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Abstract

Dynamic programming is a recursive method for finding optimal decision rules for se-
quential decision-making problems under uncertainty. It is the most fundamental tool for
modern economics, addressing topics that include economic growth, optimal saving, asset
pricing, business cycles, and fiscal and monetary policies. Complementing this, economic
networks stand as another critical tool, recognising the dynamic interactions among a
multitude of diverse agents. The network models provide a comprehensive analysis of
how individual agent behaviours, incentives, and strategic interactions contribute to the

larger systemic forces or shocks within aggregate economics.

This thesis addresses problems in dynamic programming and static economic networks. A
key focus is on dynamic programming theory, specifically integrating both state-dependent
and action-dependent discounting, as opposed to conventional constant discounting. The
core contribution involves establishing a comprehensive optimality theory in dynamic

programming in the context of eventual discounting.

Moreover, the research expands the concept of state-action-dependent discounting in dy-
namic programming to model-free reinforcement learning. The thesis demonstrates the

convergence of Q-learning when subjected to the condition of eventual discounting.

In addition to dynamic programming, the thesis investigates a unified static network that
includes production networks, network games, and financial networks. Our results show
the existence and (almost sure) uniqueness of equilibrium in both eventually contracting

and non-expansive frameworks.

Finally, employing dynamic programming techniques, the thesis constructs an endogenous
production network characterised by a unique equilibrium, featuring robust characteristics
such as a power-law distribution of firm sizes. This multifaceted exploration contributes
insights to the understanding of the existence and uniqueness of equilibrium in dynamic

programming and economic networks.
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CHAPTER 1

Overview of Thesis

This thesis studies problems in dynamic programming and static economic networks.
Each chapter contributes to understanding the existence and uniqueness of equilibrium
or fixed points within different economic paradigms, as well as providing insights into
associated computational methodologies. The exploration is structured in four chapters,

each of which is summarised below.

Chapter 2 extends discrete-time dynamic programming to account for state-action-
dependent discounting, departing from the conventional constant discounting approach.
This chapter is motivated by the fact that time preferences are influenced by subjective
assessments and exogenous uncertainties. In particular, this chapter addresses a gap in

the existing literature on action-dependent preferences from influential studies such as

Uzawa (1968) and Becker and Mulligan (1997).

We show that the standard optimality results remain valid in the existence of "eventual

" where the expected multiplicative of discount factors eventually falls below

discounting,’
one for any policies. The concept of eventual discounting is succinctly illustrated below.
Considering state and action spaces, denoted by X and A respectively, and for all action

policies o: X — A, we suppose that there exists an n, € N such that

ne—1

sup E, H B( X, 0(Xy), Xeyr) < 1,

r t=0
where 3: X x A x X = R, represents the function of state-action-dependent discount
factors. The concept of eventual discounting allows the discount factors to exceed one
with arbitrary probability, encompassing frameworks such as Hills and Nakata (2018) and
Hubmer et al. (2021).

This condition of eventual discounting leads to the (eventual) contraction of policy oper-

ators and Bellman operators, ensuring standard optimality results and the convergences

1



2 Chapter 1. Overview of Thesis

of key iterative methods in dynamic programming. Moreover, we address the necessity of
eventual discounting for the existence of both policy values and a solution to the Bellman

equation in compact state spaces with appropriate assumptions.

In addition, we extend these results to dynamic programming with unbounded rewards
by utilising the Q-transform outlined in Ma et al. (2022). Even with unbounded rewards,
the standard optimality of dynamic programming is maintained when discount factors are
state-action-dependent and adhere to eventual discounting. Moreover, we establish the
convergence of both the value function iteration and the action-value function iteration,
which is the iteration of an expected action-value operator. Finally, we extend the scope

of eventual discounting to applications involving risk-sensitive preferences.

In Chapter 3, we extend model-free learning algorithms by considering non-constant state-
action-dependent discount factors. Specifically, we explore temporal difference learning
methods, including Q-learning, SARSA, and double Q-learning, as introduced by Watkins
(1989), Singh et al. (2000), and Hasselt (2010), respectively. We consider time discounting
to be inherently governed by a parameterised function, where both exogenous states and
subjective actions influence the discount factors. Similarly to Chapter 2, our framework
allows the discount factors to exceed one with positive probability, provided that they
follow the principle of eventual discounting. We show by Stochastic Approximation that
eventual discounting is sufficient for ensuring the convergence of Q-learning, SARSA, and

double Q-learning algorithms.

In Chapter 4, we explore a unified static network, a modification derived from Acemoglu
et al. (2016b), aiming to provide an efficient and systematic method to verify the unique-
ness of equilibrium across various static network models. Specifically, our focus is on

exploring the equilibrium or solution of the network equation:
r= f(zW +e¢).

Here, € RY denotes a vector of economic states, W € R¥*Y denotes the sensitivity
matrix describing the structure of a network and the sensitivity extent of interactions
between agents, ¢ € RY denotes the realisations of shocks, and f = (f1,..., fx) denotes

the interaction functions specifying the total influences of agents in the networks and



shocks. FEach f;: R — IR is Lipschitz continuous with Lipschitz constant 3; for j =
1,...,NN.

From the literature of network games, production networks, and financial networks,
we classify two types of networks: eventually contracting networks, characterised by
p(|W]diag f) < 1, and non-expansive networks, characterised by p(W) =1 and g = I,

where p(A) denotes the spectral radius of matrix A.

We show the existence and (almost sure) uniqueness of equilibrium under both even-
tually contracting and non-expansive frameworks. Applying our findings, we establish
that the clearing payment for the generalised Eisenberg-Noe model, studied by Liu et al.
(2020), is almost surely unique under non-expansive conditions and always unique under
eventually contracting conditions. Furthermore, our result serves as an alternative proof
for the uniqueness of clearing payments in the Eisenberg-Noe model, without regularity

conditions.

In addition, our exploration in Chapter 4 includes a discussion on computation methods
and underscores the necessity of boundedness conditions when interaction functions are
non-expansive. Moreover, by applying equilibrium in the study of systemic risk, we pro-
vide a measure to determine the key player whose removal from the network would have

the most significant impact.

Chapter 5 attempts to explain the systemic deviation of Gibrat’s Law, which posits that
a firm’s growth rate is independent of its size (Lucas, 1978, Simon and Bonini, 1958,
Gabaix, 2009, Fu et al., 2005). This concept is pivotal in explaining firm-size distribution
and the observed power law in firm sizes (Lucas, 1978). However, empirical tests often
contradict this law, notably demonstrating that smaller firms exhibit greater volatility
than larger ones, especially among downstream firms (Hall, 1987, Evans, 1987a.b, Almus,
2000, Calvo, 2006, Daunfeldt and Elert, 2013, Falk, 2008, Grazzi and Moschella, 2018,
Oke, 2018, Aydogan and Donduran, 2019).

Motivated by these observations, Chapter 5 introduces a balanced and endogenous pro-
duction chain where firms strategically choose between subcontracting and home produc-

tion to minimise costs. This decision-making process is guided by the trade-off between
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intra-firm coordinate costs and inter-firm transaction costs, as proposed by Coase (1937)
and Williamson (1979), where external transaction costs encourage firm growth while

intra-firm coordination costs discourage it.

We establish the existence and uniqueness of equilibrium. Furthermore, we demonstrate
that when assembly costs rise exponentially with tasks, the sizes of subcontractors down-
stream in a production chain follow a power law. Moreover, the breakdown of Gibrat’s Law
occurs when home producers experience higher technological volatility than subcontrac-
tors, resulting in greater size volatility for upstream firms. In addition, the model extends
the balanced production network to a more realistic scenario where firms can choose an
optimal number of suppliers during subcontracting. This extended model maintains a

unique equilibrium and exhibits robust comparative statics.

In general, this thesis examines the existence and uniqueness of equilibrium or fixed points
in both dynamic programming and static economic networks. Notably, the initial three
chapters reveal a close relationship between the existence and uniqueness of fixed points
and the spectral radii of relevant positive linear operators. Additionally, the convergence of
associated computational methods is intricately influenced by these spectral radii. Lastly,
the final chapter employs the techniques from network theory and dynamic programming

to establish an endogenous production chain with a unique equilibrium.



CHAPTER 2

Dynamic Programming with State-Action-Dependent

Discounting

2.1. Introduction

Dynamic programming or Markov decision processes is a framework for modelling and
solving sequential decision-making problems. The conventional approach in dynamic pro-
gramming assumes a constant discount factor to capture the trade-off between present
and future rewards. However, in economics and finance, discount rates vary over time
(Cochrane, 2011, Hills and Nakata, 2018). Constant discounting fails to explain the com-
plexities of real-world decision-making, where agents have subjective time preferences
or experience exogenous uncertainty in discount rates. For example, regarding shock-
dependent discounts, Justiniano and Primiceri (2008) illustrate that the variance in dis-
count factors accounts for a significant portion of consumption volatility. Albuquerque
et al. (2016) shows that risk in time preference accounts for key asset pricing moments,
such as equity premium, bond term premium, and weak correlation between stock returns

and fundamentals.

Besides the uncertainty in exogenous state-dependent discounts, endogenous time prefer-
ences cannot be overlooked in economics. For instance, Choi et al. (2008) demonstrate
that endogenously generated short-run international differences in subjective discounting,
indicating increasing relative U.S. impatience, result in saving and current account im-
balances that align with observed data patterns. Hashimzade et al. (2023) shows that,
through a self-reinforcing redistribution mechanism, endogenous discounting can lead to a
higher equilibrium interest rate and a much unequal wealth distribution, in comparison to
the benchmark model with a constant discount rate. Moreover, Maeda and Nagaya (2023)
show that the accelerated short-sighted consumption habit leads to earlier depletion of

exhaustible resources.
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This paper extends dynamic programming theory to account for state-action-dependent
discounting. We develop a comprehensive dynamic programming theory by introducing
the concept of eventual discounting, as proposed by Stachurski and Zhang (2021). Even-
tual discounting assumes that the expected multiplicative of discount factors is eventually
less than one for any policy. We demonstrate that eventual discounting implies the even-
tual contraction of the Bellman operator, which also contracts in some weighted supremum
norm. Under these conditions of eventual discounting, we demonstrate the existence of an
optimal policy, validate Bellman’s principle of optimality, and confirm that value function
iteration, Howard policy iteration, and optimistic policy iteration converge to the desired

value function or optimal policy.

In the existing literature, Stachurski and Zhang (2021) provides a complete theory of dy-
namic programming with state-dependent discount factors, while Sargent and Stachurski
(2023) presents a theory of dynamic programming of state-action-dependent discounting
in finite state and action spaces. Moreover, Toda (2021) and Toda (2023) use the Perov
Contraction Theorem to prove that the Bellman operator is contracting in some weighted
supremum norm and has a unique fixed point when the exogenous state space is finite,

and discount factors are state-dependent.’

Addressing the gap in the literature concerning action-dependent time preferences, our ex-
ploration considers general state and action spaces with state-action-dependent discount-
ing. In particular, we establish standard optimality results for dynamic programming with
action-dependent discounting, building upon frameworks as outlined in Uzawa (1968) and

Becker and Mulligan (1997), and integrating state-dependent stochastic discounting.

The study begins by examining the dynamic programming framework with bounded re-
wards. We demonstrate that the eventual discounting is sufficient for the existence and
uniqueness of fixed points for both the Bellman operator and policy value operators.
In particular, we show that the eventual discounting condition ensures these operators
to eventually contract in the supremum norm or contract in some weighted supremum
norm. This finding provides a robust foundation for the analysis of the convergence rates

of these operators over time.

IThe weighted function is an upper bound for the reward.
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Furthermore, we explore the necessity of eventual discounting for the Markov decision
process with a compact state space and strictly concave rewards. We show that eventual
discounting is necessary to ensur the existence and uniqueness of policy values, which
are fixed points to policy operators. Moreover, under appropriate assumptions, even-
tual discounting is necessary for the existence of the solution to the Bellman equation.
In this context, we highlight that the spectral radii of operators for discounted condi-
tional expectation primarily influence the convergence rate of the system. Notably, the
eigenfunctions corresponding to these spectral radii are utilised as weighting vectors in

weighted supremum norms.

In the extension, we extend our findings to dynamic programming with unbounded re-
wards using the Q-transform, following the approach outlined by Ma et al. (2022). We
establish that the standard optimality of dynamic programming holds when the discount
factors are state-action-dependent and eventually discounting, which extends Ma et al.
(2022). We provide computational methods and prove that both value function itera-
tion and action-value function iteration of an expected action-value operator converge to
optimal value or action value. Furthermore, we explore risk-sensitive preferences under
eventual discounting, which ensures the uniqueness of optimal value function and the

existence of optimal policy.

Related literature. The related literature in the Markov decision process with state-
or action-dependent discount factors includes Wei and Guo (2011), Minjarez-Sosa (2015),
Wu et al. (2015), Wu and Zhang (2016) and Jasso-Fuentes et al. (2022).

About endogenous time preferences, Uzawa (1968) and Epstein and Hynes (1983) pro-
pose a theory in which impatience rises with consumption, suggesting that the rich are
more likely to heavily discount future consumption. Although Uzawa time preference
may be counterintuitive and not be supported by empirical evidence, it succeeds in the-
ories of small open economics such as solving non-stationary issues (Schmitt-Grohé and
Uribe, 2003, Guest and McDonald, 2001, Dutta and Yang, 2013). Helpman and Razin
(1982) point out that when the rate of time preference remains lower than the interest

rate, individuals rationally choose to accumulate foreign assets to finance their increasing
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consumption. The constant-discount representation of preferences cannot effectively cap-
ture this dynamic behaviour. Consequently, studies on small open economies commonly
employ Uzawa-type endogenous discount factors (Obstfeld, 1990, Mendoza, 1991, Schmitt-
Grohé and Uribe, 2003, Durdu et al., 2009, Bodenstein, 2011, 2013, Vasilev, 2022b). For
instance, Vasilev (2022a) considers Uzawa time preference, where the higher level of real
income today leads to a lower discount rate, to explain the propagation of cyclical fluctu-
ations in Bulgaria. Durdu et al. (2009) use Uzawa endogenous time preference to model

financial globalisation and the risk of Sudden Stop problems.

In contrast to Uzawa time preferences, Becker and Mulligan (1997) propose a framework
that time patience is marginally increasing in future-oriented capital. Dutta and Yang
(2013) establish endogenous discount factors such that marginal impatience is increasing
in consumption (Uzawa type) and decreasing in future-oriented capital (Becker-Mulligan
type). Their model is consistent with the empirical evidence from Australia that current

consumption and turnover in future-oriented capital are positively correlated.

In empirical studies on time preferences and wealth, Lawrance (1991) reveals that the
affluent exhibit greater patience than the less affluent from estimating the consumption
Euler equations and the data in Panel Study of Income Dynamics. Huffman et al. (2019)
examine heterogeneity in time preferences among elderly Americans and suggest that
impatience correlates with lower wealth. Samwick (1998) indicates that time patience
tends to increase with both income and age, by estimating the distribution of discount
rates from the wealth data in Survey of Consumer Finances 1992. Cohen et al. (2020)

provide a survey of the related literature.

A survey of dynamic programming with state-dependent discount rates can be found
in Stachurski and Zhang (2021). In asset pricing and state-dependent discounts, since
variation in asset returns is significantly due to variation in discount factors, asset pricing
models consider stochastic discount factors depending on the state of consumption growth
to include adjustments for risk (Lucas Jr, 1978, Rosenberg and Engle, 2002, Cochrane,
2009, Hansen and Renault, 2010). Campbell and Ammer (1993), Cochrane (2011) point

out that variation in asset returns is predominantly due to variation in discount factors.
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In literature of risk-sensitive preference, Hansen and Sargent (1995) develop a recursive
dynamics of discounted costs for a linear, quadratic, and exponential Gaussian linear
control model, introducing risk adjustment into the framework. Moreover, Bauerle and
Jaskiewicz (2018) study a one-sector optimal growth model with unbounded shocks and
rewards, in the framework of Hansen and Sargent (1995). They demonstrate the optimal-
ity equation for the non-expected utility and establish the Euler equation. Their analysis
is based on an inequality involving associated random variables, a concept that is also
utilised in the present paper. Weil (1993) develop a stochastic optimal consumption model
with constant absolute risk aversion to study precautionary savings and the permanent
income hypothesis. Backus et al. (2015) investigate a business cycle model incorporating
aggregate risk and ambiguity. They observe that heightened uncertainty typically leads

to a reduction in consumption.

If state and action spaces are finite, optimality and comparative statics can be estab-
lished using fixed-point theory in complete lattices. Relevant techniques and insights can
be found in works by Zhou (1994), Olszewski (2021), Balbus et al. (2022), Stachurski
et al. (2022b), and Sargent and Stachurski (2023). Additionally, literature on the unique-
ness of fixed-point problems for recursive preferences and dynamics includes Marinacci
and Montrucchio (2010), Borovicka and Stachurski (2020), Bloise et al. (2024), Ren and
Stachurski (2021), and Christensen (2022).

The paper is structured as follows. Section 2.2 sets up the recursive decision process
and presents its optimality results under eventual discounting. Section 2.3 presents the
optimality of an eventually discounting Markov decision process. Section 2.4 studies the
necessity of eventual discounting. Section 2.5 gives applications. Section 2.6 extends to

unbounded rewards. Section 2.7 treats extensions in risk-sensitive preference.
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2.2. Recursive Decision Process with Eventual Discounting

In this section, we introduce a framework of a recursive decision process and dynamic pro-
gramming with state-action-dependent discounting. We show the optimality results and
the convergences of the conventional computation methods under eventual discounting.
The application of recursive decision processes in Markov decision processes is presented

in the next section.

2.2.1. Preliminary. Let X be a metric space. Denote the family of Borel measurable
and bounded real-valued functions on X as mbX. Denote the family of real-valued con-
tinuous (resp., upper semicontinuous) and bounded functions on X as ¢bX (resp., ubX).
Define #(X) as the Borel o-algebra on X. Given an everywhere positive function w on
X, let || - ||w be the weighted supremum norm ||v||,, = sup,ex [v(z)|/w(z) for all v € mX
and let || - || == || - ||1, where 1 € mbX is defined by 1(z) =1 for € X. Let U be a metric
space. A self-map F on U is called globally stable if F' has a unique fixed point u* € U
and F*u — u* for all u € U. Also, F is called eventually contracting if there is k € N
such that F* is contracting on U. Throughout, < is the pointwise order on RX. Denote

No == N U {0}.

2.2.2. Recursive Decision Process. Similar to Bertsekas (2022), consider a generic

Bellman equation

v(x) = sup B(z,a,v) (x € X and v € mbX) (2.1)
a€el(z)

where

(i) X is a Borel space, referred to as the state space,?
(ii) A is a Borel space, referred to as the action space,

(iii) I': X — A is a nonempty correspondence, referred to as the feasible correspon-
dence, such that I'(z) is a Borel measurable subset of A for all x € X, which

defines

2A Borel space is a Borel subset of a complete and separable metric space.
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e the set of the feasible state-action pairs
G={(r,a) eXxA:aeTl(x)}, and
e the set of feasible stationary policies
Y = {0 € AX: ¢ is Borel-measurable and o(z) € T'(z) for all x € X},
(iv) a value aggregator B: G x mbX — R satisfies the monotonicity condition
v,w € mbX and v < w = B(z,a,v) < B(z,a,w) for all (z,a) € G. (2.2)

A recursive decision process (RDP) is a tuple Z = (X, A, T', B). We interpret B(z, a,v) as
the lifetime rewards, contingent on current state x and action a, using v to evaluate future
states. We assume the following conditions for the primitives of an RDP throughout this

section.

CONDITION 2.2.1.

(a) I' is nonempty, continuous, and compact-valued, and

(b) (z,a) — B(z,a,v) is bounded and Borel measurable on G for all v € mbX, and

also continuous whenever v € cbX.

An RDP is called regular if it satisfies Condition 2.2.1. The regular conditions ensure
that the dynamic programming is well-defined. In detail, if an RDP is regular, then the

maximiser to the Bellman equation (2.1) exists when the function v within the value

aggregator is continuous.?

Given o € X, a policy operator T,: mbX — mbX is defined by
Tyv(x) = B(z,o(z),v) (x € X and v € mbX).

Then, T,v(x) returns the lifetime value of an action policy o € X, under state evaluation

function v € mbX at state z € X.

3In this paper, we call such assumptions for the existence of optimal solutions as regular conditions.
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The Bellman operator T': c¢bX — ¢bX is defined by

Tv(z) = sup B(z,a,v) =supT,v(x) (x € X and v € ¢bX),

a€l(z) oeX

which is the right-hand side of (2.1). Then, Tv(x) returns the optimised lifetime values

under state evaluation function v € ¢bX at state z € X.

Given v € cbX, a policy o € X is called v-greedy if
o(z) € argmax B(x,a,v) for all z € X.
a€l(z)

A v-greedy policy optimises lifetime rewards given state evaluation function v € cbX. By

the definition of greedy policies, o is v-greedy if and only if Tv = T,v.

The regular condition 2.2.1 guarantees the existence of a greedy policy for any v € cbX,
which is a fundamental requirement in dynamic programming. The following lemma shows
that whenever Z is regular, T, and T are well-defined on mbX and cbX, respectively, and

v-greedy policies exist for all v € cbX.
LEMMA 2.2.1. If Z is reqular, then the following statements are true.

(a) T, is a self-map on mbX for all o € .
(b) T is a self-map in cbX.

(c) For all v € cbX, there exists a v-greedy policy.

Lemma 2.2.1 implies that T, is a self-map on mbX for any o € ¥ whenever & is regular.
It also implies that for any v € ¢bX there exists a v-greedy policy. Moreover, since T is
a self-map on cbX, it ensures that the value function iteration algorithm, introduced in

Section 2.2.4, is well-behaved.

2.2.3. Eventual Discounting. In this section, we present the assumptions regard-
ing stochastic state-action-dependent discounting. Analogous to a standard contracting
Markov decision process where a constant discount factor is strictly less than one, we
admit the concept of eventual discounting outlined in Stachurski and Zhang (2021), Toda
(2021) and Sargent and Stachurski (2023). By Gelfand’s formula, denote p(A) as the
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spectral radius of a bounded linear or monotone sublinear operator A: mbX — mbX:
p(A) = lim [ A"/
n—oo

where ||A|| denotes the operator norm of A.*

Let #Z = (X,A, T, B). Assume that thereis a k: GxX — R, such that (x,a) — k(z,a, B)
is a Borel measurable function on G for all B € #(X), and B + k(z,a,B) is a Borel
measure on X for all (z,a) € G. Suppose that the difference in value aggregators is

bounded as follows:

B(z,a,v) — B(z,a,w) < /X(v(x’) —w(x'))k(x,a,dz’) (2.3)

for all (z,a) € G and v, w € mbX. Given o € X, let L,: mbX — mbX be a positive linear

operator defined by®
L,h(z) = / h(xk(z,o(x),dz’) (x € X, h € mbX). (2.4)
X

where we denote L,h(x) = (L,(h))(x) to simplify notation. If the RDP is a Markov
decision process, then L,h is interpreted as the expected discounted present value of h.

We then have®

|Tov(x) — Trw(z)| <

|B
<.
X

< Ly|v — w|(x) (x € X,v,w € mbX).

(

z,0(x),v) — B(x,o(z),w)|
(') — w(@)|k(z,o(z),dz’)

We say that T, is eventually discounting if (2.3) holds and p(L,) < 1. Define the eventual-
discount factor d¢ under policy o € X by

do = sup L1 (x) (n € N).

zeX

We will show that p(L,) < 1 if and only if d7 < 1 for some n, € N. The eventual
discount factor generalises the constant discount factor f < 1. Moreover, it can be shown

4 Al = inf{c > 0: ||Av|| < ¢|jv|| for all v € mbX}.
SA linear operator operator L on mbX is positive if v € mbX and v > 0 imply Lv > 0.
6We denote L,|v — w|(z) = Ly (Jv — w])(z) to simplify notation.
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that p(L,) < 1 implies the global stability of policy operator T,. To further ensure that
the Bellman operator 7' is globally stable, we introduce the following conditions with both

finite and infinite feasible policies.”

ASSUMPTION 2.2.1.

(i) For any o € X, T, is eventually discounting, and
(ii) ¥ is finite.
ASSUMPTION 2.2.2.

(a) (x,a) — [y h(a)k(x,a,dz’) is continuous and bounded on G for any h € cbX,
(b) for all (z,a) € G and v, w € mbX, (2.3) holds, and

(c) p(L) < 1, where L: mbX — mbX is defined by

Lh(z) = sup Loh(z).  (z € X, h € mbX) (2.5)

oeY

If X and A are finite, Assumption 2.2.1 is sufficient for the optimality of dynamic pro-
gramming. Since Assumption 2.2.1 implies that each policy value v, is bounded, we can

find the optimal policy from finitely many feasible policies.

If ¥ is infinite, we consider Assumption 2.2.2 to ensure the global stability of 7. The
assumption p(f}) < 1 implies that the Bellman operator is eventually contracting so that
we can compute the optimal value function. Moreover, Bloise et al. (2024) imply that
p(f/) < 1is equivalent to that there exists an everywhere positive f € mbX, such that for
some p € (0,1) we have Lf < pf.® This implies that T is contractive in || - ||, as shown

in the appendix.

Since it may be difficult to check eventual discounting for each policy, confirming the
existence of n, € N satisfying d; < 1, especially when there are infinitely many policies,

we introduce the following stricter assumptions of eventual discounting.

ASSUMPTION 2.2.3. There is an ¢: X x B(X) — R,, satisfying that x — {(x, B) is a
Borel measurable function for all B € #(X), and B — {(x, B) is a Borel measure on X

for all x € X, such that

"We sincerely thank Prof. Gaetano Bloise for pointing out the concept of monotone sublinear operators.
8See Claim 6 of Bloise et al. (2024).
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(i) L: mbX — mbX is a positive linear operator,
(ii) |B(z,a,v) — B(z,a,w)| < Llv — w|(z) for all (x,a) € G, and

(iii) p(L) < 1, where

Lh(z) = /X W), dz))  (x € X, h € mbX). (2.6)

We say that an RDP % is eventually discounting if either Assumption 2.2.1, 2.2.2, or 2.2.3
holds. We provide some useful properties regarding eventual discounting assumptions.
The following lemma shows the relationship between the spectral radius p(L,) and the

expected multiplicative of eventual discount factor dy, .

LEMMA 2.2.2. If # is reqular, and L, and L are defined as above, then the following

statements are true.

(a) For any o € 3, p(L,) < 1 if and only if there is an n, € N such that d] < 1.
(b) For any o € ¥, p(Ly) = lim,, 5 (d?)"/™.

(¢) p(L) < 1 implies p(L,) <1 for all 0 € L.

Lemma 2.2.2 provides a method to compute p(L,) by taking the limit of (d2)*/™. Moreover,
it implies that p(L,) < 1 and dj < 1 (for some n, € N) are equivalent. The next
example with state-dependent discounting, generalised from Chapter 10 of Stokey (1989),

is a regular RDP.

EXAMPLE 2.2.1 (One-Sector Optimal Growth). An economy contains many identical and
infinitely lived households. There is a single good vy, = F'(ki, ;) produced by capital k;
and labour ¢; inputs. labour is supplied inelastically such that ¢, = 1 for all ¢, and capital

depreciates at a rate § € (0,1). Denote ¢; as consumption and ¢, as investment. Given
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stochastic discount, a social planner solves the problem

sup B,z Y (H 5(%,@)) Ulct)

t=0 =0

st ¢+ < 2y,
0 < gt < 17
kt+1 == (1 - (S)k't + th (t G No),

ko >0 and zy >0 given,

where {z;}4~0 is a sequence of exogenous shocks generated by a transition kernel () on
(Z,B(Z)) with Z = [1,z] for 1 < zZ < co. The state is © = (k, z), and the action is a = c.

Assume that F' is continuously differentiable, strictly increasing, and strictly concave with

F0,0)=0, Fuk0)>0, Fyk,6)>0, (k¢>0)

lim Fy(k,1) =00, lim Fj(k,1) =0.

k—0 k—o00

Moreover, assume that U is continuous, [ is continuous and strictly positive, and @)
satisfies the Feller property such that z — [ h(2)Q(z,dz’) is bounded and continuous for
all h € cbZ. Let k > 0 be such that k = ZF(k, 1)+ (1 —6)k. Then, the set of maintainable
capital stock is [0,%]. Let the state space be X = [0,k] x [1, z], the action space be
A = [0,2F(k,1)], the feasible correspondence be I'(k,2) = {c € A: 0 < ¢ < zF(k,1)}.

Hence, (z,a) = ((k, ), ¢). Define the stochastic transition kernel by
P((k,2),c,(dK',d2")) = Q(2,d2")I{k = (1 — 0)k + 2F(k,1) — c}dk

for all ((k,2),c, (K',2") € G x X, where 1{-} denotes an indicator function. Let the value

aggregator B be

B((k,z),c,v) =U(c) + Ew.)B(z, c)v(K', Z")] (((k,2),c,v) € G x mbX),
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where (K’,Z') is the random variables generated by P((k,z),c,-). We can check that
% = (X,A, T, B) is a regular RDP.? Moreover, we have

B((k,z),c,v) — B((k, 2), c,w) = E.)[8(z, c)v(K', Z")] = E, ) [B(2, c)w(K', Z')]

= ]E(k,z)ﬁ(z, C)(U(K’, Z’) - w(K', Z/)).
for all ((k,z),c) € G and v,w € mbX. Let L,: mbX — mbX be
Loh(k, 2) =BG B(z, 0k, 2))A(K, #) ((k,2) € X, h € mbX),

where [E7  is the expectation conditioning on (ko, 20) = (k,z) under transition kernel

P((k,z),0(k, z),-) defined above. Then, we have

n—1

do = sup Ll1(k,z) = sup E(k 2) Hﬁ Zy, 0(Ky, Zy)).
(k,2)EX (k,2)EX

Assume ((z,c¢) < B(z) for all k and ¢ such that there exists an n € N:

n—1 _
sup BY, ) [[ 8(Z,0(Ki 2) < sup II . (2.7)
(k,z)eX =0 (k,z)eX Pl

Define L: mbX — mbX by

Lh(k, z) = By B()R(E', Z')  ((k,2) € X, h € mbX).

Hence, (2.7) implies sup, L"1(x) < 1 and then p(L) < 1. To this end, Z is eventually

discounting since Assumption 2.2.2 or 2.2.3 holds. U

2.2.4. Dynamic Programming. In this section, we define the optimal properties of
dynamic programming and introduce dynamic programming algorithms, including value
function iteration, Howard policy iteration, and optimistic policy iteration, to search for

optimal policies,

Let Z = (X,A,I', B) be an RDP. Given ¢ € ¥, if the policy operator T, has a unique
fixed point v, € mbX, then we call v, as o-value function. We show in Section 2.2.5 that

all policy operators have unique fixed points under eventual discounting assumptions,

Mt is also a regular Markov decision process defined in Section 2.3.
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which implies the existence and uniqueness of o-value for any o € ¥. The (optimal) value

function v* of Z is defined by

v (x) = ilellz) Vo () (x € X).

A policy ¢* € ¥ is called optimal if v,« = v*; that is, if

Ve () = vy (2) for all 0 € ¥ and = € X.

By the definition of T', we say that v satisfies the Bellman equations if Tv = v; that is v

satisfies (2.1). We say that Bellman’s principle of optimality holds if
o € ¥ is optimal for Z <= o is v*-greedy.

That is, Bellman’s principle of optimality holds whenever v, = v* <= Tv* = T, v*.
Bellman’s principle of optimality ensures that we can find the optimal policy if we can

compute v*, and v*-greedy policy exists.

The conventional dynamic programming algorithms are defined as follows (see, e.g., Bert-
sekas (2022)). Let Z be regular. A sequence {vg}r=o C ¢bX is called a value function
iteration (VFI) if vpyq = T, for k > 0 with any vy € ¢bX. VFI iterates the right-hand

side of (2.1) and converges to v* under appropriate assumptions.

To ensure the existence of greedy policies and the continuity of policy values in policy
iteration algorithms, we introduce the following conditions. Note that if we know that
greedy policies exist and are continuous for any value function, the following conditions

are not required.'’

CONDITION 2.2.2.

a) A is a convex subset of a vector space,

(a)

(b) T' is nonempty, continuous, compact-valued, and convex-valued,

(¢) (x,a) — B(x,a,v) is bounded and Borel measurable on G for all v € mbX, and
)

(d) a— B(z,a,v) is strictly quasi-concave for z € X all v € cbX.

0por example, state and action spaces are finite.



2.2. Recursive Decision Process with Eventual Discounting 19

Define ¥ C ¥ as the subset of all continuous policies. Let Condition 2.2.2 hold. Then,
the optimal policy ¢* is continuous. It can be shown that v* = sup,cy v, and Tv =
SUDyeq. Tov for all v € cbX. To this end, it suffices to restrict the policy iterations to

continuous policies.

A sequence {0, }x>0 C X is called a Howard policy iteration (HPI) if o is v,, -greedy for
k > 0 and any oy € X¢. In each iteration, HPI evaluates the policy o4 by v,, , and if there
is improvable state under v,,, it updates policy o to v, -greedy policy. Therefore, the
policy values from HPI increase monotonically. Define the Howard operator H : ¢cbX — cbX
by

Hv = v, where o is v-greedy.

The iteration, {H%vo}r=o with vy = v, for 0 € 3¢, of the Howard operator H is an

abstract version of HPI.

A sequence {vy}r=0 C ¢bX is called an optimistic policy iteration (OPI) if, fixing m € N,
Vg1 = Tv, where oy is vg-greedy for £ > 0 with vg = v, for any o € ¥¢. Compared
to HPI, OPT approximates vy, by T7"v;. Therefore, OPI can be more efficient if the
calculation of v,, is time-consuming, where v,, = lim, T} v, , assuming that 75, is
globally stable. Thus, if m — oo, then OPI is the same as HPI; if m = 1, OPI is the same
as VFI. Therefore, OPI can be seen as a combination of HPI and VFL

To illustrate OPI, define optimistic policy operator W : ¢bX — ¢bX by
Wo=T" (v € cbX), (2.8)

where o is the first policy among the list of all v-greedy policies. Then, {W¥uvg}> with

vy = v, for o € Y is an abstract version of OPIL.

2.2.5. Optimality. As discussed in the introduction, we extend the existing dynamic
programming theory to incorporate the cases of action-dependent discounting, including
action-dependent time preferences introduced by Uzawa (1968) and Becker and Mulligan
(1997). In this section, we show the optimality results, including the existence of optimal

policies and Bellman’s Principle of Optimality, when an RDP is eventually discounting.
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In addition, the computation algorithms, including VFI, HPI, and OPI, converge to the

optimal value function or optimal policies.

In the following theorem, let w = 3.0 L1 for || - ||

THEOREM 2.2.1. Suppose that Z is regular and either Assumption 2.2.1, 2.2.2 or 2.2.3

holds. Then, the following statements are true.

(a) T, is eventually contracting on mbX for all o0 € ¥,

(b) T is contractive on (cbX, || - ||w) if Assumption 2.2.2 holds,

(c) v* is the unique solution to the Bellman equation in cbX,

(d) VFI converges to v*,

(e) Bellman’s principle of optimality holds,

(f) HPI converges to o*, and OPI converge to v* if Assumption 2.2.1 holds,
(9) Bellman’s principle of optimality holds, and

(h) at least one optimal (continuous) policy exists,
If Condition 2.2.2 is satisfied and Assumption 2.2.2 or 2.2.3 holds, then

(ac) HPI converges to o*, and

(B) OPI converges to v*,

where all the iterated greedy policies to HPI and OPI are continuous.

Theorem 2.2.1 generalises the conventional dynamic programming theory to the case of
state-action-dependent discounting. In detail, Theorem 2.2.1 shows that the optimal
policy exists, Bellman’s principle of optimality holds, VFI and OPI converge to v*, and
HPI converges to ¢*. Bellman’s principle of optimality guarantees that we can first

compute v* by VFI or OPI and find ¢* by

o*(r) = arg max B(x, a,v") (z € X).

a

Theorem 2.2.1 shows that eventual discounting is sufficient for eventual contracting or

global stability of T, or T. Additionally, Theorem 2.2.1 implies that 7" is contracting on
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(cbX, || - ||w), so we can analyze the convergence rate of VFI if we know the contraction

modulus.

Moreover, the value function v* is continuous. Observe that if there is a non-continuous
function satisfying the Bellman equation, then it must be equal to or greater than the
optimal value v*, and there is no policy o) that its o-value v, admits that function.!!

Since we are interested in v*, which is continuous when the RDP is regular. we can restrict
) )

the iteration of VFI on the continuous functions.

In addition, if Condition 2.2.2 holds and v € ¢bX, then any policy ¢ € X is dominated
by some continuous policy o. € ¥ such that T,v < T, v. To this end, it also suffices
to focus on the continuous policies for HPI and OPI. Note that Condition 2.2.2 is not
necessary if we can ensure that the continuous greedy policy exists for any v € ¢bX. In
particular, if action and state spaces are finite, then the greedy policy exists, so we do

not need Condition 2.2.2.

2.2.6. A Generalised Blackwell’s Condition. A generalised Blackwell’s condition for

the global stability of the Bellman operator T" or policy operator T is provided as follows.

PROPOSITION 2.2.1. Let T be an order-preserving self-map on U C mbX. If there exists

a positive linear operator G on mbX such that p(G) < 1 and
Tw+c)<Tv+Ge  forall c,v € U with ¢ >0,

then T s eventually contracting on U.

By Proposition 2.2.1, if we can check that, for any o € ¥, there exists a positive linear

operator L, on mbX such that p(L,) < 1 and
T,(v+c)(z) = B(x,o0(z),v+¢) < B(z,0(x),v) + Lyc(x) = T,u(x) + Lyc(x)

for all x € X and ¢,v € mbX with ¢ > 0, then T is globally stable on U and has a unique

fixed point v, € U.

UThat is, if Tw = w for some non-continuous w € mbX, then w > v* and w > v, for any o € 2.
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2.3. Markov Decision Process with Eventual Discounting

In this section, we focus on a Markov decision process with state-action-dependent dis-

counting and bounded rewards.

2.3.1. Markov Decision Process. A (generalised) Markov decision process is an RDP
such that the value aggregator is separated into reward and expected future contination
value. In detail, a (generalised) Markov decision process # is an RDP (X, AT, B) such

that
B(x,a,v) = /X[r(x,a,a:’) + B(x,a, 2" )v(x')|P(x,a,dz’)
=E,.[r(z,a,X") + B(x,a, X" )v(X")]

for all (z,a) € G and v € mbX, where

e r: G x X = R is a Borel measurable function, referred to as the reward,

e 3: GxX — R, be a Borel measurable and everywhere positive function, referred

to as the discount factors, and

o P: GxX — Ry is a stochastic kernel on X contingent on current state and action;
that is, B + P(z,a, B) is a Borel probability measure on X for all (z,a) € G,

and (z,a) — P(z,a, B) is a Borel measurable function on G for all B € Z(X).

To simplify notation, denote f,, P, and r, as fB,(x,2') = ((z,0(x),2"), P,(x,:) =
P(z,o(x),-), and r,(x) = EIr(z,o(x), X'), respectively, for all z, 2’ and any o € X,
where E7 denotes the expectation under P, transition kernel conditioning on z. Also,
denote r(z,a) = E, ,r(z,a,X’) for any (z,a) € G. Given an MDP .Z and o € X, the

policy operator T, following (2.9) becomes
Tyv(x) = rs(z) + / Bo(z, 2" )v(2") P, (2, da’) (x € X,v € mbX).
X

If T, has a unique fixed point v, € mbX, then iteration implies v, = T,v, = Ty v,. Letting
n — oo, if it converges, we have

t—1

> <H 50(X17Xz‘+1)) T‘U(Xt)] (z € X). (2.10)

1=0

V() = Eg
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where H;:lo p? =1 by convention and {X;}en, is a stochastic process such that Xy =z

and X4 is generated by P, (X, -) for allt € Ny. Moreover, the Bellman operator becomes

Tv(z) = sup {r(z,a)+ E,.0(z,a, X" )v(X")} (x € X,v € cbX).
a€l(z)

We introduce the following regular conditions to an MDP.
CONDITION 2.3.1.

(i) T is nonempty, compact-valued, and continuous.

)
(i) (z,a) = r(x,a) is continuous and bounded on G.
(iii) B is bounded and strictly positive,

)

(iv) (z,a) = [ f(y)B(z,a,y)P(x,a,dy) is bounded and continuous on G for every

We say that an MDP .# is regular if condition 2.3.1 is satisfied. Condition 2.3.1 ensures

that . is a regular RDP and then the greedy policies exist by Lemma 2.2.1.

LEMMA 2.3.1. If an MDP # is regular, then it is a regular RDP, and the following

statements are true.

(a) T, is a self-map on mbX for all o € .
(b) T and T, are self-maps on cbX for all 0 € Y.

(c) For all v € cbX, there exists a v-greedy policy.

Analogous to Condition 2.2.1, to ensure the continuity of optimal policies or greedy poli-

cies, we introduce the conditions with concavity.
CONDITION 2.3.2.

(i) A is a convex subset of a vector space,
(ii) ' is nonempty, continuous, compact-valued, and convex-valued.

(iii) (z,a) — r(x,a) is continuous and bounded on G, and a +— r(z,a) is strictly

concave for all z € X.

(iv) 8 is bounded and strictly positive,
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(v) (w,a) — [y f(y)B(x,a,y)P(x,a,dy) is bounded and continuous on G for every
f € cbX,

(vi) a = [y f(y)B(x,a,y)P(x,a,dy) is concave for all z € X and f € cbX.

Condition 2.3.2 guarantees that continuous wv-greedy policies exist for all v € ¢bX, and

HPI and OPI are well-behaved.

2.3.2. Eventual Discounting. Let .# be an MDP. To this end, (2.3) becomes

B(z,a,v) — B(z,a,w) < /X(v(x') —w(x)p(z,a,2")P(x,a,dx)

for all (z,a) € G and v, w € mbX. The corresponding L, : mbX — mbX is defined by
Lyh(x) = / h(x")B(z,0(x), 2" )P(x,0(z),dz") = EZS, (x, X )h(X') (2.11)
X

for all x € X and h € mbX, which returns the expected discounted present value of h.
We say that T, is eventually discounting if p(L,) < 1, or equivalently, there is an n, € N

such that

Nng—1

d;, =suwpE] [ 8,(Xi, Xipa) < 1.

t=0

By definitions, we have df = sup, L,1(x) and dj = sup, L}°1(x) by iteration. Define
dy: X — R, by

d,(x) = sup {Eglﬁgl(Xo,Xl) sup {E§§1502(X1,X2) sup {

o1€EX 02€EY o3€EX
(2.12)
- Sup {]Eg("n,lﬁan(Xn—th)} T }}}
on€EX
for all z € X That is, di(z) = sup, EJ'f, (X, X1), and dy(z) =

sup,, B2 By, (2, X" )d,—1(X') for n > 2 and x € X. We will show that sup, d,(x) < 1, for

some n € N, implies the global stability of T". Define L: mbX — mbX by

Lh(z) =sup Lyh(x)  (z € X, h € mbX.)

oeX

The operator Lh returns the highest expected discounted present value of h among all

feasible policies that determine subjective discount factors. Thus, iteration yields d,,(z) =



2.3. Markov Decision Process with Eventual Discounting 25

L™ (z) for all # € X. Similar to the assumptions in 2.2, we consider the following

assumptions for eventual discounting.

ASSUMPTION 2.3.1. ¥ is finite, and T} is eventually discounting for any o € X..

~

ASSUMPTION 2.3.2. Either p(L) < 1 or sup, d,(z) < 1 for some n € N.

ASSUMPTION 2.3.3. There is an ¢: X x #B(X) — R, satisfying that z — {(z, B) is a
Borel measurable function for all B € #(X), and B — {(x, B) is a Borel measure on X
for all z € X, such that

L.h < Lh

for any h € mbX,, and p(L) < 1, where L is defined by

Lh(x) :/Xh(x’)f(x,dx')

for all z € X.

We say that # is eventually discounting if either Assumption 2.3.1, 2.3.2, or 2.3.3 is
satisfied. Eventual discounting implies that the expected discounted present value of the
future reward is bounded above and converges to zero as the time approaches infinity,
in the sense that L}r, — 0 as n — oo for all 0 € ¥. Assumption 2.3.3 is a sufficient

condition to Assumption 2.3.1 and 2.3.2. Also, p(L) < 1 or sup, d,(z) < 1 for somen € N

implies p(L,) < 1 and that T, is eventually discounting for all o € X.

LEMMA 2.3.2. If A is reqular and Assumption 2.5.3 holds, then Assumption 2.3.1 and
2.3.2 hold.

EXAMPLE 2.3.1 (Firm valuation with stochastic interest rates). ' Assume that the state
space X is finite and follows a stochastic kernel P: XxX — R, . Suppose that the discount

factors are

1
= te N
By 1+r ( eN)

12\We do not consider action in this example, so it is not an MDP. However, this example provides some
intuition for the assumption of eventual discounting through linear algebra.
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where 1, = r(X;) denotes the (real) interest rates following a stochastic process. If

m = m(X;) is the profit at time ¢, then the expected present value of the firm is

given current state Xo = z. Let A(x,2") = P(z,2")/(1 4 r(x)) for all (z,2') € X x X. If
p(A) < 1, then Assumption 2.3.3 is satisfied and v = 7 + Av (Sargent and Stachurski,
2023). 0

EXAMPLE 2.3.2 (Uzawa Time Preferences). Mendoza (1991), Schmitt-Grohé and Uribe
(2003), Vasilev (2022a,b), and Izadi and Lamsoo (2022) study a small open economy
where a representative household has Uzawa preference, characterised by the richer being
more impatient than the poor. Uzawa preference has the merits of stabilising a small open
economy and generating a non-degenerate distribution of wealth (Guest and McDonald,
2001). The household chooses consumption ¢; and working hours h; to maximise the

utility

]Eo Z etU(Ct, ht)
t=0

(C _ V—lhl/)l—’7
L=y
9t+1 = b(Ct, ht)ﬁt, t 2 0 with 90 =1

Ule,h) =

b(e,h) = (1+c—v'h")™",

where v > 1 is the labour supply elasticity, 1» > 0 is the elasticity of discount factor
with respect to component 1 + ¢ — v~'h”, and v > 1 measures the degree of relative
risk aversion. The composite commodity ¢, — v~'h” is assumed to be positive, thereby
bounding utility from above.'® We can see that b(c, h) < 1 when ¢ > v~h”. Hence, the
feasible correspondence is the subset of {(c, h): ¢ > v~'h”} such that the discount factors
are strictly less than one. To solve the problem by discretization in programming, we can

assume there is € > 0 such that ¢ — v™'h” > ¢ > 0, ensuring b(c,h) < (1 +¢)7% < 1 for

130therwise, since v >1,if ¢ < v 'hY, then U(c, h) — oo as ¢ T v~ h”. Then, households can arbitrarily
increase utility. Since the domain, ¢ # v~ 'hY, is open, there is no maximiser in this case.
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any (c, h), so we have sup, dy(z) < 1, defined by (2.12), whence Assumption 2.3.2 or 2.3.3
holds.™ O

EXAMPLE 2.3.3. Durdu et al. (2009) consider a small open economy where a representative

household chooses the optimal consumption ¢; and maximises the preference,

1—y

o0 t—1 —
EOZexp {— Zwln(l + cT)} 1Ct_ ,
t=0 7=0

y

where 1) > 0 is the elasticity of the rate of time preference with respect to 1 + ¢. Since
B = exp{—tYIn(1+¢)} < 1 for ¢, > 0, if we discretise the consumption space and

consider inner solutions, then we have ¢ > ¢ and 3(c) < 1/(1+¢)? for some e >0. O

EXAMPLE 2.3.4 (Uzawa Time Preferences with Stochastic Discounting). This example
illustrates both the Uzawa time preference discussed by Durdu et al. (2009) and the

concept of state-dependent discounting introduced by Hubmer et al. (2021):'?

By = Ble, Zi) = Zyexp{—¢ In(1 + ¢)},

where ¢; is consumption and Z; is an AR(1) process follows

Zin=paZi+ (L= polz + oeern {a} '™ N(0,1) (2.13)

with py = 0.992, uy = 0.944, 0. = 0.0006. Let () be the transition kernel of Z;. They
discretise the process onto a grid of N = 15 states by Tauchen’s method which allows us

to write the operator L, defined in Assumption 2.3.3, as a matrix
Lij = B(x)Q(xi,x;),  1<4,j<N.

The spectral radius of matrix L is 0.9469, computed by Stachurski and Zhang (2021).

Then, since §; < Z;, there exists n € N such that

EoBoBi - o1 K EoZoZy -+ Z,—q1 < 1

140n the other hand, the steady state satisfies 8(c, h)(1 +7) = 1 so that B(c, h) < 1, where r > 0 is the
real interest rate. For example, Vasilev (2022a) calibrate the parameters such that b(c, h) = 0.982. If we
solve the model around the steady state, the discount factor is bounded away from one.

15The literature of state-dependent discounting with AR(1) process includes Hills and Nakata (2018),
Hills et al. (2019) and Nakata (2016).
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for any consumption path. O

EXAMPLE 2.3.5 (Becker-Mulligan Time Preferences). Becker and Mulligan (1997) propose
the endogenous time preference that increases in future-oriented capital. Stern (2006)
considers Becker-Mulligan time preferences in an optimal growth model:
oo t—1
sup > [ [ Blsi)U()

{Ct ,St,kt }t}O t=1 i=1

st o+ sy + ke < f(kieq),

ct>0,8t20,kt20, foralltGNo

where kq is given, §: [0,00) — (0,00) is continuous, concave and strictly increasing, 7
is the price of s;, and k; denotes capital.'® Stern (2006) assumes that f is continuous
and strictly increasing, and there exists a k,, > 0 such that §(k,/7) < 1 and f(k) <
k whenever k > k. Hence, we have 5(s) < B(k,/m) < 1 for all s € [0,k,, /7], so

Assumption 2.2.1 is satisfied.

Erol et al. (2011) also consider a similar model:
oot
sup Z H B(ki)U (ct)
{etskeritiz1 4—=g =1

s.t. ¢+ kg < f(k‘t)v

¢ >0,k >0, for all t € Ny

where ko is given. Erol et al. (2011) assumes that 5: [0,00) — (0,00) is continuous,
differentiable, strictly increasing and sup,., 3(k) < 1, so Assumption 2.3.2 is satisfied.'”

[l

ExXAMPLE 2.3.6 (Becker-Mulligan Preference with Stochastic Discounting). This example

modifies the Becker-Mulligan Preference of Erol et al. (2011) to incorporate stochastic

16The time preference [(s;) is interpreted as the degree to which generation ¢ cares for generation ¢ + 1,
while variable s; represents actions or resources that the parent could take to strengthen the relationship
with her child.

17Erol et al. (2011) also assumes that k has a compact support.



2.3. Markov Decision Process with Eventual Discounting 29

uncertainty. Consider a model from Example 2.3.5:

sup Eoz (H Zzﬂ(’%)) Ulct)

{ct:kttr1}ex1 t=0 \i=1
s.t. ¢+ kg < f(kt)7

Ct>0,kt>0, for alltENo

where kq is given, and {Z;}+~0 is an AR(1) process satisfying that there exists n € N such
that EgZ; - -+ Z, < 1. Similar to Erol et al. (2011), assumes that §: [0,00) — (0, 00) is

continuous, differentiable, strictly increasing and sup;., 3(k) < 1. To this end, we have
EoZ18(k1)ZaB(k2) - - - ZnB(ky) < BoZ1Zo -+ Z,, < 1.
for any {k;}+0, which implies Assumption 2.3.2 and 2.3.3. O

2.3.3. Optimality. In this section, we demonstrate the optimality of an MDP under
eventual discounting. Our results indicate that the standard methods for computing op-
timal values and policies apply to state-action-dependent dynamic programming frame-
works, such as Uzawa or Becker-Mulligan time preferences, even when stochastic discount-

ing is considered, as Example 2.3.4 and Example 2.3.6.

THEOREM 2.3.1. Let A be reqular. If either Assumption 2.53.1, 2.3.2 or 2.5.3 holds, then

the following statements are true.

(a) T, is eventually contracting on mbX with fized point v, for all o € ¥,
(b) T is contracting on (cbX, || - ||w) if Assumption 2.3.2 holds,

(c) v* is the unique solution to the Bellman equation in cbX,

(d) VFI converges to v*,

(e) HPI converges to o*, and OPI converge to v* if Assumption 2.5.1 holds,
(f) Bellman’s principle of optimality holds, and

(g) at least one optimal (continuous) policy exists,
If Condition 2.3.2 is satisfied and Assumption 2.3.2 or 2.3.3 holds, then

(o) HPI converges to o*, and
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(B) OPI converges to v*,

where all the iterated greedy policies to HPI and OPI are continuous.

Theorem 2.3.1 generalises the traditional constant-discounting dynamic programming the-
ory to the case of state-action-dependent discounting. In particular, it establishes that
if the MDP is regular and eventually discounting, then several key properties hold: the
existence of an optimal policy, the validity of Bellman’s principle of optimality, and con-

vergence of VFI to v*.

Moreover, Theorem 2.3.1 affirms that the optimality of Example 2.3.4 of Uzawa pref-
erences or Example 2.3.6 of Becker-Mulligan time preferences holds true. In addition,
it asserts that the optimal policy can be derived by the v*-greedy policy, where v* is
computed by VFI.

In the following lemma, we illustrate that the assumption of eventual discounting may be
necessary for ensuring the existence of a solution to the Bellman equation under appro-

priate conditions.

LEMMA 2.3.3. Let .# be regular, and X be compact. Suppose that there exists f € cbX,
such that ro(x) = f(x) > 0 for allz € X and o € ¥. If T has a fived point v € cbX,,

A

then p(L) < 1 and sup, d,(z) < 1.

Therefore, considering a compact state space, if the MDP admits strictly positive rewards
r(z,a,2") = f(x) > 0 for (z,a,2") € G x X and f € ¢bX,, then the eventual discounting
condition, sup, d,(z) < 1 for some n € N, is necessary for the existence of a solution to the
Bellman equation (i.e., T admits a fixed point in ¢bX,.) This implies that the spectral
radius condition, p(L) < 1, is necessary for a well-behaved dynamic programming. If

p(I:) > 1, Lemma 2.3.3 suggests that VFI may not converge, and there would be no

solution to the Bellman equation or maximised lifetime value.

Furthermore, Theorem 2.3.1 implies that 7" and T, are contractive in some weighted
supremum norm, enabling analysis of convergence rate. The following lemma provides

the contraction modulus for 7" and T, for continuous policy ¢ € ¥s. In the following



2.4. Necessity of Eventual Discounting 31

lemma, assuming eventual discounting, let

co t—1

wa(I) = Eg Z H Ba(Xi, Xi+1) (37 & X) and )\U = sup M

<1
1=0 i=0 zex  Wo(7)

for all 0 € ¥¢. Let

= - —1
w = E L1 and A= supM < 1.
n=1

zeX w ZL‘)

COROLLARY 2.3.1. If A is reqular, X is compact, and either Assumption 2.3.2 or 2.3.3

holds, then T, is contractive on (cbX, | « ||w,) with modulus \, for all 0 € X, and T is
contractive on (cbX, | + ||,) with modulus \. Moreover, Lyw, < A,w, for all o € ¢ and
Lw < \w.

2.4. Necessity of Eventual Discounting

In this section, we examine the necessity of eventual discounting for both the existence and
uniqueness of the policy values. Specifically, we demonstrate the necessity of the spectral
radius conditions to the existence and uniqueness of fixed points of policy operators in
the context of a compact state space. Since the convergence of HPI and OPI relies on
the global stability of policy operators, eventual discounting for policy operators plays
an essential role in MDPs. Furthermore, we establish that the convergence rate of T,
corresponds to the spectral radius of the expected discounting operator L., where the

corresponding eigenfunction serves as the weight for the weighted supremum norm.

2.4.1. An MDP with a Compact State Space. In this section, we analyze an MDP
with a compact state space and positive rewards. Let .# = (X, A, T", B) be an MDP, where
value aggregator B follows (2.9). Let mbX, (resp., cbX,) denote the set of everywhere
positive functions in mbX (resp., cbX.) Throughout this section, we consider the following

regular conditions.
CONDITION 2.4.1.

(i) X is compact, and A is a convex subset of a vector space.

(ii) B and P are continuous.
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(iii) (z,a) + r(z,a) is strictly positive and continuous on G, and a — r(x,a) is
strictly concave for all x € X.

(iv) T' is nonempty, continuous, compact-valued and convex-valued.

(v) (w,a) — [, f(y)B(z,a,y)P(z,a,dy) is continuous for all f € cbX.

(vi) a = [y f(y)B(x,a,y)P(x,a,dy) is concave for all z € X and f € cbX.

Condition 2.4.1 is strict since it may be challenging to show Condition 2.4.1 (iii) and (vi).
In some simple cases, Condition 2.4.1 (vi) holds if 8 and P are only state-dependent.
Another possible condition is that 8 does not depend on future states, P is not action-

dependent, and a — S(z,a) [ f(y)P(x,dy) is concave for all x € X and f € cbX.

Condition 2.4.1 is similar to Condition 2.3.2. The main differences are that X is compact
and r is strictly positive, which can be achieved by scaling up a bounded reward. Con-
sequently, a continuous v-greedy policy exists for any v € ¢bX. Moreover, T" and T, are

self-maps on cbX, for o € Y¢.

LEMMA 2.4.1. If Condition 2.4.1 holds, then the following statements are true.

(a) T, is a self-map on mbXy for all o € X.
(b) T and T, are self-maps on cbXy for all o € Y.

c) For all v € cbX,, there exists a continuous v-greedy policy.
For all bX,, th 5t 1) dy poli

An MDP # is ergodic if for each policy o € ¥ the induced P,-Markov chain is er-
godic/irreducible. The next assumption guarantees that .# is ergodic. Given o € ¥, let
P be defined by P} = P, and P! = [ P,(x,dy)P?*(dy, z) for all (z,z) € X x X and
1€ IN.

ASSUMPTION 2.4.1. For all o € X, there exists an n € N such that the transition density

P’ is positive everywhere.

Assumption 2.4.1 implies that the induced Markov chain is irreducible since P} is positive

everywhere, and then all states will be visited eventually.
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Fix o € ¥¢. Denote k,(z,dx’) == By (x,2')P,(z,dx") /Bs(x) for all (z,2") € X x X, where

Bo(x) = /Bg(x,x')Pg(x,dx’).

Note that since [ is strictly positive, 3 is strictly positive. We can write L, as

Lov(z) = By(x) /v(x’)kg(:c, da’) (x € X,v € cbXy).

Denote e, as the eigenvector of L, corresponding to its spectral radius satisfying
Lyes = p(Ly)e,. We show in the appendix that L2 is a compact operator such that
e, € cbX exists and is everywhere positive. The following proposition demonstrates that
the spectral radius and the corresponding eigenfunction dominate the contraction of the
policy operator, in the sense that p(L,) < 1 if and only if T, is contracting on (¢bX4, |||, )

with modulus p(L,). We consider the following eventual discounting assumption.

ASSUMPTION 2.4.2.

(a) T, is eventually discounting for all o € 3.

(b) p(L) < 1, where L: cbX, — cbX, is defined by

Lv := sup L,v
oEX

for v € cbX;..

Given the regular Conditions 2.4.1, we can restrict the feasible policy set to the continuous
policies when searching for greedy policies. In this context, we focus on the sublinear op-
erator L. Then, the maximised expected multiplicative of discount factors, L™1, becomes

don(z) = sup {Eglﬁm(Xo,Xl) sup {]Egéﬁ@(Xl,Xg) sup {

01€3¢ 02€X¢ 03E€XC

i)}

The eventual discounting p(L) < 1 is equivalent to sup, dc,(z) < 1. The following
proposition shows that the eventual discounting of T, is necessary for the existence and

uniqueness of v,.
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PROPOSITION 2.4.1. If Assumption 2.4.1 and Condition 2.4.1 hold, then for all o € Y¢

the following statements are equivalent.

(a) p(Ls) < 1.

(b) There exists an n, € N such that dj < 1.

(c) Ty, is globally stable on cbX, .

(d) T, is contracting on (cbXy, || - |le,) with modulus p(L,).
(e) Ty has a fized point in cbX, .

(f) Ty has a unique fized point in cbX, .

Moreover, if p(L,) > 1, then T, has no fized point in cbX, .

Proposition 2.4.1 shows that p(L,) < 1 is necessary for the existence and uniqueness of
Uy, the fixed point of T,. If, in addition, we have sup, dc,(z) < 1 for some n € N,
then the MDP is eventually discounting, ensuring that the optimal properties described
in Theorem 2.3.1 hold true. We summarise these results in the following theorem, which
can be considered as a corollary of Theorem 2.2.1. To apply Theorem 2.2.1, we use the

eigenvectors as the weighting vector for the weighted supremum norm.

In the following theorem, let w =2 L™1 and X = sup,(w(z) — 1)/w(z).

THEOREM 2.4.1. Let Condition 2.4.1 hold. If # admits r, > f € cbX, for all o € %,

and T has a fived point in cbXy, then p(L) < 1. If Assumption 2.4.1 and 2.4.2 hold, then

the following statements are true.

(a) T, is eventually contracting on mbX, for all o € ¥, and T, is contracting with

modulus p(Ly) on (cbXy, || - |le,) for all o € ¥,
(b) T is contracting on (cbXy, || - ||w) with modulus A,
(c) v* is the unique solution to the Bellman equation in cbXy,
(d) HPI converges to o*,
(e) VFI converges to v*,
(f) OPI converges to v*,

(9) Bellman’s principle of optimality holds, and
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(h) at least one optimal continuous policy exists.

where all the iterated greedy policies to HPI and OPI are continuous.

2.5. Applications

In this section, we apply the main results to optimal growth and optimal default problems.

2.5.1. Optimal Growth. In this section, we consider optimal growth problems with

eventual discounting.

EXAMPLE 2.5.1 (One-sector Optimal Growth, Continued). Let .# be the MDP defined

in Example 2.2.1. The Bellman equation is

c€[0,2F (k,1

v(k,z) = sup ! {U(C)+

B(z,c) /Xv(k’, NQ(z, dNI{K = (1 -6k + 2F(k,1) — c}dk'}.
Let

d,(x) = sup {EZ}Z/B(ZO,Q(KO,ZO)) sup {E?17Z16<Z1702(K1,Zl>> sup { e

g1EX 02€Y] o3€Y

ol oot o) )
on€

for all x € X. Assume that there exists an n € N such that sup, d,(z) < 1. Then, As-
sumption 2.2.2 holds, and 7} is eventually discounting for all o € ¥. Theorem 2.3.1 shows
that the optimality of dynamic programming holds and the related dynamic programming

algorithms converge to the unique optimal value. 0

EXAMPLE 2.5.2 (Uzawa Time Preference with Stochastic Discounting, Continued). This
example continues Example 2.3.4 by modifying the optimal saving problem in Hubmer

et al. (2021) to the case of Uzawa endogenous time preference. Following Hubmer et al.
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(2021), suppose that the policy operator is

Tov(z, z) = uw(R(z, 2)x + y(z, 2) — o(x))
+ B(R(z, 2)x + y(z,2) — o(x), 2) /v(a(m), 2NQ(z,d2")

where x € X := R, is the present asset, z is the exogenous shocks generated by @) as
defined by Example 2.3.4, R(x, z) is the gross return rates on asset holdings, y(z, z) is the
labour net income, R(z, 2)z +y(z, 2) —o(x) = c is the consumption, and o(x) is the asset
or saving leaving to the next period. Assume that 5 and {Z;} are defined as Example

2.3.4. Let the utility function be

[(z,2) ={2' € R: T <2’ < R(x,2)r +y(x,2)}

To solve the problem numerically, we discretise both X and Z into finite grid points. To
this end, the reward function is bounded, and the continuity assumptions in Condition
2.3.1 are satisfied. As discussed in Example 2.3.4, the MDP is eventually discounting.

Therefore, all of the conclusions in Theorem 2.3.1 hold. 0]

2.5.2. Optimal Default. This example considers an optimal saving problem with de-
fault following Arellano (2008), Hatchondo et al. (2009), Yue (2010), Hatchondo et al.
(2016) and Ma et al. (2022). We assume state-action-dependent discounting. A country
with current assets w; chooses between continuing to participate in international financial
markets and defaulting. Let y; = y(Z;, &) be output, where {Z,;} is a Markov process and
{&} is an IID shock. Assume that default results in permanent exclusion from financial
markets which yields the lifetime value

oco t—1

Ud(yv Z) - ]Ez Z H 6d(Zz)u(yt)a

t=0 =0



2.5. Applications 37

where 3%(2) represents the stochastic discount dependent on state z given defaulting. The

value of continued participation in the financial market is

(w,g,z) = swp u(w+y—w/R) + Bz ) E(w, Y, 7
—b<w/' < R(w+y)
where b > 0 is a constant borrowing constraint, 3(z, w’) is the discount factor depends on

state z and wealth w’, in the spirit of Becker-Mulligan time preferences in Example 2.3.5,

and v is the value function satisfying

v(w,y, z) = max{v®(y, 2), v(w, y, 2)}.

The Bellman equation is

v(w,y,z) = sup )
0e{0,1}
—b<w'<R(w+y)

E. ) 1:[ 5d(Zi)U(?/t)]

+(1-=9) [u(w +y—w'/R)+ B(z,w")Ev(w, Y, Z’)} }

Let X=W xY x Z where W, Y and Z are domains of wy, y; and z;, respectively. Assume
that v is continuous, and either u is bounded, or z; and & have compact supports. Suppose
that 3¢ and B are continuous, bounded, strictly positive. Assume there is n € N such

that

n—1

sup E. []842) <1,

(w,y,z)EX t=0

which implies the convergence of E, > :° [1'—s 84(Z:)u(y:). Moreover, let o(w,y,2) =
(os(w,y, z), 0w (w,y, 2)) be the policy of action (§,w’) given state (w,y,z) € X. Let L,
be

Loh(w,y, z) = Eyy.0(z, 0w (w,y, 2))h(ow(w,y, 2), Y, Z')
> (1-0)E.B(z, 0w (w,y, 2))h(ow(w,y, 2), Y Z"
for all (w,y,z) € X, § € {0,1}, and h € mbX. Suppose that p(L) < 1, where Lh =

sup,es; Loh for h € mbX. Therefore, v? is bounded and continuous, and the MDP is

eventually discounting, so all conclusions in Theorem 2.3.1 hold.
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2.5.3. Asset Pricing. In this section, we apply the eventual discounting concept to an
asset pricing problem. Since there is no action space in this problem, it is not a dynamic
programming model. However, it provides insight into how eventual discounting influences

the convergence of the price function.

There is an ex-dividend contract that trades at prices 1I; and pays dividend D,. To this

end, purchasing this contract at ¢ and selling at ¢ + 1 pays Il;1; + D;11. Let the Lucas

_(C -
Mt+1 = B ( é—:l) ;

stochastic discount factor be

where > 0 is a constant discount factor measuring the impatience of the agent. Given

the absence of arbitrage, the price at time ¢ must satisfy
Ht = ]EtMtJrl (Ht+1 -+ Dt+1). (214)

Let { X, }1>0 be a @-Markov process on a compact state space X. Suppose that the dividend

growth obeys

D

=pq+ X +o
D, Hd t dTd t+1

where {74}+>0 is IID and standard normal. Moreover, consumption growth obeys

In Ct—H

= He¢ + Xt + Oclet+1
t

where {7.+}+>0 is IID and standard normal. Let V; = II;/D; be the price-dividend ratio.

Then, we obtain
IT D IT
V= =t — |:Mt+1 t41 < t+1 —i—l)]

= B¢ [Bexp(—vpe + pa + (1 = 1) Xi = y0eleir1 + 0anazer) Vier + 1))

(2.15)

Conditioning on X; = z, (2.15) yields the value function

Vior + i

5 ) (1+v(2")Q(x,dx’)

M@=iéﬁmm(—W%+¢w+(l—w$+

for all z € X and v € ¢bX. Define A: cbX — cbX by

Yoo +0d

Af@wﬂ):1£Bem><JW%+ud+(1—vh*+ 5

) 1) Q(, da)
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for all z € X and f € cbX. We define the corresponding discount function

fﬁ+ﬁ)

B@):#@%p(—W%++m+(1—Wﬂ*- 5

for all # € X. Now, if v — f(x) [ f(2")Q(x,da’) is continuous for any f € cbX, then a
version of Theorem 2.3.1 without policy (or Lemma 2.8.14) shows that A has a unique
fixed point if p(A) < 1.'*® Furthermore, if Q admits a continuous density and there is
n € N such that Q™ is everywhere positive, then a version of Proposition 2.4.1 without

policy shows that A has a unique fixed point if and only if p(A4) < 1.

2.5.3.1. Incomplete Market with Subjective Discounting. This section considers
the asset pricing with heterogeneous expectations in Harrison and Kreps (1978). Investors
are risk-neutral. Suppose that there are finitely many investor classes, denoted by set A.
Agents in each class a € A have a subjective probability distribution P,: X x X — R,.
Fix the random states {X;} C X. We further assume that agents in class a € A have
subjective time preferences such that §; = 5,(X;, Xi11) for a € A. Let II; = n(X;) and
D, = d(X;) for all t. Harrison and Kreps (1978) shows that the price scheme is consistent

if and only if!”

I, = max E*[Bi(sy1 + Diya)]-
The Bellman equation is

II; = Iglea/i( E*[B;(ys1 + Dyga)).

7(z) = max B[S, (z, X')(m(X') + d(X"))]

acA

a€A

~ max /X Ba(w, ) (a') + d(z/)] P (x, da)

for # € X. Define r(z,a) = [y Bu(z,2")n(2') Py(2, d2’) and

T,r(x) =r(zx,a)+ /Xﬁa(x,x’)ﬂ(x/)Pa(x,dx’)

18 Alternatively, consider that there is a single feasible policy for applying Theorem 2.3.1.
19A price is called consistent when it prevents any investor from achieving an excessive expected return
through adroit and legitimate speculation.
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for all a € A and x € X. If r is bounded and continuous, and the MDP is eventually
discounting that either Assumption 2.3.1, 2.3.2 or 2.3.3 holds, then Theorem 2.3.1 shows
that the optimal price 7* is unique, the optimality of dynamic programming holds, and

the VFI will converge to 7*.

2.6. Unbounded Rewards

In this section, we study an eventually discounting MDP with an unbounded reward

function, which generalises the main results in Section 2.3.

2.6.1. MDP with Unbounded Rewards. Throughout this section, we assume the

following regular conditions with unbounded reward r: G — R U {—o00, 00}.?

CONDITION 2.6.1.

(i) T is nonempty and compact-valued.
(ii) r is u.s.c..

(iii) B is bounded, continuous, and strictly positive.
) (&

(iv = [« f(y)B(z,a,y)P(z,a,dy) is bounded and continuous on G whenever

f € cbX.
If Condition 2.6.1 is satisfied, define spaces V and G by

V={v: X=>RU{—00}: visus.c., v/k is bounded above,
and (x,a) — E,,v(X’) is bounded below},

G ={g9: G— R: g is us.c.,, bounded below, and ||g||. < oc}.

The regular conditions, with the assumptions below, ensure the existence of a greedy

policy. In this section, we say that an MDP is regular if Condition 2.6.1 holds.

Define the maximal reward function 7 and the (conditionally) expected maximal reward
function 7 as
7= sup r(z,a) (xe€X) and 7(z,a):=E,.7(X) ((z,a)€G). (2.16)
a€l'(x)

20The conditions for the case of measurable functions are presented in the appendix.
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We introduce a mild assumption that 7 is bounded below and 7 is bounded above by some

function following Ma et al. (2022).

ASSUMPTION 2.6.1.

(i) There exist a k: X — [1,00) and a constant d > 0 such that 7(x) < dr(z) and
a — E,.x(X’) is continuous for all z € X. Moreover, if Condition 2.6.1 holds,

then k is also continuous.

(ii) There exist n € N | & € R and a linear operator L: V — V such that p(L) < 1,
ILI| < oo, L] < 1, a € (0, 1/[IL"]|*/") and

E.of(z,a, X )k(X)L'(X') < ak(z) L1 (2)

for all (z,a) € Gand t € {0,1,...,n —1}.

(iii) 7 is bounded below.

If k=1 and o = 1, then Assumption 2.6.1 (ii) is the same as Assumption 2.2.3. Hence,
Assumption 2.2.3 extends the eventual contracting of Assumption 2.2.3.2! Also, Assump-

tion 2.6.1 implies that the pair (G, || - ||..) is a Banach space.

Recall that the Bellman equation is

v(z) = sup {r(z,a) + E,.[B(z,a, X )o(X')]}.

a€l ()
Define the action-value function g(x,a) = E,,5(z,a, X")v(X’) for any (z,a) € G, which
is the expected discounted future value conditioning on (z, a), with state evaluation func-
tion v. The Bellman equation can be written as v(z) = sup,ep{r(r,a) + g(z,a)}.

Changing (x,a) to («',d’), multiplying 5(z,a,z’), and taking expectation yield

g(z,a) =Eyo | B(z,a,X") sup {r(X',d")+g(X' d)} (2.17)
a’el(X’)

for all (z,a) € G. Define the expected value operator E:V — G by

Ev(x,a) = E, .f(z,a, X" )v(X") ((z,a) € Gyv e V).

21 Alternatively, we can consider Assumption 2.3.2 in this framework.
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Define the maximum value operator M : G — )V by

Myg(x) = itrl%)){r(w,a) +yg(z,a)} (r X, g€g).

We say that a policy o € X is g-greedy if r(z,0(x)) + g(z,0(x)) = Mg(zx) for all x € X.
Let g* be the solution to (2.17). We will show that the value function is given by v*(z) =
SUDger( 17(7,a) + g*(x,a)} for all z € X, and a policy o € ¥ is optimal if and only if o

is g*-greedy.
Define the expected value Bellman operator R on G by
Rg(z,a) =E,, |f(z,a,X") sup {r(X',d")+g(X',d")}| ((z,a) € G,ge€Q).
a’el(X)

The action-value function iteration (AFT) is the iteration {g; };>0 C G such that g,11 = Rg;
for all t € Ny with gy € G. The following theorem indicates that the optimality results

hold for an eventual discounting MDP with unbounded rewards.

THEOREM 2.6.1. If A is reqular and Assumption 2.6.1 holds, then the following state-

ments are true.

(a) v* and v, are well-defined for all o € 3,

(b) R is globally stable on (G, || - ||x), and T is globally stable on (V.| - ||),

(¢) R admits a unique fixed point g* in G, and T admits a unique fized point v* in
V,

(d) v* = Mg* €V and g* = Ev* € G,

(e) VFI converges to v*, AFI converges to g*,

(f) at least one optimal policy exists, and

(g9) a feasible policy is optimal if and only if it is g*-greedy if and only it is v*-greedy.

Theorem 2.6.1 demonstrates that if an MDP with unbounded reward satisfies the eventual

discounting conditions, then AFI converges to ¢*, and a g*-greedy policy is optimal.
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2.6.2. Application in Optimal Savings. An agent solves an optimal savings problem
with borrowing constraint:

oo t—1

sup E Z H Biu(cy)

t=0 =0

st. 0< ¢ < wy (2.18)

Wi = Repr(we — ) + Yo
(wo, Yo) given.

Here §; € (0,00) is the discount factor, u: R, — R U {—00,00} is a utility function, ¢
denotes consumption, w; > 0 denotes wealth, y; > 0 denotes non-financial income, and R,
denotes the gross rate of return on financial income. Assume that asset return, income,

and discount factors satisfy

Ry = R<5t)7 Yt = y(zt,et), and 3 = 5(Zt72't+1)

where [ is strictly positive, bounded and continuous, z; is a Markov process with state
space Z and g; is an IID shock that could be vector-valued. We first note that Condition
2.6.1 is satisfied. The Bellman equation is

v(w, z) = sup {u(c) + E.[B(z, Z)o(R(e)(w —¢) +y(Z',€"), Z")]}

0<esw

To this end, the state is * = (w, 2) € Ry X Z and the action is a = ¢ € I'(x) = [0, w].
Suppose that w is u.s.c., increasing, inf, Eu(y(Z’,€")) > —oo, and there exist p > 0 and
q > 1 such that

u(c) < pec+ q for all ¢ > 0.

Define the weighting function by x(x) = pw + ¢ for all x = (w,z) and set d = 1 for

Assumption 2.6.1. To ensure Assumption 2.6.1, assume
supE,B(z, Z"y(Z',e') < 0o, and ER(e) > 1, (2.19)
In addition, assume that there is m € IN such that

sup E. £oB152 - - - Bm—1(BER(e"))™ < 1.

z€Z
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This assumption is the eventual discounting for Assumption 2.6.1 (b). Define operator L

by Lh(x) = E,B(z, Z")h(X')ER(e") for all z € X.

LEMMA 2.6.1. If A follows (2.18) and all the above corresponding assumptions hold, then

there is large enough q > 1 such that k(x) = pw + q and
E,oB(z,a, X )k(X)L"1(2") < k(z) L1 (2)
for allx € X and all n € {1,...,m — 1}. Moreover, Assumption 2.6.1 (a) and (c) hold.

By Lemma 2.6.1, it remains to show p(L) < 1 to ensure Assumption 2.6.1 (b). Since
sup,ez E. 506152 - - - Bn—1(ER(¢'))™ < 1 for some m € N, we have ||L™1] < 1 and then
p(L) < 1. Therefore, Assumption 2.6.1 is satisfied, and then all conclusions of Theorem

2.6.1 hold.

2.7. Extension: Risk-Sensitive Preferences

We study the risk-sensitive preference models with state-action-dependent discounting in
this section, where the agent is risk-averse in future utility and future consumption. Let

an MDP satisfy the following regular conditions.
CONDITION 2.7.1.

(i) (z,a) — r(z,a) is us.c.,

(ii) B is bounded and strictly positive,
)
)

(iii) T is nonempty, compact-valued, and continuous,

(iv) (z,a) — (=B(z,a)/0)In [ exp(—Oh(y))P(z,a,dy) is us.c. for any h € cbX,

Let 6 > 0 be the agents’ risk-sensitive coefficient. For any feasible policy ¢ € ¥ and Borel

measurable function v: X - R U {—o0}, let

Bz, o(x))
0

Tyv(x) =r(x,o(x)) — In B¢~ (x € X). (2.20)

The o-value function is defined by

vy (2) = limsup T2'7(x) (z € X).

T—00
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The associated Bellman equation is

v(x) = sup {r(:v, a) — @m ]Em,ae_ev(xl)} (z € X). (2.21)

a€el(x)
Suppose that the state process evolves following

Tiy1 = f(ﬂft, G, 5t+1)> (222)

where f is Borel measurable, and {e;} is an IID process taking values in R™. For each t,

let e, = (g14y -+ -5 Emt)-

ASSUMPTION 2.7.1.

(i) r: G = R and : G — R are increasing in z,
(ii) 7, and B, are increasing for any o € 3
(iii) f(z,a,€’) is increasing in (z,¢'), and f(x,o(x),€’) is increasing in (x,¢’) for any
o e,
(iv) I'(zq) C T(z2) if 21 < o,

(V) €14, -..,&m are independent for each ¢.

Let g(z,a) = —f(z,a)/0logE, ,exp(—0v(X')) for all (z,a) € G. Let G be the us.c.
functions g on G such that ||g|| < co and g is increasing in X. Similar to (2.17), the

transformed Bellman equation is

g(x,a) = —@m E,  exp (—9 sup {r(X',d)+ g(X’,a’)}) . (2.23)

a’ €T (z’)

for (x,a) € G and g € G. Define the risk-sensitive expected value Bellman operator R by

letting Rg(x,a) be the right-hand side of (2.23) for any g € G and (z,a) € G.

ASSUMPTION 2.7.2. 7 is bounded above and 7 is bounded below, where 7 is defined by

(2.16) and 7 is defined by

1

7 InE, , exp(—07(X")) ((x,a) € G).

7(x,a) =
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Define 3(x) = SUD,er(x) B(2, a) for all # € X. Suppose that there exists an £: X* — Ry
such that = +— ¢(x, B) is a measurable function for all B € #(X), B — {(z,B) is a

measure on X, and L: mbX — mbX is defined by

Lh(x) = /ﬁ(x,dx')h(:r’)
for x € X and h € mbX.

ASSUMPTION 2.7.3. p(L) < 1, and [, h(a2')B(z)P(x,a,ds’) < Lh(z) for all (z,a) € G and
h € mbX,.

If Assumption 2.7.1, 2.7.2, and 2.7.3 are satisfied, the optimality results follow from the

following theorem.

THEOREM 2.7.1. If Condition 2.7.1, Assumption 2.7.1, 2.7.2, and 2.7.3 hold, then the

following statements are true.

(a) RG C G and R is eventually contracting on (G, | -|),
(b) R admits a unique fized point g* in G,
(c) v* is well defined and

v (x) = sup {r(z,a) + g"(z,a)} g*(z,a) = —@log ]Ex,ae—ev*(X’)’
a€l(z)

(d) AFI converges to g*,
(e) at least one optimal policy exists, and

(f) a feasible policy is optimal if and only if it is g*-greedy.
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2.8. Appendix

We quote some useful theorems in this section, including the generalised Contraction Map-
ping Theorem, the Maximum Theorem, and Gelfand’s formula. The following contraction

mapping theorem can be found in Chapter 4 of Cheney (2001).

THEOREM 2.8.1 (Generalised Contraction Mapping Theorem). If F' is a self-map in a
metric space X and F™ 1s contractive for some m € N, then F' has a unique fixed point,

which is the limit of every sequence {F*z} for arbitrary v € X.

Let X and Y be topological spaces. In the following theorem, given a correspondence

¢: X =Y, denote Gr(p) = {(z,y): z € X, y € p(z)}.

THEOREM 2.8.2 (Berge Maximum Theorem). Let o: X — Y be a continuous correspon-
dence between topological spaces with nonempty compact values. Suppose f: Gr(p) - R

18 continuous. Define the value function m: X — R by

m(z) = max f(z,y),
yEp(x)

and the correspondence p: X — Y of maximisers by
p(x) ={y € p(z): f(z,y) =m(x)}.
Then:

(a) The value function m is continuous.
(b) The arg max correspondence p has nonempty compact values.

(c) If either f has a continuous extension to all X XY orY is Hausdorff, then the

arg max correspondence [ 1S upper semicontinuous.

See Chapter 17 of Aliprantis and Border (2006) and Hernandez-Lerma and Lasserre

(2012a) for the detail of the Maximum theorem.

Let E be a Banach space. A closed convex set K C F is called a cone if x € K implies

tr € K fort > 0, and z, —x € K implies x = 0, where 6 denotes the zero element of F.
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A cone K is solid if it has an interior point; it is normal if § < = < y implies ||z| < M||y||
for 7,y € K, where < denotes partial order on E, and M is a constant.?> The cone of

non-negative functions in mbX or ¢bX is both solid and normal.

THEOREM 2.8.3 (Local Spectral Radius). Let A be a positive operator in a space E with

a cone K. If the cone K 1is solid and normal, and f is an interior element of K, then

— 1 n p||l/n
p(A) = lim [[A"FI|7".
See Chapter 9 of Krasnosel’skii et al. (2012) for the proof of Theorem 2.8.3.

2.8.1. Proofs in Section 2.2.

PROOF OF LEMMA 2.2.1. Let Condition 2.2.1 hold. Clearly, since ¢ € ¥ is measurable,
Condition 2.2.1 implies that T}, is a self-map on mbX. We next show that 7" is a self-map
on cbX. Fix v € ¢bX. Since (z,a) — B(z,a,v) is bounded and continuous on G, and I is
continuous and compact-valued, it follows from the (measurable) Maximum theorem that
T > SUD,er(y) B, a,v) = Tv(r) is continuous and the correspondence 7: X — A defined
by

7(x) = argmax B(x, a,v)
a€l(x)

is nonempty, u.s.c, and compact-valued and admits a Borel measurable selector o satis-
fying o(z) € 7(x) for all x € X. Then, ¢ is a Borel measurable v-greedy policy. Since

Tv(z) = B(z,a,v) for a € 7(x), Tv is bounded. Therefore, T'v is a self-map on ¢bX. O

PROOF OF LEMMA 2.2.2. Let #Z be regular. Fix ¢ € ¥ and let the linear operator L,
be defined by (2.4). It follows from Theorem 1.5.5 of Biihler and Salamon (2018) that
p(Ly) = lim, o ||L7||*/™ always exists and is bounded above by || L,||. By Theorem 2.8.3,
since (i) L, is a positive linear operator on mbX, (ii) the positive cone in mbX is solid and
normal under the pointwise partial order, and (iii) 1 lies interior to the positive cone in

22The definition of normal cone is equivalent to that there exists § > 0 such that ||z +y|| > 8 for z,y € K
and [|lz]| = [ly[ = 1.
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mbX, we obtain

1/n
p(L,) = lim ||L71]|"" = lim {sup]LZIL(xﬂ} = lim (d9)"/", (2.24)
n—oo n—oo x

n—0o0

where sup, L?1(z) = d? for all n € N is shown by iteration. To show (a), suppose
p(Ls) < 1. Then, (2.24) implies that there is an n, € N such that dj < 1. Conversely,
suppose d; < 1 for some n, € N. Denote {,(z,dz’) = k(z,0(x),da’). Since any n € N
can be written uniquely as n = kn, + ¢ for some k,i € Ny with ¢ < n,, we have, for

sufficiently large n,

d? = sup L1 (x) = sup L Lkno 1 (z)

zsup/ﬁﬁn"(x,dx/)/Il(x")ﬁgk”"(ac/,dx")
T X X

(2.25)
< sup/ffi”"(x,dx’) (sup/ég_k”"(x’,dx”))
T X ' JX
- dan dgfkng'
Then, we have
()™ = (df,,, d5 g, )™ < (d7 )M (d2) " < (d5 )P (M)
where M = max{d{,...,d] _,}. Since k/n — 1/n, as n — oo, the right-hand side

converges to (d? )'/" < 1 as n — oo. Hence, p(L,) < 1. Since o is arbitrarily chosen,
the statements hold for all ¢ € . Part (c) follows from p(L,) = lim,, o || L21]|"/™ with

the fact L*1 < L"1 for n € N by iteration. Il

LEMMA 2.8.1. Let L, be the operator defined by (2.4). If Z is regular, and p(L,) < 1
for all o € 3, then T, is eventually contracting, globally stable on mbX, and has a unique

fized point v, € mbX for all o € 3. Moreover, if o € ¥ is continuous, then v, € cbX.

PROOF OF LEMMA 2.8.1. Let L, be the operator defined by (2.4). Suppose that Z is

regular and p(L,) < 1 for all o € ¥. Fix 0 € X. Let v,w € mbX. Then, we have

|Tov(x) — Tow(x)| < Ly|v —wl|(x) (x € X).
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Since L, is order-preserving, iteration implies |T/v — TP w| < L*|v — w| for all n € N.
Since p(L,) < 1, Lemma 2.2.2 implies that there is an n, € N such that dj < 1. Since

dj = sup, L}71(x), we have

Lomh(x) < W[ Lg7L < dy |[hll - (h € mbX.)
Therefore, we have
(T — Toow] < Lo — w] < d2, o — w]).

Taking supremum over X on the left, we have ||T77v — T w|| < df_||v —wl]. We conclude
that T'v is a contracting map with modulus d . Finally, the generalised Contraction
Mapping theorem shows that T, is globally stable and has a unique fixed point v, € mbX.
Next, if ¢ € ¥ is continuous, then T, is a self-map on ¢bX. Then, T, is globally stable
on both ¢bX and mbX. Since cbX C mbX and v, is unique in both mbX and c¢bX, we have
v, € cbX. O

LEMMA 2.8.2. Let L, be the operator defined by (2.4). If Z is regular, and Assumption
2.2.2 holds, then p(L,) < 1 and T, has a unique fized point and is eventually contracting

and globally stable on mbX for all o € 3.

PROOF OF LEMMA 2.8.2. Suppose that # is regular, and Assumption 2.2.2 holds. Fix
o € ¥. By definition, we have L,1 < L1, which implies L21 < LL,1 < L21. Tteration
yields L1 < L"1 for all n € N. Since p(L) < 1, Theorem 2.8.3 implies that there is an
m € N such that ||L™| < 1.* Since ||L71|| < ||[L™1] < ||L™| < 1, we have p(L,) =
lim,, o0 ||[L21]|*/™ < 1. Fix v,v" € mbX. Since T,v(z) — Ty’ (z) < Ly(v—2")(z) for z € X,
we have |T,,(z)v —T,v'(z)| < Ly|v—2'|(x) for all x € X. Tteration implies |T7v — T"'| <
L7 v — | < ||lv—2'||LP1. Taking supremum, we have |77 — T || < ||jv — /||| L71]].
Then, T7" is contracting, so the generalised Contraction Theorem concludes the other

statements. O

LEMMA 2.8.3. If Z is reqular and Assumption 2.2.2 holds, then T has a unique fized point

and 1s eventually contracting and globally stable on cbX.

23Gee also Claim 5 of Bloise et al. (2024) for the Gelfand’s formula of a monotone sublinear operator.
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PROOF OF LEMMA 2.8.3. Suppose that Z is regular and Assumption 2.2.2 holds. Then,

T is a self-map on cbX. Fix v,v" € cbX. We have

[To(@) = Tv'(a)| < sup | Tyv(a) = Tov'(x)

< sup | Ly (v — o) ()]

[

< sup Lo|v —v'|(2) = Ljv — v'|(2)
for all € X. Then, iteration yields
1 T"0(z) — T™ ()| < L"|v — ') (x)

for all z € X and n € N, which implies |70 — T"0'|| < || L"1||||v — /|| < | L"|||v — /]|
Since p(L) < 1, and’s formula implies that there exists n € N such that ||L"|| < 1.
Therefore, L™ is contracting, and then the generalised Contraction Mapping shows that

L has a unique fixed point and globally stable. ([l

LEMMA 2.84. If # is regular, and Assumption 2.2.2 holds, then T is contracting on
(cbX, || - |lw), where w == 3% L™1.

PROOF OF LEMMA 2.8.4. Suppose that & is regular, and Assumption 2.2.2 holds. Then,
p(L) < 1. Let {v,}n=0 be a monotonically increasing sequence in mbX such that v, 1
v € mbX pointwise. Then, since L and L, preserve orders, the Dominated Convergence
Theorem implies that

lim Lv,(z) = supsup Lov, ()
n—00 n o€l

:supsup/xvn(:r)k(x,a(a:),dx')

gEY N

= sup/xsupvn(x)k(x,J(x),da:')

ceY n

n

= sup/xv(a:)k(x,a(x),dx/) = Lu(z)

for x € X. Therefore, Assumption 8 of Bloise et al. (2024) holds. It then follows from

Claim 6 of Bloise et al. (2024) that there are A € (0,1) and everywhere positive w € mbX
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such that Lw < Aw. Note that we can construct w by w = Yoo L"1.2* Fix v,v" € cbX.

Then, we have

[Tv(z) = Tv'(2)] = | sup Tow(x) — sup Tov' ()|
< sup [Tov(z) = Tov'(2))
< sup Lo(|jv = v'l)(2) = L(jo = v')(2)
< L(llo = v'[luw) () = o = o'l L(w)(2)

< v = vlwAw(z)

for x € X. Dividing w and taking supremum, it implies that ||Tv—Tv'||, < A|[v—0'||. O

PROPOSITION 2.8.1. If Assumption 2.2.1 holds, then HPI converges to o* in finitely many

*

steps, OPI converges to v*, VTI converges to v*, v* is the unique solution to Bellman

equation, Bellman’s principle of optimality holds, and at least one optimal policy exists.

PROOF OF PROPOSITION 2.8.1. Suppose that Assumption 2.2.1 holds. Then, T} is glob-
ally stable for all o € . Since X is finite, then it follows from Chapter 8 or Chapter 9 of
Sargent and Stachurski (2023) that HPI converges to ¢* in finitely many steps, and the

other statements hold. O

LEMMA 2.8.5. If Z is reqular and Assumption 2.2.3 holds, then T is eventually contracting
and globally stable on cbX and has a unique fixed point v € cbX, and T, is eventually
contracting and globally stable on mbX, and have unique fixed points v, € mbX for all

oE .

24Gce the proof of Claim 6, Bloise et al. (2024).
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PROOF OF LEMMA 2.8.5. Let #Z be regular and Assumption 2.2.3 hold. Lemma 2.2.1

implies that 7" is a self-map on cbX. Fix v, w € cbX. Then, we have

|Tv(z) — Tw(z)| = sgp T,v(z) — Sl;p Tow(x)
< sgp |Tyv(x) — Tyow(x)]
< sgp |B(x,0(x),v) — B(z,o(z),w)|

< Ljv —w|(x) (x € X).
Hence, we obtain |Tv — T'w| < L|v — w|. Since L preserves order, iteration gives
[T = T"w| < Lo —w| < L"Tv —w]} < [[L"T]|[lv — w]|

for n € N. Taking the supremum on the left, we have ||T"v—T"w| < |[|L"1||||v—w]| for all
n € N. Since L is a positive linear operator, we have p(L) = lim,, ., || L*1]|*/™ by Theorem
9.1 of Krasnosel’skii et al. (2012) as the proof of Lemma 2.2.2. Since p(L) < 1, there exists
an m € N such that ||L1] < 1. We conclude that ||T™v — T™w|| < [|[L™1||||v — w]|
for all v,w € ¢bX. Therefore, T™ is contracting, so the generalised Contracting Mapping
theorem shows that T is globally stable on ¢bX and has a unique fixed point v € ¢bX. The

proof for T, is similar. O

LEMMA 2.8.6. If Z is regular, T, is globally stable on mbX for all o € X, and T is globally

stable on cbX, then the following statements are true.

(a) If v is the unique fized point of T on cbX, then v* = v and there exists a o* € ¥
such that v* = V.
(b) If T has a non-continuous fized point v € mbX, then v* < v and v, < v for all

oE .

PROOF OF LEMMA 2.8.6. Let Z be regular and suppose that T, is globally stable on
mbX for all 0 € ¥, and T is globally stable on ¢bX. We first show (a). Fix ¢ € ¥
and let v be the unique fixed point of T" on ¢bX. Since v is the fixed point of T" and

TV = sup,ey, 1,0, we obtain v = Tv > T,v. Since T, is order-preserving, iteration gives
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v2>2T,v 2 --- 2T for n € N. In addition, since 7}, is globally stable, we have v > v,

as n — oo, which implies v > v* by taking supremum over .

Conversely, Lemma 2.2.1 implies that there exists a ¢* € ¥ such that T,«v = Tw. Then,
we have T,«v = v, whence v = v,+ by the uniqueness of fixed point of T,«. By the
definition of v*, we obtain v* > v,« = v. We conclude that v* = ¥ and an optimal policy

o* exists.

To show (b), assume that there is a non-continuous v € mbX such that 70 = v. Toward
contradiction, suppose that there is ¢ € ¥ such that v, > v. Then, we have v* > v, > v.
Moreover, since ¥ is a fixed point of T, we have v = Tv > T, v for any o € X. Iteration
implies v > TJ'v, so v > v, as n — oo by the global stability of 7T,,. It implies that

*

v > v*. Then, we obtain ¥ = v*, which is continuous by (a), contradicting with non-
continuity. Therefore, we must have v, < v for any ¢ € X. The same argument also

implies v* < v. U

LEMMA 2.8.7. If Condition 2.2.2 holds, then the following statements are true.

(a) T and T, are self-maps on cbX for all o € X¢, and

(b) for any v € cbX there exists a continuous v-greedy policy.

PROOF OF LEMMA 2.8.7. Let Z be regular and Assumption 2.2.2 holds. Then, if o € X
is continuous and v € ¢bX, then = — T,(x) = B(x,0(x),v) is continuous. Hence, T, is
a self-map on ¢bX. Since I' is convex-valued and compact-valued, and a — B(x,a,v) is
strictly quasi-concave for any = € X and v € ¢bX, it follows from the Maximum theorem
that the T'v is continuous and then 7' is a self-map on cbX. Moreover, for any v € cbX, the
maximiser correspondence x — argmaxX,cp(,) B(z,a,v) is single-valued and continuous,

whence a continuous v-greedy policy exists. O

LEMMA 2.8.8 (Bellman’s Principle of Optimality). Suppose that # is reqular and T, is
globally stable for all o € X. If v* is a fized point to T, then Bellman’s principle of

optimality holds.
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PROOF OF LEMMA 2.8.8. Let all the stated assumptions hold. We want to show: o € X
is optimal (i.e., v, = v*) if and only if ¢ is v*-greedy. Suppose that o € ¥ is v*-greedy:
T,v* = Tv*. Since Tv* = v*, we obtain T,v* = v* so that v, = v*. Conversely, suppose
that ¢ € ¥ is optimal: v, = v*. Since T, has a unique fixed point v,, we obtain v* = T,v*.

Since Tv* = v*, we have T,v* = v* = Tv*, so that ¢ is v*-greedy. O

LEMMA 2.8.9 (HPI). Suppose that Condition 2.2.2 holds, T, is globally stable on cbX with
fixed point v, € cbX for all o € X¢, and T s globally stable on cbX. If v* € cbX s the
unique fized point of T on cbX, then {H™v,, tns0 converges to v* for any o9 € X, and v*

18 the unique fized point of H.

PROOF OF LEMMA 2.8.9. Let all the stated assumptions hold. Let {0 }r>0 C X¢ be such
that oy € X¢ and v,, = Hv,, , for all k € N; that is, 0}, € X¢ satisfies T, vy, , = TV, .
Note that for any k£ > 0, the continuity of o implies that 7}, is a self-map on cbX, vy,
is continuous, and then a continuous v,,-greedy policy oy exists by Lemma 2.8.7. By
definition, T,, vy, , = TVs, , 2 T,, Vo,_, = Vs,_,. Applying T}, on both sides repeatedly,
since Ty, is order-preserving, iteration yields T vy, | = 15,05, , = Ty | 2 Vg,
Taking n to infinity, the global stability of the policy operator implies that v,, > Tv,,_, >
VUg,_, for all k > 0. Since T is order-preserving, we have Tv,, > T?v,, , for all k € N and
then v,, = Ty, |, = TZUJk_Q. Induction yields v,, > Tkvgo for k € N. Since v* > v,, by
definition, we obtain v* > v,, > T*v,,. Taking k — oo, since T is globally stable with

unique fixed point v*, we have v,, — v* as k — o0.

Next, let ¢* be v* greedy policy. Since T,«v* = Tv* = v* and T,+ has a unique fixed
point v+, we have v,« = v* and Hv* = v, = v*, whence v* is a fixed point of H. To
see that v* is the unique fixed point of H, let v be the fixed point of H. Then, we have
v = Hv = v, where o is v-greedy. It implies that Tv = Tv, = T,v, = v, = v. Since v* is

the unique fixed point of T" by global stability, we have v = v*. O

LEMMA 2.8.10. Let V,, .= {v € ¢bX: Tv > v}. If Condition 2.2.2 holds, then W, defined

by (2.8), is an order-preserving self-map on V,, and we have

veV,=Tv < Wu<<T.
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PrROOF OF LEMMA 2.8.10. Let Condition 2.2.2 hold. Then, T and 7T, are order-
preserving self-maps on cbX for all ¢ € ¥, and v-greedy continuous policy exists for
all v € ¢bX by Lemma 2.8.7. Fix any v € V, and let ¢ € X be such that T,v = Tw.
Since T,u < Tu for any u € ¢bX, T and T, are order-preserving and v < T'v, we see that

Wuov e V,,:
Wo =T, T" v <TT" o <TT" " Tv =TT Ty = TWo.

Then, W is a self-map on V,,. Also since 7} is order-preserving, W is order-preserving.
Next, regarding the first inequality, since T, is order-preserving, v < Tw, and T,v = T,
we have

Ty T Ty =T T 0 = Wo.

o g g

Repeating the same iteration, we have T v < Ww for j < m. In particular, for
j=m—1, we have T, v < Wwv. Since T,v = Tv, we obtain Tv < Wwv. For the second
inequality, since T,v < Twv by definition, and 7" and T, are order-preserving, we have

Wo=T"v <T™v. O

LEMMA 2.8.11 (OPI). If Condition 2.2.2 holds and T is globally stable on cbX with unique
fized point v* € cbX, then the OPI iteration {vy} converges to v* with vo = v, for some

oE Y.

PROOF OF LEMMA 2.8.11. Let all the stated assumptions hold. Pick o € ¥ and let

Vo = V. Let {vg}rso be the OPI iteration. First, claim that
Tk’U() < WkUO < TkmUQ (k’ € N)

Since vy = Tyvy < Ty, vg € V,. Hence, it follows from Lemma 2.8.10 that the claim
holds for £k = 1. Suppose that the claim holds for some £ € N. Since all operators are
order-preserving and self-map on V,, Lemma 2.8.10 with W¥vy, T*™v, € V, implies the
iteration:

T e < TWFvg < WIWFvg < WTF™ g < TEHD™yy,.
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Therefore, the claim holds for all £ € N by induction. Now, since T%v — v* as k — o0,
the above claim implies that W*v, — v*. Since OPI iteration follows v, = W¥u, we

conclude that {vg} converges to v*. O

PROOF OF THEOREM 2.2.1. Let &Z be regular. If Assumption 2.2.1 holds, then Lemma
2.8.1 implies (a), and Proposition 2.8.1 yields the other statements. If Assumption 2.2.2
holds, then Lemma 2.8.2 implies (a), and Lemma 2.8.3 implies that 7" is globally stable.
Moreover, Lemma 2.8.4 implies (b). If Assumption 2.2.3 holds, then Lemma 2.8.5 shows
that T" and T, are eventually contracting on cbX and mbX, respectively, for all o € X.
Suppose that either Assumption 2.2.2, or 2.2.3 holds. Part (c), (d), and (g) follow from
Lemma 2.8.6 with global stability of 7". Part (f) follows from Lemma 2.8.8 with (c). Part
(«) follows from Lemma 2.8.9 with (c). Part (/) follows from Lemma 2.8.11 with (c). O

PROOF OF PROPOSITION 2.2.1. Let the stated assumptions hold. Fix v,w € U C mbX.

Then, by the properties of T, we have
To=Tw+w—w) <T(w+|v—wl]) <Tw+ Glv—w|.

Exchanging the roles of v and w, we obtain |7v — Tw| < GJv — w|. Then, by the same

proof in Lemma 2.8.5, T is eventually contracting on U. 0J

LEMMA 2.8.12. If Condition 2.2.2 holds, T, is globally stable on mbX for all o € X, and

T is globally stable on cbX, then v* = sup, ey, Vo and Tv = sup,cs . T,v for all v € cbX.

PROOF OF LEMMA 2.8.12. Let all the assumptions hold. Fix v € ¢bX. By Lemma 2.8.7,
there is a continuous ¢’ € ¥ such that Tv = T, v, which implies that Tv = sup ¢y, T,v =
T,v < Sup,ey, Tov. Moreover, since Lemma 2.8.6 implies that v* € ¢bX is a fixed point
of T', and Lemma 2.8.7 implies that there exists 0* € Y satistying v* = Tv* = T,«v*, we

have v* = v,« and then sup,cy, Vo = v* = Vg < SUD ey, Vo O
2.8.2. Proofs in Section 2.3.

PROOF OF LEMMA 2.3.1. Let .# be an MDP satisfying Condition 2.3.1. Since (z,a)

B(z,a,v) = r(z,a) + [, v(a")B(x,a,2')P(x,a,dz’) is continuous and bounded on G for
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v € cbX by assumption, Condition 2.2.1 holds. Clearly, the value aggregator B satis-
fies monotonicity condition (2.2). Therefore, .# is regular. Lemma 2.2.1 concludes the

remaining statements. U

LEMMA 2.8.13. If Condition 2.3.2 holds, then the following statements are true.

(a) T and T, are self-maps on cbX for all o € X, and

(b) for any v € cbX there exists a continuous v-greedy policy.

Proor orF LEMMA 2.8.13. The statements follow from Lemma 2.8.7 and that Condition

2.3.2 implies Condition 2.2.2. U

PROOF OF LEMMA 2.3.2. Let .# be regular and Assumption 2.3.3 hold. Then, we have
L,1 < L1 for all 0 € . Pick o € 3. Since L, and L are order-preserving, iteration
implies L?1 < L™1 for all n € N. Let {X;} be a P,-Markov process with X, = = and
By = B(Xy,0(Xy), Xiy1) for all ¢ € Ny. Then, iteration implies

Lol(x) = EZ{fofr - Bor} < L"1(z) < [|L71

for z € X and n € N. Taking supremum over X, we have d7 = ||[L21|| < |[L"1]|| for all
n € N. Since lim,, ;o ||L"1]|"/" = p(L) < 1, there exists a n € N satisfying ||L"1] < 1,

which implies d7 < 1 for all o € X. Moreover, we have
p(Ly) = lim [|LGL|Y" < lim [|L"L|Y" = p(L) < 1.
n—oo n—oo

Now, since L1 = sup, L,1 < L1, iteration yields L1 < L1 for n € N. Then, the same

argument implies p(L) < p(L) < 1. O
LEMMA 2.8.14. If A is reqular and Assumption 2.3.2 holds, then T, is eventually con-
tracting and globally stable on mbX, and v, defined by (2.10) is the unique fized point of

T, in mbX for any o € X.

PROOF OF LEMMA 2.8.14. Suppose that .# is regular and Assumption 2.3.2 holds.
Then, Assumption 2.2.2 holds. Fix ¢ € . Then, it follows from Lemma 2.8.2 and

Lemma 2.2.2 that T, is globally stable and eventually discounting and has a unique fixed
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point. Next, we check that v,, defined by (2.10), is a fixed point of T,. Let {X;};>0 be a
stochastic process generated by P, with Xy = z. Let 8; = 8(X}, 0(Xy), Xy41) for t € N.
Since vy = T,v, = Tv,, we have

vs(x) = 710 (x) + EZ Bovs(X1)

= ra(x) + Egﬁo[TJ(Xl) + Eg(lﬂle(X?)]

n t—1
= ]Eg 5irU<Xt) + ]E;ﬁ051 T ﬂnvs<Xn+l)
t=0 =0
n t—1
= lim Ef Bire(Xy) | = ve(x), (x € X)
n—00
t=0 =0

where we use

7}1_{1010 57 8ot - - ‘ﬁnvs(XnH) < 7}1_{1;0 (SUP 57 8ot - - ‘ﬁn”%”)

kng—l kna+z_1
< Jm (swEg I 6%, I )
n=kny+1, z t=0 j=knes

1<Ng,i,k€EN

< (Jim (dg,)") sup a7 o, || = 0.

k—o0 1<Ng

Therefore, vy = v,. O

PROOF OF THEOREM 2.3.1. Let .# be regular. Lemma 2.3.1 implies that .# is a reg-
ular RDP. Suppose that either Assumption 2.3.1, 2.3.2 or 2.3.3 holds. Lemma 2.8.14
implies (a). Since Assumption 2.3.1 implies Assumption 2.2.1, Assumption 2.3.2 implies
Assumption 2.2.2, Assumption 2.3.3 implies Assumption 2.2.3, and Condition 2.3.2 im-

plies Condition 2.2.2, the statements follow from Theorem 2.2.1. O

PROOF OF LEMMA 2.3.3. Suppose that Z is regular, r, > f € c¢bX, for all ¢ € ¥, and

T has a fixed point v € ¢cbX . Since v is the fixed point of T', we have

v ="Tv=sup{r, + Lyv} = sup{f + Lyv} = f + Lv.
ocED oeX
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Then, we have

ﬁwwév@ﬁ—f@)é<$§ﬂﬁiﬁﬂ@)v@):kww

for all z € X. Since 8 and v are everywhere positive, Lo is everywhere positive. Then, we
have f(x) < v(x) and (v(z)— f(x))/v(z) < 1 for all z € X. Moreover, since X is compact,
and f and v are continuous, we have A\ € (0,1). Now, since Lv < \v and the proof of
Lemma 2.8.4 implies that Assumption 8 of Bloise et al. (2024) holds, Claim 6 of Bloise
et al. (2024) implies p(L) < 1. Since p(L) < 1, we have lim,_,o L"1 = 0. Therefore, since

iteration yields d, = L"1 for n € N, there is n € N such that sup, d,,(z) = ||L"1]| < 1. O

PROOF OF COROLLARY 2.3.1. Suppose that .# is regular, X is compact, and either As-
sumption 2.3.2 or 2.3.3 holds. Let o € . Then, T, is a self-map on ¢bX. Theorem 2.3.1
implies that T' is globally stable on (¢bX, || - ||), and T, is globally stable on (¢bX, || - ||)
and has a unique fixed point v, € c¢bX. If we consider r = 1, then the policy value is
wy(r) = B30 TIZs 7 for all x € X, where 87 = B,(X;, X;41) for t € Ny, given a
stochastic process {X;} generated by P, with X, = 2. Since § is bounded and strictly
positive, and H;ll B7 =1, we have w, > 1. Since w, is the fixed point of T, when r = 1,

w, 1s bounded and

we(z) =1+ /wa(x')ﬁg(x,x’)Pa(x,dx’) (z € X).

Rewriting this equation, we have for all x € X

— () = 1 (0“0 ) (0) = At 0),

Since w, is bounded and continuous with w, > 1, and X is compact, we obtain A\, < 1.

Therefore, by fixing v, v’ € mbX, we have

| To(z)v = To'(2)] < Lo(lv — o) () < Lo(|lv = V' [lw,ws)(2)

< HU - U/Hwa)‘awcr<x>
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for all z € X. Dividing w,(z) and taking supremum over X, we have ||T,v — T,0'||w, <
Ao || — V||, , sO T is contractive with modulus A,. Similarly, since T" is globally stable

on (¢bX,| - ||), T admits a fixed point w € ¢bX when r = 1. Then, we have

wzsup(IL—i—L(,w):ﬂ+supLaw:1+ﬁw:---:Zi”1.
g g n=0

where the last equality follows from the iteration of w = 1+ Lw and the fact lim,, .o, L"1 =
0 and lim,,_,o L"w < ||w]] lim,, 0 L"1 = 0. Also, w > 1 since 8 > 0. In addition,
since w is continuous, and X is compact, we have A = sup,x(w(z) —1)/w(z) < 1 and

Lw=w—1 < Mw. Fix v,v" € cbX. We have

A

To = Tv'| < Lo —']) < L||v = v'lluw) < [l = /]| hw,
which implies ||Tv — TV'[|,, < A||v — /]|, for all v,v" € ebX. O

2.8.3. Proofs in Section 2.4. Let 0 € Yo, Let {X7}is0 be a k,-Markov process.
Suppose that { X7 };>¢ admits a stationary distribution 7,. Let Li(7,) be the set of Borel

measurable functions g: X — R such that
ol = [ o)) < o

For f,g € Ly(m,), we write f > g if f(x) > g(z) for m,-almost all z € X. We write f > g
if f(x) > g(z) for m,-almost all z € X. Define ¢, to be all f € Li(rw,) such that f > 0.

PROOF OF LEMMA 2.4.1. The proof is identical to Lemma 2.8.13 with the fact that r is

positive everywhere. 0

LEMMA 2.8.15. If Assumption 2.4.1 and Condition 2.4.1 hold, then for all o € Y the

following statements are true.

(a) ky is continuous and bounded,
(b) there exists an m € N such that k" is everywhere positive,
(c) there exists a unique stationary density m, for k, on X, and

(d) 7, is everywhere positive and continuous on X
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PROOF OF LEMMA 2.8.15. Let the stated assumptions hold. Fix ¢ € ¥s. Since £, P
and o are continuous, 5, and P, are continuous on a compact set X so that they are
bounded. Then, k, is continuous and bounded, which shows (a). Let {X/}+~¢ be the

state process such that

P{X?. , € B|X] =z} = / ko (z,dy)
B

for every x € X and Borel set B C X. Since Assumption 2.4.1 holds and [ is strictly
positive, the Markov chain induced by P, is irreducible, which implies that the Markov
chain induced by k, is also irreducible. Hence, there exists an m € N such that £ is
everywhere positive, which shows (b), and then { X7} is irreducible. It then implies that
(c): there exists a unique stationary distribution m,: X/ L Ty. Finally it follows from
the proof of Lemma C1 of Borovicka and Stachurski (2020) that (d): 7, is everywhere

positive and continuous. 0

LEMMA 2.8.16. If Assumption 2.4.1 and Condition 2.4.1 hold, then the following state-

ments are true for all o € Y

(a) L, is a bounded linear operator on L;(m,).

(b) Log is continuous for g € 4,.

(¢) Lyg =0 when g >0 and Lyg € 9, when g € 9,.

(d) Ly is irreducible and L% is compact.

(e) p(Ly) > 0 and there exists a continuous function e, € ¥, such that Lye, =
p(Ly)e,.

(f) L, is order preserving on Li(m,).

PROOF OF LEMMA 2.8.16. Let Assumption 2.4.1 and Condition 2.4.1 hold. Fix o € ¥¢.
For (a) and (b), since k, is continuous and bounded by Lemma 2.8.15, and 3, is bounded
and everywhere positive, the result follows from the proof in Lemma C2 of Borovicka and
Stachurski (2020). For (c), the first claim is obvious, and the second follows from that

(3 is everywhere positive. For (d), the proof is identical to Lemma C3 of Borovicka and
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Stachurski (2020) with continuity of 7, and k, from Lemma 2.8.15. Part (e) and (f) are

identical to Lemma 8.4 of Stachurski et al. (2022a). O

LEMMA 2.8.17. If Assumption 2.4.1 and Condition 2.4.1 hold, then |T,v — T,w|l., <

p(Ly)||lv —wlle, for all v,w € cbXi and all 0 € .

PROOF OF LEMMA 2.8.17. Let Assumption 2.4.1 and Condition 2.4.1 hold. Fix o € ¥¢.
Lemma 2.8.16 implies that there is e, € ¢bX, such that L,e, = p(L,)e,. Then, for

v,w € cbX, we have

[Tov(z) = Tow(x)| =

Ba(x) / ko, da) (u(a) — w(z'))
< Bolw) / ko, da")|o(z’) — ()|

< Bo(2) / ko (2, da o (o) sup 128~ 0@

a/ es(2')

(2.26)

— G,() / ko, daYeo ()| — w]le,
= Hv - wHeaLUea(x) = Hv - wHeop(LU)eo'(x)-

Dividing both sides with e,(z) and taking the supremum, we have ||T,v — T,wl., <

p(Ly)||v — wlle, for all v,w € cbX,. O

PROOF OF PROPOSITION 2.4.1. Let Assumption 2.4.1 and Condition 2.4.1 hold. Part
(a) and (b) are equivalent by Lemma 2.2.2. Fix ¢ € ¥¢. Then, we have r, € ¢bX, and
T,v = r, + L,v for v € ¢bX,. Since L, is irreducible and LZ, is compact by Lemma
2.8.16, it follows from Theorem 3.1 of Stachurski et al. (2022b) that part (a) and (c) are
equivalent, and T}, has no fixed point in ¢bX if p(L,) > 1. Then, part (e) and (f) implies
part (a), and clearly part (c) implies (e) and (f). Suppose that p(L,) < 1. Lemma 2.8.17
shows that || T,v — Tr,wlle, < p(Lo)||v — wl|e, for all v,w € cbX,, whence a contraction
map so that (a) implies (d). Finally, if that 7}, is a contraction map in || - ||,, then it is

globally stable. O

LEMMA 2.8.18. If Condition 2.4.1 holds and p(L) < 1, then T is eventually contracting,
where Lv := sup,ey,, Lov for v € cbXy. Moreover, T is contracting on (cbX, || - [|,) with

modulus \, where w =Y >°  L"1 and A = sup,(w(z) — 1)/w(x).
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PROOF OF LEMMA 2.8.18. Suppose that Condition 2.4.1 holds and p(L) < 1. Since for
all v € cbX,, there exists a v-greedy policy o € ¢, we gave Tv = T,v < sup,ex, Tov.
Since T'v 2 sup,¢x, T,v by definition, we have T'v = sup, ¢y, Tov. Then, the similar proof
for Lemma 2.8.3 shows that |70 — T™'|| < ||L"1]|||v — ¢'|| for any v,v" € ¢bX,. Since
p(L) < 1, there is m € N such that ||[L™1]] < 1. Then, T™ is contractive. Finally, the
method in the proof of Corollary 2.3.1 shows that 7" is contracting on (cbX, || - ||,,) with
modulus A. U

PROOF OF THEOREM 2.4.1. Let Condition 2.4.1 hold. Lemma 2.8.12 implies Tv =
SUP,eyx, Tov for v € cbXy. If r = f € cbXy, and T' has a fixed point in cbX,, then the
argument in Lemma 2.3.3, with L instead of L, shows p(L) < 1. Suppose that Assump-
tion 2.4.1 and 2.4.2 hold. Then, Proposition 2.4.1 implies (a). Lemma 2.8.18 implies (b).
Finally, the proof for Theorem 2.3.1 yields the other statements with Tv = sup,cy, Tov
for v € cbX,.. O

2.8.4. Proofs in Section 2.6. We also consider the following regular conditions in this

section.

CONDITION 2.8.1.
(i) T' is nonempty, compact-valued.

)
(ii) a +— r(x,a) is us.c. for all x € X.
(iii) B is bounded and strictly positive.
)

(iv) a = [ f(y)B(z,a,y)P(x,a,y)dy is continuous on I'(z) for all + € X and for
f € mbX.

If Condition 2.8.1 is satisfied, we consider the value function spaces ¥V and G defined by

V={v:X—=>RU{—00}: v €mX, v/k is bounded above,
and (z,a) — E, ,v(z") is bounded below},
G ={g9: G— R: g € mG, g is bounded below, ||g||. < oo,

and a — g(z,a) is u.s.c. on I'(x) for all z € X}
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where k > 1 is a real-valued function on X, which is further defined in Assumption 2.6.1.

We say that an MDP is regular if either one of Condition 2.8.1 or 2.6.1 holds.

LEMMA 2.8.19. Suppose that Assumption 2.6.1 holds. If # is regular, then (G, | - ||x) is

a Banach space.

PROOF OF LEMMA 2.8.19. Suppose that Assumption 2.6.1 holds, and .# is regular. If
Condition 2.6.1 holds, then (G, || - ||,) is complete follows from Ma et al. (2022). Suppose
that Condition 2.8.1 holds. Let B,(G) be the space of Borel measurable real-valued
functions f on G satisfying || f||» < oo. Since (B.(G), || - ||«) is a Banach space, it suffices
to show that G is closed in B, (G). Let {g,} C G such that ||g, — g||x — 0. Clearly, ||g||.
is finite. We next show that a — g¢(z,a) is us.c. for all z € X. Fix 2/ € X. For all
ap € I'(z") and y > g(2/, ap), let e = y — g(a’, ap). Since ||g, — gl|x — 0, for all § > 0 there

exist N € N such that for all z and a € I'(x) we have

lgn (x, a) = g(x, a)| < w(x)d.

We choose 6 such that k(z')0 < /3. Since gn(z,-) is u.s.c. on I'(x) for all = € X, there

exists a neighborhood U of ag such that for all a € U
gn(2' a) < gy (2!, a0) + /3.
Hence, the previous inequalities imply

g(2',a) < gn(2',a) + k(2")d < gy (2, ag) + k(2')0 +£/3
< g(2',a0) + 26(2")d + /3 < g(a’,a0) + € = .
for all a € U. Therefore, a — g(2’,a) is u.s.c.. Since 2’ is arbitrarily picked, a — g(z,a)

is u.s.c. on I'(z) for all x € X. We conclude that G is closed in B, (G) and then (G, | - ||x)

is complete. 0

LEMMA 2.8.20 (Well-defined Value). If Assumption 2.6.1 hold, then v,(z) and v*(x) are
well-defined in R U {—oo} for allz € X and o € 3.



66 Chapter 2. Dynamic Programming with State-Action-Dependent Discounting

PROOF OF LEMMA 2.8.20. Suppose that Assumption 2.6.1 holds. Fixing z € X and
o € X. Since 7(z) < dr(x) and E,,8(z,a, X")k(X')L"1(X") < ar(z)L"1(z) for all
x € X and n > 0, iteration implies that for all £ € N we have

t—1 1

E, [ [ B, o), wia)r(ze, o(a) < B [ [ 8o, o(2:), mig1) ()

1=0

-
|

-+ .
|l
= o

< EJ} ﬂ(l‘l: O-(xi)v xi—‘rl)d’i(l‘t)

1=0

~
[\

SAE, | | B(z4, 0(2:), i1 )ak(i—1) L1 (24-1)
i=0

< da'k(z)(L'1)(z).

Since there is an n € N such that o||L"|| < 1 by assumption, we have

t=0

=0 =

T (e 0 (2), i), o (a2)

S Soiso oIL
< dd||L'T |k (z) < di(x )5 (iwnLnn < 0.
t=0

Therefore, v,(z) is well-defined in R U {—o0o} for all z € X and o € X. Moreover, since
the upper bound holds for all ¢ € ¥, the definition of v* implies that v*(x) is bounded

above and then well-defined for all z € X. OJ

LEMMA 2.8.21. If A is regular and Assumption 2.6.1 hold, then MG C V, EV C G,
TV CV and RG C G.

PROOF OF LEMMA 2.8.21. Let Condition 2.8.1 and Assumption 2.6.1 hold (the proof for
Condition 2.6.1 is similar, see also Ma et al. (2022) for RG C G .) We first show that
EV C G. Let v € V. Then, v/k is bounded above and E(. yv(X’) is bounded below.
Similar to Lemma 8.3.7 of Hernandez-Lerma and Lasserre (2012b), we can show that
a— E;.B(z,a, X )v(X’) is us.c. on I'(z) for all x € X. In detail, fix x € X and let
{an}i=0 C T'(z) be such that a, — a € I'(z). Since v/k is bounded above, there exists

an m € R such that v < mk. Hence, v — mx is non-positive, so there is a non-increasing
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sequence of bounded measurable functions {v* } such that v* | v,,.? Then, Assumption

2.6.1 implies that, for all k,

limsup/vm(m')ﬁ(x,an,x’)P(x,an,dx’) <limsup/vﬁl(a:')ﬂ(x,an,x’)P(x,an,d:p’)

n—oo n—oo

Letting k — oo, the Monotone Convergence theorem yields that

limsup/vm(x’)ﬂ(x,an,x’)P(x,an,d:U’) < /vm(w’)ﬂ(x,a,x')P(x,a,d:U’).
n—oo

To this end, since « € X is arbitrary, a — E, ,(z, a, X")v,,(X') = Evp,(x,a) is us.c. for
all z € I'(x). It implies that Ev(z,-) is u.s.c. on I'(x). Furthermore, since v/k < m,

Assumption 2.6.1 implies that, for all (x,a) € G,
Ev(x,a) = E, oz, a0, X )0(X') < EpofB(z,a, X' )me(X") < mr(z)aLll(x).

Hence, Ev/k is bounded above by mal|L||. Moreover, to see that Ev is bounded below,

let B := {z € X: v(x) < 0}. Since v/k is bounded above, we have

/ v(2")P(x,a,dz’) < mr(x')P(x,a,dz") < mlx|.
X\B X\B

for all (z,a) € G. Since E(..yv(X’) is bounded below, there is e € R such that

B

/Bv(x’)P(x,a,dx') +/ v(z")P(z,a,dz’) > e

X\B

for all (z,a) € G. The above two inequalities imply

/ v(2)P(z,a,dz’) > e — / v(x)P(z,a,dz’) > e — m||k]|,
B X\B

251f Coondition 2.6.1 holds, then & is continuous and v is u.s.c., implying v — mk is w.s.c.. Then, there is
a {vF} C cbX such that vF, | vy,.
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for all (z,a) € G. Since 8 is bounded, we see that Ev(-,-) = E. (-, -, X")v(X’) is also
bounded below: for all (z,a), € G
E..f(e. 0 X)0o(X) = [ Blaaa)ol@)Plae.ads) + [ Bloaa)ol)Pleado)
B X\B

2 [|8]|(e = mllx]]).

Since Ev is bounded below and Ev/k is bounded above, we conclude that ||Ev||, < oo,

which implies Fv € G and then EV C G.

Next, we show that MG C V. Let ¢ € G. Since r(z,-) and g(z,-) are u.s.c. on I'(x)
for all + € X, Proposition D.5 of Hernandez-Lerma and Lasserre (2012a) implies that
x> Mg(z) = sup,ep){r(r,a) + g(z,a)} is measurable. Moreover, Assumption 2.6.1
implies that for all x € X
Mg(z) = sup {r(z,a) + g(x,a); < sup {r(z,a)} + sup {g(z,a)}
ael () ael(x) ael(x)

< dr(z) + | gl wk(z).

Therefore, Mg/k is bounded above. Also, since ||g||, < oo and & is bounded, we have
l9(:)| < |lgllx(-) < oo so that g is bounded below by some g € R. Then, we have, for all
(xz,a) € G,
E, Mg(X')=E,, sup {r(X',d)+g(X" d)} >E,. sup {r(X',d)+ g}
a/€N(X") a’€T(X") B

=E,of(X') +g="7(z,a) +g.

Since 7 is bounded below by assumption, 5. )M g(X’) is bounded below. Therefore, we

have Mg € V and then MG C V. Now, since T’ = MFE and R = EM, we obtain that
TV=MEYV CMGCVand RG=FEMGCFEV CGg. O

LEMMA 2.8.22. Let A be regular and Assumption 2.6.1 hold. If g is the unique fized
point of R, then v = Mg is the unique fixed point of T and g = Ev. In addition, R 1is

globally stable on G if and only if T is globally stable on V.
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PROOF OF LEMMA 2.8.22. Let .# be regular and Assumption 2.6.1 hold. Let g be
unique the fixed point of R. Since T' = ME and R = EM, we have Mg = MRg =
MEMg=TMag, so that Mg is a fixed point of T'. Suppose that v # Mg is a fixed point
of T'. Then, since v is a fixed point of T, we obtain EFv = ETv = EM Ev = REv implies
that Ev is a fixed point of R. Since g is the unique fixed point of R, we must have g = Ev

and then Mg = M Ev = Tv = v. Therefore, Mg must be the unique fixed point of T'.

The above statement also shows g = EFv. For the second statement, observe the iteration
T'w= (ME)"w=M(EM)" 'Ev= MR"'Ev for any v € V. Since R is globally stable
and Ev € G, we have R" 'FEv — g as n — oo. Hence, T"v — Mg as n — oo for any
v € V. Similarly, we can show that the global stability of 7" implies the global stability of
R. O

LEMMA 2.8.23. If A is regular and Assumption 2.6.1 hold, then R is eventually contract-
ing and globally stable on (G, || - ||x), and T is globally stable on (V, || - ||).

PROOF OF LEMMA 2.8.23. Suppose that .# is regular and Assumption 2.6.1 hold.
Lemma 2.8.21 shows that RG € G and TV C V. Fix g,h € G. Assumption 2.6.1

(b) implies that for all (z,a) € G we have

|Rg(x,a) - Rh(ZL’,CL)| =

E..0(z,a, X") [ sup {r(X',d)+g(X',d)}

a’€N(X")

— sup {r(X’,a’)—l—h(X’,a/)}”

a’€N(X")

< E.q (5(:13,a,X') sup |g(X',d’) — h(X',a')|>

a’el(X’)
< EeoB(z,a, X)g — hllxr(X)

< llg = hllxr(z)aLl(z).
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Then, iteration implies
|R2g(l’, CL) - R2g($, a>| < E$,a6(x7 a, Xl) sup |Rg(X/7 CL/> - R9<X,7 (l,)|
a’el(X)

< Eoof(z, 0, X)lg = hler(X)aL1(X')

< llg = hllwk(2)a’ L1 (z).
Induction yields
[R"g(x,a) = R*h(z,a)| < [lg — hllwr(z)a” L1 (2)

for all (z,a) € G and n € N. Dividing x(x) on the both sides and taking supremum, we
obtain

[1R"g — R*hll« < [lg = hllxa™[[L" T < llg = hllxa™ [|L"]]

Since there exists an n € N such that [|[L"|| < 1 and a < 1/||[L™||*/", R is eventually
contracting on (G, || - ||.), whence it is also globally stable by the generalised Banach

contraction mapping theorem. Finally, Lemma 2.8.22 implies that 7" is globally stable. [

LEMMA 2.8.24. If A is reqular and Assumption 2.6.1 hold, then a v-greedy policy and a

g-greedy policy exist for allv €V and g € G.

PROOF OF LEMMA 2.8.24. Let Condition 2.8.1 and Assumption 2.6.1 hold. Let v €
V. Condition 2.8.1 and the proof of Lemma 2.8.21 implies that a +— r(z,a) +
E..0(z,a,C"v(C") is us.c. for all x € X. Since I'(z) is compact for all x € X, the
v-greedy policy exists by the Maximum theorem. Let g € G. Then, a +— r(z,a) + g(z, a)
is u.s.c. for all x € X, so the g-greedy policy exists by the Maximum theorem. The proof

for Condition 2.6.1 is similar. O

LEMMA 2.8.25. If .4 is reqular and Assumption 2.6.1 hold, and g is a fized point of R,
then v* = Mg, g = Ev*, and an optimal policy exists. Moreover, the following statements

are equivalent.

(a) a policy o € ¥ is optimal,

(b) o is g-greedy, and
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(¢) o is v*-greedy.

PROOF OF LEMMA 2.8.25. Let .# be regular and Assumption 2.6.1 hold. Lemma 2.8.22
implies that ¥ = Mg is a unique fixed point of T', so v = Tv > T,v for all ¢ € ¥. Fix
o € X. Let {X;} be a P,-Markov process and 7 = B(X;,0(X;), X¢p1) for all £ € N.
Then, since v > T,v and g = M©v by Lemma 2.8.22, iteration implies that for all x € X

and o € ¥ we have
v(Xo) = To0(Xo) = r(Xo,0(X0)) + Exyox0)B00(X1)

2 (X0, 0(Xo)) + Exo,00x0)/55 [r(X1, (1)) + Exy 0 (x) 57 0(X5)]

WV

N t-—1

> Exootxo) ), || B77(Xe, 0(X0) + Exoo(xo) 5357 - B 1 Exyo(x) BR0(Xnv1)
t=0 =0
N t—1

- EXOJ(XO) Z 6;7T<Xt7 U(Xt)) + EXO,U(XO)B(()TB? o '67\/—1.6(XN7 O-(IN))'

t=0 =0

(2.27)

Now, Assumption 2.6.1 implies

IExXo,0(x0) 85 87+ BR—19(Xnv, 0 (Xn))| < Exgo(x0)80 87 -+ - BRr—1]9(Xn, 0(Xn))|
< Exooxo)80 87 - Exy_1oxy ) B-allgllar(Xn)
< 9lExoox0) B0 61 -+ - BRr—ar(Xn—1)aLl(Xy-1)
< [lgller(Xo)a™ LY 1(Xo)
< lgller(Xo) o™ LY 1.

Since there exists an n € N satisfying o||L||" < 1, letting N = pn + ¢ with p,q € Ny and

q < n, we obtain
aMLYL < (@[ L)l L] < (o[ L7 )P max{a?|| L[} — 0 as n(N) — .
q<n

Therefore, letting N — oo, (2.27) and Lemma 2.8.20 imply v > v, for all o € ¥. Hence,

*

we have v > sup, v, = v*. Next, since g = Ev and g-g ,reedy policy exists by Lemma
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2.8.24, there exists ¢* such that

() = Mg(x) = r(z,0" () + g(z,0"(z))
(2.28)
=r(z,0"(2)) + Eg or (o) B, 0" (2), 2")0(2) = T,-0(x).

for all x € X. Hence, the same iteration of (2.27) with v = T,+v implies v = v,+ < v*.

We conclude that v = v*. The above arguments also show that a g*-greedy policy ¢* is
optimal: v* = v,+ ((b) = (a)), and an optimal policy exists. We now show that part (a)
implies (b). We write M,g(x) = r(z,0(z))+g(x,0(x)) for x € X, g € G and 0 € . Since

g = Ev*, if ¢* is optimal, then we have

Ma*g — ]\4'0.*E1’U>|< = TO*U* = TO'*UO'* = VUg*x = 'U* = T'U* = ]\4'EI'U>'< = Mg

*

Hence, o* is g-greedy. We next show that a policy is g-greedy if and only if it is Mg-
greedy. If o € ¥ is g-greedy: M,g = Mg, then TMg= MEMg= MRg= Mg= M,g =
M,Rg = M,EMg = T,Mg, whence o is M g-greedy. Conversely, if o is M g-greedy:
T,Mg =TMg, then M,g = M,Rg = M,EMg =T,Mg=TMg= MEMg= MRg =
Mg, whence o is g-greedy. Similarly, the same method shows that a policy is v*-greedy

if and only if it is Fv*-greedy. U

PROOF OF THEOREM 2.6.1. Let Condition 2.8.1 and Assumption 2.6.1 hold. Part (a)
follows from 2.8.20. Part (b) follows from Lemma 2.8.23. Part (c), (d), (f), and (g) follow
from Part (b), Lemma 2.8.22, and 2.8.25. Part (e) follows from Part (b) and (c). O

PROOF OF LEMMA 2.6.1. Let all the stated assumptions hold. We show the statement

by induction. First, observe that

P(z,a) = E,u(R(E) (w—c)+yle, Z) = Eauly(Z',€)) > —oo,

7(z) = sup u(c) =u(w) < pw + ¢ = Kk(x).

0<esw

The last equation implies that we can set d = 1 in Assumption 2.6.1. Also, observe that

Eror(X') = pE.(R()(w — ) + y(Z',€) + ¢



2.8. Appendix 73

is continuous in (z,a) = (w, z,¢). Therefore, Assumption 2.6.1 (a) and (c) hold. Next,

note that

Eqoaf(z,a, X)k(X')  E.B(z, Z) (W' +q)

k() pw +q
_ BBz 2D p(R(E) (w —¢) + y(Z',€')) + ]
pw+q
< BB Z)p(R(Ew +y(Z',€)) +a]
pw+q

Since the right-hand side is a monotone function of w and then achieves the supremum

at either w = 0 or w = 0o, we have

Eeaf (2, a, X')r(2")
r(x)

E.8(2, 2")[py(Z',€') + 4|
q

< max { JE.5(2, Z’)]ER(s’)} .

where the last inequality follows from that ¢; is IID. Then, since ¢ > 1 can be arbitrarily

large, (2.19) implies
E.p(z, 2)py(Z',€) + 4]
q

— E.[(z,2")
as ¢ — 00. Since ER(e') > 1, we have

E,.08(z,a, X" )k(X')
k()

for large enough ¢ > 1. Hence, we have E, ,8(x, a, X")x(X')L°1(2') < k(x)L1(z) for large

< E.(8(z, Z)ER(¢") = L1(x)

enough ¢ > 1. Assume the induction hypothesis that E, ,0(x,a, X')s(X')L"1(X') <
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k()L™ 1(z) for some n € {1,...,m — 1}. Then, iteration yields

E.8(z,a, X k(2" )L L(X")

k()
< E:B(z, 2p(R(ew + y(Z',€)) + dEzB1 Bz . . Buar (BR(N))™
h pw+q
< max { B.3(2. Z)py(Z' &) + Bz 16 ... Bua(ERE)™
q

E.5(z,Z') 182 - - - 5n+1(ER(5/))n+2}

— max{]Ezﬂ(z, Zl)ﬁlﬁ? Tt 5n+1(ER(€,))n+1a

E.0(2, 23162 - - 5n+1(ER(5/))n+2}

< L' (w),

where the first inequality follows from the definitions of x and L"*11, the second inequality
follows from that the supremum is at either w = 0 or w = oo, the limit follows from taking
q arbitrarily large, and the last inequality uses ER(¢’) > 1. Therefore, induction implies

that there is large enough ¢(n) > 1 such that
E.oB(z,a, X )(X)L"1L(X) < k(z) L™ (2)

for all z € X and all n € {1,...,m — 1}. O

2.8.5. Proofs in Section 2.7.

LEMMA 2.8.26. If Condition 2.7.1 and and Assumption 2.7.2 holds, then RG C G.

PrROOF OF LEMMA 2.8.26. Let Condition 2.7.1 and Assumption 2.7.2 hold. Let g € G.

We first show that ||Rg|| < co. Since g = —||g||, we have

Ry(r.a)> 2D 1 E, , exp (—e sup {r<X',a'>—||g||})
0 a’el(X")
B(z,a)

=5 mE; exp (=0(F(X7) — |lgll)) = B, a)(7(z, a) = |lg]).
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Hence, since 7 is bounded below, Rg is also bounded below. Similarly, we can show that
Rg(z,a) < B(x,a)(r(x,a) + ||g]|) for all (z,a) € G. Since 5 is bounded and 7 is bounded

above, 7 is bounded above and then Ry is bounded above. Therefore, we have || Rg|| < oo.

Next, since g and 7 are u.s.c., and I' is compact-valued and u.s.c., the map = — h(x) =
SUDger( 17 (2, a) + g(z,a)} is ws.c. by the Maximum theorem. Now, note that if z; <
in X, then 2} = f(z1,a,¢") < f(x3,a,¢") = 2}, and then I'(z}) C I'(x}). Since r and g are
increasing in z, we have

h(zy) = sup {r(z},d')+g(z},a)} < sup {r(zh,d') + g(z3,a’) = h(zh).
a’el(x}) a’€l(zh)

Therefore, we have —(1/0)InE,, ,exp(—6h(z})) < —(1/0)InE,, , exp(—0h(z})). Since
in addition f is increasing in z, we see that Rg is increasing in x. We conclude that

RG CG. d

LEMMA 2.8.27. If Condition 2.7.1, Assumption 2.7.1, 2.7.2, and 2.7.3 hold, then R is

eventually contracting on (G, || -||) and has a unique fized point in G.

PROOF OF LEMMA 2.8.27. Let Condition 2.7.1, Assumption 2.7.1, 2.7.2, and 2.7.3 hold.
We show that there is an n € N such that R"™ satisfies Blackwell’s condition. Let g € G

and K > 0. Fix (z,a) € G. Observe that

R(g+ K)(x,a) = Mln E,.exp| —0 sup {r(X',d")+g(X' d)+ K})

0 /€T(X")

= Rg(z,a) + B(z,a)K < Rg(x,a) + KL1(x).

Define the function ¢(t) = —1/0InE, , exp(—0t) for random variable ¢t = ¢(X’). Since ¢

is monotonically increasing, iteration implies

R*(g + K)(z,a) = B(z,a)p | sup {r(X',a’) + R(g + K)(X', a')})

a’€N(X")

a’€N(X")

= B(x,a)p | sup {r(X',d)+ Rg(X' d)+ (X, a')K})

a’el(X’) a’€T(X7)

< Bz a)e | sup {r(X',d) + Rg(X',d')} + K sup {B(X’,a')}> :
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Let X = supyerxnir(X',d) + Rg(X',d')} and Y = Ksup,epxn{B(X';a’)}. Since
Rg(z,a), r(z,a), f(x,a), and I'(z) are increasing in z, and 2’ = f(z,a,€’) is increasing
in x and ¢ for independent &', we have Cov(e %% e=%|(x,a)) > 0. Therefore, since

E.oe e > B, .6 "%E, e, we have®

-1
(X +Y)= 7 InE, e %%

—1
< 5 0 (Bape™ Bape™) = o(X) + oY),

We then have
R*(g+ K)(z,a)

< Bz, a)p < sup {r(X',d') + RQ(XCG')}) + Bz, a)p (K sup {ﬁ(X',a')}>
a’en(X') a’el'(X’)
= R’g(x,a) + B(z,a)p (K sup {5(X’,0/)}> :
a’el(X")
Now, since t — exp(—0t) is convex, Jensen inequality implies

—1
— Ine ¥BeaY — E,.Y.

—1
p(¥Y) = B <

0

Therefore, we obtain

R*(g+ K)(z,a) < R?°g(z,a) + KE, ,8(z,a) sup B(X',d)
/€N (X’)

< RPg(x,a) + KLB(x),

where L and 3 are defined in Assumption 2.7.3. With the same argument, the induction
shows that R"(g + K)(v,a) < R"g(z,a) + KL"'f(z) for all n € N. Since p(L) < 1

implies that there is m € N such that ||[L™718|| < 1, we have

R™(g+ K) < R™g+ K||[L™'3].

263ce also Lemma 3 of Biuerle and Jaskiewicz (2018).
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Hence, R™ satisfies the Blackwell’s condition and is a contraction map. Then, since G
is a Banach space, R admits a unique fixed point in G by the generalised Contracting

Mapping theorem. U

LEMMA 2.8.28. If Condition 2.7.1, Assumption 2.7.1, 2.7.2, and 2.7.3 hold, then for all
constant ¢ € R we have v,(x) = limsup,,_,., T77(x) = limsup,,_,.. T2 (7 + ¢)(z) for all

r € Xando € .

PROOF OF LEMMA 2.8.28. Let Condition 2.7.1, Assumption 2.7.1, 2.7.2, and 2.7.3 hold.
Fix ¢ € ¥ and constant K > 0. Since 7 + K > 7, the monotonicity of T, implies
limsup,,_,., T2 (7 + K) > limsup,, ., T77. Next, similar to the iteration in Lemma 2.8.27,

we have, for all x € X,

T,(F+ K)(z) = ry(z) — _ﬁgéx) In B9 e~ 00+
=1,(z) — Bo () In efeKlEge*eF(X/)
=r.(x) — &‘T(x) In Ege_‘%(xl) + By(x)K = T,7(x) + Bo(2) K,

where r,(z) = r(z,o(x)) and B,(x) = [(z,0(z)) for all x € X. Since r,, 5,, 2’ =
f(x,0(z),e’) are increasing in z, we see that T,7(z) is increasing in x. Then, it follows
from the argument in Lemma 2.8.27 and Assumption 2.7.1 that Ege_eT"f(X/)e_%”(X/)K >

Ege 0T (X R7e8-(X)K 56 iteration yields that for all z € X

T2+ K)(2) = ro(z) — P2 1y Byt (rH100X)

0
() — ﬁoél') In B 07X )60 (X))
=r,(z) — &T@) In B9 e =0T m(X) =08 (XK
< ry(z) — 506()90) In Ege_eT"F(X/)Ege_eﬁ”(X/)K
= T?7(z) — @'T(x) In ]Ege_%"(X,)K

< T77(x) + KBS, () 8,(X)

< T77(x) + KLA(w)
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where the second inequality follows from Jensen inequality as iteration in Lemma 2.8.27,
and the last inequality follows from Assumption 2.7.3. Then, using the same induction,

we have

M7+ K)(z) < T'r(x) + KL ' B(x).

Hence, since p(L) < 1 by Assumption 2.7.3, there exists m € N such that |L™j3| < 1.
Then, we have limsup,_,. L"3(x) < limsup, .. [|L"3|| — 0 for all x € X. Therefore,
we have limsup,, . T7(7 + K)(x) < limsup,,_,. T27(z) for all x € X. Then, we have
limsup,,_,., T2(7 + K)(z) = limsup,,_,., 777 (z) for all x € X when K > 0. Similarly, we

can show the statement when K < 0, where the above inequalities are reversed. O

PrROOF OF THEOREM 2.7.1. Let Condition 2.7.1, Assumption 2.7.1, 2.7.2, and 2.7.3
hold. Part (a) follows from 2.8.26 and 2.8.27. Part (b), (c), (e), and (f) of optimal-
ity follow from the proof of Theorem 5.3 of Ma et al. (2022) and Lemma 2.8.27 and
2.8.28. Part (d) follows from (a) and (b). O



CHAPTER 3

Q-Learning with State-Action-Dependent Discounting

3.1. Introduction

Reinforcement learning algorithms, such as Q-learning introduced by Watkins (1989),
learn optimal actions from interaction between agents and environments. In reinforcement
learning, a discount factor is a meta-parameter of learning performance and is often set
to be less than one constant. However, in economics and finance, it is well-known that
discount factors vary over time and are state-action-dependent discounting (Cochrane,
2011, Hills and Nakata, 2018). For example, asset pricing models consider a stochastic
discount factor, which is a function of risk preference, for the trade-off between current
and future state-dependent consumption levels (Lucas Jr, 1978, Campbell and Ammer,

1993, Rosenberg and Engle, 2002, Cochrane, 2009, 2011, Hansen and Renault, 2010).

To apply Q-learning in economic or finance models, it is essential to generalise constant
discounting to stochastic state-action-dependent discounting. In particular, we are inter-
ested in the case that discount factors may be greater than one with a positive probability.
It has been noted by Nakata (2016), Hills and Nakata (2018) and Hubmer et al. (2021)
that if a discount factor is defined as the reciprocal of gross interest rate, then it exhibits

dynamic behaviour and may occasionally exceed one.

In the existing literature, Yoshida et al. (2013) show the convergence of Q-learning with
state-dependent discount factors and provide a framework to optimise the state-dependent
discount function, demonstrating superior performance compared to a constant discount
factor by simulation. Similarly, Sharma et al. (2021) explore the convergence of Q-learning
and SARSA algorithms with both state- and action-dependent discount factors. However,
both of them assume that discount factors are strictly less than one, whence the Bellman

operator and the Q-factor Bellman operator are evidently contraction maps.
79



80 Chapter 3. Q-Learning with State-Action-Dependent Discounting

To address this gap, this paper shows the convergence of three model-free reinforcement
learning algorithms under state-action-dependent discounting, including Q-learning, on-
policy learning SARSA, and double Q-learning algorithms (Watkins and Dayan, 1992,
Singh et al., 2000, Hasselt, 2010). Following the assumptions of state-dependent dis-
counting outlined in Stachurski and Zhang (2021), we assume that discount factors are
eventually discounting: for all feasible action policies o there exists an n, € N such that

ne—1

SuplEa; H B(XtaU(Xt)7Xt+1) < 17

v t=0
where [ denotes the discount factor and is a function of states X; and actions/policies
o(X;).! Eventual discounting indicates that the expected multiplicative of discount factors

is eventually less than one for any policy.

Our condition does not rule out 5; = B(Xy, 0(X;), X¢41) > 1 with positive probability. On
the other hand, the conventional proofs of the convergences for the Q-learning, SARSA,
and double Q-learning rely on the fact that the discount factor is strictly less than one,
which yields a contractive Bellman operator (Watkins and Dayan, 1992, Tsitsiklis, 1994,
Bertsekas and Tsitsiklis, 1995, Singh et al., 2000, Hasselt, 2010).

In addition, we analyze the contraction of the Bellman operator in the weighted norm
of the eigenvector corresponding to the spectral radius of appropriate matrices governing
discounting. This property provides convergence rates and error bounds for dynamic pro-
gramming algorithms under state-action-dependent discounting. Moreover, this feature

pins down the bound for optimal Q-factor.

Finally, we extend the Stochastic Approximation algorithm and Q-learning to incorpo-
rate concave operators. Since a concave operator may have a unique fixed point and be
globally stable, Stochastic Approximation with a concave operator converges whenever it

is bounded. This provides an alternative method to prove the convergence of Q-learning.

Related literature - Regarding action-dependent discounting, endogenous time preferences

or Uzawa time preferences are broadly studied in small open economies such as Obstfeld

1{Xt}t>0 is a Markov process defined in Section 3.2.1.
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(1990), Mendoza (1991), Schmitt-Grohé and Uribe (2003), Vasilev (2022a), Durdu et al.
(2009).

The related literature in Markov decision processes with state- or action-dependent dis-
count factors includes Wei and Guo (2011), Minjarez-Sosa (2015), Wu et al. (2015), Wu
and Zhang (2016), Jasso-Fuentes et al. (2022). The literature about dynamic program-
ming theory with state-dependent stochastic discounts in economics and finance includes

Stachurski and Zhang (2021), Toda (2021), Sargent and Stachurski (2023), Toda (2023).

The applications of Q-learning in economics are as follows. Park and Ryu (2022) study
suppliers’ collusion behaviours concerning supply chain ethics and transparency with Q-
learning agents. Through simulations, they show that suppliers tend to exhibit low levels
of ethics and transparency. Neuneier (1997) utilises Q-learning to study the optimal asset
allocation. Waltman and Kaymak (2008) use Q-learning to model the learning behaviour
of firms in repeated Cournot oligopoly games and find that Q-learning firms learn to
collude with each other. Calvano et al. (2020) find that Q-learning artificial intelligence
autonomously learns to charge supracompetitive prices in an oligopoly model of repeated
price competition. Charpentier et al. (2021) conduct a comprehensive survey on the

applications of reinforcement learning in economics and finance.

The paper is structured as follows. Section 3.2.1 introduces the framework and reinforce-
ment learning algorithms. Section 3.3 presents the main results of the convergence of
QQ-leaning algorithms. Section 3.5 discusses the stability of the algorithm. Section 3.6

extends Stochastic Approximation and Q-learning to incorporate concavity.
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3.2. Q-learning, SARSA, and Double Q-learning

In this section, we introduce the Markov decision process and the model-free learning

algorithms, including Q-learning, SARSA, and double Q-learning.

3.2.1. Background. A finite Markov decision process (MDP) is a tuple (X, A, T, 3, P,r)
satisfying that (i) X and A are finite state space and action space, respectively, (ii) T" is a
nonempty correspondence from X — A, referred to as the feasible correspondence, which
defines the feasible state-action pairs G := {(z,a) € XxA: a € T'(x)}, (iii) : GXxX = R
is a function of discount factors, (iv) 7: G x X — R is a function of rewards, and (v) a

stochastic kernel P: G x X — R, satisfies ), .y P(z,a,2’) = 1 for all (z,a) € G.

Given an MDP (X, A, T, 3, P,r), the set of feasible policies is defined by
Yi={ocec A o(x) €T(z), VoecX}

An MDP is recurrent or ergodic if the Markov chain corresponding to every deterministic
stationary policy o € ¥ consists of a single recurrent class.? If an MDP is recurrent, then
for every policy o € X the induced Markov chain will eventually visit every state; that is,

every state is visited infinitely often.

To any stationary policy ¢ € X and initial state x, consider a trajectory process
X = {Xi}ien, taking values in state space X and controlled by policies o(X) =
{o(X¢)}ten, such that X,y is generated by P(X;,0(X;),:) for all ¢ € Ng. The pro-
cesses X and o(X) are well-defined on some measurable space (2,.%,P) satisfying
P(Xiq = 2| %) = P(Xy,0(Xy),2") almost surely for any 2/ € X and ¢t € Ny, where

Fy = o{Xo,...,Xy,a0,...} denotes the information set up to time ¢.

Let r; be the reward drawn from a fixed reward distribution r» : G x X — R such that
El[r(z,a,2") = (X3, 0(Xy), Xi11)] = r(z,a,2"), where the conditional expectation of r,
is 7(z,a,x’) conditioning on X; = x,0(X;) = a and being governed by underlying state

transition X, ; = 2’.

2A state z is recurrent if it is eventually visited or returned to.
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The o-value function v, is defined by

vy (x) = EZ

iﬁﬁm]

t=0 i=0
where 3; = [(X;,0(X;), Xit1) for all i € Ny, E? denotes expectation conditioning on
{20 = x} with transition probability measure P(X;,o(X),-) for t € Ny, and [[,_, 8 == 1
by convention. The maximum total reward or value function is defined by
v*(x) == sup v, (x) (x € X).
ocEX
A policy o* € ¥ is optimal if v, = v*. The Bellman equation follows

v(r) = max {T(x, a) + Z B(x,a, 2" Yv(z")P(x,a, x’)} (x € X)

a€l(z) e
where r(z,a) = Y xr(z,a,2')P(z,a,2) for all (z,a) € G. Given v € R*, a policy
o € X is v-greedy if

o(z) € arg max {T(x, a) + Z B(x,a, 2" Yv(z")P(x,a, x’)} (z € X).

a€l'(x) z'eX
The Bellman operator T: R* — R* is defined by

Tv(r) = max {7’(:6, a) + Z B(z,a, 2" )v(z")P(z, a, x’)} (z € X).

a€l(x) e

3.2.2. Eventual Discounting. In this section, we introduce the main assumptions im-
posed on state-action-dependent discount factors. Define the expected multiplicative of
discount factors d,, by

d,, '= max max {Egﬁ B(Xq, O'(Xt>,Xt+1)} . (3.1)

ogeY zeX
t=0

We say that the MDP is eventually discounting if there is n € N such that d, < 1. In
other words, the MDP is eventually discounting if the expected multiplicative of discount

factors is eventually smaller than one for any policy.
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We briefly discuss the sufficient conditions for eventual discounting. Denote function

B:GxRX >R as

B(z,a,v) =r(zx,a) + Z P(z,a,2)f(x,a, 2" Yv(z") ((x,a,v) € G x RX).

/X

Suppose that there exists a |X| x |X| matrix L such that

|B(z,a,v) — B(z,a,w)| < Z L(z, 2" |v(z") — w(a')| ((z,a) € G). (3.2)

a'ex

for all v,w € RX. Let p(L) := max{|)\| : X is an eigenvalue of L} be the spectral radius of
L. Tf the spectral radius of L is less than one, we can show that it is eventually discounting;
that is, p(L) < 1 implies d,, < 1 for some n € N. One possible assumption is to choose L
to be

Ly(x,2') = réll%x)ﬁ(x,a,m')P(x,a,x') ((z,2') € X?) (3.3)

and assume p(L,,) < 1.

LEMMA 3.2.1. If L,, defined by (3.3) satisfies p(Ly,) < 1, then there exists ann € N such
that d,, < 1.

Given o, define the |X| x |X| matrix L, by
Lo(z,2") = B(z,0(x), 2" P(x,0(x),2)

for all (z,2") € X x X. Induction implies

n—1

> Loz a) =B [] Bl o(Xy), Xey)  (z €X).

=0
Then, we can show that p(L,) < 1 if and only if there is n € N such that d? < 1, where

n—1

dy, = max E [15(X0 0(X0), Xi10).

t=0
Moreover, d,, < 1 for some n € N implies

max d = max maxz L (x,2") < 1.
g ag x

ZJ
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Hence, we can further show that the eventual discounting is equivalent to
max p(L,) < 1.
ag

EXAMPLE 3.2.1. In economics and finance, discount factors are frequently determined as
the reciprocals of gross real interest rates: 5; = 1/(1+14;), where i; € R is the real interest
rate. It is well-known that real interest rates could be negative when there is zero lower
bound for nominal interest rates (Hills and Nakata, 2018, Nakata, 2016, Hubmer et al.,
2021). Hills et al. (2019) and Hubmer et al. (2021) consider an AR(1) process: f; = Z,
where {Z,} follows

Zir = pzZe + (1 — pz)piz + 06141 {et} o N(0,1). (3.4)

Hubmer et al. (2021) calibrate pz = 0.992, uz = 0.944, 0. = 0.0006. They discretize the
process onto a grid of N = 15 states by Tauchen’s method which allows us to write the

operator L defined in (3.3) as
Lij = B(z;)P(xi,x;),  1<i,j<N.

The spectral radius of matrix L is 0.9469 computed by Stachurski and Zhang (2021).

As summarised in the following proposition, if an MDP is eventually discounting, then the
optimality of dynamic programming holds that a v*-greedy policy is optimal. Moreover,
we can compute the value function v* by the value function iteration of {T%v}>¢ for any
v € RX. The proof for the following proposition can be found in Sargent and Stachurski

(2023).

PROPOSITION 3.2.1. For an eventually discounting MDP,

(i) the value function v* is the unique solution to Bellman’s equation in RX,
(ii) limy oo TH0 = v* for all v € RX, and

(7ii) a feasible policy is optimal if and only if it is v*-greedy.
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3.2.3. Q-learning. For each v € R*, the Q-factor, Q € R®, corresponding to v € RX is
defined by

Q(z,a) =r(zr,a) + Z B(x,a, 2 Yo(z")P(x,a,x") (x,a) € G.

z’'eX

Denote QQ* as the Q-factor corresponding to value function v*:

Q*(z,a) =r(z,a) + Z B(x,a,z")v*(2")P(x, a, ') (x,a) € G.

z'eX
The Bellman equation implies that

v*(x) = max Q*(x,a) (x € X).

a€l(x)
The goal of the Q-learning algorithm is to learn Q*(x, a) for all state-action pairs. Denote
{¢}1>0 as the realisation of the Markov process where x;,, is generated by P(x, a4, ) for
t € N, given {a;}s=0. The Q-learning iterates the vector Q; € R® following the rule:

Qt+1(95t7 at) :(1 - Oét(xt, at))Qt<5Uta Gt) + 041‘,(377&7 Gt) e + By bEIFI%aX )Qt($t+1, b) ) (3-5)
Tt41

for t € Ng, where x4, a4, 7, and «; are the state, action, reward, and step size at time
step ¢. In detail, given realised {(x,a:)}ien,, au(x,a) € [0,1] is a step-size coefficient
that ay(z,a) = 0 for all (x,a) # (x4, a:); that is, oy is set to zero for those are outside of
the support of (x4, a;). Moreover, r; is a random sample of reward that E[r|(z,a,z’) =
(x4, ap, x441)] = r(z,a,2"), B is a random sample of discount factor that E[5;|(x,a,z’) =
(x4, a, xe41)] = Bz, a,2’), and 2441 is a random successor state generated by P(x¢, ay, ).
In each iteration of Q-learning, @); is updated, with learning rate «ay, by the observed

reward r; and optimal Q-value at observed state x;,; multiplied by the discount factor

By-

3.2.4. SARSA. We follow the terminology in Singh et al. (2000). While Q-learning up-
dates Q-factors greedily by selecting the action with the maximum Q-value for the next
state, denoted as maxper(z,,,) Qi(Ti41,b), state-action—reward-state-action (SARSA) al-

gorithm adheres to a specified policy for updating Q-factors. The SARSA update rule is
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given by:

Qig1(xe, ar) =[1 — (s, a0)| Qe (x4, ar) + (e, ag) [1e + BrQie(Teq1, ar41)] (3.6)

where a;y1 is determined by a learning policy, and «;(z,a) € [0,1] with a;(z,a) = 0
for (z,a) # (x,a;). Thus, SARSA is categorised as an on-policy algorithm, and its

convergence is contingent upon the chosen learning policy.

A learning policy 7 is a set of probabilities Pr(-|z,t, @, n,(x)) such that action a € A
is selected with probability Pr(a|x,t, @, ns(x)), given the state z, time step ¢, current
estimate @) of the (optimal) Q-value, and the number n;(x) of visits to state x up to time
t. A learning policy is greedy if it consistently selects the action with the highest current

Q-value.

Furthermore, a learning policy 7 is a greedy-in-the-limit-with-infinite-exploration (GLIE)

learning policy if it satisfies the following criteria:

(a) Infinite Visits: Each state is visited infinitely often, and each action is executed

infinitely often in every state.

(b) Greedy in the Limit: As ¢ — oo, the learning policy is greedy with respect to the

Q-value function with probability 1.

An example of a GLIE learning policy is e-greedy exploration: at time step t in state
z, selects the greedy action with probability 1 — ¢;(x), and selects a random exploration

action with probability &,(z), where g/(x) == ¢/n(x) for 0 < ¢ < 1.

A learning policy is restricted rank-based randomized (RRR) if it selects actions prob-
abilistically according to the ranks of Q-values: Pr(a|z,t,Q) = P%(p(Q,x,a)), where
p(Q, z,a) represents the rank of action a in state x based on its action value Q(x,a), and
PR:{1,...,]Al} — R maps action ranks to probabilities such that P%(1) > P%(2) >
.- > PR(JA]) and 1) PR(i) = 1. For example, Q-learning is a SARSA iteration with
an RRR learning policy where P(1) =1 and P%(i) =0 for i = 2,..., |A|.

We say that @, is generated by SARSA iteration ( (3.6)) with a GLIE (RRR) learning pol-
icy mif a4 is selected by a GLIE (RRR) learning policy with @ = @ in Pr(-|z, ¢, Q, ni(x)).
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The key difference between GLIE and RRR learning policies is that a GLIE learning pol-
icy has a decaying exploration such that the learning policy converges to the greedy policy
over time, while an RRR learning policy maintains persistent exploration. Therefore, (),
generated by SARSA with a GLIE learning policy will converge to optimal Q-value Q*,

while @); may not converge to @Q* if the SARSA iteration follows an RRR learning policy.

Given a learning policy with ranking by Q-value, p(Q, z, a), and ranking probability, P,

let Q be the corresponding Q-factor satisfying

Qr,0) = r(a,a) + 3 Pla,a,a’)B(x,a,2) 3 PHp(Q. ', d) Q' )

z'eX a’eA
for (z,a) € G. Given constant discounting f(z,a,2’) = f, Singh et al. (2000) prove
that @, value computed by SARSA with a GLIE learning policy converges to optimal
Q*, and @Q; updated with an RRR learning policy converges to the Q-factor function Q

corresponding to that learning policy.

On the other hand, the ranking policy can depend on (z,a) pair only without referencing
Q-factor. Let IT:= {f: A — {1,2,...,]A|}: f is a bijection} denote the set of permuta-
tions of A, where each f € II ranks actions. A restricted policy 7w: X — II ranks actions
in each state without action value ). That is, 7(z,a) == 7(z)(a) is the assigned rank of
action a in state . Given ranking probability P¥, P(7(x,a)) is the probability that the
policy selects action a in state x under restricted policy 7 that ranks a. The Q-factor of

a restricted policy 7, denoted QT satisfies

Q™ (z,a) =r(z,a) + Z P(z,a,2")B(x,a,z") Z PR(7(',a))Q™ (2, d')
z’'eX a’eA
for (x,a) € G. We say a restricted policy 7 is optimal under probabilities of ranks P¥ if

T € argmax Q).
well

Also, the greedy restricted policy for a Q-value function @ is 7(x,a) = p(Q,x,a), which
ranks actions with their corresponding Q-values. Singh et al. (2000) shows that the greedy
restricted policy with respect to Q (estimated by SARSA with an RRR learning policy)

is an optimal restricted policy.
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3.2.5. Double Q-learning. Double Q-learning is designed to address the overestima-
tion of QQ-values that occurs in standard Q-learning. Given random variables X, ..., X,
since E(max;{X;}) > max; E(X;) by Jensen inequality, Q-learning is known to over-
estimate optimal values during experiments. That is, max, Q¢(x41,b) is an estimate for
E{max, Q;(x;:1, )}, rather than for max, E[Q;(z:11,b)], which is the desired value. Here,
the expectation is the average over all possible runs of the same experiments, and @), it-
eration is a sample mean that approximates *. To avoid overestimation, Hasselt (2010)

introduces double Q-learning, as outlined in Algorithm 1.

There are two Q-functions in double Q-learning: Q“ and Q”. Each Q-function, say Q*, is
updated with another Q-value, QF, with Q“-greedy action a*. Since Q4 and QF update
with different sets of experiment samples, Q7 is an unbiased estimate for Q-value at Q-
greedy action. Hasselt (2010) illustrates that since E[QP(2/,a*)] < max, E[Q%(2’,a)],

double Q-learning may actually underestimate the action value.

Hasselt (2010) shows the convergence of double Q-learning assuming a constant discount
factor 5 < 1. As illustrated in Algorithm 1, we assume that [ is a random variable
observed at the time that the Q-functions are updated. Moreover, we assume that [ is

governed by a parameterised function such that there exists eventual discounting.

Algorithm 1: Double Q-learning
1 Initialise Q4, Q8. x
2 repeat
3 Choose a, based on Q4(x,-) and Q®(z,-). Observe r, 3, '
Choose (e.g. random) either UPDATE(A) or UPDATE(B)
if UPDATE(A) then
Define a* = arg max, Q4 (2, a)
QA(z,a) « QA (w,a) + a(z,a) (r + FQP(+',a*) — QA(z,0))
else if UPDATE(B) then
Define b* = arg max, Q% (2, a)
10 QP (z,a) + QF(z,a) + al(z,a) (r + QA (2, b%) — QP (z,a))
11 end
12 x4
13 until end

© 000 N O s
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3.3. Main Results

This section presents the assumptions and main results for the convergence of Q-learning,

SARSA, and double Q-learning with state-action-dependent discount factors.

3.3.1. Assumptions and Convergences. We first introduce the standard Robbins-

Monro conditions for the Stochastic Approximation algorithm.

Let .%; be the information field up to time t:

Lg.t:O-{x()v'"7:[‘1570’07"'761’1570507"'7Oét76207"'7Qt7r07'"77,15717607"'761571} (37)

Let Q be the sample space of all possible trajectories of {(zy,as, 7, ft) hen and F =
Qien, Fi- Let P be the probability measure on ($2,.#). For trajectory w € € and

(xz,a) € G, let T, o(w) C N be the set of times at which an update of Q;(z, a) is performed.
ASSUMPTION 3.3.1. The following conditions hold:

(a) X and A are finite;

(b) the stepsizes {4 }en, is a sequence of random variables on (€2, P,.%) such that
a(x,a) €10,1], ay(z,a) =0 for t ¢ T, .(w) and
Z ay(z,a) = 00, Z a?(z,a) < oo
tEE,a(w) tEE,a(w)

for all (z,a) € G and P-almost all w € €; and

Assumption 3.3.1 implies that each state-action pair will be visited infinitely many times
by temporal-difference learning, and ay(z,a) — 0 for each (z,a) € G. Next, we outline
the assumptions associated with state-action-dependent discounting. Given a |X| x |X|

matrix L let p(L) := max{|A|: A is an eigenvalue of L} be the spectral radius.

ASSUMPTION 3.3.2 (eventual-discounting). For any o € ¥, p(L,) < 1, where L, (z,2') =

B(x,0(x), 2" )P(x,o(x),x") for all (z,2") € X x X.

ASSUMPTION 3.3.3 (eventual-discounting). There is a non-negative |X| x |X| matrix L

such that 5(z,a,2")P(z,a,2") < L(x,2’) for all (z,a,2") € G x Xand p(L) < 1.
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Assumption 3.3.2 or 3.3.3 implies that the MDP is eventually discounting. Compared to
a constant discount factor, Assumption 3.3.2 and 3.3.3 are more general in the sense that
discount factors are state-action-dependent and can exceed one under some states and
actions. Moreover, Assumption 3.3.3 is sufficient to Assumption 3.3.2. We can show that
the policy operator or the Bellman operator is globally stable if either Assumption 3.3.2

or 3.3.3 holds. As discussed in Section 3.2.2, the assumptions imply that there is n € N

such that
n—1
sup sup [E7 H By <1
oeY zeX 1—0

where 5, = (x4, 0(x;), x441) and EZ denote the expectation conditioning on zy = = and

the transition probability follows P(x,o(x),z’) for all (x,2") € X x X.

The convergence results of Q-learning, SARSA, and double Q-learning are presented below

with the above assumptions of eventual discounting.

PROPOSITION 3.3.1. If Assumption 3.3.1 holds, and either Assumption 3.3.2 or 3.3.3

holds, then {Q:}i=0 generated by Q-learning algorithm (3.5) converges to Q* w.p.1..

PROPOSITION 3.3.2. If MDP is recurrent, Assumption 3.5.1 is satisfied, and either As-
sumption 3.3.2 or 3.3.3 holds, then the SARSA iterate {Q;}i=0 , generated by (3.6), with
a GLIE learning policy m converges to Q* w.p.1. and the corresponding learning policy m

converges to the optimal policy o* w.p.1..

PROPOSITION 3.3.3. If MDP is recurrent, Assumption 3.3.1 is satisfied, either Assump-
tion 3.5.2 or 8.3.3 holds, and Pr(ai = a|Qs, vii1) = PR(p(Qt,Tis1,ai41)), then the
SARSA iterate {Q;}i=0 , generated by (5.6), with an RRR learning policy converges to Q

w.p.1. Moreover, the greedy restricted policy is the optimal restricted policy.

PROPOSITION 3.3.4. If MDP is recurrent, Assumption 3.3.1 holds, and either Assumption
3.3.2 or 8.5.3 holds, and both Q* and QP update infinitely often, then both {Q}i=o and

{QB1Y ¢ converge to optimal Q-value Q* w.p.1.

3.4. Proofs for Main Results

In this section, we provide the proofs for the propositions in Section 3.3.1.
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3.4.1. Preliminaries. Fix n € N. For any positive vector w € R", define the weighted

maximum norm || - ||, by
[v()]
= e R").
ol = max P (0 € )
Denote || - || = || - ||z, where 1 € R™ is a vector of ones. A self-map F on U C R" is

globally stable if F has a unique fixed point u* and F*¥u — u* for all v € U.

3.4.2. Proofs of Proposition 3.3.1. The proof is completed by the following lemmas.
To apply the Stochastic Approximation, we first demonstrate that the Q-factor Bellman
operator is contractive under some weighted norm. Define the Q-factor Bellman operator

H:R® — R by

HQ(z,a) = Egagr(r,a,X") + Ea lﬁ(:p,a,X’) maX)Q(X’, b)

bel(X'

~ B (g; a, max Q(-, b)) ((z,a) € G,Q € RS)

We can verify that Q* is the fixed point of H. To simplify the notation, we let Mq(z) =

max, q(x,a) for all x € X and all ¢ € R® in the following lemmas.

LEMMA 3.4.1. If Assumption 3.3.2 holds, then there exist a positive vector ¢ € R® and
v <1 such that ||HQ — HQ'|, < YIQ — @'ll,, for all Q, Q" € RS

PROOF. Let Assumption 3.3.2 hold. Proposition 3.2.1 implies that v* is the unique fixed
point of T'. Define Q* € R® by

Q (z,a) =r(z,a) + EyoB(z,a, X )0*(X') ((x,a) € G.)
Since v* = Tw*, we have

V(@) = max {r(e.) + Braf(e,a, X0 (X)} = max Q'(a.a)

a€cl(x acl'(x)

for all x € X. It implies

HQ*(z,a) =r(z,a) + Eyq |B(z,0,X") max Q* (X' d)

a/€D(X)

=r(z,a) + Epof(z,a, X )0 (X') = Q" (2, a)
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for all (z,a) € G. Hence, Q* is the fixed point of H. Next, we construct the weighted
vector ¢ by considering the constant reward 7(z, a,2') = —1 for all (z,a,2’) € G x X. Let
b be the fixed point of T with reward 7 and Q(z, a) = E, o (x,a, X") + B(z,a, X")0(X')]

for (x,a) € G. Then, Q is the fixed point of H when # = —1, so we have?
Q(z,a) = HQ(z,a) = ZPmam xax)—kﬁ(x,a,x')m@x@(w',a')]
=1+ Y Pl aa’) B0, a)MO()

< -1+ max Y P(z,a,2")p(z,a,2")MQ(z) ((z,a) € G)

a€el(x) "

Taking the maximum over A on the left, we obtain

~

MQ(z) < =1+ max P(x,a,2")B(x,a, 2" ) MQ(z") (x € X.) (3.8)

a€l(z) “—
x

Observe that & = M) is the optimal value, and there exists an optimal policy ¢ € ¥ such
that MQ = vs. Since p(Ls) < 1, we have L21 — 0 as n — oo, and T} is globally stable.
Then, the iteration of vy = T7vs = (I + Ls + -+ - + L2)(—1) for all n € N converges and

yields
n t—1
MQ(z) = va(x) = lim BT Y ][ 5(X5,6(X0), Xisn)(=1) < ~1
e t=0 =0
for all z € X. Hence, we have ¢ < —1. Let o = —M(Q > 1. Hence, (3.8) implies
/ / go(y) —1 _
max » P(z,a,2')8(z,a,2")p(a) < p(z) — 1 < p(r) max ———— = yp(z),
a€l'(x) ” Y @(y)

3Denote 1 € RX as the vector of ones.
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where v = max,{(¢(z) — 1)/¢(z)} < 1. Now, for all Q, R € R®, we obtain

‘HQ(.T, CL) - HR(‘%’ a)’ = Z ﬂ(xa a, xl)P(Jj, a, 33'/) (m@x@(:c’, a/) - m§XR($/> a/))‘

< Zﬁ(m, a,7')P(z,a,2') jmax Q(z', a’) — max R(z', d)
< Z B(x,a,2")P(z,a,2") max |Q(z',a") — R(2', d')|

< max Zﬂ(as, a,r")P(z,a,2") max|Q(2',a’) — R(z',a’)] (3.9)

< max 3 A, a,2')P(x, a,2)ip(a') max M(|Q¢(_y;ﬂ)(y)

— _ /P / /
19— Rll, max 3 8(a,0,0)P(@,,9)p(=")

< [|Q — R[,ve(x)

for all (x,a) € G. Dividing () and taking supremum over G, we obtain the contraction

|IHQ — HR||, < 7||Q — R||,, for all Q, R € RE. 0

To this end, Lemma 3.4.1 implies that H is globally stable and has a unique fixed point
if Assumption 3.3.2 holds. Since Assumption 3.3.3 implies Assumption 3.3.2, H is also
contractive on some weighted supremum norm under Assumption 3.3.3. Alternatively,
we can show that H is eventually contracting by leveraging the properties of L, which

bounds the expected discount factors.

LEMMA 3.4.2. If Assumption 3.53.3 holds, then operator H has a unique fized point and

15 globally stable.
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PROOF. Suppose that Assumption 3.3.3 holds. We show that there exists kK € N such

that H* is a contraction map. Let @, R € R®. Since Assumption 3.3.3 holds, we obtain

|[HQ(7,a) — HR(z,a)| = |B(z,a,max Q(-,a')) — B(x,a, max R(-,d’))|
< ZB(m,a,x')P(m,a,x')

z’'eX

< Z L(x,x")

z'eX

max Q' d) — max R(z',a")

max Q(z', a’) — max R(2, a')‘
< Z L(z,2") max|Q(2',a") — R(z, d')]
z'eX ¢
for all (z,a) € G. Taking the maximum over A on the left, we obtain
max |HQ(z,a) — HR(z,a)| < Z L(z, ") max |Q(2',d") — R(z,d’)]
z'eX ¢

for all (x,a) € G. Hence, we have M(|HQ — HR|) < LM(|Q — R|). Observe that
M|H?*Q — H?R| < LM(|JHQ — HR|) < LLM(|Q — R|) = L*M(|Q — R|). Hence,

induction yields

M(JH’Q — H’R|) < L M(|Q — R)

< [Z1Q - R

for j € N. Taking the maximum over X on the left, we obtain ||H/Q — H'R|| < ||L7]|||Q —
R|| for j € N. Since p(L) = lim,,_,« || L*||'/" < 1, the Gelfand’s formula implies that there
exists k € N such that ||L*|| < 1. To this end, H* is a contraction map. The Banach
Contraction Mapping Theorem implies that H* has a unique fixed point @* in R® and
Q* = lim;_,o, H*Q for any Q € R®. To see that Q* is the unique fixed point of H, since

HF is globally stable, we can fix ¢ > 0 and choose j > 0 such that
IH*(HQY) — Q| <«

This implies that |HH/*Q* — Q*|| = ||HQ* — Q*|| < . Since this holds for all £ > 0, we

obtain [|[HQ* — Q*|| = 0 so that Q* is also a fixed point of H. Finally, by the argument

lim HmQ _ SILI& Hsk—i—tQ — SILI& Hsk<HtQ) _ Q*7

-
Mmoo m=sk+t;s,teN m=sk-+t;s,teN
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H is globally stable, and Q* is the unique fixed point to H. O

LEMMA 3.4.3. If Assumption 3.5.3 holds, then there exist a positive vector ¢ € R® and
v < 1 such that |HQ — HR||, < 7||Q — R||, for all Q, R € RE.

PROOF. Suppose Assumption 3.3.3 holds. Then, Lemma 3.4.2 implies that H has a unique

fixed point. We construct the weighted vector ¢ by considering the reward 7(z, a, ') = —1
for all (x,a,2’) € G x X. Since there is a unique fixed point Q € R® when 7 = —1, we
have

A

Q(z,a) = HQ(x,a) = Z P(z,a,2")[F(z,a,2") + B(z,a,2") max Q' a)]
=1+ Z P(z,a,2")f(x,a,z") max Q(x', a’) (3.10)
< -1+ L(x,a)MQ(z')  ((x,a) €G)
Taking the maximum over A on the left, we obtain
MQ(z) < -1+ ) L(z,2)MQ(z')  (zeX)
Then, since p(L) < 1 and L is non-negative, we have
MQL(UT—-L)(=1)=(I+L+L*+...)(-1) < -1
Let ¢ = —MQ > 1. Hence, (3.10) implies

Z Lz, 2")p(a") < p(z) =1 < p(x) max =T = ve(),

T
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where v = max,{(¢(z) — 1)/¢(z)} < 1. Now, for all Q, R € R®, we obtain

|HQ(z,a) — HR(x, a)| =

Z B(x,a,2")P(z,a,2"))(max Q(z’, a’) — max R(2/, a'))‘

<Y Llw. e )MIQ ~ R|(x)

< (Z L(%ﬂ?')%O(l“’)) (mw)

v ©(y)

=1@)Q—-Rl,  ((z,a) €G)

for all (z,a) € G. Dividing ¢(z) on both sides and taking the maximum on the left, we
obtain the contraction ||[HQ — HR||, < 7]|Q — R||,, for all Q, R € RC. O

The intuition behind contraction in the weighted supremum norm for Q-learning is dis-

cussed as follows. Rewriting Q-learning iteration (3.5), we have

Qui1(2e, ) = [1 — oy, a)| Qe (4, ar) + (e, ar) [HQi (w4, ar) + wi(we, ar)]

where
bGF(a:Hl) bel'( X/

wi(z,a) =1y — Bgaore + max Qu(wi11,0) — B [ m?x) QX' b)} )

It is known that if H is a contraction map, then @); converges to the fixed point of H, i.e.,

Q* (Tsitsiklis, 1994). Now, observe that the Q-learning iteration (3.5) is equivalent to

Qt+1($t,(lt) o Qt(%ﬂt)
o(xt, ar) = [~ adl, o) p(xr, ar)
Te.a 3.11
H[so(xt’at)?;((xt,;lt))] wt(xt7at) ( : )
+ (24, ay)
p(t, ar) ©(Tt, ar)

Therefore, it is equivalent to iterate ¢;(x,a) = Qi(x,a)/v(x,a) with respect to the map
H defined by
Hq:=®tH(®q) (g € R®).



98 Chapter 3. Q-Learning with State-Action-Dependent Discounting

where ®q(z,a) = ¢(z,a)q(z,a) and ®q(z,a) = q(z,a)/p(x,a) for all (z,a) € G and
q € RC. In the above lemmas, we have p(z,a) = o(z) for all x € X. If H is a contractive

in || - ||, norm, then H is a contraction in maximum norm.

We use the following lemma of stochastic approximation to prove convergence of algo-
rithms. The methodology follows Jaakkola et al. (1993), Tsitsiklis (1994), Singh et al.
(2000), Melo (2001), and Hasselt (2010).

LEMMA 3.4.4 (Singh et al. (2000)). Let X be a finite set. Consider a stochastic process
{(a, Ay, Fy) }iso such that oy, Ay, Fy 2 X — R and

A (z) = (1 = u(x)) Au(x) + (@) Fi(2) (z € X)

Let Z; be a sequence of increasing o-fields such that ag, Ay are Fo-measurable and oy, 2

and F,_y are F;-measurable for t > 1. Assume that the following statements hold:

(a) 0 < ay(z) <1, au(x) =00, >, a2 (x) < 0o w.p.l;
() |E[F()|Zllw < &l Allw + ¢, where k € (0,1), w € RX, and ¢; converges to
zero w.p.1;

(c) Var[Fy(z)|.Z:] < K(1 + ||A¢]|w)? , where K is some constant.

Then, Ay — 0 w.p.1.

PROOF OF PROPOSITION 3.3.1. Suppose that all assumptions in the statements hold.

Let Ay(z,a) = Qi(z,a) — Q*(x,a) for all (z,a) € G and rearrange (3.5) as

At+1($t, at) :(1 - Olt(l"t, at))At(%m Clt)
+ oz, a0) |1+ B max  Qu(wy41,b) — Q7 (24, ay)

bel (z¢+1)

=(1 — oy, ar)) Ar(y, ar) + ou(ze, ar) Fy (g, ay),

where we write

Fi(zi,ar) = + B¢ max )Qt($t+17 b) — Q" (x4, ).

bEF(:EtJrl
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We let Fy(z,a) = 0 if (z,a) # (z+,a;). Here, z441 is a random sample generated from
P(zy,a,-) for all t € Ng. Let %, = 0{Qo, x0, ag, a0, 70, o, - - -, Tty Gy, 0, 741, Bi—1 } be the

o-field up to time ¢t. Then, A;, oy and F;_; are .%;-measurable.

To apply Lemma 3.4.4, we need to show (1) ||E[Fi(:)|-Zi|lw < E||A¢|w + ¢, for some
€ (0,1), w € RX, and ¢; converges to zero w.p.1, and (2) Var[F,(z)|.%] < K(1+]|A¢]w)?
for some constant K. From the setup of F}, we have

BlFe.0)| ] = 3 Ploa.s [ (o, ) + 80, 0.0') max Q') — @ (.0)

Since HQ* = QQ*, Lemma 3.4.1 or Lemma 3.4.3 implies

IBLEC Al = [[HQ — HQ [, < v1@r — Q7o = vI[Adl,- (3.12)

for some 0 < v < 1 and positive vector ¢. Moreover, since X and A are finite, we have
Var(r|.#;) = Var(r(zy, ar, X')) < oo and Var(B:|-%#;) = Var(5(zs, ar, X')) < co. It implies

that there exists K € IR such that

Var[Fi(z,a)| %] = E (n + B béll}?)}((/) Qi(X',b) — Q*(x,a) — (HQ(z,a) — Q*@,a))) ]

=FE (THL@ max (:(X’,b) — HQt(m)a))j

bel'(X7)

= Var [rt + B bgl}?)}((’) Qi (X ,b)}
K1+ [|A,)*

Then, Lemma 3.4.4 shows that A; converges to zero w.p.1, so (J; converges to Q* w.p.1.

O

3.4.3. Remainging Proofs in Section 3.3.1. For the stability of SARSA, we can show
that {Q¢}i>0 computed by SARSA iteration is bounded w.p.1 by Theorem 1 of Tsitsiklis
(1994). Alternatively, note that the Q-value from Q-learning is an upper bound for Q

values of SARSA. Moreover, consider a Q-learning process with min instead of max in
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the update rule:

Qt+1(xt,at) = (1 - O‘t(xhat))Qt(xtaat) + @t($t7at) ry+ B min )Qt($t+17b) . (3-13)

bEF(:EtJrl

Clearly, Q-values from (3.13) iteration are the lower bounds for the Q-values of SARSA.
Since update rule (3.13) is equivalent to the negative @); of the Q-learning (3.5) replacing

r, with —ry, it also converges w.p.1.%

PROOF OF PROPOSITION 3.3.2. Suppose that MDP is recurrent, Assumption 3.3.1 is sat-
isfied, and either Assumption 3.3.2 or 3.3.3 holds. Let Ay(z,a) = Qi(z,a) — Q*(z,a) for
all (z,a) € G. The SARSA iterate becomes

Apr(wg, ap) = (1 — ap(@g, a0) ) A, a) + (g, ar) Fiy (24, ay),
where

Ft(l't, at) =Ty — Q*(fﬂt, @t) + 5tQt($t+1, at+1)

=ry + 3, max Qt(xtJrla b) - Q*<xt7 Gt) + B |:Qt<xt+17 at+1> — maX Qt(SUtH’ b)
bel (x¢41) bel (zt+1)

3:FtQ(fEt7Clt)+5t Qi(Ti41,a¢41) — max Qt(xt+1>b):|
bel (zt+1)

::FtQ(xb ar) + Ci(Teq1, Qry1).
Define Fy(z,a) = F(z,a) = Cy(z,a) = 0 if (z,a) # (1, a;). Let
fg‘t - U{QOJ o, Ao, o, To, /807 vy Ty Qpy Oy, T 1, Bt—l}

be the o-filed up to time t. Then, A;, «a; and F;_; are .%;-measurable. Since

E[F?(x,a)|.%] = HQi(z,a) — Q*(z,a), it follows from (3.12) that

IEIEZC, )| Zlle < 1A,

We can also prove the convergence of the iteration (3.13) by the same arguments in the proofs of
Q-learning.
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where 7 < 1 and ¢ are obtained from Lemma 3.4.1 or Lemma 3.4.3. Therefore,

IELEC, ) Fdlle < NBLEL )l + IEICC ) Fll

<A, + IEC, )I#ll,

Now, || E[C:(-, -)|-Z]||, converges to zero since Q¢(x, a) stays bounded as discussed at the
beginning of this subsection, and a GLIE learning policy converges to the optimal policy,
whence C} converges to zero w.p.1. Finally, since Var(r;|.%;) < oo and Var(f;|-#;) < oo
by the finiteness of X and A, we have Var(F;|.%;) < C(1 + ||A]],)? for some constant C.
Therefore, Lemma 3.4.4 concludes that A; converges to zero w.p.1, and then (); converges

to Q* w.p.1. O

PROOF OF PROPOSITION 3.3.3. Let the conditions of the statements hold. Let
Ai(r,a) = Qi(z,a) — Q(x,a) for (x,a) € G, where Q is the Q-factor corresponding

to the RRR learning policy. Rewriting (3.6), we have
Az, ar) = (1 — gz, ar)) Ae(@e, @) + (e, ar) Fi(ae, ar)

where

Fi(xy, a0) = 1y + BiQe(Ti41, ar1) — Q(2¢, ay)

for (z,a) € G. Define Fy(z,a) = 0 if (z,a) # (x+,a;) and let
fgzt - J{QOJ Zo, Gg, o, T, 507 ey Lty Ay, O, T 1, ﬁt—l}‘
Recall that Q) function is

Q(r,a) =r(x,a) + Z P(x,a,2")B(x,a,z") Z PR(p(Q,2',d))Q(x',a') (x,a) €G

z'exX a’eA
Define operator S: R® — R® by SQ(z,a) = > ,.a PH(p(Q.z,a))Q(z,a) for (z,a) € G
and Q € R®. Note that for any Q, Q' € R® we have

|SQ($,CL) - SQ'(m,a)| < m{?X |Q($7a> - Q’(m,a)| ((xva) < G>5

5See Singh et al. (2000) Appendix C.
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Suppose that Assumption 3.3.3 holds. Let v < 1 and ¢ be defined as Lemma 3.4.3. Then,
since asy1 follows the RRR learning policy and is selected by PE(p(Q,x,a)), we have the

expectation
|E[Ft($t, Clt)|3zt]| = |1E[7"t + 5tQt(fEt+1, at+1) - Q(ffu at)|ﬁt]|

= Zp(mtaataxl)ﬁ(ﬂft,@u SQtiL" G ZP Tg, A, T xtaatvx/)SQ(xlva/)

z'eX z'eX

< Z P(I’t, ag, [E/)/8<C(]t, g, [L',) ’SQt(I/7 CL/> - SQ<J‘J7 CL/)‘

z'eX

< Z Py, ag, 2') B2y, ay, 7') mE}X|Qt(fE,7a/) —Q(a',d')]

z’'eX

< 3 Dl #')max|Qu(a, ') — Q')

z’'eX

< Lz, 2)e(@) Qe — Qlly < vl 1Q: — Qll,

a'exX
where the second equality follows from E(r¢|.%;) = r(zy, a;) and Pr(apy = a|Qy, x441) =
PE(p(Qy, 1, a)), the third inequality follows from the assumption of eventual discounting,
and the last two inequalities follow Assumption 3.3.3 and Lemma 3.4.3. On the other
hand, suppose that Assumption 3.3.2 holds. Let 7 and ¢ be defined as Lemma 3.4.1.

Similar to the inequality (3.9) in Lemma 3.4.1, we have

E[Fy (2, )| F4)| = |Elry + B:Qu(wr41, ar1) — Q(ze, ar)|F)|

< Z Pz, ap, 2)B(m4, ar, 2') |SQu (2, a') — SQ(2/, d')|

z'eX
< max Z Py, ap, ") By, ar, 2") max |Qy (2, a') — Q(a', )]
¢ z'eX “
<m§lXZP($t7ata$,)6($taata 2)p(z)[|Q: — QH(p

z'eX

<)@ — Qlly

Dividing ¢(z;) and taking supremum to either one of the above inequalities, we have
|E[F(, )]Zll, < Q@ — Qll,- Now, Lemma 3.4.4 shows that A, converges to zero

w.p.1, so Q; converges to @ w.p.1. The statement that the greedy restricted policy is
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optimal under P® ranking strategy follows from Theorem 3 of Singh et al. (2000), where

we consider the discounting function §(x,a,z’) instead of a constant 3. O

PROOF OF PROPOSITION 3.3.4. Suppose that all conditions of the statement are sat-
isfied. By symmetry, it suffices to show that Q* converges to Q*. To apply Lemma
344, let Ay = Qf — Q. Denote oy = au(rs,as), a* = argmax, Q*(xs11,a) and

b* = argmax, QP (x,41,b). Double Q-learning iteration yields

Ay(xy,a0) = (1= o) Ay, a0) + aure + BiQ7 (2441, a7) — Q" (w4, ay)]
(3.14)
= (1 — ) A(zy, ap) + o Fy (4, ay)

where

Fy(we, ar) = i+ BiQF (2131,07) = Q" (w1, a)
= 7t + BQ7 (w141, 0%) — Q (wr, @) + B[QF (2141, 07) — Q) (w11, a”))]
= F2 (2, 1) + BQF (w111, 0") — Q' (w111, a7)]
= F2 (x4, ap) + Cy(y, ay).

Let Fy(z,a) = F2(x,a) = Cy(z,a) = 0 if (z,a) # (2, a;). Recall that E[FC (z,, a;)|.%] =
HQP (x4, ar) — HQ* (4, a4), s0 we have

IELEZC, )17l < AIA,

where v < 1 and ¢ are defined in Lemma 3.4.1 or Lemma 3.4.3. Since Var(r;|.%;) < oo
and Var(f;|-%#;) < oo, the variance condition of Lemma 3.4.4 is satisfied. Therefore, it

suffices to show that Cy(z¢, a;) = B(QP (w411, a*) — Q (z411, a*)) converges to zero w.p.1.
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Next, we show that AP4 = QF — Q# converges to zero w.p.1 by Lemma 3.4.4. Double

Q-learning of Algorithm 1 implies that the update of A; follows
if QF is updated:
AES(% a) ZQil(%, a) — Qfﬂ(xm a)
=(1 = a))QF (x1, ar) + (i + BiQ™ (w1, b)) — Q' (w1, ar)

=1 — a) AP (@, ar) + culry + BiQy (w41, ) — QF (2, ar)]

if Q4 is updated:
APA (e, ar) =Q7 (w1, a0) — Q4 (4, ar)
ZQE - [(1 - Oét)QiA@t, Clt) + Oét(Tt + ﬁtQB(xt+17 CL*))]

=(1- Oét)AfA(%f, ar) — aure + B Qf (xeg1, a*) — QF (2, ar)).
Suppose that the probabilities of updating @“ and QP are equal, and the selection of

updating Q4 or QP is independent of the sample. Then, we have

Afﬁ(xt, at) = (1 — oz, at))AfA(xt, ay) + ay(xy, a) Fy(x, a), (3.15)

where

- Ty + Bth‘(xtH, b*) - Qf‘(ﬁt, at)v W‘P-1/27
Fi(z,a) =
—Try — BtQtB(:Et—i-la a*) + QtB(.Z't, (It), Wp1/2

To apply Lemma 3.4.4 to {AB4} process, we need to show ||E[F(-, -)|.Z]|| < A||AP4]| for

some A\ < 1. From the definition of £}, we obtain

E[Fy(z,a)| 7] = = [E(re + BiQ7 (2241, b)|F) — Q) (1, ar)]

N | —

+ = [FE(re + BiQ7 (41, ") | F) + QF (24, ar) ]

1

2
1 1

= §AtBA(9Ut» as) + §E[ﬁt(Qf($t+1> b*) — Qf(xtﬂ, a*))L%].

Assume E[3;Q(z111,0%)|F:] = E[BQP (2141,a")|.%]. Suppose that Assumption 3.3.3

holds. Let v < 1 and ¢ be defined as Lemma 3.4.3. Since the definition of a* implies
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QMxip1,a*) = Qf (z441,b%), we have

IE{BQ7 (€111, b") = QF (xe41, a")||Z}| = E{BQ} (w141, b") — QF (w141, a”)]|.F}
< E{B[Q (x111.a") — QF (w141, a")]|.71}
= Z P(xt’ t, x/)ﬁ(xta g, .CE/)[Q?(.CE,, a*) - QtB(x/a a*)]

< 3 Lo ) mgx Q1) - QP )
ZL v, 2)p(@)|QF — QF I,
<)@ = Q7
Dividing both sides by ¢(z;) and taking supremum, we have
IEB(QF (we+1, ) = @ (wesr, NIF e <AIAF,. (3.16)

On the other hand, suppose that Assumption 3.3.2 holds. Let 7 and ¢ be defined as

Lemma 3.4.1. The inequality (3.9) in Lemma 3.4.1 implies

IE{B[Q7 (141, b°) = QF (w111, )| FH = B{BQL (w111,07) — QF (w141, a")]|F}
< E{ﬁt[Qf(xtHa a’) — Qf($t+1, a*)||-F}
= Z P(xy, ar, 2')B(24, ay, ) [QiN (', a*) — QP (2, a™)]

< maxzP(a:t,at,:c')ﬁ(a:t,at,x') max [Q;'(z',d') — QF (', d')|
< max 3 Plars 0,23, an o @)1 - QP
< ()@ — Q7 |l

To this end, (3.16) holds if Assumption 3.3.2 holds.

Alternatively, if we assume E[3,Q (x4 1,b%)|F] < E[B:QF (2411, a*)|-F], then by the fact

that QP (z441,b%) = QF (7441, a*), the above argument also implies (3.16). Therefore, we
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have

E{F (2, )| Z] = |28 (1 00) + SEIB(Qf wess,b) — Q2 (w1s1,0"))| 71

1+~
< THAfAHso
where (1 4+ )/2 < 1. Since Var(ry|.%;) < oo and Var(3,|.%;) < oo, we have Var(F;|.%;) <
K(1 + ||ABA|)? for some constant K. Then, Lemma 3.4.4 and (3.15) yield AP4 — 0

w.p.1. Therefore, C} also converges to zero w.p.1. Finally, Lemma 3.4.4 shows that the

origin process (3.14) converges: A; = Q4 — Q* — 0 w.p.1. O

3.5. Stability of Q-learning

The Bellman operator of an eventually discounting MDP can be viewed as a contrac-
tion map under a certain weighted norm. We find that the spectral radius p(L) and its
corresponding eigenvector play crucial roles in determining the convergence of the value

function iteration. Utilising this fact, we establish a bound for optimal Q-value Q*.
Define policy operator T, : R* — R* by
Too(2) = r(z,0(@) + 3 Plz,o(2),d)(r, o), 2 )o(=)  (ve Rz eX).

The Bellman operator can be written as Tv(z) = max,ex T,v(x) for all x € X. Futher-
more, assume that L is irreducible, which can be achieved when an MDP is recurrent.
Since L is irreducible, Perron-Frobenius theorem implies that there exists ¢ € R such

that Ly = p(L)p. We define the maps:
Tyv =0T, (dv); Tv:=d 1T (dv); (v € RX)

Hq = o 'H(dq), (g € R®)

where ®u(z) = (z)v(z), () = v(z)/p(z), bg(z,a) = @(z)g(z,a), and
(i)_lq(x,a) = q(x,a)/p(x) for all (z,a) € G,v € RX, and ¢ € R®. Observe that o,
 and § are the fixed points of T,,, T and H, respectively, if and only if v, = ®7,, v* = &

and Q* = &g are the fixed points of T}, T and H, respectively. We show that T, T, and
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H are contraction maps with modulus p(L), which further give the convergence rates of

T,,T and H in the maximum norm, or the convergence rates of T,, T and H in | - [|..

LEMMA 3.5.1. If Assumption 3.3.3 holds, and L is irreducible, then T,, T, and H are
contraction maps in ||-||, with modulus p(L), where ¢ is the eigenvector of L corresponding

to eigenvalue p(L).

LEMMA 3.5.2. If Assumption 3.3.3 holds, and L is irreducible, then T,,T and H are

contraction maps with modulus p(L) in mazximum norm.

Therefore, both T" and H are globally stable, and we can analyze the convergence rates.
For example, we have the following convergence rate and error bound for value function

iteration (see, e.g., Bertsekas (2022) for the proof).

LEMMA 3.5.3. If Assumption 3.3.3 holds, and L is irreducible, then

(a) | T = v*llp < p(L)*lv = v*[ly

p
(0) 1T v = v*||, < AT o = Ty, where v = p(L)/(1 = p(L)).

Next, we use the contraction of H operator to find the boundedness of optimal Q*.

Moreover, the expectation E(Q;11(z,a)|-#;) is bounded if @Q; is bounded.

PROPOSITION 3.5.1. Suppose that Assumption 3.53.3 holds, L is irreducible, and |ry| < T
for all t w.p.1. Let {Qi}i=0 be the Q-learning iteration. Then, the following statements

are true.

() 1Q7[ls < I7lle/(1 = p(L))-
(0) I 1Qulle < [I7lle/ (X = p(L)), then [E(Qua (- )| F)lle < I7llo/ (1 = p(L)).

Proposition 3.5.1 shows that the QQ-learning iteration is stable in the sense that )y, is
expected to be bounded by ||7||,/(1— p(L)) if @, is bounded by ||7||,/(1 —p(L)). Finally,

note that all the results also hold if Assumption 3.3.2 holds, by Lemma 3.4.1.
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3.6. Learning with Concavity

In this section, we explore cases where the Q-factor Bellman operator exhibits concavity.
We show that if the operator in Stochastic Approximation, which has a desired fixed
point, is concave within a bounded interval, then the Stochastic Approximation iteration
converges to the fixed point of that operator, provided that iterations remain within the
same interval. Moreover, we apply this result to Q-learning by assuming that the Q-factor

Bellman operator is concave.

3.6.1. Stochastic Approximation with Concavity. Let H: R" — R" be a map on
R" such that Hx = (Hz(1),..., Hx(n)) for all x € R™. We are interested in computing
the fixed point of H. The Stochastic Approximation algorithm consists of updating a
vector x; € R™ by observation Hz; with noise w; to solve the fixed point of H. Let
7: C N be a set of times at which an update of z(7) is performed for i € {1,...,n}. The
Stochastic Approximation iterates are defined as follows:

Ti41 = (317)

(1 — o (2)) e (i) + (i) (Ha(3) + wye (), ifteT;

forall i € {1,...,n}, where ay(i) € [0, 1] is a step size parameter, w,(7) is a random noise,

and zo € R™.

Let .%; be the o-field of the algorithm information up to and including the point at which

the step-size oy (1) is selected:
Fy = 0{xo, ..., Ty, W, ..., W1, X, ..., Oy}

Let Q be the sample space of all possible trajectories of {(z¢, oy, wy)} and F = Q) e, Fi-
Let P be the probability measure on (2,.%). The following two assumptions regarding

step sizes and noises are standard for Stochastic Approximation.

ASSUMPTION 3.6.1. The stepsizes {a,}ien, are a sequence of random variables defined

on (€2,.#,P) such that ay(i) € [0,1] and oy (¢) = 0 for ¢ € 7; for all ¢ and ¢t. Moreover, we
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have

Z ay (i) = oo, and Z a?(i) < oo

teTi (w) teTi(w)

for all i € {1,...,n} and P-almost all w € Q.

ASSUMPTION 3.6.2.

(a) E[w(i)|-%] = 0 for all ¢ and t.

(b) There exist constants A and B such that for all i and ¢

Elw; (i)|#] < A+ Bllz.|”

Assumption 3.6.2 ensures that the noise has a mean of zero and is bounded in the second

moment, implying stability. Furthermore, we assume that H is concave on some interval.

ASSUMPTION 3.6.3.

(a) H is increasing and concave on [u,v] C R™ with u < v,
(b) Hv < v, and

(c) there exists an € > 0 such that Hu > u + e(v — u).

Assumption 3.6.3 implies that H: [u,v] — [u,v] is globally stable and has a unique fixed
point. To this end, the iteration (3.17) converges to the fixed point of H if the above

assumptions hold.

THEOREM 3.6.1. If Assumption 3.6.1, 3.6.2 and 3.6.3 hold, and {z;} generated is by

(3.17) is in [u,v] with probability 1, then x; converges to x* with probability 1.

3.6.2. Q-learning with Concavity. Let ¢c: G x X — R, denote a cost function. Sup-
pose that the (future) value is adjusted by some concave function ¢: R — R before taking
expectation such that the Bellman equation becomes

(@) = min B (e, 0, X') + Bla,a, X )o(X"). (3.18)
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Let v* be a solution to (3.18) and define Q*(z, a) = E, 4[¢(c(z, a, X")+B(z, a, X )v*(X"))]

for all (z,a) € G. The corresponding Q-learning iteration follows
Qir1(s, a1) = (1—ay(w4, ar) ) Qi (4, ay)
(3.19)
+ (e, ay) {SO (Ct + B min  Qy(zi1, b))}

beT (w1+1)
where oy (z,a) € [0,1] for all (z,a) € G, ¢; and B, satisfy E[ci|(x,d’, ") = (x4, a, v441)] =
c(z,a,2') and E[B|(z,a,2") = (x4, a4, x141)] = Bz, a,2’), and x4y is a random successor
state generated by P(x,ay,-), given Qy € R®. Define the Q-factor Bellman operator
H:R® — R® by

HQ(x,a) = E, .0 <c(x, a,X") + f(x,a, X’) min : QX' b)) (3.20)

ber(X'

for all (z,a) € G and @ € RC.
ASSUMPTION 3.6.4.

(a) Both ¢ and 8 are positive everywhere and bounded.
(b) ¢: R — R is increasing, concave, and ¢(c(z,a,z’)) > 0 for all (z,a,2") € G x X.

(c) There is K > 0 such that ¢(||c|| + ||8||K) < K.

Assumption 3.6.4 guarantees that H(K1) < K1. It also implies that HO is everywhere
positive and then there exists an ¢ > 0 such that H0 > ¢K1. To this end, H satisfies

Assumption 3.6.3.

EXAMPLE 3.6.1. This example demonstrates a standard Q-learning. If 8 € (0, 1), ¢ is an

identity map, and c is positive everywhere and bounded. Suppose that H is defined by
HQ(z,a) = c(x,a) + fE, . bnrli(n) Q(x',b) ((z,a) € G,Q € R®).
el'(a’

Then, we have

H <1 _B]l) (x,a) = ¢(x,a) +ﬁEx7aH;i/n{%]l(x',a')}

<+l el
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Therefore, H is a self-map on [u,v], where u(z,a) = 0 and v(z,a) = ||c[|/(1 — 5)) for
(x,a) € G. Also, HO(z,a) = c¢(x,a) > 0 for all (z,a) € G, which implies there exists an

e > 0 satisfying HO > e(||c[|/(1 — 5))1.

LEMMA 3.6.1. If Assumption 3.6.4 holds, then H defined by (3.20) satisfies Assumption
3.6.3, is globally stable on [0, K1], and has a unique fized point x* € [0, K1].

LEMMA 3.6.2. Suppose that Assumption 3.5.1 and 3.6.4 hold. If {Q:} is a sequence
generated by (3.19) with Qg € [0, K1], then {Q:} is in [0, K1] with probability 1.

Thus, Q-learning is stable in [0, K'1] if Assumption 3.6.4 holds. Then, with the global

stability of H, we can show the convergence of Q-learning.

PROPOSITION 3.6.1. Let {Q:} be generated by (3.19). If Assumption 3.53.1 and 3.6.4 hold,

then Q; converges to Q* w.p.1.

EXAMPLE 3.6.2. This example modifies Assumption 3.6.4. Let g: R — R be an increasing
and concave map such that g(0) > 0, and there is K > 0 satisfying ||c|| + [|5]|g(K) < K.
Assume that ¢ is positive everywhere and bounded, and f is everywhere positive. Suppose

that H is defined by

HQ(z,a) = c(x,a) + E, .,8(x,a,2")g ( min)Q(m’,b)) ((z,a) € G,Q € R®).

bel(x!

Then, we have H(K1)(z,a) < |||+ ||8]lg(K) < K for any (z,a) € G. Moreover, we have
HO(z,a) > ¢(x,a) > 0 for any (z,a) € G so as there exists an € > 0 satisfying H0 > ¢ K 1.
This example allows discount factors to be greater than one. In this case, the convergence
relies on the concavity of function g. Similar to Lemma 3.6.1, H is globally stable and
has a unique fixed point on [0, K'1]. A similar argument in Proposition 3.6.1 implies the

convergence of Q-learning.
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3.7. Appendix

PROOF OF LEMMA 3.2.1. Suppose p(L,) < 1. Since p(L,) = lim, . ||L 1],
there exists m such that |L21]] < 1. Since p(z,0(z),2")P(x,0(x),2’) <
max, 3(x,a,z’)P(z,a,2’) for all (z,2') € X* and 0 € %, we have d; < sup, L,,1(z).

Induction yields d,, < ||L 1] < 1. O

PROOF OF LEMMA 3.5.1. Assume that Assumption 3.3.3 holds and L is irreducible.
Since L is irreducible and p(L) < 1, the Perron-Frobenius Theorem implies that there
is an everywhere positive eigenvector ¢ such that Ly = p(L)p. That is, we have
diag(p) 'Ly < p(L)1. We first show that T, is a contraction in || - [|,. Let v,w € R

and z € X. By definition, we have

To0(2) = Tyw(@)| = | Y Pla,o(x),2")8(x, o(z), 2)(v(2) — w(a)))

z'eX
Y P(x,0 Bz, o(x), 2")|(v(z) — w(a’)
x'eX
<Y Ll a)| (o) — w(a')| (3.21)
z'eX
< 3 Lix,)ple!) max |(v(y) — wly)|
= vex p(y)
= Z L(z,z")p(a")||v — w]|,.
x'eX
Dividing ¢(z) on both sides yields
T,v Tow(x
Forta) - =5 3 Ll = ull, < plL)o — ull,

g0($) z'exX

where the last inequality follows from diag(p) 'Ly < p(L)1. Taking the maximum on
the left over X, we have [|T,v — T,w|, < p(L)||lv — w||,. Next, the similar argument in
(3.21) yields

T,0(x) (2) + Y Lz, 2")p(@) v — w]l,.

z'eX

By taking the supremum over Y of both sides, we obtain

Tv(x) —l—Zwa ) ||v — wll,.

z'eX
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By interchanging the roles of v and w and combining the two relations, we have
|Tv(z) ZL z, 2" )p(a)||v — wl|,.
z’'eX
Then, a similar argument shows ||Tv — Tw||, < p(L)||v — wl|,. Finally, we show that H
is a contraction. Fix @, R € X®. Then, we have
HQ(z,0) — HR(z,)| = |3 P(z,a,/)(r, 0,2') (max Q(z', ') — max R(z', )
z’'eX “ “

ZLx x maX]Q(x a') — R(z',d")|

z’'eX
<Y Lz, a)e(a)]Q — Rl
z’'eX
Thus, a similar argument implies that |HQ — HR||, < p(L)||Q — R||,. O

PROOF OF PROPOSITION 3.5.1. Suppose that the assumptions in the statement hold.

Since Q* is the fixed point of H, r(x,a,2') < ¥ w.p.1, and diag(¢) 'Ly = p(L)1, we have

Lo = [T (o + B mp )|
< Z,P(:E,a,:vl)ﬁ(a:,a,a:/)i(g)) max max ‘Q ‘

/

I
At

||7”H«:+ZL z, ')

< |I7lle + p(Q7 [l
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for all (z,a) € G. Taking the maximum on the left, we have ||Q*||, < ||7]|, + p(L)]|Q*||,,

which implies (a). Next, with the assumption ||Q;||, < ||7]|,/(1 — p(L)), we obtain

B(Qua (. )l )| _ |, _ . Qlr.a)
SR GO
N (r(z,a,2") Bz, a,x) ,
ron 3 Pe) (i B i )|

xT

-« ag | |7 x, @ ')
< (1 =)@l + t<H HwL;L( : )W(SC) HQtHsD>

= (1= a)l|@lly + eullille + p(L)[[Q1ll)

7]l
1—p(L)

for all (z,a) € G. Taking the maximum on the left, we conclude

IE(Qe1 (5 ) F) e < 7l / (1 = p(L)).

O

Let E be a real Banach space where a partial ordering is defined by a cone P C E such
that x < y if and only if y — 2z € P. We write x < y if + <y and x # y. A cone is
called normal if there exists a constant N > 0 such that 0 < z < y implies ||z|| < N|y||,
where 6 denotes the zero element of E. An operator A: E — F is called increasing if
x,y € B with z < y implies Az < Ay. It is called concave if for any x,y € E with z <y
and A € [0,1], we have A(Ax + (1 — N)y) > Mz + (1 — N\)Ay. For any ug,vg € E with
uy < vp, we define an order interval by [ug, vo] = {x € E: uy < < vp}. Du (1990) shows
the following fixed-point theorem with a concave operator (See also Zhang (2013) for the

proof.)

THEOREM 3.7.1. Suppose P is a normal cone, ug,vg € E, and ug < vg. Moreover,
A: [ug,vo] = E is an increasing operator. Let hg = vg — ug. If A is a concave operator,
Aug = ug + ehg, Avyg < vy where e € (0,1), then A has a unique fized point x* € [ug, vo).
Moreover, for any xy € [ug,vo], the iterative sequence {x,} given by x, = Ax,1 for
n € N satisfying that

ln =2 <M1 —¢)"  (neN)
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where M = N?||hg|| + (N + 1)N||BO|le™2, € € (0,1) satisfies B = Aug — ug = chg, and

N is the normal constant of P.

PROOF OF THEOREM 3.6.1. Suppose that all the stated assumptions hold. Let {x;} be
generated by (3.17). Define Ut = HU* and Lkt = HL* for all k > 0 recursively with
U’ = v, L° = w. Assumption 3.6.3 implies U! = Hv < v = U® and L' = Hu > u = L°.
Since H is increasing, induction yields L* < L¥1 and U*! < U* for all k. Since the Du’s
Theorem 3.7.1 implies that H is globally stable on [u,v], we have U¥ — x* and L* — x*.
The conclusion then follows from the proof for Theorem 2 of Tsitsiklis (1994) that for

every k, there exists some t;, € N such that
L <oy < U* for all t > ;. (3.22)

O

PROOF OF LEMMA 3.6.1. Let Assumption 3.6.4 hold. Then, H is a selfmap on [0, K'1]
and HO > eK1. Let A € [0,1] and fix ¢1,¢2 € [0, K1] with ¢; < ¢o. Since ¢ is concave,
we have
H(Aq1 + (1 = N)g2)(z, a)

= By (ela,a. X)) + B, a, X') min{Ag: (X',B) + (1 = Nea(X',0)})

> E, .0 <c(x, a, X"+ B(x,a, X") ()\ mbin (X, 0)+ (1 =X mbin a2 (X, b)))

> A\E, . (c(x, a,X") + B(x,a, X") mbin (X', b)>

+(1=MNE, .0 (c(:p, a, X"+ B(x,a, X') mbin (X', b))

= Aq(z,a) + (1 = A)Hga(z, a)

for all (z,a) € G. Therefore, H is concave. Since ¢ is increasing, H is also increasing. It

follows from the Du’s theorem 3.7.1 that H has a unique fixed point Q* in [0, K'1] and

there exists o € (0,1) and M > 0 such that

[H"Qo — Q|| < "M
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for any @y € [0, K1] and m € N. O

PROOF OF LEMMA 3.6.2. Let Assumption 3.3.1 and 3.6.4 hold. Fix Qo € [0,¢1]. Sup-

pose that @ is in [0, K'1] for some ¢t. Then, induction hypothesis and (3.19) imply
Qii1(z,a) = (1 — a(x,a))Qi(z, a) + au(z,a)p (ct + 5y mbin Q2 b))
> (1 — oy, a))0+ a(z,a)p(c) =0
and
Quir(z,a) = (1 — au(z, a))Qu(x, @) + s, a)g (ct + fmin Q( b))
< (1= a2, ) K + oz, a)pler + BiE)

< (1= au(w, a) K + ag(w, a)ep([le]| + [|B]1 )

<1 —a(r,a) K+ (r,a) K = K
for all (x,a) € G. Therefore, we conclude Q; € [0, K'1] for all ¢ > 0 with probability 1. O

PROOF OF PROPOSITION 3.6.1. Suppose that Assumption 3.3.1 and 3.6.4 hold and let
{Q:} be generated by (3.19). We first rewrite QJ;+1 by

Qri1(e,ar) = (1 — o) Qe(xy, ap) + oy (HQ(y, ar) + wy(y, ay))

where operator H is defined by (3.20) and w; is defined by

wy (e, a) = ¢ <Ct + 6 min  Qi(ze1, b)) — B, 00 (Ct + 6 min Qx4 b)) .
bEF(Z‘t+1) ber($t+1)

Clearly, we have E[w;|-#;] = 0, where .%; is defined by (3.7). Since ¢ is concave, there are
constants p,q > 0 such that p(s) < p+ ¢s for all s. Hence, we have ¢*(s) < (p + ¢s)*
Since in addition Var(f;|.%#;) and Var(c|.#;) are finite, there are constants A and B such
that E[w?|#] < A + B||Q:||*>. Therefore, Assumption 3.6.2 holds. The conclusion then
follows from Theorem 3.6.1, Lemma 3.6.1, and Lemma 3.6.2. U



CHAPTER 4

Uniqueness of Equilibria in Interactive Networks

4.1. Introduction

Network analysis enhances our comprehension of macroeconomic volatility and systemic
risk by capturing agent interactions. For instance, idiosyncratic shocks propagate through
the interconnections of a production network, resulting in aggregate fluctuation, where
the network structure, such as hubs, sparsity, and asymmetry, significantly influences the
shock propagation and the magnitude of aggregate fluctuation (Carvalho, 2008, Acemoglu
et al., 2012, Carvalho, 2014, Carvalho and Tahbaz-Salehi, 2019).

In economic network analysis, a critical challenge is determining the uniqueness of equi-
librium. The presence or absence of uniqueness carries various economic properties and
implications, and it affects the validity of comparative statics if multiplicity exists. For
example, Roukny et al. (2018) address that the multiple equilibria of a financial credit
network make the probability of default indeterminate, complicating the evaluation of sys-
temic risk. Jackson and Pernoud (2020) indicate that the multiple equilibria of a financial

network can lead to a self-fulfilling cascade of defaults.’

To address this, we investigate a unified framework capable of efficiently and systemati-
cally verifying uniqueness across various network models, including production networks,
network games, and financial networks. We clarify that, under general and widely em-
ployed assumptions, there are two types of framework: eventually contracting and non-
expansive networks, referring to whether the corresponding operator is eventual contract-
ing or non-expansive. We show the existence and (almost sure) uniqueness of equilibrium
for both eventually contracting and non-expansive conditions, providing researchers with

a valuable tool for promptly assessing uniqueness.

When there are multiple equilibria, and the market has pessimistic beliefs, a bank may tend to hold cash
and stop payments to others if it believes that other banks experience deterioration in credit conditions.
In this case, the ex-ante fear causes the cascade of defaults, even if there is another better equilibrium
that banks are solvent.

117
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Specifically, we demonstrate that equilibrium exists and is unique when either the inter-
action function or the sensitivity matrix is convergent,ensuring the existence of a Banach
contraction. If the spectral radius of a sensitivity matrix, weighted by the Lipschitz con-
stants of interaction functions, is less than one, then equilibrium is not only unique but also
globally stable. Conversely, when interaction functions are non-expansive but bounded,
and a sensitivity matrix has a spectral radius of one, we establish that equilibrium exists
and is unique almost surely, provided that the shocks are absolutely continuous. We un-
derscore the role of absolute continuity in preventing the occurrence of multiplicity with
non-zero probability. For instance, multiple equilibria may occur with strictly positive
probability in some financial networks, such as Acemoglu et al. (2015a) and Acemoglu

et al. (2015b).2

Consequently, our findings confirm that the clearing payment in the generalised Eisenberg-
Noe model, studied by Liu et al. (2020), is almost surely unique under non-expansive con-
ditions and always unique under eventually contracting conditions. Liu et al. (2020) simu-
late the U.S. interbank lending system to explore the contagion effect of bank failures and
confirm the reduction in the network’s contagion effect after the 2007-09 financial crisis.?
While they demonstrated the existence of equilibrium, our proof of uniqueness ensures

the stability and reliability of their simulations when shocks are absolutely continuous,

such that the probability of multiple clearing payments is zero.

Furthermore, we study the non-bounded linear system and argue that boundedness is
essential for both the existence and uniqueness of equilibrium in non-contracting networks.
Leveraging this insight, we propose an algorithm to compute the generalised Eisenberg-
Noe interbank lending model in Acemoglu et al. (2015a) and Acemoglu et al. (2015b),
where the interaction functions are bounded identity maps. We show that the algorithm

converges at most in n2"~! iterations.

Moreover, as a particular case of a non-expansive network, we demonstrate that the
equilibrium payment in Eisenberg and Noe (2001) of credit network is always unique
2The generic uniqueness is defined in the sense that the set of shocks admitting multiplicity is measure

Zero.
3They find that banks have fewer counter-party exposures after the financial crisis.
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without regularity conditions, which are also applied by Amini et al. (2016) and Staum

et al. (2016). Our results correspond to the results obtained by Stachurski (2022).

In the applications involving generalised networks and the unique equilibrium, we extend
our analysis to identify key players using a measure inspired by Sharkey (2017). Key play-
ers are identified as agents whose removal from the network results in the most significant
reduction in aggregate economic states (Ballester et al., 2006, Zenou, 2016). Utilising the
methodology of Sharkey (2017), we compute the measure by interpreting the equilibrium
as the steady state of a continuous-time dynamic system. This measure captures the
impact of shocks received from others as well as those passed on by agents, making it
particularly useful for assessing systemic risk. Identified key players are characterised as

either "too big to fail" or "too interconnected to fail" agents.

Related Literature. This paper studies and generalises the unified network model in
Acemoglu et al. (2016b). Unlike Acemoglu et al. (2016b), we consider heterogeneous in-
teraction functions and arbitrary sensitivity matrix. Our result is different from Acemoglu
et al. (2016b) that, when a network is eventually contracting, the uniqueness of equilib-
rium does not merely depend on the Lipschitz contraction of the interaction functions. In
our framework, the convergence of either interaction functions or the sensitivity matrix
may lead to global stability. For non-expansive cases, we allow the sensitivity matrix to

be either row or column stochastic.

The unified network model in this paper can be applied to determine the Nash equilib-
rium in network games, the equilibrium output in input-output analysis, and the clearing
payments in generalised Eisenberg-Noe financial networks (Eisenberg and Noe, 2001). For
example, the model can be used to describe the best response and solve Nash equilibrium
in network games (Calvo-Armengol et al., 2009, Cohen-Cole et al., 2015, Blume et al.,
2015, Zenou, 2016, Galeotti et al., 2020). For production networks, the model could repre-
sent the input-output relationship and determine the output equilibrium (Acemoglu et al.,
2012, Bartelme and Gorodnichenko, 2015, Acemoglu et al., 2016a, 2017, Herskovic, 2018,
Carvalho and Tahbaz-Salehi, 2019, Acemoglu and Azar, 2020, Herskovic et al., 2020, Pe-

saran and Yang, 2020). For financial networks, it calculates the clearing loan repayments,
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which studies the systemic risk of default cascade (Eisenberg and Noe, 2001, Cifuentes
et al., 2005, Elsinger et al., 2006, Rogers and Veraart, 2013, Glasserman and Young, 2015,
2016, Acemoglu et al., 2015a, Gai and Kapadia, 2019, Veraart, 2020).

Outline. The paper is organized as follows. Section 4.2 presents the unified model and
the main results of the existence and (almost sure) uniqueness of equilibrium. Section 4.3
lists out the network models with identical mathematical patterns that can be embodied in
the unified framework and discusses some conditions for assumptions and extended results.
Section 4.4 presents the comparative statics and discusses the tightness of assumptions
and the importance of the boundedness condition. This section also discusses computation
methods when the interaction functions are bounded identity maps. Section 4.5 presents
a measure for identifying key players, which utilizes the property of the uniqueness of

equilibrium.
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4.2. General Model

Notation and Preliminary. Let z,y € R™ be vectors and f; : R — R be func-
tions for all # € V = {1,...,n}. In expressions involving matrix algebra, we take
the convention that all vectors are row vectors, unless otherwise stated. Denote |z| as
|z| == (Jz1], ..., |zn|) and f(x) as f(z) = (fi(x1),..., folz,)). If fi= fforallieV, we
write f(x) == (f(x1),..., f(z,)). Wesay that f; is non-expansive if | f;(x)— fi(y)| < |z —y|
for all z,y € R. Also, f = (fi)iev is non-expansive if f; is non-expansive for all i. Denote
x>2yifa; >y foralle eV, x >y if x; > y,; for all ¢ and x; > y; for some ¢ € V| and

xr>yifx; >y, foralli e V.

Let A = (Ai;), B = (Byj) € R™" be square matrices. Denote A > B if A;; > B;; for
all i,j € V.and A > B if A;; > By; for all i,j € V. A matrix A is column (resp.,

row) stochastic if A > 0 and ), ., A;; = 1 for all j € V (resp., > .., Ay = 1 for all

jev
i € V). A matrix A is column (resp., row) substochastic if A > 0 and ).\, A;; <1 for
all j €V (vesp., Yoy Aij < 1 for all i € V). The norm || - || refers to p-norm for vectors
or matrix norm induced by p-norm. Denote p(A) := max{|)| : A is an eigenvalue of A}
as the spectral radius of A. A matrix A is convergent if limy_,.o(A¥);; = 0 for all 4, j € V,
where (A");; is the (4, j)-th entry of A*. Let # € R" be a vector. We write diag(x) as the
diagonal matrix with main diagonal x. We know that matrix A is convergent if and only

if limy o0 [[A¥]| = 0 or p(A) < 1. Let T: R™ — R". We say that T is globally stable on

R" if T has a unique fixed point 2* € R" and limy_,o, 7%z = 2* for any x € R".

4.2.1. Model. Consider an economy with n > 2 agents, indexed by N = {1,...,n}. Let
x; € R denote each agent’s economic state. Suppose agent j’s state depends on the other

agents’ states such that

T; = fj (Z TiWij + €j> (] S N) (41)

Here, f;: R — R is the interaction function describing how shocks and the other agents’
states affect agent j. The term w;; € R represents the sensitivity extent of interaction

between ¢ and j, and €; € R is a shock. We refer to W := (w;;) € R™*" as the sensitivity
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FIGURE 1

matriz, with entries w;;. Let x = (z1,...,2,), € = (€1,...,&,), and

flaW +e¢) = <f1 <Zq:iwi1 +51> vees [ (Z%wm-i-%)) )

Equation (4.1) can be rewritten in vector form as:
r= f(zW +e¢).

We call (f,W,e) a network. Given (f, W), a network could experience any shock reali-
sations €. For any shock realisation ¢, we are interested in the equilibrium z satisfying
(4.1) under the network structure (f,W). Let P, be the probability distribution of & with

support F..

As presented in the following section, economic states can be outputs in production net-
works, decision choices in network games, and borrowing amounts in financial networks.
The model (4.1) indicates that agent i’s state influences the agent j’s state if w;; # 0,
for 7,5 € N. The interaction links and network structure can be presented by graph W.
The degree of influence of other agents is determined by both the sensitivity w;; and the

interaction function f;.

To illustrate the framework, Figure 1 demonstrates a graph example, where only the paths
with non-zero sensitivity (w;; > 0) are presented. In the graph, the equilibrium state of
the agent 3 depends on the states of all other agents. However, agent 4’s and 5’s states
also depend on agent 3’s state, creating a feedback loop from agent 4 and 5 to agent 3.

We observe that the network model is complex, even with only 5 agents in the network.
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Unlike Acemoglu et al. (2016b), we allow heterogeneous interaction functions so that the
framework includes more network models. We list the networks embodied in (4.1) in

Section 4.3.

4.2.1.1. Eventually Contraction and Non-expansive Network. Observing the
production networks, network games, and financial networks from literature (see Sec-
tion 4.3.1), we observe generally two categories of assumptions. In the first category, the
interaction function and sensitivity matrix exhibit contraction properties. For the second
category, the interaction functions are non-expansive but bounded, and the sensitivity
matrix is non-convergent: typically stochastic or p(W) = 1. In detail, these categories

can be summarized with the following two assumptions.?

ASSUMPTION 4.2.1 (Eventually Contracting). f = (f;) and W satisfy

(i) fi is Lipschitz continuous with Lipschitz constant §; for all i € N, and

(ii) p(|W|diag(B)) <1, where § = (5;).
ASSUMPTION 4.2.2 (Non-expansive). f = (f;) and W satisfy

(i) f; is increasing, non-expansive, and bounded for all i, and

(ii) W is non-negative and p(W) = 1.

For instance, as illustrated in Section 4.3.1, the production networks in Carvalho (2008),
Acemoglu et al. (2012), Carvalho (2014), Bartelme and Gorodnichenko (2015), Acemoglu
et al. (2017), Herskovic (2018), Acemoglu and Azar (2020) and Herskovic et al. (2020),
and the network games examined in Ballester et al. (2004), Ballester et al. (2006), Zenou
(2012), Blume et al. (2015), Cohen-Cole et al. (2015), Zenou (2016), Galeotti et al. (2020)
satisfy Assumption 4.2.1. On the other hand, the financial networks studied in Eisenberg
and Noe (2001), Elsinger et al. (2005), Elsinger et al. (2006), Acemoglu et al. (2015b),
Acemoglu et al. (2015a) and Liu et al. (2020) satisfy Assumption 4.2.2.

4Recall that the function f;: R — R is bounded if there is M > 0 such that |f;(t)| < M for all ¢ € R.
The function f; is Lipschitz continuous with Lipschitz constant §; if |fi(x) — fi(y)| < Bilz — y| for all
z,y € R.
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We classify a network (f, W,e) as (eventually) contracting if Assumption 4.2.1 holds and
as non-expansive if Assumption 4.2.2 holds. Note that a contracting network implies
that economic states tend to approach equilibrium over iterations « — f(zW + ¢), while
the physical structure defined by graph W remains fixed. We will postpone the detailed
discussion of these two assumptions to Section 4.3, where we provide more concrete ex-

amples.

Comparing these two assumptions, Assumption 4.2.1 does not require the boundedness for
interaction functions, and allows for a negative sensitivity matrix. In contrast, Assump-
tion 4.2.2 supposes that the interaction functions are bounded and increasing, and the
sensitivity matrix is non-negative with a spectral radius of one. In practical applications,

the spectral radius equals one when the row or column sum of the matrix is one.

As demonstrated in the main theorems, if a network satisfies the eventually contracting
condition, the mapping x — f(xW +¢) is a Banach contraction, ensuring the uniqueness
of equilibrium. On the other hand, if a network is non-expansive, there exists an almost

surely unique equilibrium.

4.2.1.2. Equilibrium. Following Acemoglu et al. (2016b), an equilibrium in this context

is defined as follows.

DEFINITION 4.2.1. Given shock realisation (e1,...,¢&,), an equilibrium of the economy
is a collection of states (xy,...,x,) such that equation (4.1) holds simultaneously for all
agents.

In other words, an equilibrium to a network (f, W, e) is a vector of values = = (x;); that
solves x = f(xW + €), given a fixed shock realisations €. Since a network may have

multiple equilibria, we define the concept of "almost sure uniqueness of equilibrium".

DEFINITION 4.2.2. Let E. C R"™ denote the set of all possible realisations of shocks e.
Define the subset M of E. by M = {¢ € E. : Equation (4.1) has multiple equilibria}. A
network has an almost surely unique equilibrium, or an equilibrium is almost surely unique,
if an equilibrium exists for e € E.\ M and P.(M) = 0, where PP is the distribution of ¢.”

"Let (Q,.%,P) be the measure space. The distribution is defined by P.(B) := P(e~*(B)) for all B €
AB(R), where #(R) is the Borel algebra on R.
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If a network has an almost surely unique equilibrium, the probability that the shocks admit
multiple equilibria is zero. Therefore, as we will demonstrate, the distribution of shocks
determines whether there are multiple equilibria or not. In cases where the probability
distribution of shocks is discrete, multiple equilibria may occur with non-zero probability.
We do not adopt the terminology of generic uniqueness, as defined in Acemoglu et al.
(2016b) and discussed in the subsequent remark, to avoid cases where multiple equilibria

exist with strictly positive probability.

REMARK 4.2.1. In this remark, we first outline the assumptions on (f, W, €) as presented in
Acemoglu et al. (2016b) for comparison, followed by a discussion on generic uniqueness and
its confusing implications. Acemoglu et al. (2016b) consider a model with homogeneous
interaction functions f; = g. They assume that ¢ is continuous, increasing, and either
contracting or non-expansive but bounded, while W is column stochastic. The shocks ¢;
are assumed to be independently and identically distributed with mean zero and constant
variance. According to Acemoglu et al. (2016b), they define the generic uniqueness of

equilibrium as follows.”

DEFINITION 4.2.3. Let E. C R"™ denote the set of all possible realisations of €. Let
M denote the set of shocks that admit multiple equilibria (i.e., M = {¢ € E.
Equation (4.1) has multiple equilibria}.) Generic uniqueness holds if the equilibrium ex-

ists for all € € E. \ M, and the Lebesgue measure of M is zero.

Under the above assumptions, Acemoglu et al. (2016b) demonstrate the existence and
generic uniqueness of equilibrium for any network.® However, they acknowledge potential
confusion since measure-zero events can also have probability one. We discuss in Example
4.2.1 that if the shock variable is discrete, there may be an arbitrarily high probability
of multiplicity of equilibria. Therefore, to avoid confusion, Definition 4.2.2 is adopted,

where almost sure uniqueness of equilibrium holds based on the distribution of shocks.

6Since W is column stochastic, every agent has constant total dependence on others.

TAcemoglu et al. (2016b) explain the generic uniqueness as “...is generically unique, in the sense that
the economy has multiple equilibria only for a measure zero set of realisations of agents-level shocks.”

8 Acemoglu et al. (2016b) show the generic uniqueness with the assumption of strong connectedness. They
do not provide proof for extending the strongly connected graph to a general graph. We extend their
proof to any network in Section 4.3.
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This distinction is crucial as it clarifies that while generic uniqueness might hold under
certain conditions, multiplicity of equilibria can still exist with a non-negligible probability

depending on the shock specification.

Furthermore, the assumptions made by Acemoglu et al. (2016b) do not encompass the
networks (4.4), (4.7) - (4.13) since they specifically require the sensitivity matrix to be
column stochastic, and the interaction functions to be identical f; = f. For instance,
network (4.12), demonstrated in Section 4.3.2, features a row stochastic sensitivity matrix
and heterogeneous interaction functions, where p; is not identical for all 7. Consequently,
we demonstrate the existence and almost sure uniqueness under broader assumptions that

encompass a wider range of network models. 0

4.2.2. Existence and Uniqueness. This section presents the main results. We first
establish that the contraction of both interaction functions and a sensitivity matrix could
lead to the existence and uniqueness of equilibrium under heterogeneous interaction func-
tions. Next, we demonstrate that the equilibrium is almost surely unique when interaction
functions are increasing, non-expansive but bounded, the spectral radius of the sensitiv-
ity matrix is one, and the shocks are absolutely continuous. The assumption of shock
absolute continuity ensures that multiple equilibria do not occur with nonzero probabil-
ity. Moreover, our results are applicable to any network structure.” Detailed proofs are

provided in the Appendix.

THEOREM 4.2.1. If Assumption 4.2.1 holds, then the equilibrium exists and is unique for

any € € F..

Hence, an eventually contracting network with p(|W]diag(f8)) < 1 always has a unique
equilibrium. Theorem 4.2.1 also implies that we can compute the unique equilibrium by

iteration. Fix ¢ € E.. Define the mapping T : R™ — R" as
Tx = f(aW +¢). (4.2)

9We do not assume a strong connection in the case of non-expansive conditions.
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Since T' is a Banach contraction, as shown in the proof of Theorem 4.2.1, we can compute
the equilibrium iteratively as z* = limj_,., 7%z by starting from any initial guess x € R".

We summarise the results in the following corollary.
COROLLARY 4.2.1. Suppose that Assumption 4.2.1 holds. Then, we have

(i) T is globally stable.

(ii) || T* e — Trz|| < |(|W] diag (8))*||| Tz — z|| for all k € N and z € R™.

Corollary 4.2.1 provides the convergence rate of iteration. Since p(|W|diag (5)) < 1, we
can find m € N such that ¢ = ||(|W|diag (58))™]] < 1. Then, corollary 4.2.1 implies that
the || TF™ oy — TF || < ||(JW]diag (8))*|||| Tz — x| < ¢*||Tx — z|| for all z € R™ and
k€ N.

On the other hand, in networks with non-expansive interaction functions and a sensitivity
matrix having a spectral radius of one, the Banach contraction property does not apply.
However, under additional assumptions of boundedness and order preservation, then equi-
librium can still be determined. Specifically, any network with increasing and bounded

interaction functions admits the greatest and the least equilibria.

LEMMA 4.2.1. If f; is increasing and bounded for all i € N, then the greatest and the least

equilibria exist.

We way that the shock variable ¢ is absolutely continuous if A(E) = 0 for E € %A(E.)
implies P.(F) = 0, where A denotes the Lebesgue measure, and E. C R" is the support
of e. If the shock is absolutely continuous, we can show that the equilibrium is almost

surely unique.

THEOREM 4.2.2. If Assumption 4.2.2 holds, and the shock variables (¢;) are absolutely

continuous, then the equilibrium exists and is unique almost surely.

By the Tarski’s Fixed Point Theorem and the proof of Theorem 4.2.2, given that f; is
continuous for all 7, we can compute the equilibrium by iteration from the bounds. In

particular, let ¢; and u; be the lower and upper bounds of the interaction function for all
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J, if the network satisfies Assumption 4.2.2. Then, denoting u = (u;) and ¢ = (¢;), the
largest equilibrium is z* = limy, oo 7"u, where T : [(,u] — [¢,u] is defined as (4.2). If
the shocks are absolutely continuous, then Theorem 4.2.2 confirms that z* is the almost

surely unique equilibrium.

COROLLARY 4.2.2. If the assumptions of Theorem 4.2.2 hold, then the almost surely

unique equilibrium is lim,,_, T™u.

Unlike the theorem in Acemoglu et al. (2016b), Theorem 4.2.2 allows sensitivity matri-
ces to be either row or column stochastic and not necessarily strongly connected. The
sensitivity matrix can even be non-stochastic, as long as its spectral radius is one (see
Example 4.4.1). In section 4.3.2.3, we apply Theorem 4.2.2 to demonstrate that the fi-
nancial network in Liu et al. (2020) has an almost surely unique equilibrium as a concrete

example.

Notice that a non-expansive network may admit multiple equilibria with a positive prob-
ability if shocks are not absolutely continuous. This is illustrated through the following

counterexample.

EXAMPLE 4.2.1. This example illustrates that if the shocks are discrete, there can be
multiple equilibria under Assumption 4.2.2. Suppose an economy with two agents, n = 2.
Let wia = wyy = 1 and wy; = woy = 0 satisfy >, wyp; = 1 for i = 1,2 (see Figure 2).
Assume the i.i.d. shock g; € {1, —1} for all i with probabilities P(e; = 1) = P(g; = —1) =
1/2. Then, the shocks ¢; have mean zero and constant variance, satisfying the conditions

in Acemoglu et al. (2016b). Consider the interaction function as f; = ¢ for all i, where

g('Z) = _M]l{z<—M}(z) + ZIL{—M<Z<M}(Z) + M1{2>M}(z)a (43)

where M € (0,00). Then, g is a bounded and non-expansive identity mapping (i.e.,

g(z) =z if |2| < M and |g(z)] < M for all z € R.)

Suppose that * = (z;) € R" satisfy x1 = g(z2 + 1) and z9 = g(z7 + 7). Since g is

bounded, we have —M < x1, 29 < M. If the realisation is € = (£1,e2) = (1, —1), then the
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51:1 82:—1

w12:1

w21:1

FIGURE 2
system x = f(zW + ¢) gives

ZL’1:ZL'2+]_
To =11 — 1.

Assuming —M < x99+ 1,27 — 1 < M, we find that z; = y + 1 and 29 = y with —M <
y < M — 1. Therefore, there are multiple equilibria if € = (1, —1). Similarly, multiple
equilibria exist if ¢ = (—1,1). Hence, the set of shock realisations generating multiple
solutions is M = {¢ € R* : ¢ = (1,—1) or (—1,1)}, which has Lebesgue measure zero
A(M) = 0. However, the probability that ¢ leads to non-uniqueness is P(e € M) = 1/2,

which is non-zero. O

To avoid the confusion seen in Example 4.2.1, where multiple equilibria occur with non-
zero probability, we suppose that the idiosyncratic shocks are absolutely continuous.*
With absolute continuity of shocks, events with measure zero also occur with zero prob-

ability. Hence, the absolute continuity precludes the case described in Example 4.2.1.

4.3. Examples and Extensions

In this section, we discuss the conditions outlined in Assumption 4.2.1 and 4.2.2. We
present example models from various domains, including production networks (Section
4.3.1.1 and 4.3.1.2), network games (Section 4.3.1.3 and 4.3.1.4) and financial networks
(Section 4.3.1.5, 4.3.2, 4.3.2.2 and 4.3.2.3). The goal is to demonstrate that these network
models adhere to the same mathematical framework described by (4.1) and follow either

Assumption 4.2.1 or Assumption 4.2.2.

10Recall that the random variable ¢; is absolutely continuous if there is a Lebesgue integrable function g
such that P(e; € A) = [, g(x)A(dx) for all Borel sets A and for all i € N.
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We begin by examining the case of eventually contracting networks, where f and W
satisfy Assumption 4.2.1, ensuring p(|W|diag(5)) < 1. A specific instance example is
that the contracting condition can merely depend on the interaction functions. Taking
the production network (4.6) in Section 4.3.1.2 for example, W is non-negative and its row
sum is one, and f3; = (1 — «), the spectral radius condition is reduced to p(|W|diag(3)) =
(1 — ) < 1. In such case, the Lipschitz contraction property determines the uniqueness

of equilibrium.

Unlike Acemoglu et al. (2016b), the contraction condition p(|W|diag(f)) < 1 generally
depends on both interaction functions and the sensitivity matrix. For instance, consider

the matrices:

0 2 _ 5/4 0 _ 0 4/3
, diag(83) = , Wdiag(p) =
4/7 0 0 2/3 5/7 0

W:

In this case, we have p(W) > 1, 51 > 1, but p(|W|diag(f)) < 1. Moreover, the spectral
radius condition considers the sensitivity matrix by taking the absolute values of all entries
|W|. When W is symmetric, we can reduce this condition. For example, if W € R™*" is

symmetric and 3; = ¢, then the condition is p(|W|diag (8)) = pp(W) < 1.

Furthermore, some networks may impose stricter conditions on interaction functions. For
instance, except for the Lipschitz continuity, the interaction functions described by (4.4)
- (4.10) in Section 4.3.1 are linear such that f;(a) — f;(b) = 5;(a — b) for some f3; > 0, for
all a,b € R and for all « € N. In this case, the contraction condition can be reduced to

p(W diag (8)) < 1.1

COROLLARY 4.3.1. If for alli € N there is 8; > 0 such that fi(a) — fi(b) = Bi(a —b) for
all a,b € R, then the condition p(W diag (5)) < 1 for W € R™*™ implies the uniqueness

of equilibrium for any e € R".

4.3.1. Networks with Linear Interaction Functions. In this section, we consider a
simple framework where interaction functions are linear. In this case, the uniqueness of
equilibrium follows Corollary 4.3.1.

HNote that the entry of W could be negative as Assumption 4.2.1.
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4.3.1.1. Input-Output Analysis. The input-output analysis describes the inter-
industry relationship using a matrix that tracks the flow of money.'? It studies how the
shock in one sector affects the output of the other sectors!® This analysis also helps iden-
tify which industry or region is the most significant in the optimisation of the aggregate

economy. The model is briefly introduced below.

There are n industries in a closed economy with no inventories. Each industry ¢ €
{1,...,n} requires w;; € [0,1] dollar amount of intermediate input from industry
j € {1,...,n} to produce one dollar of #'s output. Input-output tables empirically de-
termine the linkage weights between sectors w;;.'* For every industry j € {1,...,n},
the gross output z; equals the total value of its use as a final good ¢; and its use as an

intermediate input to other industries:

T; =¢&j + Z TiWij- (44)

That means the sale of industry j to other sectorsis ) . x;w;;. To compute the equilibrium,
it is conventional to assume that every sector has some inputs from labour or other
value-added sources, so that » w;; < 1 for all i. Let z = (z;),e = (&;) € R" and
W = (w;;) € R™™. The vector form of (4.4) is x = ¢ + 2W. Since the row sum of W is
less than one, the matrix (I — W) is non-singular. The unique equilibrium of output is

x=¢e(l —W)™!, where (I — W)~! is known as the Leontief inverse.

4.3.1.2. Production Networks. This subsection presents the production network out-
lined in Long and Plosser (1983), Carvalho (2008), Acemoglu et al. (2012), Acemoglu
et al. (2016a), Acemoglu et al. (2017), Carvalho and Tahbaz-Salehi (2019) and Acemoglu
and Azar (2020). These production networks investigate how heterogeneous shocks to
individual sectors can generate aggregate fluctuations through supplier-customer inter-
connections in a production network. Moreover, the network models illustrate that such
aggregate fluctuation and the cascading effects of shocks are correlated with the structure

of the networks (Carvalho (2008) and Acemoglu et al. (2012)).

129¢e Miller and Blair (2009) and Miller and Temurshoev (2017) for example.
13Fletcher (1989) uses input-output analysis to study the impact of tourism.
14See Timmer et al. (2015).
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The economy has n competitive sectors. Each sector’s output z; follows the production

function:
n

o po 1-o)w;;
Yj :zjgj H?/z(j e

i=1

where z; denotes the productivity shock, ¢; denotes the labour input, a € (0,1) is the
share of labour input, y;; is the intermediate input from sector ¢ used in the production of
good j, and w;; > 0 is the share of intermediate input 7 in the total intermediate input.
It is supposed that >, w;; = 1 for all j = 1,...,n. Let p; be the price of good j, and h
be the labour wage. Producers maximise their profits:

n
max  py; — hl; — > pigis
£5\Y1j5sYng Py

The optimal labour input is ¢; = ap,y;/h and the intermediate input is y;; = (1 —
a)w;;p;y;/pi- A representative household with Cobb-Douglas preferences solves the opti-

mal problem:

Cl,eesCn

max u(cl,...,cn):Achl«/n s.t. ijcj:hZEj
J=1 J J

where ¢; is the consumption of good h, and A is a normalisation constant. By normalising
the total labour supply >, ¢; = 1, the first-order condition for the optimal consumption
yields ¢; = h/(np;). The clearing condition of the commodity market, from equation

(4.4), is y; = ¢; + >, Yjr. Then, we have

h n
PiYi = +(1-a) ijkpkyk (4.5)
k=1

Let 9; = pjy;, § = (y;) € R and W = (w;;) € R™™. The vector form of clearing
condition is § = (h/n)1 + (1 — @)W . Since the row sum of (1 — )W is strictly less
than one, [ — (1 —a)W ] is non-singular. Thus, we have is § = (h/n)1[1—(1—a)W |71
Defining b := 1[I — (1 —a)W |7, we write p;y; = b;h/n. Hence, we have {; = ab;/n and
vij = (1 — @)w;;y;b; /b;, so the production function yields

logy; = pj + alog z; + (1 — «) Z(log Vi)W

]
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where p1; is some constant.’® Denote x; = logy; and &; = (u;+alog ;) /(1—a), it delivers

Xy = (1 - Oz) (Z T Wi + 5j> (46)

The equilibrium output is z = ¢[I — (1 — a)W]~!. Overall, there are two simple network

equations (4.5) and (4.6).

4.3.1.3. Simple Network Games. In a social network game, an agent’s payoff or well-
being depends not only on her own actions but also on the actions of her neighbours.
Social networks influence decision-making behaviours such as committing a crime and
making lending decisions (Ballester et al. (2004) and Cohen-Cole et al. (2015)). Consider
a simple network game as described by Zenou (2012), Zenou (2016) and Galeotti et al.
(2020).

There are n players in a social network, and the social connection is represented by
graph W. If agent ¢ is connected with agent j, then w;; = 1; otherwise, w;; = 0. Moreover,
assume that w; = 0 for all = 1,...,n by convention. Thus, W = (w;;) is an adjacency
matrix with entry w;;. Assume that it is a game of strategic complement with perfect
information such that players know everything about the network. Agents choose the

actions z; € Ry to maximise their payoffs:

1 n
uj(x,. .., x,) = QjT; — §$3 + wzwijfﬂj
i=1
where a;; > 0 is the exogenous heterogeneity capturing individual characteristics, a;x; —
(1/ 2)x? is the individual benefits, ¢ € R specifies the degree of payoff from peer influence,
and ¢ Y ", w;jx;x; is the peer influence, which depends on the location of agents. Hence,

every agent’s payoff depends on her own actions and the other agents’ actions. The

best-reply function in equilibrium is

i=1 i=1

where we let €; = a;/p. For the equilibrium, suppose that ¢ p(W) < 1 so that oW is
non-singular. The unique Nash equilibrium is 2* = (I —W)~!. Note that we refer ; as

Ppj =log(bj(a/n)*(1 — a)' =) + (1 — @) 3=, wij log(wi; /b;).
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the shock in our model, but in a network game, it captures the observable characteristics

of individual j such that it is exogenous.

4.3.1.4. Network Games with Global and Local Interaction. Ballester et al.
(2006) consider both the global substitutability and local influence complementarity in
network games. They investigate how to identify the "key player" that, once removed,
causes the maximal decrease in aggregate activity. The model is similar to the simple
network game in Section 4.3.1.3. Let G = (g,;) be the adjacency matrix such that g; = 0
foralli=1,...,n, and g;; = 1 if ¢ and j are connected and g;; = 0 otherwise. Following
the setup in Section 4.3.1.3, given action profile (z;), each agent j has an alternative
payoft: . )
w21, .. wn) = gy — %(77 —)s - VZ%’%’ + @Zgiﬂ?iﬂ?j

where a; > 0 for all j, n,0 >0, v >0, and v > | x;2; denotes the global interaction of
substitution effect across all agents, and the last term represents the local interaction of

strategic complement. The best-reply function is:

__J__le QOZxZgU—% (wa” +€]> (4'8>

=1

where w;; = g;; —7/¢ and €; = /. We see that the best-reply function (4.8) has the

same form as (4.1).

Denote J € R™™™ as the square matrix of ones. The Nash equilibrium solves nax* =
a —yx*J 4+ ex*G, where a = (o). If (nI +~vJ — ¢G) or (¢/n)W is non-singular, then
the Nash equilibrium is a(nl + vJ — G)~1.1°

For example, Cohen-Cole et al. (2015) present an interbank lending network with similar
features. They consider a network with n banks in a lending market, and the adjacency

matrix g;; = 1 if bank 7 makes a loan to bank ¢, and g;; = 0 otherwise. Each bank j has

16We can further solve the Nash equilibrium. Suppose that W is non-singular. Then z* is unique
and 7% = 3 2] is constant, We further assume that <pp(G) < 7. Since z*J = T"1, we also have
¥ = (o — 7:17*1)(77] — »G)~ L. Then, we can find that % = b, /(1 + 75) where b, = a(nl — oG)™1,
b=1(nl —pG)~1, by =b,1T, and b= b1". The Nash equilibrium is #* = b, — Y[ba /(1 + vb)]b.
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the profit function, given its volume of loans z; to other banks:

n n
Tj = PpTj — CjT; = <9 — ZZE]) Ty — (COJ‘ — @j ZZL’ZQU) &€y
i=1 i=1

where the p = 0 — """ | x; is price of loans determining the interest rate, and ¢; =
Coj — ¥j Z?Zl x;g;; is the marginal cost, with § > 0 and ¢y ;,p; > 0 for all j. The
parameter ¢; specifies the cost cut induced by each link of loan due to the collaboration
between banks. Hence, since the profit increases with the links between banks, it implies
local strategic competitiveness. Also, since the price decreases with the aggregate quantity
of loans, there is global strategic substitutability. Under competition, each bank decides
the quantity of loan to maximise its profit, so the first order condition gives
n n n
z; = (0 —coj) — Z T + ; Z TiGij = Qj <Z Tw;; + 5j> (4.9)
i=1 i=1 i=1
where we let w;; = g;; — 1 and ¢; = (0 — ¢p;)/¢;. In this example, agents have different

interaction functions since the coefficients ¢; may be heterogeneous.

4.3.1.5. Network with Cross-Holdings. Elliott et al. (2014) consider a financial net-
work with cross-holdings and study the cascade effect of financial failure, which has the
same form as input-output analysis (4.4). In their framework, banks own some share of
the other banks through lending or investment, so the values of banks depend on their
holdings of other banks’ assets. They show that the cascade effect depends on network
interconnections, in the sense that integration and diversification lead to different non-

monotonic effects.

They consider an economy with n financial institutions or banks, indexed j = 1,...,n.
Each organisation holds a basket of primitive assets, indexed h = 1, ..., m, which could be
projects that create cash flows. The share of asset h that organisation j holds is denoted

as by; > 0. The market price of the asset h is denoted as pj,.

Organisations cross-hold some shares of the other organisations in the networks. For all
i,7 = 1,...,n, let d;; be the debt that organisation 7 has to repay to organisation j or
the amount of funds invested in organisation ¢ by organisation j. Define w;; = d;;/x;.

Hence, organisation j owns w;; € [0,1) fraction of the values of organisation . Assume
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that w;; = 0 for all 4. Denote the book value or equity of organisation j as z;. The book
value z; is the total asset value that j owns, including its primitive assets and the claims

on other organisations:

Ty = thbhj + Z di_j =¢&j + Z T;Wij (410)
h=1 =1 =1

where £; = > ppbpj. Assume that external investors hold strictly positive shares of
organisation 7, i.e., 1 =) jer wij > 0. Then, W is non-singular, and the equilibrium equity

is given by x = (I — W)~1,

4.3.2. Non-linear Interaction Functions: Financial Networks. In this section, we
discuss the conditions for the uniqueness of equilibrium in financial interbank lending
networks such as Eisenberg and Noe (2001), Cifuentes et al. (2005) and Acemoglu et al.
(2015a). Their canonical models are used to study the contagion of default under the
conditions of proportional repayments of liabilities, limited liability, and the absolute
priority of debt over equity. For instance, Glasserman and Young (2015) bound the

probability of default due to contagion when a bank suffers a shock.

There are n risk-neutral banks in the network, as the previous section. Each bank ¢ has
the nominal liability d;; to bank j. The total liability obligation of i is p; = > | ;05 Define
relative liability as w;; = &;;/p; if p; > 0 and w;; = 0 otherwise.'” Assume that > jwig =1

for all 7, in the sense that there is no payment to agents outside the network.

All banks have the exogenous cash flow €; > 0, which can be interpreted as the net asset
from outside the financial network. Let x; be the clearing repayment for all j =1,...,n
in equilibrium. Suppose that proportional repayment of liability holds such that bank
i’s clearing payments to bank j is proportional to its relative liability ;w;;. Then, the

amount of total repayment received by j from other banks is ), z,w;;.

Suppose that, in equilibrium, all banks follow the conditions of limited liability, z; <

> xiw;; + €5, and absolute priority, either z; = p; or x; = Y. x;w;; + ¢;. The clearing

17The sensitivity matrix (w;;) is also called as the relative liability matriz in Eisenberg-Noe model.
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payment z; in equilibrium solves

T :min{inwij+5j,pj} (411)

(2

for all j. To this end, the interaction functions are

[i(t) =t Lpepy (1) + Dj Lpmp (1)

for all 7. We introduce the assumptions in Glasserman and Young (2015) for the unique-
ness of equilibrium, which supposes > ;wiy < 1. We write ¢ — j if j is accessible from 1
for i,j € N = {1,...,n}: w}; > 0 for some k € N, where w}; is the (i,7) entry of W*.
Glasserman and Young (2015) assume that for every bank i either it has some debt outside
the network such that 3 w;; <1, or there is a bank ¢ such that ¢ — ¢ (an obligation path
from i to t), and bank ¢ has external debt such that > jwy; < 1. Under this assumption,
W is convergent, and then the clearing payment (4.11) is unique. To see why uniqueness

holds under Glasserman and Young (2015), since 5; = 1 in (4.11), it is sufficient to show

that p(W) < 1 when the above conditions hold.

We say that W is weakly chained substochastic if W is row substochastic and for each
it € N, either Zj w;; < 1, or there exists t € NV such that ¢ — ¢ and Zj wy; < 1. We can
check the convergence of W by weakly chained substochasticity (see Azimzadeh (2019)
and Lemma 4.7.6.)

We briefly discuss some intuition behind Lemma 4.7.6 and weekly chained convergence.
The convergence can be seen by considering a simple case: if ) ;wij < 1forall 4, and for
all i € N there is t € N such that ¢ — ¢ in one step (w;; > 0) and > wy; < 1, then we can
show that >, wi = >0 D7 wijwj, = 30, Wij Y Wik = D5 Wij Dy Wik + Wig Dy ey < 1
for all 7. Hence, the row sums of W? are all strictly less than one. It implies that
W2l < 1so that p(W) < 1 and W is convergent. We summarise the discussion using

the following lemma.

LEMMA 4.3.1. If f; is non-expansive for allt € N, W is non-negative, and either W or

W is weakly chained substochastic, then Assumption 4.2.1 holds.
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Lemma 4.3.1 implies that some network structure of graph W gives the convergence. For
instance, Assumption 4.2.1 holds as long as the network structure is acyclic such that
there exists no feedback effect: 7 is not accessible from j whenever j is accessible from ¢

for all ¢+ # 7.

LEMMA 4.3.2. If f; is Lipschitz continuous for all ©, and W € R™ " is such that graph W

18 acyclic, then Assumption 4.2.1 holds.

For the following lemma, we say that W is irreducible if Y7 W* > 0.

LEMMA 4.3.3. If f; is non-expansive for all i € N, W is non-negative, row (column)
substochastic and irreducible, and there 1st € N such that Zj wy; < 1 (Zj wjy < 1), then
Assumption 4.2.1 holds.

Eisenberg and Noe (2001), instead, show that the clearing payment is unique if the finan-
cial network is regular.'® In the rest of this section, we apply the proof of Theorem 4.2.2
to show the uniqueness of Eisenberg and Noe (2001) model without regularity or weekly

chained substochasticity, which is also shown in Stachurski (2022)".

The proof of Theorem 4.2.2 implies that the set of shocks that admit the multiple equilibria
is Lebesgue measure zero. If we can further preclude the realisation of such shocks, we can
guarantee the uniqueness of equilibrium. Eisenberg-Noe model (4.11) of clearing payment
is a special case that it precludes the possibility of such shocks. It can be shown that the
multiple equilibria occur only if e1T = 0 in Eisenberg-Noe network (4.11). Recall that the
cash flows are non-negative € > 0 in Eisenberg-Noe model. Hence, if we further assume

that there exists some ¢ € N such that ¢; > 0, the equilibrium is always unique.

COROLLARY 4.3.2. Let f, W and ¢ follow Eisenberg-Noe model (4.11). That is, f;(t) =
t Lgiep;y (t) + Dj Ligzp,y (t) for some p; > 0 for all j, W is non-negative and row stochastic,
and € = 0. Then, if ¢ > 0, the equilibrium is unique.

18The risk orbit of the bank i is the set that i has a directed path to all nodes in the set. The system is

regular if any risk orbit has at least one node i with positive cash flow ¢; > 0.
19Stachurski (2022) shows the same result beautifully by Du’s theorem.
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Since by convention we can set the equilibrium to be zero for all agents if ¢ = 0 in
Eisenberg-Noe model, Corollary 4.3.2 implies that the equilibrium is unique for any .
Therefore, the uniqueness of clearing payment holds without regularity or weekly chained
substochasticity. Staum et al. (2016) assume that every bank has strictly positive external
assets for the uniqueness of clearing payment. Amini et al. (2016) also assumes that
either all banks hold external assets or the total of external assets is nonzero so that the
conditions of in Eisenberg and Noe (2001) are satisfied.?’ Corollary 4.3.2 implies that we

only need one bank with positive external assets to have unique clearing payments.

4.3.2.1. Extended Eisenberg-Noe Network. Acemoglu et al. (2015a) and Acemoglu
et al. (2015b) consider the Eisenberg-Noe network with senior liability and asset liquida-
tion and show that the contagion of financial default depends on both the magnitude of
shock and network structure. In their setting, the shock €; could be negative. In detail,
cach bank can liquidate its assets to pay the debt. Let ¢; be the liquidation decision for
all 7. Assume that banks can only recover ¢ € [0, 1] fraction of the value of a liquidated
project. The repayment decision is
r; = max {min {inwij« +cj+ 2z — v+ (Y, pj} ,O}

where ¢; is the cash, z; is the project return, and v is the senior liability. A bank’s ability
to fulfil its liability depends on its resources, including its hoarding cash, the received
repayments from its debtors, the return of invested projects minus senior liability, and the
liquidated asset of a project. Except for the rules of limited liability and absolute priority,
banks repay nothing if the total cash flow is negative that ) . zw;; +c¢;+2; —v+(l; < 0.

Moreover, each bank decides the amount of liquidation:

gj = max {mm {% (ﬁj — leww — €j> ,A} ,O}

where e; = ¢; + z; — v and A is the total value of the invested project. A Bank can

liquidate a fraction of its invested project, with value A to meet the shortfall of liability

20 Amini et al. (2016) studies the equilibrium of Eisenberg-Noe interbank network with asset liquidation,
which affects the equilibrium price for the illiquid asset.
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pj—>; Tiwij—e;. Acemoglu et al. (2015a) show that the payment in equilibrium satisfies:*!

T, :max{min{inwiijej, @},O} (4.12)

7

where ¢; = ¢; +&; — v+ (A could be negative. In particular, the interaction functions are

fi(t) =t Lgoct<py (t) + Dj Liazp;y (1)

for all j. Acemoglu et al. (2015a) show that the clearing payment is generically unique for
a strongly connected network.?? Their proof also shows that the clearing payment (4.11)
of Eisenberg-Noe network is unique, given a strongly connected network. As shown in
Example 4.2.1, there exists confusion that multiple equilibria occur with arbitrarily high
probability. Theorem 4.2.2 shows that the equilibrium is unique almost surely if the shock

is absolutely continuous. We discuss the computation method in Section 4.4.4.

As we see in Example 4.2.1, the proof of Theorem 4.2.2 implies if there exist multiple
equilibria, there must be some strongly connected subgraph.?® It also shows that all
agents who have multiple equilibria must be in or accessible from some strongly connected

subgraph, where all agents in this subgraph admit multiple equilibria.?*

COROLLARY 4.3.3. Let (f, W) be such that Assumption 4.2.2 holds. Given shocks e € E.,
if there are multiple equilibria, then any agents having multiple equilibria must be accessible

from some agents in a strongly connected subgraph S, which admits multiple equilibria.

4.3.2.2. Financial Network with Bankruptcy Cost. This subsection introduces an-
other generalised Eisenberg-Noe model with bankruptcy cost in Glasserman and Young
(2015) and Glasserman and Young (2016).>> Consider a relative liability matrix (w;;) as

the previous subsection. Suppose that when each bank j = 1,...,n defaults, its asset is

218¢e Lemma B2 of Acemoglu et al. (2015a)

228ee Definition 4.2.3 for the definition of generic uniqueness.

237 graph S = (Vs, Eg) is a subgraph of graph A if V¢ C V and Es C E.

24To prevent confusion, although we assume absolute continuity of shock in Theorem 4.2.2, we can specify
the realized shocks or relax the absolute continuity so that there exists multiplicity, if we want.

25The bankruptcy costs include auditing, accounting, and legal costs, and the losses associated with asset
liquidation.
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o [Pj - (Z Tiwij + €j>

up to a maximum reduction such that the assets are entirely eliminated. In other words, a

further reduced by

large shortfall of liability generates a higher bankruptcy cost than a small shortfall. Then,

4

the clearing payment is

Tj; = min {max{ g TiWi; + €5 — o |Dj — ( g TiW;; + €j>
i i

= min {maX {(1 + a;j) (inwij +€j> — a;pj, 0} 7]77}

Hence, the interaction functions can be written as®®

(4.13)

[i@) = (14 )t = a;p;) Lo<(rag)i-a;p;<p;3 (1) + D Lezp;y (1)
for all j, where 14(¢) is the indicator function with A C R.

Following Glasserman and Young (2015) and Glasserman and Young (2016), when «o; = «,
the clearing payment is unique if (1 + ) max; ), w;; < 1, which implies that (1 + )W

is non-singular and Assumption 4.2.1 holds.

4.3.2.3. Financial Network with Equity Insolvency and Illiquidity. Following
Eisenberg-Noe model, Liu et al. (2020) consider a financial lending network that banks
are exposed to lending and borrowing with different maturities. They show that the U.S.
banking network has diminished its system risk of contagion and illiquidity from 2011 to

2014.

In this model, for each bank 7, the asset in its balance sheet equals the sum of overnight
lending, short-term lending, long-term lending, cash and cash equivalents ¢; and other
assets OA;, while the liability consists of overnight borrowing, short-term borrowing,
other liability OL; and equity E;. Each period ¢, bank ¢ has an obligation to repay some
fraction of overnight, short-term, and long-term liability d;; to bank j. The total liability
obligation is p; in the period ¢t. The relative liability matrix (w;;) is defined as before that
wi; = 0;;/p; if p; > 0 and w;; = 0 otherwise, so that (w;;) is non-negative. Assume that

26For the last term, 1{(1+a‘7.)t_ajﬁj>ﬁj}(pj) = ]l{t>ﬁj}(pj).
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> wi; < 1 following Liu et al. (2020). Let Q;; be the remainder of all loan obligations
that ¢ has to repay j, including overnight market, short-term and long-term loans, at the
end of the period. Let x; be the realized payment made at the end of the period. Define

the equity

Ei = Z TpWhs + € — pz <Z th Z sz) OA OL; )
h

Denote B; ==Y, Qni — > ; Qij + OA; — OL; as the net remaining and other assets. Each
bank fails to repay in full if either it is illiquid due to insufficient cash and incoming

payment or it is insolvent so its equities are negative F; < 0. The payment in equilibrium

+

satisfies:
— min { [Z TpWhi + €; [Z Tpwp + €; + B;
h

where [z]T := max{z,0} for z € R. The interaction functions are

fit) =min {[t]",[t+ B;]", p;}

for all 4. Liu et al. (2020) show that the equilibrium payment exists. We further show

that it is almost surely unique when W is stochastic and unique when W is convergent.

+

min {[}°, z;w;; +¢;+ B;]", p;}  otherwise.

We have 0 < W < 1 and for agent j

= mln{ [Zx Wi + €5

min {[Zz T;Wij + €j]+ s ]5]} if Bj 2 0,

[Z TiWij + ] + Bj

Then, the interaction function is

21{0<Z<ﬁj}(2) +I3j1{z>ﬁ]}(2> lf Bj 2 O,
fi(z) =

(2 4 Bj)Lio<z+B;<p;} (2) + Djliz1p,2p,)(2)  otherwise.
Clearly, f; is increasing and bounded for all j. By figure 2, we know that the interaction
function is non-expansive for either B; > 0 or B; < 0. When the shock is absolutely

continuous, Theorem 4.2.2 shows that the clearing payment is unique almost surely when
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W is stochastic. On the other side, if W is weekly chained substochastic or p(W) < 1,

the clearing payment is unique by Theorem 4.2.1.

4.4. Comparative Statics, Tightness and Boundedness

In this section, we first study the comparative statics of how the increase in interaction
functions, sensitivity matrix, and shocks affect the equilibrium. We further investigate
the tightness of the conditions of Assumption 4.2.1 and the requirement of boundedness
in Assumption 4.2.2. We discuss an example to show that the spectral radius condition
of Assumption 4.2.1 could be also a necessary condition. We then argue the boundedness
condition is essential in Assumption 4.2.2. In Section 4.4.4, we consider an algorithm to
compute the equilibrium when the interaction functions are bounded identity maps as

financial network (4.12).

4.4.1. Comparative Statics. This section presents some simple comparative statics
between two networks. We show that the equilibrium is increasing in the shock, ¢, holding
all other things constant. Moreover, ceteris paribus, when a network has a dominant
interaction function, it has a greater equilibrium. We also see that the rise in strength of
interactions also increases the equilibrium. These results are valid under both Assumption

4.2.1 and Assumption 4.2.2. In detail, we have the following two lemmas.

LEMMA 4.4.1. Let (f,W,e) and (f',W',&") be two networks satisfying Assumption 4.2.1,
and denote their corresponding equilibrium as T and &', respectively. If f; and f! are
increasing functions for all i € N, fi(t) < fl(t) for allt € R and all i, W < W', and

e<é, thenz <1’

LEMMA 4.4.2. Let (f,W,e) and (f',W' ') be two networks satisfying Assumption 4.2.2
such that they have unique equilibrium, denoted by & and &', respectively. Suppose that
for all i we have fi(t) < u; and f](t) < u for allt € R such that u; < u}. If fi(t) < fi(t)

forallt € R and all i, W < W', and e < &', then & < 1.

These two lemmas imply that the equilibrium is increasing in the shock, the sensitivity

matrix, or the interaction functions. When we add edges or increase the weight of edges in
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a network, since the interaction functions are increasing, the strengthened interconnections

lead to greater equilibrium.

About Lemma 4.4.2, note that it is possible that for two sensitivity matrices W, W’ € R™*"
we have p(W) = p(W') = 1 while W < W’'. For example, the sensitivity matrices
in Example 4.4.1 both have spectral radius one. However, if we restrict the sensitivity
matrix to a stochastic matrix, then we should fix W = W’ in Lemma 4.4.2, otherwise the

row or column sum is not one anymore.

EXAMPLE 4.4.1. Consider the following specifications for f, W and ¢ as

fi(t) = min{max{¢,0},2}, Vi &% :=(0.2,—0.6,—0.2,0.2)

fA(t) == min{max{t,0.1},2}, Vi & :=(02,0,-0.2,0.2),

and
0 2 0 O 0 2 0.1 08
05 0 05 0 . 0.5 0 0.8 0.1
we = W? = (4.15)
0 0 0 08 0 0 0 09
0 0 08 0 0 0 09 O

The equilibrium for (f, W4, e?) is (0.2,0,0,0.2), the equilibrium for (f°, We, &%) is
(0.25,0.1,0.1,0.28), the equilibrium for (f¢, W’ %) is (0.2,0,0.7579, 1.0421), the equilib-
rium for (f¢, W %) is (1.2,2,2,1.8), and the equilibrium for (f°, W? &%) is (1.2,2,2,2).
Last, for the network with both We and W? the multiplicity exists if ¢ € R* satis-
fies 21 + €5 = 0. This condition does not hold almost surely if the shock is absolutely

continuous. O

4.4.2. Tightness of Condition. In some cases, the spectral radius condition in As-
sumption 4.2.1, p(|W|diag(3)) < 1, can be the necessary condition for the existence and
uniqueness of equilibrium. For example, consider the system with two agents such that
the interaction function is f;(t) = v/#2 for all t € R for all i = 1,2, and the realisation of

shocks are positive £1,69 > 0. Assume that agents’ states do not affect themselves and
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have a positive influence on each other, such that w; = wey = 0 and wq9, we; > O:

0 1
A0

W =c

where A, ¢ > 0. Then, the interaction functions are Lipschitz continuous with a Lipschitz
constant 8; = 1 for i = 1,2. Further, we can see that the eigenvalues of W are £cv/\,
whence the spectral radius is less than one, p(W) < 1, if and only if ¢?X < 1. Now, the

equilibrium follows

r1 =/ (cAzy +e1)2 =chry+ &

To = (Cl’l + 82)2 = cx1 + Eo.

for x1, x5 € [0,00). Since we can show that this system has a unique solution if and only if
c?)\ < 1, the condition p(W) < 1 is a necessary condition for the existence and uniqueness

of equilibrium.

As another example, considering the linear system x = xzW + ¢, the equilibrium could
exist and be unique when p(W) > 1, but T: = — f(xzW + ¢) is not globally stable. In
some applications, we want the equilibrium to be non-negative or positive. For instance,
the equilibrium in the production networks (4.4) and (4.5) should be non-negative. Since
(I — W)™t > 0 if and only if p(W) < 1, Assumption 4.2.1 is sufficient and necessary for

non-negative equilibrium.?”

In some other cases, the spectral radius condition is not a necessary condition for the
existence. The equilibrium may still exist when p(|WW|diag(/5)) > 1. However, the system
is not globally stable anymore when the spectral radius is greater than one. Also, the

uniqueness of equilibrium could fail. For example, suppose that the equilibrium satisfies

0 2
(z1,79) = min { max ¢ |(x1,zs) + (e1,e2) | ,(0,0) »,(5,5)
3 0

The multiplicity and global stability depend on the shocks. For example, if we have

(e1,€1) = (—6,2), then there are multiple equilibria z* = (0,2) or (5,5). More, it is not

27See Lemma 4.7.7.
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globally stable, since some iteration may not converge, say, the iteration starting from

(0,5).

4.4.3. Linear System and Boundedness Condition. This part attempts to argue
that when the interaction function is non-expansive and the sensitivity matrix is not
convergent, the boundedness is essential for existence of the equilibrium. That is, the
boundedness condition in Assumption 4.2.2 cannot be precluded. We use a linear system
to illustrate this concept. In particular, if the interaction system is an identity mapping,
and the sensitivity matrix has spectral radius one p(W) = 1, then the equilibrium does

not exist with probability one.

In detail, consider a linear system:
r=aW +e¢ (4.16)

where x and € are vectors in € R® and W € R"™ x R" is a non-negative matrix. By
Theorem 4.2.2, we know that the linear system has a unique solution z if the spectral
radius of W is less than one. For instance, the study of input-output analysis assumes
that the producers have positive value-added and then that »  w;; < 1 for all i (Antras
et al., 2012). Note that (4.16) may not have the solution if the scalar one is the eigenvalue
of W, since (I — W) is not invertible. If one is not the eigenvalue of W, then the solution
always exists and is unique. Therefore, when the sensitivity matrix is stochastic, the
solution does not exist almost surely. Similar to almost sure uniqueness, we define almost

sure non-existence as follows.

DEFINITION 4.4.1. Let E denote the set of shocks that the solution exists (i.e., F = {e €
E. : Equation (4.16) has a solution}.) We say that the solution does not exist almost
surely if Prob(e € E) = 0.

LEMMA 4.4.3. If W is non-negative and p(W) = 1, and the shocks (g;) are absolutely

continuous, then the solution of linear system (4.16) does not exist almost surely.

Comparing Theorem 4.2.2 and Lemma 4.4.3, we see that boundedness plays a key role

in guaranteeing the existence of equilibrium. Boundedness also helps to pin down the
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uniqueness of equilibrium. We provide some intuition as below. Consider again the
interaction function of a bounded identity map (4.3) and a row stochastic and irreducible
matrix W. From the proof of Lemma 4.7.4, we see that the multiple equilibria x must
satisfy —M1 < x = 2W + e < M1. Since W is stochastic, 1 is the right eigenvector,
whence we have €17 = (v — 2W)1" = 0 if there exists multiplicity. To notice how
boundedness pins down the unique solution, suppose on the contrary that 17 # 0. If
x is a solution in [—M1, M1], then we have 217 = 2W1" + 1" = 217 + 17 # 217,
a contradiction. Thus, we have 2W + & £ M1 or —M1 & zW + e. Without loss of
generality, assume that node i is such that (W + ¢); > M, whence ¢’s equilibrium state
equals M. Remove such node i from the graph and consider the shock ¢, + x;w;s for all
remaining agents s # i. Let W be the submatrix of W by removing the column i and
row i from W. Using Lemma 4.7.9, we have p(W) < 1. Therefore, the remaining network

with vertices N \ {i} has a unique solution by Theorem 4.2.1. We see that when e1" # 0

in this example, the boundedness pins down the unique solution.

4.4.4. Algorithm for Bounded Identity Map. In this section, we provide an algo-
rithm to compute the equilibrium under the bounded identity maps of interaction func-
tions. We show that the algorithm converges in at most n2"! iterations. From the
discussion in Section 4.4.3, we know that the boundedness condition is the key to the
uniqueness of equilibrium. It implies that we can compute the equilibrium by assuming
that there exists an agent whose state is always equal to the upper or lower bound of her

sensitivity function. In detail, consider the interaction functions
fi(t) = min {max {t, {;} , u;} (4.17)

for all j € N = {1,...,n}, where u; > ¢; for all j € N. The bounded identity maps are
the generalised Eisenberg-Noe model (4.12). Assume that the sensitivity matrix W is row
or column stochastic as the financial network. Following the discussion in Section 4.4.3,

we conclude the lemma below. Denote u = (u;) and ¢ = (¢;).
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LEMMA 4.4.4. Let u,?¢ be such that u > {, f be defined as (4.17), and W > 0 be
row/column stochastic. Given €, if the equilibrium x* is unique, then there is j € N

such that either x; =u; or .CE;‘ =/;.

In fact, for any strongly connected subgraph G C graph W, we can show that there exists
an agent j in subgraph G such that 25 = u; or 7 = {;. Lemma 4.4.4 implies that every
agent’s equilibrium state is either at the upper bound, lower bound, or in between. Since
there are n agents in the network, we have 3" possibilities. Since we can pin down the
equilibrium for those agents at the boundedness, we only need to decide the equilibrium for
the remaining agents. Using this idea, we are able to design an algorithm that converges
to the equilibrium in at most 3™ iterations. Algorithm 2 applies this concept to compute

the equilibrium in finite iterations.

To illustrate the algorithm, given the states x, define the sets A(z) and B(x) as

A(x) = {] € N: szw,] + €5 > Uj},
" (4.18)
B(x) ={j € N: inwij +e; < {5}

In words, A(z) (resp., B(x)) is the set of agents whose equilibria are greater (resp., less)
than or equal to the upper (resp., lower) bounds at states x. Also, define the diagonal
matrix AP for D C N as
b 1 2=jand? € D,
Ay = : (4.19)
0 otherwise,

Hence, A*®) and AB®) indicate which agents are at the upper and lower bound, respec-

tively.

In the financial network, N \ A(z) is the set of banks that default under the clearing
payment x, while N\ B(z) is the set of banks that are able to make some payments under
the clearing payment z. Inspired by Eisenberg and Noe (2001), Algorithm 2 returns the
equilibrium #® given the interaction function (4.17). The inner for-loop of Algorithm
2 is the fictitious default iteration introduced by Eisenberg and Noe (2001). If we have

B(¢) = 0, then Algorithm 2 is simply the fictitious default algorithm in Eisenberg and
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Noe (2001), which converges in at most n iterations. The outer for-loop searches the set
of agents whose equilibria are at the lower bounds, B(z*), from the potential candidates
in the power set of B({), P(B({)). At some t € N, when the guess is correct: P; =
B(x*) = B* for P, € P(B(()), we iterate the solutions from @ = u(I — A"") + (A" and
set A,y = A(a) N (N \ B(z*)). Next, if P; = b*, step 11 is equivalent to set ® as

(

u; VJ - At—l

T;0 =4, Vj € B*

(t) :
\ DicA, y Wilij + D i pe Litig + D e a4, upe) T Wij +€;  otherwise.

Note that since A;_; D A(z*), the matrix I — (I — A1 — AT)W (I — A1 — AT¥) in step

11 is non-singular so that =) is unique:?®

2™ = [(uAd + LAY +e) (1 — At — A7)

1A —I—fAPi][I —(I- AA-1 AH‘)W([ — AA—1 APi)]—l.

The solution z(*) is the equilibrium when x; = u; for i € A,_; and x; = ¢; for i € B*. In
the next step, we check whether A, = A(z®) equals A;_; or not. If they are equal, the
algorithm terminates and returns x! as the equilibrium; otherwise, we repeat the step 11
of Algorithm 2 to get Y with the updated set A;. Conversely, if the guess from the
power set of B({) is not correct, then it may be the case that it raises a singular matrix
error in step 11. In this case, we skip it and try another guess from P(B(¢)). Therefore,
the convergence time depends on how many agents in B(¢). In general, the next lemma

shows that Algorithm 2 converges in at most n2"~! iterations.?

LEMMA 4.4.5. Let f follow (4.17), W = 0 be column/row stochastic, and € be such that the

equilibrium is unique. Algorithm 2 returns the equilibrium ' in at most n2"~' iterations.

28We can use the iterative method to approximate the solution.
29n some cases, the equilibrium z* has the features that a* > ¢ or 2* < w. If this is the case, then we
can save time by implement the Eisenberg-Noe iteration and the reverse Eisenberg-Noe iteration firs.
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Algorithm 2: Compute equilibrium given the interaction functions (4.17).

11+ 0;

2 if A(u) = N then return 7 < u ;

3 else if B({) = N then return z(© < /;
4 P < the power set of B({);

5 fori=0; i<|P|; i=i+1do

6 U<+ (A" +u(l — A", where P, C B({) is the i-th element of P;

7 Ay A(G) N (N \ P);

8 for )=0; j<n; j=j5+1do

9 t—t+1;

10 try

11 2 « the fixed point of z = uAAe-1 + (AT + {[uAAe=1 + AT + (1 —
A=t — APYIW + e} (I — At — AT,

12 except singular matriz error break ;

13 A — A(z®);

14 if A, = A;,_; then break;

15 if f(z®W +¢) = 2® then return z;

EXAMPLE 4.4.2. We consider a numerical example to demonstrate Algorithm 2. Let the

network (f,W,¢e) be
f = min{max{zW + ¢,0},u} where u = (5, 10, 10, 8, 10, 10, 6)

0 04 015 0 04 005 0
04 0 015 025 0 02 0
03 01 0 025 015 02 0

W=]l0 0 0 0 1 0 0 (4.20)
o 0 0 1 0 0 0
o 0 0 0 0 0 1
o 0 0 0 0 1 0

e=107°(2,1,-1,3,2,—1,-2).

First, compute B(¢) = B(0) = {3,6,7} and A(u) = {1,4,5,6,7}. Then, the power
set P(B(()) has 23 elements. When P; in Algorithm 2 equals {3,6,7}, we have 4 =
(5,10,0,8,10,0,0) and A(d) N (N \ P;) = {4,5}. The iterations of Algorithm 2 give:

I(t) At
u = (5,10,0,8,10,0,0) {4,5}
() = (2.857 x 107°,2.143 x 107°,0,8,1,0,0) {4}

2® = (2.857 x 1075,2.143 x 1075, 0,8,8.00003,0,0) {4}
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In this case, since |P| = 2% and | N \ P;| = 4, the algorithm converges to the equilibrium in
at most 2° iterations. Alternatively, if we use the operator T of (4.2) to iterate from the
upper bound to compute equilibrium lim,, .., 7™ u, the iteration time is more than 4.9 x
10° given the convergence tolerance 107°. If we iterate from the lower bound lim,,,_,., 7™/,

the iteration time is more than 2.3 x 10°. O

Alternatively, we can use (nonlinear) programming to solve the problem (4.17) as Eisen-
berg and Noe (2001). Let g: R® — R be a strictly increasing function. Define the

programming problem as

max g(x)

(4.21)
subject to 0 < max{zW +¢—z,{ —x}.

As shown in Eisenberg and Noe (2001), the solution to (4.21) is the (almost surely) unique

equilibrium.*°

LEMMA 4.4.6. Let [ follow (4.17), W > 0 be stochastic, and ¢ € E.. If g is strictly

increasing, then any solution to programming problem (4.21) is an equilibrium.

4.5. Key Players

In this section, we utilize the unique equilibrium to identify the most influential agent.
There are many measures or centralities that evaluate the importance scores for agents in
a network.?! For instance, in input-output analysis, the output multiplier measures the
overall output impact of a sector when it has a dollar-worth increase in final demand, so
we can use the output multiplier to identify the most influential production sector, and
then policymakers can decide which sector to bail out during recession (Miller and Blair,
2009). In network games, Ballester et al. (2006) define the "key player" as the agent

that has the highest total impact on the aggregate activity once she is removed from the

30The solution to the following programming problem is also an equilibrium.

min g(x) subject to min{zW +¢ —z,u—z} <0,
zE€[l,u]

where g: R™ — R is strictly increasing.
31Gee Das et al. (2018) for a survey of centralities.
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network.??> We provide a measure for identifying the key player by casting an equilibrium
to the steady state of continuous-time dynamics, following and generalizing the control

analysis in Sharkey (2017).

Observe that the equilibrium of the interaction system (4.1) can be interpreted as the

steady state of the following continuous-time dynamics:

i—f = f(aW+¢)—2 (4.22)
where x € R” are economic states and f(zW +¢) = (f;(3_; miwi; + €5))j=, is defined as
before. The steady state x* of (4.22) is such that f(z*W +¢) —a* = 0. Suppose that the
interaction functions are increasing. In this dynamics, an agent’s equilibrium increases
in others’ equilibrium f(zW + ¢) and decreases in the amount of itself z. Clearly, if y is
the equilibrium of model (4.1), then it is the steady state to the continuous-time dynamic

system (4.22) that da/dt = f(yW +¢) —y = 0. If Assumption 4.2.1 holds and then the

equilibrium is unique by Theorem 4.2.1, then the steady state is also unique.

In this section, suppose that f; is differentiable for all 7. For some networks, including
equation (4.12), the interaction function is non-differentiable. In this case, we can approx-

imate the interaction function by a smooth function without loss of economic meaning.

Like Sharkey (2017), we know that the contraction condition in Theorem 4.2.1,

p(|W]diag(B)) < 1, also deliveries a stable continuous-time dynamics by Lemma 4.5.1.

Let dz /dt = F(z(t)) and z(0) = z° be an autonomous system, where z(t) € R" denotes
the state vector, and F': R — R™ is a differentiable function of z(¢). Denote z* as the
steady state such that F(z*) = 0. Recall that the steady states z* of an autonomous
system is stable if for every ¢ > 0 there exists 0 > 0 such that [|z(0) — 2*|] < ¢ implies
|z(t) — 2*|] < e for all t > 0. The steady state x* is asymptotically stable if it is stable

and there is 6 > 0 such that ||z(0) — z*|| < § implies z(t) — z* as t — oc.

LEMMA 4.5.1. Suppose that f; is increasing and continuously differentiable for all i, and

p(|W|diag 8) < 1. Then the dynamic system (4.22) is asymptotically stable.

32They show that the key player has the highest intercentrality, a measure defined by Katz (Bonacich)
centrality.
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Again, if W is non-negative and [; = 1, we can reduce the condition for asymp-
totic stability to ¥p(W) < 1. To have an asymptotically stable system, assume that
p(|W]diag(f)) < 1 in this section.

Denote the symbol o as the Hadamard product such that s oz = [sjxq,...,S,x,] for

s,z € R™. Define an alternative continuous-time dynamics as

dx

5 = F(xz,s) = f(xW 4+¢) —sox (4.23)

Here, the coefficients s specify the small shocks to the agents.

When s = 1, equation (4.23) is equal to the original system. Let 2* be the steady state for
s = 1 that F'(z*,1) = 0. Assume that s = 1 so that the analysis is around the equilibrium
when there is fluctuation in the system. Following the definition of key players, we remove
agent ¢ from the dynamics (4.23) while the others are holding the same. The equivalent

shock to the removal of 7 is
857;
Ox}

*

Z;

The impact to the other agent j’s steady state is then given by:

dx;k (951» "
T ds; Oz

where dr}/ds; is the extent of change in j’s steady state responding to the shocks. Hence,
C;; measures the impact on agent j when the shock is equivalent to the removal of <.
With everything else remaining the same, the total impact of the removal of 7 is equal to
o; = )_; Cij. We evaluate the total impact around the steady state (z,s) = (2", 1) in the
following lemma. Denote f/(z*W +¢) = (f/(>_, xjwn; + €))i-

LEMMA 4.5.2. If f; is differentiable for alli and p(|W|diag(B)) < 1, then the total impact
is o = 1[I — diag (f'(z*W + 5))WT]_1 diag (z*).

Therefore, the total impact, when agents are removed in the continuous-time dynamics,
is determined by the steady state or equilibrium, the network structure W, and the deriv-
ative of interaction function. The key player is the agent with the highest o;. The term

diag(z*) implies that the larger the agent’s equilibrium state is, the higher the measure o;
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is. Moreover, the first term, 1[I —diag(f'(x*W+¢))W ']~! implies that the impact measure
depends on the interaction behavior f’(x*W +¢) and the network connections, W'. From
the Neumann series, we can see that the more interconnected agents tend to have higher
impact measure 0;.** Also, 1[I — diag(f'(z*W +¢))W ]! can be view as the authority-
based Katz centrality adjusted by the interaction functions diag(f’(z*W + ¢)). Hence,

the measure o captures either the too-big-to-fail or too-interconnected-to-fail agents.

Note that unlike Ballester et al. (2004) this control analysis does not change the network
structure (i.e., W is the same after removing an agent.) On the other have, Ballester
et al. (2004) assume that the sensitivity matrix is symmetric in the network (4.7), while

the control analysis in continuous-time system allows arbitrary network structure.

One issue for the measure o is that when diag (f'(z*W +¢))W T has constant column
sums, the measure is collapsed to ¢ = x*, which is just the comparison among equilibria

in magnitude.

In many applications, the derivative of the interaction function is constant. In this case,
we can see that the measure o evaluates both effects of the agents’ impact on others
and the perturbations received from others. We illustrate this property by the following

example.

ExXAMPLE 4.5.1. Given the network x = axW + 1 for some o € R, the equilibrium is

(I —aW)™ ! and f/ = a. The measure for key player o is reduced to
c=1(- aWT)_l diag (1(1 — aW) ™).

Define the hub-based Katz centrality as kj, := 1(I — aW)™!, and the authority-based
Katz centrality as k, = 1(I — aW )7L, Then, the total impact is the element-wise

multiplication of hub-based Katz centrality and authority-based Katz centrality.

0 = Kq O K.

33Neumann series: [[—A"' =T+ A+ A2+ A3+ ... for a matrix A. A highly interconnected agent also
tends to have high equilibrium x*.
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As the explanation in Sharkey (2017), the hub-based Katz centrality measures the "re-
ceiver" property that agents are affected by others, and the authority-based Katz central-
ity describes the "sender" property that agents influence others. The agent has high o; if
either she is influenced significantly by others or she propagates shocks and affects others

significantly.

Similarly, the network game (4.9) of the interbank lending market has the equilibrium

r* = ¢ diag(p)[I — W diag(p)] ™!, where ¢ = (¢;). The key player measure is
o = (1[I — diag(e)W']™") o (e diag(p)[I — W diag(e)] ")

It also illustrates the "receiver" and "sender" effect of shock transmission, where the
receiver effect is weighted by e diag(p). Due to the term e diag(yp) = 01 — diag(cy) with
co = (co;), if a bank ¢ has lower marginal cost cp; when it has no links to other banks,
then it tends to have higher impact measure. Overall, the equation implies that the banks
with significant impact measure may be either the too-big-to-fail or too-interconnected-

to—fail. O

4.6. Conclusion

We demonstrate the (almost sure) uniqueness of equilibrium for a generalised and unified
network model. The uniqueness of equilibrium holds if either the interaction functions
or the sensitivity matrix has a contraction property such that the corresponding spectral
radius is less than one. Alternatively, if the interaction functions are non-expansive and
bounded, and the sensitivity matrix is non-convergent (spectral radius of one), then the
equilibrium is unique almost surely, given absolutely continuous shocks. Moreover, we
show that if the interaction functions are non-expansive, the boundedness of the inter-
action functions is essential to determine the existence and uniqueness of equilibrium.
Using this idea, we can compute the equilibrium of the generalised Eisenberg-Noe in-
terbank network in finite steps by checking which agents are at the bounds. Regarding
systemic stability, we illustrate a measure for identifying key players in a unified network
by interpreting the equilibrium as the steady state of a continuous-time dynamic system

and computing the total impact of removing an agent. The measure possesses the desired
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properties to evaluate the impact of both receiving and broadcasting perturbations. Since
both the magnitude of economic states in equilibrium and the strength of interconnec-
tion affect the measure, it helps identify either too-big-to-fail or too-interconnected-to-fail

agents.
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4.7. Appendix

Intuition of Multiple Equilibria. In this appendix, we explain some intuition for
Example 4.2.1 in Section 4.2.2 with n agents that admits multiple equilibria. We suppose
that > w;; = 1 for all i and ), &; = 0 as Example 4.2.1. The interaction function f is

the bounded identity mapping (4.3) broadcasted to the vectors.

The row-sum assumption imply that W1 = 17, where 1 is a row vector of ones. We also
assume that the matrix W is irreducible as Example 4.2.1. Suppose that there exists one
solution z such that —M1 < 2 = 2W +¢ < M1. Then, we have x17 = 217 +¢17 so that
it has to be that e1T = 0. By Perron-Frobenius Theorem and irreducibility, the matrix W
has a simple left eigenvector e that is strictly positive and satisfies eWW = e. Let y = x+te
and t € R such that y € [-M1, M1]. Since yW +¢e = teW +2W + e = te+ x =y,
we create another solution y. We can see that the uniqueness may fail with non-zero

probability if Pr(} ", e; = 0) > 0.

REMARK 4.7.1. Consider the generalised Eisenberg-Noe financial network (4.12) in Ace-
moglu et al. (2015a) and Acemoglu et al. (2015b) and assume that p; = M for all i. The

interaction function is

fZ(Z) = 21{0<z<M}(Z) + M1{22M}(2). (4.24)

for all 7. In words, the interaction function is non-negative and f;(z) = 0 if z < 0.
Moreover, the sensitivity matrix satisfies jWij = 1 for all 4 but not >, wp; = 1 for all
i. Therefore, we cannot apply the theorem of Acemoglu et al. (2016b) directly, although
their proof can be extended by relaxing this assumption (see Theorem 4.2.2). Acemoglu
et al. (2015a) show that the equilibrium is also generically unique for such interaction

function and irreducible sensitivity matrix.

However, we see that Example 4.2.1 can be easily modified as an example to show that
it may admit multiple equilibria with non-zero probability under the interaction function
(4.24). The shock in Acemoglu et al. (2015a) is equal to the sum of holding cash, project
return, and the liquidation of asset minus senior liability (see Section 4.3.2). In their

setting, the cash, senior liability, and liquidation of asset are all constant, while the
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realizations of project returns are i.i.d, and only take two values. Hence, the shocks are
also i.i.d. and &; € {ej,es} with e; > 0 and e; < 0.>* Therefore, it is possible that
uniqueness fails with non-zero probability when we assign strictly positive probabilities
to both e; and e;. Hence, the generic uniqueness result in Acemoglu et al. (2015a) may

be problematic when the shock variable is not absolutely continuous.

O

REMARK 4.7.2. Hurd (2016) shows that the multiple solutions of generalised Eisenberg-
Noe model (4.12) are eigenvectors of W. Clearly, Example 4.2.1 and the above discussion
show that the claim is incorrect, and it should be that the differences in solutions are

eigenvectors. 0
Proofs in Section 4.2.2.

Definitions. A matrix A is irreducible if >, AF > 0. Given a square matrix A = (a;;) €
R™ ™ graph A is a tuple (V, E) consisting of the vertex set V := {1,...,n} and the edge
set £ C V x V set such that (¢, j) € E if and only if a;; # 0. The graph A has a directed
path i — j for i,7 € V if afj > 0 for some k € N, where afj is the (i,7)th entry of AF.
A graph S = (Vg, Eg) is a subgraph of graph A if Vg C V and Eg C E. In the following
model, a;; # 0 means agent ¢’s state affects agent j’s state or j’s state is sensitive to
i’s state. A vertex j is accessible from a vertex i if either ¢ = j or there is a directed
path ¢ — j. Graph A is strongly connected if vertex j is accessible from vertex ¢ for any
i,j € V. We know that graph A is strongly connected if and only if A is irreducible. We
say a graph A is acyclic if 7 is not accessible from j whenever j is accessible from ¢ for all
1#jeV.

The proofs of Theorem 4.2.1 and Theorem 4.2.2 follows the subsequent lemmas. To begin

with, recall that we have the map 7: R® — R™
Tx = f(zW +e¢) (4.25)

for x € R", where f(aW +¢) = (fi(>_, xnwn; + €;))ien. Clearly, the vector z is a fixed
point of T"if and only if it is an equilibrium.

34The holding cash and liquidation are both zero in section three of Acemoglu et al. (2015a).
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PROOF OF LEMMA 4.2.1. Suppose that f; is increasing and bounded for all € N. Then,
there is £; > 0 such that |f;(¢)| < E; for all i. Let E = (E;). Define T by (4.25). Hence,
it must that Tx € [—E, E] for all € [-E, E]. Note that if 2* > F or 2* < —F is a
fixed point of T, then we have Tx* < E < z* or 2* < —F < Tx*, which contradicts the
fact that z* is a fixed point. Hence, we can restrict the domain of 7' on [—FE, E] without
loss of generality, so that T is an increasing self-map on [—F, E|. Tarski’s Fixed Point
Theorem shows that there exists an equilibrium in [—E, E], and the set of equilibria forms

a complete lattice, whence both the highest and the lowest equilibria exist. O

The following lemma shows that T is a contraction mapping if || (|| diag (8))" || < 1.

LEMMA 4.7.1. ||T%z — T*&|| < || (|W|diag (8))* ||| — Z|| for all z,& in R™ and k € N.

PROOF OF LEMMA 4.7.1. Let z,& € R", fix ¢ € E,, and define T by (4.25). We first
show that |T*z — T*%| < |z — 2| (|W/|diag (8))* for all k& € N by induction. Since
Tx = f(aW +¢) and |f(aW +¢) — f(@W +¢)| < |(zW +¢) — (W + ¢)| diag (8), we
have
|Tx — Tz| < [(aW +¢) — (zW + ¢)| diag (B)
= |(z — 2)W|diag (8) < |z — 2|[W|diag ().
Hence, the claim holds for £k = 1. Suppose that the claim holds for some m € N, i.e.

Tz —T™z| < |z — z|(|W]diag (8))™. By iteration, we have

T — T2 = [f (T"aW +¢) — f(T™EW +¢)|

< |TTaW — T™zW | diag (B)

< |[T™x = T™2| W] diag (6)

< | — ] (W] diag ()"
Thus, the induction implies that [T*x — T*%#| < |z — 2|(|]W| diag (3))* for all k € N. The
definition of p-norm gives | T*z—T*z|| < |||z—2|(|W]diag (8))*|| < [|(|W] diag (8))*|| ||z —
z|| for all k € N.?° O

35For the max norm, we can take the maximum on both sides of inequality. For a Riesz norm, |z| < |y
implies ||z < [[y|l-
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We are ready to prove the first statement of Theorem 4.2.1 and its following corollaries.

PROOF OF THEOREM 4.2.1. Let f and W satisfy Assumption 4.2.1 so that
p(|W| diag (5)) < 1, where 8 = (B;). Fix € € E,. Then, we have

lim [[(WV] ding (8))¥]] = 0.

Thus, ||(|W] diag (8))¥|| < 1 for some k € N. Lemma 4.7.1 and the Banach Contraction

Theorem show that there is a unique equilibrium. [l

PROOF OF COROLLARY 4.2.1. Let f,W and ¢ satisfy the conditions of Theorem 4.2.1.
Let z* be the equilibrium and 7: R™ — R" be defined as Tz = f(xW + ). Denote
A = |W|diag (/). The first statement follows from Theorem 4.2.1 and Banach Fixed Point
Theorem. From Lemma 4.7.1, we have | T x—T*z|| = || T*(Tx)—T"*z|| < || A*|||| Tz —z||
for all £ € N. O

Next, we attempt to prove the almost surely uniqueness for the case with non-negative
fi; and matrix with spectral radius one. Firstly, we consider that W is irreducible or the
graph W is strongly connected. Note that Acemoglu et al. (2016b) use the continuity of f
to show the existence of equilibrium. However, they argue that f has at most countably
many discontinuous points when they show the uniqueness of equilibrium. Since f is non-
expansive, it is Lipschitz continuous so that their argument is ambiguous. Alternatively,

we consider at most countably many intervals with unit slope.

LEMMA 4.7.2 (Acemoglu et al. (2016b)). If f is increasing and |f(a) — f(b)] = |a — b
for a,b € R and b > a, then f is linear in the interval [a,b] with a unit slope, i.e.,

f(z) =2+ f(a) —a for all z € [a, ].*

LEMMA 4.7.3. If f is increasing and bounded, there are at most countably many intervals

that f s linear with unit slopes in these intervals.

PROOF. Let f be an increasing and bounded mapping. Let I be the set of intervals in
R such that f is linear and with unit slopes in these intervals. Let [a;,b;] € I. Since

363ce lemma B.2 of Acemoglu et al. (2016b).
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b; > a; and f is an increasing and linear mapping on [a;, b;] with a unit slope, we have
f(a;) < f(b;). Then, there is a rational ¢; € Q such that f(a;) < ¢; < f(b;). The map

[a;, b;] — ¢; is injective, so the set I is countable. O

LEMMA 4.7.4. Suppose that f; is increasing, non-expansive, and bounded for all i, the
shock is absolutely continuous for all i, and W is irreducible with p(W) = 1. Then, the

equilibrium 1s almost surely unique.

PROOF OF LEMMA 4.7.4. Let f = (f;), W be such that the conditions of Lemma 4.7.4
hold. By Lemma 4.2.1 or Tarski’s Fixed Point Theorem, the equilibrium exists and the set
of equilibria is complete. Without loss of generality, assume that there are two different
equilibria x and y with = > y. Since f is non-expansive, we have
e=x—y=|f(aW+e)— f(yW +¢)|
(4.26)
S|a2Wte— W +e)| =z —y)W|=(z—-y)W =eW.

Let ¢ € R™ be the right eigenvector corresponding to p(W) so that Wq' = p(W)q". By
the Perron-Frobenius Theorem and irreducibility, ¢ is strictly positive, ¢ > 0. Suppose

that the inequality of equation (4.26) does not bind. It implies that

eql <eWq' =eq',

which is a contradiction. Hence, it must be that the equality of (4.26) binds so that
e =|f(aW +¢) = f(yW +¢)| = |(x — y)W| = eW. We see that the vector e is the
left eigenvector of W, so Perron-Frobenius Theorem shows that e > 0. Now, define
b :=aW + ¢ and a .= yW + e. Then, we have |f;(b;) — fi(a;)| = |b; — a;] for all i € N.
Since b —a = eW = e > 0, we have b > a. Therefore, the interval [a;, b;] is well-
defined for all 7. Since f; is increasing for all i, it follows from Lemma 4.7.2 that f;
is a linear mapping with unit slopes in the intervals [a;, ;] for all i. That is, we get
f(z) = z+ f(a) — a for all z € [a,b]. In particular, since x is the fixed point, we have
v = f(b) =b+ f(a) —a=aW + ¢+ f(a) — a. Multiplying ¢" on both sides, it implies
that xq" = 2Wq' +¢eq" + (f(a) —a)q" = zq" + eq" + (f(a) — a)q'. Since ¢ is the

right eigenvector, if there are multiple fixed points, it has to be that eq” = (a — f(a))q .



162 Chapter 4. Uniqueness of Equilibria in Interactive Networks

Denote the sets M and A as

M = {e € E. :There are multiple equilibria.}
A= {a € E. :f; is a linear map with unit slope on [a;, b;]

with b; > a; fori=1,...,n.}.

By the above discussion, we have ¢ € M only if eq" = (a — f(a))q", so M C E; =
{e € E. : eq" = (a — f(a))q",a € A}. Therefore, ¢1,...,e, are linearly dependent
when there exists multiplicity. Since Lemma 4.7.3 implies that there are countably many
intervals [a;, b;] for f;, there are countably many vectors a, whence A is at most countable.
Therefore, the dimension of E; is strictly less than n, and the Lebesgue measures of F;
and M are zero. Since the measure of shocks is absolutely continuous, the probability of

realizations in M is zero, P.(e € M) = 0. O

Define in-subgraph and out-subgraph for the proof of Theorem 4.2.2. Let A = (a;;) €
R™™ and graph A = (V, E). Let graph S = (Vs, Es) be a subgraph of graph A such that
Vs C V and Es C E. Subgraph S is an in-subgraph if there is no path from ¢ to j for
some i € Vg and j € V' \ Vs. Subgraph S is an out-subgraph if there is a path from i to j

for some i € Vg and j € V' \ V.

PROOF OF THEOREM 4.2.2. Let f = (f;) and W be such that the conditions of Assump-
tion 4.2.2 hold, and ¢ be absolutely continuous. Suppose that p(W) = 1. By Lemma 4.2.1,
the equilibrium exists. Define the equivalence relation ~ as ¢ ~ j if and only if ¢ and j
are accessible from each other for all 7,5 € N. Denote [i] := {s € N : s ~ i} as the equiv-
alence class. We see that [i] # [j] if either ¢ is not accessible from j, or j is not accessible
from 4, so the equivalence classes are mutually disjoint. Moreover, the set {[i] : i € N}
forms a partition of N. By definition, each equivalence class [i] is either an in-subgraph or
out-subgraph. Since the number of vertices is finite, there are finite in-subgraphs, denoted

by Si,...,9n. Let Sy be the union of all out-subgraphs. By definition of in-subgraphs
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and out-subgraphs, we can permute the matrix W and write it as 37

Wo P P --- P,
o W, 0 -+ 0
W=I0 0 W, --- 0
o 0 0 - W,
where W, € RIS!XIS for ¢t = 0,1,...,m, is the weighting adjacency matrix of sub-

graph S, and P, € RI%/*IS: describes the path from Sy to S,.%® Note that Wy, ..., Wi,
are irreducible, since in-subgraphs are strongly connected. Let x be an equilibrium of
states. Decomposing the state vector and shock vector into block forms corresponding to
So, 51, ..., Sm, we have x = (20, 21,...,2n) and € = (g9,€1,...,Em), Where z, ¢, € RI%

for t =0,1,...,m. The equilibrium system can be written as

zo = f(xoWo + €0)
T = f(x1W1 + 170P1 + 81)

Lo = f(.TQWQ + .CE()PQ + 62)

where f(x;W;+xoP;+er) = (fi(Qhes, ThWni+ D _pes, ThWhitEi) ies,- Since p(W) = 1, we
have p(Wy) < 1. We first assume that p(Wy) < 1. Then, o = f(zoWy + €o) has a unique
solution following Theorem 4.2.1. Fix ¢t = 1,...,m. Given the unique x,y, Lemma 4.7.4
shows that the equilibrium x; is almost surely unique for t = 1,...,m. It is not unique
only if (zoP; +¢&/)q, = (a; — f(ar))q, from Lemma 4.7.4, where ¢; is the right eigenvector
for W;, f; is a unit-sloping mapping in intervals [as;, by;] for all i € Sy, and a; is defined

as a in Lemma 4.7.4. Denote the set

E, = {e € E. : the system x; = f(x;W, + 2o P, + &;) has multiple solutions}.

373ee also (Berman and Plemmons, 1994, chapter 8).
38|S,5| denotes the number of nodes in subgraph S;.
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We see that E; has Lebesgue measure zero by the argument in Lemma 4.7.4. It implies
that A(E1U---UE,,) < AM(E1)+-- -+ A(Ey) =0, where A denotes the Lebesgue measure.
Let £ = |J, E;. Since the random variable of ¢ is absolutely continuous, we have P.(e €
E) = [, g(z)d\ = 0, where g is the density function of shock. Overall, each in-subgraph
has an almost surely unique equilibrium, and the equilibrium x is also almost surely

unique.

Next, suppose that p(Wy) = 1, and Wy is irreducible. Denote the equilibrium of xy =
f(zoWo+e0) as xo(gg). In this case, the solution z¢(gg) is unique almost surely by Lemma
4.7.4. If x( is unique, the equilibrium zx is almost surely unique following the above
argument. If zq is not unique, then it must be gyoq) = (ag— f(ao))qq , where o is the right
eigenvector of Wy and aq is some vector in RI%! by Lemma 4.7.4. When z, is not unique,
the solution xy, for t = 1,...,m, is not unique only if (x(g0)P; + &1)q, = (az — f(ar))q, .
Note that {e € E.: eoq) = (a0 — f(ao))q, and (wo(e0)P; + &1)q) = (az — f(ar))q, } is a
subset of {e € E.: g0q) = (ap — f(ao))qq }, which has measure zero. Therefore, ; is also

almost surely unique for all t =1,...,m.

Suppose that p(W) = 1 and W, is not irreducible. Considering an equivalence class as an
entity, since Sy is the collection of out-subgraphs of equivalence class [i], these equivalence
classes form an acyclic graph; otherwise, they will deviate from their definition. Assume
that there are r equivalence classes [i] in Sy. Since W, forms an acyclic network, W, can

be written as an upper triangular matrix as

Bll BlZ Bl3 e Blr

O B22 ng e BQr

WO = 0 0 B33 s BSr
0 0 0 B,

where By is a square matrix with respect to the corresponding equivalence class for
t =1,...r. Then, we can decompose x¢ = f(xoWy+ &¢) into r systems and pin down the
equilibrium in order. Since each equivalence class is strongly connected, each subgraph By,

is irreducible. Using the similar argument above, Lemma 4.7.4 and Theorem 4.2.1, we see
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that the equilibrium for the system with respect to graph By, is almost surely a unique
solution if p(By1) = 1 and unique if p(By1) < 1. For t = 2,...,r, if p(By) is less than
one, the system with respect to By has a unique equilibrium. If the p(By) is one, its
equilibrium is almost surely unique. Overall, o = f(zoWy + &¢) has almost surely a
unique equilibrium following the above argument. A similar argument for the irreducible

case concludes the result for the whole system = = f(zW + ¢). O

PROOF OF COROLLARY 4.2.2. Suppose that (f, W, e) follows the assumptions of Theo-
rem 4.2.2. Define T": [(,u] — [¢,u] as Tz = f(zW + ¢) following the statement. Hence,
since u is the upper bound, we get T'u < u. Since T' is monotone given the monotonicity
of f, we get T?u < Tu, whence the iteration implies that 7"u < T" tu < --- < Tu < u.
Let x,, := T"u for all n € N. Then, (z,) is a non-increasing sequence and bounded below
by ¢, so it has a limit, denoted by z* = lim,_,oc 7™u. Now, consider Tz, = T u.
Letting n — oo on both sides of the equation, since T is continuous from above given
the continuity of f, we have Tz* = T'(lim,, ;00 ) = limy, 00 T2y, = lim,, o T u = 2*.
Therefore, x* is the fixed point of 7. Since Theorem 4.2.2 implies that 7" has a unique

fixed point almost surely, * is the almost surely unique equilibrium. 0

4.7.1. Proofs in Section 4.3.

PROOF OF COROLLARY 4.3.2. Let f, W, and ¢ follow the conditions of Corollary 4.3.2.
Let p = (p;). By Lemma 4.2.1, we know that the equilibrium exists. From the proof of
Theorem 4.2.2, if there are multiple equilibria, there must be some irreducible subgraph of
W that admit multiple equilibria. Without loss of generality, assume that W is irreducible.
On the contrary, suppose that z and y are two fixed points with = > y. By equation (4.26)
and Lemma 4.7.4, we know that it must follow |z —y| = |f(aW +¢) — f(yW +¢)|. Hence,
we have [z — y| = |(&W +&)* Aj— (yW +2)* Ap|. Since |(a)* Ay — () Ar| = |a—f
for v > 0 and a, 8 € R if and only if o, 5 € [0,7], we get 0 < W + e, yW + ¢ < p.
Therefore, we have x = f(zW +¢) =a2W + e and y = f(yW +¢) = yW +e.

By the Perron-Frobenius theorem, the right eigenvector g of W is strictly positive. Since

the row sum is one, g is a vector of ones or constants. Multiplying both side of x = W +¢
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by ¢q", we have zq" = (2W +¢)q" = xq" +eq". Thus, we get eq” = 0, whence €17 = 0.

Since € > 0 and there is €; > 0 for some 4, we obtain a contradiction. O

PROOF OF COROLLARY 4.3.1. Let f and W satisfy the conditions in Corollary 4.3.1 so
that p(IW diag (8)) < 1, where § = (f;). The proof is similar to Lemma 4.7.1 and
Theorem 4.2.1. In detail, we can show that TFz — T*i = (x — 2) (W diag (B3))* for
all k € N by the same induction in Lemma 4.7.1. Thus, we have ||T*z — T"*%| <
|z — 2| [[(W diag (8))*|. If p(W diag(B)) < 1, then ||(W diag (8))*|| < 1 for some k. The

result follows from the Banach Contraction Theorem. O

PrROOF OF LEMMA 4.3.1. Let f and W be such that the conditions of Lemma 4.3.1 hold.
Let 8 = (B;) be Lipschitz constants. If the first condition of Lemma 4.7.6 holds, it implies
that |[W"™||. < 1 for some m € N by Theorem 2.5 of Azimzadeh (2019). Similarly, the
second condition of Lemma 4.7.6 implies that ||[W™||; = |[(WT)™||« < 1 for some m € N.

Since diag(/3) = I for non-expansiveness of f, we have p(|W|diag(5)) = p(W) < 1. O

PrROOF OF LEMMA 4.3.2. Let f and W be such that the conditions of Lemma 4.3.2 hold.
Let 5 = (B;) be Lipschitz constants. An acyclic graph contains some sink node ¢ such that
> jwi; = 0. For each node s in an acyclic graph, there is an acyclic path to some sink node
t. Suppose that node s can reach t in K; steps such that wgf' > 0. Let K* = max; K; be
the length from node s to the farthest connected sink node ¢*. (Since if there are multiple
farthest sink nodes, they have the same length. Without loss of generality, assume that
there is only one farthest sink node from s.) Then, we must have Y, w1 = 0. Since
s is arbitrary, we have W7 = ( for some large enough 7' € N. It implies that p(W) = 0.
Let A = |W|diag(5). The sink nodes for graph W are also the sink nodes for graph A.

Hence, the same argument shows that p(A) = 0. O

ProOOF OF LEMMA 4.3.3. Let f and W be such that the conditions of Lemma 4.3.3
hold. Then, the conditions of Lemma 4.7.6 are satisfied. The result follows from Lemma

4.3.1. U

391f not zero, it contradicts with the definition of K*.
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PROOF OF COROLLARY 4.3.3. Let f and W be such that Assumption 4.2.2 holds. Using
Lemma 4.3.2 and Theorem 4.2.1, if the network graph is acyclic, then the equilibrium is
unique. Hence, if there exists multiplicity, there must be a strongly connected subgraph.
We then decompose the graph into strongly connected subgraphs as the proof of Theorem
4.2.2. The proof of Theorem 4.2.2 implies that, given the realized shocks e, the multiplicity
occurs in and originates from some strongly connected in-subgraphs or out-subgraphs S
(the shocks corresponding to S are linearly dependent). It implies that all agents in

40

S admit multiple equilibria.”™® Moreover, the agents with multiple equilibria must be

accessible from at least one subgraph with multiple equilibria. U
Proofs in Section 4.4.

PROOF OF LEMMA 4.4.1. Suppose that (f,W,¢e) and (f', W’ ¢’) are two networks such
that Assumption 4.2.1 holds. Assume that W < W’ e < ¢/, and f; and f! are increasing
functions for all i € N, and f;(t) < f/(t) for all t € R and all ¢ € N. It then follows from
Theorem 4.2.1 that (f, W, e) and (f’, W', ¢’) have unique equilibrium & and 7', respectively.
Define the maps T: R — R” and T: R" — R" as Tz = f(zW +¢) and Tz =
f/(@W' +¢) for all z € R". We first show that T*z < T*z for all z € R" and k € N.
Since f;(t) < f/(t) for all t € R and all ¢, we see that f(x) < f'(x) for all z € R™. Then,
since f; and f! are increasing functions for all ¢, and W < W', and € < €/, we obtain
Tx = f(aW +¢) < flaW' +¢) < f'(aW' + &) = Tz for all z € R”. Suppose the
induction hypothesis that Tkx < T*z for some k € N and all z. Hence, since Tx < Tx
for all € R", we have T(T*z) < T(T%z) < T(T*zx). Therefore, the Mathematical
Induction implies that T*z < Tkz for all z € R™ and all K € N. Since Corollary
4.2.1 shows that # = limj_ o 7%z and 2/ = limy_,o 7%z for any z € R™, we obtain

= limy_yoo TFr < limg_oo TFx = 7. O

PROOF OF LEMMA 4.4.2. Let (f,W,e) and (f’,W’,&') be two networks such that the
assumptions of the statement hold. Suppose that f;(t) < u; and f/(¢t) < u} for all t € R

40Gince S admit multiple equilibria (shocks are linearly dependent), given an equilibrium, we can create
another equilibrium. In particular, let W, be the submatrix of W corresponding to subgraph S, and z;
be the equilibrium for agents in S. From equation (4.26), xs + tesWy is another equilibrium, where e is
the eigenvector of Wy, and ¢ € R is a parameter such that x; + tesW is in the range of the interaction
functions.
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such that u; < u} for all i. Let u = (u;) and v’ = (u}). Define the maps 7: R" — R”
and T: R" — R" as Tx = f(zW +¢) and Tz := f'(2W’ 4 ¢’) for all z € R". Following
Theorem 4.2.2, we know that the equilibrium for both (f, W, e) and (f’, W', ¢’) are unique
almost surely, denoted by & and 7/, respectively. Moreover, it follows from Corollary 4.2.2
that 2 = limy_ o T%u and &' = limy_,o 7%/ Now, we show that TFu < Tk for all
k € N. Since f;(t) < fl(t) for all ¢t and all 7, we see that Tz = f(zW +¢) < f/(zW +¢) <
flxW'+ ¢ = Tz for all z. Hence, since u < o/, we have Tu < Tw < Tw'. Suppose
that TFu < T* ' for some k € N. Then, since Tz < Tz for all x, and T is an increasing
map, we get TTFu < TT o < TT . Therefore, the Mathematical Induction implies
that T%u < T*/ for all k € N. Consequently, we have & = limy_,co TFu < limy_yoo TFu/ =

. U

Proofs in Section 4.4. Define the set of £ that the solution exists as
Ey = {¢ € E. : Linear system (4.16) has a solution. }
Define the set of ¢ that allows multiple solutions as
E, = {e € E. : Linear system (4.16) has multiple solutions.}

LEMMA 4.7.5. Suppose that ¢ is absolutely continuous If W is non-negative, and p(W) =
1, then A(Ey) =0 and Ey = E;.

PROOF OF LEMMA 4.7.5. Let W be a non-negative, irreducible matrix W with p(W) =
1. Using Perron-Frobenius Theorem, p(W) is an eigenvalue of W, and its corresponding
left eigenvector and right eigenvector are non-negative, denoted by v and e, respectively.
First, note that * = W + € has a solution if and only if ee’ = 0. To see this, let
A =1 — W and rewrite the linear system (4.16) as A = . Hence, if x is a solution,
then xAe’ = zeT —a2We' = xze” —xe’ =0 = ee’. Conversely, if ee” = 0, then since
Aem = e —eT =0, we have rank(A) = rank([Ale]), where [Ale] is the augmented matrix
for xA = e. Since the solution exists if and only if rank(A) = rank([Ale]), there must be
a solution. Therefore, Fy = {¢ : ee” = 0} is measure zero. For the second statement, it is

clear that Fy C Ey. Suppose that ¢ € Ey. Thus, there is x such that x = W +¢. Letting
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t € R, since v is the left eigenvector, we have x + tv = zW + ¢ + tv = (z + tv)W + ¢,

whence x + tv is a solution. Then, ¢ € F; and Ey C E;. OJ

PROOF OF LEMMA 4.4.3. Let W and ¢ follow the conditions of Lemma 4.4.3. Lemma

4.7.5 and absolute continuity of shock imply that P.(e € Ey) = 0. O

PROOF OF LEMMA 4.4.4. Let ¢,u € R™ be such that u > ¢, f = (f;) be defined as (4.17),
and W is stochastic. Assume that z* is the unique equilibrium. Suppose on the contrary
that for all j € N we have 2} = >, i Wi; +¢; < uj and 2 = ), 27 Wi +¢; > £}, whence
( K o'W + e < uand z* = f(z*) = 2*W + €. Since W is stochastic and hence non-
negative, Perron-Frobenius theorem implies that W has a non-negative left eigenvector v
with respect to the eigenvalue 1. That is, vW = v. Now, since { < x* < u, we can find
A # 0 such that ¢ < z* + Av < u. Then, since (z* + M)W +e = 2*W 4+ Ao +¢e = 2" + v,
we have { < (z* + Av)W + ¢ < u. Therefore, we get f((z* + M)W +¢) = (2* + \v),
so that (z* 4+ Av) is another equilibrium. Since z* is the unique equilibrium, we have a

contradiction. O

PROOF OF LEMMA 4.4.5. Let (f,W,¢) follows the conditions of lemma. Let u = (u;)
and ¢ = (¢;) be the upper bounds and lower bounds of f, respectively. Given the states
x € [(,u], let A(x) and B(z) be the sets of agents with the equilibrium at the bounds as
(4.18). Denote x* as the unique equilibrium. Let A* .= A(2*) ={j € N: >, zjw;j+¢; >
u;} be the sets of agents having the equilibrium at the upper bounds, and B* := B(z*) =
{j € N: Y ,zfw; +¢; < {;} be the sets of agents with the equilibrium at the lower
bounds. Following the algorithm, if 2* = u or * = ¢, then step 2 or step 3 of Algorithm 2

terminates and returns the equilibrium. Without loss of generality, suppose that z* # u, £.

Define P := P(B(¢)) as the power set of B({). Then, since B* C B((), there exists P € P
such that P = B*. Define 4 := (A" + u(I — A®"). Hence, economic states 4 indicate

that an agent ¢ in B* has economic state ¢;, and an agent ¢ in N \ B* has state u;.
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Since z* > (; for j € N \ B*, we can be reduced the system to:

\V/] S B*7 Xy = gj

Vje N\ B*, z;=min< max Z Tiw;j + Z liwi; +€5,45 ¢, u;
i€N\B* ieB*

(4.27)

= min E xiwlj + E €1w” + Ej, Uj

i€N\B* i€ B*

>€j

We write (4.27) in vector form and define the operator T : [(, 1] — [¢, ] as
T = {[z(I = ABYW + eABW +](I — AB)} A fu(I — AB7)] + (AP,

Then, z* is the fixed point of 7. Following the algorithm, we let () = ¢ and A, =
A() N (N\ B¥), so that A* C Ay C N\ B*. Define z(*) for t € N as the fixed point of ®;:

O,z = uN1 + (AT

+ AW A+ CAPW (T — A= — AP +e)(I — A= — AP, (4.28)

We have 2() = ®,2() for all t € N. For t € N, define A, = A(x®). We first show that

~

Tz® < 2® and ) < 2® for all t =0, 1,2,... by induction.

Consider t = 0. Clearly, we have T2® < 2. We need to check that ®; has a unique fixed
point. Since Ay D A*, the matrix I — (I — A% — AB")W(I — A% — AB") is non-singular.
Otherwise, there exists an irreducible submatrix W, of (I — A0 — AB"YW (I — Ao — AB")
such that p(W,) = 1. But, using Lemma 4.7.4, the proof of Theorem 4.2.2; and Lemma
4.4.4, since the equilibrium is unique, every strongly connected subgraph must contain
a node m such that its equilibrium is at the bound. Since the operation (I — A40 —
ABYW (I — A% — AB") removes such node m from the graph W, Lemma 4.7.9 implies
that p(Ws) < 1. Therefore, such irreducible submatrix W with p(Ws) = 1 does not exist,
so the spectral radius of (I — A% — AB)W(I — Ao — AB") is less than one. Therefore,
the fixed point of ®; is unique, and we can compute the fixed point 2") by the iteration

from any initial guess. In particular, we can iterate from 2(®: 2 = lim,,_,, ®7(2®).
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Moreover, since (% = u(I — AP")+ (AP and then 2 (I — A4 — AB") = (1 — A% —AB"),
we have
Oy (20) = uAdo 4 (AB
+ [uA W + LABW + 2O (1 — Ao — ABYW 4 €](1 — A% — AF)

= uA AP [u(I — APYW + LA W + €] (1 — Ao — APY)

Ul + AP (T — At — AP

=u(l — AP") 4 IAP" = 2@
where the inequality holds because the definition of Ay implies that if Ay & N \ B*,
then 37, g, Withij + D e p, liwij + €5 < uy for j ¢ Ag; otherwise, if Ag = N\ B*, then
I— A% — AP =0 and 29 = 4 is the fixed point of T. Since ®, is an increasing operator

for all ¢, we get @7 (@) < &7 1(2@) < - < D(2(?) < 2O for all m € N, so that

M) = lim,,, 0o @7 (2(@) < 2.

Suppose that Tz® < 2® holds for some t = k € N. Since 4; = A(z®) = {j € N :

2B, +e: > u;}, we have 20 (I — A% — AB") 4 uAAr + ¢AB" = 2(*) . Hence, we have
7 J J J

<I>k+1(3:(k)) = ul + (AP

+ [uA W 4 CABW 4+ (T — A% — ABYW 4 £](1 — A — AP
(4.29)
= ulhM + AP+ (2PW 4 e) (I — A — AP

Similar to the above argument, I — (I — A% — AB" YW (I — A% — AB") is non-singular, so
2*+1) is unique. Then, since ®;.1 is an increasing operator, and its iteration converges
from any initial point, we have ") = lim,, oo O, (z®)) < - -+ < Ppyy (a®) < 2@,

Next, since 2* 1) < 2 we have Ay, = A(x*+Y) c A(z®) = A;. If Apy1 = Ay, then
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using the definition of A;; we have
Ta* D = ([ (1 — ABYW + AP W 4 )(I — AP")} A [u(l — APT)] 4 (AP
= [2®FD(T — AP — AW 4 uA T+ CAPW 4 ](T — AP (T — AMe+)
+ ulArt 4 AP
=[x — AP — AW + uh™ W + LA W + (T — AP — A)
+ ult 4+ (AP

_ (Pk—&—lx(k_'_l) _ .I'UH_I)

Then, z**1 is the fixed point of T if Agy1 = Ag. Moreover, since A1 = A; implies

Pp1 = Pjia, we have pF+1) = g (k+2),

On the other hand, suppose that Ay 1 C Ag. Denote Tx§k+1) and (I)k+1x§k+1) as the j-th

entry of Tz*+D and 12D respectively. Then, for j € Ay, 1, we have Tx§k+1) =u; =
<I>k+1x§.k+1) = :cy”l), where the second equality holds because j € Ay. For j € Ay \ Agi1,

we have Tx(-kﬂ) < u; = Q)kﬂx(’”l) = x(.kH). For j € B*, we have Ta;g-kﬂ) ={; =

<I>k+1x§-k+1) k+1 . For j € N\ (Ax U B*), we have j ¢ (A1 U B*) so that

Tx§k+1) = Z &w,] + Z Ui Wij + Z :c(kﬂ)w” + Ej

1€EB* ’ieAk+l iGN\(Ak+1UB*)
(k+1) (k+1)
= E ﬁzww + E UiWi5 + E x,; Wi + E x,; Wij + €
i€B* 1€AL 1 1EN\(ALUB*) 1€AR\Ak+1
_ § : § : 2 : (k+1)
= ﬁzww + UiWij5 + x,; Wi -+ U; Wi + €j
i€eB* ieAk+1 iEN\(AkUB*) ieAk\Ak+1
(k+1)
= g liw;; + g UW;; + E x;, Wi €
i€B* 1€EAL iEN\(AUB*)

_ @k+1$§k+1) _ x§k+1)

where we use """ = u; for i € Ay by (4.28). Therefore, we see that Tz*+1) < g+
when Aj1 € Ap. Then, we get T2*®t) < 2D The Mathematical Induction shows

that 72® < 2® and 20D < 2® forall t =0,1,2,....

The above argument also shows that if Ay, = Ay for some k& > 0, then 2* 1 ig the fixed

point of T. Also, (4.29) implies that z(*+2) = &, ,x+tD) = Tp*+D) = 241 g0 that 2®)
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for ¢ > k + 1 remains constant. On the other hand, if z*™V is not the fixed point of 7,
since x**1) is the fixed point of ®;;, there exists j € A\ Ag41 such that Ay, decreases.
Since there are only n nodes, and Aj contains at most n — 1 elements due to z* # u,
A, and z® stop to change after at most n iterations. Since the sequence z(*) is constant
only at fixed point by (4.29), we obtain the equilibrium in at most n iterations. Now, in
searching of P = B* from the power set of B({), since z* # ¢ and then B({) contains at
most n — 1 agents, P has at most 2"~ ! elements. Then, we need at most 2" ! searching
time for P = B* and n iterations for each possible P € P to find the fixed point, so the

overall iteration is at most n2" 1. O

PROOF OF LEMMA 4.4.6. Let f follow (4.17), W > 0 be stochastic, and ¢ € E.. Let
g: R™ — R be a strictly increasing function. Suppose that x* is a solution to programming

problem (4.21). Then, x* satisfies z* € [¢(,u] and z* < max{z*W + ¢,¢}. We want to

*

show that z ;

satisfies either 25 = u; or 27 = (max{z*W + ¢,(}); for all j € N, where
(max{z*W + ¢,(}); is the j-th entry of max{z*W + ¢,¢}. Suppose not. Then, there is
i € N such that x} < u; and =} < (max{z*W +¢,£});. Then, we can find § > 0 such that

i + 0 < u; and

rF+ 0 < (max{ax*W +¢,0}); < (max{(z* + §1)W + ¢, £});,

]

where IL; =1ifj =14 and IL;- = 0 otherwise. Therefore, z* + §1° satisfies the conditions of
programming problem (4.21). Since g is strictly increasing, we have g(x*) < g(z* + §17),
contradicting that z* is the solution. Hence, it must be that either z7 = wu; or x} =

(max{z*W +¢,(}); for all j € N, so that 2* = min{max{z*W + ¢, (},u}. O

Proofs in Section 4.5.

PROOF OF LEMMA 4.5.1. Suppose that f; is increasing and continuously differentiable
for all i, and p(|W|diag8) < 1. Let F(x) := f(zW + ¢) — x. Then, the system (4.22)

is dz/dt = F(z). We follow Lyapunov’s linearization method. We have the partial
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derivatives

OF;(x) O, wnwn +e)w; — 1 if m =4,

0Tm
. fZ/(Zh TpWhi + ei)wmi ifm 7é i,

Denote f == (f1(>_, xnwn1 +€1)s .-, [1,(O°, Thwnn + €,)). The Jacobian matrix of F' is
W diag(f')—1I. Let X be the eigenvalue of W diag(f’) —I. The dynamics is asymptotically
stable if the real part of A, denoted as Re()), is negative for all A\. From the characteristic
equation, eigenvalue A satisfies 0 = det((W diag(f")—1)—AI) = det((W diag(f")—(A+1)I)
, 50 A+1 is the eigenvalue of W diag(f’). We then have Re(A\)+1 < |[A+1| < p(W diag(f')).

Since the interaction functions are Lipschitz continuous, the derivatives are bounded | f/| <
B; for all i, so that diag(f’) < diag(3). Then, we can show that |(W diag(f’))*| <
(|W | diag(B))* for k > 1. Since p(A) < ||A¥||'/* for a matrix A € R™™ and k > 1, we
have p(W diag(f")) < [|(W diag(f"))*[['/* < ||(|W]diag(8))*||"/* for all k > 1. Taking
the limit of &k, we have Re(\) < p(W diag(f’)) — 1 < p(|W|diag(B)) — 1 < 0. Since the
real part of any eigenvalue of W diag(f’) — I is negative, the system is asymptotically
stable. 0

PROOF OF LEMMA 4.5.2. Let f; be differentiable for all i and p(|W|diag ) < 1. Define

the system and function F as (4.23). Define Cj; as

d$;< (95@» %
1
J ds; Oxf "

for i, j € N. For the steady state, by (4.23), we have z} = f(>_, xjwpn; + €;)/s;, so that

0x;/0s; = —f (Z Thwp; + 5i> /82 = —x} /5.
h

For s = 1, we have

dz* 9s; dx* [ —s, dx*
7 1 % 7 7 * J
iy ds; 0z i ds; ( * ) i ds; (4.30)

T;

After the removal of i, the system goes to a new steady state near the original one. Since

F =0 at both new and original steady states, we have dF'/ds = 0, where 0 is an n by n
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zero matrix. The total derivative dF' = (0F/0s)ds + (0F/0x)dx gives

dFf  o0F OFdx
=05 Tords = (4.51)
-1
(:p,s):(x*,l)]

= diag (z%) [[ — W diag (f'(z*W +¢))] "

By (4.30) and (4.31), since 0f /0xz = W diag(f’), we have

6_F
O0s

OF

C:— = — %

(w,8)=(z*,1)

where f'(x*W+e) = (fi(Qo, xrwnier), - -, fi (Do), xhwnieyn)). The result follows from that
o= (C1"T". O

Other Lemmas.

LEMMA 4.7.6. If W > 0 or W' > 0 is weakly chained substochastic, then W is conver-

gent.4l

LEMMA 4.7.7. Let A € R™" be non-negative. Then, p(A) < 1 if and only if (I — A)~!
ezists and (I — A)~' > 0.

Let A € R™" be a matrix. Define A_; as the submatrix of A deleting row ¢ and column

i of A.
LEMMA 4.7.8. Let A € R™*" be a non-negative matriz. Then, p(A_;) < p(A).

LEMMA 4.7.9. Let A € R™*" be an irreducible stochastic matriz. Then, p(A_;) < 1.

PROOF. Let A = (a;;) € R™™ be an irreducible stochastic matrix. It is enough to
consider the strongly connected graph with the least number of links, the ring. That
is, consider the graph such that for all i € N we have a,; = 1if j = (i + 1) (mod n),
otherwise a; ; = 0. Fix ¢ € N and delete row ¢ and column 7 to get A_;. Then, the row sum
of row i — 1 is less than one. Also, every other node has a path to node ¢ — 1. Therefore,
A_; is weakly chained substochastic, so it follows from Lemma 4.7.6 that p(A_;) < 1. We

can extend the argument to an irreducible matrix, since if we remove a node ¢ from a

AT s weakly chained substochastic if and only if W is column substochastic, and for each j € NV, either
>, wi; < 1, or there exists t € N such that there is a path from ¢ to j (t = --- — j) and >, wi < 1.
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strongly connected graph, then ¢ must be in a ring, and any other nodes have some path

to that ring. O



CHAPTER 5

Explaining Systematic Departures from Gibrat’s Law

5.1. Introduction

One of the most debated statistical regularities in industrial dynamics is Gibrat’s Law,
which predicts that the growth rate of a firm is independent of its size (Gibrat, 1931,
Sutton, 1997). Gibrat’s Law allows a firm’s growth to be viewed as a stochastic process,
introducing heterogeneity. It has successfully explained the skewed distribution of firm
sizes. These properties make Gibrat’s Law become a prevalent assumption or a stylised
fact in theoretical work (Ijiri and Simon, 1964, Lucas, 1978). For instance, Gibrat’s Law
plays a crucial role in explaining the power-law distribution of firm sizes and the tent-
shaped distribution of firm growth (Simon and Bonini, 1958, Gabaix, 2009, Fu et al.,
2005). Gabaix and Landier (2008) model CEO pay based on an exogenous distribution

of firm sizes from a random growth process.

However, empirical tests of Gibrat’s Law have generated controversy. It has been observed
that small firms often exhibit faster growth rates or greater volatility compared to larger
firms, leading to the rejection of Gibrat’s Law, especially for downstream firms.! For
instance, in a study of Italian firms, Grazzi and Moschella (2018) finds a negative size-
growth relationship, even when accounting for firm age. Nevertheless, it is worth noting
that this breakdown appears systematic, suggesting that Gibrat’s Law may still hold for

large firms.

Recent studies have uncovered deviations from Gibrat’s Law within production networks.
Guilmi and Fujiwara (2020) and Hiromitsu and Wataru (2020), studying Japanese pro-

duction networks, have found that small firms experience higher fluctuation. Hiromitsu

'Hall (1987), Evans (1987a),Evans (1987b),, Dunne and Hughes (1994), Almus (2000), Calvo (2006), Falk
(2008), Daunfeldt and Elert (2013), Oke (2018) and Aydogan and Donduran (2019) find that firm growth
and firm size are negatively correlated, considering small firm or aggregated data. Hall (1987) and Dunne
and Hughes (1994) document that the growth of small firms is more volatile growths than that of large
firms.

177
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and Wataru (2020) find that upstream firms tend to be smaller than those in the other
levels of networks. Since upstream firms tend to be small, Guilmi and Fujiwara (2020)
argue that upstream firms also have higher volatility than downstream firms. Further,
Hiromitsu and Wataru (2020) observe that firms following a power law are typically not
positioned at the upstream levels of production chains.’Since Gibrat’s Law explains a

power-law distribution, it implies that upstream firms depart from Gibrat’s Law.

Overall, their observation suggests that a small firm’s size and growth may be affected
by its relative position or the hierarchical structure of a production chain. Motivated by
these studies, this paper seeks to establish an endogenous production network model to
explain the breakdown of Gibrat’s Law for upstream firms and the power-law distribution

of firm sizes among downstream firms.

Our model establishes a balanced production chain and demonstrates both the existence
and uniqueness of equilibrium. We discover that hub-like networks exhibit robust fea-
tures, with prices increasing in transaction costs and subcontractors’ sizes growing as
they progress to downstream levels. Additionally, simulations reveal that the length of a
production chain decreases in transaction costs but increases with the degree of decreasing
return to management. These properties enable us to study the impact of cost shocks on

prices and network structure.

Furthermore, our findings indicate that when assembly costs exponentially increase with
the task, the firm sizes of the subcontractors follow a power law in each production chain.
In addition, if home producers experience higher volatility in technology compared to
subcontractors, Gibrat’s Law breaks down. In other words, when assembly technology
is more stable in the short run, the home producers at the most upstream level exhibit
greater volatility in firm sizes than downstream subcontractors. If we further examine
the economy across many production chains, it appears that the upstream or small firms

experience more fluctuations than downstream or large firms.

2Guilmi and Fujiwara (2020) and Hiromitsu and Wataru (2020) also demonstrate that the distribution of
large firms’ sizes is Pareto, while that of small firms’ sizes is not. This breakdown of Pareto distribution

among small firms is a well-known observation (See e.g., (Saito et al., 2007, Fujiwara and Aoyama, 2010,
Almsafir et al., 2015)).
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Moreover, we show that it is possible to identify a locally optimal number of suppliers,
although it may be unrealistic to be fixed. Finally, this paper extends a balanced produc-
tion network to a more realistic model that allows firms to choose an optimal number of
suppliers when they subcontract. We show that the extended network also has a unique

equilibrium and exhibits robust comparative statics.

This paper modifies the framework incorporating multiple upstream partners from Kikuchi
et al. (2018), Yu and Zhang (2019) and Kikuchi et al. (2021). These studies consider a
perfectly competitive economy where all firms are ex-ante identical.® Facing market prices,
firms aim to minimise their home production and outsourcing costs, which are subject
to transaction costs and input prices. This framework highlights a trade-off between
intra-firm coordinate costs and inter-firm transaction costs, as originally proposed by
Coase (1937) and Williamson (1979). The key insight is that external transaction costs
encourage firm growth, whereas intra-firm coordination costs discourage it. Consequently,
a firm’s boundary is determined at the point where the cost of managing an additional

task equals the cost of acquiring a similar input or service from the market.

Kikuchi et al. (2018) develope a pricing function to capture this trade-off and compute
equilibrium prices for all firms on a production chain using a recursive method. The model
of Kikuchi et al. (2018) has the advantage that the equilibrium exists and is tractable by
dynamic programming technique, thus determining firm sizes at each production stage
endogenously. In their model, firm sizes increase as production moves downstream lev-
els, capturing some realistic features. Moreover, their framework generate heterogeneity
by the endogenous network but with ex-ante identical agents, helping us to understand
how the network structure affects firm-size distribution. While they demonstrated the

existence of equilibrium, they did not establish its uniqueness.

Building on Kikuchi et al. (2018), we construct a hub-like production network. Two

reasons make us concentrate on hubs: they render a network more tractable, and some

3Some features of a multi-sourcing strategy are that it could mitigate the risk of suppliers’ failure, allow
firms to obtain broader supplier capabilities, and encourage competition among suppliers (see, e.g., Jin
and Ryan (2012)). Considering the competition, our model also assumes that the intermediate market is
perfectly competitive as Fally and Hillberry (2018) and firms are ex-ante identical.
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literature suggests that hub-like firms are crucial to forming a power-law distribution.*

Unlike Kikuchi et al. (2018), we let each firm make a binary decision on outsourcing,
rather than decide a range of home-producing tasks, to focus on the hub-like production
network. In this case, it can be shown that the equilibrium not only exists but also is

unique. Moreover, it successfully explains the power-law distribution of firm sizes.

In our model, the structure of networks is more tractable than Kikuchi et al. (2018). In
detail, subcontractors divide their allocated tasks into a fixed number of sub-modules and
outsource each sub-module to upstream suppliers. Subcontractors have to pay assem-
bly costs or transaction costs. Consequently, the minimum number of suppliers is two
since transaction and assembly costs prevent firms from outsourcing to only one supplier.
Therefore, hubs exist throughout the production network except at the upstream levels.

In other words, home producers only exist in the most upstream level.

Related Literature. Guilmi and Fujiwara (2020) offer an explanation for the breakdown
of Gibrat’s Law among upstream firms, attributing it to amplified demand shocks along
a production chain. However, both the production network and the prices are exogenous
in their model, meaning the network is randomly given, and the price is integrated into
stochastic shocks. Hence, their model is not able to study the impact of the shape of
networks and cost shocks. Furthermore, Guilmi and Fujiwara (2020) do not explicitly
explain why the sizes of downstream or large firms follow a power law, implying that

Gibrat’s Law holds for downstream firms in their model.

The higher volatility among small firms documented in Guilmi and Fujiwara (2020) does
not necessarily imply that Gibrat’s Law holds for large firms and breaks down for small
firms. It could be the case that the breakdown occurs for both small and large firms.
Therefore, if Gibrat’s Law is rejected, it would be better to explain the power-law distri-
bution without it. In response, this paper provides one origin of the power-law distribution

of firm sizes without relying on Gibrat’s Law and ex-ante heterogeneity. To simplify the

4For instance, Bernard et al. (2019) suggests that the number of suppliers for a firm is proportional to
its firm size. The hub also plays an important role in transmitting shocks. Acemoglu et al. (2012) imply
that super large suppliers with multiple customers can have a significant impact on aggregate shocks.
Carvalho (2014) underscores that hub-like units provide shortcuts or act as influential conductors such
that they help shocks propagate throughout the economy.
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model, we focus on a balanced and hub-like production network, where firms have a fixed
number of multiple suppliers if they choose to outsource. We find that the hub-like net-
work can generate a power-law distribution of firm size for subcontractors and illustrate

the departure of Gibrat’s Law for upstream firms.

Another reason for the interest in the breakdown of Gibrat’s Law is its connection to
development policy. If small firms exhibit higher growth rates, policymakers may be
motivated to invest in young and innovative small firms for economic development.’.
While small firms may have to do with economic development, large firms could impact the
business cycle. The power law of the firm size distribution is influential in the research of
aggregate shock. For example, Gabaix (2011) shows that idiosyncratic shocks at the firm
level can translate into aggregate fluctuations when the firm size distribution has a heavy
tail, and the largest firms contribute disproportionately to the aggregate production.®
Moreover, Carvalho and Grassi (2019) show that the dispersion of firm sizes affects the
variance of aggregate output in a Hopenhayn economy, which implies that large firms’

dynamics induce significant macro-level fluctuations.

The shape of the production network also affects aggregate shocks. Acemoglu et al. (2012)
show how weighted out-degree and second-order interconnections of the inter-sectoral
network affect aggregate volatility, where the aggregate output is a linear combination of
sectoral shocks.” If a network is asymmetric, then aggregate volatility can not be averaged
out.® Carvalho (2014) stresses that the shape of a network influences the propagation of
sectoral shocks, where idiosyncratic shocks in a single sector propagate along a chain and

then generate aggregate shocks.

SFor example, a policymaker would support young small firms with high R&D intensity by relaxing
financial constraints, since they can achieve significantly higher innovative sales (Schneider and Veugelers
(2010)) Also, small firms have higher job creation rates than large firms (Schreyer (2000)).

6Gabaix (2011) shows that when the company size has infinite variance, the aggregate volatility decays
at a slower rate than 1/ VN such that the aggregate fluctuation is substantial even if N is large, where
N denotes the number of firms in the economy. The fat tail breaks the central limit theorem, and the
idiosyncratic shocks remain on aggregate output.

"The weighted out-degree is the output share of one sector in the production network which can be
computed from the input-output matrix. The weighted out-degree is higher when the supplier is large.
The second-order interconnection is higher when there is a clustering of significant sectors in the network.
8In the sense that the corresponding weighted out-degree sequence or second-order degree sequence has
a power tail.



182 Chapter 5. Explaining Systematic Departures from Gibrat’s Law

Similarly, Tahbaz-Salehi et al. (2016) illustrate that the rate at which aggregate volatil-
ity decays is determined by the structure of input-output networks as an economy be-
comes more disaggregated. They demonstrate how network interactions can propagate
and amplify microeconomic shocks. Baqaee (2018) shows that networks influence the
amplification and pattern of shocks. In the study by Bigio and La’O (2016), a network
model with financial constraints reveals that shocks propagate idiosyncratic shocks and
manifest as aggregate shocks through two channels: a fall in total factor productivity and
an aggregate labour wedge distortion. Consequently, if our concern is economic growth
and stability policy, it becomes imperative to understand the existence of a power-law

distribution of firm sizes and the reason behind the breakdown of Gibrat’s Law.

The real-world production network is too intricate and challenging to analyze comprehen-
sively. However, there are two types of networks that serve as approximations to real-world
complexities. Baldwin and Venables (2013) describe two highly simplified models: snakes
and spiders. A snake represents a sequence of production stages, with value-added from
the upstream stage to the downstream stage. Conversely, a spider is a process where
numerous components (limbs) converge from the upstream stage to be assembled into a
final output. The spider model results from the unbundling process, which breaks down
production tasks into various sub-modules All production networks can be viewed as a

combination of snakes and spiders.

Some research employs snakes as a model to investigate production behaviour, such as
integration and specialisation. For example, Antras and Chor (2013) show that the in-
centive to integrate suppliers depends on the relative position in a sequential chain. They
predict that the average demand elasticity faced by final-good producers affects integra-
tion choices. Costinot et al. (2012) study wage inequality and vertical specialisation within

countries with a sequential feature.”

9The other examples are: Costinot et al. (2013) study the sequential chain subject to failure and the con-
nection between the degree of specialisation and the stage of the supply chain. They show that countries
with lower probabilities of making mistakes specialise in later stages of production, with a continuum of
sequential tasks produced in countries that are themselves sequentially ordered in equilibrium. Levine
(2012) studies that the trade-off between specialisation and failure determines the optimal chain length,
where a longer chain is more fragile.
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In reality, firms often engage with multiple partners, forming complex interaction patterns.
This paper specifically concentrates on spiders or hub-like networks. Acemoglu et al.
(2012) and Barrot and Sauvagnat (2016) present evidence from the U.S. firms, showing
that many firms and sectors adopt a "star network" structure. Moreover, the result
derived from a sequential chain model may not hold if the assumption of a sequential
structure is dropped. For example, Fattorini et al. (2017) find that demand elasticity
is not a significant determinant for integration choices, contradicting the prediction of
Antras and Chor (2013) when the assumption of a unique linear sequence of production
stages is removed. They argue that inputs participate in multiple stages of production,
rather than being confined to a single stage as in a sequential chain. Therefore, this paper

focuses on the more realistic spider networks.

Our model endogenously determines the equilibrium price and can analyze cost shocks
under a multisourcing strategy. The model exhibits the price co-movement through the
input-output network. Input-output linkages generate price co-movement and inflation
synchronisation, where local cost shocks could be translated into global inflation (An-
toun de Almeida, 2016, Auer et al., 2017, Bilgin and Yilmaz, 2018, Auer et al., 2019,
Kamber and Wong, 2020).

This paper also explores how transaction costs impact the network. As transaction costs
influence firm boundaries, the structure of a production network depends on both transac-
tion costs and production costs. Aral et al. (2018) indicate that coordination information
technology reducing coordination and communication cost, which is one of transaction
cost, is correlated with the number of suppliers, while vendor-specific I.T. is associated
with fewer suppliers. Boehm and Oberfield (2020) imply that the costs of contract enforce-
ment affect firms’ outsourcing decisions and then distort the economy. Recent economic
shocks have significant impacts on transaction costs. For instance, the trade war between
China and the U.S. (Amiti et al., 2019, Fajgelbaum et al., 2020). Another example is the
COVID-19 pandemic. Barua (2020) and Das (2020) point out that the pandemic causes
logistic problems and increases transportation costs. In our framework, transaction costs
are completely passed through to the price of final goods, which is compatible with Amiti
et al. (2019).
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Other related literature investigates whether the positions of firms affect their perfor-
mance. For example, Mahy et al. (2019) and Gagliardi et al. (2019) find that the pro-
ductivity of Belgian firms increases on average as they go upstream levels and workers
in more upstream firms obtain higher wages in the Belgian manufacturing industry, re-
spectively. Chen (2017) find that upstream industries have more severe wage inequality
than downstream industries in China manufacturing data, where downstream industries
tend to do processing and assembly work. Szymczak et al. (2019) observe that workers
in Central and Eastern European countries earn more when their industries are at the
beginning or the end of production chains than in the middle. These papers demonstrate

the importance of the position and structure of networks.

Section 5.2 establishes a model of a balanced production chain. It also presents the proofs
for existence and uniqueness and discusses some robust properties, including compara-
tive statics. Section 5.3 shows the distribution of firm sizes of subcontractors and the
departure of Gibrat’s Law for upstream firms. Section 5.4 provides an extended model
that allows firms to choose an arbitrary number of suppliers. The code can be found at

github.com/chien-y /Departure Gibrat law.
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5.2. Model

A supply chain produces a single unit of the final good in a perfectly competitive market.
Positioned at the most downstream, there exists one and only one firm that sells this
final good to consumers. Suppose that all firms are ex-ante identical, indicating that they

share the same cost functions for both in-house production and assembly work.

Within a production chain, firms collaborate to execute a continuum of tasks [0, 1] to
produce a final good. The interval [0, 1] serves as a normalised measure of tasks required
to produce one unit of good. To elaborate, the measure of tasks is denoted as ¢ € [0, 1],

representing the allocation of tasks in an outsourcing contract.

Moreover, each firm in the supply chain has x > 1 number of upstream partners. Upon
receiving an allocation of tasks ¢, each firm makes a strategic decision between in-house
production and subcontracting the tasks ¢ to s suppliers. In the case of in-house produc-
tion, a firm incurs a production cost ¢(¢). Conversely, if a firm ops to be a subcontractor,
it divides the tasks into x portions and outsources each portion, equivalent to ¢/k units,
to its upstream partners. Subsequently, a subcontractor is responsible for assembly work,

combining the k pieces of components, incurring an assembly cost denoted as a.

Furthermore, when firms engage in the sell of intermediates or final goods, they are
obligated to pay the transaction costs 7.!Y The transaction costs and the cost function

satisfy the following assumptions.
ASSUMPTION 5.2.1. The transaction cost 7 satisfies 0 < 7 < 1.

ASSUMPTION 5.2.2. The cost function ¢ : [0,1] — R is convex, ¢(0) = 0 and ¢(0) > 0.

Under Assumption 5.2.2, given convexity of the cost function and the derivative ¢(0) as

limp, o c(h)/h, the cost function is strictly increasing and non-negative.

Additionally, we assume that the assembly costs increase with the allocated tasks ¢ in
Assumption 5.2.2. Two intuitions support this assumption. Firstly, if £ not only measures

10Tt matters little whether the transaction is paid by the buyer or the seller in the model. The transaction
costs include search and information costs, bargaining and decision costs, and contract enforcement costs
(Dahlman, 1979).
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the number of tasks but also the diversity of tasks, a higher ¢ implies increased variety,
leading to heightened complexity.!! This increased complexity, in turn, results in higher
assembly costs. Secondly, even though firms consistently divide tasks into x pieces and
subcontract k /¢ tasks to suppliers, a greater variety of tasks introduces more possibilities
for task combinations. Firms need to strategically plan the task division and assembly line
decision, incurring costs that rise with the task variety ¢. Consequently, the assembly costs

are proportional to the variety or quantity of tasks, making the assumption reasonable.

Specifically, we further assume that the assembly cost takes the form bf?, where q >
0, b represents the efficiency for assembly work, and ¢ captures the return to scale of

management.

ASSUMPTION 5.2.3. The assembly cost is «a(¢) := bl? for some g > 0 and b > 0.

In Assumption 5.2.3, it is permissible for the assembly cost function to be concave. The
idea stems from the concept that labour can specialise in the assembly line, resulting in
an increasing return to scale for assembly work. Aizcorbe (1992) illustrates this with an
example that an automobile assembly plant experiences an increasing return to labour in
the short run, attributed to the specialisation of tasks. Thus, the assumption allows for
the assembly cost to exhibit concavity in contrast to the convex nature of the production

cost.

Given these assumptions, each firm in the chain receives a contract assigning it ¢ tasks
to complete. Each firm then minimises costs by deciding between home production and
subcontracting. If a firm opts for home production, then its cost is ¢(¢). Conversely,
if a firm chooses to subcontract, then its cost becomes kp(¢/k) + a(f) for purchasing
inputs from k suppliers and conducting the assembly work, where xk = 2,3, ..., and each
supplier completes ¢/k fraction of tasks. Subsequently, accounting for the transaction

costs T € (0,1) associated with selling the intermediate inputs, the profit is given by

(1 = 7)p(€) — min{rp(¢/r) + a(l), c(()}

1 This concept is similar to ElMaraghy et al. (2013), Hu et al. (2008) and Hu et al. (2011). They show
that the product variety complicates the design and operation of the assembly system and decreases the
efficiency and quality of production.
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for each ¢ € [0,1] and xk € 2,3,.... Note that if K = 1, firms do not have the incentive
to subcontract (choose the first term inside the minimum function) since all firms have
identical costs, and the transaction costs are larger than zero. This implies that it must

be k > 1.

Let 6 = 1/(1 — 7). The parameter § represents the transaction cost if buyers instead
of sellers bear it. Since the market is perfectly competitive, firms have zero profit in
equilibrium. Hence, the pricing equation solves

p(f) = d min {mp (é) + a(f), c(ﬁ)} : (5.1)
5.2.1. Equilibrium of Production Chain. Under the equilibrium price (5.1), the
structure of the supply chain is as follows. At the most downstream level, indexed level
1, there exists a single firm that receives a task allocation (¢ = 1). If this firm chooses to
subcontract, then there are x firms in the next upstream level, indexed level 2, since the
number of suppliers is fixed at x in the model. All firms at level 2 receive £ = 1/k units
of task allocations. Again, if the firms at level 2 choose to subcontract, then there are 2
firms at level 3, and each supplier at level 3 implements 1/x? units of tasks. Therefore,

1

by induction, there are k"~ number of firms at level n > 1, and each firm at level n

implements x'~" units of tasks. See Figure 1 for the visual structure.

Moreover, if m < oo is the level index for the most upstream level of the chain, there are

l+k+-+r"1=(k"—1)/(k—1) firms in the chain.

tasks firms
level 1 KO K9
level 2 k1 kD
level 3 k=2 K2

level 4 k=3 )3

FIGURE 1. The structure of a balanced production chain. Take x = 3 for
example.
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An allocation of tasks £ = {{;} is called feasible if there is m € N such that
i=1,--,(km—=1)/(k—1)and {; = k¥ for (k"' —1)/(k—1) <i < (k" —1)/(k— 1)
for some integer 1 < n < m. Here, the integer m defines the length of the production
chain. If firm 7 at level n < m receives a feasible allocation, its allocated measure of tasks
is k17", The length of the chain m and the length of sequence {/;} are finite for a feasible

allocation.

Given a feasible ¢ with length m € N, the profit to firm ¢ with the outsourcing or home

production costs (5.1) is
7 = (1 —7)p(l;) — min{kp(l;/k) + a(l;), c(¢;)}, (5.2)

for ¢; € £, where the revenue is (1 — 7)p(¢;) with transaction cost 7 € (0,1). Define the
set of all possible tasks by D = {x™ :n € NU{0}}.

DEFINITION 5.2.1. Given a price function p: [0,1] — [0, 00), a feasible allocation of tasks
£ = {{;} with length m € N and the corresponding profits {m;} defined by (5.2), a tuple

(p, £) is called an equilibrium if

(2) (1 —=71)p(f) — min{kp(¢/K) + a(f), c(£)} <0, for all £ € D, and

(3) m; = 0 for all 1.

Condition (1) in definition 5.2.1 excludes the possibility of positive profits for suppliers
providing initial inputs, considering ¢(0) = 0. Moreover, condition (2) ensures that no
firm in the supply chain has an incentive to deviate from its decision, and inactive firms
are unable to extract positive profits. Furthermore, given the assumption of perfect
competition in the market, all firms in the chain are expected to have zero profits, thus

establishing condition (3).

5.2.2. Existence and Uniqueness of Equilibrium. In this section, we show both the
existence and uniqueness of equilibrium. A computational method is also provided. The

proofs in the following sections are all presented in Appendix 5.6.
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Define the set of price functions by P :={p: D — R, : 6 (0)¢ < p(¢) < dc(¢),Vl € D}.

We will show that there is a unique equilibrium price in P. Define operator 1" by

Tp(¢) == § min {np (é) +a(0), c(e)} . (5.3)

where ¢ € D and p: D — R,. The operator T is analogous to a Bellman operator with
respect to the price function (5.1). If 7" has a fixed point, that fixed point is also a solution
to the price function (5.1) by its definition. Define z = sup{z € (0,1] : ¢/(z) < §¢(0)} for
the following proposition. The next proposition shows both the existence and uniqueness

of the fixed point of T

PROPOSITION 5.2.1. If Assumption 5.2.1, 5.2.2 and 5.2.3 hold, the following statements

are true.

(a) T is a self-map on P.

(b) T has a unique fized point p* € P.

(¢) p* is a unique solution to (5.1).

(d) p* can be computed by finite iterations: p* = T"p for alln > 1 —1Inz/Ink and
any p € P

(e) Under p*, firms always choose to produce in-house if their task allocations are
smaller or equal to x, i.e. £ < .

(f) p* is strictly increasing.

Proposition 5.2.1 asserts the existence and uniqueness of equilibrium price p* in P, which
can be computed by iteration with any initial guess from P. Moreover, since c is strictly

increasing, Proposition 5.2.1 shows that p* is strictly increasing.

As indicated by Proposition 5.2.1, the bounds for P carry substantial economic signifi-
cance, capturing all equilibrium prices. The upper bound dc(¢) for P suggests that the
equilibrium price is less than or equal to the costs of home production. This upper limit
aligns with the rationale that in a perfect competition market, where the price equals the
total cost, outsourcing becomes economically favorable due to reduced costs, even after

factoring in transaction costs.



190 Chapter 5. Explaining Systematic Departures from Gibrat’s Law

As for the lower bound §¢/(0)¢ for P, it represents the costs when the decreasing return to
management is eliminated through outsourcing. Image a scenario where both transaction
costs and assembly costs are absent; under such conditions, firms would invariably opt
for outsourcing. Consequently, this leads to an infinite number of levels in the production
network. The "infinite outsourcing" results in the production technology approximating a
linear function when we view across the entire chain. This elimination of decreasing return
of management translates to a production technology with a slope of ¢(0). Therefore, the
lower bound not only leverages the convexity of the cost function for the proof but also

reflects the cost or price when the return to management is constant.

Proposition 5.2.1 also shows that the equilibrium price can be determined through a finite
number of iterations, enhancing computational feasibility. Moreover, a firm invariably
becomes a home producer if its task allocation is below the critical value z, which implies
that the length of the production chain is always finite under equilibrium price. Note
that the length of the production chain is also the number of iteration for computation
1 —In(Z — k), provided in Proposition 5.2.1. As discussed in Section 5.2.1, if we ascertain
the equilibrium length of the production, we can determine the task allocations. Therefore,
there exists a feasible allocation £* such that (p*,£€*) constitutes an equilibrium for the

production chain, in line with Definition 5.2.1.

Let p* be the fixed point of operator T'. Then, p* is the solution of the price equation (5.1).
Let m* denote the number of total levels corresponding to p*. According to Proposition
5.2.1, there exists a maximal possible length m € N such that m* < m. Thus, m* is finite,
and the corresponding allocations £* are well defined. The following proposition shows

that the solution (p*, £*) constitutes a unique equilibrium.

PROPOSITION 5.2.2. Suppose that 5.2.1, 5.2.2 and 5.2.3 hold. If p* is a fixed point of T,
then there exists a feasible task allocations €* such that (p*,£*) is a unique equilibrium for

the production chain.

Since the number of suppliers is fixed and then the network structure and firm sizes are
tractable, Proposition 5.2.2 shows the uniqueness of equilibrium, although we lose some

degree of freedom for network structure. Note that the proof employs the convention
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that firms will engage in in-house production when the costs for home production and
subcontracting are equal. Proposition 5.2.2 also implies that the unique equilibrium of the
production chain can be identified after we compute the equilibrium price from Proposition
5.2.1. Consequently, these results show that the upper bound and lower bound for the

pricing function are deemed reasonable.

5.2.3. Properties of Equilibrium. This section attempts to characterize various prop-
erties of equilibrium (p*,£€*). It includes comparative statics analysis using numerical

methods and examples to reinforce the validity of the model.

5.2.3.1. Length of Production Chain, Price, and Allocations. In this section,
we present some observations and intuitions about equilibrium. To begin with, we
characterize the maximal attainable length and task allocations within the production

(m—1)

chain in equilibrium. Note that the range of tasks is s~ at level m, and the

(m=1) < z by Proposition

largest attainable length m is the larges integer satisfying x~
5.2.1. Then, the equilibrium number of levels m* in the production chain is at most
m = [1—1In(z)/In(k)], where [r] denotes the smallest integer greater than r € R. Since
T :=sup{z € (0,1] : (z) < dc(0)}, it is evident that the transaction costs, the convexity

of cost function and the number of suppliers influence the length of the chain.

The maximum possible number of levels m decreases with both the number of upstream
partners x and transaction costs 7, which results in an increase in 2.2 This indicates that
transaction costs discourage the subcontract and limit the length of the chain. Hence, we
can characterize some properties of the equilibrium price, by &, d, a(.) and ¢(.) functions,

before computing it explicitly.

Here, we present a method to compute the optimal length without explicitly computing
the equilibrium prices. Define the function f(¢) == kdc(/k) + a(f) — c(£) for £ € [0,1].
This function represents the additional costs of subcontracting compared to in-house
production, assuming that the subcontracting partners are home producers. Observe
that f(0) = 0 by our assumptions, and f(¢) < 0 indicates that the outsourcing costs are
less than in-house production costs. Suppose that f has a root /in (0,1]. In the appendix,

12Gince —Inz > 0, m is decreasing in k.
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we demonstrate that if f is strictly concave, then a firm chooses in-house production when
¢ < ¢, and opts for outsourcing when ¢ > ¢.'3 This also implies that if S 1, then the

equilibrium length exceeds 1.

Regarding the equilibrium prices, we are aware that p* is strictly increasing in ¢, as shown
by Proposition 5.2.1. In addition, we can gain insight into the price function by the
following iteration. If the total number of levels is m € N, the price of final product

p(1,m) follows
p(1,m) = rp(k") + 6b
= 0k [0kp(K~%) + 6br™7] 4 b
= (0r)?p (K7%) 4+ (6517714 1) 0D
=.. (5.4)
= (6r)™ 'p (K"™) + [(OR)™ 2 4+ 4 6K+ 1] 0b
= (6r)™oc (k7)) + [((S/‘al—Q)m’2 + kT 1} &b

) |

b.
orkl—1—1 0

= (6k)"1oc (') +

In (5.4), the first term of the right-hand side represents the in-house production costs
with tasks £'~™. The second term reflects the assembly costs, accounting for transaction
costs. Clearly, if m is fixed, equation (5.4) shows that the price of finished goods increases
with transaction costs §, assembly cost parameter b, and the costs of in-house production
c. However, note that the optimal length of the chain m* will change if we alter these
parameters. Consequently, the impact of these parameters on the equilibrium price is
ambiguous from this perspective, as changes in these parameters may influence the optimal

length of the chain, thus affecting the overall equilibrium price.

Recall that the firms become home producers if they are at level m. To this end, we can

also define the equilibrium price of the final good p*(1) as

pi(1) = mip {(ém)m_léc (') + (521/{2:1__ 1_ 1(5?)} : (5.5)

BSince f"(0) = 6/ke’ (0/K) — " (£) + ' (£), we can check that f” < 0if §/k <1, ¢’ >0 and o’ < 0.
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This equation can be interpreted as that the organizer of the supply chain selects an
optimal length, given that the number of suppliers is fixed. However, since the choice

variable m is discrete, it is challenging to characterize m* by (5.5).

5.2.3.2. Firm Sizes. Define the value-added as ¢(¢) for home producers and as «(¢) for
subcontractors. Given that the assembly cost is increasing for tasks, the value added for
each subcontractor increases as it progresses downstream levels. If we consider firm size
as the value-added, the model exhibits the characteristic that downstream subcontracting
firms are larger than upstream subcontracting firms. This result aligns with Kikuchi
et al. (2018) and Fally and Hillberry (2018), which observe a negative correlation between

"upstreamness" and the value-added.*

On the other hand, the firm sizes for the most upstream firms or home producers are
indeterminate. Home producers may be smaller than downstream firms since they receive
the least amount of tasks in the production chain. However, they could also be large
under some cost functions and parameters. This feature reflects the complexity of the
real world, where empirical studies show that countries or industries at the upstream and
downstream extremities of the chain often have higher shares of value-added than those
in the middle. The most upstream firms may have higher value-added such that the curve
of value-added along the chain is like a "smile" curve (Ito and Vézina, 2016, Aggarwal,

2017, Rungi and Del Prete, 2018, Stollinger, 2019).

5.2.3.3. Comparative Statics. In a perfect competitive economy, prices reflects total
costs, leading to an intuitive expectation that equilibrium prices would increase with any
costs, including transaction costs, assembly costs, or production costs. The following
proposition demonstrates that the shift in equilibrium price is monotonic with respect to

these costs.

PROPOSITION 5.2.3. Suppose that 5.2.1, 5.2.2 and 5.2.3 hold. The equilibrium price is

icreasing in transaction cost, assembly cost, and home production cost.

MTpe upstreamness is the relative position in the chain. The firm is in a more upstream position if the
measure of upstreamness is higher. See Antras et al. (2012), Antras and Chor (2018) and Wang et al.
(2017).



194 Chapter 5. Explaining Systematic Departures from Gibrat’s Law

The proof relies on the monotonicity of operator T'. It can also be shown that the price
of the final good is strictly increasing in transaction costs, assembly costs, and home
production costs, where the proof leverages the fact that the equilibrium price can be

characterized using the optimal length, as expressed in (5.4).

EXAMPLE 5.2.1. This numerical example employs the function c¢(f) = A(e? — 1) as an
illustration. The change in price with respect to parameters 7, c({), k, a({¢) are depicted
in Figure 2. The result align with Proposition 5.2.3. It also indicates that the prices are
decreasing in the number of suppliers k. The intuition for decreasing prices with « lies in
the fact that as x increases, tasks are split into smaller pieces, reaching home production

criterion ¢ < ¥ in a shorter length.

Moreover, the length is observed to increase in cost function ¢(¢), and decrease with
transaction costs, the number of suppliers, and assembly costs. In this example, the

total assembly costs decline as the length becomes shorter, but it may not be the case if

q> 1. O

200 Baseline
1=0.1

175 clt)=1.8(e'—1)

150 cf)y=et -1
k=3 Model Length
alf)=0.05¢ "

125 Baseline )

% 100 T = 01

4
. c(f) =1.8(e* —1) 6

c(l) = e —1 6
0.50 K = 3 4
0.25 a(ﬁ) = 005£ 4

000 /

00 02 04 06 D5 10

(a) (B)

FIGURE 2. The baseline model is with 7 = 0.01, a(¢) = 0.01¢,k = 2, ¢({) =
e’ — 1. We first plot the baseline price function and then plot the case for
increasing 7 = 0.1, ¢() = 1.8(e* — 1), c(f) = ' — 1, k = 3, a(f) = 0.05¢,
respectively.

5.2.3.4. An Example of Assembly Cost and Cost Function. This section presents

an example of a closed-form solution for the cost function and assembly cost derived from
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the firm’s cost minimisation problem. The motivation for this example arises from the
question: Does the share of intermediate inputs affect the shape of the production chain?
Intuitively, if the production process involves a higher utilisation of inputs, the production
entity would tend to outsource more tasks, potentially resulting in a longer chain. This
section discusses how the cost share of intermediate inputs influences the structure of the

production network.

Moreover, it is known that the transaction cost can impact the share of the intermediate.
For example, Boehm and Oberfield (2020) point out that court congestion makes contract
enforcement slow, leading plants in industries reliant on relationship-specific inputs and
in states with more congested courts d to have lower shares of intermediate inputs. Given
that the cost of contract enforcement is a component of transaction costs, we would expect
that it influences the structure of a production network both directly through the effect

of transaction costs and indirectly through the share of intermediate inputs.

Suppose that firms have the Cobb-Douglas production function as

A [(k*nt=2)1=727]  if subcontract,
q= (5.6)
Ay (kent=)f if produce in-house,
where ¢ denotes output, k denotes capital, n denotes labour, xdenotes intermediate input,
and o,a and 6 are all in (0, 1) representing intermediate share, capital share and degree
of decreasing return, respectively. Given task ¢, wage rate w and rental rate r, if firms

choose to subcontract, firms using x pieces of intermediate ¢/n and minimise the costs to

the output ¢

o6
Iilin rk +wn + kp(L/K) s.t. 0= A {(l{“nl_“)l_" (/{é) } :

Let the assembly cost function be the resulting minimum cost function of labour and
capital as

al) = n]gin{rk: +wn} = rk* + wn* = C =70/ (60=0) (5.7)
for a positive constant C,." Since § < 1, we have (1 — o) /(6(1 — o)) > 1.

150, = (1/A) V0= [(r/w)* (1= @) /)" + (w/r)' " (a/(1 = a))' "]
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On the other side, if the firm is a home producer, assume that the cost is ¢(¢) = miny, {rk+

wn} + h{, where h is a constant. Given ¢, a home producer solves
Iilin rk+wn+hl st = A, (kn') (5.8)

Then, the resulting cost is

c(l) = CRMo + fr

satisfying ¢/(0) > 0, where C), is some constant.'® It is known that the capital share
is around 1/3, and the intermediate share is around 1/2. Suppose that § = 9/10, for
example, then a(f) = C0'"/? and c(f) = CL0'° 4 ht.

This simple model also sheds light on how production efficiency affects the outsourcing
decision. If assembly is significantly more efficient than home production, i.e., A, is much
higher than Ay, then Cy is much smaller than C}. Then, outsourcing will occur if the

transaction cost is also small enough.

Observe that the parameter ¢ of assembly costs is (1 — 06)(6(1 — o)), which is increasing
in 0. Since ¢ < 1, the assembly cost a(f) is decreasing in the share of intermediate o.
Thus, if the share of intermediate is lower, the higher assembly costs make subcontracting

less attractive, yielding a shorter production chain.

According to Boehm and Oberfield (2020), when courts are more congested, transaction
cost 7 is higher, and the share of intermediate o is lower. Together with both changes, the
model predicts that the chain is shorter, prices are higher and firms at the most upstream
level will have larger vertical span of production. This aligns with the findings in Boehm
and Oberfield (2020), showing that plants tend to have large vertical span of production

if they are confronting higher-congested courts and relying on relationship-specific inputs.

5.3. An Economy of Balanced Production Chains

Guilmi and Fujiwara (2020) and Hiromitsu and Wataru (2020) suggest that a firm’s posi-
tion in a production network is related to its size, which causes the departure of Gibrat’s

law for upstream firms. Moreover, Gibrat’s law typically breaks down for small firms due

100, = (1/A)Y? |(r/w)" (1 = a)/a)" + (w/r)' " (a/(1 = a))" "
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to their higher growth rates driven by innovation.'” This phenomenon is particularly pro-
nounced for small firms situated at the upstream levels of a production chain, as noted by
Hiromitsu and Wataru (2020). Guilmi and Fujiwara (2020) further show that upstream
firms tend to be more volatile than downstream firms. Hence, Gibrat’s law breaks down

for those smaller upstream firms.

This section aims to illustrate this departure within a production network. Specifically, we
construct an economy based on the balanced trees of a production network. This economy
has the features that the firm sizes of assemblers or subcontractors follow a power-law
distribution, and home producers are more fluctuated than subcontractors, assuming the
assembly technology remains unchanged in the short run. Consequently, when examining

the upstream firms across all balanced chains, the upstream firms are more volatile.

5.3.1. Distribution of Firm Size. We first show that when in a balanced supply chain,
where the number of suppliers is fixed for every subcontractor, the sizes of firms follow a
power-law distribution. This section is motivated by the fact that the Pareto distribution

of firm size holds for mid-stream and downstream firms (Hiromitsu and Wataru, 2020).

Let m* be the optimal length of the chain in equilibrium. Recall the network structure

m—1 m

that there are k number of firms at level m, and each firm of level m implements &'~

of tasks for all m < m*.

Define the firm size by the value-added v; for firm j in the chain. If firm j is a home
producer, then its value-added is defined as the cost of in-house production, v; = ¢(¢;)
for ¢; € D. On the other hand, if firm j is a subcontractor, then the value-added is the
assembly cost, v; = a(¢;)."® If the subcontractor j is at level m, its value-added or firm

size is vj = bfj. = b(ﬁl—m)q — pr(t-ma.

If we also let ¢ = 0 in the assembly cost function, then the distribution of firm size is
flat since the value-added for all subcontractors is a constant «(¢) = b. Alternatively, if

q > 0, then the firm sizes, bx(*=™4 decline exponentially as we go upstream levels, while

e.g. Lotti et al. (2003), Calvo (2006), Daunfeldt and Elert (2013), Tang (2015) and Aydogan and
Donduran (2019))

18 A subcontractor buys intermediate inputs from suppliers and does the assembly work, so its value-added
is the assembly cost.
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1-m

at the same time, the number of firms s at each level grow exponentially. Hence, we

have the following lemma.

Let s > 0 be the firm size of the subcontractor, and F'(s) be the fraction of firms with

sizes greater than or equal to s.

PROPOSITION 5.3.1. Suppose that Assumption 5.2.1 and 5.2.2 hold, assembly cost is b({)4

with b,q > 0, and the price function is
p() = dmin{kp(¢/K) + bl?, c(f)} (¢ € D).

Then, there exist Spminso and v > 0 such that F(s) = Cs™" — D for all § = y = Smin,
where C' and D are some positive constants, and 5 is the size of the largest subcontractor.

In particular, v = 1/q.

PROOF. Let all the stated assumptions hold. Suppose that there are m* levels in total
in equilibrium. Since there is no subcontractor if m* = 1, assume that m* > 1. By the
discussion in section 5.3.1, there are x'~! firms at level ¢ and the subcontractors’ sizes

2=m")a_which is the sizes

are b= at the level i of chain in equilibrium. Let s, = bk!
of the smallest subcontractors at level m* — 1. Let s be the firm size of one of the

subcontractors. Then, there exists m < m* such that s = br(t—m)a Clearly, b > s > Spin.

Moreover, there are in total 1 4+ x + - -- 4+ ™ ~! firms in the chain and there are 1 + x +
oo+ k™ firms at level 1,...,m.%° In this setting, F'(s) is the fraction of subcontractors

at level 1,...,m. Then, by definition of f and changing variables of s = bx(*=™4, we have

F(s) I+K+--+rm1 K™ —1  kbYis7Va 1
S) = = = .
l+k+---4+rm-t g —1 kK™ —1

Let v :=1/q, C == kb"9/(x™ — 1) and D := 1/(k™ — 1). Hence, F(s) = Cs™" — D for

b > s> Spmin. Generally, F(s) o< s77. O

Proposition 5.3.1 implies that the firm sizes for subcontractors are Pareto distributed in
equilibrium. In addition, when the in-house producers have the smallest size in equilib-

rium, then the upper tail, excluding the smallest firms, is Pareto distributed. Furthermore,

19This Symin captures the tail of all subcontractors. We can also choose larger sizes of subcontractors.
20Tncluding the firm of size s itself.
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if ¢ = 1, then the above distributions follow a Zipf’s law.?! If the "span of control" pa-
rameter of assembly cost ¢ is less than one, the assembly cost is strictly concave, and the

Pareto exponent 1/q is greater than one by Proposition 5.3.1.

EXAMPLE 5.3.1. This part presents the computation results given the proportional as-
sembly cost b¢?. With the parameters 7 = 0.01,6 = 0.001,x = 2,q = 0.92 and
c(f) = 0.01(e*** — 1), the production network is shown in Figure 3a. There are 8 levels in
equilibrium. Next, we plot the log-rank plot of the distribution of firm sizes for subcon-
tractors in this equilibrium, see Figure 3b. Note that the ranks are the same if the firms
have the same size and there are k™! firms at level m = 1,...,m*. Define the rank as
x™ 1 if the firm is at level m.?? Thus, the ranks for, say, x = 2 are 1,2,2,4,4,4,4.8, . ...
There are 8 levels in equilibrium, so there are 7 points in Figure 3b, where x™~! points of
subcontractors collapse into one point in every level. The slope of log-rank plot is —0.92
which is equal to the parameter —q of assembly function b¢? as predicted by Proposition

5.3.1.% In this case, the Pareto exponent is 1/q = 1.087.

In addition, let x increase from 2 to 5 and fix other parameters. Then, the computation
indicates that the total number of levels of the chain declines to 4 in equilibrium, see
Figure 4. This result is reasonable since the maximal number of levels m is decreasing
in k. On the other hand, under these particular specifications, the firms at the most
upstream level have the smallest sizes. As in the previous example, the slope is —¢ in
Figure 4b, and the Pareto exponent is unchanged. The comparative statics implies that
the Pareto exponent is not affected by the structure of the network if the curvature of

assembly cost is identical. 0

5.3.2. Breakdown of Gibrat’s Law. Given a equilibrium production chain (p*,£*),
Proposition 5.3.1 implies that large firms at the downstream exhibit power-law distributed
sizes. In addition, it indicates that the sizes of firms at the most upstream do not nec-

essarily follow a power-law distribution. To this end, the sizes of small firms within the

2lFor example, Axtell (2001) finds that the Pareto exponent is 1.059 , using employees as sizes, or 0.994,
using receipts as sizes, for U.S. firms.

22Under this definition, the slope of the log-rank plot reveals the Pareto exponent for convenience.
23Pareto law can also be formulated as n = Az~7, where n is the number of people having wealth > z.
Thus, we can write x(n) = Cn~'/7 and then logz(n) = logC — (1/7)logn. The slope of log-rank is
—1/~, which is —q of Proposition 5.3.1.
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F1GURE 3. The production chain with 7 = 0.01,b = 0.001,x = 2,q = 0.92
and c({) = 0.01(e** —1).

production chain generally deviate from a power law. It suggests that there exists a de-
parture of Gibrat’s Law; otherwise, the sizes of small firms would also exhibit a power-law

distribution.

We restrict the time frame to the short run since we are interested in short-term volatility.
This assumption is inspired by Tang (2015), who demonstrates that there is a steady state
in the firm’s expansion and that Gibrat’s law breaks down in the short run but holds in

the long run.?*

Suppose that firms solve cost minimization problems outlined in Section 5.2.3.4. Let the
cost function be (5.8) and assembly cost function be (5.7). Suppose that the efficiency

of in-house production grows over time in the short run, to the extent that the structure

24Tang (2015) studies firm-level data in the Swedish energy market.
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FIGURE 4. Production chain with 7 = 0.01,06 = 0.001,x = 5,¢ = 0.92 and
c(f) = 0.01(e* — 1).

of the network undergoes minimum change.?” That is, let Aj ;41 = (14 with growth
rate (; > 0 and let the other parameters are fixed, indicating that Cj, in (5.8) varies over
time. Suppose that the growth (;;; is a random process such that the optimal length
of the production chain remains unchanged in the short run. There is no innovation in
assembly technology in the short run. Consequently, the sizes of home producers change
over time, while the sizes of subcontractors are stable over time. As a result, smaller firms
at upstream have higher volatility, while large firms at downstream maintain more stable
sizes. Furthermore, if the assembly efficiency Cy in (5.7) or assembly productivity Ay is
volatile in the short run, the most upstream firms also experience greater fluctuations.

This is because firms may alter their outsourcing decisions or exit the production chain.

ZHiromitsu and Wataru (2020) also shows that the structure of the production network is stable in the
short run.
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We expand the model from a chain to an industry, considering N heterogeneous goods
in an industry. For each good i = 1,---, N, there is a production chain dedicated to
producing good i. The pricing function (5.1) determines the price for each good based on

a fixed number of suppliers &; so that the chain is balanced.?

Production chain ¢ is characterized by production cost ¢;, assembly cost «; and trans-
action cost 7;. Specifically, we assume that ¢;(¢) = C’hviéei + ¢;¢, where ¢; is a constant,
a;(0) = Cy 0% and parameter ; = 1/(1 — 7;). Here, the parameters Cj;,¢; and C,; are
selected such that home-producing firms tend to be smaller in size compared to most out-
sourcing firms. Suppose that Assumption 5.2.1 , 5.2.2 and 5.2.3 hold. Then, Proposition
5.2.2 confirms the existence of a unique equilibrium for each production chain. In the

equilibrium, each production line has the optimal length m; and price p}.

Assume that each firm produces all N final goods. Each firm j is randomly at level m; in
all chains and then has a random size S;. The cost or value added of subcontractor firm j
producing good ¢ is X, which follows a power law with parameter +; by Proposition 5.3.1.
From Gabaix (2009), we know that if Y; and Y5 are power-law variables, then Y; + Y5
is also power-law variable.?” Then, a subcontractor’s size S; = X1+ -+ Xy follows a

power law.

Contrary to home producers, the firm sizes of home producers do not necessarily follow a
power law. If further the home production technology Cj, ; is more volatile than assembly
technology C,;, then the sizes of home producers exhibit higher volatility. Examining
the entire industry, the upstream firms in the economy tend to be more volatile than
downstream firms in the short run. Given that home producers typically have smaller

firm sizes, smaller firms inherently possess higher volatility.

In summary, it appears that the growth rates of firms are contingent on their sizes,
leading to a breakdown of Gibrat’s Law for upstream firms. Simultaneously, downstream
subcontractors conform to a power-law size distribution across all production chains. The
model elucidates that small firms and upstream firms deviate from Gibrat’s law, while

large firms and downstream firms adhere to a power-law distribution of firm sizes.

2611y Section 5.4, we can introduce a method to determine x; by the local optimality.
27 X and Y are power-law variables with exponent (, and (, satisfying {, > (5, then X +Y is a
power-law variable with exponent (.
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5.4. Extension: An Endogenous Number of Suppliers

The assumption that the number of suppliers is fixed may be unrealistic. However, we
can approximate the real world by choosing a reasonable fixed number of suppliers for
our model. This section first shows that the local optimum for the supplier number can

be found by numerical computation.

Moreover, we establish an alternative model relaxing the assumption of the fixed number
of suppliers, so that subcontractors can choose an arbitrary number of suppliers. We show

the existence and uniqueness of equilibrium for the extended models.

5.4.1. Local Optimality for Number of Suppliers. Throughout this section, we
denote the number of suppliers as n € N\ {1}. To simplify the problem, suppose that
the assembly cost is fixed at a constant o. As indicated by m = [1 —InZ/Inn] from
Section 5.2, we express the maximal possible number of levels as a function of n, denoted
as m(n). Then, (5.5) implies that the price of the final good is a function of n,
p*(1,n) == min {(6n)m_160 (n'™™) + Méa}

m=1,....m(n 5 —1
b " (5.9)

= min ){p(l,n,m)}.

m=1,...,m(n
In other words, the planner of the production chain strategically determines the optimal
number of levels m, given the number of suppliers n in each level. This decision-making
process is illustrated in Figure 5b, where the grey line represents the minimum cost, i.e.
the prices of final good p*(1,n), among all possible m. Notably, for each m = 2,...,6,
the pricing functions for the final good exhibit convexity, featuring local minimum prices.
Therefore, if there are frictions to increase supplier numbers, such as contract costs and
the expenses associated with searching for new suppliers, a firm may opt to remain at

these locally minimised points to minimise the total cost effectively.

Moreover, Figure Ha reveals that the number of optimal levels m* is less than m and
converges to 2, and the final price generally decreases in n. This suggests that, in the
absence of costs related to expanding suppliers, the most downstream firm can achieve

cost reduction by increasing suppliers to an arbitrary number.
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FIGURE 5. Prices of final good, given that 7 = 0.001, a(¢) = 0.001,n =
2,c(l) = et — 1.

In general, the planner overseeing the chain has an incentive to increase the number of

suppliers when there is no friction affecting the search of supplier. Since m = [1 —

28

Inz/Inn], we have m — 2 as n — 00.”° Moreover, given m* < m, we know that the

optimal number of levels is m* < 2 if the number of suppliers n is sufficiently large.

28_1nz > 0.
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If the firm at the most downstream level has the incentive to subcontract and then there
are exactly two levels in the chain m* = 2, the pricing function implies np(1/n) + a =
ndc(l/n)+a < ¢(1). Since the cost function ¢ is convex, strictly increasing, and ¢(0) = 0,
the function nc(1/n) is strictly decreasing in n and bounded below by zero. Hence,
nc(1/n) converges to some t > 0 as n — oo by the monotone convergence theorem of
sequence. Thus, if 20¢(1/2) + a < ¢(1), there will be two levels for all n > 2, and the firm

at the most downstream level will subcontract, regardless of the number of suppliers.

Note that the condition 62¢(1/2) + o < ¢(1) is necessary for having at least one subcon-
tractor in equilibrium. In this case, the firm can minimise the outsourcing costs by subcon-
tracting the tasks to as many suppliers as possible, given that the cost dnc(1/n)+a | dt+a.
Therefore, if there is at least one subcontractor and no cost for expanding upstream part-
ners, the planner has the incentive to raise the number of suppliers unlimitedly, resulting

in only two levels in the chain.

5.4.2. Global Optimality of Suppliers. To curb the endogenously unbounded number
of suppliers, we consider assembly costs that are intuitively proportional to the number
of suppliers. The underlying rationale stems from that as subcontractors further divide
tasks into smaller components, the process of assembling inputs necessitates additional
effort. Precisely, let the assembly cost function be a(n) where n is the number of upstream

suppliers and «(n) is strictly increasing in n.

ASSUMPTION 5.4.1. The assembly cost o : N\{1} — R is strictly increasing and a(2) > 0.

Then, the profits for firms in the chain are

(1 —7)p(¢) — min{np(¢/n) + a(n),c(?)} (5.10)

The corresponding Bellman equation of the pricing function is

p(¢) = dmin{np(¢/n) + a(n),c(l)} (5.11)

Following the proofs in section 5.2.2, we can also show the existence and uniqueness of

equilibrium price and allocation under the profits (5.10). Similar to Proposition 5.2.1 and
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5.2.2, the unique equilibrium can be computed by iteration, i.e. p* = T*p for any p € P

and large enough k.
LEMMA 5.4.1. If Assumption 5.2.1, 5.2.2 and 5.4.1 hold, then

(a) the solution to the Bellman equation (5.11) is an equilibrium of the production
chain given the profits (5.10),
(b) the equilibrium price p* and allocations €* are unique, and

(c) p* = T*p for any p € P and sufficiently large k.

Since a(n) is strictly increasing by Assumption 5.4.1, there exists n such that there is
only one firm or level in the chain when n > n. For n > n, the firm at the most
downstream level does not have any incentive to subcontract, so 7 can be characterized
by énc(l/n) + da(n) > ¢(1). The interpretation is that, if there are many pieces of
modules to assemble, the sum of assembly costs and the transaction costs may be greater

than the costs of production at home so that the firm does not subcontract at all.

Moreover, the global minimum exists given that «(n) is increasing. The intuition is that
if the assembly cost a(n) is increasing fast enough in the number of suppliers n but still
possible to subcontract, then the global minimum could be at n = 2. These properties
are illustrated in the examples presented in Figure 6, which also depicts the upper bound

for the price of final goods.?’

5.4.3. Choice over Number of Suppliers. This section extends the assumption that
the number of suppliers is fixed along the production chain. Firms have the flexibility to
select the number of suppliers when opting to subcontract their tasks. In particular, we

introduce the pricing function

=4,9,4,...

p(f) = d min { n_r2niri {np(t/n) + a(l,n)}, c(f)} . (5.12)

To provide a more comprehensive framework, suppose that the assembly cost depends
on both tasks and the number of upstream partners. To prevent an unbounded partner

number n*, we have the below assumption for assembly cost.

298ince the assembly is too high for large n, firms all choose to home production and the bound is oc(1).
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FIGURE 6. Examples of global minimum of prices. (a) Prices of final good
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ASSUMPTION 5.4.2. Assume that « : [0,1] x {2,3,...} — (0,00) is strictly increasing in

both ¢ and n.

Assumption 5.4.2 makes the optimal number of suppliers n finite if there is outsourcing.
Analogous to Section 5.2.2, let the set of tasks be D == {k~*: k € N\ {1},i € NU{0}},
and P = {p: D — R:§(0)¢ < p({) < dc(0)}.*°

Under this pricing function, we say that £ = {¢;} is a feasible allocation of tasks if there

are m € N and a finite sequence {n;}", with n; =1 and n, > 2 for all t =2,...,m such
that i = 1,2,...,nng -+ ny, and £; = (nyng - - -ny) "' for ng +nyng + -+~ +nng -+ -ny_y <
T < ny+nng + - +nng---ng. In words, the length of the chain, m, is finite and

there are nins ...n; number of firms with allocation (nins...n;)~! at level t. Each firm
at level ¢ — 1 has n; number of subcontractors if it chooses home production. At the
most upstream level m, there are n; - - - n,, number of firms with (n; - ‘nm)_l measure of

allocated tasks.

Moreover, the profit of firm i is

m = (1 —7)p(¢;) — min { nglgl{np(&/n) + a(l;,n)}, c(&)} (5.13)

301t can also be defined as D = [0, 1] and the results hold.
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We can define the equilibrium under the price (5.12) as definition 5.2.1 using the above
feasibility definition and profit (5.13).

DEFINITION 5.4.1. Given a price function p, a feasible allocation £ = {/;} and the corre-

sponding profit defined by (5.13), (p, £) is an equilibrium if

(1) p(0) =0,
(2) for all ¢ € D,

gees

(1 —=7)p(f) — min { ng%l?{l {np(¢/n) +a(l,n)}, c(f)} <0,

(3) m; =0 for all 4.

Then, we can prove the existence of equilibrium. For the following proposition, define the

operator T' as

Tp({) :== 6 min { n:rgl?l)ri{np(f/n) +a(l,n)}, c(@)} :

Suppose that firms choose the minimum number of suppliers when there are mul-
tiple number of suppliers that minimise the cost. That is, suppose firms choose
min{arg min, ., {np(¢/n)+a(l,n)}} as their number of suppliers if np(¢/n)+a (¢, n) < c(f).
The proof of unique equilibrium uses this assumption to pin down the feasible task allo-

cation.

PROPOSITION 5.4.1. If 5.2.2, 5.2.1 and 5.4.2 hold, and the price is defined by (5.12), the

following statements are true.

(a) The operator T' is a self-map on P and has a unique fized point p* in P

(b) The fired point can be computed by T*p = p* for all k > 1 —InZ/In2 and all
peP.

(¢) The production chain has a unique equilibrium (p*, £*), where p* is the fixed point

of T, and £* is the corresponding task allocation under p*.

Hence, we can compute the unique equilibrium in a manner consistent with the basic

model. The comparative statics also yield similar results as previously observed.
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PROPOSITION 5.4.2. If 5.2.2, 5.2.1 and 5.4.2 hold, and the price is defined by (5.12), then
the equilibrium price is increasing in transaction cost, assembly cost and home production

cost.

As in Section 5.2.3, we can gain insights into the equilibrium price by the properties of the
cost function before computing it. The following two lemmas illustrate the equilibrium
price’s characteristics, demonstrating that, under certain conditions, the equilibrium price

is strictly convex almost everywhere.

Suppose that the assembly function a(n) only depends on the number of suppliers and
Assumption 5.2.3 holds. Moreover, assume that ¢, € C? are twice differentiable. Define
t(n,0) == dnc(€/n) — c(f). Then, the second derivative tos(n,l) = (§/n)c’(¢/n) — "(¢)
implies that #(n,.) is strictly concave when 0 < 7 < 0.5 and c is strictly convex, with
n > 2. In addition, define f(¢) = min,—s3 {t(n,¥¢) + a(n)}. The next lemma helps us

to determine the boundary of subcontracting and length of the chain.

LEMMA 5.4.2. Suppose that t(n,.) is strictly concave. Then, f(¢) has a root { in (0,1] if
and only if p(t) = dc(l) for all 1 < € < and p(€) < de(l) for all £ < € < 1.1

This lemma shows that when the transaction cost is not excessively large (7 < 0.5) and the
cost is strictly convex, the boundary allocation for subcontracting can be characterized by
computing the root of f(¢), which is determined by the home-producing cost and assembly
cost. This allows us to calculate the boundary task of subcontracting (the root @) before

knowing the equilibrium price.

Lemma 5.4.2 also shows that if the root of f() is less than 1, then the length of the chain
is greater than or equal to 2. Consequently, there must exist subcontractors in the chain,
as the firms with ¢ € (£, 1] always choose to outsource. Furthermore, if the assembly is
relatively economical, meaning that firms can choose numerous partners and divide the
tasks in numerous modules with little cost, then there would be only two levels of length,

as 1/n < { for large n.

31This lemma also holds if the assembly cost is a(f,n) and a(.,n) is concave.
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LEMMA 5.4.3. Let p be the equilibrium price of (5.12). Suppose that the assumptions in
Lemma 5.4.2 hold and further assume that c is strictly convex and a(n) is conver. Then

p is twice differentiable with p' > 0 and p” > 0 almost everywhere.

Figure 7 gives an example of a production network under pricing function (5.12), with
assembly cost «(n) depending only on n. The scale of the pricing function is in the
log. This example also demonstrates a fat-tailed distribution of the number of buyer-
seller links.*?> Moreover, numerical simulations indicate that the number of suppliers may
decrease as the firm goes to upstream levels, when the assembly cost is only contingent

on the supplier count.

5.5. Conclusion

This paper demonstrates the influence of a hierarchical production chain. The production
network with hub-like firms can generate a power-law distribution in firm size without any
ex-ante heterogeneity or adhering to Gibrat’s law. The production network coordinates
the positions and task allocations for ex-ante identical firms in a way that a large firm
tends to be a hub and be at a downstream level. The framework in this paper endeavors to
capture this phenomenon through the minimization of costs. Our model provides insights
into why firms following a power law often occupy downstream positions. Moreover, it
explains the departure of Gibrat’s law for upstream firms, which are more volatile than
the downstream counterparts. The model underscores the significance of a spider network,

akin to the concept introduced by Baldwin and Venables (2013).

32Gee Bernard et al. (2019) for an empirical example.
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5.6. Appendix

Proofs in Section 5.2.2. Throughout this section, we assume that Assumption 5.2.1,

5.2.2 and 5.2.3 hold.

LEMMA 5.6.1. The operator T' defined by (5.3) is a self-map on P and has a fived point

m P. Moreover, Tpy < Tpy if p1 < p2 for p1,ps € P.

PROOF. The proof is similar to Kikuchi et al. (2021). Let T be the operator of (5.3). We
want to show that T': P — P, and T preserves orders so that we can apply Knaster-Tarski

fixed point theorem, with the fact that P is a complete lattice.??

Fix p € P. Clearly, the definition of T" implies T'p(¢) < dc(¢) for all £. Next, we check

that 6¢/(0)¢ < T'p(¢) for all £. Fix £ € D. Since p € P, bl? > 0 and c is convex, we have

Tp(f) = 6 min {kp(¢/k) + bl2, c(f)}
> 6 min {k0¢ (0)¢/r + bl, c(0)}
> 6min {(0), c(0)}
= 5¢ (0)L.

Then, Tp € P. In addition, suppose that pi,ps € P with p;(¢) < pa(¢) for all £ € D.

Thus, we have
min {xp; (¢/k) + a(€), c(£)} < min {kp2(¢/K) + a(l), c(0)},

for all £. Hence, we have Tp; < Tpy and T preserves orders. By Knaster-Tarski fixed
point, the set of fixed points of T in P is also a complete lattice. Since a complete lattice

is nonempty, the fixed points exist. 0]

Next, we characterize the price function in equilibrium and show its uniqueness. The
subsequent lemma suggests that there exists a maximum number of levels. In other words,
the firms will choose to home production when their task allocations are sufficiently small.
Recall that 7 :== sup{z € (0,1] : ¢(x) < 0¢/(0)}.

337 partially ordered set is a complete lattice if every subset has both an infimum and a supremum.
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LEMMA 5.6.2. Suppose that p € P is a solution to price function (5.1). Then, given

CeD, ift <z, then p(f) = dc(l). That is, firms choose to home production if { < Z.

PROOF. Suppose that p € P is a solution to price function (5.1). Since § = 1/(1—7) > 1
with 7 € (0,1) and Assumption 5.2.2 holds, there is > 0 such that ¢(x) < 6¢/(0). Thus,
Z is well-defined. Toward contradiction, suppose that there is £ € D with ¢ < z such that

kp(L/k) + a(l) < c(f). Since p € P, we have
c(l) > kp(l/k) + a(l) > /{50’(0)% +a(l) =6 (0)0+ a(l) = 6 (0)L.

Hence, we have ¢(¢)/¢ > §¢(0). Since c¢ is convex and ¢ < Z, this contradicts the fact
that ¢(0)/¢ < () < 0¢/(0). Thus, it must be kp(¢/k) + a(f) > ¢(¢) and then p(¢) =
dc(l), where we follow the convention that min{xp(¢/k) + a(?),c(f)} = c(f) if equality
holds.? O

LEMMA 5.6.3. If p € P, then Tp(¢) = dc(¢) for all ¢ < Z.

PROOF. The statement follows from Lemma 5.6.2. O

LEMMA 5.6.4. If p,q € P, then T"p =T"q forn > 1 —In(Z — k).

PROOF. Let p,q € P. The proof is by induction. From the proof of Lemma 5.6.2, we
can show that T'p and Tq are agree on [0, Z|, where z := sup{x € (0,1] : ¢(x) < 6c/(0)}.
Next, we prove that T"p = T"q on [0, k" 'Z| for all n € N. Suppose that the claim is

true for some k € N. Fix ¢ € [0, k¥7]. Then, since ¢/k € [0, x*~17], we have

T p() = T(T*p)(0)
= dmin { KT*p (é) + /), 0(6)}
= dmin { KT*q (é) + /), c(ﬁ)}
=T"q(0)

34That is, firms choose to produce in-house if the costs for home production and subcontracting are
identical.
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1

Therefore, T"p = T"q on [0,x" 'z] is true for all n € N. Since "'z > 1 for n >

1 —(Inz)/(Ink), we have T"p =T"q on [0,1] for n > 1 — (InZ)/(ln k).

LEMMA 5.6.5. T has a unique fixed point in P and thus the solution to the pricing function

(5.1) is also unique.

PROOF. Let p, ¢ be the fixed points of T. By Lemma 5.6.4, p =T"p = T"q = q for large
enough n. Moreover, by the definition of T, p* is the fixed point of 7" if and only if it is

the solution to pricing equation (5.1). Thus, the solution exists and is unique. U

LEMMA 5.6.6. If p € P is (resp. strictly) increasing, then Tp is also (resp. strictly)

increasing. Moreover, if p* is the fized point of T, then p* is strictly increasing.

PROOF. Since ¢ is strictly increasing in ¢ € [0.1], T'p is (strictly) increasing if p is (strictly)
increasing. It follows from Lemma 5.6.4 that p* = T"c¢ for large enough n, which implies

that p* is strictly increasing. 0

LEMMA 5.6.7. If p* is a solution to the price equation (5.1), then there is a feasible £*

such that (p*, €*) is an equilibrium for the production chain.

PROOF. Let p* be a solution to the price equation (5.1). By Lemma 5.6.2, there exists m
such that p(¢) = dc(€) with £ = k™™ < Z, where T = sup{x € (0,1] : ¢(x) < 6c(0)}. Let
m = [1 —InZ/Ink], which is the smallest integer satisfying x'~™ < Z and the largest
possible length of chain. Therefore, the corresponding maximal level m* € IN for price
p* satisfies m* < m. The corresponding allocations are £ = {(} are {f = '™ for
i=1,...,(km—=1)/(k—1) and (k"' = 1)/(k — 1) < i < (k" —1)/(k — 1) for some

1 < n < m*. Therefore, £* is feasible.

Since p* € P, we have §¢(0)¢ < p*(£) < ¢(¢) for all £ in D. Tt implies p*(0) = 0. Moreover,

since the definition of price equation implies that for all £ € D we have
p*(€) — d min{rp*(¢/r) + a(l), c(€)} = 0,

condition (2) and (3) of Definition 5.2.1 are clearly satisfied. Therefore, (p*,£€*) is an

equilibrium. [l
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In Lemma 5.6.7, we construct an equilibrium (p*, £*) if p* is a unique solution to price
function. We next show that (p*, £*) is the unique equilibrium. The proof in the following
lemma uses the convention that the firms choose to produce in-house when the costs for

home production and subcontract are indifferent.

LEMMA 5.6.8. If the equilibrium prices and allocations exist, then they are unique.

PROOF. Suppose that there are two arbitrary equilibria (p,£') and (p,#£?) following
Definition 5.2.1. Since (py,£') and (po,£?) are feasible, there exist mi,ms > 0 such
that the allocations £' and £? have m; and ms length of chain or maximal levels, re-
spectively. Clearly, £ # £* if and only if m; # msy, by the definition of feasibility.

Without loss of generality, assume that m; > my. We first show that p; () = ps(¢) for all

=1,k k"2 ...,k and then extend to £ = 1, k71, ... k172, . ki7™,
We claim that, for £ = k™1, k72, ... k17" p;(¢) = pa(¢) implies p;(kl) = po(kl). Let
p1(0) = pa(0) for all £ = k1, k72, ... k17™2. Since the firms are subcontractors at level

1,...,mg — 1 for both equilibrium, condition (3) of Definition 5.2.1 implies that
(1 = 7)p1(kl) = rp1(€) + a(kl) = £pa(L) + a(kl) = (1 = 7)pa(rl).

Therefore, we have p;(kl) = po(kf). In words, if the prices are equal at level ¢ for
i = 2,...,msy, then the prices are equaled at its downstream level ¢ — 1. To this end, if
we can show that py(k'7"2) = po(k'7™2) at level my, then it implies that py(¢) = pa(f)

forall ¢ =1,k71, ... k7™,

If m; = my, then firms are home producers at level m; in both equilibrium so that
p1(7™) = de(k'T™) = po(k'™). Then, pi(€) = pa(¢) for all £ = 1,71, ... k™™ and

two equilibrium prices are the same.

Suppose that m; > my. Let § = 1/(1 — 7) and ¢ = k'~™2 to simplify notations. Then,
p1(t) # pa(t). At level my, the firms in equilibrium (p;, £') are subcontractors, while the

firms in equilibrium (py,£?) are in-house producers. Hence, condition (3) of Definition
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5.2.1 implies py(t) = dc(t) and the following iteration
pi(t) = drp(t/k) + daf(t)
= 0K[0kp1(t/K?) + da(t/K)] + da(t)
= (0K)*p1(t/K%) + 0°Kb(t/K)? + 6b(t)"
= (6k)’p1(t/K%) + ObtU[6k 7 + 1]
= (6k)*[0kp1(t/K®) 4+ da(t/K%)] + bt [0k~ + 1]

(5.14)
= (6K)%py (t/K%) + 0bt9](6k'9)* + 6K 79 + 1]

= (0r)™ " py (t/ ™)

+ bta[(Ok )M o G )

(Orl—aymi=mz _ 1
A |

= (0K)™ ™2 c(k ™) + 6bt
Similarly, condition (2) of equilibrium implies p;(¢) < dc¢(t) and the iteration

p2(t) < 0kps(t/K) + da(t)
= (0K)?p2(t/K?) + S0t (6k' ) + 1]
< (0K)?[0kp2(t/K) + da(t/Kk?)] + 0btU[oK' 7 + 1]
= (6K)*p2(t/K®) + 6btU[(0K' 1) + 6k' 71 + 1]

(5.15)
<. ..

< (BR)™ M2y (/K™ ™2) 4 GbtI[(5K10)™M M L ]

(rl-aymi—mz 1

< (0K)™ ™26 (kI™) + bt YR E—

=pi(t)

where the last inequality follows from py € P. Therefore, dc(t) = pa(t) < pi(t) < dc(t).
We have p;(t) = p2(t) and then py(¢) = pa(€) for all £ =1,x71,... k'™ at lower levels
by the previous claim. It implies that firms at level ms in equilibrium (p;,#£;) have the

same costs as the home production.
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Since firms choose to produce in-house when the home production costs and subcontract-
ing costs are the same, the firms at level my under equilibrium p; will choose to home
production since p;(k'7"2) = dc(k'7™2) = Skpy(k7™2) + da(k'7™2). That is, the firms
have no incentive to subcontract and make longer length than ms. Then, it must be
mi1 = mo. This implies that £' = €2 since the tasks in each level are identical for their

feasibility. 0

PROOF OF PROPOSITION 5.2.1. The statements follow from Part (a) follows from
Lemma 5.6.1, Part (b) and (c) follow from Lemma 5.6.5, Part (d) follows from Lemma
5.6.4, Part (e) follows from 5.6.2, and Part (f) follows from Lemma 5.6.6. O

PROOF OF PROPOSITION 5.2.2. The statements follow from Lemma 5.6.7 and Lemma

5.6.8. U

Proofs in Section 5.2.3. Suppose that 5.2.1, 5.2.2 and 5.2.3 hold through out this
section. Let f({) = drc(l/k) 4+ a(l) — c(¢) for all £ € [0, 1].

LEMMA 5.6.9. Suppose that p is the equilibrium price and f is strictly concave. Then,
/€ (0,1] is a root of f if and only if 0 satisfies p(l) = dc(l) for all 0 < £ < { and
p(l) < be(l) for all £ < 0 < 1.

PROOF OF LEMMA 5.6.9. Let the stated assumptions hold. Let P = {p : [0,1] — R :
5 (0)¢ < p(0) < dc(l),ve € [0,1]}. The same arguments in Lemma 5.6.1, Lemma 5.6.2
and 5.6.4 show that T': P — P has a unique fixed point in P. Let p be the fixed point of

P, which is also a equilibrium price.

Since f(0) = 0 by assumption 5.2.1, 5.2.2 and 5.2.3, and f is strictly concave, the root of
f on [0,1] is unique. Suppose that ¢ € (0,1] satisfies f(¢) = 0. Fix ¢ € [0,¢]. We have
f(€) =0 and dke(l/k) + a(l) = c(f), so

Toc(f) = dmin{rdc({/r) + a(l),c(l)} = dc(¥).

A~

Then, dc(?) is a fixed point of T if £ is restricted in [0, £]. Since T only has one fixed point,
we have p(£) = dc(?).
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Next, let £ € (£,r(]. since ¢/r < ¢ and f(¢) < 0, we have

p(f) = dmin{kp({/k) + a(l),c(f)}
= 0 min{roc({/k) + a(l),c(f)}

= 0%ke(l/K) + da(l) < de(l),

where the last inequality follows from f(¢) < 0. Hence, firms subcontract when ¢ € (é Kl .

Similarly, fixing ¢ € (k/, x2(], we have p({/k) < d¢({/k) and then

p(f) = dmin{rp(l/k) + a(l), c(£)}
< dmin{kdc(l/k) + a(l),c(l)}

= 0’ke(l/K) + da(l) < de(f),

where the last inequality follows from f(¢) < 0. Iteration implies p(¢) < dc({) for £ €
(¢, ™0] for n > 2. Therefore, we have p(f) < é¢(€) for £ > (. For the sufficiency, suppose
that ¢ satisfies p(¢) = dc(€) for £ < £ and p(f) < d¢(l) for ¢ > ¢. Then, by the definition
of equilibrium price p, we have f(¢) > 0 for £ < ¢ and f(¢) < 0 for £ > {. Since the root

A

of f is unique in (0, 1], f(¢) = 0. O

LEMMA 5.6.10. Following Lemma 5.6.9, if 0 < /< 1, then the equilibrium length has at

least two levels.

LEMMA 5.6.11. Suppose that Assumptions 5.2.2 and 5.2.3 hold, and c is twice differen-
tiable. If f(£) is strictly concave and has a unique root in (0, 1], then the equilibrium price
p is twice differentiable except for a finite number of points with p'(¢) > 0. If further

o >0, then p”(¢) > 0.

PrROOF OF LEMMA 5.6.11. Let all the stated assumptions hold. By Lemma 5.6.9, there
is ¢ such that p(f) = dc(l) for { € [0,@}. Fixing ¢ € (é, mé), Lemma 5.6.9 implies that
p(0) = 0[rdc(l/r) + a(f)] = 6*ke(f/k) + da(l). Since ¢ and « are twice differentiable,
p'(0) = 62 (L/K) + 6a/(0) and p"(€) = 6*/kc"(£/K) + da”(£). Since ¢ and « are strictly

increasing, p/(¢) > 0. If a is convex, then p”(¢) > 0.



5.6. Appendix 219

Fix ( € (kl, k2(). We have

p(£) = 0[rp(L/K) + a(l)]
= §[K[0%kc(C/K?) + 6t/ k)] + a(0)]

= 0°Kk%c(l/K?) + 8*ka(l/kK) + dau(l)

Then, we can compute p/'(¢) = §3¢ ({/k?) +6*a/({/k) + 6a/ (€) and p" () = 6 /2" (€] K?) +

6%/ka’ (0/K) + 6a”(¢) and confirm the statement for £ in (kl, x20).

By iteration, we conclude that p is differentiable, p’(¢) > 0 and p”(¢) > 0 in [0, 1] except

for the points {é, Kl ..., R”Z}, where n is the greatest integer such that "/ < 1. O

LEMMA 5.6.12. If 61 < 02 and p; ,p;, are the corresponding equilibrium prices, then

D5, < D3,

PROOF OF LEMMA 5.6.12. Suppose that §; < do. Let T7 and 75 be the corresponding
operator with respect to §; and ds, respectively. Let p € P. Clearly, Tip < Top. Since

operator T' is order preserving, we have
Ty (Twp) < Th(Tap) < To(Top).

By iteration, p5, =T{'p < T3'p =pj;, forn > 1 — }E—i U
PROOF OF PROPOSITION 5.2.3. Let all the stated assumptions hold. For the transaction
cost, Lemma 5.6.12 and 6 = 1/(1 — 7) shows that the equilibrium price is increasing in 7.
For home production costs, suppose that ¢y, cy: D — R satisfying ¢;(€) < ¢(¢) for all
¢ € D. Let Ty and T5, be the corresponding operator, respectively. Clearly, T1p < Top for

all p € P, since we have
min{kp({/k) + a(f),c1(0)} < min{kp({/k) + a(l),ca()}.

Thus, p; < p5 by the iteration as Lemma 5.6.12, where p; is the equilibrium price with
respect to ¢;, © = 1,2. Similarly, it can be shown that the price is increasing in assembly

cost.
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Next, we show that the price of final good is strictly increasing in transaction cost, assem-
bly cost and home production cost. Let the price of final good p(«, ¢, m,d, k) be defined
as equation (5.4). In particular,
pla,e,m, 6, k) = (6k)™ *oc(k'™™)
(5.16)
+0a(1) + Pka(k™) + -+ 6™ M 2a(kP™)
Suppose that a;g(f) < ay(¢) for all £ and let pi and p} be the corresponding equilibrium
price. Also let m} and mj be the corresponding optimal length in equilibrium, mj > m3.
Then, by the optimality of p*, we have pj(1) = p(ag,m};d,k,¢) < plag,md;d, k,¢c) <
1

p(ag, m3; 0, Kk, ¢) = p5(1). For the other task allocation ¢t = 1, k71, -+, k17™2, we can also

characterize the price p*(t) as equation (5.14) and show that pi(t) < p3(¢).

For the production cost, suppose that c¢;(¢) < co(¢) for all £ and let p; and pj be the
corresponding equilibrium price. Also let m] and mj be the corresponding optimal length
in equilibrium, mj < mj. Then, by the optimality of p*, we have p} = p(a, ¢1,m}, 6, k) <
p(a, c1,mb, 0, k) < pla, ca,m3, 0, k) = pi. Similarly, we can compute p*(t) and show that
pi(t) < pi(t) by the same argument for t = 1,571, .-+ k!7™. We can also prove the

statement for transaction costs following the same procedures. ([l

Proofs in Section 5.4. Throughout this section, suppose that 5.2.2, 5.2.1 and 5.4.2
hold, and the price is defined by (5.12).

PROOF OF LEMMA 5.4.1. Consider the operator T : P — P as
Tp(t) = Smin{np(t/n) + a(n), c()}.

The similar proofs as in Lemma 5.6.1, Lemma 5.6.2 and Lemma 5.6.4 show that the fixed

point uniquely exists. The statements then follows from Lemma 5.6.7 and 5.6.8. [l

LEMMA 5.6.13. There is a unique solution to pricing function (5.12), and the equilibrium

price of Definition 5.4.1 exists.
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PRrooOF. Consider the operator T': P — P as

Tp(¢) = d min { nzgn;ri{np(é/n) +a(l,n)}, c(f)} ,

for all ¢ € [0,1]. We first show that T has a unique fixed point which is a equilibrium
price. To the existence, following the argument of Lemma 5.6.1, it suffices to show that
T is a self-map on P and preserves orders. Fix ¢ € [0, 1]. Clearly, we have T'p(¢) < dc(?).

Since p € P and c is convex, we have

Tp(¢) > 0 min { ngg}m{néc'(@)f/n +a(l,n)}, c(ﬁ)}
= 0 min {(50’(0)€ + myjn{a(ﬁ, n)}, c(€)}
> dmin{c(0)¢, c(0)} = 6 (0)¢

Then, Tp(¢) = 0¢'(0)¢ and T : P — P. To see that T preserves orders, assume p; (/)

N

p2(0) for all £ € [0,1]. Fix £ € [0,1] and n > 2, we have np;(¢/n) + a(¢,n) < npa(¢/n) +
a(l,n). Hence, we have min,{np,({/n) + a(l,n)} < npa(¢/n) + a(f,n) for all n >
2, implying min, {np;(¢/n) + a(f,n)} < min,{nps(¢/n) + «(¢,n)}. This implies that
Tp1(€) < Tpe(¢) for all £ € [0, 1]. Therefore, Knaster-Tarski Fixed Point Theorem shows

that T has at least one fixed point.

Similar to Lemma 5.6.2 and 5.6.4, we next show that T%p = T%q for n > 1 —InZ/In2
for arbitrary p,q € P, where T = sup{z € [0,1] : d(z) < §¢(0)}. Let p,q € P. We
claim that T'p(¢) = Tq(¢) = dc(¢) for ¢ < Z. Suppose that Tp(f) # dc(f) for £ < Z.
Then, firms choose to subcontract, so it must be min, {np(¢/n) + a(¢,n)} < c(¢)**. Since

p(£/n) = 6c(0)¢/n for p € P,
c(l) > mgn{np(ﬁ/n) +a(l,n)} = 6d(0)¢

Therefore, ¢(¢)/¢ > 6¢/(0). This contradicts that ¢ < z and convexity of ¢. Hence, we
have Tp(¢) = Tq(¢) for £ < Z. Next, suppose that T*p(¢) = T*q(¢) for ¢ € [0,2F1z]. Let

¢ €[0,2%z]. Since nT*p(¢/n) + a(l,n) = nT*q(¢/n) + a(¢,n) for all n > 2 , we can prove

351f » — ” holds, then firms choose to home production by assumption.
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that THTp(¢) = T*1q(¢) for £ € [0,2%z]. By induction, T*p(¢) = T*q(¢) for all £ € [0, 1]
and k> 1—Inz/In2.

By definition of 7" and pricing function (5.12), p is a fixed point of T" if and only if it is a
solution to (5.12). Suppose that there are two fixed points or solutions of (5.12) p, ¢ and
p # q. Then, by the above induction, p = T%p = T*q = ¢ for large enough k. Hence, T'

has only one fixed point and the solution of (5.12) is also unique.

Let 6 =1/(1 —7) and p* € P be the solution to (5.12). The above induction implies that
there is a maximal possible length m and the equilibrium length m* is finite. Therefore, we
can construct a feasible £ by iteration, starting from ¢; = 1, under the price p*. Moreover,
since p* € P and ¢(0) = 0, we have p*(0) = 0. Condition (1) of Definition (5.2.1) is
satisfied. By definition of (5.12) and the profit (5.13), for all £ € D, we have®

p*(£) — d min { n_miri {np*(¢/n) + a(l,n)}, c(ﬁ)} =0.

=4,9,4,...

Therefore, Condition (2) and (3) are satisfied, so the solution to (5.12) is the equilibrium

price. U

LEMMA 5.6.14. Given the equilibrium price, the equilibrium allocation is uniquely deter-

mained.

PROOF. Let (p,£') and (p,£?) be two equilibrium with the same price p and different
allocations. Since £! = {(!} and £* = {{?} are feasible allocations, there exist m}, mj > 2
and two integer sequence {n!} and {n2}["% such that ¢ = (nind---nd)~! for nf +- -+
nind---nl_| <i<nl+---+nin---nl for j =1,2. Suppose that m* > m} without loss

of generality. That is, £' has longer chain.

If m3 = 1, then, by the assumption that firms choose home production if home production
and subcontract are indifferent, it can be shown that mj = mj = 1 and £' = £2 by the

bellowing argument. Thus, assume that m% > 1. At level 1, using condition (3) of

361t is also valid for £ € [0,1].
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Definition 5.4.1, we have

= (1= 7)p(1) = nyp(1/n3) + a(1,ny) = 0
= (1= 7)p(1) = n3p(1/n3) + a(l,n3) =0
Thus, ni = n2 by the assumption that firms choose the minimum optimal number of

suppliers. If n! =n? =n, for s =1,...,t and t < m3, for £ = (nyny---ng)~ ', then the

profit at ¢ is

guue

geen

. . . . . . . 1 _ 2 . .
Again, by choosing the minimal minimiser, n, ; = ny,,;. Then, by induction, we have

ny =n?=mn,foralt=1,...,mj.

Suppose that mj > m3. At level mj, we have tasks ¢ = (niny - - nimz) ™. The firms of £'
at this level choose to outsource while the firms of £? choose to home production. That

is, for t = mj3,

goee

— (1= 7)p(0) — min{nl,p(¢/nly) + altinly,). (0}
— (1= 7)p(0) = nlp(E/nly) + altnlyy)
— (1= 7)p(6) = c(t) = 0

By the assumption that firms produce at home if home production and subcontract are

indifferent, it should be m} = mj. Therefore, £! = £2. O

PROOF OF PROPOSITION 5.4.1. The statement follows from the proof of Lemma 5.6.13

and Lemma 5.6.14 O

PROOF OF PROPOSITION 5.4.2. For the first statement, let 7 < 75 and 1,92 be the
corresponding parameters of transaction costs with 6; < d5. Also, let T; be the corre-

sponding operator for d;, i = 1,2. Clearly, T1p < Typ for all p in P. By iteration, we have
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TyTvp < T1'Top < TyTop or T?p < T3p. Repeat the iteration, we have the fixed points that

pt=TF < TF = p} for k — co.

For the assembly cost, suppose that a;(¢) < ay() for all £. Let T; and p} be the corre-
sponding operator and equilibrium price with respect to «;, ¢ = 1,2. Fix p € P. Then,
min,{np(¢/n) + a(l,n)} < np(¢/n) + az(¢,n). Taking the minimum on the right hand
side, we have Tip < Thp. By the similar iteration, we also have p; < p5. Moreover, the

same technique proves the statement for home production cost c.

We can also show that the price of final good is strictly increasing in 7, ¢ and «. Take the
home production cost for example. Let the costs be ¢; < co. Let (pf, £1) and (p3, €2) be the
corresponding equilibrium. Define the equilibrium price as p(¢, a, §) under parameter ¢, «
and §. By the optimality of equilibrium, pj = p(cq, £€1;0) < p(cq, £2;0) < p(ca, £o;0) = ps.
Thus, the price of final good is increasing in home production cost. Similarly, we can
prove that the price of final good is strictly increasing in transaction cost and assembly

cost. [l

LEMMA 5.6.15. Suppose that «(¢,n) is increasing in €. If p is the solution of pricing

function (5.12), then it is strictly increasing in (.

PROOF. Suppose that p € P is strictly increasing in ¢. Let ¢; < f5. Then,

min{np(t1/n) + a(tr,n)} < np(ty/n) + a(6r,n)
< np(la/n) + a(ly,n) for alln > 2.
Hence, min,{np(¢1/n) + a(l1,n)} < min,{np(fz/n) + a(fz,n)}. Since c is also strictly
increasing,
Tp(ty) = 5min{mnin{np(€1/n) + a(ly,n)}, c(l)}
< d min{min{np(ly/n) + a(l2,n)}, c(l2)}

= T'p({2)
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Tp(¢) is also strictly increasing. Therefore, the fixed point TV p(¢), for large enough N, is
also strictly increasing. By Lemma 5.6.13, the solution is unique and equaled to the fixed

point of 7', so the solution of (5.12) is strictly increasing. l

PROOF OF LEMMA 5.4.2. (=) Let ¢,¢' € [0,1] with £ # ¢ and 6 € (0,1). Since t(n,.) is

strictly concave in /,

min {msc (M) +a(n) — c(60 + (1 — W’)}

n=2,3,... n

= min {160+ (1—6)¢) +a(n)}

goee

.....

Thus, the function f(¢) = min,{ndc(¢/n) + a(n)} — c¢(¢) is strictly concave. Together

with f(0) > 0, the root /e (0, 1] is unique. Therefore, fixing ¢ < ¢, we have f(¢) =0 and

then

gove

A

So, Tdc(¢) = dc(f). Hence, dc(f) is a fixed point of T' considering only ¢ € [0, ¢].

Fixing ¢ € (£,2(]. Observe that p(¢/n) = d¢(¢/n) for all n > 2. Then, since f(¢) < 0, we

have

goue

goee

< dc(?).
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Fixing ¢ € (20,220]. Observe that p(¢/2) < d¢(€) for £/2 € (¢,20) and p(¢/n) = dc(f/n)

forn > 2 and ¢/n < (. Again, since f(¢) <0, we have

goor

gooe

< dc(l).

By iteration, p(¢) < dc(f) for all £ € (¢,2V/]. Hence, we obtain that p(¢) < dc(¢) for all

¢ < ¢ <1 when N is large enough.

(<) This is done by the definition of equilibrium price p and strict concavity of function

f. 0

A

PROOF. By Lemma 5.4.2, there is ¢ such that p(¢) = de(€) for all £ < [0,4], so p/(£) =
6¢(¢) > 0 and p"(¢) = d"(¢) > 0 for all £ € [0,¢). Considering ¢ € (/,1). Lemma 5.4.2

implies that p(f) = 6 min,_y 5. {np(¢/n) + a(n)} for all £ > /.

geee

set of n from {2,3,...} to [2,00). Define the optimal choice n*(¢) as

n*(¢) = argmin{ndc({/n) + a(n)}.>"

n=2

The first order condition is 7(n,f) = dc(¢/n) — (£/n)éc' (¢/n) + o/ (¢/n) = 0. By Implicit

Function Theorem,

pn* _ pr [pr _ ' (0/n*)l/n*?

pl  pl/ pn* 'l /n*)2 /03 4 o (n)

Hence, pn*(¢)/pl > 0 by the assumption that c is strictly convex and « is convex. Since
s(n; ) == ndc({/n) + a(n) is strictly increasing in ¢ and s”(n;{) = (¢*/n3)dc"({/n) +
a(n) > 0, the curve s(n;¢) on s(n) — n plane is strictly convex and shifts upward as
¢ increases. Moreover, the minimum point of s(n;¢) shifts to right as ¢ increases since
pn*(¢)/pl > 0. Now, restrict n back to the grids n > 2. Since s(¢;n) shifts upward and
the minimum point shifts to right as ¢ increases, the optimal grid n*(¢) is increasing in

37The maximum theorem implies that n*(¢) is single-valued and continuous if we restrict the upper bound
on n.
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(.38 Therefore, given n*, there is a neighborhood U(n*) € (¢, 2¢) such that n*(¢') = n* for
all /' € U(n").

Suppose that n*(¢) = n* for a fixed ¢ € (£,2¢). Then, ¢ must be on the neighborhood
U(n*). If ¢ is not in the boundary of U(n*), then p(¢) = &*n*c(¢'/n*) + da(n*) for
¢ € U(n*). Given ¢ € C?, this implies that p/(¢') = §*c(¢'/n*) > 0 and p"(¢') =
§2"(0' /n*)/n* > 0 for £ € U(n*). If £ is on the boundary of U(n*), we exclude it. Since
the optimal n*(¢)’s are discrete and countable points, the set of boundary points of such
U has measure 0. Since ¢ € (£,20) is arbitrary, p/(¢) > 0 and p”(£) > 0 for almost all £ in
(0,20).

Denote p(¢) by ¢(¢) for ¢ € (¢,20). Then, ¢ > 0 and ¢’ > 0 almost everywhere. Fixing
¢ € (20,220). Again,

goee

Similarly, let N C (2£,227) be the neighborhood of £ such that n*(¢') = n*(¢) = n* for all
¢ € N. Excluding the boundary points of such neighborhood, suppose that ¢ is not on the
boundary of N. If n* = 2, then p(¢') = dn*q(¢'/n*)+da(n*) so that p/'(¢') = d¢'(¢'/n*) > 0
and p”(¢") = (6/n*)¢"(¢'/n*) > 0 for £/ € N. If n* > 2, then p(¢') = on*oc(¢'/n*) + da(n*)
so that p/(¢') = 62 (¢'/n*) > 0 and p"(¢') = §2c"(¢')/n* > 0 for all ¢ € N. Either case

gives that p/(£) > 0 and p”(£) > 0 for £ € (,20) almost everywhere.

Repeating the process, we can conclude that p’(¢) > 0 and p”(¢) > 0 for almost all

¢ € [0,2%¢]. The conclusion follows by large enough k. O

38This can be seen by drawing the plot. n* (¢) is not "strictly" increasing since the minimum grid may
be the same as ¢ increases.
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