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Abstract

In this thesis we review various properties of monopoles on three dimensional

manifolds. In Chapter 2 we prove some basic properties of the moduli space. We

follow Braam’s treatment in [B89] and define monopoles on three manifolds as in-

stantons on four manifolds invariant under a rotation action. This correspondence

allows us to study monopoles with similar methods developed for instantons. By

constructing the Kuranishi map and applying the implicit function theorem, we

can obtain a local model of the monopole moduli space. We prove that the

moduli space is smooth and orientable. The proof uses the same techniques as

the instanton case. The monopole moduli space can be compactified by adding

limit ideal connections. This is the method of Uhlenbeck compactification. The

treatment is again similar to the four-manifold case with minor modifications

regarding the invariance condition. To better understand the structure of the

compactified space, we introduce a method of constructing monopoles.

In Chapter 3 we review the ADHM construction and use it to describe the

charge 1 instanton moduli space.

In Chapter 4 we calculate two examples: monopoles on hyperbolic 3-space and

monopoles on S2 × R, in which we construct the S1-equivariant SU(2) bundles,

define the charge and mass and describe the local model for the moduli space

explicitly using the Kuranishi map. Moreover, we consider another S1 action for

both cases and describe the S1-invariant monopole moduli space.

Lastly we finish with a brief introduction of Sen’s conjecture.
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Chapter 1

Introduction

The concept of a magnetic monopole was introduced by Paul Dirac in [D31].

A monopole is a point particle-like object of magnetic charge described by the

Bogomolny equation

F (A) = − ∗ dAΦ(1.0.1)

where A is a connection on a principal SU(2)-bundle Q over M with energy

conditions which, translated in language of differential equations, is given by the

boundary conditions

E(A,Φ) := (8π)−1

ˆ
M

|F (A)|2 + |dAΦ|2dvolM <∞

|Φ(x)| → mj when x approaches boundary of M (mj ∈ R≥0)

.(1.0.2)

Here M is the three-dimensional Riemannian manifold on which the monopole is

defined and Φ a section of the associated adjoint bundle adQ of Q.

In this thesis we take a pure mathematical point of view. Let M be an

oriented complete Riemannian 3-manifold, which is the interior of a compact 3-

manifold with boundary consisting of a disjoint union of surfaces S = tNj=1Sj.

Topologically, M is a manifold without boundary with ends R>0×Sj. The metric

on an end R>0×Sj in M is approximately of the form dl2 + e2lds2
Sj

. A monopole

is a pair (A3,Φ) satisfying the Bogomolny equations and boundary conditions.

In Chapter 2 we follow Braam’s treatment in [B89] to study various properties

of a monopole and the monopole moduli space, which we will apply in examples

in Chapter 4. We begin by constructing the 4-manifold X as a conformal com-

pactification of M × S1 and a principal SU(2)-bundle P on X. Topologically,

X is M spun around the boundary surfaces ∂M = ∪jSj. M × S1 carries an S1-

action which fixes the first part and acts canonically on the second. This action

1



2 CHAPTER 1. INTRODUCTION

carries over to X and is free away from the fixed surfaces. The connection A on

P defined as the pull-back of (A3,Φ) by the projection map π : M × S1 → M

satisfies the anti-self-dual Yang-Mills equation if (A3,Φ) satisfies the Bogomolny

equation. This construction motivates and justifies the central definition of the

chapter. We define a monopole on (Q,M) as an ASD connection on P invariant

under the S1-action and the monopole moduli space as the space of S1-invariant

instantons quotient by S1-equivariant gauge transformations. The benefit of this

definition is a two-fold: it gives a clear geometric meaning of a monopole and the

monopole moduli space; more importantly, it hints that most techniques used to

study monopoles and moduli spaces are essentially the same as those previously

developed for instantons with minor modifications dealing with the S1-invariance

condition.

Next we give a mathematical definition of the mass and charge of a monopole.

The S1-action on X lifts to a double cover action denoted by S̃1 on P . The

associated bundle P×SU(2)C2 to the fundamental representation admits a splitting

of two complex line bundles Lj and L∗J with respect to the S̃1-action. Hence the

action on each line bundle is fibre preserving. The mass mj is then defined as the

winding number of the S̃1-action on the line bundle Lj. The charge kj is defined

as the first Chern class of the line bundle L∗j . We prove that the isomorphism

classes of S1-equivariant SU(2)-bundles on X are in one-to-one correspondence

with tuples of integers (mj, kj).

In section 2.2 we describe the deformation theory of monopole moduli space,

that is the study of a local geometric structure of the moduli space. This requires

a notion of differential structure for most relevant spaces. We follow section 4.4

of [M98] and define the Sobolev norm on the space of C∞-sections on the vector

bundle adP → X as

‖s‖p,k =

ˆ
X

‖s(x)‖p + ‖dA(s(x))‖p + · · ·+ ‖dkA(s(x))‖p

for s ∈ Γ(adP ). The completion of the space with respect to this norm is the

Sobolev space W 0
k,p = L0

k,p(Γ(adP )) defined as ¬

W 0
k,p =

{
s
∣∣ ∃si ∈ Γ(adP ) such that lim

i→∞
‖si − s‖p,k = 0

}
.

The space of S̃1-invariant Lp,k-connections Ap,k(P )S̃
1

is a closed affine Banach

manifold. We have the Atiyah-Hitchin-Singer deformation complex associated to

¬Here Γ(adP ) is the space of sections of the adjoint bundle of P .
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an ASD connection A0 given by

W 0
p,k+1

dA0−→ W 1
p,k

d+A0−→ W 2,+
p,k−1.

where W i
p,k is the space of Lp,k i-forms on the adjoint bundle adP of P . It follows

from the slice theorem that a slice at A0 is given by W 1
p,k ∩ ker(d∗A0

). Finally we

use the implicit function theorem to construct the Kuranishi map whose zero set

is a local neighbourhood of [A0].

In section 2.3, 2.4 and 2.5 we prove that the moduli space is smooth and

orientable and has a compactification. The smoothness and orientability proof

are given by Braam in [B89], the technique is essentially the same as the proof in

[FU84] except we utilise a result by Cho in [C91] to incorporate the S1-invariance

condition into the proof of smoothness. The compactification for the monopole

moduli space uses the same technique (known as Uhlenbeck compactification) as

described in [DK90] and [FU84]. We define the ideal connection ([A], (x1, . . . , xl))

with curvature density given by

|F (A)|2 + 8π2

l∑
r=1

δxr .

The curvature (or energy) tends to infinity at the removed points (x1, . . . , xl) ∈
X l. Such points must lie in the fixed surfaces Sj so that the total mass of the

curvature is finite. A sequence of points [Aα] in the moduli space converges to-

wards a limit point ([A∞], (x1, . . . , xl)) if the action densities of {Aα} converge as

measures and a gauge equivalent sequence converge in C∞ norm on the punctured

manifold. The compactification is then defined to be the closure of the moduli

space Mk in the space of ideal connections.

This procedure gives limit points [A∞] that lose l lumps of energy as instan-

tons, the energy difference corresponds to the charge difference in the monopole

case.

To better understand the structure of the moduli space near the limit point,

we introduce a gluing theory to construct monopoles near limit points of the

compactified moduli space. The core machinery is the connected sum of two

manifolds.

In Chapter 3 we introduce ADHM construction to describe instantons and

define the ADHM data corresponding to S1-invariant instantons on R4. We use

ADHM data to give explicit description of the monopole moduli space with mass

1 and charge 1.
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In chapter 4 we introduce another Γ-action on M and apply theories developed

in chapter 2 to study Γ-invariant monopoles. The first example is calculating

Γ ∼= S1-invariant monopoles on 3-dimensional hyperbolic space H3. In particular,

we will show that the moduli space M(m, 1) of mass m and charge 1 monopoles

on H3 has dimension 3 and is parametrized by translations (along R× {0}) and

dilations of R4. That is,M(m, 1) is diffeomorphic to S2×R>0. From this results

we can deduce the result involving the Γ-action. That is, MΓ(k, 1) ∼= R>0. In

the second example we take M = S2 × R. The compactification of M can be

identified as S2 × S2. The S̃1-equivariant SU(2) bundle E over the compactified

space is then constructed from the complex line bundle O(1) → S2 (i.e. the

associate bundle of the standard Hopf bundle) as follows. The bundle O(n)

defined as O⊗n admits an S̃1-action when the weights ω0, ω∞ satisfy the condition

ω0 − ω∞ = −2n, n ∈ Z. Then we define a bundle O(n,m) also with S̃1-action as

O(n,m) = π∗1O(n) ⊗ π∗2O(m) where πi is the projection S2 × S2 → S2 onto the

i-th factor. The S̃1-equivariant SU(2) bundle E is then defined by

E = O(k,−k)⊕O(−k, k)

Following the definition in chapter 2, the mass and charge of the monopole can

be expressed in terms of the weights ω0, ω∞ and the order k and check the index

formula given in [B89]. Moreover, we study the local model of a monopole by

calculating the (leading term of the) Kuranishi map. Without the S̃1-action, we

have

H1(X,O(2k,−2k)) ∼= C4k2−1

and the (leading term of the) Kuranishi map is given by

q :H1(X,O(2k,−2k))⊕H1(X,O(−2k, 2k)) −→ R

(α, β) 7−→ 1

2
(||α||2L2 − ||β||2L2) .

Therefore a neighbourhood of [A] in the ASD instanton moduli space is given by

q−1(0)/ΓA =
{

(α, β) ∈ C4k2−1 ⊕ C4k2−1; ‖α‖2
L2 = ‖β‖2

L2

}
/U(1)

(1.0.3)

where ΓA is the stabiliser of A and U(1) acts by λ · (α, β) = (λα, λ−1β). That is,

the neighbourhood is a cone over the manifold

S8k2−3 × S8k2−3/U(1).
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This calculation is given in Braam’s work [B89] in less detail. In this thesis

we move on to calculate the Kuranishi map in the presence of the S̃1-invariance

condition. The addition of the S̃1-invariance condition does not change the com-

putation of the Kuranishi map. However, the S̃1-invariant part of the cohomology

groups H i
0 depends on the sign of k, ω0 and ω∞. In summary, there are five cases

to consider:

(1) ω0 > 0,

(2) ω0 < 0 and ω∞ = 0,

(3) ω0 < 0 and ω∞ > 0,

(4) ω0 < 0 and ω∞ < 0,

(5) ω0 = 0.

We calculate the (leading term of the) Kuranishi map in (1) and (4) is given

by

q : {point} −→ R;

in (2) and (5) the map is given by

q : 0⊕ C2k−1 −→ R

β 7−→ −1

2
‖β‖2

L2 .

All four cases are trivial as q−1(0) = {point}.The non-trivial case occurs when

ω0 < 0 and ω∞ > 0, we have

q : C2k+1 ⊕ C2k−1 −→ R,

(α, β) 7−→ 1

2

(
‖α‖2

L2 − ‖β‖2
L2

)
.

and q−1(0)/U(1) is a cone over the manifold

S4k+1 × S4k+1/U(1).

Finally for Γ = S1 we consider another Γ-action and describe the Γ-invariant

monopoles on S2×R. We apply the same method as before to calculate the local

model of a monopole in the moduli spaceMΓ(E). Four of the five cases turn out

to be trivial again and in the non-trivial case, we have

q : C⊕ C −→ R

(α, β) 7−→ 1

2

(
‖α‖2

L2 − ‖β‖2
L2

)
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and hence

q−1(0) = {(α, β) | |α|2 = |β|2}.

and thus (q−1(0)\{0})/ΓA = (q−1(0)\{0})/S1 is diffeomorphic to S1×R+. There-

fore a neighbourhood of monopole inMΓ(E) is a cone over S1. These two exam-

ples are discussed in [B89] without the addition of Γ-action.

In the last chapter we introduce briefly Sen’s conjecture. It is a topic of recent

interest on studying the L2 harmonic forms on the moduli space. The conjecture

is originally given in Sen’s physics paper [S94] to test the conjectured S-duality in

N = 2 supersymmetric Yang-Mills theory. The conjecture has been formulated

in mathematical language and explained in more detail in [H98], [SS95], [S96] and

some recent progress by Singer and . The topic may also be the author’s further

direction of research.



Chapter 2

Monopoles on 3-manifolds

2.1 Monopole-instanton correspondence

Following the setup of [B89], we start with a compact, oriented 3-manifold M̄

with a disjoint union of boundary surfaces ∂M = tjSj, j = 1, . . . , N . Each Sj is

a compact surface without boundary. Denote by M = M̄\∂M the interior of M̄ .

We assume M carries a complete Riemannian metric, which means the boundary

surfaces Sj lie at infinity.

Let Q→ M be a principal G-bundle. In this thesis we take G = SU(2). Let

A3 be a connection on Q, and Φ a section of adQ, called the Higgs field.

Consider the bundle Q× S1 →M × S1 where the S1-action fixes M and act

on the S1 part by rotation. Let Q× S1 → M × S1 be the pullback bundle of Q

under the projection map π : M × S1 →M . Then Q× S1 inherits the S1-action

(q, eiθ)g = (q, eiθg)

for (q, eiθ) ∈ Q×S1, g ∈ S1. Denote by ∂/∂θ the vector field on Q×S1 generated

by this S1-action, and dθ the dual one-form. Then every S1-invariant monopole

on Q× S1 can be uniquely written in terms of A3 as

A = π∗A3 + (π∗Φ)dθ(2.1.1)

To study non-trivial monopoles we introduce an S1-equivariant conformal

compactification X of M × S1, constructed X as follows: glue M × S1 and

tjSj×D2 by identifying Sj×S1×(1,∞) ⊂M×S1 with Sj×S1×(0, 1) ⊂ tjSj×D2

in an S1-equivariant way. The open set (1,∞) is identified with (0, 1) via the map

7



8 CHAPTER 2. MONOPOLES ON 3-MANIFOLDS

p 7→ 1/p. Here S1 acts on Sj × D2 by the standard rotation on D2 hence Sj is

the fixed point set. That is

X = (M × S1)
⋃

(tjSj ×D2)/ ∼ .

Observe that X\(M × S1) = ∪jSj. We can view X as M spun around its

boundary surfaces as indicate in Figure (2.1).

Figure 2.1: compactification of M × S1

The quotient map M̄ × S1 → X identifies Sj × S1 in M̄ × S1 with the

boundary of Sj ×D2. Therefore the construction of the bundle over X requires

an appropriate gluing of the fibres over Sj × S1. The SU(2)-bundle P over X is

formed by gluing all the fibres on the boundary surfaces to the fibre over Sj×{1}.
Equivalently, we choose a homomorphism f : S1 → SU(2) and each fibre over

some point x in Sj × S1 is identified to the fibre at Sj × {1}, 1 = id ∈ S1, as

indicated in Figure (2.2). The bundle P depends on the choice of f .

Figure 2.2: Construction of the bundle P
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Next we want to lift the S1-action on X to an action on P . Let A (P ) be

the space of connections on P and G (P ) be the group of gauge transformations.

Define H to be the group of all bundle automorphisms of P which cover the

action of some element θ of S1 on X, that is

H = {f : P → P, π ◦ f = θ ◦ π for some θ ∈ S1}.

To be more specific, we denote by fθ an automorphism covering the element θ.

fθ is called a lift for the action θ. Since S1 is connected, it is always possible to

find such a lift.

Lemma 2.1. fθ is unique up to gauge transformations.

Proof. It is clear that two different lifts of the same θ ∈ S1 differ by some element

in ϕ ∈ SU(2), that is f ′θ = ϕ · fθ. Since fθ and f ′θ are SU(2)-invariant,

f ′θ(p · g) = f ′θ(p) · g

and

fθ(p · g) = fθ(p) · g

for p ∈ P and g ∈ SU(2), then

f ′θ(p · g) = ϕ(p · g) · fθ(p · g)

⇒ f ′θ(p) · g = ϕ(p · g) · fθ(p · g).

This implies ϕ(p) = ϕ(p · g) and hence ϕ is a gauge transformation.

By definition, the gauge group G (P ) can be viewed as a subgroup of H and

we have the following short exact sequence

G (P ) −→H −→ S1(2.1.2)

where the first map is inclusion and the second is defined by fθ 7→ θ.

The above lemma implies S1 acts on the quotient space B∗ = A ∗(P )/G (P )

by pull-back, that is θ · [A] 7→ [f ∗θA].

Proposition 2.2. An equivalence class of connections [A] is a fixed point if and

only if there is an exact sequence

GA −→HA −→ S1(2.1.3)

where GA is the stabiliser of A and HA ⊂H is the set of bundle automorphisms

fixing A.
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Proof. If [A] is a fixed point, that is [f ∗θA] = [A], then for some ϕ ∈ G (P ),

ϕ∗f ∗θA = A

⇒ (fθ ◦ ϕ)∗A = A.

This means fθ ◦ ϕ is a lift of θ and hence the map HA → S1 is surjective.

Conversely, for any θ ∈ S1, there exists fθ ∈ HA which, by definition, fixes

A.

If we restrict to irreducible monopoles, then the stabiliser GA = {±1} (specific

to the case where the structure group is SU(2)). If the sequence

{±1} −→HA −→ S1

splits, we have HA
∼= Z2×S1. Otherwise it follows from the short exact sequence

that HA
∼= S1 is a non-trivial double cover of S1. We denote this double cover

by S̃1. The former case means the S1-action lifts to an S1-action, which is given

by the S̃1-action. Thus we consider only the latter case. Combining with the

calculation above, we arrive at the result that if [A] is an S1-fixed point in B∗,

then there is a unique S̃1-action stabilising A (which is represented by fθ ◦ ϕ
above). Also the S1-action lifts to the double cover action on the bundle P .

Lemma 2.3. Given a connection A3 and a bundle endomorphism Φ, (A3,Φ)

satisfies the Bogomolny equation (1.0.1) with boundary condition (1.0.2) if and

only if there exists an S1-equivariant bundle P on which A := A3 + Φdθ is S1-

invariant and satisfies the anti-self-dual equation

FA = − ∗4 FA(2.1.4)

Proof.

FA = dA+ A ∧ A
= d(π∗A3) + d(π∗Φ) ∧ dθ + π∗(A3 ∧ A3) + π∗(A3 ∧ Φdθ) + π∗(Φdθ ∧ A3)

= (π∗dA3 + π∗(A3 ∧ A3)) + π∗(dΦ) ∧ dθ + π∗(A3 ∧ Φdθ) + π∗(Φdθ ∧ A3)

= π∗(FA3) + π∗(dΦ) ∧ dθ + π∗(A3 ∧ Φdθ) + π∗(Φdθ ∧ A3)

Acting ∗4 on both sides gives

∗4(FA) = ∗4

(
π∗(FA3) + π∗(dΦ) ∧ dθ + π∗(A3 ∧ Φdθ) + π∗(Φdθ ∧ A3)

)
.

Since the first term π∗(FA3) is independent of dθ,

∗4π
∗(FA3) = ∗3(π∗(FA3)) ∧ dθ.
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Then we have

∗4(FA) = ∗3(π∗(FA3)) ∧ dθ + ∗3

(
π∗(dΦ) + π∗(A3 ∧ Φ) + π∗(Φ ∧ A3)

)
.

This implies

FA + ∗4FA = π∗(FA3) + π∗(dΦ) ∧ dθ + π∗(A3 ∧ Φdθ) + π∗(Φdθ ∧ A3)

+ ∗3 (π∗(FA3)) ∧ dθ + ∗3

(
π∗(dΦ) + π∗(A3 ∧ Φ) + π∗(Φ ∧ A3)

)
= π∗(dA3Φ + ∗3FA) + (dA3Φ + ∗3FA).

It remains to check that an anti-self-dual connection A satisfies the boundary

condition (1.0.2).

YM(A) =
1

16π2

ˆ
X

|FA|2dVX

=
1

16π2

ˆ
Uε(Sj)

|FA|2dVUε(Sj) +
1

16π2

ˆ
X\Uε(Sj)

|FA|2dVX\Uε(Sj)

where Uε(Sj) is a ε-neighbourhood of Sj in X. Since A := π∗A3 + (π∗Φ)dθ, we

have FA = π∗FA3 + dA3π
∗Φdθ and π∗FA3 does not contain the dθ component, so

|FA|2 = |π∗FA3 + π∗dA3Φdθ|2

= |π∗FA3 |2 + |π∗dA3Φdθ|2

= |FA3|2 + |dA3Φ|2.

As ε→ 0, the first integral tend to zero becasue |FA|2 is finite and the volume of

Uε(Sj) in X tends to zero and the second integral becomes

lim
ε→0

1

16π2

ˆ
X\Uε(Sj)

|FA|2dVX\Uε(Sj) =
1

16π2

ˆ
M×S1

|FA|2dVX\Uε(Sj)

=
1

16π2

ˆ
S1

ˆ
M

|FA|2dVX\Uε(Sj)dθ

=
1

8π

ˆ
M

|FA|2dVX\Uε(Sj)

=
1

8π

ˆ
M

|FA3 |2 + |dA3Φ|2dvolM

= E(A3,Φ),

Hence E(A3,Φ) is finite.
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Definition 2.4. An SU(2)-monopole on P is an S1-invariant instanton on P .

The monopole moduli space M(P ) is the space

M(P ) = {S1-invariant instantons}/G (P )S
1

.

where G (P )S
1

= Γ(X,P ×Ad G)S
1

is the group of gauge transformation on P

satisfying π ◦ f = θ ◦ π where π : P →M is the projection and θ ∈ S1.

To better understand the monopole moduli space, we now aim to study

the space {S1-invariant instantons}/G (P )S
1
. The first step is to classify S̃1-

equivariant SU(2) bundles on X. We start by introducing two important topo-

logical invariants of the equivariant bundle P , namely the mass and charge of a

monopole.

By definition, the mass mj is the value of the Higgs field Φ when x → Sj.

That is,

mj = lim
x→Sj

|Φ(x)| = lim
x→Sj

∣∣∣∣A(
δ

δθ
)(x)

∣∣∣∣(2.1.5)

where A := A3 + Φdθ and j = 1, . . . , N .

This means mj corresponds to the value of |A(∂/∂θ)| as x→ Sj where ∂/∂θ

is the vector field generated by the S1-action.

Lemma 2.5. mj is integer valued.

Proof. Identify the fibre P |x at x with G by p 7→ id ∈ G. The family of S1-actions

on the orbit of p, which is isomorphic to S1, is parametrized by an integer-valued

winding number. That is for q ∈ p · S1 and θ ∈ S1,

q · θ = qewiθ

for some winding number w ∈ Z>0.

Since p is identified to id ∈ G, ∂
∂θ
|p ∈ TpP |x ∼= TidG = g. Therefore

A

(
∂

∂θ

∣∣
p

)
=

∂

∂θ

∣∣
p

and by definition

∂

∂θ

∣∣
p

=
∂

∂θ

∣∣
id

:=
∂

∂θ

∣∣
θ=0

ideωiθ = wi.

Together we have ∣∣∣∣A( ∂

∂θ

∣∣
p

)∣∣∣∣ = |wi| = w.

Then (2.1.5) implies the desired result.
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Let E = P ×SU(2) C2 where S̃1 acts on C2 by fundamental representation

of SU(2). The fibres of E|Sj can be identified as R4 which can be split into

two subspaces isomorphic to R2 with one being rotated by the S̃1-action and its

orthogonal complement. This means S̃1-action splits E|Sj into two complex line

bundles Lj and L∗j , i.e.

E|Sj = Lj ⊕ L∗j(2.1.6)

The splitting (2.1.6) is well-defined only for non-zero monopole mass. If the mass

m = 0, then S̃1-action is trivial on the Lj. This means E|Sj is trivial as an

S̃1-equivariant bundle.

The proof above tell us that an alternative definition of mj is the winding

number of the action on the line bundles and the action can be explicitly written

as

S̃1 −→ Aut(Lj ⊕ L∗j)

θ 7−→

(
eimjθ 0

0 e−imjθ

)
.(2.1.7)

This description amounts to a geometric definition for the mass of a monopole:

Proposition 2.6. The mass m of a monopole is the winding number of the S̃1-

action on the complex line bundle Lj.

Next we define the charge of a monopole:

Definition 2.7. The charge kj of a monopole is defined by the relation

kj · xj = c1(L∗j) ∈ H2(Sj;Z) ∼= Z, j = 1, . . . , N.

where xj is a positive generator of H2(Sj;Z).

If monopole mass m = 0 then naturally the charge is undefined.

Proposition 2.8. (Proposition 2.1 of [B89])

Isomorphism classes of S1-equivariant SU(2)-bundles on X are in one-to-one

correspondence with tuples of integers ((m1, . . . ,mN), (k1, . . . , kn)) = (mj, kj)j=1,··· ,N

where kj ∈ Z is undefined for mj = 0, the mj ∈ Z≥0 are all either even or odd.

For the proof of this proposition, we need the following result:

Lemma 2.9. All SU(2)-bundles over 3-manifolds are trivial.
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The idea is that any transition function is homotopic to identity.

Proof. The idea is to consider the open cover (M × S1) ∪ NSj, where NSj is a

tubular neighbourhood of Sj (which also is a normal bundle over Sj), of X and

examine isomorphism classes over each bundle and and consider the gluing map.

Define P ′ as the pull-back of P by the double cover map p : M×S̃1 →M×S1,

i.e.

P ′ = p∗P |M×S1 =
{

((x, θ), q) ∈ (M × S̃1)× P |M×S1 ; p(π, θ) = (π, sθ), π(q)
}
.

There is an S̃1-action on P ′ covering the S̃1-action on M × S1 and this action

is free. Then we can define a bundle P ′′ to be P ′/S̃1, which means P ′ is the

pull-back bundle of P ′′ by the quotient map. According to the following lemma,

P ′′ is a trivial bundle, so we can write P ′′ ∼= M ×SU(2). It follows that P ′ is also

trivial (pull-back of a trivial bundle is trivial) and we have P ′ = M× S̃1×SU(2).

We claim that all S̃1-action on P ′ is in the same isomorphism class.

Let φ̃1 : S̃1 → Aut(P ′) be the action that fixes SU(2) and φ̃2 : S̃1 → Aut(P ′)

be any S̃1-action on P ′. The claim is true if there exists a gauge transformation

h̃ : M × S̃1 → SU(2) and θ ∈ S1 such that φ̃2(θ) ◦ h̃ = h̃ ◦ φ̃1(θ) . In other words,

the claim is true if the following diagram commutes.

For x ∈M , ξ, θ ∈ S̃1 and g ∈ SU(2)

φ̃2(θ) ◦ h̃(x, ξ, g) = φ̃2(θ)(x, ξ, h̃(x, ξ)g)

= (x, ξ + θ, φ̃2(θ)h̃(x, ξ)g)

and

h̃ ◦ φ̃1(θ)(x, ξ, g) = h̃(x, ξ + θ, g)

= (x, ξ + θ, h̃(x, ξ + θ)g).
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We now choose the gauge transformation to be h̃(x, ξ) := φ̃2(ξ), then

(x, ξ + θ, φ̃2(θ)h̃(x, ξ)g) = (x, ξ + θ, φ̃2(θ)φ̃2(ξ)g)

= (x, ξ + θ, φ̃2(θ + ξ)g)

= (x, ξ + θ, h̃(x, ξ + θ)g).

Hence the diagram commutes.

Now we come back to consider the action on P . Let φ1 and φ2 be the S̃1-

action on P |M×S1 induced by φ̃1 and φ̃2 respectively. Similarly, φ1 and φ2 are

equivalent if and only if there exists a S̃1-equivariant gauge transformation h on

P |M×S1 such that φ2(θ) ◦ h = h ◦ φ1(θ). We have a canonical choice of h as the

gauge transformation induced by h̃. Since P |M×S1 = P ′/Z2, this can happen only

when h̃ is Z2-equivariant, that is h̃(−x,−ξ) = h̃(x, ξ).

Note that the S̃1-action on P |M×S1 may not be free because −1 ∈ S̃1 can act

either as +id or −id on P |M×S1 . We consider two cases:

1. φ1(−1) and φ2(−1) has the same sign, i.e. φ1(−1) = φ2(−1) = ±id,

2. φ1(−1) and φ2(−1) has different sign, i.e. φ1(−1) = ±id, φ2(−1) = ∓id.

Since φi are induced from φ̃i, we also have φ̃1(−1) = φ̃2(−1) = ±id for the

first case, which gives

φ̃2(−1) ◦ h̃(x, ξ, g) = φ̃2(−1)(x, ξ, h̃(x, ξ)g)

= (x, ξ + π,±h̃(x, ξ)g)

and

h̃ ◦ φ̃1(−1)(x, ξ, g) = h̃(x, ξ + π,±g)

= (x, ξ + π,±h̃(x, ξ + π)g).

This means h̃ commutes with −1-action, hence h̃ is Z2-equivariant.

For the second case, assume φ1(−1) = −id, φ2(−1) =id, and for any gauge

transformation h : P |M×S1 → P |M×S1 (we no longer require h to be induced from

h̃ in this case) we have

h ◦ φ1(−1)(q) = h(−q) = −h(q)

and

φ2(−1) ◦ h(q) = h(q).
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This mean h ◦ φ1(−1)(q) = φ2(−1) ◦ h(q) if and only if h(q) = −h(q) which is

never true because the gauge group is isomorphic to SU(2) and 0 /∈ SU(2).

We conclude that the number of isomorphism classes of S̃1-action on P |M×S1

depends on the sign of the −1-action.

Next we consider the part P |NSj . Denote by E|NSj the associate bundle of

P |NSj .
Since Sj is the boundary surface, it can be view as an “end” of M . This

means a tubular neighbourhood of Sj in M can be written as (N,∞) × Sj for

some N ∈ R≥0. In the manifold X, this neighbourhood is

(N ×∞]× Sj × S1/(∞, x, θ1) ∼ (∞, ξ, θ2) ∼= Sj ×D2 ∼= Sj × C.

So the normal bundle over Sj is a trivial bundle. Let p1 : Sj × C → Sj be

the projection map. We claim that there exists an S̃1-equivariant isomorphism

between E|NSj and p∗1(E|Sj).
Denote by ι the inclusion map Sj ↪→ Sj × C.

p∗1(E|Sj) E|Sj E|Sj×C

Sj × C Sj Sj × Cp1 ι

Since (ι ◦ p1)∗(E|Sj×C) ∼= p∗1(E|Sj) and ι ◦ p1 ' idSj×C, we have p∗1(E|Sj) ∼=
E|Sj×C. The same argument also gives E|Sj×[0,∞)

∼= p∗1(E|Sj). Denote the isomor-

phism by f : E|Sj×[0,∞) → p∗1(E|Sj).
We now construct the S̃1-equivariant isomorphism f̃ : E|Sj×[0,∞) → p∗1(E|Sj)

from f . For any q ∈ ESj×C with π(q) = (x, v) ∈ Sj × C, there exists θ ∈ S̃1

such that π(θ, q) = (x, |v|). In other words, θ rotates the plane C such that v is

mapped to [0,∞).

Define f̃(q) := θ−1f(θ, q). We check that

1. f̃ is well-defined and

2. f̃ is S̃1-equivariant.

For any q ∈ E|Sj×C, there exists two elements θ, θ′ ∈ S̃1 that rotates the plane

C such that v is mapped to [0,∞).
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f̃ is well-defined if

θ−1f(θq) = θ′−1f(θ′q).(2.1.8)

It is easy to see that θ′ = −θ, so (2.1.8) amounts to

−θ−1f(−θq) = θ−1f(θq).(2.1.9)

Since f is fibre-wise linear, it acts by multiplication by SU(2)-matrix, and −id ∈
Z(SU(2)). Therefore f(−θq) = −f(θq) and (2.1.9) is satisfied.

Note that f̃ is S̃1-equivariant means f̃(θ1q) = θ1f̃(q) for all θ1 ∈ S̃1.

By construction, we have

θ1q
θθ−1

17−−→ θq 7−→ f(θq) 7−→ θ−1f(θq) = f̃(q)(2.1.10)

This proves the S̃1-equivariance of f̃ and proves the claim.

We show now that the S̃1-equivariant isomorphism classes of S̃1-equivariant

SU(2)-bundles on Sj are in one-to-one correspondence with the set {(mj, kj)|mj ∈
Z≥0}. That is the map φ 7→ (mj, kj) is bijective.

Remark that there is a bijection between the isomorphism classes of line bun-

dles over X and element of H2(X,Z), which associate a line bundle to its first

Chern class. Therefore given any pair (mj, kj), there is a unique line bundle L∗j
with c1(L∗j) = kj · xj. This mean the map φ 7→ (mj, kj) surjective ¬.

For injectivity, suppose φ1 7→ (mj, kj) and φ2 7→ (mj, kj) (here φ1 and φ2 are

not related to the construction above and simply means two different S̃1-actions).

Then same kj means φ1 and φ2 splits E|Sj identically, say into Lj ⊕L∗j and same

mj means φ1, φ2 act on Lj and L∗j identically. This means φ1 = φ2.

Finally, we need an S̃1-equivariant transition function to glue the two parts

together. Note that (M × S1) ∩ NSj = Sj × (C\{0}) and the bundle over Sj

¬Here j is a fixed value, same goes for next paragraph when we discuss further about this

map.
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is trivial (SU(2) bundles over 2-manifolds are trivial) and so is the bundle over

Sj×(C\{0}) because it can be viewed as the pull-back bundle under the projection

map. Then we can write the transition function as a map

γ : Sj × (C\{0}) −→ SU(2).

Similarly to the argument used before in showing f̃ is S̃1-equivariant, γ being

S̃1-equivariant amounts to the induced map

γ̃ : Sj × (C\{0}) −→ SU(2)

being Z2-equivariant. We claim that such map exists if an only if either of the

following condition is true

• mj is odd and −1 ∈ S̃1 acts on M × S1 as −id, or

• mj is even and −1 ∈ S̃1 acts on M × S1 as id.

Figure 2.3: gluing of the the bundles over M × S̃1 and NSj (θ chosen to be −1),

the commutativity of the diagram determines the action.

It follows from the explicit form (2.1.7) that if −1 ∈ S̃1 act as id, then mj

must be odd for otherwise the map h(p)g is not mapped to h(p)(−g). Similarly,

if −1 ∈ S̃1 act as −id, then mj must be even for the diagram to commute.

Suppose now that mj is odd and −1 ∈ S̃1 acts on M × S1 as −id
Since P |Sj×(C\{0}) is trivial, there exists an isomorphism

Sj × [0,∞) −→ SU(2).

Now if one of two conditions above is satisfied, we can prove this map is Z2-

equivariant in the same way we proved the h̃ before is Z2-equivariant. This

concludes the proof of Proposition 2.8.
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Denote the S̃1-actions on P by φj : S̃1 → H. Then the monopole moduli

space is ⋃
j∈J

(A ∗
j )ASD/Gj.

Here J denotes the index set from proposition 2.8. Next lemma tells this space

is in fact the S1-invariant instantons.

Lemma 2.10. The map
⋃
j∈J

Aj/Gj −→ (B∗)S1

= (A ∗/G (P ))S
1

is a bijection.

Proof. [A] ∈ (B∗)S1
is, by definition, fixed by S1-action and so is fixed by some

φj, hence the map is surjective.

Suppose A0 ∈ A∗j0 , A1 ∈ A∗j1 are different elements in
⋃
j∈J Aj/Gj (j0 6= j1)

and they are mapped to the same point in (B∗)S1
, i.e. [A0] = [A1] or equivalently

A0 = g∗A1 for some g ∈ G .

Since [A1] is a fixed point in (B∗)S
1
, there is a unique action φA1 stabilising

A1. A1 ∈ A∗j1 implies φA1 = φj1 and similarly φA0 is stabilised by φj0 . It follows

that A0 = g∗A1 is stabilised by g−1φj1g. The uniqueness of the stabiliser gives

φj0 = g−1φj1g. Therefore the map is injective.

The constraints mj, kj for monopole and c2(P ) for the instanton are also

related. The relation is given explicitly by

Proposition 2.11.

c2(P ) =
∑
j

mjkj.(2.1.11)

Proof. The equivariant second Chern class of E = P ×SU(2) C2 restricted to Sj is

given by

ceq
2 (E|Sj) =

∑
j

ceq
2 (Lj ⊕ L∗j)

=
∑
j

ceq
1 (Lj)c

eq
1 (L−1

j )

= (−1)N
∑
j

ceq
1 (L−1

j )2.

L−1
j , as a complex line bundle over Sj, is trivial, hence

ceq
1 (L−1

j ) ∈ H2
S̃1(Sj)
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and

ceq
1 (L−1

j ) = c1 + fu

where f is a function and u ∈ H2
S1(point) ⊂ H2

S1(Sj) ∼= H2(Sj)[u]

Let V be the vector field generated by S̃1-action and ιV contraction by V ,

then we have the following deduction

(d− ιV )(c1 + fu) = 0

⇒ ιV c1 − df = 0

⇒ df = 0

⇒ f = −mj

Therefore ceq
1 (L−1

j ) = c1 −mju.

Since NSj ∼= Sj × C is a pull-back of the complex line bundle over a point,

c1(NSj) = u and thus

ceq
1 (L−1

j ) = kjxj −mju.

Denote by eSj the Euler class of NSj, the localization formula (cf. [AB84]) gives

c2(P ) = c2(E) =

ˆ
X

ceq
2 [(c2(E)](0)

=
∑
j

ˆ
Sj

[
ceq

2 (e|Sj)
e|Sj

]
(0)

=
∑
j

ˆ
Sj

[
−(kjxj −mju)2

e|Sj

]
(0)

=
∑
j

ˆ
Sj

[
−(kjxj −mju)2

2u

]
(0)

=
∑
j

mjkj

In the last line of the calculation we have eSj = 2u because the S̃1-action on

the normal bundle NSj is rotation by 2-cycles.

2.2 Deformation theory of monopoles

The aim of this section is to study the local geometric structure of the monopole

moduli space. We will construct a local slice of the gauge group action.
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The space of connections A (P ) is an affine space modelled on the vector space

Ω1(adP ) = Γ(T ∗X ⊗ adP ), that is by fixing some smooth connection A we can

write A (P ) = A + Ω1(adP ). The completion of the space A (P ) is defined by

the completion of the space Ω1(adP ), that is

Ap,k = A+ Lpk(Ω
1(adP )).

Again we are interested in the S̃1-fixed point set. Here we assume A is S1-

invariant. This is called the configuration space and is denoted by

Ck,p(P ) = Ap,k(P )S̃
1

.

Proposition 2.12. Ck,p(P ) is a closed affine Banach manifold.

Proof. Let θ ∈ S̃1, from the map

fθ : Ap,k(P ) −→ Lpk(Ω
1(adP ))

A 7−→ θ∗A− A,

we see that Ck,p(P ) = ∩
θ∈S̃1

f−1
θ (0). Since fθ is continuous, f−1

θ (0) is closed and so

is the intersection.

To show the affinity part, it suffices to prove that for A+a and A+b ∈ Ck,p(P ),

A+const.a ∈ Cp,k(P ) and A+ (a+ b) ∈ Cp,k(P ).

θ∗(A+ const.a) = θ∗(A) + θ∗(const.a)¬

= A+ const.a .

The second equality follows from the linearity of the map θ∗. Since θ∗(A +

a) = A + a, then A + θ∗a = A + a which, in turn, implies θ∗a = a. Therefore

A+ const.θ∗a = A+ const.a, which means A+ const.a is fixed by the S̃1-action.

Similar calculation also shows

θ∗(A+ a+ b) = A+ θ∗a+ θ∗b = A+ a+ b.

¬Here S̃1 acts on a not as a 1-form on X but as a Lie algebra-valued 1-form on P . The

correspondence is defined as follows:

Let f ∈ Ω1(X, adP ), f(v) = [p, ξ], v ∈ TxX, ξ ∈ g, fix a p ∈ Px. The correspondence is given

by the map

Ω1(X, adP )→ Ω1(P, g)

f 7→
(
ω

dπ|p7−−−→ dπ|p(ω)
f7−→ [p, ξ]

fixing p7−−−−−→ ξ, ω ∈ TpP
)
.
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Denote the space of S̃1-invariant Lp,k i-forms of the bundle adP as

W i
p,k = Lpk(Ω

i(adP ))S̃
1

.

W 1
p,k is the underlying vector space of Ck,p(P ).

Here the AHS complex associated to an Lp,k-connection A is given by

W 0
p,k+1

dA−→ W 1
p,k

d+A−→ W 2,+
p,k−1,(2.2.1)

where d+
A is the covariant derivative composed with a projection P+ onto the

self-dual part.

Denote by Lp,k+1(Γ(adP )) the completion of the space of Lpk+1-sections of the

vector bundle adP . Since Lie(G (P )) ∼= Γ(adP ), we define the group of Lpk+1-gauge

transformations Gp,k+1(P ) as the image of Λp,k+1(Γ(adP )) under the exponential

map. Denote the S̃1 invariant part Gp,k+1(P )S̃
1

as GAp,k+1(P ). By lemma 4.4.3

of [M98], for k + 1 − 4/p ≥ 0, Gp,k+1(P ) acts smoothly on the space Ap,k(P ) of

Lpk-connections on P . The result holds when restricting all spaces to their S̃1

invariant part.

Proposition 2.13. (Theorem 3.1 [B89]) The slice at a point [A] ∈ Ck,p(P ) for

the action GAp,k+1(P ) exists and is given by the affine space A+W where W is

a small neighbourhood of 0 ∈ HA ≡ W 1
p,k ∩ ker(d∗A).

The quotient space Bp,k(P ) = Cp,k(P )/GAp,k+1(P ) is a smooth manifold away

from the reducible monopoles.

The proof of the first part is an application of the slice theorem.

To study the anti-self-dual connections, fix some monopole A0 ∈ Cp,k(P ) and

consider the map

K : HA0 −→ W 2,+
p,k−1

a 7−→ P+F (A0 + p) = P+(F (A0) + dA0a+ a ∧ a).

By construction the zeros of K are the anti-self-dual connections. We employ

the standard Lyaunov-Schmidt reduction technique. The idea is to decompose

the domain in a way such that K is isomorphic on one summand.

Denote by H i
0 the S1-invariant part of the i-th cohomology of the complex

(2.2.1), that is

H1
0 = ker(d+

A0
) ∩W 1

p,k

/
im (dA0) ∩W 1

p,k,

H2
0 = W 2,+

p,k−1/im(d+
A0

) ∩W 2,+
p,k−1.
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Consider the decomposition,

HA0 = H1
0 ⊕

(
W 1
p,k/ker(d+

A)
)

= H1
0 ⊕

(
im(d+

A)∗ ∩W 1
k,p

)
W 2,+
p,k+1 = VA0 ⊕

(
im(d+

A) ∩W 2,+
p,k−1

)(2.2.2)

where VA0 is a finite dimensional subspace of W 2,+
p,k−1 such that the L2 projection

to the S̃1-invariant part H2
0 is an isomorphism. Denote

C = im(d+
A0

)∗ ∩W 1
p,k, I = im(d+

A0
) ∩W 2,+

p,k−1.

By definition, d+
A0

= dK
da
|0 is the linearisation of K, so we have

dKA0 = d+
A0
|C : C −→ I.(2.2.3)

Since W 1
p,k = im(dA0)⊕HA0 = im(dA0)⊕H1

0⊕C = ker(d+
A0

)⊕C, then ker(d+
A0
|C) =

0. Also d+
A0

(C) = d+
A0

(W 1
p,k) implies coker(d+

A0
|C) = 0. Therefore dKA0 is an

isomorphism. Then we can apply the implicit function theorem to obtain a dif-

feomorphism

η : H1
0 −→ C

which induces the map

f : H1
0 −→ H1

0 ⊕ C
a 7−→ ã = (a, η(a))

such that K(ã) = K(a, η(a)) = 0.

Figure 2.4: the implicit function theorem guarantees that there exists ã in a

neighbourhood of a such that K(ã) = (·, 0) in the decomposition VA0 ⊕ I.

We also have two important estimates given by the implicit function theorem

||a− ã|| = O(a2)∣∣∣∣∣∣∣∣dãda − id

∣∣∣∣∣∣∣∣ = O(a).
(2.2.4)
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Using this map, we define the Kuranishi map:

φ : H1
0 (−→ H1

0 ⊕ C) −→ VA0

a (
η7−→ ã )

K7−→ K(ã)(2.2.5)

Since η is a diffeomorphism, imφ is diffeomorphic to some local neighbourhood

of 0 ∈ H1
0 . It follows from estimate (2.2.4) that locally K−1(0) ∼= φ−1(0) and in

turn, φ−1(0) quotient by the stabiliser ΓA of A is a neighbourhood of [A] in the

moduli space M.

Finally, the leading term of φ is described explicitly in chapter IV(i), [D86].

Let ω ∈ H2
A0

be a solution of the adjoint equation d∗A0
ω = 0 (i.e. ω ∈ Ker(d+

A0
)∗),

the equation φ(a) = 0 is equivalent to 〈ω, φ(a)〉L2 = 0 and

〈ω, φ(a)〉L2 = 〈ω, P+(dAã+
1

2
[ã, ã])〉L2

= 〈ω, 1

2
[ã, ã]〉L2

= 〈ω, 1

2
[a, a]〉L2 +O(a3).

Hence φ can be approximated (in C1) by the quadratic term qω(a) = 〈ω, 1
2
[a, a]〉L2 .

By the stability theorem for submersions, if 0 is regular value of the map

q : H1
0\{0} −→ (H2

0 )∗,

then the zero set φ−1(0) of φ is homeomorphic to the zero set q−1(0) of q. This

means the local neighbourhood of [A] can be described by studying the map q.

2.3 Smoothness of the monopole moduli space

In this chapter we prove that for a generic S1 invariant metric on X, the

module space of irreducible instantons are smooth manifolds. We will follow the

proof in [FU84], which gives the result without the S1 invariance condition. The

extra treatment needed for the S1 invariance condition is studied in detail in

[C91], we will use Cho’s result to complete the proof.

The reason we need to consider the metric on X is because of the fact that

not all metric gives the moduli space as smooth manifolds. Define the parameter

space D = Ck(GL(TX)). Then an element ϕ ∈ D is an Ck automorphism of

the tangent bundle and therefore acts on a metric g on X by pullback. That is

ϕ(g) := ϕ∗g is a metric on X. We assume ϕ is symmetric so that the action is
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unique. To verify this is the metric space we need to check two defining properties

of a metric and the fact that all metrics are realised in this fashion.

Let ϕ ∈ D and g be a metric on X. For any x1, x2 ∈ X, ϕ(g) is

• positive-definite because x1 = x2 implies ϕ∗g(x1, x2) := g(ϕ(x1), ϕ(x2)) = 0;

• linear because g(ϕ(ax1), ϕ(x2)) = ag(ϕ(x1), ϕ(x2))

Let g, h be two metrics on X. For all p ∈ X,

gp : TpX × TpX −→ R, hp : TpX × TpX −→ R.

By fixing a basis {x1, x2, . . . , xn} on TpX, gp and hp can be viewed as n×n sym-

metric positive-definite matrices, and so there exists a unique symmetric matrix

A ∈Mn×n such that hp = ATgpA.

Define

P : A ∗
2,l−1 ×D −→ L2

l−2

(
∧2
−(gP )

)
(A,ϕ) 7−→ P−

(
(ϕ−1)∗FA

)
Here A ∗

2,l−1 is the irreducible part of A2,l−1. Observe that P(A,ϕ) = 0 if and

only if FA is self-dual with respect to ϕ∗g. The following proposition, together

with the preimage theorem (see section 1.4 of [GP74]), implies that P−1(0) is a

smooth manifold.

Proposition 2.14. P is smooth and has zero as a regular value for large enough

l.

Proof. P is quadratic in A as the map A 7→ FA is quadratic in A. Since

(ϕ−1)∗(dxi ∧ dxj) = dxi ∧ dxj(ϕ(v1), ϕ(v2)), P is also quadratic in ϕ. There-

fore P is smooth.

We prove 0 is a regular value by showing that d(A,ϕ)P is surjective for any

(A,ϕ) with P(A,ϕ) = 0 or equivalently, coker(dP) = 0.

By definition, dP is the map

TA(A∗2,l−1)⊕ TϕD = Ω1(adP )× Cq(End(TX)) −→ Ω2,−(adP ).

Let Φ ∈ coker(dP(A,ϕ)). Our first step is to identify coker(dP) as a subspace

of Ω2,−,ϕg
l−2 (adP ) in order for some of the calculations in this proof to make sense.

That is we want to see Φ as a function in Ω2,−,ϕg
l−2 (adP ) as opposed to a functional

in the L2-dual of Ω2,−,ϕg
l−2 (adP )¬.

¬Recall that cokernel of an operator (with closed image) can be defined as the kernel of the

adjoint operator so Φ, by this defintion, is a functional in L2-dual of Ω2,−,ϕg
l−2 (adP )
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We split the map along connections and frames:

d(A,ϕ)P = ∂1P(A,ϕ) ⊕ ∂2P(A,ϕ)

where ∂1P is the partial derivative map

∂1P(A,ϕ) : Ω1(adP ) −→ Ω2,−(adP )

f 7−→ P−
(
(ϕ−1)∗df

)
and ∂2P is the partial derivative map

∂2P(A,ϕ) : Cq(End(TX)) −→ Ω2,−(adP )

h 7−→ P−
(
(ϕ−1)∗(h∗FA)

)
.

We claim im∂1P(A,ϕ) is closed and has finite codimension in Ω2,−(adP ) so that

imdP ⊂ im∂1P is also closed of finite codimension. This in turn implies coker(dP) ⊂
coker∂1P . As coker(∂1P) is a subspace of Ω2,−,ϕg

l−2 (adP ), so is coker(dP).

Proof of claim: Since

∂1P(A,ϕ)(a) =
∂

∂A

(
P−(ϕ−1)∗FA

)
= P−(ϕ−1)∗

∂

∂A
(dA+ A ∧ A)

= P−(ϕ−1)∗ lim
t→0

1

t
(d(A+ ta) + (A+ ta) ∧ (A+ ta)− dA− A ∧ A)

= P−(ϕ−1)∗ (da+ A ∧ a+ a ∧ A)

= P−(ϕ−1)∗dAa ≡ d−,ϕgA ,

∂1P fits into the elliptic complex

Ω0(adP )
dA−→ Ω1(adP )

d−,ϕgA−−−→ Ω2,−,ϕg(adP ).(2.3.1)

Since

kerd∗A = Ω1(adP )/imdA

and imdA is mapped to zero by d−,ϕgA , we have

im(d−,ϕgA |kerd∗A
) = im(d−,ϕgA ).

Therefore coker(d−,ϕgA ) has finite codimension.
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For a ∈ Ω1
l−1(adP ), we can now have the following calculation

0 =

ˆ
X

〈a, (∂1P(A,ϕ))
∗Φ〉g

=

ˆ
X

〈(∂1P(A,ϕ))a,Φ〉g

=

ˆ
X

〈(P−(ϕ−1)∗dAa,Φ〉g

=

ˆ
X

〈(P−(ϕ−1)∗dAa,Φ〉ϕg

Since Φ is anti-self-dual (and so is ϕ∗Φ), then 〈ϕ∗P+(ϕ−1)∗dAa, ϕ
∗Φ〉ϕ∗g = 0.

Thus ˆ
X

〈(P−(ϕ−1)∗dAa,Φ〉ϕg

=

ˆ
X

〈(P−(ϕ−1)∗dAa,Φ〉ϕg + 〈(P+(ϕ−1)∗dAa,Φ〉ϕg

=

ˆ
X

〈dϕgA a, ϕ
∗Φ〉ϕg

=

ˆ
X

〈a, ϕ∗Φ〉ϕg

By the elliptic regularity theorem, Φ is continuous, then so is d∗,ϕgA ϕ∗Φ. Since a

is arbitrary,
´
X
〈a, ϕ∗Φ〉ϕg = 0 implies d∗,ϕgA ϕ∗Φ = 0 for otherwise one can choose

a to be a bump function at a point p where d∗,ϕgA ϕ∗Φ is non-zero contradicts the

premise.

Also Φ ∈ coker(∂2P(A,ϕ)), then fore any r ∈ Cq(End(TX))

0 =

ˆ
X

〈r, (∂2P(A,ϕ))
∗Φ〉g

=

ˆ
X

〈∂2P(A,ϕ)(r),Φ〉g

=

ˆ
X

〈P−(ϕ−1)∗r∗FA,Φ〉g

=

ˆ
X

〈r∗FA,Φ〉ϕg.

It follows that
´
X
〈r∗FA,Φ〉ϕg = 0 for all r by the same reason as above.

Since FA ∈ Ω2,+,ϕg(adP ), ϕ∗Φ ∈ Ω2,−,ϕg, lemma 3.7 of [FU84] implies that

imFA and imϕ∗Φ are perpendicular with respect to inner product in g. Let

U ⊂ X be a open subset, we can regard FA and ϕ∗Φ as Lie-algebra valued

functions

FA :
∧2,+,ϕg

TU → g , ϕ∗Φ :
∧2,−,ϕg

TU → g.



28 CHAPTER 2. MONOPOLES ON 3-MANIFOLDS

If there exists p ∈ U at which imFA is non-zero, then either imFA or imϕ∗Φ at p

has dimension one. We also have the following four identities

dAFA = 0,

d∗AFA = 0,

dAϕ
∗Φ = 0,

d∗Aϕ
∗Φ = 0,

which implies that FA and ϕ∗Φ are solutions of the operator dAd
∗
A + d∗AdA. By

unique continuation property of elliptic differential operators, neither FA nor

ϕ∗Φ vanishes on an open set unless they vanish identically. Together, rankFA

and rankϕ∗Φ must add up to 3. We now show the result in each possible case of

rank combination.

Assume Φ 6= 0, this means there exists p ∈ U such that rankϕ∗Φ > 0 at

p. Suppose first that rankFA = 2 and rankϕ∗g = 1 at p. This means there

is neighbourhood V of p such that rankFA ≥ 2 and so rankϕ∗Φ = 1 on V

(which in turn implies rankFA = 2). Thus we can write ϕ∗Φ = α ⊗ u for some

α ∈ Ω2,−,ϕ∗g(V ), u ∈ Γ(V, ad(P |V )). Set |u(x)| = 1 for all x ∈ V ¬. We have

0 = dA(ϕ∗Φ) = dA(α⊗ u) = dα⊗ u+ α ∧ dAu

and

0 = d〈u, u〉g = 〈du, u〉g + (−1)deg(u)〈u, du〉g = 2〈du, u〉g

where 〈u, u〉g refers to the function

V −→ g

x 7−→ 〈u(x), u(x)〉g.

Together, we have

0 = 〈(dα⊗ u⊕ α⊗ dAu), u〉g
= dα + α ∧ 〈dAu, u〉g
= dα.

Therefore

α ∧ dAu = 0

¬rankϕ∗Φ = 1 means we can choose any non-zero u.
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for all α ∈ Ω2,−,ϕ∗g(V ). By lemma 3.5 of [FU84], we can choose a coframe θi at

p so that α = |α|
2

(θ1 ∧ θ2 − θ3 ∧ θ4) under which dAu =
∑
θi ⊗ ωi for ωi ∈ adP .

Then

0 = α ∧ dAu

=
|α|
2

(
θ1 ∧ θ2 ∧ θ3 ⊗ ω3 + θ1 ∧ θ2 ∧ θ4 ⊗ ω4 − θ3 ∧ θ4 ∧ θ1 ⊗ ω1 − θ3 ∧ θ4 ∧ θ2 ⊗ ω2

)
.

This means ω1 = ω2 = ω3 = ω4 = 0, hence dAu = 0. Finally, we employ lemma

3.12 of [FU84] to arrive at the contradiction d2
A ≡ [FA, u] 6= 0.

Next suppose that rankFA = 1. The deduction is mostly similar to the pre-

vious case. Denote by S the complement of F−1
A (0) in X. Hence S is open and

dense and we have FA = α ⊗ u on S with u ∈ Γ(S, adP ). Again we can arrive

at the dA = 0. If S is connected, u can be extended to F−1
A (0) in a covariantly

constant fashion. In other words, for any x ∈ F−1
A (0), there exists a sequence

{x1, x2, . . . } ⊂ S converging to x such that u(x) = limi→∞ u(xi). This means

dA 6= 0 and we have the contradiction that A is a reducible connection.

If S is disconnected, then we can find a neighbourhood O in X such that the

set of zeros of FA, {x ∈ X|FA(x) = 0} disconnects O as shown in Figure 2.5.

Figure 2.5

Define a 2-form Ψ on O to be FA on one component and 0 on the other. Then

Ψ is in the kernel of dA and d∗A, we employ continuation of elliptic differential

operator again to deduct that, since Ψ = 0 on an open set, Ψ = 0 everywhere,

contradicting the assumption.

So far, we have the space P−1(0) of irreducible self-dual connections under

the metric ϕ∗g, then P−1(0)/Gl is the parametrized moduli space. Our aim is to

show that for generic metric, the connection moduli space is a smooth manifold.
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Theorem 2.15. Let π : P−1(0)/Gl −→ D be the projection onto the second

factor. There exists a Baire set of ϕ ∈ D for which π−1(ϕ) is a smooth manifold.

Proof. We prove this by employing the Sard-Smale theorem (c.f. [FU84]). In

order to apply the theorem, we need to show that π is a Fredholm operator. Let

([A], ϕ) ∈ P−1(0)/Gl, we have

T(A,ϕ)P−1(0) = kerd(A,ϕ)P = λ(a, r)|∂1P(A,ϕ)(a) + ∂2P(A,ϕ)(r) = 0ρ

and

T(A,ϕ)P−1(0)/G = {(a, r)|∂1P(A,ϕ)(a) + ∂2P(A,ϕ)(r) = 0, d∗Aa = 0}.

Then the kernel and image of

dπ([A],ϕ) : T([A],ϕ)P(0)/Gl −→ TϕD
(a, r) 7−→ r

are the set

kerdπ([A],ϕ) =
{

(a, 0)|d∗Aa = 0, ∂1P(A,ϕ)(a) = 0
}

and

im dπ([A],ϕ) =
{
r ∈ TϕD|∂1P(A,ϕ)(a) + ∂2P(A,ϕ)(r) = 0 and d∗Aa = 0

}
= ∂2P−1

(A,ϕ)

(
im
(
∂1P(A,ϕ)|kerd∗A

))
= ∂2P−1

(A,ϕ)

(
im
(
∂1P(A,ϕ)

))
.(2.3.2)

The last equality follows from the fact that ∂1P ◦ dA = 0.

Since dP is surjective, it follows from (2.3.2) and the fact Ω2,−,ϕg(adP ) =

H2
A⊕ im(d−,ϕgA ) that imdπ([A],ϕ) has codimension equal to dimension of H2

A. Thus

dim(cokerdπ([A],ϕ)) = dimH2
A. This completes the set up for Sard-Smale theorem

and completes the proof.

The result we need from [C91] is the following:

Let B : V → W be a linear S1-equivariant surjection. Then B restricted to

the zero weight space in V maps surjectively to the zero weight space in W .

Applying this result on the map dP(A,ϕ) : Ω1(adP )×Cq(End(TX))→ Ω2,−(adP ).

We get that dP(A,ϕ) restricted to the fixed point set of Ω1(adP )×Cq(End(TX))

is a surjection onto the fixed point set of Ω2,−(adP ). That is the map

dPS1

(A,ϕ) : W 1(adP )× Cq(End(TX))S
1 → W 2,−(adP )
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is a surjection and the rest of the proof follows through to yield the result.

So far we have being focusing on the irreducible connections, the next result

gives the condition for which there is no reducible connections present so that

results so far apply general moduli space.

Let M(mj, kj) be the monopole moduli space determined by the tuple of

monopole mass and charge {(mj, kj)} (recall Proposition (2.8)) and we denote the

moduli space with irreducible monopoles byM∗ and correspondinglyM∗(mj, kj)

is the moduli space of irreducible monopoles determined by {(mj, kj)}. We will

also denote the space of self-dual monopoles by MSD.

Theorem 2.16. Consider the complex (2.2.1). Let hi(M) = dimH i(M), i =

0, 1, 2 . If b2(M) > b1(M) then for an open dense set of invariant metrics on X

there are no reducible monopoles in M(mj, kj), the moduli space determined by

the set of tuples {(mj, kj)}, if
∑
mjkj 6= 0, i.e. M∗(mj, kj) =M(mj, kj).

The proof goes word by word as the proof of Corollary 3.21 of [FU84], which

is stated below, except adding S1-invariance in appropriate places.

Proposition 2.17. If the intersection form ω is indefinite, then for an open dense

set of metrics, there are no line bundle solutions to the self-dual or anti-self-dual

equations.

If there exist any reducible connection A over the bundle E → X. The

connection can be decomposed into anti-self-dual connections on the line bundle,

i.e. A = A1 ⊕ A2 where A1, A2 are anti-self-dual connections on L and L−1

respectively, contradicting the corollary. Therefore the theorem follows.

Proof. The intersection form ω being indefinite is equivalent to b+ > 0 and b− > 0.

By the Atiyah-Singer index theorem, we have

h1 − h2 − h0 = −1

2
(χ− τ) = −1− b−

where χ is the Euler characteristic, τ = b+−b− is the signature. Index calculation

gives that for an open dense set of Cq metrics,M(L)ASD is a manifold of dimension

h1 − h2. Therefore b− > 0 means h1 − h2 < 0. That is M(L) is empty, which

means no reducible self-dual connection present.

By reverting the self-dualness, we have dimMSD = h1 − h2 = −b+. Hence

b+ > 0 means there is no reducible anti-self-dual connection on L.
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2.4 Orientability

Theorem 2.18. Assume that M∗ is cut-out transversely. An orientation of

H1(M,R)⊕H2(M,R) gives a canonical orientation of M∗(mj, kj).

Over the trivial bundle A ×G Ω2,+ → B there is a section s given by

s : B −→ A ×G Ω2,+

[A] 7−→ F+
A .

The moduli space M is the preimage of 0 under this map. Then M being cut

out transversely means s t 0. By definition, ds = d+
A, then s t 0 means d+

A is

surjective or equivalently H2
A = 0.

Proof. From the universal bundle (A ∗ × P )/G → (A ×X)/G = B∗ ×X we get

a family of Dirac operators

DA := (d+
A)∗ ⊕ dA : Ω2,+(adP )⊕ Ω0(adP ) −→ Ω

parametrized by [A] ∈ B∗. Consider the real determinant bundle associated to

this operator λ→ B∗ whose fibre at [A] is given by

λA = ∧max(kerDA)∗ ⊗ ∧max(cokerDA).

This is a line bundle because space of top forms has dimension 1, so dimλA = 1.

We aim to show that there exists a nonvanishing section of λ (up to pointwise

multiplication by a positive function). Therefore the bundle λ→ B∗ is trivial.

For any [A] ∈M∗(X),

cokerDA = ker(d+
A ⊕ dA) = ker(d+

A)/im(dA) = H1
A
∼= T[A]M(X)

where the last isomorphism is shown in previous chapter, and

kerDA = ker(d+
A)∗ ⊕ ker(dA)

= H2
A ⊕H0

A.

Now A being irreducible means H0
A = 0, hence kerDA = 0. By decomposing the

space T[A]M∗(X) along the fixed point part, we have

T[A]M∗(X) = T[A]M∗(X)S̃
1 ⊕NA

= T[A]M∗(mj, kj)⊕NA.
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Fibre of the determinant line bundle (restricted to the anti-self-dual part) can be

written as λA = T[A]M∗(mj, kj)⊕NA and so

λ|M∗(X)
∼= ∧top (TM∗(mj, kj)⊕N)

∼= ∧top (TM∗(mj, kj))⊕ ∧top(N)

By construction, there is an S̃1-action on N which is fibre-preserving and fixes

only one point. Hence the structure group of N is U(1) and so N is a complex

bundle. Since complex bundles are orientable as real bundle, then ∧top(N) is

trivial. Both λ and ∧top(N) being trivial means ∧top(TM∗(mj, kj)) is orientable.

Lemma 2.19. H1(X;R) = H1(M ;R); H2
+(X;R) = H2(M).

Proof. The result is a consequence of Proposition 2.2 in [B88] stated as follows.

Proposition 2.20. (Prop 2.2 [B88])

a). π1(X,m) ∼= π1(M̄,m) for m ∈ Sj (Sj a fixed surface of X or boundary

surface in M);

b). There are natural isomorphisms H2(M̄, ∂M̄ ;Z)→ H3(X;Z) and

H2(M̄ ;Z)⊕H1(M̄ ;Z)→ H2(Z).

The two summands of H2(X;Z) (modulo torsion) are isotropic and dual to

each other under the intersection form Q on H2; consequently the signature

σ(X) = 0, and Q = n times

(
0 1

1 0

)
, with n = rank H2(M̄ ;Z).

We assume the proposition here and derive the result.

Since both M and X in our setup is path-connected, the first homology group

H1(X) and H1(M) are the abelianization of the fundamental group π1(X) and

π1(M . Hence part (a) above implies H1(X) ∼= H1(M). This means H1(X) ∼=
H1(M) and we obtain our result by applying the universal coefficient theorem for

cohomology.

Part (b) of the proposition tells us that the intersection form Q is given by

the 2n× 2n matrix 

[
0 1

1 0

]
· · · 0

...
. . .

...

0 · · ·

[
0 1

1 0

]


.
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This implies rank H2,+(X) = rank H2,−(X) = n. Hence H2,+(X) = H2(M) and

we obtain our result by applying the universal coefficient theorem for cohomology.

2.5 Uhlenbeck compactification

The method of Uhlenbeck compactification is described in detail by Donaldson

and Kronheimer in [DK90] for the instanton moduli space case. We outline the

main results here:

Definition 2.21. (Definition 4.4.1 [DK90]) An ideal ASD connection over X, of

Chern class k, is a pair

([A], (x1, . . . , xl))

where [A] is an ASD connection with c2 = k − l and (x1, . . . , xl) is an unordered

l-tuple of points in X. The curvature density of ([A], (x1, . . . , xl)) is the measure

|F (A)|2 + 8π2

l∑
r=1

δxr .

Let Aα, α ∈ N be a sequence of connections on SU(2) bundle Pk of Chern

class k. Convergence of the gauge equivalence classes [Aα] is defined as follows:

Definition 2.22. The gauge equivalence classes [Aα] converge weakly to a lim-

iting ideal ASD connection ([A], (x1, . . . , xl)) if

1. The action densities converge as measures, i.e. for any continuous function

f on X,

ˆ
X

f |F (Aα)|2dµ −→
ˆ
X

f |F (A)|2dµ+ 8π2

l∑
r=1

f(xr).

2. There are bundle maps ρα : Pk−l|X\{x1,...,xl} → Pk|X\{x1,...,xl} such that

ρ∗α(Aα) converges to A in C∞ norm on compact subsets of the punctured

manifold.

The bundles over punctured manifolds Pk−l|X\{x1,...,xl} and Pl|X\{x1,...,xl} are

isomorphic but not over the entire manifold. Thus the map in Condition 2 above

is between the bundles over punctured manifolds only.

Lemma 2.23. The total mass of curvature density is finite.
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Proof. The second Chern class is given by

c2(P ) =
Tr(F 2

A)− Tr(FA)2

8π2
∈ H4(X;R).

In the case of SU(2)-principal bundle, curvature form is su(2)-valued, which

means it is trace-free and so the formula simplifies to the Chern-Weil formula

c2(E) =
1

8π2
Tr(F 2

A).

By definition, the total mass of curvature F (A) is the numberˆ
X

‖FA‖2dvol.(2.5.1)

Since we focus on the ASD connection,

Tr(F 2
A) = −

(
|F+
A |

2 − |F−A |
2
)
dµ

= |F−A |
2 = |FA|2

Thus the Chern-Weil formula applies to give

|FA|2 = 8π2k.

Since the limiting ideal connection is parametrised by a union of products

Mk−l × sl(X), we take the closure of Mk in the space

IMk ≡Mk ∪ (Mk−1 ×X) ∪ (Mk−2 ×X) . . . .

The topology on IMk is defined by the convergence of definition 2.22.

Theorem 2.24. (Theorem 4.4.4 [D90]) Any infinite sequence in Mk has a weakly

convergent subsequence, with a limit point in M̄k, the closure of Mk in IMk.

We sketch the proof here. We obtain a control for the connections with suffi-

ciently small curvatures from the next proposition.

Proposition 2.25. (Proposition 4.4.9 [D90]) Let Ω be an oriented Riemannian

four-manifold. Suppose Aα is a sequence of ASD unitary connections on a bundle

E over Ω with the following property. For each point x ∈ Ω there is a geodesic

ball Dx, such that for all large enough α,ˆ
Dx

|FAα|2dµ ≤ ε2(2.5.2)

for some constant ε > 0. Then there is a subsequence {α′} and gauge transfor-

mations uα′ ∈ Aut E such that uα′(Aα′) converges over Ω.
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Condition (2.5.2) ensure the limit connection also has finite energy, that isˆ
X\{x1,...,xl}

|FA|2dµ ≤ 8π2k.

Since the limit connection is defined on bundle over punctured manifold, we need

the following Ulenbeck removable singularity theorem to ensure that a gauge

equivalent connection exist on the original manifold.

Theorem 2.26. (Theorem 4.4.12 [D90]) Let A be a unitary connection over the

punctured ball B4\{0}, which is ASD with respect to a smooth metric on B4. Ifˆ
B4\{0}

|F (A)|2 <∞,

then there is a smooth ASD connection over B4 gauge equivalent to A over the

punctured ball.

The theorem implies the limit connection A extends to a connection A′ on P ′

over X. The limit measure is given by ν = |FA|2 +
∑p

r=1 nrδxr as

ˆ
U

dν = lim
xr→0

(ˆ
U\(tpr=1Dxr )

dν +

ˆ
U\(upr=1Dxr )

dν

)

=

ˆ
U\{x1,...,xl}

|FA|2dµ+

p∑
r=1

nrδxr .

where δxr is the delta function

δxr =

1 if xr ∈ U

0 if xr /∈ U
.

The proof is completed by showing nr ∈ 8π2Z. Let Z be a compact oriented

four manifold with boundary, B a connection over the boundary manifold ∂Z

and A the extension of B over Z. Define τ∂Z(B) =
´
Z

Tr(F 2
A) mod 8π2Z.

Choose small disjoint balls Zr in X centred on the points xr. From the

convergence of measuresˆ
Zr

|FAα |2µ −→
ˆ
Zr

|FA|2dµ+ nr

we have

nr = lim
r→0

ˆ
Zr

|FAα |2dµ−
ˆ
Zr

|FA|2dµ

= lim
r→0

ˆ
Zr

Tr(F 2
Aα)−

ˆ
Zr

Tr(F 2
A)

= lim
r→0

τ∂Zr(Aα)− τ∂Zr(A).
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The compactification of the monopole moduli space uses a similar approach.

Let [Ai] be a sequence of points inM(mj, kj). The removed points of singularity

(x1, . . . , xl) must lie in the fixed surfaces Sj because otherwise the curvature on

the orbit of the the connection at xi blows up and the total mass of the curvature

density cannot equal 8π2k. Hence we can denote by xji the i-th point in Sj and

µji its multiplicity.

Proposition 2.27. (Proposition 4.8 [B89])

1. µji = λji ·mj for some λji ∈ Z>0

2. [A∞] ∈M(mj, lj) with lj = kj −
∑

i λji and
∑

jmj · lj ≥ 0.

To express the meaning of this proposition precisely: When viewed as monopole

moduli space, the limit point has lost mjkj −mjlj lumps of energy, this change

in energy in the instanton case corresponds to the change in charge in monopole

case. In other words, the limit point added in this compactification process has

the same mass.

The proof of this proposition will require application of Proposition 2.25, so

we check first that the premise is satisfied. Given a sequence of ASD unitary

connections Aα on a bundle P over X, we claim there exist a finite set of points

{x1, . . . , xp} ⊂ X such that for each x ∈ X \ {x1, . . . , xp} there is a geodesic ball

Dx, such that for all large enough α,
´
Dx
|F (Aα)|2µ ≤ ε2.

Denote by Vα the curvature density measure, i.e.

Vα(U) =

ˆ
X

1U |FAα|2dµ.

Then ˆ
X

dVα =

ˆ
X

|FAα |2dµ = 8π2k <∞.(2.5.3)

By choosing a sequence of functions fi whose linear span is dense in C0(X)¬, we

have for each i a bounded sequence {
´
X
fidV1,

´
X
fidV2,

´
X
fidV3, . . . } in R. Thus

it is convergent (upon possible restriction to subsequence). Thus after taking the

diagonal subsequence we obtain a convergent sequence {
´
X
fid(V )α′}α′ and we

have ˆ
X

fdVα′ −→
ˆ
X

fdV = 8π2k for all f ∈ C0(X).

¬such a construction is possible, for example: smoothings of the characteristic functions of

balls.
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It follows that there are at most 8π2k/ε2 points in X which do not lie in a geodesic

ball of V-measure less than ε2 for otherwise
´
Dxi

dV ≥ ε2 which then implies

ˆ
X

dV ≥
r∑
i=1

ˆ
Dxi

dV ≥ rε2 > 8π2k.

Proof. By Proposition 2.25, there exists a sequence of gauge transformations

gi ∈ G (P ) (not necessarily commuting with the S1-action) such that gi ·Ai → A∞

in the C∞-topology on X\{x1, · · · , xp}. Let

By Lemma 2.28, convergence (2.5.4), (2.5.5) and identity (2.5.6) implies that

there exists h(u) ∈ G (P ) such that hi(u) → h(u) uniformly in u and h(u)A∞ =

θ(u) · A∞.

gi · Ai → A∞(2.5.4)

hi ◦ gi · Ai → θ(u) · A∞(2.5.5)

hi(u) = θ(u) ◦ gi ◦ θ(−u) ◦ g−1
i(2.5.6)

Lemma 2.28. (Lemma 4.9 [B89]) Suppose Ai, A∞ and B(u) are connections

on some principal SU(2)-bundle over a smooth manifold with B(u) depending

smoothly on u (u and element of a compact space). Let hi(u) be gauge transfor-

mations also depending smoothly on u. If

Ai → A∞

and

hi(u) · Ai → B(u)

both converge uniformly on u in the C∞-topology (convergence of all derivatives

on precompact subsets of X), then a subsequence hj(u) converges uniformly in u

in the C∞-topology to a family of gauge transformations h(u), where h(u) has the

property that

h(u) · A∞ = B(u).

It follows from (2.5.5) that hi(u)−1hi(u)giAi and hi(u)−1θ(u)A∞ converge to

the same limit.

Since

gi · Ai = h−1
i (u)hi(u)gi · Ai → A∞

and

hi(u)−1θ(u)Ainfty → h(u)−1θ(u)A∞,
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we deduce that A∞ = h(u)−1θ(u)A∞ and hence the map

hi(u) → h(u)

u 7→ h(u)−1 ◦ θ(u)

defines an action on P |X\{xi} stabilising A∞. This action is the limit of the actions

u→ gi ◦ θ(u) ◦ g−1
i because

hi(u) = θ(u) ◦ gi ◦ θ(−u) ◦ g−1
i

⇒ θ(−u) ◦ hi(u) = gi ◦ θ(−u) ◦ g−1
i

⇒ hi(u)−1 ◦ θ(u) = gi ◦ θ(u) ◦ g−1
i .

Therefore the weights are equal to those of θ, which means m′j = mj where mj

are weights of the bundle P ′.

By theorem (2.26), A∞ can be extended to the bundle P ′ → X where P ′

satisfies P ′|X\{xj} ∼= P |X\{xj}. Thus we have the same S̃1-action on P ′|X\{xj}.
This action can be extended to P ′. The next step is to show that A∞ (extended

to P ′) is invariant with respect to the S̃1-action on P ′. This result then applies,

together with formula (2.1.11), on a small neighbourhood of only one removed

point to give

c2(P ′|X\{xj}) = c2(P |Sj)− µji = mjkj − µji .

This means

m′jk
′
j = mjkj − µji(2.5.7)

⇔ µji = mj(kj − k′j),

i.e. multiplicities µji is integer multiple of mj. It also follows from (2.5.7) that

m′jk
′
j = mjkj − λjimj

⇔ k′j = kj −
∑
i

λji

Let B be a small S1-invariant ball centered at one of the singular points xji
and s : B → P be a section such that the action of S̃1 on P is described by

u · s(b) = s(u · b) · λ(u)

for a homomorphism λ : S̃1 → SU(2). Since the S̃1-invariance of s∗A∞ is well-

defined, the idea here is to identify s∗A∞ with A∞ so that we can understand the
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S̃1-invariance of A∞. s∗A∞ is a connection on the base B and A∞ is a connection

on P , the precise meaning of identifying the two is to identify the pull-back of

A∞ on B by the S̃1-action with the connection λ(u)A∞, the calculation below

shows that the identification amount to the equation

u∗A∞ = λ(u) · A∞.(2.5.8)

Let ω be a vector at point u(b), b ∈ B, then

λ(u) · A∞(ω) = λ(u)dλ(u)−1 + λ(u)−1A∞(ω)λ(u)

= λ(u)−1A∞(ω)λ(u)

= λ(u)−1A∞(s∗ω)λ(u)

= A∞(λ(u)∗s∗ω)

= (u∗A∞)(λ(u)∗s∗ω)

= (u∗A∞)(ω).

For the final part of the proof we want to show that g ·A∞ is invariant and g

is an S̃1-equivariant gauge transformation. From (2.5.8) and the set of equations

(2.5.9) we see that g · A∞ is invariant if and only if h(u) is a constant function.

Hence the goal is to show the following set of equations in h(u) has a unique

solution and the solution is the constant function.d∗(u∗g · A∞) = 0

u∗g · A∞ = h(u)g · A∞
(2.5.9)

First we derive the two identities: Using the definition of adjoints, we have

〈d∗(u∗g · A∞), ζ〉 = 〈u∗g · A∞, dζ〉
= 〈g · A∞, (u−1)∗dζ〉

and

〈u∗d∗g · A∞, ζ〉 = 〈d∗g · A∞, (u−1)∗ζ〉
= 〈g · A∞, (u−1)∗dζ〉.

Therefore d∗(u∗g · A∞) = u∗g · A∞ = 0. The second identity follows from the

following deduction:

h(u)g · A∞ = (u∗g) ◦ λ(u) ◦ g−1 ◦ g · A∞
= (u∗g) ◦ λ(u) · A∞
= u ◦ g ◦ u−1 ◦ u · A∞
= u∗g · A∞
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The identity

u∗g · A∞ = h(u)g · A∞ = h(u)−1dh(u) + h(u)−1g · A∞h(u)

implies h(u) satisfies the ordinary differential equation (ODE)

h(u)(u∗g · A∞) = dh(u) + g · A∞h(u)

which admits a unique solution. Hence so does (2.5.9). Again we apply due to the

Ulenbeck removable singularity theorem to obtain a gauge transformation g such

that g ·A∞ is the connection on the entire ball. The energy condition ‖Fg·A∞‖ < ε

is met because we choose the S1-invariant ball B to be small enough.

Ulenbeck removable singularity theorem also asserts that if there exists a

constant ε > 0 such that ‖Fg·A∞‖ < ε, then the connection g · A∞ also satisfies

1. d∗(g · A∞) = 0,

2. g · A∞
(
∂
∂r

)
= 0 on ∂B,

3. ‖g · A∞‖L2
1
≤M‖Fg·A∞‖L2 and

4. g is smooth on B\{0}.

Moreover, for suitable constants ε1, M , the connection g · A∞ is uniquely deter-

mined by these properties, up to the transformation g · A∞ → u0g · A∞u−1
0 for a

constant u0 in U(n) (refer to Theorem 2.3.7 [DK90] for detail).

Since u∗g · A∞ also satisfies Conditions (1)-(4), then by this uniqueness the

second identity of (2.5.9) implies h(u) is constant. This means g ·A∞ is invariant

on the entire P ′. To see g · A∞ is invariant on the extended points xji , consider

a sequence of vector vi approaching the limit vector v at xji , then

u∗A∞(v) = A∞(u∗(v))

and

limu∗A∞(vi) = limA∞(u∗(vi))

= A∞(u∗(v)).

This completes the proof.
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We can now define the compactification of the monopole moduli sapceM(mj, kj)

as its closure in the compact space J given by

⋃{
(lj)

∣∣∣∣j is s.t. mj 6= 0

lj ≤ kj,
∑

mjlj ≥ 0

}
M(mj, lj)×

∏
j s.t. mj 6=0

J kj−lj(Sj)



where J l(Sj) is the l-th symmetric product of Sj.

2.6 Construction of Monopoles

Ulenbeck compactification introduces limit connections that exists in the lower

stratum of the space

Mk ∪ (Mk−1 ×X) ∪ (Mk−2 ×X) . . .

but the structure of the compactified space near the limit points is not revealed

by the construct. We introduce a method to construct monopoles in some neigh-

bourhood of the limit points.

Let X0, X1 be two Riemannian 4-manifolds which are constructed from two

3-manifold M0 and M1 as in chapter 1. Choose points xi ∈ Xi and suppose that

the Riemannian metrics on Xi are conformally flat near xi.
¬ This allows us to

identify an annulus near xi to a half-cylinder via the conformal equivalence

e : R× S3 −→ R4\{0}
(t, ω) 7−→ etω.

More explicitly, an annulus Ω with radii Nλ1/2, N−1λ1/2 with λ ∈ R>0 is mapped

to to the tube

e−1(Ω) =

(
1

2
log(λ)− T, 1

2
log(λ) + T

)
× S3.

The two tubes of X0 and X1 are identified by reflection as indicated in the diagram

below.

¬This condition is not necessary for the construct but does simplify the treatment. Since any

4-manifold arising from construction in Chapter 1 satisfies this condition, having this condition

has no drawback in this case.
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Figure 2.6

The connected sum of X0 and X1, denoted by X = X(λ) = X0#X1, is defined

as (
X0\B(x0, N

−1λ1/2)
)
t
(
X1\B(x1, N

−1λ1/2)
)

where B(xi, N
−1λ1/2) denotes the ball centred at xi with radius N−1λ1/2.

A special case is gluing with the manifold S4, it is clear that X#S4 is equiv-

alent to X as conformal manifolds, that is for metric g on X and g′ on X#S4,

there exists a positive function f such that g′ = fg. In other words, S4 is the

identity with respect to the operation of connection sum. In our case, we will

also construct a monopole near the limit points by gluing the 4-manifold X with

S4.

Now we consider the bundles Pi over Xi and connections. The general idea

is to choose a trivialisation on the neighbourhood of xi and glue the local trivial

bundles over the neighbourhood by choosing a S̃1-equivariant bundle automor-

phism ρ : P0 → P1. Therefore on the connected sum there will be a family of

connections parametrised by ρ.

We have explained in the previous chapter that xi must lie in fixes surfaces Si

in Xi. Also an identification ρ exists only if the masses of Si are equal, because

different mass means S̃1 acts on fibres over Si with different winding number and

so the gauge transformation cannot be S̃1-equivariant.

Following the construction in [B89] to specify the neighbourhoods, define

spheres in X0 of radii Nλ1/2 and Nλ−1/2 and shells

R−1 =
{
x ∈ X0; |x− x0| ∈ [kN−1λ1/2, N−1λ1/2]

}
,

R1 =
{
x ∈ X0; |x− x0| ∈ [Nλ1/2, k−1Nλ1/2]

}
,
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Let U0 ⊂ X0 be the complement of the ball B(x0, |ξ|) of radius |ξ| ≤ kN−1λ1/2

and Û0 ⊂ X0 be the complement of the ball B(x0, |ξ|) of radius |ξ| ≤ N−1λ1/2.

U1 and Û1 is defined symmetrically, i.e.

U1 = X1\B(x1, |ξ|), ξ ≤ N−1λ1/2

Û1 = X1\B(x1, |ξ|), ξ ≤ kN−1λ1/2.

The construction requires N to be large enough. More precisely, k and N

must satisfy

(k−4 − 1) · (1− k) ·N · (N −N1)−3 < 8.

Additionally, λ also needs to be sufficiently small for the spheres and shells to be

well defined.

Proposition 2.29. (Proposition 4.11 of [D86])

The S̃1-invariant connections on the connected sum can be represented in the

form

A = (A0 + a,A1 + a′, ρ),(2.6.1)

where

a is defined on Û0, d∗A0
a = 0, ‖a‖L2p(Û0) < η0

a′ is defined on Û1, d∗A1
a′ = 0, ‖a′‖L2p(Û1) < η0

(2.6.2)

and

ρ ∈ C∞
((
Û0 ∩ Û1

)
,HomS̃1

(P0|x0 , P1|x1)
)

(2.6.3)

satisfying

A1 + a′ = ρ · (A0 + a) on Û0 ∩ Û1.(2.6.4)

According to Donaldson, any p > 2 is sufficient for the construction arguments

but taking larger value, say p > 6 is more convenient as all maps will be smooth

on the relevant Banach spaces.

Now we are in position to construct the monopole. Compare Figure 2.7 for

the following arguments.
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Figure 2.7

Let Ai be monopoles on Xi. We identify P0|U0∩U1 and P1|U0∩U1 by choosing a

S̃1-equivariant gauge transformation

ρ ∈ C∞
((
Û0 ∩ Û1

)
,HomS̃1

(P0|x0 , P1|x1)
)
.

We aim to construct a connection A0(ρ) form A0 + a0 and A1 + a′0 such that

A0(ρ) =

A0 on U1 \ (U0 ∩ U1)

A1 on Û1

.

The first step is to construct A0 + a0 and A1 + a′0 such that A0 + a0 equals A0

on U0\(U0 ∩ U1) and is gauge equivalent to A1 + a′0 on U0 ∩ Û1; A1 + a′0 equals

to A1 on Û1 and is gauge equivalent to A0 + a′0 on R1. With the requirement

satisfied, the connection given by (A0 + a0, A1 + a′0, ρ) is denoted by A0(ρ). To

achieve this, we introduce cut-off functions ψ1 and ψ−1 such that

ψ1|X\U1 = 1, supp ψ1 ⊂ X\Û1, supp dψ1 ⊂ R1,

ψ−1|X\U1 = 1, supp ψ−1 ⊂ U0, supp dψ−1 ⊂ R−1 .

Define a0 and a′0 as follows

a0 = (ψ1 − 1) · A0 + (1− ψ1) · ρ−1A1ρ on U0 ∩ U1,

a′0 = − ψ1 · A1 + ψ1 · ρA0ρ
−1 on U0 ∩ U1.

a0 and a′0 are extended to X0 and X1 by 0 so that A0 +a0 and A1 +a′0 are defined

on appropriate subsets of the connected sum X. It is easy to check that

A0 + a0 = ψ1 · A0 + (1− ψ1) · ρ−1A1ρ
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and

A1 + a′0 = (1− ψ1) · A1 + ψ1 · ρA0ρ
−1

satisfy the requirements as intended. Such modification is not yet satisfactory

as A0(ρ) is not necessarily ASD as it is not known that wether suppP+FA0(P ) ⊂
R1 ⊂ X empty. The rest of the construction is about improving the modification

factor to ensure that the construction yields an ASD connection on the connected

sum.

Let b0 ∈ W 1
p,1(X0) be another modification. If the equation

P+F (A0 + a0 + b0) = 0(2.6.5)

d∗A0
b0 = 0(2.6.6)

admits a solution, then A0 +a0 can be modified to be an ASD connection. Equa-

tion (2.6.5) is equivalent to

P+

(
dA0(a0 + b0) +

1

2
[a0 + b0, a0 + b0] + F (A0)

)
= 0

⇔ P+

(
dA0b0 + [a0, b0] +

1

2
[b0, b0]

)
= 0(2.6.7)

Regarding the left side of (2.6.7) as an operator given by

Q : W 1
p,1(X0)×W 1

2p,0(X0) −→ W 2
+,p,0(X0)×W 0

p,0(X0),

(b0, a0) 7−→
(
P+

(
dA0b0 + [a, b] +

1

2
[b0, b0]

)
, d∗A0

b0

)
.

Observe that the derivative with respect to the first variable is the same as the op-

erator 2.2.3 studied in chapter 2 and is invertible. Therefore the implicit function

theorem implies that the set of equations (2.6.7) and (2.6.6) admits a solution for

small a0 and σ.

Next we define inductively a sequence aj and a′j as

aj+1 = aj + ψ−1 · bj,
a′j+1 = a′j + ψ−1 · ρbjρ−1

where bj is the solution of the set of equation (2.6.7) and (2.6.6) with a0 replaced

with aj. It is proved by Donaldson (section IV(iv) [D86]) that the sequence aj

coverges to a limit a∞ in L2p on X0 and a′j coverges to a limit a′∞ in L2p on X1.
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Also the bound of P+(F (Aj(ρ))) vanishes as j → ∞, therefore we arrive at an

ASD connection

A∞(ρ) = (A0 + a∞, A1 + a′∞, ρ).

Suppose Ai satisfy the following acyclicity condition on the S̃1-invariant part

of the cohomology groups of the AHS complex:

H0
0,Ai

= H1
0,Ai

= H2
0,Ai

= 0, i = 0, 1,(2.6.8)

then we have the following theorem.

Theorem 2.30. (Theorem 5.1 [B89])

If Ai satisfy condition (2.6.8), and λ and η0 are sufficiently small, the gauge

equivalent classes of ASD connections over X0#X1 which can be represented in

the standard form (2.6.1), are smoothly parametrised by Hom(P0|x0 , P1|x1/) {±1} ∼=
SO(3).

The following lemma shows that the construction is exhaustive, that is any

other ASD connection in the form (2.6.1) is gauge equivalent to one of this family.

Lemma 2.31. (Lemma (4.31) [D86])

Given the acyclicity condition (2.6.8), A∞(ρ) and A∞(ρ̄) are gauge equivalent

if and only if ρ̄ = ±ρ.

Proposition 2.29, Theorem 2.30 and Lemma 2.31 together implies that the

map

HomS̃1

(P0|x0 , P1|x1) /{±1} −→M(mj, kj + k′j)

is injective onto the neighbourhood W of gauge equivalent classes of ASD con-

nections over X at the limit points added at x0 and x1 with charge kj and k′j
respectively.

There are two conditions assumed for the construction. One is the acyclicity

condition, the other is Xi being conformally flat near xi. According to Donaldson

(in [D86]), both condition can be relaxed. The acyclicity condition is a very strict

condition. As we studied in section 2.2, H1 is the tangent space of the moduli

space, thus H1 = 0 means the moduli space is discrete. We omit the detail

deduction here and state the result by Donaldson without acyclicity condition:
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Theorem 2.32. (Theorem 5.2 of [B89])

Let g0, g1 be S1-invariant metrics on X0, X1, which are conformally flat near

x0, x1 and A0, A1 monopoles with respect to these metrics. If λ and η0 are

sufficiently small, and g is the S1-invariant metric on X = X0#X1, then:

(1) there is a (ΓA0 × ΓA1)-invariant open neighbourhood N of I × {0} × {0} in

I ×H1
0,A0
×H1

0,A0
.

(2) there is a (ΓA0 × ΓA1)-equivariant map

Φ = (ϕ0, ϕ1) : N −→ H2
0,A0
×H2

0,A1
(2.6.9)

such that the monopoles with respect to the metric g on X representable in the

standard form (2.6.1) are parametrised (up to gauge equivalence) by Φ−1/(ΓA0 ×
ΓA1).

Theorem (2.32) allow us to construct a 4k− 1 parameter family of monopoles

on H3 (whose corresponding compactified space X = S4) of any mass m ∈ Z>0

and charge k ∈ Z>0 by gluing an (m, k − 1)-monopole A0 on H3 and a (m, 1)-

monopole on H3. Recall that the moduli space of dimension 1 instanton on S4

is B5. S1-invariant instantons (which correspond to (m, 1)-monopoles) can only

vary on the fixed surface S2. Counting the energy concentration of the instanton

which is not affected by the S1-invariance condition, S1-invariant instantons have

3 degrees of freedom. Applying Theorem (2.32): we have I = S1 and ΓAi = {±1}.
Also H2

0,Ai
vanish by theorem (2.16), hence

dim Φ−1/(ΓA0 × ΓA1) = dim I + dim H1
A0

+ dim H1
A0

= 1 + 4(k − 1)− (1− 0 + 0) + 4× 1− (1− 0 + 0)

= 4k − 1,

which means we are able to construct a 4k− 1 parameter family of monopoles on

H3.



Chapter 3

S1-invariant ADHM construction

Due to the correspondence of monopoles and S1-invariant instantons, we are

able to obtain detailed informations about monopole by studying ADHM con-

struction of instantons on R4. We outline first the construction of an instanton

following [MS04], [A79] and [B14].

For the construction, an element x = (x1, x2, x3, x4) of the Euclidean 4-space

R4 is identified with a quaternion number x = x1 + x2i + x3j + x4k ∈ H for

{1, i, j, k} the standard basis of H; the group SU(2) is identified with the group

Sp(1) of unit quaternions via the map

SU(2) −→ Sp(1)(
α β

−β̄ ᾱ

)
7−→ α + βj

and the Lie algebra su(2) with the imaginary quaternions sp(1) by identifying

the basis (
i 0

0 −i

)
,

(
0 1

−1 0

)
,

(
0 i

i 0

)

of su(2) with the basis {i, j, k} of imaginary quaternions. This identification

is the link between geometric data and algebraic data. For example, locally, a

gauge transformation is interpreted as a unit quaternionic-valued function and a

connection A corresponds to an imaginary quaternionic 1-form.

The ADHM data for an SU(2)-instanton of charge N consists of a (N+1)×N
matrix

∆(x) =

(
L

M − x IdN

)

49
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where L is a 1 × N vector of quaternions, M is a symmetric N × N matrix of

quaternions and IdN is the N×N identity matrix, x ∈ H. ∆ is required to satisfy

the invertibility condition:

∆(x)†∆(x) = R(x),(3.0.1)

where † denotes the quaternionic conjugate transpose¬ and R(x) is a real invert-

ible N × N matrix for all x ∈ H. To construct the connection form A, we pick

an (N + 1)-component vector Ψ(x) of unit length, Ψ(x)†Ψ(x) = 1, which satisfies

the equation

Ψ(x)†∆(x) = 0.(3.0.2)

Condition (3.0.1) ensures rank∆(x) = N and thus the equation always admits a

solution. The connection form A is then given by

A(x) = Ψ(x)†dΨ(x)(3.0.3)

The unit length condition of Ψ(x) implies

d
(
Ψ(x)†Ψ(x)

)
= dΨ(x)†Ψ(x) + Ψ(x)†dΨ(x) = 0(3.0.4)

and thus

Re
(
d
(
Ψ(x)†Ψ(x)

))
= Re

(
dΨ(x)†Ψ(x) + Ψ(x)†dΨ(x)

)
= 2Re

(
Ψ(x)†dΨ(x)

)
= 0.

Hence Ψ(x)†dΨ(x) is an imaginary quaternion valued 1-form which can be re-

garded as an su(2)-valued 1-form.

The construction contains some redundency as condition (3.0.2) is preserved

under the map Ψ(x) 7→ Ψ(x)q(x) with q a unit-quaternion valued function. This

map corresponds to the transformation

A(x) = Ψ(x)†dΨ(x) 7−→ q(x)†Ψ(x)†dΨ(x)q(x) + q(x)†Ψ(x)†Ψ(x)dq(x)(3.0.5)

= q(x)†A(x)q(x) + q(x)†dq(x)

¬Quaternionic conjugate transpose refers to the operation that transposes the matrix and

map each entry q = q1e1+q2e2+q3e3+q4e4 to q† = q1e1−q2e2−q3e3−q4e4 where {e1, e2, e3, e4}
is a basis of H.
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on A, which is a gauge transformation. Next we verify that the connection d+A

constructed as such is self-dual. Computing the curvature in terms of Ψ:

FA = dA+ A ∧ A(3.0.6)

= d(Ψ†dΨ) + (Ψ†dΨ) ∧ (Ψ†dΨ)

(by condition (3.0.4)) = dΨ†dΨ− (dΨ†)(ΨΨ†) ∧ dΨ

= dΨ† ∧ (1−ΨΨ†)dΨ

Since ΨΨ† is orthogonal projection onto span of Ψ, (1− ΨΨ†) is the orthogonal

projection onto orthogonal complement of span of Ψ, i.e. the column space of Ψ.

Consider P = ∆(∆†∆)−1∆†. Observe that

P∆ = ∆(∆†∆)−1∆†∆ = ∆(3.0.7)

and for any element v of orthogonal complement of the column space of ∆,

Pv = ∆(∆†∆)−1∆†v = 0.(3.0.8)

This mean P is the orthogonal projection onto the column space of ∆, i.e. P =

1−Ψ†Ψ. Therefore we can rewrite (3.0.6) as

FA = (dΨ†)∆(∆†∆)−1∆†(dΨ)

= Ψ†d∆(∆†∆)−1(d∆†)Ψ

Observe that

dΨ†∆ = −Ψ†d∆

and

d∆ = −
(

0 IN

)
dx,

therefore

FA = Ψ

(
0

IdN

)
(∆†∆)−1dx ∧ dx̄

(
0

IdN

)†
Ψ(3.0.9)

The result then follows from the fact that

dx ∧ dx̄ = −2
[
(dx1 ∧ dx2 + dx3 + dx4)i+ (dx1 ∧ dx3 − dx2 ∧ dx4)j

+(dx1 ∧ dx4 + dx2 ∧ dx3)k
]
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is a self-dual 2-form.

There are more redundancies than the one corresponding to the gauge trans-

formation, here we introduce one needed for the construction of S1-invariant data.

We claim that the following transformation does not change the connection con-

structed:

∆(x) 7−→ ∆̃(x) ≡

(
q 0

0 O

)
∆(x)O−1(3.0.10)

where q is a constant unit quaternion and O is a constant real orthogonal N ×N
matrix. To check this, let Ψ(x) = (Ψ1(x), . . . ,ΨN+1(x))T be given as in (3.0.3)

and choose

Ψ̃(x) =


qΨ1(x)

O

 Ψ2(x)
...

ΨN+1(x)


 .

so that Ψ̃(x) and ∆̃(x) satisfies condition (3.0.2):
qΨ1(x)

O

 Ψ2(x)
...

ΨN+1(x)



†(

q 0

0 O

)
∆(x)O−1 = Ψ†∆(x)O−1 = 0.

The connection constructed from Ψ̃ is the same from that construct from Ψ

because

Ψ̃(x)†dΨ̃(x) =

(
Ψ†1(x)q†

(
Ψ2

2(x) . . . Ψ2
N+1(x)

)†
O†
)

qdΨ1(x)

O

 dΨ2(x)
...

dΨN+1(x)




= Ψ(x)†dΨ(x).

Now we consider the connection form A that is invariant under some rotation

group S1 ⊂ SO(4). Via the identification

SO(4) ∼= Spin(3)×Z2 Spin(3) ∼= SU(2)×Z2 SU(2) ∼= Sp(1)×Z2 Sp(1),

where (g1, g2) ∼ (−g1,−g2), any element of the action group can be represented

by a tuple of unit quaternions [g1, g2] and the action is given by

x 7−→ g1xg
−1
2 .
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Proposition 3.1. A connection A is S1-invariant if and only if the S1-action

on the ADHM data ∆(x) of A leads to a gauge equivalent connection¬. That is

for each [g1, g2] there exist unit quaternion q and real orthogonal matrix O, both

depending on g1 and g2, such that

∆(g1xg
−1
2 ) =

(
L

M − g1xg
−1
2 IdN

)
= g1

(
q 0

0 O

)(
L

M − xIdN

)
g−1

2 O−1.(3.0.11)

The proposition provide a criteria for the ADHM data to be S1-invariant: we

can define the matrix ∆(x) to be S1-invariant if ∆(g1xg
−1
2 ) and g1∆(x)g−1

2 give

rise to the same (up to gauge equivalence) connection.

Proof. Given (3.0.11), the transformation (3.0.10) implies that

g1∆̃(x)g−1
2 = g1

(
q 0

0 O

)(
L

M − xIdN

)
g−1

2 O−1

and

g1∆(x)g−1
2 = g1

(
L

M − xIdN

)
g−1

2

give rise to gauge equivalent connections. Since g1 and g2 are constant unit quater-

nions, g1∆(x)g−1
2 and ∆(x) give the same connection. Therefore g1∆̃(x)g−1

2 =

∆(g1xg
−1
2 ) and ∆(x) gives gauge equivalent connections. As the former gives the

connection [g1, g2] · A and latter gives A, this means A is S1-invariant.

Conversely, suppose [g1, g2] ·A is gauge equivalent to A. This means ∆(x) and

∆(g1xg
−1
2 ) are equivalent data. Then

g−1
1 ∆(g1xg

−1
2 )g2 =

(
g−1

1 Lg2

g−1
1 Mg2 − xIdN

)
and ∆(x) are equivalent data. Denote this matrix by ∆̂(x). We apply the follow-

ing theorem of Atiyah, Drinfeld, Hitchin and Manin (ADHM) to conclude that

there exists q and O such that

∆̂(x) =

(
q 0

0 O

)
∆(x)O−1.

Theorem 3.2. ([ADHM78])

Every SU(2)-instanton of charge k on R4 arises from parameters (L,M) sat-

isfying condition (3.0.1), the connection form being given by (3.0.3) and with Ψ

defined by condition (3.0.2).

¬We cannot require the action to yield exactly the same connection due to the redundancy

(3.0.5).
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Therefore

∆(g1xg
−1
2 ) = g1

(
q 0

0 O

)
∆(x)O−1g−1

2 .

The ADHM construction allows the connection space to be identified with the

matrix space

M =

{
∆(x) =

(
L

M − xIdN

)
∈M(N+1)×N

∣∣∣∣M is symmetric,∆(x)†∆(x) is invertible.

}
.

3.1 Energy 1 instanton

To describe the instanton moduli space, consider first energy N = 1 instantons,

then

∆(x) =

(
L

M − x

)
=

(
L
|L| |L|
M − x

)
Since L

|L| is a unit quaternion, ∆(x) is equivalent to(
|L|

M − x

)
.

Hence we can identify M with R4 × R+ via the isomorphism

M −→ R4 × R+

∆ 7−→ (M, |L|).
(3.1.1)

The isomorphism is well-defined for L 6= 0 as(
|L| (M − x)†

)( |L|
M − x

)
= |L|2 + |M − x|2 6= 0.

Observe that the space R4×R+ indicates the mass center and energy concentra-

tion of an instanton, which is the geometric meaning of the data L and M .

If in addition the instanton is invariant under certain rotation action, then(
L

M − g1xg
−1
2

)
= g1

(
qLO−1

M − x

)
g−1

2 =

(
g1qLg

−1
2 O−1

g1Mg−1
2 − g1xg

−1
2

)
which implies M = g1Mg−1

2 is fixed by [g1, g2]-action. This implies if the ADHM

data leads to the same conclusion as before, then the mass center must be a the

fixed point of [g1, g2]-action.
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Remark 3.3. 1. The connection A0 corresponds to (0, 1) ∈ R4×R+ is calculated

explicitly in (3.4.2) [DK90] to be

A =
1

1 + |x|2
(θ1i + θ2j + θ3k)

where i, j, k is a standard basis for su(2) and

θ1 = x1dx2 − x2dx1 − x3dx4 + x4dx3,

θ2 = x1dx3 − x3dx1 − x4dx2 + x2dx4,

θ3 = x1dx4 − x4dx1 − x2dx3 + x3dx2.

2. The moduli space of 1-instanton can be identified with the space of gauge

equivalent connections {f ∗A0} where f is generated by translations and dilations

of R4.
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Chapter 4

Γ-invariant monopoles and

examples

In this chapter, we first consider a certain kind of group action Γ on M , where Γ

is a Lie group, and the moduli space of Γ-invariant monopoles and then calculate

two examples.

In Section 4.1, we give the definition of Γ-invariant monopoles, state the Γ-

invariant version of deformation theory and describe the local neighbourhood of

a Γ-invariant monopole through the Kuranishi map.

In Section 4.2 and 4.3, we calculate two examples: H3 and S2 × R. In both

cases we take Γ = S1. The Γ-action on H3 is defined to be rotations of the upper

half space around the z-axis. We focus on the moduli space of monopoles on

H3 with charge 1. The Γ-action on S2 × R is the rotation of S2 fixing {0,∞}.
Braam calculated these two examples without Γ-actions in [B89]. We first follow

Braam’s calculation and describe the original moduli spaces, then describe the

Γ-invariant moduli spaces.

4.1 Γ-invariant monopoles

In addition to the setup in chapter 1, we consider an action on the 3-manifold

M . Denote the action group by Γ. In order to obtain meaningful results, we

assume that the Γ-action

1. extends to ∂M and thus induces an action on the compactified space X,

2. has fixed surfaces Ti in X and the action is free away from the fixed surfaces.

Proposition 4.1. 1. The Γ-action and S1-action on X commutes.

57
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2. The Γ-action induces a well-defined action on B and the moduli space of

monopoles.

Proof. Two actions commute on M × S1 ⊂ X because they act on independent

parts. On the fixed surface Sj ⊂ X, S1-action is trivial so the result follows.

The group H is defined as

H = {f : P −→ P, π ◦ f = γ ◦ π for some γ ∈ Γ}

Similar as in chapter 1, fγ is unique up to gauge transformation and thus the ac-

tion of Γ on the space B = A ∗(P )/G (P ) of gauge equivalent classes of irreducible

monopoles given by γ · [A] 7→ [f ∗γA] is well defined.

If there exists a connection [A] that is fixed by the Γ-action, we obtain the

same short exact sequence

G (P )A −→HA −→ S1.

If A is irreducible, then there exists an action on P which is a double cover of

the Γ-action on X, which we denote by Γ̃.

Definition 4.2. Γ-invariant SU(2)-monopoles on P correspond to an (Γ̃× S̃1)-

instanton on P . The Γ-invariant monopole moduli space M(P ) is given by

MΓ(P ) =
{

Γ̃× S̃1-invariant instantons
}
/G(P )Γ̃×S̃1

.

Remark 4.3. 1. Note that Γ̃× S̃1 is a cover of Γ×S1 of degree 4 rather than 2.

However one can still apply the theory developed in Chapter 2 because there is

an equivalent definition of Γ-invariant monopole encoding a double cover lift: By

lifting the (Γ×S1)-action on X (via some fixed point [A] ∈ B) to a Γ̃× S1-action

on P , we can define Γ-invariant monopole as Γ × S1-invariant instantons on X

and

MΓ(P ) =
{

Γ̃× S1-invariant instantons
}
/G(P )Γ̃×S1

.

Recall that a reducible connection A on a complex rank 2 vector bundle E admits

a splitting

E = L⊕ L∗
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and A = A1 ⊕ A2. In the presence of the Γ × S1-action, a Γ × S1-invariant

reducible connection is a reducible connection such that in the splitting, L and

L∗ are Γ̃× S1-equivariant.

2. In our examples, Γ = S1, and the deformation theory of section 2.2 and

gluing constructions of section 2.6 can be applied with S1 replaced by Γ × S1.

We state here the corresponding results which will be used in later calculations.

Theorem 4.4. (Γ-invariant version of Theorem 3.2 on [B89])

Let GAΓ
p,k+1(P ) be the Γ-invariant part of GAp,k+1(P ), A be a Γ-invariant

monopole on P , ΓA ⊂ GAΓ
p,k+1(P ) the stabiliser of A and (H i

A)Γ̃×S1
be Γ̃× S1-

invariant part of the cohomology groups H i
A associated to the complex

Ω0(adP )
dA−→ Ω1(adP )

d+A−→ Ω2,+(adP ).

There exist a ΓA-invariant neighourhood W of 0 in (H i
A)Γ̃×S1

and a smooth map

φ : W −→ (H2
A)Γ̃×S1

such that a neighbourhood of [A] in MΓ(P ) is modelled on φ−1(0)/ΓA.

Let X0, X1 be two Riemannian 4-manifolds with Γ × S1-actions which are

constructed from two 3-manifolds M0 and M1 as in Chapter 2 and Pi be the

equivariant SU(2)-bundles over Xi.

Theorem 4.5. (Γ-invariant version of theorem 5.2 of [B89])

Let

(1) g0, g1 be Γ×S1-invariant metrics on X0, X1 which is conformally flat near

x0 ∈ X0, x1 ∈ X1;

(2) A0, A1 be Γ×S1-invariant monopoles with respect to g0, g1, ΓAi ⊂ GAΓ
p,k+1(Pi)

the stabiliser of Ai;

(3) I be the space of Γ × S1-equivariant gluing parameters, that is I is the set

of Γ× S1-equivariant homomorphisms from P0 to P1;

(4) g be the Γ× S1-invariant metric on X = X0#X1.

There exists a ΓA0 × ΓA1-invariant neighbourhood N of I × {0} × {0} in I ×
(H1

A0
)Γ̃×S1 × (H1

A1
)Γ̃×S1

and a ΓA0 × ΓA1-equivariant map

Φ : N −→ (H2
A0

)Γ̃×S1 × (H2
A1

)Γ̃×S1

such that Γ-invariant monopoles with standard form (2.6.1) is parametrized by

Φ−1(0)/ΓA0 × ΓA1.
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4.2 Example : M = H3

4.2.1 Monopoles on H3

In this chapter we study the monopoles on H3. This is an important case

as the monopole construction usually involves gluing with such monopoles. In

addition to the original set up, we consider H3 with a group action given by a

subgroup Γ of isometries of H3.

Let M = H3 be the 3-dimensional hyperbolic space. Throughout the section

we will use two different coordinate system listed below for the hyperbolic space

depending on which one is simpler to work with in different cases.

(1) Identify the hyperbolic 3-space as the Euclidean half-space, that is

H3 =
{

(x, y, t) ∈ R3 | t > 0
}
,

endowed with the metricds2 = (dx2 +dy2 +dt2)/t2. We will also sometimes

identify the xy-plane as the complex numbers and thus use (z, t) to represent

an element of H3.

(2) Identify the hyperbolic 3-space as the Euclidean 3-space with spherical co-

ordinates, that is

H3 = {(l, ψ, φ) | l ≥ 0, ψ ∈ [0, π], φ ∈ [0, 2π]} ,

endowed with the metric ds2 = dl2 + sinh2 ldψ2 + sinh2 l sin2 ψdφ2.

Identify the hyperbolic 3-space as subspace of Euclidean 4-space with the Minkowski

metric, that is

H3 =
{

(x1, x2, x3, x4) ∈ R4 | x2
1 + x2

2 + x2
3 − x2

4 = −1, x4 > 0
}
,

endowed with the metric ds2 = dx2
1 + dx2

2 + dx2
3− dx2

4. The relation between two

coordinates can be calculated using their relation with this one, that is

x1 =
x

t
, x2 =

y

t

x3 =
t− t−1

2
+
x2 + y2

2t

x4 =
t+ t−1

2
+
x2 + y2

2t
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and

x1 = sinh l sinψ cosφ

x2 = sinh l sinψ sinφ

x3 = sinh l cosψ

x4 = cosh l.

Consider the coordinate system (1), ∂M ∼= S2. The compactified space can

be identified as S4 via the embedding

ι : H3 × S1 −→
(
R2 ⊕ R2

)
\
(
R2 ⊕ {0}

)
S4 \ S2

(x, y, t, τ) 7−→ (x, y, t cos τ, t sin τ).
(4.2.1)

This embedding gives a geometric picture of the conformal compactification.

We identify X as

X ∼= S2 × [0,∞]× S1/ ∼

where the equivalence relation is given by (x, 0, τ) ∼ (x′, 0, τ) and (x,∞, τ) ∼
(x,∞, τ ′) for x, x′ ∈ S2 and τ , τ ′ ∈ S1. Then

S2 × [0,∞]× S1/ ∼
∼=

(
S2 × [0, 1]× S1

)
∪
(
S2 × [1,∞]× S1

)
/ ∼

∼=
S2 × [0, 1]× S1

(x, 0, τ) ∼ (x′, 0, τ)
∪ S2 × [1,∞]× S1

(x,∞, τ) ∼ (x,∞, τ ′)
∼=

(
D3 × S1

)
∪
(
S2 ×D2

)
(4.2.2)

where last identification is given by gluing ∂D3 with S2 and S1 with ∂D2. With

this picture in mind, it is clear that the S1-action extended to X has one fixed

surface being S2. Regarding the embedding (4.2.1), the fixed surface is

S2 = (R2 ⊕ {0}) ∪ {∞} ⊂ S4

because the action of an element θ ∈ S1 is given by

θ · (x, y, t cos τ, t sin τ) = ι (θ · ((x, y, t), τ))

= ι((x, y, t), τ + θ)

= ((x, y, t), t cos(τ + θ), t sin(τ + θ)).

According to Chakrabarti [C84], the basic monopole (A3,Φ) of mass m = α−1

with center at l = 0 are given by

A3 =
(
α·sinh l
sinh(αl)

)
τ2 · dψ +

(
α·sinh l
sinh(αl)

sin(ψ) · τ1 + cos(ψ) · τ3

)
· dφ,

Φ = [coth l − α · coth(αl)] · τ3
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where {τ1, τ2, τ3} is a basis of the lie algebra su(2) satisfying [τi, τj] = −εijk · τk.

Proposition 4.6. (A3,Φ) ∈M(α− 1, 1).

Proof. The following calculation follows from example 1.5(2) and example 2.5(1)

of [B89].

The curvature is given by computing

dA3 =
α cosh l sinhαl − α2 sinh l coshαl

sinh2 αl
τ2 · dψ ∧ dl

+
α cosh l sinhαl − α2 sinh l coshαl

sinh2 αl
sin(ψ)τ1 · dφ ∧ ψ

A3 ∧ A3 =

(
−
(
α sinh l

sinhαl

)2

sinψτ3 +
α sinh l

sinhαl
cosψτ1

)
dψ ∧ dφ.

By taking the limit l→∞, we obtain the curvature at north pole∞ of the sphere

S2 given by

F (A3)|S2
∞ = lim

l→∞

(
dA3 +

1

2
A3 ∧ A3

)
= sinψ · τ3dφ ∧ ψ

The element τ3 ∈ su(2), viewed as an endomorphism of L1 ⊕ L∗1, is the matrix(
1
2
i 0

0 1
2
i

)
.

By definition, the charge of A3 is given by

k1 = c1(L∗1) = − 1

2πi

ˆ
S2

(−1

2
i sinψ · dφ ∧ ψ) = 1

and the mass is

m = lim
l→∞
|Φ| = α− 1.

Braam also states in example 1.5(2) of [B89] that all other elements inM(α−
1, 1) is obtained by applying orientation preserving isometries of H3, that is

M(m, 1) =
{

[f ∗(A3,Φ)] | f is an orientation preserving isometry of H3
}
.

Let π : H3 × S1 → H3 be the projection map. As described in chapter 1,

A0 ≡ π∗A3 + (π∗Φ)dθ is an S1-invariant connection on the principal bundle P

over R4.
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Proposition 4.7. The moduli space M(m, 1) of charge 1 monopoles correspond

to the space of connections of the form f ∗(π∗A3 + π∗Φdθ) where f is an auto-

morphism of R4 generated by translations along R × {0} ⊂ R4 and dilations of

R4.

Proof. It suffices to show that the mass center of A0 is at 0 ∈ R4 and isometries of

H3 corresponds to translation and dilations of R4 via the the embedding (4.2.1).

The antipotal map ν on R4 restricting to H3 × S1 is given by

ν(x, y, t, τ) = i−1(−i(x, y, t, τ))

= i−1(−x,−y,−t cos(τ),−t sin(τ))

= (−x,−y, t, τ + π).

Since the coordinate {x, y, t} and {l, ψ, φ} is related by

x

t
= sinh l sinψ cosφ

y

t
= sinh l sinψ cosφ

t− t−2

−2
+
x2 + y2

2t
= sinh l cosψ,

t+ t−1

2
+
x2 + y2

2t
= cosh l,

therefore ν(l, ψ, φ) = (l, ψ, φ+ π). We have

A3(ν(l, ψ, φ)) = A3(l, ψ, φ+ π) = A3(l, ψ, φ)

Φ(ν(l, ψ, φ)) = Φ(l, ψ, φ+ π) = Φ(l, ψ, φ)

which means (A3,Φ) is even and hence so is the connection A0. Therefore the

mass center of A0 is at 0.

Recall that every linear (or anti-linear) fractional map

ϕ : Ĉ −→ Ĉ,

Ĉ = C ∪ {∞} extends continuously and uniquely to a map of ϕ̂ : H3 ∪ Ĉ →
H3 ∪ Ĉ whose restriction to H3 is an isometry of H3 with the metric given as

in coordinate choice (2). Moreover, every isometry of H3 is obtained this way.¬

In other words, every orientation preserving isometry of H3 is a composition of

translations, dilations and rotations.

¬See section 9.3, [B09] for detailed discussion on isometries of the hyperbolic space.
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The translation maps

H3 −→ H3

(x, y, t) 7−→ (x+ a, y + b, t)

of H3 induces the map

R4 −→ R4

(x, y, t) 7−→ (x+ a, y + b, t) ,

on R4. Similarly, the dilation map

H3 −→ H3

(x, y, t) 7−→ (λx, λy, λt)

of H3 induces the map

R4 −→ R4

(x, y, t) 7−→ (λx, λy, λt cos(τ), λt sin(τ)) ,

on R4. Using spherical coordinates, it is clear that the rotation map

H3 −→ H3

(l, ψ, φ) 7−→ (l, ψ, φ+ θ)

fixes (A3,Φ). Hence

M(m, 1) =

{
[f ∗(π∗A3 + π∗Φdθ)]

∣∣∣∣ f : R4 → R4 is a composition of translations

along R× {0} and dilations.

}
.

(4.2.3)

The proof is concluded.

Remark 4.8.

1. The proposition shows that M(m, 1) ∼= S2 × R>0 and dimM(m, 1) = 3.

2. Let P → S4 be the SU(2)-bundle with c2(P ) = m, then the moduli space

of monopoles on H3 is

M(P ) =
⊔

m′k′=m

M(m′, k′)

where m′ and k′ are mass and charge (in integer values). In this section we

have only described the connected component M(m, 1).
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3. In the case m = 1, the proposition matches the result we obtained using

ADHM construction.

4.2.2 Γ-invariant monopoles on H3

Consider the isometry group generated by(
eiθ 0

0 eiθ

)
∈ PSL(2,C) = SL(2,C)/C∗

acting on H3. This group consists of functions of the form

eiθ : (z, t) 7−→ (e2iθz, t).

Hence the group S1 acts on H3 by earth rotation, that is rotation around the t

axis, and has fixed point set SΓ = {(0, 0, t) | t > 0}. To avoid confusion with the

previous S1 action, we denote this action group by Γ. Extending the Γ-action to

H3 × S1, the corresponding fixed point set becomes the cylinder SΓ × S1. It is

clear that the induced action on S4 is fixing the first two entries and has fixed

surface S2. This is however not the same S2 given by the fixed surface under the

S1 action in Chapter 2. Using the geometric picture (4.2.2), the fixed surface of

S1 action is given by the boundary of D3 while the fixed surface of Γ is given by

T × S1 where T ⊂ D3 is the diameter connecting north and south pole. Hence

two fixed surface intersect transversally at two points.

Proposition 4.9. MΓ(m, 1) ∼= R>0.

Proof. Observe that the Γ×S1-action on R4 only fixes the origin (0, 0), hence the

moduli space is no longer generated by the translations along R×{0}. It follows

from proposition (4.7) that MΓ(m, 1) is generated only by dilations of R4.

4.3 Example : M = S2 × R

Consider the three manifold M = S2 × R with the metric

ds = cosh2 l · ds2
S2 + dl2

where cosh x = ex+e−x

2
and ds2

S2 is the SO(3)-invariant metric of curvature 1 on

S2.

The compactified space M × S1 is then X = S2 × R× S1 which is identified

with S2 × S2. Topologically the second S2 is obtained by collapsing two ends of

the cylinder S1 ×R to two points. The S1 action is the on the second summand

by earth rotation, then the fixed surfaces are S0 = S2×{0} and S∞ = S2×{∞}.
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4.3.1 Construction of S̃1-equivariant SU(2) bundle E on X

Let O(1)→ S2 be the complex line bundle with c1 = 1 with an S1 action on the

base by earth rotation. Define O(n) = O(1)⊗n. Let D2
+ and D2

− be the top and

bottom closed hemisphere of the base manifold S2, both including the equator.

By choosing the open cover {D2
+, D

2
−} and the transition function

g : D2
+ ∩D2

− −→ C∗

x 7−→ x−n.

The bundle O(n) can be represented as

O(n) =
(
D2

+ × S1 tD2
− × S1

)
/ ∼

where the equivalence relation is defined by the transition function.

Lemma 4.10. The bundle O(n) admits an S̃1-action with weights ω0, ω∞ ∈ Z
satisfying ω0 − ω∞ = 2n.

Here the weights ω0, ω∞ refers to the winding number of the action on the

fibres at north and south pole of S2 respectively.

Proof. δ ∈ S̃1 acts on D2
+ × S1 by

δ · (x, ξ) = (δ2x, δω0ξ)

and on D2
− × S1 by

δ · (x, ξ) = (δ2x, δω∞ξ).

For (x, ξ) ∈ ∂D2
± × S1,

δ2x, δω0ξ ∼ (δ2x, δω0ξ(δ2x)−n)

= (δ2x, δω0−2nξx−n)

= (δ2x, δω∞ξx−n).

Hence the action is well-defined on the intersection D2
+ ∩D2

−
∼= S1.

Let πj : X → S2 be the projection onto the j-th factor, denote by O(n,m)

the bundle π∗1O(n)⊗ π∗2O(m) over X.

Fix the weights ω0, ω∞ with ω0 − ω∞ = −2k. The S̃1-action on the bundle

O(−k)→ S2 with weights ω0 and ω∞ extends to the bundle O(k,−k)→ X and
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the S̃1-action on the bundle O(k) → S2 with weights −ω0 and −ω∞ extends to

the bundle O(−k, k)→ X. Therefore we have a S̃1-action on the vector bundle

E = O(k,−k)⊕O(−k, k).

The line bundles O(k,−k) carry an anti-self-dual connection, which induces an

S̃1-invariant reducible ASD connection on the bundle E → X. According to our

definition in Chapter 2, this corresponds to a reducible monopole on M .

Next we will describe the mass and charge of a monopole on M = S2 × R.

4.3.2 Calculating mass and charge

Proposition 4.11. Given the S̃1-action on E as described above. The fixed

surfaces are S0 = {north pole} × S2 and S∞ = {south pole} × S2. The mass and

charge corresponding to S0 and S∞ are given by

(m0, k0) := (|ω0|,−sign(ω0)k)

(m1, k1) := (|ω∞|, sign(ω∞)k)

Proof. Following the procedure of Chapter 1, we wish to find a splitting of the

bundle E|S2×{0} defined by (2.1.6). Observe that

E|S0 =
(
π∗1O(k)⊗ π∗2O(−k)|{0}

)
⊕
(
π∗1O(−k)⊗ π∗2O(k)|{0}

)
∼= (O(k)⊗ C)⊕ (O(−k)⊗ C) .(4.3.1)

and similarly

E|S∞ =
(
π∗1O(k)⊗ π∗2O(−k)|{∞}

)
⊕
(
π∗1O(−k)⊗ π∗2O(k)|{∞}

)
∼= (O(k)⊗ C)⊕ (O(−k)⊗ C) .(4.3.2)

Since E|Sj by construction is already a direct sum of two line bundles(one also

being the dual of the other), it is natural to expect that Lj = O(k) or Lj = O(−k).

This is indeed the case. To see this, we trace back to the S̃1-action on O(k,−k).

The action is trivial on the O(k) part and has weight equal to ω0 on the O(−k)

part. Over the fixed surface S0 theO(−k) is restricted to a point thus the action is

simply on the fibre C is by multiplication by unit complex number or equivalently

on the first summand of (4.3.1) with weight ω0. The same reasoning applies to

the action on the second summand and on the restricted bundle over S∞. Thus

the summands of the splitting (4.3.1) and (4.3.2) satisfies the definition of the
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line bundles Lj and L∗j of (2.1.6). By definition the weight of the S̃1-action on

Lj’s is the mass of monopole, thus

m0 = |ω0|

and

m∞ = |ω∞|.

Note that this also puts a constraint that m0 and m∞ cannot both be zero for

otherwise the condition ω0 − ω∞ = −2k means k = 0 and the bundle E becomes

trivial.

There is a freedom in the choice Lj = O(k) or Lj = O(−k) depending on the

sign of ω0 and ω∞. Here we choose ω0 > 0 and ω∞ > 0 and thus L1 = O(k),

L2 = O(−k). The monopole charge is given by

k0 · x1 = c1(O(−k)) ∈ H2(S2 × {0});
k∞ · x1 = c1(O(k)) ∈ H2(S2 × {∞}).

Observe that the sign of kj reverts for different sign of ωj. Moreover, the sign

of sign(ωj)kj depends on the choice of orientation of each fixed surface, the two

choice must also differ by a sign. Therefore

k0 = −sign(ω0)k

k∞ = sign(ω∞)k.

We check formula (2.1.11) to ensure that the correspondence between monopole

and instanton are as intended:

c2(E) = c2(O(k,−k)) + c2(O(−k, k)) + c1(O(k,−k))c1(O(−k, k))

= 0 + 0 + (k,−k) · (−k, k)

= 2k2,

the calculation of monopole mass and charge involves the choice of sign of ω0 and

ω∞, the calculation here incorporates all possibilities,∑
j

mjkj = m0k0 +m∞k∞

= sign(ω0)ω0(−1)sign(ω0)k + sign(ω∞)ω∞sign(ω∞)k

= −k(ω0 − ω∞)

= 2k2,

hence (2.1.11) holds.
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4.3.3 Index formula associated to E

Knowing the charge and mass, we can use the invariant version of the index

formula to calculate the dimension of the monopole moduli space, which is given

by theorem 2.3 in [B89]:

I(mj, kj) =
∑

mj 6=0 4 · kj + (gj − 1) +
∑

mj=0 3 · (gj − 1)

where gj is the genus of Sj. Hence in this example the formula simplifies to

I(mj, kj) =
∑

mj 6=0 4 · kj − 1−
∑

mj=0 3(4.3.3)

4.3.4 Local model of [A] in M(E)

Let [A] be the reducible connection defined by the unique ASD connection on

O(k,−k). Recall in Chapter 2 we studied a model of a neighbourhood of an in-

stanton [A] given by φ−1(0)/ΓA where φ is Kuranishi map relation to the complex

(2.2.1). Therefore we can get a local picture by calculating the leading term of

Kuranishi map.

Proposition 4.12. The cohomology of the Atiyah-Hitchin-Singer complex asso-

ciated to A

Ω0 dA−→ Ω1 d+A−→ Ω2,+

is given by

H0
A = R ·

(
i 0

0 −i

)
∼= R,

H1
A
∼= C4k2−1 ⊕ C4k2−1,

H2
A = R ·

(
i 0

0 −i

)
∼= R.

Proof. Let ω be the self-dual Kahler form of X = S2 × S2. We follow section

6.4.2 of [D90] to compute cohomology groups using holomorphic data:

H1
A = H1(End0E )

H2
A = H2(End0E )⊕H0

A · ω
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where E is the holomorphic structure on E corresponds to A and End0E is a

(trace-free) subbundle of End E . Since E is a sum of two line bundles, and

End(L⊕ L∗) = (L⊕ L∗)⊗ (L⊕ L∗)∗(4.3.4)

= (L⊕ L∗)⊗ (L∗ ⊕ L)

= (L⊗ L∗)⊕ L⊗2 ⊕ (L∗)⊗2 ⊕ (L⊗ L∗)
(L∗ = L−1 ⇒) = C⊕ L⊗2 ⊕ (L∗)⊗2 ⊕ C.

Due to the trace-free condition, the second trivial bundle C becomes redundant

data. We have

H1(End0E ) ∼= H1
sheaf (X,C ⊕O(2k,−2k)⊕O(−2k, 2k)) .(4.3.5)

Since cohomology commutes with direct sums (cf. Remark 2.9.1 [H77]), we

need only to calculate each summand. Recall that X = S2 × S2, by Kunneth

formula,

H1(X,O(2k,−2k))

= H0(S2,O(2k))⊗H1(S2,O(−2k))⊕H1(S2,O(2k))⊗H0(S2,O(−2k)).(4.3.6)

According to the result of sheaf cohomology (cf. Theorem 5.1 [H77])

H0(S2,O(l)) =

0, l < 0,

Cl+1, l ≥ 0
(4.3.7)

H1(S2,O(l)) = H0(S2, O(−l − 2)),(4.3.8)

we compute

H0(S2,O(2k)) =

0, k < 0,

C2k+1, k ≥ 0
,

H0(S2,O(−2k)) =

0, k > 0,

C−2k+1, k ≤ 0
,

H1(S2,O(−2k)) = H0(S2, O(2k − 2))

=

0, k < 1,

C2k−1, k ≥ 1
,

H1(S2,O(2k)) = H0(S2, O(−2k − 2))

=

0, k > −1,

C−2k−1, k ≤ −1
.
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Plugging the results into (4.3.6) gives

H1(X,O(2k,−2k)) ∼= C4k2−1(4.3.9)

and hence

H1
A = H1(End0E ) ∼= 0⊕ C4k2−1 ⊕ C4k2−1

= C4k2−1 ⊕ C4k2−1

Following the computation in section 6.4.3 example (ii) [D90],

H2(End0E ) = H2(C⊕O(2k,−2k)⊕O(−2k, 2k)).

Again, we calculate H2(End0E ) by computing each summand:

H2(O(2k,−2k)) = H1(S2,O(2k))⊗H1(S2,O(−2k))

=

0 if k > −1

C−2k−1 ⊗ 0 if k ≤ −1

= 0

Then the Kunneth formula for sheaf cohomology implies

H2(End0E ) = 0

Regarding Theorem 3.1 of [FU84], since A is reducible,we have ΓA ∼= U(1) ⊂
SU(2), then H0

A = kerdA = Lie(ΓA) can be identified as the real line generated

by (
i 0

0 −i

)
,

that is,

H0
A = R ·

(
i 0

0 −i

)
.

Summarising, we have

H2
A = R ·

(
i 0

0 −i

)
· ω.
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The calculation (4.3.4) gives rise to an explicit isomorphism for the identifi-

cation (4.3.5) in the following way:

Regard α ∈ L⊗ L as a map

L∗ −→ L

v 7−→ α · v,

then α, as an element of End0E , is given by(
0 α

−α∗ 0

)
and similarly β ∈ L∗ ⊗ L∗ is given by(

0 β∗

−β 0

)
therefore the isomorphism is given by

H1(X,O(2k,−2k))⊕H1(X,O(−2k, 2k)) −→ H1
A

(α, β) 7−→

(
0 α− β∗

β − α∗ 0

)
.

Since H1 = kerd+
A/imdA, the matrix(

0 α− β∗

β − α∗ 0

)

can be regarded as a su(2)-valued one form, that is by choosing a complex local

coordinate {z1, z2} of S2 × S2, the matrix can be represented as(
0

∑2
i=1 αidzi −

(∑2
i=1 βidzi

)∗∑2
i=1 βidzi −

(∑2
i=1 αidzi

)∗
0

)

=

(
0 α1

β1 0

)
dz1 +

(
0 −β1

−α1 0

)
dz̄1 +

(
0 α2

β2 0

)
dzz +

(
0 −β2

−α2 0

)
dz̄2.

(4.3.10)

This identification allows us to calculate the leading term of the Kuranishi map

q : H1 −→ R

p 7−→

〈(
i 0

0 −i

)
ω,

1

2
P+[p, p]

〉
L2
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where ω = i
2
(dz1 ∧ dz̄1 + dz2 ∧ dz̄2) is the Kahler form of S2 × S2, as a map from

the sheaf cohomologies, that is with p given (locally) by (4.3.10).

We calculate the second term first:

1

2
[p, p] = p ∧ p(4.3.11)

= (−α1ᾱ1 + β1β̄1)

(
1 0

0 −1

)
dz1 ∧ dz̄1 + (−α2ᾱ2 + β2β̄2)

(
1 0

0 −1

)
dz2 ∧ dz̄2 + . . .

=
1

2

(
−α1ᾱ1 + β1β̄1 − α2ᾱ2 + β2β̄2

)(1 0

0 −1

)
(dz1 ∧ dz̄1 + dz2 ∧ dz̄2)

+
1

2

(
−α1ᾱ1 − β1β̄1 + α2ᾱ2 − β2β̄2

)(1 0

0 −1

)
(dz1 ∧ dz̄1 − dz2 ∧ dz̄2) + . . .

the omitted terms are independent of dz1 ∧ dz̄1 and dz2 ∧ dz̄2 and thus gives zero

after inner product with ω. The first term of (4.3.11) is self-dual, hence

1

2
P+[p, p] =

1

2

(
−α1ᾱ1 + β1β̄1 − α2ᾱ2 + β2β̄2

)(1 0

0 −1

)
(dz1 ∧ dz̄1 + dz2 ∧ dz̄2).

= −1

2

(
‖α‖2

L2 − ‖β‖2
L2

)(1 0

0 −1

)
(dz1 ∧ dz̄1 + dz2 ∧ dz̄2).

Then 〈(
i 0

0 −i

)
ω,

1

2
P+[p, p]

〉
L2

=

(
−1

2
0

0 1
2

)
·

(
−1

2

(
‖α‖2

L2 − ‖β‖2
L2

)
0

0 1
2

(
‖α‖2

L2 − ‖β‖2
L2

))
=

1

4

(
‖α‖2

L2 − ‖β‖2
L2

)
+

1

4

(
‖α‖2

L2 − ‖β‖2
L2

)
=

1

2

(
‖α‖2

L2 − ‖β‖2
L2 .
)

(4.3.12)

Therefore the map q is given by

q : H1(X,O(2k,−2k))⊕H1(X,O(−2k, 2k)) −→ R

(α, β) 7−→ 1
2

(
‖α‖2

L2 − ‖β‖2
L2

)
Regarding (4.3.9), by choosing a basis {ei, . . . , e2k2−1} α and β can be viewed



74 CHAPTER 4. Γ-INVARIANT MONOPOLES AND EXAMPLES

as a 1× (4k2 − 1) complex vector:

α =
4k2−1∑
i=1

αiei, αi ∈ C

β =
4k2−1∑
i=1

βiei. βi ∈ C

Fix α, β ∈ q−1(0) and let α(t) and β(t) be two curves with α(0) = α and β(0) = β,

then by definition

dq(α(0),β(0))(α(t), β(t)) = lim
t→0

q(α(t), β(t))− q(α(0), β(0))

t

= lim
t→0

q(α(t), β(t))

t
.

It is now clear that dq is surjective away from 0 and thus 0 is indeed a regular

value of q. Therefore q−1(0) \ {0} is a manifold. We can identify q−1(0) \ {0} as{
(α, β) | |α|2 = |β|2 = 1

}
× R

via the map

(α, β) 7−→
((

α

|α|
,
β

|β|

)
, |α|

)
.

The neighbourhood of [A] in the ASD instanton moduli space is given by

q−1(0)/ΓA =
{

(α, β) ∈ C4k2−1 ⊕ C4k2−1; ‖α‖2
L2 = ‖β‖2

L2

}
/U(1)

(4.3.13)

where U(1) acts by λ · (α, β) = (λα, λ−1β). Observe that for any real number ε,

ε(α, β) = (εα, εβ) ∈ q−1(0)/U(1), therefore the neighbourhood is a cone over the

manifold

S8k2−3 × S8k2−3/U(1).

Next we take the S̃1-action invariance into account. There are several cases

to be considered concerning the sign of the parameters k, ω0 and ω∞. We can

assume k > 0 without loss of generality because the k < 0 case yields k0 and

k∞ of opposite signs, which can be recovered by reversing the roles of 0 and ∞.

Moreover, k = 0 corresponds to the case of a trivial bundle E and hence a flat

monopole, which is not interested. So for k > 0, the possible choices of signs of

weights are:
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(1) ω0 > 0, in this case k0 < 0 and ω∞ = ω0 + 2k > 0, thus k∞ > 0;

(2) ω0 < 0, in this case k0 > 0 but the sign of ω∞ = ω0 + 2k is not determined

so we have

(2.1) ω∞ = 0,

(2.2) ω∞ > 0 and so k∞ > 0,

(2.3) ω∞ < 0 and so k∞ < 0,

(3) ω0 = 0, in this case ω∞ = 2k > 0 and k∞ > 0.

In conclusion, there are five cases to consider:

(1) ω0 > 0,

(2) ω0 < 0 and ω∞ = 0,

(3) ω0 < 0 and ω∞ > 0,

(4) ω0 < 0 and ω∞ < 0,

(5) ω0 = 0.

The dimension of the moduli space in each case is given by (using formula

(4.3.3)):

I =


−2 in case (1) and (4)

4k − 4 in case (2) and (5)

8k − 2 in case (3)

Proposition 4.13. The S̃1-part of the cohomology is given by

H0
0 = R ·

(
i 0

0 −i

)
∼= R

H1
0
∼=


0 in case (1) and (4)

C2k−1 ⊗ C ∼= C2k−1 in case (2) and (5)

C2k+1 ⊕ C2k−1 in case (3)

.

H2
0 = R ·

(
i 0

0 −i

)
· ω ∼= R.
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Proof. The treatment is similar as before. To evaluate the S̃1-action on H1
sheaf,

rewrite result (4.3.7) in terms of homogenous polynomials of degree l:

H0
sheaf(S

2, O(l)) ∼=
⊕

a0,a1≥0
a0+a1=l

C · xa00 x
a1
1

H1
sheaf(S

2, O(l)) ∼=
⊕

a0,a1<0
a0+a1=l

C · xa00 x
a1
1

with generators x0 and x1. The S̃1-action on the generator is given by

θ · xa00 x
a1
1 =

(
e2πip∞x0

)a0 (
e2πip0x1

)a1
= e2πi(a0p∞+a1p0) (xa00 x

a1
1 ) .

where p0 and p∞ denotes the weights of the action as defined before¬. Observe

that the action does not change the degree a0 and a1, therefore xa00 x
a1
1 is S̃1-

invariant if and only if the generators xa00 x
a1
1 are S̃1-invariant if and only if

θ · xa00 x
a1
1 = xa00 x

a1
1

for any θ ∈ S̃1. This means

p∞a0 + p0a1 = 0.

together with the conditions on the parameters a0, a1, p0 and p∞

(1) p0 − p∞ = 2l,

(2) a0 + a1 = l,

(3) a0, a1 > 0 and

(4) l > 0,

we deduce a sign condition on the weights p0 and p∞

p0 = 2a0 ≥ 0, p∞ = −2a1 ≤ 0

and the polynomial degree that survives the S̃1-action

a0 =
p0

2
, a1 = −p∞

2
.

¬For the deduction of this general case we avoid using the same symbol ω0, ω∞ for the

weights as when we compute the actual case the action will need to be evaluated for the specific

bundle in question.
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Therefore the sheaf cohomology is given by

H0
sheaf(S

2, O(l))S̃
1 ∼= C · xp0/20 x

p∞/2
1

∼=

C, if p0, p∞ are even, p0 ≥ 0, p∞ ≤ 0 and l > 0

0 otheriwse
(4.3.14)

H1
sheaf(S

2, O(l))S̃
1 ∼= C · xp0/20 x

p∞/2
1 .

∼=

C, if p0, p∞ are even, p0 + 2 ≤ 0, −p∞ + 2 ≤ 0 and l < −2

0 otheriwse
(4.3.15)

With all the data above, we can use the Kunneth formula to compute

H1
0
∼= H1 (X,C⊕O(2k,−2k)⊕O(−2k, 2k))S̃

1

∼=
{
H0(S2,O(2k))S̃

1 ⊗H1(S2,O(−2k))S̃
1
}

⊕
{
H1(S2,O(2k))S̃

1 ⊗H0(S2,O(−2k))S̃
1
}

⊕
{
H0(S2,O(−2k))S̃

1 ⊗H1(S2,O(2k))S̃
1
}

⊕
{
H1(S2,O(−2k))S̃

1 ⊗H0(S2,O(2k))S̃
1
}
.

The S̃1-action always fixes the first part of the product S2 × S2, hence the first

term of all four summands are computed same as before. That is, we need to

calculate

H1
0
∼=

{
H0(S2,O(2k))⊗H1(S2,O(−2k))S̃

1
}

⊕
{
H1(S2,O(2k))⊗H0(S2,O(−2k))S̃

1
}

⊕
{
H0(S2,O(−2k))⊗H1(S2,O(2k))S̃

1
}

⊕
{
H1(S2,O(−2k))⊗H0(S2,O(2k))S̃

1
}
.

The S̃1-action on O(2k,−2k) is the one induced by the action on the bundle

O(−2k) → S2, which is the action with weight p0 = 2ω0 and p∞ = 2ω∞. Then

the five cases can be written in terms of p0 and p∞ as

(1) p0 > 0 (which determines p∞ > 0),

(2) p0 < 0 and p∞ = 0,

(3) p0 < 0 and p∞ > 0,

(4) p0 < 0 and p∞ < 0,
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(5) p0 = 0 (which determines p∞ > 0).

Then (4.3.14) implies

H0(S2,O(−2k))S̃
1 ∼= 0 in all cases(4.3.16)

H0(S2,O(2k))S̃
1 ∼=

0 in case (1) and (4)

C in case (2), (3) and (5)
(4.3.17)

Similarly, the action on O(−2k, 2k) is the one induced by the action on the bundle

O(2k)→ S2, which has weight p0 = −2ω0 and p∞ = −2ω∞.

(1) p0 ≤ −2 (which determines p∞ ≥ −2),

(2) p0 ≥ 2 and p∞ = 0,

(3) p0 ≥ 0 and p∞ ≤ −2,

(4) p0 ≥ 0 and p∞ ≥ 2,

(5) p0 = 0 (which determines p∞ ≤ −2).

Then (4.3.15) implies

H1(S2,O(−2k))S̃
1 ∼=

0 in case (1), (2), (4) and (5)

C in case (3)
(4.3.18)

H1(S2,O(2k))S̃
1 ∼= 0 in all cases(4.3.19)

Therefore

H1
0
∼=


0 in case (1) and (4)

C2k−1 ⊗ C ∼= C2k−1 in case (2) and (5)

C2k+1 ⊕ C2k−1 in case (3)

.

By construction, the splitting of E is S1-equivariant, this means the stabiliser

ΓA ∼= U(1) is S1-equivariant due to the fact that U(1) is abelian. Therefore the

S̃1-invariant part of H0
A = Lie(ΓA) is the entire group, thus

H0
0 = R ·

(
i 0

0 −i

)
∼= R

and hence

H2
0 = R ·

(
i 0

0 −i

)
· ω ∼= R.
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Now we have all the information to compute the leading term of the Kuranishi

map using the formula developed before:

q : H1
0 −→ R

In case (1) and (4), H1
0 = {point},

q : {point} −→ R;

in case (2) and (5), H1
0 = 0⊕ C2k−1,

q : C2k−1 −→ R,

β 7−→ −1

2
‖β‖2

L2 ;

in case (3),H1
0 = C2k+1 ⊕ C2k−1,

q : C2k+1 ⊕ C2k−1 −→ R,

(α, β) 7−→ 1

2

(
‖α‖2

L2 − ‖β‖2
L2

)
.

The proof that 0 is a regular value of the map q is the same as before, therefore

we can still use zero set of q to study the neighbourhood of a monopole in the

moduli space. It is clear that in case (1), (2), (4) and (5), q−1(0) = {point} and

in case (3) q−1(0)/U(1) a cone over the manifold

S4k+1 × S4k−3/U(1),

by the same reasoning as before.

Remark 4.14. It is worth mentioning that although q−1(0) = {point} in cases

(1), (2), (4) and (5), case (1) and (4) differ from case (2) and (5). Because in

case (1) and (4) there exists no irreducible monopole as evident by negative in-

dex; in case (2) and (5) the index is positive and thus q−1(0) = {point} means

the reducible monopole is isolated but the existence of irreducible monopole

is not known. However, it is shown in [B87] that M((m0, k0), (m∞, k∞)) =

M((2k, k), (0, 0)) is a point.

4.3.5 Γ-invariant monopoles on S2 × R

Let Γ = S1 be the rotation group that acts on S2 × R by earth rotation on S2

and fixes R. The induced S1-action also acts only on the first component of

X = S2 × S2. Observe that the action is essentially the same as the previous
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S1-action except they act on different S2 of S2×S2. This also means the induced

action on E → X is described in the same way as the previous S1-action. To

avoid confusion with the previous S1-action, we will still denote the new action

by Γ (and Γ̃ its double cover) knowing it is a S1 just acting on different parts to

the previous S1.

Lemma 4.15. The bundle O(n) admits an Γ̃-action with weights γ0, γ∞ ∈ Z
satisfying γ0 − γ∞ = 2n

The proof copies word by word from that of (4.10). To simplify the calculation,

we define the action so that γ0 = ω0 and γ∞ = ω∞. The action then extends to

O(k,−k), O(−k, k) and hence to the bundle E → X.

4.3.6 Local model of [A] in MΓ(E)

Proposition 4.16. The Γ̃× S̃1-invariant part of the cohomology is given by

(H0)Γ̃×S̃1

= R ·

(
i 0

0 −i

)
∼= R

(H1)Γ̃×S̃1 ∼=

C⊕ C in case (3)

0 in case (1), (2), (4) and (5)
.

(H2)Γ̃×S̃1

= R ·

(
i 0

0 −i

)
· ω ∼= R.

Proof. Again we use formula (4.3.14) and (4.3.15) for sheaf cohomology to calcu-

late H i
0. The Kunneth formula gives

(H1)Γ̃×S̃1 ∼=
{
H0(S2,O(2k))Γ̃×S̃1 ⊗H1(S2,O(−2k))Γ̃×S̃1

}
⊕
{
H1(S2,O(2k))Γ̃×S̃1 ⊗H0(S2,O(−2k))Γ̃×S̃1

}
⊕
{
H0(S2,O(−2k))Γ̃×S̃1 ⊗H1(S2,O(2k))Γ̃×S̃1

}
⊕
{
H1(S2,O(−2k))Γ̃×S̃1 ⊗H0(S2,O(2k))Γ̃×S̃1

}
.

Since Γ fixes the second part and S1 fixes the first part, then we have

(H1)Γ̃×S̃1 ∼=
{
H0(S2,O(2k))Γ̃ ⊗H1(S2,O(−2k))S̃

1
}

⊕
{
H1(S2,O(2k))Γ̃ ⊗H0(S2,O(−2k))S̃

1
}

⊕
{
H0(S2,O(−2k))Γ̃ ⊗H1(S2,O(2k))S̃

1
}

⊕
{
H1(S2,O(−2k))Γ̃ ⊗H0(S2,O(2k))S̃

1
}
.
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Recall that Γ is also an S1-action, therefore the first terms of all four sum-

mands can still be computed using formula (4.3.16), (4.3.18), (4.3.17) and (4.3.19).

Hence we find that the only non-trivial case is case (3) where

(H1)Γ̃×S̃1 ∼= (C⊗ C)⊕ (C⊗ C) ∼= C⊕ C

Observe that comparing with the previous situation where only one (S̃1) action

is present, the result here is completely independent of k. This is because in the

current case the first terms of all four summands needs to be calculated using the

result of S̃1-invariant sheaf cohomology (see (4.3.14), (4.3.15) ).

For the same reason as before, the stabiliser ΓA ∼= U(1) is Γ̃-equivariant and

therefore the Γ̃ × S̃1 invariant part of H0
A is the H0

A. Hence the the new action

does not effect H0
A and H2

A.

In case (1), (2), (4) and (5), (H1)Γ̃×S̃1
= 0,

q : {point} −→ R

and q−1(0) consists of a point. In case (3),

q : C⊕ C −→ R

and

q−1(0) =
{

(α, β) | |α|2 = |β|2
}
,

and thus q−1(0)\{0} is diffeomorphic to S1 × S1 × R+ via the map

(α, β) 7−→ (
α

|α|
,
β

|β|
, |α|).

Recall that that the stabiliser ΓA is the group U(1) acting by λ(α, β) = (λα, λ−1β),

then (q−1(0)\{0})/ΓA is diffeomorphic to S1 × R+. Therefore a neighbourhood

of monopole in MΓ(E) is a cone over S1. These two examples are discussed in

[B89] without the addition of Γ-action.
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Chapter 5

Sen conjecture

In this chapter we consider monopoles on R3. The subject of Sen’s conjecture

is the space of L2-harmonic forms on the relevant moduli space. To state the

conjecture, we define first the reduced moduli space M̃0
k. The group of transla-

tions of R3 acts on the moduli space, hence Mk/R3 is the manifold of centred

monopoles. It is shown by Donaldson in [D84] that M0
k, as a smooth manifold,

can be identified with the complex manifold Rat0
q/C∗, where

Rat0
k =

{
f(z)

g(z)
=

a1z
k−1 + · · ·+ ak

zq + b2zk−2 + · · ·+ bk
| f and g have no common roots

}
where the action is given by multiplication

C∗ × Rat0
k → Rat0

k

(λ,
f

g
) 7→ λ

f

g
.

By this description one can calculate the fundamental group of Rat0
k as π1(Rat0

k) =

Z
Denote byM0

k the universal cover of the quotientMk/R3×S1, where R3 acts

by translation and S1 by rotations of the framing. Let M̃0
k be the universal cover

of the quotient M/R3 × S1. In Donaldson’s algebraic description,

M̃0
k =

{
f

g
∈ Rat0

k | Res(f,g) = 1

}
where Res(f, g) is defined as follows: For g(z) = Πq

i=1(z − βi), Res(f, g) =

Πq
i=1(βi). Therefore M̃0

k admits a free action by the group µq of qth roots of

unity.

83
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Sen’s conjecture concerns the space Hi
k of L2-harmonic i-forms on M̃0

k. This

space admits a decomposition with respect to the induced action of the cyclic

group action µq of qth roots of unity:

Hi
k = ⊕Hi

k,p,

where Hi
k,p is the part where z ∈ σk (the cyclic group of order k) act by multipli-

cation by zp.

Sen’s Conjecture

(i). If k and p are relatively prime, then Hi
k,p = 0 except when i = 2k − 2 in

which H2k−2
k,p
∼= C, and

(ii). if k and p have a common factor, then Hi
k,p = 0 for all i.
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