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A New Theoretical Model of a Carbon Nanotube Strain Sensor *
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Carbon nanotubes (CNTs) are potential strain sensors due to their excellent mechanical and spectral properties.
A new theoretical model of a CNT strain sensor is obtained by applying the polarized Raman properties of
CNTs, which calculates the synthetic contributions of Raman spectra from the CNTs in random directions. By
using this theoretical model, the analytic relationship between planar strain components and the Raman shift
increment of uniformly dispersed CNTs is obtained, which is applicable for accurately characterizing the strain
in random directions on the surface of a measured microsystem.
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The manufacturing technologies,[1] property char-
acterizing approaches,[2] and applications as differ-
ent sensors[3−10] of carbon nanotubes (CNTs) have
made remarkable progresses in recent years. It is
well known that a CNT has outstanding mechani-
cal characteristics,[11,12] its 𝐺′ band Raman shift is
very sensitive to axial deformation,[13−15] and its po-
larized resonant Raman exhibits the so-called antenna
effect.[16−18] All these properties make carbon nan-
otubes potentially robust, nondestructive and wire-
less sensors applicable for the measurement of strain
components, which have proved elusive in practice but
are expected to have an important role in future de-
vices based on microsystems.[19] Wagner et al.[20−22]

presented the idea of the CNT strain sensor with Ra-
man spectroscopy and introduced two methods[21−23]

to realize that idea: non-polarized Raman for oriented
CNTs and polarized Raman for stochastic CNTs. The
former is applicable for measuring strain in a unique
direction only, whereas the purpose of the latter is to
detect the normal strain in any direction by observ-
ing the Raman shift increment ∆Ω(𝜙) obtained in a
given polarizing direction 𝜙 and regarding ∆Ω(𝜙) as
directly proportional to the normal strain in the same
direction,

∆Ω(𝜙) = ΨPM · 𝜀PM(𝜙), (1)

where ΨPM is the so-called strain-Raman shift coeffi-
cient achieved by calibration, and 𝜀PM(𝜙) is the mea-
sured value of the normal strain in the 𝜙 direction.
However, this is an approximate method and can be
used in some fixed conditions for strain testing. More-
over, there is still a lack of theoretical study for accu-
rately modeling a CNT sensor of strain component
measurement through Raman.

In this Letter, we present a theoretical analysis of
CNT strain sensors. The contribution of deformed

CNTs in any direction to the Raman spectrum is dis-
cussed by analyzing CNT polarized Raman proper-
ties and then using the proposed theoretical model,
which yields the analytic relationship between the pla-
nar strain components and the Raman shift increment
of uniformly dispersed CNTs.
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Fig. 1. Diagrammatic sketches of (a) a single CNT fixed
on and deformed by a plane in the 𝑋 − 𝑌 Cartesian coor-
dinate system; (b) three planar strain components.

The theoretical model of the CNT strain sensor is
developed as follows. With reference to a CNT fixed
on a deformable plane in the 𝑋 − 𝑌 Cartesian coor-
dinate system shown in Fig. 1(a), 𝜃 is the CNT axis
direction (AD) and 𝜙 is the polarizing direction (PD)
of the Raman spectroscope in the backscattering ge-
ometry. When the plane deforms little, the axial strain
of the nanotube 𝜀(𝜃) is similar to the normal strain of
its location on the plane in the 𝜃 direction, which can
be expressed by the three planar strain components
𝜀𝑋 , 𝜀𝑌 and 𝛾𝑋𝑌 (as shown in Fig. 1(b)). Meanwhile,
it has been proved[15] that CNT axial strain 𝜀(𝜃) is
directly proportional to the increment of 𝐺′ band Ra-
man shift in its Raman spectrum, denoted as ∆𝜔(𝜃).
Therefore,

∆𝜔(𝜃) = ΨSensor · 𝜀(𝜃) = ΨSensor ·
(︀
𝜀𝑋 cos2 𝜃

+ 𝜀𝑌 sin2 𝜃 − 𝛾𝑋𝑌 cos 𝜃 sin 𝜃
)︀
. (2)
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Equation (2) represents the analytic relationship be-
tween the planar strain components and the Raman
shift increment of a single CNT in the 𝜃 direction,
where ΨSensor is defined as the strain-Raman shift co-
efficient of the CNT strain sensor.

It is well known that the spectrum curve of the
CNT 𝐺′ band 𝐼

(𝜙)
(𝜃) (𝑥) can be described by a Lorentz

or Gauss function. Taking the Lorentz function as an
example, we have

𝐼
(𝜙)
(𝜃) (𝑥) =

𝑅(︀𝑥−𝜔(𝜃)

𝜆

)︀2 + 12

= 𝐴𝑆𝐶 ·
1
𝜋

𝜆

(𝑥− 𝜔(𝜃))2 + 𝜆2
, (3)

where 𝑅 is the peak height of the spectrum curve, cor-
responding to the scattering intensity of the 𝐺′ band.
Actually, 𝑅 is a function of the angle between AD and
PD, (𝜃−𝜙), owing to the polarized Raman properties
of CNTs.[17,24] 𝜔(𝜃) is the peak location, correspond-
ing to the Raman shift, whose increment is sensitive
to the CNT deformation in AD as Eq. (2) shows; 𝜆 is
the half-width at half-maximum (HWHM), which is
treated as a constant in this Letter since it is insensi-
tive to both the axial deformation and the polarized
direction, 𝐴𝑆𝐶 is the area between the curve and 𝑋-
axis, 𝐴𝑆𝐶 = 𝜋𝜆𝑅. According to Eq. (3), the normal-
ized form of 𝐼

(𝜙)
(𝜃) (𝑥), denoted as 𝑇

(𝜙)
(𝜃) (𝑥), conforms to

the Cauchy distribution,

𝑇
(𝜙)
(𝜃) (𝑥) =

𝐼
(𝜙)
(𝜃) (𝑥)

𝐴𝑆𝐶

=
1
𝜋

𝜆

(𝑥− 𝜔(𝜃))2 + 𝜆2
∼ 𝒞(𝜔(𝜃), 𝜆). (4)

Consider a solid body to be measured (see Fig. 2(a)).
Some CNTs are affixed onto the surface of the mea-
sured body horizontally, uniformly and stochastically
(as shown in Fig. 2(b)), and may deform together with
the body. The spectrum information of the Raman
test on these uniformly dispersed CNTs, denoted as
𝐼
(𝜙)
𝐴𝐶(𝑥), is the summation of the scattering data from

all the single CNTs inside the sampling area. From
the viewpoint of statistics, since they are distributed
uniformly and stochastically, the CNTs within a ran-
dom infinitesimal angle range 𝑑𝜃 on the 𝑋−𝑌 surface
make up 𝜋−1𝑑𝜃 of the total. Hence,

𝐼
(𝜙)
𝐴𝐶(𝑥) =

∫︁ 𝜋/2

−𝜋/2

𝐼
(𝜙)
(𝜃) (𝑥) · 1

𝜋
𝑑𝜃,

𝐴𝐴𝐶 =
∫︁ 𝜋/2

−𝜋/2

𝐴𝐼𝐶 ·
1
𝜋

𝑑𝜃 = 𝜆

∫︁ 𝜋/2

−𝜋/2

𝑅𝑑𝜃. (5)

Normalizing 𝐼
(𝜙)
𝐴𝐶(𝑥) into 𝑍(𝜙)(𝑥), we have

𝑍(𝜙)(𝑥) =
𝐼
(𝜙)
𝐴𝐶(𝑥)
𝐴𝐴𝐶

=
∫︁ 𝜋/2

−𝜋/2

[︀
𝐶

(𝜙)
(𝜃) · 𝑇

(𝜙)
(𝜃) (𝑥)

]︀
,

where 𝐶
(𝜙)
(𝜃) =

𝑅 · 𝑑𝜃∫︀ 𝜋/2

−𝜋/2
𝑅 · 𝑑𝜃

. (6)

It can be seen that 𝑍(𝜙)(𝑥) can be regarded as the
linear accumulation of numerous independent Cauchy
distributions 𝑇

(𝜙)
(𝜃) (𝑥) ∼ 𝒞(𝜔(𝜃), 𝜆) with respective

weight 𝐶
(𝜙)
(𝜃) . In response to the properties of a Cauchy

distribution,[25] 𝑍(𝜙)(𝑥) is also a Cauchy distribution
and its peak location Ω(𝜙) =

∫︀ 𝜋/2

−𝜋/2

[︀
𝐶

(𝜙)
(𝜃) ·𝜔(𝜃)

]︀
. Then,

making use of Eqs. (2) and (6), the analytical relation-
ship between the planar strain components and the
Raman shift increment of uniformly dispersed CNTs
is obtained,

∆Ω(𝜙) =
(︂ ∫︁ 𝜋/2

−𝜋/2

𝑅𝑑𝜃

)︂−1 ∫︁ 𝜋/2

−𝜋/2

ΨSensor ·
(︀
𝜀𝑋 cos2 𝜃

+ 𝜀𝑌 sin2 𝜃 − 𝛾𝑥𝑦 cos 𝜃 sin 𝜃
)︀
·𝑅𝑑𝜃. (7)

The above analytical relationship can be simplified by
using the mathematical expression of the scattering in-
tensity 𝑅, which is determined according to the com-
ponent configuration of the polarized Raman spectro-
scope and the scattering state of CNTs.[17,18,24] For in-
stance, when the polarizing directions of the incident
and scattered light in the Raman spectroscope are
controlled to remain constantly parallel to each other,
the polarized Raman scattering of CNTs is meanwhile
in a resonant state[26,27] and exhibits the “antenna ef-
fect”, 𝑅 = 𝜅 cos4(𝜃 − 𝜙) and 𝜅 = const.[18] Hence
Eq. (7) can be simplified to

∆Ω(𝜙) =
1
6

ΨSensor ·
[︀
(3 + 2 cos 2𝜙)𝜀𝑋 + (3

− 2 cos 2𝜙)𝜀𝑌 − 2 sin 2𝜙 · 𝛾𝑋𝑌

]︀
. (8)

It can be seen from Eq. (8) that the Raman shift in-
crement achieved in any appointed PD is equal to the
summation of three planar strain components with
dissimilar trigonometric functions relative to the PD
as weighted parameters. Therefore, by using the
CNTs as strain sensors, we can study the strain state
of the measured body by detecting several Raman
shift increments of the CNTs in different PDs.

Y

X

(a)

Half-wave plate

Polarizing plate

(b)

Micro-Lens

Measured body

Sampling
spot

CNT

Y

X

ϕ
PD

PD

Fig. 2. Diagrammatic sketches of CNT strain sensors
using polarized Raman spectroscopy. (a) The measured
body and Raman system. (b) CNTs dispersed uniformly
on the surface of the measured body.
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Equation (7) can be simplified to other forms un-
der different experimental modes such as “only the PD
of incident light controllable”[17] and “CNT scattering
in non-resonant state”.[24] Meanwhile, Eq. (7) is also
applicable when CNTs disperse non-stochastically or
even when they are oriented by introducing a dis-
tributing density function 𝜌(𝜃) to replace 𝜋−1 in
Eq. (5). In addition, if the spectral curve of a CNT
is taken as a Gauss function, the derivation also re-
sults in the same formulation.

To confirm the theoretical model in this work, a
uniaxial tensile test was performed on a specimen of
free-standing CNT composite film. The matrix was
a DGEBA-based epoxy, and single-wall CNTs func-
tioned by the –COOH group (0.5 wt.%, TIMESNANO
Ltd) were stochastically dispersed in liquid epoxy by
ultrasound for 24 h. The cured film was about 160µm
thick with a Young’s modulus of 2.00 GPa and Pois-
son ratio 0.379. The specimen was tested in a mini-
tensile machine, with the loading direction parallel to
the 𝑋 direction, using a step length of 0.04% when
𝜀𝑋 < 0.72% and 0.2% when 𝜀𝑋 ≥ 0.72% until the
specimen broke. A Renishaw InVia Raman spectro-
scope together with a He–Ne laser source (632.8 nm,
2 mW) were utilized and the incident beam was fo-
cused on the specimen surface with the backscatter-
ing geometry through a 50× objective lens, forming a
sampling spot of about 2µm in diameter. Under each
loading step, Raman spectra from the sampling spot
in 0∘/45∘/90∘ PDs were recorded.

Fig. 3. Raman shifts of the test on the free-standing CNT
film.

All the raw data were fitted by a Lorentz function
to achieve the Raman shifts shown in Fig. 3. It can be
seen that all the Raman shifts, Ω(0), Ω(45) and Ω(90),
start from about 2624 cm−1 and change linearly with
the increase of tensile loading until 𝜀𝑋 ≥ 0.8%. Their
slopes in the linearity range, ∆Ω(0)/𝜀𝑋 , ∆Ω(45)/𝜀𝑋

and ∆Ω(90)/𝜀𝑋 , are −14.0, −5.9 and 2.6, respectively.
By dividing both sides of Eq. (8) by 𝜀𝑋 and then sub-
stituting the Raman shift slopes in Fig. 3 and their

respective PDs, we obtain

ΨSensor = −1815 cm−1, 𝜈 = − 𝜀𝑌

𝜀𝑋
= 0.372. (9)

From Eq. (9), it can be seen that the experimental
results are consistent with the theoretical ones. In
particular, the Poisson ratio obtained by means of our
CNT strain sensor, 0.372, is almost equal to its true
value, 0.379.

Fig. 4. Diagrammatic sketch of the contribution of CNTs
with different axial directions (ADs) to the total spectrum
in any appointed polarized direction (PD).

The above experiment shows that Eq. (8) can rep-
resent the planar strain state of the measured body
accurately, because the theory in this study consid-
ers the synthetic contributions of Raman information
from the CNTs in all the directions within the plane.
In contrast, Eq. (1) indicates that only the scatterings
from CNTs parallel to the PD are counted, so that
the measuring result by the previous method[22,23] is
only approximate to or even far from the true value.
This is because every CNT makes a contribution to
the total spectrum and indeed none is negligible. Fig-
ure 4 gives a diagrammatic sketch of the contribution
of CNTs with different axial directions (ADs) to the
total spectrum in any appointed polarized direction
(PD). It shows that the contributions of individuals to
the total are not average. Even though the scattering
data of CNTs parallel to the PD are dominant in the
total spectrum due to the antenna effect[16] of CNTs
in polarized Raman scattering, those from CNTs not
parallel to the PD exert an influence, making the Ra-
man shift of the total spectrum from all CNTs dif-
ferent from that of the CNTs parallel to the PD. As
shown in Fig. 4, the distinct distance between the two
Raman shifts demonstrates that the Raman shift in-
crement ∆Ω(𝜙) comprises the entire contributions of
all the CNTs, and should not be in direct proportion
to the normal strain in the 𝜙 direction as Eq. (1) pre-
sumes.

Based on the above model, the CNT strain sen-
sor may be applied by the following steps. Firstly, a
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CNT film is prepared on the surface of a microsystem
by means of self-assembly, printing, pasting or some
other method. ΨSensor is calibrated by means of ba-
sic experiments. Then, the Raman spectra in several
different PDs are detected through polarized Raman
tests, and the raw data are fitted to obtain the Raman
shifts and substituted into Eq. (8) respectively, build-
ing an equation set. By solving this equation set, the
values of 𝜀𝑋 , 𝜀𝑌 and 𝛾𝑋𝑌 are achieved.

In conclusion, a new theory of CNT strain sen-
sors is developed and verified by experimental exam-
ple. By calculating the synthetic contributions of Ra-
man information from the CNTs in all directions and
utilizing the Raman properties of CNTs including Ra-
man shift sensitivity to strain, polarized and resonant
Raman, an analytic relationship between the planar
strain components and the Raman shift of uniformly
dispersed CNTs is obtained. The experimental results
and discussions of their contrast demonstrate that the
CNT strain sensors in this work may wirelessly and ac-
curately characterize the strain in random directions
on the surface of a microsystem.
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