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Abstract

In this thesis we review various properties of monopoles on three dimensional
manifolds. In Chapter 2 we prove some basic properties of the moduli space. We
follow Braam’s treatment in [B89] and define monopoles on three manifolds as in-
stantons on four manifolds invariant under a rotation action. This correspondence
allows us to study monopoles with similar methods developed for instantons. By
constructing the Kuranishi map and applying the implicit function theorem, we
can obtain a local model of the monopole moduli space. We prove that the
moduli space is smooth and orientable. The proof uses the same techniques as
the instanton case. The monopole moduli space can be compactified by adding
limit ideal connections. This is the method of Uhlenbeck compactification. The
treatment is again similar to the four-manifold case with minor modifications
regarding the invariance condition. To better understand the structure of the
compactified space, we introduce a method of constructing monopoles.

In Chapter 3 we review the ADHM construction and use it to describe the
charge 1 instanton moduli space.

In Chapter 4 we calculate two examples: monopoles on hyperbolic 3-space and
monopoles on S? x R, in which we construct the S'-equivariant SU(2) bundles,
define the charge and mass and describe the local model for the moduli space
explicitly using the Kuranishi map. Moreover, we consider another S! action for
both cases and describe the S!'-invariant monopole moduli space.

Lastly we finish with a brief introduction of Sen’s conjecture.
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Chapter 1
Introduction

The concept of a magnetic monopole was introduced by Paul Dirac in [D31].
A monopole is a point particle-like object of magnetic charge described by the

Bogomolny equation
(1.0.1) F(A) = —xda®

where A is a connection on a principal SU(2)-bundle @@ over M with energy
conditions which, translated in language of differential equations, is given by the

boundary conditions

(1.0.2)E(A’ ) = (8m)” /M\F(A)\ + |d4®[2dvoly < oo

|®(z)| = m; when z approaches boundary of M (m; € Rx)

Here M is the three-dimensional Riemannian manifold on which the monopole is
defined and @ a section of the associated adjoint bundle ad@ of Q).

In this thesis we take a pure mathematical point of view. Let M be an
oriented complete Riemannian 3-manifold, which is the interior of a compact 3-
manifold with boundary consisting of a disjoint union of surfaces S = |_|§V:15j.
Topologically, M is a manifold without boundary with ends R+, x.S;. The metric
on an end R X S; in M is approximately of the form dI? + tedSZS]_. A monopole
is a pair (Ag, @) satisfying the Bogomolny equations and boundary conditions.

In Chapter 2 we follow Braam’s treatment in [B89] to study various properties
of a monopole and the monopole moduli space, which we will apply in examples
in Chapter 4. We begin by constructing the 4-manifold X as a conformal com-
pactification of M x S* and a principal SU(2)-bundle P on X. Topologically,
X is M spun around the boundary surfaces OM = U;S;. M x S* carries an S'-

action which fixes the first part and acts canonically on the second. This action
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2 CHAPTER 1. INTRODUCTION

carries over to X and is free away from the fixed surfaces. The connection A on
P defined as the pull-back of (A3, ®) by the projection map 7 : M x ST — M
satisfies the anti-self-dual Yang-Mills equation if (Ajs, ®) satisfies the Bogomolny
equation. This construction motivates and justifies the central definition of the
chapter. We define a monopole on (@, M) as an ASD connection on P invariant
under the S!'-action and the monopole moduli space as the space of S!-invariant
instantons quotient by S!'-equivariant gauge transformations. The benefit of this
definition is a two-fold: it gives a clear geometric meaning of a monopole and the
monopole moduli space; more importantly, it hints that most techniques used to
study monopoles and moduli spaces are essentially the same as those previously
developed for instantons with minor modifications dealing with the S!-invariance
condition.

Next we give a mathematical definition of the mass and charge of a monopole.
The S'-action on X lifts to a double cover action denoted by S' on P. The
associated bundle P x gy(2)C? to the fundamental representation admits a splitting
of two complex line bundles L; and L% with respect to the S'-action. Hence the
action on each line bundle is fibre preserving. The mass m; is then defined as the
winding number of the S'-action on the line bundle L;. The charge k; is defined
as the first Chern class of the line bundle L;. We prove that the isomorphism
classes of S'-equivariant SU(2)-bundles on X are in one-to-one correspondence
with tuples of integers (m;, k;).

In section 2.2 we describe the deformation theory of monopole moduli space,
that is the study of a local geometric structure of the moduli space. This requires
a notion of differential structure for most relevant spaces. We follow section 4.4
of [M98] and define the Sobolev norm on the space of C'*-sections on the vector
bundle adP — X as

H$||p7k:/XHS(:E)Hp—i—|]d,4(s(:1:))\|p+---+Hdﬁ(s(:c))“p

for s € I'(adP). The completion of the space with respect to this norm is the
Sobolev space #,2, = L} (T'(adP)) defined as ©

V2 {s | 3s; € I'(adP) such that lim|s; — s,x = O} :
1—00

Y2

The space of S'-invariant L, z-connections %’k(P)gl is a closed affine Banach

manifold. We have the Atiyah-Hitchin-Singer deformation complex associated to

®Here T'(adP) is the space of sections of the adjoint bundle of P.



an ASD connection Ay given by

da df
0 0, 1 0, 2,4+
Wpsr — Yot — Ppicr.

where %, is the space of L, i-forms on the adjoint bundle adP of P. It follows
from the slice theorem that a slice at Ay is given by 7/;k Nker(dy, ). Finally we
use the implicit function theorem to construct the Kuranishi map whose zero set
is a local neighbourhood of [Ay).

In section 2.3, 2.4 and 2.5 we prove that the moduli space is smooth and
orientable and has a compactification. The smoothness and orientability proof
are given by Braam in [B89], the technique is essentially the same as the proof in
[FU84] except we utilise a result by Cho in [C91] to incorporate the S'-invariance
condition into the proof of smoothness. The compactification for the monopole
moduli space uses the same technique (known as Uhlenbeck compactification) as
described in [DK90] and [FU84]. We define the ideal connection ([A], (z1,...,x;))

with curvature density given by

l
[F(A)? + 87> 4,
r=1

The curvature (or energy) tends to infinity at the removed points (x1,...,2;) €
X' Such points must lie in the fixed surfaces S; so that the total mass of the
curvature is finite. A sequence of points [A,] in the moduli space converges to-
wards a limit point ([As], (z1,...,2;)) if the action densities of { A,} converge as
measures and a gauge equivalent sequence converge in C'* norm on the punctured
manifold. The compactification is then defined to be the closure of the moduli
space M}, in the space of ideal connections.

This procedure gives limit points [A] that lose [ lumps of energy as instan-
tons, the energy difference corresponds to the charge difference in the monopole
case.

To better understand the structure of the moduli space near the limit point,
we introduce a gluing theory to construct monopoles near limit points of the
compactified moduli space. The core machinery is the connected sum of two
manifolds.

In Chapter 3 we introduce ADHM construction to describe instantons and
define the ADHM data corresponding to S'-invariant instantons on R*. We use
ADHM data to give explicit description of the monopole moduli space with mass

1 and charge 1.
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In chapter 4 we introduce another I'-action on M and apply theories developed
in chapter 2 to study I'-invariant monopoles. The first example is calculating
I' = Sl.invariant monopoles on 3-dimensional hyperbolic space H?. In particular,
we will show that the moduli space M(m, 1) of mass m and charge 1 monopoles
on H? has dimension 3 and is parametrized by translations (along R x {0}) and
dilations of R*. That is, M(m, 1) is diffeomorphic to S? x R-,. From this results
we can deduce the result involving the I'-action. That is, M(k, 1) & R.y. In
the second example we take M = S? x R. The compactification of M can be
identified as S? x S2. The S'-equivariant SU(2) bundle E over the compactified
space is then constructed from the complex line bundle O(1) — S? (i.e. the
associate bundle of the standard Hopf bundle) as follows. The bundle O(n)
defined as O®" admits an S'-action when the weights wy, we satisfy the condition
Wo — Weo = —2n, n € Z. Then we define a bundle O(n, m) also with Sl action as
O(n,m) = 770(n) ® 730(m) where m; is the projection S? x S — S? onto the
i-th factor. The S'-equivariant SU(2) bundle E is then defined by

E = O(k,—k) ® O(—k, k)

Following the definition in chapter 2, the mass and charge of the monopole can
be expressed in terms of the weights wy, ws and the order k£ and check the index
formula given in [B89]. Moreover, we study the local model of a monopole by
calculating the (leading term of the) Kuranishi map. Without the Sl-action, we
have
HY(X,0(2k, —2k)) = C**~1
and the (leading term of the) Kuranishi map is given by
q HY(X,002k,—2k)) ® H'(X,O(—2k,2k)) — R
1
(v, 8) — S(lledllzz = 11Bll7)
Therefore a neighbourhood of [A] in the ASD instanton moduli space is given by

¢'(0)/Ta = { (@, ) € C¥ 1 & CW a2 = || } /U (1)
(1.0.3)

where T4 is the stabiliser of A and U(1) acts by A (a, 8) = (Aa, A™'3). That is,

the neighbourhood is a cone over the manifold

S8 SIS U ().



This calculation is given in Braam’s work [B89] in less detail. In this thesis
we move on to calculate the Kuranishi map in the presence of the S'-invariance
condition. The addition of the S'-invariance condition does not change the com-
putation of the Kuranishi map. However, the S'-invariant part of the cohomology
groups H{ depends on the sign of k, wy and w.,. In summary, there are five cases

to consider:
(1) wo >0,
(2) wo <0 and wy =0,
(3) wo <0 and wy > 0,
(4) wo <0 and wy <0,
(5) wo = 0.

We calculate the (leading term of the) Kuranishi map in (1) and (4) is given
by
q : {point} — R;

in (2) and (5) the map is given by
g:09C*1 — R
1
g — I8l

All four cases are trivial as ¢~'(0) = {point}.The non-trivial case occurs when

wp < 0 and w, > 0, we have
q: (C2k+1 o (CQk—l N R

1
(@.8) — 3 (lal% — I8]22) .

and ¢~1(0)/U(1) is a cone over the manifold
S4k+l % S4k+1/U(1).

Finally for I' = S! we consider another I'-action and describe the I'-invariant
monopoles on S? x R. We apply the same method as before to calculate the local
model of a monopole in the moduli space MY (E). Four of the five cases turn out

to be trivial again and in the non-trivial case, we have

g:CoeC — R

1
(@.8) — 5 (Il 1812:)
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and hence
¢ (0) = {(e, B) | la]* = 8"}
and thus (¢~ 1(0)\{0})/T4 = (¢~ *(0)\{0})/S" is diffeomorphic to S* x R*. There-

fore a neighbourhood of monopole in MY (E) is a cone over St. These two exam-
ples are discussed in [B89] without the addition of I'-action.

In the last chapter we introduce briefly Sen’s conjecture. It is a topic of recent
interest on studying the L? harmonic forms on the moduli space. The conjecture
is originally given in Sen’s physics paper [S94] to test the conjectured S-duality in
N = 2 supersymmetric Yang-Mills theory. The conjecture has been formulated
in mathematical language and explained in more detail in [H98], [SS95], [S96] and
some recent progress by Singer and . The topic may also be the author’s further

direction of research.



Chapter 2

Monopoles on 3-manifolds

2.1 Monopole-instanton correspondence

Following the setup of [B89], we start with a compact, oriented 3-manifold M
with a disjoint union of boundary surfaces OM = U;S;, j=1,...,N. Each S; is
a compact surface without boundary. Denote by M = M\OM the interior of M.
We assume M carries a complete Riemannian metric, which means the boundary
surfaces S; lie at infinity.

Let @ — M be a principal G-bundle. In this thesis we take G = SU(2). Let
A3 be a connection on (), and ® a section of ad@), called the Higgs field.

Consider the bundle Q x S* — M x S! where the S'-action fixes M and act
on the S! part by rotation. Let Q x S* — M x S* be the pullback bundle of Q
under the projection map 7 : M x S' — M. Then @ x S! inherits the S'-action

(g,€®)g = (g,¢"g)

for (¢,e?) € Q x S, g € S*. Denote by 9/96 the vector field on Q x St generated
by this S'-action, and df the dual one-form. Then every S'-invariant monopole

on @ x S! can be uniquely written in terms of As as
(2.1.1) A=rm"As+ (7" ®)df

To study non-trivial monopoles we introduce an S!-equivariant conformal
compactification X of M x S!, constructed X as follows: glue M x S' and
U;S;x D? by identifying S; x ST x (1, 00) € M xS* with S;xS'x(0,1) C L;S;x D?

in an S'-equivariant way. The open set (1, c0) is identified with (0, 1) via the map

7



8 CHAPTER 2. MONOPOLES ON 3-MANIFOLDS

p — 1/p. Here S' acts on S; x D? by the standard rotation on D? hence S; is
the fixed point set. That is

X = (M x SY| J;8; x D*)/ ~.

Observe that X\(M x S') = U;S;. We can view X as M spun around its

boundary surfaces as indicate in Figure (2.1).

S'-action

S x 8;

h

S-orbit S'-orbit

Figure 2.1: compactification of M x S*

The quotient map M x S' — X identifies S; x S' in M x S! with the
boundary of S; x D?. Therefore the construction of the bundle over X requires
an appropriate gluing of the fibres over S; x S'. The SU(2)-bundle P over X is
formed by gluing all the fibres on the boundary surfaces to the fibre over S; x {1}.
Equivalently, we choose a homomorphism f : S' — SU(2) and each fibre over
some point z in S; x S! is identified to the fibre at S; x {1}, 1 = id € S, as
indicated in Figure (2.2). The bundle P depends on the choice of f.

fibre at
S; x {¢}

fibre at
S; x {¢'}

SjXSl

Figure 2.2: Construction of the bundle P
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Next we want to lift the S'-action on X to an action on P. Let «/(P) be
the space of connections on P and ¢(P) be the group of gauge transformations.
Define 77 to be the group of all bundle automorphisms of P which cover the

action of some element # of S* on X, that is
H ={f:P— P, nof=~0or for some f € S*}.

To be more specific, we denote by fy an automorphism covering the element 6.
fo is called a lift for the action 6. Since S' is connected, it is always possible to
find such a lift.

Lemma 2.1. fy is unique up to gauge transformations.

Proof. It is clear that two different lifts of the same 6 € S* differ by some element
in ¢ € SU(2), that is fj = ¢ - fo. Since fp and f; are SU(2)-invariant,

fop-9) = fop) - g
and
fo(p-9) = fo(p) - g
for p € P and g € SU(2), then
fo-9)=¢(p-9)- folr-9)
= fo®)-a=¢- 9) - folp-9).
This implies ¢(p) = ¢(p - g) and hence ¢ is a gauge transformation. 0

By definition, the gauge group ¢(P) can be viewed as a subgroup of J# and
we have the following short exact sequence

(2.1.2) G(P) — H — S*

where the first map is inclusion and the second is defined by fy — 6.
The above lemma implies S! acts on the quotient space #* = &*(P)/¥4(P)
by pull-back, that is 6 - [A] — [f; A].

Proposition 2.2. An equivalence class of connections [A] is a fized point if and

only if there is an exact sequence
(2.1.3) Gy — Ay — S!

where 94 is the stabiliser of A and €y C F is the set of bundle automorphisms
fizing A.
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Proof. 1f [A] is a fixed point, that is [f;A] = [A], then for some ¢ € ¥(P),
P fgA=A
= (frog) A=A
This means fy o ¢ is a lift of § and hence the map 24 — S' is surjective.

Conversely, for any # € S*, there exists fy € #; which, by definition, fixes
A. O

If we restrict to irreducible monopoles, then the stabiliser ¥4 = {1} (specific
to the case where the structure group is SU(2)). If the sequence

{£1} — 4 — S!

splits, we have 7 = Z, x St. Otherwise it follows from the short exact sequence
that %, = S' is a non-trivial double cover of S'. We denote this double cover
by S!. The former case means the S-action lifts to an S'-action, which is given
by the S'-action. Thus we consider only the latter case. Combining with the
calculation above, we arrive at the result that if [A] is an S'-fixed point in %*,
then there is a unique S'-action stabilising A (which is represented by fy o ¢

above). Also the S'-action lifts to the double cover action on the bundle P.

Lemma 2.3. Given a connection As and a bundle endomorphism ®, (As, ®)
satisfies the Bogomolny equation (1.0.1) with boundary condition (1.0.2) if and
only if there exists an S'-equivariant bundle P on which A := Az + ®df is S*-

mvariant and satisfies the anti-self-dual equation
(2.1.4) Fo=—x,Fy
Proof.

Fy = dA+ANA
= d(7"A3) + d(7*®) A db + 7 (A3 A Az) + 7 (A3 A @dO) + 7 (DdO A A3)
= (7'dAs+ 7" (A3 N\ A3)) + 7 (d®) A db + 7*(Az A @dO) + 7 (DdO N As)
= 7(Fa,) + 7" (dP) ANdf + 7 (A3 A ®dO) + 7 (PdO N A3)
Acting %4 on both sides gives
#4(Fa) = %4 (7" (Fay) + 7°(dP) A db + 7* (A3 A @dB) + 7*(Pdf A As)).
Since the first term 7%(Fy,) is independent of d#,

kg (Fay) = *3(m"(Fay)) A db.



2.1. MONOPOLE-INSTANTON CORRESPONDENCE 11
Then we have

4(Fa) = #3(7" (Fa,)) A df + 53 (7% (d®) 4+ 7 (A3 A @) + (P A As)).
This implies

Fa+x,Fy = 7 (Fa,) +7°(dP) AdO + 7 (A3 A PdB) + 7*(PdO N A3)
+ x5 (7" (Fay)) A df + #3(7%(d®) + 7" (A3 A @) 4+ (P A As))
= T (da,® + *3F4) + (da, @ + *3F4).

It remains to check that an anti-self-dual connection A satisfies the boundary
condition (1.0.2).

1
YM(A) = T /X |F4|?dVx

1 / 2 1 2
= ‘FA‘ dVUe S T+ / ’FA| dVX U(S,
1672 UL(S;) (S5) 1672 X\U(S)) \Ue(S;)

where U.(S;) is a e-neighbourhood of S; in X. Since A := 7*A3 + (7*®)db, we

have Fy = " Fy, + da,m*®df and 7*F4, does not contain the df component, so

|FA|2 = ’ﬂ'*FA3—|—7T*dA3(I)d8|2
= ’W*FA3|2 + ’W*dA3(I>d(9|2
= |FA3|2+|dA3CI)|2'

As e — 0, the first integral tend to zero becasue |Fy4|? is finite and the volume of

U.(S;) in X tends to zero and the second integral becomes

1

1
lim —— FaldVis,) = / FPdVens o
e—0 1672 X\Ue(sj)‘ al"dV\uasy) 1672 MX51| Al"dVi\w.s;)

1

1
= gA!FAldeX\UE(Sﬂ

1
_ 8—7T/M]FA3|2+|dA3<I>]2dvolM
- E(Ag,q)),

Hence E(A;s, @) is finite.
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Definition 2.4. An SU(2)-monopole on P is an S'-invariant instanton on P.

The monopole moduli space M(P) is the space
M(P) = {S*-invariant instantons} /& (P)"".

where 9(P)5" = (X, P x4 G)%" is the group of gauge transformation on P
satisfying 7 o f = 0 o ™ where 7 : P — M is the projection and 0 € S*.

To better understand the monopole moduli space, we now aim to study
the space {S'-invariant instantons}/%(P)5". The first step is to classify S'-
equivariant SU(2) bundles on X. We start by introducing two important topo-
logical invariants of the equivariant bundle P, namely the mass and charge of a
monopole.

By definition, the mass m; is the value of the Higgs field ® when xz — 5.
That is,

(2.1.5) m; = lim [®(z)] = lim A(%)(m)

x—)Sj x—>Sj

where A := A3+ ®df and j=1,..., N.
This means m; corresponds to the value of |A(9/06)| as x — S; where 0/00
is the vector field generated by the S'-action.

Lemma 2.5. m; is integer valued.

Proof. Identify the fibre P|, at z with G by p — id € G. The family of S'-actions
on the orbit of p, which is isomorphic to S!, is parametrized by an integer-valued
winding number. That is for ¢ € p- S and 6 € S*,

wif

q-0=qe

for some winding number w € Z-.

Since p is identified to id € G, %]p € T,P|, = T;,,G = g. Therefore

0 0
A(Gil) = 3

and by definition
0 0

ae‘p:%

0 :
’A (%‘p)‘ = |wi| = w.

Then (2.1.5) implies the desired result. O

ide*” = wi.

0
id T %‘9:0

Together we have



2.1. MONOPOLE-INSTANTON CORRESPONDENCE 13

Let £ = P Xgy(2 C? where S' acts on C? by fundamental representation
of SU(2). The fibres of Elg, can be identified as R* which can be split into
two subspaces isomorphic to R? with one being rotated by the S'-action and its

orthogonal complement. This means S'-action splits E |5, into two complex line
bundles L; and L7, i.e.

(2.1.6) Els, = L;® L]

The splitting (2.1.6) is well-defined only for non-zero monopole mass. If the mass

m = 0, then S'-action is trivial on the L;. This means E|g, is trivial as an

Sl-equivariant bundle.
The proof above tell us that an alternative definition of m; is the winding
number of the action on the line bundles and the action can be explicitly written

as
St — Aut(L; & L)
(2.1.7) (eimje 0 )
0 —

0 e—imjﬁ
This description amounts to a geometric definition for the mass of a monopole:

Proposition 2.6. The mass m of a monopole is the winding number of the S*-

action on the complex line bundle L;.
Next we define the charge of a monopole:

Definition 2.7. The charge k; of a monopole is defined by the relation

kj-x;=ci(L}) € H¥(S;Z) = Z, j=1,...,N.

where x; is a positive generator of H*(S;;Z).
If monopole mass m = 0 then naturally the charge is undefined.

Proposition 2.8. (Proposition 2.1 of [B89])
Isomorphism classes of S*-equivariant SU(2)-bundles on X are in one-to-one
correspondence with tuples of integers ((my,...,mn), (k1,...,ky)) = (mj, kj)j=1,... N

where k; € 7 is undefined for m; = 0, the m; € Z>o are all either even or odd.
For the proof of this proposition, we need the following result:

Lemma 2.9. All SU(2)-bundles over 3-manifolds are trivial.
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The idea is that any transition function is homotopic to identity.

Proof. The idea is to consider the open cover (M x S') U NS;, where NS, is a
tubular neighbourhood of S; (which also is a normal bundle over S;), of X and
examine isomorphism classes over each bundle and and consider the gluing map.

Define P’ as the pull-back of P by the double cover map p : M x S* — M x S,

P ' =p*Plyxst = {((x,@),q) € (M x 51) X Plyrxsi;p(m,0) = (7, s@),w(q)}.

There is an S'-action on P’ covering the S'-action on M x S and this action
is free. Then we can define a bundle P” to be P'/S', which means P’ is the
pull-back bundle of P” by the quotient map. According to the following lemma,
P” is a trivial bundle, so we can write P” = M x SU(2). It follows that P’ is also
trivial (pull-back of a trivial bundle is trivial) and we have P’ = M x S* x SU(2).

We claim that all S'-action on P’ is in the same isomorphism class.

Let ¢y : S* — Aut(P') be the action that fixes SU(2) and ¢, : S* — Aut(P')
be any S'-action on P’. The claim is true if there exists a gauge transformation
h:MxS"— SU(2) and § € S* such that ¢o(f) oh = hopy(6) . In other words,

the claim is true if the following diagram commutes.

. h o
M x S' x SU(2) M x S x SU(2)
(z,&,9) — (z,& h(z,£)9)

$1(9) 1 (x, &+ 0,02(0)h(z,€)g) all)
(@,6+0,9) — (3,¢+0,h(z, &+ 0)g)

M x S x SU(2) > M x St x SU(2)

=

Forz € M, ¢ 0 € S and g € SU(2)

¢2(9)OB($>€7Q> = &2(6)<5L’,£,]~2($,€)g)
= (2,£+6,62(0)h(z,€)g)

and

ho(0)(x,&,9) = h(z,£+0,9)
= (2,&+0,h(z,&+0)g).
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We now choose the gauge transformation to be h(z, &) := ¢,(€), then

(2, +0,02(0)h(2,8)g) = (2,64 0,02(0)02(¢)9g)
= (2,£+0,6:(0+€)g)
= (2, 6+0,h(z,E+0)g).

Hence the diagram commutes.

Now we come back to consider the action on P. Let ¢; and ¢, be the S'-
action on P|ysxs induced by $1 and gz~52 respectively. Similarly, ¢; and ¢y are
equivalent if and only if there exists a S'-equivariant gauge transformation h on
P|yrxst such that ¢o(f) o h = h o ¢1(f). We have a canonical choice of h as the
gauge transformation induced by k. Since P |prxst = P'/Zs, this can happen only
when & is Zo-equivariant, that is h(—z, =€) = h(x, €).

Note that the S-action on P|yrxst may not be free because —1 € St can act

either as +id or —id on P|y;x51. We consider two cases:
1. ¢1(—1) and ¢o(—1) has the same sign, i.e. ¢1(—1) = ¢o(—1) = £id,
2. ¢1(—1) and ¢o(—1) has different sign, i.e. ¢1(—1) = %id, ¢po(—1) = Fid.

Since ¢; are induced from ¢;, we also have (51(—1) = (52(—1) = =id for the
first case, which gives

¢2(—1)OiL(l’,§,g) = qgg(—l)(m,f,fz(w,ﬁ)g)
= ($,§+7T,:|:il(l‘,f)g)

and

hod(—1)(x,&,9) = h(z,&+m, £g)
= (m,{%—w,ifz(x,f—kw)g).

This means h commutes with —1-action, hence h is Zo-equivariant.
For the second case, assume ¢1(—1) = —id, ¢o(—1) =id, and for any gauge
transformation h : P|yws1 — Pluxst (we no longer require b to be induced from

h in this case) we have

ho@i(=1)(q) = h(—q) = —h(q)

and
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This mean h o ¢1(—1)(q) = ¢2(—1) o h(q) if and only if h(q¢) = —h(g) which is
never true because the gauge group is isomorphic to SU(2) and 0 ¢ SU(2).

We conclude that the number of isomorphism classes of S'-action on P | a5t
depends on the sign of the —1-action.

Next we consider the part P|yg,. Denote by E|ys, the associate bundle of
Plns;-

Since S; is the boundary surface, it can be view as an “end” of M. This
means a tubular neighbourhood of S; in M can be written as (IV,00) x S; for
some N € R>g. In the manifold X, this neighbourhood is

(NX OO] X Sj X Sl/(OO,.T,Ql) ~ (0075,02) gSj X D2 gSj x C.

So the normal bundle over S; is a trivial bundle. Let p; : §; x C — S; be
the projection map. We claim that there exists an S'-equivariant isomorphism
between E|yg, and pj(£|s,).

Denote by ¢ the inclusion map S; — S; x C.

pi(Els;) Els, Els;xc

| | |

S;jxC -2 St S xC

[

Since (¢ o p1)*(Els;xc) = pi(Els;) and v o p; =~ idg;xc, we have pj(Els,) =
E|s,xc. The same argument also gives E|g x[0,00) = p}(E|s;). Denote the isomor-
phism by f : E‘ij[(),oo) — pi(Els;).

We now construct the S'-equivariant isomorphism f : E| S;x[0,00) — PI(Els;)
from f. For any ¢ € Eg,«c with 7(q) = (x,v) € S; x C, there exists § € S
such that 7(0,q) = (z, |v|). In other words, € rotates the plane C such that v is
mapped to [0, 00).

Define f(q) := 67" (0, q). We check that

1. f is well-defined and

2. fis S'-equivariant.

For any ¢ € E|g;xc, there exists two elements 0, 6" € S! that rotates the plane
C such that v is mapped to [0, 00).
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f is well-defined if

(2.1.8) 0= f(0q) = 0" f(0'q).

It is easy to see that #’ = —6, so (2.1.8) amounts to

(2.1.9) —07" f(~0q) = 07" f(0q).

Since f is fibre-wise linear, it acts by multiplication by SU(2)-matrix, and —id €
Z(SU(2)). Therefore f(—0q) = —f(0q) and (2.1.9) is satisfied.
Note that f is S'-equivariant means f(6;q) = 61 f(q) for all 6; € S*.

By construction, we have
007" _ ~
(2.1.10) 01 —— 0q — f(0q) — 0 1f(8q) = f(q)

This proves the S'-equivariance of f and proves the claim.

We show now that the S'-equivariant isomorphism classes of S'-equivariant
SU(2)-bundles on S; are in one-to-one correspondence with the set {(m;, k;)|m; €
Z>o}. That is the map ¢ — (m;, k;) is bijective.

Remark that there is a bijection between the isomorphism classes of line bun-
dles over X and element of H*(X,Z), which associate a line bundle to its first
Chern class. Therefore given any pair (m;, k;), there is a unique line bundle L
with ¢1(L}) = kj - ;. This mean the map ¢ — (m;, k;) surjective ©.

For injectivity, suppose ¢1 — (m;, k;) and ¢ — (m;, k;) (here ¢y and ¢, are
not related to the construction above and simply means two different S Lactions).
Then same k; means ¢; and ¢, splits Els; identically, say into L; ® L} and same
m; means ¢1, ¢ act on L; and L7 identically. This means ¢ = ¢s.

Finally, we need an S'-equivariant transition function to glue the two parts

together. Note that (M x S) N NS; = S; x (C\{0}) and the bundle over S;

®Here j is a fixed value, same goes for next paragraph when we discuss further about this

map.
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is trivial (SU(2) bundles over 2-manifolds are trivial) and so is the bundle over
S;x(C\{0}) because it can be viewed as the pull-back bundle under the projection

map. Then we can write the transition function as a map
75 x (C\{0}) — SU(2).

Similarly to the argument used before in showing f is Sl-equivariant, v being

S'-equivariant amounts to the induced map
¥ :8; x (C\{0}) — SU(2)

being Zs-equivariant. We claim that such map exists if an only if either of the

following condition is true

e m; is odd and —1 € St acts on M x S as —id, or

e m; is even and —1 € St acts on M x St as id.

here -1 acts

Figure 2.3: gluing of the the bundles over M x S' and N'S; (0 chosen to be —1),

the commutativity of the diagram determines the action.

It follows from the explicit form (2.1.7) that if —1 € S act as id, then m;
must be odd for otherwise the map h(p)g is not mapped to h(p)(—g). Similarly,
if -1 € S' act as —id, then m; must be even for the diagram to commute.

Suppose now that m; is odd and —1 € S* acts on M x S' as —id

Since P)| s;x(C\{o}) 18 trivial, there exists an isomorphism
S; x [0,00) — SU(2).

Now if one of two conditions above is satisfied, we can prove this map is Zo-
equivariant in the same way we proved the h before is Zip-equivariant. This

concludes the proof of Proposition 2.8.

[]
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Denote the S'-actions on P by ¢; : S' — H. Then the monopole moduli

space is

U ( rng{;)ASD /g] )
jeJ
Here J denotes the index set from proposition 2.8. Next lemma tells this space

is in fact the S'-invariant instantons.

Lemma 2.10. The map U ot |G — (B*)S" = (a* /4 (P))" is a bijection.
jeJ

Proof. [A] € (B*)S1 is, by definition, fixed by S'-action and so is fixed by some

¢;, hence the map is surjective.

Suppose Ay € A}, A1 € Aj are different elements in ;; %/9; (jo # j1)
and they are mapped to the same point in (B8*)5", i.e. [Ag] = [A4] or equivalently
Ag = g*A; for some g € 9 .

Since [4,] is a fixed point in (2*)5", there is a unique action ¢4, stabilising
Ay Ay € A} implies ¢4, = ¢;, and similarly ¢4, is stabilised by ¢j,. Tt follows
that Ay = g*A; is stabilised by g~'¢;,g. The uniqueness of the stabiliser gives
by = 9 '¢j, 9. Therefore the map is injective.

O

The constraints m;, k; for monopole and cy(P) for the instanton are also

related. The relation is given explicitly by

Proposition 2.11.

Proof. The equivariant second Chern class of E' = P X gy(2) C? restricted to S; is

given by
GU(Els) = Y &Ly @ L))
J
= D SULHENLT
J
= ()Y YL
J
Lj_l7 as a complex line bundle over S}, is trivial, hence

(L") € Hgi(S))
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and
SULTY) = e+ fu

where f is a function and u € HZ, (point) C HZ,(S;) = H?*(S;)[u]
Let V be the vector field generated by S'-action and uy contraction by V/,

then we have the following deduction

(d—w)(er+ fu) =0
= chl—df:()
= df =0

= f:—mj

Therefore ¢{*(L; ") = ¢; — mju.

Since NS; = 5; x C is a pull-back of the complex line bundle over a point,
¢1(NS;) = v and thus
SYLY = kjz; — mju.

J

Denote by eg; the Euler class of N.S;, the localization formula (cf. [AB84]) gives
oP) = aB) = [ i@l
-y [
s Loes I
_ Z/ _—(kﬂj—my‘u)Q]
iUt (0)

6’5].

[ —(kjz; — mju)g] Z
=D = 2_mik;
; /S]- - 2u © 5

In the last line of the calculation we have es; = 2u because the Sl action on
the normal bundle N.S; is rotation by 2-cycles.
O

2.2 Deformation theory of monopoles

The aim of this section is to study the local geometric structure of the monopole

moduli space. We will construct a local slice of the gauge group action.
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The space of connections 7 (P) is an affine space modelled on the vector space
QOl(adP) = T(T*X ® adP), that is by fixing some smooth connection A we can
write &7 (P) = A + Q'(adP). The completion of the space 7 (P) is defined by
the completion of the space Q!(adP), that is

= A+ LP(Q (adP)).

Again we are interested in the S'-fixed point set. Here we assume A is S'-

invariant. This is called the configuration space and is denoted by
Crp(P) = i (P).
Proposition 2.12. C,(P) is a closed affine Banach manifold.

Proof. Let § € S*, from the map

fo:d, (P) — LY (Q'(adP))
A — FA— A,
we see that Cy,(P) = N f,(0). Since fy is continuous, f,'(0) is closed and so

fest
is the intersection.

To show the affinity part, it suffices to prove that for A4+a and A+b € C,(P),
A+const.a € Cpi(P) and A+ (a+b) € Cpr(P).
0*(A + const.a) = 6*(A) + 0*(const.a)®
= A+ const.a .
The second equality follows from the linearity of the map 6*. Since 6*(A +
a) = A+ a, then A+ 0*a = A+ a which, in turn, implies 6*a = a. Therefore
A+ const.0*a = A + const.a, which means A + const.a is fixed by the S'-action.

Similar calculation also shows
(A+a+b)=A+0a+0b=A+a+b.

O

®Here S acts on a not as a I-form on X but as a Lie algebra-valued 1-form on P. The

correspondence is defined as follows:
Let f € QY(X,adP), f(v) = [p,€], v € T, X, £ € g, fix a p € P,. The correspondence is given
by the map

QY X,adP) — QY(P, g)

fr (w ey el (w) L [p €] R 6 e TpP) :
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Denote the space of S'-invariant L, 1, i-forms of the bundle adP as
Wy = LU ()

Wl

p.k
Here the AHS complex associated to an L, y-connection A is given by

is the underlying vector space of Cy ,(P).

+
0 da 1 da 2+
(2.2.1) Vi1 — Wy = Wil

where d}| is the covariant derivative composed with a projection P, onto the
self-dual part.

Denote by Ly ;11(I'(adP)) the completion of the space of L} -sections of the
vector bundle adP. Since Lie(4(P)) = I'(adP), we define the group of L}_ ,-gauge
transformations 9, ,+1(P) as the image of A, ;+1(I'(adP)) under the exponential
map. Denote the S! invariant part gp7k+1(P)§1 as GAp11(P). By lemma 4.4.3
of [M98], for k+1 —4/p > 0, ¥, ,+1(P) acts smoothly on the space ., ;(P) of
L?-connections on P. The result holds when restricting all spaces to their St

invariant part.

Proposition 2.13. (Theorem 3.1 [B89]) The slice at a point [A] € Cy ,(P) for
the action GA, +1(P) exists and is given by the affine space A+ W where W is
a small neighbourhood of 0 € Hy = WY N ker(dy).

The quotient space By (P) = Cpx(P)/GAp j41(P) is a smooth manifold away

from the reducible monopoles.

The proof of the first part is an application of the slice theorem.
To study the anti-self-dual connections, fix some monopole Ay € C,, x(P) and

consider the map

. 2+
K . HAO — Wp,k—l

a — P.F(Ay+p) =P, (F(Ay) +da,a+aNa).

By construction the zeros of K are the anti-self-dual connections. We employ
the standard Lyaunov-Schmidt reduction technique. The idea is to decompose
the domain in a way such that K is isomorphic on one summand.

Denote by H{ the S'-invariant part of the i-th cohomology of the complex
(2.2.1), that is

Hy = ker(djo)myﬂp}k/im (dAO)me}k,
Hy = w5t /im(dy) n#50
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Consider the decomposition,
Hay = Hy @ (¥, /ker(d})) = Hy & (im(d}) N #.)
Wi = Vay ® (im(df) N #55,)

p,k+1

(2.2.2)

where Vy, is a finite dimensional subspace of %2;:1 such that the L? projection

to the S'-invariant part HZ is an isomorphism. Denote
C=im(d}) N#Y, 1=im(d})n#;",.

By definition, djo = C(li—lj‘g is the linearisation of K, so we have

(2.2.3) dK 4y = d}y |01 C — 1.

Since #,}, = im(da,)®Ha, = im(da,)®Hy®C = ker(d} )®C, then ker(d} |¢) =
0. Also d} (C) = d} (#,),) implies coker(d} |¢) = 0. Therefore dK,, is an
isomorphism. Then we can apply the implicit function theorem to obtain a dif-

feomorphism
n:Hy — C
which induces the map
f: H& — H& e C
a — a=(a,n(a))

such that K(a) = K(a,n(a)) = 0.

K K(a)

Vag
K(a)

Figure 2.4: the implicit function theorem guarantees that there exists a in a
neighbourhood of a such that K(a) = (-,0) in the decomposition Vy, & I.

We also have two important estimates given by the implicit function theorem

la —all = O(a®)
(2.2.4) ‘ % i ’ _ 0(a).
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Using this map, we define the Kuranishi map:

¢: HY (— Hy ©C)— Vy,
(2.2.5) a (-5 G )5S K@)

Since 7 is a diffeomorphism, im¢ is diffeomorphic to some local neighbourhood
of 0 € Hy. It follows from estimate (2.2.4) that locally K~1(0) & ¢~1(0) and in
turn, ¢~1(0) quotient by the stabiliser I'4 of A is a neighbourhood of [A] in the
moduli space M.

Finally, the leading term of ¢ is described explicitly in chapter IV (i), [D86].
Let w € Hj be a solution of the adjoint equation d w = 0 (i.e. w € Ker(d},)*),

the equation ¢(a) = 0 is equivalent to (w, ¢(a))r2 = 0 and

. p(@iz = (o Prldad + 5[,
1

= (w, §[d,d]>L2

= (w, %[a, al)r2 + O(a*).

Hence ¢ can be approximated (in C!) by the quadratic term q,,(a) = (w, %[a, alypz.
By the stability theorem for submersions, if 0 is regular value of the map

q: H)\{0} — (H5)",

then the zero set ¢~1(0) of ¢ is homeomorphic to the zero set ¢~1(0) of ¢q. This
means the local neighbourhood of [A] can be described by studying the map q.

2.3 Smoothness of the monopole moduli space

In this chapter we prove that for a generic S' invariant metric on X, the
module space of irreducible instantons are smooth manifolds. We will follow the
proof in [FU84], which gives the result without the S* invariance condition. The
extra treatment needed for the S! invariance condition is studied in detail in
[C91], we will use Cho’s result to complete the proof.

The reason we need to consider the metric on X is because of the fact that
not all metric gives the moduli space as smooth manifolds. Define the parameter
space D = C*(GL(TX)). Then an element ¢ € D is an C* automorphism of
the tangent bundle and therefore acts on a metric ¢ on X by pullback. That is

©(g) := *g is a metric on X. We assume ¢ is symmetric so that the action is
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unique. To verify this is the metric space we need to check two defining properties
of a metric and the fact that all metrics are realised in this fashion.

Let ¢ € D and g be a metric on X. For any z1,x5 € X, ¢(g) is

e positive-definite because x; = x9 implies *g(x1, z2) == g(p(x1), p(z2)) = 0;

e linear because g(p(axy), p(x2)) = ag(e(x1), p(x2))
Let g, h be two metrics on X. For all p € X,

g T,X xT,X — R, hy:T,X xT,X — R.

By fixing a basis {z1,22,...,2,} on T, X, g, and h, can be viewed as n X n sym-
metric positive-definite matrices, and so there exists a unique symmetric matrix
A € M, such that h, = AT g,A.

Define

P:dy)  xD — Ll2—2 (/\2—(9P))
(A,9) — P_((¢71)Fa)

Here 7y, ; is the irreducible part of <%, ;. Observe that P(A, ) = 0 if and
only if F)y is self-dual with respect to ¢*g. The following proposition, together
with the preimage theorem (see section 1.4 of [GP74]), implies that P~1(0) is a

smooth manifold.

Proposition 2.14. P is smooth and has zero as a reqular value for large enough
l.

Proof. P is quadratic in A as the map A +— Fj is quadratic in A. Since
(™) (dz; A dxj) = dx; A dzj(e(vr), (v2)), P is also quadratic in . There-
fore P is smooth.

We prove 0 is a regular value by showing that d(4,)P is surjective for any
(A, ) with P(A, ¢) = 0 or equivalently, coker(dP) = 0.

By definition, dP is the map

Ta(A5,_y) ®T,D = Q' (adP) x CY(End(TX)) — Q> (adP).

Let ® € coker(dP(a,,). Our first step is to identify coker(dP) as a subspace
of QIQ’__Q’“Dg(adP) in order for some of the calculations in this proof to make sense.

That is we want to see ® as a function in Q?’:Q’“Dg (adP) as opposed to a functional
in the L2-dual of Q5%%(adP)®.

®Recall that cokernel of an operator (with closed image) can be defined as the kernel of the
adjoint operator so ®, by this defintion, is a functional in L2-dual of QZQ;;’W (adP)
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We split the map along connections and frames:
diap)P = 01 Plag) ® 02P(a)
where 0,P is the partial derivative map

NPy : (adP) — Q> (adP)
fo— P_((¢7)df)

and 0,P is the partial derivative map

Pay : CUEnd(TX)) — Q* (adP)
ho— P_((7) (h"F)).

We claim imd; P4 is closed and has finite codimension in Q*~(adP) so that
imdP C im0, P is also closed of finite codimension. This in turn implies coker(dP) C
cokerd, P. As coker(9,P) is a subspace of Q"5 %(adP), so is coker(dP).

Proof of claim: Since

9 1ys
9A (P_(p™")"Fa)

0
= P,(wl)*a—A(dA +ANA)

1
= P_(o7) lir% i (d(A+ta)+ (A+ta) N(A+ta) —dA—ANA)
= P (oY (da+ANa+anA)
= P (¢ )*dsa=d?,

A Plag)a) =

01 P fits into the elliptic complex
(2.3.1) O%(adP) 45 Q1 (adP) 2 Q2%9(ad P).

Since

kerd’, = Q' (adP)/imd 4

and imd, is mapped to zero by d ¥/, we have
m(dy kerar,) = im(d;*7).

Therefore coker(d,*?) has finite codimension.
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For a € Q) ,(adP), we can now have the following calculation
0 = [ (e @),

X

= [ @Pua e,
X

— [Py daa,),
X

= [P s,

Since @ is anti-self-dual (and so is ¢*®), then (p*Py(p')*daa, ¢* @),y = 0.
Thus

/X (P_(¢™") daa, @),
- /X<<P<sol>*dAa, D)y + (Pe(o7) daa, D),

- /X<dﬁga790*q)>90g

= /){(a,w*@%@g

By the elliptic regularity theorem, ® is continuous, then so is d*?¢*®. Since a
is arbitrary, [, (a,¢*®),, = 0 implies d;*/¢*® = 0 for otherwise one can choose
a to be a bump function at a point p where d*?¢*® is non-zero contradicts the
premise.

Also ® € coker(02P(a,,)), then fore any r € C9(End(T°X))

0 = [ (n@Pa e,
= [ @Pno. 9,
= [Py ELe),
_ /X<7~*FA,¢>W.

It follows that [, (r*Fy4, ®),, = 0 for all r by the same reason as above.

Since Fy € Q*™%9(adP), p*® € Q*%9 lemma 3.7 of [FU84] implies that
imFy and imp*® are perpendicular with respect to inner product in g. Let
U C X be a open subset, we can regard F4 and ¢*® as Lie-algebra valued
functions

2,"1‘7 27_7
Fa: \ 71U w9 o0 \TTTU g,
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If there exists p € U at which imF4 is non-zero, then either imFy or imp*® at p

has dimension one. We also have the following four identities

daFy = 0
d&\Fy = 0
dap™® = 0,
apt® =0

Y

Y

which implies that F)y and ¢*® are solutions of the operator d d* + d*d4. By
unique continuation property of elliptic differential operators, neither F4 nor
©*® vanishes on an open set unless they vanish identically. Together, rankF's
and ranke*® must add up to 3. We now show the result in each possible case of
rank combination.

Assume ® # 0, this means there exists p € U such that ranke*® > 0 at
p. Suppose first that rankF4 = 2 and rankp*g = 1 at p. This means there
is neighbourhood V' of p such that rankF4, > 2 and so ranke*® = 1 on V
(which in turn implies rankFy = 2). Thus we can write ¢*® = a ® u for some
a € Q2¥9(V), ueT(V,ad(Ply)). Set |u(x)| =1 for all x € V®. We have

0=ds(¢p"®) =da(a®@u) =da®@u+aAdsu

and
0= d{u,u)y = {du,u), + (—1)9 (u, du), = 2(du, u),

where (u,u), refers to the function

V. — g

z o (u(x), u(z))g-
Together, we have

0 = ((da®@uda®dyu),u),
= da+aA (dau,u),
= da.

Therefore
aNdsu=0

Pranke*® = 1 means we can choose any non-zero .
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for all a € Q>¥"9(V). By lemma 3.5 of [FU84], we can choose a coframe 6% at
p so that a = 12 (81 A 62 — 6% A 6*) under which dyu = "6 @ w; for w; € adP.
Then

0 = aAdau

= % ('NPANP @ws+ 0" NN @ws— P NI N @w — P NN @ ws).
This means w; = ws = w3 = wy = 0, hence dyu = 0. Finally, we employ lemma
3.12 of [FU84| to arrive at the contradiction d4 = [Fa,u] # 0.

Next suppose that rankF4 = 1. The deduction is mostly similar to the pre-
vious case. Denote by S the complement of F;*(0) in X. Hence S is open and
dense and we have Fiy = a ® v on S with u € I'(S,adP). Again we can arrive
at the d4 = 0. If S is connected, u can be extended to F;*(0) in a covariantly
constant fashion. In other words, for any = € F,;'(0), there exists a sequence
{z1,29,...} C S converging to x such that u(z) = lim; . u(z;). This means
d4 # 0 and we have the contradiction that A is a reducible connection.

If S is disconnected, then we can find a neighbourhood O in X such that the
set of zeros of Fly, {x € X|F4(x) = 0} disconnects O as shown in Figure 2.5.

{Fy =0}

0

Figure 2.5

Define a 2-form ¥ on O to be F4 on one component and 0 on the other. Then
U is in the kernel of d4 and d%, we employ continuation of elliptic differential
operator again to deduct that, since ¥ = 0 on an open set, ¥ = 0 everywhere,

contradicting the assumption.
O

So far, we have the space P~1(0) of irreducible self-dual connections under
the metric p*g, then P~1(0)/% is the parametrized moduli space. Our aim is to

show that for generic metric, the connection moduli space is a smooth manifold.
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Theorem 2.15. Let 7 : P~1(0)/9% — D be the projection onto the second
factor. There exists a Baire set of ¢ € D for which 7=(y) is a smooth manifold.

Proof. We prove this by employing the Sard-Smale theorem (c.f. [FU84]). In
order to apply the theorem, we need to show that 7 is a Fredholm operator. Let
([A], ) € P7(0)/4;, we have

TiapyPH(0) = kerd(a,,)P = Ma,7)|01Pap)(a) + 0aPiap)(r) = 0p
and

TapP~(0)/4 = {(a,1)|01Pap) (@) + 0:Pag)(r) = 0,da = 0}
Then the kernel and image of

dr(ayg) : TapP0) /% — T,D

(a,r) —— 1

are the set
kerdm (a1, = {(a,0)|d}a = 0,01Pa,p)(a) =0}
and
im dra,p) = {r € T,D|0iPag)(a) + 0Py (r) =0 and dja = 0}
= 0P, (im (0P lkerdy )
(2.3.2) = 0273(;{@ (im (M Pa))) -

The last equality follows from the fact that ;P od4 = 0.

Since dP is surjective, it follows from (2.3.2) and the fact Q*>—%9(adP) =
H3 ®im(d,*?) that imdm((a),,) has codimension equal to dimension of H3. Thus
dim(cokerdm(j),,)) = dimH3. This completes the set up for Sard-Smale theorem

and completes the proof.
O

The result we need from [C91] is the following:

Let B : V — W be a linear S'-equivariant surjection. Then B restricted to
the zero weight space in V' maps surjectively to the zero weight space in W.

Applying this result on the map dP4 o) : Q' (adP)xC4(End(TX)) — Q> (adP).
We get that dP4 ) restricted to the fixed point set of Q'(adP) x C?(End(T'X))
is a surjection onto the fixed point set of 2%~ (adP). That is the map

APy )+ W' (adP) x CY(End(TX))¥ — #*(adP)
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is a surjection and the rest of the proof follows through to yield the result.

So far we have being focusing on the irreducible connections, the next result
gives the condition for which there is no reducible connections present so that
results so far apply general moduli space.

Let M(mj, k;) be the monopole moduli space determined by the tuple of
monopole mass and charge {(m;, k;)} (recall Proposition (2.8)) and we denote the
moduli space with irreducible monopoles by M* and correspondingly M*(m;, k;)
is the moduli space of irreducible monopoles determined by {(m;, k;)}. We will

also denote the space of self-dual monopoles by MSP.

Theorem 2.16. Consider the complex (2.2.1). Let h'(M) = dimH'(M), i =
0,1,2 . Ifb*(M) > b'(M) then for an open dense set of invariant metrics on X

there are no reducible monopoles in M(m;, k;), the moduli space determined by

the set of tuples {(my, k;)}, if > mjk; # 0, i.e. M*(mj,k;) = M(m;, k).

The proof goes word by word as the proof of Corollary 3.21 of [FU84|, which
is stated below, except adding S!-invariance in appropriate places.

Proposition 2.17. If the intersection form w is indefinite, then for an open dense
set of metrics, there are no line bundle solutions to the self-dual or anti-self-dual

equations.

If there exist any reducible connection A over the bundle £ — X. The
connection can be decomposed into anti-self-dual connections on the line bundle,
ie. A= A ® A, where A;, Ay are anti-self-dual connections on L and L~!

respectively, contradicting the corollary. Therefore the theorem follows.

Proof. The intersection form w being indefinite is equivalent to b, > 0 and b_ > 0.

By the Atiyah-Singer index theorem, we have
1 2 0 1
h* —h*—h :—i(X—T>:—1—b_

where Yy is the Euler characteristic, 7 = b, —b_ is the signature. Index calculation
gives that for an open dense set of C? metrics, M(L)*5P is a manifold of dimension
h' — h?. Therefore b_ > 0 means h' — h? < 0. That is M(L) is empty, which
means no reducible self-dual connection present.

By reverting the self-dualness, we have dimM5P = h! — h? = —b,. Hence

b, > 0 means there is no reducible anti-self-dual connection on L. ]
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2.4 Orientability

Theorem 2.18. Assume that M* is cut-out transversely. An orientation of
HY(M,R) ® H*(M,R) gives a canonical orientation of M*(m;, k;).

Over the trivial bundle &7 x4 Q%7 — B there is a section s given by

s: B — %ngQQ’—i_

[A] — Fi.

The moduli space M is the preimage of 0 under this map. Then M being cut
out transversely means s M 0. By definition, ds = d7, then s th 0 means d}] is

surjective or equivalently H?3 = 0.

Proof. From the universal bundle (&7* x P)/9 — (& x X)/9 = B* x X we get

a family of Dirac operators
Dy = (d})* ®ds: QT (adP) @ Q(adP) —

parametrized by [A] € B*. Consider the real determinant bundle associated to

this operator A — B* whose fibre at [A] is given by
Aa = A" (kerD )" @ A" (cokerD y).

This is a line bundle because space of top forms has dimension 1, so dimAy = 1.
We aim to show that there exists a nonvanishing section of A (up to pointwise

multiplication by a positive function). Therefore the bundle A — B* is trivial.
For any [A] € M*(X),

cokerD 4 = ker(d} @ da) = ker(d})/im(da) = Hj = TigM(X)
where the last isomorphism is shown in previous chapter, and

kerDy = ker(d})* & ker(da)
= Hi® HY.
Now A being irreducible means HY = 0, hence kerD4 = 0. By decomposing the
space T4 M*(X) along the fixed point part, we have
TagM*(X) = TgM*(X)S @ Ny
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Fibre of the determinant line bundle (restricted to the anti-self-dual part) can be
written as Ay = TjqM*(m;, k;) ® Na and so
Ay = AP (TM(my, kj) & N)
NP (TM (1, 5)) © AP(N)
By construction, there is an S'-action on N which is fibre-preserving and fixes
only one point. Hence the structure group of N is U(1) and so N is a complex
bundle. Since complex bundles are orientable as real bundle, then A™P(N) is
trivial. Both A and A'™P(N) being trivial means A™P(TM*(m;, k;)) is orientable.
O
Lemma 2.19. H'(X;R) = H'(M;R); H3(X;R) = H*(M).
Proof. The result is a consequence of Proposition 2.2 in [B88] stated as follows.

Proposition 2.20. (Prop 2.2 [B88])

a). m(X,m) = m(M,m) for m € S; (S; a fived surface of X or boundary
surface in M );

b). There are natural isomorphisms Hy(M,0M;Z) — Hs(X;Z) and
Hy(M;Z) @ Hy(M;Z) — Ha(Z).
The two summands of Hyo(X;Z) (modulo torsion) are isotropic and dual to

each other under the intersection form ) on Hsy; consequently the signature

01 _
o(X) =0, and Q = n times <1 O)’ with n = rank Hy(M;Z).

We assume the proposition here and derive the result.

Since both M and X in our setup is path-connected, the first homology group
H,(X) and Hy(M) are the abelianization of the fundamental group m;(X) and
7 (M. Hence part (a) above implies Hy(X) = H;(M). This means H'(X) =
H'(M) and we obtain our result by applying the universal coefficient theorem for
cohomology.

Part (b) of the proposition tells us that the intersection form @ is given by

lgd 0

the 2n x 2n matrix
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This implies rank Hs (X)) = rank Hy _(X) = n. Hence Hy  (X) = Hy(M) and
we obtain our result by applying the universal coefficient theorem for cohomology.
O

2.5 Uhlenbeck compactification

The method of Uhlenbeck compactification is described in detail by Donaldson
and Kronheimer in [DK90] for the instanton moduli space case. We outline the

main results here:

Definition 2.21. (Definition 4.4.1 [DK90]) An ideal ASD connection over X, of

Chern class k, is a pair

([A]7 (1‘1, cee ,l’l))
where [A] is an ASD connection with ¢ = k — [ and (1, ..., ;) is an unordered
[-tuple of points in X. The curvature density of ([A], (z1,...,2;)) is the measure

l
|F(A) + 87> 4,
r=1

Let A,,a € N be a sequence of connections on SU(2) bundle P of Chern

class k. Convergence of the gauge equivalence classes [A,] is defined as follows:

Definition 2.22. The gauge equivalence classes [A,] converge weakly to a lim-
iting ideal ASD connection ([A], (z1,...,2;)) if

1. The action densities converge as measures, i.e. for any continuous function

fon X,
l
A, 2 AP w2 ).
/Xf\F( )|du—>/Xf|F( Pa+ 853 1)

2. There are bundle maps po : Pii|x\{z1,..c0} — Pk|X\{x1 yyyyy =} such that
pi(Ay) converges to A in C'*° norm on compact subsets of the punctured

manifold.

The bundles over punctured manifolds Pj_| X\{z1,a} A Pl X\ far,...,

isomorphic but not over the entire manifold. Thus the map in Condition 2 above

is between the bundles over punctured manifolds only.

Lemma 2.23. The total mass of curvature density is finite.
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Proof. The second Chern class is given by
_ Te(F3) — Te(Fa)?
B 812

In the case of SU(2)-principal bundle, curvature form is su(2)-valued, which

co(P) € H*(X;R).

means it is trace-free and so the formula simplifies to the Chern-Weil formula
1 2
CQ(E) = @TI‘(FA)

By definition, the total mass of curvature F'(A) is the number

(2.5.1) / || F4]|*dvol.
X

Since we focus on the ASD connection,
(D) = —(FP - [FrP) du
= [Fil*=|Faf?
Thus the Chern-Weil formula applies to give
|Fa)? = 87°k.
O

Since the limiting ideal connection is parametrised by a union of products
M, x s4(X), we take the closure of M, in the space

]MkEMkU(Mk_l XX)U(Mk_Q XX)
The topology on I M}, is defined by the convergence of definition 2.22.

Theorem 2.24. (Theorem 4.4.4 [D90]) Any infinite sequence in My has a weakly

convergent subsequence, with a limit point in My, the closure of My, in I M.

We sketch the proof here. We obtain a control for the connections with suffi-

ciently small curvatures from the next proposition.

Proposition 2.25. (Proposition 4.4.9 [D90]) Let Q be an oriented Riemannian
four-manifold. Suppose A, is a sequence of ASD unitary connections on a bundle
E over Q with the following property. For each point x € §2 there is a geodesic
ball D, such that for all large enough «,

(2.5.2) / |Fa [2dp < 2

for some constant € > 0. Then there is a subsequence {&'} and gauge transfor-

mations uy € Aut E such that un (Aa) converges over Q.
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Condition (2.5.2) ensure the limit connection also has finite energy, that is

/ |Fal?dp < 87%k.
X\{:E1 7777 wl}

Since the limit connection is defined on bundle over punctured manifold, we need
the following Ulenbeck removable singularity theorem to ensure that a gauge

equivalent connection exist on the original manifold.

Theorem 2.26. (Theorem 4.4.12 [D90]) Let A be a unitary connection over the
punctured ball B\{0}, which is ASD with respect to a smooth metric on B*. If

/ F(A)? < oo,
BA\{0}

then there is a smooth ASD connection over B* gauge equivalent to A over the

punctured ball.

The theorem implies the limit connection A extends to a connection A" on P’

over X. The limit measure is given by v = [F4|* + Y_7_, n,0,, as

/ dv = lim / dv + / dv
U er=0 \ Ju\(P_, Da,) U\(MP_, Dy,

p
— / \FAPdu—l—Zmém.

U\{@1,21} —1
where 0, is the delta function
1 ifx, €U
0 ifz, ¢U

Oy, =

T

The proof is completed by showing n, € 872Z. Let Z be a compact oriented
four manifold with boundary, B a connection over the boundary manifold 07
and A the extension of B over Z. Define 754(B) = [, Tr(F3) mod 87*Z.

Choose small disjoint balls Z, in X centred on the points z,. From the

convergence of measures

/ Fa i — / FalPdu +n,
7, Zn

we have

n, = lim/ \FAQqu—/ Fal2dp
r—0 Z Z.

= lim [ Tr(Fj)-— / Tr(F?%)
ZT T

r—0

= lim7yz (As) — Toz.(A).
r—0
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The compactification of the monopole moduli space uses a similar approach.
Let [A;] be a sequence of points in M(m;, k;). The removed points of singularity
(21,...,2;) must lie in the fixed surfaces S; because otherwise the curvature on
the orbit of the the connection at x; blows up and the total mass of the curvature
density cannot equal 87?k. Hence we can denote by x;, the i-th point in S; and

fj, its multiplicity.
Proposition 2.27. (Proposition 4.8 [B89])
1. pj, = \j, - my for some \j, € Zs
2. [Ax) € M(mj, ;) with l; = k; — >, \;, and Ej m; - 1; > 0.

To express the meaning of this proposition precisely: When viewed as monopole
moduli space, the limit point has lost m;k; — m;l; lumps of energy, this change
in energy in the instanton case corresponds to the change in charge in monopole
case. In other words, the limit point added in this compactification process has
the same mass.

The proof of this proposition will require application of Proposition 2.25, so
we check first that the premise is satisfied. Given a sequence of ASD unitary
connections A, on a bundle P over X, we claim there exist a finite set of points
{z1,...,2,} C X such that for each x € X \ {z1,...,z,} there is a geodesic ball
D,, such that for all large enough a, [, [F(Aa)[*p < 2.

Denote by V, the curvature density measure, i.e.
Vo(U) = / V| P [2dp.
b's
Then

(2.5.3) / dV, = / |Fy, |?dp = 87%k < oo.
X X

By choosing a sequence of functions f; whose linear span is dense in C%(X)®, we
have for each i a bounded sequence { [ f;dVi, [, fidVa, [y fidVs, ...} in R. Thus
it is convergent (upon possible restriction to subsequence). Thus after taking the
diagonal subsequence we obtain a convergent sequence { [y fid(V)a }or and we

have

/ fdVw H/ fdv = 8%k for all f € C(X).
X X

®such a construction is possible, for example: smoothings of the characteristic functions of
balls.
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It follows that there are at most 872k /? points in X which do not lie in a geodesic

ball of V-measure less than & for otherwise [}, dV > &® which then implies

/dsz/ dy > re* > 8rk.
X i=1 ¥ Da;

Proof. By Proposition 2.25, there exists a sequence of gauge transformations
gi € 9(P) (not necessarily commuting with the S'-action) such that g;- A; — A
in the C*°-topology on X\{xy,--- ,2,}. Let

By Lemma 2.28, convergence (2.5.4), (2.5.5) and identity (2.5.6) implies that
there exists h(u) € 4(P) such that h;(u) — h(u) uniformly in v and h(u)Aw =
O(u) - Awo.

(2.5.4) gi - Ai = Ax
(2.5.5) hiogi-Ai = 0(u) - Ax
(2.5.6) hi(u) = 0(u) o g; 0 0(—u) o g; !

Lemma 2.28. (Lemma 4.9 [B89]) Suppose A;, A and B(u) are connections
on some principal SU(2)-bundle over a smooth manifold with B(u) depending
smoothly on u (u and element of a compact space). Let h;(u) be gauge transfor-

mations also depending smoothly on u. If
A — As
and
hi(u) - A; = B(u)

both converge uniformly on u in the C*®-topology (convergence of all derivatives
on precompact subsets of X ), then a subsequence hj(u) converges uniformly in u
in the C*°-topology to a family of gauge transformations h(u), where h(u) has the
property that

It follows from (2.5.5) that h;(u) 'h;(u)g;A; and h;(u)~'0(u)As converge to
the same limit.

Since

gi - Ai = hi(u)hi(u)gi - Ai = A

and

hi(u) ™ 0(u) A fty — h(u) ' 0(u)As,
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we deduce that Ay, = h(u)™10(u) A and hence the map

hi(u) — h(u)
u = h(u)"tof(u)

defines an action on P|x\(4,} stabilising A.,. This action is the limit of the actions

u — g; 0 O(u) o g; ' because

hlus) = 0(u) 0 g, 0 0(—) 0
= 9(_u) © h,(u) = g;° 9(—u) o gz._l
= hi(u)"tob(u) =giof(u)o gi—l'

Therefore the weights are equal to those of 6, which means m;- = m; where m;
are weights of the bundle P’.

By theorem (2.26), A, can be extended to the bundle P' — X where P’
satisfies P'|x\(2;3 & P|x\{z;,}- Thus we have the same Sl action on P'|x\fz;}-
This action can be extended to P’. The next step is to show that A, (extended
to P’) is invariant with respect to the Sl action on P'. This result then applies,
together with formula (2.1.11), on a small neighbourhood of only one removed

point to give
(P x\{z;}) = c2(Pls,) — pj, = msk; — puj,.
This means

(257) m’.k'- = mj/{j—uji

J
&y, = mylk; — k),

i.e. multiplicities u;; is integer multiple of m;. It also follows from (2.5.7) that

/ , — . v — . .
mjkj = mjk; — \;;m;

3

& Ko= k=) N\,

Let B be a small S'-invariant ball centered at one of the singular points x;,
and s : B — P be a section such that the action of S* on P is described by

u-s(b) =s(u-b)- Au)

for a homomorphism X : S' — SU(2). Since the S'-invariance of s* Ay, is well-

defined, the idea here is to identify s* A, with A, so that we can understand the
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Slinvariance of A,,. s*A. is a connection on the base B and A is a connection
on P, the precise meaning of identifying the two is to identify the pull-back of
Ao on B by the S'-action with the connection A(u)As, the calculation below
shows that the identification amount to the equation

(2.5.8) U A = A1) - As.

Let w be a vector at point u(b), b € B, then

AMu) - A(w) = Mu)dM(u) ™+ Mu) " As (W) A(u)

For the final part of the proof we want to show that g - A, is invariant and g
is an S'-equivariant gauge transformation. From (2.5.8) and the set of equations
(2.5.9) we see that g - A is invariant if and only if A(u) is a constant function.
Hence the goal is to show the following set of equations in h(u) has a unique

solution and the solution is the constant function.

d*(u*g- As) =0

(2.5.9) (wg - As)
u g As = h(u)g - Aso

First we derive the two identities: Using the definition of adjoints, we have
= {9+ Awo, (u™)*dC)
and
= (9 Ax, (u™1)*dC).
Therefore d*(u*g - A) = u*g - Ao = 0. The second identity follows from the
following deduction:
h(u)g-Ase = (u*g)oAu)oglog- Ay
= (u*g)o\u) - Ax
= uogoqflou-AOo



2.5. UHLENBECK COMPACTIFICATION 41
The identity
g As = h(u)g - Ase = h(w)rdh(u) + h(u) g - Ash(u)
implies h(u) satisfies the ordinary differential equation (ODE)
h(u)(u*g - As) = dh(u) + g - Asoh(u)

which admits a unique solution. Hence so does (2.5.9). Again we apply due to the
Ulenbeck removable singularity theorem to obtain a gauge transformation g such
that g- A is the connection on the entire ball. The energy condition || Fy.4_|| < €
is met because we choose the Sl-invariant ball B to be small enough.

Ulenbeck removable singularity theorem also asserts that if there exists a

constant € > 0 such that ||F,.4_|| < ¢, then the connection g - A, also satisfies

o
1. d(9-Ax) =0,

2. g-Ax (%) =0 on 0B,

3. llg- Awlls < MIFyall2 and
4. g is smooth on B\{0}.

Moreover, for suitable constants €1, M, the connection g - A, is uniquely deter-
mined by these properties, up to the transformation g - Ay, — ugg - Asotg® for a
constant g in U(n) (refer to Theorem 2.3.7 [DK90] for detail).

Since u*g - A also satisfies Conditions (1)-(4), then by this uniqueness the
second identity of (2.5.9) implies h(u) is constant. This means g- Ay is invariant
on the entire P’. To see g - A, is invariant on the extended points z;,, consider

a sequence of vector v; approaching the limit vector v at zj,, then
U Ao (v) = Aoo(us(v))
and

limu*As(v;) = lm Ag(ug(v;))
= A(ue(v)).

This completes the proof.
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We can now define the compactification of the monopole moduli sapce M(m;, k;)

as its closure in the compact space _# given by

{(lj)

where #'(S;) is the I-th symmetric product of S;.

U M(my ;)< [ #574()
jisst. mj #0 J st mi70
lj S k‘j,ijlj Z 0

2.6 Construction of Monopoles

Ulenbeck compactification introduces limit connections that exists in the lower

stratum of the space
MkU(Mk_l X X)U(Mk_g X X)

but the structure of the compactified space near the limit points is not revealed
by the construct. We introduce a method to construct monopoles in some neigh-
bourhood of the limit points.

Let Xy, X; be two Riemannian 4-manifolds which are constructed from two
3-manifold My and M; as in chapter 1. Choose points z; € X; and suppose that
the Riemannian metrics on X; are conformally flat near x;.* This allows us to

identify an annulus near x; to a half-cylinder via the conformal equivalence

e:Rx S — RYMN{0}

(t,w) — ew.

More explicitly, an annulus Q with radii NAY/2, N='A\/2 with A € R+ is mapped
to to the tube

Q) = (% log(}) — T,%log()\) + T) « S°.

The two tubes of Xy and X; are identified by reflection as indicated in the diagram

below.

®This condition is not necessary for the construct but does simplify the treatment. Since any
4-manifold arising from construction in Chapter 1 satisfies this condition, having this condition
has no drawback in this case.
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X1 X2
Al @ @
(z1)

N3

Xo \ By(22)

Figure 2.6

The connected sum of Xy and X, denoted by X = X (\) = Xo# X1, is defined

(XO\B($0,N—1)\1/2)) L (Xl\B(xl,N_l)\l/Z))

where B(x;, N"'A\/2) denotes the ball centred at z; with radius N~'\/2.

A special case is gluing with the manifold S*, it is clear that X#S* is equiv-
alent to X as conformal manifolds, that is for metric g on X and ¢’ on X#5%,
there exists a positive function f such that ¢’ = fg. In other words, S* is the
identity with respect to the operation of connection sum. In our case, we will
also construct a monopole near the limit points by gluing the 4-manifold X with
S,

Now we consider the bundles P; over X; and connections. The general idea
is to choose a trivialisation on the neighbourhood of x; and glue the local trivial
bundles over the neighbourhood by choosing a S'-equivariant bundle automor-
phism p : Fy — P;. Therefore on the connected sum there will be a family of
connections parametrised by p.

We have explained in the previous chapter that z; must lie in fixes surfaces .S;
in X;. Also an identification p exists only if the masses of S; are equal, because
different mass means S* acts on fibres over S; with different winding number and
so the gauge transformation cannot be S'-equivariant.

Following the construction in [B89] to specify the neighbourhoods, define
spheres in X of radii NA/2 and NA~1/2 and shells

R, {z € Xo; |z — o] € [KNTINVZ NTINV2) Y
Ry = {z€ Xp;|z— x| € [NN2 ETNAYA},
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Let Uy C X, be the complement of the ball B(xzo, |¢]) of radius |¢| < kN"IA!/2
and Uy C X, be the complement of the ball B(z, |£]) of radius |¢] < N~TAV2,
U, and Uy is defined symmetrically, i.e.

Ui = Xi\B(xy,¢]), € < NIAY2
U, = X\B(x,€]), € <ENTIAV2,

The construction requires N to be large enough. More precisely, £ and N

must satisfy
(k*=1)-(1—k)-N-(N—-NHY?<s.

Additionally, A also needs to be sufficiently small for the spheres and shells to be
well defined.

Proposition 2.29. (Proposition 4.11 of [D86])

The S*-invariant connections on the connected sum can be represented in the

form

(2.6.1) A= (Ao +a, A +d,p),

where

(2:62) a/ 21.9 defined on (A]AO, *Aoa,: 0, HaHLgp(UO) < Mo
a’ is defined on Uy, dj a’ =0, ||a’||L2p(Ul) <o

and

(2.6.3) pEC™ ((Uo N U1> , Hom®' (Py|,, P1|m1)>

satisfying

(2.6.4) Al +d =p-(Ay+a) on UynT;.

According to Donaldson, any p > 2 is sufficient for the construction arguments
but taking larger value, say p > 6 is more convenient as all maps will be smooth
on the relevant Banach spaces.

Now we are in position to construct the monopole. Compare Figure 2.7 for

the following arguments.
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Let A; be monopoles on X;. We identify Fy|y,nv, and Pi|y,nu, by choosing a

S Lequivariant gauge transformation
peC((Uonth) Hom®™ (Poluy, Pil.y))
We aim to construct a connection A%(p) form Ay + ag and A; + ay such that

Ao(p) . AO on Ul\(UoﬂUl)
A, on U] '

The first step is to construct Ag+ ag and A; + aj, such that Ay + ag equals Ay
on Up\(Uy NU;) and is gauge equivalent to Ay + aj, on Uy N Uy; Ay + al) equals
to Ay on U; and is gauge equivalent to Ag + aj on R;. With the requirement
satisfied, the connection given by (Ag + ag, A1 + af), p) is denoted by A°(p). To

achieve this, we introduce cut-off functions ¢, and 1_; such that
U1x\o, = 1, supp 1 C X\Uy, supp dipy C Ry,
Y_ilx\ey =1, supp ¥-1 C Uy, supp dip_1 C Ry
Define ag and ay, as follows
ap= (Y1 —1)-Ag+ (1 —v1)-p"Aip on UyNUy,
ag = — 1 A+ pAgp! on UyNnUi.
ap and af, are extended to X, and X; by 0 so that Ay +ap and A; + a are defined

on appropriate subsets of the connected sum X. It is easy to check that

Ao +ag=1v1-Ag+ (1 =) - p T Aip
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and
A+ ay=(1—11) - Ay + ;- pAgp™!

satisfy the requirements as intended. Such modification is not yet satisfactory
as A%(p) is not necessarily ASD as it is not known that wether suppP, F' wopy C
R, C X empty. The rest of the construction is about improving the modification
factor to ensure that the construction yields an ASD connection on the connected
sum.

Let by € #,},(Xo) be another modification. If the equation

(265) P+F(A0 + ap + bo) =0
2.6.6 dy by = 0
Ao

admits a solution, then Ay + a¢ can be modified to be an ASD connection. Equa-

tion (2.6.5) is equivalent to

P, <dA0(a0 + bo) + %[ao + bo, ag + bo] + F(A0)> =0
267 o P, <dA0b0 + [ag, bo] + %[bo,bo]) ~0
Regarding the left side of (2.6.7) as an operator given by

Q : W1 (Xo) x Woyo(Xo) — W22, 0(Xo) X #,0(Xo),

1
(bo, ao) — <P+ (dAOb() + [a7 b] + 5[60, bo]) ,d20b0> .

Observe that the derivative with respect to the first variable is the same as the op-
erator 2.2.3 studied in chapter 2 and is invertible. Therefore the implicit function
theorem implies that the set of equations (2.6.7) and (2.6.6) admits a solution for
small ag and o.

Next we define inductively a sequence a; and d as
Ajy1 = aj+1-bj,
dipy = ai+ oy pbip
where b; is the solution of the set of equation (2.6.7) and (2.6.6) with ag replaced

with a;. It is proved by Donaldson (section IV(iv) [D86]) that the sequence a;

coverges to a limit a. in L? on X, and ag coverges to a limit a/_ in L* on X;.
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Also the bound of P (F(A7(p))) vanishes as j — oo, therefore we arrive at an

ASD connection
Aoo(p) = (AO + Aoy Al + agoa p)

Suppose A; satisfy the following acyclicity condition on the S'-invariant part

of the cohomology groups of the AHS complex:
(2.6.8) HY, =Hy, =Hi, =0, i=0,1,
then we have the following theorem.

Theorem 2.30. (Theorem 5.1 [B89])

If A; satisfy condition (2.6.8), and X and ny are sufficiently small, the gauge
equivalent classes of ASD connections over Xo#X1 which can be represented in
the standard form (2.6.1), are smoothly parametrised by Hom(FPp)z,, Pils, /) {£1} =
SO(3).

The following lemma shows that the construction is exhaustive, that is any

other ASD connection in the form (2.6.1) is gauge equivalent to one of this family.

Lemma 2.31. (Lemma (4.31) [D86])
Given the acyclicity condition (2.6.8), A>®(p) and A>(p) are gauge equivalent
if and only if p = %p.

Proposition 2.29, Theorem 2.30 and Lemma 2.31 together implies that the

map
Hom®' (Poleg, Pile,) /{F1} — M(my, k; + k)

is injective onto the neighbourhood W of gauge equivalent classes of ASD con-
nections over X at the limit points added at o and z, with charge k; and ]
respectively.

There are two conditions assumed for the construction. One is the acyclicity
condition, the other is X; being conformally flat near x;. According to Donaldson
(in [D86]), both condition can be relaxed. The acyclicity condition is a very strict
condition. As we studied in section 2.2, H' is the tangent space of the moduli
space, thus H' = 0 means the moduli space is discrete. We omit the detail

deduction here and state the result by Donaldson without acyclicity condition:
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Theorem 2.32. (Theorem 5.2 of [B89])
Let go, g1 be St-invariant metrics on Xy, X1, which are conformally flat near
xo, 1 and Ay, A1 monopoles with respect to these metrics. If A\ and ny are

sufficiently small, and g is the S*-invariant metric on X = Xo# X, then:

(1) there is a (T 4, X T a,)-tnvariant open neighbourhood N of I x {0} x {0} in
I x Hg 4 x Hg 4,

(2) there is a (T 4, x T ,)-equivariant map

(2.6.9) ® = (po, 1) : N —> Hj 5, x Hf 4,

such that the monopoles with respect to the metric g on X representable in the

standard form (2.6.1) are parametrised (up to gauge equivalence) by ®~1/(T 4, X
Ta,).

Theorem (2.32) allow us to construct a 4k — 1 parameter family of monopoles
on H? (whose corresponding compactified space X = S*) of any mass m € Zg
and charge k € Z-q by gluing an (m, k — 1)-monopole Ay on H? and a (m,1)-
monopole on H?3. Recall that the moduli space of dimension 1 instanton on S4
is B°. Sl-invariant instantons (which correspond to (m,1)-monopoles) can only
vary on the fixed surface S%2. Counting the energy concentration of the instanton
which is not affected by the S*-invariance condition, S!-invariant instantons have
3 degrees of freedom. Applying Theorem (2.32): we have [ = S' and 'y, = {+1}.
Also H§ 4, vanish by theorem (2.16), hence

dim @~'/(T4y x Ty,) = dim [+ dim H) + dim H)_
= 14+4k-1)—-(1-04+0)+4x1—-(1-0+0)
= 4k —1,

which means we are able to construct a 4k — 1 parameter family of monopoles on
H3.
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Slinvariant ADHM construction

Due to the correspondence of monopoles and S'-invariant instantons, we are
able to obtain detailed informations about monopole by studying ADHM con-
struction of instantons on R*. We outline first the construction of an instanton
following [MS04], [A79] and [B14].

For the construction, an element x = (x1, z3, x3, 4) of the Euclidean 4-space
R* is identified with a quaternion number x = x; + 3¢ + x3j + 24k € H for
{1,1,7,k} the standard basis of H; the group SU(2) is identified with the group

Sp(1) of unit quaternions via the map

SU(2) — Sp(1)

(_aﬁ B) — o+ ()

and the Lie algebra su(2) with the imaginary quaternions sp(1) by identifying

the basis
7 0 0 1 0 1
0 —i/ ' \—=1 0/ \i 0

of su(2) with the basis {i,j,k} of imaginary quaternions. This identification

Qi

is the link between geometric data and algebraic data. For example, locally, a
gauge transformation is interpreted as a unit quaternionic-valued function and a
connection A corresponds to an imaginary quaternionic 1-form.

The ADHM data for an SU(2)-instanton of charge N consists of a (N+1) x N

matrix
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where L is a 1 x N vector of quaternions, M is a symmetric N x N matrix of
quaternions and Idy is the N x N identity matrix, z € H. A is required to satisfy

the invertibility condition:
(3.0.1) A(z)'A(x) = R(z),

where { denotes the quaternionic conjugate transpose® and R(z) is a real invert-
ible N x N matrix for all z € H. To construct the connection form A, we pick
an (N + 1)-component vector ¥(z) of unit length, ¥(z)'W(x) = 1, which satisfies

the equation
(3.0.2) U(x) A(z) = 0.

Condition (3.0.1) ensures rankA(z) = N and thus the equation always admits a

solution. The connection form A is then given by
(3.0.3) A(r) = U(2)d¥(x)

The unit length condition of ¥ (z) implies

(3.0.4) d(V(z)"W(z)) = d¥(z)"V(z) + V(z)'d¥(z) =0
and thus
Re (d (\I/(x)T\I/(a:)))
= Re (d¥(z)"0(z) + ¥(z)'d¥(z))
= 2Re (V(z)'d¥(z)) = 0.

Hence ¥ (z)'d¥(x) is an imaginary quaternion valued 1-form which can be re-
garded as an su(2)-valued 1-form.

The construction contains some redundency as condition (3.0.2) is preserved
under the map ¥(x) — W¥(x)g(x) with ¢ a unit-quaternion valued function. This

map corresponds to the transformation

(3.05) A(z) = ¥(2)'d¥(z) — q(z)"W(2)'d¥(z)q(x) + q()"0(2) ¥(z)dg(z)
= q(z) A(z)q(z) + q(z)dq(x)

®Quaternionic conjugate transpose refers to the operation that transposes the matrix and
map cach entry ¢ = qre1+qa€2+qsez+qses to ¢ = qre1 —qrea —qzes—qaeq where {eq, 2, €3, €4}
is a basis of H.
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on A, which is a gauge transformation. Next we verify that the connection d + A

constructed as such is self-dual. Computing the curvature in terms of W:

(3.0.6) Fy = dA+AANA
= d(VTdW) + (TTdT) A (TTdT)
(by condition (3.0.4)) = d¥Td¥ — (dU")(TTT) A d¥
= dUTA (1 - VTNav

Since WU is orthogonal projection onto span of ¥, (1 — W) is the orthogonal

projection onto orthogonal complement of span of ¥, i.e. the column space of V.

Consider P = A(ATA)7*AT. Observe that

(3.0.7) PA = A(ATA)TTATA = A

and for any element v of orthogonal complement of the column space of A,
(3.0.8) Py =A(ATA) ATy = 0,

This mean P is the orthogonal projection onto the column space of A, i.e. P =
1 — UTW. Therefore we can rewrite (3.0.6) as

Fy = (AUHAATA)TTAT(dW)
= UIdA(ATA) M (dAT)T

Observe that

dUTA —UfdA
and
dA = — (o JN) dz,
therefore
0 0 f
(3.0.9) Fa=0 (ATA)Ydx A dT v
IdN IdN

The result then follows from the fact that

de Ndz = —2 [(da:l A dxy + das + dxy)i + (dvy A des — do® A dxy)j
+(dzy A day + doy A das)k]
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is a self-dual 2-form.

There are more redundancies than the one corresponding to the gauge trans-
formation, here we introduce one needed for the construction of S'-invariant data.
We claim that the following transformation does not change the connection con-
structed:

A _[a O -1
(3.0.10) Ax) — Ax) = (0 (9> A(x)O

where ¢ is a constant unit quaternion and O is a constant real orthogonal N x N
matrix. To check this, let ¥(z) = (¥y(z),..., ¥ni1(2))T be given as in (3.0.3)
and choose
qV1(z)
- Uy(x)
o :
Unii(z)

so that ¥(z) and A(z) satisfies condition (3.0.2):
T

qVy ()
A()O = TUTA(2)O7t = 0.
ol (0 NG @
‘I’N+1<5U)
The connection constructed from ¥ is the same from that construct from W
because
qd¥q(z)
~ ~ T d\I’Q((L’)
U(2)ld¥(z) = (\Iq(:c)qT (xpg(x) \Ifﬁm(x)) OT) o :
d‘I’NH(J?)

= U(2)d¥(x).

Now we consider the connection form A that is invariant under some rotation
group S' C SO(4). Via the identification

SO(4) = Spin(3) Xz, Spin(3) = SU(2) xz, SU(2) = Sp(1) xz, Sp(1),

where (g1, g2) ~ (—g1, —92), any element of the action group can be represented

by a tuple of unit quaternions [g, go] and the action is given by

-1
T = g1Tgy .
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Proposition 3.1. A connection A is S*-invariant if and only if the S*-action
on the ADHM data A(z) of A leads to a gauge equivalent connection®. That is
for each [g1, go] there exist unit quaternion q and real orthogonal matriz O, both

depending on g1 and g9, such that

L qg O L
3.0.11) A ) = = oL
(3.0.11) A(grzg; ) (M B gﬂgQ_lldN> 9 (0 (9) (M B MdN) 92

The proposition provide a criteria for the ADHM data to be S'-invariant: we
can define the matrix A(z) to be Sl-invariant if A(g12g;") and g1 A(x)g, ' give

rise to the same (up to gauge equivalence) connection.

Proof. Given (3.0.11), the transformation (3.0.10) implies that

N 0 L
A -1 _ q ~1-1
g1 A(z)g, a1 (0 (9) (M B xIdN) 9o

L
A -1 _ -1
nA(@)gy =g ( Ml dN) 92

give rise to gauge equivalent connections. Since g; and g, are constant unit quater-

and

nions, ¢1A(x)g; " and A(x) give the same connection. Therefore giA(z)gy ! =
A(g1rgy ') and A(z) gives gauge equivalent connections. As the former gives the
connection [gy, go] - A and latter gives A, this means A is S'-invariant.

Conversely, suppose (g1, go] - A is gauge equivalent to A. This means A(z) and
A(g1rgy ') are equivalent data. Then

“IA(girat _ 91 2
91 Algirg; ) 9o 91_1M92 — 2ldy

and A(z) are equivalent data. Denote this matrix by A(z). We apply the follow-
ing theorem of Atiyah, Drinfeld, Hitchin and Manin (ADHM) to conclude that
there exists ¢ and O such that

Alz) = (g g) A(z)O".

Theorem 3.2. ([ADHMT78])

Every SU(2)-instanton of charge k on R* arises from parameters (L, M) sat-
isfying condition (3.0.1), the connection form being given by (3.0.3) and with ¥
defined by condition (3.0.2).

®We cannot require the action to yield exactly the same connection due to the redundancy
(3.0.5).
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Therefore

qg O

Algprzgy ") = ¢ (0 o

) A(z)O gyt
[l

The ADHM construction allows the connection space to be identified with the

matrix space

L
m = {A(x) = (M B xIdN> € Mny1yxn

3.1 Energy 1 instanton

M is symmetric, A(z)TA(z) is invertible.} :

To describe the instanton moduli space, consider first energy N = 1 instantons,

then
Ale) = (ML— x) N (J\?LLD

Since & is a unit quaternion, A(z) is equivalent to

()

Hence we can identify 9T with R* x R* via the isomorphism
M— R*xRF

(3.1.1)
A— (M,|L]).

The isomorphism is well-defined for L # 0 as

(121 (0 —ay) ( N ) = |2+ M~ 2f? £ 0,

Observe that the space R* x Rt indicates the mass center and energy concentra-
tion of an instanton, which is the geometric meaning of the data L and M.

If in addition the instanton is invariant under certain rotation action, then

L . qLO™! P g1qLgy tO!
_ — 41 — _ _
M — gizgy" M—z)"? gMgy' — giegy !

which implies M = g; Mg, ' is fixed by [g1, go]-action. This implies if the ADHM
data leads to the same conclusion as before, then the mass center must be a the

fixed point of [g1, go]-action.
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Remark 3.3. 1. The connection Ay corresponds to (0,1) € R* x RT is calculated
explicitly in (3.4.2) [DK90] to be

1 . .
A= TW<011 + 02] + 631{)

where i, j, k is a standard basis for su(2) and

91 = l’ldl'g — I’le’l — l’gdl’4 + ZL‘4dZL‘3,
92 = xldx;; — Igdl’l — l’4dl’2 + $2d$4,
03 = xz1dry — xadr — X2dx3 + T3dTo.

2. The moduli space of l-instanton can be identified with the space of gauge
equivalent connections {f*Ag} where f is generated by translations and dilations
of R%.
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Chapter 4

['-invariant monopoles and

examples

In this chapter, we first consider a certain kind of group action I' on M, where I'
is a Lie group, and the moduli space of I'-invariant monopoles and then calculate
two examples.

In Section 4.1, we give the definition of [-invariant monopoles, state the I'-
invariant version of deformation theory and describe the local neighbourhood of
a [-invariant monopole through the Kuranishi map.

In Section 4.2 and 4.3, we calculate two examples: H? and S? x R. In both
cases we take I' = S1. The I'-action on H? is defined to be rotations of the upper
half space around the z-axis. We focus on the moduli space of monopoles on
H? with charge 1. The I'-action on S? x R is the rotation of S? fixing {0, co}.
Braam calculated these two examples without I-actions in [B89]. We first follow
Braam’s calculation and describe the original moduli spaces, then describe the

I'-invariant moduli spaces.

4.1 TI'-invariant monopoles

In addition to the setup in chapter 1, we consider an action on the 3-manifold
M. Denote the action group by I'. In order to obtain meaningful results, we

assume that the I'-action
1. extends to OM and thus induces an action on the compactified space X,
2. has fixed surfaces T; in X and the action is free away from the fixed surfaces.

Proposition 4.1. 1. The I'-action and S*-action on X commutes.

57
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2. The I'-action induces a well-defined action on B and the moduli space of

monopoles.

Proof. Two actions commute on M x S' C X because they act on independent
parts. On the fixed surface S; C X, S*-action is trivial so the result follows.
The group 77 is defined as

H ={f:P— Pmof=~yonr for some vy €'}

Similar as in chapter 1, f, is unique up to gauge transformation and thus the ac-
tion of " on the space B = &/*(P) /9 (P) of gauge equivalent classes of irreducible
monopoles given by 7 - [A] = [fxA] is well defined.

[

If there exists a connection [A] that is fixed by the I'-action, we obtain the

same short exact sequence
G(P)y — Hy — S*.

If A is irreducible, then there exists an action on P which is a double cover of
the T-action on X, which we denote by I

Definition 4.2. [-invariant SU(2)-monopoles on P correspond to an (I x S1)-

instanton on P. The [-invariant monopole moduli space M(P) is given by
MF(P) = {f x S'-invariant instantons} /g(P>f‘><,§’1‘

Remark 4.3. 1. Note that I' x S* is a cover of I x S of degree 4 rather than 2.
However one can still apply the theory developed in Chapter 2 because there is
an equivalent definition of I'-invariant monopole encoding a double cover lift: By
lifting the (I x S')-action on X (via some fixed point [A] € B) to a I x S'-action

on P, we can define I'-invariant monopole as I' x Sl-invariant instantons on X

and

—_——

MY (P) = {F x Sl-invariant instantons} /Q(P)FXSI-

Recall that a reducible connection A on a complex rank 2 vector bundle £ admits

a splitting

E=LalL"
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and A = A; @ A,. In the presence of the I' x S'-action, a I' x S'-invariant

reducible connection is a reducible connection such that in the splitting, L and

L* are I' x Sl-equivariant.
2. In our examples, I' = S', and the deformation theory of section 2.2 and
gluing constructions of section 2.6 can be applied with S replaced by I' x S?.

We state here the corresponding results which will be used in later calculations.
Theorem 4.4. (I'-invariant version of Theorem 3.2 on [B89)])

Let GAL 1 (P) be the D-invariant part of GApy1(P), A be a D-invariant
monopole on P, Ty C GAL, | (P) the stabiliser of A and (H%)"™5" be T' x S-

invariant part of the cohomology groups H'y associated to the complex

.
O%(adP) 25 Q' (adP) 25 >+ (adP).

There exist a I" g-invariant neighourhood W of 0 in (Hj‘)rxsl and a smooth map

¢ W — (H3)
such that a neighbourhood of [A] in MY (P) is modelled on ¢=(0)/T 4.

Let Xy, X; be two Riemannian 4-manifolds with I' x S'-actions which are
constructed from two 3-manifolds My and M; as in Chapter 2 and P; be the
equivariant SU(2)-bundles over X;.

Theorem 4.5. (I-invariant version of theorem 5.2 of [B89])
Let

(1) go, g1 be T x St-invariant metrics on X, X1 which is conformally flat near
xo € Xo, 1 € Xy,

(2) Ag, Ay be I'x S*-invariant monopoles with respect to go, g1, Ta, C GAL 1 (P;)
the stabiliser of A;;

(3) I be the space of T' x St-equivariant gluing parameters, that is I is the set

of I' x S'-equivariant homomorphisms from Py to P;;

(4) g be the T' x S'-invariant metric on X = Xo#X;.

There exists a I'a, X I'a,-invariant neighbourhood N of I x {0} x {0} in I x

(H}xo)rxsl X (H}h)rxsl and a T a, x T 4, -equivariant map

®: N — (H3)"™5 x (H;)™

such that T'-invariant monopoles with standard form (2.6.1) is parametrized by
(I)_I(O)/FAO X FAl'
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4.2 Example : M = H?

4.2.1 Monopoles on H?

In this chapter we study the monopoles on H3. This is an important case
as the monopole construction usually involves gluing with such monopoles. In
addition to the original set up, we consider H? with a group action given by a
subgroup I' of isometries of HS3.

Let M = H3 be the 3-dimensional hyperbolic space. Throughout the section
we will use two different coordinate system listed below for the hyperbolic space

depending on which one is simpler to work with in different cases.
(1) Identify the hyperbolic 3-space as the Euclidean half-space, that is
H® = {(z,y,t) e R* | t > 0},

endowed with the metricds? = (dz? 4 dy? + dt*) /t>. We will also sometimes
identify the xy-plane as the complex numbers and thus use (z, t) to represent

an element of H°.

(2) Identify the hyperbolic 3-space as the Euclidean 3-space with spherical co-

ordinates, that is
H® = {(1,¢,¢) | 1 >0,¢ €[0,7],¢ € [0,27]},
endowed with the metric ds? = dI? + sinh? [dy? + sinh? [ sin® ¢ d¢p?.

Identify the hyperbolic 3-space as subspace of Euclidean 4-space with the Minkowski

metric, that is
H3 = {($17$2,J]3,$4> € R4 | ZL'% "‘Z‘% +ZE§ _SU?I = —175(]4 > O},

endowed with the metric ds* = dx? + dx3 + dz% — dz?. The relation between two

coordinates can be calculated using their relation with this one, that is

T Y
xrr = ta Ty = 1
t—t7t 2?4 P
Ts = Ty Ty
t+tt 2?42
Ty = +

2 2t
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and
xr1 = sinhlsiny cos ¢
To = sinhl/sinysin¢
r3 = sinhlcosvy
x4y = coshl.

Consider the coordinate system (1), M =2 S%. The compactified space can

be identified as S* via the embedding
(42,1 H? x ' — (R°@R%) \ (R*a {0}) $*\ 5?
o (x,y,t,7) — (x,y,tcosT,tsinT).

This embedding gives a geometric picture of the conformal compactification.
We identify X as

X 2 5%x[0,00] x S'/ ~

where the equivalence relation is given by (z,0,7) ~ (2/,0,7) and (z,00,7) ~
(x,00,7') for x, 2’ € S* and 7, 7/ € S*. Then

x [0, 00] x 8/ ~
= ( ><[O, 1] x SN U (5% x [1,00] x S*) / ~
N x [0,1] x S* S% x [1,00] x S*
N (x,O,T) (,0,7) ~ (z,00,7) ~ (x,00,7)
(4.2.2) =~ (D*x SY) U (S* x D?)

where last identification is given by gluing D3 with S? and S* with dD?. With
this picture in mind, it is clear that the S'-action extended to X has one fixed

surface being S?. Regarding the embedding (4.2.1), the fixed surface is
S? = (R*@® {0}) U {oc} C 5*
because the action of an element § € S is given by
0-(x,y,tcost,tsint) = (0 ((z,y,t),7))
= u(z,y,1),7+0)
= ((x,y,t),tcos(T +6),tsin(r + 6)).
According to Chakrabarti [C84], the basic monopole (A3, ®) of mass m = a—1

with center at [ = 0 are given by

A3 = (Solénslir(l;lll)) T2 * dw + (;énsﬁr(l;lll) Sln(lp) - T+ COS(w) . Tg) : d¢7
® = [cothl — a - coth(ad)] - 73
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where {71, 72,73} is a basis of the lie algebra su(2) satisfying [, 7;] = —&4ji - Tk
Proposition 4.6. (A3, ®) € M(a —1,1).

Proof. The following calculation follows from example 1.5(2) and example 2.5(1)
of [B&9.

The curvature is given by computing

i, — a cosh [ sinh oz.l —2a2 sinh [ cosh ole2 A dl
sinh” al
a cosh [ sinh al — a2 sinh [ cosh al

sinh? ol sin(@)m - dg Ay

asinhl\* asinh
Ag N A3 = - Sin ¢T3 + COS ¢Tl d@b A d¢

sinh «al sinh ol

By taking the limit [ — oo, we obtain the curvature at north pole oo of the sphere
S? given by
1
F(A3>|S2 = lim (dAg + —A3 VAN Ag)
o l—o00 2
= sinvy - 13dp Ay

The element 73 € su(2), viewed as an endomorphism of Ly & L}, is the matrix

o)
0 i

By definition, the charge of As is given by

b= (L)) = —5 [ (gising-do ) = 1

27 J g
and the mass is
m = lim |®| =a — 1.
=00
O

Braam also states in example 1.5(2) of [B89] that all other elements in M (a —

1,1) is obtained by applying orientation preserving isometries of H?, that is
M(m,1) = {[f* (A, ®)] | f is an orientation preserving isometry of HS} .

Let m : H3 x S' — H? be the projection map. As described in chapter 1,
Ay = Az + (7*®)df is an S'-invariant connection on the principal bundle P

over R%.
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Proposition 4.7. The moduli space M(m,1) of charge 1 monopoles correspond
to the space of connections of the form f*(w*As + w*®df) where f is an auto-

morphism of R* generated by translations along R x {0} C R* and dilations of
R4,

Proof. Tt suffices to show that the mass center of Ay is at 0 € R* and isometries of
H? corresponds to translation and dilations of R* via the the embedding (4.2.1).
The antipotal map v on R* restricting to H? x S! is given by

1 i(x,y,t,7))

x,—y, —t cos(7), —tsin(1))

viz,y,t,7) = 1 (—
i (—

= (—l', =Y, t, T+ 7T)'
Since the coordinate {z,y,t} and {l, 1, ¢} is related by
= sinh [ sin % cos ¢

= sinh [ sin v cos ¢

R+ 8

_ t72 ZL‘2 + 2
n Yy
-2
t+tt 2?4 y?
+
2 2t

therefore v(1, 1, ¢) = (1,4, ¢ + 7). We have

= sinh [/ cos v,

= cosh,

As(v(l,,9)) = As(l,v, ¢+ 7) = As(l, ¥, 9)
Ol 9, 9)) = ¢y, ¢+m) =2, ¢)

which means (As, ®) is even and hence so is the connection Ay. Therefore the
mass center of Ay is at 0.

Recall that every linear (or anti-linear) fractional map
p:C — C,

C = C U {oo} extends continuously and uniquely to a map of ¢ : H3 UC —
H? U C whose restriction to H? is an isometry of H?® with the metric given as
in coordinate choice (2). Moreover, every isometry of H? is obtained this way.?
In other words, every orientation preserving isometry of H? is a composition of

translations, dilations and rotations.

®See section 9.3, [B09] for detailed discussion on isometries of the hyperbolic space.
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The translation maps
H® — H°
(x,y,t) — (x + a,y + b, t)
of H? induces the map
R' — R?
(x,y,t) — (x + a,y + b,t),
on R*. Similarly, the dilation map
H® — H®
(z,y,t) — (Ax, Ay, At)
of H? induces the map
R* — R*
(x,y,t) —> (Ax, Ay, At cos(T), Atsin(T)),
on R*. Using spherical coordinates, it is clear that the rotation map
H® — H°
(L, 0) — (L, 0+ 0)
fixes (A3, ®). Hence

(4.2.3)
f:R* - R*is a composition of translations
M(m, 1) =< [f*(n* A3 + 7 Ddb)] :
along R x {0} and dilations.

The proof is concluded.
]

Remark 4.8.

1. The proposition shows that M(m, 1) = S? x Ry and dimM(m, 1) = 3.

2. Let P — S* be the SU(2)-bundle with cy(P) = m, then the moduli space

of monopoles on H? is
MP)= || M@K
m'k'=m
where m’ and k£’ are mass and charge (in integer values). In this section we

have only described the connected component M(m, 1).
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3. In the case m = 1, the proposition matches the result we obtained using
ADHM construction.

4.2.2 T-invariant monopoles on H?

Consider the isometry group generated by
6i9 0 §
0 o € PSL(2,C) = SL(2,C)/C

acting on H?. This group consists of functions of the form
e (2,t) — (e%2,1).

Hence the group S! acts on H? by earth rotation, that is rotation around the ¢
axis, and has fixed point set Sp = {(0,0,¢) | t > 0}. To avoid confusion with the
previous S' action, we denote this action group by I'. Extending the I'-action to
H3 x S, the corresponding fixed point set becomes the cylinder Sp x St. It is
clear that the induced action on S* is fixing the first two entries and has fixed
surface S?. This is however not the same S? given by the fixed surface under the
St action in Chapter 2. Using the geometric picture (4.2.2), the fixed surface of
S1 action is given by the boundary of D? while the fixed surface of I" is given by
T x S where T' C D? is the diameter connecting north and south pole. Hence

two fixed surface intersect transversally at two points.
Proposition 4.9. M"(m,1) = R.,.
Proof. Observe that the I' x S-action on R* only fixes the origin (0,0), hence the

moduli space is no longer generated by the translations along R x {0}. It follows

from proposition (4.7) that M"(m, 1) is generated only by dilations of R*. [

4.3 Example: M =S*xR

Consider the three manifold M = S? x R with the metric

ds = cosh®l - ds%. + dI”

e’+e

where coshz = < — and ds?, is the SO(3)-invariant metric of curvature 1 on

S2.

The compactified space M x S! is then X = S? x R x S! which is identified
with S% x S2. Topologically the second S? is obtained by collapsing two ends of
the cylinder S! x R to two points. The S! action is the on the second summand
by earth rotation, then the fixed surfaces are Sy = S? x {0} and S, = S? x {o0}.
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4.3.1 Construction of S'-equivariant SU(2) bundle E on X

Let O(1) — S?% be the complex line bundle with ¢; = 1 with an S* action on the
base by earth rotation. Define O(n) = O(1)®". Let D3 and D? be the top and

bottom closed hemisphere of the base manifold S?, both including the equator.

By choosing the open cover {D%, D? } and the transition function

g:DinD* — C*

n

r — T
The bundle O(n) can be represented as
O(n) = (D3 x S'UD? x 5"/ ~
where the equivalence relation is defined by the transition function.

Lemma 4.10. The bundle O(n) admits an S*-action with weights wy, weo € Z

satisfying wy — Wee = 2N.

Here the weights wp, w, refers to the winding number of the action on the

fibres at north and south pole of S? respectively.

Proof. § € S* acts on D? x S* by

0 (ZL’,&) = (52x76w0£)

and on D? x S! by
8- (x,8) = (8%, 0°=¢).
For (z,§) € D3 x S,

822,66~ (8%, 80¢(5%) ™)
— (52£C, 50.)0727161,711)
= (8%x,09Ex™).

Hence the action is well-defined on the intersection D% N D? = S*. m

Let m; : X — S? be the projection onto the j-th factor, denote by O(n,m)
the bundle 770(n) ® m30O(m) over X.

Fix the weights wg, wee With wy — wee = —2k. The S'action on the bundle
O(—k) — 5% with weights wy and w,, extends to the bundle O(k, —k) — X and
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the S'-action on the bundle O(k) — S? with weights —wy and —ws extends to
the bundle O(—k, k) — X. Therefore we have a S'-action on the vector bundle

E = O(k, —k) ® O(—k, k).

The line bundles O(k, —k) carry an anti-self-dual connection, which induces an

Sl-invariant reducible ASD connection on the bundle £ — X. According to our
definition in Chapter 2, this corresponds to a reducible monopole on M.

Next we will describe the mass and charge of a monopole on M = S? x R.

4.3.2 Calculating mass and charge

Proposition 4.11. Given the S'-action on E as described above. The fized
surfaces are So = {north pole} x S* and S, = {south pole} x S?. The mass and

charge corresponding to Sy and S are given by

(mo, ko) = (Jwol|, —sign(wo)k)
(m1, k1) = (Jwes|, sign(weo)k)

Proof. Following the procedure of Chapter 1, we wish to find a splitting of the
bundle E|g2, ) defined by (2.1.6). Observe that

Els, = (7O(k) ® m0(=k)l(0y) & (71 O(=k) @ m30(k)|10})
(O(k)® C) & (O(~k) ®C).

2

(4.3.1)
and similarly

Els, = (m1O(k) @ m0(=k)l1e0}) @ (m1O(=k) @ m5O()|(oe})
(4.3.2) ~ (Ok)@C)a (O(—k)®C).

Since Elg, by construction is already a direct sum of two line bundles(one also
being the dual of the other), it is natural to expect that L; = O(k) or L; = O(—k).
This is indeed the case. To see this, we trace back to the S'-action on O(k, —k).
The action is trivial on the O(k) part and has weight equal to wy on the O(—k)
part. Over the fixed surface Sy the O(—k) is restricted to a point thus the action is
simply on the fibre C is by multiplication by unit complex number or equivalently
on the first summand of (4.3.1) with weight wy. The same reasoning applies to
the action on the second summand and on the restricted bundle over S.,. Thus
the summands of the splitting (4.3.1) and (4.3.2) satisfies the definition of the
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line bundles L; and L} of (2.1.6). By definition the weight of the Sl-action on
L;’s is the mass of monopole, thus
mo = |wo
and
Moo = |Wool-

Note that this also puts a constraint that mgy and m, cannot both be zero for
otherwise the condition wy — ws = —2k means k£ = 0 and the bundle £ becomes

trivial.

There is a freedom in the choice L; = O(k) or L; = O(—k) depending on the
sign of wy and ws,. Here we choose wy > 0 and w,, > 0 and thus L; = O(k),
Ly = O(—k). The monopole charge is given by

ko X1 = Cl(O(—/{)) € H2(52 X {0}),
koo - 11 = c1(O(k)) € H*(S* x {o0}).
Observe that the sign of k; reverts for different sign of w;. Moreover, the sign
of sign(w;)k; depends on the choice of orientation of each fixed surface, the two
choice must also differ by a sign. Therefore
ko = —sign(wo)k
koo = sign(we)k.
0

We check formula (2.1.11) to ensure that the correspondence between monopole

and instanton are as intended:
e2(E) = (O(k, —k)) + c2(O(=k, k)) + c1(O(k, —k)) e (O(=k, k)
= 0+0+ (k,—k)-(—k, k)
= 2k,
the calculation of monopole mass and charge involves the choice of sign of wy and

Wso, the calculation here incorporates all possibilities,
Z mjk:j = moko + mookoo
J

= sign(wp)wo(—1)sign(wp)k + sign(weo )woosign(weo )k
= —k(w) — we)
= 2k%

hence (2.1.11) holds.
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4.3.3 Index formula associated to F

Knowing the charge and mass, we can use the invariant version of the index
formula to calculate the dimension of the monopole moduli space, which is given
by theorem 2.3 in [B89]:

I(my, k) =Y sod kit (55— D)+ Y, 3 (9;— 1)

where g; is the genus of S;. Hence in this example the formula simplifies to

(4.3.3) I(my, k;) = Zmﬁéo4 k-1 Zm]:O 3

4.3.4 Local model of [A] in M(FE)

Let [A] be the reducible connection defined by the unique ASD connection on
O(k,—k). Recall in Chapter 2 we studied a model of a neighbourhood of an in-
stanton [A] given by ¢~'(0)/T" 4 where ¢ is Kuranishi map relation to the complex
(2.2.1). Therefore we can get a local picture by calculating the leading term of

Kuranishi map.

Proposition 4.12. The cohomology of the Atiyah-Hitchin-Singer complex asso-
ciated to A

0 da. o1 YA 2
O —= Q" = Q>

HY = R-(‘ 0.)21&
0 —i

2 2
H114 ~ C4k l@cﬂc 17

i 0
0 = R-(l .)zR.
0 -1

Proof. Let w be the self-dual Kahler form of X = S? x S%. We follow section
6.4.2 of [D90] to compute cohomology groups using holomorphic data:

1S given by

H, = H'(Endy&)
H% = H*(Endy&) @ HY - w
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where & is the holomorphic structure on E corresponds to A and Endy& is a

(trace-free) subbundle of End &. Since E is a sum of two line bundles, and

(4.3.4) End(L® L") = (LeL)® (Lo L)
= (Lel")® (L L)
= Lel)eLl*”e (L) o (L L")
(L*=L'=) = Col®®q (L)*aC.

Due to the trace-free condition, the second trivial bundle C becomes redundant
data. We have

(4.3.5)  HYEndy&) = H}

sheaf

(X,C @ O(2k, —2k) & O(—2k, 2k)) .

Since cohomology commutes with direct sums (cf. Remark 2.9.1 [H77]), we
need only to calculate each summand. Recall that X = S? x S?, by Kunneth

formula,

HY(X, 02k, —2k))
(4.3.6)= H°(S? O(2k)) ® H'(S?, O(—2k)) @ H*(S? O(2k)) ® H(S?, O(—2k)).

According to the result of sheaf cohomology (cf. Theorem 5.1 [H77])

0, [ <0,
(4.3.7) H°(S?,0(1) =
CI'H, l > 0
(4.3.8) H'(S?,0(1)) = H°S* 0(-1-2)),
we compute
0, k <0,
HY(S?,0(2k)) = :
(Czkﬂ7 E>0
0, k>0,
H°(S*,0(-2k)) = :
C—Qk—i—l’ k S 0
H'Y(S? O(—2k)) = H°(S* 0O(2k —2))
)0, k<1,
- C2k71’ k > 1 ’
HY(S?, O(2k)) = HY(S* O(—2k —2))
0, k> —1,

Cf%fl’ k < —1 '
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Plugging the results into (4.3.6) gives
(4.3.9) HY(X,0(2k, —2k)) = C**~!

and hence

I

0® C4k2—1 @ C4k2—1
_ (C4k2—1 @ C4k2—1

HY = H'(Endy&)

Following the computation in section 6.4.3 example (ii) [D90],
H*(Endy&) = H*(C @ O(2k, —2k) ® O(—2k, 2k)).
Again, we calculate H?(Endo&) by computing each summand:

H*(O(2k,—2k)) = H'Y(S* O(2k))®@ H'(S?* O(—2k))
0 if k> —1
C?*1g0 ifk<-—1
=0

Then the Kunneth formula for sheaf cohomology implies
H*(Endo&) =0

Regarding Theorem 3.1 of [FU84|, since A is reducible,we have I'y = U(1) C
SU(2), then HY = kerdy = Lie(T'4) can be identified as the real line generated
by

that is,

Summarising, we have
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The calculation (4.3.4) gives rise to an explicit isomorphism for the identifi-
cation (4.3.5) in the following way:
Regard a« € L ® L as a map

L — L
v o -,

then «, as an element of Endyé&’, is given by

()

and similarly § € L* ® L* is given by

0 p*
—3 0
therefore the isomorphism is given by

HY(X,0(2k, —2k)) & H'(X,0(—2k, 2k)) — H}

0 a— [3*
s, 1)

Since H' = kerd}| /imd, the matrix

0 o — [*
b —a* 0

can be regarded as a su(2)-valued one form, that is by choosing a complex local

coordinate {21, 23} of S? x S?, the matrix can be represented as

0 Z?:l odz; — (Z?;l @dZi)*
S22 Bidz — (X0, cudz)” 0

0 0o - 0 0o -
— N g+ b dz, + 2 g+ & dz,.
ﬁl 0 —Qq 0 BQ 0 — Q9 0
(4.3.10)
This identification allows us to calculate the leading term of the Kuranishi map

¢:H' — R

p — <((Z) _02> w,%P+[p,p]>L2
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where w = %(dzl AdZzy + dzy A dz) is the Kahler form of S? x S?, as a map from
the sheaf cohomologies, that is with p given (locally) by (4.3.10).

We calculate the second term first:

(4.3.11) %[p,p] =pAp

= (—ayaq + Bi ) (1

N | —

2

(—Oé15é1 + 181 — s + 5252) (é

+1 (—01541 — B151 + axdiy — 5252) <(1)

0
0 -1

1 0

> dz1 A dzy + (—asds + Baf3s) (0 1

)dZQAdZQ+

0

1) (d2’1 A dél + dZQ VAN dfg)

Ol) (le VAN d51 — dZQ VAN dzz) + ...

the omitted terms are independent of dz; A dz; and dz; A dZ; and thus gives zero

after inner product with w. The first term of (4.3.11) is self-dual, hence

1

g2
5 [, )

Then

(4.3.12)

0

N —

_ _ (1
(—ozlo_q + B161 — asan + ﬁzﬁg) (0 1) (dzy Ndzy + dzoy N dZs).

1
0

0 1
> W, §P+[p7p]>

0\ (% (ol - [1812.) 0
L 0 L(llall2, — 118]122)

1
(lallze = 1181172) + 7 (lellze = 18172)
(el = 1811Z2)

1
—5 (lall2: = 1812:) (

0
1) (dz1 A d21 + dZQ VAN dzg)

o I/
N | = O .

Therefore the map ¢ is given by

q: H'(X, 02k, —2k)) & H' (X, O(=2k,2k)) — R
(o, B) = 5 (lallf= = 1181172)

Regarding (4.3.9), by choosing a basis {e;, ..., a2 1} a and f can be viewed
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as a 1 X (4k? — 1) complex vector:
4k?—1
o = Z e, a; € C
i=1

4k2—1

g = Z Biei. i€ C
i=1

Fix a, 8 € ¢71(0) and let a(t) and 3(t) be two curves with a(0) = « and 5(0) = §3,
then by definition

. q
dg(a0),500) (a(t), B(t)) = lim

t—0 t
L ala(), ()
t—0 t

It is now clear that dq is surjective away from 0 and thus 0 is indeed a regular
value of q. Therefore ¢71(0) \ {0} is a manifold. We can identify ¢=*(0) \ {0} as

{(a.8) o] =8 =1} xR

o (i) )

The neighbourhood of [A] in the ASD instanton moduli space is given by

via the map

'(0)/Ta = { (@, ) e C¥ 1 & CW a2 = |82 } /U (1)
(4.3.13)

where U(1) acts by A - (o, 8) = (Aa, A7'3). Observe that for any real number e,
e(a, B) = (ea, eB) € ¢71(0)/U(1), therefore the neighbourhood is a cone over the

manifold
G823 S8k2—3/U(1).

Next we take the S'-action invariance into account. There are several cases
to be considered concerning the sign of the parameters k, wy and ws,. We can
assume k > 0 without loss of generality because the £ < 0 case yields ky and
k. of opposite signs, which can be recovered by reversing the roles of 0 and oo.
Moreover, k = 0 corresponds to the case of a trivial bundle E and hence a flat
monopole, which is not interested. So for £ > 0, the possible choices of signs of

weights are:
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(1) wo > 0, in this case kg < 0 and wo, = wo + 2k > 0, thus ko, > 0;

(2) wo < 0, in this case kg > 0 but the sign of wy, = wy + 2k is not determined

so we have
(2.1) we =0,
(2.2) weo > 0 and so ks > 0,
(2.3) weo < 0 and 80 ko < 0,

(3) wo =0, in this case wy, = 2k > 0 and k,, > 0.
In conclusion, there are five cases to consider:

(1) wo >0,

(2) wp <0 and wy =0,

(3) wo < 0 and wy, > 0,

(4) wo <0 and wy < 0,

(5) wo = 0.

The dimension of the moduli space in each case is given by (using formula
(4.3.3)):

-2 in case (1) and (4)
I'=44k—4 in case (2) and (5)
8k —2 in case (3)

Proposition 4.13. The S’l-part of the cohomology is given by

i 0
HY = R-(l _)2112{
0 —1

0 in case (1) and (4)
H& ~ C?k-1 o C =2 C2~1  in case (2) and (5) :
C2+1 g C2k-1 in case (3)

i 0
0 = R-(l ,)-ng.
0 —1
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Proof. The treatment is similar as before. To evaluate the S'-action on HJ sheaf’

rewrite result (4.3.7) in terms of homogenous polynomials of degree I:

sheaf<S2 O(l)> = @ C- xO 513'1

ag,a1>0
ap+ay=l

@(C xy’ x!

ap,a1 <0
apg+ay=l

I

Heas(S%,0(1))

with generators zo and 21. The S'-action on the generator is given by

ao _ 27i ao 27ipg ai
0-zla]t = (e7Pexg)” (e20x)

2mi(aopootaipo) ag .a1
e > (xp0xft) .

where py and p., denotes the weights of the action as defined before®. Observe
that the action does not change the degree ay and ay, therefore zg°x{" is St

invariant if and only if the generators z2°z$" are S'-invariant if and only if
- x5zt = xy’xlt
for any 0 € S*. This means
Poctto + poar = 0.
together with the conditions on the parameters ag, a1, po and peo
(1) po — poo = 21,
(2) ap+ a1 =1,
(3) ag, a; > 0 and
(4) 1 >0,
we deduce a sign condition on the weights py and pe
Po=2a0>0, poo=—2a;1 <0

and the polynomial degree that survives the S'-action

®For the deduction of this general case we avoid using the same symbol wy, ws for the
weights as when we compute the actual case the action will need to be evaluated for the specific

bundle in question.
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Therefore the sheaf cohomology is given by

Hsoheaf(SQv OU))Sl ~ C. 1;1070/21:11700/2
(4.3.14) ) C, if po, pso are even, py > 0, pos < 0 and I >0

0  otheriwse
Hslheaf(s27 O(l))SI >~ C. ng/QIIfOO/2.
C, if po,pss are even, pg +2 <0, —poe +2 <0 and [ < -2

(4.3.15) &
0  otheriwse

With all the data above, we can use the Kunneth formula to compute
HY =~ H'(X,C® 02k —2k) & O(—2k, 2k))>
S {H0(52, O(2k)5" ® HY(S2, 0(—2k))5

)
)
3

o {H1(52, O(—2k))5" © HO(S2, 0(2k))>"

U

@ {Hl(s2, O2k) © HO(S2, 0(—2k))

U

@ {HO(SQ, O(—2k)5" ® HY(S2,0(2k))

The S'-action always fixes the first part of the product S2 x S2, hence the first
term of all four summands are computed same as before. That is, we need to

calculate
Hy = {H(S%,0(2k) @ H'(5%,0(~2k))%' }
o { H'(8%, 0(2k) ® H'(5%, 0(~2k))*' }
& { HO(5%, O(~2k)) & H'(S%, 0(2k))' }
® {H1<s2, O(—2k)) ® H(S?, o<2k))51} .
The S'-action on O(2k, —2k) is the one induced by the action on the bundle
O(—2k) — S?, which is the action with weight py = 2wy and ps, = 2ws. Then

the five cases can be written in terms of py and p., as
(1) po > 0 (which determines py, > 0),
(2) po <0 and py =0,
(3) po < 0 and ps, > 0,

(4) po < 0 and ps < 0,
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(5) po =0 (which determines ps, > 0).
Then (4.3.14) implies
(4.3.16) H(S?, (9(—214:))§1 = 0 in all cases
0 in case (1) and (4)
C in case (2), (3) and (5)

12

(4.3.17) HO(S2,0(2k))%"
Similarly, the action on O(—2k, 2k) is the one induced by the action on the bundle
O(2k) — S?, which has weight py = —2wp and Py = —2Wee.

(1) po < —2 (which determines po, > —2),

(2) po > 2 and py =0,

(3) po >0 and po, < -2,

(4) po >0 and ps > 2,

(5) po = 0 (which determines p,, < —2).
Then (4.3.15) implies

0 in case (1), (2), (4) and (5)

(4.3.18)  H'(S% 0(=2k))%" =
C in case (3)
(4.3.19) H'Y(S?, (9(2]{))51 = 0 in all cases
Therefore
0 in case (1) and (4)
Hy = C*1gCx=C* ! incase (2) and (5) -
C2?+1 @ C2+-1 in case (3)

By construction, the splitting of E is Sl'-equivariant, this means the stabiliser
4 2 U(1) is S'-equivariant due to the fact that U(1) is abelian. Therefore the
Sl-invariant part of HS = Lie(I'4) is the entire group, thus

i 0
H =R- ((‘) _i> ~ R

and hence
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Now we have all the information to compute the leading term of the Kuranishi

map using the formula developed before:
q:Hy — R
In case (1) and (4), Hj = {point},
q: {point} — R;
in case (2) and (5), H} = 0@ C?*~1

qg:C* ! 5 R,

1
8 5Bl
in case (3),Hj = C**+1 @ C?**1

q: (C2k+1 o (CQkfl N R,

1
@8) — 5 (ol = 181:).

The proof that 0 is a regular value of the map ¢ is the same as before, therefore
we can still use zero set of ¢ to study the neighbourhood of a monopole in the
moduli space. It is clear that in case (1), (2), (4) and (5), ¢~ *(0) = {point} and
in case (3) ¢~ 1(0)/U(1) a cone over the manifold

S4k+1 % S4Ic73/U(1)7
by the same reasoning as before.

Remark 4.14. It is worth mentioning that although ¢~'(0) = {point} in cases
(1), (2), (4) and (5), case (1) and (4) differ from case (2) and (5). Because in
case (1) and (4) there exists no irreducible monopole as evident by negative in-
dex; in case (2) and (5) the index is positive and thus ¢~'(0) = {point} means
the reducible monopole is isolated but the existence of irreducible monopole
is not known. However, it is shown in [B87] that M((mq, ko), (Moo, koo)) =
M((2k, k), (0,0)) is a point.

4.3.5 TI-invariant monopoles on S? x R

Let I' = S! be the rotation group that acts on S? x R by earth rotation on S?
and fixes R. The induced S!-action also acts only on the first component of

X = 5% x S%2. Observe that the action is essentially the same as the previous
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Sl-action except they act on different S? of S? x S?. This also means the induced
action on E — X is described in the same way as the previous S'-action. To
avoid confusion with the previous S!-action, we will still denote the new action
by I' (and T its double cover) knowing it is a S! just acting on different parts to
the previous S*.
Lemma 4.15. The bundle O(n) admits an D-action with weights o, Yoo € Z
satisfying Yo — Yoo = 2N

The proof copies word by word from that of (4.10). To simplify the calculation,
we define the action so that 79 = wy and v, = ws. The action then extends to
O(k,—k), O(—k, k) and hence to the bundle £ — X.

4.3.6 Local model of [4] in MY(E)

Proposition 4.16. The I x S'-invariant part of the cohomology is given by

7 JC®C  in case (3)
0 in case (1), (2), (4) and (5)

—~
=
_
—
X
o
I

Proof. Again we use formula (4.3.14) and (4.3.15) for sheaf cohomology to calcu-

late H. The Kunneth formula gives

(Hl)fXS'l ~ {HO<S2,O(2k))fX§1®H1(52,O(—2k))fxgl

H,_/

[o))

@ {H1(52, O2k)5" @ HO(S2, O(—2k))F

U

& { HO(5%, 0(=2k))™" @ H'(5%, O(2k))™5" }
o { (5%, 0(~2k))"5" @ (52, 0(21k)) ™'}
Since I' fixes the second part and S! fixes the first part, then we have

(HHEXS' o {H0(52,0(2k))f®H1(52,o<—2k))51

o {H0<52, O(—2k)F @ H(S2, (9(2k))51}
@ {H1(52, O(—2k)F @ H°(S2, O(Qk:))gl}

D =

® {Hl(SQ, O2k)T @ H(S2,0(—2k))
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Recall that I' is also an S!'-action, therefore the first terms of all four sum-
mands can still be computed using formula (4.3.16), (4.3.18), (4.3.17) and (4.3.19).

Hence we find that the only non-trivial case is case (3) where
1 f‘stl ~ ~
(H") ~CeC0)p(CC)=CaC

Observe that comparing with the previous situation where only one (S 1) action
is present, the result here is completely independent of k. This is because in the
current case the first terms of all four summands needs to be calculated using the
result of S'-invariant sheaf cohomology (see (4.3.14), (4.3.15) ).

For the same reason as before, the stabiliser I'y 2 U(1) is [-equivariant and
therefore the I' x S' invariant part of HY is the HY. Hence the the new action
does not effect H} and H3. O

In case (1), (2), (4) and (5), (H)*5" =0,
q : {point} — R

and ¢~ 1(0) consists of a point. In case (3),
qg:CeC—R

and

¢ (0) = {(. ) | laf* = B},
and thus ¢7'(0)\{0} is diffeomorphic to S* x S! x RT via the map
a b
o[BI
Recall that that the stabiliser T' 4 is the group U(1) acting by A(a, 8) = (Ao, A7),
then (¢7(0)\{0})/T4 is diffeomorphic to S' x RT. Therefore a neighbourhood

of monopole in MY(E) is a cone over S'. These two examples are discussed in
[B89] without the addition of I'-action.

(a, ) — ( o).
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Chapter 5
Sen conjecture

In this chapter we consider monopoles on R3. The subject of Sen’s conjecture
is the space of L2-harmonic forms on the relevant moduli space. To state the
conjecture, we define first the reduced moduli space ./\;12 The group of transla-
tions of R? acts on the moduli space, hence My /R? is the manifold of centred
monopoles. It is shown by Donaldson in [D84] that MY, as a smooth manifold,

can be identified with the complex manifold Ratg /C*, where

Rat! = {f(z) I A

N and g have no common roots
g(’Z) Zq+b22k_2+...+bk|f na g Ve 1 m r }

where the action is given by multiplication

C* x Rat) — Rat}

f f
AE) e AL
(A.5) g

By this description one can calculate the fundamental group of Rat{ as m; (Rat})) =
Z

Denote by MY the universal cover of the quotient My, /R3 x S, where R? acts
by translation and S! by rotations of the framing. Let /\;12 be the universal cover

of the quotient M /R3 x S*. In Donaldson’s algebraic description,

M) = {§ € Rat} | Res(f,g) = 1}

where Res(f,g) is defined as follows: For g(z) = I’ ,(z — Bi), Res(f,9) =
ITI7_,(B;). Therefore ./\;lg admits a free action by the group p, of ¢ roots of

unity.

83
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Sen’s conjecture concerns the space Hi of L*harmonic i-forms on M. This
space admits a decomposition with respect to the induced action of the cyclic

group action y, of ¢"" roots of unity:
Hj, = &t .

where Hfg’p is the part where z € o, (the cyclic group of order k) act by multipli-
cation by 2P.

Sen’s Conjecture

(i). If k and p are relatively prime, then Hiz,p = 0 except when ¢ = 2k — 2 in
which Hifﬁpﬁ = C, and

(ii). if & and p have a common factor, then Hj, , = 0 for all i.
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