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Abstract
Forward dispersion relations, indexed by continuous

parameters‘/g and Wy, , are written for the class of functions

B, (w) = E(w)/&wtwr)ﬁ(w"—“-uo)l_ﬁ] s
og/sgt , O¢ Wwecw, .

defined in terms of the KiN forward scattering amplitudé th Ai + £ Di'
The magnitude of the dispersion integral involving F_ over the 'unphysical'
region of energies below the K N thresholé is sensitively controlled by
/A? and (W, . Thus, this class of dispersion relations is well suited

to test the extrapolation of a model amplitude into the unphysical

region. It is found that none of the models tested - a constant
scattering length analysis (6 parameters), a zero-range k—matrix analysis
(9 parameters), and an effective-range K—matrix.analysis (44 parameters) -
adequately represents F_ when extrapolated to unphysical energies, but
that the first two of these models are superior to the last. The data
currently available on D_ is seriouély in doubt; wifh substantially
improved D_ data, the methods described in this work would almost
certainly provide a valuable test of the extrapolations to unphysiéal

energies of the models for F_.
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1.1 Introduction

Recent years have seen a steady improvement in the
experimental data relating to kaon-nucleon scattering. This has
prompted the application of kaon-nucleon forward dispersion relations
to the determination of the kaon-nucleon-~hyperon coupling conétants,

82#?“" and 82‘;": » in a manner analogous to that in which SiNN

was found from pion-nucleon dispersion relations. However, the KN
bdispersion relations do not enjoy the simplicity of those for TN
scattering. There is a region below the elastic scattering threshold

in which the imaginary part of the RN scattering amplitude is different
from zero. As this region is inaccessible to experiment, models must be
used to predict the amplitude here, and the uncertainties inherent in
the models lead to large uncertainties in the values computed from the
dispersion relations for the coupling constants é%%NA and 8%"5 .

" The reason why the imaginary part of the KN
amplitude failé to vanish in this 'unphysical fegion' is readily seen
from the general structure of dispersion relations and the unitarity
relation when applied t;-fN scattering. Dispersion relations relate
the real part of the scattering amplitude to integrals involving the
imaginary part over all enefgies. The imaginary part of the amplitude
is in turn reiated by the ugitarity equations to the amplitudes for
transitions to the initial ;nd the final states from all those states
coupled to both. 1In'the parLicular case of KN scattering, the

imaginary part of the’amplitude for

is related by unitarity to the amplitudes for

m/\ — KN

and

T2 — KN



since the internal quantum numbers of the KN, w/\ and TTZ

states coincide. As the thresholds of the TTA and TFZ. states,
1250 MeV/c and 1330 MeV/c respectively, lie well below that of the KN
state, 1432 MeV/c, the imaginary part of the KN forward scattering
amplitude is required at 'unphysical energies' in the kaon~-nucleon
forward dispersion relations.

In addition to the above contribution to the KN forward
scattering amplitude below threshold, there is another associated with
the exchange of /\ and ‘2: particles between the iniéial and
final KN pairs. Simple poles occur in the amplitude at positions
reléted to the masses of the /\ and z: particles, and the residues
at these poles are directly related to the KNA and KNES coupling
constants. Thus, i1f all the other terms appearing in the KN dispersion
relations can be calculated, the values of 8;'% a;xd 8?‘“_ s
or at least a linear combination of these valﬁes, can be estimated.

Now the imaginary part, A.i {QJ) , of the KiN forward scattering
amplitude in the laboratory frame is related at energies above the
elastic threshold to the total cross section Oy (W) by the optical

theorem,

Q@) Oxfw) /6T = Aslw)

where
g = (w-mi)®

and W is the kaon total energy, again in the laboratory frame.

Thus, dispersion integrals involving At«”) over the range of 'physical
energies' can be replaced by integrals involving the cross sections
er((L)) . Reliable data on O+ are available in the range from
roughly q- 400 MeVk to Q= 20 GeVle Q, is the momentum of the kaon beam
in the laboratory frame. At higher momenta the cross sections can bé

estimated from Regge-pole models, and at lower momenta from



theorétically based parametrisations of the rather poor data in this
region, It is one of these low energy parametrisations which must be
continued to obtain the KN scattering amplitude in the unphysical region.
Beside this data on the imaginary part of the forward scattering
amplitude, the wvalue of thé real part at one or more energies is
required. It can be obtained in magnitude from total cross section and
angular distribution data and in sign from coulomb interference, or,
alternatively, at low energies, from the existing partial wave analyses
of the scattering data.

The material preéented herein is organised into three chapters.
The firstreviews the more recent partial wave analyses of KN and
KN scattering da;a, presents the derivation of a forward dispersion
relation of which many appearing in the literature are but special
cases, and finally, summarises the efforts made to determine the
kaon-nucleon-hyperon coupling constants from KNldispersion relations.
Chapter two expands on the work completed for this thesis, giving
details of the dispersion relations evaluated and the data employed
in them. The final chapte; contains a discussion of the results of the

calculations. \



1.2 Partial Wave Analyses of the Low Energy KN Data

The anélysis of the low energy KN scattering data
is impeded because the KN channel, even at its threshold, is coupled
to several others. 1In the state of zero isospin, the channels open
are the KN and 7L channels. A further channel, A , is open for
the I = 1 amplitude. The only three particle channel coupled to the
KN system at low energies is that for/\nrfroduction, but, since the
phase space factor associated with this channel is small, /\ﬁfw
production may be ignored.

The theoretically most acceptable parametrisation
of the KN scattering data at low energies is in terms of the K-matrix,
the formalism for which has been developed ﬁy Ross and Shaw (1) for
the general situation with many coupled two-body channels. Fot‘a
single‘partial wavei labelled by the eigenvalues of the constants of
motion, the K and T-matrices are only distinguished by the»boundary
conditions which characterise the particular scattering stgtés used to
define the elements of the K and T-matrices. When the 'outgoing wave'
‘boundary condition is i;éésed in channel J. s with the incident beam in

channel i, we have the scattering state

lh .
yf(“('f) — (ﬁ/ﬁ‘.) [ (SU +L-TLJ)/{/ (xf}y‘) ,

7" - 0

whereas, for the 'principal value' boundary condition, we have

00 s )" [ 84 fo (4er)



here,,ﬁk is, the product of the momentum,é? and the reduced energy Ei
in the centre of mass system for channel i, and fzfare normalised
simultaneous eigenfunctions of the constants qf motion. The relation
between the K and T-matrices, therefore, does not depend on any

knowledge of the dynamics, and is

R

T = K(1=iK) :
Although explicit reference need not be made to the interaction, the
normalisation of the K and T-matrices is conveniently stated in terms

of the ihteraction Hamiltonian HI:

1}

N '/ )
T =2 (A4)° (%, M WO

kcJ' = -2 (/@‘/9‘)”2 {F , Hz ""lj(m(v‘»

’

where q? is the appropriate partial wave projection of a plane wave
incident in channel i. The partial cross section from channel f to

channel j is related to WEJ by

Cjz‘ = b 237+l ) —TE. 2
! A2 (25;-: Il

where Sg is the spin of the initial (unpolarised) channel. At energies

for which all the coupled channels are open, the unitarity and the
invariance of the S-matrix under time reversal respectively secure the
hermiticity and symmetry of the K-matrix. Thus, K is both real and
symmetric, properties to which it owes its importance.

The kinematical branch points occurring at the

KN, 1r% and T/\ thresholds are eliminated in the quantity



. Z-"-VZ L /+|/2
M(w) = Q@ e,

where

d+'k _ b4+
(@ )cJ" et‘jé

’
and W is the total energy in the centre of mass frame. M(W) is an

analytic function of the energy, and, as explained by Ross and Shaw,

can be expanded in a power series about the KN threshold at \hé=rhﬁ+rnN

+‘._----

In this expansion, the square root of an entry in a diagonal matrix is

to be interpreted as +UiNM (){ >O) if the entry is negative and as the

c

| ! 2 Il
M) = M) + e [ Q-] “Rwa) @) - Q)]

positive square root otherwise. M(Wo) and R(Wo) are energy independent,

1
real, symmetric matrices in channel space, whose elements can be taken

as free parameters in fitting the KN scattering data. Retention of only

‘M(Wo) is the zero-range approximation; the effective-range approximation

also included R(Wo).

(a) Constant Scattering Length Analyses

At momenta blow 300 MeVv/e , Kp
elastic scattering angular distributions are found to be isotropic, so

A
that an s-wave analysis of the data is sufficient. The simplest s-wave

K-matrix fit is the zero-range fit and involves three parameters for the

I=0 channel and six for I=1. However, until recently;the data on

K™p and K, p processes did not suffice to determine these nine parameters



uniquely. Instead & modified parametrisation, the constant scattering

length fit, in terms of just six parameters, had to be used.

The constant scattering length fit (CSL) derives

from the conventional effective-range expansion of the phase shift &,:

L2 ol & = 1 JAL + b R4S

where Ai(is the centre of mass momentum in the KN channel and I

labels the isospin. When the scattering lengths, A;, and the effectivé-'
ranges, Ry , are allowed to assume complex values; this expansion givés
a simple phenomenological description of RN scattering. The CSL fit

sets the effective-ranges to zero and estimates thg two complex .
scattering lengths, Ao and A, , the ratio of /\ production to total

hyperon production in the I = 1 state at the K™p thréshold,

£ = _ ;'O'Cfrr/\)
[Q‘(TTZ) + 0‘(*:7/\)]

I=\ .

s

and, @ , the phase angleibetween the I = 0 and I= 1 amplitudes for WTEi

production at ‘the ;?%1 thre%pold. The penaity for estimating just six

parameters instead of the miﬁimum of nine required by a K-matrix model

is that the correct analytié:behaviour at the 172. and wA thresholds

is lost in the CSL fit; |
The CSL parameters predict an I=0, s-wave

resonance»just belbw the KN threshold, with characteristics (position and

width) which match well with that of the Yo*(1405) known to occur in

the WZ""‘H‘Z channel. The Yo*(1405) is believed to dominate the

K p amplitude below threshold, so the CSL fit at least reproduces the

main structure of the amplitude.



Recently if has been found that the differential
cross section for K:P-Pﬁﬁﬂ scattering is nét isotropic and that proper
analysis of the data requires the inclusion of a p;wave. Since
the KN interaction in }ﬂgp collisions occurs solely in the I=1 state,
the p-wave term is readily explained as the high energy tail of the
\ﬁ *(‘3535) resonance, which is coupled to the KN channel and occurs
in the Tbak. state. In the calculations with forward dispersion
relations, the effect of the Y,*(1385) can be estimated by treating it

in the zero-width approximation (see section 3.3).

(b) Zero-Range K-Matrix Analyses

Using recent data on the reactions
K-P — K_‘P) K°n

— T e 2w

— NAmwe

and

kep — Kip, 2w, Aar
s
A.D, Martin and G.G. Ross (2) have estimated the nine s-wave, zero-range
K-matrix parameters. They were able to find a good fit to the data;
7Ka was 168 for 185 degrees of freedom. Three of their parameters,
however, were only poorly determined, since large, correlated

. s . . e 2
variations of these parameters neither significantly changed the X

value from its minimum nor appreciably altered the values



of the remaining parameters. Furthermore, the errors on the K-matrix
parameters were so correlated that the six CSL parameters were well
determined.

As a test of the quality of their K-matrix
fit, Martin and Ross first ensured that an equally good fit could not be
obtained if finite effective-ranges were permitted in the CSL fit.
Secondly, they tested the K-matrix fit against an increase in the
number of parameters by including multi-channel effective-range terms.
They failed to find an& solution which improved the fit, and, in those
fits they did find, the effective-ranges were always so small that the
character of the solution was unchanged. Thus, they concluded, the zero-
range K-matrix parametrisation adequately described the data on RN
processes below 280‘MeV/c.

B.R. Martin and M. Sakitt (3) have also estimated
the nine s-wave, zero-range K-matrix parameters. However, the data
on k§$> reactions were not uéed. A unique solution was found, which

exhibited the same correlations noticed by A.D. Martin and G.G. Ross.

Y
i
\‘

(¢) Effective-Range K—Mat%ix Analyses

Kim (4);attempted a far more ambitious K-matrix
analysis of all the.dgta avéilable at the time (1967) on K}) and l<§F>
induced reactions up to a kaon momentum of 550 MeV/c. Since an important
cfa@ resonance, Yo*(1520); falls within this range, s, p and d-waves

had to be incorporated in the analysis. Kim represented these amplitudes

in the following way.



10.

(1) The s-waves and resonant I=1, T%Ha - wave he fitted using multi-
channel effective-range theory, in which the effective-range matrices
were constrained to be diagonal.
(2) The remaining p-waves, p,, and pgyy, for I=0 and 7342 for I=1,
were included in the zero-range approximation.
(3) The Cﬂya -wave in the I=1 state was represented by a CSL approximation,
while the Yo*(1520) in the I=0 Ci3h2 -wave was parametriseﬁ as a
r esonance of Breit-Wigner form with energy dependent width. Other
drwaves were omitted.

| This fit, which involves 44 parameters, predicts that the
Yo*(1405) is considerably broader than to be expected from CSL and
zero-range K-matrix fits to the data. Also it suggests that the
couplings of the Y,*(1385) in the Fék—wave to the WA , 72 and RN
channels are respectively strong, weak and negligible.

Kim's s-wave parameters are uniquely determined, but not so those
pertaining fo higher partial waves. This alone'$uggests that perhaps
the data has been over-parametrised or that the choice of pérameters
has not been the best. Other doubts can be cast on Kim's work.

(1) The width predicted for the Yo*(1405) resonance is known (5)

to be very sensitive to variations in the effective-range terms, so

that the omission of all off-diagonal elements from the effective—~
range matrices is probably quite serious. Furthermore, Kim included
d-waves in his analysis, but not the éhird term of the s;wave effective-
range expansion; even though this term has the same momentum dependence.
How this term wogld have affected the g-wave effective ranges is
difficult to tell; it is certainly not clear that the effect would have

been negligible.



11.

(2) Kim's fits to the total cross sections are not good at higher
energies; his predictions for <(K7p) are systematically low by a

few mb , while those for O (K"n) are systematically high. In fact,

when O (K™n) is extrapolated 40 MeV/c past the limit of validity quoted
for the parametrisation by Kim to 590 Mev/, the lowest momentum point
measured by Bugg et al (6), Kim's prediction is found to be about

12 mb too large. The K'n cross section is thought to be slowly

varying in this region, so this discrepancy is difficult to explain.
Furthermore, the simple nine parameter fit obtained by Mar;in and koss
predicts cross sectioﬂs for 1t/\ production that are in better

agreement with experiment than those from Kim's effective-range

K-matrix fit.

(35 Neglect of the Amr channel for momenta ablove 300MeVk is dubious,
since the observed cross section for Anm production beyond»this energy
is comparable with the other production cross sections. Thus, to analyse
the data up to 550 P1e\7e as Kim has attempted,*%he DNt Qhannel should
either be explicitly included or certain of the K—ﬁatrix elements should

be allowed complex values to represent the leakage into the Avwr

channel.

1.3 Partial Wave Analyses of the Low Energy KN Data

Analysis of the data on low energy KN scattering

.

is relatively straight-forward because there is but one open channel

and the angular distributions show only slight departures from isotropy.
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Goldhaber et-al (7) found that their data éver the
momentum range 140 to 642 MeV/c on Rfj: scattering, that is, KN
s cattering in the I=1 state, could be adequately described by an
s~wave scattering length and an s-wave effective-range. This simple
parametrisation fails at momenta above about 800_Mer: , where the
angular distributions are anisotropic, but phase shift analyses for the
higher partial waves present at these energies have not yet yielded
unique solutions.

ﬁata on K'n processes are required if the KN
interaction in the I=0 state is to be isolated. Such data are obtained
from F(ﬁﬂ scattering data by Glauber's technique, but, because
 uncertainties are introduced in so doing, the I=0 component of the KN
interaction is known less reliably than the I=1 component.

Stenger et al (8) analysed Kﬁj data up to a momentum of 812 MeV/e ,
and concluded that s, p and §~waves were necessary to described thg
KN interaction in the I=0 stéte.

Thesexféw remarks conclude this sketch of the more
recent partial wave analys%s of data on KN and KN processes. We now
turn to the dispersion rel%tions in which these analyses will later

¥
be employed. !

1.4 Kaon-Nucleon Forward Dispersion Relations

(a) Forward Dispersion Relations for K°p Scattering

Let Fe () = D (w) + LAz (w)

denote the Krp forward scattering amplitude in the laboratory system;
the variable @ is the total energy of the kaon, also in the laboratory

frame.



13,

From the optical theorem,

CI/(CU) O (W) /am = As(w)

where CL((‘U) =((‘U2_m£)‘/a | . ,

we see that integrals of the Cauchy type containing A'.t (w) R

co
/
‘ A (w?) dw »
/
(W' —w)
cannot converge, if, as we believe, O+ (UJ) approach non-zero
constants as OG-~ @O ., Convergence is assured if the dispersion relation

is written for a function which behaves asymptotically as F;_.((,u)/w .
Even this is not obvious; the convergence of the dispersion relation

we shall ultimately write down depends crucially on crossir;g symmetry
and the constant limits of O, (0J) as W —~ co.

Consider the function

B(4) = RE&)/[(L-w)(l-0w)P]

o (B ,

| O {we<w, 5
and the variable é is the continuation of the kaon lab energy
into the complex plane. Field theory 'proofs' show that E(O.)), for

real c_ua i, , is the boundary value (as é approaches the real axis



14,

from above) of an analytic function E(i’) , whose singularity structure
will now be given. F (K) has poles arising from /\ and Z_o
exchange plus a series, beginning at the threshold of the TFV\ channel,
of branch points along the positive real axis at the thresholds of all

channels to which the K'p system is coupled. Crossing symmetry,

E% (w-«-) = F+ (" UJ-&-)

s
requires that there should be a similar series of threshold branch
points along the negative real axis at the thresholds pf channels
coupled to the K+p system. These begin with the K+p threshold itself.
Therefore,E(Z} is single-valued in the Z plane cut from —CO

to =My and from Qgep to +C0 . The denominator
(Z‘(,),)ﬁ{Z"‘(_p_)‘,)‘-f5 has branch pointé at o and W, o,

but an additional cut joining these points will secure its single- |

\

valuedness. ‘ =

¥

N
€,

/
"
£M
)

Mk
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To integrate B_(tf) around the contour

shown above, we need the discontinuity of 8‘(3;) across the cuts in the

Z plane.
Disc [B_(_cu)]

B.. (w-r) - B_(w—)

F (w+) _ . (U-’-) s
(wom o)) (wrw)Plo-w)

where (J4+ and (V. denote limits taken as the point Cw on the

r eal axis i1s approached from above and below respectively. F (Z)

satisfies the Schwarz reflection property,

H

F(Z%) = EX&)

SO

Disc [B_(@)] = F(w.) _ | ACE
| (wemw)fwr-w) F (wrw)flo-w) P

(1) Suppose WP, . Then

Diac [B.. (w)] = E (ws) — F% ()
(w-w)? (w-wo)F

= 2 A (w) .
(w-w)f(e-we)




(2) Suppose (U, <<, . We have |

<w‘"w’)/g(w—'w°)!‘/g = (W-w)P (w-w.) P e

(.- )Pw-0) P = (w-w)fw-w)t e

so that

Dee[BN] = Elw.)e ™ - FXw.)e™™
(cu.—w)ﬁ (w '“C%Jo)'_'a

= 2¢ S | F,.(w_) ’e.‘m’gJ
(- W)B(w-cwe)

16.

= 2¢ [ ooﬂ(TTéB) A” (w)-M('np) D. (UJ)] .

(wi-w)P (- w.) P

(3) Suppose WL We . Then

and

Dise[B.w)] =-2¢ A_ (w)

(C(.)u — w)% (Q)o"(.b’)\_ﬁ

(wi —wl)ﬁ(wi —CLJQ)I—'B = ——(wl—w>ﬁ(wo—w)‘-ﬁ



16(a).

The function B_(cf) satisfies conditions sufficient
for the following integral representation to be written (for a

detailed justification, see Woolcock (44) ):

X (YY)
B_ (() = ZY: (w, —eov) B (0 "C'—)Y)M‘g (v ~&)
v L dw’ A_(w’)
" (o= w)f(w-wa) T (wts)

(63

(e~ f)f-*(w'. we) B (whs)

- dw' A (w’)
T w,-w p( )P w'- &)

Here, LWo and (V) have been chosen to satisfy

. / doo’ [ costng) A () -sin@me) D)

(J.),“.QA é C—L)g <CL); s

‘and X(/\) and X(Z) are the residues‘of E(Z) at the locations,
. and Wys , of the AN and 2 poles. The integral of
A_(w') over negative values of w’ can be converted to an ihtegral of
A+(u)’) o;lker positive (physical) energies, since crossing symmetry

implies that

A, (w) = —A_(~w?) , w'>me.
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Thus, »
— X(Y)
B (&) = ”?Y_ (o) B (o) B (L — o)
+ L / dw’ A_(w) |
A (w’—w,)ﬁ(w’-we)'_fs(w’-é)

._-__./ dow’ A(cu |
(w +w.)1£' (w+wo)'”‘a <w+6§>

dcu [conag Ao ) sy T )]
f'Tw (Pl F (/= &)

~ L / dew’ A-(c.u’)
T () we= ) P (w'-&)

Finally, we allow 6 to approach from above a value <GJ , which is
real and at least equal to YY) , and again exploit crossing symmetry
" to derive the K*p forward dispersion relation from that for K™p scattering.
:D+ (CU) Z X(Y)
Y

(CU - W) ﬁ(wo - (-'JY)I—ﬁ (Lo=wy)

(w*w)ﬁ(wiwo -p
L dew’ A_(w’)

o (wiw)Plw-w) Plw'=w)

9
@

f [ el A
TS (whefwd Pwsw)

M




18.
0,

- L dew”’ [ooa(fwﬁ) A (w’)~4m(m,a) D (c.u’)]

*
Q z ((.L)'“CL)')!% (o= o) P (oo /2 0)
Qs
+ L dew’ Al () \
i ( w‘—w’)@(wrw’)hﬁ(w'ﬂ:w) -
Wi B

Note that the integrals involving a singularity in the range of
integration are to be interpreted as Cauchy principal value integrals.
The relation between the residues X(Y), Y=/\,Z5,

and the corresponding KNY coupling constants is found to be

47 X(Y) =98 [mé - (my-mp)?] f4m

-This is obtained by computing the Born term from the conventional

interaction Lagrangian

8/\?‘?})35 ‘IP/\ ¢K- + gzo @F 65 wf" ¢K‘ + /{C

in which %}f is the renormalised, ratiomalised, pseudoscalar P{ﬁb\(
coupling constant.
A more familiar dispersion relation is obtained

as a limiting case of the above relation.

When /6-—3»0,



19.

wy
- ..L/ dew’ [C&J(TQ@) A_ () —sem ('iT[‘?:) —.D.(r.u’)]
T (W)t P (wzw)
o |

+ L dw’ A_(w?) .

. (- w)P(oe= W) F (i)

w,ﬂ- o/\

w,

D(we) .;_._/ doo’ A

(L = o) w (o'~ ce) (e’ = w)

A

so that we have

D. ) = D - Z <. ()
(0 £Ue) (o + o) T (Womwy)(w = wy)
[es)
- L dew’ A (w’)
'T'r I‘ /
Lo, ((w'=wo)(w’=w)
. J_/ dar’ Ayw)
f"r .
e (o) (w’s w)
w,

— I/ dw’ A_(w) . —IT |
i (05 coo)feo ) —



20.
This is the usual singly subtracted forward dispersion relation for
K* p scattering, with the subtraction point at (o .

Wo » Cen

Note that when

the last integral is also principal-valued.

A dispersion relation frequently appearing in

the literature (9,12,13,14,16—20,22) follows from the last

relation upon setting C¢)°== O and computing

D_(CD)“D+(Q)) , where () and (O

are arbitrary physical

energies. Explicitly, this dispersion relation for the difference of

the amplitudes is

(co+0) X(Y)

(D) wy+w) '

D) -Duw) = —)
Y

o
L (co+es) A_(w?”) dw’
m (w-D)(w'+w)
(W,
. |
_ (cw+@) As ") dew’!  —

(w'+ @) (w'-w) ‘ —-U—



21.

+ .
() Forward Dispersion Relations for K'n Scattering

Dispersion relations for K?n scattering can be
directly written down, since the only single particle with the same
internal quantum numbers as the K n system is Y~ , and, under the
assumption of exact charge independence, 82,(-")-_- = 2 gak'pi° .
Thus, the N pole must be omitted from the K'p relation and the zzo
pole doubled in strength. All Kip amplitudes and cross sections
must be re-interpreted as those for K¥n scattering.

The 2. and A pdle‘terms are iéolated if
dispersion relations are written for each of the amplitudes of
definite isospin. Only )(Oﬂ) appears when a dispersion relation is
evaluated for the combination ( Ki"P) - '/2 (Kin)

of amplitudes; only X(Z) appears in the k:n relations.

1.5 Applications of KN and KN Forward Dispersion Relations

The principal application of kaon-nucleon forward
dispersion relations at the present time is to the determinétion of the
coupling constants g%f and E}g‘ which appear in these relations.
Various symmetry groups, such as SU(3) and SU(6), relate these
coupling constants to g?;NN , so their computation provides a measure
of the symmetry breaking. Also, they ére of interest in the field
of weak interactions.

To obtain the KN amplitude in the uhphysical
region between the ™A and RPJ thresholds, one of the parametrisations
of the low energy KN scattering data must be continued below the KN
threshold. Consequently, any determination of the coupling constants
will be dependent upon the parametrisation used. A second use, related

to the first, of the dispersion relations is, therefore, to test the models
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used for the KN amplitude in the unphysical region.

Consistency of the ?redictions for the high energy
scattering amplitude from forward dispersion relations and from Regge
models leads to the formulation of "sum rules". These have wide
application in the estimétion of Regge parameters, but, as this field
overlaps only slightly with the work presented here, it will not be

considered further.

(a) Determination of Q,% and Q2.
g

If the residues, X(A) and X(Z) , of the KN
amplitude at the AN and L poles are to be estiﬁated from forward
- dispersion relations, the following data must be available:

(1) the real part,‘]Jt(oJ) , of the K*N lab forward scattering
amplitude at one or more energies:
(2) the K*N total cross seétions for all energies above the
respective thresholds; 1
(3) the imaginary part, and perhaps also the real part, of the KN
forward scattering amplituée in the unphysical reéion betweén the wA and
RN, thresholds.. KL‘

t[)iicu) is usually computed from low energy
partial wave analyses or diggctly from the experimental data. The -

method used in the latter case is the following. At those energies

where both the total cross section O+ and the angular distribution
CiCT&

da

f ound, since the optical theorem,

(O), GC") have been 'measured, , -:Di (w) ] can be

CL(CU) U'-_*-H(CU)/ZF’TT = Ay (w)
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provides the imaginary part, and the differential cross section
extrapolated to the forward direction gives the magnitude of the

total amplitude,

( VY\% +mg +e_mpw) OIO'-_L— (w, QCH:O) - IF‘t(w)lZ
" d0

and

| D (@)]* = [Fa@)f* = | As @]

In most instances; the sign of ])i may be determined from forward
dispersion relations‘(see the discussion in Perrin and Woolcock (23) ).
Since |ID¢QU” is found as the difference of two quantities of
comparable magnitude, values computed in this matter are subject to
large uncertainties.,

i

’ The K'N cross section Aata between momenta

400 Me V/c and 20 Ge V/'c; rare reliable, so that over this range | Ai(w)
is well determined by Q. (W) via the optical theorem. However, at
lower momenta, the measureﬁents of 'CSE are few in number and are
statistically>poor, S0 %\%; is best obtained from theoretically

based fits to the data. Above machine energies, Regge pole models,

i
1

whose parameters have been estimated from cross section data at the
highest energies acceésiblé, are used to continue the cross sections out
to infinity.

| Finally, the KN amplitude in the unphysical
region is obtained as the continuation in energy of some parametrisation
of the low energy KN scattering data. As the uncertainty introduced
by this extrapolation outweighs those arising from poor data, the need

for tests which discriminate between the low energy parametrisations

is clear.
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Dispersion Relations for the Difference of Amplitudes

Many attempts to determine the kaon-nucleon-hyperon

coupling constants have employed the dispersion relation obtained as

a special case of Il with w=3&3 , namely,
_ 2w X(Y)
:I)-((U)—~.I)+(CU) - Z; 01)3 - Cbﬁﬁ
My .
oo A-(w') dw’
¥ W ) (w/a_ wZ).
Wan
i [ (A=A @) do
-;ﬁ-: (wlz — w?.)
Mg

and with the variable (J set to the K p threshold (CL)zer\K) .

The results of these analyses are summarised in Table 1, and the
differences seen there arise from the use of different models for the
KN amplitude in the unphysical region and from the gradual improvement

of the data on KtN total cross—-sections. ‘

The error quoted on each determination is based
only on known errors in the experimental data, and takes no account
of the limitations of the unphysical region model. In fact, éomparison
of the predictions obtained using different models shows that the
systematic efrors in the models exceed the statistical errors arising
from the data. Kim's effective-range K-matrix leads to results that
are incompatible with these from other models; this discrepancy
emphasises the importance of the contribution from éhe Yo*(1405)
resonance. A common failing of these determinétions is that they all
require the values of I)tﬁo)at the K°N thresholds. Perrin and

Woolcock (23) have stressed that these quantities are only poorly known,

and this work reinforces their warning.

I

s



Analysis (Year)

KN Parametrisation
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Zovko (9) (1966)

Lusignoli Et Al

(12) (1966)
Carter (13) (1967)

Davies Et Al

(14) (1967)

Kim (16) (1967)

Martin & Poole

(17) (1967)
Rood (18) (1967)
Carter (19) (1968)

Queen Et Al
4

(20) (1968)

Granovskii &
Starikov (22)

(1968)

Kim CSL (10)

Sakitt Et Al CSL (11)

Kim CSL (10)

Sakitt Et Al CSL (11)
Kim CSL (10)

Kim CSL (15)

Kim CSL (10)

Kim K-Matrix (4)

Kim CSL (15)

Rood ‘K-Matrix (18)

Kim CSL (10)

Kim CSL (15)

Kittel~-Otter Effective
Range (21)

Kim K-Matrix (4)

Kim CSL (10)

49 * 10

62

i+

11

63

I+

21

50 = 11

1+

170 + 26

78 + 13

65 + 11

49

I+
o

65 + 11

150 * 34

74 * 16

Mpn My

121

R

103

R

728
W
'—l

TABLE 1
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Davies et al (14) attempted to reduce the error
from.this source by evaluating the dispersion relation for several values
of W above threshold. At these energies,jthuJ) was computed from the
low energy parametrisation used in the unphysical region. They found
that the various constant scattering length analyses (10,15,24) gave
comparable results, that the inclusion of an I=0 effective-range term
increased the estimate for gi , and that the *effectivel—range
K-matrix analysis predicted a value for gf incompatible with the
rest. The statistical errors on 8& were substantially larger than
the variation of 8,3‘ with energy, for the case of the CSL 'analyses.

This is not true for the Kim effective-range K-matrix analysis

( see the section on consistency tests, page 32 ).

Subtracted Dispersion Relations

The once subtracted dispersion relation with the

subtraction point at the KN threshold,

D)= Dlm) = Z X&)

(W= m) = (mwa)(w *wv)
w’ A+(QJ | - A_(CL)’)
w=m) (w=-w) - (wWim)(wsw)
My
- " dw’ A_(w?)
w (w'+m,<)(c.u’+w)
Wirep

was used by Davies et al (14) in the hope that for physical energies
4
the denominator (w+mk)(w'+w) would suppress the contribution

from the unphysical region. Although such is the case, the numerical
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results are particularly sensitive to the low energy K'N interaction
when GWJ~= my . Thus, they were able to conclude that a K+p
effective-range term was required to achieve compatibility with the
predictions for 8,3 and g; from unsubtracted dispersion relations.

These authors attempted to use the same
d ispersion relation at higher energies where the cancellations which
cause this sensitivity are less severe. Data on D, (W) were drawn
from phase-shift and optical-model analyses of K'p and K'n
scattering data at several energies up to 2 Ge V/¢, and were employed
in the relations for the Kfp and K n amélitudes to find a certain
" linear combination of 8,?\‘ and 8; from one and a bound o.n g; from
the other. Only a bound was computed because the contribution of the
Y, *#(1385) was neglected in the calculations. Although the errors were
rather large, the results were in accord With.those from unsubtracted
dispersion relations.
Perrin and Woolcock (23,25) utilised all the data
on D, () that they would glean from experimental' reports in a dispersion

relation subtracted at W= 0O

Mg ;
D: (w) = E_ T Z X(Y) - dw' A..(w’)j
w w wlwz+wy) T [ lw=w)
(e o) .a)'i"" ‘
+ -,}'T-— dw’ { A-J:(CU') - A—igw') |
< w’ (w*w) (w'+w) .
whefe
_ X
C = 1_(o) + ne .
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The poles at (u, and &J); were placed by an effective pole at O with

residue R= X(A) + X<Z) . After rewriting the relation as

De(w) - Taw) = Cx R/(w=@D)

>
where:I:ku)contains the integral terms, they computed the left hand
s ide for each of the 66 energies at which data on.ID:(LU) had been
found, and performed a least squares fit for the two constants C and R.
For the CSL and effective-range K-matrix models, they found estimates
~of 100£21 and 137£21 respectively for the combination 8,\24- 0847 8;’ .
Once the best values of C ahd R had been found,
Perrin and WOolcock_attempted to check the reliability of the unphysical
region models used by inserting these values into the dispersion
relation to compute ]Di:(nﬁk). In their first paper (23), the input
value of :[)_(rnk) from theiunphysical region model was in poor
agreement with the computed 6utput value, but, when they repeated their
work with substantially better data for ilfﬁu» and slightly improved
data on Q. (W) s they gound that the inpht—output discrepancy

!

disappeared. This clearly indicates the importance of the data on

{
D: (w) . i

Dispersion Relations Weakly Dependent upon Unphysical Region. Model

Martin and Poole (17) considered the relation

— D. (my) _ Z X(Y)
(2m)"®(m,+w.)" v (M) Homw)* (merw)

o |
oL / wf{ A (w) - A
v (whrm oot wn) Hwemy)  (w'rme) Booken) Hwtmy)
L

ok



dow’ D_(w)
(=) (cu’»cgo)'lz(cuﬁ- M)

L/ dw A_(w’)

.(mK_w/)’/a (wo"w,)‘lz(w'-l-m}()

) wﬁ%‘\

obtained from | when/a—'—'/a and (w=— Mg . Both the Kip and K'n
relations were considered, and from the qsual combination of these
they estimated 85\ . Their method reduces the contribution from
the unphysical region integral, which now involves ID_{(w)’) whose
behaviour near the Yo*(1405) resonance is compared with that of
A_(w) in the figure below. It is not clear whether the
uncertainty in the unphysical region integral is reduced, as they

claim it is.

| A
|
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~r

CENTRE QF

F—//,D" MASS ENERGY.

Yo (w0B)

They found using this method and the CSL parameters (15) a value of
69 £ 19 for 8,2\ and noted that this prediction was insensitive to
variation of (W, within the range corresponding to total centre of
mass energies from 1340 MeV to 1395 MeV.

More recently, Restignoli and Violini (26)

have written a dispersion relation for the function

(%3%') Fs (w)

M () =
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defined in terms of the I=0 KN amplitude,

F:.(CU) = F—:(__? — /2 F:K‘n

and the amplitude E(w) obtained from it by crossing. In detail, their

relation is

—2Me (Womwhn) X (A) = M) Re F (my)
(WE-mé)(up+@) G + 1y

+ (”"“‘“) Re Fime + F2eOe) Re (@)

cg w'——wo) Im F:(cu’)

c,u'+c1'3 (CJJ' 2 mi? )
w'wi !
_ 2m. dw (w'—:—cm) Im F(w) .
i L \wm@/ (wrmé)
Me

@, was chosen to coincide with the location of Yo*(1405) resonance,
so that the zero of F_(W) at wes would reduce the unphysical region
integral. The possible values of @ had to be restricted to

the range from 450 MeV to 533 MeV in order that REE(mK) and Re,E(E))



31.
could be obtained with (hopefully) some degree of confidence from
parametrisations of the low énergy KN and KN data. Both the K p and
the K'n amplitudes in the unphysical and iow energy regions were
taken from the same K-matrix model (Martin and Sakitt (3) ); and,
as only K p data is used in estimating the parameters of this model,
Restignoli and Violini argued that the K'n amplitude obtained in this

way should be reliable. To determine

Filw) = Fep () = 2 B ()

H

they used Martin and Perrin's (27) effective-range analysis of’the

K+p data and the K'n scattering length quoted by Stenger et al (8).
Although the latter is of limited reliability, their hope was that the
I=0 KN ampliﬁude was small,

Restignoli and Violini obtained 33:‘%0& =0 s
and found that had they used Kim's K-matrix solution this figure would
only have been increased to about 100. That dispersion relationsA
which reduce the importance of the unphysical region sﬁould-lead to
estimates for 8’3 differing substantially from those from other
relations only when Kim's effective-range K-matrix model is used suggests
that this model is inadequate.

This inference has also been drawn when the
effective-range K-matrix analysis has been used in sum rules which
reduce the unphysical region contribution. Martin and Ross (28),
for example, have considered the sum rules obtained by requiring
consistency between the real part of the high energy amplitude as
predicted by a dispersion relation and by a Regge-pole model. The
effective-range K-matrix led to values for the coupling constants which

agreed well with those from the other models simply because the sum



rules. reduced thé importance of the Yo*(1405) resonance.

Lest Kim's effective-range K-matrix analysis be
discarded on these grounds alone, it is worth noting that Martin
and Michael (29) have analysedvin the framework of Regge theory the
very recent cross section data on Kn= w A at 3-9 GeV/e , and,

quite independently of any unphysical region model,have computed

8’2\ = 182  63.

(b) Consistency Tests

The process KN — KN cannot,of course,be observed
experimentally at energies below the KN threshold, so the models
for the amplitude in this region can only be tested indirectly by
comparing with experiment their predictioné concerning production
processes such as MA-> KN and WL —>KN ., But it is
from this very data tﬁat the pérameters of the models are estimated!
Dispersion relations do, however, provide a way of testing the models
if a class of relationsh9§n bé found in which the relative importance
of the unphysical region integral can be varied by means of.a free
parameter. The stability éf the predictions fqr the coupling constant
under variations of this pa}ameter then indicates the reliability of
the model. # |
The mos"%': obvious free parameter is just the

energy variable O . Queen;et al (20) computed the gradient of the

coupling constants with respect to energy by evaluating the derivative

32,

]

sum rule, obtained by differentiating with respect to the_relations

for the KN amplitudes of definite isospin, namely,

-X(¥) = (- =) (Do(w) — Da(w)) /e
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(00

+ (W= w*) | dw’ Avlw) _ dow’ A_(w?)
il (W' w?) (w'*cw?)
my Qrn

.

+ +
The subscripts () refer to the combination (K ’P) - ‘/2. (K ﬁ)
of amplitudes for Y=/\ , and to the Kin amplitudes for Y'—-': Zo .
To differentiate the principal valued integrals, they had recourse

to the identity

(g3 ]
8’(w) = _hwy - hw) + P h(c;u’) dw’
(e~w)  (i-w) (W'=w)
Wo '
where .
@,
8((») .~_  D h(w)  dey’
, (w'-w)
and ' Woeo

o LW < Oy

This identity holds if h(w) is differentiable on [C{)o, C.L):]
and its derivative satisfié% a Lipschitz condition at each point
of Qu)g, CLL) . They c%?tioned that because there are threshold
béusps in the K p amplitude,‘%he energy derivatives of terms which
depend on D_(w) and A.@) hé.ve singularities at. UJ=1"Mk and at the
charge - exchange threshold. Consequently, care had to be exercised
in the choice of energy () at which the derivative sﬁm rule was
evaluated, and also in the range [}J)a,CL)C} over which the identity
given above was applied. .

Large cancellations occur among the terms of the

derivative sum rules, but yet the statistical errors on the derivatives
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E»G%;LA;CU théy calculated are surprisingly small. This indicates
that the errors on determinations of the coupling constants at
neighbouring energies are correlated. They found that for the I=0
amplitude, the derivative values computed with all the unphysical
region models are incompatible with a value of zero. The effective-
range K~matrix model led to the largest slope, which was of opposite
sign to that of the other parametrisations. However, only this model
gave an I=1 amplitude which satisfied the test.

A.D. Martin, Queen and Violini (5) considered
the predictions for 8/% obtained from the combination (Kt‘}:)- '/2 (Kih)

of dispersion relations for F.-.(C«U)“‘ F-.i-(wo) >

— X(/\) = D (C'J) — D (Wo)
(o~ (w+ws) (Co+we)
2 dew A~ (w’)
L (tljé.Cl))(cL)ﬁ+CL)o)
( w
. Zm
co -
+ L dO.)' /IAH' (w )
\ (i (CL) +w)(w,—' wo)
1 Mk

for various vaiues of (W juét below the KN threshold and for a fixed
value of OJg . Variation of?OJ, near the Yo*(1405) resonance
substantially alters the contribution from this resonance, and so the
consistency of the pre&ictions for é%? should provide a test of the
Yo*(1405) parameters. Once‘again the effective-range K-matrix model
proved inferior to the simpler parametrisations.

Quite the reverse of this result was found by
Chan and Meiere (30), who evaluated at = — fTu<. the

dispersion relations obtained from | for amplitudes of definite

isospin.Wo was located at the threshold of the lowest open channel,



35,
that is, ) for I=1 and @,y for I=0. The Vdependence of the
unphysical region integral, |
My :
N doo’ [ coo(p) A-(CU/)‘M(’TT(‘_’:) 1. (w’)—_}

o (M- Q_)’)F’ (cul—o.)o)l“g (W mg)

Wo

uponfg is quite strong, since/g controls the ratio in which A_(w7 and
]:LQL» are mixed and also the behaviour of the integrand near (We andr
near My . Chan and Meiere found that; to within the statistical
errors on any one determination, the effective-range K-matrix led to
stable predictions for Sf and g% ,whereas the CSL parameters did not.
There is, however, a flaw in their argument.
The CSL parametrisation does not have the correct analytic behaviour at
“the A and TL thresholds, so the magnification of the contribution
from the region just above these threshol@s, which occurs for low
values of F3 » should not be expectéd to lead to stable results.,

The dispersion relation | , which Chan and Meiere
evaluated at W=-—rmMm, , certainly offers a high degree of flexibiiity
in the unphysical region term. It is a more thorough study of this

relation which constitutes the following two chapters of this thesis.
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2.1 Dispersion Relations Evaluated

The objective of this work has been the

investigation of the merits of the K#p dispersion relation

D, (w) - = — (mé-tma-me?) (8,% + G(B>Wo) gf)
(= mp)ﬁ(cu )P léwmﬁ (WEWn) (Me- o),\)fg(wo—w,\) =p
(60]
+ L dw’ A+ (CU')
u (w'+me)PlwtrwsPlw 'z w)

| d ’ A.. (CU,)

F L w ‘
T (- )P (= P (' w)
My ' .
R 2™ l
o [y Leoop A -sintme) Do)
+ = w
™ (- P (W wo) P (w'+ w)
e

| (- ' )P (o= ') B lw'= ) ’

where

‘
{

G(ﬁ,(x)o) _ (m.@_ ('}nzo—mf,)l) (mm-—w,\ )ﬁ (w°_w,\ )l-ﬁ ’

mé&- (m,\ - mp)a My = Wyo Wo = Uge

derived earlier, when used as a test of the models for the KN
amplitude between the T/ and KN thresholds. The contributioﬁ to the
relation from the unphysical region is exceedingly sensitive tofa R
since the integrénd in this region contains not justJA_&D? but

[Cw(rp) A_(w')-ﬁc}n(np)n(w’)] and is magnified near (W, and M, when ‘B
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1s close to O and 1 respectively. Thus, it would be expected that
the values obtained for ( = 8{2\-*6(@,&)9)92 from the
dispersion relation would vary rapidly with ‘8 if the unphysical
region model were inadequate. In addition to the above dispersion
relation for which O(ﬁ(l , the subtracted relation obtained as the

limiting case 5—3’0 was studied. Explicitly this relation is

D= (@) = — (m&-(m-mp?) (gé+ Go,w.)g8)

(Wxws,) 16T ME (wz wa) ((We=wn)
oo
+ D(wed) -t [dw  A(w)
(w=w.) m (Wiwa(w'sw)
® "
+ L dw'  As(w) ,
ﬂmk, (W' we)(W'sw)
in which B !

G(O,(J_)o) = m: _ (mz""mp)a (M)

mi = (s —mp)* Wo = Wy

Note that a slight approximation has b‘een
introduced in the above equations by transferring the location of the
Zopole to that of the AN pole. Since the energies @ at which the
dispersion relations are evaluated lie above threshc;ld, and since 8:
is almost certainly much smaller than 8,3 s théa error introduced in
this way is probably very slight. At worst, it is still negligible
in comparison with the errors arising from poor data and the uncertain

unphysical region contribution.
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The quantity sought from both the subtracted and
unsubtracted dispersion relations is C '—' 9/?{ +G(ﬁ,w°) 8%
Fortunately, GE(ﬁ),CL%) ~ is only wéakly dependent upon F3 and Ws ,

provided (W,#* O .

s

0.0 0.2 0.4 0.5 0.6 0.8
0.0 L3411
.725 1.244 1.210 1.177 1.160 1.144 1.113
G
.842 1.154  1.139 1.125 1.117 1.110 1.096
.902 1.122 1,114 1.106 1.102 1.098 1.090
1.0 1.082

TABLE OF VALUES OF G (B, o). ——
Since 952: is thought to be small, this slow variation of G(B,;Wo0) ,
We # O , may be neglected, and G(‘S,COQ) may be
regarded as a constant.

The combinations of values of ﬁ3 and Q. for
which the dispersion relations were evaluated are those for which the
table above has non-blank entries; there are twenty in all.

The data used for Di (W) consisted of five groups.
These, and the notations used for them, were: |
(l)IDOi a set, tabulated by A.D. Martin and R, Perrin (31), containing

values of 33+.«1)) at 29 momenta between 140 MeV/¢ and 3.0 GeV/c;
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(2) p® , a set from the same source of 35 values of 1) (W) at momenta
between 617 MeV/c and 1183 MeV/c;
(3) D®  obtained by combining D and D@ ;
(4) D™ a set of 45 uncorrected values of () taken directly from
the experimentalists' reports (32) at momenta between 426 MeV/c
and 1183 MeV/c; and
(5) DS | the union of sets D and D®

With an unsubtracted @ispersion relation,
characterised by a particular pair (p,wo) (with B#0O ), and a definite
model for the K p amplitude in the unphysical region, as many
estimates for C = 8/34' G(ﬁ,wo) 8.?2: were obtained as there were
values of Di () in the set _’D(Cl, (=1--5 , of data émployed in the
dispersion relatiorilv.' A statistical weight for each of these estimates
was approximated by taking as the total error in each determination of
C only the error arisiﬂg from the experimental valué of Dj_— (c_u)
The weighted mean, denoted C ('.D » of the several estimates for C
was then taken. - |

To state more precisely the steps mentioned in

the above paragraph, we cast the dispersion relation for o(p(l into
\ :

the form A \
|

Here

% = Dilw) o0 [dw A

(0, ¢ mk)/g(we zw,) P T (w#mk)@(wuw;)'-'s (W'=wy)

K
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My

dw’ [cw (1A A_(w) = 2en (wp) D- (cu')]

o (M -w’)p(w’—wo)‘-’a (w' = wy)

I+
|-

We

L/ dw’ A_(w’)
Y Pl e

Ly = - (Mé=(ma=me)?)
6T M2 [(mu-wA)P (o= wn)' P () = wA)] >

H

and

E

A
where Wy is the (,/ of the energies at which D.() has been measured.
l’ ) 3
Thus, N“ values, denoted Cé s g: [, N(d, are obtained
(3]
for C if the set :D( is used. If A:Dt(OJ‘g) is the quoted

error on Di- (0«){9) , the statistical weight ascribed to Ct’ is

| A D (we) | -2
/Z} = [ (e 2 )P (W = o) PLLy :I ’

t

¢)
and the weighted mean of the N observations

is , N(c’)" N(c‘) -
co- ) yxe ) .
: ey ‘ ¢ e =l /bg

The proéedure followed in the case of the
subtracted relations is ‘simi:lar, except that 'weighted mean' is to be
re-interpreted as the weighted least squares estimate for two
parameters, the subtraction constant D_(w) and the combination
C= 8£+G(ﬁ,wo)8§ . We write the subtracted dispersion

r elation in the form

b = 4y D.wd+AlpC
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where

(wf? x w°)-—l )

&

3
)

- (h’hf - (mA‘ mp)a)

16T M3 [(w:w&(wg + w,\)]
and _ © '
é = Dilwy =+ 1L dw’ A-(w)
e o ' : |
(e, = we) (= wo) (W =wy)
Weop :
w .
e 1 C(CU' A+ (CU') .
m
< (e o) (W' xy)

With each such equation there is a weight ﬁ( whose value is

approximated by

A:Di- (034) | . a
(CL)g + Q-)o)

7 y2 p / I/
If é ,'é{fl ’ «4(12 respectively denote /%éé , 82 |

2

l ]
/Z%/a/éée s the weighted set of Nm equations (corresponding

() ¢
to the N“ pieces of data in the set D“ ) can be collected into

/‘, U 4 D-— (wo)
< C |
(© y ‘! )
in which th;.{N X2 matrix U has rows (ajl ’ 22
/

a vector form as

P4
and the ( element of _é is é . The least squares estimates,
) Q) :
D (0)0) and C , of the subtraction constant and the

coupling constant combination are then found by standard techniques as
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17T ¢
those values which minimise 7”2 in the equation

, , [ DYw)\
£ = U cor | F

a—

7’
2" is the weighted vector of residuals.

There is a further method of analysing the Di
results by 'means of the dispersion relations with 18:0 and CUO)Q),“.,A .
D (Q)c) can be obtained from the mode} used to extrapolate the
K™ p amplitude below threshold, so that there remains but one parameter
to be estimated. The averaging procedure used for these cases was
as for the unsubtracted dispersion relations.

The remainder of this chapter will be devoted to a
detailed description of the data used in the dispersibn relations

and the techniques applied to it.

2.2 Data on the Real Part of the Forward Scattering Amplitude

As mentioned earlier, the data on :D:\_— ()
were grouped into five sets, labelled :D'm, 6.=|,' ++y B, the first
two of which were taken directly frpm the tabulations pe‘rformed by
Martin and Perrin (31), and the fourth from the experimentalists'
reports. Sets three and five simply compound the data on D, (w)
with the two collections of data on 12~ (w)

The values of :D_(w) in set four were computed by

means of the prescription

I

| DL)|® = (‘W‘T%)e do (w,84=0) - (L ot *un)?

dQ A 40

derived from the relations



i
m
€
=

k\ﬁ_&?jl)a do (©,8,.=0)
M CLQ

q,(w) o %w) fe T = Ao(w)

and
Do(w) +¢ A_( = Flw -
Note that v
q'/(w) _ (wz_m&)'/a
and

W (w) = (W$+Iﬂ§+2nbaﬂ%
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b4

The extrapolation of the differential cross section to the forward

direction was performed using a Legendre series fitted to the angular

distribution: .
d =, P (w00
G’(@z)e)—z d, Iz (co0 )
19cm/ = 4 =
dQ 5 ¢
=0 ?
so that
: L
d.g':.(w,gm=0) =

dQ Z qg

=0

Thus, the calculation of [:D_(w), is quite straightforward. However,

its sign is more elusive. The signs given to D (w) by Martin

and Perrin were copied at those energies in common to the

two sets of data on D._ (U)) . At the remaining energies the signs

selected were those for which the best least squares fit was obtained

(smallest value of Xa).
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Martin and Perrin refined the. data from the experimental
papers in two ways.
(1 Instead of a selecting a definite degree, L. , for a Legendre
fit, they used several values of L at each energy, and selected as the
most appropriate that which minimised the weighted sum of squares of the
residuals of the Legendre fit.
(2) They made some effort to allow for Coulomb corrections. Firstly,
the values of D, (W) between 140 MeV/¢ and 642 MeV/c were obtained not
by extrapolating the differential cross section to the forward
direction and comparing this with the opticalllimit, but rather by
using the s-wave analysis of the low energy K'p data performed by
Goldhaber et al (7). They also considered the Coulomb enhancement
of the K p cross sections to be so large below 600 MeV/c that K p data
below this momentum could not be used to determine L_{wW). They
discarded this data. At momenta just above 600 MeV/¢ they omitted from
the Legendre fits to the angular distributions thesé experimental
points in the near forward direction which could possibly have non-
Inegligible Coulomb correction.

The efrors they estimated after considering:
@D the value of A+ calculated using the error matrix from the
leést squares fit with the optimum value of L , denoted L. :
(2)  the spread in the values of |Ds«| obtained by fitting the
angular distributionsﬂwith»'Legendre polynomials of degree Lw‘l ,
Lo , L, +! ; .and
(3) IIDt‘ and ZXIDt obtained from fits to angular distributions
measured in the same experiment at neighbéuring energies.

There seems to be little doubt from the phase
shift analysis of Lea at et (33) that the sign of D, (W) is

negative over the whole range considered by Martin and Perrin.
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The ]Q_amplitude'however possesses zeros , in the neighbourhood
of which the magnitude of O_(W) is so small that predictions for the
sign of D_(w) from forward dispersion relations are not unambiguous.
Martin and Perrin resolved the ambiguity of sign in the data they
quoted for D.(w) by an iterative method. Where onlyIIl&uM was known,
a sign was chosen arbitrarily. A fit to all the - data was
performed with a finite energy sum rule and the fitted curve was used
to predict the values of 1D (W) . The process was repeated until
agreement in sign was obtained between input and output.

In table 2 are listed the three sets, D s

m
p (&) and D , of data on Dai(w) ; the further sets D
and D  are just the unions DU D® and D yuD®

Note especially the large differences between the values in 13(2) and

4)
I)( » resulting from the corrections applied by Martin and Perrin.
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2.3 Cross Section Integrals

For the purposes of calculation, the physical

r egion integrals, namely,

- / deww’ A (')

e (w~mK)?’ (cw'- 0-)0) P(w"’w)
oL / de’ A. (w)
- Aar )= /

-~ (w’+m,<)5 (' +ws) Flw = w)

]

o+
were partitioned by points COFJand (W, into integrals over

regions of low, high and very high energies:

:;.L{/—r/} dw' ‘A-(w’)
" o (wme)Plew-cwe) P (W' w)

Cupﬁ I
+ WL{/ .f} dw’ A, (w')
AR CRU N PR R G0
Cu,
+ _*__a Cdw'__g(w) o (w)
T (=) P('-00)' P (')

/ dw'’ ) (W) Gu (W) .
w® CU-i—m )@ (w+w )‘ P((.l) OJ)

47.
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(%)
Note that, over the intermediate range from (J, to W, , At ()
have been expressed in terms of the total cross sections O, (w) via

the optical theorem:

q (W) Ox (W) Jam = Aslw)

(1) Very High Energy Region

The present limit of vreliable data on O« is
20 GeV/é, and (), was chosen to correspond to this momentuﬁ. Above
u)a . di(w) was predicted from the Regge model recentlly proposed
by Barger and Phillips (34). In addition to the Regge poles P, P:Aa ,/O,Q)
usually incdrporated in models of the Kip scattering amplifudes at
high_energies,this model included a leading vacuum cut, whose purpose
was, in essence, to displace the asymptotic region (approximate
equality of O, and O. ) to higher energies than previously anticipated,
and hence to secure compatibility of the recent Serpukhov total cross
section data with the Pomeranchuk theorem.

Barger and Phillips parametrised the contribution

to the forward scattering amplitude from the vacuum Regge cut as
HAe

- wc
L

F(w) = dcx/O(o() exF(-'/zi'TTOQ S

- 00 ' .

For the spectral function,/o(‘x), they chose

"

/o(cx)

with A and g as parameters to be varied. Upon integration this

(ote=e) exp [ £ (exem0d]

gave for Fcthe following simple form

-2A-1
Fow) = - T T (a+) ex?(-’/ac'wc)w%[étw—g—'/ac"rr] -
& :
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The pole amplitudes were represented as

FUw) - -3 explkiTeg) o, o - RIA,
b ,
and as
FJ(OJ) - +(Y; ex (—VZL’.TYO(')»O)O(J FOR =D
= Q) exp j , j=p
L

The quantities O<J were not taken as free parameters; instead their
values were fixed at O(P=| and O<J =04 , J¢P .

The parameters were estimated by best fit
to the 'thP and Ktp scattering data, with continuous moment sum rules
serving as constraints. Their values, in units of ‘F\ =c = GeV=1

and with the signs of 2;0 and b’w appropriate to K'p scattering, were

Y, = 65.4

or = L 74.3

¥n, = 65 ]
: b’,o - 6.8

Yoo T 26.8

%e | - 110

Z = o .

Thvg soltltion was insensitive to the value of A s
provided A=0 s sck>" B‘arger and Phillips fixed N=0-1  to fulfil the
theoretical requirement /O(O(c)=0 . However, because of the
insensitivity to A , the formulae can be simplified with scarcely
any sacrifice of accuracy by setting l'*V?\ ~ | . With this

approximation, the total forward scattering amplitude is
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F (w) = (% /e exp (Hhimoe)w” (o + i)/ GEw + %)

- Z , (b:,//-k'ﬂ') exp ("'l/ZC"n'O(J) wd‘d'
 J=RPA:
:‘Z (‘63/4-“) exp (—'/ac'mxd-) atl

J=op

For leading cuts, o{,= 1 , and so

Aslw) = (nfom) wdrw /( Liw + %)
e ) (/e @ (o) W™

J=P.PIA,

’ .Z (3;/47) coa (Vo) o0
J‘c*’lP. }

The quantity required in the dispersion integrals is

H(i)(c,u) = 3 —'—/dw’{ A_(w?)

(w'-my)P (w'—wo)"ﬁ(w’:t_w)

- A+ (w’) }
(" +mP (w'+w) T (w's w)

If Q)3 is an energy above which My s Qs and W are negligible

%) (&q) (2)
compared with @)’ H( (W) may be rewritten as H; (w)+ Hz where

W4
H(i) ;_'. d , A..(OJ') _ A-a»(&)') t '
i (UJ) = w W (wl_mk)@(wl_wa){‘p(w'iw) (Q_)'-!-mk)ﬂ(w’-ﬁ-w@)'?(w’?-w)
P .




and

B __;_/dw’ (A_(w’)~A+(w’))/w’2
o ,
w

@
| o, oy
= :Z'lﬂ“‘" *5:] coa('/z‘ﬁ’o(d') dw’ ' ¥
J=pw SR
o 1)
-'F—'—-— Z lz_'rrO(J‘) O)(J /(I—
e
J=pre

In the calculations; GJs and 0.)3 were chosen
%)
to be 41 M, and 4100 M~ respectively. H.‘ {tw) was obtained by
numerical integration for each value of (W » with the Bargef and

Phillips model used for A._.. (cu) .

(2) Experimental Region

The technique used to integrate
W,

L w’ g, (w’) O-(w’)
Lew?

w™

+1

(w'- rm)ﬁ(cu wo)'"P (w'= w)
and W,

+ _I_ | dw’ q, (w?) O (w?)

Lm? . (w+mK)P(w +O)o) ﬁ(()) +(.U)

O(J)

51.
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was to fit a curve to "measurements' of the function

L qw) O (w) /(w = w)
LT '

s
computed from the data on Ox (') “in the range [w‘(:‘:)’ wa]
and using this curve to perform the integrations analytically. For

this method to be successful, the functions used to fit the data must

be 'flexible' in order to reproduce the rabidly varying J_ cross section,

and must have a simple form so that the integrals are amenable to

" standard formulae. While polynomials fulfil the second requirement,

they, at least in low orders, vary too slowly to satisfy tbe first.

The usual parametrisations in terms of Breit-Wigner resonances satisfy

the first but not the second. Examples of functions with both requisites

are the polynomial spline functions, and in particular, the cubic splines.
Polynomial splines are piece-wise polynomials in

which the constituent polymonials are smoothly joined. More specifically,

the function Z(x) is a cubic spline with knots é,, fz_‘, cee “EN“ if:

(1) on the interval [Ci , (f"_,_,] ; (.=|,2, «+ N, é’(x)

r educes to a cubic polymonial; and

(2) the polynomials in the intervals [éf—l S é& ] and
[é"., EC,“] R (= 2_,. IR N s, are joined so that é'(:x:)
possesses left and right third derivatives at cf; ,- even though they

may not be equal.

Splines have the simple analytic form requifed,
since between knots they reduce to polymonials. Furthermore, they are
c apable of following extremely rapid variations, since any rapid, but
smooth, variation can be approximated by a polynomial over a sufficiently
small region. Thus, where the function being‘fitted has bad behaviour,

the knots of the spline will be close together.
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M.J.D. Powell (35) has experimented with splines
with the 'free knots', that 1s, splines whose knot locations are not
preassigned, but instead are regarded as quantities to be determined
by the data being fitted. Determination of the knot locations requires
a means of detecting genuine trends in the data and a mechanism for
suppressing spurious oscillations. As a problem in numerical analysis
this is quite involved, but, fortunately, he has made avaiiable
programs ~ which automatically select the knot locations and find
the least squares estimates of the remaining spline parameters. These
programs are the ones that have been used throughout this work.

Both the principal value integral and the integral

over the crossed channel cross-section can be obtained from

We
U™ () = L do’ Q (w’) O ()
T @emoPerzen Plwh o)
B )
where ==*| , so the technique of integration using splines wili

be illustrated with lJ(t%Mu).

Set .
) = (Vi) g o) fwzwe)

so that W, ) )

y® (A = %) jw’ros )ﬁ

cleo’ (’+2aw) | w' 2mg

w8
* * ) (&9]
The interval [(U, =) (x.)a:l is sectioned by knots C-.) e é: 5 <

(&
and between each pair of knots 2: is represented as a cubic::

(®
Nt

,)_Z aif ol on [£7 &7, ém1pr N

LY 2

Thus ,

=o_)2
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N o £t (¥) 4= ' B
) Z Z dw’ Qji W ( b iw°)
U (Aw)= 4 ! (w'+ AW) w' £ Mk ]

c=1 J:l (i’)

¢ _
A change of variable to Ll = (O.)"‘—:O.)o)/(w ’i‘m\-:)

leads, upon rearrangement, to

NS g, J
() . . .
@, e = 9 [
’ (M)_zzuz(m = Z(w e (f?—-t)
v = = zl . .
(£Eew/ f:’+ me)
w”

(I-—L()'g( AW s We — 1)

?\w-o- Mgk

X dee

E(ﬂ wo)/(é +mK

If now/B is permitted only rational values .(/8== m/n ‘, where m and n
ko)
are positive integers),a closed form can be obtained for u( (ew) by

means of the following identities:

(a)

d‘ A | |

/ #(«—,a)f(c-,a) [/ (:—a)/’(c -u)

_ Jdu ———4—‘———— 31,
/ (1-2¢ J/O <, e’

® b b/c
/ du_«” = cf / de wh
(c-t) (1-AL)
a a/c

(¢) 4if n is even and lsr\n(h ’
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/du an.q/” = ——_4_"1?_ + (G 1w
(1-2) "/n
_ L fi—e™
_im(ﬁ_n_t)ézll 24 coo(ér)ma Bin

njz
o oy
sgent [ S8

niz

+
§
?“
;3

(d) if n is odd and IiKmdn

/{u ek A Ay Nl
(I-‘u) | m/n

-1,

v ) ool RE W oo ool

I

=

-0k

. 2 A1)
_ m# . m‘ﬂ(Zﬂ“‘) a’/n"'m(g—ﬁ—) .
+( ) ZZ ( n )0/"73?( M’L((ng_')'n,) b
! A?= o "
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An objection which might be raised is that the

spline functions were fitted to
(1/61%)  q, (W) Twlw) /(w xwa)

and not to the cross section data itself, so, for every value of CJOy ,
the fitting process had to be repeated, and the fits to Gk (w) computed

from those to (l/li-'ﬂ"')q,(CU)O;(O))/(w:two) might not be

the same, In practice, however, it was found that the variation
with W, of the fit to. U () is so small as to be negligible.

Figures 1 and 2 are given as an indication of the
quality of the spline fits. The former shows the experimental data (36)

=2 :
on (J_ and the curve obtained by fitting to é'(w)=(l/mrz)q,(w)c_(w)/(w—w°).
Graphed in the latter are the 'measurements' (37) of the function
(+

Z (w)'-‘(I/Lkﬂz)%(w)‘6+(w)/(w+w°) and the spline fitted to them. For
later comparisén, the fit obtained using the analysis of the K+p data

by Martin and Perrin is also 'shown.

" One cautionary remark (45) that should be made

concerning the numerical estimation of principal value integrals is that

there exist sequences {r (x)} of functions which converge in norm,

but yet the sequence {CP,\ (g;)} , defined by

CP (c:) F’/ folx) dx , a<c<b,

(x-c)

diverges. For example if 'gn (x) is the function

—

gé
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then

‘ R
p/ n(x_) dx = é’lh >
o e-c)

so for the sequence 'fn (JC) = 8“ () /(g? h)lla s

we have

xX-C)

"'E\(x)“m—a'o AND p'/ (ﬁn(x) Clx —> 00  pg N-==0.

The numerical importance of this type of behaviour was teséed by

generating a smooth, in fact thrice differentiable, approximation 8(x)

to the function 'f(.:c) =1 on [l, 2] , such that I'F(I)"g(X)l(O-OO’f
for all oce[1,2] . with C 1located at 1-51, the

value of the integral

(C) = /dx f(x)
(x-€)

was .0400, but, when -F(x) was replaced by 8(0@) , the integral value

changed markedly to .0244.

(3) Low Energy Region

The integral over A_ (U)') in the low energy ‘region
from thr»esho'ld to CL)T) , chosen to correspond to a kaon J.éb momentum
of 280 MeV/c, was evaluated using for A_(‘w') the low energy
parametrisation also qsed to extrapolate below the K p threshold.

Reference to figure 2 shows that the spline fit to
(+ . ‘ _
C (w) = (1/477) q,(w) o;(co)/(w +Wo)

follows more closely the trends in the data at low energies than the fit

obtained ueing Martin and Perrin's analysis (27) of the K'p data.



64.
Although the 1at£er is probably more acceptable on theoretical grounds,
the spline fit has been used right down to the K'p threshold, since the
dispersion relations are relatively insensitive to the low energy K+p

interaction. Thus, W was set to My

2.4  Unphysical Regional Models Tested

The models tested in dispersion relations I:and ik
were Kim's effective-range K-matrix (ERK), the zero-range K-matrix
analysis  (ZRK) performed by A.D. Martin and G.G. Ross, and a constant
scattering length analysis (CSL) using barameters also estimated by Kim.
The last two of these analyses are restricted to the s-wave amplitude, so,
to maintain consistency, only the s-wave parameters were incorporated
in the ERK model. .This is acceptable because the s-wave resonance

Yo*(1405) dominates the unphysical region, and because the Y, *#(1385)

which occurs in the p-wave is very weakly coupled to the KN channel in

this model. '
 The s-wave T-matrix for transitioms between

states of total isospin I is expressed as a function of the total

centre of mass energy, W, by the effective-range expansion.

T )= [0tw]” [M‘” wl b (0~ 0 )™
xR‘ 'a) (0w - 0= )] [0 :) -,

(Vé and R 0%) are real, symmetric, energy independent matrices

in channel space, and, with Wo = (M.+ M), are taken as the free
' ()
parameters in fitting the data. Q) (VV) is the diagonal matrix of
channel centre of mass momenta. In the I=0 state, the TL channel
is the only one coupled to the KN channel at low energies. Thus,
©

matrices M, R and O(m are two dimensional:

: (o) ©) (@ (o) y @)

M(o)z (mb« Mys ) jR(°,= ('f-&« : 7‘.‘@ , Q(o)= 4}( ) .

G )]
My mz: Yke iz o A
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The 7/\ channel is also coupled to the RN system in the I=1 state,

so MY , R and Q(n are three dimensional:

Q) Q)] 'O i Q) 1
Mk Mkz Mia %e % 7‘:« “ &k
_ M o M_ D aed) o -
M= Mgz Mgz Mgy 7R - {i p B3 7;.’/\ 7Q = gi )
My M M % 7 B

Note that the subscripts K, L and A respectively label the

RN, vl and w/A  channels.

In terms of the s-wave KN scattering lengths,

A, defined such that

A col & = Al

where SI are the s-wave KN phase shifts of isospin I, the KN
\

E

T-matrix elements at very low energies can be written ~
(m . :
Tkx = /{KA:\: / ("" 4 ’{KAI) .

This. form for —ﬁ(K is the most convenient in which to apply correctionms

for the K; K®* and ‘P,n mass differences. The prescription for doing
so is discussed by Dalitz and Tuan (38). The net effect of these

corrections is the replacement

( | — ¢ gk Ao,l)—‘ —> (l— C}gK’ AI,O)/D

H

4 —
where /é( is the centre of mass momentum in the K®mN channel and
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D = -l" l/a C. (A0+A|)(‘fg< +/4K,) "'/{Kﬁp}: Ao A| .

Thus, the K'p s-wave amplitude in the centre of mass system is finally

given by

7= R (ArA - 20 A AA) /D

There is some uncertainty in the literature. as to
whether the K=, K° and‘F,n mass. differences should be taken into
account, since they are electromagnetic effects and are neglected in
the formulation of dispersion relations for the strong interactions.
The common belief is that the amplitudes obtained from fits to the data
with the formulae which include the empirical mass differences should
be used in the dispersion relations, but sound reasons why this is

correct have not been advanced.
1

The numerical values of the parameters obtained by

Kim in his effective-range analysis are listed below. Effective-ranges
are quoted in fm and the, M-matrix elements in fm™' .
& :
-0.00 £ 0.02 -1.11 * 0.04 0.54 * 0.08

n} ‘ ’(o,-
M@= : M , R'=
+2.04 * 0.10 -0.89 + 0.31

W
v

1
:

-3.60 £ 0.02 -2.86 * 0.03 +2.08  0.07

(o
Moo=y -1.40

I+

0.06 +1.81

I+

0.04 ,

-2.31

I+

0.11

-0.13 £ 0.07
= ~-0.78

I+
o

" .23

-1.22 + 0.45 .
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In units of fm , the inverses of the M-matrices of the zero-range

K-matrix analysis by A.D. Martin and G.G. Ross are

~2.40 ~1.21
Pq(w il -
-1.05
and _
~0.01 -0.71 ~0.38
P40)“' - +0.34 -0.21 o

+0.17

Finally, the values used for the scattering lengths in the CSL analysis

were taken from an early paper (10) published by Kim. He quoted for

the six CSL parameters

Ao = (-1.674 * 0.038) +i (0.722 * 0.040)

A, = (-0.003 % 0.058) +i (0.688 = 0,033)

E = +0.318 * 0.021 —
¢ = -53.8° .,

It was pointed out earlier that the amplitude
predictéd by the CSL model does not have the correct analytic
behaviour at the T2 and T/ thfesholds. To compensate for this
defect, tﬁe imaginarj parts, A(f.) (w) ‘and A(_‘) (w) , of the

amplitudes of isopin O and 1 were replaced, respectively, by

P

° th A (O —
A(..) (w) = G - W,y b A_ (w) , FOR (,A.)“_z {w { W

N\
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and

~ (c,u—ww,\ o U —
A () = \ &%, S (W) ror Lo {0 (@,

GO and GO vere chosen at (3Ct)m+mk)/lf and (3&)1\,,\ + C.&)“.Z)/A.
respectively. This modification ensures that these imaginary parts
vanish at the appropriate thresholds in the manner required by unitaritg.

Graphs of both the real and imaginary parts of the
K p forward scaftering amplitude froﬁ Cl),“o/\ to 1.2m, , for each of the _
models, are given in figures 3 and 4. Note especially the larger width
predicted for the Yo*(1405) resonance by the ERK model.

One final remark concerns the accuracy with which
all numerical integrations were performed. The programs used were
adaptive versions of Newton-Coates quadrature schemes, and were able
to detecﬁ rapidly varying behaviour of the integrand and adjust the
mesh size so as to obtain a prescribed error bound. Throughout, all
numerical integrations were performed to an absalute accuracy of lxlO"5 .
The magnitudes of the terms were about unity, so that this ;ccuracy

was more than adequate.

3.1 Results and Discussion

Before the results obtained for the coupling
constant combination C = 8,% + G(/B,COA) 82 are presented,
it is probably advisable to recall the quantities with which each
determination of C must be labelled. They are the following:
(1) the model employed for the K p amplitude in the low energy and
unphysical regions;

(2) the pair (/Bﬁuo) which characterises the function

Bs (W) = F:(w)/[(wtmk)@(wtwo)"?]
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for which the dispersion relation is written; and
(3) the collection of data for D.(w) used in the dispersion relation.
The dependence upon the first of thesé quéntities will be exhibited by
collecting all the estimates for C obtained with a given model into a
single table labelled by that model. For every combination of,f? and Qoo
appearing in these tables, there will be inserted five values, denoted
C:«:Z=J,"',5, resulting from the analyses of the dispersion
relation with the five sets, I)(f) , of datacnlljt@u) described in
the previous chapter.
The figures presented in tables 3, 4, and 5
are the values estimated for Cm, [=l, -, 5 , from those
dispersion relations in which only the combination of coupling constants
was unknown. In the cases /520 and/5 =1 , the dispersion relation
is subtracted, but the option of providing the subtraction constant,
D () for /5=O and D_(mMy) for /3 = | , from the
unphysical region modei has been'seiééted, so that only one parameter
remained to be estimated. Because the :xa‘value and the standard
deviation vary slowly across any row of the tables, only averages have
been quoted. 7
Contrary to all expectation, the estimates. for
C:((iff=|,"’, 5, are reasonably stable against Qariations of /9 R
even though such variafions mix real and imaginary parts of the K p
amplitude in the unphysical region, and emphasise for/zg near O and 1
the peaked behaviour of B_(t) around (We and NﬁK respectively.
In fact the least variation occurs when QJ);is positioned directly

underneath the Yo*(1405) resonance!
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Of the slight variationms with/é thatv are
apparent in the table, probably only two are of significance. The first
trend is one of rising magnitude with/5 , and occurs in the tables for
the CSL and zero-range K-matrix models when Gk, at .725 My, lies just
above the threshold of the ’r{X channel. For small values of/6 , the
contribution to the unphysical region integral from aropnd Wo is
enhanced, so that, if this gradation With/g can be taken seriously, these
models do not accurately reproduce the K p amplitude as far below threshold
as the entrance to the ’TTZ channel. Although the ERK model appears
superior to the other two models in this respect, it is to be noted
that it is inferior in that the ’Xz value associated with the determination
of C(” is substantially larger for the ERK model than for the others.
The second peculiarity is that in all the tables the cases with /6:[
are singular. A possible cause for this is that when/?=l the subtxavction
point is at th‘reshold, above! the Yo*(1405) in energy, whereas G,
the point of enhancement if :O(@(I and of subtraction if [Bzo s
has its values spread c;n;r the lower side of the Yo*(1405) resonance.

it i.S".:‘- difficult to known how much importance to
attach to these. variationstwith/e once the sizeable discrepancies

' O}
between the estimates C i, (= L, 5, have been noted.

T

. 2
This failing is worst in the effective-range K-matrix table where C( )

H
|

exceeds Cm by about 110; for the zero-range K-matrix these

quantities differ by éﬁout 35 in the other direction. Such a discrepancy
is not found with the CSL model. Tempting though it is to conclude

on this basis that the CSL model provides a superior extrapolation of

the K p amplitude into the unphysical‘ region, it is probably not correct
to do so. Comparison of Cm and C(a) , respectively obtained when the
'raw' and corrected D- data were empl§yed in the dispersion relation,

shows the startling effect of Martin and Perrin's rather haphazard

Corrections to the D- data, and suggests that the discrepancy
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between C:“)and Cfa might only be a reflection of the poor
quality of this data. It appears, however, that were substantially
improved D.. data available, the discrepéney between the values of C
obtained from the D+ and the D._ data separately would provide
a critical test of the reliability of the unphysical region model used.
Martin and Perrin have done well to attempt
to include Coulomb corrections in the data for D_(w) . The values
(:“Q obtained when the uncorrected D_.‘data is analysed in the
dispersion relations are meaningless, and so no further consideration
will be given Cﬁu%and (:(5) . The set of corrected D_ data leads
to more reasonable values, (:(2) s, for the coupling constant combination,
but, when compared with (3<” , they are still statistically useless.
Typical values fof (:(3, in‘tables 3, 4 and 5

for the three models are

CSL 100
ZRK 62
ERK~ -~ . 230 .

The first two of these are in general agreement with those obtained
by other authors, but the third is substantially higher. No remark_
on this will be passed here, fdr later it will bé seen that the same
data do reproduce the results of Perrin and Woolcock .(25) when used
in the dispersion relation corresponding to theirs, namely, that
characterised by /5'30 - and We=0

As explained earlier, the subtracted dispersion
relations represented in table 3, 4 and 5, namely, those with either
/[3=(3 pr/ﬁ?: I , had the subtraction constant supplied from the
unphysical region model. In tables 6, 7 and 8, these relations and the
additional one with GJ&0 are used to fit the data, with both the

subtraction constant L) (W) and the coupling constant combination
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C=8£+G(O,wo)8ia as free parameters. For easy reference, the values
of D {W,) obtained from the model used for the unphysical region
amplitude are listed across the tops of the tables; J:L(O) is not
included because it is not available. The error matrix quoted
represents an average value for the cases with CU°>C) ;3 the matrix
for the case (Wo=0 has entries of roughly the same magnitude, but
the sign of its off-diagonal elements is negétive.

To illustrate the main feature of the six tables
combined, we collate a subset of the values of (30) - these because
we believe the data on:Il«u) to be reliable - computed with the CSL

model amplitude in the unphysical region. '

Wo —> 725 .842 .902 1.0
D_(we) From cSL MODEL —> 2.89 3.96 4.72 -4.,16
\ Q] |
T C 76 104 107 94
m 2 ‘
C"rmrren.| X 17.9 20.0 20.7 19.4
v d‘P : 28 28 28 28
N | » .
C 22 22 22 22
Q) o (1) .
CaDl(w) D (w) 2.32 3.20 3.98  -4.74
2
FITTED. X 16.1 16.1 16.1 16.1
A c{f 27 27 27 27

If the CSL model truly répresented the K p amplitude, and if, as we
have assumed, the data on D, () is accurate, the input value to the
dispersion relation of D) (W,) from the CSL model would agree with the

. . m
output estimate for I) ((.) , regarded as a parameter, and hence C

2

and the ratio of ;K to the number of degrees of freedom would not
change when the fitting process is allowed an extra degree of freedom.

This, however, is clearly not the case. When two parameters are
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estimated instead of one, the quality of the fit, evidenced by the ratio
of 7(2 to the number of degrees of freedom, is improved, the estimate
for (:U)shifts from about 100 to near 20 and I}ﬁ%xu adjusts accordingly.
It is therefore quite clear that the CSL model is inadequate.

Similar remarks apply to the ZRK and ERK models,
especially the latter for which the ratio of :KQ to the number of
degrees of freedom improves from 38/28 to 16/27 with the extra degree
of freedom. To conclude, none of the present partial wave analyses
of low energy KN data is reliable when extrapolated below threshold,
but ceftainly the CSL and ZRK models are superior to the ERK model.

In the light of these remarks, any détermination
of the couplings 8,% and 8§ must be regarded as suspect if data on
]qt(UJ) for the dispersion relation were extracted from the model
for the RN amplitude below or near threshold or if the dispersion
relation were strongly dependent upon the unphysical region amplitude.
The relation psed by Rgstignoli and Violini (26) certainly minimises
the importance of the unphysical region integral, but fails the first
condition rather badly. Perrin and Woolcock (23,25) and Martin and |
Perrin (27) seem to be the only authors whose work passes the first
of these tests, since, in both cases, all the data availabie from the
experimental reports on:ELﬁlg were used. waever, the I)+ and D_ datg
seem always to have been combined, and in so doing an important
fact was missed.

A typical estimate for (:a)in tables 6, 7 and 8
is 30 * 40, whereas that for (:(a is 900 % 300, so the two are
quite incompatible. The first figure is far lower and the second far
higher than the generally‘accepted value for the couplings, and the
question is whether the discrepancy between them arises from the model

or from the ]:)i data. That the discrepancy should be qualitatively
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the same for all the models suggests that the cause lies in the :[)i
data, but, since the modéls are known to be inadequate from the
arguments above, a definite conclusion cannot be drawn.

The fits to the combination of couplings and the
. A D
subtraction constant are statistically excellent when data sets and
ey ) ) (2)
O™ are used separately, but the two estimates C" and C thereby
. (3
obtained are incompatible. Thus, it might be expected that C s
the estimate obtained with the union of these sets of data, would be
statistically insignificant. In practice this is not so, and the fit
(31, : ()] ' )
to C: is almost as good as those to Cﬁ and C . The reason why
this is the case, as a glance at the error matrix will show, is that
the two parameters estimated are highly correlated - the error matrix
is almost singular. This reinforces the earlier conclusion that the
extrapolations of the KN amplitude below threshold are inadequate;
the earlier argument hinged upon the improvement of the fit with an
extra parameter, whereas here the estimate for this parameter is found
to be strongly correlated to that for the first parameter.
. . 1) @
It is amazing that the fits to C  and C and
) : } C(3)
the associated error matrices should be such that the estimate ,
based upon all the data on ]31: tabulated by Martin and Perrin,
reproduces the results of Perrin and Woolcock. For the several models,

3)
the values of (:( are

CSL 87 x 22
ZRK 75 £ 22
ERK 121 % 22 .

The _D_ data‘in set :[)(a , which seemed statistically useless in
the analysis of the unsubtracted dispersion relations, is here seen
to be crucial to a sane estimate for the coupling constant combination.
Since the _D_ data could certainly still be in error - the striking

effect of Martin and Perrin's corrections to the raw LJ)_ data suggests
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this - the method of Perrin and Woolcock for determining the usual
combination of the couplings cannot be applied with confidence until
the reliability of the 1)_ data has been tested. Finally we note that
the input - output discrepancy observed by Perrin and Woolcock was but
the residual of a far larger discrepancy which they would have noticed
had they analysed the D, and JD_ data separately.

To summarise the observations of this chapter,
we list the points for and against the various models. Since the CSL
and ZRK models lead to-almost indistinguishable results, we need only
contrast the ERK model with either of these.
(1 In favour of the ERK model (as against the CSL and ZRK models),
there is the least variation in C:u”with variations in /9 and @Wo
(2) Against the ERK model, we note that:

(i) when only one parameter is estimated, a much better ’>(2 value
is found for the determination of (ze)with each of the CSL and the ZRK
models; e . |

(ii) 6nly for the ERK model is there a substantial improvement
in the value of 7(2 when a second parameter is fitted; and

(iii) when data set I)(m is used, the input—output discrepancy
for the ERK model is much larger than for the CSL and the ZRK models,
and the value of (309 is very different from that for the one-parameter
fits.
Any inferences based upon these observations must, of course, be very
weak. Howevef, with better data onllku), they would almost certainly

be strengthened.

3.2 Effect of the Y, #(1385) Resonance

All the models used in this work have included

only the s-wave amplitude, and hence have neglected the contribution

due to the Y, *(1385) resonance which occurs in the I=1, T%Vz channel.
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This resonance is most simply treated in the zero-width approximation.

The Rarita-Schwinger (42) formalism with the Lagrangian

(8\/* /Zm?)(a“@f’ D ~ {P? au ¢K)b’5 T. “fﬁ + h.c.

’
in which 3\{; is the rationalised K'p Y, * coupling constant, leads

in Born approximation to the contribution

Alw) = - 83& (Wi -mg) (M = (mye + mpl) Sl —we)

to the imaginary part of the K p amplitude in the laboratory framé.
8\2,‘ may be computed fr‘_om the observed width of the N*(1236), to
which it is related by SU(3) symmetry. According to Bunnell et al (43),
this symmetry is only slightly, if at all, broken.

A Because of the sign‘of the resiﬁue at the
Y, #(1385) pole, the estimates for C= 8,?*-6(#,0.&) 812 computed
with only the s-wave amplitude in the unphysicai region are actﬁally.
upper bounds for C. To approximate the effect of the Y,;*(1385),
Perrin and Woolcock used the zero-width approximation discussed above,
and found that their estimates of 8,2\4' 0"84782 were reduced by
about 20. Had the Y, *v(1385) been included ir; this work, there would
have been a.reduction of comparable magnitude in the estimates from
the subtracted dispersion relations evaluatea with all the data on :Di(UJ)

compiled by Martin and Perrin.

3.3 Comparison with Symmetry Predictions

SU(3) symmetry predicts (39,40) that the K_‘P/\

- °
and KPZ coupling constants are related by
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2

8*‘(-}3/\ = (\ +2C>(‘)2 9?;;;-'-Pn /6

82K‘-g> 1

, .
where 811—F,\= 370t8 is the usual rationalised, pseudoscalar

(l - 2ok )2 8%?:1 /2. ’

coupling constant and the parameter 0(=‘?/(‘F+C0 is the fractiron of F-
type coupling. The combination ( = 8/\2 + G(/B, Wo) 8,?
is therefore a quadratic function of X and, if l.‘15 is taken as
a typical value of G (/6, W) » has a minimum of 192 when X=-276.
~==5- Thus, the éstimates for C obtained from the CSL and'zero-range
K-;n;trix models are definitely incompatiBle with the SU(3). prediction.
With the effective-range model kand a one-parameter fit, agreement with '
SU(3) is secured, but, since consistency tests discriminate against |
this model and since 7(2 is poor for this fit, this is of little consequence.
The more restrictive symmetry of the SU(6) group
fixes the parameter X at .4 .(41) so that 82:‘=200 and 82 = 8 .
Once again the only model consistent with estimates so large is the
effective-range K-matrix model. | )
The evidence from thé- dispersion relations is
that 'the SU(3) and SU(6) symmetries are strongly broken when applied
to the meson-baryon coupling constants. This conclusion is :e—inforced
by the obseryation of ’se‘ction 3.2 that ﬁhat we have calculated is an
upper bound on C. If the Y, #(1385) contribution reduces the calculated
values of C by around 20,‘ then SU(3) symmetry for the coupling constants

is even more obviously broken.
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3.4 Concluding Remarks

The unsubtracted dispersion relations for the

function

B. () = R@)/[(w=mdPw=w) ], o<p<

»
fail to discriminate between the several models.for the unphysical
region amplitude on the basis of the stability of the predictions for
the coupling constants against variations of'¢3 and (o . _This
failure is thought to ge partly due to the poor quality of the available
data on 1L(w); with greatly improved JIJ)— data (comparable in accuracy
with the 33+ data), these dispersion relations for’Bi(uﬂ would almost
certaigly provide a searching test. However, even with the present
data on D. (W)} , the subtracted relatiops, that is, those withﬂ:D
do provide a sensitive test. With the assumption that the data on 1} (W)
are accurate, this test indicates that the constant scattering length
and the zero and effective-range K-matrix analyses are all inadequate,
but that the first two are superior to the last.

The reliability of the ID- data is in serious
doubt, and, until better data on D_ is available, methods such aé
those used by Martin and Perrin and by Perrin and Woolcock (and
improved and extended in this present work) cannot be applied with

confidence."



References

1.

10.
11.

12,

13.

14.

15.
16.
17.
18.
19.
20.

21.

22.

M.H. Ross & G.L. Shaw, Annals of Phys. 13 (61) 147.

. A.D. Martin & G.G. Ross, Nucl. Phys., 16B (70) 479.

. B.R. Martin & M,Sakitt, Phys. Rev., 183 (69) 1345.

J.K. Kim, Phys. Rev. Lett. 19 (67) 1074.

A.D. Martin, N.M. Queen, G. Violini, Nucl. Phys., 10B (69) 481,

. Bugg et al., Phys. Rev., 168 (68) 1466.

S. Goldhaber et al., Phys. Rev. Lett.,9 (62) 135.
V.J. Stenger, W.E. Slater, D.H. Stork, H.K. Ticho,

G. Goldhaber, S. Goldhaber, Phys. Rev., 134 (64) B11ll,

. N. Zovko, Z.Phys., 192 (66) 346.

J.K. Kim, Phys. Rev. Lett:., 14 (65) 29.

M. Sakitt et al., Phys. Rev., 139B (65) 719.

M. Lusignoli, M. Restignoli, G.A. Snow, G. Violini,

Phys. Lett., 21 (66) 229.

A.A. Carter, Phys. Rev. Lett., 18 (67) 80l.

G.H. Davies, N.M., Queen, M. Lusignoli; M. Restignoli,

G. Violini, Nucl. Phys., B3 (67) 616.

J.X. Kinm, Columbia University report Nevis - 149, (66).
J.K. Kim, Phys. Rev. Lett., 19 (67) 1079.

A.D. Martin and F. Poole, Phys. Let;.,'gég (67) 343,
H.P.C. Rood, Nuovo Cimento, 50A (67) 493.

A.A. Carfer, Cambridge University report ﬁEP 68-10, (68).
N.M. Queen, S. Leeman, F.E. Yeomans, Nucl. Phys., 11B (69) 115.
W. Kittel & G. Otter, Phys. Lett., 22 (66) 115.

Ya. I. Granovskii and V.N. Starikov, Yadern. Fiz., 6 (67) 610.

(English Translation: Sov. J. Nuclear Phys., 6 (68) 444.)

85.



23.
24,
25.
26.
27.
28.
29.
30.
31.

32.

33.
34,

35.

36.

R. Perrin & W.S. Woolcock, Nucl. Phys., B4 (68) 671.

W. Kittel, G. Otter & I. Wacek, Phys. Lett., 21 (66) 349.
R. Perrin & W.S. Woolcock, Nucl. Phys., B12 (69) 26.

M. Restignoli & G. Violini, Nﬁovo Cimento, 69 (70) 691.
A.D. Martin & R. Perrin, Nucl. Phys., B10 (69) 125.

A.D. Martin & G.G. Ross, Phys. Lett., 26B (68) 527.

A.D. Martin & C. Michael, Phys. Lett., 32B (70) 297

C.H. Chan & F.T. Meiere, Phys. Rev. Lett., 20 (68) 568.
A.D. Martin & R. Perrin, Nucl. Phys., B20 (70) 287.

(a) R. Armenteros et al., Nucl. Phys., Bl4 (69) 91.

(b) B. Conforto et al., Nucl. Phys., B8 (68) 265.

(c) L. Bertanza et al., Phys. Rev., 177 (69) 2036.

A.T. Lea, B.R. Martin & G.C. Oades, Phys. Rev., 165 (68) 1770.
Barger & Phillips, Phys. Lev. Lett., 24 (70) 291.

M.J.D. Powell, 'Curve Fitting by Cubic Splines.‘',

Report T.P. 307 (1967). This report is obtainable from the
Mathematics Branch, Atomic Energy Research Establishment,
Harwell, Berkshire, England.

(a) Watson et al., Phys. Rev., 131 (63) 2248,

(b) Armenteros et al., Cern Preprint (70).

(c) Chamberlain et al., Phys. Rev., 125 (62) 1696.

(d) Bugg et al., Phys. Rev., 168 (68) 1466.

(e) Cool et al., Phys. Rev. Lett., 16 (66) 1228.

(f) Abrams et al., Phys. Rev. Lett., 19 (67) 678.

(g) Cook et al., Ph&s} Rev., 123 (61) 320.

(hj Diddens et al., Phys. Rev., 132 (63) 2721.

(i) Baker et al., Phys. Rev., 129 (63) 2285.

(j) Galbraith et al., Phys. Rev., 138 (65) B913.

86.



37.

38.
39.
40,
0.,
42,
43.
b,

45.

(a)
(b)
()
(d)
(e)
(£)
(8)

Goldhaber et al., Phys. Rev. Lett.,.g_(62) 135.
Bugg et al., Phys. Rev., 168 (68) 1466.

Cook et al., Phéé?”Rey, Lett., 7 (61) 182,

Cool et al., Phys. Rev.wﬁgttuafil (66) 102,
Abrams et al., Phys. Rev. Lettg,&igf{QZ) 259.
Baker e£ al., Phys. Rev., 129 (63) 2285.%”%k&;

Galbraith et al., Phys. Rev., 138 (65) B913.

R.H. Dalitz & S.F. Tuan, Annals of Phys., 10 (60) 307.

J.J. de Swart, Rev. Mod. Phys., 35 (63) 916.

G.

F.

W.

K.

de Franceschi & L. Maiani, Fortschf, Phys., 13 (65) 279.
Gursey & L.A. Radicati, Phys. Rev. Lett., 13 (64) 173.
Rarita & J. Schwinger, Phys. Rev., 60 (41) 61.

Bunnell et al., Phys. Rev. D, g;(70) 98.

W.S. Woolcock, Phys. Rev., 153 (67) 1449.

Dr

K.E. Atkinson » private communication.

87.



