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Abstract

Molecular communication (MC) has emerged as a promising paradigm to facilitate microscale
or nanoscale communications. In MC, information is encoded into small particles that are
released by a transmitter (TX) into a fluid medium and propagate until they arrive at a receiver
(RX). In particular, MC possesses important characteristics, such as low energy consumption
and potential for biocompatibility, which makes it suitable for many in vivo applications, e.g.,
health monitoring and targeted drug delivery.

This thesis focuses on designing practical transmission/reception mechanisms and charac-
terising the channel between the TX and RX from the communication and signal processing
perspectives. Specifically, this thesis fills the current research gaps by i) designing practical
TXs, ii) designing practical RXs, iii) investigating the co-existence of multiple non-transparent
RXs, iv) proposing novel parameter estimation methods, and v) designing strategies for en-
hancing the energy efficiency.

First, we propose a novel imperfect TX model, namely the membrane fusion (MF)-based
TX, that adopts MF between a vesicle and the TX membrane to release molecules encapsu-
lated within the vesicle in Chapter 3. Incorporating a fully absorbing RX, the channel impulse
response (CIR) is derived for two scenarios: 1) Both TX and RX are static, and 2) both TX
and RX are diffusion-based mobile. Moreover, simulation results show that a low MF proba-
bility or low vesicle mobility slows the release of molecules and reduces the molecule hitting
probability at the RX.

Second, we propose an absorbing RX covered by multiple non-overlapping heterogeneous
receptors that may have different sizes and arbitrary locations in Chapter 4. We consider two
types of TX, which are a point TX and an MF-based TX. For each type of TX, we analyse
the expected molecule hitting rate at the RX as a function of the sizes and locations of the
receptors. Exploiting our numerical results, we show that the expected number of absorbed
molecules at the RX increases with the number of receptors, when the total area on the RX
surface covered by receptors is fixed.

Third, we develop a one-dimensional (1D) diffusion-based MC system to analyse CIR
between a single TX and two fully absorbing RXs in Chapter 5. In particular, we derive
rigorous analytical expressions for i) the fraction of molecules absorbed, ii) the corresponding
hitting rate, and iii) the asymptotic fraction of absorbed molecules as time approaches infinity
at each RX. Moreover, we consider constant flow and noisy molecules in this environment, and

investigate the estimation of different parameters, e.g., propagation distance and flow velocity.
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A novel estimation method, namely difference estimation (DE), is proposed to eliminate the
effect of noise by using the difference between the received signals at two RXs. For DE,
the Cramer-Rao lower bound (CRLB) on the variance of estimation is derived. Furthermore,
numerical results show that DE attains the CRLB and is less sensitive to the change of noise
than independent estimation at each RX.

Finally, in Chapter 6, we design a molecule harvesting TX model, where the surface of
a spherical TX is covered by heterogeneous receptors with different sizes and arbitrary loca-
tions. If molecules hit any receptor, they are absorbed by the TX immediately. Within the TX,
molecules are stored in vesicles that are continuously generated and released by the TX via
the MF process. Considering a transparent RX and molecular degradation during the propaga-
tion from the TX to the RX, we derive the molecule release rate and the fraction of molecules
absorbed by the TX as well as the received signal at the RX. Numerical results show that dif-
ferent vesicle generation rates result in the same number of molecules absorbed by the TX, but
different peak received signals at the RX.

This thesis relaxes idealised assumptions in MC systems adopted in existing studies, shows
the difference of system performance between practical and ideal MC, investigates the sys-
tem with multiple non-transparent RXs, reveals the potential benefits of estimating parameters
based on received signals at multiple RXs, and designs new strategies to enhance energy ef-
ficiency in nanomachines. Thus, this thesis provides great insights for realising practical MC

systems in the future.
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Chapter 1

Introduction

1.1 Background & Motivation

1.1.1  Limitations in Traditional Wireless Communication

The development of wireless communication with electromagnetic signals from the first gen-
eration (1G) to the fifth-generation (5G) has changed our life dramatically over the past few
decades. During the decade from 2020 to 2030, significant efforts have been and will be spent
to characterise and understand wireless systems beyond 5G, which is referred to as the sixth
generation (6G) wireless systems [2]. One of the use cases expected for 6G is connectivity
for everything, which includes real-time monitoring of buildings, transportation, water, power,
and connecting with the nanoscale network. In particular, the Internet of Nano-Things (IoNT)
that interconnects nanoscale devices with classical networks and the Internet has huge potential
applications in human healthcare, e.g., intrabody communication, and agricultural industry [3].
Despite this prospect, due to constraints such as the ratio of the antenna size to the wavelength
of the electromagnetic signal [4], it is extremely difficult to implement traditional wireless
communication in IoNT. Moreover, the use of electromagnetic wireless communication inside
networks of tunnels, pipelines, or salt water environment can be very inefficient due to the rapid
attenuation of electromagnetic signals [5]]. Inspired by nature, one possible solution to filling
these gaps is to use chemical signals as information carriers, which is named as molecular

communication (MC).

In MC, a transmitter (TX) releases small particles such as molecules or lipid vesicles into
an aqueous or gaseous medium, where particles propagate until they arrive at a receiver (RX).
The RX then detects and decodes information encoded in these particles. Specifically, the TX
or the RX can be cells, molecules, e.g., DNA and RNA, or organisms, and the propagation
mechanisms include the free diffusion, the flow assisted propagation, the active transportation,

e.g., using motor proteins or bacteria, and the chemical reaction-based propagation.
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Figure 1.1: Illustration of the synaptic signalling [1].

1.1.2 MC in Biology

In nature, fully functional MC systems have already been used by living organisms, plants, and
animals over billions of years. Microscale MC systems refer to as the system operating within
the distances ranging from several nanometers to micrometers, and macroscale MC refers to

as the system operating within the distances ranging from several centimeters to meters.

1.1.2.1 Microscale MC

Cells typically communicate using chemical signals, namely ligands, which are proteins or
other molecules produced by a sending cell. In order to detect a signal, a target cell must
have the right receptor. When a ligand binds to its receptor, it alters the shape or activity of
the receptor, which triggers a change inside the target cell, such as alteration in the activity
of a gene or cell division. Accordingly, an original intercellular signal is converted into an
intracellular signal.

One typical example of cell signalling is synaptic signalling [6], in which the presynaptic
neuron transmits signals to the postsynaptic neuron as shown in Fig. [[.T} When the presynaptic
neuron fires an action potential, the voltage-regulated calcium ion channels are opened such
that Ca>" rapidly enters the presynaptic cell. These calcium ions then enable the vesicles in
the presynaptic neuron to fuse with the terminal membrane and release neurotransmitters that

are encapsulated within the vesicles. After neurotransmitters are released from the presynaptic
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Figure 1.2: Illustration of quorum sensing in bacteria. (a) Low cell density and low autoinducer
concentration. (b) High cell density causes an accumulation of autoinducers.

neuron, they diffuse rapidly across the synaptic cleft and bind to receptors on the postsynaptic
neuron. The binding of neurotransmitters instigates opening and closing of ion channels, which
alters the membrane potential of the postsynaptic cell and enables it to fire an action potential.
Moreover, to end the synaptic signalling, neurotransmitters in the synapse are degraded by
enzymes, reabsorbed by the presynaptic neuron, diffused away, and cleared by glial cells [7]].

Another example for microscale MC is quorum sensing in bacteria as shown in Fig. [I.2]
which is a process that enables bacterial communication and regulates bacterial gene ex-
pression [8]. In particular, bacterial communication relies on versatile chemical signalling
molecules named autoinducers. During the bacterial reproductive cycle, an individual bac-
terium synthesize autoinducers and move autoinducers out of cells passively or actively. With
the increase in the extracellular concentration of autoinducers, it becomes energetically unfa-
vorable for intracellular autoinducers to leave the cell, which results in an increase in bacterial
intracellular concentration. Once intracellular concentration increases, autoinducers bind to
their receptors, triggering signalling cascades that alter transcription factor activity and gene
expression. The functions carried out by bacteria within colonies due to quorum sensing in-
clude sporulation, bioluminescence, virulence, conjugation, competence, and biofilm forma-
tion [9]].

1.1.2.2 Macroscale MC

Molecules play a vital role in communication at both the microscale, facilitating interactions
between cells, and the macroscale, enabling communication between plants and animals. In na-
ture, plants have developed a communication system to transmit information based on volatile
organic compounds (VOCs) [10]. For example, flowers use VOCs to attract pollinators and

ensure reproduction [11]]. In a damaged plant, VOCs are emitted and diffuse via air to reach
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undamaged plants nearby, giving them the chance to strength their own defence system. Be-
sides the plant to plant or insect communication, plants can also communicate with rhizosphere
microbes by using molecules [12]]. Specifically, the plants can release isoflavones to attract
bacteria and form root nodules such that the plants provide nutrients required by bacteria and
bacteria offer nitrogen to plants [[13[]. This mutualism improves plant’s health and productivity.
Moreover, microbes can protect plants from pathogens and pests by emitting VOCs to stop
pathogens’ growth or pests’ attack, and producing molecules to strength plants’ defence sys-
tems [[14]]. Also, microbes can help plants survive in difficult areas, e.g., the places with low
water availability and high level of salts [15,|16]]. In addition, social insects, e.g., ants and bees,

use pheromone as chemical trails for navigation and tracking [[17].

1.2 Applications of MC

MC signals own special characteristics of biocompatibility and low energy consumption for
generation and propagation, which makes MC suitable for many applications, such as human

healthcare, water pollution control, and manufacturing.

1.2.1 Human Healthcare

We divide the applications of MC to human healthcare into two categories. The first category is
the diagnosis of diseases. In particular, the identification of tumors is well suited to be achieved
through MC [[18]]. Specifically, tumors can be detected by sensing abnormal concentration of
circulating tumor cells (CTCs) in the blood stream, which contribute to the spread of tumors
through the body. The monitoring of the CTC concentration allows both an early detection of a
disease in its initial phase and at any relapse after an apparently successful treatment. By using
implanted devices, e.g., bio-nanomachines, MC can achieve the detection of CTCs through
monitoring the concentration of specific biomarkers produced by CTCs in the cardiocirculatory
system [19] and delivering the collected information to the external by means of different
communication techniques.

The second category is treatment of diseases. One of the most prominent areas in nano-
medicine is targeted drug delivery, which aims to deliver medication locally to the specific
region requiring treatment, thereby minimizing side effects on other healthy parts of the body.
[20]. For drug delivery, bio-nanomachines can be embedded with drug molecules and ei-
ther injected directly into the target sites or intravenously to propagate to target sites. Bio-
nanomachines can use MC collaborately to search for target sites, aggregate at the target sites,
and release embedded drug molecules. We note that the bio-nanomachines can be either nat-
ural, e.g., pathogens, blood cells, macrophsges, and stem cells [21} 22], or synthetic, e.g.,

metallic nanoparticles, carbon structures, and inorganic particles [23].
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1.2.2  Water Pollution Control

A water environment can be easily polluted by micropollutants (MPs) that are synthetic or
natural compounds [24], e.g., pharmaceuticals and industrial chemicals. As MPs are often at
low concentration in the environment, they are not commonly monitored and measured. How-
ever, MPs have acute and chronic effects on the ecosystem, where bioaccumulation, toxicity,
and resistance to elimination are potential risks of MPs. By adopting MC systems, nanoma-
chines can be applied to identify the presence of MPs in a timely manner. Moreover, when
some nanomachines locate the MPs, they can move to them and send molecular signals that
can guide other nanomachines or larger-scale devices to the location of MPs and transform or
degrade them [25]].

1.2.3 Manufacturing - Pattern and Structure Formation

As MC can control the transport of molecules, it can be used to produce novel patterns of
molecules [26]. In particular, a specific pattern of molecules can be formed by linking each lo-
cation of the system with an address, and then bio-nanomachines or specific types of molecules
are transported to each address. After this transportation, chemical processes can be activated
to complete the structure. If the patterning processes can be programmed in sequences of
molecules, it may be possible to produce a large variety of shapes and structures by using the

same manufacturing machinery.

1.3 Thesis Outline and Contributions

This thesis focuses on proposing practical TXs and RXs based on the existing biological mech-
anisms and analysing the channel impulse response (CIR) between them. In addition, this the-
sis investigates the co-existence of multiple non-transparent RXs, proposes novel parameter
estimation methods, and designs strategies to improve the energy efficiency of the MC system.

The specific contributions of each chapter are detailed as follows:

Chapter [3 - Membrane Fusion - Based Transmitter Design

In Chapter[3] we propose a novel TX model in a three-dimensional (3D) environment, namely
the membrane fusion (MF)-based TX, which uses fusion between a vesicle generated within
the TX and the TX membrane to release molecules encapsulated within the vesicle. By con-
sidering a fully absorbing RX, we investigate the end-to-end CIR between the MF-based TX
and the RX in two scenarios: 1) A static TX and a static RX, and 2) a diffusion-based mobile

TX and a diffusion-based mobile RX. In summary, our major contributions are as follows.



6 Introduction

* We derive the time-varying molecule release rate and the fraction of molecules released

from the TX by a given time.

* For the static scenario, we derive the end-to-end i) molecule hitting rate, ii) the fraction
of molecules absorbed, and iii) the asymptotic fraction of molecules absorbed at the RX
due to the MF-based TX as time approaches infinity. For the mobile scenario, we derive

the expected end-to-end molecule hitting rate at the mobile RX.

* By considering a sequence of bits transmitted from the TX and a threshold detector at
the RX, we calculate the average bit error rate (BER) for the static and mobile scenarios.
To derive the average BER in the mobile scenario, we also derive the probability mass

function (PMF) for the number of molecules absorbed at the mobile RX.

The results in this chapter have been presented in [27, 28], which are listed as follows:
[27] X. Huang, Y. Fang, A. Noel, and N. Yang, “Membrane fusion-based transmitter model
design for molecular communication systems,” in Proc. IEEE ICC 2021, Montreal, Canada,
Jun. 2021, pp. 1-6.

[28] X. Huang, Y. Fang, A. Noel, and N. Yang, “Membrane fusion-based transmitter design
for static and diffusive mobile molecular communication systems,” IEEE Trans. Commun.,
vol. 70, no. 1, pp. 132-148, Jan. 2022.

Chapter |4 - Analysis of Receivers Covered by Heterogeneous Receptors

In Chapter [d] we consider an RX covered by heterogeneous receptors. Specifically, we model
the receptors as absorbing patches (APs) and assume that there are multiple non-overlapping
APs on the RX surface, where the APs can have different sizes and arbitrary but fixed locations.
When molecules hit an AP, they are absorbed by the RX. Moreover, we consider two different
TX models, namely, the point TX and the MF-based TX. In summary, our major contributions

are as follows.

* We derive the expected molecule hitting rate, the expected fraction of absorbed molecules,
and the expected asymptotic fraction of absorbed molecules as time approaches infinity
at an RX with heterogeneous APs, which we refer to as AP-based RX. All expressions
are functions of the sizes and locations of all APs.

* Aided by particle-based simulations (PBSs), we verify the accuracy of the derived an-
alytical results. We also show that, for a given total area of the RX surface covered by
APs, the expected number of absorbed molecules increases with the number of APs, but

this increase becomes slower for larger numbers of APs.

* We compare three spatial distributions of the APs by examining the number of absorbed

molecules at the RX. Specifically, we consider APs that are respectively evenly and
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randomly distributed across the entire RX surface, and APs that are evenly distributed
within a region of the RX surface. Our results show that evenly distributed APs across
the entire RX surface result in a larger number of absorbed molecules than the other two

distributions.

The results in this chapter have been presented in [29] 30], which are listed as

[29] X. Huang, Y. Fang, S. Johnston, M. Faria, N. Yang, and R. Schober, “Analysis of receiver
covered by heterogeneous receptors in molecular communications,” in Proc. IEEE ICC 2022,
Seoul, South Korea, May 2022, pp. 1-6.

[30] X. Huang, Y. Fang, S. Johnson, M. Faria, N. Yang, and R. Schober, “Analysis of MC
systems employing receivers covered by heterogeneous receptors,” IEEE Trans. Mol. Biol.
Multi-Scale Commun., vol. 9, no. 1, pp. 63-78, Mar. 2023.

Chapter [5] - 1D Molecular Communication with Two Absorbing Receivers

In Chapter [5] we consider a one-dimensional (1D) environment where one TX communicates
between two fully-absorbing RXs. Specifically, we consider two models. The first model con-
siders that the TX impulsively releases molecules into the environment. The second model
is built on the first model, where we perform parameter estimation in a noisy MC environ-
ment with the flow and molecular degradation. In this model, the TX continuously releases
molecules and the parameter estimation is performed by using analytically derived expressions
of CIR at two fully absorbing RXs. To reduce the impact of noisy molecules on the estimation,
we propose a novel estimation method, namely, difference estimation (DE). In summary, our

major contributions are as follows.

* We derive the exact closed-form expressions for the fraction of molecules absorbed at
each RX in both models. In the first model, we also derive the molecule hitting rate
and the asymptotic fraction of molecules absorbed as time approaches infinity at each
RX with an impulse emission at the TX. In the second model, we derive the asymptotic
expression for the number of absorbed molecules within a time interval at each RX after

sufficient time has passed, when the TX emits molecules continuously.

¢ In the second model, we derive the Cramer-Rao lower bound (CRLB) on the variance of

different parameters.

» Aided by PBSs, we verify our analytical results and show that DE attains the CRLB.
In the second model, our numerical results show that the impact of noise on the per-
formance of DE is much less than that on independent estimation of each RX, which

demonstrates the superiority of DE in reducing the impact of noise.

The results in this chapter have been presented in [31}|32]], which are listed as follows:
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[31] X. Huang, Y. Fang, A. Noel, and N. Yang, “Channel characterisation for 1D molecular
communication with two absorbing receivers,” IEEE Commun. Lett., vol. 24, no. 6, pp. 1150-
1154, Jun. 2020.

[32] X. Huang, Y. Fang, A. Noel, and N. Yang, “Parameter estimation in a noisy 1D envi-
ronment via two absorbing receivers,” in Proc. IEEE Globecom 2020, Taipei, Taiwan (ROC),
Dec. 2020, pp. 1-7.

Chapter|[6|- Molecule Harvesting by Heterogeneous Receptors on Transmit-
ters

In Chapter [6] we consider a spherical TX, whose membrane is covered by heterogeneous re-
ceptors that may have different sizes and arbitrary locations, and assume each receptor to be
fully absorbing. Moreover, we model the transportation of molecules within the TX based on
Chapter [3] where molecules are encapsulated within vesicles and later released from the TX
through the fusion of the vesicle and the TX membrane. Instead of assuming an impulse of
vesicles being released from the center of the TX as in Chapter [3| we consider the continuous
generation of vesicles within the TX. Furthermore, we consider a transparent RX and inves-
tigate the CIR, where we take into account the fact that molecules may degrade when they
propagate from the TX to the RX. The main contributions of this chapter can be summarised

as follows.

¢ We derive the molecule release rate from the TX membrane for the case of a continuous
generation of vesicles within the TX. We also derive the fraction of absorbed molecules

at the TX and the probability that a released molecule is observed at the RX.

* PBSs are used to verify the accuracy of our expressions. Our numerical results reveal
that the total number of molecules absorbed by the TX is not affected by the vesicle
generation rate, while the peak received signal at the RX increases for larger vesicle

generation rates.

The results in this chapter have been presented in [33]], which are listed as follows:
[33] X. Huang, Y. Huang, M. Wen, N. Yang, and R. Schober, “Analysis of molecule harvesting
by heterogeneous receptors on MC transmitters,” submitted to Proc. IEEE Globecom 2023.



Chapter 2

Literature Review

In this chapter, we first review the very early and fundamental studies of MC. We then review
some existing MC studies in the areas of TX model, RX model, co-existence of multiple RXs,
mobile MC systems, parameter estimation, energy efficiency, interference in MC, synthetic
biology in MC, and MC prototype. Finally, we summarise the limitations in these studies and

briefly explain how we fill these gaps in the following chapters.

2.1 Early and Fundamental Studies

MC system was first proposed in [34] as a new interdisciplinary research area in nanotechnol-
ogy, biotechnology, and communication technology. In [34], the authors summarised the key
features of MC and compared them with traditional wireless communication. The authors also
anticipated applications of MC in nanomachine communication, molecular computing, and
drug/DNA delivery systems. In [35]], the authors discussed the possibility of MC as a solution
for nanoscale communication. According to the biological mechanisms of intracellular and
intercellular communications, the authors firstly proposed the system components consisting
of carrier molecules, transmitter nanomachines, receiver nanomachines, and propagation en-
vironment for carrier molecules. The authors also discussed the communication processes of
MC that include encoding, sending, propagation, receiving, and decoding.

Several seminal studies, e.g., [36} 137, 138| 139]], proposed MC networks based on biologi-
cal mechanisms. In [36], the authors designed and empirically studied a molecular transport
system that autonomously loads or unloads specified cargoes using DNA strand exchange and
transports the loaded cargoes using the reverse geometry of microtubules mobility on kinesins.
The authors also performed experiments to validate the cargo transported by a single micro-
tubule. The authors in [37]] focused on designing a communication interface using vesicles,
where vesicles encapuslate information molecules emitted from the TX, are transported to re-
ceivers by a propagation environment, and secrete the information molecules into the receivers.
In [38]], the authors proposed an MC framework by using molecular motors and microtubules.

Moreover, by exploiting the nature of cell-to-cell communication, the authors in [39]] described
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Figure 2.1: Illustration of TX models. (a) Point TX. (b) Volume TX. (c) TX with controlled release
mechanism.

the design of an MC system based on intercellular calcium signalling networks and discussed
possible functionalities, e.g., signal switching and aggregation, that may be achieved in the

proposed network.

Other seminal studies, e.g., [40, |41} 142} 43]], built the MC system from the perspective of
information theory and provided theoretical analysis. [40] first investigated a 1D MC system
from the perspective of information theory and derived the channel capacity. [41] extended
the framework and results in [40] by considering that the information is encoded using a set
of distinct molecules and derived the mutual information. In [42]], the authors introduced an
information theoretical approach for the MC system. By using the principle of mass action
kinetics, the authors modelled the molecular delivery between two nanomachines and derived
the closed-form expression for capacity of the channel. [43] designed two in vitro MC sys-
tems, i.e., one single-input-single-output (SISO) system and one single-input-multiple-output
(SIMO). The authors investigated the probability of information molecules reaching the RX(s)
and the rate of information of the systems. Several approaches, e.g., propagating information

molecules, are investigated to maximise the probability and the rate.

These seminal studies are closely related to biological mechanisms and based on many
assumptions, which lay the foundation for further investigation of practical TXs, practical
RXs, co-existence of multiple RXs, mobile MC systems, parameter estimation, and energy

efficiency in MC.

2.2 TX Models

In this section, we review some TX models that were proposed in previous studies. We divide
all TX models into three categories, which are the point TXs, the volume TXs, and the TXs
with controlled release mechanism, as shown in Fig. 2.1 We detail each category in the

following.
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2.2.1 Point TX

The point TX, as shown in Fig. is the most widely applied TX model in the previous
MC studies due to its simplicity [44]. It is commonly assumed that information molecules are
produced from the point TX instantaneously and enter the propagation environment immedi-
ately. Compared to realistic scenarios, the point TX ignores TX properties including geometry,

signalling pathways inside the TX, and the mechanism that controls the release of molecules.

2.2.2 Volume TX

Volume TX, as shown in Fig. 2.1(b)] takes the TX geometry into account by assuming that the
molecules are initially distributed over the TX volume. Moreover, the volume TX assumes that
molecules are generated instantaneously and the TX membrane is transparent to the diffusion
of molecules. According to [45]], we define the CIR of an end-to-end channel as the probability
of observation of one output molecule at time ¢ at the RX when the TX is stimulated in an
impulsive manner at time ¢ = 0. We denote A, (¢) as the CIR for a volume TX and h(z,r) as the
CIR for a point TX. By assuming a uniform molecule distribution over the volume of the TX

and independent movement of molecules, Ay (#) can be derived as

1 n
hy(t :—/ h(t,
() VT 76\)'[ (

where V; is the volume of the TX, V; represents the space within the TX, and 7, represents
the location of the RX. In [46]], the authors numerically solved (2.1)) for a 3D spherical TX

and both passive and fully absorbing RXs. [46] also obtained the closed-form expression of

F—Tol)dr, 2.1

(2.1) in a 1D environment. Different from [46] that assumed a transparent TX membrane, [47]
proposed a volume TX whose boundary reflects the emitted molecules and investigated the
directivity gain achieved by the reflecting TX, where the directivity gain measures the degree

to which the emitted molecules are concentrated in a single direction.

2.2.3 TX with Controlled Release Mechanism

Both point TX and volume TX consider a passive diffusion of molecules leaving the TX.
Differently, some previous studies designed a certain release mechanism, e.g., ion channels, on
the TX membrane that controls the release of molecules. The authors in [48] proposed an ion
channel-based TX that takes both the TX geometry and the release mechanism into account.
In particular, multiple ion channels are embedded on the TX membrane, whose opening and
closing are controlled via voltage across the membrane or ligands. When ion channels open,
molecules can leave the TX via passive diffusion. By assuming that the entire surface of the
TX is covered by a large number of open ion channels and the signalling molecules diffuse

with the same diffusion coefficient inside and outside the TX, the CIR was derived between
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the ion channel based TX and a transparent RX as [48] eq. (42)]

2,2

It rot+rs\ . rorr
h(t) = ———¢ — sinh , 2.2
)= b Xp< 4D, ) <2DA1) 2.2)

where ry is the radius of the TX, rg is the distance between the centres of the TX and RX, D,

is the diffusion coefficient of molecules, and sinh(-) represents the hyperbolic sine function
[49]. Furthermore, in [50]], the authors considered using the permeability of the TX membrane
to control the release of molecules. This consideration means that when molecules diffuse to
the TX membrane, they can be released with a certain probability. In particular, the authors
applied the transfer function approach to analyse the proposed model, where the permeability
is accounted for by a feedback loop. The transfer function approach provides a much faster

numerical evaluation than the PBSs.

2.3 RX Models

In this section, we review some existing RX models that were proposed in previous studies.
In general, there are three common RX models, which are the transparent RX, fully absorbing
RX, and reactive RX, as shown in Fig. 2.2] We detail each RX model in the following.

2.3.1 Transparent RX

The transparent RX, as shown in Fig. is the most commonly considered RX model in
previous studies, e.g., [51, 52, |53], which employs a passive reception mechanism. In par-
ticular, information molecules can enter and leave the RX via free diffusion. We note that
the transparent RX is a good approximation when information molecules are small uncharged
molecules such as ethanol, urea, and oxygen [54]]. A transparent RX can also be a suscep-
tometer as in [S5], which serves as the RX that does not impede the movement of magnetic

molecules. For transparent RXs, the CIR is the probability of observed molecules within the
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RX. By considering an MC system with a point TX and a transparent RX, the CIR of the
system is given by [56} eq. (4)]

s (i)
h(t) = ————~exp| — , (2.3)
) (47D,1)2 4Dt

where V4 is the volume of the RX. It is noted that (2.3)) is accurate when the RX is sufficiently
far away from the TX, i.e., ry is vary large relative to the RX radius r. Thus, it is reasonable
to assume that the concentration of molecules at every point within the RX equals the concen-
tration at the central point of the RX. If the RX is close to the TX, the uniform assumption of
concentration does not hold. In this case, the authors in [52] derived an accurate expression for
h(t) for a transparent RX, which is given by [52, eq. (27)]

1 'r — 10 rR -+ 1o 1 /D,t (re +10)?
h(t) == |erf [ =22 4 erf Rl _URTT0)”
() )} el

exp <_<rro)2>} , 2.4)

where erf(+) denotes the error function [57]]. We note that (2.3)) provides an accurate approxi-
mation of (2.4) if ry < 0.15r [52].

2.3.2 Fully Absorbing RX

In biological systems, many practical RX surfaces may interact with the molecules of interest,
e.g., by providing binding sites for absorption or other reactions [58]]. Hence, the transparent
RX model is over-simplified. One more practical RX model is fully absorbing RX 59,160, 61]],
where the RX absorbs molecules as soon as they hit the RX surface. In general, we regard the
number of absorbed molecules within a time interval as the received signal and the molecule
hitting rate at the RX surface as the CIR for the fully absorbing RX. In [60]], the authors derived
CIR between a point TX and a fully absorbing RX as [60, eq. (22)]

R 1 rg—m (I’O—I’R)z
1) =— - . 2.5
T exp( Y )

Another quantity of interest is the fraction of absorbed molecules at the fully absorbing RX
by time ¢, denoted by H (), which was derived as [60, eq. (23)]

FR }’()—FR
H(t) = —erf , 2.6
( ) r()erc<\/4DAt) ( )

where erfc(-) is the complementary error function [57]. Moreover, in general, fully absorbing

RX assumes that the RX surface is fully absorbing. An extension of this model was studied in
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[61], where the authors considered that the RX surface is partially covered by fully absorbing
receptor patches. In [59]], the authors investigated the impact of molecule degradation on the
absorption of molecules by the RX. Unlike previous studies focusing on a 3D environment,
[62] considered a 1D environment with a uniform flow and derived a closed-form expression

for the molecule hitting rate at the RX.

2.3.3 Reactive RX

Instead of being absorbed by the RX, the diffusive signalling molecules that reach the cell
may reversibly react with receptors on the cell membrane and form ligand-receptor complex
molecules. [[6364]] are initial studies that investigated the ligand-binding reception at the RX.
In [63]], the authors mathematically studied the noise at the reception when the ligand-binding
is employed. The authors modelled the reception noise by using two different approaches,
namely, through the ligand-reception kinetics and through the stochastic chemical kinetics. In
[64], the authors showed that the ligand-binding reception can be interpreted as a low-pass
filter. The authors also designed a whitening filter which is placed before the demodulator and
detection blocks at the RX to suppress the noise effect of the ligand-binding reception. Unlike
[63]164] that the diffusion equation and the reaction equation are solved separately, [[65] solved
a coupled diffusion-reaction equation and modelled the ligand-receptor interaction as

A+R=C, 2.7)

F 1=

where A represents information molecules of type A, R represents receptors, C represents
ligand-receptor complex molecules, k¢ [molecule*1m3s_l] is the forward reaction rate con-
stant, and kj, [5*1] is the backward reaction rate constant. In [65], the authors regarded the
probability of activated receptors at the RX as CIR and derived a closed-form expression for
the CIR. An extension of [65] was made in [66], where the authors relaxed an assumption in
[65] that the coverage area of each receptor should be small and solved an issue that the de-
viation between analytical results in [65] and simulation results increases with an increasing
number of released molecules. To deal with these problems, the authors in [66] proposed a
new boundary condition for the reversible reaction and developed an iterative approximation
method to model the CIR. Furthermore, [63} 164, |65} 166, |67] did not consider the occupancy
of receptors by molecules and ignored the competition of molecules when binding to the re-
ceptors. In [68], the authors proposed a determinstic model for receptor saturation in terms
of a state-space description based on an eigenfunction expansion of Fick’s diffusion equation.
Compared to the RX of which the receptor occupancy is neglected, the authors showed that the
saturation at the RX effectively reduces the peak-value of the received signal and accelerates

the clearance of information molecules.
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Figure 2.3: Molecular broadcast channel with one TX and three RXs.

2.4 Co-existence of Multiple RXs

By adopting concepts in the traditional wireless network, [69] first proposed the concept of
molecular broadcast channel where a single TX transmits molecules to multiple RXs, as shown
in Fig. Similar to the cooperation among distributed sensors in the wireless network, the
broadcast channel in MC systems can improve the reliability of transmission and enhance the
cooperation between RXs. In [70], the authors applied multiple transparent RXs to coopera-
tively detect symbols. In particular, the RXs first make local hard decisions on the transmitted
symbol and then report these decisions to a fusion centre. A suboptimal convex optimiza-
tion problem is solved to determine the optimal decision thresholds that minimise the error
probability of the proposed system. As the transparent RX does not impede the movement of
molecules, one transparent RX does not impact received signals of other transparent RXs, and
hence, the CIR between the TX and each RX can still be characterised by (2.3).

If we consider co-existence of multiple non-transparent RXs!, molecules absorbed (re-
acted) by one non-transparent RX cannot be further absorbed (reacted) by other non-transparent
RXs. Therefore, one non-transparent RX impacts received signals of other non-transparent
RXs, and the CIR between the TX and each RX cannot be characterised by (2.5). Due to these
factors, channel characterisation for multiple non-transparent RXs is quite complex. [71] is
the first study that considered the co-existence of two fully absorbing RXs, where the authors
determined the CIR between the TX and each RX by using PBSs. Then, the authors showed
the impact of interfering RX on the target RX in terms of BER and capacity. Inspired by
studies from chemical physics and biophysics, the authors in [[72]] proposed a novel simulation

algorithm for MC system with multiple fully absorbing RXs. The proposed algorithm im-

Non-transparent RXs include fully ansorbing RXs in Section and reactive RXs in Sectionm
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proves the accuracy of PBSs and leads to a more accurate absorption probability at each RX.
In [73]], the authors considered two fully absorbing RXs and utilized a trained artificial neural
network to obtain the CIR between the TX and each RX. Notably, [[71,[72, 73] did not provide
closed-form expressions for the CIR. Instead, the authors in [[74] considered a 1D environment
with two fully absorbing RXs and derived the total fraction of molecules absorbed by both
RXs. In [[75], the authors derived the absorption probability at each RX in the form of Laplace
transform by solving the partial derivative equation. In [76], the authors considered two fully
absorbing RXs in a 3D environment. By quantifying the fraction of less absorbed molecules
at the target RX due to the existence of the interfering RX, the authors derived the CIR at each
RX.

2.5 Mobile MC Systems

Mobile TXs and RXs in MC systems have drawn considerable attention since they are re-
quired in many applications, e.g., targeted drug delivery [77], water pollution control, and
human body monitoring. As the distance between the TX and the RX in such cases can be
continuously changing while transmitting information, the channel is stochastic and it is chal-
lenging to perform statistical analysis of the received signal at the RX. The unknown statistical
properties, e.g., mean and PMF, of the received signal bring difficulties in channel perfor-
mance analysis. Motivated by this, some studies have investigated mobile MC and established
a stochastic framework for channel modelling. In [78], the authors considered a mobile point
TX and a mobile transparent RX, and derived closed-form expressions for the statistical prop-
erties, e.g., mean and the autocorrelation function (ACF), of the time-variant CIR. In [79]], the
authors considered a mobile point TX and a mobile fully absorbing RX, and derived the same
statistical properties of CIR as in [[78]]. For bit transmission, [78]] assumed that the distance
between the TX and the RX is known when bits are transmitted, and [79] ignored the inter-
symbol interference (ISI) when performing the error probability analysis. Moreover, in [80],
the authors numerically derived the PMF of the received signal at a mobile transparent RX by

using the generalised Gauss-Laguerre quadrature.

2.6 Parameter Estimation

Parameter estimation in MC systems refers to real-time monitoring or estimating pivotal en-
vironmental parameters, including the distance between the TX and the RX, the diffusion
coefficient of molecules, the flow velocity in the MC environment, and others. Among these
parameters, distance estimation is the most popular research area in previous studies. In partic-
ular, in the application of targeted drug delivery, distance estimation can be applied to localise

the target site, e.g., a tumor, in the human body such that drugs are delivered to this site. More-
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over, in biology, a cell can estimate the relative distance from an organism by producing a
type of molecules to establish a chemical gradient [81]. Motivated by these applications, [82]]
proposed a two-way estimation method. In particular, the TX first sends molecules to the RX.
When the RX detects the molecules, it immediately transmits a feedback signal. Distance can
be estimated at the TX by measuring the sum of time required for this two-way transmission.
In [83]], the authors performed the distance estimation based on the peak number of observed
molecules within the RX. This estimation scheme only needs one-way transmission and does
not require synchronisation between the TX and RX. In [84]], the authors considered molecule
degradation and steady uniform flow in the environment. The authors derived the Cramer-Rao
lower bound (CRLB) on the variance of the distance estimation error. The authors also de-
signed a maximum likelihood (ML) distance estimator and showed that the accuracy of the
estimator is very close to the CRLB.

Apart from distance estimation, estimating other parameters is also essential for MC ap-
plications. For example, the MC system can be deployed in a blood-vessel environment for
human healthcare. In this application, estimating the blood flow velocity can help to measure
the blood pressure. Also, estimating the diffusion coefficient of molecules can help to deter-
mine the blood composition and identify major changes in blood cell counts [85]. Motivated
by these benefits, [86] investigated the joint parameter estimation and derived the Fisher in-
formation matrix such that the CRLB on the variance of each parameter estimation can be
obtained. The authors also applied ML estimation and estimated the parameter numerically
via either the Newton-Raphson method or an exhausive search if closed-form solutions do not
exist. Moreover, [84, |86] applied CRLB to assess the performance of parameter estimation.
However, for some discrete parameters, the CRLB does not exist. To overcome this limitation,
[87]] applied a more general Hammersley-Chapman-Robinson lower bound (HCRLB) and used
this bound to evaluate the performance of estimating the number of released molecules from
the TX. Unlike [82, (83 |84, 186, [87]] that considered estimated parameters as constant values,
[51]] considered the estimated parameter, e.g., the number of released molecules from the TX,
as a random variable (RV) with a given mean and variance. The authors assumed a pre-defined
mean and estimated the variance by emitting multiple impulses of molecules. By asssuming
that the molecule concentration is perfectly sensed over the entire environment, the variance is

estimated via the ML estimation.

2.7 Energy Efficiency

One benefit of MC is that the free diffusion of molecules does not require the external en-
ergy such that the information can be transmitted from the TX to the RX with no energy cost.
However, molecule generation and release from the TX is an energy consuming process in

general. For example, in biology, cells produce signaling molecules by consuming adenosine
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triphosphate (ATP) [54]. As nanomachines usually operate in resource-constrained environ-
ments, such as within living organisms, minimal energy consumption is crucial for prolonging
their functionalities. Moreover, energy-efficient nanomachines can perform tasks effectively,
as they are able to manage power consumption and distribute resources, resulting in improved
overall performance. Motivated by this, some previous studies, e.g., [88}, 189,190, 91]], proposed
different methods to improve the energy efficiency of MC systems. In [88], the authors used
bacteria as mobile relays and analyzed their information delivery energy efficiency. In [89,90],
the authors proposed a simultaneous molecular information and energy transfer technique to
reduce the cost of molecule synthesis, where a relay can decode the received information as
well as generate molecules for emission using absorbed molecules via chemical reactions. In
[91]], the authors developed a spherical molecule harvesting TX model where the membrane is
equipped with receptors that can capture the information molecules. Specifically, the authors
considered a homogeneous TX surface, where they assumed an infinite number of receptors
cover the entire TX surface or a finite number of receptors with identical sizes are uniformly

distributed over the TX surface.

2.8 Interference in MC

Molecule interference in MC is common and can directly impact the performance at the RX.
Thus, it was widely investigated in previous studies. The first type of interference is noise
molecules, which represents the molecules that are not released by the TX but originate from
interfering natural or synthetic sources. As the RX cannot differentiate information molecules
and noise molecules, the existence of noise molecules can cause significant errors in the signal
detection at the RX. According to the law of rare events [92], the statistics of the observed
noise molecules follows a Poisson distribution. The second type of interference in MC is inter-
symbol interference (ISI), which refers to the overlap of multiple transmitted symbols caused
by the late-arrival of molecules. In [93], the authors proposed an ISI-free coding scheme to
increase the communication reliability while keeping a low complexity for encoding/decoding.
The authors in [94]] investigated ISI in synaptic channels and analyzed important parameters
of the synaptic channel that are related to ISI. The third type of interference is multi-user inter-
ference, which occurs when the RX receives molecules from the TXs in other MC systems. In
[93]], the authors proposed Reed-Solomon (RS) error correction coding and a novel molecule
modulating scheme that utilizes two types of information molecules to combat the multi-user
interference. The authors in [96]] introduced using the direction of releasing molecules for
conveying information to mitigate the multi-user interference. The authors also proposed the
binary direction shift keying modulation where the TX pumps molecules in two different di-

rections.
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2.9 Synthetic Biology in MC

The synthetic biology is an interdisciplinary field of engineering, which can program cell’s
genetic code, and thus provides a viable path to the practical realization of MC - enabled
systems [97]. In particular, one of the latest frontiers in synthetic biology is the programming
of DNA biological circuits, which modifies the predefined parts of DNA into functional genes
that regulate the form of proteins. Given this, the cells can be programmed as TXs and RXs
with specific functions. The authors in [98] focused on theoretically modelling a minimal
subset of biological circuits necessary to an MC system. In particular, the system model was
presented based on transfer functions, and the analytical expressions for signal attenuation and
delay were derived. Inspired by the analog information processing in biochemical reactions,
the authors in [99] developed an analog soft decoder for MC based biological circuits and
discussed the most widely recognised noise models applied to this system. The authors also
compared the biochemical simulation results with the performance of the system in different
noise scenarios. In [100], the authors applied the concept of MC to study the potential of cell
metabolism and its regulation to control the engineered cells from the external environment.
The authors also used the metabolic simulation technique to derive an upper bound of the

information theoretic mutual information.

2.10 MC Prototype/Testbed

In addition to theoretical studies that focus on analysis in MC systems, some studies developed
MC prototypes to demonstrate the feasibility of applying chemical signals in reality. In [[101],
the authors proposed a tabletop MC system that is capable of transmitting short text messages
over the free air. In particular, an electronically controlled spray was used as the TX, an
alcohol metal-oxide sensor acts as the RX, and the open platform Arduino microcontrollers
were used to control the TX and RX. We note that [101] only built a SISO MC platform. In
[[102], the authors developed a multiple-input-multiple-output (MIMO) MC platform, where
the TX and the RX are equipped with multiple sprays and sensors to increase the data rate.
Unlike [101} [102]] with an open propagation environment of chemical signals, the authors in
[103] designed an MC platform with a bounded propagation environment and showed that
the propagation can be explained by using the advection-diffusion equation. [101} 102, [103]
conducted the experiment of MC in a macroscale environment. In [104], the authors presented
a biological platform that focuses on the microscale MC. Specifically, the authors used bacteria
as TXs that export protons, i.e., signalling molecules, into the channel based on an external
light stimulus. The protons can change the pH level of the environment, which can be detected

with a pH sensor, i.e., the RX.
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2.11 Limitations in Previous Studies

In this section, we list all limitations of previous studies in Sections and briefly ex-
plained how the gaps will be filled in the following chapters.

In Section [2.2] for the mechanisms that control the release of molecules, [48] 50] only
considered using ion-channels or permeability of the membrane, and none of them considered
a chemical reaction-driven process for molecule release. In Chapter 3| we propose a novel TX
model that uses fusion between a vesicle generated within the TX and the TX membrane to

release molecules encapsulated within the vesicle.

In Section @ for fully absorbing RXs and reactive RXs, previous studies, e.g., [61} 165],
assumed an infinite number of receptors covering the entire RX surface or finite receptors
with identical sizes that are uniformly distributed over the RX surface. In general, receptors
on the RX surface may have different sizes and arbitrary locations. For example, in nature,
receptors tend to form clusters on the RX surface at specific locations [[105]. Since a given
ligand can activate all receptors within a cluster, the cluster can be regarded as a single larger
receptor. To fill this gap, in Chapter[d] we consider a RX covered by multiple non-overlapping
heterogeneous receptors that can have different sizes and arbitrary but fixed locations.

In Section [2.4] for the co-existence of multiple non-transparent RXs, most previous stud-
ies, e.g., [71} [72} [73]], did not provide closed-form expressions for the CIR. [[74] only derived
the total number of absorbed molecules by two RXs. [[75]] derived the absorption probability at
each RX in a 1D environment, but its expression is in the form of Laplace transform, while the
authors did not provide the expression in the time domain. Also, [75] did not consider molecu-
lar degradation in the environment. [[/6] derived the fraction of molecules absorbed at each RX
in a 3D environment with two fully absorbing RXs. However, this derivation is not applicable
in a 1D environment, as we will show in Section [5.6.1] We note that a 1D environment is a
good approximation for many practical biological channels such as capillaries, blood vessels,
active transportation channels, and communication on bio-chips [106} [107]. Therefore, the
1D environment is worth of investigation and an exact closed-form expression for the fraction
of molecules absorbed over time at each RX with the consideration of molecular degradation
has not been derived yet for a 1D environment. In Chapter [5] we consider a 1D environment
where one TX communicates between two fully absorbing RXs. We also consider molecular
degradation in the environment and derive the exact closed-form expressions for the fraction of
molecules absorbed at each RX. Notably, as shown in Appendix [C.T] the mathematical com-
plexity of our method in obtaining the Laplace transform expression is much lower than that
in [[75] by solving the partial derivative equation.

In Section[2.5] previous studies only considered a mobile ideal point TX, and none of them
have considered stochastic channel modelling between a mobile non-ideal TX and a mobile

non-transparent RX. Moreover, for the statistical analysis of received signal at the mobile RX,
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previous studies only considered that molecules are impulsively released from the TX such that
the distance between the RX and all molecules are the same when they are released. However,
if we consider a continuous release of molecules from the mobile TX, the distance between
the RX and each molecule when it is released is different, which brings difficulties for the
statistical analysis of the received signal. In Chapter 3] we considered a mobile MF-based TX
and a mobile fully absorbing RX, and statistically analyse the distribution of received signal
when molecules are continuously released from the MF-based TX.

In Section [2.6] previous studies only performed the estimation by using a single RX, and
none of them considered using the received signals at multiple RXs to estimate the environ-
mental parameters. In Chapter 5] we, for the first time, perform parameter estimation by using
analytically derived expressions of the number of absorbed molecules at two fully absorbing
RXs.

In Section [91]] considered a homogeneous TX surface, where the authors assumed that
an infinite number of receptors cover the entire TX surface or a finite number of receptors with
identical sizes are uniformly distributed over the TX surface. However, the analysis in [91]
may become inaccurate in practice as the receptors on the TX surface may have different sizes
and arbitrary locations. Therefore, in Chapter[f] we consider a spherical TX, whose membrane
is covered by heterogeneous receptors that may have different sizes and arbitrary locations.
We also evaluate the amount of energy saved and the received signal at the RX in terms of
distributions of harvesting receptors on the TX membrane.

In Section 2.9] [98] described essential functional blocks of an end-to-end MC system
from molecule production at the TX to the output transcription activation, and [99] analysed
this system in different noise scenarios. Both [98]99] and our research in ChapterE], ChapterE],
and Chapter [0 aim at realising practical TXs and RXs, whose ideas are motivated by essential
characteristics of biological cells. However, [98] only used transfer functions to characterise
each block and there are no closed-form analytical expressions to describe the whole process
in the time domain. Also, the authors did not consider the molecule propagation within the
TX, the surface distribution of receptors at the RX, and molecule harvesting at the TX. We
note that molecule movement within the TX, receptor distribution on the RX, and molecule
harvesting are all fundamental properties of cells, and these factors can influence the received
signals at the RX. Therefore, they are worth studying. In Chapter 3] we model the process
of molecules released from the TX, including the diffusion of molecules within the TX. In
Chapter[d, we consider a heterogeneous distribution of receptors on the RX surface. In Chapter

[l we investigate the harvest of molecules by the TX.
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Chapter 3

Membrane Fusion-Based Transmitter
Design

3.1 Introduction

In nature, exocytosis is a form of active transport in which a cell transports molecules out of
the cell by secreting them through an energy-dependent process [[108]]. Exocytosis is common
for cells because many chemical substances are large molecules, e.g., neurotransmitters and
proteins, and cannot pass through the cell membrane by passive means [109]. In exocytosis,
vesicles are carried to the cell membrane to secrete their contents into the extracellular envi-
ronment. This secretion is performed by the MF process that fuses the vesicle with the cell
membrane. When the vesicle moves close to the cell membrane, the v-SNARE proteins on
the vesicle membrane bind to the t-SNARE proteins on the cell membrane, which generates
the trans-SNARE complexes that catalyze MF [110]]. Unlike the ideal point TX, exocytosis
is an existing biological process and constrains the perfect release of molecules. Moreover,
a TX model that is designed based on the exocytosis process has many applications in both
natural and synthetic MC systems. The applications of the TX model in the natural MC sys-
tem include facilitating the communication between cells by releasing signalling molecules,
modelling the transportation process of hormones insulin and glucagon from the pancreas to
control the glucose concentration in the blood, and investigating the process of removing tox-
ins or waste products from the cell’s interior to maintain homeostasis [111]. As the TX model
captures some basic functions of the cell, it can be designed by modifying biological cells
[25]], which improves the degree of biocompatibility for the TX model in the human body for
targeted drug delivery. Specifically, drug molecules are stored within the extracellular vesicles
that are released from the MF-based TX by the exocytosis process [112]]. Therefore, a TX that
uses MF to release molecules merits investigation.

In this chapter, we propose a novel TX model in a 3D environment, namely the MF-based
TX, which uses fusion between a vesicle generated within the TX and the TX membrane to

release molecules encapsulated within the vesicle. By considering a fully absorbing RX that
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absorbs molecules once they hit the RX surface, we investigate the end-to-end CIR between the
MF-based TX and the RX in two scenarios: 1) A static TX and a static RX, and 2) a diffusion-
based mobile TX and a diffusion-based mobile RX, where the CIR is the molecule hitting rate
at the RX when an impulse of vesicles are released from the TX’s centre [45)]. Moreover,
we consider a sequence of bits transmitted from the TX to the RX and investigate the error
probability at the RX for both scenarios. For the mobile scenario, the distance between the TX
and RX constantly changes during the non-instantaneous molecule release process such that
the statistical analysis of the received signal at the mobile RX is more challenging than that
in the instantaneous molecule release process. To tackle this challenge, we propose a novel
method that divides the molecule release process into multiple intervals to calculate the PMF

of the number of absorbed molecules. In summary, our major contributions are as follows:

1) We derive the time-varying molecule release rate and the fraction of molecules released

from the TX by a given time.

2) For the static scenario, we derive the end-to-end i) molecule hitting rate, ii) the fraction
of molecules absorbed, and iii) the asymptotic fraction of molecules absorbed at the RX
due to the MF-based TX as time approaches infinity. For the mobile scenario, we derive

the expected end-to-end molecule hitting rate at the mobile RX.

3) By considering a sequence of bits transmitted from the TX and a threshold detector at
the RX, we calculate the average BER for the static and mobile scenarios. To derive
the average BER in the mobile scenario, we also derive the PMF for the number of

molecules absorbed at the mobile RX.

4) We propose a simulation framework for the MF-based TX model to simulate the diffu-
sion and fusion of vesicles within the TX. In this simulation framework, the release point

on the TX membrane and the release time of each molecule are determined.

Aided by the proposed simulation framework, we demonstrate the accuracy of our analytical
derivations. Our numerical results show that a low MF probability or low vesicle mobility
slows the release of molecules from the TX, increases the time to reach the peak molecule
release rate, and reduces the end-to-end molecule hitting rate at the RX. Moreover, numerical
results show the difference between the MF-based TX and an ideal point TX from the per-
spective of ISI. For the ideal point TX, ISI is only caused by the diffusion of molecules in
the propagation environment. For the MF-based TX, ISI can also be introduced by signalling
pathways inside the TX.

The rest of this chapter is organised as follows. In Section [3.2] we introduce the system
model. In Section [3.3] we derive the release rate and fraction of molecules released from the

TX. We also derive the end-to-end hitting rate, fraction of molecules absorbed, and asymptotic
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Z Membrane fusion

JYT T 7
MF-based TX 0
@ Vesicle ® Information molecule 4 Absorbed molecules
(a) Static TX and RX (b) Diffusive mobile TX and RX

Figure 3.1: Illustration of the system model where one MF-based TX communicates with one fully
absorbing RX in a 3D environment. (a): Static TX and RX with fixed TX-RX distance. (b): Diffusive
mobile TX and RX with the changing TX-RX distance over time.

fraction of molecules absorbed at the RX for the static scenario. In Section 3.4 we derive
the expected end-to-end hitting rate for the mobile scenario. In Section [3.5] we derive the
average BER for both scenarios. For the mobile scenario, we also derive and verify the PMF
of absorbed molecules. In Section [3.6] we propose a simulation framework for the MF-based

TX. In Section[3.7] we discuss the numerical results, and conclusions are presented in Section

B3

3.2 System Model

In this chapter, we consider an unbounded 3D environment where an MF-based TX commu-
nicates with a fully absorbing RX, as depicted in Fig. [3.1] We investigate two scenarios: 1) A
static TX and a static RX, and 2) a diffusive mobile TX and a diffusive mobile RX, as depicted
in Figs. 3.1(a) and 3.1(b), respectively. Both TX and RX are spheres with radius r; and rg,
respectively. We assume that the propagation environment outside the spherical TX and RX is
the fluid medium with uniform temperature and viscosity. Once information molecules A are
released from the TX, they diffuse randomly with a constant diffusion coefficient D,. More-
over, we consider unimolecular degradation in the propagation environment, where type A
molecules can degrade into type A molecules that cannot be identified by the RX, i.e., A LNy
[113, Ch. 9], and k4 [S*I] is the rate constant of degradation. In addition, we model the RX as
a fully absorbing RX by which molecules A are absorbed once they hit the RX surface.
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3.2.1  MF-based TX Model

We assume that the spherical TX releases molecules from its outer membrane after fusion
between the membrane and vesicles. Each vesicle stores and transports 11 type A molecules.
We consider that the TX is filled with the fluid medium that has uniform temperature and
viscosity. Generally, vesicles can diffuse in the fluid medium based on the experiment in [[114]]
or can be actively transported along microtubules by motor proteins [[115]]. In this chapter, we
focus on the diffusion of vesicles. We assume that a vesicle cluster [116] exists within the
TX. Vesicle clustering is a biological phenomenon observed in the presynaptic neuron, where
vesicles can form clusters to sustain a high release rate of neurotransmitters. Vesicles can be
released from the cluster via dephosphorylation [117]. Since we assume that the size of a
vesicle [118] is relatively small compared to the size of the TX, we mathematically model the
vesicle release process as an instantaneous release from a point within the TX. Once vesicles
are released, they diffuse randomly with a constant diffusion coefficient D,. According to
[110], the natural fusion of a vesicle and the cell membrane can be considered as two steps:
1) v-SNARE proteins (Sy) on the vesicle membrane bind to t-SNARE proteins (S¢) on the
cell membrane to generate trans-SNARE complexes (S.), and 2) S, catalyzes the fusion of
vesicular and cell membranes. For tractability, we apply the following main assumptions to
the TX model:

A1) Vesicles are released from the TX’s centre. This assumption ensures that molecules are
uniformly released from the TX membrane. Considering vesicles released from any

point within the TX is an interesting topic for future work.

A2) The interaction between S, and S; is modelled as the irreversible reaction Sy + S¢ — Se,
which indicates that we only focus on the forward reaction between S, and S;. The
backward reaction for the disassembly of S. occurs after MF, wherein the free S, and S;
are used for the subsequent rounds of transport [119]]. This is beyond the scope of our
system model. After S. is generated, it catalyzes MF, which is S — MF [120]. Here,
we assume that the reaction rate of the catalysis is much faster than the reaction between
Sy and S;. Then, we can simplify this reaction network by removing the intermediate

product S and combining these two reactions [[121], which is given by
Sy + S, 5 MF, 3.1)
where k¢ is the forward reaction rate constant in gm/s.

A3) The membrane is fully covered by an infinite number of S; and the occupancy of S; by
Sy is ignored. Assuming perfect receptor coverage and ignoring occupancy are for the
sake of tractability and have been widely adopted in previous studies, e.g., [65, [122].
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A4) Once molecules are released, the spherical TX is assumed to not hinder the random dif-
fusion of molecules in the propagation environment, i.e, the TX is transparent to the
diffusion of released molecules. [47] analyzed the hindrance of the TX membrane to the
diffusion of molecules using simulation. The joint consideration of the hindrance of the
TX membrane and the absorbing RX is cumbersome for theoretical analysis. We will
investigate the impact of the TX membrane on molecule diffusion in the propagation
environment in future work. In Fig. and Table we relax this assumption by
treating the TX membrane as a reflecting boundary for molecules in the propagation en-
vironment and perform the corresponding PBSs [123]. Results indicate that an obvious

deviation is caused only when the TX and RX are very close to each other.

Based on assumptions A2 and A3, if a vesicle hits the TX membrane, it fuses to the membrane

AL

with a probability of k¢ /75

during a time interval Ar [124]. We define this probability as

the MF probability!. The equation of the MF probability is accurate if ks < 7? A~ The
MF probability is applied in the simulation process in Section [3.6] After MF, the type A
molecules stored by the vesicle are instantaneously released into the propagation environment.
The location and time for the occurrence of MF are the initial location and time for molecules
to start moving in the propagation environment. We note that the time scale for the MF process

is ignored since it is relatively small compared to the entire transmission process [125]].

3.2.2 Transceiver Mobility

We consider the following two cases for TX and RX mobility:

3.2.2.1  Static MC

We choose the centre of the TX as the origin of the environment, as depicted in Fig. 3.1(a).
The centre of the RX is distance ry away from the centre of the TX. We consider an impulse
of N, vesicles released within the TX at time ¢+ = 0. In this case, the channel response is

time-invariant.

3.2.2.2 Mobile MC

We choose the centre of the TX at time ¢ = 0 as the origin of the environment, as depicted
in Fig. 3.1(b). The TX and RX start to diffuse randomly with constant diffusion coefficients
Dy and Dy, respectively, from time ¢ = 0, and the distance between their centres at t = 0 is

ro. Different from the static MC case, the channel response is time-variant such that the CIR

Based on this definition, the MF-based TX can be regarded as a TX with a semi-permeable boundary as in
[S0]. We clarify that the major difference between our work and [50] is the method of analysis. The authors in [S0]
applied the transfer function approach to investigate the molecule concentration within the TX, while we focus on
the end-to-end communication channel and derive analytical expressions for the CIR in this channel.
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depends on the release time of vesicles. To ensure generality, we consider an impulse of N
vesicles released within the TX at time #’. We further denote r, as the distance between the
centres of the TX and RX at time #'. In this model, we assume that the diffusion of vesicles is

relative to the TX and remains symmetric.

3.2.3 Bit Transmission

We assume for both static and mobile scenarios that information transmitted from the TX to
the RX is encoded into a sequence of binary bits with length Q. The sequence of binary bits
is bi.g = [b1,b2,...bg| and b, is the gth bit. We denote T;, as the bit interval length. We
assume that each bit is transmitted at the beginning of the current bit interval with probabilities
Pr(by; = 1) = P; and Pr(b, = 0) = Py = 1 — P;, where Pr(-) denotes the probability. For the
static scenario, we consider that b; is transmitted at time t = 0. For the mobile scenario, we
consider that b is transmitted at time ¢ such that the distance between the centres of the TX
and RX is a random variable (RV) when b; is transmitted. We adopt ON/OFF keying for the
modulation, which means that N, vesicles are released from the TX’s centre at the beginning
of the bit interval to transmit bit 1 while no vesicle is released to transmit bit 0. We further
assume that the TX and RX are perfectly synchronised since several practical synchronisation
schemes for MC have been studied and proposed in [126]. For demodulation of b, at the
RX, we adopt a widely-investigated threshold detector that compares the number of molecules
absorbed during the gth bit interval with a detection threshold [79]. In this chapter, we consider
the threshold of the detector is fixed for simplicity. More complex detectors, e.g., an adaptive

threshold detector, are summarised in [[127].

3.3 Analysis of Channel Impulse Response for Static MC

In this section, we first derive the molecule release rate and the fraction of molecules released
from the TX membrane due to the impulsive emission of vesicles from the TX’s centre. We
define the molecule release rate as the probability of one molecule being released during the
time interval [¢,7 + 6t] from the TX membrane, when this molecule is released from the origin
at time t = 0. Here, Ot represents a very small value of time 7. We then derive the molecule
hitting rate at the RX when the TX releases molecules uniformly over the TX membrane. Using
the previously-derived release rate and hitting rate, we finally derive the end-to-end i) molecule
hitting rate, ii) fraction of molecules absorbed, and iii) the asymptotic fraction of molecules
absorbed at the RX as ¢t — oo due to the impulsive emission of vesicles from the TX’s centre.
We define the molecule hitting rate and end-to-end molecule hitting rate as the probability of
one molecule hitting the RX during the time interval [r,7 4+ 6¢] when this molecule is released

from the TX membrane and TX’s centre at time ¢ = 0, respectively.
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3.3.1 Release Rate from TX Membrane

As MF guarantees the release of molecules from vesicles to the propagation environment, the
probability of releasing molecules equals the vesicle fusion probability. Thus, we need to
obtain the distribution of vesicle concentration within the TX to derive the release rate from
the TX membrane. In the spherical coordinate system, we denote C(r,z), 0 < r < ry, as the
distribution of vesicle concentration at time ¢ and distance r from the TX’s centre. When an
impulse of vesicles is released from the TX’s centre at # = 0, the initial condition is expressed
as [128l eq. 3(c)]

1

C(l",t—>0) = ma(l’),

(3.2)

where 6(-) is the Dirac delta function. We then apply Fick’s second equation to describe the
diffusion of vesicles within the TX. In general, Fick’s second equation is a spatially 3D partial
differential equation. As we consider that vesicles are released from the TX’s centre, the TX
model is spherically symmetric such that the diffusion of vesicles is described as [129, eq.
2.7)]

2 (rC(r,t)) 9 (rC(r,t))

DT = T T (3.3)

Based on assumption A2, the boundary condition is described by the irreversible reaction
given by (3.1)), which can be characterised by the radiation boundary condition [130} eq. (3.25)]

dC(r,t)
ar }’:

—D, _— keC (rr,t), 3.4)
where the left-hand side represents the diffusion flux> over the TX membrane. Since the flux is
in the positive radial direction, the right-hand side is positive. Negative sign on the right-hand
side indicates that the condition is over the inner boundary.

Based on the initial condition in (3.2)), Fick’s second law in (3.3)), and the boundary con-
dition in (3.4), we derive the analytical expression for the molecule release rate from the TX

membrane, denoted by f;(7), in the following theorem:

Theorem 3.1. The molecule release rate from the TX membrane at time ¢ is given by

o= i ek jo(Aarr) exp (=DyA,1) (3.5)
T _n:12lan—sin(21an)J0 nfr) €Xp WA2E), |

where jo(+) is the zeroth order spherical Bessel function of the first type [131]] and 4, is ob-

2The diffusion flux [molecule - m~2-s~!] is the rate of movement of molecules across a unit area in unit time
[129].
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tained by solving

—Dy A ji (Anrr) = kejo (Anrr) s (3.6)

with jj(z) = ajggz) and n = 1,2,.... In particular, (3.6) is directly obtained from the radiation

boundary condition in (3.4) with eigenfunction jy (A,r;) and discrete eigenvalue A,,.
Proof: Please see Appendix [A.T] [

Remark 3.1. We note that (3.5) becomes accurate when n increases. We also note that the
number 7 applied in (3.3) can be determined mathematically. We denote n* as the maximum 7
applied in (3:3) and f;, () = %ﬁ)@m) exp (—DyA2t). When n > n*, f,,(t) =0.
The value of n* increases when ¢ decreases. In this chapter, we choose t =7 = 0.01 s as
a criterion to obtain n*. Therefore, n* is obtained by numerically finding the minimum »n

satisfying f;.,(f) = 0.

We denote F;(¢) as the fraction of molecules released by time 7 and obtain it via F;(1) =

Jo f+(u)du. We present Fy(t) in the following corollary:

Corollary 3.1. The fraction of molecules released from the TX by time ¢ is given by

- > 4r%kf7Ln]’0(afan)
Fi(1) = n;l Dy (2A,r; —sin(22,r1))

(1—exp (—Dvlnzt)) . (3.7)

As each molecule has the same probability to be released by time 7, i.e., F;(¢), the number

of molecules released by time 7 is Nyn Fy(z).

3.3.2 Hitting Rate at RX with Uniform Release of Molecules

In this subsection, we derive the hitting rate when molecules are uniformly released from the
TX membrane, i.e., ignoring the internal molecules’ propagation within vesicles inside the TX
and the TX’s MF process. This hitting rate establishes the foundation for deriving the end-to-
end molecule hitting rate at the RX surface in Section [3.3.3] We consider that molecules are
initially uniformly distributed over the TX membrane and released simultaneously at ¢ = 0.
We denote (); as the membrane area and h,(7) as the hitting rate at the RX due to the uniform
release of molecules. We clarify that uniformly-distributed molecules means that the likelihood
of a molecule released from any point on the TX membrane is the same. We denote this
probability by p, where we have p = (47rr$) ~'. We further consider an arbitrary point & on
the TX membrane. Based on [59, eq. (9)], the hitting rate of a molecule at the RX at time ¢

when the molecule is released from the point & at time r = 0, hg(7), is given by

2
VR(’”a—”R) (r&_rR)
he(t) = RVETIR) gy [ TR gt | (3.8)
(t) re\/4D, 3 ( AD,t
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where rg is the distance between the point & and the centre of the RX.
Given that molecules are distributed uniformly over the TX membrane, h,(t) is obtained
by taking the surface integral of /i (¢) over the spherical TX membrane. Using this method,

we solve A, (¢) in the following lemma:

Lemma 3.1. The molecule hitting rate at the RX at time r when the TX uniformly releases
molecules over the TX membrane at time # = 0 is given by

hy(t) = 2priry [ 7D [exp (—ﬁl —kdt> —exp (_ﬁz —kdt>] , (3.9)
o Vot t t

rr4R) (rr+rR—2r0) +13 _ (rr=rr)(rr—rr+2r9)+13
4D, and B, = 4D, .

where B = (

Proof: Please see Appendix |A.2 |
We denote H, () as the fraction of molecules absorbed by time ¢ when the TX uniformly
releases molecules and obtain it via Hy(t) = [§hy(u)du. We present H,(¢) in the following

corollary:

Corollary 3.2. The fraction of molecules absorbed at the RX by time ¢ when the TX uniformly
releases molecules over the TX membrane at time t = 0 is given by

D
(1) = PO [

xerfc <ﬁ+ kdt> —exp (—2\/[%) erfc ( [iz — \/la> +exp (2\/[%)

xerfc <\/§+ \//sz>] (3.10)

where erfc(-) is the complementary error function [57]

exp (—2\/[de) erfc (ﬁ . \/@) —exp (2\/[71%)

3.3.3 End-to-End Hitting Rate at the RX

We denote £ (1) as the end-to-end molecule hitting rate at the RX when an impulse of vesicles
is released from the TX’s centre at time t = 0. The molecule release rate from the TX mem-
brane at time u, 0 < u <1, is given by (3.3)), which is f;(«). For molecules released at time
u, the molecule hitting rate at the RX at time 7 is given by (3.9), which is &, (r —u). Based on
f+(u) and hy(t —u), he(t) is given by he(t) = [§hu(t — u) f;(u)du. Applying (3.3) and (3:9) to
this equation, we derive h.(¢) in the following theorem:

Theorem 3.2. The end-to-end molecule hitting rate at the RX at time ¢ for an impulsive emis-
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sion of vesicles from the TX’s centre at time = 0 is given by

_ Sp"%rkkf\/ ”DACXP(fkdt) i A';?].O (Aan)

he(t) o = 22rr — sin (2A,7r)

[e(Bi.t) —€(B,t)],  (3.11)

where £(B,1) = [ \/zlfu exp (—% — (DyA? — kd)u) du. €(B,1) can be calculated numerically
using MATLAB or Mathematica, e.g., using the built-in function integral in MATLAB or the

built-in function Nintegrate in Mathematica.

We denote H, (1) as the end-to-end fraction of molecules absorbed at the RX by time ¢ and
obtain it via He(t) = [ he(u)du = [5 Hy(t — u) fi(u)du. We present He(t) in the following

corollary:

Corollary 3.3. The end-to-end fraction of molecules absorbed at the RX by time ¢ for an
impulsive emission of vesicles from the TX’s centre at time ¢ = 0 is given by

() = 20KPE [Py DO e () ) s (Bat) + Bt

ro kq =4 24,1y — sin
3.12)

where &(B,7), i = 1,2, is given by

e,.(ﬁ,t):/Otexp((—l)fz\//m—nv/x,fu)erfc( tﬁ+(—1)a/kd(t—u)>du. (3.13)

—Uu

We further denote H. .. as the end-to-end asymptotic fraction of molecules absorbed as

t — oo. We present H. .. in the following corollary:

Corollary 3.4. Ast — oo, the end-to-end asymptotic fraction of molecules absorbed at the RX
for an impulsive emission of vesicles from the TX’s centre at time t = 0 is given by

H,. — 2IxPT ij [exp (—2\/[%) —exp (-2\/1%)} . (3.14)

o

Proof: Please see Appendix [A.3] |

Remark 3.2. Eq. (3.14) indicates that the end-to-end asymptotic fraction of molecules ab-
sorbed only depends on the size of the TX and RX, the distance between centres of the TX
and RX, and the diffusion coefficient and rate constant of molecule degradation in the propa-
gation environment. H, .. is independent of other TX properties, e.g., the forward reaction rate
constant in MF and the vesicle diffusion coefficient. This is because, with sufficient time, all

molecules are released from the TX.
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3.4 Analysis of Expected CIR for Mobile MC

In this section, we consider the scenario that both the TX and RX are mobile using diffusion.
Since the distance between the centres of the TX and RX is a RV, the CIR is time-variant and
modelled as a stochastic process [78]]. Hence, in this section we focus on the expected CIR,
i.e., the mean of the CIR over the varying distance. We first derive the expected molecule
hitting rate at the RX when the TX releases molecules uniformly over the TX membrane.
Using this probability, we then derive the expected end-to-end molecule hitting rate at the RX
due to an impulsive emission of vesicles from the TX’s centre. For the mobile scenario, we
define the expected hitting rate and expected end-to-end hitting rate as the probability of one
molecule hitting the RX during the time interval [t’ 41,/ 4+17+6 T], T > 0, when this molecule
is released from the TX membrane and TX’s centre at time ¢/, respectively. Here, T is a relative
time of observing absorbed molecules at the RX for a fixed ¢’ and 87 represents a very small

value of time 7.

3.4.1 Expected Hitting Rate at Mobile RX with Uniform Release of Molecules

We denote & (ry|ry) as the probability density function (PDF) of r,, which is the distance
between centres of the TX and RX at time ¢/, given that the initial distance between the centres
of the TX and RX is ry at t = 0. The coordinates of the TX’s centre and RX’s centre at time
t"are [xp(t'),yr(t"),z:(t")] and [xx (t), v (¢'), 2= (t')], respectively. As both TX and RX perform
Brownian motion, the displacement of each coordinate follows a Gaussian distribution. ry is
calculated as ry = \/(xr(t') —x ()2 + (yr (') =y (t'))% + (z2(t') — 2= (¢') )2, where x.(¢') —

xe (1), yo (') —ye (¢'), and z;(¢") — zz (¢") follow the Gaussian distribution. Thus, Zap follows

anoncentral chi-squared distribution with three degrees of freedom [132]], and & (r,/|ro) is given
by [79, eq. (8)]

3
r: r:+r? e
' t 0 t'"0
, =t — 1 , 3.15
& (relro) 2Dyt \/ro eXP( 4Dt > 2 <2D1t’> ©.15)

where D; = D;+ Dy and 1 1 (+) is the modified Bessel function of the first kind [130]. We note
that Dy, Dy, and ¢’ should not be very large. Otherwise, r; may become less than r; + rx such
that the TX and RX overlap with each other.

We denote hym(7,1") as the expected hitting rate at the mobile RX at time ¢’ + T when
the mobile TX releases molecules uniformly over the TX membrane at time /. To describe
the relative motion between released molecules and the RX, we define an effective diffusion
coefficient D, as Dy = Dy + D, [133]]. By replacing ry, ¢, and D, in (3.9) with ry, 7, and
D, respectively, we obtain the hitting rate at time ¢’ + 7, i.e., h,(7) ’ro:r,/,DA: p, for a given
ry. We note that ry is a RV with the PDF given by (3.13). Hence, we obtain hyn,(7,') as
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ham(7,1") = [5° & (rer|ro)hu(7) ’ro:r[,’ p,—p,drv and present it in the following lemma:

Lemma 3.2. The expected molecule hitting rate at the mobile RX at time 7’ + T when the

mobile TX uniformly releases the molecules over the TX membrane at time ¢ is given by

prirrD> VA I’% (”T""”R)Z
h T,1') = TN L T 4D D7)
() = P oo (a5 ) {2 (s oo

X [e(rT, 7,t")0 (ry, T, 1 erfe (= (rr, T,8") — O (rx, T,1') — O(7,1')) — O (=711, T,1') O (=13, T,1")

rr—r1y)? , ,
xerfc(¥(t,t') — O (rr, T,1") — ﬂ(rR,’c,t'))] —exp <_4((Dlt’—|—D)2‘L')) [0(rx,T,1")0(—rr,T,1")

xerfe(—O (re, T,t' )+ (rr, 7,8 ) =0 (1,1") ) — 0 (=1, T,1") O (1, 7,1 erfe (O (1,1") — O (ry, T,1)

+9(rr.7.1"))] } (3.16)

where 0(.7.1") = exp (it )- 98 2) = 5\ et - and
B(r.r) =2 T

D][’(D]l‘,-‘rDz’L') :

3.4.2 Expected End-to-End Hitting Rate at the Mobile RX

We denote /e (7,1") as the expected end-to-end molecule hitting rate at the mobile RX at time
' + 7 when an impulse of vesicles is released from the TX’s centre at time #’. The molecule
release rate from the TX at time ¢ +u, 0 < u < 7, is given by (3.3)), which is f;(u). For
molecules released at time 7’ + u, the expected hitting rate at time ¢ + T at the RX is given
by (3:16), which is hym(T — u,t’ + u). Based on that, hen(7,7') is given by hem(7,1') =
Jo fr(u)hym(T —u,t’ + u)du. Applying (3:5) and (3.16) to this equation, we derive he m(7,1')
in the following theorem:

Theorem 3.3. The expected end-to-end molecule hitting rate at the mobile RX at time ' +

for an impulsive emission of vesicles from the mobile TX’s centre at time ¢’ is given by

N AP Dok /T jo(Anrr)
he,m(f’t ) - Z ro(zﬂ,an—Sin<22«an>)

n=1

[K ((rT + rR)2 — 2rory — 2Forg, Fr 4+ 1y — 1, T,t/)

—x((rr + rR)z +2rgry + 2rore, e + 1, 1,7,8) — 6 ((rp — rR)2 —2ror + 2lory, 1 — 1, —1,7,1)

+1((rr — 1w)* + 201 — 2ror, e — 11, 1, 7,1)] (3.17)
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where (&1, &, 83, 7,1') is given by

5+ ¢

T 1
)= /o JaGn) tva P <‘4<u<w> )

&aro Dy (7 —u) O Dy (t' +u)
X erfc < 2 \/Dl(t’—i—u) (u(z,t') +vu) - 2\/D2(T—u)(u(r,t’) — Vu)) du, (3.18)

with ,LL(’L',I,) =Dit' + Dyt and v = D; — D».

(61,8, 6,71 —kaT+ (ka—DyA;) )

Remark 3.3. The expected end-to-end fraction of molecules absorbed by time ¢’ + 7 at the mo-
bile RX for an impulsive emission of vesicles from the mobile TX’s centre at time ' is obtained
from the integral of (3.17), wherein the double integral can be calculated using MATLAB or

Mathematica.

3.5 Error Probability for Static and Mobile MC

In this section, we consider the transmission of a sequence of bits from the TX to the RX.
For the static scenario, we calculate the average BER, following the formulation in [78]] and
similar studies. For the mobile scenario, we first calculate the PMF for the number of molecules
absorbed within a bit interval. Based on the derived PMF, we then calculate the average BER

in the mobile scenario.

3.5.1 Average BER for Static MC

Due to the delay of molecule transport, the RX may receive molecules released from the current
and all previous bit intervals. According to (3.12), the fraction of molecules absorbed during
the gth bit interval when vesicles for storing those molecules released at the beginning of the
gthbitinterval, 0 < g < g, is expressed as He((¢—g+1)Ty) — He((9—g)Tp ), where Ty, is the bit
interval length. We denote N, , as the number of molecules absorbed during the gth bit interval
for transmitting b,. As the diffusion of vesicles and released molecules are independent and
molecules have the same probability to be absorbed, N, , can be approximated as a Poisson
RV when the number of emitted vesicles is large and the success probability He(¢) is small
[134], i.e., Ny g ~ byPoiss (Ny) (He((¢—g+1)Ty) —He((¢—¢g)Tp))). Here, Poiss(-) refers
to a Poisson distribution. This is because sufficient diversity in the vesicle fusion points over
the TX membrane is required to match the derivation of the end-to-end channel that includes
integration over the entire TX membrane. As the sum of independent Poisson RVs is also
a Poisson RV, we model the total number of molecules absorbed during the gth bit interval,

denoted by N, as

N, ~ Poiss(x), (3.19)
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Table 3.1: R? for the CDF of N,, where the total number of molecules emitted is Nyn = 1000
Ny,m | 10,100 | 20,50 | 50,20 | 100,10 | 200,5 | 500,2 | 1000, 1
R? 0.9771 | 0.9913 | 0.9969 | 0.9962 | 0.9974 | 0.9957 | 0.9974

where x = NynXi_, by (He((g—g+1)Ty) — He((¢—¢)Ty)). Based on (3:19), the cumula-
tive distribution function (CDF) of the Poisson RV N, is written as
Y—1

Vexp(—
Pr(N, <¥[br,) = Y| w
y=o ¥

(3.20)

In Table we calculate the coefficient of determination [71]], denoted by R?, for the
CDF of N,, where we vary Ny and 1 and keep the total number of molecules emitted as 1000.
We set ¢ = 1, D, = 18 um?/s, kf = 30 um/s, and by, = 1. For other parameter values,
please see Table For the simulation details, please see Section The R? is used to
measure the preciseness between simulation and theoretical analysis. Specifically, R? is given
by R? =1 — SS;es/ SSiot, Where SSes is the sum of squared differences between the theoretical
analysis and simulation, and SS;o is the sum of squared differences between the simulation
and its mean. Since SSes/SSio represents the fraction of variance unexplained, the closer the
value of R? is to 1, the more accurate the theoretical analysis. In this table, we observe that
the R? increases with an increase in the number of vesicles from 10 to 50, which indicates that
the accuracy of (3.20)) increases when the number of vesicles emitted increases. This is due
to the fact that the Poisson approximation is impacted by two sets of trials, i.e., the number
of emitted vesicles and molecules, and the approximation is more sensitive to the number of
emitted vesicles since it determines the initialization of the emission of molecules. When N, is
larger than 50, we observe a small variation of R2 for N, from 50 to 1000. We further increase
the number of realisations applied in Table by ten times for the simulation when N, = 10
and 11 = 100, and obtain that R> = 0.9771. This indicates that the number of realisations
applied for the simulation in Table|3.1|is sufficient.

We adopt a simple threshold detector, where N, is compared with a detection threshold to

demodulate b,. We present the threshold detector as

(3.21)

g =

. 1, if N, >¥
b —
0, if N, < ¥,

where fyq is the demodulated bit of b, at the RX and ¥ is the detection threshold. Based on
(B:20) and (3.21)), the error probability of b, for b, = 1 and b, = 0 are

Pr (b, = 0lb, = L,b1;g—1) =Pr(N, < ¥|by = 1,b141) (3.22)
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Figure 3.2: PMF of NJ), plotted by simulation and Poisson distribution,where ¢ = g = 1, Dy =

9 um?/s, k¢ = 30 um/s, and Dy = Dy = 8 um?/s. For other parameter values, please see Table
For the simulation details, please see Section 3.6

and
Pr (b, =1|by =0,b1;y—1) = 1 —Pr (N, < ¥|by = 0,b1,4—1), (3.23)
respectively. The BER of the gth bit, denoted by ®[g|bi.4—1], is given by
D, [g|b1.g—1] = PiPr (b, = 0|by = 1,b1.y—1) + PoPr(by = 1|bg = 0,b14_1). (3.24)

We denote ®; as the average BER over all realisations of by.,_; and all bits from 1 to Q
for the static scenario. We present ® as

_ 1 & , D [q|by.o—
o=—Y Zb"“engqsl[q‘ o), (3.25)
g=1

Ql

where §q stands for all realisations of by.,_.

3.5.2 Average BER for Mobile MC
3.5.2.1 Statistical Analysis of Absorbed Molecules

We denote Ng, as the number of molecules absorbed during the gth bit interval when vesicles
that store these molecules are released at the beginning of the gth bit interval in the mobile
scenario. Due to the distance between the centres of the TX and RX being a RV when releasing
molecules, we clarify that Nj', cannot be approximated as a Poisson RV as shown in Fig.
[3.2] To obtain the accurate PMF for mobile MC, we divide the molecule release process into

multiple intervals, detailed as follows.

To obtain the PMF of N;‘g, we first define a release duration, denoted by [tg,te,g], of trans-
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(a) Definition of the release duration (b) Division of the release duration

Figure 3.3: (a). Definition of the release duration [f,,fe o], Where 1) fe g = t, + T if 1, + T, < f441 and
2) teg = tyu1 if tg + Tp > 144 1. (b). Dividing release duration [tg,te,g] into C release intervals, where
the release of molecules during the cth release interval is assumed as an impulsive emission at time
A (2c—1)AT
Tge=lgt =75

mitting bg if by = 1 as shown in Fig. We denote 7, as the start time of the gth bit interval,
ie.,tg =1+ (g—1)Tp, and . 4 as the end time of the release duration. We then denote T, as the
period for all molecules released from the TX membrane, where 7, is calculated by finding the
minimum 7, that satisfies F;(7,) > 0.998 when n = 10000 in (3.7). Here, we set the threshold
at 0.998 such that the calculation of 7, is sufficiently accurate. Since detection in the gth bit
interval only depends on molecules released before or within the current bit interval, we have
leg =tg+ Tpif 1o+ 7y <1,11. Otherwise, fe ¢ = T, 1. We then consider the discretization of the
release duration into C release intervals, as shown in Fig. We denote At as the length
of each release interval, which is given by At = % The expected number of molecules
released within the cth interval is Nyn (F; (tg + cAT) — Fi(t, + (¢ — 1)At)). We denote 7, as

L;)M. Since it

the middle time of the cth release interval, which is obtained as T, =1, +
is cumbersome to incorporate into the theoretical analysis of the precise distance between the
TX and RX when each molecule is released, we assume that all molecules released within the
cth release interval are combined into an impulsive emisson in the middle of the cth release
interval, i.e., the number of molecules Ny1 (F;(t, +cAt) — Fy(t,+ (¢ — 1)At)) are impulsively

released at time £, . from the TX membrane in the subsequent analysis.

We denote rz, as the distance between centres of the TX and RX at time 7, .. We further
denote r, as the vector that contains all Ity forcfrom1ltoC,ie. r,= [rf-gy Y PPN S rfgvc].
For a given r,, the expected number of molecules absorbed during the gth bit interval for trans-

mitting b, is

c
Voe :ngan (Fi(tg +cAT) =R (tg+ (c— 1) A7) (Hu(tg+1—Tg.c) —Hu(tg— %) ‘
c=1

ro=rt, ..Da=D1"

(3.26)
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For a given r,, we can approximate Ny, as a Poisson RV that is given by

(Xq g) €xp (_X;Ig)
b4 ’

Pr(Ny, = ¥rg) = (3.27)

For the mobile TX and RX, each element in r, is a RV, and we need to determine the
joint PDF for each element in r,, denoted by &(r,|ro). By considering free diffusion as a
memoryless process, i.e., the current state only depends on the previous one state, g(rg|ro) is
given by [1335} eq. (65)]

a

g(rglro) :H ;’Tgt|r1gc1 (3.28)

c=1

where Tt = T10-

Based on (3.27) and (3.28)), we derive the PMF of N

Pr( / / Pr (N, = ¥|lg) & (rglro)drs,,...drs, . (3.29)
We present Pr(N;’, = ') in the following theorem:

Theorem 3.4. The PMF for the number of molecules absorbed within the gth bit interval when
vesicles that store these molecules are released at the beginning of the gth bit interval, is given
by

C
Pr(NJ, = ¥) Tl/ / (xr,) exp —x0) 16 (re, |re,. )dre,, dre, .. (3.30)

c=1

where the multiple integral can be calculated numerically using the built-in function Nintegrate

in Mathematica.

In Fig. we plot the PMF of Ny, using (3.30) and simulations to validate (3.30), where
the number of intervals from 1 to 3 is adopted. We also set the length of the release duration to
be equal to the bit interval Ty, i.e, t. , — 1, = Ty,. We further calculate the R-squared coefficient

or (3.30) with varying C. The R-squared coefficient is 0.9741, 0.9709, and 0.8637 for C
varying from 3 to 1. This indicates that the accuracy of increases with an increase in the

number of release intervals.

3.5.2.2 Average BER

We denote Ng' as the number of molecules absorbed within the gth bit interval, which is given

by N' = 7 1 N+ As in [136], we assume that T}, is sufficiently long such that elements in
Nm = [N;nl,N;nz, N;‘q] are independent of each other. Therefore, the PMF of N,‘]n equals the
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Figure 3.4: PMF ofN(‘;}g, where Dy =50m?/s g =g =1, kf = 30 um/s, and Dy = Dy = 8 um?/s.

For other parameter values, please see Table[3.3] For the simulation details, please see Section [3.6]
Table 3.2: R? for the CDF of N}, where Ny = 200

n 5 10 20 30 40 50

R* | 0.999 | 0.9988 | 0.9967 | 0.9965 | 0.9503 | 0.8415

convolution of the PMF of each element in Ng‘ [137]]. We consider a vector § = [g 1,825 00y gr],
where 81 < g, < ... < &r, as a subset of vector [1,2,...,q|, where § contains all subscripts of bit
1 for a given bit sequence by.y, i.€., bg, = b, = ... = bg. = 1. Thus, we express the PMF of

m
Nq as

Pr(Ny' =¥biy) = {Pr(NJ,, =0: ) «Pr (N}, =0:F)%..xPr (N, =0: %) } [T+ 1],
(3.31)

where Pr (fogy =0: ‘f’) = [Pr (N;1§y = O) ,Pr (N;‘g,y = 1) , ., PT (N;‘J:g ) = ‘Y)} with each el-
ement given by (3.30) and {-} [¥ + 1] represents the (¥ + 1)th element in {-}. The CDF of
N is given as Pr (N;’f1 < ‘I’|b1;q) = ngl;(l)Pr (N;n = 1//|b1;q) )

In Table we calculate the R? for the CDF of Ng', where we vary 1 and set Ny =
200, ¢ = 1, Dy = 50 um?/s, k¢ = 30 um/s, Dy = Dy = 8 um?/s, and C = 3. For other
parameter values, please see Table We observe that the R*> decreases with an increase
in  when N, is fixed, which indicates that the accuracy of the theoretical analysis for the
CDF of Nj' decreases with the increase in the number of stored molecules in each vesicle.
This is caused by the assumption that all molecules released within the release interval are
combined into an impulsive emission. When 7 increases, the number of molecules in each
release interval increases such that the inaccuracy of this assumption increases. One method to
reduce this inaccuracy is increasing the number of release intervals, which incurs an increase

in computational complexity.
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By adopting the same detection criterion as in (3.21), except replacing N, with Ng', we
derive the error probability of Bq for b, = 1 and b, = 0 for the mobile scenario, denoted by
Pry (by = 0|b, = 1,b14—1) and Pry, (b, = 1|y = 0,by1,4—1), as

Pry (by = 0lbg = 1,b1g—1) =Pr (N <¥|by = 1,b1,4-1) (3.32)
and
Pry (by = 11by = 0,b1,g1) = 1—Pr (N < ¥|by =0,b1, 1), (3.33)
respectively. The BER of the gth bit, denoted by @, [g|bi.4—1], is given by
Dn[g|bi:g—1] = PiPrm (by = 0|by = 1,b1y—1) + PoPrm (by = 1|by = 0,b1;9—1).  (3.34)

We denote @, as the average BER over all realisations of by, and all bits from 1 to Q.

®,, is obtained as

1

Py, =

2 Zbl:t]*leétl q>m[q|b1:q,1] (3 35)
1

Z 2q—1

q=

Ql

3.6 Simulation Framework for MF-based TX

In this section, we describe the stochastic simulation framework for the MF-based TX. We
use a PBS method that records the exact position of each vesicle. In particular, we determine
coordinates of the release point and release time of each molecule for both scenarios.

For the static scenario, we denote the locations of a vesicle at the start and end of the Jth
simulation interval by (xy—1,yy—1,2z—1) and (xz,yz,2z ). respectively. If the distance between
a vesicle and the TX’s centre is larger than r; at the end of the Jth interval, we assume that the
vesicle has hit the TX membrane. As described in Section[3.2.1] this vesicle then fuses with the
TX membrane with probability kf\/?fs and is reflected with probability 1 — k¢ %fs, where
At is the simulation interval. Molecules stored in a vesicle are released at the time and location
where the vesicle is fused with the TX membrane. Thus, we need to derive where and when
the fusion of vesicles with the membrane occurred in the simulation. For a vesicle fusing with
the TX membrane during the ¥th simulation interval, we assume that the intersection between
the line that is formed by (xz—1,y7-1,27—1) and (xg,yz,z%) and the membrane is the fusion
point whose coordinates, denoted by (xrz,yr 7.2, ), are given by [67, egs. (38)-(40)]

—AyE\[A2—4A A,
Xig = : (3.36)

2A
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Xty — Xg— T
Vg = ( £.X X 1)(yx Yz 1) o1, (3.37)

Xy —Xgz—1

and

g = g T (3.38)

XZ _XZ*l

respectively, where Ay = (xy —x7-1)> + (vg —yz—1)>+ (zg —27-1)* A2 =2(yz —yz-1)

X (xgyz—1 —xg-1y7) +2(zzg —2z1) g2z 1 —xg-12g), and As = xz1 (v —yz—1) (g-1yz —
2yg-13g +yz-1xg) Fxg-1 (27 —2g-1) (12 = g2z -1 Fxgazz-1) + (g —xz-1)? 0% +
z%_l —rr). In (3.36), x;y is chosen by satisfying (xfz —xz—1)(xry —xz) < O since xgy is
between x| and xy. We next determine the release time, which is crucial for the subsequent
simulation of the molecule propagation and absorption at the RX, via interpolation. We denote
fy—1 as the start time of the ¥th simulation interval and 7y_; + At; 5 as the fusion time of the
vesicle within the yth simulation interval. Since each vesicle follows Brownian motion, the
square of the displacement is proportional to the time within the same simulation interval.

Therefore, we derive Aty as

(xpz —xz-1)%+ Oty —yz—1)* + (zt7 —25-1)
(xg —xz-1)+ (vg —vz—1)* + (zz —2z-1)?

Aty y = ’ At;. (3.39)
For vesicles failing to fuse with the TX membrane, we assume in the reflection process that
they are sent back to their positions at the start of the current simulation interval [67].

For the mobile scenario, we denote (x‘fflz, yElZ,ZElZ) as coordinates of the fusion point for the
mobile TX, which are given by x{, = xiz +xr(Ty—1 + Atey), Yy =Yeg + ye(fy—1 + Dteg),
and zf% = zgy +zr(fg—1 + Dtrg). x:(t), yr(t), and z(¢) are coordinates of the TX’s centre at
time ¢. The calculation of the fusion time for the mobile TX is the same as that for the static
TX.

3.7 Numerical Results

In this section, we present numerical results to validate our theoretical analysis and provide
insightful discussion. The simulation time interval is Az = 0.001 s and all results are averaged
over 10* realisations. Throughout this section, we set simulation parameters as in Table
unless otherwise stated. In Figs. [3.5] [3.6] [3.8] we vary the forward reaction rate constant
and vesicle diffusion coefficient to investigate their impacts on molecule release, time to reach
the peak molecule release rate, and molecule absorption for the static and mobile scenarios.
Analytical results in Figs. [3.5 3.8] 3.9] are verified with simulations. Specifically, we

observe agreement between our simulation results and analytical curves derived in Sections
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Table 3.3: Simulation Parameters for Numerical Results

Parameter Variable Value | Reference
Number of vesicles released Ny 200
Number of molecules stored in each vesicle n 5
Radius of the TX/RX re/ e [Um] 10 [138]]
Diffusion coefficient of the vesicle Dy [um?/s] 9, 18,50 (114]
Forward reaction rate constant ke [um/s] 2,5,30
Fixed distance for static MC/Initial distance 1/l [um] 40
for mobile MC oLk
Rate constant of molecule degradation ka [s71] 0.8 [67]
Diffusion coefficient of molecule A D, [um?/s] 1000 [122]
Time to release vesicles/transmit b, for o] )
mobile MC
Diffusion coefficient of the TX/RX for 9
mobile MC Dy /Dy [um*/s] 8, 10 [[78]]
Length of the transmitted binary bits 0 5
Bit interval Ty [s] 2 [139]
Probability to transmit bit 1/0 P /P 0.5 (78]
Number of divided release intervals C 3
o 1000 L B cac
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Figure 3.5: Molecule release rate from the MF-based TX at time 7 and the number of molecules

released from the MF-based TX by time ¢ versus time ¢ for three parameter sets.

3.3 3.4, 3.5] which demonstrates the accuracy of our analysis.

3.7.1 MF-based TX Model Analysis

In Fig. 3.5 we plot the molecule release rate from the TX at time ¢ versus time 7 in Fig.
and the number of molecules released from the TX by time 7 versus time 7 in Fig. [3.5(b)] First,

by comparing parameter sets 1) and 2) in Fig. we observe that the peak release rate
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Figure 3.6: Time to reach the peak molecule release rate from the TX versus ry for five parameter sets.

decreases and the tail of the release rate becomes longer with a decrease in k¢. This is because
the decrease in k; reduces the fusion probability between a vesicle and the TX membrane.
Second, by comparing parameter sets 1) and 3) in Fig. [3.5(b)l we observe that the peak release
rate increases and less time is required for the TX to start releasing molecules with an increase
in Dy. This is because increasing D, accelerates the movement of vesicles. Third, in Fig.
[3.5(b)l we observe that all molecules can be released from the TX due to the impulsive release
of vesicles if the release period is sufficiently long.

In Fig. [3.6] we plot the time to reach the peak molecule release rate from the TX, denoted
by t,r, versus the radius of the TX by searching for the peak value in (3.3) and recording the
corresponding time. First, we observe that the time to reach the peak release rate increases
with an increase in r;. This is because a vesicle needs to diffuse for a longer time to arrive
at a TX membrane with a larger radius. Second, by comparing parameter sets 1), 2), and 3),
we observe that the time increases with a decrease in k¢. This is because lower k¢ reduces the
fusion probability, such that it takes a longer time to reach the peak probability. Third, by
comparing parameter sets 1), 4), and 5), we observe that the time decreases with an increase in
D,. This is because a larger value of D, enables vesicles to move faster, such that less time is

required for the vesicle to arrive at the TX membrane.

3.7.2 CIR for Static & Mobile MC
3.7.2.1  Static MC

In Fig. we plot the end-to-end molecule hitting rate at the RX at time ¢ versus time ¢ in
Fig. and the end-to-end number of molecules absorbed at the RX by time ¢ versus time
t in Fig. We observe several similar trends between the hitting rate in Fig. and
the release rate in Fig. for varying kr and D,. For example, the peak end-to-end hitting

rate decreases with a decrease in k¢, as seen when comparing parameter sets 1) and 2), and the
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Figure 3.7: End-to-end molecule hitting rate at the RX at time ¢ and end-to-end number of molecules
absorbed at the RX by time ¢ versus time ¢ for three parameter sets.

peak end-to-end hitting rate increases and less time is required for molecules to start hitting the
RX with an increase in Dy, as seen when comparing parameter sets 1) and 3). These similar
observations are due to the fact that absorption of molecules at the RX is directly influenced

by the release of molecules at the TX.

The MF-based TX relaxes two major assumptions of the widely-applied point TX model.
The first assumption is the instantaneous release of molecules, and the second assumption is
molecules released from a point. To investigate the relative importance of these two assump-
tions to the difference between the MF-based TX and the point TX, we plot the hitting rate at
the RX for a gradual point TX and a spherical TX, separately, in Fig when D, =9 um? /s
and k¢ = 30 um/s. The gradual point TX is a point TX that releases molecules gradually with
the release rate f;(¢). The hitting rate of the gradual point TX is given by f;(¢) * e (2) }r

a=ro’
The spherical TX is a TX that instantaneously releases molecules uniformly over the mem-

brane. The hitting rate of a spherical TX is given in (3.9). From Fig. we observe the
deviation between curves of the MF-based TX and the gradual point TX is extremely small,
while the deviation between the MF-based TX and the spherical TX is huge. Therefore, we
conclude that the gradual release is the more important element to distinguish between the
MF-based TX and the point TX.

In Fig. we observe that the asymptotic number of molecules absorbed at the RX
for the three parameter sets is the same. This is because varying k¢ and D, do not change the
total number of released molecules from the TX after a sufficiently long time as shown in Fig.
3.5(b)}, which leads to the total number of molecules absorbed eventually being the same. This

observation also complies with Remark [3.2]

In Fig. we also consider the TX membrane as a reflecting boundary to the molecules
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Table 3.4: R? of He(t) when the TX membrane is reflecting
ro (um) | 40 38 36 34 32 28 26 | 24
R? 0.9952 | 0.9962 | 0.9964 | 0.9974 | 0.9977 | 0.9995 | 0.999 | 0.993
ro (um) 22 21.5 20
R? 0.9684 | 0.9457 | 0.9188
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Figure 3.8: Expected end-to-end molecule hitting rate at the mobile RX at time ¢’ + 7 versus time 7,

where Dy = Dy = 8 um?/s.

in the propagation environment to relax assumption AS in Section [3.2.1} where molecules are
reflected back to their positions at the start of the current simulation interval if they hit the
TX membrane. We perform this simulation and plot the number of molecules absorbed. We
observe that small differences exist between the simulation and analytical curves for the three
parameter sets due to AS. Moreover, we calculate RZ%. For parameter sets 1), 2) and 3), the
R? is calculated as 0.9952, 0.9980, and 0.9999, respectively, which are quite close to 1. To
further investigate the impact of decreasing distance between the TX and RX on R? for the
end-to-end number of molecules absorbed, we calculate R? for varying rq in Table where
ke =30 um/s and D, =9 umz/ s. From this Table, we observe that the R? first increases
with the decrease in ry, reaches the highest at o = 28 yum, and then decreases. Compared to
a transparent TX membrane, the near side of the reflecting membrane (i.e., closer to the RX)
impedes molecules from diffusing further away from the RX such that the RX can absorb more
molecules, while the far side of the TX membrane impedes molecules released from that side
from being absorbed by the RX. Hence, the highest R? is achieved when the effects of the
near side and far side on molecular absorption are almost equal. Accordingly, the impact of

considering a reflecting TX membrane on the CIR analysis is significant when ry is extremely

small.
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Figure 3.9: Average BER versus the detection threshold for (a) static MC, where ks = 30 um/s and
(b) mobile MC, where D, = 50 um?/s and kf = 30 um/s.

3.7.2.2 Mobile MC

In Fig. we plot the expected end-to-end molecule hitting rate at the mobile RX at time ¢’ + T
versus time 7, where k¢ and Dy, are varied in Fig. and t' is varied in Fig. First, the
overall trend of the expected end-to-end hitting rate in Fig. has identical observations
as the hitting rate in Fig. for varying k¢ and Dy. Second, in Fig. [3.8(b)| we observe that
the expected end-to-end hitting rate decreases with an increase in #’. This is because larger ¢/
means that the TX releases an impulse of vesicles after the TX and RX have been diffusing for
a longer time, such that the distance between the TX and RX becomes longer on average. This
observation also indicates that the communication becomes impractical when ¢’ is sufficiently
large since the hitting rate eventually tends to 0.

3.7.3 BER Analysis for Static & Mobile MC

3.7.3.1 Static MC

In Fig. we plot the average BER ®; versus the detection threshold ¥ for static MC,
where different vesicle diffusion coefficients and bit intervals are adopted to investigate their
impacts on the average BER. We first observe that the BER is much larger compared to the
other parameter sets when Dy, = 9 um?/s and T;, = 2 s. This is because the period for all
molecules to be released from the TX membrane, 7, calculated as 9.5 s, is much larger than the
bit interval. Therefore, severe ISI is expected which dominates the BER. This also illustrates
the difference between the MF-based TX and an ideal point TX. For the ideal point TX, the
ISI is only caused by the diffusion of molecules in the propagation environment. For the
MF-based TX, the ISI is also introduced by the signalling pathways inside the TX. Second,



48 Membrane Fusion-Based Transmitter Design

we introduce three methods to decrease the ISI. The first method is increasing the diffusion
coefficient of the vesicle. By comparing parameter sets 1) and 2), we observe a dramatic
decrease in the BER with the increase in D,. This is because an increase in D, reduces the
period for releasing molecules, such that ISI decreases. Given that the active transport of
vesicles along microtubules is much faster than free diffusion [140], the investigation of active
transport of vesicles within the TX is an interesting future work for reducing the ISI. The
second method is increasing the bit interval. By comparing parameter sets 1) and 3), we
observe that the average BER decreases with an increase in 7;,. This is because a larger Ty
enables the RX to absorb more molecules in the current interval, such that fewer molecules
are left to influence subsequent bit detection. One drawback of increasing the bit interval is
reducing the data transmission rate. The third method is applying a sequence detector in MC
to mitigate the ISI as described in [51]].

3.7.3.2 Mobile MC

In Fig. we plot the average BER @, versus the fixed detection threshold ¥ as in [79]
for mobile MC, where different TX and RX diffusion coefficients and the number of molecules
stored within each vesicle are applied to investigate their impacts on the average BER. First,
by comparing parameter sets 1) and 2), we observe that the average BER increases with an
increase in D; and Dg. This is because faster motion of the TX and RX results in a more
stochastic channel such that the detection ability at the RX is reduced. Second, by comparing
parameter sets 1) and 3), we observe that the minimum BER decreases with an increase in 1.
This is because a larger 11 means that more molecules are released from the TX such that more

molecules are absorbed within the RX. This increases the detection accuracy at the RX.

3.8 Conclusion

In this chapter, we proposed a new TX model that is based on MF between vesicles generated
within the TX and the TX membrane to release molecules. We derived the molecule release
rate and the fraction of molecules released from the TX. By considering a fully-absorbing RX,
we derived the CIR between the MF-based TX and RX when both TX and RX are static or
diffusive mobile. By considering a sequence of bits transmitted from the TX, we calculated the
average BER for two scenarios. For the mobile scenario, we derived the PMF of the number
of molecules absorbed by dividing the molecule release duration into multiple release inter-
vals. Furthermore, we proposed a simulation framework for the MF-based TX. Our numerical
results showed that our analytical expressions are accurate. They also showed that a low MF
probability or low vesicle mobility slows the release of molecules, extends the time to reach

the peak release rate, and reduces the end-to-end molecule hitting rate at the RX. Moreover,
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numerical results highlighted the difference between the MF-based TX and the ideal point
TX in terms of the ISI, since the ISI of the ideal point TX is only caused by the diffusion of
molecules in the propagation environment whereas the ISI of the MF-based TX is also caused

by the signalling pathways within the TX.
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Chapter 4

Analysis of Receivers Covered by
Heterogeneous Receptors

4.1 Introduction

In this chapter, we consider an RX covered by heterogeneous receptors. Specifically, we model
the receptors as APs and assume that there are multiple non-overlapping! APs on the RX sur-
face, where the APs can have different sizes and arbitrary but fixed locations. When molecules
hit an AP, they are absorbed by the RX. In particular, we refer to RXs with heterogeneous
APs as AP-based RXs and summarize the differences between these AP-based RXs and the
ligand-receptor model as follows: 1) the binding of a ligand to a receptor is reversible, while
the molecules are fully absorbed by the APs, ii) the ligand-receptor interaction depends on
the specific types of receptors and ligands involved, while we consider generic molecules and
APs in this chapter, and iii) the ligand-receptor interaction may trigger subsequent reactions
within the cell, while we do not consider further reactions after molecules are absorbed by the
RX. Moreover, we consider two different TX models, namely, the point TX and the MF-based
TX. We assume that the point TX and the center of the MF-based TX have a fixed distance to
the center of the RX, as shown in Fig. 4.1} and can be located at any point on the surface of
the sphere defined by the TX-RX distance. Furthermore, we assume that the molecules may
degrade while propagating in the channel. For the considered MC systems, we investigate the
expected end-to-end CIR between TX and RX, averaged over all possible locations of the TX.
Here, the expected CIR is defined as the expected molecule hitting rate at the RX [45]. Ad-
ditionally, we consider a sequence of bits transmitted from the TX to the RX and investigate
the error probability of the end-to-end MC system. In summary, our major contributions are as

follows:

1) We derive the expected molecule hitting rate, the expected fraction of absorbed molecules,

and the expected asymptotic fraction of absorbed molecules as time approaches infinity

'We assume that all APs are of the same type. If some APs overlap with each other, they would be regarded as
a single AP of a larger size.
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at an RX with heterogeneous APs, which we refer to as AP-based RX. All expressions
are functions of the sizes and locations of all APs. The derived expressions allow us to
investigate the impact of different numbers, sizes, and locations of APs on molecular

absorption.

2) Aided by PBSs, we verify the accuracy of the derived analytical results. We also show
that, for a given total area of the RX surface covered by APs, the expected number of
absorbed molecules increases with the number of APs, but this increase becomes slower

for a larger number of APs.

3) We compare three spatial distributions of the APs by examining the number of absorbed
molecules at the RX. Specifically, we consider APs that are respectively evenly and
randomly distributed across the entire RX surface, and APs that are evenly distributed
within a region of the RX surface. Our results show that evenly distributed APs across
the entire RX surface (i.e., the APs are equally spaced) result in a larger number of

absorbed molecules than the other two distributions.

4) We compare three different combinations of TX and RX models in terms of their CIRs
and error probabilities. In particular, we consider the combination of i) a point TX and
a fully absorbing RX (PTFR), ii) a point TX and an AP-based RX (PTAR), and iii)
an MF-based TX and an AP-based RX (MTAR). Our results show that compared with
the ideal PTFR model, AP-based RXs cause a lower peak and shorter tail of the CIR.
Furthermore, both PTAR and MTAR result in a much higher error probability compared
to PTFR. This indicates the importance of our analysis of realistic TX and RX models

since the existing CIR and BER analyses for ideal models are not accurate in practice.

The rest of this chapter is organised as follows. In Section {.2] we describe the system
model. In Section[d.3] we derive the CIR between a point TX and an AP-based RX. In Section
A.4 we analyze the CIR between an MF-based TX and an AP-based RX. In Section [4.5] we
calculate the error probability of the MC system. In Section 4.6] we present and discuss our

numerical results. In Section 4.7, we draw some conclusions.

4.2 System Model

In this chapter, we consider an unbounded 3D environment, where a TX communicates with
a spherical RX, as depicted in Fig. We choose the center of the RX as the origin of the
coordinate system and denote the radius of the RX by r;. We assume that the propagation envi-
ronment between TX and RX is a fluid medium with uniform temperature and viscosity. Once
type A molecules are released from the TX, they diffuse randomly with a constant diffusion

coefficient D,. We consider unimolecular degradation in the propagation environment, where
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Figure 4.1: Illustration of the considered MC system model. (a): A point TX communicates with a
spherical AP-based RX. (b): A spherical MF-based TX communicates with a spherical AP-based RX.

the type A molecules can degrade to type A molecules that cannot be recognized by the RX,
ie., A ﬂ) A [113 Ch. 9], where kq [s_l] is the rate constant of degradation. In the following,
we first describe the novel AP-based RX model proposed in this chapter and then present the

considered TX models.

4.2.1 RX Model

We assume that there are N, non-overlapping APs on the RX surface, and denote the ith AP
by AP;. We approximate the shape of each AP as a circle?, where the radius of AP; is denoted
by a;. We further define A as the ratio of the total area of APs to the area of the RX surface,
ie, A= Zi\il a?/(4r2). In spherical coordinates, we denote [; = [ry, 6;, @] as the location of
the center of AP;, where 0; and ¢; are the polar angle and azimuthal angle, respectively. As the
APs are non-overlapping, the locations and radii of the APs satisfy |7; - 7;| >a;+aj, Vi, j €
{1,2,...,Np}, i # j. Once a molecule hits an AP, it is absorbed by the RX. As is customary in the
literature [[61]], we ignore the occupancy of the APs by molecules such that several molecules
can be concurrently absorbed by the same AP. Furthermore, we model the area of the RX
surface that is not covered by APs as perfectly reflective, which means that the molecules are

reflected back once they hit this part of the RX surface.

4.2.2 TX Model

In this chapter, we consider the following two TX models:

2Technically, the shape of the AP is not a circle when APs are located on a sphere. However, assuming circular
APs is reasonable when the size of the AP is extremely small as compared to the size of the RX, e.g., when the
ratio of the total area of APs to the area of the RX surface is less than 5%.
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4.2.2.1 Point TX

First, we consider a point TX communicating with an AP-based RX, cf. Fig. The
point TX has distance ry to the center of the RX. For a given ry, the TX can be located at any
point on the surface of a sphere with radius ry around the RX and the CIR depends on the
exact location of the TX. This is due to the fact that the considered RX has a heterogeneous
boundary condition where the locations and sizes of the APs are determined by I; and a;,
respectively. Thus, we focus on the expected CIR averaged over all possible locations of the
TX with distance ry to the RX. We emphasise that the expected CIR for the given TX-RX
distance is an important characteristic since, in practice, measuring the distance between two
cells is much easier than determining their relative orientation. Specifically, cell A can measure
its distance to cell B by detecting the nearby concentration of molecules released by cell B
(1411

4.2.2.2 MF-based TX

Second, we consider a spherical TX, namely the MF-based TX, communicating with an AP-
based RX, cf. Fig. d.1(b)l where the MF-based TX model was proposed in Chapter 3] Similar
to Section [4.2.2.1, we assume that the center of the MF-based TX is located at a distance ry
from the center of the RX. Thus, the center of the MF-based TX can be located on any point
of the surface of a sphere with radius ry around the RX, and the expected CIR is averaged over
all possible locations of the MF-based TX.

We emphasise that the fundamental difference between the two models in Fig. [4.1] are
the different TX models, where a point TX, which releases molecules immediately into the
propagation environment, is considered in Fig. and an MF-based TX, which gener-
ates vesicles at its center, is considered in Fig. . 1(b)] We note that the release process of

molecules in Fig. is more complex and practical than that in Fig. Thus, the
model considered in Fig. d.1(b)|enables us to investigate a practical end-to-end MC system.

4.2.3 Bit Transmission

Similar to Section4.2.3] we consider that information sent from the TX to the RX is encoded
into by.g = [b1,b2,...,bg]. At the TX side, we adopt ON/OFF keying for modulation. At the
RX side, we adopt the threshold detector to demodulate b,,.

4.3 Analysis of the CIR for a Point TX

In this section, we assume a point TX and derive i) the expected molecule hitting rate, ii) the
expected fraction of absorbed molecules, and iii) the expected asymptotic fraction of absorbed

molecules as ¢t — oo at the AP-based RX by applying boundary homogenization [[142]. To this
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end, we first derive the expected CIR of an RX with uniform surface reaction rate. Here, a
uniform surface reaction rate implies that the reactivity of the molecules is identical for all
points on the RX surface. We then consider the system in steady state and derive the diffusion
current of molecules across the RX surface. We note that the diffusion current [molecule -
s~!] is the rate of the molecule movement per unit time. Based on the diffusion current in
steady state, we finally determine the effective reaction rate constant and apply it to derive the
expected CIR of an AP-based RX.

4.3.1 Problem Formulation

In spherical coordinates, we denote the molecule concentration at time ¢ at location 7 by
C(|?
condition can be expressed as follows[[130, Eq. (3.61)]

,t), |F| > rg. For impulsive release of molecules from the TX at time ¢ = 0, the initial

. 1 .
C(]r\,t%O)ZWS(M—rO). 4.1

0
After their release, the movement of the molecules by diffusion in the propagation environment
is described by Fick’s second law as follows [[129]]
oc(|rl.1)

T - DAVZC(‘?

,l‘) —de(|?

1), 4.2)

where V? is the 3D spherical Laplacian. For molecules hitting the RX surface, the reaction
between the molecules and the RX surface is described by the radiation boundary condition
[130, Eq. (3.64)], given by

5 9C(7L1)

A 3] = wC(r,1), 4.3)

\7\:rR
where w [um/s] denotes the surface reaction rate constant. We note that w — oo when 7 € Qap
while w = 0 when 7 € Qg, where Qap and Qr denote the areas of the RX surface that are cov-
ered and not covered by APs, respectively. Due to the heterogeneous boundary condition in
@73), it is difficult to directly solve [#.2) to obtain C(|F

boundary homogenization to derive the expected CIR. The main idea of boundary homoge-

,t). Hence, in this chapter, we apply

nization is to replace the heterogeneous boundary condition in (4.3) by a uniform boundary
condition with an appropriately chosen effective surface reaction rate constant, denoted by we.
This means that we replace the RX surface with heterogeneous boundary conditions shown in
Fig. with an equivalent uniform surface with reaction rate constant w.. Hence, (4.3)) can
be re-expressed by replacing w with w.. We derive the expected CIR of the RX and w, in the

following subsections.
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4.3.2 Expected CIR of RX with Uniform Surface Reaction Rate

In this subsection, we analyze the expected CIR of an RX with uniform surface reaction rate
constant w. Based on the initial condition in (4.1) and the boundary condition in (@.3), the
authors of [130]® derived C(|7,¢) by solving (@#2) when k4 = 0. We denote /,(f,w) as the
expected molecule hitting rate at an RX with uniform surface reaction rate. We derive A, (7, w)

including the effect of molecule degradation in the following lemma.

Lemma 4.1. The expected molecule hitting rate at an RX with uniform surface reaction rate

constant w at time t when molecules are released from a point TX at time ¢ = 0 is given by

mulron) =" | e (=5 at) = f0n) expl200) 0= ) + L)

cerfe (; + ?(W)JDTrﬂ , (4.4)

where & = i%%i, P(w) = Wg‘;f/‘, and §(w) = 9(w)?D, — kq.
Proof: According to [59], i, (f,w) can be obtained as hy (r,w) = hy (¢, w) {kd:O x exp (—kqt).
We also find Ay (1,w)| Km0 = 4nrgwC(ry.1)| t,—o based on [130, Eq. (3.107)]. Combining these
two results, we obtain (4.4). [ ]
We now denote H,(z,w) as the fraction of molecules captured by the RX by time ¢ and

present it in the following corollary.

Corollary 4.1. The fraction of molecules captured by an RX with uniform surface reaction

rate constant w by time ¢, when molecules are released from a point TX, is given by

Hy(t,w) = r:” loa (1) — o (1, w)]. 4.5)

where

i (t) = 2¢1;TA [exp(—ﬁ)erfo (é - J@) —exp ([3) erfc <\; + \/@)] (4.6)
and

1 P(w)exp(—B)
o (t,w) = 2T0w) (w1 (t,w) — ya(t,w)] — T 4.7

with
&
NG

3We note that the RX in [130] is fully covered by receptors, where the forward reaction rate constant between
receptors and molecules is given by w.

VA (taw) = 29(w) exp (3(w) (1o — 1) + £ (w)r)erfec ( T ?(w)m) Y
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>

waleow) = (9072700 ) esol-Blet (£ = Viar) - (3007722490

X [exp(—ﬁ) —exp(p)erfc (\‘;+ kdt”, (4.9)

erf(-) = 1 —erfc(+) is the error function [57], and B = (ro — rx)vka/Da.

|

Proof: We derive H,(t,w) via Hy(t,w) = [y hy(u,w)du. By substituting @.4) into this
equation, we obtain (4.5)). [ |
We next denote H,.(w) as the asymptotic fraction of molecules captured by the RX as

t — oo. We present H, ..(w) in the following corollary.

Corollary 4.2. When molecules are released from a point TX, as ¢t — oo, the asymptotic frac-
tion of molecules captured by an RX with uniform surface reaction rate constant w is given
by

A

rewexp(—p) exp —B)

Hyoo(W) = b, (?(w) e )

(4.10)

Proof: Please see Appendix [B.1] |

4.3.3 Effective Reaction Rate Constant

In this subsection, we determine the effective reaction rate constant w.. First, we investigate
the diffusion flux and diffusion current of the molecules, which lays the foundation for deriving
We. We denote J as the diffusion flux [molecule - m~2-s~!] of the molecules, which is the rate
at which the molecules move across a unit area in a unit time [[129]]. We note that J is given by
[129] Eq. (2.6)]

4.11)

We next denote / as the diffusion current of the molecules, which represents the rate of
molecule movement across the RX surface in a unit time. We note that [ is given by I =
—47mr2J. The negative sign is due to the inward diffusion current. We next consider a steady-
state diffusion. In this condition, the molecule concentration does not change with time. Thus,
the partial derivative of the molecule concentration with respect to time is zero, and we have
AC(|F|,r)/dt = 0. If we set kg = 0 in (@.2)), we obtain

V2C(|#,t) = 0. (4.12)

As explained in [143], since (4.12)) is analogous to the Laplace’s equation for the electro-
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static potential in charge-free space, the diffusion current to an isolated absorbing RX of any

size and shape can be expressed as [[129] Eq. (2.24)]
I =4rnD,G(y, (4.13)

where we define G as the “capacitance” of the RX and Cj is the molecule concentration at
|| — oo in steady state*. We note that Co = 1 was adopted in some previous studies, e.g.,
[65] [144]. We further note that G measures the ability of the MC RX to absorb molecules,
which is different from the conventional electrical capacitance of a conductor, denoted by G.
However, according to [[129], if the MC RX and the conductor have the same size and shape,
G can be obtained as G = G/ (4mey), where g is the vacuum permittivity [145]. Since expres-
sions for G have been derived for a variety of conductors, we can obtain the corresponding G
directly. For example, we have G = 4meyry for a spherical conductor with radius ry [146] Eq.
(1)]. According to the relationship between G and G, we obtain the “capacitance” of a fully
absorbing RX with the same radius, denoted by G,, as G, = ry. Therefore, the diffusion cur-
rent of a fully absorbing RX, denoted by 1, is given by I, = 4nwD,rzCo, which aligns with the
derivation in [143] Eq. (1)] based on solving (4.12)). For the AP-based RX, the “capacitance"
of the RX, denoted by G,, was derived in [144] by using the method of matched asymptotic
expansions. In particular, the authors in [144] treated the space within the RX as an inner re-
gion and the space outside the RX as an outer region, and performed an asymptotic expansion
in the limit a; — 0 on each region. The matching conditions were applied to connect the inner
and outer solutions, and G, could be obtained by combining the matched local solutions. We

note that Gp, is a function of the size and location of each AP, and given by [144, Eq. (3.37a)]

1

G, Npymkry

s (e (B § o)

i=1j=i+1
£\\> B &
RIn ( = O(&m(=])], 4.14
w(sn(3)) wmro(on(5))) @19
Ny
whereK:f—é,m,—é"K’n, ZNLPZi_plm,,Sl ?(ln(j&)—g),ﬁ:(j\,;m> Xy,
and
5 7 1 [T | 2 7
f(z,.,lj):M+21nyz,.—zj|—21n(2+|z,.—zjy) (4.15)

i J

with I = [/ ry. In @14), O(-) represents the infinitesimal of higher order, which is omitted
during calculation. The accuracy of (@.14) when the O(+) term is ignored will be discussed in

4We note that the steady state can be achieved when considering the TX continuously releasing molecules.
Therefore, different from the scenario when the TX only releases an impulse of molecules, we have Cy # 0.
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Table 4.1: Summary of expressions for Calculating Gip:

Expression | Size and Distribution of APs
Any size, any distribution
Identical sizes, any distribution
Identical sizes, evenly distributed
Single AP

EEE

N
o0

Fig. 4.2]in Section
When all APs have the same size, (4.14)) can be further simplied as shown in the following

corollary.

Corollary 4.3. When all APs have identical sizes, i.e., a; = az = --- = ay,, G, can be simpli-

fied as follows

1 T K - o K
1__r 1+<1n(21< 2y FQLT) )+O<f<21n<)> @16)
G, NpKkry T plZU;rl 2

Proof: When a; = a; = -+ = ay,, we have m; = % and 9 = 0. By substituting m; and

¥ into (#.14)), we obtain [#.16). [ |

When the APs have the same size and are evenly distributed, i.e., equally spaced, on the
RX surface, (.16) can be further simplified as N, — oo by using the mean-field approximation
method [147)°, which results in [144, Eq. 4.7)]

SIn(k/Np) +In2—3
é:1<u-”+2( p) £1n CONy TN 4.17)

b IR Nk N,

We note that (4.17)) only depends on N, and not on the exact locations of the APs. We will
confirm the accuracy of in Fig. 4.8]in Section 4.6.1] Our results in Fig. 4.8 show that
even though (.17) is derived as N, — oo, (@.17) is still accurate when N, is small.

The capacitance of an RX with a single AP can be obtained by setting N, = 1 in #{.16).
In [144], the authors applied a higher order asymptotic expansion to derive a more accurate

expression, which is given by [144} Eq. (6.31)]

1

Gp

T

3\ k?/m+21 T

In Table we summarise the expressions for calculating 1/G, for different AP sizes

Np—l

and distributions. We denote /,(¢), Hy(), and H, . as the expected molecule hitting rate, the

expected fraction of absorbed molecules, and the expected asymptotic fraction of absorbed

SWe note that the ratio of the total area of APs to the RX surface is fixed and less than 1, which means as
Np — oo, we have a; — 0.
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molecules at an AP-based RX when the molecules are released from a point TX, respectively.

We present hy (1), Hy(t), and Hy, . along with w, in the following theorem.

Theorem 4.1. The expected molecule hitting rate, the expected fraction of absorbed molecules,
and the expected asymptotic fraction of absorbed molecules as t — oo at an AP-based RX when

the molecules are released at the TX at time ¢ = O are given by
ho(t) =hu(t,we), Hy (1) = Hy (t,We ), Hp oo = Hy oo (We ), (4.19)

respectively, where iy, (t,w), Hy(t,w), and H,(w) are given by (#.4), @.3), and @.10), re-
spectively, and

At (4.20)

We —

The expressions for G, are summarised in Table 4.1}

Proof: We note that the diffusion current of molecules across an AP-based RX, denoted
by I,, can be obtained by replacing G with G, in (#.13). The ratio between the expected
asymptotic fraction of absorbed molecules at an AP-based RX and at a fully absorbing RX is
equal to the ratio between the corresponding diffusion currents [65]. Thus, we have

Huw(We)lomo _ Ty, 4.21)

H, oo I
where Hy oo (we) ‘kd:O = r2we/ (ro(werx + D,)) based on (#.10), H, .. = rz /19 is the asymptotic
fraction of absorbed molecules as ¢ — oo at a fully absorbing RX [130, Eq. (3.116)], and
I, = 47D, Cy. By solving [#.21), we obtain (4.20). By substituting w, into @.4), @.3), and
#@.10), we obtain (4.19). [ |

4.4 Analysis of the CIR for an MF-Based TX

In this section, we consider an MF-based TX and derive the 1) expected molecule hitting rate,
ii) expected fraction of molecules absorbed, and iii) expected asymptotic fraction of molecules
absorbed as time ¢ — oo at an AP-based RX. To this end, we first derive the expected molecule
hitting rate at the RX when molecules are uniformly released from a spherical TX membrane
with radius r; at time ¢t = 0. A uniform release of molecules implies that the likelihood that a
molecule is released is identical for any point on the spherical TX surface. We recall that f;(7)
in (3.3)) represents the molecule release rate from the MF-based TX. By using f;(7) and the
derived expected hitting rate, we derive the expected CIR between the MF-based TX and the
AP-based RX.
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4.4.1 Expected Hitting Rate at AP-based RX for Uniform Release of
Molecules

The expected CIR analysis of the point TX in Section lays the foundation for deriving
the expected CIR of the MF-based TX. As vesicles are released from the center of the MF-
based TX, molecules are uniformly released from the TX membrane. Therefore, to derive
the expected end-to-end CIR between the MF-based TX and the RX, we first calculate the
expected CIR when molecules are uniformly released from the TX membrane at time ¢ = 0.
We denote the expected hitting rate at the RX due to the uniform release of molecules as A(r)

and present /(1) in the following lemma.

Lemma 4.2. The expected molecule hitting rate at an AP-based RX at time ¢ when a spherical
TX uniformly releases molecules from its surface at time ¢ = 0 is given by

h(t) = ;;Wro [&i(tro—re—re) =& (tro+ e — 1)), (4.22)
where
&1 (2,2) = exp (P(we)z+ & (we)t)erfe <0§(we)\/f—|— le)/,t) (4.23)

with @ (we) = §(we)y/Ds, and §(we) and & (we) are given in Lemmald.1]

Proof: When molecules are released from an arbitrary point & on the membrane of a
spherical TX, the expected molecule hitting rate at the RX is obtained by replacing ro with
re in hy(t) in @I9), where rg is the distance between point & and the center of the RX.
Following Appendix we derive h(t) by computing the surface integral of /,(z,r4) over
the TX membrane, which is given by

1
hy(t) = P [ . hp(t,ra)!m:mdx. (4.24)
By substituting /,(z,r4) given in (@.19) into (#.24), we obtain (#.22). [ |

We denote Hg(t) as the expected fraction of absorbed molecules at the RX and present

H,(t) in the following corollary.

Corollary 4.4. The expected fraction of molecules absorbed at an AP-based RX by time ¢

when a spherical TX uniformly releases molecules from its surface at time t = 0 is given by

Hy(r) = — ¢ (&= n) = Glemtn =), (4.25)

N 2”T”OC(W6
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where &, (1,z) is given in

& (t,z) = exp (P(we)z+ C(we)t) erfe <\/4ZTAt + w(we)\ﬁ> - Z\;IEGXP <_Z gi)

(“(We) - \/’7d> erf(\/fTAt - kdt> - (W(We) + \/17(1) (1 —exp <2Z\/§i>

[k,
xerfc <\/4ZTAt + kdt>>] —exp (—z Dd> . (4.26)

Proof: We derive Hy(t) via Hy(t) = [§ hs(u)du. By substituting (#.22)) into this equation,
we obtain ({.23). [ |

X

4.4.2 Expected CIR of AP-based RX for MF-Based TX

In this subsection, we derive the expected CIR for an AP-based RX when the molecules are
released from an MF-based TX. We denote /(1) as the expected molecule hitting rate at the
RX at time r when vesicles are released from the center of an MF-based TX at time t = 0 and

present /() in the following theorem.

Theorem 4.2. The expected molecule hitting rate at an AP-based RX at time  when vesicles
are released from the center of an MF-based TX at time ¢t = 0 is given by
_ 2rergkiweexp(C(we)t) & A2 jo(Anrr)

e (1) = 0 Zl Dy —sin(2gry) 307 ) =G (ot =)

4.27)

where &;3(7,z) = exp (7(we)z) 01(t,z) with

o1(t,z) = /0‘ exp (—(§(we) +DyA} )u) erfe ((If(we)\/t —u+ m> du. (4.28)

We note that (4.28)) can be numerically calculated by the built-in function in Matlab.

Proof: Please see Appendix [B.2] |

We note that (B3) can be further rewritten as the convolution between f;(7) and hs(2),

which indicates that the end-to-end channel between an MF-based TX and an AP-based RX

can be regarded as a linear time-invariant (LTT) system with input signal f;(7), system impulse

response h(t), and output signal Ay (7). We further denote Hyy (1) as the expected fraction

of absorbed molecules at the RX by time # when vesicles are released from the center of the
MF-based TX at time r = 0 and present Hy:(¢) in the following corollary.
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Corollary 4.5. The expected fraction of molecules absorbed at an AP-based RX by time ¢
when vesicles are released from the center of an MF-based TX at time ¢ = 0 is given by

Hie (1) = 2rrrrkiWe o A2 jo(Anr)
M ro8(we) = 2A,rr —sin(2,rr)

[Ea(t,ro—re—r) —Ea(t,ro+ 10 —1ri)], (4.29)

where &4(2,z) is given by

64(1,2) = exp(F(we)z + L Owe)1) 1 (1) 3 exp(—z k) (300) = Vi) 02(02)

2Vkq D,
1 5 kq exp (—z L’%)
f(ai(we)—i—\/lc»d) W(lfexp(valnt)) —exp ZZ\/;A 03(1,2) ——par
x (1 —exp (—DyAjt)), (4.30)

with 03 (t,z) = [yerf (41);(1—”) — vVka(r— u)> exp(—DyA2u)du and

G3(t,Z) — /Otexp (_Dvlnzu) erfc <4DAZ(Z_M) + \/kd(t—u)> du. (431)

We note that 0>(t,z) and (@.31)) can be numerically calculated by the built-in function
integral in Matlab.

Proof: We derive Hy(t) via Hye(t) = [ohmr(u)du = [§ fi(u)Hs(t — u)du. By substi-
tuting (3.5) and (4.29) into this expression, we obtain (4.29). [ |

As time t — oo, the expected fraction of absorbed molecules at the RX, denoted by Hy..,

approaches a constant value. We present Hy.. in the following corollary.

Corollary 4.6. As t — oo, the expected asymptotic fraction of absorbed molecules at an AP-
based RX when vesicles are released from the center of an MF-based TX at time ¢t = 0 is given
by

. IrWe o (we) k k,
Hyg..= 2”T”0C(We) ( \/]?d _1) [exp <_(r0_rT_rR) Di) —eXp <_(r0+rT_rR) Di)

Proof: Please see Appendix [ |
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4.5 Analysis of Error Performance

In this section, we consider a sequence of bits sent from the TX to the RX as described in
Section 4.2.3] and derive the resulting BER. We also calculate the optimal decision threshold
that minimizes the BER at the RX. We note that all results in this section are valid for both
point TXs and MF-based TXs.

For simplicity, we use H(r) to represent both Hy () and Hwr(t), where we recall that
H,(t) and Hyp (1) represent the fraction of molecules expected to be absorbed by the RX when
molecules are released from a point TX and an MF-based TX, respectively. We also use Ny to
represent Ny for a point TX and N, 1 for an MF-based TX, where we recall that 7 is the number
of molecules stored in each vesicle. Thereby, Ny represents the total number of molecules
released from the TX to transmit bit 1 in one bit interval. The fraction of molecules absorbed
during the gth bit interval for the molecules released at the beginning of the gth bit interval,
1<g<g,isgivenby H((¢g—g+1)T;) —H((q¢—g)T). We denote N, as the total number of
molecules absorbed during the gth bit interval. As we assume that the diffusion processes of all
molecules are independent and all molecules have the same probability of being absorbed, N,
can be approximated as a Poisson random variable (RV) when the number of emitted molecules
is large and the success probability of molecules being absorbed is small [[134]. Therefore, we

model N, as N, ~ Poiss(y ), where Poiss(-) denotes a Poisson distribution and x is given by

X = NiebgH(Ty) ‘f’NTqi‘, be[H((g—g+1)T) —H((¢—8)Th)]. (4.33)

ISI

Recall that b, is the gth transmitted bit. From (4.33)), we observe that the demodulation ac-
curacy of b, is impacted by inter-symbol interference (ISI). Furthermore, this accuracy is also
affected by the random diffusion of molecules since N, is a RV.

At the RX, we adopt a threshold detector that compares N, with a decision threshold for

demodulation of b,. We model the threshold detector as follows

R 1, if N, > ¥,
l@z{ Tl = (4.34)

0, if N, < ¥,

where Bq is the demodulated bit for b, and ¥ is the decision threshold. We then denote
®[g|bi.4—1] as the BER of the gth bit given the previously transmitted sequence by.,—;. Ac-

cording to #34), ®[g|bi.4—1] is given by
CD[q|b1;q,1] = P]Pr (Nq < T‘bq = 1,b1;q,1) —|—P()PI‘ (Nq Z T‘bq = O,bl;qfl) . (435)

We denote ¥*[g|by.,—1] as the optimal decision threshold that minimizes ®|[g|by.;—1]. Ac-
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cording to [148] Eq. (25)], we obtain ¥*[g|b;.,—1] as

In 2 +NaH(9)

X1 ‘bl:qfl
Xolbrg—1

¥ [glbr.g—1] = : (4.36)

where x1|b1.,—1 and xo|b1.,—1 are the expected total number of molecules absorbed within the
gth bit interval assuming that b, = 1 and b, = 0 was transmitted, respectively. They are given
by
q—1
b1 =N Y b (H((g—g+1)Ty) —H((g—8)Th)) +NaH () (437)
g=1
and
q—1
Xolbrg—1 =Ne Y be(H((g—g+ 1)) —H((g—8)Th)), (4.38)

g=1

where [-] represents the ceiling function [149].
We further denote the average BER over all realisations of by., and all bits b,,g € {1,...,0},

by @, where we recall that Q represents the number of transmitted bits. Then, @ is given by

Zblq 1 Q|blq 1]

o
Z (4.39)
Furthermore, the average optimal decision threshold that minimizes ® is denoted by ¥". Math-

ematically, we have

¥ =arg II‘IIiJné. (4.40)

We note that the optimization of ¥ in #40) can be performed numerically by a simple

one-dimensional search.

4.6 Numerical Results

In this section, we present numerical results to validate our theoretical analysis and to offer
insights for MC system design. Specifically, we use PBSs to simulate the random diffusion of
molecules. In our simulations, if the position of a molecule at the end of the current simulation
step is inside the RX volume, we assume that this molecule has hit the RX surface in this
simulation step. The coordinates of the hitting points on the RX surface are calculated by
(3.36), (3.37), and (3.38). If the coordinates of the hitting point of a molecule are inside an
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Table 4.2: Simulation Parameters for Numerical Results

Parameter Variable Value Reference
Ratio of the total area of APs to the RX surface A 0.05, 0.1, 0.15 [144]]
Number of APs Ny 1~1000 [[150]
Radius of the RX R 10 um [151]]
Distance between the center of RX and point
TX/center of MF-based TX ’ "o 20 gm 60}
Number of emltt;c)li nl[:;)rlet:;}[llles from the point Ny 1000 (59]
Rate constant of molecule degradation kq 0.8s7! 671
Molecule diffusion coefficient D, 79.4 /,Lrn2 /s [60]
Radius of the MF-based TX rr 5 um [151]
Number of released vesicles for bit 1 Ny 200
Number of molecules stored in each vesicle n 5
Diffusion coefficient of vesicles D, 9 um?/s [114]
Forward reaction rate constant of vesicles and A 30 um/s
TX membrane f H
Length of binary bit sequence 0 10
Bit interval length Ty 0.8s
Probability of transmitting 0/1 Py/Py 0.5

AP, we treat this molecule as an absorbed molecule. Otherwise, the molecule is reflected back
to the position it was at the start of the current simulation step [65]. To model the location of
the point TX (or the center of the MF-based TX), we fix the distance between the point TX (or
the center of the MF-based TX) and the RX to ry and randomly generate the location of the
center of the TX for each realisation. The simulation framework for modelling the molecule
release for the MF-based TX is detailed in Section [3.6] We choose the simulation time step
as Aty = 1077 s and all results are averaged over 1000 realisations. Throughout this section,
we set the simulation parameters as shown in Table @.2] unless otherwise stated. We specify
the value of N, and the locations of the APs in each figure. From Figs. 4.3, [4.5] and [4.9} we
observe that the simulation results (denoted by markers) match well with the derived analytical
curves (denoted by solid and dashed lines) generated based on the results presented in Sections
[.3]and4.4] which validates the accuracy of our CIR analysis. In all figures, we apply (.16) to
generate the analytical curves if the APs have identical sizes, (#.14) if the APs have different
sizes, and (@.18) if there is a single AP, unless otherwise stated.

4.6.1 Point TX

In this subsection, we focus on the point TX model. We first investigate the range of A for
which our analytical expressions are accurate. In Fig. we plot NyH, ., versus A for
different values of N,. First, when N, = {11,81,201}, we observe that the simulation results
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Figure 4.3: Expected molecule hitting rate at time ¢ and expected number of molecules absorbed until
time ¢ versus time ¢ for different values of NV, and A = 0.05.

match well with the analytical curves for A <0.2. As A increases, a gap between the analytical
curves and simulation results emerges. This is because the range of A, where the CIR analysis
is accurate, is limited since we ignore the term O (K'2 In (g)) in (4.14) when calculating Gp,.
We note that the range of .4 for which our analytical results are accurate aligns with the typical
coverage of cell membranes with receptors. For example, the ratio of the total area of a liver
cell covered by insulin receptors to the total cell surface is around 0.0026 [[152} [153], which
is well within the range of .A where our analytical expressions are valid. Second, we observe
that the simulation results always match well with the analytical curve when N, = 1. This is
because O(&*Ink) in (@.I8) has a higher order than O (&21n (%)) in @14) such that @18) is
accurate even when the AP has a large size.

In Fig. we show the expected molecule hitting rate at the RX at time ¢, and in Fig.
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[4.3(b), we depict the expected number of molecules absorbed at the RX by time ¢. We set
A = 0.05 and increase the number of APs from 1 to 11. All APs have the same size and are
evenly distributed on the RX surface. We observe that the expected hitting rate in Fig.
and the expected number of absorbed molecules in Fig. @] increase with N,,. This behaviour
is expected since a larger number of APs on the RX surface can absorb more molecules.

To further investigate the observation that the number of absorbed molecules increases
with increasing N,, we define the relative increase in the number of absorbed molecules as N,
increases, denoted by AH (N,), as follows

HPv"" — HP#’"

Hp o

_ven€lver) ()~ /B)
We1 & (We,) (?(We,l) - \/g) ’

where I:Ip,w = Hp.|n,=1 represents the expected asymptotic number of absorbed molecules

AH(N,) =

(4.41)

when N, = 1, and w1 and we y, represent the effective reaction rate constants of RXs with a
single AP and with N,, APs, respectively. In Fig. we plot AH (N,) versus N, for different ry
and D, and note that larger AH (N,,) imply a larger relative increase in the number of absorbed
molecules. First, we observe that AH (N,) increases with increasing N,. This is because larger
N, result in more absorbed molecules. We also observe that the slope of AH(N,) becomes
smaller as N, becomes larger, which indicates that the increase in the number of absorbed
molecules becomes slower for larger N,. Second, we observe that AH(N,) increases if ry
increases and N, is fixed. This is because a larger RX leads to a larger AP area such that
the relative increase in the number of absorbed molecules is larger. Third, we observe that

AH(N,) increases if D, decreases. This is because larger N, give slowly diffusing molecules
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Figure 4.6: Illustration of the spherical coordinates and the locations of the centers of the APs on the
RX surface in Fig. f.5 where N, = 4 and the APs have different sizes.

more chances to be absorbed than fast diffusing molecules, such that the relative increase in
the number of absorbed molecules for smaller D, is larger.

In Fig. .5 we evaluate the impact of different AP sizes and distributions on the RX sur-
face. First, we define A; as the ratio of the area of AP; to the area of the RX surface and set
N, =4, A1 = 0.01, A, = 0.02, A3 = 0.03, and A4 = 0.04 to validate our analytical expres-
sions when the APs have different sizes. Then, we set the locations of the four APs to [} =
(10 um, /2, 7], b = [10 um, /2,7 /2], I3 = [10 um, 7 /2,0], and Iy = [10 um, 7 /2,37/2].
In Fig. we show 6; and ¢@; of the spherical coordinates, and in Fig. we depict
the locations of the considered four APs. We observe from Fig. [f.5]that the simulation results
match well with the analytical curves, which demonstrates the accuracy of {#.19) for APs of
different sizes. Second, we set A = 0.1 and N, = 13 for different AP distributions and assume
that the APs have identical size. Here, we consider three types of AP distributions: i) APs

evenly distributed across the entire RX surface, ii) APs randomly distributed across the entire
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RX surface, and iii) APs evenly distributed within a region of the RX surface. In this chapter,
we apply the Fibonacci lattice [[154] to determine the locations of the evenly distributed APs

across the entire RX surface. Specifically, the location of AP; is given by

2(i—B—1)>  4n(i-B-1)
)T s (4.42)

where integer B is given by B = (N, — 1) /2. The locations of evenly distributed APs across the

T
6; = 5~ arcsin (

entire RX surface can also be generated by the built-in function SpherePoints in Mathematica.
For the APs evenly distributed within a region of the RX surface, we assume that the APs
are distributed within the area defined by 6; € [2.812,3.471] and ¢; € [0,27]. From Fig. |4.5|
we observe that APs evenly distributed across the entire RX surface yield a larger expected
number of absorbed molecules compared to the other two distributions. We next explain this

observation from two perspectives:

* Theoretical perspective: According to (#.19), the expected number of absorbed molecules
is directly determined by w.. In particular, a larger value of w, results in a larger num-
ber of molecules expected to be absorbed by the RX. Moreover, based on (4.20), we
observe that w, is a monotonically increasing function with respect to Gp. Furthermore,
we set S(ZZJ;) = ny:p] ZIJYLH_] m,-mj}"(Z{,Z;.), where ]-'(Z;’J;) is given in (@.13)). In (4.14),
we observe that only S(T{,ZZ) is related to the distributions of the APs, and a smaller
S (Z’,Z;) leads to a larger Gy,. Therefore, the distribution of APs that results in a smaller
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S (Z’, f}) is expected to lead to a larger number of absorbed molecules at the RX. To com-
pare S (Z;’f;) for the three considered distributions, we write S (Z;’f;) as Se(fffj) and
Sr(ig,f}) if the APs are evenly and randomly distributed across the entire RX surface,
respectively, and write S (ZZT;) as Ser(iz,f}) if the APs are evenly distributed within a
region of the RX surface. Moreover, we define ASa_g (Z’,ZZ) =Sa (7{,?;) - Sp (f{,f;),
A,B € {r,e,er}, to evaluate the difference between the S (ZZT;) for two different distri-
butions. In Fig. we plot Se(zf,f}), sr(fg,f;), and Ser(z;fj;) versus N, for APs of
identical size, and in Fig. we show ASa_p (T{,T;) versus N, for APs of different
sizes. For APs evenly distributed within a region, we set the size of the area of this region
to 40% of the entire area of the RX surface. For APs of different sizes, we randomly
generate NN, integers from 1 to D and denote G; as the ith integer. We calculate A; as
A; = AG;/ Zﬁl G;. Therefore, the variance of the size of the APs increases with D.
In Fig. , we observe that SC(T;J;) is always smaller than Sr(z;{,i;) and Ser(iz,f}).
In Fig. , we apply different values of D and observe that S;_. (7;’,7;) > 0 and
Ser—e (Z’,T;) > 0 for all N, and D. These observations imply that, for evenly distributed
APs, S (T{,Z;) is always smaller than for randomly distributed APs and APs evenly dis-
tributed within a region, regardless of whether the APs have identical size or different
sizes. Therefore, evenly distributed APs result in a larger number of absorbed molecules

than the other two distributions.

* Physical perspective: Evenly distributed APs ensure that the APs are equally spaced
covering the entire RX surface. Thus, for most locations of the TX, there are APs located
in the region closest to the TX such that the probability that a molecule hits an AP
is maximized. When the APs are randomly distributed or evenly distributed within a
region, only those TX locations that happen to be close to a region on the RX surface
with APs have a high probability of molecules hitting an AP, while other TX locations
have a low probability. Therefore, the expected probability of molecules hitting an AP
for randomly distributed APs and APs distributed within a region is lower than that for
evenly distributed APs.

We recall that when the APs have the same size and are evenly distributed on the RX
surface, Gy, in can be further simplified to @.17). To verify @.17), in Fig. [4.8] we plot
NsH, , i.e., the expected asymptotic number of absorbed molecules, versus N, for different
values of ry and kg, where G, in Hy ., is given by (4.16) and @.17), respectively. We observe
that the gap between H, ., calculated based on (4.16) and is extremely small, which
confirms the accuracy of {@.17).
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Figure 4.8: Expected asymptotic number of absorbed molecules versus N, for different values of ry
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Figure 4.9: Expected molecule hitting rate at time ¢ and expected number of molecules absorbed by
the RX until time ¢ versus time ¢ for different numbers, locations, and sizes of APs, where A = 0.1.

4.6.2 MF-based TX

In this subsection, we consider the MF-based TX. In Fig. we verify @.27), (@.29), and
(@32) by depicting the expected molecule hitting rate versus time 7, and in Fig. #.9(b)], we show
the expected number of absorbed molecules versus time ¢ for different numbers, locations, and
sizes of APs. We use the same AP locations and sizes as in Fig. [4.3] considering APs evenly
distributed within a region and APs having different sizes. From Fig. 4.9] we observe that the
expected molecule hitting rate and the expected number of absorbed molecules increase with
increasing N,. We also observe that evenly distributed APs achieve a larger molecule hitting
rate and a larger number of absorbed molecules than randomly distributed APs and APs evenly
distributed within a region. These observations are consistent with the observations for point
TXs.
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Figure 4.10: Expected molecule hitting rate versus time ¢ for three different TX-RX models, where
identical APs are evenly distributed on the RX surface.

4.6.3 Comparison of Different TX-RX Models

In this subsection, we compare three different combinations of TXs and RXs, namely i) a
point TX and a fully absorbing RX (referred to as PTFR), ii) a point TX and an AP-based RX
(referred to as PTAR), and iii) an MF-based TX and an AP-based RX (referred to as MTAR).

We compare these three combinations with respect to the CIRs and average BERs.

In Fig. we plot the expected molecule hitting rate versus time ¢ for the three con-
sidered combinations of TXs and RXs, where the expected molecule hitting rate of PTFR is
given by [59, Eq. (9)]. First, by comparing the molecule hitting rates of PTFR and PTAR, we
observe that the peak value of the molecule hitting rate decreases and the tail becomes shorter
when a fully absorbing RX is replaced by an AP-based RX. This is due to the fact that the lim-
ited coverage and the finite number of APs on the RX surface reduce the number of molecules
absorbed by the RX within a time period. We also observe that, for the PTAR model, the peak
value of the molecule hitting rate becomes larger and the tail is longer when A or the number
of APs increases. Second, by comparing the molecule hitting rates of PTFR and MTAR, we
observe that the peak value of the molecule hitting rate of MTAR is smaller and the tail is
longer. This is because the release of molecules from the MF-based TX is slower compared to
the point TX, and the absorption of molecules at the AP-based RX is limited compared to the
fully absorbing RX. In summary, compared with the ideal PTFR model, the practical MFAR

model results in a smaller amplitude and a longer duration of the molecule hitting rate curve.

We show the average BER in (4.39) versus the decision threshold in Fig. and
versus the bit interval length in Fig. [.11(b)| for the three considered TX-RX models. Due
to the long PBS times, for this figure, we employ Monte Carlo simulation where the Poisson
approximation is used to generate the number of absorbed molecules. We note that the derived
analytical result for the CIR has been verified by PBSs and the Poisson approximation for the
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number of absorbed molecules has been widely adopted in previous studies [45]]. The average
BER for PTFR is plotted by replacing H () in Section with [59, Eq. (12)]. In Fig.
detection is performed based on ¥ obtained in (4.40)). First, in Fig. by comparing the
average BERs for PTFR and PTAR, we observe that the BER for PTAR is slightly lower when
Y is small and becomes much higher when Y is large. This is because the number of absorbed
molecules is lower and the ISI is smaller for AP-based RXs. Hence, the average BER is lower
when the decision threshold is small. Second, in Fig. we observe that the lowest
average BER of PTFR is much smaller than that of PTAR and MTAR. This is not surprising
as PTFR is the simplest model with the lowest practicality. From a theoretical perspective, the
low BER of PTFR is achieved because of the low proportion of interference molecules received
by the fully absorbing RX. Third, in Fig. 4.TT(b)l we observe that the average BER of PTFR
is always lower than that of PTAR when detection is performed based on the optimal decision
threshold. Third, in both Fig. and Fig. B.11(b)l we observe that the average BER of
MTAR is much larger than that of PTFR. This is because the release of molecules from the
MF-based TX is slower compared to the point TX, and the absorption of molecules at the AP-
based RX is limited compared to the fully absorbing RX. The second and third observations
imply that the widely-investigated BER analysis of the ideal PTFR model is not accurate when

we consider a more practical combined TX-RX model.

4.7 Conclusion

In this chapter, we studied RXs that are covered by multiple heterogeneous APs with different

sizes and arbitrary locations. We also considered two TXs models, namely point TXs and
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MF-based TXs. We obtained closed-form expressions for the expected CIR in the presence
of molecule degradation. Our simulation results confirmed the accuracy of the derived CIR
expressions. Using numerical results, we showed that when the ratio of the total area of the APs
to the area of the RX surface is fixed, the expected number of absorbed molecules increases
with the number of APs. Moreover, we compared three spatial AP distributions and showed
that evenly distributed APs result in a larger number of absorbed molecules than the other two
considered distributions. In addition, we compared three combinations of TXs and RXs. Our
results showed that compared to the ideal model consisting of a point TX and fully absorbing
RX, the practical model with MF-based TX and AP-based RX results in a much lower CIR
and a much higher average BER. This underscores the limitations of the ideal TX-RX model

for application in practical MC systems.
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Chapter 5

1D Molecular Communication with
Two Absorbing Receivers

5.1 Introduction

In this chapter, we consider a 1D environment where one TX communicates between two fully-
absorbing RXs. The 1D environment is worthy of investigation since it can approximate many
practical biological channels such as capillaries, blood vessels, active transportation channels,
and communication on bio-chips [106} [107]]. Moreover, we emphasise that the 1D diffusion
channel has been frequently applied to investigate several aspects of MC in some publications,
e.g., [1550 156} [157]. Specifically, we consider two models. The first model considers that
the TX impulsively releases molecules into the environment. By considering molecular degra-
dation in the environment, we provide closed-form expressions for the fraction of molecules
absorbed at each RX, by taking into account the mutual influence between RXs.

The second model is built on the first model, where we perform parameter estimation in
a noisy MC environment with the flow and molecular degradation in the environment. In this
model, the TX continuously releases molecules and the parameter estimation is performed by
using analytically derived expressions of CIR at two fully absorbing RXs. The intended TX
may not be the only source of molecules. We also consider other sources that secrete the
same type of molecules as the intended TX, which interfere with the parameter estimation at
RXs. In this chapter, we refer to the molecules not emitted from the intended TX as noisy
molecules. To reduce the impact of noisy molecules on the estimation, we propose a novel
estimation method, namely, difference estimation (DE). In this method, the difference between
the number of absorbed molecules at two fully-absorbing RXs is used to estimate parameters.
In addition, we consider independent maximum-likelihood (ML) estimation at each RX as a
benchmark to show performance superiority of DE. Our major contributions are summarised

as follows.

1) We derive the exact closed-form expressions for the fraction of molecules absorbed at

each RX in both models. In the first model, we also derive the molecule hitting rate
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Figure 5.1: Illustration of the system models, where one TX communicates with two fully absorbing

RXs in a one-dimensional environment. (b): A flow exists from RX; towards RX,. Green dots denote

molecules emitted from the TX while black dots denote noisy molecules.

2)

3)

4)

and the asymptotic fraction of molecules absorbed as time approaches infinity at each
RX with an impulse emission at the TX. In the second model, we derive the asymptotic
expression for the number of absorbed molecules within a time interval at each RX after

sufficient time has passed, when the TX emits molecules continuously.

In the second model, we derive the CRLB on the variance of different parameters which

include distances, emission rate, rate constant of molecule degradation, and flow veloc-

ity.

Aided by a PBS method, we verify our analytical results and show that DE attains the
CRLB.

In the first model, we present the distance ranges of two RXs that do not impact molec-
ular absorption of each other. We also show that the mutual impact between two RXs
reduces with the increasing rate constant of degradation in the environment. In the sec-
ond model, our numerical results show that the impact of noise on the performance of
DE is much less than that on independent estimation of each RX, which demonstrates

the superiority of DE in reducing the impact of noise.

The rest of this chapter is organised as follows. In Section [5.2] we introduce the system

model. In Section the closed-form expression for the fraction of absorbed molecules in

the first model is derived. We also derive the corresponding hitting rate and the asymptotic

fraction of absorbed molecules as time approaches infinity. In Section [5.4] we derive the

expected number of absorbed molecules at each RX in the second MC model. In Section[5.5]

we propose DE and derive CRLB for DE. We also apply the method of moments to estimate

the unknown parameter. In Section[5.6] we discuss the numerical results, and conclusions are
presented in Section
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5.2 System Model

In this chapter, we consider a 1D unbounded environment where a single TX is located between
two fully absorbing RXs, i.e., RX; and RX,, with distance | from the RX; and distance r
from the RX>, as depicted in Fig. [5.1] After molecules are released from the TX, they diffuse
randomly with a constant diffusion coefficient D,. We also consider the first-order chemical
reaction (i.e., unimolecular degradation) in the environment, where type A molecules degrade
into a new type of molecule A that cannot be identified by the RXs, i.e., A Ny [113, Ch.
9], where kg [s~!] is the rate constant of degradation. We model the two RXs as point fully-
absorbing RXs, which means that information molecules A are absorbed as soon as they hit the
point RX; or RX5.

5.2.1  System Model I

In this model, we consider the TX as a point source that can release an impulse of particles, as
shown in Fig. We assume that the TX transmission starts at = 0's.

5.2.2 System Model II

In this model, we consider a TX that continuously releases molecules into the environment
at different times, as depicted in Fig. [5.1(b)] The release time instants follow a 1D Poisson
point process (PPP) with a rate y [molecules/s], and a single molecule is released at each time
instant. We note that u is also the average number of molecules being released per second. We
assume that the the TX starts emission att = 0 s. Moreover, we consider a steady uniform flow
Vin the direction from RX; towards RXj,, where the value of the uniform flow is v (v > 0). In
addition, we consider that the noisy molecules released by sources in addition to the intended
TX may interfere with the estimation of environmental parameters. We emphasise that this
additive noise is distinct from the randomness in the number of A molecules absorbed by each
RX due to diffusion, which may also interfere with the estimation. We note that one potential
application of the system model in Fig. is estimating parameters near a tumor in a
blood-vessel environment.

In this system, estimation is based on the received signals of two RXs at time ¢, which
is the number of absorbed molecules within the time interval [t — J,¢], where § is the length
of the time interval. We assume that each RX first performs S observations separately, and
then they perform estimation jointly based on the difference between observations at two RXs.
Therefore, we name this estimation method as DE. As discussed in [70], the computation of
difference can be conducted with the aid of another device. For example, the two RXs may
transmit their observations to a fusion centre that has easy access to computational resources.

In this chapter, we assume perfect transmission between each RX and the fusion centre.
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Figure 5.2: The time-varying expected received signals, where rj = r, =20 um, v =6 um/s, D, =
79.4 /.Lmz/s, kg =0.8 s—L u =1000 s_l, and 6 = 0.5 s. For other simulation details, please see Section
5.6

In Fig. we plot the expected received signals at two RXs in a noisy environment by the
simulation. From this figure, we observe that the expected received signals become constant
when r > 4 s. We refer to the stage where the expected received signal is constant as the
asymptotic stage. We note that it is a short time for two RXs to reach the asymptotic stage after
the TX starts releasing molecules. Therefore, we assume that RXs start to make observations
at the asymptotic stage as in [[158]]. One advantage for using asymptotic observations is that
they do not depend on time, such that time synchronisation is not required between devices,

which improves the practicality of the proposed estimation method.

5.3 Derivation of CIR in System Model I

In this section, we derive closed-form expressions for the expected fraction of absorbed molecules
at each RX for impulsive emission at the TX, and the asymptotic fraction of absorbed molecules
at each RX as r — oo in the basic MC model. We first derive the CIR for impulsive emission
when one RX exists, which builds the foundation for deriving the CIR when two RXs exist.
According to [59], the hitting rate for a single RX with molecular degradation can be obtained
via the hitting rate without molecular degradation and multiplying by exp(—kq?). Based on the
existing expression for the hitting rate without molecular degradation in [[74]], the hitting rate

at the RX at time 7, denoted by h(ro,?), with molecular degradation is

r2
h(ro,t) = —0 —kdt> , (5.1)

ro e <
—€X
\/ 47rDAt3 p 4'I)At
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where ry is the distance between the TX and the RX. Using [; i(ro,u)du, we obtain the fraction
of molecules absorbed by time 7, denoted by H (ro,?), as

! k 1 k
H(ro.t) =5 &P <—\/D>dro> erfc <$)t - kdt> + 5 &Xp <\/D>dro>
A vV A N

ro
x erfc <\/@ + \/@) . (5.2)

As t — oo, we derive the asymptotic absorbed molecules H (rg,t — ) as

H (rg,t — o) = exp (—\ / I];dro> . (5.3)

In the following, we derive the CIR when two RXs exist. We denote the fraction of ab-
sorbed molecules at RX; and RX;, by time ¢ for impulsive emission by H;(7) and H,(z), re-
spectively. We also denote the corresponding hitting rates at RX; and RX; by A (¢) and £y (1),

respectively.

To derive hy(t) and hy (), we first discuss the impact of the existence of RX; on Ay (1),
based on [/6]. As shown in Fig. we classify all possible diffusion paths of molecules
by time ¢ in this environment into three paths, namely path 1, path 2, and path 3. Path 1 is for
molecules diffusing in the environment, and path 2 and path 3 are for molecules that have hit
RX, and RXj, respectively. If only RX; exists, we can further classify path 3 into path 3a and
path 3b. Path 3a represents molecules that do not hit RX, after firstly arriving at the location
of RX; at time 7T < ¢, and path 3b represents molecules that hit RX, after firstly arriving at
the location of RX at time 7. Given that /(r,,t) denotes the hitting rate from the TX to RX;
when only RX; exists, we find that hy(¢) is less than h(r,t), due to the existence of RX.
Accordingly, i, (r) is obtained as [[76} eq. (12)]

ha(t) = h(ra,1) = v(2), (5.4)

where () is the reduced hitting rate impacted by the existence of RX;. Based on the division
in Fig. [5.1(a)}, 7(¢) is the hitting rate of path 3b and derived as

Y1) = /O hi (2)h(ry + o, — T)dr, (5.5)

where h(ry + ry,t — T) is the hitting rate from RX; to RX; when RX] is regarded as the TX
and RXj is the only RX. Combining (5.4) and (5.3), we derive h,(t) as [76] eq. (17)]

o (£) = h(rayt) — /0 (9 + 2t —T)d1. (5.6)
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Similarly, we obtain hy () as
t
() = h(rv.t) = [ ha(0)h(r 4ot - ), (5.7)
0

where h(ry,t) is the hitting rate from the TX to RX; when only RX] exists.
Based on (3.6) and (5.7), we solve the closed-form expressions for Hy () and h,(t) in the

following theorem:
Theorem 5.1. The fraction of absorbed molecules at RX; by time ¢ for an impulsive emission

of molecules is given by

Hz(l‘) = [ (2(i+ 1)}’1 + (2i—|—3) I’z,l‘,z,i) —R(Z(i—l—Z) r + (2i—|—3)r2,t,2,i)

'MS

w'cu

1

—R (2ir; + (2i+ 1) r2,2,0,i) + R (2(i+ 1)r1 + (2i + 1) r2,2,0,i)], (5.8)

where R(x,7,a,i) is given by

R(vr.a) =0\ (ap(t) - ap)) - 1 (aB() + ap()) -

2
X exp <— . —kdt> +(i+1). (5.9)

In G9), 7= (rn+nr)i+1)(i+a), ¢ =exp (x l%)’ 0 = exp (—x\/l/;i‘i), B(r) =

erfc (\/ﬁ + \/kdt>, and B (1) = erfc < —Vkat ) The corresponding hitting rate at RX,
by time 7, hy (1), is obtained by taking the derlvatlve of (5.8) with respect to 7. By doing so, the
expression for /1, (¢) is similar to (5.8), except for replacing R(x,?,a,i) with R(x,t,a,i), where

R(x,t,a,i) = dR();“’) and is given by

R(ntai) = — 1 ox X ) (-2 (r1+r)(i+a)—x). (5.10)
s byt _\/W p 4DAt d 2DAt 1 2 . M

Proof: Please see Appendix [C.1] [
We denote the asymptotic fraction of absorbed molecules as # — o at RX; and RX; by

H\ 55y and H» 55y, respectively. We derive and present H ;sy in the following theorem:

Corollary 5.1. The asymptotic fraction of absorbed molecules at RX; as ¢t — oo is given by

ol B)-welerenB) | g
Hp sy = 1—exp(—2(r+12)y/7L) (5.11)

I
r+r kg =0.

Proof: Please see Appendix |[C.2] [
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Remark 5.1. The closed-form expressions for Hi(z), hi(t) and Hj sy are obtained by ex-

changing r; and r therein for Hy(t), ha(t) and H a5y, respectively.

Remark 5.2. By setting kg = 0 in the expressions for H,(¢) and h,(¢), we can obtain the

corresponding expressions without the occurrence of molecular degradation.

5.4 Derivation of CIR in System Model II

In this section, we first derive the expected number of absorbed molecules at each RX until
time ¢ due to continuous emission by the TX. We then derive the closed-form expression for
the number of absorbed molecules at each RX within the time interval [t — 8,7 as t — oo, which
lays the foundation for parameter estimation in Section [5.5]

We denote N;(t), j = {1,2}, as the expected number of absorbed molecules at RX; by
time ¢. According to the derivation of CIR in Section we derive N;(z) in the following

theorem:

Theorem 5.2. The expected number of molecules absorbed at RX; by time # due to the con-

tinuous emission of molecules at the TX is given by

Ni(0) = sesp (=175 ) B[R0+ 10+ 70.2) = B 20+ 2)r =)
A/ i=0
—R;(Zir—l—rj,t,O)+Ri(2(i—l—1)r—rj,t,0)], (512)

where r = r| + r, is the distance between the two RXs and R;(x,7,a) is given by

Ri(x,ta) :% (1 @(t)— ad(r)) i+21 (0no(t) + 6 d(r)) — \/DVQY+—4de (@ fi (o)
—au By (1)) + (i+ 1)t (5.13)

In G.13), k=, /& + l%’ oy =exp (xK), & = exp (—xk), ﬁl(t):erfc<\/jD—M + 4/ (ka+ &)t),
Bi(r) = erfc ( (ke %)z), o(t) = [2 Bi(u)du, and @(t) = [} B (u)du. o(r) and

@(t) are calculated numerically, e.g., using the built-in function integral in MATLAB.

Proof: Please see Appendix [C.3] |
Since the received signal at each RX is the number of absorbed molecules within the time

interval [r — 8,t], we express the received signal, denoted by AN;(t), as
AN]'(Z):N]'(Z)—N]‘(Z—S). (5.14)

Ast — oo, we observe from Fig. that AN;(t) becomes constant. We derive the closed-

form expression for the asymptotic value of AN;(t), denoted by N, in the following theorem:
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Theorem 5.3. The asymptotic number of molecules absorbed by RX; within an interval [t —
8,t] ast — oo, denoted by N}, is derived as

o L exp (—rjk) —exp ((r; —2r)K)
Nj=pdexp (( 1)12DA> I~ exp (—2r%) : (5.15)

Proof: Please see Appendix [C.4] |

5.5 DE in System Model II

In this section, we consider the system model II and assume that one environmental parameter
is unknown. We apply DE to estimate this parameter. For DE, we first derive the CRLB
and then apply the method of moments to estimate the parameter. To show the performance

advantage of DE, we consider independent ML estimation at each RX as a benchmark.

5.5.1 Derivation of CRLB

The CRLB is a lower bound on the variance of any unbiased estimator [159, Ch. 3]. For
any unbiased estimator, the mean of estimated values equals its true value, which means that
its mean squared error (MSE) equals the variance. An estimator is the minimum-variance
unbiased (MVU) estimator if the MSE of the estimator attains the CRLB. Therefore, the CRLB
can be applied to predict the performance of the MVU estimator.

To derive the CRLB, we need the joint conditional PMF of S observations of DE, where
each observation is the difference between received signals at both RXs. We first denote the
vector that contains S observations of received signal at RX; by g; = g 1587251 8js> &), sl
where g; ; is the sth observation at RX;. We then denote the vector that contains the observa-
tions of DE by g = [81,82,..,8s.. - -.8s| Where g; = g2, — g1,;. For the unknown parameter
€, we denote the joint conditional PMF of DE by p(g|€) that are obtained by multiplication
of the conditional PMF of each observation of DE if these observations are independent. To
keep the independence of each observation in @, we need to first guarantee the independence
of observations in g;. In this chapter, we assume that each observation in g; is independent of
other observations! and the time between two successive observations in g ; should be at least
larger than §.

As we model the release time of each molecule at the TX as a continuous random process,
the time interval between releasing two successive molecules is a RV. Thus, the release time
of each molecule is different, which means that the received signal follows a Poisson binomial

distribution since each molecule has a different probability of being absorbed by the time the

I Although we cannot guarantee perfect independence between successive observations in g j» the dependence
can become extremely rare when the time between successive observations is sufficiently long.
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Table 5.1: §;(€) for each estimated parameter
5 ubtexp (—l)ji: , : v .
7i(r2) % [exp(—ij) (ﬁ - (_1)1,(> —exp((r; —2r) ) (E+ (-1)/xﬂ
7i(u) Nj/u< 5
uAtexp (_l)j% ) (=1)r; riv
e 2) {(exp (2rk)—1) [GXP(_(Zr—i-r/)K) ( 2Dx /52D 116D}k

v | - (=1)r; (rj—2r)v o
exp ((rj —4r)K) 2D4 +\/4D§+v2+16Df\kd \/V2D%+4kyD3

[exp (—(2r +rj)K) —exp ((r; = 2r)K)] }

riv
J

uAtexp((—l)szA

(—exp(—2rw)” | P (=(rj+2r)x) \/v2+J4—DAkd (1=exp(2rk)) - V 452A+deA>
- 4 o) 1 rj—=2r _ r
exp ((rj —4r)x) ((exp (2rk)—1) i \/§+kdm ) }

observation is made. As the Poisson binomial distribution is cumbersome to work with, we
approximate it by a Poisson distribution. The approximation becomes more accurate when the
number of trials, i.e., emitted molecules, is larger and the success probability A ;(¢) is smaller
[134]. We assume that the number of absorbed noisy molecules within the time interval at
each RX are identically and independently distributed Poisson RVs with constant mean & as
in [160]. This assumption is reasonable since sources in addition to the intended TX can also
be regarded as TXs. Due to the additivity of two Poisson RVs, we model each observation
of the received signal as a Poisson RV with mean N; + &. As g», and g, follow a Poisson
distribution, the difference between observations, i.e., g5, follows a Skellam distribution with
mean N, — N;. According to the PMF of Skellam distribution in [161]], the joint conditional
PMF is

A

- 5 &L N, ¥ r—
p(gfs):nexp(—(Nl—FNz))(A) I, (2VARs), (5.16)
s=1 Ni

where N; = N; + & and I (24/NN») is the modified Bessel function of the first kind [162]].
According to [159, Ch. 3], the CRLB of the variance of an unbiased estimator, denoted by
var (&), is var(&) > ﬁ where & is the estimated value of €, var(¢) = E [(é - 8)2} for the
unbiased estimator, [E[-] represents the expectation, and L(¢) is the Fisher information that is

given by [159, eq. (3.6)]

921np(g!8)] 5.17)

L(e)=—-E [ J¢?

where [E[-] is taken with respect to g;. We derive L (&) in the following theorem:
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Theorem 5.4. The Fisher information of DE for unknown parameter € is derived as

3N2 -§ 3N1 NNy 4N + 3N, — N
L(e e)p(e - ——
(0 =5 | ) + e - Dot ace e + (o M0
N N ’
2 1.
- € - S , 5.18
x<\/Mn< )+ >)] 5.18)
& lgf <2 NINZ) Ny % Y BNJ‘
where ¥ = Z ¢ Wexp( (N1 +N2)) ( 1) and ¥;(e) = 5¢+ C1 and & are

found numerically as explained in the Appendix In Table[5.1] we list ;(&) for the distance
between the TX and RX; r;, flow velocity v, emission rate i and rate constant of degradation
kq.

Proof: Please see Appendix [C.3] [

5.5.2 Method of Moments

For DE, we apply the method of moments to estimate the unknown parameter, which is finding
& that makes 1) the analytical expression for the mean of g, and 2) the mean of g, calculated by
observed data, equal [159, Ch. 9]. As each item in the vector g is independent and follows the
same distribution with the same mean, the mean of g; from observed data can be calculated by
%Zle &s. Since g, follows a Skellam distribution with mean N, — Ny, we have the following

estimation criteria:
L 13
(M=M)| =<} & (5.19)

where £ is not included such that the knowledge of noise from sources in addition to the

intended TX is not required to perform the estimation.

5.5.3 Benchmark

To highlight the superiority of DE in eliminating the impact of noise, we consider independent
estimation at each RX as a benchmark, where each RX performs ML estimation based on their
S observations in g;. We recall that each observation is approximated by a Poission distribution
with mean & ;. Therefore, the joint conditional PMF of § observations at RX;, denoted by
p(gjle), is given by p(g;le) = Hleﬁgj”' exp (—N;) /g;,!. The principle of ML estimation

8lnp(g,|8)

is finding &; that maximizes p(g;|€). By solving = 0, we obtain the equivalent

expression N J"s: =3 Zs 18j.s- Since & is unknown in N; ;» one approach for independent
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Table 5.2: Simulation Parameters for Numerical Results

Parameter Variable Value Reference
Molecule diffusion coefficient D, 79.4 ,umz /s [60]
Number of impulsively released molecules Ny 5000
Rate constant of molecule degradation kq 0.8s 1 [67]
Distance between the TX and RX{/RX> ri/r 20/20 pm
Molecule release rate u 1000 s~!
Length of the time interval 0 0.5s
Flow velocity v 6,10 um/s
Expected number of absorbed noisy molecules
o .. & 0,10
within the time interval

estimation is ignoring the noise. By doing so, we obtain the following estimation criteria:
- 13
Nj 6:éj = E Zlgj’s' (520)
s=

We highlight that (5.20) indicates that the ML estimation at RX; is to find &; that makes

N j‘&.,é. and the mean of § observations in g; equal.
-

5.6 Numerical Results

In this section, we present numerical results to validate our theoretical analysis and provide
insightful discussions. The simulation results are conducted using a PBS method [123]], where
all results are averaged over 2000 realisations and the simulation time step is Aty = 0.001 s.
Throughout this section, we set the simulation parameters as shown in Table[5.2] unless othe-

wise stated.

5.6.1 System Model I

In this subsection, we focus on validating theoretical analysis in Section [5.3] and provide in-
sightful discussions for the system model I in Fig.

In Fig. [5.3] we investigate the number of summation terms that should be applied in (5.8).
In Fig. we apply three data sets to investigate the impact of ry, r», and kq on the
number of summation terms. First, when only applying i = {0, 1} in (5.8)), we observe that the
equation first reaches the highest point, i.e., Hj 55y, and then drops. Applying a larger number
of terms results in H5 (1) = H> 4y for a longer time, but increases computional complexity. To
reduce such complexity, we clarify that applying i = {0, 1} is adequate since it enables (5.8) to
reveal the absorbed molecules before becoming visually indistinguishable from the asymptotic

value, and increasing terms in (5.8) does not change the absorbed molecules calculated before
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(b) Two data sets are applied: i) 7| =r, =20 um, D, =79.4 /,Lmz/s, ii) ry =rp, =20 um, D, =100 umz/s, where
kq = 0 is applied for two data sets.

Figure 5.3: Absorbed molecules by time ¢ at RX, versus time ¢, where different number of terms are

applied in (5.8).

& 3500
>
B ¥ 3 ohloxe—w OF—0+—O—*O O
+ 3000 ) 1
*; Fy =25 pm, r, =15 pm, D = 100 pm?/s, k,= 0
£ 2500 ¥
=
-~
> 2
< 2000 4
2 * (44 B——iO——O——O—O—O—4-O—O
2 pd
3
g 1500 - ’ —Eq. (5.8) 4
S S h=15pm 1 =25 pm, [72, eq. (13)]
£ D =794 pm?/s, k=0 * Eq.(5.11)
gy 1000 O Simulation
%]
2 f|[eer—erogro—we S—O—+—0—+0—O
2 500 A 1
2 ry=r,= 20 pm,
< D, =179.4 pm*/s, k= 0.8 s7"
o ; ‘ ‘
0 10 20 30 40 50 60

Time ¢ (s)

Figure 5.4: Molecules absorbed by time ¢ at RX, versus time ¢, where molecular emission is impulsive
at the TX.

reaching the asymptotic value. After reaching the asymptotic value, we set Hs(t) = Hasy.
Second, comparing data set i) with data set ii) and data set iii), we observe that changing ry,
r2, and kq does not change the fact that applying i = {0, 1} is adequate for (5.8). In Fig.
we apply two data sets to investigate the impact of D, on the number of terms. We still observe
that changing D, does not impact the fact that applying i = {0, 1} is adequate for (3.8).

In Fig. [5.4] we plot molecules absorbed at RX, by time 7 using (5.8) and [76] eq. (13)],
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Figure 5.5: Mimimum r; that does not influence absorbing molecules at RX; versus r,, and minimum
o that does not influence absorbing molecules at RX; versus r;, where different k4 is applied. Constraint
for calculating minimum r; and minimum r; is 0.01, and the grey area represents distances of two RXs
that do not impact each other when kg = 0.3 s~ 1.

respectively. We note that [76, eq. (13)] was initially applied to a 3D environment but can also
be applied to a 1D environment?. In this figure, we first keep kg = 0 s~! and vary ry, r», and
D, to investigate the accuracy of (5.8)) and [76l eq. (13)]. We also investigate the molecular
degradation by setting kg = 0.8 s~! and plot the absorbed molecules at RX, with (5.8). First,
we clearly observe that the simulation matches well with (5.8) and a gap exists between the
simulation and [76l eq. (13)] for 3 s < < 30 s, which demonstrates the accuracy advantage of
(5.8) relative to [76} eq. (13)]. Second, we observe that the asymptotic value of (5.8) and [76]
eq. (13)] converge as r — oo. Last, we observe that (5.11]) matches with the simulation for both
kg =0 and kg = 0.8 s~! when ¢ is large, which demonstrates the correctness of (5.11).

In Fig. [5.5] we plot the minimum r; that does not impact molecular absorption at RX,
versus r,, and the minimum 7, that does not impact molecular absorption at RX; versus r, for
different k4. We examine the impact of RX; on RXj; based on the gap between the fraction
of absorbed molecules at RX; and the fraction of absorbed molecules for the single RX as
t — oo, which is expressed as H(ry,t — o) — Hp 55y, Where H(r,t — oo) is given by
and Ha 4y is given by (5.11). We calculate the minimum r; which satisfies the condition
(H(rp,t = o) —Hpasy) /H(r2,t — 00) < 0.01 for given r,. We also suppose that RX; does not
impact the molecular absorption at RX, when this condition is satisfied. Similarly, we calculate
the minimum ry for given r;. From this figure, we first observe that minimum r; intersects

minimum r, when kg # 0. The upper right area of the intersection for each kq represents

2In the 3D environment, [76] assumed that molecules are absorbed at the same points before reaching another
RX. The points on RX; and RXj are denoted by s} and s, where s| and s} are found numerically. As RX; and
RX; are regarded as points in a 1D environment, 5| and s are points RX; and RX,. Substituting s} and 55 with
RX; and RXj in [76} eq. (13)], we obtain the fraction of absorbed molecules at RX; in a 1D environment, based
on the method in [76]].
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Figure 5.6: Received signals AN;(7) + & and N ; versus time ¢ at RX; for three parameter sets: 1)
rp=r,=20um, v=10um/s, 2) ry =r, =20 um, v =6 um/s, 3) r; = 15 um,r; = 25 um,
v =6 um/s, where & = 5 for all parameter sets.

the range for r; and rp of two RXs that do not impact each other, because the condition for
two RXs not impacting each other’s molecular absorption is that r; and r, are simultaneously
larger than minimum r; and minimum r,, respectively. For example, if r; and r, are in the
grey area, then two RXs do not impact each other when kg = 0.3 s~!. When kq = 0, there is no
intersection such that two RXs always impact each other. Second, we observe that the range
for two RXs not impacting each other decreases with decreasing k. When k decreases, there
is a larger number of molecules in the environment such that the mutual influence between
two RXs is higher, which results in the less range for two RXs not impacting each other.
Third, we observe that minimum r; and minimum 7, firstly increase when r, and r; increase,
respectively, and then become constant after the intersection. This is because increasing r;
means that the molecular absorption at RX; decreases. In this case, if r| keeps the same value,
then the molecular absorption at RX; relatively increases, which results in a larger impact on
the molecular absorption at RX,. Therefore, the minimum r; increases to reduce the impact
on RXj. Beyond the intersection, two RXs will not impact each other such that increasing r;

will not lead to increase in minimum rj.

5.6.2 System Model II

In this subsection, we focus on validating theoretical analysis for the flow-aided noisy model
in Section [5.4]and evaluating the estimation method proposed in Section [5.5]

In Fig. we plot the received signals AN;(¢) + & and the asymptotic received signals N fi
at two RXs versus time ¢, where different flow velocities and distances between the TX and two

RXs are considered to investigate the impact of the flow and distance on the received signals?.

3The Péclet number is defined as the ratio between the advection and diffusion, which is Pe = %. In each

parameter set, Pe > 1. Therefore, flow is the dominant transport mechanism in this environment [45]].
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Figure 5.7: The normalized MSE versus the number of observations S, where § = 0 and § = 10 are
considered. (a): Estimation of r». (b) : Estimation of v. (c) : Estimation of u. (d) : Estimation of kg.

We first observe that the simulation matches well with AN; () +& and N}, which demonstrates
the correctness of (5.12)) and (5.13). Furthermore, comparing parameter sets 1) and 2), we
observe that the received signals increase at RX, and decrease at RX; with an increase in the
flow velocity. This is because we assume that the direction of the flow is from RX; towards
RX,. In addition, comparing parameter sets 2) and 3), we observe that the received signals
increase with a decrease in the distance between the TX and RX.

In Fig. [5.7] we plot the normalized MSE for DE and two RXs and the CRLB for DE versus
the number of observations, where & = 0 and £ = 10 in this environment are considered. In this
figure, we set r{ = r, =20 um and v = 6 um/s. Both MSE and CRLB are normalized over
€2. First, we observe that the normalized MSE attains the CRLB for DE, which indicates that
the method of moments applied in DE achieves the minimum variance. Second, we observe
that the normalized MSEs at two RXs increase with the increase in noise. Third, in Fig. 5.7(a)
and Fig. 5.7(b), we observe that the normalized MSEs at two RXs are close to each other
when & = 0 and the MSE of DE is always lower than that at either of the RXs. This is because
r» and v have no impact on the number of molecules in this environment, which means that the

performance of the estimation for r, and v is not related to the number of molecules absorbed
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Figure 5.8: The minimum number of observations S required for MSE in DE to be less than the MSE
at RX, versus the mean of noise &. (a): Estimation of u. (b): Estimation of kg.

at each RX. As DE combines observations of both RXs, DE achieves a better performance.
When noise increases, the impact on the estimation of DE is much less than that at either RX,
which indicates the superiority of DE in eliminating the impact of noise in estimation. This
is because the difference of received signals in DE offsets the impact of noise. Fourth, in Fig.
5.7(c) and Fig. 5.7(d), we observe a large gap between normalized MSEs of either RX and
the performance of RXj is better than DE when & = 0. This is because u and kg influence the
number of molecules in the environment, which means that the number of absorbed molecules
at either RX influences the performance of estimation. When & = 0, RX, performs estimation
based on a larger number of molecules than DE and RX;. Therefore, RX, achieves the best
performance. It is worth noting that the performance of RX, becomes worse than DE for § > 2
when & = 10 and the increase of MSE in DE is much less than the increase at RX5, which still
proves that DE is superior than independent estimation in eliminating the impact of noise. This

superiority becomes obvious with the increase in & and S.

In Fig. we plot the minimum number of observations required for the MSE in DE
to be less than the MSE at RX,, where the estimation of y and k4 are considered because
of the observations of Fig. 5.7(c) and Fig. 5.7(d). From this figure, we first observe that
the minimum number of observations required decreases with an increase in the noise mean,
which indicates that the increase of MSE at DE is much slower than that at RX;, demonstrating
that DE is less sensitive to the increase in noise than RX,. After & > 13 and £ > 17 for the
estimation of 1 and kq, respectively, the MSE in DE is always less than the MSE at RX since
the minimum S drops to one. Second, we observe that the minimum number of observations
decreases with a decrease in U or increase in kq. This is because a decrease in U or increase in
kq results in a decrease in the received signal at RX;, which makes RX; more susceptible to an

increase in noise than DE.
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5.7 Conclusion

In this chapter, we focused on a 1D molecular communication system with two different mod-
els. In the first system model, we investigated CIR between a single TX and two fully-
absorbing RXs. We derived new closed-form expressions for i) the fraction of absorbed
molecules, ii) the corresponding hitting rate, and iii) the asymptotic fraction of absorbed
molecules as time approaches infinity at each RX. In the second system model, we investi-
gated parameter estimation by the cooperation of two RXs in a noisy 1D environment and
derived the analytical expressions for the CIR at both RXs. Moreover, in the second model, we
considered DE and derived the CRLB. To show the advantage of DE, independent estimation
at each RX was also investigated. Our numerical results verified our analytical results. In the
first model, we investigated distance ranges for two RXs that do not impact molecular absorp-
tion of each other, which showed that the mutual influence between two RXs decreases with
the increase in the rate constant of degradation. In the second model, numerical results showed
that DE is less sensitive to an increase in noise than independent estimation. For the estimation
of r and v, DE always achieves the better performance than independent estimation. For the
estimation of i and kq, DE becomes better than independent estimation with an increase in

noise or in the number of observations.



9

1D Molecular Communication with Two Absorbing Receivers




Chapter 6

Molecule Harvesting by
Heterogeneous Receptors on

Transmitters

6.1 Introduction

Molecule harvesting is a known biological mechanism in synaptic communication. One typi-
cal example is reuptake [163]], which is the re-absorption of neurotransmitters in the synaptic
cleft by neurotransmitter transporters on the pre-synaptic neuron. This mechanism is necessary
for synaptic communication since it allows to recycle neurotransmitters and control the time
duration of signal transmission. Motivated by this biological example, as mentioned in Sec-
tion a recent study [91] developed a spherical molecule harvesting TX model where the
membrane is equipped with receptors that can react with information molecules. Specifically,
the authors considered a homogeneous TX surface, where they assumed an infinite number of
receptors cover the entire TX surface or a finite number of receptors with identical sizes are
uniformly distributed over the TX surface. However, the analysis in [91] may become inac-
curate in practice as the receptors on the TX surface may have different sizes and arbitrary
locations. In particular, receptor clustering [103]] is one phenomenon that leads to heteroge-
neous receptors on the cell membrane. Therefore, in this chapter, we consider a spherical TX,
whose membrane is covered by heterogeneous receptors that may have different sizes and ar-
bitrary locations, and assume each receptor to be fully absorbing. Moreover, we model the
transportation of molecules within the TX based on Chapter [3] where molecules are encap-
sulated within vesicles and later released from the TX through the fusion of the vesicle and
the TX membrane. Instead of assuming an impulse of vesicles being released from the centre
of the TX as in Chapter [3| we consider the continuous generation of vesicles within the TX.
Furthermore, we consider a transparent RX and investigate the CIR, where we take into ac-
count the fact that molecules may degrade when they propagate from the TX to the RX. We

emphasise that the analysis in [91] is not applicable when considering heterogeneous boundary
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Figure 6.1: Illustration of the MC system model where a spherical TX covered by heterogeneous
receptors communicates with a transparent RX.

conditions and vesicle-based release at the TX.

The main contributions of this chapter can be summarised as follows. We derive the
molecule release rate from the TX membrane for the case of a continuous generation of vesicles
within the TX. We also derive the fraction of absorbed molecules at the TX and the probability
that a released molecule is observed at the RX, where all expressions are functions of the size
and location of each receptor. PBSs are used to verify the accuracy of our expressions. Our
numerical results reveal that the total number of molecules absorbed by the TX is not affected
by the vesicle generation rate, while the peak received signal at the RX increases for larger

vesicle generation rates.

The rest of this chapter is organised as follows. In Section [6.2] we describe the system
model. In Section [6.3] we derive the molecule release rate from the TX membrane and the
fraction of absorbed molecules by the TX. In Section [6.4] we derive the received signal at the
RX. In Section [6.5] we present and discuss our numerical results. In Section [6.6] we draw

some conclusions.

6.2 System Model

In this chapter, we consider an unbounded three-dimensional (3D) environment where a spher-
ical TX communicates with a transparent spherical RX, as depicted in Fig. [6.1] We choose the
centre of the TX as the origin of the environment and denote the radii of the TX and RX by r;

and ry, respectively.

6.2.1 TX Model

In this subsection, we present the TX model in terms of vesicle generation, molecule propaga-

tion, and the receptors on the TX membrane.
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6.2.1.1 Vesicle Generation

For the considered TX model, we assume that type-A molecules are stored within and trans-
ported by vesicles, where each vesicle stores 1 molecules. We assume that vesicles are contin-
uously generated in the centre of the TX. In particular, each vesicle is generated at a random
time instant, and we approximate the generation process as a 1D PPP [[164]. We note that PPP
has been frequently used to describe random biological processes as [163]]. In particular, sev-
eral previous studies, e.g., [166l [167]], have modelled the generation of molecules as a 1D PPP.
Furthermore, we denote Ny as the total number of vesicles that the TX generates for a single

transmission and U [vesicles/s] as the average number of vesicles generated per second.

6.2.1.2 Transportation of Molecules

We assume that the TX is filled with a fluid medium that has uniform temperature and viscosity.
After vesicles are generated in the centre of the TX, they diffuse randomly with a constant
diffusion coefficient Dy, until reaching the TX membrane. Then, these vesicles fuse with the
membrane to release the encapsulated molecules. According to [27]], we model the MF process
between the vesicle and the TX membrane as an irreversible reaction with forward reaction rate
constant k¢ [um/s]. Thereby, if a vesicle hits the TX membrane, it fuses with the membrane
with a probability of k¢\/7TAt /Dy during a time interval At [124]. After MF, the molecules

stored by the vesicles are instantaneously released into the propagation environment.

6.2.1.3 Receptors on the TX Membrane

We assume that there are N; non-overlapping heterogeneous receptors distributed on the TX
membrane, which may have different sizes and arbitrary locations. We assume the shape of
the ith receptor to be a circle with radius ;. We define A as the ratio of the total area of
the receptors to the TX surface, i.e., A = Zﬁvz'l a?/(4r%). In a spherical coordinate system,
we denote Z = [rT, 9,-,(,0[] as the location of the centre of the ith receptor, where 6; and ¢;
represent the azimuthal and polar angles of the ith receptor, respectively. As the receptors
are non-overlapping, the locations and radii of the receptors satisfy |7, — l:| >a;j+aj;,vVi,je
{1,2,..,N;}. In this model, we assume that all receptors are fully absorbing and can only
absorb the released type-A molecules. With this assumption, once a released diffusing type-A
molecule hits a receptor, it is absorbed by the TX immediately. Furthermore, we assume that
the TX membrane area that is not covered by receptors is perfectly reflective, which means
that released diffusing type-A molecules are reflected back once they hit this area. In addition,
we assume that the protein which catalyses the MF between the vesicle and the TX membrane
is different from the receptor which absorbs molecules. Therefore, the molecule release and

absorption are treated as two independent processes.
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6.2.2 Propagation Environment and RX Model

In this system, we consider a transparent spherical RX whose boundary does not impede the
diffusion of molecules. The centre of the RX is distance ry away from the centre of the TX. We
assume that the RX can perfectly count the number of molecules within its volume at time ¢ and
use this value as the received signal. We also assume that the propagation environment between
TX and RX is a fluid medium with uniform temperature and viscosity. Once molecules are re-
leased from the TX, they diffuse randomly with a constant diffusion coefficient D,. We further
assume unimolecular degradation in the propagation environment, where type-A molecules can
degrade to type-A molecules that can neither be absorbed by the TX nor be observed by the
RX,ie., A Ny [113} Ch. 9], where kq [s~!] is the rate constant of degradation.

6.3 Analysis of Release and Harvest of Molecules at TX

In this section, we first analyze the release of molecules from the TX when jointly considering
the continuous generation of vesicles and the MF process at the TX membrane, and derive the
molecule release rate from the TX membrane. We define the molecule release rate as the prob-
ability of molecules being released during the time interval [¢,7 + 8¢] from the TX membrane,
when the vesicles storing these molecules were continuously generated in the origin starting
at time t = 0. Second, we incorporate the effect of the heterogeneous receptors on the TX
membrane and analyze the absorption of molecules by the TX. We further derive the fraction

of molecules absorbed by the TX until time 7.

6.3.1 Molecule Release Rate from TX Membrane

We define £ as the mean time duration for generating all vesicles, which is given by T = N, / 1.
Therefore, when 7 € [0, £], the vesicle generation is active. When ¢ > %, the vesicle generation
ceases. In Chapter |3} we assumed that vesicles are instantaneously generated in the centre of
the TX and provided the corresponding molecule release rate f;(7) in (3:3)), where we took the
MF process into account. In the following theorem, based on f;(¢), we derive the molecule
release rate, denoted by f.(¢), when vesicles are continuously generated in the centre of the
TX.

Theorem 6.1. The mean molecule release rate from the TX membrane at time ¢, when vesicles

are continuously generated starting at time ¢ = 0, is given by

fea(t), if0O<t <%,
(1) =14 ’° 6.1
() { fealt), ift>1, ©D
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where
4}’%ka - A'njO(/lan) b
C - . 1 - _Dvl s 62
fer(t) NyD, &= 2A,r; —sin(2A,rr) ( exp( "t)) 6.2)
and
4r%kfu - AnjOU"n”T) 2 A 2

— —D A (t—1%)) — —DyAst)]. 6.3
Foalt) = R RO [ (DA ) —exp (DA 63)
Proof: Please see Appendix [D.1] u

6.3.2 Molecule Harvesting at TX

As vesicles are generated at the centre of the TX, molecules are uniformly released from the
TX membrane, i.e., the probability of molecule release is identical for any point on the TX
membrane. Therefore, we first need to derive the number of molecules absorbed by the TX at
time ¢ when these molecules are uniformly and simultaneously released from the TX membrane
at time ¢ = 0, which is denoted by H (). To this end, we consider a scenario similar to the
model in Fig. where molecules were uniformly released at time ¢ = 0 from the surface
of a virtual sphere centred at the TX’s centre with a radius d, where d > r;. The fraction of
molecules absorbed by the TX in this scenario was derived in (4.3). Based on this result, we

present H (¢) in the following lemma.

Lemma 6.1. The fraction of molecules absorbed by the TX at time ¢, when the molecules are

uniformly and simultaneously released from the TX membrane at time ¢ = 0, is given by

H(t) = v%\/;?) v?(exp({t)erfc (yV/Dat) +Y\/76rf<\/>> - 1), (6.4)

where w = DG/ (re(re — Gy)), v =1/(rr — GT) = v’D, — ky, erf(+) is the error func-
tion. According to the definition and explanation in Section @ G can be treated as the
“capacitance” of the TX, which is determined by the locations and sizes of the receptors. The
expressions of G have been calculated in [144] as shown in Table [21;1'] with replacing ry with
rr and N, with N;.

Proof: We recall that H, (¢) in (@.3)) represents the fraction of molecules absorbed by the

TX at time ¢, when the molecules are uniformly released from a virtual spherical surface at
time ¢+ = 0. H(¢) can be obtained from H,(7) by setting d — ry, i.e., H(r) = thn’}T Hy(1)]0=a-
By substituting (4.3) into this expression, we obtain (6.4)). |
We then denote H, () as the fraction of molecules absorbed by the TX at time ¢ when
vesicles are continuously generated in the centre of the TX starting at time t = 0. We present

H,(t) in the following theorem.
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Theorem 6.2. The fraction of molecules absorbed at the TX by time ¢ when vesicles are

continuously generated in the centre of the TX starting at time ¢ = 0 is given by
He(r) = fo(t) xH (1), (6.5)
where f.(7) and H(r) are given by (6.1)) and (6.4), respectively.

Proof: When molecules are released from the TX membrane at time u, 0 < u <¢, the
fraction of these molecules that can be absorbed by the TX is given by f.(u)H (¢t —u). There-
fore, H(t) can be expressed as H(t) = [; f.(u)H (¢ — u)du, which can be further rewritten as
the convolution in (6.5). [ |

6.4 Analysis of Received Signal at RX

In this section, we derive expressions for the received signals at the RX in two steps. In the
first step, we assume that no receptors exist on the TX surface and derive the received signal at
the RX. In the second step, we determine the number of molecules that no longer arrive at the
RX because they were absorbed by the receptors on the TX. Based on these derivations, we

finally obtain the received signal at the RX.

6.4.1 Problem Formulation

We classify all possible diffusion paths of molecules after their release from the TX membrane
into three categories, namely path 1, path 2, and path 3, as shown in Fig. [6.1] Path 1 is the
path where molecules diffuse in the propagation environment at time ¢, path 2 is the path where
molecules move into the RX at time #, and path 3 is the path where molecules hit a receptor
on the TX surface at time ¢. If receptors are assumed to not exist, we can further divide path
3 into path 3a and path 3b. Path 3a is the path where molecules diffuse in the propagation
environment at time ¢ after having hit the TX at time u, where u < ¢, and path 3b is the path
where molecules move into the RX at time ¢ after having hit the TX at time u. Then, the
received signal at the RX at time ¢ includes molecules from path 2 and path 3b. The presence
of receptors causes the received signal at the RX to decrease, and this decrease is caused by the
molecules associated with path 3b, which will no longer arrive at the RX. In light of this, we
denote P;(t), P(t), and P(t) as the probabilities that a released molecule is observed at the RX
at time ¢ when receptors do not exist, when molecules move along path 3b, and when receptors

exist, respectively. Accordingly, P(¢) can be calculated as

P(t) = Pi(t) — P(1). (6.6)
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6.4.2 Derivation of Received Signal

We first consider no receptors on the TX membrane. Similar to the procedure in Section
6.3.2 to derive P;(t), we need to first derive the received signal at the RX when molecules
are uniformly and simultaneously released from the TX membrane at time ¢t = 0, denoted by
P,(t). When a molecule is released from an arbitrary point ¢ on the membrane of a spherical
TX, the probability that this molecule is observed at the RX, denoted by Py (7), is given by [52]
Eq. (27)]

a1 o re+ra 1 [D,t (re +7r4)?
Pa([)—i [erf(m) —|—erf(\/m>]exp(—kdt)—|—ra 7 [exp <_4I)A[_kdt)
()]
—exp| —————— —kqt (6.7)

where ry is the distance between point ¢ and the centre of the RX. By taking the surface

integral of Py () over the TX membrane, we derive and present P, (7) in the following lemma.

Lemma 6.2. If there are no receptors on the TX membrane, the probability that a molecule
is observed at the RX at time #, when these molecules were uniformly and simultaneously

released from the TX membrane at time ¢ = 0, is given by

DAt
2rrro

A A A

{E (ro—rr, )+§1(7’T—Fo,t)—§1(ro+rnt)—51(—ro—rT,t)} +

A

% &+ r0.0) 4 o= = rout) = alro =) = Eare = r0u1)| (63)

Ri(1) =

8r0 I'r

where

2 (I’R—Z)z 4Dt 0 5 'R —2
1) = — T kgt 2Dt — f
Ei(z.1) =exp < 4D at | (re+2)y[ ==+ (re 42Dyt —2°)er VD

x exp (—kat), (6.9)

and & (z,1) = erf(\?f%jt) exp (—kqt).

Proof: Following Appendix we derive P,(7) by computing the surface integral of
Py (1) over the TX membrane, which is given by

1 rt
Py(t) = m/mpé‘(t)‘ra—\/’%“%——zw dx. (6.10)

By substituting into (6.10), we obtain (6.8). [ |

Based on P,(t), we present Py(t) in the following lemma.

Lemma 6.3. If there are no receptors on the TX membrane, the probability that a released

molecule is observed at the RX at time ¢, when the vesicles are generated in the centre of the
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TX starting from time ¢t = 0, is given by

Pi(t) = fe(t) % Pu(2), 6.11)

where f.(¢) and P,(r) are given in (6.1)) and (6.8)), respectively.
Proof: The proof is similar to the proof of Theorem[6.2] and thus omitted here. |

Next, we derive the probability that a released molecule is observed at the RX associated
with path 3b. As we assume that 4 and a; are extremely small compared to the distance
between the TX and RX, each receptor can be regarded as a point TX which releases molecules
with a release rate that equals the hitting rate of molecules on this receptor at time 7. As
molecules are uniformly released from the TX membrane, the probability of molecules hitting
any point on the receptors is the same. We denote /. ;(¢) as the hitting rate of molecules on the
ith receptor at time ¢, and express he (1) as he;(t) = %he (1), where A; = a? / (4r2) is the ratio
of the area of the ith receptor to the TX surface and &.(7) is the total hitting rate of molecules
on the TX membrane. We recall that A is the ratio of the total area of receptors to the TX
surface, as mentioned in Section Then, we are ready to derive P(¢) and P(r). We
present P;(¢) and P(¢) in the following theorem.

Theorem 6.3. The probability that a released molecule is observed at the RX at time 7, when
vesicles are continuously generated in the centre of the TX starting from time ¢ = 0, is given
by

P(t) = fo(t) x Py(t) — P(2), (6.12)
where
P(t) = de(t)jH(t) * %A,Pa(t) ‘r&:d,-' (6.13)
i=1
In (6.13), f.4(2) is given by
Fralt) = :zvz: Yo, 21”;’:05%’(;;”) exp (—DyAt), if 0 < t < f':
i Yo Mnr:f’sin’(’;am) [exp (—Dvlnzt) —exp (—D\,ln2 (r— r))} Jifr > 1,

(6.14)

d; represents the distance between the centre of the ith receptor and the centre of the RX, i.e.,
di = \/r%—ZrorTcos(%)sin(Gi) + 13, and f.(¢), Pu(t), H(t), and Py(t) are given in (6.1),
(6-3), (6.4), and (6.7), respectively.

Proof: Please see Appendix [D.2] [
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Figure 6.2: Molecule release rate from the TX versus time ¢ for different values of .
6.5 Numerical Results

In this section, we present numerical results to validate our theoretical analysis and offer in-
sightful discussions on our considered TX model. Specifically, we use PBSs to simulate the
random diffusion of molecules. As we assume the generation process of vesicles as a 1D
PPP, the time instant for generating the ith vesicle equals the summation of the previous i — 1
exponentially distributed random numbers in our simulations. The simulation framework for
modelling the diffusion of vesicles within the TX and the MF process at the TX membrane
is detailed in Section and the framework for modelling the absorption of molecules by
heterogeneous receptors is detailed in Section f.6] We choose the simulation time step as
At = 107% s and all results are averaged over 1000 independent realisations of generating Ny
vesicles of the TX. Throughout this section, we set rp =5 um, ry = 10 um, N, =200, n = 20,
u = {50,100,200}s !, Dy =9 um?/s, ky = 30 um/s, A= 0.1, N; = {1,4,11}, ry = 20 um,
D,=794 ,umz/s, and kg = 0.8 s~! [151]], unless otherwise stated. From Figs. , we ob-
serve that the simulation results match well with the derived analytical curves, which validates
our theoretical analysis in Sections [6.3]and [6.4]

In Fig. we plot the molecule release rate f.(¢) versus time ¢ for different values of .
We observe that when u is small, f(7) maintains a constant value for a period of time. When
U is large, f.(r) first increases and then decreases after reaching the maximum value. This
is because small u leads to long emission periods such that the concentration distribution of
molecules within the TX becomes stable, which results in a stable molecule release rate.

In Fig. we plot the number of molecules absorbed by the TX NynH, (), versus time
t, where we set u € {50, 100,200} s~ ! and employ different numbers, distributions, and sizes
of receptors. For receptors that are evenly distributed over the TX membrane, we apply the
Fibonacci lattice [[154] to determine the locations, which are given by [29, Eq. (42)]. For
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Figure 6.3: The number of molecules absorbed by the TX until time ¢ versus time ¢ for different
distributions of receptors and different u, where N, = 11.

receptors that are randomly distributed over the TX surface, we consider receptors that either
have the same size or different sizes. For receptors with different sizes, we set their areas as
A =0.01, A, = 0.02, A3 = 0.03, and A4 = 0.04, and their locations as [; = [5um,7/2,7],
L =[5umn/2,7/2], 5= [5um,m/2,0], and [s = [5 um,7/2,37/2]. For the single re-
ceptor, we set the location as l: = [—rT,O,O]. First, when receptors are evenly distributed over
the TX membrane, we observe that the total number of molecules that the TX can absorb is
independent of the value of u, which means the fraction of molecules that can be recycled
for subsequent transmissions does not depend on the generation rate of vesicles. Second, we
observe that a larger u leads to a faster increase of the number of absorbed molecules to the
maximum value. This is because the absorption rate of molecules is directly determined by the

release rate of molecules, and a larger u leads to a higher molecule release rate.

In Fig. we plot the number of observed molecules within the RX NynP(t), versus
time ¢, where the parameter setting for the locations and sizes of the receptors and the vesicle
generation rate are the same as in Fig. [6.3] First, when receptors have identical sizes and are
evenly distributed on the TX membrane, we observe that a larger u leads to a higher peak
received signal. This is because a larger y leads to a faster release of molecules into the
propagation environment such that more molecules can be observed within the RX at the same
time. Second, by considering both Fig. [6.3]and Fig. [6.4, we observe that the received signal
is weaker when the TX absorbs more molecules. This illustrates a trade-off between energy
efficiency and error performance since a weaker received signal can result in a higher decoding
error at the RX.
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Figure 6.4: The number of observed molecules within the RX at time ¢ versus time ¢ for different
distributions of receptors and u, where N, = 11.

6.6 Conclusion

In this chapter, we investigated molecule harvesting for a spherical TX covered by hetero-
geneous receptors of different sizes and at arbitrary locations. By considering a continuous
generation of vesicles within the TX and a transparent RX, we derived the molecule release
rate and the fraction of molecules that are absorbed by the TX. We also derived the proba-
bility that a released molecule is observed at the RX. Simulations verified our analysis. Our
numerical results showed that the vesicle generation rate determines the peak value of the re-
ceived signal, but does not affect the fraction of molecules that can be harvested for subsequent
transmissions. Future directions of this research include determining the maximum fraction of

molecules absorbed by the TX for achieving a desired error performance target.
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Chapter 7

Conclusions

In this chapter, we first summarise the main contributions of this thesis, and then discuss several

interesting future research directions.

7.1 Thesis Conclusion

In this thesis, we focused on addressing gaps in the current MC studies on practical TX design,
practical RX design, co-existence of multiple non-transparent RXs, mobile MC systems, pa-
rameter estimation, and energy efficiency. We summarised our contributions to overcome each

limitation are as follows:

* Practical TX design: Inspired by the biological process of exocytosis, in Chapter [3] we
proposed a TX model that is based on the MF between vesicles generated within the
TX and the TX membrane to release molecules. We derived the molecule release rate
and the fraction of molecules released from the TX. Numerical results highlighted the
difference between the MF-based TX and the ideal point TX in terms of the ISI, since
ISI of the ideal point TX is only caused by the diffusion of molecules in the propaga-
tion environment whereas the ISI of the MF-based TX is also caused by the signalling

pathways within the TX.

* Practical RX design: Motivated by the fact that receptors on the cell membrane do not
have definite locations and sizes due to receptor clustering, in Chapter[d we proposed a
RX that is covered by multiple heterogeneous receptors with different sizes and arbitrary
locations. We derived the received signal at the RX for various numbers, distributions,
and sizes of receptors. Numerical results showed that the number of absorbed molecules
at the RX increases with the number of receptors, when the total area of the receptors is
fixed.

* Co-existence of multiple non-transparent RXs: Due to the presence of a non-transparent
RX affecting the received signals at other non-transparent RXs, the process of character-

ising channels among multiple non-transparent RXs becomes highly intricate and chal-
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lenging. In Chapter [5] we considered a 1D environment with two fully absorbing RXs
and derived the closed-form expressions for i) the fraction of absorbed molecules, ii)
the corresponding hitting rate, and iii) the asymptotic fraction of absorbed molecules as
time approaches infinity at each RX. Numerical results showed that the mutual influence

between two RXs decreases with the increase in the rate constant of degradation.

* Mobile MC systems: The analysis of the mobile MC system is more challenging than
the static system because of the varying distance between the mobile TX and RX. In
Chapter 3] we considered a mobile MF-based TX and a mobile fully absorbing RX, and
derived the expected CIR between them. We also derived the PMF for the number of
molecules absorbed at the mobile RX by dividing the molecule release duration into

multiple release intervals.

* Parameter estimation: Parameter estimation within the MC system is crucial to extract
information from the microscale environment and facilitate the system design. In Chap-
ter 5| we considered a noisy 1D environment and applied the cooperation of two RXs
to estimate parameters. In particular, we used DE and derived the CRLB. Numerical

results showed that DE can effectively mitigate the impact of noise on estimation.

* Energy efficiency: Motivated by the limited methods to charge the nanomachines cur-
rently, in Chapter[6] we proposed a molecule harvesting TX model to improve the energy
efficiency of the MC system. The membrane of the TX is covered by heterogeneous re-
ceptors to harvest molecules. We derived the number of molecules that are absorbed
by the TX for next rounds of transmission and showed that the number of harvested

molecules is not related to the vesicle generation rate within the TX.

In summary, our TX and RX designs in Chapter [3]and Chapter[4]act as a theoretical funda-
mental analysis for researchers to anticipate the performance of nanomachines within MC sys-
tems in the future, given that nanomachines, e.g., artificial cells, mimic one or many functions
of a biological cell [168]. Moreover, our investigation of two fully absorbing RXs in Chapter
[5] provides a novel and imitable method for channel characterisation when multiple fully ab-
sorbing RXs co-exist. Therefore, the work in Chapter [5can be extended to a 3D environment
with a large number of RXs co-exist. In addition, the current studies that investigate the energy
efficiency in MC systems are quite limited. Our work in Chapter [6] shows the possibility of
reducing the energy cost from the perspective of TX design, which acts as a fundamental study

to inspire researchers taking into account energy efficiency when designing TXs and RXs.
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7.2 Potential Gaps and Application Scope

7.2.1 Potential Gaps

The entire thesis focuses on investigating more practical MC systems by relaxing some ide-
alised assumptions made for TXs and RXs in previous studies. Although our work has enabled
the TXs and RXs more features from the biological cells, the real biological MC system is far
more complicated, and there is still a huge gap to bridge for accurately modelling real biologi-
cal MC TXs and RXs. Specifically, we describe the gaps between our TX and RX models and
the real TXs and RXs in the biological system as follows.

TX Model in Chapter 3 & 6

* We simplified the molecule generation process within the TX. In biological cells, molecules
are generated through a series of complex biochemical processes, which includes DNA
transcription, mRNA translation, post-translational modification, enzymatic reactions,
and metabolic pathways [169]. In our TX model, we only assume that molecules are

generated at the centre of the TX.

* We simplified the transportation of vesicles within the TX. Vesicles move within the
cell through a process that involves the cytoskeleton, motor proteins, and energy from
ATP [169]. The cytoskeleton provides a network of protein filaments that act as tracks
for vesicle transport, while motor proteins use energy from ATP hydrolysis to prompt
the vesicle movement along these tracks. In our model, we only assume that vesicles

perform free diffusion with the TX.

* Reuptake typically occurs through active transport, which requires ATP or the energy
stored in electrochemical gradients. The transporter proteins use this energy to move
the molecules against their concentration gradient, from an area of lower concentration
outside the cell to an area of higher concentration inside the cell [7]. In our model, we
assumed that molecules are absorbed by the TX as soon as they hit the receptors and did

not consider the impact of energy on the molecule harvesting.

RX Model in Chapter 4

* In biological cells, cellular communication is based on the ligand-receptor binding,
which is a dynamic process, and the ligand and receptor interact through non-covalent
molecular interactions, such as hydrogen bonding [169]]. The ligands can continuously
associate with and dissociate from their receptors. Moreover, upon ligand binding, many

receptors undergo a conformational change that allows them to transmit the extracellu-
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lar signal to the intracellular environment. In our RX model, we did not consider these

factors and assumed that molecules can be absorbed as soon as they hit the receptors.

After ligand-receptor binding, a series of secondary chemical reactions occurs within
the cell. These reactions ultimately lead to various cellular responses, such as changes
in gene expression, cellular metabolism, or cell division. In our model, we did not
consider these secondary reactions and regarded the number of absorbed molecules as

the received signal.

Receptors can move laterally within the plane of the plasma membrane through diffusion
[170]. The lipid bilayer of the cell membrane acts as a fluid environment, allowing the

receptors to move within it. In our RX model, we assumed fixed receptors on the surface.

7.2.2 Application Scope

Although there are some gaps between our current models and practical biological cells, we

still emphasise the value of our work in this thesis as follows.

» Simplified models ensure the tractability of mathematical derivations. If all biological

characteristics are considered in the MC system, it requires substantial computational
resources and time for simulation. On the other hand, analytical expressions can be
derived to describe simplified TX and RX models, which allows faster simulation and

efficient parameter estimation.

Our simplified TX and RX models serve as a starting point for developing more com-
plex and biologically accurate models. For example, our research can provide a better
understanding of the impacts of vesicular transportation and heterogeneous receptors on
the MC system, and other researchers can extend our model by incrementally adding

complexity and refining these assumptions.

The simplied TX and RX models allow us to focus on the most crucial elements of
the MC system, e.g., the transportation of molecules with the TX and the reception of
molecules by receptors. This can help to identify key factors that drive communication
efficiency and provide valuable insights into the design and optimisation of the MC

system.

7.3 Future Research Directions

7.3.1 TX Design

As mentioned in Section [3.2.1] one constraint in our MF-based TX is that MF can occur at

any location on the TX membrane. In reality, the MF sites are limited, and we plan to model
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the heterogeneous -SNARE proteins with varying sizes and arbitrary positions on the TX
membrane. Consequently, MF can only take place at sites containing the -SNARE proteins,
and the TX membrane will exhibit a heterogeneous boundary condition for vesicles within
it. We will also derive a new molecule release probability that accounts for this boundary

condition.

One interesting observation in Chapter [0] is that a larger number of molecules harvested
by the TX leads to a lower received signal at the RX, which motivates us to strike a balance
between the energy efficiency and error performance in the future study. We will set a thresh-
old for the acceptable error performance at the RX and maximise the number of molecules
absorbed by the TX. We will also determine the corresponding distributions and sizes of re-

ceptors to provide guidelines for the TX design.

In the synaptic communication, the receptors on the pre-synaptic neuron can not only har-
vest neurotransmitters, but also serve as parts of a negative feedback loop in the signal trans-
mission. In particular, this type of receptors is named as autoreceptors [171]], which can inhibit
further release or synthesis of the neurotransmitters from the pre-synaptic neuron. Motivated
by this biological mechanism, in the future study, we will incorporate the negative feedback
into our TX design, where the TX can adjust the molecule release based on the number of
molecules absorbed by receptors on it. If the number of absorbed molecules is larger than a
pre-defined threshold, the TX regards that it has released enough molecules such that stopping
further release and synthesis of molecules. The threshold will be determined based on the re-
ceived signal at the RX, and this investigation will further improve the energy efficiency and
mitigate ISI at the RX.

7.3.2 RX Design

In Chapter[d] we proposed an RX covered by heterogeneous receptors and derived the received
signal as a function of the sizes and distributions of receptors. In the current study, we only
showed that the evenly distributed receptors on the RX surface leads to a higher received signal
than randomly distributed receptors and receptors within a region. In the future study, we will

optimise the sizes and distributions of receptors to maximise the received signal.

Another future research direction is modelling the mobility of receptors on the RX surface,
which is motivated by the fact that cell membrane is composed of a mixture of phospholipids in
a fluid phase such that receptors undergo isotropic random movement akin to Brownian motion
[[170]. We will consider that receptors perform Brownian motion over the RX surface and tract
the movement of receptors by the algorithm in [172]. We will also analyse and observe the

impact of mobile receptors on the received signal at the RX.



112 Conclusions

7.3.3 Multiple Practical TXs and RXs

We currently only investigate a SISO MC system. In the future study, we will consider a
MIMO system with multiple practical TXs and RXs. For multiple TXs, we will take the
molecule harvesting into account at each TX, where the molecules can only be harvested by
one of the TXs. Therefore, we need to develop a new mathematical framework to evaluate
the mutual influence among TXs, which makes the analysis more complex than current studies
considering multiple point TXs. We will also use a similar method to characterise the mutual
influence among multiple non-transparent RXs and derive the received signal and BER at each
RX.

7.3.4 Development of MC Simulators

Our current studies only modelled the practical MC systems from a mathematical perspective.
If we further increase the complexity of the system, the mathematical methods may become
too complicated to deal with related problems. In the future research, we will develop inno-
vative simulators to validate the modelling and analysis of practical MC systems. Specifically,
the users can input the values of parameters related to the practical TXs, RXs, and environ-
ment into the simulators, and the simulators can output the received signal at each RX. The
simulators will be coded with Python by using the PBSs. We will also enhance the feasibility
of the simulators by designing it to support an arbitrary number of TXs and RXs, and maintain
the computational complexity of the simulators at an acceptable level. Overall, such simula-
tors will help scientists and engineers to accurately predict the behaviour of the practical MC

systems.
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Appendix A

A.1  Proof of Theorem

Using separation of variables [173]], we express C(r,t) as C(r,t) = R(r)T(t), where R(r) and
T (t) are functions of r and #, respectively. Substituting C(r,#) into (3.3)), we obtain

2DR (r) DyR'(r) T(t) (@,
R R TM) O (A

where R (r) = ag—(rr), R'(r)= %, and T' (1) = 878"51‘)‘ The left-hand side of the first equality

in (A7) is a function of r, denoted by &(r), and the right-hand side is a function of 7, denoted

by &(¢). As &(r) = (1), &(r) and &(r) are equal to a constant & that results in the equality (a).
Based on (A.1]), we obtain

PR’ (r) +2rR (r) 2R(r) = 0. (A.2)

&
——r
Dy

By setting & = —DyA2, n = 1,2,3,..., (A.2) becomes the radial equation when solving the
Helmholtz equation in spherical coordinates [174]. For each given A,, the solution of R(r) in
(A2), denoted by' R,(r), is given by R,(r) = Cujo(A,r), where C, is a constant. As R, (r)
needs to satisfy the boundary condition in (3.4), we substitute R, (r) into (3.4) and obtain (3.6).
Based on (A1), we then obtain

—DyA2. (A.3)

By considering an obvious condition 7,(f — ) = 0, one principle solution of T,,(¢) is

I'The general solution of the Helmholtz equation is jj (x), where 4 = 0,1,2,3, ... In (&2), jo(x) is applied since
the TX model is symmetric.
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T,(t) = Byexp (—DyA}t). Based on the principle of superposition, C(r,t) becomes

C(r.t)=Y Ry Zc Bujo (Aur)exp (—DyAlt). (A.4)

n=1

We next determine C,B,, based on the initial condition in (3.2). According to the Sturm-
Liouville theory [175]], if n # n/, r jo(k,,r) and r jo(ln/r) are orthogonal to each other, which
is

2 rr—sin(2A,rr) . n/

e 2 . . , _ 4&3 N = s
/0 r*jo(Anr) jo(Ayr)dr = { 0. "t o (A.5)

We substitute (A.4)) into (3.2)) and then multiply jo (A,r) to both sides of the equality. With
some mathematical manipulations and taking the integral of both sides with respect to r, we

obtain

ZCan/ 224, —/ r)jo(Aur) (A.6)
n=1 0

3

Based on (A.3)) and (A.6), we obtain C,B, = n(zlm—?in(zzlm)) . By substituting C, B, into (A.4),
we obtain C(r,1). According to [130} eq. (3.106)], the molecule release rate is expressed as
fi(t) = 4mr2keC (r,t). By substituting C(ry,t) into f;(¢), we obtain (3.5).

A.2 Proof of Lemma

We perform the surface integral by considering a small surface element that is the lateral sur-
face of a conical frustum, denoted by dS, on the TX membrane. The point & is on dS with
the coordinates (x,y,z). The base and top radii of this conical frustum are y and y + dy, re-
spectively, and the slant height is \/m Based on the expression for the lateral surface

/ 2 / 2
area of a conical frustum, dS is calculated as dS = 27wy /1 + (%) dx+ n% 1+ (%) d%x.

Since y = \/r? —x?, we have % = ——=—. By substituting % into dS, we obtain dS =
rfo

27rpdx — : "t d%x ~ 27r.dx, where ’”': d?x is omitted since it is a higher order infinitesimal.
As dS is an infinitesimal, we treat the distance between each point on dS and the center of
the RX as rg, where rg can be expressed based on x as rg = \/m By substitut-
ing rg into (B:8), we obtain hg(7,x). Accordingly, the hitting rate at the RX for molecules
released from dS is phg(f,x)dS. Furthermore, hy,(z) is obtained by integrating phe (z,x)dsS,
ie., hy(t) = Jo,Pha(t,x)dS = [T} 2mriphe(t,x)dx. By substituting hs (2, x) into hy(r) and
solving the integral, we obtain (3.9).
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A.3 Proof of Corollary

According to (3.12), we have H.(t) = Hy(t) * f:(). Performing the Laplace transform of this
expression, we obtain He(s) = Fr(s)Hu(s), where He(s), Fi(s), and Hy(s) are the Laplace
transform of Hc(z), f;(¢), and Hy(t), respectively. According to the final value theorem [176]
eq. (1)], if He(¢) has a finite limit as r — oo, then we have lim H (t) = iii%sHe (s). Thus, we

calculate lim H,(r) as
t—roo

lim He (1) = W\/E {exp <—2 [31kd> —exp (—2 szd>] i Anjo(Au)

10 roDy & 20, —sin(2A,rr)
(A7)

By substituting # — e into (3.7)) and noting that F;(f — o) = 1, we obtain }_, % =
Do By substituting this expression into (A.7)), we obtain (3.14).

43k
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B.1 Proof of Corollary

According to (4.5)), we have

Hyoo(w) = r:;” [0 (00) — 0t (0, w)] . (B.1)

Based on [#.6)), we have o () = exp(— )/ v/kaD,. To obtain o (e, w), we need to determine

Vi (oo, w) and y; (oo, w) in @7). In @), if (w) <0, we have gy (o,w) = 0. If {(w) > 0, we
obtain

. erfc <% + ?(WW)
Wi (oo, w) = 29(w) exp(7(w) (ro = r)) lim exp(—C(w)7)

(a:) 250 tlgg exp <__(;z(w‘: kdf)) (jﬁ —9(w) D[A>

=0, (B.2)

where step (a) is obtained by applying L’Hopital’s rule. Therefore, we have y; (eo,w) = 0 for
any value of {(w). According to (#9), we obtain y;(co,w) = —29(w)?\/D, /kqexp <—[§)
By substituting y; (eo,w) and y»(eo,w) into (@.7)), we obtain o (eo, w). Then, by substituting
o (o) and 05 (o, w) into (B.T)), we obtain (@.10).

B.2 Proof of Theorem

As f;(t) is the molecule release rate from the MF-based TX membrane at time # and hs(z) is
the expected molecule hitting rate at the AP-based RX at time r when molecules are uniformly

released from the TX membrane at 7 = 0, iy (7) is obtained as
1
e (1) = /0 Fi()h (= u)du, (B.3)

117



118 Appendix B

where f;(t) is given by (3.5). By substituting (3.3)) and @.22) into (B.3), we obtain (#.27).

B.3 Proof of Corollary

We note that Hy; (1) can be represented as Hy: (1) = f;(¢) * Hs(¢). By performing the Laplace
transform of both sides, we obtain Hyy(s) = fi(s)Hs(s), where Hyr(s), fi(s), and Hy(s) are
the Laplace transforms of Hy (), f:(f), and Hy(t), respectively. According to [177, Egs. (1.3),
(5.1), (17.68)], we obtain

_ S 4r%kf)’n3j0(lan)
2 (Dre —sin (22r2)) (s - DyAZ)’ (B4)
and
HS(‘g) = #gj(ev\/e) [éZ(serO_rT_rR) —éz(S,ro—f—rT—rR)} s (BS)
where & (s,z) is given by
R B X exp(— o5 (B(we) +vs+ka)) 1 kq
62(S’Z) —eXp('}/(We)Z) /7S+kd(w(we)+ /7S+kd) - 2\/[(7dexp - HA [((D-(We)

V'S kd( s+ kg — \/]?d) D,

eXP(—*(m—F Vka)) exp <—z\/g>
T VRViTR )] ——

kd) <1_exp( D (VS +ha— \/Fd))>—<w(we)+ kd> (l—exp<2z kd)

(B.6)
s

Based on the final value theorem [176, Eq. (1)], we have tlim Hy: (1) = lin(l)s”HMF(s). By
—>o0 s—
substituting and into this equation, we obtain (4.32).
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C.1  Proof of Theorem

Taking the integral for both (5.6)) and (5.7) over the interval [0,7], we obtain

Hz(l):H(I’z,l)—Hl(t)*h(rl-f-rz,l‘), (C.1

H](t):H(rl,t)—Hg(t)*h(rl—i—rz,t), (C.2)

where x is the convolution operator. Substituting H, (¢) in (C.I) with (C.2) and performing the

Laplace transform, we obtain

exp <—r2 Sgi“) —exp (— (2r1+r) S;?)

s (1 —exp (—2(r1 +r) S;fd))

Ha(s) = , (C.3)

where Hj(s) is the Laplace transform of H, (7). To obtain the inverse Laplace transform of

(C.3), we define two new equations as

ool ) o T

(ko) (1—exp (~2(r 1),/ 55 (C4)
and
B exp (— \/%S> exp (-xr%—?s)
Ga(s) = s2<l—exp (_ﬁﬁs)) _Sz(l_exp (—2“—”};%)) (C.5)
G21(e) Gaa(s)

We note that Hs(s) = Gi(s) + G (s) and Gy (s) = G2(v/s +ka). Thus, we first solve
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the inverse Laplace transform of G;(s). From (C.3), we observe that G,,; (s) and G2 (s) have
similar forms. Thus, we only show the process of performing the inverse Laplace transform of
Ga.1(s). We re-write Gy (s) as

7 1 1
Ga1(0) =exp (s (mew ()] s(rew(mgs))

According to [177, egs. (5.1), (5.34), (5.36), (1.18)], the inverse Laplace transform of
G,1(s), denoted by g2 (1), is

0,0<t <2

g.1(t)= (i+1) (- \r/leA_ rntn:\ n _|_2i(r1+r2) <t< 2 _|_2(.+1)r1+r2 —0.1.2.3
! VDi YDy ')>VDa T T ba VDg AT p ot T S
(C.7)
According to [177, eq. (1.27)], the inverse Laplace transform of G, ; (\/E) is
£ {6} = = [ o (<) g@jan
s)t = dexp| —— i)dii
2.1 a Jo p 47 82,1
) ( ) 2(i4+1)r1 +(2i43)rp
1 & . i irn+(i+1)m A> < i >} VD4
= i+1)2exp| —— —— = — |+ Vanterf | — ,
V47Ui;0( )[ p< 4f>< VD4 VAt ) | | 2inzoitnn
VDA
(C.8)

where F'(x) ‘z = F(b) — F(a). As aforementioned, G (s) and Gy (s) have similar forms.
Therefore, the inverse Laplace transform of Gy(+/s), denoted as L' {Gy2(+/5)}, can be
derived analogously. Based on [177, eq. (1.3)], (C.8)), and £~! {G,(1/5)}, the inverse Laplace
transform of G (s), denoted by g (¢), is derived as

g1(t) =exp(—kat) (L7 Go1(vV5)} — L7 {Gara(V5)}). (C.9)

Given Ha(s) = Gi(s) + deGl (s), the inverse Laplace transform of Hj(s) is

Ha(t) = g1(r) + kg /O g1 (@)da. (C.10)

Substituting (C.9) into (C.10), we obtain (5.8).
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C.2 Proof of Corollary

According to the final value theorem, if H, () has a finite limit as 7 — oo, we have

lim H, (1) = limsH, (). (C.11)
s—0

—o0

When kg # 0, substituting (C.3)) into (C.11]), we obtain

exp (—rz [",—j) —exp (—(2r1 + rz)\/g)

H2,asy = . (C12)
1 —exp (—Z(rl +7r2)4/ D—i)
When k4 = 0, we apply L’Hopital’s rule [178] to (C.12)), and we have
&Lkd <exp <—r21 / é‘)—i) —exp (—(Zrl +7r2)4/ Z;—i))
H2,asy = lim
ka0 %kd (1—exp (—2(r1—|—r2) L%))

A

= . C.13

ri+nr ( )

Combining (C.12) and (C.13)), we obtain (5.11).

C.3 Proof of Theorem

We denote A i(¢) as the probability that molecules can be absorbed by time 7, when these
molecules are released from the TX at time r = 0. Then, N;(¢) can be computed as N;(1) =
p*H;(t). As u is constant, we can further express N;(t) as N;(t) = u [y H;(u)du. We note
that H,(¢) includes the effect of flow in the environment. To obtain N;(t), we first calculate
H(t).

We denote hy(ro,,kq,v) as the molecule hitting rate with flow when only one RX exists.

According to [179], Ay (ro,t,kqg,v) is given by

hy (1o, kg, v) = — o o o Tkg )t (C.14)
r v 9 == ex - - : :
O D P \2Ds  4Dat \4D; ¢

In (C.14)), we assume that the direction of the flow is from the TX toward RX. For the opposite

direction, we replace v with —v. Then, we have

2
hy(ro.t, kg, v) = exp <2FI°):> h (ro,t,kd + 4VDA> , (C.15)

where f(ro,t,kq) is given by (3.I). We denote H,(ro,t,k4,v) as the fraction of absorbed

molecules by time ¢ with flow when only one RX exists. which is obtained by integrating
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hy(ro,t,kq,v) over time ¢. Accodring to (C.13]), we have

rov

2
A%
Hv(ro,t,kd,v) = exp <2DA> H <r(),l‘ kq + 4%) (C.16)

where H (ro,t,kq) is given by (5.2)). Similar to (C.T)and (C.2)), we can express H (¢) and H,(¢)

as

H>(t) = Hy(ra,t,kq,v) — Hy () % hy (r1 + 12,2, kg, v), (C.17)
H(t) = H,(dy,t,k,—v) — Hy(t) % hy(dy +da,t,k,—V), (C.18)

Substituting (C.13) and (C.16) into (C.18) and (C.17) and performing the Laplace transform
for (C.18) and (C.17)), we obtain

2
Fo(s) = exp <2rD > H> <s % +kd> (C.19)

where H, (s) is the Laplace transform of A, (¢) and Hx (s, kq) is given by (C3). Performing the
inverse Laplace transform of (C.19)), we obtain H,(¢) = exp <2%" ) H, (1, % + kq). Substitut-
ing A (t) into N»(t) = u [ Ha(u)du, we obtain N (¢). Ni(t) can be obtained by exchanging
r1 and r, and replacing v with —v therein for N>(7). Based on the expressions for N (¢) and
N,(t), a unified formula can be written as (5.12).

C.4 Proof of Theorem

According to the final value theorem, if A, (¢) has a finite limit as  — oo, we have

lim A (¢) = limsHa (s). (C.20)

t—ro0 s—0

Substituting (C-19) into (C:20), we obtain M (1) |, as

2
A mny .
HZ(I)‘HM = exp <2DA) }%SHZ ( " 4D, +kd>
2
r v
= exp <2D >H2 asy (kd + 4DA> (C.21)

where H, sy (kq) is given by (5.11). According to N> (¢) = p [y H>(u)du, absorbed molecules
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at RX, within the time interval [ — §,7] at the asymptotic stage is

Ny = udH,(1)| (C.22)

t—o0”

Substituting (C.21)) into (C.22), we obtain N,. N; can be obtained by exchanging r; and
r» and replacing v with —v therein for N,. Based on the expressions for Ny and N,, a unified
formula can be written as (5.15)).

C.5 Proof of Theorem [5.4

For the CRLB to exist, the regularity condition [159] must be satisfied, which is E [alngggm)] =

0. Substituting into [E [alng‘(gg's)} , we obtain

I3 (2\/ Nﬂ%)

E [alnp(gw)} _ i 7i(e)— m(e) + ELB <7zge) B %@)) N

oe =1 2 Nz N1 Igs (2 N1N2>
gs N ~ Nl ~
—— <€)+ =R |- (C.23)
2 N1N2> Ny N
. . Igs—1 (2 Nlﬁ’z) .
Based on the definition of expectation, [E | —~——% | is calculated as
I, (2 N1N2>

8s
2

A N —
exp (— (N1 + 1)) <NZ> Ig, (2VR R )

1

ls1 (2VRIR) = lg1 (2V/RIE)

Ig‘ (2 N]Nz) gs=—00 Igs (2 N]Nz)
N N

=220 =/ =2, (C.24)
N N

=

NS A —
eXp(—(N1+Nz))(N?> Iy (2 N1N2) (C.25)

where

is the summation of PMF of Skellam distribution. Therefore, f) = 1. Substituting (C.24)) and
E [g,] = N, — N into (C:23), we obtain [E [Mngigg\s)] = 0. We then calculate L(€). Substituting
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into (5.17), we obtain

E[*] kg

_y B Mgy Ry Nt e

g=1 4N2 z 4-N2 i 28 N> ! : NN, 4N N>
e zgx,z(\/zmzvz) - zgﬁz(\/zmzvz) _ 2 (\/21%1%)

+-+- + -

2 4 Ig~s <\/ 2N1N2> Ig~s (\/ 2N1N2> Igg, (\/ 2N1N2)

2
Ny _ [Ny
\/;1% (e)+ N—Z}/z(e) ) (C.26)

Similar to the method in (C.24), we calculate E [g‘i—“l} = \/xj? (M =N +1),E[8?] =
35—2 (2 Nﬂ%)

I (2v/M 2 ) N i and B
2o (Vo)
B, (V20 fs)

expectation. For calculating 9, we do not need the summation from g; = —oo to g; = oo, and

Izi+2 <2 N1N2>
g:( Nlﬁz)

that is also calculated based on the definition of the

(Nz—N1)2+N1 + N, E = % In L(€), ¥ rep-

resents the value of E

we focus on the range of g; that makes the PMF of the Skellam distribution larger than a thresh-
N

old that we choose to be 1073 in our paper, i.e., exp (— (N] +N2)) (%) ? I3, (2 Nﬂ%) >

1073, The validation of this threshold is performed in our numerical tests. After solving

L2 NINZ)]

this expression, we have {; < g, < . Substituting [E [&27;‘]}, E [~2], E W ,

8

I, (2 N1 2>

2V N
E [M] , and ¥ into (C.26)), we obtain (5.18).
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Appendix D

D.1 Proof of Theorem

We first consider 0 < ¢ < 7. When a vesicle is generated in the center of the TX at time u, 0 <
u < 1, the probability that this vesicle fuses with the TX membrane at time ¢ is given by f;(f —
u). Here, the molecule release rate equals the vesicle fusion probability since MF guarantees
the release of molecules into the propagation environment. Due to the continuous generation
of vesicles, the number of vesicles fusing with the TX membrane during time interval [z, + &¢]
is given by u [; fi(t — u) du. As we define f,(t) as the probability of a vesicle fusing with the

TX membrane during an infinitesimally small time interval, we obtain f.(7) as

fot) = Nﬂ/o Folt —u) du= N%/o fi(u) du. D.1)

By substituting (3.5) into (D.I), we obtain (6.2). Second, we consider t > 7. With this
condition, all considered vesicles have already been generated by the TX. Therefore, the
number of vesicles fusing with the TX membrane during time interval [r,z + 6¢] is given by
1 fif f:(t — u) du. Then, we obtain f.(r) as

£ult) = Nﬁ/o Filt—u) du= Nﬂ [ felu) (D.2)

By substituting (3.3) into (D.2)), we obtain (6.3)).

D.2 Proof of Theorem

We first derive h(7) by taking the derivative of H,(f) with respect to ¢, given by he(r) =
algt(t) =H(r)* #. By substituting (6.1)) into 8{35’) , we obtain (6.14). We then derive
P;(r). We recall that he;(u) is the molecule release rate from the ith receptor at time u, and
P (1 — u) ’ré,:d,-
this molecule was released from the ith receptor at time u. We then denote P;() as the

is the probability that a molecule is observed at the RX at time ¢ assuming

125
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probability that a molecule is observed at the RX at time ¢ assuming molecules were con-
tinuously released from the ith receptor, and derive it as P;(t) = [g hei(u)Ps(t —u) ‘ra: g du =
hei(t) *Pé‘(t)’ra:d,-'
molecules were released from all receptors is given by F(t) = Y | B;(t). By substituting
P,;(¢) into this expression, we obtain (6.13). Finally, by substituting and into
(6.6), we obtain (6.12).

Then, the probability that a molecule is observed at the RX assuming
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