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Any discovery of “new physics” in the neutrino sector will first require a precise baseline prediction of
the expected Standard Model cross section. While coherent elastic neutrino-nucleus scattering (CEvNS)
experiments are currently statistics limited, upcoming and future experiments at larger scales will be
systematics limited. At this point it will be necessary to improve the theoretical predictions to improve the
experimental sensitivity. Here we review the calculation of the CEvNS cross section in a consistent theory
of hadronic currents and compute the relevant nuclear form factors using the nuclear shell model. The
uncertainty on the form factors is explored by repeating the calculation for various shell model interactions
and with Skyme-Hartree-Fock evaluations of the weak-charge radii. We then refine the Standard Model
predictions for the recent experimental results of the COHERENT experiment. We find that our cross
sections are in good agreement with previous predictions, but with significantly smaller uncertainties. Near-
future CEvNS experiments will meaningfully benefit from improved predictions through an increased
sensitivity to new-physics signals.
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I. INTRODUCTION

The elastic scattering of neutrinos from nuclei via the
weak neutral current is a process that can experience a
coherent enhancement at sufficiently small momentum
transfer. Dubbed coherent elastic neutrino-nucleus scatter-
ing (CEvNS), the coherent enhancement of this process
boosts the cross section by orders of magnitude, making
it much larger than other processes involving neutrinos.
This enhancement would suggest that the process should
be relatively easy to observe; however, the observational
signature, a low-energy nuclear recoil, is very difficult
to detect. Steady advancement in detector technology
enabled CEvNS to finally be observed in 2017.

The first detection of neutrinos via CEvNS was per-
formed by the COHERENT experiment using a small
(14.6 kg) cesium-iodide detector [1]. This measurement
was quickly followed up by a detection using a liquid argon
detector [2]. The next target in the COHERENT program is
an array of germanium detectors (total target mass of
18 kg), which recently made an observation rejecting the
no-CEvNS hypothesis at 3.9σ [3]. All of these measure-
ments were carried out at the Spallation Neutron Source
(SNS) at Oak Ridge National Laboratory. There, neutrinos
with energies up to ∼50 MeV are created from pions
decaying at rest within the mercury spallation target.
Together, these measurements have observed hundreds
of CEvNS events and are broadly consistent with the
Standard Model expectation for the process.
CEvNS has many potential applications, both practical

and fundamental. While the practical applications, such as
nuclear reactor monitoring [4], require further detector
development before they can be realized, advances in
nuclear [5–7] and fundamental physics are already being
realized with current experiments [8–11]. Notably, CEvNS
experiments are the leading probe of some realizations of
sterile neutrinos and nonstandard neutrino interactions [12].
CEvNS will also be detected in dark matter experiments,
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where it is an irreducible background to dark matter
searches, giving rise to the so-called neutrino floor [13]
or fog [14]. Recently, XENONnT and PandaX reported the
first indication of CEvNS due to 8B solar neutrinos [15,16].
Key to maximizing the effectiveness of these applications is
having precise predictions for the scattering rate. That is, if
one is interested in detecting deviations from the Standard
Model at the subpercent level, then a commensurate level of
precision is required for the theoretical predictions.
The dominant systematic uncertainty in CEvNS rate

predictions comes from the neutrino flux, which is
presently ∼10% for the pion-decay-at-rest neutrinos pro-
duced at the SNS. However, future dedicated measure-
ments by COHERENT aim to reduce this significantly, to
around 2%–3% [17]. With this improvement, cross section
uncertainties, currently around 2% [2], will provide a
significant contribution to the overall systemic uncertainty
in the predicted event rates. Relatively little attention has
been given to the theoretical uncertainties of the cross
section. With CEvNS being a low-energy process, it is
expected that predictions that treat the nucleus as an
elementary particle are sufficient. The nuclear structure
is then only accounted for through a simple charge form
factor. Recently, the cross section calculation has been
revisited and a modern accounting of nucleon currents
applied [18]; however, this formalism has not yet been
adopted for use in predicting experimental observables.
That said, cross section calculations using alternative
approaches, using coupled cluster theory [19] (for argon
only) and Skyrme-Hartree-Fock theory [20] (for carbon,
oxygen, argon, iron, and lead), have been performed.
In this work we present theoretical predictions for the

CEvNS cross sections, based on detailed nuclear structure
calculations, for targets used by the COHERENT experi-
ment (argon, germanium, cesium, and iodine). In Sec. II
we review the standard calculation of the CEvNS cross
section and present two methods to derive the nuclear
form factors. In Sec. III we revise the full CEvNS cross
section calculation (following Ref. [18]) and present our
computations of the relevant nuclear form factors based on
the nuclear shell model. In Sec. IV we use our form factors
to improve the theoretical predictions of the CEvNS
flux averaged cross sections and event rates for the
COHERENT experiment. Finally, we conclude in Sec. V.

II. CEVNS CROSS SECTION

Shortly after the discovery of weak neutral currents in
1973, it was suggested that this interaction should coherently
enhance the scattering of neutrinos from the nucleus [21]. At
very low momentum transfer, q, where q is less than the
inverse size of the nucleus, the cross section approximately
scales with the number of neutrons in the nucleus. For
neutrinos with energies of tens of MeV, the momentum
transfer can be large enough to probe the internal structure of
the nucleus, resulting in a loss of coherence.

The CEvNS process can be represented by the reaction

νðpÞ þN ðkÞ → νðp0Þ þN ðk0Þ; ð1Þ

where p, k are the incoming momenta of the neutrino
and nucleus, respectively, and p0; k0 are the outgoing
counterparts. The momentum transfer is then given by
t ¼ ðp − p0Þ2 ¼ ðk0 − kÞ2. When evaluated in the lab
frame (with the nucleus beginning at rest), this gives
t ¼ −q2 ¼ −2mTER, where mT and ER are the mass and
kinetic energy of the recoiling nucleus. With the mass of
the neutrinos safely neglected, the maximum recoil an
incoming neutrino of energy Eν can impart is then

Emax
R ¼ 2E2

ν

mT þ 2Eν
: ð2Þ

The cross section is typically calculated by treating the
nucleus as composed of pointlike nucleons and accounting
for their spatial extent within the nucleus via a form factor.
This results in a standard expression for the CEvNS cross
section,

dσ
dER

¼ G2
FmT

4π

�
1 −

ERmT

2E2
ν

�
Q2

wF2ðq2Þ; ð3Þ

where Qw ¼ Qp
wZ þQn

wðA − ZÞ is the weak nuclear
charge in terms of the proton and neutron weak charges
and FðqÞ is the nuclear form factor, typically taken from the
Helm [22] or Klein-Nystrand [23] model.
The above is a good approximation to the CEvNS cross

section; however, several improvements are variously made
in the literature, which can have percent-level corrections.
For example, in the above equation, the subleading kin-
ematic factor ER=Eν, has been dropped. Additionally, one
can take into account the different proton and neutron
distributions within the nucleus, assigning them separate
form factors [24]. Furthermore, while radiative corrections
are typically included in the nucleon weak charges, there are
additional flavor-dependent radiative corrections that can be
included [25]. Lastly, some effort has been made to include
the spin-dependent effects of the neutrinos coupling to odd-
A nuclei [26,27].
Putting these together, but neglecting the spin-dependent

effects (which are small but will nevertheless be treated
with more rigor in the following section), we can more
accurately write the cross section as

dσTνi
dER

¼ G2
FmT

4π

�
1 −

ERmT

2E2
ν

−
ER

Eν

�
× ðQp;νi

w Fpðq2Þ þQn
wFnðq2ÞÞ2: ð4Þ

Here we take the flavor dependent charges from [25]:
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Qn
w ¼ −1.02352ð25Þ

Qp;νe
w ¼ 0.0747ð34Þ; Q

p;νμ
w ¼ 0.0582ð34Þ; ð5Þ

and use them in all further calculations. Using Eq. (4)
requires knowledge of both the proton and neutron form
factors. While the former can be inferred from the electric
charge distribution, the latter is not well constrained
experimentally. Given that the weak charge of the neutron
is much larger than the proton’s, we can deduce that the
dominant contribution to the uncertainty of the CEvNS
cross section comes from the neutron form factor.

A. Nuclear form factors

Nuclear form factors are defined as the Fourier transform
of density distributions of the nucleus:

Fðq2Þ ¼
Z

eiq⃗:r⃗ρðrÞd3r⃗; ð6Þ

where ρðrÞ is the relevant density distribution, which is
commonly assumed to be a spherically symmetric function.
The root-mean-square (rms) radius for a density distribu-
tion is then given by

r2rms ≡ hr2i ¼
R
ρðrÞr2d3r⃗R
ρðrÞd3r⃗ : ð7Þ

The density distribution used, i.e., electric charge, weak
charge, or mass density, results in different form factors
(and rms radii) which are appropriate for use in different
scattering processes. When modeling the nucleus as a
bound state of pointlike nucleons, the neutron and proton
point radii, Rn;p, are obtained from their respective dis-
tributions via

R2
n ¼

1

A − Z

Z
d3rr2ρnðrÞ; ð8Þ

and

R2
p ¼ 1

Z

Z
d3rr2ρpðrÞ: ð9Þ

Neutral-current neutrino scattering proceeds through
the coupling of the Z boson to the weak charge of the
nucleus. Therefore CEvNS requires the use of weak-
charge form factors which in turn require knowledge of
the weak-charge density. It is possible to measure the weak
charge distribution directly through parity-violating elec-
tron scattering. This has been performed at Jefferson lab
by the PREX and CREX experiments, on 208Pb and 48Ca
targets, respectively. However, these experiments have
only measured the weak charge at a single momentum
transfer: q ¼ 0.76 and 1.28 fm−1, respectively [28,29].

Additionally, these experiments are difficult and unlikely
to be performed on every isotope relevant to CEvNS.
Therefore, it is necessary to use indirect knowledge of the
weak-charge distribution from, e.g., the electric charge
distributions, or theoretical modeling. While electric-
charge rms radii are measured to high precision, they
can differ significantly from the weak-charge radii [30]
and form factors [20]. Therefore they cannot be used to
produce accurate CEvNS cross sections.
In this work we will compare several methods for

modeling the CEvNS form factors and determine their
effect on the resulting cross sections. This includes theo-
retical modeling using both Skyrme-Hartree-Fock (SHF)
calculations and the nuclear shell model. The SHF results
will allow us to model the nucleon distributions accurately,
from which rms radii are computed. The shell model
calculations will allow us to include subleading nuclear
effects through the chiral EFT formalism of [18]. For
comparison with previous work in the literature, we will
also perform a data-driven calculation based on electric-
charge radii.

B. Empirically derived form factor

The most reliable measurements of nuclear size come
from probes of the nuclear electric-charge distribution, e.g.,
from electron scattering data. Protons, being charged,
contribute more to the distribution than the neutrons do.
However, the reverse is true for the weak-charge distribu-
tion (where the neutron contribution dominates), making
the electric-charge distribution an imperfect surrogate for
the weak-charge distribution. Therefore, while nuclear
charge-radius measurements can help define the proton
distribution, additional information (or assumptions) is
required to define the neutron distribution.
While it is difficult to probe the neutron distribution

directly, it is possible to measure the proton-neutron radius
difference, Δrnp ¼ rnrms − rprms, via nuclear spectroscopy of
antiprotonic atoms [31]. Presently, these data have large
uncertainties, however, an approximately linear relation-
ship between Δrnp and I ≡ ðN − ZÞ=A is apparent. A
global fit to the available data is given in Ref. [32]:

Δrnp ¼ ½ð0.82� 0.54ÞI − ð0.02� 0.08Þ� fm: ð10Þ

Here we disregard the small uncertainty values given
by Eq. (10), as we do not believe the simple linear
relationship captures the true scatter that exists in the
data. However, we can use this formula to estimate that
Δrnp ¼ 0.050 fm for 70Ge (I ¼ 0.09) and Δrnp ¼ 0.15 fm
for 136Xe (I ¼ 0.21). All other nuclei in our study lie within
this range of I values. Therefore, following [24], we
conservatively assume that the neutron rms radius lies
within the range rprms < rnrms < rprms þ 0.3 fm.
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To define our empirical form factors we take rprms directly
from electric-charge radii measurements, and use the range
of rnrms to define an uncertainty band. For the form factor we
use the Klein-Nystrand (KN) [23] model, which has been
previously used in CEvNS research (including by the
COHERENT collaboration). The KN model is based on
a hard sphere distribution with radius rA and a Yukawa
potential of range ak. The form factor is given by

FKNðqÞ ¼ 3
sinðqrAÞ−qrA cosðqrAÞ

ðqrAÞ3
½1þðqakÞ2�−1: ð11Þ

Here we take ak ¼ 0.7 fm and obtain rA by equating the
rms radius for the distribution with the proton rms charge
radius:

hr2pi≡ hr2iKN ¼ 3

5
r2A þ 6a2k: ð12Þ

The proton rms charge radii for the target nuclei are shown
in Table I. The neutron rms radii are then taken to lie in the
range rprms ≤ rnrms ≤ rprms þ 0.3 fm for Ge, I, and Cs, whilst
for Ar the upper limit is taken to be rprms þ 0.2 fm.

C. Skyrme-Hartree-Fock distributions

To model the weak-charge distribution of the nucleus
more directly, we perform Skyrme-Hartree-Fock calcula-
tions to find the pointlike nucleon distributions within the
nucleus. The weak radius of the nucleus can then be
calculated from

R2
W ¼ 1

Qw
½ZQp

wðR2
pþr2w;pÞþðA−ZÞQn

wðR2
nþr2w;nÞ�; ð13Þ

where rw;p ¼ 1.545ð17Þ fm and rw;n ¼ 0.8434ð12Þ fm are
the weak radii of the proton and neutron, respectively. In
this equation we have dropped the flavor dependence for
visual clarity. We take it as understood that all charges and
radii are neutrino-flavor dependent and retain that depend-
ence in all calculations.
The nucleon densities were evaluated with the SkyAx

code [34] assuming axial symmetry for several para-
metrizations of the Skyrme functional, namely SkM�,
SLy6, SV-min, and UNEDF1 as defined in SkyAx.
Pairing correlations are treated at the BCS level with a

“density-dependent delta interaction” for SV-min and
SkM�, and with a “volume delta interaction” for SLy6
and UNEDF1. The final theoretical values of Rp;n are
obtained from the average of the results for each inter-
action, while the standard deviations are used to evaluate
the uncertainties. The full results for each interaction are
compiled in Appendix A (Table VI). From this we find the
average and standard deviation for each isotope and use it
to compute weak radii from Eq. (13). The results are
summarized in Table II.
For simplicity we then parametrize the distribution via

the symmetrized two-parameter Fermi model [35], which
has been shown to provide a reasonable fit to similar
calculations [30]. The Fermi distribution is defined by

ρðrÞ ¼ ρ0
sinhðc=aÞ

coshðr=aÞ þ coshðc=aÞ ; ð14Þ

where its two parameters c and a relate to the size and
thickness of the skin, respectively. The rms radius of this
distribution is

hr2i ¼ 3

5
c2 þ 7

5
π2a2; ð15Þ

and the normalization constant is

ρ0 ¼
3Qw

4πcðc2 þ π2a2Þ : ð16Þ

The (normalized) form factor is then

TABLE I. Experimental charge rms radii rprms values (in fm) for 40Ar, 70;72;73;74;76Ge, 127I, and 133Cs, from [33].

Ge

40Ar 70 72 73 74 76 127I 133Cs

rprms 3.4274(26) 4.0414(12) 4.0576(13) 4.0632(14) 4.0742(12) 4.0811(12) 4.7500(81) 4.8041(46)

TABLE II. Skyrme-Hartree-Fock predictions of rms pointlike
proton and neutron radii and the resulting predicted rms weak
radius (for νe).

Nucleus Rp (fm) Rn (fm) RW (fm)

40Ar 3.326 (25) 3.420 (17) 3.514 (17)
70Ge 3.930 (21) 3.986 (12) 4.065 (12)
72Ge 3.946 (20) 4.036 (12) 4.116 (12)
73Ge 3.954 (19) 4.059 (11) 4.140 (12)
74Ge 3.963 (18) 4.084 (10) 4.165 (11)
76Ge 3.993 (20) 4.143 (14) 4.224 (15)
127I 4.688 (14) 4.824 (9) 4.895 (10)
133Cs 4.750 (12) 4.887 (8) 4.957 (9)
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FFðqÞ ¼
3

qc

�
sinðqcÞ
ðqcÞ2

πqa
tanhðπqaÞ −

cosðqcÞ
qc

�

×
πqa

sinhðπqaÞ
1

1þ ðπa=cÞ2 : ð17Þ

Motivated by the results for the weak skin of calcium
and lead in [30], in this work we set a ¼ 0.55� 0.05 fm.
We then derive the parameter c by equating RW ¼ hr2i, i.e.,
Eq. (15) with Eq. (13).

III. DETAILED NUCLEAR TREATMENT

The formalism discussed thus far has been derived top-
down, dealing with the most dominant contributions of
neutrino-nucleus couplings. However, this does not sys-
tematically account for the nuclear effects stemming from
the neutrino coupling to both vector (spin-independent) and
axial-vector (spin-dependent) currents within the nucleus.

These effects are generally expected to be small and
therefore are typically ignored.
The full, bottom-up, calculation starts with the hadronic

currents within the nucleus and using effective field theory,
derives the Wilson coefficients for the nuclear couplings.
This task has been performed for the CEvNS process, in
full generality, in [18]. The resulting cross section is similar
to Eq. (3), with an additional term for the axial form factor:

dσA
dER

¼ G2
FmT

4π

�
1 −

mTER

2E2
ν

−
ER

Eν

�
Q2

wjFwðq2Þj2

þ G2
FmT

4π

�
1þmTER

2E2
ν

−
ER

Eν

�
FAðq2Þ: ð18Þ

However, the full nuclear form factor goes beyond the
density distributions discussed previously. The weak form
factor becomes

Fwðq2Þ ¼ 1

Qw

��
Qp

w

�
1þ hr2Eip

6
tþ 1

8m2
N
t

�
þQn

w
hr2Ein þ hr2E;siN

6
t

�
FM

p ðq2Þ

þ
�
Qn

w

�
1þ hr2Eip þ hr2E;siN

6
tþ 1

8m2
N
t

�
þQp

w
hr2Ein
6

t

�
FM

n ðq2Þ

−
Qp

wð1þ 2κpÞ þ 2Qn
wðκn þ κNs Þ

4m2
N

tFΦ00
p ðq2Þ −Qn

wð1þ 2κp þ 2κNs Þ þ 2Qp
wκn

4m2
N

tFΦ00
n ðq2Þ

�
; ð19Þ

where mN is the nucleon mass and the remaining constants
are provided in [18]. The weak form factor hence depends
on the coherent and semicoherent responses FM

N and FΦ00
N ,

respectively, where N ¼ fp; ng denotes protons and neu-
trons. The axial form factor is given by

FAðq2Þ ¼ 8π

2J þ 1
ððgs;NA Þ2ST00ðq2Þ − gAg

s;N
A ST01ðq2Þ

þ ðgAÞ2ST11ðq2ÞÞ; ð20Þ

where, in the isospin-basis, we have the spin structure

functions in terms of the nuclear responses F
Σ0
L

� ¼
F

Σ0
L

p � F
Σ0
L

n :

ST00 ¼
X
L

½FΣ0
Lþ ðq2Þ�2;

ST11 ¼
X
L

½½1þ δ0ðq2Þ�FΣ0
L− ðq2Þ�2;

ST01 ¼
X
L

2½1þ δ0ðq2Þ�FΣ0
Lþ ðq2ÞFΣ0

L− ðq2Þ: ð21Þ

The correction to the leading spin-dependent (SD)
coupling for the transverse SD response δ0ðq2Þ is given
in [18]. In this more-detailed treatment of the nucleus,

the full weak radius receives additional contributions
from spin-orbit effects and the strange electric-charge
distribution:

R2
w ¼ ZQp

w

Qw

�
R2
p þ hr2Eip þ

Qn
w

Qp
w
ðhr2Ein þ hr2E;siNÞ

�

þ NQn
w

Qw

�
R2
n þ hr2Eip þ hr2E;siN þQp

w

Qn
w
hr2Ein

�

þ 3

4m2
N
þ hr̃2iso; ð22Þ

where the spin-orbit contribution is given by

hr̃2iso ¼ −
3Qp

w

2m2
NQw

�
1þ 2κp þ 2

Qn
w

Qp
w
ðκn þ κNs Þ

�
FΦ00

p ð0Þ

−
3Qn

w

2m2
NQw

�
1þ 2κp þ 2κNs þ 2

Qp
w

Qn
w
κn
�
FΦ00

n ð0Þ:

ð23Þ

To make use of this formalism we need to calculate
the nuclear responses FM

N , F
Φ00
N , and FΣ0

N for our chosen
targets—for this we employ the nuclear shell model.
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A. Evaluating the nuclear responses

The nuclear responses originate from a multipole
decomposition of the lepton-nucleus amplitude, developed
in [36,37]. Here, they are defined as

jFX
Nðq2Þj2 ≡ 4π

2Ji þ 1

X
J¼0

hJijjXðNÞ
J jjJiihJijjXðNÞ

J jjJii;

jFΣ0
N ðq2Þj2 ≡

X
J¼1

hJijjΣ0ðNÞ
J jjJiihJijjΣ0ðNÞ

J jjJii; ð24Þ

where Ji is the nuclear ground state angular momentum,
and X ¼ fM;Φ00g and Σ0 are nuclear operators whose full
form is given in Appendix C.
The nature of these operators can be understood from

their long-wavelength (q → 0) limit (provided in Table III).
The M operator is spin independent (SI) and adds coher-
ently from all nucleons, giving rise to the standard coherent
enhancement of CEvNS. The Φ00 term in the q → 0 limit is
proportional to a spin-orbit operator, and is sensitive to
nucleon occupations of the spin-orbit partner levels. This
partially coherent operator is highest when one spin-orbit
partner is filled and the other is empty. The Σ0 operator is
spin dependent (SD), picking out the transverse projection
of the spin current. All nuclei have nonzero responses to the
M and Φ00 operators, while only odd nuclei with a Ji ≠ 0
ground state have a nonzero Σ0 response.
Using the Wigner-Eckhart theorem, the nuclear matrix

elements in Eq. (24) can be reduced in angular momentum
and isospin, giving

hJi;TMT jj
XA
m¼1

ÔJ;τðqx⃗mÞjjJi;TMTi ¼ ð−1ÞT−MT

×

�
T τ T

−MT 0 MT

��
Ji;T

..

...
.XA
m¼1

ÔJ;τðqx⃗mÞ..
...
.
Ji;T

�
: ð25Þ

Here, ÔJ;τ signify the nuclear operators, with ÔJ;τ ¼ ÔJτ
τ
3

and τ3 being the nucleon isospin operator (τ ¼ f0; 1g). The
isospin-independent (dependent) component is given by the
τ ¼ 0 (τ ¼ 1) term.
This can then be written as a product of single-nucleon

matrix elements and one-body density matrix elements

(OBDMEs) ΨJ;τ
jαj;jβj in the harmonic oscillator basis [39]:

hJi;TMT jj
XA
m¼1

ÔJ;τðqx⃗mÞjjJi;TMTi ¼ ð−1ÞT−MT

×

�
T τ T

−MT 0 MT

�X
jαj;jβj

ΨJ;τ
jαj;jβjhjαj..

...
.
ÔJ;τðqx⃗Þ..

...
.jβji: ð26Þ

These OBDMEs hold all the nuclear structure information
for any nucleus of interest, and can be conveniently
calculated using the nuclear shell model. The harmonic-
oscillator states for single nucleons, α and β, are defined by
the quantum numbers β ¼ fnβ; lβ; jβ; mjβ ; mtβg, with the
reduced state notation jβj ¼ fnβ; lβ; jβg. The nucleon
isospin state tβ ¼ tα ¼ 1=2 is implicit in the notation.
The nuclear isospin is denoted by T and its projection

MT . The notation ..
...
.
denotes a matrix element reduced in

both angular momentum and isospin. The explicit form of
the reduced matrix elements is given in Appendix C. The
OBDMEs are found via

ΨJ;τ
jαj;jβj ≡

hJi;T..
...
.½a†jαj ⊗ ãjβj�J;τ

..

...
.
Ji;Tiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2J þ 1Þð2τ þ 1Þp ; ð27Þ

where ãjβj ¼ ð−1Þjβ−mjβ
þ1=2−mtβajβj;−mjβ

;−mtβ
and⊗ denotes

a tensor product. This basis gives response functions of the
form e−2ypðyÞ, where pðyÞ is a polynomial of the dimen-
sionless parameter y ¼ ðqb=2Þ2 and b ¼ 1=

ffiffiffiffiffiffiffiffiffiffi
mNω

p ≈ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
41.467=ð45A−1=3 − 25A−2=3Þ

p
fm is the harmonic oscil-

lator length parameter with ω as the oscillator frequency.

B. Form factors from shell model calculations

Large-scale nuclear shell model calculations were per-
formed using NuShellX [40], which can produce level
energies, wave functions, and spectroscopic overlaps for
a wide range of nuclei. The program’s inputs include the
relevant valence space for the nucleus of interest—which
constitutes a set of nucleon orbits/levels above a completely
filled nuclear core—as well as its corresponding list of two-
body interactions. Each set of two-body interactions, also

TABLE III. Leading order terms of the nuclear operators in the long-wavelength limit q → 0 [38].

Response type Leading multipole Long-wavelength limit

MJM: charge M00ðqx⃗mÞ 1ffiffiffiffi
4π

p 1ðmÞ
Tel5
JM: axial transverse electric Σ0

1Mðqx⃗mÞ 1ffiffiffiffi
6π

p σ1MðmÞ
LJM: longitudinal

q
mN

Φ00
00ðqx⃗mÞ − q

3mN

ffiffiffiffi
4π

p σ⃗ðmÞ:⃗lðmÞ
q
mN

Φ00
2Mðqx⃗mÞ − q

mN

1ffiffiffiffiffiffi
30π

p
�
xm ⊗

�
σ⃗ðmÞ × ∇!

i

�
1

�
2M
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referred to as the “interaction,” is fitted to selected
experimental nuclear data. The contemporary approach
is to derive the interactions from the nucleon-nucleon
interaction using effective field theory. The interactions
are then fine-tuned by fitting a limited number of param-
eters to a body of nuclear data—usually excitation energies
in a range of nuclei relevant to the valence space. The
aforementioned OBDMEs are extracted for the valence
space levels, with the values dependent on the particular
shell model interactions used.
In this work we explore a variety of shell model

interactions and truncations for our chosen targets: 40Ar,
70;72;73;74;76Ge, 127I, and 133Cs. Details of the shell model
calculations, as well as comparisons with experimental
nuclear structure data can be found in Ref. [41] and in
Appendix B. The resulting OBDMEs are then used to
compute the nuclear responses with the Mathematica pack-
age described in [42]. The form factors for each of the
nuclear responses M, Φ00, and Σ0 are plotted as functions of
q in Appendix D. Analytic expressions of the form factors
for 40Ar, 70;72;73;74;76Ge, and 127I are provided in [41], while
those for 133Cs are provided in Appendix D 5. For com-
parison with our SHF calculations, the form factors are used

to derive point-proton, point-neutron, and weak radii for all
isotopes, and are given in Table VII of Appendix A.
The shell model derived weak form factors are shown in

Fig. 1, compared to the form factors based on the charge
distribution and SHF calculations. The uncertainty band
denotes the range of values obtained given the different shell
model interactions. The shell model results for each isotope
show good agreement with each other (low overall uncer-
tainty) and fall within the large uncertainty band of the form
factors derived from the charge distribution. They are also
generally in very good agreement with the SHF form factors
within the experimentally relevant regions of interest (i.e.,
the momentum transfer, q, which corresponds to observable
nuclear recoils in the COHERENT detectors). The axial
form factors for each target and interaction are shown in
Fig. 2. The germanium and cesium axial form factors
exhibit good agreement across the different interactions,
while iodine has more disparate results. However, inspect-
ing Eq. (18) and Figs. 1 and 2, we see that the axial term is a
factor of (at least) 103 smaller than the spin independent
term, and is thus a subdominant contribution. This leads us
to conclude that the axial form factor uncertainty will be a
negligible contribution to the total uncertainty.
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FIG. 2. Spin-dependent form factors relevant to CEvNS for the three Ji ≠ 0 targets we consider. The curves denote the different shell
model interactions as described in Appendix B.
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FIG. 1. Spin-independent weak form factors for CEvNS in the four targets relevant to current experiments. Bands show the error due to
uncertainties in the neutron distribution (Charge) and from using different nuclear structure models (SHF and Shell model). The arrows
indicate the COHERENT regions of interest (ROI).
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IV. EXPERIMENTAL OBSERVABLES

To date, CEvNS has been observed by the COHERENT
collaboration using the stopped pion source of neutrinos
from the SNS, with both cesium-iodide [43] and argon [2]
detector targets. Presently, COHERENT have deployed a
germanium detector which has observed a small excess of
events, with statistical significance of 3.9σ [3]. There are
also experiments aiming to measure CEvNS from reactor
neutrinos, including CONUS [44], RICOCHET [45], and
NUCLEUS [46]. The momentum transfer from reactor
neutrinos is very small and thus the form factor has little
effect on the total cross section. Therefore we choose to
focus the present analysis on the cesium-iodide, argon, and
germanium targets of COHERENT and leave reactor based
experiments to a future work.

A. Flux-averaged cross sections

First, we calculate the flux-averaged cross sections, by
performing a weighted average of the cross sections over
the three incoming neutrino flavor spectra and the isotopes
in the target:

hσiΦ ¼
Z

dEν
dϕ
dEν

Z
dER

dσ
dER

: ð28Þ

Here the neutrino spectra, dϕ
dEν

, are normalized to unity. For
this calculation we use the neutrino spectra provided in
Ref. [47], which were derived from detailed GEANT4

simulations of the proton beam colliding in the mercury
spallation target. The KN and SHF models are calculated
using Eq. (4), while the shell model result uses the full cross
section in Eq. (18).
The uncertainties in our cross section calculations are

determined from two sources: the form factors and the
nucleon charges. We neglect uncertainties in the modeling
of the neutrino spectra, which are unavailable, but note that
errors in the spectra should affect all of the compared cross
sections approximately the same. The form factor uncer-
tainties are found by computing the flux averaged cross
section with our two extremal form factors for each model
(i.e., the upper and lower limits of the bands shown in
Fig. 1). The central value and uncertainty are then taken as
ðσmax þ σminÞ=2 and ðσmax − σminÞ=2, respectively. The
uncertainty in the nuclear weak charge is propagated from
the values for the nucleon charges given in Eq. (5) (taken
from [25]). The total uncertainty is determined by summing
the two sources in quadrature. We find that for our shell
model and SHF calculations, the form factor uncertainties
are subdominant to the nuclear charge uncertainties, with
the latter contributing ∼0.3%.
Figure 3 shows the main result of this work: the flux-

averaged cross sections for argon, germanium, and cesium
iodide, calculated using our three approaches. These results
are compared with COHERENT’s theoretical prediction

(in black) and experimental result (black dashed, with gray
area showing the uncertainty band), from [2,43]. In the case
of germanium, our prediction can be used to compare with
future COHERENT results, when they become available.
The results are also provided numerically in Table IV.
The argon cross sections are all in very close agreement

with each other, and are slightly larger than the
COHERENT prediction, but given the uncertainties, is
still in reasonable agreement. Our SHF and shell model
results have a much smaller uncertainty band than the
COHERENT prediction and their concordance suggests the
result is also accurate. The cesium-iodide cross sections are
also in good agreement with the COHERENT prediction,
falling within the uncertainty band, but again, ours have
much smaller uncertainties.
For germanium and cesium iodide, the shell model cross

section is smaller than the SHF cross section, with both
lying within the uncertainty band of the charge-derived
result. There are several potential sources for this differ-
ence. First, cesium-133, iodine-127, and germanium-73 are
odd nuclei and thus the cross section receives a contribution

FIG. 3. Theoretical predictions of SNS-flux averaged cross
sections for the three targets considered in this work. Shown are
our main results using the shell model and Skyrme-Hartree-Fock
(SHF) and comparisons with the Klein-Nystrand form factor
(using electric charge radii) and COHERENT’s prediction. Also
shown is COHERENT’s experimental result (black dashed, with
gray region showing uncertainty), and a potential future meas-
urement with 5% error (purple hatched).
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from the axial current. However, in the previous section we
found that the axial nuclear form factor, FA, is small.
Second, our shell model result includes the nuclear spin-
orbit response, FΦ00

; however, this enters the cross section
∝ q2, and thus, is also small.
To investigate the size of the contributions from the

additional nuclear responses, we computed the cross
sections using only the shell model derived FM nuclear
form factors. For argon, cesium iodide, and germanium, we
found that including the axial and spin-orbit terms reduces
the flux-averaged cross section by 0.05%, 0.05%, and
0.08%, respectively, well below our margin of error. This
shows that the additional nuclear responses have very little
effect on the cross section and can thus be neglected at the
< 0.1% level of precision.
We therefore conclude that the difference between the

SHF and shell model cross sections is due to the FM
response. This can be seen visually in Fig. 1, where the
argon form factor is the same, while the germanium and
iodine (but not cesium) shell model form factors decrease
faster than the SHF ones. Note, while Fig. 1 only displays
the result for germanium-73, the results are very similar for
the other isotopes.
Figure 3 also shows a potential future experimental

measurement of the flux averaged cross section with a total
error of 5% (purple hatched area). We chose this level of
error to represent what should be attainable in the coming
years with additional statistics and reduced systematic
uncertainties. Importantly, measurements of the SNS flux
with a D2O detector are expected to reduce flux uncer-
tainties to 2%–3% [17]. For presentation purposes, we have
assumed the same mean experimental measurement of hσiΦ
and simply reduced the errors. This highlights the impor-
tance of our results for increasing the sensitivity of
COHERENT to potential new-physics signals. Taking
CsI as an example, if such a precise experimental meas-
urement were made [i.e., hσiΦ ¼ ð165� 8Þ × 10−40 cm2],
the existing predictions would be merely in 2σ tension with
this result, while our prediction would be in tension at
greater than 5σ.
We note that one must be cautious when interpreting

deviations of experimental results from predictions. The
experimentally determined flux-averaged cross section is
typically calculated assuming a theoretical form of the

cross section (e.g., through the calculation of an average
efficiency factor). Where the energy dependence of the
assumed cross section differs from the one used to produce
a prediction, a fair comparison cannot be made. While this
effect is likely small, for a direct comparison with the
experimental results, we now compute the predicted num-
ber of events for the given experimental runs.

B. Experimental event counts

The differential scattering rate of neutrinos from nuclei,
per target and incoming neutrino, is found by integrating
over the incoming neutrino spectra and summing them:

dR
dER

¼
X
i

Z
Emin
ν

dEν
dϕ
dEν

dσTνi
dER

: ð29Þ

Here, the neutrino flux is integrated from the minimum
neutrino energy that can induce a recoil of energy ER:

Emin
ν ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
ERmT

2

r
: ð30Þ

To go from the raw scattering rate to the expected number
of counts in an experiment, we follow the recipes provided
by the COHERENT collaboration in Refs. [47,48]. The total
number of detected CEvNS events is found by integrating
over the detected energy taking into account the quenching
of nuclear recoils, detector resolution effects, and the energy
dependent detection efficiency. For the cesium-iodide
detector this is

NCsI
events ¼ NTΦ

Z
dPEϵðPEÞ

×
Z

dERPðPEjERÞ
dR
dEν

; ð31Þ

while for the argon detector it is

NAr
events ¼ NTΦ

Z
dEeeϵðEeeÞ

×
Z

dERPðEeejERÞ
dR
dEν

: ð32Þ

TABLE IV. Our CEvNS cross section predictions, compared with COHERENT’s predictions and measurements
(in units of 10−40 cm2).

COHERENT

Target Charge SHF Shell model Prediction Experimental

Ar 18.65 (22) 18.68 (6) 18.64 (5) 18.0 (4) 23(7)
Ge 59(1) 59.8 (2) 59.2 (2) � � � � � �
CsI 189(4) 189.3 (5) 186.3 (5) 189(6) 165(30)
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Here PE is the detected photoelectrons,NT is the number of
targets in the detector, and Φ is total number of neutrinos,
per flavor, expected at the detector. The latter is computed as
Φ ¼ POTfπ

4πd2 , where POT is the total number of protons on
target, fπ is the average number of pions produced per POT,
and d is the distance of the detector from the beam dump.
The values for the experimental parameters are summarized
in Table V.
The resulting expected counts for the two detectors’ runs

are shown in Fig. 4. The uncertainty in the number of
counts is determined from two sources: the uncertainty in
the cross section (calculated as above), and from the
experimental systematic uncertainty (which is dominated
by the 10% uncertainty in the total neutrino flux, but also
includes detector effects such as efficiency cuts and
quenching factors). We take our systematic uncertainty
from COHERENT’s analyses (not including their theoreti-
cal uncertainties): 13% for argon and 12% for cesium
iodide [2,43].
Overall we find good agreement with COHERENT’s

results, with all predictions well within the errors for both
COHERENT’s predictions and experimental results.
However, without knowledge of their exact theoretical cross
section, it is difficult to reproduce their result precisely. In

this instance the result obtained using the form factor
derived from the electric-charge distribution provides a
useful benchmark to compare against. For the cesium-iodide
detector our predictions were systematically larger, but shell
model results were comparatively lower than from the
electric-charge distribution form factors. This is likely
due to the slightly larger charge radius predicted from
the shell model, which causes coherence to be lost to a
greater extent (for a given momentum transfer). For the
argon detector our result is systematically lower than
COHERENT’s prediction, in contrast to our increased cross
section prediction. As with the argon cross sections, the
different form factors all produce very similar results
because argon-40 is an even-even nucleus.
It is worth noting that the reduction in the theoretical

uncertainty achieved for our cross section predictions has
essentially no effect on the total uncertainty of our event
rate predictions, since they are dominated by the systematic
uncertainty in the total neutrino flux.

V. CONCLUSION

In this work we have computed precise flux-averaged
cross section predictions for the CEvNS experiments being
carried out by the COHERENT collaboration using argon,
germanium, and cesium-iodide targets. These predictions
were made using both Skyme-Hartree-Fock calculations of
weak radii, and shell model calculations of nuclear structure
factors. These were compared with an empirically derived
cross section prediction based on charge-radius measure-
ments. We find that our calculated weak radii and FM
nuclear responses showed reasonable agreement between
the two methods and the charge radii data. While the shell
model results included additional nuclear effects such as
from spin-orbit coupling and axial currents, they were not
found to alter the predictions significantly. We observe a
small difference between the SHF and shell model calcu-
lations, where the latter gives a slightly smaller cross section
for germanium and iodine targets. Given that spin-orbit and
axial effects are negligible, we conclude that this difference
is entirely driven by the density distribution.
These results are in broad agreement with prior work, but

have substantially smaller theoretical errors, even after
accounting for the systematic difference between our SHF
and shell model results. In the case of CsI, the difference
between our SHF and shell model results is a factor of 2
times smaller than COHERENT’s prediction. Further work
should be done to understand the origin of this discrepancy
and implement more advanced uncertainty estimates.
Future advances on the experimental side will both reduce
the uncertainty on the neutrino flux and increase the
number of detected CEvNS events, reducing statistical
errors. Combined with these future advancements, our
results will pave the way for CEvNS to serve as a precision
test of the Standard Model.

TABLE V. Parameters for the COHERENT experimental runs
that we considered in this work.

Target Mass (kg) Distance (m) POT hπ=POTi
Ar 24.4 27.5 1.38 × 1023 0.09
CsI 14.6 19.3 3.20 × 1023 0.0848
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FIG. 4. Total event count predictions for the COHERENT
experiment’s argon and cesium-iodide detectors, using our three
cross section calculations. Also shown is COHERENT’s theo-
retical prediction and experimental result.
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APPENDIX A: POINTLIKE NUCLEON
DISTRIBUTIONS

Full results for the pointlike distribution of nucleons in
each nuclear target are given in Tables VI and VII. The SHF
results were used to construct Fermi-form factors for the
weak-charge distribution. The shell model results are given
for comparison only and are not used for any subsequent

calculations. The shell model point-nucleon radii were
calculated using

R2
p ¼ −

6

Z

dFM
p ðq2Þ
dq2

				
q2¼0

; ðA1Þ

with an equivalent form for the neutrons.

APPENDIX B: DETAILS OF THE SHELL
MODEL CALCULATIONS AND COMPARISON

WITH EXPERIMENT

Here we provide further details of the shell model
calculations, including valence spaces and potential trun-
cations, and nuclear interactions. We also compare exper-
imental nuclear observables to the theoretical shell model
values, namely the nuclear energy levels, as well as the
magnetic dipole and electric quadrupole moments and

TABLE VI. Skyrme-Hartree-Fock predictions of root-mean-
square pointlike proton, neutron, and weak radii.

Nucleus Interaction Rp (fm) Rn (fm) Rw (fm)

40Ar SkM� 3.356 3.445 3.539
SLy6 3.330 3.412 3.507
SV-min 3.321 3.418 3.513
UNEDF1 3.296 3.407 3.503

70Ge SkM� 3.949 4.003 4.083
SLy6 3.944 3.988 4.068
SV-min 3.922 3.980 4.061
UNEDF1 3.904 3.975 4.057

72Ge SkM� 3.965 4.053 4.134
SLy6 3.959 4.031 4.112
SV-min 3.940 4.031 4.113
UNEDF1 3.922 4.028 4.111

73Ge SkM� 3.973 4.077 4.159
SLy6 3.965 4.054 4.135
SV-min 3.947 4.054 4.136
UNEDF1 3.931 4.053 4.136

74Ge SkM� 3.980 4.099 4.181
SLy6 3.976 4.081 4.163
SV-min 3.955 4.077 4.160
UNEDF1 3.941 4.078 4.161

76Ge SkM� 4.016 4.163 4.245
SLy6 4.004 4.138 4.220
SV-min 3.978 4.129 4.212
UNEDF1 3.975 4.140 4.223

127I SkM� 4.702 4.836 4.907
SLy6 4.698 4.824 4.895
SV-min 4.676 4.814 4.886
UNEDF1 4.676 4.822 4.894

133Cs SkM� 4.763 4.898 4.969
SLy6 4.759 4.885 4.955
SV-min 4.739 4.878 4.949
UNEDF1 4.740 4.887 4.958

TABLE VII. Shell model predictions of the point-proton,
point-neutron, and weak radii, using the various shell model
calculations for each of the isotopes considered. GCN5082*
and SN100PN* refer to GCN5082 expanded and SN100PN
expanded, respectively.

Nucleus Interaction Rp (fm) Rn (fm) Rw (fm)

40Ar SDPF-NR 3.32852 3.43528 3.53293
SDPF-U 3.32852 3.43528 3.53282
SDPF-MU 3.32851 3.43528 3.53243
EPQQM 3.32851 3.43528 3.53348

70Ge GCN2850 3.95524 4.05401 4.13886
JUN45 3.95843 4.05818 4.14331
jj44b 3.95963 4.07061 4.15307

72Ge GCN2850 3.97233 4.07882 4.16942
JUN45 3.97412 4.11049 4.19586
jj44b 3.97457 4.12156 4.20457

73Ge GCN2850 3.97979 4.11144 4.20019
JUN45 3.98047 4.13135 4.21644
jj44b 3.97981 4.14185 4.22461

74Ge GCN2850 3.98664 4.14437 4.23118
JUN45 3.98951 4.16453 4.24903
jj44b 3.98955 4.17113 4.25434

76Ge GCN2850 4.00136 4.20041 4.28574
JUN45 4.00456 4.21257 4.29678
jj44b 4.00422 4.21636 4.29966

127I B&D 4.6651 4.89861 4.97959
SN100PN 4.66554 4.92354 4.99969

Trun. SN100PN 4.66559 4.92575 5.00184
GCN5082 4.66544 4.91281 4.98982
GCN5082* 4.66425 4.91304 4.98979

133Cs SN100PN 4.72559 4.99394 5.06814
SN100PN* 4.7252 4.99335 5.06752
GCN5082 4.72545 4.99188 5.06646
GCN5082* 4.72493 4.99011 5.06455
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transitions. For each of these observables, we provide the
values for 40Ar, 70;72;74;76Ge, and 133Cs below, whilst the
73Ge and 127I comparisons can be found in Ref. [41].
Information on the ground state is most important for

comparison with theoretical values, as it is used in the
scattering calculations here. However, as the ground
state of even-even nuclei is 0þ, the magnetic dipole and
electric quadrupole moment values are identically zero.
Nevertheless, we employ the next nonzero state (2þ1 ),
which can give an indication of the overall accuracy of the
calculation through information on the spectrum beyond
the ground state.

1. 40Ar
40Ar shell model calculations were performed in

Ref. [41] with the sdpf valence space, which constitutes
single particle levels 1d5=2, 2s1=2, 1d3=2, 1f7=2, 2p3=2,

1f5=2, and 2p1=2, and assuming a 16O core. The valence
space truncation employed consisted of an unrestricted sd
shell and an empty pf shell for the protons, and a full sd
shell with an unrestricted pf shell for the neutrons.
Four shell model interactions were used: SDPF-NR [49],
SDPF-U [50], EPQQM [51], and SDPF-MU [52].
The 40Ar theoretical energy levels are plotted against the

experimental values in Fig. 5. The first two theoretical
energy levels for all interactions are consistent with experi-
ment within ∼200 keV, except for SDPF-MU which is
within∼400 keV from experiment for the 2þ1 state. Overall,
the energy spectrum of the EPQQM interaction is least
consistent with the other shell model calculations and with
experiment, with the spectrum being much more sparse and
spread out in the level spacings. Note that all calculations
miss the first-excited 0þ state, which is due to a collective
multiparticle-multihole excitation outside the valence space
and will be remarked upon further in the following
comparison with electromagnetic observables.
The magnetic dipole and electric quadrupole moments

and transitions are presented in Table VIII, where the
effective g factors and charges employed take on values of
ep ¼ 1.5, en ¼ 0.5, gsp ¼ 5.586, gsn ¼ −3.826, glp ¼ 1,
and gln ¼ 0. It is found that the shell model moments are
not consistent with experimental values, and most exper-
imental transitions are poorly reproduced as well.
The reason for the failure of the shell model for the case

of 40Ar is understood: the assumption that 40Ca is an inert
core is not justified. Its ground state is near spherical, as
assumed in the shell model, but it has low-excitation
deformed states formed by exciting pairs of protons and
neutrons across the shell gaps at N ¼ 20 and Z ¼ 20. This
leads to mixing between the spherical shell model states
and the deformed states in nuclei like 40Ar. The case of
42Ca, an isotone of 40Ar, is best studied, as has recently been
reviewed by Stuchbery and Wood [56]. They infer that the
first 2þ state of 42Ca is about 50% due to the spherical shell
model configuration. The ground state is about 65% of the
shell model configuration. Similar mixing is present in
40Ar. Thus, the shell model calculations performed here are

TABLE VIII. Magnetic dipole and electric quadrupole moments, and electric quadrupole [B(E2)] and magnetic dipole [B(M1)]
transitions, between low-lying states of 40Ar. Experimental transition values are from [53], while moments are taken from [54,55].

Q [e fm2] μ [n.m.]

State SDPF-NR SDPF-U SDPF-MU EPQQM Experimental SDPF-NR SDPF-U SDPF-MU EPQQM Experimental

2þ1 8.30 9.01 10.59 −0.27 þ1ð4Þ −0.401 −0.456 −0.741 0.103 −0.04ð6Þ
B(E2) [e2 fm4] B(M1) [nm2]

2þ1 → 0þgs 50.31 48.86 46.33 59.58 73.13 (325)
2þ2 → 0þgs 8.024 10.40 7.671 7.294 9.670 (1463)
0þ2 → 2þ1 6.980 14.50 14.68 0.03158 43.07 (650)
2þ2 → 2þ1 23.76 17.83 28.13 60.55 146.26 (4063) 0.2710 0.3055 0.2952 0.1203 0.06623 (1074)
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FIG. 5. Experimental energy levels (keV) for 40Ar are plotted
up to 4000 keVand are compared with levels from the SDPF-NR,
SDPF-U, SDPF-MU, and EPQQM shell model calculations.
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limited by the presence of configuration mixing well
beyond the usual valence space.

2. 70;72;73;74;76Ge

The germanium stable isotopes were studied in the
unrestricted f5pg9 model space (2p3=2, 1f5=2, 2p1=2, and
1g9=2 single-particle levels) with the JUN45 [57] and jj44b
[58] shell model interactions in Ref. [41]. In addition, the
GCN2850 interaction [59] was used in Refs. [38,42] with a
valence space truncation that consisted of limiting the
occupation number of the 1g9=2 level to no more than two
nucleons above the minimum occupation for all isotopes.
The experimental energy spectra are plotted against

JUN45 and jj44b results for the even isotopes in Fig. 6.
In the cases of 70;72;74Ge, the low-lying experimental
spectra are a little better reproduced by the JUN45

interaction, which, unlike jj44b, was fitted to the Ge
isotopes in consideration. The shell model spectra for
76Ge are practically identical to one another up to
∼1.9 MeV. An agreement between theoretical and exper-
imental levels of ∼200 keV would be considered satisfac-
tory for such shell model calculations using heavier nuclei,
however this agreement exists only for some levels of the
even isotopes. See also [41] for 73Ge results, where the
theoretical spectra were found to be inconsistent with
another, and not particularly consistent with experiment.
The experimental and theoretical magnetic dipole and

electric quadrupole moments and transitions are provided
for the even isotopes in Tables IX and X. For the magnetic
dipole moments of the even isotopes, the experimental 2þ1
and 4þ1 states are well reproduced by both shell model
interactions, whereas the jj44b value of the 2þ2 state is
consistently closer to experiment compared to JUN45. Note
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FIG. 6. Experimental energy levels (keV) for germanium isotopes are plotted up to 2500 keV (70Ge), 2100 keV (72Ge), 2165 keV
(74Ge), and 2200 keV (76Ge), and compared with levels from shell model calculations using the JUN45 and jj44b interactions.
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that the compiler, Stone [54], has increased the uncertain-
ties on the magnetic moments of the 2þ1 states reported by
McCormick et al. [60] based on their statement that the
absolute scale of the moments remains uncertain on the
level of 20%. The 2þ1 electric quadrupole moment is quite
inconsistent with the experimental values for 70;72;74Ge,
where only the jj44b 76Ge value lies within the experi-
mental range. Such discrepancies are not uncommon in
medium-mass and heavy nuclei: the shell model is better
equipped to describe single-nucleon features of the wave
function than collective features like the shape of the charge
distribution.

3. 127I

Shell model calculations for 127I were performed in
Ref. [41] in the model space which includes all proton
and neutron orbits in the major shell between magic
numbers 50 and 82, with single particle levels 1g7=2,
2d5=2, 2d3=2, 3s1=2, and 1h11=2, and with the SN100PN
[66] and GCN5082 [59] interactions. The model space
restrictions are described in Ref. [41], with the four different
calculations given the names “SN100PN” and “GCN5082”
(which share the same truncation), as well as “truncated
SN100PN” (with a more truncated scheme), and GCN5082

expanded (with an alternative truncation to GCN5082). The
valence space restriction employed in Refs. [38,42] with the
Baldridge and Dalton (B&D) interaction [67] involves
fixing the occupation number of 1h11=2 to the minimum
allowed nucleon number. See Ref. [41] for a comparison
between shell model predictions and experimental nuclear
structure data.

4. 133Cs

Here, we consider the same valence space and shell
model interactions (SN100PN and GCN5082) as 127I. We
have performed four calculations for 133Cs, two of which
employ the same truncations as the SN100PN and
GCN5082 calculations for 127I (and are given the same
names here). In order to investigate the sensitivity of the
shell model predictions to the truncation scheme, we
consider two additional calculations, one each for the
SN100PN and GCN5082 interactions, where the neutron
2d5=2 level now has a minimum of four neutrons (as
opposed to previously being completely filled), with the
remainder of the proton and neutrons levels retaining the
previous truncations. This is to explore the effect of a less
truncated valence space on the final results. These two

TABLE IX. Magnetic dipole and electric quadrupole moments for low-lying states of 70;72;74;76Ge. Experimental moments are taken
from [54,55,60,61].

70Ge 72Ge

Q [e fm2] μ [n.m.] Q [e fm2] μ [n.m.]

State JUN45 jj44b Experimental JUN45 jj44b Experimental JUN45 jj44b Experimental JUN45 jj44b Experimental

2þ1 þ14.32 þ21.35 þ3ð6Þ þ0.72 þ0.59 þ0.64ð10Þ þ18.30 þ15.70 −13ð6Þ þ0.62 þ0.52 þ0.56ð8Þ
2þ2 −18.63 −21.70 þ1.3 þ1.1 þ1.0ð4Þ −19.09 −16.14 þ1.4 þ1.0 þ0.5ð3Þ
4þ1 þ4.03 þ6.48 þ1.32 þ1.12 þ0.88ð124Þ þ13.53 þ5.98 þ1.12 þ0.67 þ1.0ð3Þ

74Ge 76Ge

2þ1 þ16.99 −7.22 −19ð2Þ þ0.59 þ0.61 þ0.56ð8Þ þ2.99 −18.81 −19ð6Þ þ0.737 þ0.596 þ0.53ð8Þ
2þ2 −16.13 þ6.67 −26ð6Þ þ1.25 þ0.96 þ0.75ð15Þ −0.72 þ20.20 þ1.16 þ1.07 þ0.64ð10Þ
4þ1 þ16.89 −10.15 þ0.81 þ0.91 þ1.3ð4Þ −0.76 −18.06 þ1.20 þ0.87 þ0.8ð6Þ

TABLE X. Electric quadrupole [B(E2)] transitions between low-lying states of 70;72;74;76Ge. Experimental transitions are taken
from [62–65].

70Ge 72Ge 74Ge 76Ge

B(E2) [e2 fm4] B(E2) [e2 fm4] B(E2) [e2 fm4] B(E2) [e2 fm4]

Transition JUN45 jj44b Experimental JUN45 jj44b Experimental JUN45 jj44b Experimental JUN45 jj44b Experimental

2þ1 → 0þgs 437.3 602.4 356.4 (69) 462.6 632.0 418.1 (71) 542.8 648.3 609.0 (74) 544.8 608.0 550.9 (40)
0þ2 → 2þ1 475.9 104.7 822.5 (1199)
2þ2 → 0þgs 16.80 41.54 8.57 (137) 30.22 35.65 2.31 ( þ32

−43 ) 35.88 2.897 13.1 (20) 11.53 0.4896 14.2 ( þ15
−13 )

2þ1 → 0þ2 116.0 25.3 316.7 (53)
4þ1 → 2þ1 772.7 885.4 756.6 (554) 738.3 809.7 698.0 (153)
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additional calculations are termed “SN100PN expanded”
and “GCN5082 expanded.”
The experimental energy spectra are plotted against the

theoretical values for all of the above calculations in Fig. 7.
Only the SN100PN result reproduces the correct ground
state spin and parity of 7=2þ, however all four calculations

reproduce the correct spins and parities of the three lowest-
lying states within 200 keV of experiment. For both shell
model interactions, using a less truncated valence space
causes the spacing of the levels to widen compared to the
original calculations, generally pushing the spectrum fur-
ther up. This is likely due to the opening up of the 2d5=2
level in these calculations, which increases pairing corre-
lations in the ground state of the even-even configuration
space that remains with the odd nucleon removed.
The experimental and theoretical magnetic dipole and

electric quadrupole moments and transitions are provided
in Tables XI and XII. The proton and neutron effective
charges and g factors employed here are the same as those
used in Ref. [41] for 127I. The experimental magnetic
dipole moments are much better reproduced by the shell
model calculations compared to the electric quadrupole
ones. The experimental electric quadrupole transitions are
only reproduced within the uncertainty margins by the
GCN5082 calculation, specifically for transitions from the
5=2þ1 and 3=2þ1 states to the ground state. On the other
hand, the theoretical magnetic dipole transition values are
not consistent with experiment. However, the important
test of the shell model wave function is the magnetic dipole
moment, which is sensitive to the wave function of the
single state, and to the single nucleon structure of the state,
rather than to emerging collective properties, which affect
the E2 transition rates and the quadrupole moments. The
magnetic dipole transitions are suppressed among the
dominant low-excitation configurations, as is evident from

FIG. 7. Experimental energy levels (keV) are plotted up to
750 keV for 133Cs, compared with levels from SN100PN and
GCN5082 shell model calculations for two different valence
space truncations (No. 2 indicates “expanded” truncations).

TABLE XI. Magnetic dipole and electric quadrupole moments for low-lying states of 133Cs. Experimental moments are taken
from [54,55,68,69]. “No. 2” refers to the expanded truncation schemes.

Q [e fm2] μ [n.m.]

State SN100PN No. 2 GCN5082 No. 2 Experimental SN100PN No. 2 GCN5082 No. 2 Experimental

7=2þgs −14.11 −13.28 −18.71 −17.13 −0.343ð10Þ 2.6649 2.6880 2.6715 2.7222 þ2.5778ð14Þ
5=2þ1 −66.40 −67.47 −63.36 −60.36 −22ð5Þa 3.54 3.62 3.36 3.50 þ3.45ð2Þ
5=2þ2 2.22 2.19 2.38 2.33 þ2.25ð15Þ

aFrom [69]. A different value, without sign, is given in Ref. [55].

TABLE XII. Electric quadrupole [B(E2)] and magnetic dipole [B(M1)] transitions between low-lying states of 133Cs. Experimental
transition values are taken from [70]. No. 2 refers to the expanded truncation schemes.

B(E2) [e2 fm4]

Transition SN100PN No. 2 GCN5082 No. 2 Experimental

5=2þ1 → 7=2þgs 178.7 155.2 242.8 177.2 233.9 (161)
5=2þ2 → 7=2þgs 1772 1863 1715 1752 1153.3 (726)
3=2þ1 → 7=2þgs 1005 733.5 525.5 217.6 483.9 (1210)

B(M1) [nm2]

5=2þ1 → 7=2þgs 0.000006111 0.00008033 0.0003863 0.0001393 0.00426 (4)
5=2þ2 → 7=2þgs 0.01032 0.004174 0.01096 0.004590 0.00226 (14)
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their small values, and so become very sensitive to small components in the wave function that are not of interest here.
Despite the lack of agreement for some observables, the present shell model calculations can be trusted to include the
important single-particle configurations in the ground-state wave function.

APPENDIX C: EFT/NUCLEAR OPERATORS

The nuclear operators employed in Eq. (24) have the form

MJMðqx⃗Þ≡ jJðqxÞYJMðΩxÞ;

Σ0
JMðqx⃗Þ≡ −i

�∇!
q
× M⃗M
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where M⃗M
JL ≡ jLðqxÞY⃗JLM, ½J� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

p
, and σ⃗N is the nucleon spin operator. Here, jJðqxÞ is the spherical Bessel

function, YJM is the spherical harmonic, and Y⃗JLM is the vector spherical harmonic.
The Wigner-Eckart theorem has been used to express matrix elements in reduced form, using the convention
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The one-nucleon matrix elements in Eq. (25) have analytic expressions of the form [18]
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APPENDIX D: FORM FACTORS

In this section we plot the form factors for the individual
responsesM,Φ00, and Σ0 using the shell model results, where
the Σ0 response is only plotted for isotopes with nonzero
nuclear ground state spin. This is presented in Figs. 8 and 9
for 40Ar, Figs. 10–20 for 70;72;73;74;76Ge, Figs. 21–23for 127I,
and Figs. 24–26 for 133Cs, highlighting the corresponding
COHERENT range of interest for each of these nuclei. The
form factor expressions employed to plot these are presented
in Ref. [41], except for 133Cs which is provided in
Appendix D 5. The KN and SHF form factors were plotted
using ðZFðq; rprmsÞ þ NFðq; rnrmsÞÞ2, while the shell model

counterparts were plotted using
P

N;N0¼p;n F
ðN;N0Þ
X;X ðq2Þ,

where FðN;N0Þ
X;X ðq2Þ is defined in Eq. (D1).

1. Argon-40

The maximum difference between the form factors for
the M response at the minimum q value is ∼0.3%,
and ∼11% at the maximum q value. For Φ00, these values
are ∼24% and ∼21%, respectively, where the largest
differences occur between the SDPF-MU and EPQQM
interactions.

2. Germanium isotopes

The M response is consistent amongst all calculations,
with a maximum difference of ∼0.2% at the lower end of
the COHERENT q region of interest (ROI) for the even
isotopes, and ∼3% at the higher end for 70;72Ge. For 73Ge

these take on the values of ∼0.3%, and ∼20% at the higher
end for 73;74;76Ge. For the Φ00 channel, the maximum
difference is observed between the GCN2850 and jj44b
shell model calculations, which is ∼80% for 70Ge at both
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FIG. 8. SI (M) form factors employing the different shell model
interactions used for this isotope. This response is compared
against the KN and SHF distributions, where the uncertainty
bands stem from the rnrms ¼ rprms

þ0.2
−0 . The COHERENT region of

interest is also displayed.
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FIG. 9. Φ00 form factors employing the different shell model
interactions used for this isotope, plotted against the COHER-
ENT range of interest.
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FIG. 10. SI (M) form factors employing the different shell
model interactions used for this isotope. This response is
compared against the KN and SHF distributions, where the
uncertainty bands stem from the rnrms uncertainty. The COHER-
ENT range of interest is also displayed.
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FIG. 12. SI (M) form factors employing the different shell
model interactions used for this isotope. This response is
compared against the KN and SHF distributions, where the
uncertainty bands stem from the rnrms uncertainty. The COHER-
ENT range of interest is also displayed.
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FIG. 13. Φ00 form factors employing the different shell model
interactions used for this isotope, plotted against the COHER-
ENT range of interest.
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FIG. 11. Φ00 form factors employing the different shell model
interactions used for this isotope, plotted against the COHER-
ENT range of interest.
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FIG. 14. SI (M) form factors employing the different shell
model interactions used for this isotope. This response is
compared against the KN and SHF distributions, where the
uncertainty bands stem from the rnrms uncertainty. The COHER-
ENT range of interest is also displayed.

KHALEQ, NEWSTEAD, SIMENEL, and STUCHBERY PHYS. REV. D 111, 033003 (2025)

033003-18



FIG. 16. Σ0 form factors employing the different shell model
interactions used for this isotope, plotted against the COHER-
ENT range of interest.

FIG. 17. SI (M) form factors employing the different shell
model interactions used for this isotope. This response is
compared against the KN and SHF distributions, where the
uncertainty bands stem from the rnrms uncertainty. The COHER-
ENT range of interest is also displayed.

FIG. 18. Φ00 form factors employing the different shell model
interactions used for this isotope, plotted against the COHER-
ENT range of interest.
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FIG. 15. Φ00 form factors employing the different shell model
interactions used for this isotope, plotted against the COHER-
ENT range of interest.
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FIG. 20. Φ00 form factors employing the different shell model
interactions used for this isotope, plotted against the COHER-
ENT range of interest.
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FIG. 21. SI (M) form factors employing the different shell
model interactions used for this isotope. This response is
compared against the KN and SHF distributions, where the
uncertainty bands stem from the rnrms uncertainty. The COHER-
ENT range of interest is also displayed.
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FIG. 22. Φ00 form factors employing the different shell model
interactions used for this isotope, plotted against the COHER-
ENT range of interest.

FIG. 19. SI (M) form factors employing the different shell
model interactions used for this isotope. This response is
compared against the KN and SHF distributions, where the
uncertainty bands stem from the rnrms uncertainty. The COHER-
ENT range of interest is also displayed.
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FIG. 24. SI (M) form factors employing the different shell
model interactions used for this isotope. This response is
compared against the KN and SHF distributions, where the
uncertainty bands stem from the rnrms uncertainty. The COHER-
ENT range of interest is also displayed.
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FIG. 25. Φ00 form factors employing the different shell model
interactions used for this isotope, plotted against the COHER-
ENT range of interest.
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FIG. 23. Σ0 form factors employing the different shell model
interactions used for this isotope, plotted against the COHER-
ENT range of interest.

FIG. 26. Σ0 form factors employing the different shell model
interactions used for this isotope, plotted against the COHER-
ENT range of interest.
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ends of the q spectrum, factor of ∼2.4 for 72Ge, factor of
∼2.3 for 73Ge, factor of ∼2.2 for 74Ge, and ∼60% for 76Ge.
The difference in the SD Σ0 channel for 73Ge is ∼30% at
both ends of the q ROI.

3. Iodine-127

The maximum difference between the form factors for
the M channel at the minimum q value is ∼1%, and ∼30%
at the maximum q value. For Φ00, these values are ∼55%
and ∼50%, respectively. For Σ0, the factor differences are
∼44 and ∼81, due to the large difference between the
truncated SN100PN calculation and the remaining calcu-
lations. This is consistent with the integrated form factor
(IFF) results in Ref. [41], which showed a more pro-
nounced difference between the SD truncated SN100PN
IFF results and other calculations. This indicates that a
more severe valence space truncation for a shell model
interaction has a larger effect compared to a second more
comparable truncation.

4. Cesium-133

The maximum difference between the form factors for
the M channel at the minimum q value is ∼1%, and ∼20%
at the maximum q value. For Φ00, these values are ∼6% and
∼7%, respectively. For Σ0, these differences are ∼13%
and ∼18%.

5. 133Cs form factor expressions

The explicit nuclear form factors for 133Cs are given
below using the convention of Fitzpatrick et al. [38]:

FðN;N0Þ
X;Y ðq2Þ≡ 4π

2Jiþ1

X2Ji
J¼0

hJijjXðNÞ
J jjJiihJijjYðN0Þ

J jjJii; ðD1Þ

and can be used to obtain the FΣ0
N ðq2Þ responses in Eq. (24)

through the relation

jFΣ0
N j2ðq2Þ ¼

1

4

2Ji þ 1

4π
FN;N
Σ0 : ðD2Þ

This can be used to show that, in the isospin basis, the
spin structure functions are

ST00 ¼
2Ji þ 1

4π
FΣ0
00ðq2Þ

ST11 ¼ ð1þ δ0ðq2ÞÞ2
�
2Ji þ 1

4π
FΣ0
11ðq2Þ

�

ST01 ¼ 2ð1þ δ0ðq2ÞÞ
�
2Ji þ 1

4π
FΣ0
01ðq2Þ

�
: ðD3Þ

While describing CEvNS only requires the operators M,
Φ00, and Σ0, below we provide the form factors for the full
list of operators in [38].

a. SN100PN

Fðp;pÞ
M ¼ e−2yð3020: − 11000yþ 15500y2 − 10800y3 þ 4130y4 − 881y5 þ 103y6 − 6y7 þ 0.145y8 − 0.000591y9

þ 6.62 × 10−7y10Þ
Fðp;pÞ
Σ00 ¼ e−2yð0.204 − 0.18yþ 0.0841y2 þ 0.168y3 − 0.0456y4 − 0.00246y5 þ 0.014y6 − 0.00278y7 þ 0.000806y8

þ 1.9 × 10−8y9 þ 1.19 × 10−12y10Þ
Fðp;pÞ
Σ0 ¼ e−2yð0.408−3.09yþ8.18y2−9.16y3þ5.23y4−1.62y5þ0.287y6−0.0273y7þ0.00167y8þ1.8×10−7y9

þ2.77×10−11y10Þ
Fðp;pÞ
Φ00 ¼ e−2yð76: − 185yþ 171y2 − 75.9y3 þ 17.4y4 − 2.01y5 þ 0.101y6 − 0.0012y7 þ 4.14 × 10−6y8Þ

Fðp;pÞ
Φ̃0 ¼ e−2yð0.00327þ 0.00151y − 0.00238y2 − 0.000124y3 þ 0.00104y4 − 0.00025y5 þ 0.000026y6 − 4.22

× 10−9y7 þ 2.11 × 10−9y8Þ
Fðp;pÞ
Δ ¼ e−2yð2.73 − 6.56yþ 6.44y2 − 2.97y3 þ 0.704y4 − 0.0813y5 þ 0.00378y6 − 1.37 × 10−6y7 þ 1.91 × 10−10y8Þ

Fðp;pÞ
MΦ00 ¼ e−2yð−479þ 1460y − 1680y2 þ 948y3 − 284y4 þ 45.8y5 − 3.72y6 þ 0.127y7 − 0.000979y8 þ 1.66

× 10−6y9Þ
Fðp;pÞ
Σ0Δ ¼ e−2yð1.06 − 5.26yþ 8.26y2 − 6.02y3 þ 2.24y4 − 0.451y5 þ 0.0461y6 − 0.00218y7 þ 1.81 × 10−8y8 þ 7.25

× 10−11y9Þ
Fðp;nÞ
M ¼ e−2yð4280 − 17000yþ 26500y2 − 20900y3 þ 9210y4 − 2350y5 þ 342y6 − 27y7 þ 1y8 − 0.0128y9

þ 0.000025y10Þ
Fðp;nÞ
Σ00 ¼ e−2yð−0.0048þ 0.0153y − 0.0323y2 þ 0.0186y3 þ 0.000919y4 − 0.00533y5 þ 0.00219y6 − 0.000397y7

þ 0.0000337y8 − 9.97 × 10−7y9 þ 1.92 × 10−11y10Þ
Fðp;nÞ
Σ0 ¼ e−2yð−0.00961þ 0.0804y − 0.264y2 þ 0.382y3 − 0.279y4 þ 0.112y5 − 0.0259y6 þ 0.0034y7 − 0.000232y8

þ 6.38 × 10−6y9 þ 8.41 × 10−10y10Þ
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Fðp;nÞ
Φ00 ¼ e−2yð161:−449yþ478y2−252y3þ70.9y4−10.8y5þ0.831y6−0.0265y7þ0.000156y8Þ

Fðp;nÞ
Φ̃0 ¼ e−2yð−0.0171þ0.0166yþ0.00245y2−0.0105y3þ0.00504y4−0.00096y5þ0.000072y6−1.28×10−6y7

−2.6×10−8y8Þ
Fðp;nÞ
Δ ¼ e−2yð0.199−0.526yþ0.584y2−0.324y3þ0.0954y4−0.0148y5þ0.0011y6−0.0000299y7þ6.02×10−9y8Þ

Fðp;nÞ
MΦ00 ¼ e−2yð−1020þ3440y−4510y2þ2950y3−1060y4þ213y5−23.6y6þ1.31y7−0.0295y8þ0.0000625y9Þ

Fðp;nÞ
Σ0Δ ¼ e−2yð0.0768 − 0.401yþ 0.694y2 − 0.581y3 þ 0.26y4 − 0.0643y5 þ 0.00865y6 − 0.000584y7 þ 0.0000155y8

þ 2.25 × 10−9y9Þ
Fðn;pÞ
MΦ00 ¼ e−2yð−679þ2290y−2960y2þ1920y3−680y4þ135y5−14.5y6þ0.749y7−0.0132y8þ0.0000625y9Þ

Fðn;pÞ
Σ0Δ ¼ e−2yð−0.0249þ 0.144y − 0.304y2 þ 0.29y3 − 0.141y4 þ 0.0379y5 − 0.00559y6 þ 0.000415y7

− 0.0000118y8 þ 2.25 × 10−9y9Þ
Fðn;nÞ
M ¼ e−2yð6070: − 26100yþ 44600y2 − 39200y3 þ 19700y4 − 5870y5 þ 1040y6 − 106y7 þ 5.58y8 − 0.124y9

þ 0.000948y10Þ
Fðn;nÞ
Σ00 ¼ e−2yð0.000113−0.00062yþ0.00352y2−0.00581y3þ0.00463y4−0.00205y5þ0.00053y6−0.0000795y7

þ6.33×10−6y8−2.1×10−7y9þ2.77×10−9y10Þ
Fðn;nÞ
Σ0 ¼ e−2yð0.000226 − 0.00207yþ 0.00999y2 − 0.018y3 þ 0.0157y4 − 0.00743y5 þ 0.00209y6 − 0.000355y7

þ 0.0000357y8 − 1.84 × 10−6y9 þ 3.92 × 10−8y10Þ
Fðn;nÞ
Φ00 ¼ e−2yð343: − 1070yþ 1300y2 − 797y3 þ 269y4 − 51.4y5 þ 5.41y6 − 0.287y7 þ 0.00593y8Þ

Fðn;nÞ
Φ̃0 ¼ e−2yð0.0891 − 0.215yþ 0.223y2 − 0.122y3 þ 0.038y4 − 0.00687y5 þ 0.000686y6 − 0.0000332y7 þ 6.04

× 10−7y8Þ
Fðn;nÞ
Δ ¼ e−2yð0.0144 − 0.0417yþ 0.0517y2 − 0.0334y3 þ 0.012y4 − 0.00238y5 þ 0.000252y6 − 0.0000128y7 þ 2.54

× 10−7y8Þ
Fðn;nÞ
MΦ00 ¼ e−2yð−1440þ 5360y − 7780y2 þ 5760y3 − 2400y4 þ 578y5 − 80.2y6 þ 6.04y7 − 0.213y8 þ 0.00237y9Þ

Fðn;nÞ
Σ0Δ ¼ e−2yð−0.00181þ 0.0109y − 0.0246y2 þ 0.0263y3 − 0.015y4 þ 0.00482y5 − 0.000901y6 þ 0.0000936y7

− 4.82 × 10−6y8 þ 9.94 × 10−8y9Þ

b. SN100PN expanded

Fðp;pÞ
M ¼ e−2yð3020: − 11000yþ 15500y2 − 10800y3 þ 4120y4 − 876y5 þ 102y6 − 5.91y7 þ 0.143y8

− 0.000608y9 þ 7.17 × 10−7y10Þ
Fðp;pÞ
Σ00 ¼ e−2yð0.206 − 0.19yþ 0.1y2 þ 0.166y3 − 0.0494y4 þ 0.000185y5 þ 0.0135y6 − 0.00271y7 þ 0.000818y8

þ 2.12 × 10−8y9 þ 1.62 × 10−12y10Þ
Fðp;pÞ
Σ0 ¼ e−2yð0.412 − 3.11yþ 8.21y2 − 9.17y3 þ 5.21y4 − 1.61y5 þ 0.283y6 − 0.0269y7 þ 0.00167y8 þ 2.15

× 10−7y9 þ 3.99 × 10−11y10Þ
Fðp;pÞ
Φ00 ¼ e−2yð75.3 − 184yþ 170y2 − 75.5y3 þ 17.3y4 − 2.01y5 þ 0.102y6 − 0.00125y7 þ 4.48 × 10−6y8Þ

Fðp;pÞ
Φ̃0 ¼ e−2yð0.0028þ 0.00224y − 0.00221y2 − 0.000663y3 þ 0.00134y4 − 0.000307y5 þ 0.0000285y6 þ 1.9

× 10−8y7 þ 2.31 × 10−9y8Þ
Fðp;pÞ
Δ ¼ e−2yð2.77 − 6.65yþ 6.53y2 − 3.01y3 þ 0.713y4 − 0.0822y5 þ 0.00382y6 − 1.66 × 10−6y7 þ 2.77 × 10−10y8Þ

Fðp;pÞ
MΦ00 ¼ e−2yð−477þ 1450y − 1670y2 þ 944y3 − 283y4 þ 45.6y5 − 3.71y6 þ 0.126y7 − 0.00101y8 þ 1.79

× 10−6y9Þ
Fðp;pÞ
Σ0Δ ¼ e−2yð1.07 − 5.31yþ 8.33y2 − 6.06y3 þ 2.25y4 − 0.452y5 þ 0.046y6 − 0.00217y7 þ 1.65 × 10−8y8 þ 1.05

× 10−10y9Þ
Fðp;nÞ
M ¼ e−2yð4280: − 17000yþ 26500y2 − 20800y3 þ 9180y4 − 2330y5 þ 339y6 − 26.7y7 þ 0.998y8 − 0.013y9

þ 0.0000266y10Þ
Fðp;nÞ
Σ00 ¼ e−2yð−0.0042þ 0.0114y − 0.0194y2 þ 0.00958y3 þ 0.00118y4 − 0.00307y5 þ 0.00117y6 − 0.000213y7

þ 0.00002y8 − 7.23 × 10−7y9 þ 1.64 × 10−11y10Þ
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Fðp;nÞ
Σ0 ¼ e−2yð−0.00841þ 0.0695y − 0.22y2 þ 0.309y3 − 0.219y4 þ 0.0848y5 − 0.0189y6 þ 0.00241y7 − 0.000163y8

þ 4.55 × 10−6y9 þ 7.28 × 10−10y10Þ
Fðp;nÞ
Φ00 ¼ e−2yð161: − 449yþ 479y2 − 252y3 þ 70.9y4 − 10.8y5 þ 0.84y6 − 0.0273y7 þ 0.000166y8Þ

Fðp;nÞ
Φ̃0 ¼ e−2yð−0.0115þ 0.00924yþ 0.00526y2 − 0.00957y3 þ 0.00411y4 − 0.00075y5 þ 0.0000598y6 − 1.43

× 10−6y7 − 2.15 × 10−8y8Þ
Fðp;nÞ
Δ ¼ e−2yð0.18 − 0.468yþ 0.513y2 − 0.285y3 þ 0.0835y4 − 0.0127y5 þ 0.000896y6 − 0.0000218y7 þ 5.22

× 10−9y8Þ
Fðp;nÞ
MΦ00 ¼ e−2yð−1020þ 3460y − 4530y2 þ 2960y3 − 1060y4 þ 213y5 − 23.6y6 þ 1.32y7 − 0.0299y8

þ 0.0000666y9Þ
Fðp;nÞ
Σ0Δ ¼ e−2yð0.0695−0.359yþ0.608y2−0.506y3þ0.226y4−0.0552y5þ0.00718y6−0.000457y7þ0.000011y8

þ1.95×10−9y9Þ
Fðn;pÞ
MΦ00 ¼ e−2yð−675þ 2280y − 2950y2 þ 1910y3 − 677y4 þ 134y5 − 14.5y6 þ 0.752y7 − 0.0136y8 þ 0.0000666y9Þ

Fðn;pÞ
Σ0Δ ¼ e−2yð−0.0218þ 0.124y − 0.253y2 þ 0.234y3 − 0.11y4 þ 0.0286y5 − 0.00409y6 þ 0.000299y7 − 8.57

× 10−6y8 þ 1.95 × 10−9y9Þ
Fðn;nÞ
M ¼ e−2yð6060 − 26100yþ 44600y2 − 39200y3 þ 19600y4 − 5840y5 þ 1030y6 − 105y7 þ 5.58y8 − 0.127y9

þ 0.000994y10Þ
Fðn;nÞ
Σ00 ¼ e−2yð0.0000858 − 0.000388yþ 0.00137y2 − 0.00192y3 þ 0.00139y4 − 0.000568y5 þ 0.000138y6

− 0.0000202y7 þ 1.72 × 10−6y8 − 7.53 × 10−8y9 þ 1.43 × 10−9y10Þ
Fðn;nÞ
Σ0 ¼ e−2yð0.000172 − 0.00154yþ 0.0061y2 − 0.0102y3 þ 0.0086y4 − 0.00401y5 þ 0.00112y6 − 0.000189y7

þ 0.0000185y8 − 9.03 × 10−7y9 þ 2.03 × 10−8y10Þ
Fðn;nÞ
Φ00 ¼ e−2yð344 − 1080yþ 1310y2 − 803y3 þ 270y4 − 51.5y5 þ 5.45y6 − 0.293y7 þ 0.00621y8Þ

Fðn;nÞ
Φ̃0 ¼ e−2yð0.0471 − 0.113yþ 0.115y2 − 0.0603y3 þ 0.0179y4 − 0.00312y5 þ 0.000316y6 − 0.0000171y7 þ 3.82

× 10−7y8Þ
Fðn;nÞ
Δ ¼ e−2yð0.0117 − 0.0328yþ 0.0397y2 − 0.0256y3 þ 0.00922y4 − 0.0018y5 þ 0.000179y6 − 7.73 × 10−6y7

þ 1.32 × 10−7y8Þ
Fðn;nÞ
MΦ00 ¼ e−2yð−1440þ 5380y − 7820y2 þ 5780y3 − 2400y4 þ 577y5 − 80.2y6 þ 6.07y7 − 0.217y8 þ 0.00248y9Þ

Fðn;nÞ
Σ0Δ ¼ e−2yð−0.00142þ 0.00836y − 0.0178y2 þ 0.0182y3 − 0.0101y4 þ 0.00319y5 − 0.000576y6 þ 0.0000566y7

− 2.65 × 10−6y8 þ 5.16 × 10−8y9Þ

c. GCN5082

Fðp;pÞ
M ¼ e−2yð3020 − 11000yþ 15500y2 − 10900y3 þ 4220y4 − 914y5 þ 109y6 − 6.58y7 þ 0.165y8

− 0.000663y9 þ 7.35 × 10−7y10Þ
Fðp;pÞ
Σ00 ¼ e−2yð0.185 − 0.0951y − 0.0302y2 þ 0.167y3 þ 0.0107y4 − 0.0318y5 þ 0.0186y6 − 0.00298y7 þ 0.000747y8

þ 1.84 × 10−8y9 þ 2.34 × 10−12y10Þ
Fðp;pÞ
Σ0 ¼ e−2yð0.37 − 2.86yþ 7.74y2 − 8.75y3 þ 5.02y4 − 1.57y5 þ 0.281y6 − 0.0275y7 þ 0.00167y8 þ 3.2

× 10−7y9 þ 7.21 × 10−11y10Þ
Fðp;pÞ
Φ00 ¼ e−2yð92.1 − 225yþ 208y2 − 93y3 þ 21.5y4 − 2.52y5 þ 0.128y6 − 0.00143y7 þ 4.59 × 10−6y8Þ

Fðp;pÞ
Φ̃0 ¼ e−2yð0.0147 − 0.00888yþ 0.000482y2 þ 0.00251y3 − ð3.38 � 10−6Þy4 − 0.0000492y5 þ 0.0000216y6

þ 4.51 × 10−7y7 þ 3.47 × 10−9y8Þ
Fðp;pÞ
Δ ¼ e−2yð2.65 − 6.37yþ 6.21y2 − 2.86y3 þ 0.678y4 − 0.0785y5 þ 0.00367y6 − 2.32 × 10−6y7 þ 5.1 × 10−10y8Þ

Fðp;pÞ
MΦ00 ¼ e−2yð−528þ 1600y − 1850y2 þ 1050y3 − 320y4 þ 52.3y5 − 4.34y6 þ 0.15y7 − 0.00112y8

þ 1.84 × 10−6y9Þ
Fðp;pÞ
Σ0Δ ¼ e−2yð0.991 − 5.02yþ 7.93y2 − 5.78y3 þ 2.16y4 − 0.436y5 þ 0.045y6 − 0.00214y7 þ 3.71 × 10−8y8 þ 1.91

× 10−10y9Þ
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Fðp;nÞ
M ¼ e−2yð4280 − 17000yþ 26500y2 − 21000y3 þ 9290y4 − 2380y5 þ 351y6 − 28.1y7 þ 1.06y8 − 0.0135y9

þ 0.0000258y10Þ
Fðp;nÞ
Σ00 ¼ e−2yð−0.00421þ 0.0148y − 0.029y2 þ 0.0133y3 þ 0.00321y4 − 0.00556y5 þ 0.0021y6 − 0.000387y7

þ 0.0000362y8 − 1.17 × 10−6y9 þ 2.84 × 10−11y10Þ
Fðp;nÞ
Σ0 ¼ e−2yð−0.00841þ 0.0722y − 0.243y2 þ 0.357y3 − 0.265y4 þ 0.108y5 − 0.0256y6 þ 0.00346y7 − 0.000246y8

þ 7.12 × 10−6y9 þ 1.42 × 10−9y10Þ
Fðp;nÞ
Φ00 ¼ e−2yð175 − 486yþ 519y2 − 274y3 þ 77.4y4 − 11.8y5 þ 0.916y6 − 0.0292y7 þ 0.000162y8Þ

Fðp;nÞ
Φ̃0 ¼ e−2yð−0.0389þ 0.0585y − 0.0328y2 þ 0.00374y3 þ 0.00233y4 − 0.000795y5 þ 0.0000795y6 − 1.68

× 10−6y7 − 4.12 × 10−8y8Þ
Fðp;nÞ
Δ ¼ e−2yð0.223 − 0.588yþ 0.643y2 − 0.351y3 þ 0.102y4 − 0.0157y5 þ 0.00117y6 − 0.0000316y7 þ 1.03 × 10−8y8Þ
Fðp;nÞ
MΦ00 ¼ e−2yð−1000þ 3390y − 4440y2 þ 2920y3 − 1050y4 þ 214y5 − 23.9y6 þ 1.35y7 − 0.031y8 þ 0.0000646y9Þ

Fðp;nÞ
Σ0Δ ¼ e−2yð0.0832 − 0.441yþ 0.762y2 − 0.632y3 þ 0.28y4 − 0.0688y5 þ 0.00921y6 − 0.000627y7

þ 0.000017y8 þ 3.83 × 10−9y9Þ

Fðn;pÞ
MΦ00 ¼ e−2yð−747þ 2520y − 3260y2 þ 2120y3 − 753y4 þ 150y5 − 16.3y6 þ 0.839y7 − 0.0144y8

þ 0.0000646y9Þ
Fðn;pÞ
Σ0Δ ¼ e−2yð−0.0225þ 0.133y − 0.283y2 þ 0.272y3 − 0.134y4 þ 0.0366y5 − 0.00553y6 þ 0.000422y7

− 0.0000125y8 þ 3.83 × 10−9y9Þ

Fðn;nÞ
M ¼ e−2yð6070 − 26100yþ 44500y2 − 39200y3 þ 19700y4 − 5880y5 þ 1040y6 − 106y7 þ 5.58y8 − 0.122y9

þ 0.000919y10Þ
Fðn;nÞ
Σ00 ¼ e−2yð0.0000957 − 0.000626yþ 0.0036y2 − 0.00574y3 þ 0.00447y4 − 0.00195y5 þ 0.000504y6

− 0.0000768y7 þ 6.4 × 10−6y8 − 2.28 × 10−7y9 þ 3.28 × 10−9y10Þ
Fðn;nÞ
Σ0 ¼ e−2yð0.000191 − 0.0018yþ 0.00906y2 − 0.0167y3 þ 0.0148y4 − 0.00718y5 þ 0.00205y6 − 0.000357y7

þ 0.0000371y8 − 1.98 × 10−6y9 þ 4.34 × 10−8y10Þ
Fðn;nÞ
Φ00 ¼ e−2yð333 − 1040yþ 1260y2 − 773y3 þ 261y4 − 49.7y5 þ 5.23y6 − 0.277y7 þ 0.00574y8Þ

Fðn;nÞ
Φ̃0 ¼ e−2yð0.103 − 0.247yþ 0.254y2 − 0.137y3 þ 0.0425y4 − 0.00762y5 þ 0.000756y6 − 0.0000363y7 þ 6.56

× 10−7y8Þ
Fðn;nÞ
Δ ¼ e−2yð0.0187 − 0.0538yþ 0.0652y2 − 0.0412y3 þ 0.0145y4 − 0.00283y5 þ 0.000293y6 − 0.0000145y7

þ 2.79 × 10−7y8Þ
Fðn;nÞ
MΦ00 ¼ e−2yð−1420þ 5270y − 7660y2 þ 5670y3 − 2360y4 þ 569y5 − 79y6 þ 5.94y7 − 0.209y8 þ 0.0023y9Þ

Fðn;nÞ
Σ0Δ ¼ e−2yð−0.00189þ 0.0116y − 0.026y2 þ 0.0276y3 − 0.0157y4 þ 0.00509y5 − 0.000965y6 þ 0.000102y7

− 5.31 × 10−6y8 þ 1.1 × 10−7y9Þ

d. GCN5082 expanded

Fðp;pÞ
M ¼ e−2yð3020 − 11000yþ 15500y2 − 10900y3 þ 4200y4 − 907y5 þ 108y6 − 6.46y7 þ 0.162y8

− 0.000701y9 þ 8.42 × 10−7y10Þ
Fðp;pÞ
Σ00 ¼ e−2yð0.193 − 0.121yþ 0.00697y2 þ 0.175y3 − 0.00996y4 − 0.0217y5 þ 0.0172y6 − 0.0029y7

þ 0.000786y8 þ 3.71 × 10−8y9 þ 3.42 × 10−12y10Þ
Fðp;pÞ
Σ0 ¼ e−2yð0.386 − 2.97yþ 7.97y2 − 8.97y3 þ 5.13y4 − 1.6y5 þ 0.284y6 − 0.0276y7 þ 0.0017y8 þ 3.15

× 10−7y9 þ 8.5 × 10−11y10Þ
Fðp;pÞ
Φ00 ¼ e−2yð91.3 − 223yþ 207y2 − 92.9y3 þ 21.6y4 − 2.55y5 þ 0.131y6 − 0.00154y7 þ 5.26 × 10−6y8Þ

Fðp;pÞ
Φ̃0 ¼ e−2yð0.015 − 0.00813yþ 0.000808y2 þ 0.00263y3 − 8.21 × 10−6y4 − 0.0000477y5 þ 0.0000242y6 þ 5.25

× 10−7y7 þ 4.03 × 10−9y8Þ
Fðp;pÞ
Δ ¼ e−2yð2.74 − 6.58yþ 6.44y2 − 2.97y3 þ 0.703y4 − 0.0812y5 þ 0.00379y6 − 2.48 × 10−6y7 þ 5.93 × 10−10y8Þ
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Fðp;pÞ
MΦ00 ¼ e−2yð−525þ 1600y − 1850y2 þ 1050y3 − 319y4 þ 52.3y5 − 4.34y6 þ 0.151y7 − 0.00118y8 þ 2.1

× 10−6y9Þ
Fðp;pÞ
Σ0Δ ¼ e−2yð1.03 − 5.18yþ 8.17y2 − 5.96y3 þ 2.22y4 − 0.447y5 þ 0.046y6 − 0.00218y7 þ 2.02 × 10−8y8 þ 2.24

× 10−10y9Þ
Fðp;nÞ
M ¼ e−2yð4280 − 17000yþ 26400y2 − 20900y3 þ 9250y4 − 2370y5 þ 348y6 − 27.8y7 þ 1.05y8 − 0.0137y9

þ 0.0000284y10Þ
Fðp;nÞ
Σ00 ¼ e−2yð−0.000933þ 0.00115y − 0.00851y2 þ 0.00811y3 − 0.00352y4 þ 0.0000644y5 þ 0.00036y6

− 0.000128y7 þ 0.0000185y8 − 8.1 × 10−7y9 þ 1.54 × 10−11y10Þ
Fðp;nÞ
Σ0 ¼ e−2yð−0.00187þ 0.0274y − 0.124y2 þ 0.206y3 − 0.16y4 þ 0.0672y5 − 0.0161y6 þ 0.00221y7

− 0.000159y8 þ 4.77 × 10−6y9 þ 1.01 × 10−9y10Þ
Fðp;nÞ
Φ00 ¼ e−2yð176 − 490yþ 524y2 − 276y3 þ 78.1y4 − 12y5 þ 0.935y6 − 0.0303y7 þ 0.000177y8Þ

Fðp;nÞ
Φ̃0 ¼ e−2yð−0.0278þ 0.0407y − 0.0221y2 þ 0.00217y3 þ 0.00162y4 − 0.000525y5 þ 0.0000548y6 − 1.43

× 10−6y7 − 3.34 × 10−8y8Þ
Fðp;nÞ
Δ ¼ e−2yð0.188 − 0.488yþ 0.526y2 − 0.287y3 þ 0.0828y4 − 0.0124y5 þ 0.000881y6 − 0.0000216y7 þ 7.34

× 10−9y8Þ
Fðp;nÞ
MΦ00 ¼ e−2yð−1010þ3430y−4490y2þ2940y3−1060y4þ215y5−24y6þ1.36y7−0.0314y8þ0.0000709y9Þ

Fðp;nÞ
Σ0Δ ¼ e−2yð0.0706 − 0.37yþ 0.625y2 − 0.512y3 þ 0.225y4 − 0.0545y5 þ 0.00706y6 − 0.000454y7

þ 0.0000113y8 þ 2.73 × 10−9y9Þ
Fðn;pÞ
MΦ00 ¼ e−2yð−743þ 2510y − 3250y2 þ 2110y3 − 751y4 þ 150y5 − 16.3y6 þ 0.848y7 − 0.015y8

þ 0.0000709y9Þ
Fðn;pÞ
Σ0Δ ¼ e−2yð−0.00497þ 0.0599y − 0.158y2 þ 0.164y3 − 0.0838y4 þ 0.0234y5 − 0.00359y6 þ 0.00028y7 − 8.51

× 10−6y8 þ 2.73 × 10−9y9Þ
Fðn;nÞ
M ¼ e−2yð6050 − 26100yþ 44400y2 − 39100y3 þ 19600y4 − 5850y5 þ 1040y6 − 105y7 þ 5.58y8

− 0.125y9 þ 0.000963y10Þ
Fðn;nÞ
Σ00 ¼ e−2yð4.51 × 10−6 − 8.31 × 10−6yþ 0.000803y2 − 0.00169y3 þ 0.0016y4 − 0.000798y5 þ 0.000224y6

− 0.0000347y7 þ 2.67 × 10−6y8 − 7.76 × 10−8y9 þ 1.46 × 10−9y10Þ
Fðn;nÞ
Σ0 ¼ e−2yð9.02 × 10−6 − 0.000196yþ 0.00242y2 − 0.00533y3 þ 0.00506y4 − 0.00254y5 þ 0.000758y6

− 0.000139y7 þ 0.0000153y8 − 8.33 × 10−7y9 þ 1.95 × 10−8y10Þ
Fðn;nÞ
Φ00 ¼ e−2yð339 − 1060yþ 1290y2 − 788y3 þ 265y4 − 50.4y5 þ 5.32y6 − 0.286y7 þ 0.00602y8Þ

Fðn;nÞ
Φ̃0 ¼ e−2yð0.0514 − 0.123yþ 0.123y2 − 0.0637y3 þ 0.0189y4 − 0.00332y5 þ 0.000335y6 − 0.0000177y7

þ 3.75 × 10−7y8Þ
Fðn;nÞ
Δ ¼ e−2yð0.0129 − 0.036yþ 0.0427y2 − 0.0268y3 þ 0.00939y4 − 0.0018y5 þ 0.000175y6 − 7.44 × 10−6y7

þ 1.25 × 10−7y8Þ
Fðn;nÞ
MΦ00 ¼ e−2yð−1430þ 5330y − 7740y2 þ 5720y3 − 2370y4 þ 572y5 − 79.4y6 þ 6y7 − 0.213y8 þ 0.00241y9Þ

Fðn;nÞ
Σ0Δ ¼ e−2yð−0.000341þ 0.00418y − 0.0111y2 þ 0.0125y3 − 0.00739y4 þ 0.00247y5 − 0.000477y6 þ 0.0000503y7

− 2.49 × 10−6y8 þ 4.92 × 10−8y9Þ

6. 133Cs occupation number table

The occupation numbers nNnlj of each valence single-nucleon orbital are given in order of increasing orbit, with N ¼
fp; ng denoting protons and neutrons, respectively, and n begins at 1. “Max Occ” refers to the maximum occupation
number allowed for each orbital. No. 2 refers to the expanded truncation schemes.
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SN100PN SN100PN (No. 2) GCN5082 GCN5082 (No. 2)

n l j Max Occ npnlj nnnlj npnlj nnnlj npnlj nnnlj npnlj nnnlj

1 4 7=2 8 3.32 7.73 3.36 7.75 2.90 7.71 2.96 7.70
2 2 5=2 6 1.04 6.00 1.03 5.67 1.38 6.00 1.35 5.73
2 2 3=2 4 0.23 2.63 0.22 2.77 0.30 2.68 0.27 2.77
3 0 1=2 2 0.14 1.61 0.12 1.51 0.14 1.73 0.12 1.64
1 5 11=2 12 0.26 10.02 0.28 10.28 0.28 9.87 0.30 10.14
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