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SUMMARY

Expressions of the transport coefficients for a 

binary gas mixture have been developed in terms of irreducible 

tensors and matrices. They have been shown to be completely 

equivalent to those of Chapman and Cowling but are more 

suitable for writing a computor programme for a calculation 

to any given order. This programme has not to be changed 

from one order to the next and has been used to carry out a 

much more extensive and systematic study of the higher order 

contributions, for rigid sphere and Lennard-Jones potentials 

than the ones available in the literature.

For the rigid sphere potential, for a given set of 

parameters, the rate of decrement of the first four orders is 

more rapid for the coefficient of viscosity than any other 

coefficient for a simple gas and for a binary gas mixture.

The approach to the following limits was also studied for the 

coefficients of thermal-conductivity, diffusion and thermal 

diffusion ratios. The limits are : (l) M^, n^ n^ (2)

M1>> >> 22 (3) M1 »  m2’ n2 » nl (4) M1 > > M2’
(4) y y  , t~22 It is found that the absolute values

of these coefficients do not have a common limit for the (l) and 

(2) or for the limits (3) and (4). However z '
Cx-Ĵ T JfO' aX vjl <r->wv-uX — Ci'i^dkcU L ' C ' m  ( ti ̂ ._



iv)

magnitudes of the higher orders to the first do have a common 

limit for the cases (l) and (2). For the Lennard-Jones 

potential, the rate of decrement of the first four orders with 

temperature and concentration is most rapid for the coefficient 

of viscosity and the least for thermal-diffusion ratio. The 

higher order contributions for the simple gas and for Ar-Ne 

mixture are important only at high temperature. The value of 

thermal-diffusion ratio for Ar-Ne is negative below 100 ^

for all orders.

Finally, a comparison of the higher orders of the 

theory v/ith the experimental data for Ar-Ne, Kr-Ne, Kr-He 

and Xe-Kr mixtures shows that for the unlike molecules there 

is a need for better and more accurate sets of force constants 

than those given by the combination rules. A method of estimating 

these constants, using the experimental data of viscosity and 

thermal-conductivity in a more direct fashion has been out­

lined.

For more details about the contents of this work, 

refer to Table of Contents and Introduction, (p.11-14, Ch. I).
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CHAPTER I

INTRODUCTION
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A . The distribution function and the transport coefficients

Expressions for transport coefficients for a simple gas, or 

for a multi-component gas-mixture, have been obtained by solving 

a set of Boltzmann equations by the usual method of Chapman and 

Enskog. The details of the solution are discussed by Chapman 

and Cowling and Hirschfelder et al (Chs. 7 and 8s c.C-52;

Chs. 7 and 8, H.C.B-64). Basically the procedure involves the 

solution of the Boltzmann equation (or equations) by a method of 

successive approximation. For the simple gas, the relevant 

Boltzmann equation may be written in the form

£  f s - J(f f±) (1-1)

where

a+ c • ~— (1-2)

and

J(f fx) = ff (f f1 - f 5 f p  a(g,x) d g' dc^ (1-3)

The various symbols have their usual meaning (p. 108, C.C-52).
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For ordering equations corresponding to different 

approximations, a parameter is introduced on the r.h.s.

of eqn. (1-1) and f is expanded in a power series in e 

Equating different powers of e on both sides of eqn. (1-1) 

an infinite set of equations corresponding to different 

approximations is obtained. The first approximation ( )

gives the Maxwellian distribution function. ror a non-eouilibrium 

situation, this choice of gives rise to a set of

subsidiary conditions which must be satisfied by higher 

approximations to f . (For details, see ch. 7, C.C-52)

With this f^°^ and the associated set of subsidiary 

conditions, the second and higher approximations are completely 

determined (for second and third approximations, Chs. 7 and 15, 

C.C-52). In practice it is even difficult to work with the 

second approximation (i.e. f^^ ) not to speak of higher 

approximations. It is the second approximation to the 

distribution function (i.e. ( f^°^ + f^^)) which is of

interest to us in this work and is adequate for systems near 

equilibrium. It depends linearly on gradients of temperature 

and velocity.
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On using the expression for the second approximation to 

determine heat and momentum flow, coefficients of thermal 

conductivity ( X) and viscosity (n) 5 of a simple gas, are 

automatically defined. In particular X (eqn. 7. 4-1, C.C-52) 

is
2 tX = - - -  [A,A] , (1-4)o m ---

where A is an infinite sum of Sonine polynomials (eqns. 7.51-1,

-2, C.C-52). [Â »A_1 an integral function, related to the

integral part of the Boltzmann equation, and commonly called

’square bracket* (for definition, refer to eqn. (4.4-8, C.C-52)).

The square bracket in the expression for X is formally shown

to be equivalent to an infinite order determinant, each element

of which is essentially a square bracket for certain Sonine

polynomials (see sec. 7.51, C.C-52). Furthermore each of these

individual square brackets may be expressed in terms of so-called
(o s)collision integrals ( ft 5 ). These integrals depend on the

intermolecular forces and the temperature of the gas (Ch. 9, 

C.C-52). The coefficient of viscosity (n) is determined in 

a similar manner (Chs. 7 and 9, C.C-52). Therefore, at least 

in principle, once the collision integrals are known, the 

corresponding coefficients can be evaluated.
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In practice, the associated infinite order determinants 

must, of course, be truncated to a finite size for these 

calculations to be done. Therefore one speaks of an n th 

order approximation to a particular coefficient when the 

relevant determinant is truncated to an (n x n) size.

In the case of a binary gas-mixture, the same procedure 

is adopted for solving the two relevant Boltzmann equations

(for details, see Ch. 8, C.C-52). However, there are minor
ISpoints of difference. The first^being that four transport 

coefficients (coefficients of viscosity, thermal-conductivity, 

diffusion and thermal-diffusion) are considered instead of two 

as in the case of the simple gas. The second is that, for a 

binary mixture, the general expressions of the coefficients are 

expressed in terms of more complex integral functions known as 

’’curly brackets''. These brackets are made up of several square 

brackets (for definition of curly brackets, refer to eqn. 4.4-12 , 

C.C-52). Again the evaluation of the curly brackets follows the 

same pattern as the square brackets in the simple gas case 

(Chs. 8 and 9, C.C-52). Again, of course, the associated 

infinite order determinants must be truncated to a finite

size.
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Thus the formal structure for the calculations of the 

transport coefficients for a simple gas or a binary gas-mixture, 

upto an order *n' , is complete (For details see Chs. 7,8,9, 

C.G-52). As is known and is further discussed here, explicit 

numerical calculations for a given order ’n ? are not simple. 

The difficulties involved for such calculations are of the 

following types.

1. Explicit expressions for the square brackets corresponding 

to the given order ’n' must be developed. As is apparent 

from the procedure of Chapman and Cowling (Ch. 9, C.C-52), 

there are no simple set. rules indicating firstly which of the 

collision integrals are needed for a particular square bracket 

and secondly how the corresponding coefficients for a given 

collision integral are to be evaluated. In fact, the latter 

step is very complex. This complexity is apparent from the 

works of Chapman and Cowling, Joshi, Saxena, Mason and 

Hirschfelder et al (C.C-52, Jo-65, S.J-63, Ma-57, H.BS-48) who 

have developed the expression for the first, second and 

third orders for various coefficients for a binary-mixture.

2. For a particular order, the calculations are further 

complicated by the number of parameters involved. These
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parameters for a simple gas are temperature, mass and force 

constants (for a given intermolecular potential). For a 

gas-mixture, they are temperature, mass and relative 

concentrations of the individual components of the mixture and 

force constants for interactions between like and between unlike 

molecules for a particular potential. This is why there are 

only a few computed results available for specific values of 

the parameters.

In view of the complexity of the Chapman-Cowling 

procedure, as outlined above, for doing higher-order calculations 

and computations, there is a need to simplify the whole 

structure for a simple gas or a gas-mixture, for various 

coefficients.

B Convergence Studies
i

Having outlined the complexity of C.C procedure for higher 

order calculations, we wish to emphasise that these calculations 

are really essential in order to provide more stringent tests 

of the theory. To date the experimental data has been compared 

to the first order theory alone while the higher order 

contributions have always been assumed to be very small. As is

I C.C. = Chapman_Cowling.
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discussed below there is only partial evidence to support this 

assumption.

In practice it is obviously simpler to calculate second and 

third order contributions for a simple gas than for a gas-mixture 

because of the less number of parameters involved. Again, the 

structure of the brackets is simpler in the former case. The 

rapid rate of decrement for the first three orders for the 

simple gas for different intermolecular potentials is well 

established (C.C-52, Ma-55, H.C.B-64). Due to obvious 

difficulties in the calculations for a binary mixture, as 

outlined above, enough computed values to establish the general 

rapid rate of decrement for the first three orders, are not 

available. The available computed values are :

1. Lorentzian Gas. (L.G.M.)

In this case, the mass and concentration of the heavier 

component is much greater than that of the lighter. 

Convergence for the infinite orders is established for 

this case for different types of potentials (Ma-57a, De-66, 

C.C-52).

' Limitations to the computor programmes based on C.C. procedures 

e.g. those mentioned by Devoto (De-66) are discussed later (p.9).
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2. Quasi-Lorentzian Gas (Quasi L.G.M.)

In this case, the concentration of the heavier 

component is much less than that of the lighter. 

Convergence is implied by the decreasing contributions 

for the first three orders for the coefficients of 

thermal diffusion and diffusion for the inverse power 

and Lennard-Jones potentials. (Ma-57a, De-66).

3. Isotopic Mixtures.

In this case also, convergence is implied by the 

decreasing contributions for the first three orders for 

the coefficients of thermal-diffusion and diffusion.

(Ma-57a).

4. Joshi and Saxena have done calculations, using second 

and third order expressions of viscosity for a binary 

gas-mixture, for rigid sphere molecules (Jo-65, J.S-65). 

They computed only for two specific sets of parameters 

which are given below :
«  0 &  .

(i) M1 = 10 M2 , an  = a22 , •

lL I C- tT S'
(ii) Hx = 10 M2 , au » a 22 , *  •

All the symbols have their usual meanings.
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Also they have done calculations for an Ar-He 

system using the second order expression for viscosity 

for the exp-6 potential (S.J.-63).

In the general case, the above set of calculations is

not enough to establish a definite pattern for the rapid rate

of decrement for the first three orders for various coefficients.

This is because the extreme cases, such as L.G.M. or Quasi L.G.M.,

are not good enough for generalisation to the types of mixtures

ordinarily encountered. Recently Devoto (De-66) computerised

the second and third order expressions for a binary gas-mixture

and showed that the L.G.M. and Quasi-L.G.M. limits are reached

when the mass and concentration ratios are of the order of 
— 6 — 710 or 10 . Since these limits are well-beyond the limits

encountered in practice (e.g. see Th. 60), there is a need to 

study more general mixtures to establish the definite pattern.

Devoto’s approach was, clearly, a step forward to know 

more about the computed values for orders higher than the first 

for different sets of parameters. Apparently, he was forced to 

write separate computer programmes for each of the orders he 

considered. Although the explicit expressions of the square 

brackets for these orders were already available, still it
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in v o lv ed  a l o t  o f  work. For com putation  o f h ig h e r  o r d e r s ,  one 

would have to  develop  th e  e x p re s s io n s  fo r  th e  b ra c k e ts  in v o lv ed  

in  them b e fo re  w r i t in g  a com puter programme.

Thus we conclude t h a t  th e  p re s e n t  p ro c e d u re , o f  s tu d y in g  

h ig h e r  o rd e r  c o n t r ib u t io n s  fo r  v a r io u s  t r a n s p o r t  c o e f f i c i e n t s ,  

due t o  Chapman and Cowling (Ch. 9 , C .C -52) i s  somewhat 

cumbersome. T his i s  p a r t i c u l a r l y  so  in  th e  ca se  o f g a s -m ix tu re s .

C. Aims o f  P re s e n t  S tu d y .

In  su b se q u en t work, our aim i s  to  s im p lify  th e  whole 

s t r u c t u r e  o f c a lc u la t io n s  fo r  a b in a ry  g a s -m ix tu re . T his has 

become f e a s ib l e  because  o f an a l t e r n a t i v e  fo rm u la tio n  of th e  

Chapman-Enskog method by Kumar (K u-67). On th e  b a s is  o f  t h i s  

r e fo rm u la t io n ,  th e  v a r io u s  d i f f i c u l t i e s  a s s o c ia te d  w ith  th e  

Chapman-Enskog m ethod, as m entioned e a r l i e r ,  a re  overcome in  

th e  fo llo w in g  way.

F i r s t l y ,  f i n a l  ex p re ss io n s  f o r  th e  t r a n s p o r t  c o e f f i c i e n t s  

a re  d e riv e d  as an in v e rse  of a c e r t a in  m a tr ix  (e q u iv a le n t  to  

[A_,A_] (eq n . ( 1 .4 )  f o r  th e  sim ple gas c a s e ,  see  K u-67). The 

m a tr ic e s  a re  a g a in  tru n c a te d  f o r  a f i n i t e  o rd e r  c a lc u la t io n  b u t 

they  a re  more s u i t a b le  fo r  w r i t in g  a com puter programme th a n
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th e  t r u n c a te d  d e te rm in a n ts  o f Chapman and Cow ling. The 

e lem en ts  o f  th e s e  m a tr ic e s  can be e x p re sse d  as  f i n i t e  sums 

o f th e  p ro d u c t of two Talmi c o e f f i c ie n t s  and th e  in t e r a c t io n

ai n t e g r a l s  ( V  . ) (F o r Talmi c o e f f i c i e n t s ,  see  Ku-66a, f o r  

o th e r  in fo rm a tio n , see  K u-67). E x p l ic i t  g e n e ra l e x p re s s io n s  

a re  now a v a i la b le  in  th e se  te rm s. T h e ir  advan tage  i s  th a t  

th ey  p ro v id e  an easy  s e t  o f r u le s  f o r  f in d in g  th e  number o f  

in t e r a c t io n  in t e g r a l s  needed in  c a lc u la t io n  o f a p a r t i c u l a r  

o rd e r  and f o r  e v a lu a tin g  th e  n u m erica l c o e f f i c i e n t s  f o r  th e se  

in t e r a c t io n  i n t e g r a l s .

S econd ly , s in c e  th e  e x p re s s io n s  f o r  th e  c o e f f i c i e n t s  

based  on th e  re fo rm u la tio n  a re  more s u i t a b l e  f o r  co m p u ta tio n a l 

w ork, th e  s tu d y  fo r  th e  d i f f e r e n t  s e t s  o f  p a ra m e te rs , f o r  a 

g iven  o rd e r  ’n ’ c a lc u la t io n ,  now becomes p o s s ib le  w ith  th e  

use o f a  com puter. Moreover t h i s  com puter programme has n o t 

to  be m od ified  from one o rd e r  to  th e  n e x t .

In  th e  p re s e n t  work, f i r s t l y  we d evelop  e x p re s s io n s  f o r  

th e  t r a n s p o r t  c o e f f i c i e n t s  fo r  a b in a ry -m ix tu re  u s in g  Kumar's 

r e fo rm u la tio n .  As s ta t e d  above, th e se  e x p re s s io n s  a re  

p a r t i c u l a r l y  co n v e n ie n t f o r  co m p u ta tio n a l p u rp o se s . S econd ly , 

u s in g  th e se  e x p re s s io n s , we s tu d y  th e  r a t e  o f  decrem ent f o r
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f i r s t  fo u r  o rd e rs  f o r  Lennard-Jones and r i g i d  sp h e re  p o te n t i a l s  

f o r  v a r io u s  s e t s  o f p a ra m e te rs . T h i rd ly ,  from  th e  above s tu d y , 

we conclude th a t  th e  r a t e  of decrem ent i s  more r a p id  fo r  

v i s c o s i ty  and th e rm a l-c o n d u c tiv ity  th an  f o r  d i f f u s io n  and 

th e rm a l- d i f f u s io n .  T h ere fo re  th e  f i r s t  o rd e r  e x p re s s io n s  fo r  

v i s c o s i t y  and th e rm a l -c o n d u c tiv ity  a re  more u s e f u l  to  s tu d y  

fo rc e  c o n s ta n ts  fo r  in te r a c t io n s  betw een u n lik e  m olecu les than  

th e  co rre sp o n d in g  e x p re s s io n s  f o r  d i f f u s io n  and 

th e rm a l-d i f fu s io n  as p r e s e n t ly  done in  l i t e r a t u r e  (S .M .-5 3 ) .

F in a l ly ,  a b r i e f  summary o f th e  c o n te n ts  o f v a r io u s  

C hap ters  i s  g iven  below .

In  C hap ter I I  and I I I ,  two Boltzm ann e q u a tio n s  f o r  a 

b in a ry  g as-m ix tu re  a re  e s s e n t i a l ly  so lv e d  by th e  

Chapman-Enskog m ethod. The s o lu t io n  i s  developed  in  term s of 

s p h e r ic a l  i r r e d u c ib le  te n so rs  and m a tr ic e s .  E x p re ss io n s  fo r  

t r a n s p o r t  c o e f f i c i e n t s  a re  d e r iv e d . These e x p re s s io n s  may be 

used to  b u i ld  up an au to m atic  com puter programme f o r  a g iven  

o rd e r  ' n ’ and t h i s  has n o t to  be m o d ified  w h ile  go ing  from  

one o rd e r  to  th e  n e x t .  A lso th e se  e x p re s s io n s  a re  shown to  

be e q u iv a le n t  t o  th e  g e n e ra l e x p re s s io n s  o f  Chapman and Cowling 

(Ch. 8 , C .C-52) w hich , as a lre a d y  d is c u s s e d ,  a re  n o t very
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convenient for computation. As a preliminary to this 

derivation, various properties of the differential and 

integral parts of the Boltzmann equation are discussed.

In Chapter IV, steps needed to write the computer 

programme from the general expressions of Chapter III have 

been outlined. Explicit expressions, of the coefficients 

for various orders, in terms of mass ratios, concentration 

ratios and interaction integrals are given in appendix C .

These expressions may be subjected to the same types of 

studies as the corresponding expressions in Chapman-Cowling 

work (Br-59,-65, S.J.-65, H.C.B.-64, Ma-57, S.J.-64a). A 

possibility of the Kihara type approximation for the 

expressions of thermal-conductivity, diffusion and 

thermal-diffusion have been pointed out. The relation 

between the interaction and collision integrals have been 

put in a form more suited to out work. Some specific 

cases are given in appendix B. In appendix A, the 

interaction integrals for rigid sphere and Lennard-Jones 

potentials are tabulated.

In Chapter V the computer programme, developed in 

Chapter IV, is used to carry out a systematic study of
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the rate of decrement. This has "been done for various sets 

of parameters, for various orders, for rigid sphere and 

Lennard-Jones potentials and for different coefficients.

Further, the effects of the diffusive term on the thermal- 

conductivity of a gas-mixture are considered for both the potentials. 

Also in the literature the same limits (C.C-52, Ma-57^, De-66) 

have been considered of interest. The limits are (l)

X1 /> x2’ ^  M1 / >M2’ ~11 ~ 22’ M2 '"*/ Mr  X2^>> X15

(4) 22 ^' ̂ 11' study the range of

variation of the parameters involved and approach to the

limiting values, for the rigid sphere potential.

In Chapter VI, a comparison of the higher orders of 

the theory and the experimental data is made for Ar-Ne, Kr-Ne,

Kr-He and Xe-Kr mixtures for different coefficients for the 

Lennard-Jones potential. Also an accurate and efficient way of 

handling the experimental data of viscosity and thermal- 

conductivity of a binary gas-mixture for determining the force 

constants of unlike molecules is discussed. This is shown to 

be better than another method occurring in the literature 

which involves calculation of the diffusion coefficients from 

the data of these coefficients as an intermediate step.



CHAPTER II

IRREDUCIBLE TENSORS , MATRICES AMD THE 

EXPANSION OF THE DISTRIBUTION FUNCTION
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Introduction

In this chapter 9 the velocity distribution function is 

expanded in terms of the polynomials of the velocity vector using 

the notation of Fano and Racah (F,R.-59). This expansion is 

useful because we can exploit the concept of irreducibility using 

spherical polar coordinates. Thus it is necessary to rewrite 

various gas properties such as number density5 temperature , mass 

average velocity, pressure tensor, rate-of-shear tensor, 

thermal-flux vector and the average velocity (C.C.-52) in terms 

of the coefficients of the expansion of the distribution function 

used here. (Section A).

The integral part of the Boltzmann equation « in the usual 

standard work of Chapman and Cowling (C.C-52) is related to the 

bracket expressions. Here it is expressed using the above expansion 

and the Talmi coefficients (Ku-6C) for transforming the 

polynomials of the velocity vector or the product of these 

polynomials to the center of mass and the relative velocity 

coordinates. It is related to the collision matrix which is 

defined later in this chapter. The advantage of dealing with 

the integral part of the Boltzmann equation in this way is it 

finally involves integration over the relative velocity
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coordinate g only while the integration over the other variables 

is performed easily using the orthogonality of the spherical 

harmonics and the velocity vector polynomials.

The diagonal character and symmetry properties of 

the matrices for like and unlike molecules have been discussed. 

Also, the matrices are shown to be equivalent to the bracket 

expressions. (Section B).
Finally, in the second approximation of the Chapman- 

Enskog method, the differential part of the Boltzmann equation 

(C.C.-52) has been analysed into its scalar, vector and tensor 

parts using the above form of the distribution function.

(Section C).
The results of sections A and G are needed only for 

chapter III, while those of section B are needed for chapters III, 

IV and appendices A and C.

A Notation and Definitions

(a) IRREDUCIBLE TENSORS

The notation for standard and contrastandard 

tensors, in the present work, is the same as discussed by 

Fano and Racah (F.R.-59). Thus a standard tensor of. m
rank X- will be denoted by «4^ f while a contrastandard
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\

[ J M
tensor will be written <j> , where m can have (2Ä+1) values.m

Tensors of particular rank i and standardisation, are

distinguished by including another superscript viz.  ̂ and
x[v£]
9 , where v c.an have values 0,1,2,......m

The spherical harmonic is represented by a contrastandard 

tensor of rank & and the relation between this representation 

and the usual representation is

7L£j = i£ Y . (2.1)m £m

The relation between two types of tensors is

yt-J _ y U ) 1; = (~)Ä_m y A
m m  -m (2 .2)

A velocity vector C(=C,,C ,C ) is related to its
.L  4  O

spherical components by the following set of equations :

r ( D *
+1

>[i]'+1
(+ iC^ + C^)

= 7 7
- i L<p

= + C sin 6 e /o (2.3)

p(D*
0 = c[1]

0 i C, i C cos 0 (2.4)

where C is the magnitude of C .
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(b) POLYNOMIALS

The irreducible tensor polynomials of the velocity vector 

C , to be used in expanding the velocity distribution function, 

are the same as those used by several other workers (Bu-35 , 

C.C.-52, Wa-60).

= R (C) Y(Ä) (C) v i m —

(2.5)

where

(2.6)

(2.7)

and Soil/o ( y C 2) is the Sonine or generalised Laugerre

polynomial.

The orthogonality relation for the polynomials is

/ w(a..C) (ac) ^  Ä  ̂ (aC) d Cm —  m 7 —  —

= 6 U ' 6mm?vv (2.8)
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where the weight function w (a,C) is given by

a2 3/2w(a,C) = (|— )
1 2 2 
2 a C

(2.9)

and

/ w' (a5c) dC = 1 .

These polynomials depend upon five parameters. Four of 

these (a(r,t) , c^(r,t)) come through the weight function. cQ is 

hidden in the choice of the coordinate system for c . n(r^,t) , the

fifth parameter is related to the normalisation. As will be seen 

later a is related to temperature.

(c) DISTRIBUTION FUNCTION.

The velocity distribution function f^(r,c,t) can 

be v/ritten in two parts ; the first depending upon the velocity 

vector and the second depending upon the space. We take Cq 

as the origin of the velocity coordinate system. Then the 

peculiar velocity C = c - cQ , or £  = C + ^  . Hence the * 

distribution function f. (r3c,t) becomes f. (r,C+cn!(t) , 

which will later be written f^ (r,C,t) .

n.w(a.C.) I Jf i l i  L '±rm v£m
( v£)  / ( v£ )  / r> \\ a. n *«■) (J) \ ct• C • )i —  Ym i—i

(2.10)
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where

^ (v ä )  ( a . , r , t )  = -  J (j)(v£)  ( a . ,C )  f . ( r , C , t )  dC ( 2 . 1 1 )

and

n ^ ( r , t )  = /  f \ ( r 9£ , t )  d C_ . (2 .1 1 a )

So th a t  ( ck 5r_ ,t)  becomes th e  av erag e  v a lu e  o f th e

p o ly n o m ia ls , i . e .

olM < ■ ! « . »  •  r  ■  <i':u < - ,  £ * > >

where
m.

a . =  /  r - i -  l  kT

where nu i s  th e  mass o f th e  p a r t i c l e ,  k i s  th e  Boltzmann 

c o n s ta n t  and T i s  th e  te m p e ra tu re .

(d ) NUMBER DENSITY, TEMPERATURE AND MASS AVERAGE VELOCITY.

The expansion  o f  th e  d i s t r i b u t i o n  fu n c tio n  

f^  (r,C_. f o r  a p a r t i c u l a r  s p e c ie s  i  o f a gas m ix tu re  

r e q u i r e s  f iv e  p a ra m e te rs . These a re  te m p e ra tu re , number 

d e n s i ty  and mass av erag e  v e lo c i ty .

I f  iK in  eqn . (2 .1 1 a )  i s  tak en  a s  th e  number d e n s i ty ,

then



21

:■}> (oo) . 1
i ■ 0

The total number density n , is

•n — s n

(2.13)

(2.14)

The temperature is defined by mean kinetic energy,

2 n, m, (O'i iMean kinetic energy = —
i  \  J. -L /-

= 3 k T , (2.15)
2

where the (<̂  /) denotes the average value. From eqns. (2.5)

and (2.11), we have

1̂0) - j'T (3 -<°C (2.16)
Substituting for ., v?e get from the above eqns

n .  n
i

b (1°)
i "i 0 0 . (2.17)

The average velocity C. is defined as

< < ci>
(1) \m /

1_ (01) (2 .1 8)i m



The above relation follows from eqns. (2.5) and (2.11). Now

G. = c. - where c~ is the mass average velocity—0. ~*i —u — u
defined by

f - co = 2; (2-19)1 1 1 ' >

where is the total mass density and I is the mass density 

of species i,

f’i = mi ni » t = 21 {-’ (2.20)
i 1 i

so that,

-p~ni^( ^ “ £q ) = 0 (2.21)

From eqn. (2.18) we have

_  ! < > i )

n, <, ' - o • (2.22)

(e) PRESSURE TENSOR

The pressure P, of a gas mixture is the sum of the 

partial pressure tensors of individual components, and is given 

by

p =
s

£ (a) (2.23)

where s is the number of components of the mixture. The



scalar hydrostatic pressure, p , is the sum of the partial 

pressures, i.e.
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P = Z. p
j

n k T (2.24)

The pressure tensor P of any component of a mixture 

is a symmetric tensor whose components are

£i 3 (s) 1 c. 0. \s is 3s / (2.25)

The above equation can bo put in irreducible notation 

using eqns. (2.3), (2.4), (2.5), (2.6), (2,7) and (2.12)

Pij (s)

Ps ij
+ J I Z ' Z  (ij 12m)*

m=-2

(s)

where the matrices (ij|2m) are (Eu-66)

(2.26)

1 0 0 0 0 + 1

(ij|2,0) = i 0 1 0 (ij |2,+1) - 1 0 0 1

0 0 - 2 , +1 1 0
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( i j  12, + 2)

-1 +1

+1 1

0 0

(2 .27 )

U sing eqn. (2 .24 ) and. (2 .2 6 ) , the  ex p ress io n  fo r  Ih . i s

P . . = p ■). . + f 4
= * -3  i j  J *

2
( i j  jsm)' ,7527

3 o "m= -2

(2 . 28)

where

Mh i - - 1m T  t-, ins
? & !  ( s )  .

T P X /

( f ) THE RATE-OF-SHEAR TENSOR AUK VISCOSITY

The r a te - o f - s h e a r  ten so r i s  a t r a c e le s s  symmetric te n so r , 

and, in  c a r te s ia n  components, i s  g iven  by

i  3

A C~ . h  C~ .c o  j

0.
1 I 4- i r
3 I

v k=1 v ;  y
(2.29)

where i , j  = 1 , 2 , 3 .

The co rrespond ing  q u a n tity  in  the  p re se n t n o ta tio n  i s  ^  <6

where

«  O j

">Vv

1 s / u  / t;
7 __ ( 1 7  1m -/*• 2m) j “  (0  )
A . 0 m - r

(2 .30)

\ - V  i s  th e  g ra d ie n t o p e ra to r and (1 /•■ 1 rn - A j 2m) or
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(Am £fm f LM) are the Clebsch-Gordon coefficients. This 

notation for the Clebsch-Gordon coefficient is equivalent to 

C(A Lj rnjin') used by Rose (Ro-57).

The relation between S,. and
- ^ 3

/[2] is (Ku-67)

i.. = / |  I (ij j 2m)* 4 ™ (2.31)
m=~2

where (ij|2m) is given by eqn. (2.27).

The viscosity of a mixture of s-components, n » is

related to P.. and S.. by -a 3 -i]

P. . = p<5. . - 2 n • S. .=0.3 1 13 mix ==13 (2.32)

Comparing eqns. (2.28), (2.31) and the above equation, we obtain 

the basic equation which determines the coefficient of viscosity:

J r ( 0 2 )  = - /I n . <4 (2)mix m (2.33)

(g) THERMAL FLUX VECTOR AMD THERMAL-CONDUCTIVITY

The thermal flux vector of any component of a mixture

qs = 2 ps \/ c 2 C > (2.34)

In the present notation, using eqns. (2.4), (2.5), (2.6), (2.7)
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and (2.12), the above equation becomes

l1)(S) = 4 Ps£ (/l ^i01)<s>- <2-35>s

Like the pressure, the thermal flux vector of a mixture is 

the sum of the partial thermal flux vectors of each component

= i sy (s) .

The thermal-conductivity of a mixture, X

of (-3^^ T) in the above equation, m
mix

(2.36)

is the coefficient

(h) AVERAGE VELOCITY AND DIFFUSION COEFFICIENTS

The average velocity / C_̂  , in our notation, is

written as -i- (<*C) .

Uhen the average velocities of molecules of two types of gas 

are not the same, the gases are said to diffuse into each other.

The difference between the average velocities is related to the 

diffusion coefficients (D^9) and the thermal diffusion coefficient 

(D^) by the following eqn. (eqn. (8.41-7) C.C.-52)

_1 3 (01)
« 1 m ' 1-1(a,c,) - ~  (01) (<*„0a2 v/ 1111 2-2

(l)= - — [D (d _)^1) + D a'-1-7 log T] n^n^ 12 12 m r m

(1)

(2.37)

where S^ven by eQ.n • ( 3.49) in the next chapter
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B . Talmi c o e f f i c i e n t s ,  the  I n t e g r a l  p a r t  o f  th e  Boltzmann 

e q u a t io n s  and th e  Br a c k e t  e x p re s s io n s

(a )  TALMI COEFFICIENTS

The e v a lu a t io n  o f  the  i n t e g r a l  p a r t  of th e  Boltzmann 

e q u a t io n ,  t o  be d is c u s s e d  in  s e c t io n  ( I I  B -b ) ,  needs the  

d i s t r i b u t i o n  fu n c t io n  f  or th e  po lynom ia ls  4>'s t o  be 

t ran s fo rm e d  to  po lynom ials  in  the  c e n te r  o f  mass and r e l a t i v e  

v e l o c i t i e s  c o o rd in a te  system s. This t r a n s f o r m a t io n  i s  done by 

th e  use  o f  Talmi c o e f f i c i e n t s . They a r e  w r i t t e n  a s

j  ( T) NLM
/
\ ( y )  n£rn

(“P V A
( « 2 )

= T(rN,Yn|a3 v l 9pt2v 2 ) (2 .3 8 )

w ith

2 2
a l  + a 2

and N = (NLM) , n = (n£m) = ( V j ^ n ^ )  ; v 2 = ^v2^2m2^ *

Only two p r o p e r t i e s  o f  th e se  c o e f f i c i e n t s  (ku--66a, ku -67) a r e  

needed fo r  our work j
a i P'P

(1 )  = KrN^nla^O^ctgV)

w ith (2 .3 9 )

P = 2N+L ' p = 2n+£
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(2) J (̂ }ŷ | a^v^a0£)T( r̂ ,yn_'j cc-̂Vg
M,m “ _2 _

n+n!+v,+v0 N N N . n= 5 6 (-) 13 -PA...? *
V l  V l  N n N .Vl Vl
a, 2P+P+P: a. p+p'
(“ ") (— ) a (£ L £ ), (2.40)1 a.. ±

where

2 7T / 2

v! (v+£+1/2)!
p' = 2 n ? + £ 3

v_3 = (v3 , l3, m3) .

g(£1£2£3) = (i)
£l+£2-£3 ( 2£1+1) ( 2£2+1) 

4 tt (2£3+l)
(£10£20|£30)

(2.40a)

(£p0 £20I£30) is again a Clebsch-Gordon coefficient.

The above set of properties simplify further for a pure 

gas case when a1 = a2 = a .

(b) INTEGRAL PART OF THE BOLTZMANN EQUATION

The evaluation of the integral part, discussed by 
Chapman and Cowling (C.C.-52) 3 is related to the bracket 

expressions, square or curly, which in turn are written in terms
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( o S )
o f  th e  c o l l i s i o n  in t e g r a l s  ft 9 . The c o rre sp o n d in g  q u a n t i t i e s

in  th e  p re s e n t  work a re  c o l l i s i o n  m a tr ic e s  and in t e r - a c t i o n  
£

i n t e g r a l s  V ^ ; . Though a g e n e ra l  e v a lu a tio n  o f th e  i n t e g r a l  

p a r t  has been done e lsew h ere  (K u-66), we w i l l  o u t l in e  a few 

s te p s  b e c a u se , f i r s t l y ,  we w ish to  d e r iv e  some o f  th e  p r o p e r t i e s  

o f th e  c o l l i s i o n  m a tr ic e s  which a re  needed f o r  c h a p te r s  I I I  and 

IV and second ly  th e  e x p l i c i t  form  o f th e  in t e r a c t io n  in t e g r a l s  

i s  r e q u ire d  fo r  c h a p te r  IV and append ix  A.

The u s u a l form o f th e  i n t e g r a l  p a r t  J ^ 1 ^ 2  ^

J 12( f i f 2> = / /  ( f l f 2 '  f l f 2 )g  0 ( e»X >di' dC2 (2 .4 1 )

= J  ( C J

where th e  v a r io u s  sym bols a re

» j  t

” f i  ( —i  3 — 5 t  )
d i s t r i b u t i o n

= ( <- , r  , t  ) fu n c t io n s

Ch -  v e l o c i t i e s  o f  p a r t i c l e s  b e fo re  c o l l i s i o n .

t
C_. -  v e l o c i t i e s  of p a r t i c l e s  a f t e r  c o l l i s i o n .
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g = I I  magnitude of the relative

g' = |C^ - C 2 I velocity vectors before and after

the collision.

g 1 - angular part of the relative velocity

vector after collision 

a(g,x) - scattering cross-section

X - angle of deflection i.e. angle between 

g and g> .

Expanding J(C^) in a form similar to eqn. (2.10) , we

obtain

( v ~ )  C v n l
J(Ĉ ) = w (a^C^) J J (a-̂ ) <p ^al—1^ )

^3
( v 3 ) (Vg)

So that J " (0^) = / J (C^) <p (a-^) d — 1 (2.42)

To obtain the expansion of J (a^) in terms of !s

we substitute eqn. (2.31) in the above eqn. and expand

f ̂ , f2 , f^ and f2 in the form of eqn. (2.10)

. (vJ k)
J ( a 1 ) = I ( a ^ V g  I J I  9a2 v_2) .Jr ( 0 ^ )  ^  ( a 2 )
^3

— I 3— 2
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where

 ̂ I ̂ I pOt > I V r) )

(vj
= / w (a1C1)w(a2C2)<{> ^ai—

-̂—2 Cv_ ]
[<j) â2-2^  ̂ ~

[v2] , Cv ]
- <p (a2C2) 6 (a^)] d V (2.43)

with

d V = a (g,x) g d Cx d C_2 d g .

The above eqn. (2.43) represents the basic J-matrix which is 

of particular interest to us, and will be discussed in subsequent 
work. Special forms of this matrix are related to the collision 
matrix and the bracket expressions of Chapman and Cowling.

For changing the variables of integration in the basic 
J-matrix integral. the following relations between the velocity 
vectors are relevant.

£i " Sl2 ~ £  » - = al -1 + a2 -2 3 (2.44)

7 ’ » 2 T o t 9 t£i = c2 = g , r G = ox C1 t a2 c2 (2.45)
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G and G' are the center of mass velocity vectors before
tand after the collision respectively and therefore G_ = (3 always

, 2 »2 also g = g

The required relations between the volume elements are

d g  d g_ d G_ = d g d g  d _G (2.46)

and d C. d C 2  d |  = d d d g (2.46a)

From eqns. (2.34) and (2.9)

w ( V Ci) w ( jC2 ) = w (iaG) w (a,g) (2.47)

To evaluate the J-matrix (eqn. 2.43) we transform 

seperately the polynomial in (v^) and the product of polynomials 

in ( [v_2  ̂ and Cv 3 ) to the product of the polynomials in the 

center of mass and the relative velocity coordinate system by 

means of Talmi coefficients. We change the variables of 

integration by means of eqn. (2.46) and (2.46a), substituting 

eqn. (2.47) and integrate the transformed integrand over

variable G . The result is



where

[n] Cn] f [n']
/  w ( y ,g) [(f) (yg) -  (J) (yg )] <J> (Yg)g o (g,x) dg' dg

(2.48)

n s = (n' , £ ,m ) , n = (n£m) , N = (MLM)

Integration over the angular part is simplified by 
expanding the differential scattering cross-section o(g,y) as

o(g,X) = i l ox(g) YCXJ (g) Y(X) (g') (2.49)
A = 0  y = - A  M w

and

cu(g) = 2 ir f a (g,x) P,(cos y) d(cos y) (2.50)

Substituting o(g,x) and using the orthogonality relations 
of the spherical harmonics, eqn. (2.48) becomes

W - 3  IJ lal—l,a2—2̂

I , T ^r5.»YBjc,']̂.1 â2-2) T (PN ,yn I axy^,a2£) N,n,n
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and from now on in’ = (n:£m)

Vnn' (12) = /q "(Y’g) RiU (yg) V l  (Yg)

(aQ - a^(g))g3 dg (2.52)

where w(y,g) , R  ̂ (yg) and of(g) cfQ(g) are defined by 

eqns. (2.9), (2.6) and (2.50) respectively.

In the present work , due to linearisation of the 

Chapman-Enskog method, one set of indices is always zero, i.e. 

v2 = (0,0,0) . Since °^ = 1 , the eqns. (2.43) and (2.51) 

become

W ^ l £ l al-lsa2-̂  = / w (al9CJL)w(a2 ,C2)

[v ] [v ] [v ]
<J> ^ a i— <̂f> ^a i--l^ “ ^ ^ a l — 1 ^  d  Y.

= I T (rN,Yii_|a %^Pa20_) T (rN,Yn' Ict^.c^O) V* , (12) 
N,n,n? nn

(2.53)

The expression on the l.h.s. of the above equation will be

known as the collision matrix in further work.
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(c) CHAPMAN-COWLING SQUARE BRACKETS AND COLLISION MATRICES FOR 

UNLIKE MOLECULES.

The square bracket may be written as (eqn. (4.4-10)., C.C-52)

[F1 ,G1-112 = J " " (ct2’C2) G1 (Fl"Fl) d - * (2*54)

Using eqn. (2.43), we get the square bracket of the 

polynomials <J>’s as

Cv ] [v ]
U  Ca-J^C^^" (a1£1)]12 = (öpVg I :>a2—  ̂ * (2*55)

Three other arrangements of and a2 —2 ave

possible in two positions within this bracket giving rise to 

different matrices, In terms of the Talmi-coefficients these 

are :
(y^) Cy^]

(a1^3 Î  Iai— 5a2—I) = U  âi— 5 <!> ^a2~2^12

= I T (TN,ynla.,ao0) t ’ (rN?Yn' |a.0,aov. ) V* , (12) N,n,n’ l—o 2 _  _  2-1 nn
(2.55)

( O  [v 3
(a 2^3 I Jlaî -i ’a2-̂  = ^  (a2-2^’ $ â'l-1^12

= I T (rNsyn|a1O,a0v ) T’ (rNsyn1|a.vn,ao0) V£ (12) N ,n.nf -  -  1- 2-3 -  -  1-1 2- nn»
(2.57)
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I f T  ^ r 5.’Y!lla i2.5a 2 - 3 ^  T   ̂ VN ,n ,n nn1 , - ( 12)nn 1

(2.58)

Each of the eqns. (2.53, 2.56 - 2.58) has a different set 

of Talmi coefficients. In order to establish relations between 

the transposes of the matrices, we need the same set of Talmi 

coefficients in each of these eqns. This is achieved by using 

the transformation property (2.39) of the Talmi coefficients.

The resulting eqns. are

(a1v3 |j|a10 ,a2v1) =

T CrK.Yn'|«1^iso20) Ve , (12) ?
nn

(2.59)

(a2-3IJ ̂ ai-l,a2-) =1- 1 ’ 2-

T (ra,yn'|a v ,a 0) V£ (12)x-x / . -  nn 'nn (2.60)
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( ot v I j j a  o a v ) = 2-3 ° l - 5 2-1'

= l
N ,n ,n ’

a 2P-p-p *
(— ) T (TK ,Yn|a1v33a20_)

T (TN^Yn’ |a v ,ao0) V £ (12)
—  —  i - i  i -  n n »

(2.61)

(d) PROPERTIES OF COLLISION MATRICES OF UNLIKE MOLECULES 

(i) Diagonal character

The collision matrix becomes diagonal in & and m 

because of the orthogonality (2,40) of the Talmi coefficients.

( a v  I j I a v a o ) = (a v £ m I j 1 1 a v A m a 0)5« „ ̂ 1-3 11 1-19 2- (ii) * * v 1 3 11* ' 1 1 1V  2- n A1 3 V l

(2.62)

This diagonal character is independent of the a's and v 4s. 

Hence all the other three matrices (2.59 - 2.61) are diagonal.

(ii) Transposes of the matrices

We define the v-transpose of the collision matrices

of section (II B-C) for v indices alone, leaving all the other

indices in their original position. Denoting this v-transpose

by a tilda, we have 
a-

(2.63)
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( 3  I J|al- 9<x2-l) = -l! J lai? ,0t2»3^ (2.64)

'a2-.3l^ai-lsCX2-) = (a2~l^J âi-3’a2--) (2.65)

(a2v3 | j|ai03a2\>i) = (o^vj j| « . ^ a ^  ) (2.66)

Using the defining eqns. (2.53), (2.46 - 2.48) and 

expressing the r.h.s. of the above set of eqns in the 
corresponding Talmi coefficients, it can be shown that

(a l-3 1 J lal--l’a2— ^ = (cij_-3 1 J|ai-i 50t2— ) (2.67)

%

(al-31J lal— â2 -l^ - (a 2^3 IJ lai-i * ao2.) ( 2 . 6 8 )

'b

(a2v3 1J|a1v1 ,a2£) = (a^Vg 1 J 1 aq®.»a2^q) (2.69)

'b

(a2v3 1 J|a10_,a2v1) = (a2\>3 ( j l a ^ a ^ ) (2.70)

(e) COLLISION MATRICES FOR LIKE MOLECULES AND THEIR PROPERTIES

For like molecules aq = « 2  = a an<* velocity variables 
become C_ and C^ instead of and C? . The square
bracket, in C.C. notation (eqn. (4.4-7), C.C.-52) is

[F,G] = J w  (a,C) w (a,C ) G (F-f ') d V (2.71)

From (eqn. (3.54-3), C.C.-52)
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[ F ’ G "J 1  = j  J  \i (« ,C) w (a f i  H G - G ' X T - F ' )  d V . (2 .7 2 )

For th e  po lynom ials  <j>’s , th e  above e q u a t io n  i s  

[v ] (v )
M “3 ( acp ,  * -1 ( acp ]  ,

[V ] [V ]
= J  f  W (a9c) w ( a ^ M  ~ 3 (ac )̂-* ( a C ^ )

( v )  ( v )
(<t> ( a ^ )  -<P («C^)) d V . (2 .7 3 )

S im p l i fy in g  th e  r . h . s .  o f  th e  above e q u a t io n  in  the  same way as 

was done eqn. (2 .4 3 )  and u s in g  th e  t r a n s f o r m a t io n  p ro p e r ty  of 

Talmi c o e f f i c i e n t s  (eqn . ( 2 .3 9 ) )  f o r  a = cŝ  s <* 5 we g e t

[v ] (v )
[4> ( a C1 ) ,  ~ 1 (ac  ) ]  = (ocVglalav^ 5ao_) . ( 2 . 7 4 )

The r . h . s .  o f  t h i s  e q u a t io n  i s  a l s o  d ia g o n a l  in  1 and m .

D efin ing  th e  t r a n s p o s e  of the  m a tr ic e s  f o r  l i k e  m o le c u le s , as 

b e f o r e ,  i t  can be shown t h a t  

%
(a  V3  ! J  |a  v ^ ,a  0_) = ( a  | J  |a  ,a £ )  (2 .7 5 )

This r e s u l t  i s  independen t o f  a .
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Eqn. (2.64) is not identical to eqns. (2.53, 2.56 - 2.68), 

in definition. The definition of square brackets for like 

molecules (eqn. (2.73)) is different from that of unlike molecules 

(eqn. (2.54)).

(f) CHAPMAN-COWLING CURLY BRACKETS

The C.C. curly bracket is (eqn. (4.4-12)5 C.C.-52) :
2

n1n2 {f ,g } = n1[F,G]1 + ([F1

+ [F2,Gi]12 + [F2’G2!I12) + n2 [F»G]2 * (2'76)

In terms of the polynomials <j>?s and the collision matrices, 

from eqns. (2.43 , 2.46 - 2.48 , 2.64), we have

[v ] (v )
nln2 4  (“£), 4> -1 (acp}

= (a1!3.|j|aivl,ai0) + IJ 1“^  ,<*20)

+ ,«2!i > + (“jVg I j| 0 ^ , 0 ^ )

+ + n2 •
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As shown earlier., all the collision matrices in this equation

are diagonal in Z and m . Hence the curly bracket itself is

proportional to 6 6 .x., x. mn m_

B. Differential Operator of the Boltzmann Equation.

The usual differential operator for the i th 

component of a gas-mixture (C.C.-52) is

® i  fi " ( at - ‘ ~dr + -i * 3C  ̂fi (2.78)

where X.j_ is the external force acting on the i th component.

Expanding f^ (eqn. (2.10))s multiplying the above 
equation by  ̂ (ou C^) and integrating w.r.t. , we
obtain

[v] < h >/ <P (oti£^ ) P  ± fi d C i = I (v| J)i |v1 ) J f“1 (ai 5r st)

(2.79)
*1

Using the summation convention for , we have
(V )

M  0  i h p  ,:j (<»iSr,t) =

[v] (V ) ( V )
/ <f> (ai i n w(ai,Ci) <f> _1 (aj:,.) (^i,r,t)dCi

(2.80)
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Since we propose to work only up to the second 

approximation of the Chapman-Enskog method we can set 

= (0,0,0) . It can be shown (Ku-67) that (\̂| tX |o_) 
breaks up into the scalar (6^) s vector (<5^) and tensor 

(6£2) parts.

(v I T; . 10) = U 6 <5n 6vi Zq mo

(ü^1} <5 - / ~  log T 6 )i m vn 2 a. m vl
5 1 ,(1)

+ / 2 jS (2) 6 6A m v0 £2 (2.81)

where

and

U = - i 31 log T - i Cq . 9 log T - V . cQ (2.82)

= —  ( —  3(1) n. + 9(1> log T + a? (9 c*1* )i m a . n . m  i m 1 t o r nl l

+ a; (c . 3(1) ) c ) . (2.83)l —0 m —0

3 denotes the time derivative.

For the calculation of the transport coefficients in the 

next chapter5 two values of i (=1,2) are needed. The structure 

of (vl^Jo) and (vj-p^l^) can rewr’i'tten by replacing 

subscript i by 1 and 2 respectively in eqns. (2.81-2.83).



CHAPTER III
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therefore of the , j £ -matrix, and the breakup of the differential 

part of the Boltzmann equation into scalar, vector and tensor 

components, the equations of different tensorial characters may be 

separated. (Section B).

(3) Using the Euler’s equations of motion, the scalar component 

vanishes.

The subsidiary conditions (see Introduction) are identically 

satisfied by the tensor component as they do not involve the tensor 

component. On the other hand, we have to modify the structure of 

the <_< -matrix (to be denoted k. ^-matrix in subsequent work) for 

the vector component so that it satisfies the subsidiary conditions.

Incorporating the subsidiary conditions, the set of equations 

corresponding to the vector and tensor components is solved in terms 

of the inverse of the appropriate J c  -matrix which is denoted by 

cL for convenience. (Section C).

(4) The solution of the tensor part is related to the coefficient 

of viscosity and that of the vector part to the other coefficients, 

in particular, coefficients of Diffusion, Thermal diffusion and 

Thermal-conductivity. The expressions for these coefficients are 

written in forms which may directly be used for computation.

These forms of the expressions are shown to be equivalent to the
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general expressions of Chapman and Cowling (C.C.-52) which are 

not very suitable for computation. (Sections D and E).

A The Set of two Boltzmann Equations and JEj -matrix

(a) BOLTZMANN EQUATIONS FOR A BINARY GAS-MIXTURE
The usual set of two Boltzmann equations for a binary 

gas-mixture is

9 i fi = Jll(fxl) ~ J12^flf2^ (3.1)

C  2 f2 = J22(ff2) " J21^f2fl^ (3.2)

where and J have defined by eqns. (2.78) and (2.41)

respectively. Now in the above set of equations, substitute the 

expansion of the distribution function f^ , (2.10), for f^ and 

f . Multiply the resulting equations by <{/—  ̂ (a^ C^) and 

 ̂ (a2 C_2) and integrate with respect to and C2

respectively. The resulting equations are

( v 2 }
( « !  v | J | a 1y 1 ,a ] y 2 ) Jr ±

X ( - 2 )
( a ^  | J | a 1y 1 ,a 2y 2 ) & ^ J (V J 1

(3.3)
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(vx ) ,, (v2 )
= - nl (a2v|Jia2v25a1v1)Jr x 2

( O  ̂  (v_-j)
- n 2 (a2vij|a2v29a2v2 ) ^  2 J r  2 (3.4)

where we have used summation convention for _v* on the l.h.s. 

of these equations and for _v and ^  on the r.h.s. of these 

equations.

( v *) ( ̂  )
—  and "X up to the second approximation, as
1 ^  2

(i) First Approximation : To solve the above equation

for £

was done for a pure gas (ku -67) , multiply the r.h.s. of 

these equations by 0  / z) and expand ’s in powers of

Comparing the powers of £  on both sides of the resulting 

equation, we get a set of equations for different orders of 

approximations. The solution of the first approximation, as 

for pure gas, is

° n  
^  1 = 6v ’ 0 (3.5)

0 ,< ( V f)
&

2
6v ’0 (3.6)

Now, as for the pure gasstthe normalised distribution
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fu n c t io n  i s

. ( 0 )
n i  W

and

where =

e q u a t io n s  n.

= n
I \ 3 /2

1 \ 2nkT
I )

exp 1-25 j

f 20) = n 2 5  ( a 2>?2)

1 m2 )r  n / -------  1
3/2

2 j 2frkT J

and C_ = c-0  - 2

i- , T and2 -0

r i f  we want to

exp
/ m2 C2

( 3 .7 )

-0

2k T J '

In  th e  above

( 3 .8 )

a r e  a r b i t r a r y  p a ra m e te rs  a t

. ( 0 ) and , ( 0 )
f 2  as

Maxwell-Boltzmann d i s t r i b u t i o n  fu n c t io n s  f o r  the  two s p e c ie s  

o f  g a s e s ,  n^ and n^ shou ld  co rresp o n d  to  number d e n s i t y ,  T 

t o  the  te m p e ra tu re  and c^ to  the  mass average  v e l o c i t y .  In  

consequence o f  our c h o i c e y from e q n s . ( 2 .1 3 ) ,  ( 2 .1 7 )  and (2 .2 2 )  

we have i d e n t i c a l l y

= n (00) .  
i  0 = n i A

(01) (01)
1 + n2 a 2 2 m =

( 0 0 ) 
i  0 ( 3 . 9 )

= n 0 .  ( 0 1 )  a 0^ ( 0 1 )  _ n . . .
+ “ o J r  0  m = °  ( 3 - 1 0 )1 1
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n ^ (1 }1 cA l  o + n ( 0 )
2

0 -7 ( 10 )
^  1 0 + n. ( 1 0 )

2 0 E 0

(3 .1 1 )

Then, fu rth er  approxim ations to  J r  must s a t i s f y  the  

r e la t io n s

r (00)
l 3  i = 0
r = l 1

(3 .1 2 )

! <Vi {m , * v 2 ^  S°“. > ■° <»•”>r -1

r= l ^

( 10) I _ r  -7 (10 ) v _
+ n 9  Jr ~ « ) = 01 0 2 0 (3 .1 4 )

Only th is  ch o ice  o f  the parameters le a d s  to  properly  order 

forms fo r  the whole so lu t io n s  f  ( Jx ) and ( J r  J  and i s  

a part o f Chapman-Enskog method ( C . C . - 52 ) .  The equations  

(3 . 12  -  3 . 14)  are c a lle d  su b sid ia ry  c o n d it io n s . They should be 

s a t i s f i e d  by any so lu tio n

( i i )  Second Approxim ation

S u b stitu tin g  the f i r s t  approxim ation and in trod u cin g  

k -m a tr ix s we get., from eq n s. ( 3 . 3 )  and ( 3 . 4 )  fo r  the second  

approxim ation o f  the C-E method
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(d?ll°> - - nl Ckll]v,v- } - n2 Cki2-v,v- " J v1 (V)
~  2

(3.15)

(v |d2|0) = - n [k ]v (- } - n2 Ck22]v ,
—  —  1 —  —  2

<»‘)

(3.16)

where

[^L1]v9v * = [ (ai-lJlai- ’ai- ) +

+ (n2/n1) (a^ljla^» ,a20_) ]

= (aî -lJ lai£’

% l \ 9v' = (a2— IJ 10ti-i,a2-)

C ^ 2 2 vi = C (a2v_| J|a2v’sa20) + (a2-lJla2-,a2-'^

+ (n1/n2) (a2 vj J | â CL,a_2v_’ ) ]

(3.17)

(3.18)

(3.19)

(3.20)

Each of the matrices is an infinite square matrix in v_ and 

v f . The explicit form will be given later.

Introducing a (2 x 2) -matrix each element of which is
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an i n f i n i t e  squa re  m a t r i x ,  we can w r i t e  e q n s . ( 3 . 7 )  and ( 3 . 8 )

f o r  t

X
I ' T
&  "

where we have supp res se d  the  a c t u a l  i n d i c e s  and

J c
( k „ )  ,=11 v,v_ (^1 2 )v , v '  ^

( L , , ) ,=21 v ,v % 2 )v , v ’ j

(3 .2 1 )

(3 .2 2 )

-  n,

1 7 ( V )  \
,

1  7 ( V ’ ) /
&  2 “  /

(3 .2 3 )

< v |Dil£>

V <v | d 2 | £ )
\  £

( 3 .2 4 )

Or i n  terms of  the  components i n t r o d u c e d  i n  e q n . ( 2 .8 1 )

( 2 )

'  “  u i x  «10 6m0 + &  ^  * . o ^■̂O £2 in

+ r4l1) <s so - 4  (a4  io§ T)& >6CD

(3 .2 5 )
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where

5“1

-0

&

I 6 

, 6

/

v l  \ / 6v0

V1 j ’
So =

V ’ V
1 (3.26)

vO  \ / 0 \j

/ ■ Si =
X 1

1 (3.27)

1 1 \
nlai a l

5 , (3.28)
1 1 /

n2a2 C’2 /

0)
n a (u )(1) 1 1 1  m

' X- \ 0m  \\
ä . (3.29)-V2<v(1y vv

l'(1)m 5 (U2)a)mU , 5 (U0)VJ",_ and m bave been defined

by eqns. (2.82), (2.83) and (2.30) respectively.

Eqn. (3.25) gives ¥ as the sum of a scalar, vector and

tensor parts.
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(b) PROPERTIES OF k- -matrices

(i) Diagonal Character
All the k-matrices are made up of the collision 

matrices. The collision matrices given in eqn. (2.52) are 

shown to be diagonal in Z and m . Therefore all the 

k- and -matrices will be diagonal in Z and m , i.e.,

“ijVv mm' (3.30)

iJ< ]IT JV.V [ V , V ’ ZZ' mm' (3.31)

(ii) Transpose of the matrices
We will differentiate between two types of transposes. 

One is for the (2 * 2) -matrix and the other is for the 
k-matrices.

The total transpose for the Jt; -matrix consists of the 
transpose of the (2 x 2) matrix and the transpose of the 

^-indices for the individual elements of the matrix; while the 

transpose for the k-matrices is only for the ^-indices.

We have already discussed the v-transpose of the collision 

matrices eqns. (2.63 - 2.66, 2.75) . Since the k-matrices are
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made up of the collision matrices (eqns. (3.17 - 3.20)) and 

denoting the v-transpose of the k-matrices by tilda again, we 

have

where i, j = 1,2 .

(3.31)

As shown earlier all the collision matrices are symmetric 

(2.67 - 2.70), it follows that the k-matrices are also 

symmetric i.e.

[k. . ] , = [k .. ]v ;,v ; 31 v,v' (3.32)

Denoting the total transpose of the -matrix by the 

superscript T , we have

i
[ T ] = ( ^

\^1% 2 )y5y f

(k,, )I %l\, (k ) ,"21 v,v!

(-22* v 5v J (3.33)

Using eqn. (3.32), we have

[ J L T ] = c k 3 (3.34)

«TV,As will be seen later, this -matrix is the cause of

simplification of the mathematical structure and, thus
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provides the justification for introducing this quantity.

(c) STRUCTURE OF THE £ -MATRICES AND THE *^  -COLUMNS

Each of the k-matrices, diagonal in l and m y is 

an infinite square matrix in v and v ’ , A typical structure 

is

—  (k

—  (k

-  (k- ij nl

(3.35)

Also each of the ’s is an infinte column matrix 

in v i . e .
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(3.36)

In both cases n -> 00 .

B . Separation for different tensorial components

Eqn. (3.20) is

¥ = (3.20a)

Since the iX_ -matrix is diagonal in £ and m and 

vĵ  (eqn. 3.25)) consists of a scalar., vector and tensor part, 

there is no coupling among various terms of different tensor 

character. Because of this the above equation separates into
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the following set of equations i.e.

y(v°) _
- 0 L̂ =

\ f! (V’O) 
V „ V 1 lT  o (3.37)

H-(V1) = m i * \ v, ' ^ (v,1)—  V nV ' -- F (3.38)

*(v2) = r * 2 ] , ^ ( v ’2)— m 1 —  Jv sv ’ m (3.39)

f(vA)I'” ; 0 = C & b  , 'Jl V °J for * > 3 (3.40)

,i.(v,£» = 0i.e.

where from (3.26) to (3.29)

I<V00 = U II «t «BX x,0 I»0 (3.41)

= (V 1™ I  ^  * 4 a(1™ log T £  • (3-42)

Y(v2) = /2 ^— m (2) r *m -O 5Z, (3.43)

The various 3* ?s are given by eqn. (3.23).

C. Euler*s Equations of Motion

Eqns. (3.41) and (3.21) involve the rate of change of the
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te m p e ra tu re  T and th e  mass average v e l o c i t y  c Q w ith  time 

th rough  U ( e q n . ( 2 .7 2 ) )  and (U. ) (1 )  and ( U j (1 )  (eqn .  ( 2 .7 3 ) )  

r e s p e c t i v e l y .  Fo llow ing  the  C-E method, in  th e  second 

a p p ro x im a tio n  f o r  ^ and ^ , th e s e  tim e d e r i v a t i v e s  a re  

t o  be e l im in a te d  u s in g  E u l e r ’s e q u a t io n s  o f  m otion .

The form o f th e  E u l e r ' s  e q u a t io n s  f o r  a b in a ry  gas m ix tu re  

i s

( v * | J > i | 0 )  t  ( v * | P 2 | 0 )  = 0 ( 3 . 4 4 )

where

y* = ( 0 ,0 ,0 )  ; or ( 0 , 1 , m) * o r  ( 0 , 2 , m) .

The e q u a t io n  co rre sp o n d in g  t o  v* = ( 0 ,0 , 0 )  i s  n o t  needed 

For v* = ( 0 , l sm) , we have

P h c 0 . 3( “ ) c 0 -  9t  <C0 ) < « 1

P1 X1
(D 4.

m p2 A2
(1) s(l) „Xo „  " 3 „  P ( 3 . 4 5 )

where and ^  a re  th e  e x t e r n a l  f o r c e s  a c t i n g  on th e  two

components o f  th e  g a s -m ix tu r e .

For v* = ( 1 ,0 , 0 )  , th e  two te rm s in  th e  E u l e r ’s e q u a t io n

a re  i d e n t i c a l  v i z .
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- i  3 log T - | c 0 . 3 log T - O0 = 0 (3.46)

Eliminating the time derivative of T in the scalar part 

in eqn. (3.41), using eqn. (3.46), it follows that
U = 0 . (3.47)

Hence, in the second approximation of the Chapman-Enskog method 

of solution, the scalar part is always zero.

Eliminating the time-derivative of cQ by using eqn. (3.38)

and rearranging the terms we get expressions for (U^)^^, and

(U-)^1  ̂ ( defined by eqn. (2.82)) in terms of p, , p- , p and2 m 1 2
P ')

( u i ) ( 1 i  = r r  ( d ] 2 ) ( 1 i1 m 12 m (3.48)

with

(d,J (1) .(1) "l, P1P2 , (1) (1)r _ (— ) -12 m m n p p ^ 1  m x2 m ^

nln2 (m - m ) 3 ^  p n p 2 1 m (3.49)

and

(u2)(1> ^ \ /J \(l)
n2a2 (d21) m (3.50)
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with

<d )(1) = - (d )(1) 21 m 12 m (3.51)

(1)Using these relations in eqn. (3.29), nj ^ becomes

j U 5 = n (d )(1) m 12 m \o i ;
\ !

(3.52)

Substituting this in eqn. (3.42), it follows that

I (Vli -  <So " (d12)(1̂  - h  4  a(1m lo® T) • (3-53)

(a) SUBSIDIARY CONDITIONS AND REDUNDANT EQUATIONS
Within the second approximation of the C-E method , the 

subsidiary conditions, from eqns. (3.12 - 3.14). are

» - (00)
i Cni = 0 (3.54)

„ V, (10)  ̂ *1(10) _ n
1 1 0 + n2 ^  0 °

(10) (3.55)

1 7 (01) , 1 (01)
nlal ^  1 n + n2a2 2 m = 0 (3.56)

Now, from eqns (3.37 - 3.40). has scalar, vector and

tensor components only while for all the higher-rank tensors
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J r  i s  z e ro . We have shown e a r l i e r  t h a t  th e  s c a l a r  p a r t  i s  

a l s o  z e r o ,  so  in v o lv es  on ly  v e c to r  and te n s o r  com ponents.

Now th e s e  components o f  ^  must s a t i s f y  th e se  c o n d i t io n s .

S in ce  th e  te n s o r  component i s  n o t in v o lv ed  in  th e se  c o n d i t io n s ,  s o ,  

th e y  a re  i d e n t i c a l l y  s a t i s f i e d  by th e  te n s o r  component of 

For th e  v e c to r  p a r t  o f , f i r s t  two c o n d i t io n s  a re  a g a in

i d e n t i c a l l y  s a t i s f i e d .  Here we w i l l  d is c u s s  how th e  l a s t  

c o n d i t io n  (3 .5 6 )  i s  tak en  in to  accoun t f o r  th e  v e c to r  p a r t .

D ropping i n e s s e n t i a l  in d ic e s  e .g .  s e t t i n g  =

we have from  eqns. ( 3 .1 5 ) ,  (3 .1 6 ) and (3 .3 8 )

’l  = (ku ) w  ni + ^ 2

1 5

(3 .5 7 )

21^vv; ni J 1-
V * 1 ^  v ?

+ (k 2 2  ̂v v f n 2 3 * 2 (3 .5 8 )

Each o f th e se  eq n s. r e p r e s e n ts  an i n f i n i t e  s e t  o f e q u a tio n s  

c o rre sp o n d in g  to  th e  v a lu e s  o f v and from  z e ro  to  i n f i n i t y .

For a f i n i t e  o rd e r  c a lc u la t io n  we w i l l  t r u n c a te  t h i s  i n f i n i t e  s e t  

o f e q u a tio n s  w ith  th e  same j u s t i f i c a t i o n  as  Chapman and Cowling 

(C .C -52) t r u n c a te  t h e i r  i n f i n i t e - o r d e r  d e te rm in a n ts .  For a 

c a lc u la t io n  u p to  (N +l) o rd e r ,  v and v ’ w i l l  have v a lu e s  from  

ze ro  to  N . U sing th e  expansion  o f ( 3 . 4 2 ) ,  th e  e x p l i c i t

form s f o r  a s e t  (2 N+2) o f e q u a tio n s  i s
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Combining this set of (2 H + 2) equations with the 

subsidiary condition (3.55)9 we have (2 H + 3) equations 

while the number of unknowns in these equations is (2 N + 2) 

Obviously the problem is overdetermined. However, as will be

shown later, there is one redundant equation in (2 N + 3) 

equations and a unique solution may be obtained.

Multiplying eqn. (3.57a) by n and (3.58a) by a2

and adding, we see that the l.h.s. is zero while each term of 

the r.h.s. is identically zero because the coefficients of 

’s satisfy the following identities.

nl rJ'l *k11^0N + n2 a2 (k2 l W  = ° (3.59)

nl ai (k12)0H + n2 a2 (k22)0r 5 ° (3.60)

These identities follow from eons. (3.17 - 3.20, 2.39 and 2.74).

This vanishing of each term on the r.h.s. shows that eqns. 

(3.57a and 3.58a) are linearly dependent However the eqn. 

(3.56) giving the subsidiary condition is linearly independent of 

the rest of (2 N +2) eons. So by neglecting one of the 

linearly dependent equations of the whole set of (2 w + 3)
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eqns., we are left with (2 N + 2) equations. Hence a 

solution m y  be obtained.

Incorporating the subsidiary conditions (3.56) for 

vector part, the modified form of eqn. (3.33) is

» (vl) „ I ,
= [•-*] , v

(vl) 
zs. ~vv' — m

where

, (vl) (1) 5 A 1)y = *  (̂ 0 n (d1 2 > r  ~ 1̂ ^  9m l0^ T)—  m

with
/ 0

&
k

n2°2

/ ♦ '
f (k= 11 b v f

2l 'vv?

12 v̂v ?

22 K v ‘

unique

the

(3.61)

(3.62)

(3.63)

(3,64)

with



0 0 0
. 1

(k xi>

(£ iHll (k 11)12 l A s  " ' (k= 11V

(! iH kO (k lHül 11^12 (= iH n3 ‘ “ (k 11*11 TIN

(3.65)

a,

(̂ 2 > ’ = '

(-^ izho  ( ~  12}11 ( *  12}12 12 ̂ 1IT

> *
12 \'Q 12 HI 12 NN

(3.66)
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while (k ) and (k 22) remains unchanged. The choice of 

modifying k ^  and k ^ 0 or ^21 anĉ  ^ 22 '̂S en't̂ re^y
1ours. However3 only care should be taken, when we modify k 

and k we should incorporate corresponding modification in

From now onvrards we will use the modified form of
I T,. I »Jc -matrix i,e. ( ^  ) -matrix. This matrix is no longer 

symmetric.

Chapman and Cowling use (2 <N + 1) eqns. instead of the

(2 N + 2) eqns. derived here. They achieve this by dropping

one of the linearly dependent equations and using the

subsidiary condition (3.56) to eliminate either 3 1 , ̂ o r1 m
* 'Z. (01).7* . Thus they are able to eliminate, one row, one" 2 m  J

column and one unknown from the Eq (3.57) and (3.58) to get a 

((2 N + 1) x (2 N + 1) ) matrix equation for (2 N + 1) unknowns

(b) THE SOLUTION FOR ' 3* .

The general equation (3.20)

-p * ",
¥  =  v \  CJ (3.20b)

may still be retained formally by making appropriate modifications
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to the vector1 pert i.e. of this equation as given by
„ l I jeqn. (3.61) and ( J C  ) of the eqn. known as ( JC ) is given■3S —l • #by eqns, (3.64 - 3.66). ( J< ) is no more symmetric but is

still diagonal in £ and m .

The equations may be solved formally for , in
particular

= X  ̂ (3.67)

( 4* ) is the left inverse of (^  ) . The various components 
of (X  ) are infinite matrices and like all other matrices are 
diagonal in the indices £ and m ; that is

£ . .. 6„o: « ,[ L 1 _— v‘ v = "v ,v “ ££ mm' (3.68)

i i' ZThe components of Ji, or of J, can be written with
the help of eqns. (3.7) and (3.8). They are

( 4  11 ̂v* ;v = + {^12 til "-22 *21  ̂ ^12 ^v',v/3‘69)

-1 -1
< i*12>v',v " - rll - 4 i & t 1 C*22 4 v ,iV ^3.70)

i'1 , £ , £_1 , £ -,-1 r, £_1
( / j l V . v  = + -12 - -2! *2y  *13. ]}V,v, (3‘71)
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( £ )v 22 v ‘ , v
1 1 . £ 
11 12

r 1
k21 y.z 2 l

1 1 ? 
K11 *  K11 and ^12

■ Z  "S}'21 JV , v

,1 !
"12

In tro d u c in g  in d i c e s ,  eqn. (3 .6 7 )  may be w r i t t e n  as

}  =  C j : l l„ .. V(-Z) « . . .  • (3 .7 3 )v ’ , v -  m £ £ ? mm;

From eqns. (3 .3 9 )  and ( 3 .7 3 ) ,  th e  te n s o r  p a r t  i s

1 ; ( v ’2) _
-  m /2  4 ( 2 )

m (  ' 2 )v O * - - ' ' V V S o
(3 .7 4 )

From eq n s . ( 3 .6 1 ) ,  (3 .6 2 )  and ( 3 .7 3 ) ,  th e  v e c to r  p a r t  i s

(3 .7 5 )

Having o b ta in e d  th e  v a lu e s  o f  '4t <‘v 2  ̂ and in& u  m *y m
• 2  jterm s o f in v e r te d  J  ~ and ^ ’-m a tr ic e s  r e s p e c t iv e l y ,  we a re  

in  a p o s i t io n  to  d e r iv e  th e  g e n e ra l e x p re s s io n s  o f v a r io u s  t r a n s p o r t  

c o e f f i c i e n t s  in  term s o f k -m a.tri c e s . These e x p re s s io n s  may be 

h and led  d i r e c t l y  f o r  do ing  any c o m p u ta tio n a l work f o r  an o rd e r  n '  .
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D . Viscosity

The coefficient of viscosity ( )  is related to the 

tensor part of ^ I . The computational form for tn

terms of k-matrices is derived. Also an equivalence of this 

form with that of Chapman and Cowling is shown.

(a) COMPUTATIONAL FORM

We try the form for

1 (v 2) = /2 &  z (3.76)

where indices on Z have been suppressed. Obviously the

quantity Z like (eqn. (3.23)) is a two row column with

components Z1 and Z^ . Each of the and 2^ is an

infinite column vector. From eqns, (3.74) and (3.76), the 

structure of Z is

2z = dC: ?̂0 (3.77)

where Cq is given by eqn. (3.26) 

From eqn. (3.23)

1 (v'2)
I'm

- n

- n

1 ( v '
- H VV 2)

1 1 m
1 L (V 2)

2 2 m

(3.73)
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Combining eqns. (3.78), (3.77) and (3.76), the values of
- r (>;' 2 ) (v J 2 )Or, and for the second approximation are1 m ^ 2 m

known. Now we wi11 use these values to write the expressions

for n .mix

From the basic pressure tensor-viscosity relationship 

(eqn. (2.33)), the expression for the coefficient of viscosity, 

in the second approximation of the C-E method, is

k T (n. r'L
1
(02)
m + n. •>2

(02)) = - '/2 mix 4 (2).

(3.79)

Rewriting this equation in the present notation, we have

X T („, 1 ‘J r ^  ♦ n, = - X T(d 1 (V2)lm 2 m -0

- g mix 6
(2)
m

(3.80)
Twhere is the row matrix corresponding to the column

(eqn. (3.26)).

1 7 ("’S)
Substituting the value of tft from eqn. (3.66)

and from (3.77), we get the value of from the above

equation as



71

nmix 
k T (3 .8 1 )

S ince  th e  r . h . s .  o f t h i s  e q u a tio n  i s  th e  p ro d u c t o f a 

row 3 (2 x 2 ) -m a tr ix  and a column, th e  r e s u l t  i s  a fu n c tio n  o f

v a r io u s  p a ram ete rs  o f th e  gas m ix tu re  and th e  computed r e s u l t  fo r  

a p ^ ir t ic u la r  s e t  o f p aram ete rs  i s  a number.

2
W ritin g  th e  form  o f e x p l i c i t l y  from  e q n s . (3 .6 9  -  3 .7 2 )

and c a r ry in g  o u t th e  m u l t ip l ic a t io n ,  we o b ta in  th e  z e ro -z e ro  

e lem en t o f  a c e r t a in  m a tr ix  as th e  c o e f f i c i e n t  o f v i s c o s i t y .

The e x p l i c i t  e x p re s s io n  i s

f t 1 = c« * 2 ^ ) - 1 k2u  .. ( k2^ ) - 1 k2^ ) - 1 -  ( k212r h

+ ((k 2u ) - 1 k212 - (k2^ ) - 1 k222) - x « k2^ ) - 1 - (k 211) - 1 ) ] 00

( 3 . 8 2 )

The com putation  o f  n • c o n s i s t s  in  th e  s e t t i n g  up o fmix

k -m a tr ic e s  f o r  a p a r t i c u l a r  p o t e n t i a l  and o rd e r  and c a r ry in g  

o u t th e  v a r io u s  m a tr ix  m a n ip u la tio n s . D e ta i ls  o f com putation  

w i l l  be g iven  in  C hap ter IV.
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(b )  EQUIVALENCE WITH CHAPMAN-COWLING EXPRESSIONS

From eqns . ( 3 .2 1 ) ,  (3 .4 3 )  and ( 3 .7 6 ) ,  we have

^0  = ( . J f2 Z) • (3 .8 3 )

Taking th e  t r a n s p o s e  and m u l t ip ly in g  bo th  s id e s  by Z , we have

(5g Z) = (ZT l x 2 2) 

where we have used

' 7

which fo l lo w s  from d ia g o n a l  n a tu re  of

(3 .8 4 )

(3 .8 5 )

From eqns .  ( 3 .7 6 )  and ( 3 . 8 0 ) 3 an a l t e r n a t i v e  e x p re s s io n  

f o r  v i s c o s i t y  may be o b ta in e d .  This i s

F T 1 = <§o «  • ( 3 -86)

On u s in g  ( 3 .8 4 ) ,  i t  t h e r e f o r e  fo l lo w s  t h a t

^ 2 -  = (ZT , X  Z) . (3 .8 7 )

On comparing th e  t e n s o r  p a r t  in  th e  expansion  o f  th e

d i s t r i b u t i o n  fu n c t io n  (eq n s .  ( 8 . 3 1 - 1 , - 2 ) ,  CC.-52) w ith  eqn . ( 3 .3 9 ) ,

( 2 ) ( 2 )th e  v a lu e  o f  th e  second -rank  t e n s o r  B, and B- o f
~  1  m ~~2

Chapman and Cowling in  the  p r e s e n t  n o t a t i o n  a r e
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B (2)- 1 m

S2 ( ^  = - ^ I  C  ♦
V1

V1 (v 2) 
m SV
(v 2)

r -t 
2 4> 1 m (a2-2*

(3.88)

(3.89)

where and Z^ are the components of Z . These are

obtained by comparing the corresponding components of the two 

column vectors of eqns* (3.77).

The Chapman-Cowling curly bracket (eqn. (2.77)) for _Brs

n! n? ■ I nin2 ^ i 2l + h (2l » a / 2™ + ( 3 -90)

As shown in chapter II, the curly bracket consists of

several collision matrices. Since all the collision matrices

are independent of & and m , and the coefficients of <5 4mm*
are independent of m , when the summation over m is carried 

out we get a factor (2 % + 1) corresponding to (2 £ + 1) , 

m-values. Using eqns (2.77), (3.17-3.20), we get

•:} = - 10[Z‘ k2u  z 1  + k2J2 z2 + zt2 k221

+ Z\  ̂22 V
= - 10(ZT J r  2 Z) (3.91)
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The expression of viscosity in Chapman and Cowling work ((8.52-7), 

C.C-52) is

n1n2(B.,B> = 10
kT V x

Comparing eqns. (3.87), (3.91) and (3,92), 

established.

(3.92)

the equivalence is

E . Vector Part.

The vector part, eon. (3.75) is

1 n (v;l) _ i- i (S o n(di2)(» - S x ’/I 3l1) lo* T)-
(3.93)

Using this expression the coefficients of diffusion, 

thermal-diffusion and thermal-conductivity may be defined. (The 

first two coefficients are discussed in the following subsection 

(a) and the last coefficient in the next subsection (b)-'. 

Finally, as with viscosity, for each coefficient^ we will write 

the computational form and show that it is equivalent to the 

corresponding expressions of Chapman and Cowling (C.C.-52).
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(a) DIFFUSION AND THERMAL DIFFUSION

The gases are said to diffuse when the average 

velocities of the molecules are not the same. In the present 

notation, the difference between is (eqn. (2.37))

1_ ■ (01) _ 1_ . (01) 
^  1 m aj ^ 2 in nln2 CDi2<di2)(1™ +

+ D 3VJ-y log T] . (3.94)i m

where ( d ^ ) ^ ^  is given by eqn. (3.49).

As in the previous sections, on suppressing certain 

indices, we try the form

1 X(vl) = X n (d )(1) + Y / •s’ a(1) log T , (3.95)V* m —  12 m —  2 m

where X and Y are

, 1 i
X = ( C q ) 5 (3.96)

I = (-1 £>' c ) (3.97)

These are obtained by comparing eqns. (3.93) and (3.95).

Like Z , these are column vectors with the components are
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X^ , X2 and respectively.

Novr, in the second approximation ot the C~E method, the 

expression on the l.h.s. of eqn. (3.94) is given by

1
a1

J0) . (3.98)

JL /  -I \

Substituting the value of 'J.r V from eqn. (3.95) in 

the above eqn. and comparing coefficients of (d^)^"^ anc1 

(8^~^ log T ) from eqn. (3.94), we may obtain expressions for 

diffusion (D^) anc* dermal-diffusion (D^) , In particular, 

they are

nln2 (XT , (3.99)

DT
nin2

2n
(3.100)

i) Computational form

On substituting in eqns. (3.99) and (3.100), the 

values of X and Y_ from eqns. (3.96) and (3.97) and the value 

of 1 from eqns. (3.69-3.72) . D^9 is obtained as the

zero-zero element and D_ as the zero-one element of certain 

matrices. The explicit expressions are
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The com puta tion  of DT , D12 and i s  s i m i l a r  to  t h a t  f o r

n • s The m a tr ic e s  in  a l l  ca se s  a re  cons truc ted ,  from th e  mix

same fo rm ulae  (3 .1 7  - 3 .2 0 )  3 by u s in g  a p p r o p r ia t e  v a lu e s  o f  & .

I t  'femng remembered..; however, t h a t  f o r  & =  1 th e  m a tr ic e s  a re

m od if ied  by p u t t i n g  ( k \ , ) « A  = a ,  > ( k \ _ )  = and a l l  o th e rv 11 00 1 12 00 2

e lem en ts  o f  th e  f i r s t  row ze ro .  A f te r  t h i s  th e  in v e r s io n  i s  

s i m i l a r  a g a in .

( i i ) E qu iva lence  w ith  Chapman-Cowling e x p re s s io n s

By comparing th e  v e c to r  p a r t s  in  th e  expansion  o f  th

d i s t r i b u t i o n  fu n c t io n s  o f  eqns. ( 8 .3 1 -1 3-2 ,C .C -5 2 )  w ith  e q n s .

(3 .3 8 )  and (3 .9 5 )  we ge t  th e  v a lu es  o f  th e  v e c to r  q u a n t i t i e s

(D ) ^ ^  h (D ) ^ ^  j (A ) ^ ^  , (An ) ^ " '  used  in  Chapman and l m ' 2 m  l m  2 m  r

Cowling in  th e p r e s e n t n o ta t i o n  as

<V (1 )  = m
V

+(Vlm (a l ? l ) (3 ..10 .4 )

( d2 ) ( i )  =
m («2?2) (3,.1 0 .5 )

(A, ) (1)
m = ' f  I

*  V
Y1 (3,.1 0 .6 )

<a2 ) (1)
m ■ ' H Y2 S?2> (3,.1 0 .7 )
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The values of X1 , Xn and are obtained by

comparing the corresponding elements of the two columns in 

eqns. (3.95) and (3.97) respectively.

Againj the Chapman-Cowling curly bracket is

n,n. {D ,D} = n n £ {(D )(1) + (D„)(1)1 2 ---  1 2 “ 1 m 2m
. (d .)tl] + (d0rlj>m 1 m 2 m

(3.108)

As in case of viscosity., the factor due to summation over m will be 

3 in the present case since £ = 1 . Now substituting from

eqns. (3.104) and (3.105) and using eqn. (2.77)5 we have

nxn2 {D,D} = 3 (XT 21 ) (3.109)

By substituting eqn. (3.95) and using eqn. (3.53) for 

the l.h.s.j we obtain by comparing the two sides of eqn. (3.38)

J< x = 'h -o (3.110)

i  I  = Si (3.111)

Thus from eqns. (3.109)and (3.110), we have
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n1n2 D,D = 3  (X ,k $Q) (3,112)

The expression for D^2 in Chapman and Cowling work eqn. (8.4-4, 

CC.-52) is

n n (D ,D} = — —  D1 2 nin2 ^ (3.113)

Comparing eqns. (3.99) and (3.112), (3.113), we establish the 

equivalence.

Similarly from eqns. (3,104 - 3.108), we have

n̂ ti2 {D_,A} = 3 / |- (YT CQ) (3.114)

Eqn. (3.100) is then seen to be equivalent to eqn. 

(8.4-5, C.C.52) which is

2
n n2 (D,A} = - LS- d t

nln2 T
(3.115)

The only remaining step here is to show that X and Y 

are obtained by solving (2 M + 1) eqns. as is done in 

Chapman-Cowling work (C.C.-52). How this is to be done has 

already been indicated at the end of section (III - C.b).
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(b) THERMAL-CONDUCTIVITY

The expression of the thermal-flux vector for a binary 

gas-mixture obtained by combining eqns. (2.35) and (2.36) is

By definition, the thermal-conductivity is the coefficient

of (- 3 ^ ^  T ) in the above expression of . The firstm r m
5

term in the expression is equal to —  kT Chapman

and Cowling and will not contribute to the gradients of temperature 

in the system as it represents the heat flow resulting from the 

flux of molecules ( n ^ C ^  + per unit time relative to

mass velocity vector cQ . (This contribution can also be 

shown to be independent of terms containing ( - 3 ^ ^  T ) by 

using eqns. (3.94) and (3.95).) The second term in the second 

approximation is

1 j (1)
.7*1 - a : >  ■  -  < - < i

1 j( >
—  ra)

( 3.117)
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Now 1 from e q n . (3 .9 5 )  has a term depending onm

( d , „ ) ^ ^  and a n o th e r  depending  on ( 3 ^ ^  lo g  T ) . But 12 m m

from eqn. ( 3 .8 8 ) , ( d 12) (1 m
( JL  (01) - i _

1 m
( 0 1 )

2 m) and 3 ^ ^  lo g  T . S ince  th e rm a lm c-
( T )

c o n d u c t iv i ty  i s  the  c o e f f i c i e n t  o f  ( -  3 '" ^  T ) in  th e

e x p re s s io n  on th e  r . h . s .  o f  th e  above e q u a t io n ,  we w i l l  have t o

e l im in a te  ( d 10)^ ‘  ̂ i n  th e  e q u a t io n  (3 .9 4 )  o f  ^ l  •12 m • c r  m

C arry in g  ou t t h i s  e l im in a t io n  in  eqn. ( 3 . 9 4 ) 5  t h e  e x p re s s io n

_ 1 „ ( v l )  .f o r  L i s5 r  m

1 ( v l )  .  rv , n i n 2 , 1  
m '  " CXi x  ( - P  (-1-  3 r ,

— n a i  1
(01) 1 ( 0 1 )

m a<2 ^  2 m

+ n D 3(1 ) lo g  T] /  D + /•— Y 3(1) lo g  T . 0 . 1 1 8 )  
1 m 12 2 — m

Hence

, T
§

,  2 n dt 

5 D12

,1  , (01 )  1
V---- Cj 1 ~ <0^w 1 m a,-,

2

( 0 1 ) .
2  it/

, / 2
5 n ,n^ ■ = ~  3(1 )  lo g  T D- _ m1 2 12

/ 5 T
/  2 S i

T  ( 1 )

%  i 3 L lo g  T (3 .119 )

where in  th e  f i r s t  and second te rm s ,  -we have used  th e  i d e n t i t y



83

5] &  X = + (Y b  C0)

2
/ £2 n
5 nin2

(3.120)

The second equality follows from eqns. 3.114 and 3.115.

Finally, from eqns. (3.112) and (3.117), the expression

for (eqn. (3.118)) becomesm

(1) . 5 ,"l ' (01) n2 / (01) .
q m - 2 kT ^  *  1 m + er 1

. „ tT v .1 1.(01) 1 o- (01) .+ n kT kT (-„- ./ 1 m " 2 m 5

n2 D
kT (-

Tnin2 D12
— -  ~— ( t ^ V ) )  3 ^ ^  T 2T -1 P  -  )} m *

(3.121)

This expression for q ^ ^  is identical to eqn. (8.41-3 C.C-52) of 

Chapman and Cowling and therefore, the explanation for each of
(j)the terms contributing to q ^  is the same as given by Chapman

and Cowling. The first term has already been explained. The

second term is due to thermal diffusion. The third term is

proportional to the gradients of temperature ( - 3^^( T ) in

the system. The coefficient of ( - 3^^ T ) in the thirdm
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k/
term, by definition, is equal to the thermal conductivity, 

\nix 5 a binary gas-mixture. Therefore

X = x' - a d j i l .mix mix n 1 n^ D ̂ (3.122)

where

T . T
mix 2 k ^-1 & 1\ (3.123)

the second term in this expression for being much smaller

than the first.
mix

(i) Computational form

An explicit expression for X . is obtained frommix
eqns. (3.123) by substituting the value of Y_ from eqn. (3.97 ) 

and the value of /£> and ^  from eqns. (3.28) and (3.27) 

respectively.

The resulting expression is

Xmix = 2 k ^  22) k (1 ~ (k 12} (k 11) (k 12)

t (kl22)_1> + ”  « ^ l ^  kl22 - (kl12)f>

r l  , . 1  7 - 1  1  , , 1  v - l n{—  (k ) ----(k ) }]a1 11 <*2 21 11
(3.124)
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D12

The computation is done in a way similar to that for D , 

and kT .

(ii) Equivalence with Chapman-Cowling expressions

Using the forms given by eqns (3.104 - 3.107) for (D^

(D 2 (D0)^^ , , (A0)^^ , and defining the bracketl m z m i m 2 m
expressions in the same way as before for diffusion and thermal- 

diffusion, the following relations follow '

nln2 <*’»> = - DT (3-125)

and

nln2 W.A> = Y) . (3.126)

From eqn. (3.111), the above eqn. becomes

tijBj {A.A} = - -|- j f  Y (3.127)

The expression for thermal-conductivity in Chapman-Cowling 

notation is (eqn. (8.41-4), C.C.-52)

A . = i k  n r. [{A,A) - {A,D}2/{D,D}] . (3.123)mix O ± z --- --- -------

Substituting the values of (A ,A_} 5 {A,D_} and {D_.D_} from 

eqns. (3.127), (3.125) and (3.112), the above equation takes the 

form of eqn. (3.122).



CHAPTER IV

CALCULATION OF THE COLLISION MATRICES

AND THE TRANSPORT COEFFICIENTS
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Introduction

The expressions for the transport coefficients (eqns. 3.82,

3.101-.103, 3.124) derived in the last chapter, m y  be written in 
terms of collision matrices (using eqns. (3.9 to 3.12)). In 

this chapter we discuss the method of calculating the coefficients 

numerically for a general order *n’ and give algebraic 

expressions for the collision matrices in terms of interaction 

integrals and masses of the individual components of the mixture. 

The results of these numerical calculations for a rigid sphere 

and a Lennard-Jones potential are given in the next two chapters.

We have already discussed the advantages of doing numerical 
calculations using the general expressions derived in Chapter III 
over the Chapman-Cowling procedure (See Introduction). Here we 
have summed up the argument for sake of completion and emphasis .

The usual procedure of Chapman-and Cowling consists in

expressing the coefficients in terms of infinite order
determinants where each element is a finite sum of the square

brackets (Chs. VIII and IX, C.C-52). Each of the square

brackets is expressed as a finite sum of the collision integrals 
( o s )

( Q 9 ) . This step is the most tedious part of the
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calculations. The amount of difficulty experienced in writing 

these expressions for orders higher than the first is apparent 

from the works of Joshi, Saxena, Mason and Devoto (De-66, Jo-65, 

Ma-57, S.J.-63).

On calculating the expressions for the first few orders

using the C.C. procedure, one can see a definite pattern of
(£ s)terms depending upon different ft 9 . Unfortunately there

is no simple set of conditions which will indicate which of these

integrals are to be included for a given order fn'. Moreover it

is desirable to have a simple computer programme for calculating
(Äs)the coefficients of the ft 5 for the given order :n ’ . It 

is not very convenient to build up such a programme in the C.C. 

formulation (C.C.-52).

In the present formulation, these disadvantages are removed. 

The improvement is particularly noticeable for the higher order 

calculations. This is the main reason for dealing with the 

collision matrices.

Before we indicate the steps to write a computer programme, 

it may be worthwhile to point out that the algebraic expressions of 

the collision matrices in terms of interaction integrals and
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mass-ratiosj for a fourth order calculation for viscosity and 

diffusion and for a third order calculation for thermal-conductivity 

and thermal-diffusion, are given in appendix C. These expressions 

may be used to compare the corresponding algebraic expressions for 

the corresponding coefficients obtained by using Chapman-Cowling 

procedure (C.C-52, De-66, Ma-57, Jo-65 ,S.J-63). Also these 

expressions of appendix C can be subjected to the type of studies 

to which the algebraic expressions of the Chapman-Cowling 

procedure have been subjected. In particular these studies are

(1) Approximation studies

Kihara, Brokaw, Mason, Saxena and others (Er-59, Br-65, 

S.J-65, H.C.B-54, Ma-57, S.J-64) have approximated the exact 

expressions by neglecting a number of terms depending upon 

different collision integrals in such a way that the accuracy of 

the approximate expressions for all practical purposes is as 

good as that of the original expressions and they are much 

easier to handle for computation.

(2) Consistency of different experimental data

First and higher-order expressions (W.M-62, W-65, S.A-61, 

S.M-66, S.M-65) have been used to establish certain approximate 

relations among various transport coefficients. These relations
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h e lp  us t o  check th e  c o n s is te n c y  o f d i f f e r e n t  e x p e rim e n ta l d a ta .  

A lso , from  th e  measured v a lu e s  o f a p a r t i c u l a r  c o e f f i c i e n t ,  we 

can p r e d i c t  app rox im ate  e x p e rim e n ta l v a lu e s  f o r  o th e r  c o e f f i c i e n t s  

f o r  which no m easurem ents a re  a v a i la b l e .

(3 )  Com putation o f th e  t r a n s p o r t  c o e f f i c i e n t s

By u s in g  th e  ta b u la te d  v a lu e s  o f th e  c o l l i s i o n  in t e g r a l s  

f o r  v a r io u s  p o t e n t i a l s ,  we can compute th e  t h e o r e t i c a l  v a lu e s  

CEk-ßl, S . G-66) o f th e  c o e f f i c i e n t s  f o r  v a r io u s  o rd e rs  on a desk 

c a l c u l a t o r .

The on ly  d i f f e r e n c e  in  w orking w ith  th e  p r e s e n t  e x p re s s io n s  

w i l l  be th a t  th e  ap p ro x im atio n s  w i l l  be made f o r  th e  in t e r a c t io n
I

i n t e g r a l s  V , o r  th e  m a tr ic e s  in s te a d  of th e  c o l l i s i o n  

( il s )i n t e g r a l s  ft 9 . However d u r in g  th e  co u rse  o f c a lc u la t io n s

f o r  a r i g i d  sp h ere  p o t e n t i a l ,  on ly  a b r i e f  s tu d y  o f th e se  

K ih a ra -ty p e  ap p ro x im atio n s  i s  made in  s e c t io n  H ).

H aving d is c u s se d  above th e  ad v an tag es  of d e a l in g  w ith  th e  

c o l l i s i o n  m a tr ic e s  and , th e re b y , o f th e  p r e s e n t  form  of th e  

g e n e ra l e x p re s s io n s  o f th e  t r a n s p o r t  c o e f f i c i e n t s  (Ch. I l l ) ,  th e  

method o f c a lc u la t io n  o f th e  c o e f f i c i e n t s  c o n s i s t s  o f th e  

fo llo w in g  s te p s
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(1) The collision matrices for unlike molecules are
£expressed in terms of the V , and a function 

X (ML, n£, n ’ |£ V^V2  ̂ (to introduced in section A).

(2) The sets of indices N,L,n,£,nf , consistent with 

the conditions on Talmi coefficients for which the function 

X( ) is non vanishing, are calculated (Section B).

(3) The function X( ) is calculated in terms of 

mass-ratios for specific values of N,L,n,£, and n ? 

(Section C).

(4) The interaction integrals V , are calculated for

specific values of A , n and n f obtained in step (2).

These integrals can be computed in one of two ways (Section D). 

a) They may be computed directly from the definition of

nn for a particular potential. These calculations for a

rigid sphere and a Lennard-Jones potential are discussed in 

Appendix A.

b ) In order to save labor in direct computation of the

nn they can be computed from the available tabulations of

the a(*’s) A general relationship between Vnn and
>(*3s) is given. A few specific examples are considered in
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ap p en d ix  B. A lso f o r  a read y  r e f e r e n c e  to  th e  ta b u la te d  

c o l l i s i o n  in t e g r a l s  a v a i l a b l e ,  a ta b le  i s  g iv en  in d i c a t in g  

th e  ty p e  o f  p o t e n t i a l ,  te m p e ra tu re  ran g e  and th e  v a lu e s  o f  

£ and s f o r  which th e y  a re  a v a i l a b l e .

(5 ) The c o l l i s i o n  m a tr ic e s  f o r  u n lik e  m olecu les f o r  a

g iv en  o rd e r  n* a re  c a lc u la te d  in  s e c t io n  E. A lso

a lg e b r a ic  e x p re s s io n s  f o r  th e se  m a tr ic e s  f o r  th e  o rd e r  ’n '

£may be W ritte n  in  term s o f m asses and th e  V . . As annn •

exam ple th e  e x p l i c i t  e x p re s s io n s  fo r  ( 4 x 4 ) s iz e  o f 

th e  c o l l i s i o n  m a tr ic e s  a re  g iven  in  append ix  C.

(6 )  In  th e  s ix th  s te p  th e  c o l l i s i o n  m a tr ic e s  f o r  l ik e  

m o lecu les a re  c a lc u la te d  (S e c tio n  F ).

(7 )  In  s e c t io n  G, we combine a l l  th e  in fo rm a tio n  to  

compute th e  t r a n s p o r t  c o e f f i c i e n t s  u s in g  th e  g e n e ra l 

e x p re s s io n  developed  in  C h ap te r I I I .

A The F u n c tio n  X( )

The c o l l i s i o n  m a tr ic e s  f o r  u n lik e  m olecu les a re  

d is c u s se d  in  c h a p te r  I I .  I t  was shown th a t  th e se  m a tr ic e s  

a re  d ia g o n a l in  £ and m . U sing an a l t e r n a t i v e  n o ta t io n
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these m y  be written as

<otl-l |J|Olv2Jc20) = Jv^  (12) ( 4*1)

(al-l
1 -,

IvJ Ice., o , a0v9) = j (12)6. 0 6n m1 1 1- 2-2 "V1v9 1 ^ 2  mlm2
(4,2)

(a2Ül
*1I J I ^ ^ O  ) = (21) 6 ^ 2 6V 2  . (4-3)

^a2-l 1 J la 1 2 . « 2 ^  » 4 * 2  ( 2 1 )  \ h  V 2 ‘ (4-4)

In this notation5 the symmetry properties proved in

chapter II, yield

J ^1(12) = J (12) (4-5)
V1V2 V1V2

rv£ i JL
J 1 (12) = J 1 (21) (4-6)
"V1V2 V1V2

J ^1(21) = J 1 (12) (4-7)
V1V2 V1V2

J (21) = J 1 (21) (4-8)
V1V2! ~V1V2

Each of the above matrices is related to the product of
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two Talmi coefficients. For example from eqn. (2.53)

(°t1-1|j|a1-2 * a2-̂  = I T(rN,Yn|a1v1,a20)
NL,n_ ,n’

, tTCTN^n’Ia^j, ,,0) V^, (12).(4-9) 

with v = (v Z m ) ; \>2 = (v Jt,; m ) ; N = (NLM) ;

= (n£m)  ̂ n_’ = (n* l m) .

The Talmi coefficient T(rN_,yr^|a^v^ja^O) vanishes unless 

2 N + L + 2n + H = 2 + £ (4-10)

L + £ _> ^  ±iiL - 4 ) • (4-11)

The parity condition

L+Ä. £.
(-) = (-) 1 (4-12)

is absorbed in eqn. (4.10).

Using the orthogonality of the Talmi coefficients

(eqn. 2.39)
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< V i l j|“i V a22) 5 JVJV2 <12>

ili2 mlm2 WLn&n1

X (NL,n£,n ’ | V ^ f (12) (4-13)

where

J 1 (12) = I X (NL,nl,n'|l v,v„) V* , (12).(4-14)
U1V2 NLntn' 1 1  "

and

X(NL,n*,n' l^v.^)

a 2P+p+p’ a p+p* 9
(-4) (~) cr ULJt.)r a1 1

(4-15)

All symbols in X are defined by eqn. (2.40a) and the
Iinteraction integral V^n, (12) is given by eqn. (2.52).

Similarly the other collision matrices, eqns. (4.2 to 4.4), 
may be written in terms of this same function X( ) being

= (-)v1+v2+n+n' %  Nnj. Nn ’j
I . N LVl
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J (12) 
V1V2

JV2 (21)

Z <*,
P-P

l (-) ( ~ )  x  (NL,nJt,nf |i v v ) V (12)
NLn*n' 1 1

(4-16)

Z ot2 P-pf
I (-) (~) X (NL,n*,n’| V i VNLn £n ’ 1 1 1

Jv v (21) 1 2

V , (12) .(4-17)nn

a 2P-P-P*
l (=-) X (NL5n£,nT\Z v v )

NLn^n’ 1 1 1 Z

V* , (12) . (4-18)nn

In these eqns. X(NL,n£,n'|A v v̂ ) vanishes unless

2N + L + 2n + Z = 2 v + A (4-19)

L + * i \  - M) (4-20)

n'' = (v - v2) + n (4-21)

The above set of conditions follow from those for the Talmi 

coefficients (4.10 and 4.11).
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B Calculation of the significant sets of indices N aL , n )& >n >

In writing any computer programme for the calculation of the 

J's , one of the intermediate steps is to find the set of indices 

N,L,n,£,nJ for which X is non-zero. To obtain this, we first

calculate the upper and lower limits for N,L,n and i , and then 

show the steps needed in calculating the set of indices consistent 

with the above set of equations.

(a) LIMITS FOR N,L,n AND i .

The indices N,L,n and i are all positive integers, 

the lower limits being obviously zero. We establish the upper 

limits as follows.

From eqn. (4.20)

min. (L+£) = £ . (4-22)

Using this eqn., eqn. (4-19) becomes

max. (N+n) = v , (4-23)

i .e.

max. N = v1 1
max. n = v

(4-24)
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Thus the range of variation for N and n are

0 < n < vx

From eqn. (4-19)

L + Z = + 2 ( -  N - n)

(4-25)

(4-26)

Because the minimum value of Z is zero, the maximum 

value of L is (2 + £^) . Thus the range of variation of

L is
0 <_ L <_ (2 v + £ ) . (4-27)

Similarly the range of variation for Z is

0<^^j<(2 vx + Ax) . (4-28)

(b) SETS OF N,L,n,£ AND n' CONSISTENT WITH EQNS.
(4,19-4.21).

The summation over these indices in eqns. (4.13, 

4.16-4.18) can be performed in any order. We adopt the 
following procedure.
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(1) Fix N,L and n . Vary £ between 0 to
(2 + £̂ ) . Find the set of values of £ consistent with
eqns. (4.19 and 4.20). The sets of consistent values of 
N,L.n and £ are to be noted.

(2) Fix N and n . Vary L between 0 to (2 + £̂ ) .
For each L repeat step (1).

(3) Fix N . Vary n between 0 to . For each
n go through step (2).

(4) Vary N between 0 to • For each N repaat
step (3).

(5) Having obtained all the possible sets of indices
N,L,n and £ for a given £̂  and in steps (1) to (4),
we can find the values of n* for a given from
(4.21).

Thus we have obtained all the possible sets of indices
N,L,n,£ and nf . As an example we give the values of
N,L,n,£ and n’ for £ = 2 , v = = 2 in Table 1, for
which X ( ) is not zero. £ = 0 is not given as (from
eqn. (2.52)) V° , is zero. n nn’
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TABLE 1.

Sets of indices N,L,n,£ and n’ for given '1 5
and \>2 for which X is not zero. Z = 0 case is 

not included.

N n L Z n ’
0 0 2 4 0
0 0 3 3 0
0 0 4 2 0
0 1 1 3 1
0 1 2 2 1
0 1 3 1 1
0 2 0 2 2
0 2 1 1 2
1 0 1 3 0
1 0 2 2 0
1 0 3 1 0
1 1 0 2 1
1 1 1 1 1
2 0 0 2 0
2 0 1 1 0
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C. Calculation of X(NL,n£,n’)

Having obtained the sets of indices N,L,n,£ and n ’ 

for which X is not zero, we are in a position to calculate 

X( ) in order to determine the J's . All the factors in 

have been defined by eqn. (2.40a) except for the Clebsch-Gordon 

coefficient (L0 £0 £^0) which is given by the following 

expression (Racah). (Ro-57).

UjO £20|£30) = A(£1£2£3) x

( £ + £ - £ ) !  ( £ + £ - £ ) !  (£. + £ - £ > !C(2£3+l)— -— -—  ----± - ± — ±---- 2—
(&3+£2+£^+l)!

X

x (£ ! £ ! £ !)

( )* l ~ T  CU^^-J^-v)! (£x-v)! (£2-v >!

(£3 -£2+v )! (£3-£1+v )! ] (4-29)

where the integral index, v , assumes only those values for which 

the factorial arguments are not negative, and A(£ Z Z ) means
JL Z d
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Now fo r  s p e c i f i c  v a lu es  o f in d ic e s  N ,N ,n ,£  and n ’ we may 

w r ite  th e  e x p re s s io n s  f o r  th e  d i f f e r e n t  X’s in  term s o f 

and a 2 , where th e se  p a ram eters  a re  d e f in e d  by e q u a tio n  ( 2 .1 6 a ) .

D. C a lc u la t io n  o f the  i n t e r a c t io n  i n t e g r a l s

For com puting th e  c o l l i s i o n  m a tr ic e s  , th e  v a lu e s  o f  th e  

i n t e r a c t io n  in t e g r a l s  a re  n e c e ssa ry . They may be computed 

e i t h e r  d i r e c t l y  or from  th e  e x i s t in g  t a b u la t i o n  o f  th e  

f o r  v a r io u s  p o t e n t i a l s  and d i f f e r e n t  v a lu e s  o f £ and s .

( a )  DIRECT COMPUTATION

The v a lu e s  o f th e  i n t e g r a l s  f o r  a r i g i d  sp h ere  and 

a L ennard -Jones p o t e n t i a l  a re  d e riv e d  in  append ix  A. The 

advan tage  o f th e  d i r e c t  com putation  i s  t h a t  we can use i t  as 

a s u b ro u tin e  f o r  th e  main programme f o r  com puting c o l l i s i o n  

m a tr ic e s  by p ro v id in g  th e  p ro p er fo rc e  c o n s t a n t s , te m p e ra tu re  

and th e  v a lu e s  o f  £ , n ,n ’ .

(b ) ( i )  RELATION BETWEEN INTERACTION INTEGRAL V* , ANDnn
( I s ) *THE COLLISION INTEGRAL ST ’

In  k in e t i c  th e o ry  w ork, i t  i s  u s u a l  to  ex p re ss  a l l

( £ s ) *th e  r e l a t i o n s  in  term s o f the  r a t i o s  Q 9 in s te a d  o f the  

i n t e g r a l s  b e in g  th e  r a t i o  o f th e



102

(o s)for- the given potential to the same ft * for the rigid sphere

potential. Here we will give a relation between V*n? and 
)*

 ̂ ( Jt s)A relation between V' , and Q 5 has been givennn'
elsewhere (Ku-67). Certain rotational changes are required for 

our purposes. Accordingly, a modified derivation is given below.

From eqn. (2.50)

where

and

with

a^(g) = 2 tt / a ( g , x )  (cos x )  d  (cos x ) (4-30)

,  ̂ 1 u db
a(g’x) = sin x b d x

(4-31)

/. o^(g) = 2 t t  f  (cos x )  d (cos x ) (4-32)

N
D  , v r X X-2V"P (cos x) = l a cos X (4-33)

^ 0'w- c
N = X/2 for X even and N =  ̂ f°r ^ odd, and

, r (2X-2r)!
a - ( ) (4-34)

2A r! (X-r)! (X-2r)!

Also , since

pxU )  = 1
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1  a Y = 1

r
'S": C

(4 -35)

< V g )  "  a . (g)  = l ar, Q
0  -2 r)

(g )
**e-
"S’: u

(4-36)

where QÄ(g )  eqn.  ( 8 . 2 - 2 )  o f  H.C.B. (H .C .B . -5 4 ) ,  i s  

Q^(g) = 2tr /  (1 -  cos^  x) b ^ b •

X
In terms o f  x = ( y g / ^ )  , th e  e x p r e s s io n  f o r  , (12) 

( eq n . ( 2 .5 2 )  i s

V* , (12) -  J  w(x) R ( / 2  x)  R , ( / 2  x)  
n n 1 Y J n X n X

/ x> ,  / 2  X v «. 3( a n ( -------) -  a . (---- ))  x dx .0 y X y
(4 -37)

l / o
Now [{w(x)}  ̂ R { S I  x ) ]  i s  th e  r a d i a l  p a r t  o f  the

n X
simple harmonic o s c i l l a t o r  wave f u n c t i o n ,  hence i t  may be 

w r i t t e n  i n  the  fo l l o w i n g  form u s in g  Moshinsky b r a c k e t s  (B.M.-60)

/2
nn y B (nX, n ’X, p)  I 

Y p P
(4 -38)
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where

I = 2 f00
p r (  p+3/2) 0

~y<r 2p+3
( a Q-a X) dX ’ (4 -3 9 )

and B(nX ,n’X,p) i s  th e  Moshinsky b r a c k e t ,

(  0 c )
In  term s o f  x , ft 5 i s

_ 1—  I  e -x  x2s+3 Q* (^ _ x} dx

/2TT
(4 -40 )

S u b s t i t u t i n g  th e  va lue  o f  (a -o  ) from eqn . ( 4 -3 6 ) ;  I in
U A p

te rm s o f  ft^Ä,S  ̂ i s

2»/27
*p  ~ r (p+ '^ /2 ) I aXr 4 2X' 2r,P>y<=0 r  X

(4 -41 )

Also th e  range  o f  v a r i a t i o n  of p in  eqn. (4 -3 8 )  i s

X < p < ( X  + n + n f ) (4 -4 2 )

As a l r e a d y  mentioned , in  k in e t i c  th e o ry  w ork , i t  i s  custom ary t o
( £ s )*

ex p re ss  a l l  th e  r e l a t i o n s  in  term s o f  ft 5 i n s t e a d  of 

f t ^ ,S  ̂ , f t ^ ’s  ̂ as  d e f in e d  e a r l i e r  i s

> U ,s )*

[ f t ^ ' 5 ^] r i g i d  sphere
(4 -4 3 )
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(is)Substituting the value of 3 rigid sphere , from
Hirschfelder et al (eqn. (8.2-8), 54), we have

J U 9s) . 1 (s+1)! [(2 +1) - (-)*] 2 J i 9s)*1212 - — = ■ ---- (TTTTT)----" ai2 5.2Y v2tt
(4-44)

( o o  ) *  >Finally the relation between ft* ’ and V , (12) is J nn ’

. TO2 (p+1)! [(2X-4r+l) - (-)A'2r]
VX , (12) = I 12nn ’ Lp,r y /2 r(p+3/2) (A-2r+l)

aX B(nA,n’A,p) ft̂ X 2r,P  ̂ (4.45)r

For numerical work, it is convenient to re-write this result in 
the following form

q2

VX , (12) = */§? —  l A (A,r ,p) B (nA,n’A;p) ft(X"2r,p)'v nn y P s r
(4-45)

where

A (A#r,p) (p+1)!
r(p+3/2)

[2A-4r+l)—  (-)X~2r] A 
(A -2r V  l) ar

(4-47)



Thus the value of the V* . (12) from the givennn
(£ s) *tabulations of ft 5 can be computed only if we know A(

while the values of B( ) are tabulated by Brody and

Moshinsky (B.M.60). A few specific cases of the relationship
X (£ s) *between the V and the ft 5 are given in appendix B. 

(ii) POTENTIAL AND THE COMPUTED COLLISION INTEGRALS

The advantage of the above relation between
£ (£ s )s* ZVnn, and ft * is that we can compute V , using

the existing values of the collision integrals. We have
. (£ s)*collected the relevant information on ft * for 

different potentials in Table 2_ .
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E. A lg e b ra ic  e x p re s s io n s  and com pu ta tion  o f  th e  c o l l i s i o n  

m a t r ic e s ♦

Now we d is c u s s  th e  method o f  c a l c u la t in g  th e  c o l l i s i o n

m a tr ic e s  u p to  a g iven  o rd e r  'n* . By " c a lc u la t io n  u p to  th e

^1o rd e r  ’ n ,,? we mean th a t  th e  m a tr ic e s  J  ' .. which a re  in  f a c t
* ± 2

i n f i n i t e  d im en sio n a l a re  tru n c a te d  to  (n  x n ) s iz e  w ith  v 

and ra n g in g  from zero  to  (n -  1) f o r  v i s c o s i ty  and

d i f f u s io n  and to  (n + 1) x (n + 1) s iz e  w ith  and v2

ra n g in g  from  zero  to  (n ) fo r  th e rm a l-c o n d u c tiv i ty  and 

th e rm a l-d i f fu s io n  r a t i o .

The method o f  w r i t in g  X( ) in  term s o f  and c*2 has

been d is c u s se d  in  s e c t io n  C o f t h i s  c h a p te r .  Now th e  a lg e b r a ic

e x p re s s io n s  o f d i f f e r e n t  J -m a tr ic e s  may be w r i t t e n  a s  a power
£

s e r i e s  in  , a 2 and V f (12) u p to  th e  o rd e r  ’n* by u s in g

eq n s . (4 .1 4 ,  4 .16  -  4 .1 8 ) .  The ad v an tag es  o f  w r i t in g  th e se  

e x p re s s io n s  in  t h i s  form  have a lre a d y  been d is c u s s e d  a t  th e  

b eg in n in g  of t h i s  c h a p te r .

In  o rd e r  to  m inim ise lab o u r o f  w r i t in g  th e  

m a tr ix  e lem en ts  o f  th e  m a tr ic e s ,  we make use o f  th e  symmetry 

p r o p e r t i e s  g iven  by eq n s . (4 .5  to  4 .8 )  and th e  fo llo w in g  symmetry

p ro p e r ty .
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From the definition of the collision matrix (eqn. (2.43)) 

and the transformation property of the Talmi coefficients 

(eqn. (2.29) and eqn. (4.21)), it follows that 

£, M, v -v„ Si,
J  1 (21) = ( ) 1 2 J 1 (21)v> v M v) v2 1 2 1 2

(4-48)

where

and

M, = 2 2 
“l + a2 ml + m2

(4-49)

= 2 2 
G1 + a2 \  + m2

(4-50)

As an example of the use of these symmetry properties , 

expressions for v1 and , ranging from zero to three for 

different collision matrices, for both the vector and tensor 

parts, are given in appendix C. As stated before, these 

expressions may be compared with those obtained by using 

Chapman-Cowling procedure (C.C-52). (To date only the third 

order expressions for the coefficients of viscosity, thermal 

conductivity and thermal diffusion and the fourth order
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e x p re s s io n s  f o r  d i f f u s io n  a re  known u s in g  t h i s  approach  

(C .C .-5 2 , Jo -6 5 , D e-66, Ma-57, J .S - 6 3 ) . )

However fo r  do ing  num erica l work on th e  com p u ter, we do 

n o t need th e s e  a lg e b ra ic  e x p re s s io n s . H aving o b ta in e d  th e  

fu n c t io n  X( ) f o r  a p a r t i c u l a r  g a s -m ix tu re  in  one s u b ro u tin e  

and th e  V , f o r  a p a r t i c u l a r  p o t e n t i a l ,  te m p e ra tu re  and 

g a s -m ix tu re  in  a n o th e r ,  we can compute th e  e lem en ts  o f  th e  

d i f f e r e n t  J -m a tr ic e s  u s in g  e q n s . ( 4 .1 4 ,  4 .16  -  4 .1 8 ) u p to  th e  

g iv e n  o rd e r  ’n ’ , in s id e  th e  machine i t s e l f .  This i s  t o  be 

c o n t r a s te d  w ith ^ D e v o to ^  weshr (D e-66) who used th e  c o rre sp o n d in g  

a lg e b r a ic  e x p re s s io n s  o f th e  v a r io u s  e lem en ts  o f th e  d e te rm in a n ts  

fo r  b u i ld in g  th e  com puter programme f o r  each o rd e r  fo llo w in g  th e  

Chapman-Cowling approach  (CC-52).

F. C o l l is io n  m a tr ic e s  f o r  l i k e  m o lecu les

Having d isc u sse d  th e  method o f c a l c u la t io n  o f  th e  c o l l i s i o n  

m a tr ic e s  fo r  u n lik e  m o lecu le s , f o r  a g iv en  o rd e r  7n ’ , th e  method 

o f c a l c u la t io n  o f  th e  c o l l i s io n  m a tr ic e s  f o r  l i k e  m o lecu les i s  

r e l a t i v e l y  s im p le .

For l i k e  m o le c u le s , th e re  a re  two m a tr ic e s  depending  upon 

th e  two com ponents o f th e  m ix tu re  deno ted  by in d ic e s  ( l )  and ( 2 ) .
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They a re  (eq n . ( 2 . 6 4 ) )

(V-llJIV-2’ai°) = (11) \ t ’ (4-51)

( V l | j I V 2 ’“ 2 ° ) " 4 2 ( 2 2 > 4 l  i  51 2  01l Tn2
(4 -5 2 )

Both th e s e  m a tr ic e s  were shown to  be sy m m etrica l in  th e  v - in d ic e s  

in  C hap ter I I  (eq n . ( 2 . 6 5 ) )  i . e .

J  ( i i )  = J  ( i i )  . (4 -5 3 )
V . v 0  V - V .

£
These m a tr ic e s  may be ex p ressed  in  term s o f X( ) and V ,

w ith  th e  on ly  p o in t  o f d if f e re n c e  b e in g  th a t  = <*2 = a in  th e

d e f i n i t i o n  o f X( ) (eqn . ( 4 . 1 5 ) ) ,  a s  shown in  C hap ter I I
£

th e  odd-£ term s do n o t c o n tr ib u te  to  th e  sum o f  X and V , (12) 

i s  r e p la c e d  by ? (11 ) o r , (22)  . As an example th e  

a lg e b r a ic  e x p re s s io n s  f o r  th e  v e c to r  and te n s o r  p a r t s  can be o b ta in ed  

from  e q n s . ( C . l  to  C .10) and (C.31 t o  C.40)  r e s p e c t iv e ly  by 

p u t t in g  = 0 .5  , ^2 = 0 .5  and n o tin g  t h a t  th e  odd- & term s do 

n o t c o n t r ib u te  t o  th e  sum.
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Again for numerical computation we do not need the algebraic 

expressions. All that we need are two subroutines for X( )
aand V , (ii) for a particular temperature, potential and gas. nn

G. Computation of the transport coefficients 
Wevo iUjat uX -tuO -O C

<lfavJ8Zg discussed the method of computations of the collision

matrices for unlike and like molecules for a given set of

parameters, (temperature, force constants and the gas mixture)
&1

we can compute all the six J-matrices ( J (12) ,
vlv2

z z z z
J 1 (12) , J 1 (21) , J 1 (21) , J 1 (ii) ) for a
~ V1V2 V1V2 “V1V2 V1V2

given Z^ , and v0 . Using this information, the

coefficients are computed in the following way.

*1(1) Different k ' -matrices are calculated using the set

of eqns. (3.9 - 3.12) and (4.1 to 4.4, 4.51-52) for a given 

concentration ratio.

(2) Different coefficients are calculated from these

matrices by the usual methods of matrix manipulations. 

Different coefficients correspond to different - values.

(i) Coefficient of viscosity ( £ = 2 , tensor part) is
2calculated from the k -matrices using eqn (3.82 ).



112

( i i )  C o e f f ic ie n ts  of th e rm a l- c o n d u c t iv i ty ,  d i f f u s io n  and 

th e rm a l-d if fu s io n  r a t i o  ( A = 1 , v e c to r  p a r t )  a re  c a lc u la te d  

by f i r s t  fo rm ing  th e  (k 1^ ) ? , (k 1^ )  > (k 1^ )  and ^^*22^

m a tr ic e s  and , th e n ,  u s in g  e q n s . ( 3 .1 0 1 ) ,  (3 .1 0 3 )  and (3 .1 2 4 ) 

r e s p e c t iv e ly .

We have em phasised e a r l i e r  t h a t  in  th e  p r e s e n t  method o f 

co m p u ta tio n , th e  programme has n o t to  be changed from  one o rd e r  

to  th e  n e x t .  This i s  f e a s ib le  in  th e  fo llo w in g  way :

Suppose we a re  in te r e s te d  in  c a l c u la t in g  a l l  th e  v a lu e s  o f a 

p a r t i c u l a r  c o e f f i c i e n t  fo r  a p a r t i c u l a r  s e t  o f p a ram e te rs  from  

th e  f i r s t  o rd e r  to  th e  n th  o rd e r .  A ll  t h a t  i s  n e c e ssa ry  i s  

t h a t  we have to  d im ension each o f th e  k -m a tr ic e s  t o  (n  x n ) 

s iz e  and i n i t i a l i s e  each elem ent o f  th e se  m a tr ic e s  to  z e ro .

Then s t a r t  w ith  th e  f i r s t  o rd e r and c a l c u la te  th e  c o e f f i c i e n t  

w ith  (1 ,1 )  e lem ent o f k -m a tr ic e s  h av in g  th e  g iv en  v a lu e  w h ile  

a l l  th e  o th e r  e lem en ts  a re  ze ro . A ll  th e  m a tr ix  m a n ip u la tio n s  

a re  done in  such a way th a t  e f f e c t iv e l y  we a re  d e a l in g  w ith  

( I x j ) m a tr ix  on ly  fo r  th e  s e c o n d -o rd e r , (2 x 2) k -m a tr ic e s  

a re  s e t  up and th e  p a r t i c u la r  c o e f f i c i e n t  i s  c a lc u la te d  a s  i f  

we a re  e f f e c t iv e l y  d e a l in g  w ith  v a r io u s  ( 2 x 2 )  k -m a tr ic e s .

A s im i la r  p ro ced u re  i s  adopted f o r  each  h ig h e r -o rd e r  t i l l  we
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re a c h  th e  h ig h e s t  o rd e r  ’n ’ .

H. K ihara Type A pproxim ation

In  th e  p r e s e n t  w ork, an app ro x im atio n  o c c u rre d  which i s  in  

some ways s im i la r  to  th e  k ih a ra  ap p ro x im atio n  (M a-57). I t  i s  

l im ite d  to  th e  ca se  in  which th e  c o e f f i c i e n t s  a re  dependent upon 

th e  v e c to r  p a r t  o f th e  d i s t r i b u t io n  fo r  one. We d e a l  w ith  th e
1 1 qt

e lem en ts  o f (k -  and (k ) -  m a tr ic e s  and p u t a l l  th e  

e lem en ts  o f th e  f i r s t  column ex cep t th e  f i r s t  one o f  th e se  

m a tr ic e s  e q u a l to  ze ro  i . e .

( k 1. , )  and (k 1 ) = 0 f o r  v 4 0 • (4 -5 4 )
11 v0 12 v0

I t  was found th a t  th e  e r r o r  in tro d u c e d  f o r  th e  f i r s t  

fo u r -o rd e r s  in  th e  c a lc u la t io n  o f f o r  a r i g i d  sphere

p o te n t i a l  f o r  v a r io u s  ty p e s  o f m ix tu re  i s  1 in  10*4 and f o r  

o th e r  c o e f f i c i e n t s ,  i t  i s  1 in  10 . T h is i s  due to  th e  f a c t

t h a t  th e  dom inant term s in  the  f i r s t  columns o f th e s e  two 

m a tr ic e s  a re  and .

1 1 i  »

This ap p ro x im atio n  makes (k -  and (k ) -  m a tr ic e s  

sym m etric and s im p l i f ie s  th e  e x a c t a lg e b r a ic  e x p re s s io n s  f o r  a l l
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orders without introducing any error. This is the type of work
2

which has been attempted very often in literature (Br-58, Br-6^,s 7- y a
J-.SZG&) i.e. to simplify the exact first - and second - order 

expressions without introducing much error so as to ease 

computation.

There is some similarity between this and the (̂ih

approxination. We know that for Maxwellian molecules

6 . Also we know that from eqns. (3.17, 3.18,nn nn1

and <2V a V

ara

2.53 , 2.56)

(4-55)

So that when we neglect these columns for v 0 , we are

neglecting off-diagonal V^’s . This is equivalent to neglecting

off-diagonal collision integrals ft ’ (i.e. s 4 1). However

this analogy is not complete in as much as we do not neglect the

contribution of (v  ̂ 0) from other matrix elements, whereas
V0

in kihara approximation the corresponding Q's are completely 

neglected (Ma-57).

This is an interesting study to make but has not been

pursued further in this work.



CHAPTER V

CONVERGENCE AND TRANSPORT

COEFFICIENTS
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A In tro d u c t io n

In th e  l a s t  c h a p te r ,  we d is c u s s e d  th e  method o f  com puting 

th e  t r a n s p o r t  c o e f f i c i e n t s  f o r  a g iv en  p o t e n t i a l ,  g a s -m ix tu re  and 

te m p e ra tu re . In  t h i s  C h ap te r, u s in g  t h i s  f a c i l i t y ,  th e  r a t e  o f 

decrem ent o f th e  f i r s t  few o rd e r s ,  f o r  a l l  th e  fo u r  c o e f f i c i e n t s ,  

i s  s tu d ie d  fo r  a r i g i d  sphere  and a L ennard -Jones p o t e n t i a l  f o r  

d i f f e r e n t  s e t s  o f p a ra m e te rs . A more e x te n s iv e  s tu d y  o f th e  

r a t e s  o f decrem ent f o r  v a r io u s  g a s -m ix tu re s  f o r  a L ennard-Jones 

p o t e n t i a l  i s  done in  th e  n e x t c h a p te r .

B efore d is c u s s in g  the  main p ro b lem , we would e x p la in  c e r t a in  

term s such as  “ap p ro x im a tio n s” , " e r r o r s ” and “co n v erg en ce” .

These te rm s a r e  n o t alw ays used  in  th e  same way by d i f f e r e n t  

w o rk e rs .

( a )  APPROXIMATIONS

In  th e  e v a lu a tio n  of th e  t r a n s p o r t  c o e f f i c i e n t s  fo r  

d i l u t e  g a s e s ,  th r e e  d i f f e r e n t  ty p e s  o f  ap p ro x im atio n s  a re  in v o lv e d . 

In  o rd e r  t o  av o id  p o s s ib le  co n fu s io n  we d e s c r ib e  below what th e y  

a re  :

( i )  A pproxim ations in  th e  Chapman-Enskog method

These app rox im ations a r i s e  when we compare d i f f e r e n t
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pow ers o f e on th e  two s id e s  o f  th e  Boltzmann e q u a tio n s  (p .  

C hap ter I I I ) .  Throughout our work we a r e  d e a l in g  w ith  th e  

second ap p ro x im atio n  of t h i s  m ethod. A lthough th e  t h i r d  

ap p ro x im atio n  in  th e  sequence i s  som etim es d is c u s se d  (C .C -5 2 ) , 

i t  i s  u s u a l ly  n e g le c te d  in  the  c a l c u la t io n  o f th e  t r a n s p o r t  

c o e f f i c i e n t s  f o r  d i l u t e  g a se s .

( i i ) C a lc u la t io n  o f d i f f e r e n t  A pproxim ations o f th e

C o e f f ic ie n ts -T ru n c a tio n  o f  th e  D eterm inan ts  

W ithin  th e  above second a p p ro x im a tio n , Chapman and 

Cowling (C .C -52) ex p re ss  th e  t r a n s p o r t  c o e f f i c i e n t s  o f  a pure 

gas and o f  a b in a ry  g as-m ix tu re  in  term s o f  i n f i n i t e  

d im e n s io n a l d e te rm in a n ts . For a p r a c t i c a l  c a l c u l a t i o n ,  th e y  

t r u n c a te  th e se  d e te rm in a n ts  to  v a r io u s  s iz e s  depending  upon th e  

p a r t i c u l a r  o rd e r  of ap p ro x im atio n . The t r u n c a t io n  of th e  

d e te rm in a n ts  to  (n x n) s iz e  f o r  v i s c o s i t y  and d i f f u s io n  and 

t o  ( ( n + l ) x ( n + l ) )  s iz e  fo r  th e rm a l-c o n d u c t iv i ty  and 

th e rm a l d i f f u s io n  r a t i o  has been term ed an n th_ (o rd e r )  

ap p ro x im atio n  o f  th e se  c o e f f i c ie n t s  ( th e  f i r s t  (o rd e r )  

ap p ro x im atio n  f o r  th e rm a l-c o n d u c tiv ity  and th e rm a l-d i f fu s io n  

r a t i o  a r i s e s  from (2 x 2) s iz e  d e te rm in a n ts  and i s  f i n i t e ) .  

T his nom encla tu re  o f n th  ap p ro x im atio n  has a l s o  been used  

by o th e r  w orkers a ls o  ( J o -6 5 , S .J -6 3 ,  S.M -66, M a-57).
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The above nom enclature i s  d i f f e r e n t  from  th e  one used 

by H ir s c h fe ld e r  e t  a l  and o th e rs  (H .C .B -6 4 , D e-66 , M.M-58) 

where f o r  th e  n th  a p rro x im a tio n , th e  d e te rm in a n ts  a re  tru n c a te d  

to  (n  x n ) s iz e  f o r  a l l  c o e f f i c ie n t s  w ith o u t e x c e p tio n . In  

t h i s  nom encla tu re  th e  c o n tr ib u tio n  of th e  f i r s t  ap p ro x im atio n  

to  th e rm a l-c o n d u c tiv i ty  and th e rm a l-d i f fu s io n  r a t i o  of a b in a ry  

g as  m ix tu re  i s  z e ro .

( i i i )  A pproxim ations w ith in  th e  above ap p ro x im atio n  ( i i )

These approx im ations a re  in te n d e d  to  s im p lify  th e  

e x p re s s io n s  o b ta in e d  by t ru n c a tin g  th e  d e te rm in a n ts  in  th e  

above ap p rox im ation  ( e .g .  Ch. IV ).

In  o rd e r  to  d is t in g u is h  more c l e a r ly  th e  v a r io u s  le v e ls  o f 

ap p ro x im atio n s  , we s h a l l  r e f e r  to  th e  n th  ap p ro x im atio n  o f 

ty p e  ( i i )  sim ply  as  n th  o rd e r , where th e  p a r t i c u l a r  o rd e r  

d en o te s  th e  s iz e  o f th e  d e te rm in an t need ed . Thus, from  now 

onw ards, we w i l l  d e a l  w ith  c a lc u la t io n s  u p to  th e  n th_ o rd e r .  

A lso  we w i l l  have v a r io u s  app rox im ations ( i i i )  w ith in  an o rd e r  

in s te a d  o f w ith in  an app rox im ation .

In our c a l c u la t io n ,  th e  t ru n c a t io n  o f d e te rm in a n ts  i s  

e q u iv a le n t  to  th e  t r u n c a t io n  of m a tr ic e s .  Of th e  two 

n o m en cla tu res  d e sc r ib e d  ab ove , we ad o p t th e  one u sed  by Chapman 

and Cow ling.
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(b )  ERRORS

The t h e o r e t i c a l  e r r o r s  can be grouped in to  fo u r  c a t e g o r i e s .

( i )  T ru n ca tio n  e r r o r s

As d is c u s se d  above, f o r  an n th  o rd e r  c a l c u l a t i o n ,  we 

t r u n c a te  th e  m a tr ic e s  to  (n x n ) s i z e .  In  o rd e r  to  g e t  th e  

c o n t r ib u t io n  f o r  th e  n th  o rd e r a lo n e ,  we s u b t r a c t  th e  

c o n t r ib u t io n  of ( (n -  1) x (n -  1) ) m a tr ix  from t h i s .  Thus

we can f in d  out th e  c o rre sp o n d in g  c o n t r ib u t io n s  f o r  a l l  v a lu e s  

o f fn ? . Adding a l l  th e se  c o n t r ib u t io n s ,  an i n f i n i t e  s e r i e s  

i s  o b ta in e d . For th e  L.G.M. case  ( m  ̂ >> m  ̂ , n^ >> n^ ) , 

Chapman and Cowling (C .C -52) have shown t h a t  th e  s e r i e s  sum 

converges  to  a f i n i t e  v a lu e . In p r a c t i c e  th e  s e r i e s  i s  

t ru n c a te d  a f t e r  a c e r t a in  number o f term s ' n ’ . The d i f f e r e n c e  

betw een th e  t ru n c a te d  v a lu e  and th e  f i n i t e  v a lu e  c o rre sp o n d in g  to  

th e  s e r i e s  sum may be c a l le d  t r u n c a t io n  e r r o r  . These e r r o r s  

can be m inim ised by ta k in g  more and more term s in to  a c c o u n t.

Due to  th e  co m plex ity  o f work in v o lv e d , such e r r o r s  have n o t 

been c o n s id e re d  f o r  any o th e r  g a s-sy s tem , so  f a r .

( i i ) A pproxim ation E rro rs

These e r r o r s  a r i s e  in  th e  s tu d y  o f  ap p ro x im a tio n s  o f  

ty p e  ( i i i ) .  The d i f f e r e n c e  between th e  v a lu e s  o f  th e  e x a c t  and
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approxim ated  e x p re s s io n s  i s  known as th e  ap p ro x im atio n  e r r o r .

E r ro rs  b e lo n g in g  to  th i s  group have been d is c u s s e d  by 

d i f f e r e n t  w orkers (B r-5 7 , B r-63 , J .S - 6 4 ,  Ma-57a, H .C .B -64 ).

For pu rp o ses  of com paring w ith  e x p e rim e n ts , th e s e  e r r o r s  a re  

over and above th e  tru n c a t io n  e r r o r s  ( i f  any known) f o r  t h a t  

o rd e r  o f c a l c u la t io n .

E rro rs  a s s o c ia te d  w ith  th e  K ih a ra  ty p e  ap p ro x im atio n

(S e c tio n  4 - H ) be long  to  th i s  group.

( i i i )  C om putational E rro rs

S ince th e  ex p re ss io n s  o f  d i f f e r e n t  o rd e rs  f o r  d i f f e r e n t

t r a n s p o r t  c o e f f i c i e n t s  (D e-66, Jo -6 5 , J .S - 6 3 ,  Ma-57, H .C .B-64)

a re  w r i t t e n  in  term s o f ex ac t f r a c t io n s  and th e  c o l l i s i o n

i n t e g r a l s ,  th e  e r r o r s  in  com puting th e  t r a n s p o r t  c o e f f i c i e n t s

a r i s e s  m ain ly  from  th o se  in  the  com pu ta tion  o f th e  c o l l i s i o n

i n t e g r a l s .  This i s  so  because th e  e x a c t f r a c t i o n a l  p a r t  o f  th e
7

e x p re s s io n s  can be computed to  an a c c u ra c y  o f 1 in  10 and 

th u s  c o n t r ib u te s  n e g l ig ib le  e r r o r s .

In  th e  p re s e n t  work, we a re  d e a l in g  w ith  th e  i n t e r a c t io n  

in t e g r a l s  in s te a d  of th e  c o l l i s i o n  i n t e g r a l s .  The in t e r a c t io n  

in t e g r a l s  f o r  a r i g i d  sphere  can be e v a lu a te d  e x a c t ly .  The 

co m p u ta tio n a l e r r o r s  in tro d u c e d  f o r  th e s e  i n t e g r a l s  a r e  1 in
7

10 . For th e  L ennard-Jones p o t e n t i a l ,  we have fo llo w ed  the
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method o f  Sm ith and Munn (S.M-64) f o r  e v a lu a t in g  th e  in t e r a c t io n

i n t e g r a l s .  The e r r o r s  in  the v a lu e s  o f  th e s e  in t e g r a l s  a re  1 to  
3

2 in  10 P rev io u s  c a lc u la t io n s  o f th e  c o l l i s i o n  i n t e g r a l s ,

a s  sum m arised in  ta b le  2 have s im i la r  s o r t  o f  a c c u ra c y .

These e r r o r s  a re  in  a d d i t io n  to  th e  o th e r  e r r o r s  

d is c u s s e d  b e fo re .  They can be im proved upon by em ploying more 

a c c u ra te  methods o f num erica l a n a l y s i s .

( i v ) C o n sis ten cy  e r r o r s

I t  i s  f a i r l y  common to  check th e  c o n s is te n c y  o f 

d i f f e r e n t  e x p e rim e n ta l d a ta  fo r  d i f f e r e n t  c o e f f i c i e n t s  (W e-64, 

M.W-62, S .G -65 , S .A -62 , We-63). A pproxim ate r e l a t i o n s  betw een 

f i r s t  o rd e r  e x p re s s io n s  o f two d i f f e r e n t  c o e f f i c i e n t s  a re  

e s ta b l i s h e d .  Using th e se  r e l a t i o n s ,  we e s t im a te  th e  v a lu e  of 

one o f th e  c o e f f i c i e n t s  from the  m easured v a lu e  o f  th e  o th e r  

c o e f f i c i e n t .  The d if f e re n c e  between th e  e s tim a te d  v a lu e s  and 

th e  a c t u a l  m easured v a lu e s  fo r  th e  same c o e f f i c i e n t  may be 

c a l l e d  c o n s is te n c y  e r r o r s .

By u s in g  th e  approxim ate r e l a t i o n  betw een th e  two 

c o e f f i c i e n t s , measured v a lu e  o f one o f  th e  c o e f f i c i e n t s  and th e  

c o n s is te n c y  e r r o r  a s s o c ia te d  w ith  th a t  r e l a t i o n ,  th e  v a lu e  o f  th e  

o th e r  c o e f f i c i e n t  f o r  d i f f e r e n t  gas sy s te m s , f o r  w hich no d i r e c t  

m easurem ents a re  a v a i l a b l e ,  can be e s t im a te d .  Such e s t im a t io n s
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have been done f a i r l y  e x te n s iv e ly  f o r  d i f f u s io n  c o e f f i c i e n t s  from  

th e  m easured d a ta  o f v i s c o s i ty  and th e rm a l-c o n d u c t iv i ty  o f b in a ry  

g a s -m ix tu re s  (We-6 4, We-63, M.W-62, S .G -65 , S .A -6 2 ). R e c e n tly ,  

K estin  e t  a l  (K .N-66) have measured th e  d i f f u s io n  c o e f f i c i e n t  f o r  

Ne-Co^ m ix tu re . This va lue  ag re e s  v ery  w e ll  w ith  th e  p re d ic te d  

v a lu e  o f  Mason and Weissmann (M.W-62).

I t  may be rem arked th a t  th e se  e r r o r s  a re  n o t  e r r o r s  in  th e  

same sen se  as th e  f i r s t  th re e  ones a r e .  I t  may be b e t t e r  to  

c a l l  them as  n u m e rica l d is c re p e n c ie s  f o r  th e  e s tim a te d  v a lu e s .

(c )  CONVERGENCE

The g e n e ra l  e x p re s s io n s  of th e  t r a n s p o r t  c o e f f i c i e n t s  , 

o b ta in ed  by Chapman and Cowling (C .C -52) a re  alw ays assumed to  be 

r a p id ly  co n v erg en t because  i t  i s  assumed t h a t  th e  m ajor 

c o n t r ib u t io n  to  th e  c o e f f i c ie n t s  i s  from  th e  f i r s t  o rd e r  w h ile  

th e  c o n t r ib u t io n s  from  th e  h ig h e r-o rd e rs  a re  sm a ll and r a p id ly  

d e c r e a s in g .

For a s im p le  g a s ,  w ith  r ig i d  sp h e re  m o lecu les  Chapman and 

Cowling (C .C -52) have shown th a t  th e  m agnitude o f  th e  second o rd e r  

i s  s m a lle r  th a n  th e  f i r s t  and th a t  o f  th e  t h i r d  o rd e r  i s  s m a lle r  

th an  th e  second . By comparing th e  c o n t r ib u t io n s  o f  th e  f i r s t
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and th i r d  o rd e rs  f o r  a Lennard-Jones and expo-6  p o t e n t i a l s  , i t  

has been re p o r te d  (Ma-57) th a t  th e  convergence o f  th e  s e r i e s  i s  

r a p id .  In  o rd e r  to  have an id e a  o f th e  r e l a t i v e  m agnitudes o f 

th e  f i r s t  th r e e  o rd e rs  fo r  a L ennard-Jones p o t e n t i a l ,  we have 

computed th e se  u s in g  th e  c o l l i s io n  i n t e g r a l s  ta b u la te d  by 

H ir s c h fe ld e r  e t  a l  (H .C .B -64). Our r e s u l t s  show t h a t  th e  

convergence f o r  th e  f i r s t  th re e  term s i s  f a s t e r  f o r  th e  

L ennard -Jones p o t e n t i a l  th an  fo r  th e  r i g i d  sp h e re  p o t e n t i a l .

For a b in a ry  g a s -m ix tu re , a lg e b r a ic  e x p re s s io n s  fo r  th e  

second and t h i r d  o rd e rs  (D e-66, Jo -6 5 , Ma-57, S .J -6 3 ,  H .C.B-64) 

have been w r i t t e n  b u t they  a re  very  com plex to  work w i th .

G en era lly  th ey  a re  approxim ated to  g e t some in fo rm a tio n  f o r  th e  

r a t e  o f decrem ent in  some extrem e c a s e s .  I t  i s  c o n v e n ie n t to  

s e p a ra te  th e s e  app rox im ations fo r  th e  c o e f f i c i e n t s  o f  th e  v e c to r  

p a r t  ( d i f f u s io n ,  th e rm al d if fu s io n  r a t i o  and th e rm a l-c o n d u c tiv i ty )  

and th e  te n s o r  p a r t  ( v i s c o s i ty ) .  This s e p a r a t io n  i s  d is c u s se d  

below .

( i )  V ecto r p a r t

The s p e c ia l  c a se s  s tu d ie d  a re

1) L.G.M. (m »  m2 , n 1 >> n 2 )

2) Q uasi L.G.M. (m^ »  m2 , n^ << n 2 ) .
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A complete series sum has been obtained for the L.G.M.

(C.C-52), while the expressions are enormously simplified for

the Quasi-L.G.M. case (Ma-57a). The rate of decrement of

various order terms is not as rapid as the simple gas case for

the corresponding potentials.

(ii) Tensor part

The special cases studied are 
;  It i i li% - 9 ^  i

1) M j . .X c11 = a22 and > >  for a

rigid sphere potential (Jo-65, S.J-64).

2) Ar-He case for second-order for expo-6 potentials. 

(S.J-63, S .J-63a).

3) Recently Storvick and Mason (S.M-66) have considered 

several extreme cases of concentration ratios for various gas 

mixtures for the second order calculation.

Regarding convergence, the conclusions of Mason and others

(Ma-57, S.M-66) for binary gas-mixtures are based upon the above

extreme cases only. Recently, Devoto (De-66) has shown that

these limits (L.G.M. and Quasi-L.G.M.) are not reached until the
—6 —7mass and concentration ratios are of the order of 1Ö to 1Ö 

These ratios are clearly far from any realised in nature and 

therefore the conclusions may not necessarily be appropriate.
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Though we agree with the general physical nature of the 

conclusions for a simple gas and a binary gas-mixture that the 

series of the different coefficients is convergent but as 

discussed above, this conclusion does not have enough theoretical 

basis. In order to provide a more reasonable theoretical basis, 

we should study orders higher than the ones for which the 

calculations are available both for a simple gas and a binary 

gas mixture. Moreover, there is a need for studying more mass 

and concentration ratios which occur in practice for binary 

gas-mixtures.

With the general formulae developed in Chapter III and the 

method of computation discussed in Chapter IV, it is possible to 

automatically compute the transport coefficients for any order 

and potential.

We shall use this facility to study the convergence of the 

first five orders for a simple gas and of the first four orders 

for a binary gas-mixture for a rigid-sphere and Lennard-Jones 

potentials. Previous results are limited to third order only 

(Jo-65, C.C-52, H.C.B-64, Ma-57).

This will demonstrate the power of the present procedure 

and will provide a better picture of the relative magnitudes
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o f th e  f i r s t  few o rd e rs  and th e re b y  o f  th e  convergence problem .

In  t h i s  c h a p te r ,  T^n  ̂ d en o te s  th e  c o n t r ib u t io n  o f  th e  

f i r s t  n o rd e rs  to  a p a r t i c u l a r  t r a n s p o r t  c o e f f i c i e n t  e .g .  r / n  ̂

d en o tes  th e  c o n t r ib u t io n  fo r  f i r s t  n o rd e rs  to  th e  c o e f f i c i e n t  

o f v i s c o s i ty  o f  th e  sim ple gas , w h ile  d e n o te s  th e

c o n t r ib u t io n  f o r  th e  v is c o s i ty  f o r  a b in a ry  m ix tu re  and so  on.

B. R ig id  Sphere P o te n t ia l

( a )  SIMPLE GAS

As a p re lim in a ry  check of th e  com puter programme, we 

computed th e  f i r s t  th r e e  o rd e rs  f o r  v i s c o s i t y  (n )  and th e rm a l-  

c o n d u c t iv i ty  ( a) • The r a t i o s  o f th e  second and t h i r d  o rd e rs  

to  th e  f i r s t  ag reed  com plete ly  w ith  th o se  c a lc u la te d  by Chapman 

and Cowling (C .C -5 2 ).

In  ta b le  4P, we g ive  th e  v a lu e s  o f  ( ) and

( A ^ V a^1  ̂ ) f o r  n = 2 ,3 ,4 ,5 .  I t  i s  c l e a r  t h a t  th e  d i f f e r e n c e

betw een c o n se c u tiv e  r a t i o s  becomes s m a l le r .  For example th e  

d i f f e r e n c e  betw een th e  r a t i o s  o f th e  f o u r th  and f i f t h  o rd e rs  to  

th e  f i r s t  o r d e r ,  bo th  f o r  n and A , i s  in  th e  f i f t h  and s ix th  

dec im al p l a c e s . This shows a r a p id  convergence f o r  th e  f i r s t  

f iv e  o rd e rs  f o r  a sim ple  gas bo th  f o r  n and A . Note t h a t



T able 5.

R a tio s  o f  th e  f i r s t  f iv e  o rd e rs  to  th e  f i r s t  o rd e r  f o r  

v i s c o s i t y  (rj) and th e rm a l-c o n d u c tiv i ty  (A) f o r  a r i g i d  

sp h e re  p o t e n t i a l  fo r  a sim ple g a s .

n( 2 >/ n ( 1 ) 1-014852 X( 2 ) /X( 1 )  1*022727

n( 3 ) / n ( 1 )  1-015879 X( 3 ) /X( 1 )  1*024818

n( 4 ) / n ( l )  1*016006 X( 4 ) /X( 1 )  1-025134

n( 5 ) / n (1 ) 1*016028 a( 5 ) / a(1 ) 1.025197
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th e  convergence i s  independen t o f  th e  n a tu re  o f th e  gas and 

te m p e ra tu re . This independence h o ld s  f o r  a r a t i o  of any o rd e r  

*nf to  th e  f i r s t  o rd e r  and can be o b ta in ed  from th e  g e n e ra l 

fo rm u lae  o f th e  sim ple gas in  th e  fo llo w in g  way.

The v i s c o s i ty  o f a pure gas i s  g iven  by

n = kT [J 2
( 1 1 )

(5 -1 )

This e x p re s s io n  i s  o b ta in ed  from eqn . (3 .9 1 )  by p u t t in g  n 2 = 0 

n^ = 1 , = M and a 22 = • From eqn . ( 4 .1 4 ) ,  we have

2
J (11 )  = I X(NLn£n' 12 v,  v 0 )V* t ( 1 1 )  , ( 5 - 2 )v v„ MTL „ . 1 1 2 nn?1 2 NLnjtn’

where X from  eqn. (4 .1 5 )  i s  a pu re  number in d ep en d en t o f  th e
0

mass o f  gas f o r  M„ = M. . Nov; V , (11 ) from  eqn . (4 .4 6 )  i s  0 2 1  n n ' ^

VÄ , (11) = sn■nr> 1 \  A (Jt,r ,p )  B (n£ ,n  ?£ ;p )
P ?r

11
(5 -3 )

In  th e  above e q u a t io n , V* , (11) n n ' i s  dependen t o n ly  upon a ,
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T and w h ile  th e  o th e r  q u a n t i t i e s  a re  e i t h e r  c o n s ta n ts  or

pu re  num bers. Combining th i s  e q u a tio n  w ith  eqn . ( 5 . 2 ) ,  we g e t
2

the  e x p re s s io n  o f J  (11) as
V1V2

2 2 M.
Jvxv2 (11) = ° U  -V V1V2

(5 -4 )

where X c o n ta in s  a l l  c o n s ta n ts  and o th e r  n u m e rica l f a c to r sv v 1 2
dependent on ly  upon th e  su p e r-  and s u b - s c r ip t s  o f J  .

2
S ince  th e  t ru n c a t io n  and in v e rs io n  o f  J  -m a tr ix  a f f e c t s

only  X ( , i t  i s  c l e a r  th a t  ( ) w i l l  be
V1V2

indep en d en t o f  , T and . The same argum ent a p p l ie s

to  th e  J  -m a tr ix  and th e re fo re  to  th e  r a t i o s  o f  ( A^n ^ /A ^ ^  ) .

The above argum ent a ls o  le a d s  to  th e  w ell-know n Eucken’s 

e x p re s s io n  t h a t  fo r  th e  h a rd -sp h e re  p o t e n t i a l ,  th e  r a t i o  of 

( n/A ) i s  in d ep en d en t o f  o and T and i s  p r o p o r t io n a l  to  

M o r  c v » th e  s p e c i f i c  h e a t a t  c o n s ta n t  volum e.

We f in d  th a t  th e  r a t e  of decrem ent i s  f a s t e r  f o r  h than  

f o r  A .

(b ) BINARY GAS-MIXTURES

The t r a n s p o r t  c o e f f i c ie n t s  f o r  a b in a ry  gas m ix tu re  depend
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upon :

(1) masses and relative concentrations of the individual 

components of the mixture (M^, M , n , n2> ,

(2) force constants of interaction between like and unlike

molecules (a^, G22’ ai2^ anc*
(3) temperature (T).

In the literature (Jo-65, Ma-57, Ma-54, S.J-63,

De-66), the algebraic expressions for orders upto the third have 

been written for all the coefficients but no systematic study 

for the convergence of all the three orders with different 

parameters is done. The main reason is that either till 1966, 

the higher-order expressions were not available, as in the case 

of thermal-conductivity , or the expressions were too complex to 

do any detailed study.

In this section, we have attempted a systematic study so 

as to exhaust most of the likely combinations and ranges of 

variation of these parameters ( T , , M2 , a , a22 , n^ ,

n2 ). The various combinations are grouped as under.

In this section, subscript 1 refers to the heavier 

component and 2 to the lighter.
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(1 )  Temperature dependence

Temperature dependence can be e x t r a c t e d  from th e  

g e n e ra l  e x p re s s io n s  of the c o e f f i c i e n t s  g iven  in  C hap ter  I I I  

(e q n s .  3 .8 2 ,  3-101 to  -103, 3 .1 2 4 ) .  In  p a r t i c u l a r ,  f o r  v i s c o s i t y ,  

from eqns .  ( 3 .8 2 ,  3.17 - 3 .2 0 ,  4 .1 4 ,  4 . 4 6 ) ,  i t  can be shown t h a t  

f o r  a l l  o rd e rs

V x  a /T (5 -5 )

By t a k in g  th e  co rrespond ing  e x p re s s io n s  f o r  o th e r  c o e f f i c i e n t s  

a s i m i l a r  dependence on tem pera tu re  i s  o b ta in e d .

(2 )  Convergence o f  f i r s t - f o u r  o rd e r s

With , M2 , o i;L and o 22 f ix e d  ( c , a 22 a re

the  c o l l i s i o n  d iam ete rs  of the  two c o l l i d i n g  m o lecu le s)  on 
n2

v ary in g  x* ( = --------- , where n , and n .  a r e  th e  r e l a t i v e
J 2 n1+n2 1 2

c o n c e n t r a t i o n s  o f  the  two components o f  th e  m ix tu re )  a l l  th e  

fo u r  c o e f f i c i e n t s  f o r  the  f i r s t  fo u r  o rd e r s  a r e  computed.

In  th e  case  of d i f f u s io n ,  i t  i s  n e c e ssa ry  t o  compute th e  

f i r s t  f i v e  o rd e rs  in  o rder  to  ge t th e  f i r s t
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four  orders  of ky . This computation has been done fo r  Ar-Ne 

mixture fo r  which the  data i s  given below. This data  has been 

taken from H ir s c h fe ld e r  e t  a l  (H.C.B.-64,  Table 8 .3 - 1 ) .

Mj, (Molecular weight of Ar^®) = 39.44 gms.

M0 ( " " " " " He20) = 20.18 gms.
-8= 3.64 x 10 cms.

= 2.58 x 10“® cms.

= (<r" n  +

For v i s c o s i t y  ( ')  ̂ ) and the rm a l -conduc t iv i ty  ( ; ' m̂ x) » we

have placed the  abso lu te  values in  t a b l e s  6 and 9 and the  r a t i o s

( i - S- ( ’ t i ! /  ^ l i x  ] and A mlx > in  t a b l e s  7 and i 0 -

Figs  ( l) and ( b) dep ic t  the  v a r i a t i o n  of th e se  r a t i o s  with X2 .

These r a t i o s  approach the  pure gas l i m i t  fo r  x^ = 0 or 1 .

This l i m i t ,  as shown e a r l i e r  ( t a b l e  b) i s  independent of the

na ture  of the  gas.

For the  d i f f u s io n  ( 1 and the  th e rm a l -d i f fu s io n  r a t i o

(ky) the  abso lu te  values  and the  r a t i o s  ( i . e .  ( )

and ( k ^ j V ^ y ^  )) a re  given in  t a b le s  17, 18, 24 and 12, 2b. 

Also the  ab so lu te  values and the r a t i o s  f o r  the se  c o e f f i c i e n t s  

a re  p l o t t e d  in  f i g s ,  lb ,  21 and 22.
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(3) Variation with ( ^  7 ^~22) ratios.

Jith , x^ and fixed, the first four orders of

the coefficients for different ( <t-22) ratios ( 2 2

fixed) are calculated. The ratios of the second, third and 

fourth orders to the first for different ( 'T~ ii/ ^ 22) ratios are 

given in tables 8, 11, 19 and 26 and in figs. 2, 6, 16 and 22.

(4) Variation with mass ratios (Mj/m 2) .

With and fixed, the coefficients for the11 ’ 22
first three orders for different 1̂  and x2 (0.1 x2 ^ 0.9 )
are calculated. The ratios of the second and third orders to the

first order vs. 

17 and 23.
x2 for various M are plotted in figs. 3, 7,

Approach to the L.G.M. and Quasi-L.G.M. Limits.

With , ~ 22 and M2 , the coefficients for the first
three orders for different M , and (x / x ^  values are calculated. 

The ratios of the second order to the first order, are plotted in

1 mix and mix * Thesefigs. 3 (e U  for
I

ratios show an approach to the simple gas limit for (x /x2) 

tending to zero and for ( x / x ^  tending to infinity. For \ 2  '
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!LavU. ky , and , these ratios approach limits different from

the simple gas limit. The values of these ratios are given in 

tables Ö 4- and in figs, •4-22.4 . These

limits have been termed as the L.G.M. and the Quasi-L.G.M. 

limits (C.C-52, Ma-b7a).

(6) Approach to the (M^ M2 , ) and

(Mj_ M2 , tr- 22 »  ̂ i i ) limits.

With x , x2 * and ^  fixed, when ((i:T~^/rr~22} ^2 1 ) »

the values of '' 'mix * ^)mix * 12 anc* are calculaiecl
for the first three orders for different Mj_ and o'"*., - values.

The absolute values for the first two orders for these coefficients 

are given in tables 14, X ?> ?>o • The ratios of the second

order to the first order are plotted in figs. \ f f°j^ 2 $ for 

different mass ratios. For (("T ^  ’ we Per^orm

same calculation keeping fixed. The results of this

calculation are given in tables 16, and in figs.

The results of the above steps have been grouped together for 

each coefficient, unless otherwise specified, it was convenient to 

consider the ratio of the second order to the first order only.
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The behaviour of the higher-order ratios is similar. Finally a 

comparison of the results for different coefficients is given in 

sec. (V-A.b- vi) .

i) Viscosity (Tables 6-8, figs. 1-4)

An algebraic expression for the first order is given by 

Chapman and Cowling (C.C-52). Algebraic expressions for the 

second and third orders are given by Joshi and Saxena (Jo-65, 

S.J-63). Only numerical calculations available, done for the 

rigid sphere potential using the second and third order expressions 

are for the following specific cases (Jo-65, J.S-65).

1) M = 10 M0 = 10.0 
1 2 gms, T~

11 = 22’ xi * x2 = °-5-

2) = 10 M2 = 10.0 gms, a 2/^ 22* *1 ~ x2 ~ O.b.

We also use this set of values to calculate the first four 

orders for different <r~ values ( 22 ^ixed)•

Our results are placed in tables 6 to 8 and in figs, (l) to (4).

Convergence of the first four orders.

In table 6, the absolute values for . for the firstmix
four orders for the Ar-Ne mixture are given for different values



Table 6.

Values of the first four order of viscosity (n • ) forJ 1 mix
the Ar-Ne mixture for different values of x| . (Rigid

sphere ; =39.44 gms, M2=20 . 18 gms , oL1=3.64 ’A , ou =2.58'A)

X2 n(1) yn . xmix
•d- IO 

1—
1 n(2) X JÖ4 mix

(3) y h . x  mix i o 4 n(4) X i
mix

0.9 2.8348 2.8778 2.8810 2.8814

0.8 2.7107 2.7524 2.7556 2.7561

0.7 2.6011 2.6415 2.6446 2.6451

0.6 2.5038 2.5427 2.5457 2.5462

0.5 2.4166 2.4541 2.4570 2.4574

0.4 2.3382 2.3743 2.3771 2.3775

0.3 2.2674 2.3020 2.3047 2.3050

0.2 2.2030 2.2364 2.2389 2.2392

0.1 2.1442 2.1764 2.1787 2.1790
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of . It is clear that the viscosity of this mixture increases 

with decreasing values of x^ for all the orders.

In table 7, the ratios of the second, third and fourth orders 

to the first order for ^mix are 9*ven ^or ^r-Ne system

and for different values of x^ . In fig. (l), these ratios 

for different are plotted to show the rate of decrement.

Also we notice that the maximum contribution to a particular ratio 

or to an order is when x  ̂^ A 0.5 .

In table 8, the values of ( ?V  ^  ) for n * 2,3,4
mi* 'mix

are given for different (' r7~̂ 0) ratios ( fixed), for

X| = X2 ” ^.5 anc* ^0r M , * 10 M0 = 10.0 gms. We note that the
o

limiting value for the ratios is reached when (■'r~jj/cr- ) ^  10 .

The difference of the values of ( ) atmix 'mix

( ̂ 11/^ 22) = 102 and at 11/^22^ = iC)3 is only in the
fourth decimal place. The graph of ( °r)^^ / )mix vs.

( 1 n  / ̂ 22  ̂ ratios in fig. (4) shows that, for all practical 

purposes, the limit for ( ^  ) is reached when

( ,/ ~  J  _ T 1° to 102 .

The values of the ratios of the second and third orders to 

the first order for ( 3“^  = and for (■■*“ ^ o - 22) are

slightly different from the one given by Joshi and Saxena



Table 7

Ratios of the first four orders to the first order for

viscosity (n • ) for the Ar-Ne mixture for different values J mix

‘2 * (Rigid sphere; M^=39.44 gms , M2=20«18 gms

. 64 • A j ° 2 2 ~ ^ ’̂ ^  ^

X2
(2) / (1) n j n
mix/’ mix

n (3) /n(l)n /nmix / mix
n (4) / n (l)n / n mijy1 mix

0.1 1.01501 1.01609 1.01623

0.2 1.01516 1.01629 1.01645

0.3 1.01530 1.01647 1.01664

0.4 1.01541 1.01662 1.01679

0.5 1.01550 1.01672 1.01690

0.6 1.01554 1.01676 1.01694

0.7 1.01552 1.01673 1.01690

0.8 1.01542 1.01659 1.01675

0.9 1.01520 1.01632 1.01646
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Fig. 1 .. For Ar-Ne , the ratios of the second, third and fourth order

cospared for various concentrations of the lighter component. (Rigid sphere; „^39.44 g » ,  M =20.18 ^  

°11=3 .ö4'A , o 22=2.58'A ). 2



Table 8.

Ratios of the first four orders to the first order for 

viscosity for a binary mixture for different

ratios. (Rigid sphere; M^=10 M2=10.0 gms , a22=l*A, .

all/a22

1.0

2.0

10.0

60.0

1.0 x 102

5.0 xlO2

1.0 x104

1.0 x 105

(2) / (1)
’"'mix j nmix

1.0088

1.0155

1.0277

1.0305

1.0307

1.0309

1.0309

(3) / (1) 
^mix j  nmix

1.0094

1.0172

1.0323

1.0357

1.0359

1.0362

1.0362

(4) j (1) 
nmix j ̂ mix

1.0095

1.0176

1.0336

1.0373

1.0376

1.0378

1.0378

1.0309 1.0362 1.0378
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Fig. 2 ..
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(Jo -65 , J .S -6 5 ) .

Variation with mass-ratios.

, . , (2) 7 (1)
In f i g .  ( 3 ) ,  the values of ( /  ^ . ) are p lotted  for

various m ass-ratios and for d if feren t values of . Some

in ter e s t in g  features can be noted from th is  graph.

( 1) The approach to the simple gas l im it  i s  steeper near

x2 ^2 1 than near *2 ~  ® • This steepness increases with 

increasing m ass-ratios.

(2) The curve corresponding to -  39.44 gms, M2 = 20.18 gms,

= 3.64A , <r- * 2»58A the h ig h est .  The other curves

corresponding to mass-ratios d if feren t from th is  l i e  in a
Midescending order. After the m ass-ratio MT; 2 1  20 , there occurs 

an ascending sequence for higher M2 m ass-ratios in the region  

of small values of x2 while for large values of X2  the usual 

descending sequence continues. This s h i f t  from a descending to  

an ascending sequence shows that there i s  an increase in the  

second order contributions after a cer ta in  m ass-ratio .

(3) There i s  a certain curvature in the curve for 3 M2 which

comes from the fact that sT~ ^  /  °~22 One wou^  exPe° t

a s tra ig h t l in e  in the case of a simple gas.



I 954

Fig. 3 .. The ratio of the second order to the first order of viscosity has been plotted versus various concentration

of the lighter component for different mass-ratios. Number on each curve denotes M^/Mj rat*° involved. 

(Rigid spher«; M2=20.18 gms; 0^*3.64 *A , o22=2.58’A ).
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(4) From gas theory, it is well-known that, for viscosity, the

heavier molecules are dominant momentum carriers. In order to

study the effect of these carriers when they are in minority to

the second order contribution for °lmix *  ̂ ^mix ^  ^mix  ̂ vs*

(MV m 2 ) is plotted for various values of X2 in fig. 4. We

observe that for M j/M2 31.2, the contribution of the heavier

molecules to the ( is never dominant for every
'mix ' mix

small values of x^ . But for mass-ratios greater than 31.2, the 

contribution of the heavier molecules is dominant when x^ ^  X2 /200 

For very high mass-ratios (i.e. ^  200 ), the heavier

molecules are dominant for values of xj/ x 2 less than V200 .
This behaviour is not obvious in figs. (l) and (3). The 

statement of Storvick and Mason (S.M-66) that for viscosity, the 

dominant momentum carriers are heavy molecules and should contribute 

a maximum to the second order when they are in a minority, may be 

true only if qualified by restrictions on mass and concentration 

ratios.

(ii) Thermal-Conductivity (Tables 9-16. Figs. 5-14).

An algebraic expression for the first order for A  m^x is 

given by Chapman and Cowling (C.C-52) but no higher order 

expressions were written till as late as 1966 (De-66). The only
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Fig. 4 .. The ratio of the second order to the first order of viscosity has been plotted versus mass ratios for

different concentrations of the lighter component. (Rigid sphere; M2=20.18 gms , ° n =3*64*A * 58*A ).
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numerical calculation for orders higher than the first, for the 

rigid sphere molecules is for the L.G.M. case (C.C-52).

In this subsection only the /\*mix Part °f the general 

expression of thermal-conductivity (eqn. (3.123)) is considered. 

The diffusive part of y\m^x > which is generally assumed to be 

small, is considered in the next sub-section. The results of 

the calculation for are 9i-ven i-n tables 9 to 11 and in

figs. 5 to 14.

Convergence of the first four Orders of 7\'m^x •

The absolute values of /^'mix f°r the f*rst four orders are 

given in table 9 for different values of x^ . We note that the 

values continuously increase for decreasing values of f°r aH

orders.

In table 10, the ratios of the second, third and fourth orders 

to the first order for .A’mix are 9^ven* It is clear from 

the table that for fixed values of X2 » the consecutive ratios 

decrease. Also these ratios are plotted in fig. (b). Again, 

as in viscosity there is a maximum in the contribution of A 1 f 
for higher orders at ><2 ~  0.5 .



Table 9

Values of the first four orders of thermal conductivity

(X’ mix5 for the Ar-Ne mixture for different values of

(Rigid sphere; Mx=39.44 gms, M2=20.18 gms, O y l=3.64 *A ,

a22=2.58*A )

X2 ,,u>
mix

,.(2)
A •mix

tO )
A •mix X'(4)mix

X 103 X 103 X 103 X 103

0.9 4.0751 4.1756 4.1856 4.1873

0.8 3.6335 3.7284 3.7885 3.7402

0.7 3.2565 3.3448 3.3546 3.3563

0.6 2.9313 3.0124 3.0215 3.0232

0.5 2.6481 2.7217 2.7301 2.7317

0.4 2.4000 2.4656 2.4731 2.4746

0.3 2.1798 2.2384 2.2450 2.2462

0.2 1.9844 2.0357 2.0413 2.0423

o . i 1.8096 1.8540 1.8585 1.8593



Table 10

Ratios of the first four orders to the first order for 

thermal-conductivity for the Ar-Ne mixture for

different values of x2 . (Rigid sphere; M1=39.44 gms, 

M2=20.18 gms, o11=3.64*A , c22=2.58*A )

:0) x , ( 2 )  / X , U ) xi(3)j x,(l)
2 mix mix mix/ mix mix /

9 1.02468 1.02714 1.02754

8 1.02614 1.02889 1.02937

7 1.02712 1.03010 1.03063

6 1.02766 1.03078 1.03136

.5 1.02780 1.03097 1.03157

.4 1.02753 1.03067 1.03127

.3 1.02688 1.02991 1.03048

.2 1.02587 1.02867 1.02919

.1 1.02448 1.02698 1.02741
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--------------------------------------- ►  *2
F ig . 5 . .  For Ar-Ne , th e  r a t i o  o f  th e  second, t h i r d  and fo u rth  o rd ers  to  th e  f i r s t  o rd er o f th erm a l-co n d u c tiv ity

( *m̂ x ) have been coirpared fo r  v a rio u s  c o n c en tra tio n s  of th e  l ig h t e r  component. (R ig id  sp h e re ; 

M1=39.44 gms , M2=20.18 gms, c 11=3.64*A , o22=2.58*A ) .



138

In table 11 and in fig. (6), the results of the variation of
( A  ̂  / V  ^  ) for ( n = 2,3,4) and for different - mix mix
( r7 ~\ |/ 22) ratios are given. For this variation, the data

used is s 10.0 gms, = 1.0 gms, ^  = 0.5 and

^~22 s i’A • It may be noted from the table that the limit is 

reached at J  ^  104 for all orders but for all practical 

purposes, the limiting value is reached between c?~‘ / ■»“ ^  10

to 100 (see fig. 6).

Variation with mass-ratios,

' ( 2 ) ■' ( l1In fig. 7, a graph of the ( ;0 / X  . j and
, (3) j mix mix

( . / ) ratios for different values of xrt and formix mix 2
different mass-ratios is given. Here M2 * 20.18 gms,
°~11 s 3.64’A, ^ ~ 2 2  s 2.58*A are kept fixed. It is seen 

that the higher mass-ratios lie in an ascending order. Moreover, 

the spacing between the curves for the second and third orders 

goes on increasing for increasing mass-ratios.

Now, as in the case of viscosity, there is a definite value 

of the mass-ratio after which the contribution to the
'  r

( X  / X ̂ P ) ratio approaches a maximum value. But, 
v 7 mix ' mix ^
unlike viscosity, it happens when the lighter component is in a



Table 11.

Ratios of the first four orders to the first order for 

thermal conductivity ( x1  ̂ ) for a binary mixture for

different (^if/°22 ̂ ratios. (Rigid sphere; iî =10 M2=10.0 gms ,

a22=l-A, ).

°ll/c22
,.<2)A . / Amix j mix /Xf(V  X,(4) / A'(l)mix j mix mix / mix

1 1.04432 1.05255 1.05488

10 1.08917 1.11390 1.12351

102 1.09314 1.11956 1.13002

103 1.09335 1.11985 1.13033

io4 1.09337 1.11987 1.13035

105 1.09337 1.11987 1.13035

106 1.09337 1.11987 1.13035
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Fig. 6 .. The ratios of the second, third and fourth orders to the first order of therma 1-conductivity (X m^x) have

been compared for various ratios. (Rigid sphere; M^IO M2 = 10.0 gms, o22=1.0*A , X^X^O.S ).
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F ig .  7 . .  The r a t i o s  o f  th e  seco n d  and  t h i r d  o r d e r s  t o  t h e  f i r s t  o r d e r  o f  th e r m a l - c o n d u c t iv i t y  (X h av e  been

p l o t t e d  v e r s u s  c o n c e n t r a t i o n  o f  th e  l i g h t e r  com ponent fear- d i f f e r e n t  mass r a t i o s .  Numbers (2 )  an d  ( 3 )  on 

d i f f e r e n t  c u rv e s  show th e  c o r r e s p o n d in g  o r d e r s  in v o lv e d .  (R ig id  s p h e r e ;  M2= 20 .18  gm s, 0 ^ = 3 .6 4 - A,

o22=2.58*A ) .



139

minority. These values of the ( "̂ *7 ) and (M,/M ) ratios,
14r.:z22 1 2

for approaching this maximum, are interconnected. In fig. 8, 

we have drawn various curves for the different ( 9')̂ / 1)̂ ) and

ratios. It is clear that this contribution is dominant 

only when the M /l\/L 7. 10^ and the '\/ 10? but when

^  10 , the contribution of the second order again, drops 

down the maximum level for all possible values of mass-ratios.

This, just, shows that we need a certain minimum number of 

minority carriers for an effective second order contribution.

This brings us to a point where we have shown the validity of 

Storvick and Mason (S.M-66) statement that for thermal-conductivity, 

the dominant energy carriers are light molecules and should 

contribute a maximum to the ( /^mix ^ -^mix^ ra"tio when 

they are in a minority provided it is qualified by restriction on 

the mass and concentration ratios.

It may be interesting to see the difference in behaviour of the
1 (2) '(i)( \ / A  . ) ratio and the absolute values of the secondmix / mix ,, v(2)and third orders. In fig. 9, the absolute values of Anix

A  (3)and /\ i are plotted for various mass ratios for M 2  * 1.0 gms,

7 1 1 = ~ ■ Comparing figs. 8 and 9, we observe that the

absolute values behave in an entirely different way because in
' (2)fig. 9, the contribution to /'mix increases when r\2 goes on



112

jo,4M' i*z)
Fig. 8 .. The ratio of the second order to the first order of thernal-conductivity (X'^*) has been plotted versus

mass ratios for different concentration ratios. (Rigid sphere; Mj=1.0 gm, ° n =a22S^*^
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The s e c o n d -  an d  t h i r d - o r d e r  c o n t r i b u t i o n s  t o  th e  t h e r m a l - c o n d u c t i v i t y  ( X' ^ ) h av e  b een  p l o t t e d  v e r s u s  

m a s s - r a t i o s  f o r  d i f f e r e n t  c o n c e n t r a t i o n  r a t i o s .  (R ig id  s p h e r e ;  M ^ l .O  gm, ° n =022=^ ^ ■
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becoming greater than n^, and vice-versa. The reason for this 

behaviour is not hard to see. In the former case, we are mainly 

concerned with the lighter component while in the latter (absolute 

values) case, the values are governed by heavy molecules and 

is roughly proportional to 1/

The approach to the (M| y y  M2 , n^ y y  n2 ) and (M^ y M2 , 

n0 ̂  > n. ) limits.

(2) / (1)
Now we shall study how the ratio ( y\' / y\m^x ) for a

simple mixture for which n^ ^  n2 and = M2 , behaves when we

approach the (M^ y y  M2 , n^ // 02) L.G.M. limit and the

(M^ ">̂ > M2 , n^ n^ ) Quasi-L.G.M. limit. For this, in

figs. 10 and 11, we plot the ratios for different mass and
concentration ratios for a—  = a— = 1-A and for M n - 1.0 qm.

11 22 2 -

It may be noted from these figures that for each mass ratio, the 

simple gas limit is attained though the approach differs with the 

mass-ratio. This conclusion also follows from the general 

formulae of chapter III.

The approach to the (M^ y y  M2 , ^  >> o r ^ ) and

(M1 >> M2 , 0-22 y / ° ~ n )  liniite.

(2) / ( i)
Another interesting limit for the ( X  /  * m ix̂  ratio



I 0 5 0

Ml- 10 Mj

F ig .  10 . .  The r a t i o  o f  t h e  s e c o n d  o r d e r  t o  th e  f i r s t  o r d e r  o f  th e r m a l - c o n d u c t iv i t y  (1* ^ ) h a s  been  

c o n c e n t r a t i o n  r a t i o s  f o r  d i f f e r e n t  m ass r a t i o s .  (R ig id  s p h e r e ;  M ^ l .O  gm,

7 8 9

p lo t t e d  v e r s u s

) .
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,09'o ( n2/",)
Fig. 11 .. The ratio of the second order to the first order of thermal-conductivity (1* , ) has been 

concentration ratios for different mass ratios. (Rigid sphere; M^l.O gm, °ii=022=^*°*A

7 8 9

plotted versus 

).



141

is when (M^ “)_> M2 , > > °~ 22) 0r ^M1 M2 *

) * For stuc*Y*ng the f°rmer in figs. 12 and

13, this ratio is plotted for various mass and 'r~ -ratios

(^~00-fixed) for M0 * 1.0 gm, X = x = 0.5. In both the 2^ 2 1 2
figures the limiting value of the ratio is reached when

3
('r~^/r~22) = t° 100 and M^/M^ ^  10 • The limiting values

in these figures are different from the simple gas limit of fig. 10.

By comparing figs. 10 and 12, we observe that the behaviour of

the ( ratio for the limits (M > M0 ,mix mix 1 2

nl X n2̂  and )̂ / M2 * 7 11 A/’"7' 22̂  is not the same*
Thus we conclude that this ratio does not observe the L.G.M.

condition because according to the L.G.M. condition, the value of

the ratio for the two limits should be the same.

For the (M^ ^>; M2 , || <// o- ) limit the m-x -ratio

is plotted in fig. 14 for different mass and 'r- -ratios (a- - fixed)

for = 1.0 gms and for * * 2 = 0*5* In this case, a

limit lower than the simple gas limit is reached. Also this

limit (Fig. 14) is lower than the limits of fig. 12. Thus the

limit (Mx M2 , x2 x̂ ) in fig. 11 is not identical with

the (M xx M j ' ’ 00 y V--7" ) limit for the „ . . - ratio.1// 2 22 7 ' II mix



Fig. 12 .. The ratio of the second order to the first order of thermal-conductivity (X*in£x) ^as been plotted versus 

mass-ratios for various (o^j/Oj j) ratios. (Rigid sphere; M2=1.0 gm, o22=1.0*A, Xi=X2=0*5 ).



I (
2)

l08'0 M ‘ *  )
F ig .  13 . .  The r a t i o  o f  th e  s e c o n d -o rd e r  t o  th e  f i r s t  o r d e r  o f  th e r m a l - c o n d u c t iv i t y  h a s  b een  p l o t t e d  v e r s u s

r a t i o s  f o r  v a r io u s  m a s s - r a t i o s .  (R ig id  s p h e r e ;  ^ = 1 . 0  gm , ,  X ^ X ^ O .ö  ) .
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Fig. 14 •• The ratio of the second-order to the first order of thermal conductivity U ' ^ )  has been plotted versus 

(o22/oll) ratios for various mass ratios. (Rigid sphere; Hj=1.0 gm, Oj^'l.O'A, Xj=X2=0.5 ).
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üi) Contribution of Diffusion Process to Thermal Conductivity 

(Tables 12 - 16) .

So far we have discussed the variation of mix with

different sets of parameters as Mackenfuss and Curtiss (M.C-58)

have argued that the diffusion term in /\ expression (3.122)
mix

does not contribute more than 2% to y/̂''mix " Here the 

contribution of this term is calculated for the following tye 

types of mixtures.

(1) For the Ar-Ne mixture, 0.1 4^ x2 2^ 0.9.

(2) For a mixture approaching the L.G.M. limits.

(3) For a mixture approaching the Quasi L.G.M. limit.
/

We observe that the contribution of this term is important for 

mixtures approaching the L.G.M. limit. Also we find that for 

the ( 7 ^  ̂  / A l)) ratio, the limits (M. > \ M0 ,

11 7 7 1 22̂  anc* ^l 77 ^2 * xi 7 7 X2  ̂ are no  ̂e9.uivalent.

For the Ar-Ne system, the contributions of the diffusive 

part along with that of mix are given in table 12 for x2

varying between 0.1 to 0.9 for the first two orders. It is clear 

that the contributions of the diffusive term is less than 1.3%.

This is, probably, the range of x2 and mass-ratio on which earlier 

conclusion (M.C-58) was based.



TABLE 12

D iffu s iv e  p a r t  o f therm al c o n d u c tiv ity  i s  compared w ith  A  m̂ x

fo r  th e  f i r s t  two o rders  fo r  v a rio u s  c o n cen tra tio n s  fo r  the  

Ar-Ne system (R ig id  sphere  s = 39 •44fiTis., M = 20 .18gms.

^  = 3 . 64A , ^~~22 = 2-5QA)

X2

F i r s t  o rd er Second o rd er

D iffu siv e
term

(x10~ 1)

X .
mix

x ( 1 0 “ 3 )

D iffu s iv e
term

x ( i e ' 1 )

X  .mix

x ( 1 0  3 )

0 .9 1 .5365 4.0751 1 .7096 4 .1 7 5 6

0 .8 2 .3 3 0 4 3 . 6 3 3 5 2 .6128 3 .7284

0 .7 2 .6426 3 . 2 5 6 5 2 .9 8 3 4 3 .3449

0 .6 2.6381 2 .9 3 1 3 2 .9 9 6 7 3 .0124

0 . 5 2 .4 2 3 4 2.6481 2 .7682 2 .7217

0 . 4 2 .0687 2 .3995 2 .3 7 4 9 2 .4656

0 .3 1 .6215 2 .1 7 9 8 1 .8699 2 .2 3 8 4

0 .2 1 .1139 1 .9 8 4 4 1 .2898 2 .0357

0 .1 .5683 1 .8096 .6605 1.8539
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■APPjiQACH TO L.G.M. AND Q.UASI - L.G.M. LIMITS

is

In table 13 

compared with that
the contribution of the diffusive part 

0f the Anix for Mi / a  = 103 and 104

dnd h/'X_2 1 to 2 x 10  ̂for the first and second orders.

It is seen that for both the mass-ratios, tho contribution of 

the diffusive term is %  of ^  for both thc orders fQr

tho values of -- 1 and goes on decreasing with increasing

X2 ‘ ~ >T increasing x -\/x , the value of A 2-* j  y (1)
mix mix

approaches the simple gas limit as given in fig. 10.

In table 14, the contributions of the diffusive term 
and the / V x term are compared for - 103 and 104 and

f°r 11/i-22 = 1.0 to 1.0X105 ( , t.o a ,

I = ?2 * °'5^  The contribution of the diffusive term is

prominent for all ' U /^~22 ratios. Furthermore, a limiting

value f o r > (^ x /  (1) is reached for (*, »  ,
/ 7 mix

II X > “~~ 2.2) * This limiting value is 1.117 and is 

different from the limiting values in table 13 and



TABLE 13

/
D iffu s iv e  part of thermal c o n d u c tiv ity  i s  compared w ith

fo r  th e  f i r s t  two o rders fo r  v a rio u s  mass - and co n ce n tra tio n  

- r a t i o s  (R ig id  sphere ; = 1 .Ogm , ^  = c7~ 2 2  = ** *0A)

MA
4 2

n 1
/

n 2

F i r s t  Order Second Order

A  • x 1 0 ” 5■ mix D iffu s iv e
p a r t

A  . x10~^mix D iffu s iv e
p a r t

1 0 3

1 0.4783 2 . 3 6 0 x 1 0 3 0.5133 2 .9 5 5 x 103

19 1 . 2 4 8 1 .0 2 4 x 1 0 3 1.282 1 . 13 5x 1 0 3

2x 1 0 2 1 .362 1 . 1 9 2x 1 0 2 1.394 1 . 3 0  5x 10 2

2x 1 0 3 1.374 12.099 1.405 1 3 . 2 2 8

2x 104 1.375 1 .2115 1 . 4 0 6 1.3239

2x 1 0 5 1.375 0 . 1 2 1 1 6 1 . 4 0 6 0.13237

10 4

1 0.4537 2 . 3 6 1 x 1 0 3 O. 4 8 8 4 2 . 9 1 2x 1 0 3

19 1 .244 1 .0 2 4 x 1 0 3 1.279 1 . 0 7 7 x 1 0 3

2x 1 0 2 1 . 3 6 2 1 .194x10 2 1.394 1 .1 6 6 x 1 0 2

2x 1 0 3 1.374 1 2 . 0 9 6 1.405 13.072

2x 10 4 1.375 1.218 1 . 4 0 6 1 . 3 3 6

2x 1 0 5 1.375 0 . 1 2 1 6 1 . 4 0 6 0 . 1 3 2 8



TABLE 14

D if fu s iv e  p a r t  o f  th e rm al c o n d u c t iv i ty  i s  compared w ith  ^  

fo r  th e  f i r s t  two o rd e rs  f o r  v a r io u s  n a s s -  and — r a t i o s  

(R ig id  sp h ere  ; = 1 .Ogm, = x^ = 0 .5  A 2A  .OA)

M1

4 2

o ~1xV
122

F i r s t  O rder Second O rder
/

A  .mix
D if fu s iv e

p a r t An i x
D iffu s iv e

p a r t

1 .0 4 .7 8 3 x 1 04 2 .3 6 0 x 103 5 .1 3 3 x 1 04 2 .9 5 5 x 103

10 .0 2 .1 5 4 x 1 0 3 159.87 2 .4 1 3 x 103 2 1 9 .4 4

103 1 00 .0 25-86 1 .938 2 9 .047 2 . 6 9 5

_^ • o X _i o 0 .2 6 3 3 1 ,968 x 10"2 0 .2 9 5 7 2 .7 4 4 x 1 0 " 2

1 .0x104 2 .6 3 7 x 1 0 "3 1 .971x10"4 2 .9 o 2 x 1 0 " 3 2 .7 4 8 x 1 0 " 4

1 .0x105 2 . 638x10"5 1 ,9 7 6 x 10"6 2 .9 6 3 x 1 0 " 5 2 .7 4 9 x 1 0 " °

1 .0 4.537X104 2 .3 6 1 x 103 4 .8 8 4 x 1 0 4 2.912X 103

10 .0 2 .1 2 4 x 1 0 3 159.89 2 .3 8 2 x 1 0 2 219 .53

104 1 00 .0 2 5 .5 5 1.851 2 8 .73 2 .6 9 6

1 .0 x 1 0 3 0 .2 6 0 2 1.892 0 .2 9 2 5 2 .7 4 3 x 10” 2

1 .0 x 1 04 2 .6 0 6 x 1 0 " 3 1 .898 2 .9 3 1 X 1 0 '3 2 .7 4 7 x 10"4

1 .0 x 1 0 5 1.901 2 .931X 10"5 2.748X 10*4
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the corresponding limiting value for g2)
mix /

/ ’ (1)/ V/ \ nix

is to be noticed that the present limit is the same as the 

L.G.M. limit of Chapman and Cowling (C.C.-52) and is not 

identical v/ith (M̂  ; x̂  x^). Moreover the

absolute values in tables 13 and 14 are entirely different.

A similar set of tables 15 and 16 are made for mass-and

'T— -ratios and for mass-and T 22/ _ - ratios
a  11

respectively. In these tables, the contribution of the diffusive 

term is much smaller than that in tables 13 and 14 and is slightly 

larger than that in table 12. In tables 15 and 16, we also approach
->(2) /.mi)a limiting value for but, in contrast to the

mix / 7 mix
previous cases, these limiting values are different. This shows

that for , (2)
/ A(,) , the limiting values for the limits

(“i > >  m2 5 2

mix / nix 
">C \ \ X 1) and (M1 V; 11

are not equivalent. Thus we observe that for the absolute values 

of >v1} and the diffusive term is mosty 'mix

important for systems approaching the L.G.M. limit.

iv) Diffusion (Tables 17 to 23» Figs. 15 to 19)

Algebraic expressions for the first and second orders



TABLE 13

D if fu s iv e  p a r t  o f  th e rm al c o n d u c t iv i ty  i s  compared w ith  rij_x

f o r  the- f i r s t  tv/o o rd e rs  fo r  v a r io u s  mass- and c o n c e n tra t io n  - 

r a t i o s  (R ig id  sp h e re  j = 1 .Ogm, = ^ 2 2  ~  1 *0 A)

M1 n 2
F i r s t  O rder Second O rder

- A ä g A, /

y \  . x 10"4n ix D if fu s iv e
p a r t

'A . xIO"^ mix
D if fu s iv e

p a r t

1 4 .783 2 .360x103 5.133 2.955x103

19 0 .7645 2 . 504x 102 0.8143 3 . 4 2 6 x 102

2x 102 0.4670 24 .946 O .48O9 34-38

103 2x 103 0.4381 2 .494 0.4483 3.438

2x 104 0.4352 0 .2494 0.4451 0 .3440

2x 105 0.4349 0 .02494 O.4448 0.03440

1 4.537 2 . 3 6 1 x 1 0 3 4 .884 2 . 912x 103

19 0.4701 2 . 504x 10 2 0 .5134 3 . 360x 102

10^
2x102 0.1700 24.943 0.1772 33.54

2x103 0.1408 2.493 O.1432 3.341

^1-0XC
\J 0.1378 0.2493 0 .1410 0 .3377

2x105 0.1375 0.02493 O.1407 0.03377



TABLE 16

Diffusive part of thermal conductivity is compared with
---------------------------------  mix

for the lirst two orders for various mass- and 7%- ratios 

(Rigid sphere 5 Mg = 1.0gm., x1 = x„ = 0 .5,

o—  = 1.0 A)

M>^ m 2

r --------------—
CP

22 , First order Second order
^ 1 1 ^ mix

Diffusive
part ^ \ i x

Diffusive
p a r t

1 .0 4.783x104 2.360x103 5.133X104 2 .955x103
10.0 1 .556 x 103 26.36 1.598x103 30.826

103 100.0 19.107 0.2529 19.51 0 .2 9 3 4

1 .0x103 0.1937 2 .5 1 6x10-3 0.1978 2.917x10“ 3

1 .0x10"'' 1.940x10"3 2.514x10“ 5 1 .960x10“3 2 . 9 1 6 x 1 0 “ 5

1 .0x105 1 .940x10" 5 2.514X10"7 1.980x10“ 3 2.915x10"3
1 .0 4.537x104 2 .3 6 1 x 103 4 .88-4x104 2 . 912x 103

104

10.0 1 .366x 103 26.40 1.408x103 30.88
100.0 19 .020 0.2534 19.43 0.2940

1 .0x103 0.1933 2.520x10"3 0 .1 9 7 4 2.923X10"3
1 .0x10"' 1 .936 x 10~3 2.519x10“5 1 .9 7 6 x 10“ 3 2.921X10“ 5

1 .0x105 1 .936 x 10“ 5 2.519x10"7 1 .977x10 '5 2 . 920x 10“ 7
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are given by Chapman and Cowling (C.C.-52). The third and 

fourth order expressions are written by Mason and Devoto 

(Ma-57> De-66). The numerical calculations for the L.G.M. 

case up to the fourth order have been given by Chapman and 

Cowling and Devoto (C.C.-52, De-66). Part of the analytical 

structure of the second order expression has been discussed 

by Chapman and Cowling (Ch. 14, C.C.-52).

The results of the present calculations are placed 

in tables 17 to 23 and in figures 15 to 19»

CONVERGENCE OF THE FIRST FIVE ORDERS

In fig. 15 and table 17, the absolute values of D ^

for the first five orders for the Ar-Ne mixture for various 

concentrations are given. This table and figure gives an idea 

of the variation of these quantities. This variation was not 

previously available in the literature. Also the experimental 

values were not extensive enough regarding the variation with 

different concentrations. We observe that the absolute values 

for orders higher than the first increase continuously with 

decreasing ^  . Also in fig. 15 and table 18, the ratios of

the second, third, fourth and fifth orders to the first order 

for various concentrations are given. It is clear from the 

table and figure that for the ratio of a particular order the





Table 17

Values of the first five orders of diffusion (D12> for

the Ar-Ne mixture for different values of x2 . (Rigid

sphere; M^=39.44 gms, M2=20.18 gms. ö ^ = 3 .64 A , a22=2.58 *A

(D12)1 = *2372 •

X2 (D12>2 (D1?) 12 3 (D12)
4 (D12>5

.9 0.2388 0.2390 0.2390 0.2390

.8 0.2402 0.2405 0.2405 0.2405

.7 0.2413 0.2417 0.2418 0.2418

.6 0.2423 0.2428 0.2429 0.2429

.5 0.2431 0.2437 0.2438 0.2439

.4 0.2438 0.2445 0.2447 0.2447

.3 0.2444 0.2452 0.2454 0.2454

.2 0.2449 0.2458 0.2460 0.2461

.1 0.2453 0.2454 0.2466 0.2466



TABLE 18.

Ratios of the first five orders to the first order for
diffusion (D12> for the Ar-Ne mixture for different values

x2 . (Rigid sphere; M ==39.44 gms, Mo=20.18 gms, o j^=3• *  A
a22=2.58‘A

X2

).

(D^Vd^ (3) , (1) 
D12 /D12

(4) (1)
°12 /D12

(5) (1)
D12 /D12

0.9 1.00696 1.00754 1.00764 1.00765

0.8 1.01266 1.01382 1.01400 1.01404

0.7 1.01742 1.01913 1.01942 1.01949

0.6 1.02143 1.02367 1.02407 1.02417

0.5 1.02483 1.02758 1.02809 1.02821

0.4 1.02774 1.03095 1.03157 1.03173

0.3 1.03022 1.03388 1.03461 1.03480

0.2 1.03234 1.03864 1.03726 1.03749

0.1 1.03417 1.03642 1.03959 1.03985
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contribution to D„0 increases as /' decreases. The difference 12 2
between corresponding values of the consecutive orders increases

with decreasing X, Moreover it is clear that the rate of

decrement for different orders is greater for the higher values 

of ^ 2  than for the smaller values.

In fig. 16 and table 19, the ratios ( D ^ / n ^ )  f°r
12

n 2, 3, 4» 5 for diff^r^nt f 11 / ct~09) ratios are given. In

this case, 1 A and M 10.0 10.0 gms.

is seen from the table that the limit is reached when t~1V
but for all practical purposes, the limit value is reached between 

11/ t ~ 2 2 = 10 to 100 as is clear in fig. 1 6 .

VARIATION WITH MASS-RATIO

In fig. 17» the variation of mass-ratio3 with 
/ \

concentration ratios for (D̂  ^/^(l)) (n = 2,3) is shown. It

is clear that for all mass-ratios the contribution for a particular 

order increases for decreasing values of * . The separation among 
curves of different mass-ratios is a minimum for large values of 

X 2 . This separation decreases continuously for decreasing 

values of .



Fig. 16 .. The ratios of the second, third, fourth and fifth orders to the first order of diffusion have been cohered

°11^°22 ratios- (Rigid sphere; (^=10 M2=10.0 gms, cr^l.O'A, X ^ X ^ O . 5  ).for various



Table 19.

Ratios of the first five orders to the first order for
diffusion (D^) for a binary mixture for different (all/a22
ratios. (Rigid sphere; M1=10 M =lo.0 gms, a22=l*A

*1 - *2. *

0 /cr i r  22 D« )/D12) d (3)/d (1)112 'l2 d (4)/d (1)±2 ' l2 D(5)/D(1) 
U1 2 ' 12

1 1.04757 1.05550 1.05775 1.05848

10 1.07096 1.08776 1.09368 1.09623

10 2 1.07215 1,08953 1.09575 1.09847

103 1.07216 1.08955 1.09577 1.09850

io4 1.07216 1.08955 1.09577 1.09850

105 1.07216 1.08955 1.09577 1.09850

106 1.07216 1.08955 1.09577 1.08950



m2 « 2 0  18 1ms fixed

Ml ■ 39 4 4  9m s

--------------M, , ■ 3 9 4 4 X I 0 2 qms

.................. M| ■ 3 9 4 4  x I 0 3 qms
----------------  Mi ■ 3 9 4 4  x I04 qms

X. \
\  \  \

I 0 5 0

1000

F ig .  17 . .  The r a t i o s  o f  th e  seco n d  and t h i r d  o r d e r s  to  t h e  f i r s t  o r d e r  o f  D i f f u s io n  have been  p l o t t e d  v e r s u s

c o n c e n t r a t i o n  o f  th e  l i g h t e r  com ponent f o r  d i f f e r e n t  m ass r a t i o s .  Number (2 )  and  ( 3 )  on d i f f e r e n t  c u rv e s  

show ing  th e  c o r r e s p o n d in g  o r d e r s  in v o lv e d .  ( R ig id  s p h e r e ;  M2 = 20 .18  gms, 0 ^ = 3 .6 4  *A , a ^ = 2 .58 ^  ) .
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APPROACH TO THE (M /) ^  ^  ) AND (M »  M2

11 >> “22) limits

In figs, 18 and 19, an equivalence of the {K ^>V ;
Oc

1 // 0<?) and (M1 / >  M2 ’ '^ 1 1  »  'r~ 2 2 ^ limits for the 

(^12^/D^^) as shown. The limiting value in these figures is

the same as for the Lorentzian gas (C.C.-52, De-66). This 

limit is reached, for all practical purposes, for 10’

and 11/ 10 to 100 or "X
1 4  '

/ 200. The value of the
22 ’ * 2  

mass-ratio can occur in ionised gases

We observe that the Lorentzian gas limit is reached
(2)only for the D^-a / i) ratio and not for the absolute values 
^ 1 2

of D ^ .  •For a comParative idea of the values involved, we give, 

in tables 20 and 21, the values of the ratio for different

values of M
l/lvL  » — r- and M

i/m 0 5 ’ 11/

4 )

and in tables 22

and 23, the absolute values of D^ ' for different mass, concentration12

and - ratios.

APPROACH TO THE (l^ / >  M2 ; 'X g > >  X  ) AND THE (M1 > /  Mg ,

22 / > 11) LIMITS

The variation of D12 /D with the M
i/m . 311(1 V2 x-
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Fig. 18 .. The ratio of the second order to the first order of Diffusion has been plotted versus mass ratios for 

different concentration ratios. (Rigid sphere; M^l.O gm, 0n =022=**°*A
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1000

rig. 19 .. The ratio of th. second order to the first order of Diffusion has been plotted vereus Mss ratios for

different ( . , ^ 1  ratios. (Rigid sphere; Mj=1.0 gn, for °n /°22 > 1, o^l.O-A, for o M  > 1  
Ou =1.0-A , X1=X2=0.S ). 11



TABLE 20

Ratios of the second order to the first for diffusion ( 2) 

various mass and concentration ratios (Rigid sphere j 

~  22 = 11 = 1 .OA , M2 = 1  .Ogn)

(2)
(D1 2 /D ^

M 1 A 2X
—

1 10 102 10 3 104 105

1 1 .00743 1 .0 4 6 3 6 1 .0 5 4 5 6 1 .0 5 5 0 4 1 .05546 1 .05548

19 1.01524 1 .0 6 8 9 2 1 .0 7 9 0 6 1.08010 1 .08010 1 .08013

199 1 .0 1 6 0 2 1 .0 7 0 6 0 1 .08088 1.08192 1.08192 1 .08195

1 .9 9 X 103 1 .01610 1 .0 7 0 7 7 1 .08105 1 .08210 1.08210 1 .08211

1.99 x 101 1.01611 1.07081 1 .08107 1 .0 9 2 1 2 1.08212 1.08212

1 .99 x 105 1 .01611 1.07081 1.08107 1.08212 1.08212 1.08212



TABLE 21

Ratios of the second order to the first for diffusion (D ) for

various mass and______ . sj-r. *** ratios (Rigid sphere s

r 22 = 1A ’ Xi -  x 2 = 0 .5  , M2 = 1 .Ogm)

' \ V m2

_  \
1 1 / \

2 2 \

1 10 102 103 104
5

10J

1 1.00743 1.04636 1.05456 1 .05504 1.05546 1 .05548

10 1.01414 1.07096 1.07900 1.08047 1 .08085 1 .08087

102 1.01464 1.07096 1.08109 1.08214 1.08211 1.08211

103 1.01465 1.07216 1.08109 1.08214 1.08212 1 .08212

104 1.01465 1.07216 1.08109 1.08214 1.08212 1 .08212

105 1.01465 1.07216 1.08109 1.08214 1.08212 1 .08212



TABLE 22

Absolute values of the second order for diffusion (D^) for 

various mass and concentration ratios (Rigid sphere ;

"~11 = "~22 =  U  ’ M2 = 1 • ° ^ Tl)

( ^ })

\  v 2 i 

\  I :V„\ !
> 2 \  5s

10 102 103 104 105

1 I
I

9 .2 0 9 8 .8 9 3 8.861 8 .8 5 8 8 .8 5 7

t

19 i
J

9 .4 0 8 9 .1 0 0 9 .0 6 8 9 .0 6 5 9 .0 6 4

2 x  102 9 .4 2 3 9 .1 1 5 9-083 9 .0 8 0 9 .0 8 0

2 x 103
»

9 .4 2 4 9 .1 1 7 9 .0 8 5 9.081 9.081

I

2 x  104 |
______________________________I_______________

9 .4 2 4 9 .1 1 7 9 .0 8 5 9 .082 9.081



TABLE 23

A b so lu te  v a lu e s  o f  th e  second o rd e r  f o r  d i f f u s io n  (D .^) ^o r

v a r io u s  m ass-and -  r a t i o s

IV1  ̂ \ •_ )
( R ig id  sph ere X

1 2 - o«5 »

( 2)

/
//
 CM

y
 f 10 102 103 104 105

1 9.209 8.894 0.861 8.858 8.857

10 0.3112 0.3010 0.3000 0.3000 0.2998

102 3.696X10"3 3.575x10‘ 3 3.562x10“3 3 . 5 6 U I O " 3 3.561x10“3

103 3.763X10'5 3.640X10“5 3 . 6 2 7 x 1 0 ‘ 5 3.625x10’ 5 3.625x10"5

104 3.769X10'7 3.646x10 7 3.633x10“7 3 . 6 3 2 x 1 0 " 7 3 . 6 3 2 x 1 0 " 7
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----►  *2
Fig. 20 .. For Ar-Ne , the absolute values for first two orders of thermal-diffusion ratio have been plotted for 

various concentrations of the lighter component. (Rigid sphere; M^=39.44 gms, M2=20.17 gms,

°11 = 3 .64 *A , a =2.58'A ).



149

th e  a c tu a l  v a r i a t io n  o f  w ith  ^  ^o r d i f f e r e n t  X ,

P re v io u s ly  no th e o r e t i c a l  p lo t  f o r  o rd e rs  h ig h e r  th a n  th e  

f i r s t  was a v a i la b l e .  T his p lo t  shows a maximum a t  0*5 •

In  f i g .  21 and ta b le  29» kjj, 1) f ° r  n=s2, 3, 4

i s  g iv en  fo r  th e  Ar-Ne m ix tu re  f o r  d i f f e r e n t  v a lu e s  o f  X^ .

The c o n t r ib u t io n s  to  th e  o rd e rs  h ig h e r  th a n  th e  f i r s t  in c re a s e  

w ith  d e c re a s in g  ^  . Also th e  c o n t r ib u t io n  to  c o rre sp o n d in g

v a lu e s  o f  d i f f e r e n t  o rd e rs  in c re a s e s  w ith  d e c re a s in g  .

M oreover i t  i s  c le a r  from th e  f ig u r e  t h a t  th e  r a t e  o f  decrem ent

f o r  d i f f e r e n t  o rd e rs  i s  g r e a te r  f o r  l a r g e r  v a lu e s  o f  X th a n  f o r

sm a lle r  v a lu e .  I t ,  a l s o ,  fo llo w s  from th e  t a b le  t h a t  th e  v a lu e

o f  k^n ^ /k O )  fo r  th e  L.G.M. l i m i t  i s  v e ry  h ig h  a s  compared to

th e  v a lu e  fo r  t h i s  r a t i o  fo r  0 .1  /  0 .9  (compare ta b le  25

w ith  ta b le  7» P» 196, C .C .-5 2 ) . P re v io u s ly  ou r concep t abou t th e  

convergence was based  on th e  v a lu e s  o f  th e  r a t i o  fo r  th e  L.G.M. 

l i m i t .

In  f i g .  22 and ta b le  26, we s tu d y  th e  v a r i a t io n  o f
/  \

(Xp ^ / k ( l ) )  f ° r  n=2> 3, 4 fo r  v a r io u s  J 11 / r a t i o s  
T /<T-22

22 = 1 A), fo r  = 10 (M * 1 gm) and f o r  = 0 .5  .

For a l l  p r a c t i c a l  p u rpose , th e  l i m i t  i s  reac h ed  f o r  1 \  /  rAl 10 to
'* 22

102 .



Fig. 21 .. For Ar-Ne , the ratios of the second, third and fourth orders to the first order of thermal-diffusion ratio

have been plotted for various concentrations of the lighter components. (Rigid sphere; M.^39.44 gms 
M2=20.18 gms, °11=3.64.A, o22=2.58’A ).



Table 25

Ratios of the first four orders to the first order for 

thermal-diffusion ratio (k^) for the Ar-Ne mixture for 

different values of . (Rigid sphere; M^=39.44 gms,
M2=20,18 gms, a^=3.64*A , a22=2.58'A )

X2 k^12)/kf,1)T T k<3V 1}T T 4 4)/ 4 x)

0.9 1.05877 1.06614 1.06755

0.8 1.06094 1.06928 1.07096

0.7 1.06326 1.07250 1.07446

0.6 1.06559 1.07568 1.07790

0.5 1.06786 1.07874 1.08122

0.4 1.07002 1.08166 1.08439

0.3 1.07206 1.08440 1.08737

0.2 1.07397 1.08697 1.09017

0.1 1.07575 1.08936 1.09279



Fig. 22 .. The ratios of the second, third and fourth orders to the first order of thermal-diffusion ratio have been

compared for various an ^ a22 rati°s * (Rigid sphere; M^=10 M^IO.O gms, o22=1.0‘A, Xj=Xj«0.5 ).



Table 26.

Ratios of the first four orders to the first order for
thermal-diffusion ratio (k ) for a binary mixture for
different (o-^/a^) ratios. (Rigid sphere; M^IO M2=10.0 gms,
g22=1*A, ).

a /a k(2)/k(1)ll7 22 KT /kT

1 1.09352 1.11429 1.12070

10 1.13685 1.178446 1.19526

210 1.13977 1.18302 1.20077

3
10 1.13986 1.18312 1.20090

410 1.13990 1.18314 1.20093

105 1.13991 1.18314 1.20093
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VARIATION WITH MASS-RATIOS

In fig. 23, we have plotted (4 }/4l)) for (n=2,3)

for different mass-ratios and r?L0 . It is clear that the 

contribution to the ratio increases with decreasing .

Also the higher values of r/L̂  show a greater rate of decrement 

for different mass-ratios than the lower values of .

APPROACH TO THE (l^ ^  ^  >> 2), (M1 ^  I ^  g  »  ^  )  ,

(M1 /)• H2 j ^ > > 22) AND (M1 M2 5 t-22 LIMIT!

In figs» 24 and. 25, we study the approach to the 

following types of limiting cases and compare the limiting

values for kT2)/ k O ) •

0 ) (a) M 1 » M 2
. X  N >  X
’ 1 x  2

(b) M 1 > > M 2
• <r~ ">v>? 11 7 7 22

(2 ) (a) M, » “ 2
9l V s. -X.

2 ' 1

(b) M 1 » M 2 5 2 2  1 11

It is clear from the figures that the limiting value 

for the former type of limits (M M_ ; x . ^ ^  o and.

Mg ; ' ^ "4 ^ 22) same w île for the latter



M2 ■ 20  18 qm*.

Ml - 39-44qm t 
Ml • 3-944 x IOZqm» 
Ml- 3 9 4 4  x IO3 qm*

I 200

\ \ :
\ \ \\  \ \ \

------------------------------------ X2
F ig .  23 . .  The r a t i o s  o f  t h e  seco n d  and t h i r d  o r d e r s  t o  t h e  f i r s t  o r d e r  o f  t h e n n a l - d i f f u s i o n  r a t i o  h ave  b een  p l o t t e d  

v e r s u s  c o n c e n t r a t i o n  o f  th e  l i g h t e r  com ponent f o r  v a r io u s  m a s s - r a t i o s .  Numbers on d i f f e r e n t  c u r v e s  

i n d i c a t e  th e  c o r r e s p o n d in g  o r d e r s  c o n s id e r e d .  ( R ig id  s p h e r e ;  M2=20 .18  gms ,  0 ^ = 3 . 64*A , o 22= 2 .5 8 ‘A ) .
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I 045

Fig. 24 .. The ratio of the second order to the first order of thermal-diffusion ratio has been plotted versus mass 

ratios for different concentration ratios. (Rigid sphere; M2=1.0 gms , o^^c^^l.O *A



*11 • I05«22

ratios for different (o^/o^) ratios. (Rigid sphere; M2=l.o gm, for an^°22 

for (°22^°n* * 1 > ° n =1 A fixed )•

6 7 6 9

plotted versus mass 

1 > o 22=1.0-A ,
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ca se  (M1 »  M2 ; ^  ^  and M., >  >  Jt, ^ »  cr

th e  l i m i t s  a re  reach ed  in  b o th  c a se s  b u t th e  l i m i t i n g  v a lu e s  a re  

d i f f e r e n t .  Thus we see  t h a t  f o r  th e  (M \ N

and (M1 ^  > Mg , ^  \ \ ,  22 ) (k^, v a lu e s

a r e  th e  same. T his l i m i t in g  v a lu e  fo r  ( k ^ / ^ O ) )  co rresp o n d s  to

th e  (kjj, v a lu e  f o r  th e  L.G.M. case  in  Chapman and C ow ling’ s

and f e v o to 's  works (C .C .-5 2 , D e -6 6 ) . For a l l  p r a c t i c a l  p u rp o se s ,

th e X2)l i m i t in g  v a lu e  fo r  (k£ / ^ O ) )  i s  re a c h e d  a t  ^  10'

and x>| '-rll 200 o r  ^ . .
x2 ^ 2 2

10 to  100. T h is  m ass, c o n c e n tra t io n

ander - r a t i o s  can occu r in  io n is e d  g a s e s .  In  t a b le s  27 and 25 

th e  v a r i a t io n s  o f  ( ^ / j ^ O ) )  w“ h and

( ^ l/% > ) a re  § iv e n * By com paring th e  c o rre sp o n d in g  v a lu e s

o f  t h i s  t a b le  w ith  t h a t  o f  t a b le  2 5 » we see  t h a t  th e  v a lu e s  o f

( 2 )
^ / //jc(^ ) )  fo r  0 .1  ^  x 9 ^  0 .9  a re  much low er th a n  th e( K

c o rre sp o n d in g  v a lu e s  a t  th e  L.G.M. l i m i t .

( 2 )As f a r  a s  th e  a b s o lu te  v a lu e s  o f  k ,̂ ' o r  k^,1  ̂ f o r

,, /  M, x . th e  ( 1 1 1 and (M
iA 2 ’ 1 ' / -  ) v a r ia t io n

concerned  th e y  a re  very  d i f f e r e n t  a s  i s  c l e a r  from  ta b le s  29 and 30 .



TABLE 27

R a t io s  o f  th e  second o rd e r  to  th e  f i r s t  f o r  th e rm a l  d i f f u s i o n  

r a t i o  ( kfp) f o r  v a r io u s  mass and ■ r --  r a t i o s .  (R ig id  s p h e re ;

^ ” 22 = 1 A, = X2 = = 1 »OS0 )

< 4!V k,(,))
\ M1/^2

11/  \  
^22

10 2
10 103 104 105

1 1.09352 1.11097 1.11275 1.11291 1.11293

10 1.13686 1.15759 1.15944 1.15962 1.15963

102 1.13978 1.16031 1.16213 1.16230 1.16231

103 1.13986 1.16040 1.16216 1.16234 1.16235

104 1.1398 1.16041 1.16216 1.16234 1.16235

105 1.1398 1 .16041 1.16216 1.16234 1.16235



TABLE 28

R a t io s  o f  th e  second o rd e r  to  th e  f i r s t  f o r  the rm al d i f f u s i o n  

r a t i o  (kfj,) f o r  v a r io u s  mass and c o n c e n t r a t i o n  r a t i o s  (R ig id

sp h e re  ; ^  22 = = 1 *0A » M2 = 1 «Ogn)

(k T V41))
X'Mi A 2

V

n .  / '•1 /n 2 .

10

I

102
3

10J 104 1o5

1 1.09353 1.11097 1 .11275 1.11291 1 .11293

19 1 .12621 1.15552 1.15708 1.15006 1 .15808

1.99 x 102 1 .12898 1.15934 1.16172 1 .161913 1.16193

1.999 x 103 1 .12925 1.15972 1.16210 1 .16229 1 .16231

1.99 x 104 1.12928 1.115976 1.16214 1.16233 1.16235

1.99 x 105 1.12928 1.115976 1.16215 1.16233 1 .16235



TABLE 29

A b so lu te  v a lu e s  o f  th e  f i r s t  o rd e r  fo r  th e rm a l d i f f u s io n  r a t i o

(k^) fo r  v a r io u s  m s s  and c o n c e n tra t io n  r a t i o s  (R ig id  sp h ere  :

11 1 .OA, 1 *Ogm)

( k ( 1  ̂ x102)

\  v
\  \

V , 2 \ ;

10
o

10'" 103 104 105

!

1 12.58 13.33 13.39 13.40 13.40

19 1.887 1.879 1 .860 1 .880 1.880

199 ; 0 .1938 0.1918 0.1919 0.1919 0 .1919

2 x 103 .01943 0.1922 0.01923 0.01923 0.01923

2 x 104 .001944 .001923 .001923 0.001923 0.00192
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v a lu e  o f

A lso we conclude from f i g s . 24 and- 25 t h a t  th e  l i m i t in g  

( k ^ / ^ 1) )  f o r  th e  l i m i t s  (M1 / /  M2 ; JL2 >)>

and MQ y 11 ) i s  n o t th e  same. The form er

l i m i t  co rresp o n d s  to  th e  q u a s i L.G.M. l i m i t  in  D ev o to 's  work 

(D e -6 6 ) . W hile th e  l a t t e r  l i m i t  i s  d i f f e r e n t  and

( 2 )h ig h e r  th a n  th e  fo rm er. For (k£ ' ^ ( 0 )  th e  q u a s i L.G

l i m i t  f o r  a l l  p r a c t i c a l  purpose i s  re a c h e d  fo r  M

and 'y*
2 /

200 w h ile  th e  (M

1 Mz
2 2 ~ / /

.M.

103

)

l i m i t  i s  re a c h e d  when M
1 Mr

and 22/

11

10 to  103 .
*2 11 

B oth th e  s e t s  o f  v a lu e s ,  a g a in , can o ccu r fo r  s l i g h t l y  d u s ty  o r  

foggy g a s e s .

v i )  COMPARISON OF DIFFERENT COEFFICINETS;

( l )  B ehav iour o f  /  ( 1) (n ) ( l )
'>]

mix
■'n

mix mix mix
f o r  d i f f e r e n t  v a lu e s  o f  ^  i s  s im i la r  and t h a t  o f

( n )
^ 1 2  / d^2 ^) uud. ( k ^ ^ y ^ O ) )  s i m:i- la r * T h is  i s  c l e a r  from

ta b le s  7» 10, 18 and 25» A lso t h i s  i s  shown in  f ig s  1, 5> 15 

and 21 . The d i f f e r e n c e  in  th e  two s e t s  i s  t h a t  in  th e  form er 

s e t  we g e t maxima f o r  v a r io u s  r a t i o s  a t  = 0 .5  and fo r

.(n)

th e  l a t t e r  s e t  th e re  i s  no maximum. A lso in  th e  fo rm er s e t  th e  

r a t e  o f  decrem ent i s  on ly  s l i g h t l y  dependant uponX ^ w h ile  in  th e  

l a t t e r  s e t  th e  r a t e  o f  decrem ent i s  g r e a t e s t  f o r  la rg e  v a lu e s  o f  ^  

(2 ) By com paring t a b le s  7 , 10, 18 and 25 we n o te  t h a t  th e

r a t e  o f decrem ent i s  la rg e  f o r  a l l  c o e f f i c i e n t s  b u t i t  i s
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greatest in the case of viscosity. Also the details of the 

dependence of convergence upon the parameters are different for 

different coefficients, as discussed earlier.

(3) The absolute values of vjn  ̂ and (Tables 6
mix mix

and 9) increase with increasing X for the Ar-Ne mixture while 

for (Table 17) they decrease with increasing X. . In the

case of kfj,1 (Table 24)? these values show a maxima at Xc LAI 0.5 .

(4) For  ̂4* D12 and k̂, , the limits (M^ ^>\ M2 ,

S > > 9C2) ***■ (M1 > >  M2 > ^  11 » -3-22 ) are
equivalent while the limits (M̂  , X ( ) and

(M-j > /  M2 , rJ~ 22 y'y r  11  ̂ are not equivalent for .

(5) The L.G.M. limit (M, X 2 or >X, )

for 0 4  . (1) 311,1 (D12^/d ^1)) mach
T ’ mix/ 7 n mix 12

higher than the corresponding values for 0.1 <L 0.9 which are

commonly encountered in the laboratory (see tables 25 and 27, table 12

and 13» table 18 and 20) . For  ̂ , the value for
mix mix

L.G.M. is 11.7$ while the corresponding value for mixture of A^.y , .
4  °-9 is 2-3 to 3.0/». For O ^ / f c O ) )  , the L.G.M. limit

is 8.21$ while the corresponding value for mixture of 0.1 4. X  4. q .9

is 0.6 to 3.0$. For ( k ^ / k ^ )  the L.G.M. limit is 16.2$ while the

corresponding value of mixture of 0.1 < X  4 0.9 is 5.3 to 7.3$. If one 
is worried about accuracies only higher than the accuracies of L.G.M. 
gas, the previous conclusions are very much valid but if one is interested 
in higher accuracies than the L.G.M. gas, the previous studies seem to be 
relatively inaccurate (see for example, M».-57a, S.M.-66).
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C. Lennard-Jones potential.

In the last section, the convergence of the first four orders 

for the expressions of the transport coefficients, both for the 

case of the simple gas and for a binary gas-mixture, for various 

sets of parameters, has been discussed for the rigid sphere 

potential. A similar type of study will be presented in this 

section for the Lennard-Jones potential which is more realistic 

in nature and results in a better agreement between theory and 

experiment.

The major difficulty in working with the Lennard-Jones potential 

lies in writing the computer programme for the interaction integrals

( V 1 ) • The interaction integrals were computed by first
n n ’ ( i  s)

computing the collision integrals SL 5 following the

method of Smith and Munn (S.M.-64). For each temperature

T (T = k T/^ , whe-re k is the Boltzmann constant, T is

the absolute temperature and £ is the depth of the potential

well) all the interaction integrals needed for a calculation upto

particular order were stored on the disc and, later on, these

values were used for computing various transport coefficients for

that order. A brief outline for writing the computer programme
£

for the interaction integrals (V' ,) is given in appendix A.



155

In the present computation no attempt was made to compute the
/>

interaction integrals ( '/ ) directly. It was thought that
nn1

in this first calculation it would be better to have the
( i s )intermediate _ r 9 for purposes of checking with earlier

work. In future work the values of V' , obtained here maynn'
be used for checking the output of programs for directly computing

the \/ , . The computer time becomes an important factor when

an extensive calculation for the coefficients is to be done. A

direct computation of \/ , . from eqn. (2.4l) could then benn'
more economical for computer time.

All the calculations in this section were done to the seventh

decimal place but the results given in the tables have been rounded

off to the fourth decimal place. As mentioned earlier, in the

discussion of the computational errors in the introduction of this
(l s)

chapter, the accuracy of the calculations of J C  and
. : 3therefore of \/ . is only 1 to 2 in 10 . The question■ nn*

therefore arises whether we can place any reliance on the 

differences between the values of the coefficients in, say, third 

and fourth orders which is also of the same magnitude. Our 

reasons for thinking that these comparisons are valid are several. 

Firstly, it appears that although the absolute values of the 

transport coefficients are sensitive to the errors in the
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'nn' ^s0 the co mPa r isons with the experimental data will
not be meaningful beyond those errors) the difference between

calculations upto different orders may not be sensitive to errors

in y nn» * Secondly, the pattern of these differences in

case of Lennard-Jones potential is quite similar to that in the

case of rigid sphere potential where the accuracy is manifestly

sufficient. The continuous and orderly behaviour of these

differences lends further support to the view that they are

significant. Finally, we note that in recent tabulations
(C s)(M.M-61) the values of ’ ' themselves are quoted upto

sixth decimal place. Cur values agree with these values and it 

appears that these calculations are perhaps more reliable than the 

limits quoted above from the previous estimations.

The outline of this section is similar to that of the last 

section (rigid sphere potential) i.e. first the simple gas and, 

then, binary gas mixtures are discussed. It may be pointed out 

here that, in the literature, a lot of interest has been shown 

to study experimentally the temperature dependence on the values 

of the binary gas-coefficients. (i^.j4W-66, ’ 1 , G.M-61) . A

systematic study for the temperature dependence on the theoretical 

values for the four orders has been done for the simple gas and 

for the Ar-Ne gas-mixtures.
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(a) SIMPLE GAS

For the Lennard-Jones potential, the only case in which 

systematic calculations have been done for higher orders is that 

of a simple gas where Hirschfelder et al have given a table of

the ratios ( '}\^/ ^  ̂ ) and ( /\f / \ ^ )  for various
l i

values of the parameter T (H.C.B.-64, Table I-A, p. 1110.)

These values are independent of the range parameter <r~ as can 

be seen from eqns. (5.l) and (5.3) , T = (kT/e ) s therefore, 

serves as a universal parameter for all gases. (it will be noted 

that in case of a binary gas-mixture three values of £  and 

are involved and hence no single universal parameter can be formed. 

Therefore, in that case we shall present the results in terms of T 

itself.)

As a first check for our calculations, we computed the values 

of ( ^ i)) and ( A(n)/ A(l)) for n= 2.3.4 for

different values of T . These values are placed in tables 

31 and 32 and in figs. 26 and 27, these ratios for n = 2 and 

n = 3 against T are shown. The crosses in these figures 

represent the values taken from Hirschfelder et al (H.C.B.-64,

Table I-P, p. 1130). This shows a good agreement between our 

set of values for n = 3 and the Hirschfelder et al's values.



TABLE 31

R atio s  of th e  f i r s t  fou r o rders to  th e  f i r s t  of v i s c o t i ty  

( '1 ) fo r  a sim ple gas fo r  d i f f e r e n t  va lues of T fo r

th e  L .J . p o te n t ia l .

T * n 2)/  ^ (i) ••pv -r> m (4 ) /

0.4032 1.00033 1.00049 1.00052

1.6128 1.00050 1.00053 1.000538

3.2256 1.0037 1.00373 1.00373

4.8384 1.0055 1.00565 1.00566

6.4512 1.00637 1.00661 1.00663

8.0640 1.0068 1.00709 1.00711

16.128 1.00748 1.00786 1.00790

24.192 1.00757 1.00796 1.0080

32.256 1.00761 1.0080 1.00804

40.32 i.0 0 7 6 c 1.0080 1.00805
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Ratios of the second and third orders to the first of viscosity 

(n) for the simple gas vs. T* for the L.J. potential. Crosses 

indicate the values taken from Hirschfelder et al (H.C.8-64, 

Table I-P) for (n^ ^/n^). The curve corresponding to 

(n 4)/n(1)) is not shown but it lies very close and above
,n(3), a\vn /n ) curve.
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Fig. 27 .. Ratios of the second and third orders to the first of thermal- 

conductivity (X) for the simple gas vs. T* for the L.J. 

potential. Crosses indicate the values taken from the Hirschfelder 

et al values (H.C.B-64, Table I-P) for (X^^/X^^). The curve 

corresponding to ( X ^ V x ^ ^ )  is not shown but it lies very 

close and above ( X ^ V x ^ ^ )  curve.
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The ratios for the two coefficients are universal functions of

thus, these figures and tables can be used for calculating

on(n) and ( n = 2,3,4) once,

have been calculated.

r/^ and A(1)

Comparing the corresponding values of these tables with those 

of table 5 for rigid sphere potential, we notice that for all T , 

the rate of decrement for the first four orders is more rapid 

in the present case. As for the rigid sphere here also the rate 

of decrement for the first four orders is more rapid for '') than 

for /\ (Compare these tables 31 and 32).

Since it may be of some interest to show the absolute magnitude 

we give, in figure 28 and 29, the values of r"j and /\ plotted 

against T for the case of Ar-gas. The force constants are 

given in table 34 and the values of and are

given in table 2^ It is to be noted from the figures that the 

contributions from the orders higher than the first are appreciably 

different only at high temperatures.

(b) BINARY GAS-MIXTURES

In this section, the rate of decrement of the first four orders 

of all the coefficients with concentration and temperature is



■°Q
X

Fig. 28 . Theoretical values of the first and fourth orders of viscosity

(n) for Ar vs. T for the L.J. potential. Curves corresponding

to and are not shown. These curves lie very close
(A)and below n curve.
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Fig. 29 .. Theoretical values of the first and fourth orders of thermal-

conductivity (X) for Ar vs. T for the L.J. potential.

Curves corresponding to A ^ ^  and A ^ ^  are not shown.
(4)They lie very close and below A curve.



TABLE 33.

Theoretical values of the first order of viscosity ( ri ) 

and thermal-conductivity ( > ) for Ar for different 
temperatures for the L.J. potential.

T°(|<f - {1>I
(x 105 )

?\(i) 
(x 105

50 4.065 0.7582

200 15.971 2.979

400 28.312 5.280

600 37.927 7.073

800 46.187 8.614

1000 53.587 9.994



TABLE 34.

Force constants used in this work for the different gas-systems 

for the Lennard-Jones potential. These values have been taken 

from Hirschfelder et al's book (H.C.B.-4, Table I-A).

Gas i:: /k (°kj ■o ( *A)

Xe 229. 4.055

Kr 190. 3.61

A 124. 3.418

N e 35.7 2.789

H e 10.22 2.576
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studied. Again subscript ( i) refers to the heavier component 

and (2) to the lighter.

Concentration dependence studies have been done for four 

gas-mixtures which are Ar-Ne , Kr-Ne , Kr-He and Xe-Kr . The 

force constants for individual gas systems are given in table 34 

and have been taken from Hirschfelder et al (H.C.B.-64), Table I-A, 

p. 1110). Only these sets of constants are used in the work of 

this section and the next chapter. The force constants for 

interaction between unlike molecules are obtained by using the 

combination rules

and 12

All the subsequent calculations in this section and the next chapter 

are based on these combination rules.

The results of the concentration dependence studies may be 

grouped in two parts.

(l) For viscosity ( ) and thermal-conductivity ( A  )m-x mix
experimental values (Th-60, Th.-61, T.B.-62 ) and the absolute 

values of the first four orders are given in tables (35-38) and 

(42-45) and also in figs. (30, 46-48, 34, 49-51). The ratios 

of the first four orders are given only for Ar-Ne system



160

(Tables 39, 42, Figs. 31, 35). Inferences about the rate of 

decrement are similar for the other gas-systems. The reason for 

the apparently unsystematic choice for the values of 

x2̂  = n2 ^ nl + n2^ ^hese calculations is that in the next 

chapter we shall be interested in making some comparison with the 

experimental data which are available only for these values of 

X2 . This is also the reason for the choice of the four 

particular gas-mixtures to be studied here.

(2) For diffusion ( ^ 12  ̂ as the case of rigid sphere, we had 

to calculate first five orders of D ̂  order to calculate 

the first four orders of ky . For ^  » the values for the 

first five orders and for ky the values for the first four orders 

are given for the Ar-Ne and Kr-Ne mixtures in tables (49, 50,

54 and 55) and in figs. 38 and 42. The ratios of the first 

five (four) orders to the first for ^ are 9^ven f°r the 

Ar-Ne mixture alone (Tables 51, 56, Figs. 39, 43). The 

behaviour of the Kr-Ne system is similar. The other system 

i(r-He and Xe-Kr were also studied but the results will not be 

presented here because they are similar to those for the Ar-Ne 

case in most details and no experimental data are available for

these cases.
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For the temperature dependence studies, only the Ar-Ne

system was studied for all the coefficients. The temperature 
o 0range was 50 -1000 and = 0.5. The absolute values

of the first four order (five orders in case of D  ) are 

placed in figs. (32, 36, 40 and 44) and in tables (40, 47, 52 

and 57). The ratios of the first four (five for ' Y2  ̂ orders 

to the first of all the coefficients are placed in figs. (33, 37, 41 

and 45) and in tables (41, 48, 53 and 58). The behaviour of the 

other systems with temperature is expected to follow the same 

pattern.

The results obtained from these tables and graphs have been 

grouped together for each coefficient and are discussed below. 

Finally a comparison is made among the behaviour of all these 

coefficients in section (V-C. b-v) .

i) Viscosity (Tables 35-41, Figs. 30-33, 46-48).

In the literature the only higher order calculation for the

Lennard-Jones potential is for the second order in case of

N -He mixture (K.K.W-66) for which it is stated that for 2
0.5 —  x^ 4 1.0 , there is an overlap between the first and 

second order of the theory.
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Our results for various gas-mixtures are placed in figs. 

(30-33, 46-48) and in tables (35-41).

Convergence of the first four orders.

l) With concentration.

The absolute values of the first four orders for various 

mixtures are given in table (35-38) and in figs. (30, 46-48) for

different values of x while the ratios of the first four orders2
to the first for Ar-Ne system is given in table 39. These

ratios for other gas systems are similar to those for the Ar-Ne

system and vary only in the third decimal place. The table for

the ratios for the Ar-Ne system shows that the rate of decrement

of the second, third and fourth orders is very rapid. The

( ^  ^  ) ratio differs from the ( "rj ^ /  '7/ P  );mix 'mix mix Tnix
ratio only in the fifth decimal place. These ratios are plotted

in fig. 31 for different values of x^ . This figure shows that

the contribution to the orders higher than the first goes on

increasing when x^ is increasing ( or x^ is decreasing). It

means that when the heavier component is in a minority, the

contribution of the second and higher order to M . reaches' mix
a maximum value. This supports the comment of Storvick and 

Mason (S.M.-66) that for viscosity of a binary gas-mixture, since



TABLE 35

Theoretical values of the first four orders of viscosity ( Y?m^x) 

for the Ar-Ne mixture for different values of for the L.J. 
potential. The experimental values are also given.

X2 ( nj . ) 'mix
x 106 exp

(i)
'Tnix

( x 106 )
'’AS

( x 106 )

3  3) 
-'mix

( x 106 )

(4)
1 /mix 

( x 106)

0.10 228 227.4 228.0 228.0 228.0
0.197 236 234.4 235.1 235.1 235.1
0.274 239 240.2 241.0 241.1 241.1
0.362 247 247.1 248.1 248.2 248.2
0.459 255 255.2 256.4 256.4 256.4
0.564 267 264.5 265.8 265.9 265.9
0.692 278 274.6 276.2 276.2 276.2
0.779 285 285.3 287.0 287.1 287.1
0.843 290 292.0 293.8 293.9 293.9



TABLE 36.

Theoretical values of the first four orders of viscosity

( 'Y! . ) for the Xe-Kr mixture for different values of xQv mix z
for the L.J. potential. The experimental values are also given.

a ) (2) (3) (4)
X
2 ( )mix exp mix

')
mix

V
mix mix

6
x 10 6x 10 x 106 x 106 x 106

0.104 228 225.1 225.1 225.1 225.1

0.214 229 227.3 227.3 227.3 227.3

0.307 233 229.2 229.2 229.2 229.2

0.405 233 231.3 231.3 231.3 231.3

0.509 237 233.5 233.5 233.5 233.6

0.603 238 235.6 235.6 235.6 235.6

0.704 240 237.9 237.9 237.9 237.9

0.799 243 240.1 240.2 240.2 240.2

0.885 245 242.2 242.2 242.2 242.2



TABLE 37

T h e o r e t i c a l  v a lu e s  of th e  f i r s t  fo u r  o rd e rs  of v i s c o s i t y  

( / . ) f o r  th e  Kr-Ne m ix tu re  fo r  d i f f e r e n t  v a lu e s  of

f o r  th e  L . J .  p o t e n t i a l .  The ex p er im en ta l  v a lu e s  a r e  

a l s o  g iv e n .

X2 ( i i x )x exp

( l )

/mix
, (  2> 
mix

(3)

'mix
U )

mi x

X t— o X o ( x  10 ) (x 106)
6

(x  10 )

0.111 255 252.0 252.3 252.3 252.3

0 .203 264 258.2 258.6 258.6 258.6

0.357 275 269.0 269.7 269.7 269.7

0.467 280 277.3 278 .2 278.2 278 .2

0 .562 287 284.5 285.6 285.6 285.6

0.661 294 291.9 293 .2 293.2 293 .2

0.771 303 299.6 301.1 301 .2 301.2

0 .889 310 306.2 308.1 308.2 308 .2

0 .935 312 308.0 310.0 310.1 310.1



TABLE 38

Theoretical values of hthe first four orders of viscosity
for the Kr-He mixture for different values of

x2 for the L.J. potential. The experimental values are
also given.

x2 ( ri .mix (i)
exp

(2)vmix ,p>
'mix

(4)' ) 1
mix

x 106 6x 10 x 106 6x 10
6

x 10

0.109 252 248.7 249.0 249.0 249.0
0.203 254 252.1 252.5 252.6 252.6
0.302 259 255.6 256.3 256.3 256.4
0.400 260 259.1 259.9 259.9 260.0
0.561 263 263.5 264.6 264.7 264.7
0.647 264 264.2 265.5 265.6 265.6
0.728 262 262.7 264.1 264.2 264.2
0.849 249 251.7 253.2 253.3 253.3
0.931 229 231.0 232.5 232.5 232.6
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Fig. 30 .. Theoretical values of the first and fourth orders of viscosity

(nm ^x) for the Ar-Ne mixture vs. for the L.J. potential. 

Experimental curve with the errors indicated is also drawn.

Curves corresponding to and are not drawn but
(4)they lie very close and below nm^x curve.
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Fig. 46 .. Theoretical values of the first four orders of viscosity (nmix) 

for the Xe-Kr mixture vs. for the L.J. potential. All

the four curves overlap. Also the experimental points with

errors are shown.



310'

-------------**2
Fig. 47 .. Theoretical values of the first and fourth orders of viscosity

(r^^) for the Kr-Ne mixture vs. for the L.J. potential. 

Curves corresponding to (r/^) and (n^^) are not drawn.
(4)

These curves lie very close and below (n .*) curve. Also

the experimental points with errors are shown.
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Fig. 48 .. Theoretical values of the first and fourth orders of viscosity

(nm ix) for the Kr-He mixture vs. x^ for the L.J. potential.

Curves corresponding to ( n ^ x) and (r/^) are not drawn.
(4)These curves lie very close and below (nmix) curve. Also

225 bo 0 5

the experimental points with errors are shown.



TABLE 39

Ratios of the first four orders to the first viscosity ( ")mix)

the Ar-Ne mixture for different values of X2
the L.J. potential.

X 2
(2) (1)
'n / ymix 'mix

(3) (1)
1 / 7mix mix

(4) (l)
7? / 1mix mix

0.10 1.00261 1.00264 1.00264

0.197 1.00317 1.00323 1.00324
0.274 1.00360 1.00369 1.00369
0.362 1.00408 1.00419 1.00420
0.459 1.00459 1.00473 1.00473
0.564 1.00510 1.00528 1.00528
0.672 1.00560 1.00580 1.00581
0.779 1.00605 1.00628 1.00630

0.843 1.00630 1.00655 1.00656
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Fig. 31 .. Ratios of the second and fourth orders to the first of viscosity 

(Hmix) for the Ar-Ne mixture vs. x^ for the L.J. potential. 

Curve corresponding to ^njlix̂ nmix^ not c*rawn but

very close and below ^nmix^nmix^ curve.
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-.he heavier component is the momentum carrier, a contribution to

-.he second order of rr) . should attain a maximum value when'mix
-.he heavier component is in a minority. This behaviour is valid 

for all the gas-mixtures. It may be remarked here that unlike

-.he case of rigid sphere, we do not need any restrictions on the 

nass and concentration ratios (See Fig. 4) for the Lennard-Jones 

potential. However as we shall see later, the present 

calculations of /Vmix n0  ̂con^ rm the corresponding

comments of Storvick and Mason (S.M.-66) for thermal-conductivity.

l) With Temperature.

The absolute values for the first four orders for various 

'emperatures for X- = ^2  = are 9^ven i-n table 40 for the

/r-Ne system. These values show that there is a continuous

increase in mix with temperature for all the orders. This

behaviour may be seen in fig. 32. Again as in case of the simple 

cas, the higher-order contribution are important only at high 

lemperatures.

The ratios of the second, third and fourth orders to the first
oncf /m^x are given in table 41 for various temperatures for

tie Ar-Ne system. It is clear that the rate of decrement for 

tie first four orders is very rapid. This point is clearer in
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Fig. 32 .. Theoretical values of the first and fourth orders of viscosity

(nm ^x) for the Ar-Ne mixture vs. T for the L.J. potential. 

Curves corresponding to n ^ x and are not drawn but they
(4)lie very close and below curve.



TABLE 41.

Ratios of the first four orders to the first of viscosity ( 

for the Ar-'Ne mixture for different temperatures for the L 
potential.

T ° ( V $
„(2) (1)

°1  / a)
m i x  mix

(3) (1)
'"‘I  /  ° 1m i x  7mix

(4) (1)
1  /m i x  m i x

50 1.000047 1.000081 1.000090
200 1.00312 1.00317 1.00318
400 1.00594 1.00619 1.00621
600 1.00695 1.00730 1.00734
800 1.00737 1.00778 1.00782
1000 1.00761 1.00804 1.00809

mix>
.J.
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Fig. 33 .. Ratios of the second and fourth orders to the first of viscosity 

(nmix) for Ar-Ne mixture vs. T for the L.J. potential.

Curve corresponding to n̂mix^nmix^ *s not <*rawn but 

very close and below ^nnix^nmlx^ curve*
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fig. 33 where these ratios have been plotted for various 

temperatures. This is to be contrasted with the rigid sphere 

potential where the rate of decrement of different orders of 

*) i is independent of temperature.

ii) Thermal-Conductivity (Tables 42-48, Figs. 34-37, 49-51).

In the literature, no higher order calculations for the 

Lennard-Jones (L.J.) potential is available.

Only the . part of the general expression of
m -̂x mix

(3.122) is considered here. The contribution of the diffusive

term was also calculated in all cases and was never found to exceed

°-5* of 7Ymix •

The results of the present fourth order calculations are placed 

in figs. (34-37, 49-51) and in tables (42-48).

Convergence of the first four orders.

i) With Concentration.

The results of the calculations for the four gas-mixtures for 

different values of X2 for the A  mix Par^ are 9iven

in tables (42-46) and in figs. (34, 35, 49-51). The discussion

of the inferences from these tables and figure is very similar to



TABLE 42

Theoretical values of the first four orders of thermal-conductivity
( 7\* ) for the Ar-Ne mixture for different values of x formix 2
the L.J. potential. The experimental values are also given.

X2 ( / 'mix)exP
7x; 10 (

(1)
-Vmix
x 107 )

,<2> 
/ v mix 

(x 107)

f(3) 
/Ay mix 

(x 10 )

U )
/x mix 
(x 107 )

0.10 470 455.8 458.0 458.1 458.1
0.197 520 502.8 505.9 506.0 506.0
0.274 570 543.2 547.0 547.1 547.1
0.362 620 593.0 597.7 597.9 597.9
0.459 680 653.2 658.9 659.1 659.2
0.564 760 725.5 732.3 732.7 732.7
0.672 840 809.0 817.1 817.5 817.6
0.729 930 902.8 912.1 912.6 912.6
0.843 990 965.0 975.1 975.6 975.7



TABLE 43

Theoretical values of the first four orders of thermal-

conductivity ( T\* • ) for Xe-Kr mixture for different' mix
values of *2 f°r the L.J. potential. The experimental
values are also given.

- A (1) (2) (3) (4)
x2  ̂ mix^ exp N  /N A’ Xmix mix mix mix

x 107 x 107 x 10 x 107 x 107

0.104 138 133.6 133.6 133.6 133.6
0.214 145 141.5 141.6 141.6 141.6
0.307 152 148.6 148.7 148.7 148.7
0.405 160 156.6 156.7 156.7 156.7
0.509 168 165.6 165.7 165.7 165.7
0.603 178 174.3 174.4 174.4 174.4
0.703 187 184.2 184.3 184.3 184.3
0.799 197 194.2 194.3 194.4 194.4
0.885 207 203.9 204.0 204.0 204.0



TABLE 44

Theoretical values of the first four orders of thermal-

conductivity ( •'x' ) for the Kr-Ne mixture for different
' mix

values of x^ for the 2 L.J. potential. The experimental values
are also given.

X2 ( > . )mix exp
a)

>' . mix
(2)

x’
mix

(3)
^ m i x

(3)
/<mix

7x 10 7x 10 7x 10 x 107 x 107

0.111 257 264.5 265.7 265.7 265.7

0.203 305 308.4 310.5 310.6 310.6
0.357 400 394.1 398.0 398.2 398.2
0.467 482 469.8 475.0 475.3 475.3

0.562 568 545.6 552.0 552.3 552.3

0.661 650 638.7 646.4 646.8 646.8

0.771 780 764.1 773.2 773.7 773.8

0.889 960 933.9 944.6 945.2 945.3

0.935 1030 1013.2 1024.5 1025.1 1025.2



TABLE 45

Theoretical values of the first four orders of thermal-

conductivity ( ) for the Kr-He mixture for different7 mix
values of X£ f°r the L.J. potential. The experimental 
values are also given.

x2 ( A . )mix exp
(l)x .mix ,(2)

/xmix
,(3)

' V'mix
(4)
mix

7 7 7 7 7x 10 x 10 x 10' x 10 x 10

0.109 343 344.3 350.2 351.2 351.4
0.203 480 471.0 482.2 484.1 484.5
0.302 642 626.8 643.8 646.5 647.0
0.400 825 809.5 832.5 836.0 836.7
0.561 1210 1196.1 1229.1 1233.6 1234.5
0.647 1530 1465.2 1503.3 1508.1 1509.0
0.728 1850 1776.3 1818.7 1823.6 1824.4
0.849 2500 2393.9 2440.5 2445.0 2445.8
0.931 3050 2972.1 3018.7 3022.5 3023.1



TABLE 46

Ratios of the first four orders to the first of thermal-

conductivity ( 7\' . ) for the Ar-Ne mixture for different
■ 'mix

lues of x^ for the L.J. 2 potential.

x2 ,(2) ,(i) 
7s mix /"'mix

,(3) ,U) 
'Tmix ^  / 'mix

,(4) ,(1) 
' ''mi J  y  mix

0.10 1.00472 1.00483 1.00485
0.197 1.00607 1.00627 1.00629
0.274 1.00699 1.00726 1.00728
0.362 1.00789 1.00823 1.00825
0.459 1.00872 1.00913 1.00915
0.564 1.00943 1.00990 1.00993
0.672 1.00997 1.01049 1.01052
0.729 1.01033 1.01093 1.01096
0.843 1.01045 1.01103 1.01107
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Fig. 34 .. Theoretical values for the first and fourth orders of thermal

conductivity (A^^) for the Ar-Ne mixture vs. x^ for the L.J. 

potential. Experimental curve with the errors indicated is also 

drawn. Curves corresponding (X^^) and ( A ' ^ )  are not 

drawn but they lie very close and above (Aj^^) curve.
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Fig. 35 .. Ratios of the second and fourth orders to the first of thermal-

conductivity ( A ^ )  for the Ar-Ne mixture vs. x^ for the L.J. 

potential curve corresponding is not drawn but it

lies very close and below curve.
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Fig. 49 .. Theoretical values of the first and fourth orders of thermal- 

conductivity (X^x> for the Kr-He mixture vs. x^ for the 

L.J. potential. Curves corresponding to (A^^) and
(3)(A^ix ) are not drawn. These curves lie very close and below
(4)(A^ix ) curve. Also the experimental curve with errors is drawn.
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Fig. 50 .. Theoretical values of the first four orders of thermal-conductivity 

(*mix> ^°r Kr“^e mixture vs. for the L.J. potential.
All the four curves overlap. Also the experimental curve with
error is drawn.
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Fig. 51 .. Theoretical values of the first four orders of thermal-conductivity 

(*mix) ^°r ^e“^r mixture vs. for the L.J. potential.

All the four curves overlap. Also the experimental curve with

error is drawn.
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that in case of ^ mix * The P°*n^s additional interest

are given below.

a) Like rigid sphere case, comparing tables 46 and 39., we notice 

that the rate of decrement for the first four orders is slower 

for tnan ror j m^xA’mix than for

b) The contribution for the second and higher order to ?\ mix
reaches a maximum value when x^ is large (see Table 4.6, Fig. 35). 

This means that the contribution of the second and higher orders 

goes to a maximum only when the heavier component is in a minority. 

This, as mentioned before, is contrary to the statement of Storvick 

and Mason, (S.M.-66) that the contribution of the second order to 

'mix ^ar9es  ̂only when the lighter component is in a

minority. It may be pointed out here that in the case of rigid 

sphere, this contribution reaches a maximum only for certain mass 

and concentration ratios (see Fig, 8).

2) With Temperature

The discussion is similar to that for The results1 mix
of the present calculations for the Ar-Ne mixture for the

^ mix Part are 9i-ven in tables (47,48) and in figs. (36, 37).



TABLE 47

Theoretical values of the first four orders of thermal-

conductivity ( 7\' ) for the Ar-Ne mixture for
mix

different temperatures for the L.J. potential.

T°(to ,(i) 
mi x

,(2)
/Nnix

.(3) 
./x mix

(4)
> ’mix

x 105 x 105 x 105 x 105

50 1.488 1.488 1.488 1.488

200 5.1369 5.1692 5.170 5.170

400 8.521 8.614 8.620 8.621

600 11.218 11.358 11.369 11.370

800 13.567 13.745 13.760 13.762

1000 15.695 15.908 15.926 15.928
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Fig. 37 .. Ratios of the second and fourth orders to the first of thermal-

conductivity ( A ^ x) for the Ar-Ne mixture vs. T for the 

L.J. potential. Curve corresponding to ^ m i x ^ ^ m i x ^  not 

drawn but it lies very close and below curve.
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iii) Diffusion (Tables 49-53, Figs. 38-41).

In the literature, only higher order calculations of diffusion 

for the L.J. potential is for the second order (Jo .-60).

These calculations are done for two or three values of 

concentrations for each of the gas-mixture.

The results of the present computations for the first five 

orders are given in tables (49-54) and in figs. (38-41).

Convergence of the first four orders.

l) With Concentration.

The results for the first five orders for different values of

x0 for the Ar-Ne and Kr-Ne mixtures are placed in figs.

(38-39) and in tables (49-51). Again the discussion of the

inference; u  ^  tvV ^

case of T) . Some points of particular interest aremix
listed below.

a) The rate of decrement for the first four orders is slower for

diffusion than for y ) . and y .' for all values of x„'mix '' mix 2
except for very large values of (compare Tables 51, 46 and

39) .
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__________________ t*2
Fig. 38 .. Theoretical values of the second and fifth orders to the first of 

diffusion (D^) for the Ar-Ne mixture vs. for the L.J.

potential. Curves corresponding to (D^^) and (D^^) are 

not drawn but they lie close and below (D^^) curve.
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Fig. 39 .. Ratios of the second and fifth orders to the first of diffusion 

(D^) for the Ar-Ne mixture vs. x^ for the L.J. potential.

Curves corresponding to (d J ^ / d J ^ )  and (d J ^ / d J ^ )  are 

not drawn, but they lie very close and below ( D ^ V d ^ ^ )  curve.



TABLE 49

T h e o r e t i c a l  v a lu e s  of th e  f i r s t  f i v e  o rd e rs  of d i f f u s i o n  

( J.) ) f o r  th e  Ar-Ne m ix tu re  f o r  d i f f e r e n t  v a lu es  of

f o r  th e  L .J .  p o t e n t i a l .

x2
,.(2)

( ‘L' )
12

(3)

( ^  >

(4)
( P ) 

12

(5)
( D

12

x 10 x 10 x 10 x 10

0 .1 0 2.858 2.859 2.859 2.859

0.197 2.856 2.858 2.858 2.858

0 .274 2 .855 2.856 2.856 2.856

0 .362 2 .853 2 .854 2.854 2.854

0 .409 2.851 2.852 2.852 2 .852

0 .564 2.849 2.849 2.849 2.849

0 .672 2.846 2.846 2.846 2.846

0 .779 2.842 2.843 2.843 2.843

0 .843 2.840 2.840 2.840 2.840



TABLE 50

T h e o r e t ic a l  v a lu es  of th e  f i r s t  fo u r  o rd e rs  of d i f f u s i o n

( J )  ) of th e  Kr-Ne m ix tu re  f o r  d i f f e r e n t  v a lu es  of 
12

x2 fo r th e  L .J . p o t e n t i a l .

X2 12

(3)

3>12

(4)
3

12

(5)

* 1 2

(x  10 ) (x  10 ) (x 10 ) (x  10 )

0.111 2.334 2.336 2.336 2.336

0 .203 2.333 2.334 2.334 2.334

0.357 2.330 2.331 2.331 2.331

0.467 2.327 2.328 2.328 2.328

0 .562 2.325 2.326 2.326 2.326

0.661 2.321 2.322 2 .322 2.322

0.771 2.317 2.317 2.317 2.317

0.889 2.310 2.310 2.310 2.310

0.935 2.308 2.308 2.308 2.308



TABLE 51

Ratios of the first five orders to the first of diffusion

( ) for the Ar-Ne mixture for different values of
12
for the L.J. potential.

X 2
(2) (1)D / iP12 12

(3) (1)
D / 312 " 12

(4) (1)X ' / x>12 12
(5) (1)
J> /:o12 12

0.10 1.01032 1.01080 1.01082 1.01082
0.197 1.00977 1.01022 1.01024 1.01024
0.274 1.00929 1.00971 1.00972 1.00972
0.362 1.00869 1.00907 1.00908 1.00908
0.459 1.00795 1.00829 1.00830 1.00830
0.564 1.00706 1.00734 1.00735 1.00735
0.672 1.00600 1.00623 1.00624 1.00624
0.779 1.00480 1.00497n 1.00498 1.00498
0.843 1.00400 1.00413 1.00413 1.00413
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b) varies much less with than do

^  mix 
(42-45)) .

'n andmix
(Table 49 and 50 and compare with Tables (35-38) and

c) The contribution to the second and higher-orders of D
goes on increasing when the lighter component is decreasing (see 

Fig. 39).

2) With Temperature.

The discussion is again similar to that for y]  ̂ .

The results of the present calculations for the Ar-Ne mixture 

for the first five orders for different temperatures are given 

in tables (52, 53) and in figs. (40, 4l) .

iv) Thermal-diffusion ratio (Tables 54-58, Figs. 42-45).

In the literature no calculation has been reported for the 

second and higher orders for the Lennard-Jones potential.

The results of the present calculations for the first four 

orders are given in tables (54-58) and in figs. (42-45).

Convergence of the first four orders.

l) With Concentration.



TABLE 52

Theoretical values of the first five order of diffusion 

( 3^ ) for the Ar-Ne mixture for different temperatures

for the L.J. potential.

T°(^J
(1) 

" 12
(2)
12

(x 10) (x 10)

50 0.6130 0.6130

200 2.1453 2.1553

400 3.5410 3.5735

600 4.6692 4.7185

800 5.6563 5.7189

1000 6.5562 6.6305

(3)
'T>
12

(4)
^ 2

(5)
12

(x 10) (x 10) (x 10)

0.6131 0.6131 0.6131

2.1555 2.1555 2.1555

3.5755 3.5756 3.5756

4.7223 4.7727 4.7228

5.7240 5.7247 5.7249

6.6368 6.6378 6.6379



TABLE 53

Ratios of the first five orders to the first of diffusion 

( ^ 1 2) f°r the Ar-Ne mixture for different temperatures

for the L.J. potential.

T ° ( k (
( 2) ( 1)

J> /  3)
" 12 12

( 3) ( 1)
3> /  D

12 12

( 4 ) ( 1)
T ) /  T )

12 12

( 5) (
.D  /  D

12 J

50 1.0000 1.0001 1.0001 1.0001

200 1.00466 1.00474 1.00474 1.00474

400 1.00919 1.00974 1.00982 1.00983

600 1.01056 1.01137 1.01147 1.01149

800 1.01111 1.01195 1.01208 1.01210

1000 1.01135 1.01232 1.01246 1.01248
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Fig. 40 .. Theoretical values of the first and fifth orders to the first 

of diffusion (D^) for the Ar-Ne mixture vs. T for the L.J. 

potential. Curves corresponding to (D^^)* (D^^) and (d |^) 

are not drawn but they lie close and below (d |^) curve.
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Fig. 41 .. Ratios of the second and fifth orders to the first of ditfusion 

(Dj^) for the Ar-Ne mixture vs. T for the L.J. potential. 

Curves corresponding to and ( D ^ V d ^ ^ )  are

not drawn but they lie very close and below curve.
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The results of the calculations for the first four orders for

the Ar-Ne and Kr-Ne mixtures are placed in figs. (42, 43) and

in tables (54-86). The discussion is, again, similar to that

for M . Additional comments specific to this coefficient
1 mix

are as follows.

a) Unlike previous coefficients, the value of ky approaches zero 

when X2 s 0 or 1 and has a maximum at L2 0,5 for each 

order. (Compare Figs. (42, 38, 34 and 30), Tables (54, 49, 42 

and 35)).

b) Like ^  > the contributions of the higher orders to ky

goes to a maximum value when the lighter component is in minority 

(See Figs. 43, 39).

c) The rate of decrement is slower even as compared to diffusion 

(Compare Tables 56 and 51) .

2) With Temperature.

The results for the first four orders of calculation are given 

in tables (57, 58) and in figs. (44, 45). The discussion of the

results is, again, similar to that for ^mix * Some

additional remarks specific to this case are given below.



Fig. 42 .. Theoretical values of the first and fourth orders to the first of

thermal-diffusion ratio (k̂ .) for the Ar-Ne mixture vs. for

the L.J. potential. Curves corresponding to (k^^) and (k^^)

are not drawn. They lie close and below (k_(4)) curve.
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------->X2
F ig .  43 . .  R a t i o s  o f  t h e  second and f o u r th  o r d e r s  t o  t h e  f i r s t  of  

t h e r m a l - d i f f u s i o n  r a t i o  (R^.) fo r  the Ar-Ne m ix tu r e  

v s .  fo r  t h e  L . J .  p o t e n t i a l .  Curve c o r r e s p o n d i n g  to

i s  n o t  drawn.  I t  l i e s  ver y c l o s e  and below 

( k ^ / k * 1 ^) c u r v e .



TABLE 54

Theoretical values of the first four orders of thermal-

diffusion ratio (k ) for the Ar-Ne mixture for differentT
values of for the L.J. potential.

(1) (2) (3) (4)
k k k k2 T T T T
, 2 (x 10 ) (x 102) (x 102) 2(x 10 )

0.10 1.303 1.340 1.342 1.342
0.197 2.389 2.456 2.459 2.459
0.274 3.111 3.196 3.201 3.201
0.362 3.765 3.867 3.872 3.872
0.459 4.247 4.360 4.366 4.366
0.564 4.442 4.558 4.564 4.564
0.672 4.227 4.335 4.340 4.340
0.779 3.517 3.604 3.609 3.609
0.843 2.814 2.882 2.886 2.886



TABLE 55

Theoretical values of the first four orders of thermal- 

diffusion ratio (ky) of the Kr-Ne mixture for different 

values of x for the L.J. potential.2

(1) (2) (3) (4)
x2 k T k T ktT k T

(x 102) X 1— o r
o

(x 102) (x 102)

0.111 i .956 2.012 2.014 2.014

0.203 3.390 3.484 3.487 3.487

0.357 5.323 5.465 5.469 5.469

0.467 6.238 6.398 6.402 6.402

0.562 6.642 6.806 6.809 6.809

0.661 6.574 6.728 6.732 6.732

0.771 5.740 5.865 5.868 5.868

0.889 3.631 3.704 3.705 3.705

0.935 2.358 2.404 2.405 2.405



TABLE 56

Ratios of the f i r s t  four orders to the f i r s t  of thermal-diffus ion  

r a t io  (ky)  for the Ar-Ne mixture for d i f feren t  values of 

for the L .J .  poten t ia l .

X2

(2) (1) 
(ky /k y  )

(3) (1)
( k y / k  y  )

(4)
( k y  / k

0 .10 1.0283 1.0297 1.0297

0.197 1.0280 1.0293 1.0293

0 .274 1.0276 1.0290 1.0290

0 .362 1.0272 1.0286 1.0286

0 .459 1.0267 1.0281 1.0281

0 .564 1.0261 1.0274 1.0274

0 .672 1.0254 1.0267 1.0268

0 .779 1.0247 1.0259 1.0259

0 .843 1.0242 1.0253 1.0253



TABLE 57

Theoretical values of the first four orders of thermal-
diffusion
different

ratio (k ) 
temperatures

for the Ar- 
for the L.J.

Ne mixture 
potential.

f or

T°(Ü (1) (2) (3) (4)
kT
(x 102)

kT
(x 102)

kT
(x 102)

kT
(x iO2)

50 -0.3528 -0.3557 -0.3561 -0.3556

200 3.712 3.769 3.769 3.769

400 4.758 4.919 4.933 4.934

600 5.048 5.248 5.270 5.273

800 5.146 5.361 5.386 5.391

1000 5.192 5.416 5.443 5.448



TABLE 58

Ratios of the first four orders to the first of thermal-diffusion 
ratio (ky) for the Ar-Ne mixture for different temperatures 
for the L.J. potential.

T°(k
(2) (i)
k y  /k y

(3) (i)
k y  /k y

(4) (1)
k y /k y

50 1.0081 1.0094 1.0080

200 1.0155 1.0154 1.0154

400 1.0339 1.0368 1.0370

600 1.0396 1.0440 1.0447

800 1.0418 1.0468 1.0476

1000 1.0431 1.0484 1.0494



Fig. 44 .. Theoretical values of the first and fourth orders of thermal-

diffusion ratio (k^) for the Ar-Ne mixture vs. T for the L.J. 

potential. Curves corresponding to (k^^) and (k^^) are
(4)not drawn. These curves lie verv close and below (k^ ) curve.



I 050

1000 1000

Fig. 45 .. Ratios of the second and fourth orders to the first of thermal- 

diffusion ratio (k̂ .) for the Ar-Ne mixture vs. T for the L.J. 

potential. Curve corresponding to ( k ^ V k j ^ )  is not drawn. 

It lies very close and below ( k ^ V k ^ ^ )  curve.
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a) The higher order contributions are less than the first order 

contribution for temperatures less than or equal to 200° (See 

Table 58) .

b) The value of k is negative below 100°^(See Fig. 44).

This should not be very surprising as the experimental studies of 

the temperature dependence on k^ for Kr-Ar and Xe-Kr mixture 

(G.M.-61) have shown that for Kr-Ar , the value of ky passes 

through a positive minimum while the Xe-Kr case it is negative 

for very low temperatures. It may therefore be of interest to 

study the temperature dependence on ky for all orders below

200 ^  more systematically for more mixtures. In the present

work, we have calculated only one value of ky for the Ar-Ne 
omixture below 200

v) Comparison of Different Coefficients.

a) Like rigid-sphere potential the rate of decrement is rapid for 

all the coefficients, the sequence of rapidity being ky (slowest),

D , ?
notice that

n H . . For example from table 56, wemix•y
*2), (1)
' / kT for the Ar-Ne system for x = 0.1

is 2.83$, while for ^  is 1.03$ (Table 5l) ,

for ( ^^ /
mix

,(D ) is 0.472$ (Table 46) and for
mix
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( i E /  i n i J  is 0.261^ (Table 39).

b) For each coefficient, the contributions for higher orders 

increase with temperature but, as remarked earlier, these 

contributions are not affected with temperature for the rigid 

sphere potential.

c) For T ] and 2\' , the second and higher order
mix mix

contributions are maximum when the lighter component is in 

majority while for P  ^ ancl 9 these contributions are

maximum when the lighter component is in minority.

In the case of rigid sphere potential, the behaviour observed 

for ^12 anc* is the same while for ^mix anc* -A mix
it differs in as much as the latter have a maximum at *2'^- ^«5 •



CHAPTER V I

FORCE CONSTANTS AND E M jJTOENTAL DATA
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'n± c C cL{L cJ-( C>v

The force constants for interaction between like 

molecules for the Lennard-Jones potential (Table 34) used in 

the last chapter, have been obtained by fitting the viscosity 

data of the simple gases and are taken from the Hirschfelder 

et al's work (H.C.B.-64, Table I-A, p. 1110). The (12-6) 

Lennard-Jones interaction potential gives better results for 

the coefficients of the simple gases and for the virial 

coefficients than the other known two-parameter potentials 

(For extensive comparison, see Chs. 3 and 8, H.C.B. 64).
Even a three-parameter potential like the 'Modified Expo-6', 

although more complicated to handle, does not give results 

different from those of the Lennard-Jones potential (Ma-54)• 

It appears that for the simple gases, there is no possibility 

of varying the form of interaction potential.

In the binary gas mixture calculations we have 

followed the approach of previous workers (e.g. Th-60, Th-61) 

and used the same form of potential for the unlike molecules 

as for the like molecules and obtained the force constants 

for unlike molecules by the usual combination rules. In the 

literature extensive comparisons of the first order theory 

and the experimental data for various gas-mixtures and for 

different concentrations have been made (Th-60, Th-61,
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T.B.-62, H.C.B.-64 Ch.8, Gu-67). These comparisons show that 

the discrepancy between the first order theory and the 

experimental data is sometimes as large as 20$ which is 

outside the range of the experimental error of about 4°l° (Gu-67) . 

Hopes have been expressed in the literature (S.J.-63, S.M.-65, 

M.M.S.-65) that the higher order contributions based on the 

present set of potential parameters will resolve these 

discrepencies.

With the facility of computing the higher orders 

developed in the last four chapters, we are in a position to 

test this conjecture. It may be recalled that this was one 

of the aims of studying the four gas-mixtures in the last 

chapter. For such a comparison, the calculations are 

restricted to the fourth order because it has been established 

in the previous chapter that the rate of decrement of the 

first four orders is very rapid and the contributions from 

the orders higher than the fourth order would only make 

negligible contributions. In section A of this chapter, the 

comparisons of the higher orders of the theory and the 

experimental data for the four mixtures are given. The 

outcome of these comparisons is that the higher order 

contributions, alone, fail to resolve the discrepency 

between theoretical values and the experimental data. Thus
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in order to have a better agreement between the theory and 

experiment (which is sometimes as large as 20$) , we have two 

alternatives, one is to change the form of the potential and 

the other is to abandon the combination rules and find new 

and better sets of force constants for unlike molecules by 

free adjustment. It appears that the latter is to be 

preferred. The reasons for this are discussed in section A.

They are convincing but not conclusive.

If we accept the latter alternative (i.e. to find 

a new set of force constants for unlike molecules) different 

and more efficient ways for finding these constants are needed.

In the literature, two methods of calculation are available,

One is due to Hirschfelder et al (Ch.8, H.C.B. 64) and is 
based on using the data of viscosity and the other is due to 

Srivastva and Madan (S.M.-53) which uses the first order 

theoretical expressions and the experimental data for k^ and 

D^2* Tbs former method was not practical at that time due to 

the lack of availability of extensive and accurate data.

In a recent paper (Gu-67), we have presented a modified method based 
on Hirschfelder et al’s suggestion. By carrying out the first 

order comparisons we have discussed the advantages of working 

with the modified method over the method based on k^ and 

In section B this discussion has been brought up to date by 

including the contributions of the higher orders of the theory.
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A. DISCUSSION OF COMBINATION RULES

As a first step for the discussion of these rules for 

the Lennard-Jones potential, an extensive comparison of the 

fourth order of the theory and the experimental data is made 

for Ar-Ne, Kr-Ne, Kr-He and Xe-Kr.

For all these mixtures, the experimental data for

,y"i . and A  • has been taken from the papers of Thoronton
• *vv\, tx OVux

and Baker (Th.-60, Th.-61, T.B.-62). Recently Saxena et al 

(G.S.-66, G.S.-67) have published some more accurate data for 
A>..,„for those mixtures but we have not used this data for 
the present comparison because it is not extensive enough.

For k^, the experimental data is available only for Ar-Ne 

while for D^, th0 experimental data is not extensive enough 

to carry out any comparison. The comparisons have been shown 

in figs. (30, 34? 46-51) an<̂  4n tables (34-37» 42-45)* The 
results have been grouped for each of the coefficients separately, 

(a) Viscosity -

The results of different gas-mixtures are given 

separately.

(l) Ar-Ne - The discrepency between the first order theory

and the experimental data varies between -1.1 $ to +0.7$* Taking 

the fourth order contributions into account, we observe no 

discrepency for lower values of x^ while some discrepency can
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be seen for higher values of (See Fig. 30).

(2) Kr-Ne - The discrepency between the first order 

theory and the experimental data varies between -2.2$ to -0.8$. 

Taking the contributions of the first four orders into account, 

we observe that there is a general improvement in the agreement 

between the theory and the experiment, but still, the higher 

order contributions are not large enough to resolve the 

discrepency (See Fig. 46).
(3) Kr-He - The discrepency between the first order theory 

and the data lies between -1.3$ to +1.3$» The fourth order 

contributions lie within the experimental range for some values 

of x^ while they lie outside the range for other values of x^ 

(See Fig. 47).

(4) Xe-Kr - The discrepency between the first order theory 

and the data is -1.2$ to 0.0$. The higher order contributions 

overlap the first order contributions and the discrepency is 

not removed (See Fig. 48)•
■T>Thus we observe that for 7 , the higher order

contributions, alone, fail to resolve the deviations between 

the experimental data and the theoretical values.

(b) Thermal Conductivity

Again the results for each mixture have been discussed 

separately.



(1) Ar-Ne - The deviation between the theory

and the experimental data is in between -4*9i0 to - 2 . 7 The 

higher order contributions give a better agreement of the 

theory and the data but some of the calculated values still fall 

outside the range of experimental error range. (See Fig. 34)»

(2) Kr-Ar, Kr-He and Xe-Kr - For these mixtures a similar 

conclusion to that for Ar-Ne mixture follows (See Fig. 49“51)•

(c) Thermal diffusion ratio

For this coefficient the only mixture for which the 

experimental data are available is Ar-Ne (Ch. 8, H.C.B.-64). 
These values are obtained at 324°K, while our calculations are 

done for 291°K (See Fig. 42 and Table 55)» Comparison of the 

first order theory and the data are given by Hirschfelder et al 

(Ch. 8, H.C.B.-64) and it shows that the theoretical values are 
always higher than the experimental values. From Table 55» it 

follows that the higher order theoretical values would be still 

higher than the first order values by about jfo which means that 

the discrepency would be worse.

(d) Diffusion

There is no mixture for which enough experimental 

data is available to carry out a comparison.

Thus we conclude that the higher order contributions, 

based on the present sets of force constants,widely accepted in 

the literature,except for Kr, do give us a better agreement
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b u t th e se  agreem ents a re  a c c u ra te  up to  1 .6 $  in  case  o f  ■ j 

and up to  4*4$ in  case  o f  /\ w h ile  th e  c o rre sp o n d in g

ex p e rim e n ta l a c c u ra c ie s  a re  r e s p e c t iv e ly  1 .0 $  and 2 .5 $ • In  

o rd e r  to  re s o lv e  th e  d is c re p a n c ie s  co m p le te ly  w ith in  th e  fram e­

work o f  th e  L ennard -Jones p o t e n t i a l ,  we a re  l e f t  w ith  two 

a l t e r n a t i v e s .  F i r s t l y ,  th e  com bination  r u le s  a re  tim e b u t th e  

fo rc e  c o n s ta n ts  f o r  i n t e r a c t io n  betw een l i k e  m o lecu les  a re  

in  e r r o r .  Second ly , th e  com bination  r u le s  a re  n o t s t r i c t l y  

v a l id .  The fo rc e  c o n s ta n ts  f o r  s im ple  g ase s  a re  c a lc u la te d  

m ain ly  by f i t t i n g  c r y s t a l  d a ta ,  second o rd e r  v i r i a l  c o e f f i c i e n t s  

and v i s c o s i t y  d a ta .  For a p a r t i c u l a r  g a s , th e re  i s  a  c e r t a in  

amount o f  v a r i a t io n  in  th e  v a lu e s  o f  th e  fo rc e  c o n s ta n ts  when 

th e y  a re  c a lc u la te d  from th e  d i f f e r e n t  d a ta  (See T ab le  I-A , 

pages 1110, 1212, H .C .B .-64)«  T h is  v a r i a t io n  i s  p a r t i c u l a r l y  

n o t ic e a b le  f o r  K ryp ton . The re a so n s  f o r  t h i s  a re  g iv en  by 

Fender ( F e - 6 l ) .  I t  has been n o t ic e d  (Ma-61) t h a t ,  ex cep t fo r  

K ryp ton , f o r  a l l  th e  o th e r  g a s-sy s tem s  fo rc e  c o n s ta n ts  de te rm in ed  

from one o f  th e s e  d a ta  (s a y  v i s c o s i ty )  rep ro d u ce  th e  t h e o r e t i c a l  

d a ta  from o th e r  s tu d ie s  ( c r y s t a l  and second o rd e r  v i r i a l  

c o e f f i c i e n t s )  v e ry  s a t i s f a c t o r i l y .

W ithout g o ing  in to  th e  q u e s tio n s  w hich may be in v o lv ed  

in  th e se  com parisons we b e l ie v e  t h a t  f o r  o u r p u rp o ses  th e  

fo rc e  c o n s ta n ts  d e te rm in ed  from th e  v i s c o s i t y  d a ta  on th e  pure 

gas a re  th e  r e le v a n t  ones, because  th e s e  d a ta  a re  s u f f i c i e n t l y



accurate (K.L.-59) and. more importantly the same theory is 

involved in considering the transport properties of simple 

gases and mixtures.

If this is accepted then the only choice left 

for getting a better agreement between the theoretical and 

experimental values is to abandon the combination rules and 

to find new sets of force constants for unlike molecules«Such 

a suggestion has been made by Saxena (Sa-57) for the Lennard- 

Jones potential but he could not show conclusively that the 

combination rules are not strictly valid because of the non­

availability of the higher order contributions.

B. FORCE CONSTANTS FOR UNLIKE MOLECULES*

In the literature, one of the alternative ways for 
determining force constants is by fitting the experimental 

data of k^ and with the first order expressions of k^ and 

D.J2« We have shown in the last chapter that for k^ and D^, 

the contributions of the higher orders is much larger than for 

'.ViVjX and So such a calculation is likely to

introduce a substantial error. The other alternative based on 

the first order expressions of I u and 'V,. uX 

discussed below.
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* A preliminary account of this work based on the first order 
theoretical values has already been published (Gu-67).
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In the present work, we wish to point out the 

importance of separating the contributions of interaction 

between like and unlike molecules to the expressions of 

and /\OV)' ̂  . Since accurate estimates of the parts

depending upon the interactions between like molecules can be 

obtained from the experimental data of corresponding simple 

gases, they can be subtracted off. The resulting quantities 
depend upon the interactions between unlike molecules and 

can be used for a study of the parameters for these interactions. 

As the data for these coefficients is more accurate (I.K.N.-64, 
K.K.W.-66) and extensive (Th.-60, Th.-61, T.B.-62) than for 

and kfp, it would be more profitable to use these data 
directly for this study. (A suggestion for calculating potential 
parameters for interaction between unlike molecules has already 
been made by Hirschfelder et al (Ch. 8 H.C.B.-64-)* but it was 
not practical at that time due to the lack of accurate and 
extensive data).

This approach is to be contrasted with that of 

Weissmann et al (W.M.-62, We-65, G.S.-66a)who have determined 
the diffusion coefficients from the measured values of 
and using some appropriate formulae and estimates for

certain ratios of the collision integrals. Even if one 
disregards the discrepancy between these calculations and the



first order theory which is sometimes as high as 25J>) 'feiis
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only shows what is obvious in principle that all the transport 

coefficients are related as can be seen from the simple gas 

theory. Further, it has been observed by Storvick and Mason 

(S.M.-66) that even taking effects of the second order into 

account, the values of calculated D would have errors ten 

times as large as that of data from which they have

been obtained.

Except as a test of consistency of the different data, 

such calculation of diffusion coefficients seems irrelevant, 

especially since the data on ] } jx and , v can be

directly used to calculate the force constants for interaction 

between unlike molecules.

Let the first order expression of a transport 

coefficient of a binary gas mixture be written as

T0) T 0) + m 0)
int. (6.1)

where  ̂ depends upon the force constants of interaction

between like and unlike molecules and the composition of the 

mixture. It is zero when the interaction between the two gas 

systems is absent. T depends only on the force constants 

of the individual gas components. It is zero for diffusion 

) and thermal diffusion ratio (k^/ ') as can be shown
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from eqns. (3-102, 3-103, C-1, -2 ,  -5 ,  -11, -12, -15, -21 , -22, 

-15) by putting interactions between unlike molecules zero.

For V \ K and A ')U! X , we have

^ 1) A') (6.2)

p) .>(1)
1

>0)2 (6.3)

where subscript (1) refers to the heavier component and (2) to

the lighter. Eqns. (6.2) and (6.3) are obtained by putting

interactions between (1) and (2) zero in the first order
expressions of and by combining eqns (3.82,

3.124, C-1, -2, -5, -11, -12, -15, -21, -22, -25, -31, -41, -51).
When 2 goes to 1, = 7^]^ and /vP  ̂ 1 ̂ because

— - o 1 >o y  o

and - 7̂-J ̂ respectively.

For the simple gas, we have shown in the last chapter

that the convergence of the first order is very rapid. So the

contribution of the first order can be put equal to the
(1)experimental value i.e. Tj J = (Ti)expt Using these 

approximations, eqns. (6.2) and (6.3) become

> 0 )/ o E ri1 expt nl2 expt
(6.4)

o 
-> 

fed II A  + +1 expt A 2 expt (6.5)
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An ex p e rim e n ta l v a lu e  f o r  th e  c o n t r ib u t io n  to  th e  

t r a n s p o r t  c o e f f i c i e n t  due to  th e  i n t e r a c t io n  betw een u n lik e  

m o lecu les  can now be o b ta in e d  a s  fo llo w s :

( Tin t ) i ex p t
,0 )

ex p t ( 6 . 6)

The f i r s t  im p o rtan t p o in t  we w ish  to  make i s  t h a t

f
th e  v a lu e s  o f  ( i n t ) ^  f o r  v i s c o s i t y  ^  7 ) in t )g )  an ^ th e rm al 

c o n d u c t iv i ty  ((  1 in t ) E ) )  a re  alw ays n e g a t iv e  and a re  com parable 

w ith  Y:. .vv, K and A , y in  m agn itude . As an exam ple, we 

p l o t ,  in  f i g s .  52 and 53 th e s e  q u a n t i t i e s  fo r  an Ar-He m ix tu re
*  i . n

a s  a fu n c tio n  o f  th e  c o n c e n tra t io n  r a t i o n #  ( = 1 / /  \ \
^  v / ( n 1 + n 2 ) ) .

O th er m ix tu re s  show s im i la r  b e h a v io u r . T h is shows in  c o n t r a s t

to  some rem arks in  p re v io u s  l i t e r a t u r e  (Ma-57a > C h .-6 2 ) t h a t  th e

c o n t r ib u t io n  o f  i n t e r a c t io n s  betw een u n lik e  m o lecu le s  to

h . and X . i s  q u i te  s i g n i f i c a n t .  A lso we n o te  th a t  (mixv / mix D
( l )  (1)

( l in t)  ' I n t )  a re  th e  t h e o r e t i c a l  c o u n te rp a r ts  o f

0) .0 )^ 1 2  '  an(  ̂ (^ t ) th e  sen se  t h a t  a l l  o f them v a n ish  when

th e re  a re  no in t e r a c t io n s  betw een u n l ik e  m o le c u le s .

From eqn . ( 6 .1 ) ,  th e  f i r s t  o rd e r  ap p ro x im atio n  to  

eqn . (6 .6 )  i s  . The v a lu e s  o f  T ^  needed  f o r  T . J ^  fo r  a

L en nard -Jones p o t e n t i a l  have been  computed in  th e  l i t e r a t u r e  

(T h .-6 0 , T h .-6 1 , T .B .-6 2 ) w ith  th e  s e t  o f  p o t e n t i a l  p a ram eters  

f o r  i n t e r a c t io n  betw een u n l ik e  m o lecu les  o b ta in e d  by th e  u su a l 

com bination  r u le s  (T ab le  34)•
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Fig. 52 .. For Ar-He, the experimental values for viscosity and

for the part of viscosity depending upon the interactions between 

unlike molecules ((n^nt)g) have been compared for various 

concentrations of the heavier component.
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conductivity ( A  x ) and for the part thermal-conductivity 

depending upon interactions between unlike molecules ((Aint)£) 

have been compared for various concentrations of the heavier

component.
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We s h a l l  now s t a t e  th e  r e s u l t s  o f  com paring (T\

w ith  th e  c o rre sp o n d in g  t h e o r e t i c a l  v a lu e s .

( 1)
Ti n t  ’ f o r  v a r io u s  v a lu e s  o f  X1 in  f i g s .  54 to  58 

fo r  v a r io u s  gas m ix tu re s  (X e-K r, X e-A r, Xe-Ne, Xe-He, Kr-Ne,

Kr-He, Ar-Ne, A r-H e).

V is c o s i ty  - Xe-Kr, Xe-Ar, Xe-Ne and Ar-He, th e  d e v ia t io n  i s  

w ith in  th e  e x p e rim e n ta l e r r o r  1.5$«

Xe-He, Kr-Ne, Kr-He and Ar-Ne, th e  d e v ia t io n  i s  

up to  3 .0 $  from th e  e x p e rim e n ta l v a lu e s  w hich a re  

a c c u ra te  up to  1 .5 $ .

Therm al C o n d u c tiv ity  - X e-Kr, X e-A r, Xe-Ne, Xe-He and Ar-Ne, 

th e  d e v ia tio n  i s  w ith in  th e  e x p e rim e n ta l e r r o r  o f  

3 .2 $  to  5 .3 $ .

Kr-Ne, Kr-He and A r-H e, th e  d e v ia t io n  i s  up to  

10$ from th e  e x p e rim e n ta l v a lu e s  w hich a re  a c c u ra te  

up to  3«2$to 5*3$.

The above com parison w ith  th e  f i r s t  o rd e r  th e o ry  shows 

t h a t  th e  assumed p o te n t i a l  p a ra m e te rs  a re  q u i te  s u i t a b le  fo r  th e s e  

c a s e s .  S t i l l  in  view o f  th e  a c c u ra c y  o f  th e  e x p e rim e n ta l d a ta ,  one 

has a  d isc re p a n c y  as  h ig h  a s  5$ ( i n  some c a se s )  to  e x p la in .  U sing  

th e  t h e o r e t i c a l  v a lu e s  g iv en  in  T a b le s  (3 5 -3 8 , 42-45) we can 

show th a t  th e  d is c re p a n c ie s  f o r  th e  Ar-Ne, Kr-He and Kr-Ne canno t
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Fig. 54 .. For (Xe-Kr, Xe-Ar, Xe-He), the experimental and the first order 

theoretical values for the part of viscosity depending upon 

interaction between unlike molecules have been compared for 

various concentrations of the heavier component. Solid lines

for experimental and dotted for theoretical values.
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depending upon interactions between unlike molecules have been 

compared for various concentrations of the heavier components.

Solid lines for experimental and dotted for theoretical values.
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order theoretical values for the part of thermal conductivity 

depending upon interaction between unlike molecules have been 

compared for various concentrations of the heavier component. 

Solid lines for experimental and dotted for theoretical values.
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Fig. 57 .. For (Xe-He, Ar-Ne), the experimental and the first order 

theoretical values for the part of thermal conductivity 

depending upon interactions between unlike molecules have been 

compared for various concentrations of the heavier component. 

Solid lines for experimental and dotted for theoretical values.
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Fig. 58 .. For (Kr-Ne, Kr-He, Ar-He), the experimental and the first order 

theoretical values for the part of thermal conductivity

depending upon interactions between unlike molecules have been 

compared for various concentrations of the heavier component. 

Solid lines for experimental and dotted for theoretical values.
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Fig. 59 .. For (Ar-Ne, He-H^, Ar-He, Ne-He), the experimental and the 

first order theoretical values for thermal-diffusion ratio 

have been compared. Solid lines for experimental and dotted

for theoretical values.
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be removed by including even the fourth order contribution.

For example, for the Ar-Ne mixture, in case o f x , by

including the first four order contributions, the discrepancy 

is 2.2c/o while for Kr-He, in case of y , it is about 7i°*

A comparison of the experimental values and the first 

order theory for the Lennard-Jones potential for is plotted 

in Fig. 59 for He-H^, Ar-Ne, Ne-He and Ar-He mixture (Ch. 8, 

H.C.B.-64). It depicts that the deviation of the experimental 

data from 7 is as high as20.0/6 though the experimental 

error is up to 3$. The higher order contributions are much 

smaller than the deviations.

From these cases it would, then, appear more 

profitable to compare (( /int)E) and ((-\nt)E) with the 

corresponding theoretical expressions instead of studying 

for the following reasons :

(1) More accurate and extensive data are available for
a

mix and than for k^ and D .

(2) Better agreement between ( viini) and ( T lnt)E» 

and ( xint)E as compared with k ^  ̂ and (kfp)exp^.

(3) As 3hown in the previous chapter, the rate of decrement

of the first four orders is faster for j . and /\ . than
! mix mix

for D and 1^.
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APPENDIX A

CALCULATION OF THE INTERACTION INTEGRALS

From e q n . ( 2 . 42 )

i , \ v , (12)nn v '

1:^

J0 »(?«) »„j (Vg) Hn . ( K g )

( V- - - r j  ( g ) )  g 3 dg

W here ( X  g ) f r o m  e q n . ( 2 . 7 )  i s

Rn i  (VS) “ J n L ( j f~ ) qn
i  + -g ( i  9  g2 )

S (n)  X W -
t  + i

n
V a , >

p ( x ;
p=0 v

n
n :  1 ( n + £ .  + 3/ 2 )  ( - x ) P

(P + 1  + 3 /2 )
P~Cpl ( n - p ) l

a n d  ^ 7  (g)  from  eqn . ( 2 . 40) i s

IT

ii 2 nr j -r- (g  ,"X ) P ( co s  ~ X  ) d ( co s  7C )V
J - n

A by. d e f i n i t i o n  i s

9 ^  (b s) K TV - 2b

bo
j

v \ d r / r 2
rm 1

1 - t r  -  y(r)kT

(A-1)

(A-2)

(A-3)

' (A -4 )

(A -5 )

w here a l l  th e  sym bols have th e  u s u a l  m e a n in g s .
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Cp *(r) = ' vX>for r r̂r- )

= 0 for r \ -r- )
(A-6)

Now substituting (t ) in eqn (A-5) and. putting rm = cr if b and rm = b
for b>— we get

= 2 cos  ̂ (b/— ) for b

for b
(A-7)

Substituting this value of'"X in eqn. (A-.4) we get

VJ i (g) = 11 Al (A-8)

Substituting (A-2), (A-3) and (A-8) and integrating (A-1), we get

«I
nnV H5.) ■ 2-rro-A  M H . n12 n^ n I

Y
(i + p + p + 1) t

p p'
a a ✓ p p

(A-9)

It is convenient to introduce a quantity 7̂ tnn

which is independant of the nature of the gas and temperature,

e
V , nn

_2 t
12. i  -nn (A-10)

Then by eqn (A-9)
2 :

1

nn 2 T  N N , - a a ' ( £.+ p + p + l)l (A-11)“I- «q, p p' P P



187

The c o e f f i c ie n t s   ̂ can be computed from th e  fo llo w in g

re c u r s io n  r e l a t i o n  ( p = n)

a
_E

P+1
( - )  (p + 1) (p + J L  + 3 /2 )

(n - p)

(A-12)

w ith  th e  i n i t i a l  v a lu e

a ,
( - ) n
n

(A-13)

The v a lu e s  o f  - f -  / f o r~ nn 1 to  5 and n = 0 to  3

and n 0 to  3 a re  g iven  in  ta b le  3 »

B IENNARI)-JONES POTENTIAL

The g e n e ra l form o f  th e  p o te n t i a l  i s

( r ~ \  12
4 <c \  r )

\  6
(A -14)

Where i s  th e  dep th  o f  th e  p o t e n t i a l  w i l l  and i s

th e  range  p a ra m e te r . The c a lc u la t io n s  o f  th e  i n t e r a c t i o n  in t e g r a l s
L

(V / ) fo r  t h i s  p o te n t i a l  a re  much more d i f f i c u l t  th a n  fo r  th e

r i g i d  sp h ere  c a s e . The] d i f f i c u l t i e s  ao aeai a &gd a re  th e  same as

th o se  in  th e  c a l c u la t io n  o f  th e  c o l l i s i o n  i n t e g r a l s  ( ^  ^  '  s ^ ) .

The l a t t e r  c a lc u la t io n s  have been c o n s id e re d  in  d e t a i l  by  many

w o rk ers  (H .B .S .-4 8 , D ._,.-62 , Sm-64, S .M .-64 , I .G .S . - 6 1 ) .  W ithout g o in g  in to



I  1 t ( 12)
VALUES 0 F £  / (  = 0 Ynn  _________ ) F0R A RIGID SPHERE POTENTIAL

n il 2 y

n  = O

n = 0

6 .68434

n  = 1

- 2 .11377

n = 2 n  = 3

-O .3 9 9 4 6 6  - 0 .1 6 3 0 6 1

n  = 4 

- 8 .6 8 5 4 6

= 1 - 2 .11377 8 .6 8 9 6 4 -2 .9 0 5 4 1 -O .5 6 7 2 9 2 - 0 .2 3 6 7 4 5

= 2 - 0 .3 9 9 4 6 6 -2 .9 0 5 4 1 1 0 .3 3 6 9 - 3 .49880 - 0 .6 9 2 8 3 2

« 3 -O .163061 -O .5 6 7 2 9 2 - 3.49880 1 1 .7650 - 3 .9 9 0 5 1

-  4 - 0 . 0868546 -O .2 3 6 7 2 4 - 0 .6 9 2 8 3 2  - 3 .99327 1 3 .0 4 6 0

n  = 0 8.02121 - 2 .1 4 3 7 6 -O .3 5 7 2 9 3  - 0 .1 3 1 9 5 5 -OJ046253

= 1 - 2 .1 4 3 7 6 9 .74004 -2 .9 6 0 2 1 - 0 .528933 -O.204OO7

= 2 -O .3 5 7 2 9 3 -2 .9 6 0 2 1 11.2201 - 3 .5 6 7 2 7 -O .6 6 O 8 I4

= 3 - 0 .131955 - 0.528933 - 3 .5 6 7 4 5 12.5371 - 4 .0 6 6 6 5

= 4 -O .O 646253 -O .2 0 4 4 0 3 - 0 .6 6 1 5 8 2  - 4 .0 6 8 3 5 13 .7186

n  * *  0 9 .16710 - 2 .1 6 0 7 0 - 0 .3 2 5 7 3 8  -O .I IO 6 3 O -0 .0 5 0 3 0 6 3

= 1 - 2 .1 6 0 7 0 10.6949 - 2.99431 -O .4 9 5 5 1 9 - 0 . 178656

= 2 - 0 .325738 - 2 .9 9 4 3 1 12.0492 - 3 .6 1 3 1 5 - 0 .6 2 8 8 1 6

= 3 -O .IIO 63O - 0 .4 9 5 6 5 5 - 3 .6 1 3 1 5 13 .2734 - 4 .1 1 5 2 6

= 4 -0 .0 5 0 3 0 6 3 -O .1 7 8 6 5 6 - 0 .6 2 8 8 1 6  - 4 .1 1 5 9 1 14.3962



TABLE 3 (C o n t'd .)

r
n  * 0 1 0 .1 8 5 7 -2 .1 7 1 5 9  -O .3O II45 -0 .0952801 -O.O404555

a 1 -2 .1 7 1 5 9 1 1 .5 7 4 6  -3 .0 1 7 6 1 -O .466657 - 0 .1 5 8 5 4 6

= 2 - 0 .3 0 1 1 4 5 -3 .O I7 6 I  12 .8300 - 3 .6 4 5 5 7 - 0 .6 0 1 5 8 3

=r 3 -0 .0952801 -O .467058 - 3 .6 4 5 5 7 1 3 .9 7 9 8 -4 .1 6 1 7 6  ^

z x 4  -O.O404555 -O .158546 -O.599651 - 4 .1 6 3 0 6 -665O.O4

n  = 0 11 .1116 -2 .1 7 9 1 7  - 0 .2 8 1 3 2 9 - 0 .0 8 3 6 5 4 3 - 0 .0 3 3 8 1 5 7

3 1 -2 .1 7 9 1 7 1 2 .3 9 3 7  - 3 .0 3 4 5 3 -0 .4 4 2 1 8 2 -O .142266

s 2 -0 .2 8 1 3 2 9 - 3 .0 3 4 5 3  13 .5688 - 3 .6 7 1 1 4 -O .579429
0

=c 3 - 0 .0 8 3 6 5 4 3 -O .442592 -3 .6 7 1 1 4 14 .6580
A.

4 3 2 0 .6 1

4 -0.0338157 -0.142266 -0.582114 4320.61 39304.0
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details, we will just mention the nature of major difficulties
/ 1 \

(For details, see S.M.-64). The collision integral J]_' ' '

is given by

( ^s)
o  i_

t o

2Tt7T
-X2 2s + 3 e x Q, (kT x)' (A-15)

where
l c 1

Q, (E) = 2 TT J (1 . cos 7C ) b db (A-16)

and

/((Si) -M -
d  7 ^

a )#
-l \ E 72 /

(A-17)

All the symbols have their usual meanings.

The main difficulties ares Firstly, the potential has a 

minimum so that we have to distinguish between orbitting and non- 

orbitting energies. There is a critical energy, E^, for this 

potential only below which the orbitting takes place. Secondly, 

there is a singularity in the integrand of X  (b, E). Thirdly, 

since all the above integrals are to be evaluated numerically, 

the knowledge about the behaviour of two integrands is very 

important in neglecting the contributions beyond a certain value of 

r, b and x.

Because of the above difficulties, a lot of computor
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t i n e  i s  ta k en  by th e  p re lim in a ry  c a lc u la t io n s  o f  and l im i t s  

f o r  i  and j  in  e q n s . (A-19 to  A-22) below , b e fo re  th e  f i n a l  

programme can be w r i t t e n .  To g iv e  an id e a  o f  th e  c o m p lic a tio n s  

o f  w orking w ith  th e  p re s e n t p o t e n t i a l ,  in  te rm s o f  com putor 

tim e , th e  f i n a l  programme fo r  th e  V / ' Aa fo u r th  o rd e r  c a l c u la t io n  

o f  th e  c o e f f i c i e n t s ,  as  d isc u sse d  l a t e r ,  to o k  4 .12  m inu tes on 

th e  I.B .M . -  36O f o r  a g iven  g a s -m ix tu re  and te m p e ra tu re . A 

s im i la r  c a lc u la t io n  in  th e  case  o f  r i g i d  sp h ere  p o te n t i a l  

ta k e s  o n ly  0 .45  m in u te s . M oreover, th e  tim e needed  fo r  

c a l c u la t in g  "Vs fo r  12 te m p e ra tu re s  fo r  a g iv en  m ix tu re  and 

f o r  th e  fo u r th  o rd e r  c a lc u la t io n  was 20 .2  m inu tes w h ile  fo r  

th e  r i g i d  sp h ere  c a se , o n ly  one c a lc u la t io n  i s  s u f f i c i e n t  fo r  

a l l  te m p era tu re  so th e  tim e i s  s t i l l  0 .4 5  m in u te s .

For a  b in a ry  m ix tu re , we have th r e e  v a lu e s  o f  (z and

o ~  p a ram ete rs  deno ted  by ^ . "T- -r-
J  11 ’  12 * 22  ’  11 ’  12

and 1 c o rre sp o n d in g  to  l i k e  and u n lik e  m o le c u le s . A

c a lc u la t io n  o f  th e  c o e f f i c ie n t  fo r  a p a r t i c u l a r  te m p e ra tu re  

in v o lv e s  th r e e  s e t s  o f  V 's  to  be known. For each  such  s e t ,  fo r  

a f o u r th  o rd e r  c a lc u la t io n ,  we need  75 V s  c o rre sp o n d in g  to  th e  

v a r i a t io n  in  ja from 1 to  5> n from 0 to  4 a,nd n from zero  to  n .  

For th e se  V s  we need 45 v i c s becau se  t w i l l  v a ry  from 1 to  5 

and s v a r ie s  from jc to  JL+ n + n . Thus f o r  12 te m p e ra tu re s  

we need 36 s e t s  o f  V s  and o f s w here each  o f  such  s e t s  c o n ta in s  

75 V’s and 4 5 J l ’ s •
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Duo to the numerical approximations of the integrals, 

the accuracy of calculated Si, s is always cuoted to be 1 to 3 

in 103 by different workers (S.M.-64, H.B.S.-48). In the recently 

published tabulations for this potential for different values of 

T (= kT/g ) the values are given up to the sixth decimal place 

(M.M.-61), which suggests that the values may be more accurate 
than the ones quoted.

In the present work, we have calculated the interaction
t

integrals by first calculating the collision integrals
/ l V

an<i then using eqn. (4.46). The collision integrals 

have been calculated by the method of Smith and Munn (S.M.-64). 

Following their notation, we made several modifications s 

(1) Following the same method, we work with reduced quantities 

which are denoted by a star (For explicit relationships between 

the reduced and ordinary quantities, see Ch. 8, H.C.B.-64).
Eqn. (A-I5) becomes

(A-18)

Writing the numerical values of the integrals (A-15 to 
A-17) by using gaussian quadratures, eqns. (14), (17), (18) and 
(19) of Smith and Munn in this notation become

'X (E* 7 b*) . TV - Wb* y 1 a(N/2) - 3 + 1
Nr£ j=1 E(r*n/ap (A-19)



I £ 1

* !
(^o * ,  ~  /  \  * * li - 4  ) ■  t.., {  ' I
‘-'o b (1 -  c o s  ? ( )  b db = L 2 (1 + £,

4
o Z-

* t
W± b ± (1 -  c o s  ~ X ± )

p>° £
! ^  b  (1 -  c o s  7  ) b db 

' V

1 -  i 1 + ( - ) ' ;  n_

( i  + a )  J  4

(A-20)

ny /
d , s ) -
c (T ) (S + 1)1

0=1

* c
(W-* e x p  y - ) b  * (1 -  c o s ' (A -2 1 )

i 0 0

. ’ ';i ' : Q(> ) (KT $ .)  (A-22)

A l l  t h e  sy m b o ls  h a v e  t h e i r  u s u a l  m e a n i n g s .

I n  e q n s .  (A -19  t o  A - 2 2 ) ,  we h a v e  c o r r e c t e d  some m i s p r i n t s

i n  e q n s .  ( 14) ,  ( 1 7 )  an d  ( 19) o f  S m i th  an d  M urin 's  p a p e r  ( S . M . - 64) .

( 2 ) I n s t e a d  o f  f o l l o w i n g  t h e  c o m p l i c a t e d  way o f  S m i th  a n d  Munn, 

*
we c a l c u l a t e d  t h e  c r i t i c a l  e n e r g y  b y  t h e  f o l l o w i n g  c o n d i t i o n s

w h e re

(p* ( r * )ye f f  v r  '
*  / * \

<?=«• (*■) = 0 (A -23)

2
*  ,  * N *  ,  * v  *  *

<?eff  ( r  ) = r; ( r  ) + b------- E
r *  ^

(A -24)

(3 )  F o r  c a l c u l a t i n g  t u r n i n g  p o i n t s ,  i n s t e a d  o f  u s i n g  f i v e  p o i n t  

A i t k i n ' s  i n t e r p o l a t i o n  f o r m u la  a s  s u g g e s t e d  i n  S m i th  an d  Munn, 

we fo u n d  t h a t  e v e n  t h e  t h r e e  p o i n t  A i t k i n ' s  i n t e r p o l a t i o n  f o r m u l a

i s  good  en o u g h .



Finally, the values of V <■ were obtained from 7 nn
( £ s')*eqn (4.46) using the values of r ' ' as obtained above 

and the values of brackets (B(nü, n £ 5 p)) given by 
eqn. (3.4) of Bordy and Moshinsky tables (B.M.-60). These 
values for given values of jo s> temperature and order were 
stored on the disc. We have given a specimen set of values for
I _ I

V / or 2. / (eqn. (A-10)) for >- = 1 to 5> n = 0 to 4 andnn nn v ' 7

n = 0 to 4 in table 4 for T = 1 .613.

Our values of are in good agreement with those

of other existing tabulations which are available up to third-

order calculations (total number of JL s tabulated for each
T* are 16 e.g. Table I - M, p.1126 H.C.B.-64, Ma - 57a). The

3 *agreement is up to 1 to 3 in 10 for values up to T =30.
The stored values were used for calculating transport

coefficients. It was found that the first order values for l̂ c-He
mixture obtained from this work (Table 45) agree with those of

(2 s)-*-Thoronton (Th.-6l) who calculated the coefficients using J~c ' 

values of Hirschfelder et al (Table I - M, p. 1126, H.C.B.-64)» 
within a few parts in a thousand. The calculations, in both cases, 

are done for 291° |x . The discrepancy between the two sets when 
Krypton is in majority (corresponding to low T*) is minimum 

(1 to 10^) and is maximum, as large as 5 to 10^, when Helium is 

in majority (corresponding to high T*).* Meanwhile the corresponding

* The reason for discussing this case was that the discrepancy 
of few parts in a thousand was the maximum.
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TABLE L

°F  FOR THE LEMARD-JONES POTENTIAL FOR T* = 1.613

n = 0 n = 1 n = 2 n = 3 n = 4

7.792470 -O.5252469 .2381303 .2170962 .1400837

-O .5252469 8.855278 -O.9767417 .1445013 .1967291

.2381303 -O.9767417 9.652292 -1 .353868 .02753864 . -1

.2170962 .1445013 -1 .353868 10.32118 -1 .663027  ■ - '

.1400837 .1968056 .02753864 -1 .663639 10.93284

10.25641 -0.5008545 .3102875 .2140808 .08970642

-0 .5008545 11 .28944 -1 .001923 .2326965 .2012177

.3102875 -1.001923 12.07803 -1 .457764 .1101074
It =2

.2140808 .2325745 -1 .458008 12.76489 -1 .847900

.09001160 .1999969 .1130371 -1 .847900 13.39551

12.07783 -0.4420142 .3936495 .2656904 .1292595

-O.442OI42 13.10988 -0 .8799549 .3987174 .3185302

.3936495 -0.8799549 13.91772 -1 .305636 .3163883

.2656904 .3987174 -1 .305636 14.61751
IL =3

-1 .677714

.1292595 .3185302 .3114926 -1 .687506 15.19642



TABLE 4 ( C o n t 'd .)

n /= 0 13.57472 -O.4302979 .4026031 .2510986 .1103516

= 1 -0 .4302979 14.56091 -0 .8425293 .4411621 .3110352

= 2 .4026031 -O.8425293 15.34619 -1 .246826 .4658203
A

-1 .429687-  3 .2510986 .4431152 -1 .246826 16.09375

= 4 .1103516 .3168945 .4345703 -1 .425781 17.25781

n = 0 14.89482 -O.4136915 .4072085 .2405232 .08950049

= 1 -O .4136915 15.83917 -0 .7918882 .4956955 .2707966

= 2 .4072085 -0.7918882 16.62965 -1 .200684 .4464319
6

= 3 .2405232 .4914117 -1 .205580 17.31506 -I .6 5 9 6 6 I

= 4 .08858258 .3099626 .4562234 -1.659661 14.28581



10 3
discrepancies of the values of  ̂ in that range is at

the most, 3 to 10 . The reason for the increase in discrepency 

is not hard to seek.

In the present work, to start off, we calculate and 
rj t)* t

store (J for different Jl s and for forty energies (For
the method of choosing energies and other details, see S.M.-64). 
Then we compute ^  ̂  for which we need different q}   ̂

corresponding to different abscissa (See eqn. A-22). The latter

U ) *a s are obtained from the already tabulated ones by

carrying suitable interpolations. The interpolations are linear 

for 0.8 ^  E C  1.6 while for other energies, interpolations
* ( t ) *between log E and log are linear. Thoronton calculates

2- *)*a particular v- f ' for a given T by linear interpolation

throughout and therefore, does not fully take into account the 

logarithmic behaviour of the interpolations , that our 

calculations are more likely to be accurate.



APPENDIX B

Relation between interaction integrals and 

collision integrals.

9 (a s)*The relationship between V ^ t and ^ * is given

by eqn. (4.45). Here vie will consider the following specific 

cases.

£ = 1 ; n = 0,1,2,3 * n1 = 0,1,2,3 .

£ = 2 n = 0,1,2 ; n 1 = 0,1.2

£ = 3 ; n = 0,1 : n ’ = 0,1

£ = 4 ' n = 0 ; n 7 = 0

Since V^n , (12) is symmetric (eqn. (2.42)) in
£the corresponding relations for V ,̂  are not given.

In the following cases, the exact fraction part is from 

A(A3p,p) (eqn. (4.47)) and the other numerical part is from 

Moshinsky brackets B(nA,n,A;p) (eqn. (4.46); B.M-60).
o,__  O  Q o ( Q o \ feDenoting A as v2ri 12 , V , as V" . (12) and Q 9& --- nn' nn *

(£ s)* yas , we get the following relations.



19p

V00 = A C 8 / 3 Oa , 1 ) *  ]

Vgx = A [  1 .581 ( |  n(1>1)A -  f -  n( 1 , 2 ) *  ) ]  

Vg2 = A [  2.0916 ( |  -  ^ 1 -

( B - l )

(B -2 )

(B -3 )

V q 3  = A [  2.562 ( |  -  5 £  f>( 1 ’2 ) *

+ 3 |4  a( 1 , 3 ) *  _ 2 5 | Bd , 4 ) *  }  _

= A [  2.500 ( - |  -  H

+ 128 n( l , 2 ) .  , ] _

(B -4 )

(B -5 )

A [  3.307 ( i  s / 1
ö

+ 12.5673 ( f |  f / 1 ,3 ) *
O D

-  5 .953 ( 2 f |  f l * 1 »4 **

48 Q( l , 2  ) *

) ] . (B -6 )



19G

V^3 = A [ 4 .0 5 0  ( §  ^ > * . 6 4 ^ , 2 ) * )

+ 2 9 . 16 ( 1 |  -  25 .92  ( ? § )  0( l l 4 ) *)

„ 011 , 1024 : (1 1 5 )*  ,  + 8 . 9 i i  ( - 31 ) n ] (B -7 )

V22 = A C 4 , 3 7 5  ( f  f i (1 ,1 > ” * ß( 1 , 2 ) * )

t  33 .25  ( f f )  0<l - 3 >* -  3 1 .5 0  ( 2f § )  o( 1 ’ 4 ) *

♦ 12 .375  ( “ f 4 ) ] . (B -8 )

V^3 = A [ 5 .3 6 0  ( |  S5( 1 , 1 ) " -  16 Q( 1 , 2 ) * )

+ 6 6 .4 4  ( i 2 i )  « ( 1 ’ 3 ) * -  92 .1 6  ( ” ®) a ( 1 ’ 4 ) *

+ 6 9 .0 4  ( ^ l 4 ) -  21 .8 9  ( $ “ > ]

(B -9 )

v !  = ä [  5 .562  ( |  n ( 1 , 2 ) * )
3 3  3  5

+ 122 .062 ( ^ )  -  225 .75  (— ) Q( 1 , 4 ) '<35 63

+ 253 .688  ( ^ | 4 )  -  160 .875  ( ^ j )  ß( 1 # 6 ) '’

-  4 4 .6 8 8  ( | ~ | )  fl( 1 ,7 )X  ] (B -10)
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V2 = A ( ü f l ( 2 >2 ) * ) 00 v 5 “  '
(B-ll)

V2 = A [ 1 .870  ( ) ] . (B -12)01 o oo

V2 .  A [ 2 .806  ( “ 0 <2 >2 >* - 2 § | f l < 2 . 3 >*

256 ( 2 , 4 ) *  ,
+ 63 “  J ( B - 1 3 )

V = A 11
[ 3 .5 0 0  ( 4  o<2 - 2 ) * -  « 6  ( 2 , 3 ) *

256 ( 2 , 4 ) *  ,  ,
+ -4 9  n > ]  • (B-14)

A [ 5 .2 5  ( 4  0<2 - 2 >* -  I f  n<2 -3 > * )

+ 18 .75  ( « ! >  0( 2 ’ 4 ) * -  8 .2 5  ( f f )  n( 2 ’ 5 ) * ] .

(B -1 5 )

A [ 7 .875  ( 16 n ( 2 . 2 ) *  .  512 ß( 2 , 3 ) *

+ 56 .25  (2“ ) n ( 2 ’ 4 >* -  49 .5  ( i f f )  n<2 ’5 >*

+ 17 .875  ( f f )  n ( 2 ,6 ) ! :  ] . (B-16)



13'6

v3 =00
A [ 5* 0(3,3)* . 192 „(1,3)* 3

V3 = 01 A [ 2.1.2 ( fl(3’3>* - M i  S2<1>3>4 )

640 (3,4)* 128 (1,4)*
63 " 21 J

V3 = 11 A t 4.50 ( M  n(3,3):' - M 2  fi(1’3)* ) / ob

_ 1280 j/3,4)* + £56 (1,4)*

2560 (355)* 512 0(1,5>*
18S “ 63 U J

00
A ( 128 fi(494)* _ 640 f2(2,4>* } b

(B-17)

(B-18)

(B-19)

(B-20)

The consistency of these relations can be checked by 
(As)*putting ß 5 = 1  (rigid sphere case) and finding the

Aspecific values of V , and comparing it with the values 
Aof Z ' j in table 3. nn1
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A lg eb ra ic  E xpress ions  f o r  th e  C o l l i s i o n  M atr ices

We denote  , (12) by , i n  a l l  th e  fo l lo w in g

e x p r e s s io n s .  Also i t  i s  to  be remembered t h a t  and M2

a re  as d e f in e d  by eqns. (4 .4 9 )  and ( 4 .5 0 ) .

( a )  VECTOR PART 

( i ) M atrix  Elements o f  J  (12)v v--------------------------------- !  2

S ince from eqn. ( 4 .5 )

S v ( i 2 )  -  v (1 2 )  *1 2  1 2

th e  c o r re sp o n d in g  m a tr ix  e lem ents  a r e  n o t  g iv e n .

J 0 0 ( 1 2 > = M2 V00

1 9 1J (12) = M V01 V ' 2 01

J 1 (12) = M3 V1°02  * * * * v '  2 02

1 4 1
J (12 )  = M V03 v '  12 03

(C - l )

(C-2)

(C-3)

(C-4)



2J

I O 1 “3 •}
J (12 )  = 3 .0  M M V + M V“ +I I  K J 1 2 00 2 11

+ i*33 «1 «2 V00 (C-5)

l 2 2 1 4  1
J (12 )  = 5 .02  M M V + M V12 K '  1 2 01 2 12

+ 1.885 Mx Mj (C-6)

(12)  = 6 .9 7 1  V**'13 V 1 2 02 2 13

Ll 9
+ 2 . 3 1  M M V1 2 02 ( C - 7 )

4  ( 1 2 )  = 5 .0  M2 V^0 + 3 .7 3  M* +

+ 5 .33  H3 M2 V^0 + 2 .6 6 7

+ i . 6 0  M3 V 3qo (C-8)

1 4 9 1  2 4 1 6 1
J (12)  = 11.62  M M V + 5 .1 8 5  M M V + M V23 K J 1 2 01 1 2 12 2 23

+ 10.471  V̂ j + 3 .277  M V^2

2 4 9+ 2 .7 7  M2 (C-9)



2CJ.

J 1 (12) = 7.0 t/' M V1 + 2 7 . 0  M4 M3 V133 1 2 00 1 2 11

+ 1 6 .2  t?  M* ' 4  + V j3 ♦ M’  V j3

+ 12.0  % v ’ Q + 20.57 H® tij

R 2 4 3 3+ 4.0 M M V  + 8 . 0  M M V1 2 22 1 2 00

+ 4.80 I?® V3 + 1.829 M3 M4 V4Q (C-10)

( i i )  Matr ix  e lements  o f  J 1 (12)  and (21)
— V v  V V-------------------------------- !  2 1 2

Since  from e q n s . ( 4 .6 )  and ( 4 .4 8 )

J ( 1 2 )  = J ( 2 1 )
—V V „ V V12  12

and

v v 1 2
( 2 1 ) = (  t F - )

Mi ,
J* 4 ( 2 1 )v v 2 1

t h e  c o r re s p o n d in g  m a t r ix  elements  a r e  n o t  g iv e n .

J 1 (21) = -  (M M ) 1^2 V100 1 2 00

j J ,  (21)  = -  MVo 3/ 2

( C - l l )

(C-12)

<



202 .

1
( 2 1 )  = -

v 2 5 / .

J 02
M z

1
M ‘ 

2

1
( 2 1 )  = -

“ / 2 7 /.
J C3 M

1
M ‘ 

2

1
( 2 1 )  =

3 / 2 3 /

J 1 1 M1 M2

2 „1

2 „1

( - 3 . 0  V1 -  V1 v 00 11

(c

( c

+ X' 33 V0 0 > • (c

1 3 /o  J / 2 1 1
J 12  ( 2 1 )  =  M1  “  M2 ( "5 *02 V01  "  V12

+ 1 .885  V ^ ) (C

i  \  _  , 3 / 2  J h .  ............................... i  „ 1J 1 3 ( 21)  = M, ( - 6 . 9 7 1  V -  V  ̂ v02 13

+ 2 *31 V0 2 ) (C

1 ' / ?  ‘Vo 1
J 22 ( 2 1 )  = M1 f,2 < - 5 -°  V00 3 *23 V1J -  V22

+ 5 .3 3  V20 + 2 .667  V2 -  1 .6 0  V3 Q) . (C

1 ^ /o  1 1
^23 \  ' M2 * ( - 1 1 . 6 2  VqX -  5 .185 - v;

+ 1 0 .4 7 1  V2 + 3 .2 7 7  V^2 -  2 .7 7  ) .

-13)

-14 )

- 1 5 )

- 1 6 )

- 1 7 )

:-18)

(C-19)



• '

1 ^^2 1 1 
J33 (21) = Ml M2 ‘ ("7-° V00 - 27‘° V11

- 16-2 V22 - V33 + 12-° V00 + 20’57 V11

+  4 - °  V22 "  8 - °  V00 *  4-80 V11

+ 1-329 V00) • (C-20)

(iii) Matrix element of J , v
------------------------------- - V 2 < 2 1 >

Since from eqn. (4.8)

J1 (21) = J1 (21)
~V1V2 'V1V2

the corresponding matrix elements are not given.

1
Zoo (21) = Mi vJo • (C-21)

Jrn (21) Vni (C-22)01 1 01

io2 (21) n M1 V02 • (C-23)

CO
H o (21) ■

4 l
M1 V03 ' (C-24)

jl
-Jll (21) = 3-° M1 4 voo + M1 V11 +2 21.33 M M V . 1 2 00

(C.25)



2 ' V r

1 o o i t i i
J (21)  = 5 .02  M M V + M V-12 K/.1., o.uz l,2 vQ1 t i1 vlx

+ 1 - 885 MX M2 V01 (C-26)

^ 3  ( 2 D  = 5 - 971 M2 4  + M1 V13

+ 2 . 3 1  M9 M2 V72 (C-27)

-J 22 (2 1 )  = 5 ’ ° ” l  ?*2 V00 + 3 ‘73 M!  M2 VL  + M1 V22

+ 5 .3 3  M2 M3 V20 + 2 . 6 6 7

+ i . 6 °  M3 M2 V30 (C-28)

323 ( 2 1 )  = 1 1 - 62 H1 M2 VJl + 5 - 185 M1 M2 VJ2 + M1 V23

+ 1 0 .4 7 1  M3 M3 V2 X + 3 .2 7 7  M8 M2 ?

li O O
+ 2. 77  M M V1 1 2 00 (C-29)
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i33 (21) = 700 M1 M2 V00 + 27-° Kx M2 V11

+ 15-2 M2 V22 + MI V33 + 12-°° M1 M2 V00 

+ 20.57 mJ Mp + 4.0 M2

+ 3.0 M2 M2 Vq0 + 4.80 M2

+ 1.829 M*J M2 Vq . (C-30)

(b) TENSOR PART

(i) Matrix elements of J2 (12)
------------------vlv2

Since from eqn. (4.5)

'V
J2 (12) = J2 (12)

V , V -  V . V -

the corresponding matrix elements are not given,

J2 (12) = 2.0 M M V1 + M2 V200 v ' 1 2 00 2 00

7 o i  o pJ (12) = 2 366 M M V  + M V 01 K ^.ooj ii2 vQ1 r u2 vQ1

J02 (12) = 2.683 Ml M23 vj2 + M2 .

(C-31)

(C-32)

(C-33)



J 03 (1 2 )  = 2 .966  M v j 3 + -4  V*

O o 1
J  (1 2 )  = 4 .0 0  M M V + 2 .8  M I* V 11 1 2 00 1 2 11

+ 3 . 666  M * 4  t  M* 4

+ 1 .2  M M3 V3 
'  1 2 00

4  (jM ) = 7 .6 8 8  «2 + 3 .1 7 5  mJJ

+ 5 .879  M2 M3 V2 + M5 V2 1 2 01 2 12

+ 1 .697  M M4 V3 1 2 01

4  (1 2 )  = 1 1 .6 5 1  M3 M2 V32 + 3 .510

O H O  0
+ 7 .9 6 1  M M V + M V + ± 2 02 2 13

+ 2 .0 7 8  M* V 3

A 06

(C -34)

(C -35)

(C -36)

(C -37)



o  ( 7

J 2 3

= 6 .00 M® M2 VqQ + 5.32 M® M®

5 1 4 2 2
+ 3.6 Mx Mg V^2 + 8 .99 MJL Mg V0()

+ 9 .42 M2 M2 + H® V^2 + 5 .60 M® M® V®Q

+ 2 .4  M M® V2 + 1 .371  M2 M2 V3(J . (C.-38)

= 15.415 Kj Mj V* + 3 .18  M® m!J V *2

+ 3.979 Mx K2 V23 + 19.54 M®

+ 12.766 M2 M® V>12 + m’  V232

+ 10.723 Mg Vq + 2 .939 M Mg V^g

+ 2.375 M* Mg . (C -3 9 )

8.C mJ Mg V j 0 + 39.60 M̂  Mg + 33 .94  Mg Vgg 

+ 4.40 M Mg Vg3 + 1 7 . 0  Mg VqQ + 42.428 M^

+ 42.423 M^ Mg + 11.286 Mg + Mg
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5 *5 q q R o.
+ 1 6 ,4  M VT V + 6 .2 7 7  M M V1 2 00 n 1 ,j2 yi ;l

+ 3 .6 0  Hl M’  V^2 + 7 .7 7 1  M*

+ 4 .1 1 4  M2 M® V4n  + 1 .5 2 4  M® vjj0 (C -40)

( i i )  M atrix  e lem en ts  f o r  J 2 (12) and J 2 (21)
---------------------------------- " v 1v 2 -----  v i v 2

Since from e q n s . ( 4 . 5 ) and (4 .4 3 )

and

't, i .
J (12)  v v 1 2

J (21 )  v v 1 2

2 M1 1 2 2
J ,  ( 2 1 )  = (■— ) J ' -  ( 2 1 )

V̂ V|  M2 V1 J2

So th e  c o r re s p o n d in g  m a tr ix  e lem en ts  a re  n o t  g iven

4 )
( 2 1 )

2  1
=  M  M  ( V  -  2 . 0  V  )

1  2  v 0 0  0 0 '
( C - 4 1 )

i—
i 

CM
 

O
 

*~3 ( 2 1 )
2  2  1 

=  M 2  ( V 0 1  -  2 . 3 6 6  V j p  . ( C - 4 2 )

J 0 2
( 2 1 )

« 1  4  ( V 02 2  -  2 ' 8 6 3  V 0 2 )  •
( C - 4 3 )

J 0 3
( 2 1 )

1  « 1  M 2  ( V 0 3  -  2 ‘ 9 6 6  V 0 3 >  •
( C - 4 4 )



(21 )  = K* Mg ( - 4 . 0 0  v j 0 -  2 .8  + 3 .66

+ Vn  -  1 . 2  V^0 ) ( C - 4 5 )

J^2 (21 )  = Mg ( - 7 . 5 8 3 3 .1 75  V^2 + 5 .879

+ V12 - 1 ’697 V0 1> ( C -  46 )

J^3 (21) = 11̂ Hg (-11.651 vjg - 3.510

+ 7 .9 6 1  V2 + V^3 -  2 .0 7 8  V ^ )  . (C-47)

J 22 ( 2 1 )  = 4  M* ( -  6 .0 0  v j 0 -  5 .3 2  -  3 . 6

o 9 9 3j- 8.09 V + 9.42 V + V - 5.60 V 
• 00  11  22  00

3 4
2 . 4  V + 1.371 V )n  o o ' ( C-48)

J 2 3 ( 2 1 )  = M7 M4 ( - 1 5 . 4 1 5  v j x -  8 . 1 8  V^,  -  3 .979

+ 19 54 V01 + 1 2 ' 766 V12 + V23

- 10 .7 23  Vq -  2 .939  V^2 + 2 .3 7 5  V ^ ) .  (C-49)



2 1 J

J33 (21) = M1 M2 ( - 8 ' 0 VJo -  3 9 ' 6° VU  " 33 ' 94 V22

-  4 .4 0  V* + 17 .0  vjv + 42 .428  V?,o o u U 11

+ i 1 ' 285 V22 + V33 -  15 ' 4 V00 * 6 ‘277 ' l l

3 .66 Vö27 + 7 .771  V40 + 4 .114  v!^

1 .524  V0 0 ) (C-50)

( i i i )  M atrix  e lem en ts  f o r  J  (21 ) 
---------------------------------V! V2

S ince from e q n . ( 4 . 8)

7
J ( 2 1 )  = J .. ( 2 1 )
_  V V 1 2 -  V V 1 2

th e  co rre sp o n d in g  m a tr ix  elem en ts a re  n o t g iven ,

o
CM O

 
^

 1 (21) ] 2 2= 2 .0  M F V + M V1 2 00 1 00

i o i (21 ) 2 1 3 2= 2 .366  M M V + M V1 2 01 1 01

( 2 1 )
0 '■ h O

= 2 .683  M M V + M V1 2 02 1 02

( C-51)

(C-52)

(C-53)



2 4 1 4 2J  ( 2 1 )  = 2 966 M' M V + M Vu  -  a o D  ... u  v r  i v

2 9 1 9  1
J  ( 2 1 )  = 4 .00  M M f  + 2 . 8  M M V U n  v^-W . . uu  u 2 vQ0 t ^ . o  i . ±  t .2 vn

t  3 .666  t r  M2 V2q + m!J

9 9+ 1.2 M M V1 2 00

J 22 ( 2 1 )  = 7 .588  M2 M2 + 3 .1 7 5  M, V*2

+ 5 .879  H2 M2 V2 + K2

+ 1 .6 9 7  M* H2 V2 x

J 2 3 ( 2 1 )  = 1 1 .651  M2 I!2 v j 2 + 3.53.0 M2 M2

+ 7 - 961 MJ  M2 V02 + M1 V13

+ 2 .078  M2 Vq2

21?

( C-54)

( C -5 5 )

( C -5 6 )

(C -5 7 )
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,J 22 ( 2 1 )  = 6 - ° °  M1 *2 V00 + R- 32 “ l  M2 VL

+ 3 .6 0  MR K2 v j 2 + 8 .9 9  M2 M4 V2Q

+ 9 .4 2  M4 M2 V* ♦ M° V22

+ 5 ' 60 ,?1 «2 V00 + 2 ‘ 4 ’>1 M2 VL
4 2 4+ 1 .3 7 1  H2 V00

J 23 ( 2 1 )  = 15 .415  M2 M2 v j x + 8 .1 8  M4 M3 V2 ,

+ 3 .9 7 9  M4 M2 V23 + 19 .5 4  M3 M4

+ 1 2 .755  HR t"2 V22 + K2 V2 3

+ 1 0 .723  M4 (C V3 + 2 .9 3 9  H® M2 V3,,

+ 2 .3 7 5  H3 K2 V4 X

(C -5 8 )

(C -59)



24.3

,J 33 (2 1 )  = 8 -° M1 M2 4o + 3 9 - 6°  4 4 Vi l

+ 3 3 .9 4  M3 + 4 ' 40 H1 M2 V33

+ 1 7 - °  M1 K2 V00 + 4 2 •428 M2 V11 

+ 11 .286  M® M2 V2 2 + H8 V23

O S q c o o
+ 1 6 .4  i r  V30 + 6 .2 7 7  ti= Mj

+ 3 .6 0  K2 M2 V32 + 7 .7 7 1  M4 M4 V3,,

+ 4 .1 1 4  M® M2 V4 X + 1 .5 2 4  K® M2 V®Q (C -60)
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Bn - 35

Br - 58

Br - 65

B. M.- 60

Ch. - 12

Ch. - 62

C. C.-52

De - 66

D. S.- 62

En - 11

Fe - 61

F.R.- 59

Gu - 67
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