2360

stable regardless of the initial points u;(0) or x(0). Repeating the same
argument for all flows ¢, we establish their individual convergence.

The necessity of condition 0 < 3 < 2 directly follows from Corol-
lary 3.

Combining EMKC’s Lyapunov and global quasi-asymptotic sta-
bility, we have:

Corollary 4: EMKC is globally asymptotically stable under con-
stant feedback delay D if and only if 0 < 3 < 2.

VI. CONCLUSION

This paper offered a comprehensive stability analysis of a new con-
gestion controller called MKC, which is proven to be locally stable
with arbitrary (heterogeneous) feedback delays under easily verifiable
conditions. This property makes MKC a highly appealing platform for
congestion control in future high-speed networks with heterogeneous
users. Moreover, we proposed a negative packet-loss feedback function
to be used in conjunction with MKC and called the resulting controller
EMKC. We proved that EMKC achieves both RTT-independent sta-
bility and fairness and converges to link utilization exponentially fast.
Our investigation of global stability shows that all EMKC flows con-
verge to their unique stationary points regardless of the initial point in
which the system is started. We proved this fact for constant delays D
and our future work is to extend the analysis to heterogenous delays.
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Controllability and Observability for a Class
of Controlled Switching Impulsive Systems

Bin Liu and Horacio J. Marquez

Abstract—In this note, we study the controllability and observability
problem for a class of controlled switching impulsive systems. By proposing
several formula of variation of parameters for this type of time-varying
systems and employing the characteristic polynomial theory of matrix,
we establish necessary and sufficient conditions for controllability and
controlled observability with respect to a given switching time sequence.
Specializing the obtained results to the case of time-invariant linear
switching impulsive systems, we derive some simple algebraic criteria,
which include the results reported in the literature for time-invariant
linear switching systems, linear impulsive systems and classical linear
systems. One example is worked out for illustration.

Index Terms—Controllability, controlled observability, hybrid systems,
switching impulsive systems, variation of parameters.

[. INTRODUCTION

Motivated by the fact that hybrid systems provide a natural frame-
work for mathematical modeling of many physical phenomena, their
study has received considerable attention for the last two decades
[1]-[3]. Most of the work encountered in the literature has focussed
on two types of hybrid systems, namely; switching and impulsive
systems. See [4]-[10] and the references cited therein for recent work
on these two classes of systems. It is, however, worth noticing that
switching and impulsive systems do not include some important hybrid
systems existing in some applications characterized by switches of the
states and abrupt changes at the switching instants.

Indeed, in many natural phenomena in systems such as evolutionary
processes, biological neural networks and bursting rhythmic models
in pathology, when certain quantities accumulate, the nature of the re-
action undergoes an abrupt change. In this case, one needs to switch
to a new system of differential equations taking into consideration a
momentary perturbation of an impulsive nature. This class of systems
exhibit simultaneously continuous-time dynamic switching and impul-
sive jump phenomena. A general description of these systems is called
switching impulsive system. Examples include evolutionary processes
and biological systems, as well as frequency-modulated signal pro-
cessing systems, networked control systems, optimal control models
in economics, and flying object motions. See [22]-[28].

The controllability and observability problem for hybrid systems has
recently received considerable attention. See [11]-[18], [20], [21]. In
[11], controllability and observability of periodic switching linear sys-
tems was studied. In [18] and [31], geometric criteria for controlla-
bility of switching systems was established. In [30], controllability of
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switching bilinear systems was investigated using Lie algebraic tech-
niques. In [12], [15] and [21], the controllability problem was studied
for linear impulsive hybrid systems. Most of the literature on the sub-
ject, however, deals with time-invariant systems almost exclusively.
Moreover, so far very few results for time-variant switching impulsive
systems in which both switching and impulse are simultaneously con-
sidered have been reported.

In this note, we study the controllability and observability problem
for a class of time-variant controlled switching impulsive systems,
where the impulses occur at the switching instants. We derive control-
lability and controlled observability criteria expressed in the form of a
matrix rank condition that is much easier to check than the geometric
criteria previously reported for time-invariant switched systems ([17],
[18]). Moreover, when specializing to the case of time-invariant
linear hybrid systems, our results coincide with those previously
reported in the literature (see e.g., [11], [12], [15], [18], [20], [21]) for
time-invariant linear switching systems, linear impulsive systems and
classical linear systems. The extension considered here is, however,
nontrivial, as we deal with a much broader class of systems.

The rest of this note is organized as follows. In Section I, we present
preliminaries and propose the results of variation of parameters for
the system. In Sections III-IV, we establish necessary and sufficient
conditions for controllability and controlled observability, respectively.
For illustration, one representative example is given in Section V. In
Section VI we provide our conclusions and final remarks.

II. PRELIMINARIES

In the sequel, R™ denotes the n-dimensional Euclidean space
and Ry = [0,4o0). For any positive integers j, k (j < k), denote
Hf:k a; = agar—y---aj, where a; € R.Let I denote the n X n
identity matrix.

Consider the time-variant controlled switching impulsive system of
the form

T(f) = Aq(f) (f)T(f) =+ Bq(t)(t)'ltq(t) (f), te <t< tht1
Ax = Oq(f) (Hax(t) + D,,(,g) (t)Uq(f) (t), t =t
y(t) = Eyoy (H)a(t) M

where Ay () E R™™, Byy(t) € R™*™, Cyy(t) € R™*",
Dyiy(t) € R™™, Fyy(t) € RP*™, with all the entries in these ma-
trices being contmuous scalar functions of t € R4+;0 < tg < t1 <
- <ty <ty = ty is the switching time sequence, at which the
impulses occur, z:(t) € R" is the state, y(¢) € R? is the control output,
ugy(t) € U. C R™ is a continuous input, vee) () € Ua C Rlis
a discrete input signal and ¢ : [to,f5] — Q = {1,2,...,r} is the
switching control signal of the system. Since () is finite, the switching
control ¢(t) is necessarily piecewise constant with values in Q. We
normalize the switching control ¢(t) to be left continuous on the time
interval [to, tf], i.e., ¢(t) = ¢(t7) = lim,__,— ¢(s). Let (¢) denote
the solution at time ¢ of system (1) starting from (o) = 0.
Remark 2.1:
1) In engineering applications, the cost of controllers is often im-
portant. To reduce unnecessary costs, the controllers uq(¢)(t) and
vg(s) () usually accommodate to one of the following two cases:
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(i) Doy (t) = 0, i.e., the controllers are added only to the contin-
uous part; or (ii) By (t) = 0, i.e., the controllers are added only
to the discrete part.

2) In system (1), the impulses Az and the mode changes ¢ occur at
the same time. Otherwise, if there exists some switching time #
at which impulse does not occur, then, we set Az = 0 at time
tr. On the other hand, if there is some impulsive instance ¢; at
which the mode change does not occur, i.e., ¢(t5) = q(f,i'), then,
we look this case as there is a mode change between the same
subsystem. Hence, for convenience, we put the impulse instances
and switching times as the same.

Definition 2.1: For the given switching time sequence ¥ =
{t:} M8 with tag 11 = ty, function ¢ : [to, ;] — Q is said to be an
admissible switching control if

i) q(t) = q(to) = q(t1), forall t € [to,t(];

i) q(t) = q(t7) = q(tiyr), for t € (ti,tiva], :

Remark 2.2: It should be noticed that for any sw1tch1ng system, the
switching control ¢(¢) includes two parts (see e.g., [23], [27]): (i) when
should the switching control be applied? i.e., ¢ =7 (k = 1,2,...,);
and (ii) which system should be activated at the switching times 7,
(k=1,2,...).21e, q(t]) =27 (k = 1,2,...). Hence, if the switching
time sequence ¥ = {#;}/3" with 5,41 = t; is given, then there
remains to consider the second part of ¢(#). In this note, for the given
switching time sequence ¥ = {¢; \”1 with 741 = t, we consider
an admissible switching control.

Corresponding to system (1), for every ¢(¢) € @, consider linear
time-varying system:

(1) = Agn (H)2(?). @

Suppose that X, (t) is the fundamental solution matrix of (2).
Then, for any switching-times {t;}2,, and t,s € (t; tiz1],i =
0,1,...,M, the transition matrix associated with Aq(t)(t) is
Xty (ts) = Xq(flJrl)(f)Xq(t 1 (8). Itis easy to see that, for any
t,s,7 € Ry,and t,s, 7 € (t;, t,+1] Xq(fﬂr])( )Xt ) (T 8) =
Xq(m.l)(t s), Xq(m.l)(t t) = I, where I is the identity matrix of
order 1, Xq(, (¢, s) = q(f 1)(.5 t) (see [19]).

Lemma 2.1: Let I (t) = C'q(t)(t)x(t) + D) (t)vye)(t). For
the switching time sequence ¥ = {¢,}M¥" andt € (ty,tpp1], k =
0,1,2,..., M, the solution of the system (1) satisfies (3), shown at the
bottom of the page.

Proof: By using variation of parameters of ordinary differential
system [19] and an induction argument, we can derive the result of this

lemma. The details are omitted. |
Lemma 2.2: In system (1), assume that D,(t) = 0, and
M1

Cy1)(to) = 0, then, for the switching time sequence ¥ = {#;};27",
and t € (tg,tiq1], & = 0,1,2,..., M, the solution of system (1)
satisfies (4), shown at the bottom of the next page.

Proof: The proof follows an argument analogous to that of

Lemma 2.1 and it is omitted. ]
Lemma 2.3: For any matrix X € R"*", there exist linearly inde-
pendent functions f;(t),i = 0,1,...,n — 1, such that the following

equation holds:

n—1
=) fiHX". (5)
=0

1 k

j+1

;c(t)zX;(jM)(tkH,t){ I XaeoitimDzo+> " [ Koo (tisti- 1)/ X0,y (t5.8) By (5) g (5)ds
i=k41 j=1i=k+1
k 7+1
+ 30 TT Xaeeo (ot Lge (1) + / Xottpy) (Tt s )Bq(tm)('*‘)uq(tm)('S)db‘}- ©)
j=14i=k+1 k
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Proof: A direct consequence of the Cayley—Hamilton theorem
and Lemma 2 in [12]. |

III. CONTROLLABILITY

In this section, for a given switching time sequence (i.e., impulse
instance sequence) ¥ = {¢;}77", we introduce the concept of con-
trollability of system (1) and investigate the conditions under which the
system is controllable.

Definition 3.1: The switching impulsive system (1) is said to be
controllable on [to,t¢] (ty > to) with respect to the switching time
sequence ¥ = {t;}:1F with tarpy = ty if for all 2o, 25 € R"
there exist an admissible switching control input ¢(¢) and continuous
control inputs w4 (t) (or discrete control inputs v,)(t)) such that
(1) has a solution x(¢) existing on [to, t 5] satisfying z(to) = zo and
x(ty) = xy.

Definition 3.2: The switching impulsive system (1) is said to be con-
trollable to the origin on [to, t¢] (t§ > o) with respect to the switching
time sequence ¥ with a1 = ty if for all o € R" there exist an
admissible switching control input ¢(#) and continuous control inputs
gy (t) (or discrete control inputs v, (t)) such that (1) has a solution
x(t) existing on [to, t 7] satisfying x(¢o) = 2o and z(ts) = 0.

Remark 3.1: It was shown in [14] that controllability of an impulsive
systems is not equivalent to controllability to the origin.

A. Only Continuous Control Signals are Input: D, (t) =0

Without loss of generality, let Cy(:)(fo) = 0. Denote Enr1 = I,
and for j = 0,1,..., M
Jj+1
H X @i tic)) I + Cye, 4y (Fim1)). (6)
i=M+1
Then, it follows from Lemma 2.2 that

:L'(tf) = Eol’o
M4+1 j

+ Z E; / X0,y (£ 8) By (8)ugq,y (s)ds. (D)

j—1
Theorem 3.1. Let Dy (t) = 0, Cyt)(to) = 0 and assume that
every matrix £ +Cy( ) (t;) is non-singular. Then, the switching impul-
sive system (1) is controllable on [to, t s] with respect to the switching
time sequence X if and only if there exists an admissible switching

control input ¢(#) such that

rank(®) =n @)

where & = (¢’1 Dy - "P}\J.H),éll’ld fOI‘j = 1,2,. . .,JL[—I— 1

i \ ,
q’j:/ B X g0 (12 9)By(e,)(8) - Bycey ()X () (15, 9) B ds.
13

J—1
Proof: Denote & = ZM'H ®;. It is easy to see that rank(P) =
rank (<I>)
Sufficiency: If there exists an admissible switching control input
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[to,ts]. By Definition 3.1 and Lemma 2.2 and (7), we only need to
prove that there exist control inputs ¢ (*) such that

M1 ”

xp—Eoxo = Z EJ'/ Xq(fj)(tjvs)Bq(f ) (s Juq(t; y(s)ds. (9)
Jj=1 tj—1

Fort € (tj—1,t;],J = 1,2,..., M + 1, letting

Uq(1,) (1) = Byie,y (1) X g0 (1. ) B
where aw € R™ is some constant vector to be determined.
For any given vectors 9, 2y € R", setting: 3 = x5 — Epxo, then,
(9) can be rewritten as

(10)

P = 3. 11)
Since & has full rank, there exists a solution a satisfying (11). There-
fore, system (1) is controllable on [to, ¢ f] with respect to the switching
time sequence.
Necessity: Suppose that rank(®) < n, then, rank(®) < n and
there exists a vector z,, # 0 such that x, = 0. It yields that

2L daq = 0. (12)
It follows from the fact that every matrix E; X (t;,s) -
Byi;)(s)B q(t y(5) Xq(t t;, <;)E is nonnegatlve definite and
continuous on[ —1,14], that for all s € [t;—1,1]
w8 B X g1,y (5. 8) Bye, (s) = 0. (13)
On the other hand, since matrix Ey is a non-singular matrix. Thus

E, ' exists. Let s = 0 and xg = E; ‘., then, by the controllability
assumption and (9), we obtain

O :J}f = ono
M+1

+ Z / Xo@)

M1

=xs+ Z / Xy(e;)(t558)By(iy (8)uge ) (s)d

J

8) By, ($)ug,(s)ds

(14)

By (13) and (14), we get

"
T, T
MA41
:—Z/ x E)&q(t)(] 8)By(i;)(8) - ug(i;(s)ds = 0.

(15)

This is a contradiction with x, # 0 and therefore we conclude that

matrix ¢ is non-singular and rank(®) = n. [ |

Corollary 3.1: Let Dy (t) = 0, Cy(so)(to) = 0 and assume that
every matrix I+C(; (t;) is non-singular and suppose that A, (t) =
Ay, Byty(t) = By), where A4y, By(y) are constant matrices. For
the switching time sequence & = {¢;}21", and M > [n/m], where
[a] denotes the biggest integer less than or equal to a, system (1) is
controllable on [tg, t¢] with respect to X if and only if there exists an
admissible switching control input ¢(¢) such that

q(t) such that rank(®) = n, we show system (1) is controllable on rank(Q) =n (16)
1
, 1 , .
a(t) :Xq(tk+1)(tk'+1‘t){ 1T Xq(ti)(ti-tifl)(f + Cq(ti—l)(ti*1)>‘r0
i=k+1
ko j+1 >
+ Z H qu(tz)(ti,tifl)(f—k Cq(tq-il)(tifl)) / qu(tj)(t]', s)Bq(tj)(s)uq(t].)(s)ds
j=1 i=k+1 ti—1
t
+ / le(fl\_Jrl)(karl, ,‘?)Bq(thrl)(.‘7)11,,](,gk+1)(s)d8 . (4)
Jty
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where the n X n matrix () satisfies

Q= (E1 Ch,ooo  EviCor, Corsn ) (17

where
Ej = 6‘40(‘M+1)6A/[+1(I + C'q(fM))eAq(fM)éM I+ Cottyy 1)
et titt (I+ Cyeyy)
b =t; —ti—i,and é, is the controllable matrix of matrices Aq( )
and Bq(tj)
¢y = (Bq(mvAq(mBq(t]»AZ(mBq(f]),----,447,"(7;)34(%))-

Proof: Obviously, when A,y (t) = Ay, Beoy(t) = By,
from (6), one can obtain that

E; = Cl/1q(iM+1)éM+1(I+ Cq(tM))(‘)Aq(tM)éM(I + Cq(tM—l))
M (T Oy ). (18)

By Lemma 2.3, there exist functions
fq“j)o(t)’ fq(tj)l(t)a---afq(tj),l,l(f), which
are  linearly  independent on  [to,tf], and  hence,
fq(tj)k(t) # 0,(k = 0,1,....n — 1,t € [7.“]'_1,17‘7’]), such that

’ A (tj—s) n— )
Xy (tp8) = e 100 Shco fan(ti = $) 450
Thus, we get (19) at the bottom of the page. where
Q; = Ei(Byy)  AgBay A3 Baey).

fatey, (ti = $)m
0;(s) = : , I, is the m X o identify matrix,

fq(i_;')n,l(tj —8) I, .
andforj =1,2,.... M +1,0; = [7

i1 91’(3)9?(8)(175,
We have that

N M+1 M+1
= ;= ;0,0 = qen’ (20)
j=1 j=1
where @ = (1 Qo Qui1) € RxnmMHD g =

diag (_)] Os. ... @7\1_"_1 c Rn‘m]\/fxnrn(fﬂ-i-l)

Thus, by (20) and Theorem 3.1, the system is controllable if and only
if

rank(®) = rank(Q0Q") = n. 21)
To complete the proof, there remains to show that
rank(®) = rank(Q). (22)

From the fact that for any t € (t-1,4;], foqy, (£). 4
0.1,...,n — 1, is linearly independent, we get that rank(®;) = m
and hence rank(©) = m(M + 1). Moreover, from M > [n/m],
we get rank(©) = m(M + 1) > n. Thus, from the fact that O is a
nonnegative definite symmetric matrix with rank(©) > n, we obtain
rank(2) = rank(QOQY) = rank(®). Hence, (22) holds. Thus, by
Theorem 3.1, the corollary is true. ]
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Corollary 3.2: Assume that all conditions of Corollary 3.1 hold,
then the sufficient and necessary condition for system (1) to be con-
trollable with respect to ¥ is that there exists an admissible switching
control input ¢(#) such that matrix €2 has full rank, where

0= (én,...,éa4,cul+l) (23)

where C' ; is the controllable matrix of matrices Aq(f]) and Bq(tj) de-
fined as in Corollary 3.1.

Proof: Since I + Cy:,)(t;) is non-singular, the matrix Ej; is
invertible. Moreover, it is easy to see that

rank{Q} < rank{Q} < n. (24)

Thus, rank(2) = rank(€2) = n. By Corollary 3.1, the result of this
corollary is true. u

Remark 3.2: 1If system (1) is time-invariant (i.e., A;(f) =
A;,Bi(t) = B;,(¢ = 1,2,...,7)) and no impulses happened in it
(e, Ci(t) = 0,D;(t) = 0,(i = 1,2,...,7)), results in Corollaries
3.1-3.2 include those results for switching systems in the literature,
(see e.g., [11], [15], [18], [20]).

B. Only the Discrete Control Signals are Input: B,(t) = 0
For convenience, let D, ,)(fo) = 0 and denote

J+1
W= [ Xoeotition), j=01,.... M.
i=M 1
Then, it follows from Lemma 2.1 and (3) and (25) that

(25)

M
J:(ff) = Woxo + Z W’t,’cq(tj)(f‘j).’cq(tj)(‘/7‘]')

j=1
M
+ > Wi Dgge ) (8 vgee) (). (26)
j=1

Theorem 3.2: The switching impulsive system (1) with B, (t) =
0, Cy(i)(to) = 0 and D) (to) = 0 is controllable on [to, ] with
respect to the switching time sequence © = {#;}721" if and only if
there exists an admissible switching control input ¢(¢) such that

W = (WiDye) (1), Wa Dy (t2),- .. Was Dy (tar) ) @7)

has full rank.

Proof: By Definition 3.1 and Lemma 2.1, for the given X
{t: M5 with tary1 = ts, and every o, x; € R™, system (1) is con-
trollable on [to, ] if and only if there exist an admissible switching
control input ¢(t) and discrete control inputs v (t) such that

M

wp=ax(ty) = Worg + Z Wi Cotey (1) g1, (1))

j=1

M
+ Z WD) (1) g0, (). (28)

j=1

t5 )
®; = / E;Xy(1,)(tj25)By(e,) () Byge;)(5) - Xy(e ) (£ ) E ds
ti_1

n—1ln—1
k=0

=0

_ ti i T T
_SZJ'/ 0;(s)0;(s)" ds§d; = Q;0,Q;
t

Jj—1

tj
/ Jatr) (i = 8) face, (ti =
tj—1

1 T 7 \NT T
s)ds - EJ'Aq(fj)B’I(tj)Brz(fj)(Aq(tj)) E;

19
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Denote ¥ = (véétl) (tl )'/ ’v;v(fz) (t2)7 LR ’U;‘(tt\l)(tﬂl))lv and

M

B=zy—Woxo — Z” Cate) (t3)Tq(e;) (85)-

J=1
Then, it follows from (28) that

Y =73, (29)
which implies that 3 € Span{¥}. Thus, for any zo,zf € R",(29)
has a solution Y if and only if Span{¥} = R". That is, if and only if
matrix ¥ has full rank. |

Corollary 3.3: For the ¥ = {#;}}41! with tar1 = ¢y, denote
6; = t; — t;—1. Assume that Aq(t)(t) = Aq(t), Dq(t) (f) = Dq(t),
where Aq(,,), D) are constant matrices, then the switching impulsive
system (1) with By (t) = 0, Cye1p)(to) = 0 and D) (to) = 0 is
controllable on [to, ts] with respect to X if and only if there exists a
switching input ¢(¢) such that

T = (eAq(iAI_‘_l)éM{»leAq(tM)51\4 . _eAq(iz)ﬁQ Dq(h%

Ml OM 1 JAq(y 8 L Ag(t) B3

Dy(1r),

et D ) (30)
has full rank.
Proof: If Ay)(t) = Ay, where 4,y are constant matrices,
then
Xy (titiz 1)_6 )% =1,2,..., M. 31
The result is the direct consequence of Theorem 3.2. |
Corollary 3.4: For the & = {t;}}4 with tar1 = ¢y, denote
6 = ti — t;—1. Assume that Aqm( ) = A, Dy)(t) = D, where
A, D are constant matrices, then system (1) is controllable on [¢, ?¢]
with respect to ¥ if and only if
rank(D,AD, A*D,..., A" 'D) =n. (32)
Proof: When Ay (t) = A, Dy (t) = D, it follows that W; =
ei | where vy =tmy1 —t;,5 =1,2,..., M. By Lemma 2.3, there
exist linearly independent scalar functions filt),i=0,1,...,n—1,
such that e*' = S 7" fi(¢) A", Thus, we get

n—1

W;D=e"D=3" fi(y;,)A'D (33)
1=0
which implies that W; D € Span{D,AD, A’D,..., A" 'D},j =

1.2,.... M.

Hence, Span{¥} C Span{D,AD, A*D,..., A"~'D}. That is

rank(¥) < rank(D,AD,A’D,...,A""'D) < n. 34
On other hand, by Theorem 3.2, system (1) is controllable with respect
to ¥ if and only if the matrix ¥ has full rank. Therefore, by (34), system
(1) is controllable with respect to ¥ if and only if (32) holds. |

Remark 3.3: If system (1) is time-invariant (i.e., A;(t) =
Ai, B,(f) =0, C,('l’) = C,, D,(t) =D,, (l =1,2,..., 7“)), results in
Corollaries 3.3-3.4 include those results for impulsive hybrid systems
in the literature, (see e.g., [12], [21]).
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IV. CONTROLLED OBSERVABILITY

In this section, we first define the concept of controlled observability
for time-varying switching impulsive systems. Then we establish the
criteria of controlled observability for this class of systems.

Definition 4.1: The switching impulsive systems (1) is called to
be controlled observable on [to,tf] (ty > o) with respect to the
switching time sequence ¥ = {t;}227" with ta7 11 = ¢y if there ex-
ists an admissible switching control input ¢(#) such that any initial state
xo € R" is uniquely determined by the corresponding system inputs
g (t) (or vy (t)) and system output y(t) for t € [to,ty].

Theorem 4.1: The switching impulsive system (1) with D, () =
0, Cyt4)(toa) = 0 is controlled observable with respect to the ¥ =
{t: 327 with 3741 = ty if and only if there exists an admissible
switching control input ¢(¢) such that the n x n matrix T satisfies
rank(I') = n, where

[=([y, Ta, -+, Taggr)

and fork = 0,1,..., M, ¢ € (tx,trt1],

| P

tey
:/ rk+1 (s, to) (f]\+1)(¢s) (fLJrl)(.s)rk_;,_l(.s to)ds; (35)
ty

Cr1(t, to)

1
:X;(:k+1)(tk+1at) H X’I(fi)(fi’tifl)' (I + Cf?(fi_1)(ti*1))'
i=k+1

(36)

Proof:
Sufficiency: Letting the control inputs w4y (t) = 0, it follows
from Lemma 2.2 that for any ¢ € (¢x,tk41],k =0,1,..., M,
y(t) = Fyp ) (D2(t) = Fyy, ) (O kg1t t0) 0. (37

Multiplying (37) by sy 1 (¢, t0) T F,
to to ty, we have

a(trsr) (+)T and integrating from

M

>,

lpyn

Thti(s to) 'Fq(tHl)(s)Ty(s)ds

M
= Tipwo=Tao (38)
k=0
= M

where I' = >~ Trqr. i

Thus, if rank(T") = n, then rank(T') = n and hence it follows that:
N Mot ) 7 7

o =17 Z/ Tigi(s,t0) Fq(tk+1)(s) y(s)ds.

k=0"tk

(39)

Hence, xo is uniquely determined by y(¢) and therefore the system is

controlled observable. }

Necessity: Suppose rank(I') < n, then, the symmetry matrix I'

is singular and there exists a nonzero vector « € R" such that

a'Ta=0. (40)

Since every matrix I'} (¢,to)F2 (tk)(t) a(t) (0w (t,t0) is nonnega-

tive definite and its entries all are continuous, for ¢ € (t4_1,tx], k =
1,2,..., M + 1, we get

Fq(tk)('t)rk(t,to)a":o. (41)

For t € (ti,tr+1], define y(¢) as: See equation (42) at the bottom

of the next page. From Definition 4.1, it is easy to see that system (1)
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is controlled observable is equivalent to zo being uniquely determined
by §(t). Let 9 = o, by Lemma 2.2 and (41)—(42), we have

Z[(f (ik+1)(f ‘I(tk+1)(fk+l"t)
1
TT Ko (titin) - (T+ Cori_py(timr) )0
1=k+1
= Fy(ty ) (O k1 (t, to)zo = 0. (43)
Thus, for ¢ € (t,trt1],k = 0,1,,..., M, we obtain
0= g(t) = Fq(le)(t)FkH(t, to)wo (44)

which yields that system (1) is not controlled observable on [to, t].
This is a contradiction and therefore the matrix I" satisfies rank(T") =
n. ]
Theorem 4.2: The switching impulsive system (1) with
Byy(t) = 0,0, (to) = 0, is controlled observable with re-
spect to ¥ = {¢; }M+1 with tar41 = ¢y if and only if there exists an
admissible switching control input ¢(¢) such that the n X n matrix

M thy
T:Z/t Tkﬂ(‘? t0) Fytp ) (8) Fageo () Thpa(s, to)ds

45)
is non-singular, where for t € (t5,te41],k =0,1,2,..., M

1

Titr(t, to) = X;(}Hl)(fkﬂ,f) H Noeay (tistion).
i=k41

(46)

Proof: The proof follows an argument analogous to that of The-
orem 4.1 and is omitted. u
Corollary 4.1: For the given ¥ = {#; }M"' with ta741 = ff, de-
note 6; = t; — t,_1. Assume that Aq(t) ('l’) = Aq(t), a() (t) q(t),
where Aq(t), F,(+) are constant matrices, and furthermore suppose that
every matrix [ + Cq([].)(fj) is non-singular. Then, system (1) with
Byoy(t) = 0,Cqqp)(to) = 0, (or with Dg(iy(t) = 0, Cye)(ta) =
0,) is controlled observable on [to, ¢ ;] with respect to & = {£;} 1+
if and only if that there exists an admissible switching control input
¢(t) such that the matrix S = (Sq(ﬁ), Sqtta)s s Oaltarsn)
fies rank(S) = n, where S;(; ) is the observable matrix of matrices
Aq(fj) and Frz(fj)

satis-

F alt;)
q(, ) Aat)
Sqe) = Fap Ay , J=12,...,M+1. @7
q(i Aq(t
Proof: The proof is similar to that for Corollary 3.1. The details
are omitted. u
Remark 4.1:

1) In [29], the observer-based stabilization problem for switching
single input and single output linear systems is studied. The results
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derived in this note are less conservative than those in [29]. Hence,
by using the results obtained in this note and the methods in [29],
for the given switching time sequence, we can study the design
of observer-based controllers for the stabilization of time-variant
switching impulsive systems. This will be a topic of further re-
search.

2) The results obtained in Theorems 3.1-3.2 and Theorems 4.1-4.2
can be used to design the switching modes for switching systems
to achieve the controllability and controlled observability, respec-
tively.

V. EXAMPLE

In this section, we give an example to illustrate the obtained results.
Example 5.1: Consider the time-variant system with two sub-
systems in form of (1). Here, the matrices are given as: C1(0) =

0,C5(0) = 0,and Ay(t) = ( °

Ci(t) = —0.2I, Di(t) = 0, Fi(t) =

L _0 By(t) =
lgit) 2%(1) _11)

For the given switching time sequence ¥ = {t; }M T where M =
2,to = 0,1t = 1,12 = 2,t3 = ty = 2.5, we choose an admissible
switching control as

q(t) :q(to) = q('h) =1, for
at) =q(tf) = q(t2) =2, for

(é>,02(t) = 021, Ds(t) = 0O,

te (t07t1]7
t € (t1,t2],

By calculation, we get the transition matrices associated 4 (t) and
As(t), respectively
0 —4t+4s

Xi(t,s) = (e .

_ el s 0
Xao(t,s) = ( 0 6—2(z75)>'

Thus, we further get that

—t+s _67t+38 _|_ 672t+4s )

B, = ( 5.7171 —0.0129) By — <1.6922 0)
—0.0129  0.0000 /- 0 0)’
By — (327.0740 —4.4064>
—4.4064  0.1206

It follows from rank(®1, P2, P3) = 2 and Theorem 3.1 that the
system is controllable on [to,#¢] with respect to the switching time

sequence.
In fact, let ¢ = 0, and for some constants ¢1,¢2 € R, let
ur (1) =1, ifq(t) =1,
oo (T then, by L 2.2,
gy (1) wn() = ca. ifqlt) = 2 en, by Lemma we

17.6233 1.2506
obtain that z(t ) = x(2.5) = (_(] 2205) e+ ( [;) ) co.

y(t) =y(t) - q(ik+1)(t)}‘q(f,\+1)(tk+1* t)

k J+1 t;
{Z IT Xawo (i tio) T+ Cyri_yy (tie 1>) / Xarj)(t5:8)Bas ) (8)uqqe ) (s)ds
1

7=l i=k+1

t
+ / X‘!(tk+1) (trt1s S)BQ(l‘k+1)(3)7l’4(ik+1)(8)ds}'
th

J—

42)
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Obviously, z(tf) can be driven anywhere by selecting proper c1
and cz. Thus, the system is controllable on [to, t ] with respect to the
switching time sequence.

Moreover, by calculation, we get that

r, — <O.4323 0.0831> L = ( 0.2767 —0.1776)
0.0831 0.2294 )’ —-0.1776  0.0036 )’
r, — < 0.2913 —0.1908)
' —0.1908 0.1251

Thus, rank('1,T2,T's) = 2 and hence, by Theorem 4.1, we obtain
that the system is controlled observable. In fact, let w1 (t) = u2(t) = 0,
we get that

et et e 2t 4t
y(t) = <

0 ()—41 >.’60, te (tU’fl]v

1 —14et—

0 (,7315

—3t
y(t) =0.8¢" 2 < ¢ >¢U t € (t1,1a]

and for t € (t2,1¢],

. 1 _ ,72 -1 _ 1 —t _ ,73t
y(t) = 0.96¢ ( ¢t te e ) o

0 e 3t

It yields that zo € R™ is uniquely determined by y(¢) for any ¢ €
[tov tf]'

VI. CONCLUSION

In this note, we have studied the controllability and controlled ob-
servability problems for a class of time-varying controlled switching
impulsive systems. Necessary and sufficient conditions for controlla-
bility and controlled observability were derived and expressed in the
form of matrix rank conditions that can be easily tested. Restricting
attention to time-invariant linear switching impulsive systems, corre-
sponding algebraic criteria were also derived. These criteria include
those results for classical linear systems and time-variant linear
switching systems previously reported in the literature.
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