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Abstract

This thesis first deals with asymptotic results for the maximum likelihood and restricted maxi-
mum likelihood (REML) estimators of the parameters in the nested error regression model when
both the number of independent clusters and the cluster sizes (the number of observations in each
cluster) go to infinity. A set of conditions is given under which the estimators are shown to be
asymptotically normal. There are no restrictions on the rate at which the cluster size tends to
infinity. Moreover, this thesis deals with the asymptotic distributions of the estimated best linear
unbiased predictors (EBLUP) of the random effects, with ML/REML, estimated variance compo-
nents, converge to the true distributions of the corresponding random effects, when both of the
number of independent clusters and the cluster sizes (the number of observations in each cluster)

go to infinity.
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Chapter 1 Introduction

One of the goals of data analysts is to establish relationships between variables using regression
models. The linear regression model is perhaps the simplest and most common model used in
statistical analysis. Such a model summarizes the average relationship between a set of explana-
tory variables and the outcome/target variable. However, data rarely come from simple random
samples. In social, behavioral, educational, and medical sciences, data is commonly collected
via multistage clustered designs such as Raudenbush and Bryk (2002). The correlation between
observations that belong to the same cluster should not be ignored as this will impact upon the
computation of the standard errors of the regression parameters and hence on inference about these
parameters. The extent of clustering is even more pronounced with longitudinal data. Longitudi-
nal data are collected by cohort and panel surveys which have gained popularity. To appropriately
take this type of data structure into account, the so-called linear mixed effects models are typ-
ically used. These models - as an extension of the linear regression model - contain additional

random-effects.

1.1 Linear Mixed Models

Suppose that from a set of g independent clusters, we observe clustered pairs (y;, X;), where y;
represents a m; X 1 vector of continuous responses for the i-th cluster. We present elements of the
y; vector as follows,

Yi1
Yi2

Yi

_yimi_
Note that the number of elements, m; in the vector y; may vary from one cluster to another. The

number of observations is then given by n = > 7_, m;.
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Turning to the covariate, let X; denote an m; X p design matrix representing the known values

of the p covariates for the ith cluster. We write

1 2 7

XX X

(1) x(@ (v)

X; =[x, x? L xP) = Ko o Xai
_XT(Y}BZ Xf(ri)z Xr(yi)z_

where Xgp ) is the p-th column of matrix X;. In a model including an intercept term, the first
column would be set equal to 1 for all observations. For ease of presentation, we assume that
the X; matrices are of full rank; that is, none of the columns (or rows) is a linear combination of
the others. In general, X; matrices may not be of full rank, and this may lead to an aliasing (or

parameter identifiability) problem for the fixed effects stored in the vector 3.

The linear mixed model is a statistical model containing both fixed effects and random effects.

With the above observed data, a linear mixed model may be expressed as

yvi = X8+ Z;ax+ e, 1=1,...,9. (1.1.1)

The B8 = (f1,.-.. ,Bp)T in (1.1.1) is a p x 1 vector of fixed effects associated with the p
covariates used in constructing the X; matrix. The m; X ¢ matrix Z; in (1.1.1) is a design matrix
that represents the known values of the ¢ covariates. This matrix is very much like the X; in that
it contains the observed values of covariates; however, it usually has fewer columns than the X;

matrix i.e., ¢ < p,

C L0 0 @) ]
21 Le e Y
1) L@ (0
z, = (Z0.20) g0y | 20 720 %) |
M L@ (0

(9)

where Z,;" is the g-th column of matrix Z;. The columns in the Z; matrix represent observed val-
ues for the ¢ predictor variables for the -th cluster, which have effects on the continuous response
variable that vary randomly across clusters i.e., cluster specific effects. In many cases, predictors
with effects that vary randomly across clusters are represented in both the X; matrix and the Z;
matrix. In a linear mixed model in which only the intercepts are assumed to vary randomly across

subjects, the Z; is a column of 1’s.

The a = (aq, ... ,aq)T is a ¢ x 1 vector of random effects associated with the ¢ covariates
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in the Z; matrix. Recall that by definition, random effects are random variables. In many studies,
it is assumed that the o vector follows a multivariate normal distribution, with mean vector O and
a variance-covariance matrix denoted by D. However, in practice, we can never be sure that the
assumption of normality holds. In this thesis, we consider more general situations where ¢ is not
necessarily required to be normal distributed.

Finally, the e; = (e;1,. .. ,eimi)T in (1.1.1) is an m; vector of residuals. The element e;;
represents the residual associated with an observed response at the j-th occasion for the ¢-th cluster.
Note that the e; vectors may have a different number of elements. In contrast to the standard linear
model, the residuals associated with repeated observations on the same subject in a linear mixed
model can be correlated. Specifically, we assume the vector of residuals e; follows a multivariate
distribution with mean vector 0 and a positive-definite symmetric variance-covariance matrix R;.
In many cases, we assume R; is a diagonal matrix, under normality, which means the residuals
within a cluster are independent. We usually parameterize D and R; by 8, a ¢ x 1 vector of

parameters, in the same way. In this case, we write D(6) and R;(0).

We denote y© = [y7,. .., yg], and then the linear mixed model is
y =XB+ Za +e, (1.1.2)
where
X4 Z €1
X = , Z = , e=|:1/, and R = diag[R; ..., Ry].
Xy Z, €g

The linear mixed model is a powerful modeling tool for statistical analysis, which has gathered
increasing popularity over the past two decades. The fixed effects 3 may be associated with
continuous covariates such as weight, baseline test score, or socioeconomic status, which take on
values from a continuous range, or with factors, such as gender or treatment group, which are
categorical. Fixed effects are unknown constant parameters associated with continuous covariates
or the levels of categorical factors in a linear mixed model. The estimation of these population
averaged parameters in linear mixed models is generally of intrinsic interest, because they indicate
the relationships of the covariates with the continuous outcome variable. In regression models,
fixed effects are known as regression coefficients.When the levels of a categorical factor can be
thought of as having randomly samples (e.g., classrooms or clinics that are randomly sampled
from a larger population of classes or clinics), the effects associated with levels of those factors

can be modeled as random effects in a linear mixed model. In contrast to fixed effects, random
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effects help to reduce the number of parameters in the model. Moreover, random effects induce a
correlation between y;; and y;;, for j # k in linear mixed models with random effects. But, y;;
and y;. are independent of each other in a fixed-effect model. Finally, linear mixed models often

produce better predictions than purely fixed effect models.

1.2 Balanced Data and Unbalanced Data

1.2.1 Balanced Data

Data can often be usefully characterized in several ways that depend on whether or not each
cluster contains the same number of observations. When these counts are the same, the data are
described as balanced data; they typically come from designed factorial experiments that have
been executed as planned. An explicit definition of a very broad class of balanced data is given in
Searle (1987). The analysis of balanced data, whether the models include random effects or not,
and whether there are interactions or not, is comparably straightforward and has been extensively
studied. In chapter 2, we start from balanced data (each cluster size is same), which is much easier
for obtaining desirable asymptotic property results. This is because balanced data typically allows

the use of Kronecker products, which simplifies derivations in many formulas and equations.

1.2.2 Unbalanced Data

After defining balanced data, we are left with unbalanced data. This is data where the numbers
of observations in clusters are not all equal, and may in fact be quite unequal. Survey data are
often like this, where data are often collected outside of a controlled experimental setting because
they exist and so the numbers of observations in the clusters are simply those that are available.
Records of many human activities are of this nature; e.g., yearly income for people classified by
age, sex, education, education of each parent, and so on. Tippett (1952) indicated that in summing
the squares of the deviations of the cluster means from the grand mean, each cluster has been
given a different weight m; (the number of observations in the i-th cluster). Unbalanced data are
usually more complex to derive large sample properties. Nevertheless, in chapter 3, we extend to
considering the general case (unbalanced data) to study the asymptotic properties of Maximum
likelihood (ML) and restricted maximum likelihood (REML) in linear mixed models. Such results
are more complicated to derive because we cannot use the elegant structure from balanced data to

obtain the relevant results.
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1.3 Estimation in LMM

In the theory of linear mixed effects models, when interest focuses on the accurate estimation of
the variance components (Searle et al., 1992), restricted/residual maximum likelihood (REML)
theory might be the preferred option (Verbeke and Molenberghs, 2000). For a valid interpretation
of the parameters of linear mixed effects models (regression coefficients and variance components)
asymptotic properties/ results of these estimators are important. In a linear mixed model, we
estimate the fixed-effect parameters, 3, and the covariance parameters 6. In this section, we
discuss maximum likelihood (ML) and restricted maximum likelihood (REML) estimation, which

are methods commonly used to estimate these parameters.

1.3.1 Maximum Likelihood (ML) Estimation

In general, maximum likelihood (ML) estimation is a method of obtaining estimates of unknown
parameters by maximizing a likelihood function. To apply ML estimation, we make distributional
assumptions that allow us to construct the likelihood as a function of the parameters in the specified
model. Maximum likelihood estimates (MLEs) of the parameters are the values of the arguments
that maximize the likelihood function (i.e., the values of the parameters that make the observed
values of the dependent variable most likely, given the distributional assumptions). We refer to

Casella and Berger (2002) for an in-depth discussion of ML estimation.

In the context of the linear mixed model, we construct the likelihood function of 3 and @ under
the Gaussian marginal model y; ~ N(X;3,V;(0)) in (1.1.1), where V;(0) = Z;D(0)Z] +
R;(0). Note that V;(€), D(0) and R;(0) are functions of the covariance parameters in 8. Given

the observed data, the likelihood function contribution for the 7th cluster is defined as
_my 1 1 _
Li(8.6:3%) = (20) V@) exp {5~ X Vi0) i - X8} a3y

where |V;(0)| = det[V;(0)] is the determinant of V;(8). The likelihood function for all the clus-
ters, denoted here as L(/3, 0) . Note that (3, 8) is the product of the g independent contributions
defined in (1.3.1) for g individuals (i = 1,...,9):
g g
£(8,0) =[] 1:8,0) = T[ 2 V@) > exo { -3~ Xi8)" V. 0) (v~ XiB) |
- - (1.3.2)
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The corresponding log-likelihood function, I(3, 0) is

n 1< 1< _
1(8,6) =log L(B,6) = — log(2m)—5 > 1og|Vi(6)|—5 > (yi—XiB) V' (0)(yi—XiB3),
i=1 i=1
(1.3.3)
where n = >"Y_, m, is the number of observations. We can estimate 3 and 6 simultaneously, by

optimization of [((3, @) with respect to both 3 and 6. It can be shown that the estimating equation

is equivalent to

B={X"V 10X} X"V (0)y

(v - xg)Tvl(e)ﬁ’é}g‘”vl(e)@ ~XB) =t {vl(o)ag’;? } k=1 e

Provided that X7V ~1(8)X is of full rank, we can write 3(8) = {XTV~1(0)X}1XTV~1(9)y.
Given a specific parametric form for D(#) and R(8), and hence for V(8), then we can specify

the partial derivatives of age(f), where 0 is the k-th element of vector 6.

1.3.2 Restricted Maximum likelihood (REML) Estimation

REML estimation is an alternative way of estimating the covariance parameters in 8 and then the
fixed effect parameters 3s. REML estimation (sometimes called residual maximum likelihood
estimation) was first introduced in the early 1970s by Patterson and Thompson (1971) as a method
of estimating variance components in the context of unbalanced incomplete block designs. Alter-
native and more general derivations of REML are given by Harville (1977), and Verbyla (1990).
In linear mixed models, REML estimation is often preferred to ML estimation, because it
produces less biased estimates of covariance parameters by taking into account the loss of degrees
of freedom that results from estimating the fixed effects in 3. The REML estimates of 0 are

obtained by maximizing the REML criterion function

10(6) = - P log(2r) -1 Y log [VA(O) - L ST OV 6)r0) L 3 o XV 6),|
i=1 i=1 i=1 (134)

where r;(0) = y; —X;3(0) with 3(0) = {XTV_I(O)X}_l XTV~1(0)y. The REML criterion

function is a modified profile log-likelihood function for 8. We estimate 8 by maximizing [ (6)

with respect to 8 and then estimate (3 by substituting the estimate of 8 into B (0) . It can be shown

that REML equation,
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where

P(6) =V (0) - V (OX {XTV(0)X} X"V (9).

Note that the REML estimator of 3 is of the same form as the MLE of 3 except that 8 is replaced

by its REML estimator.

1.4 Prediction in LMM

Prediction in linear mixed models has a long history, starting with Henderson (1953) in his early
work in the field of animal breeding. Arguably the best known approach to prediction of random
effects in linear mixed models is given by the best linear unbiased prediction (BLUP) method.
Robinson (1991) gives a wide-ranging account of the BLUP with examples and applications.
When 6 is known, BLUPS of the realized values of the random variables «; are linear in the
sense that they are linear functions of the data, y; unbiased in the sense that the expected value
of the estimate is equal to the expected value of the quantity being estimated and best in sense
that they have minimum mean squared error within the class of linear unbiased estimators. They
are also predictors in order to distinguish them from estimators of fixed effects. A convention has
developed that estimators of random effects are called predictors while estimators of fixed effects
are called estimators. Mathematically, the BLUPs &; of o; were defined as solutions to the mixed

model equations by Henderson (1975). We write BLUPs,
a(0) =D()Z"V ' (0){y — XB(0)},

where 3(0) = {XTV-1(0)X}1XTV-1(0)y.

Of course, the variance components are typically unknown. In linear mixed models, it is cus-
tomary to replace the vector, @, which is involved in the expression of BLUP by a consistent
estimator, 6. The resulting predictor is often called an estimated BLUP, or EBLUP. In this thesis,
we focus on the EBLUPs referring to random effects. Kackar and Harville (1981) showed that, if
0 is an even (e.g., h(u) = h(—u)) and translation invariant (e.g., h(u + a) = h(u)) estimator and
the data are normal, the EBLUP remains unbiased. Some of the well-known estimators of 6, in-
cluding Analysis of variance (ANOVA), ML (discussed in section 1.3.1) and REML (discussed in
section 1.3.2) estimators, are even and translation invariant . In their arguments, however, Kackar
and Harville assumed the existence of the expected value of EBLUP, which is not immediately
evident because unlike BLUP, EBLUP is no longer linear in y. The existence of the expected
value of EBLUP was only proven later on by Jiang (1999). Harville (1977) considered the one-

way random-effects model, and showed that the EBLUP of the mixed effect equals a parametric
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empirical Bayes (PEB) estimator for the normal model.

Measuring the uncertainty of EBLUP gives a sentence as to why it is an important problem.
A standard measure is a prediction mean squared error, such as E{&(8) — a}{a(0) — a}”.
However, unlike the BLUP, the prediction mean squared error of the EBLUP usually does not
have an analytic expression. The mean squared error of the EBLUP may be obtained by first
deriving the mean squared error of the BLUP and then replacing the unknown @ in the expression
by 6. However, this is an under-estimate of the true mean squared error of the EBLUP. Because
Kackar and Harville (1984), Prasad and Rao (1990) and Jiang et al. (2002) study serval methods

of approximation to the mean squared error of the EBLUP.

Harville noted that much of the work on parametric empirical Bayes has been of a theoretical
nature. The work has tended to focus on relatively simple models, such as the one-way random
effects model because these simple models are tractable from a theoretical standpoint. On the
other hand, much of the work on EBLUP has been carried out by practitioners such as researchers

in the animal breeding area and has been applied to relatively complex areas.

1.5 Example

A good way to understand linear mixed models is considering simple special cases. Consider a
nested error regression model with a single covariate. In this example, the linear mixed model can

be written as
Yij :u(xij)—i—ai—i—eij for 1=1,...,9; j5=1,...,m4. (1.5.1)

In this model, y;; is the j-th observation in the i-th cluster, and z(x;;) = Bo + x;; 1. The quantity

x;; is a known covariate, and 3y, 31 are unknown fixed effects parameters. The quantity e;; is an
2

error with mean 0 and variance o2, while «; is a random variable with mean 0 and variance o2.
Relating to (1.1.1),let ¢ = 1, p = 2, X; = [L,,, X;],where x; = (%1, ..., ZTim,;)?, and Z; be
a m; X g matrix with all zero elements but the i-th column being a column of 1’s. So we have
D = Igoi and R; = I,,02 in (1.5.1). This model reduces to the usual regression model when

02 = 0 or the o; are fixed unknown parameters. We use the following example to illustrate these

differences between the linear regression model and the linear mixed model.

Example 1. Suppose a new form of injectable insulin is being tested using g patients. It is
reasonable to think of those patients as a randomly chosen sample of patients from a population

of patients in a city. If patient 7 is tested m; times in the trial (n = >_Y_; m;) and the measured
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response of j-th tests is denoted by y;;, then it is not unreasonable to assume that

E(yij) = i,

where p; is the expected blood-sugar from the observed patient . We write p; = p + «;, where
is a general mean and ¢ is the effect on blood-sugar level of the observed patient ¢, and consider

the cases «; are fixed unknown parameters and «; are independent random variables.

In terms of the linear regression model, the expected value of y;;, i.e., u; (or p and each «;) is
considered as a fixed unknown constant. We can then write u; = p + «; as fixed effect, we can
write

Yij = b+ a; + €45 for 1=1,...,9; 7=1,....my, (1.5.2)

where «; is fixed, satisfying Y 7_, a; = 0 for parameter identifiability. Thus, we have

0 ifi#d
Cov(yij,yi/j/) = 0 ifi = i,,j 75 j, s
o2 ifi=14j=j

which means {y;;} are independent with each other. When we estimate «; in the linear regression
model, we have

Q=Y. —Y.=o0; —a+ €. —€.

_ 1 ; — 1 i ~ 1 - _ 1 i
where y;, = s Z;n:zl Yij> Y. = n ‘;.]:1 Z;nzl Yij, O = g ?:1 o, €. = proms Z;nzll €ij and
€. = 5 >0 > eij. Furthermore, we have
. o o 11,
Var(&;) = Var(oy —a+ ¢, —e.) = Var(g, —e.) = (— — —)a_. (1.5.3)
my; n

The assumption of independence between the y;;’s, which underlies the linear regression
model, may not be a reasonable one. This is because there exists correlations among the ob-
servations from the same individual, especially if the times at which observations are collected are
relatively close. Moreover, the linear regression model allow us to make inference on the levels
occurring in the data that we obtain. However, our patients were taken as a random sample of
patients from a population of patients in a city, and we are interested in the whole population and
not just these patients inferences we seek. Thus it is not appropriate to apply inference based on

linear regression model to the population.

In terms of the linear mixed model, we take «; as a random effect of blood-sugar level related

to observed patient i, who is one from among a population of possible patients. Since these
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patients have been chosen randomly with the objective being to treat them as representative of the
population of all patients in the city, then the one labeled ¢ is of no particular interest in itself to

the trial. This then motivates the linear mixed model

Yij = U+ o + €45 for 1=1,...,9; j=1,...,my, (1.5.4)

where the o;’s are independently and identically distributed (i.i.d.) with mean 0 and variance 2.
Although (1.5.4) is algebraically the same as (1.5.2), the assumptions underlying it are different.

Thus, we have

0 if i £
Cov(yij, yirjr) = { o2 ifi=i',j#j .
or+ol ifi=i,j=j
We see that patients are independent, but there are correlation in observations collected from the

same patient. Furthermore, we can predict ¢; in the linear mixed model using the EBLUP as

m;62

where 0 < 7); = 572725 < 1and 62 and 62 are estimators of o2 and o2. The prediction mean

squared error for &; is much more complicated than (1.5.3).

1.6 Variance of limit or limit of variance

When Kackar and Harville (1984), Prasad and Rao (1990) and Jiang et al. (2002) approximated
asymptotic MSE of EBLUPs, they used the limit of the MSE, which leads to very complicated
calculations and restrictive conditions. They were partly forced to take this approach because they
did not make use of my — oo in their analysis, where m, is lower bound of m;, the i-th cluster
size. The results in Chapter 2-3 allow us to take advantage of the simplification when mj; — oo
with g — co. Thus, we try to explore another approach , taking the MSE of a linear approximation
rather than starting from approximating the asymptotic MSE.

We consider a simple example to illustrate the two different ways of approximating asymptotic
variances. This is a special case of estimating the asymptotic MSE when asymptotic bias is zero
but gives useful insight into the general case. Suppose g(é) is a function of the estimator 6 that
estimates 6. Suppose 6 — 6 satisfies the central limit theorem so n%(é — bp) EEN (0,02).
Note that 6, 6y n and ¢ here are not the same as those used in previous sections, and they are

more generic notations being used here. We want to estimated n Var { g(é)} If this quantity
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is complicated, some researchers take the limit of the variance, lim,,_,o, n Var{ g(é)}, and then

~

estimate the limiting form. This involves first calculating the variance (moment) of g(¢), where
0 is an estimator of 0o, and then finding the limit of the variance. However, this method often
requires complicated calculations. Thus instead of the limit of the variance, we take the variance
of a limiting linear approximation. In this section, we discuss the difference between these two

approaches.

1.6.1 Limit of variance

We have an exact expression for g(f),

9(8) = g(6o) + ¢'(60)(8 — 6o) + R(H), (1.6.1)

where R(0) is the remainder. Next, we calculate the variance of g(f) as

Var{g(8)} = Var{g(6o) + ¢'(60) (6 — 60) + R(0)}
= Var{g'(@o)(é —0p) + R(é)}
= Var{g'(60)(0 — 60)} + Var{R(6)} + 2 Cov{g'(0)(6 — 60), R(6)}

If we impose some conditions here to simplify Var{g()} by ensuring that Cov{g'(6)(f —

00), R(A)} = 0, then we can take the limit as

lim nVar{g()} = lim n Var{g'(6)(0 — 6p)} + lim nVar{R(A)}

=g (6p)%c* + nlgn;o n Var{R(0)}.
If we set additional conditions to ensure that lim,, ., n Var{R(6)} = o(1), we can obtain
n Var {g(é)} — ¢'(00)%0.
1.6.2 Variance of linear approximation

Turning to the variance of linear approximation, we first need to set some conditions to ensure that

the remainder term in a limit of function g(#) converges to zero in probability. We write

{9(8) — 9(60)} = ¢'(60)(8 — 60){1 + 0p(1)}.
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By Slutsky’s theorem, we obtain
1 D
n2{g(0) - g(6o)} = N(0,g'(60)*c*)

and then we use the asymptotic variance ¢'(f)20 to approximate the variance of ns g(0).

We find that the biggest difference between the two approaches is in which step we set condi-
tions to simplify the approximation. In practice, setting conditions to simplify the function g(0)
is much easier than setting conditions to simplify Var{g(6)}. Besides, the second approach also
provides the limiting distribution of the estimator, and this is very useful in practice. We will use

this variance of linear approximation approach throughout this thesis.

1.7 Outline of thesis

The structure of this thesis is given as follows. Chapter 2 addresses the asymptotic properties of
ML and REML estimators in the nested error regression model with balanced data (m; = m)
but without assuming normality, when both the number of clusters and cluster size go to infinity.
Jiang (1996) addressed that asymptotic difference occurs when rank X increases with the sample
size. However, he did not elaborate relationship between the number of cluster and clusters. We
first distinguish a between cluster covariate that is constant within clusters x;; = x; from a within
cluster covariate that varies within clusters. This distinction is often ignored by using the form
p(zij) = Bo + Pixi; for both cases. Indeed, an important finding in this thesis is that this form
does not work asymptotically when the m’s grow for a within cluster covariate. The reason is that
the information for within cluster parameters w(®) = [Bs, 027 grows with n = J_,m; and
the information for between cluster parameters w® = [Bo, b1, ag]T grows with g. We establish
a uniform asymptotic linear approximation to the ML estimating equations that hold in an appro-
priate shrinking neighborhood of the true parameters, and then obtain consistency and asymptotic
normality for the ML estimators from the uniform asymptotic linear approximation. We use the
nice structure of balanced data (same cluster size) and use a similar approach to obtain the asymp-
totic properties of REML estimators when both of the number of clusters g and cluster sizes m go
to infinity.

Chapter 3 extends the results of Chapter 2 to unbalanced data. This extension is by no means
trivial because, in summing the squares of the deviations of the cluster means from the grand
mean when constructing the ML and REML estimators, each cluster is given a different weight
m; equal to the number of the cluster size i.e., m;.Nevertheless, we are able to establish a uni-

form asymptotic linear approximation to the ML estimating equations that hold in an appropriate
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shrinking neighborhood of the true parameters, and then obtain consistency and asymptotic nor-
mality for the ML estimators from the uniform asymptotic linear approximation. To establish
the asymptotic properties of the REML estimator, we use a profile function argument instead of
working directly with the structure of the estimating equation as we did in the balanced case.
We firstly study an adjusted maximum likelihood (AML) estimating equation with the additional
term log | X7V ~1(0)X|, and show that it has same asymptotic properties obtained from the log-
likelihood with ML estimators. Then we use a profile function approach to show that the REML
estimating equation is the profile version of the adjusted maximum likelihood estimating function.
Finally, we obtain the asymptotic properties of REML estimators in general (non-normal) nested
regression model with unbalanced data, when both the number of clusters and cluster size go to
infinity.

Chapter 4 studies the asymptotic distribution of the EBLUP without assuming normality in lin-
ear mixed models. We use the asymptotic properties of ML and REML estimates given mild and
reasonable conditions to directly prove that the asymptotic distribution of the EBLUP converges to
the true distribution of the corresponding random effects. When the number of independent clus-
ters grows, the ML and REML estimators of the between cluster parameters are consistent. When
both the number of clusters and the cluster sizes tend to infinity, the ML and REML estimators of
the within cluster parameters are also consistent. The consistency of ML and REML estimators is
a vital step to study the asymptotic distribution of the EBLUP. We start with the balanced one-way
model in approaching these developments, as it facilitates easier understanding and insight, before
considering the nested error regression model. Under different rates of growth on the number of
clusters and the cluster sizes, we obtain three different convolution distribution. Moreover, we
derive a closed form approximation of the mean squared error of the EBLUP and compare it with
other approximations from Kackar and Harville (1984) and Prasad and Rao (1990). Finally, we
perform a Monte Carlo simulation with different settings. The simulation results indicate that
as both the number of clusters and the cluster sizes grow, the average relative bias of our mean

squared error is much more accurate under a normal distribution and mixture distribution.
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Chapter 2 Balanced Data: Asymptotic Analysis of ML and REML Esti-

mates for Hierarchical Linear Mixed Models with Large Cluster Sizes

2.1 Introduction

Regression models with nested errors are widely used in applied statistics to model relationships
in clustered data, such as in small area estimation, for example, Battese et al. (1988), Rao (2015)
and etc. The maximum likelihood (ML) or restricted maximum likelihood (REML) estimators
usually used to fit these models are nonlinear, so asymptotic results provide an essential way
to understand their properties and subsequently for constructing a basis for inference about the
unknown parameters, make predictions, etc. The general asymptotic framework increases the
number of clusters while keeping the size of each cluster bounded. However, in some applications,
when the size of the clusters is also large, it is interesting to see what happens asymptotically when
both the number of clusters and their sizes are allowed to grow. In particular, as we will show later
on this thesis, this framework with increasing cluster size is needed to ensure consistent prediction.

Consider balanced data that (y;;, x;;) comprising of ¢ independent clusters each with cluster
size m, where y;; is a scalar response variable, x;; is a scalar explanatory variable or covariate.

The nested error regression model specifies that

where /1(x;;) is the conditional mean of the response given the covariate x;;, c; is a random effect
representing a random intercept or cluster effect, and e;; is an error term. Note that this model is
(1.5.1) again, but now with balanced data. We assume that the {c;} and {e;;} are all mutually in-
dependent with mean zero and variances (also referred to in this thesis as the variance components)
o2 and o2, respectively. We can estimate both variance components consistently when g — oo

with m bounded, but we need to let m — oo to predict the random effects {«;} consistently. If

15
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2

< consistently but not the

m — oo but g is held fixed, we can estimate the within cluster variance o,
between cluster variance 2. This motivates allowing both g — oo and m — co. This framework

has surprising consequences for the conditional mean, which we parameterize as follows,

(i) = Bo + Prr; if v =x; ’ 2.12)
Bo + B1Z;. + Pa(xij — T;) otherwise

where the Os are unknown coefficients, called regression parameters or fixed effects, and z; =
m~1 Z;n:l x;; s the within cluster mean of the explanatory variable. In (2.1.2) we distinguish a
between cluster covariate that is constant within clusters (z;; = ;) from a within cluster covariate
that varies within clusters. This distinction is often ignored by using pi(z;;) = By + 1245 for both
cases. An important finding in this thesis is that this form does not work asymptotically (when
m — 00) for a within cluster covariate. The reason is that the information for within cluster
parameters w®) = [Ba, 027 grows with n = gm, while the information for between cluster
parameters w®) = [Bo, B1,02]T grows with g. The information for the coefficient corresponding
to a within cluster covariate whose mean is non-zero grows with both n and g, making it difficult
to normalize and control both sources of information at the same time. In contrast, if we partition
the within cluster covariate as in (2.1.2) into a between cluster component and a pure within cluster
component (which has all within cluster means zero), we obtain separate coefficients for which

the information grows with n and g separately, and straightforward normalization is possible.

The model defined by (2.1.1) - (2.1.2) with two variance components and a single covariate is a
straightforward example of a linear mixed model. Its simplicity allows us to make explicit calcula-
tions (involving only relatively low dimensional vectors and matrices) to see exactly what is going
on and obtain precise results for asymptotic variances which we can interpret. Our calculations
and results also show how to proceed to more complicated cases, with both multiple covariates
and variance components. Nonetheless, from a practical point of view, our simple model is widely
used in fields such as small area estimation to model and make predictions from clustered data,
thus making our results immediately useful. Examples of small areas include a geographical re-
gion (e.g., a state, country, municipality, etc), a demographic group (e.g., a specific age X sex X
race group), mean acreage under a crop for counties (small areas) in Iowa by Battese et al. (1988).

Large clusters often occur in surveys of household poverty in administrative areas (Haslett, 2016).

In this chapter, the model (2.1.1) with balanced data (same cluster size) allows us to use Kro-
necker products, which simplifies derivations in many formulas and equations. Thus, we rewrite
(2.1.1) in vector from as

vi=X;B8+ 1,a; + e, (2.1.3)
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where y; = (Yit, -, Yim) " s B = (Bo, B1, B2)T, Xi = [Lin, LinZi., X; — 1,n@; ] with 1,,, denoting
an m-vector of ones and x; = (1, ..., 2im)’,and e; = (e;1, ..., eim)’. Lety? = (y1,... ,ygT)

and x?' = (x¥',... ,xg). Under the model, we have

Ey; = Xi = 1,00 + 1nZi f1 + (% — 1ni ) B2, Var(yi) = 023 + 021,

and Var(y) =1, ® (623, + 02L,,).

where J,, = 1,,15 . Let w = vec{w® w®@} = (8o, 81,02, B2,02)" and let 8 = (02,02)T.

Then we can write

1 0’3 /2 2
J and V()| = (o7 + moy

o2 ™" oo +ma)""

V1) = )9g20(m=1),

2

To ease notation, we further denote

1 m 1 g m 1 g m
Yi. = *Z Yij y.= 722%3‘, T, = 722%’]‘,
m* gm-—= gm-—'=
7j=1 i=1 j=1 i=1 j=1
Sijw = (wij — Zi) (Y5 — ¥i.), Sy = (@i — 2.)(Fi. — 7.,
g m g9
Sw=>"3 5% and Spl=m> SV
i=1 j=1 i=1

To simplify notation, let SZ* = S¥, Sy = Si, Sf* = S and S}Y = S/. When the random
effects o; and e;; in (2.1.1) are all normally distributed, it follows that the observations y; are also

normally distributed. We write the density of y given x as

L(y;w) = (27) 3 [V(8)| "2 exp {—; > (yi —XiB) TV H(0)(yi — Xiﬂ)} :

i=1
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For the quadratic form in the log-likelihood, we have the following
g

> (yi = XiB)Vi(0)(yi — XiB)
=1

— 1080 — 1@, 1 — (% — 1@ ) B2} V1 (0){yi — LinfBo — LinZi. B1 — (Xi — 11n%;.) B2}

1 o2
- i — 1, 1,,%; - i — 1nZ; T 7Im_—aJm i — 1m
{ Bo — z;. (X T )/32} {Ug 02(02 n magé) } {y Bo

— 1% f1 — (x5 — 1y Z4.) Bo }

g
= % Z{Yz — 180 — L@ B1 — (Xi — 1) B2} {yi — LnfBo — 1@ 1 — (Xi — 1in;.) B}
€ =1

2
9
- Z p + moZ Z {yij — Bo — 2:.81 — (zij — T4.) B2}
1 L& g o2 m 2
=3 ZZ Yij — Bo — Zi.B1 — wijPa + Ti.B2)” — Z Y BT IN Z(yij — Bo — Zi.01 — xij B2 + T B2)
Te i=1 j=1 i=1 O¢ (Ue + mga) =1
m?o?

(i, — Bo — #i.B1 — Ty Bo + Ti. B2)*

M-

g m
= % ZZ(QU Bo — i1 — w2 + T Ba)? —

o2(02 +mo2)

i=1 j=1 i=1
| I.m . i 9 i 9 i
=2 D (wig— Bo— T — wighe + Tif2)’ — Y ;g(yi. —Bo—TiB1)’+ Y ;g(yi. — Bo—zi.p1)°
i=1 j—1 i=1 =1

2 2

g
-> (i, — fo — T 1)

02 (02 +mog)

g: g
Z {(yi — L) — (% — L@i) B2} {(yi — Lm¥i.) — (%i — i) Ba} + Z %(?ji. — Bo—7ip1)?
i—1 ‘e

2 .2

=1
9
- Z m—a(.@z’. — Bo— Ti.h)?

o2(02 +mo2)

Z {(yi = L) = (i — L) B2} {(yi = LnBi) — (xi — L) B2} + Z (5i. — Bo — Ti. )

(02 +mo’2)

1 g9
) D A= 1) (vi = L) = 2(yi = L) (%i — L) B + (%5 — 1n@i) " (i — 1) 55}

=1
g
m
+;(—i—m0)( — Bo— Ti.h)?

L (51— 2578, + 5762) + Z 3y (5. = fo = 2i. 1)’

T o2 24+ mo?
The above results allow us to rewrlte the density of function of y as

exp I:_ 7{ (Sy _ 2Sﬂ3yl32 —|—S:B62) + Zz 1 (0_2+m0_2)( BO _ xzﬁ1)2}:|

Hore= ERHNOIE
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Furthermore, the log-likelihood can be written as

g(m—1)

1
5 log 02 — —(S¥ —2S57Y5, + S$ﬁ2)

n
l(y;w) = 5 log 27 — glog(og + mai) — 202

g
_22 —|—ma )( ﬁo_l‘lﬁl)‘
2.1.4)

To maximize I(y;w), we differentiate (2.1.4) with respect to By, 31, B2, o> and o2, respectively.

We denote g, (w) = 202 15 (w) = 20, (w) = 222 1 (w) = 29 and ], (w) =

op
Toet Let (@) = [00(w)", 0 ()"], where ) (w)" = [I5,(w), 15, (). loz (w)] and
w(“’) (W) = [Ig,(w), ly2(w)]. We obtain the components of 9 (w) as

g
Lgo (w Z PR— (5i. — Bo — Ti.51)

=1

9 .
Ig, (w ):Z%( — Bo — Zi.B1)

s B — 3 By)2
(02+m02 +;202+m02) 1. = Bo ~21.51) (2.1.5)

1 T T
l52(w) = ?Swy - ﬁswﬁZ

-1 1
lop () = on 1)y Lost - 258 + 538

g —_
2( 24+m ) 202
g

Z 0_2 T m02 ( — Bo — Zs. ﬁl) .

=1

To obtain estimating equation then solve the estimating equation ¥(w) = 0. We consider the
estimators obtained from the normal likelihood even when normality does not necessarily hold.
Hartley and Rao (1967) proposed a computational algorithm for the solution of the likelihood
equations and proved that under certain restrictions, the estimates were consistent and asymptot-
ically normal as the size of the experimental design increased. Anderson (1969) proved that the
estimates were consistent and asymptotically normal as the entire design was repeated. Miller
(1977) studied asymptotic properties of the maximum likelihood estimates for a large class of
design sequences whose size increases to infinity under normality. However, there are few asymp-
totic results of ML estimation without normality. On another hand, Thompson (1962) proposed
that the restricted or residual maximum likelihood (REML) method is a way of estimating dis-
persion parameters associated with a linear model. Jiang (2017) introduced earlier studies on the
asymptotic behavior of REML. Das (1979) first published research on asymptotic properties of

REML estimators, but his previous work on REML asymptotic remained large unknow for fifteen
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years. Richardson and Welsh (1994) considered asymptotic properties of the REML estimator in
hierarchical LMMs without normality by setting some conditions, including letting the number of
clusters go to infinity, but all cluster sizes and the dimension of fixed effect were bounded. The
results of Richardson and Welsh (1994) show that the REML estimator in the nested structure is
consistent and asymptotically normal. Jiang (1996) studied the asymptotic behavior of the REML
estimator without any assumption on the structure of the model, boundedness of the number of
fixed effects and normality. Furthermore, he was the first person to also allow the number of fixed
effects to tend to infinity. The results show that the REML estimator applied to data with a general
structure (i.e., not only nested structure) is consistent and asymptotically normal as the number
of fixed effects increase with the sample size. He considered dimensions of each random effect
that can be viewed as a function of sample size n. When it applies in a nested structure, it is
not a clear relationship between the number of clusters and cluster size. Richardson and Welsh
(1994) figured out the increasing sample size without the boundedness of the number of clusters
but fixed cluster sizes. Based on the above literature review, we notice that there remain some
unanswered questions. For example, when sample size depends only on cluster size rather than
the number of clusters, will the REML estimator still be consistent and asymptotically normal?
When sample size depends on both the number of clusters and cluster size, how to ensure the
REML estimators keep consistent? Answering such a question is not only important, but also
forms the basis for exploring other as elements of inference. For example, Jiang (1998) proved
that the empirical distribution of EBLUPs converges to the true distribution of the corresponding
random effects. However, the results require further conditions beyond those needed to establish
the consistency of the REML given in Jiang (1996). Additionally, for nested designs a further
restriction on the cluster size increasing is necessary to ensure that the empirical distribution of
EBLUPs converges to the true distribution of the corresponding random effects. Xie and Yang
(2003) studied asymptotic properties for generalized estimating equations with large cluster size,

but his results for M-estimators are not applicable to linear mixed models.

The difficulty with trying to apply general results to particular models like (2.1.1), is that it
can be difficult to understand both the conditions (e.g. whether there is any restriction on the re-
lationship between the cluster size and the number of clusters) and the main result. Main result
itself is the case with the elegant general results of Jiang (1996). Although some nested structures
satisfy his so-called invariant class AI* condition, this condition is complicated. Also, in fur-
thermore work, increasing cluster size is a consequence of other complicated assumptions, while
further conditions on the way the cluster size increases make it relatively difficult to understand

whether cluster size relates to the number of clusters and leaves open questions of whether these
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conditions are minimal or not. To overcome these challenges, we approach this problem from the
opposite direction by considering a particular, simple model ( without assuming normality) and
use elementary arguments to obtain simple, interpretable results as g — oo and my — oo for
both maximum likelihood and REML estimators that give insight and build intuition into what we
can expect in more general cases. Although simple, our two-component model (2.1.1) is already
useful in practice, such as an example from Arora and Lahiri (1997), and we obtain interesting and
unanticipated results including the importance of treating within cluster covariates carefully and
the asymptotic orthogonality of between and within cluster parameters, even when the responses
are not normally distributed. The arguments used to obtain these results are based on establishing
a uniform asymptotic linear approximation to the estimating equations that holds in an appropriate
shrinking neighborhood of the true parameters, and then obtaining consistency and asymptotic
normality for the estimators from the uniform asymptotic linear approximation. The approach to
establishing the uniform asymptotic linear approximation is inspired by the work of Bickel (1975)
on one-step regression estimators; it has been applied to ML and REML estimators in linear mixed
models by Richardson and Welsh (1994), Field et al. (2008), and Yoon and Welsh (2020). The

arguments can be further extended to accommodate vector covariates and multiple error structures.

2.2 Maximum Likelihood Estimating Equation

Throughout this thesis, we assume the true model which describes the actual data generating
mechanism is given by (2.1.1) and (2.1.2) with a true parameter wo = [Bo, 51, 0a?, B2, 7¢2] T, and
take all expectations under the true model. We use the subscript zero with a vector parameter and
a dot above a scalar parameter to denote the true parameter value. With respect to the ordering
of the parameters in w and wy, the between parameters and the within parameters are grouped is
important. Let 8, = [Bo, B, BQ]T and 0y = [0',2, 72T denote the true regression parameters and
variance components, respectively. We work mainly with the “impure” within cluster covariate
case, i.e. x;; varies within clusters and the within cluster means Z; are not all equal, such that
there three unknown regression parameters in (2.1.2) to estimate. If we have a pure within cluster
covariate, then the constant cluster means are absorbed into the intercept and hence there is not [3;
to estimate, while if we have a between cluster covariate, there is no 5o to estimate. The results
for these cases can be obtained as special cases of the general results by deleting the components
of vectors and the rows and columns of matrices corresponding to the excluded parameter.

To control the estimating function and derive the asymptotic properties of w from the estimat-
ing equation, we impose the following conditions.

Condition A
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1. The model (2.1.1) holds with true parameters wy inside the parameter space (2.
2. The number of clusters ¢ — oo and the cluster size m — oc.

3. The random variables {«; } and {e;;} are independent and identically distributed, and there
isad > 0 such that E|o;|*™ < oo and E |e;;[**? < ocoforalli = 1,...,gand j =

1,...,m.

4. For the sequence of within cluster means {Z; }, there exist finite constants c¢; and ¢, such that
limg oo g™ 309, 7% = ¢, k = 1,2and a § > 0 such that limy 00 971 37 7210 <
oo. For the sequence {57, }, there exists a constant c3 such that limg_, o limy, n_lS,ff, =

cs > 0and ad > 0 such that limg_o0 limy, oo 1 D07 Z;n:l |zij — 7. |*+° < o0.

These are mild conditions which are often satisfied in practice. Conditions A3 and A4 ensure that
limits needed to ensure the existence and finiteness of the asymptotic variance of the estimating
function exist, and that we can establish a Lyapounov version of the central limit theorem for the
estimating function. Condition A4 holds if the x;; are realizations of clustered random variables
that have finite (4+\) moments. In the balanced case, if the x;; also have a similar cluster structure
to the y;; s0 E(;;) = g, Var(zi;) = 72 + 02, and the x;;s in different clusters are independent

while the ;s in the same cluster have the same covariance 72, then we have ¢; = ji3,c2 = 72+ 2

2

and c3 = 0.

For a pure within cluster covariate, we replace Condition A4 by

4’. For the sequence {x;; }, there exists a finite constant c3 such that limg_ o limy, 0o n ™t 37, Z;’Zl a:?j =

cg and a & > 0 such that limg_ e limy, 0o n ™t > 7, > 24270 < 0.

For a between cluster covariate {x; }, we replace Condition A4 by

4”. For the sequence {x; }, there exist finite constants ¢; and ¢ such that limg_, g ! 9, :nf =

¢k k=1,2and ad > 0 such that limg_,o0 g2 S°7_, |24*1 < oo,

For a sequence {U,, } of random elements and a non-stochastic sequence {v, }, we write U,, =
Op(vy,) to mean U, /vy, is bounded in probability and U,, = op(vy,) to mean U, /v, converges to

zero in probability.

2.2.1 Approximating the ML estimating equations evaluated at w

The final central limit theorem is strongly driven by the behavior of the estimating equation eval-

uated at wg. We therefore start by developing a simple approximation to the estimating equation
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evaluated at wq. First, we write ;. = Bo + ﬂla?z + «; + €;., so that

Yij — Ui. = (@5 — ;)2 + (eij — €i.) and Ui, — Bo — P1T, = o + &,

Then Var(a;) = 0,2, Var(g;,) = 9 $o

m

Gi. — Bo — P17 = o + op(1), (2.2.1)

and

(Ti. — Bo — $17i)% = a2 + 0p(1). (2.2.2)

Next, we obtain approximations for Sy’ and S}, respectively. For Sy, we have

g m
Si =" (@i — T ) (yiy — Vi)
i=1 j=1
g m
= ZZ {(fcz’j —Z;i.)Pa+ (xij — Ty )(eij — € )}
. (2.2.3)
:ZZ{($ZJ - ;) ﬁZ_(xu Ty )el_]}
i=1 j=1
g m
S T
i=1 j=1
and thus
E(SyY) = S5 . (2.2.4)
Also,
g m
Var(S%¥) = Var ZZ {(x” — %) P2 — (i — Ty )e”}
i=1 j=1
g m
= Z Z(% — Z;.)" Var(e;;)
i=1 j=1
= 06255}
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For S}, we write

i=1 j=1
g m 9
= Z Z {(xl] )52 + (ez] éz)}
i=1 j=1
g m ' ' (2.2.5)
= Z Z {(wz; — 2;)°B5 + 2(wij — Ti.) a(es; — &) + (eij — éz’.)Q}
i=1 j=1
g m g m g
ST ETTS ) YIIRIANES 3) L R )
i=1 j=1 i=1 j=1 i=1
so that
E(SY) = S%65 + mgd.” — go.” = S5 + g(m — 1) (2.2.6)
Furthermore, we calculate
. g m . g m )
Var q /32 Z Z(azw —%)eij ¢ = B3 Z Z (zij — 7)) Var(e;;) = 839%0.% = O(gm),
i=1j=1 i=1 j=1
g m g m g m
Var(Q_ D ely) = 2 ) Varlel) = 33 {E(el) — '} = gm {B(el) .} = Olgm)
i=1 j=1 i=1 j=1 i=1 j—=1
and
Var(mé;) = Var {m~'(me;)
m
=m ™2 Var Z €;
7j=1
m m
=m2 Var( Z Z €ijeik)
7=1k=1
m m m m
=t Y e~ 230 Y e
Jj=1k=1 Jj=1k=1
m m m m m m 2
=m 2ZZZZE eljezkewezs m~? ZZE(Q’LJGM’)
j=1k=1r=1s=1 j=1k=1
m
:m72ZE(e )+ (3—=3m™ ") S =t
j=1
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The key step here was a result given in [Cramér (1999), p345]. We write this result as Lemma 1

later. Combining the above results along with Var(S3,) = O(gm), then we can write
. . g m g m 1 1
St =mgoe + L5 +200 ) > (wiy — Ti)eis + )Y (€5 —de%) +op(g2m=). 227)
i=1 j=1 i=1 j=1

Also, combining (2.2.3) and (2.2.7), we obtain

g m
— 2553y + 5263 = gma 2+ Y Y (€ — 5.2) + op(g2m3). 2.2.8)

=1 j=1
Finally, let K = diag[gfél(b), gfémféI(w)], where diag is diagonal matrix. Note that (b) and
(w) have not been introduced as representing numbers. Just use words and say the number of

between cluster parameters equals 3 and the number of within parameters equals 2. On combining

(2.2.1), (2.2.2) and(2.2.8), we obtain

K 29(wp) = K™ 2&(wp) + 0p(1), (2.2.9)

where K = diag[g_%l(b), g_%m_%I(w)]. where £(w() has component,

9 2
_ m 2 .2
£z (wo) = Z; CRRTE (of — 0a?), (2.2.10)
1 K
&8, (wo) =3 ZZ(:EU Z;.)eij and
€ i=1j=1
1 K&
o2 (wo) = 51 > (e} —d.?%)
Te 21 j=1
Again, we define
(b) g O,
£(wp) = §0wo) | _ =& (o) 2.2.11)
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2.2.2 Computing G,, the variance of the approximate ML estimating equation at

)

Using (2.2.10), we calculate the variance of K_%g (wo) as

Cov {9_%5,30(‘-"0) ~ 3¢5, (wo }

m3

1 1 1< m?
giﬁg wO 797550 2 wo } = - . B
61( ) « ( ) g — 2(0_62 + mo_a2>3
4
_1 o m 4 .4
o {5y} = P R )

From (2.2.10), we see that £() (w) only depends on «; and £®)

11 Se
2 2 =
m 552 (wo)} gmo:e27
1
Var {g_%m_%ﬁaz(wo)} =—3
€ 40,

2(de% + ma,?)
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g
- B(ad). Var {5 b5, (wo) ) = 12
zl

z;. E(of),

(E e?j

Since «; and e;; are independent, then we have

o vl 900 Var {g 20 (wo) } 0
n = ar =
g_%m_%f(w) (‘-‘JO) 0 Var {g_%m_%f(w) (WO)}
i mQU'QQ l g mQO:&2 - m3 3
@ e g 2i=1 G pmgn T b 267 a7 P)
1 2 _ 2 '&2 _9 1 3 _ 3
Fol G T Gl AT i 1mxi E(e)
=| ™ _E3) 139 - m % E(ad) {E — 0.t}
2(0e2+may?)3 i g ~1=1 2(dc2+mop?)3 " i ; 2+ma @
0 0 0
0 0 0
. . o2 ..
Since lim,;,— o0 (UEQZW = 1 and by Condition A3, we have
1 z m20:a2 Ti Mz
lim lim - iy = lim — = —,
g—00 m—300 ¢ ; (0:62 + mo:a2)2 T. g—r00 0;a2 0:a2
13 2 -2 ) 2 2
lim lim fz ,Qmaa.22f?_:lim s = .535—1—79‘022’ and
g—00om—0o0 g 1 (0‘6 + mog ) g—X 04 (O'e + mog ) (2212)
1 i 1 Zg: m3 _ li ;. M
im lim - Z; = lim — = .
groom=00 g £ (5.2 +ma?)3 " 9500 00 00

=1

—oh.

Cov {g_%m_%’gﬁz (wo),g_%m_%éog(wo)} =0

e

(wo) only depends on e;;.
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Thus we have

Oa Oa 20:(16 0 O
2 2 3
O%:c2 M;j;x 20(56) 0 0 a 0
. 3 3 4 4 1
R R L R T B S e
’ o2 0 GZ
0 0 0 72 0
Eet —cc?t
L0 0 00 =

Here G is a 3 x 3 matrix and G2 is a 2 X 2 matrix . The elegant block diagonal form of G,,
and G is a result of grouping the parameters into between and within cluster parameters. The
more traditional grouping onto fixed and random parameters leads to less structured matrices and

consequently less insight as we shall see below.

2.2.3 Computing the derivative matrix from the ML estimating equations

We need to compute the derivative and the expected derivative of the maximum likelihood esti-
mating function ¥ (w). We will apply the mean value theorem to each (real) element of ¥ (w),
and so we need to allow different arguments in each row of the derivative matrix. From (2.1.5),
we write () (w) = 327, wl(b) (w) and ™) (w) = 39, > wg;-”) (w), where the components
of 1/11@ (w) and 1/)1(;”) (w) are denoted as

m

ligy(w) = m@i. — Bo — Zi.51)
lig, (w) = (szvjw)( — Bo — Zi.p1)
2
ligz (w) = - “ + " (Fi. — Bo — T:.1)*

2( 2+m<f2) 2(02 +mo3)?
lij/jz( ) = ﬁszmﬁu_ 2 Z]wﬁQ

1 m—1 1
— Sl/ _ Szy
2m(o2 +mo2)  2mo? 20§( ijw — 25;w02 + Z]w/BQ)

! (Fi. — Bo — 7:.51)°.

2(02 +mo2)?

lz‘jag (W) =~

+

Thus, we write

vy(w) | 2, v (w)
V) (w) LY Vel (w)
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where
liﬁoﬁo("") liﬁoﬁl(w) liﬂoai(w) liﬁoﬁz(w) liﬁoag(w)
(b) _
Vb (@) = |ligypo (@) Ligpy (@) ligro2 (W) ligypy (@) ligo2(w) |
liag,ﬁo(w) liagﬂl(w) liagag(w) lia?ﬂg(“’) licrgag(w)
and

ligopo (W) ligypy (W) ligyoz (W) ligypy (W) ligyo2 (w)

liagﬁo (QJ) liagﬂl (L«J) liogaa ((.d) lia'gﬁg (w) liagag (w)

Vo (w) =

We compute each element of Vi)(w) . For alig%)(w), the first row in VI/JZ-(b) (w), we have

o) = e i () = @) = oy (5 B~ 81

tBoBo (02 T mgg) y LB (o_g T mO’a) » YiBoo2 (O'g + mo_g)g Yi. 0 i.P1)s
—-m B )

li/3052 (UJ) = 0’ and liﬁoo'g (Ld) = (0_2 + mag)Q (yl - /80 - 1"151)

(2.2.14)

For aligtfw), the second row in V¢\”) (w), we have

—mT;, —m@? —m?7; _ -
lig, po (W) = 02+ mo?)’ ligyp, (W) = 02+ mo2)’ ligo2 (w) = m(yi. — Bo — Z4i.51),

(Ti. — Bo — Zi.P1)-

o2+ mo
—m;,
2 22
(02 +ma3)

o2+ mo

lig g (W) =0, and liﬁlag(w) =

(2.2.15)
ol
For ZB%; ) ,the third row in V@Z)Z(b) (w),we have
ot @) = s (e~ B TiB). L) = e (G~ o - 7 )
o2 = o o \Wi. —Po—Tip1), o2 = T ova Wi. — Po — Ti.p1),
95,0 (02 +mo2)2” v 03 b1 (02 4+ mo2)2*” v
m? m3

I - _
w2 = T g (o7 + mod)p?

lig2 3, (w) = 0, and lig2 02 (w) =

= (i — o — Ti.B1)*.

(2.2.16)

For %ﬁ)(w), the first row in V¢§;U) (w), we have

-1 T Ty T

1
lijapo (W) = lijpapy (W) = lijpyo2 (W) = 0, lijpa (W) = —3 S, and lijy02(w) = —5 (S5, = Sjjub)-

e

(2.2.17)
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ol. .
Finally, for %(w), the second row inV@Z)Z(;.”) (w), we have

-1 _ _ —; _ _
l.. = (y: — — T L. - " (g = — 7
ijo2Bo (w) (03 T mo_g)2 (yz. 50 xz.ﬂl)a ijo2B (w) (0’3 T ’ITLO'(%)Q (yl. ﬁO xl.ﬁl)y
1 m _ _ 2
lijagoa (w) = 2(0_2 T m02)2 - (02 T m02)3 (Ui. — Bo — 7i.41)7,
e ey e ey

lz'jagﬁz (w) = F(Sfﬁu + Sfcjwﬁz), and
e
1 m—1 i(
2m(c2 + mo2)?2  2mot o8
1
— ———3 Wi — Bo — i)

(02 +mo3)?

St~ 25+ S5 50)

lijagag (Ld) -

(2.2.18)

We use the above terms to calculate the expected derivative matrix

L E {VU%@ (w)}

E{Vy(w)} = 9 Y E {Tﬂf}u) (“’)}

For E {alig?‘fw) }, the first row of E {Vwi(b) (w) }, we have

B oo @)} = or ez Bl (@)} = s
—'rn2 . .
E {ligyo2 (W)} = 02+ mo2)? {(50 — Bo) + Z;. (B2 — 52)} ;

E {liﬁoﬁz (w)} =0, and E {liﬁooz (w)} = T 2 {(50 - 50) + 51(62 - 62)} .

(02 +ma3)

(2.2.19)

Furthermore, when w = wg, we have

-m — ;.
T B {lgs (wo)) = —
(0.2 + moa?) Uigo (wo)} (6.2 + mos?)

E{lig)p,(w0)} =0 and E {lwoag ("‘)0)} =0.

E {liﬁoﬂo (wo)} = E {liﬁoaa (WO)} =0,

(2.2.20)
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For E { aligt’(w) } the second row of E {ngb)(w) } we calculate

—mz?

E {li51ﬁ1 (W)} = m,

—m27; . .
E {liﬁlag (w)} = 712 {(BO — Bo) + Zi. (B2 — 52)} )

(02 +mo?)

—Mx;.

E{lig,p,(w)} = m,

E {lig,p,(w)} =0, and E{l;ig,02(w)} = % {(50 — Bo) + Zi.(B2 — 52)}
2.221)
Also, when w = wg, we obtain
- 2
—ma;. —m,fci_
E{ligg,(wo)} = GZtmod) E{lig,p, (wo)} = G tmo) E{lig,02(wo)} =0,
E{lig,p,(w0)} =0, and  E{l;z42(wo)} = 0.
(2.2.22)

From (2.2.4) and (2.2.6), we have
~ ~ ) . . 2 PR
E{(#i. — Bo—7:.51)°} = {(ﬁo — Bo) + (B2 — 52)} t 0"+ o (2.2.23)

and

x : m—1 .
(SZw 25@]%11'82 + Sjwﬁ2) z]w(ﬁl - 51)2 =+ m 052- (2.2.24)

io2 (W) . b .
For E { 55 }, the third row of E {Vwi( )(w) }, using (2.2.23) and (2.2.24), we calculate

—m?2 . .
B {lizn ()} = G gz o = o) +7(B = )}

02 4+ mo?)
E {lig25, (w)} = 02_1”2;2)2 {(Bo = B0) + 7B — B2) }
E{lip252(w)} = 20T+ ;02)2 "2 ::iag)g) [{(50 — B0) + Zi.(B2 — ﬁz)}z +0a° + mldez} :
E {ljp25,(w)} =0,  and
E{liozr @)} = 57 s~ (2 f;o_g)g [{(/30 o)+ (b~ B} + ol m-ldﬁ] .

(2.2.25)
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Furthermore, when w = wg, we have

2(0.2 + ma,?)?’

E{liczg,(wo)} =0, E{ligzp,(wo)} =0, E{lip252(wo)} =
(2.2.26)

—m
2(6.% + mo,?)?’

E {lwa& (wg)} =0, and E {lw%gg (wo)} =

Turning to E { m”gf)(w) }, the first row of E {Vwi(;”) (w) }, we calculate

E {lius (@)} =E {lijwl (@)} = B {lpz @)} =0 Bl )} = 5 SFin
and E {lijﬂzdz } = %Jw ' - p1)-
(2.2.27)
Also, when w = w(, we obtain
1

E {lijg,50(w0)} = E{lijg,, (w0)} = E {lijg,02 (wo)} =0, E{lijp,p,(wo)} = — 52 Sijws
and  E {l;;3,02(wo)} = 0.

(2.2.28)

2(w)

For E {”";}, the second row of E {Vlbgu) (w) }, using (2.2.23) and (2.2.24), we have

—1
E {lijozp, (W)} = m

E {lw0261 } = m {(50 — Bo) + 7. (52 - 52)}

{(50 — Bo) + Zi. (B2 — 52)} :

1 . . 2 1
E {lijoz03 (W)} = 2(02 T mo2)? (o2 +n:,wz)3 [{(ﬂo — Bo) + Zi.(B2 — 62)} +0. + md82:| ,
E {l74]0'252 )} = Z]u}(ﬁl 61), and

1 m—1 1

E {lijagog (w)} ~ 9 6 { z]w(ﬁl 61)2 + mT; 1(7'62}

m(c2 +mo2)2  2mot of

1 . . 2 1
T o2+ moZp [{(50 — Bo) +Zi. (B2 — 52)} + 0.2+ mdez} ,
(2.2.29)
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When w = wg, we therefore obtain E {

E {l

E {l
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2302,80

ZJ02B2

wo)} =0,
wo)} =0,

'L]o‘ ( 0)
Ow

|

E {lijagﬁl (wO)} =0,

and E {lijazcrg (WO)} =

Combining the results of (2.2.20), (2.2.22), (2.2.26), (2.2.28) and (2.2.30), we have

B, = -K 2 E{Vi(w)} K2

[ . m 159 . ma,
(62 +maa?) g £~1=1 (G2 4+mas?)
1N9  _ omEy 1NNy maEl
g =1 (0:52+m0:a2) g i=1 (0:62+m0.042)

= 0 0

0 0

0 0

Furthermore, from applying the results of (2.2.12), we obtain

[ 1 Lz 0

On On

2 2
;32 “2:27‘ 0
B= lim B,=1| 0 0 L

g,,m—00 20'04
0 0 0
| 0 0 0

1
E {lijago% (UJQ)} = _2(0162 4 ma’a2)27
-1 m—1
2m(c.2 + moa?)?2  2mot
(2.2.30)

0 0 0

0 0 0

m? 0 m
2(0e2+man?)? 2(0e2+maa?)?

S

0 P 0

1 1 (m—1)
2(6e24+man?)? 0 (624+maa?)? + 2maet |
0 0|
0 0

B, O
0o o |= (2.2.31)
2 0 B2

4o
0 2;84_

Here B is a 3 x 3 matrix and B is a 2 x 2 matrix . From (2.2.13) and (2.2.31), we can see that

under normality, it holds

that G = B.

2.3 Main results on ML estimators

The first step in establishing a central limit theorem for the maximum likelihood estimator w is

. . . 1
to find an appropriate normalizing matrix K that ensures that K2 {t¢)(wy)

— &(wo)} = 0p(1)

and that K_%f (wo) 2N (0,G), where G is a positive definite covariance matrix. That is,

K_%w(wo) can be approximated by K_%f (wo) which converges in distribution to a N(0, G)

distribution. Under condition A, we show that the appropriate normalizing matrix is the diagonal

matrix K = diag[g, g, g, n,n]. This justifies focusing our attention on the neighborhood of wy

defined by B = {w :

‘K%((:) — wo)| < M}, where M is a finite constant. The second step



2.3. MAIN RESULTS ON ML ESTIMATORS 33

is to show that, uniformly on 5, the derivative matrix Vi(w) of 9)(w), pre- and post-multiplied
by K_%, converges in probability to a positive definite matrix —B. We can then establish that,

uniformly on B,

K 29(w) = K 2¢(w) — BK2 (w — wy) + 0p(1).

This uniform asymptotic linearity result allows us to deduce the existence of a consistent root to

the estimating equation that satisfies the central limit theorem with asymptotic variance.

Theorem 1. Suppose Condition A holds. Then there exists a solution @ to the estimating equa-
tions Y(w) = 0, satisfying \K%(GJ —wp)| = Op(1) as g — oo and m — oo, where K =

diag[g1(y), mgl(y)]. Moreover,

NI

K2 (& —wo) = BTK 2¢(wo) + 0p(1),

whence

(@ —wo) B, N(0,B"'GB™),

N

K

where B = limg 00 By = —K ™2 E{Vt)(w)} K~ and G = limy 00 Gy = Var {K—%g(wo)}.

To simplify the proofs, we establish a preliminary lemma and then break the main proof into
a sequence of lemmas.

Lemma 1 (Cramér (1999), p345). Suppose e;; td (0, dc2) with Eeg’tj < oo. Then we have

> kst Eleijeireireis) = mE(ed;) + 3m(m — 1)g.*
Proof. See appendix. 0
Lemma 2. Suppose u is a stochastic m x 1 vector. Then E[u — Eu|?> < E [u|?> = tr {E(u’u)}.
Proof. We have
m m m m
Elu—Eu?=E Z(uj —~EBu;)?p =) Var(yj) < ZE(U?) =E Z(uj)z = E|ul?.
j=1 j=1 j=1 j=1

O]

We establish a central limit theorem for the maximum likelihood estimator w is to find that

1 : . . . :
K™ 2&(wy) 2N (0, G), where G is a positive definite covariance matrix.

_1
Lemma 3. Suppose Condition A holds. Then if g — 0o and m — oo, we have Gy, ? Kf%ﬁ(wo) L,

N(0,T).
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Proof. The first step is to prove g_%Gl_%ﬁ(b) (wo) EZN N(0,I)), where I is a 3 x 3 iden-
tity matrix. Suppose a is a fixed 3-vector satisfying a’a = 1. From the equation (2.2.11), we
have aTgféG;%éb) (wo)y .-+, aTgféGli%&(]b) (wo) are independent scalar random variables. As
g,m — oo, then we can obtain aTg_%Gl_% E[{i(b) (wo)] = 0 and Var[aTg_%Gl_%é(b) (wo)]
=39, Var[aTg_%Gl_%fi(b) (wp)] = 1. There exists a § > 0 such that

9 1
lim > Ea’g 3Gy 2" (wo)

g—o0 £
1=

< I 18 3246 (b 21+)
< lim g7 2G| me wo)|

. g
= lim g7'"2)|G; w*”};E{@%ww+fmxww+fwﬂ wo)}' 2]

< lim g7 4G; 2\|2+5ZE{53;05 (wo)} + B{ELS (wo)} + B{E2E (wo))]

From (2.2.10), we have

2+6 m a 2+6

on ~{Gatmn | o

244 m - . 249

giﬁl (wo) = {(0'62 +m0.a2)$i.} a; and
8ﬁww={ m }Hi&—d%“¢
105 2(0:62+m0-a2)2 % «

Since E(o;)*t* < o0, and % < 00, and also by Condition A3, we have E {£2+5(w0) } +

{522515( )} +E {éﬂé( )} < oo. Thus, we obtain

Jim g6y 2||2+6z[ (e} +E{& @} +B{&F wo)}] = 0pla%) = 0p(1).

_1
That is Lyapunov’s condition [p.362, Billingsley (2008)] holds. Consequently a” g~ 3 G, *¢ () (wo)
converges in distribution N (0, 1), as g — oo. The result follows from the Cramer-Wold device

[Billingsley (1968) page 49].

1
The second step is to prove g_%m_%GQ 26 (g) EEN N(0,1I,)), where I, is a 2 x 2 identity
matrix. Suppose b is a fixed 2-vector with b”b = 1. From the equation (2.2.11), we have that
1 1
ngfémféGz 2&511”) (wo)y .-+, ngfémféGg 255#2 (wo) are independent scalar random vari-

_1 _1
ables. As g,m — oo, then b’ g~ 2m "2 G, ? E[€\”) (wo)] = 0and Var[b” g~ 2m ™2 G, 26 (wo)] =
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_1
HIRD D Var[ng_%m_%G2 255;-”) (wo)] = 1. Moreover, there exists a > 0 such that

g m 1
. . T 1 1 =3 . (w) 246
i i 33 BTt e o)
i=1 j=1
< lim lim g~ m- 2||Gr 2H2+522E|§ |2(1+

g—00 M—00
=1 j=1

g m 148
< o gt 1GT L e [t + oo}
=17
g m
244 246 246
< i f it P LS e {ien) s {gen]]
? J

Using (2.2.10) we calculate

5 . 5 5 . 21245
Eh (wo) = {U.g(fﬂij - $i.)} e and &2 (wo) = (E)QJr (ef; — d2)* ™.

Since E(e;;)*™ < 0o and under Condition A3, we obtain E {g;gg (wo)} +E {53;;3 (wo)} < 0.

Thus

m

lim lim g~ im 2HG 2||2+5zg:Z[ {22];2( )}—FE{sz;g( )H :Op(g_%m_g)zop(l)-

g—00 m—00
=1 j=1

_1
That is Lyapunov’s condition holds. Consequently b” g_%m_% G, %¢ () converges in distribution
N(0,1),as g — oo and m — oo. The result follows from the Cramer-Wold device. Since £ (wy)

_1
and £(") (wg) are independent from (2.2.10), then we have G, 2 Kféf(wo) EEN N(0,1). O

We prove preliminary lemmas and then the asymptotic linearity result.

Lemma 4. Suppose Condition A holds, then, fori =1,...,gandj=1,...,m,

sup BV ()P <o and sup B[ Vel ()] < oo
K2 (w—wo) <M K2 (w-wo) <M

Proof. From (2.2.14)-(2.2.18), and using Condition A3, we can find that

Vi (w) = O0,(1) Op(1) O,(1) 0 Op(m™YH|, (2.3.1)
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and

Therefore we have HV@Z)Z@ (w)|? = Op(1) and ||VT,ZJ§;-U) (w)|? = O,(1). Hence

sup E ||Vw£b)(w)\|2 < oo, and sup E vagu)(w)Hz < 0.
K3 (w—wo)|<M K2 (w—wo)|<M

Lemma 5. Suppose Condition A holds. Let t, = (ty1,tro, tr3, tha, trs)’. Decompose the cube
B={w: |K%(w —wo)| < M} into smaller cubes C = {C(t)}, where M is a constant and

w e C(ty) ={w: ]K%(w —wp)| < Mgfi}. As g, m — oo, then

max  sup g 2Z|[w @)~ E{vs (@) }] (@ -t = 0p(1),

1<k<Ngec(ty)

max sup ¢ 2 ZZ| [Vlﬁg;v)(@) -E {Vl/}i(;-“)(w*)H (w —tg)| = 0p(1),

1<k<Nwec( %) e

where N = g% cubes and &, w* € C(ty).

1 1 . .
Proof. Let [K™z| < g~ 2L for some constant L > 0 . For the first equation in lemma 5, we

have

max sup g 22\ [V@b b) w) — E{V%(b)(w*)H (w — tg)]

1<k<Ngec(ty) —
(B) ¢, -1 1
< ; -
B S0P 9 QZ”W @)~ B { Vol () K 1K @ — 1)
(b, * -1
< h
s s o~ 0790 B {1

g
< max swp g7 iML Y {|IVe @)+ E Ve w1}
=1

1<k<Nw€C( %)

= Op(g™%) = 0,(1),
where the last line follows from ||Vw§b) (@)|| = Op(1) and E HV@,/JZ@ (w*)|| = Op(1) from (2.3.1).
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For the second equation in lemma 5, we require a more delicate argument.

g m

1 (w (w), x _
2, o 7 im 3D [Vu@) - B {mu@n ] o -l
g m -
1 1 8[1 (w) alz,@( )
< )7 JB2 j 532
1?;?2(%23&)9 Tm” 2;; [\(w k) { o ol
Ol iz (@) Olyig2 (W*)
_ T 1)0¢ B ijoé
+ [(w —tg) { B E 9 }|]
g m
1 1 .
< max, sup g om 230D [Hlimen (@) = Bl (@)} (5 — tia)
N @ i=1 j=1

+ 1 {lijgy02 (@) = Blijpye2 (W)} (07 — tas)|

+ | {ll]UQ,B ( ) 1]03,30( )} (50 — g1 | + | {ll]UQ,Bl ) Elz]02,31( )} (51 - tk2)|

+ | {lz]cr 202 ) llj0'20‘2 (w*)} (Ua - tk3)| + | {lijdgﬁz (Gj) - Elijagﬁz (w*)} (B2 - tk4)|
) -

2 (@ E
+] {lwo 02( Elwg202(w )} (Gz — tk5)|],

where the last line follows from (2.2.17), (2.2.18), (2.2.27) and (2.2.29). We calculate

~ -1

’lijagﬁo (w) — Elijo2p, (w*)| = |m(@ ﬂo — T, /81) 0] =

50 — X, 51

m2 (53 + 2y
m

From Condition A3, we know maxj<i<y |Z;.| < 00, then we obtain |l;;525, (W) —El;j525,(w*)| =
Op(m™ 2). Similarly, Wehave]lwazﬁl( w)— El”UzBl( I = p(m_ )and\lijUgJQ( w)— Elwgzga( w*)| =

Op(m™2) as m — oo. Since w € C(ty),

—tro| < g 1M,

|02 — ti3] < g_%M,|B2 — tpa| < g_%m_%M and |02 — t}5] < g_%m_%M. Thus, we obtain

max sup g im 2 00| | V(@) ~ E{Ve) @) }] (@ - )] = 0lg) = 0,(1).

1<k<Nw6C(tk)

Lemma 6. Suppose Condition A holds, then we have
g
1
sip g 8 Y| [E{vel (@)} - B{vel (@) }] (@ - wo)l = o(1),

K2 (w-wo)|<M =1
g m
sup g mE Y Y| [B{Vu @)} — Ve (wo)] (@ —wo)l = o(1).

1
1K 2 (w—wo)|<M i=1 j=1

L\)\»—A
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Proof. For the first equation of lemma 6, we have

s 30 [B{u0) - E{vuPwn) )] @ - wn)

1
K2 (w-wo)|l<M  i=1

< swo g %fjn[ E{v{” ()} — E{ Vi (wo) || 1K~ ]|[K? (@ — wo)]

1
K2 (w-wo)l<M  i=1

< 1 sup g_lLMiH [ {V@D b) )} —E{V%(b)(wo)}} I,

K2 (w—wo)| <M

where ||K7% | < gféL for some constant L > 0.  For convenient calculation, we denote
. . _ . . _l

¢= (Ugflw ¢ = m and hi(Bo, 81) = (Bo — Bo) + Zi.(B1 — B1). Since [K™2 (w —

wo)| < M and Condition A3 implies that Z; and z7 are bounded as g, m — oo , then we have

Bo — Bol < g72M, |81 — bi| < g73M, |02 — 5% < g IM, By — o < g~ 2m”2M and

1 1 .. .
|02 — 6.2| < g~2m ™2 M. Combining these results, we obtain

|hi(Bo, B1)| = |(ﬂ'o —Bo) + Zi.(B1 — B1)| < g2 M,

m (6 = 02) + m(d” - o2)

|< <|_|( +m0_ )_(0:62+m0_a )‘_| (0_2+m0_2)( +maa2)|§9_§M
¢ _(F2 4 mon?) (62— 02) + m(d.? —02) 1
T ey T ey 150
(2.3.2)

Based on (2.2.19), (2.2.20), (2.2.21), (2.2.22), (2.2.25) and (2.2.26), we can proceed to calculate
IE{vVe (@) - Vel @i } I

| E{ligos, (w) = ligosa (wo)} | = | E {lig g, (@) = Bligyg, (w0)} | = | E {lio2 5, (@) = ligz 5, (w0) } [ = 0,

| E {ligoo (@) — Ligoso (wo) } | = |¢ = (| < g2 M,
| B {ligys, (@) — ligos, (w0)} | = (¢ = O)Fi | < 972 M,
| E {Liyoz (@) — Liggoz (w0) } | = [Chi(Bo, B1)| < g2 M,
B {ligyo2 (@) — Ligyoz (w0) } | = [m™"Cha(Bo, B1)| < 972 M,
(@) = Liggy (wo)} | = (¢ = O)zi| < g7 M,
B {lipp, (@) — ligygy (o)} | = |(¢ — O)72[ < g2 M,
|E {lig,02 (w) = Elig g2 (wo) } | = |¢*Z:.hi(Bo, Br) < g s
|E {ligo2(w) = Elig,02(w0) } | = Im ™' ¢hi(Bo, Br)| < g M,

E {lig2 5 (@) = Ligz o (w0) } | = [¢hi(Bo, B1)] < 972 M,

| E {llﬁlﬂo w
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|E {linz 5, (@) — Ligz g, (w0) } | = 1C22:.hi(Bo, 1) < 977 M,

‘E{liagog(w) — liagag(u}o)} ’ = |%C2 <3 {hZ(BO;Bl) g} + <2’

3 .
<156t G+ gl I, 51
_ 2 1 2 C3 1 2 31,2
=17 = 5¢ )—z‘i‘if |+ 1¢°Ri (Bo, Br)]
= IC0 = )+ 5(CH O = Ol +ICH G, 51)

< I = D1 Sl QU= O+ B, 1)
<giM

and

’E{lioiaz(w)—lwgoz(‘do)}’:m_l|;C2—C3{ P (Bo, 1) + }+ ¢ < g EmT

¢

Thus,

sup g%ir[ E{vsw)} - E{ve{(wo)}] (w - wo) = 0(g73).

1
K3 (w-wo)l<M  i=1

The second equation of lemma 6 again requires more care. From (2.2.27), (2.2.28), (2.2.29) and
(2.2.30), we have

s g%méii\[E{wg”(w)}—E{wg‘))(wo)}} (w — wo)|

g m
1 1 lijg,(w) lijg, (wo)
< am o[ -nh e

K2 (w—wo)|<M i=1 j=1
zgae( ) lzjag (wo) _
+ | {E 5 E 5o (w — wp)]

+ B lijozs0 (@) (Bo = Fo)| + [ Elijozs, (@) (B1 = B)l + | Elijozz (w)(05 — )|

+ | Elijozs, (@) (B2 — B2)| + | {E lijo202 (w) — Elyjp2,2(wo) } (02 — de?)] |

Note that some terms such as El;;g, ,2 (wo) = 0 have already been set equal to zero in above
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upper bound. Since |K%(w — wp)| < M, as g, — oo, then we have |8y — (o] < g_%M,

Br—Bil < g7EM, |02 =627 < g72M, |By— o] < g2mTEM and |02 6.2 < g7 im i M.
Combining (2.2.27), (2.2.28), (2.2.29) and (2.2.30), we obtain

H{E lijg,8,(w)

| Elijgez(w)(07 = 60°)|
| Elisozs0(w)(Bo = Bl = I
| Elijozs, () (51— B1)| = |
| Blijoas @)z — )| = 1o - S (B2

— Elijp,p,(wo)} (B2 — )| = | %

- 2
Oc z]w(ﬂz _B2)| < g lm 1M7

6

=~ (B~ -
%Wo — Bo) + 71 (b1 — B))(Bo — Bo)| < g~ m2M,
m[% — Bo) + 7. (b1 — B))(Br — Bu)| < g 'm M,

— B2)?| <g~'m M,

|E {lijggag (w) — Elz’jagag (WO)} (03 - 562)’
o3 330 1 m—1 1 ; o m—1.,
= | |:2’I7”L ¢ m=Cq hy (Bo, B1) +<'_ + 2’m0§ O_g zyw(ﬁ 62) m Oe
L 300, m—1] 5 .o
+§m ¢ +W:|(O-e_o-e )|

< |7rf3 B(Q —m3C3{h?(ﬂo,51)+ 2} + ;mfgC ](0 —062)]

ot - S sttt - 2t o 2t (o2 - o)
B R R e B | [
<o TN s T e 0 = 0 g
<g’'m %M—i—g o SM+‘{ZLmU§1_Ulng;1U 2ma€ }( — o)
Sglm M +g 2zm §M+7n7;1|{01§_%i§_ 20164}
<g i by im0 2 k- ez -6

m s lop 2 g2

I _3 _3 -1, -1
<g m:a=M+gzzm 2M+g m M

<g 'm M,

- d62)|
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and
| {Elijogai (w) - Elijagog (wo)} (O‘i - da2)|
= H%m_2<2 _ m_2<-3 {h?(ﬁ(h Bl) + 2_} + %m_QéQ](gi - O:a2)|
<y - ¢ {ndn o + 1|+ €0 - 02
<g 'mT*M
Thus,

Lemma 7. Suppose Condition A holds. Then, as g, m — o0,

sup K72 [(w) — $(wo) — E{9h(w) — ¥(wo)}]| = op(1). (2.3.3)

1
K3 (w-wo)|< M

Proof. Decompose the cube B = {w : ]K%(w — wp)| < M} into smaller cubes C = {C(t)},
where M is a constant and {C(¢;)} is a cube containing w € C(t;) = {w : |K%(w —wp)| <
Mg_% }.Let N = g% .We first show that lemma 7 holds over the C of fixed tj, = (tg1, tro, tr3, tha, trs)” -

Using Chebyshev’s inequality, for any 1 > 0, we have

N
> Pr (JK % [(t) = t(wo) — E{(tx) — lwo)}]| > n)
k=1

N
< 2N E[K 2 [¥(th) — ¥(wo) — E {e(t) — t(wo)}]|?
k=1
N
=02 Bl [00(t) - p®(wo) — B {o® (1) - vO(wo) }| I
P i (2.3.4)
+n Y E lg72m™ |:¢(w) (tr) — ') (wo) — E {w(w) (t) =) (wO)H i
k=1

N
=727 S B [l (t) - 6@ (wo) — B {0 (1) — @ (wo) } P

k=1

N
27 m T YD E [ (6) — 0 (wo) — B {u (k) — 9 (wo) | 1] -

k=1
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For the first term of (2.3.4), using Lemma 2, Lemma 4 and a Taylor expansion, we have

N
727t S E [0 (t) — v O (wo) — B{u® () — 6O (wo) } 1]
k=1

N
<2 3B {100 — 0O wo)?}

- . _1 _1 .
where @ is between ¢, and wy. Because |[K™2|| < g~ 2L for some constant L > 0, it follows

that

N g
_9 _ ~ _1 1
<27t S0 Y BV @) PR 2K (1 - w0}

N g
_ _ b), ~
<n 2222 Y S TRVl (@)
k=1 i1=1
3

= Opg 1)

= op(1).

Similarly, for the second term of (2.3.4), using Lemma 2, Lemma 4 and applying a Taylor expan-
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sion, we obtain

N
27 m Y B 90 () — 60 (wo) — E {0 (t4) — ) (wo) } 2]
k=1

N g m

=02 Y B 1Y ol ) - o wo) } 2
k=1 i=1 j=1
N g m

<02 m S Y S R 1) - ol (wo) P
k=1 i=1 j=1
N g m

=02 YN S E{ Vel @)t - wo) P}
k=1i=1 j=1
N g m

<02 m™ YD ST B {1V (@) 2K K (4 - o) |

e
Il
—
-.
Il
i
<
Il
—

Next, we show that the difference between taking the supremum over a fine grid of points and over

B is small. By using a Taylor expansion, we get

max  sup [K 2 [(w) — d(t) — E{ib(w) — ¢(t)}]]

1<k<Nec(ty)
g
1 (b) _ (b) _ 0
< o, s 9 212[ Ott) B {0(w) - v () }] |

+ max sup g~ :m 5\22 [wgﬂ)(w) - wgf”)(tk) —-E {wﬁ;”)(w) - wz(Jw)(tk)H |

1<k<Nw€C(tk) =1

J=1

< max sup g 2 Z ]w(b 1/12(b)(tk) - E {%(b)(w) - %(b)(tk)} |

1<k<Noec(ty)

g m
33 0 w) — (1) — B o) () — )
+ 1I<r}<7a<XNw:3(€k)g 2m 2 — j:1 W@] (w) wz.] (tk> E {7/}1] <w> ¢1] (tk)} ’

< max sup g 22][ 1/1(6 E{ngb)(wT)H (w— )

1<k<Nyee(ty,

11
+ max sup g 2m 2

1<k<Nw€C(tk) ;

zmj [ [V (@) ~ B {vul?w3) }] (@ - 1)

1j5=1

Mm

(2.3.5)
where w1, w2, w] and wj are between t;, and w. The result follows from lemma 5. L]
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Lemma 8. Suppose Condition A holds. Then, as g, m — 00,

Cswp K72 [E{0(w) — d(wn)} ~ E{Vi(wn)} (@ - wo)] [ = 0,(1).  (236)
K2 (w—wo)|<M

Proof. Write

sup K2 [E{¢(w) — ¥(wo)} — E{Vih(wo)} (w — wp)]|

1
K2 (w—wo)|<M

< s I B0 - 60w} - E{vuP o)} -]

K™% (w—wo)| <M i=1
g m
1 w w
+ sup g*Em*%]ZZ [E {wl(j )(w) —ng)(w )} —E{sz(] )(wg)}(w—wo)} |
K2 (w—wo)|<M i=1 j=1
g
< sw g3 Y E{0w) - v wo) } - E{Vel (@)} (@ - wo)l
K2 (w—wo)|<M i=1
g m
~im—3 ELv®(w) — ™ OB A vAAC) _
b g DD B (@) = ¢ (wo) ¥y (wo) (W — wo)
W—wo)IS i=1 j=1
g
= sw g Y| [E{ve @)} - B{ve o) }] @ - wo)l
K2 (w—wo)|<M i=1
g m
+ s gm Y)Y [E {wgﬁ(o )} ~E {wg")(wo)ﬂ (w — wo)l,
K2 (w-wo)| <M i=1 j=1
where w1 and ws are between w and wq. The result follows from lemma 6 . O

2.3.1 Proof of the main theorem

Proof. We write

K 2¢(w) = K2 [(w) — d(wo) — E{tb(w) — t(wo)}] + K2 {th(wo) — &(wo)}
+ K2 [E{t(w) — t(wo) — Vib(wo)(w — wo)}]
+ K3 [¢(wo) + E{V)(wo) }w — wo)].

From (2.2.9), we have
K% {t(wo) — £(wo)} = 0p(1).

From lemma 7 and lemma 8, we have

_ sup K2 [(w) — $(wo) — E{g(w) — (wo)}]| = 0p(1)  and
K3 (w-wo)|< M

sup K72 B {$(w) — d(wo)} — E{Ve(wo)} (w — wo)] | = 0,(1).

1
|K§ (w—wo)\SM
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Thus, combining above equations, we can see that uniformly on K% (w—wp) <M,
K 2¢)(w) = K™ 2£(w) B K2 (w — wp) + 0p(1), (2.3.7)

where B, = ~K 2 E {V(wo)} K~ 2. The right-hand side of (2.3.7) is mainly determined by
the negative of the quadratic form of B,, and is negative for M sufficiently large. Therefore,
according to Result 6.3.4 of Ortega and Rheinboldt (1973), a solution to the estimating equations
exists in probability and satisfies |K7% (w—wp)| = Op(1). The asymptotic representation follows
from lemma 7 and lemma 8. Lemma 3 implies that the Lyapounov condition holds and hence the

asymptotic normality follows. O

2.4 Restricted Maximum Likelihood Estimating Equations

In order to better introduce REML asymptotic properties, we denote X = [14,,, X, x — X|, where
%' =1L z,...,1Lz,]and xT = [xT,... ,xg], then we rewrite (2.1.3) in general matrix form
as

y = XB +Zia + Zse. (2.4.1)

In this case, Z; = I, ® 1,, and Z2 = I,,,. To overcome bias problem, Patterson and Thomp-
son (1971) and Patterson and Thompson (1974) introduced the restricted maximum likelihood
(REML) method, which involves maximizing the likelihood of independent contrasts of the data
rather than itself. The use of data contrasts results in a modified profile likelihood from which
3 has been eliminated. Rather than using y directly, REML is based on linear combinations of
the elements of y, chosen in such a way that those combinations do not contain any fixed effects,
whatever their value. These linear combinations turn out to be equivalent to residuals obtained
after fitting the fixed effects. We take the observation y and perform the transformation of y to
i _ L”y where the matrix L = [L;Lo] consists of two specially chosen sub-matrices: an x r

Y2
matrix L; and an x (n — p) matrix Lo. The two properties we need for these sub-matrices,( note

that there are p fixed effects in the LMM, and so in this case, p = 3) are L{X =1, and LgX =0.
Under these conditions, Harville (1974) obtained the residual log-likelihood function,
1 1 1 _ 1
n(y;0) = —5(n — 1) log 27 — S log [V(6)| — 5 log X"V (O)X]| - 5y P(O)y, 242)
where P(0) = V=1(0) - V1) X{XTV1(9)X} 1 XTV~1(9).

To maximize Ir(y; ), we differentiate (2.4.2) with respect to o2 and o2, respectively. Spe-
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cially, we calculate
B 10log IXTV-19)X]|
2 do2
1 _
= St {XTVHO)X} T XTV(0)2,2 VT (9)X] (2.4.3)
_m
(02 +may)

and

10l IXTV-1(9)X]
2 do?
1 .
=St {(XTVH )X} XTVH(0)Z.Z5 VT (0)X] (2.4.4)
-t .1
- (024 mo?) 202

Furthermore, we can write

‘% TP(9)y = —% {y —XB(6)}" V'(6) {y - XB(6)},

which is maximized over 3(0) at

Go@)] 5. %z
BO) = (XTVIOX)XIV Oy = o) = | |

B2(0) %g

such that

Thus, we get

1 0P (0) _ m {Sy _ (Slfy)z} (2.4.5)
27 Qo2 2(c2 +mo2)2 P S
and

2 do? - E w Sz 2(02 4+ mo2)? Sy

TY\2 TY\2

Combining the results of (2.4.3), (2.4.4), (2.4.5) and (2.4.6), we can write the estimating equations
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as Yr(0) = (ZRO-(%(B), lRUg(O))T, where

1 gm(l _ 2971) Sary
Loz (8) = —=
e N AN R
g-2 (gm—g-1) 1 (Sff)y)Q !
e y Yy _
ro2(6) 2(02 +mo2) 202 +53 207 Sy Sz + 2(02 + ma2)? S;

(2.4.7)

2.4.1 Approximating the REML estimating equations evaluated at 0,

The final central limit theorem is strongly driven by the behavior of the estimating equation eval-

uated at 6. We therefore start by developing a simple approximation to 1)z (80y).

Ty 2
First, we obtain approximation for Sy — (Sé”i ) . From (2.2.3) and (2.2.5), we get

Sa’) I & Tij — Ti)eij }? g
=53 (-6 +mgaez—{Z 120 1; ’ i Z &2 (2.4.8)
i=1 j=1 w i=1

and
Y
E{S%—(SS)} mgde® — (1+ g)de’. (2.4.9)

Let u;j = (x4 — Z;.)ei; and 4;. = % Z;”Zl u;; , S0 we can rewrite (2.4.8) as

S
I & 2 J 2 ( zgzl qunzl uij)Q
B S ST e e
‘ ‘ w

(V)2

Sy

rs)

i=1 j=1 i1
I g g mo 2 NN L g mo
_ E § €2< - m 62 i =1 Zg:l(uz] 27‘7&1 Ujj Uy + 287&] UjjUis —+ Z’r?@ ZS#] UjjU
o ) § : i. Sz
i=1 j=1 i—1 -
_ E E 62 é2 Uy — Zv‘;ﬁz UjjUpj + Zs;ﬁ] UjjUis + Zr;ﬁz Zs;ﬁj Ui Urs
il U S5
1= J:
g m G gy mo Ty gy m o gry gy
= g g SZ ( ”w) + ZT?’“ UwSTJw + ZS#J’ Uwslsw Zr;ﬁz Zs#] z]wSrsw
- ijw Gz .
i=1 j—1 W

(2.4.10)

Note that E(u;;) = 0, E(ufj) = (zij—;.)%d% and E(ufj) = (24— ;)" E(efj). Since Condition

A3 implies that limg 0 3 327 7 — ¢ fork = 1,2, 3, 4, then we obtain limg, ;o0 Y7y >0}

o (@ij—

} |
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z; )t E(efj) = O(gm). Using Lemma 1, we obtain

Vo { T 2o (i — fi.)ez’j}Q

From the last line of (2.4.10), we can find that

ijw Sz - p( )
w

(2.4.11)

Therefore, we obtain

S _ Ny L
St = g = 2 > (€l — 0%) + mgd’ + op(g2ms3). (2.4.12)
w i=1 j=1
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TY\2
Next, we obtain an approximation for S} — (ng) . For S} and S;¥, we write
b
9
S=m> (G —y.)
i=1
.. 2
= mZ{Bl(@; —Z.) 4 (s —a)+ (e — & )}
=1
g g g g
=mY Bi@ —T.)+m) (ai—a)P+md (& —e)+2m> pi(Ti —z.) (e — a)
=1 =1 =1 =1

g g
+ 2m Z ﬁl(ii’l — .T)(él — é_.) +2m Z(al — @)(éi. — én)
i=1 i=1
. 9 g
=SB +m (0 —20ma+a?) +m Yy (e —2ee. + &)

i=1 i=1
g g g
+ 2mz,6"1ai + 2m261(@ —I..)€. +2m Z(O‘l —
—Sbﬁl—i-mZa —a? —i—mZe — e +2mz ) Brog

+ 2m261(:@ — .Q_f)éz + 2m Z(az —Q)e
=1 i=1

and

=1
— Z {61( 2.0 4 (o —a) (3, —z..) + (5. — e.) (T, — 5;..)}
=1
—m Y {B @ = 5.0° + oul — 7.) + @~ 5.0}
=1
_5b51+mz ey +&:).
=1

On combining the above equations, we obtain

st - (55?2
Zzg: +Zm - -I-QZm
=1 (2.4.13)
i m(@ - ..)ai}2 2579 1Zk (M2 (T, — 2. (T, — T..) oy,

Sy Sy
L m@ - z)e )
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and

(S 2 T
Sy — S7 =mgo,” — 2moy” + goe” — 20.°. (2.4.14)

Let v; = (Z;, — Z..)ay and w; = (Z;, — ..)€; , such that we can rewrite (2.4.13) as

=2 m(of =% + 3o m(ef ~ &) +23 i -
{Z:mvZ +2ZZm viwg + ( Z:mwZ }

i=1 k=1

g (2.4.15)
=" {m(a? — 6*) + m(@ — &) + m(a; — G)e; )
=1
g m
- Z o (v +szvk + 2uw; +22wwk +w? + szwk
b k#i k#i ki
g L MmN +m2 Y, Sas
= Z mSj, — o7 .
=1 b

We have

and E(w}) = (7, — z..){m 3 E(e} ;) +3m” 21 —=m Yo}

By Condition A3, we have that lim,_, é >, :Ef — ¢ fork =1,2,3,4, and limg ;00 (%5, —
7..)? < oo and limyg 00 (Zi. — 7..)* < co. Thus we have
m?(Sy))? +m? 320 S5 Sk

msSY, — - = Op(m). (2.4.16)
Sb

Using Lemmal, we can then calculate the variance of each term in (2.4.13),

g g g
Var(mZa?) = m? ZVar(a?) = m? Z {E(a?) - a'a4} = O(gm?),
i=1 i=1 i=1
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i=1 i=1
9 9 g
SR EOS I ) o)
i=1 k=1 i=1 k=1
g g 9
73S Bl - i
i=1 k=1r=1 s=1
=m?g ' Eal +m?ig23¢(g — 1)oa* — m?5,!
= O(m?),
g9 g m
Var(mz é?) = ZVar(me?) =m? Z ZE(efj) +9(2 - 3m YHs.t = 0(yg),
i=1 i=1 i=1 j=1

9
Var(gmé?) = g~ 2m? Var {(Z é:)>

—

=1
g g g g g
{333 S man - (303 Ban )
i=1 k=1r=1 s=1 =1 k=1
g g g g g
{333 S Ea, - (3]
i=1 k=1 r=1 s=1 i=1
g g9 g g
— g 2m2 {3 BE) +3)) S E@)E@) - (Y B
1=1 i=1 k#i i=1
g m
=g ?m?*{m™ Z Z E(efj) +3m2(1 —m Yot +3g9(g — 1)m™26.2 — ¢*m25,>
i=1 j=1

= 0(1),

g g g
Var(2m Z ;€ ) = 4m? Z {E 0412 Eé?, —(Eay Eélg)Q} = 4m? z:EOzZ2 Eéz = dmgo,26.2 = O(gm),
i=1 i=1 i=1

g g 9
Var(m Z ag;) = m? Z Var(ag; ) = m? Z E(a*)E(&?) = m?gg oo’ m 6.2 = ma, 262 = O(m),
i=1 i=1 i=1
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—1 m(fl
Sy

g
1
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(e}
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18

i

_ 8o ~2
& A
g 5 S
W B =1
N [N

N————

A
Q gﬂ =
+ Z ~
—~ <t m../u
2m . —— m n
— IO ﬂwm ~
s & > I
S O

— —
m Sl
L i —
a a
Bl B

E(viv,) E(wiws)

= O(m)

and

L m(Z;, — 2.

)
%

199

-3
1 k=1

)=3) ) E(w;
1 ki

i

i

(g7*m?) {O(gm™>) + O(g°m™") + O(¢g*m™")}
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Combining the above equations, we obtain

Sxy? g
7 Zm o? — ,2) + mgoa® + op(g2m) (2.4.17)
1=1

sy 2t

Let Kr = diag[g, gm]. Using (2.4.12) and (2.4.17), we can finally obtain an approximation the

REML score equations as

1 1
K7 vr(00) = KiER(00) + 0p(1), (2.4.18)
where £r(6) has components,

2

g
Ero2(00) = (az—‘f 2)7
Ta ;2 2 mo, )2t “

§R0'2 00 422 _Ue

=1 j=1

(2.4.19)

We see that our approximation of REML estimating equation at 8y is much simpler, while the
estimating equation for REML estimator is a complicated function of the cluster sizes. As g, m —

00, the form of ¥z (0) simplifies and we can develop a simple approximation to ¥z (8y).
2.4.2 Computing G, the variance of the approximate REML estimating equation
at 00

We calculate the variance of K ,, 3 f R(Go)

m*(Eat—oa?)

5 7] — o 0
Ggy=Var | . ((w) 0| i@ Bt (2.4.20)
g*im*igR (6p) 0 fo_.eg
Since lim,,— o m = a.—lg, then we have

Ea?—a’a4 0

Gp= lim Gp, = | %=° Bt gt - (2.4.21)
m—0o0 0 Zj. = e
Te

2.4.3 Computing the derivative matrix from the REML estimating equations

From (2.4.7), we can show that

l 9) = - -
a0 = 52 T mo2? T e malp T

gm(1—2g71) m { y (Sfy)Z}

lRagag(e) = lRagaa (0) = 2(0_2 + mag)Q B (0'2 + maa):’) b SIQJE

_gm(1=2¢7" glm—1-g") 1 (. (S)?| 1 v (S)?
Irozo2(6) = 2(02 4+ mo?)? + 202 AR Sz (62 +mo2)3 S Sy

(2.4.22)

i) (s <S§y>2}

e
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From (2.4.10) and (2.4.15), let lpy202 (0) = 1 Lis202 (8), Lpo202(8) = S0, Lig2 2(0),
lrozo3 (0) = 221 Z] 1 lijRo202(0) and lg,2,2(0) = 7 Z;nzl lijro202(0), where
2 1—2 —1 2 m2 S$y 2 +m S,nysxy
liR0202 (9) = - (2 92 z 73 m 5 mSyb — ( i ) k;éz b Tkb
a%a 2(02 + mo?) (02 +mo2)3 i 53
1—2¢1 m2(S*2 1+ m SlxySJ»‘y
liro242(0) = m(2 g - )2 —— m - msY, — (S') k;éz b Pkb
afe 2(02 +mo?2) (62 +mo2)3 g Sgc
1—2 -1 1 m2 Sxy 2 +m Smysmy
linUQO.z(G) = ( 5 g 2) 5 — 5 A mSZ, _ ( zb) . k;éz ib “kb
qoé 2(c2 +mo?) (02 4+ mao?) S;
(1-297)  (m—-1-g7)
l;s 0) =
zyRagcrg( ) 2( +m0’3)2 2o’
1 {Sx (ST X ST St + ey ST St + Yt i S s}
ijw -
oe Sz

o {59 m(Sy')* +m iz S Sy }
ib Sz .
b

(2.4.23)

Based on (2.4.11) and (2.4.16) , we can show that

liRaaaa (0) = Op(1)7 liRaaag (9) = Op<m_1) linagag (0) = Op(m_Q) and linagoz (9) = Op(l)

(2.4.24)
We now proceed to calculate the expected derivative matrix
B (Von(6) = S0 E{liro202(0} ) 1 E{lirs2,2(0}
f:l ZTzl E {linazoi (9} Zf:1 Z;nzl E {linoicrE(e}
where
21_2—1 2 '2_2—1 : 2 '2_2—1'2
E {lipp202(0) = o (2 g % _ mi(mda” — 2 N0’ £ 97 =29 O ) _oq)
afa 2(02 4+ mo?2) (02 + mo?)
m(l—2¢71)  m(mo? — 297 'mo.? + d.2 — 297 1d.2) 1
{linazq2(0} = 2(02 + mo?)? (02 4+ mo?2)3 (m™)
1—2g71 (mo'a? — 297 'mo, 2 + 6.2 — 2971 6.?) 5
E 0} = — =0(m
{lijnozo (0} 2(02 + mo2)? (02 +mo2)3 ( )
1—9¢1 —1—g1 2 (—1,.—1 -1\ 2
E {linU202(0)} - 2 . 22 o 4g ) ool s )
e m(o2 + mo?2) 2mo ob
_dat =297 0 +mT 6 — 297 'm 1. _oq).

(02 +moa3)?

(2.4.25)
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When 0 = 0, we have,

m*(1—2g7")
B {lirsoz(00)} = 202+ mogd)? o
m(1 —2g71) _
E {liRagag(HO)} = - ) AN O(m 1)
2(0e° +moy”) (2.4.26)
(1-2971) -2 B
EJL, 0 = — =0
{ zgRogai( 0)} 2(0:62 +m0:a2)2 (’I?’L )
1—-2¢7t m—1-g!
E{l.. 0,)) = — - =0(1).
{Z]Ragog( 0)} 2(0:62 _|_mo:a2)2 2md64 ( )
Thus, we can write
L ) m?(1-2g~1) m(1—29~")
_1 J } -2 S 23\2 : 2 :2)2
Brn = —Kp* EVYR(00)Kg* = 2(0(61:;7;5?) ) 17229(:718 o 7)717179‘1
2(024maa?)?  2m(de?+may?)2 2moe?
Since lim,, 0 (JQJF#Q) = U.—IQ, we have
4.0
Br= lim Bg, = | %% ) (2.4.27)
g,m—00 0 1
204

From (2.4.21) and (2.4.21), we can see that under normality, G = Bpg.

2.5 Main results on REML estimators

The first step in establishing a central limit theorem for the maximum likelihood estimator 0 is
to find an appropriate normalizing matrix K that ensures that K;%{wR(eo) —£(60)} = 0p(1)
and that K;ﬁ& r(6o) 2N (0, GR), where Grp, is a positive definite covariance matrix. That is,
K;%:DR(OO) can be approximated by KI_%%&%(OO) which converges in distribution to a N (0, Gg)
distribution. Under condition A, we show that the appropriate normalizing matrix is the diagonal
matrix K = diag[g, mg]. This justifies focusing our attention on the neighborhood of 8 defined
by B={60: |K}%(9 — 6p)| < M}, where M is a finite constant. The second step is to show
that, uniformly on B, the derivative matrix Vir(0) of ¥r(8), pre- and post-multiplied by K;{,%,
converges in probability to a positive definite matrix —B . We can then establish that, uniformly

on B,

K 29(w) = K 2¢(w) — BK2 (w — wy) + 0p(1).
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This uniform asymptotic linearity result allows us to deduce the existence of a consistent root to

the estimating equation that satisfies the central limit theorem with asymptotic variance.

Theorem 2. Suppose Condition A holds. Then there is a solution 0 10 the estimating equations

1
Yr(0) = 0, satisfying |K3(0 —00)| = Oy(1) as g — 0o and m — oo, where K = diag[g, mg].

Moreover,
1, _1
K7 (0 — 00) = BR'K?€r(60) + 0p(1),
whence
1,
KZ2(0 —6p) 2, N(0,B;'GRBR),

D=

_1
where Bp = limg ;o0 BRn = —Kz? E{V¥r(0)} K
_1
Var {KR2§R(00)}.

and Gr = limg ;00 GRn =

To simplify the proofs, we establish a preliminary lemma and then break the main proof into

a sequence of lemmas. In order to getting results, we need to use following lemmas.

_1 1
Lemma 9. Suppose Condition A holds. Then if g — oo and m — oo, we have G ;2 K ,* {g(60) EEN
N(0,1).

1
2

Proof. The first step is to prove [Var {g_%fg) (o) H g_%gg) (6o) L, N(0,1). From (2.4.19)
and (2.4.20), we write

1

[Var {g 360 (00)}] 7 7 360(80) = 3" 073 {B(ad) — 0} * (o — 0a?).

=1

Since E(af“‘) < 00, there exist a 0 > 0 such that

g
_1 . . _1_9 .4y -1-2 .
g 2 (0] =0 ”)P = lim g7 72 {E(0f) — 6t} 7D E(af—0s?)* = 0,(1).

—00
g =1

m\»—t

lim ZE\{E —0a4}

g—00 <

We find that Lyapunov’s condition holds.

1
The second step is to prove [Var {g—%m—%gg”)(eo)}] ’ g_%m_%ggu)(%) — N(0,1).
From (2.4.19) and (2.4.20), we write

[SIES

g m
[Var {g*%mfégg“)(ao)}} g am 3 e0(00) = 3N (Beh—a.) hg im 3 (el 0.2,
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Since E(e 4+)‘) < 00, there exist a 0 > 0 such that

gy—% 1 1 211246
Jm 30D BBl —dt) g imE (] - 0)
i=1 j=1
) g i
_ -1 1 4 4y-1-2 2 2+6
= gﬂl%gloo om~ " 2(Eej; —0t) T 2 ZZE(BU ae)
i=1 j=1
= 0p(1).
We find that Lyapunov’s condition holds. 0

Lemma 10. Suppose Condition A holds. Then, as g, m — oo,

sip [Kp? [0(8) — br(B0) — B {6r(6) — vn(80)}]| = op(1).

1
K7 (0—80)|< M

Proof. Decompose the cube B = {0 : |K§%(0 — 0p)| < M} into smaller cubes C = {C(t)},
where M is a constant, and {C(¢)} is a cube containing 6 € C(t;,) = {6 : |K%(0 —6y)] <
Mg_%}. Let N = g%. We first show that lemma 10 holds over the C of fixed ¢ = (t1,tp2)”.
Using Chebyshev’s inequality, for any 1 > 0, we have

N 1
ZPT <\KR2 [Vr(tk) — ¥r(00) — E{Yr(tx) — Yr(60)}] | > 77)
=1

<n 2Z:EIK [Wr(tk) — ¥R(B0) — E{¢r(tk) — ¥r(60)}] [*

N
_ _1

=02 Blg 2 [lpo2(tk) — lre2 (00) — E {Ips2 (k) — Ipo2(60)}]

k=1

N o 2.5.1)

+0 2 Blg rm 2 [Ipye(te) — lpe2(00) — B {lre2(tk) — Lra2(60)}]

k=1

N

= 77_29_1 Z E [|ZRU(2¥ (tk) - chrZK (00) —E {ZRU(% (tk’) - ZRU[% (00)} |2]
k=1

N
+07 %7 'm ™) B [llroz(tr) — lro2(00) — B {lpo2(t) — lrs2(60)} 7] -
k=1

For the first term of(2.5.1), Since |t — 02| < g_%L and [tyo — 02| < g_%L, then using Lemma
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2 and Taylor expansion, we obtain

N
77_29_1 Z E [“Rog (tk) - ZRU?X (00) —E {ZRUE (tk) - ZRO?), (00)} ‘2]
k=1
N

<0 29" E{|lpez (te) — Lro2 (80)[°}
k=1

N
— oy 2g ZE
N g
1ZZE{”1R02 tk lzR03(00)|2}

k=1 i=1

N g
g 1ZZE{alzRa )(k_00)|2}

k=1 1=1

| Z {liro2 (tk) — Liro2 (B0) } |2]

N g

N g
n_Qg_lzZE’lzRUQUQ tkl _Uoz ‘ +77_29_1ZZE”1RU202 tk2 _0—62)’2

1:=1 k=1 1=1

N g N g
QLZZE{1R0202 }+77 g 2LZZE{1R0202 }
k=11=1 k=11=1
3

= Op(g™ %)

= op(1),

where 6 is between t and 0. Similarly, for the second term in (2.5.1), we have

N
n g tm! ZE [11Ro2 (tk) — lRs2(80) — E{lrs2(tr) — lrs2(60)} ]
=1

N
<0 2g7'm™ Y E{|lgo2(tr) — lro2(60)%}
k=1

N
=n g lm IZE |ZZ{Z’L]R0’2 tk Z]Rag(eo)}F

i=1 j=1
N g m
< 77_29_17”_1 Z Z ZE {|lin02 (tk) - ll]Ra2 (90)| }
k=1i=1 j=1
N g Ol py2 (0
SRR I (T
k=1 i=1 j=1
N g m ~ N g m
= n_2g_1m_1 Z Z ZE ’linaZog (0)(tl€1 - 0:02)‘2 + 77_29_1m ! Z Z Z E ’lsza 02 (th - 062)|2
k=1 i=1 j=1 k=1 1i=1 j=1
N g m N g m ~
<2 tm LY S S BB (0)) 02 P 1LZZZE{ )
k=1 1i=1 j=1 k=11=1 j=1
= 0y(g™4)

= 0p(1).
Next, we show that the difference between taking the supermum over a fine grid of points and
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over 3 is small. Using a Taylor expansion, we obtain

max_ sup |Kp : [VR(0) — VYr(tr) — E{Yr(0) — VYr(tr)}]|

1<k:<N9€c(

< l 0)—1 t) —Eql 0)—1 t
_1I<I}€E%<XN0;1:1(I;)9 2|R02( ) Rog(k) {Rag( ) Rag(k)}|

+ 53,0 )g 22 |2 (0) — Iz (tr) — B {lpo2(8) — Loz (tr) } |

Q

1
= 1I<r}<:a<XN0€SgI;k g 2 | Z zR02 1R0'2 (tk - E {liRO'?X (0) - liRog (tk)}] |

=

g m
+ 13}&XN0€S(1:1(P )9 Im2 | Z Z lijRo2(0) — Lijro2(tk) — E {lijRro2(0) — Lijro2(tr) }] |

< 1I<r}<:a<XN0€SgI;k g 2 Z |lzR0'2 - 1Ro’§ (tk) —E {liRo% (0) - liRag (tk)} |

g m

1
+ 1E}€§XN0€SE(P )9 Im2 Z Z lijro2(0) — Lijro2 (tr) — E{lijre2(0) — Lijre2(tr) } |

=1 j—1
J 8lzRU2 (01) aliR02 (GT)
< _ o _
= B8 en 9 Z ’{ B9 (6t
AL al]R 2(63) Oli:py2(03)
ijRo? _ g iRoe 0—1t
e i~ 2;;\ 5 (6 — )]
g
< sup b3 | {linmaon (00) ~ Elinszon (60)} 6 — 1)

1<k<N0€C( %) =1

+ | {liRagag(él) - EliRogag(OT)} (6% — tk2)|]

g m
+ max sup g 2m 522[ {z]Rcr202 02) Elz]R0202 (02)}( _tk1)|

1<k<Neec( ) =1 =

1 {luo20281) = Blinozor 0D} 0.2 ~ i)
where 61, 05,607 and 03 are between ¢, and 0. Since 8 € C(1y,), then we have |(00? — t11)] <
g 1M and |(d.—tyo)| < g~ 1m™2 M. From (2.4.22) and (2.4.25), we can find that |1; g2 2 (61) —
Elirg202 (07)]: llirg202(01)—Eliro202 (01|, [lijRo2a2 (02)—E lij po242 (63)

El;jro202(07)| are all bounded. Thus, it follows that

—_

B s

,and |linchag (él)_

g

1 ~
. E _
L2 )g 2 ; [I {lzRagag(el) liRo2o2 (91)} (00 = ti1)|

# 1 {linszoa (80) = Blinsy o2 (60} (622 = o)

g
1 ~ N 1 ~ N
< lgixNeggF )g “any {Ilmagag(fh) — Eliro2,2(01)] + m™ 2|lipy242(01) —EliRagag((’l)l}

= Oyl977)
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and

max Su 2m
1<k<N0€C(p )g

Z |: { ijRo202 02) Elinagag (0;)} (O:az — t)]

m\»—t
-
I Mm
5

7j=1
+ | {lincrgag(él) - Elszagag(eik)} (6.2 — tk2)|]
1 1 g n ~
< max sup ¢ '"im 2L lliiRo262 (02) — Eliips242(05)]
1<k‘<N9€C(t ) ;]:21 ) ela 1] ela 2

g m
_l_%L { é —ElL. 0*} .Q_t
+g ; ]; 12}?<XN0€SB(I? )’ z]Razag( 1) Z]Razag( 1) (Ue k2)‘

= op(1).

Lemma 11. Suppose Condition A holds. Then, as g, m — o0,

sup  [Kp? [E{un(0) — ¥r(60)} — E{Vir(80)} (8 — 00)]| = op(1).
K2 (0—60)|<M

Proof. Write

sup Ky [E{vn(8) — vr(60)} — E{Vur(80)} (0 — 6))]]
K2 (0-00)|<M

< ) sup ‘g_% [E {lRaa (0) - chr(QX (00)} —E {lRogag (00>(Ji - O:a2) + lRaaag (00>(J§ - 0162)}} ‘
K3 (0-60)|<M

s g Em e (B {lgez(0) 1oz (00)} — B {lozez (00) (07 — 0a) + o2z (00) (07 — 67)}] |
K% (0—60)|<M

g9
1
< ) sup g2 Z |E {liRag(e) - lz‘Rag(ao)} —E {lz‘Ragog (90)(03 - U'az) + lz’Ragag (90)(03 - ffeQ)} |
IKZ(0-00)|<m =1

g m
1 1
T g 2> D 1B {lijre2(6) — lijro2(60)}
K7 (6—60)|<M =1 j=1

—-E {linagag(HO)(U — Oa ) + linagag(ao)(Ug - 562)} |

g
< s g B {lireo2 (0) — lirezoz(60) b (02 — 6a®) + B {ling202(0) — linszo2(80) } (02 — 6%)
K2(0-0p)<m =1

g m
11 . .
+ ) sup g 2m 2 E E |E {linagag (0 ) - linO'gU(QX (00)} (O-czx - Ua2>
K7 (0—00)|<M =1=1

+E {linagog (0*) - linUZUg (00)} (Ug - d€2)|7

where both 8 and 6* are between 6 and 0y. From (2.4.25) and (2.4.26), we can find that when

1 .
[K(0 — 00)] < M, and as g,m — oo, we can obtain that E{l/;ps2,2(0) — lirs202(600)} =



2.5. MAIN RESULTS ON REML ESTIMATORS 61

O(m™), E{liro252(0) — liro202(00)} = O(m™1), B{lijpo202 (0) — lijro202 (00)} = O(m™?)

and E{l;jro252(0) — lijro242(600)} = O(m™1). Thus the required result follows lemma 11. [

2.5.1 Proof of the main theorem

Proof. We write

K;%Qb(@ - K;% [WR(0) — ¥r(00) — E{Yr(0) — ¥r(00)}] + K;L% [¥r(60) — Er(60)]
+ K;% [E{¢¥r(0) —1¥r(00) — Vr(680)(60 — 60)}]
+Kp? [€R(00) + E{Vr(60)} (6 — 60)].

From (2.4.18), we have
Kr? {¢¥r(80) —Er(00)} = 0p(1).

Moreover, from lemma 10 and lemma 11, we have

sup ’K}_z% [Vr(0) — Vr(00) — E{Yr(0) — ¥r(60)}] | =0p(1)  and
K2 (0-00)|< M

sup  [Kp? [E{¢r(0) — vr(60)} — E{VYr(60)} (0 — 85)]| = 0p(1).
\Ké(b‘—eo)lSM

1
Thus, on combining the above equations, we can see that uniformly on K7,(68 — 6q) < M,

1

K 0n(0) = K2 €r(00)BraK5(0 — 6o) + 0p(1), 2.52)

where Br, = —KI_%% E VwR(OO)K}_z%. The right-hand side of (2.5.2) is mainly determined by
the negative of the quadratic form of Bp,, and is negative for M sufficiently large. Therefore, ap-
plying to Result 6.3.4 of Ortega and Rheinboldt (1973), we have that a solution to the estimating
equations exists in probability and satisfies ’K}_%% (6 — 00)| = O,(1). The asymptotic representa-
tion follows from lemma 10 and lemma 11. Lemma 9 implies that the Lyapounov condition holds

and hence the asymptotic normality follows. O
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Chapter 3 Unbalanced Data: Asymptotic Analysis of ML and REML

Estimates for Hierarchical Linear Mixed Models with Large Cluster Sizes

Part of this chapter was submitted as a paper to a statistical journal for publication.

3.1 Introduction

In this chapter, we study asymptotic properties of ML and REML estimates for nested error regres-
sion model in more general case, unbalanced data setting, which is necessarily more complicated
for asymptotic derivation and computing. Since in summing the squares of the deviations of the
group means from the grand mean, each group has been given a different weight m; i.e.,the num-
ber of observations in group ¢, we can not use Kronecker products to simplify derivation in many
formulas and equations, especially in studying asymptotic properties of ML and REML estimates.
Compared with the REML approach based on the balanced data case in Chapter 2, we first con-
struct adjusted maximum likelihood (AML) estimates, then obtain asymptotic properties of the
REML estimators, as the REML estimating equation is the profile version of AML estimating
equation.

Suppose that (y;;, xi;) is the jth observation, j = 1,...,m,, from the ith cluster,i = 1,..., g,
where y;; is a scalar response variable, x;; is a scalar explanatory variable or covariate and my, <

m; < my. As previously in Section 2.1, the nested error regression model specifies that

yij:u(xij)—kai—i—eij, j=1....m;,i=1,...,9, 3.1.1)

where 1i(z;;) is the conditional mean of the response given the covariate x;;, «; is a random effect
representing a random intercept or cluster effect, and e;; is an error term. We assume that the
{c;} and {e;;} are mutually independent with mean zero and variances (called the variance com-

ponents) o2 and o2, respectively. We can estimate both variance components consistently when

63
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g — oo with my bounded but we need to let m; — oo in order to estimate the random effects
{a;} consistently. If mj, — oo but g is held fixed, then we can estimate the within cluster variance

2

o2 consistently but not the between cluster variance o2. These settings motivate considering both

g — oo and my, — oo.

We consider the same framework from Chapter 2 by setting

Bo + Brx; if m; = 2
(i) = . ) (3.1.2)
Bo + B1Zi. + Pa(zij — &) otherwise
where the s are fixed effect parameters, called regression parameters or fixed effects, and z; =
m; ! > 7% ij is the within cluster mean of the explanatory variable. In (3.1.2) we distinguish a
between cluster covariate that is constant within clusters (x;; = ;) from a within cluster covariate

that varies within clusters. This distinction is often ignored by using p(z;;) = By + 1245 for both

cases.

We extend the finding of Chapter 2 to the unbalance case and show that yi(x;;) = Bo + B1xi;
does not work asymptotically (when mj; — oo) for a within cluster covariate. The reason is
that the information for within cluster parameters w®) = [B82,02]” grows with n = >>9_, m;,
while the information for between cluster parameters w®) = [y, 81, 02]7 grows with g. The
information for the coefficient of a within cluster covariate that has non-zero mean grows with
both n and g, thereby making it difficult to normalize to control both sources of information at
the same time. In contrast, if we partition the within cluster covariate into a between cluster
component and a pure within cluster component (which has all within cluster means zero), as in
(3.1.2), we obtain separate coefficients for which the information grows with n and g separately,

and normalization becomes more straightforward.

Under the assumption that the random effects and errors are normally distributed, the likeli-
hood for the parameters w = [w(b)T, w(w)T]T and the REML criterion (an adjusted profile like-
lihood for @ = [02, 02T after eliminating 3 = [By, 31, f2]) can be obtained explicitly. We refer
to these functions as the likelihood and the REML criterion, selectively for (3.1.1) and the val-
ues @ and O that maximize them as the maximum likelihood estimator and the REML estimator,
respectively regardless of whether the normality assumption holds or not. The asymptotic distri-
butions of the maximum likelihood and REML estimators have been obtained under a variety of

conditions by various authors (see the review in Section 2.1).

We rewrite (3.1.1) in matrix from as

vi=XiB+ 1,,0; + e, (3.1.3)
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Yi = Wity ¥im) T, B = (Bo, b1, B2)T, Xi = [Lmy, Ly, T, X3 — L, ;] with 1, is the m;-
vector of ones and €; = (e1,...,eim,)". Lety? = (y],...,y)) and x7 = (x{,...,x}).

Under this model, we have

E(yi) = 1,80 + 1, Zi b1 + (x5 — 1, @5.) P, Var(y;) = 023, + 021,

and Var(y) = diag[o2dm, + 021, ..., 00dm, + 021y, ].

We find that the above equations are more general in structure i.e., no Kronecker Products, com-
pared to the balanced data case in Chapter 2, thus complicating algebraic developments. Re-
gardless, we proceed to partition the parameters in (3.1.3) into within cluster and between cluster
parameters. Let w® = (Bo, B1, ag)T denote the between cluster parameters, and let w®) =

(B2, 02)T denote the within cluster parameters. Let w = vec(w®, w(®)) = (B, 1,02, B2, 02)T

and let the true parameter vector be wy = (8o, B2, 0>, B1,0.2)T. Let 0 = (02,02)T and
0o = (642,627, such that we can write
1 0'2 9 ( )
Vi) = Sl — —5—5*—5Jn  and v = ][22 +mic?
7 ( ) O_g m; O_g(o_g +mio_g) m; H ( )H Hae (Ue + 1Ua)
For easy calculation, we denote
TR 19 m 19
Yi.=—)D Yij, y.= *Zzyz’j, T, = *Zzwzj,
j=1 i=1 j=1 i=1 j=1
g m
Sijw = (ij — Ti)(Yij — i) and  Sp =S
i=1 j=1

To simplify notation, let S¥* = S¥, and S’ = S%, . When the random effects «; and e;; in (3.1.1)
are all normally distributed, it follows that the observations y; are also normally distributed. In
turn we can write the density of y given x as
1 1<
L(y;w) = (2m)"2|V(8)| 2 exp { D (yi—XiB) Vi H0)(yi - Xzﬂ)} :

2 4
=1
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Furthermore, we have

D (v —XiB) 'V (00)(yi — XiB)
=1
g 1 o2
m 2l xr V"~ ST Py = X08)
18
== > Ayi— 1miBo = L, @i 1 — (%i — 1, Zi) B2} {yi = Lm,Bo — L, @i f1 — (Xi — 1pn, i) o}
€ i=1
2
g
- Z o2 02 +m 02) Z{yw Bo — Zi.1 — (x4 — Zi.) Ba}
! j=1
1 I 9 02 m;
T o2 2121 yij — Bo — Ti.r — wijB2 + Ti fa)” — Zl Wammg) Zl(yij — Bo — &i.f1 — x4 P2 + T, f2)
=1 j= i iz
T g2 yz] 0 — T;. 01 xz]ﬂ2 + ;. 62) Z 0'2( o ) ( — Bo—T; P1— T Pa + xz.ﬁQ)
¢ i=1 j=1 i=1 "€ )
1 &L 9 m; 9,
"ot 22 (i = Po = afy —wigfy + 35 = 3 %( —Bo =B+ ) %(ﬂi. — Bo — %i.p1)?
¢ i=1j=1 i=1 e — ¢
9 miQO'g _ _
- ; m(yi. — Bo — Zi.51)°
1< .
= DA~ L) = Ot = Lo B8 (i Do) = (i = L)) + 3 g (e — o — 7:.81)°
=l i=1 e
g sz gl
- ; m( — fo — Zi./1)?
1 g
=3 > A — i) — (% — L, @i) B2} {(yi — Lo, 3i.) — (%i — L, 73.) B2}

=1
g .
+> L(?Ji. — Bo— Ti.fh)?

=1
1 < _ _ _ _ _ _
s > Ay = 1o 7) (i — Lo, Bi) = 255 — Lo, Fi) " (%i = 1n, Ti ) B2 + (X3 — Lo, )T (% — L, 24.) 53 }
¢ =1
g
+ Z — Bo— Ti.h)?
i=1 +ml ) .
1 g
= (5% — 25062 + S + (i, — Bo — T:.51)*.

From the above, we find that in summing the squares of the deviations of the group means from

the grand mean, each group has been given a different weight m;, and so we are unable to simplify
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the derivation further when compared with Chapter 2. We rewrite the density of function of y as

L(y;w)

g
= (27)" 3 [V(8)|"2 exp [— % {2(sy — 250y + SEB) + ) g 02 gy 02) 7i. — Bo —:El-ﬂl)?}]-

=1

Moreover, the log-likelihood function is given by

L sy _osm8, 1 5752

1 1< n—
l(y;w) = —inlog27r - 52105;(03 + mio2) — 5 J log o2 — 5,2
. e

g

Z 92 0'2—}—771,10'2)(? 50—% /Bl) .

=1
(3.1.4)

To maximize I(y;w), we differentiate (3.1.4) with respect to 3y, 31, B2, o2 and o2, respectively.

Leto(w)” = [ (w)", ) (w)"], where ") (w)” = [Ig,(w), Ig, (w), lyz (w)] and ) (w)

15, (w), l52(w)]. Furthermore, we obtain the components of ¢)(w) as

g
lﬁo Z O_Q_i_mzo_z) y /BO_':CZ Bl)

=1

@)= T 5
B1 = 1:1( 2+mi0_2) Yi. 0 i.P1

Y Y e
lz(w = + (g — Bo — Ti. 51)
Ta 2 2 i 2 2 2 i 2)2

pot (02 —i—ma pat (02 +ma) (3.1.5)
lgy(w) = ﬁsiy_ﬁsi52

J n—g 1

Z:20’2—|—m10'2) 202 +2 (8% — 25062 + 53.5%)

=1

g
+;202+m202)2(y /80_51;251) .

Compared with (2.1.5), we find that each equation in (3.1.5) has a different weight m; . These
weights will cause many troubles in later on, and motivated an alternative approach to deriving

desired asymptotic results.

3.2 Conditions

To derive the asymptotic properties of w in (3.1.5), we impose the following condition. Note that

all the expectations are under the true parameter wy.
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Condition B
1. The model (3.1.1) holds with true parameters wy inside the parameter space ).
2. The number of clusters g — oo, and the minimum cluster size my — oc.

3. The random variables {c;} and {e;;} are independent and identically distributed and there
exists a & > 0 such that E(|a;|**°) < oo and E(|e;j|*°) < oo forall i = 1,...,g and

jzl,...,mi.

4. For the sequence of within cluster means {Z; }, there exist finite constants ¢; and ¢z such that
limg oo g™ 300, 7% = ¢, k = 1,2and a § > 0 such that lim, o g7' 327, |7 |?F° <

oo. Also for the sequence {S%}, there exists a constant c3 such that limg_, o limy,, —y00 71 S% =

c3 > 0andad > 0 such that limg_, limy,; o0 n-1 7, Z;”:ll |zi; — T >0 < oo.

The above are mild conditions which are often satisfied in practice. Conditions B3 and B4 ensure
that limits ensure that the limits required for the existence and finiteness of the asymptotic variance
of the estimating function exist, and that we can establish an Lyapounov central limit theorem for
the estimating function. Condition B4 holds, for example, if the x;; are realizations of clustered
random variables that have finite 4 + A moments. For a pure within cluster covariate, we replace

Condition B4 by

4°. For the sequence {x;; }, there exists a finite constant c3 such that limg o limy,, —s00 77! 7 ZT:H x?j =
¢z, and a § > 0 such that limy o0 limy,, oo n ™' Y7 D7 24520 < oo,
For a between cluster covariate {z; }, we replace Condition B4 by
4”. For the sequence {x; }, there exist finite constants ¢; and ¢ such that lim_, o g ! ) a:f =

¢k, k=1,2,andad > 0 such that limg oo g~ >°7_; |22+ < oo.

3.2.1 Approximating the ML estimating equations evaluated at w

The final central limit theorem is strongly driven by the behavior of the estimating equation eval-
uated at wg. We therefore start by developing a simple approximation to the estimating equation

evaluated at wq. First, we write §;, = Bo + 51@ + a; + €;., so that

Yij — Ti. = (zij — i) B + (eij — &) and  §i — o — f17i = oy + &

Then Var(a;) = 0,2, Var(e;,) = 9 and thus

m;

Gi. — Bo — 17, = a; + 0p(1) (3.2.1)
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and

(5. — Bo — 12i)? = a2 + 0p(1). (3.2.2)

Next, we obtain approximations for Sy’ and S}, respectively. For Sy, we have

g my
S = Z Z(l‘z‘j — Zi.)(Yij — ¥i.)
i=1 j=1
g my )
= Z Z{(ﬂcij —3;)%Ba + (i — Zi)(eij — &)}
s (3.2.3)
= Z Z{(ﬂfz‘j —23)?Bs — (45 — 74.)eis }
i—1 j—1
=523y + ZZ (xij — Zi.)eij,
i=1 j=1
such that
E(S3Y) = S5 B, (3.2.4)
and
g m
Var(S.Y) ZZ (xij — T4.) Var(e”)
=1 j=1
= 6.25%
=O0(n).
For Sy, we write
g my
SE=Y " (i — )
i=1 j—1
g my .
= (@i — 2:)Ba + (e — &)}
s (3.2.5)
=) Awiy — 7)B5 + 2wy — Bi)Baleis — &) + (e — &)}
=1 j=1
' 9 mi g m g
= ST 4253 (wy — Ti)ei + Y > (e — D) +not = > me?,
=1 j=1 i=1 j=1 i=1

such that

E(SY) = S585 + noc® — go.” = S55 + (n — g)oc”. (3.2.6)
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Next, we can show that

g my g my
. _ -9
Var ﬁz E E (l’ij — :Ci.)eij == 52 E
=1 j=1 =1 j=

g my g my g my

(l’ij — i’i,)Q Var(el-j) = 63350:62 = O(’I’L),
1

Var(ZZe% ZZVar ei;) ZZ{E €ij) ) — et} =n{E(e] €ij) )=t} =0(n

=1 j=1 =1 j=1 =1 j=1

and moreover

Var(mié?.) = Var {mfl(miéi.)Z}
= mf2 Var (Z 62']')2
j=1

mi My

=m; 2 Var(z Z €ijeik)

=1 k=1

=mi 2 QEQ Y een)’ —EXQ Y eijen)

j=1k=1 j=1 k=1

m; m; my m;

=m; > Z Z Z Z E(eijeineireis) —mi~

j:l k=1r=1r=1

= —QZE ei;)) + (3 —3m; ot — ot

=m; ' E(ej;) + (2 — 3m;)de!

mq My

ZZE(eijeik)

=1 k=1

The key step here was a result given in Lemma 1 [Cramér (1999), p345] . Combining the above

results, along with Var(S},) = O(n) and we obtain

g m; g my
Sy:nge +S$BQ+2B2ZZ xz]—xz 6@3"‘22
i=1 j=1 i=1 j=1

Furthermore, combining (3.2.3) and (3.2.7), we obtain
g m;
— 2509y + Su B3 =nd” + > ) (el

i=1 j=1

Combining (3.2.1), (3.2.2) and(3.2.8), we obtain

K7 ¢(wo) = K 2£(89) + 0,(1),

— G2 +op(n2).  (32.7)

) + op(n2). (3.2.8)

(3.2.9)
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where K = diag[g_%l(b), n_%I(w)} and £(60) has components,
g e
0n) = —la.’
$0(00) Z (6% +mid?)
=1
g e
9, = S — a;,
551( 0) ; (0:32+mi0:a2) [Zhet
5 m;? 2 2
-2(00) = - - o —0°),
£ a( 0) ;2(062+mi0a2)2( 7 o3 )
1 g my
£6,(00) = — Z Z(%j —Zi)eij  and
R j=1
1 g my
602(00) = 954 ZZ(egj 0'62).
Oe -
=1 j=1
Next, we can obtain the following results
lim E|g72 zg: i ! 0
im 2 ———— — —5 ;| =0,
gmross |9 T 2 (62 T mioa?)  ou2)
1. V _1 i 1 1 —1 i O:€4 (1)
im ar 2 ———— — —5 ¢ ;| = lim =o0(1),
g,mp—00 g Pt 24 mzaa2) 0o ! g,ML%oog — 0}12(0‘62 + miO:a2)2
li E 2 — - — 0 =0 and
ganisoat |9 ; {2 2 mma2)2 2(fa4} (o= oe’)
S m; 1 2 2
lim Var - a; — o
g g Zl { + mlo_a2)2 20:@4} ( i o )
_ (o + 2m 00 20:2)?
o li 1 e 1Ya COe E 4y _ -4
gmanioo Z 40’04 + mi0a2)4 { (al) 7o }
= o(1)
These results allow us to rewrite the components of £(6) as
gﬁo 00 Zazv
fﬁl 00 sz [&7%8
a i=1
g
Oé - ’ L.
£o( 20& g a’) (3.2.10)
g my
562 (o) = ) ZZ Tij — Xj. ew and
Oe 1=1 j=1
g m;

£52(00) = 422

elljl

_O—e
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Let

() g ¢®
£(00) = 60| _ =16 (0) (3.2.11)

£0)(6y) Ly e (6o)

From (3.2.10), we find that £()(0,) only depends on the random effect, while £(*)(8) only
depends on the error effect. Also, It is clear that £()(8,) and £(*) () are independent. In what

follows, We use these results to compute the variance of £(6).

3.2.2 Computing G,, the variance of the approximate ML estimating equation at

wo

Using (3.2.10), we calculate the variance of K_%E () as

Var {97565, (00)} = . Cov {47265, (00). 925, (60) | = ;g
Cov {g7%64,(80), g73¢,,2(60) } = EQETa? Var {g73¢5,(80) | = 12 f

Cov {57 365,(80), 96,2 (w0) } = ;2: REOD var{oriegen) = BA 2
Var {n_%ﬁgz(é’g)} = 757_3’22, Cov {n_%ﬁgz(eo),n_%fag(wo)} =0
and Var {n_%gag(OO)} - Eefzf; .

Also, from (3.2.10), we see that £(%)(6) only depends on «; and £(*)(8y) only depends on e;;.

Since «; and e;; are independent, then we have

g 260(0) | [Var{g73c000)} 0
G'I’L — Var 1 = .
n_iﬁ(w)(Ho) 0 Var {n_if(“’)(ao)}
_ ) i i}
%.2 é -1 ;;2 Egﬁﬁ) 0 0
7 z2 Z;. E(a3
é i f;2 é T oz é i Q]j‘i‘sl) 0 0
_ E a? z; B af’ E a;‘ —oat
B szaﬁ) é ?:1 20;(16 : (40)'a8 0 0
0 0 0 Se0
E(e?. —Uél
0 0 0 e

From Condition B3 that lim,_, % Zig:1 T = g, limg 0 é Zle a?? = u§+r§ and limg ;,; 500

o2. Thus, we obtain

Llgz —

n
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_ -_ -
T
2 2 + B 3
om0 | oo
G = lim lim G, — E(a?) /J,IE(CV?) E(a?)—cfaél 0 0 _ 1
g—00 M1, —$00 " 20,8 20°5,° 40,8 0 G ’
0 0 0 o 0 ’
G2
E(e})—c.*
L 0 0 0 0~
(3.2.12)

where all the elements of both G and Gy, are finite. Hence, we have |G || < oo and ||Gz]| < oc.
In summary, we find that starting from the angle of partitioning the parameters into within cluster
and between cluster parameters, we are able to obtain an elegant form for matrix G as a block
diagonal matrix formed from G and Go. Otherwise, if we have started from the angle of the fixed
parameters 3 and the random parameters @ directly, then we will find that the approximations of
the ML estimating equations with respect to 3, and 8¢ are not independent, and thus G possess

no simple structure that facilitate further algebraic developments.

3.2.3 Computing the derivative matrix from the ML estimating equations

From (3.1.5), we write ) (w) = >>7_, 1/}2@) (w) and () (w) = Y2, S wl(;”) (w), where

the components of 1/}1@) (w) and 1/)1(;”) (w) are defined as

ligy (w) = (0(34:7177;@3)@1* — Bo — %i. 1)
lig, (w) = (T:;)( — Bo — %i.p1)
1 i 2 _ _
liag (w) = _5( 2 —|—mm1 2) + 2( g:_nmiagé)Q (yl — Bo — xi.ﬁl)Q

lijﬁQ( ) 72‘92%11_ 2 z]w/BQ
1 n— g

2m;i(02 + mio2)  2no? 20

! (%i. — Bo — 7i.p1)>.

2(02 + m;o2)?

lijff?; (w) - (Sfjw - SZZ{UBQ + zywﬁ?)

+

Next, let

vy(w) | 2, v (w)
V) (w) LY Vel ()
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where
liﬁoﬁo("") liﬁoﬁl(w) liﬂoai(w) liﬁoﬁz(w) liﬁoag(w)
(b) _
Vb (@) = |ligypo (@) Ligpy (@) ligro2 (W) ligypy (@) ligo2(w) |
liag,ﬁo(w) liagﬂl(w) liagag(w) lia?ﬂg(“’) licrgag(w)
and

ligopo (W) ligypy (W) ligyoz (W) ligypy (W) ligyo2 (w)

liagﬁo (QJ) liagﬂl (L«J) liogaa ((.d) lia'gﬁg (w) liagag (w)

Vo (w) =

8liﬂo (w)

55— » the first row in v1/}§b) (w), we have

We peoceed to compute each of these terms. For

—mg?

(02 +miog)?

—my; —m; ;. _ _
ligopo(w) = m» ligopr (w) = ma Ligyo2 (w) = (5. — Bo — &i. 1),

T 5 (Ui — Bo — Zi.51)-

li5052 (w) = 0, and liﬁogg (w) = —(02 i m102)

(3.2.13)
For aligtfw), the second row in V¢\”) (w), we have
) = T @) = o ) = o T )
8180 (W) = 816 (W) = : 102 (W) = i. — Bo — i),
8180 (02 + m;o2)’ 8161 (02 + mio2)’ if103, (02 + m;o2)? Yy 0 Gl

—m;x;,
(02 +mio})?

lig, o (w) = 0, and g, 52(w) = (Bi. — Bo — T3 1)

(3.2.14)
ol
For ZB%; ) ,the third row in V@Z)Z(b) (w),we have
ot @) = = Bo— BB, g () = o (G~ By~ 38
, — T (i B — 7 , e SR Oy T N
102 Bo (0’34-77%03)2 Yi. 0 i.P1), i02f1 (Jg+miag)2 Yi. 0 .P1),
miz mig

(Ti. — Bo — 7i.51)%,

I - _
w2 = AT il (o ok

2
my; my; _ _ 2
L. =0 d l. — _ - S ]
i02 B2 (w) ) an i02 02 (w) 2(0_2 n mio_g)z (0’3 T mio_g[)g (yz. Bo xz./Bl)
(3.2.15)
For %ﬁ)(w), the first row inv¢gv)(w), we have

-1 T Ty T

1
lijapo (W) = lijpapy (W) = lijpyo2 (W) = 0, lijpa (W) = —3 S, and lijy02(w) = —5 (S5, = Sjjub)-

e

(3.2.16)
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bijo2

For Z5r2 ) e econd row inV)") (w), we have
Ow ’ i ’

-1 B _ —I;,

lz’jagﬁo (w) = —(02 T m102)2 (yz — fBo — l‘i.ﬁl), lijagﬁl (w) = —(0_2 T mio_g)g
e (e} € «

1 m; _ _ 2 -1 x

lis w) = — By — Ty oL w) = S¥ 4 gT
zycrgo'g( ) 2(03 +m1'0'(21)2 (Ug +migg)3 (yl. Bo fL‘z‘Bl) ljﬂgﬁz( ) Ug( ijw +

1 n—g
and [, = —(8Y _9ogw

igoto? () 2m;(02 + mio2)?  2no} 2( ww w2+ Shub3)
1 _ _
R L (7. — Bo — #.41)°.
e (8%

(3.2.17)
We use the above terms to calculate the expected derivative matrix

{V¢W)}

E{Vi(w)} = 12% Lot )

For E {aligf;(w) }, the first row of E {Vzﬂi(b) (w) } we can show that

E“¢”“””°:Gﬁi£%?ﬁ’ Eﬂwwan::&ézﬁi;%’
—m,;2 . .
E {ligoo3 (=)} =m{<ﬁo—ﬁo”mﬁr@>}a B llae ()} =0, G219

nd E {ljgpz()} = 2 {(Bo = Bo) + 7.2 — B2) |

24+m; 02)
When w = wq, we obtain

(G2 +micy?)’

—Mm;x;,

E {ligyp,(wo)} = G2t mc2)

E{ligys, (wo)} = E {1,502 (w0)} = 0,

E {ligyp,(w0)} =0, and E{l;5,,2(wo)} = 0.

(3.2.19)

For E {aligt)(w) }, the second row of E {V@Z)Z(b) (w) }, we can show that

—miT;
(02 +mioZ)’

—m2F ; :
E {lisoz (@)} = — ot {(Bo = Bo) + @i.(B2 — B2) }

(02 +miog)

E{lig,g,(w)} =0, and E {liﬁlag (w)} =

—m;x;,

E{lig 5, (w)} = 02+ mio?)’

E{lig g (w)} =

—m;x;,
(02 +miog)?

{(Bo — Bo) + %:.(B2 — 52)} :

(3.2.20)

(Ti. — Bo — Zi.f1),

62)7
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When w = wq, we obtain

)

-z

M Ry —0,
(G2 +mics?) { i1 (wo)}

—M;Z;,
(0:62 + mz’da2)

E {lig,3,(w0)} = 0, and E{lwwg(wo)}:o.

E {liﬁlﬁo (wo)} = ) E {li5151 (wo)} =

(3.2.21)
Next, note from (3.2.4) and (3.2.6), we have
B{(%i. — Bo — Z:.51)°} = {(Bo — Bo) + Zi.(B2 — B2)}* + Fa” + mi 62, (3.2.22)
and
E(S555, — 250,82 + S,83) = S5 (B1 — B1)? +mi~ ' (mi — 1).”. (3.2.23)

ol
For E { %‘Qj‘)(w) }, the third row of E {V@bi(b) (w) }, using (3.2.22) and (3.2.23), we can therefore

obtain

E {liviﬁo } =

m; 2x
E{lip25,(w)} = % {(50 — Bo) + z:.(B2 — ﬁz)}

757 { (6o = o) + 7 (B2 = Bo)

+m1,

(02 + mio
m;2 3 . . 2
E {liagag } = 0_2 T ’I?’LZO'Q)Q - (0_2 +m1;1i0_2)3 |:{(/80 — Bo) +:.(B2 — BZ)} + 0:a2 + mi_1d€2:| )
E {lwgﬁQ (w)} =0, and
mi2 2 .2 1.2
E {liagaz } = 0_2 T m202)2 - (0_2 T mZO'Z) |:{(60 — Bo) + . (/82 - 52)} + 0o +m; 0. :| .

(3.2.24)
Moreover, when w = wg, we have

E {liogﬁo(w())} = 07 E {liogﬁl (wO)} = 07 E {liogog (WO)} = 2(0_ 9 +mic 2)27

E {ljs25,(wo)} =0, and

E {ligggg (UJO)} - 2(0:62 + mio:oc2)2 :

(3.2.25)
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For E {al”[’f}( “) } the first row of E {V¢§;‘U)(W)}v we have

_1 "
E {lijﬁzﬁo (w)} =E {lijﬁﬁ’l (w)} =E {lijﬁgag (w)} =0, E {lijﬂzﬁz (w)} = ?Sz]wa
and E {lZJﬁQUQ } = %Jw B - B1).
(3.2.26)
When w = wg, we have
—1 .
E {lijg,8,(w0)} = E{lijp8, (w0)} = E {lijg,02 (w0)} =0, E{lijz,p(wo)} = =35
and E {11]5202 0)} =0.
(3.2.27)

2(w)

Finally, for E {”"i) }, the second row of E {V@Z)Z(;”) (w)}, we can once again apply (3.2.22)

and (3.2.23) to obtain

-1
B} g

E {lijo2p, (w)} = m {(50 — Bo) + Zi. (B2 — /D’z)}

737 { (B = o) + (B2 = Bo)

1 i
E {lijagﬂi (w)} = 2(02 + 77%(72)2 o ( _‘_n:nl ) [{(BO - BO) + Z;. (B2 - B2)} + JOé +m- 062]a
E {lszQﬁz )} = 1 z]w(ﬁl ﬁl)a and
1 — 1 .
E {lijachQ } = sz + mi02)2 + anf - ﬁ[ z]w(ﬁ 61) + mi_l(mi - 1)0162]

- ; [{(50 — Bo) + 3. (B2 — ﬂ2)}2 + 0y +mi o
(62 +m;o2)3
(3.2.28)
Furthermore, w = wq, we have
1
E {lijo2g,(w0)} =0, E{lijo25, (wo)} =0, E{lijo252(wo)} = TG o)
E {lijo25,(@0)} = 0, and  E {l;j,2,2(wo)} = -9

2m; (6.2 +mid,?)?  2no.

(3.2.29)
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Combining all the results of (3.2.19), (3.2.21), (3.2.25), (3.2.27) and (3.2.29), we obtain

1 1
B, = K 2 EVi(wo)K 2
1 g my 1 g m;T;,
9 2=l G2 o) 8 2=l (02 miead) 0 0 0
159 miE; 159 miEy
9 2=l G T o) 8 2=l G2 miead) 0 0 0
2
= mg
0 0 7 2i=1 oo Fmyoa?)? 0 7 Xi=1 oo mioa?)?
€T
0 0 0 S, 0
e
159 ™y 159 mg (n—g)
0 0 W 2i=1 2(ce?+m;oa?)? 0 W 2i=1 2(ce?+m;oa?)? T 2noed
m; 1
Let f(m;) = —s - and f = —, then we can show that
f( Z) (U€2+moa2) f 0a2 s

g
lim |~ fmws — fuel =o(1)  and

g,mp—o0 g P
1 g
lim =" f(m)a@; — f(ul +72)| = o(1),

g,mp—0 g i—1
1=

where we use the fact that limyy,, o0 | f (1) — f| = 0, limg—eo D9, |Zi| < 00, limg—yo0 D0, T3] <

00, limgy o0 Zle T; — Mg, and limg oo Zle 52‘12 — ug + Tg from Condition B3. It follows
that
L
. [t [et B1 0
B= lm B,=|0 0 L0 0| = ) (3.2.30)
g,mj,—»00 20
2 0 B2
0 0 0 I 0
1
L 0 0 0 0 204 ]

Here B is a 3 x 3 matrix and By is a 2 x 2 matrix. From (3.2.12) and (3.2.30), we can see that

under normality , we obtain G = B.

3.3 Main results

The first step in establishing a central limit theorem for the maximum likelihood estimator w is
to find an appropriate normalizing matrix K that ensures that K_%{w(wo) — &(wo)} = 0p(1)
and that Kfég (wo) 2N (0, G), where G is a positive definite covariance matrix. That is,
K_%T/J(QJO) can be approximated by K_%é (wo) which converges in distribution to a N (0, G)
distribution. Under condition A, we show that the appropriate normalizing matrix is the diagonal
matrix K = diag[g, g, g, n,n]. This justifies focusing our attention on the neighborhood of wq
defined by B = {w : \K%(cb — wo)| < M}, where M is a finite constant. The second step

is to show that, uniformly on B, the derivative matrix Vi)(w) of ¢(w), pre- and post-multiplied
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by K_%, converges in probability to a positive definite matrix —B. We can then establish that,

uniformly on B,

K9 (w) = K 3¢(w) — BK2 (w — wy) + 0p(1).

This uniform asymptotic linearity result allows us to deduce the existence of a consistent root to

the estimating equation that satisfies the central limit theorem with asymptotic variance.
Theorem 3. Suppose Condition B holds. Then there exists a solution @ to the estimating equa-

tions Y(w) = 0, satisfying ‘K%(d) —wp)| = Op(1) as g — o0 and myp, — oo, where K =

diag[gI (), nI()]. Moreover,
K3 (& — wo) = BTK2€(wo) +0,(1),

whence

—,N(0,B!GB™}),

where B = limg pm, 00 Bp = —~K =2 E{Vt)(wo)} K~2 and G = limy , 00 Gy = Var {K—%g(wo)}.

To simplify the main proof, we establish a preliminary lemma and then break the main proof
into a sequence of four additional lemmas. We establish a central limit theorem for the max-
imum likelihood estimator w is to find an appropriate normalizing matrix K that ensures that

K 2¢ (wo) 2N (0, G), where G is a positive definite covariance matrix.
1
Lemma 12. Suppose Condition B holds. Then limg ,; o0 G K—%g(eo) =N N(0,1).
1

Proof. The first step is to prove limg_, gféG1 26®)(00) 2, N(0,I)). Suppose a is a fixed 3-

_1 _1
vector satisfying a’ a = 1. From (3.2.11), we have aTgfé G,°? fib) (6o), ..., aTgfé G,°* féb) (60)

_1
are independent scalar random variables. As g,m; — oo, aTg_%G1 ’E {fﬁb) (90)} = (0 and
_1 _1

Var {aTgéG1 Qf(b)(é?o)} =39, Var {aTgéG1 2§§b)(00)} = 1. Also there existsa § > 0
such that

b)
S WZEla oG e (00

: 1- 3 |24+6 (b) 2(1+)
< lim 973G, %) ZE!& 60)|

=1
. s
= glggo HG : |2+0 E;E {£25,(80) + &5, (60) + w2 (00)}' 2]

< Jim g7 IIG_§||2+“Z [E{€75,(00)} + B{&35°(80)} + E{¢25°(0)}].
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From (3.2.10), we can show that

1

53%6(90) _ (-72)2+5ai2+67
e

2+6 Z;,

700 = (7
1 .

522;26( ) (ﬁ)%-é(a? _ 0(}2)2—}-6.
Ou

)2H+042+0,

; and

Since E(0}t) < K < oo, (21”#2) < oo and using the fact that Condition B4 implies

111r19_>c>O S, 7210 < oo, then we can show E{gfgj(ao)} + E{f?gg‘s(eo)} + E{e2°(00)} <

2
102

0o. Thus, we get
sim g6y 2||2+62[ {00} +E{i 00} +E{00]] = 0,575 = 0p(1).

We find Lyapunov’s condition holds. Consequently aTg_% G;%g ®) (6p) converges in distribu-
tion to N (0, 1), as g — oo. The required result follows from the Cramer-Wold device.

The second step is to prove limg ,,; 00 W) (60) EZN N(0,1I,)). Suppose b is a fixed 2-vector

satisfying b = 1. From (3.2.11), we have that bn~ 3G 2¢() (8), . .., bTn 3 G 262) (6y)

_1
are independent scalar random variables. As g — oo and my, — oo, thenb?n~ 2 Gy,?E {fi(;”) (6p) }

_1
0 and Var{an_éG2 2§(w)(00)} = lzmz Var {an 2G2 2§(w (00)} = 1. Further-
more, there exists a § > O such that
g my
T, -3 (w) 2+6
gmL—>oo 12+§ ZZE‘b n 2G 2£ij (00)|
=1 j=1
< . — 2 2+0 w) 2 1+3 )
S R 9 oC U
=1 j=1
g m
244 2+6 2+5
<, dim_ nHIG PP Y IBMEE L n) + Bl @)
i=1j

From (3.2.10) we can show that

)2+5(€2. _ o:e

2\2+9
iJ )+'

1
§550(80) = {5 (wyy — )Pl and €000 = (5

Since E(e 4+)‘) < oo and using the fact that Condition B2 implies limg ., 00 = >0 4 >y (ij—

;)20 < oo, then we can show E{¢2£°(0)} + E{£%73(0y)} < co. Thus

1782 ijo2
) o 5 ) 9
. - 32+ €2t 2+ _ -3y _
Jlim a6, 2;[ {2500} +E{2:2(60)}] = 0p(n~%) = 0,(1).

1
We find that Lyapunov’s condition holds. Consequently an_%Gr2 2¢w) converges to N (0,1), as
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g — oo and my, — oo. The required result follows from the Cramer-Wold device. Since £(*) (60)

_1
and £(*)(8) are independent from (3.2.10), so we obtain G, > K‘éé’(eo) 2, N(0,I). O
We prove preliminary lemmas and then the asymptotic linearity result.
Lemma 13. Suppose Condition B holds, then, fori =1,...,gand j =1,...,m;,

sup E ”V¢§b)(w)”2 <oo  and sup E vai(;u)(w)HQ < 0.
K3 (w—wo)|<M K3 (w—wo)|<M

Proof. From (3.2.13)-(3.2.17), we can have that
) . 2
E(g;. — o — i.1)% = {(50 — Bo) + ;. (1 — ﬁl)} +00® +m; 'd.2 = O(1)

Therefore, we obtain

" " 0 0 0 0@ o)
sup E {Vlﬁgj )(w)Vl/)fj )(w)T} = - » »
K2 (w—wo)| <M O(m; %) O(m;") O(m;7) O(1) O(1)
(3.3.2)
Thus, sup E HVl/}Z-(b) (w)]|? < co and sup E vagﬂ) (w)||? < oo as required.
K3 (w—wo)| <M K3 (w—wo)| <M

O

Lemma 14. Suppose Condition B holds. Let ty, = (t1,tx2, tr3, tra, tes)” . Decompose the cube
B={w: |K%(w —wo)| < M} into smaller cubes C = {C(t,)}, where M is a constant and

weC(ty) ={w: |K%(w —wp)| < Mgfi}. As g — oo and my, — oo, then

wax sup 74301 [V (@) - {7 w)] (@ - )] = op(0),

Isk<Nuwec(ty) i=1
g my;
() () _ @ (V] (@ — 1)) =
i, sup n zi§lﬁj§lj|[wij (@)~ B{ Vel (@) }] (@ = t)l = 0p(1),

where N = g% cubes and w,w* € C(ty).

1 1 . .
Proof. Let |K™z2|| < g~ 2L for some constant L. > 0 . For the first equation in lemma 14, we
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have

max sup g 2 Z| [Vzl) —E {V%(b)(W*)H (w —t)|

1Sk<Nyec(ty) =3

< max sup g 2Zuw (@) — B { e (@) } 1K1K (w - )

1<k<Ngyec(ty)

< max s g Mgy VU@ - B{vu @)} IIK3

1§k<Nw€C(tk) =1

< max_ sup g 'TML Z{IIVU) &) +E [V (@)}

1<k<Nw€C(tk)
= 0p(g71)

= OP(1)7

where we use the fact that ||V¢§b) (@)]| =Op(1) and E ||Vwi(b) (w*)]| = Op(1) from (3.3.1).

For the second equation in lemma 14, we require a more delicate argument. We get

B P DAL {V%?(w*)}] (@~ t)]

wGC i=1 ] 1
8lljﬁ2 8lij5 (w”)
< m E E —E 2 w—t

+ {al”é’;( = alijaaiw*) } (w tk)l}

< s sup 4y [| (5050 () — Elijpay ()} (B — taa)|

1<k’<nwec =1 j—1

+ | {lijﬁgag ((1)) El1]5202( *)} (Ug - tk5) + ‘ {lijUQBo( ~) Elzya2ﬁo( )} (60 - tkl)”
+ | {lz‘jagﬁl (‘L’) Elwazm( )} (/81 — tk2 | + | {l1j0'20'2 ) Elwaza2( )} (Ui - tk3)”

+ 1 {lijo2,(@) = Elijo2p, (W) } (B2 — tea)| + | {lijo202(@) — Eljjp2p2(w*)} (07 — tk5)!] ,

where we have applied the results from (3.2.16), (3.2.17), (3.2.26) and (3.2.28). Next, We have

that

- -1 _ — Bo — T, 51
L —EI.. N=|—morou — -0 - - -
’ ijo2Bo (w) ijo2Bo (w )‘ |(0_2 + mz0’2)2 (y /80 Z;. /81) ’ mi (5’3 i :;_)2

From Condition A4, we know max << |Z; | < 0o. Thus we obtain [l;;,23, (@) —E l;;525, (w*)| =
Op(m; )Slmllarly,wecanshowthat|lmgzﬁl( ©)—Eljjo2p, (W) = Op(m; )and|lljazaz( w)—

Eljjg2q2 (W*)| = O,(m;?) as my, — oo. Since w € C(ty), then we have |Gy — t31| < g ~1MM,

|61
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Thus, we obtain

2 (w) * —
3, sup n” ZZ| Vol (@) - B{ Vel (@) }] (@ )l
_ R
= win {0(g 1),0(nZg"im;?)}
= o0p(1).

Lemma 15. Suppose Condition B holds. As g — oo and my, — 0o, then we have

S I [E{Tee ) BT wn)] @ ol = o).
K2 (w—wo)|<M i=1

| sup n %ZZ| [ {V¢ w) )}—Ev¢§;”>(w0)] (w—wp)| = o(1).
K2 (w—wo)|<M i=1 j

Proof. For the first equation of lemma 15, we have
1
s g 2> [E{vel @)} - B{vs(wo)}] (@ - wo)

g
< s gt Y IE{Ve (@)} — E{Vu{"(wo) | |IK|[K? (w - wo)

K2 (w—wo)|<M =1
g
< swo g Y IE{VP @)} - E{ve o)} I,
K (wwo)| <M i=1

1 1 .. . .
where ||[K™2|| < g~2L andL and M are both positive constant. For convenient calculation, we

denote (; = o3y G = dezTJ) and h;(Bo, B1) = (Bo — Bo) + %:.(B1 — Bi1). Since
|K7%(w — wp)| < M and Condition B4 implies that z; and 563 are bounded as ¢ — oo and
my, — 0o , then we can show that |5y — ,5’0| < g_%M, |51 —61] < g_%M, lo2 — 72| < g_%M,

. 1 1 .
|B2 — 2| <n~2M, and |0? — 62| < n~2M. As aresult, we obtain

|hi(Bo, B1)| = |(Bo — Bo) + Zi.(B1 — B1)| < g M,

GGl = g Ty G o) mille” — 00y oty
(024 mo2) (62 4+ mica?) “(02 4 mio2) (6 + mic,?)
G- ’(0'62 +mica?) = |(0"e2 —02) +mi(0a® — a)| <ot
Gi (02 +mio3) (02 +m;o3) -
(3.3.3)

Next, applying the results of (3.2.18), (3.2.19), (3.2.20), (3.2.21), (3.2.24) and (3.2.25), we calcu-
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late the terms in || E{V%(b

| E{ligo, (w)—ligyp, (wo) }H =

and

(w) - vy

| E{ligo80 (@) — Ligopo (wo) }| =
| E{ligos: (@) — Ligop, (wo) } = (¢ —
| E{ligg02 (W) — Ligyoz (wo) }] =
| E{ligyoz(w) = Ligyoz(wo) } =
| E{lig, 5o (w) = ligigo (wo) }| =
| E{lig, 5, (@) — lig, g, (wo) }] =
| E{lig,02 (W) — Elig 02 (wo) }| =
| E{lig,02(w) — Elig,o2(wo)}| =
| E{lioz 5, (w) — ligz 5, (wo) }| =
| E{lisz5, (@) = lioz 5, (w0) } =
| E{lio202 (W) — lig242 (wo) }|

| E{lig, g, (w)—E i, g, (wo) }| =

[y G

[
mi 1 Chi(Bo, B1)| < g2 M,
[Chi(Bo, B1)| < g2 M,

|GF s,

(wo)}| as follow

: 1
|CZ - <z| < g_2M7

()7 | < 9_%M,
hi(Bo, B1)| < g~ 2 M,
i(Bo, B1)| < g2 M,
— ()7 < g 2 M,
~ ()R < g,

hi(ﬁOa Bl) S g_%Mv

hi(Bo, B1)| < g~ 2 M,

= 156~ R B) + 2+ €

+ 581+ IR o, 1)

— )|+ ¢ RE (Bo, Br)|

— G)| + ¢ RhE (Bo, Br)

< 1562 = 5+ 361+ 16802050,
¢3
2L 2
(G = 560) Q
— ¢ <1—§> LG+
<I¢7 (1—Z)|+*!(Cz+g)|l(
<g iM,
| E{liaaog (w) - liagaz (“JO)H
It follows that
g

sup

1
K2 (w—wo)|<M i=1

g Y HE{Ve )} -

B{ V0" (wn) }}(w —wo) = Ola

| E{lioz 5, (W) =lig2 5, (w0) }| = 0,

1 1. 1;
=miIpCf = GRG0, ) + £+ 500 < g rmy M.

[N
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The second equation of lemma 15 again requires more care. From (3.2.26), (3.2.27), (3.2.28)
and (3.2.29), we have

g my
1
sip nE Y S E{ Vel ()} - Ve (wo)] (@ - wo)l
K2 (w—wo)|<M i=1 j=1
g my
L L
< sup n_ézZD{E Jf;u()w)—E jﬁgfdwo)}(w—wgﬂ
K3 (w-wo)|[<M  i=1j=1
lio2(@)  ligoz(w)
ijo2 _ ijo?2 _
+|{E S E 5o }(w w0)|]
L g my )
< s S B lsn(@) - Bl @o)} (B — B2)l + [ Elijae @)(0? — .2)
1
K2 (w-wo)|<M =1 j=1

+ | Elijcrgﬁo (w)(ﬂ() - 60)| + |Elij0351 (w)(ﬁl - 51)| + |Elz’jcr§a§ (w)(o’g - O:a2)|

+ | Elija§52 (w)(BZ - 62)| + | {Elijagag (w) - Elijagcrg (wo)} (0’3 - de2)| :

Note that some terms such as E{l;;, ,2(wo)} = 0 have already been set to zero in the above upper
bound. Since |K%(w — wo)| < M, as g,m — oo, then we can show that |3y — | < g2 M,
81 — Bl <
combining the results of (3.2.26), (3.2.27), (3.2.28) and (3.2.29), we get

2| < g M, |By — Ba| <m 2 M, and |02 — 62| < n~2 M. Thus

. 2 .
{E lijgap, (@) — Elijgyp, (wo)} (B2 — B2)| = ITSZw(Bz — Ba)| < n7'M,

[Blysr(@)(0? = 62| = | =~ (6 — f2)(0? — 53] < n' M,
| Elijo28,(w)(Bo — Bo)| = (Jrnil)[(ﬁo — Bo) + #:.(B1 — B1)](Bo — Bo)| < g tm; M,
—Z;.

| Elijo2p, (w)(B1 — B = | [(Bo — Bo) + Zi.(B1 — B1)](B1 — Br)| < g 'm; M,

(62 +m;o2)?

1
’E 1]0'2,82( )(/62 _/82)| = ‘0_4 zgw(ﬁQ - ﬁ?) | < n_lMa

B0 9) ~ Bl (o)} o = o) < mi15¢E =GR G0, 30) + £} + 5ok = )

i

< g 'm;*M,
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and

’ E{lijagag (w) —E lijogag (wo)}(dg - 0:62)|

= 1| gmite = mite (R0 + 7+ 5t = S { Sl - = Pt

L 3.0 M—G| 2 .2
Fgmie +2n0’e4}(06_06 )
S\mfs[;@—mZP’C?’{h?(ﬁo,&)JrE} 3 —3<](a — )|

+r["‘i’—1{ Shulfa — o) —;gde2}+§‘.i]<a§—d£>r

2no o0 g0e
< gy 2M+y<2m§—Ulg”;gd;+§n;§)<as DI+ g Shula — P (02 - 62
<glm IM g im M+ ”;%(U{l — o= oot 2; 4)(03 ¢.2)

-1 -1 _3 -3 n—g, 1 o 1/ 1 1 .
<g7tm g b 0 (12 % ) g (- le? - 6
e e

_1 5 3
<g'm; *M+gzm; *M+n'M

Therefore, we obtain

sup n %zgjiy[ E{Vel ()} - BEVel (wo)] (@ - wo)l

K2 (w—wo)|<M =1 j=1

_ L 11 -2
= min {0(n=2), O(nzg™ m; ")}
=o(1).

Lemma 16. Suppose Condition B holds. Then, as g — oo and mp, — o0,

sup K2 [(w) — t(wo) — E{9(w) — ¥(wo)}] | = op(1).

1
K2 (w—wo)|< M

Proof. Decompose the cube B = {w : |K%(w — wp)| < M} into smaller cubes C = {C(tx)},
where M > 0 is a constant and {C(f;)} is a cube containing w € C(t;) = {w : |K%(w -

wo)| < M g_%}. Let N = g%.We first show that lemma 16holds over the C of fixed ¢;, =
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(tg1, tko, ths, tha, tk5)T. Using Chebyshev’s inequality, for any n > 0, we have

N
> Pr (JK % () = t(wo) — E{(tx) — lwo)}]| > n)
k=1
N
<0 2 Y E[KE [$(t) — $(wo) — E{v(t) — (wo)}] |
k=1
N
=023 Blg# [60 () — 6O (wo) - B {®(ty) - 6@ (wo) }] 1
=t (3.3.4)
+ 23 ElnE (90 (6) = ) (wo) — B {0 (1) — ) (wo) }] 1
k=1
N
=727 3B [l (t) - 6@ (wo) — B {0 (k) — v @ (wo) } ]
k=1

N
0 3B [ () = 6 (wo) — B {6 0) (w0 } ]
k=1

For the first term of (3.3.4), we can use the result of lemma 13 and a Taylor expansion to obtain

m?ﬁéE[w(b( ) = 00 (wo) = E{oO(t) — v (wo) } 2]
<n g éE {18® () =@ wo)?}

=0 ?E!\ Zg;{wﬁb)@) w”<wo>}|21
SEEHI {10 @0) = v (wo) 2}

=% ,fiZE {IVe @)t —wo)

. _1 _1 .
where w is between ¢, and wg. Because |[K™2|| < g~ 2L for a constant L > 0, then it follows

that
N g N g
172 S Y BLVe @) - wo) P} <0727 S0 S B {IVel @)K K (4 — wo) )
k=1 i=1 k=1 i=1
<n g ML Z ZE Ive” (@)
k=1 1=1

= 0,7 1) = 0y(1).

Similarly, for the second term of (3.3.4), we apply the result in lemma 13 and a Taylor expansion
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to obtain

N
n2n SB[ (1) — ) (wo) — B {0 (1) — 9 (wo) } 2]
k=1

o {Jol
:nznlizg:ZE{\ tk—wo)|2}
k=
2 —1§:zg: E{||V7,Z)U )12 2K (1 — wo)l }

N g my;
<n g 1n—1M2LQZZZEHw @)
j=1

= Op(g_%)-

Next, we show that the difference between taking the supermum over a fine grid of points and over

B is small. Using a Taylor expansion, we have

max_ sup [K~2 [(w) — 9(ty) — E{p(w) — ¢(t)}]|

LI<k<Nec(ty)

< max sup ¢ 2|@ZJ ( ) — ¢(b)(tk)—E{¢(b)(w)—¢(b)(tk)}|

1<k<Nw€C(tk)

+ max sup n 2|1/1 )(w) — ¢(“’)(tk)—E{¢(w)(w)—w(w)(tk)}l

1<k<NweC( %)

= max sup ¢ ;|zg: [ b)(tk;) —-E {%(b)(“’) - %(b)(tlc)}} |

1<K<N e (ty) P

+ max sup n 2]22[ (2 lbfjw (tr) — E{%}”)(w)—«ﬁff)(tk)}}l

1<k<Noec(ty)

i=1 j=1
< TSP o QZW i) - E{%f)f”)(w%%b’@w}'

IN

1<k<Nyec(ty)

g
max sup ¢ §Z|{V¢(b EV¢ ( )}(w*tk”

+ max sup n 2ZZI{V¢(w EV?/Jw)( )}(W—tk)’

1<k<Nyee(ty, P

(3.3.5)
where w1, W, w] and wj are between t;, and w. The required result follows from lemma 14. [
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Lemma 17. Suppose Condition B holds. Then, as g — oo and my, — oo,

sup K72 [E {$(w) — ¥(wo)} — B {Ve(wo)} (w — wo)]| = 0,(1):

1
K2 (w—wo)|<M

Proof. Write

K™ 2 (w—wo)|<M i=1
g m
+ s Y Y [E{el @) - el we) } - B{Vel wo)} (@ - wo) |
K2 (w—wo)|<M i=1 j=1

b S [B{Ve @ ) - (e w@0)] - e
KE (w—wo)|<M =1 j=1

where w; and w» are between w and wg. Then the required result follows from applying lemma

15. O

3.3.1 Proof of the main theorem

Proof. We write

K 29(w) = K2 [1h(w) — (wo) — E{eb(w) — t(wo)}] + K2 {th(wo) — &(wo)}
+ K2 [E {9(w) — ¥(wo) — Ve(wo)(w — wo)}]
+ K7 [€(wo) + E{V(wo)} (w — wo)].
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From (3.2.9), we have have

_1
K72 {9(wo) — §(wo)} = 0p(1).
Also, from lemma 16 and lemma 17, we have

sup K2 [(w) — $(wo) — E{¢(w) — ¥(wo)}]| = 0p(1)  and

1
K2 (w—wo)|< M

sup K72 [B{g(w) — (wo)} — B{Ve(wo)Hw — wo)]| = 0,(1).

1
K2 (w—wo)| <M

On combining above equations, we can see that, uniformly on K? (w—wo) <M,
K 24¢h(w) = K™ 2&(wo) + BoK2 (w — wp) + 0p(1), (3.3.6)

where B, = —K 2 E{Vw(wo)}K_%. The right-hand side of (3.3.6) is mainly determined by
the negative of the quadratic form of B,, and is negative for M sufficiently large. Therefore, apply-
ing to Result 6.3.4 of Ortega and Rheinboldt (1973), we conclude that a solution to the estimating
equations exists in probability and satisfies |K_% (W — wg)| = Op(1). The asymptotic represen-
tation follows from lemma 16and lemma 17. Moreover, Lemma 12 implies that the Lyapounov

condition holds and hence the asymptotic normality result follows. 0

3.4 Adjusted Maximum Likelihood (AML) Estimating Equations

In this section, we derive the asymptotic properties of REML estimates in nested error regression
model for the unbalanced data setting. Again if we use same approach as in Chapter 2, then it
will result in excessively tedious calculations along with further restrictive conditions that need
to be imposed. This is because we used a balanced structure in Chapter 2, where t m; = m for
¢t =1,...,g. However, in this chapter, we consider the general data case (unbalanced data), which
does not allow us to exploit the convenience of a balanced structure. For example, we cannot obtain
very elegant results like (2.4.9) in unbalanced data. Thus, we require an alternative approach to
obtain asymptotic properties of REML estimators in the nested error regression model. We begin
by constructing an adjusted maximum likelihood (AML) in the proceeding section.

T'=nl z,... 1Tgig] and xT' = [xT,... xT

Let X = [1,,X,x — X, where X ;X |. Then we

rTm

rewrite (3.1.3) in general matrix from as from

y=XB8+Zia + Zse. (3.4.1)
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In this case, Z; = diag{1.,,, ..., 1m9} and Zy = I,,. We can also rewrite (3.1.4) in general form
as
1 1 1 Txr—1
l(y;B,8) = —gnlog2m — 5 log[V(0)| — 5 (y — XB)" V7 (0)(y — XB). (34.2)

Therefore, we obtain the adjusted log-likelihood function from (3.4.2) after adding log || X7V ~1(8)X]],

resulting in

1 1 1 _ 1 _
La(y; B,0) = —gnlog2r— log [V(0)|—5 (y=XB)" V™H(8) (y—XB)— log [ XV (0)X].
(3.4.3)
We denote the adjusted maximum likelihood estimating equation as ¢4 (w) = 0, where ¢4 (w) =
[lAﬁo (w), Lag, (w), lAag (w), lag, (w), ZAUE (w)]T'

To obtain the asymptotic properties of the AML estimator @ 4, we require one more lemma.

Lemma 18. Suppose Condition B holds. As g, mj, — oo,

sup g 2 e[{XTV Y O)X} XTIV L(0)Z,ZTV(0)X] = 0,(1), and
K3 (w—wo)|<M

sup  n 2 te[{XTVHO)X} XTIV (0)Z,Z2T V- 1(0)X] = 0,(1).
K3 (w—wo)|<M

Proof. We calculate

2
lim sup tr[{X'VH(O)X} ' XTV(0)2, 2] VT (0)X] = =
1
lim sup tr{X"V(0)X} ' XTVT(9)2,Z; VT (0)X] = .
Thus, we get the following result. O

Theorem 4. Suppose Conditions B and C hold. Then there exists a solution w 4 to the adjusted
estimating equations 1 4(w) = 0, satisfying ’K%(@A —wo)| = O0p(1), as g — oo and my, — oo,

where K = diag[g (), nI,,)]. Moreover,
K2 (@ — wo) = BTTK2¢(80) + 0, (1), (3.4.4)

whence

K2 (&4 — wo) 2, N(0,B'GB™)). (3.4.5)
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Proof. We have

l(y;3,0) _ la(y: B,6) _ XTV7(0)(y - XP)

0B oB
ol(y;3,8) dla(y;B,0) 1 _ - _ _

(}éag ) _ A(ayag )—Qtr [{XTV L)X} 'XTv-1(0)2,2TV I(G)X}, (3.4.6)
ol(y; 3,0 Ola(y:;: 3,0 1 _ - _ _

%Jg ) _ A(gggﬂ )—2tr [{XTV L)X} 'XTV-1(0)Z,Z1V 1(9)X}.

From lemma 18, we have

K 2t)(w) = K 294 (w) + o(1). (3.4.7)
Thus, we can write
sup K_%wA(w) = sup K_%d)(w) +o(1)
K3 (w—wo)|<M K2 (w—wo)| <M

= sup K77 {9(w) — d(wo) — E {th(w) — t(wo)}}

1
K2 (w-wo)| <M

+ o sup K2 {1)(wp) — £(80)}
K2 (w—wo)|<M

+ s K2 [E {¢)(w) — ¢(wo) — Vib(wp)(w — wo)}]
K2 (w—wo)|<M

+ o sup K2 [€(60) + E {Vih(wo)} (w — wo)] + o(1).
K2 (w—wo)| <M

Applying (3.2.9), we obtain
K2 [1(wo) — £(00)] = 0,(1).

Also, combining lemma 16 and lemma 17, we obtain

sup K2 [(w) — $(wo) — E{9(w) — ¥(wo)}]| = op(1),

1
K2 (w—wo)|< M

and

sup K72 B {$(w) — d(wo)} — E{Veh(wo)} (w — wo)] | = 0,(1).

K3 (w—wo)| <M
. . . 1
Thus, on combining above equations, we can see that, uniformly on K2 (w — wg) < M,

K 24h4(w) = K 2€(00) + B, K2 (w — wp) + 0p(1), (3.4.8)

where B, = ~K 2 E {Vi(wo)} K 2. The right-hand side of (3.4.8) is mainly determined by

the negative of the quadratic form of B,, and is negative for M sufficiently large. Therefore,
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applying to Result 6.3.4 of Ortega and Rheinboldt (1973), we conclude that there exists a solution
to the estimating equations exists in probability and satisfies ‘K_%(L:J A —wo)| = Op(1). The
asymptotic representation follows from lemma 16and lemma 17. Furthermore, the Lyapounov

condition holds and hence the asymptotic normality result follows. O

3.5 Restricted Maximum Likelihood (REML) Estimating Equations

Turning to the residual log-likelihood function, we write

LYTP(O)y, (5.1)

1 1 1 _
lr(y;0) = —5(71 —r)log2m — 5 log|V(0)| — B log |XTV 1(45’)X| b

where P(8) = V71(0) — V7 1()X{XTV~10)X}'XTV~1(0). We write the REML esti-
mating equation as ¢g(0) = 0, where Yg(0) = [Ir,2(0), [r,2 (0)])T with

IRo2 (6) = —% tr {V10)Z:1Z] } - %tr ({XTV ()X} !XTV H0)Z,Z] V(0)X]
+ %yTP(B)lelTP(G)y,
Ipo2(0) = —% tr {V1(0)Z22]} - %tr {XTV-He) X} 'XTVH0)Z. 23V (0)X]

1
+ inP(H)ZQZéFP(O)y.

(3.5.2)

We find that [z (y; €) is the profile version of [ 4(y; 3, ). That is

~

Ir(y;0) = s%p la(y; B,0) =1a(y; B, 6),

where 3(8) = {XTV—1(0)X}1XTV~1()y is obtained by setting the first equation of (3.4.6)
to zero. The AMLE for 6, which is the second component of the pair (3, 6) that maximizes
l(y; 3, 0), is the maximizer of the profile likelihood function. Put simply then, the REML estima-
tor is defined by "taking the supermum in two steps." Patefield (1977) showed that in parametric
models, the inverse of the observed profile information is equal to the & component of the full
observed inverse information.

To see this, we first obtain the derivative matrix from the AML estimating equation, D 4(y; 3, 0),

Pla(y:B,0)  8%a(y;6,9)

. _ | oBopT 006"
Da(y;8,6) Pla(yiB8,0)  9°la(yiB.0)
0008" 0006™

Edwards (1984) defines the information matrix F 4(y; 3, 0) as the inverse of the matrix of second



94 CHAPTER 3. UNBALANCED DATA: ASYMPTOTIC ANALYSIS OF ML AND REML

partial derivatives of the log-likelihood function,

Faps(y:8,0) Fage(y;:B,0)

Fa(y;3,0) =D, (v:3,6) =
Fa05(y;3,0) Fage(y;3,0)

If this information matrix of the log likelihood function is divided into sub-matrices corresponding
to the parameters 3 and 0, then it can easily be shown that the sub-information matrix related to
0 is given by

_ [Pl B,8)  Pla(y;B.6)

FAOO(y;IBJO) - 8080T 808,3T {

*laly;3,0) }_1 *laly; 3,0) -
0B08T 0B06"
(3.5.3)

The maximized function is essentially the projection of the profile of the log-likelihood function

onto the @ axes. This is leads to the lemma from Patefield (1977) .

Lemma 19. For each @ € O, the sub-information matrix F 49¢(y; 3,60) with 3 replaced by
B(0) = {XTV-10)X} ' XTV~Y0)y is equal to the information matrix of the profile (maxi-

mized) likelihood function.

Proof. The proof follows directly from the definitions of the profile (maximized) likelihood func-

tion and 3(6). For each 8 € ©, B(8) is a solution of the fixed effects likelihood equations,

Ola(y; 3, 0)

—0. (3.5.4)
B 'ﬁ=é<e>

Differentiating both sides of (3.5.4) with respect to 6, we obtain

8{meﬂﬁw }:0
06 B |a_pe) '

To simplify the derivatives, according to the implicit function theorem, we have

éﬂMw@@’ L 98(9) mam@m' 0
0008" lg—pe) 90 | 988" la—pe))

from which we obtain

9pO) _ M;ﬁ"’)‘ W‘ _l, (3.5.5)
0 2008T | 5_p(e) 0BIB"  |p=pe)

When 6 € ©, we see that the profile (maximized) likelihood function is given by lr(y;0) =

lafy; B(H), 0}. Differentiating the profile (maximized) likelihood function with respect to 6, we
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obtain
Olr(y:0) _ 3lA(y;ﬂ,9)‘ L 98(9) {WA(y;ﬂ,@)’ } _ (3.5.6)
06 90 lo=pe) 99 9B ls=pe)
Substituting (3.5.4) into (3.5.6), we get
Olr(y;0) _ 9la(y:B3,6) _ (3.5.7)
09 90 ls=pe)

Differentiating both sides of (3.5.7) with respect to @ again, we obtain the negative of the infor-

mation matrix of the profile(maximized) likelihood function as

ym@wL:$MWﬁﬁw L 0B(0) aﬁuwﬁﬁw (358)
00067 00007  |s_pe 00 0B98"  ls—pwo) ) -

Substituting (3.5.5) into (3.5.8), we obtain

_ Plp(y;90)
0000"

_ 821A(y;[3,9)’ B 32lA(y;ﬂ,0)' alA(y;ﬂ,H)’ ~ 2%14(y:8,0)
96000"  |5_50) 0008"  |5_p(0) oBoB"  la—p) 08067

We calculate the information matrix Fr(y; @) of [r(y;0),

Fr(y;0)

- {a%R(y;m }‘1
50007

o a2zA<y;ﬂ,e>‘ ) a?lA<y;ﬂ,0>' azA<y;ﬁ,0>‘ @1a(y:8.0)
9600"  |5_50) 0008"  |5_p(0) 0B0B"  la—pe) 08067

= Fa00ly; B(0),0}.
(3.5.9)

Thus, comparing (3.5.3) and (3.5.9), we can see that the sub-information matrix F 499 with 3

replaced by [3(0) is equal to the information matrix of the profile (maximized) likelihood function.

O]

Note that we start by the angle of the between parameter w(®) and the within parameter w ()
before (3.4.8). Now, we change the angle into the fixed parameter 6 and the random parameter 6.
From (3.4.7), we have

K 244(8, 00) = K2£(69) + 0,(1).

‘ﬁ=ﬁw

‘ﬁ=ﬁw
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Furthermore, from (3.5.7), we have

Vr(00) = 1a{B(60), 00}

Combining the above results, we obtain

1

_1 _1
K?r(00) = K5?ER(00) + 0p(1),
where Kp = diag(g%,n%) and R(60) = [503(00),503(00)]T from (3.2.10). Moreover, we also
have
g—00 mp,—00

_1
GR: lim lim Var{KR2§R(00)}.

Comparing this with (3.2.12), we see that G is the random parameter part of G.

Thus, we can straightforwardly obtain the following main result on the asymptotic properties

of the REML estimator.

Theorem 5. Suppose Condition B holds. Then there exist a solution 0 R to the REML estimating

1
equation Yr(0) = 0, satisfying |K},(0r — 60)| = Op(1), as g — 0o and my, — oo. We have
1. Lo, —1
K}%(BR — 90) = Bé KR2§R(90) + Op(l),

and

N
KZ2(0r —60) 2, N(0,B;'GrBRY),

N

_1 _
where Bp = limg 1, 500 Kp? E{V¥YRr(00)} Kz>.

Proof. We divide the AML estimator w 4 into the fixed parameters B(O) and the random parame-

ters 6 4 , and we also partition ¢4 (w) into two components, Y ar (3, 0) = [lag,(8,0), 145, (B,0),145,(8,0)|"
and Yar(B,0) = [l4o2(8,0),1152(8,0)]7. It follows that Vipap(B,0) = 2240 and
Viar(B,0) = Z4520

N

_1 _
For the fixed parameters, we let Bor = limg_o0 limy,; 00 Kp? E{V9Y4r (B, 00)} K
_1
and G zr = limg_,o0 limyy,, oo Var {KF2§F(00)}, where Kp = diag(g%,g%,n%) and {p(00) =

€5,(00),&8,(00), &5, (09)]" Thus, we can rewrite (3.4.4) and (3.4.5) as

A

(B—By) = B;%K}%&:(Go) + 0p(1) (3.5.10)

’"qw\»—t

K

and

1
K2(B—By) 2. N(0,B LG arBL). (3.5.11)
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N

_1 _
For the random parameters, we denote B sg = limg_,o limyy,; —s00 Kp? E{VY4r(8y,00)} K

_1
and G gg = limg_,o limy,; oo Var {KR2 ¢r(6o) }, where {g(00) = [€,2(00), 52 (69)]". Thus,
we can rewrite (3.4.4) and (3.4.5) as

1, _1
K%(04 — 00) = BprK2Er(00) + 0p(1), (3.5.12)

and

1,
K2 (04— 60) 2, N(0,B;LG4zB7L). (3.5.13)

From (3.5.7), we find that the REML estimating equation for 8 equals the AML estimating equa-
tion for 6 with 3 replaced by 3(8). Therefore we obtain ¥r(8) = ¥ 4r{3(8), 0}, and conse-

quently, we can find Op=0,4 satisfying

Vr(Or) = Yar{B(8),0.4} = 0.

We also have Vipr(0) = Vipar{B(6),0}, so Byr = Br. The required result follows from
this. O

3.6 Discussion

We have established the asymptotic equivalence and asymptotic normality of the maximum like-
lihood and REML estimators of the parameters in the nested error regression model under very
mild conditions when both the number of clusters and the cluster size increase to infinity but the
rank of the design matrix for X, is fixed (Jiang (1996)) .The results show explicitly that the be-
tween and within parameters are estimated at different rates and are asymptotically orthogonal.
This means that within cluster covariates should have their between cluster contribution (as repre-
sented by the within cluster means) separated out and included in the model as contextual effects.
One motivation for allowing the cluster size to increase with the number of clusters is that this
is required for consistent prediction of the random effects. We have not considered prediction of
the random effects explicitly in this chapter but will do so in next chapter. The model we have
considered is a simple linear mixed model. It is of interest to extend our results to more general
linear mixed models and indeed to generalized linear mixed models. We explained the conditions
that are needed and described the form of the asymptotic variance of the estimators that we obtain
when we have multiple covariates in the model. It is also of clear that we can extend the hierar-
chical structure of the model and allow for more variance components. The effect is to increase

the sets of parameters (beyond just between and within) so that there is a set for each level in the
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hierarchy, with the parameters in each level converging at a different rate and the limit distribution
having a diagonal block for each level in the hierarchy. Of course, this means that the covariates
need to be appropriately centered at each level of the hierarchy and the centering means (them-
selves recenter) included as contextual effects in the higher level. We plan to treat this problem
in subsequent work. Finally, the maximum likelihood and REML estimators are not the only es-
timators of interest for the parameters of linear mixed models. Other estimators (including robust
estimators) are available and it is also of interest to derive their asymptotic properties. We expect
that the form of the asymptotic covariance matrices for these estimators will be block diagonal
with a separate block for the parameters at each level in the hierarchy, just as we found for the

maximum likelihood and REML estimators.



Chapter 4 Asymptotic Properties of empirical Best Linear Unbiased Pre-

dictors (EBLUPs) for Hierarchical Linear Mixed Models with Large Un-

balanced Cluster Sizes

Part of this chapter was submitted as a paper to a statistical journal for publication.

4.1 Introduction

Mixed models are a general class of statistical models that relate response variables to observed
covariates or explanatory variables and to unobserved random terms called random effects. The
random effects are included to capture sampling from a population, describe dependence, produce
parsimonious models and/or improve prediction. The realized values of the random effects are
explicitly important in some prediction problems, but are otherwise often treated as nuisance terms
in the model. Since model fitting typically involves integrating (either exactly or approximately)
the unobserved random effects over their distribution, even when they are not of direct interest,
the random effects play an important, implicit role in fitting and using the model, so it is a good
practice to obtain estimates or predictions of the random effects and use these to investigate their
distributions.

In linear mixed models, the most widely used estimates of the realized values of the random
effects are empirical best linear unbiased predictors (EBLUPs) which are estimated versions of
best linear unbiased predictors (BLUPs) derived by Henderson et al. (1959); see for example
Henderson (1975), Robinson (1991) and Jiang (1998). EBLUPs have been used in prediction
of breeding values (Henderson, 1984) and small area means (Battese et al., 1988) as well as in
many other application areas. Many predictions are presented as point predictions; others use the
approximations to their prediction mean squared error under normality developed by Kackar and
Harville (1984) and Prasad and Rao (1990) to give some measure of uncertainty. Diagnostic

methods using EBLUPs are discussed in, for example, Lange and Ryan (1989), Verbeke and
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Molenberghs (2000, ch 7), Pinheiro and Bates (2000, Sec 4.3.2), Nobre and Singer (2007), and
Schiitzenmeister et al. (2012). In spite of their wide use in practice, very little is actually known
about the theoretical properties of EBLUPs. Jiang (1998) gave conditions under which EBLUPs
are consistent for the random effects and obtained a consistency result for the empirical distribution
of the EBLUPs, but there are no results on the asymptotic distribution of EBLUPs. In this chapter
we consider a particular linear mixed model and derive the asymptotic distributions of EBLUPs.

Now, we study the nested error regression model (3.1.1) from Chapter 3. We write
yl]:M(xZ])+aZ+eZ]a j:17"'7mi7i:17"'797

where 4(x;;) is the conditional mean of the response given the covariate x;;, c; is a random effect
representing a random intercept or cluster effect and e;; is an error term. We assume that the
{ci} and {e;;} are all mutually independent with mean zero and variances (called the variance
components) o2 and o2, respectively. We do not assume that these random variables are normally
distributed so the responses y; are not necessarily normally distributed. Also, we use a dot above
a parameter or function of the parameters to denote the true value of the parameter or function of
the parameters.

In general, the mean function y and the variance components o2 and o2 are unknown and are
estimated from data. Estimating the parameters in the model under the asymptotic setting in which
my, — oo and g — oo is more complicated than doing so in the more familiar setting in which my;
is bounded as g — oco. From Chapter 3, we derived asymptotic results for maximum likelihood
and restricted or residual maximum likelihood (REML) estimators of the parameters in the model
(3.1.1) with a linear mean function as g and my — oo. We found that the mean function y in the
model (3.1.1) needs to be formulated in a particular way. Specifically, subtract the cluster means
of the covariates that vary within clusters (within cluster covariates) from these covariates and then
group the centered covariates into x;; — Z;.. The centering ensures that Z;’Zl (xi; —Z;.) = 0 forall
¢t =1,...,g. Then group the means of the within cluster covariates that are not all identically zero
(contextual effects) with all the remaining covariates (between cluster covariates that are constant

within clusters) into a covariate that we denote Z; and set

Bo + Pr; if z;; =
(i) = B ) . ,
Bo + B1Zi. + Ba(wij — i) otherwise
where [y is the unknown intercept, 3; is the unknown between cluster slope parameter and o

is the unknown within cluster slope parameter. Centering the within cluster covariates is very

important for the asymptotic properties of the maximum likelihood and REML estimators when
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m; — oo because the maximum likelihood and REML estimators of within cluster slope pa-
rameters and between cluster slope parameters have different asymptotic behavior from Chapter

3.

Under the model (3.1.1) and (3.1.2), we can write the BLUPs «; as

Gi = %(y — Bo — 3 ). @.1.1)
The EBLUPs ¢&; are the BLUPs &; evaluated at the maximum likelihood or REML estimators of
Bs and @ = (02,02)T. We establish the asymptotic distribution of EBLUPs under the model
(3.1.1) and (3.1.2) and very simple conditions which do not require normality. Our model has the
simplest possible random effect structure but is nonetheless still useful in practice. The advantage
of considering a simple model is that we can easily see how to derive the properties of EBLUPs
and why their properties are what they are. Our results on the asymptotic distribution of EBLUPs
lead to a very simple approximation to the mean squared error of EBLUPs that is easy to estimate
and use to construct asymptotic prediction intervals for the random effects. Our approximation
is so much simpler than those of Kackar and Harville (1984) and Prasad and Rao (1990) that we

present both a detailed theoretical comparison and a simulation study to explain and justify the

good performance of our approximation and its estimator.

Above of all, we study the special case of the model (3.1.1), the balanced one-way random
model, in section 4.2. Next, we discuss maximum likelihood and REML estimation of the param-
eters of the model (3.1.1) in Section 4.3. We describe the central limit theorem for the maximum
likelihood and REML estimators of the parameters as g, my — oo established from Chapter 3
under simple conditions which do not require having to assume normality. Then in Section 4.3.1
we obtain central limit theorems for the EBLUPs and use these to develop approximations to the
distribution of EBLUPs as the convolution of the distribution of the random effects and a normal
distribution. We apply the asymptotic results from Section 4.3.1 in Section 4.3.2 to obtain very
simple approximations to the mean squared error of EBLUPs. We discuss estimation of the mean
squared errors and show how to construct asymptotic prediction intervals for the random effects.
We present the results of a simulations study to compare the finite sample performance of our mean
squared error estimator with those of Kackar and Harville (1984) and Prasad and Rao (1990) in

Section 4.4. Finally, we conclude with a discussion in Section 4.5.
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4.2 Balanced One-way Random Model

We consider the special case of model (3.1.1) in which the jth observation in the ith cluster has

the representation
Yij = Bo + a; + €;j i=1,...,9;5=1,....,m, 4.2.1)

where () is the intercept, «; is a random effect with mean 0 and variance 03 and e;; is an error
term with mean 0 and variance o2. This model allows for tractable approximating expressions for

the MSE of predictors of «;.

4.2.1 Main results on REML estimators

To control the estimating function and derive the asymptotic properties of 6 from the estimating
equation, we impose the following condition.

Condition C
1. The model (4.2.1) holds with true parameters @ inside the parameter space O.
2. The number of clusters g — oo and the cluster size m — oo.

3. The random variables {c;} and {e;;} are independent and identically distributed and there
exists a § > 0 such that E|a;[**? < oo and E |e;[**® < oo forall i = 1,...,g and

jzl,...,mi.

These are mild conditions which are often satisfied in practice. Conditions C3 ensures that limits
needed to ensure the existence of the asymptotic variance of the estimating function exist and
that we can establish a Lyapunov condition and hence a central limit theorem for the estimating

function.

Theorem 6. Suppose Condition C holds. Then, as g, m — oo, there exists a REML estimator 6,

1,
satisfying |K3 (60 — 0o)| = O,(1). Moreover, it follows that

—1/29 - 2 4 _ -4
2(02 — 0 Eaj—0o 0
gl ( lo¢ « ) 2} N 0’ 1 o7
g 2m 2(62 — 6.?%) 0 Ee;lj — 0ot
Proof. The proof is given in Chapter 3. O

We can estimate variance components, o2 and o2, consistently when g — oo with m bounded.

2

If m — oo but g is held fixed, we can only estimate the within cluster variance o

consistently but
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2

not the between cluster variance o. The theorem motivates allowing both ¢ — oo and m — oo

.
to estimate both parameters of o2 and o2 consistently. In fact, Jiang (1997) showed that the
consistency of the REML estimator, in the case of balanced data such as in this case, holds in a

stronger sense, the so-call Wald consistency. See Theorem 3.1 of Jiang (1997).

4.2.2 Asymptotic properties of the EBLUP

Under the model, (4.2.1), the BLUP for «; is given by Robinson (1991)

m02

Q= m@i. —7.). (4.2.2)

Since the above expressions depend on the variance components 8 = (c2,02)". When 0 is
unknown, (4.2.2) is not calculable. It is customary to replace 8 by 6, a consistent estimator, such
as the ML or REML estimator by Harville (1977). The resulting expression is usually referred to
as the estimated BLUP (EBLUP) from Harville (1991).

Now, we study the asymptotic distribution of the EBLUP, using the central limit theorem for

the REML estimator of @ under Condition C. Let * denote the convolution of two distributions.
Theorem 7. Suppose condition C holds. Then as g, m — oo, we have the following results:

1. whenm/g — 0, we have
2. when g/m — 0, we have

3. when g/m — r, we have

where 0 < r < oo.

Remarks. The above results can be summarized succinctly by stating that for large m and g, we

have the approximation
de’ | da )
m g

o?i—ain(O,

Then since the leading term in the linear approximation to &; — «; can be written as

—a+ e + Op(gfémfé).
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It follows that approximately for large m and g,

2 2

Oe +£>’
g

b; ~ F, N(o,

m

where * denotes the convolution of two distributions. That is, the distribution of the EBLUP &;
is approximately the convolution of the distribution F, of a; and a normal distribution. In the
classical Gaussian version of the model, F' = N (0, 52) and the EBLUPs

- 2 : 2

dva<Qd§+Ue—+m¥)
m 9

The beauty of our result is that it holds very generally, even when the random effects are not

normally distributed.

Proof. We calculate

52
mog,

& = = (i — §.
-2
mao _
:A2 a/\2(az a+€2_e)
oz +maog
=2 52 =2
mao mao mao
=5 ——sl—ate —e )+ (5 = o) —a+e —e.) (423)
2 2 2 2 2 2
oz +mog o; +maos 07+ mo;
. 2
o
= —a+ée —e ——5————(—a+e —e.)
Oc” + moy

mae2(62 — 064°) +moy(62 — 6.2)

(G2 + M) (62 4+ mo2)

(a,- —a+e;, — é)

Using the asymptotic properties of REML estimator, 6 from Theorem 6, when g, m — oo,we

have

Then, we have an approximation for ¢&;

G = i — G+ &+ Oplg 2m™2), 4.2.4)

When g > m, we have
1
&; = o; + €+ Op(g_i)-
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When g < m, we have

1 1
di =o; — Q-+ Op(m_i) = (1 - E)al — ; Zak + Op(m_%)

ki
Moreover, let & = (&1, ...,44)7, and & = (o, ..., a,)’. From the approximation (4.2.4), we
have
a — e,
a—a=— +0p(1)
a— e
Thus, suppose Condition C holds, we obtain
. 2 . 2
a—aNwo 23, + %1,

4.2.3 Mean squared error of the EBLUP

For the mean squared error(MSE) of the EBLUP, from Theorem 7 and (4.2.4), we have our own

approximation
0?02

MSErw = E(4; — a;)? = =% +
g m

+o(1). 4.2.5)

Kackar and Harville (1984) proposed an approximation for the MSE of the EBLUP under normal
distribution. It also requires some stronger conditions including its third-order central moments

equal zero. In (4.2.1), Kackar and Harville (1984) gave an approximation to the MSE,

MSEKH = E(di — Clz‘)2 + E(OAAZ — di)2
.92 .92 .92 .92 . 2 : 4
o o o mo o 2(gm — 1 o
ZL‘F < = D) 01.2 - . 9 - .2+ 2(9 ) ) - .92 +O(1)
g m  gm (de° +moy®)  moe” +m2a, g*m(m — 1) (6.° + ma,?)

(4.2.6)

Prasad and Rao (1990) proposed another approximation for the MSE of the EBLUP based on
Kackar and Harville (1984). Prasad and Rao (1990) changed conditions but still required normality

and the approximation to E(d&; — &;)2.

MSEpr = E(a; — a;)? + E(&; — &;)?

P, S mao,> G2 2 4

q m gm (6.2 +mo?)  md.’ +m2a,’ ' .




106 CHAPTER 4. ASYMPTOTIC ANALYSIS OF THE EBLUP

We notice that MSEyy is able to be applied to more general case (non-normal case), but both the

MSEg and MSE pg are only applied to normal case. We calculate

MSE;w — MSE = ——— 5=
LW K (G2 +md?) g  m  ¢®>m(m—1)

1 ] ] (4.2.8)
= O(g—m) + O(m) + O(W)
and
012 .oz2 1 2 .62
MSErw — MSEpgr = #{L + — — 0-7}
(02 +moy®) g m  glm—1)
! 4.2.9)

-0 +O(y) +0<g;2>.

We can find that our approximation has small difference with Kackar and Harville (1981) and
Prasad and Rao (1990), as g, m — oo. When g > m, we have MSE;;y — MSEx gy = O(#)
and MSE w —MSEpr = O(-l). When g < m, we have MSE iy — MSEgpy = o(1) and
MSErw — MSEpgr = o(1).

When the last term of (4.2.8) ,%2 +1— % > 0, we calculate

1 1
B S 9(1— =02 — (m— 1)0a2 (4.2.10)
agm

g

We can find that for large m, our approximation is larger than the approximation of Kackar and

Harville (1984). Similarly, when the last term of (4.2.9) ,%2 + % — 9(272'672 0 > 0, we calculate

m—1

g > 20,2 — (m — 1)d,2 (4.2.11)

We can find that for large m, our approximation is larger than the approximation of Prasad and

Rao (1990).

When we get a large sample size (a large number of independent clusters and large cluster
sizes), the difference between our approximation and MSE i ;7 and MSE pr is minimal. However,
in our approximation, it is not necessary to suppose that the model under the normality and the
Condition A we set are much milder and often satisfied in practice. Balanced one-way random
model is a straightforward case of the nested error regression model so that we can easily calculate
the approximation to the MSE of EBLUP from Kackar and Harville (1984) and Prasad and Rao
(1990) then check the difference with our approximation. In general case (non-normality), when
we calculate approximations to the MSE from Kackar and Harville (1984) and Prasad and Rao

(1990), it always requires us to check whether if it satisfies with their conditions and also needs to
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ensure that the model is under the normality. However, from (4.2.8) and (4.2.9), we still can use
approximations of Kackar and Harville (1984) and Prasad and Rao (1990) without their required

conditions (including normality) as g, m — o0.

4.3 Nested error regression model

In this section, we consider the general nested error regression model (3.1.1) with the conditional

mean p(x;;) from (3.1.2)

Bo + Brx; if x;; = x;
p(wij) = ' Y " for t=1,...,9 andj=1,...,my,

Bo + B1Zs. + Po(xij — T5.)  otherwise
where the s are unknown coefficients, called regression parameters or fixed effects, and z;, =
m; ! 2y xij is the within cluster mean of the explanatory variable.
Under the model, the BLUP for «; is given by
= % (g Gy — 5, 6) (43.1)
o = i. — Bo— Zi.1). 3.
1 O_g + mzo_gé yZ. 0 7.M1
When Ss, 02 and o2 are unknown, (4.3.1) is not computable. It is customary to replace them
by consistent estimates such as ML/ REML . The resulting expression is usually referred to as

estimated BLUP (EBLUP) from Harville (1991). We get the EBLUP,

miéi

& = 52— — Bo— Zi.p) (432)

/\2 A
og +mio},

Note that the EBLUP is no longer a linear function of the observations y;;. We first prove a central

limit theorem for the variance components under mild conditions.

Theorem 8. Suppose Condition B holds. Then Maximum likelihood and REML estimators ﬁ =
P . 1 1
(Bo, B1, B2) " and 0 = (63, 62)", satisfy [K3, (B — By)| = Op(1) and [KZ, (0 — 8o)| = Op(1),

respectively, as g, my, — oo, where Ky = diaglg, g,n| and Ky, = diag[g, n]. Moreover,
3 (7 D 3 (A D
Kf1<13_ﬁ0)_>N(Ovcfl)7 and Kf2(0_00)—>N(0,Cf2)7

where

»

Co0n

5 oy O
(e2=ey) - (e2=c) Eal - oyt 0
Cy, = 7(_001”;*23 (C"'@;) 0 and Cy, = b , ,
2— 2— .
1 1 , 0 Eeij — O,

0 0 2=

C3
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The proof is given in Chapter 3. From theorem 8, we can say that

Bo — Bo = Op(.q_%)7 B — B = Op(g_%), Bo — fo = Op(n_%)a

) (4.3.3)
0o —0a=0y(972), and 6.—0dc=0y(n"2).

4.3.1 Asymptotic property of the EBLUP

Now, we study the asymptotic distribution of the EBLUP, using the central limit theorem for

maximum likelihood and REML estimators under Condition B.
Theorem 9. Suppose condition B holds. Then as g, my, — oo, we have the following results:

1. whenm;/g — 0, we have

m? (&; — ag) 2 N(0,6.2),

Sl

2. when g/m; — 0, we have

D=

~ D
g (ai — Oéi) — N(O,HZ),

. 2 _ _
where H; = c:icz (ZL‘? +co — 2T5.¢1);
z(Zi.

3. when g/m; — r;, we have

where 0 < r; < oQ.

Remarks. The above results can be summarized succinctly by stating that for large my, and g, we

have the approximation

: 2

H;

di—aiNN(O,Ue Z)
m; g

Then since the leading term in the linear approximation to &; — «; can be written as

&. + (Bo — Bo) + 7. (B1 — B1) + Op(g_%mi_l)'

It follows that approximately for large m, and g,

. 2
HA
&; ~ F, *N(O, Oe 4 J)j

m; g
where * denotes the convolution of two distributions. That is, the distribution of the EBLUP ¢;

is approximately the convolution of the distribution Fj, of o; and a normal distribution. In the
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classical Gaussian version of the model, F' = N (0, 52) and the EBLUPs

a‘ngrHi)
i )

d,-NN(o, 52 +

The beauty of our result is that it holds very generally, even when the random effects are not

normally distributed.

Proof. From (4.3.2), we calculate

52 L .
& = oo Lo+ e+ (o = o) + 2B — ) |
5 2 . A . A
= .Lag {ai + €. + (Bo — Bo) + Zi.(A1 —51)}

2 .
O +m;oq

+ (e - ) {ask e+ G = o)+ 2 - )}

~ A 2 .
Jg +mio;, 0.5 4+ mio,

Using the asymptotic properties of ML and REML estimators, (4.3.3), as g, mr, — oo, we have

an approximation for &;
A _ : 5 g 5 S B
a; = o4 + € + (,80 — ,30) + xz(ﬁl — 61) + Op(g 2m; 1). 4.3.4)
When g > my, we have the approximation
. _ 1
Qi =i+ e+ Op(g2).

When g < mp,, we have the approximation

[un

&; = o + (Bo — Bo) + i (B1 — B1) + Op(m; 2).

Moreover, let & = (1, ...,44)" and @ = (au,...,ay)?. From the approximation (4.3.4), we
have
. : 5 . P 1
a—oa=(fo—Po)lyg+ (b1 —P1)x+e+ Oyg 2le),
where X = (Z1,...,Z,)" ande = (éy.,...,¢€, ). Thus, suppose Condition B holds, we obtain
.2

)

A D Oa __T _T Oc

a—a—=>N|[0,————F(coJy +xX* —2c11,X +I>.
( 9(62—0%)( g s%) my, "’
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4.3.2 Mean squared error of the EBLUP

For the mean squared error (MSE) of the EBLUP, from Theorem 9 and (4.3.4), we obtain our own

approximation
N 2 Hz 0:62
MSErw = E(G&; — o)* = — + (4.3.5)
g m;
where H, i = 62&_‘362 (co + 92*? — 2%;.c1). We estimated the mean squared error of the EBLUP as
1

— H, &2
MSELW ==t + Ufe
g m;

Theorem 10. Suppose condition B holds. Then as g, my, — 0o, we have

92 (MSELw — MSELiy) 2 0. (4.3.6)

1 .
2m; *. Then we obtain

N

. 1
Proof. Sincen = ¢ m; > gmy,wehaven 2 <g

2 1
— o — H. Lo .2
g2 m;
_2—2_2» "2_'2 l/\2_.2
_ lor 2= 2men) (G = da') , g 02200 | ()
2mAa g2 m;

< 0p(g™1) + Op(my ?) + O(g~2m72).

The model (3.1.1) is a general nested error regression model involving covariate x;;, which
makes computing approximations of Kackar and Harville (1984) and Prasad and Rao (1990) more
complicated. So we can not obtain the final result explicitly. We use some limited simulations to
explore the performance of our approximations compared with Kackar and Harville (1984) and

Prasad and Rao (1990) in the context of the nested error regression model (3.1.1).

4.4 Simulations

4.4.1 Simulation Design

For the general nested error regression model (3.1.1), it is complicated to obtain exact expres-

sions of the approximations from Kackar and Harville (1984) and Prasad and Rao (1990). We

denote yI' = (y{,...,ygT) and X = [1,,%X,x — X, where x = [1], Z1,...,1,%,] and
xT =[x, ..., x]]. We generate data from the model

y=XB+Za+ e, “4.4.1)
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where Z = diag{1y,,...,1m,} ande = (e11,...,€gm,)’ . Denoting 8 = (02,02)", we have
V() = ZD(0)ZT + R(0), D(0) = 02I,, and R(H) = o’L,.

The model (4.4.1) is a matrix form of the model (3.1.1) to benefit of exact expressions of the ap-
proximations from Kackar and Harville (1984) and Prasad and Rao (1990). In simulation settings,
We generate x;; as the rounded (to the nearest integer) parts of absolute normal | N (0, 16)| random
variables. We set 3 = (5,7,3)7 . We also take e to be normal distribution, eij ~ N(0,49) and
eij ~ IN(0,96). We consider the distribution of the random effect ¢ to be normal distribution and
mixture normal distribution, separately. For the normal distribution of the random effect o , we
set a; ~ N(0,25) and o; ~ N(0,81). For the mixture of normal distribution of the random

effect, let a be a two-component mixture model,
i ~ kN (10, 0%,) + (1 — E)N (p2a, 02,), (4.4.2)

where k is the mixing weights. we have

Ea; = kpiia + (1 — k)p2a and  Var(ay) = k(ui, + 05,) + (1 — k) (430 + 03,) — E* i,

In the simulation, let mixing weight £ = 0.3 and p1, = 14 and po, = —6, which ensures E o; =
0. And we set two pairs of variance components, (0%, = 25,03, = 81) and (0%, = 9,03, = 36).
These choices ensure that 02 = Var(q;) = 148.2 or 111.9. The following histograms are data

generated from two different mixture distributions simulation settings.

Histogram of mixture distribution Histogram of mixture distribution

20 40 60 80 100 120
20 40 60 80 100 120

0
0

-40 20 0 20 40 -40 20 0 20 40

0.3N(14,25)+0.7N(-6,81) 0.3N(14,9)+0.7N(-6,36)

Figure 4.1: Histograms of mixture distribution

In this model, we obtain the BLUP of «;,
ai(0) = XTD(6)Z"P(0)y.

where ); is a g x 1 vector of zeros with a one in the i-th position and P(8) = V~1(0) —
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V3HO)X{XTV-10)X}1XTV~1(0). The EBLUPs, &; are obtained by
4:(0) = ATD(9)ZT P (D)y,
Our approximation to the MSE of &;(0) is
H;, 0.2

MSELw = E{@i(0) — ;}* = ” o

Kackar and Harville (1984) proposed an approximation to the MSE of the EBLUP as follow
MSExn = E{&;(0) — a;}? + E{é&;(0) — &:(0)}* = M1(0) + Mg, (6), (4.4.3)

where

M1(0) = Var{dz(e) — Oél}
= A'D(0)ZTP(0)V(0)P(0)ZD(0)X\; + AI'D(0)X\; — 22T D(0)ZTP(6)ZD(0)\;,
and

Mk, (6) = E{&i(6) — &;(0)}* = tr{A(8)B(6)},

with A (6) = Var{d(0)} = {mars}rs—12, d(8) = 258 — (4,(),d2(8))7, and B(8) is either
the MSE matrix E{(8 — 8)(8 — 6)T} or some approximation to the MSE matrix. In (4.4.1), We

get
a1 = A {ZTP(0) - D(0)Z"P(0)ZZ"P(0)}V(0){P(6)Z — PZZ"PZD(0)} \;,
aze = A'D(0)ZTP(6)P(0)V(0)P(8)P(0)P(0)ZD(0)\;,
a2 = as1 = —AD(O)ZTP(6)P(0)V(0){P(0)Z — P(0)ZZTP(6)ZD(0)} \;,
and

Bo) 2 [V OZEVO)ZZT) w(VHOZZTV () B
. tr{V-1(0)V~1(6)2Z"} tr{V-1(0)V~1(6)} '

Prasad and Rao (1990) proposed the biased adjusted estimator shown as
MSEpr = E{&;(0) — a;}? + E{&i(0) — &;(8)}> = M1(0) + 2Mpp,(6). (4.4.4)

In (4.4.4), we write
Mpr,(8) = {®(6)V(6)2" (8)B(6)},
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where p(0) = AI'D(0)Z"V~1(0) and

dp(0) 9p(6) AFzZTVv-10) - AID(6)Z"V-1(0)ZZ"V~(6)

®(0) = col{ 962 " 902 b= _)\ZTD(B)ZV_I(H)V_I(B)

For each simulation, we generated 3000 samples, fitted the model using REML and then com-
puted the EBLUPs. For each of the balanced simulation settings, we computed the mean squared
error MSE7 for & as the average over the 3000 simulations of the squared difference between &
and the realized value «; as well as the averages of the estimates of the mean squared error esti-
mates I\TS\E LW,1s 1\TS\E KH,1 and @p R,i- Following Jiang et al. (2002), we report the average

relative bias (ARB) defined as

MSE — MSE;

where MSE denotes one of the three average mean squared error estimates. For the unbal-
anced simulation settings, we did the same calculations for &1, &g, 11, i and G to capture
m = 10, 15, 25, 35, 40 in the same simulation. We write the simulation codes in R (see Appendix

)according to the following algorithm.

Table 4.1: Simulation setting: c under normal distribution

Item g m o o2 ‘ Item g m o ol ‘ Item g m o2 o2 ‘ Item g m o o2

(@) 10 10 25 49| (17) 10 10 8 49|33 10 10 25 9 | (49 10 10 81 96
2) 10 25 25 49| (18) 10 25 81 49| (34 10 25 25 9| (50) 10 25 81 96
3) 10 50 25 49|19 10 50 81 49|35 10 50 25 96| (51) 10 50 81 96
“) 10 100 25 49| (200 10 100 81 49| 36) 10 100 25 96| (52) 10 100 &1 96
5)y 25 10 25 49|21 25 10 81 49| @37) 25 10 25 96| (53) 25 10 81 96
G 25 25 25 49| (22) 25 25 81 49| (38 25 25 25 96| (54) 25 25 81 96
(7 25 50 25 49 @23) 25 50 81 49| (39 25 50 25 9 | (55 25 50 81 96
@ 25 100 25 49| (24 25 100 81 49| (40) 25 100 25 96| (56) 25 100 81 96
© 50 10 25 49|25 50 10 81 49| @41 50 10 25 9% | (57) 50 10 81 96
(10) 50 25 25 49| (26) 50 25 81 49| (42) 50 25 25 96| (58) 50 25 81 96
(1) 50 50 25 49| @27) 50 50 81 49| 43) 50 50 25 96| (59) 50 S50 81 96
(12) 50 100 25 49| (28 50 100 81 49| (44) 50 100 25 96 | (60) 50 100 81 96
(13) 100 10 25 49| (29 100 10 81 49| (45 100 10 25 96 | (61) 100 10 81 96
(14) 100 25 25 49| (30) 100 25 81 49| (46) 100 25 25 96| (62) 100 25 81 96
(15) 100 50 25 49| (31) 100 50 81 49| (47) 100 50 25 96 | (63) 100 50 81 96
(16) 100 100 25 49| (32) 100 100 81 49 | (48) 100 100 25 96 | (64) 100 100 81 96

(65), g=25,m=(10,10,10,10,10,15,15,15,15,15,25,25,25,25,25,35,35,35,35,35,40,40,40,40,40), 02 = 81, 02 = 49
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Table 4.2: Simulation setting: o under mixture distribution

Item g m o2 o2 ‘ Item g m o2 o2 ‘ Item g m o, o2 ‘ Item g m o, o2
(I 10 10 I 47707 10 10 I 9| (@33 10 10 II 49]@9 10 10 1I 96
2y 10 25 I 49| (18) 10 25 I 9% |34 10 25 II 49| (0) 10 25 1II 96
3 10 50 I 49,719 10 50 I 9| @35 10 50 II 49| (¢ 10 50 1II 96
4 10 100 I 49)(@20) 10 100 I 96| (36) 10 100 II 49| (52) 10 100 II 96
G5 25 10 I 49]@H 25 10 I 9 |@37) 25 10 II 49|(3) 25 10 1I 96
6 25 25 I 49| 22) 25 25 I 9|38 25 25 II 49| (54 25 25 1I 96
7 25 50 I 49](@23) 25 50 I 9|@39 25 50 II 49| (5 25 50 1I 96
@ 25 100 I 49|24 25 100 I 96| (40) 25 100 II 49| (56) 25 100 I 96
9 50 10 I 49]@25 50 10 I 9| @) 50 10 II 49|(¢7) 50 10 1II 96
(10) 50 25 I 49]@26) 50 25 I 9% | @42 50 25 I 49| (8 50 25 1II 96
(11 50 50 I 49| @) 50 50 I 96| @43) 50 50 II 49| (59 50 50 II 96
(12) 50 100 I 49| (28 50 100 I 96| 44) 50 100 II 49| (60) 50 100 II 96
(13) 100 10 I 49| (29 100 10 I 96| (45 100 10 II 49| (61) 100 10 II 96
(14) 100 25 I 49] (30) 100 25 I 9 | 46) 100 25 II 49| (62) 100 25 II 96
(15) 100 50 I 49| @31 100 50 I 96| @47) 100 50 II 49| (63) 100 50 II 96
(16) 100 100 I 49| (32 100 100 I 96| (48) 100 100 II 49 | (64) 100 100 II 96

(65), g=25.m=(10,10,10,10,10,15,15,15,15,15,2525,2525,25,35,35,35,35,35,40,40,40,40,40), IL = 0.3N (14, 9) + 0.7N (—6,36), 02 = 49
NOTE: I = 0.3N (14, 25) + 0.7N(—6,81); 1L = 0.3N (14, 9) + 0.7N(—6, 36)

Algorithm 1 Simulation of different approximations to the MSE of the prediction
Require:

I: Lett; = a; and 7;(0) = AID(@)Z"P(@)y fori=1,...,g

2: Set the parameters from Table 1 or Table 2;

3: for r = 1to 3000 do

4:  Use equation (4.4.1) to generate observations y;

5

6

7

Obtain 6(y), the estimator of & by REML;
Compute 7; = 7;(0) using O(y);
Obtain MSERV(Z) as described in section (4.3.5),where (r) denotes the r-th time replica-
tions;
8:  Obtain MSE( ) 77 (@) from Kackar’s approximation (4.4.3);
9:  Obtain MSES%(@) from Prasad’s approximation (4.4.4);
10:  Obtain MSEY (i) = (& — a;)?
11: end for
12: MSE(i 3000 3000 MSE ’”)( )

)=
13: MSE (i) = 3000 53000 MSELw(l);
14: MSEgg (Z) 3000 23000 MSEKH (Z);

4.4.2 Simulation results

After running the above algorithm in R, we obtain all simulation results listed in appendix.
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Using simulation results, we draw the following graphs.
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Figure 4.2: MSE 1 under Normal distribution
with both the number of clusters and the clus-
ter sizes growing simultaneously (The labels A,
B, C and D for the curves represent the vari-
ance component combinations (02, 02) equal
to (25,49), (81,49), (25,96), (81,96), respec-
tively)
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Figure 4.3: MSEpr under Mixture distribu-
tion with both the number of clusters and the
cluster sizes growing simultaneously (the la-
bels E, F, G and H for the curves represent
the variance component combinations (02, 02)
equal to (148.2,49), (148.2,96), (111.9,49),
(111.9,96), respectively)

Fig.4.2 shows the relationship between MSE 1y and sample size (both the number of clusters

and cluster sizes increasing simultaneously) under normality. We see that when both the number

of clusters and cluster sizes are rising simultaneously, MSE - is declining regardless of different

variance components. We find that MSE > will converge to zero if both numbers of clusters and

cluster sizes tend to infinity. Fig.4.3 presents results under mixture distribution. We see that when

both the number of clusters and cluster sizes are growing simultaneously, MSE i is decreasing

regardless of different variance components. We also find that MSE - will converge to zero if

both numbers of clusters and cluster sizes tend to infinity. Consequently, we can say when the

number of clusters and cluster size large enough, our approximation MSE g ;; converge to zero in

general case.
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Figure 4.4: Average relative bias (ARB) of the mean squared error estimators under normal distri-
butions with both the number of clusters and the cluster sizes growing simultaneously. The top row

shows the ARB of 1\//IS\E rw and the second shows the ARB of RTSTE g and 1\@ pRr. (These are
so close together that they are represented by the same curves.) The three columns represent the
cases g/m — 1/2, g/m = 1, and g/m — 2. The labels A, B, C and D for the curves within the
sub-figures represent the variance component combinations (02, 02) equal to (25,49), (81,49),
(25,96), (81,96), respectively.

Figures 4.4 and 4.5 show the average relative bias of the mean squared error estimators under
normal and non-normal distributions respectively, with both the number of clusters and the cluster
sizes growing simultaneously. The top rows show the ARB of MSE w and the second rows show
the ARB of RTS\E i and 1\@ pr. (These are so close together that they are represented by the
same curves.) The three columns represent the cases g/m — 1/2, g/m = 1 and g/m — 2. The
labels A, B, C and D for the curves within the sub-figures in Figures 4.4 represent the variance
component combinations (02, 02) equal to (25, 49), (81,49), (25,96), (81, 96), respectively; the
labels E, F, G and H for the curves within the sub-figures in Figures 4.5 represent the variance
component combinations (02, 02) equal to (148.2,49), (148.2,96), (111.9,49), (111.9,96), re-
spectively.

As expected in the balanced case, we have I\TS\E KHi < I\TS\E PRi < I\TSTE Lw;i- The estimates
MSE KHji = MSE PR,i €xcept in some very small samples (g = m = 10). In small samples,
I\TS\E Lw tends to be conservative (which is good) but performs well as g and m increase. The

size of g and m at which good performance starts depends on the variance components and the

relative sizes of g and m. If m is similar to or larger than g we get good results with quite small
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Figure 4.5: Average relative bias (ARB) of the mean squared error estimators under mixture dis-
tributions with both the number of clusters and the cluster sizes growing simultaneously. The
top row shows the ARB of 1\@ rw and the second shows the ARB of BTSTE g and RTS\E PR-
(These are so close together that they are represented by the same curves.) The three columns
represent the cases g/m — 1/2, g/m = 1, and g/m — 2. The labels E, F, G and H for the
curves within the sub-figures represent the variance component combinations (2, 02) equal to

(148.2,49), (111.9,49), (148.2,96), (111.9,96), respectively.
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Figure 4.6: Average relative bias (ARB) of the mean squared error estimators under normal and
mixture distributions showing the number of clusters growing with the cluster sizes fixed. The
top row shows the ARB of I\TS\E rw and the second shows the ARB of MS\E g and 1\TS\E PR-
(These are so close together that they are represented by the same curves.) The first two columns
represent normal distributions with variance component combinations (2, 02) equal to (25, 49)
and (81, 49); the last two columns represent mixture distributions with (111.9, 49) and (148.2, 49)
respectively.
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Figure 4.7: Average relative bias (ARB) of the mean squared error estimators under normal and
mixture distributions showing the cluster size growing with the number of clusters fixed. The

top row shows the ARB of 1\TS\E w and the second shows the ARB of @KH and RTSTE PR.
(These are so close together that they are represented by the same curves.) The first two columns
represent normal distributions with variance component combinations (o2, 02) equal to (25, 49)
and (81, 49); the last two columns represent mixture distributions with (111.9,49) and (148.2, 49)
respectively.

samples (e.g. ¢ = m = 50 or g = 25 and m = 50) but, if g is larger than m, we require larger
samples for good performance (e.g. g = 100 and m = 50). Nonetheless, in many problems these
are relatively small sample sizes. It is interesting that MSE Lw performs better for larger o2. For
comparison, MSE rr and MSE pr tend to be slightly optimistic in very small samples and then
also perform increasingly well as g and m increase. Figure 4.5 shows that the results are quite
similar for the mixture case.

Figures 4.4 and 4.5 confirm the theoretical results of the paper and show the estimators working
well. It is interesting to also consider cases where the conditions for the theoretical results are not
met. We present results showing how the estimators perform when the number of clusters grows
but the cluster size is fixed (Figure 4.6) and when the number of clusters is fixed while the cluster
size grows (Figure 4.7).

We see from Figure 4.6 that when ¢ increases with m held fixed, the ARB of MSE Lw tends
to be constant for both the normal and mixture distributions. The results are generally better as m
increases within each sub-figure and when ag is larger. The results for I\TS\E kg and I\TSTE PR are
better than those for MSE w but still show a tendency to be slightly optimistic in small samples.
Figure 4.7 shows that MSE w performs very well as the cluster size m increases when the number
of clusters g is fixed. This confirms that the size of m is somewhat more important than the size

of g for our approximation to perform well.



Chapter 5 Conclusion and further research

5.1 Conclusion

In Chapter 2, we obtained the asymptotic properties of ML and REML estimators in the nested
error regression model with balanced data (m; = m) under mild conditions, e.g., assuming non-
normality, and both the number of clusters and cluster size go to infinity. A breakthrough is
distinguishing a between cluster covariate that is constant within clusters x;; = x; from a within
cluster covariate that varies within clusters. The results show explicitly that the between and
within parameters are estimated at different rates and are asymptotically orthogonal. This means
that within cluster covariates should have their between cluster contribution (as represented by the
within cluster means) separated out and included in the model as contextual effects. We explained
the conditions that are needed and described the form of the asymptotic variance of the estimators

that we obtain.

Chapter 3 extends the results of Chapter 2 to unbalanced data. This extension is by no means
trivial because, in establish a uniform asymptotic linear approximation to the ML estimating equa-
tions that hold in an appropriate shrinking neighborhood of the true parameters, and then obtain
consistency and asymptotic normality for the ML estimators from the uniform asymptotic linear
approximation. To establish the asymptotic properties of the REML estimator, we use a profile
function argument instead of working directly with the structure of the estimating equation as we
did in the balanced case. We have constructed an adjusted maximum likelihood (AML) estimating
equation with the additional term log | X7V ~!(8)X]|, and it shows that it has same asymptotic
properties obtained from the log-likelihood with ML estimators. Then we use a profile func-
tion approach to show that the REML estimating equation is the profile version of the adjusted
maximum likelihood estimating function. Finally, we obtain the asymptotic properties of REML
estimators in general (non-normal) nested regression model with unbalanced data, when both the

number of clusters and cluster size go to infinity.

119
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In Chapter 4, we have used these results to describe the asymptotic behavior of EBLUPs of
the unobserved random random effects in the nested error regression model. In particular, we
obtained the asymptotic distribution of EBLUPs and showed that the distribution of EBLUPs can
be approximated by the convolution of the true distribution of the random effects and a normal
distribution which depends on the number of clusters and the cluster size. This simple new re-
sult gives considerable insight into the asymptotic behavior of EBPLUPs. Our approximation and
estimator of the mean squared error of EBLUPs works well even when m is small. And ur ap-
proximation and estimator of the mean squared error of EBLUPs is much simpler than the well
established versions of Kackar and Harville (1984) and Prasad and Rao (1990). These versions
were developed under the asymptotic framework in which the number of clusters goes to infinity
with the clusters sizes fixed. Since the EBLUPs are not consistent under this framework, Kackar
and Harville (1984) and Prasad and Rao (1990) were forced to approximate the mean squared
error of the EBLUPS by taking the mean squared error and then letting the number of clusters go
to infinity. We have taken the other approach of working in an asymptotic framework in which the
EBLUPs are consistent, making a linear approximation to the EBLUPs and then taking the mean
squared error. That is, the order of computing the mean squared error and taking limits is differ-
ent. The Kackar and Harville (1984) and Prasad and Rao (1990) approximations and estimators
converge to ours when the cluster sizes also increase to infinity; the advantage of our approach is
its simplicity (in conditions and in execution). Also, in our approach BLUPs and EBLUPs have
the same asymptotic distribution, a result that fits BLUPs and EBLUPs into the same situation as
methods like generalized least squares for estimating regression parameters where the estimators
have the same asymptotic distribution when the variance parameters are known and when they are
estimated consistently. Finally, we presented both a simulation study to show the good perfor-
mance of our approximation and its estimator in finite samples. We have worked with a general
regression model but with the simplest possible random effect structure. In spite of it simplicity,
the model is nonetheless useful and is used in practice. The advantage of considering a simple
model is that we can gain considerable insight into the properties of EBLUPs, their asymptotic
distributions and mean squared errors. This has enabled us to clarify the relationship between the
Kackar and Harville (1984) and Prasad and Rao (1990) approximations and estimators to each
other and to our approximations and estimators. The success of our approach and the insights it
has provided in the simple nested error regression model justify our generalizing the results to

models with more complicated random structures.
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5.2 Further research

In this thesis, we studied the asymptotic theories of ML and REML estimators and asymptotic
properties of EBLUPs in the nested error regression model. Based on these research results, we
plan to explore the EBLUPs associated with a mixed effect, which is a function of fixed and
random effects. For example, in small area estimation (SAE), the interest is typically about the
small area means or proportions, which are mixed effects under a mixed effect model. In addition
to this, we will study some potential applications of the theory/methods developed in this thesis
with some real-data example(s). In the simulation study, as the MSPE estimation is first-order
unbiased, we will study jackknife and/or bootstrap methods for the MSPE estimation. Moreover,
we plan to extend the nested error regression model to the two-way crossed models, even more

general linear mixed models.
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We here give the proof of lemma 1.
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O
Simulation results
Table A.1: Simulation results with normal distribution (02 = 25,02 = 49)
(1). g=10, m=10 (2). g=10, m=25 (3). g=10, m=50 (4). g=10, m=100
MSE_T  7.546 | ARB | MSE_T 4937 | ARB | MSE_.T  3.72 | ARB |MSE_T 394 | ARB
MSE_LW 8584 | 13.76% | MSE_LW 5.173 | 478% | MSE_LW 3.731 | 0.30% | MSE_LW 3.884 | -1.42%
MSE_KH 6.929 | -8.18% | MSE_KH 4.76 | -3.59% | MSE_KH 3.579 | -3.79% | MSE_KH 3.805 | -3.43%
MSE_PR  6.935 | -8.10% | MSE_PR  4.761 | -3.56% | MSE_PR  3.579 | -3.79% | MSE_PR  3.805 | -3.43%
(5). g=25, m=10 (6). g=25 m=25 (7). g=25, m=50 (8). g=25, m=100
MSE_T 5672 | ARB | MSE_T  8.197 | ARB | MSE_T 1958 | ARB | MSE_T 144 | ARB
MSE_LW  6.809 | 20.05% | MSE_LW 8912 | 8.72% | MSE_LLW 1.981 | 1.17% | MSE_LW 1.483 | 2.99%
MSE_KH 5.604 | -1.20% | MSE_KH 825 | 0.65% | MSE_KH 1903 |-2.81% | MSE_KH 1.454 | 0.97%
MSE_PR  5.606 | -1.16% | MSE_PR 825 | 0.65% | MSE_PR 1903 |-2.81% | MSE_PR 1.454 | 0.97%
(9). g=50, m=10 (10). g=50, m=25 (11). g=50, m=50 (12). g=50, m=100
MSE_T  4.652 | ARB | MSE_T 2308 | ARB | MSE_T  2.005 | ARB |MSE.T  1.706 | ARB
MSE_LW 5411 | 16.32% | MSE_LLW 2461 | 6.63% | MSE_LW 2077 |3.59% | MSE_LW 171 |0.23%
MSE_KH 4.487 | -3.55% | MSE_KH 2.276 | -1.39% | MSE_KH 1.997 | -0.40% | MSE_KH 1.677 | -1.70%
MSE_PR  4.488 | -3.53% | MSE_PR  2.276 | -1.39% | MSE_PR  1.997 | -0.40% | MSE_PR  1.677 | -1.70%
(13). g=100, m=10 (14). g=100, m=25 (15). g=100, m=50 (16). g=100, m=100
MSE_T 4597 | ARB | MSE_.T  2.704 | ARB | MSE_T 144 |ARB |MSE.T  0.754 | ARB
MSE_LW 5437 | 1827% | MSE_LLW 2.904 | 7.40% | MSE_LW 1.4802 | 2.79% | MSE_LW 0.754 | 0.00%
MSE_KH 4.532 | -141% | MSE_LKH 2.69 |-0.52% | MSE_KH 1424 | -1.11% | MSE_LKH 0.739 | -1.99%
MSE_PR  4.532 | -1.41% | MSE_PR  2.69 |-0.52% | MSE_PR 1424 |-1.11% | MSE_PR  0.739 | -1.99%
Table A.2: Simulation results with normal distribution (02 = 81,02 = 49)

(17). g=10, m=10 (18). g=10, m=25 (19). g=10, m=50 (20). g=10, m=100
MSE_T  67.884 | ARB | MSE_T 9986 | ARB | MSE_.T 9268 | ARB | MSE_.T  9.574 | ARB
MSE_LW 69.401 | 2.23% | MSE_LLW 10.048 | 0.62% | MSE_LW 9.242 | -0.28% | MSE_LW 9.446 | -1.34%
MSE_KH 65.44 | -3.60% | MSE_LKH 9.796 |-1.90% | MSE_KH 9.128 | -1.51% | MSE_KH 9.387 | -1.95%
MSE_PR  65.443 | -3.60% | MSE_PR  9.796 | -1.90% | MSE_PR  9.128 | -1.51% | MSE_PR  9.387 | -1.95%
(21). g=25, m=10 (22). g=25 m=25 (23). g=25, m=50 (24). g=25, m=100
MSE_T 10802 | ARB | MSE_.T  6.619 | ARB | MSE_.T 5491 | ARB | MSE_.T  5.906 | ARB
MSE_LW 11.243 | 4.08% | MSE_LLW 6.707 | 1.33% | MSE_LW 5.585 | 1.71% | MSE_LW 5.814 | -1.56%
MSE_KH 10.581 | -2.05% | MSE_LKH 6.544 | -1.13% | MSE_KH 5.518 | 0.49% | MSE_KH 5.779 | -2.15%
MSE_PR  10.581 | -2.05% | MSE_PR  6.544 | -1.13% | MSE_PR 5.518 | 0.49% | MSE_PR 5.779 | -2.15%
(25). g=50, m=10 (26). g=50, m=25 (27). g=50, m=50 (28). g=50, m=100
MSE_T 6808 | ARB | MSE_T  7.103 | ARB | MSE_T 6245 | ARB | MSE_.T  2.107 | ARB
MSE_LW 7.111 | 4.45% | MSELLW 7201 | 1.38% | MSE_LW 6.155 | -1.44% | MSE_LW 2.118 | 0.52%
MSE_KH 6.694 | -1.67% | MSE_LKH 7.03 | -1.03% | MSE_KH 6.081 | -2.63% | MSE_KH 2.106 | -0.05%
MSE_PR  6.694 | -1.67% | MSE_LPR 7.03 |-1.03% | MSE_PR 6.081 | -2.63% | MSE_PR  2.106 | -0.05%
(29). g=100, m=10 (30). g=100, m=25 (31). =100, m=50 (32). g=100, m=100
MSE_T 6362 | ARB | MSE_T  2.761 | ARB | MSE_T 2046 | ARB | MSE_T 1.9 | ARB
MSE_LW 6.649 | 451% | MSELLW 2825 |232% | MSE_LW 2055 | 0.44% | MSE_LW 1.867 | -1.74%
MSE_KH 6.263 | -1.56% | MSE_LKH 2.758 | -0.11% | MSE_KH 2.03 | -0.78% | MSE_KH 1.856 | -2.32%
MSE_PR  6.263 | -1.56% | MSE_LPR 2758 | -0.11% | MSE_PR 2.03 | -0.78% | MSE_PR  1.856 | -2.32%
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Table A.3: Simulation results with normal distribution (02 = 25,02 = 96)

(33). g=10, m=10

(34). g=10, m=25

(35). g=10, m=50

(36). g=10, m=100

MSE_T 9.286 ARB MSE_T 7.925 | ARB MSE_T 4.51 ARB MSE_T 8.208 ARB
MSE_LW 12.334 | 32.82% MSE_LW 8.779 | 10.78% | MSE_LW 4.845 | 7.43% MSE_LW 8.324 1.41%
MSE_KH 8.138 | -12.36% | MSE_KH 7.47 | -574% | MSE_KH 4.457 | -1.18% | MSE_KH 8.006 | -2.46%
MSE_PR  8.146 | -12.28% | MSE_PR  7.471 | -5.73% | MSE_PR  4.457 | -1.18% | MSE_PR  8.006 | -2.46%
(37). g=25, m=10 (38). g=25 m=25 (39). g=25, m=50 (40). g=25, m=100
MSE_T 7.803 ARB MSE_T 4.392 | ARB MSE_T 3.409 | ARB MSE_T 2.195 ARB
MSE_LW 10.618 | 36.08% | MSE_LW 4.985 | 13.50% | MSE_LW 3.542 | 3.90% | MSE_LW 2.278 | 3.78%
MSE_KH 7.402 | -5.14% | MSE_KH 4.274 | 2.69% | MSE_KH 3.276 | -3.90% | MSE_KH 2.19 | -0.23%
MSE_PR  7.402 | -5.14% | MSE_PR 4.274 | -2.69% | MSE_PR  3.277 | -3.87% | MSE_PR  2.19 | -0.23%
41). g=50, m=10 (42). g=50, m=25 (43). g=50, m=50 (44). g=50, m=100
MSE_T 7.864 ARB MSE_T 4.087 | ARB MSE_T 2.572 | ARB MSE_T 1.434 ARB
MSE_LW 10.397 | 32.21% | MSE_LW 4.573 | 11.89% | MSE_LW 2.62 | 1.87% | MSE_LW 1.456 | 1.53%
MSE_KH 7.37 | -628% | MSE_KH 3.942 | -3.55% | MSE_KH 2.427 | -5.64% | MSE_KH 1.4 2.37%
MSE_PR 7.372 -6.26% MSE_PR 3.942 | -3.55% | MSE_PR 2.427 | -5.64% | MSE_PR 1.4 -2.37%
(45). g=100, m=10 (46). g=100, m=25 (47). g=100, m=50 (48). g=100, m=100
MSE_T 7.826 ARB MSE_T 4.605 | ARB MSE_T 2.046 | ARB MSE_T 1.191 ARB
MSE_LW 10.457 | 33.62% | MSE_LW 5.258 | 14.18% | MSE_LW 2.17 | 6.06% | MSE_LW 1.2246 | 2.82%
MSE_KH 7.501 -4.15% MSE_KH 4.549 | -1.22% | MSE_KH 2.012 | -1.66% | MSE_KH 1.179 -1.01%
MSE_PR 7.502 -4.14% MSE_PR 4.549 | -1.22% | MSE_PR 2.012 | -1.66% | MSE_PR 1.179 -1.01%
Table A.4: Simulation results with normal distribution (02 = 81,02 = 96)
(49). g=10, m=10 (50). g=10, m=25 (51). g=10, m=50 (52). g=10, m=100
MSE_T 22.037 | ARB MSE_T 12.542 | ARB MSE_T 14.927 | ARB MSE_T 44.617 | ARB
MSE_LW 24.106 | 9.39% | MSE_LW 13282 | 5.90% | MSE_LW 14.905 | -0.15% | MSE_LW 44.72 | 0.23%
MSE_KH 21.199 | -3.80% | MSE_KH 12.629 | 0.69% | MSE_KH 14.545 | -2.56% | MSE_KH 44.188 | -0.96%
MSE_PR  21.203 | -3.78% | MSE_PR  12.629 | 0.69% | MSE_PR  14.545 | -2.56% | MSE_PR  44.188 | -0.96%
(53). g=25, m=10 (54). g=25 m=25 (55). g=25, m=50 (56). g=25, m=100
MSE_T 11.436 | ARB MSE_T 7.535 ARB MSE_T 7.629 ARB MSE_T 4.2 ARB
MSE_LW 12.808 | 12.00% | MSE_LW 7.768 | 3.09% | MSE_LW 7.496 | -1.74% | MSE_LW 4.174 | -0.62%
MSE_KH 11.348 | -0.77% | MSE_KH 7.402 | -1.77% | MSE_LKH 7318 | -4.08% | MSE_KH 4.123 | -1.83%
MSE_PR 11.349 | -0.76% | MSE_PR  7.402 -1.77% | MSE_PR  7.318 -4.08% | MSE_PR  4.123 -1.83%
(57). g=50, m=10 (58). g=50, m=25 (59). g=50, m=50 (60). g=50, m=100
MSE_T 10.993 | ARB MSE_T 5.324 ARB MSE_T 3.752 ARB MSE_T 3.282 ARB
MSE_LW 11.8 |7.34% | MSE_LW 553 |3.87% | MSE_LW 3.807 | 1.47% | MSE_LW 3.223 | -1.80%
MSE_KH 10.502 | -4.47% | MSE_KH 5.271 -1.00% | MSE_KH 3.717 -0.93% | MSE_KH 3.186 -2.93%
MSE_PR 10.503 | -4.46% | MSE_PR  5.271 -1.00% | MSE_PR 3.717 -0.93% | MSE_PR 3.186 -2.93%
(61). g=100, m=10 (62). g=100, m=25 (63). g=100, m=50 (64). g=100, m=100
MSE_T 9.893 ARB MSE_T 5.105 ARB MSE_T 2.986 ARB MSE_T 2.229 ARB
MSE_LW 10.829 | 9.46% | MSE_LW 5.199 | 1.84% | MSE_LW 3.053 | 2.24% | MSE_LW 222 | 0.40%
MSE_KH 9.661 -2.35% | MSE_KH 4.96 -2.84% | MSE_KH 2.981 -0.17% | MSE_KH 2.194 1.57%
MSE_PR 9.661 -2.35% | MSE_PR 4.96 -2.84% | MSE_PR  2.981 -0.17% | MSE_PR 2.194 1.57%
Table A.5: Simulation results Under mixture distribution
(1). g=10, m=10 (2). g=10, m=25 (3). g=10, m=50 (4). g=10, m=100
MSE_T 31.917 | ARB MSE_T 42.576 | ARB MSE_T 42.05 ARB MSE_T 40.859 | ARB
MSE_LW 32.763 | 2.65% MSE_LW 42.598 | 0.05% MSE_LW 42.069 | 0.05% MSE_LW 40.935 | 0.19%
MSE_KH 31.686 | -0.72% | MSE_KH 42.034 | -1.27% | MSE_KH 41.793 | -0.61% | MSE_KH 40.801 | -0.14%
MSE_PR 31.687 | -0.72% | MSE_PR  42.034 | -1.27% | MSE_PR  41.793 | -0.61% | MSE_PR  40.801 | -0.14%
(5). =25, m=10 (6). g=25 m=25 (7). g=25, m=50 (8). g=25, m=100
MSE_T 12.986 | ARB MSE_T 9.517 ARB MSE_T 10.369 | ARB MSE_T 6.919 ARB
MSE_LW 13.377 | 3.01% MSE_LW 9.328 -1.99% | MSE_LW 10.242 | -1.22% | MSE_LW  6.863 -0.81%
MSE_KH 12.939 | -0.36% | MSE_KH 9.204 -3.29% | MSE_KH 10.175 | -1.87% | MSE_KH 6.84 -1.14%
MSE_PR 12.939 | -0.36% | MSE_PR 9.204 -3.29% | MSE_PR 10.175 | -1.87% | MSE_PR 6.84 -1.14%
(9). g=50, m=10 (10). g=50, m=25 (11). g=50, m=50 (12). g=50, m=100
MSE_T 9.215 ARB MSE_T 5.643 ARB MSE_T 4.797 ARB MSE_T 6.344 ARB
MSE_LW 9.384 1.83% MSE_LW 5.667 0.43% MSE_LW 4.804 0.15% MSE_LW 6.126 -3.44%
MSE_KH 9.081 -1.45% | MSE_KH 5.592 -0.90% | MSE_KH 4.773 -0.50% | MSE_KH 6.105 -3.77%
MSE_PR 9.081 -1.45% | MSE_PR  5.592 -0.90% | MSE_PR  4.773 -0.50% | MSE_PR 6.105 -3.77%
(13). g=100, m=10 (14). g=100, m=25 (15). g=100, m=50 (16). g=100, m=100
MSE_T 6.446 ARB MSE_T 4.442 ARB MSE_T 7.275 ARB MSE_T 2.942 ARB
MSE_LW 6.379 -1.04% | MSE_LW 4.51 1.53% MSE_LW 7.346 0.98% MSE_LW 2.964 0.75%
MSE_KH 6.172 -4.25% | MSE_KH 4.45 0.18% MSE_KH 7.298 0.32% MSE_KH 2.954 0.41%
MSE_PR 6.172 -4.25% | MSE_PR 4.45 0.18% MSE_PR 7.298 0.32% MSE_PR 2.954 0.41%

NOTE: I = 0.3N(14, 25) + 0.7N (—6,81); 02 — 49
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(17). g=10, m=10

(18). g=10, m=25

(19). g=10, m=50

(20). g=10, m=100

MSE_T 36.237 | ARB MSE_T 22.125 | ARB MSE_T 22.849 | ARB MSE_T 96.69 ARB
MSE_LW 38384 | 5.92% | MSE_LW 22.148 | 0.10% | MSE_LW 22.998 | 0.65% | MSE_LW 97.525 | 0.86%
MSE_KH 35916 | -0.89% | MSE_KH 21.564 | -2.54% | MSE_KH 22.7 -0.65% | MSE_KH 96.89 0.21%
MSE_PR 35918 | -0.88% | MSE_PR  21.564 | -2.54% | MSE_PR 227 | -0.65% | MSE_PR 96.89 | 0.21%
(21). g=25, m=10 (22). g=25 m=25 (23). g=25, m=50 (24). g=25, m=100
MSE_T 14.749 | ARB MSE_T 12.149 | ARB MSE_T 9.019 ARB MSE_T 8.241 ARB
MSE_LW 15747 | 6.77% | MSE_LW 12.039 | -0.91% | MSE_LW 9215 | 2.17% | MSE_LW 8.009 | -2.82%
MSE_KH 14.741 | -0.05% | MSE_KH 11.73 | -3.45% | MSE_KH 9.096 | 0.85% | MSE_KH 7.957 | -3.45%
MSE_PR 14.741 | -0.05% | MSE_PR 11.73 -3.45% | MSE_PR 9.096 0.85% MSE_PR 7.957 -3.45%
(25). g=50, m=10 (26). g=50, m=25 (27). g=50, m=50 (28). g=50, m=100
MSE_T 15279 | ARB | MSE_T _ 8.104 | ARB | MSE_T 534 | ARB | MSE_T _ 20.794 | ARB
MSE_LW 16.072 | 5.19% MSE_LW 8.325 2.73% MSE_LW 5.32 -0.37% | MSE_LW 20.974 | 0.87%
MSE_KH 15.074 | -1.34% | MSE_KH 8.112 | 0.10% | MSE_KH 5.252 | -1.65% | MSE_KH 20.839 | 0.22%
MSE_PR 15.074 | -1.34% | MSE_PR 8.112 0.10% MSE_PR 5.252 -1.65% | MSE_PR 20.839 | 0.22%
(29). g=100, m=10 (30). g=100, m=25 (31). g=100, m=50 (32). g=100, m=100
MSE_T 13.858 | ARB MSE_T 5.402 ARB MSE_T 3.557 ARB MSE_T 2.635 ARB
MSE_LW 14.448 | 426% | MSE_LW 5.366 | -0.67% | MSE_LW 3.505 | -1.46% | MSE_LW 2.66 | 0.95%
MSE_KH 13.561 | -2.14% | MSE_KH 5.229 -3.20% | MSE_KH 3.46 -2.73% | MSE_KH 2.644 0.34%
MSE_PR  13.561 | -2.14% | MSE_PR  5.229 | -3.20% | MSE_PR 3.46 | -2.73% | MSE_PR  2.644 | 0.34%
NOTE: I = 0.3N (14, 25) + 0.7N(—6, 81); 02 = 96

Table A.7: Simulation results Under mixture distribution
(33). =10, m=10 (34). =10, m=25 (35). g=10, m=50 (36). g=10, m=100
MSE_T 9.344 | ARB MSE_T 7.129 | ARB MSE_T 14.184 | ARB MSE_T 6.538 | ARB
MSE_LW 9.995 | 6.97% | MSE_LW 7.415 | 4.01% | MSE_LW 14.618 | 3.06% | MSE_LW 6.489 | -0.75%
MSE_KH 8982 | -3.87% | MSE_KH 7.113 | -0.22% | MSE_KH 14.328 1.02% MSE_KH 6.424 | -1.74%
MSE_PR 8.985 | -3.84% | MSE_PR  7.113 | -0.22% | MSE_PR  14.328 | 1.02% | MSE_PR  6.424 | -1.74%
(37). g=25, m=10 (38). g=25 m=25 (39). g=25, m=50 (40). g=25, m=100
MSE_T 6.498 | ARB MSE_T 3.786 | ARB MSE_T 4.17 ARB MSE_T 6.11 ARB
MSE_LW 6.933 | 6.69% MSE_LW 3917 | 3.46% MSE_LW 4.154 -0.38% | MSE_LW 6.252 | 2.32%
MSE_KH 6.265 | -3.59% | MSE_KH 3.761 | -0.66% | MSE_KH 4.071 | -237% | MSE_KH 6.19 | 1.31%
MSE_PR 6.266 | -3.57% | MSE_PR 3.761 -0.66% | MSE_PR 4.071 -2.37% | MSE_PR 6.19 1.31%
(41). =50, m=10 (42). g=50, m=25 (43). g=50, m=50 (44). g=50, m=100
MSE_T 5.711 | ARB MSE_T 2.908 | ARB MSE_T 2.263 ARB MSE_T 4.639 | ARB
MSE_LW 6.031 | 5.60% | MSE_LW 3.074 | 5.71% | MSE_LW 2321 | 2.56% | MSE_LW 4.681 | 0.91%
MSE_KH 5.465 | -431% | MSE_KH 2952 | 1.51% MSE_KH 2.275 0.53% MSE_KH 4.634 | -0.11%
MSE_PR  5.465 | -4.31% | MSE_PR 2952 | 1.51% | MSE_PR 2275 | 0.53% | MSE_PR 4.634 | -0.11%
(45). =100, m=10 (46). g=100, m=25 (47). =100, m=50 (48). g=100, m=100
MSE_T 5.275 | ARB MSE_T 2.77 ARB MSE_T 1.486 ARB MSE_T 3.06 ARB
MSE_LW 5.666 | 7.41% | MSE_LW 2931 | 5.81% | MSE_LW 1.478 | -0.54% | MSE_LW  3.095 | 1.14%
MSE_KH 5.143 | -2.50% | MSE_KH 2.817 | 1.70% MSE_KH 1.448 -2.56% | MSE_KH 3.064 | 0.13%
MSE_PR 5.143 | -2.50% | MSE_PR 2.817 | 1.70% MSE_PR 1.448 -2.56% | MSE_PR 3.064 | 0.13%
NOTE: 11 = 0.3N (14, 9) + 0.7N(—6, 36); 02 — 49

Table A.8: Simulation results Under mixture distribution
(49). g=10, m=10 (50). g=10, m=25 (51). g=10, m=50 (52). g=10, m=100
MSE_T 20.463 | ARB MSE_T 12.461 | ARB MSE_T 7.671 | ARB MSE_T 5.988 | ARB
MSE_LW 23.689 | 15.77% | MSE_LW 12711 | 2.01% | MSE_LW 7.809 | 1.80% | MSE_LW 5.96 | -0.47%
MSE_KH 19.445 | -4.97% MSE_KH 11.711 -6.02% | MSE_KH 7.499 | -2.24% | MSE_KH 5.841 -2.45%
MSE_PR 19.45 -4.95% MSE_PR 11.712 | -6.01% | MSE_PR 7.499 | -2.24% | MSE_PR 5.841 | -2.45%
(53). g=25, m=10 (54). g=25 m=25 (55). g=25, m=50 (56). g=25, m=100
MSE_T _ 9.848 | ARB MSE_T 5825 | ARB | MSE_.T _ 4.748 | ARB | MSE_T __ 2.036 | ARB
MSE_LW 12.058 | 22.44% | MSE_LW 6.306 8.26% MSE_LW 4.893 | 3.05% MSE_LW 20911 -0.85%
MSE_KH 9.972 | 1.26% | MSE_KH 5.826 | 0.02% | MSE_KH 4.703 | -0.95% | MSE_KH 2.853 | -2.83%
MSE_PR 9.974 | 1.28% | MSE_PR 5.826 | 0.02% | MSE_PR  4.703 | -0.95% | MSE_PR  2.853 | -2.83%
(57). g=50, m=10 (58). g=50, m=25 (59). g=50, m=50 (60). g=50, m=100
MSE_T 8.732 ARB MSE_T 5.298 ARB MSE_T 3.047 | ARB MSE_T 2.833 | ARB
MSE_LW 10.62 | 21.62% | MSE_LW 5.781 | 9.12% | MSE_LW 3.15 | 3.38% | MSE_LW 2.871 | 1.34%
MSE_KH 8.82 1.01% | MSE_KH 535 | 0.98% | MSE_KH 3.028 | -0.62% | MSE_KH 2.815 | -0.64%
MSE_PR 8.821 | 1.02% | MSE_PR 535 | 0.98% | MSE_PR 3.028 | -0.62% | MSE_PR  2.815 | -0.64%
(61). g=100, m=10 (62). g=100, m=25 (63). g=100, m=50 (64). g=100, m=100
MSE_T 8.694 ARB MSE_T 4.457 ARB MSE_T 2.788 | ARB MSE_T 1.634 | ARB
MSE_LW 10.151 16.76% | MSE_LW 4.77 7.02% MSE_LW 2848 | 2.15% MSE_LW 1.669 | 2.14%
MSE_KH 8462 | 2.67% | MSE_KH 4.418 | -0.88% | MSE_LKH 274 | -1.72% | MSE_KH 1.637 | 0.18%
MSE_PR 8.462 -2.67% MSE_PR 4.418 -0.88% | MSE_PR 2.74 -1.72% | MSE_PR 1.637 | 0.18%

NOTE: II = 0.3N(14,9) + 0.7N(—6,36); 02 = 96
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Table A.9: Simulation results of the unbalanced model with normal distribution
0 G a1 G116 Qg1
MSET 10069 ARB |[MSE.T 13497 ARB |MSE.T 6347 ARB |MSET 5782 ARB |MSE.T 4569 ARB
MSE_LW 10.863 7.89% | MSE_LW 13.567 0.52% | MSE_LW 648 2.1% | MSE_LW 5667 -2.01% | MSE_LW 454 -0.62%
MSE_KH 10.109 -0.4% | MSE_KH 13.02 -3.53% | MSE_LKH 6.369 0.34% | MSE_KH 5.638 -2.49% | MSE_KH 4.525 -0.96%
MSE PR 10.109 -04% | MSE_PR 13.02 -3.53% | MSE_PR 6369 0.34% | MSE_PR 5638 -2.49% | MSE_PR 4.525 -0.96%
Simulation setting: g=25,m=(10,10,10,10,10,15,15,15,15,15,25,25,25,25,25,35,35,35,35,35,40,40,40,40,40), og =81, Uf =49
Table A.10: Simulation results of the unbalanced model with mixture distribution
ay ‘ dg ‘ a1 ‘ d16 ‘ dgp
MSE.T 10521 ARB |MSET 676 ARB |MSET 6658 ARB |MSET 5207 ARB |MSET 3373 ARB
MSE_LW 11.125 5.74% | MSE_LW 6.539 -3.26% | MSE_LW 6.898 3.6% | MSE_LW 4923 -545% | MSE_LLW 329 -2.45%
MSE_KH 1057 047% | MSEKH 6314 -659% | MSE_LKH 6.858 2.99% | MSE_LKH 4.891 -6.07% | MSE_KH 3.287 -2.55%
MSE_PR 1057 0.54% | MSE_PR 6314 -6.59% | MSE_PR 6.858 2.99% | MSE_PR 4.891 -6.07% | MSE_PR 3287 -2.55%

Simulation setting: g=25,m=(10,10,10,10,10,15,15,15,15,15,25,25,25,25,25,35,33,35,35,35,40,40,40,40,40), IT = 0.3N(14,9) + 0.7N (=6, 36), 0> = 49 .

Simulation code

#
# R code to simulate one setting (g, m, sigma_{alpha}”2, sigma_{epsilon}*2,

#

distribution)

# Clear the workspace

rm(list=1s())

# Load required libraries
library (Ime4)
library (Matrix)

# Set options

options (max. print = 100000)

# Specify the setting:

# The number of the clusters g=10, 25, 50, 100
g=10

# The cluster size ml=10, 25, 50, 100

ml=25

# The true variance components

# For normal distributions , sigma_{alpha}”2 =25, 81 and sigma_{epsilon}"2 =49, 96

thetatilde=c(81,49)

# For mixture distributions , sigma_{alpha}?*2 =25, 81 and sigma_{epsilon}*2 =49, 96

mu. true= c(14, —6) #mixture component means (14,—6)

sigma2.true = c(9, 36) #mixture component standard deviations (25,81) and (9,36)

# Compute useful derived quantities
m=rep (ml,g) # each cluster size for balanced data

N=sum(m) # total sample size

# Specify the true value of the regression parameter

beta=c(5,7,3) # beta = (intercept, between slope, within slope)

# Define vectors to store cluster means and related quantities
ybar=vector(length=g) # g vector for y cluster means
xbar=vector(length=g) # g vector for x cluster means
xbarone=vector(length=N) # N vector for x cluster means

ux=matrix (vector(length=gx*(2)),g,2) # g times 2 matrix for between cluster

# Generate the covariates

covariates



x=round (abs (rnorm (N, mean=0,sd=4))) # generate N—vector x

# Compute the x cluster means
for (xi in 1:g){

s=(xi—1)*ml +1

r=xixml

xbar [ xi]=mean(x[s:r])

xbarone [s:r]=xbar[xi]

}

# Construct between cluster covariate matrix ux with columns 1 and xbar
ux=cbind (1, xbar)

uxt=t(ux) #transpose of matrix ux

# Compute matrix D and its inverse
DDDD= uxt %% ux
DDDDinv=solve (DDDD)

# Construct the matrix X

X=matrix (vector (length=N=*3) ,N,3)# Define the N times 3 matrix X
X[,1]=1

X[,2]=xbarone

X[,3]=x—xbarone

# Compute cl and c2 for computation of H
cl=sum(xbar)/g

c2=sum(xbar”2)/g

# Construct the matrix Z
I_g=diag(rep(l,g)) # g times g identity matrix
onem=rep (1 ,ml) # ml vector of ones

Z=kronecker (I_g ,onem) # generate matrix Z

# Define vectors to store results

rep=3000 # Number of simulation replications
MSElwstorage=vector (length=rep)
MSEkhstorage=vector (length=rep)
MSEprstorage=vector (length=rep)
MSEprnstorage=vector (length=rep)
MSEtstorage=vector (length=rep)
M2KHstorage=vector (length=rep)
M2PRstorage=vector (length=rep)

# Simulation Loop

for(sr in Il:rep)f{

# Generate g random effects alpha from normal distribution with mean 0 and variance sigma_alpha

alpha=rnorm (g, mean=0,sd=sqrt(thetatilde [1]))

# Generate g random effects alpha from mixture distribution with mean mu.true
# and variance sigma2.true
#prob=rbinom (g, 1, 0.7)

#alpha=rnorm (g, mean=mu. true [prob+1], sd=sqrt(sigma2.true[prob+1]))

# Creating N vector of random effects

randomeffect=Z%+%alpha

# Generate true error e with mean 0 and variance sigma_e

e=rnorm (N, mean=0,sd=sqrt (thetatilde [2]))

# Generate response y

y=X%+%beta+randomeffect+e

# Store data in a data frame
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mydata=data . frame (y=y,x1=X[,1],x2=X[,2],x3=X[,3],randomeffect=randomeffect ,

cluster=rep (1:g,each=ml))

# Use the lmer4 package to fit the model
myanalysismodel=Imer (y~x1+x2+x3 —1+(llcluster ) ,REML=TRUE, data=mydata)
aa=as.data.frame(VarCorr(myanalysismodel)) #extract results
sigma.alpha=sqrt(aa[l,4]) # obtain estimated sigma_alpha
sigma.e=sqrt(aa[2,4]) # obtain estimated sigma.e

betahat=fixef (myanalysismodel) # obtain estimated beta

# Extract estimates of between cluster regression parameters

zetabeta=betahat[1:2]

# Compute gamma and lambda
gamma=(ml*sigma.alpha”2)/(sigma.e”2+ml*sigma.alpha”2)

lambda=(sigma.e”2+ml*sigma.alpha”2)

# Computing y cluster means
for (xi in 1:g){
s=(xi—D*ml +1

r=xixml
ybar[xi]=mean(y[s:r])

}

# Compute EBLUP
alphahatl=gamma=x(ybar[l]— ux[1,]%*% zetabeta)

# Compute different MSE applications

# Compute Ml
MI_LW=(ml*sigma.alpha”2)/lambda=*(sigma.e”2/ml+sigma.alpha”2xux[1,]%*%DDDDinv%+%uxt[,1])
# Compute M2_PR

M2_PR=(2%sigma.e”2)/((ml—1)xlambda)

# Compute M2 KH

M2_KH=M2_PRx(1—ux[1,]%*%DDDDinv%%uxt [ ,1])

# Compute MSE_KH

MSE_KH=MI_LW+M2_KH

# Compute MSE_PR

MSE_PR=MI_LW+M2_PRx*2

# Compute MSE_LW

MSE LW=(1/g)*(sigma.alpha”2/(c2—c172))*(c2+xbar[1]"2—2xxbar[1]*cl)+sigma.e”2/ml
# Compute MSE_T

MSE_t=(alphahatl —alpha[1])"2

# Store results
MSEkhstorage [ sr ]=MSE_KH
MSElwstorage [ st |=MSE LW
MSEprstorage [ sr ]=MSE_PR
MSEtstorage [ sr ]=MSE_t
M2KHstorage [ st |=M2_KH
M2PRstorage [ sr]=M2_PR

}

# Complete calculations of average MSE estimates
mean ( MSEtstorage) #average MSE_T
mean ( MSElwstorage )#average MSE_LW
mean (MSEkhstorage )#average MSE_KH
mean( MSEprstorage )#average MSE PR
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