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Abstract

Hermiticity of observable operators is one of the fundamental axioms in quantum mechan-
ics, which then ensures that the observables are real-valued. However, an open dissipative
system can be described by an effective non-Hermitian Hamiltonian operator, which gives
rise to complex-valued eigenenergies, with the imaginary part of the energy describing
gain or loss. With non-Hermitian Hamiltonians, we expect novel behaviour that does not
exist in their Hermitian counterparts, such as new topological invariants [1], breakdown
of conventional bulk-boundary correspondence [2], new topological edge states [3] and
more [4, 5].

One important consequence of the non-Hermiticity of the Hamiltonian is that the
eigenenergy becomes complex-valued. This gives rise to new degeneracies such as the
bulk Fermi arcs, where the real parts of the eigenenergies cross while the imaginary parts
anti-cross, the imaginary Fermi arcs, where the imaginary parts of the eigenenergies cross
while the real parts anti-cross, and the exceptional points, where both the real and imag-
inary parts of the eigenenergies cross. The latter also gives rise to a new topological
invariants, known as the spectral winding that measures the change in the phase of the
eigenenergies in the complex plane along a closed loop [6]. Another important novel
topological effects in non-Hermitian systems is the breakdown of bulk-boundary corre-
spondence and emergence of new topological edge states. Unlike the Hermitian system
where both bulk states and topological edge states exist in the presence of non-zero topo-
logical invariants, in the presence of point-gap topology in non-Hermitian systems, where
the eigenspectrum under periodic boundary condition forms a loop on the complex plane,
all eigenstates localise to the edge of the systems under open boundary condition, which
is known as the non-Hermitian skin effect [2].

Another emerging issue with non-Hermitian systems is the generalisation of the quan-
tum geometric tensor, which is a Hermitian tensor. Its real part is the quantum metric
tensor, which measures the distance between quantum states in the Hilbert space. Its
imaginary part is the Berry curvature, which is an effective magnetic field in momentum
space [7]. However, since right and left eigenstates are not equal due to the non-Hermiticty
of the Hamiltonian operators, there have been different ways to define the components
of the quantum geometric tensor: one defined using only the right eigenstates [8, 9], and
the other defined in terms of both the right and left eigenstates [10, 11].One of the goals
in this Thesis is to resolve the ambiguity arising from these two different definitions by
analysing the wavepacket dynamics.

In this Thesis, I investigate non-Hermitian physics using an experimentally relevant
model describing a hybrid light-matter system known as the exciton polaritons. The
exciton polaritons are composite particles arising from strong coupling between excitons
and cavity photons [12, 13], which are inherently dissipative mainly due to their photonic
components [14]. Furthermore, the polaritons decay by emitting photons that escape



the microcavity, and by detecting these photons, one can directly measure the physical
observables of the polaritons. The exciton-polariton spectrum can also exhibit exceptional
points [15] and Fermi arcs [16] in momentum space instead of parameter space. Therefore,
I can investigate the consequence of these spectral degeneracies for the dynamics of the
system. This includes the investigation of the exciton-polariton wavepacket dynamics in
Chapters 2–4, the pseudospin dynamics in Chapter 5 and the topological edge states in
Chapter 6.

In Chapter 1, I give an introduction to the background literature. I briefly review the
topological materials in solid state physics and the bulk-boundary correspondence, the
connection between the topological invariants and topological edge states. I then review
the literature on non-Hermitian physics and discuss the concept of spectral winding and
non-Hermitian skin effect. I also review the quantum geometric tensor in both Hermitian
and non-Hermitian systems. Finally, I briefly discuss the exciton polaritons and introduce
the models that are used in the later Chapters.

In Chapter 2, I describe the self-acceleration of wavepackets in a non-Hermitian
exciton-polariton system. I show how the non-Hermiticity of the Hamitonian operators
modifies the Ehrenfest’s theorem [17] and allows for change of centre-of-mass momentum
without an external force. I also derive the asymptotic group velocities of the wavepackets
under self-acceleration in different phases.

Then in Chapter 3, I discuss the roles that the two non-Hermitian generalisations of
quantum geometric tensor play in the wavepacket dynamics in non-Hermitian systems.
I explicitly derive a semi-classical equation of motion showing that both definitions of
the non-Hermitian quantum geometric tensor play a significant role in the dynamics.
I also show how the two generalised quantum geometric tensors can be experimentally
measured in an exciton-polariton system.

In Chapter 4, I investigate the non-Hermitian generalisation of the Zitterbewegung
effect. The Zitterbewegung effect was originally proposed to describe the motion of
relativistic electrons, but later used to describe the trembling motion of non-relativistic
wavepackets due to spin precession. In this Chapter, I generalise this effect to non-
Hermitian systems, where the pseudospin dynamics is qualitatively different to that in
the Hermitian systems.

In Chapter 5, I present my analysis on emergent pseudospin defects. My simulation
suggests that there are emergent pseudospin defects on the imaginary Fermi arcs in mo-
mentum space. I investigate the dynamics of these defects using different non-Hermitian
models and suggest how their signatures can be experimentally measured in an exciton-
polariton system.

In Chapter 6, I present my analysis on non-Hermitian skin effects. Although it is
difficult to experimentally realise the non-Hermitian skin effect in a continuous (i.e. non-
periodic, non-discrete) system, I theoretically show that the localisation of the eigenstates
can be induced in momentum space in an exciton-polariton system via a complex-valued
potential in real space, which is experimentally achievable. I show how the localisation is
tied to the imaginary potential and also investigate the interplay between the momentum-
space skin effects and nonlinear interaction.

Finally, in Chapter 7, I summarise the results presented in this Thesis and discuss



future directions.



List of Publication

Published Works
• Y.-M. Robin Hu; Elena A. Ostrovskaya; Eliezer Estrecho, Wave-packet dynamics

in a non-Hermitian exciton-polariton system, Phys. Rev. B 108, 115404 (2023).

• Y.-M. Robin Hu; Elena A. Ostrovskaya; Eliezer Estrecho, Generalized quantum
geometric tensor in a non-Hermitian exciton-polariton system [Invited], Optical
Materials Express 14, 3, 664-686 (2024)

• Y.-M. Robin Hu; Elena A. Ostrovskaya; Eliezer Estrecho, Quantum geometric ten-
sor and wavepacket dynamics in two-dimensional non-Hermitian systems, Phys.
Rev. Research 7, L012067 (2025)

• Y.-M. Robin Hu; Elena A. Ostrovskaya; Eliezer Estrecho, Zitterbewegung effect
and quantum geometry in non-Hermitian exciton-polariton systems, Appl. Phys.
Lett. 127, 253101 (2025)

• Yow-Ming Robin Hu, Elena A Ostrovskaya, Alexander Yakimenko, Eliezer Estre-
cho, Emergent momentum-space topological pseudospin defects in non-Hermitian
systems, arXiv preprint arXiv:2509.14605 (2025)

• Y.-M. Robin Hu, M. Król, D. Smirnova, B. R. Fabricante, K. Winkler, M. Kamp,
C. Schneider, S. Höfling, T. C.H. Liew, A. G. Truscott, E. A. Ostrovskaya, and
E. Estrecho, Momentum-space non-Hermitian skin effect in an exciton-polariton
system, arXiv preprint arXiv:2512.10146 (2025)



Contents

Declaration i

Acknowledgements ii

Abstract iv

List of Publication vii

1 Introduction 1
1.1 Non-Hermitian Physics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Exceptional Points and Spectral Winding . . . . . . . . . . . . . . 3
1.1.2 Non-Hermitian Skin Effect and the Breakdown of Bulk-Boundary

Correspondence . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.2 Topological Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2.1 Berry Connection, Berry Curvature and Chern Number . . . . . . 7
1.2.2 Topological Invariants and Edge States: Bulk-Boundary Corre-

spondence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.2.3 Topological Point Defects . . . . . . . . . . . . . . . . . . . . . . 12

1.3 Quantum Geometric Tensor . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.3.1 Quantum Geometric Tensor in Hermitian Systems . . . . . . . . . 15
1.3.2 Quantum Geometric Tensor and Wavepacket Dynamics . . . . . . 18
1.3.3 Measurement of Quantum Geometric Tensor . . . . . . . . . . . . 20
1.3.4 Generalised Quantum Geometric Tensors in non-Hermitian Systems 21
1.3.5 Generalised Berry Curvatures . . . . . . . . . . . . . . . . . . . . 22
1.3.6 Generalised Quantum Metric Tensors . . . . . . . . . . . . . . . . 23

1.4 Exciton Polaritons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
1.4.1 Generalised Gross-Pitaevskii Equation . . . . . . . . . . . . . . . 27
1.4.2 Exciton-Polariton Pseudospins . . . . . . . . . . . . . . . . . . . . 28
1.4.3 Exciton Polaritons under Artificial Gauge Field . . . . . . . . . . 29

1.5 Non-Hermitian Exciton-Polariton Models . . . . . . . . . . . . . . . . . . 32
1.5.1 Non-Hermitian Dirac Model . . . . . . . . . . . . . . . . . . . . . 33
1.5.2 Perovskite-Based Microcavity Exciton-Polariton Model . . . . . . 34
1.5.3 Liquid-Crystal Based Exciton-Polariton Model . . . . . . . . . . . 35

2 Wavepacket Self-Acceleration 38
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
2.2 Wavepacket Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.2.1 Self-Acceleration and Splitting of Wavepackets . . . . . . . . . . . 41



2.2.2 Directional Propagation of Wavepackets . . . . . . . . . . . . . . 47
2.2.3 Wavepacket Trajectories in Other Two-Band Systems . . . . . . . 49

2.3 Conclusion and outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3 Non-Hermitian Quantum Geometric Tensor and Wavepacket Dynamics 53
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.2 Wavepacket Dynamics and Non-Hermitian Quantum Geometric Tensors . 54

3.2.1 Interplay between Self-Acceleration and External Force . . . . . . 54
3.2.2 Wavepacket Dynamics in Non-Hermitian Perturation Theory . . . 56
3.2.3 Non-Hermitian Quantum Geometric Tensors in a Non-Hermitian

Exciton-Polariton System . . . . . . . . . . . . . . . . . . . . . . 59
3.2.4 Wavepacket Dynamics in the Perovskite-Based Exciton-Polariton

System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
3.3 Measuring Non-Hermitian Quantum Geometric Tensor . . . . . . . . . . 63

3.3.1 Right-right Quantum Geometric Tensor . . . . . . . . . . . . . . . 64
3.3.2 Left-Right Quantum Geometric Tensor . . . . . . . . . . . . . . . 68
3.3.3 Non-Hermitian Anomalous Berry Connection . . . . . . . . . . . 71

3.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4 Non-Hermitian Zitterbewegung Effects 74
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
4.2 Pseudospin Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
4.3 Zitterbewegung Effects . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
4.4 Zitterbewegung Effects in a Perovskite-Based Exciton-Polariton System . 79
4.5 Zitterbewegung Effect in a Non-Hermitian Dirac Model . . . . . . . . . . 80
4.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5 Emergent Psuedospin Defects 85
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
5.2 Pseudospin Dynamics in a Perovskite-Based Exciton-Polariton System . 85

5.2.1 Pseudospin Defects . . . . . . . . . . . . . . . . . . . . . . . . . . 86
5.2.2 Pseudospin Defects in the Presence of Zeeman Splitting . . . . . . 88
5.2.3 Pseudospin Defects in Real Space . . . . . . . . . . . . . . . . . . 88
5.2.4 Proposed Experimental Measurement of the Pseudospin Defects . 90

5.3 Pseudospin Defects in a Non-Hermitian Dirac Model . . . . . . . . . . . 93
5.4 Pseudospin Defects in a Liquid Crystal-Based Exciton-Polariton System . 96
5.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

6 Momentum-Space Non-Hermitian Skin Effect 102
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
6.2 Continuous NHSE without Discrete Translational Symmetry . . . . . . . 103
6.3 Continuous Momentum-Space NHSE . . . . . . . . . . . . . . . . . . . . 106
6.4 Proposal for Experimental Realisation in an Exciton-Polariton System . . 108
6.5 Effects of Nonlinearity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
6.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111



7 Conclusion and Outlook 113
7.1 Summary of Major Findings . . . . . . . . . . . . . . . . . . . . . . . . . 113
7.2 Future Directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

7.2.1 Non-Adiabatic Wavepacket Dynamics . . . . . . . . . . . . . . . . 115
7.2.2 Generalisation of Non-Hermitian Skin Effects . . . . . . . . . . . 115
7.2.3 Interplay between Nonlinearity and Non-Hermiticity . . . . . . . . 116

8 Appendix 117
A Values of Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
B Appendix for Self-Acceleration and Force in Chapter 3 . . . . . . . . . . 118

B.1 Review of Methods used by Silberstein et al. . . . . . . . . . . . . 118
B.2 Derivation of the Interplay between Self-Acceleration and Force . 120

C Appendix for Quantum Geometric Tensor and Wavepacket Dynamics in
Chapter 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
C.1 Identities of the Quantum Geometric Tensors . . . . . . . . . . . 122
C.2 Derivation of Equation of Motion . . . . . . . . . . . . . . . . . . 123
C.3 Real and Imaginary Parts of Quantum Geometric Tensors . . . . 129

D Appendix for Non-Hermitian Zitterbewegung Effects in Chapt. 4 . . . . . 130
D.1 Derivation of the Semi-classical Equation of Motion . . . . . . . . 130
D.2 Quantum Metric Tensor in the Equation of Motion . . . . . . . . 137

Bibliography 139



Chapter 1

Introduction

The Hermiticity of the Hamiltonian operator, which guarantees the real-valued eigenspec-
trum, is one of the basic axioms in quantum mechanics. This property also results in the
orthonormality of the eigenvectors as well as the completeness relations. However, this
is only true for a conservative system. There have been several attempts to include the
effects from gain or/and loss in a closed quantum system such as the Feynman-Vernon
theory [18], the Lindblad master equation [19] and the Landau-Lifschitz-Gilbert equation
[20, 21]. The formalism which I will use in this Thesis is to describe the gain or/and loss
in the system using an effective non-Hermitian Hamiltonian [4, 5, 22, 23], which I will
explain in this Section.

1.1 Non-Hermitian Physics
Let us first consider a simple two-by-two Hamiltonian in the form of

H =
(
a b

c d

)
. (1.1)

In conventional quantum mechanics where the Hamiltonians are assumed to be Hermitian,
the diagonal terms a, d ∈ R describe onsite energy, while the off-diagonal terms can be
complex-valued, but need to satisfy the condition c = b∗. The off-diagonal terms describe
the symmetric coupling between the two levels, and the complex angle arg(c) = − arg(b)
corresponds to a phase. Here, the Hermiticity also guarantees the eigenenergy to be real-
valued. However, if the system is not conservative, this does not always have to be the
case. If there is an onsite gain or loss in the system, it can be described by adding an
imaginary part to a or d. While if there is an asymmetric coupling between the two levels,
it can be described by setting Re[b] ̸= Re[c]. Moreover, if there is a dissipative coupling, it
can be described by setting Im[b] ̸= − Im[c]. Furthermore, the non-Hermiticity also makes
it possible for the eigenenergies to be complex-valued, where the imaginary parts now
describe the inverse lifetime of the corresponding eigenstates. This opens up possibility
for new physics forbidden in the Hermitian quantum mechanics. In the following, I will
briefly review the history of non-Hermitian physics and its exciting development.

One early work in non-Hermitian quantum mechanics was by George Gamow in 1928
[24]. In this work, Gamow explained the alpha decay using quantum tunneling, and he
also described the effective decay rate by adding an imaginary term to the eigenenergy

1



[24]. Another significant early work was by Feshbach, Porter and Weisskopf in 1954 [25],
where they added an imaginary term to the potential to describe the absorption of an
incident nucleon into the nucleus in the formation of a compound nucleus.

Despite these early developments, the non-Hermitian quantum mechanics never at-
tracted much attention until the pioneering works by Bender and his co-authors in 1998
[26, 27]. They showed that even when the system is non-Hermitian, the eigenspectra
will be guaranteed to be real-valued if the Hamiltonian is invariant under the parity-
time (PT ) symmetry, which maps x to −x, i to −i and t to −t [26, 27, 28, 22, 23].
This was further generalised by Mostafazadeh in Ref. [29], where he proposed an even
stronger condition for the real-valued eigenspectrum in a non-Hermitian system, called
pseudo-Hermiticity, where the Hamiltonian operator can be transformed to its Hermi-
tian conjugate H = η−1H†η via some Hermitian invertible operator η. Furthermore,
the PT -symmetry was experimentally realised and observed using optical systems which
attracted further interests in non-Hermitian quantum mechanics [30, 31, 32].

More recently, there has been a new direction in the research of non-Hermitian sys-
tems. Instead of looking for the real-valued spectrum, more works have started to focus
on novel physics made possible by the complex values of the eigenspectrum. This new
physics includes the new spectral degeneracy known as the exceptional points [1, 33], new
topological invariants [1, 33, 6] as well as new topological edge states [1, 3, 34, 35].

Another consequence of the non-Hermitian Hamiltonian is the left and right eigen-
states, |ψRn ⟩ and |ψLn ⟩

H|ψRn ⟩ = En|ψRn ⟩
⟨ψLn |H = ⟨ψLn |En.

(1.2)

Unlike their Hermitian counterparts, the sets of left and right eigenstates are non-
orthogonal themselves, that is ⟨ψL(R)

n |ψL(R)
m ⟩ ̸= 0 for n ̸= m, but are instead bi-orthogonal

⟨ψLn |ψRm⟩ = ⟨ψRn |ψLm⟩ = δnm (1.3)

where the left and right eigenstates corresponding to different energy levels are orthogonal
to each other. Similarly, the completeness of the eigenstates is modified as∑

n

|ψLn ⟩⟨ψRn | =
∑
n

|ψRn ⟩⟨ψLn | = I (1.4)

for non-Hermitian systems.
In this Section, I will review on the concept of the novel topological invariant and

topological edge states in non-Hermitian systems. Topological invariants refer to quanti-
ties that are unchanged under continuous deformation, specifically, topological invariants
are quantities preserved under homeomorphism, continuous bijection with continuous in-
verse function [36, 37, 38]. In the conventional systems, there exists the bulk-boundary
correspondence where the presence of non-zero topological invariants in the bulk en-
ergy band structure corresponds to the existence of robust edge states protected against
back-scattering with defects or impurities [39]. In Section 1.2, I will discuss topological
invariants and edge states in more detail. For review on non-Hermitian physics in general,

2
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Figure 1.1: A schematic plot of the (a) real and (b) imaginary parts of eigenenergy of the
Hamiltonian defined by Eq. (1.5) near an EP. (c) showing the complex angle around the
EP (highlighted by the green dot) and the non-zero spectral winding defined by Eq. (1.6).

please refer to Refs. [4, 5, 22, 23, 28].

1.1.1 Exceptional Points and Spectral Winding

One consequence of non-Hermiticity is the emergence of new spectral degeneracy and the
new topological invariants that accompany it. To illustrate this, let us consider a simple
non-Hermitian model with the Hamiltonian (which we will come back to in more detail
in later Sections)

H =
(

0 kx − i(ky − i)
kx + i(ky − i) 0

)
. (1.5)

As we can see in Figs. 1.1(a,b), whenever the real parts of eigenenergies cross, the imagi-
nary parts would anti-cross and vice versa. However, there are two non-Hermitian degen-
erate points at k = (±1, 0) where both the real and imaginary parts of the eigenenergies
become degenerate. These are called the exceptional points, which are defective, meaning
that at these points, the Hamiltonian is not diagonalisable and the eigenstates become
linearly dependent on each other [6]. Interestingly, at these exceptional points, the eigen-
states coalesce and become proportional to each another [40]. The exceptional points are
not just a mathematical curiosity. They have potential application in sensing [11, 41, 42],
and have also been shown to enhance superconductivity [43].

One interesting consequence of the complex-valued eigenenergy is a new topological
invariant known as the spectral windings, which measures the change in the complex
phase of the eigenenergy along a closed loop [see Fig. 1.1(c)] [5, 6, 33, 40]

wmn = 1
2π

∮
C

∇k arg[Em − En] · dk. (1.6)

Interestingly, Zhang et al. have shown in Ref. [44] that in a one-dimensional system,
the non-zero spectral winding is connected to the presence of a novel non-Hermitian
topological edge states known as the non-Hermitian skin effects, which will be explored
in details in the next section.
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1.1.2 Non-Hermitian Skin Effect and the Breakdown of Bulk-Boundary Cor-
respondence

Another surprising consequence of non-Hermiticity is the breakdown of bulk-boundary
correspondence [2] and the accumulation of wavefunction on the edge of the system,
known as the non-Hermitian skin effect (NHSE) [4, 5, 22, 45]. The localisation and
delocalisation arising from the non-Hermiticity of the Hamiltonian was first discussed by
Hatano and Nelson in their pioneering works in Refs. [46, 47, 48] using a simple model
of a single-particle Hamiltonian under an imaginary gauge transformation p → p+ ig

H = p+ ig

2m + V (x). (1.7)

Recently, the connection between the NHSE, the winding topology and the gap in com-
plex energy has been further established [6, 40, 44, 49]. Due to the complex-valued
energy, there are two different types of gaps in non-Hermitian system; the line gap,
where there is a line on the complex plane separating the eigenenergies [see Fig. 1.2(a)],
and the point gap, there there is a point on the complex plane circled by the eigenen-
ergies [see Fig. 1.2(b)] [6, 40, 49]. Unlike the line gap, which is similar to the energy
gap in Hermitian systems, the point gap is a fundamentally non-Hermitian phenomenon,
and is accompanied by the existence of non-Hermitian skin modes and the sensitivity
to boundary conditions. For if a system exhibits point-gap topology, its eigenstates re-
main delocalised under the periodic boundary condition (PBC), while under the open
boundary condition (OBC), all eigenstates localise at the edge and the energy spectrum
collapses to a line on the complex plane [see Fig. 1.3(b)] [3, 49].

(a) (b)

Figure 1.2: Schematic plot of (a) line gap and (b) point gap on the complex plane. Here,
the black lines denote the eigenspectrum, while in panel (a), the region forbidden for the
eigenspectrum to cross is topologically equivalent to a line (shown schematically as the
red line), therefore known as the line gap. While in panel (b), the regions forbidden for
the eigenspectrum to cross are topologically equivalent to points (shown schematically as
the two red dots), therefore known as the point gap.

The most well-known example is the discretised version of the Hamiltonian in Eq. (1.7)
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proposed by Hatano and Nelson, which is called the Hatano-Nelson model. This sim-
ple model describes a single-band, one-dimensional chain with non-reciprocal nearest-
neighbor hopping [47, 48]

HHN =
N∑
j

tLc
†
jcj+1 + tRc

†
j+1cj, (1.8)

where cj (c†
j) denotes the annihilation (creation) operator and tR (tL) denotes the hopping

to the right (left) [see Fig. 1.3(a)]. Here, the hoppings tL, tR are assumed to be real-valued
in this simple case. Under PBC, we can apply Fourier transform to the operators, cj and
c†
j, which provide the eigenenergy of the Hamiltonian in terms of the wavenumber k as

EPBC(k) = (tL + tR) cos k + i(tL − tR) sin k. (1.9)

For tL ̸= tR, the PBC spectrum forms a loop on the complex plane, and has a winding
number of w = 1 if tL > tR, and w = −1 if tL < tR [see Fig. 1.3(b)], and all the eigenstates
are delocalised [see Fig. 1.3(c)]. Under OBC, the spectrum collapses into a line enclosed
by EPBC(k) on the complex plane [see Fig. 1.3(b)], and all the eigenstates accumulate on
the left-hand side (right-hand side) of the open chain if tL > tR (tL < tR) [see Fig. 1.3(d)].

In one-dimensional systems, the existence of NHSE usually require either non-
reciprocal coupling, which has been studied extensively in Refs. [1, 3, 35, 44] using non-
Hermitian generalisation of the SSH model, or the combination of on-site dissipation and
a flux generated using an Aharonov-Bohm chain [50, 51, 52, 53]. The topological nature
of NHSE was demonstrated using index theorem in Ref. [54], and the correspondence be-
tween non-zero spectral winding and the existence of NHSE was also shown in Ref. [44].
In the absence of the point-gap topology and therefore w = 0, the NHSE disappears,
namely, the eigensgtates become delocalised.

While in the usual topologically non-trivial materials in Hermitian systems the bulk
states co-exist with the topological edge states, in non-Hermitian systems that exhibit
NHSE, all bulk states localise at the edge under OBC, and therefore the conventional
bulk-boundary correspondence is no longer valid [2]. There are two ways to tackle this
problem and to predict the presence or absence of non-Hermitian skin modes. One
is to reconstruct bulk-boundary correspondence using bi-orthogonal observables, known
as the bi-orthogonal bulk-boundary correspondence [34]. The other is to define a non-
Bloch band theory and a generalised Brillouine zone (GBZ) to re-establish bulk-boundary
correspondence [55]. The non-Bloch band theory approach also has been generalised
beyond tight-binding models to continuous periodic [56] and non-periodic systems [57].

The NHSE has also been generalised from tight-binding models to continuous periodic
systems [56, 58]. Surprisingly, the NHSE is robust and can also occur without periodicity
[51, 59, 60, 61]. In this case, the eigenstates are localised towards the edge of the trapping
potential [51, 60, 59, 61]. This localisation can be induced by, for example, an imaginary
vector potential [48, 60, 57], a combination of onsite loss and Rashba-Dresselhaus spin-
orbit coupling [59] or by controlling the boundary conditions, such as restricting the
higher order derivatives of the wavefunction to vanish at the boundary [57]. There are
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Figure 1.3: (a) A schematic plot of the Hatano-Nelson model (1.8) with non-reciprocal
hopping. (b) PBC and OBC spectrum of an exemplar Hatano-Nelson model, showing
sensitivity to boundary conditions, which is a signature of NHSE. Also showing the
wavefunction distribution under (c) periodic and (d) open boundary conditions. Here,
tL = 2, tR = 1 and the number of sites is N = 50. The wiggles in the OBC spectrum in
panel (b) arises from the finite size of the grid in the numerical simulation.

already numerous proposals on how this can be done in different platforms, including
[62, 63], magnonic systems [64], exciton-polariton systems [65, 66, 67, 59], cold atoms
[50, 51], reflected waves in Hermitian topological insulators [68], elastic medium [69, 70]
and more. There are experimental realisations of the NHSE in discrete systems based on
electric circuits [71], photonics [72, 73, 74], cold atoms [53] and mechanical systems [75],
but to date, there is no experimental demonstration of NHSE in continuous systems.

The NHSE is interesting from the perspective of fundamental research as a topological
phase associated with novel topological invariants. It also has various potential applica-
tions, for instance, its anomalous scaling with system size [76] has been shown to enhance
quantum sensing [77, 42], and the edge bursts [78] can potentially be used to improve
energy efficiency [79]. These effects demonstrate the applied potential of the NHSE.

In Chapter 6, I will present my results, which predict that the non-Hermitian skin
effects can be realised in non-Hermitian exciton-polariton systems.
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1.2 Topological Systems
Topology is the mathematical field that studies the quantity that is preserved under
continuous deformation. Recently, the idea of topology has been applied to a class of
physical systems, where one can define non-zero topological invariants using its band
structure [39, 80, 37]. In this section, I will give a brief overview of these topological
materials, starting from the discovery of the quantum Hall effects in the 1980s [81, 82].
Please refer to Refs. [39, 83, 84, 36, 85] for a general overview on topological materials
and quantum Hall effects.

In 1879, Edwin H. Hall discovered that when an external magnetic field is applied to
a conducting material, the Laurence force pushes the electrons toward one edge, resulting
in an electric potential across the conducting materials, called the Hall voltage, and this
effect became known as the Hall effect [86, 87]. After this, in 1980, von Klitzing, Dorda,
and Pepper made a curious discovery while investigating a two-dimensional electron gas
at low temperature under a strong magnetic field. They observed the Hall resistance
forming plateaus in units of h/e2, where h is the Planck constant and e is the electric
charge. Consequently, the Hall conductance is quantized in units of e2/h. This later
became known as the integer quantum Hall effect [81].

Two years later, Tsui, Stormer, and Gossard observed similar quantized Hall conduc-
tance in a system with fractional filling number of Landau levels, later known as the
fractional quantum Hall effect [82]. In 1981, Laughlin explained quantized charge trans-
port using a model of a flux passing though a loop formed by a ribbon of metal, where the
gauge invariance results in the current being quantized in units of e2/h [88, 89]. Later,
the topological nature of the quantum Hall effects was fully unveiled by the pioneering
work of Thouless, Kohmoto, Nightingale and den Nijs in Ref. [90], where they identified
the quantized Hall conductance with a topological invariant, which was then called the
TKNN integer, later identified as the Chern number [91]. The topological nature of the
quantum Hall effects was then shown to be connected to the presence of an energy gap
[92]. Later, the theory was generalised to fractional quantum Hall effects by including
many-body effects [93].

In this Section, I will give a brief overview on the importance of topology in condensed
matter physics. I will first explain the Berry connection and its connection to topology.
Then, I will explain the topological invariants in the band structure and bulk-boundary
correspondence. Finally, I will also introduce another type of topology in condensed
matter systems, which manifests itself in the spin textures.

1.2.1 Berry Connection, Berry Curvature and Chern Number

In 1984, Michael Viktor Berry discovered that a quantum state acquires a quantized phase
factor when it is adiabatically transported along a closed loop [94]. In his pioneering
work, Berry showed that when a state |un(k)⟩, where n, k denote the energy level and
the momentum, evolves adiabatically along a closed loop C, the state acquires a geometric
phase factor

γn =
∮
C

⟨un|i∇kun⟩ · dk, (1.10)
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this phase factor γn later becomes known as the Berry phase, and the integrand
An = ⟨un|i∇kun⟩ becomes known as the Berry connection [85, 94, 95]. Using the Stokes’
theorem, the Berry phase can also be rewritten as

γn =
∫∫

S

(
∇k × An(k)

)
· d2k (1.11)

where S denotes the area enclosed by the closed loop C. Here, the quantity ∇k × An(k)
is known as the Berry curvature Ωn(k) defeined as

Ωn,ij = i

(
⟨∂iψn|∂jψn⟩ − ⟨∂jψn|∂iψn⟩

)
, (1.12)

where Ωn(k) = (Ωn,yz(k),Ωn,zx(k),Ωn,xy(k)) = ∇k × An(k). The Berry curvature plays
a significant role in the anomalous Hall effect. The anomalous Hall effect was discovered
by Edwin H. Hall in 1881 when he uncovered that the Hall effects in ferromagnetic
materials are much stronger than in the non-magnetic conductors [96]. This effect was
first explained by Karplus and Luttinger as arising from an "anomalous velocity" in the
transverse direction to the applied electric field experienced by the electrons [97]. Later,
the topological roots of the anomalous Hall effect were discovered when Chang et al.
linked the anomalous velocity with the Berry curvature of Bloch electrons [98] in the
crystal momentum space [95, 99, 87]. This motion can be described by a pair of semi-
classical equations of motion of for the centre-of-mass position nd momentum of the Bloch
electron wavepacket [95, 99]

ℏṙ = ∇kEn − ℏk̇ × Ωn|k=kc

ℏk̇ = −eE
(1.13)

,where En denotes the energy level, e denotes the electron charge, E denotes a constant
electric field. In a two-dimensional system (which is the focus of my Thesis), the only non-
vanishing component of Ωn is the z-component, which contributes to the group velocity
transverse to the electric field E, resulting in the anomalous velocity Karplus and Luttiner
proposed. This was later generalised to include the time dependence of external field in
Ref. [100] and to include the multi-band effect in Ref. [101]. Consequently, the Berry
curvature acts as an effective magnetic field in momentum space arising from the band
structure [85, 102]. More importantly, when integrating the Berry connection along the
Brillouine zone in Eq. (1.10), the Berry phase now becomes quantized, and is known as an
important topological invariant called the TKNN invariant, also identified as the Chern
number

Cn = 1
2π

∫∫
BZ

Ωn(k) · d2k, (1.14)

which can be interpreted as the flux of the Berry curvature through the Brillouine zone
[90, 91].
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1.2.2 Topological Invariants and Edge States: Bulk-Boundary Correspon-
dence

The existence of edge states has long been known, with one famous example being the
Su-Schriffer-Heeger (SSH) model describing polyacetylene [103, 104]. The quantized Hall
conductance and the non-zero topological invariant in the bulk bands was later linked
with robust edge states, this is known as the bulk-boundary correspondence [39, 37]. This
was first discussed by Halperin to describe an integer quantum Hall system in 1982 [105].
The connection between the edge current and the quantized Hall conductance was further
discussed by McDonald and Středa in 1984 [106] and the connection between the edge
current and the topological invariant was established by Hatsugai in 1993 [107]. Today,
the discussion of bulk-boundary correspondence has been extended to other systems such
as the quantum anomalous Hall systems, where the quantum Hall effect and edge current
exist without an external magnetic field [108, 109], and the quantum spin Hall systems,
where the system exhibits helical transport (where the spin-up and spin-down electrons
propagate in different directions) [110, 111]. In this section, I present a short review on
the Haldane model of graphene and the quantum anomalous Hall effect, as well as a brief
discussion on its generalisation in Kane and Mele’s work and Z2 quantum spin Hall effect.

The realisation of integer quantum Hall effect usually required an external magnetic
field. However, in 1988, Haldane proposed a model of graphene, and demonstrated an
integer quantum Hall effect arising from breaking time-reversal symmetry via magneti-
sation even in the absence of total magnetic flux [108]. In Haldane’s model, the effective
Hamiltonian described spinless electrons on the hexagonal lattice partitioned into two
sublattices, A-sites and B-sites. Haldane then defined two sets of vectors, (a1, a2, a3) de-
fined as the displacement from an A site to its nearest neighboring B site (and vice versa),
and (b1,b2,b3) defined as the displacement between an A site and nearest A site (and
vice versa for nearest neighboring B sites). For the spinor wavefunction (ψA(k), ψB(k))T ,
the Bloch Hamiltonian of the Haldane model takes the forms

Ĥ(k) = h0(k)I + hx(k)σx + hy(k)σy + hz(k)σz

h0(k) = 2t2 cosϕ
(∑

i

cos(k · bi)
)

hx(k) = t1
∑
i

cos(k · ai)

hy(k) = t1
∑
i

sin(k · ai)

hz(k) = M − 2t2 sinϕ
(∑

i

sin(k · bi)
)

(1.15)

where σi denotes the i-th 2-by-2 Pauli matrix, t1 is the nearest-neighbor hopping (inter-
sublattice hopping), t2 is the second nearest-neighbor hopping (intra-sublattice hopping),
M denotes the onsite energy where the A (B) sites have on-site energy of +M (−M),
and t2 acquires a phase ϕ from the flux through the unit cell [see Fig. 1.4(a)]. The
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Figure 1.4: (a) Schematic plot of the Haldane model (1.15) showing the nearest-neighbour
hopping t1, the second nearest-neighbour hopping t2 and the on-site energy ±M on
the honeycomb lattice. (b) Phase diagram of the Haldane model, with the two phases
with non-zero Chern numbers distinguished by color. (c) The Brillouine zone of the
honeycomb lattice, highlighting the K and K′ points. Also showing the band structure
in the topologically (d) trivial and (e) non-trivial phases with zigzag edges [108, 114],
shown as the black dots in (b). The black lines denote the bulk bands and the red lines
denote the edge bands. Here, t1 = 1, t2 = 0.2 and M = 0.2 with ϕ = 0 and ϕ = π/2 for
(d,e), respectively.

Hamiltonian presented in Eq. (1.15) has the eigenenergies

E±(k) = h0(k) ±
√
h2
x(k) + h2

y(k) + h2
z(k). (1.16)

The system has spectral degeneracy at hx(k) = hy(k) = hz(k) = 0, which is satisfied at
the K and K′-points at |M/t2| = 3

√
3 sinϕ , see Fig. 1.4 [112, 113, 108, 37, 84]. When

|M/t2| > 3
√

3 sinϕ, the spectrum is gapped, and the system is a time-reversal symmetric
insulator [see Fig. 1.4(d)]. However, at |M/t2| < 3

√
3 sinϕ, the time-reversal symmetry is

broken. In this phase, the system is topologically non-trivial and has the Chern number of
±1 [see Fig. 1.4(e)], therefore, it behaves as a quantum Hall system even without having
an external magnetic field [108].

The Haldane model can be expanded at low momentum near the K, K′-points, q =
k−K (or alternatively q = k−K’) [see Fig. 1.4(c)] which leads to an effective low-energy
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Figure 1.5: The band structure of Haldane model (1.15) in the (a) gapless and (c) gapped
phases. Also showing the band structure of the Dirac model (1.17) in the (b) gapless and
(d) gapped phases, which are low-energy effective models of the Haldane model near th
K-point (highlighted in black square in (a, c)). Here, t1 = 1, t2, and for (a): M = ϕ = 0,
while for (c): M = 0.2, ϕ = π/2.

Hamiltonian:
Ĥ(q) = ℏvF qxσx + ℏvF qyσy +mσz, (1.17)

where vF is the velocity and m arises from the hz(k)-term at the K or K′-point. This
Hamiltonian coincides with the massive Dirac Hamiltonian [112, 113, 115, 116, 117, 118,
119, 120, 37, 121], where the elementary excitations are described by relativistic electrons
proposed by Paul Dirac in 1928 in Ref [122]. At m = 0, it exhibits a spectral degeneracy
in the form of a conical intersection at q = 0 [see Figs. 1.5(a,b)], which was first described
by Hamilton and Lloyd as optical conical diffraction in Refs. [123, 124], but nowadays,
better known as the Dirac point. At nonzero m, if the signs of m at the K-point and the
K ′-point are the same (which is the case |M/t2| > 3

√
3 sinϕ), the time-reversal symmetry

is preserved and the Hamiltonian is a trivial insulator. On the other hand, if the signs
of the m-term at the K-point and the K′-point are the opposite, then the time-reversal
symmetry is broken and the system becomes a topological insulator [see Figs. 1.5(c,d)],
which exhibits gapped bulk band and gapless edge states [see Fig. 1.4(e)][37, 84, 108,
121, 125]. The integer quantum Hall effect arising due to broken time-reversal symmetry
without an external magnetic field is coined as the quantum anomalous Hall effect [109].

Another key discovery was the Z2 quantum spin Hall effect by Kane and Mele in 2005
in Refs. [110, 111]. Kane and Mele generalised Haldane’s model of graphene and included
Rashba spin-orbit coupling [126]. Using this generalised model, they demonstrated that
the graphene can exhibit quantum spin Hall effect, which manifests as dissipationless
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spin transport at the edge where the electrons with opposite spins propagate at the
opposite directions (hence the term "helical transport") [110]. Moreover, Kane and Mele
also showed that the quantum spin Hall effect can take place even when the time-reversal
symmetry is preserved, that is, when the Chern number vanishes [111]. In this case, the
edge spin transport is instead protected by a Z2 (inegers modulo 2) topological index
[111, 127, 128, 129, 130].

So far in this section, I focus on topology arising from the energy band structure.
However, there is another type of topological invariant defined by the winding around
the centre of a point defect in spinor fields.

1.2.3 Topological Point Defects

Skyrmions are topologically protected field configurations, originally proposed as solu-
tions of a nonlinear mesonic field theory in nuclear physics [131, 132], and often in-
terpreted in lower-dimensional systems as point-like defects. In recent years, they were
investigated in the broad context of spinor fields S, such that of photons with distinct po-
larization states [133, 134, 135] and electronic spins in solid-state systems [136, 137, 138].
These defects are topologically protected, i.e. they preserve the associated integer-valued
topological winding (such as vorticity and skyrmion number), and therefore have po-
tential applications in the lossless transmission of quantum information and memory in
spintronics devices [136, 137, 138, 139].

The point defects in spinor systems can be classified using a topological invariant
known as the skyrmion number, which measures the winding of the spin texture described
by the Stokes vector S = (Sx, Sy, Sz) around the core of the defect [138, 137, 136, 133]:

Nsk = 1
4π

∫
S · (∂xS × ∂yS)d2r. (1.18)

Here, the Stokes vectors can be written as the expectation value Sj = ⟨ψ|σj|ψ⟩ where σj
is the j-th two-dimensional Pauli matrices and the integral is taken over the area from
the core to the edge of the defect, which measures the winding of the spin texture around
the core of the defect [138, 137, 136, 133]. The skyrmion number can also be re-written
in terms of two other topological indices:

Nsk = ν · p, (1.19)

where ν denotes the vorticity and p denotes the polarity. The vorticity characterises the
winding of the in-plane Stokes vectors [Sx, Sy] around the defect core

ν = 1
2π

∮
dr · ∇rΦ(r), (1.20)

where Φ(r) = 1
2 arctan[Sy(r)/Sx(r)] [136, 140] is the azimuthal angle of the Stokes vector,

and a vortex (anti-vortex) has ν = 1 (ν = −1).
The polarity p measures the rotation of the out-of-plane Stokes vector Sz from the
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core (rcore) to the edge (redge) of the defects [138, 137, 136, 141] and is defined as:

p = 1
2

[
Sz(rcore) − Sz(redge)

]
. (1.21)

In this Thesis, I consider skyrmion numbers Nsk = ±1,±1/2 corresponding to the
common skyrmions and merons. Core-up (core-down) skyrmions have Sz = 1 (Sz = −1)
at the core with polarity of p = 1 (p = −1) as Sz(redge) → −1 (Sz(redge) → −1), i.e. the
core and edge have opposite spins. For a core-up defect, a skyrmion number of Nsk = 1
(Nsk = −1) corresponds to a skyrmion (an anti-skyrmion) [136, 138, 137]. Figures 1.6(a-
d) show examples of core-up skyrmions and anti-skyrmions. Conversely, for a core-down
defect, I follow the convention in Refs. [138, 134] and flip the sign so that a core-down
skyrmion and a core-down anti-skyrmion is characterized by Nsk = −1 and Nsk = 1,
respectively. In this convention, a skyrmion (an anti-skyrmion) corresponds to a vortex
(an anti-vortex) with an integer-valued polarity.

The polarity can also take half-interger values p = ±1/2 corresponding to Sz(redge) →
0, i.e. the defect edge has no Sz-component. These half-skyrmions are called merons and
anti-merons. Core-up merons and anti-merons have the skyrmion numbers of Nsk = 1/2
and Nsk = −1/2, respectively [136, 138, 137]. Examples of core-up meron and anti-meron
in a real space of a two-dimensional spinor field are shown in Figs. 1.6(e, f).

Other than the polarity and vorticity, there is a third observable that plays an impor-
tant role in defining the textures of the skyrmions, known as the helicity ξ. In a polar
coordinate system (r, ϕ) centred at the defect core (r = 0 at rcore), ξ is defined by the
global rotation of the in-plane Stokes vector with respect to the azimuthal coordinate ϕ,
Φ = νϕ+ ξ [136, 138, 62]. There are two special cases of the helicity ξ that correspond to
the two types of common skyrmion textures, namely the Neel-type and the Bloch-type.
The Neel-type skyrmion has zero azimuthal component of Stokes vectors, Sϕ = 0, and
a helicity of ξ = 0, while the Bloch-type skyrmion has no radial component of Stokes
vector Sr = 0 and a helicity of π/2. Similarly, Fig. 1.6(c,d) show two anti-skyrmions with
helicities of ξ = 0 and ξ = π/2, respectively, while Fig. 1.6(e,f) show a meron and an
anti-meron, both with helicity of ξ = π/2.

Although the skyrmion number and the associated quantities are usually defined in
position space, they can also be defined in momentum space [134]. For example, it has
been shown that the topological winding of polarization vortices in momentum space
corresponds to the robustness of optical bound state in continuum [142, 143, 140].

The different types of point defects have attracted a great amount of interest in various
physical systems, including but not limited to magnetic systems [144, 145, 146, 147, 148,
149, 150, 151], nematic liquid crystals [152, 153, 154, 155, 156, 157], photonic [133, 134,
135], plasmonic [158, 159, 160, 161, 162, 163, 62], and hybrid photonic (polaritonic)
systems [164, 165, 166, 167].

Topological defects can appear in position space due to symmetry breaking in active
liquid crystals [153, 168], or the Dzyaloshinsky-Moriya interaction [169, 170, 144, 145,
146, 147, 148, 149, 150, 151] or dipole-dipole interaction [139, 171, 172] in magnetic
systems. They can also be generated by artificial gauge field arising from photonic spin-
orbit interaction and anisotropy in photonic, plasmonic, and polaritonic systems [135,
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Figure 1.6: Spin textures of core-up defect of (a) a Neel-type (helicity ξ = 0) and (b) a
Bloch-type (ξ = π/2) skyrmion, (c,d) anti-skyrmions with helicities of (c) ξ = 0 and (d)
ξ = π/2, and (e, f) a meron and an anti-meron with helicity of ξ = π/2. The arrows
represent [Sx, Sy] and the color map represents Sz, the defects are centred at rcore = (0, 0)
and the black line outlines the edge of the defects, redge where |redge| = 1. Compared with
these configurations, the core-down defects have the same in-plane spin textures but the
opposite Sz.
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158, 159, 160, 161, 162, 163, 62, 164, 165, 166, 167], and more recently, via the Kelvin-
Helmholtz instability in spinor Bose-Einstein condensates [173, 174].

In Chapter 5, I will present my results on the generation of topological defects in
two-dimensional non-Hermitian polaritonic systems.

In this Section, I have discussed the topology in both the band structure and the
spinor field configuration. However, the topology of the system is closely related to its
geometry, which will be discussed in the next Section.

1.3 Quantum Geometric Tensor
The Berry curvature presented in the previous Section is in fact, part of a more complex
quantity known as the quantum geometric tensor (QGT). In this Section, I will present
the concept of quantum geometric tensor as well as its generalisation to non-Hermitian
systems.

Quantum geometry plays an important role in various areas such as nonlinear current
[175, 176], second harmonic generation [177], perturbative correction to the anomalous
Hall drifts [178, 179, 180], and flat-band superconductivity [181, 182, 183]. The real part
of the QGT also corresponds to the fidelity susceptibility and plays an important role in
quantum information and identifying ground state degeneracy [184, 185, 186, 187, 188].

1.3.1 Quantum Geometric Tensor in Hermitian Systems

The quantum geometric tensor was first proposed by Provost and Vallee in 1980 to define
a Riemannian metric that defines the distance in Hilbert space of quantum states [7]. For
a class of quantum states {ψ(ξ)} smoothly dependent on an N -dimensional parameter
ξ = (ξ1, ...ξN), the distance in the Hilbert space of the quantum states corresponding to
an infinitesimal change in the parameter space ξ → ξ + dξ can be written as:

ds2 = ||ψ(ξ + dξ) − ψ(ξ)||2 (1.22)

where || · || denotes the norm. Here, the term ψ(ξ+dξ) can be expanded up to first order
in dξ using Taylor expansion

ψ(ξ + dξ) = ψ(ξ) +
N∑
i

∂ξi
ψ(ξ)dξi +O(dξ2) (1.23)

where where ξi denotes the i-th component of the parameter ξ. Using the usual definition
of norm in quantum mechanics in the bra-ket notation, |||ψ⟩||2 = ⟨ψ|ψ⟩, the distance can
be written as

ds2 = (⟨ψ(ξ + dξ)| − ⟨ψ(ξ)|)(|ψ(ξ + dξ)⟩ − |ψ(ξ)⟩)
=
∑
i,j

⟨∂iψ|∂jψ⟩dξidξj (1.24)
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where all higher order terms are dropped, and I denote ∂i = ∂ξi
for simplicity. However,

the quantity ⟨∂iψ|∂jψ⟩ is not invariant under a gauge transformation ψ → eiϕψ

⟨∂iψ|∂jψ⟩ → ⟨∂iψ|∂jψ⟩ + i∂jϕ⟨∂iψ|ψ⟩ − i∂iϕ⟨ψ|∂jψ⟩ + ∂iϕ∂jϕ (1.25)

which means that it cannot be a valid physical observable. To restore the gauge-
invariance, it requires an extra term −⟨∂iψ|ψ⟩⟨ψ|∂jψ⟩, which under the gauge trans-
formation becomes

−⟨∂iψ|ψ⟩⟨ψ|∂jψ⟩ → −⟨∂iψ|ψ⟩⟨ψ|∂jψ⟩ − i∂jϕ⟨∂iψ|ψ⟩ + i∂iϕ⟨ψ|∂jψ⟩ − ∂iϕ∂jϕ (1.26)

and cancels out the extra terms in Eq. (1.25). This yields what is known as the quantum
geometric tensor [7]

Qn,ij = ⟨∂iψn|∂jψn⟩ − ⟨∂iψn|ψn⟩⟨ψn|∂jψn⟩, (1.27)

where ds2 = Qn,ijdξidξj.
Here, I consider a multi-band system where ψn is the n-th eigenstate. The QGT is

a Hermitian tensor with complex components. Its real (symmetric) part is the quan-
tum metric tensor (QMT) gn,ij which, as the name suggests, defines the distance of the
quantum states in Hilbert space. On the other hand, its imaginary (anti-symmetric) part
corresponds to the Berry curvature Ωn,ij

gn,ij = Re[Qn,ij]
Ωn,ij = −2 Im[Qn,ij].

(1.28)

The quantum metric tensor is also associated with the fidelity, F , which measures the
overlap between two states

F(|ψ1⟩, |ψ2⟩) = |⟨ψ1|ψ2⟩|2. (1.29)

To understand the relation, let us consider the fidelity between |ψ(ξ)⟩ and |ψ(ξ + dξ)⟩

F(|ψ(ξ + dξ)⟩, |ψ(ξ)⟩) = ⟨ψ(ξ + dξ)|ψ(ξ)⟩⟨ψ(ξ)|ψ(ξ + dξ)⟩. (1.30)

Similar to previous derivation, we can expand the state |ψ(ξ + dξ)⟩ to the second order

|ψ(ξ + dξ)⟩ = |ψ(ξ)⟩ +
∑
i

|∂iψ(ξ)⟩dξi +
∑
j,k

1
2 |∂j∂kψ(ξ)⟩dξjdξk +O(dξ3) (1.31)
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which yields

F(|ψ(ξ + dξ)⟩, |ψ(ξ)⟩) =
∑
i,j,k

(
1 + (⟨∂iψ|ψ⟩ + ⟨ψ|∂iψ⟩)dξi + ⟨∂jψ|ψ⟩⟨ψ|∂kψ⟩dξjdξk

+ 1
2(⟨∂j∂kψ|ψ⟩ + ⟨ψ|∂j∂kψ⟩)dξjdξk

)
+O(dξ3)

(1.32)

where I denote |ψ(ξ)⟩ = |ψ⟩ for simplicity. Using the normalization ⟨ψ|ψ⟩ = 1, I have
two identities

⟨∂iψ|ψ⟩ + ⟨ψ|∂iψ⟩ = 0
⟨∂i∂jψ|ψ⟩ + ⟨∂jψ|∂iψ⟩ + ⟨∂iψ|∂jψ⟩ + ⟨ψ|∂i∂jψ⟩ = 0.

(1.33)

Hence, the fidelity can be rewritten as

F(|ψ(ξ + dξ)⟩, |ψ(ξ)⟩) =1 −
∑
i,j

(
1
2(⟨∂iψ|∂jψ⟩ + ⟨∂jψ|∂iψ⟩) − ⟨∂iψ|ψ⟩⟨ψ|∂jψ⟩

)
dξidξj

+O(dξ3)
=1 −

∑
i,j

gijdξidξj +O(dξ3)

(1.34)

where the quantum metric is identified as the fidelity susceptibility [185]. Both the fidelity
and fidelity susceptibility play important roles in identifying quantum phase transitions
[184, 185, 188, 187, 186].

The QMT and Berry curvature can also be written in terms of the derivatives of the
Hamiltonians

gn,ij = Re
∑
m̸=n

⟨ψm|∂iH|ψn⟩⟨ψn|∂jH|ψm⟩
(Em − En)2


Ωn,ij = i

∑
m̸=n

[
⟨ψm|∂iH|ψn⟩⟨ψm|∂jH|ψn⟩

(Em − En)2 − ⟨ψm|∂jH|ψn⟩⟨ψn|∂iH|ψm⟩
(Em − En)2

] (1.35)

which arise from perturbation theory, where En denotes the n-th eigenenergy [189, 190].
As a result, for a two-band system, where n = ±, it is easy to see that the components
of the QGT follow the identities [189, 190]

g+,ij = g−,ij

Ω+,ij = −Ω−,ij.
(1.36)

The Berry curvature is associated with the Chern number and the topology of the band
structure, as well as the geometry of the underlying Hamiltonian through the Berry
phase. On the other hand, the QMT defines the geometry of the Hilbert space of the
quantum states. In 2014, Gao et al. showed that the quantum metric tensor describes
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the perturbative correction to the anomalous Hall drift [178, 179, 180]. In a first-order
perturbation theory, the QMT appears as a correction to the wavepacket centre-of-mass
position, as derived in the following.

1.3.2 Quantum Geometric Tensor and Wavepacket Dynamics

As we have seen in Eq. (1.13), the Berry curvature results in the anomalous velocity in the
transverse direction to the applied force. In Ref. [178], Gao et al. showed that the QMT
appears in the perturbative correction to the Berry connection as field-induced positional
shifts. Since the Berry curvature is the curl of the Berry connection, it is expected that
the QMT will also describe the perturbative corrections to the anomalous velocity. This
links the abstract mathematical concept of the geometry of the manifold of quantum
states to the experimentally observable physical effects.

To see what roles the QGT plays in the wavepacket (WP) dynamics, in this Section, I
will revisit the derivation from Ref. [178]. First, consider a two-by-two Hamiltonian with
perturbation arising from an external force

Ĥ = Ĥ0 − F · r, (1.37)

where the unperturbed Hamiltonian Ĥ0 has two eigenstates |u0,1⟩ with corresponding
eigenenergies E0,1. The eigenstates of the perturbed Hamiltonian are denoted |ũ0,1⟩ and
can be obtained from the unperturbed eigenstates expanded to the first order in F

|ũ0⟩ = |u0⟩ + F · A10

E1 − E0
|u1⟩, (1.38)

where A10 = ⟨u1|i∂ku0⟩ denotes the inter-band Berry connection, and |ũ1⟩ can be ob-
tained similarly by exchanging the indices 0 ↔ 1. Then, consider a wavepacket in the
eigenstate |ũ0⟩ under the single-band approximation

|W ⟩ =
∫
wke

ik·r|ũ0⟩d2k

=
∫
wke

ik·r
(

|u0⟩ + F · A10

E1 − E0
|u1⟩

)
dk

(1.39)

where wk denotes the WP distribution in momentum space.
The centre-of-mass position of |W ⟩ can be calculated up to the first order in F

rc =⟨W |r̂|W ⟩

=
∫
iw∗

k∂kwkd
2k +

∫
|wk|2

(
⟨u0|i∂ku0⟩ + F · A10

E1 − E0
⟨u0|i∂ku1⟩ + F · A01

E1 − E0
⟨u1|i∂ku0⟩

)
d2k

=
∫
iw∗

k∂kwkd
2k +

∫
|wk|2

(
A0 + F · A10

E1 − E0
A01 + F · A01

E1 − E0
A10

)
d2k.

(1.40)

Here, the coefficient wk can be rewritten in the form wk = |wk|eiφ(k) and hence the first
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term in the third line in Eq. (1.40) can be rewritten as∫
iw∗

k∂kwkd
2k =

∫
i|wk|∂k|wk|d2k −

∫
|wk|2∂kφd

2k. (1.41)

Note that using integration by parts∫
|wk|∂k|wk|d2k =1

2

∫
∂k|wk|2d2k

=0,
(1.42)

and the only terms left are

rc = −
∫

|wk|2∂kφd
2k +

∫
|wk|2

(
A0 + F · A10

E1 − E0
A01 + F · A01

E1 − E0
A10

)
d2k. (1.43)

Here, using the identity of the quantum metric in Eq. (1.35) and the fact that the quantum
metric tensor is symmetric, rc can be re-written in terms of the quantum metric g as

rc = −
∫

|wk|2∂kφd
2k +

∫
|wk|2

(
A0 + 2g · F

E1 − E0

)
d2k. (1.44)

In the limit that the WP is infinitely narrow in momentum space |wk|2 = δ(k − kc),
the centre-of-mass position can be written as

rc = −∂kφ+ A0 + 2g · F
E1 − E0

∣∣∣∣∣
k=kc

. (1.45)

Now, in order to derive the semi-classical equation of motion of the wavepacket, consider
the effective Lagrangian

L =⟨W |iℏ∂t − Ĥ0 − F · r|W ⟩
=iℏ∂tφ− E0 − F · rc,

(1.46)

similarly to the derivation of the WP centre-of-mass position shown above. Here, the
partial time-derivative of the phase can be re-written as

∂tφ = dtφ− k̇c · ∂kφ (1.47)

where dt denotes the total time derivative. By re-writing the term ∂kφ in terms of rc,
this yields the effective Lagrangian in the form of

L = ℏdtφ− ℏk̇c ·
(

rc − A0 − 2g · F
E1 − E0

)
− E0 − F · rc, (1.48)

where the total time derivative dtφ will vanish. The equation of motion can now be
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derived using the Euler-Lagrange equation

∂L

∂q
− d

dt

(
∂L

∂q̇

)
= 0. (1.49)

Each term can be written as

∂L

∂(rc)i
= −ℏ(k̇c)i + Fi

d

dt

(
∂L

∂(ṙc)i

)
= 0

∂L

∂(kc)i
=
∑
j

ℏ(k̇c)j∂ki

(
(A0)j + 2(g · F)j

E1 − E0

)
− ∂ki

E0

d

dt

(
∂L

∂(k̇c)i

)
= −ℏ(ṙc)i +

∑
j

ℏ(k̇c)j∂kj

(
(A0)i + 2(g · F)i

E1 − E0

)
,

(1.50)

where I denote ∂kj
= ∂

∂(kc)j
and separate the components of the vectors kc and rc to avoid

confusion. By collecting each term in Eq. (1.50) and using the identity in Eq. (1.49), this
yields the semi-classical equation of motion as

ℏṙc = ∂kE0 − ℏk̇c ×
(

Ω0 + ∇k × 2g · F
E1 − E0

)
|k=kc

ℏk̇c = F.
(1.51)

Here, the Berry curvature acts on the WP centre of mass as an effective magnetic field
in momentum space, resulting in anomalous velocity, while the quantum metric tensor
arises from the perturbative correction to the WP centre-of-mass position, resulting in
the positional shift. In Chapter 3, I will generalise this semi-classical equation of motion
to non-Hermitian systems to investigate the effects of non-Hermiticity on the QGT and
WP dynamics.

1.3.3 Measurement of Quantum Geometric Tensor

Remarkably, the components of the quantum geometric tensor in a photonic or a two-level
polaritonic system can be directly measured, as suggested by Bleu et al. in Ref. [189].
This technique can be applied to any two-level photonic [189], polaritonic [189, 191] and
plasmonic [192] system where the Stokes vectors of the states can be directly measured
by detecting the photon emission. This is highly relevant to the research presented later
in this Thesis, as I investigate the observable signatures of the QGT in a non-Hermitian
exciton-polariton system (see Section 3.3). First, let us consider a two-level system, where
the Stokes vectors (pseudospin) S = (Sx, Sy, Sz) can be written as the expectation value
Sj = ⟨ψ|σj|ψ⟩ where σj is the j-th two-dimensional Pauli matrices. The state |ψ⟩ can
conversely be written in terms of the Stokes vectors as

|ψ⟩ =
(
e−iϕ cos θ

2
sin θ

2

)
(1.52)
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where ϕ, θ denotes the angle of the Stokes vector on the Bloch sphere

θ = arccosSz
ϕ = arctan(Sy/Sx).

(1.53)

By substituting the wavefunction back to the definition of the QGT in Eq. (1.27), then
the QMT and Berry curvature can be expressed in terms of the angles of the Stokes
vectors as

gn,ij =1
4

(
∂iθ∂jθ + sin2 θ∂iϕ∂jϕ

)
,

Ωn,ij =1
2 sin θ

(
∂iϕ∂jθ − ∂jϕ∂iθ

)
.

(1.54)

Most importantly, since the Stokes vectors in the photonic and polaritonic systems can be
directly measured by measuring the polarization of the photonic emission, this provides
a way to directly measure the components of the QGT, which has been achieved in
Ref. [191].

1.3.4 Generalised Quantum Geometric Tensors in non-Hermitian Systems

As discussed in Section 1.1, in non-Hermitian systems, the left and right eigenstates are
not equal. One consequence is that it creates two different ways to define observables of
the eigenstates. For some operator Ô, the expectation value can either be expressed by
using only the right eigenstates as follows [193]:

⟨Ô⟩ = ⟨ψRn |Ô|ψRn ⟩, (1.55)

where here |ψRn ⟩ denotes the right eigenstates of the Hamiltonian instead of the right
eigenstates of the operator Ô. Alternatively, it can also be expressed using both the left
and the right eigenstates

⟨Ô⟩ = ⟨ψLn |Ô|ψRn ⟩ (1.56)

using either the notion of bi-orthogonal quantum mechanics [194], or through some metric
operator [195, 196, 197] (not to be confused with QMT) which maps the right eigenstate to
the left eigenstate of the same energy level. Here, we can think of it as two different ways
to define the inner product || · || in the Hilbert space of the right eigenstates {|ψRn (ξ)⟩},
namely ⟨ψRn | · |ψRn ⟩ and ⟨ψLn | · |ψRn ⟩.

Therefore, there are at least two different ways to define the components of the QGT
in non-Hermitian systems. One definition arises from defining the inner product as || · || =
⟨ψRn | · |ψRn ⟩, which I will refer to as the right-right (RR) QGT [198, 8, 199, 9, 192]

QRR
n,ij = ⟨∂iψRn |∂jψRn ⟩ − ⟨∂iψRn |ψRn ⟩⟨ψRn |∂jψRn ⟩ (1.57)

and similarly, another definition arises from defining the inner product as ||·|| = ⟨ψLn |·|ψRn ⟩,
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which I will refer to as the left-right (LR) QGT [200, 201, 10, 202, 203]

QLR
n,ij = ⟨∂iψLn |∂jψRn ⟩ − ⟨∂iψLn |ψRn ⟩⟨ψLn |∂jψRn ⟩. (1.58)

Although I focus on the RR and the LR versions of the QGT in this Thesis, one can also
similarly define the left-left (LL) and the right-left (RL) versions. I also emphasize that
for the quantity Qαβ

n,ij, with α, β = L,R, the eigenstates need to satisfy ⟨ψαn |ψβn⟩ = 1 to
preserve the gauge invariance.

1.3.5 Generalised Berry Curvatures

Like the QGT, there are also multiple ways to define the non-Hermitian Berry connection
An = ⟨ψn|i∇kψn⟩ as

Aαβ
n = ⟨ψαn |i∇kψ

β
n⟩, (1.59)

and similarly, the Berry curvature as

Ωαβ
n,ij =

(
∇k × Aαβ

n

)
ij

= i
(

⟨∂iψαn |∂jψβn⟩ − ⟨∂jψαn |∂iψβn⟩
)
,

(1.60)

where the eigenstates need to satisfy ⟨ψαn |ψβn⟩ = 1 for Ωαβ
n to be gauge-invariant. Inter-

estingly, while the LL and RR Berry curvatures are real-valued, the LR and the RL Berry
curvatures are generally complex-valued. Therefore, although that the RR (LL) Berry
curvature corresponds to the imaginary parts of the RR (LL) QGT

ΩRR/LL
n,ij = −2 Im[QRR/LL

n,ij ], (1.61)

the LR (RL) Berry curvature corresponds to the anti-symmetric parts of the LR (RL)
QGT

ΩLR/RL
n,ij = i

(
Q
LR/RL
n,ij −Q

LR/RL
n,ji

)
. (1.62)

Notably, when calculating the Chern number using the non-Hermitian Berry curvatures,

Cαβ
n = 1

2π

∫∫
BZ

Ωαβ
n (k) · d2k, (1.63)

all four Berry curvatures produce the same Chern number CLL
n = CRR

n = CRL
n = CLR

n [6].
In other words, the global topology is independent of the choice of the left or the right
eigenstates, despite the different forms of the four Berry curvatures [6]. In Ref. [204],
Xu et al. show that the RR Berry curvature describes the non-Hermitian version of
anomalous Hall drift in WP dynamics

ℏṙ = ∇k Re[En + F · (ARR
n − ALR

n )] − F × ΩRR
n |k=kc

ℏk̇ = F
(1.64)
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where here F denotes the external force, and the correction arising from the RR and LR
Berry connections is called the non-Hermitian anomalous Berry connection (NH ABC)
[204, 205, 206]. In Ref. [9], Cuerda et al. show that the non-Hermiticity can induce a non-
zero RR Berry curvature. There has also been investigation on the LR Berry curvature.
In Ref. [202], Fan et al. identify the integral of the imaginary part of the LR Berry
curvature over the Brillouine zone as "quantum Hall susceptance", where if it is positive
(negative), it shows the system to be a capacitor (inductor). This shows the vast interest
in generalised Berry curvature in non-Hermitian systems.

1.3.6 Generalised Quantum Metric Tensors

Defining the RR version of the QMT is straightforward, since the RR QGT is also a
Hermitian tensor like its Hermitian counterpart, and we can define the RR version of the
QMT as

gRRn,ij = Re[QRR
n,ij]. (1.65)

In Ref. [198], Matsumoto et al. show that the RR fidelity susceptibility diverges without
forming degeneracy and argued this to be the sign of quantum phase transition without
gap closing. Furthermore, in Ref. [8], Solnyshokov et al. argued that the RR QMT plays
a significant role in WP dynamics. Interestingly, the procedure suggested for measuring
the components of the QGT in the Hermitian [189] case also works in the case of the RR
QGT. The RR QMT has been measured using an exciton-polariton system in Ref. [199]
while both RR Berry curvature and the RR QMT have been measured using a plasmonic
system in Ref. [192].

On the other hand, unlike its RR and Hermitian counterparts, the LR QGT is not
Hermitian. Therefore, there are several possible ways to define the LR version of the
QMT. In Ref. [203], Ye et al. discussed 3 ways to define the LR QMT, namely the
symmetric part of the LR QGT

gLRn,ij = 1
2

(
QLR
n,ij +QLR

n,ji

)
(1.66)

the real part of the LR QGT
gLRn,ij = Re

[
QLR
n,ij

]
(1.67)

and the real and symmetric part of the LR QGT

gLRn,ij = Re
[1
2

(
QLR
n,ij +QLR

n,ji

)]
. (1.68)

In earlier works, the LR QMT has also been shown to be sensitive to the exceptional points
in Ref. [200]. It has also been used to describe the quantum geometry and phase transition
in a PT-symmetric system in Ref. [201] and a pseudo-Hermitian system in Ref. [10]. There
have also been studies where the LR version of fidelity susceptibility is used to detect the
existence of the exceptional points [207] and phase boundaries [208, 209]. Ye et al. also
show that only the LR QMT is needed to correctly describe the quantum phase transition
in a non-Hermitian Su-Schrieffer-Heeger system while the RR and the LL would fail to
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do so [203]. Furthermore, in Ref. [210], the LR QMT has also been shown to describe the
superfluid weight in a non-Hermitian flat-band superconductor. This shows the lack of
consensus on how to generalise the components of the QGT to non-Hermitian systems.

Despite the increasing interests in the QGT in non-Hermitian systems, the relevance of
different definitions of this quantity described above to the observable effects remains an
open problem. While both the LR and RR quantities have been shown to play important
roles in non-Hermitian systems, it is not clear which one should be used to describe
different physical effects, such as the field-induced correction to the wavepacket dynamics
previously discussed in Eq. (1.51). In this Thesis, I intend to address this problem by
investigating the dynamics in non-Hermitian systems. In particular, I will focus on a
hybridized light-matter system known as the exciton polaritons, which will be discussed
in the following Section.

1.4 Exciton Polaritons
Exciton polaritons are composite bosonic particles arising from the strong coupling be-
tween excitons, electron-hole pairs held together by the Coulomb interaction, and pho-
tons. The photons need to be confined, e.g., in a high-quality optical cavity, to achieve
strong interaction with excitons. The structure hosting exciton polaritons typically con-
sists of a thin layer of semiconducting material that hosts the excitons sandwiched be-
tween two Bragg reflectors that are used to confine the cavity photon [see Fig. 1.7(a)].
Exciton polaritons can form in a wide range of semiconductors, such as GaAs [211, 212],
CdTe [213, 214], WS2 [215, 216], perovskites [217, 218], ZnO [219] and organic materials
[199]. More recently, a liquid crystal based electrically tunable exciton polariton system
has also been demonstrated in Ref. [220]. The exciton polaritons present a prominent
platform for non-equilibrium bosonic condensate [213, 211, 221, 212, 222, 214, 223] as well
as superfluidity [224, 225, 226, 227, 228]. Furthermore, they exhibit spin-orbit coupling,
and therefore they cab also exhibit optical spin Hall effects [229, 230] and can be used
to realise topological insulators [231, 232, 233, 217, 234, 220] as well as Zitterbewegung
effects [235, 236]. More recently, exciton polaritons have also been studied in the context
of applications in quantum simulations [5, 237, 238, 239] and neuromorphic quantum
computing [240, 241, 242]. All of these studies highlight the rich physics of this hybrid
light-matter system. In this Section, I will present a brief review on the exciton polaritons
as an experimentally accessible non-Hermitian system.

First, let us consider a minimalistic model of the exciton polaritons described by a
simple two-by-two Hamiltonian [13, 12]

H =
(
Eexc(k) ℏΩR

ℏΩR Eph(k)

)
(1.69)

where Eexc, Eph are the energies of uncoupled exciton and cavity photon, respectively,
and the Rabi splitting ΩR characterises the strength of exciton-photon coupling [13]. The
dispersion (momentum dependence) of the eigenenergies of this Hamiltonian is known as
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the upper (UP) and lower polariton (LP) branches

EUP,LP = 1
2

(
Eexc(k) + Eph(k) ±

√
δ̃2(k) + 4ℏ2Ω2

R

)
(1.70)

where the + sign (− sign) corresponds to the upper (lower) polariton branch and k is the
exciton-polariton momentum in the plane of the semiconductor material, δ̃ denotes the
energy detuning δ̃ = Eexc − Eph. The corresponding eigenstates can be written as [13]:

|ψLP,UP ⟩ =ψXLP,UP |X⟩ + ψCLP,UP |C⟩

=
δ̃(k) ±

√
δ̃2(k) + 4ℏ2Ω2

R√
2
(
δ̃2(k) + 4ℏ2Ω2

R ± δ̃(k)
√
δ̃2(k) + 4ℏ2Ω2

R

) |X⟩

+ 2ℏΩR√
2
(
δ̃2(k) + 4ℏ2Ω2

R ± δ̃(k)
√
δ̃2(k) + 4ℏ2Ω2

R

) |C⟩,

(1.71)

where |X⟩ and |C⟩ denote the vectors (1, 0)T and (0, 1)T , and the indices LP and UP

correspond to − and + in the equation, respectively.
In the weak coupling regime, the eigenenergy spectra in momentum space resemble

the uncoupled exictonic and photonic branches, while in the strong coupling regime, the
branches exhibit anti-crossing behaviour and the two new (upper and lower) branches
signal the emergence of the half-matter, half-light exciton polaritons [see Fig. 1.7(b)]
[13, 12].

The excitonic and photonic fractions in the polariton can be described using the
Hopfield coefficients [243] X and C. The Hopfield coefficients are determined by the
detuning and the Rabi splitting and can be calculated from the eigenstates in Eq. (1.71)

|X|2 = |ψXLP |2 = |ψCUP |2 = 1
2

(
1 − δ̃√

δ̃2 + ℏ2Ω2
R

)

|C|2 = |ψCLP |2 = |ψXUP |2 = 1
2

(
1 + δ̃√

δ̃2 + ℏ2Ω2
R

) (1.72)

where |X|2 + |C|2 = 1. In the low-momentum regime, the UP and LP branches can be
approximated by parabolic dispersion

ELP,UP (k) ≈ ELP,UP (0) + ℏ2k2

2mLP,UP

. (1.73)

Here, the effective masses of the upper and lower polaritons are determined by the Hop-
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Figure 1.7: (a) A schematic plot of a microcavity exciton-polariton system, consisting of
a thin layer of exciton-hosting material sandwiched between Bragg mirrors to confine the
photon. Also shown are a constant magnetic field, anisotropy in the active material as
well as the TE and TM modes, whose oscillations are perpendicular to the direction of the
propagating photon, and photonic losses, all of which will be discussed in later sections.
(b) hybridisation of the excitonic (Eexc) and photonic (Eph) branches and formation of
the upper (UP) and lower polariton (LP) branches in momentum space.

field coefficients

mLP = |X|2

mexc

+ |C|2

mcav

mUP = |X|2

mcav

+ |C|2

mexc

(1.74)

where mexc, mcav denote the effective masses of excitons and cavity photons.
The above analysis neglects the effects from the photonic or excitonic losses. However,

in an actual system, both excitons and cavity photons have finite lifetime, and there are
radiative loss of cavity photons γph and well as the non-radiative loss of the excitons
γexc. After properly taking the effects of dissipation into account, the upper and lower
polariton branches become [13]

ELP,UP = 1
2

(
Eexc(k) + Eph(k) − iℏ(γexc + γph) ±

√(
δ̃(k) − iℏ(γexc − γph)

)2
+ 4ℏ2Ω2

R

)
.

(1.75)
In this case, in order to have the anti-crossing exciton-polariton branches shown in
Fig. 1.7(b), the difference between the excitonic and the photonic dissipation must be
smaller than the coupling strength, |γexc − γph| < 2Ω.

Similar to the effective masses, the effective dissipations of the upper and the lower

26



polaritons are also determined by the Hopfield coefficients as [13]

γLP = |X|2γexc + |C|2γph
γUP = |C|2γexc + |X|2γph.

(1.76)

In the next Section, I will review a mean-field model that effectively describes the dynam-
ics of (lower) exciton polaritons taking into account the polariton-polariton interactions.

1.4.1 Generalised Gross-Pitaevskii Equation

The polariton-polariton interaction is key to achieving interesting physics in an exciton-
polariton system, such as Bose-Einstein condensation [213, 211, 221, 212, 222, 214, 223]
and superfluidity [224, 225, 226, 227, 228] of the lower polaritons. Here, I will review a
nonlinear theory for interacting polaritons presented in Ref. [244]. This theory is very
similar to the Gross-Pitaevskii equation, which I will discuss below.

The Gross-Pitaevskii equation is a nonlinear Schrodinger equation proposed by Gross
[245] and Pitaevskii [246] in 1961 to describe the dynamics of the Bose-Einstein con-
densate. In a condensate, many bosons occupy the same quantum state and, using the
mean-field approximation [245, 246], can be described by a single macroscopic wavefunc-
tion Ψ(r, t)

iℏ
d

dt
Ψ = −ℏ2∇2

2m Ψ(r, t) + Vext(r)Ψ(r, t) + 4πℏ2a

m
|Ψ(r, t)|2Ψ(r, t) (1.77)

where a denotes the atom-atom scattering length and the last term (4πℏ2a)/m = g

determines the interaction strength of the condensate particles [13].
The Gross-Pitaevskii equation has been generalised to describe an exciton-polariton

condensate continuously replenished from an incoherent reservoir of excitons (the so-
called incoherent pumping regime) [244]. The model consists of the Gross-Pitaevskii
equation for the exciton-polariton wavefunction Ψ(r, t) and rate equation for the excitonic
reservoir density nR(r, t)

iℏ
d

dt
Ψ = −ℏ2∇2

2m Ψ + iℏ
2

(
R(nR) − γ

)
Ψ + g̃ℏnRΨ + ℏg|Ψ|2Ψ

d

dt
nR = P − γRnR −R(nR)|Ψ|2 +D∇2nR

(1.78)

where g, g̃ describe polariton-polariton interaction strength and the interaction between
polaitons and the reservoir, respectively, P (r) represents a pump rate, R(nR) describes the
stimulated scattering from the reservoir into the condensate and is usually approximated
as R(nR), γR is the reservoir loss rate, γ represents the radiative loss of the polaritons,
and D is the reservoir diffusion constant [244, 13]. Here, the reservoir scattering is ap-
proximated as R(nR) ≈ RnR, which corresponds to the bottleneck region, and enables the
mean-field model to reproduce the threshold-like behaviour of the polariton condensates
[247]. The typical lifetime of the reservoir excitons are in the magnitude of τR ∼1000
ps, while the cavity photons have lifetime of τph ∼135 ps [248]. As in Eq. (1.76), the
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lifetime of the polaritons are determined by the Hopfield coefficients, while the lifetime
of the excitons are much longer the that of the cavity photons, the lifetime of the lower
polaritons can be approximated as τLP = 1/γLP , where γLP ≈ |C|2γph [248, 13]. In the
exciton-polariton systems available in our research group (ANU Polariton BEC Group),
the polaritons are short-living and have lifetime of γ ∼ 10 ps [249].

In this work, I consider the simple case of the linear regime, which corresponds to the
polaritons below threshold or polaritons at low density close to the threshold. In this
regime, the rate equations in Eq. (1.78) can be approximated as

iℏ
d

dt
Ψ = −ℏ2∇2

2m Ψ + iℏ
2

(
RnR − γ

)
Ψ + g̃ℏnRΨ

d

dt
nR = P − γRnR.

(1.79)

Here, I also set D = 0 for simplicity, since the typical diffusion rate is in the magnitude
of nanometers per picoseconds, which is much smaller than the velocities of the exciton
polaritons, which is in the magnitude of micrometers per picoseconds. In this linear case
in Eqs. (1.79) where the polariton density is low, the reservoir density has a general
steady-state solution

nR(r, t) = P (r)
γR

+
(
nR(r, 0) − P (r)

γR

)
e−γRt

t→∞−−−→ P (r)
γR

.

(1.80)

Assuming the reservoir is in steady state, the equation for Ψ in Eqs. (1.79) can be rewrit-
ten as:

iℏ
d

dt
Ψ = −ℏ2∇2

2m Ψ + iℏ
2

(
PR

γR
− γ

)
Ψ + g̃ℏP

γR
Ψ (1.81)

where (iℏPR)/(2γR) and (g̃ℏP )/(γR) can be interpreted as the imaginary and real parts
of the complex-valued effective potential induced by the pump P . For example, in typical
experiments with GaAs-based microcavity polaritons, the depth of the effective optically
induced potential is in the magnitude of 1 meV [250]. In Chapter 6, I will use this equation
to discuss the non-Hermitian skin effect and show how it can induced by the pump in a
realistic exciton-polariton system.

1.4.2 Exciton-Polariton Pseudospins

As mentioned at the start of the Section, exciton polaritons also exhibit interesting physics
such as the optical spin Hall effects [229, 230], as well as topological insulating phases
[232, 233] arising from photonic spin-orbit coupling. To see how these effects arise, we
first need to discuss the concept of the exciton-polariton pseudospin [251].

When projected on the structure-growth axis, electrons have spins Jez = ±1/2, while
holes have spins of either Jhz = ±1/2, if they are light holes, or Jhz = ±3/2, if they are
heavy holes. These light and heavy holes arise from the two subspaces of solutions to
the Luttinger Hamiltonian proposed in Ref. [252]. Here, light (heavy) holes are formed
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when the projections of the hole angular momentum and spin are anti-parallel (parallel)
to each other [251]. Since holes are not the main focus of this thesis, I have kept it brief,
here. For those interested, please refer to Ref. [253] for more details.

The spin of the excitons is determined by the combination of the spins of the electrons
and the holes, thus excitons have spins of Jz = ±1 and Jz = ±2. In a microcavity,
excitons with spins of Jz = ±2 do not couple to light; hence they are called the dark
states, while excitons with spins of Jz = ±1 do couple with the optical modes, and are
therefore known as the bright states [251]. There are three main mechanisms for spin
relaxation in semiconductors: the Elliott-Yafet mechanism [254, 255] and the Dyakonov-
Perel mechanism [256] arising from the spin-orbit coupling, which result in the transition
between bright and dark states; as well as the Bir-Aronov-Pikus mechanism [257], which
arises from the spin-flip interaction and leads to the transition between the bright states
Jz = +1 and Jz = −1 [251]. It was discovered by Maialle et al. that in a two-dimensional
excitonic system, the spin relaxation is dominated by Bir-Aronov-Pikus mechanism, which
makes the dark states negligible [258, 251]. Exciton polaritons in a quantum microcavity
can therefore be described using a two-component pseudospin.

Right and left circularly-polarized light excites excitons with Jz = 1 and Jz = −1,
respectively, while linearly-polarized light excites equal amounts of excitons with spins of
Jz = 1 and Jz = −1 [259]. Since polaritons have a finite lifetime, they eventually decay
releasing photons which escape the microcavity. The polarizations of the emitted photons
contain complete information of the polariton pseudospins, which can be experimentally
measured using polarimetry techniques. We can therefore define the components of the
exciton-polariton pseudospin in terms of Stokes vector of light as

Sx = |ψH |2 − |ψV |2

|ψH |2 + |ψV |2

Sy = |ψD|2 − |ψA|2

|ψD|2 + |ψA|2

Sz = |ψ+|2 − |ψ−|2

|ψ+|2 + |ψ−|2
.

(1.82)

where here, H, V denote the horizontal and vertical polarizations, D,A denote the di-
agonal and anti-diagonal polarizations and +,− denote the right and left circular polar-
izations [189, 191, 260]. In the next Section, I will discuss theoretical models of exciton
polaritons including pseudospin effects. I will also show how the spinor model leads to
optical spin Hall effects and a topological insulating phase.

1.4.3 Exciton Polaritons under Artificial Gauge Field

Anisotropy in optical cavities can result in synthetic gauge fields for photons and po-
laritons [261]. In a birefringent material, the lower polaritonic branches exhibit con-
stant polarization splitting between the linearly-polarized modes arising from the cavity
anisotropy. On the other hand, when an external magnetic field is applied to the sample,
there emerges Zeeman splitting on the excitonic energy, which splits the spin-up and
spin-down exciton polaritons, which emit circularly-polarized modes. Furthermore, the
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polaritonic branches also exhibit k-dependent splitting between the transverse-electric
(TE) and transverse-magnetic (TM) modes, which scales as ∼ k2 at small k and effec-
tively results in photonic spin-orbit coupling [251, 262, 263, 261]. In Ref. [261], the authors
proposed a model of the lower polariton branch in the basis of the circular polarizations.
This model combines the polarization splitting arising from the TE-TM splitting β, the
cavity anisotropy α and the Zeeman splitting ∆ into a non-Abelian gauge field −→G, which
can also be interpreted as a k-dependent effective magnetic field acting on the polariton
pseudospins described by the two-by-two Pauli matrices

H =
(
E0 + ℏ2k2

2m

)
I + −→G · −→σ

−→G =
(
α + β(k2

x − k2
y), 2βkxky,∆

) (1.83)

with mean polariton energy E0 and effective lower polariton mass m. This model has the
energy band structure

E± =
(
E0 + ℏ2k2

2m

)
±
√

(α + β(k2
x − k2

y))2 + 4β2k2
xk

2
y + ∆2

=
(
E0 + ℏ2k2

2m

)
± E.

(1.84)

When the Zeeman splitting is zero, the exciton-polariton band structure has two spectral
degeneracy in the forms of Dirac points at

kDP =
(

0,±
√
α

β

)
(1.85)

which are diabolical points that lead to conical diffraction of circularly-polarized Gaussian
wavepacket in their vicinities [see Fig. 1.8(a)] [261, 124, 123]. When a non-zero Zeeman
splitting is applied, the Dirac points are lifted and a gap is opened [see Fig. 1.8(b)]. Due
to the TE-TM splitting, the exciton polaritons have also been predicted to exhibit optical
spin Hall effect in Ref. [229], which was later experimentally demonstrated in Ref. [230].
Moreover, when both the TE-TM splitting and the Zeeman splitting are present, the
polaritonic bands exhibit a non-zero Berry curvature [189]

Ωz
± = ∓2k2β2∆

E3 (1.86)

and non-zero Chern number [189, 191, 219, 220, 231, 234]. Exciton-polariton topological
insulator has been experimentally demonstrated in Ref. [232] using a lattice potential.

More recently, exciton polaritons have also been shown to exhibit non-trivial quantum
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(a) (b)

Figure 1.8: Mean-subtracted eigenenergy of the Hamiltonian in Eq. (1.83) in the (a)
gapless and (b) gapped phase. Here, the orange surfaces correspond to +E while the
blue surfaces correspond to −E from Eq. (1.84).

geometry [see Section 1.3] and the components of its QMT take the form [180, 189, 191]

g±,xx =
β2
[
(α− βk2)2k2

y + ∆2k2
]

E4

g±,xy =g±,yx = β2kxky (α2 − β2k4)
E4

g±,yy =β
2 [(α+ βk2)2k2

x + ∆2k2]
E4 .

(1.87)

Although in this Thesis I mainly focus on the Zeeman splitting arising from the out-of-
plane field, it has been shown in Ref. [233] that the optical activity also manifests as
an effective field in the out-of-plane z-direction and can lift the degenercay at the Dirac
point and open a topologically non-trivial gap.

More recently, the exciton polaritons have been proposed as a platform to study non-
Hermitian physics [14, 15, 218]. Exciton polaritons are intrinsically non-Hermitian due
to the presence of photonic and excitonic losses and gain from the pump. As discussed in
Sec. 1.4.1 above, the effective potentials introduced by a pump into the exciton-polariton
system are intrinsically complex-valued. As mentioned previously, the exciton polaritons
decay and release photon emission. These photons contain complete information about
the polaritons in the microcavity, and by measuring them, one can have direct access
to the distribution of the exciton polaritons in both real and momentum space, their
pseudospin (polarization) distribution as well as their complex-valued eigenenergy [15,
218]. Exciton polaritons thus present an experimentally accessible platform to study
non-Hermitian physics. Moreover, unlike many systems where the exceptional points live
in parameter space, where one needs to tune the parameters to encircle or reach the
exceptional point [15, 264] some exciton-polariton systems [218, 265] exhibit exceptional
points and Fermi arcs in momentum space. In the latter case, we can investigate the
effects of these non-Hermitian degeneracies on the dynamics of the system, which is the
main goal of my research. In the next Section, I will present the main models which I
use to investigate the non-Hermitian physics of exciton polaritons.
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1.5 Non-Hermitian Exciton-Polariton Models
Throughout this Thesis, I consider three non-Hermitian effective models describing the
lower polariton branches in momentum space, and my work focuses on the momentum-
dependence of the Hamiltonian. One of them is a non-Hermitian generalisation of the
Dirac model in Eq. 1.17 and the other two are generalisations of the exciton-polariton
model presented in Ref. [261], with each of them an experimentally realisable exciton-
polariton system.

In this Thesis, I consider two-band non-Hermitian models described by the following
Hamiltonians:

Ĥ(k) = H0(k)I + −→H(k) · −→σ
−→H(k) = [Hx(k), Hy(k), Hz(k)]

−→σ = [σx, σy, σz]
(1.88)

where σi are the 2×2 Pauli matrices, and −→H(k) describes the complex-valued effective
magnetic field acting on the exciton-polariton pseudospins.

I also split the Hamiltonian into the Hermitian part Ĝ and the non-Hermitian part Γ̂
such that

Ĥ(k) = Ĝ(k) + iΓ̂(k),

and separate the Hermitian and anti-Hermitian parts of the Hamiltonian as

Ĝ(k) = G0I + −→G(k) · −→σ

Γ̂(k) = Γ0(k)I + −→Γ (k) · −→σ
−→G(k) = [Gx(k), Gy(k), Gz(k)]
−→Γ (k) = [Γx(k),Γy(k),Γz(k)].

(1.89)

The eigenenergies of this model take the form of E± = H0±E with E =
√
H2
x +H2

y +H2
z ,

which is also the mean-subtracted eigenenergy. In this form, both Ĝ, Γ̂ are Hermitian
operators and Gi,Γi for i = 0, 1, 2, 3 are real valued.

This general non-Hermitian Hamiltonian also has the left and right eigenstates in the
form

|ψR±⟩ ∝
(
Hz ± E

H+

)
⟨ψL±| ∝

(
Hz ± E, H−

) (1.90)

where the factor varies on how I want to normalize the eigenstates, for instance as
⟨ψR±|ψR±⟩ = 1, ⟨ψL±|ψR±⟩ = 1 or ⟨ψL±|ψL±⟩ = 1. Here, I also denote H± = Hx ± iHy for
simplicity.
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1.5.1 Non-Hermitian Dirac Model

Recall that in Section 1.2.2, we have seen that the low-energy physics of the Haldane
model near the K and K′-points can be effectively described by the Dirac Hamlitonian
[see Eq. (1.17)]

Ĥ(k) = ℏvFkxσx + ℏvFkyσy +mσz. (1.91)

This Dirac model has a degeneracy called the Dirac point at k = 0 when m = 0. If m ̸= 0,
the degeneracy would be lifted and a topologically non-trivial gap would be opened [see
Fig. 1.9(a,b)].

The first simple 2 × 2 non-Hermitian model I consider is a simple generalisation of
this Dirac model described by the Hamiltonian [8, 202]:

H = kxσx + (ky − iκ)σy + ∆σz, (1.92)

where I set ℏvF = 1 for simplicity. This is a toy model which is easy to solve, but it exhibits
complex-valued energy structure and degeneracies similar to those found in realistic non-
Hermitian exciton-polariton systems. Therefore, it provides useful intuition to understand
the non-Hermitian physics of the polaritons. Here, I denote the z-component of the
effective field as ∆ instead of m, so it would not be confused with the exciton-polariton
mass. At ∆ = 0, the imaginary effective field κ splits the Dirac point at kDP = (0, 0) into
a pair of exceptional points at kEP = (±|κ|, 0) [see Fig. 1.9(c-e)]. The exceptional points
are connected by the bulk Fermi arc [16] where the real parts of energies are degenerate,
Re[E] = 0. This bulk Fermi arc is similar to the surface Fermi arc in Weyl semi-metal in
the Hermitian system, however, it manifests in the bulk band instead of the surface band
structures [113, 266, 118]. The exceptional points are also connected by the imaginary
Fermi arcs where the imaginary parts of energies are degenerate Im[E] = 0 [267]. In
this model, the Fermi arcs stretch along the kx-axis, where the bulk Fermi arc is at
|kx| < |kEP,x| and the imaginary Fermi arcs lie along |kx| > |kEP,x|. When there is a non-
zero out-of-plane field ∆, it shrinks the bulk Fermi arcs, and pulls the exceptional points
towards each other kEP = (±

√
κ2 − ∆2, 0). A strong enough ∆∗ = ±|κ| merges the

two exceptional points into a hybrid point, which is a non-Hermitian spectral degeneracy
that is defective (meaning that the Hamiltonian is no longer diagonalizable and the
eigenstates coalesce), but has zero spectral winding [see Section 1.1.1 for more detail]
[6], and |∆| > |∆∗| would annihilate the degeneracy and open a gap in the real energies,
while the imaginary energies remain gapless, and the imaginary Fermi arcs now extends
to the entire kx-axis [see Fig. 1.9(f-h)]. Realistic exciton-polariton systems can exhibit
exceptional points and Fermi arcs arising from the cavity anisotropy, TE-TM splitting and
polarization-dependent photonic losses [218, 265]. This simple model can be considered as
a low energy effective model of these exciton-polariton systems near a single exceptional
points pair, and has been previously used to study non-Hermitian Berry curvature [202]
as well as non-Hermitian quantum metric tensor [8].
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Figure 1.9: Band structure of the Dirac model in the (a) gapless and (b) gapped phases.
Also showing the bands of the non-Hermitian Dirac model (1.92) in the (c,d) gapless
and (f,g) gapped phases. Panels (e,h) show the exceptional points (green dots), bulk
Fermi arcs (pink line) and imaginary Fermi arcs (purple lines) in momentum space in the
gapless and gapped phases, respectively. The green dots and the pink and purple lines
in (a,b,e) are added by hands.

1.5.2 Perovskite-Based Microcavity Exciton-Polariton Model

The second model I consider was developed to describe an exciton-polariton system in
a perovskite-based microcavity experimentally investigated in Ref. [218]. The dispersion
splitting arising from optical anisotropy plays a significant role in the effects described in
this thesis. Perovskite materials exhibit stronger optical anisotropy in the magnitude of
∼ 1 meV [218] compared to other materials, such as GaAs where the optical anisotropy
is in the magnitude of ∼ 10µeV [268]. Other materials can also be used to produce
similar effects. This non-Hermitian model is very similar to the model in Eq. (1.83),
and it includes the momentum-dependent mean polariton linewidth γ, as well as the
polarization-dependent photonic losses a, b, which arise from the cavity anisotropy α and
the TE-TM splitting β, respectively:

H =
(
E0 + ℏ2k2

2m − iγ(k)
)

I + (−→G + i
−→Γ ) · −→σ

−→G =
(
α + β(k2

x − k2
y), 2βkxky,∆

)
−→Γ =

(
− a− b(k2

x − k2
y),−2bkxky, 0

)
.

(1.93)

Since a, b represent the linewidth splitting, we can also denote α̃ = α − ia and β̃ =
β− ib, to simplify the notations for the later Chapters. The polarisation-dependent losses
a, b are key to the effect which I will describe in later Chapters in this thesis. These
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two parameters arise from the fact that the reflectance of the Bragg reflector mirrors
forming the microcavity dependents on wavelength (and hence energy) and polarisation.
Therefore, the modes suffer different loss when the energy changes.

The polarization-dependent photonic losses split each Dirac point into a pair of ex-
ceptional points, which in polar coordinates are at kEP = (kEP , ϕEP )

kEP =

√√√√√
∣∣∣∣∣∣α− ia

β − ib

∣∣∣∣∣∣
ϕEP = ±π

2 ± arg
√α− ia

β − ib


(1.94)

where each ± is independent. Similarly to the non-Hermitian Dirac model (1.92), each
pair of exceptional points is connected by the bulk Fermi arc, as well as the imaginary
Fermi arcs [see Fig. 1.10]. Each exceptional point in a pair carries a non-zero, but
opposite spectral winding [see Section 1.1.1] of w = ±1/2 around them [16], which has
been experimentally measured in Ref. [218]. Similarly to the non-Hermitian Dirac model
discussed earlier, the exceptional point pair can be merged into a hybrid point by a
strong enough Zeeman splitting |∆| = |∆∗| and lifted at |∆| > |∆∗|. For example, in
a GaAs-based exciton-polariton system investigated in Ref. [191], which was described
by the Hermitian case of the same effective model, the authors experimentally realised a
Zeeman splitting at the magnitude of 2∆ = 100.9 ± 0.6µeV. Here, the critical value ∆∗

is |∆∗| = |(bα− aβ)/β|. Also similarly to the non-Hermitian Dirac model, when a gap is
opened in the real parts of the energy, the imaginary part remains gapless.

1.5.3 Liquid-Crystal Based Exciton-Polariton Model

The third model I consider here was proposed in Ref. [265] to describe photonic modes
in a tunable liquid-crystal-filled microcavity [234, 220].

H =
(
E0 + ℏ2k2

2m − iγ0

)
I + (−→G + i

−→Γ ) · −→σ
−→G =

(
α− β(k2

x − k2
y) − β′k2, 2βkxky, 0

)
−→Γ = (−δΓ, 0, 0).

(1.95)

where β′ arise from the difference between the TE-TM splittings of the two linearly
polarized modes and δΓ arises from the difference between the photonic losses of the
two linearly polarized modes. Here, I switch the sign of β to follow the convention in
Ref. [265]. At δΓ = 0, the exciton-polariton bands have two Dirac points if β > β′ and
four Dirac points if β < β′, and non-zero photonic losses δΓ split each Dirac point into a
pair of exceptional points [265].

Although this model was originally developed to describe photonic modes instead of
polaritons in Ref. [265], it is possible to grow a layer of active material (such as perovskite)
when fabricating the sample which can then host the exciton polaritons in the liquid-
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Figure 1.10: (a) Real and (b) imaginary parts of the band of the exciton-polariton model
in Eq. (1.93). Also showing the real and imaginary parts of the mean-subtracted eigenen-
ergies in the (c,d) gapless phase and (f,g) the gapped phase. (e,f) show the exceptional
points (green dots) and the bulk (pink) and imaginary (purple) Fermi arcs in momentum
space in the gapless and gapped phases, respectively. The green dots and the pink and
purple lines in (a,b,c,d,f,g) are a guide to the eye.

crystal-filled microcavity. In this case, the exciton polaritons in the liquid-crystal-filled
microcavity can be described by the Hamiltonian 1.95, but with different values of
parameters. Furthermore, we can induce a Zeeman splitting ∆σz to the Hamiltonian in
Eq. (1.95) by applying an external magnetic field. Similar to the previous model, at a
large enough Zeeman splitting |∆| = |δΓ|, each pair of exceptional points are merged into
a hybrid point, and |∆| > |δΓ| would open a gap in the real energies. In Chapter 5 in this
Thesis, I focus on the configuration with eight exceptional points (with β′ > β), where
the Fermi arcs and the exceptional points are located along the closed curve of

k(ϕ) =
√

α

β′ + β cos 2ϕ (1.96)

and the exceptional points are at

ϕEP = ± arccos
(

±

√√√√γβ + β′(∆2 − δΓ2) ± α
√
γβ2 + β′2(∆2 − δΓ2)

2βγ

)
(1.97)

where γ = α2 − (∆2 − δΓ2) [see Fig. 1.11]. This model is more realistic than the non-
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(d) (e)
(f)

Figure 1.11: The real and imaginary parts of the liquid crystal-based exciton polaritons
in the (a,b) gapless and (d,e) gapped phases. Also showing the EPs (green dots) and the
bulk (pink) and imaginary (purple) Fermi arcs in momentum space in the (c) gapless and
(d) gapped phases. The green dots and the pink and purple lines in (a,b,e) are a guide
to the eye.

Hermitian Dirac model, but its Fermi arcs structures are still simpler than the perovskite-
based exciton-polariton model (1.93). Therefore, it is easy enough to solve analytically,
but still fully captures the physics of a realistic system.

The models presented here can also be used to describe purely photonic modes in
optical cavities, but with different parameters. Therefore, the results presented in this
thesis have applications in photonic systems as well.

The non-Hermitian models describing the perovskite-based polaritons (1.93) and
liquid-crystal-based microcavity (1.95) are phenomelogical, but they are based on realis-
tic assumptions and more importantly, they were both verified in experiments [218, 265].
The parameters in these two models have proper physical origins and most of them can
be determined experimentally. In the following Chapters, I will use these three model
to investigate non-Hermitian physics of exciton polaritons. The values of the parameters
used are presented in Appendix A.

37



Chapter 2

Wavepacket Self-Acceleration

Disclaimer: This Chapter contains results adapted from my published work "Wave-packet
dynamics in a non-Hermitian exciton-polariton system", Phys. Rev. B 108, 115404
(2023).

2.1 Introduction
One major fact of the non-Hermitian Hamiltonian operator is the complex-valued eigenen-
ergies. The imaginary part of the energy eigenvalues determines the growth or decay rate
of the corresponding eigenstate and hence strongly affects the dynamics of the system,
even in the absence of an external potential. For example, a recent study on a non-
Hermitian Dirac model showed that a wavepacket can move in momentum space without
an external force as a result of the growth and decay of its momentum components [8, 205].
The trajectories of the wavepackets under this self-acceleration are polarization-dependent
and the centre-of-mass (COM) momenta for certain initial conditions follow the gradient
of the imaginary part of the eigenenergy. Similar effects were also described in the context
of a one-dimensional non-Hermitian lattice [269]. Non-trivial dynamical effects due to
non-Hermiticity are therefore expected to arise in real systems with gain and loss.

In this Chapter, I investigate non-Hermitian wavepacket dynamics in a microcavity
polariton system using a two-band model relevant to recent experiments [218] and focus-
ing on observable effects. Apart from the previously predicted [8, 205] acceleration in the
absence of an external force, I also find that for some initial conditions, the wavepack-
ets tend to split into multiple components that propagate towards different directions.
Moreover, these wavepackets tend to evolve into different eigenstates and propagate to-
wards the maxima of the imaginary part of the corresponding eigenenergy. I further show
that this non-unitary dynamics of the wavepacket COM is accurately captured by the
non-Hermitian extension of the Ehrenfest theorem, where the non-Hermitian component
of the Hamiltonian drives the effective force field. Finally, I investigate the interplay be-
tween the self-acceleration and the anomalous velocity arising from the Berry curvature
and non-Hermitian anomalous Berry connection due to an external force [204].

I mainly focus my analysis on the non-Hermitian model based on the perovskite-based
microcavity exciton-polariton system described by the Hamiltonian in Eq. (1.93), which
has the band structure and imaginary Fermi arcs shown in Fig. 2.1(a-c). I also emphasise
that, in my analysis, I expand the momentum-dependent mean polariton linewidth (see
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Eq. (1.93)) to the fourth order in k as

γ(k) ≈ γ0 + γ2k
2 + γ4k

4

to capture the non-monotonic behaviour observed in previous experiments [218]. The
exciton-polariton linewidths are even functions of k, and the data from previous exper-
iments in Ref. [218] show that at least the forth order in k is needed to capture the
structure of the linewidth. As shown in Fig. 2.1(b) and highlighted in Fig. 2.1(d,e),
ImE+ has two maxima lying on the ky-axis, while ImE− has two maxima on the kx-axis.
These points play an important role in the dynamics of the polariton wave packets as
discussed in the next Section. I also present my analysis of two other similar models; the
non-Hermitian Dirac model based on Eq. (1.92) and the non-Hermitian Chern insulator
model from Ref. [270].

2.2 Wavepacket Dynamics
To understand the influence of the non-Hermiticity on the dynamics of exciton polaritons,
inspired by previous works [8, 269], I investigate the dynamics of Gaussian wavepack-
ets in the polariton system described by the model Hamiltonian Eq. (1.93). Since the
Hamiltonian contains k-components only and no external potential, the time evolution
of wavepackets in real and momentum spaces and the resulting pseudospin textures can
be calculated exactly using the time-evolution operator

e−iHt/ℏ = e−iH0t/ℏ

I cos Et
ℏ

− i

−→H
E

· −→σ sin Et
ℏ

 , (2.1)

where E =
√
H2
x +H2

y +H2
z is the mean-subtracted eigenenergy, and this equation is

valid anywhere in the momentum space except at the degeneracies.
The initial Gaussian wavepacket is a superposition of multiple k-components of the

pseudospin eigenstates whose individual contributions to the time evolution can be de-
scribed by:

|ψ(k, t)⟩ = e−iHt/ℏ|ψ(k, t = 0)⟩
|ψR±(k, t)⟩ = e−iReE±(k)teImE±(k)t|ψR±(k)⟩,

(2.2)

where the superscript R denotes the right-eigenstates (Eq. (1.90)). The variation in the
imaginary part, as shown below, is responsible for some peculiar dynamical effects.

The COM position in real and momentum spaces is then calculated using the expec-
tation values of k and x as [269]:

⟨k(t)⟩ =
∫
⟨ψ(k, t)|k|ψ(k, t)⟩d2k∫
⟨ψ(k, t)|ψ(k, t)⟩d2k

⟨x(t)⟩ =
∫
⟨ψ(x, t)|x|ψ(x, t)⟩d2x∫
⟨ψ(x, t)|ψ(x, t)⟩d2x

.

(2.3)
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Figure 2.1: The (a) real and (b) imaginary parts of the polariton eigenenergies with cuts to
show the degeneracies. Green dots mark the exceptional points, and the pink and purple
arcs are guides to the eye indicating the bulk and the imaginary Fermi arcs, respectively.
(c) The momentum-space structure of the bulk Fermi arcs, the imaginary Fermi arcs and
the exceptional points shown in (a,b). (d,e) The imaginary parts of the eigenenergies
ImE+ (orange line) and ImE− (blue line) at ky = 0 and kx = 0, respectively. The black
dots mark the maxima of ImE±. Reprinted with permission from [271] © American
Physical Society.
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This ensures that even though the time-evolution is non-unitary, I can still normalize the
wavefunction at each point in time. These two quantities can be experimentally measured
in polariton systems since experiments have access to the distribution of the polaritons
in both real and momentum spaces.

2.2.1 Self-Acceleration and Splitting of Wavepackets

Example COM trajectories of the wavepackets in real and momentum spaces are presented
in Fig. 2.2 which clearly shows the accelerating behaviour in the absence of an external
field. The initial exciton-polariton wavepackets are Gaussians centred at k = (0, 3)µm−1

with widths of 2µm−1 in momentum space. The wavepakcets were initially placed in
circularly (±), horizontally (H), vertically (V), diagonally (D) and anti-=diagonally (A)
polarized modes, and the lines in Fig. 2.2 represent trajectories of the wavepackets with
different initial polarizations. The same self-acceleration was previously theoretically
predicted in other non-Hermitian systems [8, 269]. Furthermore, the trajectories are
sensitive to the polarization of the initial wavepacket. However, regardless of the initial
polarization, the self-accelerating wavepackets tend to move towards the same point in
momentum space or towards the same direction in real space. This point in momentum
space, which I denote k∗, corresponds to the maximum of the imaginary part of the
eigenenergy.

Intuitively, the acceleration arises from the inhomogeneous landscape of ImE± in k

space, in other words, a non-zero gradient of the imaginary part of eigenenergy ∇ ImE± ̸=
0 [see Fig. 2.1(b,d,e)] [8]. Some k-components are decaying faster than others, causing
the wavepacket to reshape and resulting in an effective displacement of the COM towards
k-components with larger imaginary part (or lesser decay rates), until it reaches the value
of k∗. However, the actual trajectory of the wavepacket does not follow ∇ ImE±, as I
show here and in other two-band systems (see Sec. 2.2.3).

The acceleration of the wavepacket can be derived from the Ehrenfest theorem [17]
where the dynamics of the expectation value of some operator Â follows the equation of
motion:

d

dt
⟨Â⟩ = ⟨dÂ

dt
⟩ + i

ℏ
⟨[Ĥ, Â]⟩. (2.4)

In Hermitian systems, the wavepacket will accelerate when the Hamiltonian is either
time-dependent or does not commute with the momentum operator, e.g. when H has
a spatial dependence. The Hamiltonian defined by Eq. (1.93) satisfies neither of these
conditions. However, extending Ehrenfest theorem to non-Hermitian systems [272, 273]
leads to the following equation of motion:

d

dt
⟨Â⟩ = ⟨dÂ

dt
⟩ + i

ℏ
⟨Ĥ†Â− ÂĤ⟩ − i

ℏ
⟨Â⟩⟨Ĥ† − Ĥ⟩, (2.5)

which describes the dynamics of the centre-of-mass momentum as:

d

dt
⟨k⟩ = 2

ℏ
⟨kΓ̂⟩ − 2

ℏ
⟨k⟩⟨Γ̂⟩. (2.6)
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Figure 2.2: The polarization-dependent trajectories of the COM of the polariton
wavepacket in (a,b) the momentum space and (c) in the real space, where (b) is the
zoom-in of (a). Different colours represent different initial waveapckets, which are ini-
tially horizontally (ψH), vertically(ψV ), diagonally (ψD), anti-diagonally (ψA) and cir-
cularly (ψ±) polarized. Note that the trajectories of the horizontally polarized and the
vertically-polarized modes overlap. The open dots denote the initial wavepacket centre of
mass in both momentum and real space and the black dots denote the maxima of ImE±
in momentum space. Reprinted with permission from [271] © American Physical Society.
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Here, Γ̂ is the anti-Hermitian component of the Hamiltonian, which results in extra terms
that describe an acceleration of the wavepackets analogous to the effect of an external
force. The effect is similar to an electromagnetic field applied to electronic wavepackets
in a solid state system [100, 178, 179]. The extended Ehrenfest theorem clearly shows
that the observed self-acceleration is due to the non-Hermitian terms.

If the initial polarization of the wavepacket is the right eigenstate |ψR±⟩, Eq. (2.6) can
be further simplified as:

d

dt
⟨k⟩ = 2

ℏ
⟨k ImE±⟩ − 2

ℏ
⟨k⟩⟨ImE±⟩. (2.7)

This expression highlights that the self-acceleration results from the imaginary parts of
the eigenenergies. Moreover, I note that when ImE± are constants, the two terms in
Eq. (2.7) will cancel out. Hence, a non-zero gradient of ImE± is necessary for the self-
acceleration.

Note that the self-acceleration arising from Eq. (2.6) also depends on the current state
of the system. Therefore, the dynamics of ⟨k⟩ depends on the COM momentum, width,
and polarization of the wavepacket, as well as time. This explains the previous findings
that wavepackets with larger widths in momentum space show larger accelerations [8]
and the polarization-dependent trajectories in Fig. 2.2 (see also Ref. [8]).

Although Eq. 2.6 describes complicated dynamics, its r.h.s. defines an effective k-
dependent force field corresponding to the self-acceleration of an initial wavepacket. Two
examples of the initial force fields, denoted as dt⟨k⟩, are presented in Fig. 2.3(a,b), where
the fields are calculated for a fixed-width Gaussian wavepacket centered at k with initial
horizontal (H) or vertical (V) polarizations, respectively. The H-polarized wavepackets
tend to accelerate towards two of k∗ at k = (0,±1) µm−1 [see Fig. 2.3(a)], while the
vertically-polarized ones tend towards the other k = (±1, 0) µm−1 [see Fig. 2.3(b)].
This reflects the results presented in Fig. 2.2 that the magnitude of the acceleration is
minimised around k∗.

The force field also changes with time as the momentum distribution and polarization
evolve. An example is presented in Fig. 2.3(c-f) for the diagonally (D) polarized initial
wavepacket in Fig. 2.2. The acceleration of the wavepacket oscillates and decays to zero
as the wavepacket propagates towards k∗ = (0, 1) µm−1. The agreement between the
acceleration calculated from the direct simulation (dots) and from Eq. (2.6) (line), clearly
shows that the non-Hermitian extension of the Ehrenfest theorem accurately captures
the COM dynamics, and therefore provides a semi-classical description of the wavepacket
dynamics.

Surprisingly, when the wavepacket is initialized on the imaginary Fermi arc, it splits
into two components that propagate away from each other as seen in Fig. 2.4(a-c). Fur-
thermore, when the wavepacket is initialized at the origin, k = 0, while overlapping with
the two imaginary Fermi arcs, it splits into four components that accelerate away from
each other along the ±kx and ±ky directions [see Fig. 2.4(d-f)].

The splitting of the wavepackets is due to the different imaginary parts (or decay
rates) of the two eigenstates. It is natural for the wavepacket to evolve with time towards
an eigenstate with the larger growth rate (or the smaller decay rate). In my model,
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Figure 2.3: The time-derivative of the COM momenta dt⟨k⟩ of (a) horizontally-polarized
and (b) vertically-polarized wavepackets with different initial COM momenta k0 at t =
0 ps, respectively. (c,d) show the COM momenta of an initially diagonally-polarized
wavepacket initially centred at k0 = (0, 3), while the dotted lines denote k∗. (e,f) show
dt⟨k⟩ of the same wavepacket. The black lines are dt⟨k⟩ calculated from Eq. (2.6), which
fully agree with the numerical results (black dots). Reprinted with permission from [271]
© American Physical Society.
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Figure 2.4: Splitting of the exciton-polariton wavepacket when initialized (a-c) on the
imaginary Fermi arc, and (d-f) at the origin. The black dots denote k∗. The plots and
the colorbar represent the evolution of the normalized probability density function (PDF).
Note that this is not equal to the wavepacket amplitude |ψ|2, which decreases over time
due to the continuous decay. Reprinted with permission from [271] © American Physical
Society.
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Figure 2.5: (a-c) Evolution of the wavepacket initially prepared as an equal superposition
of the two right eigenstates |ψ⟩ = c+|ψR+⟩+c−|ψR−⟩. Shown is (|c+|2 −|c−|2)/(|c+|2 +|c−|2).
The green dots denote the exceptional points and the black dots denote k∗. Reprinted
with permission from [271] © American Physical Society.

ImE+(k) is larger inside the region bounded by the Fermi arcs, while ImE−(k) is larger
outside. Therefore, the components of the wavepackets bounded by the Fermi arcs will
evolve towards the upper eigenstate |ψR+(k)⟩, while those outside the region will evolve
towards the lower eigenstate |ψR−(k)⟩. Hence, the wavepacket splits as shown in Fig. 2.4.

Therefore, when the system is in a superposition of the two right eigenstates |ψ⟩ =
c+|ψR+⟩ + c−|ψR−⟩, the coefficients can be determined using the bi-orthogonality condition
as

c± = ⟨ψL±|ψ⟩.

By taking the normalized modulus squared |c±|2/(|c+|2 + |c−|2), I was able to calculate
the weight of each eigenstate in the wavepacket.

This analysis is supported by the time evolution of the normalized components of
the upper and lower eigenstates shown in Fig. 2.5, corresponding to the case presented
in Fig. 2.4(a-c). Since in this case, there is no external force, and the Hamiltonian has
only momentum dependence. The time evolution operator can be calculated exactly in
Eq. (2.1). One component quickly becomes dominant such that the components inside
(outside) the region bounded by the Fermi arcs belong to the upper (lower) eigenstate.
The situation is the same for the case presented in Fig. 2.4(d-f). Note that since the
difference in the imaginary parts of the two eigenenergies, Im(∆E), is larger for large k
[see Fig. 2.1], the components of the wavepackets with large k will evolve into the two
eigenstates faster than the components near k = 0.

Importantly, whenever the wavepackets split, the extended Ehrestfest theorem fails to
capture their motion as the COM momenta will no longer correspond to the peak of the
wavepackets. Here, despite the COM momenta being still described by Eq. (2.6), they
can no longer be used to describe the wavepckets semi-classically in analogy to point
particles.
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2.2.2 Directional Propagation of Wavepackets

After the wavepacket evolves into the eigenstates with the larger ImE, its COM will then
propagate towards the maxima of the corresponding ImE in momentum space, as shown
in Fig. 2.4(c,f). In real space, the wavepackets will asymptotically exhibit directional
transport with a group velocity corresponding to the (1/ℏ)∇k ReE at k∗ [269].

In the perovskite exciton-polariton model (1.93), ImE+ has two maxima at (0,±k∗
+)

inside the region bounded by the Fermi arcs, while ImE− has two maxima at (±k∗
−, 0)

outside this region [see Fig. 2.1(c)]. Hence, wavepackets inside the region bounded by the
Fermi arcs will asymptotically reach the points k∗ = (0,±k∗

+) while those outside this
region reach k∗ = (±k∗

−, 0). Note that for ∆z = 0, we have k∗
± =

√
(γ2 + b)/2γ4

In real space, the wavepackets asymptotically reach their corresponding non-vanishing
group velocities. The wavepackets inside the Fermi arcs will have ⟨v+⟩ = (0,±v∗), while
those outside will have ⟨v−⟩ = (±v∗

−, 0), where (for ∆z = 0)

v∗
± =

( ℏ
2m − β

ℏ

)√2(γ2 + b)
γ4

. (2.8)

Note that these asymptotic group velocities of the wavepackets only depend on the
mean linewidth parameters γ2,4, and the spin-orbit coupling parameters β and b. The
anisotropy, however, determines the direction.

In the limit of a tightly focused wavepacket in real space, hence covering multiple k∗

in momentum space, the wavepacket will split into four parts with each part funneling to
the vicinity of k∗ that it covered, as shown in Fig. 2.6(a-c). In real space, the wavepacket
splits and spreads over time, eventually evolving into four broad wavepackets in the
two eigenstates. Each of the smaller wavepackets exhibits directional transport with the
corresponding non-vanishing asymptotic group velocities ⟨v±⟩ [see Fig. 2.6(a-f)].

In the presence of Zeeman splitting, i.e., ∆z ̸= 0, the k∗ points can be found numer-
ically by solving ∂k Im[H0 ± E] = 0, which yields the local minima at k = 0 and the
local maxima at k∗. Increasing ∆z will move them towards k = 0 [see Fig. 2.6(g,h)].
Since the k∗ points stay on the kx and ky axes, ∆z will only change the magnitude of the
final group velocities, but not the directions. The final group velocities depend on ∆z

non-monotonically, as seen in Fig. 2.6(i,j).
Note that when the system is isotropic, both α and a vanish and the exceptional

points will move to the origin and merge into a single Hermitian-like degeneracy with
two distinct eigenstates. In this case, the four maxima at k∗ will join to form a ring
around the origin with radius k =

√
(γ2 + b)/2γ4. Hence, the wavepacket will propagate

and evolve towards this ring.
It is worth mentioning that the above results are derived under the assumption that

the polariton wavepacket is initialized as a superposition of the two eigenstates, |ψ⟩ =
c+|ψR+⟩ + c−|ψR−⟩, and has nonzero |c±| at all of k∗. In contrast, if the initial state is in
one of the eigenstate |ψR±⟩, the wavepacket will only propagate towards the corresponding
max(ImE±). Furthermore, if the components of the eigenstate |c±|2 in the initial state
is zero at the corresponding max(ImE±), the wavepackets will not asymptotically funnel
to max(ImE±)
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Figure 2.6: (a-c) Momentum space, and (d-f) real space time evolution of a spatially
tightly focused initial wavepacket. (g,h) Coordinates of the k∗ points as a function of
Zeeman splitting ∆z where k∗ = (0,±k∗

+), (±k∗
−, 0). (i,j) Asymptotic group velocities

where ⟨v+⟩ = (0,±v∗
+) and ⟨v−⟩ = (±v∗

−, 0). The black lines in (i,j) represent the
group velocities v = (1/ℏ)∇k ReE± calculated from k∗ in (g,h), which show excellent
agreement with the results from numerical simulation of wavepacket dynamics (black
dots). In the numerical simulation, I calculate the COM position of the wavepacket in
time, then compute the asymptotic group velocity. Reprinted with permission from [271]
© American Physical Society.
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For example, when ∆z = 0, the upper eigenstate at the points k∗ = (0,±k∗
+) inside

the region bounded by the Fermi arcs is H-polarized. Therefore, if the initial state is
V-polarized and has no H component, the polaritons at k∗ = (0,±k∗

+) cannot evolve
into |ψR+⟩, as shown in Fig. 2.7(a-c). Consequently, the wavepacket will never funnel to
the corresponding k∗ points [see Fig. 2.7(d-f)]. Instead, the wavepacket will funnel to
the other extrema at k∗ = (±k∗

−, 0) and exhibit directional transport in real space at the
constant velocities ⟨v−⟩. This also explains why the extended Ehrenfest theorem predicts
dt⟨k⟩ ≈ 0 only at k∗ = (±k∗

−, 0) [or k∗ = (0,±k∗
+)] for the V-polarized [or H-polarized]

wavepackets in Fig. 2.3(a,b).

Out[ ]=

!c" !#!c# !

#"#$
#$#%
$
$#%
"#$

(c)(b)(a)

(d)

t=0 ps

t=0 ps

t=0.25 ps t=2 ps

t=5 ps

Out[ ]=

!"#

$
$%&
$%'
$%(
$%)
*%$

      
          

(e) (f)

t=25 ps

Figure 2.7: (a-c) Time evolution of (|c+|2 − |c−|2)/(|c+|2 + |c−|2) when the initial
wavepacket is vertically-polarized. (d-f) Shows the time evolution of the wavepacket
with black dots marking k∗ = max(ImE±) and the green dots marking the exceptional
points. Reprinted with permission from [271] © American Physical Society.

2.2.3 Wavepacket Trajectories in Other Two-Band Systems

Previous studies [8, 205] have suggested that the wavepacket COM momenta in a non-
Hermitian Dirac model follow the gradient of the imaginary part of the eigenenergies
∇ ImE. In particular, Silberstein et al. derived an approximated semi-classical equation
of motion describing the self-acceleration of a wavepacket COM as

ℏk̇c = 2w2∇k Im[En]|k=kc (2.9)

where w is the width of the wavepacket in the k-space [205]. This equation was derived for
a one-dimensional system, but can be easily generalized to higher dimensions. Although
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this seems to accurately describe the trajectories of the exciton-polariton wavepackets
described by the model in Eq. (1.93), this is not always the case. In this Section, I will
demonstrate the disagreement between Eq. (2.9) and wavepacket dynamics under self-
acceleration by analysing two different non-Hermitian two-band models to highlight the
discrepancy and the need for a new theory of this dynamical effect.

In this Section, I present the analysis of the wavepacket dynamics in two additional
exemplary models, a non-Hermitian Dirac model and a non-Hermitian Chern insulator.
These two models have similar band structures near the origin, but their wavepacket
dynamics and asymptotic behaviour are qualitatively different.

One of the models I consider here is the non-Hermitian Dirac model described by
the Hamiltonian in Eq. (1.92). In the gapless phase with ∆ = 0, its band structure
has two excpetional points at kEP = (±κ, 0) and the eigenenergies structure is shown in
Fig. 2.8(a,b).

In the non-Hermitian Dirac model, E+ has the larger imaginary part at ky < 0
while E− has the larger imaginary part at ky > 0 [see Fig. 2.8(a,b)]. Therefore, as
time evolves, the wavepackets at ky < 0 tend to evolve into the upper eigenstate, while
the wavepackets at ky > 0 tend to evolve into the lower eigenstate. Furthermore, at
∆ = 0, max(ImE) lies on the ky-axis. Therefore, the wavepackets in this model propagate
towards a line of extrema k∗, unlike the wavepackets in the exciton-polariton model in
Eq. (1.93) described in the previous Section. From Fig. 2.8(e,f), It can be seen that, unlike
the trajectories of the exciton-polariton wavepackets, the centre-of-mass momenta of the
Dirac wavepackets seem to only follow ∇ ImE± initially. As time evolves, the trajectories
of the wavepackets start to deviate from ∇ ImE±. More importantly, the trajectories of
the wavepackets, as well as the k∗ points they propagate to, highly depend on their initial
momenta. Figure 2.8(h) shows that the trajectories of the wavepackets with different set
of initial centre-of-mass momenta will not follow the same paths towards the same k∗ as
the wavepackets in Fig. 2.8(f).

The other non-Hermitian model considered in this Section is the non-Hermitian Chern
insulator described by the Hamiltonian [270]:

H = (m+ cos kx + cos ky)σx + (iγ + sin kx)σy + sin kyσz (2.10)

that has eigenenergies

E± = ±
(

(m+ cos kx + cos ky)2 + (iγ + sin kx)2 + sin2 ky

)1/2
. (2.11)

The phase diagram and edge states of this model have been extensively studied in Ref.
[270]. At m = −2, γ = 1, there is a pair of exceptional points in the Brillouin zone
at k = (0,±π/3) and the band structure is similar to that of the non-Hermitian Dirac
model. However, unlike the Dirac model, ImE± reaches maximum at a k∗ in the middle
of the Brillouin zone, which is also the middle of the bulk Fermi arc [see Fig. 2.8(c,d)].

The wavepackets with different initial centre-of-mass momenta in this model also
follow different paths [see Fig. 2.8(g)]. Here, the wavepackets are initialised in the
less dissipative eigenstate. However, unlike the non-Hermitian Dirac model, where the
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Figure 2.8: (a,b) The real and imaginary parts of the eigenenergies of the non-Hermitian
Dirac model, Eq. (1.92). (c,d) The real and imaginary parts of the eigenenergies of the
non-Hermitian Chern insulator, Eq. (2.10) in a gapless phase with exceptional points. (e-
i) Wavepacket trajectories (red) with ∇ ImE (black) with the Fermi arcs and exceptional
points of the (e) polariton model (1.93), (f) the non-Hermitian Dirac model (1.92) and (g)
the non-Hermitian Chern insulator (2.10). (h,i) Wavepacket trajectories with different
sets of initial COM momenta (blue arrows) in the non-Hermitian Dirac model and non-
Hermitian Chern insulator, respectively, showing that they do not follow the same paths
indicated by the red arrows. Reprinted with permission from [271] © American Physical
Society.
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asymptotic behaviour of the wavepacket centre-of-mass momenta is sensitive to the initial
conditions, the wavepackets in the non-Hermitian Chern insulator seem to propagate to
the same k∗ asymptotically.

The above analysis of the non-Hermitian Dirac model and the non-Hermitian Chern
insulator shows that the centre-of-mass momenta of a wavepacket only follow ∇ ImE of
its corresponding eigenstate on a short time scale. The trajectories of the wavepackets
will deviate increasingly from ∇ ImE with time. Furthermore, in cases where there are
multiple maxima of ImE±, both the paths that the wavepackets take and the k∗ points
that the wavepackets propagate towards to will be sensitive to the initial conditions of
the wavepackets. This is perhaps because the derivation of Eq. (2.9) only includes Taylor
expansion around the COM momenta up to the 2nd order [205]. Higher-order terms will
be needed to capture the trajectories of wavepackets under self-acceleration, but this is
beyond the scope of this thesis.

2.3 Conclusion and outlook
To conclude, I have investigated the dynamics of wavepackets in a non-Hermitian exciton-
polariton system. I found that the wavepackets tend to evolve into the eigenstate with
the larger imaginary part of the energy ImE, then propagate towards the momentum
corresponding to the max(ImE). This results in splitting, self-acceleration, and direc-
tional transport of the wavepackets in the absence of an external force. These effects
arise from the imbalance of decay rates (or gain) between the eigenstates due to the non-
Hermitian components of the Hamiltonian. I also show that the non-Hermitian extension
of the Ehrenfest theorem results in a semi-classical equation of motion for non-Hermitian
wavepacket dynamics.

Although here I focus on polaritons, these results are general and applicable to other
two-dimensional two-band systems as well as one-dimensional or three dimensional multi-
band systems, including purely photonic systems. However, experimentally, the coupling
between photons and excitons results in a larger effective mass and slower propagation
speeds, potentially allowing us to observe the predicted dynamics at a picosecond scale
using a streak camera [274]. In addition, the presence of distinct extrema of the polariton
linewidth at a finite momentum, which arises from photon-exciton coupling, is responsi-
ble for the acceleration, splitting and directional propagation in absence of an external
force described in this Chapter. The self-acceleration shows the possibility to control the
particle flows via tuning of the landscape of the imaginary-valued eigenenergy in momen-
tum space, which might have application in future photonic or hybrid light-matter based
low-energy technologies.
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Chapter 3

Non-Hermitian Quantum Geometric
Tensor and Wavepacket Dynamics

Disclaimer: This Chapter is based on my published works "Generalised quantum geo-
metric tensor in a non-Hermitian exciton-polariton system [Invited]", Optical Materials
Express 14, 3, 664-686 (2024) and "Quantum geometric tensor and wavepacket dynamics
in two-dimensional non-Hermitian systems", Phys. Rev. Research 7, L012067 (2025).
The analytic forms of the LR QGT was also previously presented in my Honours The-
sis "Non-Hermitian Topology of Microcavity Exciton Polaritons" [Honours Thesis, Aus-
tralian National University], Australian National University Open Research Repository
http://hdl.handle.net/1885/256023 (2021). Although in my Honours Thesis, I also dis-
cussed the role of the RR QGT in dynamics of exciton-polariton wavepackets, I later found
the previous results to be incorrect, and present the corrected results in this Chapter.

3.1 Introduction
As previously discussed in Chapter 1, the QGT plays an important role in the wavepacket
dynamics as it accounts for the field-induced positional shift [178, 179] or the nonadiabatic
corrections to the group velocity [180]. However, it is difficult to generalise these results
to non-Hermitian system due to the different ways to define the components of the QGT,
namely the right-right (RR) and left-right (LR), as the results of the different left and
right eigenstates. In this Chapter, I address this ambiguity in the QGT definition by
investigating the wavepacket dynamics in a two-band non-Hermitian system using the
first-order perturbative theory and generalising the semi-classical equation of motion in
Ref. [178] to non-Hermitian systems.

In the first half of this Chapter, I derive a semi-classical equation of the center-of-
mass motion of a wavepacket, which explicitly shows the contributions of both the LR
and RR components of the QGT. I then compare the analytical results with a numerical
simulation using a non-Hermitian model of a perovskite-based exciton-polariton system
described by Hamiltonian in Eq. 1.93. The model is chosen because the exciton-polariton
system, in principle, allows for experimental verification of my theoretical predictions.

In the second half of this Chapter, I show how the components of the two non-
Hermitian generalisations of QGT (i.e., the RR and LR QGT) can be experimentally
measured in an exciton-polariton system by generalising the approach proposed by Bleu
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et al. in Ref. [189]. The method in Ref. [189] was recently applied to measure the QGT of
non-Hermitian systems [199, 9]. However, the approach is based solely on right eigenstates
that are experimentally accessible, and hence may not apply to generic non-Hermitian
systems, where the LR QGT may play a significant role. In this Chapter, I show how the
components of the LR QGT can also be experimentally measured by measuring only the
right eigenstates and demonstrate this methodology using the non-Hermitian model of a
perovskite-based exciton-polariton system.

3.2 Wavepacket Dynamics and Non-Hermitian
Quantum Geometric Tensors

In the previous section, I studied wavepacket dynamics in the absence of an external
force. In this Section, I will include the effects from an external force in the wavepacket
dynamics. It should be noted that the derivation presented here is quite general, it
is highly relevant to the cavity exciton-polariton system that I refer to throughout my
Thesis. Although the exciton polaritons are neutrally charged, hence one cannot apply
an external force using an electric field as in the case of electronic wavepackets in solid
state systems [178, 179]. Instead, an external force can be realised through a cavity
wedge. Because the fabrication process is never perfect, there will inevitably be a small
variation or wedge in the cavity length. Such a wedge translates to a linear energy
gradient experienced by polaritons and therefore gives rise to an effective external force
needed to study the effects that will be discussed in this Section [275].

3.2.1 Interplay between Self-Acceleration and External Force

In Ref. [205], Silberstein et al. derived a semi-classical equation of motion for a wavepacket
in a non-Hermitian system, showing both the effects from the RR Berry curvature and
the non-Hermitian anomalous Berry connection [as shown in Eq. (1.64)], as well as self-
acceleration arising from the finite size of the wavepackets in the absence of an external
force:

k̇c = 2w2∇k Im[E]|k=kc , (3.1)

where w denotes the width of the wavepacket, |ψ(k, t = 0)⟩ ∝ exp(− (k−kc(t=0))2

4w2 ), in
momentum space. In this Section, I will present my results on a semi-classical equation
of motion describing the interplay between the self-acceleration and the effects of a force. I
derive the equation of motion by extending the formalism in Ref. [205] to include both the
external force and self-acceleration while assuming that the two bands are well separated,
so that the single-band approximation holds, which neglects the mixing between the
two eigenstates due to the perturbation[276, 269, 8, 277]. For more information on the
derivation, please refer to Appendix B.

The resulting equations, up to the second order in the wavepacket widths, along the
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w w

Figure 3.1: (a,b) Time derivatives of the COM momenta and (c,d) the group velocities
computed numerically using the split-step method [278, 279] (dots) and semi-analytically
using Eq. (3.2) (lines). (e,f) The numerically extracted wavepacket widths. The values of
w in the legend correspond to the initial wavepacket widths. Reprinted with permission
from [61] © Optica Publishing Group.

i-th direction are

ℏ(k̇c)i =Fi + 2w2
i ∂ki

Im[E± + F · (ARR
± − ALR

± )]
ℏ(ṙc)i =∂ki

Re[E± + F · (ARR
± − ALR

± )] − (F × ΩRR
± )i

+
∑
j

w2
j

2 ∂2
kj

(
∂ki

Re
[
E± + F · (ARR

± − ALR
± )

]
− (F × ΩRR

± )i
)

+ 2w2
j

[
∂kj

Im
[
E± + F · (ARR

± − ALR
± )

]
∂kj

(
Re

[
(ARR

± )i
]

− ∂ki
φ
)]

(3.2)

where φ is the complex phase of the wavepacket and wj is the wavepacket width along
the j-th direction in momentum space. The latter parameter can be computed as

w2
j =

∫
(kj − (kc)j)2 ⟨ψ(k, t)|ψ(k, t)⟩d2k∫

⟨ψ(k, t)|ψ(k, t)⟩d2k
.
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To test the approximation in Eq. (3.2), I simulate the dynamics of Gaussian wavepack-
ets using the exciton-polariton model in Eq. (1.93). The Zeeman splitting is set to
∆ = 0.008 eV to open a gap. For the values of the rest of the parameters used
in the simulation, please refer to Appendix A. The wavepacket was initially prepared
in the upper right eigenstates of the Hamiltonian (1.93) with different initial widths
w, and initial COM at kc = (0.05, 2.5)µm−1, rc = (0, 0)µm and an external force
F = (0,−10−4) eV/µm, which is chosen to be small enough so the first-order approx-
imation is valid [180, 205]. The complex phase φ from Eq. (3.2) is difficult to compute
but I assume that the terms proportional to the external force are small and approximate
the terms as ∂ki

φ ≈ −∂ki
ReE+t/ℏ+(r0)i where r0 disappear in the derivatives. Note that

in contrast with Hermitian systems, the wavepacket size (in momentum space) changes
as it evolves, which makes it difficult to compute Eq. (3.2) completely analytically. I
therefore adopt a semi-analytic approach and numerically extract w2

j [see Figs. 3.1(e,f)],
then use it to compute the time derivatives of the COM momenta [see Figs. 3.1(a,b)] and
the group velocities [see Figs. 3.1(c,d)].

The results presented in Fig. 3.1 show that the semi-analytic approach using Eq. (3.2)
gives good approximations for the wavepacket dynamics. More importantly, it clearly
shows that the anomalous drift is strongly modified by the size of the wavepacket.

In the following Section, I will consider another effect in wavepacket dynamics from
the external force, which arises from the quantum metric instead of the finite wavepacket
size. As shown in Section 1.3.2, the quantum metric tensor describes the perturbative
correction to the anomalous velocity in the wavepacket dynamics. I will expand the pre-
vious results in Eq. (1.64) to the second order in force using non-Hermitian perturbation
theory [280]. This will uncover how the semi-classical theory in Eq. (1.51) is modified by
non-Hermiticity. Furthermore, it will also clear the ambiguity arising from the different
ways to define the quantum metric, namely LR and RR.

3.2.2 Wavepacket Dynamics in Non-Hermitian Perturation Theory

In this Section, I will show my results on how the generalised QGT describes the wav-
packet dynamics, which arises from the first-order non-Hermitian perturbation theory.
First, I consider a perturbation to a two-dimensional (2D) Hamiltonian in the form of

H̃ = H − F · r, (3.3)

where F represents a weak external force field and r is the position operator. The term
−F · r can be seen as a perturbation to the unperturbed Hamiltonian H which only has
k-dependence. I then consider a Gaussian wavepacket in the state

|W ⟩ =
∫
w(k, t)eik·r|ũR0 (k)⟩d2k, (3.4)

where |ũRn ⟩ is a right eigenstate of the Hamiltonian H̃ (3.3). I also denote the n-th right
eigenstate of the Hamiltonian H without external force as |uRn ⟩.

In this Section, I focus on a generic two-band system with gain and loss and de-
note |ũR0 ⟩ to be the eigenstate with the larger growth (or the smaller decay) rate. The
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wavepacket will eventually evolve into the eigenstate with the largest ImEn due to the
loss or gain (see previous Chapter) [205, 276]. Therefore, in order to employ a single-band
approximation, I need to ensure that the wavepacket stays in the eigenstate that has the
larger ImEn, i.e. larger gain (or smaller loss).

I then apply the perturbation theory [280] by expanding the eigenstate to the first
order correction in F as,

|ũR0 (k)⟩ = |uR0 (k)⟩ − F · ALR
10

ϵ0 − ϵ1
|uR1 (k)⟩ (3.5)

where |uR1 (k)⟩ is the other eigenstate (with larger loss), ALR
10 = ⟨uL1 |i∂ku

R
0 ⟩ is the LR

inter-band Berry connection, and ϵ0,1 are the complex-valued energy eigenvalues of the
unperturbed Hamiltonian H. I emphasise that the inter-band Berry connection in the
perturbative correction has to be defined in the “left-right” (LR), instead of the conven-
tional “right-right” (RR), formalism due to bi-orthogonality in non-Hermitian systems
[280].

Assuming that the wavepacket is narrowly centered at its center of mass in momentum
space |w(k, t)|2 ≈ δ(k − kc), I then follow the formalism presented in Refs. [204, 206] and
derive the equation of motion of the wavepacket COM in position space up to the first-
order perturbative correction (see Appendix C.2 for details) as:

ℏṙc =∂k Re
[
ϵ0 + F · (ÃRR

00 − ÃLR
00 )

]
− F × Ω̃RR

0 (3.6)

where,

ÃRR
00 =ARR

00 + Re
[

2QRR
0 · F

ϵ1 − ϵ0

]

− Im
[
∂k

(F · (ARR
00 − ALR

00 )
ϵ1 − ϵ0

)]
(3.7)

ÃLR
00 =ALR

00 + 2gLR · F
ϵ1 − ϵ0

(3.8)

Ω̃RR
0 =ΩRR

0 + ∇k × Re
[

2QRR
0 · F

ϵ1 − ϵ0

]
, (3.9)

where gLR0 and QRR
0 denote the LR quantum metric tensor and the RR QGT of the

0-th band, respectively. As I will show in the next Section, in a two-band system, which
is the focus of this Chapter, the LR quantum metric tensors of the two bands are the
same. Therefore I drop the index 0 in Eq. (3.8) and denote gLR = gLR0 . These expressions
form the main result in this Chapter: Eq. (3.6) is the non-Hermitian generalisation of
Eq. (1.51), where the QMT g describes the perturbative correction, Eqs. (3.7, 3.8, 3.9),
explicitly show the first-order perturbation corrections to Eq. (1.64), which describe the
wavepacket dynamics in terms of the RR Berry curvature ΩRR

0 and the non-Hermitian
anomalous Berry connection Re[ARR

00 − ALR
00 ]. In the following, I will show that the

second-order (in F) corrections have contributions from the QMT, Berry curvature, and
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anomalous non-Hermitian Berry connection.
Let us first examine the correction to the Berry curvature Ω̃RR

0 by comparing Eq. (3.6)
to Eq. (1.51). The second-order field-induced correction clearly transforms as g0/(ϵ1 −
ϵ0) → Re[QRR

0 /(ϵ1−ϵ0)] when the non-Hermiticity is introduced. Note, however, that this
is not simply g0 → gRR0 due to the complex denominator. In fact, there is an additional
non-Hermitian correction which comes from the RR Berry curvature ΩRR

0 itself, as shown
below:

Re
[2QRR

0 · F
∆ϵ

]
= Re

[ 1
∆ϵ

]
2gRR0 · F − Im

[ 1
∆ϵ

]
F × ΩRR

0 (3.10)

This new term depends on the imaginary part of the complex energy gap, which naturally
vanishes in the Hermitian limit or along the imaginary Fermi arc, where Im ∆ϵ = 0 [218,
276].

The second-order field-induced corrections to the anomalous non-Hermitian Berry
connection have two components, i.e. Re[F · (ÃRR

00 − ÃLR
00 )] = I0 + I1 + I2, where I0 =

F · (ARR
00 − ALR

00 )] is the first-order term. The first correction is proportional to the
difference of the RR and LR QMTs and has the form

I1 = 2F · Re
[
gRR0 − gLR0

∆ϵ

]
· F, (3.11)

while the second term is proportional to the anomalous Berry connection and has the
form

I2 = −F · Im
[
∂k

(F · (ARR
00 − ALR

00 )
∆ϵ

)]
. (3.12)

Note that both the real and imaginary parts of the LR QMT and Berry connections
contribute to the corrections due to the complex denominator (see Appendix C.3 for the
explicit forms of I1 and I2). This novel non-Hermitian effect shows that the LR QMT
should indeed be defined as a complex-valued quantity [10, 201, 203]. This is in contrast
to the corrections to the Berry curvature, Eq. (3.9), which originate from the real-valued
RR QMT and Berry curvature.

To examine the corrections closely, I integrate Eq. 3.6 to get (see Appendix C.2 for
the derivation):

rc =
[

− ∂kφ+ ÃRR
00

]
k=kc

, (3.13)

φ = − 1
ℏ

∫ t

t0
Re

[
ϵ0 − F · ÃLR

00

]
k=kc

dt′. (3.14)

The positional shift [178] of the COM, given by Eq. (3.13), is due to the gradient of
the phase φ and the corrected RR Berry connection. The latter, which is given by
Eq. (3.7), has two field-induced corrections. The first depends on the RR QGT, QRR

0 ,
which is the same term that appears in field-induced correction to the Berry curvature
Ω̃RR

0 in Eq. (3.9). The second correction depends on the anomalous non-Hermitian Berry
connection, ARR

00 − ALR
00 , which also appears in the field-induced correction to the energy
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Figure 3.2: The (a) real and (b) imaginary parts of the eigenenergies of the exciton
polaritons in a gapped phase with ∆z = 0.007 eV. (c, d) The cross-sections of the real
and imaginary parts of the eigenenergies along the ky-axis, respectively. The orange line
and surface represent the upper band, the blue line and surface represent the lower band,
and the black dots represent the initial momentum of the wavepacket center-of-mass. (e,
f) The RR quantum metric and Berry curvature. (g, h) The real and imaginary parts of
the LR quantum metric. The blue and red lines in (e, g, h) show the xy-components and
the yy-components respectively, since these are the only components that appears in the
dynamics when the force is in the y-direction. Reprinted with permission from [281] ©
American Physical Society.

in Eq. (1.64). There is also a field-induced correction to the geometric (Berry) phase [94,
204, 206], Eq. (3.14), which is proportional to the LR QMT, gLR0 [see Eq. (3.8)].

In the Hermitian limit, the eigenenergies become real-valued, ALR
00 = ARR

00 , and QRR
0 =

QLR
0 becoming Hermitian as well. Therefore, the correction to the LR and RR Berry

connections both take the forms of A00 → A00 +2(g ·F)/(∆ϵ), and I recover the previous
results given by Eq. (1.51) [178, 179, 180].

3.2.3 Non-Hermitian Quantum Geometric Tensors in a Non-Hermitian
Exciton-Polariton System

In this Section, I will present the analytic forms of the RR and LR QGTs derived for
the non-Hermitian model of perovskite-based exciton-polariton system described by the
Hamiltonian in Eq. (1.93). To demonstrate the relevance of the QGT components to the
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description of dynamical effects, I then simulate the wavepacket dynamics in this system
and present the results in the next Section.

The components of the RR QGT of this non-Hermitian exciton-polariton model can
be found analytically as

gRR±,xx =
4|β̃|2

(
k2
y|H+|2|α̃− β̃k2|2 − 2ky Im[G±,x] + ∆2k2|∆ ± E|2

)
|E|2 (|H+|2 + |∆ ± E|2)2

gRR±,xy =
4|β̃|2

(
kxky|H+|2

(
|α̃|2 − |β̃|2k4

)
+ Re

[
kyG

∗
±,x + ikxG±,y

])
|E|2 (|H+|2 + |∆ ± E|2)2

gRR±,yy =
4|β̃|2

(
k2
x|H+|2|α̃ + β̃k2|2 − 2kx Im[G±,y] + ∆2k2|∆ ± E|2

)
|E|2 (|H+|2 + |∆ ± E|2)2

Ωz,RR
± =

8|β̃|2
(
2kxkyk2|H+|2(bα− aβ) − Im

[
kyG

∗
±,x + ikxG±,y

]
− ∆2k2|∆ ± E|2

)
|E|2 (|H+|2 + |∆ ± E|2)2

(3.15)

where I denote G±,x = H+(α̃ − β̃k2)(kx − iky)∆(∆ ± E∗), G±,y = H+(α̃ + β̃k2)(kx −
iky)∆(∆ ± E∗). As discussed in Section 1.5.2, ∆ represents the Zeeman splitting, α
represents the cavity anisotropy, β represents the TE-TM splitting, while a, b represent the
polarization-dependent photonic losses arising from the anisotropy and TE-TM splitting,
respectively. I also denote α̃ = α − ia and β̃ = β − ib for simplicity. Interestingly,
the |E|2 in the denominator ensures that all components of the RR QGT diverge at
the spectral degeneracies, where E = 0, unlike in previous work on non-Hermitian Su-
Schrieffer-Heeger models [203]. At ∆ = 0, the divergence is ∼ k−1, in agreement with
previous results following a similar approach [199].

The ∆ = 0 case, with no out-of-pane field, features a symmetrical distribution with
components from the opposite bands aligned with each other. However, it is important
to highlight that the Berry curvatures of the two bands are the same, i.e., ΩRR

+ = ΩRR
− ,

instead of having the opposite signs [see Eqs. (1.36)].
For larger ∆, such that the exceptional points are annihilated and the gap is opened,

the components of the RR QMT take on finite values. Unlike in the ∆ = 0 case, the
upper and lower bands are not exactly equal nor opposite to each other, violating the
identities for the Hermitian limit [see Eqs. (1.36) ]. These features arise from the |∆ ±E|
factors in Eqs. (3.15), which originated from the non-orthogonality of the right-eigenstates
[280, 201].
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Similarly, the components of the LR QGT of this model take the forms

gLR±,xx =
β̃2
[
(α̃− β̃k2)2k2

y + ∆2k2
]

E4

gLR±,xy =
β̃2kxky

(
α̃2 − β̃2k4

)
E4

gLR±,yy =
β̃2
[
(α̃ + β̃k2)2k2

x + ∆2k2
]

E4

Ωz,LR
± = ∓ 2k2β̃2∆

E3 .

(3.16)

Unlike in the RR QGT, the identities g+,µν = g−,µν , Ω+,µν = −Ω−,µν are recovered for
the LR QGT, since the components of the LR QGT can be expressed as

gLRn,µν = 1
2
∑
m̸=n

[
⟨ψLm|∂µH|ψRn ⟩⟨ψLn |∂νH|ψRm⟩

(Em − En)2 + ⟨ψLm|∂νH|ψRn ⟩⟨ψLn |∂µH|ψRm⟩
(Em − En)2

]

ΩLR
n,µν = i

∑
m̸=n

[
⟨ψLm|∂µH|ψRn ⟩⟨ψLn |∂νH|ψRm⟩

(Em − En)2 − ⟨ψLm|∂νH|ψRn ⟩⟨ψLn |∂µH|ψRm⟩
(Em − En)2

] (3.17)

similarly to the Hermitian case in Eq. (1.35) [201, 280].
Compared to the components of QRR

±,µν , the components of QLR
±,µν take very similar

forms to the ones in the Hermitian limit [189] but with (α, β) → (α̃, β̃). Similarly, one
can also recover the RL gRL±,µν and Ωz,RL

± by taking the Hermitian results and replacing
(α, β) → (α̃∗, β̃∗).

I also note that, unlike the RR QGT QRR
±,µν at ∆ = 0, the quantum metric gLR±,µν

diverges as ∼ k−2 at each exceptional point while the Berry curvature Ωz,LR
± diverges as

∼ k−3/2, in agreement with previous work which used the same formalism [200]. Further-
more, although both Ωz,LR

± and Ωz,RR
± diverge at the exceptional points, the LR Berry

curvature Ωz,LR = 0 elsewhere but the RR Berry curvature Ωz,RR
± is finite. The delta-

function behavior of the former is reminiscent of the Berry curvature near Dirac points
in the Hermitian limit [189].

3.2.4 Wavepacket Dynamics in the Perovskite-Based Exciton-Polariton Sys-
tem

To verify that the first order perturbation theory developed in the previous Sections
improves the accuracy of the semi-classical equation of motion Eq. (3.6), I simulate the
wavepacket dynamics numerically using split-step methods [278, 279]. The parameters
of the model (1.93) used for the simulations are specified in Appendix A. I initialise
the wavepacket at k = (0, 0.9)µm−1 in the upper eigenstate which has the larger ImE

(or less loss) [see the dot in Figs. 3.2(c,d)]. The two bands are separated at this point
in momentum space and ∂kx Re ϵ0 = 0. Experimentally, the wavepacket can be prepared
using resonant optical excitation of exciton polaritons, where the exciting laser wavelength
is adjusted to match the energy and the excitation angle is tuned to match the momentum
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of the target state [191].
An external force F = (0, 5 × 10−4) eV/µm is applied accelerating the wavepacket

along the +ky-axis towards smaller (real) energy spacing. As the bands get closer, the
mixing between the two eigenstates will be more profound and can result in oscillation
due to the Zitterbewegung effect [235, 282]. However, since the wavepacket evolves into
the less dissipative eigenstate, the inter-band mixing will gradually disappear and so will
the oscillation. I also ensure that the wavepacket does not cross the imaginary Fermi
arc [218], where the imaginary parts of the eigenenergies cross, otherwise the single-band
approximation will fail [276] as the loss rates of the eigenstates will switch. The numerical
results are presented as dots in Figs. 3.3.

In this simple case, Eq. (3.6) becomes:

vx =1
ℏ
∂kx Re

[
Fy

(
ÃRR00,y − ÃLR00,y

)]
− Fy

ℏ
Ω̃RR

0,xy (3.18)

vy =1
ℏ
∂ky Re

[
ϵ0 + Fy

(
ÃRR00,y − ÃLR00,y

)]
. (3.19)

The explicit forms of ÃRR00,y − ÃLR00,y and Ω̃RR
0,xy are presented in Appendix C.3.

The solution of the first-order perturbation theory in Eq. (3.6) gives a better fit to the
numerical results than the solution of the non-perturbative theory in Eq. (1.64). This is
apparent from the discrepancy between the numerical and analytical solutions plotted in
Figs. 3.3 (c,d). Although the non-adiabatic correction is rather small in this particular
example, a larger force or a smaller energy gap will result in a much larger correction,
meaning that the previously derived equation of motion without perturbative corrections
(1.64) will no longer be adequately describing the dynamics. In this case, however, I
might also need to extend the treatment beyond the first-order perturbation theory and
consider higher order corrections. On the other hand, if the wavepacket propagates for a
longer time, it would cross the imaginary Fermi arc, and the semi-classical equations of
motion will no longer be valid, since the wavepacket would evolve into the opposite right
eigensate and the single-band approximation would fail [276].

I also provide further analysis on the deviation between the analytical and numerical
results [283]. The previous theory in Ref. [204] includes up to the first order in the
external force, while the theory presented in Section 3.2.2, which arises from the first-
order perturbation theory, includes up to the 2nd order in force. Therefore, I expect that
the deviation from the first-order theory has a leading order of F 2, while the deviation
from the second-order theory has a leading order of F 3.

In Fig. 3.4, I present the deviation in the wavepacket centre-of-mass positions at
t = 1.25 ps plotted against the external force in log-log scale. At lower F , the deviation
from the first-order theory is quadratic. However, the quadratic function fails to capture
the data at higher F and instead, a quartic function is required. This suggests that the
higher-order terms becomes stronger at high F , and start to dominate over the deviation
between the first-order theory and the simulation. On the other hand, the deviation from
the second-order theory in x does, indeed, exhibit cubic behaviour.

The first-order and the second-order theory gives almost the same result for the devia-
tion in y, which can be fitted with a linear function in F . I believe that this is because the

62



(a) (b)

(c) (d)

Figure 3.3: (a, d) The real-space trajectory of exciton-polariton wavepackets initially
placed in the upper eigenstate in 3 different gapped phases with ∆z = 0.007 eV. Shown
are the simulated results (black dots), the solution of semi-classical equation of motion
derived previously Eq. (1.64) (blue lines) and the solution of the semi-classical equation of
motion derived here Eq. (3.6) (purple lines). (c, d) The difference between the analytical
results and the numerical simulation with blue dots denote deviation from Eq. (1.64) and
the purple dots denote deviation from Eq. (3.6). Reprinted with permission from [281] ©
American Physical Society.

main correction comes from the correction to the anomalous Hall drift in the x-direction
since the force is in the y-direction. It would require a new theory to capture the cor-
rection to the non-Hermitian anomalous Berry connection, which is beyond the scope of
this Thesis.

3.3 Measuring Non-Hermitian Quantum Geometric
Tensor

In Sections 3.2.2 and 3.2.4, I have demonstrated the important roles that the RR and
the LR QGTs play in the wavepacket dynamics in non-Hermitian systems. Now, I will
show that the components of the RR and LR QGTs can be experimentally measured by
generalising the approach presented in Ref. [189] for Hermitian systems. Simultaneous
measurements of the QGT components and wavepacket dynamics provide a way to verify
my theoretical prediction encapsulated in Eq. (3.6).

In the following, I consider a general two-band non-Hermitian Hamiltonian previously
presented in Eq. 1.88

Ĥ(k) = H0(k)I + −→H(k) · −→σ (3.20)

with −→H(k) = [Hx(k), Hy(k), Hz(k)]. The methodology for a measurement of the QGT
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(a) (b)

𝐹𝐹2
𝐹𝐹4

𝐹𝐹3

Figure 3.4: The deviation in position along x (a) and along y (b) between the numerical
simulation and the first order theory (blue dots), and the second order theory (purple
dots), respectively, as a function of increasing external force F at constant t = 1.25 ps
. The deviation from the first-order theory in x was fitted with a quadratic function at
lower F and with a quartic function at higher F , while the deviation from the second-
order theory (this work) is fitted with the cubic function in F . The deviations in y in (b)
from both theories are linear in F (blue and purple lines, respectively). Reprinted with
permission from [281] © American Physical Society.

components using the angles of the Stokes vectors of the emitted photons, θ = arccosSz
and ϕ = arctan(Sy/Sx), in Hermitian case

gn,ij =1
4

(
∂iθ∂jθ + sin2 θ∂iϕ∂jϕ

)
Ωn,ij =1

2 sin θ
(
∂iϕ∂jθ − ∂jϕ∂iθ

) (3.21)

was proposed in Ref. [189]. Here, I will show how QRR
±,µν and QLR

±,µν can be constructed
from experimentally accessible observables.

3.3.1 Right-right Quantum Geometric Tensor

The pseudospin components of a photonic or exciton-polariton system (see Section 1.4.2)
can be measured from the polarization of emitted light, i.e. from the Stokes vector. In
exciton-polariton systems, I only have access to the polarization of the right eigenstates
which corresponds to the Stokes vectors as follows:

SRRj,± = ⟨ψR±|σj|ψR±⟩
⟨ψR±|ψR±⟩

(3.22)

where j = {x, y, z}.
By expanding SRRj,± = ⟨ψR±|σj|ψR±⟩/⟨ψR±|ψR±⟩, the components of the pseudospins of the
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Figure 3.5: Showing the pseudospin of the right eigenstate and its angle on the Bloch
sphere.

right eignstates take the general form

SRRx,± = 2 Re[H+(H∗
z ± E∗)]

|Hz ± E|2 + |H+|2

SRRy,± = 2 Im[H+(H∗
z ± E∗)]

|Hz ± E|2 + |H+|2

SRRz,± = |Hz ± E|2 − |H+|2

|Hz ± E|2 + |H+|2

(3.23)

and are all real-valued.
This definition coincides with how pseudospins are usually measured in exciton-

polariton systems using the intensities of different polarizations [189, 191, 218]. It also
gives experimentally measured real-valued pseudospins [191, 218, 199]. Moreover, it
matches the non-antipodal behaviour of the pseudospins on the Bloch sphere, which
reflects the non-orthogonality of the eigenstates [218].

From these experimentally measured components, I define the angles on the Bloch
sphere as θR± = arccosSRRz,±, ϕR± = arctan

(
SRRy,±/S

RR
x,±

)
[see Fig. 3.5]. Then, using the

formalism presented in Ref. [189], the spinor wavefunction defined using these two angles
recovers the right eigenstates and their conjugatese−iϕR

± cos θR
±
2

sin θR
±
2

 = 1√
⟨ψR±|ψR±⟩

√
H∗

+

H+
|ψR±⟩ = |ψ̄R±⟩

(
eiϕ

R
± cos θR

±
2 sin θR

±
2

)
= 1√

⟨ψR±|ψR±⟩

√
H+

H∗
+

⟨ψR±| = ⟨ψ̄R±|.
(3.24)

In this approach, the right eigenstates |ψ̄R±⟩ are normalized as ⟨ψ̄R±|ψ̄R±⟩ = 1. Plugging
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EP EP

EP EP

Figure 3.6: The trace of (a) the RR QMT and (c) the RR Berry curvature calculated from
the eigenstates (left-half panel) and from the pseudospin components (right-half panel)
at ∆ = 0 eV. Also showing the zoom-in near the exceptional points of Tr[gRR± ] and Ωz,RR

±
in (b) and (d), respectively. Reprinted with permission from [61] © Optica Publishing
Group.

the left-hand side back to the definition of the RR QGT in Eq. (1.57), the components
of the RR QGT can be written as:

gRR±,µν = 1
4

(
∂µθ

R
±∂νθ

R
± + sin2 θR±∂µϕ

R
±∂νϕ

R
±

)
Ωz,RR

±,z = 1
2 sin θR±

(
∂kxϕ

R
±∂kyθ

R
± − ∂kyϕ

R
±∂kxθ

R
±

)
.

(3.25)

This is the same result as the Hermitian case, Eqs. (1.54), showing that the formalism
from Ref. [189] can be directly applied to non-Hermitian systems yielding the RR QMT
and Berry curvature [199, 9].

To emulate the proposed experiment, I calculate the components of the RR QMT
from the polariton pseudospins using Eqs. (3.25) and the parameters of the model (1.93)
defined in Appendix A. The resulting distributions are plotted in Fig. 3.6 for the ∆ = 0
case and in Fig. 3.7 for the ∆ ̸= 0 case. These distributions are then compared with
those derived directly from the eigenstates in Eq. (1.57), which are plotted on the l.h.s.
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Figure 3.7: The traces of the right-right quantum geometric tensors of (b) the upper and
(c) the lower bands. Also showing right-right Berry curvatures of (e) the upper and (f) the
lower bands in a gapped phase with ∆ = 0.0075 eV, slightly larger than |∆c| = 0.00599
eV. The results calculated from the eigenstates (b,e) show excellent agreement with the
ones calculated from the pseudospins (a,d). Reprinted with permission from [61] © Optica
Publishing Group.

of the panels (a-d) in Fig. 3.6 and on panels (b, e) in Fig. 3.7. We can see that the
quantities calculated using these two different methods agree very well, which confirms
the applicability of the formalism presented in Section 3.3 for non-Hermitian systems.

Figure 3.6 (a, b) shows the trace of the RR QMT and the RR Berry curvature cal-
culated using Eqs. (3.15), which clearly shows the divergence of the components at the
exceptional points. Note that the divergence of the Berry curvature is opposite for ex-
ceptional points in the same pair, which is reminiscent of their opposing spectral wind-
ing [218]. Note also that, unlike the Hermitian case [189], the divergence of the RR QMT
components will persist for small values of ∆ as long as the exceptional points persist.
Interestingly, unlike the Hermitian case or the gapless case, ∆ = 0, in the gapped phase
with ∆ ̸= 0 [see Fig. 3.7], the components of the RR QGT are no longer symmetric in
the momentum space as a result from the non-orthogonality of the right eigenstates.

In exciton-polariton systems, only the components of SRR± [218] and QRR
±,µν [199] have

been experimentally measured so far, and the left eigenstates are not directly accessible.
Here,I present an approach enabling the reconstruction of the components of SLR± and
QLR

±,µν , by measuring the pseudospins of the right eigenstates. In the following section,
I will demonstrate LR generalisations of both, the non-Hermitian Berry curvature and
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quantum metric tensor using the non-Hermitian exciton-polariton model (1.93).

3.3.2 Left-Right Quantum Geometric Tensor

Measuring the LR QGT is not straightforward since the pseudospins of both the left
and the right eigenstates are required. However, at least for the system considered here,
experiments only have direct access to the right eigenstates. Fortunately, in a two-
band system, the left eigenstates are closely related to the right eigenstate by the bi-
orthonormality condition ⟨ψL±|ψR±⟩ = 1 and ⟨ψL±|ψR∓⟩ = 0. The bi-orthogonality means
that the left and right eigenstates with different indices are antipodal on the Bloch sphere,
as shown in Fig. 3.8. The right and left eigenstates are actually mirrored images of each
other where the plane of symmetry is formed by the real and imaginary parts of the
effective field −→H = −→G + i

−→Γ . Hence, the relation between the eigenstate pseudospins are
simply:

SLL± = −SRR∓ , (3.26)

where the components of SL± are defined as SLLj,± = ⟨ψL±|σj|ψL±⟩/⟨ψL±|ψL±⟩.
The angles of the pseudospins of the left eigenstates in the Bloch sphere can then

be written in terms of the right eigenstates as ϕL± = π + ϕR∓, θL± = π − θR∓. Hence, the
left eigenstates can be reconstructed using the pseudospin textures (or the Bloch sphere
angles) of the right eigenstates as:

(
−eiϕR

∓ sin θR
∓
2 cos θR

∓
2

)
= 1√

⟨ψL±|ψL±⟩

√
H∗

−

H−
⟨ψL±| = ⟨ψ̄L±| (3.27)

where ⟨ψ̄L±|ψ̄L±⟩ = 1.
Given both the right and left eigenstates, I can then construct the spin components

of the bi-orthogonal SLR± which I use to construct the LR QGT, QLR
±,µν . Similarly to the

RR version [see Eqs. (3.22)], the pseudospin components are

SLRj,± = ⟨ψ̄L±|σj|ψ̄R±⟩
⟨ψ̄L±|ψ̄R±⟩

. (3.28)

where j = {x, y, z}, following the bi-orthogonal formalism in Refs. [194, 195, 196, 197,
200]. Note that the components of SLR± are complex-valued, but they are constructed
here from the real-valued components of SR± using Eqs. (3.27) and (3.28).

By expanding SLRj,± = ⟨ψL±|σj|ψR±⟩/⟨ψL±|ψR±⟩, the LR pseudospins take the general forms
as:

SLRx,± = 2Hx(Hz ± E)
(Hz ± E)2 +H2

x +H2
y

SLRy,± = 2Hy(Hz ± E)
(Hz ± E)2 +H2

x +H2
y

SLRz,± =
(Hz ± E)2 −H2

x −H2
y

(Hz ± E)2 +H2
x +H2

y

.

(3.29)
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Figure 3.8: The pseudospin of the right (purple) and left (yellow) eigenstates with their
projections (white) on the [Sx, Sy]-plane plotted with (a) the Bloch sphere. (b) Same as
(a) but showing all four pseudospins oriented with respect to the real and imaginary parts
of the effective magnetic field (red). The pseudospin SR± points in the opposite direction
to SL∓, while the real and imaginary parts of the effective magnetic field define the mirror
symmetry plane. Reprinted with permission from [61] © Optica Publishing Group.

In the Hermitian limit, ReH+ = Hx, while ImH+ = Hy, and SLR± becomes SRR± . However,
in a non-Hermitian system, the effective magnetic fields Hj are generally complex-valued,
therefore the components of SLR± can be complex-valued as well. As a consequence, the
angles ϕLR± , θLR± also become complex valued.

Explicitly, the components of SLR± can be written in terms of the measured real-valued
pseudospin angles ϕR± and θR±, which can be reconstructed from the experiments [189, 191]
as

SLRx,± =
e−iϕR

± cos θR
∓
2 cos θR

±
2 − eiϕ

R
∓ sin θR

∓
2 sin θR

±
2

S0,±

SLRy,± =
ie−iϕR

± cos θR
∓
2 cos θR

±
2 + ieiϕ

R
∓ sin θR

∓
2 sin θR

±
2

S0,±

SLRz,± =
−ei(ϕR

∓−ϕR
±) cos θR

±
2 sin θR

∓
2 − cos θR

∓
2 sin θR

±
2

S0,±

S0,± = −ei(ϕR
∓−ϕR

±) cos θ
R
±
2 sin θ

R
∓
2 + cos θ

R
∓
2 sin θ

R
±
2 = ⟨ψ̄L±|ψ̄R±⟩

(3.30)

From these complex-valued pseudospin components, the corresponding complex angles
on the Bloch sphere [189] , θLR± = arccosSLRz,± and ϕLR± = arctan

(
SLRy,±/S

LR
x,±

)
, can be
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calculated as:

ϕLR± = −i tanh−1

1 + 2
ei(ϕ

R
∓+ϕR

±) tan θR
∓
2 tan θR

±
2 − 1


θLR± = cos−1

 2
1 − ei(ϕ

R
±−ϕR

∓) cot θ
R
∓
2 tan θR

±
2

− 1
.

(3.31)

Using these θLR± , ϕLR± , the bi-orthonormal left and right eigenstates are reconstructed
as: e−iϕLR

± cos θLR
±
2

sin θLR
±
2

 = 1√
⟨L±|R±⟩

√
h−

h+
|R±⟩ = |ψR±⟩

(
eiϕ

LR
± cos θLR

±
2 sin θLR

±
2

)
= 1√

⟨L±|R±⟩

√
h+

h−
⟨L±| = ⟨ψL±|.

(3.32)

These can also be written in terms of the original angles, θR± and ϕR± , by normalizing
Eqs. (3.24) and (3.27) with respect to

√
⟨ψ̄L±|ψ̄R±⟩, whose form is presented as SL0,±R in

Eqs. (3.30).
I emphasise that the denominators in Eq. (3.28) are necessary to recover the bi-

orthonormality condition of the left and right eigenstates ⟨ψL±|ψR±⟩ = 1, which are required
for the LR QGT. Plugging the left-hand-side of |ψR±⟩, ⟨ψL±| in the LR QGT definition in
Eq. (1.58), the components of the LR QGT can be expressed as:

gLR±,µν =1
4
(
∂µθ

LR
± ∂νθ

LR
± + sin2 θLR± ∂µϕ

LR
± ∂νϕ

LR
±

)
Ωz,LR

± =1
2 sin θLR±

(
∂kxϕ

LR
± ∂kyθ

LR
± − ∂kyϕ

LR
± ∂kxθ

LR
±

)
.

(3.33)

This form is similar to the Hermitian case Eqs. (1.54) and the RR QGT given by
Eq. (1.57), but uses the complex angles θLR± and ϕLR± . Interestingly, the LR QGT can
also be written explicitly in terms of the Bloch angles of the right eigenstates as

QLR
±,µν =

ei(ϕ
R
∓+ϕR

±)
(
∂µθ

R
∓ + i sin θR∓∂µϕR∓

) (
∂νθ

R
± + i sin θR±∂νϕR±

)
4
[
eiϕ

R
∓ cos(θR±/2) sin(θR∓/2) − eiϕ

R
± cos(θR∓/2) sin(θR±/2)

]2 . (3.34)

Unfortunately, it is hard to extract a simple expression of the LR QMT and Berry cur-
vature from this expression.

The components of SLRj,± and the angles θLR± , ϕLR± are generally complex-valued. Un-
like the RR pseudospin, which corresponds to the polarisation of the photon emission in
real photonic or polaritonic systems, the LR versions of the pseudospins are not directly
measurable. However, since they can be calculated from the experimentally measur-
able polariton pseudospins, Eq. (3.33) provides a way to experimentally determine the
components of QLR

±,µν .
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As noted previously, the components of SLR± can be constructed from the pseudospins
of the right eigenstates, which can also be experimentally measured. The SLR± calculated
from both the eigenstates and from the experimentally measurable pseudospin SR± is
shown in Fig. 3.9, showing excellent agreement. The latter method provides a way to
experimentally measure the components of the LR QGT, QLR

±,µν , in an exciton-polariton
system.
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Figure 3.9: (a) Real part and (d) imaginary parts of SLR+ calculated from the eigenstates
(left-half panel) and the pseudospins SR± (right-half panel), respectively. The color de-
notes the out-of-plane components SLRz,+ while the arrows denote the in-plane components
(SLRx,+, SLRy,+). To open the a gap, ∆ = 0.0075 eV was chosen. Reprinted with permission
from [61] © Optica Publishing Group.

To visualize these in momentum space, I plot the real and imaginary parts of the
trace of the LR QGT and the LR Berry curvature in Fig. 3.10 and compare with those
derived from the pseudospins using Eq. (3.33). The plots clearly show that the formalism
presented in Eqs. (3.33) and (3.34) works well for the LR QGT.

3.3.3 Non-Hermitian Anomalous Berry Connection

Just like the LR and RR QGTs, the NH anomalous Berry connection ARR
± − ALR

± can be
written in terms of the complex-valued angles of SLR± , namely θLR± and ϕLR± , as

ARR
± − ALR

± = cosh ImϕLR± sinh Im θLR± − i sin Re θLR± sinh ImϕLR±
2 cosh Im θLR± cosh ImϕLR± + 2 cos Re θLR± sinh ImϕLR±

∇kθ
LR
±

+
 eImϕLR

±
(
cos Re θLR± + cosh Im θLR±

)
2 cosh Im θLR± cosh ImϕLR± + 2 cos Re θLR± sinh ImϕLR±

− cos2 θ
LR
±
2

∇kϕ
LR
± .

(3.35)

Since both ϕLR± and θLR± can be constructed by measuring the Stokes vector SR±, this
shows that ARR

± −ALR
± [see Fig. 3.11] can be experimentally measured, and is also gauge-

invariant [205].
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Figure 3.10: The real and imaginary parts of the trace of the (a), (b) LR QMT and the
(c), (d) LR Berry curvature of the upper band, respectively. The left-half of each panel
is calculated from the eigenstates and the right half is calculated from the pseudospins.
The Zeeman splitting is large enough (∆ = 0.0075 eV) such that the exciton-polariton
bands are the gapped. Reprinted with permission from [61] © Optica Publishing Group.

3.4 Conclusion
In this Chapter, I derive the first-order perturbative corrections to the semi-classical equa-
tion of motion describing the centre-of-mass motion of a wavepacket in a non-Hermitian
two-band system in the presence of a force field. My results show that both the left-right
(LR) and right-right (RR) quantum geometric tensor (QGT) play a role in the dynamics.
In particular, the RR QGT describes the non-Hermitian generalisation of the field-induced
positional shift, while the LR QGT describes the field-induced correction to the Berry
phase. Interestingly, my results also suggest a novel second-order anomalous Hall drift
correction arising from the RR Berry curvature, and the positional-shift correction arising
from the difference between the RR and LR QMT and the anomalous Berry connection.
More importantly, these results show that the imaginary part of the LR QMT and Berry
connections play a direct role in the second-order field-induced corrections, unlike the
first-order case. Therefore, these results settle the dispute on whether the LR or the RR
QGT should be used to describe the dynamics of non-Hermitian systems, and instead
suggest that both LR and RR QGTs represent physical quantities and play a significant
role in the dynamics.

I further confirmed the accuracy of the analytical results by simulating the center-of-
mass dynamics of a wavepacket in the non-Hermitian system with a gapped spectrum,
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(a) (b)

Figure 3.11: Non-Hermitian anomalous Berry connection Ã = ARR − ALR of the upper
band of the exciton-polariton system described by Eq. (1.93). The x and y components are
presented separately. Reprinted with permission from [61] © Optica Publishing Group.

which can be realised in microcavity exciton-polaritons exposed to a strong out-of-plane
magnetic field [232, 234] or hosted in liquid-crystal cavities [220].

I also show that the components of both the RR and LR QGT as well as the NH
anomalous Berry connection can be experimentally measured in a microcavity exciton-
polariton system. In particular, I proposed a method for inferring the left eigenstates from
the directly accessible right eigenstates, which enable the measurement of the observables
defined in the LR conventions.

My work also opens up possibilities for further investigation of the QGT in non-
Hermitian systems. In particular, the results presented in this Chapter should be relevant
for the physics of second-harmonic generation [177], non-linear response theory [175, 176],
quantum information [184, 185] and flat-band superconductivity [181, 182, 183], where
the quantum metric tensor plays a significant role.
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Chapter 4

Non-Hermitian Zitterbewegung
Effects

Disclaimer: This Chapter contains results from my previous published work "Zitterbewe-
gung effect and quantum geometry in non-Hermitian exciton-polariton systems", Appl.
Phys. Lett. 127, 253101 (2025).

4.1 Introduction
In this Chapter, I present a non-Hermitian generalization of the Zitterbewegung effect
for wavepackets. The Zitterbewegung effect, as first proposed by Erwin Schrodinger in
1930 [284], refers to the trembling motion of relativistic electrons described by the Dirac
equation due to interference between states with positive and negative energies [122].
Fascinatingly, it was later discovered that the Zitterbewegung effect can also arise from
the precession of the phase of the wavefunction [285], and it can also be realised in non-
relativistic quantum systems exhibiting spin precession and spin-orbit coupling [286, 287].
More recently, it has been shown that the Zitterbewegung effect can occur in a wide
range of physical systems with spin-orbit coupling such as semiconductor quantum wells
[288, 289], graphene [290, 291], ultracold atoms [292], trapped ions [293, 294], photonics
[295, 296, 297, 298] and exciton-polariton systems [235, 236].

It was shown that spin dynamics in non-Hermitian systems exhibits qualitatively dif-
ferent behavior to its Hermitian counterpart [273, 299, 300, 272, 301, 302, 303, 304]. The
non-Hermiticity induces a nonlinear term in the mean-field equation of motion describing
the expectation value of the spin operator, and the system becomes sensitive to the initial
condition. Since the spin dynamics is closely related to the Zitterbewegung effect, non-
Hermiticity is expected to play a significant role in modifying the wavepacket dynamics.
In this Chapter, I present results of my study on the generalised Zitterbewegung effect,
which is a consequence of the distinct spin dynamics in non-Hermitian systems.

I consider the general two-band non-Hermitian Hamiltonian written in terms of real
and imaginary effective fields −→G, −→Γ as previously discussed in Chapter. 1 [see Eq. (1.88)]

Ĥ(k) = (G0(k) + iΓ0(k))I + (−→G(k) + i
−→Γ (k)) · −→σ , (4.1)

where the individual terms are discussed in Section 1.5.

74



I first present an overview of the pseudospin dynamics in Hermitian and non-Hermitian
systems. I then derive a semi-classical equation of motion that describes the generalized
Zitterbewegung effect in the non-Hermitian systems and compare the analytical theory
with numerical simulation using the non-Hermitian model (1.93) describing a perovskite-
based exciton-polariton system. I also present the semi-classical equation of motion in
a simpler non-Hermitian Dirac model described by Eq. (1.92) to gain some intuition on
the dynamics. The main results are general and can be used to describe wavepacket
dynamics in any non-Hermitian two-band system described by the Hamiltonian in the
form of Eq. (1.88).

4.2 Pseudospin Dynamics

In Hermitian systems, the effective magnetic field −→G results in the precession of the pseu-
dospins with the frequency 2E/ℏ, where E =

√−→G · −→G is the mean-subtracted eigenenergy
[see Fig. 4.1]. This can be seen from the equation of motion that describes the pseudospin
−→S dynamics in a two-band Hermitian system described by Eq. 4.1 with −→Γ = 0,

d

dt

−→S = 2
ℏ

(−→S × −→G
)
, (4.2)

which has a general solution of the form

−→S (t) = (−→G · −→S 0)
E2

−→G −
−→G × (−→G × −→S 0)

E2 cos
(

2Et
ℏ

)
−

−→G × −→S 0

E
sin

(
2Et
ℏ

)
(4.3)

with the initial condition −→S (t = 0) = −→S 0.
In a two-band non-Hermitian system, the imaginary effective magnetic field gives rise

to additional terms in the equation of motion and the dynamics of the pseudospins can
be described by the equation

d

dt

−→S = 2
ℏ

(−→S × −→G − (−→Γ · −→S )−→S + −→Γ
)

(4.4)

with the additional nonlinear terms as the results of the non-Hermiticity [273, 299, 300,
301, 302, 303, 304]. This equation also closely resembles the Landau-Lifshitz-Gilbert
equation describing a damped spin precession [20, 21],

d

dt

−→S = 2
ℏ

(−→S × −→G − (λ−→G · −→S )−→S + λ
−→G
)
, (4.5)

but the damping term λ
−→G (where λ is a damping constant) is replaced by another

imaginary-valued effective field −→Γ . This is because the pseudospins here are defined in
the RR formalism, and therefore are always real-valued and normalized [see Chapter 3
for more details].

Although I am unable to solve the differential equations in Eq. (4.4) analytically, I
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(a) (b)

Figure 4.1: Pseudospin dynamics in a Hermitian system described by the model Hamil-
tonian (4.1) with Γ = 0, plotted in (a) as time dependence of the components of the
Stokes vector, and (b) as trajectories on the Bloch sphere. Here, the blue arrow denotes
the trajectory of the pseudospin and the black arrows denote the pseudospins of the two
eigenstates. Reproduced from [305], with the permission of AIP Publishing.

can compute the time evolution of the pseudospins using the time evolution operator

Sj = ⟨ψ0|eiĤ
†t/ℏσje

−iĤt/ℏ|ψ0⟩
⟨ψ0|eiĤ†t/ℏe−iĤt/ℏ|ψ0⟩

(4.6)

where |ψ0⟩ denotes the initial spinor wavefunction. The time evolution operator can be
defined using the usual form of matrix exponential in terms of the components of the
effective magnetic field Hj [272]:

e−i Ĥ
ℏ t = e−iH0

ℏ tI ·
(

cos Et
ℏ − iHz

E
sin Et

ℏ −iHx−iHy

E
sin Et

ℏ
−iHx+iHy

E
sin Et

ℏ cos Et
ℏ + iHz

E
sin Et

ℏ

)
(4.7)

which is valid everywhere except at the exceptional points, where the two eigenstates
coalesce and the Hamiltonian operator is no longer diagonalizable [6]. At the exceptional
points, the dynamics can be determined by solving the differential equation in Eq. (4.4).

As an illustrative example, I consider a simple case with zero z-component of the
effective magnetic field, i.e. Gz = Γz = 0, and the initial pseudospin pointing up on the
Bloch sphere S(t = 0) = (0, 0, 1). In this case, the dynamics of the pseudospins has the
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form

Sx =
2 Im

[√
H+H∗

−

]
sin 2 Re[E]t

ℏ + 2 Re
[√

H+H∗
−

]
sinh 2 Im[E]t

ℏ

(|H−| − |H+|) cos 2 Re[E]t
ℏ + (|H−| + |H+|) cosh 2 Im[E]t

ℏ

Sy =
−2 Re

[√
H+H∗

−

]
sin 2 Re[E]t

ℏ − 2 Im
[√

H+H∗
−

]
sinh 2 Im[E]t

ℏ

(|H−| − |H+|) cos 2 Re[E]t
ℏ + (|H−| + |H+|) cosh 2 Im[E]t

ℏ

Sz =
(|H−| + |H+|) cos 2 Re[E]t

ℏ + (|H−| − |H+|) cosh 2 Im[E]t
ℏ

(|H−| − |H+|) cos 2 Re[E]t
ℏ + (|H−| + |H+|) cosh 2 Im[E]t

ℏ

,

(4.8)

where I denote H± = Hx ± iHy to simplify the expressions. I should also emphasize
that although there is not a simple closed form for solution like in the Hermitian case
(4.3), the pseudospin dynamics in this general non-Hermitian system is always analyti-
cally trackable and deterministic. I chose the simple case with Hz = 0 simply because
the expression would become more complicated otherwise, and the behaviour is not qual-
itatively different between the Hz ̸= 0 and Hz = 0 cases.

Here, similar to the Hermitian case, the pseudospins oscillate with the frequency of
2 ReE/ℏ. Although, the oscillations are no longer harmonic due to the denominators.
Furthermore, the amplitude of oscillation is decaying as a result of ImE. However, it is
difficult to analytically compute the decay rate.

The pseudospin dynamics also shows distinct behaviour in special cases, such as at
the exceptional point or on the bulk or imaginary Fermi arcs. On the imaginary Fermi
arcs, there is no decay in the amplitude of the pseudospin precession. The pseudospins
therefore oscillate anharmonically [see Figs. 4.2(c,f)]. While at the exceptional points
or on the bulk Fermi arc, there is no oscillation, and the pseudospin will align with the
pseudospin of the less dissipative eigenstate [see Figs. 4.2(b,e)]. On the other hand, when
away from both the imaginary and the bulk Fermi arc, the pseudospin will oscillate while
also decaying towards the less dissipative eigenstate [see Figs. 4.2(a,d)].

4.3 Zitterbewegung Effects
The Zitterbewegung effects can be realised in a two-band system Eq. (4.1) with a Gaussian
wavepacket initially prepared a superposition of the two eigenstates, and the spatial
distribution of the wavepacket is narrowly focused in momentum space, |ψ(k)|2 ∝ δ(k −
kc). In the Hermitian case, the dynamics of the wavepacket centre of mass can be
described by the equation of motion [235]

ℏ(ṙH)i = ∂ki
G0 + ∂ki

−→G · −→S
∣∣∣∣∣
k=kc

, (4.9)

where kc denotes the centre-of-mass momentum of the wavepacket. The spin (or pseu-
dospin) precession and non-vanishing ∂k

−→G arising from spin-orbit coupling result in the
oscillation of the wavepacket centre-of-mass motion [235].
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(a) (b) (c)

(d) (e) (f)

Away from Fermi arcs Bulk Fermi arc Imaginary Fermi arc

Figure 4.2: The pseudospin dynamics as (a-c) trajectories on the Bloch sphere and (d-f)
respective time-dependences of the Stokes vector components. The initial wavefunction
is chosen to be uniformly distributed in the momentum space, while each panel shows
the pseudospin dynamics on a single point in momentum space: (a,d) away from the
Fermi arcs at k = (1.5, 1.5)µm−1, (b,e) on the bulk Fermi arc at k = (0.5, 2.685)µm−1

and (c,f) on the imaginary Fermi arc at k = (0.9, 1.22)µm−1. The blue arrows represent
the trajectories of the pseudospins and the black arrows represent the pseudospins of the
two eigenstates. The initial pseudospin configuration is chosen to be S = (0, 0, 1) as an
example. Reproduced from [305], with the permission of AIP Publishing.

In non-Hermitian systems, the non-Hermiticity of the Hamiltonian operators not only
modifies the pseudospin dynamics, but also gives rise to novel effects not found in the
usual Hermitian systems. In a non-Hermitian system, the dynamics of the wavepacket
can be described using the equation of motion:

ℏ(ṙ)i =ℏ(ṙH)i + 2t
ℏ

(−→Γ · ∂ki

−→G) − 2t
ℏ

(−→Γ · (∂ki

−→Γ × −→S )
)

− 2t
ℏ

(−→Γ · −→S )(∂ki

−→G · −→S )

+ 2(−→Γ · Re[−→B i]) − 2
(−→Γ · (Im[−→B i] × −→S )

)
− 2(−→Γ · −→S )(Re[−→B i] · −→S ),

(4.10)

where B is defined as

−→B i = − 1
2E2

(
cos 2Et

ℏ
−1
)

(−→H×∂ki

−→H)+ 1
2E3

(
sin 2Et

ℏ
−2Et

ℏ

)(
(−→H×∂ki

−→H)×−→H
)
. (4.11)

As will be shown in the later Sections, the non-Hermitian corrections in Eq. (4.10) give rise
to novel behaviours including both damping and enhancing of the oscillation amplitude
of the wavepacket COM, as well as frequency doubling. Although the components of B
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can be non-zero even in Hermitian systems, all of the corrections in terms of −→B are also
proportional to the components of −→Γ , which will vanish in the Hermitian limit. I also
note that in the special case with Hz = 0, i.e. no effective out-of-plane magnetic field,
the non-Hermitian correction can be simplified as

−→B i =
√
gLRkiki

[
−
(

cos 2Et
ℏ

− 1
)

ẑ +
(

sin 2Et
ℏ

− 2Et
ℏ

)(
− Hy

E
x̂ + Hx

E
ŷ
)]

(4.12)

where gLRkk = (gLRkxkx
, gLRkyky

) represents the diagonal elements of the left-right quantum
metric tensor (LR QMT) [see Section 1.3 for more information]

gLRn,µν =1
2

(
⟨∂µψLn |∂νψRn ⟩ + ⟨∂νψLn |∂µψRn ⟩

)
+ ⟨∂µψLn |ψRn ⟩⟨ψLn |∂νψRn ⟩

(4.13)

which satisfies that gLR+ = gLR− = gLR in a two-band system. Note that in the case with
Hz = 0, the diagonal components of LR QMT take the form of

gLRkk = (Hx∂kHy −Hy∂kHx)2

4E4 . (4.14)

The LR QMT arises naturally from the additional terms that involve the momentum-
derivatives of the Hamiltonian operator. On the other hand, the RR QMT needs to
be constructed using both the Hamiltonian and its Hermitian conjugate, which do not
appear together in the derivation. For details in derivation of Eqs. (4.10, 4.12), please
refer to the Appendix D.

4.4 Zitterbewegung Effects in a Perovskite-Based
Exciton-Polariton System

To provide a concrete example of the dynamics, I numerically simulate the dynamics
of a Gaussian wavepacket that has a narrow but finite width in momentum space in a
perovskite micarocavity exciton-polariton system described by the Hamiltonian (1.93).
The initial state is prepared in a right-handed circularly polarized wavepacket

|ψ0⟩ = e− (k−kc)2

4w2

(
1
0

)
, (4.15)

which then evolves in discrete time dt = 0.01 ps in momentum space. I then calculate the
centre-of-mass position and the group velocity via the discrete Fourier transform every
4 steps. Since there is no external force in this case, the split-step method used in the
previous Section was not needed. I also change the values of the centre-of-mass momen-
tum kc to simulate the wavepackets initially placed on the imaginary and bulk Fermi
arcs, and away from the Fermi arcs to demonstrate the effects captured by Eq. (4.12) in
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different cases.
When the wavepacket is placed on the bulk Fermi arc, the group velocity will decay to

a constant with no oscillation [see Fig. 4.3 (a-e)]. When the wavepacket is away from the
Fermi arcs, the group velocity will oscillate anharmonically with a decreasing amplitude,
and eventually will decay to a constant group velocity [see Fig. 4.3 (f-j)]. When the
wavepacket is placed initially on the imaginary Fermi arc, it will oscillate anharmonically
in time and the amplitude will grow due to the terms proportional to 2t/ℏ2 in Eq. (4.12)
[see Fig. 4.3 (k-o)]. However, this only holds under the assumption that the wavepacket
is infinitely narrow and its probability density distribution is described by a Dirac delta
function in momentum space, and therefore experiences no self-acceleration. When the
self-acceleration is present, the wave packet will move away from the imaginary Fermi
arcs, and the amplitude of the oscillation will decay.

4.5 Zitterbewegung Effect in a Non-Hermitian Dirac
Model

I note that the semi-classical equation in Eqs. (4.10, 4.12) are fairly complicated and
difficult to gain intuition from. However, for the gapless two-band non-Hermitian Dirac
model described by the Hamiltonian in Eq. (1.92) with ∆ = 0, I can simplify the equations
of motion on the bulk and imaginary Fermi arcs. In this Section, I set ℏ = 1 for simplicity.

The diagonal elements of the left-right quantum metric tensor (1.66) for the non-
Hermitian Dirac model take the forms

gLRxx = (ky − iκ)2

4E4

gLRyy = k2
x

4E4

(4.16)

where E =
√
k2
x + (ky − iκ)2, where κ denotes an imaginary effective field in the y-

direction. Note that
√
gLRxx is purely imaginary and

√
gLRyy is purely real on both the bulk

and imaginary Fermi arcs. Using these identities, I can write down a simple form of the
equation of motion (4.12) on the imaginary Fermi arc:

d

dt
⟨x̂⟩ =Sx + 2tκSxSy + 2 Im

[√
gLRxx

](
− (cos 2 Re[E]t− 1)κSx

−
(sin 2 Re[E]t

Re[E] − 2t
)
κ2SxSy

)
d

dt
⟨ŷ⟩ =Sy − 2tκ(1 − S2

y)) + 2 Re
[√

gLRyy

]((sin 2 Re[E]t
Re[E] − 2t

)
(−κkx − κ2Sz + κkxS

2
y)

− (cos 2 Re[E]t− 1)κSySz
)
,

(4.17)
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Figure 4.3: The group velocities (a,b,f,g,k,l) and centre-of-mass positions (c,d,h,i,m,n) of
a Gaussian wavepacket initially centred at (a-d) k = (0.5, 2.685)µm−1 (on the bulk Fermi
arc), (f-i) k = (1.5, 1.5)µm−1 (away from the Fermi arcs) and (k-n) k = (0.9, 1.22)µm−1

(on the imaginary Fermi arc) as a function of time. The corresponding trajectories in real
space are shown in (e,j,o). The lines represent analytical results derived from Eq. (4.12)
and the black dots represent the numerical results for a Gaussian wavepacket with the
initial with of w = 0.005µm−1 in momentum space. Reproduced from [305], with the
permission of AIP Publishing.
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and on the bulk Fermi arc

d

dt
⟨x̂⟩ =Sx + 2tκSxSy + 2 Im

[√
gLRxx

](
− (cosh 2 Im[E]t− 1)κSx

−
(sinh 2 Im[E]t

Im[E] − 2t
)
κ2SxSy

)
d

dt
⟨ŷ⟩ =Sy − 2tκ(1 − S2

y)) + 2 Re
[√

gLRyy

]((sinh 2 Im[E]t
Im[E] − 2t

)
(−κkx − κ2Sz + κkxS

2
y)

− (cosh 2 Im[E]t− 1)κSySz
)
.

(4.18)

The equations of motion in these two special cases highlight the oscillation driven by
Re[E] and decay in the amplitude of the oscillation as a direct result of Im[E].

Similarly to the exciton-polariton model in the previous Section, I also simulate the
wavepacket dynamics to confirm the validity of the semi-classical equation of motions in
the non-Hermitian Dirac model. Here, the initial state is set to

|ψ0⟩ = e− (k−kc)2

4w2

(
0.5 − 0.5i

1√
2

)
, (4.19)

with w = 0.005 µm−1. The wavepacket is also narrow in the k-space and has initial
pseudospin texture of −→S = (1/

√
2, 1/

√
2, 0). This initial state was chosen because if the

Sx (Sy) component of the initial wavepacket is zero, vx (vy) is also zero, as can be seen
from Eqs. (4.17, 4.18). Similarly to the results obtained in the perovskite-based exciton-
polariton model, the simulation shows strong agreement with the analytical theory as
well as qualitatively different behaviour on the bulk and imaginary Fermi arcs, and away
from the Fermi arcs [see Fig. 4.4].

Interestingly, the O(S2)-terms in Eqs. (4.17) can also give rise to the oscillation fre-
quency doubling which is not seen in the usual Hermitian cases. To highlight this, I
plot the Fourier transforms of the group velocities in the frequency space for the ini-
tial wavepacket centered on the imaginary Fermi arc. I use the discrete Fourier trans-
form in Wolfram Mathematica, with discretization of ∆T = 0.05 for the time step
and N = 4000 for the total number of time steps, where t = n∆T , n = 1, ..., N . I
then plot the results from the discrete Fourier transform with the frequency defined as
ω = n∆ω, where ∆ω = 2π/(N∆T ), n = 1, ..., N . This procedure results in two copies
of the frequency spectrum, but since they are symmetric, I only plot one set of them
in Fig. 4.5. Each of vx and vy shows 3 peaks in the dimensionless frequency space at
ω ≈ 7.6969, ω ≈ 15.551 and ω ≈ 23.311, corresponding to oscillation at frequencies of
2 Re[E] = 7.7460, 4 Re[E] = 15.4919 and 6 Re[E] = 23.2379. Here, the frequency-tripling
term arises from the product between the S2-terms and either cos 2 Re[E]t or sin 2 Re[E]t.
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Figure 4.4: The group velocities (a,b,f,g,k,l) and centre-of-mass positions (c,d,h,i,m,n) of
a Gaussian wavepacket initially centred at (a-d) k = (0.5, 0) (on the bulk Fermi arc),
(f-i) k = (4, 0) (on the imaginary Fermi arc) and (k-n) k = (2, 2) (away from the Fermi
arcs) as a function of time. The corresponding trajectories in real space are shown in
(e,j,o). The lines represent analytical results derived from Eq. (4.12) and the black dots
represent the numerical results for a Gaussian wavepacket with initial with of w = 0.005
in momentum space. Reproduced from [305], with the permission of AIP Publishing.
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Figure 4.5: The Fourier transform of the group velocities vx and vy on the imaginary
Fermi arc at k = (4, 0) in the non-Hermitian Dirac model. Here, the primary frequency
ω is shown on both plots along with doubled and tripled frequencies. Reproduced from
[305], with the permission of AIP Publishing.

4.6 Conclusion
In this work, I derive an equation of motion for the wavepacket centre of mass which de-
scribes a non-Hermitian generalization of Zitterbewegung effect. I show that the motion of
the wavepacket is sensitive to its initial centre-of-mass momentum (when the wavepacket
is centred at the exceptional points or on the Fermi arcs), similar to the nonlinear dy-
namics of a non-Hermitian Bose-Einstein dimer [273, 299, 300]. I also demonstrate the
excellent agreement of the analytical theory with numerical simulation of wavepackets
using a model describing a perovskite-based exciton-polariton system. Interestingly, in a
special case where there is no effective field in the z-direction, part of the non-Hermitian
corrections can be written in terms of the diagonal components of the LR quantum met-
ric (see Section 1.3). This is similar to previous work in Ref. [282], which describes the
wavepacket centre-of-mass motion in terms of the quantum metric, and in Ref. [306],
which describes an exotic Zitterbewegung-like motion in terms of the left-right inter-
band Berry connection. The results presented in this Chapter demonstrate the rich
novel dynamical effects in non-Hermitian systems, while the deeper connection between
the dynamics and the non-Hermitian QMT remains an interesting open question for
further investigation. Furthermore, since the LR QMT in Eq. (4.12) arises from novel
non-Hermitian terms, it will also be interesting to uncover its interplay with the terms
proportional to the QMT in the semi-classical equation presented in Ref. [282].
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Chapter 5

Emergent Psuedospin Defects

Disclaimer: This Chapter contains results from my previous published work "Wave-packet
dynamics in a non-Hermitian exciton-polariton system", Phys. Rev. B 108, 115404
(2023) and "Emergent momentum-space topological pseudospin defects in non-Hermitian
systems ", arXiv preprint arXiv:2509.14605 (2025).

5.1 Introduction
Generation of topological defects has attracted a great amount of attention since they
exhibit potential for storing and transmitting information in photonic and spintronic
systems [133, 136, 137]. In this Chapter, I present a novel way to generate momentum-
space point defects in the pseudospin textures of exciton polaritons. These defects arise
from non-Hermiticity of the exciton-polariton system and are protected by topological
winding.

First, I describe the emergent pseudospin defects using the perovskite-based exciton-
polariton model (1.93), and argue that these defects can be experimentally measured in
this system. I then probe the dynamics of the defects using two simpler non-Hermitian
models, the non-Hermitian Dirac model described by Eq. (1.92) and a liquid crystal-based
exciton-polariton model described by Eq. (1.95).

The defining feature of the topological point defects in these models is that they are
associated with degeneracy lines (imaginary Fermi arcs) of the imaginary part of the
eigenenergy spectrum, and their dynamics is fully deterministic. This allows for accurate
analytical description of their dynamics and sets the non-Hermitian systems apart from
Hermitian systems, where typically the spontaneous emergence of the topologically pro-
tected point defects occurs in position space and is associated with the development of
instabilities and turbulence due to nonlinearity [307, 308, 309, 310].

5.2 Pseudospin Dynamics in a Perovskite-Based
Exciton-Polariton System

As previously described in Chapter 2, the polariton Gaussian wavepackets in the system
described by Eq. (1.93) tend to evolve into different eigenstates in different regions in
momentum space. Since these regions are separated by the Fermi arcs [see Fig. 2.5],
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it is natural to investigate what happens close to these arcs. As shown in Fig. 5.1(a-
b), the pseudospin textures of the upper and lower eigenstates have opposing in-plane
components but the same out-of-plane components everywhere in momentum space (when
∆ = 0 in Eq. (1.93)) [218]. While the pseudospin texture of each eigenstate is anti-parallel
on both sides of the bulk Fermi arc, the pseudospin of one eigenstate can transition
smoothly to the texture of the other when crossing the bulk Fermi arc. On the other
hand, the pseudospin textures of the upper and lower eigenstates are anti-parallel across
the imaginary Fermi arcs. As the initially spin-up Gaussian wavepacket evolves, my
calculation predicts emergent point defects on these imaginary Fermi arcs in momentum
space. I should also emphasise that this effect does not require an external force, and the
Hamiltonian operator has only a momentum dependence. Hence, the momentum-space
pseudospin textures can simply be calculated as

Sj(k) = ⟨ψ0(k)|e
iĤ†(k)t

ℏ σje
− iĤ(k)t

ℏ |ψ0(k)⟩

⟨ψ0(k)|e
iĤ†(k)t

ℏ e− iĤ(k)t
ℏ |ψ0(k)⟩

, (5.1)

where |ψ0(k)⟩ denotes the initial state of the wavepacket and σj denotes the j-th 2×2
Pauli matrix. Here, the momentum-space Gaussian distribution of the wavepacket is
canceled out, while the pseudospin texture of |ψ0(k)⟩ plays the dominant role. For the
values of the parameters used in this Chapter, please refer to Appendix A.

In this Section, I study the dynamics of these emergent pseudospin defects. Remark-
ably, the evolution of the pseudospin textures and the emergence of the defects depend
only on the initial polarization of the wavepacket, and not on the spatial or momen-
tum components. Therefore, the pseudospin textures can evolve independently from the
probability density function of the wavepacket, simplifying the calculations.

5.2.1 Pseudospin Defects

The pseudospin defects on the imaginary Fermi arcs are non-singular point defects similar
to skyrmions [137, 136, 139, 138, 165, 164, 134, 62, 150, 135, 311] [see Section 1.2.3]. Some
of the pseudospin defects (the ones circled by the black contour) that the simulation shows
[see Fig. 5.1(d-h)] are core-up and core-down defects but with Sz = 0 at the edges. As
previously discussed in Section 1.2.3, these defects have vorticities of ν = −1 and the
z-components of their pseudospins perform a π/2-rotation instead of a π-rotation [164],
and thus have polarities p = +1/2 (p = −1/2). Hence, these defects have skyrmion
numbers Nsk = −1/2 (Nsk = +1/2). I, therefore, conclude that these defects are core-up
and core-down anti-merons, i.e., anti-skyrmions with half-integer winding numbers. The
[Sx, Sy]-textures of the anti-merons are similar to that of the anti-skyrmions presented
in Fig. 1.6(c, d) in Section 1.2.3, while their Sz-textures perform π/2-rotation from the
centre to the edge similarly to the merons shown in Fig. 1.6(e, f).

In the vicinity of the exceptional points in the upper-half plane (ky ≥ 0), core-up and
core-down anti-merons form on the right-hand side (kx ≥ 0) and left-hand side (kx ≤ 0)
of the exceptional points pair, respectively. On the lower-half plane, the configuration is
flipped. Note that this configuration is consistent with the configuration of the spectral
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Figure 5.1: The pseudospin textures of (a) the upper eigenstate, (b) the lower eigenstate
and (c) a polariton wavepacket at t = 3 ps with ∆ = 0. (d) The pseudospin textures
of the polariton wavepacket at t = 1.5 ps. (e-h) Zoom-in of the areas marked in panel
(d) near the pseudospin defects on the imaginary Fermi arcs. The color represents the
values of Sz while the arrows represent the in-plane pseudospins (Sx, Sy). The imaginary
and bulk Fermi arcs are marked by the purple and the pink curves, respectively, and the
exceptional points are marked by the green dots.
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winding [see Section 1.1.1] around the exceptional points in this system, where each
exceptional points pair carries the opposite spectral winding, and the two exceptional
points with opposite momenta also carry the opposite windings [218].

My simulation also predicts pseudospin vortices (the ones not circled by the black
contour) with core polarization Sz = +1 (Sz = −1) forming between the core-down
(core-up) anti-merons on the imaginary Fermi arcs [see Fig. 5.1(d-h)]. The in-plane
pseudospins wind around the vortex cores, giving them vorticities of w = +1. However,
the Sz = ±1 at their cores does not transform into Sz = ∓1 or Sz = 0 on the edge.
Consequently, they do not have exactly p = ±1 like a skyrmion or p = ±1/2 like a
meron, and therefore do not have strictly integer-valued or half-integer-valued skyrmion
numbers.

5.2.2 Pseudospin Defects in the Presence of Zeeman Splitting

Although the non-zero Zeeman splitting ∆ in the model of Eq. (1.93) will not drastically
change the in-plane textures [Sx, Sy] of the defects, it has a huge impact on the out-of-
plane Sz-textures of the eigenstates and the defects. As ∆ increases, one eigenstate gains
more positive Sz component, while the other eigenstate gains the component of the op-
posite sign. As shown in Fig. 5.2, Sz becomes more negative on one side of the imaginary
Fermi arc, and more positive on the other side with increasing |∆|. Consequently, some
of the defects slightly drift away from the imaginary Fermi arcs.

The initial polarization of the wavepacket and the sign of the Zeeman splitting
∆determine which defects will be pushed away from the imaginary Fermi arc. For ex-
ample, for an initially circularly polarized wavepacket ψ+, the core-up anti-merons and
vortices stay on the imaginary Fermi arcs. The core-down defects drift outward (inward)
of the region bounded by the Fermi arcs [see Fig. 5.2(a-c)] for positive ∆ as they gain
more negative (positive) Sz in this region. If the wavepacket initially has the opposite
polarization ψ−, the opposite happens, and the core-down defects would stay on the arc
while the core-up defects drift away.

Another consequence of the Zeeman splitting is that the core-up and core-down defects
also gain more positive and negative Sz contribution, respectively. If |∆| continues to
increase, eventually the pseudospin on the edge of the anti-merons will no longer lie on
the xy-plane. Consequently, Sz in these defects will no longer perform π/2 rotations with
respects to the xy-plane, and they lose their anti-meron character. This is different from
the self-acceleration, splitting and directional transport of the wavepackets, which can
persist at large |∆|.

5.2.3 Pseudospin Defects in Real Space

The pseudospin anti-merons on the imaginary Fermi arc in momentum space can also be
seen in the real space. When the wavepacket density distribution overlaps with the anti-
merons in momentum space, the anti-meron textures also emerge in the real space [see
Fig. 5.3]. The emergence of these anti-merons is a direct consequence of the imaginary
Fermi arc and the non-unitary evolution (which will be discussed in more detail in the
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Figure 5.2: Pseudospin textures for (a-c) positive and (d-f) negative values of Zeeman
splitting showing how the core-down defects drifts away from the imaginary Fermi arc. (h-
j) Textures in the (a) gapless phase with nonzero ∆ (i) the phase where the two exceptional
points merge and (j) the gapped phase. The wavepackets are initially circularly polarized.
The imaginary and bulk Fermi arcs are marked by the purple and the pink curves,
respectively, and the exceptional points in the gapless phase are marked by the green
dots.
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next Sections). This is in contrast to the previous studies of purely Hermitian two-
dimensional systems, where the topological defects emerge due to the cavity anisotropy
and TE-TM splitting [164, 166, 165, 167].

My results show a new way to generate topological defects in the psuedospin struc-
tures that arise from the growth and decay of wavepackets in a non-Hermitian system.
These defects also represent a clear signature of the effects of the imaginary Fermi arc
on polariton dynamics in the real space. Furthermore, my results might be a useful tool
for detecting the locations of the imaginary Fermi arcs in momentum space. Moreover,
my preliminary estimates indicate that these defects can be observed experimentally in
a polariton system based, for example, on a perovskite semiconductor embedded in a
high-quality microcavity [218], which I will discuss in the next Section.
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Figure 5.3: The probability density function (PDF) of an exciton-polariton wavepacket
and its pseudospin textures in (a,b) the momentum and (c,d) the real space.

5.2.4 Proposed Experimental Measurement of the Pseudospin Defects

In experiments, the time evolution of probability density distribution and the pseu-
dospin textures can be measured using a streak camera which can take a snapshot of
the wavepackets in both real and momentum space at a resolution of ≈ 2 ps [274]. Since
the measurements are made by taking multiple snapshots and then averaging over the
time resolution, I aim to investigate whether the pseudospin defects on the imaginary
Fermi arc will still appear when the fields are averaged.
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Figure 5.4: The averaged wavepacket and pseudospin textures of the exciton-polariton
in momentum space (a,b) and in the real space (e,f). The probability density function
(PDF) and the pseudospin take similar forms to the wavepacket and pseudospin textures
at t = 5 ps in (c,d) and (g,h). The purple line denotes the imaginary Fermi arc.
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Since the pseudospin of the wavepackets cannot be measured in the regions with small
probability density (since the signal-to-noise ratio will be very low), I need to make sure
that the polariton density at the location of the pseudospin defects is non-negligible.
Previous work [8] shows that the larger the wavepackets are, the faster they will move
away from the initial centre-of-mass positions. Therefore, I need a wavepacket that is well
localised in momentum space, so it will stay near the defect for a long time. However, the
wavepacket cannot be too focused since I still need to measure the pseudospin texture of
the entire defect.

Furthermore, although it is unknown whether the change in the pseudospin textures
will reach a steady state, my numerical calculations indicate that the change of the
pseudospin slows down with time. Therefore, the best way to detect the pseudospin
defects is to take measurements over a long time, taking care to not exceed the time after
which the wavepacket moves away from the imaginary Fermi arc.

To simulate an experiment, I choose a circularly-polarized polariton Gaussian
wavepacket with a width of w = 0.02 µm−1 in momentum space with the initial centre-of-
mass momentum of ⟨k⟩ = (0.215, 6.73) µm−1 and considered a realistic set of parameters
presented in Ref. [218] [also in Appendix A]. The initial wavepacket is chosen so that its
size is small enough so it will stay on the imaginary Fermi arc for a long time, yet not too
small to be realised in experiment. The wavepacket has a width of wr = 1/σk = 50 µm in
real space, which can be achieved in the experiments. I found that that the wavepacket
at t = 5 ps is still on the imaginary Fermi arc and contains the pseudospin defect, but
is starting to move away at t = 15 ps. Therefore, I chose to take the average of the
wavepackets every 2 ps from t = 5 ps to t = 15 ps to see if the averaged wavepacket will
exhibit the pseudospin defects.

The right/left-hand circular (±), horizontal (H), vertical (V), diagonal (D), and anti-
diagonal (A) polarizations, defined by |ψ±|2, |ψH,V |2 and |ψD,A|2, respectively, are there-
fore calculated every 2 ps from t = 5 ps to t = 15 ps. I then take the average of these
quantities ⟨|ψ±|2⟩ave, ⟨|ψH,V |2⟩ave, ⟨|ψD,A|2⟩ave and use them to compute the pseudopin
textures defined by Eqs. (1.82). I observe that the wavepacket and its time-averaged
pseudospin textures take forms similar to those at t = 5 ps in momentum space [see Fig.
5.4(a-d)]. Therefore the snapshot of the wavepacket at t = 5 ps will dominate the time-
averaged measurement in momentum space. This is because the wavepackets at later
times have much lower probability densities due to the continuing decay (negative imagi-
nary part of eigenenergies) of the exciton polaritons. On the other hand, in the real space,
the averaged wavepacket and pseudospin textures do not completely agree with those at
t = 5 ps as seen in Fig. 5.4(e-h). However, the pseudospin anti-meron structure at the
centre of the wavepacket still persists after the averaging. With these results, I conclude
that the pseudospin anti-merons generated by non-Hermitian wavepacket dynamics can
be measured experimentally in both momentum space and real space.

Note that, the perovskite-based exciton-polariton system described by Eq. (1.93) and
considered in this Section has a rather complicated Fermi arcs structure which makes it
difficult to investigate the behaviour of the pseudospin defects. In the following Sections,
I will present further studies on the emergent pseudospin defects using simpler models. I
consider two other models, the non-Hermitian Dirac model described by the Hamiltonian
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in Eq. (1.92) and the non-Hermitian liquid-crystal microcavity exciton-polariton model
Eq. (1.95), where the structure of the Fermi arc is simpler, and the dynamics of the pseu-
dospin defects can be described analytically under some initial conditions. Although the
photonic disorder in the liquid-crystal-based microcavity contributes to the broadening
of the cavity modes, both the polarisation textures [167] as well as the complex-energy
landscape [265] can be successfully fully explored using this system.

5.3 Pseudospin Defects in a Non-Hermitian Dirac
Model

The second model that I consider in this Chapter is the non-Hermitian Dirac model
described by Eq. (1.92). The bulk and imaginary Fermi arcs of this model lie on the
kx-axis, separated by the exceptional points at kEP = (±

√
κ2 − ∆2, 0) if |κ| < |∆|, as

shown in Fig. 1.9. For |∆| > |κ|, the bulk Fermi arc vanishes and the imaginary Fermi
arc extends to the entire kx-axis. This simple Fermi arc structure makes it easier to
analytically investigate the defect dynamics, which will be discussed later.

As previously discussed in this Chapter, the dynamics of a wavepacket in the system
governed by a non-Hermitian Hamiltonian, leads to the formation of pseudospin defects
on the imaginary Fermi arcs. Example snapshots of the pseudospin texture in the non-
Hermitian Dirac model are plotted in Fig. 5.5, showing staggering core-up and core-down
defects being generated along the imaginary Fermi arcs in the gapless phase [Figs. 5.5(a-
c)]. At ∆ = 0, the core-up (core-down) defects along the positive (negative) kx-axis
have the vorticity of ν = −1 and polarity of p = 1/2 (p = −1/2), making them anti-
merons. On the other hand, the core-down (core-up) defects along the positive (negative)
kx-axis have the vorticity of ν = 1 but they do not have a well-defined edge and do not
have integer nor half-integer valued polarity. I refer to them as pseudospin vortices. In
Figs. 5.5(d-i), as ∆ increases, the exceptional points approach each other and annihilate,
opening an energy gap [see Section 1.5.1]. Through this process, the core-down defects
stay on the imaginary Fermi arcs, while the core-up defects are pushed off the arcs. At
the same time, the pseudospin textures gain Sz = ±1 on the two sides of the imaginary
Fermi arcs. Subsequently, the anti-merons no longer have the polarity of p = ±1/2, and
become pseudospin anti-vortices.

In the case where the initial wavefunction of the system ψ(0) is in a homogeneous spin-
up, Sz = 1, (spin-down, Sz = −1) configuration, I can show analytically that the centres
of the emergent core-up (core-down) pseudospin point defects are located at k∗(t) =
(±k∗

x,n(t), 0) where
k∗
x,n =

√
k2
EP,x + E2

n(t). (5.2)

Here, ∗ indicates the momentum space coordinates of the defects and En(t) satisfies the
quantization condition En(t) = nπℏ/t, where n ∈ Z is an integer index of the defects.
The evolution of the wavefunction (and therefore the associated pseudospin, Eq. (5.1)) is
described by ψ(t) = T̂ψ(0), where T̂ = exp(−iHt/ℏ), which is linear and deterministic.
The quantization condition corresponds to the moments of time when the time evolution
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operator T̂ , given by

T̂ =
(

cos Et
ℏ − i∆

E
sin Et

ℏ −ikx−i(ky−iκ)
E

sin Et
ℏ

−ikx+i(ky−iκ)
E

sin Et
ℏ cos Et

ℏ + i∆
E

sin Et
ℏ

)
(5.3)

coincides with the identity matrix, i.e. T̂ maps Sz = ±1 to itself.
Similarly, when T̂ is an anti-diagonal matrix, it maps Sz = ±1 to Sz = ∓1 and

generates the defects with the core orientation opposite to the initial condition. At
∆ = 0, this condition is satisfied along the imaginary Fermi arcs at k∗(t) = (±k∗

x,m(t), 0)
with k∗

x,m given by Eq. (5.2) but with the quantization condition Em = ((2m+1)/2)πℏ/t,
where m is an integer.

When ∆ ̸= 0 in Eq. (5.3), for the initial spin-up (spin-down) configuration, only the
defects with Sz = 1 (Sz = −1) will stay on the imaginary Fermi arcs with their location
in momentum space k∗ determined by Eq. (5.2), while the defects with Sz = −1 (Sz = 1)
will be pushed away from these arcs. This is because, when ∆ ̸= 0, the condition for T̂ to
be anti-diagonal is satisfied for E = ±i∆ tanEt/ℏ. The position of the defects k∗ needs
to be determined numerically and may no longer be on the imaginary Fermi arcs. In the
rest of this Chapter, I consider the initial spin-down configuration and focus the analysis
on the dynamics of the core-down (Sz = −1) defects, since only these defects can be
described analytically for all values of ∆. If the initial condition was Sz = 1, the core-up
defects would behave similarly. This explains why the defects emerge on the imaginary
Fermi arcs or in their vicinity. It also shows that the number of the defects is determined
by the mean-subtracted eigenenergy and time.

Note that in the fully gapped phase, the pair of pseudospin defects generated at
opposite momenta k∗ = (±k∗

x,n(t), 0) with the same index n have the same polarity p,
but opposite vorticity ν, therefore they also have the opposite skyrmion numbers [see
Eq. (1.18)]. The neighboring defects at k∗

n and k∗
n+1 also have opposite vorticity ν, but

they have opposite polarity p, and therefore the same skyrmion numbers. The typical
pseudospin textures associated with such defects and their time evolution is presented in
Fig. 5.5 for the three different phases: gapless with two exceptional points; gapless with
a hybrid point at the origin, and fully gapped, with no degeneracy in the real part of the
eigenenergy.

In the fully gapped phase, |∆| > |κ|, the two defects with opposite skyrmion numbers
propagate along the imaginary Fermi arc until they annihilate with each other at the time
t = nπℏ/

√
∆2 − κ2 at kx = 0, as shown in Fig. 5.6(c). However, in the gapless phase

with |∆| ≤ |κ|, the defects cannot pass through the degeneracy so the defects accumulate
at k∗ → kEP as t → ∞, as seen in Figs. 5.6(a,b). As the pairs of defects with opposite
skyrmion numbers cannot move past the degeneracy, they do not annihilate, and the
number of pseudospin defects will simply accumulate. With time, the defects become
increasingly densely packed and move closer to the degeneracy, but never dissipate nor
annihilate. Thus, the non-Hermitian spectral degeneracies, i.e. the hybrid and excep-
tional points, provide topological protection to the pseudospin defects on the imaginary
Fermi arcs.

Note that despite the accumulation and increasing density of the defects with time,
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Figure 5.5: Snapshots of the defects arising in the non-Hermitian Dirac model, Eq. (1.92),
(κ = 1) in (a-c) a gapless phase with two exceptional points (green dots) for ∆ = 0, (d-f)
a gapless phase with a hybrid point (gray dots) for ∆ = 1 and (g-i) a gapped phase for
∆ = 1.5. The initial condition is a spin-down state. Only the core-down defects are
highlighted by the black dots for simplicity. The core-up defects migrate away from the
imaginary Fermi arc as ∆ increases. The bulk and imaginary Fermi arcs are denoted
by the pink and the purple lines, respectively. The points where min(Re[E]), which are
attractors for these defects, are marked by the white dots.
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Figure 5.6: Position of the core-down defects on the imaginary Fermi arcs as a function
of time in (a) a gapless phase with two exceptional points for ∆ = 0, (b) another gapless
phase with a hybrid point for ∆ = 1 and (c) a fully gapped phase for ∆ = 1.5. Different
colors correspond to different n (only up to n = 12 are shown). Momenta of the excep-
tional points (kEP,x) in (a) and the hybrid point (kHP,x) in (b) are marked with horizontal
dashed lines, and min(Re[E]) is marked with a solid line (kf,x).

the total (zero) skyrmion number in the system remains unchanged because the defects
with opposite skyrmion numbers are always generated in pairs.

I note that, since the imaginary Fermi arc in the non-Hermitian Dirac model extends
to kx = ±∞, the defects are generated at k∗

x → ∞ at t → 0 (see Fig. 5.6 and Eq. (5.2)).
Therefore, this simple model cannot provide useful insights into the early-time dynamics
of the defects. In what follows, I consider a more realistic and experimentally relevant non-
Hermitian model, whose Fermi arcs are confined within finite regions in the momentum
space, enabling richer defect dynamics.

5.4 Pseudospin Defects in a Liquid Crystal-Based
Exciton-Polariton System

In this Section, I consider the liquid crystal model previously discussed in Section 1.5.3
. In this model, the exceptional points, as well as both the bulk and imaginary Fermi
arcs form an ellipse in momentum space [see Fig. (1.11)]. Similarly to the two models
discussed in Sections 5.2 and 5.3, the pseudospin defects emerge on the imaginary Fermi
arcs at k∗ = (kF (ϕ∗), ϕ∗) where kF (ϕ) is an ellipse in the k-space defining the positions
of the exceptional points, the hybrid points and the bulk and imaginary Fermi arcs. The
location of the pseudospin defects on the imaginary Fermi arcs can be defined by the
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polar angle ϕ∗, where

ϕ∗ =1
2 arctanB±/A± +mπ

A± = β′δE

β(γ + E2
n) ±

α
√
β2(γ + E2

n) + β′2δE

β(γ + E2
n)

B± = ±
√
δE

|β(γ + E2
n)|

√
−2αβ′

√
β2(γ + E2

n) + β′2δE − (β2γ + β′2γ′) − E2
n(β2 − β′2).

(5.4)

Here n ∈ N, m ∈ Z, γ′ = α2 + (∆2 − δΓ2), δE = ∆2 − δΓ2 − E2
n, En = nπℏ/t, and the

sign permutations for ± in ϕ∗ are independent, resulting in four values.
In contrast with the non-Hermitian Dirac model, where the defects emerge at infinity,

the imaginary Fermi arcs in the exciton-polariton system have a finite length and the
defects emerge at finite values of k. The pair of defects are generated at k∗

i = (kF (ϕi), ϕi)
periodically at t = nTi, where

Ti =πℏ

√√√√ β′2 − β2

α2β2 + (β′2 − β2)(∆2 − δΓ2) , and

ϕi = ± arccos
(

±
√
β′ − β

2β′

)
.

(5.5)

The index n in Ti corresponds to the same index in ϕ∗ from Eq. (5.4) and the two ±-signs
in ϕi are independent, giving four values of ϕi [see Fig. 5.7].

In the fully gapped phase, a pair of defects with the same index n and polarity p, but
opposite vorticity ν will emerge at the same ϕi, then each defect will propagate along
the imaginary Fermi arcs towards k∗ = (kF (mπ/2),mπ/2), where m is an integer, and
annihilate with another defect carrying the opposite skyrmion number at t = nTf where

Tf = πℏ√
∆2 − δΓ2

. (5.6)

Note that the periods for creation Ti and annihilation Tf are different, so the defects will
still accumulate with time.

In the gapless phase with either exceptional points or hybrid points, similarly to
the non-Hermitian Dirac model (1.92), the defects with opposite skyrmion number will
propagate along the imaginary Fermi arcs towards the non-Hermitian degeneracies, which
protect them from annihilation. Notably, along the imaginary Fermi arcs, the real part
of the eigenenergy Re[E] reaches its maxima exactly at ϕ = ϕi, and its minima at the
degeneracy in the gapless phase, or at ϕ = mπ/2 in the fully gapped phase [see Fig. 5.8].

The qualitative change in the behavior of the pseudospin defects in the gapless and the
gapped phase is also reflected in the skyrmion number in momentum space. In Fig. 5.9,
I plot the skyrmion number calculated within the region in momentum space between
ϕ = arccos

√
(β′ − β)/(2β′), which is one of the ϕi where the defects are generated, and
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Figure 5.7: (a) A pair of point defects with the opposite vorticity, ν, in the gapless phase
with ∆ = 0 eV, at t = 15 ps . (b,c) The close-up on the two defects with (b) ν = 1
and (c) ν = −1 shown in (a). (d) A pair of point defects with the opposite vorticity, ν,
at in the fully gapped phase with ∆ = 15 × 10−4 eV, at t = 10 ps. (e,f) The close-up
of the two defects with (e) ν = 1 and (f) ν = −1 shown in (d) that propagate towards
ϕ = π/2 before annihilating. The white square with black outline in (a,d) correspond to
max(Re[E]) where the defects emerge from. The green dots with black outline in (a) and
the white dots with black outline in (d) correspond to the min(Re[E]), where the defects
propagate towards, which also correspond to the degeneracies in the gapless phase.

ϕ = 0, which is an attractor for th defects. I chose this region to account for only one
of the defects in each of the emerging (annihilating) pairs with the opposite skyrmion
numbers. In the gapless phases, the total skyrmion number in this momentum-space
region increases monotonically [blue and red line in Fig. 5.9] as a result of more and more
defects accumulating near the spectral degeneracy. However, once a gap is opened, I can
see periodic dips in the skyrmion number [purple lines in Fig. 5.9] that correspond to the
annihilation events. The dips become more pronounced as the gap increases.

Interestingly, the imaginary Fermi arcs in this system play a role similar to that of
domain walls [173, 312], but instead of spin-up and spin-down regions, they separate
regions that align with the upper and the lower eigenstates. For an initial spin-down
configuration, the overlap between the wavefunction and the upper (lower) eigenstates
can be calculated using bi-orthogonality as

c± = ⟨ψL±|ψ(t)⟩. (5.7)
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Figure 5.8: Azimuthal angles (in momentum space) of the core-down defects on the
imaginary Fermi arcs plotted as a function of time in (a) a gapless phase with exceptional
points (denoted as ϕEP ) for ∆ = 0 eV, (b) another gapless phase with hybrid points
(denoted as ϕHP ) for ∆ = δΓ = 1.2 × 10−4 eV and (c) a fully gapped phase for ∆ =
1.5 × 10−4 eV, where the defects are annihilated at ϕf . Here, different colors correspond
to different integer index of the defect, n.

For an initially spin-down configuration, c± are proportional to

c± ∝
(
Hz ± E Hx − iHy

)
·
(

cos Et
ℏ − iHz

E
sin Et

ℏ −iHx−iHy

E
sin Et

ℏ
−iHx+iHy

E
sin Et

ℏ cos Et
ℏ + iHz

E
sin Et

ℏ

)
·
(

0
1

)

= e∓iEt
ℏ (Hx − iHy)

= e∓iRe[E]t
ℏ ± Im[E]t

ℏ (Hx − iHy).

(5.8)

Therefore, under the normalization condition |ψ|2 = |c+|2+|c−|2 = 1, the overlap between
the wavefunction with the right eigenstates take the forms as

|c±|2

|ψ|2
= |Hx − iHy|2e

2Im[E]t
ℏ

|Hx − iHy|2
(
e

2Im[E]t
ℏ + e− 2Im[E]t

ℏ

)

= e± 2Im[E]t
ℏ

2 cosh 2Im[E]t
ℏ

.

(5.9)

As shown in Fig. 5.10, the normalized |c±|2 across the imaginary Fermi arcs take very
similar shapes to the typical domain wall configuration.

In the case of spin-domain walls in conventional systems, skyrmions can be generated
as a result of Kelvin-Helmholtz instability, as discussed in Refs. [173, 174, 312]. However,
in contrast with the quantum hydrodynamics, where the domain wall emerges due to the
nonlinear interactions, in the linear system considered here the pseudo-spin domains and
point defects emerge due to the non-Hermiticity and the resulting complex structure of
the momentum-space eigenenergies. The possibility that this non-Hermiticity may lead
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(a) (b)

Figure 5.9: (a) The region of integration plotted with exceptional points and Fermi
arcs. (b) The skyrmion number calculated in the region between k ∈ [0, 2] and ϕ ∈

[0, arccos
(√

β′−β
2β′

)
≈ 0.87] for ∆ = 0 (blue line), ∆ = δΓ (red line) and ∆ > δΓ (purple

line). Here, t is in the units of Ti, which varies with ∆.

to effectively nonlinear dynamics of spin and pseudospin [273, 299, 300, 301, 302, 303, 304]
requires further investigation.

5.5 Conclusion
In conclusion, I describe the process of generation, annihilation, and dynamics of emer-
gent momentum-space pseudospin defects in a non-Hermitian two-band system. The
spectrum can be tuned between a gapless and a gapped phase using a magnetic field,
the former characterized by the presence of non-Hermitian degeneracies (exceptional and
hybrid points). Using the simple case where the wavefunction is initially in a spatially
homogeneous circularly-polarized state, I show analytically that the defects are generated
in pairs, at the maxima of the mean-subtracted eigenenergy, then propagate towards the
minima of the mean-subtracted eigenenergy. I also show that the defects with opposite
vorticity will be annihilated if there is a real gap in the spectrum, but in the gapless
phases, they will be protected by the non-Hermitian degeneracy. This whole process
of generation and annihilation of defects preserves the total (zero) skyrmion number in
the system. In contrast with quantum hydrodynamics of turbulent systems, the location
and trajectories of the skyrmions in momentum space are fully deterministic and are
determined by the location of eigenenergy degeneracy lines (imaginary Fermi arcs) in
momentum space.

Since the pseudospin texture in an exciton-polariton system can be experimentally
measured [167, 189, 191, 218], the measurement of the pseudospin defects will provide a
clear signature of the effects of the imaginary Fermi arcs on the dynamics of the system.
Furthermore, by measuring the pseudospin and the skyrmion number in a certain region
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b

Figure 5.10: (a) The normalized overlap of the wavefunction with the upper eigenstate
at t = 5 ps. (b) The cross section of normalized |c±|2 along the k-direction at ϕ = π/3
marked with the black arrow in (a) at t = 5 ps (solid lines), t = 10 ps (dotted dashed
lines) and t = 20 ps (dashed lines).

of the momentum space at different times, one can potentially detect the signature of the
transition between the gapped and the gapless phase.

I also show that an imaginary Fermi arc forms a domain wall separating the regions
where the pseudospins align with the two different eigenstates of the non-Hermitian sys-
tem. It is therefore tempting to draw parallels with previous studies connecting the
generation of skyrmions in a Hermitian spinor system to the domain wall instabilities
[173, 174, 312], but a closer link between these effects remains to be uncovered. The
study presented in this Chapter highlights the rich physics of non-Hermitian systems and
the role played by the imaginary Fermi arcs in the new, experimentally observable dynam-
ical effects. Furthermore, these defects are dynamics, which is in contrast to the static
ones generated in the conventional Hermitian systems, that usually requires an applied
electromagnetic field to move. Topological defects have potential application in quan-
tum communication [136, 137]. Although, the generation and motion of the emergent
defects discussed in this Chapter are purely determined by the underlying Hamiltonian,
if one can find a way to control the motion of the defects or to stabilise them, this could
potentially enable future applications in quantum communication.
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Chapter 6

Momentum-Space Non-Hermitian
Skin Effect

6.1 Introduction
As discussed before in Section 1.1.2, the non-Hermitian skin effect (NHSE), where all
eigenstates localise on the edge of the system as a results of the point-gap topology of
the eigenspectrum, plays an important role in non-Hermitian physics. However, it is
difficult to realise the NHSE in real space. In one-dimensional periodic (lattice) systems,
the NHSE either requires non-reciprocal coupling between the lattice sites [1, 3, 35, 44]
or an induced flux [51, 52, 53]. In a system without discrete translational symmetry
(i.e. a lattice), realisation of NHSE requires an imaginary gauge transformation [58], a
combination between the Rashba-Dresselhaus spin-orbit coupling and dissipation [59], or,
as recently shown, precise control over the boundary conditions [57]. These conditions are
difficult to realise in an exciton-polariton system, which I focus on in this Thesis. However,
in this Chapter, I will show that a similar localisation can be induced in momentum space
of a continuous system. This k-space NHSE arises from an imaginary potential, which
can be realised and controlled in a realistic exciton-polariton experiment.

In this Chapter, I will first review the NHSE induced by an imaginary gauge trans-
formation in a continuous system with no discrete translational symmetry. I will then
show that a similar effect can be realised in momentum space via an imaginary gauge
transformation in momentum space, which corresponds to an imaginary offset in a spa-
tial variable. I then illustrate this effect using a simple toy model which can be solved
analytically. After this, I demonstrate that the k-space NHSE can similarly be realised
using an asymmetric imaginary potential in real space, which corresponds to an optically-
induced potential in an exciton-polariton system. Finally, I discuss the interplay between
the NHSE and the nonlinearity by including a nonlinear interaction term in the Hamil-
tonian.

102



6.2 Continuous NHSE without Discrete Transla-
tional Symmetry

In this Section, I will review NHSE in real space induced by an imaginary gauge trans-
formation. Let us first consider a one-dimensional (1D), single-band (spinless), non-
Hermitian Hamiltonian describing a particle of mass m, subject to an imaginary vector
potential A0, which is well-known to exhibit NHSE [48, 57, 58, 60]

H = [p− iA0]2
2m + V (x) (6.1)

where x (p) is the position (momentum) operator, and V (x) is the (real-valued) confining
potential. Here, the imaginary gauge transformation does not include charge, because
exciton polaritons are neutrally charged. The imaginary gauge transform modifies the
eigenstates as:

ψn(x) = e−A0·x/ℏϕ(0)
n (x), (6.2)

where the ϕ(0)
n (x) are the eigenstates of the Hermitian Hamiltonian (with A0 → 0) denoted

by H0, and n are positive integer that denotes the level.
The exponential factor e−A0x/ℏ in Eq. (6.2) demonstrates the action of the constant

imaginary vector potential: it skews the eigenstates in real space towards the sign of A0,
as shown in Figs. 6.1(a,b) for a harmonic trap in the form of

V (x) = 1
2mω

2x2, (6.3)

where ω is the trapping frequency. Note that in Fig. 6.1, the exponential localisations
of the wavefunctions towards the edges of the traps are demonstrated by plotting the
amplitude of the right eigenstates. The edge localisation also occurs in a box-like trapping
potential, such as shown in Figs. 6.1(d, e) for a super-Gaussian trap

V (x) = V0

(
1 − exp

[
−
(
x2

a2

)20
])
, (6.4)

where V0 and a denote the depth and the width of the trap, respectively, and in other
trapping configuration as long as there are bound states. Hence, Eq. (6.2) represents a
simple continuous model exhibiting the non-Hermitian skin effect [48, 56, 58, 60], where
a macroscopic number of eigenstates are localised towards the edge of the confining po-
tential.

The topological origin of the NHSE is established through the non-trivial spectral
winding and the sensitivity of the spectra to the boundary conditions [see Section 1.1]
[1, 44, 54]. In prototypical tight-binding models, the NHSE is accompanied by the sharp
difference between spectra under the periodic boundary condition (PBC) and the open-
boundary condition (OBC). The OBC spectrum lies within the area enclosed by the PBC
spectrum that has a non-trivial spectral winding in the complex plane[see Section 1.1.1]
[6, 44, 49, 54].
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Figure 6.1: Continuous non-Hermitian skin effect (NHSE) in real space (a-f) induced by an
imaginary gauge transformation and in momentum space induced by (h-j) an imaginary
offset in x and (k-m) an imaginary Gaussian on the edge of the harmonic, Eq. (6.3), or
the box-like, Eq. (6.4), trap. Panels (c,f) show the unconfined spectra (blue lines), which
demonstrate point-gap topology and the confined spectra (black dots), which is similar to
the sensitivity to the boundary condition in the NHSE in the lattice systems. Panels (j,m)
shows the complex-valued potential (blue lines) with no kinetic energy and the spectra
of both the kinetic and the potential energies (black dots) which shows behaviour similar
with (c,f) but with x and k interchanged. The solid (dashed) lines in panels (a,d,h,k)
show the real (imaginary) part of the potential energy in real space, and similarly the
solid (dashed) lines in panels (b,e,i,l) show the real (imaginary) part of the kinetic energy
in k space. In panels (a,b,d,e,h,i,k,l), E denotes the real part of the energies of the
eigenstates.
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(a) (b)

Figure 6.2: (a) The confined (blue line) and unconfined spectrum (black dots) of the
Hamiltonian (6.1) with harmonic potential defined by Eq. (6.3). (b) The complex angle
of the free spectrum, where the discontinuous jump at k = 0 results in non-zero spectral
winding.

In the continuous version of NHSE, the PBC eigenspectrum is replaced with the
unconfined eigenspectrum, i.e. eigenenergy there is no confining potential, EPBC → EV=0
and use the momentum range of k ∈ (−∞,∞) instead of a periodic one. The confinement
due to the potential V (x) plays the role of OBC [59, 51]. The unconfined spectrum is
simply

EV=0 = [p− iA0]2
2m , p ∈ (−∞,∞), (6.5)

a parabola in the complex plane, while the trapped spectrum remains unchanged by the
imaginary gauge transformation E = EA0=0 [58, 60]. For an illustrative example, consider
a quantum harmonic oscillator with potential from Eq. (6.3), the harmonically trapped
spectrum is

En = (n+ 1/2)ℏω, n ∈ N (6.6)

which is purely real-valued. The two spectra are plotted in the complex plane in
Fig. 6.1(c), showing the stark difference between the two, in the same way the OBC
and PBC spectra are different in the NHSE in the lattice systems discussed previously
in Section 1.1.2. Hence, the difference between the confined and the unconfined spectra
here plays the same role as the sensitivity to the boundary conditions, and indicates the
presence of the NHSE in a continuous system without discrete translational symmetry.

Next, I can calculate the spectral winding [see Section 1.1.1 for more details] of the
unconfined spectrum around some base energy Eb for the range k = (−∞,∞) following
the topological index defined for tight-binding models [6, 44, 49] as follows:

w = 1
2π

∫
k

∇k[arg(EV=0 − Eb)] · dk = sgn(A0). (6.7)

The nontrivial winding can be analytically calculated using the fundamental theorem of
calculus, and depends on the sign of A0, which determines the direction of localisation.
A non-zero value of A0 would results in both the localisation of the eigesntates at the
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boundary as well as non-zero spectral winding. This is equivalent to the point-gap topol-
ogy, where the PBC spectrum forms a closed loop on the complex plane, in tight-binding
models, which generalises the bulk-boundary correspondence to non-Hermitian systems,
and in this case extends to continuous systems [see Fig. 6.2].

Physically realising an imaginary vector potential that leads to the emergence of the
NHSE in real space is not straightforward, especially in continuous systems [51, 59, 58].
In this work, I generalise the skin effect to momentum space by switching the roles of
position and momentum operators, and provide further insights into more complex forms
of imaginary vector potentials and their effect on the eigenstates in position and momen-
tum spaces. To gain more intuition, the dependence of localisation of the eigenstates in
momentum space on various parameters is examined in the following Section.

6.3 Continuous Momentum-Space NHSE
When the roles of x and p in Eq. (6.1) are interchanged, the localisation (skin effect)
occurs in the momentum space and is induced by an imaginary vector potential A(p). To
demonstrate the effect, I provide a simple example, a one-dimensional harmonic oscillator
with a linear imaginary potential given by V (x) = mω2(x2 − iξx)/2. The Hamiltonian
can be written in momentum space as

Hp = p2

2m + 1
2mω

2
(
iℏ
∂

∂p
− i

ξ

2

)2

+ 1
8mω

2ξ2. (6.8)

In this form, the imaginary vector potential (in momentum space) is A(p) = ξ/2, analo-
gous to A0 in Eq. (6.1) with the addition of a constant energy offset (last term in Eq. 6.8).
The confined energies are:

En = (n+ 1/2)ℏω +mω2ξ2/8, (6.9)

with the corresponding momentum, p, eigenstates:

ψn(p) = eξp/2ℏψ(0)
n (p) (6.10)

where ψ(0)
n (p) are the eigenstates of the Hermitian harmonic oscillator (with ξ = 0). The

exponential factor explicitly shows the localisation, and hence, the skin effect in momen-
tum space. The complex spectra are exactly the same as the Hermitian case, except
for the energy offset. In the previous Section, it is demonstrated that the exponential
localisation of all eigenstates at the edge corresponds to the non-zero spectral winding, a
non-Hermitian topological invariant, of the unconfined spectrum in a continuous system
(or the PBC spectrum in a lattice system). This shows the skin effect to be intimately
related to the topology of the complex-valued eigenenergies. Here, the imaginary offset
in x similarly results in the exponential localisation of all momentum-space eigenstates,
showing the NHSE in momentum space.

To understand the connection of the simple model (6.8) to the prototypical Hatano-
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Nelson model [48], which is the simplest tight-binding model demonstrating the NHSE,
consider the Hamiltonian Hp (6.8) discretised in momentum space:

Hp =
∑
n

(
n2(∆p)2

2m + mℏ2ω2

(∆p)2

)
|n⟩⟨n|

+
(

− mℏ2ω2

2(∆p)2 − mℏω2ξ

4∆p

)
|n⟩⟨n+ 1|

+
(

− mℏ2ω2

2(∆p)2 + mℏω2ξ

4∆p

)
|n+ 1⟩⟨n|.

(6.11)

In this form, the imaginary vector potential ξ clearly induces asymmetric nearest-neighbor
hopping (second and third lines), which is the key component to the NHSE of the Hatano-
Nelson model described by Eq. (1.8) [48]. The kinetic term, p2/(2m) plays the role of the
"trapping" potential which simply adds an onsite potential.

I further investigate the topological nature of the localisation by examining the sen-
sitivity of the spectrum (6.11) to the boundary conditions. Since the NHSE and the
imaginary gauge transformation are now in momentum space, the unconfined spectra
(corresponding to the PBC) can be obtained by setting m → ∞ to remove the confine-
ment, which is described by the parabola of the kinetic energy. Hence, the unconfined
eigenspectra are simply the potential, i.e. E = V (x), which is also a parabola in the
complex plane. The confined eigenspectrum (corresponding to the OBC) is given by
Eq. (6.9), which is again confined on the real axis. The two eigenspectra are plotted in
Figs. 6.1(j,m), clearly showing the stark difference between the unconfined and confined
spectra, corresponding to the point-gap topology in 1D tight-binding model that exhibits
NHSE [see Section 1.1].

Interestingly, the localisation in momentum space can persist even if the confining
potential (real part of V ) is not harmonic and the imaginary potential (imaginary part
of V ) is not linear. An example is shown in Fig. 6.1(k-m), where the confining potential
is an inverted super-Gaussian (6.4) and the imaginary part is an off-centered Gaussian

V (x) = V0

(
1 − e

−

(
x2
a2

)20)
+ Iie−(x−x0)2/(2σ2), (6.12)

where I, x0 and σ denote the height, the centre, and the width of the imaginary-valued
Gaussian. In this case, the real-space eigenstate distributions remain symmetric but
the momentum-space eigenstates are localised towards the direction of the offset of the
imaginary part [see Fig. 6.1(k-m)].

Furthermore, the complex eigenspectrum is also sensitive to the boundary conditions
as shown in Fig. 6.1(j,m). The unconfined eigenspectrum forms a closed loop in the
complex plane with a finite area and a non-zero topological winding number defined
using Eq. (6.7) but with k → x and EV=0 → V (x). The sign of the winding depends
on the relative position of the center of imaginary Gaussian potential with respect to
the center of the confining potential. When the imaginary Gaussian is centered on the
trap, there is no localisation and the winding (6.7) of the unconfined spectrum is zero
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[see Fig. 6.3].
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Figure 6.3: The winding plotted against the centre-of-mass position of the imaginary
Gaussian inside an inverted super-Gaussian trap similar to the one shown in Fig. 6.1(k).
Here, the super-Gaussian trap defined by Eq. (6.12) has a depth of V0 = 10 and a width
of a = 5. The imaginary Gaussian has a width of σ = 1 and a height of I = 1.

6.4 Proposal for Experimental Realisation in an
Exciton-Polariton System

In this section, I present an effective model that is based on an experimentally realisable
quasi-1D exciton-polariton system [313]. The effective one-dimensional Hamiltonian can
be written in the following form:

H = p2

2m + V (x), (6.13)

and the trapping potential consists of a potential well arising from the structure of the
sample [314] and an additional complex-valued Gaussian-shaped potential barrier induced
by the optical pump that creates an incoherent excitonic reservoir in the system (see
Section 1.4 for details). Although the etching of the sample that creates the trapping
potential locally changes the polariton linewidth, this effect will be symmetric, and does
not result in NHSE in momentum space. In this Section, the units are set to be arbitrary
unit for simplicity.

V (x) = V0(x) + (R + iI)e−(x−x0)2/(2σ2). (6.14)

Here, V0(x) is the trapping potential that arises from the structure of the microcavity
and and is shaped as a finite square well with height V0 [315, 314] and width a, which I
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Figure 6.4: The amplitudes of the 8 lowest energy right eigenstates in a finite square
well with height V0 = 5 and width a = 5 with a complex-valued Gaussian barrier in
real and momentum space. (a, d) showing the eigenstates with both real and imaginary
Gaussian, (b, e) showing the eigenstates with only the real Gaussian and (c, f) showing
the eigenstates with only the imaginary Gaussian. Here, the heights of the real and
imaginary Gaussian are R = 3 and I = 1, and the width of the Gaussian is σ = 1. The
black solid (dashed) lines represent the real (imaginary) parts of the kinetic energy and
potential energy. In the simulation, I set the grid to be periodic at x = ±40. This enables
the Fourier transform, but also minimises the effects from the grid boundary since it is
significantly far away from the edge of the trap.

approximate using a super-Gaussian

V0(x) = V0

(
1 − e

−

(
x2
a2

)20)
, (6.15)

which is shaped similarly to a finite square well, but with smoothed edge, which is more
realistic. Parameters R and I in Eq. (6.14) represent the height of the real and imaginary
parts of the Gaussian-shaped potential barrier, respectively. The height of the square
well is set to V0 = 5 while the width is a = 5.

In Fig. 6.4, I plot the 8 lowest-energy eigenstates to show the effects from the real and
imaginary part of the Gaussian potential barrier centred on the edge of the trap. Fig.
6.4 shows that although a real Gaussian would shift the centre-of-mass of the eigenstates
in real space [Figs. 6.4(a-b)], an imaginary Gaussian is required to induce localisation of
the eigenstates in momentum space [Fig. 6.4 (d, f)] and in the absence of the imaginary
Gaussian, the eigenstates stay symmetric in momentum space [Fig. 6.4 (e)].

I also vary the height, the width and the centre of the imaginary part of the Gaussian
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Figure 6.5: The centre of mass momenta of the 8 lowest energy eigenstates plotted with
(a) different heights, I, (b) different widths, σ, and (c) different centre-of-mass position,
x0 of the imaginary Gaussian (see Eq. (6.14)). The height and width of the Gaussian are
set at I = 0.5 in (b, c), σ = 2.5 in (a,c) and centred at x0 = 5 in (a,b) unless specified
otherwise. The trap takes the form of the inverse super-Gaussian in Eq. (6.15) with
V0 = 10 and a = 5.

pump to investigate how these parameters affect the centre-of-mass momentum of the
eigenstates. While Fig. 6.5(a) shows that the strength of localisation increases with the
height of the imaginary Gaussian, the dependence on the width and the centre seem to
be more complicated. The eigenstates seem to reach the strongest asymmetry around
σ = 3, which suggests that localisation of the eigenstates is the strongest for the more
anti-symmetric imaginary potential [Fig. 6.5(b)]. Similarly, from Fig. 6.5(c), it seems
that although the centre of the imaginary Gaussian and the centre-of-mass momenta of
the eigenstates are not simply related, as long as the Gaussian is not centred on x = 0,
the eigenstates will become asymmetric and localise in momentum space.

6.5 Effects of Nonlinearity
I then explore the effects of nonlinearity on the localisation or the non-Hermitian effect by
exploring an exciton-polariton condensate based on the Gross-Pitaevskii formalism. For
polaritons, this nonlinearity arises from the matter component and reflects the repulsive
interaction between excitons [13, 12, 316]. To model the effect of this repulsive polariton-
polariton interaction, a nonlinear term g|ψ|2 is introduced to the effective Hamiltonian
(6.8).

In this section, I introduce a nonlinear term to the more simple effective Hamiltonian
model, Eq. (1.77), to gain some insights on the effects of interactions that may be
applicable to an exciton-polariton setting:

H = ℏ2k2

2m + 1
2mω

2(x− iξ)2 + g|ψ|2 (6.16)

This equation is similar to the Hamiltonian resulting in the Gross-Pitaevskii equation for
the polariton wavefunction [245, 246], but with a complex-valued potential.

Although I am unable to determine the entire eigenspectrum due to the additional
nonlinear term, The ground state can be numerically found by employing imaginary time
evolution [317] and split-step methods [278, 279].
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The corresponding Gross-Pitaevskii equation for the polariton wavefunction in real
time

iℏ
d

dt
ψ = − ℏ2

2m∇2ψ + 1
2mω

2(x− iξ)2ψ + g|ψ|2ψ (6.17)

can be rewritten in imaginary time τ = it

−ℏ
d

dτ
ψ = − ℏ2

2m∇2ψ + 1
2mω

2(x− iξ)2ψ + g|ψ|2ψ. (6.18)

In this case, for an initial wavefunction in a superpositions of different eigenstates (or
steady states in the nonlinear case), ψ(0) = ∑

n cnψn, evolution in imaginary time at
τ → ∞ ensures that all the higher energy states will decay and the wavefunction will
evolve into the lowest energy eigenstate (or steady state)

ψ(τ) = e− Hτ
ℏ ψ(0)

=
∑
n

cne
− Enτ

ℏ ψn

τ→∞−−−→ c0ψ0.

(6.19)

In order to tackle the nonlinear terms, I implement split-step methods in imaginary
time, and evolve the wavefunction under the linear and nonlinear parts of Hamiltonian
separately,

ψ(x, τ + ∆τ) = e−g|ψ(x,τ)|2∆τ/ℏe−Hl∆τ/ℏψ(x, τ) (6.20)

where Hl = − ℏ2

2m∇2 + 1
2mω

2(x − iξ)2 denotes the linear part of the Hamiltonian, which
was discretised into an N × N matrix, with N being the size of the grid, and e−Hl∆τ/ℏ

computed using the matrix exponential in MatLab. The results of the simulation with
different g are plotted in Fig. 6.6. Here, I also normalise the wavefunction at each step,
so even if the lowest energy level is below zero, the algorithm would not diverge.

The repulsive interaction broadens the ground-state wavefunctions in the real space
[see fig. 6.6(a)] and narrows wavefunctions in momentum space [see fig. 6.6(ab]. This
is expected even in the Hermitian case. Interestingly, as the strength of g increases, it
also shifts the centre-of-mass momentum of the ground-state wavefunction, and there-
fore strengthens the localisation in momentum space [see fig. 6.6(c, d)]. This is unlike
the NHSE in the real space where the repulsive interaction is expected to widen the
wavefunction, therefore weakening the localisation. Although, the strengthening of the
k-space NHSE could be attributed to the energy blue-shift induced by nonlinaerity.

6.6 Conclusion
In this Chapter, I discuss localisation of eigenstates in momentum space induced by
a complex-valued potential. I uncover that this effect is equivalent to the real-space
NHSE with position and momentum space interchanged, and it presents an easier way to
implement NHSE in a realistic experimental setup. I also propose a way to realise this
effect using an exciton-polariton system in a trapping potential. Finally, I discuss the

111



-5 0 5

x

0

0.2

0.4

0.6

0.8

1
|

|2

0 1 2 3 4 5

g

0.4

0.6

0.8

1

1.2

k

0 1 2 3 4 5

g

0.5

0.55

0.6

0.65

0.7

0.75

k

g=0

g=0.5

g=1

g=1.5

g=2

g=2.5

g=3

g=3.5

g=4

g=4.5

g=5
-5 0 5

k

0

1

2

3

4

|
|2

(a) (b)

(c) (d)

𝐸𝐸

Figure 6.6: The amplitudes of the ground-state wavefunctions in (a) real and (b) mo-
mentum space. The black solid lines in panels (a) and (b) represents the real part of
the potential and kinetic energy, respectively, and the wavefunctions in (b) are plotted
at the values of energy that are shifted with respects to the ground-state eigenenergies.
Panels (c, d) show the centre-of-mass momenta and widths in momentum space of the
ground-state wavefunction with different values of g. Here, I set ξ = 0.5.

effect of nonlinear interaction and show that while the nonlinearity broadens the ground
states in the real space, it enhances the localisation in the momentum space. This suggests
an interesting new approach to investigating the interplay between the non-Hermitian and
nonlinear effects, where nonlinearity enhances the localisation, instead of weakening it.

Experimental verification of the theory presented here faces several difficulties. For
example,the influence of nonlinearity is difficult to isolate from other effects. In experi-
ments, the nonlinear interaction is induced by increasing the pump strength beyond the
condensation threshold [13, 12]. However, since the complex-valued optically induced
potential is also proportional to the pump, increasing the pump strength also enhances
the imaginary Gaussian potential. In this case, it would be difficult to distinguish be-
tween the effects arising from the interaction and the effects arising from a stronger
imaginary potential. Additionally, since the ratio between the real and imaginary parts
of the optically-induced potential is fixed and is determined by the material, it would
also be experimentally impossible to turn off either the real or the imaginary part of the
potential. Nevertheless, experiments are currently ongoing in the ANU Polariton BEC
Group to verify these theoretical predictions.
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Chapter 7

Conclusion and Outlook

In this Thesis, I have presented the results of the research I conducted during my PhD with
the help of my research group and collaborators. My initial focus was to generalise the
quantum geometric tensors to non-Hermitian systems and to investigate their consequence
on the dynamics of the wavepackets. The unexpected complexities and vastness of new
dynamical effects in non-Hermitian systems forced me to detour to also describe other
dynamical effects including the self-acceleration of wavepackets. This then led me to look
into the pseudospin dynamics in non-Hermitian systems, resulting in my research on the
defect dynamics and the generlised Zitterbewegung effect. In the following section, I will
summarise the key findings of my research.

7.1 Summary of Major Findings
In summary, my research has uncovered novel dynamics of wavepackets and pseu-
dospins arising from topology and quantum geometry in non-Hermitian systems. Using
exciton-polariton systems as an experimentally relevant example, I investigated how non-
Hermiticity affects the wavepacket and pseudospin dynamics as well as topological edge
states.

In Chapter 2, I investigated the self-acceleration of the wavepackets in non-Hermitian
exciton-polariton systems. In particular, I describe the dynamics and splitting of the
exciton-polariton wavepackets in momentum space even in the absence of a real-space
potential, and showed that these effects arise from the finite wavepakcet size and the non-
zero gradient of the imaginary energy landscape in momentum space. I also identified the
extrema of the imaginary energy as attractors of the wavepacket centre-of-mass motion.

In Chapter 3, I investigated how the inclusion of an external force modifies the
wavepacket dynamics in non-Hermitian systems. First, I included a small external
force and investigated the interplay between the self-acceleration arising from the finite
wavepacket size and the acceleration arising from the external potential. I then analyt-
ically derived a semi-classical equation of motion of wavepackets in non-Hermitian two-
dimensional systems using perturbation theory. My semi-classical theory explicitly shows
that both the right-right (RR) and left-right (LR) quantum geometric tensors (QGTs)
play significant roles in the wavepacket dynamics. In particular, the RR QGT appears
as the correction to the wavepacket centre-of-mass position, the LR QGT appears as the
correction to the phase of the wavepackets. I also showed how the components of the
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LR QGT can be constructed from the exciton-polariton pseudospins, which enables its
direct measurement. I emphasise that both the components of QGT and the wavepacket
dynamics can be independently measured experimentally, and hence can provide direct
experimental tests of the validity of the role of non-Hermiticity on quantum geometry.

In Chapter 4, I presented a generalisation of the Zitterbewegung effect for wavepackets
in non-Hermitian systems. I first reviewed the pseudospin dynamics in non-Hermitian
systems, which is qualitatively different from the Hermitian case. I then derived an
analytical semi-classical theory for the wavepacket centre of mass motion, highlighting
new dynamical effects arising from both the pseudospin behaviour and from the non-
Hermitian parts of the Hamiltonian. I also demonstrated that in the special case where
there is no out-of-plane component of the effective magnetic field, the non-Hermitian
corrections can be expressed in terms of the LR quantum metric tensor, showing how
this generalised Zitterbewegung effect is related to quantum geometry. This effect can
also, in principle, be verified experimentally in an exciton-polariton system.

In Chapter 5, I described the emergent pseudospin defects on the imaginary Fermi
arcs in momentum space of a two-band non-Hermitian system. I highlighted that these
defects are entirely deterministic, and can emerge even in the absence of nonlinear inter-
actions or turbulence. I also showed that in a simple case, where the system is initially
spatially homogeneous and circularly polarized, the defects can be described analytically
both in the gapless and gapped phases. These phases are defined by the absence or pres-
ence of a gap in the real part of the eigenenergy spectrum, respectively. I then showed
that in the gapless phases, the defects are protected by the non-Hermitian spectral de-
generacy (exceptional points and hybrid points), whereas in the gapped phases, they will
be annihilated with each other. Finally, I suggested that the signatures of these defects
can be experimentally measured using non-Hermitian exciton-polariton systems.

And finally, in Chapter 6, I demonstrated that non-Hermitian skin effects can be
induced in momentum space by an imaginary potential in the real space. I first illus-
trated this effect using a simple modified quantum harmonic oscillator model which can
be analytically solved. I then considered a more realistic exciton-polariton system in the
presence of a trapping potential, which comes from the sample structure, and a complex-
valued Gaussian-shaped potential barrier, which arises from the pump. I showed that
the imaginary parts of the Gaussian potential can induce the localisation of the trapped
states in momentum space. Finally, I showed that, in principle, the presence of nonlinear
interaction can strengthen the localisation of the eienstates in momentum space. How-
ever, in actual experiments, it would be difficult to separate the effects arising from the
potential from the ones arising from the interaction.

These results demonstrate the new physics and novel dynamical effects in non-
Hermitian systems as well as the potential of exciton polaritons as an experimental
platform for studies of non-Hermitian physics. There are still many things to investi-
gate further. In the next section, I will present a non-exhaustive list of future directions.
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7.2 Future Directions

7.2.1 Non-Adiabatic Wavepacket Dynamics

In Chapter 4, I presented an analytical semi-classical theory of the wavepacket in terms
of the pseudospin precession in the absence of an external force. In Chapter 3, I also
presented a different analytical semi-classical theory of the wavepackets in the presence
of a force using perturbation theory. One potential future direction is to include an
external force in the derivation of the non-Hermitian Zitterbewegung effect.

Usually, the semi-classical theory of wavepackets in non-Hermitian systems fails when
a wavepacket centre-of-mass momentum crosses the Fermi arcs. As discussed in Chapters
2 and 5, the quantum state in non-Hermitian systems evolves into the least dissipative
eigenstate, and the Fermi arcs separate the regions where the quantum state evolves into
different eigenstates. Therefore, the wavepacket would first evolve into one eigenstate on
one side of the Fermi arcs, before it evolves into a different eigenstate when it crosses
the Fermi arcs. In the semi-classical theory, the wavepacket is usually assumed to stay
in the same eigenstates, which would fail to capture this non-adiabatic behaviour. I
believe that a theory that captures both the acceleration due to an external force and
the pseudospin precession would address this problem and demonstrate the novel effects
of the wavepackets in non-Hermitian systems without the above constraints.

7.2.2 Generalisation of Non-Hermitian Skin Effects

In Chapter 6, I showed that the non-Hermitian skin effect can occur in the momentum
space, where the imaginary parts of the potential in real space induce localisation of
the eigenstates in momentum space and the kinetic energy plays the role of a trapping
potential. Although I was able to show numerically that an asymmetric imaginary po-
tential induces the localisation in momentum space, it is still unclear what the necessary
conditions are for the the existence of the edge,’skin’ modes in momentum space.

My main assumption in Chapter 6 is that for the momentum-space NHSE in contin-
uum, the complex-valued potential term is analogous to the eigenspectrum under periodic
boundary conditions (PBC) while the eigenspectrum of the full Hamiltonian is analogous
to the eigenspectrum under open boundary conditions (OBC). This was an intuitive gen-
erlisation from the NHSE in real space in a continuous, non-periodic systems where the
unconfined spectrum, the eigenspectrum from the kinetic terms alone, plays the role of
the PBC eigenspectrum while the eigenspectrum of the full Hamiltonian plays the role
of the OBC eigenspectrum. However, this assumption has not yet been properly proven.
Therefore, I believe that another key future direction is to generalise the previous theories
in Refs. [55, 57], which predict the existence of non-Hermitian skin modes using non-Bloch
band theory, to predict the skin modes in momentum space, as well as find a new way to
define the point-gap topology and non-Hermitian bulk-boundary correspondence.
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7.2.3 Interplay between Nonlinearity and Non-Hermiticity

In Chapter 6, I highlighted that the inclusion of repulsive nonlinear interaction strength-
ens the non-Hermitian skin effects in momentum space, and weakens the non-Hermitian
skin effects the real space. One other potential future direction is to investigate the
interplay between nonlinearity and the non-Hermitian topology. Using the Bogoliubov
spectrum of incoherently pumped exciton-polariton condensate [244], it is possible to in-
vestigate if the inclusion of nonlinearity would break the point-gap topology in a system
that exhibits skin modes in the real space. On the other hand, one can also investigate
how the inclusion of the nonlinearity affects the unconfined spectrum of a continuous,
non-periodic system that exhibits skin modes in momentum space.
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Chapter 8

Appendix

A Values of Parameters
In this Section, I present the values of the parameters that I used for the figures and
simulations in this thesis. I keep most of the parameters constant and change the values
of the Zeeman splitting to open or close a gap.

For the perovskite-based exciton-polariton model, I choose the parameters such that
the exceptional points are well separated and the bulk Fermi arcs are clearly visible. I
set γ2 = 0 µm2eV, γ4 = 3.75 × 10−4 µm4eV, and choose the mean energy, linewidth and
effective polariton mass to be E0 − iγ0 = 2.306 − 4.5 × 10−4i eV and ℏ2/2m ≈ 2.3 × 10−3

µm2eV. The X-Y splitting parameters are α = 8×10−3 eV and a = 10−5, while the TE-TM
splitting parameters are β = 10−3 µm2eV and b = 7.5×10−4 µm2eV. The Zeeman splitting
∆z = 0 unless stated otherwise. Using this set of parameters, the exceptional points are
located at k ≈ 2.5 µm−1 and each pair is separated by ≈ 1.6 µm−1 in momentum space.
For comparison, in the perovskite-based exciton-polariton system described in Ref. [218],
the exceptional points are located at k ≈ 6.7 µm−1 and each pair is separated by ≈ 0.24
µm−1 in momentum space, making the Fermi arc difficult to see.

The only exception was in Section 5.2.4, where I used the values from the realistic
perovskite-based sample in Ref. [218] to show that the pseudospin defects can be ex-
perimentally meausred. Here, I set the parameters for the mean polariton energy and
linewidths to be E0 = 2.306 eV, γ0 = 4.58 × 10−4 eV, ℏ2/(2m) = 2.3 × 10−3 eVµm2,
γ2 = 1.45 × 10−7 eVµm2 and γ4 = 8.59 × 10−8 eVµm4. While the parameters related to
the anisotropy are set at α = 8 × 10−3 eV and a = 4.28 × 10−6 eV, and the parameters
related to the TE-TM splitting are set at β = 1.76 × 10−4 eVµm2 and b = 6.4 × 10−6

eVµm2.
For the liquid-crystal microcavity exciton polaritons, I used the parameters from

fitting with a real experimental sample. The effective masses in the x and y directions
are mX = 1.34 × 10−5m0 and mY = 1.08 × 10−5m0, where m0 is the bare electron mass.
The linewidths Γ0 and δΓ take the values of Γ0 = 1.92 meV and δΓ = 0.12 meV. While
the anisotropy and TE-TM splittings take values of α = 1.35 meV, β = 0.08 meVµm2

and β′ = 0.47 meVµm2.
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B Appendix for Self-Acceleration and Force in
Chapter 3

In this Appendix, I will present the derivation of the semi-classical equation of motion
presented in Section 3.2.1. I will first briefly review the methods the Silberstein et al.
used in Ref. [205] before showing my own results.

B.1 Review of Methods used by Silberstein et al.

Similarly with the derivation in Section 1.3.2, let us consider a Hamiltonian under an
external force

Ĥ = Ĥ0 − F · r, (B1)

where Ĥ0 has left and right eigenstates |uL,Rn ⟩ as well as eigenenergies En. Suppose that
there exists a wavepacket placed in the n-th right eigenstate of Ĥ0

|W ⟩ =
∫
wn,ke

ik·r|uRn ⟩d2k (B2)

where wn,k denotes the WP distribution. However, unlike in the derivation in Hermitian
case presented in Section 1.3.2, the norm N = ⟨W |W ⟩ is no longer constant due to the
growth or decay of |uRn ⟩, therefore, the group velocity needs to be calculated as

ṙc = 1
N

d

dt
⟨W |r̂|W ⟩ + Ṅ

N
rc. (B3)

More importantly, since the system is no longer conserved, the Euler-Lagrange equation
is no longer valid [205].

The centre-of-mass position of the wavepacket can be calculated similarly to the
derivation in Section 1.3.2

rc = 1
N

(∫
iw∗

n,k∂kwn,k⟨uRn |uRn ⟩d2k +
∫

|wn,k|2⟨uRn |i∂ku
R
n ⟩d2k

)

= −∂kφ− i

2
∂kInn
Inn

+ ARR
n

∣∣∣∣∣
k=kc

.

(B4)

Here, I set ⟨uRn |uRn ⟩ = Inn ̸= 1, and the RR Berry connection is defined as

ARR
n = ⟨uRn |i∂ku

R
n ⟩

⟨uRn |uRn ⟩
, (B5)

which was also the case in Ref. [205]. In this definition, we can also identify the second
term in the last line of Eq. (B4) as

i

2
∂kI

I
= Im[ARR

n ]. (B6)
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This results in the wavepacket centre-of-mass position as

rc = −∂kφ+ Re[ARR
n ]

∣∣∣∣∣
k=kc

. (B7)

Alternatively, one can also set Inn = 1. In this case the wavepacket centre-of-mass
position is

rc = −∂kφ+ ARR
n

∣∣∣∣∣
k=kc

. (B8)

where the RR Berry connection is real-valued.
Under single-band approximation, Silberstein et al. show that the time evolution of

the wavepacket can be calculated from the coefficients using Schrodinger equation

iℏẇn,k = Enwn,k + F · ⟨uLn |r̂|uRn ⟩
= Enwn,k + F · ALR

n .
(B9)

By using this relation and assuming the wavepacket to be infinitely narrow wavepacket
in momentum space |wn,k|2 = δ(k − kc), Silbersein et al. derived the relation

1
N

∫
|wn,k|2Inn(k)f(k)d2k = 2f(k) Im[En+F ·ARR

n ]+F ·
(
∂kf −2 Im[En]

)∣∣∣∣∣
k=kc

. (B10)

Using this relation, we can derive each term in Eq. (B3) one by one. The dynamics in
the weight of the wavepakcet N takes the form as

Ṅ

N
= 2

ℏ
Im

[
En + F · (ARR

n − ALR
n )

]
. (B11)

The first term in in Eq. (B3) can be similarly calculated as

1
N

d

dt
⟨W |(r̂)i|W ⟩ = 1

N

i

ℏ

(∫
Inn(k)(ẇ∗

n,k∂ki
wn,k + w∗

n,k∂ki
ẇn,k)d2k

+
∫

⟨uRn |∂ki
uRn ⟩(k)(ẇ∗

n,kwn,k + w∗
n,kẇn,k)d2k

)

=2
ℏ

(rc)i Im[En + F · (ARR
n − ALR

n )] + 1
ℏ
∂ki

Re[En]

− 1
ℏ
∑
j

Fj Re[∂ki
(ALR

n )j) − ∂kj
(ARR

n )i]
∣∣∣∣∣
k=kc

.

(B12)

This yields the equation of motion

ℏṙ = ∂k Re[En + F · (ARR
n − ALR

n )] − F × Re[ΩRR
n ]

∣∣∣∣∣
k=kc

. (B13)

Silberstein et al. also derived a semi-classical equation of motion describing self-
acceleration arising from the finite wavepacket size. Similarly to Eq. (B3), the time
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derivative of the centre-of-mass momentum takes the form as

k̇c = 1
N

d

dt
⟨W |k̂|W ⟩ + Ṅ

N
kc. (B14)

Consider a one-dimensional system, using the Taylor expansion of an integral in the form
of∫

|wn,k|2Inn(k)f(k)d2k ≈
∫

|wn,k|2Inn(k)
[
f(kc) + ∂kf |kc=k(k − kc) + 1

2∂
2
kf |kc=k(k − kc)2

]
d2k

= Nf(kc) + 1
2Nσ

2 1
2∂

2
kf |kc=k,

(B15)

where
σ2 = 1

N

∫
|wn,k|2Inn(k − kc)2d2k

denotes the width of the waveacket. In the absence of an external force, the two terms
in Eq. (B14) can be expanded into

1
N

d

dt
⟨W |k̂|W ⟩ ≈ 2

ℏ
k Im[En] +

(
σ2

ℏ
k∂2

k Im[En] + 2σ2

ℏ
∂k Im[En]

)∣∣∣∣∣
k=kc

Ṅ

N
≈ 2

ℏ
Im[En] + σ2

ℏ
∂2
k Im[En]

∣∣∣∣∣
k=kc

(B16)

which results in self-acceleration arising from the finite-size effects

k̇c = 2σ2∂k Im[E]|k=kc . (B17)

B.2 Derivation of the Interplay between Self-Acceleration and Force

Similar to the derivation for self-acceleration in previous Section, we can expand Ṅ/N

Eq. (B11) and rc in Eq. (B7) to the second order as

Ṅ

N
= 1
N

∫
|wn,k|2Inn

2
ℏ

Im
[
En + F · (ARR

n − ALR
n )

]
d2k

≈ 2
ℏ

Im
[
En + F · (ARR

n − ALR
n )

]
+
∑
j

σ2
j

ℏ
∂2
kj

Im
[
En + F · (ARR

n − ALR
n )

]∣∣∣∣∣
k=kc

,

rc ≈ −∂kφ+ Re[A]RRn + 1
2
∑
j

σ2
j∂

2
kj

(
− ∂kφ+ Re[A]RRn

)∣∣∣∣∣
k=kc

(B18)
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where σj denotes the wavepacket width in the j-direction. Similarly, 1
N

d
dt

⟨W |k̂|W ⟩ can
be expanded as

1
N

d

dt
⟨W |k̂i|W ⟩ ≈ 2

ℏ
ki Im

[
En + F · (ARR

n − ALR
n )

]
+
(∑

j

σ2
j

ℏ
ki∂

2
kj

Im
[
En + F · (ARR

n − ALR
n )

]

+ 2σ2
i

ℏ
∂ki

Im
[
En + F · (ARR

n − ALR
n )

])∣∣∣∣∣
k=kc

(B19)

which yields

(k̇c)i = 2σ2
i

ℏ
∂ki

Im
[
En + F · (ARR

n − ALR
n )

]∣∣∣∣∣
k=kc

. (B20)

Similarly, ℏṙc can be expanded as

1
N

d

dt
⟨W |(r̂)|W ⟩ ≈1

ℏ
∂k Re[En + F · (ARR

n − ALR
n )] − 1

ℏ
F × Re[ΩRR

n ]

+ 2
ℏ

(
− ∂kφ+ Re[ARR

n ]
)

Im[En + F · (ARR
n − ALR

n )]

+ 1
2
∑
j

σ2
j∂

2
kj

(
1
ℏ
∂k Re[En + F · (ARR

n − ALR
n )] − 1

ℏ
F × Re[ΩRR

n ]
)

+ 1
2
∑
j

σ2
j∂

2
kj

(
2
ℏ

(
− ∂kφ+ Re[ARR

n ]
)

Im[En + F · (ARR
n − ALR

n )]
)∣∣∣∣∣

k=kc

=1
ℏ
∂k Re[En + F · (ARR

n − ALR
n )] − 1

ℏ
F × Re[ΩRR

n ]

+ 2
ℏ

(
− ∂kφ+ Re[ARR

n ]
)

Im[En + F · (ARR
n − ALR

n )]

+ 1
2
∑
j

σ2
j∂

2
kj

(
1
ℏ
∂k Re[En + F · (ARR

n − ALR
n )] − 1

ℏ
F × Re[ΩRR

n ]
)

+ 1
ℏ
∑
j

(
σ2
j∂

2
kj

(
− ∂kφ+ Re[ARR

n ]
))

Im[En + F · (ARR
n − ALR

n )]

+ 1
ℏ
∑
j

σ2
j

(
− ∂kφ+ Re[ARR

n ]
)
∂2
kj

Im[En + F · (ARR
n − ALR

n )]

+ 2
ℏ
∑
j

σ2
j∂kj

(
− ∂kφ+ Re[ARR

n ]
)
∂kj

Im[En + F · (ARR
n − ALR

n )]
∣∣∣∣∣
k=kc

.

(B21)
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By combining each term, this eventually yields

ℏṙc =∂k Re[En + F · (ARR
n − ALR

n )] − F × Re[ΩRR
n ]

+
∑
j

1
2σ

2
j∂

2
kj

(
∂k Re[En + F · (ARR

n − ALR
n )] − F × Re[ΩRR

n ]
)

+
∑
j

2σ2
j∂kj

(
− ∂kφ+ Re[ARR

n ]
)
∂kj

(
Im[En + F · (ARR

n − ALR
n )]

)
,

(B22)

which is my results in Eq. (3.2). Although, in the main text, I denote the width to be w
instead to avoid confusion with the Pauli matrices.

C Appendix for Quantum Geometric Tensor and
Wavepacket Dynamics in Chapter 3

C.1 Identities of the Quantum Geometric Tensors

In this section, we provide identities related to the left-right and the right-right quantum
geometric tensor to aide the derivations in the next section. The components of the
left-right quantum geometric tensor (LR QGT) is defined as

QLR
n,ij = ⟨∂ki

uLn |∂kj
uRn ⟩ − ⟨∂ki

uLn |uRn ⟩⟨uLn |∂kj
uRn ⟩, (C1)

where the left and right eigenstates satisfy the normalization ⟨uLn |uRn ⟩ = ⟨uRn |uRn ⟩ = 1. We
can also define the intra-band and inter-band Berry connections as Aαβ

nm = ⟨uαn|i∂ku
β
m⟩

with α, β = L,R.
The LR QGT can be written in terms of the inter-band Berry connection [201] by

inserting ∑m |uRm⟩⟨uLm| = I to get

QLR
n,ij =

∑
m

⟨∂ki
uLn |uRm⟩⟨uLm|∂kj

uRn ⟩ − ⟨∂ki
uLn |uRn ⟩⟨uLn |∂kj

uRn ⟩

=
∑
m̸=n

⟨∂ki
uLn |uRm⟩⟨uLm|∂kj

uRn ⟩

=
∑
m̸=n

⟨−i∂ki
uLn |uRm⟩⟨uLm|i∂kj

uRn ⟩

=
∑
m̸=n

⟨uLn |i∂ki
uRm⟩⟨uLm|i∂kj

uRn ⟩

=
∑
m̸=n

(ALRnm)i(ALRmn)j.

(C2)

We use the identity ⟨∂ki
uLm|uRn ⟩ = −⟨uLm|∂ki

uRn ⟩ on the third line, based on:

∂ki
⟨uLn |uRm⟩ = 0

⟨∂ki
uLn |uRm⟩ + ⟨uLn |∂ki

uRm⟩ = 0
−⟨∂ki

uLn |uRm⟩ = ⟨uLn |∂ki
uRm⟩.

(C3)
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Note that this also implies that (ALR
nm)∗ = ARL

mn. In a two-band system, the LR QGT
simplifies to

QLR
n,ij = ALRnm,iA

LR
mn,j.

As in the main text, the LR quantum metric tensor (QMT) corresponds to the sym-
metric part of the LR QGT, therefore, its components can be written as

gLRn,ij =
∑
m̸=n

1
2(ALRnm)i(ALRmn)j + 1

2(ALRnm)j(ALRmn)i. (C4)

Similarly, the components of the right-rght quantum geometric tensor (RR QGT) is
defined as

QRR
n,ij = ⟨∂ki

uRn |∂kj
uRn ⟩ − ⟨∂ki

uRn |uRn ⟩⟨uRn |∂kj
uRn ⟩. (C5)

Where we can use the completeness relation ∑m |uLm⟩⟨uRm| = I and rewrite the RR QGT
as

QRR
n,ij =

∑
m

⟨∂ki
uRn |uLm⟩⟨uRm|∂kj

uRn ⟩ − ⟨∂ki
uRn |uLm⟩⟨uRm|uRn ⟩⟨uRn |∂kj

uRn ⟩

=⟨∂ki
uRn |uLn⟩⟨uRn |∂kj

uRn ⟩ − ⟨∂ki
uRn |uLn⟩⟨uRn |∂kj

uRn ⟩
+
∑
m̸=n

⟨∂ki
uRn |uLm⟩⟨uRm|∂kj

uRn ⟩ − ⟨∂ki
uRn |uLm⟩⟨uRm|uRn ⟩⟨uRn |∂kj

uRn ⟩

=
∑
m̸=n

⟨−i∂ki
uRn |uLm⟩⟨uRm|i∂kj

uRn ⟩ − ⟨−i∂ki
uRn |uLm⟩⟨uRm|uRn ⟩⟨uRn |i∂kj

uRn ⟩

=
∑
m̸=n

(ARLnm)i(ARRmn)j − Imn(ARLnm)i(ARRnn )j

(C6)

where we denote Imn = ⟨uRm|uRn ⟩, which arise from the non-orthogonality of the right
eigenstates. For a two-band system, the RR QGT simplifies to

QRR
n,ij = ARLnm,iA

RR
mn,j − ImnA

RL
nm,iA

RR
nn,j.

C.2 Derivation of Equation of Motion

In this section, we will present our derivation of the equation of motion presented in the
main text. First, we consider a non-Hermitian Hamiltonian under a constant force F in
the real space

H̃(k) = H(k) − F · r (C7)

where H̃ has left and right eigenstates |ũL/Rn ⟩ and corresponding eigenenergies ϵ̃n, and
H(k) has left and right eigenstates denoted as |uL/Rn ⟩ and corresponding eigenenergies ϵn.

We begin by considering a wavepacket in the eigenstate |ũR0 ⟩, which has the largest
imaginary parts of the eigenenergies (the smallest decaying rate)

|W ⟩ =
∫
w(k, t)eik·r|ũR0 ⟩dk. (C8)
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We then expand |W ⟩ to first order using the perturbation theory in Ref. [280]

|W ⟩ =
∫
w(k, t)eik·r

(
|uR0 ⟩ + F · ALR

10
ϵ1 − ϵ0

|uR1 ⟩
)
dk (C9)

where the index 1 denotes the other band in the non-Hermitian two-band system. From
this point forward, we denote

∫
k =

∫
dk and w(k, t) = w for brevity.

To show that the RR QGT describes the field-induced positional shift [178, 179], we
first calculate the centre-of-mass (COM) position of the wave packet |W ⟩, rc = ⟨W |r̂|W ⟩

⟨W |W ⟩ .
When we expand the numerator in rc to first order perturbation, it can be rewritten as

⟨W |r̂|W ⟩ =
∫

k

iw∗∂kw

(
1 + F · ALR

10
ϵ1 − ϵ0

I01 + F · ARL
01

ϵ∗
1 − ϵ∗

0
I10

)
+ |w|2

(
⟨uR0 |i∂ku

R
0 ⟩

+ ⟨uR1 |i∂ku
R
0 ⟩F · ARL

01
ϵ∗

1 − ϵ∗
0

+ ⟨uR0 |i∂ku
R
1 ⟩F · ALR

10
ϵ1 − ϵ0

+ i∂k

(F · ALR
10

ϵ1 − ϵ0

)
I01

).
(C10)

Suppose that the wave packet takes the form w = |w|eiφ, the first 3 terms in Eq. (C10)
can be rewritten as∫

k
iw∗∂kw

(
1 + F · ALR

10
ϵ1 − ϵ0

I01 + F · ARL
01

ϵ∗
1 − ϵ∗

0
I10

)
=
∫

k
(−|w|2∂kφ+ i|w|∂k|w|)

(
1 + F · ALR

10
ϵ1 − ϵ0

I01

+ F · ARL
01

ϵ∗
1 − ϵ∗

0
I10

)

=
∫

k
|w|2

− ∂kφ

(
1 + F · ALR

10
ϵ1 − ϵ0

I01 + F · ARL
01

ϵ∗
1 − ϵ∗

0
I10

)

− i

2∂k

(
F · ALR

10
ϵ1 − ϵ0

I01 + F · ARL
01

ϵ∗
1 − ϵ∗

0
I10

).
(C11)

We can then plug Eq, (C11) back to Eq. (C10) which yields

⟨W |r̂|W ⟩ =
∫

k
|w|2

(
− ∂kφ

(
1 + F · ALR

10
ϵ1 − ϵ0

I01 + F · ARL
01

ϵ∗
1 − ϵ∗

0
I10

)
− i

2∂k

(
F · ALR

10
ϵ1 − ϵ0

I01 + F · ARL
01

ϵ∗
1 − ϵ∗

0
I10

)

+ ⟨uR0 |i∂ku
R
0 ⟩ + ⟨uR1 |i∂ku

R
0 ⟩F · ARL

01
ϵ∗

1 − ϵ∗
0

+ ⟨uR0 |i∂ku
R
1 ⟩F · ALR

10
ϵ1 − ϵ0

+ i∂k

(F · ALR
10

ϵ1 − ϵ0

)
I01

)

=
∫

k
|w|2

(
− ∂kφ

(
1 + F · ALR

10
ϵ1 − ϵ0

I01 + F · ARL
01

ϵ∗
1 − ϵ∗

0
I10

)
+ i

2

(
∂k

F · ALR
10

ϵ1 − ϵ0

)
I01 − i

2
F · ALR

10
ϵ1 − ϵ0

∂kI01

− i

2∂k

(F · ARL
01

ϵ∗
1 − ϵ∗

0

)
I10 − i

2
F · ARL

01
ϵ∗

1 − ϵ∗
0
∂kI10 + ⟨uR0 |i∂ku

R
0 ⟩ + ⟨uR1 |i∂ku

R
0 ⟩F · ARL

01
ϵ∗

1 − ϵ∗
0

+ ⟨uR0 |i∂ku
R
1 ⟩F · ALR

10
ϵ1 − ϵ0

)
(C12)
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Suppose that the wave packet is narrow, we can approximate |w|2 ≈ δ(k − kc), where
kc is the COM momentum. The equation can be rewritten as

⟨W |r̂|W ⟩ = − ∂kφ+ ARR
00 + F · ALR

10
ϵ1 − ϵ0

(
− ∂kφI01 + ARR

01 − i

2∂kI01

)
+ F · ARL

01
ϵ∗

1 − ϵ∗
0

(
− ∂kφI10 + ARR

10

− i

2∂kI10

)
+ i

2I01

(
∂k

F · ALR
10

ϵ1 − ϵ0

)
− i

2I10

(
∂k

F · ARL
01

ϵ∗
1 − ϵ∗

0

)
|k=kc

= − ∂kφ+ ARR
00 + F · ALR

10
ϵ1 − ϵ0

(
− ∂kφI01 + ARR

01 − i∂kI01

)
+ F · ARL

01
ϵ∗

1 − ϵ∗
0

(
− ∂kφI10 + ARR

10

)

+ i

2∂k

(
I01

F · ALR
10

ϵ1 − ϵ0

)
− i

2∂k

(
I10

F · ARL
01

ϵ∗
1 − ϵ∗

0

)
|k=kc .

(C13)

We then also note that the term ARR
01 − i∂kI01 can be identified as (ARR

10 )∗ since

−i∂kI01 = ⟨−i∂ku
R
0 |uR1 ⟩ − ⟨uR0 |i∂ku

R
1 ⟩

= (ARR
10 )∗ − ARR

01

(ARR
10 )∗ = ARR

01 − i∂kI01.

(C14)

Additionally, the term I01ALR
10 can also be identified as ARR

00 − ALR
00 since

ARR
00 = ⟨uR0 |i∂ku

R
0 ⟩

= ⟨uR0 |uR0 ⟩⟨uL0 |i∂ku
R
0 ⟩ + ⟨uR0 |uR1 ⟩⟨uL1 |i∂ku

R
0 ⟩

= ALR
00 + I01ALR

10

I01ALR
10 = ARR

00 − ALR
00 .

(C15)

We then expand the denominator in rc to first order in F using geometric series

1
⟨W |W ⟩

=
(

1 + F · ALR
10

ϵ1 − ϵ0
I01 + F · ARL

01
ϵ∗

1 − ϵ∗
0
I10|k=kc

)−1

≈
(

1 − F · ALR
10

ϵ1 − ϵ0
I01 − F · ARL

01
ϵ∗

1 − ϵ∗
0
I10

)
|k=kc .

(C16)

We can finally combine ⟨W |r̂|W ⟩ from Eq. (C13) and ⟨W |W ⟩ from Eq. (C16) and
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obtain rc up to the first order perturbation

rc =⟨W |r̂|W ⟩
⟨W |W ⟩

=
(

− ∂kφ+ ARR
00

)(
1 − F · ALR

10
ϵ1 − ϵ0

I01 − F · ARL
01

ϵ∗
1 − ϵ∗

0
I10

)
+ F · ALR

10
ϵ1 − ϵ0

(
− ∂kφI01 + (ARR

10 )∗
)

+ F · ARL
01

ϵ∗
1 − ϵ∗

0

(
− ∂kφI10 + ARR

10

)
+ i

2∂k

(F · (ARR
00 − ALR

00 )
ϵ1 − ϵ0

)
− i

2∂k

(F · (ARR
00 − ALR

00 )∗

ϵ∗
1 − ϵ∗

0

)
|k=kc

= − ∂kφ+ ARR
00 + F · ALR

10
ϵ1 − ϵ0

(
(ARR

10 )∗ − I01ARR
00

)
+ F · ARL

01
ϵ∗

1 − ϵ∗
0

(
ARR

10 − I10ARR
00

)

+ i

2∂k

(F · (ARR
00 − ALR

00 )
ϵ1 − ϵ0

)
− i

2∂k

(F · (ARR
00 − ALR

00 )∗

ϵ∗
1 − ϵ∗

0

)
|k=kc

= − ∂kφ+ ARR
00 + 2 Re

[
F · (QRR

0 )∗

ϵ1 − ϵ0

]
− Im

[
∂k

(F · (ARR
00 − ALR

00 )
ϵ1 − ϵ0

)]
|k=kc .

(C17)

Since the RR QGT is a Hermitian tensor (QRR
0,ij)∗ = QRR

0,ji, we can rewrite the third
term using the identity F · (QRR

0 )∗ = QRR
0 · F, which yields the result

rc = −∂kφ+ ARR
00 + 2 Re

[
QRR

0 · F
ϵ1 − ϵ0

]
− Im

[
∂k

(F · (ARR
00 − ALR

00 )
ϵ1 − ϵ0

)]
|k=kc (C18)

which shows that the RR QGT together with the anomalous Berry connection ARR
00 −ALR

00
describe the field-induced positional shift.

To derive how the LR QGT appears in the equation of motion, we follow the same
formalism presented in Refs. [204, 206]. We start from the time-dependent Schrodinger
equation of the wave packet

iℏ∂t
(
weik·r|ũR0 ⟩

)
= (H − F · r)

(
weik·r|ũR0 ⟩

)
. (C19)

We then multiply both sides with ⟨ψ̃| = ∑
n c̃

L
n⟨ũLn |, where |ũLn⟩ denote the n-th left

eigenstate of the Hamiltonian H̃ = H − F · r,∑
n

c̃Ln⟨ũLn |iℏ∂tweik·r|ũR0 ⟩ =
∑
n

c̃Ln⟨ũLn |(H − F · r)weik·r|ũR0 ⟩. (C20)

Note that for any c̃Ln , all terms proportional to ∑n̸=0 c̃
L
n⟨ũLn | will vanish since∑

n̸=0
c̃Ln⟨ũLn |iℏ∂tweik·r|ũR0 ⟩ =

∑
n̸=0

c̃Lnwe
ik·r⟨ũLn |(H − F · r)|ũR0 ⟩

=
∑
n̸=0

c̃Lnwe
ik·rϵ̃n⟨ũLn |ũR0 ⟩

= 0,

(C21)
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and only the terms proportional to ⟨ũL0 | survive.
We can then expand both sides of Eq. (C20) and remove the overall factor of c̃L0 as

⟨ũL0 |iℏ∂t
(
weik·r|ũR0 ⟩

)
=
(

⟨uL0 | + F · ALR
01

ϵ1 − ϵ0
⟨uL1 |

)
iℏ∂t

(
weik·r

(
|uR0 ⟩ + F · ALR

10
ϵ1 − ϵ0

|uR1 ⟩
))

=
(

⟨uL0 | + F · ALR
01

ϵ1 − ϵ0
⟨uL1 |

)(
iℏ(∂tw)eik·r|uR0 ⟩ − ℏ(∂tk · r)eik·r|uR0 ⟩ + iℏweik·r∂t|uR0 ⟩

+ iℏ(∂tw)eik·r F · ALR
10

ϵ1 − ϵ0
|uR1 ⟩ − ℏ(∂tk · r)eik·r F · ALR

10
ϵ1 − ϵ0

|uR1 ⟩

+ iℏweik·r
(
∂t

F · ALR
10

ϵ1 − ϵ0

)
|uR1 ⟩ + iℏweik·r F · ALR

10
ϵ1 − ϵ0

∂t|uR1 ⟩
)

≈iℏ(∂tw)eik·r − ℏw(∂tk · r)eik·r + iℏweik·r⟨uL0 |∂t|uR0 ⟩

+ iℏweik·r F · ALR
10

ϵ1 − ϵ0
⟨uL0 |∂t|uR1 ⟩ + iℏweik·r F · ALR

01
ϵ1 − ϵ0

⟨uL1 |∂t|uR0 ⟩

(C22)

⟨ũL0 |(H − F · r)
(
weik·r|ũR0 ⟩

)
=
(

⟨uL0 | + F · ALR
01

ϵ1 − ϵ0
⟨uL1 |

)
(H − F · r)

(
weik·r

(
|uR0 ⟩ + F · ALR

10
ϵ1 − ϵ0

|uR1 ⟩
))

=
(

⟨uL0 | + F · ALR
01

ϵ1 − ϵ0
⟨uL1 |

)(
weik·rϵ0|uR0 ⟩ − weik·r(F · r)|uR0 ⟩

+ weik·r F · ALR
10

ϵ1 − ϵ0
ϵ1|uR1 ⟩ − weik·r F · ALR

10
ϵ1 − ϵ0

(F · r)|uR1 ⟩
)

≈weik·rϵ0 − weik·r(F · r)
(C23)

where we discard all the higher-order terms and only keep up to first order perturbation
Assuming the wave packet is infinitely narrow in momentum space, the dynamics of

its centre-of-mass momentum is governed by the external force k̇c = F/ℏ, which allow us
to rewrite the right hand side of the Eq. (C22) as

⟨ũL0 |iℏ∂t
(
weik·r|ũR0 ⟩

)
=iℏ(∂tw)eik·r − w(F · r)eik·r + weik·rF · ⟨uL0 |i∂k|uR0 ⟩

+ weik·r F · ALR
10

ϵ1 − ϵ0
F · ⟨uL0 |i∂k|uR1 ⟩ + weik·r F · ALR

01
ϵ1 − ϵ0

F · ⟨uL1 |i∂k|uR0 ⟩

=iℏ(∂tw)eik·r − w(F · r)eik·r + weik·r(F · ALR
00 )

+ weik·r F · ALR
10

ϵ1 − ϵ0
(F · ALR

01 ) + weik·r F · ALR
01

ϵ1 − ϵ0
(F · ALR

10 ).

(C24)

After equating Eq. (C23) with Eq. (C24), we can remove the overall factor of eik·r
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and remove the terms that appear on both sides, yielding

wϵ0 =iℏ(∂tw) + w(F · ALR
00 ) + w

F · ALR
10

ϵ1 − ϵ0
(F · ALR

01 ) + w
F · ALR

01
ϵ1 − ϵ0

(F · ALR
10 ), (C25)

after rearrangement, this gives a differential equation of w

∂tw = − i

ℏ
w

(
ϵ0 − (F · ALR

00 ) − F · ALR
10

ϵ1 − ϵ0
(F · ALR

01 ) − F · ALR
01

ϵ1 − ϵ0
(F · ALR

10 )
)

= − i

ℏ
w

(
ϵ0 − (F · ALR

00 ) − 2(F · gLR · F)
ϵ1 − ϵ0

) (C26)

where we use the identity of the LR quantum metric from the previous section, we also
abbreviated the index in gLR since in a two-band system, the LR quantum metric tensors
of the two bands are the same. Eq. (C26) has a general solution of w in the form of

w ∝ exp
[

− i

ℏ

∫ t

t0

(
ϵ0 − F ·

(
ALR

00 + 2gLR · F
ϵ1 − ϵ0

))
|k=kcdt

′
]
, (C27)

which yields the correction to the phase of the wave packet as

φ = −1
ℏ

∫ t

t0
Re

[
ϵ0 − F ·

(
ALR

00 + 2gLR · F
ϵ1 − ϵ0

)
|k=kc

]
dt′. (C28)

Finally, plugging Eq. (C28) into Eq. (C18) and taking the first derivative, we derive the
group velocity under first order perturbation as

(ṙc)i =∂t
(

− ∂ki
φ+ (ARR00 )i + 2 Re

[
(QRR

0 · F)i
ϵ1 − ϵ0

]
− Im

[
∂ki

(F · (ARR
00 − ALR

00 )
ϵ1 − ϵ0

)]
|k=kc

)

=1
ℏ
∂ki

Re
[
ϵ0 −

∑
j

Fj

(
(ALR00 )j + 2(gLR · F)j

ϵ1 − ϵ0

)]

+ ∂t

(
(ARR00 )i + 2 Re

[
(QRR

0 · F)i
ϵ1 − ϵ0

]
− Im

[
∂ki

(F · (ARR
00 − ALR

00 )
ϵ1 − ϵ0

)])
|k=kc

=1
ℏ
∂ki

Re
[
ϵ0 −

∑
j

Fj

(
(ALR00 )j + 2(gLR · F)j

ϵ1 − ϵ0

)]

+ 1
ℏ
∑
j

Fj∂kj

(
(ARR00 )i + 2 Re

[
(QRR

0 · F)i
ϵ1 − ϵ0

]
− Im

[
∂ki

(F · (ARR
00 − ALR

00 )
ϵ1 − ϵ0

)])
|k=kc

(C29)

which is the main result presented in the main text.
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C.3 Real and Imaginary Parts of Quantum Geometric Tensors

We also note that the real and imaginary parts in the terms in Eq. (C29) can be expanded
as

Re
[2(QRR

0 · F)
∆ϵ

]
=Re[∆ϵ](2gRR0 · F)

|∆ϵ|2 − Im[∆ϵ](F × ΩRR
0 )

|∆ϵ|2

Im
[F · (ARR

00 − ALR
00 )

∆ϵ

]
= − Re[∆ϵ] Im[F · ALR

00 ]
|∆ϵ|2 − Im[∆ϵ] Re[F · (ARR

00 − ALR
00 )]

|∆ϵ|2

Re
[2(gLR0 · F)

∆ϵ

]
=

Re[∆ϵ]
(

2 Re[gLR0 ] · F
)

|∆ϵ|2 +
Im[∆ϵ]

(
2 Im[gLR0 ] · F

)
|∆ϵ|2 .

(C30)

where we denote ∆ϵ = ϵ1 − ϵ0, and Im[ARR
00 ] vanishes since ARR

00 is real-valued. This
suggest that the RR Berry curvature also plays a role in the correction to the non-
Hermitian anomalous Berry connection. Furthermore, it shows that both the real and
imaginary parts of the LR QMT are needed to be taken account for in the equation of
motion.

To see how each term manifests in the dynamics, we rewrite the equation of motion
in the main results using the forms in Eqs. (C30)

ℏṙc =∇k Re[ϵ0 + F · (ARR
00 − ALR

00 )]

+ ∇k

F ·

Re[∆ϵ]
(

2(gRR0 − Re[gLR0 ]) · F
)

|∆ϵ|2 −
Im[∆ϵ]

(
2 Im[gLR0 · F]

)
|∆ϵ|2


+ F · ∇k

Re[∆ϵ] Im[F · ALR
00 ]

|∆ϵ|2 + Im[∆ϵ] Re[F · (ARR
00 − ALR

00 )]
|∆ϵ|2


− F ×

ΩRR
0 + ∇k × Re[∆ϵ](2gRR0 · F)

|∆ϵ|2 + (F · ∇k)Im[∆ϵ]ΩRR
0

|∆ϵ|2

.

(C31)

2
Re[∆ϵ]

(
gRR0 − Re[gLR0 ]

)
|∆ϵ|2 −

Im[∆ϵ]
(
Im[gLR0 ]

)
|∆ϵ|2

 · F

From Eq. (C31), we can see that the real and imaginary parts of the Berry connections
together with the LR and the RR quantum metric describe the correction to the Berry
conections, while the RR quantum metric and the RR Berry curvature describe the
correction to the anomalous Hall drift. Here, we use the identity ∇k × (−F × ΩRR

0 ) =
F · ∂kΩRR

0 , which holds in 2D systems when ΩRR
0 = (0, 0,Ωz,RR

0 ).
For the special case presented in the main text, the equation becomes:

vx =1
ℏ
∂kx Re

[
Fy

(
ÃRR00,y − ÃLR00,y

)]
− Fy

ℏ
Ω̃RR

0,xy

vy =1
ℏ
∂ky Re

[
ϵ0 + Fy

(
ÃRR00,y − ÃLR00,y

)]
.

(C32)
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where

ÃRR00,y − ÃLR00,y =
Re[∆ϵ](2(gRR0,yy − Re[gLR0,yy])Fy) − Im[∆ϵ](2 Im[gLR0,yy]Fy)

|∆ϵ|2

+ ∂ky

(
Re[∆ϵ] Im[ALR00,y]Fy + Im[∆ϵ] Re[(ARR00,y − ALR00,y)]Fy

|∆ϵ|2

)

Ω̃RR
0,xy =ΩRR

0,xy + Fy

∂kx

(
Re[∆ϵ]gRR0,yy

|∆ϵ|2

)
− ∂ky

(
Re[∆ϵ]gRR0,xy

|∆ϵ|2

)+ Fy∂ky

(
Im[∆ϵ]ΩRR

0,xy

|∆ϵ|2

)
.

(C33)

Both the RR QGT and the LR QMT appears in the equation of motion, despite that
the perturbation theory is defined with respects to the "left-right" formalism and that the
centre-of-mass position of the wave packet is calculated using the "right-right" formalism.

D Appendix for Non-Hermitian Zitterbewegung Ef-
fects in Chapt. 4

D.1 Derivation of the Semi-classical Equation of Motion

To derive the equation of motion in Eq. (4.10), we start with a general non-Hermitian
Hamiltonian

Ĥ(k) = H0(k)I + −→H(k) · −→σ
−→H(k) = [Hx(k), Hy(k), Hz(k)]

−→σ = [σx, σy, σz]
(D1)

where Hj = Gj + iΓj for j = 0, x, y, z and the Hermitian and the anti-Hermitian parts of
the Hamiltonian can be separated into Ĥ = Ĝ+ iΓ̂. The dynamics of the centre-of-mass
position is described by a generalized Ehrenfest theorem

d

dt
⟨r̂⟩ = i

ℏ
⟨Ĥ†r̂ − r̂Ĥ⟩ − i

ℏ
⟨Ĥ† − Ĥ⟩⟨r̂⟩

= i

ℏ
⟨[Ĝ, r̂]⟩ + 1

ℏ
⟨{Γ̂, r̂}⟩ − 2

ℏ
⟨Γ̂⟩⟨r̂⟩

(D2)

where [., .] denotes commutator and {., .} denotes anti-commutator, and ⟨Â⟩ =∫
k⟨ψ|Â|ψ⟩/

∫
k⟨ψ|ψ⟩ for any operator Â.

We assume the wavepacket to take the form of |W ⟩ =
∫

k wke
ik·r|ψ⟩ where wk is a

Gaussian and |ψ⟩ is the spinor wavefunction. Each term can then be solved individually.
We assume that the Hamiltonian has no spatial dependence, and only dependence on the
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momentum. The first term in Eq. (D2) can simply be written as

i

ℏ
⟨[Ĝ, r̂]⟩ = 1

ℏ
⟨∂kĜ⟩. (D3)

The last term in Eq. (D2), ⟨Γ̂⟩⟨r̂⟩, can be expanded as

⟨Γ̂⟩⟨r̂⟩ = 1
N2

( ∫
k

|wk|2⟨ψ|Γ̂|ψ⟩
)( ∫

k
w∗

k⟨ψ|i∂kwk|ψ⟩
)

= 1
N2

( ∫
k

|wk|2⟨ψ|Γ̂|ψ⟩
)( ∫

k
|wk|2⟨ψ|i∂kψ⟩+

∫
k
(w∗

ki∂kwk)⟨ψ|ψ⟩
)
,

(D4)

where N =
∫

k |wk|2⟨ψ|ψ⟩ is the norm, which varies with time due to the growth or
loss. We can then separate the amplitude and phase of the Gaussian wavefunction as
wk = |wk|eiφ, then the last term can be rewritten as∫

k
(w∗

ki∂kwk)⟨ψ|ψ⟩ =
∫

k
|wk|i∂k|wk|⟨ψ|ψ⟩ −

∫
k
∂kφ|wk|2⟨ψ|ψ⟩

= − i

2

∫
k

|wk|2∂k(⟨ψ|ψ⟩) −
∫

k
∂kφ|wk|2⟨ψ|ψ⟩

(D5)

where we employ integration by parts to obtain the first term on the second line.
After plugging back in ⟨Γ̂⟩⟨r̂⟩, it can be written in the form

⟨Γ̂⟩⟨r̂⟩ = 1
N2

( ∫
k

|wk|2⟨ψ|Γ̂|ψ⟩
)( ∫

k
|wk|2⟨ψ|i∂kψ⟩− i

2

∫
k

|wk|2∂k(⟨ψ|ψ⟩) −
∫

k
∂kφ|wk|2⟨ψ|ψ⟩

)
.

(D6)

Assuming that the wavepacket is narrow in momentum space, |wk|2 → δ(k − kc), the
term ⟨Γ̂⟩⟨r̂⟩ can finally be written as

⟨Γ̂⟩⟨r̂⟩ = ⟨ψ|Γ̂|ψ⟩
⟨ψ|ψ⟩

(
i

2
⟨ψ|∂kψ⟩
⟨ψ|ψ⟩

− i

2
⟨∂kψ|ψ⟩
⟨ψ|ψ⟩

− ∂kφ
)∣∣∣∣∣

k=kc

. (D7)
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Similarly, the terms ⟨r̂Γ̂⟩ and ⟨Γ̂r̂⟩ can be simplified as

⟨r̂Γ̂⟩ = 1
N

∫
k
w∗

k⟨ψ|i∂kΓ̂wk|ψ⟩

= 1
N

( ∫
k

|wk|2⟨ψ|(i∂kΓ̂)|ψ⟩+
∫

k
|wk|2⟨ψ|Γ̂|i∂kψ⟩+

∫
k
(w∗

ki∂kwk)⟨ψ|Γ̂|ψ⟩
)

= 1
N

∫
k

|wk|2
(

⟨ψ|(i∂kΓ̂)|ψ⟩ + ⟨ψ|Γ̂|i∂kψ⟩ − ∂kφ⟨ψ|Γ̂|ψ⟩ − i

2∂k(⟨ψ|Γ̂|ψ⟩)
)

=
(⟨ψ|(i∂kΓ̂)|ψ⟩

⟨ψ|ψ⟩
+ ⟨ψ|Γ̂|i∂kψ⟩

⟨ψ|ψ⟩
− ∂kφ

⟨ψ|Γ̂|ψ⟩
⟨ψ|ψ⟩

− i

2
∂k(⟨ψ|Γ̂|ψ⟩)

⟨ψ|ψ⟩

)∣∣∣∣∣
k=kc

=
(
i

2
⟨ψ|(∂kΓ̂)|ψ⟩

⟨ψ|ψ⟩
+ i

2
⟨ψ|Γ̂|∂kψ⟩

⟨ψ|ψ⟩
− i

2
⟨∂kψ|Γ̂|ψ⟩

⟨ψ|ψ⟩
− ∂kφ

⟨ψ|Γ̂|ψ⟩
⟨ψ|ψ⟩

)∣∣∣∣∣
k=kc

⟨Γ̂r̂⟩ = 1
N

∫
k
w∗

k⟨ψ|Γ̂i∂kwk|ψ⟩

= 1
N

( ∫
k

|wk|2⟨ψ|Γ̂|i∂kψ⟩+
∫

k
(w∗

ki∂kwk)⟨ψ|Γ̂|ψ⟩
)

=
(

− i

2
⟨ψ|(∂kΓ̂)|ψ⟩

⟨ψ|ψ⟩
+ i

2
⟨ψ|Γ̂|∂kψ⟩

⟨ψ|ψ⟩
− i

2
⟨∂kψ|Γ̂|ψ⟩

⟨ψ|ψ⟩
− ∂kφ

⟨ψ|Γ̂|ψ⟩
⟨ψ|ψ⟩

)∣∣∣∣∣
k=kc

.

(D8)

By combining these equations, Eq. (D2) can be simplified as

d

dt
⟨r̂⟩ =1

ℏ
⟨∂kĜ⟩ + i

ℏ

(⟨ψ|Γ̂|∂kψ⟩
⟨ψ|ψ⟩

− ⟨∂kψ|Γ̂|ψ⟩
⟨ψ|ψ⟩

)
− i

ℏ
⟨Γ̂⟩

(⟨ψ|∂kψ⟩
⟨ψ|ψ⟩

− ⟨∂kψ|ψ⟩
⟨ψ|ψ⟩

)∣∣∣∣∣
k=kc

(D9)

The spinor wavefunction can be written as |ψ⟩ = e− iĤt
ℏ |ψ0⟩ where |ψ0⟩ is the initial state.

Assuming that |ψ0⟩ has no k-dependence, i.e. the pseudospin texture is uniform in the
k-space, ⟨∂kψ| and |∂kψ⟩ can be rewritten as

⟨∂kψ| = ⟨ψ0|∂ke
iĤ†t

ℏ

|∂kψ⟩ = ∂ke
− iĤt

ℏ |ψ0⟩.
(D10)

The first line in Eqs. (D10) can be solved using the identity of the derivative of the
exponential map [318, 319]

∂ke
iĤ†t

ℏ = e
iĤ†t

ℏ

(1 − exp
(

− ad iĤ†t
ℏ

)
ad iĤ†t

ℏ

∂k

(
iĤ†t

ℏ

))

= e
iĤ†t

ℏ

∞∑
n=0

(−1)n
(n+ 1)!

(
it

ℏ

)n+1
adn

Ĥ†

(
∂kĤ

†
) (D11)

where for matrices X, Y adX denotes the adjoint representation, adXY = [X, Y ].
Recall that Ĥ† = H∗

0 I + H∗
xσx + H∗

yσy + H∗
zσz. The zero-th order, the odd and even
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order terms take the forms of

ad0
Ĥ†∂kĤ

† = ∂kH
∗
0 I + ∂kH

∗
xσx + ∂kH

∗
yσy + ∂kH

∗
zσz

ad2n−1
Ĥ† ∂kĤ

† = 22n−1i(H∗2
x +H∗2

y +H∗2
z )n−1(A∗

xσx + A∗
yσy + A∗

zσz)
ad2n

Ĥ†∂kĤ
† = 22n(H∗2

x +H∗2
y +H∗2

z )n−1(B∗
xσx +B∗

yσy +B∗
zσz)

(D12)

for n = 1, ...∞. Where Ai, Bi denote

Ax = Hy∂kHz −Hz∂kHy

Ay = Hz∂kHx −Hx∂kHz

Az = Hx∂kHy −Hy∂kHx

Bx = ∂kHx(H2
y +H2

z ) −Hx(Hy∂kHy +Hz∂kHz)
By = ∂kHy(H2

x +H2
z ) −Hy(Hx∂kHx +Hz∂kHz)

Bz = ∂kHz(H2
x +H2

y ) −Hz(Hx∂kHx +Hy∂kHy)

(D13)

to simplify the expression. Using these identities and noting that the mean-subtracted
eigenenergy and its complex conjugate take the forms of E =

√
H2
x +H2

y +H2
z , E∗ =
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√
H∗2
x +H∗2

y +H∗2
z , Eq. (D11) can then be rewritten as

∂ke
iĤ†t

ℏ =e iĤ†t
ℏ

it
ℏ
∂kH

∗
0 I + it

ℏ
(∂kH

∗
xσx + ∂kH

∗
yσy + ∂kH

∗
zσz)

+
∞∑
n=1

(−1)2n−1

(2n)!

(
it

ℏ

)2n
22n−1i(H∗2

x +H∗2
y +H∗2

z )n−1(A∗
xσx + A∗

yσy + A∗
zσz)

+
∞∑
n=1

(−1)2n

(2n+ 1)!

(
it

ℏ

)2n+1
22n(H∗2

x +H∗2
y +H∗2

z )n−1(B∗
xσx +B∗

yσy +B∗
zσz)


=e iĤ†t

ℏ

it
ℏ
∂kH

∗
0 I + it

ℏ
(∂kH

∗
xσx + ∂kH

∗
yσy + ∂kH

∗
zσz)

−
∞∑
n=1

i2n+1

(2n)!

(
t

ℏ

)2n
22n−1E∗2n−2(A∗

xσx + A∗
yσy + A∗

zσz)

+
∞∑
n=1

i2n+1

(2n+ 1)!

(
t

ℏ

)2n+1
22nE∗2n−2(B∗

xσx +B∗
yσy +B∗

zσz)


=e iĤ†t
ℏ

it
ℏ
∂kH

∗
0 I + it

ℏ
(∂kH

∗
xσx + ∂kH

∗
yσy + ∂kH

∗
zσz)

−
∞∑
n=1

i

2E∗2
(−1)n
(2n)!

(2E∗t

ℏ

)2n
(A∗

xσx + A∗
yσy + A∗

zσz)

+
∞∑
n=1

i

2E∗3
(−1)n

(2n+ 1)!

(2E∗t

ℏ

)2n+1
(B∗

xσx +B∗
yσy +B∗

zσz)


=e iĤ†t
ℏ

it
ℏ
∂kH

∗
0 I + it

ℏ
(∂kH

∗
xσx + ∂kH

∗
yσy + ∂kH

∗
zσz)

− i

2E∗2

(
cos 2E∗t

ℏ
− 1

)
(A∗

xσx + A∗
yσy + A∗

zσz)

+ i

2E∗3

(
sin 2E∗t

ℏ
− 2E∗t

ℏ

)
(B∗

xσx +B∗
yσy +B∗

zσz)
.

(D14)

Similarly, we can solve ∂ke
− iĤt

ℏ by taking the Hermitian conjugate of the results in
Eq. (D14)

∂ke
− iĤt

ℏ =
− it

ℏ
∂kH0I − it

ℏ
(∂kHxσx + ∂kHyσy + ∂kHzσz)

+ i

2E2

(
cos 2Et

ℏ
− 1

)
(Axσx + Ayσy + Azσz)

− i

2E3

(
sin 2Et

ℏ
− 2Et

ℏ

)
(Bxσx +Byσy +Bzσz)

e− iĤt
ℏ .

(D15)
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We rewrite the expressions in Eqs. (D14,D15) by defining a new operator L̂ as

L̂ = t

ℏ
∂kH0I +

∑
j=x,y,z

(
t

ℏ
∂kHj −

cos 2Et
ℏ − 1

2E2 Aj +
sin 2Et

ℏ − 2Et
ℏ

2E3 Bj

)
σj (D16)

and therefore the derivatives of the time evolution operator and its conjugate take the
forms of

∂ke
− iĤt

ℏ = − iL̂e− iĤt
ℏ

∂ke
iĤ†t

ℏ =ie iĤ†t
ℏ L̂†,

(D17)

and the equation of motion in Eq. (D9) can be rewritten as

d

dt
⟨r̂⟩ = 1

ℏ
⟨∂kĜ⟩ + 1

ℏ
⟨Γ̂L̂+ L̂†Γ̂⟩ − 1

ℏ
⟨Γ̂⟩⟨L̂+ L̂†⟩

∣∣∣∣∣
k=kc

. (D18)

Since the coefficients in L̂ can all be complex-valued, we can further simplify the equation
by defining two new operators corresponding to the components corresponding to the real
and imaginary parts of the coefficients in L̂

L̂Re = t

ℏ
∂kG0I +

∑
j=x,y,z

 t
ℏ
∂kGjσj + Re

[
−

cos 2Et
ℏ − 1

2E2 Aj +
sin 2Et

ℏ − 2Et
ℏ

2E3 Bj

]
σj


L̂Im = t

ℏ
∂kΓ0I +

∑
j=x,y,z

 t
ℏ
∂kΓjσj + Im

[
−

cos 2Et
ℏ − 1

2E2 Aj +
sin 2Et

ℏ − 2Et
ℏ

2E3 Bj

]
σj


(D19)

such that L̂ = L̂Re + iL̂Im and L̂† = L̂Re − iL̂Im.
The equation of motion in Eq. (D9) can then be further simplified as

d

dt
⟨r̂⟩ = 1

ℏ
⟨∂kĜ⟩ + 1

ℏ
⟨{Γ̂, L̂Re}⟩ + i

ℏ
⟨[Γ̂, L̂Im]⟩ − 2

ℏ
⟨Γ̂⟩⟨L̂Re⟩|k=kc . (D20)

We can then simplify the equation of motion term by term to obtain the main result in
Eq. (4.10) in the main text. The first term in Eq. (D20) also appears in the Hermitian
case and takes the form of

1
ℏ

⟨∂kĜ⟩ = 1
ℏ

(
∂kG0 + ∂kGxSx + ∂kGySy + ∂kGzSz

)
(D21)

where Sj = ⟨σj⟩ for j = x, y, z. The second term in Eq. (D20) can solved using the
anti-commutation relations of the Pauli matrices and the identity matrix {I, σj} = 2σj,

135



{σi, σj} = 2δijI

1
ℏ

⟨{Γ̂, L̂Re}⟩ =1
ℏ

∑
i,j=x,y,z

(
⟨{Γ0I, ∂kG0I + t

ℏ
∂kGjσj + Re

[
−

cos 2Et
ℏ − 1

2E2 Aj +
sin 2Et

ℏ − 2Et
ℏ

2E3 Bj

]
σj}⟩

+ ⟨{Γiσi, ∂kG0I + t

ℏ
∂kGjσj + Re

[
−

cos 2Et
ℏ − 1

2E2 Aj +
sin 2Et

ℏ − 2Et
ℏ

2E3 Bj

]
σj}⟩

)

=2
ℏ

∑
j=x,y,z

(
Γ0∂kG0 + t

ℏ
Γ0∂kGjSj + Re

[
−

cos 2Et
ℏ − 1

2E2 Γ0Aj +
sin 2Et

ℏ − 2Et
ℏ

2E3 Γ0Bj

]
Sj

+ Γj∂kG0Sj + t

ℏ
Γj∂kGj + Re

[
−

cos 2Et
ℏ − 1

2E2 Aj +
sin 2Et

ℏ − 2Et
ℏ

2E3 Bj

]
Γj
)
,

(D22)

and the third term in Eq. (D20) can be rewritten using the commutation relation [σi, σj] =
2iϵijkσk

i

ℏ
⟨[Γ̂, L̂Im]⟩ = − 2

ℏ
∑

i,j=x,y,z
ϵijk

(
t

ℏ
Γi∂kΓj + Γi Im

[
−

cos 2Et
ℏ − 1

2E2 Aj +
sin 2Et

ℏ − 2Et
ℏ

2E3 Bj

])
Sk.

(D23)

Finally, the last term in Eq. (D20) is simply

−2
ℏ

⟨Γ̂⟩⟨L̂Re⟩ = − 2
ℏ

(
Γ0 +

∑
i=x,y,z

ΓiSi
)(

t

ℏ
∂kG0 +

∑
j=x,y,z

(
t

ℏ
∂kGjSj

+ Re
[

−
cos 2Et

ℏ − 1
2E2 Aj +

sin 2Et
ℏ − 2Et

ℏ
2E3 Bj

]
Sj

))

= − 2
ℏ

Γ0

 t
ℏ
∂kG0 +

∑
j=x,y,z

(
t

ℏ
∂kGjSj + Re

[
−

cos 2Et
ℏ − 1

2E2 Aj +
sin 2Et

ℏ − 2Et
ℏ

2E3 Bj

]
Sj

)
− 2t

ℏ2∂kG0

(
Γ0 +

∑
i=x,y,z

ΓiSi
)

− 2
ℏ

( ∑
i=x,y,z

ΓiSi
)( ∑

j=x,y,z

t

ℏ
∂kGjSj + Re

[
−

cos 2Et
ℏ − 1

2E2 Aj +
sin 2Et

ℏ − 2Et
ℏ

2E3 Bj

]
Sj

)
(D24)

where we note that the first two lines in the final form of Eq. (D24) will be canceled out
with terms in Eq. (D22) and only the terms in the third line, i.e. the O(S2) terms, will
remain.
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After summing up and rearranging the terms, Eq. (D20) can be rewritten into

ṙ =1
ℏ
∂kG0 + 1

ℏ
∑
i

(∂kGi)Si + 2t
ℏ2

∑
i

Γi∂kGi − 2t
ℏ2

∑
i,j

ϵijkΓi(∂kΓj)Sk

− 2t
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(∑
i

ΓiSi
)(∑

j

(∂kGj)Sj
)

+ 2
ℏ
∑
i
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[

−
cos 2Et

ℏ − 1
2E2 ΓiAi +

sin 2Et
ℏ − 2Et

ℏ
2E3 ΓiBi

]

− 2
ℏ
∑
i,j

ϵijk Im
[

−
cos 2Et

ℏ − 1
2E2 ΓiAjSk +

sin 2Et
ℏ − 2Et

ℏ
2E3 ΓiBjSk

]

− 2
ℏ

(
∑
i

ΓiSi)
(∑

j

Re
[

−
cos 2Et

ℏ − 1
2E2 AjSj +

sin 2Et
ℏ − 2Et

ℏ
2E3 BjSj

])
.

(D25)

After re-arranging each term into vector form, this yields my main result in Eq. (4.10) in
the main text.

D.2 Quantum Metric Tensor in the Equation of Motion

In the special case with Hz = 0, the identities of adn
Ĥ
Ĥ now take the forms

ad0
Ĥ
∂kĤ = ∂kH0I + ∂kHxσx + ∂kHyσy

ad2n−1
Ĥ

∂kĤ = 22n−1i(H2
x +H2

y +H2
z )n−1(Hx∂kHy −Hy∂kHx)σz

ad2n
Ĥ
∂kĤ = 22n(H2

x +H2
y +H2

z )n−1(Hx∂kHy −Hy∂kHx)(−Hyσx +Hxσy).
(D26)

We also note the these terms can be identified with components of the left-right quantum
metric tensor (LR QMT), gLRn,µν , which are defined as [201, 10, 200, 203]

gLRn,µν = 1
2

(
⟨∂µψLn |∂νψRn ⟩ + ⟨∂νψLn |∂µψRn ⟩

)
+ ⟨∂µψLn |ψRn ⟩⟨ψLn |∂νψRn ⟩. (D27)

The components of the LR QMT also follow the identity [201, 190, 189]

gLRn,µν = 1
2
∑
m̸=n

(
(ALR

nm)µ(ALR
mn)ν + (ALR

mn)µ(ALR
nm)ν

)

= 1
2
∑
m̸=n

(
⟨ψLm|∂µĤ|ψRn ⟩⟨ψLn |∂νĤ|ψRm⟩

(Em − En)2 + ⟨ψLn |∂µĤ|ψRm⟩⟨ψLm|∂νĤ|ψRn ⟩
(Em − En)2

) (D28)

where ALR
nm = ⟨ψLn |i∂kψ

R
m⟩ denotes the inter-band Berry connection.

In a two-band non-Hermitian system, the LR QMT of the two eigenstates coincide
gLR+,µν = gLR−,µν = gLRµν and in the special case with Hz = 0, the eigenstates take the forms
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of

|ψR±⟩ = 1√
2E2

(
±E

Hx + iHy

)

⟨ψL±| = 1√
2E2

(
±E Hx − iHy

)
.

(D29)

We note that the diagonal elements of the LR QMT and the inter-band Berry connection
take the forms of

gLRkk = (Hx∂kHy −Hy∂kHx)2

4E4

ALR
±∓ = ALR

∓± = Hy∂kHx −Hx∂kHy

2E2 .

(D30)

We therefore identify the term (Hx∂kHy−Hy∂kHx)/(2E2) with
√
gLRkk up to a sign. After

this, the equation of motion in Eq. (4.12) in the main text can be derived similarly to
the derivation of Eq. (4.10) presented earlier in this section.
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