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Abstract.

Do solutions of differential equations describing the evolution of

functions have unique limits? At what rates do they converge?

Existence of unique limits for a class of equations arising from
geometric variational problems (for example, extrema of area or energy
functionals) is shown in [S]. Solutions converge exponentially if, for example,
the linearisation of the equation has no zero eigenvalues, or more generally,
if all the stationary solutions of the linearised equation are integrable. Here
we find non-exponentially converging solutions in the complementary case,
when not all stationary solutions are integrable. We describe some open
problems which are related to the description of singularities of analytic

functions arising from this work.

In many cases, non-exponentially decaying solutions represent non
analytic solutions of the geometrical problems. For example, we show that the
non-exponentially decaying solutions for particular examples of minimal
surfaces and harmonic maps give examples of minimal surfaces and
harmonic maps with isolated singularities which do not have analytic support.
We list some questions about the existence of such minimal surfaces, for
example, are there any minimising or codimension one non analytic minimal

surfaces?

[S] L.Simon, Asymptotics for a class of nonlinear evolution equations, with

applications to geometric problems, Ann. of Math., 118 (1983), 525-571
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Introduction.

Must minimal surfaces have analytic support?

Milani [M] gave examples which do not. However, these examples still
have subanalytic support. (Subanalytic sets are formed from analytic sets by
taking closures, complements, unions, intersections and images under proper
real analytic maps - see for example [HA], [HI].) Here we give examples which do

not even have subanalytic support.

We represent a minimal surface with an isolated singularity as a graph
over its tangent cone, following [S]. The surface is minimal if and only if its graph
is stationary for the area functional. As in [S], we put t = - log |x| to give a
nonlinear evolution equation. We actually study a class of nonlinear evolution
equations arising from geometric variational problems and give necessary and
sufficient conditions for existence of solutions with non exponential decay. We

discuss some problems arising from the study of such equations.

In Chapter 1, we describe the notation, which is similar to that used in
[SL]. We use contraction mappings to prove existence of solutions of the
equations. In Chapter 2, we prove the necessary estimates for solutions of linear
equations. The unusual feature is that we have to use estimates for second order
ordinary differential equations with singular points of the second kind (equation
2.15). In Chapter 3, we solve the nonlinear equations. We find exponential
solutions as in [CHS]. We repeat the proof that the stationary solutions
correspond to an analytic subset of the kernel of linearised operator, which is the

space of Jacobi fields. If not all of the Jacobi fields are integrable (that is,

1




Introduction

correspond to stationary solutions), then we can use the linear estimates of
Chapter 2 to find solutions that converge at a rate which is only some negative
power of t. We need more delicate estimates in the kernel of the linearised
equation, based on solutions of a finite dimensional ordinary differential equation
(equation 3.14). There are many open questions about the solutions of this
equation (see Chapter 5). If all Jacobi fields are integrable, then all solutions
converge at exponential rates (see Appendix). Hence non exponential solutions

exist if and only if there are non integrable Jacobi fields.

In Chapter 4, we analyse particular examples of minimal surfaces and
harmonic maps. By direct computation of the third variation of the functional, we
show that minimal products of 3 or more spheres, and harmonic maps from the
sphere into ( R"-{0}, g) for many metrics g, have non integrable Jacobi fields.
Hence there are minimal surfaces and harmonic maps which converge to their
tangent cones and tangent maps at a rate given by some power of 1/t = 1/| log|x| |.
However, any subanalytic set must converge to its tangent cone at a rate given by
some rational power of [x| - see e.g. [BR]. Hence these minimal surfaces and

harmonic maps do not even have subanalytic support.

In Chapter 5, we list some open problems arising from this work.

In the Appendix, we give a proof due to Professor Simon that if all the
Jacobi fields are integrable, then all solutions must converge at exponential
rates. This is included for the sake of completeness, since it is the complementary

case to the results of Chapter 3.




CHAPTER 1

Notation.

We use the standard notation of [GT] and [SL].

We denote by > a smooth compact (n-1)-dimensional submanifold
embedded in RP and write TY, = { T2 lpey forthe tangent bundle of X . If
e, ..., epis the standard orthonormal basis for RP , then we can write e,
for the orthogonal projection of e; onto the subspace T of RP.ByaC
function fon X we mean the restriction to Y, of a function which is C1in a

neighbourhood of ¥ in RP . We define the gradientof f on by

3 T
1.1 Vi) = > (D ;f(e ,
o

where va denotes directional differentiation of f in direction v. We can write
1.2 Vi(w) = ( Vi), ..., Vef(w) ),

where (since v =3 (v.e;") ¢, forany ve T %)

; N e
Vi@ =Y (D ;f) TR A
J=1 ej i
We denote by V a vector bundle over . ; thatis, V = { Volepeyisa
smoothly varying family of subspaces of RM with fixed dimension N < M. We
denote by [I, the orthogonal projection of RM onto V, » W€ X ; which varies

smoothly in @ by assumption. By a C! section f of V we mean a C* function

3
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Notation

f:¥ — RMsuch that f(w)eV, , V weV, . We define

)

v - T
1.3 V') = > e,®I (D f)
i=1 0 e

where D f = (D

ei ei ei

We can write

P
1.4 Vi) = Ye ®V's
i=1
where  V/'f(w) = (ej6) T (D 1f) =TI (D ,f)

Thus we can represent VVf(w) by the P x M matrix

[ea.Vin(co)] . i=1,..,P and a=1,..M

We denote by Q the cylinder with cross section 3, Q=Y x R < RP+1

with the usual product metric induced from RP+1 . We write

Q =X x(0,0),

Qa,b=2x(a,b), for o <a<b e,

Let u=u(wt) beaC?function from Q,,, to R’M with u(w,t) € V,, for

(ORIN= Q,p - Forfixed te(ab) , we define u(t), u'(t) on ¥ by




e

Notation

ut)() = u(et) , Ut)(e) =

Note that u'(t)(w) e V, if u(ot)e V,,forme X.
We will write DVu(m,t) = ( VVu(t)(o) , u'(t)(w) ). Where there is no ambiguity,
we will write

u'(m,t) = u't)() , VVu(ot) = VVut)(w), and Vu = VVu.

We write C1( X ; V) for the space of C! sections of the vector bundle V,

and L2( ¥ ; V) for the space of functions

{f:fel?(X;RM) and f(w)eV, for H™ ae. weY}.
We also write CK( Q,, ; V) for the functions

{f;feCK(Q,p; RM)and f(wt)eV, for (ot)e Qap}-

We also define weighted norms for functions on Q, b Suppose y(t) is

convex and y(t) >0 for te (0,). We define
[|ul] ; = sggtv(t)HU(t)ll 5
LQap iV thes to

‘ for ue L%(Q,p; V). If wit) = (T+t)d for T,q >0, then we write

lull -~ for luj| , .

9 0
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Notation
We define
q .
ul = sup (T+t)? (Ju() U ¥
C.%(Q,,:V) a<t< c*(x) c"()
LU o+ U] ).

C :0‘(2) o, X X (a,b)N(t,t+1)
Our notation is that of, for example, [GT], with

Ul = SUP I x-y ™[ u() - u@) |

Xy € Q
X#Y
We write
ul ,,  =suplul
Cq Q;V) Cq (Qt,t+1 V)

If v:(0,00) = RK, then we write

Mp g =8up [(T+tvit)] + (T+t) (v )1 + V'] ) 1.

For estimates in Chapter 2, we require that the first derivative decays

more quickly than the function, but notthat the second derivative decays more

quickly than the first.

We also write

V| = sup (T+t)|v(t)] .
q t>0




Notation

We consider functionals of the form

mt
F,p(u) = JF(w,u,Vu,u')e do dft

a
Oa,b

whereue C'(Q,,;V), Vu=VVu and mis a constant. We consider F to

be defined on £ x RM x RPM x RM | and write F = F(w,z, p, q)
for me X,z¢€ RM,qe RM and p = [pl"‘] 2 i=1,..PF ande=1,...M .

We assume further that F is analyticin z and p for |z|+|p| small. This

hypothesis is not essential, but the appropriate weaker assumptions are difficult

to verify in practice - see Remark 3.43.

We let M be e™ times the Euler-Lagrange operator of F,yp»thatis,

M(u) e CO(Q,y,; V) forue C¥( Qup V) is defined by

- d
15 =8 M(U) ) C> o [ E Fa,b(u'*'SC) |S=o

for C € C1C( Q,p; V). Here, <, > is the usual inner product for

L2(Q, ; V) given by

g% = Jf.g dH" .

Oa,b

We define the functional Fy on C2( X ; V) by

FZ(U) = JF(co,u,Vu,O) dw
2

foru e CY{(T;V).
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Notation

The Euler-Lagrange operator My is characterised by

Ms(u)eCO(Z; V) for ueC?(Z;V) and

1.6 <Mz(u) (> = e Z(U+SC) 0

e LeCl T V)

As in [SL] we can compute explicit expressions for Mu and Msu to get

1.7 <M(u),{> = Je'mt( F " +F ((9+F (%) dadt

: z
Qa,b P, g

where (* = e"V'( and ((wt)eV

(O}

The repeated Greek indices are summed from 1 to M, and repeated Latin indices

are summed from 1 to P. If we integrate by parts, then 1.7 implies

1.8 M) = (F i

(U -miufy ) ' (F  5F “yufy)e*+F  ub+R
q“q p’q”

q%pP

where R contains derivatives of order at most 1. Here, €% denotes the

orthogonal projection of e® onto Vi »

B _ oB (v
Uy =.e". (V”u)
g
and Viu=v;v/u-(e,D +¢V{u=v'v'u-T D b
% (D T(ej )

is the Hessian operator. Similarly,

1.9 M_(u) =F  (o,uV'u,0) uP e+ R
8 prp; :
i &

where R contains derivatives of order at most 1.




Notation

Thus, M, My are second order quasilinear operators (see [GT],
Chapter 10) with coefficients depending on o, u, Vu, and u' in the case

of M.

We will assume the following ellipticity conditions, 1.10 and 1.11, for M
and My , with ue C2(Y; V). We assume the Legendre-Hadamard condition

for strong ellipticity of Myu , (see, for example, [MC)) :

1.10 FaB

(02,p,0)n*nP EE > 0
pi pj

for ne Vi-{0},Ee T - {0} ,we X,ze V,,pe T2 BN, .

We also assume :

111 q.Fg(@,zp.9)>clq?,

forsomec>0,qe V,,we X, ,ze Vo, Pe T X®V  , with
(Iz|+|pl+|q) < 1. This condition implies that

F . @zp0)n®n? > cmP

q%q’

F , g@zp0) =0, and
qPp;

P B B(m,z,p,O) =)

q 'z

so that the linearisation L of M has the form 1.14. Conditions 1.9 and 1.10
imply that Mu is strongly elliptic if u € C?( Qup;V)and |u'f is sufficiently

small.

Next we compute the linearisations L, Ly of M, My atO, which are

strongly elliptic by 1.9 and 1.10. We have

d
1.12 N4
Lv = =M(sV) |

s=0




Notation

where ve C%(Q,p,;Vv)and Lve CO(Q,p:V), and

gV e Dy (sv) |
3 3

ds fil

where ve C%(Z;v)and Lyve CO(X;V).

Since M and My are Euler-Lagrange operators, L and Ly are self

adjoint with respect to the inner product for L2( Y ; V).
From 1.8, 1.9 we can compute the forms of L, Ly to give
114 Lv=ayg( (V) -mb) ) &%+ Lyv

_ WAl B ge
115 sz =V (amBuj é )+bmB

i L 2
where aaB(o)) = anqB(co,O,O,O) and aaB(co) =L » B(oo,O,O,O) :

The ellipticity assumptions 1.10, 1.11 imply

116 ag@n®P>0,

117 ai(ij(oo) g NP > 0
for€eT > -{0},ne V- {9}

For technical convenience in Chapters 2 and 3, we will want to have

aaB(oo) o= SaB . This can be achieved by defining a new functional F’ to be

10




Notation

1.18 F (u) = F(Au),

where A is self adjoint and A2 = a”' and a(w) : V, — V,, acts as a smooth
positive definite linear transformation given by  a(w) () = a,8 nB 8% . Note that
A(w) is smooth and positive definite, since a(w) is positive definite by 1.16 and
smooth because F and V are smooth. If u is an extremum of F’,then Au is an

extremum of .

We compute the first variation formula for F~ to give

<M'(u),{> = d/ds F'(u+s{) |s_o
= d/ds F(Au+sAl)|s_q
= < M(Au) , Al >

= <A M(Au), >, asAisselfadjoint. Hence
1.19  Mu=AM(Au).
The linearisation of M at 0 is

120 Lv=v'-mv+ Lz*v

with

121 Lv=AV (a' (AP&*) +Ab (A6 +AZc vPe®
¥ ! of J o o

B | B

where we have used a.A? = identity on V . This operator again satisfies

ellipticity assumptions of the form 1.17.

11
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Notation

Also we can write

122 Mu = u"-mu'+ My'u+ay.Du'(t) + a,.u'(t)

where | a(m,u,Vu,u') | < Clu] 2,0

t,t+1) C” (Q

0,0 ’

G

t,t+1 )

and | a(o,u,,Vu,,u,') - a(w,u,,Vu,,u,) | <C lu; - ule?%q

t,t+1) 3
t,t+1

=, 0r9="1.2.

t,t+1 )

This particular form of M’ will be used in Chapter 3.

From now on, we will assume that F satisfies the condition

8,p = 84p » after replacing F by F” .

12




CHAPTER 2

Estimates for linear equations.

In this chapter we prove decay estimates for solutions of linear equations.
These estimates are used in Chapter 3 for proving the existence of solutions of

the nonlinear equations discussed in Chapter 1. We consider linear operators of

the forms
2.1 Lyv =v'-mVv' + Lv for VECz(Qab;V),

22  Lyw=w"-mw - (T+)"™Mw  forweC2((a,b) ; RK).

In the applications, L, will be the operator L™ of 1.20, which is
23 Lv=v-mv+ Lz*v
with

2.4 L;:v - AV(&

B ~at B Aal 2 B Ao
‘() av) e )+AbaB(Av) 4+ A c Ve

For our main result, we will choose L to be the projection of L’ into (ker Ly )+,
which is an elliptic operator with zero kernel, and we will choose L, to be an

ordinary differential operator on a finite dimensional space.

For operators of the form 2.1, we assume that u e C2 (Q.;V),Vis asin

Chapter 1, and L is an elliptic operator defined on T ( operating on
13




Estimates for linear equations

ue C?(X;V),withvaluesin CO (X ;V) ) such thatLis self-adjoint with
respect to the usual inner product <, > forL2 (X ;V); thatis,

<luvs>=<ulvs> for uve C3(xZ;V).

We may apply usual elliptic regularity theory ( see, for example, [GT]) for

solutions of Lyu=f and Lu=f, to deduce the following estimates

2.5 |[ull <C(o,p) \ IIL u |l u ||
WZ,p(Qa'b) j ( | Lp(Qa-o b+0’) iy L2(Qa-c b+c5)) ’

lu | <C(o,w) (L u] #llull e
2,u 1 o1 ¢
C (Qa,b) C (Qa-o,b+0') L (Qa-c,b+0)

28 llul <C L ;
e (o (1L ESITEIA )

lu | < Cw (|Lu ¥ a0 wyn
s ¢ L*(2)

for 6>0, p22, pe (0,1), and where C2K3) stands for C2K(Z ; V) etc.
There is a discrete set of eigenvalues AjforLon X withhy <2, <Ay
Kj To as jTw,and corresponding orthonormal eigenfunctions ¢, ¢,, ¢5 ...

o C3(X;V), with { 0;} acomplete setin L3(Z;V).

We define characteristic values y* for L, by

¥ = -m2xma A

14



Estimates for linear equations

so that the separated solutions v(w,t) = exp(yj’—“t) ¢j(°)) of Lyv=0 are a complete

setin L2(Qup,; V) for -coca<b<eo.
For operators of the form
22  Lov = V'-mv - (T+t)yM.v,

we assume T >0 and that M : Rk - RK is linear and self adjoint, so it has
eigenvalues py <u, <pg<... ., and corresponding orthonormal

eigenvectors ey, €5, €5, ... € .

We will now state existence results and decay estimates as t — « for
solutions of Lyu =f on Q,. The decay estimates for solutions of these problems
depend on the growth of f(t) ast — «. Also the required decay estimate affects

the initial conditions (at t=0) which can be imposed.

Let TT;: L2(X;V)— L2(X;V) be the orthogonal projection

2 ao — 2 ao, where J is a set of non negative integers. Put Hj = identity - []

j=1 jed 4
LetJt={j;Rey*>0andA#0}ifm>0andlet J, ={j A =0}, J. =0ifm<0.
Write IT =TI 5, Write y = yj*. Write IT: (2 ; V) — L°(= : V) for

the orthogonal projection into ker L , iajq)j =93 a0, Write [T+ = identity - .

=T {ii=0)

Write |[[f|| = sup w() || f(t) || 5 , Where y(t) > 0 and v is convex.
A4 t>0 L(Z;V)

The following result for linear systems was proved in [CHS,Thm 1.1 ]
(with the substitution t = - log r). We do not use this result here, and quote it

only for comparison with later results.

15



Estimates for linear equations

LEMMA 2.7.
Suppose g>v4, qe {Reyi* ;j2 1}, () = edt || f [ly < = and put
28 J={j;Rey>q)}.

Then for any ge L%(X ;V) there is a unique solution u of Lyu =f

with lim TLu(t) = TI,g (weaklyin L°(Z)).
tl0

Also, u satisfies the estimates

hutl, < c(ligl,  +1tl,):

(Z)
PROOF: This is Theorem 1.1 of [CHS].

However, we need to have decay estimates when f(t) does not decay
exponentially as t — <. In this case, estimates cannot easily be obtained for the
projection of u(t) into ker L = span{ 0 ; kj = 0 } using the separated solutions
exp(yjt) q)j(co). Rather, the projection into ker L has to be treated specially, which

is why equation 2.2 is required.

We now prove decay estimates for the case when wy(t) = (T+t)9, T>0,

that is, when sup (T+t)q || f(t) || < e=. Write || f || % for || f|] ) in this case.
t>0

LEMMA 2.9.

Suppose f(t) € image(IT+) for t>0, and || f g < o

Forany gel?(X;V), thereis a unique solution u of Lyu=f on (0,)

with [[ulq <= and lm IT u(t) = IL,g (weaklyin L*(=).
tl0

16



Estimates for linear equations

Also, u satisfies the estimate

lull, <C(Tlg 25, #1111

PROOF : As in [CHS], we seek a solution as an L2(3Y) convergent series
Z aj(t)q>j(oo) . ( Elliptic regularity theory implies this series, and all formal series
obtained by termwise differentiation converge uniformly and absolutely on

compact subdomains of (0,e) ).

This gives a solution provided aj(t) satisfies the ordinary differential

equation
2.10 w" - mw' - )\,JW = f] ; f] =< f’q)J gt
Note that f=0ifA,=0 as IITf(t) = 0.

As in [CHS] , there is a representation for solutions of 2.10 by

¥t -yjtt (2y+m)s - -(y+m)t
2.11 aj(t) = Re (ale -e fe Je fj(’t) dt ds) if Re(yj+m) > 0, and
B, 2
t S
3 mtoot (27j+m)s -(yj+m)’c
2.11 aj(t) = Re ( ge ~ -e J.e Je fj(’t) dtds ) if Re(yj+m) < 0.
0
Bi

Here 0 Bj are arbitrary constants, which are chosen to satisfy the initial
conditions (t=0) and decay conditions (t —). Forje J_, choose o; =0 and

pj=c=, andforje J,, choose B; = 0 and o= < g,;>.

17




Estimates for linear equations

To prove the estimates, we write Z ao = > ao + b 2o
EJ EJ

If m >0, then J_is finite and J, = { J, J+1, ... }; while if m < 0, then J,={]; Kj 0}
We will give the proof for the case m > 0; for m < 0, one uses both representations

2.11 and 2.11". For m < 0 however, I1, is the identity on (ker L)-.

Let <b >e I with l<b>|l, = 1. We have
|

-t 2y. P
2 b_IZocbe |+|Z YJ (yl+m)sJ-e(Y]+m)t

fj("c) bj dt ds)|
j€d, ﬁJ j€d, 0 s

IN

-yJ+1 -yt+ 2y+m) -(yj+m)t
e limggl) ,+ j j

Yyt + (2, +M)s - (y,, ;+m)T
” g” JJ J+1 J+1 J+1

< 1| (x) ||L2 dt ds
since v;,4>0,and s <min {1},
-YM + (2y,,4+M)s - (y, . +m)t !
< e |y || ” i e 1) || (T+1)° de ds
q
S _
<e " |yl 2t + C(T+t) || 1]
q
I c(s-t) ,
. e G
since J ds < , forc> 0.
s (T+s) (T+t)

gAML :
Thus > a(b <e " |ITIigll ,+C (T+)* || ]| .
jed, L q

18
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Estimates for linear equations
Taking the supremum over <b> e 12 with || <b> || = 1, we conclude that

YJ+1t

I<3ft>ll, < e gl 5+ CT+) I ]
q

ForJ we have

o0 oo

Z |a | = Z( J‘J‘ exp(Re( -yt + (27+m) - (yj+m)t ) Ifj(’t)l dt ds)

jed_ i€d. t s

2

) 2
< C(cardinality of J ) JJ exp(Re( yt + (27+m) - (yj+m)1: ) (T+~c)q || f IL1 dt ds)
ts

since J_ is finite,

. ”exp Re(-vt + (2y+m)s - (y+m)t)) (T+'c)'q||f|L1dt ds )2
- ts

C(T+t)" || f ||
since je de < 2 3 ,forc<0.
Y (T+s)’ (T+)
Hence z aj(t ¢j(w) converges in L2() forall t, sois a solution. Uniqueness

follows from the representation 2.11 for the difference of two solutions.

Thus u = > a(t) ¢(w) isthe required solution.

lj;eo

Q.E.D.
19




Estimates for linear equations

REMARK 2.12: Higher regularity of u follows from higher regularity

assumptions for f and g. For p > 2, write

q
= sup (T+1)" || T]]
t>0

1
L LG

q

If fe L(Q;V)and ge WP(E ; V), then

+T g

lul <C(|lf .
Wz,p(Q;v) (i ”'-Z W2,p)

Also, for a € (0,1),

ul HGRIRLD = 4T g o) «
(e} Cq (@) c*%(z)

Here we have used the following norm from Chapter 1 :
u = sup (T+)" (u) ,  +lul o+
C. (Q,,;V) a<ib C™ () C ()

v lu"(t)ICO'O‘(E) , [u"]oc;Z x (a,b)N(t,t+1) ) '

Solutions of Lqu =1 satisfy estimates with the second derivatives decaying at a
rate (T+t)'1 faster than first derivatives. However, we cannot prove such

estimates for solutions of Lou = f.

Choose a basis for R of eigenvectors e4,...,6¢ of M, and write
K
V = 8,

20



Estimates for linear equations

Then M can be represented by the diagonal matrix [y, ... ,u, ], and

Lyv = f separates to give

213 v -mvi-p (TH) v, =f, 1<i<k.

¥

Writing v = v;, 1 = l;,, we obtain the homogeneous equation

gle viAmv -p (T+ylv=0.

REMARK 2.15 : If we make the substitution s = (T+t)"!, then we get
stv"+(283-82) v'-pusv=0.

This second order linear O.D.E. has an isolated singularity at s =0 (see, for
example, [CL] Chapter 4) which, in the terminology of [CL, p.111] , is a singular
point of the second kind. Hence the solution to 2.14 may not be representable as
a convergent power series in (T+t)"l. However, there is a divergent power series
which is an "asymptotic series" for the solution ( see [CL] 5.3, 5.4 ). Here, we
use the special form of 2.14 and the fact that m#0 to get a simpler proof than [CL,

Theorem 5.4.1] of the following result.

LEMMA 2.16.

Forany 3, 0 <& < 1, there is constant T, >0 such that for T > T, there is
a solution b(t), t €(0,) of 2.14 of the form

217 b(t) = (T+yW™m (1 +w(t)), with | w(t) |, < 1.

PROOF : Substituting bit) = (T+t)*M(1+w(t)) into 2.14, we obtain
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Estimates for linear equations
w' - (2wm (T+t) !+ m )W + wm (Wm + 1)(T+1)2 (1+w) = 0.

Recall, from Chapter 1, that

i, 5= sup [ (T+tPiw()] + (T+t) " ( w ()] + w'c)] ) ]

and set B_ = {w ;w e C*(0,) and W, <),

Define a mapping S : By — B by setting S.v to be the solution of the

equation

Vi-mv' o= 2u/m(T+) 7w - w/muw/m+1)(T+)2 (1+w),
Wi{0) =0,

Solutions of this equation can be represented as

t )

v(t) = Jems J A (%“(Tm)'1w'(r) ALy 1)(T4t)® (14w(0) ) o ds
0 S

form > 0 and a similar representation for m < 0. By direct computation using

these representations, we deduce that, for m > 0,

oo

() | < cj i J e ((Tery® ) w|
0

S

-2
o5+ (T+0) ) drds,

(= o]

|v'{t)|<C emt J. e-mt ( (T+t)'(2+5) lw| _+ (T+r)’2 ) dtds.
t

2,8

V@) [<C (| V(t) |+ (T+t) @) | w o5+ (T+)2) .
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Estimates for linear equations

Note that the first derivative of v decays more quickly than v, but that the second
derivative does not decay more quickly than the first. This is why we need the

special norm |w|, 5 defined in Chapter 1.
From these estimates, and similar estimates for m < 0, we deduce that

|SWlps <CT OO (14T wly5),

Choose T >0 sothat T 2 T, implies S is a contraction on {w ; [w|, 5 < 1}.
Then, by the contraction mapping principle, S has a unique fixed point, say w(t),
with w(0) = 0 and |w(t)[, 5 < ==. Hence, b(t) = (T+t)'Wm (1+w(t)) isthe solution

of 2.14 which satisfies the required estimate 2.17, provided T is sufficiently large.

Q.E.D.

The solution b(t) of 2.16 will be used to construct solutions of the
inhomogeneous equation Lou =f. As with solutions of Lyu = f, decay
estimates for solutions of Lou = f depend on the growth of f, and affect the

initial conditions which can be imposed on u.

For8> 0, 8e{p/m }, wiite Js={j:p;/m > 8}, and let Ps:RK > RKbe
the projectiona — > a e,

: I
I€dg

that is, the projection into the span of eigenvectors of M whose eigenvalues are

greater than mo if m > 0, and lessthan md if m < 0.
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Estimates for linear equations

THEOREM 2.18.
There is a constant T, >0 such that if T >To 5 [fl1,5 < oo

and 0 < & with 8¢ { Wi/ m }, then forany ge RK, there is a unique solution of

Lou=1f on (0,e) with lulz 5 <e>and Pgu(0) = Psg.
Also, |uly 5<C (TOg| +|fl;,5)-

PROOF : We will use the solutions b,(t) from 2.16, corresponding to the basis
{e}of RK. Write B(t) forthe diagonal matrix [ by(t) .

Put u(t) Z b j» SO w satisfies

A mtd  -mt
Ba e B W) =t

whence, for m > 0, we have the representation

Cs

W= (W - <f e B(s)” [ Be () drds) ) e,
|

J
t S

while for m < 0, we have

C.

w(t) = > (W + ( J szr)e () drds)) e
0

j

with W] X constants to be chosen. Henceforth, we assume that m > 0; the

argument for m < 0 is similar but uses the appropriate representation for w(t).

We have the following representation for u(t) :

G:

J oo

=Y b (w -(J e B(s)? J Bt)e | f(t) dr ds) ) e
|

t S

i



Estimates for linear equations

If uj/m < 0, then the requirement that solutions decay at rate (T+t)™®
implies that the initial conditions cannot be prescribed, so set Wj =0 and Cj = o,

However, if Y /m > 9, then put Wj %= Pjg / bj(O) =<0, >/bj(0) and ¢;=0.

-1./m
From 2.17, b(t) = (T+t) ' (1 + w(t)), with | w(t) |2 2 % 1, so there is a > 0 such that

R uj/m (1 +|,L(m ) (1+/m)

a <|pM) | (T+#) ' <a, bW (T+) <a,and|b'()|(T+) ' <a,

for T sufficiently large.

Suppose uj/m < 0. Then, for T sufficiently large,

Ex oo ot e S
m m m -MT -(1+8)
| Uj( a(T+t) T+s a(T+t) e (T+1) |fj|1+8 dt ds
t s
%l b rﬁn'l-(na)
< C(T+t) |fj|1+6J.(T+s) ds
t
O
R |i|1+5( Hl)

Estimates for derivatives of uj(t) are obtained by differentiating the integral

representation and using the estimate 2.17 to give

L.
2_ -

ms mT _
U< _[ a2 %(T+s) J aT+t e (T+1) (1+8)|fj[1+8drds

S

—"

(=}

3 I_.

LL.
ol

=

B
+|bj()|e Y 2(Tat) JaT+t R T e T
t

(1+8)
=C |f1|1+8 ( ) 4
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Estimates for linear equations

By differentiating again, and using 2.17, we obtain

[U"t) | <C [fil4,5 (T+t)(1+3)

imposed. For example,

-MT

< | bj(t) | _ mJa(TH) e (T+1)

t
U] < 20 (g |+ amat " e a%(Tus)
0

5,(0)

_p' t “'

j
™ g =
SC(Tst) | I b,-(é) -+ 1), J (T+s) ds )

o
m m

<C ((Te)™ T g+ (Tt 11, ).

By combining these inequalities, we obtain the required estimate
219 |ulp5<C(TOg| +Ifly,5).

Q.E.D.

26
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CHAPTER 3

Solutions of nonlinear equations.

In this chapter we prove the existence of solutions of nonlinear equations
3.1 Mu = 0O,
satisfying the conditions of Chapter 1.

The technique used is to linearise the equation at some point, and to use
the estimates for linear equations described in the previous chapter to define
contraction mappings in suitable spaces. The particular linearisation and spaces

which are used depend on the type of solution sought.

We first state a result due to [CHS, Theorem 2.1], which shows the
existence of solutions which decay exponentially as t — «. Here equation 3.1
is linearised at 0, giving the operator Lyof2.1.

32 [Lyu=u"-mu +Lu=R(u),

with

Suppose gis asin 2.7, that is, q > Y1 ,9¢ {Re yj+ ;] =1}, and either J = 0
andg<Reyy, orJ>1andRe Yy<q<Revy,, 4, where {yj } are the characteristic

exponents of L,.
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Solutions of nonlinear equations

THEOREM 3.3 .

There is a constant €, >0 suchthatfor e<g,,andge L3( ¥ ; V) with

there is a unique solution u of 3.2 on Q, with

i cs .
C " (Q) C ()
y

Il;u=Ilig on X,

: q ; ; .
and Vy'(t)=e’ for g Smln(ZReyJ+1,m|n{Reyj;Reyj>ReyJ+1}) :

REMARK 3.4 : This result shows that if a solution decays exponentially as
t — e, then it must decay at a rate prescribed by the eigenvalues of L. We shall

not need this result here, but contrast it with the case when y(t) = (T+t)9, for g>0

)

T>0 fixed constants.

PROOF OF 3.3 : This is essentially Theorem 2.1 of [CHS], but a slightly
different proof is needed to get the precise decay estimate. We use a contraction

mapping to obtain a function G with || G ||W. < = and such that the solution of

equation 3.2 has the form :

+

-th
21<g,¢j>¢je +0 .

Q.E.D.
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Solutions of nonlinear equations

The existence of solutions to 3.1 which are independent oftis also well
known. Again equation 3.1 is linearised at 0, but for solutions independent of t

this gives
where Ry(u) is the "non-linear” part of My ( = Ly - My ) .

The inverse function theorem can be used to give information about solutions of

this equation, as the following theorem shows.

THEOREM 3.6 .

In a C2:® neighbourhood of 0in L2( Y ; V), the set of solutions of

Msu =0 is an analytic subvariety of a finite dimensional real analytic manifold.

PROOF : Write K = ker Ly in L2( ¥ : V). Since Ly is elliptic, K has finite
dimension , say k, and so it can be identified with RK after choice of basis. Recall

that [T": L2( X ; V) » L2( X ; V) is the orthogonal projection onto K.

Define F: C2%( X ;V) - L%(X;V)by F(u) = IT"u + [T*My u.
Then F is differentiable at 0 and DF(0).h = ITTh + [T+ Ly h .Thus
ker DF(0) = {0}, so by the inverse function theorem in Banach spaces (see, for
example, [N, 2.7]), there is a unique function G ,

G : (neighbourhood U of 0 in C%) — (neighbourhood V of 0 in C2:%)

such that
FG (u)=u forue U
GF (uy=u forue V.

For v e ker Ly , write H(v) = TT1G(v).
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Solutions of nonlinear equations
Since v=FG(v)=IT"G(v) + [T*Mx(G(v)), [T'G(v)=v, so G(v)=v+H(v) , and
3.7 [T+Ms (v+H(v)) = 0.
Thus, if veK, then v+H(v) is a solution of My (v+H(v)) =0 if and only if
3.8  II™Msx(v+ H(v)) = 0.

This consists of a finite number of equations in K, and any solution of 3.8

generates a solution of Myu = 0.

Conversely, if u satisfies Myu = 0, then, since [TTG(v) = v for veK,

u=GF(u)=G(II u) =ITTu+H{II u) .

Thus all solutions of 3.5 in a C2® neighbourhood of 0 in L2(3;V) are
given by { v+H(v) ; v satisfies 3.8 }. Recall that Fy is analytic, since F(w,z,p,0) is
analytic in z and p. Hence H is analytic, so {v; HTMZ(V+H(V)=O and |v| < p}
is analytic, and the set of solutions near 0 is a finite dimensional analytic

subvariety of the finite dimensional real analytic manifold {v+H(v);ve K and |v|<p}.

Q:E.D.

LEMMA 3.9.

In a neighbourhood of 0 in K, the analytic subvariety defined by 3.8 is
actually the set of stationary points of the analytic function f, where

f(v) = Fs(v+H(v)) , v e neighbourhood of 0 in K; in fact,
310 < ViV),{>=<IT"My (v+H(v)), { >

which vanishes precisely when My (v+H(v)) = 0 by 3.7.

30




Solutions of nonlinear equations

PROOF : Recall that My (u) = -VFs(u), in the sense of Frecheét derivatives, so

<M_(U),C> = -S_SFZ(WSQ L, fortedEv).

If e K, then

-d—FZ(v+sC+H(V+SC)) om0 = <M_(v+H(V) , G+DHY) () >

ds
= <MZ(V+H(V)) ¥l >4 < H‘LMZ(V+H(V)) , DH(v) (€) >

since H: K — KL,

= <II"My (v+H(v)), { >

since IT'My(v+H(v))=0 from the definition of H.

Thus the set of solutions of 3.8 is the set of stationary points of the analytic

function Fy(v+H(v)) defined on K.

Q.E.D.

Recall from Chapter 1 that elements of ker Ly are called Jacobi fields

on 2. A Jacobi field v is said to be integrable if there exists a one parameter

family ug , uge CoE) for 52 (0,1), satisfying  My(ug) =0 and

. us : 1
im— = v , inthe C(Z;V)norm.

sl0
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Solutions of nonlinear equations

LEMMA 3.11.
All Jacobi fields on X are integrable if and only if f=constant, where fis

asin 3.10.

PROOF : If f=constant, then for any Jacobi field v, u = v+H(v) is a solution of
Ms(u) =0, so ug=sv+H(sv) is a one parameter family of solutions. By direct

calculation, we can readily show that

uS
= 0,sothatlim—=v.
sl0

9 Hsv) |

ds $=0

Conversely, suppose all Jacobi fields on Y, are integrable. If f is not

identically constant, then f can be expanded in a power series near 0, say

f = f(0)+2fj ,

jzp

where fj is homogeneous of degree j, fp is not identically zero in K, and p>2.

Hence there is some (0 € K with

pr(u) % 0

and a one parameter family ug with

u
im —= =0, and M_(u) = 0.
slo S 2

In particular, by 3.10, Vf (HTuS) =0, so dividing by sP-1 and letting sl0
gives pr(ﬂ) = 0, which is a contradiction.

Q.E.D.
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Solutions of nonlinear equations

The main result of this chapter is that if there exist Jacobi fields on
2. which are not integrable, (that is, f not identically constant), then there are

solutions of 3.1 which decay at a rate which is only a power of t.

THEOREM 3.12.

Let f be asin 3.11, with p > 3 and fp not identically constant. Suppose

(e SK-1 satisfies

k-1
313 V° fp(0) = 0,
fo(0)
E__ 50,
m
aill
(p-2)
and u = ( 1 = ) u.

Choose 6 with 1/(p-2) <8 < 2/(p-2) and & ¢ { uj/m ;M eigenvalue of Hess fp(u)
for 1<j<k }.

Thereise>0and T, 1 suchthatif T>T and | g| < gt
C (Z;V)

then there is a solution ¢ e Cf/(p_z)( (0,00) ;Rk) of
3.14 ¢"-md'- Vi) = 0,
with | ¢ - (T+t)(P-2u |, 5 < Ce, and Pg(0(0)) = Pg(g) .

1 ' 2,0 : i
Also, there is a solutionu e C7/ . (Q, ; V) of Mu =0, with |u- 0l 5 < Cle).

2
g5 ~g W | +|Wl|2a'
’ C’

1+9
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Solutions of nonlinear equations

Also, u satisfies the boundary condition Pgu(0) = Psg on Q, , where Py is the
orthogonal projection onto the complement of the finite dimensional subspace of

L2(Z : V) spanned by {¢j:4>0} U {ej;u/m<8}.

PROOF : The method of proof is to linearise 3.1 at suitable functions of t, and to
use the estimates for linear equations from Chapter 2 to define contraction

mappings. From now on,

| u | ] e | will denote | u | ey | u |
0, 2 2, 0, 2 ’
e Q1)

respectively. Also, | ¢ | > =10l , .
C C ((tt+1))

First we compute the linearisation of 3.1. As in 1.21, write Mu=0 as
3.15 u"(t) - u'(t) + Ms(u(t)) = a;Du'(t) + a,u'(t) ,

so that the right hand side of 3.15 contains all the nonlinear terms in which a time

derivative appears.

We will linearise equation 3.15 about ®(t) = ¢(t)+H(d(t)), where
d(t)e C2%( (0,00) ; K ) will be chosen later to satisfy 3.14. Write ®=¢+H(0¢), and
u = o+wl+H(o+wT)+wl, where we C2%Qy4,4) and wT=[TTw, wh=]Ttw. Write

H(o+wT) = H(6)+H(o,wT), where

1 i il
| H (ow) | < C(lol ,)lw | :
CZ,OL C2 C2,(x

and TIT(H'(¢,w"))=0. Thus u=d+w+H(o,wT). Substitute these into 3.12 to get

316  (o+wT+H(O+w)+wh)" - m( o+wT+ H(op+wT)+wl ) + My (0+WT+H(0+wT)+w 1)
1

= (ay(0)+a; (6.W)®" + (a(0)+as(o W) + (a,D + az)%(w+H1(¢,wT))
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Solutions of nonlinear equations

1 2
. < , =

C C" C C C”
2 2 P o 3
Bl Ol
forj=1,2,and provided |¢|C2,a : |w|C2 i 1|02,a ] 2|C2a <1

Rewrite the right hand side of 3.14 as b4 (0)(D")+bs(d,w)(W'),

where | b, (¢) lco’“ <Cl|d ICZ,aand | b, (0, W) l(;o'“ <C (

| D, (0.w,) - b, (0,w,) |
C

,;IWIM)

| ¢ |
o C

<Clw, -w

0,0 2|C2,oc

provided [0] _ , W]
CQ,OL C ,0 C ok c>

Different estimates are required for the normal and tangential parts of 3.15.
The projection into K- is
317 (H(O+W)+wh)" - m(H(0+w )+wh)' + HLMZ(¢+WT+H(¢+WT)+wi)
= IT(b,(0)(@")+by(0,w)(W') ) .
Now, linearising at w- =0 gives
[TMy(0+wT+H(0+wT)+wl) = [TtMy (0+wT+H(0+wT)) + LywL + Ry(0,w)(wl)

= Lywt + Ry(o,w)(wh) ,
since [TtMy(o+wT+H(0+wT)) =0 by 3.7 .

35




Solutions of nonlinear equations

Here | Ry(@w)(Wh1  <C(lo] ,_+Iwl , )w'

c ik s ¢

[ Ro(0.w,)(W3) - Ry(0,w,) (W) ICO,a <C((Iwy] , + Wyl , ) Iw, -w2|C2,a +

+ (l¢|02’“+ w,| ot |W2ICZ’a) |W1L - Wélcz’a)
provided |¢|Cz’a , |W|Cz,a , |w1|02’a ; |w2|02’a <1

We thus get an equation of the following form for w- :

318 wh-mwl' + Lywl=fl(¢,w), where
3.18' | f(o.w) ICO,Q <C(l¢ |C 0w ICz,a ) (1¢ |C Banh 'c1'°‘+ | w 'CZ’“ )
How,) - fl(¢,w2)lco,as C ( 0 gt 1911 g el ) (- w2'|C1fa|wf : wglcz,g

1 ] ] _L
+ (/o b ptinle, v el ol g0t lWﬁICaa) Wy -w,l )

provided |¢| , (W]
CZ,(X C2,a C ,0 c?

The projection into K is

319 (p+w )" -m(o+w ) + HTMZ(¢+WT+H(¢+WT)+WL) = T1'(b, (6)(@')+b,(6,W)(W') )
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Solutions of nonlinear equations

However,

[T My (o+wT+H(o+wT)+wt) = [T My (0+wT+H(9+wT)) + Ly(0,w)(w)

)

0,0

where | Loww)| < C(lo], +Iw| )|w|
c® g o &

provided |4

Write TT"My (z+H(z)) = -Vi(z) as in 3.10. The estimates in K are more

delicate, and we have to linearise Vf at ¢ ratherthan at 0, giving

VE (0+wT) = Vf(0) + Hess f(o) wT + RT(¢,wT),

BT 3 T2 T p-1
where [R (0w < C(lof, W, +w'") ),
C” C” C” C”
Th e e p-3 i T Tp-2 Tp-2 el
R (gows) - Rl 5 (|¢|Cz,a“w1|CQL'W2'C2?J (sl 2 M2l 5.0 1wy -l 2

provided |¢| S 9 |w|

We require that ¢ : (0,) — K is a solution of

314  ¢"-mo' - Vi) =0,
with | o(t) - (T+t) VP-2)u |, 5 < Ce.
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Solutions of nonlinear equations

The existence of such solutions is discussed later (see Lemma 3.26).
We then have the following equation for w:
320 w!"-mw' + Hess f(o) wl =T |

where  f1(o,w) = TIT( 1 (0)(®')+by(6,W)(W) ) - Lo(o,w)(Wh) + RT(9,w) , s0

. : . 1
e ( 1l oot 1 o) 081 o Wl ot )

1 p-1 p-3 T2
s W wlof ) wl )
C’ Cl C!

1 (0w,) - f (0w, |
s

SC (0] # lw,|  +IW,l ) (w,-w, | + |wh-wl
C2,a 1C2,Ot C2.Ot) L - C1,oc 1 2C2,a

0,

2
Tp-2 -
+C (10 . + w!l o+ w o +w P o W, - W
C1,oc g{( J C1,a J CZ,oc J C2,a I ICZ,a ) )l 1 2ICZ,OL

provided |¢| , W
CQ,a C ,0 C 0L c>

—

Define Sv, for v with |v|*2,5 < o, to be wt+wT, where these are solutions of
3.18, 3.20 with inhomogeneous terms  f-(¢,v), fT(o,v) satisfying 3.18', 3.20'

respectively, and with boundary conditions Pu(0) = Pg.

REMARK 3.21 : We need |vl|2,1+5 < o since this term appears in fTalong with
derivatives of ¢, vTand we need [fT|,,5 < . By the estimates of 2.12, w'- has the
same decay as f+, that is, (T+t)(1+2/(P-2)), 50 this estimate for v. is preserved

under the mapping S.
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Solutions of nonlinear equations

-(1+2/(p-2 -(1+3+1/(p-2))

322 | (oM ,_<C ((T+)

)
1015 1/p-2) + (T+1)
1/(p-2)
c P

’ g -(1428-1/(p-2
IfT <C ((T+t) (1+2/(p-2 i (T+t)( + (p-2))

V)] " 10 102

C

0,a

-(1+8+1/(p-2)) 3

<C (T+t) v,

[F(0.v,) - F(0,v,)

CO,a

-(1428-1/(p-2 *
sC(T+t)(+ P ))lv -V

T
lf 1 2|2,5 2

;) - T (0.%,)]

Co,a

provided that [0l 1/p-2) » IVI'2,5< 1, so that, for example, |¢0|P-3|wT|2 can be

bounded by C(T+t)(1+23-1/(p-2))y|", &

We can use the estimates of 2.12 and 2.18 since § ¢ { o /m; bjan

eigenvalue of Hess fp(u) }. Hence

148 8-2/(p-2 14p-2)),. "
3.23  |w' 255 C4Te ) g VSl ))|¢|21,( ;o VI 5 )
C ’ C U (Z;V) ’ p
149
T 8-2/(p-2)) -(8-1/(p-2))
Wi, 5 SC (TRl +T gl s T M, ),

-1/(p-2
W =CT Ty, v
1 2 2,0 1 2'28
G
140
T T -(8-1/(p-2)) i
W, - W2|2,5 e CGT v - V2I2,5 ,

provided that |¢|2,1/(p_2) Vo 5 < 1.

Choose € >0 and T > 1 so that, for T > Toand|g[p o < eT-(1+9) S maps the

ball of radius 1in {w ;|w|’, 5 <} into itself and S is a contraction.
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Solutions of nonlinear equations

The unique fixed point of S is the solution of Mu = 0 satisfying the

conditions of Theorem 3.12.

E.D.

REMARK 3.24 : We have finally to prove that there are solutions ¢(t) of
3.14 ¢"-m¢' - Vi(¢) = O.

Solutions of this equation seem to generate solutions of
3.1 Mu =0,
although we can only prove this for solutions of the form
u(t) = (T+t) P2 u + w(t) , with |w| 5 5 < ee.
Also, this is the only case in which we can prove existence of solutions to 3.14.

However, it seems likely that there are other solutions of 3.1 and 3.14 (see

Problem 5.4).

REMARK 3.25 : Equation 3.14 can be viewed as a special case of 3.1 in which
2 is a single point. It is important to understand this special case. Also, the
conditions 3.13 for existence of a solution have a geometric interpretation in this
case (see Lemma 5.6). For these reasons, and on the basis of Remark 3.24, we
consider the existence of solutions to 3.14 separately, in Lemma 3.26. Additional

properties are discussed in Problems 5.1 - 5.4 .

LEMMA 3.26.

Suppose G e SK1 satisfies 3.13,
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Solutions of nonlinear equations

Choose & with 1/(p-2) <8 < 2/(p-2) and & ¢ {pj/m ;M eigenvalue of Hess fp(u)
for 1<j<k }.

Thereise>0and T >1suchthatif T>T, and|g| i <eT
Coz V)

: k
then there is a solution ¢ e Cf/(p-Z)( (0,0) ;R) of

3.14  ¢"-mo' - Vi(0) = 0, with
3.27 | ¢-(T+tyP2Au |, s < Ce and Pg0(0)) = Ps(9) -

REMARK 3.28 : This condition for the Jacobi field G involves the sign of the

analytic function fp/m at a stationary point. If the sign condition is not satisfied |

then we can replace t by -t to get

329 ¢" + mo' - Vi(¢) =0

which is 3.14 with m replaced by -m , so that the sign condition is satisfied. We
can thus in this case solve the original problem on Q = (-2,0) x X rather than

Q, = (0,0) x X . However, in some cases (in particular if p is odd), we can find

solutions to 3.24 on both Q_and Q+.

Corollary 3.30.

If p is even, then fp has either a positive maximum or negative minimum,

and so either fp(L‘J)/m >0or fp(ﬂ)/(-m) > 0, giving a solution on either Q, or Q..
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Solutions of nonlinear equations

If p is odd, then fp has both a positive maximum and a negative minimum
on SK-1 and so both fp(@)/m > 0 and f,(-G)/(-m) > 0 , giving solutions on both Q,
and Q_.

Example 3.31 :Let f:R — R be defined by

L T
f(x) = '§X + §X
-1/2, . AR TR - i Yy
ForT>0, (T-t) “is a solution of x"- x a(x):x - X toX -gx on (-o0,0).

However, our method does not give solutions on ( 0, ).

PROOF OF 3.26 : Suppose G is a stationary point of fp restricted to Sk
with fp(O) / m >0, and put

Write g = p-2, so g >1 by 3.11.

We will find a function w with |w|, § < o s0 that the solution of 3.14 has the

form

3.32 o) = (T+) 1 u + wit),

whence  ¢'(t) = -1/q(T+t) (1 +12) y 4+ w'

and O"(t) = 1/g (1 +1/q) (T+t) - @+ 1) y 4 w" .

Substitute these into 3.14 to get
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Solutions of nonlinear equations

3.33 1/q (1+1/q) (T+t) - +VAu + w" + m/q (T+t) - 1+1/Dy - mw' - VI( (T+t)du+w).
Linearise about (T+t) - /A u to get

3.34 w"'-mw'-Hessf ((T+) du)w =

1/g (1+1/q) (T+t) - @+1/Qu 4 m/q (T+t) - +1/9) y - Vf (T+t) - VA u) + Ry (t,w) .
where, provided |w|, [w,|, [w,| < 1,
| Rytw) | < C ((T+t)- (-1 | w2 + |w P1) | and

| Ry(t,wy) - Ry(twy) [<C ( (T+t) - (1-179) (Iwq] + [wol) + (Jwq|P2+|w,| P-2) ) Wy - Wy

Note that
Hess f ((T+t)" ; (T+) " 9 Hess f(u)
= (T+t)" Hess f (u) + O((T+t) ")
Also,

vf (T+t) = 3 (T+t) -fa ¢ Vi (u)

| = )

- (1+1/q) 1+2/q)

= (T+1) Vi (u) + O((T+t)

Hence we can rewrite 3.34 as

3.35 w"- mw' - (T+t) 'Hess fp(u)w = (T+t)" 1+ 1A m/q u-Vfy(u)) + Ry(t,w) + Ry(tw),
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Solutions of nonlinear equations
where, provided |w/|, |wy], [W5| < 1,
| Ry(t,w) | < C ((T+t)- (1+2A) 4 (T4t) - (1+1/9) | w | ), and
| Ro(t,wy) - Ro(t,wy) | <C (T+t) -0+ | wy - w, |.
We are seeking a solution of the form
3.32 o) = (T+) " u +w(t),

where | w(t) |2,5 < . We would like to apply the linear estimates for systems of
ordinary differential equations from Theorem 2.18 to obtain a contraction

mapping in a neighbourhood of 0 in { w ; |w|, 5 < e }. For this, we need that

3.36 the right hand side of 3.35 has finite (1+ &) norm.

This is satisfied if and only if
337 -mu+q pr(u) =4.

However, by using the homogeneity of fp and taking the inner product with 0,

and with tangents to SK'!, we see that 3.37 is equivalent to 3.38 and 3.39 :

m Q. &
3.38 —d-|u| = pf(0),

Sk-1
339 V° (@ =0.

Notice that 3.38 means that u = (1/p(p-2) m/ f,(0) )P ( and 3.39
means that U is a stationary point of fp restricted to the sphere. There is thus a

point u as in 3.37 if and only if there exists a stationary point U of fp on the sphere
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Solutions of nonlinear equations

where fp(ﬂ)/m > 0. If pis odd, then we automatically get suitable G by taking the

point Ge SK-1 where fi, restricted to Sk-1is maximum.

Define Sw for w with |w|, 5 < == to be the solution of
3.40 V'-mV - (T+t) 'Hess fp(Uv = Ry(t,w) + Ry(tw)
with initial values Pgv(0) = Psg, as in Theorem 2.18.

From the estimates of 2.18 we have
[ Swl,s <C( T g | + | Ry(tw) |45+ | Ra(t,w) l145)

provided |w|, 5, Wilo s » Wolp s < 1.

Hence
[Swlps < C (T8 g |+ T¢ wly g2 + TP-Ne |, P14+ TEVA 4 T-1a |w], 5 ) and

) € -(p-1)e (P-2) (p-2) -17q
Swy - Swyl,  <C (Tw, 1, +Hwl, ) + T w7 w52 + 77w, - wy,

provided |Wl, 5 , [W1lp 5, [Walp 5 < 1.

Choose e >0and Ty>1sothat, forT>T, and|g|<eT?, Sisa
contraction in the set {w; | w 5 <1} Hence S has a unique fixed point, say w(t),

and o(t) = (T+t)"(P-2) u + w(t) is the required solution of 3.24.
WE.D.
45




r-'———————"

Solutions of nonlinear equations

Remark 3.41: If fp restricted to SK-1 has a maximum or minimum at U, then at
least one of the uj/m > 1/(p-2). Hence there is a one parameter family g Of

solutions of 3.14 satisfying 3.27 and Psds(0) = sPgg for ge RK, where the notation

isasin 2.18.

To see this, note that at any point { in SK*1, we can choose coordinates

&4, -+ » &1 for Sk and radial coordinate &, =r. If fp has an extremum at ¢, then

of
—L£ -0 forj=1,... k1.
9%

Since fp is homogeneous,

p afp

or a&i &

Hence [ Hess f (€) i =Ounless i=k, and

2

[Hess ] =—7 = PR §,(0)
r

Then

Il
=

342 = m(1+1/(p-2).
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Solutions of nonlinear equations

Hence, w,./m =1+ 1/(p-2). However, we cannot say anything about the other

eigenvalues.

REMARK 3.43 : The existence proofs in this chapter do not really require that

F(w,z,p,0) be real analytic in (z,p). It would suffice that

3.44 {(u) =fp(u) - Rp+1(u) ;

where fp is homogeneous of degree p , fp not identically 0, p> 2, and
R .(su)

1
L — 0 ass—=0 ,

SP

that is, that Fy(sv+H(sv)) does not vanish to infinite order in s for some ve ker Ly.

Remark 3.45 : | cannot show that if f is analytic, then all non exponential

solutions must converge at some pow<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>