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Influence of strain on transport in dense Lennard-Jones systems
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We study the shear stress relaxation and temperature dependence of the diffusion coefficient,
viscosity, and thermal conductivity along a high-density Lennard-Jones isochore of the reduced
density of 1.0, as it crosses the freezing and melting lines, in equilibrium and under constant strain.
© 2004 American Institute of Physics.@DOI: 10.1063/1.1683073#

I. INTRODUCTION

The changes in structure and transport in dense mon-
atomic Lennard-Jones~LJ! systems with an isochoric or iso-
baric decrease in temperature across the liquid–solid transi-
tion have been studied since the early times of molecular
simulations. Different aspects of the transition have been in-
vestigated. The change in diffusion coefficient and the char-
acter of collective modes in rapidly quenched amorphous
systems,1,2 the thermodynamics of the glass transition,2 sec-
ond peak splitting in the pair distribution function upon
quenching or crushing reminiscent of metallic glasses,1,3

structural analysis of the ordering transition depending on
the cooling rate,4 temperature- and density-dependent struc-
tural relaxation,5 and transition kinetics between local
minima on the potential energy hypersurface6,7 are just some
of the examples of explored topics. In all of the works the
emphasis has been on characterization of supercooled liquid
or ‘‘glassy’’ states.

The response to the steady shear of all phases appearing
along the isochore has also been extensively explored. It is
now well known that even simple liquids like monatomic LJ
liquids would shear thin when the strain rate exceeds the
Newtonian limit.8 Subjected to shear, a crystal melts through
a series of intermediate phases.9,10 In glasses, shear stress
causes devitrification similar to an increase in temperature,11

leading to the strain–temperature superposition principle and
the definitions of equivalent shear-rate-dependent tempera-
ture under deformation. The stress–strain relationship in the
elastic domain has been studied for LJ crystals at various
state points.12 Each of these studies was performed at differ-
ent temperatures and pressures~densities! and with a variety
of system sizes.

The aim of this work is to calculate the structural, ther-
modynamic, and transport properties of the liquid and solid
branches of the system ofN5500 LJ atoms along a high-
density isochore in a systematic manner. The equilibrium and
nonequilibrium molecular dynamics methods used in this
work are explained in the next section. After that, we give an
overview of properties of the system without strain~Sec. III!.
In Sec. IV we compare them to the results for the same
system under constant strain generated either with a very
high or very low strain rate.

II. SIMULATION METHOD

The Lennard-Jones pair interaction potentialF i j is given
by

F i j ~r i j !54«@~s/r i j !
122~s/r i j !

6#, ~1!

wherer i j is the distance between the particlesi andj, s is the
exclusion diameter, and« is the depth of the potential well.
Throughout the paper we use the LJ reduced system of
units,13 wheres is the unit of distance,« is the unit of en-
ergy, and mass is measured in units of particle mass.

The system under investigation has the reduced density
r51.0, which corresponds to an argon density of 1.68 g/cm3

~Ref. 14!. At this density the mean separation of nearest
neighbors is incidentally equal to 21/6, the position of the
energy minimum of the potential~1!. Energy and forces have
been evaluated within the cutoff distance of 2.5, which con-
tains the first three shells of neighbors. We used the long-
range corrections for energy and pressure13 to compensate
for interactions outside the cutoff.

The reduced temperature ranged from 0.7 to 2.0, which
corresponds to the range between 84 and 240 K in the case of
argon. The reduced freezing and melting temperatures at this
density were estimated by interpolation of the phase diagram
of Agrawal and Kofke15 to be 1.46 and 0.931~175 and 112 K
for argon!, respectively. The lowest temperature of 0.7 is
close to the estimate of the LJ ‘‘glass transition’’ temperature
~the temperature at which structural arrest occurs due to van-
ishing of the diffusion coefficient! in the normal-mode
theory.16

It should be noted that the phase diagram in Ref. 15 has
been obtained for an LJ system of similar size as ours, but
truncated at half the simulation box length~i.e., at;4s at a
density of 1.0, instead of 2.5s!. The liquid–solid part of the
phase diagram is not well known for the LJ potential trun-
cated at 2.5s. It has been shown17 that the cutoff distance
changes the liquid–vapor coexistence curve, especially in the
vicinity of the critical point, but there is no estimate of the
extent of the change for the liquid–solid coexistence. There-
fore the melting and freezing temperatures in all our figures
are only approximate—they do not correspond to exactly the
same forms of the LJ interaction.

The equilibrium molecular dynamics simulations were
performed at constant temperature using the Gauss thermo-
statting method,18 which constrains the kinetic temperature
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of the system, given by equipartition theorem, to an exact
constant at all times. The equations of motion for the posi-
tions r i and momentapi ( i 51,...,N) in equilibrium are

ṙ i5pi /m, ṗi5Fi2api , ~2!

where Fi is the total force on particlei arising from the
potential~1! anda5( j 51,Npj•Fj /( j 51,Npj

2 is the thermostat
multiplier.

The choice of thermostatting method does not affect the
equilibrium properties of the system.19 The equations of mo-
tion were integrated using a fifth-order Gear predictor–
corrector algorithm, using a time step of 0.001 time units.
For liquid states at temperatures above freezing (T52.0 and
1.7! and for all states in the solid branch, the initial configu-
ration was started from the fcc lattice. For the liquid branch
close to and below freezing (T<1.5) the equilibrated liquid
configurations atT52.0 were quenched to the desired tem-
perature in one step by simple velocity rescaling. The system
was first equilibrated at the desired temperature for 107 time
steps, and the averages were collected during subsequent 107

time steps.
The diffusion coefficientD was computed from the slope

of the mean-square displacement~msd! using the Einstein
formula

^r 2~ t !&56Dt, ~3!

and from the Green–Kubo relation

D5
1

3N E
0

tw

(
i 51

N

^vi~ t !•vi~0!&dt, ~4!

wherevi is the velocity of particlei, tw is the time window
for the evaluation of the correlation function, and the angular
brackets denote the ensemble average. The time window is
chosen with the requirement that the correlation function ef-
fectively vanish att5tw . The Green–Kubo formalism was
also used for evaluation of the viscosityh and thermal con-
ductivity l:

h5
V

kBT E
0

tw
^Pxy~ t !Pxy~0!&dt, ~5!

l5
V

kBT2 E
0

tw
^ jq~ t !• jq~0!dt&dt, ~6!

whereV is the volume of the simulation box andkB is the
Boltzmann constant. In the expression for viscosity, Eq.~5!,
Pxy is thexy off-diagonal element of the stress tensor. In the
expression for thermal conductivity, Eq.~6!, jq is the heat
flux vector. In all cases~4!–~6!, the time window was chosen
as 104 time steps.

The isotropic nature of a liquid permits the use of a more
general form20 of Eq. ~5! where fluctuations in all compo-
nents of the traceless symmetric stress tensor are taken into
account.

In a partially ~e.g., polycrystalline! or fully ~e.g., equi-
librium or strained crystal! ordered state both viscosity and
thermal conductivity depend on the direction with respect to
the direction of the crystal axes or the direction of the partial
order. Generally, there are several independent values ofh

and l, their number dependent on the degree of structural
symmetry. Expression~6! is rotationally invariant and can
serve as an estimate of the average thermal conductivity. In
the strained crystal we evaluated the viscosity associated
with the autocorrelation of the off-diagonal elements of the
stress tensor,Pxy , Pyz , andPxz . In the strained crystal we
calculated only the decay of the autocorrelation function of
Pxy in order to compare it to the equilibrium form.

In equilibrium, the pressure tensor is a second-rank iso-
tropic tensor with elements

Pab5Pdab ,

whereP is the hydrostatic pressure,a andb are the Cartesian
directions, anddab is the Kronecker symbol. If some of the
off-diagonal elements are nonzero or if the diagonal elements
are not equal, it means that some internal stresses do not
relax and that at least one of the viscosities of such a struc-
ture is infinite. We monitored the evolution and averages of
all the stress tensor elements in order to detect any unrelaxed
stresses.

After establishing the equilibrium properties along the
isochore, we perform a simulation equivalent of a rheologi-
cal relaxation experiment where a specimen is subjected to
an instantaneous fixed deformation and study the decay of
the stress necessary to maintain this deformation. The strain
in the simulation is not in fact applied instantaneously, but
the system is instead subjected to a very high strain rate until
the desired strain is reached. The dependence of the final
state after stress relaxation on the strain rate used to obtain
the deformation is also studied.

The system was put under strain using thermostatted
Sllod equations of motion with the appropriate periodic
boundary conditions:18

ṙ i5pi /m1exgr yi , ṗi5Fi2exgpyi2api , ~7!

whereex is the unit vector in thex direction,g is the strain
rate, and the thermostat multiplier in this case has the form
a5( j 51,N(pj•Fj2gpxipyi)/( j 51,Npj

2. In order to create
strains we used either the strain rateg510 or, for compari-
son, a low strain rateg50.001.

The values of transport coefficients in principle depend
both on system size and on the cutoff distance. Although the
mean effect of the truncation on energy and pressure is taken
into account in the long-range corrections, the fluctuations in
forces change with the cutoff and modify the fluctuations in
positions and velocities in the Green–Kubo integrals.21 The
change in transport coefficients due to the cutoff has been
shown to be negligibly small close to the LJ triple point,22

but may be more significant in the liquid–solid transition
region. Therefore, strictly speaking, the transport coefficients
and freezing–melting temperatures do not correspond to the
same LJ model and the same caution applies as for thermo-
dynamic properties.

III. EQUILIBRIUM SYSTEM

A. Static properties

At T52.0 the system is in a purely liquid state. As the
temperature is lowered along the isochore towards the freez-
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ing temperature (T<1.5), both the fcc crystal and liquid
phases become stable. There is no coexistence region be-
cause the system size is too small to allow the formation of
an interface. Below the melting temperature, the liquid
freezes very quickly~in around 104 time steps! into a par-
tially ordered polycrystalline state. The structure of this su-
percooled state is randomly stacked close packed with many
defects.1,4 For each submelting temperature we produced
three different supercooled structures by the quenching of
three different configurations of the liquid atT52.0. The
pair distribution of the three supercooled states in all cases
had similar short-range structure, with the same splitting of
the first peak, much less pronounced than in the fcc lattice,
and much less structure in the subsequent peaks. By exam-
ining the projections of the particle positions onto three dif-
ferent planes, we found that these structures are quite stable,
with the unchanged overall appearance after 23107 time
steps. This was confirmed by their unchanging potential en-
ergies and stress tensor elements.

The transition is in fact crystallization caused by a small
system size and periodic boundary conditions.22 Since the
structure has many defects, the crystallization is only partial
and the system is not fully equilibrated, therefore having
many common features with glasses.

In the coexistence region there is hysteresis in the poten-
tial energy and pressure~Fig. 1! between the solid and liquid
branches. Both energy and pressure are lower in the fcc solid
than in the liquid. In polycrystalline states they closely ap-
proach the fcc crystal values. This effect is analogous to the
hysteresis in volume observed during the isobaric liquid–
solid phase transition.4

B. Dynamic properties

At densities close to the triple-point density the diffusion
coefficient decreases linearly with temperature19 ~Fig. 2!.
The same trend is observed in the liquid phase of our system

all the way to the melting temperature. Below melting, when
the liquid freezes rapidly into a defective polycrystal, there is
a sharp drop in the diffusion coefficient.

The liquid velocity autocorrelation functions typically
show a change of sign and a pronounced minimum, followed
by a negative plateau and a negative tail.23 This shape is
observed in the whole range of temperatures between 2.0 and
0.95 in the liquid state. At liquid densities~e.g., close to the
triple-point density! the first collision comes before the
neighbors have time to form a vortex, so there is an en-
hanced backscattering manifested by the change of sign. Fur-
ther enhancement of the forward motion at later times is lost
in noise and is undetectable.

More velocity reversals become visible in the quenched
polycrystals below melting. In this region the time integral
drops two orders of magnitude, but still does not vanish be-
cause of the motion of defects. In a crystal, the positive and
negative contributions cancel at long times, resulting in a
vanishing diffusion coefficient.

For temperatures down to 0.95 just above melting, in-
spection of the time dependence of the mean-square dis-
placement as a function of temperature shows at first a linear
increase of the msd with time characteristic of liquids. For
quenched polycrystals at lower temperatures~below melting!
there is a qualitative change of shape of the msd
evolution—at first there is a sharp increase and a maximum
reminiscent of the solid msd, followed by a very slow but
unmistakable lightly modulated linear increase. Rahman
et al.1 observed a similar effect after quenching to a much
lower temperature (T50.108), but in much shorter runs af-
ter quenching (105 time steps!, before the system reached the
metastable equilibrium. This is consistent with the existence
of short-lived phonons: a particle is undergoing oscillatory
motion within walls of a cage of nearest neighbors until a
momentary structural breakdown permits its escape to a new
cage.

In a crystal, the mean-square displacement converges to
a constant proportional to the average squared amplitude of
oscillations around the crystal sites. This constant increases

FIG. 1. Dependence of the potential energy per particle on temperature for
the crystal and liquid states at constant density. ‘‘Liquid’’ below the melting
temperatureTM is in fact an instantaneously quenched liquid after relaxation
to a polycrystalline solid. The dashed line is an extrapolation to the super-
cooled liquid potential energy, which is equal to26.8 atT50.7. The error
bars are negligible on this scale.

FIG. 2. Dependence of the diffusion coefficient on temperature in liquid and
solid phases. In the quenched supercooled polycrystalline states belowTM ,
the diffusion coefficient does not in fact vanish, but is indistinguishable from
the zero solid value on this scale. The error bars are negligible on this scale.
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nearly linearly with temperature, implying that the potential
felt by the particles is very nearly harmonic for all states
where the crystal is stable.

The liquid branch viscosity increases with the decrease
in temperature and diverges close to the melting temperature
~Fig. 3!, mostly due to the increase in relaxation time.

The viscosity in the solid~crystal! is infinite by defini-
tion: a crystal does not flow. However, in equilibrium the
average values of the off-diagonal elements of the stress ten-
sor vanish, and the average diagonal elements are equal be-
cause there is no internal stress. Therefore the integrand of
Eq. ~5! converges to zero~Fig. 4! and the integral has a finite
value. The shear stress autocorrelation function has modula-
tions caused by elastic waves of higher amplitude and longer
lifetime as the temperature decreases, superimposed upon a
form similar to that of a liquid. The value of the integral is
much lower than the liquid viscosity at the same temperature
~Fig. 3!.

In a crystal, fluctuations of particles around lattice sites
can be regarded as flow on a short time scale. Their motion
causes instantaneous local strains and internal stresses. As a
consequence, local flow velocity profiles develop in order for

the stresses to relax, and the viscosity present in the integral
~5! governs the relaxation of some directions of these flows.
The viscosity of a solid is lower than in a liquid because the
fluctuations of shear stress are much smaller in a crystal than
in a liquid and shear stress relaxes faster.

When liquid crystallizes into defective polycrystals, its
viscosity diverges. This is of the same origin as the drop in
the diffusion coefficient—when particles become ‘‘trapped’’
and their motion limited, the internal strains and stresses re-
lax too slowly to show on the simulation scale. The stress
relaxation still shows some vibrational excitations, but at-
tenuated by anharmonic phonon interactions caused by struc-
tural defects. The ‘‘final’’ internal stress cannot be predicted
from the stress fluctuation in the initial quenched state. The
same general behavior is also expected in a glassy state.

The thermal conductivity in liquid and solid phases is
not strongly temperature dependent—the total change in the
whole temperature range does not exceed 15%~Fig. 5!. The
thermal conductivity of a liquid consists of a diffusive con-
tribution and of a contribution due to an isotropic interaction.
It decreases almost linearly with the decrease in temperature
until the melting transition is approached, where it decreases
faster. This trend suggests that the heat conduction in a liquid
is mostly a diffusive effect. The heat flux relaxation times are
similar and very short in the whole temperature range
~around 500 time steps!, and the decrease in conductivity is
mainly a result of the decrease in fluctuation amplitudes.

In contrast to the liquid behavior, in an ordered crystal
the heat flux propagates exclusively because of elementary
excitations. The contribution of phonon interactions is con-
tained in the interaction term of the heat flux, while the dif-
fusion contribution vanishes.24 When the anharmonic inter-
action is small and the phonon lifetime is many vibrational
periods ~low-temperature approximation!, the perturbation
theory approach is valid and yields phonon lifetimes and
thermal conductivity inversely proportional to temperature.25

FIG. 3. Viscosity of a liquid increases with the decrease in temperature and
diverges at melting temperatureTM . ‘‘Viscosity’’ of a crystal is much lower
than in a liquid and decreases with the decrease in temperature. However, its
meaning is different than in a liquid. The statistical error in viscosity calcu-
lations is;6%.

FIG. 4. Shear stress autocorrelation function of an ordered crystal atT
50.7. Shear stress has zero average, and one observes long-lived phonon
excitations.

FIG. 5. Dependence of thermal conductivity on temperature in liquid and
solid phases. In the liquid phase the thermal conductivity steadily decreases
with temperature. In a crystal the trend is the opposite, with the thermal
conductivity proportional to the inverse temperature up toT51.2 ~inset!, in
accordance with the phonon perturbation theory. Different polycrystalline
structures belowTM have very different values ofl. Statistical error is
;2%.
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For soft (r 212) potentials this behavior is valid up to half the
melting temperature.24 In our system the inverse temperature
dependence is obeyed up toT51.2—i.e., for much higher
temperatures than the soft system~inset in Fig. 5!. The rea-
son for this is probably that at this density the LJ potential is
the most harmonic.

For the polycrystalline state below the melting tempera-
ture there is a large spread in thermal conductivity values.
The average mobility in a particular state determines the dif-
fusive contribution. The degree of partial order determines
the anharmonicity of the average particle potential, which
decreases the phonon lifetimes and the phonon contribution
to thermal conductivity.

IV. STRAINED SYSTEM

A. Liquid

Liquids cannot support strain for a long time. However,
when they are deformed suddenly, for a short time they be-
have like an elastic solid. In this case the maximum stress at
the end of the deformation is proportional to strain. In a
simulation, if the total displacement in thex direction of the
first upper row of neighbor cells~images with coordinates
shifted byL in the y direction! is equal tod, the dimension-
less strain« is equal tod/L, and it is proportional to the
value of thePxy element of the stress tensor at the end of the
deformation processPxy

max,

«52GPxy
max, ~8!

whereG is the shear modulus of the liquid~Fig. 7!. In an
‘‘ideal’’ viscoelastic liquid described by the Maxwell model
of viscoelasticity,26 the liquid shear modulus exists only for
an instantaneous deformation. In reality, the linear relation-
ship ~8! will be valid as long as the time of deformation is
small compared to the shear stress relaxation time. In Fig.
6~a! we show the shear stress at the end of the deformation
generated by the strain rateg510 for large strains ranging
from 0.1 to 1.0 at temperatures of 1.05 and 2.0. At lower
temperature the shear stress relaxation time~determined
from the decay of the stress autocorrelation function to be
approximately 6500 time steps! is sufficiently longer than the
time of deformation~the strain of«51 was generated during
100 time steps!, so that the instantaneous shear stress re-
sponse is elastic for all but the largest strain. At higher tem-
perature, the relaxation time is approximately 103 time steps
and one can see deviations from the linear dependence for
strains that took more than 2% of this time to generate. The
maximum shear stress is lower than predicted by the linear
relationship~8! because the relaxation process has reduced
the stress before the deformation process has finished@Fig.
6~b!#.

The ‘‘shear strength’’ of a liquid~the maximum strain for
which an instantaneous response is elastic! decreases with
temperature, but the shear modulusG for a ‘‘sudden’’ defor-
mation slightly increases. Assuming that the decay of the
shear stress autocorrelation function can be represented by a
single exponential~Maxwell model of viscoelasticity!, the
‘‘instantaneous’’ or infinite-frequency shear modulus can be
estimated from the fluctuations of the shear stress:

G5^Pxy
2 &/kBTV. ~9!

This expression provides a good estimate, showing the same
trend of increase with temperature as the linear fit of the
simulation data in Fig. 7~a!. At T51.5, we obtainG557.4
from a linear fit andG552.2 from Eq.~9!. At T52.0 the
linear fit givesG569.7, while the estimate from Eq.~9! is
G566.2.

The effect of the relaxation time can be seen if the same
deformations are generated at constant temperature by suc-
cessively lower strain rates@Fig. 7~a!#. The shear stress at the
end of deformation obeys the same linear relationship~8!
with the same shear modulus irrespective of the strain rate
while the total time of deformation is sufficiently smaller
than the relaxation time. Since the time of deformation in-
creases with the decrease in strain rate, the liquid behaves
elastically for a narrower range of strains as the strain rate
decreases.

When the deformation is completed, the relaxation pro-
cess begins. While the work done in straining the liquid is
extracted to the heat bath, the energy, pressure, and shear
stress return to their equilibrium values. The decay of the
shear stress causes the decay of the shear modulus@Fig.

FIG. 6. ~a! Dependence of shear stress at the end of deformation generated
with the strain rateg510 on final strain in a liquid at two temperatures. The
dependence is linear for a larger range of strains at the lower temperature.
~b! Increase of shear stress under deformation of a liquid atT52.0 and its
relaxation when the deformation process is completed. If the deformation
time is sufficiently long~larger strain«51.0), the stress relaxation begins
before the end of the deformation. The error bars are negligible on this scale.
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7~b!#. In the elastic strain range the shear stress decays at the
same rate for all strains, so that the linear relationship~8! is
satisfied at all times, but with the value of the shear modulus
G decreasing in time. As expected, the transport coefficients
D, h, andl and the corresponding time-correlation functions
in the relaxed state with strain are the same as in equilibrium.

The supercooled liquid state atT50.95 did not crystal-
lize in equilibrium, but showed all the liquid-state character-
istics: liquidlike pair distribution function without peak
splitting, diffusion coefficient several orders of magnitude
larger than in the polycrystalline state, and no unrelaxed
stresses and therefore finite viscosity. After applying strain,
the increased potential energy and the induced shear stress
decayed to equilibrium values, but shortly afterwards the liq-
uid crystallized into different polycrystals. This result is in
accordance with the view that in a supercooled liquid an
external disturbance promotes the liquid–solid transition.
The final state depended sensitively on the imposed strain
and strain rate at which the deformation was generated.
There was no simple relationship between the unrelaxed
shear stress in the final polycrystalline state and the imposed
strain.

B. Solid

Small deformations of solids are reversible or elastic—
they disappear in the absence of applied stress. In the elastic
domain shear stress is proportional to strain. Strains superior
to the elastic limit are neither linear nor completely revers-
ible; they are plastic. If the solid is deformed further, it
reaches the fracture point, where the change of stress with
strain is discontinuous.

A simple theory of Frenkel,27 which considers the stabil-
ity of only two periodic layers of atoms in a sinusoidal ef-
fective potential sliding past each other, predicts failure at
the strain of«50.25. In reality, solids like metals become
plastic for deformations at least two orders of magnitude
smaller. The shear modulus and the limit of elasticity is not
known for van der Waals solids like argon, but the elastic
constants have been evaluated in computer experiments12 for
very low temperaturesT<0.5.

We measured the strain–stress relationship for a large
range of deformations~up to «50.35) of the crystal atT
50.7, where only the solid phase is stable@Fig. 8~a!#. One
set of results was obtained for strains created with a very
high strain rate (g510, ‘‘sudden deformation’’!, the other

with a computationally very low strain rate (g50.001) ap-
plied in thex direction—i.e., the@100# direction of the fcc
crystal.

Under sudden deformation, the magnitude of the shear
stress increases rapidly in proportion to strain@partially
shown as crosses in Fig. 8~a!#, but starts to decay to a lower
value as soon as the deformation is completed. During defor-
mation, the~100! planes become tilted in the direction of

FIG. 7. ~a! Shear modulus does not depend on the
strain rate used to generate strain, but the region of
elasticity of a liquid becomes narrower as the strain rate
decreases. The solid line is a linear fit, whereas the
dashed lines are for eye guidance only.~b! Decay of the
shear modulus in time~dt is the time after deformation!.
Data are for the liquid atT51.05. The error bars are
negligible on this scale.

FIG. 8. Deformation of a crystal atT50.7. ~a! Stress–strain relationship for
the maximum stress at the end of deformation~crosses! and after relaxation
~open circles! created with strain rateg510 and created withg50.001 after
relaxation.~b! Dependence of the relaxed potential energy on strain. In the
elastic region error bars are negligible. For strains«.0.12 the results are
shown for one run only, but are expected to have a larger spread depending
on the nature of defects.
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shear without any rearrangement of atoms in the planes.
Shear stress relaxes by in-plane reorganization after defor-
mation is completed. In the elastic region up to«50.11 re-
laxed shear stress is proportional to strain and independent of
the strain rate with which the deformation had been gener-
ated. The shear modulus is equal toG534.8, not far from
the value of 41.3 obtained in Ref. 16 atT50.5. In this re-
gion, the potential energy as a function of strain@Fig. 8~b!#
has a harmonic form. The large region of elasticity is caused
by the small system size in periodic boundary conditions that
enhance the crystal stability and the particular choice of den-
sity.

As the strain increases beyond«50.11, there is fracture
and the configuration relaxes to different forms of polycrys-
tals consistent with periodic boundary conditions, depending
on the strain rate.

For fast deformation above«50.15 the relaxed stress
reverses sign and there is another almost elastic region up to
«50.24. The sign reversal means that, although the strain
was generated by shearing the crystal in the positivex direc-
tion, one ultimately has to apply stress in the negativex
direction to sustain the deformation. The origin of this effect
is in the periodic boundary conditions. The simulation box
consists of five rows and five columns of elementary fcc cells
containing four atoms each. If the top and bottom simulation
boxes slide by 0.2 cell lengths, one of the crystal forms con-
sistent with the periodic boundary conditions is the original
unstrained fcc lattice. The strain of 0.15 can alternatively be
obtained by straining the«50.2 unstrained lattice in the
negative direction by 0.5—the evidence of this is the fact
that the shear stress at«50.15 is equal in magnitude and of
opposite sign to the shear stress at«50.5. If the external
stress were removed, this configuration would relax in the
positive x direction to the unstrained configuration at«
50.15. The mechanism of shear stress reversal, as shown in
Fig. 9, is the rearrangement of atoms in several tilted planes
and diffusion between them. This combination of disloca-
tions propagates through the crystal until a configuration
with reversed stress is attained. At«50.2 shear stress indeed
nearly vanishes and the potential energy is very close to the
equilibrium crystal energy. The small discrepancies are the
result of defects in this ‘‘secondary’’ fcc structure.

For the fast deformation of«50.3 and larger, shear
stress vanishes after relaxation of around 53103 time steps.
Inspection of the potential energy@Fig. 8~b!# shows that in
this case the configuration is not that of an unstrained crystal,
but that the solid completely melts during relaxation. The
potential energy is in fact equal to the liquid potential energy
extrapolated to the submelting temperature of 0.7. If equili-
bration is continued for around 106 more time steps, the liq-
uid eventually freezes into a strained polycrystal.

When the crystal is deformed slowly (g50.001, solid
circles!, most of the rearrangement and shear stress relax-
ation take place during deformation. For strains outside the
elastic domain there is no secondary elastic region, because
the crystal undergoes structural changes during deformation
and relaxes from configurations completely different from
the rapidly strained lattice~Fig. 10!. The potential energy
never reaches the extrapolated liquid value. The crystal never

melts, but undergoes a sequence of fractures and rearrange-
ments into strained polycrystals.

For the crystal at increased temperatureT51.2—i.e., in
the liquid—solid coexistence part of the phase diagram—
there is again a range of strains for which the crystal is elas-
tic. The shear modulusG532.3 is less than 10% lower than
at T50.7; it is not very sensitive to the changes in tempera-
ture. Shear strength decreases: the linear elastic region ends

FIG. 9. Rearrangement after fast deformation at the strain of 0.15:~a! 2.5
time units after deformation,~b! 53103 time steps after deformation, and
~c! 104 time steps after deformation.
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at «50.08 and is followed by a nonlinear plastic region up to
«50.1, where differences between shear stresses at the same
strain obtained with different strain rates start to appear. For
higher strains there is failure with relaxation to defective
polycrystalline states, similar to the low-temperature crystal.
However, there is no secondary ‘‘mirror image’’ elastic re-
gion, and for fast deformations above«50.15 the crystal
melts. Because of the small system size, the liquid does not
recrystallize later. Again, for deformations obtained with low
strain rate there is no melting, but only a sequence of frac-
tures. The results at higher temperature are just an indication
of the qualitative change of the stress–strain relationship
with the increase in temperature. Otherwise, much is an ar-
tifact of the small system size. In reality, in this state there
are not two stable phases, but two phases in coexistence
having an interface, and the impact of strain would be com-
pletely different.

The transport properties of a crystal under strain are dif-
ferent from their values in an unstrained crystal. The diffu-
sion coefficient slightly increases from zero because of the
presence of defects. The viscosity evaluated from the integral
of the shear stress correlation function~5! is infinite because
there is a finite average shear stress. However, we can evalu-
ate the ‘‘effective viscosity’’

h* 5
V

kBT E
0

`

@Pxy~ t !Pxy~0!2Pxy~`!Pxy~0!#dt, ~10!

which gives the internal friction associated with the ‘‘flow’’
of atoms around the strained lattice sites in the@100# direc-
tion. In analogy with the viscosity of the equilibrium crystal
shown in Fig. 3, it describes the decay rate of thePxy stress
autocorrelation function towards the final relaxed value. The
decay of the integrands Eq.~10! in equilibrium and for two
different strains is shown in Fig. 11. The initial value att
50 increases with strain—the fluctuations of shear stress
around the mean value increase as the average position of
particles moves further from the stable equilibrium position.
Also, the normal modes~phonons! change as the lattice is
deformed. The oscillations of the phonon origin are attenu-
ated as anharmonic interactions increase. All this contributes

to an overall increase in the effective viscosity with strain.
Similar considerations apply to the dependence of thermal
conductivity on strain. The dependence of the effective vis-
cosity h* and thermal conductivityl on strain in the elastic
region of the crystal atT50.7 is shown in Fig. 12.

V. CONCLUSION

We compared properties of equilibrium and strained liq-
uid and solid branches of the Lennard-Jones system along
the r51.0 isochore. In the equilibrium system the diffusion
coefficient decreases linearly with a decrease in temperature.
At the melting temperature there is a sudden drop in diffu-
sion due to crystallization caused by periodic boundary con-
ditions and small system size. Diffusion vanishes in a perfect
crystal. Viscosity increases with a decrease in temperature
and diverges at the melting temperature, again because of
incomplete crystallization. The unstrained crystal has almost
constant viscosity of a much lower value than the liquid.
Thermal conductivity in a liquid is mostly diffusive and de-
creases nearly linearly with temperature. In a solid it is due
to phonon interactions and increases as the temperature de-

FIG. 10. Change of shear stress during a slow deformationg50.001, de-
pending on instantaneous strain«(t). For comparison, solid circles represent
the shear stress at corresponding strain obtained with the same strain rate
after relaxation.

FIG. 11. Decay of the shifted shear stress correlation function@Eq. ~10!# in
equilibrium and strained crystals in the elastic region atT50.7.

FIG. 12. Dependence of ‘‘effective viscosity’’h* and thermal conductivity
l on strain in the elastic region atT50.7. Statistical error is;5% for
viscosity and;2% for thermal conductivity.
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creases. At low temperature it is proportional to the inverse
temperature in agreement with Peierls theory. The disconti-
nuities in thermodynamic and transport properties occur re-
markably close to the melting temperature of the LJ phase
diagram for a system with a much larger interaction cutoff,
suggesting that the truncation distance does not have a very
strong influence on the position of the liquid–solid coexist-
ence region.

The initial shear stress caused by the sudden deformation
of a liquid is proportional to strain until the time of deforma-
tion is of the order of 1% of the equilibrium shear stress
relaxation time. The coefficient of proportionality is the
‘‘infinite-frequency shear modulus,’’ which can be estimated
from the t50 value of the stress autocorrelation function.
The shear modulus decays to zero as shear stress relaxes. In
the final relaxed state there is no influence of strain on trans-
port in liquids.

In a solid, for small deformations the relaxed stress is
proportional to strain and independent of the strain rate with
which it has been deformed. The shear modulus and shear
strength weakly decrease with an increase in temperature.
For higher strains the deformations become irreversible and
depend on the strain rate with which they were created. For a
‘‘sudden deformation’’ there is a secondary elastic region,
followed by a sequence of rearrangements into defective
polycrystals. For even higher strains the crystal completely
melts during relaxation and finally recrystallizes after a
longer equilibration period. If the deformation is performed
slowly, the relaxation starts during deformation. There is no
secondary elastic region—only a series of fractures of
strained polycrystals.

In the elastic region under strain, the diffusion coeffi-
cient is slightly increased due to defects. Viscosity is infinite
since the shear stress does not relax. The ‘‘effective
viscosity’’—i.e., the internal friction during vibrations—
increases because the anharmonicity of the effective poten-
tial in a strained lattice causes increased fluctuations of shear
stress. The change in normal modes in a strained lattice
causes also a change of thermal conductivity.

There are two types of artifacts in this simulation. One
type is related to the small system size and periodic bound-
ary conditions. It causes rapid crystallization below the melt-
ing temperature and the absence of liquid–solid coexistence.
It is also responsible for the abnormally high shear strength
and wide elastic region. In this sense, our results for the
strained crystal are more applicable to thin crystal sheets
under strain than to bulk crystal behavior.

The other type of artifact is related to the thermostatting
procedure and is most relevant for the stress relaxation part
of the simulation after the ‘‘sudden deformation.’’ After the
deformation is finished, the residual velocity profile is in-

stantly interpreted as heat and attenuated by the thermostat.
The use of some profile-unbiased thermostat~PUT!, such as
a ‘‘configurational temperature thermostat,’’28 would possi-
bly change the relaxation process and the final structure.

A simulation with a larger system size and a PUT would
provide more realistic answers about the shear strength and
the existence of the secondary elastic region~reminiscent of
stick–slip behavior in thin films! in crystal sheets and in
bulk. It would also elucidate the onset of the shear-induced
melting of LJ crystals, in particular if there is a threshold
strain rate below which there is a sequence of fractures and
above which the crystal melts. We plan to address these
questions in future work.
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