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PREFACE

The research for this thesis was carried out over a period of
two years, commencing October, 1970. The multivariate treatment of
Chapter 4 is my own but it extends work carried out with Professor
E.J. Hannan, the results of Chapter 4 being included in modified form
in Hannan.and Robinson (1973). Also Theorems 2.5 and 2.8 are my own
extensions? to wider circumstances, of results appearing in this
paper. With these qualifications and unless otherwise stated, the
results described in the thesis are my own. Many of.the results of
Chapter 2 and Chapter 3 (sections 1-3 and Appendix) will app;ar in
Robinson (1972, 1973); the author is preparing for publication
other results of Chapter 2 and'the substance of Chapter 5 and Chapter
6 (sections 1 and 2); he hopes also to publish some of the results

of Chapter 3 (section 4), Chapter 6 (section 3) and Chapter 7.
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SUMMARY

This thesis is concerned with the estimation of parameters in
continuous-time systems, when the available data consist of time
series sampled at regular intervals of time.

Chapter 1 begins with a discussion of the circumstances in which
the work may be relevant. We also describe useful results in matrix
theory and in the spectral theory of continuous stationary processes.

In Chapter 2 the general continuous-time model is specified by a
sequence of detailed assumptions. It may be regarded as the solution
of a system that is linear in the endogenous and exogenous variables,
the parameters possibly occuring in a nen-linear fashion and satisfying
non-linear constraints. The basic method of estimation involves the
Fourier transformation of the model and the insertion of the discrete
Fourier transforms to produce an approximate model that is .of
regression type and is thus relatively easy to handle, although the
estimation must generally rely on'nﬁmerical methods. We establish
the strong consistency of the estimates and the asymptotic normality
of the normed estimates with respect to the true model. We do not
assume -independence or normality for our processes but under our,
much weaker, conditions the Fourier transformed residuals have these
properties in large samples and it is then possible to choose estimates
which are, in a sense, efficient.

The topic.of Chapter 3 is the estimation of a regression matrix
of less than full rank, a problem related to canonical correlation
analysis. Asymptotic theory follows from the previocus chapter since
a non-linear regression approach is employed but the model is
unlagged and much of this work was carried out before the author
thought of the general model of Chapter 2. Possible computational

procedures are suggested and the related problem of regression on an
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unobservable variable is considered.

In Chapter 4 we deal with multivariate linear regressions
involving lagged values of the exogenous variables, the lags being
unknown and not necessarily multiples of the sampling interval. The
identification and estimation problems are considered, and asymptotic
theory is given for estimates. of the lags and coefficients.

Chapter 5 is concerned with linear systems in which there are
lagged endogenous variables with arbitrary real lags. The solution,
stability and identification of .single- and multiple-difference

and coefficients
equation systems are discussed, and estimates of the lagiﬂwith good
asymptotic properties are suggested.

In Chapter 6 systems of linear differential equations with
constant coefficients are studied. Their solution, stability and
identification are discussed. and asymptotic theory is given for
estimates of the coefficients. Also we propose consistent and
efficient methods of estimation which do not require iteration.

The final topic, in Chapter 7, is the estimation of mixed
difference-differential equation systems, which arise in many fields
of study, and also integro-differential equations? involving a.
continuum of lagged endogenous variables.

In each of Chapters 4, 5, 6 and 7 we report the fitting of

simple models to economic and oceanographic data.



CHAPTER 1
INTRODUCTORY -DISCUSSION AND THEORY

1.1 Introduction

In the real world many natural and artificially-generated
stochastic processes are‘of a continuous nature. Continuous
observation of such processes may be unfeasible or uneconomical,
however. In the social sciences it is out of the question. In some
natural sciences it may be possible to obtain arcontinuous record by
means of electrical or optical equipment, but even then only a
discrete sample can be used in digital computations. We shall be
concerned in the thesis with‘procésses that are of an underlying
continuous nature but that are sampled at equal intervals of time, or -
some other dimension. The work has relevance -also to phenomena that
are not continuous but that are much more frequently observable than
in the available record. The sampling schedule envisaged is appafently
a standard one, convenient for the purposes of both data collection and
data analysis.

Scientific knowledge frequently suggests the existence of dynamic
relationships between stochastic processes. When .data are available
one may attempt to gauge the extent to which theory agrees with
empirical evidence. In order to achieve some generality the theoretical
model will involve a number of unknown parameters to be estimated.
Typically dynamic systems feature such linear operations as different-
iation, integration and translation through time. When there is no
information on the behaviour of the processes between the data points
such operations will be difficult to handle. Of course a continuous-
time system can be approximated by a discrete-time system but the

accuracy of such approximations is often difficult to assess and it



seems undesirable in any case that the specification of the model
should be limited in this way by the nature of the sampling process.
In the thesis we discuss parameter estimates, having desirable large-
sample properties, for a class of dynamic systems relating

endogenous and exogenous variables{ that are stationary processes in
continuous time. The class includes a number of interesting special
cases that are believed to provide appropriate descriptions of many
phenomena of'the real world. In particular our attention is directed
to lagged regressions and autoregressions involving unknown and
possibly non-integral lags, linear differential eéuation systems and
mixed difference-differential equation systems. The estimation
problem for such models has received little previous consideration
and it is thus difficult.to predict in which fields our results are
most likely to be applied. From time to time, nevertheless, we shall
briefly mention real-life situations which our models may represent.
We make no attempt to be comprehensive in this respect, however,
concentrating on the .presentation of a theory for the estimation of
continuous-time systems that is motivated by the widespread practice
of sampling at equal intervals. Time series analyses have frequently
been carried out in the past for scientific or social scientific data
of this type -and, where our models are suitable, our methods may be
useful in these fields.

Of all the possible areas of application the author's chief interest
is in economics. This bias is reflected from time to time .in the
terminology and approach adopted. Models of the type we discuss are
prominent in economic theory. Economic systems frequently involve
leads or lags, expressing a direct or indirect dependence of economic

1 . _ s
By endogenous and exogenous variables we mean, respectively,

dependent and independent variables. Here and elsewhere we make use
of econometric jargon although our work may not always be of
particular relevance to this field.



variables on their own past history and that of other variables, and
the delay in reaction to changes elsewhere in the economy. Because
there is often interest in the rate of change of economic variables
and belief that the response of one variable to a change in another
is not instantaneous, many eccnomic models are formulated in terms of
differential equations. Continuous observation of ecénomic variables
is not possible although the underlying processes are often continuous
or almost continuous, reflectiﬁg the results of decisions taken at-
many points of time within the sampling interval. The general theory
of Chapter 2 may also be relevant; in that many economic models involve
a number of both endogenous and exogenous variables? and their reduced,
forms are non-linear in the parameters. Furthermore because ,of
limitations on the quantity of available data full use must .be made of .
a priori knowledge, and we allow here for -the presence of linear and
non-linear constraints on the par;meters. The methods also seem
appropriate in.an economic context because the application of ordinary
least squares often produces inefficient estimates owing to the .
" presence of serial correlation in the .residuals. The spectral methods
we adopt provide a flexible and powerful means of allowing for these
effects. Eourier,methods ocecupy a . role of growing importance in
economics and in other fields. Their use here in the estimation of-
continuous-time systems is a further illustration of their power.
However, some of the premises of our theoretical development are
invalid for many economic processes. We assume our processes to be
stationary whereas trends are an important feature of much economic,
data. Thus effects leading to non-stationarity must be eliminated
beforehand. We 'also assume,the spectra of our (mean-corrected)
processes to be absolutely continuous, thus ﬁequiring the prior removal

2 However, the theory is not relevant to "closed" systems, involving

no exogenous variables.



of periodic and almost-periodic components. We do not allow for the
fact that there may be errors in our observation of the exogenous
variables. The most notable qualification arises from the fact that
the properties of our estimates are demonstrably optimal only in-an.
asymptotic sense. Moreover the efficient procedures suggested require
a sample that is sufficiently large to enable the estimation of the
residual spectral ‘density at a number of frequen-cies.3 In such fields
as physics and the earth sciences very large samples, easily justifying
the use of our distribution theory, are often forthcoming. Economists
will not have access to series of comparable length and thus the
application of our methods must proceed with cafe. However, they may
not be misleading when applied to economic series of reasonable
length, when other assumptions are appropriate. Useful information
concerning the minimum acceptable sample size could'perhaps be gained
from systematic‘simulation‘studies, which are beyond the scope of,

the present work. Even when data are scarce, however? the procedures
developed in the thesis have an intuitive appeal; they offer, in the
author's opinion, a natural and unified approach to the estimation of

continuous-time systems.

1.2 Matrix notation and definitions

Genefally we deal with vector-valued parameters and variables and
the use of matrix notation is indispensable to a succinct exposition.
We shall denote matrices by bold-face capitalé and vectors by bold-
face lower-case characters. This policy is subject to two modifications:
following convention we-use f to denote spectral density matrices;
also both null matrices and null vectors are denoted 0 ) the

dimensions depending on the context.

3  Of course even if time-domain methods were used, and it seems that

these are less appropriate here, the only theory we could give for
non-linear models would be asymptotic.



We consider the complex p X g matrix A = (ajk) . The rank of

A is denoted vrank{A} , the transpose A' , the complex conjugate,

K , and we write A" = A'. We denote by yj{A} , =1, ..., p , the

singular values of A , that is the square roots of the eigenvalues of

AA* i if these are ordered so that ViZ Vs J < k , we have Ky
Fan's inequality“

vj+k_l{A+B} = v {A} + v {B} (2.1)

where B is p X g . We also have the Euclidean or Schur norm

1
% %— 212
[Al = [te{AAT}]Z = |] VAT, (2.2)
where the trace, tr{*} , is defined for square matrices.

We introduce vec{A} , the pg X 1 vector having ajk as its

[(k-1)p+j]th element and obtained by stacking the columns.of AA from
left to right down a single column. For any matrix B the Kronecker

product A ® B = [ajkB) is defined. Then useful relations are:

vec{ABC} = (C' ® A)vec{B} (2.3)
tr{ABCD} = vec'{C}(D ® B')vec{A'} (2.4)"
where vec'{C} 1is the transpose of vec{C} and A, B, C and D
conform appropriately. For B also having ¢ columns we introduce

the extended product

A®B= (al®b

c...ca ®b), 2.5) .
l' .oq q} ( )

aj and bj being respectively the Jth columns of A and B..

We denote by A" the q X p unique Moore-Penrose pseudoinverse
of A, defined by the relations

* We index equations which will be referred to later in the text by

(j *k) , J being the section number and k the equation number
within the section. When referring to an equation that appears in a
different chapter we add the chapter number as a prefix; thus (2.1) -
will be cited in later chapters as (1.2.1). '



AR = A, ATAAT = AT DT =t At = AR L (26)
The remainder of the section deals exclusively with Hermitian® A .
We may then write A = uau™ » where A is the p X p diagonal matrix

of (real) eigenvalues of A and U is unitary. Then if At s

derived from A by replacing all non-zero elements by their reciprocials,

+ +, % . .
A" =UAU . When A contains null rows and columns and the matrix
derived by deleting these is non-singular, as may often be the case

in our work, At may be derived by inverting the condensed matrix and
reinstating the null rows and columns.
If A is positive-definite (p.d.) we write A > 0 . For such

matrices the determinant, det{A} , is non-zero and the true inverse,

A , exists. If A is non-negative definite (n.n.d.) we write

1 1 1 1 1
A=0. 1f A20, A2A2 = A and A2 + A2 >0 then A2 is the

L 1oy
unique n.n.d. Hermitian square root of A , defined by A2 = UA2U ,

1
where A2 1is the diagonal matrix of square roots of eigenvalues.

1.3 Stationary processes in continuous time

The theory of stationary processes is fundamental to our work.
We introduce a measure space §! and a probability measure P defined.
on a 0-field® F of Borel sets in Q . Over the probability space
represented by the triple (Q, F, P)  we define the p X 1 vector

process §&(t, w) 7, t€R, we€Q , having real-valued components

> These are p X p matrices for which A* = A . Results are implied

for real symmetric matrices (for which A" = A ) which occur
frequently in the thesis.

® A o0-field is a family of sets closed under the formation of

complements and denumerable unions and intersections.
7 Generally the symbol R" denotes n-dimensional Euclidean space,
but instead of R! we write simply R .
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that are measurable functions of W . We shall always be concerned
with one particular realization of the process and thus we suppress

reference to W , writing &(¢) = (Ej(t)] in place of &(t, w) .

Now  E(¢£) will at most be observable at the N discrete equally-
spaced points n = A , 2A, cees NA , A >0 (when &(£) is
endogenous or exogenous), and may not be observable even at these
points (when &(¢) 1is a residual). However, in either case we shall
make assumptions about the underlying process &(%) ,'t €R .

Though we shall not repeatedly emphasize this, every process
that is involved in the thesis is assumed to be continuous in.the

mean square (m.s.) sense, so®

l.i.m. &(T) = &(%) , (3.1)

>t
uniformly in ¢ € R .. A necessary and sufficient condition for m.s.
continuity is the continuity of E{&(£)&(T)'} at all diagonal points
T=1%. (See Cramér and Leadbetter, 1967, p. 83.)

We shall always assume the means of our processes to be independent
of t and identically zero, so E{E(t)} = 0. Moreover, we shall be
eoncerned exclusively with processes that are strictly stationary,
for which the probability distribution of any finite collection of

values

gml(tl+T), cees gmr(tT+T) , (3.2)

T, tj €R, mjre{m' | m=1, ..., p}Y, 4 =1, vees P, P =1, 2, ...

does not depend on T . In all that follows we shall refer to such

8 By the symbol l.i.m. we mean "limit in mean square'. Thus (3.1)

is
lim EECD-E)]? = 0 ,
>t
where, here and elsewhere, the expectation is taken for fixed ¢

over all realizations. Of course, m.s. continuity does not imply the
continuity of almost all realizations &(¢) .



processes simply as stationary. In the m.s. sense the Cramér

representation

E(t) = J Sy Lt eR (3.3)
R

exists,where the p X 1 vector process ¥X(A) has orthogonal
increments and X(-®) = 0 . (Cramér and Leadbetter, 1967, p. 129.)
Now stationarity implies rth-order stationarity, » =2, 3, ...
in which the expectation of the product of the values in (3.2)

(taking t, =0 ) depends only on t2, +e+» t, andnot on T . In

particular for 2 = 2 m.s. continuity implies that §&(#) has finite
second moments and thus the existence of the Bochner-Khinchine

representation

E(E(£)E(E+T)'} = fR ), TR,
where the spectrum F&E. is p X p with Hermitian n.n.d. increments,
dF g (M) = ELxdx()} .

We shall always assume that our processes have absolutely
continuous spectra. In this case &(f) has the representation

(Ibragimov and Linnik, 1971, p. 298)

E(t) = f F¢t)dn(t-1) , t € R,
R .

where? I'(t) € L2 and is pXp and n{¢) is a p X 1 process with

orthogonal increments and E{dn(¢)dn(t)'} = Ipdt ; moreover we have
L

where fgg(k) is the spectral density matrix of £&(¢) . We include

the superscript ¢ to indicate that the spectral density is that of

® By TI(t) € LY we mean T(¢) is measurable and J Ivl{r(t)}lth <o,
'R



a continuous process. Correspondingly, we denote by fgé(l) the

spectral density matrix of the sequence &(n) , n

0, *A, 24, ... ,

so that

IA

_ < i QTTJ m _ m
e = JZ ae[ ] -gp<rsg.

For convenience we always take A = 1 . Then we have the Bochner-

Herglotz representation

m 1 A d
E{E()E(E+d)'} = J J feg(dh , J =0, 31, .ou . - (3.4)
-

At times in our work we shall be concerned with processes that
are differentiable one or more times.in the m.s. sense. The m.s.
derivative is defined by

1.1, B(E+TD)-E(E)

0 T

_d .
= 2—'§(t) . (3.5)

A necessary and sufficient condition for (3.5) to hold unifermly in

t € R is the existence of 32E{£(t)£(T)'}/dth at all diagonal points.
T= t. The m.s, derivatives of higher .order are likewise defined.

Since §&(¢) 1is stationary with absolutely continuous spectrum

d'E(t)/dt” exists in m.s. if and only if-

' 2n C
JR A tr{fgg(k)}dl < o | (3.6)

(See Hannan, 1970, p. 55.) If &(¢t) is m.s. differentiable it is
almost surely (a.s7) continuous; if E&(¢) is m.s. differentiable
twice it is a.s. differentiable once, and so on.

We shall be very much concerned with the property of almost sure
convergence, or convergences with probability one. In respect qf;our
stationary processeé we need the existence of certain ergodicity
properties to ensure fhe‘convergence a.s. of statistics to their

. . . . -
expected values. TFor a discussion of ergodicity see e.g. -Cramer and
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Leadbetter (1967, pp. 1l47-159). Briefly, however, we define a shift
transform taking a set S (corresponding to a subset of the measure

space) of variables &(¢) into a set ST of variables &(t+T) . A
set S is called invariant if, for all fixed T , S and ST differ

at most by sets of probability measure zero. The invariant sets
form a O-field and include all sets of probability 0 or 1 . Then
we call &(t) ergodic if the 0-field of invariant sets contains

only sets of probability 0 or 1 . If §&(t) is ergodic and

E(IECe)]}, ELIE)|?} are finite then

1 N
lim ¥~ ] E(n) = E{E(¥)} , a.s.,
n=l

N0

1im ¥t y E(m)E(m+d)' = ELE(E(+7)'} , a.s.,
N0 1<n ,n+J=<N

the second property holding uniformly in fixed integral Jj such that
0= ij| < NV . In fact although we assume our underlying processes to
be ergodic we use only these implied properties of the discrete
sequences.

Under the assumptions of staticonarity and ergodicity we shall
prove strong laws of large numbers. Stricter conditions are needed,
however, to prove central limit theorems for quantities such as

I
N2 2 E(n) . While we do not assume the mutual independence of the
n=1l ' ‘ : '
E(n) the introduction, to some extent,of the notion of indepéndence
seems necessary. A possible representation for &(n) is the linear
process
Em) = I Aen-9) , ] v{A@} <, (3.7)
j:_w J==

where the p X 1 vectors €(n) are independent and identically
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distributed with null mean vector and covariance matrix Ip (i.i.d.
(0, Ip} ). Then (3.7) implies that £(¢) is stationary and ergodic.

(See Hannan, 1970, p. 204). The specification is of some generality,
including solutions of mixed autoregressive moving-averages, and
widespread use of (3.7) has been made in establishing asymptotic
theory. However when the underlying process is continuous it seems
implausible to represent ‘é(h) as a moving—éverage of discrete random
variables, and we shall make an alternative, more appropriate
assumption.10

In recent years a series of '"weak dependence" or 'mixing"
conditions, based on the proposition that the dependence between
events decreases as the intervening time increases, has been made use
of by such authors as Rosenblatt (1956), Rozanov (1967), Hannan (1970)
and Ibragimov and Linnik (1971). It 'is doubtful whether central -
1limit theorems can be proved under substantially weaker or intuitively
more pleasing assumptions. We impose what we shall call the strong
mixing condition, in order to méke use of a basic theorem proved by
Hannan (1970) under this condition!! (together with a condition of

Lyapounov type on the fourth cumulants). With &(¢) , ¢t € R, we
associate 0-fields FZ (-» = a <b = ©) generated by events

depending upen &(t) for a =t =<b only. Then &(t) satisfies
the strong mixing condition if there exists a positive function
a(t) , 0=t <=, such that. a(t) >0 as ¢+ and, for T> ¢ ,

sup |Pr(4 0 B) - Pr(A)Pr(B)| < a(T-t) .
AcF? BeF

~00?

1% Nevertheless the representation (3.7) satisfies the strong mixing -

condition about to be introduced.

1 Incidentally Hannan (1970) and Rozanov (1967) refer to the

condition as, respectively, uniform mixing and complete regularity.
Ibragimov and Linnik (1971, p. 308) attach the description uniform
mixing to a somewhat stricter condition.
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CHAPTER 2
CONTINUOUS-TIME REGRESSIONS WITH DISCRETE DATA

2.7 Introduction
The present chapter provides the theoretical basis for our
subsequent treatment of the estimation problem for a number . of

specific continuous-time systems. The general model we consider is

y(t) = B0 [ I'{t; Go)z(t—T)dT + x(t) , t €R . (1.1)
R

12

Here, x(t) is a Py X 1 vector residual variable; Y(t) 1is a

p, ¥ 1 vector endogenous variable; z(t) is a p, X1 vector

. . - ) . % .
exogenous variable; BO (BOJk) s a p; X pg matrix of real
parameters; 60 = (eoj) is a 1 X g row vector of real parameters;
I'(t; @) is a Py X p, matrix of possibly non-linear functions or

generalized functions of t. and © . Throughout the thesis; when

we are not necessarily referring to the true parameter values but to
any admissible values satisfying the same conditions we omit the zero.
subseript; in this case we-would write simply ©, B . We shall not
discuss particular examples of (1l.1) at the present time. However,
bearing in mind our discussions in later chapters, we make the follow-
ing observétion. Loosely speaking, (1.1) includes under suitable-

13

conditions the solutions of functional.equations of the class

Al{y(t_)} = A{z(e)}, t eR, (1.2)

where Y(t), z(t) € L2 and Al,_A‘ are linear combinations of

2
differential, integral and translation operators. The equations (1.2)
are similar to the class considered by Kitagawa (1937).

'2 We shall presently give conditions that ensure that (1.1) is well-

defined as a m.s. limit.

13 Omitting = X(%). and ignoring the stochastic nature of (1.1).
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In the real world it may not be st?ictly reasonable to assume
(1.1) to be valid over all t € R . However, to restrict ¢t to a
given finite interval would make (1.1) more difficult to handle and
it is convenient to suppose that our model continues to hold before
and beyond the observation period. Alternatively we could confine
ourselves to the half-line ¢ > 0, say, but the Laplace transform
techniques that are then indicated produce less elegant results than
the Fourier methoas we use. In the same way, we have taken R to be
the range of integration, whereas TI(¢; 6) = 0, £ < 0, in a real life
situation in which causation is implied. In any case, greater
generality and flexibility will accrue if we allow for leads as well
as lags.

We wish to estimate 90 and BO . As previously indicated our

estimation procedures -are based not on a continuous record but on
sequences y(n), z(n) , n =1, ..., V , with y(¢), Z(¢) being
sampled at equal, unit, intervals of time. Before we discuss the
estimation of (1.1) it 1s convenient to indicate how it differs from
and extends non-linear models of regression type that have recently
been considered. We first introduce the Dirac delta function, 6(¢%)

defined by

,0(E) =@, =03 =0, t#0; I §(t)dt = 1 . (1.3)
'R

By allowing I'. to involvé.delta functions we may derive a number of
interesting models from (1.1). We prefer to deal explicitly with the
generalized function &(¢) , rather than express (1.1) as a Stieltje's
integral. We first take [I(t; 8) = §(£)I'(8) , say, where TI'(Q) is

Pq X p, - Then .we have
y(t) = BOP(OO)z(t) + X(¢) , t €R, (1.4)

a non-linear model of conventional type. Jennrich (1969) considered
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the scalar model
yn=fn(30)+xn, no=1, «ouy N, (1.5)
where the observations do not necessarily form a time series. Assuming,

in particular, that 60 lies in a compact subset of R?  and the x,

are i.i.d. [0, 02) . 62 < © , Jennrich proved a strong law of
large numbers and a central limit theorem for the least squares (LS)

estimate of GO . Malinvaud (1870 a, b) has proved under somewhat

different conditions Weak consistency - and a central limit theorem.
The time series case of (1.5) was treated by Hannan (1971 a) under
conditions similar to Jemnrich's but allowing for stationary
reéiduals, Robinson (1972),in a paper written durihg the research
for the thesis, considered the vector model

yn) = Boz(n; 60) +X(n) , n=1l, ..., N , (1.6)

with non-linear constraints on 90 . Aitchison and Silvey (1958) earlier

considered maximum-likelihood (ML) estimation under such constraints.
Now becaﬁse z(ny; @) may not admit a factorization T(8)z(n) , (1.1)
and (1.4) exclude some cases of (1.5) and (1.6), for example the Cobb-

Douglas production model

B.
yn) = Bo Tlrzj(n) I 4 z(n) , n=1, ..., V. (1.7)

J=1

If we require, say, Bj Z0, =1, ...,9, % Bj =1, thus
1.

constraining the Bj-’ Jd =21, to a compact set, asymptotic theory

for LS estimates follows from the papers we have cited above.!*

However the cases of (1.6) we discuss (in §3 and §6. Appendix) are
14 Exponential type models such as (1.7) are more usually treated by
replacing the additive residual by a multiplicative one and taking
the log transform. For a comparison of the two approaches see
Robinson (1969).
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also of the form (1l.4) and the extra generality does not seem worth-

while for its own sake. Furthermore the conditions needed on

z(ny; 0) are less perspicuous than the conditions we impose on z(%t) .
For (1.4) - (1.7) it is of little consequence whether or not the

underlying processes are regarded as continuous and these cannot

account for the more interesting special cases of (1.1). No

systematic attempt has apparently been made to estimate (1.1l) or the

systems of §84-7 when only integer-indexed observations are

available. By replacing ¢t by 7 and choosing BOF[T; 60} to be

©

z B(j)S8(t-7) we have the very popular distributed lag system

-~00

yn) = Y B@zn=d) + x(n) , m =1, u., V. (1.8)
j:_oo

The estimation of (1.8) is a relatively straightforward task although
the parameter space must of course be of finite dimension; this.is
so if the sum in (1.8) is truncated or if (1.8) represents the solution
of a system of linear difference equations. However, (1.8) is not an
entirely satisfactory description of a relation between continuous
processes. Sims (1971) has considered the validity of discrete
approximations to continuous-time systems. If the process generated
by (1.1) is sampled at unit intervals this sequence is also generated
by a discrete model of the form (1.8); however (1.1) and (1.8) are
not isomorphic because of the impossibility of interpolating a
continuum on the basis of a discrete equal-spaced sequence. We shall
consider the estimation of (1.1) rather than (1.8), but we shall need
some way of replacing expressions involving the z(¢-T) by
expressions involving the Z(n) , and conditions to overcome an
obstacle to identification, caused by aliasing. Some of the results

of the present chapter appear in Robinson (1972) and other results in



16

a paper the author is currently preparing.
The presence of a convolution integral in (1.1) leads us to
consider its Fourier representation. In the m.s. sense (1l.1l) is

equivalent to
Lt o~ _
JR g, 0BT (s )t -k, (W) =0, ¢ € R,

say, using (1.3.3) and with!®

F(\; 8) = J eixtr(t; 8)dt , A €ER., (1.9)
R

We propose to replace dxX’ day

y and dxz by the (normed and con-

jugated) discrete Fourier tfansforms, whose definition is typified by

.1
W o(s) = (2m¥)7 2§ xX(ndexp(inA ) , (1.10)
X . n=l 8

- ! 1
Ay = 2ms/V , -3N <8 = ;a1 .
For the purposes of estimation we thus consider the approximation

to the discrete Fourier transform of (1.1)%!®
~ N,
Wy (8) = B, I (g3 eo)wz(s) W () . (1,11)

~

An explicit expression for - I'* must of course be available.. In
practice - T owill often arise naturally from the structural form and

it may indeed not be possible to actually evaluate the inverse

7

transform to - find I .! This is of no concern to us since our

computing formulae involve f, rather than I'!/. We may describe T

~

and T/ as respectively the kernel and transfer function of the

!5 We shall presently make formal assumptions concerning X(t), z(%)

and (1,9).

¢ an alternative approach might involve fit{ing polynomials or

trigonometric series to the ‘zj(n) (using orthogonality properties

to determine a suitable order), whereupon it fiay be possible to
evaluate the integral in (1.1) and regress Yy(¢) on this function
of ¢t .

17 Although of course a unique Fourier image must exist. Numerous

transform pairs are tabulated in the Fourier transform literature.
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filter. In (1.8) the parameter set may be reduced by taking the
elements of the B(j) to be ordinates of a polynomial or of a discrete
frequency distribution. It may then be of interest to consider the
"moments" of the "lag distribution". (See Dhrymes 1971 b.) We may

do the same here: in the case py =P, =Pz = 1 , for example, we

have

of ~
E{t"} = g\?r(x; eo) /P(o; eo) s, r=1,2, ... .

l)\zo
Now whereas the sample provides information on the discrete

sequences for the frequency band (-m, M) , we may not believe (1.1)

to be a valid model for Y(n) over the whole of this band. Because

of the assumptions we shall make we would wish to exclude low frequencies

which we believe to correspond to trend, other frequencies ébrresponding

to cyclic effects, and also fréquencies fdf which the measuring device

used produces an expecially low sighal—to-noise ratio. Thus .we

restrict ourselves to a set B C?(—ﬂ, m™ coﬁpbsed of a finite number

of disjoint open intervals that are symmetrical about A = 0 , so

that if A € B, -\ € B Aéiso. Such a set B is considered also by

Hannan and Robinson (1973). It will later be seen that the "smaller"

B is the less stringent are the assumptions needed to overcome the

aliasing problem.

~ A

We take 6y, B, to be the values, out of the set of all

admissible O, B , that absolutely minimize'®

2
-l > TN
98, ) = ] [e0g) 2t 0-8F (s Oy . @)

Here and elsewhere, 2 is a sum over all As € B and

B

~ A
18 8

The conditions we shall impose ensure that such values e BN
exist, and for N sufficiently large they will be uniquely defined a.s.
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1 1
®(A\) = ®(N)286(M)2* is a n.n.d. p Hermitian matrix with

1P

®(-2) = ®(A)' , that is continuous in A over B . For convenience

in our éssumptions of §2,2 we shall always take Y(n) and z(n) to

be mean-corrected. In practice this may be accomplished by omitting

from (1.12) the component for & = 0 , which involves the deviation
wy(o) - BT(0; 0w, (0) (zv/zf\)%{y-sf(o; 0)z} .

N
8, and B,are
. 19
Now because of the symmetry of B ,Adﬁv—eé;real. Our problem has

been reduced to one of non-linear regression., While considerable
practical difficulties may be associated with the optimization of.

QN s the revolutionary development of high-speed computing facilities

and the existence of sophisticated iterative procedures make many
such tasks technically feasible.

The expression (1.12) is a Hermitian form in Wx(s) with matrix
consisting of diagonal blocks @[As) . It is motivated in the follow-

ing way. We select some A € B and some integer m << N and

construct the frequencies Aj =‘2ﬂjg/N s 8§ =1, ..., m , the

integers js being chosen so that the Aj are clustered around. A .
s

Then Hannan (1970) has shown that, under the assumptions we shall

make for X(n) , the wx(js} , 8=1, ..., m , converge to i.i.d.

d d
XX(Ai] vectors, f

xx(A) Deing the spectral demsity

complex N[O, f
matrix of X(n) , defined as in (1.3.4).2° Thus although the parent

19 It is implied that when the full band (-m, m] 4is under

consideration and N is even the component of frequency Xs =T 1is

excluded, leaving only N - 1 summands. This is necessary because
in general, and in the cases in which we are most interested,

Im{T(m; 8)} #0 .
There is a modification if A = 0, #7 ; see Hannan (1970,
Chapter IV, Theorems 13, 13').

20
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X(n) may be autocorrelated, for large N the summands in (1.12) are

roughly independent and the problem of serial correlation may be

- . d -1 . . .
eliminated. If @ 1is replaced by fxx , when it exists, QN is a
monotonic function of the likelihood based on i.i.d. normal wx(s) 3
heuristically an optimal choice of & is thus suggested. Because

fx* is generally unknown we are led to discuss its estimation in

§2.5. Our first task, however, is to introduce conditions that will

A A

be sufficient to give GN and BN certain desirable properties, as

will be shown in §82.3, 2.4. In discussing special cases of (1.1l) in
subsequent chapters we shall then be able to assert such properties

with little or no proof and concentrate on other aspects.

2.2 Some assumptions

It is well known that asymptotic theory for non-linear regressions
generally requires restrictions on the parameters. We confine the
admissible 6 to a set O defined as follows.?2?

(i) © 48 the compact closure of a. (q-r)-dimensional Ck

manifold,zz q >‘ r>20, k=22,

Requirements of compactness or boundedness have been used in

similar circumstances by Jennricﬁ (1969), Malinvaud (1970 a, b),

21 Throughout, we index and refer to our assumptions by lower-case

Roman numerals (i), (ii) etc.
22 This may be defined as follows. A Ck map, k=0, is a

function f mapping an open set A C RAY into a finite-dimensional
vector space if f possesses continuous partial derivatives on A4
of all orders =< k . Then.the open set V: is a (g-r)-dimensional

Ck manifold if there exist a family of pairs (fﬁ, Vﬁ) (where g
is an index, Vj is an open set in V and f3 maps V3 into an

open set in- RI°T such that UV3 = V and for all non-disjoint

-1 .
Vj’ Vk 5 fk o fj : fj(Vj N Vk) +fk(Vj N Vk) is a C‘k map.
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Hannan (1971 a) and Dhrymes (1971 a, b). The modification here and

in Robinson (1972) is to allow for the presence of a number of given
linear or non-linear equations in 0., which reduce the dimensionality
of the manifold by the number of independent constraints. (If these
equations do not themselves establish compactness the latter restriction
is superimposed.) We have iﬁ mind circumstances in which, for example,
8 is confined for the purpose of normalisation to the surface of a
hypersphere or ellipsoid (both of which are compéct ol manifolds)

oF 8 consists of a number of mutually orthogonal vectors. The need
to allow for such constraints. is crucial in §3, and for one reascn or
another they may arise in connection with the other models we

consider. We note that compactness, or at least boundedness, may
enter in a fairly natural way into our consi&erations: first, to
produce identification it may be necessary to "bound" 8 since B

is not constrained in this way; second to ensure the stability of -
certain functional equation systems (see 85). In any case when the.
choice of © 1is not determined on prior grounds it may be taken
arbitrarily "large'", subject to other restrictions, in which case no
practical limitation is involved.

To allow for the incorporation of a priori information, to assist
identification and also to facilitate the task of expressing a number
of interesting models in the form (1.1) we allow B to satisfy the
homogeneous linear restrictions

BC =0, (2.1)
where C is a matrix of given constants, having p,py Tows and less

than PP, (possibly zero) linearly independent columns, and

W

B = vec'{B}.2® The matrix

23 We shall often use B and B interchangeably.
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L=1 _ -ccote
PiP3
projects onto the orthogonal complement of plps—dimensional vector

space spanned by the rows of C and (2.1) is implied by the relations
B = BL . (See Hannan, 1970, p. 416).
(ii) The processes X(t), z(t) have null mean vectors, are
mutually incoherent, are stationary and ergodic and have
absolutely econtinuous spectra and continuous spectral

density matrices. The sequences X(n), z(n) have

d

ZZO\)

continuous spectral density matrices f;x(X), f

respectively, |A| = T, defined as in (1.3.4).

We have already explained the meaning of such conditions in
§1.3.2"

(iii) Uniformly in A € R, 6 € 0, T(A; 0) exists and ie
given by (1.9). Uniformly in © € @ , T(XA; 0) is
continuous in A , satisfying a Lipschitz condition of
order . greater than one half. Unifbrmly in X € B,
T(A; 8) <& continuous in. 6 .

The Lipschitz condition (see Zygmund, 1959, p. 43), needed for
Theorem 2.B, is an unimportant restriction, ever& specific case of I
we consider being differentiable in A and thus having modulus of
continuity unity.

From (ii) and (iii) the relation
g - B Tl S onF (. 8% ¢ ,
foy®) = B,I'{As 0, )f,, (VT (h; 0)7B) + f, () (2.2)

is integrable and thus (1.1) is well-defined in the m.s. sense. (Cf.

Hannan, 1970, p. 8.)

2% . In fact continuity of the density matrix of the continuous
process X(t) 1is not necessary, but we have included the condition

so as not to further complicate (ii).
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Whereas (ii) is fundamental to our work stronger conditions on
z(t) will usually be needed because the attempt to estimate a
continuous model from discrete data gives rise to an identification
problem. Our estimation procedures are based on second-order
functions of the data and we ignore any information provided by
higher moments. Thus all we can attempt to estimate are the integer-
lagged autocovariances between the elements of [y(t)' E z(¢)'] , or

equivalently the spectral density matrices

4 d

vy 27(M) [A] = 7.

d
ORI PO I

Now from (2.2) we have, for A € B,

d v L
fy_yo‘) im fyy(“?ﬂ)

]

°°~ . C g . L] d
_2 B, I (A+2mZ; Go)fzz(k+2ﬂZ)P(A+2ﬂZ, 8,) By + i (M) . (2.3)

Also we have

d _ i ) c
fyz(x) = B, _2 r(a+2mz; 6 ), (Av2ml) (2.4)
Moy = TS Owem)

zz .2z ?

A € B, Now while we have information on fgz(k) we have no means

of isolating individual components f;z(k+2ﬂl) . Thus there would

no hope of identifying 90 and BO from (2.3) and (2.4) without the

~

imposition of a further condition unless I is periodic of period

~

27 3 I' has the latter form for the unlagged regression (1.4)

(T(A; 9) = P(Q)) and for the distributed lag system (1.8)

25  More: information could be gained by sampling in a less regular,

even erratic, fashion. Such data would be much less susceptible to a
neat mathematical treatment however, as well as being often difficult
and expensive to record.
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[Bf(k; 8) = Z B(j)exp(ijk)] . Such models have formed the basis for
-0

most regression analyses of time series, but they will not be of
concern to us. When I is not periodic we need some way of choosing
one out of the infinitely many Z(¢) which getierate the sequence
z(n) .

(iv) For A =u+2ml, WweB, 1==%1, *2, ... and for

IX| >k, some K <=,

c -
fZZ(A) =0 .

6

Under this condition?® there is no aliasing of the frequencies

d

. e _
B , since fzz(k) = fz

Z(X) , A € B ; any aliasing of

— . . c
BN (-m, m) is of no concern. (The extra requirement that fzz be

null everywhere outside an arbitrary finite interval is not practically

restrictive but is needed in Theorems 2.5, 2.6.) When B = (-7, T) we
thus require f;z(k) =0, |A] > 7, an assumption which is valid

only if the sampling interval is sufficiently small to enable the
detection of all frequency components of the continuous process.

This "smoothness" assumption is strong, and one cannot adequately

assess its validity without access also to data that are sampled at
sborter intervals. Nevertheless in studying a continuous process it
seems likely that one would sample with the intention of leaving a
negligible spectral mass beyond the Nyquist frequency. For slow-

moving economic series, for example, it may indeed be substantially
concentrated in a much smaller band centred at the origin.

Henceforth, when no confusion is possible, we shall omit the superscript

28 A slightly stronger condition, used by Hannan and Robinson

(1973), would require the spectral mass to be null for
|A| = 27 - sup X .
A€B
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d from the spectral densities of discrete processes. Then under (iv),

for A € B
=BTl @ Ty 6 )*
fyy(x) = BT (A5 8)f (0T (x; 8,)"B) + f,, (1), (2.5)
f (M) = B T (A5 8:)F, () . (2.8)

Moreover, even if these relations do not serve to identify 90 and

B0 , fxx(l) is ldentlf;ed as

Fra®) = Fyy ) - £ 00F, 0T, 00,

because from:(1.2.6) we may replace fzz in (2.5) by

£t f fif and then, from (2.6), Bof(A; Bo]f

2z 22 2z 22 22 by f,,f

£t +
zz 2z yz-zz®
Insofar as the identification problem stems from aliasing it is

resolved by (iv), but this condition is by no means sufficient to

ensure the identification of 60 and B0 . Typically in systems

whose reduced form is non-linear a number of somewhat arbitrary
identification conditions are required, and these will be implied by
the following statement.

(v) Uniformly in admissible (645 B) # (eo E BO)

tr{(Qﬂ)_l f (B, (s ﬁo}-Bf‘(A; 0)]f,, M [B.T(x; 0)
5 ,

-BI(); ei]*¢(x)dx} >0 . (2.7)
For an -estimation procedure based on QN(Q, B), (v) is quite
indispensable, for it asserts that the limit to which QN converges

has a unique absolute minimum; corresponding conditions have been
used by Jennrich (1969), Malinvauld (1970 a, b), Dhrymes (1971 a, b),

Hannan (1971 a) and Robinson (1972). For reasonable ¢ , fZZ the

condition will hold when Bf(k; 8) # Bof[kg 60) uniformly in
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admissible (0 E B) # (60 E BO) almost everywhere in a non-degenerate
subset of B ; since ® = 0 and fzz > 0 uniformly, the left side

of (2.7) is non-negative and will be positive if the matrix integral
has a non-zero eigenvalue, uniformly in admissible

(8 E B) # (60 E BO) . When we come to consider special cases of

(1.1) we shall discuss the particular conditions which will produce
identification. However it is convenilent at this stage to comment
generally on the effect on the possibility of identification of the
presence of non-linear constraints, for which, as already indicated;
we shall allow. Loosely speaking, when all constraints are linear
the model is either (globally) identified or there exists a non-
denumerable set of alternative (8 E B) admissible in the sense
(different from that above) that (2.7) is untrue. When 6 satisfies a
number of non-linear equations then although the model may not be
globally identified it is possible that there exist only a finite or
denumerable number of alternative admissible structures. In this
case, when there exists a neighbourhood of the true parameter vector
containing no other admissible vector, the model is said to be
locally identified. ' (See for example Wald, 1950, Fisher, 1966,
Chapter 5.) Then, at least in principle, O ma} be chosen to
include one and only one of the admissible vectors and global

identification is accomplished.

2.3 The strong law of large numbers

We prove first a theorem of fundamental importance to much of
what follows.

THEOREM 2'1? For k, 1 =1, 2 define

T ..
. -1 . oy 1A
e,,(g) =N ) g (), (ntg) , Y,,(4) = J e Y f, ,(N)d\ ,
ki 1n n+J<N k ¢ ki - ki
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N
(211-]\7)-]_' z 2 Ek(m)gz(n)exp{i(m—n)ls} . —%N <8 = [%N] s

I,.(s)
. ki mym=1

"

9;(0;5 @) vt % Ikz(s)w(lss 8) , g(8; ¢) = (2m™t J FrzMe(rs 8)dA,

B
where o¢(A; 0) s a compleg-valued Ffunetion that is continuous in
A, wniformly in- 0. .€ © , and continuous in O , wniformly in

A€ B. Let

1lim ckl(j) = Ykl(j) 5 @eS., (3.1) -

Nooo
k, L =1, 2 , uniformly in fixed integral J , 0= |j| <N, and let

f1(X)  be continuous in' A . Then if condition (i) holds,?’

lim g (85 ¢) = g(8; ¢) , a.s.,

N—)m
uniformly in 6 € O .
Proof. It is convenient to first prove pointwise convergence
with B replaced by (-m, m] and ¢(A; 6) taken to be continuous and
periodic of period 2m . Thén although the Fourier series of ¢ may not be

absolutely convergent, since ¢ is continuous its Jth first-order

Cesaro mean,

K .
90,005 8) = (2m™F J o(u; BF (A-wdu (3.2)
=T

converges uniformly in A to ¢ , where by F&(k) we shall always

mean Fejér's kernel

2
IJ%<J

(See Zygmund, 1959, p. 89.) Then for given € > 0

J=1 .. ..
Fr(A) = st y eﬂJ*‘ (1-15107H b . (3.3)
J=0

sup |¢(A; 9)—¢J(X; ﬁ)| <e
A

for J sufficiently large. Thus

27 Thfoughout the present section the compactness property only of

(i) is needed, the differentiability properties being needed only for
the central limit theorem.
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N

)
. -1 - )
9,85 0)-gy (85 ¢ )| < en g |7, ,(e)] < en l[xUl g Ikk(s)]

by the Cauchy-Schwarz inequality, the sums being over

—%N <g = [%N] . The final expression is

1 2 ' 1
(/20T T e, (0)|" = 0Ce) .

. k=1 kk
Since g 1is arbitrary we may replace ¢ by ¢y Now gN(B; ¢J)
is

-2 m -1
(2m)™ ) Y 11 J £, (mE, (mo(A; 8) (1-]5]7 ™) explé (mn+d)A ~i A}k
Jmns -

3 , m Y
= (2m) 2 Z [bkz(j—N)+ckZ(j)+ckZ(j+N)][f o(x; 8)(1-]7]7 l)e takda]
J ' -

for N > J since

2 exp(inks) =N, n=0, mdWW) ; =0, n#0, modlV) .
s
However
ckl(j_N) =0, J=<0; ckz(j+N) =0, J=0.
Also, for |j| =dJd <N, J £fixed,

lim e, (§-N) =0 , 4 >0 ; lime,,(j+N) =0, § <0
o KL > ow KL ) >

a.s. because the ckZ here involve sums over N-j+l =n =N ,
1 <n < -j respectively and the number of summands thus remains

constant as N - © . Then because of (3.1) arid the boundedness of

the Fourier coefficients of ¢ ,

1i 0, = B, .S.
Nizgf"( TPJ) g(85 0;) a.s

However
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m
lg (63 wJ)-g(B; e)] < (es2m) J i |ka(A)IdA,

N

2 M 1 2
< (e/2m) T—T'J £ (A = (e/em TTv,,00)]" =o0€) .
=1 kk 1 'kk
_ =1 ‘-T k=1
Thus pointwise convergence holds for our modified gN(G; ®)

We mext show that pointwise convergence holds under the more
general circumstances of the theorem. We introduce ¢ defined as

e(A+2Tl; 0) = o(A; 8) , A €B; =0, AE€ 3'0 (-7, ™ ,
7=0, %1, ... . Then ¢ 1is periodic but has a finite numbef of
discontinuities in (-7, ] (in neighbourhoods of which the Cesaro
mean fails to converge), namely the end-points of the intervals
defining B and at T when o(m; 0) # ¢(-m; 6) . Let C c (-m, 7]

be a union of neighbourhoods of these discontinuities and let

J dh =n <%, (We follow a technique used by Hannan and Robinson,
C

1973.) Then

2 '
1 ~ 2
< {nm ] T (@50 0) J

]N'l g I ()5 (A, 8)

where the sums are over As € C . The right side is bounded by

2 1
-1 o 2
{ZZI'N g Ikk(s)¢(ksg e)} , (3.14)

where ¢ is continuous and periodic and equal to |§¢| within C .
However from what we have already pro&ed (3.4) converges a.s. to
2 (T 3 :
{l [ (2m) J fkk(l)$(k; G)dk} . (3,5)
k=1 -

If we choose § to be small for A £ C (3.5) is arbitrarily close to

1

2 =
(n/2m) sup (A3 3){T_T'sup fkk(K)}z = 0(n) ,
AeC k=1 A€C

since o , fkk , k=1, 2 , are continuous. Thus the effect of the
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discontinuities is negligible and sinéé ¢ 1is continuous over
Cn (-m, m] its Cesaro mean converges uniformly to ¢ in BN T
and zero in BN C N (-m, 7] , and the pointwise convergence of 9y
to g 1is established.

Finally we must show that the convergence is uniform in 0 € O ;
essentially this is implied by results of Jennrich (1969) but we give
a proof for our different circumstances. Omitting the argument ¢

from Iy and g we have

|gN(e)_g(e)l = IgN(e)—gN(e¢}i + IQN(6¢)'9(9¢)| + lg(e¢)—g(e)| s (3-6)
for given 6, 0¢ € © . For given € > 0 there exists a neighbourhood

N of 6;6 , N €0 , such that

. _l 1
sup Ig(e )-g(6)| <eg , (2m J £ (Ao (r;8 Jax < te , k=1, 2,

where

O(A; 6 ) = sup |@(A; 6)—¢(X; ] ]I
# eeN #

Also, for N sufficiently large,

lop(®,)-0(0)] < e\ as.,

vty Ikk(s)o[ks; e¢)-(2n)‘l J fkk(k)o(kg e¢)dx < Je , a.s.,
B 'B

from what we have already proved and Lemma 1 of Jennrich (1969).

Then uniformly in 8 € N and N sufficiently large

1
-1 2
loy(@-ay (01 = {T T [ 1200155 0}

2 1
< {]_r (%e+§€)}2 =€, as.,
k=l 0

using the Cauchy-Schwarz inequality, and thus

lg,(8)-g(®)] < 3e , a.s., (3.7)
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from (3.6). Now because © 1is compact every open cover of ©O
contains a finite sub-cover. Thus (3.7) holds uniformly in 6 €0
and since € 1is arbitrary the uniformity of convergence is established
and the proof of the theorem concluded.
We shall use Theorem 2.1 principally to prove the consistency?®

of GN, ﬁN . From (l.2.§) we have

% tr{Bf(ks; G)Izy(s)¢(ks)} % tr{Iyz(s)f(As; e)ﬁB'Q(As)}

ngh,(8) ,
A~ A~ &%
%_tr{sr(xs; e)xzz(s)r(xs; e)~¢(xs)} - NeH, (8, 0)8' ,

_ *
say, where Iyz(S) = Wy(s)wz(s) and Izy’ IZZ are analogously

defined, and

-1 N
h,(8) = ¥ % vec{Q(ks)IyZ(s)P(As; 8)*} ,

n

S Y C YR )} SIS PN 6,)' ®2(,) -

Hy, (8, e¢) )

Then using (1.2.2), (1.12) may be re-written as
-1
(0, B) = % {1y ()0 (A,)} - 28h,(8) + BH (6, 0)B . (3.8)
For a prescribed 6 this is minimized by
~ _ ' . +
By(8) = h (&) [LH (8, )L]" , (3.9)
where for L defined in §2.2 we use the fact that B = BL and

L(LAL)T = (LAL)+ and we assume?®

rank{LHN(O, )L} = rank{L} . - (3710)

Bis symwetric

Now because;1&3—ear&éep—ae¥ed,——QN—-is—pea;-it follows that hN’ HN-

N

28  Whenever we speak of consistency we shall always mean strong
consistency.
2% It will later be apparent that, with 0 = ON , (3.10) is true

a.s. for N sufficiently large.
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and éN(e) are atse-real. On inserting BN(G) in place of B in
(3.8) we deduce that, instead of minimizing QN simultaneously with

respect to © and B , we may find éN by maximizing the concentrated

function
_ +
Ry(@) = hy,(8)' [LH (8, &)L]"h (&) ,
and then compute EN = BN(éN) from (3.9). Because numerical methods

will generally be needed RN may be the more manageable function since

it involves fewer parameters. In any case, because our compactness
assumptiorns relate to 6 but not to B we shall establish the
consistency of BN , and thence that of §N=, by considering RN .
THEOREM 2.2. Let (1.1) and conditions (i)-(iv) hold. Then

1lim RN(G) = R(O) , a.s.,

N0
wiformly in O € © , where

R(8) = B H(6,, B)[LH(B, OILI'H(p, B,)B! ,
with

— -1 T . _ T . Rl
H(e, e#) = (2m) JB T(-2; 6)F, ( A)I‘(A,r e¢) ® ®(A)dr .

Proof. We must prove the convergence of HN(O, e) , hN(B) to
H(e, 8) , H(G, 60)86 respectively. Now the elements of these involve

products of elements of I' and ¢ which, udder (iii), satisfy the

conditions on ¢ in Theorem 2.1. Moreover the elements of H,_, hN
and H are linear combinations of a finite.nﬁmber of terms gy and

g respectively because Y(t) and 2z(t) are stdtionary and ergodic.

Thus a.s. and uniformly in 6 .€ O ,.
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lin H,(6, 8) = H(®, 0) ,

N
. _ -1 d = *
lim hN(G) = (2m) I Vec{@(X)f Z(A)F(A; 6)-}dk
Jro B Y

7 (emt J vec{¢(x)s T(M2nZ; 6 )fS (A2ml)F(x; e>*}dx
B 0 072z

-00

H(e, 0,)8]

under (iv), using (1.2.3). The proof of the ‘theorem is completed.

LEMMA 2.1. If condition (v) holds then

R(8,) > R(8) ,
wiformly in admissible 6 # 60 .

Proof. Using (1.2.4),(2.7) may be re-written as

B,H(8,> 8,)BL - 2B,H(6,, 8)B' + BH(B, ©)B' >0 . (3.11)

On replacing B by BOH(OO, 8)[LH(®, Q)L]+ (which is the limit to
which EN(e) converges) and using (1.2.6) the lemma is proved.

LEMMA 2.2. If condition (v) holds then

rank{LH(GO, OO)L} = rank{L} .

Proof. On putting ©.= 6. in (3.11) we have

0
0 < (By-B)H(6y> 8,) (B,-B)' = (B,-B)L[LH(6 ., 8 )L]L{B;-B)" .

uniformly in B # BO » B, B

0 satisfying (2.1). The result of the

lemma follows immediately.

THEOREM 2.3. Denote by (B,

EN) . the vector minimizing
@y, B) over admissible (O : B, 6€0. Let B €O and let

(1.1) and conditions (i)-(v) hold. Then

BN} = (BO : BO) > d.S.

lim (éN E

e

A

Proof. The proof of consistency of GN is similar to the proof
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of Theorem 6 in Jennrich (1969). In the first place the existence of

N

some SN maximizing RN(G) over © follows from Jennrich's Lemma

2. (It will be apparent that if © is unbounded or bounded but not

~

compact such a BN may not exist.) Now suppose the sequence {6N}

has a sub-sequence {6n} converging to 0, # BO . Then from Theorem

#

2.2 and the continuity of R(8) , Rn(gn) - Rn(eo) > 0 converges to

A

R(9¢) - R(BO] , which contradicts Lemma 2.1. Thus 9N is consistent.

Because of this, the continuity in 0 of BN(G) .and the uniform

convergence of HN’ hN .

A A +
By (6,) ~ BH(8,, 8,) [LH(8,, 6 )L]T , a.s.

However the multiplier of BO is

+
LH (e, eO)L[LH(eo, 6,)L] =L,

from Lemma 2.2. Thus ﬁN g BOL = BO and the theorem is established.

2.4 The central 1imit theorem

Our next task is to establish the asymptotic normality of

LN A
NZ(GN—GO . BN—BO) . As a preliminary the behaviour of more basic

quantities must be examined. We need to supplement the assumptions
of §2.2, in particular adopting a mixing condition of the type introd-
uced in §1.3 to formally weaken the dependence within X(¢) .
(vi) Xx(t) satisfies the strong mixing condition and, uniformly
in kj e{k | k=1, ..., pl} , J=0,1,2,38,

co co (o]

) N N ' (0, n,m ,n )| <=,
n,%0 5,20 n %0 k ko koK, IERCTROY

the summand being the absolute value of the fourth cumulant of
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x, ), =z, (), =z () ad x, (ntn,) .
| ko kl 17 k2 2 k3 3
THEOREM 2.4. Denote by T(A) a p,p,~roved matriz that is

continuous in A over B and such that
T(-1) = Re{TW)} - 2 Im{T(N)} .

Let conditions (ii) and (vi) hold. Then as N » «

1
V(1) = B2 % ,(e)' ®w ()30 ) > Nro, 21,

where
- -1 * _
L= (2m JB T {fzz( X)) ® fxx(l)}T(A)dK .
Proof. As in Theorem 2.1 it is convenient to first replace B

by (-m, m] and take T to be continuous and periodic of period

2T . Then the Jth Cesaro mean, TJ(X) , (e¢f. (3,2)) converges
uniformly. We shall show that the effect of replacing T by Tj in

VN(T) is asymptotically negligible in m.s. Putting
- -1 ' \ :
A, = (2m) [wz(s) ® Ipl] [T(AS)-TJ(AS)]

we write the conditional expectation of "VN('TfTJ)H2 , over X(%t)

only, as .
-2 ! .
N °E ; E g E tr{Aix(m)x(n) At}exp{t(mxs_nkt)}

*

e
-2 % 3 )
AN ’cr{[;% g A explin (A -A) }:l fxx(k)[% g A explin (A, -2) }] }dA
-2 (" ¥ . 112
=N “2 ) Asexp{zn(ks—l}}fxx(x)z N
‘-m 'm s
2 (T * . 2
= ”2 Y Asexp{m(xs-x)}" to{f (D}, | (4.1)
-1 'm 8
by (1.2.2) and the Cauchy-Schwarz inequality. Since f is continuous

XX
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sup tr{fxx(l)} = e <® and (4.1) is not greater than

Tr
a2 f

=T

Y YY) tr{A:At}exp{iEn(AS-A)-n(At_k]]}dx
mwnst

= omew T AN = 2mar ™t §IT( )T, () P )7 L ()
S : 8 .

on integrating. For given € > 0 a sufficiently large J may be

chosen for (4.2) to be bounded by

ceztr{N_l Y Z(n)Z(n)'} = 0(g) .

n

Thus we may replace VN(T)» by VN(TJ) , which reduces to

(2m ™2 ZN%V c'"{C,_(d-m+C,_(F)+C__(F+N)} Jﬂ T(M) (1-] ‘|J‘l)eij>‘d>\
4 e xz\J xz'9 ' xz ' . J

for N > J , using (1.2.3) and with

C,,(9) = vt E X(n)z(n+g)’

1
Now (ef. the proof of Theorem 2.1) for |j| < J either NZCXZ(jiN) =0
X .
or NZCXZ(jiN) + 0 . For fixed finite J  the asymptotic normality of

N%vec{CxZ(j)} under (ii) and (vi) follows from Hannan (1970, Chapter
IV, Theorem 10'), in which the properties of linear regression
coefficients are considered. There are two differences that require
comment. First, Hannan allows for certain non-stationarity effeéts,
assuming, loosely speaking, that sample autocorrelations of z(¢)
rather than autocovariances converge, and our stricter conditions are
implied by these. Second, our 2z(t) is lagged a finite number, J ,

units and this merely affects the covariance structure. We have
. . -1 . .
E[Nvec{sz(gl) }vec'{sz(JQ) Y =u0E ; 2:; Z(m+gl]z(n+,72)' ® x(m)x(n)'

where the sums are over 1 =m, m + jl'i N, 1l=n,n+ j2 =N .

This is
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(T (T
bij I_ﬁ Lﬂ fzz(u) ® fxx(l)exp{t (,72-31)11}

x ) ) exp{i(m-m)(u+A)}dudr . (4.3)
mn

However

. v N
D L RO N'l[i Lo+
mn m wn=1 m

=

I 0~

n ' n d
I -1 1 }e%(""m)k (4.4)
1ln -.m n
! n .
where X . z are sums over a finite number, jl, j2 respectively,

of terms. Then as N =+ « , FN(X) + 2m8(A) , dominating (4.4) in a

neighbourhood of A = 0 , beyond which all terms converge to zero.
Thus (4.3) converges to
i
om I_ﬂ fzz(—A)(S fxx(A)exp{z(JQ—gl)k}dk .
It follows that as N =+ <«

T
! : 'y L Nl
E{VN(TJ) VN(TJ)} +(2m) I_ﬂ TJ(A) {fzz(—k)13 fxx(a)}TJ(A)dA .

which differs by arbitrarily little, as J is increased, from I'.

Thus the theorem is proved for the modified V

v Under the more

general circumstances of the theorem we define

T(aom) =T(A) , A €B; =0, A eBn(-mml,
1=0, %1, ... . Now T is periodic but, within (-m, 7] ,

discontinuous at a finite number of points. Let us, as before, denote

the union of neighbourhoods of these C , with f dr =n <o, Ve
C

choose %H(A) such that T(A) + Tn(k) is continuous, A € (-m, 7] ,

and equal to T(A) , AeCn (-m, m] . From what has already been

shown,

~~y D >0
vN(T+TH) — NJ0, zn] I, Npo, 27 .

Moreover EHVNCTh)”Q is bounded by a quantity which converges to
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™
@t [ Pt 00derlf, (03

-m

-

where T  is continuous over (-7, T] , equal to Tﬁ , A €C , and

such that HTn(X)H is small for A € C N (-7, m] . Thus as N is

arbitrary VN(in) + 0 , in m.s. Then the asymptotic normality of .

VV(T) follows from a lemma of Bernstein (1926-7, p. 12) because
Vy(T) = v (T) = VN(Tan) - VN[Tn) ,

and the proof of the theorem is completed.

The use of an approximation for estimation purposes did not
hinder us in establishing the consistency of the estimates with
respect to the true model. To pfove a relatively neat central limit
theorem, however, the appfoximation seems to make necessary the
imposition of a stronger (but not very restrictive) condition on
z(t) and the proving of a somewhat complicated theorem.

(vii) Uniformly in tj € R and kj € {k l k=1, ..., p2} 5

J =1, ..., 4 , the cumulant Function of z, (t.}, 2z, (t,),
kl 1 k2 2
z, (t.) and 2z, (t,) <s finite and given by
k3 3/ kq 4
J J J J Pk %k (Al, Ays Ago Aq)exp{zztjkj}ﬂdkj s
‘ 1727374
ij-o

where f 18 continuous over I\, = 0 .
klekaku J

THEOREM 2.5. Define

I(s; T)

u
™t 1 g m-Da,mexplitnmA} , A € B,
n,m=1

1

Nzy ;(As){f b(1)I(s; T)dT-E(As)I(s; 0)} s
B R

dy

where a()\) 18 continuous in A over B and

~

bOA) = J b(t)e M at
R
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satisfies a Lipschitz condition of order greater than one half over

(-7, 7] . Then if z(t) = (zk(t)} 18 second-order stationary with

absolutely continuous spectrum and continuous spectral density and
conditions (iv) and (vii) hold,

l.i.m. qy = 0 .

N0
Proof. Using the abbreviation
l '
D=1 1111
B B ny N, ngny

we write EIqN|2 as

SR HEWE ]| . [ BB (e)a by byt )y
- IR | b(T)b (-At] 2, [nl—'r] 2, (nz) dt-b [As) IR b(T)z, (nl) 2, (nz—ﬂ dt

BB ()2, (3,)3, (nQ)]zk (n)2, () }e}&p{i s n )2~ (r, -1, 00,03

that is,

)1 [ [ [ 20,0600 BOY B0 BE) 5]

ZA ;=0
* [fﬁz (rg)fr (3,)8 O‘lﬂs] 8 (a4, () f7e7 ()8 (}Yl+?‘u) U
ey, (A) £ G182 )8 (A ea 3+, (M, Ay Ags A )]
x exp{i [Zn'j)\jf (nl-ns)xsf(nQ-nu)x 2 Hidh
Here fi?k’ fg‘z and fﬁz are spectral and cross-spectral densities
of 2, 3, B and. f = fkkll iy the notation of (vii). Let us consider
first the term in- fl?l (2\ 3) fkol (}‘u) , which coérresponds to |E{qN}|2 .

We must show that

1

-

N2 %Zz(xs) Lz B-b ()] F (VF, (A=A )dh » 0 (4.5)



39

as N =+ » , However,
1 ~ ~
Nz Lz Bn-b(A)]re OF, (A-x,)dA

1
2

n I [Z;(A)—Z;[Ks]]fﬁz.(l)FN[A—}\s)dk
B

N~

+ N __[E(A+2mj)-5(As]]fiz(k+2ﬂj)FN(A+2ﬂj—As]dA ,

ls|j|5J((—1T,'rr)ﬂB

J < © | because of (iv). The first term is not greater than
1 - ~ 1_
vz swp |FE )| | 1BOO-BOY|F, (-2 )dx = omZ™Y)  (u.6)
kil s’ '"N s
A€B B

if 5(%) satisfies a Lipschitz condition of order o (Zygmund, 1959,
p. 91); since a > % » (4.6) >0 . For As € B and B open,
0 <A= ll+2ﬂ(j+m)—hs| =m,all X €BN (-m, m) for some ‘m ;
thus the second term converges to zero since FN(X) = O(N_lcosec2%AJ ,
0<A= |A| =T, FN is periodic of period 2T and the number of

summands is finite. Then because a is continuous (4.5) is true.

The remaining terms in EIqN|2 are more difficult to handle.
We consider the term involving f(kl, A2’ A3’ Au) . We shall show

first that

my = 2 [ 13003000000, 40 2y, 4)
ij=0

X exp{i[anAj+(nl—n3)Ks—(n2—nu)X£]}HdAj
‘converges as N + ® to

(2m) ™t f I E(M)ﬁ(-k)g(—u,k, P,-A)dudA (4.7)
B ‘B ‘ :

where ¢ and d are continuous and

o« [o2] o« o

LT T T gBgremiy, Apramd,, Agremiy, A2mg)  (4.8)
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is continuous over ij =0 , lkjl <mT, =1, ..., 4 , the
summands in (4.8) being zero when any argument Am + 2ﬂjm is such
that Am € B and ‘Ijml 2 1 . (We note that f satisfies the
conditions on g because of (iv).) Now since (4.8) occurs in ry

only on the sub-manifold ij = 0 we may make the transformation

W= Al s My = Al + As s Mg Al + AQ + Aa and express it in
terms .of the uj , denoting it h(ul, Hy s ua) . Then replacing

integration over Elj = 0 by integration over -T < His Uys Hg <7

and noting the periodicity of the exponential term we write »

b as

rN(h) = (4n2N3)_1 Z' Jfﬂ Ifﬂ ffﬂ 5(18)3(-At)h(ul, Uy s U3)

x expli [(ny-n,) (Mg, )= (7)) (A -ug) - (oyom Ju, ] Midu,
Apart from neighbourhoods of uj =T, 4 =1, 2, 3 , at which &
is not continuous, the Jth Cesaro mean of the Fourier series of % ,

denoted hJ , converges uniformly in (-7, M) . The discontinuities

of h are of no concern for their neighbourhoods may be taken
sufficiently small for their contribution to be negligible. Now for
given € > 0 a sufficiently large J may be chosen so that
|rN(h—hJ)| is less than

2.3v-1 [T (T (T 15" =~ 13 :
e (s720%) j_ﬂ j . [_ﬂ 11 5()a(, ) expts Llnymg) (v

_QnQ-nu)(At—us)—n2u2+n3u2]}|ndmj

2
()\s) exp{? [[nl-ns] ()\Sﬂil) +n3112] } ‘ ndl—lj

.S
Q2

Nl

%g ,% ZZ(—At)exp{i[(nu-nQ)(At—ua]—nQUQJ}\QHduj:l ,
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by the Cauchy-Schwarz inequality. This expression is

e(4n2Ns)—1[Jfﬂ Jiﬂ Jfﬂ 7 ;(As);(-At)exp{i[Inl-ns)ls—(nQ—nu)kt

T M T L
gy, Y+ (g, Y, i J_ﬂ [_ﬂ J_ﬂZd(As)d(—At]

. » 1
x exp{% [(nl—n 3} Mg (nz-nu) Aty -n,Yu- (nl—nQ-nam )u3] }Hduj] z

On integrating this reduces to

1

QNQN—l[% ] 5040303,y 02,) 11 3(%6)2[—At)FN(AS-At)]§

2T 1501 1 136,)17)° - 0o

Thus we may consider PN(hJ] , which is

(s2r) 1§ Jfﬂ J“ﬂ J“ﬂ 30031 1T J“ﬂ jﬂﬂ j“ AOPENEN

s Iy dpdg TomIIm AT

x (l—ljl‘J_l][l—‘j2|J'll(1—lj3lJ—llexp{i ; jm(km-um]}]ﬂdkm
x exp{z [(n,-n) (A +uy )= (nyn, ) (-1} - (n,-ng)u, ] Yidu

=uw¥2%§li§3agﬁﬁg)LWLHLﬂMMf%a%)

X {1_ IjllJ—l] (l— |,j2 IJ_l] {l— |j3|J—l]eXP{i (Z jm)\m-rjlks—ja)\tl }Hdkm
= om? Y T (0 )a(-A ) (A, 0, A)
BB
> (2m)~t f I c(W)d(-Mh (-1, 0, N)dudh
BB J

as N > o, As J increases the last expression is arbitrarily

close to

(zn)"l f f E(u)a(—l)h(—u, 0, A)dudAr .
B ‘B
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But
h(-, 0, A) = g(-U, A, U, =2) , M, A € B,
since
g@w&ﬁl,Msz,uwm%,—Nywd =0, U, A €B,
jm = +1, %2, ... , m=1, ..., 4 . Thus ry converges to (4.7).

~ ~a ~~

Now on choosing c=d=adb s, g=1Ff,o0r ¢ = ab , d=a .

g=g(-—>\2)f,or;=a, azggs ng(‘)\l}faOI‘ G=;i=a9
g = 5(—%1)5(—A2]f we find that each of the four terms in f in

EIqN|2 converges to
-1 ~ ~ ~ ~
(2m) f [ a(Wa(-Mb(WbE-M)F(-u, A, u, -A)dudxr .
B ‘B
Thus the complete term in f converges to zero. In a manner that is
so similar as to make a .separate proof unnecessary it may be shown

that each of the four terms in fﬁZ(Ku)fﬁz[ks) converges to

-1 ~ > C 2
B

and each of the four terms in fﬁk(ll)f§z[ka) converges to

(2m™t Jé [&(A)Z(A)12fik(k)fgz(x)dx .
The proof of the theorem is completed.

We are now equipped to establish the major reéult'of the present
section. As indicated in §2.2 our attention is directed principally
to situations in which © satisfies a vector of »r» (0 = r <gq)
possibly non-linear equations

EO) = [E () & ... 1 & (@] =0.

Correspondingly we introduce a 1 X r Lagrange coefficient vector,

Y . We assume:
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(viii) Uniformly in 8 € © the derivatives
1(3/36 3 3/3B)E(O)' = E

exist and are continuous; 60 is a regular point®° of

E and rank{Eo} =7,
(ix) Uniformly in A €R, 6 €0 the derivatives

(a/aek)f‘(x; o) , [az/aekan]f(x; 8) , kK, =1, .y q,

©

exist, being continuous in A , wniformly in O €

L)
w
o
S

and continuous in O , wuniformly in A € B ; (60 :
18 a regular point of [¥(®) E E'] , where

¥(@) = (2m7 f T(A; 0, BYMF,,(-1) ® 8(V)IT(A; 8, B)dh

B

with

T(\; 6, B) = [(a/ae)vec{Bf(x; 9} ¢ {f(x; )" @)Ip }L] )
; 1

In (viii), EO is E evaluated at QO ; likewise WO(Q) will

denote Y¥(®) evaluated at (60 E BO} .

THEOREM 2.6. Denote by (8, : 8, : ?N) the vector minimizing

Qy(8, B) + E(B)Y' over admissible (8 *Biy), 0¢€0. ILet 6

be an interior point of © and let (1.1) and conditions (i)-(ix)

hold. Then as- N »

Lo e ea DT e o
W2 (8,-6, 1 BBy 1Yyl N[O’ ‘yz‘yl%} s

where

30 For a matrix A(®) that is continuous in @ , 60 is a regular

point of A(8) if there exists a neighbouphood of 60 in which

rank{A(8)} is constant. If the elements of A(6) are analytic the
set of irregular points has measure zero. (Fisher, 1966, p. 167.)
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i . : « w!
Wo[éfxxé).: 0 ¥, (@) : 5
\{l = 0000000000000 . \ll = sSesevesscs e s
1 . 2 g .
| 0 + 0 B, . 0

‘ifo(éfxxé} being derived from ¥ () by replacing ®(X) by

8)F, (V) .

Proof. For brevity we write a = (6 ¢ B) . Because the interior
of © 1is an open set in a differentiable manifold there exists a

neighbourhood N of % which is diffeomoi’phic31 to an open set in

Euclidean space, and any such diffeomorphism establishes a co-ordinate

systemon N . TFor N sufficiently large 'GN € N a.s., since

A

oy > &, a.s. Then there exists a sequence &N € N, all N , which

is tail equivalent to aN and (from Lemma 3 and Theorem 7 of Jennrich,

1969) for each equation a measurable function a& such that

llo,-a ]l = llay-a,ll  and

(B/B&j)SN (&N’QN) - (8/80‘0j)51v (ao’ §N)

~ - — A .
= (O“N_a’o (3 /aalxyaaN]SN(a ’ YN) s d = 1y ey qtP,P4
0 = 5,8 - £5(0) = B0 GATYEEY b G =1, o7
applying the mean-value theorem, with SN(a, Y) = QN(G, B) + E(0)Y'

The s BN vary from equation to equation, of course. Then for N
sufficiently large @, = o, and (since (B/SGW)SN(G . YN] =0 )

l . £ A . ~ o—
__12_[]\]2 (3,/3-0‘0)QN(90, BO) : O:I = N2 ((XN—(XO . YN)WQ s

where

31 The Ck manifolds V, V' are diffeomorphic if there exists a

homeomorphism f : V -+ V' such that f, frl are Ck mappings.

Then f is said to be a diffeomorphism between V and V'
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2 05195 1o (B . YRYA(
o {a /aaNaaN]QN(eN,B‘N) : (3/30;)€(®,)
= '2—.........‘............E....'......'.. °
! .
(3/30,)€(8,) : 0
our use of ab being symbolic, a different aﬁ occurring in
each column of Wé . Now

1 1
-302 (3/30,)q, (6., B.) = w2 (3/0a) [5ohzv(°o}‘%ﬁoHN(eo’ 0,)8!]
On substituting for Y(n) from (1.1l) we write this as the sum of two

terms. The first is

N

N~

* o va
ZB w ()" ®w,(s) ()T 8,> B)) » (4.10)

whose limiting distribution, under (ii), (iii), (vi) and (ix),

follows from Theorem 2.4. The second term is
1 . ,
N"2B %{Un I'(t; 90)1(-3_; T)dT—F(—XS; QO)I(-s; o)]

® ¢EAS)}T[AS; 0,5 By) s (4.11)
where
I(s; 1) = .(2m) ) z[nl—T)z(nQ)'exp{i(nl—nQ)ks} .
n, M=l
1?72
The expression (4.11) arises from the use of an approximation to
estimate (1.1); in general it is non-null unless f(t; QO} < §(%)

However each element is seen to have the form dy of Theorem 2.5 and

thus (4.11) converges to 0 in m.s. under (ii), (iii), (iv), (vii)

and (ix). Then from (4.9), as N + «

sl— ~ A — D .
NZ(a-a, o Y)Y, — N[O, ¥.] .

Now it is straightforward to show that WQ - ?2 a.s. since &N >

and (i)-(iii) and (ix) hold. Because of the local identification

implied by (v) and because % is a regular point of both
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[¥(9) E '] and E , it follows as in Rothenberg (1971, p. 581) 32

that the former, evaluated at 0, , has rank g + rank{L} . Since

WO(Q) has the form A'A , say, and the null spaces of A and A'A"

are identical, using Khatri (1968, p. 269)

rank{WQ} = pank{A' Eé} + rank{EO} =q + rank{L} + » ,

under (viii) and (ix). Thus

(I :0:0 ]
0 :0:1I,

b -

The proof of the theorem is completed.

COROLLARY 2.6, If » =0 the covariance matrix in the limiting

1

distribution of N2(8,-8, i B,-B,) is
v ()'y (of, 2)¥ (8)" (4.12)
0 0 XX (O ' :

We note in conclusion that our limiting multivariate normal

distribution in the corollary is of course singular when rank{L} < pPiP3 »

whereas that in the theorem is singular, for » = 1 , even when

rank{L} = p having the same rank as ¥. . Moreover in

1P3 > 0
subsequent chapters it will be implicitly assumed that the matrix

corresponding to Wz has the desired rank, and we shall omit

explicit reference to the connection with regularity and local

identification.

2.5 Efficient estimation

The efficiency of (6 : BN) depends on the choice of @® . To

32 In Robinson (1972) the following discussion is omitted, it merely

being assumed that the matrix corresponding to Wé has the desired

rank, since the author had not at that time read Rothenberg's article.
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establish the optimal choice we prove the following theorem, under

the assumption:

(x) f_ (X)) is non-singular, uniformly in X € B .

XX
THEOREM 2.7. Demote Y,¥.¥) by
IR
Yo ity |

where the partition of rows and columms is q + PPy P T Then

~ - l : .
¥, - ?(fxx] =0, (5.1)

where

+
v - t _a! . tar| 7 t
Y(®) = ‘PO(Q) {Iq+plp3 —O[EO‘PO(‘I?) -6] _O‘l’O(Q) } .

If condition (x) holds and &(\) = fxx(x)‘l , A€ B, the equality

in (5.1) is attained and

Nto1t
= = = = =t
12 0., ¥22 [“ ¥ (fxx] “0] ’

Proof. For convenience we write YO(QfXXQ) = A, WO(Q) = B

and Wo{f;i] = C.. Using a result of Rohde (1965) for a generalized

inverse of a partitioned matrix,

+
g v -y tor |z ptw
Wll = Y(O)AY(D) , le = Y($)AB 56[,08 HOJ .

P e iag
= |= pt=r| = rtaRT=! |5 RTw!
WQQ [“OB “6] uOB AB uO[;OB _é] *

On taking ¢ = f;i the desired values are easily obtained. To show

that the choice is optimal, the left side of (5.1) is

~ . ~ -1 A : B ~ . af ] K
[‘P(@) : -‘P(fxx” BC [‘1’(@) . —‘P(fxx]] R (5.2)
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since

vogil £ = ¥ LBy = ¥ el L] = gl
W(@)Bw[fxx] = w[fxx]BW(¢) - w[fxx]cw(fxx] - w[fxx] :

Now (5.2) is n.n.d. if the central matrix of (5.2) is n.n.d. The

last event occurs if a factorization of the integrand of the form

DD* is possible. Since f__, =0 and

Z2
: 1 S
.o 2
Mxx(I> . 0 : ?fxx inx
P ] ek ] e
¢ B fXX- 1‘:XX fX)z(

such a factoriization is available and the theorem is established.

COROLLARY 2.7. The matrixz (4.12) achieves its minimum,

+
-1 ]
To[fxxl , when & = fxx .

Unfortunately fxx will generally be unknown and an estimate
will be needed. The computational effort involved in the estimation

and yo(f‘l] is likely to be considerable. However

of 8y, By, fy XX

X
even when N is very large fast Fourier transform techniques enable
the rapid calculation of spectral quantities, which are likely to be
of interest in any case in a serious examination of time series data.
The major problems will be encountered in attempting to find the
optimal parameter estimates. We have the choice of minimizing

QN(Q, B) or maximizing RN(Q) » both of which may be highly non-

linear in © . These functions may possess a large number of stationary

points aﬁd a preliminary search procedure will usually be necessary
to ensure the convergence of the iterative procedure to the optimal
vector. While the estimation of some simple scalar models (reported
in §84-7) was not a troublesome task, when the parameter space is

large even with modern computing facilities this process of finding
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suitable initial values may be extremely onerous and expensive,

unless prior notions of plausibility substantially limit the region

to be scanned. For the iterative stage numerous algorithms are
available but when non—lineariconstraints are present Aitchison and
Silvey's (1958) modification of Newton's method may be useful. The
fact that we shall not dwell further here on these computational aspects
1s no attempt to minimize their importance. However it seems that the
precise method of approach will be dictated in part by the nature of
the model and it may perhaps be possible in the future to develop
techniques that are especially suitable for some of our models. In
any case we are more interested in the properties of our statistics™
then in their derivation. It seems worthwhile, nevertheless, to

suggest estimates of fxxr and to discuss the extent to which their

insertion leaves our asymptotic theory intact and provides efficient

estimation of 60, BO .

Let us suppose we have available initial consistent estimates

8 , B possibly obtained by minimizing &, with ®(A) =1 . Then
N® N N py - :

naturally we would seek to estimate f by means of the residuals

XX
that such estimates generate: A possible procedure, as in Hannan

(1971 a), would be to assert that fx is rational of prescribed.

X
degree, and estimate its parameters. However we shall adopt procedures
which avoid prior assumptions of this kind and are analogous to the
broad-band efficient methods of Hannan (1963, 1970) for estimating

linear regressions. For an integer M << N we introduce the 2M

sets

S = ] w -T/2M < A< w +T/2M5 W = Tm/M; AeB, |ml =M- 1,
! 2

Sy=M [ -m<hs-m1-@ , ™I <A=m; A eB.
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Then we estimate fxx(l) by
- —l T . I
B0 = o) [wy(s)-B'Nl‘(As, B,)W,(s)] [wy(s)
s(m)
Loed — *
BT (s v, ()], (5.3)
all X € Sm » where the sum is. over As € Sm . It will always be

implied that the number of summands in. (5.3) is not less than Py -

N

(Otherwise the fM would certainly be singular.) Now the greater

the value of N available the greater the value of M we would wish

to take, in order to estimate fxx at a finer grid of frequencies

and improve the efficiency of our estimates of 90, B0 , bearing in

mind Theorem 2.7.

THEOREM 2.8. Denote by (6, N) the vector minimizing

éN(G, By =1y ” (w,) 2{w (8)- BF[A ; O)W (s)}“

m s(m)

over admissible (8O E B) , where the first sum is over w, € B .

Then wunder the conditions of Theorems 2.3, 2.6 and (x) there exists a
sequence M 1increasing with N in such a way that’® the conclusions

of these theorems are valid for (EN E éN) » the covariance matrix in

, .
.. N . (% . = , a1
the limiting distribution of NZ(GN—QO . BN—BO) being w(fxx] >

and ¥ {fxi) 18 consistently estimated by

A DA OV §N)-’i{lzz(—s> ® ?M(wm)-‘l}T(xs; 6,5 By) . (5.1)
m s(m) v ,

Proof. We prove first the existence of a sequence M = M(N)
increasing with N 1in such a way that

33 We could introduce conditions to establish our results under a

prescribed maximum rate of increase of M with & (as in Hannan,
1963, 1970) but the conditions needed are unverifiable and the
exercise would have little practical value.
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1im sup [|f, o O-Ff (V] =0, a.s (5.5)
M e AeB DT XX ]
Using Theorem 2.1 and the consistency of éﬁ, §h .
1im £,00 = (/M) J fo,Ndx = f (A =f (w) , (5.6)
Tosco M g XX _ M M( m) -

m

say, a.s. and uniformly in A € Sm c B and (fixed) M . Then

lim sup ||f, (M)-F_ (N = 0
Mo AeB T XX

as Sm degenerates. Now since
f, 0 - f 0 = [Foo-f,00) +[f,00-f 0],

(5.5) will follow if there exists an M(N) such that

d = sup |[f, (M-, (M| ~0 , a.s.,
M(N) A¢B M M

as N >« ; that is, for all € >0 , n > 0 there exists some
N(e, n) such that
Pz‘a{ldM(N)l < n, uniformly in N =¥(e, )} =1 - € . (5.7)
Now using (5.6) we introduce a monotonically increasing function
g(M) , defined on integral M , such that

PP{IdMI <n, uniformly in ¥ = g(M)} = 1 - €y >

€y >0 , Z €y < ® , where dM is a function of M also. We choose

(e, n) such that ) €y € G Dbeing the set of all M for which
G .

g(M) = N(e, n) , and choose M(N) to be g_l(N) , the function inverse
of g(M) . Then the left side of (5.7) is

l—PP{|dM(N)| >mn, some N-=N(e, mt = l-Pr{g[|4M| >n, some N = g(M)]}

21- ) Prildy| >n, some NzgH}z1-]¢ z21-¢.
G

Thus we have proved (5.5). Then since det{*} is continuous in its

elements, a.s. det{%M} - det{fxx} # 0 under (x), for some sequence
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M= MN) . So, for this M(N) , for N sufficiently large T, > 0

a.s. and

sup

a-1 -1 -1 -1

T = Sup“fxxuufxx ?M“ “?M ” =

a.s. for arbitrary € > 0 Putting @ = Lol oin Ho (e, 0)
' ' M XX N

and hN(e) their norms are found to bounded respectively by

(E/Zﬂ)sup”f(l; 9)H2tr{N—l ) Z(n)Z(n)'} = 0(g) ,

(e/2ﬂ)supr(A; Q)H[tr{N_l y y(n)y(n)'}tr{N-l ) Z(n)Z(n)'ﬂ2 = 0(e) ,
a.s. for N sufficiently large and some M(¥) . Then because

Theorem 2.3 holds with & = f_l it must hold for some M(N) with

XX
— A—l i
o = fM . We next show that Theorem 2.6 holds, Since fM > fxx s
fM >0 for M sufficiently large. Then (4.10) with & = %&l - f&l

is the sum of a finite number (for fixed M ) of terms of the form

) A -1 -1\, -3
vec {IPQ ® [fM(wm) -y, ) ]}N:2 I w(e)®w (-)®T(; 6, B,)

s(m)
using (1.2.3). However for fixed M the first factor converges to
0 a.s. and uniformly and the expectation of the squared norm of . the
second factor converges to
-1 ~ 2 | -
(2m) Is IT(As 8, B I trlf, (M) }eelf, (M}Idh = 0(2) .
m

Thus with & = ?&l - f&; , (4.10) + 0 as similarly does (4,11). It

1. . ~
follows that, for fixed M , NZ(GN—GO : BN—BO) has the limiting

distribution of Theorem 2.6, with & = fé; in the covariance matrix.

Then, increasing M , there exists a sequence M(N) such that
Theorem 2.6 holds with covariance matrix given by Theorem 2.7. Thus

we have sequences Mi(N), Mé(N) , say, for which Theorems 2.3, 2.6
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respectively hold. Then the sequence min{Ml(N), Mé(N)} allows them

to hold simultaneously. The consistency of (5.4) follows, and the

proof of the theorem is completed.

When the full band (-7, M) is under consideration an alternative

estimator to (5.3) is
- -1 - _ -
f, 0 =N g [wy(s)—BNI‘(}\S; 8w, (s)] Lwy(s)

5 ™ %
BT (s Tw (e)] -FM(AS—wm) , (5.8)
all X € Sm , the sum being over As € (-m, m) with FM given by

(3.3). Then for fixed M ,
1im f (X)) = (2m) I f, (WF (A-w)du = f, (A) ,
el e M

say, a.s. and uniformly. Then because fXX is continuous the

Cesdro mean fM(A) > fxx(l) uniformly as M+ © ., We could thus

~ A

prove Theorem 2.7 in exactly the same way with fM in place of fM .

Finally we consider the sense in which our estimates may be
described as efficient. We have already established in Theorem 2.7

the optimal estimates of the class minimizing QN(G, B) . In additionm,
' if we suppose the asymptotic properties of the wx(s) , mentioned in

§2.1, to be valid for given M, N we are led to set up an approximate

likelihood, taking the Wx(s) to be i.i.d. complex N[O, fxx(wm):l "
all As € Sm . Then let eN’ BN’ ¥M(Qm) be the ML estimates. It

is easily shown that, for fixed M , their information matrix is
1 )
block diagonal with the NZE?M(u%)'fM(wm)J asymptotically independent

o W

1L : ‘
of NZ(GN—QO : BN—BO) » whose limiting covariance matrix is that of

1 ~ L] ~
NZ(GN_GO . BN—Bo) . As M + ® both the latter have covariance
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matrix @(f;i} . Thus (5N : ~N) i8 efficient in the sense that the

normed estimates have the same limiting distribution, under our

assumptions, as have the normed ML estimates, under Gaussian

assumptions.

The convergence of the wx(s) to normality under our assumptions
suggests that (6N E éN) will be actually '"close" to ML estimates.
The discrepancy between (éﬁ E éN) and (EN E é&) may be remedied,
to the extent desired, by iterating. We may use (6 E éN) to
re-estimate the fxx(u%) , which in turn are used to re-estimate
(60 E BO) , continuing this process indefinitely and judging whether

a satisfactory degree of convergence has been attained by, possibly,

comparing the values of QN on successive steps.
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CHAPTER 3

THE ESTIMATION OF A REGRESSION MATRIX OF LESS THAN FULL RANK

3.1 Introduction

In the present chapter we consider a problem related to classical
canonical correlation analysis, namely that of estimating a time
series regression matrix that is constrained to have less than full
rank, The asymptotic theory of our estimates will follow in a fairly
direct way from the results of §2. However our work here differs from
that of other chapters in that our model is unlagged? being of the
special form (2.1.4); +thus no approximation is needed for the purposes
of estimation. However we make particular use of our provision in §2
for non-linear constraints. Many of the results of §3.1-3, Appendix
appear in Robinson (1973); for the most part the work was carried
out before the author thought of the model (2.1.1) and was based on
the simpler discrete non-linear model considered in Robinson (1972).
We suppose our underlying processes to be continuous here for the
sake of conformity, while in fact our results are of equal relevance
to discrete processes.

Later in the present section we shall discuss the relationship
between our problem and that of ordinary canonical correlation
analysis. Making an appropriate parameterization of our model we
present in’§3.2 asymptotic theory for our estimates, which may be
efficient even when the residuals are serially correlated. The
estimates must in generél be obtained By iteration, and we leave to
§3.Appendix a discussion of possible procedures. Some estimates that
are closely related to ordinary canonical correlations and vectors,
and obtained by solving an eigenvalue problem, are consistent when .

the residuals are stationary, but inefficient unless the residuals are



56

independent. We always assume the rank of the regression matrix to
be known a priori, but in §3.3 we present a test for determining rank.
In 83.4 we consider a related problem that arises in econometrics,
that of regression on an unpbservable variable.

The theory of canonical correlation analysis (CCA), introduced
by Hotelling (1936), has become established as a powerful exploratory
tool in the analysis and summarisaticn of multivariate data, in such
fields as economics, psychology, the biological sciences and geology;
It enables the relationship between two sets of variables to be
condensed into a relatively small number of equations involving
orthonormal linear combinations of the variables. Let

Y= [y s .o ty@1, Z=102) % ... 2 zMW)]

and consider a pair of vectors lying respectively in the p,-space
spanned by the rows of Y and the p,-space spanned by the rows of

Z . If the angle between them is smaller than the angle between any
other such pair the cosine of this angle is designated as the first
canonical correlation and the vectors themselves, uniquely defined up
to simultaneous reversal of diregtion, as the first pair of canonical
vectors. The second pair are the vectors orthogonal to the first
pair that are separated by the smallest angle, and so on. The

r = min(pl, p2) greatest squared canonical correlations between Y

and Z are denoted pzj s, d=11, .., » , dnd are the r greatest

Zeros p2 of

2/\ A A_l/\
det{p Qy_y'Q_yzQZZsz} R (1.1)
where, for example, Qyz = " YZ' . Then the canonical variates are
uc'zj‘y(n) , va‘;.z(n) s J =1, iy P » having correlations paj s

where the uaj’ vaj are the corresponding eigenvectors of
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5 a-la . . A a-1g . .
Qyzszgzy in thermetrlc of ny and ﬁzygyygyz in the metric of
ﬁzz , respectively. The uaj’ vaj_ obey the orthonormality conditions
' Q- :V ' 6 = ] =
uajgyyuak \)ajgzzvak ij s Js k=1, .e., 2, (1.2)

where ajk is Kronecker's delta.

Distribution theory for canonical correlations and vectors
appears until now to have been based on independence and normality
assumptions for both Yy(n) and z(n) . (See Anderson, 1951, 1958,
Bartlett, 1947 a, b, Constantine and James, 1958, Hsu, 1939, 19u4l,
James, 1964.) The use of normality assumptions is understandable
in that we are concerned with correlations. The characteristic
equation determining canonical correlations is symmetrical in Y and
Z and thus it is not necessary to regard one particular vector
variable as dependent on another, as in regression, but merely to
think of Y and Z as being associated. Correspondingly, reference
to a residual random variable has usually been suppressed. However
we shall approach the problem from a regression point of view and
will see that this enables us to derive asymptotic properties of what
we may regard as generalized canonical estimates under alternative .
assumptions that do not involve normality or independence and appear
to be relatively weak in other respects.

We ‘consider first the model

yn) = Boz(n) t+ X(n) , n=1, ..., N, (1.3)
where X(n) 1is, for the time being, a sequence of i.i.d. (0, QXX)

p; X 1 vector variables and BO is a py Xp matrix of regression

2

coefficients. It is believed that BO has rank r < min(pl, p2) .

a situation resulting from the existence of a number of (we assume

unknown) linear or non-linear relations obtaining among the elements-
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of BO . An appealing physical interpretation, offered by Brillinger

(1969), is to regard BO as being capable of providing only »

channels for the transmission of the informatiocn derived from

Z(n) ; one introduces the pl X r and r X p2 matrices B., B

1’72

transmits the » X 1 vector BQZ(n) and on receipt forms the P, X 1
vector BlBQZ(n) . The following theorem provides us with an
estimator of BO .
THEOREM 3.1. The function
-1 ,A_l
N tr{(Y-BZ)(Y—BZ) Qxx} R (1.4)

where

~N n N A | A

Qxx ny B Qyzg‘zzgzy >
18 minimized with respect to B of rank r < minﬁpl, p2) by

r r
B, = J pm v,z ¥ ouo.p. @
b i21 bgTbg "bg i=1 bg pg yz

-1
zz °

where the pbj are the square roots of the r greatest zeros 02
of

QA_ ~ A=1A
det{p Qxx—ﬂyzﬂzzﬂzy} (1.5)

and the o Vbj are respectively the corresponding eigenvectors

AflA A=1n A-1 ) . A=] A 'lA.
of QXXQyZQZZQZYQXX in the metric of Qxx and szgxxgyz

N -

in the

metric of sz .

The theorem is easily proved either by using a result reported
in Rao (1965) for finding the best approximation to a matrix by one
of lower rank, or by using Ky Fan's inequality (1.2.1), or by

reparameterizing and differentiating, using the constraints

181 - u!'d _ . _
ujgxxuk = ngzzvk = ij s Jo k=1, cio, 1. (1.8)
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In the sense of §2.5 our estimation procedure is efficient;®"

moreover it is equivalent to CCA. For if we reparameterize B as

-1
g ! =
le pJqu , take ujﬂxxuk ij and pre-multiply (1.3) by “OJQXX

we get
uéjﬂ y(n) = pOJv Z(n) + u n)y , =1, ..., r ,

where the uj(n) are i.i.d. (0, 1) . Likewise, replacing BO by

Bb in (1.3) and pre-multiplying by uéjﬁ;i , we have the estimated
equations

“bg Xxy(n) = pb b z(n) , =1, ..., 7, (1.7)

because of (1.6). However, by comparing (1.1) -and (1.5) we find that

2 ~
pbj = paj(l—pzj] . Also we have the relations péjﬂxxpaj =1 - pgj

(from (1.1), (1.2)) and uéjﬁiiﬁxxﬁ;iubj =1, so

1
_ 2 | 24 . _ e s
ubj = [l—paj] Qxxuaj . Finally vbj = vaj and substituting in (1.7)

we have the CCA relations

u y(n) = paJ\)an(n) s J =1, ci., 2.

3.2 Identification, estimation and asymptotic theory
We turn now to a more general class of estimates. We consider

y(t) = UOROVéz(t) + x(¢) , t €R. (2.1) -

Here, U = (ul ... : ur) , V= (vl S e E vp) and R 1is the

r X r» diagonal matrix with Jth diagonal element pj ; thus

3% Although ﬁxx , the second moment matrix of LS residuals, is
not the: ML estimate of QXX when BO is constrained to have less
than full rank, under our conditions it is consistent and B, will

b
be close to, and have the same limiting properties as, the ML
estimate.
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r
URV' = 7§ pjujV3 . We impose the orthonormality conditions
J=1

- ! . -
U'nuU =V va = IP , (2.2)

Hu, Hv being arbitrary symmetric p.d. matrices. An alternative way
of seeking a B of rank » would be to require all square submatrices
of B of order greater than r to have zero determinants. Such
constraints would seem in general to be of a very complicated npature,
however, and we would not be able to form a set of 2» simultaneous

equations as we may from (2.1) and (2.2)%5.

In terms of (2.1.1) we get (2.1) if we take B

1]

p@I s
Py

T(t; 8)' = (v o oo 2 v YS(E) , with p o= (pg 2 .on 2 p,) and

8§(t) given by (2.1.3). In §2 we allowed B to satisfy linear
constraints of the type implied here. Moreover (2.2) constrains the ~

uj’ vj to a compact subset of a differentiable manifold because, for

example, uj' is a point on the manifold generated by the intersection

in plr-dimensional Euclidean space of the [pl—l)—dimensional

ellipsoid 'véﬁﬁuj = 1 and the bilinear functions uénﬂyk =0,

kK#4g .
Because (2.1) 1s unlagged we may estimate the exact discrete Fourier

transform and no approximation is involved. Correspondingly the

identification problem is simplified because (iv) is not needed, since-

d _ el .
fyz(k) = UOROVOfZZ(A) » A EB.

However the parameterizationin (2.1) poses problems, requiring somewhat

3%  We may form Uénuy(t) = E;ng(t) + U(t) . In this respect our

work has some connection with that elsewhere in the thesis concerned
with the estimation of linear functional equations. However our
system here is singular when =r < py and the identification

conditions differ.
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arbitrary prescriptions to distinguish the » individual components

and. V.. separately. Using

and then to identify poj, qu 04

: J
Pog*0sY04
(1.2.4) we may write the present version of the left side of (2.2.7)

as
vec'{U0R0V6—URV'}W(Q)vec{UOROV6—URV’} s (2.3)
where

Y(d) = (zn)"l J fzz(-x)<3 d(N)dx . (2.4)
' B

Now (2.3) will be positive when Y¥(®) > 0 and URV' # UOROVO

o

uniformly in admissible (U' 3 V! ElR) # (U SIV6 RO]_. The last

condition will be achieved if we impose (2.2) on UO and VO (which

will imply tﬁat “oj ¢.u0k . voj # Vok , Jd #k.), a sign constraint
on one element of each row of '(Ué E Vé] and an ordering such as

> Pogp >0 .

>
Po1 7 Po2
In fact local identification follows from the constraints (2.2), the

fact that the pOj are distinct and non-zero and the condition on

Y(®) ; global identification is completed by the ordering of the

P,: (enabling the choice of one out of »r! permutations of the

0g

poj“ojvéj») and the sign constraints.

In deriving the covapriance matrix for the limiting distribution
of our estimates we must include the componentsicorresponding to the

constraints (2.2). For an m X n matrix A we have

ovec{A}/dvec'{A'} = T: s (2.5)

~

where I: is mn X mn  and null except for the

[(k-1)m+j, (j-L)n+k]th elements, J =1, ..., m , K =1, ..., 1 ,

all of which are unity. Now from (1.2.3):
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vec{U'HuU} (U'Hu ‘@ Ir) vec{U'} (Ir ® U'HN) vec{U} ,

i
})

vec{V'HvV} (V'Hv(8 Ir)vec{V'} [IP(S V’Hv]vec{V} .

Then from (2.4) it follows that

dvec{U'Tl U}/dvec'{U} = (Ul ® I )Tpl + (I®u'm) =A
u B r’r r U 1
Bvec{V'HvV}/Bvec'{V’} = (V'HV(B IIJ + (Ir Q)V'HV]TSQ = A,
say36. We may now compose the matrix
: A0 :0
dveclUMU-LIVIV-I) |t
B(Véc'{U}Evec'{V'}E?) 0 E A2 E 0

From this we form the »(r+l) X r(pl+p2+l) matrix . 2E by deleting

one member of each of the r(r-l1) pairs of identical rows,
corresponding to the duplication of the off-diagonal constraints in
(2.2).

THEOREM 3.2. Denote by (0 + 0

. R the matria minimazing

1
N N

-1 L 2 ‘
= % H@(As)Z{Wy(s)-URV'wz(s)}H (2.6)
over admissible (U' + V' * R) such that
pl > p2 > .. 2 pr >0
and (U’ E V') € 0, where

0c {(U' ADREE SRR SR S 8 uj 70 J

it

'_l

s
S

U. being the first element of W; . Let (U! VI
J l . J O . O .

L]
=
o
—
>
Q
d.
N
V)
<

these conditions, let Y(®) be non-singular and let (2.1) and
conditions (i) and (ii) hold. Then
vm (0 2 Un s R) = (U 2V R) , aus,

3¢ The reason we use the inconsistent orderings vec{U}', vec{V'}
is to enable us to present the covariance matrix in Theorem 3.2 below

in a relatively concise form.
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P S I St TR
lim BN = lim UNRN i BO , a.s.

N> Jad
Moreover if (U! E V(')} 18 an interior point of © and condition

(vi) holds, then as. N » «
3 et . N TIRTIR IR A D
2 - . - . -
M2 (vec {UN UO} ¢ vec {VNVVO} Py po) — N[O, Z] ,
where L is the r(pl+p2+l) -order leading square submatrix of the

r(p, +p,tr+2) -order matriz

o e omr et r . ! Ceom -1
TO¥ ()T, t B ] 'row(@fxx@)'ro : 0] T, : 5
.l.....‘..:..l .l........l...:... .I........:..QCQ N (2'7)
g, 0 0 + 0 By 0
with

T=-|WR®I =1 UR-VQEU
rot, i1, 0mivey

Proof. Substantially the proof follows from that of Theorems
2.3, 2.6; a few comments are relevant however. The sign constraints®’ -

on the uj destroy compactness so, formally, a compact subset must
l ;

be chosen. (For example we might take M. = A for some A >0
1

’ .

J=1, ..., » .) The matrix TO has column rank

r(pl+p2—r) < r(pl+p2+l) because of the existence of r(r+l)

linearly independent relations between the columns. Then because

(p —r)(p —r) >0 it follows that z(p, +p —r) < p,p, = rank{¥(®)} ,
1 2 172 172

and thus TéW(@)TO is singular of rank r(pl+p2—rﬂ . However the

true inverses in (2.7) exist since the augmented matrix has full rank,

T6W(¢)TO and EO having non-intersecting null spaces. The form of

37 0Of course the sign constraint on W. could be transferred to

any other element of (uﬁ E Vé) .
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T follows from the derivatives?®

avec{B}/dvec'{U} = {VR(& I ]Bvec{U}/Bvec'{U} =VR® 1 ,
Py Py
dvec{Bl}/9vec'{V'} = [Ip ® UR]Bvec{V'}/Bvec'{V'} = Ip ® UR ,
2 2
avec{B}/3p = (3/3p) 2 0.V ®u =Vou.

=1 Y J

In Robinson (1973) a similar theorem is given, omitting the
assumption that 2z(n) has absolutely continuous spectrum (thus
allowing for almost-periodic components), and with X(n) satisfying
(1.3.7).

The matrices and scalars

-1 2 -1 2 .
'(Qn) Oj fB 07 ZZ(A)v Q(A)dl , (2m poj IB fzz(k)uOJQ(A)uojdA .

(2m ™t CRINANE TENTAE N

IB od zz

J =1, ..., r , are non-singular and non-zero respectively under the
identification conditions. Because they lie along the main diagonal

of T6¢(¢)TO we could partition this matrix and base an evaluation

of (2.7) on their inverses. In general explicit expressions for
variances and covariances will be very complicated but it is

feasible to derive them for the not unimportant case »r = 1 . We

consider the efficient situation with & = f;i . Then

y .‘. 1
RERCEANE

-

' —l _ ....E..‘..S..'.
TO“-’{fXX}TO' .-...:.\3'2.:.".’2. ’ (2.8)

B

Alternatively, following Theorem 2.6, the covariance matrix may
be expressed in terms of pseudoinverses, with

_ ] — -1 .
B=p® vec {Ipl , L= Py ‘Ir ® Vec{Ipl}vec'{Ipl} N

and then'rows and columns that are null or repetitions may be deleted.

38
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say, where the partition of rows and columns is Py Py 1. Now

(2.8) has rank p, +p, - 1 because of the relations

-1, . I ros W e _ TR T
Portor (F1 & ¥y W) = egpvo; (¥ 1%, 1) =y 1wy )
However we may invert the augmented matrix, which includes

"WImos 0 e o0

oL 3 o
: - ..l-...:.......:... ’
0 0 s v I

. Ol v 3

because of the non-singularity of Tl, Y2, v .

COROLLARY 3.2. With r» =1, &= f.> in (2.1), (2.8) and

XX
n. =1 , 0 =1 the covariance matrix in the limiting
H Py v p2
lt\' "A * A~
; y g 2 - o« ! _yuy! . - y
distribution of N (uNl Uop @ V1 Vo1 ° PypPoy) %8
L1409
12,00, |, (2.9)

o 1o |

where
L= |y _y g yly -lw L L= (¥ o-y yryTly _lw
17 "1 47372 "3 u* %2 7172757371 "3 5
Loz B Y YL cvov |y o= -p DYV
3 1*3°2 ('p,vo1v0or) * %1 01*1%3%2 Vo1
- 1y~ 1 . _ gl W bt .
O, = =Po Z¥¥ My, 5 0 = ¥ (1Yo -v0,)
in which

2

1, )7t 1 T 1

= - toyT ! T, - _ ' = ' =

¥, Ipl u01(“01“’1 u01] Mooty s ¥s Ip2 V01(V01?2 V01] Vot -
We shall not give the proof, which is of an excessively tedious

nature. It is not difficult to verify the result, however.  The

Lagrange multipliers corresponding to the constraints
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] - v - > 7 :
ulpl = vlvl = 1 , namely YNl’ YNQ ,» may easily be found to be

: 1, 19N
identically zero, and thus: NzYNl’ NZYNQ each have the degenerate

distribution &8(¢) . The covariance matrix of

1
EA'_’:A'_’:/\_ :A :/\
W2 (lyy-Hop & Vy1~Vo1 Py Poy : Ypy : Ypp) thus has the form
Zu E 0
0 +0

That 24 is given by (2.9) may then be verified from the relation

S (PR ) SR TR (PR PR G |
Tow{fxx}TozuTow{fxx}To B Toy{fxx}To :

We note that rank{Zl} =p, -1, rénk{ZQ} =p, - 1.

1
When ¢ varies over B the efficient estimation of parameters

requires iterative procedures and is likely to present a difficult

and lengthy task. (Correspondingly no simple and satisfying geometrical

interpretation seems possible.) We have relegated to an appendix our

discussion of the computation of efficient estimates in the presence

of serial correlation, since our suggestions are not illustrated by a

numerical example. When @ 1is constant, however, the estimation may

reduce to the solution of an eigenvalue problem, and it is of some

interest to consider the asymptotic properties of some such estimates,

namely those of Theorem 3.1. In all that follows in the present

section we replace B by (-m, T] .

THEOREM 3.3. Denote the estimates of Theorem 3.1 U, , V

b Vpo R

b 3

with the usual ordering and the direction of W, being determined

by taking its first element to be positive, J =1, ..., r . Let"

Paq > Prp > eee > P

!
02 >0 and (UO

V6) €0, where © <s as in

01l or

. a1
Theorem 3.2 with Hu = Qxx and Hv

Ez)z(8)'} = Q,, , R, and

z° XX
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Q,, being non-singular. Let (2.1) and conditions (i), (ii) and (vi) hold.

Then the asymptotic properties of (U! E Vé E Rb) are the same as

-1

“x 2 and then

those of (0! : Vk : ﬁﬂ) , except that in (2.7) & =Q

-1 _ -1 1 _ -1 -1
W[Qxx] =8y, B8y o [ xxfxxﬂxx] - [IpQ ® Qxx]w(fxx) {Ip2 ® Qxx]

Proof. The theorem would follow immediately from Theorem 3.2

for estimates minimizing

_ -1 _ _ 1o-1
QN =N tr{(Y BZ) (Y-BZ) Qxx} (2.10)
subject to
A YY) _
U QXXU =V QZZV = Ir" (2.11)
for (2.10) is just (2.6) with @ = Q;i . In the theorem, however, we

are minimizing (l.4) subject to (1.6), the constraints varying with
N . Nevertheless the region defined by (1.6) "converges to" that
defined by (2.11) in the sense that each point of (1.6) is eventually

arbitrarily close to a point of (2.11) since a.s. ﬁzz > QZZ and

lim ﬁxx = lin ¥ 1(B Z+X)[I 1M (7172 ](B Z+X)! oy ¢ (2-12)
Neo e

Then the strong law hold for estimates minimizing (2.10) subject to
(1.8) because these estimates converge to values satisfying (2.11),
and (2.10) is continuous in B and (v) is implied by our conditions.
However the modulus of the difference between (1l.4) and (2.10) is

bounded by

A__l A ' ~ f
Mnxx xx”tr{ﬂ zy'QyzB +BQZZB ;. (2.13)

The first factor of (2.13) is not greater than

-1
HQXX”“QXX XX“”Q

a.s., N sufficiently large, for arbitrary € > 0 because of (2.12).

2
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Since the second factor in (2.13) is O0(l) the strong law holds for

' V' Rb) For the central limit theorem we consider

no_ e o -1 1% 1 _
Q= t tr{(U Q.U Ip)ru + (Vv .V Ir)fv} ,
where fu, fv are r X r symmetric matrices of Lagrange coefficients

corresponding to the constraints (2.11). Now

S, -1, l
= -2N 20 XZ V R + 2Q__U.N2T (2.14)

NzaQ /3U eLUS 2

0

where we evaluate the derivative at (U6 . Vé : Ro}.. From Theorem

2.6 we note that the central limit theorem for estimates minimizing

Q% stems from the asymptotic normality of (2.14). However

1
l.i.m. (Q -Q. ]N—EXZ'V R, =0
P XX XX 00

because the first factor - 0 a.s. and the expectation of the squared

norm of the second is

N'lEtr{ROV6 Z L zm)x(m)'x(n)z(n)' VR }
mn=1

™
J_ﬂ tr{fxx(u)}tr{R0V6fiz(A)VORO}FN(u—A)dudA

]
S
=
3

T T 2
<ea J J FN(u—A)dudA = 4me = 0(1) ,
—’n‘ . :

1
2

using (ii). Now from Theorem 2.6, N Pu converges in distribution so

_l l/\
l.i.m. (ﬂ -Q ]U N2l =0 ,
oo XX XX 0 '8

Thus (2.14) with QXX replaced by ﬁXx is asymptotically normal

also. In an entirely similar way the remaining derivatives of Q%

may be modified to complete the proof of the theorem.

The following theorem deals with the situdtion when

(u E vy E Rb) is efficient.
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THEOREM 3.4, Let the conditione of the previous theorem hold
and moreover let X(n) be i.i.d. (0, nxx) . Then as N+ the

1
variates N2 (pbj"poj s J =1, ..., v, have independent unit normal

distributions and they are also independent of the vector variates

Nt~

1 : : ,
i (ubj-uoj} , N2 (\’bj“voj) s J 21, «uvy v, which have a limiting

Joint multivariate normal distribution with null mean veetor ond

the following variances and covariances.

(2 =2 )
P2 40
' o ol ' .
g. , 52 tottoz 0 7T ks

[poj“poZ]

2 2] ,
AT

5 9 2 Tok"og °
oj‘pok]

1im E{”("bj““oj)(“bk““ok)'}

Jrec0

p

[0
2 2
< 1Pog*Por

VoV s d
Y

| ! 2, 2 l
. 1% o Va1, V0 # K
) V2 okVod * Y s
02 02 17
04 "0k

PP
07701 ' N
' ]2 MogVoz » d =K )

Jg#k

13

lim E{¥ (vbj—voj) (VpzVor) "} =k,

N0

+(2.15)

500 , )
(905“901
PP,

04 0k ' s .

—~;———;——3-uokvoj s J #F K

(poj“pok] i

where the sums arve over 1 euch that 1 <1 < min(pl, pz) s L#J

z .2

and we put Poz = 0, L >nr. Consistent estimates of the variances

and covariances are obtained by replacing MU :s V.:s P

"0d4°® "og* Tod by

"bj’ vbj’ pr. respectively, J = 1l, .v.y P .
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Proof. The expressions (2.11) may be more easily derived by
means of perturbation expansions (see Wilkinson, 1965, Chapter 2) for

eigenvalues and eigenvectors than by direétly evaluating

-1 -1
) ~1|m ol ' -1 ' -1 wn!
TOY(Q lT » TOT(QXX]TO 0 T W(ﬂ 1TO

xx} 0 + “0 : o Mxxj 0+ “o
g5 ¢ 0 i 0 0 g, ;~ 0 ]
We expand the eigenvectors ubj of
A B A=lA A=A A=1
zN - Qxx yzszsz XX
about their limits, the eigenvectors qu of

a1 - |
20 - QxxBOszBogxxv’

giving

-1
. c (2 2 .
Mg T Mg ¥ ;, [poj poz] Mooz (BB g,

-1
. , 2 2 t ol & .8 nne-l
- uoj * % (poj °ozl “ozuolnxx(Bonzx+ﬂszo}Qxxuoj

-1
, 2 2 ' A -1 ] —lAv
oj " % (poj_DOZ] qu[DOZVOZszQxxu0j+p0j’OZQXXQXZvOJ] ’

=¥
. A B I 1
= . 2(n, .-y, imiti
where QZX N ~ZX Thus W (ubg uOJ) has the same limiting

distribution as
I (0202 -lu oV, ®u J+(e v . ®u Y]v,  (2.18)
7 o "ol oL%-\ol7 0L ('F) 0J 0J oL/ :
where
_l _l/\ 'D _l )
V = N 2vec QXXQXZ — NiO, ¥ ﬂxx . (2.17)

. :
s e "2' — ] . .
Similarly W (vbJ vOJ) is equivalent to

2 2 , , '
7}2' [poj'QOZ] \’oz[(poz\)ojv ® u(')Z)"'(pojv(')Z ® uoj)]v . (2.18)
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Finally

2 . 2 v o~1(8 Rr.r 8 -1 _ 2 -1
pbj "poj + u.Q (Q B'+B Q )Qxxuoj' poj{1+2p

1 o~
0J XX''XZ°0 0 ZX Motz ]

0J 0J XX Xz 04

Then from the square root expansion,
l !
Nz(pbj—poj) = (v; ® uoj)v .

Thus, heuristically, (2.15) may be constructed from (2.16)-(2.18).

We may verify the result by forming the r(pl+p2+l)-order square matrix

25 from (2.15), appropriately ordered, and showing that.

' -1 Y WAL -1
To {sz ® Qxx] T0251\0 [QZZ ® Qxx To To sz ® Qxx _To i
since the Lagrange multipliers are identically zero.

COROLLARY 3.4. If » =1 1in (2.1) and (1.4) then
1 1 1 .
NZ(ubl'u01 s Nz(vbl_VOl) ) Nz(pbl’pOl} are asymptotically

independent with covariance matrices and variance respectively

2 Ly ow ] s 1.

- _ . -2
Po1 @k Ho1¥1) - p01{922 01V01

3.3 A test for rank

The distribution theory we have given may be used to test

¢y P

04 for:example we could test

hypotheses about the jubj, \Y 04 :

whether certain components of y(n), z(n) may be omitted from any of

the simultaneous equations. Of course the forming of §N submerges
the identities of the individual uNj’ ij, pNj , and these cease to

be of more than intrinsic interest. The question of most importance

concerns the rank of BO , that is the.number of simultaneous

equations needed to adequately describe the data. Unfortunately we
cannot fit a matrix of suitably high rank » and then use our

distribution theory to test rank{BO} = g <'p versus rank{BO} = r by
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putting poj =0, 8+1=j=2r orby setting up 8 - » equalities

between the (uéj‘: véj) , for to do so would contravene the
identification conditions. If we are to attempt to find efficient
estimates by means of iteration a test for rank is needed that can be
carried out before this lengthy procedure. We propose a rough

likelihood-ratio test. From our discussions of §2.5 we are led to

set up the approximate log-likelihood

1
~(/4M) ; log det{fxx(wm)} - 39 (3.1)

-1
XX

1l

where in @, we replace & by f taking fxx(ks) fXX@%w) R

ks € Sm . We denote by fr(wm) , ffﬁ%g estimates of the form

-1 . N
oMl s%_m) Wy (5)-B,w, (e7] [w, ()-Byw, (83]*

using Bb = UbRbV' , Bb = YZ'(ZZ'-)-'l respectively. These easily

computed Bb are consistent when the true rank is r , min(pl, pQ)

A

respectively, and thus so also are ?r . ff , under our conditions.

Now the estimation of a B0 of rank » effectively disposes of

r
jzl (pl—j+p2-j+l) = PP, - (pl—r)(pQ—r) (3.2)

9

degrees of freedom®?, taking account of (2.2). Then from (3.1) and

(3.2) the hypothesis rank{Bo} = r would be accepted if the log

likelihood-ratio
QMN_l [}og‘det{T_T'?r(u%)} - log det{T_T'?f(wm}}] (3.3)
m m-

2
is less than a sultable percentage point of ¥ .
—_—— ) [pl_r} (pQ—p)
¥ If »r-= min[pl, pz) » (3.2) is
plp2 - [pl-min(pl’ pQ)] BDQ—min(pl’ p2)] = plp2 >

as we should expect.

~
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The test reduces under certain circumstances to one that is
commonly used for the testing of canonical correlations. If B is

replaced by (-m, m] and if the X(n) are believed to be independent

we would, for all m , -M+ 1 <m<M , replace ff(wm) by

__lA ~
(2m) Q. and fr(wm) by

~~
IN)
3
p
]
'._l
to)s
Tl

(2m) ™4 (Y-U, R V2 7) (Y-U, R, VI 7) !

1}

-115 ) 2 r
(2m ["xx“rz pbj“b,j\’bj] :

the sum being over »r + 1 =4 =< min(pl,pQ).‘ Then (3.3) reduces to

a-1n ) a=1 ] 2 ]
N log det{ﬂxxﬂ } N log det{Ipl+QXX'z pbjuijbj}

vy log(l+p§j]

2
-V )' lo (l—p .] .
I' log|1-0, .
Thus (3.3) generalizes the familiar test for canonical correlations.

3.4 Regression on an unobservable vatiable

Economic models are sometimes formulated in terms of variables
that are themselves unobservable but believed to be related to
observable variables. We shall consider the model

y(£) = Bya() + x(¢) , t €R, (4.1)
where BO is a Py X 1 vector and ;(t) is an uncbservable scalar

satisfying

2(t) = az(¢) , t €R, (4.2)
%, being a p, X1 vector. It 'is perhaps more plausible to append

a residual to (4.2) but to do so would raise problems of identification.

(See Goldberger, 1972.) Our model generalizes one treated by Zellner
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(1970), who takes p, =2 , ~Bé = (BO E 1) and gives explicit

expressions for the LS estimates of BO and %

. Goldberger
(1972) gives an iterative ML procedure for estimating (4.1), (4.2),
based on normality and independence assumptions. No attention seems
to have been paid to distribution theory, under these and more

general conditions. We shall give asymptotic theory for a general

class of estimates of ao and BO .

To begin with, on substituting for z2(t) in (4.1), the
reduced form is

y(t) = Boqéz(t) + x(t) , t €R .

For identification purposes we require

- 1 - .
aoee-{a_l a'a=1; o = A >0},

oy being the first element of @ and A arbitrarily small. The

normalisation and sign constraint on O are thus modified to make ©
compact. Alternative prescriptions are of course possible. We

~

take Qs éN to be the values minimizing

-1 1 2
Q=1 % ug(xs)z{wycs)~sa wz(s)}“

over O € © . Then without bothering to state a formal theorem,

under the conditions of Theorem 3.2

lim (&]'V éz'v) = (o' ¢ By) » a.s.,
B T -

1 ~ L] AN
S(m! ! s B'_@
w2 (oy-ay 3 By-8

where ‘I 1is derived by deleting the final row and column from (2.7)

and taking
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In the efficient case & = f;i we make the partition
] 10
! = s000v 00
TOY[fXX]TO vy
3« "2

and then

Lim E{W(ay-a ) (0,-a,) ")

N0

1> -1
= 1]
[‘l’l“‘yuwswz ‘1‘3] ¥,

‘ -1
Lim E(0(a,-0) (B,-8,)'} = -¥;1¥} [vl-\vuwsqf;lwé] Y, (4.3)
N->co

lim E{N(gN_BO)(ﬁN—BO)'}

oo

2 1 "4°3°2 4372

-1
w‘l[l 4y (\v Yy w“lw'] y w'w‘l] ,
_pl 3 3

where

R R |
Wu Ip2 ao[aowl qb] GOYl .
We shall not discuss efficient estimation in the presence of

serial correlation, although possible techniques are implied in §3.

Appendix. When ¢ is constant, however, the estimates result from

~

the solution of an eigenvalue problem. Taking & = Q;i , from
~ . 5 6-1s .
Theorem 3.1 we may call QN the eigenvector of QZyQXXQyZ» in the

metric of sz corresponding to the greatest eigenvalue, with
~ ~ ~ A

- . . . s ' o= .
BN QyZaN 5 here we now use' the normalisation rule ,sza 1

When in fact the Xx(n) are i.i.d. (0, Q@ it follows from (4.3)

xx)
1. , 1.

that the vectors Nz(@N_aO) s NZ(BN—BO) are asymptotically independent,

with covariance matrices respectively

-1
1oL ' '
[gogxxso] (sz'%ao > S
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3.Appendix. The computation of efficient estimates
The source of our difficulties in efficiently estimating

40

{ur s . V’ O) lies principally in the simultaneous variation'® of

fxx and fzz over B ; if either of these are taken as constant a

neat solution results. This is also the case when X(n) is generated
by the mixed autoregressive moving-average
m n
Y x(n-g)alg) = )} ern-)B) ,
j:o ' , f =
where €(n) is i.i.d. (0, Q) and the o(j), B(j) are scalars.
(The final condition renders the specification of little practical
value.) We have
_ -1 TJA tgk
f (M) = (2m 2 B(j)e T aied|a.
J=0 J=0 _

Thus, assuming such a representation, our spectral estimates will be
such that fxx(ls)—l has the form d(s)D ; replacing ¢ in (2.6)

we have

= ot - ' !
Q= ¥ tr{[z I,,4-B Z.Izyd ) 1,,d8'+B ) IZZdBJD} ,
because the scalars- d commute with the matrices. Here and elsewhere

in the appendix we omit the argument & and we mean the sum to

include all As € B . It now follows exactly in the manner of Theorem

p..u V' . , the p_ . being the

3.1 that the optimal choice is Bc = ciPeiVes ed

ol e

square roots of the greatest eigenvalues of D ) Iyzd(Z Izzd]_l ) IzydD

in the metric of D , the ucj being the corresponding eigenvectors

-1 :
and v, y = () Izzdg Y Izy ef > 4L e

40 Hannan’(1970, pP. 299), Brillinger (1969) consider canonical.
correlation over a narrow frequency band, in which spectra are
constant, whence the results are analogous to the classical results
reported in §3.1.
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For more general situations iterative procedures seem necessary,
and we turn now to a discussion of these. Let us suppose that we

have estimates T As) , possibly derived in the manner of §2.5.

xx

Then we consider minimizing

- -1 2 1 ' 2
= 2 -

ay = 1] “ o (hg) L, (&)-URV wz(s)}“

151 8. o
+ tr{[U nxxu_lr]ru + (V' v Ir)rv} ,
where Fu = (YUjk} and Pv = (ijk] are r X r symmetric matrices

.. _a-l _a X
of Lagrange coefficients. We have chosen HU = Qxx . Hv = QZZ in

order that our estimates will be directly comparable with

. V' Rb) It will be convenient to consider first the case

r = 1 , since the procedure we propose for »r > 1 1is somewhat different.

We have

1nn - 2 ]

39Q,/3u = -p | GI v + P Y Guv Lo+ My “Yull , (A.1)
1nA - 2 ]

EBQN/W = -p ) IzyGu +p° ) GuI NVt i) Wvll R (A.2)
1aA _ ! ] '

39Q,/9p = - Y u Glyzv +p ) UG Ly . (A.3)

Here we have omitted the subscript "1" from our parameters and G

denotes ?;i'. We equate (A.1)-(A.3) to zero, replacing H, V, P,

Yull’ lel by corresponding hatted quantities which are any values
obeying the first-order optimization conditions; then pre-multiplying

o) o . o) _
(A.1) by d' and (A.2) by V glves Yul lel 0 , from (A.3).

A

We ‘commence with initial estimates uo, VO . On the (k+1l)th

iterative step, k = 0, 1, ... we compute
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~ _ A'
A A -1 R
Pean [%k+l ) Gvk 2z k] ) GIyz“k s (A.5)
A - ~ N -1 .
= !
Vil T ka+1 ) uk+1G“k+1Izz:I ) IzyGHkﬂ ) (A.8)

and continue until convergence is hopefully achieved.

When » > 1 we have

1an~ _ -1

29@y/3U = - ] GI VR + ] GBI, VR + zvszxxuru (A.7)
38Q./V = - I,/6UR + [ I ,B'GUR + e, N (A.8)
%BQN/ = -y u’GIyZv + ) u'GBI Vi =1, vouy v,

(A.9) -
On pre-multiplying the first-order conditions derived from (A.7) and

(A.8) by 0" ana ¥ respectively we get

)
u

i 1L 6(1,,-81, )R ,

i

T

= =14,
v =V T (1, zz§)GUR
We observe that fﬁ; and fQ have zero diagonal elements (from

(A.9)) but, in general, non-zero off-diagonal elements. (This is the
reason we have distinguished between the cases r» =1 and » >1.)
We shall obtain equations determining an iterative step by substituting

for PU’ fv in the first-order conditions derived from (A.7) and (A.8).

We begin with the initial estimate (ﬁé E Vé ﬁo] ; on the (k+l)th

Step’ k =0 Y l, vy we _compute
~ A N N N A A -1
- 1] . ' ‘
Yke1 {Ukuk ) GIYZ_QXX E.G(IYZ"BRIZZ)}Vk{2 UkGBkIszk} ’
Y 50 ~21 ~ U ~ AA : -1
- ' = ' ' '
Vk+l = {Vka ) IZyG—QzZ ) (Izy"Izsz)G} k{Z VkIzzB GUk} ,
~ ~ '(/\ ~ _l A A ,
! - ] ‘
Pryl = [(vk O U 11,0V, © GUk):l (v, ® Uk) Y vee{GI )} ,
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adapting (A.7)-(A.9). Here §k = Ukﬁkv'~’ ﬁk' having diagonal Bk .

and the last expression is derived using (1.2.3) and (1.2.5). We
shall not discuss conditions for, or speed of, convergence of this
procedure although it is hoped to examine its!perférmagce at a later
date. The method suggested by Aitchison and Silvey (1958) may
converge more rapidly but it would require the inversion of a much
larger matrix than those involved above. The'qbvious choice of

initial values is (Ué E Vé : Rb} , although this will not necessarily

be sufficiently close to the efficient estimate to provide convergence

to the absolute minimum of éN .

In CCA search and iterative procedures may be dispensed with
because the solution of the eigenvalue problem automatically provides
the optimal solution out of all those satisfying the first-order
conditions. To illustrate the difference between CCA and the present
situation we shall briefly describe an alternative procedure for

r = 1 , requiring the solution of an eigenvalue problem at each step.

~

Putting (A.3) = 0 and substituting for ) WGI 9y

zv in it follows

Y

that we must maximize

e = p? ) WG I v .

A

Writing some of the W, V's as uk’ Vi and others as

A

uk+1’ vk+l

we have from (A.1)-(A.3),

A A' A
) Gv I,V

- 11,8

-1 G'Iyz Mes1
P9 05000000 0000000 * 0 0080 —O .

N I\’ A 'G
pk+l 2 ukGukIzz _

k+1”
_ Dralt O ~ . _ N2
We put dk = E ukGukkaZka with Cryy = pk+ldk and we take as

ck+l the greatest zero e of
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~ A ~ A _l
det{c ) Gv IV, -d, Y Glyz[§ “iG”kIz%] ) Izye}~. (A.11)

We start by computing do from initial values Moo 301. From

N~

(A.11) we find e

derive Bl = (cl/do) , solve (A.10) for

l H

A

~ ~ A
Uy vl obeying the same normalisation constradints as uog’vo .

compute dl , and so on. The volume of computation may be greater

than that generated by (A.4)-(A.6), although the greatest eigenvalue
of a matrix can be found rapidly by means of the power method.
Moreover (A.11) could be used to check the optimality of a solution
derived by an alternative method: if the estimates are 5, ﬁ, v

and we replace ﬁk’ Gk' in (A.1l) by ﬁ, v the greatest zero should
equal 52 ) ﬁ'Gﬁ;’IZZG .
The techniques we have described are computationally onerous and

it seems that one would often be content with the estimates U

L Vs

Rb . It was shown in Theorem 3.3 that these have desirable properties

even in the presence of serial corrélation and indeed it is possible

to measure their efficiency without actually computing efficient
estimates. The matrix (2.7) (with & = f;i ) and the covariance

matrix of Theorem 3.3 may be estimated by replacing sums by integrals,

(U S vg i R) by (U PV IR) L o by B, I by &% and

Hv by sz .  Then measures based on the non-zero eigenvalues of the

leading r(pl+p2+l)~order square submatrices may be compared.
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CHAPTER 4

TIME SERIES REGRESSION WITH UNKNOWN LAGS

4.1 Introduction

Linear regressions are usually fitted to time series data on the
supposition that the endogenous variables depend on the past as well
as the present behaviour of the exogenous variables. Thus we are led

to formulate the model

y(t) = Bo(j)z(t—coj) + X(t) , t €R. (1.1)

N ~—1%

J=1

Here » 1s given, the (¢

04 are unknown and possibly non-integral

lags"! and the Bo(j) are matrices of regression coefficients. We

shall presently discuss the specification of (1.1) in greater detail.

A more plausible model than (1.1l) might relate Yy(£) to a denumerable:
or a non-denumerable infinity of lagged values of z(¢) . One might
regard (1.1) as an approximation to, or truncation of, such a model to
keep the dimension of the parameter space finite. (There are alter-
native ways of accomplishing the latter aiﬁ, which we discuss in
subsequent chapters.) In the following section we consider the

identification and estimation of the ¢ R Bo(j) on the basis of a

04
sample y(n), z(n) , n =1, ..., N , and present asymptotic theory.

In 84.3 we describe the application of an elémentary scalar model,

y(8) = Ba(t-g,) + x(t) , €R, (1.2)

to economic and oceanographic data.

Regression models that relate one time series to légged values

“1o1f :bj <0, some J , on represents a lead rather than a
lag. As in 82 we allow for such a phenomenon but for brevity we

shall always refer to the COj as lags.
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of a second series have long been of interest in a variety of
practical situations. However attention has focussed almost
exclusively on models which include only lags that are multiples of
the sampling interval, for example
r
yn) = . ) B(@zn-g) + x(n) , n=1, ..., N . (1.3)
J=-q
For the estimation of (1.3) Hannan (1963, 1967) proposes an efficient
procedure using broad-band spectral techniques and also some estimates
that are not in general efficient but possess a desirable property
analogous to that of orthogonal polynomials: the B(j) need not be
re-estimated when g or » are increased. Notwithstanding the
practical convenience of such procedures, when y(»n), z(n) are
sampled from a continuous process there is no reason in general why
the underlying dependence should be confined to integral lags and
there may be a need for more precise information about the lag
structure. The results of the present chapter, for the most part,
appear in modified form in Hannan and Robinson (1973), in which
asymptotic theory for (1.2) is proved but that for (1l.1) is merely
stated. We shall follow the opposite course here because results for
the multivariate case follow also from §2, and we include results for
(1.2) as a corollary.
We confirm that (1.1) is of the form (2.1.1) by choosing
B =[B(1) : ... *B(»],

P(¢; 0) = (8(t-7)) 1 ... S(t-cr)]’@ L > W
; 2

1 we get (1.2). More

whence we have Py = TPy If Py =p, =71

generally with Py =Py = 1 but »r > 1 we have a univariate

distributed lag model. However (1l.l) deserves additional comment for

when either p, or p, or both are greater then unity we must allow
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for the fact that we shall often wish to take a number of elements of

the Bo(j) to be zero. Indeed, if prior considerations suggest no
duplications of ¢.. , for some J , either between or within

0g
equations we would constrain every element but one of Bo(j) to be

zero. When there is no reason for believing any two pairs of

components of Y(t), Z(f) to exhibit identical lags all Bo(j) will
have this form. Alternatively if a column, say the Ith, of Bo(j)

possesses more than one non-zero element then zz(t—Coj) appears in
more than one equation. Again, the event of Bo(j) having more than

one non-null column implies that ¢ appears with several zl(t) .

0J -
The last two specifications may be unrealistic in view of the
availability of a continuum of légs from which to choose, but if a
rough equality between several lags seems likély we may be willing to
sacrifice accuracy for computational convenience by acting as if they
were in fact equal and keeping » to a minimum. In order to

¥ 2

incorporate zero ©, and more general homogeneous linear restrictions,

we take, from (1.4), B = vec'{B} and, following §2.2, introduce the
projection matrix L so that B = BL embodies the constraints on

B .

42 When all constraints are of the exclusion kind our results could

be expressed in an alternative form which replaces the pseudoinverses
in the theorem below by true inverses. Suppose there are altogether m
elements, »r =m=p,p,r , of B not constrained to be zero. We define

E to be the ppyr X m matrix derived from Ip » by omitting

1P2
columns such that B = vec'{B}E is the 1 X m vector of non-zero
elements of B . In general post-multiplication by E of a
ppor—columned matrix (or pre-multiplication by E' of a plpzr—rowed

matrix) has the effect of eliminating columns (or rows) corresponding
to zero elements of B .
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4,2 Identification, estimation and asymptotic theory.
The possibility of the gbj being non-integral produces
problems of identification that do not exist for the integer-lagged

system (1.3). Corresponding to the relations (2.2.3), (2.2.4), for

A€B,

oy = 020§§ B (5)FS. (A+2T1)B (k) explz (£ -0 ) (A+2ml)} + £ (A)
yy'th T Lo JT22 0 PLE o550k xx' M)
fd (A) = oflf B (Hexp{ir. .(A+2mL)}FC. (A+2ml)

yz - JISXPLLLy 5 2z ’

we cannot possibly

Without being able to deduce the f;zv from fg

Z

, Bo(j) from knowledge of fd fd unless the

identify the ¢ vy yz

0
ij are integers. Thus we impose (iv) whereupon, for example,

g A

- :yg 0d
f,0 = I BoGde % F, 0, xeB,

I~k

J=1

omitting the superscript d . However, further identification

conditions are required. ﬁevtake Coj # COk s, Jd # k.,

J, k=1, ..., r , for otherwise there would be a term
[Bo(j)+Bo(kX]Z[t—Coj) and Bo(j), Bo(k) would not be identified."?
To identify Coj we must have Bo(j) #£0, all 4, (for (1.2) we

3 < < ... < .
need BO # 0 ) and an ordering such as EOl C02 ;Or

Because an almost-periodic function is uniquely defined by its

exponents and coefficients the conditions we have imposed ensure that

B(j)exp[igjk} # Bo(j)exp(iEOkK) almost everywhere in B

'~k

i’

J=1 J=1
when (g s B) # (;o E Bo) , where &= (% E cee E CiJ . Then for
43

Trivially, we could of course use our provision for linear
restrictions to express the model in an uneconomical but identified
fashion with goj = Coj , some J #Kk .
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suitable ¢ , fzz , (v) will hold. We cannot use the distribution
theory below to test the hypotheses Bo(j) =0, forany J , or
Coj = Cok , for J§ # k , because were these true the identification

conditions would be contravened.

We consider the approximation

r
W (s) = jzl Bo(j)exp(iCOjAS)wz(s) twW(s) , A €B.

THEOREM 4.1. Denote by (g

EN) the vector minimizing

-1 L T : 2
Q= EB HQ(ASJZ{wy<s> - jzl B(g)exp(zcjks);wzw)}"

over admissible (T E B) such that, for given“" Ki» X, »

1
-3 < K

< ... < <
1 =T T <K 6 =<

1 r 2 V.

1
2
Let EO satisfy these constraints and let (1.1l) and conditions (ii),

J' Z‘ [ é = ; 4 B . .

Moreover if COl > K EOP <K, and eonditions (vi) and (vii) also

hold, then as N =+
3 ‘2 D | + +
N2 (gy-t, o By-B,) = N|O, ¥ (&)7Y (of a)¥ ()7 ,
where

¥(@) = (2m~t f T(M¥F,,(-}) ® 2T

B

with

T(\) = [;Xe(iCA)(D (vee{B(1)} * ... * vec(B(x)}) : e(iTM) ® Ip » ;],
172

**  However because of the particular way the Cj are involved,
Hannan's (1973 b) proof of the uniform convergence of autocovarlances
seems to imply that the assumption of compactness is unnecessary for
theoretical purposes here,
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in which
e(gw) = [exp(l;lw) E E exp(crw)] .

Proof. The proof follows from Theorems 2.3, 2.6. The interval

EKl,Ké] is taken to be a subset of (—%N, %N] because @, is
periodic of period N 1in the Ej . Because €(ZZA) and its derivatives

are continuous in A and T, (iii) and (ix) are implied. The form

of ¥ follows by considering derivatives of

r
ve C{

)
=

B(j)exp(i?;j}\}} vec{[B(l) E S B(P.)][e(ilv\)' ® IPJ}

1

LT I !
{e(zC ) ® plPQ}ﬁ

The derivative in B follows immediately; the derivative in T is

i)\[:exp (iC.l)\) vec{B(1)} E cen

: exp [iCI)\) vec{B(r)]]

= ixe(2ZA) ® (vec{B(1)} ¢ ... * vec{B(x)})

On re-writing QN in the manner of (2.3.6) we have for given

T the estimate

By(8) = hy (D) [LH (g, D], (2.1)
where
-1 . o
hN(C) =N % e[tCXS)* Q)Vec{¢(As]Iyz(s)} .
_ o1 . ®_ (.
Hy(Z, T) = 0 XB e(z;xs) e(igr) ® 1,(-5)® @[AS]

We could of course assume the value of CO and find an explicit
linear estimate of BO from (2.1); our theorem: implies desirable

properties for such an estimate. However wheh we also wish to

estimate &. we may proceed by maximizing h_(Z)'[LH (g, Z)L "h (©)
0 N N - N

and then substituting in (2.1).
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COROLLARY 4.1. Denote by (L, & 8,) the vector minimizing

. = l - L 2 i
Q = % |wy(s)-8exp(zcks]wz(s)!_¢[AS) i
where ¢ 18 continuous and even. Let (1.2) hold with BO,¢ 0.

lr\ .].'A
Then the variates Ni(cN-co] R NZ(BN—BO]_ are asymptotically

independent with variances

2
(em)t f

2 2 -1 2 )
A fzz(x)fxx(x)cp (A)dx/{so(zn) J A fzz(k)cp(A)dK} ,

B B

2.
-1 2 -1
(2m) JB LM (M0 (l)dll//{(2ﬂ) JB fzz(l)w(X)dl} s

respectively. If moreover, for all A € B = (-m, m) ,

-1

Fag) = 0F (A >0, o) = £ (A

¥ e

the variances are respectively

a/o(Bym’ . 1/0

-The corollary easily follows from the theorem. We mote that the

variances are independent of CO and that the precision of EW is

directly related to the strength of the relationship between y(t)

and z(t—Co) , that is on the magnitude of |BO| . The second part

of the corollary deals with the efficient Ease with constant signal-
to noise ratio.

Because we have not incorporated lagged endogenous variables in
(1.1) the results of the present chapter are perhaps of less relevance
to economics than to certain branches of the physical sciences. Our
models may be suitable in circumstances in which a common signal is
received by two recorders, arriving at one recorder with a lag
relative to the other, the lag being determined by the speed of

propagation and direction of the signal and the distance separating
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the recorders. Hannan and Thomson (1972) envisége such a situation,
but over a very narrow frequency band. Our broad band model may be
less plausible in this case because it seems that different frequency
components of the signal-are likely to give rise to different lags.

We note also that if, as often in the natural sciences, it is possible
to choose a very small sampling interval one may be content to
consider integral lags, the available extra precision being of no
value. However the number of integers to be scanned may be very

large and the computational effort involved in miﬁimizing over

integral ;j may be comparable to that of minimizing over all

Ej € R . Furthermore an asymptotic theory for such estimates may be

difficult to develop.

4.3 Numerical Examples

The performance on two sets of data of the elementary scalar
model (1.2) was examined. The first data used consisted of a series
of monthly measuremefts of U.S. Money Stock (not seasonally adjusted)
and a series of monthly indices of U.,S. industrial Production? both
for the period 1955-1970, each series comprising 192 observations.
There is foundation for arguing that either of these series leads the
other, an observed lag being the result of averaging leads as well as
lags; it is thus perhaps unreasonable to regard either variable as
purely exogenous. A more plausible model would be of the multiple
type considered in §4.2 or in subsequent chapters, possibly treating
both money stock and production as .endogenous and introducing also
variables which are more acceptable as exogenous. Nevertheless,
y(t) was taken as money stock and 2(t) as production.

N

We deduce from 84.2 that, after mean-correcting the data, ;N

is the value that maximizes
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(3.1)

' 2
{zv‘l ZBIzy(s)exp (iC)xs)¢(>\s)} .
Then

(3.2)

§N= ZI (s)exp 1?; )\ (p(>\ )/2 (S)LP )

In the first place we took B = (-m, ) and ¢ =1 . (In this
case, incidentally, the maximization of (3.1) is very similar to the

maximization of squared autocovariances because, for integral

{m)‘l

Secondly these estimates were used to estimate- f;x(A)

>0, (3.1) is

2
czy<c)+czy<c-zv>]} .
[zl <w )

from

) = 2 ]

~ .3 2
obm Iwy(s)—BNexp(ngks]wz(s)I

for w =0, £ oM, .., * %ﬂ, m . Thus M = 8 . Then efficient

estimates were derived by inserting the frl -in place of ¢ in

(3.1) and (3.2). Because independent examination of the coherence

between y(n) and z(ﬂ) indicated little mass beyond a relatively

small band centred at the origin, the same procedures were carried

out with B = (- 11 =4) . The results are as follows. (For

’16

~

brevity we put. f for f;i .)

| Table 4.1
qunomic Data
B ) ‘EN s.e. EN §N~ S.e. ﬁN
(-7, ™ 1 | o.3u2 -0.080 0,71 0.061
" £ | 0.027 0.024 0.873 0.038
- 2, 1 1.477 0.616 0.749 0.056
" £ | o.ss9 | 0.352 0,617 0.052
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In fact (3.1) was in each case maximized over

A

|C| < 20 . The estimates using fﬁx are the result of carrying out

the cycle of estimating EO , B. and f;x four times although a

0
satisfactory degree of convergence had been attained after the
second iteration. The standard errors were computed from the
formulae given in the first part of Corollary 4.l, replacing integrals

A

by sums, spectral densities by periodograms and BO by BN .

The
difference in EN between lines 1 and 2 of Table 4.1 suggests
that the model is unsuitable over (-m, ™) . It seems that the
relative over-weighting of low frequencies in line 1 , where possibly
a large average lag is present but the coherence is still low, gives

rise to the high value of CN . It was felt that the lag might more

reasonably be regarded as constant over (- T%ﬂ, T%ﬂ) , and in fact

the proportional discrepancy between lines 3 and 4 is less. We
emphasize that inspection of theldata reveals substantial trend and
seasonal effects: money stock shows little variation during the
first half of the period apart from an annual cycle, and then shows a
gradual upward trend. Thus apart from the model being invalid our
stationarity éssumptions are contravened. Because of the likely
absence of high frequencies, however, (iv) is probably reasonable, as
it seems to be in respect of the second set of data. This consisted
of measurements of sea level, recorded twice daily at two localities
approximately 270 miles apart on the Australian East Coast, namely
Coff's Harbour and Fort Denison. A shelf wave is known to travel
from south to north and so Coff's Harbour, which is the most northerly,
was chosen as Yy(¢) and Fort Denison as &(f) . Four sets of
estimates wefe again computed, in the same way as before (with

M = 8 still) but taking (on the basis of prior information) B as
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(- T%ﬂ, =) in the second place.

16
Table 4.2
Oceanographic Data
B ¢ oy s.e. CN BN s.e. BN
(-m, m 1 1.483 0.133 0.925 0.05Y4
" 3,271 0.039 0.488 0.036
(- 37, =) 1.418 0.175 0.935 0.05L4
" 1.629 0.154 0.894 0.0u46

Because of the combination of low coherence and small ?xm at
high frequencies the inverse weighting by fxx distorts ‘:N in line

2. The situation is rectified, however, by the exclusion of high
frequencies, the results in lines 1, 83 and 4 agreeing reasonably

with prior expectations.
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CHAPTER 5

DIFFERENCE EQUATIONS WITH UNKNOWN DIFFERENCES

5.1 Introduction
There are often good reasons for including in a linear model
lagged values of the endogenous variables, relating the latter to
their own past history besides that of other variables. Such
systems, which have long interested economists,tend to imply that the
effect of 2z(t) on the future behaviour of Y(t) 1is long-term as
well as short-term. We consider the system
r

y(t) + i Af@y(tngs) = 1 By(Hz{e-zy,) +ute) , ¢ eR . (1.1)

J=0 J=1
Here q and r are given integers, the noj, Coj are unknown and
possibly non-integral lags and the Ao(j), Bo(j) are respectively

Py X Py and Py XPy coefficient matrices. We denote the residual

process U(t) rather than X(¢t) for a reason that will presently be
indicated.

We wish to estimate the n COj’ Ao(j), Bo(j) by means of N

0g°
observations on Y(n), z(n) sampled at unit intervals. There has
apparently been no previous discussion of the identification and

estimation of models such as (1.1) when the an’ Coj are not known

integers. The inclusion of the lagged Yy(¢) introduces a complication
but the type of estimates we suggest follows from §2. To express (1.1)
in the form (2.1.1) we must consider its solution or reduced form,
whose nature depends on whether or not the system is stable., We:
describe the general system (2.1.2) as stable if and only if all.

zeros W of det{Al[exp(wt)]} have negative real parts, where we
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replace each element of Y(t) by exp(wt) . Then if (1.1) is stable
we shall see that its stationary solution expresses Y(£) in terms

of z(t) for T =1t only, unless .. <0 , some J , in which case

0g
values of z(T) over a finite future period are also involved.
Unfortunately the mathematical problems of listing poésible solutions
of (1.1) and laying down perspicuous stability conditions in terms

of the parameter values are more difficult than for autoregressive
systems involving only integral differences. The treatment of linear
difference equations with non-integral differences in the mathematical
literature is of little use to us heref More interest has been shown,
in any case, in the mixed difference-differential equation systems
considered in 87 which, it must be said, appear to offer a more
plausible description of many continuous-time relations than does
(1.1).

Because of the relative lack of previous work in the field, it
seems desirable to postpone our discussion of (1.1) by dealing first,
in 85.2, with the solution and stability of simpler scalar models.

In ‘85.3 the identification and estimation problems for (1.1) are
considered, and asymptotic theory presented. Finally in §5.4 we
describe the application of a simple model to our economic-and
oceanographic Aata. The results of the present chapter are the

subject of an article the author is preparing for publication.

5.2 Scalar difference equations
We consider the functional equation
g a(Hy(E-n.) =w) , ¢t eR, (2.1)
.2 J
J=0
with ¢ = 1 . Without loss of generality we impose the normalisatioﬁ

constraint  o(0) = 1 , and take o(j) # 0 all J and
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0=1n.<n. < <1n_. . A more common form than (2.1) in the

0 1 q

mathematical literature is

Y(j)y(x+9j) = v(x) , (2.2)

.

J=0

where 0 = GO <‘6l < ... < Gq , the Gj being referred to not only
as differences or lags but as spans or retardations. If we take

x=t-n_, 6.,=n_ -

., /) = -J) s J=0,1, ... .
q f q " Ng-j Y(J) = alg-g) 5 J ) s q

v(t—nq) = w(t) then (2.2) becomes (2.1). For real <« , Bj and

complex 7Y(J) , (2.2) has been studied by Bochner (1931), Raclis

(1930), Martin (1938); for complex & , Gj by Pincherle (1926),

Carmichael (1933), Strodt (1948). However there are fundamental
differences between our approach and motivation and that of these
authors. They take v(x) to be a member of some class of functions
(e.g. a function of exponential type or an entire function) or
alternatively consider the homogeneous case v(x) = 0 . In (2.1),
on the other hand, all quantities are real and w(¢) 1is not a
deterministic function but a stationary stochastic process whose
history is indexed by ¢ . Moreover (2.2) is generally taken to be
valid only over a proper subset of the complex plane or R , in which
case boundary conditions are needed. In the common situation in
which (2.2) is valid for (real) « >.0 , y(x) is assumed for

—Gq <2 <0 . The general solution is then not strictly of the form

(2.1.1), involving an extra term dependent on these conditions."*®

For (2.1) with ¢ € R , however, such a term will hot arise,
although conditions on y(t) as |t| > ® are implied. Finally the

study of non-integral difference equations has centred around the question

¥ In the event of stability, however, this term decays to zero as

x>, If y(x) =0, -eq < x =0, the term disappears uniformly

in x* >0 .
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of the existence and uniqueness of solutions of (2.2), partly as an
intermediary to the study of more advanced equationé in which the

Y(j) are functions of & , in particular when they are asymptotically
constant. Our concerns are more mundane. In the belief that y(¢)

is causally dependent on only past w(T) we wish to know whether
given nj, a(g) imply stability and to derive the solution. We shall
suggest a simple sufficient condition for stability.

In the m.s. sense (2.1) is

2
e " a(-tNdyx (\)-dx (M)} =0, t €R,
[R Xy Xw

where Xy(l), xw(k) have orthogonal increments (taking y(¢), w(¢)

to be stationary) and
a(w) = % a(fexp (n.w) . (2.3)
20 J
J
We shall alwaye assume that a(Z)) 1s bounded away from zero,"®
wniformly in A € R . The formal solution is then
Tt~

y(t) = f e oc(—i)\)_ldxw(k) , teR. (2.4)
R

The form of (2.4) in terms of lagged w(t) depends upon the distribﬁtion
of the zeros of 0(-w) . Now the almost-periodic function o(-w)

has infinitely many zeros, all of which lie in a strip*’

|o| < K < ® , where 0 will always denote Re{w} . As in Bochner
(1931), Martin (1938), the set of real parts of all zeros of &(—w) .
with limit points annexed, has a complementary set on R consisting

of at most denumerably many open intervals, which include two half-

A £ PN is_bounded away from the zeros of V&(ym),.uniformly-in

A € R, then a(ZA) is bounded away from zero, uniformly in A € R .
(Bellman and Cooke, 1963, p. 403.)

*7  This stems from the dominance of the first term, a(0) , over the

remaining terms in (2.3) for ¢ > X and the dominance of
a(q)exp{—nqw} for o < -K .
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lines, the right being denoted JO “and the left, Jl . Now the set

{n.} forms a basis for the numbers g n.n. for all

n; efmn|n=0,#1, ...}, =0, ..., g. We denote by o
the number for which n; = 0 ,all J , (so My = 0) and denote

the remaining distinct numbers Hys Hos evoe s in some arbitrary

order. Then for o € Jm s &(-w)'l is an analytic almost-periodic

function with generalized Dirichlet expansion

a(-w)"t =

) Km(un)exp{unw] , (2.5)

IWr~1 8

0

m=0,1l, ... . The real coefficients Km(un) are uniquely deter-
mined and (2.5) converges absolutely, O € Jm . Now if {o} € Jm

we can re-write (2.4) as

y (%) I 2Km'(un)exp{i(twn)k}dxw(k)

B »n=0

Zo Km(un)w{t+un] , t €R. (2.6)

n
It is not difficult to check the validity of (2.6) as a solution of
(2.1) by means of the relations
% a(d (m+n.) =1, n=0;=0,n#0,
. m-n g
J=0
which follow from the identity

P P R , |
1= a(-w)oa(-w) " = ngo jgo o), (1 Jexpl (w, - Ju}
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on collecting terms with like exponents.“8

Now Km(un] =0, all M, >0 when m =0 , for otherwise
Z Ko[un)exp[unw) would not converge uniformly in 0 2 0 3 If,
conversely, a(-w) = 0 , some O >0 , the Dirichlet expansion of
&(—w)—l (for © - 0 ) will involve non-zero Km(un) for some
L >0 , for otherwise the expansion would converge uniformly in

0 =0 . Thus a necessary and sufficient condition for (2.6) to
involve w(T) only for T <t is that all zeros of G(-w) have

negative real parts. Now for o € J0 ’

zo [— jgl a(d)exp (-n jw)]k

1+ ) 1)k g % T'Toc(g )exp(-n Zw] .

k=1 j =1 Jk—l l=1

o(-w) T

Thus when (2.1) is stable its solution, under our conditions, is

y(£) = w(t) + ) -1k % % oc(jl)
k=1 J,=1 J=l

J elt -n., - ...-n. |, teR. (2.7

Stability conditions for given nj , 0(j) are of course

*8 If (2.1) is valid for t > 0 only, with y(%) given for
—nq <t = 0 , the series in (2.6) is truncated by the om1531on of

terms in Wthh w has non-positive argument Moreover a further term
is included and it is not hard to show that this has the form

oo 0
—%o«j)ZK (u )f y()8 (B-t+u_-n_)dt = -%oc(a') Lo (u )y(tw -n ),
myn » n.J J

1 0 N 1 n(g)
where the second sum is over #n for which 0 < t+un < ”j . This
term, in the initial values of y(¢) , may alternatively be expressed
as z p (t)exp{w .t} , the sum being over distinct zeros Qj of

E)) and pJ(t) being a polynomial of order less then the
multiplicity of wj . The term decays to zero as ¢ =+ if

Re{wj} < 0 uniformly.
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required, the actual computation of even a small number of zeros of
0(-w) generally being out of the question. Unfortunately no such
conditions appear to have been developed for situations in which the

n; are not of a very special form. However because (w) is

continuous a sufficient condition for {0} ¢ JO is

\ g a(flexp(-n.w){ <1, o=0.
j=1 J

Since the left side is bounded, uniformly in © = 0 , by % lald)]

a sufficient condition for stability is.
% la(i)| < 1. (2.8)
J=1

Thus wiformly in nj >0, §g=1, vo., q , (2.1) is stable whenever

[o(1) E ces E 0(g)] 1is an interior point of the hypercube having
vertices at (*1, 0, ..., 0)y .uey (0O, «.., O, ¥1) . Our condition

lacks refinement in that it uses only the fact that the n. are
positive and distinct so for given Nys «ees nq it may fail to detect

the presence of Stability. For the second-order integral-difference
equation
y(t) + a(L)y(t-1) + a(2)y(t-2) =w(t) , t €R, (2.9)
necessary and sufficient conditions for stability are
o2) <1, a(l) —a(2) -1>0, a(l)y+o(2) +1>0. (2.10)
The region (2.8) represents only one half of (2.10). We note that
(2.10) provides a necessary condition for (2.1) (with ¢q = 2 ) to be

stable uniformly in (nl E n2) . A further necessary condition when

q =2 2 is obtained by considering the extreme unstable case {0} ¢ Jl .

for which the convergent solution is found to be
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y(t) = a(q)_l{w(t+n J+ 3 [-a(q) T Lo Lald)) .
q k=1 ‘ jl jk

x a(f, Jw|t+(k+ln - n, - ... - N, ]} t €R.,
(Jk)u[ mg = niolf s
1 1384
Then a (very mild) necessary condition for (2.1) to be stable

uniformly in nj >0, §=1, ..., 9 , is found to be

q-1
lat@| =1+ ) JaD] .
J=1

(Necessary conditions will not be useful in determining an admissible
parameter set for estimation purposes.)

We turn now to a consideration of some special cases of (2.1)
for which the precise assessment of stability is easier and which
involve a generalization of conventiénal integral-difference equations
that is more limited but may have some practical value. We commence
with the first-order equation? with n >0 ,

y(t) + oy(t-n) =w(¢) , ¢t € R . (2.11)

The zeros of o(-w) = 1 + Gexp{-nw} are
_ "'l 3 _l - .
w, =1 logla| + in "[2mk+arg(-0)] , k.= 0,1, ... .
The zeros are thus spaced 2T/n units apart along the line

o = n‘lloglal . Then we have stability if and only if Iul <1,

whence the solution is"?®

y(t) = ¥ (~a)w(t-gn) , t €R . (2.12)
J=0
We observe that (2.12) is a generalization of the geometric distributed

lag model in which n = 1 , which has been much discussed in an:
49

When (2.11) is valid only for ¢t > 0 and y(f) is given for
-n < £t =0 the series in (2.12) is truncated by the éXclusion of
terms in which w® has non-positive argument and the term

y(T)(_a)(t—T)/n is included, T being uniquely defined by the
requirement that -n < T =<0 and (¢-T)/n is integral. This term
decays to zero as t > if |a| <1 .
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econometric context.

If the nj in (2.1) have the form nj =nj , where n >0
and the J are non-negative integers, the nj are said to be

conmensurable , in the terminology of Langer (1931). (We now allow
a(j) = 0 for any J for which the lag nj is not to appear.) In
particular when n = 1 we have an ordinary integral-difference
equation, for the estimation of which a number of methods already
exist. The introduction of the parameter n , which may be estimated,
may be worthwhile when it is practically undesirable to allow for
incommensurable differences but unreasonable to take the fundamental
difference to be the sampling interval. One might consider extending
the various distributed lag structures for integral lags that have
been suggested (see for example Jorgenson, 1966, Dhrymes, 1971 b) to
allow for general n . The zeros of a(-w) are obtainable from the

zeros Vg of the polynomial Y(v) = 1 + % a(j)\)J and are
J=1

Wy = n—lloglvzl + in_ll—_Qﬂk+arg(\)Z)] s k=0,%, ..., 0 =1, ..., q .

The W7 form a finite number of chains, not necessarily distinct,

each consisting of a denumerable number of zeros on the lines

o = n_llog|vzl . To examine stability we may thus consider - Y(Vv) .

Marden (1949, Chapter X) discusses conditions for IVZI > 1, all
1 , the actual computation of the vZ often being unfeasible.

(Dhrymes, 1971 b, p. 332, considers a stability test for integral-
difference equations which is relevant here; Hannan, 1973 a, has

developed asymptotic theory for the estimated VZ .) The stable

solution is easily deduced from (2.7) by grouping terms
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appropriately.®®

We note finally that the stability problem
continues to be relatively tractable if we assume that (2.1) gives

rise to a characteristic function of the form
1

m
a(-w) = T_T'{l + 1 az(j)exP(-jnzw)} .
=1 J=1

For each of the M > 1 factors the components in the sum are

commensurable and stability is achieved when each of the polynomials
qZ .
1+ z al(j)vJ , L =1, ..., m , has all of its zeros outside the
J=1

unit circle.

5.3 Identification, estimation and asymptotic theory

We consider first the identification of (1l.l) and its scalar

analogue. We introduce the generating functions

~ -~ I‘
Aw) = T+ A(Grexp(n.w) , B(w) = } B(jexp(z.w) ,

defined for all admissible parameter values and complex W . We

assume throughout that ,aet{ﬂo(il)} is bounded away from zero,

uniformly in A € R . Then for A € B ,

d NS | T ~ % ey -1 ,

foy = _ozo R, (i) {Bo[mz)fgz(xz)so (a0, )*+F5 (AZ)}AO (aa) (3.1)
Wy = TR )78, 60) S () | (3.2)
yz S L ToNTL, To VT Tzz VLY ’

where AZ = A + 27l and. fﬁd(k) s A €R , is the spectral density

matrix of the m.s. continuous statiocnary process u(¢) , which has

absolutely continuous spectrum. For non-integral an’ Coj we must,

50 In this case the Dirichlet development of &(_w)—l in vertical

strips may be replaced by the Laurent developement of w(v)—l in
annular rings.
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for identification purposes, impose (iv) whereupon we have, from

(3.2),
X sean-ly
fyz(k) = A (ZA) Bo(zk)fzz(k) s, A€B, (3.3)

omitting superscripts. We also assume

(xi) For X € B, 1= #1,%*2, ...

c —
fuu(k+2nl) = 0.
Then under (xi) we may invert (3.1), using (3.3), to get
Iy + R oy ®
fuu(k) = Ao(tk){fxy(k)—fyz(k)fzz(k) fzy(k)}AO(zk) s (3.4)

A€ B . Thus if Ko(ik) is identified by (3.3), fuu(X) is

identified by (3.4).

A number of extra conditions are however needed to identify AO

and B0 . We consider these first of all in relation to the scalar

model

r
% ab(j)y[t~no.) ) Bo(j)z[t—co.) +u(t) , t € R . (3.5)
J=0 ] J

The equation will not be fixed in time and the ab(j) will not be

identified without requiring, for example, that 0 = n, . < No1 < ... <M

00 0q
and aO(O) = 1 . (An alternative normalisation and sign constraint to
aO(O) =1 is 2 OLO(J')2 =1, aO(O) >Q .) We clearly need

uo(j) #0 , all 4 ; to avoid annihilating any noj . Likewise we
< i =
need Lo, <o, < e <fy s Bp(d) #0, F=1, ..., 0.

Unfortunately further, less perspicious, conditions are required

because of the necessity of identifying the parameters from

Y =1y .
ao(zk) Bo(tk) , wWhere
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~ - r
a(w) = % a(fexp(n.w) , BWw) = ) B(fexp(z.w) .
J=0 J j=1 J

Now Ritt (1927) has shown that all exponential sums a(w)  (with

a(0) = 1, Ny = 0 ) have a unique factorization

v S, T
(W) = noz;(w)naj(w) )

~

S . . . .
Here the dj are ''simple" factors, being exponential sums with

commensurable exponents. If the fundamental lag in &q is denoted

()

n we take n(j) (k)

/m to be irrational, J # k . (Otherwise,

), (k)

ig 9

= n/m , say, %, m integral, &?&i is itself simple

(k) ~

/n =n""/m.) The factors q§ are termed

with fundamental lag n(J)

"irreducible" by Ritt; each is an exponéntial sum divisible by no

~

exponential sum but itself. Now suppose % and BO have one or

more factors in common. Then it may be possible to replace these

common factors by alternative common factors to get a function
~ -1z . . . .
o (w) Bl(w) , involving parameters Nyjs Clj’ ul(J), Bl(J) that are

admissible but are not all identical to the corresponding an’ Céj’

uo(j), Bo(j) . Then since &l(w)—lél(w) = &O(w)”léo(w) , (3.5) is
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not identified.’! We assume that no such common factors are

~

present. A sufficient condition is that &0 and BO are

irreducible and &0 E: KB for any constant X . Ritt (1927) has.

0 H]
discussed the problem of extracting the factors of o and B when

they are not irreducible. If 0« 1is divisible by an exponential sum

the exponents of the latter are linear combinations of the nj with .
]

rational coefficients. Moreover there exist parameters uj

Jj=1, ..., n , say, that are linearly independent (in the sense that

there exists no set of rational coefficients qj * 0 for which

Z q.M. = 0 ) and such that each n_, 1is expressible as a linear
J=

combination of the uj with positive integral coefficients. Then
we may write xﬁ = exp(ujw) and express &(w) as a "generalized

polynomial" in the xj . Ritt demonstrates how the simple factors of

o correspond to the factors of the polynomial consisting of two

terms, and how the irreducible factors are derived from the factors of

1 For example suppose u (W) =1+a exp(n w) .

B (W) = o (w)[B +Y exp(c w&J, with Gys Yo #0, 0X< Ny < CO .
Then ao(w) may be replaced by al(w) =1+ alexp(nlm) , all
ul #0, 0< Ny < CO . However suppose we know also that
YO = —aOBO . CO = no and 80 # 0 . Then
‘éo(w) = B a (w)[l o exp(n m)] =B [l o exp(2n0 )] .
Then there exists no 0; (w) , [nl . cxl] # [no : cx) » such that
a (w)Ll o exp(n w)] has the sdme form as B (w) . Thus the equation
y(t) + ocoy[t no = B [z(t)woa(t z )_I + u(t)
is identified when no, CO’ o Bo, YO # 0 and either "o # CO or
else no = CO but aO # YO .

0’
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-~

more than two terms. Of course in practice we do not know ao, BO

so we cannot determine whether common factors are present, and all
one can do is guard against redundancies in specification.
For (1.1) we again take

= < < ... < < < e < .
0 =My = Npa Tog > %01 < %02 %o

When I+ AO(O) possesses no null columns, that is when a
1 )

different yj(t) is led in each equation (for example when

Ip + AO(O) is non-singular) we order the rows and normalise in such
1

a way that the diagonal elements of AO(O) are all zero; we have not

amalgamated Ip into AO(O) in order that this constraint be
1

homogeneous. Thus a normalisation and sign constraint has been

imposed on each equation; when I+ AO(O) has one or more null
1

columns alternative elements must be constrained. We take Ao(j) #0,
J =1, vens @ Bo(j) #0, =1, ..., » , although possibly
AO(O) = 0 . The multiple system differs from the scalar case in

that conditions are needed to ensure that individual equations may be
distinguished from one another, and no equation may be represented

as a linear combination of.the remainder. We write

et B(2)]

A, = @0(0) P DA] L By = By

Let us take p elements, 0 <p <p,(q+l) +p,r , of the first row

of (AO E BO)' to be zero. We denote by € the Gpl—l) X p matrix

consisting of the columns beneath these zero elements. Then if

p<p; -1 orif pzp -1 but rank{C} < p, -1 it is

possiblé to find a linear combination of rows of C that is a null
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vector, in which case the first equation is not identified. We

therefore prescribe at least py - 1 elements of each row of

(AO . BO] to be zero, and assume the rank condition is satisfied for

each row.>? As in §4 it is likely that we shall wish to take a
number of coefficients to be zero in order to avoid certain lag-
variable-equation combinations, so the situation may in fact be one of

over-identification. We require always of course that our parameters
be uniquely defined by knowledge of Ab(w)_lBo(w) in such a way that

(v) holds. Thus we must consider the possibility of AO and EO

possessing a common non-singular py Xp left-hand divisor having

1
elements that are exponential sums. Suéh a.matrix may correspond to
redundancies in specification, as in the scalar case. However the
multivariate case is more difficult to deal with because the common.
divisor may have constant determinant in which 'case the problem cannot
be resolved by eliminating redundancies since such matrices are units

of the ring of matrices RO and divide every element of the ring.

Hannan (1971 b) has discussed the identification of systems such as

(1.1) when the n_., Coj are all known integers; for just-identification,

0g
for example, Hannan shows that redundancies must be eliminated and the

null spaces of Ao(q)', Bo(r)' must have null intersection . We shall

not attempt a correspondingly precise analysis for our more general
situation, merely asserting that (v) holds.

We consider now the solution of (1.1). We may expand det{ﬂo(w)}

as

%2 The rank and order conditions may be fulfilled by the presence of
more general linear restrictions but for simplicity we confine our

attention to zero constraints’.
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Py

det{ﬂo(w)} = % . g det{A[jl? cees jpll}exp{ . on. w} R

3,0 j =0 k=1 Ik

where AlJ., «vvs d is the p, X p. matrix whose Kkth row is
1 P, 1 F1

the kth row of Ipl + AO(O) , if jk =0 , or Ao(jkl , if jk >1 .

For brevity we put A =1+ AO(O) . Then under the conditions on
1

N
the an the only constant term in the sum is det{A} . If

det{A} # 0 then det{io(—w)} =0(1) , 020, but if det{A} = 0 ,

det{ﬁo(—w)} O(exp(—ew)) , say, where 0 = In the latter case,

Moy~

>0, terms in Z(t) for T > ¢t will be present in the

unless COl et

solution, although if all -zeros of exp(ew)det{ﬁo(—w)} have negative

real parts there are only a finite number of such terms and the system
is stable in our sense. We sHall.confine our attention to systems in

which all zeros of det{ﬂo(—m)} have negative real parts and the

matrix A is non-simgular. In this case we have the Dirichlet

expansion

X -1 _ 41 % -1 k
AO(-m) = A z {— ' Ao(j)A exp(—nojw}} ,  0=0, (3.6)

k=0 J=1

and the solution

y(ty = At

[ R}

{Bo(j)z(t—co Y 1ok T IA R L
7ok 91 Ix

J=1

cyg-ln :
vaO(Jk)R BO(J)z[t - nojl - . - nojk - Coj}} + x(¢) , t €R,

where
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x<t)=rl{u<t>+ I T DAY ..
| k=1 i Ik

. yg-1
x A [g')A u[t_- Mo = eoe = N ]}..
0k OJl OJk
Of course even when there are zeros with positive real parts there

exists a solution of (1.1) of the form

e r
yy= 1 Kw) 1 Bo(j)z(t+un-co.) + x(¢) , (3.7)
n=0 J=1 ‘ J
with
x(8) =} Klu Ju(z+u )
- n=0

By successive use of (1.2:3), (3.7) may be expressed in the form
(2.1.1) as

y) = (Bo ® Ipl] fié LZO Gﬁ(T)' ® Ip2 _® Vec{K(un)}‘lZ(t—T)dT + X(t) ,

where

B = vec'{B} , & (%)= [@(t+un-501) : “"2,5(t+“n_§0rl]
However we would naturally wish our estimated syétem to have a
stationary solution of the same form as the true system and while it
may be difficult to restrict the admissible parameter set to the stable
domain it seems that it will usually be very much harder to derive
-_estimétes'satisfying altérnative pre-specified conditionS'on the zeros.
In any case, of course, the stable case is by far the most important in
practice. . ‘

We shall now give asymptotic the@ry for some parameter estimates

obtained by transforming and approximating the reduced form of (1.1),

following §2.1. We define

n=yreeend s o (g g
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and we allow for restrictions of the form (2.2.1) on & = vec'{A} ,

expressed by o = aLl , and on B , expressed by B = BL2 » where L

1
and L2 are the appropriate projection matrices.
THEOREM 5.1. Denote by (nN . -N D%yt BN) the veétor
minimizing
-1 3 Fey 1-1R (9 2
G =] “Q()\s]z{wy(s)—/\(’b}\s) B(z}s)wz(s)}')

over admissible (n : T : a :+ B) such that

< ' -1 1
0 <K =m <...c< ng = Ky=U, =30 <K, =g < <p,sK =3

a€o0c {a | |det{A(-w)}| = K > 0, c.i 03 det{ +A(0)} }

Let (no E %o E ao) obey these constraints and let (1.1) and

conditions (i), (ii), (iv) and (v) hold. Then

A

o, :B) = (n, iz, 1o B8, as.
Moreover if m,, > K, , Nog <Ky, Tyy Ky, Ty, <K, o, tf @
18 an interior point of © and if conditions (vi) and (vii) also
hold, then as N -

1 n/\ ¢ A L] 'D

~ g o by
N2 (nN My o Gy 8y 2 Gy ¢ BN—BO) - N[?, ¥, (@) wo(Qfxxo)wo(Q).1 5
where

¥(®) = (2mt J T(A)*{fzz<-;\) ® I\(ik)_l*é(k)ﬂ(ik)—l}’l‘(x)dl ,
. B.

with
- . L . 1 : 0 E C3Ll E 0
T(}\) = “_B(i}\)lA(iA) @Ip : Ipp o.-cco.c.:ooo.o-:ooooo. .
1 1¥2d1 0 C2 + 0 Z-CuLQ
in which
C, = ide(ind) © [veclA(L)} C s veclA(}],
C, = iAe(2Z)) ® [vec{B(1)} ¢ ... * vec{B(»)}1,
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(ep]
1]

[1°:e@En)I®I 5 s
Py

(]
i

e(zgh) ® 1. .
12

Proof. While the proof substantially follows from that of earlier
asymptotic theorems a few comments are in order. In choosing

(ﬁN E EN) we take account of the fact that QN is periodic of
period N in the ”j’ Cj . The restriction on O to ensure

compactness and the stability of the estimated system may be chosen
as follows. For the scalar model (3.5), for example, we modify (2.8)

by taking © to be
{[a(l) E ces E a(q)] € rY l % la(H)| =1 -4 |a@)] =24, =1, ..., q}
J=1

for arbitrarily small A > 0 . For the system (1l.1l) we note from
Wilkinson (1965, p. 59) that a sufficient condition for the convergence

of the expansion (3.6) is
SNR-d
vl{ % A (5)A exp(-n .w)} <1, 0=20.
421 0 0g

By successive use of (1.2.1) with g = k= 1 the left side is not
less than
-l -l
% vl{Ao(J)A exp(—no.w)} < % vl{AO(J)A } , 0=0.
J=1 J j=1
Thus a siifficient condition for the stability of (1.1), uniformly in
is

(p031t1ve) nOl’ cees an

jzl vl{Ao(j)A'l} <1.

Then we may form a compact set © as before although, of course, the

system may be stable with %y { 0.

The strong mixing condition is imposed on the reduced form
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residuals X(%) rather than on the structural form residuals uce) .

In general for a representation of the form

x(¢t) = [ I'(t)u(¢-1)dt , t € R,
R

the fact that u(¢) 1is strong mixing does not imply that X(Z) 1is
strong mixing, and vice versa. (See Ibragimov and Linnik, 1971,

p. 352.) However under (xi) and the usual conditions

-0

1 1 ~
l.i.m. [%_E N Vec{¢(ls)1xz(s)} -N2Y vec{@(ks)r(ls)luz(s)%] =0,
- B B

~

where I is defined as in (2.1.9) and qu(s) = wu(s)wz(s)* , with

wu(s) defined as in (2.1.10). Now if u(¢t) is strong mixing, and
suitable ancillary conditions hold, the second term in the square
brackets is asymptotically normal and then so also is the first.

The fact that the covariance matrix is as stated follows by

considering derivatives of vec{A(ZM) "2B(2M)) . The derivatives in

T and B are easily deduced from §4.2. Also

Vec{I }
Py

vec{A(ZA) " TACEN) }

~ ~ -1
{ien e Ipl}vec{A(m_ ) 56

{1 @Z\(ix)‘l}vec{f\(ix)} . (3.9)
Py

Then using the rule for product differentiation

0= (a/an)vec{lp } - {wa)' ®1 }(a/amvec{I\(iA)‘l}

1 1

+ {Ip ® K(ik)_l}i}\[‘_exp ('Lnl)\)vec{/\(l)} S ...t oexp (’inqk)vec{/-\(q)}:l .
l .
Rearranging and inserting E we have

(3/3n)vectAGN BN} = —irBen Aen™ @ Aen e, .

Moreover (3.9) may be written also as
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seoe

veofA(ZN) ™} + {[l e(ZznA)] ® Ip ® K(i)\)'l}a'

1

whence, using also (3.8),

(3/30)veclAGEN) BN = ~(BGEN AEM ™Y ® AanhegL,

The estimation procedure may proceed in the following way. We

can re-write QN in the manner of (2.3.6) whence we have, for given
(n E 4 E @) , the estimate
By(n, T, &) = hi[LH L], (3.10)

where

=
il

-1 . (e -1
y =y % e(zcxs)*¢a vec{A(@As) *@(AS)IyZ(s)} R

-1 . % . X (e -1% e -1
Hy = %e(agxs) e(izh,) ® 1,(-8) ® A(iA ) "o (A JA(A ) .

Thus we would attempt to estimate>.(n0 N E GO) by maximizing

h&[LQHNLé]+hN (which may well be a formidable task) before using
(3.10). The results of the theorem remain true, incidentally, if there

are homogeneous linear constraints linking A and B in which case
the final pi(q+l) + PP, colums of the second factor in T(A) are

C,:0 L, ¢ L

I 13
: X :....
0 i ||ty

L3 being the projection matrix for these constraints. However the

two-stage estimation procedure described dbove needs modification when

L3 #0.
When & = f;i (assuming (%) holds) we have

Yo =ldr o % el .y -lw e -1
Ao(zk) Q(A)Ao(zk) = Ao(zk) Q(A)fXX(A)Q(A)AO(tk) = fuu(l) .

under (xi), since in this case
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5 aqn-l 5o -l
fxx(k) = AO(M) fuu(A)AO(M) .

Then the covariance matrix in the limiting distribution is
+ .
(2ﬂ)_lf T'(A)*{f - Qf (A)‘l}T‘:(A)dA .

B 0 zZ uu 0

Finally we give a corollary for a simple scalar model, including
the cases when the spectral densities of 2(t) and u(t) have the
same shape and when the true lag is an integer. We shall not give

the proof, which is elementary and tedious.

COROLLARY 5.1. Demote by (ny : & : B

N .

s AN) the vector minimizing

2
w, (8)-8 (1+aexp (inks):l _lwz(s) ® (Aé) .

-1
Q=071
o B

Let

y(&) + agy(t-ny) = Boa(®) +u(®) , t€R, (3.11)
where my >0, 0 < |oa0| <1 and B, # 0. Then the covariance

1 A . A L]
matrix in the limiting distribution of fonN-no co-a B -B) is
-1 2 -1,
Wo(w) Wo(ka¢ }W0(¢) where

(OLB)\)2 E 0 E oBAsinnA i

oc-ooooc:oo-c:-ooooo.ooo.oo f (72\)@_(A)d>\
Y(p) = 5%-{ i 62 ¢ -B(ot+cosnA) |- zz2 5 .
B [eeevcccscccscercssccsccscesne (l+a +2acosn)\)

. :l+a2+2acosnA‘

If moreover condition (ki) holds and for all X € B = (-m, m)
oy = 0f, ) >0, o) = £ M7,

the covariance matriz is the inverse of ¥, = (p(pOjk) > where

QQBQ(l—a2]_l{ﬂ2(%+K)b+ .

f (-2 - , -3 -3, .
(-0)? (J 2n 2cos,7mr -Jd n smgnﬂ]} :
J=1

. m_ .
1+ow;7“mT st Y (—ot)gj—zn—Qsinjmr} 3
Jg=l

¢, =03 ¢4 = (@B/n){log
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- 2\ -1 . = . =1 -
®py = B(1-0%) "F(14k/m) 055 = BR/2To 3 ¢ = 1 3
with
k = -in"Tlogl (1+toe "M / (140"} .
If n 1<s an even integer these expressions reduce to
2 2\-1f1 2 v j -2
©.. = a 52[1-a N {lﬂ ru ¥ (-a)sT n_Q} 5 @y =03
11 3 . 12
J=1
- . = 2 L 2 —l . = . =
915 = (@B/M)log(l4a); ¢y, = B°(1-05)7" 5 o, =05 @ = 1.

If n is an odd integer we have instead

a262(1_a2)'l{§ﬂ2 ) dﬁj—Qn—Q} 5 9y = (0B/M)log(1-0) .
J=1

5.4 Numerical examples

The scalar model (3.11) was fitted to both our economic and
oceanographic data; y(t) and 2(t) were assigned in the same way
as in 84.3 and will continue to be so assigned in our practical

examples of §6.4, §7.5. The statistic

2 . )
. -1 , . -2
{g Ty (8) [1+oexp (mks):l ® [AS) } /g I,(8) | 1+cexp (m)\s) | "o ()\s)
was maximized over a . subset of the stable domain, hamely |

0.01 =70 < 20.0 , 0.0L:< |a] =0.99,

to. give ﬁ $ 0 . Again we took ¢ = 1 and then, iterating,
N N

A e A

® = féi , with M = 8 as before. (The estimates for f;i in the

tables below are in fact third iterates in this sense.) We emphasize
that the sums for both sets of data, here and in §6.4, §7.5, are over

XS € (-m, ) . The results were as follows.



Table 5.1

Economic Data

¢ Ny s.e. Ny oy s.e. oy BN s.g.'BN
1 2,104 Of213 -0.398 0.138 0.456 0.102
f 2,063 0.198 -0.1183 0.052 0.783 07044
Table 5.2
Oceanographic Data
) Ny s.e. Ny Oy S.e. Oy BN s.e :BN
1 0.064 0.616 -0.956 0.393 0.038 0.377
f 0.103 0.256 -0.957 0.098 0.037 0.092

The entire covariance matrix was estimated using the first part of
Corollary 5.1, but we reproduce only standard errors. The estimated
difference for the economic data corresponds to about®?® two months. A
difference or differential type of model is perhaps a more appropriate
description of the economic data than is (4.1.2) because the -
introduction of differences or rates of change of money- stock to a
model with production as exogenous producesvavrelationship between
flow variables. The smallness of the estiﬁated difference (one hour)
for the oceanographic data suggests that a differential equation might
be more suitable, and we now turn to the problem of estimating such
equations.

53 One disadvantage of our models as compared with regressions and
autoregressions involving only integral .lags lies in the fact that.
they cannot be precisely used for prediction purposes on the basis of

observed and conjectured future discrete values of the exogenous
variables.
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CHAPTER 6

LINEAR DIFFERENTIAL EQUATIONS WITH CONSTANT COEFFICIENTS

6.1 Introduction

In.many areas of research there is reason to believe that
differential equations provide a suitable description of dynamic -
relation;}ps between continuous processes. When considering the
response of one continuous-time variable to changes in another it
seems natural to make explicit reference to rates of change, as well"
as to the sample paths of the variables themselves. A number of
open and closed economic syétems have been formulated in terms of
differential equations. (See Bergstrom, 1967.) The dynamic
Leontief model (Leontief, 1953), for example, relates the supply and
demand for commodities. In the theory of servomechanisms differential
equations control power by comparing input with output. (See for
example James, Nicholls and Phillips, 1947.) Tustin (1957) has
provided an interesting comparison between economic and physical
differential equation systems. In the biological sciences differential-
equations may represent the interaction of organisms and in
demography, changes in population. The applications;infthese and other
fields are too many and varied to be aéequately summarised here, and
in any case it is not clear in which fields the results of the
present chapter will be most useful. We shall confine our attention
here to systems of linear differential equations that relate endogenous
variables to exogenous variables, or outputs to inputs in control
theory terminology. We discuss the solution and stability of such
systems in the present section. In §6.2 we consider their identific-
ation and estimation in the presence of data consisting of time series:

recorded at regular intervals, and give asymptotic theory. In §6.3 we
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present an alternative '"three-stage' method of estimation, using
instrumental variables, which does not require iteration and produces
consistent estimates on the first stage and efficient‘estimates on
the third. We illustrate these methods by applying a simple model to
our data. The author is preparing the results of the present chapter
in a form suitable for publication.

In view of the profusion of differential equation models in
scientific and social scientific disciplines it is somewhat surprising
that the estimation problem has been largely neglected. OFf course
in control theory, where primarily a practical rather than a
descriptive role is being fulfilled, it may be appgopriate to _use any
values which assure a stable solution and fﬁlfil certain other
conditions. Also, in scientific fields thefe may be strong a priori
information available or‘data of the type we assume may be
unavailable. In the past the estimation problem has been dealt with
by substituting an appropriate difference eéuation with integral
differences: Phillips (1959), Durbin (19615 and Bergstrém (1966)
have adopted various approaches oflthis kiné towards the identification
and estimation of closed systems. Sargan (i968) has considered the

estimation of the open first-order system

y(&) - ALy = Bz(e) + ue) . (1.1)

Here A and B are respectively Py X P, and P, *'Py matrices

and u(t) is a residual vector. In the corresponding discrete-time
system the parameters are involved in a highly complicated fashion so
Sargan considers an approximate difference system which is easier to
handle. Sargan.(1968) and Wymer (1972) have discussed the asymptotic
properties of estimates of A and B derived from this approximation.
The technique we shall adopt here involves a different type of

approximation, one which follows naturally from §2.



118

We consider the systemsl+

E: § &
+A (0):ly(t) + A (§) = y(¥)
Py O PE R

. .
= BO(O)Z(t) + Z Bo(j) ij—— z(¢) +u(t) , t€R. (1.2)
J=1 ar?

The derivatives are assumed to exist in the m.s. sense; thus from

(1.3.6) we require that

2m 2n
A A f A A .
fR erlf, (DI, fR erlf, ,()}d (1.3)

be finite. The Ao(j) and Bo(j) are respectively Py X py and

p, X p, coefficient matrices and m and #»n are given. We introduce
the operator D = d/d¢t  and the matrix polynomials®®

- , : m. . - .
Aw) = 1+ JOAG (=), Bw) = B(j)(-w) .

1 J=0 J

N~

0
Then we re-write (l1.2) as

Ry (=DIY(E) = B (-D)z(8) + u(t) , t €R .
We propose to estimate the Ao(j), Bo(j) subject to various restrictions.

In particular we would not, for identification and prior reasoms,

include all derivatives up to the orders m; n for each yk(t),.zk(t)';

we can most easily allow for exclusions by retaining (1.2) but
introducing linear constraints.as in previous chapters. . While we shall
concentrate on multiple systems our implied results are new even in

respect of simple scalar models such as
(#) +.a, % y(¢) = Ba(t) + ult) , ¢ €R (1.4)
y Odty 0 b] .

>*  The reason for the seémingvredundancy in not absorbing I into

1
AO(O) is the same as in 8§5.

55 It is hoped that no confusion will arise from using identical

symbols in 8§85, 6, 7 for different generating functionms.
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We shall now show that under suitable conditions the solution of

(1.2) has the form (2.1.1). In the m.s. sense, from (1.3.3),

Iy (t) = f e"“(m"dxy(x) . tER.

R

Then in this sense (1.2) is equivalent to

TEA T o B _
{R e’ {AO(-LX)de(})—EO(—zk)dxz(l)-dxu(k)} § Q , t € R .

We shall always assume that det{ﬂo(—w)} has no zeros on the imaginary

axt8; in this case the formal solution is

y() = | PR N THB (iag O (DY L ¢ R L (L5)

R

We confine our attention to circumstances in which the numerator of
each element of AO(w)_lBO(w) is of not greater degree than its

denominator. This case seems plausible for most practical purposes,
excluding the possibility that the output involves derivatives of

56

the input. Then typical elements of both Z\C‘(-uu)—l and

RO(—w)_lﬁo(—w) have the form

r.
J -k
YO + % z ij (w_wj)

> (1.8)
j:l k=1 - .

where YO and the ij are constants,°’ g 1s the number of poles

ws (Re{wj} # 0 ) and s is the multiplicity of ws Now it is
easily established by integration by parts that the inverse Fourier
transform of . (ik-wj)—k for Re{wj} <0 is

tk—lexp(wjt]/(k-l)! » t

v

03 0, t<o0, (1.7)

%¢  In this event, incidentally, the solution of (1.2) is well-defined

in the m.s. sense under (ii), the conditions on (1.3) being necessary
only for the existence of the structural form.

37 Ve allow for an instantaneous response, occurring when . YO #0 .
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and for Re{mj} >0 it is

A
(@)

—tk_lexp(wjt)/(k—l)l , t s 0, t>0. (1.8)

Then (1.6), evaluated at <A , is

! e n 0 rj k—l
Y, * {2 [ _) I } } t7 exp{(w,-iA)t}dt/(k-1)1 , (1.9)
%) 0 J -0/ k=] J

where 2 . 2 are sums over wj having respectively negative and

positive real parts. Then evidently we may construct matrices

Fl(t), P2(t) , whose elements are linear combination of terms (1.7),
(1.8), such that (1.5) is

y()

2(E-T)A
[R IR e {Pl(k)dxz(k)+P2(A)dxu(l)}d1

f Pl(T)Z(t-T)dT + x(¢) , t €R,
2 L

where

X(t) = [

P2(T)u(t—T)dT , t €R.,
R

It is clear from (1.9) that, as we should expect, if all zeros

of det{ﬂo(—w)} have negative real parts®® then Pi(t) =0, t<0

and Y(¢) is unrelated to z(T) , T > t . If we knew the parameter
values we would naturally seek to determine whether a stable system

is implied. TFor (1.4) the condition °?° o > 0 1is in fact necessary

and sufficient for the solution

58 Stability will still be achieved if det{ﬁo(-w)} has a zero
with positive real part if this zero is common to the numerator of
each element of KO(—w)_lﬁo(—w) .. The control theory interpretation

of this eventuality provided by James, Nicholls and Phillips (1947)
is that 'the network has an undamped natural mode but the input
terminals are so connected to the filter that no input can excite
this type of response'". Of course the presence of such. a zero
constitutes a redundancy in specification and is likely to cause loss
of identification.

59

When ay = 0, (1.4) is stable.in a trivial sense.
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oo}

y(t) = aalBO J exp[-r/ao)z(t—T)dT +x(t) , t €R .
0

When % < 0 the integral is undefined as a m.s. limit for stationary

2(t) and (1.4) is described as resonant, the stationary solution being
00

y() = -0’8, fo exp (t/0)a(t+D)dt + 2() , € R .
For (1.1) the necessary and sufficient condition for stability is
that all eigenvalues of A should fall to the left of the imaginary
axis. For higher-order systems such as (1.2) the actual derivation
of the zeros may not be feasible. However a number of techniques for
testing stability have been developed, for example the Hurwitz-Routh
criterion,the Nyquist criterion and the root-locus 'method, many
descriptions of which are available in the literature. (See'e.g.

Kaplan, 1962, Marden, 1949,) We merely mention that a necessary

condition is that the coefficients of each power of w in det{ﬂo(—w)}

have the same sign. (Kaplan, 1962, p. 403.) Thus in the scalar -

case each of the coefficients of y(¢) and its derivatives must have
the same sign. If we believe the true system to be stable then, in
practice, by testing possible estimates we may restrict our admissible

parameter set to those values which imply stability.

6.2 Identification, estimation and asymptotic theory
The fact that a discrete record only is available again presents
an aliasing problem. We shall have relations of the form (5.3.1) and

~

(5.3.2), with AO and EO redefined. Under (iv) and (xi), however,

we get relations corresponding to (5.3.3) and (5.3.4), which may enable

us to identify AO’ ﬁO and fuu . We note that if the spectral mass is

in fact restricted to a finite interval, (-K, X) say, the expressions

(1.3) are finite under (ii), being bounded by
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2m+1 2n+l

(om+1)"t ,  sup trlf,, (\)}2x (on+1) "t

SKP tr{fyy(K)}ZK u
respectively, and thus (1.2) is well-defined as a m.s._limit;

Of course after imposing (iv) further conditions w¢ll still be
needed to identify (1.2). 1In the first place, we prevent the

multiplication of the equations by constant factors by taking the

diagonal of AO(O) to be null. (As in §5.3 this may not be possible,

in which case alternative elements are constrained.) We must have

Bo(j) # 0, some J : we cannot consider closed systems in the
present circumstances. (For (1,u) we take BO # 0 .) To ensure the

uniqueness, one from the other, of the equations we impose the rank

and order conditions, described in §5.3, on (AO E BO) , where this

matrix is defined by the relations

A(w) - Ipl = A{’Im(w)' ® Ipl} , B(w) = B{]n(w)' ® Ipz} ,

with
1 (w) = El : —wf ' (-m)mj > 1 (W) = El —wE ' (-w)”_] .

As in 85,3 we allow for linear homogeneous constraints expressed by

the relations o = aLl , B = BL2 , where o = vec'{A} , B = vec'{B} .

We note that from 82 our asymptotic results are valid under suitable
conditions when there are non-linear constraints on the parameters.
In §6,Append1x we briefly discuss the presence of such constraints on
an ordinary system of simultaneous equations, these considerations
readily extending to (1.2).

Finally in our treatment of the identification problem we must
contend with the possibility of factorization by asserting that except

for at most a finite number of points in B ,
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A ™Ben # Ao(ik)—lgo(il) uniformly in admissible

(o E B) # (do E Bo) » such that (v) holds. The identification

problem is analogous to that for mixed autoregressive moving-
averages with exogenous variables, rigorously discussed by Hannan
(1971 b). (See §5.3.)

The first estimates we suggest are essentially those of §2.1.

THEOREM 6.1. Denote by (G EN) the vector minimizing

-1 1 %o =15 (. 2
@ =1 EBA“‘D(As)z{Wy(S)'A-(“s} B(z)\s)wz(s)}u

over admissible (o : B) such that
o €0c {o]| dt{A-w)} # 0 , Re{w} = o0} .

Let o, € 0 and let (1.2) and conditions (i), (ii), (iv) and (v)

hold. Then

lim (&N : SN] = (QO E BO) s 3.8,

[J-o0
Moreover if a, is.an interior point of O and if conditions (vi)

and (vii) hold, then as N » =

1 A « A ’D
vz (aN-ao . BN-sO) — N]:o, \1'0(4’),‘“?0 (@fxxﬂwo(mﬂ ,

where

¥(®) = (2m™ J T(A)*{fzz(-m ® I\(ik)‘“@(k)l\(u)‘l}'r(x)dx \

B

with
- . NeaxytResyry-1' . .
T(\) = l:—{]m(w\) ® B(ZA)'A(ZA) }Ll . {1n(m) ® IPQ}L2] .

Proof. The proof follows directly from Theorems 2.3, 2.6.
Unlike in 85.3, stability restrictions do not naturally produce a
bounded set that can be compactified, In a somewhat more artificial

way a compact subset of -the stable region must be isolated: for
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(1.4) we may take 0 =< o SK<®. A two-stage estimation procedure
entirely analogous to that described in previous chapters may be

0 30 explicitly. It

devised, estimating . numerically and then B
would be tedious to give the details, particularly in view of the
fact that in 86.3 we discuss wholly explicit methods of estimation,
using the linearity of the structural form.
COROLLARY 6.1. Denote by (a, : B,) the vector minimizing
| 2

-1 . -1
Q=W % wy(s)—B[l—azAs) w,(e) o(n,) .

Let (1.4) hold, with oy 20 and BO # 0 . Then the covariance

1 ~ .
matrix in the limiting distribution of N2 (OLN—OLO . BN—BO) 18

¥, (o )_l‘l‘é (fxeQ]‘l’o ()1, where

O S P
\y(¢) = e s$ecssevscccene ____l f ( )(p( ) .
2m : 242) " B3 :
Bl cap 2 a2a? | 1A

1/\ .]l. N
When Ay =0, NEOLN and N2 (BN—BO) are asymptotiecally independent

N

1 1.
with the same variances as N2 (Z;N—CO) , N2 (BN—BO) s respectively, of

Corollary 4.1l. On the other hand if condition (xi) holds and for all
A€B= (-m, m)

_ e -1
fzz(}‘) = pfuu(}‘) >0, o(A) = fm(l) .
the covariance matrix 18

/By

LI N )

2,,2
uO/BO(l-K)
,_l_ es0c0ssvessce
K
1

%/Bo
where
K = (2ﬂoco)—ltan_l{21roc0/(1—0&(2)1721} .

We conclude the present section by noting that our results are
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easily extended to circumstances in which the parameters are involved
in a non-linear fashion in the structural form. For example, for the

model

1+ aODy(t) + oo.. + agDmy(t) = Boz(t) + u(e) , t €R,

we would estimate

-1
. ymEl .
wy(s) = {1—(—ao@xs) } (l+u0zls)wz(s) tw (s) .

The zeros of the characteristic equation are a;lexp{Qﬂij/(m+l)} .

J =1, «o.,m. For m=1, 2 the model is stable when a, >0 .

However, the cdses m = 3 , mod (4) are inadmissible since two zeros
are purely imaginary and for m > 3 there are always zeros with

positive real parts. The model
(l+0L0D)my(t) = B2(8) +u(t) , teR,

on the contrary, is stable uniformly in % 20 and m= 1.

6.3 Instrumental variables estimation

Because the structural form (1.2) is linear it is natural to
examine the possibility of deriving explicit estimates with good
asymptotic properties. For simplicity of exposition, and because we
shall use data to estimate (1.4), we shall examine the problem
principally with respect to the elementary scalar model (1.4). We
shall, however, state analogous results for (1.2).

We approximate the discrete Fourier transform of (1.4) by

wy(s) = aoikswy(s) + Bowz(s) + wu(s) . (3.1)

The most obvious estimation procedure is ordinary LS , which produces

the estimates
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‘ -1
Afzyy Eiksryz
(u,N : BN) = [0 : EB:Iyz] . % o.ouco.oosooooo.-c .
-tA I I
sTzy * 23
omitting arguments s . Defining
- -1 2 .
g _.,E(QTT) fB A fxm(l)d}\ . O] .
B2 i _ap 2
1 0 i 0o | ATF(X) g
G = ____[ s eess00 00000000 __z_g_?__d + o0 e
2m .. ®
B $ -2, 2 1+o A 0
-OLOBO A +0LO 0

then under (ii) and (iv), a.s.,

lim (&-]V E B—N)

N

i
OI
see

-1 -1 ] -1
By(2m fB £, (M (1-0,i2) dr |6

n
o
—

Q
o
L ]

. -1
Bo] G—ocog] G

: ) -1
(o : B,) 0,967 .

As. we should expect, (QN . ERJ is not consistent®’ (unless

uo = 0 ). In general, by way of analogy with ordinary simultaneocus

equations systems, estimates of the parameters in the systems of
§85-7 derived by minimizing squared deviations from the approximate

structural form will not be consistent. In the present case ao

is easily shown to be (asymptotically) under- or over-estimated

depending upon whether % >0 or o < 0 respectively, and

(unless o, =0 ) B

0 is under- or over-estimated depending upon

0

whether BO >0 or BO < 0 respectively.
80 ¢f. ordinary LS estimates for the corresponding difference
equation,

yn) + uoy(n—l) = Boz(n) + uln) ,

which are well known' to be consistent only when the wu(n) are
serially independent.
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Consistent estimation thus requires a more sophisticated

approach. Let‘us.suppose we have available N observations v(n) ,
n =1, .., N , sampled from a process v(t) , t € R . We require
the instrumental variable v(t) to be incoherent of wu(T) , all
t, T € R and to satisfy conditions (ii) and (iv) on 2(%) . Indeed
3(£) could itself serve as such an instrumental variable, although
for reasons of efficiency we would like v(¢) to be strongly coherent
with y(¢) . Now post-multiplying (3.1) by

i, (-8) }w_(-8]]

(with w, defined by’ (2.1.10) ) and summing, we have the estimates

~ : _ _l
(OLN . N) - NGN s (3.2)
where
Agryv 2
a = -1 ' '3 . G = -1 .........:..-...Q
gy = U % _[-ms_ryv . Iyz-_l s Gy, =W % :
-tAI s T
8 2V ° 28

with va=wuwv’ Izv My

n
g
g

(There is no point in including a

weight function ¢ , since we merely require our estimates to be

consistent.) Then

The first factor is.
-1 . . : _ ,
N % [wy(s)-uotkswy(s)-sowz(s)j[—zxswv(—s) 2w, g)] . (3.3)
Since the first factor of the summand is close to wu(s) and v(t) ,

z(t) are each incoherent of u(%z) , (3.3) vanishes a.s. as N+« .

~

Then sihce GN5= 0(1)

sin Gy § ) = (o 5 8g) 0 arees

e
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1

¢l Now after multiplying (3.3) by Nz it

under the usual conditions.
follows from Theorem 2.5 that the effect of replacing the first factor
of the summand by wu(s) is asymptotically negligible in m.s. Then

if u(t) obeys also condition (vi) on x(%) ,

l ~ . ~
Nz[g]v_ (0"0 . BO)GN] ;D.> NEO’ \Pl]

where
2 S
. A.fbv(l) : 1Asz(A)
wl=_27f8 .‘.......'.‘E...'......-fuu(}\)dk . (3.4)
AL (M) Y
Then
1. 2 3 0, 7l
w2 (g0, NBO) l:o ¥ \yl\yz_l >
providing

oy (1o 2111
o L zl{lfaozl) ‘ . |
¥, = lim G _—JB T -[-;xfzvm

f,,(M]dx (3.5)

is non-singular.

While (a B ) meets the prime requirement of consistency we -

should like estimates that are more efficient. To find these we must

first estimate fuu(l) . We consider

-1 ~ o, 5 2
M) =2u= 7§ |wy(s)-och>\8wy(s)-BNwz(s)| , (3.6)

s(m)

A€S w € B, in the notation of 82.5. Then in much the same

way as in §2.5, for some sequence M = M(N) increasing with W~ ,

~

f&u(A) > fﬂu(k) a.s. and uniformly. We now post-multiply (3.1) by
hy [wm) w,(-8) , where

ﬁN(w [B o [1+oc iw )’ i )? )7t

fuu m

61  However no formal requirements of compactness are needed in the

present section.
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Then we consider the estimates

@ =g 61, (3.7)

where

ik I (s)

a -1 ~ A -1 .
=N z z I (S)h (U,)) N G. =N 2 2 ! eecscscscse ﬁ (w)
ms(m) Y% N=m m s(m) (3) U

We have
¢ 3 = - . g et
( . BO) - EN (O"o o BO)GI\JGN .

Then there exists an increasing sequence M(N) such that the first
factor (which is similar to (3.3)) vanishes asymptotically a.s. and
lim ( : B ) "( E BO) » a.S.

A
l W~ . . ~
Now NZ.IQIV- _[OL,O : BO) GILJ may be expressed as the sum of a finite

number (for fixed M ) of the terms

1
2 -0 7 - -
{N ) ]:wy(s) aoz)\swy(s) Bowz(s)]wz( s)}ﬁN[wm]
s(m)
Then as before the effect of replacing the term in square braces by
wu(S) is asymptotically negligible in m.s. Also, keeping M fixed,
L0 _ , . oy=1 ¢ -1
1in By lu) = [-8gis, (e ™ §arlo) ™ = nylu)

say. Then for fixed M we may replace HN by hM and

Nz[a (oc . B G] 2, Nl:o, ) hM[mm)*(zn)'l L fzz(x)fuu(k)dkhM[wm)
m , -

m
Then on increasing M it follows that there exists some sequence

M(N) such that
1 A [} A
NZ(ocN—uo : BB o N[O ¥ ] >

where, for fuu(k) >0,
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2 : :
. By 1 %8 X ] f, (A)
¥y = Q_ﬂj ooooo-o:o-ooo‘oo f ()\) (3.8)
B a8 D202 l+a>\J

070 * 0
We have thus established a three-stage efficient estimation
procedure for (1l.4) that does not require iteration. Corresponding
methods are of course available for the multiple system (1.2). We
shall present the estimates and their asymptotic properties without
further proof since the proof is essentially the same as that above

but more tedious. For some Py X 1 vector instrumental variable

process V(t) , incoherent of u(T) for all ¢, T € R , we have the

estimates
. +
. Glls . Gle
(aN : BN] = lS : g2; -c-o.oooé‘oo-. @ Ipl L .
21s
where
9y, = - 1,(@8,) @ vee {1, (=)}, gy, =1 (EA)) ® vec' {1 (-o)) ,

D
it

oy YRy (e 1 (2 \*1 (4 ol ,
118 ]m(q'}\s) ]m(’b)\s) ® va(—s) . Glzs ]m('b}\s) ]n(w\s] ® Iyz( s) ,

Gy1e = - ]n(ixs)*]m(iks)(a Ly(-8) 5 Gypg = ]n(iks)*]n(iks)(a I2(-8)
Then

iz (ay-a, . EN-BO) 2, N[O’ (L?QL)““wl(sz'L) +—| ,
where

il e

LT 6, (V) 6,00 au D
with
6,0 =1 G0N G B F (D), 6,00 = -1 GENMEN) S f (1),
Gy (M) = =1 (ED™ (20 @ f, (-1) , 6, (1) = 1 (D™ (D) ® (-0,

and where
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-1 * .
¥ = (2m) J {G M*6, ) ® 1 }dx i
2 B 1 2 pl

with

. ATy ST o ,
G, () l:—]m(tk) ® B (ZA)'A,(Z2) . ]n(t}\) ® Ip;l R

"

LN ]

6,0 = [F1 G2 ®f, (-1 11 (0@ fzz(—A)J .

Next we form

A -1 (s 5 (s ,
Fule) = 2 S%m) ]'_AN(a,As)wy(s)-BN_(us]wZ(s)] [I\N(us)wy(s)
- By (e )w (7],

~ ~

w € B , where. AN and BN are generating functions formed by

~

replacing (a E BO) by (&N E éN) in 'AO and B0 respectively.

Then we have the estimates

~ +
(@ 2 By) =1 1 vee'{I (-e)MH (w)E. 77 6 ()" (v )‘:1 i
‘IV N m s(m) ‘yz lems(m)Ns Nm’
where ‘
6,0) = E1,60) @I, (-o) i1 (i) @1, (-s)] ® -

_ . s, T oyl . . ~ -1
HN(A) = [—'Im('l)\) ® BN(t)\)’AN(ﬂ,A) . ‘]n(_’l)\) @ng:l ® fuu(l) .

Then for some sequence M = M(N) ,

Len ¢ A D -1 * -1
vz(a,-o : B,-8.) — N[o, {(mr) [B (M) {fzz<-x> ® (M) }gmdx}]

in the notation of §6.2:

6.4 Numerical examples

The alternative methods of estimation suggested in the present
chapter were compared in estimating (1l.4) wusing our economic and
oceanographic data. The procedures of §6.2 based on the reduced form

A
involved finding Oy to maximize
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{z I (s)[l ow,)\ /Z I (s)(l+o¢ }\2) (p()\ ), (u.1)

with EN given by

-1
B = g Izy(s)(l»_ulvi)\s) 1, () /g Izz(s)(l+0a12v}\§] o) - w.2)

The optimization of (4.1) was carried out over the stable region

0 =a=5.0. The estimates, for both sets of data, were derived
using ¢ = 1. and ¢ = f;i as before, and appear in lines (a) and

(b) respectively in Tables 6.1, 6.2 below, along with their standard
errors, computed using the formulae given in the first part of
Corollary 6.1.

Next the methods of §6.3 were used, with 2z(n) taken as the
instrumental variable. The initial, consistent, estimates (3.2) are

then given by

~ . 2
Oy = - g “stz(s)/g ASIyz(s)

, ‘
A " 2
By : {‘z zAstz(sil + g I (s) g s (8) ///g ksléz(s) g T8

8 yz

These estimates are presented in line (c¢) in our tables, together
with their standard errors which were computed using (3.4) and (3.5).

Then fﬁu(k) was estimated from (3.6), with M = 8 . The efficient

estimates (3.7) were finally computed exactly in the manner described
in 86.3. Although the estimates are explicit iteration was carried

out in respect of the estimation of fﬁu(k) » and we reproduce

estimates and standard errors (derived from (3.8)) for the first and

fourth iterates in lines (d) and (e) below.
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Table 6.1

_ Economic Data

aN S.e. &N B\N . S.€. B\N
(a) 1.035 0.443 0.751 0.059
(b) 0.009 0.022  0.863 0.037
(c) 0.295 | 0.0l 0.743 0.066
@y 0.136 0.055 0.772 0.0u4Y
(e) 0.0u47 0.014 0.811 0.039

Table 6.2
Oceanographic Data

aN S.e. aN B\N S.e. IBN
(a) 1.509 0.286 0.957 0.059
() | 2.u43 0.345 0.965 0.058
(c) 1.746 o.uég | 0.953 0;018'
(d) ©2.673 0.426 0.928 0.017
(&) | 2.508 0.419 0.938 0.018

There is substantial discrepancy between the estimates of lines
(c) and (e) and for the economic data at least the efficiency of the

instrumental variables estimates of % is poor. Although lines (d) and (e)

agree well in Table 6.2 the difference between the corresponding lines in

Table 6.1 indicates that it is wise to iterate with respect to the
estimation of fﬁu » to overcome the effect of a possibly inaccurate

first-stage estimate. As we would wish, there is reasonable
agreement between lines (b) and (e); this would have been improved

by further iterations although even after iteration these procedures
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will still in general produce different estimates. For the simple
model (1.4) the methods of 86.3 may not save very much computational
labour but for systems with more parameters these explicit estimates

will be very much faster than a multi-dimensional search and iteration.

6.Appendix. Linear systems with non-linear constraints

Whereas non-linear parameter constraints were allowed for in §2
and employed in 83 we have since ignored the possibility of their
presence. It seems that non-linear restrictions will arise with much
less frequency in connection with linear‘models than will linear
restrictions. However, Malinvaud (1970 a, b) has considered a class
of non-linear models that may be re-defined as linear models having
non-linear constraints. Moreover Fisher (1966) suggests two ways in
which such constraints may arise: namely when the linear model is a
Taylor series approximation to a non-linear one and when a particular
structure is imposed on a distributed lag model. The model of §3 may
be formulated as a linear regression with non-linear constraints (on,
the cofactors). Also an alternative normalisation condition is
sometimes used for linear systems, resfricting the parameter point to,
say, the surface of the unit hypersphere. Finally non-linear
restrictions may arise from a priori knowledge. We shall briefly
consider the effect of such constraints on the familiar econometric
system

AY(E) + Bz(2) = u(¢) , & €R, (A.1)

. % % .
where AO and BO are respectively py * Py and pL *p, matrices,

It will be seen that much of our discussion is relevant to the more
elaborate linear systems considered in the thesis.
When the only restrictions on A and B are linear (A.1l) is

either identified or there is a continuum.of alternative structures,
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reflecting the nature of solutions of linear simultaneous equations.
However, as noted in 82.2, when non-linear restrictions are involved
it is possible that, whereas these may be insufficient to provide
global identification, the system is locally identified. Then, by
restricting attention to a sufficiently small neighbourhood © of
one of the alternatives, global identification is achieved. Such a ©
could conceivable arise from inequalities on the parameters, which
are common in economics. Wegge (1965) and Rothenberg (1871) have

considered the local identification of AO and BOGZ‘. Writing

a = vec'{A} , B = vec'{B} we introduce the row vector of constraints,

E(at, B) = 0 . Then®® if (a . B is a regular point of
0+ "0

(3/30)E(a, e)'(lp @A'] + (3/3B)E(a, a‘w(l @_B'] ,
L G » .

Py
a necessary and sufficient condition for local identifiability is that

this matrix have rank pi at (qo E Bo) .

We consider now some estimates of [AO : BO) and thelr asymptotic

properties. Frequently economic models involve identities in the
variables, and it seems worthwhile to allow for such contingencies

here. (See Malinvaud, 1970 b, pp. 646-648,) We re-write (A.l) as

AOl‘E Ao || Y1) Boy u, (£)
.QC..:.IC.. esessee + L W WY Z(t) = seece s s t ER .
Aoy 2 Aoy || ¥ (8) Bos 0

Here all partitioning is Py, Py -P,» P,>0. The identities

are expressed by the lower partition, with [Aos . A04 : BOZJ a

known matrix. We :assume the identities to be linearly-independent

and the elements of Y(%) to have been alloted to yl(t) and y2(t)

82  These authors also consider the identification of E{u(#)u(s)'} .

83 This is an extension of results of Fisher (1959), (1966) for the

identification of a single equation in the system.
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in such a way that A04 is non-singular. On substituting for y2(t)

in the upper partition we have

Koyl(t) + B'Oz(t) = "1(73) s
where

_ _ -1 _ ) -1
A= Al Aonqus » B= Bl A2 AouBoz )

We write

o, = vec'{Al} s @, = vec'{A2} , B= vec'{Bl} s

and introduce the 1 X r constraint vector

E(ai, Gy s B) =0, (A.2)
requiring its first derivatives,
(8/5a, * 3/, : 3/08)E(a,, o, B)' = 2,
to be continuous and linearly independent. We take (aNl E a E

to minimize®"

_ -1 1 i—l— 2
Qp = % NQ(AS)Z{wl(s)— sz(s)}H

over (al ca, B) €0, a compac% subset of the admissible set

satisfying (A.2). When all restrictions are linear an efficient
method of estimation for the time series case is given.by Hannan and
Terrell (1973). Of course simpler and longer established methods
exist for finding estimates that are at least consistent. (See for
example Malinvaud, 1970 b, Chapter 19.) When non-linear restrictions
are present such methods require modification, and iteration will
certainly be needed. The modification of Newton's method suggested by
Aitchison and Silvey (1958) may be useful.

It would be repetitive to state a formal theorem but from
o wl(s) is the discrete Fourier transform of yl(n) and ¢ is

now - pu x pu .
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Theorems 2.3 and 2.6, under the usual conditionses, our estimates are

consistent and as N + «© ,

1
- * A . A D
P _ . _ s _
i (aNl N T BN»Bo] — N[O, ],
where L 1is derived by deleting the final » rows and columns. from

a matrix of the form (3.2.7), with ¥(®) given by (3.2.4) and

L mir-l'e [4-1 -1g|' e -1
r= [BRE (gl A0 IPJ@A ,

85 We do not require (iv) and (vii), however.
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CHAPTER 7

DIFFERENCE-DIFFERENTIAL AND INTEGRO-DIFFERENTIAL EQUATIONS

7.1 Introduction

The previous two chapters have been devoted to the estimation
of simple systems of linear functional equations that can be solved by
the Fourier transform. Difference and differential equations
apparently provide reasonable descriptions of a wide variety of
dynamic situations in the real world. However prior evidence may
call for a system of greater sophistication. In particular it may
well be the case that.the rate of change of a process depends not
only on its present state but also on its past history. Thus we are
led to examine differential equations that involve lagged variables
and their derivatives and which are most commonly known as difference-
differential equations. Bernoulli (1728) was apparently the first to
consider such an equation, in connection with a problem in mechanics.
Subsequently difference-differential equations have frequently arisen
in such fields as the physical and biological sciences, engineering
and economics, sometimes as approximations to partial differential
equations and other functional equations. In recent years there has
accumulated a vast literature concerning the solution and stability of
difference-differential equations.

The theory of 82 allows us to estimate linear difference-
differential equations having constant coefficients. In addition it
allows us to estimate difference-kernel integral equations involving
a continuum of lagged endogenous variables. We shall consider the
estimation of a composite linear difference-differential .and integro-
differential equation system of a type similar to those discussed in

different contexts by, for example, Kitagawa (1937) and Pinney (1958),
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involving the linear operations of differentiation, integration and
translation through time. As far as is known, no previous attention
has been directed to the estimation of such systems, in the presence

of a discrete sample at least. Before we describe our estimates and
their asymptotic properties we shall attempt to provide some background
and motivation by considering the solution and stability of some simple
difference-differential and integral equations that occur in practice.
The fact that generally solutions are of a recondite nature, and the
assessment of stability of a given system is very difficult, will

limit the usefulness of our results.

7.2 Difference-differential equations
The  functional equation we consider is
m .
) § alg, k)ﬂy(t—nk) =w(t) , t €R". (2.1)
J=0 k=0 '

We take 0(0, 0) =1 and 0 =1, < Ny < eel < “q . If a(j, k) =0,

0
all J >0 , (2.1) is a pure difference equation; if a(i, k) =0,
all k > 0, it is a pure differential equation. Thus we take

a(g, k) # 0 for some § , all k >0 , and for some (j, k) , 4 >0 .

Under the usual assumptions, the formal solution in the m.s. sense. is

y(t) = j

-l (0, ¢ e R,
'R .

where we assume
N m .
a(Zr) = ) % alg, k)(—ik)gexp[inkk)
J=0 k=0 :
is bounded away from zero, A € R .. "Naturally we are interested in
determining whether all zeros of a(-w) have negative real parts.
Now these zeros may have arbitrarily large modulus and they tend to

lie along '"chains", of which there are essentially three types. A

chain is said to be retarded, neutral or advanced depending upon
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whether, as |w| > @, Re{w} = - , Re{w} is bounded or

Re{w} » © , respectively. A necessary condition for stability is
thus the absence of advanced chains. However the problem of
establishing perspicuous stability conditions in terms of the

olg, k) n, appears to be intractable in general, although

specific cases have been discussed by such authors as'Cebotarev and
Meiman (1949, Chapter VII), Bellman and Cooke (1963) and Pinney

(1958). When the n, are commensurable the situation is simplified.

We introduce the two-dimensional polynomial
m .
Y(w, o) = ) % g, ufed ™ |
J=0 k=0

Given that a(j, 0) # 0 , some J , a principal term u(Z, O)wqu
of Y(w, 0) exists if and only if a(Z, 0) # 0 and for all (4, k)
such that a(j, k) # 0 , J =1 and k < g . Pontryagin (1955) has
shown that if Y(w, 0) has no principal term the function

a(-w) = e Y(w, &)
has an unbounded number of zeros with arbitrarily large real part.
Given that such a term is present, however, Pontryagin presents
sufficient conditions for stability.%® Pontryagin's results have
implications for a number of difference-differential equations that.
have arisen in practice and seem worthy of mention.

The homogeneous‘equation

y(t) + ocly(t—n) taDy(t) =0, (2.2)

with n > 0 , has been considered by Kalecki (1935) in the study of
business cycles. The solution and stability of (2.2) have been

discussed by, for example, Frisch and Holme (1935), James and Brelz

&6 Pontryagin takes all differefices to be integer-valued, An

elementary transformation makes his results applicable to equations
with an arbitrary fundamental difference.
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(1936), Hayes (1950) and Burger (1956). For our parameterization

(2.2) is stable if and only if, for n > 0 ,

1.1 1% AEEAL:
= +=>0, --—<-=< {[—} + ——} . (2.3)
a2 n a2 a2 n a;

where ® is the zero of oW + ntanw in (0, M) . Tinbergen (1935)

suggests an (unstable) equation for profit margin, namely

y(t) + aly(t—n)'Fagy(t—Qn) + uaDy(t—Qn) = 0.

and Pinney (1958) has considered its solution when o, = 0 . The

equation
y(&) + o, Dy(e) + a2D2y(t)-+ usﬁﬂy(t—n) = w(t) ,

where it is necessary that ﬁ‘= 1l or 2 for stability, is of
importance in control theory. (See Ansoff and Krumhansl, 1948.)
Bellman and Cooke (1963) reproduce stability conditions for the last
equation, derived wusing =~ Pontryagin's results. Sargan (1958),
observing that the Leontief dynamic system is unrealistic in its
assumption that supply is at all times equal to demand, considers the
effect of superimposingva difference-differential structure on the
system, involving small time lags. Further applications in economics

are discussed by Kalecki (1943).

7.3 Integral equations:

We consider first the difference-kernel equation of the first
kind, namely
b
I Y, (Dy(e-1)dr = w(t) , ¢ €R, (3.1)
a
where possibly a = -° , b = ® , Under the usual conditions the
formal solution, in the m.s. sense, is

| T -1
y(t) = JR e Yl(~k) dxw(k) s ‘t €R ,
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where we assume
b .
=~ _ 1At
Yl(A) = [ e Yl(t)dt
a
is bounded away from zero, A € R . Then a solution of the form

y(t) =J K(Tw(t-t)dt , t € R,
R

exists. While the general nature of (3.1) makes precise discussion
difficult, simple stability conditions for such equations are
available. Langer (1931) presents a result of G. Pdlya stating that®’

if a=0 and b =1 and Yy is positive and non-decreasing on

(0, 1) , (3.1) is stable.

We examine next the integral equation of the second kind,

b
y(t) - f Y2(T)y(t—T)dT =w(t) , t €R.
a

Then it is known that a unique solution satisfying our conditions

exists, namely

y(t)

Lz P (17, (1) Ha (0

where
b .
~ _ iAt
YQ(A) —v{a e Y2(t)dt .

providing |Y2(X)| <1, X€R . In this case the solution may be

written as

b
y(t) = w(e) + I Y2(T)w(t—T)dT touue
"a

b b
+ I - J YQ(Tl} ...Yé(Tk)W(t =T - e —_Tk)drl coo dy, + L
a a

87  Providing - Y(f) is not an "exceptional" function, that is a

step function with discontinuites finite in riumber and occurring only
at rational points of (0, 1) .
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Thus if b >a =0, y(¢) 1is unrelated to w(t) for T > ¢t .

7.4 Identification, estimation and asymptotic theory

We shall consider the estimation of the general multiple system

m o o
ygy + 3§ {3 A GGy OBy (5 ) + [ P (s QO)Djy(t—T)dT}
=0 k=0 R 9

n r . A .
= ) { L By, k)DJz(t;cok) + J (s eo}Dgz(t—T)dr} +u(e), (4.1)-
J=0 %=1 R

t € R, Here the Ao(j, k) and Bo(j, k) are respectively Py X:py and

p, X p, matrices of coefficients,aﬁd the Fjgt; 8)  and Aj(t; 8)
are respectively Py X Py and P, X P, matrices of, in general, non-
linear functions of 8. . We wish to estimate the noj, Coj’-AO(j’ k)
Bo(j, k) and QO given the sample y(n), z(n) , n =1, ..., V.

For the identification of (4.1), after imposing (iv) , it is

necessary that the parameters can be determined from knowledge of

Ro(ik)_lﬁo(il) , in such a way that (v) holds, where

-~ m s ~

A(Er) = 1. + 1} (—iA)J{ % A, Trexp(ingA) + T.(x; q}}, ,
Py =0 %=0 g

~ n 0 -

B(ZA) = ) (—iA)J{ Y B(j, k)exp(ickk) + AL (X 6)} .
J=0 k=1 J

with

~

T.(A; 6) = J Mr (85 0)dt , A.(h; 0) = f ML o)at

and det{ﬂo(il)} is taken to be bounded away from zero, A € R-,
The presence of the terms involving the Fj and Aj complicates”

the identification problem and prevents further precise analysis.,
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We consider, however, the pure difference-differential®® case

Pj(t; 0) =0, all g , Aj(t; 0) =0, all J . As usual we take

0 =n <n < ... <M

< <nnn‘< .
00 < Mo1 og > Co1 = %02 %o

Then we normalige the system by taking the diagonal of AO(O, 0) to
be null, when this is possible (see §5.3). We require Ao(j, k) #0 ,
some J, kK=1, ..., q and Bo(j, k) #0 , some J , k = 1, coey

to identify the n_.., .. . Also the rank and order conditions of

07" “0g

§5.3 must be imposed on the pi X [Km+l)(q+l)pi+(n+l)rpé] matrix

[Ao(o, 0) ¢ ... tAJ(myq) 1B (0, 1) ... 2B (n, »] .
For the general system (4.1) we take (nN . CN DOyl BN . GN)
to be the admissible (n img E o s 8 E 8) minimizing
-1 1 Xy V1R (s N
gy = ZB “«p(xs) 2{wy(s)~A('L}\8) ~ B(@}\s]wz(s)}“ ,
where now o = vec'{A} , B = vec'{B} , with
Ao, 0) s A(m, 0) B(o, 1) ¢ * B(n, 1)
A - ....I....E.....S......'.. , B - ......’..E.!.‘.E..’......
A, ) * * Alm, q)_ B(o, ») * * B(n, r)

Of course the fj(kg e) ., ZJ(K; 8) must be known functions of XA

and O.. It would be tedious to state a formal theorem since all we
are doing is amalgamating previous results. However under the usual

conditions our estimates are consistent .and

®8  The system (4.1) includes such special cases as

y(t) + aDy(¢t) = Bz(t-r) + u(t) . This is not a difference-
differential equation but a differential equation in which there is a
period ¢ of pure delay before a given change in 2(¢) produces a
response in y(¢) . The quantity ¢ is sometimes known as "dead
time". Such equations are of substantial practical importance but

we do not consider them in isolation because of course their solution
follows from §6 and their estimation from the present section, taking

q=0.
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1
2

Wz(ny=ng 1 Byt 1 Oyt 1 ByBy 1 8,-8))
D + . +|
N N[o, Y (® “’o("fxx")‘”o(”] .
where
¥(9) = (2m) L f T(A)*{fzzc-x)‘a,R(ix)‘l*¢(A)K(ix)‘l}T(A)dA ,
B :
with
T = BN ARGY Y 1 [c.sc :cL:c])
Ty - g pl . plp 1 2 . 3 Y q_ 2
in which
B m . )
ide(ind) ® §  (vec{A(d, 1)} ¢ ... * veclA(d, )Y}
J=0
C - ......................:......'.."....!........'..... ’
l . 0 ]
_ . :
c - ...l.".‘.......Q..’.C.,.....0......q......,......'... ,
2 n
ixe(ZgA) ® ) (vee{B(j, 1)} E ... * vec(B(j, m})
L J=0 -
1.0 @ Ipl ®[1:e=ZnM)] ® Ipl : 0
C = ......,'..,........’..Q..............‘..‘......Q......!..........
3 . . .
0 : 1n(7'>‘) ® Ip2 ® e(it)) ® Ipl
'{1m(il)18 1,2}(a/ae>ve¢{f6<x; 0) 3 ... T (A 0)}
Py .
Cl+ = . ‘..'................’........‘.'.....,...........,.......
2\ (9730 A(X; 8) ¢+ ... 2 A (A O}
__{‘n(l ) 6 Iplpz}( /o0)vectB (s ) 1 ... 1A O 0))

7.5 Numerical examples

Our sequence of numerical examples is completed by the fitting

of the simple difference-differential equation

y(&) + ag,y(eng) + e Dy(e) = Ba(t) + u(e) , t €R,

A .
a L]

to our data. The estimate (nN ¢ %y s

ANQ) was found by

maximizing
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2
{Z Iéy(s)[i+“1eXP[inks)"azikéj_l¢(xs]}
8

(5.1)
Z Iéz(s)|l+ulexp(inks)—uziké|~2¢(ls)
8

over the region

0.01 =n =20.00, 0.0Ls0 S0.99, 050, =500 (52)

which is properly contained by the stable domain (2.3). (A‘portion

of the region a, < 0 is also admissible but this was not scanned.)

Then we have

A

- A Ko A R _l
g Izy(s) [_J.+uNl.§xp (mlv)\s) —ocmz)\;l ® O‘s)
B
N

= = PN NN
L I, ()| 140y, exp (N, A ) -a. 2A_|“o(A,)

Now

« A e A .

La . . 4 D -1 2 -1
w2(ny-ng ¢ o0y T Gpyoy 1 By-Bg) — N[é’ ¥ole) Wo(f&m¢ ]Woﬁp) }

where

v
Y(o) = (2m) "t f

% ' inA oy | -4
. PP | 1+a e -0 20 ¢(A)f%z(l)dk ,

with

W) = [-oaev:xe“”A bt D B{l+alein>"—a2i>\]]

Using these results the covariance matrix was estimated in the usual

way.
Table 7.1
Economic Data
10 Ny s.e. %y a.e. %on | Z.e. BN : E.e.
"y W 2N N
1| 1.922 | 0.322 | -0.348 | 0.135 | 0.202 | 0.093 | 0.501 | 0.010
f 1.977 0.273 -0.092 0.048 0.023 0.043 0.8u47 0.027
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Table 7.2

Oceanographic Data

-

~ Vo ~
e %.e. %y .a,e. g iée. By g,e.
W N 2N N
16.750 | 6.619 | -0.032 | 0.075 | 1.456 | 0.277 | 0.931 | 0.071
15.484 | 1.857 | -0.162 { 0.074 | 2,234 | 0,332 | 0.845 | 0.070

There is good agreement between Table 7.1 and Tables 5.1 and 6.1

but the large estimated  difference ﬁN in Table 7.2 requires comment.

If,prompted by Table 5.2, only small values of n are scanned an
analytic maximum, of (5.1) is»reached, but the estimétes there have
grossly inflated standard errors because a model that includes both a
derivative and a very small difference will be nearly unidentified.
The estimates recorded are the optimal ones over the whole region
(5.2).

In each of §§4-7 the simplest possible model has been chosen to
show -our methods in action? no serious considerétion having been
given to the most plausible a priori models for the data., Each
additional parameter added involvés, loosely speaking, the
multiplication of computiﬁg time by a factor so for more complicated
systems computational efficiendy is of prime importance. However if
the values of the lags are assumed'(but‘not neéessarily integral) the
methods of 86.3 are easily modified to produce explicit estimates for

the systems of §5 and §7.
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