can be used to obtain
the condition (H8J«) with constant b/ < [V] m|

o

Combining the above Lemma with Corollary 5.1.1 completes the proof of Theorem 5.0.1.

5.3.2. THE CLASs W

Define the potential class

= J Wa

a€g(1,2]

It has so far been proved that the Kato estimate holds for any potential in the class W
with range contained in some sector S, with p € [0,%). At this stage, however, the
unperturbed condition V' € W remains in quite an abstract form. It will therefore be
instructive to unpack this condition and compare VW with other commonly used classes
of potentials. It is first interesting to note that W, is the collection of all potentials with

no additional restrictions.

Proposition 5.3.1. For any locally integrable V : R® — C we have [V]; < 2. That is,
Wy = L. (R").

loc
PROOF. Recall from Proposition 1.3.1 that
i 2ol < avi- 2]

for all w e D ((|V| — A)%> This immediately proves our claim. |

Using this as an endpoint, it can then be proved using an interpolation style argument

that the potential classes {Wa}ae[1,2] form a decreasing collection.
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Proposition 5.3.2. Suppose that the potential V : R™ — C is in W, for some o € (1,2].
Then V€ Wy for any 8 € [1, a] with

Vg <2[V]a™. (5.37)

Therefore for 1 < g < «
Wg O W,.

PROOF. Assume that V' € W, for some a € (1,2]. It will be shown through the Hadamard
three-lines theorem that V' € Wy for § € [1, o] with the constant given in (5.37).

Let St :== {2 € C:0 < Rez < 1} and set # := 2= Fix u € C° (R") and define f : St —

a—1"

R to be the function given by

a—1
2

£z = V) v = 2)CF)0 .

f is holomorphic on St and continuous on the closed strip St. In order to apply the
three-lines theorem, it must first be proved that f is bounded on St. For z = s+ it where
0<s<1andteR we have

7() = || v — )5 e (539

a—1 a—1
2 2

= |V Er ) vy = )2 (v - ) T v - a)2 .
The function
PN H,V|é+(‘%1)5 (V] - A)—%—(%)SUH
is continuous on [0, 1] for v € L? (R™). This, together with (5.38) then gives

8
2

1) 5 [|[avi = 2)7CF v - 2) o

B
2

<|javi-a)

where we used the fact that (]V| — A)* is a contraction operator on L? (R") for a € R.
This demonstrates that f is bounded on St.
For t € R, Proposition 1.3.1 implies that

flit) = VI (v 2) 5200 4

= [ IvIz qvi— )=y

N[

IN

(V] = 8)2 (V] = 2) )00

[V]he

IN

(IVI=A4)
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We also have

(
(1VI-4)

< V], [[(vI = 2)F+ )00y
(1VI-4)

8 e 8
7(0) = Vil < I (vi - a)fa). (5.39)
A similar argument can be applied to obtain the bound
8 e 8
|-m)f | < W8 v - 2)2 4 (5.40)

for all uw € Cg° (R™), one must simply remember that the imaginary powers of the positive

self-adjoint operator (—A) are contraction operators on L? (R™). Combining (5.39) and
-1

(5.40) then gives [V], <2[V]s™". O
Recall the definition of the reverse Holder class of potentials from §1.3. The following

theorem amounts to a simple restatement of Theorem 1.3.4.

Theorem 5.3.1 ([50], [0]). Let V € Li.(R"™) and suppose that |V| € RH, for some
q>2. ThenV € Wy CW.

On recalling Example 1.3.1 we then immediately obtain the following corollary.

Corollary 5.3.1. For any polynomial P, we have P € W,. In particular, the Kato

estimate holds for any polynomial with range contained in S, for some p € [0, 7).

The ensuing proposition demonstrates that the inclusion of the reverse Holder potentials

in W, is strict, at least in dimension n > 4.

Proposition 5.3.3. Forn >4,

V|3

Lz (R") C Ws.
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PROOF. Fix V € L2 (R"). Hélder’s inequality gives us
VIV =2) ull, < VI - (VI = 2)7 u]]

It is well-known that the Riesz potential (—A)™" is bounded from L? (R") to Lot (R™).
Since the kernel of (]V| —A)~! is pointwise bounded from above by the kernel of (—A)™!,
it follows that (|V| — A)~! is also bounded from L? (R") to Lo (R™). There must then

exist some Cy > 0 for which
VIV =2) ull, < IVIls - Oy - lully
The bound ||A (|V] - A7t || < oo then follows simply from the triangle inequality. O

The above statements demonstrate clearly that the class of potentials W is quite large.
In light of Proposition 5.3.2, however, it is also evident that W, is the smallest class out of
the collection {Wa}ae(l,z}- One can then neatly surmise that W, the class of all potentials

for which the Kato estimate holds, is certain to be quite large itself.

This chapter has so far proved that the Kato estimate is valid for any scalar zero-order
potential in the class W that is also p-sectorial with p € [0, 7). In effect we have reduced

a perturbed Kato type estimate with potential to the unperturbed condition

vt ]+ -2

< llqv] —A)%UH (5.41)
for some ¢f, > 0, for all u € C§° (R™) and for some a € (1,2]. Worded differently, we have
reduced a perturbed Riesz transform type estimate to an unperturbed higher-order Riesz
transform estimate for the Schrodinger operator. In one sense, such a reduction seems
quite natural since, intuitively, it is unlikely that a perturbed Riesz transform estimate
will hold without an associated unperturbed Riesz transform estimate holding. However,
in another sense, it could still be possible to improve upon this condition so that the
Kato estimate is given by (5.41) when o = 1 so that the order matches the order of the
Kato estimate. As shown in Proposition 1.3.1, (5.41) is in fact valid for any potential
V :R" — C for a = 1. Heuristically speaking, we might then expect the Kato estimate
to be satisfied for any j-sectorial potential with u € [0, 7).

One possible route to such a result through our current work would be if our potential
class W is already the class of all potentials. That is, W = W;. A sufficient condition for
this to occur is if the Riesz transform condition (5.41) is open-ended. This tautological

implication is stated in the following proposition.

Proposition 5.3.4. Suppose that for any potential V' there exists some ey € (0,1] for
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which (5.41) is satisfied for « =14 ey. Then W = W, will consist of all potentials and
the Kato estimate will be satisfied by any p-sectorial potential with p € [O, g)

The proof of such an openness condition is unfortunately beyond the scope of this thesis.

5.3.3. SYSTEMS WITH ZERO-ORDER POTENTIAL

Fix m € N*and A € L*(R"; L(C"®C™)). Let V : R* — L(C™) be a measurable
(R™; L (C™)). V can be viewed as a densely

defined closed multiplication operator on L? (R™; C™) with domain

matrix-valued function contained in L},

D(V)={ue L*R:C"): V- ue L*([R:C™)}.
Similar to the scalar case, one can define forms [4 and [} defined respectively through

(A [u,v] == /n<A(:C)Vu(x),Vv(x)> dx

for u, v € H' (R") and

(B, =14 V] +/ (V(x)u'(z),v'(x)) dz
for ' and v’ contained in
HY (R C™) == H' (R";C™) N D(|V|?),

where ]V(:L’)ﬁ = /V(2)*V () for x € R". The density of %Y (R";C™) in L? (R";C™)
follows from the fact that C$° (R™ C™) c HYY (R*C™). Assume that the forms [4
and [} satisfy the Garding inequalities (3.1) and (3.6) with constants x4 > 0 and kY >
0 respectively. Then [? and [} will both have a unique associated maximal accretive
operator, L and L + V. Define [V]_ and W, for a € [1,2] to be the system analogues of

the corresponding scalar objects,

[ o + heog
[V]a = SU_p Q
wecgen (V] - 8)% o

an

W, ={V e L (R:L(C™):[V], <oo}.

loc

In the below theorem, our non-homogeneous framework will be applied to determine the
domain of v/L 4 V for normal potentials.

Theorem 5.3.2. Suppose that V(z) is a normal matriz for almost every x € R™ and

155



5.3. APPLICATIONS

Ve W, for some a € (1,2]. Suppose that the Garding inequalities (3.1) and (3.6) are
both satisfied with constants k4 > 0 and ' > 0 respectively. Then there must exist some
Cv > 0 such that

et ([ + 1vud) < |[VEFT| < v (W1 + o)
for allu € D(L+ V). Moreover, the constant Cy depends on V and o through
Cv=Cvla—1)7" (1+ VL),

where Cy only depends on V' through kY and is independent of a.

PROOF. The polar decomposition theorem asserts the existence of some U : R® — L (C™),
with U(x) unitary for all x € R™, such that

V(z) = U(z) |V (2)]

for all z € R". As V(x) is normal, the matrices U(z) and |V (z)| are well-known to

commute. We therefore have the decomposition

[N

Vi(z) =|V(2)]2 Uz) |V ()] (5.42)
for almost every x € R™. Set

D:=V:H"(R"C") c L*(R";C") = L* (R C"®C™)

and
J:=|V|7: D([V]?) € L? (R C™) — L* (R*;C™),

both defined as operators on L? (R"; C™). Define the perturbation matrices

Bl =1 and B2 =

S O~

0 0
U 0
0 A

It is not too difficult to see that the operators {T'g, By, Bo} will satisfy conditions (H1) -
(H8) and {I';, By, By} will satisfy (H1) - (H6). Indeed, the only non-trivial condition for
both sets of operators is (H2) and this follows from the respective Garding inequalities
(3.1) and (3.6). It is also clear from the fact that V' € W, that (H8D«a) and (H8J«)
will both be satisfied with ¢ < (14 [V]2)(a — 1)~*. This follows in an identical manner
to Lemma 5.3.1. The Kato estimate then follows from Corollary 5.1.1 with constant
Cy(a—1)" (1+ [V]Z). It should be noted that (5.42) was needed so that we would

«

156



CHAPTER 5. NON-HOMOGENEOUS AKM WITH 3 x 3 STRUCTURE

have LY = L+ V. m|

In analogy to the scalar case, it is quite likely that a similar reverse Holder type condition
will be sufficient to imply the boundedness of the operator |V|(|V]| — A)™" for m > 1.
However, as far as the author is aware, this is still an open problem for m > 1. What
is apparent is that the condition that the potential belongs to L2 will once again be
sufficient to imply that it belongs to W,. The following proposition has an identical proof
to that of Proposition 5.3.3.

Proposition 5.3.5. Forn > 4,

L2 (R™ L (C™)) C Wh.

5.3.4. FIRST-ORDER POTENTIALS

Let b : R* — C™ be contained in L}

loc

(R™;C") and A € L*(R™ L(C")). Define the
Hilbert space to be

H:=L*R") @ L*(R";C") @ L* (R";C").
Then set
J:=V+b:L*R"C)— L*(R";C") and D:=V:L*R"C)— L*R";C").
Also let By = I as usual and

By =

S O~
oS ~ O

0
0
A
The operator L% as in Corollary 5.1.1 is then given by

LY =Lp=0b+V)(b+V)—divAV.
Suppose that A satisfies the standard Garding inequality

Re/ (A(2)Vu(z), Vu(z)) dz > & - |V

for all u € H' (R";C), for some k > 0. Then {Ty, By, Bo} and {T';, By, By} will both
satisfy (H2). This in turn implies that {I"g, By, B2} satisfies (H1) - (H8) and {I',, By, B2}
satisfies (H1) - (H6). The non-homogeneous framework, in the form of Corollary 5.1.1,

applied to these operators then produces the following theorem.
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5.3. APPLICATIONS

Theorem 5.3.3. Suppose that D (V +0)" (V +0b) — A) C D(—A) and there exists some
cp > 0 such that
[Aull < ¢ [[(V +0)" (V + ) — Al ul| (5.43)

forallu e D((V+b)"(V+0b)—A). Then there exists some constant ¢ > 0, independent
of b, for which

(e @)V 40l + 19u]) < |2 < (e (0 ) 107+ 9yl + 19l

for allu e D (LY).

To see that the above theorem is true, simply note that (5.43) implies both (H8D«) and
(H8Ja) for @ = 1 in this context. The independence of the constant ¢ from b follows from
the fact that (H2) is satisfied by {I";, By, B2} with constant independent of b.
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CHAPTER 6

FINAL REMARKS

6.1. LITERATURE COMPARISON

It is important to note that this is not the first time that Kato type estimates have been
studied for non-homogeneous operators. We will now take some time to outline how our

work differs in technique and results from each of these previous forays.

Recently, in [28] and [29], F. Gesztesy, S. Hofmann and R. Nichols studied the domain of
the square root operator v/L + V using techniques distinct from those developed in [11].
The article [28] considers potentials in the class LP + L but is not directly relevant since
it considers bounded domains. On the other hand, [29] does not impose a boundedness
assumption on the domain and considers the potential class Lz 4+ L. There is already
an immediate comparison with our potential class VW from Chapter 5 since it was shown

in Proposition 5.3.3 that Lz C W in dimension n > 4.

Axelsson, Keith and McIntosh themselves considered non-homogeneous operators on Lips-
chitz domains with mixed boundary conditions in [10]. The potentials that they considered
were, however, bounded both from above and below and thus contained in RHy C W. In
[22] and [23], M. Egert, R. Haller-Dintelmann and P. Tolksdorf generalised this to certain

non-smooth domains.

The articles [10], [23] and [22] are all built upon the original AKM framework, similar
to this part of the thesis. A key step in the original proof of the AKM framework is the

proof of the estimate

o dt
|l =Ry § S . (6.1

This estimate allows for the A; and P, operators to be freely interchanged at several stages
in the proof granting use of some of the more enviable properties of the A; operator. As
has been demonstrated in this thesis through the diagonalisation theorem, Theorem 5.2.1,

(6.1) will not hold for a general potential. The articles [10], [23] and [22] circumvent this
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problem by imposing boundedness of the potential from above and below. In the language
of our setup, the boundedness of the potential from below allows one to reduce the main

square function estimate to the local square function estimate

/

forall u € R (F|V| 1 ) Then one only requires a local version of (6.1) to hold, namely

1 1
[ ] (a-ms
0

for all u € R (FIVI%) Such an estimate will be true for any potential bounded from

Lok |1 at
@B,W\?PtIVI?u ’

TSl

2
dt )
%S

above. This will be proved in the section to follow.

This is a crude explanation as to why the techniques developed in [10] cannot be directly
applied for a general potential that is not bounded both from above and below. There
are similar obstructions, for example, in the selection of test functions in the Carleson
measure proof. However, these also disappear when the potential is bounded both from

above and below.

In this thesis, we have applied two different methods to solve this problem. Each method
has its own advantages and disadvantages. The first method is closer to [10] in spirit.
In [10] the usual cancellation condition from potential free AKM is swapped with the

following cancellation condition.

(H7*) There exists ¢y > 0 such that

’/ Fw%u
Rn |

for every cube @ in R", v € D <F|V|%> and v € D (I‘F‘V%> both with compact

1
< v Q2 - [[vll 12 gy

1 *
<cev|QF - flull g and ‘/Rn v

support in Q).

Our condition (H7V) from Chapter 4 is quite similar in nature to the above condition.
Indeed, if the potential is bounded from above then (H7V) will imply (H7*). Our method
in this chapter has been to hopefully let the non-tangential maximal functions N; and N,

compensate for this weakening of the cancellation condition and the failure of the square

1
. . V02
function equivalence between A; and Pt‘ >

In Chapter 5 on the other hand, our method has been quite distinct to [10]. Instead of

introducing a potential dependent cancellation and coercivity condition we instead exploit
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the algebraic structure of the operators F\V\%’ B; and B,. This exploitation allowed us
to conclude that the estimate (6.1) will at least hold on the third component. Similar
obstructions in the proof of the main square function estimate also vanish when considered
component-wise. As a consequence of this three-by-three mindset we have been able to
obtain square function estimates for potentials that aren’t necessarily bounded from above
or below and, moreover, are not contained in L? (R") for any 1 < p < oo (cf. Corollary
5.3.1).

6.2. MISCELLANEOUS SQUARE FUNCTION ESTIMATES

In this section, we include some square function estimates that were not directly required
for the proof of the main square function estimates in the previous chapters, but are still

interesting in their own right.

6.2.1. LocAL SFE FOrR BOUNDED POTENTIAL

1
It will now be shown that for bounded potentials the Ptlv| * operators can be approximated

by the A; operators locally on the interval [0, 1].
Proposition 6.2.1. Suppose that (H8D«a) is satisfied for some o € (1,2]. Then
o J 112 dt —1 /1 D\2 2
e - 0yl 2 5 0 07 021l 62

for allu e R(L'y).

Proor. This is essentially just Proposition 5.2.3 in disguise. Indeed the third component,

IR = 1) P S = 1) @)

follows from Proposition 5.2.3 since P3 (P — I) = P3 (P —I). The first and second

components are trivial for u € R (I'j). |

Proposition 6.2.2. Suppose that J is a bounded operator. Then

! dt
P =Pyl S (1) - (63

for allu e R(Ty).
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Proor. We have

0(7 _ pJ ~ || po ' J\2 @
IR0 =Ryl = |2 [ (@)
< J)%H@
~ s

Also note that since u € R (T';),

P (Q7)*u = PSP P/ Q7u.

Therefore

1
[rea—rur s [ ([ @ 5) 7
13 0
! dt
</ ( / HPOSHO]P’lPJQJuH—> i (6.4)
0
n / ( / ||POSSJIP’1P‘]QJuH—) “
For the first term,
1 t 2 1 pt
/ ( [ lpstige pi@zu) %) L [ [ I Q) asar
0 0

/ / st || PPge, Py QL] 2

//HQ?RPJQJ H2dtds

On successively applying the square function estimates for @Y, the uniform L*-boundedness

of P/ and the square function estimates for

1 t d d
[ ([ 1z ) 4 / P/l %

For the second term in (6.4), on applying the uniform boundedness of P and the bound-
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edness of S,

/(/ | P55, By PY Q| ) i /(/ |55,BLPY Q| > i
dt
swtt [ ([ 1psaiuas)
1 t
SWiE [ [ 1pedlf asa

d
S [ sl
S WPl

O

The below corollary then follows as a direct result of the previous two propositions and

the triangle inequality.

Corollary 6.2.1. Suppose that V- € W, N L>® (R") for some o € (1,2]. Then

/

forallue R(T ).

(A= R Yal 2 (1 W+ 0207 1))

6.2.2. A CANDIDATE FOR THE A} OPERATORS

Recall from §1.3 that for reverse Holder potentials a form of uncertainty principle holds
through the Fefferman-Phong lemma. Specifically, the critical radius function provides a
lower bound on the sum of the kinetic and potential energy of a state. This concept is

generalised in the below definition.

Definition 6.2.1. LetV € L.
E :R" — R is said to be an effective potential for V if the inequality

(R™) be a non-negative potential. A non-negative function

/ Eluffde< | |Vl +V|uf? de (6.5)
n R
holds for all w € HY (R™).

Example 6.2.1. The functions £ = 0 and F = V both provide trivial examples of
effective potentials. The critical radius function for V' € RHz provides a non-trivial

example of an effective potential through the Fefferman-Phong lemma.
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Ideally, the effective potential should take into account not only the energy coming from
the potential but also the kinetic term. It then follows that the larger the effective

potential E, the closer to optimal it will become.

Effective potentials are featured in the theory of S. Agmon (cf. [2]), used to determine
the localization of eigenfunctions of Schrodinger operators. For an effective potential
E, Agmon’s method can be used to show that an eigenfunction of Ly with value A,

Ly = \p, will have most of their mass confined to a region
{r eR": E(x) < A+ 6}

for some small 6 > 0 and decay exponentially outside of this region.

For an ordered potential such as the harmonic oscillator, the previous phenomenon for
E =V essentially captures the physical process of trapping a state in a quantum well. For
disordered potentials, it has been known since the 50’s that localization will still occur but
the mathematical reasoning behind this process was shrouded in mystery. Such localiza-
tion for disordered potentials is known in the Physics community as Anderson localization.
Only very recently, in the papers [25] and [1], was a sound mathematical explanation dis-
covered. In these articles an effective potential is introduced for a disordered potential
that takes into account the kinetic term and accurately describes Anderson localization.

Specifically, the following theorem is proved.

Theorem 6.2.1 (The Landscape Function, [1]). Let Q be the bi-Lipschitz image of a C*
bounded domain in R™ and M = . Let V € L>® (M). The solution to Lyu = 1 on M

exists and 1s unique. This function, called the landscape function, satisfies the uncertainty

/M(|Vf|2+V|f|2) dx:/M<u2 V(%)

for all f € WhH2(M).

principle
2

1
+—|f|2> dx
u

1
Recall from the previous chapter that for V' € VW the operators Pt‘v‘2 can effectively be
diagonalised when considering square function estimates. Moreover, the second and third
components of the diagonalisation of this operator consist of only one form of derivative,

namely
( tv2u) = (I +t2V)_1 us and ( tv|2u> = (I - 152Vdiv)_1 ug.
2 3

The first component

( JV'%u)l = (I+2(V-A) " w
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is more problematic since the two forms of derivatives become mixed. We now introduce a
potential dependent averaging type operator that can be swapped for this first component

for certain potentials.

Fix non-negative potential V' : R — R and let E be an effective potential for V. For
each t > 0, define the operator

By (v)
Acf (@) ][(m)1+tE§( )dy

for f € L}

potential, AP can be used as a square function approximation for the first component of

1
V]2
Pt .

(R™) and = € R". It will be shown that under certain restrictions on the

Proposition 6.2.3. For all u € H,

/|

3 dt
By (1 47) Pl 2 .

PROOF. Since (PtMQu) — (I +t2(V — A)) " uy, this is the same as showing
1

[ e - a) el s

for u € L? (R™). It should first be noted that the estimate

1

|a=ay(+ew-a) | s v @+ew-a)

holds through an application of Poincaré’s inequality as in the proof of Proposition 5.5 of
[11]. On applying the estimate ||Vul| < H(V — A)% u

, one then obtains

o LRt
/0 H(I—At)(IthQ(V—A)) L 75/ HtV A)E (I +82(V = A)) H—<|y I2.

This reduces the proof of our proposition to proving the square function estimate

[ = a8) e w -2y o F S
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We have for any v € HY (R"),

-0l = 5 | et~ f 2]

Ocn, 1—|—th( )

N L[ By
“2. 0 /Ql+tE2(y) i

Qe

where the last line was obtained from the uncertainty principle for our effective potential

(6.5). Applying this to our square function norm gives

2 dt 1

—5/000Ht(V—A)5(I+t2(V—A))‘ o[ &

/000 | (4= Af) (142 (v = a) 7w

2
S ull™

Proposition 6.2.4. Let V € W,. Suppose that the effective potential satisfies V< E

and ) )
\Y - ()] S - 6.6
‘ (1+tE2)( )‘ t (6.6)

for allt >0 and x € R™. Then there exists some Cy > 0 for which

[let-m)
0

2

dt
- =0 [l (6.7)

forallue R _ 1) wvih 1)

PrROOF. The proof will begin similarly to the proof of Proposition 4.2.1. In particular,
note that the estimate will be trivial on N(H| vid 1) since (I—P‘V‘i Ju =0 for u € N(II
Fix u € R( ) On applying the resolution of the identity, Proposition 3.1.3,

2 2
o 5 Viz dt o0 o0 B, lVIE viz )2 ds\ " dt
Il2 < Il2 ||2 J— R—

/0 ‘At (I P, )u r N/o </0 HAt(Pt I)(Qs > u s) e

Since u € R (r ) we have that (QIV1*)2u = QI BQY* 1, where P = P, - P’ and P/

b

vi2
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is the projection onto the subspace R(II The Cauchy-Schwarz inequality then gives

e ()
0

vit)

2 00 0
pa ([l ) are| )
t 0 0 S
| (/oo ‘ Af <Ptvé _ [) QSW%PH HQLW%UHZ @) %
0

s
Then, to prove our desired estimate, it is sufficient to show that

1
3 1. t 2
HAF (1— PJV”) QLV|2IP’H < mln{— ;} . (6.8)
S

1 1 1 1
For t < s, since AZ is bounded on L? (R") and (I — th‘?‘j)Q‘SV‘7 = iQLVl? (I — PSV7>,

we have
1 1. 1 1
pi (1=t arte] <o) e

o |

S

S

(VRS S

1 1
Assume that ¢ > s. Then the equality Plv‘ lV' = fQLVlQ plVIi gives

Our proof has now been reduced to the task of showing the estimate

AP (1 _ PJV'%) Q!'%@H <

P QR+ |aror e

S5+ [arare]|
~t

1
[arare] 5 (5)°
S ~Y t
A first step in this direction is to apply the splitting

1 1
o ts| -t e

(6.9)

S HAtESHORPs'V'?P, + HAESSW%RPSWWPII ’
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For the second term, for v € H,

1IP’1P‘V|21P>’

viz

HA,?SS

G0
< 52 d
P |@r][ oy

2

<y (92/@ tV%(y)(Ps'V'fIP”v)l(y) dy

Qca, 1+ tE2(y)
’2

<)l
~Y t S

S\ 2 2
< (3) ol

where the condition V' < E was used to obtain the second to last line. For the first term

-1
n (6.9), note that condition (6.6) implies that the commutator [Hg, (1 + tE§> } is a

multiplication operator with bound

1 1
,, <2 6.10
m— ) <5 (6.10)

We then have

2
1
HAESHOEPJVWP’U

2 1 1
= s%1Q ][ ——— TP, PV Py
’ Z ’ ‘ 0 1+tE%( ) 01 (y)

s e

From the bound (6.10),

s

QEeA:

P1P|V|2P’ )

] P, P'V‘QIP’ ()

[Ho, ! ] P, P'V‘ZIP”
1+ tE?

5 ) > / PR dy

QeEA:

S (;) ol
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For the other term, apply Lemma 5.6 of [11] to obtain

eAtﬂQI‘][ (=
Yol (ﬂ

Qe

2

IP’P‘V‘ ]P’)()

N

RPS‘V'?PU

1
2)2

)
) (e (mere)
)

H e
"1+ tEs

1 1
| ][‘H(’( IPIPSV'QP’Q
Q 14+tE2
2)%

% 1
+ / L _TI,P, PV Py
Qll1+tE2 °
2 % 1 2 %
( ) </ ‘HOPlV\fﬁv‘ >
Q
1 2 % 2 %
> (fleel) (] )
EAz Q Q

It is not difficult to see that V' € W, implies that ||lIo0|| < HHM%TJ

IV\2IP>/

IP)/

1
2)2

pIV\ P p\V\ Pv

sIT,PIVI* Py

(HM%) i

D (HM%)' Apply this coercivity condition to obtain

zolni

2

NG )( )

Qe

1. (2
fpy +/ ‘SHOP;V‘QPU‘
Q

)
’ Vi3
5T P B

I, PIVI* Py

)

This completes the proof of the estimate (6.8) and therefore concludes the proof of our

proposition. |
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Corollary 6.2.2. Let V € W,. Suppose that the effective potential E satisfies V< E

and .
1V () @

for allt >0 and x € R". Then for some Cy > 0 we have
I

& N(II

<!
~ 1

1 2 dt
2
P, (AtE - Ptlvl ) UH 7 <Cy - ||“”2

for allu e (F‘V‘%) IV\%)'

For V € RHz, fix the effective potential to be the critical radius function E := p‘_/Q. Then

our averaging operators would be given by

E _ f(y)
Afw =

pv (y)

For the harmonic oscillator potential, the critical radius function p satisfies all of the
conditions of the previous corollary. It then follows that AP acts as a good approximation

for the potential dependent averaging operator in this context.
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