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Abstract

Dynamic programming is a recursive method for finding optimal decision rules for se-

quential decision-making problems under uncertainty. It is the most fundamental tool for

modern economics, addressing topics that include economic growth, optimal saving, asset

pricing, business cycles, and fiscal and monetary policies. Complementing this, economic

networks stand as another critical tool, recognising the dynamic interactions among a

multitude of diverse agents. The network models provide a comprehensive analysis of

how individual agent behaviours, incentives, and strategic interactions contribute to the

larger systemic forces or shocks within aggregate economics.

This thesis addresses problems in dynamic programming and static economic networks. A

key focus is on dynamic programming theory, specifically integrating both state-dependent

and action-dependent discounting, as opposed to conventional constant discounting. The

core contribution involves establishing a comprehensive optimality theory in dynamic

programming in the context of eventual discounting.

Moreover, the research expands the concept of state-action-dependent discounting in dy-

namic programming to model-free reinforcement learning. The thesis demonstrates the

convergence of Q-learning when subjected to the condition of eventual discounting.

In addition to dynamic programming, the thesis investigates a unified static network that

includes production networks, network games, and financial networks. Our results show

the existence and (almost sure) uniqueness of equilibrium in both eventually contracting

and non-expansive frameworks.

Finally, employing dynamic programming techniques, the thesis constructs an endogenous

production network characterised by a unique equilibrium, featuring robust characteristics

such as a power-law distribution of firm sizes. This multifaceted exploration contributes

insights to the understanding of the existence and uniqueness of equilibrium in dynamic

programming and economic networks.
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CHAPTER 1

Overview of Thesis

This thesis studies problems in dynamic programming and static economic networks.

Each chapter contributes to understanding the existence and uniqueness of equilibrium

or fixed points within different economic paradigms, as well as providing insights into

associated computational methodologies. The exploration is structured in four chapters,

each of which is summarised below.

Chapter 2 extends discrete-time dynamic programming to account for state-action-

dependent discounting, departing from the conventional constant discounting approach.

This chapter is motivated by the fact that time preferences are influenced by subjective

assessments and exogenous uncertainties. In particular, this chapter addresses a gap in

the existing literature on action-dependent preferences from influential studies such as

Uzawa (1968) and Becker and Mulligan (1997).

We show that the standard optimality results remain valid in the existence of "eventual

discounting," where the expected multiplicative of discount factors eventually falls below

one for any policies. The concept of eventual discounting is succinctly illustrated below.

Considering state and action spaces, denoted by X and A respectively, and for all action

policies σ : X→ A, we suppose that there exists an nσ ∈ N such that

sup
x
Ex

nσ−1∏
t=0

β(Xt, σ(Xt), Xt+1) < 1,

where β : X × A × X → R+ represents the function of state-action-dependent discount

factors. The concept of eventual discounting allows the discount factors to exceed one

with arbitrary probability, encompassing frameworks such as Hills and Nakata (2018) and

Hubmer et al. (2021).

This condition of eventual discounting leads to the (eventual) contraction of policy oper-

ators and Bellman operators, ensuring standard optimality results and the convergences
1



2 Chapter 1. Overview of Thesis

of key iterative methods in dynamic programming. Moreover, we address the necessity of

eventual discounting for the existence of both policy values and a solution to the Bellman

equation in compact state spaces with appropriate assumptions.

In addition, we extend these results to dynamic programming with unbounded rewards

by utilising the Q-transform outlined in Ma et al. (2022). Even with unbounded rewards,

the standard optimality of dynamic programming is maintained when discount factors are

state-action-dependent and adhere to eventual discounting. Moreover, we establish the

convergence of both the value function iteration and the action-value function iteration,

which is the iteration of an expected action-value operator. Finally, we extend the scope

of eventual discounting to applications involving risk-sensitive preferences.

In Chapter 3, we extend model-free learning algorithms by considering non-constant state-

action-dependent discount factors. Specifically, we explore temporal difference learning

methods, including Q-learning, SARSA, and double Q-learning, as introduced by Watkins

(1989), Singh et al. (2000), and Hasselt (2010), respectively. We consider time discounting

to be inherently governed by a parameterised function, where both exogenous states and

subjective actions influence the discount factors. Similarly to Chapter 2, our framework

allows the discount factors to exceed one with positive probability, provided that they

follow the principle of eventual discounting. We show by Stochastic Approximation that

eventual discounting is sufficient for ensuring the convergence of Q-learning, SARSA, and

double Q-learning algorithms.

In Chapter 4, we explore a unified static network, a modification derived from Acemoglu

et al. (2016b), aiming to provide an efficient and systematic method to verify the unique-

ness of equilibrium across various static network models. Specifically, our focus is on

exploring the equilibrium or solution of the network equation:

x = f(xW + ε).

Here, x ∈ RN denotes a vector of economic states, W ∈ RN×N denotes the sensitivity

matrix describing the structure of a network and the sensitivity extent of interactions

between agents, ε ∈ RN denotes the realisations of shocks, and f = (f1, . . . , fN) denotes

the interaction functions specifying the total influences of agents in the networks and
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shocks. Each fj : R → R is Lipschitz continuous with Lipschitz constant βi for j =

1, . . . , N .

From the literature of network games, production networks, and financial networks,

we classify two types of networks: eventually contracting networks, characterised by

ρ(|W | diag β) < 1, and non-expansive networks, characterised by ρ(W ) = 1 and β = I,

where ρ(A) denotes the spectral radius of matrix A.

We show the existence and (almost sure) uniqueness of equilibrium under both even-

tually contracting and non-expansive frameworks. Applying our findings, we establish

that the clearing payment for the generalised Eisenberg-Noe model, studied by Liu et al.

(2020), is almost surely unique under non-expansive conditions and always unique under

eventually contracting conditions. Furthermore, our result serves as an alternative proof

for the uniqueness of clearing payments in the Eisenberg-Noe model, without regularity

conditions.

In addition, our exploration in Chapter 4 includes a discussion on computation methods

and underscores the necessity of boundedness conditions when interaction functions are

non-expansive. Moreover, by applying equilibrium in the study of systemic risk, we pro-

vide a measure to determine the key player whose removal from the network would have

the most significant impact.

Chapter 5 attempts to explain the systemic deviation of Gibrat’s Law, which posits that

a firm’s growth rate is independent of its size (Lucas, 1978, Simon and Bonini, 1958,

Gabaix, 2009, Fu et al., 2005). This concept is pivotal in explaining firm-size distribution

and the observed power law in firm sizes (Lucas, 1978). However, empirical tests often

contradict this law, notably demonstrating that smaller firms exhibit greater volatility

than larger ones, especially among downstream firms (Hall, 1987, Evans, 1987a,b, Almus,

2000, Calvo, 2006, Daunfeldt and Elert, 2013, Falk, 2008, Grazzi and Moschella, 2018,

Oke, 2018, Aydogan and Donduran, 2019).

Motivated by these observations, Chapter 5 introduces a balanced and endogenous pro-

duction chain where firms strategically choose between subcontracting and home produc-

tion to minimise costs. This decision-making process is guided by the trade-off between
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intra-firm coordinate costs and inter-firm transaction costs, as proposed by Coase (1937)

and Williamson (1979), where external transaction costs encourage firm growth while

intra-firm coordination costs discourage it.

We establish the existence and uniqueness of equilibrium. Furthermore, we demonstrate

that when assembly costs rise exponentially with tasks, the sizes of subcontractors down-

stream in a production chain follow a power law. Moreover, the breakdown of Gibrat’s Law

occurs when home producers experience higher technological volatility than subcontrac-

tors, resulting in greater size volatility for upstream firms. In addition, the model extends

the balanced production network to a more realistic scenario where firms can choose an

optimal number of suppliers during subcontracting. This extended model maintains a

unique equilibrium and exhibits robust comparative statics.

In general, this thesis examines the existence and uniqueness of equilibrium or fixed points

in both dynamic programming and static economic networks. Notably, the initial three

chapters reveal a close relationship between the existence and uniqueness of fixed points

and the spectral radii of relevant positive linear operators. Additionally, the convergence of

associated computational methods is intricately influenced by these spectral radii. Lastly,

the final chapter employs the techniques from network theory and dynamic programming

to establish an endogenous production chain with a unique equilibrium.



CHAPTER 2

Dynamic Programming with State-Action-Dependent

Discounting

2.1. Introduction

Dynamic programming or Markov decision processes is a framework for modelling and

solving sequential decision-making problems. The conventional approach in dynamic pro-

gramming assumes a constant discount factor to capture the trade-off between present

and future rewards. However, in economics and finance, discount rates vary over time

(Cochrane, 2011, Hills and Nakata, 2018). Constant discounting fails to explain the com-

plexities of real-world decision-making, where agents have subjective time preferences

or experience exogenous uncertainty in discount rates. For example, regarding shock-

dependent discounts, Justiniano and Primiceri (2008) illustrate that the variance in dis-

count factors accounts for a significant portion of consumption volatility. Albuquerque

et al. (2016) shows that risk in time preference accounts for key asset pricing moments,

such as equity premium, bond term premium, and weak correlation between stock returns

and fundamentals.

Besides the uncertainty in exogenous state-dependent discounts, endogenous time prefer-

ences cannot be overlooked in economics. For instance, Choi et al. (2008) demonstrate

that endogenously generated short-run international differences in subjective discounting,

indicating increasing relative U.S. impatience, result in saving and current account im-

balances that align with observed data patterns. Hashimzade et al. (2023) shows that,

through a self-reinforcing redistribution mechanism, endogenous discounting can lead to a

higher equilibrium interest rate and a much unequal wealth distribution, in comparison to

the benchmark model with a constant discount rate. Moreover, Maeda and Nagaya (2023)

show that the accelerated short-sighted consumption habit leads to earlier depletion of

exhaustible resources.
5
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This paper extends dynamic programming theory to account for state-action-dependent

discounting. We develop a comprehensive dynamic programming theory by introducing

the concept of eventual discounting, as proposed by Stachurski and Zhang (2021). Even-

tual discounting assumes that the expected multiplicative of discount factors is eventually

less than one for any policy. We demonstrate that eventual discounting implies the even-

tual contraction of the Bellman operator, which also contracts in some weighted supremum

norm. Under these conditions of eventual discounting, we demonstrate the existence of an

optimal policy, validate Bellman’s principle of optimality, and confirm that value function

iteration, Howard policy iteration, and optimistic policy iteration converge to the desired

value function or optimal policy.

In the existing literature, Stachurski and Zhang (2021) provides a complete theory of dy-

namic programming with state-dependent discount factors, while Sargent and Stachurski

(2023) presents a theory of dynamic programming of state-action-dependent discounting

in finite state and action spaces. Moreover, Toda (2021) and Toda (2023) use the Perov

Contraction Theorem to prove that the Bellman operator is contracting in some weighted

supremum norm and has a unique fixed point when the exogenous state space is finite,

and discount factors are state-dependent.1

Addressing the gap in the literature concerning action-dependent time preferences, our ex-

ploration considers general state and action spaces with state-action-dependent discount-

ing. In particular, we establish standard optimality results for dynamic programming with

action-dependent discounting, building upon frameworks as outlined in Uzawa (1968) and

Becker and Mulligan (1997), and integrating state-dependent stochastic discounting.

The study begins by examining the dynamic programming framework with bounded re-

wards. We demonstrate that the eventual discounting is sufficient for the existence and

uniqueness of fixed points for both the Bellman operator and policy value operators.

In particular, we show that the eventual discounting condition ensures these operators

to eventually contract in the supremum norm or contract in some weighted supremum

norm. This finding provides a robust foundation for the analysis of the convergence rates

of these operators over time.
1The weighted function is an upper bound for the reward.
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Furthermore, we explore the necessity of eventual discounting for the Markov decision

process with a compact state space and strictly concave rewards. We show that eventual

discounting is necessary to ensur the existence and uniqueness of policy values, which

are fixed points to policy operators. Moreover, under appropriate assumptions, even-

tual discounting is necessary for the existence of the solution to the Bellman equation.

In this context, we highlight that the spectral radii of operators for discounted condi-

tional expectation primarily influence the convergence rate of the system. Notably, the

eigenfunctions corresponding to these spectral radii are utilised as weighting vectors in

weighted supremum norms.

In the extension, we extend our findings to dynamic programming with unbounded re-

wards using the Q-transform, following the approach outlined by Ma et al. (2022). We

establish that the standard optimality of dynamic programming holds when the discount

factors are state-action-dependent and eventually discounting, which extends Ma et al.

(2022). We provide computational methods and prove that both value function itera-

tion and action-value function iteration of an expected action-value operator converge to

optimal value or action value. Furthermore, we explore risk-sensitive preferences under

eventual discounting, which ensures the uniqueness of optimal value function and the

existence of optimal policy.

Related literature. The related literature in the Markov decision process with state-

or action-dependent discount factors includes Wei and Guo (2011), Minjárez-Sosa (2015),

Wu et al. (2015), Wu and Zhang (2016) and Jasso-Fuentes et al. (2022).

About endogenous time preferences, Uzawa (1968) and Epstein and Hynes (1983) pro-

pose a theory in which impatience rises with consumption, suggesting that the rich are

more likely to heavily discount future consumption. Although Uzawa time preference

may be counterintuitive and not be supported by empirical evidence, it succeeds in the-

ories of small open economics such as solving non-stationary issues (Schmitt-Grohé and

Uribe, 2003, Guest and McDonald, 2001, Dutta and Yang, 2013). Helpman and Razin

(1982) point out that when the rate of time preference remains lower than the interest

rate, individuals rationally choose to accumulate foreign assets to finance their increasing
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consumption. The constant-discount representation of preferences cannot effectively cap-

ture this dynamic behaviour. Consequently, studies on small open economies commonly

employ Uzawa-type endogenous discount factors (Obstfeld, 1990, Mendoza, 1991, Schmitt-

Grohé and Uribe, 2003, Durdu et al., 2009, Bodenstein, 2011, 2013, Vasilev, 2022b). For

instance, Vasilev (2022a) considers Uzawa time preference, where the higher level of real

income today leads to a lower discount rate, to explain the propagation of cyclical fluctu-

ations in Bulgaria. Durdu et al. (2009) use Uzawa endogenous time preference to model

financial globalisation and the risk of Sudden Stop problems.

In contrast to Uzawa time preferences, Becker and Mulligan (1997) propose a framework

that time patience is marginally increasing in future-oriented capital. Dutta and Yang

(2013) establish endogenous discount factors such that marginal impatience is increasing

in consumption (Uzawa type) and decreasing in future-oriented capital (Becker-Mulligan

type). Their model is consistent with the empirical evidence from Australia that current

consumption and turnover in future-oriented capital are positively correlated.

In empirical studies on time preferences and wealth, Lawrance (1991) reveals that the

affluent exhibit greater patience than the less affluent from estimating the consumption

Euler equations and the data in Panel Study of Income Dynamics. Huffman et al. (2019)

examine heterogeneity in time preferences among elderly Americans and suggest that

impatience correlates with lower wealth. Samwick (1998) indicates that time patience

tends to increase with both income and age, by estimating the distribution of discount

rates from the wealth data in Survey of Consumer Finances 1992. Cohen et al. (2020)

provide a survey of the related literature.

A survey of dynamic programming with state-dependent discount rates can be found

in Stachurski and Zhang (2021). In asset pricing and state-dependent discounts, since

variation in asset returns is significantly due to variation in discount factors, asset pricing

models consider stochastic discount factors depending on the state of consumption growth

to include adjustments for risk (Lucas Jr, 1978, Rosenberg and Engle, 2002, Cochrane,

2009, Hansen and Renault, 2010). Campbell and Ammer (1993), Cochrane (2011) point

out that variation in asset returns is predominantly due to variation in discount factors.
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In literature of risk-sensitive preference, Hansen and Sargent (1995) develop a recursive

dynamics of discounted costs for a linear, quadratic, and exponential Gaussian linear

control model, introducing risk adjustment into the framework. Moreover, Bäuerle and

Jaśkiewicz (2018) study a one-sector optimal growth model with unbounded shocks and

rewards, in the framework of Hansen and Sargent (1995). They demonstrate the optimal-

ity equation for the non-expected utility and establish the Euler equation. Their analysis

is based on an inequality involving associated random variables, a concept that is also

utilised in the present paper. Weil (1993) develop a stochastic optimal consumption model

with constant absolute risk aversion to study precautionary savings and the permanent

income hypothesis. Backus et al. (2015) investigate a business cycle model incorporating

aggregate risk and ambiguity. They observe that heightened uncertainty typically leads

to a reduction in consumption.

If state and action spaces are finite, optimality and comparative statics can be estab-

lished using fixed-point theory in complete lattices. Relevant techniques and insights can

be found in works by Zhou (1994), Olszewski (2021), Balbus et al. (2022), Stachurski

et al. (2022b), and Sargent and Stachurski (2023). Additionally, literature on the unique-

ness of fixed-point problems for recursive preferences and dynamics includes Marinacci

and Montrucchio (2010), Borovička and Stachurski (2020), Bloise et al. (2024), Ren and

Stachurski (2021), and Christensen (2022).

The paper is structured as follows. Section 2.2 sets up the recursive decision process

and presents its optimality results under eventual discounting. Section 2.3 presents the

optimality of an eventually discounting Markov decision process. Section 2.4 studies the

necessity of eventual discounting. Section 2.5 gives applications. Section 2.6 extends to

unbounded rewards. Section 2.7 treats extensions in risk-sensitive preference.
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2.2. Recursive Decision Process with Eventual Discounting

In this section, we introduce a framework of a recursive decision process and dynamic pro-

gramming with state-action-dependent discounting. We show the optimality results and

the convergences of the conventional computation methods under eventual discounting.

The application of recursive decision processes in Markov decision processes is presented

in the next section.

2.2.1. Preliminary. Let X be a metric space. Denote the family of Borel measurable

and bounded real-valued functions on X as mbX. Denote the family of real-valued con-

tinuous (resp., upper semicontinuous) and bounded functions on X as cbX (resp., ubX).

Define B(X) as the Borel σ-algebra on X. Given an everywhere positive function w on

X, let ∥ · ∥w be the weighted supremum norm ∥v∥w := supx∈X |v(x)|/w(x) for all v ∈ mX

and let ∥ · ∥ := ∥ · ∥1, where 1 ∈ mbX is defined by 1(x) ≡ 1 for x ∈ X. Let U be a metric

space. A self-map F on U is called globally stable if F has a unique fixed point u∗ ∈ U

and F ku → u∗ for all u ∈ U . Also, F is called eventually contracting if there is k ∈ N

such that F k is contracting on U . Throughout, ⩽ is the pointwise order on RX. Denote

N0 := N ∪ {0}.

2.2.2. Recursive Decision Process. Similar to Bertsekas (2022), consider a generic

Bellman equation

v(x) = sup
a∈Γ(x)

B(x, a, v) (x ∈ X and v ∈ mbX) (2.1)

where

(i) X is a Borel space, referred to as the state space,2

(ii) A is a Borel space, referred to as the action space,

(iii) Γ: X → A is a nonempty correspondence, referred to as the feasible correspon-

dence, such that Γ(x) is a Borel measurable subset of A for all x ∈ X, which

defines

2A Borel space is a Borel subset of a complete and separable metric space.
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• the set of the feasible state-action pairs

G := {(x, a) ∈ X× A : a ∈ Γ(x)}, and

• the set of feasible stationary policies

Σ := {σ ∈ AX : σ is Borel-measurable and σ(x) ∈ Γ(x) for all x ∈ X},

(iv) a value aggregator B : G×mbX→ R satisfies the monotonicity condition

v, w ∈ mbX and v ⩽ w =⇒ B(x, a, v) ⩽ B(x, a, w) for all (x, a) ∈ G. (2.2)

A recursive decision process (RDP) is a tuple R = (X,A,Γ, B). We interpret B(x, a, v) as

the lifetime rewards, contingent on current state x and action a, using v to evaluate future

states. We assume the following conditions for the primitives of an RDP throughout this

section.

Condition 2.2.1.

(a) Γ is nonempty, continuous, and compact-valued, and

(b) (x, a) 7→ B(x, a, v) is bounded and Borel measurable on G for all v ∈ mbX, and

also continuous whenever v ∈ cbX.

An RDP is called regular if it satisfies Condition 2.2.1. The regular conditions ensure

that the dynamic programming is well-defined. In detail, if an RDP is regular, then the

maximiser to the Bellman equation (2.1) exists when the function v within the value

aggregator is continuous.3

Given σ ∈ Σ, a policy operator Tσ : mbX→ mbX is defined by

Tσv(x) := B(x, σ(x), v) (x ∈ X and v ∈ mbX).

Then, Tσv(x) returns the lifetime value of an action policy σ ∈ Σ, under state evaluation

function v ∈ mbX at state x ∈ X.

3In this paper, we call such assumptions for the existence of optimal solutions as regular conditions.



12 Chapter 2. Dynamic Programming with State-Action-Dependent Discounting

The Bellman operator T : cbX→ cbX is defined by

Tv(x) := sup
a∈Γ(x)

B(x, a, v) = sup
σ∈Σ

Tσv(x) (x ∈ X and v ∈ cbX),

which is the right-hand side of (2.1). Then, Tv(x) returns the optimised lifetime values

under state evaluation function v ∈ cbX at state x ∈ X.

Given v ∈ cbX, a policy σ ∈ Σ is called v-greedy if

σ(x) ∈ argmax
a∈Γ(x)

B(x, a, v) for all x ∈ X.

A v-greedy policy optimises lifetime rewards given state evaluation function v ∈ cbX. By

the definition of greedy policies, σ is v-greedy if and only if Tv = Tσv.

The regular condition 2.2.1 guarantees the existence of a greedy policy for any v ∈ cbX,

which is a fundamental requirement in dynamic programming. The following lemma shows

that whenever R is regular, Tσ and T are well-defined on mbX and cbX, respectively, and

v-greedy policies exist for all v ∈ cbX.

Lemma 2.2.1. If R is regular, then the following statements are true.

(a) Tσ is a self-map on mbX for all σ ∈ Σ.

(b) T is a self-map in cbX.

(c) For all v ∈ cbX, there exists a v-greedy policy.

Lemma 2.2.1 implies that Tσ is a self-map on mbX for any σ ∈ Σ whenever R is regular.

It also implies that for any v ∈ cbX there exists a v-greedy policy. Moreover, since T is

a self-map on cbX, it ensures that the value function iteration algorithm, introduced in

Section 2.2.4, is well-behaved.

2.2.3. Eventual Discounting. In this section, we present the assumptions regard-

ing stochastic state-action-dependent discounting. Analogous to a standard contracting

Markov decision process where a constant discount factor is strictly less than one, we

admit the concept of eventual discounting outlined in Stachurski and Zhang (2021), Toda

(2021) and Sargent and Stachurski (2023). By Gelfand’s formula, denote ρ(A) as the
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spectral radius of a bounded linear or monotone sublinear operator A : mbX→ mbX:

ρ(A) := lim
n→∞

∥An∥1/n

where ∥A∥ denotes the operator norm of A.4

Let R = (X,A,Γ, B). Assume that there is a k : G×X→ R+ such that (x, a) 7→ k(x, a,B)

is a Borel measurable function on G for all B ∈ B(X), and B 7→ k(x, a,B) is a Borel

measure on X for all (x, a) ∈ G. Suppose that the difference in value aggregators is

bounded as follows:

B(x, a, v)−B(x, a, w) ⩽
∫
X

(v(x′)− w(x′))k(x, a, dx′) (2.3)

for all (x, a) ∈ G and v, w ∈ mbX. Given σ ∈ Σ, let Lσ : mbX→ mbX be a positive linear

operator defined by5

Lσh(x) :=

∫
X

h(x′)k(x, σ(x), dx′) (x ∈ X, h ∈ mbX). (2.4)

where we denote Lσh(x) := (Lσ(h))(x) to simplify notation. If the RDP is a Markov

decision process, then Lσh is interpreted as the expected discounted present value of h.

We then have6

|Tσv(x)− Tσw(x)| ⩽ |B(x, σ(x), v)−B(x, σ(x), w)|

⩽
∫
X

|v(x′)− w(x′)|k(x, σ(x), dx′)

⩽ Lσ|v − w|(x) (x ∈ X, v, w ∈ mbX).

We say that Tσ is eventually discounting if (2.3) holds and ρ(Lσ) < 1. Define the eventual-

discount factor dσn under policy σ ∈ Σ by

dσn := sup
x∈X

Lnσ1(x) (n ∈ N).

We will show that ρ(Lσ) < 1 if and only if dσnσ
< 1 for some nσ ∈ N. The eventual

discount factor generalises the constant discount factor β < 1. Moreover, it can be shown
4∥A∥ := inf{c ⩾ 0: ∥Av∥ ⩽ c∥v∥ for all v ∈ mbX}.
5A linear operator operator L on mbX is positive if v ∈ mbX and v ⩾ 0 imply Lv ⩾ 0.
6We denote Lσ|v − w|(x) = Lσ(|v − w|)(x) to simplify notation.
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that ρ(Lσ) < 1 implies the global stability of policy operator Tσ. To further ensure that

the Bellman operator T is globally stable, we introduce the following conditions with both

finite and infinite feasible policies.7

Assumption 2.2.1.

(i) For any σ ∈ Σ, Tσ is eventually discounting, and

(ii) Σ is finite.

Assumption 2.2.2.

(a) (x, a) 7→
∫
X
h(x′)k(x, a, dx′) is continuous and bounded on G for any h ∈ cbX,

(b) for all (x, a) ∈ G and v, w ∈ mbX, (2.3) holds, and

(c) ρ(L̂) < 1, where L̂ : mbX→ mbX is defined by

L̂h(x) := sup
σ∈Σ

Lσh(x). (x ∈ X, h ∈ mbX) (2.5)

If X and A are finite, Assumption 2.2.1 is sufficient for the optimality of dynamic pro-

gramming. Since Assumption 2.2.1 implies that each policy value vσ is bounded, we can

find the optimal policy from finitely many feasible policies.

If Σ is infinite, we consider Assumption 2.2.2 to ensure the global stability of T . The

assumption ρ(L̂) < 1 implies that the Bellman operator is eventually contracting so that

we can compute the optimal value function. Moreover, Bloise et al. (2024) imply that

ρ(L̂) < 1 is equivalent to that there exists an everywhere positive f ∈ mbX+ such that for

some ρ ∈ (0, 1) we have L̂f ⩽ ρf .8 This implies that T is contractive in ∥ · ∥f , as shown

in the appendix.

Since it may be difficult to check eventual discounting for each policy, confirming the

existence of nσ ∈ N satisfying dσnσ
< 1, especially when there are infinitely many policies,

we introduce the following stricter assumptions of eventual discounting.

Assumption 2.2.3. There is an ℓ : X × B(X) → R+, satisfying that x 7→ ℓ(x,B) is a

Borel measurable function for all B ∈ B(X), and B 7→ ℓ(x,B) is a Borel measure on X

for all x ∈ X, such that
7We sincerely thank Prof. Gaetano Bloise for pointing out the concept of monotone sublinear operators.
8See Claim 6 of Bloise et al. (2024).
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(i) L : mbX→ mbX is a positive linear operator,

(ii) |B(x, a, v)−B(x, a, w)| ⩽ L|v − w|(x) for all (x, a) ∈ G, and

(iii) ρ(L) < 1, where

Lh(x) :=

∫
X

h(x′)ℓ(x, dx′) (x ∈ X, h ∈ mbX). (2.6)

We say that an RDP R is eventually discounting if either Assumption 2.2.1, 2.2.2, or 2.2.3

holds. We provide some useful properties regarding eventual discounting assumptions.

The following lemma shows the relationship between the spectral radius ρ(Lσ) and the

expected multiplicative of eventual discount factor dσnσ
.

Lemma 2.2.2. If R is regular, and Lσ and L̂ are defined as above, then the following

statements are true.

(a) For any σ ∈ Σ, ρ(Lσ) < 1 if and only if there is an nσ ∈ N such that dσnσ
< 1.

(b) For any σ ∈ Σ, ρ(Lσ) = limn→∞(dσn)
1/n.

(c) ρ(L̂) < 1 implies ρ(Lσ) < 1 for all σ ∈ Σ.

Lemma 2.2.2 provides a method to compute ρ(Lσ) by taking the limit of (dσn)1/n. Moreover,

it implies that ρ(Lσ) < 1 and dσnσ
< 1 (for some nσ ∈ N) are equivalent. The next

example with state-dependent discounting, generalised from Chapter 10 of Stokey (1989),

is a regular RDP.

Example 2.2.1 (One-Sector Optimal Growth). An economy contains many identical and

infinitely lived households. There is a single good yt = F (kt, ℓt) produced by capital kt

and labour ℓt inputs. labour is supplied inelastically such that ℓt = 1 for all t, and capital

depreciates at a rate δ ∈ (0, 1). Denote ct as consumption and it as investment. Given
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stochastic discount, a social planner solves the problem

supEk0,z0

∞∑
t=0

(
t−1∏
i=0

β(zi, ci)

)
U(ct)

s.t. ct + it ⩽ ztyt,

0 ⩽ ℓt ⩽ 1,

kt+1 = (1− δ)kt + it (t ∈ N0),

k0 ⩾ 0 and z0 ⩾ 0 given,

where {zt}t⩾0 is a sequence of exogenous shocks generated by a transition kernel Q on

(Z,B(Z)) with Z = [1, z̄] for 1 < z̄ <∞. The state is x = (k, z), and the action is a = c.

Assume that F is continuously differentiable, strictly increasing, and strictly concave with

F (0, ℓ) = 0, Fk(k, ℓ) > 0, Fℓ(k, ℓ) > 0, (k, ℓ > 0)

lim
k→0

Fk(k, 1) =∞, lim
k→∞

Fk(k, 1) = 0.

Moreover, assume that U is continuous, β is continuous and strictly positive, and Q

satisfies the Feller property such that z 7→
∫
h(z′)Q(z, dz′) is bounded and continuous for

all h ∈ cbZ. Let k̄ > 0 be such that k̄ = z̄F (k̄, 1)+(1−δ)k̄. Then, the set of maintainable

capital stock is [0, k̄]. Let the state space be X = [0, k̄] × [1, z̄], the action space be

A = [0, z̄F (k̄, 1)], the feasible correspondence be Γ(k, z) = {c ∈ A : 0 ⩽ c ⩽ zF (k, 1)}.

Hence, (x, a) = ((k, z), c). Define the stochastic transition kernel by

P ((k, z), c, (dk′, dz′)) = Q(z, dz′)1{k′ = (1− δ)k + zF (k, 1)− c}dk′

for all ((k, z), c, (k′, z′)) ∈ G× X, where 1{·} denotes an indicator function. Let the value

aggregator B be

B((k, z), c, v) = U(c) +E(k,z)[β(z, c)v(K
′, Z ′)] (((k, z), c, v) ∈ G×mbX),
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where (K ′, Z ′) is the random variables generated by P ((k, z), c, ·). We can check that

R = (X,A,Γ, B) is a regular RDP.9 Moreover, we have

B((k, z), c, v)−B((k, z), c, w) = E(k,z)[β(z, c)v(K
′, Z ′)]−E(k,z)[β(z, c)w(K

′, Z ′)]

= E(k,z)β(z, c)(v(K
′, Z ′)− w(K ′, Z ′)).

for all ((k, z), c) ∈ G and v, w ∈ mbX. Let Lσ : mbX→ mbX be

Lσh(k, z) = E
σ
(k,z)β(z, σ(k, z))h(k

′, z′) ((k, z) ∈ X, h ∈ mbX),

where Eσk,z is the expectation conditioning on (k0, z0) = (k, z) under transition kernel

P ((k, z), σ(k, z), ·) defined above. Then, we have

dσn = sup
(k,z)∈X

Lnσ1(k, z) = sup
(k,z)∈X

Eσ(k,z)

n−1∏
t=0

β(Zt, σ(Kt, Zt)).

Assume β(z, c) ⩽ β̄(z) for all k and c such that there exists an n ∈ N:

sup
(k,z)∈X

Eσ(k,z)

n−1∏
t=0

β(Zt, σ(Kt, Zt)) ⩽ sup
(k,z)∈X

E(k,z)

n−1∏
t=0

β̄(Zt) < 1. (2.7)

Define L : mbX→ mbX by

Lh(k, z) = E(k,z)β̄(z)h(K
′, Z ′) ((k, z) ∈ X, h ∈ mbX).

Hence, (2.7) implies supx L
n1(x) < 1 and then ρ(L) < 1. To this end, R is eventually

discounting since Assumption 2.2.2 or 2.2.3 holds. □

2.2.4. Dynamic Programming. In this section, we define the optimal properties of

dynamic programming and introduce dynamic programming algorithms, including value

function iteration, Howard policy iteration, and optimistic policy iteration, to search for

optimal policies,

Let R = (X,A,Γ, B) be an RDP. Given σ ∈ Σ, if the policy operator Tσ has a unique

fixed point vσ ∈ mbX, then we call vσ as σ-value function. We show in Section 2.2.5 that

all policy operators have unique fixed points under eventual discounting assumptions,

9It is also a regular Markov decision process defined in Section 2.3.
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which implies the existence and uniqueness of σ-value for any σ ∈ Σ. The (optimal) value

function v∗ of R is defined by

v∗(x) := sup
σ∈Σ

vσ(x) (x ∈ X).

A policy σ∗ ∈ Σ is called optimal if vσ∗ = v∗; that is, if

vσ∗(x) ⩾ vσ(x) for all σ ∈ Σ and x ∈ X.

By the definition of T , we say that v satisfies the Bellman equations if Tv = v; that is v

satisfies (2.1). We say that Bellman’s principle of optimality holds if

σ ∈ Σ is optimal for R ⇐⇒ σ is v∗-greedy.

That is, Bellman’s principle of optimality holds whenever vσ = v∗ ⇐⇒ Tv∗ = Tσv
∗.

Bellman’s principle of optimality ensures that we can find the optimal policy if we can

compute v∗, and v∗-greedy policy exists.

The conventional dynamic programming algorithms are defined as follows (see, e.g., Bert-

sekas (2022)). Let R be regular. A sequence {vk}k⩾0 ⊂ cbX is called a value function

iteration (VFI) if vk+1 = Tvk for k ⩾ 0 with any v0 ∈ cbX. VFI iterates the right-hand

side of (2.1) and converges to v∗ under appropriate assumptions.

To ensure the existence of greedy policies and the continuity of policy values in policy

iteration algorithms, we introduce the following conditions. Note that if we know that

greedy policies exist and are continuous for any value function, the following conditions

are not required.10

Condition 2.2.2.

(a) A is a convex subset of a vector space,

(b) Γ is nonempty, continuous, compact-valued, and convex-valued,

(c) (x, a) 7→ B(x, a, v) is bounded and Borel measurable on G for all v ∈ mbX, and

(d) a 7→ B(x, a, v) is strictly quasi-concave for x ∈ X all v ∈ cbX.
10For example, state and action spaces are finite.
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Define ΣC ⊂ Σ as the subset of all continuous policies. Let Condition 2.2.2 hold. Then,

the optimal policy σ∗ is continuous. It can be shown that v∗ = supσ∈ΣC
vσ and Tv =

supσ∈σC Tσv for all v ∈ cbX. To this end, it suffices to restrict the policy iterations to

continuous policies.

A sequence {σκ}k⩾0 ⊂ ΣC is called a Howard policy iteration (HPI) if σk+1 is vσk-greedy for

k ⩾ 0 and any σ0 ∈ ΣC . In each iteration, HPI evaluates the policy σk by vσk , and if there

is improvable state under vσk , it updates policy σk to vσk-greedy policy. Therefore, the

policy values from HPI increase monotonically. Define the Howard operator H : cbX→ cbX

by

Hv = vσ where σ is v-greedy.

The iteration, {Hkv0}k⩾0 with v0 = vσ for σ ∈ ΣC , of the Howard operator H is an

abstract version of HPI.

A sequence {vk}k⩾0 ⊂ cbX is called an optimistic policy iteration (OPI) if, fixing m ∈ N,

vk+1 = Tmσkvk where σk is vk-greedy for k ⩾ 0 with v0 = vσ for any σ ∈ ΣC . Compared

to HPI, OPI approximates vσk by Tmσkvk. Therefore, OPI can be more efficient if the

calculation of vσk is time-consuming, where vσk = limn→∞ T nσkvvk , assuming that Tσk is

globally stable. Thus, if m→∞, then OPI is the same as HPI; if m = 1, OPI is the same

as VFI. Therefore, OPI can be seen as a combination of HPI and VFI.

To illustrate OPI, define optimistic policy operator W : cbX→ cbX by

Wv = Tmσ v (v ∈ cbX), (2.8)

where σ is the first policy among the list of all v-greedy policies. Then, {W kv0}k⩾0 with

v0 = vσ for σ ∈ ΣC is an abstract version of OPI.

2.2.5. Optimality. As discussed in the introduction, we extend the existing dynamic

programming theory to incorporate the cases of action-dependent discounting, including

action-dependent time preferences introduced by Uzawa (1968) and Becker and Mulligan

(1997). In this section, we show the optimality results, including the existence of optimal

policies and Bellman’s Principle of Optimality, when an RDP is eventually discounting.
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In addition, the computation algorithms, including VFI, HPI, and OPI, converge to the

optimal value function or optimal policies.

In the following theorem, let w :=
∑∞

n=0 L̂
n1 for ∥ · ∥w.

Theorem 2.2.1. Suppose that R is regular and either Assumption 2.2.1, 2.2.2 or 2.2.3

holds. Then, the following statements are true.

(a) Tσ is eventually contracting on mbX for all σ ∈ Σ,

(b) T is contractive on (cbX, ∥ · ∥w) if Assumption 2.2.2 holds,

(c) v∗ is the unique solution to the Bellman equation in cbX,

(d) VFI converges to v∗,

(e) Bellman’s principle of optimality holds,

(f) HPI converges to σ∗, and OPI converge to v∗ if Assumption 2.2.1 holds,

(g) Bellman’s principle of optimality holds, and

(h) at least one optimal (continuous) policy exists,

If Condition 2.2.2 is satisfied and Assumption 2.2.2 or 2.2.3 holds, then

(α) HPI converges to σ∗, and

(β) OPI converges to v∗,

where all the iterated greedy policies to HPI and OPI are continuous.

Theorem 2.2.1 generalises the conventional dynamic programming theory to the case of

state-action-dependent discounting. In detail, Theorem 2.2.1 shows that the optimal

policy exists, Bellman’s principle of optimality holds, VFI and OPI converge to v∗, and

HPI converges to σ∗. Bellman’s principle of optimality guarantees that we can first

compute v∗ by VFI or OPI and find σ∗ by

σ∗(x) = argmax
a

B(x, a, v∗) (x ∈ X).

Theorem 2.2.1 shows that eventual discounting is sufficient for eventual contracting or

global stability of Tσ or T . Additionally, Theorem 2.2.1 implies that T is contracting on
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(cbX, ∥ · ∥w), so we can analyze the convergence rate of VFI if we know the contraction

modulus.

Moreover, the value function v∗ is continuous. Observe that if there is a non-continuous

function satisfying the Bellman equation, then it must be equal to or greater than the

optimal value v∗, and there is no policy σΣ that its σ-value vσ admits that function.11

Since we are interested in v∗, which is continuous when the RDP is regular, we can restrict

the iteration of VFI on the continuous functions.

In addition, if Condition 2.2.2 holds and v ∈ cbX, then any policy σ ∈ Σ is dominated

by some continuous policy σc ∈ ΣC such that Tσv ⩽ Tσcv. To this end, it also suffices

to focus on the continuous policies for HPI and OPI. Note that Condition 2.2.2 is not

necessary if we can ensure that the continuous greedy policy exists for any v ∈ cbX. In

particular, if action and state spaces are finite, then the greedy policy exists, so we do

not need Condition 2.2.2.

2.2.6. A Generalised Blackwell’s Condition. A generalised Blackwell’s condition for

the global stability of the Bellman operator T or policy operator Tσ is provided as follows.

Proposition 2.2.1. Let T be an order-preserving self-map on U ⊂ mbX. If there exists

a positive linear operator G on mbX such that ρ(G) < 1 and

T (v + c) ⩽ T v +Gc for all c, v ∈ U with c ⩾ 0,

then T is eventually contracting on U .

By Proposition 2.2.1, if we can check that, for any σ ∈ Σ, there exists a positive linear

operator Lσ on mbX such that ρ(Lσ) < 1 and

Tσ(v + c)(x) = B(x, σ(x), v + c) ⩽ B(x, σ(x), v) + Lσc(x) = Tσv(x) + Lσc(x)

for all x ∈ X and c, v ∈ mbX with c ⩾ 0, then Tσ is globally stable on U and has a unique

fixed point vσ ∈ U .

11That is, if Tw = w for some non-continuous w ∈ mbX, then w ⩾ v∗ and w > vσ for any σ ∈ Σ.
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2.3. Markov Decision Process with Eventual Discounting

In this section, we focus on a Markov decision process with state-action-dependent dis-

counting and bounded rewards.

2.3.1. Markov Decision Process. A (generalised) Markov decision process is an RDP

such that the value aggregator is separated into reward and expected future contination

value. In detail, a (generalised) Markov decision process M is an RDP (X,A,Γ, B) such

that

B(x, a, v) :=

∫
X

[r(x, a, x′) + β(x, a, x′)v(x′)]P (x, a, dx′)

= Ex,a[r(x, a,X
′) + β(x, a,X ′)v(X ′)]

(2.9)

for all (x, a) ∈ G and v ∈ mbX, where

• r : G× X→ R is a Borel measurable function, referred to as the reward,

• β : G×X→ R+ be a Borel measurable and everywhere positive function, referred

to as the discount factors, and

• P : G×X→ R+ is a stochastic kernel on X contingent on current state and action;

that is, B 7→ P (x, a,B) is a Borel probability measure on X for all (x, a) ∈ G,

and (x, a) 7→ P (x, a,B) is a Borel measurable function on G for all B ∈ B(X).

To simplify notation, denote βσ, Pσ and rσ as βσ(x, x
′) := β(x, σ(x), x′), Pσ(x, ·) :=

P (x, σ(x), ·), and rσ(x) := Eσxr(x, σ(x), X
′), respectively, for all x, x′ and any σ ∈ Σ,

where Eσx denotes the expectation under Pσ transition kernel conditioning on x. Also,

denote r(x, a) := Ex,ar(x, a,X
′) for any (x, a) ∈ G. Given an MDP M and σ ∈ Σ, the

policy operator Tσ following (2.9) becomes

Tσv(x) := rσ(x) +

∫
X

βσ(x, x
′)v(x′)Pσ(x, dx

′) (x ∈ X, v ∈ mbX).

If Tσ has a unique fixed point vσ ∈ mbX, then iteration implies vσ = Tσvσ = T nσ vσ. Letting

n→∞, if it converges, we have

vσ(x) := E
σ
x

[
∞∑
t=0

(
t−1∏
i=0

βσ(Xi, Xi+1)

)
rσ(Xt)

]
(x ∈ X). (2.10)
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where
∏−1

i=0 β
σ
i = 1 by convention and {Xt}t∈N0 is a stochastic process such that X0 = x

andXt+1 is generated by Pσ(Xt, ·) for all t ∈ N0. Moreover, the Bellman operator becomes

Tv(x) = sup
a∈Γ(x)

{r(x, a) +Ex,aβ(x, a,X ′)v(X ′)} (x ∈ X, v ∈ cbX).

We introduce the following regular conditions to an MDP.

Condition 2.3.1.

(i) Γ is nonempty, compact-valued, and continuous.

(ii) (x, a) 7→ r(x, a) is continuous and bounded on G.

(iii) β is bounded and strictly positive,

(iv) (x, a) 7→
∫
X
f(y)β(x, a, y)P (x, a, dy) is bounded and continuous on G for every

f ∈ cbX.

We say that an MDP M is regular if condition 2.3.1 is satisfied. Condition 2.3.1 ensures

that M is a regular RDP and then the greedy policies exist by Lemma 2.2.1.

Lemma 2.3.1. If an MDP M is regular, then it is a regular RDP, and the following

statements are true.

(a) Tσ is a self-map on mbX for all σ ∈ Σ.

(b) T and Tσ are self-maps on cbX for all σ ∈ ΣC.

(c) For all v ∈ cbX, there exists a v-greedy policy.

Analogous to Condition 2.2.1, to ensure the continuity of optimal policies or greedy poli-

cies, we introduce the conditions with concavity.

Condition 2.3.2.

(i) A is a convex subset of a vector space,

(ii) Γ is nonempty, continuous, compact-valued, and convex-valued.

(iii) (x, a) 7→ r(x, a) is continuous and bounded on G, and a 7→ r(x, a) is strictly

concave for all x ∈ X.

(iv) β is bounded and strictly positive,



24 Chapter 2. Dynamic Programming with State-Action-Dependent Discounting

(v) (x, a) 7→
∫
X
f(y)β(x, a, y)P (x, a, dy) is bounded and continuous on G for every

f ∈ cbX,

(vi) a 7→
∫
X
f(y)β(x, a, y)P (x, a, dy) is concave for all x ∈ X and f ∈ cbX.

Condition 2.3.2 guarantees that continuous v-greedy policies exist for all v ∈ cbX, and

HPI and OPI are well-behaved.

2.3.2. Eventual Discounting. Let M be an MDP. To this end, (2.3) becomes

B(x, a, v)−B(x, a, w) ⩽
∫
X

(v(x′)− w(x′))β(x, a, x′)P (x, a, dx′)

for all (x, a) ∈ G and v, w ∈ mbX. The corresponding Lσ : mbX→ mbX is defined by

Lσh(x) :=

∫
X

h(x′)β(x, σ(x), x′)P (x, σ(x), dx′) = Eσxβσ(x,X
′)h(X ′) (2.11)

for all x ∈ X and h ∈ mbX, which returns the expected discounted present value of h.

We say that Tσ is eventually discounting if ρ(Lσ) < 1, or equivalently, there is an nσ ∈ N

such that

dσnσ
:= sup

x
Eσx

nσ−1∏
t=0

βσ(Xt, Xt+1) < 1.

By definitions, we have dσ1 = supx Lσ1(x) and dσnσ
= supx L

nσ
σ 1(x) by iteration. Define

dn : X→ R+ by

dn(x) := sup
σ1∈Σ

{
Eσ1x βσ1(X0, X1) sup

σ2∈Σ

{
Eσ2X1

βσ2(X1, X2) sup
σ3∈Σ

{
· · ·

· · · sup
σn∈Σ

{
EσnXn−1

βσn(Xn−1, Xn)
}
· · ·

}}}
.

(2.12)

for all x ∈ X. That is, d1(x) = supσ1 E
σ1
x βσ1(X0, X1), and dn(x) =

supσn E
σn
x βσn(x,X

′)dn−1(X
′) for n ⩾ 2 and x ∈ X. We will show that supx dn(x) < 1, for

some n ∈ N, implies the global stability of T . Define L̂ : mbX→ mbX by

L̂h(x) := sup
σ∈Σ

Lσh(x) (x ∈ X, h ∈ mbX.)

The operator L̂h returns the highest expected discounted present value of h among all

feasible policies that determine subjective discount factors. Thus, iteration yields dn(x) =
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L̂n1(x) for all x ∈ X. Similar to the assumptions in 2.2, we consider the following

assumptions for eventual discounting.

Assumption 2.3.1. Σ is finite, and Tσ is eventually discounting for any σ ∈ Σ.

Assumption 2.3.2. Either ρ(L̂) < 1 or supx dn(x) < 1 for some n ∈ N.

Assumption 2.3.3. There is an ℓ : X × B(X) → R+, satisfying that x 7→ ℓ(x,B) is a

Borel measurable function for all B ∈ B(X), and B 7→ ℓ(x,B) is a Borel measure on X

for all x ∈ X, such that

Lσh ⩽ Lh

for any h ∈ mbX+, and ρ(L) < 1, where L is defined by

Lh(x) =

∫
X

h(x′)ℓ(x, dx′)

for all x ∈ X.

We say that M is eventually discounting if either Assumption 2.3.1, 2.3.2, or 2.3.3 is

satisfied. Eventual discounting implies that the expected discounted present value of the

future reward is bounded above and converges to zero as the time approaches infinity,

in the sense that Lnσrσ → 0 as n → ∞ for all σ ∈ Σ. Assumption 2.3.3 is a sufficient

condition to Assumption 2.3.1 and 2.3.2. Also, ρ(L̂) < 1 or supx dn(x) < 1 for some n ∈ N

implies ρ(Lσ) < 1 and that Tσ is eventually discounting for all σ ∈ Σ.

Lemma 2.3.2. If M is regular and Assumption 2.3.3 holds, then Assumption 2.3.1 and

2.3.2 hold.

Example 2.3.1 (Firm valuation with stochastic interest rates). 12 Assume that the state

space X is finite and follows a stochastic kernel P : X×X→ R+. Suppose that the discount

factors are

βt :=
1

1 + rt
(t ∈ N)

12We do not consider action in this example, so it is not an MDP. However, this example provides some
intuition for the assumption of eventual discounting through linear algebra.
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where rt = r(Xt) denotes the (real) interest rates following a stochastic process. If

πt = π(Xt) is the profit at time t, then the expected present value of the firm is

v(x) = Ex

∞∑
t=0

(
t∏
i=0

βi

)
πt,

given current state X0 = x. Let A(x, x′) = P (x, x′)/(1 + r(x)) for all (x, x′) ∈ X × X. If

ρ(A) < 1, then Assumption 2.3.3 is satisfied and v = π + Av (Sargent and Stachurski,

2023). □

Example 2.3.2 (Uzawa Time Preferences). Mendoza (1991), Schmitt-Grohé and Uribe

(2003), Vasilev (2022a,b), and Izadi and Lamsoo (2022) study a small open economy

where a representative household has Uzawa preference, characterised by the richer being

more impatient than the poor. Uzawa preference has the merits of stabilising a small open

economy and generating a non-degenerate distribution of wealth (Guest and McDonald,

2001). The household chooses consumption ct and working hours ht to maximise the

utility

E0

∞∑
t=0

θtU(ct, ht)

U(c, h) =
(c− ν−1hν)1−γ

1− γ

θt+1 = b(ct, ht)θt, t ⩾ 0 with θ0 = 1

b(c, h) = (1 + c− ν−1hν)−ψ,

where ν > 1 is the labour supply elasticity, ψ > 0 is the elasticity of discount factor

with respect to component 1 + c − ν−1hν , and γ > 1 measures the degree of relative

risk aversion. The composite commodity ct − ν−1hν is assumed to be positive, thereby

bounding utility from above.13 We can see that b(c, h) < 1 when c > ν−1hν . Hence, the

feasible correspondence is the subset of {(c, h) : c > ν−1hν} such that the discount factors

are strictly less than one. To solve the problem by discretization in programming, we can

assume there is ε > 0 such that c − ν−1hν ⩾ ε > 0, ensuring b(c, h) ⩽ (1 + ε)−ψ < 1 for

13Otherwise, since γ > 1, if c ⩽ ν−1hν , then U(c, h)→∞ as c ↑ ν−1hν . Then, households can arbitrarily
increase utility. Since the domain, c ̸= ν−1hν , is open, there is no maximiser in this case.
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any (c, h), so we have supx d1(x) < 1, defined by (2.12), whence Assumption 2.3.2 or 2.3.3

holds.14 □

Example 2.3.3. Durdu et al. (2009) consider a small open economy where a representative

household chooses the optimal consumption ct and maximises the preference,

E0

∞∑
t=0

exp

{
−

t−1∑
τ=0

ψ ln(1 + cτ )

}
c1−γt

1− γ
,

where ψ > 0 is the elasticity of the rate of time preference with respect to 1 + c. Since

βt = exp{−ψ ln(1 + ct)} < 1 for ct > 0, if we discretise the consumption space and

consider inner solutions, then we have c ⩾ ε and β(c) ⩽ 1/(1 + ε)ψ for some ε > 0. □

Example 2.3.4 (Uzawa Time Preferences with Stochastic Discounting). This example

illustrates both the Uzawa time preference discussed by Durdu et al. (2009) and the

concept of state-dependent discounting introduced by Hubmer et al. (2021):15

βt = β(ct, Zt) = Zt exp{−ψ ln(1 + ct)},

where ct is consumption and Zt is an AR(1) process follows

Zt+1 = ρZZt + (1− ρZ)µZ + σεεt+1 {εt}
IID∼ N(0, 1) (2.13)

with ρZ = 0.992, µZ = 0.944, σε = 0.0006. Let Q be the transition kernel of Zt. They

discretise the process onto a grid of N = 15 states by Tauchen’s method which allows us

to write the operator L, defined in Assumption 2.3.3, as a matrix

Lij = β(xi)Q(xi, xj), 1 ⩽ i, j ⩽ N.

The spectral radius of matrix L is 0.9469, computed by Stachurski and Zhang (2021).

Then, since βt ⩽ Zt, there exists n ∈ N such that

E0β0β1 · · · βn−1 ⩽ E0Z0Z1 · · ·Zn−1 < 1

14On the other hand, the steady state satisfies β(c, h)(1 + r) = 1 so that β(c, h) < 1, where r > 0 is the
real interest rate. For example, Vasilev (2022a) calibrate the parameters such that b(c, h) = 0.982. If we
solve the model around the steady state, the discount factor is bounded away from one.
15The literature of state-dependent discounting with AR(1) process includes Hills and Nakata (2018),
Hills et al. (2019) and Nakata (2016).
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for any consumption path. □

Example 2.3.5 (Becker-Mulligan Time Preferences). Becker and Mulligan (1997) propose

the endogenous time preference that increases in future-oriented capital. Stern (2006)

considers Becker-Mulligan time preferences in an optimal growth model:

sup
{ct,st,kt}t⩾0

∞∑
t=1

t−1∏
i=1

β(si)U(ct)

s.t. ct + πst + kt ⩽ f(kt−1),

ct ⩾ 0, st ⩾ 0, kt ⩾ 0, for all t ∈ N0

where k0 is given, β : [0,∞) → (0,∞) is continuous, concave and strictly increasing, π

is the price of st, and kt denotes capital.16 Stern (2006) assumes that f is continuous

and strictly increasing, and there exists a km ⩾ 0 such that β(km/π) < 1 and f(k) <

k whenever k > km. Hence, we have β(s) ⩽ β(km/π) < 1 for all s ∈ [0, km/π], so

Assumption 2.2.1 is satisfied.

Erol et al. (2011) also consider a similar model:

sup
{ct,kt+1}t⩾1

∞∑
t=0

t∏
i=1

β(ki)U(ct)

s.t. ct + kt+1 ⩽ f(kt),

ct ⩾ 0, kt ⩾ 0, for all t ∈ N0

where k0 is given. Erol et al. (2011) assumes that β : [0,∞) → (0,∞) is continuous,

differentiable, strictly increasing and supk>0 β(k) < 1, so Assumption 2.3.2 is satisfied.17

□

Example 2.3.6 (Becker-Mulligan Preference with Stochastic Discounting). This example

modifies the Becker-Mulligan Preference of Erol et al. (2011) to incorporate stochastic

16The time preference β(st) is interpreted as the degree to which generation t cares for generation t+ 1,
while variable st represents actions or resources that the parent could take to strengthen the relationship
with her child.
17Erol et al. (2011) also assumes that k has a compact support.
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uncertainty. Consider a model from Example 2.3.5:

sup
{ct,kt+1}t⩾1

E0

∞∑
t=0

(
t∏
i=1

Ziβ(ki)

)
U(ct)

s.t. ct + kt+1 ⩽ f(kt),

ct ⩾ 0, kt ⩾ 0, for all t ∈ N0

where k0 is given, and {Zt}t⩾0 is an AR(1) process satisfying that there exists n ∈ N such

that E0Z1 · · ·Zn < 1. Similar to Erol et al. (2011), assumes that β : [0,∞) → (0,∞) is

continuous, differentiable, strictly increasing and supk>0 β(k) ⩽ 1. To this end, we have

E0Z1β(k1)Z2β(k2) · · ·Znβ(kn) ⩽ E0Z1Z2 · · ·Zn < 1.

for any {kt}t⩾0, which implies Assumption 2.3.2 and 2.3.3. □

2.3.3. Optimality. In this section, we demonstrate the optimality of an MDP under

eventual discounting. Our results indicate that the standard methods for computing op-

timal values and policies apply to state-action-dependent dynamic programming frame-

works, such as Uzawa or Becker-Mulligan time preferences, even when stochastic discount-

ing is considered, as Example 2.3.4 and Example 2.3.6.

Theorem 2.3.1. Let M be regular. If either Assumption 2.3.1, 2.3.2 or 2.3.3 holds, then

the following statements are true.

(a) Tσ is eventually contracting on mbX with fixed point vσ for all σ ∈ Σ,

(b) T is contracting on (cbX, ∥ · ∥w) if Assumption 2.3.2 holds,

(c) v∗ is the unique solution to the Bellman equation in cbX,

(d) VFI converges to v∗,

(e) HPI converges to σ∗, and OPI converge to v∗ if Assumption 2.3.1 holds,

(f) Bellman’s principle of optimality holds, and

(g) at least one optimal (continuous) policy exists,

If Condition 2.3.2 is satisfied and Assumption 2.3.2 or 2.3.3 holds, then

(α) HPI converges to σ∗, and
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(β) OPI converges to v∗,

where all the iterated greedy policies to HPI and OPI are continuous.

Theorem 2.3.1 generalises the traditional constant-discounting dynamic programming the-

ory to the case of state-action-dependent discounting. In particular, it establishes that

if the MDP is regular and eventually discounting, then several key properties hold: the

existence of an optimal policy, the validity of Bellman’s principle of optimality, and con-

vergence of VFI to v∗.

Moreover, Theorem 2.3.1 affirms that the optimality of Example 2.3.4 of Uzawa pref-

erences or Example 2.3.6 of Becker-Mulligan time preferences holds true. In addition,

it asserts that the optimal policy can be derived by the v∗-greedy policy, where v∗ is

computed by VFI.

In the following lemma, we illustrate that the assumption of eventual discounting may be

necessary for ensuring the existence of a solution to the Bellman equation under appro-

priate conditions.

Lemma 2.3.3. Let M be regular, and X be compact. Suppose that there exists f ∈ cbX+

such that rσ(x) ⩾ f(x) > 0 for all x ∈ X and σ ∈ Σ. If T has a fixed point v ∈ cbX+,

then ρ(L̂) < 1 and supx dn(x) < 1.

Therefore, considering a compact state space, if the MDP admits strictly positive rewards

r(x, a, x′) ⩾ f(x) > 0 for (x, a, x′) ∈ G × X and f ∈ cbX+, then the eventual discounting

condition, supx dn(x) < 1 for some n ∈ N, is necessary for the existence of a solution to the

Bellman equation (i.e., T admits a fixed point in cbX+.) This implies that the spectral

radius condition, ρ(L̂) < 1, is necessary for a well-behaved dynamic programming. If

ρ(L̂) ⩾ 1, Lemma 2.3.3 suggests that VFI may not converge, and there would be no

solution to the Bellman equation or maximised lifetime value.

Furthermore, Theorem 2.3.1 implies that T and Tσ are contractive in some weighted

supremum norm, enabling analysis of convergence rate. The following lemma provides

the contraction modulus for T and Tσ for continuous policy σ ∈ ΣC . In the following
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lemma, assuming eventual discounting, let

wσ(x) := E
σ
x

∞∑
t=0

t−1∏
i=0

βσ(Xi, Xi+1) (x ∈ X) and λσ := sup
x∈X

wσ(x)− 1

wσ(x)
< 1

for all σ ∈ ΣC . Let

w :=
∞∑
n=1

L̂n1 and λ := sup
x∈X

w(x)− 1

w(x)
< 1.

Corollary 2.3.1. If M is regular, X is compact, and either Assumption 2.3.2 or 2.3.3

holds, then Tσ is contractive on (cbX, ∥ · ∥wσ) with modulus λσ for all σ ∈ ΣC, and T is

contractive on (cbX, ∥ · ∥w) with modulus λ. Moreover, Lσwσ ⩽ λσwσ for all σ ∈ ΣC and

L̂w ⩽ λw.

2.4. Necessity of Eventual Discounting

In this section, we examine the necessity of eventual discounting for both the existence and

uniqueness of the policy values. Specifically, we demonstrate the necessity of the spectral

radius conditions to the existence and uniqueness of fixed points of policy operators in

the context of a compact state space. Since the convergence of HPI and OPI relies on

the global stability of policy operators, eventual discounting for policy operators plays

an essential role in MDPs. Furthermore, we establish that the convergence rate of Tσ

corresponds to the spectral radius of the expected discounting operator Lσ, where the

corresponding eigenfunction serves as the weight for the weighted supremum norm.

2.4.1. An MDP with a Compact State Space. In this section, we analyze an MDP

with a compact state space and positive rewards. Let M = (X,A,Γ, B) be an MDP, where

value aggregator B follows (2.9). Let mbX+ (resp., cbX+) denote the set of everywhere

positive functions in mbX (resp., cbX.) Throughout this section, we consider the following

regular conditions.

Condition 2.4.1.

(i) X is compact, and A is a convex subset of a vector space.

(ii) β and P are continuous.
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(iii) (x, a) 7→ r(x, a) is strictly positive and continuous on G, and a 7→ r(x, a) is

strictly concave for all x ∈ X.

(iv) Γ is nonempty, continuous, compact-valued and convex-valued.

(v) (x, a) 7→
∫
X
f(y)β(x, a, y)P (x, a, dy) is continuous for all f ∈ cbX.

(vi) a 7→
∫
X
f(y)β(x, a, y)P (x, a, dy) is concave for all x ∈ X and f ∈ cbX.

Condition 2.4.1 is strict since it may be challenging to show Condition 2.4.1 (iii) and (vi).

In some simple cases, Condition 2.4.1 (vi) holds if β and P are only state-dependent.

Another possible condition is that β does not depend on future states, P is not action-

dependent, and a 7→ β(x, a)
∫
f(y)P (x, dy) is concave for all x ∈ X and f ∈ cbX.

Condition 2.4.1 is similar to Condition 2.3.2. The main differences are that X is compact

and r is strictly positive, which can be achieved by scaling up a bounded reward. Con-

sequently, a continuous v-greedy policy exists for any v ∈ cbX. Moreover, T and Tσ are

self-maps on cbX+ for σ ∈ ΣC .

Lemma 2.4.1. If Condition 2.4.1 holds, then the following statements are true.

(a) Tσ is a self-map on mbX+ for all σ ∈ Σ.

(b) T and Tσ are self-maps on cbX+ for all σ ∈ ΣC.

(c) For all v ∈ cbX+, there exists a continuous v-greedy policy.

An MDP M is ergodic if for each policy σ ∈ Σ the induced Pσ-Markov chain is er-

godic/irreducible. The next assumption guarantees that M is ergodic. Given σ ∈ Σ, let

P n
σ be defined by P 1

σ = Pσ and P n
σ =

∫
Pσ(x, dy)P

n−1
σ (dy, z) for all (x, z) ∈ X × X and

i ∈ N.

Assumption 2.4.1. For all σ ∈ Σ, there exists an n ∈ N such that the transition density

P n
σ is positive everywhere.

Assumption 2.4.1 implies that the induced Markov chain is irreducible since P n
σ is positive

everywhere, and then all states will be visited eventually.
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Fix σ ∈ ΣC . Denote kσ(x, dx′) := βσ(x, x
′)Pσ(x, dx

′)/β̄σ(x) for all (x, x′) ∈ X× X, where

β̄σ(x) :=

∫
βσ(x, x

′)Pσ(x, dx
′).

Note that since β is strictly positive, β̄ is strictly positive. We can write Lσ as

Lσv(x) = β̄σ(x)

∫
v(x′)kσ(x, dx

′) (x ∈ X, v ∈ cbX+).

Denote eσ as the eigenvector of Lσ corresponding to its spectral radius satisfying

Lσeσ = ρ(Lσ)eσ. We show in the appendix that L2
σ is a compact operator such that

eσ ∈ cbX exists and is everywhere positive. The following proposition demonstrates that

the spectral radius and the corresponding eigenfunction dominate the contraction of the

policy operator, in the sense that ρ(Lσ) < 1 if and only if Tσ is contracting on (cbX+, ∥·∥eσ)

with modulus ρ(Lσ). We consider the following eventual discounting assumption.

Assumption 2.4.2.

(a) Tσ is eventually discounting for all σ ∈ Σ.

(b) ρ(L̄) < 1, where L̄ : cbX+ → cbX+ is defined by

L̄v := sup
σ∈ΣC

Lσv

for v ∈ cbX+.

Given the regular Conditions 2.4.1, we can restrict the feasible policy set to the continuous

policies when searching for greedy policies. In this context, we focus on the sublinear op-

erator L̄. Then, the maximised expected multiplicative of discount factors, L̄n1, becomes

dC,n(x) := sup
σ1∈ΣC

{
Eσ1x βσ1(X0, X1) sup

σ2∈ΣC

{
Eσ2X1

βσ2(X1, X2) sup
σ3∈ΣC

{
· · ·

· · · sup
σn∈ΣC

{
EσnXn−1

βσn(Xn−1, Xn)
}
· · ·

}}}
.

The eventual discounting ρ(L̄) < 1 is equivalent to supx dC,n(x) < 1. The following

proposition shows that the eventual discounting of Tσ is necessary for the existence and

uniqueness of vσ.
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Proposition 2.4.1. If Assumption 2.4.1 and Condition 2.4.1 hold, then for all σ ∈ ΣC

the following statements are equivalent.

(a) ρ(Lσ) < 1.

(b) There exists an nσ ∈ N such that dσnσ
< 1.

(c) Tσ is globally stable on cbX+.

(d) Tσ is contracting on (cbX+, ∥ · ∥eσ) with modulus ρ(Lσ).

(e) Tσ has a fixed point in cbX+.

(f) Tσ has a unique fixed point in cbX+.

Moreover, if ρ(Lσ) ⩾ 1, then Tσ has no fixed point in cbX+.

Proposition 2.4.1 shows that ρ(Lσ) < 1 is necessary for the existence and uniqueness of

vσ, the fixed point of Tσ. If, in addition, we have supx dC,n(x) < 1 for some n ∈ N,

then the MDP is eventually discounting, ensuring that the optimal properties described

in Theorem 2.3.1 hold true. We summarise these results in the following theorem, which

can be considered as a corollary of Theorem 2.2.1. To apply Theorem 2.2.1, we use the

eigenvectors as the weighting vector for the weighted supremum norm.

In the following theorem, let w :=
∑∞

n=0 L̄
n1 and λ := supx(w(x)− 1)/w(x).

Theorem 2.4.1. Let Condition 2.4.1 hold. If M admits rσ ⩾ f ∈ cbX+ for all σ ∈ Σ,

and T has a fixed point in cbX+, then ρ(L̄) < 1. If Assumption 2.4.1 and 2.4.2 hold, then

the following statements are true.

(a) Tσ is eventually contracting on mbX+ for all σ ∈ Σ, and Tσ is contracting with

modulus ρ(Lσ) on (cbX+, ∥ · ∥eσ) for all σ ∈ ΣC,

(b) T is contracting on (cbX+, ∥ · ∥w) with modulus λ,

(c) v∗ is the unique solution to the Bellman equation in cbX+,

(d) HPI converges to σ∗,

(e) VFI converges to v∗,

(f) OPI converges to v∗,

(g) Bellman’s principle of optimality holds, and
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(h) at least one optimal continuous policy exists.

where all the iterated greedy policies to HPI and OPI are continuous.

2.5. Applications

In this section, we apply the main results to optimal growth and optimal default problems.

2.5.1. Optimal Growth. In this section, we consider optimal growth problems with

eventual discounting.

Example 2.5.1 (One-sector Optimal Growth, Continued). Let M be the MDP defined

in Example 2.2.1. The Bellman equation is

v(k, z) = sup
c∈[0,zF (k,1)]

{
U(c)+

β(z, c)

∫
X

v(k′, z′)Q(z, dz′)1{k′ = (1− δ)k + zF (k, 1)− c}dk′
}
.

Let

dn(x) := sup
σ1∈Σ

{
Eσ1k,zβ(Z0, σ1(K0, Z0)) sup

σ2∈Σ

{
Eσ2K1,Z1

β(Z1, σ2(K1, Z1)) sup
σ3∈Σ

{
· · ·

· · · sup
σn∈Σ

{
EσnKn−1,Zn−1

β(Zn−1, σn(Kn−1, Zn−1))
}
· · ·

}}}
.

for all x ∈ X. Assume that there exists an n ∈ N such that supx dn(x) < 1. Then, As-

sumption 2.2.2 holds, and Ts is eventually discounting for all σ ∈ Σ. Theorem 2.3.1 shows

that the optimality of dynamic programming holds and the related dynamic programming

algorithms converge to the unique optimal value. □

Example 2.5.2 (Uzawa Time Preference with Stochastic Discounting, Continued). This

example continues Example 2.3.4 by modifying the optimal saving problem in Hubmer

et al. (2021) to the case of Uzawa endogenous time preference. Following Hubmer et al.
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(2021), suppose that the policy operator is

Tσv(x, z) = u(R(x, z)x+ y(x, z)− σ(x))

+ β(R(x, z)x+ y(x, z)− σ(x), z)
∫
v(σ(x), z′)Q(z, dz′)

where x ∈ X := R+ is the present asset, z is the exogenous shocks generated by Q as

defined by Example 2.3.4, R(x, z) is the gross return rates on asset holdings, y(x, z) is the

labour net income, R(x, z)x+y(x, z)−σ(x) = c is the consumption, and σ(x) is the asset

or saving leaving to the next period. Assume that β and {Zt} are defined as Example

2.3.4. Let the utility function be

u(c) :=
c1−γ

1− γ
(γ > 1).

The feasible correspondence is

Γ(x, z) := {x′ ∈ R : x̄ ⩽ x′ ⩽ R(x, z)x+ y(x, z)}

To solve the problem numerically, we discretise both X and Z into finite grid points. To

this end, the reward function is bounded, and the continuity assumptions in Condition

2.3.1 are satisfied. As discussed in Example 2.3.4, the MDP is eventually discounting.

Therefore, all of the conclusions in Theorem 2.3.1 hold. □

2.5.2. Optimal Default. This example considers an optimal saving problem with de-

fault following Arellano (2008), Hatchondo et al. (2009), Yue (2010), Hatchondo et al.

(2016) and Ma et al. (2022). We assume state-action-dependent discounting. A country

with current assets wt chooses between continuing to participate in international financial

markets and defaulting. Let yt = y(Zt, ξt) be output, where {Zt} is a Markov process and

{ξt} is an IID shock. Assume that default results in permanent exclusion from financial

markets which yields the lifetime value

vd(y, z) = Ez

∞∑
t=0

t−1∏
i=0

βd(Zi)u(yt),
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where βd(z) represents the stochastic discount dependent on state z given defaulting. The

value of continued participation in the financial market is

vc(w, y, z) = sup
−b⩽w′⩽R(w+y)

u(w + y − w′/R) + β(z, w′)Ezv(w
′, Y ′, Z ′)

where b > 0 is a constant borrowing constraint, β(z, w′) is the discount factor depends on

state z and wealth w′, in the spirit of Becker-Mulligan time preferences in Example 2.3.5,

and v is the value function satisfying

v(w, y, z) = max{vd(y, z), vc(w, y, z)}.

The Bellman equation is

v(w, y, z) = sup
δ∈{0,1}

−b⩽w′⩽R(w+y)

{
δ

[
Ez

∞∑
t=0

t−1∏
i=0

βd(Zi)u(yt)

]

+ (1− δ)
[
u(w + y − w′/R) + β(z, w′)Ezv(w

′, Y ′, Z ′)
]}

.

Let X = W ×Y ×Z where W , Y and Z are domains of wt, yt and zt, respectively. Assume

that u is continuous, and either u is bounded, or zt and ξt have compact supports. Suppose

that βd and β are continuous, bounded, strictly positive. Assume there is n ∈ N such

that

sup
(w,y,z)∈X

Ez

n−1∏
t=0

βd(Zt) < 1,

which implies the convergence of Ez
∑∞

t=0

∏t−1
i=0 β

d(Zi)u(yt). Moreover, let σ(w, y, z) =

(σδ(w, y, z), σw′(w, y, z)) be the policy of action (δ, w′) given state (w, y, z) ∈ X. Let Lσ

be

Lσh(w, y, z) := Ew,y,zβ(z, σw′(w, y, z))h(σw′(w, y, z), Y ′, Z ′)

⩾ (1− δ)Ezβ(z, σw′(w, y, z))h(σw′(w, y, z), Y ′, Z ′)

for all (w, y, z) ∈ X, δ ∈ {0, 1}, and h ∈ mbX. Suppose that ρ(L̂) < 1, where L̂h =

supσ∈Σ Lσh for h ∈ mbX. Therefore, vd is bounded and continuous, and the MDP is

eventually discounting, so all conclusions in Theorem 2.3.1 hold.
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2.5.3. Asset Pricing. In this section, we apply the eventual discounting concept to an

asset pricing problem. Since there is no action space in this problem, it is not a dynamic

programming model. However, it provides insight into how eventual discounting influences

the convergence of the price function.

There is an ex-dividend contract that trades at prices Πt and pays dividend Dt. To this

end, purchasing this contract at t and selling at t + 1 pays Πt+1 + Dt+1. Let the Lucas

stochastic discount factor be

Mt+1 = β̄

(
Ct+1

Ct

)−γ

,

where β̄ > 0 is a constant discount factor measuring the impatience of the agent. Given

the absence of arbitrage, the price at time t must satisfy

Πt = EtMt+1(Πt+1 +Dt+1). (2.14)

Let {Xt}t⩾0 be aQ-Markov process on a compact state space X. Suppose that the dividend

growth obeys

ln
Dt+1

Dt

= µd +Xt + σdηd,t+1

where {ηd,t}t⩾0 is IID and standard normal. Moreover, consumption growth obeys

ln
Ct+1

Ct
= µc +Xt + σcηc,t+1

where {ηc,t}t⩾0 is IID and standard normal. Let Vt := Πt/Dt be the price-dividend ratio.

Then, we obtain

Vt =
Πt

Dt

= Et

[
Mt+1

Dt+1

Dt

(
Πt+1

Dt+1

+ 1

)]
= Et

[
β̄ exp(−γµc + µd + (1− γ)Xt − γσcηc,t+1 + σdηd,t+1) (Vt+1 + 1)

]
.

(2.15)

Conditioning on Xt = x, (2.15) yields the value function

v(x) =

∫
X

β̄ exp

(
−γµc + µd + (1− γ)x+ γ2σ2

c + σ2
d

2

)
(1 + v(x′))Q(x, dx′)

for all x ∈ X and v ∈ cbX. Define A : cbX→ cbX by

Af(x, x′) :=

∫
X

β̄ exp

(
−γµc + µd + (1− γ)x+ γ2σ2

c + σ2
d

2

)
f(x′)Q(x, dx′)
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for all x ∈ X and f ∈ cbX. We define the corresponding discount function

β(x) := β̄ exp

(
−γµc + µd + (1− γ)x+ γ2σ2

c + σ2
d

2

)
for all x ∈ X. Now, if x 7→ β(x)

∫
X
f(x′)Q(x, dx′) is continuous for any f ∈ cbX, then a

version of Theorem 2.3.1 without policy (or Lemma 2.8.14) shows that A has a unique

fixed point if ρ(A) < 1.18 Furthermore, if Q admits a continuous density and there is

n ∈ N such that Qn is everywhere positive, then a version of Proposition 2.4.1 without

policy shows that A has a unique fixed point if and only if ρ(A) < 1.

2.5.3.1. Incomplete Market with Subjective Discounting. This section considers

the asset pricing with heterogeneous expectations in Harrison and Kreps (1978). Investors

are risk-neutral. Suppose that there are finitely many investor classes, denoted by set A.

Agents in each class a ∈ A have a subjective probability distribution Pa : X × X → R+.

Fix the random states {Xt} ⊂ X. We further assume that agents in class a ∈ A have

subjective time preferences such that βt = βa(Xt, Xt+1) for a ∈ A. Let Πt = π(Xt) and

Dt = d(Xt) for all t. Harrison and Kreps (1978) shows that the price scheme is consistent

if and only if19

Πt = max
a∈A

Ea[βt(Πt+1 +Dt+1)].

The Bellman equation is

Πt = max
a∈A

Ea[βt(Πt+1 +Dt+1)].

π(x) = max
a∈A

Ea[βa(x,X
′)(π(X ′) + d(X ′))]

= max
a∈A

∫
X

βa(x, x
′)[π(x′) + d(x′)]Pa(x, dx

′)

for x ∈ X. Define r(x, a) :=
∫
X
βa(x, x

′)π(x′)Pa(x, dx
′) and

Taπ(x) := r(x, a) +

∫
X

βa(x, x
′)π(x′)Pa(x, dx

′)

18Alternatively, consider that there is a single feasible policy for applying Theorem 2.3.1.
19A price is called consistent when it prevents any investor from achieving an excessive expected return
through adroit and legitimate speculation.
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for all a ∈ A and x ∈ X. If r is bounded and continuous, and the MDP is eventually

discounting that either Assumption 2.3.1, 2.3.2 or 2.3.3 holds, then Theorem 2.3.1 shows

that the optimal price π∗ is unique, the optimality of dynamic programming holds, and

the VFI will converge to π∗.

2.6. Unbounded Rewards

In this section, we study an eventually discounting MDP with an unbounded reward

function, which generalises the main results in Section 2.3.

2.6.1. MDP with Unbounded Rewards. Throughout this section, we assume the

following regular conditions with unbounded reward r : G→ R ∪ {−∞,∞}.20

Condition 2.6.1.

(i) Γ is nonempty and compact-valued.

(ii) r is u.s.c..

(iii) β is bounded, continuous, and strictly positive.

(iv) (x, a) 7→
∫
X
f(y)β(x, a, y)P (x, a, dy) is bounded and continuous on G whenever

f ∈ cbX.

If Condition 2.6.1 is satisfied, define spaces V and G by

V := {v : X→ R ∪ {−∞} : v is u.s.c., v/κ is bounded above,

and (x, a) 7→ Ex,av(X
′) is bounded below},

G := {g : G→ R : g is u.s.c., bounded below, and ∥g∥κ <∞}.

The regular conditions, with the assumptions below, ensure the existence of a greedy

policy. In this section, we say that an MDP is regular if Condition 2.6.1 holds.

Define the maximal reward function r̄ and the (conditionally) expected maximal reward

function r̂ as

r̄ := sup
a∈Γ(x)

r(x, a) (x ∈ X) and r̂(x, a) := Ex,ar̄(X
′) ((x, a) ∈ G). (2.16)

20The conditions for the case of measurable functions are presented in the appendix.
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We introduce a mild assumption that r̂ is bounded below and r̄ is bounded above by some

function following Ma et al. (2022).

Assumption 2.6.1.

(i) There exist a κ : X → [1,∞) and a constant d ⩾ 0 such that r̄(x) ⩽ dκ(x) and

a 7→ Ex,aκ(X
′) is continuous for all x ∈ X. Moreover, if Condition 2.6.1 holds,

then κ is also continuous.

(ii) There exist n ∈ N , α ∈ R and a linear operator L : V → V such that ρ(L) < 1,

∥L∥ <∞, ∥Ln∥ < 1, α ∈ (0, 1/∥Ln∥1/n) and

Ex,aβ(x, a,X
′)κ(X ′)Lt1(X ′) ⩽ ακ(x)Lt+11(x)

for all (x, a) ∈ G and t ∈ {0, 1, . . . , n− 1}.

(iii) r̂ is bounded below.

If κ ≡ 1 and α = 1, then Assumption 2.6.1 (ii) is the same as Assumption 2.2.3. Hence,

Assumption 2.2.3 extends the eventual contracting of Assumption 2.2.3.21 Also, Assump-

tion 2.6.1 implies that the pair (G, ∥ · ∥κ) is a Banach space.

Recall that the Bellman equation is

v(x) = sup
a∈Γ(x)

{r(x, a) +Ex,a[β(x, a,X ′)v(X ′)]}.

Define the action-value function g(x, a) := Ex,aβ(x, a,X
′)v(X ′) for any (x, a) ∈ G, which

is the expected discounted future value conditioning on (x, a), with state evaluation func-

tion v. The Bellman equation can be written as v(x) = supa∈Γ(x){r(x, a) + g(x, a)}.

Changing (x, a) to (x′, a′), multiplying β(x, a, x′), and taking expectation yield

g(x, a) = Ex,a

[
β(x, a,X ′) sup

a′∈Γ(X′)

{r(X ′, a′) + g(X ′, a′)}

]
(2.17)

for all (x, a) ∈ G. Define the expected value operator E : V → G by

Ev(x, a) := Ex,aβ(x, a,X
′)v(X ′) ((x, a) ∈ G, v ∈ V).

21Alternatively, we can consider Assumption 2.3.2 in this framework.
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Define the maximum value operator M : G → V by

Mg(x) = sup
a∈Γ(x)

{r(x, a) + g(x, a)} (x ∈ X, g ∈ G).

We say that a policy σ ∈ Σ is g-greedy if r(x, σ(x)) + g(x, σ(x)) = Mg(x) for all x ∈ X.

Let g∗ be the solution to (2.17). We will show that the value function is given by v∗(x) =

supa∈Γ(x){r(x, a) + g∗(x, a)} for all x ∈ X, and a policy σ ∈ Σ is optimal if and only if σ

is g∗-greedy.

Define the expected value Bellman operator R on G by

Rg(x, a) := Ex,a

[
β(x, a,X ′) sup

a′∈Γ(X′)

{r(X ′, a′) + g(X ′, a′)}

]
((x, a) ∈ G, g ∈ G).

The action-value function iteration (AFI) is the iteration {gt}t⩾0 ⊂ G such that gt+1 = Rgt

for all t ∈ N0 with g0 ∈ G. The following theorem indicates that the optimality results

hold for an eventual discounting MDP with unbounded rewards.

Theorem 2.6.1. If M is regular and Assumption 2.6.1 holds, then the following state-

ments are true.

(a) v∗ and vσ are well-defined for all σ ∈ Σ,

(b) R is globally stable on (G, ∥ · ∥κ), and T is globally stable on (V , ∥ · ∥),

(c) R admits a unique fixed point g∗ in G, and T admits a unique fixed point v∗ in

V,

(d) v∗ =Mg∗ ∈ V and g∗ = Ev∗ ∈ G,

(e) VFI converges to v∗, AFI converges to g∗,

(f) at least one optimal policy exists, and

(g) a feasible policy is optimal if and only if it is g∗-greedy if and only it is v∗-greedy.

Theorem 2.6.1 demonstrates that if an MDP with unbounded reward satisfies the eventual

discounting conditions, then AFI converges to g∗, and a g∗-greedy policy is optimal.
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2.6.2. Application in Optimal Savings. An agent solves an optimal savings problem

with borrowing constraint:

supE
∞∑
t=0

t−1∏
i=0

βiu(ct)

s.t. 0 ⩽ ct ⩽ wt

wt+1 = Rt+1(wt − ct) + yt+1

(w0, y0) given.

(2.18)

Here βt ∈ (0,∞) is the discount factor, u : R+ → R ∪ {−∞,∞} is a utility function, ct

denotes consumption, wt ⩾ 0 denotes wealth, yt ⩾ 0 denotes non-financial income, and Rt

denotes the gross rate of return on financial income. Assume that asset return, income,

and discount factors satisfy

Rt = R(εt), yt = y(zt, εt), and βt = β(zt, zt+1)

where β is strictly positive, bounded and continuous, zt is a Markov process with state

space Z and εt is an IID shock that could be vector-valued. We first note that Condition

2.6.1 is satisfied. The Bellman equation is

v(w, z) = sup
0⩽c⩽w

{u(c) +Ez[β(z, Z ′)v(R(ε′)(w − c) + y(Z ′, ε′), Z ′)]}

To this end, the state is x = (w, z) ∈ R+ × Z and the action is a = c ∈ Γ(x) = [0, w].

Suppose that u is u.s.c., increasing, infz Eu(y(Z ′, ε′)) > −∞, and there exist p > 0 and

q > 1 such that

u(c) ⩽ pc+ q for all c > 0.

Define the weighting function by κ(x) = pw + q for all x = (w, z) and set d = 1 for

Assumption 2.6.1. To ensure Assumption 2.6.1, assume

sup
z
Ezβ(z, Z

′)y(Z ′, ε′) <∞, and ER(ε′) > 1, (2.19)

In addition, assume that there is m ∈ N such that

sup
z∈Z
Ezβ0β1β2 · · · βm−1(ER(ε

′))m < 1.
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This assumption is the eventual discounting for Assumption 2.6.1 (b). Define operator L

by Lh(x) := Ezβ(z, Z ′)h(X ′)ER(ε′) for all x ∈ X.

Lemma 2.6.1. If M follows (2.18) and all the above corresponding assumptions hold, then

there is large enough q > 1 such that κ(x) = pw + q and

Ex,aβ(x, a,X
′)κ(X ′)Ln1(x′) ⩽ κ(x)Ln+11(x)

for all x ∈ X and all n ∈ {1, . . . ,m− 1}. Moreover, Assumption 2.6.1 (a) and (c) hold.

By Lemma 2.6.1, it remains to show ρ(L) < 1 to ensure Assumption 2.6.1 (b). Since

supz∈ZEzβ0β1β2 · · · βm−1(ER(ε
′))m < 1 for some m ∈ N, we have ∥Lm1∥ < 1 and then

ρ(L) < 1. Therefore, Assumption 2.6.1 is satisfied, and then all conclusions of Theorem

2.6.1 hold.

2.7. Extension: Risk-Sensitive Preferences

We study the risk-sensitive preference models with state-action-dependent discounting in

this section, where the agent is risk-averse in future utility and future consumption. Let

an MDP satisfy the following regular conditions.

Condition 2.7.1.

(i) (x, a) 7→ r(x, a) is u.s.c.,

(ii) β is bounded and strictly positive,

(iii) Γ is nonempty, compact-valued, and continuous,

(iv) (x, a) 7→ (−β(x, a)/θ) ln
∫
exp(−θh(y))P (x, a, dy) is u.s.c. for any h ∈ cbX,

Let θ > 0 be the agents’ risk-sensitive coefficient. For any feasible policy σ ∈ Σ and Borel

measurable function v : X→ R ∪ {−∞}, let

Tσv(x) := r(x, σ(x))− β(x, σ(x))

θ
lnEσxe

−θv(X′) (x ∈ X). (2.20)

The σ-value function is defined by

vσ(x) = lim sup
x→∞

T nσ r̄(x) (x ∈ X).
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The associated Bellman equation is

v(x) = sup
a∈Γ(x)

{
r(x, a)− β(x, a)

θ
lnEx,ae

−θv(X′)

}
(x ∈ X). (2.21)

Suppose that the state process evolves following

xt+1 = f(xt, at, εt+1), (2.22)

where f is Borel measurable, and {εt} is an IID process taking values in Rm. For each t,

let εt = (ε1t, . . . , εmt).

Assumption 2.7.1.

(i) r : G→ R and β : G→ R are increasing in x,

(ii) rσ and βσ are increasing for any σ ∈ Σ

(iii) f(x, a, ε′) is increasing in (x, ε′), and f(x, σ(x), ε′) is increasing in (x, ε′) for any

σ ∈ Σ,

(iv) Γ(x1) ⊂ Γ(x2) if x1 ⩽ x2,

(v) ε1t, . . . , εmt are independent for each t.

Let g(x, a) := −β(x, a)/θ logEx,a exp(−θv(X ′)) for all (x, a) ∈ G. Let G be the u.s.c.

functions g on G such that ∥g∥ < ∞ and g is increasing in X. Similar to (2.17), the

transformed Bellman equation is

g(x, a) = −β(x, a)
θ

lnEx,a exp

(
−θ sup

a′∈Γ(x′)
{r(X ′, a′) + g(X ′, a′)}

)
. (2.23)

for (x, a) ∈ G and g ∈ G. Define the risk-sensitive expected value Bellman operator R by

letting Rg(x, a) be the right-hand side of (2.23) for any g ∈ G and (x, a) ∈ G.

Assumption 2.7.2. r̄ is bounded above and r̂ is bounded below, where r̄ is defined by

(2.16) and r̂ is defined by

r̂(x, a) := −1

θ
lnEx,a exp(−θr̄(X ′)) ((x, a) ∈ G).
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Define β̄(x) := supa∈Γ(x) β(x, a) for all x ∈ X. Suppose that there exists an ℓ : X2 → R+

such that x 7→ ℓ(x,B) is a measurable function for all B ∈ B(X), B 7→ ℓ(x,B) is a

measure on X, and L : mbX→ mbX is defined by

Lh(x) :=

∫
ℓ(x, dx′)h(x′)

for x ∈ X and h ∈ mbX.

Assumption 2.7.3. ρ(L) < 1, and
∫
X
h(x′)β̄(x)P (x, a, dx′) ⩽ Lh(x) for all (x, a) ∈ G and

h ∈ mbX+.

If Assumption 2.7.1, 2.7.2, and 2.7.3 are satisfied, the optimality results follow from the

following theorem.

Theorem 2.7.1. If Condition 2.7.1, Assumption 2.7.1, 2.7.2, and 2.7.3 hold, then the

following statements are true.

(a) RG ⊂ G and R is eventually contracting on (G, ∥ · ∥),

(b) R admits a unique fixed point g∗ in G,

(c) v∗ is well defined and

v∗(x) = sup
a∈Γ(x)

{r(x, a) + g∗(x, a)} g∗(x, a) = −β(x, a)
θ

logEx,ae
−θv∗(X′),

(d) AFI converges to g∗,

(e) at least one optimal policy exists, and

(f) a feasible policy is optimal if and only if it is g∗-greedy.
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2.8. Appendix

We quote some useful theorems in this section, including the generalised Contraction Map-

ping Theorem, the Maximum Theorem, and Gelfand’s formula. The following contraction

mapping theorem can be found in Chapter 4 of Cheney (2001).

Theorem 2.8.1 (Generalised Contraction Mapping Theorem). If F is a self-map in a

metric space X and Fm is contractive for some m ∈ N, then F has a unique fixed point,

which is the limit of every sequence {F kx} for arbitrary x ∈ X.

Let X and Y be topological spaces. In the following theorem, given a correspondence

φ : X → Y , denote Gr(φ) := {(x, y) : x ∈ X, y ∈ φ(x)}.

Theorem 2.8.2 (Berge Maximum Theorem). Let φ : X → Y be a continuous correspon-

dence between topological spaces with nonempty compact values. Suppose f : Gr(φ) → R

is continuous. Define the value function m : X → R by

m(x) := max
y∈φ(x)

f(x, y),

and the correspondence µ : X → Y of maximisers by

µ(x) := {y ∈ φ(x) : f(x, y) = m(x)}.

Then:

(a) The value function m is continuous.

(b) The argmax correspondence µ has nonempty compact values.

(c) If either f has a continuous extension to all X × Y or Y is Hausdorff, then the

argmax correspondence µ is upper semicontinuous.

See Chapter 17 of Aliprantis and Border (2006) and Hernández-Lerma and Lasserre

(2012a) for the detail of the Maximum theorem.

Let E be a Banach space. A closed convex set K ⊂ E is called a cone if x ∈ K implies

tx ∈ K for t ⩾ 0, and x,−x ∈ K implies x = θ, where θ denotes the zero element of E.
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A cone K is solid if it has an interior point; it is normal if θ ⪯ x ⪯ y implies ∥x∥ ⩽M∥y∥

for x, y ∈ K, where ⪯ denotes partial order on E, and M is a constant.22 The cone of

non-negative functions in mbX or cbX is both solid and normal.

Theorem 2.8.3 (Local Spectral Radius). Let A be a positive operator in a space E with

a cone K. If the cone K is solid and normal, and f is an interior element of K, then

ρ(A) = lim
n→∞

∥Anf∥1/n.

See Chapter 9 of Krasnosel’skii et al. (2012) for the proof of Theorem 2.8.3.

2.8.1. Proofs in Section 2.2.

Proof of Lemma 2.2.1. Let Condition 2.2.1 hold. Clearly, since σ ∈ Σ is measurable,

Condition 2.2.1 implies that Tσ is a self-map on mbX. We next show that T is a self-map

on cbX. Fix v ∈ cbX. Since (x, a) 7→ B(x, a, v) is bounded and continuous on G, and Γ is

continuous and compact-valued, it follows from the (measurable) Maximum theorem that

x 7→ supa∈Γ(x)B(x, a, v) = Tv(x) is continuous and the correspondence τ : X→ A defined

by

τ(x) = argmax
a∈Γ(x)

B(x, a, v)

is nonempty, u.s.c, and compact-valued and admits a Borel measurable selector σ satis-

fying σ(x) ∈ τ(x) for all x ∈ X. Then, σ is a Borel measurable v-greedy policy. Since

Tv(x) = B(x, a, v) for a ∈ τ(x), Tv is bounded. Therefore, Tv is a self-map on cbX. □

Proof of Lemma 2.2.2. Let R be regular. Fix σ ∈ Σ and let the linear operator Lσ

be defined by (2.4). It follows from Theorem 1.5.5 of Bühler and Salamon (2018) that

ρ(Lσ) := limn→∞ ∥Lnσ∥1/n always exists and is bounded above by ∥Lσ∥. By Theorem 2.8.3,

since (i) Lσ is a positive linear operator on mbX, (ii) the positive cone in mbX is solid and

normal under the pointwise partial order, and (iii) 1 lies interior to the positive cone in

22The definition of normal cone is equivalent to that there exists δ > 0 such that ∥x+y∥ ⩾ δ for x, y ∈ K
and ∥x∥ = ∥y∥ = 1.
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mbX, we obtain

ρ(Lσ) = lim
n→∞

∥Lnσ1∥1/n = lim
n→∞

{
sup
x
|Lnσ1(x)|

}1/n

= lim
n→∞

(dσn)
1/n, (2.24)

where supx L
n
σ1(x) = dσn for all n ∈ N is shown by iteration. To show (a), suppose

ρ(Lσ) < 1. Then, (2.24) implies that there is an nσ ∈ N such that dσnσ
< 1. Conversely,

suppose dσnσ
< 1 for some nσ ∈ N. Denote ℓσ(x, dx′) = k(x, σ(x), dx′). Since any n ∈ N

can be written uniquely as n = knσ + i for some k, i ∈ N0 with i < nσ, we have, for

sufficiently large n,

dσn = sup
x
Lnσ1(x) = sup

x
Lknσ
σ Ln−knσ

σ 1(x)

= sup
x

∫
X

ℓknσ
σ (x, dx′)

∫
X

1(x′′)ℓn−knσ
σ (x′, dx′′)

⩽ sup
x

∫
X

ℓknσ
σ (x, dx′)

(
sup
x′

∫
X

ℓn−knσ
σ (x′, dx′′)

)
= dσknσ

dσn−knσ
.

(2.25)

Then, we have

(dσn)
1/n = (dσknσ

dσn−knσ
)1/n ⩽ (dσnσ

)k/n(dσi )
1/n ⩽ (dσnσ

)k/n(M)1/n.

where M = max{dσ1 , . . . , dσnσ−1}. Since k/n → 1/nσ as n → ∞, the right-hand side

converges to (dσnσ
)1/nσ < 1 as n → ∞. Hence, ρ(Lσ) < 1. Since σ is arbitrarily chosen,

the statements hold for all σ ∈ Σ. Part (c) follows from ρ(Lσ) = limn→∞ ∥Lnσ1∥1/n with

the fact Lnσ1 ⩽ L̂n1 for n ∈ N by iteration. □

Lemma 2.8.1. Let Lσ be the operator defined by (2.4). If R is regular, and ρ(Lσ) < 1

for all σ ∈ Σ, then Tσ is eventually contracting, globally stable on mbX, and has a unique

fixed point vσ ∈ mbX for all σ ∈ Σ. Moreover, if σ ∈ Σ is continuous, then vσ ∈ cbX.

Proof of Lemma 2.8.1. Let Lσ be the operator defined by (2.4). Suppose that R is

regular and ρ(Lσ) < 1 for all σ ∈ Σ. Fix σ ∈ Σ. Let v, w ∈ mbX. Then, we have

|Tσv(x)− Tσw(x)| ⩽ Lσ|v − w|(x) (x ∈ X).
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Since Lσ is order-preserving, iteration implies |T nσ v − T nσw| ⩽ Lnσ|v − w| for all n ∈ N.

Since ρ(Lσ) < 1, Lemma 2.2.2 implies that there is an nσ ∈ N such that dσnσ
< 1. Since

dσnσ
= supx L

nσ
σ 1(x), we have

Lnσ
σ h(x) ⩽ ∥h∥Lnσ

σ 1 ⩽ dσnσ
∥h∥ (h ∈ mbX.)

Therefore, we have

|T nσ
σ v − T nσ

σ w| ⩽ Lnσ
σ |v − w| ⩽ dσnσ

∥v − w∥.

Taking supremum over X on the left, we have ∥T nσ
σ v−T nσ

σ w∥ ⩽ dσnσ
∥v−w∥. We conclude

that T nσ
σ is a contracting map with modulus dσnσ

. Finally, the generalised Contraction

Mapping theorem shows that Tσ is globally stable and has a unique fixed point vσ ∈ mbX.

Next, if σ ∈ Σ is continuous, then Tσ is a self-map on cbX. Then, Tσ is globally stable

on both cbX and mbX. Since cbX ⊂ mbX and vσ is unique in both mbX and cbX, we have

vσ ∈ cbX. □

Lemma 2.8.2. Let Lσ be the operator defined by (2.4). If R is regular, and Assumption

2.2.2 holds, then ρ(Lσ) < 1 and Tσ has a unique fixed point and is eventually contracting

and globally stable on mbX for all σ ∈ Σ.

Proof of Lemma 2.8.2. Suppose that R is regular, and Assumption 2.2.2 holds. Fix

σ ∈ Σ. By definition, we have Lσ1 ⩽ L̂1, which implies L2
σ1 ⩽ L̂Lσ1 ⩽ L̂21. Iteration

yields Lnσ1 ⩽ L̂n1 for all n ∈ N. Since ρ(L̂) < 1, Theorem 2.8.3 implies that there is an

m ∈ N such that ∥L̂m∥ < 1.23 Since ∥Lmσ 1∥ ⩽ ∥L̂m1∥ ⩽ ∥L̂m∥ < 1, we have ρ(Lσ) =

limn→∞ ∥Lnσ1∥1/n < 1. Fix v, v′ ∈ mbX. Since Tσv(x)−Tσv′(x) ⩽ Lσ(v− v′)(x) for x ∈ X,

we have |Tσ(x)v−Tσv′(x)| ⩽ Lσ|v−v′|(x) for all x ∈ X. Iteration implies |Tmσ v−Tmσ v′| ⩽

Lmσ |v − v′| ⩽ ∥v − v′∥Lmσ 1. Taking supremum, we have ∥Tmσ v − Tmσ v′∥ ⩽ ∥v − v′∥∥Lmσ 1∥.

Then, Tmσ is contracting, so the generalised Contraction Theorem concludes the other

statements. □

Lemma 2.8.3. If R is regular and Assumption 2.2.2 holds, then T has a unique fixed point

and is eventually contracting and globally stable on cbX.
23See also Claim 5 of Bloise et al. (2024) for the Gelfand’s formula of a monotone sublinear operator.
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Proof of Lemma 2.8.3. Suppose that R is regular and Assumption 2.2.2 holds. Then,

T is a self-map on cbX. Fix v, v′ ∈ cbX. We have

|Tv(x)− Tv′(x)| ⩽ sup
σ
|Tσv(x)− Tσv′(x)|

⩽ sup
σ
|Lσ(v − v′)(x)|

⩽ sup
σ
Lσ|v − v′|(x) = L̂|v − v′|(x)

for all x ∈ X. Then, iteration yields

|T nv(x)− T nv′(x)| ⩽ L̂n|v − v′|(x)

for all x ∈ X and n ∈ N, which implies ∥T nv − T nv′∥ ⩽ ∥L̂n1∥∥v − v′∥ ⩽ ∥L̂n∥∥v − v′∥.

Since ρ(L̂) < 1, and’s formula implies that there exists n ∈ N such that ∥L̂n∥ < 1.

Therefore, L̂n is contracting, and then the generalised Contraction Mapping shows that

L̂ has a unique fixed point and globally stable. □

Lemma 2.8.4. If R is regular, and Assumption 2.2.2 holds, then T is contracting on

(cbX, ∥ · ∥w), where w :=
∑∞

n=0 L̂
n1.

Proof of Lemma 2.8.4. Suppose that R is regular, and Assumption 2.2.2 holds. Then,

ρ(L̂) < 1. Let {vn}n⩾0 be a monotonically increasing sequence in mbX such that vn ↑

v ∈ mbX pointwise. Then, since L̂ and Lσ preserve orders, the Dominated Convergence

Theorem implies that

lim
n→∞

L̂vn(x) = sup
n

sup
σ∈Σ

Lσvn(x)

= sup
σ∈Σ

sup
n

∫
X

vn(x)k(x, σ(x), dx
′)

= sup
σ∈Σ

∫
X

sup
n
vn(x)k(x, σ(x), dx

′)

= sup
n

∫
X

v(x)k(x, σ(x), dx′) = L̂v(x)

for x ∈ X. Therefore, Assumption 8 of Bloise et al. (2024) holds. It then follows from

Claim 6 of Bloise et al. (2024) that there are λ ∈ (0, 1) and everywhere positive w ∈ mbX
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such that L̂w ⩽ λw. Note that we can construct w by w =
∑∞

n=0 L̂
n1.24 Fix v, v′ ∈ cbX.

Then, we have

|Tv(x)− Tv′(x)| = | sup
σ
Tσv(x)− sup

σ
Tσv

′(x)|

⩽ sup
σ
|Tσv(x)− Tσv′(x)|

⩽ sup
σ
Lσ(|v − v′|)(x) = L̂(|v − v′|)(x)

⩽ L̂(∥v − v′∥ww)(x) = ∥v − v′∥wL̂(w)(x)

⩽ ∥v − v′∥wλw(x)

for x ∈ X. Dividing w and taking supremum, it implies that ∥Tv−Tv′∥w ⩽ λ∥v−v′∥w. □

Proposition 2.8.1. If Assumption 2.2.1 holds, then HPI converges to σ∗ in finitely many

steps, OPI converges to v∗, VTI converges to v∗, v∗ is the unique solution to Bellman

equation, Bellman’s principle of optimality holds, and at least one optimal policy exists.

Proof of Proposition 2.8.1. Suppose that Assumption 2.2.1 holds. Then, Tσ is glob-

ally stable for all σ ∈ Σ. Since Σ is finite, then it follows from Chapter 8 or Chapter 9 of

Sargent and Stachurski (2023) that HPI converges to σ∗ in finitely many steps, and the

other statements hold. □

Lemma 2.8.5. If R is regular and Assumption 2.2.3 holds, then T is eventually contracting

and globally stable on cbX and has a unique fixed point v̄ ∈ cbX, and Tσ is eventually

contracting and globally stable on mbX, and have unique fixed points vσ ∈ mbX for all

σ ∈ Σ.

24See the proof of Claim 6, Bloise et al. (2024).
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Proof of Lemma 2.8.5. Let R be regular and Assumption 2.2.3 hold. Lemma 2.2.1

implies that T is a self-map on cbX. Fix v, w ∈ cbX. Then, we have

|Tv(x)− Tw(x)| =
∣∣∣ sup

σ
Tσv(x)− sup

σ
Tσw(x)

∣∣∣
⩽ sup

σ
|Tσv(x)− Tσw(x)|

⩽ sup
σ
|B(x, σ(x), v)−B(x, σ(x), w)|

⩽ L|v − w|(x) (x ∈ X).

Hence, we obtain |Tv − Tw| ⩽ L|v − w|. Since L preserves order, iteration gives

|T nv − T nw| ⩽ Ln|v − w| ⩽ Ln1∥v − w∥ ⩽ ∥Ln1∥∥v − w∥

for n ∈ N. Taking the supremum on the left, we have ∥T nv−T nw∥ ⩽ ∥Ln1∥∥v−w∥ for all

n ∈ N. Since L is a positive linear operator, we have ρ(L) = limn→∞ ∥Ln1∥1/n by Theorem

9.1 of Krasnosel’skii et al. (2012) as the proof of Lemma 2.2.2. Since ρ(L) < 1, there exists

an m ∈ N such that ∥Lm1∥ < 1. We conclude that ∥Tmv − Tmw∥ ⩽ ∥Lm1∥∥v − w∥

for all v, w ∈ cbX. Therefore, Tm is contracting, so the generalised Contracting Mapping

theorem shows that T is globally stable on cbX and has a unique fixed point v̄ ∈ cbX. The

proof for Tσ is similar. □

Lemma 2.8.6. If R is regular, Tσ is globally stable on mbX for all σ ∈ Σ, and T is globally

stable on cbX, then the following statements are true.

(a) If v̄ is the unique fixed point of T on cbX, then v∗ = v̄ and there exists a σ∗ ∈ Σ

such that v∗ = vσ∗.

(b) If T has a non-continuous fixed point v̄ ∈ mbX, then v∗ < v̄ and vσ < v̄ for all

σ ∈ Σ.

Proof of Lemma 2.8.6. Let R be regular and suppose that Tσ is globally stable on

mbX for all σ ∈ Σ, and T is globally stable on cbX. We first show (a). Fix σ ∈ Σ

and let v̄ be the unique fixed point of T on cbX. Since v̄ is the fixed point of T and

T v̄ = supσ∈Σ Tσv̄, we obtain v̄ = T v̄ ⩾ Tσv̄. Since Tσ is order-preserving, iteration gives
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v̄ ⩾ Tσv̄ ⩾ · · · ⩾ T nσ v̄ for n ∈ N. In addition, since Tσ is globally stable, we have v̄ ⩾ vσ

as n→∞, which implies v̄ ⩾ v∗ by taking supremum over Σ.

Conversely, Lemma 2.2.1 implies that there exists a σ∗ ∈ Σ such that Tσ∗ v̄ = T v̄. Then,

we have Tσ∗ v̄ = v̄, whence v̄ = vσ∗ by the uniqueness of fixed point of Tσ∗ . By the

definition of v∗, we obtain v∗ ⩾ vσ∗ = v̄. We conclude that v∗ = v̄ and an optimal policy

σ∗ exists.

To show (b), assume that there is a non-continuous v̄ ∈ mbX such that T v̄ = v̄. Toward

contradiction, suppose that there is σ ∈ Σ such that vσ ⩾ v̄. Then, we have v∗ ⩾ vσ ⩾ v̄.

Moreover, since v̄ is a fixed point of T , we have v̄ = T v̄ ⩾ Tσv̄ for any σ ∈ Σ. Iteration

implies v̄ ⩾ T nσ v̄, so v̄ ⩾ vσ as n → ∞ by the global stability of Tσ. It implies that

v̄ ⩾ v∗. Then, we obtain v̄ = v∗, which is continuous by (a), contradicting with non-

continuity. Therefore, we must have vσ < v̄ for any σ ∈ Σ. The same argument also

implies v∗ < v̄. □

Lemma 2.8.7. If Condition 2.2.2 holds, then the following statements are true.

(a) T and Tσ are self-maps on cbX for all σ ∈ ΣC, and

(b) for any v ∈ cbX there exists a continuous v-greedy policy.

Proof of Lemma 2.8.7. Let R be regular and Assumption 2.2.2 holds. Then, if σ ∈ Σ

is continuous and v ∈ cbX, then x 7→ Tσ(x) = B(x, σ(x), v) is continuous. Hence, Tσ is

a self-map on cbX. Since Γ is convex-valued and compact-valued, and a 7→ B(x, a, v) is

strictly quasi-concave for any x ∈ X and v ∈ cbX, it follows from the Maximum theorem

that the Tv is continuous and then T is a self-map on cbX. Moreover, for any v ∈ cbX, the

maximiser correspondence x 7→ argmaxa∈Γ(x)B(x, a, v) is single-valued and continuous,

whence a continuous v-greedy policy exists. □

Lemma 2.8.8 (Bellman’s Principle of Optimality). Suppose that R is regular and Tσ is

globally stable for all σ ∈ Σ. If v∗ is a fixed point to T , then Bellman’s principle of

optimality holds.
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Proof of Lemma 2.8.8. Let all the stated assumptions hold. We want to show: σ ∈ Σ

is optimal (i.e., vσ = v∗) if and only if σ is v∗-greedy. Suppose that σ ∈ Σ is v∗-greedy:

Tσv
∗ = Tv∗. Since Tv∗ = v∗, we obtain Tσv

∗ = v∗ so that vσ = v∗. Conversely, suppose

that σ ∈ Σ is optimal: vσ = v∗. Since Tσ has a unique fixed point vσ, we obtain v∗ = Tσv
∗.

Since Tv∗ = v∗, we have Tσv∗ = v∗ = Tv∗, so that σ is v∗-greedy. □

Lemma 2.8.9 (HPI). Suppose that Condition 2.2.2 holds, Tσ is globally stable on cbX with

fixed point vσ ∈ cbX for all σ ∈ ΣC, and T is globally stable on cbX. If v∗ ∈ cbX is the

unique fixed point of T on cbX, then {Hnvσ0}n⩾0 converges to v∗ for any σ0 ∈ ΣC, and v∗

is the unique fixed point of H.

Proof of Lemma 2.8.9. Let all the stated assumptions hold. Let {σk}k⩾0 ⊂ ΣC be such

that σ0 ∈ ΣC and vσk = Hvσk−1
for all k ∈ N; that is, σk ∈ ΣC satisfies Tσkvσk−1

= Tvσk−1
.

Note that for any k ⩾ 0, the continuity of σk implies that Tσk is a self-map on cbX, vσk

is continuous, and then a continuous vσk-greedy policy σk+1 exists by Lemma 2.8.7. By

definition, Tσkvσk−1
= Tvσk−1

⩾ Tσk−1
vσk−1

= vσk−1
. Applying Tσk on both sides repeatedly,

since Tσk is order-preserving, iteration yields T nσkvσk−1
⩾ Tσkvσk−1

⩾ Tvσk−1
⩾ vσk−1

.

Taking n to infinity, the global stability of the policy operator implies that vσk ⩾ Tvσk−1
⩾

vσk−1
for all k ⩾ 0. Since T is order-preserving, we have Tvσk ⩾ T 2vσk−1

for all k ∈ N and

then vσk ⩾ Tvσk−1
⩾ T 2vσk−2

. Induction yields vσk ⩾ T kvσ0 for k ∈ N. Since v∗ ⩾ vσk by

definition, we obtain v∗ ⩾ vσk ⩾ T kvσ0 . Taking k → ∞, since T is globally stable with

unique fixed point v∗, we have vσk → v∗ as k →∞.

Next, let σ∗ be v∗ greedy policy. Since Tσ∗v∗ = Tv∗ = v∗ and Tσ∗ has a unique fixed

point vσ∗ , we have vσ∗ = v∗ and Hv∗ = vσ∗ = v∗, whence v∗ is a fixed point of H. To

see that v∗ is the unique fixed point of H, let v̄ be the fixed point of H. Then, we have

v̄ = Hv̄ = vσ where σ is v̄-greedy. It implies that T v̄ = Tvσ = Tσvσ = vσ = v̄. Since v∗ is

the unique fixed point of T by global stability, we have v̄ = v∗. □

Lemma 2.8.10. Let Vu := {v ∈ cbX : Tv ⩾ v}. If Condition 2.2.2 holds, then W , defined

by (2.8), is an order-preserving self-map on Vu, and we have

v ∈ Vu =⇒ Tv ⩽ Wv ⩽ Tmv.
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Proof of Lemma 2.8.10. Let Condition 2.2.2 hold. Then, T and Tσ are order-

preserving self-maps on cbX for all σ ∈ ΣC , and v-greedy continuous policy exists for

all v ∈ cbX by Lemma 2.8.7. Fix any v ∈ Vu and let σ ∈ ΣC be such that Tσv = Tv.

Since Tσu ⩽ Tu for any u ∈ cbX, T and Tσ are order-preserving and v ⩽ Tv, we see that

Wv ∈ Vu:

Wv = TσT
m−1
σ v ⩽ TTm−1

σ v ⩽ TTm−1
σ Tv = TTm−1

σ Tσv = TWv.

Then, W is a self-map on Vu. Also since Tmσ is order-preserving, W is order-preserving.

Next, regarding the first inequality, since Tσ is order-preserving, v ⩽ Tv, and Tσv = Tv,

we have

Tm−1
σ v ⩽ Tm−1

σ Tv = Tm−1
σ Tσv = Wv.

Repeating the same iteration, we have Tm−j
σ v ⩽ Wv for j < m. In particular, for

j = m − 1, we have Tσv ⩽ Wv. Since Tσv = Tv, we obtain Tv ⩽ Wv. For the second

inequality, since Tσv ⩽ Tv by definition, and T and Tσ are order-preserving, we have

Wv = Tmσ v ⩽ Tmv. □

Lemma 2.8.11 (OPI). If Condition 2.2.2 holds and T is globally stable on cbX with unique

fixed point v∗ ∈ cbX, then the OPI iteration {vk} converges to v∗ with v0 = vσ for some

σ ∈ ΣC.

Proof of Lemma 2.8.11. Let all the stated assumptions hold. Pick σ ∈ ΣC and let

v0 = vσ. Let {vk}k⩾0 be the OPI iteration. First, claim that

T kv0 ⩽ W kv0 ⩽ T kmv0 (k ∈ N).

Since v0 = Tσv0 ⩽ Tv0, v0 ∈ Vu. Hence, it follows from Lemma 2.8.10 that the claim

holds for k = 1. Suppose that the claim holds for some k ∈ N. Since all operators are

order-preserving and self-map on Vu, Lemma 2.8.10 with W kv0, T
kmv0 ∈ Vu implies the

iteration:

T k+1v0 ⩽ TW kv0 ⩽ WW kv0 ⩽ WT kmv0 ⩽ T (k+1)mv0.
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Therefore, the claim holds for all k ∈ N by induction. Now, since T kv → v∗ as k → ∞,

the above claim implies that W kv0 → v∗. Since OPI iteration follows vk = W kv0, we

conclude that {vk} converges to v∗. □

Proof of Theorem 2.2.1. Let R be regular. If Assumption 2.2.1 holds, then Lemma

2.8.1 implies (a), and Proposition 2.8.1 yields the other statements. If Assumption 2.2.2

holds, then Lemma 2.8.2 implies (a), and Lemma 2.8.3 implies that T is globally stable.

Moreover, Lemma 2.8.4 implies (b). If Assumption 2.2.3 holds, then Lemma 2.8.5 shows

that T and Tσ are eventually contracting on cbX and mbX, respectively, for all σ ∈ Σ.

Suppose that either Assumption 2.2.2, or 2.2.3 holds. Part (c), (d), and (g) follow from

Lemma 2.8.6 with global stability of T . Part (f) follows from Lemma 2.8.8 with (c). Part

(α) follows from Lemma 2.8.9 with (c). Part (β) follows from Lemma 2.8.11 with (c). □

Proof of Proposition 2.2.1. Let the stated assumptions hold. Fix v, w ∈ U ⊂ mbX.

Then, by the properties of T , we have

T v = T (v + w − w) ⩽ T (w + |v − w|) ⩽ T w +G|v − w|.

Exchanging the roles of v and w, we obtain |T v − T w| ⩽ G|v − w|. Then, by the same

proof in Lemma 2.8.5, T is eventually contracting on U . □

Lemma 2.8.12. If Condition 2.2.2 holds, Tσ is globally stable on mbX for all σ ∈ Σ, and

T is globally stable on cbX, then v∗ = supσ∈ΣC
vσ and Tv = supσ∈ΣC

Tσv for all v ∈ cbX.

Proof of Lemma 2.8.12. Let all the assumptions hold. Fix v ∈ cbX. By Lemma 2.8.7,

there is a continuous σ′ ∈ Σ such that Tv = Tσ′v, which implies that Tv = supσ∈Σ Tσv =

Tσ′v ⩽ supσ∈ΣC
Tσv. Moreover, since Lemma 2.8.6 implies that v∗ ∈ cbX is a fixed point

of T , and Lemma 2.8.7 implies that there exists σ∗ ∈ ΣC satisfying v∗ = Tv∗ = Tσ∗v∗, we

have v∗ = vσ∗ and then supσ∈Σ vσ = v∗ = vσ∗ ⩽ supσ∈ΣC
vσ. □

2.8.2. Proofs in Section 2.3.

Proof of Lemma 2.3.1. Let M be an MDP satisfying Condition 2.3.1. Since (x, a) 7→

B(x, a, v) = r(x, a) +
∫
X
v(x′)β(x, a, x′)P (x, a, dx′) is continuous and bounded on G for
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v ∈ cbX by assumption, Condition 2.2.1 holds. Clearly, the value aggregator B satis-

fies monotonicity condition (2.2). Therefore, M is regular. Lemma 2.2.1 concludes the

remaining statements. □

Lemma 2.8.13. If Condition 2.3.2 holds, then the following statements are true.

(a) T and Tσ are self-maps on cbX for all σ ∈ ΣC, and

(b) for any v ∈ cbX there exists a continuous v-greedy policy.

Proof of Lemma 2.8.13. The statements follow from Lemma 2.8.7 and that Condition

2.3.2 implies Condition 2.2.2. □

Proof of Lemma 2.3.2. Let M be regular and Assumption 2.3.3 hold. Then, we have

Lσ1 ⩽ L1 for all σ ∈ Σ. Pick σ ∈ Σ. Since Lσ and L are order-preserving, iteration

implies Lnσ1 ⩽ Ln1 for all n ∈ N. Let {Xt} be a Pσ-Markov process with X0 = x and

βt = β(Xt, σ(Xt), Xt+1) for all t ∈ N0. Then, iteration implies

Lnσ1(x) = E
σ
x{β0β1 · · · βn−1} ⩽ Ln1(x) ⩽ ∥Ln1∥

for x ∈ X and n ∈ N. Taking supremum over X, we have dσn = ∥Lnσ1∥ ⩽ ∥Ln1∥ for all

n ∈ N. Since limn→∞ ∥Ln1∥1/n = ρ(L) < 1, there exists a n ∈ N satisfying ∥Ln1∥ < 1,

which implies dσn < 1 for all σ ∈ Σ. Moreover, we have

ρ(Lσ) = lim
n→∞

∥Lnσ1∥1/n ⩽ lim
n→∞

∥Ln1∥1/n = ρ(L) < 1.

Now, since L̂1 = supσ Lσ1 ⩽ L1, iteration yields L̂n1 ⩽ Ln1 for n ∈ N. Then, the same

argument implies ρ(L̂) ⩽ ρ(L) < 1. □

Lemma 2.8.14. If M is regular and Assumption 2.3.2 holds, then Tσ is eventually con-

tracting and globally stable on mbX, and vσ defined by (2.10) is the unique fixed point of

Tσ in mbX for any σ ∈ Σ.

Proof of Lemma 2.8.14. Suppose that M is regular and Assumption 2.3.2 holds.

Then, Assumption 2.2.2 holds. Fix σ ∈ Σ. Then, it follows from Lemma 2.8.2 and

Lemma 2.2.2 that Tσ is globally stable and eventually discounting and has a unique fixed
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point. Next, we check that vσ, defined by (2.10), is a fixed point of Tσ. Let {Xt}t⩾0 be a

stochastic process generated by Pσ with X0 = x. Let βt = β(Xt, σ(Xt), Xt+1) for t ∈ N0.

Since vs = Tσvs = T nσ vs, we have

vs(x) = rσ(x) +E
σ
xβ0vs(X1)

= rσ(x) +E
σ
xβ0[rσ(X1) +E

σ
X1
β1vs(X2)]

= · · ·

= Eσx

[
n∑
t=0

t−1∏
i=0

βirσ(Xt)

]
+Eσxβ0β1 · · · βnvs(Xn+1)

= lim
n→∞

Eσx

[
n∑
t=0

t−1∏
i=0

βirσ(Xt)

]
= vσ(x), (x ∈ X)

where we use

lim
n→∞

Eσxβ0β1 · · · βnvs(Xn+1) ⩽ lim
n→∞

(
sup
x
Eσxβ0β1 · · · βn∥vs∥

)
⩽ lim

n→∞,
n=knσ+i,
i<nσ ,i,k∈N

(
sup
x
Eσx

knσ−1∏
t=0

βtE
σ
Xknσ

knσ+i−1∏
j=knσ

βj∥vs∥
)

⩽
(
lim
k→∞

(dσnσ
)k
)
sup
i<nσ

dσi ∥vs∥ = 0.

Therefore, vs = vσ. □

Proof of Theorem 2.3.1. Let M be regular. Lemma 2.3.1 implies that M is a reg-

ular RDP. Suppose that either Assumption 2.3.1, 2.3.2 or 2.3.3 holds. Lemma 2.8.14

implies (a). Since Assumption 2.3.1 implies Assumption 2.2.1, Assumption 2.3.2 implies

Assumption 2.2.2, Assumption 2.3.3 implies Assumption 2.2.3, and Condition 2.3.2 im-

plies Condition 2.2.2, the statements follow from Theorem 2.2.1. □

Proof of Lemma 2.3.3. Suppose that R is regular, rσ ⩾ f ∈ cbX+ for all σ ∈ Σ, and

T has a fixed point v ∈ cbX+. Since v is the fixed point of T , we have

v = Tv = sup
σ∈Σ
{rσ + Lσv} ⩾ sup

σ∈Σ
{f + Lσv} = f + L̂v.
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Then, we have

L̂v(x) ⩽ v(x)− f(x) ⩽
(
sup
y∈X

v(y)− f(y)
v(y)

)
v(x) =: λv(x)

for all x ∈ X. Since β and v are everywhere positive, L̂v is everywhere positive. Then, we

have f(x) < v(x) and (v(x)−f(x))/v(x) < 1 for all x ∈ X. Moreover, since X is compact,

and f and v are continuous, we have λ ∈ (0, 1). Now, since L̂v ⩽ λv and the proof of

Lemma 2.8.4 implies that Assumption 8 of Bloise et al. (2024) holds, Claim 6 of Bloise

et al. (2024) implies ρ(L̂) < 1. Since ρ(L̂) < 1, we have limn→∞ L̂n1 = 0. Therefore, since

iteration yields dn = L̂n1 for n ∈ N, there is n ∈ N such that supx dn(x) = ∥L̂n1∥ < 1. □

Proof of Corollary 2.3.1. Suppose that M is regular, X is compact, and either As-

sumption 2.3.2 or 2.3.3 holds. Let σ ∈ ΣC . Then, Tσ is a self-map on cbX. Theorem 2.3.1

implies that T is globally stable on (cbX, ∥ · ∥), and Tσ is globally stable on (cbX, ∥ · ∥)

and has a unique fixed point vσ ∈ cbX. If we consider r ≡ 1, then the policy value is

wσ(x) = Eσx
∑∞

t=0

∏t−1
i=0 β

σ
i for all x ∈ X, where βσt = βσ(Xt, Xt+1) for t ∈ N0, given a

stochastic process {Xt} generated by Pσ with X0 = x. Since β is bounded and strictly

positive, and
∏−1

i=1 β
σ
i = 1, we have wσ ≫ 1. Since wσ is the fixed point of Tσ when r = 1,

wσ is bounded and

wσ(x) = 1 +

∫
wσ(x

′)βσ(x, x
′)Pσ(x, dx

′) (x ∈ X).

Rewriting this equation, we have for all x ∈ X

Lσwσ(x) =

∫
wσ(x

′)βσ(x, x
′)Pσ(x, dx

′)

= wσ(x)− 1 ⩽

(
sup
y

wσ(y)− 1

wσ(y)

)
wσ(x) =: λσwσ(x).

Since wσ is bounded and continuous with wσ ≫ 1, and X is compact, we obtain λσ < 1.

Therefore, by fixing v, v′ ∈ mbX, we have

|Tσ(x)v − Tσv′(x)| ⩽ Lσ(|v − v′|)(x) ⩽ Lσ(∥v − v′∥wσwσ)(x)

⩽ ∥v − v′∥wσλσwσ(x)
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for all x ∈ X. Dividing wσ(x) and taking supremum over X, we have ∥Tσv − Tσv′∥wσ ⩽

λσ∥v − v′∥wσ , so Ts is contractive with modulus λσ. Similarly, since T is globally stable

on (cbX, ∥ · ∥), T admits a fixed point w ∈ cbX when r ≡ 1. Then, we have

w = sup
σ
(1+ Lσw) = 1+ sup

σ
Lσw = 1+ L̂w = · · · =

∞∑
n=0

L̂n1.

where the last equality follows from the iteration of w = 1+L̂w and the fact limn→∞ L̂n1 =

0 and limn→∞ L̂nw ⩽ ∥w∥ limn→∞ L̂n1 = 0. Also, w ≫ 1 since β ≫ 0. In addition,

since w is continuous, and X is compact, we have λ := supx∈X(w(x) − 1)/w(x) < 1 and

L̂w = w − 1 ⩽ λw. Fix v, v′ ∈ cbX. We have

|Tv − Tv′| ⩽ L̂(|v − v′|) ⩽ L̂(∥v − v′∥ww) ⩽ ∥v − v′∥wλw,

which implies ∥Tv − Tv′∥w ⩽ λ∥v − v′∥w for all v, v′ ∈ cbX. □

2.8.3. Proofs in Section 2.4. Let σ ∈ ΣC . Let {Xσ
t }t⩾0 be a kσ-Markov process.

Suppose that {Xσ
t }t⩾0 admits a stationary distribution πσ. Let L1(πσ) be the set of Borel

measurable functions g : X→ R such that

∥g∥ :=
∫
|g(x)|πσ(dx) <∞.

For f, g ∈ L1(πσ), we write f ⩾ g if f(x) ⩾ g(x) for πσ-almost all x ∈ X. We write f ≫ g

if f(x) > g(x) for πσ-almost all x ∈ X. Define Gσ to be all f ∈ L1(πσ) such that f ≫ 0.

Proof of Lemma 2.4.1. The proof is identical to Lemma 2.8.13 with the fact that r is

positive everywhere. □

Lemma 2.8.15. If Assumption 2.4.1 and Condition 2.4.1 hold, then for all σ ∈ ΣC the

following statements are true.

(a) kσ is continuous and bounded,

(b) there exists an m ∈ N such that kmσ is everywhere positive,

(c) there exists a unique stationary density πσ for kσ on X, and

(d) πσ is everywhere positive and continuous on X
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Proof of Lemma 2.8.15. Let the stated assumptions hold. Fix σ ∈ ΣC . Since β, P

and σ are continuous, βσ and Pσ are continuous on a compact set X so that they are

bounded. Then, kσ is continuous and bounded, which shows (a). Let {Xσ
t }t⩾0 be the

state process such that

P{Xσ
t+1 ∈ B|Xσ

t = x} =
∫
B

kσ(x, dy)

for every x ∈ X and Borel set B ⊂ X. Since Assumption 2.4.1 holds and β is strictly

positive, the Markov chain induced by Pσ is irreducible, which implies that the Markov

chain induced by kσ is also irreducible. Hence, there exists an m ∈ N such that kmσ is

everywhere positive, which shows (b), and then {Xσ
t } is irreducible. It then implies that

(c): there exists a unique stationary distribution πσ: Xσ
t

d
= πσ. Finally it follows from

the proof of Lemma C1 of Borovička and Stachurski (2020) that (d): πσ is everywhere

positive and continuous. □

Lemma 2.8.16. If Assumption 2.4.1 and Condition 2.4.1 hold, then the following state-

ments are true for all σ ∈ ΣC:

(a) Lσ is a bounded linear operator on L1(πσ).

(b) Lσg is continuous for g ∈ Gσ.

(c) Lσg ⩾ 0 when g ⩾ 0 and Lσg ∈ Gσ when g ∈ Gσ.

(d) Lσ is irreducible and L2
σ is compact.

(e) ρ(Lσ) > 0 and there exists a continuous function eσ ∈ Gσ such that Lσeσ =

ρ(Lσ)eσ.

(f) Lσ is order preserving on L1(πσ).

Proof of Lemma 2.8.16. Let Assumption 2.4.1 and Condition 2.4.1 hold. Fix σ ∈ ΣC .

For (a) and (b), since kσ is continuous and bounded by Lemma 2.8.15, and β̄σ is bounded

and everywhere positive, the result follows from the proof in Lemma C2 of Borovička and

Stachurski (2020). For (c), the first claim is obvious, and the second follows from that

β is everywhere positive. For (d), the proof is identical to Lemma C3 of Borovička and
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Stachurski (2020) with continuity of πσ and kσ from Lemma 2.8.15. Part (e) and (f) are

identical to Lemma 8.4 of Stachurski et al. (2022a). □

Lemma 2.8.17. If Assumption 2.4.1 and Condition 2.4.1 hold, then ∥Tσv − Tσw∥eσ ⩽

ρ(Lσ)∥v − w∥eσ for all v, w ∈ cbX+ and all σ ∈ ΣC.

Proof of Lemma 2.8.17. Let Assumption 2.4.1 and Condition 2.4.1 hold. Fix σ ∈ ΣC .

Lemma 2.8.16 implies that there is eσ ∈ cbX+ such that Lσeσ = ρ(Lσ)eσ. Then, for

v, w ∈ cbX+ we have

|Tσv(x)− Tσw(x)| =
∣∣∣β̄σ(x)∫ kσ(x, dx

′)(v(x′)− w(x′))
∣∣∣

⩽ β̄σ(x)

∫
kσ(x, dx

′)|v(x′)− w(x′)|

⩽ β̄σ(x)

∫
kσ(x, dx

′)eσ(x
′) sup

x′

|v(x′)− w(x′)|
eσ(x′)

= β̄σ(x)

∫
kσ(x, dx

′)eσ(x
′)∥v − w∥eσ

= ∥v − w∥eσLσeσ(x) = ∥v − w∥eσρ(Lσ)eσ(x).

(2.26)

Dividing both sides with eσ(x) and taking the supremum, we have ∥Tσv − Tσw∥eσ ⩽

ρ(Lσ)∥v − w∥eσ for all v, w ∈ cbX+. □

Proof of Proposition 2.4.1. Let Assumption 2.4.1 and Condition 2.4.1 hold. Part

(a) and (b) are equivalent by Lemma 2.2.2. Fix σ ∈ ΣC . Then, we have rσ ∈ cbX+ and

Tσv = rσ + Lσv for v ∈ cbX+. Since Lσ is irreducible and L2
σ is compact by Lemma

2.8.16, it follows from Theorem 3.1 of Stachurski et al. (2022b) that part (a) and (c) are

equivalent, and Tσ has no fixed point in cbX+ if ρ(Lσ) ⩾ 1. Then, part (e) and (f) implies

part (a), and clearly part (c) implies (e) and (f). Suppose that ρ(Lσ) < 1. Lemma 2.8.17

shows that ∥Tσv − Tσw∥eσ ⩽ ρ(Lσ)∥v − w∥eσ for all v, w ∈ cbX+, whence a contraction

map so that (a) implies (d). Finally, if that Tσ is a contraction map in ∥ · ∥eσ , then it is

globally stable. □

Lemma 2.8.18. If Condition 2.4.1 holds and ρ(L̄) < 1, then T is eventually contracting,

where L̄v := supσ∈ΣC
Lσv for v ∈ cbX+. Moreover, T is contracting on (cbX, ∥ · ∥w) with

modulus λ, where w :=
∑∞

n=0 L̄
n1 and λ = supx(w(x)− 1)/w(x).
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Proof of Lemma 2.8.18. Suppose that Condition 2.4.1 holds and ρ(L̄) < 1. Since for

all v ∈ cbX+, there exists a v-greedy policy σ ∈ ΣC , we gave Tv = Tσv ⩽ supσ∈ΣC
Tσv.

Since Tv ⩾ supσ∈Σ Tσv by definition, we have Tv = supσ∈ΣC
Tσv. Then, the similar proof

for Lemma 2.8.3 shows that ∥T nv − T nv′∥ ⩽ ∥L̄n1∥∥v − v′∥ for any v, v′ ∈ cbX+. Since

ρ(L̄) < 1, there is m ∈ N such that ∥L̄m1∥ ⩽ 1. Then, Tm is contractive. Finally, the

method in the proof of Corollary 2.3.1 shows that T is contracting on (cbX, ∥ · ∥w) with

modulus λ. □

Proof of Theorem 2.4.1. Let Condition 2.4.1 hold. Lemma 2.8.12 implies Tv =

supσ∈ΣC
Tσv for v ∈ cbX+. If r ≡ f ∈ cbX+, and T has a fixed point in cbX+, then the

argument in Lemma 2.3.3, with L̄ instead of L̂, shows ρ(L̄) < 1. Suppose that Assump-

tion 2.4.1 and 2.4.2 hold. Then, Proposition 2.4.1 implies (a). Lemma 2.8.18 implies (b).

Finally, the proof for Theorem 2.3.1 yields the other statements with Tv = supσ∈ΣC
Tσv

for v ∈ cbX+. □

2.8.4. Proofs in Section 2.6. We also consider the following regular conditions in this

section.

Condition 2.8.1.

(i) Γ is nonempty, compact-valued.

(ii) a 7→ r(x, a) is u.s.c. for all x ∈ X.

(iii) β is bounded and strictly positive.

(iv) a 7→
∫
X
f(y)β(x, a, y)P (x, a, y)dy is continuous on Γ(x) for all x ∈ X and for

f ∈ mbX.

If Condition 2.8.1 is satisfied, we consider the value function spaces V and G defined by

V := {v : X→ R ∪ {−∞} : v ∈ mX, v/κ is bounded above,

and (x, a) 7→ Ex,av(x
′) is bounded below},

G := {g : G→ R : g ∈ mG, g is bounded below, ∥g∥κ <∞,

and a 7→ g(x, a) is u.s.c. on Γ(x) for all x ∈ X}
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where κ ⩾ 1 is a real-valued function on X, which is further defined in Assumption 2.6.1.

We say that an MDP is regular if either one of Condition 2.8.1 or 2.6.1 holds.

Lemma 2.8.19. Suppose that Assumption 2.6.1 holds. If M is regular, then (G, ∥ · ∥κ) is

a Banach space.

Proof of Lemma 2.8.19. Suppose that Assumption 2.6.1 holds, and M is regular. If

Condition 2.6.1 holds, then (G, ∥ · ∥κ) is complete follows from Ma et al. (2022). Suppose

that Condition 2.8.1 holds. Let Bκ(G) be the space of Borel measurable real-valued

functions f on G satisfying ∥f∥κ <∞. Since (Bκ(G), ∥ · ∥κ) is a Banach space, it suffices

to show that G is closed in Bκ(G). Let {gn} ⊂ G such that ∥gn − g∥κ → 0. Clearly, ∥g∥κ

is finite. We next show that a 7→ g(x, a) is u.s.c. for all x ∈ X. Fix x′ ∈ X. For all

a0 ∈ Γ(x′) and y > g(x′, a0), let ε = y− g(x′, a0). Since ∥gn− g∥κ → 0, for all δ > 0 there

exist N ∈ N such that for all x and a ∈ Γ(x) we have

|gN(x, a)− g(x, a)| < κ(x)δ.

We choose δ such that κ(x′)δ < ε/3. Since gN(x, ·) is u.s.c. on Γ(x) for all x ∈ X, there

exists a neighborhood U of a0 such that for all a ∈ U

gN(x
′, a) < gN(x

′, a0) + ε/3.

Hence, the previous inequalities imply

g(x′, a) < gN(x
′, a) + κ(x′)δ < gN(x

′, a0) + κ(x′)δ + ε/3

< g(x′, a0) + 2κ(x′)δ + ε/3 < g(x′, a0) + ε = y.

for all a ∈ U . Therefore, a → g(x′, a) is u.s.c.. Since x′ is arbitrarily picked, a 7→ g(x, a)

is u.s.c. on Γ(x) for all x ∈ X. We conclude that G is closed in Bκ(G) and then (G, ∥ · ∥κ)

is complete. □

Lemma 2.8.20 (Well-defined Value). If Assumption 2.6.1 hold, then vσ(x) and v∗(x) are

well-defined in R ∪ {−∞} for all x ∈ X and σ ∈ Σ.



66 Chapter 2. Dynamic Programming with State-Action-Dependent Discounting

Proof of Lemma 2.8.20. Suppose that Assumption 2.6.1 holds. Fixing x ∈ X and

σ ∈ Σ. Since r̄(x) ⩽ dκ(x) and Ex,aβ(x, a,X ′)κ(X ′)Ln1(X ′) ⩽ ακ(x)Ln+11(x) for all

x ∈ X and n ⩾ 0, iteration implies that for all t ∈ N we have

Ex

t−1∏
i=0

β(xi, σ(xi), xi+1)r(xt, σ(xt)) ⩽ Ex

t−1∏
i=0

β(xi, σ(xi), xi+1)r̄(xt)

⩽ Ex

t−1∏
i=0

β(xi, σ(xi), xi+1)dκ(xt)

⩽ dEx

t−2∏
i=0

β(xi, σ(xi), xi+1)ακ(xt−1)L1(xt−1)

⩽ dαtκ(x)(Lt1)(x).

Since there is an n ∈ N such that αn∥Ln∥ < 1 by assumption, we have

vσ(x) = Ex

∞∑
t=0

t−1∏
i=0

β(xi, σ(xi), xi+1)r(xt, σ(xt))

⩽
∞∑
t=0

dαt∥Lt1∥κ(x) ⩽ dκ(x)

∑n−1
t=0 α

t∥Lt∥
1− αn∥Ln∥

<∞.

Therefore, vσ(x) is well-defined in R ∪ {−∞} for all x ∈ X and σ ∈ Σ. Moreover, since

the upper bound holds for all σ ∈ Σ, the definition of v∗ implies that v∗(x) is bounded

above and then well-defined for all x ∈ X. □

Lemma 2.8.21. If M is regular and Assumption 2.6.1 hold, then MG ⊂ V, EV ⊂ G,

TV ⊂ V and RG ⊂ G.

Proof of Lemma 2.8.21. Let Condition 2.8.1 and Assumption 2.6.1 hold (the proof for

Condition 2.6.1 is similar, see also Ma et al. (2022) for RG ⊂ G .) We first show that

EV ⊂ G. Let v ∈ V . Then, v/κ is bounded above and E(·,·)v(X
′) is bounded below.

Similar to Lemma 8.3.7 of Hernández-Lerma and Lasserre (2012b), we can show that

a 7→ Ex,aβ(x, a,X
′)v(X ′) is u.s.c. on Γ(x) for all x ∈ X. In detail, fix x ∈ X and let

{an}t⩾0 ⊂ Γ(x) be such that an → a ∈ Γ(x). Since v/κ is bounded above, there exists

an m ∈ R such that v ⩽ mκ. Hence, v −mκ is non-positive, so there is a non-increasing
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sequence of bounded measurable functions {vkm} such that vkm ↓ vm.25 Then, Assumption

2.6.1 implies that, for all k,

lim sup
n→∞

∫
vm(x

′)β(x, an, x
′)P (x, an, dx

′) ⩽ lim sup
n→∞

∫
vkm(x

′)β(x, an, x
′)P (x, an, dx

′)

=

∫
vkm(x

′)β(x, a, x′)P (x, a, dx′)

Letting k →∞, the Monotone Convergence theorem yields that

lim sup
n→∞

∫
vm(x

′)β(x, an, x
′)P (x, an, dx

′) ⩽
∫
vm(x

′)β(x, a, x′)P (x, a, dx′).

To this end, since x ∈ X is arbitrary, a 7→ Ex,aβ(x, a,X
′)vm(X

′) = Evm(x, a) is u.s.c. for

all x ∈ Γ(x). It implies that Ev(x, ·) is u.s.c. on Γ(x). Furthermore, since v/κ ⩽ m,

Assumption 2.6.1 implies that, for all (x, a) ∈ G,

Ev(x, a) = Ex,aβ(x, a,X
′)v(X ′) ⩽ Ex,aβ(x, a,X

′)mκ(X ′) ⩽ mκ(x)αL1(x).

Hence, Ev/κ is bounded above by mα∥L∥. Moreover, to see that Ev is bounded below,

let B := {x ∈ X : v(x) < 0}. Since v/κ is bounded above, we have∫
X\B

v(x′)P (x, a, dx′) ⩽
∫
X\B

mκ(x′)P (x, a, dx′) ⩽ m∥κ∥.

for all (x, a) ∈ G. Since E(·,·)v(X
′) is bounded below, there is e ∈ R such that∫

B

v(x′)P (x, a, dx′) +

∫
X\B

v(x′)P (x, a, dx′) ⩾ e

for all (x, a) ∈ G. The above two inequalities imply∫
B

v(x′)P (x, a, dx′) ⩾ e−
∫
X\B

v(x′)P (x, a, dx′) ⩾ e−m∥κ∥,

25If Condition 2.6.1 holds, then κ is continuous and v is u.s.c., implying v −mκ is u.s.c.. Then, there is
a {vkm} ⊂ cbX such that vkm ↓ vm.
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for all (x, a) ∈ G. Since β is bounded, we see that Ev(·, ·) = E(·,·)β(·, ·, X ′)v(X ′) is also

bounded below: for all (x, a),∈ G

Ex,aβ(x, a,X
′)v(X ′) =

∫
B

β(x, a, x′)v(x′)P (x, a, dx′) +

∫
X\B

β(x, a, x′)v(x′)P (x, a, dx′)

⩾ ∥β∥(e−m∥κ∥).

Since Ev is bounded below and Ev/κ is bounded above, we conclude that ∥Ev∥κ < ∞,

which implies Ev ∈ G and then EV ⊂ G.

Next, we show that MG ⊂ V . Let g ∈ G. Since r(x, ·) and g(x, ·) are u.s.c. on Γ(x)

for all x ∈ X, Proposition D.5 of Hernández-Lerma and Lasserre (2012a) implies that

x 7→ Mg(x) = supa∈Γ(x){r(x, a) + g(x, a)} is measurable. Moreover, Assumption 2.6.1

implies that for all x ∈ X

Mg(x) = sup
a∈Γ(x)

{r(x, a) + g(x, a)} ⩽ sup
a∈Γ(x)

{r(x, a)}+ sup
a∈Γ(x)

{g(x, a)}

⩽ dκ(x) + ∥g∥κκ(x).

Therefore, Mg/κ is bounded above. Also, since ∥g∥κ < ∞ and κ is bounded, we have

|g(·)| ⩽ ∥g∥κκ(·) <∞ so that g is bounded below by some g ∈ R. Then, we have, for all

(x, a) ∈ G,

Ex,aMg(X ′) = Ex,a sup
a′∈Γ(X′)

{r(X ′, a′) + g(X ′, a′)} ⩾ Ex,a sup
a′∈Γ(X′)

{r(X ′, a′) + g}

= Ex,ar̄(X
′) + g = r̂(x, a) + g.

Since r̂ is bounded below by assumption, E(·,·)Mg(X ′) is bounded below. Therefore, we

have Mg ∈ V and then MG ⊂ V . Now, since T = ME and R = EM , we obtain that

TV =MEV ⊂MG ⊂ V and RG = EMG ⊂ EV ⊂ G. □

Lemma 2.8.22. Let M be regular and Assumption 2.6.1 hold. If ḡ is the unique fixed

point of R, then v̄ = Mḡ is the unique fixed point of T and ḡ = Ev̄. In addition, R is

globally stable on G if and only if T is globally stable on V.
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Proof of Lemma 2.8.22. Let M be regular and Assumption 2.6.1 hold. Let ḡ be

unique the fixed point of R. Since T = ME and R = EM , we have Mḡ = MRḡ =

MEMḡ = TMḡ, so that Mḡ is a fixed point of T . Suppose that v ̸=Mḡ is a fixed point

of T . Then, since v is a fixed point of T , we obtain Ev = ETv = EMEv = REv implies

that Ev is a fixed point of R. Since ḡ is the unique fixed point of R, we must have ḡ = Ev

and then Mḡ =MEv = Tv = v. Therefore, Mḡ must be the unique fixed point of T .

The above statement also shows ḡ = Ev̄. For the second statement, observe the iteration

T nv = (ME)nv = M(EM)n−1Ev = MRn−1Ev for any v ∈ V . Since R is globally stable

and Ev ∈ G, we have Rn−1Ev → ḡ as n → ∞. Hence, T nv → Mḡ as n → ∞ for any

v ∈ V . Similarly, we can show that the global stability of T implies the global stability of

R. □

Lemma 2.8.23. If M is regular and Assumption 2.6.1 hold, then R is eventually contract-

ing and globally stable on (G, ∥ · ∥κ), and T is globally stable on (V , ∥ · ∥).

Proof of Lemma 2.8.23. Suppose that M is regular and Assumption 2.6.1 hold.

Lemma 2.8.21 shows that RG ⊂ G and TV ⊂ V . Fix g, h ∈ G. Assumption 2.6.1

(b) implies that for all (x, a) ∈ G we have

|Rg(x, a)−Rh(x, a)| =

∣∣∣∣∣Ex,aβ(x, a,X ′)

[
sup

a′∈Γ(X′)

{r(X ′, a′) + g(X ′, a′)}

− sup
a′∈Γ(X′)

{r(X ′, a′) + h(X ′, a′)}

]∣∣∣∣∣
⩽ Ex,a

(
β(x, a,X ′) sup

a′∈Γ(X′)

|g(X ′, a′)− h(X ′, a′)|

)

⩽ Ex,aβ(x, a,X
′)∥g − h∥κκ(X ′)

⩽ ∥g − h∥κκ(x)αL1(x).
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Then, iteration implies

|R2g(x, a)−R2g(x, a)| ⩽ Ex,aβ(x, a,X ′) sup
a′∈Γ(X′)

|Rg(X ′, a′)−Rg(X ′, a′)|

⩽ Ex,aβ(x, a,X
′)∥g − h∥κκ(X ′)αL1(X ′)

⩽ ∥g − h∥κκ(x)α2L21(x).

Induction yields

|Rng(x, a)−Rnh(x, a)| ⩽ ∥g − h∥κκ(x)αnLn1(x)

for all (x, a) ∈ G and n ∈ N. Dividing κ(x) on the both sides and taking supremum, we

obtain

∥Rng −Rnh∥κ ⩽ ∥g − h∥καn∥Ln1∥ ⩽ ∥g − h∥καn∥Ln∥.

Since there exists an n ∈ N such that ∥Ln∥ < 1 and α < 1/∥Ln∥1/n, R is eventually

contracting on (G, ∥ · ∥κ), whence it is also globally stable by the generalised Banach

contraction mapping theorem. Finally, Lemma 2.8.22 implies that T is globally stable. □

Lemma 2.8.24. If M is regular and Assumption 2.6.1 hold, then a v-greedy policy and a

g-greedy policy exist for all v ∈ V and g ∈ G.

Proof of Lemma 2.8.24. Let Condition 2.8.1 and Assumption 2.6.1 hold. Let v ∈

V . Condition 2.8.1 and the proof of Lemma 2.8.21 implies that a 7→ r(x, a) +

Ex,aβ(x, a, C
′)v(C ′) is u.s.c. for all x ∈ X. Since Γ(x) is compact for all x ∈ X, the

v-greedy policy exists by the Maximum theorem. Let g ∈ G. Then, a 7→ r(x, a) + g(x, a)

is u.s.c. for all x ∈ X, so the g-greedy policy exists by the Maximum theorem. The proof

for Condition 2.6.1 is similar. □

Lemma 2.8.25. If M is regular and Assumption 2.6.1 hold, and ḡ is a fixed point of R,

then v∗ =Mḡ, ḡ = Ev∗, and an optimal policy exists. Moreover, the following statements

are equivalent.

(a) a policy σ ∈ Σ is optimal,

(b) σ is ḡ-greedy, and
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(c) σ is v∗-greedy.

Proof of Lemma 2.8.25. Let M be regular and Assumption 2.6.1 hold. Lemma 2.8.22

implies that v̄ = Mḡ is a unique fixed point of T , so v̄ = T v̄ ⩾ Tσv̄ for all σ ∈ Σ. Fix

σ ∈ Σ. Let {Xt} be a Pσ-Markov process and βσt = β(Xt, σ(Xt), Xt+1) for all t ∈ N0.

Then, since v̄ ⩾ Tσv̄ and ḡ = Mv̄ by Lemma 2.8.22, iteration implies that for all x ∈ X

and σ ∈ Σ we have

v̄(X0) ⩾ Tσv̄(X0) = r(X0, σ(X0)) +EX0,σ(X0)β0v̄(X1)

⩾ r(X0, σ(X0)) +EX0,σ(X0)β
σ
0 [r(X1, σ(x1)) +EX1,σ(X1)β

σ
1 v̄(X2)]

⩾ . . .

⩾ EX0,σ(X0)

N∑
t=0

t−1∏
i=0

βσi r(Xt, σ(Xt)) +EX0,σ(X0)β
σ
0 β

σ
1 · · · βσN−1EXN ,σ(XN )β

σ
N v̄(XN+1)

= EX0,σ(X0)

N∑
t=0

t−1∏
i=0

βσi r(Xt, σ(Xt)) +EX0,σ(X0)β
σ
0 β

σ
1 · · · βσN−1ḡ(XN , σ(xN)).

(2.27)

Now, Assumption 2.6.1 implies

|EX0,σ(X0)β
σ
0 β

σ
1 · · · βσN−1ḡ(XN , σ(XN))| ⩽ EX0,σ(X0)β

σ
0 β

σ
1 · · · βσN−1|ḡ(XN , σ(XN))|

⩽ EX0,σ(X0)β
σ
0 β

σ
1 · · ·EXN−1,σ(XN−1)β

σ
N−1∥g∥κκ(XN)

⩽ ∥g∥κEX0,σ(X0)β
σ
0 β

σ
1 · · · βσN−2κ(XN−1)αL1(XN−1)

⩽ . . .

⩽ ∥ḡ∥κκ(X0)α
NLN1(X0)

⩽ ∥ḡ∥κκ(X0)∥αNLN1∥.

Since there exists an n ∈ N satisfying αn∥L∥n < 1, letting N = pn+ q with p, q ∈ N0 and

q < n, we obtain

αN∥LN1∥ ⩽ (αnp∥Lnp∥)αq∥Lq∥ ⩽ (αn∥Ln∥)pmax
q<n
{αq∥Lq∥} → 0 as n(N)→∞.

Therefore, letting N →∞, (2.27) and Lemma 2.8.20 imply v̄ ⩾ vσ for all σ ∈ Σ. Hence,

we have v̄ ⩾ supσ vσ = v∗. Next, since ḡ = Ev̄ and ḡ-g „reedy policy exists by Lemma
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2.8.24, there exists σ∗ such that

v̄(x) =Mḡ(x) = r(x, σ∗(x)) + g(x, σ∗(x))

= r(x, σ∗(x)) +Ex,σ∗(x)β(x, σ
∗(x), x′)v̄(x′) = Tσ∗ v̄(x).

(2.28)

for all x ∈ X. Hence, the same iteration of (2.27) with v̄ = Tσ∗ v̄ implies v̄ = vσ∗ ⩽ v∗.

We conclude that v̄ = v∗. The above arguments also show that a g∗-greedy policy σ∗ is

optimal: v∗ = vσ∗ ((b) ⇒ (a)), and an optimal policy exists. We now show that part (a)

implies (b). We write Mσg(x) = r(x, σ(x))+g(x, σ(x)) for x ∈ X, g ∈ G and σ ∈ Σ. Since

ḡ = Ev∗, if σ∗ is optimal, then we have

Mσ∗ ḡ =Mσ∗Ev∗ = Tσ∗v∗ = Tσ∗vσ∗ = vσ∗ = v∗ = Tv∗ =MEv∗ =Mḡ.

Hence, σ∗ is ḡ-greedy. We next show that a policy is ḡ-greedy if and only if it is Mḡ-

greedy. If σ ∈ Σ is ḡ-greedy: Mσḡ =Mḡ, then TMḡ =MEMḡ =MRḡ =Mḡ =Mσḡ =

MσRḡ = MσEMḡ = TσMḡ, whence σ is Mḡ-greedy. Conversely, if σ is Mḡ-greedy:

TσMḡ = TMḡ, then Mσḡ = MσRḡ = MσEMḡ = TσMḡ = TMḡ = MEMḡ = MRḡ =

Mḡ, whence σ is ḡ-greedy. Similarly, the same method shows that a policy is v∗-greedy

if and only if it is Ev∗-greedy. □

Proof of Theorem 2.6.1. Let Condition 2.8.1 and Assumption 2.6.1 hold. Part (a)

follows from 2.8.20. Part (b) follows from Lemma 2.8.23. Part (c), (d), (f), and (g) follow

from Part (b), Lemma 2.8.22, and 2.8.25. Part (e) follows from Part (b) and (c). □

Proof of Lemma 2.6.1. Let all the stated assumptions hold. We show the statement

by induction. First, observe that

r̂(x, a) = Ezu(R(ε
′)(w − c) + y(ε′, Z ′)) ⩾ Ezu(y(Z

′, ε′)) > −∞,

r̄(x) = sup
0⩽c⩽w

u(c) = u(w) ⩽ pw + q =: κ(x).

The last equation implies that we can set d = 1 in Assumption 2.6.1. Also, observe that

Ex,aκ(X
′) = pEz(R(ε

′)(w − c) + y(Z ′, ε′)) + q



2.8. Appendix 73

is continuous in (x, a) = (w, z, c). Therefore, Assumption 2.6.1 (a) and (c) hold. Next,

note that

Ex,aβ(x, a,X
′)κ(X ′)

κ(x)
=
Ezβ(z, Z

′)(pW ′ + q)

pw + q

=
Ezβ(z, Z

′)[p(R(ε′)(w − c) + y(Z ′, ε′)) + q]

pw + q

⩽
Ezβ(z, Z

′)[p(R(ε′)w + y(Z ′, ε′)) + q]

pw + q
.

Since the right-hand side is a monotone function of w and then achieves the supremum

at either w = 0 or w =∞, we have

Ex,aβ(x, a,X
′)κ(x′)

κ(x)
⩽ max

{
Ezβ(z, Z

′)[py(Z ′, ε′) + q]

q
,Ezβ(z, Z

′)ER(ε′)

}
.

where the last inequality follows from that εt is IID. Then, since q > 1 can be arbitrarily

large, (2.19) implies
Ezβ(z, Z

′)[py(Z ′, ε′) + q]

q
→ Ezβ(z, Z

′)

as q →∞. Since ER(ε′) > 1, we have

Ex,aβ(x, a,X
′)κ(X ′)

κ(x)
⩽ Ezβ(z, Z

′)ER(ε′) =: L1(x)

for large enough q > 1. Hence, we have Ex,aβ(x, a,X ′)κ(X ′)L01(x′) ⩽ κ(x)L1(x) for large

enough q > 1. Assume the induction hypothesis that Ex,aβ(x, a,X ′)κ(X ′)Ln1(X ′) ⩽
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κ(x)Ln+11(x) for some n ∈ {1, . . . ,m− 1}. Then, iteration yields

Ex,aβ(x, a,X
′)κ(x′)Ln+11(X ′)

κ(x)

⩽
Ezβ(z, Z

′)[p(R(ε′)w + y(Z ′, ε′)) + q]EZ′β1β2 . . . βn+1(ER(ε
′))n+1

pw + q

⩽ max

{
Ezβ(z, Z

′)[py(Z ′, ε′) + q]EZ′β1β2 . . . βn+1(ER(ε
′))n+1

q
,

Ezβ(z, Z
′)β1β2 · · · βn+1(ER(ε

′))n+2

}

→ max{Ezβ(z, Z ′)β1β2 · · · βn+1(ER(ε
′))n+1,

Ezβ(z, Z
′)β1β2 · · · βn+1(ER(ε

′))n+2}

⩽ Ln+21(x),

where the first inequality follows from the definitions of κ and Ln+11, the second inequality

follows from that the supremum is at either w = 0 or w =∞, the limit follows from taking

q arbitrarily large, and the last inequality uses ER(ε′) > 1. Therefore, induction implies

that there is large enough q(n) > 1 such that

Ex,aβ(x, a,X
′)κ(X ′)Ln1(X ′) ⩽ κ(x)Ln+11(x)

for all x ∈ X and all n ∈ {1, . . . ,m− 1}. □

2.8.5. Proofs in Section 2.7.

Lemma 2.8.26. If Condition 2.7.1 and and Assumption 2.7.2 holds, then RG ⊂ G.

Proof of Lemma 2.8.26. Let Condition 2.7.1 and Assumption 2.7.2 hold. Let g ∈ G.

We first show that ∥Rg∥ <∞. Since g ⩾ −∥g∥, we have

Rg(x, a) ⩾ −β(x, a)
θ

lnEx,a exp

(
−θ sup

a′∈Γ(X′)

{r(X ′, a′)− ∥g∥}

)

= −β(x, a)
θ

lnEx,a exp (−θ(r̄(X ′)− ∥g∥)) = β(x, a)(r̂(x, a)− ∥g∥).
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Hence, since r̂ is bounded below, Rg is also bounded below. Similarly, we can show that

Rg(x, a) ⩽ β(x, a)(r̂(x, a) + ∥g∥) for all (x, a) ∈ G. Since β is bounded and r̄ is bounded

above, r̂ is bounded above and then Rg is bounded above. Therefore, we have ∥Rg∥ <∞.

Next, since g and r are u.s.c., and Γ is compact-valued and u.s.c., the map x 7→ h(x) :=

supa∈Γ(x){r(x, a) + g(x, a)} is u.s.c. by the Maximum theorem. Now, note that if x1 ⩽ x2

in X, then x′1 = f(x1, a, ε
′) ⩽ f(x2, a, ε

′) = x′2 and then Γ(x′1) ⊂ Γ(x′2). Since r and g are

increasing in x, we have

h(x′1) = sup
a′∈Γ(x′1)

{r(x′1, a′) + g(x′1, a
′)} ⩽ sup

a′∈Γ(x′2)
{r(x′2, a′) + g(x′2, a

′) = h(x′2).

Therefore, we have −(1/θ) lnEx1,a exp(−θh(x′1)) ⩽ −(1/θ) lnEx2,a exp(−θh(x′2)). Since

in addition β is increasing in x, we see that Rg is increasing in x. We conclude that

RG ⊂ G. □

Lemma 2.8.27. If Condition 2.7.1, Assumption 2.7.1, 2.7.2, and 2.7.3 hold, then R is

eventually contracting on (G, ∥ · ∥) and has a unique fixed point in G.

Proof of Lemma 2.8.27. Let Condition 2.7.1, Assumption 2.7.1, 2.7.2, and 2.7.3 hold.

We show that there is an n ∈ N such that Rn satisfies Blackwell’s condition. Let g ∈ G

and K ⩾ 0. Fix (x, a) ∈ G. Observe that

R(g +K)(x, a) =
−β(x, a)

θ
lnEx,a exp

(
−θ sup

a′∈Γ(X′)

{r(X ′, a′) + g(X ′, a′) +K}

)

= Rg(x, a) + β(x, a)K ⩽ Rg(x, a) +KL1(x).

Define the function φ(t) = −1/θ lnEx,a exp(−θt) for random variable t = t(X ′). Since φ

is monotonically increasing, iteration implies

R2(g +K)(x, a) = β(x, a)φ

(
sup

a′∈Γ(X′)

{r(X ′, a′) +R(g +K)(X ′, a′)}

)

= β(x, a)φ

(
sup

a′∈Γ(X′)

{r(X ′, a′) +Rg(X ′, a′) + β(X ′, a′)K}

)

⩽ β(x, a)φ

(
sup

a′∈Γ(X′)

{r(X ′, a′) +Rg(X ′, a′)}+K sup
a′∈Γ(X′)

{β(X ′, a′)}

)
.
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Let X = supa′∈Γ(X′){r(X ′, a′) + Rg(X ′, a′)} and Y = K supa′∈Γ(X′){β(X ′, a′)}. Since

Rg(x, a), r(x, a), β(x, a), and Γ(x) are increasing in x, and x′ = f(x, a, ε′) is increasing

in x and ε′ for independent ε′, we have Cov(e−θX , e−θY |(x, a)) ⩾ 0. Therefore, since

Ex,ae
−θXe−θY ⩾ Ex,ae−θXEx,ae−θY , we have26

φ(X + Y ) =
−1
θ

lnEx,ae
−θX−θY

⩽
−1
θ

ln
(
Ex,ae

−θXEx,ae
−θY ) = φ(X) + φ(Y ).

We then have

R2(g +K)(x, a)

⩽ β(x, a)φ

(
sup

a′∈Γ(X′)

{r(X ′, a′) +Rg(X ′, a′)}

)
+ β(x, a)φ

(
K sup

a′∈Γ(X′)

{β(X ′, a′)}

)

= R2g(x, a) + β(x, a)φ

(
K sup

a′∈Γ(X′)

{β(X ′, a′)}

)
.

Now, since t 7→ exp(−θt) is convex, Jensen inequality implies

φ(Y ) =
−1
θ

lnEx,ae
−θY ⩽

−1
θ

ln e−θEx,aY = Ex,aY.

Therefore, we obtain

R2(g +K)(x, a) ⩽ R2g(x, a) +KEx,aβ(x, a) sup
a′∈Γ(X′)

β(X ′, a′)

⩽ R2g(x, a) +KLβ̄(x),

where L and β̄ are defined in Assumption 2.7.3. With the same argument, the induction

shows that Rn(g + K)(x, a) ⩽ Rng(x, a) + KLn−1β̄(x) for all n ∈ N. Since ρ(L) < 1

implies that there is m ∈ N such that ∥Lm−1β̄∥ < 1, we have

Rm(g +K) ⩽ Rmg +K∥Lm−1β̄∥.

26See also Lemma 3 of Bäuerle and Jaśkiewicz (2018).
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Hence, Rm satisfies the Blackwell’s condition and is a contraction map. Then, since G

is a Banach space, R admits a unique fixed point in G by the generalised Contracting

Mapping theorem. □

Lemma 2.8.28. If Condition 2.7.1, Assumption 2.7.1, 2.7.2, and 2.7.3 hold, then for all

constant c ∈ R we have vσ(x) = lim supn→∞ T nσ r̄(x) = lim supn→∞ T nσ (r̄ + c)(x) for all

x ∈ X and σ ∈ Σ.

Proof of Lemma 2.8.28. Let Condition 2.7.1, Assumption 2.7.1, 2.7.2, and 2.7.3 hold.

Fix σ ∈ Σ and constant K ⩾ 0. Since r̄ + K ⩾ r̄, the monotonicity of Tσ implies

lim supn→∞ T nσ (r̄+K) ⩾ lim supn→∞ T nσ r̄. Next, similar to the iteration in Lemma 2.8.27,

we have, for all x ∈ X,

Tσ(r̄ +K)(x) = rσ(x)−
βσ(x)

θ
lnEσxe

−θ(r̄+K)(X′)

= rσ(x)−
βσ(x)

θ
ln e−θKEσxe

−θr̄(X′)

= rσ(x)−
βσ(x)

θ
lnEσxe

−θr̄(X′) + βσ(x)K = Tσr̄(x) + βσ(x)K,

where rσ(x) = r(x, σ(x)) and βσ(x) = β(x, σ(x)) for all x ∈ X. Since rσ, βσ, x′ =

f(x, σ(x), ε′) are increasing in x, we see that Tσr̄(x) is increasing in x. Then, it follows

from the argument in Lemma 2.8.27 and Assumption 2.7.1 that Eσxe−θTσ r̄(X
′)e−θβσ(X

′)K ⩾

Eσxe
−θTσ r̄(X′)Eσxe

−θβσ(X′)K , so iteration yields that for all x ∈ X

T 2
σ (r̄ +K)(x) = rσ(x)−

βσ(x)

θ
lnEσxe

−θTσ(r̄+K)(X′)

= rσ(x)−
βσ(x)

θ
lnEσxe

−θ(Tσ r̄(X′)+βσ(X′)K)

= rσ(x)−
βσ(x)

θ
lnEσxe

−θTσ r̄(X′)e−θβσ(X
′)K

⩽ rσ(x)−
βσ(x)

θ
lnEσxe

−θTσ r̄(X′)Eσxe
−θβσ(X′)K

= T 2
σ r̄(x)−

βσ(x)

θ
lnEσxe

−θβσ(X′)K

⩽ T 2
σ r̄(x) +KEσxβσ(x)βσ(X

′)

⩽ T 2
σ r̄(x) +KLβ̄(x)
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where the second inequality follows from Jensen inequality as iteration in Lemma 2.8.27,

and the last inequality follows from Assumption 2.7.3. Then, using the same induction,

we have

T nσ (r̄ +K)(x) ⩽ T nσ r̄(x) +KLn−1β̄(x).

Hence, since ρ(L) < 1 by Assumption 2.7.3, there exists m ∈ N such that ∥Lmβ̄∥ < 1.

Then, we have lim supn→∞ Lnβ̄(x) ⩽ lim supn→∞ ∥Lnβ̄∥ → 0 for all x ∈ X. Therefore,

we have lim supn→∞ T nσ (r̄ + K)(x) ⩽ lim supn→∞ T nσ r̄(x) for all x ∈ X. Then, we have

lim supn→∞ T nσ (r̄ +K)(x) = lim supn→∞ T nσ r̄(x) for all x ∈ X when K ⩾ 0. Similarly, we

can show the statement when K < 0, where the above inequalities are reversed. □

Proof of Theorem 2.7.1. Let Condition 2.7.1, Assumption 2.7.1, 2.7.2, and 2.7.3

hold. Part (a) follows from 2.8.26 and 2.8.27. Part (b), (c), (e), and (f) of optimal-

ity follow from the proof of Theorem 5.3 of Ma et al. (2022) and Lemma 2.8.27 and

2.8.28. Part (d) follows from (a) and (b). □



CHAPTER 3

Q-Learning with State-Action-Dependent Discounting

3.1. Introduction

Reinforcement learning algorithms, such as Q-learning introduced by Watkins (1989),

learn optimal actions from interaction between agents and environments. In reinforcement

learning, a discount factor is a meta-parameter of learning performance and is often set

to be less than one constant. However, in economics and finance, it is well-known that

discount factors vary over time and are state-action-dependent discounting (Cochrane,

2011, Hills and Nakata, 2018). For example, asset pricing models consider a stochastic

discount factor, which is a function of risk preference, for the trade-off between current

and future state-dependent consumption levels (Lucas Jr, 1978, Campbell and Ammer,

1993, Rosenberg and Engle, 2002, Cochrane, 2009, 2011, Hansen and Renault, 2010).

To apply Q-learning in economic or finance models, it is essential to generalise constant

discounting to stochastic state-action-dependent discounting. In particular, we are inter-

ested in the case that discount factors may be greater than one with a positive probability.

It has been noted by Nakata (2016), Hills and Nakata (2018) and Hubmer et al. (2021)

that if a discount factor is defined as the reciprocal of gross interest rate, then it exhibits

dynamic behaviour and may occasionally exceed one.

In the existing literature, Yoshida et al. (2013) show the convergence of Q-learning with

state-dependent discount factors and provide a framework to optimise the state-dependent

discount function, demonstrating superior performance compared to a constant discount

factor by simulation. Similarly, Sharma et al. (2021) explore the convergence of Q-learning

and SARSA algorithms with both state- and action-dependent discount factors. However,

both of them assume that discount factors are strictly less than one, whence the Bellman

operator and the Q-factor Bellman operator are evidently contraction maps.
79
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To address this gap, this paper shows the convergence of three model-free reinforcement

learning algorithms under state-action-dependent discounting, including Q-learning, on-

policy learning SARSA, and double Q-learning algorithms (Watkins and Dayan, 1992,

Singh et al., 2000, Hasselt, 2010). Following the assumptions of state-dependent dis-

counting outlined in Stachurski and Zhang (2021), we assume that discount factors are

eventually discounting: for all feasible action policies σ there exists an nσ ∈ N such that

sup
x
Ex

nσ−1∏
t=0

β(Xt, σ(Xt), Xt+1) < 1,

where β denotes the discount factor and is a function of states Xt and actions/policies

σ(Xt).1 Eventual discounting indicates that the expected multiplicative of discount factors

is eventually less than one for any policy.

Our condition does not rule out βt = β(Xt, σ(Xt), Xt+1) > 1 with positive probability. On

the other hand, the conventional proofs of the convergences for the Q-learning, SARSA,

and double Q-learning rely on the fact that the discount factor is strictly less than one,

which yields a contractive Bellman operator (Watkins and Dayan, 1992, Tsitsiklis, 1994,

Bertsekas and Tsitsiklis, 1995, Singh et al., 2000, Hasselt, 2010).

In addition, we analyze the contraction of the Bellman operator in the weighted norm

of the eigenvector corresponding to the spectral radius of appropriate matrices governing

discounting. This property provides convergence rates and error bounds for dynamic pro-

gramming algorithms under state-action-dependent discounting. Moreover, this feature

pins down the bound for optimal Q-factor.

Finally, we extend the Stochastic Approximation algorithm and Q-learning to incorpo-

rate concave operators. Since a concave operator may have a unique fixed point and be

globally stable, Stochastic Approximation with a concave operator converges whenever it

is bounded. This provides an alternative method to prove the convergence of Q-learning.

Related literature - Regarding action-dependent discounting, endogenous time preferences

or Uzawa time preferences are broadly studied in small open economies such as Obstfeld

1{Xt}t⩾0 is a Markov process defined in Section 3.2.1.
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(1990), Mendoza (1991), Schmitt-Grohé and Uribe (2003), Vasilev (2022a), Durdu et al.

(2009).

The related literature in Markov decision processes with state- or action-dependent dis-

count factors includes Wei and Guo (2011), Minjárez-Sosa (2015), Wu et al. (2015), Wu

and Zhang (2016), Jasso-Fuentes et al. (2022). The literature about dynamic program-

ming theory with state-dependent stochastic discounts in economics and finance includes

Stachurski and Zhang (2021), Toda (2021), Sargent and Stachurski (2023), Toda (2023).

The applications of Q-learning in economics are as follows. Park and Ryu (2022) study

suppliers’ collusion behaviours concerning supply chain ethics and transparency with Q-

learning agents. Through simulations, they show that suppliers tend to exhibit low levels

of ethics and transparency. Neuneier (1997) utilises Q-learning to study the optimal asset

allocation. Waltman and Kaymak (2008) use Q-learning to model the learning behaviour

of firms in repeated Cournot oligopoly games and find that Q-learning firms learn to

collude with each other. Calvano et al. (2020) find that Q-learning artificial intelligence

autonomously learns to charge supracompetitive prices in an oligopoly model of repeated

price competition. Charpentier et al. (2021) conduct a comprehensive survey on the

applications of reinforcement learning in economics and finance.

The paper is structured as follows. Section 3.2.1 introduces the framework and reinforce-

ment learning algorithms. Section 3.3 presents the main results of the convergence of

Q-leaning algorithms. Section 3.5 discusses the stability of the algorithm. Section 3.6

extends Stochastic Approximation and Q-learning to incorporate concavity.
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3.2. Q-learning, SARSA, and Double Q-learning

In this section, we introduce the Markov decision process and the model-free learning

algorithms, including Q-learning, SARSA, and double Q-learning.

3.2.1. Background. A finite Markov decision process (MDP) is a tuple (X,A,Γ, β, P, r)

satisfying that (i) X and A are finite state space and action space, respectively, (ii) Γ is a

nonempty correspondence from X→ A, referred to as the feasible correspondence, which

defines the feasible state-action pairs G := {(x, a) ∈ X×A : a ∈ Γ(x)}, (iii) β : G×X→ R+

is a function of discount factors, (iv) r : G × X → R is a function of rewards, and (v) a

stochastic kernel P : G× X→ R+ satisfies
∑

x′∈X P (x, a, x
′) = 1 for all (x, a) ∈ G.

Given an MDP (X,A,Γ, β, P, r), the set of feasible policies is defined by

Σ := {σ ∈ AX : σ(x) ∈ Γ(x), ∀x ∈ X}.

An MDP is recurrent or ergodic if the Markov chain corresponding to every deterministic

stationary policy σ ∈ Σ consists of a single recurrent class.2 If an MDP is recurrent, then

for every policy σ ∈ Σ the induced Markov chain will eventually visit every state; that is,

every state is visited infinitely often.

To any stationary policy σ ∈ Σ and initial state x, consider a trajectory process

X := {Xt}t∈N0 taking values in state space X and controlled by policies σ(X) :=

{σ(Xt)}t∈N0 such that Xt+1 is generated by P (Xt, σ(Xt), ·) for all t ∈ N0. The pro-

cesses X and σ(X) are well-defined on some measurable space (Ω,F ,P) satisfying

P(Xt+1 = x′|Ft) = P (Xt, σ(Xt), x
′) almost surely for any x′ ∈ X and t ∈ N0, where

Ft := σ{X0, . . . , Xt, a0, . . . } denotes the information set up to time t.

Let rt be the reward drawn from a fixed reward distribution r : G × X → R such that

E[rt|(x, a, x′) = (Xt, σ(Xt), Xt+1)] = r(x, a, x′), where the conditional expectation of rt

is r(x, a, x′) conditioning on Xt = x, σ(Xt) = a and being governed by underlying state

transition Xt+1 = x′.

2A state x is recurrent if it is eventually visited or returned to.
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The σ-value function vσ is defined by

vσ(x) := E
σ
x

[
∞∑
t=0

t−1∏
i=0

βirt

]

where βi := β(Xi, σ(Xi), Xi+1) for all i ∈ N0, Eσx denotes expectation conditioning on

{x0 = x} with transition probability measure P (Xt, σ(Xt), ·) for t ∈ N0, and
∏−1

i=0 βi := 1

by convention. The maximum total reward or value function is defined by

v∗(x) := sup
σ∈Σ

vσ(x) (x ∈ X).

A policy σ∗ ∈ Σ is optimal if vσ∗ = v∗. The Bellman equation follows

v(x) = max
a∈Γ(x)

{
r(x, a) +

∑
x′∈X

β(x, a, x′)v(x′)P (x, a, x′)

}
(x ∈ X)

where r(x, a) :=
∑

x′∈X r(x, a, x
′)P (x, a, x′) for all (x, a) ∈ G. Given v ∈ RX, a policy

σ ∈ Σ is v-greedy if

σ(x) ∈ argmax
a∈Γ(x)

{
r(x, a) +

∑
x′∈X

β(x, a, x′)v(x′)P (x, a, x′)

}
(x ∈ X).

The Bellman operator T : RX → RX is defined by

Tv(x) := max
a∈Γ(x)

{
r(x, a) +

∑
x′∈X

β(x, a, x′)v(x′)P (x, a, x′)

}
(x ∈ X).

3.2.2. Eventual Discounting. In this section, we introduce the main assumptions im-

posed on state-action-dependent discount factors. Define the expected multiplicative of

discount factors dn by

dn := max
σ∈Σ

max
x∈X

{
Eσx

n−1∏
t=0

β(Xt, σ(Xt), Xt+1)

}
. (3.1)

We say that the MDP is eventually discounting if there is n ∈ N such that dn < 1. In

other words, the MDP is eventually discounting if the expected multiplicative of discount

factors is eventually smaller than one for any policy.
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We briefly discuss the sufficient conditions for eventual discounting. Denote function

B : G×RX → R as

B(x, a, v) := r(x, a) +
∑
x′∈X

P (x, a, x′)β(x, a, x′)v(x′) ((x, a, v) ∈ G×RX).

Suppose that there exists a |X| × |X| matrix L such that

|B(x, a, v)−B(x, a, w)| ⩽
∑
x′∈X

L(x, x′)|v(x′)− w(x′)| ((x, a) ∈ G). (3.2)

for all v, w ∈ RX. Let ρ(L) := max{|λ| : λ is an eigenvalue of L} be the spectral radius of

L. If the spectral radius of L is less than one, we can show that it is eventually discounting;

that is, ρ(L) < 1 implies dn < 1 for some n ∈ N. One possible assumption is to choose L

to be

Lm(x, x
′) := max

a∈Γ(x)
β(x, a, x′)P (x, a, x′) ((x, x′) ∈ X2) (3.3)

and assume ρ(Lm) < 1.

Lemma 3.2.1. If Lm defined by (3.3) satisfies ρ(Lm) < 1, then there exists an n ∈ N such

that dn < 1.

Given σ, define the |X| × |X| matrix Lσ by

Lσ(x, x
′) := β(x, σ(x), x′)P (x, σ(x), x′)

for all (x, x′) ∈ X× X. Induction implies

∑
x′

Lnσ(x, x
′) = Eσx

n−1∏
t=0

β(xt, σ(Xt), Xt+1) (x ∈ X).

Then, we can show that ρ(Lσ) < 1 if and only if there is n ∈ N such that dσn < 1, where

dσn := max
x
Eσx

n−1∏
t=0

β(Xt, σ(Xt), Xt+1).

Moreover, dn < 1 for some n ∈ N implies

max
σ

dσn = max
σ

max
x

∑
x′

Lnσ(x, x
′) < 1.



3.2. Q-learning, SARSA, and Double Q-learning 85

Hence, we can further show that the eventual discounting is equivalent to

max
σ

ρ(Lσ) < 1.

Example 3.2.1. In economics and finance, discount factors are frequently determined as

the reciprocals of gross real interest rates: βt = 1/(1+ it), where it ∈ R is the real interest

rate. It is well-known that real interest rates could be negative when there is zero lower

bound for nominal interest rates (Hills and Nakata, 2018, Nakata, 2016, Hubmer et al.,

2021). Hills et al. (2019) and Hubmer et al. (2021) consider an AR(1) process: βt = Zt,

where {Zt} follows

Zt+1 = ρZZt + (1− ρZ)µZ + σεεt+1 {εt}
IID∼ N(0, 1). (3.4)

Hubmer et al. (2021) calibrate ρZ = 0.992, µZ = 0.944, σε = 0.0006. They discretize the

process onto a grid of N = 15 states by Tauchen’s method which allows us to write the

operator L defined in (3.3) as

Lij = β(xi)P (xi, xj), 1 ⩽ i, j ⩽ N.

The spectral radius of matrix L is 0.9469 computed by Stachurski and Zhang (2021).

As summarised in the following proposition, if an MDP is eventually discounting, then the

optimality of dynamic programming holds that a v∗-greedy policy is optimal. Moreover,

we can compute the value function v∗ by the value function iteration of {T kv}k⩾0 for any

v ∈ RX. The proof for the following proposition can be found in Sargent and Stachurski

(2023).

Proposition 3.2.1. For an eventually discounting MDP,

(i) the value function v∗ is the unique solution to Bellman’s equation in RX,

(ii) limk→∞ T kv = v∗ for all v ∈ RX, and

(iii) a feasible policy is optimal if and only if it is v∗-greedy.
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3.2.3. Q-learning. For each v ∈ RX, the Q-factor, Q ∈ RG, corresponding to v ∈ RX is

defined by

Q(x, a) = r(x, a) +
∑
x′∈X

β(x, a, x′)v(x′)P (x, a, x′) (x, a) ∈ G.

Denote Q∗ as the Q-factor corresponding to value function v∗:

Q∗(x, a) = r(x, a) +
∑
x′∈X

β(x, a, x′)v∗(x′)P (x, a, x′) (x, a) ∈ G.

The Bellman equation implies that

v∗(x) = max
a∈Γ(x)

Q∗(x, a) (x ∈ X).

The goal of the Q-learning algorithm is to learn Q∗(x, a) for all state-action pairs. Denote

{xt}t⩾0 as the realisation of the Markov process where xt+1 is generated by P (xt, at, ·) for

t ∈ N, given {at}t⩾0. The Q-learning iterates the vector Qt ∈ RG following the rule:

Qt+1(xt, at) =(1− αt(xt, at))Qt(xt, at) + αt(xt, at)

[
rt + βt max

b∈Γ(xt+1)
Qt(xt+1, b)

]
, (3.5)

for t ∈ N0, where xt, at, rt, and αt are the state, action, reward, and step size at time

step t. In detail, given realised {(xt, at)}t∈N0 , αt(x, a) ∈ [0, 1] is a step-size coefficient

that αt(x, a) = 0 for all (x, a) ̸= (xt, at); that is, αt is set to zero for those are outside of

the support of (xt, at). Moreover, rt is a random sample of reward that E[rt|(x, a, x′) =

(xt, at, xt+1)] = r(x, a, x′), βt is a random sample of discount factor that E[βt|(x, a, x′) =

(xt, at, xt+1)] = β(x, a, x′), and xt+1 is a random successor state generated by P (xt, at, ·).

In each iteration of Q-learning, Qt is updated, with learning rate αt, by the observed

reward rt and optimal Q-value at observed state xt+1 multiplied by the discount factor

βt.

3.2.4. SARSA. We follow the terminology in Singh et al. (2000). While Q-learning up-

dates Q-factors greedily by selecting the action with the maximum Q-value for the next

state, denoted as maxb∈Γ(xt+1)Qt(xt+1, b), state–action–reward–state–action (SARSA) al-

gorithm adheres to a specified policy for updating Q-factors. The SARSA update rule is
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given by:

Qt+1(xt, at) =[1− αt(xt, at)]Qt(xt, at) + αt(xt, at) [rt + βtQt(xt+1, at+1)] , (3.6)

where at+1 is determined by a learning policy, and αt(x, a) ∈ [0, 1] with αt(x, a) = 0

for (x, a) ̸= (xt, at). Thus, SARSA is categorised as an on-policy algorithm, and its

convergence is contingent upon the chosen learning policy.

A learning policy π is a set of probabilities Pr(·|x, t, Q, nt(x)) such that action a ∈ A

is selected with probability Pr(a|x, t, Q, nt(x)), given the state x, time step t, current

estimate Q of the (optimal) Q-value, and the number nt(x) of visits to state x up to time

t. A learning policy is greedy if it consistently selects the action with the highest current

Q-value.

Furthermore, a learning policy π is a greedy-in-the-limit-with-infinite-exploration (GLIE)

learning policy if it satisfies the following criteria:

(a) Infinite Visits: Each state is visited infinitely often, and each action is executed

infinitely often in every state.

(b) Greedy in the Limit: As t→∞, the learning policy is greedy with respect to the

Q-value function with probability 1.

An example of a GLIE learning policy is ε-greedy exploration: at time step t in state

x, selects the greedy action with probability 1− εt(x), and selects a random exploration

action with probability εt(x), where εt(x) := c/nt(x) for 0 < c < 1.

A learning policy is restricted rank-based randomized (RRR) if it selects actions prob-

abilistically according to the ranks of Q-values: Pr(a|x, t, Q) = PR(ρ(Q, x, a)), where

ρ(Q, x, a) represents the rank of action a in state x based on its action value Q(x, a), and

PR : {1, . . . , |A|} → R maps action ranks to probabilities such that PR(1) ⩾ PR(2) ⩾

· · · ⩾ PR(|A|) and
∑|A|

i=1 P
R(i) = 1. For example, Q-learning is a SARSA iteration with

an RRR learning policy where PR(1) = 1 and PR(i) = 0 for i = 2, . . . , |A|.

We say that Qt is generated by SARSA iteration ( (3.6)) with a GLIE (RRR) learning pol-

icy π if at+1 is selected by a GLIE (RRR) learning policy withQ = Qt in Pr(·|x, t, Q, nt(x)).
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The key difference between GLIE and RRR learning policies is that a GLIE learning pol-

icy has a decaying exploration such that the learning policy converges to the greedy policy

over time, while an RRR learning policy maintains persistent exploration. Therefore, Qt

generated by SARSA with a GLIE learning policy will converge to optimal Q-value Q∗,

while Qt may not converge to Q∗ if the SARSA iteration follows an RRR learning policy.

Given a learning policy with ranking by Q-value, ρ(Q, x, a), and ranking probability, PR,

let Q̄ be the corresponding Q-factor satisfying

Q̄(x, a) = r(x, a) +
∑
x′∈X

P (x, a, x′)β(x, a, x′)
∑
a′∈A

PR(ρ(Q̄, x′, a′))Q̄(x′, a′)

for (x, a) ∈ G. Given constant discounting β(x, a, x′) ≡ β, Singh et al. (2000) prove

that Qt value computed by SARSA with a GLIE learning policy converges to optimal

Q∗, and Qt updated with an RRR learning policy converges to the Q-factor function Q̄

corresponding to that learning policy.

On the other hand, the ranking policy can depend on (x, a) pair only without referencing

Q-factor. Let Π := {f : A → {1, 2, . . . , |A|} : f is a bijection} denote the set of permuta-

tions of A, where each f ∈ Π ranks actions. A restricted policy π̄ : X → Π ranks actions

in each state without action value Q. That is, π̄(x, a) := π̄(x)(a) is the assigned rank of

action a in state x. Given ranking probability PR, PR(π̄(x, a)) is the probability that the

policy selects action a in state x under restricted policy π̄ that ranks a. The Q-factor of

a restricted policy π̄, denoted Q̄π, satisfies

Q̄π̄(x, a) = r(x, a) +
∑
x′∈X

P (x, a, x′)β(x, a, x′)
∑
a′∈A

PR(π̄(x′, a′))Q̄π̄(x′, a′)

for (x, a) ∈ G. We say a restricted policy π̄ is optimal under probabilities of ranks PR if

π̄ ∈ argmax
π∈Π

Q̄π.

Also, the greedy restricted policy for a Q-value function Q is π̄(x, a) = ρ(Q, x, a), which

ranks actions with their corresponding Q-values. Singh et al. (2000) shows that the greedy

restricted policy with respect to Q̄ (estimated by SARSA with an RRR learning policy)

is an optimal restricted policy.
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3.2.5. Double Q-learning. Double Q-learning is designed to address the overestima-

tion of Q-values that occurs in standard Q-learning. Given random variables X1, . . . , Xn,

since E(maxi{Xi}) ⩾ maxiE(Xi) by Jensen inequality, Q-learning is known to over-

estimate optimal values during experiments. That is, maxbQt(xt+1, b) is an estimate for

E{maxbQt(xt+1, b)}, rather than for maxbE[Qt(xt+1, b)], which is the desired value. Here,

the expectation is the average over all possible runs of the same experiments, and Qt it-

eration is a sample mean that approximates Q∗. To avoid overestimation, Hasselt (2010)

introduces double Q-learning, as outlined in Algorithm 1.

There are two Q-functions in double Q-learning: QA and QB. Each Q-function, say QA, is

updated with another Q-value, QB, with QA-greedy action a∗. Since QA and QB update

with different sets of experiment samples, QB is an unbiased estimate for Q-value at QA-

greedy action. Hasselt (2010) illustrates that since E[QB(x′, a∗)] ⩽ maxaE[Q
A(x′, a)],

double Q-learning may actually underestimate the action value.

Hasselt (2010) shows the convergence of double Q-learning assuming a constant discount

factor β < 1. As illustrated in Algorithm 1, we assume that β is a random variable

observed at the time that the Q-functions are updated. Moreover, we assume that β is

governed by a parameterised function such that there exists eventual discounting.

Algorithm 1: Double Q-learning
1 Initialise QA, QB, x

2 repeat
3 Choose a, based on QA(x, ·) and QB(x, ·). Observe r, β, x′

4 Choose (e.g. random) either UPDATE(A) or UPDATE(B)
5 if UPDATE(A) then
6 Define a∗ = argmaxaQ

A(x′, a)

7 QA(x, a)← QA(x, a) + α(x, a)
(
r + βQB(x′, a∗)−QA(x, a)

)
8 else if UPDATE(B) then
9 Define b∗ = argmaxaQ

B(x′, a)

10 QB(x, a)← QB(x, a) + α(x, a)
(
r + βQA(x′, b∗)−QB(x, a)

)
11 end
12 x← x′

13 until end
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3.3. Main Results

This section presents the assumptions and main results for the convergence of Q-learning,

SARSA, and double Q-learning with state-action-dependent discount factors.

3.3.1. Assumptions and Convergences. We first introduce the standard Robbins-

Monro conditions for the Stochastic Approximation algorithm.

Let Ft be the information field up to time t:

Ft = σ{x0, . . . , xt, a0, . . . , at, α0, . . . , αt, Q0, . . . , Qt, r0, . . . , rt−1, β0, . . . , βt−1} (3.7)

Let Ω be the sample space of all possible trajectories of {(xt, at, rt, βt)}t∈N and F =⊗
t∈N0

Ft. Let P be the probability measure on (Ω,F ). For trajectory ω ∈ Ω and

(x, a) ∈ G, let Tx,a(ω) ⊂ N be the set of times at which an update of Qt(x, a) is performed.

Assumption 3.3.1. The following conditions hold:

(a) X and A are finite;

(b) the stepsizes {αt}t∈N0 is a sequence of random variables on (Ω,P,F ) such that

αt(x, a) ∈ [0, 1], αt(x, a) = 0 for t /∈ Tx,a(ω) and

∑
t∈Tx,a(ω)

αt(x, a) =∞,
∑

t∈Tx,a(ω)

α2
t (x, a) <∞

for all (x, a) ∈ G and P-almost all ω ∈ Ω; and

Assumption 3.3.1 implies that each state-action pair will be visited infinitely many times

by temporal-difference learning, and αt(x, a) → 0 for each (x, a) ∈ G. Next, we outline

the assumptions associated with state-action-dependent discounting. Given a |X| × |X|

matrix L let ρ(L) := max{|λ| : λ is an eigenvalue of L} be the spectral radius.

Assumption 3.3.2 (eventual-discounting). For any σ ∈ Σ, ρ(Lσ) < 1, where Lσ(x, x′) :=

β(x, σ(x), x′)P (x, σ(x), x′) for all (x, x′) ∈ X× X.

Assumption 3.3.3 (eventual-discounting). There is a non-negative |X| × |X| matrix L

such that β(x, a, x′)P (x, a, x′) ⩽ L(x, x′) for all (x, a, x′) ∈ G× X and ρ(L) < 1 .
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Assumption 3.3.2 or 3.3.3 implies that the MDP is eventually discounting. Compared to

a constant discount factor, Assumption 3.3.2 and 3.3.3 are more general in the sense that

discount factors are state-action-dependent and can exceed one under some states and

actions. Moreover, Assumption 3.3.3 is sufficient to Assumption 3.3.2. We can show that

the policy operator or the Bellman operator is globally stable if either Assumption 3.3.2

or 3.3.3 holds. As discussed in Section 3.2.2, the assumptions imply that there is n ∈ N

such that

sup
σ∈Σ

sup
x∈X

Eσx

n−1∏
t=0

βt < 1

where βt = β(xt, σ(xt), xt+1) and Eσx denote the expectation conditioning on x0 = x and

the transition probability follows P (x, σ(x), x′) for all (x, x′) ∈ X× X.

The convergence results of Q-learning, SARSA, and double Q-learning are presented below

with the above assumptions of eventual discounting.

Proposition 3.3.1. If Assumption 3.3.1 holds, and either Assumption 3.3.2 or 3.3.3

holds, then {Qt}t⩾0 generated by Q-learning algorithm (3.5) converges to Q∗ w.p.1..

Proposition 3.3.2. If MDP is recurrent, Assumption 3.3.1 is satisfied, and either As-

sumption 3.3.2 or 3.3.3 holds, then the SARSA iterate {Qt}t⩾0 , generated by (3.6), with

a GLIE learning policy π converges to Q∗ w.p.1. and the corresponding learning policy πt

converges to the optimal policy σ∗ w.p.1..

Proposition 3.3.3. If MDP is recurrent, Assumption 3.3.1 is satisfied, either Assump-

tion 3.3.2 or 3.3.3 holds, and Pr(at+1 = a|Qt, xt+1) = PR(ρ(Qt, xt+1, at+1)), then the

SARSA iterate {Qt}t⩾0 , generated by (3.6), with an RRR learning policy converges to Q̄

w.p.1. Moreover, the greedy restricted policy is the optimal restricted policy.

Proposition 3.3.4. If MDP is recurrent, Assumption 3.3.1 holds, and either Assumption

3.3.2 or 3.3.3 holds, and both QA and QB update infinitely often, then both {QA
t }t⩾0 and

{QB
t }t⩾0 converge to optimal Q-value Q∗ w.p.1.

3.4. Proofs for Main Results

In this section, we provide the proofs for the propositions in Section 3.3.1.
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3.4.1. Preliminaries. Fix n ∈ N. For any positive vector w ∈ Rn, define the weighted

maximum norm ∥ · ∥w by

∥v∥w := max
x

|v(x)|
w(x)

(v ∈ Rn).

Denote ∥ · ∥ := ∥ · ∥1, where 1 ∈ Rn is a vector of ones. A self-map F on U ⊂ Rn is

globally stable if F has a unique fixed point u∗ and F ku→ u∗ for all u ∈ U .

3.4.2. Proofs of Proposition 3.3.1. The proof is completed by the following lemmas.

To apply the Stochastic Approximation, we first demonstrate that the Q-factor Bellman

operator is contractive under some weighted norm. Define the Q-factor Bellman operator

H : RG → RG by

HQ(x, a) := E(x,a)r(x, a,X
′) +E(x,a)

[
β(x, a,X ′) max

b∈Γ(X′)
Q(X ′, b)

]
= B

(
x, a,max

b
Q(·, b)

)
((x, a) ∈ G, Q ∈ RG)

We can verify that Q∗ is the fixed point of H. To simplify the notation, we letMq(x) :=

maxa q(x, a) for all x ∈ X and all q ∈ RG in the following lemmas.

Lemma 3.4.1. If Assumption 3.3.2 holds, then there exist a positive vector φ ∈ RG and

γ < 1 such that ∥HQ−HQ′∥φ ⩽ γ∥Q−Q′∥φ for all Q,Q′ ∈ RG.

Proof. Let Assumption 3.3.2 hold. Proposition 3.2.1 implies that v∗ is the unique fixed

point of T . Define Q∗ ∈ RG by

Q∗(x, a) = r(x, a) +Ex,aβ(x, a,X
′)v∗(X ′) ((x, a) ∈ G.)

Since v∗ = Tv∗, we have

v∗(x) = max
a∈Γ(x′)

{r(x, a) +Ex,aβ(x, a,X ′)v∗(X ′)} = max
a∈Γ(x)

Q∗(x, a),

for all x ∈ X. It implies

HQ∗(x, a) = r(x, a) +Ex,a

[
β(x, a,X ′) max

a′∈Γ(X′)
Q∗(X ′, a′)

]
= r(x, a) +Ex,aβ(x, a,X

′)v∗(X ′) = Q∗(x, a)
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for all (x, a) ∈ G. Hence, Q∗ is the fixed point of H. Next, we construct the weighted

vector φ by considering the constant reward r̂(x, a, x′) ≡ −1 for all (x, a, x′) ∈ G×X. Let

v̂ be the fixed point of T with reward r̂ and Q̂(x, a) = Ex,a[r̂(x, a,X ′) + β(x, a,X ′)v̂(X ′)]

for (x, a) ∈ G. Then, Q̂ is the fixed point of H when r̂ = −1, so we have3

Q̂(x, a) = HQ̂(x, a) =
∑
x′

P (x, a, x′)[r̂(x, a, x′) + β(x, a, x′)max
a′

Q̂(x′, a′)]

= −1 +
∑
x′

P (x, a, x′)β(x, a, x′)MQ̂(x′)

⩽ −1 + max
a∈Γ(x)

∑
x′

P (x, a, x′)β(x, a, x′)MQ̂(x′) ((x, a) ∈ G)

Taking the maximum over A on the left, we obtain

MQ̂(x) ⩽ −1 + max
a∈Γ(x)

∑
x′

P (x, a, x′)β(x, a, x′)MQ̂(x′) (x ∈ X.) (3.8)

Observe that v̂ =MQ̂ is the optimal value, and there exists an optimal policy σ̂ ∈ Σ such

thatMQ̂ = vσ̂. Since ρ(Lσ̂) < 1, we have Lnσ̂1→ 0 as n→∞, and Tσ̂ is globally stable.

Then, the iteration of vσ̂ = T nσ̂ vσ̂ = (I + Lσ̂ + · · ·+ Lnσ̂)(−1) for all n ∈ N converges and

yields

MQ̂(x) = vσ̂(x) = lim
n→∞

Eσ̂x

n∑
t=0

t−1∏
i=0

β(Xi, σ̂(Xi), Xi+1)(−1) ⩽ −1

for all x ∈ X. Hence, we have v̂ ⩽ −1. Let φ = −MQ̂ ⩾ 1. Hence, (3.8) implies

max
a∈Γ(x)

∑
x′

P (x, a, x′)β(x, a, x′)φ(x′) ⩽ φ(x)− 1 ⩽ φ(x)max
y

φ(y)− 1

φ(y)
= γφ(x),

3Denote 1 ∈ RX as the vector of ones.
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where γ := maxx{(φ(x)− 1)/φ(x)} < 1. Now, for all Q,R ∈ RG, we obtain

|HQ(x, a)−HR(x, a)| =

∣∣∣∣∣∑
x′

β(x, a, x′)P (x, a, x′)(max
a′

Q(x′, a′)−max
a′

R(x′, a′))

∣∣∣∣∣
⩽
∑
x′

β(x, a, x′)P (x, a, x′)
∣∣∣max

a′
Q(x′, a′)−max

a′
R(x′, a′)

∣∣∣
⩽
∑
x′

β(x, a, x′)P (x, a, x′)max
a′
|Q(x′, a′)−R(x′, a′)|

⩽ max
a∈Γ(x)

∑
x′

β(x, a, x′)P (x, a, x′)max
a′
|Q(x′, a′)−R(x′, a′)|

⩽ max
a∈Γ(x)

∑
x′

β(x, a, x′)P (x, a, x′)φ(x′)max
y

M(|Q−R|)(y)
φ(y)

= ∥Q−R∥φ max
a∈Γ(x)

∑
x′

β(x, a, x′)P (x, a, x′)φ(x′)

⩽ ∥Q−R∥φγφ(x)

(3.9)

for all (x, a) ∈ G. Dividing φ(x) and taking supremum over G, we obtain the contraction

∥HQ−HR∥φ ⩽ γ∥Q−R∥φ for all Q,R ∈ RG. □

To this end, Lemma 3.4.1 implies that H is globally stable and has a unique fixed point

if Assumption 3.3.2 holds. Since Assumption 3.3.3 implies Assumption 3.3.2, H is also

contractive on some weighted supremum norm under Assumption 3.3.3. Alternatively,

we can show that H is eventually contracting by leveraging the properties of L, which

bounds the expected discount factors.

Lemma 3.4.2. If Assumption 3.3.3 holds, then operator H has a unique fixed point and

is globally stable.
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Proof. Suppose that Assumption 3.3.3 holds. We show that there exists k ∈ N such

that Hk is a contraction map. Let Q,R ∈ RG. Since Assumption 3.3.3 holds, we obtain

|HQ(x, a)−HR(x, a)| = |B(x, a,max
a′

Q(·, a′))−B(x, a,max
a′

R(·, a′))|

⩽
∑
x′∈X

β(x, a, x′)P (x, a, x′)
∣∣∣max

a′
Q(x′, a′)−max

a′
R(x′, a′)

∣∣∣
⩽
∑
x′∈X

L(x, x′)
∣∣∣max

a′
Q(x′, a′)−max

a′
R(x′, a′)

∣∣∣
⩽
∑
x′∈X

L(x, x′)max
a′
|Q(x′, a′)−R(x′, a′)|

for all (x, a) ∈ G. Taking the maximum over A on the left, we obtain

max
a
|HQ(x, a)−HR(x, a)| ⩽

∑
x′∈X

L(x, x′)max
a′
|Q(x′, a′)−R(x′, a′)|

for all (x, a) ∈ G. Hence, we have M(|HQ − HR|) ⩽ LM(|Q − R|). Observe that

M|H2Q − H2R| ⩽ LM(|HQ − HR|) ⩽ LLM(|Q − R|) = L2M(|Q − R|). Hence,

induction yields

M(|HjQ−HjR|) ⩽ LjM(|Q−R|)

⩽ ∥Lj∥∥Q−R∥.

for j ∈ N. Taking the maximum over X on the left, we obtain ∥HjQ−HjR∥ ⩽ ∥Lj∥∥Q−

R∥ for j ∈ N. Since ρ(L) = limn→∞ ∥Ln∥1/n < 1, the Gelfand’s formula implies that there

exists k ∈ N such that ∥Lk∥ < 1. To this end, Hk is a contraction map. The Banach

Contraction Mapping Theorem implies that Hk has a unique fixed point Q∗ in RG and

Q∗ = limj→∞HjkQ for any Q ∈ RG. To see that Q∗ is the unique fixed point of H, since

Hk is globally stable, we can fix ε > 0 and choose j > 0 such that

∥Hjk(HQ∗)−Q∗∥ < ε.

This implies that ∥HHjkQ∗ −Q∗∥ = ∥HQ∗ −Q∗∥ < ε. Since this holds for all ε > 0, we

obtain ∥HQ∗ −Q∗∥ = 0 so that Q∗ is also a fixed point of H. Finally, by the argument

lim
m→∞

HmQ = lim
s→∞

m=sk+t;s,t∈N
Hsk+tQ = lim

s→∞
m=sk+t;s,t∈N

Hsk(H tQ) = Q∗,
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H is globally stable, and Q∗ is the unique fixed point to H. □

Lemma 3.4.3. If Assumption 3.3.3 holds, then there exist a positive vector φ ∈ RG and

γ < 1 such that ∥HQ−HR∥φ ⩽ γ∥Q−R∥φ for all Q,R ∈ RG.

Proof. Suppose Assumption 3.3.3 holds. Then, Lemma 3.4.2 implies thatH has a unique

fixed point. We construct the weighted vector φ by considering the reward r̂(x, a, x′) ≡ −1

for all (x, a, x′) ∈ G × X. Since there is a unique fixed point Q̂ ∈ RG when r̂ = −1, we

have

Q̂(x, a) = HQ̂(x, a) =
∑
x′

P (x, a, x′)[r̂(x, a, x′) + β(x, a, x′)max
a′

Q̂(x′, a′)]

= −1 +
∑
x′

P (x, a, x′)β(x, a, x′)max
a′

Q̂(x′, a′)

⩽ −1 +
∑
x′

L(x, x′)MQ̂(x′) ((x, a) ∈ G)

(3.10)

Taking the maximum over A on the left, we obtain

MQ̂(x) ⩽ −1+
∑
x′

L(x, x′)MQ̂(x′) (x ∈ X.)

Then, since ρ(L) < 1 and L is non-negative, we have

MQ̂ ⩽ (I − L)−1(−1) = (I + L+ L2 + . . . )(−1) ⩽ −1.

Let φ̂ = −MQ̂ ⩾ 1. Hence, (3.10) implies

∑
x′

L(x, x′)φ(x′) ⩽ φ(x)− 1 ⩽ φ(x)max
y

φ(y)− 1

φ(y)
= γφ(x),
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where γ := maxx{(φ(x)− 1)/φ(x)} < 1. Now, for all Q,R ∈ RG, we obtain

|HQ(x, a)−HR(x, a)| =

∣∣∣∣∣∑
x′

β(x, a, x′)P (x, a, x′))(max
a′

Q(x′, a′)−max
a′

R(x′, a′))

∣∣∣∣∣
⩽
∑
x′

L(x, x′)M|Q−R|(x′)

⩽

(∑
x′

L(x, x′)φ(x′)

)(
max
y

M|Q−R|(y)
φ(y)

)

⩽ γφ(x)max
y

M|Q−R|(y)
φ(y)

= γφ(x)∥Q−R∥φ ((x, a) ∈ G)

for all (x, a) ∈ G. Dividing φ(x) on both sides and taking the maximum on the left, we

obtain the contraction ∥HQ−HR∥φ ⩽ γ∥Q−R∥φ for all Q,R ∈ RG. □

The intuition behind contraction in the weighted supremum norm for Q-learning is dis-

cussed as follows. Rewriting Q-learning iteration (3.5), we have

Qt+1(xt, at) = [1− αt(xt, at)]Qt(xt, at) + αt(xt, at) [HQt(xt, at) + wt(xt, at)] ,

where

wt(x, a) = rt −E(x,a)rt + max
b∈Γ(xt+1)

Qt(xt+1, b)−E(x,a)

[
max
b∈Γ(X′)

Qt(X
′, b)

]
.

It is known that if H is a contraction map, then Qt converges to the fixed point of H, i.e.,

Q∗ (Tsitsiklis, 1994). Now, observe that the Q-learning iteration (3.5) is equivalent to

Qt+1(xt, at)

φ(xt, at)
= [1− αt(xt, at)]

Qt(xt, at)

φ(xt, at)

+ αt(xt, at)

[
H[φ(xt, at)

Qt(xt,at)
φ(xt,at)

]

φ(xt, at)
+
wt(xt, at)

φ(xt, at)

]
,

(3.11)

Therefore, it is equivalent to iterate qt(x, a) := Qt(x, a)/φ(x, a) with respect to the map

H̃ defined by

H̃q := Φ−1H(Φq) (q ∈ RG).
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where Φq(x, a) := φ(x, a)q(x, a) and Φ−1q(x, a) = q(x, a)/φ(x, a) for all (x, a) ∈ G and

q ∈ RG. In the above lemmas, we have φ(x, a) ≡ φ(x) for all x ∈ X. If H is a contractive

in ∥ · ∥φ norm, then H̃ is a contraction in maximum norm.

We use the following lemma of stochastic approximation to prove convergence of algo-

rithms. The methodology follows Jaakkola et al. (1993), Tsitsiklis (1994), Singh et al.

(2000), Melo (2001), and Hasselt (2010).

Lemma 3.4.4 (Singh et al. (2000)). Let X be a finite set. Consider a stochastic process

{(αt,∆t, Ft)}t⩾0 such that αt,∆t, Ft : X → R and

∆t+1(x) = (1− αt(x))∆t(x) + αt(x)Ft(x) (x ∈ X)

Let Ft be a sequence of increasing σ-fields such that α0,∆0 are F0-measurable and αt,∆t

and Ft−1 are Ft-measurable for t ⩾ 1. Assume that the following statements hold:

(a) 0 ⩽ αt(x) ⩽ 1 ,
∑

t αt(x) =∞,
∑

t α
2
t (x) <∞ w.p.1;

(b) ∥E[Ft(·)|Ft]∥w ⩽ κ∥∆t∥w + ct, where κ ∈ (0, 1), w ∈ RX
+, and ct converges to

zero w.p.1;

(c) Var[Ft(x)|Ft] ⩽ K(1 + ∥∆t∥w)2 , where K is some constant.

Then, ∆t → 0 w.p.1.

proof of Proposition 3.3.1. Suppose that all assumptions in the statements hold.

Let ∆t(x, a) = Qt(x, a)−Q∗(x, a) for all (x, a) ∈ G and rearrange (3.5) as

∆t+1(xt, at) =(1− αt(xt, at))∆t(xt, at)

+ αt(xt, at)

[
rt + βt max

b∈Γ(xt+1)
Qt(xt+1, b)−Q∗(xt, at)

]
=(1− αt(xt, at))∆t(xt, at) + αt(xt, at)Ft(xt, at),

where we write

Ft(xt, at) = rt + βt max
b∈Γ(xt+1)

Qt(xt+1, b)−Q∗(xt, at).
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We let Ft(x, a) = 0 if (x, a) ̸= (xt, at). Here, xt+1 is a random sample generated from

P (xt, at, ·) for all t ∈ N0. Let Ft = σ{Q0, x0, a0, α0, r0, β0, . . . , xt, at, αt, rt−1, βt−1} be the

σ-field up to time t. Then, ∆t, αt and Ft−1 are Ft-measurable.

To apply Lemma 3.4.4, we need to show (1) ∥E[Ft(·)|Ft∥w ⩽ κ∥∆t∥w + ct, for some

κ ∈ (0, 1), w ∈ RX
+, and ct converges to zero w.p.1, and (2) Var[Ft(x)|Ft] ⩽ K(1+∥∆t∥w)2

for some constant K. From the setup of Ft, we have

E[Ft(x, a)|Ft] =
∑
x′∈X

P (x, a, x′)

[
r(x, a, x′) + β(x, a, x′) max

b∈Γ(x′)
Qt(x

′, b)−Q∗(x, a)

]
= HQt(x, a)−Q∗(x, a)

Since HQ∗ = Q∗, Lemma 3.4.1 or Lemma 3.4.3 implies

∥E[Ft(·, ·)|Ft]∥φ = ∥HQt −HQ∗∥φ ⩽ γ∥Qt −Q∗∥φ = γ∥∆t∥φ. (3.12)

for some 0 < γ < 1 and positive vector φ. Moreover, since X and A are finite, we have

Var(rt|Ft) = Var(r(xt, at, X
′)) <∞ and Var(βt|Ft) = Var(β(xt, at, X

′)) <∞. It implies

that there exists K ∈ R such that

Var[Ft(x, a)|Ft] = E

[(
rt + βt max

b∈Γ(X′)
Qt(X

′, b)−Q∗(x, a)− (HQt(x, a)−Q∗(x, a))

)2
]

= E

[(
rt + βt max

b∈Γ(X′)
Qt(X

′, b)−HQt(x, a)

)2
]

= Var

[
rt + βt max

b∈Γ(X′)
Qt(X

′, b)

]
⩽ K(1 + ∥∆t∥φ)2.

Then, Lemma 3.4.4 shows that ∆t converges to zero w.p.1, so Qt converges to Q∗ w.p.1.

□

3.4.3. Remainging Proofs in Section 3.3.1. For the stability of SARSA, we can show

that {Qt}t⩾0 computed by SARSA iteration is bounded w.p.1 by Theorem 1 of Tsitsiklis

(1994). Alternatively, note that the Q-value from Q-learning is an upper bound for Q

values of SARSA. Moreover, consider a Q-learning process with min instead of max in
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the update rule:

Qt+1(xt, at) = (1− αt(xt, at))Qt(xt, at) + αt(xt, at)

[
rt + βt min

b∈Γ(xt+1)
Qt(xt+1, b)

]
. (3.13)

Clearly, Q-values from (3.13) iteration are the lower bounds for the Q-values of SARSA.

Since update rule (3.13) is equivalent to the negative Qt of the Q-learning (3.5) replacing

rt with −rt, it also converges w.p.1.4

proof of Proposition 3.3.2. Suppose that MDP is recurrent, Assumption 3.3.1 is sat-

isfied, and either Assumption 3.3.2 or 3.3.3 holds. Let ∆t(x, a) = Qt(x, a) − Q∗(x, a) for

all (x, a) ∈ G. The SARSA iterate becomes

∆t+1(xt, at) = (1− αt(xt, at))∆t(xt, at) + αt(xt, at)Ft(xt, at),

where

Ft(xt, at) =rt −Q∗(xt, at) + βtQt(xt+1, at+1)

=rt + βt max
b∈Γ(xt+1)

Qt(xt+1, b)−Q∗(xt, at) + βt

[
Qt(xt+1, at+1)− max

b∈Γ(xt+1)
Qt(xt+1, b)

]
:=FQ

t (xt, at) + βt

[
Qt(xt+1, at+1)− max

b∈Γ(xt+1)
Qt(xt+1, b)

]
:=FQ

t (xt, at) + Ct(xt+1, at+1).

Define Ft(x, a) = FQ
t (x, a) = Ct(x, a) = 0 if (x, a) ̸= (xt, at). Let

Ft = σ{Q0, x0, a0, α0, r0, β0, . . . , xt, at, αt, rt−1, βt−1}

be the σ-filed up to time t. Then, ∆t, αt and Ft−1 are Ft-measurable. Since

E[FQ
t (x, a)|Ft] = HQt(x, a)−Q∗(x, a), it follows from (3.12) that

∥E[FQ
t (·, ·)|Ft]∥φ ⩽ γ∥∆t∥φ,

4We can also prove the convergence of the iteration (3.13) by the same arguments in the proofs of
Q-learning.
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where γ < 1 and φ are obtained from Lemma 3.4.1 or Lemma 3.4.3. Therefore,

∥E[Ft(·, ·)|Ft]∥φ ⩽ ∥E[FQ
t (·, ·)|Ft]∥φ + ∥E[Ct(·, ·)|Ft]∥φ

⩽ γ∥∆t∥φ + ∥E[Ct(·, ·)|Ft]∥φ

Now, ∥E[Ct(·, ·)|Ft]∥φ converges to zero since Qt(x, a) stays bounded as discussed at the

beginning of this subsection, and a GLIE learning policy converges to the optimal policy,

whence Ct converges to zero w.p.1. Finally, since Var(rt|Ft) < ∞ and Var(βt|Ft) < ∞

by the finiteness of X and A, we have Var(Ft|Ft) ⩽ C(1 + ∥∆t∥φ)2 for some constant C.

Therefore, Lemma 3.4.4 concludes that ∆t converges to zero w.p.1, and then Qt converges

to Q∗ w.p.1. □

proof of Proposition 3.3.3. Let the conditions of the statements hold. Let

∆t(x, a) := Qt(x, a) − Q̄(x, a) for (x, a) ∈ G, where Q̄ is the Q-factor corresponding

to the RRR learning policy. Rewriting (3.6), we have

∆t+1(xt, at) = (1− αt(xt, at))∆t(xt, at) + αt(xt, at)Ft(xt, at)

where

Ft(xt, at) := rt + βtQt(xt+1, at+1)− Q̄(xt, at)

for (x, a) ∈ G. Define Ft(x, a) = 0 if (x, a) ̸= (xt, at) and let

Ft = σ{Q0, x0, a0, α0, r0, β0, . . . , xt, at, αt, rt−1, βt−1}.

Recall that Q̄ function is

Q̄(x, a) = r(x, a) +
∑
x′∈X

P (x, a, x′)β(x, a, x′)
∑
a′∈A

PR(ρ(Q̄, x′, a′))Q̄(x′, a′) (x, a) ∈ G

Define operator S : RG → RG by SQ(x, a) =
∑

a∈A P
R(ρ(Q, x, a))Q(x, a) for (x, a) ∈ G

and Q ∈ RG. Note that for any Q,Q′ ∈ RG we have

|SQ(x, a)− SQ′(x, a)| ⩽ max
a
|Q(x, a)−Q′(x, a)| ((x, a) ∈ G).5

5See Singh et al. (2000) Appendix C.
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Suppose that Assumption 3.3.3 holds. Let γ < 1 and φ be defined as Lemma 3.4.3. Then,

since at+1 follows the RRR learning policy and is selected by PR(ρ(Q, x, a)), we have the

expectation

|E[Ft(xt, at)|Ft]| = |E[rt + βtQt(xt+1, at+1)− Q̄(xt, at)|Ft]|

=

∣∣∣∣∣∑
x′∈X

P (xt, at, x
′)β(xt, at, x

′)SQt(x
′, a′)−

∑
x′∈X

P (xt, at, x
′)β(xt, at, x

′)SQ̄(x′, a′)

∣∣∣∣∣
⩽
∑
x′∈X

P (xt, at, x
′)β(xt, at, x

′)
∣∣SQt(x

′, a′)− SQ̄(x′, a′)
∣∣

⩽
∑
x′∈X

P (xt, at, x
′)β(xt, at, x

′)max
a′
|Qt(x

′, a′)− Q̄(x′, a′)|

⩽
∑
x′∈X

L(xt, x
′)max

a′
|Qt(x

′, a′)− Q̄(x′, a′)|

⩽
∑
x′∈X

L(xt, x
′)φ(x′)∥Qt − Q̄∥φ ⩽ γφ(xt)∥Qt − Q̄∥φ

where the second equality follows from E(rt|Ft) = r(xt, at) and Pr(at+1 = a|Qt, xt+1) =

PR(ρ(Qt, xt, a)), the third inequality follows from the assumption of eventual discounting,

and the last two inequalities follow Assumption 3.3.3 and Lemma 3.4.3. On the other

hand, suppose that Assumption 3.3.2 holds. Let γ and φ be defined as Lemma 3.4.1.

Similar to the inequality (3.9) in Lemma 3.4.1, we have

|E[Ft(xt, at)|Ft]| = |E[rt + βtQt(xt+1, at+1)− Q̄(xt, at)|Ft]|

⩽
∑
x′∈X

P (xt, at, x
′)β(xt, at, x

′)
∣∣SQt(x

′, a′)− SQ̄(x′, a′)
∣∣

⩽ max
a

∑
x′∈X

P (xt, at, x
′)β(xt, at, x

′)max
a′
|Qt(x

′, a′)− Q̄(x′, a′)|

⩽ max
a

∑
x′∈X

P (xt, at, x
′)β(xt, at, x

′)φ(x′)∥Qt − Q̄∥φ

⩽ γφ(xt)∥Qt − Q̄∥φ

Dividing φ(xt) and taking supremum to either one of the above inequalities, we have

∥E[Ft(·, ·)|Ft]∥φ ⩽ γ∥Qt − Q̄∥φ. Now, Lemma 3.4.4 shows that ∆t converges to zero

w.p.1, so Qt converges to Q̄ w.p.1. The statement that the greedy restricted policy is
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optimal under PR ranking strategy follows from Theorem 3 of Singh et al. (2000), where

we consider the discounting function β(x, a, x′) instead of a constant β. □

proof of Proposition 3.3.4. Suppose that all conditions of the statement are sat-

isfied. By symmetry, it suffices to show that QA converges to Q∗. To apply Lemma

3.4.4, let ∆t := QA
t − Q∗. Denote αt = αt(xt, at), a∗ := argmaxaQ

A(xt+1, a) and

b∗ := argmaxbQ
B(xt+1, b). Double Q-learning iteration yields

∆t(xt, at) = (1− αt)∆t(xt, at) + αt[rt + βtQ
B
t (xt+1, a

∗)−Q∗(xt, at)]

:= (1− αt)∆t(xt, at) + αtFt(xt, at)

(3.14)

where

Ft(xt, at) := rt + βtQ
B
t (xt+1, a

∗)−Q∗(xt, at)

= rt + βtQ
A
t (xt+1, a

∗)−Q∗(xt, at) + βt[Q
B
t (xt+1, a

∗)−QA
t (xt+1, a

∗)]

:= FQ
t (xt, at) + βt[Q

B
t (xt+1, a

∗)−QA
t (xt+1, a

∗)]

:= FQ
t (xt, at) + Ct(xt, at).

Let Ft(x, a) = FQ
t (x, a) = Ct(x, a) = 0 if (x, a) ̸= (xt, at). Recall that E[FQ

t (xt, at)|Ft] =

HQA
t (xt, at)−HQ∗(xt, at), so we have

∥E[FQ
t (·, ·)|Ft]∥φ ⩽ γ∥∆t∥φ,

where γ < 1 and φ are defined in Lemma 3.4.1 or Lemma 3.4.3. Since Var(rt|Ft) < ∞

and Var(βt|Ft) < ∞, the variance condition of Lemma 3.4.4 is satisfied. Therefore, it

suffices to show that Ct(xt, at) = βt(Q
B
t (xt+1, a

∗)−QA
t (xt+1, a

∗)) converges to zero w.p.1.



104 Chapter 3. Q-Learning with State-Action-Dependent Discounting

Next, we show that ∆BA
t := QB

t − QA
t converges to zero w.p.1 by Lemma 3.4.4. Double

Q-learning of Algorithm 1 implies that the update of ∆t follows

if QB is updated:

∆BA
t+1(xt, at) =Q

B
t+1(xt, at)−QA

t+1(xt, at)

=(1− αt)QB
t (xt, at) + αt(rt + βtQ

A(xt+1, b
∗))−QA

t (xt, at)

=(1− αt)∆BA
t (xt, at) + αt[rt + βtQ

A
t (xt+1, b

∗)−QA
t (xt, at)]

if QA is updated:

∆BA
t+1(xt, at) =Q

B
t+1(xt, at)−QA

t+1(xt, at)

=QB
t − [(1− αt)QA

t (xt, at) + αt(rt + βtQ
B(xt+1, a

∗))]

=(1− αt)∆BA
t (xt, at)− αt[rt + βtQ

B
t (xt+1, a

∗)−QB
t (xt, at)].

Suppose that the probabilities of updating QA and QB are equal, and the selection of

updating QA or QB is independent of the sample. Then, we have

∆BA
t+1(xt, at) = (1− αt(xt, at))∆BA

t (xt, at) + αt(xt, at)F̃t(x, a), (3.15)

where

F̃t(x, a) =


rt + βtQ

A
t (xt+1, b

∗)−QA
t (xt, at), w.p.1/2,

−rt − βtQB
t (xt+1, a

∗) +QB
t (xt, at), w.p.1/2.

To apply Lemma 3.4.4 to {∆BA
t } process, we need to show ∥E[F̃t(·, ·)|Ft]∥ ⩽ λ∥∆BA

t ∥ for

some λ < 1. From the definition of F̃t, we obtain

E[F̃t(x, a)|Ft] =
1

2

[
E(rt + βtQ

A
t (xt+1, b

∗)|Ft)−QA
t (xt, at)

]
+

1

2

[
−E(rt + βtQ

B
t (xt+1, a

∗)|Ft) +QB
t (xt, at)

]
=

1

2
∆BA
t (xt, at) +

1

2
E[βt(Q

A
t (xt+1, b

∗)−QB
t (xt+1, a

∗))|Ft].

Assume E[βtQA
t (xt+1, b

∗)|Ft] ⩾ E[βtQ
B
t (xt+1, a

∗)|Ft]. Suppose that Assumption 3.3.3

holds. Let γ < 1 and φ be defined as Lemma 3.4.3. Since the definition of a∗ implies
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QA
t (xt+1, a

∗) ⩾ QA
t (xt+1, b

∗), we have

|E{βt[QA
t (xt+1, b

∗)−QB
t (xt+1, a

∗)]|Ft}| = E{βt[QA
t (xt+1, b

∗)−QB
t (xt+1, a

∗)]|Ft}

⩽ E{βt[QA
t (xt+1, a

∗)−QB
t (xt+1, a

∗)]|Ft}

=
∑
x′

P (xt, at, x
′)β(xt, at, x

′)[QA
t (x

′, a∗)−QB
t (x

′, a∗)]

⩽
∑
x′

L(xt, x
′)max

a′
|QA

t (x
′, a′)−QB

t (x
′, a′)|

⩽
∑
x′

L(xt, x
′)φ(x′)∥QA

t −QB
t ∥φ

⩽ γφ(xt)∥QA
t −QB

t ∥φ

Dividing both sides by φ(xt) and taking supremum, we have

∥E[βt(QB
t (xt+1, ·)−QA

t (xt+1, ·))|Ft]∥φ ⩽ γ∥∆BA
t ∥φ. (3.16)

On the other hand, suppose that Assumption 3.3.2 holds. Let γ and φ be defined as

Lemma 3.4.1. The inequality (3.9) in Lemma 3.4.1 implies

|E{βt[QA
t (xt+1, b

∗)−QB
t (xt+1, a

∗)]|Ft}| = E{βt[QA
t (xt+1, b

∗)−QB
t (xt+1, a

∗)]|Ft}

⩽ E{βt[QA
t (xt+1, a

∗)−QB
t (xt+1, a

∗)]|Ft}

=
∑
x′

P (xt, at, x
′)β(xt, at, x

′)[QA
t (x

′, a∗)−QB
t (x

′, a∗)]

⩽ max
a

∑
x′

P (xt, at, x
′)β(xt, at, x

′)max
a′
|QA

t (x
′, a′)−QB

t (x
′, a′)|

⩽ max
a

∑
x′

P (xt, at, x
′)β(xt, at, x

′)φ(x′)∥QA
t −QB

t ∥φ

⩽ γφ(xt)∥QA
t −QB

t ∥φ.

To this end, (3.16) holds if Assumption 3.3.2 holds.

Alternatively, if we assume E[βtQA
t (xt+1, b

∗)|Ft] < E[βtQ
B
t (xt+1, a

∗)|Ft], then by the fact

that QB
t (xt+1, b

∗) ⩾ QB
t (xt+1, a

∗), the above argument also implies (3.16). Therefore, we
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have

|E[F̃t(x, a)|Ft]| =
∣∣∣1
2
∆BA
t (xt, at) +

1

2
E[βt(Q

A
t (xt+1, b

∗)−QB
t (xt+1, a

∗))|Ft]
∣∣∣

⩽
1 + γ

2
∥∆BA

t ∥φ

where (1 + γ)/2 < 1. Since Var(rt|Ft) <∞ and Var(βt|Ft) <∞, we have Var(F̃t|Ft) ⩽

K(1 + ∥∆BA
t ∥)2 for some constant K. Then, Lemma 3.4.4 and (3.15) yield ∆BA

t → 0

w.p.1. Therefore, Ct also converges to zero w.p.1. Finally, Lemma 3.4.4 shows that the

origin process (3.14) converges: ∆t = QA −Q∗ → 0 w.p.1. □

3.5. Stability of Q-learning

The Bellman operator of an eventually discounting MDP can be viewed as a contrac-

tion map under a certain weighted norm. We find that the spectral radius ρ(L) and its

corresponding eigenvector play crucial roles in determining the convergence of the value

function iteration. Utilising this fact, we establish a bound for optimal Q-value Q∗.

Define policy operator Tσ : RX → RX by

Tσv(x) := r(x, σ(x)) +
∑
x′

P (x, σ(x), a′)β(x, σ(x), x′)v(x′) (v ∈ RX, x ∈ X).

The Bellman operator can be written as Tv(x) = maxσ∈Σ Tσv(x) for all x ∈ X. Futher-

more, assume that L is irreducible, which can be achieved when an MDP is recurrent.

Since L is irreducible, Perron–Frobenius theorem implies that there exists φ ∈ Rn
+ such

that Lφ = ρ(L)φ. We define the maps:

T̃σv := Φ−1Tσ(Φv); T̃ v := Φ−1T (Φv); (v ∈ RX)

H̃q := Φ̂−1H(Φ̂q), (q ∈ RG)

where Φv(x) := φ(x)v(x), Φ−1v(x) := v(x)/φ(x), Φ̂q(x, a) := φ(x)q(x, a), and

Φ̂−1q(x, a) := q(x, a)/φ(x) for all (x, a) ∈ G, v ∈ RX, and q ∈ RG. Observe that ṽσ,

ṽ and q̃ are the fixed points of T̃σ, T̃ and H̃, respectively, if and only if vσ = Φṽσ, v∗ = Φṽ

and Q∗ = Φ̂q̃ are the fixed points of Tσ, T and H, respectively. We show that T̃σ, T̃ , and
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H̃ are contraction maps with modulus ρ(L), which further give the convergence rates of

T̃σ, T̃ and H̃ in the maximum norm, or the convergence rates of Tσ, T and H in ∥ · ∥φ.

Lemma 3.5.1. If Assumption 3.3.3 holds, and L is irreducible, then Tσ, T , and H are

contraction maps in ∥·∥φ with modulus ρ(L), where φ is the eigenvector of L corresponding

to eigenvalue ρ(L).

Lemma 3.5.2. If Assumption 3.3.3 holds, and L is irreducible, then T̃σ, T̃ and H̃ are

contraction maps with modulus ρ(L) in maximum norm.

Therefore, both T and H are globally stable, and we can analyze the convergence rates.

For example, we have the following convergence rate and error bound for value function

iteration (see, e.g., Bertsekas (2022) for the proof).

Lemma 3.5.3. If Assumption 3.3.3 holds, and L is irreducible, then

(a) ∥T kv − v∗∥φ ⩽ ρ(L)k∥v − v∗∥φ

(b) ∥T k+1v − v∗∥φ ⩽ γ∥T k+1v − T kv∥φ, where γ = ρ(L)/(1− ρ(L)).

Next, we use the contraction of H operator to find the boundedness of optimal Q∗.

Moreover, the expectation E(Qt+1(x, a)|Ft) is bounded if Qt is bounded.

Proposition 3.5.1. Suppose that Assumption 3.3.3 holds, L is irreducible, and |rt| ⩽ r̄

for all t w.p.1. Let {Qt}t⩾0 be the Q-learning iteration. Then, the following statements

are true.

(a) ∥Q∗∥φ ⩽ ∥r̄∥φ/(1− ρ(L)).

(b) If ∥Qt∥φ ⩽ ∥r̄∥φ/(1− ρ(L)), then ∥E(Qt+1(·, ·)|Ft)∥φ ⩽ ∥r̄∥φ/(1− ρ(L)).

Proposition 3.5.1 shows that the Q-learning iteration is stable in the sense that Qt+1 is

expected to be bounded by ∥r̄∥φ/(1− ρ(L)) if Qt is bounded by ∥r̄∥φ/(1− ρ(L)). Finally,

note that all the results also hold if Assumption 3.3.2 holds, by Lemma 3.4.1.
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3.6. Learning with Concavity

In this section, we explore cases where the Q-factor Bellman operator exhibits concavity.

We show that if the operator in Stochastic Approximation, which has a desired fixed

point, is concave within a bounded interval, then the Stochastic Approximation iteration

converges to the fixed point of that operator, provided that iterations remain within the

same interval. Moreover, we apply this result to Q-learning by assuming that the Q-factor

Bellman operator is concave.

3.6.1. Stochastic Approximation with Concavity. Let H : Rn → Rn be a map on

Rn such that Hx = (Hx(1), . . . , Hx(n)) for all x ∈ Rn. We are interested in computing

the fixed point of H. The Stochastic Approximation algorithm consists of updating a

vector xt ∈ Rn by observation Hxt with noise wt to solve the fixed point of H. Let

Ti ⊂ N be a set of times at which an update of x(i) is performed for i ∈ {1, . . . , n}. The

Stochastic Approximation iterates are defined as follows:

xt+1 =


xt(i), if t /∈ Ti

(1− αt(i))xt(i) + αt(i)(Hxt(i) + wt(i)), if t ∈ Ti
(3.17)

for all i ∈ {1, . . . , n}, where αt(i) ∈ [0, 1] is a step size parameter, wt(i) is a random noise,

and x0 ∈ Rn.

Let Ft be the σ-field of the algorithm information up to and including the point at which

the step-size αt(i) is selected:

Ft = σ{x0, . . . , xt, w0, . . . , wt−1, α0, . . . , αt}.

Let Ω be the sample space of all possible trajectories of {(xt, αt, wt)} and F =
⊗

t∈N0
Ft.

Let P be the probability measure on (Ω,F ). The following two assumptions regarding

step sizes and noises are standard for Stochastic Approximation.

Assumption 3.6.1. The stepsizes {αt}t∈N0 are a sequence of random variables defined

on (Ω,F ,P) such that αt(i) ∈ [0, 1] and αt(i) = 0 for t ∈ Ti for all i and t. Moreover, we
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have ∑
t∈Ti(ω)

αt(i) =∞, and
∑

t∈Ti(ω)

α2
t (i) <∞

for all i ∈ {1, . . . , n} and P-almost all ω ∈ Ω.

Assumption 3.6.2.

(a) E[wt(i)|Ft] = 0 for all i and t.

(b) There exist constants A and B such that for all i and t

E[w2
t (i)|Ft] ⩽ A+B∥xt∥2

Assumption 3.6.2 ensures that the noise has a mean of zero and is bounded in the second

moment, implying stability. Furthermore, we assume that H is concave on some interval.

Assumption 3.6.3.

(a) H is increasing and concave on [u, v] ⊂ Rn with u < v,

(b) Hv ⩽ v, and

(c) there exists an ε > 0 such that Hu ⩾ u+ ε(v − u).

Assumption 3.6.3 implies that H : [u, v]→ [u, v] is globally stable and has a unique fixed

point. To this end, the iteration (3.17) converges to the fixed point of H if the above

assumptions hold.

Theorem 3.6.1. If Assumption 3.6.1, 3.6.2 and 3.6.3 hold, and {xt} generated is by

(3.17) is in [u, v] with probability 1, then xt converges to x∗ with probability 1.

3.6.2. Q-learning with Concavity. Let c : G× X→ R+ denote a cost function. Sup-

pose that the (future) value is adjusted by some concave function φ : R→ R before taking

expectation such that the Bellman equation becomes

v(x) = min
a∈Γ(x)

Ex,aφ (c(x, a,X ′) + β(x, a,X ′)v(X ′)) . (3.18)
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Let v∗ be a solution to (3.18) and define Q∗(x, a) := Ex,a[φ(c(x, a,X
′)+β(x, a,X ′)v∗(X ′))]

for all (x, a) ∈ G. The corresponding Q-learning iteration follows

Qt+1(xt, at) = (1−αt(xt, at))Qt(xt, at)

+ αt(xt, at)

[
φ

(
ct + βt min

b∈Γ(xt+1)
Qt(xt+1, b)

)] (3.19)

where αt(x, a) ∈ [0, 1] for all (x, a) ∈ G, ct and βt satisfy E[ct|(x, a′, x′) = (xt, at, xt+1)] =

c(x, a, x′) and E[βt|(x, a, x′) = (xt, at, xt+1)] = β(x, a, x′), and xt+1 is a random successor

state generated by P (xt, at, ·), given Q0 ∈ RG. Define the Q-factor Bellman operator

H : RG → RG by

HQ(x, a) := Ex,aφ

(
c(x, a,X ′) + β(x, a,X ′) min

b∈Γ(X′)
Q(X ′, b)

)
(3.20)

for all (x, a) ∈ G and Q ∈ RG.

Assumption 3.6.4.

(a) Both c and β are positive everywhere and bounded.

(b) φ : R→ R is increasing, concave, and φ(c(x, a, x′)) > 0 for all (x, a, x′) ∈ G× X.

(c) There is K > 0 such that φ(∥c∥+ ∥β∥K) ⩽ K.

Assumption 3.6.4 guarantees that H(K1) ⩽ K1. It also implies that H0 is everywhere

positive and then there exists an ε > 0 such that H0 ⩾ εK1. To this end, H satisfies

Assumption 3.6.3.

Example 3.6.1. This example demonstrates a standard Q-learning. If β ∈ (0, 1), φ is an

identity map, and c is positive everywhere and bounded. Suppose that H is defined by

HQ(x, a) = c(x, a) + βEx,a min
b∈Γ(x′)

Q(x′, b) ((x, a) ∈ G, Q ∈ RG).

Then, we have

H

(
∥c∥
1− β

1

)
(x, a) = c(x, a) + βEx,amin

a′

{
∥c∥
1− β

1(x′, a′)

}
⩽ ∥c∥+ β

∥c∥
1− β

=
∥c∥
1− β

.
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Therefore, H is a self-map on [u, v], where u(x, a) ≡ 0 and v(x, a) ≡ ∥c∥/(1 − β)) for

(x, a) ∈ G. Also, H0(x, a) = c(x, a) > 0 for all (x, a) ∈ G, which implies there exists an

ε > 0 satisfying H0 ⩾ ε(∥c∥/(1− β))1.

Lemma 3.6.1. If Assumption 3.6.4 holds, then H defined by (3.20) satisfies Assumption

3.6.3, is globally stable on [0, K1], and has a unique fixed point x∗ ∈ [0, K1].

Lemma 3.6.2. Suppose that Assumption 3.3.1 and 3.6.4 hold. If {Qt} is a sequence

generated by (3.19) with Q0 ∈ [0, K1], then {Qt} is in [0, K1] with probability 1.

Thus, Q-learning is stable in [0, K1] if Assumption 3.6.4 holds. Then, with the global

stability of H, we can show the convergence of Q-learning.

Proposition 3.6.1. Let {Qt} be generated by (3.19). If Assumption 3.3.1 and 3.6.4 hold,

then Qt converges to Q∗ w.p.1.

Example 3.6.2. This example modifies Assumption 3.6.4. Let g : R→ R be an increasing

and concave map such that g(0) ⩾ 0, and there is K > 0 satisfying ∥c∥+ ∥β∥g(K) < K.

Assume that c is positive everywhere and bounded, and β is everywhere positive. Suppose

that H is defined by

HQ(x, a) = c(x, a) +Ex,aβ(x, a, x
′)g

(
min
b∈Γ(x′)

Q(x′, b)

)
((x, a) ∈ G, Q ∈ RG).

Then, we have H(K1)(x, a) ⩽ ∥c∥+∥β∥g(K) < K for any (x, a) ∈ G. Moreover, we have

H0(x, a) ⩾ c(x, a) > 0 for any (x, a) ∈ G so as there exists an ε > 0 satisfying H0 ⩾ εK1.

This example allows discount factors to be greater than one. In this case, the convergence

relies on the concavity of function g. Similar to Lemma 3.6.1, H is globally stable and

has a unique fixed point on [0, K1]. A similar argument in Proposition 3.6.1 implies the

convergence of Q-learning.
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3.7. Appendix

Proof of Lemma 3.2.1. Suppose ρ(Lm) < 1. Since ρ(Lm) = limn→∞ ∥Lnm1∥1/n,

there exists n such that ∥Lnm1∥ < 1. Since β(x, σ(x), x′)P (x, σ(x), x′) ⩽

maxa β(x, a, x
′)P (x, a, x′) for all (x, x′) ∈ X2 and σ ∈ Σ, we have d1 ⩽ supx Lm1(x).

Induction yields dn ⩽ ∥Lnm1∥ < 1. □

Proof of Lemma 3.5.1. Assume that Assumption 3.3.3 holds and L is irreducible.

Since L is irreducible and ρ(L) < 1, the Perron-Frobenius Theorem implies that there

is an everywhere positive eigenvector φ such that Lφ = ρ(L)φ. That is, we have

diag(φ)−1Lφ ⩽ ρ(L)1. We first show that Tσ is a contraction in ∥ · ∥φ. Let v, w ∈ RX

and x ∈ X. By definition, we have

|Tσv(x)− Tσw(x)| =

∣∣∣∣∣∑
x′∈X

P (x, σ(x), x′)β(x, σ(x), x′)(v(x′)− w(x′))

∣∣∣∣∣
⩽
∑
x′∈X

P (x, σ(x), x′)β(x, σ(x), x′)|(v(x′)− w(x′)|

⩽
∑
x′∈X

L(x, x′)|(v(x′)− w(x′)|

⩽
∑
x′∈X

L(x, x′)φ(x′)max
y∈X

|(v(y)− w(y)|
φ(y)

=
∑
x′∈X

L(x, x′)φ(x′)∥v − w∥φ.

(3.21)

Dividing φ(x) on both sides yields

|Tσv(x)− Tσw(x)|
φ(x)

⩽
1

φ(x)

∑
x′∈X

L(x, x′)φ(x′)∥v − w∥φ ⩽ ρ(L)∥v − w∥φ,

where the last inequality follows from diag(φ)−1Lφ ⩽ ρ(L)1. Taking the maximum on

the left over X, we have ∥Tσv − Tσw∥φ ⩽ ρ(L)∥v − w∥φ. Next, the similar argument in

(3.21) yields

Tσv(x) ⩽ Tσw(x) +
∑
x′∈X

L(x, x′)φ(x′)∥v − w∥φ.

By taking the supremum over Σ of both sides, we obtain

Tv(x) ⩽ Tw(x) +
∑
x′∈X

L(x, x′)φ(x′)∥v − w∥φ.
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By interchanging the roles of v and w and combining the two relations, we have

|Tv(x)− Tw(x)| ⩽
∑
x′∈X

L(x, x′)φ(x′)∥v − w∥φ.

Then, a similar argument shows ∥Tv − Tw∥φ ⩽ ρ(L)∥v − w∥φ. Finally, we show that H

is a contraction. Fix Q,R ∈ XG. Then, we have

|HQ(x, a)−HR(x, a)| =

∣∣∣∣∣∑
x′∈X

P (x, a, x′)β(x, a, x′)(max
a′

Q(x′, a′)−max
a′

R(x′, a′))

∣∣∣∣∣
⩽
∑
x′∈X

L(x, x′)max
a′
|Q(x′, a′)−R(x′, a′)|

⩽
∑
x′∈X

L(x, x′)φ(x′)∥Q−R∥φ.

Thus, a similar argument implies that ∥HQ−HR∥φ ⩽ ρ(L)∥Q−R∥φ. □

Proof of Proposition 3.5.1. Suppose that the assumptions in the statement hold.

Since Q∗ is the fixed point of H, r(x, a, x′) ⩽ r̄ w.p.1, and diag(φ)−1Lφ = ρ(L)1, we have

∣∣∣Q∗(x, a)

φ(x)

∣∣∣ = ∣∣∣∑
x′

P (x, a, x′)

(
r(x, a, x′)

φ(x)
+
β(x, a, x′)

φ(x)
max
b
Q∗(x′, b)

) ∣∣∣
⩽
∣∣∣ r̄

φ(x)

∣∣∣+∑
x′

P (x, a, x′)β(x, a, x′)
φ(x′)

φ(x)
max
y

max
b

∣∣∣Q∗(y, b)

φ(y)

∣∣∣
⩽ ∥r̄∥φ +

∑
x′

L(x, x′)
φ(x′)

φ(x)
∥Q∗∥φ

⩽ ∥r̄∥φ + ρ(L)∥Q∗∥φ
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for all (x, a) ∈ G. Taking the maximum on the left, we have ∥Q∗∥φ ⩽ ∥r̄∥φ + ρ(L)∥Q∗∥φ,

which implies (a). Next, with the assumption ∥Qt∥φ ⩽ ∥r̄∥φ/(1− ρ(L)), we obtain

∣∣∣E(Qt+1(x, a)|Ft)

φ(x)

∣∣∣ = ∣∣∣(1− αt)Qt(x, a)

φ(x)

+ αt
∑
x′

P (x, a, x′)

(
r(x, a, x′)

φ(x)
+
β(x, a, x′)

φ(x)
max
b
Qt(x

′, b)

) ∣∣∣
⩽ (1− αt)∥Qt∥φ + αt

(
∥r̄∥φ +

∑
x′

L(x, x′)
φ(x′)

φ(x)
∥Qt∥φ

)

= (1− αt)∥Qt∥φ + αt(∥r̄∥φ + ρ(L)∥Qt∥φ)

⩽
∥r̄∥φ

1− ρ(L)

for all (x, a) ∈ G. Taking the maximum on the left, we conclude

∥E(Qt+1(·, ·)|Ft)∥φ ⩽ ∥r̄∥φ/(1− ρ(L)).

□

Let E be a real Banach space where a partial ordering is defined by a cone P ⊂ E such

that x ⩽ y if and only if y − x ∈ P . We write x < y if x ⩽ y and x ̸= y. A cone is

called normal if there exists a constant N > 0 such that θ ⩽ x ⩽ y implies ∥x∥ ⩽ N∥y∥,

where θ denotes the zero element of E. An operator A : E → E is called increasing if

x, y ∈ E with x ⩽ y implies Ax ⩽ Ay. It is called concave if for any x, y ∈ E with x ⩽ y

and λ ∈ [0, 1], we have A(λx + (1 − λ)y) ⩾ λAx + (1 − λ)Ay. For any u0, v0 ∈ E with

u0 < v0, we define an order interval by [u0, v0] := {x ∈ E : u0 ⩽ x ⩽ v0}. Du (1990) shows

the following fixed-point theorem with a concave operator (See also Zhang (2013) for the

proof.)

Theorem 3.7.1. Suppose P is a normal cone, u0, v0 ∈ E, and u0 < v0. Moreover,

A : [u0, v0] → E is an increasing operator. Let h0 = v0 − u0. If A is a concave operator,

Au0 ⩾ u0 + εh0, Av0 ⩽ v0 where ε ∈ (0, 1), then A has a unique fixed point x∗ ∈ [u0, v0].

Moreover, for any x0 ∈ [u0, v0], the iterative sequence {xn} given by xn = Axn+1 for

n ∈ N satisfying that

∥xn − x∗∥ ⩽M(1− ε)n (n ∈ N)
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where M = N2∥h0∥ + (N + 1)N∥Bθ∥ε−2, ε ∈ (0, 1) satisfies Bθ = Au0 − u0 ⩾ εh0, and

N is the normal constant of P .

Proof of Theorem 3.6.1. Suppose that all the stated assumptions hold. Let {xt} be

generated by (3.17). Define Uk+1 = HUk and Lk+1 = HLk for all k ⩾ 0 recursively with

U0 = v, L0 = u. Assumption 3.6.3 implies U1 = Hv ⩽ v = U0 and L1 = Hu ⩾ u = L0.

Since H is increasing, induction yields Lk ⩽ Lk+1 and Uk+1 ⩽ Uk for all k. Since the Du’s

Theorem 3.7.1 implies that H is globally stable on [u, v], we have Uk → x∗ and Lk → x∗.

The conclusion then follows from the proof for Theorem 2 of Tsitsiklis (1994) that for

every k, there exists some tk ∈ N such that

Lk ⩽ xt ⩽ Uk for all t ⩾ tk. (3.22)

□

Proof of Lemma 3.6.1. Let Assumption 3.6.4 hold. Then, H is a selfmap on [0, K1]

and H0 ⩾ εK1. Let λ ∈ [0, 1] and fix q1, q2 ∈ [0, K1] with q1 ⩽ q2. Since φ is concave,

we have

H(λq1 + (1− λ)q2)(x, a)

= Ex,aφ
(
c(x, a,X ′) + β(x, a,X ′)min

b
{λq1(X ′, b) + (1− λ)q2(X ′, b)}

)
⩾ Ex,aφ

(
c(x, a,X ′) + β(x, a,X ′)

(
λmin

b
q1(X

′, b) + (1− λ)min
b
q2(X

′, b)
))

⩾ λEx,aφ
(
c(x, a,X ′) + β(x, a,X ′)min

b
q1(X

′, b)
)

+ (1− λ)Ex,aφ
(
c(x, a,X ′) + β(x, a,X ′)min

b
q2(X

′, b)
)

= λHq1(x, a) + (1− λ)Hq2(x, a)

for all (x, a) ∈ G. Therefore, H is concave. Since φ is increasing, H is also increasing. It

follows from the Du’s theorem 3.7.1 that H has a unique fixed point Q∗ in [0, K1] and

there exists α ∈ (0, 1) and M > 0 such that

∥HmQ0 −Q∗∥ ⩽ αnM
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for any Q0 ∈ [0, K1] and m ∈ N. □

Proof of Lemma 3.6.2. Let Assumption 3.3.1 and 3.6.4 hold. Fix Q0 ∈ [0, t1]. Sup-

pose that Qt is in [0, K1] for some t. Then, induction hypothesis and (3.19) imply

Qt+1(x, a) = (1− αt(x, a))Qt(x, a) + αt(x, a)φ
(
ct + βtmin

b
Q(x′, b)

)
⩾ (1− αt(x, a))0 + αt(x, a)φ(ct) ⩾ 0

and

Qt+1(x, a) = (1− αt(x, a))Qt(x, a) + αt(x, a)φ
(
ct + βtmin

b
Q(x′, b)

)
⩽ (1− αt(x, a))K + αt(x, a)φ(ct + βtK)

⩽ (1− αt(x, a))K + αt(x, a)φ(∥c∥+ ∥β∥K)

⩽ (1− αt(x, a))K + αt(x, a)K = K

for all (x, a) ∈ G. Therefore, we conclude Qt ∈ [0, K1] for all t ⩾ 0 with probability 1. □

Proof of Proposition 3.6.1. Suppose that Assumption 3.3.1 and 3.6.4 hold and let

{Qt} be generated by (3.19). We first rewrite Qt+1 by

Qt+1(xt, at) = (1− αt)Qt(xt, at) + αt (HQ(xt, at) + wt(xt, at))

where operator H is defined by (3.20) and wt is defined by

wt(xt, at) = φ

(
ct + βt min

b∈Γ(xt+1)
Qt(xt+1, b)

)
−Ext,atφ

(
ct + βt min

b∈Γ(xt+1)
Qt(xt+1, b)

)
.

Clearly, we have E[wt|Ft] = 0, where Ft is defined by (3.7). Since φ is concave, there are

constants p, q > 0 such that φ(s) ⩽ p + qs for all s. Hence, we have φ2(s) ⩽ (p + qs)2.

Since in addition Var(βt|Ft) and Var(ct|Ft) are finite, there are constants A and B such

that E[w2
t |Ft] ⩽ A + B∥Qt∥2. Therefore, Assumption 3.6.2 holds. The conclusion then

follows from Theorem 3.6.1, Lemma 3.6.1, and Lemma 3.6.2. □



CHAPTER 4

Uniqueness of Equilibria in Interactive Networks

4.1. Introduction

Network analysis enhances our comprehension of macroeconomic volatility and systemic

risk by capturing agent interactions. For instance, idiosyncratic shocks propagate through

the interconnections of a production network, resulting in aggregate fluctuation, where

the network structure, such as hubs, sparsity, and asymmetry, significantly influences the

shock propagation and the magnitude of aggregate fluctuation (Carvalho, 2008, Acemoglu

et al., 2012, Carvalho, 2014, Carvalho and Tahbaz-Salehi, 2019).

In economic network analysis, a critical challenge is determining the uniqueness of equi-

librium. The presence or absence of uniqueness carries various economic properties and

implications, and it affects the validity of comparative statics if multiplicity exists. For

example, Roukny et al. (2018) address that the multiple equilibria of a financial credit

network make the probability of default indeterminate, complicating the evaluation of sys-

temic risk. Jackson and Pernoud (2020) indicate that the multiple equilibria of a financial

network can lead to a self-fulfilling cascade of defaults.1

To address this, we investigate a unified framework capable of efficiently and systemati-

cally verifying uniqueness across various network models, including production networks,

network games, and financial networks. We clarify that, under general and widely em-

ployed assumptions, there are two types of framework: eventually contracting and non-

expansive networks, referring to whether the corresponding operator is eventual contract-

ing or non-expansive. We show the existence and (almost sure) uniqueness of equilibrium

for both eventually contracting and non-expansive conditions, providing researchers with

a valuable tool for promptly assessing uniqueness.
1When there are multiple equilibria, and the market has pessimistic beliefs, a bank may tend to hold cash
and stop payments to others if it believes that other banks experience deterioration in credit conditions.
In this case, the ex-ante fear causes the cascade of defaults, even if there is another better equilibrium
that banks are solvent.

117
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Specifically, we demonstrate that equilibrium exists and is unique when either the inter-

action function or the sensitivity matrix is convergent,ensuring the existence of a Banach

contraction. If the spectral radius of a sensitivity matrix, weighted by the Lipschitz con-

stants of interaction functions, is less than one, then equilibrium is not only unique but also

globally stable. Conversely, when interaction functions are non-expansive but bounded,

and a sensitivity matrix has a spectral radius of one, we establish that equilibrium exists

and is unique almost surely, provided that the shocks are absolutely continuous. We un-

derscore the role of absolute continuity in preventing the occurrence of multiplicity with

non-zero probability. For instance, multiple equilibria may occur with strictly positive

probability in some financial networks, such as Acemoglu et al. (2015a) and Acemoglu

et al. (2015b).2

Consequently, our findings confirm that the clearing payment in the generalised Eisenberg-

Noe model, studied by Liu et al. (2020), is almost surely unique under non-expansive con-

ditions and always unique under eventually contracting conditions. Liu et al. (2020) simu-

late the U.S. interbank lending system to explore the contagion effect of bank failures and

confirm the reduction in the network’s contagion effect after the 2007-09 financial crisis.3

While they demonstrated the existence of equilibrium, our proof of uniqueness ensures

the stability and reliability of their simulations when shocks are absolutely continuous,

such that the probability of multiple clearing payments is zero.

Furthermore, we study the non-bounded linear system and argue that boundedness is

essential for both the existence and uniqueness of equilibrium in non-contracting networks.

Leveraging this insight, we propose an algorithm to compute the generalised Eisenberg-

Noe interbank lending model in Acemoglu et al. (2015a) and Acemoglu et al. (2015b),

where the interaction functions are bounded identity maps. We show that the algorithm

converges at most in n2n−1 iterations.

Moreover, as a particular case of a non-expansive network, we demonstrate that the

equilibrium payment in Eisenberg and Noe (2001) of credit network is always unique

2The generic uniqueness is defined in the sense that the set of shocks admitting multiplicity is measure
zero.
3They find that banks have fewer counter-party exposures after the financial crisis.
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without regularity conditions, which are also applied by Amini et al. (2016) and Staum

et al. (2016). Our results correspond to the results obtained by Stachurski (2022).

In the applications involving generalised networks and the unique equilibrium, we extend

our analysis to identify key players using a measure inspired by Sharkey (2017). Key play-

ers are identified as agents whose removal from the network results in the most significant

reduction in aggregate economic states (Ballester et al., 2006, Zenou, 2016). Utilising the

methodology of Sharkey (2017), we compute the measure by interpreting the equilibrium

as the steady state of a continuous-time dynamic system. This measure captures the

impact of shocks received from others as well as those passed on by agents, making it

particularly useful for assessing systemic risk. Identified key players are characterised as

either "too big to fail" or "too interconnected to fail" agents.

Related Literature. This paper studies and generalises the unified network model in

Acemoglu et al. (2016b). Unlike Acemoglu et al. (2016b), we consider heterogeneous in-

teraction functions and arbitrary sensitivity matrix. Our result is different from Acemoglu

et al. (2016b) that, when a network is eventually contracting, the uniqueness of equilib-

rium does not merely depend on the Lipschitz contraction of the interaction functions. In

our framework, the convergence of either interaction functions or the sensitivity matrix

may lead to global stability. For non-expansive cases, we allow the sensitivity matrix to

be either row or column stochastic.

The unified network model in this paper can be applied to determine the Nash equilib-

rium in network games, the equilibrium output in input-output analysis, and the clearing

payments in generalised Eisenberg-Noe financial networks (Eisenberg and Noe, 2001). For

example, the model can be used to describe the best response and solve Nash equilibrium

in network games (Calvó-Armengol et al., 2009, Cohen-Cole et al., 2015, Blume et al.,

2015, Zenou, 2016, Galeotti et al., 2020). For production networks, the model could repre-

sent the input-output relationship and determine the output equilibrium (Acemoglu et al.,

2012, Bartelme and Gorodnichenko, 2015, Acemoglu et al., 2016a, 2017, Herskovic, 2018,

Carvalho and Tahbaz-Salehi, 2019, Acemoglu and Azar, 2020, Herskovic et al., 2020, Pe-

saran and Yang, 2020). For financial networks, it calculates the clearing loan repayments,
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which studies the systemic risk of default cascade (Eisenberg and Noe, 2001, Cifuentes

et al., 2005, Elsinger et al., 2006, Rogers and Veraart, 2013, Glasserman and Young, 2015,

2016, Acemoglu et al., 2015a, Gai and Kapadia, 2019, Veraart, 2020).

Outline. The paper is organized as follows. Section 4.2 presents the unified model and

the main results of the existence and (almost sure) uniqueness of equilibrium. Section 4.3

lists out the network models with identical mathematical patterns that can be embodied in

the unified framework and discusses some conditions for assumptions and extended results.

Section 4.4 presents the comparative statics and discusses the tightness of assumptions

and the importance of the boundedness condition. This section also discusses computation

methods when the interaction functions are bounded identity maps. Section 4.5 presents

a measure for identifying key players, which utilizes the property of the uniqueness of

equilibrium.
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4.2. General Model

Notation and Preliminary. Let x, y ∈ Rn be vectors and fi : R → R be func-

tions for all i ∈ V := {1, . . . , n}. In expressions involving matrix algebra, we take

the convention that all vectors are row vectors, unless otherwise stated. Denote |x| as

|x| := (|x1|, . . . , |xn|) and f(x) as f(x) := (f1(x1), . . . , fn(xn)). If fi ≡ f for all i ∈ V , we

write f(x) := (f(x1), . . . , f(xn)). We say that fi is non-expansive if |fi(x)−fi(y)| ⩽ |x−y|

for all x, y ∈ R. Also, f = (fi)i∈V is non-expansive if fi is non-expansive for all i. Denote

x ⩾ y if xi ⩾ yi for all i ∈ V , x > y if xi ⩾ yi for all i and xi > yi for some i ∈ V , and

x≫ y if xi > yi for all i ∈ V .

Let A = (Aij), B = (Bij) ∈ Rn×n be square matrices. Denote A ⩾ B if Aij ⩾ Bij for

all i, j ∈ V and A ≫ B if Aij > Bij for all i, j ∈ V . A matrix A is column (resp.,

row) stochastic if A ⩾ 0 and
∑

i∈V Aij = 1 for all j ∈ V (resp.,
∑

j∈V Aij = 1 for all

i ∈ V ). A matrix A is column (resp., row) substochastic if A ⩾ 0 and
∑

i∈V Aij ⩽ 1 for

all j ∈ V (resp.,
∑

j∈V Aij ⩽ 1 for all i ∈ V ). The norm ∥ · ∥ refers to p-norm for vectors

or matrix norm induced by p-norm. Denote ρ(A) := max{|λ| : λ is an eigenvalue of A}

as the spectral radius of A. A matrix A is convergent if limk→∞(Ak)ij = 0 for all i, j ∈ V ,

where (Ak)ij is the (i, j)-th entry of Ak. Let x ∈ Rn be a vector. We write diag(x) as the

diagonal matrix with main diagonal x. We know that matrix A is convergent if and only

if limk→∞ ∥Ak∥ = 0 or ρ(A) < 1. Let T : Rn → Rn. We say that T is globally stable on

Rn if T has a unique fixed point x∗ ∈ Rn and limk→∞ T kx = x∗ for any x ∈ Rn.

4.2.1. Model. Consider an economy with n ⩾ 2 agents, indexed by N = {1, . . . , n}. Let

xi ∈ R denote each agent’s economic state. Suppose agent j’s state depends on the other

agents’ states such that

xj = fj

(
n∑
i=1

xiwij + εj

)
(j ∈ N) (4.1)

Here, fj : R→ R is the interaction function describing how shocks and the other agents’

states affect agent j. The term wij ∈ R represents the sensitivity extent of interaction

between i and j, and εj ∈ R is a shock. We refer to W := (wij) ∈ Rn×n as the sensitivity
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matrix, with entries wij. Let x := (x1, . . . , xn), ε := (ε1, . . . , εn), and

f(xW + ε) :=

(
f1

(∑
i

xiwi1 + ε1

)
, . . . , fn

(∑
i

xiwin + εn

))
.

Equation (4.1) can be rewritten in vector form as:

x = f(xW + ε).

We call (f,W, ε) a network. Given (f,W ), a network could experience any shock reali-

sations ε. For any shock realisation ε, we are interested in the equilibrium x satisfying

(4.1) under the network structure (f,W ). Let Pε be the probability distribution of ε with

support Eε.

As presented in the following section, economic states can be outputs in production net-

works, decision choices in network games, and borrowing amounts in financial networks.

The model (4.1) indicates that agent i’s state influences the agent j’s state if wij ̸= 0,

for i, j ∈ N . The interaction links and network structure can be presented by graphW .

The degree of influence of other agents is determined by both the sensitivity wij and the

interaction function fj.

To illustrate the framework, Figure 1 demonstrates a graph example, where only the paths

with non-zero sensitivity (wij > 0) are presented. In the graph, the equilibrium state of

the agent 3 depends on the states of all other agents. However, agent 4’s and 5’s states

also depend on agent 3’s state, creating a feedback loop from agent 4 and 5 to agent 3.

We observe that the network model is complex, even with only 5 agents in the network.
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Unlike Acemoglu et al. (2016b), we allow heterogeneous interaction functions so that the

framework includes more network models. We list the networks embodied in (4.1) in

Section 4.3.

4.2.1.1. Eventually Contraction and Non-expansive Network. Observing the

production networks, network games, and financial networks from literature (see Sec-

tion 4.3.1), we observe generally two categories of assumptions. In the first category, the

interaction function and sensitivity matrix exhibit contraction properties. For the second

category, the interaction functions are non-expansive but bounded, and the sensitivity

matrix is non-convergent: typically stochastic or ρ(W ) = 1. In detail, these categories

can be summarized with the following two assumptions.4

Assumption 4.2.1 (Eventually Contracting). f = (fi) and W satisfy

(i) fi is Lipschitz continuous with Lipschitz constant βi for all i ∈ N , and

(ii) ρ(|W | diag(β)) < 1, where β = (βi).

Assumption 4.2.2 (Non-expansive). f = (fi) and W satisfy

(i) fi is increasing, non-expansive, and bounded for all i, and

(ii) W is non-negative and ρ(W ) = 1.

For instance, as illustrated in Section 4.3.1, the production networks in Carvalho (2008),

Acemoglu et al. (2012), Carvalho (2014), Bartelme and Gorodnichenko (2015), Acemoglu

et al. (2017), Herskovic (2018), Acemoglu and Azar (2020) and Herskovic et al. (2020),

and the network games examined in Ballester et al. (2004), Ballester et al. (2006), Zenou

(2012), Blume et al. (2015), Cohen-Cole et al. (2015), Zenou (2016), Galeotti et al. (2020)

satisfy Assumption 4.2.1. On the other hand, the financial networks studied in Eisenberg

and Noe (2001), Elsinger et al. (2005), Elsinger et al. (2006), Acemoglu et al. (2015b),

Acemoglu et al. (2015a) and Liu et al. (2020) satisfy Assumption 4.2.2.

4Recall that the function fi : R → R is bounded if there is M > 0 such that |fi(t)| ⩽ M for all t ∈ R.
The function fi is Lipschitz continuous with Lipschitz constant βi if |fi(x) − fi(y)| ⩽ βi|x − y| for all
x, y ∈ R.
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We classify a network (f,W, ε) as (eventually) contracting if Assumption 4.2.1 holds and

as non-expansive if Assumption 4.2.2 holds. Note that a contracting network implies

that economic states tend to approach equilibrium over iterations x 7→ f(xW + ε), while

the physical structure defined by graph W remains fixed. We will postpone the detailed

discussion of these two assumptions to Section 4.3, where we provide more concrete ex-

amples.

Comparing these two assumptions, Assumption 4.2.1 does not require the boundedness for

interaction functions, and allows for a negative sensitivity matrix. In contrast, Assump-

tion 4.2.2 supposes that the interaction functions are bounded and increasing, and the

sensitivity matrix is non-negative with a spectral radius of one. In practical applications,

the spectral radius equals one when the row or column sum of the matrix is one.

As demonstrated in the main theorems, if a network satisfies the eventually contracting

condition, the mapping x 7→ f(xW + ε) is a Banach contraction, ensuring the uniqueness

of equilibrium. On the other hand, if a network is non-expansive, there exists an almost

surely unique equilibrium.

4.2.1.2. Equilibrium. Following Acemoglu et al. (2016b), an equilibrium in this context

is defined as follows.

Definition 4.2.1. Given shock realisation (ε1, . . . , εn), an equilibrium of the economy

is a collection of states (x1, . . . , xn) such that equation (4.1) holds simultaneously for all

agents.

In other words, an equilibrium to a network (f,W, ε) is a vector of values x = (xi)i that

solves x = f(xW + ε), given a fixed shock realisations ε. Since a network may have

multiple equilibria, we define the concept of "almost sure uniqueness of equilibrium".

Definition 4.2.2. Let Eε ⊂ Rn denote the set of all possible realisations of shocks ε.

Define the subset M of Eε by M := {ε ∈ Eε : Equation (4.1) has multiple equilibria}. A

network has an almost surely unique equilibrium, or an equilibrium is almost surely unique,

if an equilibrium exists for ε ∈ Eε \M and Pε(M) = 0, where Pε is the distribution of ε.5

5Let (Ω,F ,P) be the measure space. The distribution is defined by Pε(B) := P(ε−1(B)) for all B ∈
B(R), where B(R) is the Borel algebra on R.
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If a network has an almost surely unique equilibrium, the probability that the shocks admit

multiple equilibria is zero. Therefore, as we will demonstrate, the distribution of shocks

determines whether there are multiple equilibria or not. In cases where the probability

distribution of shocks is discrete, multiple equilibria may occur with non-zero probability.

We do not adopt the terminology of generic uniqueness, as defined in Acemoglu et al.

(2016b) and discussed in the subsequent remark, to avoid cases where multiple equilibria

exist with strictly positive probability.

Remark 4.2.1. In this remark, we first outline the assumptions on (f,W, ε) as presented in

Acemoglu et al. (2016b) for comparison, followed by a discussion on generic uniqueness and

its confusing implications. Acemoglu et al. (2016b) consider a model with homogeneous

interaction functions fi ≡ g. They assume that g is continuous, increasing, and either

contracting or non-expansive but bounded, while W is column stochastic. The shocks εi

are assumed to be independently and identically distributed with mean zero and constant

variance.6 According to Acemoglu et al. (2016b), they define the generic uniqueness of

equilibrium as follows.7

Definition 4.2.3. Let Eε ⊂ Rn denote the set of all possible realisations of ε. Let

M denote the set of shocks that admit multiple equilibria (i.e., M := {ε ∈ Eε :

Equation (4.1) has multiple equilibria}.) Generic uniqueness holds if the equilibrium ex-

ists for all ε ∈ Eε \M , and the Lebesgue measure of M is zero.

Under the above assumptions, Acemoglu et al. (2016b) demonstrate the existence and

generic uniqueness of equilibrium for any network.8 However, they acknowledge potential

confusion since measure-zero events can also have probability one. We discuss in Example

4.2.1 that if the shock variable is discrete, there may be an arbitrarily high probability

of multiplicity of equilibria. Therefore, to avoid confusion, Definition 4.2.2 is adopted,

where almost sure uniqueness of equilibrium holds based on the distribution of shocks.

6Since W is column stochastic, every agent has constant total dependence on others.
7Acemoglu et al. (2016b) explain the generic uniqueness as “. . . is generically unique, in the sense that
the economy has multiple equilibria only for a measure zero set of realisations of agents-level shocks.”
8Acemoglu et al. (2016b) show the generic uniqueness with the assumption of strong connectedness. They
do not provide proof for extending the strongly connected graph to a general graph. We extend their
proof to any network in Section 4.3.
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This distinction is crucial as it clarifies that while generic uniqueness might hold under

certain conditions, multiplicity of equilibria can still exist with a non-negligible probability

depending on the shock specification.

Furthermore, the assumptions made by Acemoglu et al. (2016b) do not encompass the

networks (4.4), (4.7) - (4.13) since they specifically require the sensitivity matrix to be

column stochastic, and the interaction functions to be identical fi ≡ f . For instance,

network (4.12), demonstrated in Section 4.3.2, features a row stochastic sensitivity matrix

and heterogeneous interaction functions, where p̄i is not identical for all i. Consequently,

we demonstrate the existence and almost sure uniqueness under broader assumptions that

encompass a wider range of network models. □

4.2.2. Existence and Uniqueness. This section presents the main results. We first

establish that the contraction of both interaction functions and a sensitivity matrix could

lead to the existence and uniqueness of equilibrium under heterogeneous interaction func-

tions. Next, we demonstrate that the equilibrium is almost surely unique when interaction

functions are increasing, non-expansive but bounded, the spectral radius of the sensitiv-

ity matrix is one, and the shocks are absolutely continuous. The assumption of shock

absolute continuity ensures that multiple equilibria do not occur with nonzero probabil-

ity. Moreover, our results are applicable to any network structure.9 Detailed proofs are

provided in the Appendix.

Theorem 4.2.1. If Assumption 4.2.1 holds, then the equilibrium exists and is unique for

any ε ∈ Eε.

Hence, an eventually contracting network with ρ(|W | diag(β)) < 1 always has a unique

equilibrium. Theorem 4.2.1 also implies that we can compute the unique equilibrium by

iteration. Fix ε ∈ Eε. Define the mapping T : Rn → Rn as

Tx := f(xW + ε). (4.2)

9We do not assume a strong connection in the case of non-expansive conditions.
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Since T is a Banach contraction, as shown in the proof ofTheorem 4.2.1, we can compute

the equilibrium iteratively as x∗ = limk→∞ T kx by starting from any initial guess x ∈ Rn.

We summarise the results in the following corollary.

Corollary 4.2.1. Suppose that Assumption 4.2.1 holds. Then, we have

(i) T is globally stable.

(ii) ∥T k+1x− T kx∥ ⩽ ∥(|W | diag (β))k∥∥Tx− x∥ for all k ∈ N and x ∈ Rn.

Corollary 4.2.1 provides the convergence rate of iteration. Since ρ(|W | diag (β)) < 1, we

can find m ∈ N such that q = ∥(|W | diag (β))m∥ < 1. Then, corollary 4.2.1 implies that

the ∥T km+1x − T kmx∥ ⩽ ∥(|W | diag (β))km∥∥Tx − x∥ ⩽ qk∥Tx − x∥ for all x ∈ Rn and

k ∈ N.

On the other hand, in networks with non-expansive interaction functions and a sensitivity

matrix having a spectral radius of one, the Banach contraction property does not apply.

However, under additional assumptions of boundedness and order preservation, then equi-

librium can still be determined. Specifically, any network with increasing and bounded

interaction functions admits the greatest and the least equilibria.

Lemma 4.2.1. If fi is increasing and bounded for all i ∈ N , then the greatest and the least

equilibria exist.

We way that the shock variable ε is absolutely continuous if λ(E) = 0 for E ∈ B(Eε)

implies Pε(E) = 0, where λ denotes the Lebesgue measure, and Eε ⊂ Rn is the support

of ε. If the shock is absolutely continuous, we can show that the equilibrium is almost

surely unique.

Theorem 4.2.2. If Assumption 4.2.2 holds, and the shock variables (εi) are absolutely

continuous, then the equilibrium exists and is unique almost surely.

By the Tarski’s Fixed Point Theorem and the proof of Theorem 4.2.2, given that fi is

continuous for all i, we can compute the equilibrium by iteration from the bounds. In

particular, let ℓj and uj be the lower and upper bounds of the interaction function for all
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j, if the network satisfies Assumption 4.2.2. Then, denoting u := (uj) and ℓ := (ℓj), the

largest equilibrium is x∗ = limm→∞ Tmu, where T : [ℓ, u] → [ℓ, u] is defined as (4.2). If

the shocks are absolutely continuous, then Theorem 4.2.2 confirms that x∗ is the almost

surely unique equilibrium.

Corollary 4.2.2. If the assumptions of Theorem 4.2.2 hold, then the almost surely

unique equilibrium is limn→∞ T nu.

Unlike the theorem in Acemoglu et al. (2016b), Theorem 4.2.2 allows sensitivity matri-

ces to be either row or column stochastic and not necessarily strongly connected. The

sensitivity matrix can even be non-stochastic, as long as its spectral radius is one (see

Example 4.4.1). In section 4.3.2.3, we apply Theorem 4.2.2 to demonstrate that the fi-

nancial network in Liu et al. (2020) has an almost surely unique equilibrium as a concrete

example.

Notice that a non-expansive network may admit multiple equilibria with a positive prob-

ability if shocks are not absolutely continuous. This is illustrated through the following

counterexample.

Example 4.2.1. This example illustrates that if the shocks are discrete, there can be

multiple equilibria under Assumption 4.2.2. Suppose an economy with two agents, n = 2.

Let w12 = w21 = 1 and w11 = w22 = 0 satisfy
∑

hwhi = 1 for i = 1, 2 (see Figure 2).

Assume the i.i.d. shock εi ∈ {1,−1} for all i with probabilities P(εi = 1) = P(εi = −1) =

1/2. Then, the shocks εi have mean zero and constant variance, satisfying the conditions

in Acemoglu et al. (2016b). Consider the interaction function as fi ≡ g for all i, where

g(z) = −M1{z<−M}(z) + z1{−M⩽z⩽M}(z) +M1{z>M}(z), (4.3)

where M ∈ (0,∞). Then, g is a bounded and non-expansive identity mapping (i.e.,

g(z) = z if |z| ⩽M and |g(z)| ⩽M for all z ∈ R.)

Suppose that x = (xi) ∈ Rn satisfy x1 = g(x2 + ε1) and x2 = g(x1 + ε1). Since g is

bounded, we have −M ⩽ x1, x2 ⩽M . If the realisation is ε = (ε1, ε2) = (1,−1), then the
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1

ε1 = 1

2

ε2 = −1w12 = 1

w21 = 1
x

y
g(z)

1

−1

Figure 2

system x = f(xW + ε) gives

x1 = x2 + 1

x2 = x1 − 1.

Assuming −M ⩽ x2 + 1, x1 − 1 ⩽ M , we find that x1 = y + 1 and x2 = y with −M ⩽

y ⩽ M − 1. Therefore, there are multiple equilibria if ε = (1,−1). Similarly, multiple

equilibria exist if ε = (−1, 1). Hence, the set of shock realisations generating multiple

solutions is M = {ε ∈ R2 : ε = (1,−1) or (−1, 1)}, which has Lebesgue measure zero

λ(M) = 0. However, the probability that ε leads to non-uniqueness is P(ε ∈ M) = 1/2,

which is non-zero. □

To avoid the confusion seen in Example 4.2.1, where multiple equilibria occur with non-

zero probability, we suppose that the idiosyncratic shocks are absolutely continuous.10

With absolute continuity of shocks, events with measure zero also occur with zero prob-

ability. Hence, the absolute continuity precludes the case described in Example 4.2.1.

4.3. Examples and Extensions

In this section, we discuss the conditions outlined in Assumption 4.2.1 and 4.2.2. We

present example models from various domains, including production networks (Section

4.3.1.1 and 4.3.1.2), network games (Section 4.3.1.3 and 4.3.1.4) and financial networks

(Section 4.3.1.5, 4.3.2, 4.3.2.2 and 4.3.2.3). The goal is to demonstrate that these network

models adhere to the same mathematical framework described by (4.1) and follow either

Assumption 4.2.1 or Assumption 4.2.2.

10Recall that the random variable εi is absolutely continuous if there is a Lebesgue integrable function g
such that P(εi ∈ A) =

∫
A
g(x)λ(dx) for all Borel sets A and for all i ∈ N .
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We begin by examining the case of eventually contracting networks, where f and W

satisfy Assumption 4.2.1, ensuring ρ(|W | diag(β)) < 1. A specific instance example is

that the contracting condition can merely depend on the interaction functions. Taking

the production network (4.6) in Section 4.3.1.2 for example, W is non-negative and its row

sum is one, and βi ≡ (1−α), the spectral radius condition is reduced to ρ(|W | diag(β)) =

(1 − α) < 1. In such case, the Lipschitz contraction property determines the uniqueness

of equilibrium.

Unlike Acemoglu et al. (2016b), the contraction condition ρ(|W | diag (β)) < 1 generally

depends on both interaction functions and the sensitivity matrix. For instance, consider

the matrices:

W =

 0 2

4/7 0

 , diag(β) =

5/4 0

0 2/3

 , W diag(β) =

 0 4/3

5/7 0

 .

In this case, we have ρ(W ) > 1, β1 > 1, but ρ(|W | diag(β)) < 1. Moreover, the spectral

radius condition considers the sensitivity matrix by taking the absolute values of all entries

|W |. When W is symmetric, we can reduce this condition. For example, if W ∈ Rn×n is

symmetric and βi ≡ φ, then the condition is ρ(|W | diag (β)) = φρ(W ) < 1.

Furthermore, some networks may impose stricter conditions on interaction functions. For

instance, except for the Lipschitz continuity, the interaction functions described by (4.4)

- (4.10) in Section 4.3.1 are linear such that fi(a)− fi(b) = βi(a− b) for some βi > 0, for

all a, b ∈ R and for all i ∈ N . In this case, the contraction condition can be reduced to

ρ(W diag (β)) < 1.11

Corollary 4.3.1. If for all i ∈ N there is βi > 0 such that fi(a)− fi(b) = βi(a− b) for

all a, b ∈ R, then the condition ρ(W diag (β)) < 1 for W ∈ Rn×n implies the uniqueness

of equilibrium for any ε ∈ Rn.

4.3.1. Networks with Linear Interaction Functions. In this section, we consider a

simple framework where interaction functions are linear. In this case, the uniqueness of

equilibrium follows Corollary 4.3.1.

11Note that the entry of W could be negative as Assumption 4.2.1.
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4.3.1.1. Input-Output Analysis. The input-output analysis describes the inter-

industry relationship using a matrix that tracks the flow of money.12 It studies how the

shock in one sector affects the output of the other sectors13 This analysis also helps iden-

tify which industry or region is the most significant in the optimisation of the aggregate

economy. The model is briefly introduced below.

There are n industries in a closed economy with no inventories. Each industry i ∈

{1, . . . , n} requires wij ∈ [0, 1] dollar amount of intermediate input from industry

j ∈ {1, . . . , n} to produce one dollar of i′s output. Input-output tables empirically de-

termine the linkage weights between sectors wij.14 For every industry j ∈ {1, . . . , n},

the gross output xj equals the total value of its use as a final good εj and its use as an

intermediate input to other industries:

xj = εj +
∑
i

xiwij. (4.4)

That means the sale of industry j to other sectors is
∑

i xiwij. To compute the equilibrium,

it is conventional to assume that every sector has some inputs from labour or other

value-added sources, so that
∑

j wij < 1 for all i. Let x = (xi), ε = (εi) ∈ Rn and

W = (wij) ∈ Rn×n. The vector form of (4.4) is x = ε + xW . Since the row sum of W is

less than one, the matrix (I −W ) is non-singular. The unique equilibrium of output is

x = ε(I −W )−1, where (I −W )−1 is known as the Leontief inverse.

4.3.1.2. Production Networks. This subsection presents the production network out-

lined in Long and Plosser (1983), Carvalho (2008), Acemoglu et al. (2012), Acemoglu

et al. (2016a), Acemoglu et al. (2017), Carvalho and Tahbaz-Salehi (2019) and Acemoglu

and Azar (2020). These production networks investigate how heterogeneous shocks to

individual sectors can generate aggregate fluctuations through supplier-customer inter-

connections in a production network. Moreover, the network models illustrate that such

aggregate fluctuation and the cascading effects of shocks are correlated with the structure

of the networks (Carvalho (2008) and Acemoglu et al. (2012)).

12See Miller and Blair (2009) and Miller and Temurshoev (2017) for example.
13Fletcher (1989) uses input-output analysis to study the impact of tourism.
14See Timmer et al. (2015).
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The economy has n competitive sectors. Each sector’s output xj follows the production

function:

yj = zαj ℓ
α
j

n∏
i=1

y
(1−α)wij

ij

where zj denotes the productivity shock, ℓj denotes the labour input, α ∈ (0, 1) is the

share of labour input, yij is the intermediate input from sector i used in the production of

good j, and wij ⩾ 0 is the share of intermediate input i in the total intermediate input.

It is supposed that
∑

iwij = 1 for all j = 1, . . . , n. Let pj be the price of good j, and h

be the labour wage. Producers maximise their profits:

max
ℓj ,y1j ,...,ynj

pjyj − hℓj −
n∑
i=1

piyij

The optimal labour input is ℓj = αpjyj/h and the intermediate input is yij = (1 −

α)wijpjyj/pi. A representative household with Cobb-Douglas preferences solves the opti-

mal problem:

max
c1,...,cn

u(c1, . . . , cn) = A
n∏
j=1

c
1/n
j s.t.

∑
j

pjcj = h
∑
j

ℓj

where cj is the consumption of good h, and A is a normalisation constant. By normalising

the total labour supply
∑

i ℓi = 1, the first-order condition for the optimal consumption

yields cj = h/(npj). The clearing condition of the commodity market, from equation

(4.4), is yj = cj +
∑

k yjk. Then, we have

pjyj =
h

n
+ (1− α)

n∑
k=1

wjkpkyk (4.5)

Let ŷj = pjyj, ŷ = (ŷj) ∈ Rn and W = (wij) ∈ Rn×n. The vector form of clearing

condition is ŷ = (h/n)1 + (1 − α)ŷW⊤. Since the row sum of (1 − α)W⊤ is strictly less

than one, [I− (1−α)W⊤] is non-singular. Thus, we have is ŷ = (h/n)1[1− (1−α)W⊤]−1.

Defining b := 1[I − (1−α)W⊤]−1, we write pjyj = bjh/n. Hence, we have ℓj = αbj/n and

yij = (1− α)wijyibj/bi, so the production function yields

log yj = µj + α log zj + (1− α)
∑
i

(log yi)wij
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where µj is some constant.15 Denote xj = log yj and εj = (µj+α log zj)/(1−α), it delivers

xj = (1− α)

(∑
i

xiwij + εj

)
(4.6)

The equilibrium output is x = ε[I − (1− α)W ]−1. Overall, there are two simple network

equations (4.5) and (4.6).

4.3.1.3. Simple Network Games. In a social network game, an agent’s payoff or well-

being depends not only on her own actions but also on the actions of her neighbours.

Social networks influence decision-making behaviours such as committing a crime and

making lending decisions (Ballester et al. (2004) and Cohen-Cole et al. (2015)). Consider

a simple network game as described by Zenou (2012), Zenou (2016) and Galeotti et al.

(2020).

There are n players in a social network, and the social connection is represented by

graphW . If agent i is connected with agent j, then wij = 1; otherwise, wij = 0. Moreover,

assume that wii = 0 for all i = 1, . . . , n by convention. Thus, W = (wij) is an adjacency

matrix with entry wij. Assume that it is a game of strategic complement with perfect

information such that players know everything about the network. Agents choose the

actions xj ∈ R+ to maximise their payoffs:

uj(x1, . . . , xn) = αjxj −
1

2
x2j + φ

n∑
i=1

wijxixj

where αj > 0 is the exogenous heterogeneity capturing individual characteristics, αjxj −

(1/2)x2j is the individual benefits, φ ∈ R specifies the degree of payoff from peer influence,

and φ
∑n

i=1wijxixj is the peer influence, which depends on the location of agents. Hence,

every agent’s payoff depends on her own actions and the other agents’ actions. The

best-reply function in equilibrium is

xj = αj + φ

n∑
i=1

xiwij = φ

(
n∑
i=1

xiwij + εj

)
(4.7)

where we let εj = αj/φ. For the equilibrium, suppose that φρ(W ) < 1 so that φW is

non-singular. The unique Nash equilibrium is x∗ = ε(I−φW )−1. Note that we refer εj as

15µj = log
(
bj(α/n)

α(1− α)1−α
)
+ (1− α)

∑
i wij log(wij/bi).
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the shock in our model, but in a network game, it captures the observable characteristics

of individual j such that it is exogenous.

4.3.1.4. Network Games with Global and Local Interaction. Ballester et al.

(2006) consider both the global substitutability and local influence complementarity in

network games. They investigate how to identify the "key player" that, once removed,

causes the maximal decrease in aggregate activity. The model is similar to the simple

network game in Section 4.3.1.3. Let G = (gij) be the adjacency matrix such that gii = 0

for all i = 1, . . . , n, and gij = 1 if i and j are connected and gij = 0 otherwise. Following

the setup in Section 4.3.1.3, given action profile (xi), each agent j has an alternative

payoff:

uj(x1, . . . , xn) = αjxj −
1

2
(η − γ)x2j − γ

n∑
i=1

xixj + φ
n∑
i=1

gijxixj

where αj > 0 for all j, η, φ > 0, γ ⩾ 0, and γ
∑n

i=1 xixj denotes the global interaction of

substitution effect across all agents, and the last term represents the local interaction of

strategic complement. The best-reply function is:

xj =
αj
η
− γ

η

n∑
i=1

xi +
φ

η

n∑
i=1

xigij =
φ

η

(
n∑
i=1

xiwij + εj

)
(4.8)

where wij = gij − γ/φ and εj = αj/φ. We see that the best-reply function (4.8) has the

same form as (4.1).

Denote J ∈ Rn×n as the square matrix of ones. The Nash equilibrium solves ηx∗ =

α − γx∗J + φx∗G, where α = (αi). If (ηI + γJ − φG) or (φ/η)W is non-singular, then

the Nash equilibrium is α(ηI + γJ − φG)−1.16

For example, Cohen-Cole et al. (2015) present an interbank lending network with similar

features. They consider a network with n banks in a lending market, and the adjacency

matrix gij = 1 if bank j makes a loan to bank i, and gij = 0 otherwise. Each bank j has

16We can further solve the Nash equilibrium. Suppose that W is non-singular. Then x∗ is unique
and x∗ :=

∑
j x

∗
j is constant, We further assume that φρ(G) < η. Since x∗J = x∗1, we also have

x∗ = (α − γ x∗1)(ηI − φG)−1. Then, we can find that x∗ = bα/(1 + γb), where bα = α(ηI − φG)−1,
b = 1(ηI − φG)−1, bα = bα1

⊤, and b = b1⊤. The Nash equilibrium is x∗ = bα − γ[bα/(1 + γb)]b.
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the profit function, given its volume of loans xj to other banks:

πj = pxj − cjxj =

(
θ −

n∑
i=1

xj

)
xj −

(
c0,j − φj

n∑
i=1

xigij

)
xj

where the p = θ −
∑n

i=1 xi is price of loans determining the interest rate, and cj =

c0,j − φj
∑n

i=1 xigij is the marginal cost, with θ > 0 and c0,j, φj > 0 for all j. The

parameter φj specifies the cost cut induced by each link of loan due to the collaboration

between banks. Hence, since the profit increases with the links between banks, it implies

local strategic competitiveness. Also, since the price decreases with the aggregate quantity

of loans, there is global strategic substitutability. Under competition, each bank decides

the quantity of loan to maximise its profit, so the first order condition gives

xj = (θ − c0,j)−
n∑
i=1

xi + φj

n∑
i=1

xigij = φj

(
n∑
i=1

xiwij + εj

)
(4.9)

where we let wij = gij − 1 and εj = (θ − c0,j)/φj. In this example, agents have different

interaction functions since the coefficients φj may be heterogeneous.

4.3.1.5. Network with Cross-Holdings. Elliott et al. (2014) consider a financial net-

work with cross-holdings and study the cascade effect of financial failure, which has the

same form as input-output analysis (4.4). In their framework, banks own some share of

the other banks through lending or investment, so the values of banks depend on their

holdings of other banks’ assets. They show that the cascade effect depends on network

interconnections, in the sense that integration and diversification lead to different non-

monotonic effects.

They consider an economy with n financial institutions or banks, indexed j = 1, . . . , n.

Each organisation holds a basket of primitive assets, indexed h = 1, . . . ,m, which could be

projects that create cash flows. The share of asset h that organisation j holds is denoted

as bhj ⩾ 0. The market price of the asset h is denoted as ph.

Organisations cross-hold some shares of the other organisations in the networks. For all

i, j = 1, . . . , n, let dij be the debt that organisation i has to repay to organisation j or

the amount of funds invested in organisation i by organisation j. Define wij := dij/xi.

Hence, organisation j owns wij ∈ [0, 1) fraction of the values of organisation i. Assume
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that wii = 0 for all i. Denote the book value or equity of organisation j as xj. The book

value xj is the total asset value that j owns, including its primitive assets and the claims

on other organisations:

xj =
m∑
h=1

phbhj +
n∑
i=1

dij = εj +
n∑
i=1

xiwij (4.10)

where εj =
∑m

h=1 phbhj. Assume that external investors hold strictly positive shares of

organisation i, i.e., 1−
∑

j∈I wij > 0. Then, W is non-singular, and the equilibrium equity

is given by x = ε(I −W )−1.

4.3.2. Non-linear Interaction Functions: Financial Networks. In this section, we

discuss the conditions for the uniqueness of equilibrium in financial interbank lending

networks such as Eisenberg and Noe (2001), Cifuentes et al. (2005) and Acemoglu et al.

(2015a). Their canonical models are used to study the contagion of default under the

conditions of proportional repayments of liabilities, limited liability, and the absolute

priority of debt over equity. For instance, Glasserman and Young (2015) bound the

probability of default due to contagion when a bank suffers a shock.

There are n risk-neutral banks in the network, as the previous section. Each bank i has

the nominal liability δij to bank j. The total liability obligation of i is p̄i =
∑

j δij. Define

relative liability as wij = δij/p̄i if p̄i > 0 and wij = 0 otherwise.17 Assume that
∑

j wij = 1

for all i, in the sense that there is no payment to agents outside the network.

All banks have the exogenous cash flow εj ⩾ 0, which can be interpreted as the net asset

from outside the financial network. Let xj be the clearing repayment for all j = 1, . . . , n

in equilibrium. Suppose that proportional repayment of liability holds such that bank

i’s clearing payments to bank j is proportional to its relative liability xiwij. Then, the

amount of total repayment received by j from other banks is
∑

i xiwij.

Suppose that, in equilibrium, all banks follow the conditions of limited liability, xj ⩽∑
i xiwij + εj, and absolute priority, either xj = p̄j or xj =

∑
i xiwij + εj. The clearing

17The sensitivity matrix (wij) is also called as the relative liability matrix in Eisenberg-Noe model.
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payment xj in equilibrium solves

xj = min

{∑
i

xiwij + εj, p̄j

}
(4.11)

for all j. To this end, the interaction functions are

fj(t) = t1{t<p̄j}(t) + p̄j 1{t⩾p̄j}(t)

for all j. We introduce the assumptions in Glasserman and Young (2015) for the unique-

ness of equilibrium, which supposes
∑

j wij ⩽ 1. We write i → j if j is accessible from i

for i, j ∈ N = {1, . . . , n}: wkij > 0 for some k ∈ N, where wkij is the (i, j) entry of W k.

Glasserman and Young (2015) assume that for every bank i either it has some debt outside

the network such that
∑

j wij < 1, or there is a bank t such that i→ t (an obligation path

from i to t), and bank t has external debt such that
∑

j wtj < 1. Under this assumption,

W is convergent, and then the clearing payment (4.11) is unique. To see why uniqueness

holds under Glasserman and Young (2015), since βi ≡ 1 in (4.11), it is sufficient to show

that ρ(W ) < 1 when the above conditions hold.

We say that W is weakly chained substochastic if W is row substochastic and for each

i ∈ N , either
∑

j wij < 1, or there exists t ∈ N such that i→ t and
∑

j wtj < 1. We can

check the convergence of W by weakly chained substochasticity (see Azimzadeh (2019)

and Lemma 4.7.6.)

We briefly discuss some intuition behind Lemma 4.7.6 and weekly chained convergence.

The convergence can be seen by considering a simple case: if
∑

j wij ⩽ 1 for all i, and for

all i ∈ N there is t ∈ N such that i→ t in one step (wit > 0) and
∑

j wtj < 1, then we can

show that
∑

k w
2
ik =

∑
k

∑
j wijwjk =

∑
j wij

∑
k wjk =

∑
j ̸=twij

∑
k wjk+wit

∑
k wtk < 1

for all i. Hence, the row sums of W 2 are all strictly less than one. It implies that

∥W 2∥∞ < 1 so that ρ(W ) < 1 and W is convergent. We summarise the discussion using

the following lemma.

Lemma 4.3.1. If fi is non-expansive for all i ∈ N , W is non-negative, and either W or

W⊤ is weakly chained substochastic, then Assumption 4.2.1 holds.
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Lemma 4.3.1 implies that some network structure of graphW gives the convergence. For

instance, Assumption 4.2.1 holds as long as the network structure is acyclic such that

there exists no feedback effect: i is not accessible from j whenever j is accessible from i

for all i ̸= j.

Lemma 4.3.2. If fi is Lipschitz continuous for all i, and W ∈ Rn×n is such that graphW

is acyclic, then Assumption 4.2.1 holds.

For the following lemma, we say that W is irreducible if
∑∞

k=1W
k ≫ 0.

Lemma 4.3.3. If fi is non-expansive for all i ∈ N , W is non-negative, row (column)

substochastic and irreducible, and there is t ∈ N such that
∑

j wtj < 1 (
∑

j wjt < 1), then

Assumption 4.2.1 holds.

Eisenberg and Noe (2001), instead, show that the clearing payment is unique if the finan-

cial network is regular.18 In the rest of this section, we apply the proof of Theorem 4.2.2

to show the uniqueness of Eisenberg and Noe (2001) model without regularity or weekly

chained substochasticity, which is also shown in Stachurski (2022)19.

The proof of Theorem 4.2.2 implies that the set of shocks that admit the multiple equilibria

is Lebesgue measure zero. If we can further preclude the realisation of such shocks, we can

guarantee the uniqueness of equilibrium. Eisenberg-Noe model (4.11) of clearing payment

is a special case that it precludes the possibility of such shocks. It can be shown that the

multiple equilibria occur only if ε1⊤ = 0 in Eisenberg-Noe network (4.11). Recall that the

cash flows are non-negative ε ⩾ 0 in Eisenberg-Noe model. Hence, if we further assume

that there exists some i ∈ N such that εi > 0, the equilibrium is always unique.

Corollary 4.3.2. Let f , W and ε follow Eisenberg-Noe model (4.11). That is, fj(t) =

t1{t<p̄j}(t)+ p̄j 1{t⩾p̄j}(t) for some p̄j > 0 for all j, W is non-negative and row stochastic,

and ε ⩾ 0. Then, if ε > 0, the equilibrium is unique.

18The risk orbit of the bank i is the set that i has a directed path to all nodes in the set. The system is
regular if any risk orbit has at least one node i with positive cash flow εi > 0.
19Stachurski (2022) shows the same result beautifully by Du’s theorem.
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Since by convention we can set the equilibrium to be zero for all agents if ε = 0 in

Eisenberg-Noe model, Corollary 4.3.2 implies that the equilibrium is unique for any ε.

Therefore, the uniqueness of clearing payment holds without regularity or weekly chained

substochasticity. Staum et al. (2016) assume that every bank has strictly positive external

assets for the uniqueness of clearing payment. Amini et al. (2016) also assumes that

either all banks hold external assets or the total of external assets is nonzero so that the

conditions of in Eisenberg and Noe (2001) are satisfied.20 Corollary 4.3.2 implies that we

only need one bank with positive external assets to have unique clearing payments.

4.3.2.1. Extended Eisenberg-Noe Network. Acemoglu et al. (2015a) and Acemoglu

et al. (2015b) consider the Eisenberg-Noe network with senior liability and asset liquida-

tion and show that the contagion of financial default depends on both the magnitude of

shock and network structure. In their setting, the shock εj could be negative. In detail,

each bank can liquidate its assets to pay the debt. Let ℓj be the liquidation decision for

all j. Assume that banks can only recover ζ ∈ [0, 1] fraction of the value of a liquidated

project. The repayment decision is

xj = max

{
min

{∑
i

xiwij + cj + zj − ν + ζℓj, p̄j

}
, 0

}

where cj is the cash, zj is the project return, and ν is the senior liability. A bank’s ability

to fulfil its liability depends on its resources, including its hoarding cash, the received

repayments from its debtors, the return of invested projects minus senior liability, and the

liquidated asset of a project. Except for the rules of limited liability and absolute priority,

banks repay nothing if the total cash flow is negative that
∑

i xiwij+ cj+zj−ν+ ζℓj < 0.

Moreover, each bank decides the amount of liquidation:

ℓj = max

{
min

{
1

ζ

(
p̄j −

∑
i

xiwij − ej

)
, A

}
, 0

}

where ej = cj + zj − ν and A is the total value of the invested project. A Bank can

liquidate a fraction of its invested project, with value A to meet the shortfall of liability

20Amini et al. (2016) studies the equilibrium of Eisenberg-Noe interbank network with asset liquidation,
which affects the equilibrium price for the illiquid asset.
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p̄j−
∑

i xiwij−ej. Acemoglu et al. (2015a) show that the payment in equilibrium satisfies:21

xj = max

{
min

{∑
i

xiwij + εj, p̄j

}
, 0

}
(4.12)

where εj = cj + ξj − ν+ ζA could be negative. In particular, the interaction functions are

fj(t) = t1{0<t<p̄j}(t) + p̄j 1{t⩾p̄j}(t)

for all j. Acemoglu et al. (2015a) show that the clearing payment is generically unique for

a strongly connected network.22 Their proof also shows that the clearing payment (4.11)

of Eisenberg-Noe network is unique, given a strongly connected network. As shown in

Example 4.2.1, there exists confusion that multiple equilibria occur with arbitrarily high

probability. Theorem 4.2.2 shows that the equilibrium is unique almost surely if the shock

is absolutely continuous. We discuss the computation method in Section 4.4.4.

As we see in Example 4.2.1, the proof of Theorem 4.2.2 implies if there exist multiple

equilibria, there must be some strongly connected subgraph.23 It also shows that all

agents who have multiple equilibria must be in or accessible from some strongly connected

subgraph, where all agents in this subgraph admit multiple equilibria.24

Corollary 4.3.3. Let (f,W ) be such that Assumption 4.2.2 holds. Given shocks ε ∈ Eε,

if there are multiple equilibria, then any agents having multiple equilibria must be accessible

from some agents in a strongly connected subgraph S, which admits multiple equilibria.

4.3.2.2. Financial Network with Bankruptcy Cost. This subsection introduces an-

other generalised Eisenberg-Noe model with bankruptcy cost in Glasserman and Young

(2015) and Glasserman and Young (2016).25 Consider a relative liability matrix (wij) as

the previous subsection. Suppose that when each bank j = 1, . . . , n defaults, its asset is

21See Lemma B2 of Acemoglu et al. (2015a)
22See Definition 4.2.3 for the definition of generic uniqueness.
23A graphS = (VS , ES) is a subgraph of graphA if VS ⊂ V and ES ⊂ E.
24To prevent confusion, although we assume absolute continuity of shock in Theorem 4.2.2, we can specify
the realized shocks or relax the absolute continuity so that there exists multiplicity, if we want.
25The bankruptcy costs include auditing, accounting, and legal costs, and the losses associated with asset
liquidation.
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further reduced by

αj

[
p̄j −

(∑
i

xiwij + εj

)]
up to a maximum reduction such that the assets are entirely eliminated. In other words, a

large shortfall of liability generates a higher bankruptcy cost than a small shortfall. Then,

the clearing payment is

xj = min

{
max

{∑
i

xiwij + εj − αj

[
p̄j −

(∑
i

xiwij + εj

)]
, 0

}
, p̄j

}

= min

{
max

{
(1 + αj)

(∑
i

xiwij + εj

)
− αj p̄j, 0

}
, p̄j

} (4.13)

Hence, the interaction functions can be written as26

fj(t) = ((1 + αj)t− αj p̄j)1{0⩽(1+αj)t−αj p̄j<p̄j}(t) + p̄j1{t⩾p̄j}(t)

for all j, where 1A(t) is the indicator function with A ⊂ R.

Following Glasserman and Young (2015) and Glasserman and Young (2016), when αi ≡ α,

the clearing payment is unique if (1 + α)maxi
∑

j wij < 1, which implies that (1 + α)W

is non-singular and Assumption 4.2.1 holds.

4.3.2.3. Financial Network with Equity Insolvency and Illiquidity. Following

Eisenberg-Noe model, Liu et al. (2020) consider a financial lending network that banks

are exposed to lending and borrowing with different maturities. They show that the U.S.

banking network has diminished its system risk of contagion and illiquidity from 2011 to

2014.

In this model, for each bank i, the asset in its balance sheet equals the sum of overnight

lending, short-term lending, long-term lending, cash and cash equivalents εi and other

assets OAi, while the liability consists of overnight borrowing, short-term borrowing,

other liability OLi and equity Ei. Each period t, bank i has an obligation to repay some

fraction of overnight, short-term, and long-term liability δij to bank j. The total liability

obligation is p̄i in the period t. The relative liability matrix (wij) is defined as before that

wij = δij/p̄i if p̄i > 0 and wij = 0 otherwise, so that (wij) is non-negative. Assume that
26For the last term, 1{(1+αj)t−αj p̄j⩾p̄j}(p̄j) = 1{t⩾p̄j}(p̄j).
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j wij ⩽ 1 following Liu et al. (2020). Let Qij be the remainder of all loan obligations

that i has to repay j, including overnight market, short-term and long-term loans, at the

end of the period. Let xi be the realized payment made at the end of the period. Define

the equity

Ei =
∑
h

xhwhi + εi − p̄i +

(∑
h

Qhi −
∑
j

Qij

)
+ (OAi −OLi)

Denote Bi :=
∑

hQhi−
∑

j Qij +OAi−OLi as the net remaining and other assets. Each

bank fails to repay in full if either it is illiquid due to insufficient cash and incoming

payment or it is insolvent so its equities are negative Ei < 0. The payment in equilibrium

satisfies:

xi = min

{[∑
h

xhwhi + εi

]+
,

[∑
h

xhwhi + εi +Bi

]+
, p̄i

}
(4.14)

where [z]+ := max{z, 0} for z ∈ R. The interaction functions are

fi(t) = min
{
[t]+ , [t+Bi]

+ , p̄i
}

for all i. Liu et al. (2020) show that the equilibrium payment exists. We further show

that it is almost surely unique when W is stochastic and unique when W is convergent.

We have 0 ⩽ W ⩽ 1 and for agent j

xj = min

{[∑
i

xiwij + εj

]+
,

[∑
i

xiwij + εj +Bj

]+
, p̄j

}

=


min

{
[
∑

i xiwij + εj]
+ , p̄j

}
if Bj ⩾ 0,

min
{
[
∑

i xiwij + εj +Bj]
+ , p̄j

}
otherwise.

Then, the interaction function is

fj(z) =


z1{0⩽z<p̄j}(z) + p̄j1{z⩾p̄j}(z) if Bj ⩾ 0,

(z +Bj)1{0⩽z+Bj<p̄j}(z) + p̄j1{z+Bj⩾p̄j}(z) otherwise.

Clearly, fj is increasing and bounded for all j. By figure 2, we know that the interaction

function is non-expansive for either Bj ⩾ 0 or Bj < 0. When the shock is absolutely

continuous, Theorem 4.2.2 shows that the clearing payment is unique almost surely when
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W is stochastic. On the other side, if W is weekly chained substochastic or ρ(W ) < 1,

the clearing payment is unique by Theorem 4.2.1.

4.4. Comparative Statics, Tightness and Boundedness

In this section, we first study the comparative statics of how the increase in interaction

functions, sensitivity matrix, and shocks affect the equilibrium. We further investigate

the tightness of the conditions of Assumption 4.2.1 and the requirement of boundedness

in Assumption 4.2.2. We discuss an example to show that the spectral radius condition

of Assumption 4.2.1 could be also a necessary condition. We then argue the boundedness

condition is essential in Assumption 4.2.2. In Section 4.4.4, we consider an algorithm to

compute the equilibrium when the interaction functions are bounded identity maps as

financial network (4.12).

4.4.1. Comparative Statics. This section presents some simple comparative statics

between two networks. We show that the equilibrium is increasing in the shock, ε, holding

all other things constant. Moreover, ceteris paribus, when a network has a dominant

interaction function, it has a greater equilibrium. We also see that the rise in strength of

interactions also increases the equilibrium. These results are valid under both Assumption

4.2.1 and Assumption 4.2.2. In detail, we have the following two lemmas.

Lemma 4.4.1. Let (f,W, ε) and (f ′,W ′, ε′) be two networks satisfying Assumption 4.2.1,

and denote their corresponding equilibrium as x̂ and x̂′, respectively. If fi and f ′
i are

increasing functions for all i ∈ N , fi(t) ⩽ f ′
i(t) for all t ∈ R and all i, W ⩽ W ′, and

ε ⩽ ε′, then x̂ ⩽ x̂′.

Lemma 4.4.2. Let (f,W, ε) and (f ′,W ′, ε′) be two networks satisfying Assumption 4.2.2

such that they have unique equilibrium, denoted by x̂ and x̂′, respectively. Suppose that

for all i we have fi(t) ⩽ ui and f ′
i(t) ⩽ u′i for all t ∈ R such that ui ⩽ u′i. If fi(t) ⩽ f ′

i(t)

for all t ∈ R and all i, W ⩽ W ′, and ε ⩽ ε′, then x̂ ⩽ x̂′.

These two lemmas imply that the equilibrium is increasing in the shock, the sensitivity

matrix, or the interaction functions. When we add edges or increase the weight of edges in
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a network, since the interaction functions are increasing, the strengthened interconnections

lead to greater equilibrium.

About Lemma 4.4.2, note that it is possible that for two sensitivity matricesW,W ′ ∈ Rn×n

we have ρ(W ) = ρ(W ′) = 1 while W ⩽ W ′. For example, the sensitivity matrices

in Example 4.4.1 both have spectral radius one. However, if we restrict the sensitivity

matrix to a stochastic matrix, then we should fix W = W ′ in Lemma 4.4.2, otherwise the

row or column sum is not one anymore.

Example 4.4.1. Consider the following specifications for f,W and ε as

fai (t) := min{max{t, 0}, 2}, ∀i εa := (0.2,−0.6,−0.2, 0.2)

fai (t) := min{max{t, 0.1}, 2}, ∀i εb := (0.2, 0,−0.2, 0.2),

and

W a :=


0 2 0 0

0.5 0 0.5 0

0 0 0 0.8

0 0 0.8 0


W b :=


0 2 0.1 0.8

0.5 0 0.8 0.1

0 0 0 0.9

0 0 0.9 0


. (4.15)

The equilibrium for (fa,W a, εa) is (0.2, 0, 0, 0.2), the equilibrium for (f b,W a, εa) is

(0.25, 0.1, 0.1, 0.28), the equilibrium for (fa,W b, εa) is (0.2, 0, 0.7579, 1.0421), the equilib-

rium for (fa,W a, εb) is (1.2, 2, 2, 1.8), and the equilibrium for (f b,W b, εb) is (1.2, 2, 2, 2).

Last, for the network with both W a and W b, the multiplicity exists if ε ∈ R4 satis-

fies 2ε1 + ε2 = 0. This condition does not hold almost surely if the shock is absolutely

continuous. □

4.4.2. Tightness of Condition. In some cases, the spectral radius condition in As-

sumption 4.2.1, ρ(|W | diag(β)) < 1, can be the necessary condition for the existence and

uniqueness of equilibrium. For example, consider the system with two agents such that

the interaction function is fi(t) =
√
t2 for all t ∈ R for all i = 1, 2, and the realisation of

shocks are positive ε1, ε2 > 0. Assume that agents’ states do not affect themselves and
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have a positive influence on each other, such that w11 = w22 = 0 and w12, w21 > 0:

W = c

0 1

λ 0


where λ, c > 0. Then, the interaction functions are Lipschitz continuous with a Lipschitz

constant βi = 1 for i = 1, 2. Further, we can see that the eigenvalues of W are ±c
√
λ,

whence the spectral radius is less than one, ρ(W ) < 1, if and only if c2λ < 1. Now, the

equilibrium follows

x1 =
√

(cλx2 + ε1)2 = cλx2 + ε1

x2 =
√

(cx1 + ε2)2 = cx1 + ε2.

for x1, x2 ∈ [0,∞). Since we can show that this system has a unique solution if and only if

c2λ < 1, the condition ρ(W ) < 1 is a necessary condition for the existence and uniqueness

of equilibrium.

As another example, considering the linear system x = xW + ε, the equilibrium could

exist and be unique when ρ(W ) > 1, but T : x 7→ f(xW + ε) is not globally stable. In

some applications, we want the equilibrium to be non-negative or positive. For instance,

the equilibrium in the production networks (4.4) and (4.5) should be non-negative. Since

(I −W )−1 ⩾ 0 if and only if ρ(W ) < 1, Assumption 4.2.1 is sufficient and necessary for

non-negative equilibrium.27

In some other cases, the spectral radius condition is not a necessary condition for the

existence. The equilibrium may still exist when ρ(|W | diag(β)) ⩾ 1. However, the system

is not globally stable anymore when the spectral radius is greater than one. Also, the

uniqueness of equilibrium could fail. For example, suppose that the equilibrium satisfies

(x1, x2) = min

max


(x1, x2)

0 2

3 0

+ (ε1, ε2)

 , (0, 0)
 , (5, 5)

 .

The multiplicity and global stability depend on the shocks. For example, if we have

(ε1, ε1) = (−6, 2), then there are multiple equilibria x∗ = (0, 2) or (5, 5). More, it is not

27See Lemma 4.7.7.
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globally stable, since some iteration may not converge, say, the iteration starting from

(0, 5).

4.4.3. Linear System and Boundedness Condition. This part attempts to argue

that when the interaction function is non-expansive and the sensitivity matrix is not

convergent, the boundedness is essential for existence of the equilibrium. That is, the

boundedness condition in Assumption 4.2.2 cannot be precluded. We use a linear system

to illustrate this concept. In particular, if the interaction system is an identity mapping,

and the sensitivity matrix has spectral radius one ρ(W ) = 1, then the equilibrium does

not exist with probability one.

In detail, consider a linear system:

x = xW + ε (4.16)

where x and ε are vectors in ∈ Rn and W ∈ Rn × Rn is a non-negative matrix. By

Theorem 4.2.2, we know that the linear system has a unique solution x if the spectral

radius of W is less than one. For instance, the study of input-output analysis assumes

that the producers have positive value-added and then that
∑

j wij < 1 for all i (Antràs

et al., 2012). Note that (4.16) may not have the solution if the scalar one is the eigenvalue

of W , since (I −W ) is not invertible. If one is not the eigenvalue of W , then the solution

always exists and is unique. Therefore, when the sensitivity matrix is stochastic, the

solution does not exist almost surely. Similar to almost sure uniqueness, we define almost

sure non-existence as follows.

Definition 4.4.1. Let E denote the set of shocks that the solution exists (i.e., E := {ε ∈

Eε : Equation (4.16) has a solution}.) We say that the solution does not exist almost

surely if Prob(ε ∈ E) = 0.

Lemma 4.4.3. If W is non-negative and ρ(W ) = 1, and the shocks (εi) are absolutely

continuous, then the solution of linear system (4.16) does not exist almost surely.

Comparing Theorem 4.2.2 and Lemma 4.4.3, we see that boundedness plays a key role

in guaranteeing the existence of equilibrium. Boundedness also helps to pin down the
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uniqueness of equilibrium. We provide some intuition as below. Consider again the

interaction function of a bounded identity map (4.3) and a row stochastic and irreducible

matrix W . From the proof of Lemma 4.7.4, we see that the multiple equilibria x must

satisfy −M1 ⩽ x = xW + ε ⩽ M1. Since W is stochastic, 1 is the right eigenvector,

whence we have ε1⊤ = (x − xW )1⊤ = 0 if there exists multiplicity. To notice how

boundedness pins down the unique solution, suppose on the contrary that ε1⊤ ̸= 0. If

x is a solution in [−M1,M1], then we have x1⊤ = xW1⊤ + ε1⊤ = x1⊤ + ε1⊤ ̸= x1⊤,

a contradiction. Thus, we have xW + ε ⩽̸ M1 or −M1 ⩽̸ xW + ε. Without loss of

generality, assume that node i is such that (xW + ε)i > M , whence i’s equilibrium state

equals M . Remove such node i from the graph and consider the shock εs + xiwis for all

remaining agents s ̸= i. Let W be the submatrix of W by removing the column i and

row i from W . Using Lemma 4.7.9, we have ρ(W ) < 1. Therefore, the remaining network

with vertices N \ {i} has a unique solution by Theorem 4.2.1. We see that when ε1⊤ ̸= 0

in this example, the boundedness pins down the unique solution.

4.4.4. Algorithm for Bounded Identity Map. In this section, we provide an algo-

rithm to compute the equilibrium under the bounded identity maps of interaction func-

tions. We show that the algorithm converges in at most n2n−1 iterations. From the

discussion in Section 4.4.3, we know that the boundedness condition is the key to the

uniqueness of equilibrium. It implies that we can compute the equilibrium by assuming

that there exists an agent whose state is always equal to the upper or lower bound of her

sensitivity function. In detail, consider the interaction functions

fj(t) = min {max {t, ℓj} , uj} (4.17)

for all j ∈ N = {1, . . . , n}, where ui > ℓj for all j ∈ N . The bounded identity maps are

the generalised Eisenberg-Noe model (4.12). Assume that the sensitivity matrix W is row

or column stochastic as the financial network. Following the discussion in Section 4.4.3,

we conclude the lemma below. Denote u = (ui) and ℓ = (ℓi).
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Lemma 4.4.4. Let u, ℓ be such that u ≫ ℓ, f be defined as (4.17), and W ⩾ 0 be

row/column stochastic. Given ε, if the equilibrium x∗ is unique, then there is j ∈ N

such that either x∗j = uj or x∗j = ℓj.

In fact, for any strongly connected subgraph Gs ⊂ graphW , we can show that there exists

an agent j in subgraph Gs such that x∗j = uj or x∗j = ℓj. Lemma 4.4.4 implies that every

agent’s equilibrium state is either at the upper bound, lower bound, or in between. Since

there are n agents in the network, we have 3n possibilities. Since we can pin down the

equilibrium for those agents at the boundedness, we only need to decide the equilibrium for

the remaining agents. Using this idea, we are able to design an algorithm that converges

to the equilibrium in at most 3n iterations. Algorithm 2 applies this concept to compute

the equilibrium in finite iterations.

To illustrate the algorithm, given the states x, define the sets A(x) and B(x) as

A(x) := {j ∈ N :
∑
i

xiwij + εj ⩾ uj},

B(x) := {j ∈ N :
∑
i

xiwij + εj ⩽ ℓj}.
(4.18)

In words, A(x) (resp., B(x)) is the set of agents whose equilibria are greater (resp., less)

than or equal to the upper (resp., lower) bounds at states x. Also, define the diagonal

matrix ΛD for D ⊂ N as

ΛDij :=


1 i = j and i ∈ D,

0 otherwise,
. (4.19)

Hence, ΛA(x) and ΛB(x) indicate which agents are at the upper and lower bound, respec-

tively.

In the financial network, N \ A(x) is the set of banks that default under the clearing

payment x, while N \B(x) is the set of banks that are able to make some payments under

the clearing payment x. Inspired by Eisenberg and Noe (2001), Algorithm 2 returns the

equilibrium x(t) given the interaction function (4.17). The inner for-loop of Algorithm

2 is the fictitious default iteration introduced by Eisenberg and Noe (2001). If we have

B(ℓ) = ∅, then Algorithm 2 is simply the fictitious default algorithm in Eisenberg and
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Noe (2001), which converges in at most n iterations. The outer for-loop searches the set

of agents whose equilibria are at the lower bounds, B(x∗), from the potential candidates

in the power set of B(ℓ), P(B(ℓ)). At some t ∈ N, when the guess is correct: Pi =

B(x∗) = B∗ for Pi ∈ P(B(ℓ)), we iterate the solutions from û := u(I − ΛPi) + ℓΛPi , and

set At−1 = A(û) ∩ (N \B(x∗)). Next, if Pi = b∗, step 11 is equivalent to set x(t) as

x
(t)
j =


uj ∀j ∈ At−1

ℓj ∀j ∈ B∗

∑
i∈At−1

uiwij +
∑

i∈B∗ ℓiwij +
∑

i∈N\(At−1∪B∗) x
(t)
i wij + εj otherwise.

Note that since At−1 ⊃ A(x∗), the matrix I− (I−ΛAt−1−ΛPi)W (I−ΛAt−1−ΛPi) in step

11 is non-singular so that x(t) is unique:28

x(t) = [((uΛAt−1 + ℓΛPi)W + ε)(I − ΛAt−1 − ΛPi)

+ uΛAt−1 + ℓΛPi ][I − (I − ΛAt−1 − ΛPi)W (I − ΛAt−1 − ΛPi)]−1.

The solution x(t) is the equilibrium when xi = ui for i ∈ At−1 and xi = ℓi for i ∈ B∗. In

the next step, we check whether At = A(x(t)) equals At−1 or not. If they are equal, the

algorithm terminates and returns xt as the equilibrium; otherwise, we repeat the step 11

of Algorithm 2 to get x(t+1) with the updated set At. Conversely, if the guess from the

power set of B(ℓ) is not correct, then it may be the case that it raises a singular matrix

error in step 11. In this case, we skip it and try another guess from P(B(ℓ)). Therefore,

the convergence time depends on how many agents in B(ℓ). In general, the next lemma

shows that Algorithm 2 converges in at most n2n−1 iterations.29

Lemma 4.4.5. Let f follow (4.17), W ⩾ 0 be column/row stochastic, and ε be such that the

equilibrium is unique. Algorithm 2 returns the equilibrium x(t) in at most n2n−1 iterations.

28We can use the iterative method to approximate the solution.
29In some cases, the equilibrium x∗ has the features that x∗ ≫ ℓ or x∗ ≪ u. If this is the case, then we
can save time by implement the Eisenberg-Noe iteration and the reverse Eisenberg-Noe iteration firs.
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Algorithm 2: Compute equilibrium given the interaction functions (4.17).
1 t← 0;
2 if A(u) = N then return x(0) ← u ;
3 else if B(ℓ) = N then return x(0) ← ℓ;
4 P ← the power set of B(ℓ);
5 for i = 0; i < |P|; i = i+ 1 do
6 û← ℓΛPi + u(I − ΛPi), where Pi ⊂ B(ℓ) is the i-th element of P ;
7 At ← A(û) ∩ (N \ Pi);
8 for j = 0; j < n; j = j + 1 do
9 t← t+ 1;

10 try
11 x(t) ← the fixed point of x = uΛAt−1 + ℓΛPi + {[uΛAt−1 + ℓΛPi + x(I −

ΛAt−1 − ΛPi)]W + ε}(I − ΛAt−1 − ΛPi);
12 except singular matrix error break ;
13 At ← A(x(t));
14 if At = At−1 then break;
15 if f(x(t)W + ε) = x(t) then return x(t);

Example 4.4.2. We consider a numerical example to demonstrate Algorithm 2. Let the

network (f,W, ε) be

f = min{max{xW + ε, 0}, u} where u = (5, 10, 10, 8, 10, 10, 6)

W =



0 0.4 0.15 0 0.4 0.05 0

0.4 0 0.15 0.25 0 0.2 0

0.3 0.1 0 0.25 0.15 0.2 0

0 0 0 0 1 0 0

0 0 0 1 0 0 0

0 0 0 0 0 0 1

0 0 0 0 0 1 0


ε = 10−5(2, 1,−1, 3, 2,−1,−2).

(4.20)

First, compute B(ℓ) = B(0) = {3, 6, 7} and A(u) = {1, 4, 5, 6, 7}. Then, the power

set P(B(ℓ)) has 23 elements. When Pi in Algorithm 2 equals {3, 6, 7}, we have û =

(5, 10, 0, 8, 10, 0, 0) and A(û) ∩ (N \ Pi) = {4, 5}. The iterations of Algorithm 2 give:

x(t) At
û = (5, 10, 0, 8, 10, 0, 0) {4, 5 }
x(1) = (2.857× 10−5, 2.143× 10−5, 0, 8, 1, 0, 0) {4 }
x(2) = (2.857× 10−5, 2.143× 10−5, 0, 8, 8.00003, 0, 0) {4}
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In this case, since |P| = 23 and |N \Pi| = 4, the algorithm converges to the equilibrium in

at most 25 iterations. Alternatively, if we use the operator T of (4.2) to iterate from the

upper bound to compute equilibrium limm→∞ Tmu, the iteration time is more than 4.9×

105 given the convergence tolerance 10−5. If we iterate from the lower bound limm→∞ Tmℓ,

the iteration time is more than 2.3× 105. □

Alternatively, we can use (nonlinear) programming to solve the problem (4.17) as Eisen-

berg and Noe (2001). Let g : Rn → R be a strictly increasing function. Define the

programming problem as

max
x∈[ℓ,u]

g(x)

subject to 0 ⩽ max{xW + ε− x, ℓ− x}.
(4.21)

As shown in Eisenberg and Noe (2001), the solution to (4.21) is the (almost surely) unique

equilibrium.30

Lemma 4.4.6. Let f follow (4.17), W ⩾ 0 be stochastic, and ε ∈ Eε. If g is strictly

increasing, then any solution to programming problem (4.21) is an equilibrium.

4.5. Key Players

In this section, we utilize the unique equilibrium to identify the most influential agent.

There are many measures or centralities that evaluate the importance scores for agents in

a network.31 For instance, in input-output analysis, the output multiplier measures the

overall output impact of a sector when it has a dollar-worth increase in final demand, so

we can use the output multiplier to identify the most influential production sector, and

then policymakers can decide which sector to bail out during recession (Miller and Blair,

2009). In network games, Ballester et al. (2006) define the "key player" as the agent

that has the highest total impact on the aggregate activity once she is removed from the

30The solution to the following programming problem is also an equilibrium.

min
x∈[ℓ,u]

g(x) subject to min{xW + ε− x, u− x} ⩽ 0,

where g : Rn → R is strictly increasing.
31See Das et al. (2018) for a survey of centralities.
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network.32 We provide a measure for identifying the key player by casting an equilibrium

to the steady state of continuous-time dynamics, following and generalizing the control

analysis in Sharkey (2017).

Observe that the equilibrium of the interaction system (4.1) can be interpreted as the

steady state of the following continuous-time dynamics:

dx

dt
= f(xW + ε)− x (4.22)

where x ∈ Rn are economic states and f(xW + ε) = (fj(
∑

i xiwij + εj))
n
j=1 is defined as

before. The steady state x∗ of (4.22) is such that f(x∗W + ε)− x∗ = 0. Suppose that the

interaction functions are increasing. In this dynamics, an agent’s equilibrium increases

in others’ equilibrium f(xW + ε) and decreases in the amount of itself x. Clearly, if y is

the equilibrium of model (4.1), then it is the steady state to the continuous-time dynamic

system (4.22) that dx/dt = f(yW + ε)− y = 0. If Assumption 4.2.1 holds and then the

equilibrium is unique by Theorem 4.2.1, then the steady state is also unique.

In this section, suppose that fi is differentiable for all i. For some networks, including

equation (4.12), the interaction function is non-differentiable. In this case, we can approx-

imate the interaction function by a smooth function without loss of economic meaning.

Like Sharkey (2017), we know that the contraction condition in Theorem 4.2.1,

ρ(|W | diag(β)) < 1, also deliveries a stable continuous-time dynamics by Lemma 4.5.1.

Let dx /dt = F (x(t)) and x(0) = x0 be an autonomous system, where x(t) ∈ Rn denotes

the state vector, and F : Rn → Rn is a differentiable function of x(t). Denote x∗ as the

steady state such that F (x∗) = 0. Recall that the steady states x∗ of an autonomous

system is stable if for every ε > 0 there exists δ > 0 such that ∥x(0) − x∗∥ < δ implies

∥x(t) − x∗∥ < ε for all t ⩾ 0. The steady state x∗ is asymptotically stable if it is stable

and there is δ > 0 such that ∥x(0)− x∗∥ < δ implies x(t)→ x∗ as t→∞.

Lemma 4.5.1. Suppose that fi is increasing and continuously differentiable for all i, and

ρ(|W | diag β) < 1. Then the dynamic system (4.22) is asymptotically stable.

32They show that the key player has the highest intercentrality, a measure defined by Katz (Bonacich)
centrality.
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Again, if W is non-negative and βi ≡ ψ, we can reduce the condition for asymp-

totic stability to ψρ(W ) < 1. To have an asymptotically stable system, assume that

ρ(|W | diag(β)) < 1 in this section.

Denote the symbol ◦ as the Hadamard product such that s ◦ x := [s1x1, . . . , snxn] for

s, x ∈ Rn. Define an alternative continuous-time dynamics as

dx

dt
= F (x, s) := f(xW + ε)− s ◦ x (4.23)

Here, the coefficients s specify the small shocks to the agents.

When s = 1, equation (4.23) is equal to the original system. Let x∗ be the steady state for

s = 1 that F (x∗,1) = 0. Assume that s = 1 so that the analysis is around the equilibrium

when there is fluctuation in the system. Following the definition of key players, we remove

agent i from the dynamics (4.23) while the others are holding the same. The equivalent

shock to the removal of i is
∂si
∂x∗i

x∗i

The impact to the other agent j’s steady state is then given by:

Cij =
dx∗j
dsi

∂si
∂x∗i

x∗i

where dx∗j/dsi is the extent of change in j’s steady state responding to the shocks. Hence,

Cij measures the impact on agent j when the shock is equivalent to the removal of i.

With everything else remaining the same, the total impact of the removal of i is equal to

σi :=
∑

j Cij. We evaluate the total impact around the steady state (x, s) = (x∗,1) in the

following lemma. Denote f ′
i(x

∗W + ε) := (f ′
i(
∑

h x
∗
hwhi + εi))i.

Lemma 4.5.2. If fi is differentiable for all i and ρ(|W | diag(β)) < 1, then the total impact

is σ = 1
[
I − diag (f ′(x∗W + ε))W⊤]−1

diag (x∗).

Therefore, the total impact, when agents are removed in the continuous-time dynamics,

is determined by the steady state or equilibrium, the network structure W , and the deriv-

ative of interaction function. The key player is the agent with the highest σi. The term

diag(x∗) implies that the larger the agent’s equilibrium state is, the higher the measure σi
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is. Moreover, the first term, 1[I−diag(f ′(x∗W+ε))W⊤]−1 implies that the impact measure

depends on the interaction behavior f ′(x∗W +ε) and the network connections, W⊤. From

the Neumann series, we can see that the more interconnected agents tend to have higher

impact measure σi.33 Also, 1[I − diag(f ′(x∗W + ε))W⊤]−1 can be view as the authority-

based Katz centrality adjusted by the interaction functions diag(f ′(x∗W + ε)). Hence,

the measure σ captures either the too-big-to-fail or too-interconnected-to-fail agents.

Note that unlike Ballester et al. (2004) this control analysis does not change the network

structure (i.e., W is the same after removing an agent.) On the other have, Ballester

et al. (2004) assume that the sensitivity matrix is symmetric in the network (4.7), while

the control analysis in continuous-time system allows arbitrary network structure.

One issue for the measure σ is that when diag (f ′(x∗W + ε))W⊤ has constant column

sums, the measure is collapsed to σ = x∗, which is just the comparison among equilibria

in magnitude.

In many applications, the derivative of the interaction function is constant. In this case,

we can see that the measure σ evaluates both effects of the agents’ impact on others

and the perturbations received from others. We illustrate this property by the following

example.

Example 4.5.1. Given the network x = αxW + 1 for some α ∈ R, the equilibrium is

(I − αW )−1 and f ′
i ≡ α. The measure for key player σ is reduced to

σ = 1
(
I − αW⊤)−1

diag (1(I − αW )−1).

Define the hub-based Katz centrality as κh := 1(I − αW )−1, and the authority-based

Katz centrality as κa := 1(I − αW⊤)−1. Then, the total impact is the element-wise

multiplication of hub-based Katz centrality and authority-based Katz centrality.

σ = κa ◦ κh.

33Neumann series: [I −A]−1 = I +A+A2 +A3 + · · · for a matrix A. A highly interconnected agent also
tends to have high equilibrium x∗.
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As the explanation in Sharkey (2017), the hub-based Katz centrality measures the "re-

ceiver" property that agents are affected by others, and the authority-based Katz central-

ity describes the "sender" property that agents influence others. The agent has high σi if

either she is influenced significantly by others or she propagates shocks and affects others

significantly.

Similarly, the network game (4.9) of the interbank lending market has the equilibrium

x∗ = ε diag(φ)[I −W diag(φ)]−1, where φ = (φi). The key player measure is

σ =
(
1[I − diag(φ)W⊤]−1

)
◦
(
ε diag(φ)[I −W diag(φ)]−1

)
It also illustrates the "receiver" and "sender" effect of shock transmission, where the

receiver effect is weighted by ε diag(φ). Due to the term ε diag(φ) = θI − diag(c0) with

c0 = (c0,i), if a bank i has lower marginal cost c0,i when it has no links to other banks,

then it tends to have higher impact measure. Overall, the equation implies that the banks

with significant impact measure may be either the too-big-to-fail or too-interconnected-

to-fail. □

4.6. Conclusion

We demonstrate the (almost sure) uniqueness of equilibrium for a generalised and unified

network model. The uniqueness of equilibrium holds if either the interaction functions

or the sensitivity matrix has a contraction property such that the corresponding spectral

radius is less than one. Alternatively, if the interaction functions are non-expansive and

bounded, and the sensitivity matrix is non-convergent (spectral radius of one), then the

equilibrium is unique almost surely, given absolutely continuous shocks. Moreover, we

show that if the interaction functions are non-expansive, the boundedness of the inter-

action functions is essential to determine the existence and uniqueness of equilibrium.

Using this idea, we can compute the equilibrium of the generalised Eisenberg-Noe in-

terbank network in finite steps by checking which agents are at the bounds. Regarding

systemic stability, we illustrate a measure for identifying key players in a unified network

by interpreting the equilibrium as the steady state of a continuous-time dynamic system

and computing the total impact of removing an agent. The measure possesses the desired



156 Chapter 4. Uniqueness of Equilibria in Interactive Networks

properties to evaluate the impact of both receiving and broadcasting perturbations. Since

both the magnitude of economic states in equilibrium and the strength of interconnec-

tion affect the measure, it helps identify either too-big-to-fail or too-interconnected-to-fail

agents.
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4.7. Appendix

Intuition of Multiple Equilibria. In this appendix, we explain some intuition for

Example 4.2.1 in Section 4.2.2 with n agents that admits multiple equilibria. We suppose

that
∑

j wij = 1 for all i and
∑

i εi = 0 as Example 4.2.1. The interaction function f is

the bounded identity mapping (4.3) broadcasted to the vectors.

The row-sum assumption imply that W1⊤ = 1⊤, where 1 is a row vector of ones. We also

assume that the matrix W is irreducible as Example 4.2.1. Suppose that there exists one

solution x such that −M1 ⩽ x = xW +ε ⩽M1. Then, we have x1⊤ = x1⊤+ε1⊤ so that

it has to be that ε1⊤ = 0. By Perron–Frobenius Theorem and irreducibility, the matrix W

has a simple left eigenvector e that is strictly positive and satisfies eW = e. Let y = x+ te

and t ∈ R such that y ∈ [−M1,M1]. Since yW + ε = teW + xW + ε = te + x = y,

we create another solution y. We can see that the uniqueness may fail with non-zero

probability if Pr(
∑

i εi = 0) > 0.

Remark 4.7.1. Consider the generalised Eisenberg-Noe financial network (4.12) in Ace-

moglu et al. (2015a) and Acemoglu et al. (2015b) and assume that p̄i ≡M for all i. The

interaction function is

fi(z) = z1{0⩽z<M}(z) +M1{z⩾M}(z). (4.24)

for all i. In words, the interaction function is non-negative and fi(z) = 0 if z < 0.

Moreover, the sensitivity matrix satisfies
∑

j wij = 1 for all i but not
∑

hwhi = 1 for all

i. Therefore, we cannot apply the theorem of Acemoglu et al. (2016b) directly, although

their proof can be extended by relaxing this assumption (see Theorem 4.2.2). Acemoglu

et al. (2015a) show that the equilibrium is also generically unique for such interaction

function and irreducible sensitivity matrix.

However, we see that Example 4.2.1 can be easily modified as an example to show that

it may admit multiple equilibria with non-zero probability under the interaction function

(4.24). The shock in Acemoglu et al. (2015a) is equal to the sum of holding cash, project

return, and the liquidation of asset minus senior liability (see Section 4.3.2). In their

setting, the cash, senior liability, and liquidation of asset are all constant, while the
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realizations of project returns are i.i.d, and only take two values. Hence, the shocks are

also i.i.d. and εi ∈ {e1, e2} with e1 > 0 and e1 < 0.34 Therefore, it is possible that

uniqueness fails with non-zero probability when we assign strictly positive probabilities

to both e1 and e2. Hence, the generic uniqueness result in Acemoglu et al. (2015a) may

be problematic when the shock variable is not absolutely continuous.

□

Remark 4.7.2. Hurd (2016) shows that the multiple solutions of generalised Eisenberg-

Noe model (4.12) are eigenvectors of W . Clearly, Example 4.2.1 and the above discussion

show that the claim is incorrect, and it should be that the differences in solutions are

eigenvectors. □

Proofs in Section 4.2.2.

Definitions. A matrix A is irreducible if
∑

k A
k ≫ 0. Given a square matrix A = (aij) ∈

Rn×n, graph A is a tuple (V,E) consisting of the vertex set V := {1, . . . , n} and the edge

set E ⊂ V × V set such that (i, j) ∈ E if and only if aij ̸= 0. The graphA has a directed

path i → j for i, j ∈ V if akij > 0 for some k ∈ N, where akij is the (i, j)th entry of Ak.

A graphS = (VS, ES) is a subgraph of graphA if VS ⊂ V and ES ⊂ E. In the following

model, aij ̸= 0 means agent i’s state affects agent j’s state or j’s state is sensitive to

i’s state. A vertex j is accessible from a vertex i if either i = j or there is a directed

path i → j. Graph A is strongly connected if vertex j is accessible from vertex i for any

i, j ∈ V . We know that graph A is strongly connected if and only if A is irreducible. We

say a graphA is acyclic if i is not accessible from j whenever j is accessible from i for all

i ̸= j ∈ V .

The proofs of Theorem 4.2.1 and Theorem 4.2.2 follows the subsequent lemmas. To begin

with, recall that we have the map T : Rn → Rn:

Tx := f (xW + ε) (4.25)

for x ∈ Rn, where f(xW + ε) = (fi(
∑

h xhwhi + εi))i∈N . Clearly, the vector x is a fixed

point of T if and only if it is an equilibrium.
34The holding cash and liquidation are both zero in section three of Acemoglu et al. (2015a).
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Proof of Lemma 4.2.1. Suppose that fi is increasing and bounded for all i ∈ N . Then,

there is Ei > 0 such that |fi(t)| < Ei for all i. Let E = (Ei). Define T by (4.25). Hence,

it must that Tx ∈ [−E,E] for all x ∈ [−E,E]. Note that if x∗ > E or x∗ < −E is a

fixed point of T , then we have Tx∗ ⩽ E < x∗ or x∗ < −E ⩽ Tx∗, which contradicts the

fact that x∗ is a fixed point. Hence, we can restrict the domain of T on [−E,E] without

loss of generality, so that T is an increasing self-map on [−E,E]. Tarski’s Fixed Point

Theorem shows that there exists an equilibrium in [−E,E], and the set of equilibria forms

a complete lattice, whence both the highest and the lowest equilibria exist. □

The following lemma shows that T is a contraction mapping if ∥ (|W | diag (β))k ∥ < 1.

Lemma 4.7.1. ∥T kx− T kx̂∥ ⩽ ∥ ( |W | diag (β))k ∥∥x− x̂∥ for all x, x̂ in Rn and k ∈ N.

Proof of Lemma 4.7.1. Let x, x̂ ∈ Rn, fix ε ∈ Eσ, and define T by (4.25). We first

show that |T kx − T kx̂| ⩽ |x − x̂| (|W | diag (β))k for all k ∈ N by induction. Since

Tx = f(xW + ε) and |f(xW + ε) − f(x̂W + ε)| ⩽ |(xW + ε)− (x̂W + ε)| diag (β), we

have

|Tx− T x̂| ⩽ |(xW + ε)− (x̂W + ε)| diag (β)

= |(x− x̂)W | diag (β) ⩽ |x− x̂||W | diag (β).

Hence, the claim holds for k = 1. Suppose that the claim holds for some m ∈ N, i.e.

|Tmx− Tmx̂| ⩽ |x− x̂|(|W | diag (β))m. By iteration, we have∣∣Tm+1x− Tm+1x̂
∣∣ = |f (TmxW + ε)− f (Tmx̂W + ε)|

⩽ |TmxW − Tmx̂W | diag (β)

⩽ |Tmx− Tmx̂| |W | diag (β)

⩽ |x− x̂| (|W | diag (β))m+1.

Thus, the induction implies that |T kx− T kx̂| ⩽ |x− x̂|(|W | diag (β))k for all k ∈ N. The

definition of p-norm gives ∥T kx−T kx̂∥ ⩽ ∥|x−x̂|(|W | diag (β))k∥ ⩽ ∥(|W | diag (β))k∥ ∥x−

x̂∥ for all k ∈ N.35 □

35For the max norm, we can take the maximum on both sides of inequality. For a Riesz norm, |x| ⩽ |y|
implies ∥x∥ ⩽ ∥y∥.
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We are ready to prove the first statement of Theorem 4.2.1 and its following corollaries.

Proof of Theorem 4.2.1. Let f and W satisfy Assumption 4.2.1 so that

ρ(|W | diag (β)) < 1, where β = (βj). Fix ε ∈ Eσ. Then, we have

lim
k→∞
∥(|W | diag (β))k∥ = 0.

Thus, ∥( |W | diag (β))k∥ < 1 for some k ∈ N. Lemma 4.7.1 and the Banach Contraction

Theorem show that there is a unique equilibrium. □

Proof of Corollary 4.2.1. Let f,W and ε satisfy the conditions of Theorem 4.2.1.

Let x∗ be the equilibrium and T : Rn → Rn be defined as Tx = f(xW + ε). Denote

A = |W | diag (β). The first statement follows from Theorem 4.2.1 and Banach Fixed Point

Theorem. From Lemma 4.7.1, we have ∥T k+1x−T kx∥ = ∥T k(Tx)−T kx∥ ⩽ ∥Ak∥∥Tx−x∥

for all k ∈ N. □

Next, we attempt to prove the almost surely uniqueness for the case with non-negative

fi and matrix with spectral radius one. Firstly, we consider that W is irreducible or the

graphW is strongly connected. Note that Acemoglu et al. (2016b) use the continuity of f

to show the existence of equilibrium. However, they argue that f has at most countably

many discontinuous points when they show the uniqueness of equilibrium. Since f is non-

expansive, it is Lipschitz continuous so that their argument is ambiguous. Alternatively,

we consider at most countably many intervals with unit slope.

Lemma 4.7.2 (Acemoglu et al. (2016b)). If f is increasing and |f(a) − f(b)| = |a − b|

for a, b ∈ R and b > a, then f is linear in the interval [a, b] with a unit slope, i.e.,

f(z) = z + f(a)− a for all z ∈ [a, b].36

Lemma 4.7.3. If f is increasing and bounded, there are at most countably many intervals

that f is linear with unit slopes in these intervals.

Proof. Let f be an increasing and bounded mapping. Let I be the set of intervals in

R such that f is linear and with unit slopes in these intervals. Let [ai, bi] ∈ I. Since

36See lemma B.2 of Acemoglu et al. (2016b).
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bi > ai and f is an increasing and linear mapping on [ai, bi] with a unit slope, we have

f(ai) < f(bi). Then, there is a rational ci ∈ Q such that f(ai) < ci < f(bi). The map

[ai, bi] 7→ ci is injective, so the set I is countable. □

Lemma 4.7.4. Suppose that fi is increasing, non-expansive, and bounded for all i, the

shock is absolutely continuous for all i, and W is irreducible with ρ(W ) = 1. Then, the

equilibrium is almost surely unique.

Proof of Lemma 4.7.4. Let f = (fi), W be such that the conditions of Lemma 4.7.4

hold. By Lemma 4.2.1 or Tarski’s Fixed Point Theorem, the equilibrium exists and the set

of equilibria is complete. Without loss of generality, assume that there are two different

equilibria x and y with x > y. Since f is non-expansive, we have

e := x− y = |f(xW + ε)− f(yW + ε)|

⩽ |xW + ε− (yW + ε)| = |(x− y)W | = (x− y)W = eW.

(4.26)

Let q ∈ Rn be the right eigenvector corresponding to ρ(W ) so that Wq⊤ = ρ(W )q⊤. By

the Perron-Frobenius Theorem and irreducibility, q is strictly positive, q ≫ 0. Suppose

that the inequality of equation (4.26) does not bind. It implies that

eq⊤ < eWq⊤ = eq⊤,

which is a contradiction. Hence, it must be that the equality of (4.26) binds so that

e = |f(xW + ε) − f(yW + ε)| = |(x − y)W | = eW . We see that the vector e is the

left eigenvector of W , so Perron-Frobenius Theorem shows that e ≫ 0. Now, define

b := xW + ε and a := yW + ε. Then, we have |fi(bi) − fi(ai)| = |bi − ai| for all i ∈ N .

Since b − a = eW = e ≫ 0, we have b ≫ a. Therefore, the interval [ai, bi] is well-

defined for all i. Since fi is increasing for all i, it follows from Lemma 4.7.2 that fi

is a linear mapping with unit slopes in the intervals [ai, bi] for all i. That is, we get

f(z) = z + f(a) − a for all z ∈ [a, b]. In particular, since x is the fixed point, we have

x = f(b) = b + f(a) − a = xW + ε + f(a) − a. Multiplying q⊤ on both sides, it implies

that xq⊤ = xWq⊤ + εq⊤ + (f(a) − a)q⊤ = xq⊤ + εq⊤ + (f(a) − a)q⊤. Since q is the

right eigenvector, if there are multiple fixed points, it has to be that εq⊤ = (a− f(a))q⊤.
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Denote the sets M and A as

M := {ε ∈ Eε :There are multiple equilibria.}

A := {a ∈ Eε :fi is a linear map with unit slope on [ai, bi]

with bi > ai for i = 1, . . . , n.}.

By the above discussion, we have ε ∈ M only if εq⊤ = (a − f(a))q⊤, so M ⊂ E1 :=

{ε ∈ Eε : εq⊤ = (a − f(a))q⊤, a ∈ A}. Therefore, ε1, . . . , εn are linearly dependent

when there exists multiplicity. Since Lemma 4.7.3 implies that there are countably many

intervals [ai, bi] for fi, there are countably many vectors a, whence A is at most countable.

Therefore, the dimension of E1 is strictly less than n, and the Lebesgue measures of E1

and M are zero. Since the measure of shocks is absolutely continuous, the probability of

realizations in M is zero, Pε(ε ∈M) = 0. □

Define in-subgraph and out-subgraph for the proof of Theorem 4.2.2. Let A = (aij) ∈

Rn×n and graphA = (V,E). Let graphS = (VS, ES) be a subgraph of graphA such that

VS ⊂ V and ES ⊂ E. Subgraph S is an in-subgraph if there is no path from i to j for

some i ∈ VS and j ∈ V \ VS. Subgraph S is an out-subgraph if there is a path from i to j

for some i ∈ VS and j ∈ V \ VS.

Proof of Theorem 4.2.2. Let f = (fi) and W be such that the conditions of Assump-

tion 4.2.2 hold, and ε be absolutely continuous. Suppose that ρ(W ) = 1. By Lemma 4.2.1,

the equilibrium exists. Define the equivalence relation ∼ as i ∼ j if and only if i and j

are accessible from each other for all i, j ∈ N . Denote [i] := {s ∈ N : s ∼ i} as the equiv-

alence class. We see that [i] ̸= [j] if either i is not accessible from j, or j is not accessible

from i, so the equivalence classes are mutually disjoint. Moreover, the set {[i] : i ∈ N}

forms a partition of N . By definition, each equivalence class [i] is either an in-subgraph or

out-subgraph. Since the number of vertices is finite, there are finite in-subgraphs, denoted

by S1, . . . , Sm. Let S0 be the union of all out-subgraphs. By definition of in-subgraphs
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and out-subgraphs, we can permute the matrix W and write it as 37

W =



W0 P1 P2 · · · Pm

0 W1 0 · · · 0

0 0 W2 · · · 0

...
...

...
...

0 0 0 · · · Wm


where Wt ∈ R|St|×|St|, for t = 0, 1, . . . ,m, is the weighting adjacency matrix of sub-

graph St, and Pt ∈ R|S0|×|St| describes the path from S0 to St.38 Note that W1, . . . ,Wm

are irreducible, since in-subgraphs are strongly connected. Let x be an equilibrium of

states. Decomposing the state vector and shock vector into block forms corresponding to

S0, S1, . . . , Sm, we have x = (x0, x1, . . . , xm) and ε = (ε0, ε1, . . . , εm), where xt, εt ∈ R|St|

for t = 0, 1, . . . ,m. The equilibrium system can be written as

x0 = f(x0W0 + ε0)

x1 = f(x1W1 + x0P1 + ε1)

x2 = f(x2W2 + x0P2 + ε2)

...

xm = f(xmWm + x0Pm + εm)

where f(xtWt+x0Pt+εt) := (fi(
∑

h∈St
xhwhi+

∑
h∈S0

xhwhi+εi))i∈St . Since ρ(W ) = 1, we

have ρ(W0) ⩽ 1. We first assume that ρ(W0) < 1. Then, x0 = f(x0W0 + ε0) has a unique

solution following Theorem 4.2.1. Fix t = 1, . . . ,m. Given the unique x0, Lemma 4.7.4

shows that the equilibrium xt is almost surely unique for t = 1, . . . ,m. It is not unique

only if (x0Pt+ εt)q
⊤
t = (at− f(at))q⊤t from Lemma 4.7.4, where qt is the right eigenvector

for Wt, fi is a unit-sloping mapping in intervals [at,i, bt,i] for all i ∈ St, and at is defined

as a in Lemma 4.7.4. Denote the set

Et := {ε ∈ Eε : the system xt = f(xtWt + x0Pt + εt) has multiple solutions}.

37See also (Berman and Plemmons, 1994, chapter 8).
38|St| denotes the number of nodes in subgraph St.
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We see that Et has Lebesgue measure zero by the argument in Lemma 4.7.4. It implies

that λ(E1∪ · · ·∪Em) ⩽ λ(E1)+ · · ·+λ(Em) = 0, where λ denotes the Lebesgue measure.

Let E =
⋃
tEt. Since the random variable of ε is absolutely continuous, we have Pε(ε ∈

E) =
∫
E
g(x)dλ = 0, where g is the density function of shock. Overall, each in-subgraph

has an almost surely unique equilibrium, and the equilibrium x is also almost surely

unique.

Next, suppose that ρ(W0) = 1, and W0 is irreducible. Denote the equilibrium of x0 =

f(x0W0+ε0) as x0(ε0). In this case, the solution x0(ε0) is unique almost surely by Lemma

4.7.4. If x0 is unique, the equilibrium x is almost surely unique following the above

argument. If x0 is not unique, then it must be ε0q⊤0 = (a0−f(a0))q⊤0 , where q0 is the right

eigenvector of W0 and a0 is some vector in R|S0| by Lemma 4.7.4. When x0 is not unique,

the solution xt, for t = 1, . . . ,m, is not unique only if (x0(ε0)Pt + εt)q
⊤
t = (at − f(at))q⊤t .

Note that {ε ∈ Eε : ε0q⊤0 = (a0 − f(a0))q⊤0 and (x0(ε0)Pt + εt)q
⊤
t = (at − f(at))q⊤t } is a

subset of {ε ∈ Eε : ε0q⊤0 = (a0 − f(a0))q⊤0 }, which has measure zero. Therefore, xt is also

almost surely unique for all t = 1, . . . ,m.

Suppose that ρ(W ) = 1 and W0 is not irreducible. Considering an equivalence class as an

entity, since S0 is the collection of out-subgraphs of equivalence class [i], these equivalence

classes form an acyclic graph; otherwise, they will deviate from their definition. Assume

that there are r equivalence classes [i] in S0. Since W0 forms an acyclic network, W0 can

be written as an upper triangular matrix as

W0 =



B11 B12 B13 · · · B1r

0 B22 B23 · · · B2r

0 0 B33 · · · B3r

...
...

...

0 0 0 · · · Brr


where Btt is a square matrix with respect to the corresponding equivalence class for

t = 1, . . . r. Then, we can decompose x0 = f(x0W0 + ε0) into r systems and pin down the

equilibrium in order. Since each equivalence class is strongly connected, each subgraph Btt

is irreducible. Using the similar argument above, Lemma 4.7.4 and Theorem 4.2.1, we see
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that the equilibrium for the system with respect to graphB11 is almost surely a unique

solution if ρ(B11) = 1 and unique if ρ(B11) < 1. For t = 2, . . . , r, if ρ(Btt) is less than

one, the system with respect to Btt has a unique equilibrium. If the ρ(Btt) is one, its

equilibrium is almost surely unique. Overall, x0 = f(x0W0 + ε0) has almost surely a

unique equilibrium following the above argument. A similar argument for the irreducible

case concludes the result for the whole system x = f(xW + ε). □

Proof of Corollary 4.2.2. Suppose that (f,W, ε) follows the assumptions of Theo-

rem 4.2.2. Define T : [ℓ, u] → [ℓ, u] as Tx := f(xW + ε) following the statement. Hence,

since u is the upper bound, we get Tu ⩽ u. Since T is monotone given the monotonicity

of f , we get T 2u ⩽ Tu, whence the iteration implies that T nu ⩽ T n−1u ⩽ · · · ⩽ Tu ⩽ u.

Let xn := T nu for all n ∈ N. Then, (xn) is a non-increasing sequence and bounded below

by ℓ, so it has a limit, denoted by x∗ := limn→∞ T nu. Now, consider Txn = T n+1u.

Letting n → ∞ on both sides of the equation, since T is continuous from above given

the continuity of f , we have Tx∗ = T (limn→∞ xn) = limn→∞ Txn = limn→∞ T n+1u = x∗.

Therefore, x∗ is the fixed point of T . Since Theorem 4.2.2 implies that T has a unique

fixed point almost surely, x∗ is the almost surely unique equilibrium. □

4.7.1. Proofs in Section 4.3.

Proof of Corollary 4.3.2. Let f , W , and ε follow the conditions of Corollary 4.3.2.

Let p̄ = (p̄i). By Lemma 4.2.1, we know that the equilibrium exists. From the proof of

Theorem 4.2.2, if there are multiple equilibria, there must be some irreducible subgraph of

W that admit multiple equilibria. Without loss of generality, assume thatW is irreducible.

On the contrary, suppose that x and y are two fixed points with x > y. By equation (4.26)

and Lemma 4.7.4, we know that it must follow |x−y| = |f(xW +ε)−f(yW +ε)|. Hence,

we have |x− y| = |(xW + ε)+ ∧ p̄− (yW + ε)+ ∧ p̄|. Since |(α)+ ∧ γ − (β)+ ∧ γ| = |α− β|

for γ > 0 and α, β ∈ R if and only if α, β ∈ [0, γ], we get 0 ⩽ xW + ε, yW + ε ⩽ p̄.

Therefore, we have x = f(xW + ε) = xW + ε and y = f(yW + ε) = yW + ε.

By the Perron-Frobenius theorem, the right eigenvector q of W is strictly positive. Since

the row sum is one, q is a vector of ones or constants. Multiplying both side of x = xW+ε
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by q⊤, we have xq⊤ = (xW + ε)q⊤ = xq⊤ + εq⊤. Thus, we get εq⊤ = 0, whence ε1⊤ = 0.

Since ε ⩾ 0 and there is εi > 0 for some i, we obtain a contradiction. □

Proof of Corollary 4.3.1. Let f and W satisfy the conditions in Corollary 4.3.1 so

that ρ(W diag (β)) < 1, where β = (βj). The proof is similar to Lemma 4.7.1 and

Theorem 4.2.1. In detail, we can show that T kx − T kx̂ = (x − x̂) (W diag (β))k for

all k ∈ N by the same induction in Lemma 4.7.1. Thus, we have ∥T kx − T kx̂∥ ⩽

∥x− x̂∥ ∥(W diag (β))k∥. If ρ(W diag(β)) < 1, then ∥(W diag (β))k∥ < 1 for some k. The

result follows from the Banach Contraction Theorem. □

Proof of Lemma 4.3.1. Let f and W be such that the conditions of Lemma 4.3.1 hold.

Let β = (βi) be Lipschitz constants. If the first condition of Lemma 4.7.6 holds, it implies

that ∥Wm∥∞ < 1 for some m ∈ N by Theorem 2.5 of Azimzadeh (2019). Similarly, the

second condition of Lemma 4.7.6 implies that ∥Wm∥1 = ∥(W⊤)m∥∞ < 1 for some m ∈ N.

Since diag(β) = I for non-expansiveness of f , we have ρ(|W | diag(β)) = ρ(W ) < 1. □

Proof of Lemma 4.3.2. Let f and W be such that the conditions of Lemma 4.3.2 hold.

Let β = (βi) be Lipschitz constants. An acyclic graph contains some sink node i such that∑
j wij = 0. For each node s in an acyclic graph, there is an acyclic path to some sink node

t. Suppose that node s can reach t in Kt steps such that wKt
st > 0. Let K∗ = maxtKt be

the length from node s to the farthest connected sink node t∗. (Since if there are multiple

farthest sink nodes, they have the same length. Without loss of generality, assume that

there is only one farthest sink node from s.) Then, we must have
∑

uw
K∗+1
su = 0.39 Since

s is arbitrary, we have W T = 0 for some large enough T ∈ N. It implies that ρ(W ) = 0.

Let A = |W | diag(β). The sink nodes for graphW are also the sink nodes for graphA.

Hence, the same argument shows that ρ(A) = 0. □

Proof of Lemma 4.3.3. Let f and W be such that the conditions of Lemma 4.3.3

hold. Then, the conditions of Lemma 4.7.6 are satisfied. The result follows from Lemma

4.3.1. □

39If not zero, it contradicts with the definition of K∗.



4.7. Appendix 167

Proof of Corollary 4.3.3. Let f and W be such that Assumption 4.2.2 holds. Using

Lemma 4.3.2 and Theorem 4.2.1, if the network graph is acyclic, then the equilibrium is

unique. Hence, if there exists multiplicity, there must be a strongly connected subgraph.

We then decompose the graph into strongly connected subgraphs as the proof of Theorem

4.2.2. The proof of Theorem 4.2.2 implies that, given the realized shocks ε, the multiplicity

occurs in and originates from some strongly connected in-subgraphs or out-subgraphs S

(the shocks corresponding to S are linearly dependent). It implies that all agents in

S admit multiple equilibria.40 Moreover, the agents with multiple equilibria must be

accessible from at least one subgraph with multiple equilibria. □

Proofs in Section 4.4.

Proof of Lemma 4.4.1. Suppose that (f,W, ε) and (f ′,W ′, ε′) are two networks such

that Assumption 4.2.1 holds. Assume that W ⩽ W ′, ε ⩽ ε′, and fi and f ′
i are increasing

functions for all i ∈ N , and fi(t) ⩽ f ′
i(t) for all t ∈ R and all i ∈ N . It then follows from

Theorem 4.2.1 that (f,W, ε) and (f ′,W ′, ε′) have unique equilibrium x̂ and x̂′, respectively.

Define the maps T : Rn → Rn and T̂ : Rn → Rn as Tx := f(xW + ε) and T̂ x :=

f ′(xW ′ + ε′) for all x ∈ Rn. We first show that T kx ⩽ T̂ kx for all x ∈ Rn and k ∈ N.

Since fi(t) ⩽ f ′
i(t) for all t ∈ R and all i, we see that f(x) ⩽ f ′(x) for all x ∈ Rn. Then,

since fi and f ′
i are increasing functions for all i, and W ⩽ W ′, and ε ⩽ ε′, we obtain

Tx = f(xW + ε) ⩽ f(xW ′ + ε′) ⩽ f ′(xW ′ + ε′) = T̂ x for all x ∈ Rn. Suppose the

induction hypothesis that T kx ⩽ T̂ kx for some k ∈ N and all x. Hence, since Tx ⩽ T̂ x

for all x ∈ Rn, we have T (T kx) ⩽ T̂ (T kx) ⩽ T̂ (T̂ kx). Therefore, the Mathematical

Induction implies that T kx ⩽ T̂ kx for all x ∈ Rn and all k ∈ N. Since Corollary

4.2.1 shows that x̂ = limk→∞ T kx and x̂′ = limk→∞ T̂ kx for any x ∈ Rn, we obtain

x̂ = limk→∞ T kx ⩽ limk→∞ T̂ kx = x̂′. □

Proof of Lemma 4.4.2. Let (f,W, ε) and (f ′,W ′, ε′) be two networks such that the

assumptions of the statement hold. Suppose that fi(t) ⩽ ui and f ′
i(t) ⩽ u′i for all t ∈ R

40Since S admit multiple equilibria (shocks are linearly dependent), given an equilibrium, we can create
another equilibrium. In particular, let Ws be the submatrix of W corresponding to subgraph S, and xs

be the equilibrium for agents in S. From equation (4.26), xs + tesWs is another equilibrium, where es is
the eigenvector of Ws, and t ∈ R is a parameter such that xs + tesWs is in the range of the interaction
functions.
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such that ui ⩽ u′i for all i. Let u := (ui) and u′ := (u′i). Define the maps T : Rn → Rn

and T̂ : Rn → Rn as Tx := f(xW + ε) and T̂ x := f ′(xW ′ + ε′) for all x ∈ Rn. Following

Theorem 4.2.2, we know that the equilibrium for both (f,W, ε) and (f ′,W ′, ε′) are unique

almost surely, denoted by x̂ and x̂′, respectively. Moreover, it follows from Corollary 4.2.2

that x̂ = limk→∞ T ku and x̂′ = limk→∞ T̂ ku′. Now, we show that T ku ⩽ T̂ ku′ for all

k ∈ N. Since fi(t) ⩽ f ′
i(t) for all t and all i, we see that Tx = f(xW + ε) ⩽ f ′(xW + ε) ⩽

f ′(xW ′ + ε′) = T̂ x for all x. Hence, since u ⩽ u′, we have Tu ⩽ T̂ u ⩽ T̂ u′. Suppose

that T ku ⩽ T̂ ku′ for some k ∈ N. Then, since Tx ⩽ T̂ x for all x, and T̂ is an increasing

map, we get TT ku ⩽ T̂ T ku ⩽ T̂ T̂ ku′. Therefore, the Mathematical Induction implies

that T ku ⩽ T̂ ku′ for all k ∈ N. Consequently, we have x̂ = limk→∞ T ku ⩽ limk→∞ T̂ ku′ =

x̂′. □

Proofs in Section 4.4. Define the set of ε that the solution exists as

E0 = {ε ∈ Eε : Linear system (4.16) has a solution.}

Define the set of ε that allows multiple solutions as

E1 := {ε ∈ Eε : Linear system (4.16) has multiple solutions.}

Lemma 4.7.5. Suppose that ε is absolutely continuous If W is non-negative, and ρ(W ) =

1, then λ(E0) = 0 and E0 = E1.

Proof of Lemma 4.7.5. Let W be a non-negative, irreducible matrix W with ρ(W ) =

1. Using Perron-Frobenius Theorem, ρ(W ) is an eigenvalue of W , and its corresponding

left eigenvector and right eigenvector are non-negative, denoted by v and e, respectively.

First, note that x = xW + ε has a solution if and only if εe⊤ = 0. To see this, let

A := I −W and rewrite the linear system (4.16) as xA = ε. Hence, if x is a solution,

then xAe⊤ = xe⊤ − xWe⊤ = xe⊤ − xe⊤ = 0 = εe⊤. Conversely, if εe⊤ = 0, then since

Ae⊤ = e⊤−e⊤ = 0, we have rank(A) = rank([A|ε]), where [A|ε] is the augmented matrix

for xA = ε. Since the solution exists if and only if rank(A) = rank([A|ε]), there must be

a solution. Therefore, E0 = {ε : εe⊤ = 0} is measure zero. For the second statement, it is

clear that E1 ⊂ E0. Suppose that ε ∈ E0. Thus, there is x such that x = xW +ε. Letting
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t ∈ R, since v is the left eigenvector, we have x + tv = xW + ε + tv = (x + tv)W + ε,

whence x+ tv is a solution. Then, ε ∈ E1 and E0 ⊂ E1. □

Proof of Lemma 4.4.3. Let W and ε follow the conditions of Lemma 4.4.3. Lemma

4.7.5 and absolute continuity of shock imply that Pε(ε ∈ E0) = 0. □

Proof of Lemma 4.4.4. Let ℓ, u ∈ Rn be such that u≫ ℓ, f = (fi) be defined as (4.17),

and W is stochastic. Assume that x∗ is the unique equilibrium. Suppose on the contrary

that for all j ∈ N we have x∗j =
∑

i x
∗
iWij + εj < uj and x∗j =

∑
i x

∗
iWij + εj > ℓj, whence

ℓ ≪ x∗W + ε ≪ u and x∗ = f(x∗) = x∗W + ε. Since W is stochastic and hence non-

negative, Perron-Frobenius theorem implies that W has a non-negative left eigenvector v

with respect to the eigenvalue 1. That is, vW = v. Now, since ℓ ≪ x∗ ≪ u, we can find

λ ̸= 0 such that ℓ ⩽ x∗ + λv ⩽ u. Then, since (x∗ + λv)W + ε = x∗W + λv+ ε = x∗ + λv,

we have ℓ ⩽ (x∗ + λv)W + ε ⩽ u. Therefore, we get f((x∗ + λv)W + ε) = (x∗ + λv),

so that (x∗ + λv) is another equilibrium. Since x∗ is the unique equilibrium, we have a

contradiction. □

Proof of Lemma 4.4.5. Let (f,W, ε) follows the conditions of lemma. Let u = (ui)

and ℓ = (ℓi) be the upper bounds and lower bounds of f , respectively. Given the states

x ∈ [ℓ, u], let A(x) and B(x) be the sets of agents with the equilibrium at the bounds as

(4.18). Denote x∗ as the unique equilibrium. Let A∗ := A(x∗) = {j ∈ N :
∑

i x
∗
iwij+εj ⩾

uj} be the sets of agents having the equilibrium at the upper bounds, and B∗ := B(x∗) =

{j ∈ N :
∑

i x
∗
iwij + εj ⩽ ℓj} be the sets of agents with the equilibrium at the lower

bounds. Following the algorithm, if x∗ = u or x∗ = ℓ, then step 2 or step 3 of Algorithm 2

terminates and returns the equilibrium. Without loss of generality, suppose that x∗ ̸= u, ℓ.

Define P := P(B(ℓ)) as the power set of B(ℓ). Then, since B∗ ⊂ B(ℓ), there exists P ∈ P

such that P = B∗. Define û := ℓΛB
∗
+ u(I − ΛB

∗
). Hence, economic states û indicate

that an agent i in B∗ has economic state ℓi, and an agent i in N \B∗ has state ui.
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Since x∗ > ℓj for j ∈ N \B∗, we can be reduced the system to:

∀j ∈ B∗, xj = ℓj

∀j ∈ N \B∗, xj = min

max

 ∑
i∈N\B∗

xiwij +
∑
i∈B∗

ℓiwij + εj, ℓj

 , uj


= min

 ∑
i∈N\B∗

xiwij +
∑
i∈B∗

ℓiwij + εj, uj


> ℓj

(4.27)

We write (4.27) in vector form and define the operator T̂ : [ℓ, û]→ [ℓ, û] as

T̂ x := {[x(I − ΛB
∗
)W + ℓΛB

∗
W + ε](I − ΛB

∗
)} ∧ [u(I − ΛB

∗
)] + ℓΛB

∗
.

Then, x∗ is the fixed point of T̂ . Following the algorithm, we let x(0) = û and A0 :=

A(û)∩ (N \B∗), so that A∗ ⊂ A0 ⊂ N \B∗. Define x(t) for t ∈ N as the fixed point of Φt:

Φtx := uΛAt−1 + ℓΛB
∗

+ [uΛAt−1W + ℓΛB
∗
W + x(I − ΛAt−1 − ΛB

∗
)W + ε](I − ΛAt−1 − ΛB

∗
). (4.28)

We have x(t) = Φtx
(t) for all t ∈ N. For t ∈ N, define At = A(x(t)). We first show that

T̂ x(t) ⩽ x(t) and x(t+1) ⩽ x(t) for all t = 0, 1, 2, . . . by induction.

Consider t = 0. Clearly, we have T̂ x(0) ⩽ x(0). We need to check that Φ1 has a unique fixed

point. Since A0 ⊃ A∗, the matrix I − (I − ΛA0 − ΛB
∗
)W (I − ΛA0 − ΛB

∗
) is non-singular.

Otherwise, there exists an irreducible submatrix Ws of (I −ΛA0 −ΛB
∗
)W (I −ΛA0 −ΛB

∗
)

such that ρ(Ws) = 1. But, using Lemma 4.7.4, the proof of Theorem 4.2.2, and Lemma

4.4.4, since the equilibrium is unique, every strongly connected subgraph must contain

a node m such that its equilibrium is at the bound. Since the operation (I − ΛA0 −

ΛB
∗
)W (I − ΛA0 − ΛB

∗
) removes such node m from the graph W , Lemma 4.7.9 implies

that ρ(Ws) < 1. Therefore, such irreducible submatrix Ws with ρ(Ws) = 1 does not exist,

so the spectral radius of (I − ΛA0 − ΛB
∗
)W (I − ΛA0 − ΛB

∗
) is less than one. Therefore,

the fixed point of Φ1 is unique, and we can compute the fixed point x(1) by the iteration

from any initial guess. In particular, we can iterate from x(0): x(1) = limm→∞Φm
1 (x

(0)).
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Moreover, since x(0) = u(I−ΛB∗
)+ℓΛB

∗ and then x(0)(I−ΛA0−ΛB∗
) = u(I−ΛA0−ΛB∗

),

we have

Φ1(x
(0)) = uΛA0 + ℓΛB

∗

+ [uΛA0W + ℓΛB
∗
W + x(0)(I − ΛA0 − ΛB

∗
)W + ε](I − ΛA0 − ΛB

∗
)

= uΛA0 + ℓΛB
∗
+ [u(I − ΛB

∗
)W + ℓΛB

∗
W + ε](I − ΛA0 − ΛB

∗
)

⩽ uΛA0 + ℓΛB
∗
+ u(I − ΛA0 − ΛB

∗
)

= u(I − ΛB
∗
) + ℓΛB

∗
= x(0)

where the inequality holds because the definition of A0 implies that if A0 ⊊ N \ B∗,

then
∑

i∈N\B0
uiwij +

∑
i∈B0

ℓiwij + εj < uj for j /∈ A0; otherwise, if A0 = N \ B∗, then

I −ΛA0 −ΛB
∗
= 0 and x(0) = û is the fixed point of T̂ . Since Φt is an increasing operator

for all t, we get Φm
1 (x

(0)) ⩽ Φm−1
1 (x(0)) ⩽ · · · ⩽ Φ1(x

(0)) ⩽ x(0) for all m ∈ N, so that

x(1) = limm→∞Φm
0 (x

(0)) ⩽ x(0).

Suppose that T̂ x(k) ⩽ x(k) holds for some t = k ∈ N. Since Ak = A(x(k)) = {j ∈ N :∑
i x

(k)wij + εj ⩾ uj}, we have x(k)(I −ΛAk −ΛB
∗
)+uΛAk + ℓΛB

∗
= x(k). Hence, we have

Φk+1(x
(k)) = uΛAk + ℓΛB

∗

+ [uΛAkW + ℓΛB
∗
W + x(k)(I − ΛAk − ΛB

∗
)W + ε](I − ΛAk − ΛB

∗
)

= uΛAk + ℓΛB
∗
+ (x(k)W + ε)(I − ΛAk − ΛB

∗
)

= T̂ x(k) ⩽ x(k)

(4.29)

Similar to the above argument, I − (I −ΛAk −ΛB
∗
)W (I −ΛAk −ΛB

∗
) is non-singular, so

x(k+1) is unique. Then, since Φk+1 is an increasing operator, and its iteration converges

from any initial point, we have x(k+1) = limm→∞Φm
k+1(x

(k)) ⩽ · · · ⩽ Φk+1(x
(k)) ⩽ x(k).

Next, since x(k+1) ⩽ x(k), we have Ak+1 = A(x(k+1)) ⊂ A(x(k)) = Ak. If Ak+1 = Ak, then
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using the definition of Ak+1 we have

T̂ x(k+1) = {[x(k+1)(I − ΛB
∗
)W + ℓΛB

∗
W + ε](I − ΛB

∗
)} ∧ [u(I − ΛB

∗
)] + ℓΛB

∗

= [x(k+1)(I − ΛB
∗ − ΛAk+1)W + uΛAk+1W + ℓΛB

∗
W + ε](I − ΛB

∗
)(I − ΛAk+1)

+ uΛAk+1 + ℓΛB
∗

= [x(k+1)(I − ΛB
∗ − ΛAk)W + uΛAkW + ℓΛB

∗
W + ε](I − ΛB

∗ − ΛAk)

+ uΛAk + ℓΛB
∗

= Φk+1x
(k+1) = x(k+1)

Then, x(k+1) is the fixed point of T̂ if Ak+1 = Ak. Moreover, since Ak+1 = Ak implies

Φk+1 = Φk+2, we have x(k+1) = x(k+2).

On the other hand, suppose that Ak+1 ⊊ Ak. Denote T̂ x(k+1)
j and Φk+1x

(k+1)
j as the j-th

entry of T̂ x(k+1) and Φk+1x
(k+1), respectively. Then, for j ∈ Ak+1, we have T̂ x(k+1)

j = uj =

Φk+1x
(k+1)
j = x

(k+1)
j , where the second equality holds because j ∈ Ak. For j ∈ Ak \ Ak+1,

we have T̂ x
(k+1)
j < uj = Φk+1x

(k+1)
j = x

(k+1)
j . For j ∈ B∗, we have T̂ x

(k+1)
j = ℓj =

Φk+1x
(k+1)
j = x

(k+1)
j . For j ∈ N \ (Ak ∪B∗), we have j /∈ (Ak+1 ∪B∗) so that

T̂ x
(k+1)
j =

∑
i∈B∗

ℓiwij +
∑

i∈Ak+1

uiwij +
∑

i∈N\(Ak+1∪B∗)

x
(k+1)
i wij + εj

=
∑
i∈B∗

ℓiwij +
∑

i∈Ak+1

uiwij +
∑

i∈N\(Ak∪B∗)

x
(k+1)
i wij +

∑
i∈Ak\Ak+1

x
(k+1)
i wij + εj

=
∑
i∈B∗

ℓiwij +
∑

i∈Ak+1

uiwij +
∑

i∈N\(Ak∪B∗)

x
(k+1)
i wij +

∑
i∈Ak\Ak+1

uiwij + εj

=
∑
i∈B∗

ℓiwij +
∑
i∈Ak

uiwij +
∑

i∈N\(Ak∪B∗)

x
(k+1)
i wij + εj

= Φk+1x
(k+1)
j = x

(k+1)
j

where we use x(k+1)
i = ui for i ∈ Ak by (4.28). Therefore, we see that T̂ x(k+1) ⩽ x(k+1)

when Ak+1 ⊊ Ak. Then, we get T̂ x(k+1) ⩽ x(k+1). The Mathematical Induction shows

that T̂ x(t) ⩽ x(t) and x(t+1) ⩽ x(t) for all t = 0, 1, 2, . . . .

The above argument also shows that if Ak+1 = Ak for some k > 0, then x(k+1) is the fixed

point of T̂ . Also, (4.29) implies that x(k+2) = Φk+2x
(k+1) = T̂ x(k+1) = x(k+1), so that x(t)
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for t ⩾ k + 1 remains constant. On the other hand, if x(k+1) is not the fixed point of T̂ ,

since x(k+1) is the fixed point of Φk+1, there exists j ∈ Ak \Ak+1 such that Ak+1 decreases.

Since there are only n nodes, and A0 contains at most n − 1 elements due to x∗ ̸= u,

At and x(t) stop to change after at most n iterations. Since the sequence x(t) is constant

only at fixed point by (4.29), we obtain the equilibrium in at most n iterations. Now, in

searching of P = B∗ from the power set of B(ℓ), since x∗ ̸= ℓ and then B(ℓ) contains at

most n − 1 agents, P has at most 2n−1 elements. Then, we need at most 2n−1 searching

time for P = B∗ and n iterations for each possible P ∈ P to find the fixed point, so the

overall iteration is at most n2n−1. □

Proof of Lemma 4.4.6. Let f follow (4.17), W ⩾ 0 be stochastic, and ε ∈ Eε. Let

g : Rn → R be a strictly increasing function. Suppose that x∗ is a solution to programming

problem (4.21). Then, x∗ satisfies x∗ ∈ [ℓ, u] and x∗ ⩽ max{x∗W + ε, ℓ}. We want to

show that x∗j satisfies either x∗j = uj or x∗j = (max{x∗W + ε, ℓ})j for all j ∈ N , where

(max{x∗W + ε, ℓ})j is the j-th entry of max{x∗W + ε, ℓ}. Suppose not. Then, there is

i ∈ N such that x∗i < ui and x∗i < (max{x∗W + ε, ℓ})i. Then, we can find δ > 0 such that

x∗i + δ ⩽ ui and

x∗i + δ ⩽ (max{x∗W + ε, ℓ})i ⩽ (max{(x∗ + δ1i)W + ε, ℓ})i,

where 1ij = 1 if j = i and 1ij = 0 otherwise. Therefore, x∗ + δ1i satisfies the conditions of

programming problem (4.21). Since g is strictly increasing, we have g(x∗) < g(x∗ + δ1i),

contradicting that x∗ is the solution. Hence, it must be that either x∗j = uj or x∗j =

(max{x∗W + ε, ℓ})j for all j ∈ N , so that x∗ = min{max{x∗W + ε, ℓ}, u}. □

Proofs in Section 4.5.

Proof of Lemma 4.5.1. Suppose that fi is increasing and continuously differentiable

for all i, and ρ(|W | diag β) < 1. Let F (x) := f(xW + ε) − x. Then, the system (4.22)

is dx/dt = F (x). We follow Lyapunov’s linearization method. We have the partial
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derivatives

∂Fi(x)

∂xm
=


f ′
i(
∑

h xhwhi + εi)wii − 1 if m = i,

f ′
i(
∑

h xhwhi + εi)wmi if m ̸= i,

Denote f ′ := (f ′
1(
∑

h xhwh1 + ε1), . . . , f
′
n(
∑

h xhwhn + εn)). The Jacobian matrix of F is

W diag(f ′)−I. Let λ be the eigenvalue of W diag(f ′)−I. The dynamics is asymptotically

stable if the real part of λ, denoted as Re(λ), is negative for all λ. From the characteristic

equation, eigenvalue λ satisfies 0 = det((W diag(f ′)−I)−λI) = det((W diag(f ′)−(λ+1)I)

, so λ+1 is the eigenvalue ofW diag(f ′). We then have Re(λ)+1 ⩽ |λ+1| ⩽ ρ(W diag(f ′)).

Since the interaction functions are Lipschitz continuous, the derivatives are bounded |f ′
i | ⩽

βi for all i, so that diag(f ′) ⩽ diag(β). Then, we can show that |(W diag(f ′))k| ⩽

(|W | diag(β))k for k ⩾ 1. Since ρ(A) ⩽ ∥Ak∥1/k for a matrix A ∈ Rn×n and k ⩾ 1, we

have ρ(W diag(f ′)) ⩽ ∥(W diag(f ′))k∥1/k ⩽ ∥(|W | diag(β))k∥1/k for all k ⩾ 1. Taking

the limit of k, we have Re(λ) ⩽ ρ(W diag(f ′)) − 1 ⩽ ρ(|W | diag(β)) − 1 < 0. Since the

real part of any eigenvalue of W diag(f ′) − I is negative, the system is asymptotically

stable. □

Proof of Lemma 4.5.2. Let fi be differentiable for all i and ρ(|W | diag β) < 1. Define

the system and function F as (4.23). Define Cij as

Cij :=
dx∗j
dsi

∂si
∂x∗i

x∗i

for i, j ∈ N . For the steady state, by (4.23), we have x∗i = f(
∑

h x
∗
hwhi + εi)/si, so that

∂x∗i /∂si = −f

(∑
h

x∗hwhi + εi

)
/s2i = −x∗i /si.

For s = 1, we have

Cij =
dx∗j
dsi

∂si
∂x∗i

x∗i =
dx∗j
dsi

(
−si
x∗i

)
x∗i = −

dx∗j
dsi

. (4.30)

After the removal of i, the system goes to a new steady state near the original one. Since

F = 0 at both new and original steady states, we have dF/ds = 0, where 0 is an n by n
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zero matrix. The total derivative dF = (∂F/∂s)ds+ (∂F/∂x)dx gives

dF

ds
=
∂F

∂s
+
∂F

∂x

dx

ds
= 0. (4.31)

By (4.30) and (4.31), since ∂f/∂x = W diag(f ′), we have

C = −dx∗

ds
= −

[
∂F

∂s

∣∣∣∣
(x,s)=(x∗,1)

][
∂F

∂x

∣∣∣∣
(x,s)=(x∗,1)

]−1

= diag (x∗) [I −W diag (f ′(x∗W + ε))]
−1

where f ′(x∗W+ε) = (f ′
1(
∑

h x
∗
hwh1ε1), . . . , f

′
n(
∑

h x
∗
hwh1εn)). The result follows from that

σ = (C1⊤)⊤. □

Other Lemmas.

Lemma 4.7.6. If W ⩾ 0 or W⊤ ⩾ 0 is weakly chained substochastic, then W is conver-

gent.41

Lemma 4.7.7. Let A ∈ Rn×n be non-negative. Then, ρ(A) < 1 if and only if (I − A)−1

exists and (I − A)−1 ⩾ 0.

Let A ∈ Rn×n be a matrix. Define A−i as the submatrix of A deleting row i and column

i of A.

Lemma 4.7.8. Let A ∈ Rn×n be a non-negative matrix. Then, ρ(A−i) ⩽ ρ(A).

Lemma 4.7.9. Let A ∈ Rn×n be an irreducible stochastic matrix. Then, ρ(A−i) < 1.

Proof. Let A = (aij) ∈ Rn×n be an irreducible stochastic matrix. It is enough to

consider the strongly connected graph with the least number of links, the ring. That

is, consider the graph such that for all i ∈ N we have ai,j = 1 if j = (i + 1) (mod n),

otherwise ai,j = 0. Fix i ∈ N and delete row i and column i to get A−i. Then, the row sum

of row i− 1 is less than one. Also, every other node has a path to node i− 1. Therefore,

A−i is weakly chained substochastic, so it follows from Lemma 4.7.6 that ρ(A−i) < 1. We

can extend the argument to an irreducible matrix, since if we remove a node i from a
41W⊤ is weakly chained substochastic if and only if W is column substochastic, and for each j ∈ N , either∑

i wij < 1, or there exists t ∈ N such that there is a path from t to j (t→ · · · → j) and
∑

i wit < 1.
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strongly connected graph, then i must be in a ring, and any other nodes have some path

to that ring. □



CHAPTER 5

Explaining Systematic Departures from Gibrat’s Law

5.1. Introduction

One of the most debated statistical regularities in industrial dynamics is Gibrat’s Law,

which predicts that the growth rate of a firm is independent of its size (Gibrat, 1931,

Sutton, 1997). Gibrat’s Law allows a firm’s growth to be viewed as a stochastic process,

introducing heterogeneity. It has successfully explained the skewed distribution of firm

sizes. These properties make Gibrat’s Law become a prevalent assumption or a stylised

fact in theoretical work (Ijiri and Simon, 1964, Lucas, 1978). For instance, Gibrat’s Law

plays a crucial role in explaining the power-law distribution of firm sizes and the tent-

shaped distribution of firm growth (Simon and Bonini, 1958, Gabaix, 2009, Fu et al.,

2005). Gabaix and Landier (2008) model CEO pay based on an exogenous distribution

of firm sizes from a random growth process.

However, empirical tests of Gibrat’s Law have generated controversy. It has been observed

that small firms often exhibit faster growth rates or greater volatility compared to larger

firms, leading to the rejection of Gibrat’s Law, especially for downstream firms.1 For

instance, in a study of Italian firms, Grazzi and Moschella (2018) finds a negative size-

growth relationship, even when accounting for firm age. Nevertheless, it is worth noting

that this breakdown appears systematic, suggesting that Gibrat’s Law may still hold for

large firms.

Recent studies have uncovered deviations from Gibrat’s Law within production networks.

Guilmi and Fujiwara (2020) and Hiromitsu and Wataru (2020), studying Japanese pro-

duction networks, have found that small firms experience higher fluctuation. Hiromitsu

1Hall (1987), Evans (1987a),Evans (1987b)„ Dunne and Hughes (1994), Almus (2000), Calvo (2006), Falk
(2008), Daunfeldt and Elert (2013), Oke (2018) and Aydogan and Donduran (2019) find that firm growth
and firm size are negatively correlated, considering small firm or aggregated data. Hall (1987) and Dunne
and Hughes (1994) document that the growth of small firms is more volatile growths than that of large
firms.

177
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and Wataru (2020) find that upstream firms tend to be smaller than those in the other

levels of networks. Since upstream firms tend to be small, Guilmi and Fujiwara (2020)

argue that upstream firms also have higher volatility than downstream firms. Further,

Hiromitsu and Wataru (2020) observe that firms following a power law are typically not

positioned at the upstream levels of production chains.2Since Gibrat’s Law explains a

power-law distribution, it implies that upstream firms depart from Gibrat’s Law.

Overall, their observation suggests that a small firm’s size and growth may be affected

by its relative position or the hierarchical structure of a production chain. Motivated by

these studies, this paper seeks to establish an endogenous production network model to

explain the breakdown of Gibrat’s Law for upstream firms and the power-law distribution

of firm sizes among downstream firms.

Our model establishes a balanced production chain and demonstrates both the existence

and uniqueness of equilibrium. We discover that hub-like networks exhibit robust fea-

tures, with prices increasing in transaction costs and subcontractors’ sizes growing as

they progress to downstream levels. Additionally, simulations reveal that the length of a

production chain decreases in transaction costs but increases with the degree of decreasing

return to management. These properties enable us to study the impact of cost shocks on

prices and network structure.

Furthermore, our findings indicate that when assembly costs exponentially increase with

the task, the firm sizes of the subcontractors follow a power law in each production chain.

In addition, if home producers experience higher volatility in technology compared to

subcontractors, Gibrat’s Law breaks down. In other words, when assembly technology

is more stable in the short run, the home producers at the most upstream level exhibit

greater volatility in firm sizes than downstream subcontractors. If we further examine

the economy across many production chains, it appears that the upstream or small firms

experience more fluctuations than downstream or large firms.

2Guilmi and Fujiwara (2020) and Hiromitsu and Wataru (2020) also demonstrate that the distribution of
large firms’ sizes is Pareto, while that of small firms’ sizes is not. This breakdown of Pareto distribution
among small firms is a well-known observation (See e.g., (Saito et al., 2007, Fujiwara and Aoyama, 2010,
Almsafir et al., 2015)).
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Moreover, we show that it is possible to identify a locally optimal number of suppliers,

although it may be unrealistic to be fixed. Finally, this paper extends a balanced produc-

tion network to a more realistic model that allows firms to choose an optimal number of

suppliers when they subcontract. We show that the extended network also has a unique

equilibrium and exhibits robust comparative statics.

This paper modifies the framework incorporating multiple upstream partners from Kikuchi

et al. (2018), Yu and Zhang (2019) and Kikuchi et al. (2021). These studies consider a

perfectly competitive economy where all firms are ex-ante identical.3 Facing market prices,

firms aim to minimise their home production and outsourcing costs, which are subject

to transaction costs and input prices. This framework highlights a trade-off between

intra-firm coordinate costs and inter-firm transaction costs, as originally proposed by

Coase (1937) and Williamson (1979). The key insight is that external transaction costs

encourage firm growth, whereas intra-firm coordination costs discourage it. Consequently,

a firm’s boundary is determined at the point where the cost of managing an additional

task equals the cost of acquiring a similar input or service from the market.

Kikuchi et al. (2018) develope a pricing function to capture this trade-off and compute

equilibrium prices for all firms on a production chain using a recursive method. The model

of Kikuchi et al. (2018) has the advantage that the equilibrium exists and is tractable by

dynamic programming technique, thus determining firm sizes at each production stage

endogenously. In their model, firm sizes increase as production moves downstream lev-

els, capturing some realistic features. Moreover, their framework generate heterogeneity

by the endogenous network but with ex-ante identical agents, helping us to understand

how the network structure affects firm-size distribution. While they demonstrated the

existence of equilibrium, they did not establish its uniqueness.

Building on Kikuchi et al. (2018), we construct a hub-like production network. Two

reasons make us concentrate on hubs: they render a network more tractable, and some

3Some features of a multi-sourcing strategy are that it could mitigate the risk of suppliers’ failure, allow
firms to obtain broader supplier capabilities, and encourage competition among suppliers (see, e.g., Jin
and Ryan (2012)). Considering the competition, our model also assumes that the intermediate market is
perfectly competitive as Fally and Hillberry (2018) and firms are ex-ante identical.
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literature suggests that hub-like firms are crucial to forming a power-law distribution.4

Unlike Kikuchi et al. (2018), we let each firm make a binary decision on outsourcing,

rather than decide a range of home-producing tasks, to focus on the hub-like production

network. In this case, it can be shown that the equilibrium not only exists but also is

unique. Moreover, it successfully explains the power-law distribution of firm sizes.

In our model, the structure of networks is more tractable than Kikuchi et al. (2018). In

detail, subcontractors divide their allocated tasks into a fixed number of sub-modules and

outsource each sub-module to upstream suppliers. Subcontractors have to pay assem-

bly costs or transaction costs. Consequently, the minimum number of suppliers is two

since transaction and assembly costs prevent firms from outsourcing to only one supplier.

Therefore, hubs exist throughout the production network except at the upstream levels.

In other words, home producers only exist in the most upstream level.

Related Literature. Guilmi and Fujiwara (2020) offer an explanation for the breakdown

of Gibrat’s Law among upstream firms, attributing it to amplified demand shocks along

a production chain. However, both the production network and the prices are exogenous

in their model, meaning the network is randomly given, and the price is integrated into

stochastic shocks. Hence, their model is not able to study the impact of the shape of

networks and cost shocks. Furthermore, Guilmi and Fujiwara (2020) do not explicitly

explain why the sizes of downstream or large firms follow a power law, implying that

Gibrat’s Law holds for downstream firms in their model.

The higher volatility among small firms documented in Guilmi and Fujiwara (2020) does

not necessarily imply that Gibrat’s Law holds for large firms and breaks down for small

firms. It could be the case that the breakdown occurs for both small and large firms.

Therefore, if Gibrat’s Law is rejected, it would be better to explain the power-law distri-

bution without it. In response, this paper provides one origin of the power-law distribution

of firm sizes without relying on Gibrat’s Law and ex-ante heterogeneity. To simplify the

4For instance, Bernard et al. (2019) suggests that the number of suppliers for a firm is proportional to
its firm size. The hub also plays an important role in transmitting shocks. Acemoglu et al. (2012) imply
that super large suppliers with multiple customers can have a significant impact on aggregate shocks.
Carvalho (2014) underscores that hub-like units provide shortcuts or act as influential conductors such
that they help shocks propagate throughout the economy.
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model, we focus on a balanced and hub-like production network, where firms have a fixed

number of multiple suppliers if they choose to outsource. We find that the hub-like net-

work can generate a power-law distribution of firm size for subcontractors and illustrate

the departure of Gibrat’s Law for upstream firms.

Another reason for the interest in the breakdown of Gibrat’s Law is its connection to

development policy. If small firms exhibit higher growth rates, policymakers may be

motivated to invest in young and innovative small firms for economic development.5.

While small firms may have to do with economic development, large firms could impact the

business cycle. The power law of the firm size distribution is influential in the research of

aggregate shock. For example, Gabaix (2011) shows that idiosyncratic shocks at the firm

level can translate into aggregate fluctuations when the firm size distribution has a heavy

tail, and the largest firms contribute disproportionately to the aggregate production.6

Moreover, Carvalho and Grassi (2019) show that the dispersion of firm sizes affects the

variance of aggregate output in a Hopenhayn economy, which implies that large firms’

dynamics induce significant macro-level fluctuations.

The shape of the production network also affects aggregate shocks. Acemoglu et al. (2012)

show how weighted out-degree and second-order interconnections of the inter-sectoral

network affect aggregate volatility, where the aggregate output is a linear combination of

sectoral shocks.7 If a network is asymmetric, then aggregate volatility can not be averaged

out.8 Carvalho (2014) stresses that the shape of a network influences the propagation of

sectoral shocks, where idiosyncratic shocks in a single sector propagate along a chain and

then generate aggregate shocks.

5For example, a policymaker would support young small firms with high R&D intensity by relaxing
financial constraints, since they can achieve significantly higher innovative sales (Schneider and Veugelers
(2010)) Also, small firms have higher job creation rates than large firms (Schreyer (2000)).
6Gabaix (2011) shows that when the company size has infinite variance, the aggregate volatility decays
at a slower rate than 1/

√
N such that the aggregate fluctuation is substantial even if N is large, where

N denotes the number of firms in the economy. The fat tail breaks the central limit theorem, and the
idiosyncratic shocks remain on aggregate output.
7The weighted out-degree is the output share of one sector in the production network which can be
computed from the input-output matrix. The weighted out-degree is higher when the supplier is large.
The second-order interconnection is higher when there is a clustering of significant sectors in the network.
8In the sense that the corresponding weighted out-degree sequence or second-order degree sequence has
a power tail.
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Similarly, Tahbaz-Salehi et al. (2016) illustrate that the rate at which aggregate volatil-

ity decays is determined by the structure of input-output networks as an economy be-

comes more disaggregated. They demonstrate how network interactions can propagate

and amplify microeconomic shocks. Baqaee (2018) shows that networks influence the

amplification and pattern of shocks. In the study by Bigio and La’O (2016), a network

model with financial constraints reveals that shocks propagate idiosyncratic shocks and

manifest as aggregate shocks through two channels: a fall in total factor productivity and

an aggregate labour wedge distortion. Consequently, if our concern is economic growth

and stability policy, it becomes imperative to understand the existence of a power-law

distribution of firm sizes and the reason behind the breakdown of Gibrat’s Law.

The real-world production network is too intricate and challenging to analyze comprehen-

sively. However, there are two types of networks that serve as approximations to real-world

complexities. Baldwin and Venables (2013) describe two highly simplified models: snakes

and spiders. A snake represents a sequence of production stages, with value-added from

the upstream stage to the downstream stage. Conversely, a spider is a process where

numerous components (limbs) converge from the upstream stage to be assembled into a

final output. The spider model results from the unbundling process, which breaks down

production tasks into various sub-modules All production networks can be viewed as a

combination of snakes and spiders.

Some research employs snakes as a model to investigate production behaviour, such as

integration and specialisation. For example, Antràs and Chor (2013) show that the in-

centive to integrate suppliers depends on the relative position in a sequential chain. They

predict that the average demand elasticity faced by final-good producers affects integra-

tion choices. Costinot et al. (2012) study wage inequality and vertical specialisation within

countries with a sequential feature.9

9The other examples are: Costinot et al. (2013) study the sequential chain subject to failure and the con-
nection between the degree of specialisation and the stage of the supply chain. They show that countries
with lower probabilities of making mistakes specialise in later stages of production, with a continuum of
sequential tasks produced in countries that are themselves sequentially ordered in equilibrium. Levine
(2012) studies that the trade-off between specialisation and failure determines the optimal chain length,
where a longer chain is more fragile.
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In reality, firms often engage with multiple partners, forming complex interaction patterns.

This paper specifically concentrates on spiders or hub-like networks. Acemoglu et al.

(2012) and Barrot and Sauvagnat (2016) present evidence from the U.S. firms, showing

that many firms and sectors adopt a "star network" structure. Moreover, the result

derived from a sequential chain model may not hold if the assumption of a sequential

structure is dropped. For example, Fattorini et al. (2017) find that demand elasticity

is not a significant determinant for integration choices, contradicting the prediction of

Antràs and Chor (2013) when the assumption of a unique linear sequence of production

stages is removed. They argue that inputs participate in multiple stages of production,

rather than being confined to a single stage as in a sequential chain. Therefore, this paper

focuses on the more realistic spider networks.

Our model endogenously determines the equilibrium price and can analyze cost shocks

under a multisourcing strategy. The model exhibits the price co-movement through the

input-output network. Input-output linkages generate price co-movement and inflation

synchronisation, where local cost shocks could be translated into global inflation (An-

toun de Almeida, 2016, Auer et al., 2017, Bilgin and Yilmaz, 2018, Auer et al., 2019,

Kamber and Wong, 2020).

This paper also explores how transaction costs impact the network. As transaction costs

influence firm boundaries, the structure of a production network depends on both transac-

tion costs and production costs. Aral et al. (2018) indicate that coordination information

technology reducing coordination and communication cost, which is one of transaction

cost, is correlated with the number of suppliers, while vendor-specific I.T. is associated

with fewer suppliers. Boehm and Oberfield (2020) imply that the costs of contract enforce-

ment affect firms’ outsourcing decisions and then distort the economy. Recent economic

shocks have significant impacts on transaction costs. For instance, the trade war between

China and the U.S. (Amiti et al., 2019, Fajgelbaum et al., 2020). Another example is the

COVID-19 pandemic. Barua (2020) and Das (2020) point out that the pandemic causes

logistic problems and increases transportation costs. In our framework, transaction costs

are completely passed through to the price of final goods, which is compatible with Amiti

et al. (2019).
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Other related literature investigates whether the positions of firms affect their perfor-

mance. For example, Mahy et al. (2019) and Gagliardi et al. (2019) find that the pro-

ductivity of Belgian firms increases on average as they go upstream levels and workers

in more upstream firms obtain higher wages in the Belgian manufacturing industry, re-

spectively. Chen (2017) find that upstream industries have more severe wage inequality

than downstream industries in China manufacturing data, where downstream industries

tend to do processing and assembly work. Szymczak et al. (2019) observe that workers

in Central and Eastern European countries earn more when their industries are at the

beginning or the end of production chains than in the middle. These papers demonstrate

the importance of the position and structure of networks.

Section 5.2 establishes a model of a balanced production chain. It also presents the proofs

for existence and uniqueness and discusses some robust properties, including compara-

tive statics. Section 5.3 shows the distribution of firm sizes of subcontractors and the

departure of Gibrat’s Law for upstream firms. Section 5.4 provides an extended model

that allows firms to choose an arbitrary number of suppliers. The code can be found at

github.com/chien-y/Departure_Gibrat_law.

https://github.com/chien-y/Departure_Gibrat_law
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5.2. Model

A supply chain produces a single unit of the final good in a perfectly competitive market.

Positioned at the most downstream, there exists one and only one firm that sells this

final good to consumers. Suppose that all firms are ex-ante identical, indicating that they

share the same cost functions for both in-house production and assembly work.

Within a production chain, firms collaborate to execute a continuum of tasks [0, 1] to

produce a final good. The interval [0, 1] serves as a normalised measure of tasks required

to produce one unit of good. To elaborate, the measure of tasks is denoted as ℓ ∈ [0, 1],

representing the allocation of tasks in an outsourcing contract.

Moreover, each firm in the supply chain has κ > 1 number of upstream partners. Upon

receiving an allocation of tasks ℓ, each firm makes a strategic decision between in-house

production and subcontracting the tasks ℓ to κ suppliers. In the case of in-house produc-

tion, a firm incurs a production cost c(ℓ). Conversely, if a firm ops to be a subcontractor,

it divides the tasks into κ portions and outsources each portion, equivalent to ℓ/κ units,

to its upstream partners. Subsequently, a subcontractor is responsible for assembly work,

combining the κ pieces of components, incurring an assembly cost denoted as α.

Furthermore, when firms engage in the sell of intermediates or final goods, they are

obligated to pay the transaction costs τ .10 The transaction costs and the cost function

satisfy the following assumptions.

Assumption 5.2.1. The transaction cost τ satisfies 0 < τ < 1.

Assumption 5.2.2. The cost function c : [0, 1]→ R is convex, c(0) = 0 and c′(0) > 0.

Under Assumption 5.2.2, given convexity of the cost function and the derivative c′(0) as

limh↓0 c(h)/h, the cost function is strictly increasing and non-negative.

Additionally, we assume that the assembly costs increase with the allocated tasks ℓ in

Assumption 5.2.2. Two intuitions support this assumption. Firstly, if ℓ not only measures
10It matters little whether the transaction is paid by the buyer or the seller in the model. The transaction
costs include search and information costs, bargaining and decision costs, and contract enforcement costs
(Dahlman, 1979).
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the number of tasks but also the diversity of tasks, a higher ℓ implies increased variety,

leading to heightened complexity.11 This increased complexity, in turn, results in higher

assembly costs. Secondly, even though firms consistently divide tasks into κ pieces and

subcontract κ/ℓ tasks to suppliers, a greater variety of tasks introduces more possibilities

for task combinations. Firms need to strategically plan the task division and assembly line

decision, incurring costs that rise with the task variety ℓ. Consequently, the assembly costs

are proportional to the variety or quantity of tasks, making the assumption reasonable.

Specifically, we further assume that the assembly cost takes the form bℓq, where q ⩾

0, b represents the efficiency for assembly work, and q captures the return to scale of

management.

Assumption 5.2.3. The assembly cost is α(ℓ) := bℓq for some q ⩾ 0 and b > 0.

In Assumption 5.2.3, it is permissible for the assembly cost function to be concave. The

idea stems from the concept that labour can specialise in the assembly line, resulting in

an increasing return to scale for assembly work. Aizcorbe (1992) illustrates this with an

example that an automobile assembly plant experiences an increasing return to labour in

the short run, attributed to the specialisation of tasks. Thus, the assumption allows for

the assembly cost to exhibit concavity in contrast to the convex nature of the production

cost.

Given these assumptions, each firm in the chain receives a contract assigning it ℓ tasks

to complete. Each firm then minimises costs by deciding between home production and

subcontracting. If a firm opts for home production, then its cost is c(ℓ). Conversely,

if a firm chooses to subcontract, then its cost becomes κp(ℓ/κ) + α(ℓ) for purchasing

inputs from κ suppliers and conducting the assembly work, where κ = 2, 3, . . . , and each

supplier completes ℓ/κ fraction of tasks. Subsequently, accounting for the transaction

costs τ ∈ (0, 1) associated with selling the intermediate inputs, the profit is given by

(1− τ)p(ℓ)−min{κp(ℓ/κ) + α(ℓ), c(ℓ)}

11This concept is similar to ElMaraghy et al. (2013), Hu et al. (2008) and Hu et al. (2011). They show
that the product variety complicates the design and operation of the assembly system and decreases the
efficiency and quality of production.
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for each ℓ ∈ [0, 1] and κ ∈ 2, 3, . . . . Note that if κ = 1, firms do not have the incentive

to subcontract (choose the first term inside the minimum function) since all firms have

identical costs, and the transaction costs are larger than zero. This implies that it must

be κ > 1.

Let δ = 1/(1 − τ). The parameter δ represents the transaction cost if buyers instead

of sellers bear it. Since the market is perfectly competitive, firms have zero profit in

equilibrium. Hence, the pricing equation solves

p(ℓ) := δmin

{
κp

(
ℓ

κ

)
+ α(ℓ), c(ℓ)

}
. (5.1)

5.2.1. Equilibrium of Production Chain. Under the equilibrium price (5.1), the

structure of the supply chain is as follows. At the most downstream level, indexed level

1, there exists a single firm that receives a task allocation (ℓ = 1). If this firm chooses to

subcontract, then there are κ firms in the next upstream level, indexed level 2, since the

number of suppliers is fixed at κ in the model. All firms at level 2 receive ℓ = 1/κ units

of task allocations. Again, if the firms at level 2 choose to subcontract, then there are κ2

firms at level 3, and each supplier at level 3 implements 1/κ2 units of tasks. Therefore,

by induction, there are κn−1 number of firms at level n ⩾ 1, and each firm at level n

implements κ1−n units of tasks. See Figure 1 for the visual structure.

Moreover, if m <∞ is the level index for the most upstream level of the chain, there are

1 + κ+ · · ·+ κm−1 = (κm − 1)/(κ− 1) firms in the chain.

tasks firms
κ0 κ0level 1 rPPPPPPPPP

���������level 2 κ−1 κ1r r r
level 3 κ−2 κ2

�
�

�

@
@
@r r r �

�
�

@
@
@r r r �

�
�

@
@
@r r r

level 4 κ−3 κ3

�
�
�

C
C
Cr r r �

�
�

C
C
Cr r r �

�
�

C
C
Cr r r �

�
�

C
C
Cr r r �

�
�

C
C
Cr r r �

�
�

C
C
Cr r r �

�
�

C
C
Cr r r �

�
�

C
C
Cr r r �

�
�

C
C
Cr r r...

...
...

...
...

...
...

...
...

Figure 1. The structure of a balanced production chain. Take κ = 3 for
example.
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An allocation of tasks ℓ := {ℓi} is called feasible if there is m ∈ N such that

i = 1, · · · , (κm − 1)/(κ− 1) and ℓi = κ1−n for (κn−1 − 1)/(κ− 1) < i ⩽ (κn − 1)/(κ− 1)

for some integer 1 ⩽ n ⩽ m. Here, the integer m defines the length of the production

chain. If firm i at level n ⩽ m receives a feasible allocation, its allocated measure of tasks

is κ1−n. The length of the chain m and the length of sequence {ℓi} are finite for a feasible

allocation.

Given a feasible ℓ with length m ∈ N, the profit to firm i with the outsourcing or home

production costs (5.1) is

πi := (1− τ)p(ℓi)−min{κp(ℓi/κ) + α(ℓi), c(ℓi)}, (5.2)

for ℓi ∈ ℓ, where the revenue is (1 − τ)p(ℓi) with transaction cost τ ∈ (0, 1). Define the

set of all possible tasks by D := {κ−n : n ∈ N ∪ {0}}.

Definition 5.2.1. Given a price function p : [0, 1]→ [0,∞), a feasible allocation of tasks

ℓ = {ℓi} with length m ∈ N and the corresponding profits {πi} defined by (5.2), a tuple

(p, ℓ) is called an equilibrium if

(1) p(0) = 0,

(2) (1− τ)p(ℓ)−min{κp(ℓ/κ) + α(ℓ), c(ℓ)} ⩽ 0, for all ℓ ∈ D, and

(3) πi = 0 for all i.

Condition (1) in definition 5.2.1 excludes the possibility of positive profits for suppliers

providing initial inputs, considering c(0) = 0. Moreover, condition (2) ensures that no

firm in the supply chain has an incentive to deviate from its decision, and inactive firms

are unable to extract positive profits. Furthermore, given the assumption of perfect

competition in the market, all firms in the chain are expected to have zero profits, thus

establishing condition (3).

5.2.2. Existence and Uniqueness of Equilibrium. In this section, we show both the

existence and uniqueness of equilibrium. A computational method is also provided. The

proofs in the following sections are all presented in Appendix 5.6.
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Define the set of price functions by P := {p : D → R+ : δc′(0)ℓ ⩽ p(ℓ) ⩽ δc(ℓ),∀ℓ ∈ D}.

We will show that there is a unique equilibrium price in P . Define operator T by

Tp(ℓ) := δmin

{
κp

(
ℓ

κ

)
+ α(ℓ), c(ℓ)

}
. (5.3)

where ℓ ∈ D and p : D → R+. The operator T is analogous to a Bellman operator with

respect to the price function (5.1). If T has a fixed point, that fixed point is also a solution

to the price function (5.1) by its definition. Define x̄ := sup{x ∈ (0, 1] : c′(x) ⩽ δc′(0)} for

the following proposition. The next proposition shows both the existence and uniqueness

of the fixed point of T .

Proposition 5.2.1. If Assumption 5.2.1, 5.2.2 and 5.2.3 hold, the following statements

are true.

(a) T is a self-map on P.

(b) T has a unique fixed point p∗ ∈ P.

(c) p∗ is a unique solution to (5.1).

(d) p∗ can be computed by finite iterations: p∗ = T np for all n ⩾ 1 − ln x̄/ lnκ and

any p ∈ P

(e) Under p∗, firms always choose to produce in-house if their task allocations are

smaller or equal to x̄, i.e. ℓ ⩽ x̄.

(f) p∗ is strictly increasing.

Proposition 5.2.1 asserts the existence and uniqueness of equilibrium price p∗ in P , which

can be computed by iteration with any initial guess from P . Moreover, since c is strictly

increasing, Proposition 5.2.1 shows that p∗ is strictly increasing.

As indicated by Proposition 5.2.1, the bounds for P carry substantial economic signifi-

cance, capturing all equilibrium prices. The upper bound δc(ℓ) for P suggests that the

equilibrium price is less than or equal to the costs of home production. This upper limit

aligns with the rationale that in a perfect competition market, where the price equals the

total cost, outsourcing becomes economically favorable due to reduced costs, even after

factoring in transaction costs.



190 Chapter 5. Explaining Systematic Departures from Gibrat’s Law

As for the lower bound δc′(0)ℓ for P , it represents the costs when the decreasing return to

management is eliminated through outsourcing. Image a scenario where both transaction

costs and assembly costs are absent; under such conditions, firms would invariably opt

for outsourcing. Consequently, this leads to an infinite number of levels in the production

network. The "infinite outsourcing" results in the production technology approximating a

linear function when we view across the entire chain. This elimination of decreasing return

of management translates to a production technology with a slope of c′(0). Therefore, the

lower bound not only leverages the convexity of the cost function for the proof but also

reflects the cost or price when the return to management is constant.

Proposition 5.2.1 also shows that the equilibrium price can be determined through a finite

number of iterations, enhancing computational feasibility. Moreover, a firm invariably

becomes a home producer if its task allocation is below the critical value x̄, which implies

that the length of the production chain is always finite under equilibrium price. Note

that the length of the production chain is also the number of iteration for computation

1− ln(x̄− κ), provided in Proposition 5.2.1. As discussed in Section 5.2.1, if we ascertain

the equilibrium length of the production, we can determine the task allocations. Therefore,

there exists a feasible allocation ℓ∗ such that (p∗, ℓ∗) constitutes an equilibrium for the

production chain, in line with Definition 5.2.1.

Let p∗ be the fixed point of operator T . Then, p∗ is the solution of the price equation (5.1).

Let m∗ denote the number of total levels corresponding to p∗. According to Proposition

5.2.1, there exists a maximal possible length m̄ ∈ N such that m∗ ⩽ m̄. Thus, m∗ is finite,

and the corresponding allocations ℓ∗ are well defined. The following proposition shows

that the solution (p∗, ℓ∗) constitutes a unique equilibrium.

Proposition 5.2.2. Suppose that 5.2.1, 5.2.2 and 5.2.3 hold. If p∗ is a fixed point of T ,

then there exists a feasible task allocations ℓ∗ such that (p∗, ℓ∗) is a unique equilibrium for

the production chain.

Since the number of suppliers is fixed and then the network structure and firm sizes are

tractable, Proposition 5.2.2 shows the uniqueness of equilibrium, although we lose some

degree of freedom for network structure. Note that the proof employs the convention
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that firms will engage in in-house production when the costs for home production and

subcontracting are equal. Proposition 5.2.2 also implies that the unique equilibrium of the

production chain can be identified after we compute the equilibrium price from Proposition

5.2.1. Consequently, these results show that the upper bound and lower bound for the

pricing function are deemed reasonable.

5.2.3. Properties of Equilibrium. This section attempts to characterize various prop-

erties of equilibrium (p∗, ℓ∗). It includes comparative statics analysis using numerical

methods and examples to reinforce the validity of the model.

5.2.3.1. Length of Production Chain, Price, and Allocations. In this section,

we present some observations and intuitions about equilibrium. To begin with, we

characterize the maximal attainable length and task allocations within the production

chain in equilibrium. Note that the range of tasks is κ−(m−1) at level m, and the

largest attainable length m̄ is the larges integer satisfying κ−(m−1) ⩽ x̄ by Proposition

5.2.1. Then, the equilibrium number of levels m∗ in the production chain is at most

m̄ := ⌈1− ln(x̄)/ ln(κ)⌉, where ⌈r⌉ denotes the smallest integer greater than r ∈ R. Since

x̄ := sup{x ∈ (0, 1] : c′(x) ⩽ δc′(0)}, it is evident that the transaction costs, the convexity

of cost function and the number of suppliers influence the length of the chain.

The maximum possible number of levels m̄ decreases with both the number of upstream

partners κ and transaction costs τ , which results in an increase in x̄.12 This indicates that

transaction costs discourage the subcontract and limit the length of the chain. Hence, we

can characterize some properties of the equilibrium price, by κ, δ, α(.) and c(.) functions,

before computing it explicitly.

Here, we present a method to compute the optimal length without explicitly computing

the equilibrium prices. Define the function f(ℓ) := κδc(ℓ/k) + α(ℓ) − c(ℓ) for ℓ ∈ [0, 1].

This function represents the additional costs of subcontracting compared to in-house

production, assuming that the subcontracting partners are home producers. Observe

that f(0) = 0 by our assumptions, and f(ℓ) < 0 indicates that the outsourcing costs are

less than in-house production costs. Suppose that f has a root ℓ̂ in (0, 1]. In the appendix,
12Since − ln x̄ > 0, m̄ is decreasing in κ.
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we demonstrate that if f is strictly concave, then a firm chooses in-house production when

ℓ ⩽ ℓ̂, and opts for outsourcing when ℓ > ℓ̂.13 This also implies that if ℓ̂ < 1, then the

equilibrium length exceeds 1.

Regarding the equilibrium prices, we are aware that p∗ is strictly increasing in ℓ, as shown

by Proposition 5.2.1. In addition, we can gain insight into the price function by the

following iteration. If the total number of levels is m ∈ N, the price of final product

p(1,m) follows

p(1,m) = δκp(κ−1) + δb

= δκ
[
δκp(κ−2) + δbκ−q

]
+ δb

= (δκ)2p
(
κ−2
)
+
(
δκ1−q + 1

)
δb

= . . .

= (δκ)m−1p
(
κ1−m

)
+
[
(δκ1−q)m−2 + · · ·+ δκ1−q + 1

]
δb

= (δκ)m−1δc
(
κ1−m

)
+
[(
δκ1−q

)m−2
+ · · ·+ δκ1−q + 1

]
δb

= (δκ)m−1δc
(
κ1−m

)
+

(δκ1−q)
m−1 − 1

δκ1−q − 1
δb.

(5.4)

In (5.4), the first term of the right-hand side represents the in-house production costs

with tasks κ1−m. The second term reflects the assembly costs, accounting for transaction

costs. Clearly, if m is fixed, equation (5.4) shows that the price of finished goods increases

with transaction costs δ, assembly cost parameter b, and the costs of in-house production

c. However, note that the optimal length of the chain m∗ will change if we alter these

parameters. Consequently, the impact of these parameters on the equilibrium price is

ambiguous from this perspective, as changes in these parameters may influence the optimal

length of the chain, thus affecting the overall equilibrium price.

Recall that the firms become home producers if they are at level m̄. To this end, we can

also define the equilibrium price of the final good p∗(1) as

p∗(1) := min
m=1,...,m̄

{
(δκ)m−1δc

(
κ1−m

)
+

(δκ1−q)
m−1 − 1

δκ1−q − 1
δb

}
. (5.5)

13Since f ′′(ℓ) = δ/κc′′(ℓ/κ)− c′′(ℓ) + α′′(ℓ), we can check that f ′′ < 0 if δ/κ < 1, c′′ > 0 and α′′ ⩽ 0.
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This equation can be interpreted as that the organizer of the supply chain selects an

optimal length, given that the number of suppliers is fixed. However, since the choice

variable m is discrete, it is challenging to characterize m∗ by (5.5).

5.2.3.2. Firm Sizes. Define the value-added as c(ℓ) for home producers and as α(ℓ) for

subcontractors. Given that the assembly cost is increasing for tasks, the value added for

each subcontractor increases as it progresses downstream levels. If we consider firm size

as the value-added, the model exhibits the characteristic that downstream subcontracting

firms are larger than upstream subcontracting firms. This result aligns with Kikuchi

et al. (2018) and Fally and Hillberry (2018), which observe a negative correlation between

"upstreamness" and the value-added.14

On the other hand, the firm sizes for the most upstream firms or home producers are

indeterminate. Home producers may be smaller than downstream firms since they receive

the least amount of tasks in the production chain. However, they could also be large

under some cost functions and parameters. This feature reflects the complexity of the

real world, where empirical studies show that countries or industries at the upstream and

downstream extremities of the chain often have higher shares of value-added than those

in the middle. The most upstream firms may have higher value-added such that the curve

of value-added along the chain is like a "smile" curve (Ito and Vézina, 2016, Aggarwal,

2017, Rungi and Del Prete, 2018, Stöllinger, 2019).

5.2.3.3. Comparative Statics. In a perfect competitive economy, prices reflects total

costs, leading to an intuitive expectation that equilibrium prices would increase with any

costs, including transaction costs, assembly costs, or production costs. The following

proposition demonstrates that the shift in equilibrium price is monotonic with respect to

these costs.

Proposition 5.2.3. Suppose that 5.2.1, 5.2.2 and 5.2.3 hold. The equilibrium price is

increasing in transaction cost, assembly cost, and home production cost.

14The upstreamness is the relative position in the chain. The firm is in a more upstream position if the
measure of upstreamness is higher. See Antràs et al. (2012), Antràs and Chor (2018) and Wang et al.
(2017).
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The proof relies on the monotonicity of operator T . It can also be shown that the price

of the final good is strictly increasing in transaction costs, assembly costs, and home

production costs, where the proof leverages the fact that the equilibrium price can be

characterized using the optimal length, as expressed in (5.4).

Example 5.2.1. This numerical example employs the function c(ℓ) = A(eθℓ − 1) as an

illustration. The change in price with respect to parameters τ, c(ℓ), κ, α(ℓ) are depicted

in Figure 2. The result align with Proposition 5.2.3. It also indicates that the prices are

decreasing in the number of suppliers κ. The intuition for decreasing prices with κ lies in

the fact that as κ increases, tasks are split into smaller pieces, reaching home production

criterion ℓ ⩽ x̄ in a shorter length.

Moreover, the length is observed to increase in cost function c(ℓ), and decrease with

transaction costs, the number of suppliers, and assembly costs. In this example, the

total assembly costs decline as the length becomes shorter, but it may not be the case if

q > 1. □

(a)

Model Length
Baseline 5
τ = 0.1 4

c(ℓ) = 1.8(eℓ − 1) 6
c(ℓ) = e1.5ℓ − 1 6

κ = 3 4
α(ℓ) = 0.05ℓ 4

(b)

Figure 2. The baseline model is with τ = 0.01, α(ℓ) = 0.01ℓ, κ = 2, c(ℓ) =
eℓ − 1. We first plot the baseline price function and then plot the case for
increasing τ = 0.1, c(ℓ) = 1.8(eℓ − 1), c(ℓ) = e1.5ℓ − 1, κ = 3, α(ℓ) = 0.05ℓ,
respectively.

5.2.3.4. An Example of Assembly Cost and Cost Function. This section presents

an example of a closed-form solution for the cost function and assembly cost derived from
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the firm’s cost minimisation problem. The motivation for this example arises from the

question: Does the share of intermediate inputs affect the shape of the production chain?

Intuitively, if the production process involves a higher utilisation of inputs, the production

entity would tend to outsource more tasks, potentially resulting in a longer chain. This

section discusses how the cost share of intermediate inputs influences the structure of the

production network.

Moreover, it is known that the transaction cost can impact the share of the intermediate.

For example, Boehm and Oberfield (2020) point out that court congestion makes contract

enforcement slow, leading plants in industries reliant on relationship-specific inputs and

in states with more congested courts d to have lower shares of intermediate inputs. Given

that the cost of contract enforcement is a component of transaction costs, we would expect

that it influences the structure of a production network both directly through the effect

of transaction costs and indirectly through the share of intermediate inputs.

Suppose that firms have the Cobb-Douglas production function as

q =


As[(k

an1−a)1−σxσ]θ if subcontract,

Ah(k
an1−a)θ if produce in-house,

(5.6)

where q denotes output, k denotes capital, n denotes labour, xdenotes intermediate input,

and σ, a and θ are all in (0, 1) representing intermediate share, capital share and degree

of decreasing return, respectively. Given task ℓ, wage rate w and rental rate r, if firms

choose to subcontract, firms using κ pieces of intermediate ℓ/n and minimise the costs to

the output ℓ

min
k,n

rk + wn+ κp(ℓ/κ) s.t. ℓ = As

[
(kan1−a)1−σ

(
κ
ℓ

κ

)σ]θ
.

Let the assembly cost function be the resulting minimum cost function of labour and

capital as

α(ℓ) := min
k,n
{rk + wn} = rk∗ + wn∗ = Caℓ

(1−σθ)/(θ(1−σ)), (5.7)

for a positive constant Cs.15 Since θ < 1, we have (1− σθ)/(θ(1− σ)) > 1.

15Cs = (1/As)
1/(1−σ)θ

[
(r/w)

a
((1− a)/a)

a
+ (w/r)

1−a
(a/(1− a))

1−a
]
.
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On the other side, if the firm is a home producer, assume that the cost is c(ℓ) = mink,n{rk+

wn}+ hℓ, where h is a constant. Given ℓ, a home producer solves

min
k,n

rk + wn+ hℓ s.t. ℓ = Ah(k
an1−a)θ. (5.8)

Then, the resulting cost is

c(ℓ) = Chℓ
1/θ + fℓ

satisfying c′(0) > 0, where Ch is some constant.16 It is known that the capital share

is around 1/3, and the intermediate share is around 1/2. Suppose that θ = 9/10, for

example, then α(ℓ) = Chℓ
11/9 and c(ℓ) = Chℓ

10/9 + hℓ.

This simple model also sheds light on how production efficiency affects the outsourcing

decision. If assembly is significantly more efficient than home production, i.e., As is much

higher than Ah, then Cs is much smaller than Ch. Then, outsourcing will occur if the

transaction cost is also small enough.

Observe that the parameter q of assembly costs is (1− σθ)(θ(1− σ)), which is increasing

in σ. Since ℓ ⩽ 1, the assembly cost α(ℓ) is decreasing in the share of intermediate σ.

Thus, if the share of intermediate is lower, the higher assembly costs make subcontracting

less attractive, yielding a shorter production chain.

According to Boehm and Oberfield (2020), when courts are more congested, transaction

cost τ is higher, and the share of intermediate σ is lower. Together with both changes, the

model predicts that the chain is shorter, prices are higher and firms at the most upstream

level will have larger vertical span of production. This aligns with the findings in Boehm

and Oberfield (2020), showing that plants tend to have large vertical span of production

if they are confronting higher-congested courts and relying on relationship-specific inputs.

5.3. An Economy of Balanced Production Chains

Guilmi and Fujiwara (2020) and Hiromitsu and Wataru (2020) suggest that a firm’s posi-

tion in a production network is related to its size, which causes the departure of Gibrat’s

law for upstream firms. Moreover, Gibrat’s law typically breaks down for small firms due

16Ch = (1/Ah)
1/θ
[
(r/w)

a
((1− a)/a)

a
+ (w/r)

1−a
(a/(1− a))

1−a
]
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to their higher growth rates driven by innovation.17 This phenomenon is particularly pro-

nounced for small firms situated at the upstream levels of a production chain, as noted by

Hiromitsu and Wataru (2020). Guilmi and Fujiwara (2020) further show that upstream

firms tend to be more volatile than downstream firms. Hence, Gibrat’s law breaks down

for those smaller upstream firms.

This section aims to illustrate this departure within a production network. Specifically, we

construct an economy based on the balanced trees of a production network. This economy

has the features that the firm sizes of assemblers or subcontractors follow a power-law

distribution, and home producers are more fluctuated than subcontractors, assuming the

assembly technology remains unchanged in the short run. Consequently, when examining

the upstream firms across all balanced chains, the upstream firms are more volatile.

5.3.1. Distribution of Firm Size. We first show that when in a balanced supply chain,

where the number of suppliers is fixed for every subcontractor, the sizes of firms follow a

power-law distribution. This section is motivated by the fact that the Pareto distribution

of firm size holds for mid-stream and downstream firms (Hiromitsu and Wataru, 2020).

Let m∗ be the optimal length of the chain in equilibrium. Recall the network structure

that there are κm−1 number of firms at level m, and each firm of level m implements κ1−m

of tasks for all m ⩽ m∗.

Define the firm size by the value-added vj for firm j in the chain. If firm j is a home

producer, then its value-added is defined as the cost of in-house production, vj = c(ℓj)

for ℓj ∈ D. On the other hand, if firm j is a subcontractor, then the value-added is the

assembly cost, vj = α(ℓj).18 If the subcontractor j is at level m, its value-added or firm

size is vj = bℓqj = b(κ1−m)q = bκ(1−m)q.

If we also let q = 0 in the assembly cost function, then the distribution of firm size is

flat since the value-added for all subcontractors is a constant α(ℓ) ≡ b. Alternatively, if

q > 0, then the firm sizes, bκ(1−m)q, decline exponentially as we go upstream levels, while

17e.g. Lotti et al. (2003), Calvo (2006), Daunfeldt and Elert (2013), Tang (2015) and Aydogan and
Donduran (2019))
18A subcontractor buys intermediate inputs from suppliers and does the assembly work, so its value-added
is the assembly cost.
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at the same time, the number of firms κ1−m at each level grow exponentially. Hence, we

have the following lemma.

Let s ⩾ 0 be the firm size of the subcontractor, and F (s) be the fraction of firms with

sizes greater than or equal to s.

Proposition 5.3.1. Suppose that Assumption 5.2.1 and 5.2.2 hold, assembly cost is b(ℓ)q

with b, q > 0, and the price function is

p(ℓ) = δmin{kp(ℓ/κ) + bℓq, c(ℓ)} (ℓ ∈ D).

Then, there exist smin>0 and γ > 0 such that F (s) = Cs−γ − D for all s̄ ⩾ y ⩾ smin,

where C and D are some positive constants, and s̄ is the size of the largest subcontractor.

In particular, γ = 1/q.

Proof. Let all the stated assumptions hold. Suppose that there are m∗ levels in total

in equilibrium. Since there is no subcontractor if m∗ = 1, assume that m∗ > 1. By the

discussion in section 5.3.1, there are κi−1 firms at level i and the subcontractors’ sizes

are bκ(1−i)q at the level i of chain in equilibrium. Let smin = bκ(2−m
∗)q, which is the sizes

of the smallest subcontractors at level m∗ − 1.19 Let s be the firm size of one of the

subcontractors. Then, there exists m ⩽ m∗ such that s = bκ(1−m)q. Clearly, b ⩾ s ⩾ smin.

Moreover, there are in total 1 + κ+ · · ·+ κm
∗−1 firms in the chain and there are 1 + κ+

· · ·+ κm−1 firms at level 1, . . . ,m.20 In this setting, F (s) is the fraction of subcontractors

at level 1, . . . ,m. Then, by definition of f and changing variables of s = bκ(1−m)q, we have

F (s) =
1 + κ+ · · ·+ κm−1

1 + κ+ · · ·+ κm∗−1
=

κm − 1

κm∗ − 1
=
κb1/qs−1/q − 1

κm∗ − 1
.

Let γ := 1/q, C := κb1/q/(κm
∗ − 1) and D := 1/(κm

∗ − 1). Hence, F (s) = Cs−γ −D for

b ⩾ s ⩾ smin. Generally, F (s) ∝ s−γ. □

Proposition 5.3.1 implies that the firm sizes for subcontractors are Pareto distributed in

equilibrium. In addition, when the in-house producers have the smallest size in equilib-

rium, then the upper tail, excluding the smallest firms, is Pareto distributed. Furthermore,
19This smin captures the tail of all subcontractors. We can also choose larger sizes of subcontractors.
20Including the firm of size s itself.
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if q = 1, then the above distributions follow a Zipf’s law.21 If the "span of control" pa-

rameter of assembly cost q is less than one, the assembly cost is strictly concave, and the

Pareto exponent 1/q is greater than one by Proposition 5.3.1.

Example 5.3.1. This part presents the computation results given the proportional as-

sembly cost bℓq. With the parameters τ = 0.01, b = 0.001, κ = 2, q = 0.92 and

c(ℓ) = 0.01(e25x− 1), the production network is shown in Figure 3a. There are 8 levels in

equilibrium. Next, we plot the log-rank plot of the distribution of firm sizes for subcon-

tractors in this equilibrium, see Figure 3b. Note that the ranks are the same if the firms

have the same size and there are κm−1 firms at level m = 1, ...,m∗. Define the rank as

κm−1 if the firm is at level m.22 Thus, the ranks for, say, κ = 2 are 1, 2, 2, 4, 4, 4, 4, 8, . . . .

There are 8 levels in equilibrium, so there are 7 points in Figure 3b, where κm−1 points of

subcontractors collapse into one point in every level. The slope of log-rank plot is −0.92

which is equal to the parameter −q of assembly function bℓq as predicted by Proposition

5.3.1.23 In this case, the Pareto exponent is 1/q = 1.087.

In addition, let κ increase from 2 to 5 and fix other parameters. Then, the computation

indicates that the total number of levels of the chain declines to 4 in equilibrium, see

Figure 4. This result is reasonable since the maximal number of levels m̄ is decreasing

in κ. On the other hand, under these particular specifications, the firms at the most

upstream level have the smallest sizes. As in the previous example, the slope is −q in

Figure 4b, and the Pareto exponent is unchanged. The comparative statics implies that

the Pareto exponent is not affected by the structure of the network if the curvature of

assembly cost is identical. □

5.3.2. Breakdown of Gibrat’s Law. Given a equilibrium production chain (p∗, ℓ∗),

Proposition 5.3.1 implies that large firms at the downstream exhibit power-law distributed

sizes. In addition, it indicates that the sizes of firms at the most upstream do not nec-

essarily follow a power-law distribution. To this end, the sizes of small firms within the
21For example, Axtell (2001) finds that the Pareto exponent is 1.059 , using employees as sizes, or 0.994,
using receipts as sizes, for U.S. firms.
22Under this definition, the slope of the log-rank plot reveals the Pareto exponent for convenience.
23Pareto law can also be formulated as n = Ax−γ , where n is the number of people having wealth ⩾ x.
Thus, we can write x(n) = Cn−1/γ and then log x(n) = logC − (1/γ) log n. The slope of log-rank is
−1/γ, which is −q of Proposition 5.3.1.
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(a) Production network.

(b) The log-rank plot for the distribution of firm sizes.

Figure 3. The production chain with τ = 0.01, b = 0.001, κ = 2, q = 0.92
and c(ℓ) = 0.01(e25x − 1).

production chain generally deviate from a power law. It suggests that there exists a de-

parture of Gibrat’s Law; otherwise, the sizes of small firms would also exhibit a power-law

distribution.

We restrict the time frame to the short run since we are interested in short-term volatility.

This assumption is inspired by Tang (2015), who demonstrates that there is a steady state

in the firm’s expansion and that Gibrat’s law breaks down in the short run but holds in

the long run.24

Suppose that firms solve cost minimization problems outlined in Section 5.2.3.4. Let the

cost function be (5.8) and assembly cost function be (5.7). Suppose that the efficiency

of in-house production grows over time in the short run, to the extent that the structure

24Tang (2015) studies firm-level data in the Swedish energy market.
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(a) The network of production.

(b) The log-rank plot of the firm-size distribution for the
subcontractors.

Figure 4. Production chain with τ = 0.01, b = 0.001, κ = 5, q = 0.92 and
c(ℓ) = 0.01(e25x − 1).

of the network undergoes minimum change.25 That is, let Ah,t+1 = ζt+1Ah,t with growth

rate ζt > 0 and let the other parameters are fixed, indicating that Ch in (5.8) varies over

time. Suppose that the growth ζt+1 is a random process such that the optimal length

of the production chain remains unchanged in the short run. There is no innovation in

assembly technology in the short run. Consequently, the sizes of home producers change

over time, while the sizes of subcontractors are stable over time. As a result, smaller firms

at upstream have higher volatility, while large firms at downstream maintain more stable

sizes. Furthermore, if the assembly efficiency Cs in (5.7) or assembly productivity As is

volatile in the short run, the most upstream firms also experience greater fluctuations.

This is because firms may alter their outsourcing decisions or exit the production chain.

25Hiromitsu and Wataru (2020) also shows that the structure of the production network is stable in the
short run.
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We expand the model from a chain to an industry, considering N heterogeneous goods

in an industry. For each good i = 1, · · · , N , there is a production chain dedicated to

producing good i. The pricing function (5.1) determines the price for each good based on

a fixed number of suppliers κi so that the chain is balanced.26

Production chain i is characterized by production cost ci, assembly cost αi and trans-

action cost τi. Specifically, we assume that ci(ℓ) = Ch,iℓ
θi + εiℓ, where εi is a constant,

αi(ℓ) = Ca,iℓ
qi and parameter δi = 1/(1 − τi). Here, the parameters Ch,i, εi and Ca,i are

selected such that home-producing firms tend to be smaller in size compared to most out-

sourcing firms. Suppose that Assumption 5.2.1 , 5.2.2 and 5.2.3 hold. Then, Proposition

5.2.2 confirms the existence of a unique equilibrium for each production chain. In the

equilibrium, each production line has the optimal length m∗
i and price p∗i .

Assume that each firm produces all N final goods. Each firm j is randomly at level mj in

all chains and then has a random size Sj. The cost or value added of subcontractor firm j

producing good i is Xi, which follows a power law with parameter γi by Proposition 5.3.1.

From Gabaix (2009), we know that if Y1 and Y2 are power-law variables, then Y1 + Y2

is also power-law variable.27 Then, a subcontractor’s size Sj = X1 + · · · + XN follows a

power law.

Contrary to home producers, the firm sizes of home producers do not necessarily follow a

power law. If further the home production technology Ch,i is more volatile than assembly

technology Ca,i, then the sizes of home producers exhibit higher volatility. Examining

the entire industry, the upstream firms in the economy tend to be more volatile than

downstream firms in the short run. Given that home producers typically have smaller

firm sizes, smaller firms inherently possess higher volatility.

In summary, it appears that the growth rates of firms are contingent on their sizes,

leading to a breakdown of Gibrat’s Law for upstream firms. Simultaneously, downstream

subcontractors conform to a power-law size distribution across all production chains. The

model elucidates that small firms and upstream firms deviate from Gibrat’s law, while

large firms and downstream firms adhere to a power-law distribution of firm sizes.
26In Section 5.4, we can introduce a method to determine κi by the local optimality.
27If X and Y are power-law variables with exponent ζx and ζy satisfying ζy ⩾ ζx, then X + Y is a
power-law variable with exponent ζx.
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5.4. Extension: An Endogenous Number of Suppliers

The assumption that the number of suppliers is fixed may be unrealistic. However, we

can approximate the real world by choosing a reasonable fixed number of suppliers for

our model. This section first shows that the local optimum for the supplier number can

be found by numerical computation.

Moreover, we establish an alternative model relaxing the assumption of the fixed number

of suppliers, so that subcontractors can choose an arbitrary number of suppliers. We show

the existence and uniqueness of equilibrium for the extended models.

5.4.1. Local Optimality for Number of Suppliers. Throughout this section, we

denote the number of suppliers as n ∈ N \ {1}. To simplify the problem, suppose that

the assembly cost is fixed at a constant α. As indicated by m̄ = ⌈1 − ln x̄/ lnn⌉ from

Section 5.2, we express the maximal possible number of levels as a function of n, denoted

as m̄(n). Then, (5.5) implies that the price of the final good is a function of n,

p∗(1, n) := min
m=1,...,m̄(n)

{
(δn)m−1δc

(
n1−m)+ (δn)m−1 − 1

δn− 1
δα

}

= min
m=1,...,m̄(n)

{p(1, n,m)}.
(5.9)

In other words, the planner of the production chain strategically determines the optimal

number of levels m, given the number of suppliers n in each level. This decision-making

process is illustrated in Figure 5b, where the grey line represents the minimum cost, i.e.

the prices of final good p∗(1, n), among all possible m. Notably, for each m = 2, . . . , 6,

the pricing functions for the final good exhibit convexity, featuring local minimum prices.

Therefore, if there are frictions to increase supplier numbers, such as contract costs and

the expenses associated with searching for new suppliers, a firm may opt to remain at

these locally minimised points to minimise the total cost effectively.

Moreover, Figure 5a reveals that the number of optimal levels m∗ is less than m̄ and

converges to 2, and the final price generally decreases in n. This suggests that, in the

absence of costs related to expanding suppliers, the most downstream firm can achieve

cost reduction by increasing suppliers to an arbitrary number.
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(a) Prices of final good and the corresponding number of levels

(b) Prices of final good, fixing number of levels m.

Figure 5. Prices of final good, given that τ = 0.001, α(ℓ) = 0.001, n =
2, c(ℓ) = e1.5ℓ − 1.

In general, the planner overseeing the chain has an incentive to increase the number of

suppliers when there is no friction affecting the search of supplier. Since m̄ = ⌈1 −

ln x̄/ lnn⌉, we have m̄ → 2 as n → ∞.28 Moreover, given m∗ ⩽ m̄, we know that the

optimal number of levels is m∗ ⩽ 2 if the number of suppliers n is sufficiently large.

28− ln x̄ > 0.
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If the firm at the most downstream level has the incentive to subcontract and then there

are exactly two levels in the chain m∗ = 2, the pricing function implies np(1/n) + α =

nδc(1/n)+α < c(1). Since the cost function c is convex, strictly increasing, and c(0) = 0,

the function nc(1/n) is strictly decreasing in n and bounded below by zero. Hence,

nc(1/n) converges to some t ⩾ 0 as n → ∞ by the monotone convergence theorem of

sequence. Thus, if 2δc(1/2)+α < c(1), there will be two levels for all n ⩾ 2, and the firm

at the most downstream level will subcontract, regardless of the number of suppliers.

Note that the condition δ2c(1/2) + α < c(1) is necessary for having at least one subcon-

tractor in equilibrium. In this case, the firm can minimise the outsourcing costs by subcon-

tracting the tasks to as many suppliers as possible, given that the cost δnc(1/n)+α ↓ δt+α.

Therefore, if there is at least one subcontractor and no cost for expanding upstream part-

ners, the planner has the incentive to raise the number of suppliers unlimitedly, resulting

in only two levels in the chain.

5.4.2. Global Optimality of Suppliers. To curb the endogenously unbounded number

of suppliers, we consider assembly costs that are intuitively proportional to the number

of suppliers. The underlying rationale stems from that as subcontractors further divide

tasks into smaller components, the process of assembling inputs necessitates additional

effort. Precisely, let the assembly cost function be α(n) where n is the number of upstream

suppliers and α(n) is strictly increasing in n.

Assumption 5.4.1. The assembly cost α : N\{1} → R is strictly increasing and α(2) > 0.

Then, the profits for firms in the chain are

(1− τ)p(ℓ)−min{np(ℓ/n) + α(n), c(ℓ)} (5.10)

The corresponding Bellman equation of the pricing function is

p(ℓ) = δmin{np(ℓ/n) + α(n), c(ℓ)} (5.11)

Following the proofs in section 5.2.2, we can also show the existence and uniqueness of

equilibrium price and allocation under the profits (5.10). Similar to Proposition 5.2.1 and
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5.2.2, the unique equilibrium can be computed by iteration, i.e. p∗ = T kp for any p ∈ P

and large enough k.

Lemma 5.4.1. If Assumption 5.2.1, 5.2.2 and 5.4.1 hold, then

(a) the solution to the Bellman equation (5.11) is an equilibrium of the production

chain given the profits (5.10),

(b) the equilibrium price p∗ and allocations ℓ∗ are unique, and

(c) p∗ = T kp for any p ∈ P and sufficiently large k.

Since α(n) is strictly increasing by Assumption 5.4.1, there exists n̄ such that there is

only one firm or level in the chain when n ⩾ n̄. For n ⩾ n̄, the firm at the most

downstream level does not have any incentive to subcontract, so n̄ can be characterized

by δnc(1/n) + dα(n) ⩾ c(1). The interpretation is that, if there are many pieces of

modules to assemble, the sum of assembly costs and the transaction costs may be greater

than the costs of production at home so that the firm does not subcontract at all.

Moreover, the global minimum exists given that α(n) is increasing. The intuition is that

if the assembly cost α(n) is increasing fast enough in the number of suppliers n but still

possible to subcontract, then the global minimum could be at n = 2. These properties

are illustrated in the examples presented in Figure 6, which also depicts the upper bound

for the price of final goods.29

5.4.3. Choice over Number of Suppliers. This section extends the assumption that

the number of suppliers is fixed along the production chain. Firms have the flexibility to

select the number of suppliers when opting to subcontract their tasks. In particular, we

introduce the pricing function

p(ℓ) = δmin

{
min

n=2,3,4,...
{np(ℓ/n) + α(ℓ, n)}, c(ℓ)

}
. (5.12)

To provide a more comprehensive framework, suppose that the assembly cost depends

on both tasks and the number of upstream partners. To prevent an unbounded partner

number n∗, we have the below assumption for assembly cost.
29Since the assembly is too high for large n, firms all choose to home production and the bound is δc(1).
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(a) (b)

Figure 6. Examples of global minimum of prices. (a) Prices of final good
are plotted given that τ = 0.01, α(n) = 0.01(n + n1.1), c(ℓ) = ℓ + ℓ2. The
global minimal price is at n = 7. (b) Prices of final good are plotted given
that τ = 0.01, α(n) = 0.1(e0.1n − 1), c(ℓ) = e2ℓ − 1. The global minimal
price is at n = 10.

Assumption 5.4.2. Assume that α : [0, 1]× {2, 3, . . . } → (0,∞) is strictly increasing in

both ℓ and n.

Assumption 5.4.2 makes the optimal number of suppliers n finite if there is outsourcing.

Analogous to Section 5.2.2, let the set of tasks be D := {k−i : k ∈ N \ {1}, i ∈ N ∪ {0}},

and P := {p : D → R : δc′(0)ℓ ⩽ p(ℓ) ⩽ δc(ℓ)}.30

Under this pricing function, we say that ℓ = {ℓi} is a feasible allocation of tasks if there

are m ∈ N and a finite sequence {nt}mt=1 with n1 = 1 and nt ⩾ 2 for all t = 2, . . . ,m such

that i = 1, 2, . . . , n1n2 · · ·nm and ℓi = (n1n2 · · ·nt)−1 for n1 + n1n2 + · · ·+ n1n2 · · ·nt−1 <

i ⩽ n1 + n1n2 + · · · + n1n2 · · ·nt. In words, the length of the chain, m, is finite and

there are n1n2 . . . nt number of firms with allocation (n1n2 . . . nt)
−1 at level t. Each firm

at level t − 1 has nt number of subcontractors if it chooses home production. At the

most upstream level m, there are n1 · · ·nm number of firms with (n1 · · ·nm)−1 measure of

allocated tasks.

Moreover, the profit of firm i is

πi = (1− τ)p(ℓi)−min

{
min

n=2,3,...
{np(ℓi/n) + α(ℓi, n)}, c(ℓi)

}
(5.13)

30It can also be defined as D = [0, 1] and the results hold.
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We can define the equilibrium under the price (5.12) as definition 5.2.1 using the above

feasibility definition and profit (5.13).

Definition 5.4.1. Given a price function p, a feasible allocation ℓ = {ℓi} and the corre-

sponding profit defined by (5.13), (p, ℓ) is an equilibrium if

(1) p(0) = 0,

(2) for all ℓ ∈ D,

(1− τ)p(ℓ)−min

{
min

n=2,3,...
{np(ℓ/n) + α(ℓ, n)}, c(ℓ)

}
⩽ 0,

(3) πi = 0 for all i.

Then, we can prove the existence of equilibrium. For the following proposition, define the

operator T as

Tp(ℓ) := δmin

{
min

n=2,3,4,...
{np(ℓ/n) + α(ℓ, n)}, c(ℓ)

}
.

Suppose that firms choose the minimum number of suppliers when there are mul-

tiple number of suppliers that minimise the cost. That is, suppose firms choose

min{argminn⩾2{np(ℓ/n)+α(ℓ, n)}} as their number of suppliers if np(ℓ/n)+α(ℓ, n) < c(ℓ).

The proof of unique equilibrium uses this assumption to pin down the feasible task allo-

cation.

Proposition 5.4.1. If 5.2.2, 5.2.1 and 5.4.2 hold, and the price is defined by (5.12), the

following statements are true.

(a) The operator T is a self-map on P and has a unique fixed point p∗ in P

(b) The fixed point can be computed by T kp = p∗ for all k ⩾ 1 − ln x̄/ ln 2 and all

p ∈ P.

(c) The production chain has a unique equilibrium (p∗, ℓ∗), where p∗ is the fixed point

of T , and ℓ∗ is the corresponding task allocation under p∗.

Hence, we can compute the unique equilibrium in a manner consistent with the basic

model. The comparative statics also yield similar results as previously observed.
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Proposition 5.4.2. If 5.2.2, 5.2.1 and 5.4.2 hold, and the price is defined by (5.12), then

the equilibrium price is increasing in transaction cost, assembly cost and home production

cost.

As in Section 5.2.3, we can gain insights into the equilibrium price by the properties of the

cost function before computing it. The following two lemmas illustrate the equilibrium

price’s characteristics, demonstrating that, under certain conditions, the equilibrium price

is strictly convex almost everywhere.

Suppose that the assembly function α(n) only depends on the number of suppliers and

Assumption 5.2.3 holds. Moreover, assume that c, α ∈ C2 are twice differentiable. Define

t(n, ℓ) := δnc(ℓ/n) − c(ℓ). Then, the second derivative t22(n, ℓ) = (δ/n)c′′(ℓ/n) − c′′(ℓ)

implies that t(n, .) is strictly concave when 0 < τ < 0.5 and c is strictly convex, with

n ⩾ 2. In addition, define f(ℓ) := minn=2,3,...{t(n, ℓ) + α(n)}. The next lemma helps us

to determine the boundary of subcontracting and length of the chain.

Lemma 5.4.2. Suppose that t(n, .) is strictly concave. Then, f(ℓ) has a root ℓ̂ in (0, 1] if

and only if p(ℓ) = δc(ℓ) for all 1 ⩽ ℓ ⩽ ℓ̂ and p(ℓ) < δc(ℓ) for all ℓ̂ < ℓ ⩽ 1.31

This lemma shows that when the transaction cost is not excessively large (τ < 0.5) and the

cost is strictly convex, the boundary allocation for subcontracting can be characterized by

computing the root of f(ℓ), which is determined by the home-producing cost and assembly

cost. This allows us to calculate the boundary task of subcontracting (the root ℓ̂) before

knowing the equilibrium price.

Lemma 5.4.2 also shows that if the root of f(ℓ) is less than 1, then the length of the chain

is greater than or equal to 2. Consequently, there must exist subcontractors in the chain,

as the firms with ℓ ∈ (ℓ̂, 1] always choose to outsource. Furthermore, if the assembly is

relatively economical, meaning that firms can choose numerous partners and divide the

tasks in numerous modules with little cost, then there would be only two levels of length,

as 1/n < ℓ̂ for large n.

31This lemma also holds if the assembly cost is α(ℓ, n) and α(., n) is concave.
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Lemma 5.4.3. Let p be the equilibrium price of (5.12). Suppose that the assumptions in

Lemma 5.4.2 hold and further assume that c is strictly convex and α(n) is convex. Then

p is twice differentiable with p′ > 0 and p′′ > 0 almost everywhere.

Figure 7 gives an example of a production network under pricing function (5.12), with

assembly cost α(n) depending only on n. The scale of the pricing function is in the

log. This example also demonstrates a fat-tailed distribution of the number of buyer-

seller links.32 Moreover, numerical simulations indicate that the number of suppliers may

decrease as the firm goes to upstream levels, when the assembly cost is only contingent

on the supplier count.

5.5. Conclusion

This paper demonstrates the influence of a hierarchical production chain. The production

network with hub-like firms can generate a power-law distribution in firm size without any

ex-ante heterogeneity or adhering to Gibrat’s law. The production network coordinates

the positions and task allocations for ex-ante identical firms in a way that a large firm

tends to be a hub and be at a downstream level. The framework in this paper endeavors to

capture this phenomenon through the minimization of costs. Our model provides insights

into why firms following a power law often occupy downstream positions. Moreover, it

explains the departure of Gibrat’s law for upstream firms, which are more volatile than

the downstream counterparts. The model underscores the significance of a spider network,

akin to the concept introduced by Baldwin and Venables (2013).

32See Bernard et al. (2019) for an empirical example.
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(a) The log-price function. (b) The network.

(c) The distribution of the number of seller-buyer links.

Figure 7. An example of production chain under (5.12) with τ =
0.1, α(n) = 0.01n1.8, c(ℓ) = e8ℓ−1. This chain has length 3 and (n1, n2, n3) =

(1, 7, 4). Also, ℓ̂ = 0.0711.
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5.6. Appendix

Proofs in Section 5.2.2. Throughout this section, we assume that Assumption 5.2.1,

5.2.2 and 5.2.3 hold.

Lemma 5.6.1. The operator T defined by (5.3) is a self-map on P and has a fixed point

in P. Moreover, Tp1 ⩽ Tp2 if p1 ⩽ p2 for p1, p2 ∈ P.

Proof. The proof is similar to Kikuchi et al. (2021). Let T be the operator of (5.3). We

want to show that T : P → P , and T preserves orders so that we can apply Knaster-Tarski

fixed point theorem, with the fact that P is a complete lattice.33

Fix p ∈ P . Clearly, the definition of T implies Tp(ℓ) ⩽ δc(ℓ) for all ℓ. Next, we check

that δc′(0)ℓ ⩽ Tp(ℓ) for all ℓ. Fix ℓ ∈ D. Since p ∈ P , bℓq ⩾ 0 and c is convex, we have

Tp(ℓ) = δmin {κp(ℓ/κ) + bℓq, c(ℓ)}

⩾ δmin {κδc′(0)ℓ/κ+ bℓq, c(ℓ)}

⩾ δmin {c′(0)ℓ, c(ℓ)}

= δc′(0)ℓ.

Then, Tp ∈ P . In addition, suppose that p1, p2 ∈ P with p1(ℓ) ⩽ p2(ℓ) for all ℓ ∈ D.

Thus, we have

min {κp1(ℓ/κ) + α(ℓ), c(ℓ)} ⩽ min {κp2(ℓ/κ) + α(ℓ), c(ℓ)},

for all ℓ. Hence, we have Tp1 ⩽ Tp2 and T preserves orders. By Knaster-Tarski fixed

point, the set of fixed points of T in P is also a complete lattice. Since a complete lattice

is nonempty, the fixed points exist. □

Next, we characterize the price function in equilibrium and show its uniqueness. The

subsequent lemma suggests that there exists a maximum number of levels. In other words,

the firms will choose to home production when their task allocations are sufficiently small.

Recall that x̄ := sup{x ∈ (0, 1] : c′(x) ⩽ δc′(0)}.
33A partially ordered set is a complete lattice if every subset has both an infimum and a supremum.
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Lemma 5.6.2. Suppose that p ∈ P is a solution to price function (5.1). Then, given

ℓ ∈ D, if ℓ ⩽ x̄, then p(ℓ) = δc(ℓ). That is, firms choose to home production if ℓ ⩽ x̄.

Proof. Suppose that p ∈ P is a solution to price function (5.1). Since δ = 1/(1− τ) > 1

with τ ∈ (0, 1) and Assumption 5.2.2 holds, there is x > 0 such that c′(x) < δc′(0). Thus,

x̄ is well-defined. Toward contradiction, suppose that there is ℓ ∈ D with ℓ ⩽ x̄ such that

κp(ℓ/κ) + α(ℓ) < c(ℓ). Since p ∈ P , we have

c(ℓ) > κp(ℓ/κ) + α(ℓ) ⩾ κδc′(0)
ℓ

κ
+ α(ℓ) = δc′(0)ℓ+ α(ℓ) ⩾ δc′(0)ℓ.

Hence, we have c(ℓ)/ℓ > δc′(0). Since c is convex and ℓ ⩽ x̄, this contradicts the fact

that c(ℓ)/ℓ ⩽ c′(ℓ) ⩽ δc′(0). Thus, it must be κp(ℓ/κ) + α(ℓ) ⩾ c(ℓ) and then p(ℓ) =

δc(ℓ), where we follow the convention that min{κp(ℓ/κ) + α(ℓ), c(ℓ)} = c(ℓ) if equality

holds.34 □

Lemma 5.6.3. If p ∈ P, then Tp(ℓ) = δc(ℓ) for all ℓ ⩽ x̄.

Proof. The statement follows from Lemma 5.6.2. □

Lemma 5.6.4. If p, q ∈ P, then T np = T nq for n ⩾ 1− ln(x̄− κ).

Proof. Let p, q ∈ P . The proof is by induction. From the proof of Lemma 5.6.2, we

can show that Tp and Tq are agree on [0, x̄], where x̄ := sup{x ∈ (0, 1] : c′(x) ⩽ δc′(0)}.

Next, we prove that T np = T nq on [0, κn−1x̄] for all n ∈ N . Suppose that the claim is

true for some k ∈ N. Fix ℓ ∈ [0, κkx̄]. Then, since ℓ/κ ∈ [0, κk−1x̄], we have

T k+1p(ℓ) = T (T kp)(ℓ)

= δmin

{
κT kp

(
ℓ

κ

)
+ α(ℓ), c(ℓ)

}
= δmin

{
κT kq

(
ℓ

κ

)
+ α(ℓ), c(ℓ)

}
= T k+1q(ℓ)

34That is, firms choose to produce in-house if the costs for home production and subcontracting are
identical.
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Therefore, T np = T nq on [0, κn−1x̄] is true for all n ∈ N. Since κn−1x̄ ⩾ 1 for n ⩾

1− (ln x̄)/(lnκ), we have T np = T nq on [0, 1] for n ⩾ 1− (ln x̄)/(lnκ). □

Lemma 5.6.5. T has a unique fixed point in P and thus the solution to the pricing function

(5.1) is also unique.

Proof. Let p, q be the fixed points of T . By Lemma 5.6.4, p = T np = T nq = q for large

enough n. Moreover, by the definition of T , p∗ is the fixed point of T if and only if it is

the solution to pricing equation (5.1). Thus, the solution exists and is unique. □

Lemma 5.6.6. If p ∈ P is (resp. strictly) increasing, then Tp is also (resp. strictly)

increasing. Moreover, if p∗ is the fixed point of T , then p∗ is strictly increasing.

Proof. Since c is strictly increasing in ℓ ∈ [0.1], Tp is (strictly) increasing if p is (strictly)

increasing. It follows from Lemma 5.6.4 that p∗ = T nc for large enough n, which implies

that p∗ is strictly increasing. □

Lemma 5.6.7. If p∗ is a solution to the price equation (5.1), then there is a feasible ℓ∗

such that (p∗, ℓ∗) is an equilibrium for the production chain.

Proof. Let p∗ be a solution to the price equation (5.1). By Lemma 5.6.2, there exists m

such that p(ℓ) = δc(ℓ) with ℓ = κ1−m ⩽ x̄, where x̄ = sup{x ∈ (0, 1] : c′(x) ⩽ δc′(0)}. Let

m̄ := ⌈1 − ln x̄/ lnκ⌉, which is the smallest integer satisfying κ1−m̄ ⩽ x̄ and the largest

possible length of chain. Therefore, the corresponding maximal level m∗ ∈ N for price

p∗ satisfies m∗ ⩽ m̄. The corresponding allocations are ℓ∗ = {ℓ∗i } are ℓ∗i = κ1−n for

i = 1, . . . , (κm − 1)/(κ − 1) and (κn−1 − 1)/(κ − 1) < i ⩽ (κn − 1)/(κ − 1) for some

1 ⩽ n ⩽ m∗. Therefore, ℓ∗ is feasible.

Since p∗ ∈ P , we have δc′(0)ℓ ⩽ p∗(ℓ) ⩽ c(ℓ) for all ℓ in D. It implies p∗(0) = 0. Moreover,

since the definition of price equation implies that for all ℓ ∈ D we have

p∗(ℓ)− δmin{κp∗(ℓ/κ) + α(ℓ), c(ℓ)} = 0,

condition (2) and (3) of Definition 5.2.1 are clearly satisfied. Therefore, (p∗, ℓ∗) is an

equilibrium. □
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In Lemma 5.6.7, we construct an equilibrium (p∗, ℓ∗) if p∗ is a unique solution to price

function. We next show that (p∗, ℓ∗) is the unique equilibrium. The proof in the following

lemma uses the convention that the firms choose to produce in-house when the costs for

home production and subcontract are indifferent.

Lemma 5.6.8. If the equilibrium prices and allocations exist, then they are unique.

Proof. Suppose that there are two arbitrary equilibria (p1, ℓ
1) and (p2, ℓ

2) following

Definition 5.2.1. Since (p1, ℓ
1) and (p2, ℓ

2) are feasible, there exist m1,m2 > 0 such

that the allocations ℓ1 and ℓ2 have m1 and m2 length of chain or maximal levels, re-

spectively. Clearly, ℓ1 ̸= ℓ2 if and only if m1 ̸= m2, by the definition of feasibility.

Without loss of generality, assume that m1 ⩾ m2. We first show that p1(ℓ) = p2(ℓ) for all

ℓ = 1, κ−1, κ−2, . . . , κ1−m2 and then extend to ℓ = 1, κ−1, . . . , κ1−m2 , . . . , κ1−m1 .

We claim that, for ℓ = κ−1, κ−2, . . . , κ1−m2 , p1(ℓ) = p2(ℓ) implies p1(κℓ) = p2(κℓ). Let

p1(ℓ) = p2(ℓ) for all ℓ = κ−1, κ−2, . . . , κ1−m2 . Since the firms are subcontractors at level

1, . . . ,m2 − 1 for both equilibrium, condition (3) of Definition 5.2.1 implies that

(1− τ)p1(κℓ) = κp1(ℓ) + α(κℓ) = κp2(ℓ) + α(κℓ) = (1− τ)p2(κℓ).

Therefore, we have p1(κℓ) = p2(κℓ). In words, if the prices are equal at level i for

i = 2, . . . ,m2, then the prices are equaled at its downstream level i − 1. To this end, if

we can show that p1(κ1−m2) = p2(κ
1−m2) at level m2, then it implies that p1(ℓ) = p2(ℓ)

for all ℓ = 1, κ−1, . . . , κ1−m2 .

If m1 = m2, then firms are home producers at level m1 in both equilibrium so that

p1(κ
1−m1) = δc(κ1−m1) = p2(κ

1−m1). Then, p1(ℓ) = p2(ℓ) for all ℓ = 1, κ−1, . . . κ1−m1 and

two equilibrium prices are the same.

Suppose that m1 > m2. Let δ = 1/(1 − τ) and t = κ1−m2 to simplify notations. Then,

p1(t) ̸= p2(t). At level m2, the firms in equilibrium (p1, ℓ1) are subcontractors, while the

firms in equilibrium (p2, ℓ2) are in-house producers. Hence, condition (3) of Definition
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5.2.1 implies p2(t) = δc(t) and the following iteration

p1(t) = δκp1(t/κ) + δα(t)

= δκ[δκp1(t/κ
2) + δα(t/κ)] + δα(t)

= (δκ)2p1(t/κ
2) + δ2κb(t/κ)q + δb(t)q

= (δκ)2p1(t/κ
2) + δbtq[δκ1−q + 1]

= (δκ)2[δκp1(t/κ
3) + δα(t/κ2)] + δbtq[δκ1−q + 1]

= (δκ)3p1(t/κ
3) + δbtq[(δκ1−q)2 + δκ1−q + 1]

= . . .

= (δκ)m1−m2p1(t/κ
m1−m2)

+ δbtq[(δκ1−q)m1−m2−1 + · · ·+ δκ1−q + 1]

= (δκ)m1−m2δc(κ1−m1) + δbtq
(δκ1−q)m1−m2 − 1

δκ1−q − 1

(5.14)

Similarly, condition (2) of equilibrium implies p1(t) ⩽ δc(t) and the iteration

p2(t) ⩽ δκp2(t/κ) + δα(t)

= (δκ)2p2(t/κ
2) + δbtq[(δκ1−q) + 1]

⩽ (δκ)2[δκp2(t/κ
3) + δα(t/κ2)] + δbtq[δκ1−q + 1]

= (δκ)3p2(t/κ
3) + δbtq[(δκ1−q)2 + δκ1−q + 1]

⩽ . . .

⩽ (δκ)m1−m2p2(t/κ
m1−m2) + δbtq[(δκ1−q)m1−m2−1 + · · ·+ 1]

⩽ (δκ)m1−m2δc(κ1−m1) + δbtq
(δκ1−q)m1−m2 − 1

δκ1−q − 1

= p1(t)

(5.15)

where the last inequality follows from p2 ∈ P . Therefore, δc(t) = p2(t) ⩽ p1(t) ⩽ δc(t).

We have p1(t) = p2(t) and then p1(ℓ) = p2(ℓ) for all ℓ = 1, κ−1, . . . , κ1−m2 at lower levels

by the previous claim. It implies that firms at level m2 in equilibrium (p1, ℓ1) have the

same costs as the home production.
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Since firms choose to produce in-house when the home production costs and subcontract-

ing costs are the same, the firms at level m2 under equilibrium p1 will choose to home

production since p1(κ1−m2) = δc(κ1−m2) = δκp1(κ
−m2) + δα(κ1−m2). That is, the firms

have no incentive to subcontract and make longer length than m2. Then, it must be

m1 = m2. This implies that ℓ1 = ℓ2 since the tasks in each level are identical for their

feasibility. □

Proof of Proposition 5.2.1. The statements follow from Part (a) follows from

Lemma 5.6.1, Part (b) and (c) follow from Lemma 5.6.5, Part (d) follows from Lemma

5.6.4, Part (e) follows from 5.6.2, and Part (f) follows from Lemma 5.6.6. □

Proof of Proposition 5.2.2. The statements follow from Lemma 5.6.7 and Lemma

5.6.8. □

Proofs in Section 5.2.3. Suppose that 5.2.1, 5.2.2 and 5.2.3 hold through out this

section. Let f(ℓ) := δκc(ℓ/k) + α(ℓ)− c(ℓ) for all ℓ ∈ [0, 1].

Lemma 5.6.9. Suppose that p is the equilibrium price and f is strictly concave. Then,

ℓ̂ ∈ (0, 1] is a root of f if and only if ℓ̂ satisfies p(ℓ) = δc(ℓ) for all 0 ⩽ ℓ ⩽ ℓ̂ and

p(ℓ) < δc(ℓ) for all ℓ̂ < ℓ ⩽ 1.

Proof of Lemma 5.6.9. Let the stated assumptions hold. Let P = {p : [0, 1] → R :

δc′(0)ℓ ⩽ p(ℓ) ⩽ δc(ℓ),∀ℓ ∈ [0, 1]}. The same arguments in Lemma 5.6.1, Lemma 5.6.2

and 5.6.4 show that T : P → P has a unique fixed point in P . Let p be the fixed point of

P , which is also a equilibrium price.

Since f(0) = 0 by assumption 5.2.1, 5.2.2 and 5.2.3, and f is strictly concave, the root of

f on [0, 1] is unique. Suppose that ℓ̂ ∈ (0, 1] satisfies f(ℓ̂) = 0. Fix ℓ ∈ [0, ℓ̂ ]. We have

f(ℓ) ⩾ 0 and δκc(ℓ/κ) + α(ℓ) ⩾ c(ℓ), so

Tδc(ℓ) = δmin{κδc(ℓ/κ) + α(ℓ), c(ℓ)} = δc(ℓ).

Then, δc(ℓ) is a fixed point of T if ℓ is restricted in [0, ℓ̂]. Since T only has one fixed point,

we have p(ℓ) = δc(ℓ).
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Next, let ℓ ∈ (ℓ̂, κℓ̂ ]. since ℓ/κ ⩽ ℓ̂ and f(ℓ) < 0, we have

p(ℓ) = δmin{κp(ℓ/κ) + α(ℓ), c(ℓ)}

= δmin{κδc(ℓ/κ) + α(ℓ), c(ℓ)}

= δ2κc(ℓ/κ) + δα(ℓ) < δc(ℓ),

where the last inequality follows from f(ℓ) < 0. Hence, firms subcontract when ℓ ∈ (ℓ̂, κℓ̂ ].

Similarly, fixing ℓ ∈ (κℓ̂, κ2ℓ̂ ], we have p(ℓ/κ) < δc(ℓ/κ) and then

p(ℓ) = δmin{κp(ℓ/κ) + α(ℓ), c(ℓ)}

⩽ δmin{κδc(ℓ/κ) + α(ℓ), c(ℓ)}

= δ2κc(ℓ/κ) + δα(ℓ) < δc(ℓ),

where the last inequality follows from f(ℓ) < 0. Iteration implies p(ℓ) < δc(ℓ) for ℓ ∈

(ℓ̂, κnℓ̂ ] for n ⩾ 2. Therefore, we have p(ℓ) < δc(ℓ) for ℓ > ℓ̂. For the sufficiency, suppose

that ℓ̂ satisfies p(ℓ) = δc(ℓ) for ℓ ⩽ ℓ̂ and p(ℓ) < δc(ℓ) for ℓ > ℓ̂. Then, by the definition

of equilibrium price p, we have f(ℓ) ⩾ 0 for ℓ ⩽ ℓ̂ and f(ℓ) < 0 for ℓ > ℓ̂. Since the root

of f is unique in (0, 1], f(ℓ̂) = 0. □

Lemma 5.6.10. Following Lemma 5.6.9, if 0 < ℓ̂ < 1, then the equilibrium length has at

least two levels.

Lemma 5.6.11. Suppose that Assumptions 5.2.2 and 5.2.3 hold, and c is twice differen-

tiable. If f(ℓ) is strictly concave and has a unique root in (0, 1], then the equilibrium price

p is twice differentiable except for a finite number of points with p′(ℓ) > 0. If further

α′′ ⩾ 0, then p′′(ℓ) ⩾ 0.

Proof of Lemma 5.6.11. Let all the stated assumptions hold. By Lemma 5.6.9, there

is ℓ̂ such that p(ℓ) = δc(ℓ) for ℓ ∈ [0, ℓ̂ ]. Fixing ℓ ∈ (ℓ̂, κℓ̂), Lemma 5.6.9 implies that

p(ℓ) = δ[κδc(ℓ/κ) + α(ℓ)] = δ2κc(ℓ/κ) + δα(ℓ). Since c and α are twice differentiable,

p′(ℓ) = δ2c′(ℓ/κ) + δα′(ℓ) and p′′(ℓ) = δ2/κc′′(ℓ/κ) + δα′′(ℓ). Since c and α are strictly

increasing, p′(ℓ) > 0. If a is convex, then p′′(ℓ) ⩾ 0.
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Fix ℓ ∈ (κℓ̂, κ2ℓ̂). We have

p(ℓ) = δ[κp(ℓ/κ) + α(ℓ)]

= δ[κ[δ2κc(ℓ/κ2) + δα(ℓ/κ)] + α(ℓ)]

= δ3κ2c(ℓ/κ2) + δ2κα(ℓ/κ) + δα(ℓ)

Then, we can compute p′(ℓ) = δ3c′(ℓ/κ2)+δ2α′(ℓ/κ)+δα′(ℓ) and p′′(ℓ) = δ3/κ2c′′(ℓ/κ2)+

δ2/κα′′(ℓ/κ) + δα′′(ℓ) and confirm the statement for ℓ in (κℓ̂, κ2ℓ̂).

By iteration, we conclude that p is differentiable, p′(ℓ) ⩾ 0 and p′′(ℓ) ⩾ 0 in [0, 1] except

for the points {ℓ̂, κℓ̂, . . . , κnℓ̂}, where n is the greatest integer such that κnℓ̂ ⩽ 1. □

Lemma 5.6.12. If δ1 ⩽ δ2 and p∗δ1 , p
∗
δ2

are the corresponding equilibrium prices, then

p∗δ1 ⩽ p∗δ2.

Proof of Lemma 5.6.12. Suppose that δ1 ⩽ δ2. Let T1 and T2 be the corresponding

operator with respect to δ1 and δ2, respectively. Let p ∈ P . Clearly, T1p ⩽ T2p. Since

operator T is order preserving, we have

T1(T1p) ⩽ T1(T2p) ⩽ T2(T2p).

By iteration, p∗δ1 = T n1 p ⩽ T n2 p = p∗δ2 for n ⩾ 1− ln x̄
lnκ

□

Proof of Proposition 5.2.3. Let all the stated assumptions hold. For the transaction

cost, Lemma 5.6.12 and δ = 1/(1− τ) shows that the equilibrium price is increasing in τ .

For home production costs, suppose that c1, c2 : D → R+ satisfying c1(ℓ) ⩽ c2(ℓ) for all

ℓ ∈ D. Let T1 and T2 be the corresponding operator, respectively. Clearly, T1p ⩽ T2p for

all p ∈ P , since we have

min{κp(ℓ/κ) + α(ℓ), c1(ℓ)} ⩽ min{κp(ℓ/κ) + α(ℓ), c2(ℓ)}.

Thus, p∗1 ⩽ p∗2 by the iteration as Lemma 5.6.12, where p∗i is the equilibrium price with

respect to ci, i = 1, 2. Similarly, it can be shown that the price is increasing in assembly

cost.
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Next, we show that the price of final good is strictly increasing in transaction cost, assem-

bly cost and home production cost. Let the price of final good p(α, c,m, δ, κ) be defined

as equation (5.4). In particular,

p(α, c,m, δ, κ) := (δκ)m−1δc(κ1−m)

+ δα(1) + δ2κα(κ−1) + ·+ δm−1κm−2α(κ2−m)

(5.16)

Suppose that α1(ℓ) < α2(ℓ) for all ℓ and let p∗1 and p∗2 be the corresponding equilibrium

price. Also let m∗
1 and m∗

2 be the corresponding optimal length in equilibrium, m∗
1 ⩾ m∗

2.

Then, by the optimality of p∗, we have p∗1(1) = p(α1,m
∗
1; δ, κ, c) ⩽ p(α1,m

∗
2; δ, κ, c) <

p(α2,m
∗
2; δ, κ, c) = p∗2(1). For the other task allocation t = 1, κ−1, · · · , κ1−m∗

2 , we can also

characterize the price p∗(t) as equation (5.14) and show that p∗1(t) < p∗2(t).

For the production cost, suppose that c1(ℓ) < c2(ℓ) for all ℓ and let p∗1 and p∗2 be the

corresponding equilibrium price. Also let m∗
1 and m∗

2 be the corresponding optimal length

in equilibrium, m∗
1 ⩽ m∗

2. Then, by the optimality of p∗, we have p∗1 = p(α, c1,m
∗
1, δ, κ) ⩽

p(α, c1,m
∗
2, δ, κ) < p(α, c2,m

∗
2, δ, κ) = p∗2. Similarly, we can compute p∗(t) and show that

p∗1(t) < p∗2(t) by the same argument for t = 1, κ−1, · · · , κ1−m∗
1 . We can also prove the

statement for transaction costs following the same procedures. □

Proofs in Section 5.4. Throughout this section, suppose that 5.2.2, 5.2.1 and 5.4.2

hold, and the price is defined by (5.12).

Proof of Lemma 5.4.1. Consider the operator T : P → P as

Tp(ℓ) = δmin{np(ℓ/n) + α(n), c(ℓ)}.

The similar proofs as in Lemma 5.6.1, Lemma 5.6.2 and Lemma 5.6.4 show that the fixed

point uniquely exists. The statements then follows from Lemma 5.6.7 and 5.6.8. □

Lemma 5.6.13. There is a unique solution to pricing function (5.12), and the equilibrium

price of Definition 5.4.1 exists.
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Proof. Consider the operator T : P → P as

Tp(ℓ) = δmin

{
min

n=2,3,4,...
{np(ℓ/n) + α(ℓ, n)}, c(ℓ)

}
,

for all ℓ ∈ [0, 1]. We first show that T has a unique fixed point which is a equilibrium

price. To the existence, following the argument of Lemma 5.6.1, it suffices to show that

T is a self-map on P and preserves orders. Fix ℓ ∈ [0, 1]. Clearly, we have Tp(ℓ) ⩽ δc(ℓ).

Since p ∈ P and c is convex, we have

Tp(ℓ) ⩾ δmin

{
min

n=2,3,...
{nδc′(0)ℓ/n+ α(ℓ, n)}, c(ℓ)

}
= δmin

{
δc′(0)ℓ+min

n
{α(ℓ, n)}, c(ℓ)

}
⩾ δmin{c′(0)ℓ, c(ℓ)} = δc′(0)ℓ

Then, Tp(ℓ) ⩾ δc′(0)ℓ and T : P → P . To see that T preserves orders, assume p1(ℓ) ⩽

p2(ℓ) for all ℓ ∈ [0, 1]. Fix ℓ ∈ [0, 1] and n ⩾ 2, we have np1(ℓ/n) + α(ℓ, n) ⩽ np2(ℓ/n) +

α(ℓ, n). Hence, we have minn{np1(ℓ/n) + α(ℓ, n)} ⩽ np2(ℓ/n) + α(ℓ, n) for all n ⩾

2, implying minn{np1(ℓ/n) + α(ℓ, n)} ⩽ minn{np2(ℓ/n) + α(ℓ, n)}. This implies that

Tp1(ℓ) ⩽ Tp2(ℓ) for all ℓ ∈ [0, 1]. Therefore, Knaster-Tarski Fixed Point Theorem shows

that T has at least one fixed point.

Similar to Lemma 5.6.2 and 5.6.4, we next show that T kp = T kq for n ⩾ 1 − ln x̄/ ln 2

for arbitrary p, q ∈ P , where x̄ := sup{x ∈ [0, 1] : c′(x) ⩽ δc′(0)}. Let p, q ∈ P . We

claim that Tp(ℓ) = Tq(ℓ) = δc(ℓ) for ℓ ⩽ x̄. Suppose that Tp(ℓ) ̸= δc(ℓ) for ℓ ⩽ x̄.

Then, firms choose to subcontract, so it must be minn{np(ℓ/n) + α(ℓ, n)} < c(ℓ)35. Since

p(ℓ/n) ⩾ δc′(0)ℓ/n for p ∈ P ,

c(ℓ) > min
n
{np(ℓ/n) + α(ℓ, n)} ⩾ δc′(0)ℓ

Therefore, c(ℓ)/ℓ > δc′(0). This contradicts that ℓ ⩽ x̄ and convexity of c. Hence, we

have Tp(ℓ) = Tq(ℓ) for ℓ ⩽ x̄. Next, suppose that T kp(ℓ) = T kq(ℓ) for ℓ ∈ [0, 2k−1x̄]. Let

ℓ ∈ [0, 2kx̄]. Since nT kp(ℓ/n) + α(ℓ, n) = nT kq(ℓ/n) + α(ℓ, n) for all n ⩾ 2 , we can prove

35If ” = ” holds, then firms choose to home production by assumption.
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that T k+1p(ℓ) = T k+1q(ℓ) for ℓ ∈ [0, 2kx̄]. By induction, T kp(ℓ) = T kq(ℓ) for all ℓ ∈ [0, 1]

and k ⩾ 1− ln x̄/ ln 2.

By definition of T and pricing function (5.12), p is a fixed point of T if and only if it is a

solution to (5.12). Suppose that there are two fixed points or solutions of (5.12) p, q and

p ̸= q. Then, by the above induction, p = T kp = T kq = q for large enough k. Hence, T

has only one fixed point and the solution of (5.12) is also unique.

Let δ = 1/(1− τ) and p∗ ∈ P be the solution to (5.12). The above induction implies that

there is a maximal possible length m̄ and the equilibrium lengthm∗ is finite. Therefore, we

can construct a feasible ℓ by iteration, starting from ℓ1 = 1, under the price p∗. Moreover,

since p∗ ∈ P and c(0) = 0, we have p∗(0) = 0. Condition (1) of Definition (5.2.1) is

satisfied. By definition of (5.12) and the profit (5.13), for all ℓ ∈ D, we have36

p∗(ℓ)− δmin

{
min

n=2,3,4,...
{np∗(ℓ/n) + α(ℓ, n)}, c(ℓ)

}
= 0.

Therefore, Condition (2) and (3) are satisfied, so the solution to (5.12) is the equilibrium

price. □

Lemma 5.6.14. Given the equilibrium price, the equilibrium allocation is uniquely deter-

mined.

Proof. Let (p, ℓ1) and (p, ℓ2) be two equilibrium with the same price p and different

allocations. Since ℓ1 = {ℓ1i } and ℓ2 = {ℓ2i } are feasible allocations, there exist m∗
1,m

∗
2 ⩾ 2

and two integer sequence {n1
t}
m∗

1
t=1 and {n2

t}
m∗

2
t=1 such that ℓji = (nj1n

j
2 · · ·n

j
t)

−1 for nj1+ · · ·+

nj1n
j
2 · · ·n

j
t−1 < i ⩽ nj1 + · · ·+ nj1n

j
2 · · ·n

j
t for j = 1, 2. Suppose that m∗

1 ⩾ m∗
2 without loss

of generality. That is, ℓ1 has longer chain.

If m∗
2 = 1, then, by the assumption that firms choose home production if home production

and subcontract are indifferent, it can be shown that m∗
1 = m∗

2 = 1 and ℓ1 = ℓ2 by the

bellowing argument. Thus, assume that m∗
2 > 1. At level 1, using condition (3) of

36It is also valid for ℓ ∈ [0, 1].
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Definition 5.4.1, we have

π = (1− τ)p(1)−min{ min
n=2,3,...

{np(1/n) + α(1, n)}, c(1)}

= (1− τ)p(1)− n1
2p(1/n

1
2) + α(1, n1

2) = 0

= (1− τ)p(1)− n2
2p(1/n

2
2) + α(1, n2

2) = 0

Thus, n1
2 = n2

2 by the assumption that firms choose the minimum optimal number of

suppliers. If n1
s = n2

s = ns for s = 1, . . . , t and t < m∗
2, for ℓ = (n1n2 · · ·nt)−1, then the

profit at ℓ is

(1− τ)p(ℓ)−min{ min
n=2,3,...

{np(ℓ/n) + α(ℓ, n)}, c(ℓ)}

= (1− τ)p(ℓ)− min
n=2,3,...

{np(ℓ/n) + α(ℓ, n)}

Again, by choosing the minimal minimiser, n1
t+1 = n2

t+1. Then, by induction, we have

n1
t = n2

t = nt for all t = 1, . . . ,m∗
2.

Suppose that m∗
1 > m∗

2. At level m∗
2, we have tasks ℓ = (n1n2 · · ·nm∗

2
)−1. The firms of ℓ1

at this level choose to outsource while the firms of ℓ2 choose to home production. That

is, for t = m∗
2,

(1− τ)p(ℓ)−min{ min
n=2,3,...

{np(ℓ/n) + α(ℓ, n)}, c(ℓ)}

= (1− τ)p(ℓ)−min{n1
t+1p(ℓ/n

1
t+1) + α(ℓ, n1

t+1), c(ℓ)}

= (1− τ)p(ℓ)− n1
t+1p(ℓ/n

1
t+1) + α(ℓ, n1

t+1)

= (1− τ)p(ℓ)− c(ℓ) = 0

By the assumption that firms produce at home if home production and subcontract are

indifferent, it should be m∗
1 = m∗

2. Therefore, ℓ1 = ℓ2. □

Proof of Proposition 5.4.1. The statement follows from the proof of Lemma 5.6.13

and Lemma 5.6.14 □

Proof of Proposition 5.4.2. For the first statement, let τ1 ⩽ τ2 and δ1, δ2 be the

corresponding parameters of transaction costs with δ1 ⩽ δ2. Also, let Ti be the corre-

sponding operator for di, i = 1, 2. Clearly, T1p ⩽ T2p for all p in P . By iteration, we have
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T1T1p ⩽ T1T2p ⩽ T2T2p or T 2
1 p ⩽ T 2

2 p. Repeat the iteration, we have the fixed points that

p∗1 = T k1 ⩽ T k2 = p∗2 for k →∞.

For the assembly cost, suppose that α1(ℓ) ⩽ α2(ℓ) for all ℓ. Let Ti and p∗i be the corre-

sponding operator and equilibrium price with respect to αi, i = 1, 2. Fix p ∈ P . Then,

minn{np(ℓ/n) + α(ℓ, n)} ⩽ np(ℓ/n) + α2(ℓ, n). Taking the minimum on the right hand

side, we have T1p ⩽ T2p. By the similar iteration, we also have p∗1 ⩽ p∗2. Moreover, the

same technique proves the statement for home production cost c.

We can also show that the price of final good is strictly increasing in τ, c and α. Take the

home production cost for example. Let the costs be c1 < c2. Let (p∗1, ℓ1) and (p∗2, ℓ2) be the

corresponding equilibrium. Define the equilibrium price as p(c, α, δ) under parameter c, α

and δ. By the optimality of equilibrium, p∗1 = p(c1, ℓ1; δ) ⩽ p(c1, ℓ2; δ) < p(c2, ℓ2; δ) = p∗2.

Thus, the price of final good is increasing in home production cost. Similarly, we can

prove that the price of final good is strictly increasing in transaction cost and assembly

cost. □

Lemma 5.6.15. Suppose that α(ℓ, n) is increasing in ℓ. If p is the solution of pricing

function (5.12), then it is strictly increasing in ℓ.

Proof. Suppose that p ∈ P is strictly increasing in ℓ. Let ℓ1 ⩽ ℓ2. Then,

min
n
{np(ℓ1/n) + α(ℓ1, n)} ⩽ np(ℓ1/n) + α(ℓ1, n)

< np(ℓ2/n) + α(ℓ2, n) for all n ⩾ 2.

Hence, minn{np(ℓ1/n) + α(ℓ1, n)} < minn{np(ℓ2/n) + α(ℓ2, n)}. Since c is also strictly

increasing,

Tp(ℓ1) = δmin{min
n
{np(ℓ1/n) + α(ℓ1, n)}, c(ℓ1)}

< δmin{min
n
{np(ℓ2/n) + α(ℓ2, n)}, c(ℓ2)}

= Tp(ℓ2)
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Tp(ℓ) is also strictly increasing. Therefore, the fixed point TNp(ℓ), for large enough N , is

also strictly increasing. By Lemma 5.6.13, the solution is unique and equaled to the fixed

point of T , so the solution of (5.12) is strictly increasing. □

Proof of Lemma 5.4.2. (⇒) Let ℓ, ℓ′ ∈ [0, 1] with ℓ ̸= ℓ′ and θ ∈ (0, 1). Since t(n, .) is

strictly concave in ℓ,

min
n=2,3,...

{
nδc

(
θℓ+ (1− θ)ℓ′

n

)
+ α(n)− c(θℓ+ (1− θ)ℓ′)

}
= min

n=2,3,...
{t(θℓ+ (1− θ)ℓ′) + α(n)}

> min
n=2,3,...

{θt(ℓ/n) + (1− θ)t(ℓ′/n) + α(n)}

⩾ min
n=2,3,...

{θ(t(ℓ/n) + α(n)) + (1− θ)(t(ℓ′/n) + α(n))}

⩾ θ min
n=2,3,...

{t(ℓ/n) + α(n)}+ (1− θ) min
n=2,3,...

{t(ℓ′/n) + α(n)}

Thus, the function f(ℓ) := minn{nδc(ℓ/n) + α(n)} − c(ℓ) is strictly concave. Together

with f(0) > 0, the root ℓ̂ ∈ (0, 1] is unique. Therefore, fixing ℓ ⩽ ℓ̂, we have f(ℓ) ⩾ 0 and

then

c(ℓ) ⩽ min
2,3,...
{nδc(ℓ/κ) + α(n)}.

So, Tδc(ℓ) = δc(ℓ). Hence, δc(ℓ) is a fixed point of T considering only ℓ ∈ [0, ℓ̂].

Fixing ℓ ∈ (ℓ̂, 2ℓ̂]. Observe that p(ℓ/n) = δc(ℓ/n) for all n ⩾ 2. Then, since f(ℓ) < 0, we

have

p(ℓ) = δmin{ min
n=2,3,...

{np(ℓ/n) + α(n)}, c(ℓ)}

= δmin{ min
n=2,3,...

{nδc(ℓ/n) + α(n)}, c(ℓ)}

< δc(ℓ).
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Fixing ℓ ∈ (2ℓ̂, 22ℓ̂]. Observe that p(ℓ/2) < δc(ℓ) for ℓ/2 ∈ (ℓ̂, 2ℓ̂) and p(ℓ/n) = δc(ℓ/n)

for n > 2 and ℓ/n < ℓ̂. Again, since f(ℓ) < 0, we have

p(ℓ) = δmin{ min
n=2,3,...

{np(ℓ/n) + α(n)}, c(ℓ)}

⩽ δmin{ min
n=2,3,...

{nδc(ℓ/n) + α(n)}, c(ℓ)}

< δc(ℓ).

By iteration, p(ℓ) < δc(ℓ) for all ℓ ∈ (ℓ̂, 2N ℓ̂]. Hence, we obtain that p(ℓ) < δc(ℓ) for all

ℓ̂ < ℓ ⩽ 1 when N is large enough.

(⇐) This is done by the definition of equilibrium price p and strict concavity of function

f . □

Proof. By Lemma 5.4.2, there is ℓ̂ such that p(ℓ) = δc(ℓ) for all ℓ ⩽ [0, ℓ̂], so p′(ℓ) =

δc′(ℓ) > 0 and p′′(ℓ) = dc′′(ℓ) > 0 for all ℓ ∈ [0, ℓ̂). Considering ℓ ∈ (ℓ̂, 1). Lemma 5.4.2

implies that p(ℓ) = δminn=2,3,...{np(ℓ/n) + α(n)} for all ℓ > ℓ̂.

Considering ℓ ∈ (ℓ̂, 2ℓ̂), we have p(ℓ) = δminn=2,3,...{nδc(ℓ/n)+α(n)}. Relaxing the choice

set of n from {2, 3, . . . } to [2,∞). Define the optimal choice n∗(ℓ) as

n∗(ℓ) := argmin
n⩾2

{nδc(ℓ/n) + α(n)}.37

The first order condition is r(n, ℓ) := δc(ℓ/n)− (ℓ/n)δc′(ℓ/n) + α′(ℓ/n) = 0. By Implicit

Function Theorem,

pn∗

pℓ
= −pr

pℓ

/
pr
pn∗ =

c′′(ℓ/n∗)ℓ/n∗2

c′′(ℓ/n∗)ℓ2/n∗3 + α′′(n)
.

Hence, pn∗(ℓ)/pℓ > 0 by the assumption that c is strictly convex and α is convex. Since

s(n; ℓ) := nδc(ℓ/n) + α(n) is strictly increasing in ℓ and s′′(n; ℓ) = (ℓ2/n3)δc′′(ℓ/n) +

α′′(n) > 0, the curve s(n; ℓ) on s(n) − n plane is strictly convex and shifts upward as

ℓ increases. Moreover, the minimum point of s(n; ℓ) shifts to right as ℓ increases since

pn∗(ℓ)/pℓ > 0. Now, restrict n back to the grids n ⩾ 2. Since s(ℓ;n) shifts upward and

the minimum point shifts to right as ℓ increases, the optimal grid n∗(ℓ) is increasing in
37The maximum theorem implies that n∗(ℓ) is single-valued and continuous if we restrict the upper bound
on n.
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ℓ.38 Therefore, given n∗, there is a neighborhood U(n∗) ⊂ (ℓ̂, 2ℓ̂) such that n∗(ℓ′) = n∗ for

all ℓ′ ∈ U(n∗).

Suppose that n∗(ℓ) = n∗ for a fixed ℓ ∈ (ℓ̂, 2ℓ̂). Then, ℓ must be on the neighborhood

U(n∗). If ℓ is not in the boundary of U(n∗), then p(ℓ′) = δ2n∗c(ℓ′/n∗) + δα(n∗) for

ℓ′ ∈ U(n∗). Given c ∈ C2, this implies that p′(ℓ′) = δ2c′(ℓ′/n∗) > 0 and p′′(ℓ′) =

δ2c′′(ℓ′/n∗)/n∗ > 0 for ℓ′ ∈ U(n∗). If ℓ is on the boundary of U(n∗), we exclude it. Since

the optimal n∗(ℓ)’s are discrete and countable points, the set of boundary points of such

U has measure 0. Since ℓ ∈ (ℓ̂, 2ℓ̂) is arbitrary, p′(ℓ) > 0 and p′′(ℓ) > 0 for almost all ℓ in

(ℓ̂, 2ℓ̂).

Denote p(ℓ) by q(ℓ) for ℓ ∈ (ℓ̂, 2ℓ̂). Then, q′ > 0 and q′′ > 0 almost everywhere. Fixing

ℓ ∈ (2ℓ̂, 22ℓ̂). Again,

p(ℓ) = δ min
n=2,3,...

{np(ℓ/n) + α(n)} = δn∗(ℓ)q(ℓ/n∗(ℓ)) + α(n∗(ℓ)).

Similarly, let N ⊂ (2ℓ̂, 22ℓ̂) be the neighborhood of ℓ such that n∗(ℓ′) = n∗(ℓ) = n∗ for all

ℓ′ ∈ N . Excluding the boundary points of such neighborhood, suppose that ℓ is not on the

boundary of N. If n∗ = 2, then p(ℓ′) = δn∗q(ℓ′/n∗)+δα(n∗) so that p′(ℓ′) = δq′(ℓ′/n∗) > 0

and p′′(ℓ′) = (δ/n∗)q′′(ℓ′/n∗) > 0 for ℓ′ ∈ N . If n∗ > 2, then p(ℓ′) = δn∗δc(ℓ′/n∗) + δα(n∗)

so that p′(ℓ′) = δ2c′(ℓ′/n∗) > 0 and p′′(ℓ′) = δ2c′′(ℓ′)/n∗ > 0 for all ℓ′ ∈ N . Either case

gives that p′(ℓ) > 0 and p′′(ℓ) > 0 for ℓ ∈ (ℓ̂, 2ℓ̂) almost everywhere.

Repeating the process, we can conclude that p′(ℓ) > 0 and p′′(ℓ) > 0 for almost all

ℓ ∈ [0, 2kℓ̂]. The conclusion follows by large enough k. □

38This can be seen by drawing the plot. n∗(ℓ) is not "strictly" increasing since the minimum grid may
be the same as ℓ increases.
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