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Nonstandard Estimation for the von Mises Fisher Distribution

by Maryam GHODSI

The main focus of this thesis is to provide a theoretical analysis of certain statistical
models incorporating constraints of various kinds. The models are motivated with data
examples using spherical distributions fitted to asset allocation data related to financial
portfolios. We fit models consisting of several von Mises Fisher distributions of different
dimensions to a sample of such financial data. Our analysis of the properties of the
corresponding hypothesis test statistics under this model combines Silvey’s approach
towards constraints on the parameter space with Chernoff’s innovations to find the
asymptotic distributions of the likelihood ratio (deviance) statistics. Silvapulle and Sen
detail situations when some constraints are imposed on either the parameter space or on
the underlying distribution, where the information matrix is positive definite. But, in
some examples, the expectation of the second derivative need not be a positive definite
matrix. In such cases, methodology developed by Maller and others can be applied as it
does not require the information matrix to be positive definite. Consequently, we apply
this methodology to hypothesis tests for the equality of concentration parameters in the
spherical subcomponent model. Properties of the tests are examined by simulations and

a real data application is given.
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Chapter 0

Preface

Rotnitzky, Cox, Bottai and Robins (2000) write in the first paragraph of their Introduc-
tion that “The asymptotic distributions of the maximum likelihood estimator (MLE)
and of the likelihood ratio test statistic of a simple null hypothesis in parametric models
have been extensively studied when the information matrix is non-singular. In contrast,
the asymptotic properties of these statistics when the information matrix is singular
have been studied only in certain specific problems, but no general theory has yet been
developed”. As a particular example we consider a d dimensional von Mises Fisher
distribution on the sphere. In Section 2.4.1 of this thesis, we show that the expected
second derivative of the log likelihood function of the von Mises Fisher distribution is
singular at the true parameter point. The expectation of the score function vector of
this distribution is not zero and hence the variance matrix of the first derivative of the
log likelihood function is not equal to the expectation of the square of the score function
vector. Maller and his coworkers (2015) have developed a theory which can be applied
to the von Mises Fisher distribution. As an application, we analyze financial portfolios
consisting of asset allocations from financial data. A combination of von Mises Fisher

distributions from different dimensions is assumed to fit the data.

This thesis is organized as follows. Chapter 1 gives an overview of the methods which
are applicable in nonstandard situations. Section 1.2.1 of Chapter 1 discusses the work
of Wilks (1938) and Chernoff (1954). Wilks considers a special case of hypothesis tests
in multivariate cases and proves, under certain assumptions, that the asymptotic distri-
bution of the deviance statistic, under the null, depends on the dimension of the whole

parameter space and the dimension of the parameter space under the null.

Chernoff (1954) considers the density of a multivariate normal distribution and shows
that the supremum of this density (for its mean lying in an arbitrary set ¢), when the

covariance matrix is assumed to be an identity matrix, is equivalent to the (minimum)

1



Chapter 0. Preface 2

distance of a normal random variable from a cone approximating the set ¢. Then he
applies his arguments in three different examples covering the case when the covariance
matrix is not an identity matrix. Chernoff in his paper on page 577 after defining the
cone (Chernoff uses the word “positively homogeneous set” instead of “cone”) states
(while he considers the origin as the true value of the parameter) “we may remark that
a set bounded by a smooth surface through the origin is approximated by the union
of an open half-space with an optional positively homogeneous subset of the tangent
hyperplane. It is also easy to see that if ¢ is approximated by a nonnull positively
homogeneous set other than the whole space, then the origin is a boundary point of
@”. Some other researchers including Feder (1968), Moran (1971), Chant (1974), Self
and Liang (1987) reconsider Chernoff’s methodology and take into account the case
when the true parameter may be on the boundary of the parameter space. Silvapulle
and Sen (2005) develop the method of finding an approximating cone even when the
parameter space is defined by a set of nonlinear equality and inequality constraints.

They approximate a set by a cone at the true value of the parameter.

Our interest in this thesis stems from a paper published by Vu and Zhou in 1997 dis-
covering more aspects of Chernoff’s theorem and method. They consider a general
estimating function with neat and easy to handle notations where having an i.i.d sample
is no longer crucial. Their methodology has recently been extended by Maller and his

coworkers (2015). We apply their notations in our investigations throughout this thesis.

Silvapulle and Sen (2005) provide a full description of hypothesis testing in different
situations where the null and alternative hypotheses might be a linear space, a closed
convex cone, or a region defined by a continuously differentiable function. Our results

are consistent with their methodology, where relevant, as described in Section 3.3.3.

Silvey (1959) considers another type of hypothesis test using distributions with con-
straints on the parameter space (such as the multinomial distribution) and introduces
a new method of hypothesis testing. In Section 1.2.5 of Chapter 1 we explain how
Neuenschwander and Flury (1997) classify different types of constraints and use Silvey’s

methodology in their examples.

Chapter 2 is devoted to a review of the von Mises Fisher distribution for data on a d
dimensional sphere, its moments and properties, the variance matrix and proving that
this variance matrix is a positive semidefinite matrix. Except for the variance matrix
of a von Mises Fisher distribution theorem, all the other formulae in our exposition
can be found in the book by Watson (1983). However, we treat the investigation with
our particular application in mind, working with the density function and developing
formulae based on its properties and presenting some new proofs of the theorems which

can be observed in Watson (1983). For illustration we also graph contour plots of the
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distribution in 3 dimensions on a sphere. An exposition of the uniform distribution on

a sphere is presented to investigate further results.

A suggestion for applying inferential statistics about spherical data is to substitute one

parameter by writing it as a function of the other parameters. For example, we may

eliminate pg using the relation g = \/ 1 —p? —...— p2 | in the density function of the
spherical distribution. But this leads to unintuitive expressions and it is preferable to
develop directly a methodology which can be applied for distributions with a singular

expected second derivative matrix.

In the third and fourth chapters of this thesis, we apply our methodology to analyse
portfolio or asset allocation data, having observed empirically that a model incorporating
different dimensions of a von Mises distribution may be an appropriate model. We apply
the aforementioned methodology, studying the theory in Chapter 3 and conducting the

data analysis with Mathematica as reported in Chapter 4.

The financial data we used for the portfolio analysis come from various indices from
different countries. Chapter 4 contains analyses of the asset allocations in portfolios
related to the selected indices. Tables B.1 to B.16 contain the data which are analysed
in this thesis. They are the square root of the asset allocations for the portfolios based
on indices in Tables 4.1 and 4.2. The daily returns of the desired indices are taken from
the Yahoo Finance website for further calculation in Mathematica to evaluate monthly

asset allocations.

Chapter 5 describes Wood’s method of simulation (1994) of data on the sphere. We
compare the contour plots of the distribution in 2 and 3 dimensions and show how well
Wood’s algorithm works by comparing the simulated data on the circle or sphere with
its equivalent contour plots. Wood’s algorithm applies to a von Mises Fisher distribution
with modal direction (0,---,0,1)T; we extend it to enable a known modal vector of the
same dimension. To simulate data from a 3 dimensional von Mises Fisher distribution
there is an explicit method of simulation due to its direct distribution function formula.
Therefore, the results from this distribution are more reliable than for the other di-
mensions. We check the distribution of the deviance statistic derived from theory by
simulations in this chapter and examine the theory applied in Chapter 3. Tables 5.1 to
5.8 and Figures 5.8 to 5.15 show these results.



Chapter 1

Introduction and Background

1.1 Introduction

Let S C R? be the sample space of a d dimensional random variable with the parameter
space ©. Denote the density function (assumed to exist) of this d dimensional random
variable by fx(x;0), @ € © and x € S? and define the likelihood function of a sam-
ple x1,...,%X, of observations on independent random variables Xy, ..., X, from this

distribution by
L,(x,0) = f(x1,X2,...,%Xp;0) = f(x1;0)f(x2;0) ... f(Xx,;0). (1.1)

Fisher (Kendall and Stuart (1979), page 8) identifies L, (x, ) as the likelihood function
when it is treated as a function of 0 for fixed x and the probability distribution of the
sample when it is regarded as a function of x for fixed 6. Clearly, for a true likelihood,

we have
/ L,(x,0)dx =1, 0¢c 0. (1.2)
x€eSd

We use the notation L, (x, ) for the (natural) logarithm of the likelihood function and,

when it is finite, we write
Ln(x,0) =log Ly(x,0) = Y log f(x;,0). (1.3)
=1

The likelihood can be used for estimation, hypothesis testing and in general for mak-
ing inferences about the population under study through its parameters. For this we

maximize L,(x, ) for variations in 6.
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In this thesis, we consider a more general maximization problem when the likelihood
function is replaced by an estimating function constructed from data which are neither
necessarily independent nor from the same distribution. Therefore, we may dispense with
the formula (1.1) and consider maximization of an arbitrary function £, (x,8) subject
to some regularity conditions. Throughout we often use the symbol £,,(0) instead of
L, (x,0) for the sake of simplicity.

We denote the first derivative vector of the log-likelihood function £,,(8) by S, (0) and
call it the score function vector and the negative of the second derivative matrix by

F,,(0), assuming their existence. Thus,

Su(0) = 2 (14)
and
%L, (0
F.(0) = ot

Let 8y € © be the true value of the parameter. Under certain regularity conditions (as-
suming the existence of the first and second derivatives of £, (0) and the interchangeabil-
ity of the derivatives and integrals) and by following (1.2) and through some calculations,

we can show that
Eg,S,(60) =0
and

Varg, (Sn(80)) = Eg, (Sn(60)S, (60)) = Eg, (Fn(60)). (1.5)

Standard proofs of the existence, uniqueness and consistency of a maximum estimator
impose these as well as some other regularity conditions. These conditions should guar-
antee the existence of a maximum of the estimating function, at least in a neighborhood

of the true parameter.

However, for some distributions these regularity conditions are not valid, for example
for the von Mises Fisher distribution which contributes to a big part of this thesis. Our
aim is to study maximum estimators, their distributions and hypothesis tests built upon
them under nonstandard conditions when some of the assumptions such as (1.5) do not
hold.

The present chapter is organized as follows. In the second section of this chapter, we
review some early work done by Wilks (1938) and Chernoff (1954) and later contributions
by Feder (1968), Moran (1971), Chant (1974), Self and Liang (1987), Vu and Zhou (1997)
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and Silvapulle and Sen (2005). Whereas Wilks’ method is applicable for hypothesis tests
which are in the form of equalities among parameters in a multivariate case (for example
when we want to test that all the values of the parameters are exactly known (6 = ) or
in a more general case when we want to test that only some components of € are known),
by contrast Chernoff’s method works well with composite hypothesis tests concerning
intervals when the true value of the parameter sits on the boundary of disjoint null and

alternative sets.

Aitchison and Silvey (1958) consider a type of distribution where there can be some
constraints on the parameter space. They assume the constraints can be expressed in
the form of a well-behaved function and maximize the log likelihood function (1.3) using
Lagrange multipliers. We discuss some basic properties of this method in Section 1.2.4

of this chapter.

A new approach towards constraints on the parameter space is offered by Neuenschwan-
der and Flury (1997). We discuss their formulation of constraints in Section 1.2.5.
Their viewpoints help us to handle hypothesis tests using Lagrangian multiplier tests by

considering null hypotheses as constraints imposed on the parameter space.

1.2 Historical Overview

1.2.1 Wilks, Chernoff, Vu and Zhou

In the following sections we consider a genuine likelihood function L, (80) to be used for

estimation and testing. Consider the hypothesis test

Hy :0€Q
Hy :0€rT,

for two disjoint subsets 2 and 7 of ©. Consider the generalised likelihood ratio statistic

for testing Hy, which is

SUpgeq Ln(x, 0)
SUPgequr Ly(x,0)

LRT(x) =

and define the deviance statistic to be

o~

dp = —2log LRT(x) = —2 (ﬁn(aﬂ) - cn(égw)) , (1.6)

where 59 is a value of 8 which maximizes £,,(0) on the set 2 and similarly for §QUT.
Clearly, LRT(x) <1 and d,, > 0.
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An alternative statistic to consider is

_ SupeeQ Ln (X, 0)
Supge, Lin(x,0)

LRT*(x)

)

for which the corresponding deviance statistic is

~

d* = —2log LRT*(x) = —2 (cn(ag) - ﬁn(GT)) .

Chernoff (1954) explained “since LRT*(x) is more expressive than LRT(x) (that is,
LRT(x) = LRT*(x) if LRT*(x) < 1 and LRT(x) = 1 if LRT*(x) > 1) it suffices to
study the distribution of LRT™*(x)”. So, he only used d;, in his examples. LRT™*(x) may
take any positive value and d may take any real value. While discussing Chernoft’s

approach we will consider both versions.

Assume the true value of the parameter (the parameter describing the distribution from
which the sample is drawn) to be 8y which initially is considered to be an interior point
of © (0 is interior to O if there is a neighborhood of 8y contained in ©). Denote the
components of a typical point @ and of 8y by 6 = (01,...,04) and 6y = (6o, - . -, b0aq)-
Wilks (1938) considers the hypotheses

H[) 01200“ i:m+1,m+2’...7d’

H, : otherwise,

0 < m < d—1 and derives the asymptotic distribution of d,, when Hj is true in an i.i.d.
case. He proves that under certain regularity conditions the asymptotic distribution of

d,, is chi square with d — m degrees of freedom.

Chernoff (1954) extends the work of Wilks (1938) by considering subsets of © such as
hyperplanes, i.e., subspaces of dimension d — 1 or less. The hyperplanes in R are points,
in R? are lines and in R3 are planes. Every hyperplane divides the space in two parts.

Under some regularity conditions Chernoff considers the hypotheses

Hy : 0 is on one side of a hyperplane

H, :otherwise,

so his emphasis is quite different from Wilks’. He locates the true value of the parameter,
6y, on the boundary of the two disjoint subsets defined by the null and the alternative

hypotheses. In the one-dimensional case the null and alternative hypotheses are simply

H() 10200
Hy :60<6.
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Let A be a neighborhood of @y in © and let X be a random variable in R? with density
x(x;0) for @ € N. Chernoff assumes

(CH1) for almost all x, the first, second and third derivatives of log (fx(x;0)) with
respect to @ exist, for every 8 € N;

(CH2) if @ € NV, all of the first, second and third derivatives of fx(x;8) are bounded by
finitely integrable functions where these functions are the same for the first and second
derivatives and the expectation of the third one does not depend on 6.

(CH3) if @ € N, the matrix Sg in (1.11) is finite and positive definite.

Throughout his proofs, he translates the origin so that 6 is zero and considers the

hypotheses

Hy 0ecQCN
Hy :0er7CN

and illustrates his method of testing them through three examples.

Example 1.1 (CHERNOFF). Consider a bivariate normal distribution with mean 6 =
(61,02) and a known variance matriz 3 and suppose we have one single observation

X = (X1, X2). Consider the general hypotheses

Hy :a101 + a202 < 0 < b161 + babo (1.7)

Hy  :otherwise,

where a1, as, by and by are given real numbers. Hy specifies a certain region of the
parameter space. Let Q be the region under the null in (1.7) and 7 be the complement
of the set Q. The maximum of the likelihood function can be written for this case as
(n=1),

sup L(8) = (2m) 2|12 exp{~Qa(x)/2},
[1ISY)

where

Qo(X) = inf (X~ 0)'%1(X — 6).

Then
dy, = Qa(X) — Q-(X).

First assume X to be I, the identity matrix. Then Qq(X) is the squared Euclidean
distance from X to Q. € is a cone with the vertex at (0,0) and angle ¢ which is the
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A gy

61

a18 +az =0 by 85 +b2B2=0

FIGURE 1.1: Cone described in Example 1 of Chernoff

angle between the two vectors a = (a1, as) and b = (b, by) (Figure 1.1). Therefore,

0 X e
Qo(X) =
the squared distance from X to the boundary of 2 ;X €7
and
0.(X) the squared distance from X to the boundary of 2 ;X € Q

0 ; X erT.

Figure 1.1 shows this cone for given values of a and b; see also Figure 1.2 where various
regions are defined. We think of a random vector X being placed in the plane according
to a bivariate standard normal distribution. Consider the regions in Figure 1.2 and by

using some trigonometry we can compute

0 ;X e
X X5)?

(a1 12—:_(122 2) ; X € Region 3

X) — ay T ag

@a(X) (b1X71 + b2 X>)? X .

5375 ; X € Region 4

by + b3
X7+ X3 ; X € Region 5
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A gy
Q {oy Xg+8y X 2
Qo= 22
8. +a.
& 2
ol
1 2
4 t: ]
w
o t >
4 3 8y
5 5
5 5
az @y -ay 8z=0
bz 8y -by B2=0
a18 +az =0 ¥ by 85 +b2B2=0

FIGURE 1.2: Cone described in Example 1 of Chernoff, observation X happens to fall
in Region 3

and

(a1 X1 + asXs)?

; X € Region 2
a%Jra% 2 € Region
b1 X1+ b X
Q- (X) = (b1 12+ 22 2) ; X € Region 1
by + b3
0 ; X ¢ Q.

As we see the distribution of d; depends on the proportion of the plane covered by (2

and the angle . If we assign probabilities to the regions in Figure 1.2 as

P(X € region i) = py;

where Z?Zl pyi = 1, then we have for c € R

5
P(dj, < ¢) =) P(dj, < ¢|X € region i) P(X € region i)
=1

= py1(1 — Pi(—c¢)) + py2(1 — Pi(—¢)) + pysPi(c) + pyaPi(c) + pysPa(c),

where P; is the cumulative distribution function (c.d.f) of the chi square distribution
with one degree of freedom and P, is the c.d.f of the chi square distribution with two

degrees of freedom. In terms of d,, for which we have Qqu,(X) = 0, the c.d.f of d, is

0 ;<0
P(d, <c)=

Py1 + Dy2 + (Dy3 + pya) Pi(c) + pysPa(c) ;¢ > 0.
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FIGURE 1.3: Regions for the hypothesis test (1.8)

Chernoff in the last paragraph of his Introduction and in a Remark at the end of his
paper, mentions this situation and predicts that the distribution of d,, should be different

from that of d} as indeed it is according to our calculations.

Corollary 1.1. In Example 1.1, we can show that the direction (= H7§I|) and the length
(= I1X]]) of X are statistically independent. Therefore, the conditional distribution of
(X2 + X2), given that X falls in region i, is the same as that of its unconditional
distribution (Silvapulle and Sen (2005), page 65).

If we assume a; = ag = by = 0 and b; = 1, then the hypothesis test in (1.7) is simplified

to

Hy :6; >0, 6yisunknown

H4 :91<O,

where Figure 1.3 shows the regions under Hy. Now we have

X? ;X1 <0 0 ;X1 <0
Qa(X) = ;o Qr(X) =
0 :X;>0 X2 X >0,

and because Qqu-r(X) = 0, therefore

JF = X12 ;X1§O d = X12 ;X1§0
n 9 n —
—X12 ;X1 >0 0 ; X1 > 0.
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We have from the example that X; has a N(0,1) distribution (since we assume that

0o = (0,0)), therefore the distribution of d, for ¢ € R, is

P(d, < ¢) = P(d}, < | X1 < 0)P(X1 < 0) + P(d, < c| X1 > 0)P(X1 > 0)

= 3Pi(0)+ 5(1= A=),

having the density

i) = ool yek (1.9

2y/2mly|
By contrast, d,, has the distribution of a 50:50 mixture of a point mass at zero and a

chi square distribution with one degree of freedom.

Example 1.2 (CHERNOFF). In the second example, Chernoff extends the first example
to the case when X is not an identity matriz, but is a known positive definite symmetric

matriz. He decomposes the inverse of this matriz as 3~' = TTT, writes
(X-0)'2"1(X-6)=|TX — T8

and sets Y = TX, where T is an upper triangular matriz and TT is its transpose.
Assuming as before that 8y = (0,0), the distribution of Y is bivariate normal with mean
0 and variance matriz I. He continues by considering two vectors a = (a1, az2) and
b = (b1,b2) and lets Ta = d and Tb = e. This problem, now, can be treated as in
Ezample 1, when a and b are replaced by d and e. The angle of the cone is here the

angle between d and e. We can calculate it via

dTe al'>"1p

““¢“:Hduua|::VkaTzraabez_qﬂ’

and solve the example as for Example 1.1, replacing ¥ by a modified angle. In the case
of an unknown variance X, a consistent estimator of 3 can be used, but in that case the

distribution of Y = TX will no longer be normal.

Example 1.3 (CHERNOFF). Chernoff in his third example considers the hypothesis
test

Hy :61>0, 6>0
¢ ? (1.10)

Hy :6,=0, 062=0,

when X = 1. Figure 1.4 shows the regions Q and 7. We have Q-(X) = X? + X2 and
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« =(00) 8

FIGURE 1.4: Regions for the hypothesis test (1.10)

p

0 ;1 X120,X02>0 —(X?+X3) ;1X1>0,X2>0

X2 1 X1 >0,X2<0 . —X? X1 >0,X2<0
Qo(X) = , oy =

X2 1 X1 <0,X2>0 —X? X1 <0,X2>0

X2+ X2 :X1<0,X2<0 0 1 X1 <0,X, <0.

\

In this example, d, = 0 for all values of X. The distribution of d}, is

0 ;e <0

P(d, < —c)=1—-P(—d;, >c¢)=

*
n

i + %Pl(c) + %Pg(c) ;e > 0.

Recall that a set C' C R? is a cone with vertex at 0 if @ € C implies a € C for all a > 0.
Chernoff introduces the idea of a set ¢ C N approximated by the cone Cy at 0 if

inf — = fi e

it x—yl| = o(lyl) foryes
and

inf [|x —y|| = o(||x||) for x € Cy,

yed

then proves the following theorem:

Suppose 8y = 0 and b\(ﬁ is the maximum likelihood estimator in a set ¢ C N and

1) the regularity conditions (CH1), (CH2), (CH3) are satisfied,

2) the origin is a boundary point of ¢ implies that §¢ RN 0, for any ¢ C NV,

3) the sets Q and 7 are approximated by nonnull and disjoint cones Cq and C'.

Then the asymptotic distribution of d; is the same as it would be for the test of 8 € Co

against @ € C; based on one observation from a normal distribution with mean 0 and



Chapter 1. Introduction and Background 14

variance J~!. In this setup J = Sg with

| (2los fx(X:0)\ (9log fx(X;6)\" |
0| (285050 (0N peq
62

Feder (1968), Moran (1971), Chant (1974) and Self and Liang (1987) extend Chernoff’s
result for when the true value of the parameter may be on the boundary of the parameter
space (for example, when the inference is about testing x = 0 in the von Mises Fisher

distribution) with a rigorous analysis which considers some sub cases in detail.

Self and Liang (1987) prove the existence of a consistent maximum likelihood estimator,
find the asymptotic distribution of that estimator and the deviance statistic when they
consider the maximum likelihood estimator, in a loose sense, to be any point in the
parameter space at which a local maximum of the likelihood function occurs. They
allow the true parameter value to be on the boundary of the parameter space. They
develop the previous work done by Moran (1971) and Chant (1974) in a rigorous way.
They define a cone with vertex at 8y, symbolised by C, to be a set of points such that if
x € C then a(x—60y) + 0y € C for any real, nonnegative number a. They denote C' — 6@
to be a set obtained by translating a cone C with vertex at 8y so that its vertex lies at

the origin.

Let X1,Xo,..., X, be n independent observations on X. Self and Liang assume the
existence of the first three derivatives of the log likelihood function with respect to 6
on the intersection of neighborhoods of the true parameter value and ©. In the case of
having the true parameter value, denoted by 8¢, on the boundary of ©, the derivatives of
the log likelihood function are taken from the appropriate side. Also, they assume that
n~! times of the absolute value of the third derivative of the log likelihood function is
bounded by a function of X1, Xa, ..., X,, whose expectation exists on the intersection of
neighborhoods of 8y and €. Finally they assume that n='Fg is a positive definite matrix
on a neighborhood of g and at 6 is equal to the variance matrix of n‘l/ZSn(Oo). To
prove the consistency of the maximum likelihood estimator when 8¢ is on the boundary
of ©, Self and Liang assume that near 8y, © behaves like a closed set and specifically,
they assume that the intersection of @ and the closure of the neighborhoods centered

about 0 constitute closed subsets of R,

Under the above assumptions, Self and Liang prove the existence and consistency of the
maximum likelihood estimator represented by én To find the asymptotic distribution
of /O\n, they consider a random variable Z having normal distribution with mean 6 and

variance matrix Sgol where 0 is restricted to lie in C'g — 0g. Let F' be the distribution of
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the maximum likelihood estimator of 8 based on a single observation of Z when 8 = 0,
symbolised by ®. Then under the above assumptions, the asymptotic distribution of
nt/ 2(5n — 0p) is F. A question that arises here concerns the cone Cg — 6y which is

discussed in detail in the following three cases.
Case 1 in Self and Liang. If 6 is an interior point of , then Cg — 8 is R¢.

Case 2 in Self and Liang. If © = 01 x ... x ©4 where the ©;s are closed intervals
in R! and 6y; is a left endpoint of ©; and the other fy;s are interior points of ©;s for
2 <4 <d, then Cg — 0y is [0,00) x R,

Case 3 in Self and Liang. Consider © to be similar to Case 2 and 0y, ..., 0, to be
left endpoints of €2y,...,€, and 0y;s to be interior points of §2; for ¢ +1 < < d.

Cases 4 to 9 in Self and Liang derive the distribution of the deviance statistic, when
the hypothesis is to test whether 6 lies in a subset of © symbolised by €2, versus the
alternative that @ lies in the complement of €2, symbolised by 7. The distribution of the
deviance statistic is x? with d — r degrees of freedom when € is an r dimensional subset
of ©, By is a boundary point of both €2 and 7, but 8¢ is an interior point of @. When the
dimension of €2 and 7 is equal to the dimension of © and 6 is a boundary point of both €2
and 7, Chernoff (1954) presents a method for finding the asymptotic distribution of the
deviance statistic. Self and Liang (1987) generalise this case to when 6 is a boundary
point of ©. They assume that 2 and 7 are regular enough to be approximated by cones
with vertices at 8 and consider six different cases that we discuss in the following. They
assume O can be written as ©1 X ...04 where O;s are either closed, half open, or open
intervals in R'. They divide the parameter vector 8 = (61,...,0,) into four categories
and consider the hypothesis test 61 = 0o1,...,04+s = Oog+s, when there is no interest
in 0g4sy1,...,0q and they are left unknown so they call them nuisance parameters.
The first g coordinates 61, ...,0; have their true values on the boundary. The true
parameter is not on the boundary for the next s coordinates 6441, ...,03+s. The next ¢
coordinates in 0 are nuisance parameters and have their true values on the boundary.
The remaining d — ¢ — s — ¢ nuisance coordinates do not have the true value of the
parameter on the boundary. Self and Liang present their methodology based on the
four-tuple (g, s,t,d —q—s—t). Let C and C~’0 be the approximating cones for © and 2

respectively.

Case 4 in Self and Liang. Consider (0,s,0,d — s) which has no parameters on the
boundary. s parameters are set in the null and alternative hypotheses and d — s remain

unspecified. In this case, Cg is R? and 5’0 is a d — s dimensional subspace of R%.
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Case 5 in Self and Liang. Let the parameter configuration be (1,0,0,d—1). Therefore
one parameter of interest has its true value on the boundary. In this case, C= [0, 00) x
R4 and Cy = {0} x R4,

Case 6 in Self and Liang. Let the parameter configuration be (1,1,0,d — 2). Then
C is [0,00) x R4 and Cy is {0} x {0} x R*2.

In Cases 5 and 6 there is only one parameter on the boundary and it occurs as a
parameter of interest. Cases 7 and 8 cover the cases when this condition does not hold.
Also, in these two cases the orthogonal structure of Cg —8( and Cg, — 6y is not preserved

upon the transformation to C and 50.

Case 7 in Self and Liang. Let the parameter configuration be (2,d—2,0,0). Therefore,
C is as shown in F igure 1 on page 608 of Self and Liang and 60 is the origin. It is
necessary to take into account that the angle in C is less than 180°, because of the
convexity of the C'g — 8¢ which is preserved by the linear mapping into C. We note that
if the orthogonal structure is retained then C' = [0, 00) x [0, 00) and Cy = {0} x {0}.

Case 8 in Self and Liang. Let the parameter configuration be (1,0,1,d — 2). If
the orthogonal structure is retained, then C is [0, 00) x [0,00) and Cp is {0} x [0,00).
However, in the case of nonorthogonality, Figure 2 in Self and Liang shows C. The half

line in the direction of 6 is C~'0.

When the information matrix is diagonal, the orthogonal structure of Cgo — 8y and
Ce, — 0y is preserved upon transformation to C and C~’0 and Self and Liang write the

following explicit case.

Case 9 in Self and Liang. Let C = §~21 X ... X (NZd. Subject to having the true value
of the parameter on the boundary or not, §; is either [0,00) or (—oo,00). Likewise, Co

isﬁmxﬁgd, where Qp; = R! forq+s+1§i§dand$~20i:{0} for1 <i<gqg-+s.

A more general definition of a cone is in Silvapulle and Sen (2005). They use the
Hausdorff distance between two sets in a metric space (see van der Vaart and Wellner
(1996)) and summarise the work done by Chernoff (1954), Rockafellar and Wets (1998)
Andrews (1999) and Geyer (1994), and provide a convenient way of calculating the
approximating cone of ¢ at @y when ¢ is defined by a set of nonlinear equality and
inequality constraints, in many situations. The set ¢ might be the parameter space
or any subset of it. Figure 4.3 on page 187 of Silvapulle and Sen (2005) confirms the

argument discussed by Self and Liang about the approximated cone for a sphere.

The work done by Wilks and Chernoff is under the assumption that the sample indepen-
dently comes from the same probability function fx(x;8), the log likelihood function is
in the form of (1.3) and the maximum likelihood estimator (MLE) is verified through
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maximizing (1.3). However, Vu and Zhou consider an estimating function £, (@) rather
than (1.3). They call the maximum of this function a maximum estimator (ME). The
methodology described by Vu and Zhou (1997) does not require the existence and bound-
edness of the third derivative of £,(0) and proves the existence and uniqueness of the
ME on a neighborhood of 6@y and its consistency for 8y as the sample size tends to
infinity. They prove that the distribution of d,, (obtained based on MEs) is the same as
the distribution of

inf [[N—6|°— inf [[N— 6|

0cCq 0cC-
where 6’9 and 57 are approximating cones for {2 and 7 and satisfy some further as-
sumptions. N = (Ny, Na, -+, Ng) is a random vector which has a multivariate normal

distribution with mean zero and a positive definite covariance matrix V.

In the Vu and Zhou methodology, when (1.5) is satisfied (which need not necessarily
hold), V is I, the identity matrix. Their work generalizes that of Chernoff as it deals with
more general estimating functions (not only an i.i.d. case) and makes less assumptions

about L£,,(0). The following example illustrates a sample application of Vu and Zhou
(1997).

Example 1.4. Consider a random sample X1,...,X,, drawn from a bivariate normal

distribution with mean p = (u1, p2)? and known variance matriz X. If we wish to test

Ho :p1=pe (1.13)

Hpoo:pg # po,

then N = (N1, Na2), 0 = (p1, p2), Q@ = {(p1, p2)|p1 = p2 € R} and 7 = {(p1, p2)|p1 €
R, po € R, juy # p2} (Figure 1.5). Therefore, we have infgequ, ||[N — 0||? = infge, ||N —
0|> =0 and

(M1 —N2)2.

inf ||[N — ]|*> =
0cQ 2

So the distribution of d}, is the same as that of d,, and both have chi square distributions

with one degree of freedom.

Maller (2015) further develops the work of Vu and Zhou (1997) and relaxes the assump-
tions in order to allow the second derivative matrix of £,,(80) to be singular and to impose
constraints on the parameter space. His work generalises that of Aitchison and Silvey
(1958) which we discuss in Section 1.2.4.
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FIGURE 1.5: Regions for the hypothesis test (1.13)
1.2.2 Silvapulle and Sen

In this section we present some results of Silvapulle and Sen and discuss how they relate
to ours. They consider two types of hypothesis testing:
Type A. Testing Hg : 0 € M against H4 : 8 € C,
Type B. Testing Hy: 6 € C against Hy : 6 ¢ C,
where M and C are subsets of a Euclidean space. M is a linear space and C is a closed
convex cone and M C C.
Assume V to be a positive definite matrix and Z,x1 to be a normal random variable
with mean 0 and variance V and x2(V, £) to have the same distribution as

Z'VZ —min(Z - 0)TVYZ - 9).

ocC

Silvapulle and Sen (2005) on page 75 name this distribution “Chi-Bar-Square” and
provide a method to calculate it through simulation. They find the distribution of the
deviance statistic for the foregoing Type A and Type B hypothesis testings based on this
distribution, when there is a single observation from a normal distribution with mean 6

and variance V.

Consider an ii.d. case where Xi,Xo,...,Xy are from a common density function
f(X;0), 6 € © c R% In our notation, recall £,(6) from (1.3). In a standard setup,
OL,(6)
00

mation matrix” (the expected value of the negative of the second derivative matrix) for

the score function vector S,,(0) from (1.4) has expectation 0 and the “infor-

one observation from Sy is given by (1.11). Assume 6y € A C © and 0 4 a MLE over A

where

£.(8.4) = sup £,(6)
OcA
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and A might be the parameter space © or the sets defined under null and alternative
hypotheses. To find the asymptotic distribution of the deviance statistic for Type A
and B hypothesis tests based on an estimating function £,,(0), the consistency of 0 A s
required. To establish the consistency of 6.4 for 0o, Silvapulle and Sen (2005), page 146,
require two strong conditions to be satisfied: there is a function L£y(0) (free of x) such
that

(1) sup — £0(0)' L5 0and

6cA

(2) sup ﬁo(e) < ,C()(G()), e > 0.
0€A,||60—8||>
These two conditions ensure that there is a global maximiser 8y of £y(6) which is unique

L,(0)

with probability tending to one. To find the asymptotic null distribution of the deviance
statistic for testing against inequality constraints, Silvapulle and Sen set out the follow-
ing conditions named “Conditions Q”:

(1) Distinct values of € correspond to distinct distributions.

(2) The first three partial derivatives of log f(x; @) with respect to 0 exist almost every-
where.

(3) There exists a function G(z) such that [ G(y)dy < co and the absolute values of the
first three partial derivatives of log f(x; @) with respect to 6 are bounded by G(z) in a
neighborhood of 8.

(4) The information matrix, Sg, in this case, is finite and positive definite.

An interesting situation arises in studying the von Mises Fisher distribution. It turns out
that the variance matrix of the score function vector for one observation in a von Mises
Fisher distribution is not equal to the Fisher information matrix of this distribution
that is, the negative expectation of the second derivative matrix. If Condition (4)
is not satisfied, the results of Proposition 4.2.1 of Silvapulle and Sen’s book, which
are fundamental for the rest of the book, cannot be applied for the von Mises Fisher

distribution.

Proposition 1.2. The expectation of the score function vector from the von Mises
Fisher distribution is mot zero and the variance matriz of the score function vector is
not equal to n times the information matriz. Furthermore, the variance matriz of the
score function vector is positive semidefinite. Therefore, Condition (4) of Silvapulle and

Sen does not hold for the von Mises Fisher distribution.

Proof of Proposition 1.2. For a brief discussion of this part, see Section 2.4.1 of
Chapter 2. 0
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Often, the parameter of interest in a hypothesis is more complex than just the mean of

a multivariate normal. For example, consider the hypotheses

Hy :9(0)=0
Hy :9(0) >0,

where g is a nonlinear function of 8. Such hypotheses are not in the form of Type A
and Type B above. For a general hypothesis testing Hy : 8 € Og against Hy : @ € O1,
the asymptotic null distribution of d,, depends on the local shapes of ©¢ and © at the
assumed true value in the null parameter space. It turns out that the main results are
unchanged when the null and alternative parameter spaces are replaced by cones that
approximate them at the true value of the parameter provided that the boundaries of the
parameter spaces are sufficiently smooth. Section 4.7 of Silvapulle and Sen introduces
the basics which are necessary to study the asymptotic distributions.

Section 4.5.3 of Silvapulle and Sen considers a wider class of tests when £, (0) is an
estimation function. Condition A of this section assumes that the variance matrix of
the vector of score function is nonsingular which is not applicable for the von Mises Fisher
distribution (in the proof of Theorem 2.3, part (b), we show that the determinant of the

variance matrix of the vector of score function is zero).

In the Vu and Zhou methodology, the conditions are milder than Silvapulle and Sen
and there is no need to check for the existence of the third derivative of the log likeli-
hood function, but still needs the positive definiteness of the expected negative second

derivative to be valid.

1.2.3 Rotnitzky, Cox, Bottai and Robins

Rotnitzky, Cox, Bottai and Robins (2000) start with a simple case of an example from an
“informative non- response” model which is discussed in Heckman (1976) and Diggle and
Kenward (1994). The negative expectation of the second derivative of the log likelihood
for a simple and informal case of this model is singular at a specific parameter point. On
page 247 of their paper, they use the terminology “information matrix” for the negative
expected second derivative of the log likelihood function. In view of Proposition 1.2, we
will avoid using the terminology “information matrix” and specify which matrix we are

using at any time.

They assume that exactly the first s — 1 derivatives of log f(y; #) are, with probability 1,
equal to 0 at the point § = 6* and with probability greater than 0, 9°log f(Y’; 6*)/00° #

0. Here, we use their notation 8* for the true value of 6.
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In a multidimensional case, consider the density function f(y; @) in which @ = (61, ...,604)
is a d x 1 vector of parameters and the intention is to estimate this parameter vec-
tor. Assume the negative of the expectation of the second derivative of the log like-
lihood function of this density is singular and of rank d — 1 and the derivatives of
log f(y; @) exist up to a specific order. They denote by S;(0) the score with respect to
6, S;(0) = 0log f(Y;0)/06;, 1 < j < d and by S; the value S;(8*). The rank of the
negative of the expectation of the second derivative of the log likelihood function at 6*
is d — 1 if and only if d — 1 elements of the score function vector, for instance, the last

d — 1 scores,
So,..., S84 are linearly independent
and the remaining score is equal to a linear combination of them, that is
S =KT(Sy,...,8q) (1.14)

for some (d — 1) dimensional vector of constants K. Under this assumption, they show
that the MLEs of some or all of the components of 8* will converge to 8* at rates slower
than O,(n~'/2). Furthermore, they derive the asymptotic distribution of the MLE of
0" and of the likelihood ratio test statistic for testing Hp : @ = 0" versus Hy : 0 # 0*
(Theorem 3 and 4 of the paper).

First, they consider a more specific case where the following two assumptions: (a) the
score corresponding to 6y is zero at 0*, that is S; = 0 and K = 0 in equation (1.14);
and (b) higher-order partial derivatives of the log-likelihood with respect to #; at 6*
are possibly also zero, but the first non-zero higher-order partial derivative of the log-
likelihood with respect to 6 evaluated at 67 is not a linear combination of the scores
So, ..., 5.

They prove that, under assumptions (a) and (b) and some other assumptions named
(A1)-(A7) and (B1)-(B3), the MLE of 8" exists, is unique with probability tending to
one and this MLE is a consistent estimator of @ when 8 = 0*. Also they derive the
asymptotic distribution of d,, = 2 (En(a) = En(e*)> for the test of Hy : @ = 0" against
Hy : 6 # 0*. This distribution depends on whether s is odd or even. If s is odd the
asymptotic distribution of the likelihood ratio test statistic is chi square with d degrees
of freedom. If s is even, then the asymptotic distribution of d,, is a mixture of chi square
distributions with d and d — 1 degrees of freedom and mixing probabilities equal to 1/2.
Then they go further and reparameterize the likelihood function in a way to consider the

cases in which the assumptions (a) and (b) do not hold. However, the equation (1.14) is
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required to be valid even after reparameterization as is said on page 265 of Rotnitzky,
Cox, Bottai and Robins (2000).

Proposition 1.3. In the von Mises Fisher distribution, because the last element of

the score function vector is not a linear combination of the other elements, ((1.14)

1s not valid and x4 = \/1 —z?— .= :U?i_l), so the distribution does not satisfy the
assumptions of Rotnitzky, Cox, Bottai and Robins (2000).

1.2.4 Aitchison and Silvey: Lagrange Multiplier Test

Aitchison and Silvey (1958) detail a method of dealing with hypothesis tests using La-
grange multipliers. They find the supremum of the likelihood function for an i.i.d.
sample subject to constraints in a subset of the parameter space using Lagrange multi-
pliers and consider the estimation of a parameter lying in a subset of a set of possible
parameters. This subset is defined by a well-behaved function and the estimator is a
solution of the likelihood function containing a Lagrange multiplier. They assume an
independent sample from a distribution fx (x; @) and set some assumptions. They prove
that, under their assumptions, a local maximum of the likelihood function exists and
its asymptotic distribution is a multivariate normal with a specific mean vector and

covariance matrix.

This setup is as follows. Assume €2 to be a subset of © and h(0) = (h1(0),--- ,hs(0)) =
to denote s constraints on ©. Let h(@) have first partial derivative H(8) = -2h(8).

00
< Fo —H(9)>1 :<2 Q)
~-HT(H) 0 o) Qr R/’

where Fg = E{F1(0)} is defined in (1.12). Assume Fy is nonsingular and H” (6)F, 'H(6)

is invertible, then

Consider the matrix

X =F,' - F,'H(0)(H"(0)F,'H(0)) 'H' (0)F,", (1.15)

R=—-(H"(0)F,'H(0))! (1.16)
and

Q=TF,'H(0) (HT(6)F, 'H(9)) . (1.17)
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The formulae (1.15), (1.16) and (1.17) follow from standard formulae in matrix theory

which can be found, for example, in Rao’s book (1973), page 33. Since we are in the i.i.d.

case, Z, = S:l/(g) can be assumed, under some regularity assumptions, to be distributed

asymptotically normal with mean 0 and the variance matrix Sg defined in (1.11).

Aitchison and Silvey (1958) are interested in the emergence of 6 as a solution of the

equations

where A is a Lagrange multiplier in R®. They prove that the distribution of maximum

likelihood estimators 8 and A in a given subspace  is then given by

~ -1
0,06 F —H(60 /5
N DGR = o (©) . n— o0, (1.18)
A — Ao ~H”(9) 0 0
where Oy and Ag are the true values of 8 and A in ©® and R® and that, under their

regularity assumptions, when Fg = Sy, we have

0, -0 ¥ 0
val2m 7 2N o, . n— oo, (1.19)
X — Ao 0 -R

This result is also in Neueschwander and Flury (1997), Theorem 1.1.

Proof. We have from the assumption and (1.18) that
Z, i)N(O,Sg), as n — oo

therefore, the random vector on the left hand side of (1.19) is also asymptotically normal

with mean 0 and variance matrix

S QT\ (Se O T Q) [ TShE  ISeQ
Q R/\o 0/\Q” R/ \Q7spy= Q7SeQ/’
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The relations
3SeX =3, (1.20)
3SeQ =0,
Q'sex =0,
Q"seQ = -R

can be seen through (1.15), (1.16), (1.17) and the assumption that Sg = Fg which comes

from (1.5). We have

S8e% = (Fp' —Fy 'H(6)(H'()F,'H(6)) 'H' (0)F;") Sp
(Fy' — Fy 'H(O)(H'(0)F, 'H(6)) 'H'(6)F,")
— (I-F,'H(0)(HT(9)F, 'H(6)) 'H”(6))
(F;' —F,'H (9)(HT 6)F,'H(6)) 'H (6)F,")
—F,' - F,'H(0)(H"(0)F, "H(6)) 'HT (6)F,"
— (F," ( )(HT<6>>F49 H(6))"'H'(9))
(Fy! — F, 'H(0)(HT (0)F, 'H(6)) ' H' (0)F,")
5 Fe1H(9)(HT(9)F91H(9))_1HT(9)F51

+ F,H(6) (H' (0)F,"H(6)) ' (H" (0)F, ' H(6)) (H' (6)F, H(6)) 'H' (6)F,"

the last equality results from (HT(G)Fng(B))f1 (HT(B)FEIH(O)) =1 Also

Q7seQ = (Fy' HT(G 5 H(0) )" S (F, ' H(0) (HTF, 1) )
- (HT 0)F, ' H(0))  H'(6)F,'H(6) (H”(0)F, H(6)) '
— (HT 6)F, 'H(9)) "
“R

and

¥SeQ = (F,' — F,'H(0)(H" (0)F,'H(9)) 'H" (0)F,")
Se (F;lﬂ(e) (HT(a)F(;lH(a))*l)
~ F;'H(0) (H'(0)F;'H(9))
—~F,'H(0)(H" (6)F,'H(0)) 'H'F,'H(9) (H" (6)F,'H(9))
=0.

-1
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O]

Silvey (1959) considers the case when Fg is not a positive definite matrix and suggests
replacing Fg by Fj; = Fg + H;(0)TH;(0), where H;(0) is a sub matrix of H(8).

Maller (2015) develops this idea, adapting the Lagrangian multiplier test to consider the
case when equations (1.5) are no longer valid so as to explore the behavior of a restricted

maximum estimator; see Appendix A.

1.2.5 Neuenschwander and Flury Definition of Constraints

Neuenschwander and Flury (1997) classify the constraints imposed on a parameter space
into three categories, named model, identifiability and basic constraints. Then they dis-
tinguish between these three types of constraints by considering those that are only there
to simplify the parametric model (model constraints), or without them the parameter
space is not identifiable (identifiability constraints), or without the constraints the family
of statistical models is not defined (basic constraints). They define a parameter 6 € ©
to be identifiable, if (under the regularity conditions) it guarantees the nonsingularity

of matrix Sg. We illustrate with some examples.

Example 1.5. Let X have a multinomial distribution in which an individual can fall
into any one of s classes with probability %, fori=1,...,s and 04 =>7_,0;. Thelog

likelihood function while we have only one observation is

L(6) = wilogb; —loghy,
i=1

where x; =0 or 1 and Y. _, x; = 1. Therefore, we have

si0)= 250 _ (n =) Ly

96 0 6. ) 6
and
0%L(6) e T L7
F(6) = — — Diag (2L, Zs) Z 21T
)=~ 6067 “‘g<9%’ ’93) g7
with

E(F(8)) = E(S(6)ST(8)) = S = <Diag <911 L ;) _ 911313) ,

where 15 is a s X 1 vector of ones. The matriz E(F(0)) has determinant zero.
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Silvey (1959) comments on this example “it is clear that this determinant is zero be-
cause we have set in s-dimensional space a parameter that is really (s — 1)-dimensional.
However it is obvious that there is no difficulty about restricted estimation in the subset
of © in which 64 =1".

Silvey represents the constraint of 6. = 1 as an identifiability constraint, because it
makes the following assumption valid:

(Silvey: Assumption 6B) 0y € (€ is a non null subset of ©, the parameter space) and
for any other point 8 € Q, F(t,0) # F(t,0y) for at least one t. F(t,0) is the distribution
function and f(¢,0) is the density function of X at t.

Thus, two different values of @ cannot give the same distribution for X. For the multi-
nomial distribution without the constraint 64 = 1, we could choose 6; = (1/2,1/3) and
0, = (2/3,1/3). For t = 0, we have

o) () -
o= () () -

Therefore, the constraint §; = 1 is needed to make the multinomial distribution identi-
fiable according to Silvey (1959) and Neuenschwander and Flury (1997), pages 309 and
312.

Wl Wl

Silvey (1959) suggests replacing the singular matrix Fg by Fg + H;(0)H? (), where
H,(0) is a submatrix of H(€). In Silvey’s methodology the two matrices Fyp and Sg
are assumed to be equal. However, as Theorem 2.3 shows, the negative expectation
of second derivative of the log likelihood function and the variance matrix of the score
function vector are not equal. Notice that Fg is the negative expectation of the second
derivative of the log likelihood function for one observation and Sy is the expectation of

the square of the score function vector for one observation.

Example 1.5. (Continued) Let h(6) = 0, — 1. The first derivative of h(0) with respect
to 0 is

0

_ 90 oy 1T
s0
, /1 1
Se+H(@)H" () = Diag | —,...,— |,
61 05

which is a positive definite matriz.
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There are other cases where constraints arise from the model. Silvey has another con-

tingency table example.

Example 1.6 (Test of Homogeneity in a 2 x 2 table). Assume two different populations
defined by A1 and Ao and take a random sample of size ny from A1 and independently
take a random sample of size ng from Ay. Also, assume the distribution of n1 (and as

a result ny) to be binomial with probability

n!

ylng] (91 + 92)”1 (93 + 94)712. (1.21)

Consider a 2x2 contingency table 1.1 with a multinomial distribution with the probability

n!

9”11 97"012 97121 0?’&22 (1 22)
1 2 3 4 - .
n11!n12!n21!n22!

Therefore, the conditional distribution of n;; given ny and ng is (Cochran (1952))

TABLE 1.1: Numbers and their related probabilities for a contingency table in Example
1.6

Bl BQ Total
Ar | ni(01)  nai2(b2) | na(6r + 62)
Ay | n21(63) mn22(04) | na(bs + 04)

Total mi mo n

G (%) (5w) ) G (65w) (%))
ni1'nig! \ 01 + 0o 01 + 0 191 !M99! O3 + 04 03 + 04 '

The parameter space is © = {6 € R* : € < 0; < %,for i=1,2,3,4}, where € is a small

positive number and the true value of the parameter is 8y = (0o1, Oo2, O3, 6oa) which is
known to belong to the set ©. We are interested in whether the equality between the two

conditional probabilities
P(B1]Ay) = P(B1|A2),

holds or not. We have

- P(BlﬂAl) B 01
P(Bi41) = P(A1) 61+ 6,

and

. P(Bl OAQ) . 03
P(BilAz) = P(Ay)  65+04
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Therefore, the test for homogeneity in this example is

L0 _ 03

Ho 01402 — 03+04 (1 23)
. _ 61 03

Ha 01462 7& 03404 "

The log likelihood function is

n1! 91 02
log ———— 1
) + n11 0g01+92—|—n12 og91+92

n! 03 04
| |
) + no1 0g03+94+n22 og93+94

= constant + ni1 log 01 + nizlog 03 — (n11 + n12) log(61 + 62)

+ o log 03 + nag log 04 — (no1 + n2g) log(0s + 04),

The first derivative vector is

Sn(0) =
<n11 (it mni2) miz (mantni2) nar (R21 +nge) nee  (na +n22)>
01 01 +6s 7 6o 01+62 7 65 Os+064 64 03 + 0,4 ’

and the negative of the second derivative matrix is

n11 _ (n114ni2) _ (n11+n12) 0 0
02 (61462)2 (61+62)2
_(n11+n12) ni2 (n11+n12) 0 0
F,(0) = G462 6 T 0027

n - 0 0 nal (n21+n22) _(n21+n22)

63 (03+04)2 (03+64)2
0 0 _(n21+n22) nog _ (n21+n22)
(03404)2 07 (03+64)2

We have from (1.22)

E(nn) = n91, E(nlg) = TL02 E(ngl) = n03, E(nzg) = 77,64

and from (1.21)

E(nl) = n(91 + 92), E(’I’Lg) = n(03 + 94)

Hence
1 1 1
01 0140, T 01402 0 0
N U U 0
E(F,(0)) = ESa(0)Sh(0)) =n | 0z & oo T .
0 0 03~ 03104 T 03104
1 1 1

0 0 “O+0 0 0540
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The determinant of this matriz is zero.

In this example

014+ 65—1
h(f)=63+60,—-1| =0
01 — 03
and
1 0 1
1 0 O
H(0) =
01 -1
01 O

We see that the first two columns of H(@) are basic constraints and the third is a
consequence of the hypothesis test, thus a model constraint. Neuenschwander and Flury
(1997) postulate that it is better to distinguish between these two different types of
constraints. They state “suppose that in an estimation problem the parameter space
©* C R%is not identifiable, but specifying the values of s; constraints hy () (typically 0)
suffices to make it identifiable. Then put © = {8 € ©* : h;(0) = 0}. We will refer to O*
as the hyperspace. Furthermore, suppose that we wish to estimate 8 under s, additional
constraints imposed on ©, written as ha(6) = 0. The constraints h(6) = 0 are model
constraints and none of them is implied by the identifiability constraints h1(@) = 0. The
reduced parameter space is ©g = {6 € O : hy(0) = 0}”. Neuenschwander and Flury
(1997) define

H(0) = ~ohi(0), Ha(0) =~ ho(0).

where H;(0) is a d x s; and Hy(0) is d x sy matrices and put
H(6) = (H1(8) Hx(0))

and
Fj =Fo+ Hi(0)H] (0).

Then they derive the asymptotic distribution of the maximum likelihood estimator

Vn(0, — 0y) (under certain conditions) as the normal distribution with mean 0 and



Chapter 1. Introduction and Background 30

covariance matrix X from the leading d x d submatrix in

F;  H(6) _1: Y Q
H7(6,) 0 Q" R/’

that is (from (1.15))

-1
= = Fj,' — Fy 'H(0,) (HT(80)F5, ' H(00))  HT (00)F, "

Example 1.6 (continued). Now consider

S O ==
_ = O O

. Then we have

and let Fg = M
n

Fj =Fo+H,(0)H! (0) =

o o o S
o o P~ o

o JF= o o
S~ o o o

which is positive definite. Therefore the asymptotic covariance matrix of \/ﬁ(an —6y) is

001002003004 [ -1 1 -1 1
001602 + 003604 | 1 -1 1 -1




Chapter 1. Introduction and Background 31

give the restricted maximum likelihood estimators as

)
)
3

91 — 03 —
n
~ ~ mo
62 — 94 )
n
~ n mo
A= —(n1— —ni2 ),
meo n
~ n ma
Ag = — (na— —naa |,
ma n
~ n
A3 = oy~ (na1 —ni11) + =—— (n12 — naa) .
1 2
Hence
3 n(p M1
A1+ A3 P (nl oy ni1)
3 (. M2 _
HOA— | M | = [ w2
PR ,
_ mo(p mi
A2 — A3 o (n2 it —nan)
3 n (M2 _
Ao s (N2 "2 — ngo)

~

~ ~ -1
Silvey (1959) introduces the statistic }\THT(H) (Jan) H(O)\, where

nt 0 0 O
0 nr 0 O
Jn = 3
0 0 no O
0 0 0 no

for the hypothesis test (1.23) which has asymptotically a x? distribution with 1 degree

of freedom. This statistic is

2 2
(nit —ni)” (52 —nio)

X HT(9) (Jan) TH@G)A =

nimi/n niyma/n
N (ne™ —ng1)?  (ne™2 — ngy)?
namy/n nama/n

which is the usual statistic used in the chi square test of homogeneity in a 2 x 2 table.

Example 1.5 illustrates how the problem of a singular second derivative matrix can be
overcome with Lagrange multipliers. This theme is developed further in Appendix A

which lists recent results by Maller (2015). We use them in Chapter 3.
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1.3 Composite Likelihood

Our spherical subcomponent model can be put in the context of the composite likelihood

method.

The composite likelihood method is a way of constructing an estimating function. The
composite function can be formed from products of marginals only, or from a mixture
of marginals and conditionals, or totally by products of conditional distributions. The
format of the estimating function is determined by the particular problem involved.
Section 2.1 in Varin, Reid, and Firth (2011) explains a variety of possible formats and

usages of composite likelihood.

Suppose the composite likelihood is made up of K elements of the form

K
H Li(6;y))"" (1.24)
where the wy are selected weights and are nonnegative. Let

CL(0;y) = log{L.(0;y)}

be the log-composite likelihood, let

u(B:y) = 5-CL(6:y)

be the composite score function and let ac,; be the maximum of the log-composite
likelihood.

Because the composite likelihood is in general not the complete likelihood the derivative
of the log-likelihood may not produce an unbiased estimating equation (Varin, Reid and
Firth (2011)). Therefore, in general,

Eg{u(0;Y)} #0
and we need to distinguish between

100) =B (~gu(@¥)) = [ = (55u0)) 763y

which is the expected second derivative of the composite score function, and the variance

matrix

J(0) = Varg (u(6;Y)).



Chapter 1. Introduction and Background 33

Thus, we replace the information matrix by the sandwich information matrix

G(6)=H(0)J(0) *H(H).

Suppose we have n independent and identically distributed observations y1q,...,y, from
the model f(0;y) from which the components in (1.24) are formed. Under some regu-

larity conditions it can be proved that 50 1. is asymptotically normally distributed as
Jn (BCL - 9*) L, N (0,G(6%)71),

where the function E{CL(0;y)} achieves its maximum at 6%, assumed to be an interior

point of the parameter space.

If we define

110) = Varo 5 108.0:Y)

to be the expected Fisher information, then the ratio of G(8) to the expected Fisher
information 1(@) gives the asymptotic efficiency of 50 1, relative to the maximum likeli-
hood estimator from the full model (Varin, Reid, and Firth (2011)). Our application to
the spherical subcomponent model does not fit into the standard situation as we have
to allow for constraints as well as the difference between the expected second derivative

of the composite score function and its variance matrix.



Chapter 2

von Mises Fisher Distribution on

the Sphere

2.1 Introduction

In this chapter, we study the von Mises Fisher distribution, analysing its behavior on
the sphere using contour plots and calculating its normalizing constant and its moments.
We also introduce some properties of the variance matrix of this distribution which are

of interest and useful for our analysis.

We can find formulae for the normalizing constant and the moments of the von Mises
Fisher distribution in almost all books related to the spherical distributions. However,
we calculated these values via a direct method which is illuminating. Theorem 2.1
concerns the properties of the normalising constant and its derivatives which we can
find in Watson (1983), but the method of proving presented in this chapter is different
from his. The results of this theorem are used throughout the thesis.

Theorems 2.2 and 2.3 investigate the properties of the variance matrix and score function
of this distribution and are what motivated us to write this thesis. Examining the
uniform distribution on the sphere in Section 2.5 through considering the value of zero
for k in the density function of the von Mises Fisher distribution helped us to calculate

the moments of the uniform distribution on the sphere and to present Theorem 2.4.

2.2 Spherical Data

Angular and spherical data are observations that appear in a wide variety of random

experiments. As indicated by the name, they are related to angles. In 2 dimensions

34
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observations are on a unit circle with origin in the centre and can be represented by
a unit vector which shows the position of the observation on the circumference of the
circle. For three or more dimensions, observations are on the surface of a sphere or
hypersphere. In the case of a unit circle, the cartesian coordinates of the vectors can be

represented by (cos6°,sin#°) and in polar coordinates they are (1,6°).

In this thesis, we work with the density of a distribution which involves a random
vector X in Cartesian coordinates. Therefore, we write x1 = cosf and zo = sinf in
2 dimensional coordinates and x; = sinfcos¢, 9 = sinfsin¢ and x3 = cosf in 3

dimensions. In d dimensions we have

d—1
I = H sin 91',
=1

d—1

;L'j:HSinel'COS(gjfl, j:2,...,d—1,
=3

Tgq = cosb,.

Spherical data are employed in many scientific disciplines. We study an example in

finance.

Example 2.1 (Portfolio with no short sales (NSS)). In portfolio analysis we mean to
present a method to enable us to invest optimally in a group of assets. Consider d assets.
The intention is to allocate some proportion of our capital to each of them in order to
have the highest return for a given level of risk. If we define X; to be the fraction of a
unit amount of capital invested in asset i and p; to be the expected return on asset i, for
i=1,...,d, then,
d
Z piXi,

=1

is the expected return on the portfolio. Moreover, we have the total investment condition

d Xi=1. (2.1)

Let 3 = (045) be covariance matriz of the returns, where o;; is the variance of the return

on the asset i and o5 is the covariance between the returns on asset i and asset j, while
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i # j. Then the risk of the portfolio is given by the square root of its variance

1/2

Z X202 + Z ZX Xoi| = [XT=x]"?, (2.2)

=1 j=1
i#j
where X = [X1, Xo,--- ,Xd]T. When short sales are not allowed (NSS), each invested

amount must be nonnegative, so we have another condition
X; >0, i=1,2,---,d. (2.3)

Portfolio analysis helps us to determine the allocation of a unit amount of capital to
mazimize return in a specific time interval subject to a given level of risk, or, equivalently,
to minimize risk for a given level of return. The X;’s are called the asset allocations.
To choose a portfolio of assets with the lowest risk and highest return when short sales
are not allowed, we minimize (2.2) under the constraints (2.1) and (2.3). Equivalently,

(Sharpe (1994)), we mazimize the Sharpe ratio

XTp

W, (2.4)

under the constraints (2.1) and (2.3), where p = (p1, pi2, - - ., pa)” is the vector of ex-
pected returns. The vector of asset allocations X = (X1, Xa,- -+, X4)T where each X; is
greater than zero and Zf 1 Xi =1, can be transformed to vector Y = (Y1,Ya, - YT

\/T, \/Xi, \Fd T Then Y2+ YE+- de =1, so 'Y lies on the unit sphere.
With this motivation in mind we go on to study the von Mises Fisher distribution on

the sphere.

2.3 von Mises Fisher Distribution and its Moments

Let S¢ = {x € R?: 23 + 23 + --- + 22 = 1} denote a unit sphere in R%. The von Mises
Fisher distribution is defined on this sphere by the following density function:

fx(x) = c(k) Lexp{rulx}, xeS%k>0,ucs?, (2.5)
where fx(z1,x2, - ,x4) is the density of a d dimensional random vector X at the point
x = (x1,x2, -+ ,x4) on the surface of the sphere.

In this distribution x > 0 represents the concentration and p is the mean direction or

the pole such that p = (p1, pi2, -, pa) with p? + pd + -+ + p2 = 1. & is a measure of
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I:E]K:'f,)l_.l-:{l&f_ﬁ; :{J.T,j_.'! =4 0.9 Ib] k=10, ,'_.'-:D.S.,'..';:D.?.,‘..‘g:-\l'[].g
1.0

10

FIGURE 2.1: Comparing contour plots of von Mises Fisher distribution for different
values of Kk =1, k = 10, kK = 100 and x = 1000 while p; = 0.3, o = 0.1, uz = /0.9

precision. If k = 0, then the data are distributed uniformly over the sphere. When & is
large, the distribution is concentrated on a small portion of the sphere. p is called the
modal or mean vector of the distribution and locates the density on the sphere. Some
contour plots of the density for different values of  is shown in Figure 2.1. Figure 2.2

shows the effect of different values of the modal vector.

We assume throughout this section that x is not zero. Therefore, we choose the pa-
rameter space to be © = {(x, p1, -+, ptq) € (0,00) x (—1,1)?} and the true value of the
parameter to be 8y = (Ko, (10, * , ftdo) € ©.

The first derivative of ¢(k) with respect to x will be denoted by ¢, and the second

derivative by cxx. These notations will be used throughout the thesis.
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(a) k=10, 't =08, ,'J:;_:—DE. Hi=4 0.1 [D] k=10, i =(,5, j_.'z:—ﬂ.5, j_f]:-.HJ.E
1.0

10

FIGURE 2.2: Comparing contour plots of von Mises Fisher distribution for different
modal vectors while xk = 10

2.3.1 Properties of ¢(k)

Let X = (X1, Xo,--- , Xg)T € S? be a d dimensional random vector with the distribution
(2.5). The integral of the density function over the sample space must be equal to one.

So

c(k) = /eSd exp{rptx}dw(x) = / exp{r(p1z1 + - -+ + paxq) pdw(x), (2.6)

x€Ssd
where dw(-) is the area element on S¢ and is calculated as follows.

If we parameterize a 3 dimensional sphere and consider the vector (i, 4, k)? to be the

standard basis vector of the Euclidean space, we get #(x,y) = xi +yj + /1 — 22 — y?k

BF($,y) af(x,y) 3
Brs and oy s the cross

and the area of the parallelogram defined by two vectors
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product of these two vectors, that is

oz, y)  Orlz,y) _—x
ox x oy Via?—y?

= ° i+ Y i+ k
\/l—xQ—yQ \/l_xQ_yQJ ’

and we have

2 2
or(xz,y or(x,y T Y
dolx) = | giﬂ )X 593/ )H: (\/1—1:2—3/2> +<\/1—x2—3/2> o

¢(k) in (2.6) appears to depend on p as well as k. However, ¢(x) depends on x only. To

see this, let

pi pa 0
H2 0 pa - 0 :
M — . . . . _ a  Ud (d—l);(d—l) ’ (2.7)
Hd a
pa—1 0 0 Hd
| Ad THL —p2 ot THA-1]
where
aT = (/’Lla 2,0 7/’Ld71)7 (28)

and we assume g # 0 (at least one p; must be nonzero). We look for an orthogonal
matrix that satisfies u’'Q = [1,0,---,0]. We claim that such a Q does exist. Let

Q = [¢1,42, - ,q4]- From the orthogonality assumption, we verify that ¢ = p and

(d—1)x (d—2)
2

(d — 1)? variables. Because the number of variables, for d > 2, is more than the number

ql-qu =0, for all i # j, 2 > 4,5 > d. These give us d + equations and
of equations, we can conclude that Q exists. Such a matrix can be built upon M.
One of the options for Q is to build an orthonormal matrix by the Gram-Schmidt

method. For d = 3, for example,

B3

— i1 o

SRV
2 0

—p

V413
Vi

—p2p3

M3
N T

Vid+ug
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Make the transformation x = Qy. We can write (2.6) as

c(k) = /eSd exp{ky1 tdw(y), (2.10)

on noting that
p'x=p'Qy =1[1,0,0, - ,0]y = v, (2.11)

where y € S?. (2.10) shows that ¢(x) depends on & only.

Using the formula of surface integrals (Silverman (1985)), (2.10) can be written as
c(k) = / exp{ky; tdw(y)

[ /
)2 4 ( Yd—1
\/1—y1 =Y \/1_9%_"'_93—1

exp{ry1 }dyq—1dyq—2 - - - dyr

_2/ / / \/1_exp{/<y1} 2 dyg1dya_s- - dy, (2.12)

P +1

i — —Yi1

Now make the transformation to polar coordinates:

y1 = cos fq

19 = sin f cos 6y

yi = Hsin@i cos 6; for 1=2,3,---,d—2 (2.13)
-2
Yd—1 = H sind; | cosf4_1,
0 (2.12) is

™ ™ d_3 vy
k) =2 / dfg_, / exp{r cos 1} sin®? 01d6; | | / sin 0y_;_1d04_;—1.  (2.14)
0 0 : 0
g=1
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Using the equation
s . T Jjt1
/ sin’ xdx = M j >0, (2.15)
0

we can write the above integral as:

d—3 d—2 d—3 /2
c(k) =2X7mT X7 2 (;E;; ;Ed;) : ;g;) /0 exp{x cos 01 } sin?~2 0,db,
_ g -1 1 ﬁr(%)f%(’?)
) G
= (2m) 26121, 5 (k), (2.16)

where I;/5_1(-) is the modified Bessel function of first kind (Abramowitz and Stegun
(1964), Chapter 9, page 376). I;/_1(x) satisfies the ordinary differential equation

d—2
2

2 d*W (k) n dW (k)

2
drk? : dk — (87

)W (k) = 0.

In our case, we have W (k) = (21)¥2k%?~1¢(k), so (k) satisfies

KCxr + (d — 1)c, — ke(k) =0, (2.17)
where ¢, = 6(5(:) and Cpp = 82;(5 ).

2.3.2 Moments

From (2.6) we have

oc(k
o= 20— [ () exp T} () = () BT X).
K xeSd
Thus
E(u” O 2.1
(W'X) = 7 (218)
By considering the second derivative we see that
0%c(k
o= T = [ (W exp{sn X)) = () B (T X
Kk xeSd
Thus
B(uTX)? = o (2.19)

c(k)
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Put pug = \/1 — 3 —pd—---—p2 | # 0in (2.6) and consider the first and second
derivative of c(x) with respect to p;. Let fi} = (g, —p:)7 and X; 4 = (X;, Xg)T for
1<i<d-—1. We find that

E(fi] Xiq) =0 (2.20)

2 2
~ o+ s
B(f] Xiq)? =~ B(Xy)
Kld

Solving equations (2.18) and (2.20), we obtain

E(X;) = @,ui, i=1,2,---,d, (2.21)
hence
EX = % 4. (2.22)
c(K)
Therefore, we have
E(Ri Xia)* = HCC&) (ug + 1) (2:23)

In the next step, the derivative of ¢(k) is first taken with respect to x and then with

respect to p;:

(‘326(/’?)_ x-—&l‘ ﬂx,_ﬁx Ty ) exod kulxVdw(x
Opiok _/lle <( i a) il = wa) )) p{rp x}dw(x).

The result is the following equation:
B (A X50)(1"X) ) = 0. (2.24)

Alternatively when the first derivative is taken with respect to y; and then p;, we have

&c(r) / ( ift 2 i 11 ) T
= —K Tqg+ k7 (x; — —xg)(T; — —F2x4q) | exp{rp” x}dw(x),
ot = o (A R ey~ M) ) explnx)du(x)
which gives

Cx

E(ﬁfxi,d)(ﬁ?xj,d) = mﬂiﬂj- (2.25)
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Consider (2.19), (2.23), (2.24) and (2.25). These are the elements of E(MXX?MT) for
matrix M satisfying (2.7). Therefore we have

Ko 0 .- 0
0 1+ 1 WCRERE 1/4d—1
EMXXTMT) = Feta K s (2.26)
I{C(K) . . . . .
0 pipa1 Hepa1 o pgoq G
Another representation for this matrix is
¢ KCrr OT
EMXX'™M") = —F— | &
ke(k) (04, F
where
F = (pI+aa”) (2.27)

and a is defined in (2.8). Then

a'F =a’ (u3+aa’) =a’

and
1 T 1 T (.2 T
%(I—aa ) F = E(I—aa ) (pgl+aa’)
_ Mld (421 + aa” — j2aal — aaTaal)
= pql.
So

EXX" = M (EMXX"M") M7

Cr a Hld(I—aaT)] rg“ o”

Ke(k) 1z —a’

0 F| |1

—a

e | Fe=a MdI][ a’ ud]
ke(k) BB g —a’ i(l—aaT) —a

Cr _I+<%—l>aaT ,ud<%:“—1>a
HC(”)_,%(%Z”—l)aT 1+u3<%—1)
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Or,
T Cr KCra aal  pga
EXX! = {1+ ( - 1) }
ke(k) Cr paa®
_Cx I, 4 I T
ke(k) ke(k) \ ¢k
Cx T Crk T
= I- 2.28
o) (I—pp')+ ()M (2.28)
It follows that
T dey. KCp — Cre
trace(EXX") =
ke(k) ke(k)
_ (d—1)cy L Con
ke(k) c(K)
d
=> EX} =1
i=1
As a result the following relation is verified:
Kewr + (d — 1)c — ke(k) = 0. (2.29)
Note that this is the same as (2.17).
From (2.22) and (2.28), we have
Var(X) = O (I- uuT) + M ppt. (2.30)
ke(k) (k)
Also from (2.19) and (2.18), we have
e \? ¢ c?
Var(p'X) =E (p'X - =) = 75 - - 2.31
() =B (X - o) e (2.31)
from (2.20) and (2.23),
. c
Var(af Xia) = — = (1} +p13) , (2.32)

ke(k)

from (2.18), (2.20) and (2.24),

Cov(p" X, 1} X;,4) =0,

(2.33)
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and finally from (2.20) and (2.25)

- - c
COV(,U;’FXi,da M]TXj,d) = ?&)Miﬂj- (2.34)

These formulae will be needed for the asymptotic analyses to follow later.

2.4 Properties of the Variance Matrix in a von Mises Fisher

Distribution

Define

A(r) = =, (2.35)

then

Al(r) = S5 (2.36)

which we denote as a(k) throughout. Then we have the following theorem:

Theorem 2.1. (i) For all values of K > 0, we have A(k) > 0 and a(k) > 0. Therefore,
A(k) is an increasing function of k > 0.
(i1) For all values of k > 0, we have ¢, > 0 and cxr > 0. And c(k) is an increasing

function of k for all kK > 0.

Proof of Theorem 2.1. (i) Recalling that a variance is always positive, hence A(k) >
0 follows from (2.32) and a(x) > 0 follows from (2.31).
(ii) Of course ¢(k) is positive. From Part (i) we have ¢, > 0. From (2.19) we conclude

that ¢k is also positive, all for k > 0. L]

The variance matrix of a von Mises Fisher distribution, which is verified from (2.30),
can be rewritten as

> = AI(:) (Io— pp”) + a(x)pp’. (2.37)

Suppose B'/2 (BT/2) is a left (right) square root of a positive definite matrix B. These
are any matrices which satisfy BY/2B7/2 = B. The matrix B'/2 is clearly not unique. We
define BZ/2 to be (Bl/ 2)T . The Cholesky square root and the symmetric positive definite

square root are the common methods for deriving a square root. In the Cholesky square

root method, the left and right square roots B'/2 and B?/? are denoted as the lower
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and upper triangular matrices with positive diagonal elements satisfying BY/2B7/2 = B
and BT/2 = (B'/2)T,

We have the following results.

Theorem 2.2. For the variance matriz of a von Mises Fisher distribution represented
n (2.37) we have

(i) =2 =/ ’“Iﬁ(w A,(f)uu,

A(r)

(iv)  Eigenvalues of ¥ are ey , and a(k).
K K

d—1

Proof of Theorem 2.2. (i) From the Sherman-Morrison determinant formula (C.
Radhakrishna Rao (1973), page 33), the inverse and determinant of a matrix in the
form of B= A + UVT are

A-'UVTA-!

1+VTA-IU

Det(B) = (1+ VIA7IU).Det(A)

B'=A"-

where U and V are two vectors and A is an invertible matrix. Therefore, if we consider
Al )Id, U= (a(/{) - @) p and V = p, then

K

-1_ Kk
AT S AW

Id7

L VIATU = LT (a0 - 2= ot

_ 4, K A(k)
AtuvTiA~l = (A(,{))Z (a(r@)— p >WT

and the result (i) comes straightforwardly.

(iii) A suggestion for the square root of the variance matrix can be checked via »T25l/2 =

3’ on noting that »1/2isa symmetric matrix.
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(iv) For the eigenvalues, we solve the equation

AW, o) = A
Det(E — )\Id) = (T — )\) (1 + T_)\) =0
to get the answer. O

2.4.1 Covariance Matrix of the Score Function Vector of the von Mises
Fisher Distribution

In this section, we calculate the covariance matrix of the first derivative of the logarithm
of the likelihood function and the negative of the second derivative of the logarithm of
the likelihood function of the von Mises Fisher distribution in order to emphasize that

they are not equal.

Let X1, X9,...,X,, be n identically independent random variables from the von Mises

Fisher distribution represented in (2.5). In this case, the log likelihood function is
L,(0) = —nlogc(k) + neu’ X,

where X = >"" | X;. We define the score function vector to be

S, (6) = OL.(8) _ (—A(;@i; HTX> |

where A(k) = cf;) is defined in (2.35). The expectation of the score function vector is

ESn(O):n< 0 ) (2.38)

which is not zero and

T
(ES,(0)HES, ()} = n? (g E;EXT> . (2.39)

From the properties of the von Mises Fisher distribution we have

EX = EX = A(k)p,
EpfX = EptX = A(r),
_ dA(k)

Var(pu?X) = nVar(u? X) = o a(k),
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therefore S,,(0)S1 () is

roa o (FAR) +pTX)? R(-A(r) + uTX)XT
Sn(a)sn (9) =N (/{(—A(,‘{) " u,TX)X ﬁzﬁT )

T

o (WX —BpTX)? sp” (X - EX)X
=N _ — J—
kXX -EX)Tn K2XX

and has the expectation

Var(pTX) kpu® Var(X)

T _ n2 L . P —
B{SH@81 0} =" | e Xop 2 (Var(X) + EXEX")

(2.40)

From (2.39), the variance matrix of the score function vector is thus

Var{S,(6)} = n’ (Var(uTX) muTVar(X)>

kVar(X)pu  x%Var(X)

. a(k) k! Var(X)
kVar(X)p  k*Var(X)

. a(k)  wa(k)u” (2.41)
ka(k)p  K2Var(X)) '

It is proved that this matrix is not a positive definite matrix (this proof is done in
Theorem 2.3, part (b) in the following). The minus second derivative of the log likelihood

<T
Fo(0) = ——2_$,(0) =n (a(;) X )

with the expectation

<T

—-EX —A(k)pt

EF,(0) = n | ") _a W () (2.42)
—-EX 0 -

which is not equal to Var{S,,(0)} (the two matrices (2.41) and (2.42) are not equal) and

EF,(0) is singular.

Theorem 2.3. (a) The expectation of the score function vector in the von Mises Fisher

distribution is not zero (Matriz (2.38)).
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(b) The variance matriz of the score function vector for the von Mises Fisher distribution

is not a positive definite matriz (Matriz (2.41)).

(¢) The variance matriz of the score function vector for the von Mises Fisher distribution
s not equal to the negative of the expectation of the second derivative of the log likelihood
function (the two matrices ((2.41) and (2.42)).

(d) The negative expectation of the second derivative of the log likelihood function of the

von Mises Fisher distribution is singular (matriz (2.42) has determinant zero).

Proof of Part (b). From (2.37), we have

_ k2a?(k)
Var(S..(6)) :n( a(r) m(n)uT> . <a<m> o oT ) LUV

ka(k)p  K*Var(X) 0 rA(K)Iy
(2.43)
=n(B+UVT) (2.44)
where
~(2) G
p d(k)p
and

K

d(K) = K> (a(n) - A(”)).

From the Sherman-Morrison determinant formula (C. Radhakrishna Rao (1973), page
33), we have

Det (Var(S,(0))) = (14+ VIB™1U)Det(B).

The determinant of B is

KZCZ2 K
Det(B) = (sA(0)* (atw) - “ 07 ).

i Aa(s)
= (rA(x) A(r) — Kka(k)

and
1+VIB U =0,

therefore, Var(S,,(0)) is singular and is not a positive definite matrix. O
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2.5 Uniform Distribution on the Sphere

We make a brief aside to introduce the uniform distribution.

If in the von-Mises distribution (2.5) x becomes zero, the density collapses to

fx(x)=c(0)7!, xes, (2.45)

omd/2
which is called the uniform distribution on the sphere. ¢(0) is % which is calculated
through the following process:

1

1 1
c(0) = / dw(x) = 2/ / dridxs -+ dxrg_q
xeSd 0 0 \/1 —z? -z

2 2
27 T g

:2/-H/Sm%Mﬁm&%y“mﬂmﬂﬁMwaW1
0 0

d—2 /2 .
=27 H/ sin’ 9d_j_1d9d_j_1
j=170

d—2 i+1
INEE=
o (YR

Lz
27Td/2
- I(d/2)

We used (2.13) and (2.15) in lines 2 and 6. We have the obvious equality

1 9 1 1 ;
EXi:/ xidw(x):/.--/ <
c(0) Jxesa c(0) Jo 0 \/1 P I 2

T g

dl’ld{L‘g s dl‘d,1
9 s ™ ] )
= — / e / sin®1 9, sin®2 05 - - - sin? " 0, cos 0; sin® 2 Oitq---
c(0) Jo 0

sin 0d72d91d02 ce d@d,1

2 i vy vy .
= — (/ ded_1> </ sin Qd_gded_2> e </ sind—"2 91+1d9i+1>
c(0) \Jo 0 0
</ sin?~? 0; cos Qidei)
0
N (/ sind_2 92d92> (/ Sind_l 01d91)
0 0

=0, 1<i<d-1, (2.46)
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on noting that foﬁ sin?* 6, cos 0;df; = 0. We can apply the same method to see that
EX;X; =0 for 7 # j. To calculate EX?, we have

1 2
EX} = / 7 dw( / / drydry---drg
C(O) xesd \/1_1'1_.%-2 e 2

Ty

9 ™ T ]
= — (/ d@d_1> </ sin 9d—2d9d—2> </ smd =2 01+1d9¢+1>
c(0) \Jo 0 0
< / sin?="1 §; cos? Gid9i> < / sind 112 9i1d92>
0 0
. </ Sindi1 92d92> (/ sind 01d01>
0 0

_ !
=,

(2.47)

because

(/ SiIld_H_2 Hlldell) </ Sind_i_1 91 COS2 Qld@) </ Sind_i_2 9i+1d9i+1>
0 0 0

VAN L) (yAn () VAn( ) VAD ()
) (=) (= ) (%)
_ VAR (VATEE (S - ) VAL ()
L% +2) (D))
_ VAL (VAT (5) | VAL ()
D(%5t+2) \ I T(%h)

Also by symmetry, EXy = 0 and EX3 = 1 (since E(X? + - + X3) = 1). Therefore, in

a uniform distribution on a sphere we have

EX =0, (2.48)
1
Var(X) = gId,

where 1; is a d x d identity matrix. Now, we can introduce the following theorem:

Cx

m;

Theorem 2.4. In a von Mises Fisher distribution where A(k) = we have (i)

A(0) = 0 and (ii) a(0) = 2.

Proof of Theorem 2.4. In (2.18) and (2.19) substitute x = 0 in the derivatives. Let
Euniformity(X) be the expectation of X while the density is a uniform distribution on
the sphere given in (2.45). From 2.18 which is A(x) = E(u? X) and putting x = 0 in it,

we have

Eum'formity (IJJTX) = A(O)v
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or equivalently,
/J/TEum'formity<X) - A(O)

From (2.46) we have Eqyp;formity X = 0, so the proof of part (i) is done.

For the second part, we apply the same method as used to prove Part (i) in the following

form

E(p"X)? = C‘/’(:) = a(k) + A2(k)

2
Eum’formity (/J/TX) = a(O) + AQ(O)

d
Euniformity <Z MZQXzQ + Z Zl#]MZM]XlXJ> = CL(O) + AQ(O)
i=1

d
ZN?Eum'formity (XE) + Z Zi#j:u'iquuniformity (XZ—X]) == a(O) +0

=1
é +0 = a(0).

The last equation comes from (2.47) and Eypi formity (XiX;) = 0. O

2.6 Maximum Likelihood Estimators

We now return to the main development for the von Mises Fisher distribution.
Let X1,Xo, -+, X, be n independent random variables from the von Mises Fisher dis-

tribution and x1, X9, ..., X, observations on them. The log likelihood function is then:
En(/{'a 25 PR nud) = —nlog C(K) + Ii’I’LMTin,

where X,, = (X1 + X2 + -+ X,,)/n. Let X,, = (T1,T2,- -+ ,Tq)’, then we have

L (ki p1,- -+ pa—1) = —nloge(k) + exp{ns(um@ + - + \/1 — M= G Ta)}

Taking the first derivatives with respect to x and p; gives the following equations:

0L,  —ncy
ox  c(k)

+n(mfl+“'+\/1*@*“'*#3_1@):0

and

OLn ( Mi )
=nk|T; — —xq ) =0.
Opi W
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Solving these equations give the MLEs fi; and & as:

~ Ti

i = — (2.49)

"Il

and & is to satisfy the following equation:

Cr _

2.50
- (250)



Chapter 3

A Model for Spherical Data with

Lower Dimensional

Subcomponents

3.1 Introduction

The aim of this chapter is to introduce a methodology which was motivated by a problem
arising when analysing asset allocations in finance, when the issue is to make a portfolio
based upon d assets. Because of the nature and structure of a portfolio, it is reasonable
to hypothesise a spherical distribution for the square roots of the allocation proportions.
But, as the dimension of the data will be determined following the calculation of the
portfolio, a combination of spherical distributions with dimensions from 1 to d may be

needed.

The von Mises Fisher distribution has special features which make it necessary to apply

the strategy and methodology introduced by Maller (2015) to handle this kind of model.

Two real data examples, one containing three and the other ten indices from different

countries provide practical case studies for the procedure.

To understand how to build a portfolio with no short sales from d assets and transform

the data to a spherical form, we refer the reader to Chapter 2, Example 2.1.

The proportion of 1 total unit invested in Asset i is denoted by 3, > 0, 1 < i < d,
2?21 y; = 1. So a portfolio can be represented by the vector of allocations (y1, y2, - - -, Yd),
with corresponding observation on the unit sphere (z1, z2,...,24) = (VY1 /Y2, - - - » \/Yd)-

54
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In practice we often observe some of the x; to be exact zeros (Asset 7 is not included in

the portfolio) in which case the observations fall on a sphere of lower dimensions.

3.2 Setting up the Model

From observations on d assets, 2¢ — 1 possible nontrivial portfolios can be formed. An
observed number m; of these will contain one asset, m; € {0,1,..., (f)}, mo of these
contain two assets, mo € {0,1,...,(2)}. In general, m; portfolios contain i assets,
m; €{0,1,...,(9)}. Let m= 0, my, and k= m + 30, im,.

Consider S% to be the sample space relevant to d dimensional spherical data, that is,

St={x:x=(z1,...,74) € RE, 23 + 23 +... + 22 = 1}, and denote

Sij={x:x¢€ S%  d — i elements of x are equal to zero according to

reordering no. j of zero and nonzero elements} (3.1)

to be a subcomponent of S%, for j =1,...,m; and i = 2,...,d. Factor i indicates how
many assets occur in the nonzero weight in a portfolio. Index j numbers the portfolios
within subgroup i, in a certain order. For example, suppose we have 3 assets, d = 3.
When the portfolio contains only one asset, we have ¢ = 1 and three different corner

points, so

Sll = (1’1,0,0),
512 = (Oa:EQaO))
5113 — (0,0,1‘3)7

are the three different possibilities for this occurrence. Here the x; denote nonzero
elements. In this case, in fact, 11 =29 =23 = 1. Aswesee 0 < j < (i’) = 3. For i =2,

we have two assets and 0 < j < (g), corresponding to

521 = (£U1,$2,0),
S22 = ($1>07$3)a

Sog = (0, x2, z3).

For i = 3 the only possibility is S33 = (21, z2,23). We treat Sa;, S22 and Sos as distinct
cases. Later, Theorem 3.8 and Section 3.5 refer to the case when we do not distinguish

between them.
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Inference will be done conditional on the observed values of the m;. Portfolios which
contain only one asset have no diversification effect and are eliminated from the analysis.
So as we see in the following we do not have fi; in the structure of the distribution (3.2).

Consider the function

Fx(:0) = (f1 ()52 (a230) =522 L (fign, (30)) T Fomd) (3:2)
d m;
= TTTT (™,
i=2j=1
where
1 :xeS;
I« (Si5) =
0 :x §é SZJ
For j=1,...,m; and i = 2,...,d, f;; will be assumed to be the density of an ¢ dimen-

sional von Mises Fisher distribution with parameters p;; € S* and kij > 0. Therefore,
fii(x) = {cD(kij)} " explrgplx}, x €Sy, (3.3)

where ¢V (k) is the normalizing constant (See (2.5)).

Let n independent random variables Xy, ..., X, be distributed according to the density
functions in (3.2). For k =1,2,...,n define

1 :xp €585
Zz'jk: = “ (3.4)
0 : Xk §é Sij,

where xy; is the observed value of Xj. Corresponding to (3.2), form the function

n d m;

Ln(0) = [T TTTI (st

k=1i=2j=1

and take logs to get

Ln(0) = {221 log(far (Xk)) + 2226 108 (fa2(Xk)) + - - + Zdmyk 108(Fam, (Xi))},
k=1

where 07 = (ka1 poy, K22, tog, - - - Kdmg> Mdm,)- The function £, (6) is not a true log
likelihood but we will see that as a criterion function it will lead to consistent estimation
under some conditions. The function £,,(8) can be viewed as a version of a “composite
likelihood” as discussed in Section 1.3. As in Vu and Zhou (1997) we call the estimators

that are calculated through maximizing the function £,(6) “maximum estimators”.
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Assume n;; samples are drawn from population (4, j). Therefore we can write >, 2 =

n;j. Assume that the n;; depend on n such that

lim E = Pij-
n—oo N
From (3.3), we get
mo mgy d m; o
£n(0) = — Z na; log 6(2)(/{2]‘) — ... Z Ngj log C(d)(/idj) + Z Z nijmijuz;Xij. (3.5)
7j=1 Jj=1 =2 j=1

The first derivative of the estimating function with respect to 8 is a vector whose ele-

ments, for ¢ =2,...,d and j =1,...,m;, are

—n21 AP (ko1) + noypud Xoy

no1k21Xo1

0L, (0) —ni AD (ki) + nz‘jug;xz'j
09 nijkij Xij

_ndmd A(d) (K:dmd) + ndmd “gmdidmd

ndmd "Qddedmd kx1

where we write
(4)
Chiij

AW (ry5) = @ (kij)

(3.7)

for the ¢ dimensional case and recall m = 2?22 m;. The negative of the second derivative

of the estimating function is

Foy O -~ 0
0°L,(0) 0 Fopo -~ O
F,.(0) = 00T . ) ; (3.8)
0 0 Fain ek

where

<1
) =X
F,.j:nij<“(“”> ”> L i=1,2,. . mi, i=2,3,....d.
(i+1)><(i+1)
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The eigenvalues of F;; are

0; (i —1 times),
a(kij) + \/a(fiz‘j)2 + 4/1X55112 ),

alkij) — \/a(f%‘j)2 +A[IX5(1 ),

D[

N[ =

so each F;; is singular. The number of zero eigenvalues for each F;; is 7 — 1.

From (3.6), (2.18) and (2.21) we see that the expectation of S, (8) is

0

n21 K21A(2) (K21) oy

0

nijig A (ki) i

0

NdmgRdmy A@ (/idmd ) Hdmy

This is not zero for any @ € O, and since F,,(0) is singular for all 8 € ©, we see that
“standard” asymptotic theory, as was discussed in (1.5) and the paragraph after that,
for maximum estimators does not apply. We use the notation ME for the maximum

estimator all throughout.

Consider the vector of restrictions as

131y — 1
h(e) == E == Omxl.

I’Lgmdudmd - 1

The derivative of this vector with respect to @ is

0 0o --- 0 - 0
2p91 0
0 0o --- 0 - 0
oh(6
0 0 208, 0
0 0 0 2Wamy) |,
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Define a vector of Lagrange Multipliers

)\dmd mXx1

where A € R™. Assume there is a constant matrix C,, and a constant a > 0

no1 0
0 noo
Cn:a 5 .]_1727" 5, My, 1:273a 7d7
0 0 nij 0
0 0 0 Mamg)
such that
An = CoA. (3.10)

Here A,, € R™ are Lagrange Multipliers which depend on n;; for j = 1,2,...,m; and
i1 =2,3,...,d. We have

0

2n21A21 oy
0

0

2ndmd )\m Hdmd

kx1

To find expressions for the MEs, prove their consistency, and derive their asymptotic

distributions we apply the Maller (2015) methodology outlined in Appendix A. Define

A
SQI

A S2
SN6) = S.(0) +HON, = | |,

n

S>\

dmyg
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where for a > 0,

T(X.. — EX..
Sz)\]:nU(uZJ( N ZJ)) ) j:1727"')mi7
RijXij + 2075 i (i+1)x (i+1)
The negative derivative of S)(8) is
Fg\ln 0
9S2(0) ) 0 Fy,
Fp(0) = ——2—2 =F,(0) — - HO)\, =
0 0
where
<T
Ff‘]n = n;j; (a(mj) _Xij >
—Xij 20Xl (i+1)x (i+1)
By the weak law of large numbers, we have
lF?‘» i) F), asn— oo
n Wn R )
where
a(kij) — i [EX|
FA = pij v IJ‘Zj 1)
ig — 1) .
’ —bil[EX gl —2adiLixi- )
Therefore,
Lo P
where
F), O 0
0 F» 0
F(6) = ”
0 o0 F)

F/\

dmgn

(3.12)

(3.13)
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and FZ’\] is given in (3.13). The eigenvalues of this matrix are, for i = 2,...,d and

j=1,2,... . m,
—2a)i;; (i —1 times),
) (a(/ﬁj) — 2aXij + /A[EX ]2 + (a(kij) + QG/\ij)Q) ;
% (a(nij) — 2&)\2‘]‘ — \/4HEXin2 + (a(,«;ij) -+ 2a>\ij)2) .

The number of eigenvalues which are equal to —2a);; are i — 1. The last eigenvalue is

always negative for A\;; near \g;;. Because the function
9(kij) = wija(kij) — Akiy) = ki A (kij) — A(kig)

is a decreasing function of x > 0, and from (2.4), g(0) = A(0) = 0 (refer to Watson
(1983), ¢'(kij) = ki A" (kij) < 0), therefore FA(8) is not a positive definite matrix near
Ao, and, as discussed in Appendix A, we need to introduce a matrix which is to substitute

for FA().

Define for j =1,2,...,m; and 1 = 2,3,...,d,

/T2t 0 .. 0
0

G, = Vb , (3.14)
2 0 0 i 0
0 0 .. 0 Mg .
where b > 0. Then we have
Fy;, 0
R (0) = F0) s mo)G, G @)~ | 0 T O]
-

where

T
Bl = g (a(ﬁ”) ot )
ign = i\ i |
—Xij  —2aXijLixi + by (i4+1) x (i+1)
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By the weak law of large numbers, we have

EF);, 0
1 0 EFy - 0
“FM(0) 5 F*(0) := 22n ,
0 0 .. EF)

dmgn

as n — 0o, where

g —uLIIEX;
EF) :pij< alij) il [EX T) . (3.15)
—hi[EX ]| —2aXijlics +bpijei; )

The eigenvalues of F**(0) are, for i = 2,...,d, and j = 1,2,...,m;,

—2a);;; (i —1 times),
(a(/iij) — 2a)\z~j +b+ \/4HEXin2 + (a(/iij) - 2a)\ij — b)Q) ,
(a(mj) — 2a\i; + b — JAEXG]Z + (a(rg) — 2ar; — b)2> .

Nl— Nl

The number of eigenvalues which are equal to —2a);; are ¢ — 1. If we choose a value of
b such that

X2

a(kij)

b , Vi=12...,m;, and Vi=2,3,...,d,

then F*(0) will be a positive definite matrix near \g. Therefore equation (A.13) in

Appendix A is satisfied.

3.2.1 Consistency of the Maximum Estimators

We can now apply Theorem A.1 of Appendix A to prove the consistency of the maximum

estimators.

Theorem 3.1. Define N,,(A) and N"(A) to be the neighborhoods
N.(A)={0€0:(0-60)"D,DL(O—0y) < A%} and NI'(A)= N,(A)ne"

for each n =1,2,--- and A > 0, and for a given d x d nonsingular matriz D,,. Then
there is an estimator Bn € O" which, with probability approaching 1 as n — oo then
A — oo, satisfies h(/én) = 0 and mazimizes L,(0) uniquely on NI'(A). This estimator
6., is consistent for 8y and does not depend on Ao or on the choice of A, (in (3.10)) ,
G, (in (3.14)) or D,,.
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Proof of Theorem 3.1. Referring to Theorem A.1, it is sufficient to verify assumption
(A1). This follows immediately from (3.6) and (3.8). The next step is to define the d x d
nonsingular matrix D,,. In the present situation we can take D, = \/nI; and we see

that Apin(D,DYT) = n which tends to oo as n — oo. Also, from (3.6) and the weak law

of large numbers we have

DS, (0) -5 L :=

n

0
P21/€21A(2)(H21)N21

0
pijki A (Kij i

0

PdmgBdmygy A(d) (Kdmd ) Ham,

kx1

, asn — oo,

(3.16)

where A (1;;) is defined in (3.7). In order to calculate Ao, we solve the system of

equations
Lo+ H(8p)CX = 0,
where
por 0 - 0
0 pp -~ 0
C = lim % =aq
n—oo n 0 0 Dij
0 0 0

and we have

—2aXo;j = KijoAY (kij) = Kijol [EoX51),

Hence

Ao
821

St ||

v

Sh°(80) =

Sho

dmd

i=2,...

Pdmy

(3.17)

(3.18)
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where A (;;) is defined in (3.7) and

L (Xij — Eo Xy
S0 = ny (“0”(3 0 ])> . i=2,....d, j=1,...,m. (3.19)
rijo(Xij — EoXij) (i4+1)x1
We have
p?lvg\l 0 . 0
A A A r 0 pavy
Varo{S2(60)} = Eo{ (S)'(60) ) (S)°(60)) } = n
0 0 e pdmdvz/i\mdn
= TLV(G()) = TLV(], (3.20)
where
VA = ( a(koij) Koija(ﬁoij)u(j);j> . (3.21)
T \moyjalkoi) o g Varo(Xyj) (1) (1)
Therefore, since D,, = \/nly,
Varo{D, 182 (8,)} = V,. (3.22)

By considering a unit vector ugy 1, and the fact that D;;1SX(8) has a finite expectation

and variance, we can apply the multidimensional Chebychev’s inequality and write

u’Vyu
£2

P (uTD;ISQO(GO) > 5) < ,
for any € > 0. This gives us

D, 'S} (8) = 0,(1), as n— oo

and the expression (A.12) in Appendix A is satisfied. The assumption (A.13) of Ap-
pendix A comes from (3.15) and the discussions following that. This completes the proof
of Theorem 3.1. [

3.2.2 Consistency of Xn
From equation (3.11) and SQ(@) = 0 we have

iy (X5 — EXy5) =0,
//%ijiij + 2a/):ijl'l’ij =0,
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for j=1,2,...,m; and ¢ = 2,3,...,d. From the second equations in the above pair we
get
R\Xij = —QCL/)\\Z'J‘[J,Z-]-, (323)
RIIXi]| = —2a\; (3.24)
and

//%Xij + QGXZ‘J'[,LZ']' =0,

i = RXi)

" —ZCL/):Z'j
Therefore,

M = Xij

Y X

Also

B (Xi; — EXy5) =0, (3.25)

il (X — A9 Ry ) = 0

and

AD () = X1

Theorem 3.2. There exists a consistent estimator An, obtained from equation (3.11),

for the true value of Ao, verified by (3.18).

Proof of Theorem 3.2. To prove this theorem, it is sufficient to follow Theorem A.2
in Appendix A. As we see from (3.6) and (3.8), assumption (A1) holds. We have A,, in
the form of (3.10). There is a consistent estimator 6, for 6y satisfying h(@n) = 0 from
Theorem 3.1. We calculated a unique A, in (3.23). We set a,, = * and calculated (3.17),
so we have (A.17). The existence of Ly can be verified by considering (3.16) which gave
the true values of Ag in (3.18).

It only remains to check the assumption
D! (sﬁ(@n) - sﬁp(e@) .0, as n— oo

If we apply the weak law of large numbers in (3.19) and notice that Sg(b\n) = 0, then
the proof is done. O
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3.2.3 Asymptotic Distribution of the MEs

Define

[ Fx(6) -H(0)C,
(6)= (—CTHT(O) 0

n

) (k4+m)x (k+m)

and

Jn = VI (im).
As n — oo, assume
3,1U(80)3, 7 = Uy, (3.26)
where we denote
Ul - (kak Qka) ' (3.27)
Qlx, Rmxm

Lemma 3.3. We have
D;lFQS(OO)D;1 N Fj, asn — oo,

where F{§ exists under (3.26) and is nonsingular. Further, referring to (1.15), (1.16)
and (1.17), we have

— (H(0)"(F5)"'H(9)) ",

(F5)~'H(6) (H'(0)(F;)"'H(8))
(F5)~" — (F5)~"H(9) (H” (6)(Fy)~'H(6)) ' H” (6)(F;)~".

U o T
l

)
)
Applying Theorem A.3 in Appendix A we have

0,—-60\ b PV,P PV,Q
Jn | ~ — N {0,
An — Ao Q'V,P QTV,Q



Chapter 3. Spherical Model with Subcomponents 67

Theorem 3.4. If F§ =V, where Vy is introduced in (3.22), then

PV,P =P,
PV(Q =0,
QTVOP =0,
Q"VoQ=-R.
Proof of Theorem 3.4. This proof comes from (1.20) in Section 1.2.4. O]

Assume D, 1S (0)) 2, Z for an a.s. finite random vector Z € R¥ as n — co. We have
Z ~ N(0,Vy), where Vy is Varg(D;,'S\°(6¢)) and is given in (3.22). Therefore,

N = P7/2Z ~ N(0, PT/2v,P'/2), (3.28)
where P is calculated through (3.27).
Theorem 3.5. Assume PVoP = P. If Py is invertible, we have

PT2y pl/2 = 1.

If P is not invertible with rank ¢, £ < k, we have

pr/2ypr2 = (1 0)
0 0

Let N = (Nyi, No,...,Ni)T be the vector in (3.28). It follows that Ny, No,..., N, are
independent N(0,1) random variables, while Nyy1 = ... = N =0 (Silvey (1959), page

403).
Proof of Theorem 3.5. We can write

PI/2v, P2 = PT/2Pp-1pV,PP'P!/2
When P is invertible and PV P = P, the following result is obtained:

PT/2P71PVOPP71P1/2 — PT/2P71P1/2 _ PT/Q(P1/2P7T/2)71P1/2
— PT/2P7T/2P71/2P1/2

=1L

But the matrix P in our setup is not positive definite; its determinant is zero and

consequently it is a singular matrix. In fact it is a non-negative definite symmetric
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matrix. In this case, we proceed as follows. Because Py« is a symmetric and non-
negative definite matrix, then from Schur’s Decomposition theorem (C. Radhakrishna
Rao (1973), pages 42 to 45) there exists an orthogonal matrix U (that is UU” = I) whose
columns are the eigenvectors of P and a diagonal matrix S whose diagonal elements are
the eigenvalues of P, denoted si,$2,...,8 with s > s9 > ... > s > 0, such that
P = USU?. The rank of P is determined by the number of non-zero values of sj. The

square root of this matrix can be written as
pl/2 — ys'/2u7,
where
Sl/2 = Dz’ag(s}ﬂ, 35/2, A si/Q).
We define the pseudo-inverse of P by
P+ = URU7,
where R is a diagonal matrix with the elements

5 8 #0
0 ;s;=0.
Therefore, we can write
(P+)1/2 — URY2UT.
Applying this result to simplify P7/2PTP1/2 gives
PI2ptpl/2 — (USI/QUT)T(URUT>(USI/QUT)

= (us?2uTy(uruT)(us'/2uT)
= USs’/?rs'/2u”

_ I, O
0 0/’
where ¢ is the rank of P. O

Theorem 3.6. For a d dimensional von Mises Fisher distribution with the parameters
k and p we have PVoP = P, and the dimension of random variable Z in (3.28) is equal

to the dimension of P.
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Proof of Theorem 3.6. The proof is achieved through noticing that I—pp” is idem-
potent and p” (I — pp®) = 0 for a von Mises Fisher distribution. O

3.3 Hypothesis Testing

Typically, there are two different kinds of hypothesis tests about the concentration pa-
rameters in a model whose subcomponents are von Mises Fisher distributions of different
dimensions which might be interesting. We introduce them in this section and derive
the corresponding asymptotic distributions. The proof of Theorem 3.7 is in Section 3.3.1

and that of Theorem 3.8 is in Section 3.3.2.

Theorem 3.7. We wish to test whether the k’s for a certain dimension in the model

(3.2) are equal or not. This test can be formulated as

Hy :kpn=kp=...=F, (3.29)

Hy  : at least one equality is not satisfied,

where £ is the dimension of interest, 2 < £ < d. Then the asymptotic distribution of d,

for testing this hypothesis is chi square with my — 1 degrees of freedom.

Next, consider

fx(x) = [ ] (£iGx) = (3.30)
where for i = 2,...,d,
S;={x:xeS? with d—i elements zero},

is a special case of S;; in (3.1) in which the order of zeros is not important and

1 :xes;
Ix(Si) =
0 X §é Sz
The function f;(x) for i = 2,...,d is an i dimensional von Mises Fisher distribution with

the density

fix) = {DEN P exp{e@ul'x}, xe§,||wl =1, > 0.
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We are going to test the hypothesis

Hy k@ =xk0 = =4
(3.31)
H4 : at least one equality is not satisfied,

where () is the concentration parameter, c(i)(/@(i)) is the normalising constant, and p,

is the modal vector of an 7 dimensional von Mises Fisher distribution.

Theorem 3.8. The asymptotic distribution of the deviance statistic for the hypothesis
test (3.31) is chi square with d — 2 degrees of freedom.

3.3.1 Proof of Theorem 3.7

We follow the formulation of Neuenshawander and Flurry (1997) for doing hypothesis
tests based on Lagrange Multiplier tests. Section 1.2.5 of Chapter 1 explains this method.
Based on this method to do the hypothesis test (3.29), we need to add the constraints

Ri1 — K/lmg

Ri2 — Rim
hs(6) = ] =00, ks

Hlmg,1 - Hlmg

to the process of making inference. Therefore, S)(6) becomes
S7(0) = S, (0) + H(6)A,, + Ha(6) Az,

where H(0) is defined in (3.9) and

0i;x1 Oiyx1 Oipxa -+ Oipx1 04y
1 0 0 0 0
Oix1 Oix1 01 -+ Opa Opa
0 1 0 0 0
Dho(6) Oix1 Oix1 Opa -+ Opr Opxa
H,(0) = 0 : : : : : : . (3.32)
0 0 0 1 0
Oix1 Oix1 Oix1 -+ 01 Oixa
-1 -1 -1 -1 -1
Oix1 Oix1 Oix1 -+ Opxa Oixa
Oiyx1 Oigx1 Oigx1 -+ Oigx1 Oiyxa

kag,l
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Here i1 = (Zi;é m;) + Zi;é im; and iy = (m — 2222 m;) + Z?:Hl im;. Also

)\m—i-l 0
ni1
Amt2
A2 = " ; Com=al 0 nyp

0 0 ... mm
A =1/ my_g xmp_q
mme—1 my_1x1

and set A9, = Cg, A2 which is in R™¢-! and depends on ny;, j =1,2,...,m;. We have

H\oy
H\p

o1 Am+1
2np Ao e
T2 Am+2
2102\ p2 b9
H(0)A, + Ha(0)A2n = a
Nomy_4 >\m+me—1

2n€m5_ 1 )\ng_ 1 "l’fm£71
my—1

=) A
i=1

200, Mg o,
HXrin

H)\dmd kx1

where for i =2,...,d,i# ¢, and j =1,...,m;,

0
H = ( ) |
2nij Aij i (i+1)x1

Therefore

A
821

S7(8) = Sn(6) + H(6)\, + Ha(8) Az, =
S)\

dmyg
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For i #£ ¢, Sf‘j is asin (3.11). Fori =1 and j =1,...,my_1, we have

(Xyj — EXyj) + admy;
S?j = 1y ILEJ( KL é]) AAMA-j ' (3.33)
ko Xygj + 2a)\gj[1,4j

For i = £, and j = my,

—_— Z:’;@-l n i>\m i
Poom,(Xeom, = EX, ) — a == , (3.34)

A
Sfmg - nﬁmz —
KfﬁmgXng + 2a)\£mg“€mg

(+1)x (£+1)

The negative derivative of S)(6), where H(0) and Hy(8) are respectively defined in
(3.9) and (3.32), is

0S)\(0) 0
F)0)= ——2 2 —F,(0) — — (HO)X, + H n
2(6) = =L~ F(6) — o (H(O)An + Ha(6)Aar)
F%ln 0 0
| 0 Fyp, - 0
A
0 0 dmgn kxk
where
<7
F\ — o a(kij) _Xij
in = Mg X 9T ’
£ AAijLixi (i4+1) x (i4+1)

is the same as the matrix derived in (3.12), so the theory following this formula remains

valid here including the formula (3.15).

To calculate Ag from the equations (3.16) and

Lo + H(0p)CA + H(0))CaAa =0,

where
pn 0 0
Cy = lim Con = oo ’
n—oo N :
0 0 - pim, Mg_1Xmg_q
we have

—20)\2‘3' = HOijA(FJOZ‘j) = Hoz‘jHEOXz‘jH; 1= 2, .. .,d j = 1, e, My
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and
Am—l—i:O; izl,...,mg,l.

Hence, the formulae (3.19), (3.20) and (3.21) remain valid here.

We go through the formulae (3.11), (3.33) and (3.34) to calculate the MEs. From the

second parts of these formulae which are all in the form of (3.23), we have

>

Y. i=2,....d, j=1,...,m,.

ﬁ’z] - 9
il

ol

We can use the same method as in (3.25) to verify
AD (ki) = |1Xyll; i=2,...,dand i # 6,5 =1,...,m;.

This formula for the ME of x;; is only valid when i # £. For i = ¢, we use formulae

(3.33) and (3.34) and write
uej(fgj — A(Z)(/{gj)ﬂgj) +adpj=0; j=1,...,my_q,
which gives
iy = AOFe) = [Kgll; G =1, me. (3.35)
From (3.34), we have

my_y
_aijl ngjAm+j

Nom,

= A(Z) (k\fmz) - ||Xﬁm4||' (336)

If we multiply both sides of (3.35) by ny; then sum from j =1 to my_1, we have

my_1 R my_1 mye—1 o
a Y nhmig = > gAY (R) = Y ng| Xl (3.37)
j=1 j=1 j=1
Combining (3.36) and (3.37) and setting k¢ = ... = K¢y, = K gives
A0 ) = 2 el Xl

Z;‘n:ll nogj

Define
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F)*(6) —H(0)C,, —H;(0)Cs,
UN8) = | —CTHT(9) 0 0

(k+m4mye_1) X (k+m+me_1)

and

Jn = \/ﬁI(k+m+mg,1)‘
As n — oo, assume
I UM 0,)3. 7 5 U,

Let

r{ermg,l) xk R(m+me—1) X (m+me—1)

P m-rm
Ul = (Q kxk Qix(m+my_1) ) (3.38)

To test the hypothesis (3.29), we refer to Theorem A.4 in Appendix A which gives

dy 25 inf |[N—8|%— inf [[N—0|?, asn— oo,
0eCq 0cCaur

where 2 and 7 are respectively the sets defined by the null and alternative hypotheses
in (3.29), and the random variable N is defined in (3.28).

The point N is in (Zle im;)-dimensional cartesian coordinates. We project this point
into the plane constructed by ki, ..., kgy, in R™. Therefore, this projection has di-

mension my.

The cones Cq and Cqu, are defined as follows. Here, Cqur = R™ and infBECQUT I|N —
0||> = 0. Thus

Q: {("12175@27”-7"‘3@1%5) R = ke = :ﬁgme > 0}

and

CQ = {(I{gl, Rg2, .. .,I{gmg) S Rmz LRyl = Rpp =, = ”ng}v (339)
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which is a line passing through the origin with an equal parametric factor. For Cq we

have
Co = {PY?F;6: 6 c Cqo}.

Because in P/2 and F{ all the elements in the plane k... kpp, are equal, the equation

of the line presented in (3.39) remains the same and we have

Cq = {(ke1, k2, - oo Kem,) ER™ 1kt = Kpg = ... = Ky, }-

Therefore to calculate the distance of the point N in an m,-dimensional space from the
cone Cg, it is enough to find the Euclidean distance of N from the line k1 = ko = ... =

Km,- From the formula (3.40), this distance is
— me (_ N-Y)2
distance® = Z N? — M’

m
i—1 ¢

which has a chi square distribution with my — 1 degrees of freedom. This follows from
the next proposition by setting k1 = K2 = ... = K, so that a; = 1 and b; = 0 for all
1=1,2,...,my.

Theorem 3.9. Assume line L has the parametric equation

(

x1—by  _
a1 =1

T2—by _
as =t

Tp—br  _ ¢.
ag ?

thus, as t varies over R, we obtain points on the line L. Now, we want to find a value
of t which minimises the distance of the point N = (N1, ..., Ng) from this line. Assume
a point M = (a1t + by, ...,axt +by) € L. Then, the Euclidean distance of M from N is

k
distance® = Z(NZ —a;t — bi)2.
i=1

The derivative of this distance with respect to t is

Odistance b
QdistcmceT = -2 E 1 a;(N; — a;it — b;),
1=
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so the minimum occurs at

Zle ai(N; — b;)
Zf:l azz

therefore the minimum distance of N from L is

t = tmin = ’

2
. 9 b 9 <Zf:1 a”L(Nl - bl))
distance” = Z(Nl — b)) — k: .
i=1 i 4}

(3.40)

3.3.2 Proof of Theorem 3.8

To prove this theorem, we need to find P and F{j. However, it is not necessary to do this
explicitly; noticing that the rank of P/ 2F} is no longer 1 suggests proving this theorem
as follows.

To test the hypothesis (3.31), we need to define the cones Cq and Cq. Cq is
Co = {(+2 kO, sy e RIT, (@ Z o) = _ @1

But this cone after the transformation Cq = {P1/2F(’§0 10 € 5’9} changes to

Cao={(xP,k® . kD) eRIT: as® = a3 = ... = agr@}.
The set Cq is a line in the form of aszs = azxs = ... = agzy. To find the distance of the
point N, described in (3.28) and Theorem 3.5, from the line aszy = agxs = ... = agxq,

we use the formula (3.40) which gives

2

d d N;

, 2 2 (Zi:2 “i>
distance” = E Nf— ~—«n 2
) Zd 1 )

i=2 i=2 E

and has a chi square distribution with d — 2 degrees of freedom.
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3.3.3 Proofs via Silvapulle and Sen Strategy

An alternative proof for Theorem 3.7 can be found in Silvapulle and Sen (2005). We use

this to check our working. Consider

Hy :R6=0
Hy :RO#0,
where
R=(Ln1 a) 0= ( )
I,-1 a (me—1)xme Kol K2 Kfmy
and

_1>1x(mg—1) '

This test is the one presented in (3.29). Since R is a linear space, we refer to Silvapulle
and Sen, page 86 and the note before Proposition 3.7.3 where they explain the situation
when the alternative hypothesis does not have any inequality constraints. In this case
the distribution of the deviance statistic is chi square with degrees of freedom equal to

the rank of R. Here the distribution of d,, is chi square with my, — 1 degrees of freedom.
For Theorem 3.8 and the hypothesis testing (3.31), it is enough to define R as

T

R = (Diagonal(ag,a3,~-- ,ad—1) , a = <_ad7_ad7"' 7_ad>7

a) (me—1)xmy

in the foregoing argument.

3.4 Example 1: A Full Analysis in 3 Dimensions

3.4.1 Introducing the Model

Consider the density function

Fx () = (for (x)) =020 (fan () 0322 i (30)) =520 51 (36)) =501, (3.41)

when mo = 3 and m3 = 1. The model contains three 2 dimensional and one 3 dimen-

sional spherical distributions. With S? for the d dimensional sphere in R%, so that x € S¢
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implies % + 23 + - -+ + 22 = 1, we denote

So1 = {x €S%:x = (1,22,0), x1 # 0,29 # 0},
Spo = {x €S :x = (21,0,23), x1 # 0,23 # 0},
Saz ={x € S x = (0,z2,23), x2# 0,23 # 0},
Ss1={x€S® 1 x = (v1,22,73), 1 #0,22# 0,33 # 0}, (3.42)

and consider fo1, fos, fo3 to be 2 dimensional von Mises Fisher distributions with pa-

rameters po; and rg; and the density functions

eXp{HQjM%}XQj}
(k)

fgj(X) = Mo S SQ,ij c SQ,K]QJ' >0;7=1,2,3,

and f31 to be a 3 dimensional von Mises Fisher distribution with parameters ps; and

k31 and the density function

Far (%) = exp{r31pd x31}

: e S%, x31 € S%, k3, > 0.
6(3)(,%31) H31 31 31

In these formulae, ¢(? (k) and ¢®) (k) are normalizing constants which are

(k) = 2nlo(k), (k)= 4”8”:1(“)7

and Iy(k) is the modified Bessel function of the first kind.

Let n observations on identically independent random variables Yi1,Ys,---,Y,, be se-
lected from the density function (3.41) and define z;;, similar to (3.4). Then the loga-

rithmic function corresponding to (3.41) is

n
Lo (a1, Haga, Moz, fha1, K, K22, K23, ki31) = {2216 108(f21(¥r)) + 222 10g(f22(yr))
k=1

+ 223k 10g(f23(yx)) + 231% log(f31(yx))}. (3.43)

Assume k =1,2,...,n and Xyj;, be an element of Y}, which falls in region Sy; in (3.42),

for j =1,2,3, when the zero element is removed, so we have Xo; € S?. Therefore
— = oY
Xy = =k=L22k 5 93 (3.44)

and as a result for X3y in S3; we have

- n3i X
Xy = an131 Sk (3.45)



Chapter 3. Spherical Model with Subcomponents 79

We write the log likelihood function (3.43) in the form

3
Lo (a1, oy, K22, Moz, K3, Moz, Kats a1) = — Y najlog e (ka;) — ngi log ) (k1)
j=1

(3.46)

3 m;
+ 2D nigrihliXij,
i=2 j=1
where Z?:z >ty nij =mn, my =3, mg =1 and X;j fori=12,3,j=1,...,m; are the
sample means in (3.44) and (3.45).

We take 0 = (Ka1, a1, K22, Hag, K23, a3, K31, l31) and the true parameter to be 8y =

(K021, o215 K022, K022, K023 o3, K031, Ho31)- LThen the parameter space is
0 :=(0,00) x S? x (0,00) x S? x (0,00) x S? x (0,00) x S =S x (0,00)%.  (3.47)

We collect all the restrictions on the parameters into an s x 1 vector h(@) such that we
can write them as h(@) = 0. Restrictions can be defined by the parameter space or by
the null or alternative hypothesis. When they are under the hypotheses, we call them
model constraints as introduced by Neuenschwander and Flury (1997). Assume h(0) is

twice differentiable.

In this section we would like to find the MEs corresponding to the function (3.46), discuss
their properties and test the hypothesis

Hy ko1 = Koo = K23
(3.48)
H, :otherwise,

We do this by finding the asymptotic distribution of d,, = —2(supgeq L£r(0)—supge, Ln(0)).
The parameter space under the null hypothesis, €2, for the hypothesis (3.48) is

Q=5 x (0,00)% (3.49)

The first and second derivatives of £,,(0) exist on a neighborhood N of 8y. We define
Sn(0) to be the first derivative of the likelihood function (3.46) and F, (@) to be the
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negative of the second derivative, so we have

(2)
Ckoy
n21m + no1 pag; Xo1

na1 k21 Xa1
2
n22m + n22N22X22
0L, (0 no2 ko X oo

7123W) + n23u23X23

’I’L23K}23X23
6(3)
n31m + n31ﬂ31X31

7131%31231 13x1
and
no1Fa1  03x3 033 03%4
82£ 0 nosF 0 0
F(60) = (T) _ 3%3 22F 29 3%3 3x4 7 (3.51)
0000 033 O3x3  m23F23  03x4
04x3 04x3 O4x3 mn31F31 1513
where

=T
Y X
Fz‘j=<a(%) ”) ;=23 j=1,...,m,,
—X; 0
g4 (i+1)x (i+1)

mo = 3 and mg = 1. We have
Det(Fn(B)) = (n21n22n23)3n§1D€t(F21)Det(FQQ)Det(F23)D€t(F31),
where Det(F;;) = 0; therefore, F,,(0) is singular. The eigenvalues of F;; are

0 ;d-2 times, d=3,4
alsif) — \Jalriy)? + 4K (3.52)

alsig) + Jalsi)? + 4Ky ||

N[

D=

fori=2,3and j=1,...,my, mo =1,2,3 and m3 = 1.
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As we see from (3.50)

ES,(0) =

K31
n3i1k31 H31
c(k31) 13x1

This is not zero for any 6 € ©, and F,,(0) is singular for all @ € © . So the “standard”
asymptotic theory for MEs does not apply here.

3.4.2 Setup for the Hypothesis H : ko1 = Koy = ka3

For the hypothesis (3.48) we have

Hgﬂim -1
T
Moo flog — 1 K21 — K22
hi(6) = | 20 =041 and hy(0) = = 051
Hozpos — 1 K22 — K23
niipg — 1
The derivative of these vectors with respect to 6 is
0 0 0 0
2“21 0 0 0 1 0
0 0 0 0 0252 O2x2
ohy(60 0 2 0 0 -1 1
H,(9) - 20) _ o Ha(6) =
00 0 0 0 0 O2x2  O2x2
0 0 2“23 0 0 -1
0 0 0 0 O6x6  O6x6/ 5.,
0 0 0 2uy

13x4
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We define the vectors of Lagrange Multipliers to be

A1

A A
)\21 = 22 and AQ = < 5) s
A23 A6/ 5.1

A
31 4x1

where A\; € R%, and Ay € R%. There exist constant vectors Cy,, and Ca,

no1 0 0 0

0 0 0 0
Cin=a 122 and Co, =a n2l
0 0 nas 0 0 noo 9%2
0 0 0 n3i Axd
when a > 0, such that
)\1n = ClnAla and >\2n = CQnAQ, (353)

so we have

n21 A5
2n21A21 oy
Nn22\g — N21 A5
212222 oy
H;(0)A\1, + H2(0)A2, = a
—n226
2n23A23 o3
0

213131 31

13x1

To find the MEs with their distributions and prove their consistency and also to be able
to do the hypothesis test (3.48), we apply Maller (2015) methodology and define

A
S21

A
822

(0) = Su(0) + H1(0) 0 + Ha(0)Aa = | 2 | (3.54)

A
SSI
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where
A pd (Xa1 — EXa1) + ads
Sy1 = N2 - ’
k21X21 + 2a\21 toq 3x3
_ n
A ﬂgQ(XQQ — EXQQ) + CL)\G — aﬂ)\g,
822 = n22 _ n22 )
k22 X292 + 2022 oo %3
— n
\ s (Xoz — EXa3) — a—2 X
K23Xo3 + 2aA23 o3 3x3
and
A w3y (X3 — EX3p)
S31 = Nn31 __ .
k31X31 + 2aA31 p3y Axd
Also, the derivative of S}(6) is
oSN o 0
F)0) = P8 (0) — O (1, (0)A + Ha(0)2,) (3.59)
F, 03x3 O3x3 O3x4
| 03x3 F3, 0343 0354 (3.56)
03x3 O3x3 F3, 0344 ’
Osx3 Osx3 Osx3 F7,
where for i = 2,3 and j = 1,...,m;, we have
=T
a(Kij X
F, = nij ( (X”) o ”I) (3.57)
TG AN gy i)

such that ms = 3 and m3 = 1. Let n — oo, then by the weak law of large numbers

1 P
A A
Y, = B,

where

FA = i a(ki)  —p I EXy]]
S .
—p|[EXyl —2aM5L
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As discussed in the Appendix, Langevin Example section, we need to define F)*(6)
described in (A.9). We choose G,,(8) to be

\/N21 0 0 0
G.(6) = Vb 0 ngz 0 0
" 2 0 A/ 123 0

0
0 0 0 V131 i

Then we have

F.*(0) = F,(0) + H1(0)G,,G H] ()

A
F57, 03x3 03x3 0344
A
03x3 F95, 03x3 03x4
A
0343 0O3x3 F33, 0344
A%

0 0 0 F
4x3 4x3 4x3 31n 13x13

where

T
F/\* _ (a’(’k';l]) _Xz] )
ign = Tij — T .
—Xij  —2Xijal + bug;pg; (1) x (i41)

By the weak law of large numbers

p1EF)7 0343 033 0354
1 P oo O3x3  peEF2 0343 034
7Fn (0) — F (0) = o 5
n 033 O3x3  p23sEFa;3 0354
04x3 04x3 Oix3  ps1EFY;

3 My
as D ;9 > ity Mij = n — 00, where

. —uTEX..
EF?J*:( alrij) il EXj T>. (3.58)
—pi|[EXisl| —2Xial; + by

If we choose b to be bigger than all the ||[EX;;||?/a(ki;) elements, then (A.13) remains

valid.

3.4.3 The True Value of )\

In order to calculate Ag, it is sufficient to solve the system of equations

Lo+ H;(00)CiA21 + H2(00)CaXe = 0, (3.59)
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where
0
p21/€21( )N21
0
Cr
P P22K22 ( )H22
D.'S,(6) — L := . , as n— oo (3.60)
Ck
P23k23 ( )H23
0
Cr4
P31Kk31—F——< M
c(rk31) o 13x1
and
pa1 0 0 O
C 0 0 0 C 0
C; = lim 1n:a b2z , Co= lim 2n:a p21
n—oo N 0 0 pos 0 n—o00 N 0 poo )
0 0 0 par 4x4
(3.61)

and we have

K0ij Crosj . .
—2aMpii = ——2 = koiil | EoXiill; =23 =1,...,m,,
AA0ij C(/i()z'j) HOZ]H 0 lj” ? J myg
o5 = Xog = 0. (3.62)
Hence
A
So1
S29
A 22
Sn0(00> = S)\O s
23
A
S57
where

SN = (u%;j (Xij — EoXyj)
i ?

i C =23 j=1,...,m,. (3.63)
k0ij (Xij — EoXij)
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We have

A
P21vy;  03x3 03x3  O3zxs

033 p22vyy Osx3  Osxs
Varg(ST)jLO (6p)) = EO{(S;\LO (90))(820 (00))T} —n X %9 x)\ %
O3x3  O3x3  Pp23vas  Osxa

04x3  Oax3  Ouxs p31V§,\1
(3.64)

=nV(0y) =nVy

where

;o 1=2,3, j=1,...,m,;.

A ( a(Koi;) ﬂm’ja(ﬁow‘)ﬂ%}j>

“0ija(“0ij)ﬂ0ij “gijvaro(xij)
Letting Fy and Varg be the expectation and variance when 8 = 6, we have
Vary(D,,'S°(60)) = Vo.
This gives us
D, 18X (60) = 0,(1), as n— oo
and (A.12) is satisfied. Assumption (A.13) of the paper comes from (3.58) and the

discussion following that.

3.4.4 MEs of the Parameters

Now we can calculate MEs through solving the system of equations Sﬁ(@n) = 0 and
h(an) = 0. From h(a) = 0, we have Kg91 = Koo = Koz which are all assumed to be
equal to k. Focusing on Sﬁ(/én) = 0 and from Xy + 2aXip;; = 0 for i = 2,3 and

7 =1,...,m; we have
/I%Xij = —2a)\z-jp,ij
Rl Xisl| = —2aXi; ||y |
RIXl = —2aXij; i=2,3 j=1,...,m. (3.65)
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Also we can write

Xy
= R 3.66
e (3.66)
From (3.65) and (3.66) we have
YR
_ Xij .
N": ~ ; 12253 j:]-a , M
Tl '

From other equations in S,)‘L(an) =0, we have

#2T1 (Xl — EXQl) +ais =0

7T —
X — = X
721 (X21_07A 721 )+CL)\5:0
[[Xa1]] c(R) [[ Xz
~ Ca —
Ay = — — [IX .
aAs () || Xa1]| (3.67)
and
< n23 , Cg ~
—alg = — — |IX .
aAg TLQQ(C(//%) H 23||)

If we add three system equations in the first row of S;;’s, we obtain the formula

2 B
EOEEDS B> il (3.68)
OF) Y ng ‘

Finally, from pl) (X531 — EX31) = 0, we have

)

K31 <
— R — (X |-
0(3) (7%31) ” 31”

3.4.5 Asymptotic Distributions

Theorem A.3 discusses the distribution of (/O\n, Xn) Suppose

1) D; 'S (8)) D, Z, as n— oo,
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2) define
F)(0)  —Hi(0)Cy,, —Hy(0)Cay
UL (0) = | -1 H(6) 0 0 )

(13+4+2) x (13+4+2)

in such a way that for a nonsingular matrix J,,, we have J-1UM (0,,)J 7 5 U,

0, —6 y/
(2 ) B et (7).
>\n _)\0 0

For our example, we define J,, to be

Then as n — oo

Jn = vnlistat0,

then by using a well known theorem in probability which says: If X, L, X and Y, Py
and f is a continuous function then f(X,,Y},) r, f(X,Y), we have

P
3T (UN0,) 71 = U, =5 Ug = ( T Q) '
Q 19x19
Matrix P has a format similar to Figure 3.1. In this figure the white regions represent

zeros and the red ones represent non zero elements. If we denote its elements as

Py Py Pj 0
P; Py Pj 0
P; P; Py O
0 0 0 Pj;

P:

13x13

then with a(ko) = pa1a(ko21) + pa2a(ko22) + pasa(kozs), we get

1 o
p,; = | @(ro) . . i=2j7=1,23 (3.69)
0 —————(Li—pyn))
pijroiAlkoi) ) e
For ¢ = 3 and j = 1, we have
1 ol
Py — p31a(kos1) .
0 ——————(L; — pay 3,
p31/~€03114(/i031)( £ Haky) (3+1)x(3+1)



Chapter 3. Spherical Model with Subcomponents

1 5 10 13
| . |
5r 15
101 110
13| 113

1 5 10 13

FIGURE 3.1: Schematic matrix plot for P under Hy : k91 = Koo = Ka3

and Ps5 is

The matrix Q is

Q- Q Q Q3 0 Q5 Qg
0 0 0 Q O OIM’

where

—1  a(ko21)

P21 ' a(ro) —p23a(ko23)
0251 0251
a(ko21)

Qs — “alko) Q= 1 —pa3a(ko23)

021 p22a(ko) 0251
alroz1) pa1a(Ko21) + paoa(Koz2)
a(ko)
021 ox1 021 9x1
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FIGURE 3.2: Schematic matrix plot for R under Hy : k91 = Kog = Kag
p21A(Ko21) p22A(Ko22) p23A(Ko23)
a(ko) a(ko) a(ko)
Moy 0251 0251
1 p21A(Ko21) 1 p22A(Ko22) 1 p23A(Ko23)
1= —— a(ko) Q= — a(ko) = _ a(ko)
2 ’ 2 2
P21l 0251 P22 | py, P23 | 0y
p21A(Ko21) p22A(Ko22) p23A(K023)
a(ko) a(ko) a(ko)
021 /g4 O /g4 23 9x1
and
1 A(ko31)
Q. = a(k031) )
2p31 H31 4x1

The matrix R is a 6 X 6 symmetric matrix as shown in Figure 3.2. The first 3 x 3 red

square in this plot has the diagonal elements

a(ko)(b+ A(kozj)koi)

Ty =
—D2j

+ A(/iij)z,

The other elements in this square are, for i # j = 1,2, 3,

rij = 1rji = A(ko2i)A(Ko2;)-

i=1,2,3.
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The little 1 x 1 square in the middle is

a(ko)(b+ A(ko31)kKo31) " WA(“(%M)
—p31 p310(Ko31)

T44 =
The diagonal elements of the last 2 x 2 red matrix are

4a(koa1)a(ko)

55 = ——————2 1 da(kga ),
—P21
 da(kos)a(ko) | 4a(ko23)*p3s
66 = P 2 ’
—Dao V255)
with
4pasa(koz1)a(ko23)
T65 = T56 = — .

P22

The 2 x 3 or 3 X 2 red rectangles in Figure 3.2 have the elements

ris = 15 = —2A(Ko2i)a(ko21), ©=2,3
and
2pos A ;
rig = 16 = P23 (/1021)@(/1023)7 i=1.2
D22
and
2A(Ko21) (a(/‘fo) *Pzﬂ(%m))
r51 = T15 =
D21
and
2A(Ko23) (a(lio) - P23G(I€023)>
T63 = T36 = .

P22
Now, we can verify the covariance matrix of the MEs as
6,-0 PV,P PV
vl 2m 70 2o, 0 Q1.
A — Ao Q"VoP Q'VoQ

Applying the calculated matrix for P and Q, from (3.64), we obtain

PV,P =P
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and

pvqr pvge pvgz 0 Oixo
02x1 O2x1 O2x1 O2x1 O2x2
pvqr pvgz pvgz 0 012
02x1 O2x1 O2x1 O2x1 O2x2
O2x1 0O2x1 O2x1 O2x1 O2x2
pvgr pvgz pvgs 0 Oixo

0ox1 02x1 02x1 O2x1 O9xo

PV,Q =

02x1 O2x1 O2x1 O2x1 O2x2
0 0 0 PUqy 0

O3x1 03x1 O3x1 O3x1 O3xo
13%6

where for ¢ = 1,2, 3 the elements are

A(Ko2i) + ko2ia(Kozi)
2@(%0)

pvg; = —

and for i = 4, we have

A(kKo31) + Koz1a(Kos1)

pvgy =
2ps1a(ko31)

The matrix QT V(Q is a 6 x 6 matrix similar to Figure 3.3 with non zero elements

the red regions. There are 5 matrices in total. The middle one has only one element

(koz1a(kos1) + A(kos1))?
4pzra(kost)

q44 =

The first square matrix is a 3 x 3 matrix with elements, for i = 1,2,3 and j = 1,2, 3,

,.gg%a(/%ozi) (M - p2iHO2i) /(4a(kp)),
D2i
gji = 4ij = { Alko2i) AKoz;) + Alkozi)kozjalko;) + Alkoz;)kozialkozi) }/ (4a (ko).

¢ii = {(A(ko2i) + Kozia(ko2))” +

The elements in the last 2 x 2 square are

a(ko21) (p22a(Ko22) + p23a(kozs))

g55 =
P21a(f€0) 7
_ pasa(koz1)a(ko23)
d65 = G56 = ;
p22a(Ko)

. p2sa(ko23) (p21a(ko21) + p22a(ko22))
Pg2a(50)

in

as
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FIGURE 3.3: Schematic matrix plot for Q7 V,Q

The elements of the 3 x 2 and 2 x 3 rectangles are

k0210(k021) (p22a(ko22) + p2sa(ko23))

g51 = 415 = )
2po1a(ko)
__ Koz2a(ko21)a(ko22)
q25 = @52 = — )
2a(rko)
~ Ko23a(ko21)a(ko23)
53 = 435 = — )
2a(ko)
_ pasko21a(koz1)a(ko23)
g61 = 416 = )
2pa2a(ko)
_ pa3ko22a(ko22)a(ko23)
g62 = 426 = )
2paoa(ko)
~ Ko23a(koe3) (p22a(ko22) + para(koor))
q463 = 436 = — .
2p21a (ko)

Theorem 3.10. The asymptotic distribution of d,, for testing the hypothesis Hy : ko1 =
Koo = Koz in a model containing three 2 dimensional and one 3 dimensional von Mises

Fisher distribution is chi square with 2 degrees of freedom.

Proof of Theorem 3.10. The result follows from Theorem 3.7. O
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3.5 Example 2: A Spherical Model in 10 Dimensions
Consider
fx(x) = [T (£ > (3.70)

where for i =2,...,10,

S;={x:xeS? with d — i elements zero}

and
1 :xes;
Ix(S;) =
0 X §é Sz
The function f;(x) for i = 2,...,10 is an ¢ dimensional von Mises Fisher distribution

with the density
fix) = {D (N} exp{sOul'x}, xe S ||ml =1, > 0.
We are going to test the hypotheses

HO . 5(2) = 5(3) = ... = /4'/(10)
(3.71)
H, : at least one equality is not satisfied,

where () is the concentration parameter of the i dimensional von Mises Fisher distri-

bution.
Theorem 3.11. The asymptotic distribution of the deviance statistic for the hypothesis

test (3.71) is chi square with 8 degrees of freedom.

Proof of the Theorem 3.11. The proof of this theorem follows from Theorem 3.8.
O
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Data Analysis

4.1 Introduction

We analyze asset allocations from different indices in 3 dimensions, considering S&P500,
NIKKEI225 and AllOrdinaries and model them as outlined in Chapter 2. From the
Yahoo Finance website, we selected daily historical returns from the three indices in
Table 4.1 and provided some Mathematica code in order to match the selected returns
against given dates. Then we were able to calculate the covariance matrices of monthly
returns and ultimately calculate the portfolios via maximizing the Sharpe ratio. Tables
B.1 to B.9 contain the square roots (to fit them on a sphere) of the monthly asset

allocations related to the three indices.

We also extended the method to higher dimensions by considering the 10 different indices
listed in Table 4.2; we matched the dates and calculated the monthly covariance matrices.
Tables B.10 to B.16 contain the square roots of the monthly asset allocations calculated
for the ten indices introduced in 4.2 based on the daily returns available on the Yahoo

Finance website.

As discussed in Chapter 2, we calculated portfolios with no short sales (NSS) by maxi-

mizing the Sharpe ratio

X' p
7TTE><’ (4.1)

under the two constraints

Zlea:izl, and z; >0; i=1,2,---.d.

95
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TABLE 4.1: Three different indices to form a portfolio based on daily returns in Yahoo
Finance website

Orders Name Country | Abb. Start Date | Number
In Portfolios of Data
1 SP500 U.S. ANGSPC | 3/Jan/1950 16202
2 NIKKEI225 Japan AN225 | 4/Jun/1984 7479
3 AllOrdinaries | Australia | "AORD | 3/Aug/1984 7543

TABLE 4.2: Ten different indices to form a portfolio based on daily returns in Yahoo
Finance website

Orders Name Country Abb. Start Date | Number
In Portfolios of Data

1 DAX Germany | "GDAXTI | 26/Nov/1990 5951

2 FTSE100 U.K. A"FTSE 3/Jan/1984 7927

3 HSI China NHST 31/Dec/1986 6816

1 BOND US. TLT | 1/Aug/2002 | 3001

20" Years

5 NIKKEI225 Japan AN225 4/Jun/1984 7479

6 SP/ASX 200 | Australia | "AXJO | 23/Nov/1992 5448

7 SP500 U.S. NGSPC 3/Jan /1950 16202

8 Volatility SP500 | China NIX 2/Jan/1990 6149

9 AllOrdinaries | Australia | "AORD | 3/Aug/1984 7543

10 CAC40 France AFCHI | 1/Mar/1990 6139

There are different methods to estimate the monthly covariance matrix in (4.1). The
most common method is by calculating the general covariance matrix through its usual

formula

S=—Y (X -X)(X; - X)7, (4.2)

i=1
where n is the number of available reported daily returns in a specific month. With high
dimensional data the covariance matrix can be poorly estimated, so we considered some
ways of reducing the number of parameters. In particular, we investigated the use of
Equicorrelation, Dynamic Equicorrelation and Block Equicorrelation models to estimate

the covariance matrices. These methods are described in Section 4.2.

Calculating a monthly portfolio yields a vector of nonnegative proportions which sum
to one. Taking the square root of each element of the vector, transforms the vector to
lie on a sphere and we can use the von Mises Fisher distribution to analyse the data.

We analyze the data by means of hypothesis tests and study the behaviour of the MEs
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by plotting them as time series. The following code, written in Mathematica, produces

monthly portfolios by means of the sample covariance matrix in (4.2):

vs = {}; vsl = {}; vs2 = {}; sDate = {}; spbondall = {}; vs3 = {}; \

Sigmas = {}; mus = {};
Do[
Dol[
mSP = {}; dSP = {};
mni = {}; dni = {3};
mal = {}; dal = {};
Do[

If[SP[[i, 1]] ==y && SP[[i, 2]] == m,
AppendTo [mSP, {SP[[i, 311, SP[[i, 5]1}]]
, {1, 1, 15000}]1;
Do [
If[NIK[[k, 1]] ==y && NIK[[k, 2]] == m,
AppendTo [mni, {NIK[[k, 311, NIK[[k, 511}1]
, tk, 1, T7479}];
Do[
If[ALLO[[k, 1]] == y && ALLO[[k, 2]] == m,
AppendTo[mal, {ALLO[[k, 3]], ALLO[[k, 5]1}]]
, 1k, 1, 7543}];
mRet = {7};
Do[
Dol
If [mSP[[i, 1]1] == j, dSP
Do[
If[mnil[[i, 1]] == j, dni
Do[
Ifmall[i, 1]1] == j, dal = mall[[i, 2111, {i, 1, Length[malll}];
If [NumberQ[dSP] && NumberQ[dni] && NumberQ[dall],
AppendTo[mRet, {dSP, dni, dal}]]; dSP = {}; dni = {}; dal = {}
, {3, 1, 31}];
If [mRet != {3},
AppendTo [spbondall, mRet];

mSP[[i, 2111, {i, 1, Length[mSP]}];

mnil[[i, 2]1], {i, 1, Length[mnil}];

mus = Mean[mRet];

Sigmas = Covariance[mRet];

v = {x1, x2, x3};

vs = FindArgMax[{v.mus/Sqrt[v.Sigmas.v],
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FIGURE 4.1: Monthly correlations between SP500 and NIKKEI225

x1 + x2 +x3 ==1 && x1 >0 && x2 > 0 && x3 > 0}, {x1, x2, x3}];
AppendTo [vs3, vs];
AppendTo [vs2, Point[Sqrt[vs]]];
AppendTolvsl, Sqrtlvsl];

If[vs != {}, AppendTo[sDate, Flatten[{y, m, Sqrtl(vs]l}]]];
vs = {}; Sigmas = {}; mus = {}]

, {m, 1, 12}]

, {y, 1984, 2014}];

4.2 The Study of Correlation

Figures 4.1, 4.2 and 4.3 show the monthly correlations between the indices in Table 4.1.
Define p; to be the monthly return correlation between SP500 and NIKKEI225, py to
be the monthly return correlation between SP500 and AllOrdinaries and p3 to be the
monthly return correlation between NIKKEI225 and AllOrdinaries. In order to simplify
the analysis we pose some questions:

1) Does an equicorrelation model fit this data?

2) Does a dynamic equicorrelation model fit the data?

3) Does a block dynamic equicorrelation model fit the data?

We will answer these questions in the following sections.
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FIGURE 4.2: Monthly correlations between SP500 and AllOrdinaries
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FI1GURE 4.3: Monthly correlations between NIKKEI225 and AllOrdinaries
4.2.1 Equicorrelation

The equicorrelation method was introduced by Engle (2002) and has had substantial
impact on the modelling of financial time series. In this method, we replace the off-
diagonal elements of the correlation matrix with the average of the correlations, that
replaces p;, fori =1,...,d, in a correlation matrix by M%&, where d is the number
of assets. The process is repeated each month. Figure 4.4 shows the average %
over time for the three mentioned indices in Table 4.1. There appears to be an upward

trend in these values which suggests a lack of stationarity in the original series.
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FIGURE 4.4: Monthly p, = 2522403 for the data in Tables B.1 to B.9
4.2.2 Dynamic Equicorrelation

The dynamic equicorrelation method was introduced by Engle and Kelly (2012) as a
refinement of the equicorrelation method. They assumed the correlation matrix to be

of the form
Rt = (1 — p)Ig + peda,

where p; is the equicorrelation. The model is based on the assumption that all pairwise
correlations are equal in a given month; d is the number of assets in the analysis, I is
the d x d identity matrix and Jg is the d x d constant matrix of ones. In order to have

a positive definite covariance matrix, we assume

-1
m < pe < 1. (43)

Then all the eigenvalues of the correlation matrix are positive.

In their dynamic equicorrelation model, Engle and Kelly assume the monthly returns of
the assets have a multivariate normal distribution with a mean vector g and a covariance

matrix with the structure

¥} = Diagonal(oy,09,- -+ ,04) (1 — pt)Ig + peJq) Diagonal(oy, 02, -+ ,04).
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The log likelihood function is
—nd n * 1 g Tsvx—1
Ln(, B) = — = log(2m) — 5 log [&7| = 5 D (xi = )= (xi — ), (4.4)

=1

where
¥ =0fos 01— p) 1+ (d—1)p).

The matrix 3*~! exists under constraint (4.3) and is calculated as

>*~! = Dia 0nal<,,---,>< I+ J>
I o1 02 0a) \A=p) " (1= p) A+ (d—1)p)""

1 1 1
x Diagonal (, — ,) .
g1 09 od

Maximizing (4.4) under (4.3) gives us the MLEs of p and 31" which can be computed

numerically in Mathematica. We use these MLEs to calculate NSS portfolios comprised

of the three indices in Table 4.1 using the formula (4.1). We do not provide the spherical

data calculated by this method of evaluating the covariance matrix in here and the data

presented in Tables B.1 to B.9 are calculated from the sample covariance matrix. The

following code is related to this part:

mu3 = {mul, mu2, mu3};
Sigma3 =
DiagonalMatrix[{al, a2,
a3}].((1 - rho)*IdentityMatrix[3] + rhox
ConstantArray[1, {3, 3}]).DiagonalMatrix[{al, a2, a3}];

mle = {}; ml3 = {}; vmle = {}; vmlel = {}; DateEqui = {}; spnikalleqi \

= {}; vmle2 = {}; Sigmamle = {}; mRet = {}; mus = {};
Dol

Do [
mSP = {}; dSP = {};
mni = {}; dni = {3};
mal = {}; dal = {};
Do[

If[SP[[i, 1]] == y && SP[[i, 2]] == m,
AppendTo [mSP, {SP[[i, 311, SP[[i, 5]1}]]
, {1, 1, 15000}]1;

Do [
If [NIK[[k, 1]] == y && NIK[[k, 2]] == m,
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AppendTo [mni, {NIK[[k, 3]], NIK[[k, 5]]1}]]
, 1k, 1, 74793}];
Do [
If[ALLO[[k, 1]] == y && ALLO[[k, 2]] == m,
AppendTo[mal, {ALLO[[k, 3]], ALLO[[k, 5]1}]1]
, 1k, 1, 7543%}];
mRet = {};
Do [
Do[
If[mSP[[i, 111 == j, dSP
Do[
If[mnil[i, 1]] == j, dni
Do [
If[mall[i, 1]] == j, dal = mall[i, 2]1], {i, 1, Length[mall}];
If [NumberQ[dSP] && NumberQ[dni] && NumberQ[dall],
AppendTo [mRet, {dSP, dni, dall}]]; dSP = {}; dni = {}; dal = {}
, {3, 1, 31}];
If [mRet !'= {3},

mSP[[i, 2]1]], {i, 1, Length[mSP]}];

mnil[[i, 2]1], {i, 1, Length[mnil}];

AppendTo[spnikalleqi, mRet];

lmle = -Length[mRet]/2*Log[Det[Sigma3]] -
1/2 Sum[(mRet[[i]] -
Mean[mRet]) .Inverse[Sigma3]. (mRet[[i]] -
Mean[mRet]), {i, 1, Length[mRet]}];
mle =
FindArgMax[{lmle, rho > -1/2 && rho < 1 && al > 0 &&
a2 > 0 && a3 > 0}, {{rho, 0.1}, al, a2, a3}];
AppendTo[ml3, mlel;
Sigmamle =
DiagonalMatrix[{mle[[2]], mle[[3]],
mle[[4]]1}].((1 - mle[[1]])*IdentityMatrix[3] +
mle[[1]]*ConstantArray[1, {3, 3}]).DiagonalMatrix[{mle[[2]],
mle[[3]1], mle[[411}]1;
v = {x1, x2, x3};
mus = Mean[mRet];
vmle =
FindArgMax [{v.mus/Sqrt[v.Sigmamle.v],
Totallv] == 1 && x1 > 0 && x2 > 0 && x3 > 0}, {x1l, x2, x3}];
AppendTo[vmlel, Sqrt([vmlel];
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AppendTo [vmle2, Point[Sqrt[vmle]l];

If[vmle !'= {}, AppendTo[DateEqui, Flatten[{y, m, Sqrt[vmlel}]]];
vmle = {}; Sigmamle = {}; mle = {}; mus = {}]

, {m, 1, 12}]

, {y, 1984, 2014}];

4.2.3 Dynamic Equicorrelation vs General Model in 3 Dimensions

With p; the correlation between SP500 and NIKKEI225, py the correlation between
SP500 and AllOrdinaries and p3 the correlation between NIKKEI225 and AllOrdinaries

in a specific month, we test the hypotheses

Hy :p1=p2=p3 (4.5)

H, : at least one equality is not satisfied,

in each month. Under the dynamic equicorrelation assumption, the correlation matrix

is considered to be of the form

where p satisfies (4.3). In this case, £,(6) is

n

nd n 1 Tl
5 log(2m) — 3 log [E] - 5 ;(Xi —p) I (xi — ), (4.7)

Ln(p, %) =

which has the supremum
—nd n n
sup £,,(0) = —— log(2m) — —log|S| — —. (4.8)
00 2 2 2
Here
O ={(1,X) : p € (—00,+00)? and X is a positive definite matrix in d x d},  (4.9)

and €, the parameter space under the null hypothesis (4.5), is

Q={(,%): p € (—00,+00)%, X is a dynamic equicorrelation d x d matrix satisfying (4.3)}.
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Therefore,

n

nd n ~ 1 ~—1
sup £,,(0) = log(2m) — =log |- =) (x - %' (x; — X),
Sup (0) 5 g(2m) 5 g || 2;( ) ( )

where X is the sample mean of the daily returns and 3 maximizes (4.7) under (4.3).

Figure 4.5 shows the values of

dn, = —2(sup L,,(0) — sup L,,(0))
0cQ 0co
over time (monthly values from August 1984 to July 2014) for the hypothesis (4.5) and
the data are the daily returns of the indices in Table 4.1. The maximum value of d,
is 64.796 for August 2007 and the minimum is 22.98 for July 2014. The asymptotic
distribution of d,, under the null hypothesis (4.5) is chi square with 2 degrees of freedom
for which the calculated values in Figure 4.5 have the minimum 22.98. This leads to
the rejection of Hp at the 0.05 level. This result confirms that there exists adequate
evidence to reject a dynamic equicorrelation model for our data. The following program

calculated the relevant d,, in Figure 4.5:

dnrho3 = {};
Do[
Sigmamle =
DiagonalMatrix[{m13[[j, 211, m13[[j, 311,
ml13[[j, 4]11}].((1 - m13[[j, 1]1])*IdentityMatrix[3] +
ml3[[j, 1]]1*ConstantArray[1, {3, 3}]).DiagonalMatrix[{ml13[[j,
211, m13[[j, 311, ml3[[j, 411}]1;
dn3 = -2%(((-3*Length[spnikalleqil[[j]]])/2*Log[2*Pi] -
Length[spnikalleqi[[j]]1]/2*Log[Det [Sigmamle]] -
1/2 Sum[(spnikalleqil[j, il] -
Mean[spnikalleqil[[
j111) .Inverse[Sigmamle] . (spnikalleqil[[j, il] -
Mean[spnikalleqi[[j]111), {i, 1,
Length[spnikalleqil[[j]111}]) -
((-3*Length[spnikalleqi[[j1]])/2*Log[2*Pi] -
Length[spnikalleqi[[j]1]1]/2%
Log[Det[Covariance[spnikalleqi[[j]1]11]] -
Length [spnikalleqi[[j111/2));
AppendTo [dnrho3, {j, dn3}]
, {j, 1, 358}]
ListLinePlot [dnrho3[[A11l, 2]], DataRange -> {1984, 2014},
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FIGURE 4.5: d,, for the hypothesis test Hy : py = p2 = p3 and the data are the daily
returns of the indices in Table 4.1

AxesLabel -> {Year, Subscript[d, n]}]

4.2.4 Block Equicorrelation Model in 3 Dimensions

In the previous section, the null hypothesis of equality of the pairwise correlations be-
tween the three indices was rejected. In this section, we investigate further the pairwise
correlations individually. We begin by comparing p; which is the correlation between
SP500 and NIKKEI225 and p2 which is the correlation between SP500 and AllOrdinar-

ies. If we consider the correlation matrix as

I p1 p2
Ri=1p 1 p3], (4.10)
p2 p3 1
we can test the hypothesis
Hy :p1=p2 or Hy P(SP500,NIK K EI225) = P(SP500,AllOrdinaries) (4.11)
Hp :p1# p2 Hy P(SP500,NIK K EI225) # P(SP500,AllOrdinaries)

to decide whether or not the correlation between (SP500, NIKKEI225) is the same as
the correlation between (SP500, AllOrdinaries). To test the hypotheses (4.11) the log
likelihood function is considered to be (4.7) and © to be (4.9), so the supremum of the



Chapter 4. Data Analysis 106

g

40

20

10

T , L Year
1985

1940 1995 2000 2008 2010

FIGURE 4.6: d,, for the hypotheses (4.11) and the data are the daily returns of the
indices in Table 4.1

log likelihood function on © is (4.8). Under the null hypothesis, g, is in (—oo, +00)?

and X is a positive definite matrix such that its correlation matrix is as follows:

I ;1o m
Rpe=1|p1 1 p3]- (4.12)
[

2+p3—+/8p2+p3 and 2+p3++/8p3+p3
—_— 1S 2.

The eigenvalues of this correlation matrix are 1 — ps, 5

We maximize (4.7) under the constraint that these eigenvalues are positive. Figure 4.6
shows the monthly calculated d,, for these hypotheses. The maximum of d, is 50.1518
for March 1993 and the minimum is 22.9563 for July 2014. Since the distribution of d,
under the null hypothesis (4.11) is chi square with 3 degrees of freedom, we conclude
that the data furnishes strong evidence that this type of block equicorrelation model

does not fit the data.

4.2.4.1 Block Equicorrelation - Second Case

Assume the correlation matrix for the data in Table 4.1 to be in the form of (4.10). To

test the hypotheses

Hy P(NIKKEI225,5SP500) — P(NIKK EI225,AllOrdinaries) (4.13)

Hy P(NIKK EI225,5P500) # P(NIKK EI225,AllOrdinaries) >
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FIGURE 4.7: d,, for the hypotheses (4.13) and the data are the daily returns of the
indices in Table 4.1

which is

Hy :p1=ps3
Hy :p1 # ps3,

the parameter space is (4.9). Under the null hypothesis, the correlation matrix is of the

form
L p1 p2
Rppe=|p 1 ;|- (4.14)
p2 p1 1
The eigenvalues of this matrix are
1 —p2, (4.15)

2+ pa++/p5+ 8p3
2 )
2+ p2 — P} + 807

2

To calculate the supremum of £,,(0) under the null hypothesis, we find the supremum

of £,,(0) under the constraint that the eigenvalues in (4.15) are all positive.

Figure 4.7 shows the monthly values of d,,. The maximum of d,, is 63.0165 for August
2011 and the minimum of d,, is 22.951 for July 2014. So, it is obvious that the null



Chapter 4. Data Analysis 108

hypothesis of (4.13) is rejected at the level of 0.05 and the block equicorrelation model
does not fit the data in Tables B.1 to B.9.

4.2.4.2 Block Equicorrelation - Third Case
To test the hypotheses

Hy P(AllOrdinaries,SP) = P(AllOrdinaries, NOK K E1225)

(4.16)
Hy P(AllOrdinaries,SP) 7é P(AllOrdinaries, NOK K E1225)5
which is
Hy :p2=p3
Ha i p2 # ps,
the correlation matrix is
L p1 p2
Rpes=|p 1 paf- (4.17)
p2 p2 1
The eigenvalues of this matrix are
1-—p1, (4.18)

2+ p1 — /P + 803
2 )
2+ p1 4+ \/pi + 8p3
: .

To find supgeq L (0), we maximize (4.7) under the constraint that the eigenvalues of
(4.17) given in (4.18) are positive. Figure 4.8 shows different values of d,, over the period.
The maximum is 58.9938 for August 2012 and the minimum is 22.8784 for July 2014.

So, we reject the hypothesis that the block equicorrelation model fits our data.

4.2.5 Summary for 3 Dimensions

As we see from Figures 4.5 to 4.8, the dynamic and block equicorrelation models do
not fit the data in Table 4.1. Therefore, we are unable to use these models to estimate
the covariance matrix and thereby to calculate the monthly portfolios. So, we fall back
on using the sample covariance matrix or the equicorrelation model to estimate the

covariance matrix.
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FIGURE 4.8: d,, for the hypotheses (4.16) and the data are the daily returns of the
indices in Table 4.1

4.3 Investigating the Data in 3 Dimensions

We calculated NSS portfolios for the indices in Table 4.1 based on their daily returns
and saw that they can be classified into seven categories. The square root of the monthly
asset allocations of these three indices are in Tables B.1 to B.9. The first category is
when all the elements in the allocation vector are greater than zero and the capital will
be allocated to all three indices. In categories where one element equals zero, investment
on this index is not indicated and the whole investment will be on the remaining two
assets. In cases where two elements are zero, the relevant indices will be eliminated and

the whole investment will be on the remaining asset.

The algorithm in Chapter 3 can be organised as follows:

1,T9,x3) : x3 = 0,21, T3 # 0, x%—{—x%—i—x%:l} (4.19)

Sy ={x = (1,22, 23 m2—0m1,$3#0$1+x2+1’3—1}

53—{X— T1,72,73) 1 11 = 0,29, 73 # 0,27 + 23 + 23 = 1},

Cornerl : 55—{x— 1, T2, T3 :x3:0,x2:07x1#O,x%—i—x%—l—xg:l},

cx3 = 0,21 = 0,29 # 0,27 + 23 + 23 = 1},

= ( )
( 3) :
( 3)
= {x = (x1,29,23) : T1, T2, 73 # 0,27 + 23 + z?,, =1},
( x3)
Corner2 : S¢ = {x = (x1, 2, 23)
( )

Corner3 : S; = {x = (x1,29,23) : 1 = 0,20 = 0,23 # 0,27 + 23 + 23 = 1}.
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Consequently, we specify the data for each category, split them and analyse them in-
dividually. We eliminate the corner points from our analysis, since in this case the
whole investment would be only on one asset and there is no diversification effect. Such

portfolios would not be used in practice.

We consider a 3 dimensional von Mises Fisher distribution for each category and test
the hypothesis whether or not a particular component of x is significantly different from
zero. This tells us whether that component is present in the optimum portfolio to a

significant degree.

Consider
fi(x) = exp{ri(pinzi tlmwm + #131‘13)}; i=1.2 .7
where
47 sinh
() () = dsinh(r)
K

is the normalizing constant of the von Mises Fisher distribution, CL‘?l + x%z + xfg =1 and
p2 + pZy + pZ = 1. The log likelihood function when we draw n; independent samples

individually from each category is
L(0) = —n;log(c®) (k) + niki(unTi + pioTio + pisTiz); i =1,2,--,7.
Table 4.3 shows the results of the separate hypothesis tests

Hy :pwi3=0 Hy :p2e=0 Ho :p31=0

? ) (420)
Hy sz #0 Hy o tpo2 #0 Hy o :psi #0,

which are related to the categories S7, S5 and S3. The asymptotic distributions of d,,
for testing (4.20) are chi square with one degree of freedom and since all the values of
d,, in Table 4.3 are very small, the data does support the null hypotheses (the theory)
in (4.20) and they are not rejected at the 0.05 level.

Graph 4.9 illustrates the data, showing the seven mentioned categories. Our analysis
shows that 185 portfolios fall in the middle (region Sy), 39 in S, 71 in Sy, 17 in Ss,
20 in S5, 11 in Sg and 15 in S7. This gives us the idea of using the model proposed in
Chapter 3 to analyze the data which we will do in Section 4.6.

Figure 4.10 shows the monthly asset allocations calculated from the three indices in
Table 4.1 when the equicorrelation method is used to calculate the covariance matrix.

Using the equicorrelation model, 30 portfolios fall in region S7, 52 in region S, 19 in
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TABLE 4.3: Results of the hypothesis tests in (4.20)

Region Null Model of n dn
Hypothesis Covariance Value
S ni3 =0 Sample 39 | 9.56 x 10~°
Sy oo =0 Sample 71| 1.75 x 10~*
S3 u31 =0 Sample 17 | 4.94 x 107°
S1 iz =0 Equicorrelation | 30 | 9.564 x 10~
So o =0 Equicorrelation | 52 | 1.747 x 1074
S3 usr =0 | Equicorrelation | 19 | 4.940 x 10~

FI1GURE 4.9: Monthly asset allocations transformed into spherical data when sample
covariance matrix is used to estimate the covariance matrix for the data set presented

1py 03

in Tables B.1 to B.9

(b1

region Ss, 198 in the middle Sy4, 17 in S5, 18 in Sg and 24 in region S7. Table 4.3 shows

the results of hypothesis tests based on the equicorrelation model.

4.4 Goodness of Fit Tests

To validate our analyses we want to test whether the data come from a von Mises Fisher

distribution or not. For this reason, we use two different methodologies, one given by
Watson (1983) and the other one by Mardia, Holmes and Kent (1984).
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FIGURE 4.10: Monthly asset allocations transformed into spherical data when equicor-
relation model is used to estimate the covariance matrix of the daily returns for the
indices in Table 4.1

4.4.1 Watson’s Method for Goodness of Fit Test for the von Mises
Fisher Distribution

Watson (1983) introduced some methods to test the goodness of fit of von Mises Fisher
distributions for the 3 and higher dimensional cases. These methods are presented
in Section 4.4.1.2. The U? test introduced by Watson in his earlier paper in 1961 is
applicable to data on a circle, a 2 dimensional case and is explained in Section 4.4.1.1

of this chapter.

4.4.1.1 Goodness of Fit Test in 2 dimensions

To test whether the random sample X1, Xo,..., X, is drawn from a specified continu-
ous distribution function F(z), Watson (1961) introduced the following statistic which

measures the difference between F'(z) and the empirical distribution function F,(x)

vi=n [ ()= P - [ (B - F) dF<y>)2 4P (z).

—00 —00
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F,(z) is the empirical distribution function and it is

KN A
(@) = = s ()

where [4(x) is the indicator function and it is one when x € A and zero when x ¢ A.

He proved that the limiting distribution of U2 is

P(U? > u) = i 2(—1)" L exp{—2m*r?u}

m=1

and provided simpler formulae for the U2 based on v; = F (m(5)) (7(;) is the order statistic

and the subscript (i) shows the i-th order statistic of the sample) which are

n . 2
21— 1 1 1
2 _ . _ 74 -
U"_Z<”Z on V+2> 1o

and

& "2 -1 n 1\?
DI EE) g yi+3+n<y_2> |
=1 =1
We use these formulae in our calculations.

The 2 dimensional goodness of fit test for the von Mises Fisher distribution is relevant
when we categorise the observations in Tables B.1 to B.9 into seven regions and test
whether or not the 2 dimensional data in regions Sy, Se and S3 have von Mises Fisher
distributions. The results of the goodness of fit tests for these regions are shown in Table
4.4. Based on this result, the data in region S3 has the 2 dimensional von Mises Fisher
distribution at 0.01 level however, for the other two regions S; and S2 the hypothesis
that the data come from a 2 dimensional von Mises Fisher distribution is rejected.

TABLE 4.4: Results of the goodness of fit tests for 2 dimensional data in Tables B.4,
B.5 and B.6 belong to the regions (4.19)

~

Region | n K U2 p-value
S1 39 | 3.92458 | 1.12804 | 4.27 x 1010
S5 71 | 3.51717 | 1.29227 | 1.67 x 10~ 1!
S5 16 | 3.07728 | 0.237211 | 0.0185142
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FIGURE 4.11: Histogram and quantile plot for a 3 dimensional goodness of fit test based
on k(1 — cos ) ~ x?(2)/2 for the 358 data described in Tables B.1 to B.9; r, = 0.9095
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FIGURE 4.12: Histogram and quantile plot for a 3 dimensional goodness of fit test
based on ¢ ~ U[0, 2] for the 358 data described in Tables B.1 to B.9; r, = 0.97

4.4.1.2 Goodness of Fit Test in 3 Dimensions

Watson (1983) in his paper suggests using (1 — cos#) and ¢, where 6 and ¢ are the
spherical polar coordinates of the data in 3 dimensions and shows that if some data
actually come from a von Mises Fisher distribution, then k(1 — cos ) has an exponential
distribution, even when we replace x with its estimator &,, for the purpose of calculation
and ¢ has a uniform distribution in [0,27]. Here we have § = arccos[Z] and ¢ =
arctan(¥) as the random variables based on the random vector (X,Y,Z) from a 3

dimensional von Mises Fisher distribution.

For the observations in Tables B.1 to B.9, the results of the above goodness of fit tests
for the entire 358 observations and the partial 185 interior observations falling in the
region Sy, are shown in Figures 4.11 to 4.14. For the quantile plots in these figures, the
correlation between quantile values of the data and the fitted distributions are presented
to judge the behaviour of the quantile plots better. These correlations are shown by 7,

in the caption of figures.
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FicURE 4.13: Histogram and quantile plot for a 3 dimensional goodness of fit test
based on (1 — cosf) ~ x?(2)/2 for the 185 data falling in the region S4 described in
Tables B.1 to B.3; rq = 0.9485
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FIGURE 4.14: Histogram and quantile plot for a 3 dimensional goodness of fit test
based on ¢ ~ UJ0, 27| for the 185 data falling in the region Sy described in Tables B.1
to B.3; rq = 0.9857

4.4.1.3 Goodness of Fit Test in Dimensions greater than 3

In higher dimensions, where d > 3, Watson (1983) considered the goodness of fit statistic

2 </<; + ?) (1—xTp) ~x3(d-1). (4.21)

To fit the data in Tables B.10 to B.16 a 10 dimensional von Mises Fisher distribution,

we have

® = 10.6071, (4.22)
7i = (0.20091, 0.124089, 0.241181, 0.668905, 0.177297, 0.0884374, 0.527516,
0.25553,0.217584, 0.092023)7 .

Figure 4.15 shows the histogram and quantile plot of the statistic (4.21) which has a chi
square distribution with 9 degrees of freedom for the data in Tables B.10 to B.16.
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FIGURE 4.15: Histogram and quantile plot for the goodness of fit test for the 10
dimensional indices data described in Tables B.10 to B.16 based on (4.21); 7, = 0.9857

As can be seen from the analysis in this section, the von Mises Fisher distribution does
not fit the data too well in some cases, and applying other spherical distributions is
suggested in order to find an appropriate model. However, this contemplation goes

beyond the scope of this thesis and we will postpone it until future work.

4.4.2 Mardia et al’s Method for the Goodness of Fit Test for the von
Mises Fisher Distribution

Mardia, Holmes and Kent (1984) consider Fisher Bingham distribution as an alternative
to the von Mises Fisher distribution. The density function of the Fisher Bingham is
d 2
fx(x) = Cexp{rplx + Z N (vx)) xest

=2

where C' is the normalizing constant and
k>0 pes?,

are the parameters related to the von Mises Fisher distribution and the additional pa-
rameters Ag,...,A\q € R and a set of orthogonal vectors of parameters «v,,...,7v, are

related to the Bingham distribution.

The Fisher Bingham distribution forms a canonical exponential family and can be writ-

ten as

fx(x) = Cexp{nTu®) + xTu?}, (4.23)
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2)T)

by utilizing the sufficient statistics u’ = (u(l)T, ul and the parameters 71 and 7o

where C' is considered to be the normalizing constant. The statistic u(®) is
)T

1
u():x:(xl,xg,...,xd ,

and all the terms x;x;, for i < j, are considered to be in u®. We divide u® in three

parts as u®’ = (vOOT vOT vOT) where

v(l) = (ﬁ%, “ e ,xz)T7
V(2) — ({1}1:627 e ,«Tlmd)Ta
V(3) — (.%'2333, e ,xdflxd)T'

For the goodness of fit test

Hy :data come from the von Mises Fisher distribution

H,4 :data come from the Fisher Bingham distribution,
it is suggested to test
Hy :m3=0
Hy :m3+#0,
in the density function of the form (4.23).

Assume we rotate the coordinate system by an orthogonal matrix H,
x* = HTx, (4.24)

to have the sample mean X lie along the positive z1 axis. We introduced the matrix Q
in Chapter 2, equation (2.7) and in a special case of 3 dimensions in (2.9) in order to

rotate p to (1,0,...,0)T. We can consider matrix H as Q when p is replaced by ﬁ

Mardia, Holmes and Kent (1984) verified all of the non-zero moments of orders less than
or equal to 4 from the von Mises Fisher distribution when the mean direction p lies
along the positive z; axis. Let I,(z) be the modified Bessel function of the first kind
and v = %d — 1. For simplicity, we consider I, = I,,(k). Assume 2 < j < k < d and

fx(x) =c(r) Lexpl{rr}, £>0, x=(x1,...,29)" €S
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where c¢(k) is obtained via (2.16) verified in Chapter 2. Under this distribution the

moments are

(A EXl == L,+1/IV, (425)
d—1 1
ay = EX3 = {TIV+2 + aIV}/Iu,

bo = BEX} =k yy1 /1y,

b1 = EXiX? = k7' L4o/L,,

1 d+1 1
b2 = EX%X‘? = K 1{mly+3 + mll/—ﬁ‘l}/ll/u

di = EX{X} = £ 140/1,,
dy = EX{ = 3k2L,12/1,.

Therefore, the non-zero variances and covariances are

Var(X;) = ap — a2 = a3, (4.26)
Var(Xj) = bo,
Var(X?) = dy — b = d3,
Cov(X?,X}) = di — b = dj,
Var(X;Xy) = bo,
Var(X;Xy) = di,
Cov(Xj, X1Xj) = by,
Cov(X1,X}) = b1 — arby = b}.

For the null hypothesis w2 = 0 in (4.23), Mardia, Holmes and Kent (1984) consider score
statistics. They assume a sample of n observations xi,...,X, from X = (X1,..., Xy)7.
We consider the j-th sample, 1 < j7 < n, to be x; = (mlj,...,xdj)T and denote the

sample mean vector by

e 2
x:(xl,...,xd)T, xizij s
n
for i =1,...,d and the sample sum of squares and product matrix T = (tij) by

n
tij= > awrk, 1<ij<d
k=1
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The score statistics under the null hypothesis Hy : w9 = 0 is
~ ~ AT
ann( () 521) 22211( ()—52.1>

@ — 1 degrees

which, under the null, has an asymptotic chi square distribution with
of freedom as n — oo. In W, 821 and X991 are the conditional mean vector and
covariance matrix of TW? given ") which depend on x and p and can be computed via
the moments in (4.26). The vector 32.1 and the matrix 222,1 are used to show that we

estimate these quantities using the maximum likelihoods % and p.

We can simplify W, for the calculation purposes by using the formulae in (4.25). Assume
T =H"TH, (4.27)

where the matrix H is introduced in (4.24) and

b*2
=d3
fll 2 a2
§ b*2
fi2 =dj — —,
a

2
fi1 + (d — 3) fi2

=9 (fir + (d— 2) fra)

12 — —f12
2d1(f11 + (d — 2) f12)’
(b, — Uy
g21 = (02 bo )
g3 = di?,
then we have
W, =
n 9112 )+ 252 Y (7 " — bo) (T, — bo) +921Z @)+ Y (Ep)?
2<j<k Jj=2 2<j<k

(4.28)

To see if the square roots of asset allocations from different dimensions have a von Mises

Fisher distribution, we calculate W, in (4.28) through the following coding:

tij = Transpose[vonMises].vonMises/Length[vonMises];
H = HO
ts = Transpose[H].tij.H;

n = no0;
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p=4d;
nu = p/2 - 1;
k = kO;

al = BesselI[nu + 1, k]/Bessell[nu, k];
a2 = (((p - 1)/p)*BesselIl[nu + 2, k] + Besselll[nu, k]/p)/
BessellI[nu, k];

b0 = BesselI[nu + 1, k]/(k*Bessell[nu, k]);
bl = BessellI[nu + 2, k]/(k*BesselI[nu, k]);
b2 = (((p + 1)/(p + 2))*Bessell[nu + 3, k] +

BesselI[nu + 1, k1/(p + 2))/(k*BesselI[nu, k]);

dl = BesselI[nu + 2, k]/(k"2*BesselI[nu, k]);

d2 = (BesselIl[nu + 2, k]*3)/(k"2*Bessell[nu, k]);

a2s = a2 - al"2;

d2s = d2 - b0"2;

dils dl - b0"2;

bls = bl - al*b0;

f11 = d2s - bls"2/a2s;

f12 = d1s - bls~2/a2Zs;

gll = (£f11 + (p - 3)*£12)/(2xd1x(f11 + (p - 2)*£12));

gl2 = —f12/(2xd1*(f11 + (p - 2)*£f12));

g21 = (b2 - b1°2/b0)~(-1);

g3l = (d1)~(-1);

Wu = n*x(glix((ts[[2, 2]] - b0)"2 + (ts[[3, 3]] - b0)"2) +
2xg12x(ts[[2, 211 - bO)*(ts[[3, 3]] - bO) +
g21x(ts[[1, 21172 + ts[[1, 3]1172) + g31x(ts[[2, 311°2))

In the 3 dimensions, the matrix H in the second line of the above coding can be chosen

to be

mul = Mean[vonMises] [[1]]/Norm[Mean[vonMises]];

mu2 = Mean[vonMises] [[2]]/Norm[Mean[vonMises]];
mu3 = Mean[vonMises] [[3]]/Norm[Mean[vonMises]];
H = {{mul, mu3/Sqrt[mul~2 + mu3~2], (-mul*mu2)/

Sqrt [mu1~2 + mu3~2]}, {mu2, O,

Sqrt[mul~2 + mu3~2]}, {mu3, -mul/

Sqrt [mul~2 + mu3"2], (-mu2+*mu3)/

Sqrt[mul~2 + mu3~2]}};

and in the 2 dimensions, the matrix H can be considered as
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mul = Mean[vonMises] [[1]]/Norm[Mean[vonMises]];
mu2 = Mean[vonMises] [[2]]/Norm[Mean[vonMises]];

H = N[{{mul, mu2}, {mu2, -mull}}];

in order to calculate the matrix T in (4.27).

4.4.2.1 Application to the real data

We applied the data in Table 1, column (b) of n = 34 directions of magnetism in the
Great Whin Sill collected by Creer, Irving and Nairn (1959) and calculated the value
of 7.52 for W,,. This value for W,, equals to the one presented by Mardia, Holmes and
Kent (1984), page 77. Therefore, we are sure that the above program is correct and can

be applied for the square roots of the asset allocation data.

Table 4.5 shows the values of W,, for the 3 indices in Table 4.1 and their correspondent
spherical data in Tables B.1 to B.9, categorised in 4 regions. As this table shows, the
null hypothesis that the data are from a von Mises Fisher distribution is not rejected
for the data located in the middle, the regions S; and Ss at 0.05 level. For the region
S5, this null hypothesis is not rejected at 0.01 level.

TABLE 4.5: Results for the goodness of fit test based on the method presented by
Mardia et al (1984) for the 3 dimensional spherical data related to the 3 indices in

Table 4.1
Region n | Dimension W, X8 05(d.f.)
Whole Region | 358 3 76.505 | xZ05(5) = 11.07

Middle 185 3 5.76419 | x3 05(5) = 11.07
Sy 39 2 2.68197 | x305(2) = 5.99
So 71 2 6.44142 | x25(2) = 5.99
S 16 2 5.64648 | X3 05(2) = 5.99

4.5 Hypothesis Tests in 10 dimensions

Referring to the indices in Table 4.2, we calculated a portfolio for each month from
August 1 2002 to July 2014; the resulting number of portfolios is 144. This gives us
144 10 dimensional spherical observations to be analysed. Tables B.10 to B.16 show the

square roots of the asset allocations calculated from the ten indices in Table 4.2.
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We assume that the data have a 10 dimensional von Mises Fisher distribution and aim

to test some hypotheses for the parameters. To test the individual hypotheses

Hy :p;=0
o (4.29)
Ha :pi #0,
fori=1,2,---,10, we calculate the 10 deviance statistics d,,. The log likelihood function

is a 10 dimensional spherical distribution
L, (0) = —nlog 0(10)("3) +nk(u1Z1 + ...+ p10T10)-

Following the results from chapter 3, we find the asymptotic distribution of d,, for the
hypotheses (4.29) is chi square with one degree of freedom. The results are included in
Table 4.6.

The values that I chose for any of the hypotheses in Table 4.6 are based on the MLEs
in (4.22) on page 116. As we see the null hypothesis that checks whether the mean
parameter for Index Number 4, which is Bond 20" from the U.S., has the value 0.7, is
not rejected at a 0.05 level. Another hypothesis concerns Index Number 7, which is the
SP500, and the null hypothesis that tests whether the mean parameter for this asset is
0.5 is not rejected at the 0.05 level. The null hypothesis that tests whether the two mean
parameters related to Bond 20" and SP500 are equal is rejected. The null hypothesis
that suggests investing all of our budget in Index Number 4 is rejected too. The null
hypothesis which tests the equality of the mean parameters for the FTSE100 from the
U.K., the ASX200 from Australia and the CAC40 from France is not rejected. Also the
equality of the mean parameters for the DAX from Germany, the HSI from China, the
Volatility SP500 from China and the AllOrdinaries from Australia is not rejected. The
null hypothesis that the FTSE100 from U.K. and the NIKKEI225 from Japan have the
same mean parameters is not rejected either. The hypotheses that each index has the

mean parameter zero are all rejected.

4.6 Spherical Subcomponent Model for the Portfolios

4.6.1 3 Dimensional Portfolios

Following the theory from Chapter 3, we are able to carry out the hypothesis test

Hy :K1=kKo=~K3

H4 : at least one equality is not satisfied,



Chapter 4. Data Analysis 123

TABLE 4.6: Testing some hypotheses for the 10 dimensional data in Tables B.10 to
B.16 when assuming the data to come from a von Mises Fisher distribution

H supgeq Ln(0) dp, dis. of d,
pr =0 -107.241 40.3158 2(1)
p2 =0 -95.1807 16.1949 X2(1)
p3 =0 -116.266 58.3649 2 (1)
py =0 -274.359 374.552 2 (1)
ps =0 -102.969 31.7717 2(1)
pe =0 -91.1664 8.1662 2 (1)
w7 =0 -213.463 252.759 2 (1)
ps =0 -119.223 64.2791 2 (1)
po =0 -111.734 49.3019 2(1)
po =0 -91.4196 8.67266 2 (1)
e = 10 = 0 -95.4785 16.7905 2 (1)
po = pe =10 =0 | -103.484 32.8006 2 (2)
2 = H6 = 10 -87.5107 | 0.854884 | x?(3)
U1 = p3 = g = flg -87.9284 1.69034 2(4)
U = fi5 -87.7488 1.33117 2(2)
(1= flg = j3 = -92.6511 11.1357 2 (6)

M5 = Hg = H9

g = 0.70 -88.6712 3.17585 2 (1)
wur = 0.5 -87.6661 1.16561 2 (1)
g = 7 -91.1475 8.12847 2(1)
py =1 -323.825 473.483 2 (1)

for the data in Tables B.1 to B.9. The log likelihood function is (3.46), the whole
parameter space is (3.47) and the null parameter space is (3.49). We found the value
of d,, for the above hypothesis test for the spherical observations of Tables B.1 to B.9
to be 0.214807. The asymptotic distribution of d,, from Theorem 3.10 is chi square
with 2 degrees of freedom. Therefore, we conclude that the observations do not provide
evidence to reject this null hypothesis at the level of 0.01. We accept that the kappas
of the two dimensional von Mises Fisher distributions of the spherical subcomponent
model for the three mentioned indices are equal at the level of 0.01. The ME of the & is
calculated from the formula (3.68) as k = 3.55957 with the standard deviation calculated
from matrix (3.69) for {a(ko)} ™! = {para(koa1) + paza(koz2) + p2sa(ros)}~* as 2.48693.

These values are calculated from

nop = 39, noo = 71, noz = 17
|[Xo1]|| = 0.86056, |[Xaz2|| = 0.841996, ||Xa23|| = 0.81554,
ka1 = 3.9246, ko1 = 3.51718, ko1 = 3.07728.

If we use the equicorrelation model to calculate the covariance matrix in compiling the
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monthly portfolios for the indices in Table 4.1, the value for d,, calculated as described
above becomes d, = 0.399292. Again this value is small, there is no change in the
conclusion and we can say that the xs in the 2 dimensional spherical subcomponent

model are all equal.

4.6.2 Spherical Subcomponent Model for the 10 Dimensional Portfo-

lios

Consider the 10 dimensional spherical data based on the indices in Table 4.2 shown in

Tables B.10 to B.16 and the estimating function
10 ‘ 10
Ln(0)=— Z n; log c(z)(m) + Z nmiuiTii,
i=1 i=1

for the data. For the hypotheses

HO . H(l) = K(Z) = ... = /4;(10)
(4.30)
H, : at least one equality is not satisfied,

the value of d, is 17.1851. Theorem 3.11 proves that the asymptotic distribution of d,
for the hypotheses (4.30) is chi square with 8 degrees of freedom. As the quantile values
of the chi square distribution with 8 degrees of freedom are 15.5073 and 20.0902 at the
levels of 0.05 and 0.01 respectively (x2q5(8) = 15.5073 < 17.1851 < 20.0902 = x2 44(8)),
the null hypothesis is not rejected at the level of 0.01, however it is rejected at the level
of 0.05.

If we consider the equicorrelation model, the value of d,, becomes 8.47509 which shows
that the null hypothesis in (4.30) is not rejected at the level of 0.05 in this case. Based

on this evidence it seems reasonable to conclude that all 10 xs are the same.

4.7 Precision of Estimation of Parameters

For the spherical subcomponent model (3.46), the maximum estimators are obtained
from
Cx.

— and = ||x;
’Xz” c Ki) H 7«”
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] 10 ]

FIGURE 4.16: A schematic matrix plot for the variance matrix of the MEs for the
spherical subcomponent model in (3.46)

for i = 1,2,3,4. So, for the data in Table 4.1, we have

Kq = 4.6345,  [ig1 = 0.584492, [igo = 0.545406, fis3 = 0.600751,
Rz = 3.40978, 7i31 = 0.890676, [izo = 0.454638,
Ro = 3.53859, a1 = 0.753628, fizo = 0.657302,
k1 =3.9245,  [i;; = 0.608174, [i12 = 0.793804.

(4.31)

A schematic matrix plot for the variance matrix of the MEs is given by the matrix P in
the format of Figure 4.16. In Figure 4.16 the white areas are considered to be all zeros.
If we denote each pair of the small and large red squares by a matrix P;, for ¢ =1, 2, 3,4,

then they are

P, = pia(kos)
0 7/‘601'A1(K02‘) (I- HOZ'N%;)
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For the calculated MEs in (4.31), the variance matrix is
—~ 1
Var() = —————
39+ 71+ 16 + 185
198.53 0 0 0 0 0 0 0 0 0 0 0
0 2.0647 —1.5819 0 0 0 0 0 0 0 0 0
0 —1.5819 1.212 0 0 0 0 0 0 0 0 0
0 0 0 85.997 0 0 0 0 0 0 0 0
0 0 0 0 0.6343 —0.7273 0 0 0 0 0 0
0 0 0 0 —0.7273 0.8338 0 0 0 0 0 0
0 0 0 0 0 0 208.568 0 0 0 0 0
0 0 0 0 0 0 0 0.8381 —1.642 0 0 0
0 0 0 0 0 0 0 —1.642 3.2168 0 0 0
0 0 0 0 0 0 0 0 0 36.402 0 0
0 0 0 0 0 0 0 0 0 0 0.3044 —0.1474
0 0 0 0 0 0 0 0 0 0 —0.1474 0.3248
0 0 0 0 0 0 0 0 0 0 —0.1623 —0.1515

Therefore, from the formula 6 :

K1 -

K2

K3 :

Rq

3.9245 £ 1.5658,

3.4097 £ 1.6050,

1 3.5385 £ 1.0305,

:4.6345 £ 0.6705,

a3 0.6007 £ 0.0603.

fi21 1 0.7536 = 0.0886,
{131 : 0.8906 & 0.1017,
fa1 : 0.5844 & 0.0611,

6 + 1.961/ Var(6), we have

w11 : 0.6081 £ 0.1595,

H12
22
32
42

:0.7938 £ 0.1223
:0.6573 £0.1013
:0.4546 £ 0.1993
: 0.5454 £ 0.0633,

The 95 percent confidence intervals reported here can be used to estimate the allocations

assigned to each index in the portfolio. The mean parameters ji;; play this role. For

example, from this result, we can conclude that the second 2 dimensional distribution
has the smallest &, so we choose this version. So, I choose to have 0.753628% x 100 = 56.80
percent of the capital allocated to SP500 and 0.6573022 x 100 = 43.20 percent of the

capital invested in AllOrdinaries to get the highest return for a given level of risk. Taking

into account the confidence interval we can say:

If we invest a percentage between 66.5 and 70.93 of our capital in SP500 and the rest in

AllOrdinaries, then we get the most profit from these 2 dimensional portfolios with 95

percent confidence.

o O O O O o o O o

0
—0.1623
—0.1515

0.2955




Chapter 5

Simulation Results

5.1 Introduction

The aim of this chapter is to discuss both the simulation methods and the results of the
asymptotic distribution of d,, obtained from the hypothesis testings conducted in the

previous chapters.

5.2 Simulation from the von Mises Fisher Distribution

Ulrich (1984), inspired by Saw (1978), introduced a model in which many known spheri-
cal distributions were included. Ulrich argued that the model encompassed most known
spherical distributions but since then recently introduced spherical distributions, such
as Kent or Fisher Bingham distributions, have more parameters and this is no longer the
case. Let g(u) be a continuous non-negative and increasing function and for a positive

d denote

o (1- )%
o) = [ otrt); tRtrEntl

where k > 0 is considered to be the concentration parameter of the spherical distribution
and B (3, 5(d — 1)) is the beta function with parameters 1/2 and (d— 1)/2 that is equal
to LA/2I((d=1)/2)

T'(1/24(d-1)/2)
Saw (1978) defines the density of X to be

for the gamma function as I'(a). Let X be a random vector in S

g(kp"x)

) (5.1)

g(x; K, p) =

127
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2
where g is the modal vector in S¢ and oy = FLd. To get the density of the von Mises

ol

2
Fisher distribution, it is enough to substitute g(u) = exp{u} in (5.1). At this stage,
Ulrich presents and proves the following theorem:

Ulrich Theorem: Let W be a random variable with the density

d—3

g(rw)(1 —w?) =
c(®)B(3,%5)

and let V be independent of W and have a (d — 1)-dimensional uniform distribution on

we(-1,1), d>2 (5.2)

DO

the sphere. Then the vector X, where

X7 = (\/1 “weve, W) : (5.3)

has the density g(X; &, u) from (5.1) with the modal vector u? = (0,0,...,0,1).

5.2.1 Rotational Matrix

Ulrich’s theorem suggests a method of generating data with mean or modal vector
[0,0,---,0, 1]T. In Theorem 5.1 we define a rotational matrix which rotates the mean
]T

vector [0,0,---,0,1]7 to g = [u1, 2, -+, ug]” in the general case of d dimensions. We

use this matrix in the simulations.

Theorem 5.1. An orthogonal matriz based on
J b -1 J—ba”
B = Hd N = Hd a ,
G —b" pg

a= [Mla to 7:U'd71]T7

where

b= [,ud—b T 7MI]T7

00 --- 01

00 --- 10
J=

0

0

(d—1)x(d-1)

rotates the mean vector [0,0,---,0,1]7 to pu = [u1, 2, -+, puag]’ in a way that p =
B[0,0,---,0,1]7. Matrices Q® and Q) presented in (5.4) and (5.5) show rotational

matrices in 2 and 3 dimensions.
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For the 2 dimensional case, we use

Q® — (“2 /“> (5.4)
—H1 M2

to rotate a von Mises Fisher distribution with mean vector [0,1]7 to [u1,u2]’. The

matrix

—pi3 B "
Ve 1-a3
Q¥ = 0 —/1—p3 po (5.5)
B2y

p1
Vi-g o Ji-d

rotates the mean vector [0,0,1]7 to [u1, p2, u3)? in 3 dimensions.

5.2.2 Simulation Method for Generating Data from the von Mises

Fisher Distribution in 3 Dimensions

In the case d = 3, (5.2) becomes

we (—1,1).

The cumulative distribution of W, when we consider a von Mises Fisher distribution, is

Foy ) = /w 2¢(kt) g /w 2 exp{kt} gt — 2(exp{rw} — exp{—~})

_1 (k) _1 c(k) ke(k)
and
_ [t exp{nt} . 2(exp{r} —exp{—~})
C(K)_/_lB(%,l)dt_ -
and hence

exp{rw} — exp{—k}

Fiw(w) = = (R} —exp{r)

To generate data from the distribution W, we first generate U from a uniform distribu-

tion and then make the following transformation

_ exp{kw} — exp{—k}
exp{r} —exp{—x} ’
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(a) Countor Plot

(c) Jacob Method

FIGURE 5.1: Simulating 1000 data from VM (100, (0.5, —0.5,v/1 — 2 x 0.5?)) and com-

paring formulae (5.6) and (5.7) with the related contour plot: (a) the contour plot of

the distribution, (b) the simulated data obtained from the formula (5.6) and (c) the
simulated data obtained from the formula (5.7)

which gives

w— log (exp{—k} 4 2usinh k)

. (5.6)

K

Jakob (2012) suggests that it is advisable to use an equivalent form of (5.6) which is

1+ log u + log (1 — “=L exp{—2x})
p .

w =

(5.7)

This is a numerically well-behaved expression that prevents overflow for large values of
k. Figure 5.1 shows a von Mises Fisher distribution with mean vector (0.5, —0.5,0.7071)
and the concentration parameter x = 100 simulated in both ways. As the figure shows
there are no significant differences between these two methods even for a large x such
as 100. For the simulation method, we use the code in the next section, while using the

normal method to generate uniform data on the sphere.
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5.2.3 Simulation Method for Generating Data from the von Mises

Fisher Distribution in dimensions other than 3

For dimensions other than three, Ulrich uses an acceptance-rejection algorithm to gen-
erate data from the density f(z). To implement this, we consider an envelope density,

say e(z), and calculate

= max /()
M= z  e(x)

< 00

It is supposed that generating data from the envelope density e(z) is routine and can

be done easily. Then we generate X from e(z) and independently U from a uniform

distribution and if the condition U < 1\%?()2) is satisfied, then we accept X as data from

the density f(z). Ulrich uses the envelope density
op(d—1)/2 (1 — 22)(d=3)/2

B4 G [(1+0) — (1= b)a]™

e(l‘;b) = € (_1’1)ab € (07 ]-)7 (58)
to generate data from (5.2). It is easy to generate data from e(x), because if Y ~
Beta(%5t, 451), then X = }:8%2;); ~ e(z;b). Ulrich in his Theorem 2 proves that the
value of b which is suitable for this envelope is

- —2K + \/4K% + (d — 1)
N d—1 '

Wood (1994) corrects the algorithm introduced by Ulrich which does not work correctly.
His modified algorithm is coded in Mathematica as follows. This program generates
data from a von Mises Fisher distribution with the concentration parameter kappa and

the rotational matrix ) introduced in Theorem 5.1.

n = size;

vli={}; v=+A} s1 =4} s ={}; vonMises = {};
dimension = d;

m=(d-1)/2;

kappa = k;

b = (-2%k + Sqrt[4*k"2 + (d - 1)°2]1)/(d - 1);

x0 = (1 -b)/{1 + Db);

c = k*x0 + (d - D*Logl[l - x0°2];

Do[z = RandomVariate[BetaDistribution[m, m]];
RandomReal [{0, 1}];
1-00+b)2z)/A-U=-D) 2);

vl = RandomVariate[NormalDistribution[0, 1], d - 1];

u

w
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v = v1/Norm[vi];

sl = Sqrt[1 - w™2] v;

s = Q.Flatten[{s1, w}];

If [Loglul < k*w + (d - 1)*Log[l - x0*w] - c, AppendTo[vonMises, s]];
vi=H}; v=A} st =4} s =1}

, {n}]

5.3 Methods of Uniform Simulation on the Sphere

To use the forgoing program, we need to generate data from a uniform distribution on

the sphere. In this section, we describe different methods doing this.

The simplest and most efficient method for generating data from a uniform distribution
on the (d — 1) dimensional sphere is to generate d — 1 independent observations from a

standard normal distribution and then transform them by

v oV
VVTYV V|

to locate them on the sphere. Alternatively, we can use a uniform distribution on the

(5.9)

interval (—1, 1) instead of a normal distribution and then apply (5.9) to simulate uniform

data on the sphere.

For a 3 dimensional case, to use the Ulrich Theorem to generate data from a 3 dimen-
sional von Mises Fisher distribution, we first need to generate data from a 2 dimensional
uniform distribution on the circle. In this case, we can also present a method of uniform
simulation on the sphere by considering the angle 6. We generate 6 from U (0, 27), and
then let = cos@ and y = sin6, so (z,y) has the desired uniform distribution on the
circle. The following code generates data from a 3 dimensional von Mises Fisher distribu-
tion with the concentration parameter kappa and modal vector g = (mul, mu2, mu3)?,
which we call V M (kappa, pt) for the sake of simplicity, while considering three different
methods of uniform simulation on the sphere. After running this program, we have three
different sets of data from V M (kappa, pt) using the three different methods of uniform
simulation on the sphere. Each sample has size n. The output of this program includes
three sets of data, namely ‘vonMises3u’ containing n 3 dimensional V M (kappa, p) ob-
servations obtained from the uniform method to simulate uniform data on the sphere,
‘vonMises3n’ using the normal method of uniform simulation, and finally ‘vonMises3t’
using the angle method for uniform simulation on the sphere. Figure 5.2 compares these

three different methods.
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n = size;

vul = {}; vu = {}; sul = {}; su = {}; vonMises3u = {};
vnl = {}; vn = {}; snl1 = {}; sn = {}; vonMises3n = {};
vtl = {}; vt = {}; stl = {}; st = {}; vonMises3t = {};
kappa =k;

mul = mul_O;

mu2 = mu2_0;

mu3 = Sqrt[l - mul_0"2 - mu2_0"2];

Q = {{-(mu3/Sqrt[1 - mu2"2]), (mul mu2)/Sqrt[l - mu2-2],
mul}, {0, -Sqrt[l - mu272], mu2}, {mul/Sqrt[l - mu2"2], (mu2 mu3)/
Sqrt[1 - mu2°2], mu3}};

Do[

vul = RandomVariate[UniformDistribution[{-1, 1}1, 2];
vu = vul/Norm[vul];

vnl = RandomVariate[NormalDistribution[O, 1], 2];

vn = vnl/Norm[vni];

theta = RandomVariate[UniformDistribution[{0, 2*Pi}]];
vt = {{Cos[thetal], Sin[thetal}};

u = RandomVariate[UniformDistribution[{0, 1}]1];

w =1+ (Loglul + Logll - ((u - 1)/u)*E~(-2*xkappa)l) /kappa;
sul = Sqrtl[1l - w™2]*vu;

su = Q.Flatten[{sul, w}];

snl = Sqrt[1 - w"2]*vn;

sn = Q.Flatten[{snl, w}];

stl = Sqrt[l - w™2]*vt;

st = Q.Flatten[{st1l, w}];

AppendTo [vonMises3u, sul;

AppendTo [vonMises3n, sn];

AppendTo [vonMises3t, st];

vul = {}; vu = {}; sul = {}; su = {};
vnl = {}; vn = {}; sn1l = {}; sn = {};
vtl = {}; vt = {}; st1 = {}; st = {}

, {n}l;



Chapter 5. Simulation Results 134

5.3.1 Power Function for Testing H,: x = 30

We confirmed with some initial exploration that all 3 methods work well and there is
little to choose between them in terms of computational time. As an example of a
simulation, Figure 5.2 compares three power functions related to the hypothesis test
(5.11) while using the three methods of generating uniform data on the sphere. This
figure also confirms that there are no significant differences among these three methods.

The following is the code to calculate the power functions.

a =0; n = size; r = replication;

po95u = 0; power95u = {};

i}

{};

For[po95u = 0, po95u < r, a = a + 1,
po95u = 0; po95n = 0; po95t = O;
Do[

po95n = 0; power95n

po95t = 0; power95t

vul = {}; vu = {}; sul = {}; su = {}; vonMises3u = {};
vnl = {}; vn = {}; snl = {}; sn = {}; vonMises3n = {};
vtl = {}; vt = {}; stl = {}; st = {}; vonMises3t = {};
k = 30 + a;

mul = 0.5;

mu2 = 0.5;

mu3 = Sqrt[l - mul"2 - mu2°2];

Q = {{-(mu3/Sqrt[1 - mu2-2]), (mul mu2)/Sqrt[l - mu2"2],
mul}, {0, -Sqrt[1l - mu2°2], mu2}, {mul/Sqrt[l - mu2°2], (mu2 mu3)/
Sqrt[l - mu2°2], mu3}};
Do[
vul = RandomVariate[UniformDistribution[{-1, 1}], 2];
vu = vul/Norm[vul];
vnl = RandomVariate[NormalDistribution[0, 1], 2];
vn = vnl/Norm([vni];
theta = RandomVariate[UniformDistribution[{0, 2*Pi}]];
vt = {{Cos[thetal, Sin[theta]l}};
RandomVariate[UniformDistribution[{0, 1}]1];
1 + (Loglul + Logll - ((u - 1)/w)*E~(-2%k)1)/k;
sul = Sqrtl[l - w™2]*vu;

u

W

su = Q.Flatten[{sul, w}];
snl = Sqrt[l - w™2]*vn;
sn = Q.Flatten[{snl, w}];
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stl = Sqrtl[l - w™2]*vt;

st = Q.Flatten[{stl, w}];
AppendTo [vonMises3u, sul;
AppendTo [vonMises3n, sn];

AppendTo [vonMises3t, st];

vul = {}; vu = {}; sul = {}; su = {};
vnl = {}; vo = {}; snl = {}; sn = {};
vtl = {}; vt = {}; st1 ={}; st = {}
, {n}l1;

LAu = n*x(-Loglc3[kk]] + kk*(Norm[Mean[vonMises3n]]));
LOu = n*(-Log[c3[30]] + 30*Norm[Mean[vonMises3nl]);
dLAu = FindMaxValue[{LAu, kk > 0}, {{kk, 30 + al}}];
dn2u = 2*%(dLAu - LOu);

If [dn2u > Quantile[ChiSquareDistribution[1], 0.95],

po95u = po95u + 1];

LAn = n*x(-Log[c3[kk]] + kk*(Norm[Mean[vonMises3n]]));
LOn = n*(-Log[c3[30]] + 30*Norm[Mean[vonMises3n]]);
dLAn = FindMaxValue[{LAn, kk > 0}, {{kk, 30 + a}}];
dn2n = 2%(dLAn - LOn);

If[dn2n > Quantile[ChiSquareDistribution[1], 0.95],

po95n = po95n + 1];

LAt = n*(-Log[c3[kk]] + kk*Norm[Mean[vonMises3t]]);
LOt = n*(-Log[c3[30]] + 30*Norm[Mean[vonMises3t]]);
dLAt = FindMaxValue[{LAt, kk > 0}, {{kk, 30 + a}}];
dn2t 2% (dLAt - LOt);

If [dn2t > Quantile[ChiSquareDistribution[1], 0.95],
po95t = po95t + 1];

vonMise3n = {}; vonMises3u = {}; vonMises3t = {}
, {r}l;

AppendTo [power95u, {k, po95u/ek}];

AppendTo [power95n, {k, po95n/ek}];

AppendTo [power95t, {k, po95t/ek}];

1;
ListLinePlot [{power95u, power95n, power95t},

AxesLabel -> {\[Kappal, PowerFunction}, PlotStyle -> Automatic,
PlotLegends -> Placed[{"Uniform", "Normal", "Theta"l}, After],
PlotMarkers -> {Automatic, 16}]
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FIGURE 5.2: Power function of hypothesis test (5.11) using three methods to generate
uniform data on the sphere, n = 1000 and r = 100

5.4 Plots

Figures 5.3 to 5.6 show simulated von Mises Fisher distributions on the sphere with
different choices of parameters. The method used for the simulation is the method
presented in Section 5.2.2 and for the 2 dimensional case, we use the method described
in Section 5.2.3 with normal method of simulation on the sphere for both cases.
Figures 5.4 and 5.6 can be compared favourably to the contour plots of 2.1 and 2.2 in
Chapter 2.

5.5 Hypothesis Testing through Simulation

In this section, we consider some hypothesis tests for the parameters of the von Mises
Fisher distribution and illustrate Wilk’s theorem on page 7 of the thesis by the simula-
tion methods introduced in this chapter.

From now on, we use the normal method to simulate uniform data on the sphere.
Consider a 3 dimensional von Mises Fisher distribution with parameters x and p =
)T

(1, p2, p3)” and the hypotheses

Hy :xk=30,u1 =05 u =0.5
Ha :k#30,p1 # 0.5, u2 # 0.5,

(5.10)
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FIGURE 5.3: Comparing different values of the modal vectors in a 2 dimensional von
Mises Fisher distribution using 1000 simulated observations from the distribution with
parameter £ = 100

Hy :x=30
(5.11)
Hy :xk+#30
and
Hy :p1=0.5u=0.5
0 M1 M2 (5.12)

HA U1 75 0.5,/1,2 75 0.5.

To simulate the asymptotic distribution of d, for these hypotheses by the simulation

method, we considered a von Mises Fisher distribution with the concentration parameter
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(a) iy =0.5, o =-0.5, 11 :-.II| 0.5
1.0

(d) =01, p2==0.9, =4/ 0.74

10

1.0

F1GURE 5.4: Comparing different values of the modal vectors in a 3 dimensional von
Mises Fisher distribution using 1000 simulated observations from the distribution with

(a) k=10

parameter £ = 30

() k=100

o5E

D.OH

-1oh

=10 =05 L) 05 10 =1.0 =05 0.0 0.5 10

FicUre 5.5: Comparing different values of x in a 2 dimensional von Mises Fisher
distribution using 1000 simulated observations from the distribution with modal vector

M1 = —0.5,/J,2 =—V1- 0.52
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FIGURE 5.6: Comparing different values of x in a 3 dimensional von Mises Fisher
distribution using 1000 simulated observations from the distribution with modal vector

g1 =0.1, o = —0.5, 3 = /1 — 0.12 — 0.52

30 and the modal vector (0.5,0.5,v/1 — 2 x 0.52)T, and generated n data points from this
distribution. Then we calculated the value of d,, using the formula (1.6), and repeated
the process r times to simulate the distribution of d,,. Tables 5.1 and 5.2 and Figures
5.8 to 5.10 show the results for different values of n and r. These tables show that
with increasing n and r, the simulated distributions coincide closely with the ones from
the theory. Tables 5.3 and 5.4 are related to the same process conducted for 2 and 10
dimensions. As these tables show the results are not as good as for 3 dimensions. We
suggest this is because for 3 dimensions, we have an explicit formula for the distribution

function, so the simulation method is exact and functions very efficiently.

To create Table 5.3 for the 2 dimensional cases, we considered a von Mises Fisher distri-
bution with concentration parameter x = 100 and modal vector (0.5,v/1 —0.52)7 and
tested the following hypotheses:

Hy :r=100,u1 =05

(5.13)
Ha k100,01 # 0.5,
Hy :x=100
(5.14)
Hy :x#100
and
H, : =0.5
oM (5.15)
HA | 7'5 0.5.

The results are shown in Table 5.3 and Figures 5.11 and 5.12.
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For the 10 dimensional cases, the distribution is a 10 dimensional von Mises Fisher
distribution with concentration parameter x = 100 and modal vector (0,0,...,0,1)7

and the hypotheses are

H() :K:1OO,,U,1:0,...,/1,920,/110:1

(5.16)
H, : at least one equality is not satisfied,
H() k=100
(5.17)
Hy :k#100
and
Hy :p1=0,...,09=0,p10=1 (518)

H, : at least one equality is not satisfied.

Table 5.4 and Figures 5.13 and 5.14 show the results for these hypothesis tests.

In Figures 5.8 to 5.14, the plots (a), (d) and (g) are demonstrations when the number of
repetitions is 100. Plots (b), (e) and (h) are for r=1000 and plots (c), (f) and (i) are for
r=10,000. As we see when the number of repetitions becomes larger, the quantile plots
show a better fit of the model. Also, it can be seen from Tables 5.1 to 5.4 that when
we consider the estimated degrees of freedom, Watson’s U? p-value and Kolmogorov-
Smirnov’s p-value, the theory is confirmed by the simulation. Our methodology is well
confirmed in Tables 5.1 and 5.2 when the simulation is from the 3 dimensional von Mises
Fisher distribution. For Tables 5.3 and 5.4, we used a trimmed mean to calculate the

estimated degree of freedom so as to reduce the bias incurred in the simulation methods.

The program for doing the simulations for the hypotheses (5.10) to (5.12) is as follows:

n = size; r = replication;

vnl = {}; von = {}; snl = {}; sn = {}; vonMises3n = {};

k = 30;

mul = 0.5;

mu2 = 0.5;

mu3 = Sqrt[l - mul”2 - mu2°2];

Q = {{-(mu3/Sqrt[1 - mu272]), (mul mu2)/Sqrt[l - mu2~2],
mul}, {0, -Sqrt[l - mu272], mu2}, {mul/Sqrt[l - mu2°2], (mu2 mu3)/
Sqrt[1 - mu2°2], mu3}};

dn313 = {}; dn323 = {}; dn333 = {};

Do[
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Do[
vnl = RandomVariate[NormalDistribution[0, 1], 2];

vn = vnl/Norm[vni];

RandomVariate[UniformDistribution[{0, 13}]1];
1 + (Loglul + Logll - ((u - 1)/u)*E~(-2%k)1) /k;
snl = Sqrt[1 - w™2]*vn;

u

W

sn = Q.Flatten[{snl, w}];
AppendTo [vonMises3n, sn];
vnl = {}; vn = {}; snl = {}; sn = {}
, {n}l;
LA = nx(-Logl[c3[kk3]] + kk3*(Norm[Mean[vonMises3n]]l));
L03 = n*(-Log[c3[kk31]] +
kk31*({mul, mu2, mu3}.Mean[vonMises3n]));
n*(-Log[c3[30]] + 30*Norm[Mean[vonMises3n]]);
n*(-Log[c3[30]] +
30%({mul, mu2, mu3}.Mean[vonMises3n]));
dLA = FindMaxValue[{LA, kk3 > 0}, {kk3, 30}];
dLO3 = FindMaxValue[{L0O3, kk31 > 0}, {kk31, 30}];
AppendTo [dn313, 2*(dLA - LO1)];
AppendTo [dn323, 2x(dLA - L02)];
AppendTo[dn333, 2*(dLA - dL03)1;

LO2
LO1

vonMises3n = {}
» {r}l;

DistributionFitTest[Flatten[dn313],

ChiSquareDistribution[3], {"TestDataTable", Al1}]
EstimatedDistribution[dn313, ChiSquareDistribution[betal]
DistributionFitTest [Flatten[dn323],

ChiSquareDistribution[1], {"TestDataTable", All}]
EstimatedDistribution[dn323, ChiSquareDistribution[betal]
DistributionFitTest [Flatten[dn333],

ChiSquareDistribution[2], {"TestDataTable", Al1l}]
EstimatedDistribution[dn333, ChiSquareDistribution[beta]]

5.6 Hypothesis Testing in the Spherical Subcomponent
Models

Consider the spherical subcomponent model introduced in Section 3.4.1 and the estimat-

ing function in (3.46). In this section, we illustrate Theorems 3.7 and 3.8 presented in
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Chapter 3 by simulation methods. Suppose we are interested in testing the hypotheses

Hy K91 = Koo = ka3 (5.19)

Hy4 : at least one equality is not satisfied.

Theorem 3.10 states that the asymptotic distribution of d,, for this hypothesis test is chi
square with 2 degrees of freedom. In this section, we verify this result through simulation.

Consider three 2 dimensional von Mises Fisher distributions with parameters

ko1 = 100, py; = (0.52,/1 —0.522)T
K99 = 100, Hoo = (—04, v1— 0.42),
Koz = 100, pgs = (0.02,v/1 —0.022)7

and one 3 dimensional von Mises Fisher distribution with the parameters
k=30, pz =(0.5,0.5v1—-2x0.52)7T.

We simulated n data points from each distribution via the methods discussed in the
previous section with two different values of n = 100 and n = 1000, and calculated d,,
1000 times. Under the null hypothesis, we maximized the estimating function (3.46)
when the first three k91, k22, and ka3 related to the 2 dimensional distributions were
equal to an unknown value « to find the maximum value of the function (3.46) under
the constraints k > 0,||to1|| = 1, ||peaa]] = 1,||pa3]] = 1,k31 > 0 and ||ps,|| = 1. For
the alternative hypothesis, we found the maximum value of the function (3.46) under
the constraints ka1 > 0, ||par|| = 1, k22 > 0, ||paa|| = 1, K2z > 0, ||pas|| = 1, k31 > 0, and
[|s1]| = 1. We repeated the whole procedure r times to calculate d,, and thus find the
empirical distribution of the d,,. Row 2 in Tables 5.5 and 5.7 and Figure 5.15 show the
results. The seventh column in Tables 5.5 and 5.7 gives the estimated degrees of freedom
of the chi square distribution, and column eight gives the p-values of the goodness of fit
statistic based on the Watson U? and the Kolmogorov-Smirnov tests. Tables 5.5 to 5.8
and Figure 5.15 show the results of the simulations for the hypothesis tests described

below.

The third row of Tables 5.5 and 5.7 relates to the following hypothesis. Consider the

estimating function

L(0) = —nay log ¢ (k) — ngy log ¢ (k)
+ 7121%(2)ng2 + 7”L31/£(3)[1,§X3.



Chapter 5. Simulation Results 143

The asymptotic distribution of d,, for the hypothesis test

Hy 5@ = x®

5.20

is chi square with one degree of freedom according to Theorem 3.8. To examine this
result by simulation, we considered one 2 dimensional and one 3 dimensional von Mises

Fisher distribution with parameters

k) =100, py=(0.52,v/1—0.522)T
kB3 =30, py=(-0.2,05+v1-022—-05%)7T,

The third rows of Tables 5.5 and 5.7 show the results of the simulations for this test.

As previously discussed the method of simulation for the 3 dimensional von Mises Fisher
distribution is more accurate than for higher dimensions. Therefore, we considered a
spherical subcomponent model combining only 3 dimensional distributions to conduct

the hypothesis tests. That is, we considered the estimating function
3
Ln(0) = ng; (— log ¢ (ri3;) + H3ij3j>
j=1

and simulated data from this distribution with parameters

k31 =30, pg = (0.5,0.5,v/1—2x0.52)T,
k32 = 30, gy = (0.5,—0.5,v/1 -2 x 0.52)7,
k33 =30, pg3 = (—0.2,0,4/1 —0.22)7

to test

Hy : k31 = K32 = K33

(5.21)
H, :at least one equality is not satisfied.
The first rows of Tables 5.5 and 5.7 show the results.
The estimating function for the fourth row in Tables 5.5 and 5.7 is
6 4
ﬁn(e) = — Z na; log 6(2)(H2j) — Z ns; log 6(3)(/€3J’) (5.22)
j=1 j=1

4 mg

— ny41 log 6(4)(541) + Z Z nijﬁijlig;iija
i=2 j=1
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where mo = 6, m3 = 4 and mygy = 1, and i and X,-j are 7 dimensional vectors in S°.

There are in total 11 distributions contained in this estimating function; 6 of them
are 2 dimensional, 4 are 3 dimensional and one is a 4-dimensional von Mises Fisher
distribution. We simulated 100 observations from each distribution and tested whether
the kappas related to the 2 dimensional von Mises Fisher distributions are equal or not.

Therefore, the hypothesis is

Hy K9l =kog =...= Kog

(5.23)
H4 : at least one equality is not satisfied.
For the simulation, we choose the parameters to be
ko1 = 100, py; = (0.52,v/1 —0.522)T,
H22=100, ( 04 \/1—042)
ko3 = 100, u23—(0 02,1 — 0.022)7
Koq = 100, po, = (0.35,/1 —0.352)T,
Koz = 100, pg5 = (0.7, —V1 = 0.73)7,
Ko = 100, = (=0.1, -1 = 0.12)7,
k31 = 30, (0105\/1—012—052)
K32 =33,  pgp = (0.2 1-0.22-0.62)7,
k33 = 37, = (- 0203\/1—022—032)
k3 =40, gy = (0.5,0.01, —/1 — 0.52 — 0.012)7,
k41 = 150, =(0,0,0,1)7
and performed the procedure described for row 2 above in order to calculate d,,.
For the fifth row, the hypothesis is
Hy : k31 = K32 = K33 = K34 (5.24)

H, : at least one equality is not satisfied,
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with the parameters

ko1 = 110,
Koo = 95,
Koz = 150,
Kkoyg = 130,
Kos = 136,
Kog = 120,
k31 = 35,
K32 = 39,
K33 = 39,
K34 = 35,
ka1 = 170,

(0.52,v/1 — 0.522)T,

= (—0.4,v1—-0.42)T,

oz = (0.02, V1-10.022)7,

= (0.35,v1 — 0.352)T,

(0.7, —v/1—0.72)T,
= (=0.1,—v1 - 0.12)T,
(

(

= (=

(

= (0,

Ho1 =

Has =

0.1,0.5,v/1 —0.12 — 0.52)T,
0.2, -0.6,v/1—0.22 — 0.62)7,
0.2,0.3,v/1—0.22 - 0.32)7,
s = (0.5,0.01, —\/1 —0.52 —0.012)T,

H31 =
H32 =

For the first row in Tables 5.6 and 5.8, the estimating function is that we considered in

(5.22) with the selected parameters

ko1 = 100,
Koo = 100,
ka3 = 100,
ko4 = 100,
ko5 = 100,
ko = 100,
k31 = 100,
k32 = 100,
k33 = 100,
k34 = 100,
k41 = 150,

where the hypothesis is

Hy
Hy

= (0.52,V1 - 0.522)T,

= (—0.4,v1 —0.42)T,

= (0.02,V1 —0.022)T,

= (0.35,v/1 — 0.352)7T,

= (0.7, —V1-0.79)7T,
U26:(_01_m)

=(0.1,0.5,v/1 — 0.12 — 0.52)7,

= (0.2,-0.6,v/1—0.22 — 0.62)7,

(0203 V1-022-0.3)7T,

= (0.5,0.01, —/1 — 0.52 — 0.012)T,

(

K91 — ... = KR = K31 — ... = K34

(5.25)

: at least one equality is not satisfied.

For the second row in Tables 5.6 and 5.8, the estimating function is

Ln(0) = —n21log @ (k) — gy log ¢ (53)) — ngy log ™ (kW)

+ n21/€(2)H2TX2 + n31 H(S)ugi?) + n41/€(4)u4TX47
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and the hypothesis is
Hy k@ =x0 =x@
(5.26)
Hy4 : at least one equality is not satisfied.
The selected parameters for this hypothesis are
k3 =100, py=(0.52,v/1—0.522)T,
kB3 =100, ps=(-0.2,0.5,v/1—0.22 -0.52)7,
x4 =100, p, =(0,0,0,1)T.
The last row in Tables 5.6 and 5.8 is related to the hypotheses
Hy K@= .= /{(10),
(5.27)

H,4 : at least one equality is not satisfied,

with the estimating function

10 10
L,(0)=— Z ni log ¢ (k™) + Z ni k' pl X;.
i=1 i—1

We selected the parameters for conducting the hypothesis (5.27) to be

k(3 =100, py=(0,1)7,

k) =100, pg=(0.5,0.5,v/1—0.52 —0.52)T,
H(4) = 1007 l.l/4 - (07 07 O? 1>T7

K/(B) = ]_007 IJ/5 == (0) O) 07 0’ 1)T7

k® =100, pe=(0,0,0,0,0,1)7,

k(1) — 100, p, = (0,0,0,0,0,0, 1)T’

K/(s) — ]_00’ l,l,g — (O, O, 07 0’0’0’07]‘)T’

K}(g) = 100, Hg = (0707070;070707071)T7

£19 =100, w0 =(0,0,0,0,0,0,0,0,0,1)T.

As Figures in 5.15 show that, when the number of repetitions (r) becomes larger, the

histograms and quantile plots represent a better fit of the model. The plots on the right

hand side are conducted when r=1000 and the left hand side are for r=100 when we

choose to have n=1000 spherical observations simulated from the distributions. The

estimated degrees of freedom and the two different p-values calculated in Tables 5.5 to

5.8 are other information that show how well the theory is supported by the simulations.
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As these tables show, our model is well confirmed when the simulations are solely from

3 dimensional von Mises Fisher distributions.

5.7 Power Function for Testing some Hypotheses in the
Spherical Subcomponent Model

We simulated 100 observations from the distribution (3.46) containing three 2 dimen-

sional von Mises Fisher distributions with parameters

ko1 = 110, to; = (0.52,v/1 —0.522)T
Koo = 110+ a,  pgy = (0.1,v/1 —0.12)T,
ko3 = 110 + 2a, fpro3 = (—0.4,v/1 —0.42)T

and one 3 dimensional von Mises Fisher distribution with parameters
k3o =1, pg = (0.5,-0.5,v/1—2x0.52)T.

The purpose is to calculate the power function for the hypothesis test (5.19).

We maximized the estimating function (3.46) assuming that the three kappas related to
the 2 dimensions are equal under the null hypothesis and different under the alternative
hypothesis to calculate L’n(/é;z) and ﬁn(@?w) respectively. Then we calculated d,, from
(1.6). We repeated the procedure until we had 1000 observations and then counted the
number of d,s greater than X2 45(2) = 5.9914 and divided by the total number, 1000.
The result is the empirical power of the test at the 0.05 level and for a specific a in the

structure of k.

The first value of the power was calculated for the first choice of k, namely x = 110, for
a = 0 and it occurs when all the xs in the 2 dimensions are equal. Then we repeated
the process for increments of @ = 3 until the power reached one; approximately after a
is greater than 120. Figure 5.7, part (a) shows the different values of the power plotted
against a at the 0.05 level.

Figure 5.7, part (b) is the power function for testing the hypothesis (5.21) when we
generated 100 observations from three 3 dimensional von Mises Fisher distributions

with parameters

k31 = 50, ps = (0.1,0.5,v/1 —0.12 — 0.52)T
k3g =50 +a, gy = (0.5,-0.5,v/1—2x0.52)7,
K3z = 50 + 2a, pg3 = (—0.5,—0.1,v/1 —0.52 — 0.12)T



Chapter 5. Simulation Results 148

and an increment of 1 for the value of a in each step.

Part (¢) in Figure 5.7 shows the two power functions for the the hypotheses (5.19) and
(5.21) in one graph. By presenting this graph, we show that the simulation method
for the 3 dimensional von Mises Fisher distribution is more accurate than for the other

dimensions

The code for running this program is as follows:

vonMises31 = {}; vonMises32 = {}; vonMises33 = {};

a = 0; ek = 1000; num = 100;
pomix = 0; powermix33 = {};
For[pomix = 0, pomix < ek, a = a + 1,
pomix = O;
Do[
vi={}; v=A{} s1=4{}; s={}; vonMises31 = {};
k3 = 50;
mul = 0.1;
mu2 = 0.5;
mu3 = Sqrt[l - mul"2 - mu2°2];
Q31 = {{-(mu3/Sqrt[1l - mu2°2]), (mul mu2)/Sqrt[l - mu2-2],

mul}, {0, -Sqrt[l - mu2°2], mu2}, {mul/Sqrtll - mu2~2], (mu2 mu3)/
Sqrt[1l - mu2~2], mu3}};

Do [

vl = RandomVariate[NormalDistribution[0, 1], 2];

v = v1/Norm[v1l];

u = RandomVariate[UniformDistribution[{0, 1}11;

w =1+ (Loglul + Log[l - ((u - 1)/w)*E~(-2%k3)])/k3;

sl = Sqrt[1 - w™2]*v;

s = Flatten[{s1, w}];

AppendTo [vonMises31, s];
vi=A{}; v=+A} s1=AH} s =}

, {num}];
vi ={}; v =4} s1 =1}; s =4{}; vonMises32 = {};
k3 = 50 + a;
mul = 0.5;
mu2 = -0.5;
mu3 = Sqrt[l - mul"2 - mu2°2];

Q32 = {{-(mu3/Sqrt[1l - mu2°2]), (mul mu2)/Sqrt[1l - mu2°2],
mul}, {0, -Sqrt[l - mu2°2], mu2}, {mul/Sqrt[l - mu2°2], (mu2 mu3)/
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Sqrt[l - mu2°2], mu3}};

Do[
vl = RandomVariate[NormalDistribution[0, 1], 2];
v = v1/Norm[vi];
u = RandomVariate[UniformDistribution[{0, 1}1];

w =1+ (Loglul + Logl[1l - ((u - 1)/u)*E~(-2%k3)])/k3;
sl = Sqrtl[l - w™2]*v;
s = Q32.Flatten[{sl, w}];
AppendTo [vonMises32, s];
vli =1} v=A} sl =4} s={}
, {num}];
vi = A{}; v=A1} sl =1} s ={}; vonMises33 = {};
k3 = 50 + 2x*a;

mul = -0.5;
mu2 = -0.1;
mu3 = Sqrt[l - mul"2 - mu2°2];

Q33 = {{-(mu3/Sqrt[1 - mu2"2]), (mul mu2)/Sqrt[l - mu2°2],
mul}, {0, -Sqrt[l - mu2°2], mu2}, {mul/Sqrt[l - mu2°2], (mu2 mu3)/
Sqrt[l - mu2°2], mu3}};
Dol
vl = RandomVariate[NormalDistribution[0, 1], 2];
v1/Norm[v1];
RandomVariate [UniformDistribution[{0, 1}]];
1 + (Loglul + Logll - ((u - 1)/u)*E"(-2xk3)])/k3;
sl = Sqrtl[l - w™2]*v;
s = Q33.Flatten[{sl, w}];

v

u

w

AppendTo [vonMises33, s];
vli=A{}; v=+A} st ={} s=+{}
, {num}];
LAl =
num* (-Log [c3[k31]] + k31xNorm[Mean[vonMises31]] - Loglc3[k32]] +
k32*Norm [Mean [vonMises32]] - Logl[c3[k33]] +
k33*Norm[Mean [vonMises33]]) ;
Lol =
num* (-Log[c3[kk]] + kk*Norm[Mean[vonMises31]] - Logl[c3[kk]] +
kk*Norm [Mean [vonMises32]] - Logl[c3[kk]] +
kk*Norm [Mean [vonMises33]]);
dLAl =
FindMaxValue [{LA1,
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FIGURE 5.7: A comparison between two simulated power functions for the hypothesis
tests (5.19) (in Theorem 3.10) and (5.21)

k31 > 0 && k32 > 0 && k33 > 0}, {{k31, 50}, {k32,
50 + a}, {k33, 50 + 2*al}}];
dLO1 = FindMaxValue[{LO1, kk > 0}, {kk, 50 + al}];
dn = 2%(dLA1 - dLO1);
If[dn > Quantile[ChiSquareDistribution[2], 0.95],
pomix = pomix + 1];
vonMises31 = {}; vonMises32 = {}; vonMises33 = {}
, {ek}]
AppendTo [powermix33, {a, pomix/ek}];
1;
ListLinePlot [{powermix33}, AxesLabel -> {Inc, PowerFunction}]
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TABLE 5.1: Simulation results for hypothesis tests (5.10), (5.11) and (5.12) in 3 di-

mensions (Estimated degree of freedom is the mean of the data)

Hy | Asymptotic | Estimated | P-Values:
n T vs | Distribution | degree of | Watson-U? | Figure
Hy of d, freedom | Kolm.-Smir.

100 100 | 5.10 x2(3) 2.99529 0.7663 5.8: (a)
0.8821

100 | 1000 | 5.10 2(3) 3.1027 0.5678 5.8: (b)
0.2894

100 | 10,000 | 5.10 2(3) 2.988 0.0198 5.8: (c)
0.1381

100 100 | 5.11 2(1) 1.07655 0.2761 5.8: (d)
0.1851

100 | 1000 | 5.11 x*(1) 1.02524 0.5408 5.8: (e)
0.3472

100 | 10,000 | 5.11 x2(1) 1.00578 0.0454 5.8: (f)
0.0178

100 100 | 5.12 x*(2) 2.08681 0.0569 5.8: (g)
0.2650

100 | 1000 | 5.12 x2(2) 2.0819 0.1885 5.8: (h)
0.1473

100 | 10,000 | 5.12 2(2) 1.98061 0.2269 5.8: (i)
0.2253

1000 | 100 | 5.10 x*(3) 2.86446 0.1172 5.9: (a)
0.1832

1000 | 1000 | 5.10 x2(3) 2.96763 0.8382 5.9: (b)
0.6667

1000 | 10,000 | 5.10 2(3) 2.99782 0.8155 5.9: (c)
0.8299

1000 | 100 | 5.11 2(1) 1.12204 0.1024 5.9: (d)
0.1808

1000 | 1000 | 5.11 2(1) 1.01188 0.3671 5.9: (e)
0.4461

1000 | 10,000 | 5.11 x2(1) 0.998095 0.7568 5.9: (f)
0.8312

1000 | 100 | 5.12 x2(2) 2.10698 0.1527 5.9: (g)
0.5505

1000 | 1000 | 5.12 x*(2) 1.99368 0.3234 5.9: (h)
0.2004

1000 | 10,000 | 5.12 x2(2) 1.98171 0.5068 5.9: (i)
0.5678
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TABLE 5.2: Continuation of Table 5.1

Hy | Asymptotic | Estimated | P-Values:
n r vs | Distribution | degree of | Watson-U? Figure
Hy of d, freedom | Kolm.-Smir.
10,000 100 | 5.10 X2(3) 3.03235 0.9745 5.10: (a)
0.9963
10,000 | 1000 | 5.10 2(3) 2.96816 0.7401 5.10: (b)
0.8844
10,000 | 10,000 | 5.10 x2(3) 2.98665 0.6104 5.10: (c)
0.8418
10,000 100 | 5.11 2(1) 1.04509 0.7297 5.10: (d)
0.3549
10,000 | 1000 | 5.11 x2(1) 0.992251 0.9087 5.10: (e)
0.9782
10,000 | 10,000 | 5.11 2(1) 0.996367 0.8203 5.10: (f)
0.9819
10,000 100 | 5.12 x2(2) 1.95931 0.9742 5.10: (g)
0.9492
10,000 | 1000 | 5.12 2(2) 2.00737 0.8501 5.10: (h)
0.9219
10,000 | 10,000 | 5.12 x*(2) 1.98817 0.1386 5.10: (i)
0.1899
(%L j 4‘ J]:l_ ; Sl A

FIGURE 5.8: Histograms and quantile plots for the hypothesis tests in Table 5.1 for
n = 100 samples on the sphere in 3 dimensions
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TABLE 5.3: Simulation results for hypothesis tests (5.13), (5.14), and (5.15) in 2 di-
mensions, using the sample trimmed mean of 0.25 to estimate the degrees of freedom

Hy | Asymptotic | Estimated | P-Values:
n T vs | Distribution | degree of | Watson-U? Figure
Hy of d,, freedom | Kolm.-Smir.
1000 100 | 5.13 2 (2) 1.42841 0 5.11: (a)
0
1000 1000 | 5.13 2(2) 1.66825 0 5.11: (b)
0
1000 | 10,000 | 5.13 2(2) 1.62989 0 5.11: (c)
0
1000 100 | 5.14 2(1) 0.83244 0 5.11: (d)
0
1000 1000 | 5.14 x*(1) 0.991795 0 5.11: (e)
0
1000 | 10,000 | 5.14 2(1) 0.940759 0 5.11: (f)
0
1000 100 | 5.15 x2(1) 0.793779 0 5.11: (g)
0
1000 1000 | 5.15 2 (1) 0.921688 0 5.11: (h)
0
1000 | 10,000 | 5.15 2(1) 0.944921 0 5.11: (i)
0
10,000 | 100 | 5.13 x*(2) 1.7458 0.0498 5.12: (a)
0.0185
10,000 | 1000 | 5.13 X2(2) 1.76804 0 5.12: (b)
0
10,000 | 10,000 | 5.13 2(2) 1.67718 0 5.12: (c)
0
10,000 | 100 | 5.14 x2(1) 1.2946 0.6055 5.12: (d)
0.4657
10,000 | 1000 | 5.14 2(1) 1.02477 0 5.12: (e)
0
10,000 | 10,000 | 5.14 x*(1) 0.988486 0 5.12: (f)
0
10,000 | 100 | 5.15 2(1) 0.715621 0.0040 5.12: (g)
0.0023
10,000 | 1000 | 5.15 x2(1) 1.03058 0 5.12: (h)
0
10,000 | 10,000 | 5.15 2(1) 0.978061 0 5.12: (i)
0
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TABLE 5.4: Simulation results for hypothesis tests (5.16), (5.17) and (5.18) in 10
dimensions, using the sample trimmed mean of 0.25 to estimate the degrees of freedom

Hy | Asymptotic | Estimated | P-Values:
n T vs | Distribution | degree of | Watson-U? Figure
Hy of d,, freedom | Kolm.-Smir.

1000 100 | 5.16 x2(10) 10.5886 0 5.13: (a)
0

1000 1000 | 5.16 2(10) 11.0025 0 5.13: (b)
0

1000 | 10,000 | 5.16 x2(10) 11.2523 0 5.13: (c)
0

1000 100 | 5.17 2(1) 1.12281 0.2011 5.13: (d)

0.1473

1000 1000 | 5.17 x*(1) 0.926188 0 5.13: (e)
0

1000 | 10,000 | 5.17 2(1) 0.887687 0 5.13: (f)
0

1000 100 | 5.18 x2(9) 9.37858 0 5.13: (g)
0

1000 1000 | 5.18 x2(9) 9.66806 0 5.13: (h)
0

1000 | 10,000 | 5.18 x2(9) 9.97305 0 5.13: (i)
0

10,000 | 100 | 5.16 x2(10) 12.2731 0 5.14: (a)
0

10,000 | 1000 | 5.16 x2(10) 11.3179 0 5.14: (b)
0

10,000 | 10,000 | 5.16 x2(10) 11.2056 0 5.14: (c)
0

10,000 | 100 | 5.17 x2(1) 0.798673 0.3638 5.14: (d)

0.4796

10,000 | 1000 | 5.17 2(1) 0.872307 0 5.14: (e)
0

10,000 | 10,000 | 5.17 x*(1) 0.872739 0 5.14: (f)
0

10,000 | 100 | 5.18 X2(9) 11.0776 0 5.14: (g)
0

10,000 | 1000 | 5.18 x2(9) 10.0918 0 5.14: (h)
0

10,000 | 10,000 | 5.18 x2(9) 9.9154 0 5.14: (i)
0
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TABLE 5.5: Simulation results for the distribution of d,, in hypothesis tests for the
spherical subcomponent model and for » = 100; here ¢ is the dimension and m; is the
number of replications of the von Mises Fisher distribution in the spherical subcompo-

nent model

Hy
Vs
Hy

Asymptotic
Distribution
of d,

Estimated
degree of
freedom

P-Values:
Watson-U?

Kolm.-Smir.

Figure

nsi =1000
ns39 =1000
ng3 =1000

(5.21)

100

2.02027

0.9919
0.9944

5.15: (a)

na1 =1000
noo =1000
ng3 =1000
n3i =1000

(5.19)

100

2.69724

0.0181

5.15: (c)

no1 =1000
nz; =1000

(5.20)

100

0.970214

0.1005
0.5596

5.15: (e)

na1 =1000
noo =1000
Nnog =1000
ngs =1000
Nnaoe =1000
ng; =1000
n3o =1000
nss =1000
nz4 =1000
nq1 =1000

(5.23)

100

6.18541

0.0048

5.15: (g)

noa1 =1000
noo =1000
na3 =1000
ng4 =1000
nas =1000
Nnog =1000
n3i =1000
ngz =1000
n3s =1000
ngs =1000
nq1 =1000

(5.24)

100

2.92367

0.8864
0.8193

5.15: (i)
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TABLE 5.6: Continuation of Table 5.5

m;

Hy
VS
Hy

Asymptotic
Distribution
of d,

Estimated
degree of
freedom

P-Values:
Watson-U?
Kolm.-Smir.

Figure

noa1 =1000
noo =1000
na3 =1000
ng4 =1000
nas =1000
Nnog =1000
n3i =1000
ngz =1000
nss =1000
ngs =1000
nq1 =1000

(5.25)

100

11.1108

0.0167

5.15: (k)

noa1 =1000
nz; =1000
nq1 =1000

(5.26)

100

2.63738

0.0708
0.0079

5.15: (m)

© 00 N O O i W Nk W N~

[t
)

U UG VA TG VT G VO (VAT O O ) Y

noa1 =1000
ng; =1000
nq1 =1000
ns1 =1000
Ne1 =1000
nm =1000
ngi =1000
nog1 =1000
n101:1000

100

10.2972
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TABLE 5.7: Simulation results for the distribution of d,, in hypothesis tests for the
spherical subcomponent model and for » = 1000; here ¢ is the dimension and m;
is the number of replications of the von Mises Fisher distribution in the spherical
subcomponent model

Hy
Vs
Hx

Asymptotic
Distribution
of d,

Estimated
degree of
freedom

P-Values:
Watson-U?2
Kolm.-Smir.

Figure

nsi =1000
ns39 =1000
ng3 =1000

(5.21)

1000

1.97211

0.8289
0.7939

5.15: (b)

na1 =1000
noo =1000
ng3 =1000
n3i =1000

(5.19)

1000

2.55994

5.15: (d)

no1 =1000
nz; =1000

(5.20)

1000

1.08671

0.0127
0.0011

5.15: (f)

na1 =1000
noo =1000
Nnog =1000
ngs =1000
Nnaoe =1000
ng; =1000
n3o =1000
nss =1000
nz4 =1000
nq1 =1000

(5.23)

1000

7.06293

5.15: (h)

noa1 =1000
noo =1000
na3 =1000
ng4 =1000
nas =1000
Nnog =1000
n3i =1000
ngz =1000
n3s =1000
ngs =1000
nq1 =1000

(5.24)

1000

3.05996

0.0755
0.1621

5.15: (j)
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TABLE 5.8: Continuation of Table 5.7

m;

Hy
VS
Hy

Asymptotic
Distribution
of d,,

Estimated
degree of
freedom

P-Values:
Watson-U?2
Kolm.-Smir.

Figure

noa1 =1000
noo =1000
na3 =1000
ng4 =1000
nas =1000
Nnog =1000
n3i =1000
ngz =1000
nss =1000
ngs =1000
nq1 =1000

(5.25)

1000

11.3965

5.15: (1)

noa1 =1000
nz; =1000
nq1 =1000

(5.26)

1000

2.5324

5.15: (n)

© 00 N O O i W Nk W N~

[t
)

U UG VA TG VT G VO (VAT O O ) Y

noa1 =1000
ng; =1000
nq1 =1000
ns1 =1000
Ne1 =1000
nm =1000
ngi =1000
nog1 =1000
n101:1000

1000

10.8239




Chapter 6

Discussion

6.1 Overview

In this thesis asset allocations in financial portfolios are used to motivate data analysis
using spherical subcomponent models. After transformation, the data can be regarded
as spherical data of different dimensions and a composite likelihood approach is used to

model this.

In our application, the composite likelihood is composed of von Mises Fisher distribu-
tions from different dimensions. As is shown in Lindsay (1988), page 224, the maximum
estimator leads to a consistent method of estimation under appropriate assumptions.
Construction of the composite likelihood requires the combination of marginal or con-

ditional density functions as described in Example 2A, page 224 of Lindsay.

Standard statistical methods require the expected value of the score function vector
to be zero. However, in the von Mises Fisher distribution the expected value of the
score function vector is not zero and the variance matrix of the score function vector is
not equal to the expectation of the square of the score function vector. Furthermore,
the expectation of the negative second derivative matrix of the estimating function is
a singular matrix. Consequently, the “information matrix” concept is unhelpful for the
von Mises Fisher distribution. Also, one of the main assumptions in Vu and Zhou (1997)
about the positive definiteness of the negative expectation of the second derivative of
the log likelihood function is not satisfied in this distribution. It might be emphasized
here that eliminating one parameter and substituting it with other parameters in the
von Mises Fisher distribution removes these concerns and standard assumptions are
satisfied. However, such an approach in the spherical subcomponent model would lead

to very unwieldy expressions. Therefore, introducing a methodology that encompasses

162
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the singularity of the second derivative matrix is useful. The required methodology was

developed by Maller (2015) and is used throughout this thesis.

In summary, the focus of this thesis is to extend Maller’s methodology and use composite
likelihood ideas to conduct asymptotic analysis for spherical subcomponent models. As
a motivating example we analyse asset allocation data, when a von Mises Fisher distribu-
tion is assumed to fit the data. The result of the hypothesis tests for the equality of the
concentration parameters illustrates the possibilities of a general approach. The analysis
of dimension 2 in the spherical subcomponent model consisting of three 2 dimensional
and one 3 dimensional von Mises Fisher distributions shows that there is no significant
difference among them for S&P500, NIKKEI225 and AllOrdinaries indices. However,
when using an equicorrelation model to estimate the covariance matrix in building the
portfolios, we find a significant difference between the concentration parameters of the
dimension 2 components at the 0.05 level. For the ten indices introduced in Table 4.2,
the hypothesis test for the equality of the concentration parameters in the 9 different
von Mises Fisher distributions from dimensions 2 to 10 shows that there is a significant

difference between these concentration parameters at the 0.05 level.

In initiating this investigation, the work of a number of other researchers including
Chernoff (1954), Self and Liang (1987), Silvapulle and Sen (2005), Silvey (1959), Watson
(1983), and Vu and Zhou (1997), etc. was reviewed. Chernoff’s result on the asymptotic
distribution of the deviance statistic was generalised later by Silvapulle and Sen and
others in more complex situations, as in Self and Liang’s approach to boundary problems.
We found Silvey’s solution to the problem of the singularity of the second derivative of
the log likelihood function very practical. In Silvey’s approach the negative expectation
of the second derivative of the log likelihood function is equal to the variance matrix
of the score function vector, therefore an “information matrix” is meaningful in this
setup. Watson’s geometrical approach to spherical distributions, especially the wide
range of formulae he introduced for the statistical analysis on the sphere, provided basic
foundations. Some other useful properties of the von Mises Fisher distribution via its

distribution function, which I worked out, were presented in Chapter 2 of the thesis.

Checking the methodology of the theory using simulation is logical and common in the
statistical framework. The simulation method introduced by Wood (1994) has been
adopted by many statistical researchers who work in this field. I used his method in
my investigations. Fortunately, the 3 dimensional von Mises distribution has an explicit
distribution function that makes the simulation method reliable. Our theory was well

confirmed by the results of simulations of 3 dimensional distributions.

To conclude the thesis we use the data on 10 financial indices to suggest how our results

might be used in practical portfolio analysis.
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6.2 Portfolio Analysis

Chapter 3 of the thesis was totally devoted to introduce a methodology for the data that
were in the form of the subcomponent model; that is having different dimensions in one
set of data. Also, in Chapter 4 we saw that spherical data produced by asset allocations
of different indices are categorised in the spherical subcomponent model. We considered
SP500, NIKKEI225 and AllOrdinaries as 3 indices, obtained their daily returns from
Yahoo Finance website and did data analysis based on the methodology of Chapter 3
of the thesis. In Section 6.2.1, we choose other indices and conduct certain hypothesis
tests to facilitate the process of making decisions to select the most profitable portfolio

in 3 dimensions given certain risks.

We chose the von Mises Fisher distribution as a model for the data in order to illustrate
the methodology. As it turned out (see Section 4.4) this distribution does not fit the
data too well and for future analysis the use of some other spherical distributions should
be considered. But such investigations are not within the scope of this thesis. For the
purposes of this discussion we continue to consider the von Mises Fisher to illustrate the

way the analysis could be used.

Tables 6.3 to 6.10 show that there is not a substantial difference among different se-
lections in 3 dimensions. This judgment is based on the values of W,, and d,. As we
see, for most but not all values of W,,, the null hypothesis of fitting a von Mises Fisher
distribution to the data is not rejected and the values of d,, accept the null hypothesis of
equality of xs. In the 10 dimensional analysis, where we choose 10 different indices and
have data in 9 different dimensions from 2 to 10, the comparison is more complex. We
first suggest to conduct a hypothesis test for the equality of the ks and when there is a
significant difference amongst the xs, we choose the dimension of the portfolio which is
related to the smallest k. After choosing the dimension with the smallest %, it is sug-
gested to have another test to select the ultimate indices and their asset allocations in
order to finalise the process of decision making. Table 6.2 can be considered for the case
when we do not apply a spherical subcomponent model and we assume a 10 dimensional

von Mises Fisher distribution to the data.

6.2.1 3 Dimensional Portfolio Analysis

Tables 6.3 to 6.10 show different indices in 3 dimensions in which the total number
of monthly square roots of the asset allocations for each 3 dimensions is given and a
spherical subcomponent model is applied to them. The daily historical prices of each

index was obtained from Yahoo Finance website for their maximum available date untill
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28 April 2017. After the calculation of asset allocations and subsequently the spherical
data, Mardia et al’s goodness of fit test for the von Mises Fisher distribution against
Fisher Bingham distribution for each subcomponent was done and W, was calculated.
When the dimension is 3, W, is distributed as a chi square distribution with 5 degrees
of freedom and for the 2 dimensions, the degrees of freedom is 2. The asterisk next to
each W, in Tables 6.3 to 6.10 shows that the null hypothesis assuming that the related
data are from a von Mises Fisher distribution is not rejected at 0.05 level; two asterisks

show that the null hypothesis is not rejected at 0.01 level.

The d,, in the last column of Tables 6.3 to 6.10 is the deviance statistic for the hypotheses

HO Kl = K2 = R3

Hy4 : at least one equality is not satisfied.

The parameters k1, k9 and k3 are the concentration parameters in the 2 dimensional
subcomponent model where a 2 dimensional von Mises Fisher distribution is assumed
to fit the data. A single asterisk next to the value of d,, in these tables shows that the
null hypothesis of the equality of ks is not rejected at 0.05 level. As we see, all of the d,,
values, except the first one, have a single asterisk which shows that the null hypothesis
of the equality of the ks is not rejected at 0.05 level. For the first portfolio, which is a
combination of SP500, Bond 20" and NASDAQ), the null hypothesis of the equality of xs
is rejected, so we suggest that the 2 dimensional portfolio combined of SP500 and Bond
207" has the lowest risk for the reason of having the smallest . Therefore, it is suggested
to invest the ratio of 0.67172 = 0.4512 of our capital on SP500 and 0.7407% = 0.5488 on

Bond 207 in order to have the most profit with a certain amount of risk.

6.2.2 10 Dimensional Portfolio Analysis

Table 6.1 shows 10 different indices selected from Yahoo Finance website. From this
site we obtained the daily historical prices from maximum available date of each index
untill 28 April 2017. Monthly asset allocations for these indices are calculated and the
square roots of them result in the spherical data. The total number of data are 294 and

the MLEs for the parameters in the 10 dimensional von Mises Fisher distribution are

k =T7.58833
n’ =(0.253804,0.474701,0.287676, 0.381364, 0.24742,0.179443,0.14135,
0.484017,0.320999, 0.177025).
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TABLE 6.1: Ten different indices to form a portfolio based on daily returns in Yahoo
Finance website before 28 April 2017
Orders Name Country Abb. asteriskt Date | Number
In Portfolios of Data
1 DAX Germany | "GDAXI 26/Nov/1990 6678
2 NASDAQ U.S. NXIC 5/Feb /1971 11658
3 HSI China NHST 31/Dec/1986 7492
4 DOW U.S. ADJI 29/Jan/1985 8135
5 NIKKEI225 Japan AN225 4/Jun/1984 8192
6 SP/ASX 200 | Australia | "AXJO 23/Nov /1992 6179
7 SP500 U.S. ANGSPC 3/Jan/1950 16939
8 Volatility SP500 China \VIX 2/Jan/1990 6890
9 AllOrdinaries | Australia | "AORD 3/Aug/1984 8274
10 CAC40 France A"FCHI 1/Mar /1990 6883
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FIGURE 6.1: Watson’s goodness of fit test for the 10 dimensional indices represented
in Table 6.1; r, = 0.9857

The goodness of fit test for the 10 dimensional spherical data, calculated for the 10 indices

in Table 6.1, where the null hypothesis considers the data having a 10 dimensional von

Mises Fisher distribution, was applied via Watson’s method explained in Section 4.4.1.3.

The results are shown in Figure 6.1.

In Table 6.2 a set of hypothesis tests for the parameters of a 10 dimensional von Mises

Fisher distribution is considered and is conducted for the 10 dimensional spherical data

calculated for the indices presented in Table 6.1. The single asterisk next to the value

of d,,s show that the related null hypothesis is not rejected at 0.05 level. According to
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these results, the null hypothesis in

Hy  :pp =025, 90 = 0.5, u3 = 0.25, ug = 0.35, us = 0.25, ug = 0.15,
wr = 0.15, ug = 0.5, ug = 0.35, 19 = 0.15

H,4 : at least one equality is not satisfied,

is not rejected at 0.05 level.

Consider the hypothesis test

Hy k@ =xk0 = =x010
(6.1)
Hy4 : at least one equality is not satisfied,
where ™), for i = 2,3,...,10, is the concentration parameter of the i dimensional von

Mises Fisher distribution in the spherical subcomponent model combined of 10 indices.
For the 10 indices in Table 6.1, the value of the deviance statistic d,, for this hypothesis
test is 53.2406. The distribution of d,, is a chi square with 8 degrees of freedom, so the
null hypothesis in (6.1) is rejected at 0.05 level.

In each subcomponent, the value of ¥ is

7@ =4.10167, R®) =7.3811, Rr®W = 6.38826,
70 =8.76313, =r(® =10.2545, & = 10.5057,
R® =7.39954, R =26.554, &0 =33.771

where the number of data for each dimension is

no =9, nz3=11, nyg =22,
ns = 22, Nne = 35, ny = 23,

ng = 10, ng = 6, nip = 6.

As we see the value of k for the 2 dimensional data is the smallest one amongst the
other dimensions and it is suggested to have a 2 dimensional portfolio in order to have

the highest profit given a certain risk.

The 9 observations on the 2 dimensional square roots of the asset allocations are

{0.0003174, 0.9554, 0.0002174, 0.0007675, 0.000328, 0.0007119,  0.000366, 0.2952, 0.000374,  0.000386},
{0.9381, 0.000795, 0.0005039, 0.0009388, 0.0006857, 0.0009483, 0.000701, 0.3462, 0.000725, 0.000635},
{0.0003820, 0.901864, 0.0004846, 0.0009381, 0.0005030, 0.0008131, 0.000644, 0.43201, 0.000655, 0.000354},
{0.0003923, 0.001422, 0.0001962, 0.0005054, 0.0003742, 0.999998, 0.000405, 0.00048, 0.000379, 0.000255},

{0.0002966,  0.921164, 0.0002446, 0.0003665, 0.0002687, 0.0004207, 0.000390, 0.38917, 0.000412, 0.000314},
{0.0004530, 0.893623, 0.0005528, 0.0008918, 0.0008489, 0.0009938, 0.000673, 0.44881, 0.000686, 0.000541},
{0.0004224, 0.999997, 0.0008667, 0.0009343, 0.0009998, 0.0009804, 0.000657, 0.00116, 0.000655, 0.000414},
{0.0005311, 0.000331, 0.0006572, 0.0007335, 0.0004424, 0.0005689, 0.001408, 0.00034, 0.9999, 0.000696},
{0.0005063, 0.000264, 0.0002477, 0.000339, 0.0001537, 0.0004971, 0.000982, 0.00019, 0.9492, 0.3143}.
(6.2)
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We suggest taking an allocation to be zero if it is less than 0.001. In (6.2), in each row,
there are only two cases with values greater than zero or precisely greater than 0.001.
We proceed by conducting the hypothesis test of equality of ks for the 2 dimensional
case and then, if there is a significant difference among ks, we suggest selecting the
one with the smallest k. In the 10 dimensional case, there are in total 45 possible
2 dimensional portfolios, so the equality of 45 ks should be checked. In our specific
example with the indices in Table 6.1, the number of observations is too small to do
this. However, we can find an interesting pattern in the outcome. As we see from (6.2),
we have only 9 observations with 5 of them indicating to select the second and eighth
indices as the target portfolios. From Table 6.1, we gather that the proposed indices
by this methodology are NASDAQ from U.S. and Volatility SP500 from China, with
approximately 0.9 = 0.81 portion of the capital to be invested in NASDAQ and the
rest in Volatility SP500.
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TABLE 6.2: Testing some hypotheses for the 10 dimensional spherical data calculated
for the 10 indices in Table 6.1 when assuming the data to come from a von Mises Fisher

distribution
Hy supgeq Ln(0) dy, dis. of d,,
pr =0 -470.157 78.3379 X2 (1)
p2 =0 -563.916 265.855 X2 (1)
ps =0 -481.131 100.286 (1)
ps =0 -518.062 174.149 2 (1)
ps =0 -468.234 74.4926 2 (1)
pe =0 -450.691 39.4063 2(1)
p7 =0 -443.243 24.5106 2 (1)
ps =0 -568.959 275.942 2 (1)
po =0 -493.177 124.378 2(1)
po =0 -450.167 38.3581 2 (1)
pe = 7 = pi10 = 0.15 -432.06 2.1431%* 2(2)
pe = p7 = pio = 0.2 -433.914 5.8509* 2 (2)
(1 = j13 = pis -431.565 1.1528* 2(3)
w1 = pz = ps = 0.25 -431.958 1.9405% 2(2)
w1 = p3 = pus = 0.30 -434.856 7.7355 2(2)
Lo = jlg = JUg -434.952 7.9282 2(3)
o = I8 -431.015 0.05344* x*(2)
fo = iy = -442.214 22.4508 2(4)
Mg = Ko
2 = 0.50 -431.505 1.0335% 2(1)
ps = 0.50 -431.196 0.4151* 2(1)
po = g = 0.5 -432.022 2.0672* 2(1)
pe = 0.55 -435.71 9.4428 2(1)
g = pig = 0.35 -432.113 2.2505% 2 (1)
p1 = p3 = ps = 0.25
po = pg = 0.5 -434.571 7.1653* x2(9)
pa = pg = 0.35
pe = p7 = pio = 0.15
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TABLE 6.3: A 3 dimensional spherical subcomponent model for different indices

fis = 0.4974

Indices | Category | Number Wh 3 n dy,
Total 178 56.56 3.31826 | up = 0.5178
2 = 0.6621
i3 = 0.5416
Middle 76 19.36 4.04482 | p = 0.5123
fo = 0.7107
i3 = 0.4819
SP500

Bond20+ S1 31 11.1455 | 2.28742 | 1y = 0.6717
NASDAQ 1o = 0.7407
So 25 0.5199* | 6.7073 | i1 = 0.6016

fo = 0.7987 | 12.4083
Ss 25 0.7268* | 5.3189 | 111 = 0.6004
1o = 0.7996
Total 393 82.2962 | 3.59361 | i1 = 0.6395
o = 0.5023
i3 = 0.5818
Middle 131 6.4889* | 6.25714 | 1 = 0.6009
o = 0.5854
i3 = 0.5441

SP500

NIKKEI225 S1 50 3.0876* | 4.34964 | 111 = 0.6356
AllOrdinaries 1o = 0.7719
So 103 7.0062*%* | 3.94805 | 11 = 0.6959

fo = 0.7180 | 1.6256*
Ss 29 6.7334*%* | 3.03703 | 1 = 0.8675
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TABLE 6.4: A 3 dimensional spherical subcomponent model for different indices

fiz = 0.6451

Indices | Category | Number Wh K n dp,
Total 318 77.3485 | 3.39169 | i1 = 0.6759
fio = 0.5104
fis = 0.5315
Middle 110 11.1911** | 5.14067 | 11 = 0.6098
2 = 0.5646
{3 = 0.5561
SP500
NIKKEI225 S1 49 2.9107* 4.3286 | p1 = 0.7275
DAX 2 = 0.6860
So 54 5.7769* | 3.36106 | ;= 0.6837
fio = 0.7206 | 1.4417*
Ss 20 1.7963* | 3.45741 | i; = 0.6742
fip = 0.7385
Total 364 88.1747 | 3.43032 | 11 = 0.6606
fia = 0.5061
i3 = 0.5543
Middle 99 16.9434 | 5.74063 | pi; = 0.5941
fia = 0.5510
w3 = 0.5860
SP500
NIKKEI225 S1 67 3.9499* | 4.20977 | 11 = 0.6520
st fip = 0.7581
S 87 3.8807* | 4.24914 | 1y = 0.6482
fip = 0.7614 | 1.2756*
S3 20 2.6944* | 3.15006 | 1 = 0.7640
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TABLE 6.5: A 3 dimensional spherical subcomponent model for different indices

fis = 0.6962

Indices | Category | Number Wh R m dp,
Total 326 88.5903 3.3868 | 111 = 0.7094
2 = 0.5069
fi3 = 0.4896
Middle 103 12.0879** | 5.38275 | i1 = 0.6007
Ty = 0.6222
fis = 0.5018
SP500
NIKKEI225 Sh 54 5.8815%* 3.8135 | 1 =0.7677
CAC40 o = 0.6407
So 60 6.8034** | 3.38836 | 11 = 0.7501
f = 0.6612 | 1.3747*
Ss 22 2.5940* | 3.15109 | up = 0.7177
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TABLE 6.6: A 3 dimensional spherical subcomponent model for different indices

Indices | Category | Number Wh K n dy,
Total 393 85.9166 | 3.57637 | ;i1 = 0.6792
o = 0.4593
s = 0.5724
Middle 123 6.7947*% | 6.31174 | 13 = 0.6790
2 = 0.5009
i3 = 0.5366
NASDAQ

NIKKEI225 S1 43 1.0864* | 5.1208 | iy = 0.7445
AllOrdinaries ﬁQ - 06676
So 95 6.7622*%* | 3.84307 | 1 = 0.7573

f2 = 0.6530 | 1.9843*
Ss 42 6.4542** | 3.5134 | up = 0.8667
o = 0.4986
Total 318 89.3749 | 3.37098 | 113 = 0.6923
jo = 0.4814
w3 = 0.5374
Middle 96 10.7742* | 5.07745 | 11 = 0.6521
o = 0.5229
i3 = 0.5488

NASDAQ

NIKKEI225 S1 55 3.1595% | 5.30484 | 11 = 0.7690
DAX 2 = 0.6391
So 54 5.7812* | 3.35053 | 11 = 0.7551

fy = 0.6555 | 4.2037*
Ss 29 3.4791* | 3.27337 | i1 = 0.6252
2 = 0.7804
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TABLE 6.7: A 3 dimensional spherical subcomponent model for different indices

Indices | Category | Number Wh K n dp,
Total 364 93.6527 3.3501 | uy = 0.6847
o = 0.4883
i3 = 0.5409
Middle 100 11.6169** | 5.27293 | i1 = 0.6185
2 = 0.5379
i3 = 0.5727
NASDAQ
NIKKEI225 S1 64 3.8352* | 4.10432 | iy = 0.7183
HSI 2 = 0.6956
So 83 5.4670%* 3.8882 | 1 = 0.7350
f2 = 0.6780 | 1.0808*
Ss 19 3.2673*% | 2.96613 | up = 0.7708
iz = 0.6370
Total 326 101.593 | 3.31441 | i3 = 0.7097
fo = 0.4912
i3 = 0.5049
Middle 96 12.8649** | 5.07947 | 1i; = 0.6529
o = 0.5824
w3 = 0.4842
NASDAQ
NIKKEI225 S1 58 5.6190*% | 4.34954 | ;= 0.8018
CAC40 fo = 0.5974
S 49 5.2737*% | 3.41655 | up = 0.7575
fy = 0.6528 | 1.5246%*
Ss 31 3.6623* 3.2 1 = 0.7016
fo = 0.7124
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TABLE 6.8: A 3 dimensional spherical subcomponent model for different indices

~

fiz = 0.7724

Indices | Category | Number Wy K m dn,
Total 318 85.0197 | 3.30875] | @1 = 0.5007
o = 0.6272
13 = 0.5965
Middle 87 5.9944**% | 5.3569 | 1113 = 0.5349
2 = 0.5382
i3 = 0.6512
NIKKEI225
AllOrdinaries Sl 42 90458** 375787 ﬁl — 09148
DAX o = 0.4037
So 30 1.1124*% | 4.29465 | 7 = 0.7551
2 = 0.6555 | 0.3459*
Ss 79 4.4845*% | 4.30217 | up = 0.7254
o = 0.6882
Total 364 113.817 | 2.955231 | ;= 0.5196
1o = 0.6125
i3 = 0.5955
Middle 92 19.0363 | 4.32738 | u; = 0.5213
o = 0.5420
w3 = 0.6591
NIKKEI225
AllOrdinaries S1 60 9.1440** | 3.23623 | 1 = 0.8267
HSI 1o = 0.5625
So 30 2.4688* | 3.52365 | u; = 0.7211
fo = 0.6927 | 0.5276*
Ss 81 14.0939 | 2.93703 | 111 = 0.6350
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TABLE 6.9: A 3 dimensional spherical subcomponent model for different indices

fi> = 0.8024

Indices | Category | Number Wh K n dy,
Total 326 90.3661 3.2196 | 11 = 0.5076
o = 0.6281
13 = 0.5896
Middle 93 15.4918 | 5.05423 | 7 = 0.6329
1o = 0.5132
i3 = 0.5795
NIKKEI225
AllOrdinaries Sl 38 62704** 307276 ﬁl — 08101
CAC40 1o = 0.5862
Sy 24 1.7895* 3.7916 | 1 = 0.7415
f2 = 0.6709 | 0.9168*
S3 82 6.0744%* | 3.84648 | 11y = 0.6873
fo = 0.7262
Total 318 81.0191 | 3.27618 | 11 = 0.5729
1o = 0.6126
13 = 0.5443
Middle 100 13.949** | 5.17624 | 111 = 0.4950
fo = 0.6517
i3 = 0.5745
AllOrdinaries
DAX S1 65 5.0389* | 3.76555 | 1 = 0.6797
HSI fo = 0.7334
Sy 42 6.5697** | 3.13185 | 3 = 0.5922
fo = 0.8057 | 0.9178*
S3 34 2.3327* | 4.04882 | 111 = 0.5967
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TABLE 6.10: A 3 dimensional spherical subcomponent model for different indices

fis = 0.7150

Indices | Category | Number Wi K n dn
Total 318 103.775 | 2.99674 | i1 = 0.5774
fis = 0.6634
fis = 0.4757
Middle 105 27.5565 | 4.12695 | ;= 0.6121
2 = 0.6939
fis = 0.3791
DAX

HSI S1 49 4.3058* 3.9146 | 1 = 0.5590
CAC40 1o = 0.8291
So 63 19.0588 | 2.42082 | 11 = 0.6491

fis = 0.7606 | 5.2642*
Ss 25 1.6257* | 3.97362 | ;3 = 0.6665
fin = 0.7454
Total 318 77.6297 | 3.38419 | up = 0.6243
Tis = 0.5409
i3 = 0.5636
Middle 118 14.1241** | 4.90115 | up = 0.5111
fis = 0.5998
i3 = 0.6155

SP500

DAX S1 53 7.7558* | 3.02504 | 17 = 0.6609
st fis = 0.7503
S 55 1.1060* 5.0067 | 1 = 0.6881

fis = 0.7255 | 4.2104*
S3 20 2.3292* | 3.65815 | 11 = 0.6991




Appendix A

Maller’s notation and theorems

Maller (2015) setup is as follows. Suppose given a sample of n observations on random
variables whose distribution depends on a parameter 8 € R?. The “true” distribution
of the random variables corresponds to the value 8y € R%. From the observations we
construct an estimating function £,(0) : R — R, which is to be maximised, subject
to restrictions, to obtain parameter estimates. The parameter 0 is assumed to lie in a

subset © C RY which coincides locally with a cone of the form
(CRES {0:00+§1u1+--~++5dud:§j GIj,j: 1,...,d}7 (Al)

having vertex at 6y, where the u; are d linearly independent unit vectors in R?, and the

I; are closed, half-open or open intervals (subsets of R) containing 0, j = 1,...,d.
Throughout, we assume:

(A1) for a neighbourhood N of 6y, the function £, (@) has finite first and second
directional derivatives on © NN. (See Vu-Zhou (1997), pp.900-901, for the definition of

directional derivatives, possibly on the boundary of an I;.)

Under (A1) we can define the first derivative vectors

OL.(9)
n(0) = A2
$.(0) = 28 (A2)
and the negative second derivative matrices
0L, (0)
F,0)=——=, n=1,2,...,0 € 6. A3
) ==5p007 " " (4-3)

Consider the subset ©" of the parameter space © in R? which is determined by placing
s, 1 < s < d, restrictions on 0 of the form h; (@) = 0,hs(0) =0, -+, hs(0) = 0, where

178
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each hy(0) : R? — R is a twice differentiable function, 1 < ¢ < s. Write these restrictions
as h(@) = (0,---,0), so that ©" = {# € © : h(0) = 0}, where

T

h(6) = (n1(6)---1.(0))

sx1

is a twice differentiable function from R? to R®. The true parameter 6y is assumed to
lie in ©", so h(8y) = 0. The first derivative matrix of H(8) is denoted by

Uy ... O

onT Ohy 6h> ' '
HO) = —(0)= (2L ... S = : : , A4
0) = g 0= (T . o o (A4)

for € © and @ = (0, ---04)". By removing redundant restrictions if necessary, without

loss of generality we can assume that H(6) has rank s.
Following in essence the approach of Aitchison and Silvey (1958) and Silvey (1959), we
set out to maximise the Lagrangian function

L£3(8) := Ln(6) + A H(8) = L, (6) + Z Ae(n)he(8), (A-5)
=1

where @ € © and A, := [A(n)---As(n)]T € R® are Lagrange multipliers, which may

depend on n. Maximisation is to be done subject to
he(@) =0, £=1,...,s, 8 €0O. (A.6)

Let S)(6) be the first derivative vector of L,

0Ly _ g (0) 1 HO)A., (A7)

A . 2=n
$(0) = o

and let F\(0) denote the d x d negative second derivative matrix

92L)(6) 9%h,(6
A K
Fal6) = —Zg0e7 — Tl Z faaaoT (A.8)

In some problems, F(0) is not positive definite or even semidefinite, even for 8 close
to Bp. To cater for this, let {gi(n), - ,gs,(n)}, n = 1,2,--- be a sequence of (pos-
sibly random) positive numbers, whose choice is at our discretion, and set G, :=
diag(gi(n), -+ ,gs,(n)). Let H,(0) be d x s, submatrices of H(8), where 1 < s,, < s
and the choice of H,(0) may be random, and augment F)(8) to the d x d symmetric

matrices

F"(8) = F3(0) + H, ()G, G H; (6). (A.9)
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The idea is that the augmented matrices will be positive definite when 6 is near ©" if
the elements of G, are chosen sufficiently large. Here we follow Silvey (1959) who treats

a simplified version of our setup.

A.1 Existence and Consistency of MEs

Assume given a sequence of d x d a.s. nonsingular matrices D,, (possibly random).
For each n = 1,2,... and A > 0, let N,(A) and N(A) be the (in general, random)
neighbourhoods

No(A) ={0€0:(0—0)"D,DI(6—06y) < A%} and N(A) = N,(4)NO". (A.10)
Theorem A.1. Assume (A1) and in addition the D,, in (A.10) satisfy
Amin(DpDT) 5 00 as n — 0. (A.11)
Assume further that, for some Ay € R?,
D, 182 (6y) = Op(1) as n — oo, (A.12)
and that it is possible to choose a, in (A.8) and by, in (A.9) so that

lim lim limsup P (66%};(14) Amin (D;lFQO*(a)D;T) < c) =0. (A.13)
Then there is an estimator §n € O" which, with probability approaching 1 as n — oo
then A — oo, satisfies (A.6), and mazimises L, (0) uniquely on NM(A). The estimator

~

0, is consistent for 0y and is such that

im liminf P{f, € N*(A)} = 1. (A.14)

1
A—o0 n—00

Moreover, 0,, does not depend on Ao or on the choice of a, in (A.8), b, in (A.9), or D,
in (A.11)—(A.13).

Once 6, is found in Theorem A.1, an estimator X, can be found by setting the RHS
of (A.7) to 0. Note that no upper bound on the growth of F}*(#) is required for the
existence and consistency of /O\n in Theorem A.1. Some extra restrictions are needed

however to ensure consistency of An. In (A.7), X is allowed to depend on n. At this



Appendix A. Maller’s notation and theorems 181

stage we specify the relation to be of the form
Ap = CpA, (A.15)

where the C,, are non-singular s x s matrices and A € R® is a Lagrange multiplier.

Theorem A.2. Assume (A1). Suppose Ay, in (A.7) has the form (A.15) and there is a

consistent estimator /O\H for 6y satisfying (A.6). Assume the system of equations
S7(6) = S (0,) + H(0,)CuA =0 (A.16)

has a unique solution Xn € R®. Assume there is a sequence a, > 0 such that

1

C, = C, as n — oo. (A.17)
Qan

where C is a finite nonsingular s X s matriz. Assume further that
a;'S,(6) — Lo (A.18)

for a finite (possibly random) vector Ly, and the system of equations

Lo+ H(eo)/\ =0 (A.lg)
has an a.s. unique solution Ao := [A1g- - - )\so]T, which we designate as the “true” value
of A, and that

1 ~
- (sn(en) - sn(eo)) P50, asn — . (A.20)
Gnp,

Then the estimator A, obtained from (A.16) is consistent for \g: we have Xn RN Ao as

n — oo.

-~

A.2 Asymptotic Distribution of (6, Xn), Interior Case

The positioning of the components of 5n with respect to the boundaries of the I; may
be complicated in the sample, though tending in probability to the conformation of the
components of @y as n — oco. So writing down the asymptotic distribution of én itself,
rather than that of the deviance, as in Theorem A .4, is complicated in general. We can
do this when 6 is in the interior of ©”, because then the derivative S)(8) of £\(0) takes

value 0 at (Bn, Xn) In that case (én, Xn) is a solution to the simultaneous equations
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obtained from (A.6) and (A.7):

~ ~

SM(0,) = Sn(0n) + H(0,)CuX, =0, and he(6,) =0, £=1,...,s, (A.21)

and we can derive the asymptotic distribution of (én, 3\”) To formulate this properly

we need some more notation. For @ € ©, A € R, and with C,, as in (A.15), define

F(0)  —H(0)C,
Uﬁ(@) — (A.22)

Ty T
C.H(6) Osxs (d+s)x (d+s)

where Oy is the s X s zero matrix.

Theorem A.3. Assume that there ezist (én, Xn) consistent for (6o, Xo) and satisfying
(A.14) and (A.21) for some choice of nonsingular d x d matrices Dy, in (A.10). Suppose
also that

D;1S%(0y) 25 Z, as n — oo, (A.23)

for an a.s. finite random vector Z, and there exist nonsingular s X s matrices E, and a

nonsingular (d + s) x (d+ s) matriz Ug such that, with

D, O
Jn = , (A.24)
o E,
we have
3,10 (6,)3T 5 U, (A.25)

for any random sequence (6, A,) RN (60, Xo), as n — 0o. Then as n — oo

6,0 Z
b DGR T § . (A.26)
>\n - )\0 0

A.3 Hypothesis Tests

We wish to test the hypothesis H : 0 € Q) versus 6§ € 7, where 2 and 7 are two fixed,
6

L, and 0] for 6y which maximise

disjoint, subsets of ©. Given consistent estimators
L, (0) over Q and 7 respectively, we use the deviance statistic (an analogue of the minus

twice log-likelihood ratio statistic)

n

dy =2 (.cn(@;) - zn(éﬂ)) (A.27)
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to compare €2 with 7.

As in Chernoff (1954) and Vu-Zhou we assume 2 and 7 can be approximated locally by

cones. So we make some further assumptions.

(A2) A subset Q C O is said to satisfy (A2) if there is a closed cone Cq with vertex at
0y such that
ConN =QnN,

where N is a closed neighbourhood in R? of 6.

Suppose @ and 7 satisfy (A2) with corresponding disjoint cones Cq and C,. For T,
nonstochastic orthogonal d x d matrices and D,, possibly random a.s. nonsingular d x d
matrices define

Co, = {5: § = T,Dn(6 — 0),0 € CQ} ,

and similarly for @n.

(A3): A subset Q C O is said to satisfy (A3) if there is a closed cone Cg with vertex at
0, not depending on n, such that the sets égn asymptotically coincide with 5’Q in the
sense that

lim sup =0. (A.28)

n—oo I/Blzl

inf |- 6 — inf |8 — ]2
QGCQn 0eCq

Recall the definition of the neighbourhoods N/*(A4) in (A.10), depending on D,, and
A > 0. Assume n is so large for fixed A that N/(A) is contained in the neighbourhood
N in (A2).

Theorem A.4. Let Q and T be two disjoint subsets of ©" satisfying conditions (A1)~
(A83) for some orthogonal d x d matrices Ty, and nonsingular dx d matrices D,,. Suppose
there is a A\g € R® such that

D 1S (0)) 2 Z (A.29)

for an a.s. finite random vector Z € R?, and suppose there is a finite non-singular

symmetric matriz Ug such that, with U)(0) as defined in (A.22) and J, as in (A.24),
J1UM00)3.7 5 Uy, n— 0. (A.30)

Write
P Q s
Ual - ( dxd x ) . (1&31)

T
sxd RSXS
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Assume (A.15) and also that

sup |13, (UN(6) — U (80))3,7[[1 =0, (A.32)
0EN,(A)

as n — 0o, for each A sufficiently large.

Let @? and @Tl be MEs of L,(0) over Q and T respectively, each consistent for 6y and
each satisfying the constraints (A.6), as well as (A.14). Then the deviance statistic d,

in (A.27) converges to a limiting random variable as follows:

dy, 25 inf (PT/QZ - 9) — inf (PT/2Z - 9) , as - oo. (A.33)
0cCq 0cC;
where Cq = {PT/12Fy0 : 0 € Cq}, C, = {PT/12F(0 : 0 € C,}, and Fy is the limit of
D 'F)(0)D;; T in probability, which exists under (A.30).

Notes: (i) The limit random variable Z in (A.29) need not be full, that is, its distribution

may be concentrated on a lower dimensional subspace.

(ii) Theorem A.1 gives sufficient conditions for the application of Theorem A.4 namely,
(A.11)—(A.13). When these hold, MEs 52 and /H\ZL exist and are unique in N(A), in the
sense of (A.14). The estimators 52 and ég are assumed to satisfy the constraints (A.6)
in both Theorems A.1 and A 4.

(iii) When (A.30) holds we can write

: (A.34)

Fo —H(6y)C
U =
_CTHT<00) OSXS

> (d+s)x(d+s)

where —H(0,)C is the limit of —D; 'H(0y)C, D, 7 in probability, which exists under
(A.30).



Appendix B

Spherical Data Calculated from
Monthly Portfolios

B.1 The Data in 3 dimensions

After calculating the monthly portfolios from 3 indices in Table 4.1, we transform them
by taking a square root to be able to locate them on the sphere. The raw are listed in
Tables B.1 to B.9.

The mean vector of data is
X = (0.461926, 0.359668, 0.429174)T,

and the covariance matrix is

0.149039  —0.0642449 —0.0579053
S=|-0.0642449 0.158363  —0.0848397
—0.0579053 —0.0848397  0.166997

If we model the data a von Mises Fisher distribution, the MLEs of the parameters are
K = 3.62962
and

7i = (0.636351,0.495481, 0.591233)7 .
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B.2 The Data in 10 dimensions

Tables B.10 to B.16 show the spherical data in 10 dimensions after transformation from
asset allocation data compiled from the 10 indices in Table 4.2. The estimated % and p
are given in (4.22). We print out the whole data here. There are totally 144 data with

the mean vector

X = (0.130603, 0.0806646, 0.156781, 0.434826, 0.115253, 0.0574893, 0.342915, 0.166109,
0.141441,0.0598201)7,

and the covariance matrix

S = {{0.0559012, —0.00721278, —0.00737622, —0.0197796, 0.00692629, —0.00318147,
— 0.0163106, —0.00283348, 0.00750688, —0.00636056 }, { —0.00721278, 0.0321734,
— 0.00102886, 0.0106829, —0.0036412, 0.00126389, —0.0102383, —0.0088255,
0.00370223, —0.00432247}, {—0.00737622, —0.00102886, 0.0640193, —0.0114939,
—0.011325,—0.000993111, —0.00599782, —0.00415643, —0.0114629, —0.00132637},
{—0.0197796,0.0106829, —0.0114939, 0.113205, —0.01917, —0.00178454,
—0.0201325, —0.0263122, —0.021801, —0.000450928}, {0.00692629, —0.0036412,
—0.011325, —-0.01917,0.0478827, —0.00121497, 0.00103254, —0.00443293,
— 0.00390525, —0.000734449}, {—0.00318147,0.00126389, —0.0009931, —0.00178454,
—0.00121497,0.0278576, —0.00472032, —0.000519653, —0.00423302, —0.00128753},
{-0.0163106, —0.0102383, —0.00599782, —0.0201325, 0.00103254, —0.00472032,
0.103298,0.0000180312, —0.0126301, —0.00202383}, { —0.00283348, —0.0088255,
—0.00415643, —0.0263122, —0.00443293, —0.000519653, 0.0000180312, 0.0423305,
— 0.00874948, —0.00454568}, {0.00750688, 0.00370223, —0.0114629, —0.021801,
— 0.00390525, —0.00423302, —0.0126301, —0.00874948,0.0711155,0.00161919},
{—0.006360, —0.00432247, —0.00132637, —0.00045093, —0.00073445, —0.00128753,
—0.00202383, —0.00454568,0.00161919, 0.0236817} },

which is a 10 x 10 matrix.
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TABLE B.1: Spherical data calculated from monthly portfolios based on 3 indices in

Table 4.1, categorised in 7 regions of (4.19)

Region | Percentage Data
middle % {0.352014 , 0.935993 , 0.00172995}, { 0.719622 , 0.694363 , 0.00187 },

{ 0.453054 , 0.550747 , 0.701014 },{ 0.505663 , 0.788367 , 0.350402 },
{ 0.156803 , 0.577273 , 0.801354 },{ 0.816509 , 0.577328 , 0.00225134 },

{ 0.00116328 , 0.999982 , 0.00584933 },{ 0.655729 , 0.590812 , 0.470064 },
{ 0.40531 , 0.707142 , 0.579374 },{ 0.319246 , 0.00104044 , 0.947671 },
{0.476678 , 0.622477 , 0.620726 },{ 0.00277283 , 0.0040553 , 0.999988 },
{ 0.00122355 , 0.999998 , 0.00128296 },{ 0.630502 , 0.00101314 , 0.776187 },
{ 0.429435 , 0.28218 , 0.857881 },{ 0.56406 , 0.706627 , 0.427217 },

{ 0.450746 , 0.477628 , 0.754122 },{ 0.452173 , 0.510234 , 0.731574 },

{ 0.00133412 , 0.733519 , 0.679668 },{ 0.395236 , 0.597519 , 0.697682 },

{ 0.0944287 , 0.63109 , 0.769941 },{ 0.99995 , 0.00940451 , 0.00347539 },
{ 0.00145393 , 0.729909 , 0.683542 },{ 0.291491 , 0.872815 , 0.391442 },

{ 0.00419149 , 0.00101627 , 0.999991 },{ 0.837169 , 0.546937 , 0.00287808 },
{ 0.00528753 , 0.245804 , 0.969305 },{ 0.528812 , 0.76922 , 0.358691 },

{ 0.792323 , 0.363692 , 0.48985 },{ 0.650989 , 0.304896 , 0.695163 },

{ 0.808757 , 0.262453 , 0.526337 },{ 0.571447 , 0.765914 , 0.294659 },

{ 0.5393 , 0.597425 , 0.593497 },{ 0.00153638 , 0.999998 , 0.00105736 },

{ 0.543899 , 0.769562 , 0.334588 },{ 0.00144256 , 0.00159231 , 0.999998 },
{ 0.00249333 , 0.999995 , 0.00201288 },{ 0.740521 , 0.672032 , 0.0016219 },
{ 0.99999 , 0.00276406 , 0.00354366 },{ 0.00130902 , 0.999998 , 0.00137527 },
{ 0.854824 , 0.518917 , 0.00101987 },{ 0.621896 , 0.00196542 , 0.783098 },
{ 0.0014591 , 0.743203 , 0.669064 },{ 0.999992 , 0.00155435 , 0.00369187 },
{ 0.00110687 , 0.999999 , 0.00113883 },{ 0.00187082 , 0.31901 , 0.94775 },
{ 0.999994 , 0.0012376 , 0.00336893 },{ 0.00198499 , 0.999998 , 0.00102413 },
{ 0.546521 , 0.071753 , 0.834366 },{ 0.138399 , 0.691625 , 0.708872 },

{ 0.489315 , 0.00487074 , 0.872094 },{ 0.756828 , 0.348398 , 0.55302 },

{ 0.0032686 , 0.00197617 , 0.999993 },{ 0.584688 , 0.365474 , 0.724271 },

{ 0.807016 , 0.103627 , 0.581367 },{ 0.430948 , 0.788546 , 0.438724 },

{ 0.614291 , 0.666601 , 0.422244 },{ 0.794941 , 0.143177 , 0.58955 },

{ 0.462945 , 0.760027 , 0.456115 },{ 0.890808 , 0.116432 , 0.439209 },

{ 0.680151 , 0.422776 , 0.598878 },{ 0.00326561 , 0.77411 , 0.633043 },

{ 0.00966262 , 0.999947 , 0.00341721 },{ 0.70968 , 0.289638 , 0.642234 },
{ 0.634314 , 0.77144 , 0.0502561 },{ 0.448544 , 0.600277 , 0.662175 },

{ 0.364704 , 0.481503 , 0.796961 },{ 0.396215 , 0.918156 , 0.00176941 },

{ 0.810265 , 0.586059 , 0.00233471 },{ 0.00352423 , 0.00101407 , 0.999993 },

{0.925717 , 0.00129069 , 0.378215 },{ 0.313122 , 0.540661 , 0.780795 },
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TABLE B.2: Spherical data calculated from monthly portfolios based on 3 indices in

Table 4.1, categorised in 7 regions of (4.19) (continued)

Region

Percentage

Data

middle

{0.0020832 , 0.999995 , 0.00223426 },{ 0.650597 , 0.715236 , 0.255266 },

{ 0.425096 , 0.26748 , 0.864724 },{ 0.45468 , 0.274157 , 0.84741 },
{0.781736 , 0.00117752 , 0.623608 },{ 0.00274746 , 0.999984 , 0.00485581 },
{ 0.57901 , 0.00141995 , 0.815319 },{ 0.553503 , 0.829866 , 0.0704103 },

{ 0.840593 , 0.00115424 , 0.541666 },{ 0.0012668 , 0.999999 , 0.00107994 },
{ 0.982865 , 0.184306 , 0.00288599 },{ 0.00534752 , 0.570057 , 0.821588 },
{ 0.999993 , 0.00205115 , 0.00307036 },{ 0.64037 , 0.407008 , 0.651361 },

{ 0.00666318 , 0.614025 , 0.789259 },{ 0.00146178 , 0.00299114 , 0.999994 },
{ 0.456126 , 0.360506 , 0.813625 },{ 0.460438 , 0.240944 , 0.854367 },

{ 0.615892 , 0.693357 , 0.374077 },{ 0.00264466 , 0.999995 , 0.00198088 },
{ 0.939059 , 0.343753 , 0.00155842 },{ 0.464958 , 0.461429 , 0.755577 },

{ 0.701062 , 0.125289 , 0.702007 },{ 0.00205227 , 0.999996 , 0.00218503 },
{ 0.291863 , 0.767281 , 0.571048 },{ 0.856728 , 0.515764 , 0.00225367 },

{ 0.340253 , 0.343103 , 0.875505 },{ 0.999991 , 0.00162885 , 0.00397511 },
{ 0.769166 , 0.387951 , 0.507817 },{ 0.00236017 , 0.00179758 , 0.999996 },
{ 0.999994 , 0.00138217 , 0.00328602 },{ 0.514616 , 0.00110037 , 0.85742 },
{ 0.00195254 , 0.00116118 , 0.999997 },{ 0.999998 , 0.00109702 , 0.00154891 },
{ 0.215416 , 0.00140023 , 0.976521 },{ 0.675369 , 0.353087 , 0.647462 },
{0.440629 , 0.0141629 , 0.897577 },{ 0.999993 , 0.00254548 , 0.0026769 },
{ 0.00258383 , 0.999987 , 0.00437612 },{ 0.00161248 , 0.999997 , 0.00180137 },
{ 0.00467245 , 0.999988 , 0.00175159 },{ 0.641586 , 0.767047 , 0.00245486 },
{ 0.415965 , 0.0386967 , 0.908557 },{ 0.36811 , 0.288618 , 0.883852 },

{ 0.00191664 , 0.999996 , 0.0022545 },{ 0.672558 , 0.00238063 , 0.74004 },

{ 0.00209776 , 0.00806007 , 0.999965 },{ 0.536242 , 0.419139 , 0.732644 },

{ 0.594695 , 0.00203825 , 0.803949 },{ 0.659548 , 0.308268 , 0.685542 },
{0.332122 , 0.943193 , 0.00901089 },{ 0.00411263 , 0.99998 , 0.00477705 },
{0.497295 , 0.00125381 , 0.867581 },{ 0.642056 , 0.562828 , 0.520566 },

{ 0.257266 , 0.700344 , 0.665832 },{ 0.57758 , 0.718779 , 0.386985 },

{ 0.611144 , 0.43646 , 0.660307 },{ 0.00313655 , 0.0017256 , 0.999994 },

{ 0.668025 , 0.263346 , 0.695983 },{ 0.802325 , 0.00134369 , 0.596886 },

{ 0.999996 , 0.0022126 , 0.00169603 },{ 0.798085 , 0.411303 , 0.440329 },
{0.517011 , 0.855971 , 0.00358713 },{ 0.679391 , 0.00302605 , 0.733771 },

{ 0.00148002 , 0.999968 , 0.00787203 },{ 0.814276 , 0.562126 , 0.144808 },
{0.811235 , 0.00185845 , 0.584717 },{ 0.683472 , 0.00111453 , 0.729976 },

{ 0.00100199 , 0.00109114 , 0.999999 },{ 0.999997 , 0.00147852 , 0.00170078 },

{ 0.00173969 , 0.999996 , 0.00201011 },{ 0.00316617 , 0.00451845 , 0.999985 },
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TABLE B.3: Spherical data calculated from monthly portfolios based on 3 indices in

Table 4.1, categorised in 7 regions of (4.19) (continued)

Region

Percentage

Data

middle

{0.00369626 , 0.00255144 , 0.99999 },{ 0.700728 , 0.713427 , 0.00157152 },
{ 0.00104474 , 0.999999 , 0.00135609 },{ 0.524648 , 0.0012504 , 0.851319 },
{ 0.00118336 , 0.999999 , 0.00120177 },{ 0.323697 , 0.946159 , 0.00185815 },
{ 0.405551 , 0.00237317 , 0.91407 },{ 0.592651 , 0.278844 , 0.755652 },
{0.00590924 , 0.676373 , 0.736536 },{ 0.604346 , 0.00266217 , 0.796717 },
{ 0.655814 , 0.00171312 , 0.754921 },{ 0.686843 , 0.721924 , 0.0840957 },
{ 0.87692 , 0.00283066 , 0.480628 },{ 0.607859 , 0.461429 , 0.646212 },
{ 0.00307043 , 0.00227016 , 0.999993 },{ 0.898236 , 0.350289 , 0.265463 },
{ 0.800788 , 0.00126549 , 0.598946 },{ 0.737032 , 0.253456 , 0.626533 },

{ 0.358402 , 0.0029963 , 0.933562 },{ 0.916671 , 0.399632 , 0.00303627 },
{ 0.710646 , 0.0121922 , 0.703445 },{ 0.999993 , 0.00168474 , 0.00329647 },
{ 0.78165 , 0.473189 , 0.406344 },{ 0.800826 , 0.598892 , 0.0025671 },

{ 0.0017053 , 0.00112822 , 0.999998 },{ 0.785623 , 0.618703 , 0.00190052 },
{ 0.780627 , 0.145255 , 0.607884 },{ 0.883262 , 0.001569 , 0.468877 },

{ 0.0010447 , 0.0015468 , 0.999998 },{ 0.00117585 , 0.999999 , 0.001219 },
{ 0.00282398 , 0.492396 , 0.870367 },{ 0.756939 , 0.320292 , 0.56961 },

{ 0.0063221 , 0.862596 , 0.505854 },{ 0.00280627 , 0.999992 , 0.0027815 },
{ 0.940758 , 0.00109455 , 0.339078 },{ 0.719586 , 0.694402 , 0.00130426 },
{ 0.848328 , 0.441867 , 0.291709 },{ 0.00157944 , 0.999995 , 0.00272289 },
{ 0.90712 , 0.420798 , 0.00795884 },{ 0.867588 , 0.49728 , 0.00170719 },

{ 0.516103 , 0.00382542 , 0.856518 },




Appendix B. Raw Spherical Data

190

TABLE B.4: Spherical data calculated from monthly portfolios based on 3 indices in
Table 4.1,

categorised in 7 regions of (4.19) (continued)

{0.999996,0.00265885,0.000396292},{0.00174086,0.999998,0.000273311},
{0.564003,0.825772,0.00071705},{0.00107175,0.999999,0.000945818},

{0.00135338,0.999999,0.000703461},{0.999998,0.00184758,0.000578143},

Region | Percentage Data
Sl % {0.692551,0.721368,0.000662363},{0.924267,0.381746,0.000131011},

{0.578301,0.815824,0.0000634708},{0.601562,0.798826,0.000622569},
{0.52333,0.85213,0.000162075},{0.0013159,0.999999,0.000329351},
{0.00147416,0.999998,0.000959268%},{0.274977,0.961451,0.000363493},
{0.294123,0.955767,0.000509399},{0.999784,0.0207562,0.000415547},
{0.00341641,0.999994,0.000828222},{0.00285444,0.999996,0.000847743},
{0.370688,0.928757,0.000711938},{0.391372,0.920232,0.000528523},
{0.568233,0.822868,0.000461149},{0.00121168,0.999999,0.00091224 },
{0.909791,0.415067,0.000477528},{0.00112507,0.999999,0.000868788},
{0.488726,0.872437,0.000650375},{0.574966,0.818177,0.00016392},
{0.971086,0.23873,0.000258139},{0.987442,0.157983,0.000140499},
{0.951011,0.309156,0.000726525},{0.00111912,0.999999,0.00089369},
{0.929526,0.368756,0.000857375},{0.636562,0.771225,0.000670257},

{0.903072,0.42949,0.000176267},{0.0026456,0.999996,0.00092242},

{0.72147,0.692445,0.000669136},{0.891276,0.45346,0.00026598 },

{0.901589,0.432593,0.000250701},{0.74232,0.670045,0.000614302},

{0.999998,0.00201108,0.000432169}
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TABLE B.5: Spherical data calculated from monthly portfolios based on 3 indices in
Table 4.1, categorised in 7 regions of (4.19) (continued)

Region | Percentage Data
SQ % {0.00983382 , 0.000930043 , 0.999951 } , { 0.315145 , 0.000372726 , 0.949043 } ,

{ 0.705468 , 0.0000533349 , 0.708742 } , { 0.999999 , 0.000553946 , 0.00113985 } ,
{ 0.34087 , 0.000427287 , 0.94011 } , { 0.999996 , 0.000980637 , 0.00253416 } ,
{ 0.419335 , 0.000791702 , 0.907831 } , { 0.00185117 , 0.00058955 , 0.999998 } ,
{ 0.816053 , 0.000176969 , 0.577977 } , { 0.889821 , 0.000305323 , 0.45631 } ,
{ 0.707562 , 0.000864791 , 0.70665 } ,{ 0.00149118 , 0.000915772 , 0.999998 } ,
{ 0.667661 , 0.000782409 , 0.744465 } , { 0.00147649 , 0.000695025 , 0.999999 } ,
{ 0.999999 , 0.00070683 , 0.00104652 } , { 0.99999 , 0.00060179 , 0.00436907 } ,
{ 0.787894 , 0.000190273 , 0.615811 } , { 0.999997 , 0.000986421 , 0.00215789 } ,
{ 0.558642 , 0.00027366 , 0.829409 } ,{ 0.00211912 , 0.000507069 , 0.999998 } ,
{ 0.525418 , 0.000337187 , 0.850844 } , { 0.964968 , 0.000943768 , 0.262367 } ,

{ 0.861322 , 0.000149072 , 0.50806 } , { 0.999999 , 0.000554499 , 0.00103681 } ,
{ 0.999999 , 0.000965597 , 0.00113552 } , { 0.999983 , 0.0008334 , 0.00583628 } ,
{ 0.999998 , 0.000486069 , 0.00200949 } , { 0.0937899 , 0.0000607236 , 0.995592 } ,
{ 0.475748 , 0.000649723 , 0.879581 } , { 0.914229 , 0.000217842 , 0.405197 } ,

{ 0.999998 , 0.000841697 , 0.00195421 } , { 0.627513 , 0.000206781 , 0.778606 } ,
{ 0.999999 , 0.000149862 , 0.00104882 } , { 0.00548942 , 0.000683536 , 0.999985 } ,
{ 0.999995 , 0.000836362 , 0.0030401 } , { 0.773556 , 0.000431861 , 0.633728 } ,
{ 0.999993 , 0.000500732 , 0.00378522 } , { 0.999998 , 0.000562973 , 0.00181362 } ,
{ 0.999992 , 0.000849438 , 0.00388277 } , { 0.277071 , 0.000947365 , 0.960849 } ,
{ 0.247888 , 0.0000510817 , 0.968789 } , { 0.00812399 , 0.000581734 , 0.999967 } ,
{ 0.699413 , 0.000614444 , 0.714718 } , { 0.00245308 , 0.000976751 , 0.999997 } ,
{ 0.834484 , 0.000619478 , 0.551032 } , { 0.00269469 , 0.000635312 , 0.999996 } ,
{ 0.702514 , 0.000960816 , 0.711669 } , { 0.999999 , 0.000368756 , 0.00104145 } ,
{ 0.6018 , 0.000439399 , 0.798647 } ,{ 0.180177 , 0.0000675976 , 0.983634 } ,

{ 0.277594 , 0.000539052 , 0.960698 } , { 0.0599314 , 0.0000479495 , 0.998202 } ,
{ 0.758261 , 0.000884991 , 0.651951 } , { 0.999901 , 0.000205284 , 0.0140472 } ,
{ 0.72795 , 0.000818611 , 0.68563 } , { 0.894966 , 0.000825934 , 0.446134 } ,

{ 0.626585 , 0.00040761 , 0.779353 } , { 0.999999 , 0.000768054 , 0.00104189 } ,
{ 0.729394 , 0.00090221 , 0.684094 } , { 0.999996 , 0.000473962 , 0.00270149 } ,
{ 0.999993 , 0.000957018 , 0.00358158 } , { 0.602469 , 0.000266577 , 0.798142 } ,
{ 0.769519 , 0.000407282 , 0.638624 } , { 0.00203299 , 0.000611137 , 0.999998 } ,
{ 0.999999 , 0.000687586 , 0.0012133 } , { 0.00356908 , 0.000984778 , 0.999993 } ,
{ 0.468379 , 0.000454021 , 0.883528 } , { 0.374546 , 0.000664263 , 0.927208 } ,

{ 0.605579 , 0.000296383 , 0.795785 } , { 0.672291 , 0.000910217 , 0.740287 } ,

{ 0.518679 , 0.000591915 , 0.854969 }
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TABLE B.6: Spherical data calculated from monthly portfolios based on 3 indices in

Table 4.1, categorised in 7 regions of (4.19) (continued)

Region | Percentage Data
53 % { 0.000265227 , 0.90102 , 0.433778 } , { 0.000302373 , 0.0124206 , 0.999923 } ,

{ 0.000704761 , 0.934563 , 0.355797 } , { 0.000980538 , 0.00267897 , 0.999996 } ,
{ 0.000714549 , 0.690603 , 0.723234 } , { 0.0005711 , 0.35875 , 0.933434 } ,
{ 0.00050039 , 0.999995 , 0.00318889 } , { 0.000813993 , 0.00105878 , 0.999999 } ,
{ 0.000663268 , 0.999999 , 0.0011022 } , { 0.000845078 , 0.999999 , 0.00148456 } ,
{ 0.000745387 , 0.999999 , 0.00131026 } , { 0.000969013 , 0.999993 , 0.00371893 } ,
{ 0.000456491 , 0.261907 , 0.965093 } , { 0.000617822 , 0.999997 , 0.00240552 } ,

{ 0.000649666 , 0.755317 , 0.65536 } , { 0.000766754 , 0.999999 , 0.00120093 } ,

{ 0.000557947 , 0.999998 , 0.00202205 } ,

TABLE B.7: Spherical data calculated from monthly portfolios based on 3 indices in

Table 4.1, categorised in 7 regions of (4.19) (continued)

Region | Percentage Data
Corner3 % {0.000212722 , 0.000281871 , 1. }, { 0.000022675 , 0.0000110575 , 1.},

{ 0.000435162 , 0.000357203 , 1. }, 0.000637495 , 0.000464282 , 1.},
{ 0.000583694 , 0.00053032 , 1. }, 0.0000385556 , 0.0000267907 , 1.},
{ 0.000235976 , 0.000705921 , 1. }, 0.000749169 , 0.00020275 , 1.} ,
{ 0.000681898 , 0.0000932437 , 1. }, 0.000235522 , 0.000161494 , 1.},
{ 0.000712615 , 0.0000553099 , 1. }, 0.000522713 , 0.000568132 , 1.},
{ 0.000466775 , 0.000270535 , 1. }, 0.000556154 , 0.000646453 , 1.},
{ 0.000600956 , 0.000298167 , 1. }, 0.000852049 , 0.000436768 , 1.},

{ 0.000253668 , 0.000388621 , 1. }, 0.0000665706 , 0.000166509 , 1.},

{ 0.00072244 , 0.000691143 , 1. }, 0.000565177 , 0.000343496 , 1. }

TABLE B.8: Spherical data calculated from monthly portfolios based on 3 indices in
Table 4.1, categorised in 7 regions of (4.19) (continued)

Region | Percentage Data
Corner2 % {0.000724882, 1., 0.00067779}, {0.00038898, 1., 0.000327751},

{0.000835572, 0.999999, 0.000772552}, {0.000444709, 1., 0.000402904},
{0.000476156, 1., 0.000487885}, {0.000291821, 1., 0.000162756},
{0.000454314, 1., 0.000521894}, {0.000714907, 1., 0.000638554},

{0.000395162, 1., 0.000724607}, {0.000864367, 0.999999, 0.000604575},

{0.000715478, 1., 0.000433823}
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TABLE B.9: Spherical data calculated from monthly portfolios based on 3 indices in
Table 4.1, categorised in 7 regions of (4.19) (continued)

Region | Percentage Data
Cornerl % {1., 0.000292693, 0.000302654}, {1., 0.000203084, 0.000868925},

{0.999999, 0.000710909, 0.00081809}, {1., 0.00031117, 0.000558795},
{0.999999, 0.000709405, 0.000940272}, {1., 0.000570585, 0.000559562},
{1., 0.000683763, 0.000278765}, {1., 0.00033426, 0.00090931},

{1., 0.000342414, 0.000309186}, {1., 0.000579557, 0.000489138},

{1., 0.000620808, 0.000661229}, {1., 0.000317232, 0.000544397},

{1., 4.39876 x 10~%, 4.70714 x 1076}, {1., 0.0000323364, 0.0000473472},

{1., 6.944 x 10-6, 0.0000168692}

TABLE B.10: Spherical data calculated from monthly portfolios based on 10 indices in
Table 4.2, categorised in different regions; .S; shows i elements are zero or close to zero

Region | Percentage Data
2
S1 114 {0.001, 0.001, 0, 0.001, 0.001, 0.002, 0.002, 1.00, 0.003, 0.001},
{0.001, 0.561, 0, 0.291, 0.001, 0.006, 0.537, 0.316, 0.461, 0.006}
3
So 144 {0.003, 0.001,0 , 0.002, 0.728, 0.003, 0.512, 10~ %, 0.003,0.456},
{0.399, 10~%, 0.189, 0.253, 0.235, 10~ %, 0.355, 0.182, 0.630, 0.359},
{10~%, 0.272, 0.179, 0.561, 0.265, 0.178, 0.671, 0.165, 10~ %, 0.003}
S 7 —a —4 —4
3 Tid {0.001,0.337,10%, 0.412,10~4,0.003,0.171,10~4,0.819, 0.134}
{0.207, 0.306, 0.009, 0.484, 10~4, 0.002, 0.470, 10~ %, 0.639, 104},
{0.669, 104, 104, 0.398, 0.610, 0.002, 0.014, 0.021, 0.148, 104},
{10~%, 0.002, 10—%, 10— %, 0.002, 0.007, 0.469, 0.002, 0.708, 0.527},
{0.503, 0.001,10~3, 0.411, 10~%, 0.002, 0.007, 0.210, 0.730, 104},
{0.191, 0.138, 1075, 0.330, 0.399, 104, 0.615, 0.243, 0.488, 10~ 5},
{1074, 0.495, 0.265, 0.667, 10~ °, 0.280, 0.400, 0.055, 10~ %, 0.003}
S 15 —4 —4 —4 —a
4 i1 {0.323, 1074, 1074, 0.791, 10~ %, 0.307, 0.419, 10~ %, 0.003, 0.025,

{10™%, 0.094, 0.304, 0.349, 0.282, 10~ %, 0.203, 10~%, 0.810, 104},

{0.386, 1074,
{0.327, 10~%,
{1075, 1075,
{0.001, 0.002,
{104, 0.580,
{0.336, 1072,
{1074, 0.292,
{0.636, 10™4,
{1077, 1076,
{1074, 1074,
{10~%, 0.003,

{0.180, 10772,

{107%, 0.120,

0.157, 0.215, 10~ °, 0.001, 0.214, 10~°, 0.857, 104},
10~%, 0.468, 10~ %, 0.568, 0.577, 0.135, 0.020, 10~*},
0.452, 10~°, 0.253, 1075, 0.739, 0.235, 0.022, 0.360},
10~%, 10~%, 0.708, 0.656, 0.263, 10~°, 0.001, 10— 4},
10~%, 0.604, 0.380, 0.002, 10~ %, 0.125, 0.372, 10~ 4},
0.016, 0.816, 10~°, 102, 0.420, 0.147, 10~°, 0.152},
0.571, 0.462, 10~°, 0.349, 0.504, 10~°, 0.001, 10~ 4},
0.001, 10~%, 104, 0.003, 0.676, 0.340, 0.149, 10~ 4},
0.078, 0.063, 0.395, 10~%, 0.866, 0.285, 10~6, 0.062},
1074, 0.454, 10~ %, 0.464, 0.136, 0.190, 0.338, 0.640},
0.206, 0.727, 0.002, 10~%, 0.655, 104, 10~ %, 0.002},
0.259, 0.677, 10~ °, 0.109, 0.637, 0.159, 104, 10~ °},

1075, 0.543, 0.158, 10~ %, 0.638, 0.187, 0.473, 10~ °}
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TABLE B.11: Spherical data calculated from monthly portfolios based on 10 indices in
Table 4.2, categorised in different regions; .S; shows i elements are zero or close to zero
(continued)

S5

28
144

{1075, 1075,
{1072, 0.386,
{0.165, 0.758,
{0.481, 10~%,
{1074, 1074,
{1074, 1074,
{104, 0.001,
{1074, 1074,
{10~%, 0.379,
{1074, 1073,
{1074, 1074,
{0.238, 1072,
{10~%, 0.086,
{0.221, 1074,
{1074, 0.536,
{0.346, 10~4,
{0.485, 0.003,
{1074, 0.118,
{0.571, 1072,
{1074, 1074,
{0.439, 10™4,
{1076, 0.174,
{0.003, 1074,
{0.624, 1072,
{0.469, 1072,
{0.208, 10~9,
{1074, 1074,

{1075, 10772,

-

1075,
0.221,
0.342,
1074,
0.755,
0.286,
1074,
0.253,
1075,
10-6,
0.452,
10-°,
0.116,
0.299,

1074,

0.766,
0.299,
1074,
0.427,
0.600,
104,
0.678,
0.440,
0.770,
1074,
0.862,
0.537,
0.953,
0.762,
0.713,
0.627,
104,
0.403,
0.197,
0.378,
0.630,
0.206,
0.334,
0.421,
0.596,
0.681,

0.290,

1075,
1075,
10~4,
0.227,
1072,
0.003,
1074,
1074,
0.485,
1074,
0.166,
1075,
0.139,
10793,
104,
1074,
0.441,
1074,
0.712,
0.341,
0.131,
0.219,

1074,

1076,

0.037,

10-9,
0.413,
0.003,
104,
0.001,
0.526,
0.001,
0.002,
1074,
0.001,
104,
1074,
104,
1074,
104,
1074,
0.001,
1074,
1075,
1075,
1074,
106,
1074,
103,
0.634,
106,

1074,

0.452,
0.041,
1074,
104,
0.440,
0.619,
1074,
1075,

1074,

0.609,

0.702,

0.070,
103,
0.191,
0.171,
0.193,
0.153,
1074,
0.130,
0.168,

0.262,

0.089,
0.181,

0.203,

1074,

0.450},
1077},
1074},
10743,
1074},
10743,
0.157},
1077},
1074},
10743,
0.161},
1077},
0.257},
1074},
10743,
1074},
10743,
1074},
1077},
1075},
1074},
10763,
1074},
1077},
107°},
10763,

0.618},

0.136, 0.252, 0.203, 10~ °, 0.910, 0.220, 10~°, 106}




Appendix B. Raw Spherical Data

195

TABLE B.12: Spherical data calculated from monthly portfolios based on 10 indices in
Table 4.2, categorised in different regions; .S; shows i elements are zero or close to zero

(continued)

Se

3T
144

{1074,
{1073,
{1075,
{1077,
{1074,
{0.229,
{1072,
{1073,
{1075,
{0.548,
{0.418,
{0.377,
{0.664,
{1074,
{1074,
{1074,
{0.315,
{1074,
{0.085,
{1075,
{1073,
{1075,
{1074,
{1073,
{1076,
{1076,
{1074,
{1076,
{10796,
{0.487,

{1076,

1075,
1072,
104,
1077,
0.362,
1076,
0.526,
0.486,
1074,
104,
1074,
104,
1075,
104,
0.001,
0.001,
1074,
0.687,
1075,
10793,
1074,
0.332,
104,
1072,
1076,
0.427,
0.544,
1076,

1076,

0.741, 10~°, 1075, 0.627, 0.020, 105, 0.240},
0.369, 1075, 0.764, 0.398, 0.348, 10~ %, 1075},
0.581, 10~°, 10~°, 0.586, 0.267, 10~°, 1075},
0.542, 10~7, 0.727, 107, 0.178, 10~ 7, 10~ "},
0.713, 10~4, 1074, 0.454, 104, 104, 1074},
1076, 1076, 1079, 0.472, 1076, 0.581, 10~°},
0.728, 107°, 0.441, 102, 102, 10~%, 0.002},
0.772, 10~°, 1074, 0.303, 102, 104, 10~ %},
0.525, 107°, 107°, 0.643, 0.234, 107°, 1074},
0.417, 107°, 1074, 1074, 0.111, 104, 10~ %},
10~%, 0.710, 10~%, 0.539, 0.175, 10~ %4, 10~4},
0.618, 10~%, 10~%, 0.686, 0.075, 10~ %, 10~%},
107%,0.153, 10~°, 0.677, 0.278, 10~ %, 107°},
0.406, 10~%, 104, 0.001, 0.186, 10~ %, 10~%},
0.598, 10~%, 10~%, 1074, 0.238, 104, 104},
0.998, 10~4, 1074, 0.001, 10~ %, 1074, 0.062},
10~%, 0.687, 104, 10—, 0.224, 0.615, 10— %},
0.620, 10~ 4, 0.046, 10~°, 1072, 1077, 107 %},
0.852, 10~°, 1074, 0.284, 102, 104, 10~ %},
0.044, 1076, 1079, 0.817, 0.325, 1076, 1076},
0.096, 10~°, 10~%, 0.738, 10~ >, 0.603, 0.288},
0.822, 1075, 1075, 0.434, 1075, 1072, 10~ 4},
0.632, 10~%, 10~%, 0.676, 0.023, 10~ %, 10~4},
0.471, 0.445, 10~%, 0.742, 1075, 0.171, 105},
0.047, 0.558, 10~%, 0.802, 0.208, 10~%, 1070},
0.715, 10~%, 1075, 1075, 1076, 0.372, 1076},
0.535, 0.321, 10~ 4, 0.561, 10~ %, 1074, 1074},
0.448, 1075, 0.229, 0.838, 0.209, 10~°, 1076},
0.426, 0.324, 10~%, 0.827, 0.172, 1076, 1076},
1072, 0.305, 10~°, 0.775, 0.261, 102, 107°},

0.425, 0.203, 10~%, 0.855, 0.217, 1076, 1076}
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TABLE B.13: Spherical data calculated from monthly portfolios based on 10 indices in
Table 4.2, categorised in different regions; S; shows i elements are zero or close to zero

(continued)

St

N
144

{10~%, 1075, 10—, 0.930, 0.001, 10~5, 0.367, 10—, 10—, 10~ %},
{1075, 1075, 107%, 0.640, 107, 1077, 0.708, 0.298, 10>, 10~ °},
{107%, 107%, 1075, 0.559, 0.805, 10~%, 10~%, 0.196, 10— %, 10— %},
{1072, 10~°, 0.598, 0.800, 10~2, 10~°, 10~°, 0.057, 10~°, 10~ °},
{0.515, 10~°, 0.356, 0.779, 10~%, 10°, 10=°, 10=°, 10 %, 10~ %},
{1076, 107°, 0.401, 10~°, 10~°, 1075, 0.858, 0.319, 10~ °, 10~ °},
{0.497,107°,107°, 107%, 107°, 1074, 1075, 0.225, 0.838, 10~ °},
{107%,107°, 0.826, 10~°, 10~°, 1077, 0.457, 0.330, 10~ °, 10~ °},
{1074, 1074, 0.695, 0.473, 10~ %, 1074, 0.542, 10~ %, 10~ %, 1074},
{0.067, 1076, 1079, 0.923, 1076, 1079, 0.379, 1076, 1076, 1076},
{0.582, 0.438, 0.685, 10~ °, 107°, 107°, 107°, 1072, 10?2, 1074},
{107%, 0.431, 10~%, 0.854, 10— %, 10~%, 0.292, 10~%, 10~ %, 10~ %},
{1076, 1079, 1075, 0.890, 1076, 1076, 0.409, 0.202, 10~ 6, 1076},
{1075, 1075, 104, 0.890, 0.198, 10—, 0.411, 10 %, 10=°, 10— %},
{107%,107°, 0.939, 10~°, 10~°, 1075, 0.005, 0.343, 10~ 5, 10~ °},
{1075, 1075, 1075, 0.631, 10~°, 10~5, 0.750, 0.197, 102, 10~ °},
{0.915, 1074, 10~%, 0.006, 10—, 10~%, 1074, 0.403, 10~ %, 1074},
{1076, 107%,107%, 106, 107, 0.681, 10—, 0.600, 0.420, 10~ 6},
{0.760, 1072, 10~°, 0.620, 0.195, 10~°, 10~4, 10~°, 1075, 107 %},
{1076, 1079, 1079, 0.727, 107, 1077, 0.652, 0.217, 10~ %, 1076,
{1074, 107°, 107%, 0.863, 10~°, 1077, 0.168, 1075, 107, 0.476},
{1074, 1074, 0.803, 0.398, 10~ %, 1074, 1074, 1074, 1074, 0.444},
{1075, 1075, 1075, 0.692, 0.527, 10~5, 105, 106, 10~?, 0.493},
{1076, 107%,107%, 1076, 1079, 0.015, 107, 0.366, 0.931, 1076},
{1075, 1075, 1075, 1079, 0.272, 1077, 0.914, 0.302, 10~ %, 10— °},

{1074, 1074, 0.580, 0.435, 10~ %, 10~%, 0.689, 10~%, 10~%, 10~ %}
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TABLE B.14: Spherical data calculated from monthly portfolios based on 10 indices in
Table 4.2, categorised in different regions; S; shows i elements are zero or close to zero

(continued)

Sy

{1075, 1075, 107°, 0.963, 10~%, 10~5, 1075, 0.271, 10~ %, 10~ %},
{0.596, 1072, 107, 10~%, 0.803, 10~°, 10~%, 1075, 1075, 105},
{0.559, 10=°, 104, 10=°%, 10~°%, 1075, 10~%, 1077, 0.829, 10 °},
{1075, 1074, 107°, 0.916, 10~°, 1075, 1075, 0.402, 1075, 1074},
{10=7,10=7,10~7, 107, 1077, 1077, 0.925, 0.381, 107, 10~ "},
{1076, 1072, 1079, 0.960, 10~%, 1076, 1075, 0.278, 1076, 1077},
{0.866, 10~°, 10~°, 0.500, 10~°, 1075, 107°, 10>, 10~ %, 10 °},
{107%,107°, 0.428, 1072, 10~4, 10~°, 1075, 0.904, 1075, 107},
{1077,1077, 1077, 0.956, 10~ 7, 10~7, 10~7, 0.294, 107, 10~ 7},
{0.972, 1072, 107, 107°, 107°, 107°, 1075, 0.236, 1075, 10 °},
{1074, 1074, 1074, 104, 1074, 1074, 0.854, 0.520, 10~ %, 10~ °},
{107%, 1074, 10~%, 0.976, 10~ %, 10~%, 10~%, 0.219, 10~%, 104},
{1074, 0.569, 10~°, 0.822, 102, 10~%, 10~%, 1075, 1075, 1074},
{1075, 1074, 10~°, 0.815, 10~ %, 10~5, 0.580, 10>, 10~ %, 10— °},
{1074, 1074, 1074, 107°, 0.599, 10~%, 0.801, 10~ %, 1074, 1074},
{107%,1075,107%, 10%, 1074, 1077, 0.919, 0.394, 10~ %, 10~ °},

{10~7,10~7, 1077, 0.319, 10~7, 10~%, 10~°, 0.948, 10~ 7, 10~ 7}

TABLE B.15: Spherical data calculated from monthly portfolios based on
Table 4.2, categorised in different regions; S; shows i elements are zero or

(continued)

10 indices in
close to zero

Sy

{1074, 1074, 1074, 1.00, 104, 1074, 1074, 1074, 1074, 1074}

{1074, 1074, 1074, 104, 1074, 1074, 1074, 1.00, 10—, 10~ %}

TABLE B.16: Spherical data calculated from monthly portfolios based on
Table 4.2, categorised in different regions; .S; shows i elements are zero or

(continued)

10 indices in
close to zero

So

I3
144

{0.158, 0.375, 0.332, 0.360, 0.233, 0.308, 0.349, 0.311, 0.309, 0.363},
{0.004, 0.002, 0.001, 0.894, 0.001, 0.003, 0.346, 0.111, 0.089, 0.248},
{0.008, 0.006, 0.753, 0.022, 0.002, 0.006, 0.006, 0.003, 0.007, 0.657},
{0.032, 0.032, 0.032, 0.032, 0.032, 0.032, 0.032, 0.032, 0.032, 0.032},
{0.002, 0.479, 0.002, 0.877, 0.001, 0.004, 0.002, 0.001, 0.013, 0.002},
{0.011, 0.005, 0.004, 0.607, 0.009, 0.006, 0.008, 0.324, 0.007, 0.725},
{0.007, 0.004, 0.004, 0.006, 0.006, 0.018, 0.679, 0.005, 0.733, 0.005},
{0.003, 0.006, 0.001, 0.004, 0.003, 0.004, 0.003, 1.00, 0.004, 0.003},
{0.778, 0.004, 0.011, 0.004, 0.013, 0.011, 0.009, 0.003, 0.628, 0.005},
{0.004, 0.002, 0.287, 0.590, 0.512, 0.489, 0.236, 0.001, 0.116, 0.002},
{0.008, 0.625, 0.021, 0.758, 0.002, 0.180, 0.029, 0.001, 0.025, 0.005},
{0.130, 0.004, 0.002, 0.004, 0.979, 0.003, 0.009, 0.155, 0.003, 0.005},

{0.002, 0.003, 0.002, 0.002, 0.001, 0.005, 0.877, 0.002, 0.347, 0.334}
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