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‘CHAPTER ONE

" SYNOPSIS AND STATEMENT OF ORIGINAL CONTENT

The main body of this thesis, in particular Chap;ers
Three and Four, is devoted to the problems of estimation and
classification encountered when dealing with mixtures of
uniform distributions or with mixtures 6f samples from
uniform populations. Apparently, such questions have not
been considered explicitly in the literature, possibly because
approaches using the well known methods of moments and
" maximum likelihood are conceptually quite straightforward.
However;vthere‘are some .technical difficulties involved, not
to mention considerable labour, and so the full exposition
of these methods should be of use to the practical
. experimenter.

. The formal definitions of mixtures, as well as the
question of identifiability, are introduced in §2.1. The
next section of Chapter Two outlines sufficient interesting
and varied applications of mixtures .to .convince the reader
of their importance in modern statistical theory. Finally,
§2.3 traces the historical development of estimation methods
suitable for use in mixtures of normal distributions. The-
various approaches '‘are compared in a critical light and
brief mention is made of some important unresolved difficulties.

Then in Chapter Three, which deals with mixtures of two
one-parameter uniform distributions, the moment equations are
solved and the necessary conditions for meaningful estimates
of the parameters are displayed. So that an experimenter
may readily examine his ‘errors, §3.3 is devoted to .the

derivation of the asymptotic distribution of the moment
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estimators. Moreover, it is also shown that, by increasing
sample sizes; one can always expect meaningful roots with
probability tending to one. In §3.2 and §3.4 the method of
maximum likelihood is discussed under a mixed samples and

mixed distributions model.respectively; and in both cases
simple procedures -are possible; .Unfortunately; the asymptotic
errors cannot be easily computed and so no immediate

comparison with the moment estimators is possible. An
illustrative example completes the chapter.

Chapter Four follows similar lines, except that mixtures
of two-parameter-uniform distributions are discussed. This
of course provides considerable additional complication, but
here again the moment estimators and their asymptotic
distributions are obtained, and conditions for meaningful
solutions are displayed and discussed. In §4.2 the maximum
likelihood method under a mixed samples model is shown to
suffer from the weakness that the parameters are not all
estimable.

The fifth and last chapter may be regarded as something
of an addendum to the rest of the thesis. It begins with
an introduction to the property of monotone likelihood ratio
(M.L.R.)and an exposition of the role played by this property
in the analysis of>mixed'samples by the maximum likelihood
method. In §5.2 we derive a general family of distributions
possessing an M.L.R. and similar to one originally suggested
by Karlin (1957 (a)). The family is of sufficient generality
to warrant the discussion - of methods for estimating the
parameter and determining confidence and tolerance intervals
for the parameter. . This is carried out in §5.3 and §5.4.

In §5.5 original use is made of the general family developed
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in §5.2 to offer a partial answer to a question implicit in
the paper of Heathcote (1972), viz the investigation of
necessary conditions on the variance-covariance matrix for a
multivariate normal distribution to possess an M.L.R. in

some statistic.

Acknowledgement. The author wishes to express his sincere
gratitude to Dr S. John, with whom he had many helpful
discussions throughout the preparation of this thesis, and

to Professor C.R. Heathcote who posed the problem considered

in §5.5.
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CHAPTER TWO

- 'INTRODUCTION TO THE THEORY OF MIXED DISTRIBUTIONS

. 'AND MIXED SAMPLES

;2.1 DEFINITIONS AND PRELIMINARIES

f.Lef;R?.be a measurable subset of Euclidean m-space ‘and
Clet é’%ﬁ{E(x;ﬂ), 0 e:R?}'wherefE(x;ﬁ) is a cumulative
distribution function in the variable x for each 8 e.R?,
‘and is .also measurable on the product space of x '‘and 0.
Then for:any,nondggenerate'm—dimensional,cgdgf; G whoee
induced Lebesgue-Stieltjes measure ﬁG.assigns,measure‘one
,‘toART,.thejc.dpf.
S H(xX) %:J:‘F(x;ﬂ)dG(Q) (1.1)
m

R’y

is called a’GAMixturefcd’;ior,ﬂmore-briefly, a mixture

' Note that a c.d.f. G is degenerate if it concentrates -all

its mass at a sipgle.pointjofARm“ :Also;%} is assumed tacitly
..to .contain .at :least two elements.

This is the definition of a mixture of distributions
as_given by Teicher (1961) who also rigorously defined the
property of identifiability of mixtures. .Let??.denote a
.1class,of,cgdgf.'s’[G]@of.theltype.considered above,'?}the

‘induced class of mixtures’ [H] ‘and gfthevclass of degenerate

: distributions:in.Rm. : Then“?fwill be called %dentifiable
incg (with respect to a’) if.(lli)»effects a one-to-one
correspondence.bet.we’en‘/#'u 4.'andtg v 31 ; or equivalently,
if the relationship

CH é;IE(x;Q)dG(E) éle(x;ﬂ)dC*(ﬁ)

. Rk K 3
‘implies G = G for all G ecg U~3‘. o If 1}13 identifiable

in .the class of :all G \ 31,.it will simply be called



identifiable,

It is often advisable to establish identifiability
before considering questions of estimation and hypothesis
testing. .VOtherwise; if a mixture is not uniquely determined,
one might mot be able to uniquely "identify" the mixture
- from a set 0of estimates of the parameters mnor make a choice
between possibly indistinguishable hypotheses.

. Teicher (1960, 1961, 1963) gives some general conditions
for identifiability as well as a discussion of the question
for several specific classes of mixtures. ..He.shows,'amopg
,.other.thipgs;.that:ideﬁtifiability.hdlds for finite mixtures
. .0f normal, gamma ‘and one-parameter uniform distributions.

. Using Laplace transforms, Feller (1943) has shown that -

" mixtures of Poisson distributions are identifiable.  Boes

- (1966) has given necessary :and sufficient conditions for the
jidentifiability of certain finite mixtures;

We shall be mainly concerned in the sequel with finite
" mixtures. . These can be regarded as a subclass of the
. following type of mixture. Let each G ecg.be a step function
with.stepsﬂat’sayAel;@z;;:;ﬁ(with:@l%'{Gl;ﬁzﬁg.l}fpossibly
Hdepending:on’ﬁ);:so'that equation (l.1) reduces .to

.H(x)-éLHG(x) =.ﬂ§ &iF‘X;eﬁ) (L.2).
i=1
.wherejqi,is.the mass assigﬁed by G .to F(.;'é}). " Following
. the terminology of Teicher (1960), such a mixture will be
:,degignated J:eoﬁntahlé'mixture; ';If_@i é_Ol(ﬂl.contains;
- fox each G e‘% » only a finite number of elements, the result
,;of‘equation.(llz)'will,he‘called a finite mixture. (Note

. that this isﬁnot‘meantvto'implyvthatttheSSet‘R?1ofvpossible
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values of 06 is finite ot countable;) " In addition;.we shall
call the dindividual distributions F(.;éi) being mixed to
produce a particular HG.thechmponents of the mixture HG.
The term compound distribution is usually used synonomously
with the term mixture of distributions.

In the third and fourth chapters of this thesis we shall
be concerned with the problem of estimation in a mixture of
two uniform distributions; When these ‘uniform distributions
‘are of the two-parameter type, the question of identifiability
. .does mnot seem to have been resolved in the literature;

: HoweVer;va little non-rigorous ‘inspection suggests that -

- ‘uniqueness of the representation will only be in .doubt if the
parametersrsatisfy.certainfstrict:functional relationships.

It is 1likely that these will not generally be satisfied and
so there will be a unique representation of the parameters

in most situations. In anf case, the ‘experimenter will often
- be interested only ‘in an estimate of the overall distribution
and will not be concerned as to whether he has obtained unique
. estimates .for the components :of the mixture;‘

Consider a sample of size N which is .assumed to consist -
of N observations on a random variable X with the c.d.f.

k

CH(x) = izlti(x,Gi) - (1.3)

In many circumstances it méy.be:just.as,reasonable.to,aSSume
that the sample is ‘actually a mixture of k separate samples
.,of'Sizes‘N ;NZ,L.;}Nk onﬂthe k populations represented by -
their'distriBUtion:funCtions‘as E(x,ei);F(x;§§);:.:;F(x,ek);
',Indeed;'Such'a,model-has.redently.reCeived.attention:in the
_workgof,John:(1970(a);ﬁb);(t0),.whO'has.conSiderEdlquestions

of classification of the obseryvations and estimation of the
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parameters in the cases where the underlying distribution
F(x,6) is normal, gamma, binomial, Poisson, negative

binomial and hypergeometric. As yet, the uniform distribution
does not seem to have received any examination under either
model, and so in later chapters we shall attempt to develop

the appropriate methods and illustrate the ideas using

various subclasses of this important distribution.

Before going on to discuss the practical uses of mixed
distributions and mixed samples, let us first note the
relationship between these two models. The sample from a
compound distribution can be regarded as a random sub-sample
from a sample of size infinity in the other model; so that
the numbers of individuals originating from either population
are random vafiables, whereas they are to be regarded as
parameters in the mixed samples model. Hence, one would
expect that estimates - obtained by the use of methods
appropriate to each model will be reasonably numerically close.
As the maximum likelihood method presents some difficulties
in the case of a compound distribution model, estimates
obtained from the mixed samples model should be useful first

approximations in the initiation of iterative processes.
2.2 APPLICATIONS OF MIXTURES

There has recently been increased interest shown in. the
area of mixed distributions. = This is mainly due to the
increasing number of interesting problems concerning mixtures
which are being encountered in certain applications; We
shall now turn our attention to a few examples of the latter.

In such areas of biolpgy as conservation, ecology and

taxonomy, it is often wished to study certain characteristics

of a particular species. For this purpose one often needs



to take a sample of individuals from their natural
population and make numerical measurements of these
characteristics. Because age is frequently difficult to
ascertain in samples from wild populations and because a
quantitative characteristic may vary markedly with age, the
biologist is therefore dealing with a mixture of distributions,
the mixing being done over a parameter depending on the
unobservable variate "age". When sampling is carried out
onnatural populations of fish;.for example, such problems
have been considered by;'among‘others; Cassie (1954),
Buchanan-Wollaston and Hodgeson (1929), Oka (1954), Tanaka
(1962) and Bhattacharya (1967).

A number of examples of mixtures which arise in the
chemical industry have been given in the book by Medgyessy
(1961). The applications given by this author include the
use of finite mixtures of normal distributions in the
investigation of absorption spectra and of electrophoretic
separation of proteins.

Applications_of mixtures to general industrial
situations have been given by Hald‘(1952); who suggests that
a mixture of normal distributions might be due to the use of
different machines, changing attendants (e.g. day and night
shift-workers), the properties of the raw material or to such
time factors as wear.

Mixtures of distributions are also encountered in the
area of life-testing and in acceptance-testing. Using a
mixture of Weibull distributions, Kao (1959) discusses a life-
testing problém involving electron tubes which are subject to

a sudden or delayed failure. In the life-testing of radio

equipment a similar problem is discussed by Mendenhall and
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Hader (1958) and by Cox (1959); . The problem of con-
structing acceptance-testing procedures when the true
proportion of defectives varies from batch to batch is
considered by Barmard (1954) and Vagholkar (1959).

Some further interesting examples of mixtures are given
by Anscombe (1961) and Blischke (1962); The former author
~gives an application to é marketing problem, and the latter to
a description of an ICBM weapons system. ,Also; for the use
of mixtures in the description of accident proneness and other
models ofv“contagion"; the reader is referred to the review
article by Blischke (1963);(

It is hoped that the above examples will serve .to
convince the,reader’ogfside'practical uses and general
importance of mixtures. Before taking up the problem of
estimation in mixtures of distribdtions; we conclude this
section by noting that, where ammixed distributions model has
been used exclusively in the past to analyse the above examples,
the mixed samples model discussed in §2.1 may have been both
" more appropriate and more useful. In particular; the
maximum likelihood method is often comparatively easy to apply

under a mixed samples model (see John .(1970(Ca))).
2.3 ESTIMATION IN MIXTURES OF DISTRIBUTIONS

The difficulty of constructing useful estimatoxs for the
parameters of mixtures of distributions has plagued research
in mixture theory for many years,. Many estimation techniques
~yield only an intractable set of equations; - Though these
‘can often be solved using computer techniques; the estimation
problem is certainly not yet mnear a fully satisfactory degree

of solution, especially for small sample sizes.
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For the purpose of illustrating the above general
comments we shall now concern ourselves with outlining and
discussing some of the many attempts which have been made
to estimate the parameters in mixtures of normal distributions.
The amount of effort which has been expended on mixtures of
normals is indicative of the complications generally
encountered in the mixture problem; For the details of
estimation in mixtures of non-normal distributions,
particularly discrete distributions, the reader is referred
to Blischke .(1963).

. Here we shall be interested only in finite mixtures;
usually, in fact, with mixtures of two normal distributions.

Thedensity function in the latter case is given by

-1 g 2 (1= . X-u, 2
pG0) = (2m) T & expl- (RTRL) "1+ L=Benpry (—2) 1}(3.1)
-1 01, 2 2
where 0 < o < 1. Moment estimators for the five parameters

a, pl, ﬁz, oy and o, were constructed by Pearson (1894).

This was the first serious attempt at dealing with a mixture
problem. Pearson was motivated by the thought that it would
be useful if frequency curves (based on large numbers of
observations) which deviated from the normal frequency curves
could be dissected into two or more normal components. of
course, as Pearson pointed out, the method of moments is not
suitable if the number of components is greater than two.
This is because the use of higher and higher moments will
always result in both increased errors and increased analytical
difficulties. However, the case of two mnormal components is
of special dinterest in the context of the theory of evolution

as considered by Pearson; for "a family probably breaks up

first into two species, rather than three or more, owing to
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the pressure at a given time of someparticular form of
natural selection."

Pearson was well aware that, in a practical situation,
his method suffered from the possibility of multiple
solutions. These arise firstly because one must solve a
nonic which may not yield a unique root and, secondly,
because other models such as the limit of a binomial distribution
may -also provide a reasonable fit to the data. Pearson
suggested, with considerable reservations, a theoretical
criterion for the resolution of this problem whereby one
chooses that solution which gives to the compound curve a
sixth moment nearest in value to that of the frequency curve.

In the days before computers,. the arithmetical
difficulties posed by the calculation of moments upto the
sixth order, coupled with the difficulty of extracting the
roots of a nonic were considered most unfortunate. Indeed,
Charlier (1906) comments: '"The solution of an equation of the
ninth degree, where almost all powers to the ninth, of the
unknown quantity are existing is, howevér, a very laborious
operation. Mr Pearson has indeed possessed the energy to
perform this heroic task in some instances.... But I fear that
he will have very few successors;,if the dissection of the
frequency curve into two components 1is mot very'urgent;"
Charlier recommended a modified method of elimination which
leads to two equations to be solved simultaneously for two
. unknowns. . These equations involve one polynomial of the
third degree in one unknown and the quotient of two other
similar polynomials. The simplification is only marginal,
however; and Charlier remarks: '"there is enough labour to

discourage an inquirer from operating a mathematical dissection
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of a given frequency curve."

Possibly the simplest method in the absence of a
computer program is that given by Stromgren (1934) using
the "half-invariants" (certain functions of the moments)
computed by Burrau (1934); The method is not straight-
forward, as it is based on a fairly lengthy process involving
~graphical and tabular aids; specialbprocedures for refining
the accuracy of the solutions, as well as a considerable
amount of trial and error; ‘Graphical aids for some special
cases have been given by Preston (1953), using a procedure
based on the relationship between skewness ‘and kurtosis,’
and also by Sittig .(1948) and Weichselberger.(1951):

. The moment equations for a mikxture of three normals
(under certain simplifying assumptions which result in only
four unknown parameters) has been given by Pollard (1934).
For a mixture of two normals with equal variances, Rao (1952)
has displayed an iterative solution to the moment equations
using Newton's method. ['Evenlin,thiS’case; the calculations
‘are still.quite'laborious;

Charlier and Wicksell (1924) succeeded in considerably
simplifying Pearson's results for a mixture of two normal
‘distributions, and Cohen .(1967) presents a further
simplification whereby oné follows an iterative procedure
which circumvents a direct solution of Pearson's nonic and
requires only the solution of a cubic for a unique negative
.root; Cohen also discusses a method using the first four
moment equations followed by either a conditional maximum
likelihood or a conditional minimum chi-square method of

estimation. This eliminates use of the fifth moment with

its large variance and is suggested as a compromise between
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reliable estimating procedures and tractability of the
estimating equations.

With the advent of electronic computers and the modern
theory of estimation it has become possible .to apply techniques
involving iteration to the maximum likelihood equations, for
example, instead of the moment equations. This has been done
by Rao (1948) when dealing with the special case 0, = Tye
It has also been carried out more recently by Hasselblad
(1966) for a finite mixture of K > 2 normal components with
arbitrary means and variances; Both a method of steepest
descents and Newton's method ‘are discussed; the latter
converging very rapidly provided one is sufficiently close to
the roots and the former providing quite a reliable though
slow convergence even from less accurate initial approx-
imations. The author relies on a  technique for estimating
the parameters of a simgly truncated sample as given by
Hald (1949) to provide the necessary initial approximations
to the roots. In the discussion following Hasselblad's
paper, Cohen points.out among other things, that even for k=2
sample sizes of 1000 are desirable, while 400 or 500 would
probably be the minimum possible if any degree of accuracy in the
estimation is to be achieved. This can be readily seen from
the formulae given by Hasselblad for the approximation of the
variance-covariance matrix of the estimators.

Under a mixed samples model,.JohnA(l970(a)).discusses
estimation in a mixture of two normal populations with equal
variances. He shows that the maximum likelihood estimates
of the parameters are considerably easier to obtain under this

model than under a mixed distributions model. Unfortunately,

their sampling distribution presents some difficulties which
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have not yet been resglved.

Among the more unusual approaches to estimation in
the finite mixture problem are the graphical procedures
described by Harding (1949) and Cassie (1954), using a
plot of the empirical distribution function on probability
paper. These methods involve estimation schemes based on
the fact that the tails of a mixed distribution are some-
times essentially the tails of a single distribution.
Estimation of the parameters of the components is carried out
by extrapolation back from the respective tails of the
mixture. Thus Cassie estimates each subpopulation in order
from the left and then subtracts it from the cumulative
distribution. Since accurate estimates of the tail .
probabilities are required, these methods are almost certainly
quite inefficient, even in comparison with the moment procedure.

An extraordinary approach to the problem of identifying
the components of a finite mixture of normal distribution
functions is due to Medgyessy (1961). He uses a technique
called by him the "variance reduction method". As ndted in
the review by Mallows (1962), the basic construction is
entirely analytic, however, being completely devoid of any
statistical considerations. = The estimators resulting from
this method have not been investigated for their statistical
properties, and so it is not known whether they are at all
efficient;

It should now be apparent that there are many ‘problems
encountered in estimating the parameters of mixtﬁres which
have yet to be resolved in a completely satisfactory manner.

- Problems of hypothesis testing and identifiability of mixtures
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are further areas which are in need of thorough investigation.
In subsequent chapters more specialised questions will
arise as we develop methods for estimation in mixtures of

uniform distributions.
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" CHAPTER THREE

" 'ESTIMATION IN A MIXTURE OF ONE-PARAMETER

" UNIFORM DISTRIBUTIONS

3.1 THE METHOD OF MOMENTS UNDER A MIXED SAMPLES MODEL
Consider a set of N observations'{xl,xz,...,xN}, an
unknown number N1 of which are observations on the uniform

distribution U[O,el] ofi the interval [0,61], and N, are

observations on U[O,GZ], where N1 + N2 = N. From this set

of N observations we wish both to estimate the unknown

parameters © G

1> 995 Nl’ N2 and to attempt a classification of

the observations according to that uniform distribution from

which they are taken. Let us assume that 61, 62 and all the

observations are positive. Without loss of generality it

can be further assumed that el < 62.

To apply the method of moments we require estimates

~

Nl’ N2 of Nl and N, which satisfy

2

N, o+ ﬁz = N, (1.1)

~

6, denote

as well as the following three equations wherein 61, 9

estimates of 6, and 6_:

1 2°
N
i Sl o+l
A= rilxr =7 N6t 37 N0,
N T I
B = rilxr - 2 8,80 + L A,60 (1.2)
N
_ 31323 1 =3
c = rilxr = 3 N6 + 3 N8

These equations are obtained by equating sample moments about
the origin to their expected values and adding tildes to
indicate the estimates so obtained. We have chosen to use

the notation A,B,C for the first three moments rather than
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the more usual ui, ué, ué in order to simplify the representation
of the algebraic manipulations which follow. Equations
(1.1) and (1.2) are to be regarded as a system of four

equations to be solved simultaneously for the four unknowns

-~ ~

97 Nl and sz

Multiplying the first equation of (1.2) by (él + 62),

we obtain

545y = 5.82 + 182 + §B
,ZA(91+02) = Nl 1 + Nzez + Nel 2

and using the second equation of (1.2), this becomes

2A(61+62) = 3B + Nelez. (1.3)

Now multiply the second equation of (l1.2) by (61+52) so that

~3 3 5 ~ .

3B(61+62) é.Nlel + N262 + 1 2(N161+N292)
and v~ use the third “‘equation of (1.2) to obtain
3B(B,+8,) = 4C + 2A8,8,. (1.4)

Eliminating (él+§2) from equation (1.3) and (1.4), it follows

that
3B(3B+N 1 2) = 2A(4C + 2A6162)
i.e. l 2(3NB 4A Y= 8AC - 9B2
2 (1.5)
_ « = _BAC - 9B
i.e. elez =
. 3NB - 4A

Note that 3NB —.4A2 + 0 with probability. one.

Substituting the expression for 6162 given by (1.5) into (1.3),

8,48, =A%X=T{3B + Eiﬁég_gﬁi)}
Sl 3NB - 4A
(1.6)
_ 4NC"'6AB
3NB - 4A°

Now él and 52 are solutions of the quadratic equation
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2 ~ ~ ~ o~
yo - (848,)y + 8,8, =0

i.e. (3NB-4A%)y2 + (6AB-4NC)y + 8AC - 9B2 = 0  (1.7)

If the method of moments is to succeed in the production
of reasonable estimates for el,and 62, it will be necessary
for equation (1.7) to have roots which ‘are both real and
positive. In order to determine the conditions which must

be satisfied by the observations for this to be so, the

following relationships among the sample moments will be employed .

NB = sz + Az
Ny

c ='1§ (N3n, + 3aN%m. + AY) | (1.8)
. 3 m,

where m, and m, are the second and third central sample

: N v
moments respectively, i.e. m, = L T o(x —i)g'and
2. N r=1 Y
N -3 _ » - 1 N
m, = T I (x_-x)~ where x is the sample mean, x = T I x_.
3 Nr:l r 7 Nr=lr

.Usihg the relationships (1.8) to rewrite each of the

coefficients of our quadratic (1.7), we obtain

3mB - 447 = 3n%m, - A (1.9)
o J6A 2,2y 4 o3 2 .3
6AB-4NC = N (N m2+A-) N (N m3+3AN mzfA-)
3 T
o 6A 2 | C4A
= _6ANm2 + N 4N m, - 12ANm2‘ N
3
- 2A 2 |
=3 - 4N m3 —.6ANm2‘
(1.10)
_U2A a2 20 2
= - 75 (3N mZ.A ) 4N m,
82 o 2.2 .
8AC—9BZ'= éé (N3m +3AN2m +A3) - 2—-(N2m' + A7)
2 ‘3 2 2, 2
N N .
- "8A4 9 9 .A9A4

= 8ANm.+24A°m, + ——— - 9N“m2-18A°m, - Zo—

3 2 2 . 2 S 2 2

N N
2 2 2 "AA

= 8ANm3+6A m, = 9N m, = EE
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- 8ANm, ;'57 (38%m, -a2%) 2, (1.11)
_ v 2

Now if we use the expressions (1.9),(1.10) and (1.11)
for the coefficients, the discriminant of the quadratic.(l‘7)

can be written as

—AZ)}2;4(3N2m2-A25{8ANm

-1

3 N2

. 2 ' 2A 2 2 2.2
A ={4N m3+—§(3N m, (3N m2—A.) 1

‘ a2
—A2)+ i%—(Bsz
N2

16N4m§

+ l6ANm3(3N2m _Az)z

2 2

—32ANm3(3N2m -a%y +'57(3N2m —a2y3

2 N

2

16N4m§ —A2)2(A2+3N2m

il

2 2
-16ANm3(3N m, -A")

2

-AZ) +3i§(3N2m ’
N

4 2

-Az) + 12m2(3N m

16N m§+16ANm3(3N2m -A%2%,  (.12)

2 2
To determine the appropriate.relationship'among.the moments

~ for the discriminant to be positive, we note that (1.12) can
be regarded as a quadratic in My,

varies over different samples, so A and m, will also vary.

not forgetting that as mg

Hence we can differentiate (1.12) with respect to m3‘for the
purpose of finding the theoretical minimum value of (1.12).

This minimum is reached when

4 2

328%n, - 16AN(3N’m, - A%y = o

2
i.e. mg = A—§(3N2m2 - Az)-
' 2N

Hence the theoretical minimum value is given by

ek yena |
Caenta? 2202 L6NAT g2 202 L o0 g2 ,2)2
3 2 3 (3m, 2 2"
- 4N © 2N
| a2 a2
= (3N%m, A%y (HA _BA 4 gonm )
2~ 2 2 P
N N
2 2 a?
= (3n%m -a%)4(3m, - A2
2 my -3
N
= 45 (an?n,-ah3. (1.13)

N
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Hence, if 3N2m2—A2 > 0, then A > 0 and the roots are real.
2

Now consider the case 3N2m2 - A" < 0. If it is also
true that mj > 0, then A as given by (1.12) is positive
since each of the three terms is positive (note that A > 0

follows from the fact that all the observations are assumed

positive). On the other hand, if my < 0 we examine the
~roots of (1.12). These occur at
nom. = L6ANGN’m,-a?)%0256a N (387 m,-a%) ~3(256) K", (387, -a%) %}
Mg,My = 2 2
321\14
= —S5{a(Nm, -2y« L(BNm—A)S‘]z}
2N
_atala, L L
————= (-A£ (A%-38"m ) F) (1.14)
. 27
2N
To ensure that A > 0 we require m3.> 53 or m3,< mg. Since
A > 0 and A2’> Az'-.3N2mé > 0 it is easily seen that both 53
and m, are negative real numbers. . Thus we can summarise by
noting that (1.7) will have real roots if and only if
2 2.
- 3Nm, = A7 >0 (1.15)
' 2 . L2 -
or - 3N m, - A" < 0 and either m3.> m, or m3.< m,

However, as we previously observed, it is not sufficient
- that the roots should be real - we also wish to determine
. the conditions under which they are both positive; To this
. end we shall adopt .in turn each of the conditions (1.15) for
the reality of the roots:

2.

Case (1) i 3N°m,-A% > 0

Since the first coefficient of (L.7) is positive in this

case and since the roots are real, an application of Descartes'

rule of signs shows that the roots are both positive if and only

if the number of sign changes in the coefficients is two.

- Hence, reinvoking the expressions (1.9),(1.10) and (1.11)
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for the coefficients of our quadratic (1.7), it 1is

required that

A, 2 20,2
- N(?NHmZ—A») - 4N my < 0
i.e. m‘.>."‘A (3N2m -A?) (1.16)
3 .2N3 2
and that :
' 8ANm,- =(3N%m, -a%)% > 0
3. ..2 72 :
_ N
Co o1 a2 202 |
i.e. m3,>‘_ _3(3N meA.) . (1.17)

8AN
The inequality (1.17) is more restrictive than (1.16) and so,
in this case, (1.17) represents the required extra condition
on the sample .to ensure positive roots. For large sample
size one would expect the right hand sid; of (1.17) to be
fairly small in view of the factor of N3‘in.the denominator,
and.so;,heuristically;,it:seems.likely that (1;17).wouldvbe
satisfied in a reasonable proportion of large samples.
There is no need to rely on this rather weak argument however;
; for; when we consider the asymptotic distribution of the
moment estimators it will.be.shown.that; for large sample
sizes; thefestimators,of_ei and 92:0btained‘from the method

of moments are both positive with probability close to unity.

- 2D e
(2) = P : th ! <
Case (2) : 3N"m AT <0 and either_m3 > My OF My 31,

2

Now the first coefficient of (1.7) is negative and so,
to ‘apply Descartes' rule of signs it is necessary to multiply
(1..7) by -1 so that

W2 20 2. 2A D 2.2 _
-(3N mz—A})y +{N (3N m, 9 A7) 8ANm3b0

—A2)+4m Nz}y¥'i—(3N2m
3 .N2. _
(1.18)

where we have again used (1.9),(1.10) and (1.11) for the

coefficients.  Hence, to ensure positive roots for equation

(1.18) we require that



N(BN mz—A
i.e. m3.< :é§(3N
2N
and also l;(ssz -Ar2
, 2
N
ice.  my <...13(3
' - 8AN

Both bounds .(1.19) and

'smallest we consider t

-22-

)y + 4m3N2 <0
»
2mz—Ar) (1.19)
)2 - 8ANm_. > 0
mg
szzfAzlz; (1.20)

(1.20) are positive, so to find the

he difference

Zawtn,-at) - —Lrentn,-a?)?
- 2N o " 8AN '
"~ 8AN C 4 v .
= 22 oontn? - ea?wPnm, + A%+128%8%m, - &%)
- 8an> 2 2 Ba
-3 3(N2m2+A2)(3N2m2_A2)
- 8AN ' : »
>0 since 3N2m —A2'<;0,

Hence the required bou

inequality (1.20). W

2

nd in this case is given by the

e can now summarise our results

according to the following rule.

. There will be rea
(1.7) and hence real,

the method of moments

.3N2m2-A2 > 0 and

or 3N2m2—A2'<’0 and

1, positive roots for the quadratic

positive estimates for el and 62 using
if and only if
- 8AN ' '
either m, < m, <'f113(3N2m2—A2)2 (1.21)
' " 8AN '
or ' m3,< my

In any particular
the method of moments

conditions (1.21) hold

‘'sample of size N under comnsideration
will succeed if and only if the

. In §3.2 it will be shown that one
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can always expect,real,,positive solutions asymptotically
and consequently,if,(l.Zl) is not satisfied in a
particular cirdumstance; then it is advisable to take
further observations (if this is :at .all possible) so that
the methbd will be sure toveventually'SUCceed; ~If the
method of moments fails on a sample which cannot be further
supplemented, then of course one may stilluse the method of
- maximum likelihood to be discussed in the following section.
Assuming that the method of moments is successful
inasmuch as equation (1.7) can be solved to yield two
positive estimates él and 52’of761-and pz withlél < 52, one
then refers to equation (l;l) and.the;first equation of

(1.2) to write

2A é Nlei +‘(NfNi)921
. 2M-TNG,
i.e. N, = ———= " | (1.22)
B JR-
1 T2

Because the estimate for Nl_givengby.(1;22) is not generally
integral, we choose those integers ﬁi and ﬁé which are

between zero and N.and‘closest‘tOAZAinz. and'N&thA

616, 6176,
respectively.

It is .also of importance to classify the observations
and to this end a reasonable procedure would be to allocate

the first ﬁi smallest observytions to the first population

U[O,éij.and,the.remaining.ta.theiSecond.populatioﬂ U[G,éé].
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3.2 . THE METHOD OF MAXIMUM LIKELIHOOD UNDER A MIXED SAMPLES
MODEL

Consider a set of N observations‘{xl,x .,xﬁ} which

2".v'
consists of an unknown number of N1 observations on the
first population U[O?ei] and N2 observations on the second
population’U[O,ezj, where N1+N2 = ‘N, As in the method of

moments, it can be assumed without loss of gemerality that

Vel < 92. Let us also assume that 0 .and all the

1297

observations ‘are positive. We wish to determine maximum

likelihood estimates of the unknown parameters 61,62, Nl

and Nz_based on the set of N observations, and further to
attempt a classification of each observation according to the
population from which it was taken;

Let mij'take.the‘valuefone'if.the.jth observation belongs
to the'ith.poéulationvand-zero.otherwise,for each i=1;2, and

j=1,2,...,N. . Then the likelihood of the sample is given by

NA .
_ A H{u(wljxjfel)u(wzjxj—ﬁz)}
- . N e [ Jul23%37"Y
\ L(xl,y..,XN,@E,QZ,NI,N2)> — — N
01 852

where u(.) .is that function which is equal to one when the

(2.1)

‘argument is nonpositive and zero otherwise.

leenlel,ﬁzy Nl and NZ’

an observation to the first population if it lies .in the

L is maximised by allocating

.interval-{O,eij and to the second population if it lies .in
(61,62],,i;e. the maximum likelihood allocation in this case
is given by

~

9 F “(Xjfei)

|

" = - j= 3>... 7. 2.2).
Woy =1 = wyy j=1,25...,n (2.2)

On the other hand, if the .allocation wij is given for

all i and j the maximum likelihood estimates of © and 62
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are given respectively by the largest observation in the

first population and the largest observation in the second

population,

i.e. 68, = max {x.w,.}
9y . (09 5
i=1,2,...,8 I *J
and 62 = " max {x,wzj} . (2.3)

3=1,2,...,8 3
. Hence, it can be easily seen that to find the
unconditional maximum likelihood estimates, one need only
compare the N values of L generated in the following manner.

Let X(if’X(Q)"'“’X(N)’ be the ordered set of observations

and define X(N+l) = +oo, ,Let_kc be the maximum value of L
when the allocation is carried out according to w1y = ﬁ(xj—c)
and w 1 - wlj' T.hen'xc can take at most N distinct,

23 -
non-zero values obtained by letting c take on a value

between the jth and (j+1)£ﬁ'ordered observation, x(j)Aand
x(j+1), for each j=1,2,...,N and then maximising L under

this allocation by choosing estimates of el and 6, according

2
. to (2.3).

Let c* be that value of ¢ which yields the largest
such "maximum" value of L and let j* be that integer in the
set’ {1,2,...,N} which satisfies j* < & < j*+1. . Then the

-~

and 6

unconditional m;ﬂ.e's of 8 and pzraré él = X (4%) 2 = X(x)e
and.the,m;ﬁ.»allocation.puts“x(l), XKQ);L..,X(j*) into the
. first population .and x(j*+1),x(j*+2),g..,x(N) into the second
population.
Note that after the observations have been ordered it
is simply a matter of finding that integer j* in the set
4{1;2,;;.;N} which maximises
'»i;ii » “
R

(2.4)
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and then allocating and estimating as above. Equivalently,
one finds that integer j* which minimises
- log X(5) + (N-3) log X yy- (2.5)

As the derivation of the distribution of these maximum
likelihood estimators presents considerable difficulty, we
do not attempt .it in this thesis; A possible; though not
very. successful approach to this problem has been given by
John (1970(Ca), p561). The distribution of the moment
estimators is more straightforward and so we will move on to

- .consider this in the following section.

3.3 . THE ASYMPTOTIC DISTRIBUTION OF THE MOMENTS ESTIMATORS

. The moment estimators are functions of the three sample

N "N 9 N 3 )
~sums - %L X, I x_ and I x_.  Equivalently, they can be
_q r’ r r
r=1 r=1 r=1
' ' 1 N c N c
regarded as functions of Z_ = —4/ ( T x_ - E I x_ ), t=1,2,3.
: B S r r ,
N r=1 - r=1

- If N is large these functions are approximately equal to

their respective Taylor expansions in powers of Z_ ,Z, and

12
Zq with terms of order greater than one omitted. . An

application of the multivariate central limit theorem shows

that asymptotically 2Z

» 1522ﬁand'z

3:are.,jointly normally
distributed; . Thus the moment estimators are asymptotically
distributed .as linear functions of jointly normally distributed
. variables; " It follows that the asymptotic distribution of

- the moment estimators is normal. = This argument is well

- known and can be found in Cramer (1946, p218 and pp364~367).

N N7 N85
Now E( Z'XE) = +.'t+l‘ for té1,2,3 and so we can

r=1



write

Solving the quadratic (1.7), our estimates for el

=
]
=

are given by

6

S22

61'

= (3nB-4a%)71
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A= §x_ = szl + ;21 + 222
r=1 ¥ '
2 2
N 1 O N.BT N_B
B = z,xi'= N?z, + 13l’+ 232
r=1 ' ’
3. 3
N N.ey » N,_©
o 3 L., 1% 7272
C ,zvxr N 23 + 3 + A

(3.1)

and 6

2

(3.2)

We now make use of the relations (3.1) to find the Taylor

expansion of each of the terms in the right hand side of (3.2),

neglecting terms of order greater than one.

have

 3NB=4A2

R

Cpa2y=l
Hence (3NB—4A:);-—[N1N2(

~Also,

2NC-3AB

" N,6, N.©
3712, 2 2y : % .11, 22,2
3N Pz, + (NJOTHN, 00N = 4(N°Z + —5—= + —=57)
w312, L
3Nz, + Ny (e +e ) 4N_zl(Nlel+N292)- 2N N,0,0,
2 3/2 R :
N,(0,-0:,)7 + 3N/ %z, 4Nz (N, 0,+N,6)). (3.3)
o ..3N3[2_..4N.Z‘(N4..+N.e )
(24-1 2 1
8.-8,)] {1—
12 N N, (6,-6 )
172%
(3.4)
3 3 ’
. N6 N0 N0
312, 1,722 171, ¢ 2 2 2
2N -z3+N( 5= =)= (N z1+ =t — )(3N z2+Nlel+N
3 3
N, 6 N, 6.
312 171 272y ok 2
2N Z3+N( 5=+ =57 - NPz (N () 1Y, 2)
3.k "y L . a 2 2
—5 N2, (N 6 N, 8)) = 35 (N) 0, +N,0,)) (N1 074N, 69)
.3/2 3 .k . _ L P2 2
2Nz, - 5 NPz, (N e N, 0) N®z, (N 87+N,0%)
N, N _ , :
L2 N2 ,
+ 5= (87-0,) “(8,+0,) (3.5)

Firstly, we

‘ 1
{2Nc-3AB+ [(2NC-3AB) 2+ (9B2-8AC) (3NB-44%)] %}

)
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Hence
3

2 2 2 3 .%
(2NC-3AB) “=N N, (6,-6,) (°1+92){2N'23‘ 5 N,ZZ(N161+N262)

2 2
-N%z (N, 624N 2)}+§l§3(e -8 )4(6 +6.)%2  (3.6)
1019180 1Ty 17927 91797 ‘

Further,

[l
O
~~
=2
o
N
+
+

9B2-8AC =

3 3

_ N. 6 N,6:

X(N%Z3 141 4 242
1

)

2 1 1
+N262)— 4N 23(N161+N262) »2szl(N

2
1

3
181

R

1 3
6N Zz(NlG +N292)

3 3
- (N 8;+N,6,) (N, 687+N,05)

+ (N,06,;+N,.0 1911,

1'1" 72

2
191

2 2.2
5)

3
191

1 2, % 1
6N ZZ(N +N262)—4N,ZS(N 0.,+N 62) 2N Zl(N

3
191N, +N,05)

2

—NlNze 0 (61—62)

195 (3.7)

No¥ combining (3.3) and (3.7) it follows that

(98%-8AC) (38B-44%)
3
[N, N, (6,-0 y24+3N27, -4N7Z_ (N, 6, +N, 6 )}
172471772 2 1717177272

L 2

1

Zl(N 034N 062y

e
191+8,9)

2 5
x {6N7Z, (N B]+N,05)-4N Z3(N161+N262)-2N

2
‘N1N26192(91'62)'}-

2 2 %
17N, 05) -4N z3(Nlel+N262)

R

27, . %
N N, (e -6,)"{6N"Z, (N 6
P 3 3y1. -
2N Zl(N161+N262)} NlNzelez(e1 0,)
3
x {3n%z

2

L , 2.2 N
—4N.Zl(N1§1+N292)}TN1N261§2(61 6,)" (3.8)

&g

2
Adding this to expression (3.6) gives

(2n¢-3aB) 2+ (9B2-8AC) (3NB-44%)

NiNi 4 4
= g (8,-6,) "(6,+6,)

2 )

2 2 A
- NIN,8,0,(6,-6,
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3/
2 2
+N N, (8,-6,) 2N “z,(0,+0,)- N z, (N, 1+N 8,) (8,+6,)
2 2
_N? 2z, (N 8 7+N )(e 1+e )+6N z (Nlel+N292)
3
-4N3§ 5 (N 0+, 2) _oN® Z, (N 87+N,0 2)
2
-3N ‘e 6,2, + 4N Z,6,0,(N 8,+N,6,)
NiNg 2.1 2 2 3
_ 172 1
= —=(8,-0,) 6in N, (8,-8,)°N Z, (4N, 076, +4N,0,07-N, 67
2 63 2 3 3
"N 010, "N65-N,0,6,-2N,6,-2N,65)
3 2 2 2
+ 52, (4N BT+4N,0,-N 07-N 6.6,
2
~N,6,-N,6,0,-2N6,6,)
+223(N161+N262—2N161—2N 62)
NfNi 2 3 2
= —4-—( 1 -0 ) +N N2(6 2) N 321(9 -0 )(N l 62)
3, 2 2
+ 522(3Nlel+3N292—3N6162)
+?Z3(N2—Nl)(61—62)
N2y2 .
= 2 205 5 )% N%N.N_(6.-0.)3 37 (N _62-N.62)+ 92 (N.6.-N.6.)
, 12 172471772 19227411 2 N1%17 2%
~2Z 4 (N -N,)

1
Hence {(2NC—3AB)2+(9BZ-8AC)(3NB—4A2)}/5

3
N_.N (6 -0.) 3
~ 12 2 1 {1+ 4N ‘[3zl(Nze§—Nlei)
2(6 -0 ) N N
12
+ 23z (N 6 6.,)-2Z_ (N, -N,)]}
2 17828, 3vN1772

Combining this with (3.5), we obtain

1
2Nc—3AB+{(2NC—3AB)2+(932_8AC)(3NB-4A2)}2
3/ N
5 2, _ 3% 2 2 12
= 2N Z,- FN°Z (N1 1t ) N z (N +N 62)+ ——E—(e
N N,
T12,0 3 ,.% 62 9 %
+ = (e 8,)7-3N"Z (N,65- 1) Z,(N 6,-N,6,

1

2
—62) (el+ez)

5
)+2N*Z (N, -N,)

Q)
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e
)+4NN, Z,

(3.10)

2 % 2 2 L
1 262(6 61) -2N Zl(ZNzez-Nlel)—3N 22(2N161 Nzez

Thus, from (3.2), (3.4) and (3.10) it follows that

6,={N.N, (6, -6 )2}*2{N N, (6, -8 )2-3N3/22 +4N7%7 (N, 6, +N, 6,0}
2 1M1720 1772 17271772 2 1

: 2 % 2 2 %
x{N N,6,(8,-6,) ~2N"2, (2N 205"N;87)-3N72, (2N, 0, -N,6,)

2
+ 4N°N 23}

2

= 21-2 L _
—{NlNZ(Gl-ez) } 4NN N2(e 32) z3+3N glNz(e1 6,)

X Z,(N,0,-2N,6.)

1

3 N2 2 2
+2N°N N, (8,-6,) "2, (N 07-2N,65)

3
4 /2 )
+N N 2 (817050 70,=3N TN N, (0,-6,) 70,7,

2
L
+4N N N2(6 2) 62Z1(N161+N 62)

={N.N,(6,-6 )?}*1N% 4N.Z,+3Z,(N,6,-2N_6.)
1721 "2 173 77237272 171
N_.N
2 2 172 2
+ 221(N161-2N262 + N (61—92) 62
—3N6222+40221(N 6 +N )
N;5 ‘
=6, + {20,2,(8,+20,)-32,(26,+6,)+42Z: } (3.11)
2 N. (8. -6 )2 1 1
271 "2
Hence the coefficients of 62 with respect to 21,22 and 23
are given by
2N (6.+26,) -3N7%(26,+6.)
o . = 171 2 o - ST 2
21 2 722 , 2
N2(61—62) Nz(el 62)
L
and o = 4N . (3.12)
23 (0.-6 )2
N (0,79

By an argument of symmetYy OT by direct verification, the

coefficients of 61 with respect to Zl,Z2 and 23 are



-31-

o oo N
] =‘Az,N,,,9.2,(,e.2+.2_e..1) . =‘-‘3,N..(4e‘1,+_2ve}2) g
11 N2 12 N2
N (81-85) Ny (6,-8)
g
0 = — N7 . (3.13)
13 N. (8 -9')2'
11 27
In §3.1 it was shown that the moment estimator Ni of N1
should be taken as that integer between 0 and N which is
: .. i 2A-N§,_
closest to'Nl = :——j—g'. We shall derive the expansion for
| 9178,

~

Nl and assume that its distribution is asymptotically a good

approximation to that of the discrete random variable N!

l .
; 2A-NB A.zu.z +N_ 6 +NA&__N5
By (3.1), —2- —L 11 22 2 . (3.18)
9,79, 0,-8, -
NZ 6, (06,+26: )2, -3N,(0,4260.)2Z A
Now el =el+ez+ 5 272 .1).1 2 71772772 y
vaNZ(_e 0:,) rl-tg,].\lrzza'—21\11e1(e1+2__e»:2.)‘zl+31\11'(2e1+e:2):z‘1
A_—4N123 : s
L B ‘ h R N a2 ‘
=0_ -0, + N — zzl[Nzngz(y21N1)61p2.Nlelj
L Nlnz(el ez)2 +37Z [N (20 46, )~-N_, (o +26')]
Bl T2l VY1 2871747
+4(N2—Ni)z3
~ '1-'~1' ““'N%" [ 2z (N 62+2(N -N, )6, 0,-N :2)
Hence (0,-6;) " == 1~ — | ST1Y 2727 2T P17 10
A R 1 NiNz(el"eé)?‘ﬁ+3z (6 (26 +6:)
S e E B S i R

FN&(el*zﬁéo)*4(szNi)Z3

-—

(3.15)
Combining (3.11) and (3.15) we obtain the following expansion

- of equation (3.14) and hence of ﬁ .

~ : 1
. 2A-NB,
N, = —
.el_?Z L o
Lyl WE °ZZ (N +2(N N )e 9, '2)
=(0,~0,)  ( 1= — 2022 My N1
N N, (0,-65)

|+3z, (N, (20 e )«N (e +26: ))

'L+4(N2fNi)23
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3
x{2N%Z_+N. 6. +N,60,-No - — ‘N:/ >[20,2, (6,+20,)-32, (20, +6,)
17717172727 N, (o, 17772 2877177
92) a1
o 1 +42,1}
- 2N°Z . 2 2
e N+ 1 N 221[N262+2(N2‘Nl)eleZ-NleI]
16470, g (o —e»)3
27717727 ) +32,[N, (20,+6,)-N, (0,+26,)])

+4(N2—N1)Z3

3/
ooy | .
- 3 {ze z (el+292)-3zz(2el+92)+4z3}
N(B 2)
L 4.. 2 _ _ 2_ _a 22
-, - N? . 221[N262+2(N2 N;)6,6,-N 67-N,(6,-6,)
N, (6,-6,)" | N N
2771772 +NO, (6,+28:,)]
+3;2CN1(261+pé)—N2(61+262)-N(261+eé)]
+4Z 4 (N,=N, +N)
=N - s _é‘)3{1zz N,0,0,-9N,2,(0,+6,)+8N,Z,}
2271 727
Hence the coefficients of ﬁl with respect to Zl-,Z2 and Z3
‘are
- -12N%0_6 .A9N?(e‘+e ) I L
g, = — L2 g 2" and g, = ——ON (3.16)
11 (6.-0.)3 12 (o —e:)3 137 (g _6.)3
1 72 172 1 72
Thus the coefficients of the expansion of ﬁz are given by
4
; 12N7% 6,6, _,A9NA(el+ez) ._V,SN .
Byqa= — 3 s B » .and B R (3.17)
21 (o ~o ) "22° (6.-6.33 23" (o )3
1 1727 17%

Now that we have the expansion for each of the four

. estimators as linear functions of Z_.,Z, and Z it will be

172 3’

possible to calculate the variances of these estimators as
well as the various covariances between estimators, provided

we first determine the variances and covariances.betweenlea

Zz.andFZ3. . The covariance between annyi a.nd.Zj is given by



Ceem N Ny -1 N N .
cov(z;,2.)=cov{N *( I x -E I x), N °(z - 1 xd)}
- cr=1 " r=1 £ r=1 F r=1 F
N = cov(x_, x,
r=1
l. N i+j
=5 ‘Z{E(xr 3y - EGEDEGED]
l+J : i+j i+j i+j
_ l{,N,l,.l. ;'Nlel"' ,,Nzﬂzv ;'NZSZ"'
N (i+j+1 (1+1)(3+l) A+j+1 (i+1) (§+1)
_‘1J(N,9i*q,+,N.QlfJ)
_ 171 i=1,2,3 (3.18)
"(1+l)(J+l)(i+J+1) j=1,2,3 T
If one uses formula (3.18) with the fact that
-3 .3 3 .3
cov( £ A, .Z., I A,.Z.,) = I Z Ay.A, . cov(Z,,Z,),
i=l_1l i j=1 2373 1=1 j=l'11 2] i’ 73

where the4kli's and'Azj'S'are constants, then it is an easy
matter to calculate the variance of a particular estimator

. or the covariance between two moment estimators. This completes
. the derivation of the asymptotic distribution of the moment
estimators.

We shall now show that, for large’éample'Sizes,.the
quadratic (lﬁﬂ) has,real; positive roots with probability
-.close to one, and so, for sufficiently large samples, the
" method of moments can be expected .to yield,real; positive
eStimates:for 6l.and 6 with probability close to one.

2

The discriminant of this quadratic is given by

A = (6AB=4NC)% = 4(3nB-4a%) (8AC-9B%)
= 4{(2NC-3AB) % + (9B%-8AC) (3NB-4A%)}
N 2 2 N Y 5 : N3 . 2 9
* 1N2(e =0,) HANTN, N, (6,-65) {321(N2Q2)+ 229 (N1 8,-N,05)
—223(N1—Né)
where we have used equation (3.9). ’Sincele,Zz.and Z3'are

all equal to 6(N_%)'in the limit as N .tends to +«, it can
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be seen that the terms containing Z.,Z, and Z, in equation

1°72 3
(3.19) arevall'negligible in comparison to NiNg(el—eé)6 in
the limit.

Hence A" = NiNg(el'eé)e > 0 asymptotically. Thus for

large N the quadratic (1.7) will have real roots with
probability close to one. In a similar manner it can be

argued that, for large N, the coefficients of (1.7) are

~given by
a2 a2
- 3NB-4A" = NlNz(Gl 62)
. 'v_~’_ _,‘2  .
6AB-4NC = N1N2(6l 62) (elfBQ)

'8Ac-93%7e NiN2e1p2(él—péjz’

where we have referred to equations (3.3),(3.5) and (3.7).
Thus the coefficients alternate in sign and.so; by Descartes'
- rule of signs;.both roots of (1.7) are positive. . Hence,
asymptotically, the method of moments can be relied upon to
provide reasonable estimators for the parameters.

We complete this section by noting that we could have
obtained the asymptotic distribution Of.ouf.moment estimators
. directly from the distribution of the moment estimators in
- the case of a mixed sample from two gamma distributions as
- discussed by John (1970(b)). We shall make some slight
changes in John's notation to permit ‘an easy comparison with
the work of this chapter: If the distribution in the ith
p0pﬁ1ation’(i=l;2)“is1supposed.t0 Have theAdensity_fUnction

Em*))f x7 T e (% > 0) (3.290)

" then the moment estimates éi;éz,ﬁl'and

= N and

and if we put f ¥ %,

N, are those wvalues which satisfy the equations N, +N

n2 S172
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N
Sl s li
L Fe T2 M0 T L
N
2 32 3 o 2
Ixp =g NBY o+ g 6 (3.21)
r=1
N
315 g a3, 15 5 3
B B A A

If we multiply the second ‘and third equations of (3.21) by

,% andzig.respeCtively we then have the three equations

N | |
N N PR
I x = = N.o6. + = N_©
o5 T2 11 T2 %
A R S T S W
g IX T3N3 N (3.22)
r=1
N
2 L3 1 ~x3 1~ 23
15 2% 7 M%7 Nf

- The right hand sides of equations (3.22) are the same as the
- right hand sides of the equations (1.2) which express the
- moment equations in the case of a mixture of samples from
two uniform distributions. John .(1970(b)) gives the
y N Nt

( x_ - E I x7) t=1,2,3.in the
r lvr : r=1‘r

N~z

coefficients offZé = N

expansion of '‘each of the estimators obtained by solving

. equations (3.21).  From equations :(3.22) we see that the

- corresponding coefficients in the case of a mixture of
samples from two uniform distributions will be the coefficients
'Of: 7 = Z':‘Z =A; i Z! _andf VA _=" ;2_ Z|V.v

' 1 T1272 9 "2 . 3 15 73

For example, John gives the coefficients of the

~ expansion of 6. with respect to Z!, Z! and Z! as

1 2 3
20, (26, 40 YNE ~4N% (o 420:) L
L2 5 (26,40, )N LT (0,426, o an®
11~ 2 > 127 .2 2 13 2
Ny (6,-65) 3N (6,-8) 15N, (8,-6)
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which we multiply by 1;:% and'l% respectively to obtain the

coefficients with respect to‘Zl,,szand?Z3 as
‘_ZQZ(Z&1+92)N : ,.rSN‘(Ql+2§2)' o

.Nl(elf-e’z). N, (8,-05) N, (o, -6

2)2
These coefficients are exactly the same as those of (3.13)
which we derived from first principles. Similarly, the

" coefficients in (3.12), (3.16) and (3.17) have been checked
and shown to be accurate.

Of course one .could simply have used this method to
derive our coefficients in the first place, but we elected
to use the longer, more detailed approach in order to
illustrate the ideas and for cdnvenience‘inAshOWing that the
" method of moments 1is asymptotically reliable.

~As a final comment we mnote that the method of moments
aS‘outlined,in.§3;1 and §3.3 ‘applies equally well to the
" model of a compound unifOrmfdistribution'p(#,ﬁ):dﬂ[ﬁ;ei}
' +(l—d)U[0,Q2], if we simply replace E% by a: L% by 1-o and

- then estimate .accordingly.
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3.4 MAXIMUM LIKELIHOOD UNDER A MIXED DISTRIBUTION MODEL

While the method of moments is essentially the same
whether we use a mixed samples or a mixed distributions
model, the maximum likelihood method, on the other hand,
tends to be fairly straightforward under the former model,
but may involve complex iterative processes under a mixed
distributions model, especially if there is a large number
of parameters. We shall now consider the maximum
likelihood method for a compound uniform distribution con-
sisting of a mixture of two one-parameter uniform
distributions UED,Bi] and'U[b,ezj. We shall show that the
" method is iquite simple in this particular case and that the
'mQK;e's obtained here should be similar to those of §3.2,

. especially if the sample size is ‘large.

Suppose that the setffxl,gz{g..,xﬁ} is a single sample

of N observations on a nonnegative random variable X which

has the compound.density

(1-a) a)
1 L)

where u(.) is that function which takes the wvalue one if

p(x; o 61,6 ) = — u(X 0: ) +

5 u(x—éé) (4.1)

the ‘argument is nonpositive and zero otherwise, and where
x > 0, éi.z_ei >0:and I > o > 0. In this model the unknown

parameters ‘are a, 61 and 62.

The joint likelihood of the set of N observations on X

is given by

N
H'{%— u(x 6 )+ Ll_ﬁl
=1 "1 :2'

L(x s Ep3a, 61, 2)= i} u(x -6 )}(4 2)

and we wish to maximise this expression with respect to a,

_61 and sz
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If 61=62= 0, the likelihood reduces to

L(xigg..,xN; ) = I { 5
r=1"
independently of the value of o. In this case the m.ZL.e.

A

of 6 is 6 = X(N),.the largest order statistic, and the

"maximum value of the likelihood is

, . 2 1 ) :
fL(xl,;.f,xN; 8) = N - )(4.3)
(¢ )
Now assume 61 < Qz. Let the set of ordered observations
be X(l)'< X(Q)‘<t.<x(N). If §2 < ka) is an estimator of
62, the likelihood of the sample is given by

N Q?el’eé) = 0 and hence the m.f,e. Qz_of 62

satisfies the inequality 62 i‘X(N). - But the likelihood is

L(xl,...,x

"maximised for the ‘smallest such estimate of 92, and so the
m.£.e. is given by
82 = Xy (4t
. Once it is maximised with respect to 02 the 1likelihood
becomes
' Nf{d "l-d' }
L(x geeesX 3 O, 6 ;. )— T {— u(x -6.) + ‘
N 120" I Ve U *an
. ‘ . N-N, (6)
oy s MO g T
= {5—'. X, L I ;
S () (™) (4.5)

where‘Nl(ei).is.the number of observations less than or
equal to Ql. Now we can maximise (4.5) in the following
way. Let 6 ( ) be an estimate of el_for any

j ef{l,Z,...,N—l}. Ngte.that NI(x(jj) = j is the number of

]

observations less than or equal to élj X - For this

G)°

estimate of 91 the 1likelihood (4..5) becomes -
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L(xl;...,x

N’ a,8 6:,) = -'{X + J } J (4.6)

13727 @ *an *a)
which we shall maximise with respect to d, 0 <o <1, for
each j=1,2,...,N-1. It should be noted that it is mnot
necessary .to .consider a continuum of‘values,foré1 in the
interval [x(j),x(j+1)), as the likelihood (4.6) is always
~greatest at the left hand end point of such an interwval.

Now our method is to maximise (4.6) with respect to «
for each j ¢ {1,2,...,N-1} and compare the N-1 values of the
1ikeiihood,soyobtained, as well as that value /(4.3) derived
. under thelaSSumption that;el = 925 Ihe largest of these N

- likelihood values will lead us to the required m.£.e.'s of

el and d. - Note that it might :also be thought necessary to
maximise (4.%6) for thé'case'i=N,Jbut this merely gives the
. estimateéiél = 62 = x(N)Aindependently of d'andAthe‘Same
value of the likelihood as obtained in K4;3)munder.the’

’ assumption'that:el =-§2{

To maximise '(4.6) with respect to a, 0 < o < 1, we first

note that |
PR S YU § Ch Y.
,‘iig+ L(Xl,..r,XN, a,elj,ﬁz) f be (4.7)
' (M)
and.‘llm L(xigg..,xN; d’elj’eé) = 0 (4.8)
arl-

HHence;‘if.there,is in fact no local maximum for L as a
function of o € (0;1);.the likelihood is maximised as?d40f
and this maximum value is the ‘value (4..3) obtained by -

" maximising L under‘thé,aSSumptionkel = @2,

. .To, £ind any local'maximawwe'differentiatetK4;6) with

- respect to o ‘and equate to zeéro, thus
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i el j-1,. \N
. lN J[&X(N)+(1 a)x(j)] (1-a)

Sx x

: ™))

X, X
(3)7 ()

LN _oyN=j-1 : .
(N-3) (1-a) [dx(N)+(1 a)x(,i]

I
o

Hence J(l—u)(x(N)—g(jj) = (N—j)-ax(N)+(l u)x(.) or a =1,
but this last value can be discarded as shown by the limits
(4.7) and (4.8). The first equation becomes

I® IRy T Ry TE()) T I Gy x gy F (N9)x

i.e. d{(N_j)(;(Ny-x(j§)+j(x(Ny-x(j3)}= iX(NjAjX(j)_(N-j)X(j)

DX pary—NX L
Hence ¢ = N(iN) (J)) (4.9)
M 7F ()
CIX paey—Nx L
O (N) (j) . . . ‘
Note that - > 0 provided jx, .y > Nx .
. C(N=3)x
and that 1 - (N) (3) = ; X(N).

N(x > 0 for jed{1,2,...,N-11},

L "N - .-
M) YEm )
Given thatvjx(N)'>va(j) for some j ¢ {1,2,...,N-1}, we
now .show that (4.9) is in fact a local maximum for the
likelihood (4.6). Since (4.9) is the only point in the

interval (0,1) at which the derivative is zero, we need only

. examine the value of the derivative at & = 0+ under the
condition,that-jx(Nj >‘Nx(ﬁ):
"L, F R R A
=' : - -1 ‘ j .
., REIET S (xcu) () T 9 xgy )
: (J) (N) :
g
s Ry IRyt O- J)X(J)}
B GOEIC DI
_ J"cm"“"c:)
x gy

PV

0 if and only if j X(N) > N X(j)
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Hence for those values of j ¢ {1,2,...,N-1} which

satisfy jX(N) > Nx(j) the m.2.e. &j of a is given by (4.9),

R AT M D)

i.e. o, —~ (4.10)
bRy T )
and the value of the likelihood (4.6) is
L(xl,...,xN; aj’élj = x(j),éz = X(N))
e 1 - _a Jeq1_2 yN-3
R {ajx(N)+(l aj)x(j)} (1 aj)
(1) (N
(jx2 -Nx X +Nx X -jx X )j(NX -jx )N_j
) 1 (G0 RN € €9 ST G N €. 0 Mkl D NN €10 LAt € 9 MRl €0 SANR
j N . . _ N - s . «
REPRIE) WGy 7= gy
3 _ § s N-3_N-j3
) J.(X(N).X(j)),(N 3). X (n)
j N-j N _ N
3 Fo) YV Em TG
. j s N-j
=__; d—) (-x——N-—-lx—) (4.11)
N (1) (™M) ()

Thus the method reduces to the following simple process.

A

The m.£.e. of 62 is 62 = X(N)'

which satisfies jX(N) > Nx(j), one calculates the value of

Then, for each j ¢ {0,1,...,N-1}

(4.11) and chooses that integer j* for which (4.11) is maximum.

Then the m.f.e. of el is 61=61j*=x(j*) and the m.£.e. of a

A

JEx o =Nx,.
teded = XA TGy

I* NG gy T (gx))

(4.12)

If there is no j ¢ {1,2,...,N-1} for which jx(N) > Nx(j),

the maximum value of the likelihood is given by (4.3) and so

the m.[.efs are 61=62=X(N) and the density (4.1) is independent

of o for these estimates of 61 and 82.

Since one maximises

. 1 . L. . ] . . N— o . .
LR M PO | Coh M
R € DR ¢t LT E D)

N-j
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under a mixed distribution model and one maximises

{xJ, XN—J} under a mixed samples model (see §3.2), it is
(3)7 (W)
likely that the two models will not generally yield the

same estimates of 61 and 62. A comparison of these

expressions is not straightforward, mainly because the former

is maximised under the additional constraint that jx(N)> Nx(

i ,_N
B C DI ¢ )
for large N, whether j should be small or large to satisfy

i)

i.e. , and it is not immediately obvious, even

this restriction. In any case, it is doubtful whether such
a mathematical comparison would be very meaningful, seeing
that the likelihoods are calculated under two different
models. However, in view of the fact that a compound
distriBution model may be regarded as a random subsample from
a mixed sample of size infinity, one might reasonably expect
the models to yield the same results asymptotically.’

For the purpose of comparing the relative performances
of the m.f.e.'s under each model one could consider a large
variety of mixed samples or single samples from a compound
uniform distribution and determine the estimates obtained by
adopting each model in turn. Further comparison could be
made with the moment estimators which are essentially the
same under either model. We shall not attempt here such a
laborious procedure, and shall rest content with a single

example to illustrate the methods.



~43—
3.5 AN ILLUSTRATIVE EXAMPLE

Using random numbers, we construct a sample of size
10 on a random variable X which has a compound uniform
distribﬁtion given by (4.1) and with the parametric values
a=0.5, 61=1 and 92 = 3. So we take 10 observations each
of which has probability 0.5 of being taken from U[O,ell and
probability 0.5 of being taken from U[O,ez]. In the example

which we consider here these observations are

"{2.50, 0.135, 2.22, 1.69} from ul0,6,]

and '{0.682,0.931, 0.870,0.325,0.287,0.686} from U[O,el].
The Method of Moments
10
The sample moments are given by A = I x = 10.326,
10 0, r=1
B = I zxrzl6.80 and C = "% 'xr233.56. Now we determine

r=1 r=1
the coefficients of the quadratic (1.7) which is to be solved

for the estimates 61,62 of 6, and 6,.

3NB-4A% = 504.0-426.5 = 77.5
6AB-4NC = 1040.8-1342.4= -301.6
2

8AC-9B = 2772.3-2540.1= 232.2
We note that conditions (1.21) are satisfied for the existence

of real, positive estimates of 61 and 92, since

| 3
3N%m,-A%= 3NB-4A% > 0, m, = & - 38B L 2A_ . () 354 and
2 3 N 2 3
_ N N
L (3n%m,-a%) = 0.0727 < m,.
8AN
In fact, the estimates of 91 and 62 are given by
. 2 1
5 5 = 301.6 {(301.6)"-4(77.5)(232.2)]"
2°°1 T 155
'301.6+137.8
= 155

= 2.83, 1.06.
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Hence, by formula (1.22),

~

. 2A-NO, 20.652-28.3
N = —_—— &~ = 4.32
173 s 21,77
179

Thus under a mixed samples model we estimate N1 by ﬁi=4

and N, by ﬁé=6, which implies that we should allocate the
four smallest observations to U[O,el] and the remaining 6

to U[O,Gz], a procedure which results in considerable mis-
classification. Under the model of a single sample from a
compound unifprm distribution we estimate the parameter o by

A

o = 0.432. Note that the estimates 1.06 and 2.83 of 61 and

62 are of course the same in either model.

Maximum Likelihood under a Mixed Distribution Model

The ordered set of observations is given by x(l)=0.135,

0.287,

X(2) 0.325, X4y = 0.682, X(5) = 0.686,

%(3)

x(gy = 0.870, x5y = 0.931, x gy = 1.69, x.g) = 2.22, 2.50.

*(10)
It is easily verified that ix(lO) > 10 X(j) for each

i=1,2,...,9, and so we must evaluate the likelihood

. _ N-j
—%(x J )J(x N_i ) as given by (4.11) for each j=1,2,...,9.
N (3) (M) “(3)
Notate . these nine values Ll’LZ""’L9 respectively. It
follows that
_ -10, 1 9 9 _ -4
Ly = 0 " (Gri3s) (33e5) = 1-23x10
- -10, 2 8 8 -4
Ly = A0 " (g7 (g213) = 1-42x10
- -10, 3 7 7 -4
Ly = Q0 " (G353 (7 175) = 2-81x10
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_ -10, 4 4, 6 (6 _ -4
L, = 10 ""(g5gx) (Ggrg) = 1-33x10
_ -10, 5 5 (O -4
Ly = 10) " (Ggge) (Taip) = 3-27x10
- -10,_ 6 4 4 -4
Le = (10 " (g57g) (77632 = 3-90x10
_ -10, 7 7. 3 3 -4
L, = A0 " (Goap) G359 = 9-49x10
10, 8. B}
L, = 070" 2" = 1.53 107
1.69 : »
_ -10, 9 9, 1 . _ -4
Ly = 10) " (333) (gzg) = 1.06x10
10 -4
Note that all these values are greater than ( ) =1.05x10

*(10)

which is the maximum value of the likelihood under the
assumption that 81=62=6 and that all the observations are in
fact from the single population U[O0,0].

Now L7 is the largest of the above likelihoods and hence

A

8

1= %y T 0.931, 0, = X(10) = 2.50 and by equation (4.12),
~ _ 7(2.50)-10(0.931) _ .
o 10(1.569) = 0.522. These estimates are of

similar accuracy to those obtained by the method of moments.

Under the assumption that the set of 10 observations is
a mixture of two samples, one of size N, from U[O,ei] and the
other of size N, from U[O,@z], it was shown in §3.2 that we
should maximise'{x%j)x§§§ }—1 or equivalently minimise

i log x,.\+(N-3j) log x over j=1,2,...,10. The values of
() & *)

the latter expression which need to be considered are

log x(l)+9logx(10) = -0.8697+3.5811 = 2.7114

2 log x(2)+810gx(10) = -1.0842+3,1832 = 2.0990
3 log x(3)+7logx(10) = -1.4643+2,7853 = 1.3210
= 1.7394

+ = -0.6480+2.3874
4 log X4 6logx(10) 0 7
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5 log x(5)*+5logx(qqy = -0.8185+1.9895 = 1.1710
6 log x(6)+416gx(10) = -0.3630+1.1933 = 1.2286
7 log x(,y*3logx yoy = =0.3170+1.1937 = 0.8760
8 log x gy+2logx (1 1.8232+0.7958 = 2.6190
9 log x(9)+ 1ogx(10) 3.1176+0.3979 = 3.5155

The minimum of the above expressions occurs at j=7 and
so, as in the mixed distributions model, the likelihood is
maximised at j=7. Hence, under this model, the m.f.e.'s

A

are el = x(7) = 0.931, 6 2.50, N1=7 and N, =3.

2 T *q10) T 2

We allocate X(1ys¥(g)s+ - s¥(7) tO the population U[O,él] and
X(8)2%(9) and X(10) tO U[O,ez]. This results in the mis-
classification of the observation x(1)= 0.135.

It is of interest that the method of moments does not

yield as accurate estimates of Nl and N2 as the maximum

likelihood method and one might speculate as to whether this

is a common failing for small sample sizes.
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" 'CHAPTER FOUR

" 'ESTIMATION IN MIXTURES OF TWO-PARAMETER

" UNIFORM DISTRIBUTIONS

~4.1 A MIXED SAMPLE FROM U[a -h,a +h] AND Ula,-h,a,+h]

- ANALYSED BY THE METHOD OF MOMENTS

In this and following sections we wish to apply the

" methods discussed in the previous chapter to mixed samples
and compound distributions of random variables possessing a
uniform distribution with both scale ‘and location parameters.
By such a distribution, which we shall call a two-parameter
uniform distribution, we mean that the random variable X

should have a density function given by

e o 1 ot e v e
- 0 otherwise ' -(1.1)
where H > 0. The introduction of another parameter will of

.course increase the difficulties of estimation in mixtures

of samples .and distributions: " 'If, however, either end-point
- a-h or at+h is fixed ‘and known to be the same for each of the
‘ mixing.paptlations'of”typef(lll),.then.the'appropriate'Simple
. transformation can be used to reduce the problem to one of

a mixture ofo[O;ei]jand U[O,Qé], which has already been
.discuSSed:

We shall be concerned in this section with the question
. of estimating the parameters of a miked'sample‘from’U[al—h,a1+h].
ande[gz—h:ath]}by the method of moments. - The maximum
likelihoodfmethdd'is’discussed'inithe'following‘Section;

. As a pr;%tical’situation requiringythe'type'of‘andlysis:con—

‘sidered here, one might envisage the use of a measuring
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instrument which estimates some characteristic of true

n_un

value "a" with the error distribution U[a-h,a+h]. If it

is decided that the characteristic in fact took on two
unknown values aI and a2

of measurements, while h remained constant, then one should

during the accumulation of a body

regard the problem as eiéher a mixture of samples from
U[al—h{al+h]ﬂand'U[gzjh;ath]iof“as a single sample from a
" mixture of the distributions U[al-h,al+h]aand'U[ngh,ath],
In view of the simplicity of the associated maximum
likelihood method, the former model seems the more useful in
this particular situation. 0f course, the moment estimates
of‘al,aZZand h will be identical under either model.

Let us then adopt a mixed samples model. . A set
'{xl,gz;g.,;xﬁ} of N observations is believed to consist of

a sample of size N, from the population U[al—h,a +h] and a

1 1

sample of size N, from the population U[az—h,az+h]- It is

2 '

. necessary to estimate the unknown parameters N',Nz,a .and

1°%2
h.  As 1in Chapter Three, to apply the method of moments, we

equate sample moments .about the’origin,tb.their expected

values ‘and solve for those estimates ﬁi,ﬁz,éi,éz.and h of the

parameters which simultaneously satisfy these equations.

- Thus,’ using the first four moments, we obtain

"N
A éffz1xr = Npa e,

R 2 ~  ~2 0L =2~ ~2 0L ~20
B = 'Z‘xr é.Ni(a1+ g.h:)+N2(a2f g.h:)

[ 21
|
=
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N .

- I S S YR )
. T Nyap (BRI HN 2, (2,y+hT) @.2)
N e b 202 Lehe e h 2202 1 b4

ST Wy (aye2agis SR+, (Gye2a 0% 5 B

When we couple equations (1.2) with the further

requirement that ﬁl+ﬁ2=N, we obtain a system of five

equations in the five estimates

~

‘Ni,ﬁé{él,éz.and‘%. Since
the first three moments of the distribution U[a-h;a+h]iare
the same as the first three moments of a normal distribution
N(d; %.hg); we expect considerable analogy with the method
of moments ‘applied to a mixed sample from N(ul,OQ) and
N(ﬁz,b?) as discussed by John (1970(a)). While-theAanalpgy
is of course useful in solving the equations, we shall show
that it cannot be carried further to prove that there is a
unique solution for each of the'parameters;

- Using the fact that N,+N,=N, equations (l.2). can be

1 .72 .
written as
A= Nlal N2 5
o 2 2 1 32 :
B f‘Nla1+N2 o* 3 Nh (1.3)
¢ = Foad+i ads RE(H 3 4,5
1712 2 171 7272
= 4 2., 1 4
D = la1+N2a2+2h (Nla1+N a2)+ S Nh

Multiplying the first of these equations by (51+52) and
substituting for B from the second equation, it follows that

a4 a a4, E24R 3 A
1 l 1 1 2 S 2 2 27172
1

B __EiNh‘ + Nalaz.

N, a

A(ai+aé)

Multiplying the second equation of the set (1.3) by (51+;§)

and substituting for C from the third equation, it follows
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that

o, P A
.'B(al+gb) é'(Nlal+§2 2)(a +a )+ Nh (a +a )

~3 % ~3 ~ ~2~ ~ ~2. 1
1a1+N2§2+N1alaz+N2 1 2+ 3Nh (a +a )
-2

L2
A+ Nh (alfaz)

~

[
=

= C-h (Nlal+N2

. 12 N S o
H : : ). (B- =Nh' = - :
ence (a1+§2)(B 3Nh ) C (Nla1+N2g2)+ alazA

aé}+ala

2 3

Now manipulating the third equation of (1.3) in a similar

manner,
. NP P
C(a1+§2) -»Nlal(al+g2)+ﬁ (a +a )+h (a +a )( 1 1+N2a2)
o § nher mhex 237 45 oz 23 |
= 1 1+N2a2+Nl 1 2+N2 1 2+h (a +a )A
Hence (C- Ah )(a +a )— D~ 2h (N, a 2 kz Nh +a a. (N, a 2 )
1 l i . 172V% l
= Doon2(n_ £,~2, 1.4 B- Int2y
= D-2h"(B- 3NA7)- ZNH +al 2( - ZNR)
U S C1s2y
= D-2h“B+ 15Nh +alg2(B _3Nh.)

. Thus equations :(1.3) have been reduced to the following

system of three equatlons in the three unknowns al, 5 and h.
St ve ne Lam2iaeT T
A(a1+g2)~ B- 3gh +Nala2
(B- INR?) (3, +3,) = C- h2A+d 3. A (1.4)
-3 172 ‘ ‘ 1727
2y (a+a - po2i?s+ Lni+a. s, (s Lk
(C—Ah-)(al+§2) = D-2h“B+ lSNh +ala2(B 3Nh)

Eliminating'(éi+5é) between the first and second

equations of (l.4), one obtains

1l ~2 - 2 s 9
-(B-_gNh-)(B- 3Nh +Na1 ,) = A(C-ART)+a a,A
i.e. ‘[N(B-‘gNh )-A ]a a, = A(CéAﬁz)—(B - %Nﬁ252

Now eliminating-(ii+ﬁi)'from the first and third equations

of (L.4), it follows that

(c;AﬁQ)(BA_%Nﬁ2+uél;§)=A[D=zﬁzgf %gNh4+al 2(3-

Lo~24q .
3Nh._)].

i.e. [N(C-AR? )=A (B- —Nh Y13, 3,=A[D~ 2% B+ 15Ni4]+(c-Aﬂ?)(B;_%NE?y
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2 ~ 4 C 1l ~20 ~2

i.e. [NC-AB- 3NAh ]al 9= - A(D- 252 B)+ EEANh C(B-'gNhf)+ABh
= A(D-B%B)+ ZSANh -C(B- %Nﬂz)

Thus we have reduced (l.4) to a system of two equations in

the two unknowns a_a, and h2 ~given by

192
[N(B- iNB2)-a273.a. = A(C-ARZ)-(B- ini%)%
- 2 JE ey
[NeC- AB- 3NAh ]a1 5 = A(D- Bh )+ 15ANh C(B- 3Nh )

Eliminating al 9 between the two equations of (1.5)

~

- yields the following equation in h

{NC AB— —NAh }{A(c AR? - (BA 1th)z}

_{N(B— INi?) - Az}{A(D BH? )+ ——NAh ~Cc(B- %Nﬁ?g}~

i.e:'{NC-AB;_%NAﬁ?}{Ac—A2ﬁ2;32¥’%NBEZQ %
 nm 1282 2 22 2 b 1
=" {NB- $N°h -A~}{AD-ABR“+ 15NAh BC+ 3NCh 21 .

i.e. NAc?-Na%chZ-nB2c+ §N2BCh2 $N3Ch4 a%Bc+adri?

N2ﬁ4}~

+A‘B3-"%NABZB2 % 2ABh“— Zna2ciZy 2na3h44

2 2-~2
3 3 ‘3NAB h

b2, mh 2 3,6
- N ABR+ ZoNTAR

- naBD-NaB?R%+ Zon?ash-ne?c+ TnZBCRZ- 1
et T 15 3 3
12,0542 03,06, 1.2 ~2 1.3.4 3 3 -2
3

"+ =N ABh - ZEN Ah + 3N BCh 9N Ch -A"D+A"Bh

NZAth‘

2 3742 1.2 ~2
- TENATH +A BC- 3NA%ch

- Hence, collecting terms with the ‘same power of h, it follows

that
2 6 w4 1.2 23 b 2 2, L 2 .3
(o )N ARC+R (W aB+ a7~ 2w Ag— Zon2an- 2n%aB+ ZoNa”)
+ he(eNAzc %NAZC+NAB + éNzAD+ éNA c)
2.2 3 3.9

" +NAC”"=A"BC+AB~ -NABD+A“D~A“BC = 0
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16 .3 =6 424 Lo 2 212

i.e. ToNCAR +t (- 2N’ aB+ gNA )+ (- FVacHNaB®+ ZN°AD)
—2A230+NA02+AB3+A3D—NABD = 0.

.16 36 4

i.e. To=N R+ 5Nh (A%-NB)+ —Nh (3B24ND-4AC)
-t NC2-2ABC+BS+A2D—NBD = 0.
-9

Thus h° is a root of the cubic
'125f( )= 6 ‘3y3+f%N(A24BN)y2¥_%(3BZ+ND;4Ac)y+(NC2~2ABC+B3+A2D-NBD)
which can be written in the form
£(y)= 16y3-108m2y 45 (n, +3m? 2)y-135(m,m, -m nZ mg) (1.6)
where mz,ms.and p4‘are,sgcond, third and fourth central

‘'sample moments respectively,

N

=1 _3y2 2 B L (A2
2 TN z:'(Xr x)" = N '(N)
r=1
1 N -3 _C . .A,B A3
m, =5 T o(x_-x)° =X —.3(§)(§) +'20§)
r=1
Sl Dt a2 o ady S r e B2 3y
R N NN NN T 7N
and where x = = ¥ x_ 1is the sample mean.
N.r=1 r

"It dis obwvious that the first three coefficients of the

cubic f(y) are positive, negative and positive respectively.
Since m m'-hz—m3.= m3(e -8,-1), where B Q‘Ei is Pearson's
204 73 720 22 71 ’ 2 2.
9 2

. . 3, . , .
measure of kurtosis and Bl = — is Pearson's measure of
2

g

‘m

skewness, it follows that m2m4 - m§ - ?§:>”0;.,for;-by,a
well known inequality CKendall ‘and Stuart (1969), p92,

Exercise 3.19), 82A> Bi + l Therefore, the coefficients of

- £(y) are alternatively positive and negative, and so, by
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Descartes' rule of signs, f(y) cannot have any negative

roots.

The derivative of (1.6) with respect to y is

£' (y)= 48y ~216m,y+45 (m,+3m) (1.7)
which takes its minimum value;of.-108m§'+345p4 at y ;f%mz'

Hence, if -108m) + 45m, > 0 i.e. 12m> - 5m, < 0, then £'(y)
is positive for all y aﬁd.so f(y) can have at most one .root.
On the other hand;.it.is.well‘known that every icubic with
real coefficients has at least onefreal.root: . Thus it can
be concluded that, if 12&3{—'5p4 < O; f(y) has exactly one
positive root 'and so there will be a unique;.positive'solution
for B2 and hence for B $”0:

" 'If one attempts .to prove that there is also a unique,
positive root when lZﬁi.—NSFA > 0 ‘according to the method
- used by Johﬁ.(1970(aD)’inAthe‘caSe”of’a mixture of normal
samples, it 1is mnecessary .to develop the following extra
vcondi;ions;',.The'first follostfrom theJfactfthat‘
'mz‘?'ﬁ —t(%dzland hénce; using the first two equations of
.(1;3), one obtains -

~2 .1

C 1 5~ 2 N 22
m, = §F al+N,a5+ 3Nh )” 2(N N,a,)
;;ﬁf ¥ l—(ﬁ N.oa2+f. N a2s 2N, N a_a:)
-3 2 17281 N NgBym2efyRra 85)
~2  N.N.
_ L Y2 T 2
=3~ t —5~(ag-ay)
N
~Hence 3m, Z_ﬁz. (1.8)

. The second condition follows in a similar manner by develop-
ing anieXpreésibn for'm4“using.ghe equations (1.3):

| ., : % . 4(%)(%) + 6(_41%)(%)2 = 3(%)4

)



..2 ) )
_ CAtb T2 k4 2RT 0 1o=20 14
= 521+ § ‘2+ (8- 3Vh5)+ £h
‘ N N ~2
4Ry (=L 334 22 33, B A4
~H @ A 5 Ayt o & B3
- . 33 ~ ~3
L4 N, N N.a> N
. _h 71 x4 T2 ~4 2_3’~.4 é 11‘_'5“'2‘:,2,
Lee. my= 5= = = ap+ gf ayt2myhte SRS AP 4§
23 %R B 23t
o ﬁ N, ., 4N
VT ik Rho T2 A T A3 e~ s -
l1.e P14+ 15h 2m2h N al *ﬁ— ;82—. ? 'al(Nlal+N2a2)
Aﬁz 72 .
- 7 2, (N a,+N,ay) = 2 (Nl 1+N,a,)
N
2. > ~2 1
N (Nl 1 ) (N l+lN25a2+. S'Nh )
3 o o~
A (N +N,a,)
g a;th,a5)

- After considerable algebraic manipulation, this reduces to

~ ~

P74 C~2 4 l 2 3,~3.

=2k ¥

mt 15 bo-2myh '='(a1'?é) o & 1495
R AT IS I
and hence m4 15 h™ - Zmzh >0
. | -2 sk |
i.e. 15p14 30m2h +J7h >0 o .(1.9)

This is our second required condition.

Unfortunately, the inequality (1.9) may not always be

effective in placing a restriction on the value of ﬁzg " In
~fact, an examination of the minimum wvalue of l5m4 30m2h +7hl+
- shows it to be nonnegative for all real 72 it 15m§'3“7m4,

i 15 .2 . . 12 .2 L » . .

i.e. if 7 My <@, < 5 My where we have included the
-original restriction 12ﬁ§i>'594 under which we are still working.

Hence, the inequality (1.9) only succeeds 'in placing a
- restriction on the value of ﬁziif

e 2o :
15m, -~ 7m, > 0 (1.10)

and then it can be seen from the roots of
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15p4-30m23247ﬁ4 that this restriction is
R U S RN T
h™ > ;7Lm2+(m2 15 ma) 1 = a (1.11)
22 015. 207 o 10
or k% < ={m -(my- 75 my)7] = 8 (1.12)

Combining these last twoAineQualities withf(1:8),‘it‘canvbe

said that, provided .(1.10) iS‘true; ﬁz‘satisfies
'eitherTSQéli hZZl &"
B

(1.13)

- Now we might hope to show that, provided (1.10) is ‘true,
ff(ﬁg).is single-signed under inequalities (1.13).  But
consider the first of the inequalities .(1.13). It reduces

-2
to h™ > a unless

3my 2 a = %sz2f§#§4:%§ m,)7]
i.e .36@§:> zzs(ﬁg - %f m,)
i.e. '9ﬁ§fig5p4 : (1.14)

Nowfit.iS"easily.seen.that‘theiderivative'ff(ﬁg) changes sign
~at a'valuefof'ﬂz'> a3  .for, one of the zeroes of f’(ﬂz)
ocecurs at 9 + (‘24'2; ;)1/2 which is certainly greater thaﬁ

0, . To show that this zero is less than 3m. in the event

T2
thatTBQi‘i_a,gi;e.,in,theleVent:that’(l;ﬂﬁ) is satisfied, we '
- take the difference and apply’ipequalityy(l;lﬁ):
"3m2;;£%.mz."%( my f'%i m,)*
22w, - 3 -G inlt®
=0

lHence.the.derivative‘f'(ﬁg) changes sign in the interval
specified by the first inequality of (1.13), and so these

conditions cannot be used to .establish the ‘existence of a
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unique, positive root for.the.cubic.(1:6). " Instead, we
shall derive the required relationships between the sample

" moments for the existence of such a root using the following
straightforward method. By an application of Descartes'

rule of signs, f'(y) as given by (1.7) has two positive

. oo . . 9 320
 roots, say y; > y_ > 0, given by y,; =;% m2+:%(m25 iz )4
_9 3.2 5 % ,
and Yo 5% Mgy :2(92 12‘p4) Note that we ‘are still

confining our interest,to.the'case'12@§:— 5@4 > 0, and so
bothvyO and~y1'are.real. Since f(y) has a local maximum at
Yo and a local minimum at yl,.it:readily,followschat.there’
is a.unique;,positive solution of f(y) = 0 if and only if

. either'f(yi) > 0 }

| (1.15)
oY 'f(yb) <0

Note.that; becahse'yoAandvyi'are.thefonly.turning‘points and

hence f(YB) >_£(yi);Ait'is'impossible that both inequalities -

of.(l;15) should be simultaneously satisfied.
4.To.CQnVert inequa1ities‘(1.15).t0'a moré'explicit:fdrm;

: let:us.evaluateﬁf(yi) and'f(yB){

2 ! _ “9 3,25 1.2
£(yy) = 16[7 m2+ 3( " iz ) 713 108m) [my+ Sy 2w )71
: , 3(n2- Somy%1-135 (i, -nlond
_»729’-3‘r729.:2“'2 5 %, s (w2 5
=g mpt Ty mp(my Iima) 243mz(m2. 1z ™)
e 3/ Cimron e : , e 1
25 3y g18703 . 2.2 5. 4
t5h(my- Tomy) T - T mym729my (my - 35 omy)
205 . S405 . 135 .25 %
- 243m, (o= Tam) + gmmymt rm, (mo- T3 )
1215 3 405 202 5 i 3
+ Th By + 5 m2( 5 = 13 ma) l35m2m4+135m3+135m
297 3 135 2 5 2.
= T m, - T 2 4+135m +(m 13 m ) (- 108m2+45m4)
3/

I
st

2 5 , AR
{m (1lm —5m Y+ 20m3 16(m I_ mé) _ }
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Hence f(yl) >0 if and only if

3/
20m§

2

2
> 16(my- 73

m

4

Similarly,

3, 2

5
2(m” 137

1
2

3—108m

]

L
5m,) ]
_ 3
27 2
729 |3 729 2.2 5
5 MoT T MimyT 77 Wy
2 218

9
£(y,) 16[Zm2-

2.9 2 5
+45(m4+3m2)[zm (m2— I

7

_ mo- 135 om
4 2 4 2"

2 2
4+135m3+(m2—
2771

2 2 2
A m2(11m2—5m4)+20m3—16(m2—

) z _ mz(llm

9
2 [gmy= 3(my-
1
_Emé) ]—135(m2m

L 2
) +243m2(m2—

2 5m, )

5 ~ 4 (1.16)

3, 2 5 2

i
) )

—mz-ms)
4 3 2

+135m3

+135m 2

4

w N

—135m2m

L 2
m4) (-108m

2+45m4)

Rw
N

3/
m4) 2 }'

Ll A9
N
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Hence f(yb).<‘0vif and only if
- 3/

2; 2
12 m4)

20mZ < ~16 (my-

- C 2 SR
my - mz(llm -5m: (1.17)

2. ,4)
In summary, it can be said that the cubic f(y), as

~given by (1.6) has a single, positive root if and only if

p2a 2
mm 1z Py <0
or m “ 2 > 0 ‘and eithe 'Zth > 16( 2 53/24 '(11;2¥5 )
Iz P T T ety m 12m4 Mo Limy=omy,
“f .3/
2 ;
'or320m3‘< l6(m i2m4) 2_ (llm2 sz)
(1.18)
- If conditions (1.18) are satisfied, l a, ‘can be

. 'calculated from the first equation of (1.5) and hence
(;l+;§) can be determined from the first equationfofﬂ(lgq).
pal ~ . S U RTINS O )
. — YR ¢ . &) . 12
Then a, and a, are given by;z{(al+§2)+f(al+a2) ,éalaz], bprov1ded

these are real numbers. '[If'(51+£b)2¥45152 < 0, the method

. of moments fails.] = Once ;l and 52 are known;'ﬁl.and ﬁz can

be determined from the first equation of (1l.3) :and the

equation ﬁi+ﬁ2=Ng In general, these wvalues of ﬁl and ﬁz will

not be integral, and so we should take the closest integer

. values between zero and N as our estimates ﬁ"and N! of N

1 »:2, 1

~and NZ, Once again, given these estimates N', :and

2 1’92(

h, a reasonable allocation procedure is to assign the

smallest ﬁi.observations.to the first population U[él

- and the remaining Né observations to the second population .

-h,a +h] "
U[éz—ﬁ,ngﬁ];

We conclude this section by carrying out what should be
a good check of our algebraic accuracy in the deriwvation of

. the cubic (1.6). If we have formulated .(1.6) correctly, it -
should follow that f(hz) takes the value zero if we replace

. each of the coefficients by .its expected value. Equivalently,
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we may consider the cubic given by

gy = 1683y3+108N(AZ-BN) y 244 5N (3B2+ND-4AC)y -

‘.+13S(NCZHZABC+BB+AZDANBD)

- Again, we exﬁect”this:cubic to vanish 1if we put y=ﬁ21and
replace A;B;C‘and D by their expected values. . The latter
can be obtained from equations (1.3) if we simply discard

all the tildgs}".It_follows.that”ﬁfg(hga}“ is equal to

; 3,6, N2 2,021 2.0
168°1°+108Nn {(Nl 11N, a,) —N(N1a1+N a2+ §Nh,)}
S 12 F 2 2 1 2.' :2 . 4 ) 4 2
A45Nh —Nh! ! =]
§'3(N a fN a2+ 3Nh ) +N[N1al+N2a2+2h (N1 1t )+ Nh ]-}
" . Ca 3
4(Nlal+N2a2)[Nlal+N a +h (Nlal+N a )]
3 3,.2 o 2 2 2 1..2
N[N1a1+N2a2+h (N a +N a-)] 2(N1 1t 2a )(Nl 1+N +3Nh,)
3, 3, 2 2. 3
| J[Nlal+y2a2+h (N al+N2a )]+(1\Tlal+N2a2 3Nh )
+135 , 4
+(N a +N a:)z[N h +Nzag+2h (N a2+N a2)+ Nh ]
_ 2 2 l 4 4 2 1.0 4.,
N(Nla1+N2a2+ 3Nh YN a1+N a +2h (N 2 )+ —Nh ]
(1.19)

..Thelterm,containing’ﬁ3£6%in”iig(ﬁg§}-as_given by (1.19)
is N3£6(16r86f15*9+5h9) = 0. Similarly, if one goes through
the tedious procedure of expanding all the expressions iﬁ
(1.19), it iS'easily.seen.that:the‘termsvcontainingtN£4, h?'
and the terms independent of h all vanish. Hence“ﬁ{g(hg)}=0
as required. Although.this.ddes not prove that 'the .cubic
(1.6) 1is correct, it does show that it satisfies quite a
- rigorous check. |
So we have derived the moment equations;‘checked our
‘.results; and displayed thé.conditions.(l:IS).neceSSary for
a unique positive value of ﬁz: " It is a reasonable .conjecture

- that (1.18) is always satisfied asymptotically, but we shall
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return to this question in 84.3 after having derived the
asymptotic sampling distribution of the moment estimators.
Firstly, however, let wus examine the method of maximum

likelihood under a mixed samples model.

chi 2 ANALYSIS:USING,THE.MAXIMUM:LIKELIHOOD METHOD

gaic e s Xy

which is assumed to be a mixture of a sample of size N

Consider a sample of N observations XX
1
from the first papulatibn U[al—h,al+h]land a sample of size
Nz:from.théISeCOnd.population'U[ath,ngh]; Let wij*take

. the 'value one or zero according as the i*® observation does

. or. does. not belong .to théfﬁhpopulation for each i=1,2,...,n

and j=1:,2. ' Let u(.) be that function which takes the value '

one if the ‘argument is nonpositive and zero otherwise. Then
the joint likelihood of.xl,gz;g.r;xN is given by

S "N
L(Xl’xz""’XN’ 1,az,h)— (Zh)N»ifl 11u(x -ay h)u(al—h—xi)

N : . - - — - : 20'
+ wizg(xi gzlh)u(gzbh xi) ),

Withdut.loss,ofvgenerality, wWe can .assume a; < a,.
If al,azvand h ‘are given, then the maximum likelihood
allocation is arbitrary for those observations (if any) which

- fall in”[al—h,al+h]lq [az-h,a.+h]land.wé allocate those

T2
~ observations in”[al-h;al+h]?[a2—h;a2+h]ltawthe'first‘population
and,thoseJin*[az—h,az+h]F[al—h;alfhllto.thelseCond.population.

. On the other hand, if the allocation is_given;.thé'm;ﬂle;
of h is half.thé‘maXimum,of'thefrapges:offthe'two'Samplés and
.so.the;mlﬂ.e;;of'"a“ for whichever population has the largest -
- range is given by the mid-point of thiS'range; the so=called
- mid-range. ,vThere.iS'anmgK;e.vfor the'parameter“a”of‘that'

population with the smaller sample range; .howeﬁer;.ifbgi is
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the smallest observation of this ‘sample and gz the largest,
then we are able to bound the value of "a" for this
population according to
. ;5'2—»_1‘); < a iv51+h (2.2)

Consideration of the above ‘arguments and the form of the
likelihood :(2.1) shows that the m.£.e. of h has the following
simple form., Let the ordered set of observations be
gx(iya;(zyi;id,g(N). AsSume.that'N > 3. . Then there ‘exists
"m e {2,3,,,.,N-1} such that -

S PPN 54
: (1) () . , o

and.it:follows'that.the'm;ﬂ;e;qbf‘hfisigiven_by
“h éi%gmax'{x(m)-x(lj, X(N)_x(m+15} (2.4)

since this is the smallest possible estimate'of h which gives
a nonzero value to the likelihood :(2.1). The maximum
likelihood allocation is x(i),xxz),...,x(m).to.the first
POPulatioﬁ and x(m+l),x(m+2),...,x(N)‘to the second.
Whichever population has the largest sample range (i.e.
sample range equal,to’Zﬁ) under this allocation, will also
have its sample mid-range as an m.f.e. for its location
‘parameter. ,.Bounds.for.theflocation'parameter,of.the other
population 'are given by :(2.2).

Though the method suffers from the weakness that mnot all
the paraméters'arefeStimable; it does have the virtue that
an estimate of h can be very readily obtained. This .could
be of use in the initiation of iterative processes, if one

wished to obtain m.£.e.'s of a_,a,,h and the mixing parameter
12 :

22

o under the assumption that the observations form a sigpgle

sample from a compound uniform distribution.
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+ 4,3 THE ASYMPTOTIC DISTRIBUTION OF THE MOMENT ESTIMATORS

This section is devoted to the presentation of the
asymptotic distribution of the moment estimators derived in

-84 .1, We note that the moment estimators -are functions of
N . .
the four sample sums - & xt3]t=152;3§4v " Equivalently, they
r=1 ‘

can be regarded as functions of Z
N A N '

( Z'Xr-'E Z:xi). If N is large, these functions ‘are
r=1 r=1

£? it-=1'.’ 2”>3’)3V4’ where Zt =
-5

N

approximately equal to their respective Taylor expansions

in powers of Zl’ 3,amd'zl* with terms of order 'greater

than one omitted. An application of the central limit

theorem shows that asymptotically Z .and Z4'are

1’22’23
jointly normally distributed. . Hence the moment estimators
‘are asymptotically distributed as linear functions of
jointly mnormally distributed'random’variables; " It follows
. that the asymptotic distribution of the moment estimators
vis,normal;

It is easily verified that equations (1.2) remain true
‘ after‘replacipg,every_Xf_by,xf—c; where c.is:an‘arbitfary
constant” if simultaneously 51 is replaced by 5;—0, i=1;,2.

- Therefore, in calculating the standard errors of hz,al,az,
N, N
—ﬁ.and ;ﬁmwe’may without loss of generality make the
simplifying assumption

N1a1+N232>= 0 (3.1)

It follows that -

1
]

A= szl
_ 2 2,12 o
B = N Z +N1al+N2a2+ 3Nh (3.2)
_ 3, 3
C = N ZS+Nla1+N a2

NE

Z4+N1a}(al+2h<)+N2a2(a2+2h )+ nh
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From '§4.1, ﬁz”is a root of the cubic
_ 3.3 2 I 2N S
g(y) = 16N "y +108N(A“-BN)y #+45N(3B“+ND-4AC)y
© +135(Nc2-2aBc+B>+A%D-NBD) (3.3
Let us now use the relations (3.2) to evaluate each of the
coefficients of the cubic (3.3) in turn, retaining only

terms of order at most one in?Zt,,t=132,3§4.

-3/ ,
22 o 2l 2 o2 1,22
A”-BN = -N Z2 NNla1 NNZ?ZL lSN h
3/, 20020 .22 022 1.2 2
= -N 'Zz;NlNz(alfaﬁ)leal-NZ?Z-.§N h
.3/
- e ;2 lzz
= =N Z 1 (a +a ) (Nlal+N2a2) +2N1N2ala2 3N h
-3/ ‘ ‘
_ ot N2 L2 9 s
o N 22 NlNz(a 2) 3N h (3.4).
To obtain.the'last'equality.we”have used (3.1).
Also, 3BZ4ND-4AC = 2N27. (3N, a2+3N 52+Nh?)+3(n 2+N a2+ Inn?y?
’ > S2NTU1T1L T 272 ' 1 2. 3
.3/2
4N 24+NN (a +2h )+NN (a +2h )
s %N2£4 4N E z, (N ai+N a; )

The terms independent of-Z (t=1,2,3,4) in the above are

24 . 24 1 24 2.2 2. 2 2.2
3NJa+3NDas+ SNCh 46N N alal+2NN, alh 42NN ash
+2nN,ain’+ on%ht

2 4
2 2 5

: 4 2;
+NNla1+2NNla1h +NN23

2 4 4, 2 4 4, 2; 2, 2;
4Nl 1+N1N2a1+4N2a2+N1N2a +4NN1alh +4NN2a2
2t

h

_ 2
+6N1N2al

" Now using N1 1~ ENzétho obtain a.COmmon’factor_of‘leZ:

in as many terms as poSSihle;.theSEfconStantAterms.bedomé”

~4N N a3a +N. N a4~4N N.a a3+N N atH4N N.a h ~4N N,.a,a h

1727172 717271 1727172 7102 2 l 21 1727172
. 2.2, 2 2:2,°8 204 .
+4N1N2a2h -4N1N2ala2h +6N1N2a1 2+ 15N h
. 2 - -8 2 4
=leN2(a -a ) +4N N h (a az 2a ~)f lSN h

RN | P §_ 2 4
NlNz(al—gQ) +4N1N2(a -a ) h + 15N h
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., 2. , . p ; ; ;
Hence‘3B2+NDF4AC'ﬁ _4N Z (N.a 3 a§)+2NéZ (3N ‘2+3N a2+Nh?)

121FNp25) 2N 72, (3N a 43N, a,+
3 .
. /2 N4, 8228 (24
+N Z4+N (a az) +4N1N2(al ?2) h f 15N h
(3.5)

Finally, the last coefficient of the cubic (3.3) which needs

. to be ‘considered is -
NCZ-2ABC+B +AZD-NBD
.3,

o /2 3. 3.8 a3y209 2 2,12
. o= 2N z (N 1 a )+N(Nlal+N .) - z (N1a1+N2a2+ Nh.)
3 2. 2.1 2 2.1.:.2.3
. x(Nl 1t )+3N z (Nl 1+N 2+ 3Nh ) +(N1al+N2a2+ gNh.)
—N /Zz [N (a +2h )+N a (a +2h.)+ 1Nh 1= N /zz (N a2+N a§+£Nh )

1172 3
2 2 1

NN 24N abs ShP) [N a2 (adw2n®) 4w a2 (a2 212 Y lN’h 1 (3.%)

We shall use (3.1) to simplify these terms wherever possible.
The.term.containingizl in (3.%6) is‘given by

. L 2 5 201 3

-2N7%z {Njaj+ ay¥ 3Nh (N a;

.3 321 3 .‘3
2+N1N2a1a2+ Nh (Nl l gz)}

+N N.a

2
1N, 1 +N N,.a

1N,2 +N a )}

NU‘I

ox
~-2N*Z {_leza

az—NlNzala

3_

+N1N2a

I—'-L\ NN
N Nw
wl—'N l—'w

1® i Nyap)}

a )}

= —2N Z { NlN 2 aia +a )+ Nh (N

2" 1 22 2.
1 3

—2N Z { N Nzalaz(a g&)(a -a )+ Nh (N l
1 3

e N2 :
—2N z { -N;N,a, azgal 52) (al+ )+ Nh (Nl 1 )}

a a2(a

: The.term.containipgizz.in.(3M6).is_given'by

NZ “z {3(N1al+N2a§+ 3Nh?52;N[N 32(52+2h9)+N 52(€2+2h52¥;%Nh41}’
2 4 B4 124 Y 2.2
?2‘ {3Nlal+3N2a2+ N h +6N N_a‘a +2NN a h +2NN ‘2h.}~

_ k
=N 17221827

4 2.2 L4 2.2 l z.4
-NN,a)-2NN alh“-NN,a,~2NN ash”- =N°h

B on 2k bk 2k 3 A2 2k
= N.;zpznlal 1N2 1F2NTa, N1N232+ sV b +6N1N2a1

a2
27

; 4 2a

éNZ(ZNlN 1

w

) 2 4.
a,-N.N a4—2N N,a.a —N N, a +6N N,a N h:")

)
3 2
2a1 TP A K b A B R I A T 2 ¥
2
1/

EP°

2
- b b 3.2 2y 2 g%
.= N Z)[-N (a +a2+2a1a +2a a2 6a al )+ 15 h 1
2.

_ N3 ; 25 2..2 . 2/4 _
= anzf N [a (al 2)+a Ca al)&Zala (a +a2 2a1a2)j+ 15 h'}
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N ‘z, { N Nz[(a -a; )(a )+2ala2(a -a: ) ]+ 15N2£4}»

= N 7 { N NZ(a azz').z[(al+:a:2‘)2+2‘al:a‘2']+ i—SN h }

Also, the term independent of Zt(t=l,2,35ﬁ) in (3.6) is

~given by

3 2 21 2 2.1 2,,.2
la1+N a ) +(N1al+N a2+ §Nh ) —N(Nlal+N2 2+ 3Nh )[N (a1+2h‘)
Lh? 1

'CaA+h;1 + 5

1 3. 6 2.4 2
+ 27N h +3N1 2a1g21

—1-N2h“ (N

N(N

2.6 3
+NN2a2+2NN1N2a1

: 24
+Nh (Nlal+N

- w3abanda
1 &1 N2+,

3 6

2 2

- 4 2 4 2 o L2y
+3N 5 Y 2+2N’ ajal +N2§2)

=N

2

12 Ny 3 .8
212

h 5N Nla

2»4 2. .
1 lh NN N

m
p

2
2
6 2 4

aj a. 2—2NN1N2a
2 6
2

2N

p

1Ny
2 2 2.
52NN, N aTa)

1.2 04,2 2.2 .2
b - 3N Na,

a h -NN% -ZNN
4 1 2
h —_3

3 Db
+2NN1N2a a2+3N 2ala

NO\
=
N

Hlb hDN

2
%

2,2 4 4
+Nh (Nla1+N a,=2

. 2. 4 l 12: 1.2 1. .2
+N“h ( 1 1+,3Né?25‘5N131 APy

2N

=
N

2 2 4 3
1N2al 2+2NN1N231
g +Nh2( Nzg 1NN a -2N N

+ 2Ny N 3NN, a,-2N, N, 1 2)

(b a2k
1 -NiN,aya;
| 28 L2y

%t (- 15 1217 15,250 135

2.

. 3
—,2(N1 2 )ala -2N N

3 3

1 l 2

: 301 4 ;4
+ Nh ( NlNZalaZ 3N1N2al 3
"8 2, P20

15 N %yt (N131+N 2)f 135

3
2”7
;2ﬂ21

1297

- 1.2 48 24 2

ffBNh N (a 2) _ 15 h (Nla +N )»
8
15"

1
12 NG N2
=3P N (2 -2p) - N " (o -a)

 To establish the last equality it should be noted that
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2,
N2 (Njaj+ )A

2:.2
N(N1N2a1+Nl l+N1N2a2+N )

N(N N 2 -N.N.a_.a +N N a2

221 N Np2 2, Noas-NNyagay)
Nz(a

2
1 ‘2)

Now we are in a position to write equation (3.6) .as

Nc? - 2ABC + B> + A%D - NBD

a ;lez (- NlNzalaz(a ~a,)? (d +a;)+ N0 (N i 3}

' +NJZ {-N Nz(a -a ) [(a +a ) +2a ]+ N h 1

15
.3/2 5 , ,3/ 2,
2N 27 (Nlal+N a; ) N z (N,a ¥ TNh?)
RIS 8 i RN 234 3.6 iy
- 3NN, N, (ag- :2) 15 N Nob (a -2,)) 2-73=Nh (3.7)

1221
L2

Thus all the coefficients of thé:cuhic (3.3) have been
written as linear functions of Z , , and Z,. Let wus
b l 2°73 4
assume that, asymptotically, conditions (1.18) for the
. existence of a unique, positive estimator ﬁ':are'satisfied

with probability one. From the asymptotic sampling theory

of such an estimator we know that, for large sample size,

ﬂ2= hz some 1inear:function'of-ZngZ;ZB,ande
= h? + ARZ 5 .€3.8)

So if we substitute y = h2+Aﬁ2'into‘théfcubid1(3;3)‘and

ighoreﬁpowers;offAﬁzigreatervthan:oné,'we'shall.be'ablefto

vsolve‘for'Aﬁz as a linear functlon of Zl’ 3}andfz
1683 (b2 4202y 34108N (A2 =BN) (h2+a52) 24 5N.(3B24ND-4AC) (h2+ah2 )
3,2

 +135(NC?-2ABC+B +A%D-NBD) = 0
e, 1683 (h8+3h®an?)+108N (A2-BN) (h*+2n2ah 25N (3B24+ND-4AC) (hZ+AR?2)
4135 (NCZ=2ABC+B +A%D-NBD) = 0
L ARZaeN T n 216802 (AZ-BN)H45N (3BZ4ND-4AC) } |
= - {168°n%+108Nh? (AZ-BN)+45NhZ (3B2+ND-4AC)

+l35(NC2—2ABC+B3+A2D—NBD)}
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, ~2  2(168°n%+1088n% (A%-BN)+45Nh2 (3B24ND-4AC)
i.e. Ah” = 2 3 9

+l35(NC ~2ABC+B +A D-NBD)}
48N 4216802 (AZ=BN)+45N (3B24+ND-4AC) }

(3.9)
Substituting the expressions (3.4), (3.5) and (3.7) into
(3.9), it follows that the numerator of (3.9) can be
written as

3/
3.6 b ~'2 2 2.2,
16N h +108Nh {—N 2,-N N, (a;-a,) - 3 N°h 1

WK

3/,

N Z

3 +3N a§+Nh2)+ 4‘;

2 L 3 5
+45Nh §-4N Zl(Nlal+N2a2)+2N 22(3N1a

N =N
N

n2p*

=} 0o
(%}

4 2
+N1N2(al—a2) +4N1N2(al-a2) he +

3 2 1.2, 3, 2
+135 , -2N Zl[-NlNzalaz(al—az) (a1+a2)+ 3Nh (Nlal+N2a2)]

5, . Y 2 2 2.4
+N Zz[ NlNZ(al az) ((a1+a2) +2ala2)+ 15 N°h ]
3/

3/
+2N 3 3 2

Z3(Nlal+N2a2)—N

2 24(N a2+N a2+ LNhZ)

171 7272 3
1.2
- ENh NlNz(al—a

4 8 4 2 4 3.6
) - Ig NNlNZh (al-a ) - 135 N h

2 2

(3.10)

We expect the term independent of 21,22,23 and Z4 in (3.10)

to be zero. In fact, it is

3,6

16N°h8-108NN 3,6

2 2
1N2 2) -36N"h +45NN1N2h (al-az)
6

4 2 3 2 4 4
+180NN1N2h (al—az) +24N"h -45NN1N2h (al—az) —72NN1N2h (al—a

-4n°n®

h4(al—a

which is easily seen to vanish, as required. Hence the

numerator (3.10) can be written as
Z {—lSOth(N a3+N a3)+270N N,a.,a,(a,-a )2(a +a,)
1 1817282 17221%2%%17% 17232

1
¢

N

2 3 33 any [ 2 4 2 2 2,2
-90Nh (Nja]+N,a ) }+N°2,{-108N"h"+90Nh" (3N, a +3N, a,+Nh")

| 2 2 2 2.4
+l35[—N1N2(a1—a2) ((al+a2) +2alaz)+ = N°n']}

5
3/ 3/
oy’ 2 2, 2, 12
+270N z,{45Nh"-135(N a +N a5+ 3¥h ) |

2 2 3 3
(al-az) (a1+a2)—Nh (N1a1+N2a2)}
2

2 2 2
1a1+N232)-—N1N2(a1—a2) [(al+a2) +2ala2]}

2 3

3
Z3(Nlal+N2a2)+N
.
= 2708%z, {N,N,a,

1
+135N622{2Nh2(N

2,

2]

)
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312‘ 3,

: +270N “z (N,aI+N 53)-135N3/22 (N éz+N 52) (3.11)
h 731 27270 e 1YL 2727 R

1
Since the mnumerator of (3.9) as given by .(3.11l) .contains no
constant term, we need only evaluate the term independent

of‘Zli,sz,Z:;.and?}Z4 in the denominator of (3.9). It is

~given by
TR [ R N2 L2020 _ NG
{48N"h #216Nh [‘NlNz(al ;2) - 38h ]+45N[lezgal ?2)
. ‘ _ooN22 08 20 Ay
+4N1N2(a1 2,)"h%+ 7% N¥h 1¥
= 36NN_N hz(a —a152F45NN N, (a -a:;)4
1720 T 2 17271 727
_ ‘ _ ,f2w.'2;_ N2 » ‘
= 9NN1N2(a1 §2)>[4h ,S(al ?2) 1 (3.12)
We have previously noted that N(N éz+N éz)= N.N,(a ‘8552
T ' 171 72727 17271 200
It also follows that
N'a3+Nla3'= e ;'NlaI+N292f 3 . . ;:N1a1+N292. 3
171 7272 71371 N 2002 "N
N . N :
1 S Ly 3
—,ﬁB'(Nzal Nyay)™ + —5 (Nja,-Njay
, N
N.N., : .
_ L2 02 2 a3
= .N3=(N2§Nf)(31 gy
N, N .
UL 2 0 43 |
= g Mo (agmay) (3.13)
- Using these results, it is now possible to write down the
coefficients Bi ovai (i=1,2,3,4) in the expansion ofﬁAiz;
Indeed, dividing (3.11) by (3.12), it follows that -
A N2, -1 2 : \3
o 2 . o : R N ) —a Y21 .
. _127ON...N1N2alg2(al ?2)‘(al+?2)'N"h‘NlNZCNZLNl)(al'EZX,}
P17 ] N2 2 827 .
9NN1N2(al—g2)3{4h -5(a;-a;). 1
=3/, 227
_ 30N ,1{Nalgz(al+@i)e(szNI)(alfaz)hv}'
T e a2
4nT - 5(ag-ay)
Now Na,a. (a.+a.)= N.aZa +N.a’a, +N a, a’+N, a a>
ow Fajapla may)= R1818,;T 81807 181227 2% %
. 2.3 3 D2
= ~Njyaj8,-Nja,-Nya,+Ny2a,3,
o 320
= ~(Nyay+Nya5)
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Hence we can use (3.13) to write
-5
30N /z(Nl—Nz)(al—az){NlNz(al—a2)2+h2}
Bl = (3.14)

4h2 - 5(31—32)2

Similarly, the coefficient of 22 is given by

o, 2 2 A 2 2
135N2{2h NlNZ(al az)»-NlNz(al—az) ﬂﬁ1+a2) +Zala2]}

B, = .
2 2. .2 2
9NN1N2(a1-a2) [4h7—5(a1—a2) ]
5o 2 2
i 15N*{2n —(al-az) —6a1a2}
2 2
4h -S(al—az)
2 2 2
Now N aja, = (Nl+2NlN2+N2)a1a2
= -N.N.a’+2N.N _N.N.a?
S Tl Al M Tl Al Rl M TP Al |

2
= —N1N2(al—a2)

-5
158 © /2{2n%h%- (8%-6N.N.) (a.-a.) 2}
_ 17272173
Hence 62 = 5 5 (3.15)
4h —S(al—az)
L 2
270N*N.N_(a,-a,) (a,+a,)
, ~ 17221729 1722
Similarly, 83 = > 5 3
9NN1N2(al-a2) [4h -5(a;-a,) 1
-4
30N (al+a2)

2 2
4h —S(al—az?

and since we can write N(al+a2)= Nlal+N2al+Nla2+N2a2‘=
—N2a2+N2a1+N1a2—Nla1 = (Nz—Nl)(al—az) it follows that
“3/2
30N (N,-N.)(a,-a,)
2 1 1 °2
83 = 5 5 (3.16)
4h —5(a1—a2)

a5 a2
. - 135N NlNZ(al a2)

2 2 2
9NN1N2(a1—a2) [4h»—5(al—az) ]

Finally,

1

-3

= ;15N ~ (3.17)
4h —5(al—az)

The asymptotic distribution of h=h+Ah can be obtaiged in
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the following way. Since Aﬂ2=2ﬁAE=‘2(h+Aﬁ)Aﬂ = 2hAﬁ, it
follows that the coefficient of Zi in the expansion of Ah
is given by Bi divided by 2h for each i=1,2,3,4.

Now let us write

4
a; = a, + Aal = a; + .Z YiZi
i=1
N - 4
a, = a, + Aa2 = a, + 'Z aizi
i=1
N N AN N 4
1 1 1
—_ = —= 4 ——= = —= 4+ I g Z
N~ N K N oot
.1..\]'_2_=N_2+AN2=N_N1=-}—I£—§€Z
N N N N N . ii
. _ i=1
- 4
We firstly wish to determine Aal = 3 Yizi from the known
i=1
- 4
value of Ah™ = I Bizi' Consider the first equation of (1.4),
i=1
A(a,+a,) = B - iNﬁé#N; a
1 72 3 172
Putting ;1 = al+A§1 etc. and substituting for the expected
values of A and B as given by equations (3.2), we obtain
L ~ . 2 2 1
N Zl(a1+A§1+a2+Aaz) N 22+N1a1+N2a2 3NAh +N(a +Aa )(a +Aa )

Retaining only terms of order less than or equal to one, this

becomes
N%Z (a,+a )=N% lNAh +N(a Aa +a Aa )+N a2+N a +(N +N )a
171 T2 2 3= 2 292 2
1

- NZ%9
= N Z2 3NAh +N(a Aa +a2Aa )

Hence a,Aa, = -a.Aa, + 128"z 4n"y (a,+a.,) (3.18)

ence a;fa, 828817 3 2™ 143178 .

Treating the second equation of (1.4) in a similar

manner, it follows from

1~20 ~ o~ ~2 o~
(B-gNh )(a1+a2) =C-h A+ala2A

that we obtain

L 2 2 1. ,~2 ~ ~
(N ZZ+N1al+N2a2—§NAh )(alan1+a2+Aa2)
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_ NE 3 3.2 % L
= N 23+Nlal+Nza2 th Zl+alazN Z1

. 2 2 ~ ~ 1._,.~2
i.e. N Z (a +a )+(Nl 1 a2)(Aal+Aa2)f§NAh (a1+a2)

_ 2.5 L
= N 23 h™N Zl+§la2N Z1 (3.19)
We now substitute the expression given for alAs2 in
(3.18) into equation (3.19) so that we shall be able to solve
~ ~2
for Aal in terms of Zl’ZZ’Z3’24 andvAh :
z (a +a,)+(N a 2, az)AS +(Nja;-Nja,){-a,a,+ Lai2 y7%
1 1 2 1 1?1 3 2
- 1Nah? (a. +a:
N7z, (ag+ay)}- SNAR (aytas)
I 2.5 Y
= N Z3 h™N Zl+ala2N Zl
. 2 2 L 1,2
i.e. (Nlal+N az—Nla1a2+N )Aa = =N Zz(a1+a2)—N1(al-a2){§Ah
-4 - 1_,~2
-N 22+N z,(a;+a,) 4+ FNAR" (a;+a,)
5 2.5 L
+N 23 -h"N°Z +a1a2N Zl
= -
i.e. Nl(a -a ) Aa =-N ?Z (Na +Na2 N1a1+N )+N 23
L
= - 2
3Ah (Na +Na2 N1a1+N ) -N Z [N (a az)(al+a2)
2.
+Nh Nalaz]
Nz (N,a +2N a,+N, )+N%z + 1AR% (N, a, 42N, a N, a
2 172 3 3 2717717272
-4 2 2
-N Zl(Nlal 1 2 Na 2+Nh )
- 1/2 N . L 1,~2
=N 2 ON_ (ZN -N )+N 23+ 3Ah a2 N (2N1 N )
1 1
—N—%Z [(a,-a,) (2a,+a )Nv+Nh2]
1 1 72 1 72771
1 N 1 ~9 N
1 2
=N “Z,N (a -a )(2 )+N Z.+ ZAh N (a -a.)(2-==)
21 l 3° 3 1 Nl

1
]

z, [N, (a,~a,) (2a,+a,)+Nn’]  (3.20)

From equation (3.20) and the fact that N(Zal+az)=(2N2le)(al—az),

it follows that
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N

2
-1 - - ——
“NE[N. (a.-a.)(2a.+a)+Nn2] Np(apmay) C-FT)B8,
v = 1431787 1782 N 1
1 2 2
Nl(al—az) 3N1(al-a2)
N,
> (2- <2)8
i N (2a1+a2) ) N%hz . N1 1
a,=-a 2
1“2 Nl(al—az) 3(a2—al)
1=} NE 2 101,. V9 |
- IR L _N? _oN=1,1,., "2
= (a,-a;) {x (2a,+a,) N h%(a,-a;) T+ 3(2 Nl)31}
-3/ 5 N
~ -1 2 _ o _N* 2 -1 1., %2
= (apmap N T2N,-Np) (ayay) n, P (agma)) T 3ey)8
~ -N Nl(az-al)(z-ﬁ—) (2-§—)82
Y, 1 + 1
2
N, (a;y-ay) 3(ay-2a;)
N
(Z—EA)
= 1 dg -x% (3.22)
) a,—a (3 62 " T
2781
N
2
NE (2—N1)83
Yy- _ (3.23)
N, (a;-a,) 3(ay~ay)
N
2
(2 ﬁ1)§4
Y, = ’ - (3.24)
4 3(a,-a,)
27231

The values of Gi can be obtained from those for Yi

(i=1,2,3,4) in equations (3.20) to (3.23) simply by inter-
. : AN

changing Nl with N2 and a; with a,- To obtain - Ve note

that the first equation in (1.3) is

121+N3,

=z
o2

A =

~ ~

1 1+(N-Nl)a

=

2

Hence, asymptotically,

% _ il ~ _ AN ~
N Z1 = (N1+AN1)(al+Aa1)+(N,N1 ANl)(a2+Aa2)




i =73~

= Nla1+N1Aal+a1AN1+N2a2+N2Aa2-azANl

= ANl(al—a2)+NlAa1+N2Aa2
. L - N , -
Henc? ANl(al—az) = N Zl—NlAal—NzAa2 and so the coefficients
AN
of N are given by
_ -1,.% -1
ep = (ag-ay) "(NT-Nyy =N, 8,)N
- _ _ -1 -1
€y = (al a2) (le2+N262)N
- _ -1 -1
€q = (a1 a2) (N1Y3fN263)N
_ -1 -1
e4~— (a1 a2) (le4+N264)N (3.25)
AN AN 3
Since N = - x> the corresponding coefficients of AN2 are

-€3 and —54.

Before determining the various covariances between the

given by “€y5 — €55

Zi's, it is necessary to obtain the expected value of Xk

(k=1,2,3...) where X has a uniform distribution on the

interval [a-h,a+h] with density function given by (1.1).

k+1 a+h
E (x5) = %X ___
a 2h (k+1) a-h
k+1 k+1
2h (k+1) ‘
The covariance between Z, and Z,(i,j=1,2,3,4) is given by
PO VR DT R
cov(Zi,Z,) = cov{N (z xr-E T xr),N‘z( z Xi'E,Z xrl}
J r=1 r=1 r=1 . r=1
1 ¥ g
N z cqv(xr,xr)
r=1
p N i+j iy 3
=5 [E(xr ) - E(xr)E(xr)]
r=1
= % N E, (x1+3)-N1Ea (xHE_ (x9)
1 1 1 ' (3.27)
+N,E e e )
a, 2 a, a, =

Thus from formulae (3.26) and (3.27) it is possible to

calculate the covariance between any Zi and Zj. This,
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together with the fact that
4 4 4 4

cov( Z A,.Z.,, T X,o.Z.) = I Y As.A,., cov(Z,,Z.),
i=1 1i7i =1 2377 i=1 §=1 1i7 23 i’73

for any scalars ) andvkz,, enables one to determine the

1i i’z
Nl N

1,,52’ X and ﬁg , as well as the co-

variances of h, a
variances between any two of these estimators, simply by
referring to their expansions as linear functions of Zl’ ZZ’
23 and Z4. This completes our derivation of the asymptotic
distribution of the moment estimators.

We shall complete this section with some remarks on a
conjecture which we put forward in the last paragraph of
§4.1, that, asymptotically, the cubic given by (3.3) should
have a unique positive solution for ﬁz. We may still assume .
that Nlal + N2a2 = 0. For large sample sizes the coefficients
of (3.3) can be replaced by their expected values as given
by equations (3.4), (3.5) and (3.7). Thus we wish to

examine the roots of the cubic

3 3 2 2 1.2 2
* = - - - =
g*(y) 16N"y +108Ny" {-N, N, (a;-a,) 3N b}
.8 2 4 2 2 4
+45Ny{I§N h +4N1N2h (al—az) +N1N2(al—a2) }
; 8 4 2 1 2 4 4 3.6
+135{- 75NN, N, h .(al—az) - 3NN, N,h (al-az) - {35V b }
(3.28)

We know that this will have at least omne root given by y = h2

2

and so we take out a factor.of (y-hz):

2 *n%y (y-n?)+4n>

2
g*(y) = 16Ny’ (y-h%)-20N n* (y-n?)

2 2 2.2 2

-108NN1N2(a1—a2) y(y-h )+72NN1N2(al—a2) h™ (y=-h")
4 2
+45NN1N2(a1—a2) (y-h"™)

(y—hz)g16N3y2-20N3h2y+4N3h4

2

—108NN1N2(al—a2) yJZ
: 2.2 4

+72NN1N2(al-a2) h +45NN1N2(a1—a2)

(3.29)

The second term in the product (3.29) is a quadratic in
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y, and an application of Descartes' rule of signs shows that
either both its roots are positive or both unreal. We note
that the cubic (3.28) will have a single positive root

y = h2 if and only if the quadratic term in (3.29) has
unreal roots. To establish the conditions for éuch roots

we consider the discriminant of the quadratic term,

: 3.2 2.2
{-20N"h -108NN1N2(a1-a2) }

3 3.4
-64N"{4N"h +72NN1N2(a1f
2 2.2 2.2
= 16N {5N"hn +27N1N2(a1—a2) }

—64N3{4N3h4+72NN1N

2 4 4 2

A

2.2 4
a2) h +45NNlN2(§1—aZ) }

2.2 4
2(;l—az) h +45NN1N2(a1-a2)\}

4
1
2 2.2 2 4
—2$8N NlNZ(al_aZ) h“-180N NlNZ(al—az)
= 1682 (9N n*-18N%N. N, (a.-a.) 2n2+729N2N2 (a. -2 )2
: SN NNy (ay=ay 1Ny (2

-180N NlNZ(al_aZ) }

- 144N2{N4h4-2N2N1N

2h2

_ 2 2 2.2 4
= 16N §25N h+270N°N, N, (a -a,) “#729N]N; (a,-a,) "-16N h }

9)

2.2 2.2 4 2
2(alfa2) h +81N1N2(a1—az) -20N NlNZ(al
_ 2 ) 2.2 2 4
= 144N {[N —NlNz(al—az) ] —20N1N2(N —4N1N2)(gl-a2) }

_ 2 2.2 2,2 2 4

= 144N {[N"n -N,N,(a;-a,) 1 -20N, N, (N,-N,)"(a;-a,) '}
(3.30)

Hence A < 0 if and only if

2h2

|N 2.(3.31)

2 %
-N,N,(a,-a,) | < (20N, N,) |N1—N2|(al—a2
Thus (3.31) is the condition necessary for the cubic (3.28)
to have a single, positive root y = h2 i.e. for the cubic

(3.3) to have a unique, positive solution y =‘h2 with
probability close to one for large sample sizes.

Of course, in a practical situation it will not be known
whether condition (3.31) is satisfied for large sample sizes
and hence one cannot be certain whether any non-uniqueness
of solutions for 52 is likely to be removed by taking further

observations. It should be noted that (3.31) is likely to

4

‘az)f



be satisfied if

N1 and N2 are

N
and T > l-a

the condition

becomes

~76~

hzis not larger than (al-az)z, especially if
N
1

not too close to one another. If N > o

in the limit as N » «, where 0 < o < 1, then

(3.31) for an asymptotically unique solution

In%-a(1-0) (a,~a,) % | <[20a(1-0) 1| 20-1] (a;-a,) %.

Thus an

(3.32)

experimenter is probably best advised to ‘take

as many observations as is conveniently possible and check

conditions (1

.18) for the uniqueness of a solution for_ﬁ .

2

If these are not satisfied he might try taking some further

observations,

though this cannot in general be guaranteed

to provide a unique solution to the problem. In certain

cases it may be possible to rule out some estimates of h

2

if they provide unreasonable or unreal estimates for the

other parameters. If all other considerations fail one

might choose that estimate of h2

N

the fifth sample moment, I xi , as the best available

r=1

estimate from the method of moments.

which gives the best fit to
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4.4 ESTIMATION IN A MIXTURE OF THE DISTRIBUTIONS

al—bwa1+hl] and U[a2—h +h2]

2287

Consider a set of observations'{xl,xz,...,xN} which
we chovse to regard as a single sample of size N on the
random variable X which has a compound uniform distribution

given by o
,au(x—al—hl)u(al-hl—x)L(l-a)u(x—azhz)u(az-h

27%)

p(x;0,a;,2,,h),hy)= 7h _ ' 7h
1 2
(4.1)

where hl’ >0, 0 < a <1 and u(.) is that function which

take the value unity if the argument is nonpositive and zero
otherwise. We wish to employ the method of moments to

estimate the five parameters a,a hl and h

1°%2° 2°

Let u, = E(x-ui) k=1,2,3,4,5 be the first five central
moments, where ﬁi = E(x) = ua1+(1-a)a2 is the first moment
- _' = _"
about the origin. Let m,=aj;-ug and m, a2 My Then the

moments defined above follow easily as

B = om +(1—oc)m2
,= a(3hi+m )+(1-a)(lh2+m§)
Hg= omy (h +m )+(l a)m (h +m2) (4.2)
_ l AR 2 2, 4
M= a( h +2h 1™ +m1)+(l a)( h +2h2 2 2)
4 10 3.2 4 10 3,2, 5
Mg= oc(m1 1 = 1h1+m1)+(1-a)(m2h2+ =3 m2h2+m2)

Without loss of generality we suppose that a, < a

1 2°
v = =
and hence a; < ul f a,, my < 0 < mz. The case al—az‘a must
be discussed separately. Under the model of a:mixture of

samples, we have already in §4.1 offered a possible approach
to the case hl = h2 = h using moments about the origin.
Upon equating population moments to their corresponding

sample moments, it follows from equations (4.2) that
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om +(l—a)m = 0
1.2 2
(3hl+m -v )+(1 a)( h +m2 2) = 0
a(hlmi+mi —v )+ (1= a)(h a +m —v,) = 0 (4.3)
2 2 4 2 2 4
( h +2hl 1 m =V )+(l a)( h +2h2 2+m2-\)4) = 0
10 3,2 5 410 3.2, 5 _
a(mlh1 ——3-mlhl+ml v )+(l a)(m h2 =3 m2h2+m2—v5) =0

where vi(1=2,3,4,5) is the ith central moment of the sample,

N

z (xr—g)l. Equations (4.3) constitute a system of
r=1

2=

v, =
1

five equations in the five unknowns a;,a h2 and o to be

2201
solved simultaneously for the estimates of these parameters.
We have set the problem in the above manner so that it may
be easily resolved by following the method of Cohen (1967)
in the case of a mixture of normal distributions. We shall
not display the laborious details here, but we note that the
final estimates depend on a negative solution for a nonic in
the product m1m2' For some combinations of sample data it
may well be possible that such a nonic has more than one
negative root, and as a possible solution to this problem one
might follow the suggestion of Pearson (1894) and choose that
set of estimates which results in the closest agreement
between the sixth central moment of the sample and the corres-
ponding moment of the fitted compound curve. Another dis-
advantage of the method of moments is that, due to certain
differences in the coefficients, the method suggested by Cohen
(1967) for circumventing the nonic in the case of a compound
normal distribution cannot be adopted to the uniform case.

It is important to note that the method outlined above
applies equally well to the model wherein’{xl,xzé...,xN} is
assumed to be a mixture of samples of size N, and N, from

-1 2

U[al-hl,a1+hl] and U[az—hz,a2+h2], if we simply rgplace o by
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N N
ﬁ—and l1-0 by ﬁg . However, because of the disadvantages of

the method of moments mentioned above, the mixed samples
model is better suited to the maximum likelihood method which
we shall now briefly discuss.

Consider a sample of N observations'{xl,xz,...,xN}
which is assumed to be a mixture of a sample of size N1 from
the first population U[al-hl,a1+hi] and a sample of size N2
from the second population U[az-hz,a2+h2]. Let Wy take the
value one or zero according as the ith observétion does or
does not belong to the jth population for each i=1,2,...,n
and j=1,2. Let u(.) be as defined at the beginning of this

section. Then the joint likelihood of X1sXgseeesX is given

N

by L(x

EERRRE"T al’az’hl’hZ’Nl’NZ)

N
1 1

N N i=1
1 2

wilu(xi-al—hl)u(al—hl—xi)

+m12u(xi-a2—h2)u(az—hz—xi)}
(4.4)

We assume without loss of generality that h1 < h2.

Given a;,a,,h, and h,, the likelihood (4.4) is maximised if

one allocates all observations falling in‘[al—hl,al+h1] to

the first population and the remaining to the second population.

On the other hand, given the allocation wij,the m.£.e. of

hi is equal to one half of the range of the observatioqs from

population i and the m.f.e. of a; is the mid-range of the

observations from population i for each i=1,2. Here it is

necessary to ﬁake the additional assumption that N1 + 1 and

N2 + 1; for, if an allocation of size one is made to either

of the populations, the maximum value of the likelihood is

infinite. This assumption is not particularly restrictive




_80

for large samples unless we are dealing with a "contaminated"
sample where there is quite likely to be only one observation
on the contaminating population. The method considered here
does not apply to such a situation and a different approach
would be required. A recent paper discussing contamination
by outlying observations is that of Grubbs (1969).

Assuming NNy 2> 2, all the possible values of the
likelihood which need to be considered in the search for a
maximum can be generated in the following manner. Let

j e{ 2,3,4,...,N-2}. One must firstly determine the minimum

mj of the quantities

(x(j+1)—x(2)), (X(j+2)_x(3))"'"(iN-l)—x(N-j)) (4.5)

where, as usual, x(l), x(z),...,x(N) are the order statistics
of the sample. Having found mj, one calculates that value of

the likelihood given by
1

xoj (4.6)

CE
Gy ry)
This value of the likelihood corresponds to the maximum
obtained by allocating any j observations to population 1
except f?r X(1) and X(N) which are allocated to populatioq 2
along with the remaining N-j-2 observations. It is also
necessary to consider the allocation of the smallest j
observations including X(1) to the first population and the
remaining to the second, as well as the allocation of the largest
j observations including X(N) to the first population and the

remaining to the second. The two corresponding values of the

likelihood which need to be considered are given respectively

by

_ 1 1

) 3 ; N-3
Gy FanTEG+y?
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1 1 -
AZj = . (4.8)

_ N-3 3 3
= n-) 7% 1) (%) "F (n-3+1)

Thus one compares Ao and A for each j=2,3,...,N-2

i Mg 23
in order to determine which such value of the likelihood is
greatest. The corresponding allocation gives the maximum
2,h1 and

h2 as discussed previously, It can be seen that such a

likelihood allocation and hence the m.£.e.'s of a;,a

method is ideally suited to a computer, especially if sample
sizes are large. In fact, the total number of numerical

comparisons required is given by
N-2
2(N-1) + & (N-j-1)
j=2
=2(N-1)+N(N-1) -%N(N-1) - (N-1)
= L(N-1) (N+2).
It is worth noting that it might sometimes be known a
priori that h2 > h1 > 8 > 0, where § is a known quantity perhaps

determined from the range of a previous sample on the population

U[al—h ,a1+h1]. If this is so, allocations of size one may

1
thenbe considered to contribute the factor % to the likelihood
of the samplerand hence the resulting finite values of the
likelihood may also be considered in the search for a maximum.
We conclude this section by remarking that, because of
the appealing virtue of their uniqueness, the m.£.e.'s would
usually be preferable to the moment estimates, if we are using
a mixed samples model. On the other hand, under a compound
distribution model, the m.£.e.'s can only be derived using
complex iterative procedures and so the moment estimates might

be of more use here, if only as first approximations to the

parameters.
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CHAPTER FIVE

A GENERAL FAMILY OF DISTRIBUTIONS POSSESSING A

MONOTONE LIKELIHOOD RATIO

5.1 INTRODUCTION AND PRELIMINARIES

Consider an observed random variable x defined on a
subset X of the real line R and depending on a continuous
parameter 6 taking values in a subset © of the real line.:
Without loss of generality, we need only comnsider the two
cases where either X is an interval on which the random variable
has a probability demnsity p(x,0) for each 6 ¢ 0, or X is a
set of integers, in which case we let p(x,9) be the probability
of the observation x under the parametric value 0 € 0.

Definition (1.1) If p(x,0) satisfies

P(x;,0,)p(x,50,) = p(x;,0,)p(x,,684) 20 (1.1)
for any X1s%, E X with Xy > X, and any 81,62 e © with 61 > 62,
then p(x,6) is said to possess a monotone likelihood ratio
(M.L.R.) in x. If the inequality in‘(l.l) is strict, p(x,0)
will be said to possess a strict M.L.R. in x.

The above is the definition according to Karlin and
Rubin (1956) and under certain regularity conditions it can be
regarded as essentially equivalent to the more intuitively

appealing definition given by Lehmann (1959, p.68):

Defintion (1.2) The real-parameter family of densities p(x,6)

is said to have a monotone likelihood ratio in a statistic

T(x), a real-valued function of x, if for any el > 92 the

distributions Pe and Pe are distinct, and the ratio
1 2

P(x9el)
——— is a nondecreasing function of T(x).
p(x,0 )
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Almost all the principal distributions occuring in
statistical practice possess the property of monotone
likelihood ratio. Some examples are the exponential family
of densities given by p(x,0) = exp{A(x)B(6)+C(x)+D(e)} where
B(6) is nondecreasing in 6, the non-central t, the non-central
F, the non-central chi-square and the power series distributions
such as the binominal, foisson and hypergeometric. Proofs
that these distributions do indeed possess an M.L.R., as well
as some further examples, are to be found in Karlin and Rubin
(1956), Karlin (1956) and Lehmann (1959).

The work cited in the above references, plus that of
Karlin (1957(a), 195?(b), 1958), has shown the M.L.R. property
and the extenéion to Polya-type densities to be of great use
in the unification and strengthening of a wide variety of
statistical decision problems. The most well known results
are the existence of uniformly most powerful (U.M.P.) one-
sided tests of simple hypotheses, the uniformly most accurate
(U.M.A.) confidence limits that accompany such tests, and the
existence of U.M.P. two-sided tests in certain cases. The
M.L.R. property has aiso been of use in the testing of
hypotheses by sequential methods; for example, to show that
a sequential probability ratio test of a si@plg hypothesis
against a simple alternative has a nonincreasing operating
characteristic (0.C.) function, given that the sample under
consideration is from an M.L.R. family [see Ghosh (1970, p.100-103) ]

The connection between the M.L.R. property and the
classification and estimation problems of the type considered
in the first two chapters of this thesis has been pointed out

by John (1970(c)). Suppose that a sample SRR IPRERPS is
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postulated to be a mixture of one sample from p(x,el) and

2 1

method of maximum likelihood to classify the observations and

another from p(x,ez), where 6, < 0. We wish to use the

estimate the parameters. The likelihood is

N W l—wr
I [p(::rel)] [pcxr,ez>] (1.2)

r=1
where . takes the value one if X is from p(x,el) and zero

otherwise. Given 61 and 62, the likelihood is maximiiid gy)
taking w_ one or zero according as the ratio p(xr) = §T§§%3§7
is greater or less than one; if the ratio is equal to one,
it does not matter whether W is given the value one or zero.
If p(x) can take values both less and greater than one as x
varies over its range space and if p(x,0) possesses an M.L.R.
in x, then there exists a point n in the range space of x
such that p(x) is greater or ﬁotrgreater than one according
as x is greater or not greater than n. This permits the
simple allocation rule of classifying x_ as an observation on
p(x,el) or p(x,ez) according as X is greater or not greater
than n. As the uniform distribution U[0,6] possésses an M.L.R.
in x, such an allocation procedure was applied in the third
section of Chapter One when discussing a mixture of samples
from U[o,el] and U[O,Bz].

We now define the range over which p(x,0) is positive
and quote without proof three useful properties of this range
due to Karlin and Rubin (1956). These properties are also
to be found in the book by Karlin (1968), wherein the term
"totally positive, type two" is used for a function of two

real variables possessing an M.L.R.
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Definition (1.3) We define the spectrum of p(x,06) by the set

o4 = {x|p(x,8)> 0}, for each 6 ¢ 0.

Lemma (1.1) If x <y < z and X € cel, y é\oél and y ¢ cez,

then 61 < 92 and z ¢ oe . A similar result holds true if we
: 1

merely reverse all the inequalities.

Lemma (1.2) The set 9 for any 6 ¢ 0 is a relative interval

in X, i.e. the intersection of an interval and X.

Lemma (1.3) If 6, < 6,, then o <0 in the sense that,
1 2 91 62

if Xy € oe and X, € 06 , then either X £ oe O oe and
1 2 1 2
x L]

X, € O (\ o or x, <
2 el : 62 1 2

In the case of x being a continuous random variable,

these lemmas permit us to specify o_, according to

8
o, = (£,(0), £,(8)), (1.2)

where ﬂl(e) and 22(6) are nondecreasing, real-valued functions

of the parameter 6 € 0; and similarly, for x a discrete-valued

random variable,

0 = {Zl(e), £1(6)+l,...,£2(6)} (1.3)
where 21(6) and £2(e) are integer-valued functions of the

parameter. We allow the possibility that 21(6) = -» and/or

22(6) = 4o for some or all 6 e O.

Using the concept of stafistical connectedness, Karlin
ane Rubin (1956) have also shown that, without any loss of
generality, © can be taken as an interval in the real ;;ne,
not necessarily finite. We assume that g is non-empty for

each 6 ¢ 0.

Definition (1.4) Let Sx ='{6{p(x,e) > 0} for each

X € L) 06 be the selection statistic.
0e®

Then every such S, is a nonempty interval in 0, either
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open or closed. In fact,

5, = [m (x),m,(x)], (1.4)
where m) (x)= inf{o e ©[£,(8) > x} (1.5)
and m, (x)= sup{® ¢ @Jﬂl(e) < x} (1.6)

for each value of the discrete random variable in U 06’
and similarly for the continuous random variable eizzpt that
the inequalities must be strict. If we take X = Llce, then
m; (x) and m,(x) are both nondecreasing on X since Zi%e) and
22(6) are both nondecreasing on 0.

The following result due to Karlin (1957(a)) allows one
to identify and characterise those density and probability
functions which possess an M.L.R. in x, provided that the

spectrum is independent of 6.

Lemma (1.4) Suppose p(x,8) > 0 Y x € X, 6 € © and that

2 .
: 1g§ag(x’e) exlsts on X x O. Then p(x,6) has an M.L.R. in

321og p(x,0)
9x00

x if and only if > 0 on X x 0.

In the next section we shall derive a characterisation
of some M.L.R. families which is suggested by Lemma (1.4),

2

but which requires only the existence of 5 log p(x,06) Vo e Sx’

x € X. Having derived this general family of density or
probability functions, we shall then examine some of its
properties and consider how best to estimate the parameter and

to construct confidence and tolerance intervals.
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5.2 A GENERAL FAMILY POSSESSING A MONQTONE LIKELIHOOD RATIO

Theorem (2.1) Assume that 3% log p(x,0) exists V 0 ¢ Sx’
x ¢ X. Then a necessary and sufficient condition for p(x,8)
to possess an M.L.R. according to (1.1) above is that it

can be written in the form

p(x,8) = h(x) exp{ feg(x,uldu } x € 0,
o ° X o, (2.1)
for each 6 ¢ 0, where g(x,6) is a nondecreasing function of
X e 0 for each 6 ¢ 0, g(x,6) is zero for x § O for each
© ¢ © and is integrable with respect to 6 € 0 for each x ¢ X;
a > -o igs the infinuum of © and h(x) is a real-valued positive
function of x e X.

Proof Necessity:

If p(x,8) has an M.L.R. as given by (1.1) and if 6, > ©

1 2
are two points in ©, then
P(x9el)
n(x,el,ez) = ETETEZT (2.2)
is a nondecreasing function of x ¢ Og * Taking logarithms
and dividing by 61-62, '
log p(x,Gl)—log p(x,62) _ 1°g n(x3el’ez) e o
°1 7 % 1 7 % 82
) log n(xﬁel,ez)—log n(x,ez,ez) .
°1 = % )
(2.3)
since log n(x,ez,ez) = 0. The right hand side of (2.3) is
still a nondecreasing function of x € o_ . Taking the limit
2
as 61 tends to 82 from the right,
2 log p(x,0,) = -2 logn(x,0,98,)]" X € O
56 ) 5 ~O08 T AXs Ty 0,
6=62
= g(x,62) X € 04 (2.4)
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wvhere g(x,ez) is a nondecreasing function of x ¢ Oy -
2
We see that 6, in equation (2.4) may take any value in ©
except perhaps the supremum ei of 0 if thisi@.finite and

belongs to ©. However, if we put 61 = Gi in equation (2.3)

and take the limit as 6, tends to 6° from the left, then

2 1
2 Jog p(x,0%) = =21 (x,0°,0) [
56 ~°08 PIX,04 56 ~O08 NiX,Yq, . X E °eg
_0
) lo=07
= g(x,el) X € Oei (2.5)

Now for any x € X we can combine equations (2.4) and (2.5)

so that
2 = v
) £n p(x,8) = g(x,6) o € Sx’ (2.6)
and if we define g(x,0) = 0 V’e e 0 —SX, (2.7)

then we see that g(x,6) is integrable with respect to 6 on ©.

In fact, 6
log p(x,06) = f g(x,u)du + hl(x) Vo ¢ Sx (2.8)
a -

where a = inf © and hl(x) is a real-valued function of x ¢ X.
Since equation (2.8) holds for any x ¢ X we see that p(x,6)

can be written in the form
) e
p(x,08) = é”h(x) exp{f_g(x,u)du}’ X e 0,

a
0 x R %
for each 6 € 0, where h(x) > 0 ¥x e X, as required.
Suffietency:

Given p(x,0) is of the form (2.1), let x, > x

1 be points

2
of X ‘and 61 > 62 points of 0.

Let L = p(xl,el)p(xz,ez) - p(xl¢5)p(x2,61).

We shall show that L > 0 for all such possible choices of x4,

X9 61 and 62. For example, in the discrete case,
xi\oei#i{xl>£2(el) or x1<£1(el)}i§{x1>£2(92) or x2<£1(61)}:$~L=0

xl\oezé p(x;6,) = 0L > 0
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X, } Gelip(xz,el) = 0=L >0
XZ‘\gcezzis{X2>£2(ez) or x2<£l(92)}=§{x1>£2(62) or x2<£1(91)}=>L=0

Now let x,,X

1°%9 € 0 N oe with x, > x

61 2 1
From (2.1) we have that

0
L=h(xl)h(x exp[fa g(xl,u)du+ Jazg(xz,u)du:]

2

a a

0 9
- exp [ 2 g(xl,u)du + f g(xz,u)dull

) 0
-h(x )h(x ) exp»[f 2 g(xru)dn + f 2 g(ngu)du ]
a
6
exp [f 1 g(xl,u)du] - exp[ f 1 g(xz,u)du] }
e',
S 2
>0 since h(xl), h(xz) > 0 and g(xl,u) > g(xz,u) Voue (62,61)
Q.E.D.

Given a particular p(x,6), the above theorem can be used
to determine whether p(x,6) possesses an M.L.R. simply by

taking 3% log p(x,8) (if it exists) and examining it to see

whether it is a nondecreasing function of x ¢ g

The theorem will also be of use in the construction of families

for any 6 € ©

with the M.L.R. property, but before considering this we shall
first note some results following from the fact that p(x,6)
as given by (2.1) must be a density in the continuous case and
a probability distribution in the discrete case. If the

random variable is continuous, we require that
22(6) 0

‘.f h(x)exp{ J g(x,u)du}dx =1 ¥/6 € 0 (2.9)
’ a

zl(e)
Assuming Kl(e) and Kz(e) are differentiable on © we can

differentiate (2.7) with respect to 6 to obtain
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22(6) 0
h(x)g(x,e)exp{ J g(x,u)du}dx + ﬂé(e)h(ﬂz(e)—O)
2. (8) a | '
! Y 6
X eXP{f 8(22(9)-0,u)du}-zi(e)h(£1(6)+0)exp{] g(21(8)+0,u)du}=0
a ’ ’ a
Veoceo (2.10)
So, if we add the extra conditions that
£1(8) and £5(8) exist Vo e © (2.11)
and that
0 0
lim f g(x,u)du= -o= 1lim J g(x,u)du \/e € 0, (2.12)
x+£1(6)+ a x+£2(6)— a
then we have Eé{g(x,e)} =0 \/9 e 0
s 2 d (2.13)
E,{g"(x,8)+ o5 g(x,8)} =0 Vieoco

etc.

where the series of equations can be obtained by repeated
differentiation of equation (2.10).

If the r.v. is discrete, then

£,(8)

3 p(x,8) =1 Vo ¢ o, (2.14)
x=£_(96)
1

where p(x,0) is given by (2.1) and Ll(e) and 12(6) are non-
decreasing integer-valued functions of 6 ¢ ©. If 21(6) and
lz(e) are both continuous from the right or both continuous from
the left, then we claim that the results of (2.13) also hold

in the discrete case. For example, if 21(6) and 22(6) are

both right continuous on 0, it follows from (2.14) that

‘ 22(e+5) 12(6)
1
0 = 1lim Eg z p(x,06+68) - z p(x,e)} Voceo
8§04+ . x=£l(e+6) x=£1(9)
£, (o)
= 1im % § z [p(x,6+6)-p(x,e)]} by right continuity
§+0+ x=£1(6)
Kz(e) since the partial derivative
= Z M
_ 206 existsvxec,veee
x—Kl(e) 9
12(6) 0
= I h(x)g(x,06)exp {f g(x,u)du} ¥/e e 0
a

x=£1(9)



= Ey(g(x,0)) Veeo - (2.15)
Similarly, by taking the second derivative from the right
we have Eé{gz(x,e) + 3% g(x,8)} =0 Vo e o, etc.

To construct a member of the family (2.1) in the case
of a continuous r.v., one firstly chooses a parametric interval
© in the real line with infiniuma > -, Then define two real-
v#lued, nopdecreasing, differentiable functions Kl(e) < ﬂztﬁ)
on ©. Let o, = (£,(8),£,(8)) Voco and §x be as defined

in (1.4) for each x € X = ‘J Oy Next one chooses g(x,06), a
6e0® B

nondecreasing function of x € o, and vanishing if x & 9y for

6
each 6 € 0, integrable with resﬁect to 6 € © for any x & X,
and such that | |

£,(8) 0
| h(x)exp {f g(x,u)du}dx is finite,
£, (8) 2

where h(x) is a positive integrable function of x e X.

L, (8) 6
Let ¢(6) = {f h(x)exp U g(x,u)du}dx}-l Yo ¢ o. (2.16)
£ (o) a

Since ¢(6) is differentiable on © and satisfies 0 <¢(0) < =

\/e € O we have that

2,(8) . "
"' (uw _ 1
h(x) exp {Ia [g(x,u)+ W%Tj du¢dx = m VG e ©
ﬂr(e)
= J h(x)¢ (a)exp éf [g(x,u)+ ﬁ%‘] du}dx =1 Ve eo
£,(8) ? (2.17)

Hence, if we put h*(x) = h(x) ¢(a) YV x ¢ X and

g*(x,0) = g(x,6) + 2%%%% Vxe og» 6 € © and

g%(x,6) oVa\oe,eee,

then we have constructed a density of the form (2.1):
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p(x,8) = ( h*(x) exp.g[e g*(x,u)du} x e o
a .
0 X k o
where g*(x,0) is a nondecreasing function of x ¢ 9y for each

6 ¢ © and so p(x,0) possesses an M.L.R.
The construction for the discrete case is analogous if

we put o

='{£1(9), Kl(e)fl...,ﬂz(e)} where ll and Kz are

integer-valued functions of 8 ¢ © and are either both left

0

continuous or both right continuous, so that ¢(6) defined by

£,(0) 8 23-1
¢(0) = éﬁ pX h(x)exp [J g(x,u)du]% 8 e 6 (2.18)
x=£1(6)’ vla

will be differentiable with respect to 6 on @if it is finite on

Q.

We remark that in the discrete case the above construction

will be sufficient for the properties (2.13) to hold, but for
the case of a continuous r.v. the extra conditions given by

(2.12) will be needed if (2.13) is to hold.

5.3 ESTIMATION OF THE PARAMETER

In this section we treat only the case of a continuous
r.v. satisfying (2.11), (2.12) and hence (2.13), the analogy
for a discrete r.v. being obvious. From a sample of n
independent observations (xl,...,xn) on the continuous r.v.
with density given by (2.1) we wish to estimate the value of 6.

Firstly, we consider the maximum likelihood estimator.

The pint likelihood of the sample is given by

n O n
L = L(xl...,xn;6)= {rﬁ h(xr)gexp gf T g(xr,u)du}

=1 a r=1
n
for all 6 ¢ )} S
r=

'{elﬂl(e)<x(l) and £,(8) > X(n)}

since ﬂl(e) and ﬂz(e) are differentiable on g, where X(1)see-sX

(n)
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are the order statistics formed from the sample. So the

"m.L.e. will.ge_given by é,Athat'value of 6 which satisfies

I g(x_,8) =0 1 (3.2)
- r
©r=1

provided that 6 ¢ (mI(X(nj)’ mz(x(if)).
The solution of (3.2) may have to be obtained by diterative
methods such as the Newton-Raphson process or Fisher's ."the
method of scoring for parameters'", both discussed‘in.kendall
and Stuart (1967).
From (2.13), Eé{éz(x,ﬁ)+‘3%4g(x,ﬁ)}'= 0 Vo e 0,
and hence Eé{é%ig(x,ﬁ9}~< o Vo ¢ 0, (3,3)
assuming that for each 6 e © B,X € ce;sgt.Ag(x,b)f+;0.
Thus (3.2) will have exactly one .solution with probability
.close to one for large sample size. So, provided we can
start with an initial estimate sufficiently close to 6, we
. .expect a method :such as.thé'Néwton—Rgphson'process to converge
. to § with probability close to one for large sample size.
If the value of 8 so determined falls,outsidekhe.interval
(ml(x(nj); pz(x(ij)},then we take the closest boundary point
of this interval as the m.£.e.

As is well known, the asymptotic distribution of_é will

be normal with mean 6 (the true value of the parameter) and

variance given by

. PV R . e -1 . . » 9 AN :_}1
< A (R - - fmpt 2 g sl
=f{z Eg (8" (x )T by e(2.13)
=l r T |
R SR |
aR LN CRCRPRI R (@.4)

We canvalsOLuse'eqﬁationS'(Z;lﬂ) to obtain the estimates

. of é‘givengby the solutions to the equations




n
Z g(x_,08) =0 (3.5)
ICR R S
o2 3 S s
§ { g ‘(er,-e‘)'l' -8—68‘('}{1":6'1)} =0 (3:6)
r=1
noog R SN -
I {g7 (2 0)+3g(x_,0) 75 g(x_,0)+ b= 0 (3.7)
r=1 -

etc.

These estimates will also be subject :to the .condition that -
they,belong.to'(ml(x(nb); m2(x(15))and.we,note that (3.5)
yields the m.Z.e. The above three equations may be con-
sidered as convenient analogies to the moment equations
when these may in fact be too complicated .to be useful.
. Hence it may be possible in some cases that 'they could be
more easily applied to the problem of solving for several
unknown parameters in the case of a mixture of populations.
In general, however, the solution of these equations will
require methods of iteration.

Since’Eé(g(x,ﬂD) =0 b/é £ 0 we might consider another

estimator 8 of 6 based on minimiSing.the sum of squares

n
S = _Z_gz(xr,ﬂ). Then & will satisfy the equation
or=1l

g'(xr’:e) -é—% g’(_xr,{e) = 0 ' ; (3.8)

s

r=1
provided this does in fact minimise S ‘and subject to
5 e'(mrgx(nj); yigx(13))-‘ If 6 falls outside this interval
we take that boundary point which minimises S .as our least -
squares estimate of 0.

We shall now illustrate these various estimates of the
parameter by ‘applying the methods outlined above to some

- examples of M.L.R. families to be found in Karlin (1956,

p.125) and Karlin and Rubin (1956).
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Example (3.1) Let p(x,9) = % sech(x-8) for x, 6 e R.
e oay o 0 o ey _ sech(x=0)tanh(x-0) _ o
Hence g(x,®0) 76 log p(x,08) = ~sech(x-0) = ‘tanh(x-9)
n
and so the m.£.e. of 6 is given by I g(x_,9) = 0,

=1

tanh(xr-ﬁ) =0,

r=1

=
(]
e =]

The least squares estimate accordlng to (3.8) is given by

Z tanh(x -e)sech (x f—ﬁ) = 0
1 - . 2 ~.
i.eos Z‘tanh(xr—ﬂb[l - tanh-(xf—ﬁ)].=

and from equation .(3.6) the second moment-like estimator is

~given by that value of 6 which satisfies the equation

n .2 ' .2
2 [tanh®(x_-0)-sech“(x -8)] = 0
r T
=1
n 5 S
i.e. Z'IZ:tanhl(xr—ﬂ)fl]l=-0

n 9 : ,
i.e. Z'tanhl(xr—ﬂ) =

Nz

" .It can be seen .that iditerative methods will be required for
all three of these estimatars, but that such methods will be

. simplest for the maximum likelihood estimator.
N X=0 .
Example 3.2 Let p(x,9) = ¥ 6-e for x,9 ¢ R.

I ,

- log p(x, 6) -1 + e*7° and so the m.f.e. of
S X -8 , n- x

(-1+e © :) 0, i.e. 6 = 198(% T e ©).
=1

Then g(x,9) %

6 is given by

l; A

ol MBo|®

- The least squares estimate is given by

) n 2% . n X .
6 = 1log( =z e ’r} - 1dg( "z e ),
=1 r=1

-and the second moment-like estimate satisfies the quadratic
. 6 .
in e given by

BRI P
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Example (3.3) If p(x,9) = -%fﬂ(x—ﬁ)me_(x_ﬁx X > 0
b0 X < 6
where m > 0 is an integer, then the m.f.e., least squares

estimate and second moment-like estimate ‘are given by the

solutions to the equations

n 4 - n . m(x_-6-m)
Zi(xr—ﬂ) 1 = %, )3 ———lL—4——3 = 0 ‘and
r=1 Cr=1 .(Xf—ﬁ)
n ¢ m(m-1)=2m(x_-9)+(x_-0)2 7
T T . . .
z . — = 0 respectively. Hence it
‘v(Xr—ﬁ) A

=1
is apparent in these and other '‘examples that the m.L.e. is

- usually the simplest ‘and hence the most useful of the estimates

discussed above.

©:5.4 . CONFIDENCE AND TOLERANCE INTERVALS

Lehmann (1959) has shown how the theory of U.M.P.

. one-sided tests for M.L.R, families depending on one parameter
6'canAbe,used:td.coﬁsttuct:U;MLA; one-sided ¥y confidence
intervals for 6 ‘and Zacks (1970, 1971) has shown how these in
turn can be used to.deriver;M;Al one-sided (B8,y) :tolerance
intervals. . We shall.notﬂdefine,the'various,cdnCepts.here;
'but.refeq.thelreader:toPZacks.(197$)'or:Guttman:(1970);
HHowever;Htafexpedite the discusSion; wve quote the following

. threé'main,results;

Theorem?%4ii)ﬁ If d°=’{p(x,£); 6 e 0} is a family of density
;’functions Which is M.L.R. in T(x); and if the distribﬂtion

- function H(t;b) of T(x) is continuous in t for each'é,.then
(i)  there ‘exists a U.M.A. ¥ lower confidence limit ©.(T)

- for all Y;«O < v < 13

(id) if‘the.root”ﬁY(T)-offthe equation H(T;®) = y belongs

..to © 0, then 6.(T) = @y(ﬁ)-
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Theorem 4.2 .vLetdg{»p(x,ﬁ);e ¢ O0}be an M.L.R. family of
density functions of an integer-valued discrete:r;vr;x;
Let U be an independent r.v. having a uniform distribution
on (0,1). ..Then.the:U;M;A;Yflowef.confidence.limit.for S
is the.root”g:of.the equation

j-UE(x;h) + (1-U)F(x-1;9) = v

where F(x3;®) is the distribution function of x.

Theorem 4.3  1f 6Dis an M;L;R;'family of one parameter
distribution functions and Ky(X)xis aﬁU;M}Aly'uﬁper'(reSP;
.vlowex).canfidénce”limit,for'6;.then>£§¥(x)'é FTl(ﬁ;K{(xD)
is'&:U;M;AQ,(S,w)"uppef'creSP;.1owér)utolerance'Iimit:

' Now one can see that to apply these theorems. to the
,,conStruCtion of,confidenceJandAtolerance limits based on a
' random“Samplg xr;;.;;xn;offindependent.obServationé:on“an

M.L.R. family {p(x,0); © e'G};lit’will.be.neCeSSaryufor‘the
. . n

seeesX_30) = 1T p(x_,0) to possess an

1 n R r

joint likelihood L(x

" M.L.R. in some statistic T(x,,...,% ), in the sense that the
: . , 1 n

1)

~ratio e,)_sh'ofuldvbe a nondecreasing function of

=L(x1;;.a,xn;

'T(xr;q.n,xh);for.any 8, > 0,, say

1 2
L(xl,”tl,x 3. 1)
TG ax_36,) = p(T(xy,eevsx )5 1,9 ) (4.1)

If we fix 92 = Ooiinxequatioﬂ‘Kﬁ.i),.We'have that'
;'L(X s e -”X: e) = )piCI‘*(Xlan.-,x )3 e e )L(Xl,-.-,x ",e"o)’. for ¢ _.>_‘,603
and if we fix 6 = 9

1 6’ ) o
LCxl,...,xn;B) (TCxl,;..,x ), e)chl,.;,xﬁ;eb)_for
. < ao..T.Hence,>by,the.well:knowﬁ‘factorisatiOn.thedrem

 (Halmos and Savage (1949)), T(xigg.laxh),is a sufficient

~ statistic for 6. . Hence, theor®ms (4.1),(4.2) and (4.3) will
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not be applicable unless the M.L.R. family{ p(x,9),6 e 0}
admits a:sufficient.statistic; Moreover, T(xi;g;;;xh)
" must be a single, one-dimensional, sufficient statistic and
so, assuming certain regularity conditions are satisfied,
p(x,£)'mustﬁbeﬂof,the well known Darmois (1935) - Koopman
(1936) - Pitman (L936) form,

p(x,9) =exp{A(x)B(O) +”C($) + D(x)} i x € X; o ¢ 0

| Ci(4n2)

~given that its spectrum o, is independent of 6. This

S
- result was proved under various regularity conditions on

p(x,9) :and/or T(xi;m.a,xh)‘by the abowve three authors.

- The work has been extended by Dynkin (1961) withﬂemphasis.on

a dimensionality analysis of the log-likelihood function.

- Brown (1964) has given a more rigorous statement of the
'.rggularity.conditions under which these extended results

hold true. . A very rigorous treatment of the dimensionality -

problem hasAbeen-carried.ouﬁ;by-Barankin'and-Maitrau(1963)
.who‘obtained.neceSSary.and:sufficieptvconditions for results
- like 3(4.2). to be both locally and globally valid. We also

- need the}fdrw.xﬁhﬂ)ﬁin.thE'caSeﬁof'a discrete-valued random -
variable and.for.ﬁhis.we’can.refér,tO'Fraserﬂ(lgﬁﬂ). . This

- author displays a simple’proof”based.on a',methd of

: likélihood;.that fixed'dimensionaliﬁy of:the?sufficient
statistic under increasing sample size is restricted to the
.iexponEntial'family; the analysis not being confined to

. continuous densities haying a piecewise smooth ‘deriyatiye
with respect ‘to x, as in;Dynkin's,work: ' A recent paper which
derives from (4.2) Ffor a discrete<valued random wvariable

posSeSsing-a:sufficieht’statistic.is thatfof‘Andersen.(lB70);

who places all the regularity assumptions on the structure
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0of the statistic.

"In.the‘case'where'oe depends on 9, Ty a(ﬂlce),£206))

for a continuous;r.v; and Oy = {21(9); @I(ﬁ) + l;g.;,ﬁzcei}
- for a discrete-valued;r;v;, the likelihood of a sample of
n observationé‘xi5gz;t;.;xn‘can.be written as
E

LGtpseees%39) = WUk (5)0Ge )2, () T pCx,,0)

Cr=1

cT(4.3)
where 3(1);3(Q)’“°*?X(h)'are“the order.statiétics'ffom.the
sample ‘and where u(.) is that function which takes the ‘yvalue
. one if the ‘argument is mnonpositive ‘and zero otherwise. It
. has been pointed out by Pitman (1936) and Davis (1951) -that
a factorisationoof the likelihood ’(4.:3) appropriate for the
existence of a single, one-dimensional sufficient statistic
is‘possiblezif and only if one'of:ﬁl(ﬁ)'or @é(@) is independent -
of 6 and fixed, ‘and p(x,9) is of the form

p(x,9) = %%%% 'x e 0. L A)

If ﬂz(ﬂ).is fixed and ﬂl(ﬂ) varies with 6 e 0, the single
- sufficient statistic w11l.be‘T(xI,g.r,xh) = 3(1); and if

El(S)Aié fixed and the upper limit Kz(ﬁ) varies with © than

1°
. the sufficient statistic is given by-T(xl,...,xh) = x(h).
It is easily seen that, for each of these cases, the
- likelihood .as given by :(4.:3) and (&.4) will possess .an M.L.R.
in the appropriatefstatisticVT(XI;g..,xh). |

. Thus we have shown that requiring the likelihood of a
sample to possess an M.L.R. in a statistic T puts the very
‘narrow .constraint (4.4) on the form of our density or

probability, :function 'p(x,0) if o, depends on 6, ‘and it is

0

_ easily seen that :densities of type :(4.4) possess an M.L.R.

in x. If Ty does not depend on 6, then we are restricted
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to an exponential family of type (4.2) and so the likelihood
of a sample,

n
L(x aX _39) = exp{B(0) = A(x )+nC(6)+

Cr=1 T r

o~ s

D(xr)},
4.5)

: n
possesses an M.L.R. in the statistic T(xl,...,xh)= I A(Xt)
or=1

9.0 ®
L 1

provided B(®) is nondecreasing in 6 e O, or in .the
statistic T(Xl""’xh) = - ?fA(xE) if B(e) is nonincreasing
‘ r=1

for 6 e 0. So we can apply theorems (4.1), (4.2) and (4.3)
to any p(x;ﬂ) of type (4.2), provided that B(6) is a mono-
tonic function of & € ©. It should be noted that this does
not imply that p(x,6) has .an M.L.R. in k,(though,it'does‘of
.course have an M.L.R. in A(x)) unless .the function A(x) is
monotonic in the same manner as B(#6).

Some examples of families poséessing.an M.L.R. in x,

but for which one cannot apply theorems (4.1) to (4.3) to the

likelihood of a sample are

pl(x,ﬂ) gmx /6 0 <x< 6, 6 >0, ma positive integer
T 0 elsewhere
pz(x,ﬁ) = %T (x- 6) e (X'B)‘x > 6, 6 ¢ R, m a nonnegative
.elsewhere integer
p3(x,6) = : ? sech (x-98) x, 6 € R.

For M.L.R. families such as these we seek .other .confidence
and tolerance intervals which are easily calculated and which
we hope possess .some optimum properties.

Following Rao (1965, p.384) let XpseeerX be n
observations on the M.L.R. family'{p(x,ﬁ); 8 ¢ 0} of type (2.1).
Then the locally most powerful one-sided test of HO: 6 =6

o

against le °) >60 at levela is
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aRIe: ey (4.6)

ie. I g(x_,0)>k (4.7

where k is such that the type I error is o.

Under regularity conditions discussed in Section 2,

' rp 9
L (3 ~P<X’-e’o)} : NS
an“{ p(X’e_o) = E, ,{g-(x,e.o)}

Qo
F 5 B(x,6,)
and . E 0
Vo, 1P
) >0

where'i(Gb).is Fisher's information .at 60.

If n is large, by an application of the central limit theorem,

]
(=]

1y

B, {g%(x,0)}= i(e),

.0

D n )
—t T g(x 6 ) ~ N(0,1).
an(e ) r= 1 °

. Hence if da,is the upper a-point of an N(0,1l) distribution,

the approximate value of k in (4.7) .is

R B e oy Jr-va
kK = da /nl(eb).

Hence the approximate one-sided "locally accurate" (1l-o)

conﬁidenceﬁinterval for O based on the test '(&4#.7) will be
| n B
<L oglx, ) -

e"’ r=l & < d ./H}ﬂ{ékee n sl (4.8)
_. '-‘{;Ee.('g 2ex o2 T B

. This can be taken as :‘an implicit confidence interval for 6

which will be ‘easily calculated provided

—— — (4.9)
RENCHCRIPNE

is invertible as a function of ©. We have that -



=102~

3 g(x,0) ’[E (g (%, 9))] eg(x 9)
0 %[Ee_(;gzl('x,:é:)')]l/z.} - —zg(x,.&).[.a.e. e,(.g. (%, 6))1[E (g (x, AG‘).).].,

B (87 (x,0))
(4 .10)

‘and the 'expectation of (4.10)"taken_for.given 6 will be
strictly negative since

By (g(x,0)) = 0
and Ey (55 g(x,9)) = - E (8%(x,9)). < o,
provided we add the regularity condition that, for each B ¢ 0,
- there exists at least one value of x ¢ X 'such that g(x,6)> 0.
Hence for large sample size (4.9) will be invertible as a
. function of 6 with probability close to one, and .so the

confidencevinterval (4.8) will be of the form

. n
(8, sup ©) N () 5. (4.11)
Cp=1

=1 Tr

where 6is the asymptotically unique solution for 6 € O to

n

the equation I g(x ,9) ,
.rj—-'1:2> —, =d /n
RENCRICRET N

. Upper .confidence limits 6 can of course be obtained in a
similar manner. It is to be moted that since we have taken
. the intersection of the ordinary upper confidence interval

with the so~called selection statistic [Q Sx , the confidence
=1 Tr

coefficient will be at least .as great as l-a.

AAlso,'if.WeﬂtestiHO:e = 60 against H1:6f+eo we ‘can set

- up the two-sided (1l-0) confidence interval given by

n
..Eu‘gc* ?Q). 4o ) n .
{o: e — 5_\5155 /Y0 {e: 6 e (s }us.12)
[E (g (x e))] > r=1 “r

The test on which this confidence interval is based is not -

locally most powerful unbiased but has been shown to have
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some optimum properties in large samples - see'Raov(1948(h)%
Rao and Poti (1946) and Wald (1941).

Assuming that we have a vy = 1—& two~sided confidence
interval for 6, we now wish to find a (B,y) tolerance interval,

i.e., we wish to find LB‘f(Xl’”"’Xh) and LB Y‘(xl,...»,x:n).such
3 | 3

that
- /" ) B i v : - . - . : :"‘ T
Pe{Pe[Es,y(xl’”"’xﬁ)i x < LB,Y(XI,...,xn)]i_B} >y
(4.13)

Let the two-sided Y.confidence:interval.be’[eo,éi].Where,eo
and el'are both functions of xi;,.f,xn'derived'from W(4.12).
Let F(x,6) be the c.d.f. of p(x,0). Since E(x,b).is a non-
- .decreasing function 0f x for each o ¢ @,.we‘cantdefine’gAto
be the 'smallest .point in X such that -

: F(b,.e-‘l) = Pr(x < 1131["9;1)'- —>—=61 (b 1%
and a to be the largest point in X ‘such that

S F(a,0) = Pr(x < a{;’e:o); S B < By (4 .15)
Lehmann (1959, p74) has shown that if p(x,0) has an M.L.R.
in x, then F(x,%) is a nonincreasing function of the parameter
for each x ¢ X.
Hence B . < B < F(b,0y) < F(ﬁ,‘e:o),
and so, by i(4.15), F(a,0:) < F(b,6)

- a <t

,.Hence<Pé(a < X < b) > By 1]-
= B if we put'Bl = 1 (1+B)

- _— ﬁ
Bo_for o € Leo,e
"and‘Bo = 3%(1-8), which is only one possibility, not necessarily
. optimal.
. Hence -PG{PG(Q <X < £T irﬁyii_Ys'as.required.7.,One—
sided tolerance intervals can be constructed from the "locally

‘accurate" onewsided confidence intervals 'in the same -manner..
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5.5 . A RELATED: PROBLEM

- In this section we shall investigate the conditions

- under which a joint density function given by

ﬁ(ﬁ,@) -  A'ﬁ/:'l — lexb{é%ng(ﬁ)§} 6 e 0O (5l1)

em Aot ey |

- has a monotone likelihood ratio in real-valued statistic
3(%)- i:HetQ-%”?(xI,gzéa.f;xh).is a vector of an obSerVations
with a joint mormal distribution,; the parametric space ©
is an open:intervai'in the real line R,andzﬂ-l(ﬁ)‘131the
positive definite variance-covariance matrix associated
with:(Xi;;zgg.f;xh);

- Such a'problem'arises.forfeXamplefin,the,following
. context.  Let V be a random variable with distribution
function F(v) and characteristic function given by -

ity

Ity = MY ar(w). (5.2)

V() = E(e
On the basis of m independent, identically distributed
: obServationslVi;nga.;,VmAwe”WiShfto,teSt.the goodnessgof
- £it ‘hypothesis

l .Ho R (Cv) -"-‘ F’ol('v) 1 (5.13).
.where FdCV)is.COmpletely specified ‘and V is symmetric .about -
: the'origin; . This is equivalent to the hypothesis

A_Hé:w¢(t) é.wdct)
Where wd(t)Gis:thélcOmpletely-specifiedvcharacteristicrfunction
~of a random variable V symmetric about ‘the origin. Such
questions‘have:been.considered;byiHeathcotef(lBJZ);.who

proposed the test statistic

.23 [ _:;tV# A :
(4 _ e lNTE o . ) (54
;Wm(t) = (;) .j§1s1n{ ri% } (5.4)

which has the property thatrtheAvector»(Wm(ti),_Wﬁ(pélg.,wm(thb)

is asymptotically multivariate normal with zero mean wvector.
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Hence;‘forfteSts‘usingvtheftestfatatistic Qxl,gz;g;.;xh)
= (Wﬁ(ti);,Wm(;b),;.;,wm(th)).it.would.bejof”intereStuto
establish the conditions under which a multivariate:normal
density of the type (5.1) possesses an M,L.R. in some statistic
T(x) = .T(xl»';xzf,g.z. Cax )

" If such a statistic I(%)ieXistsﬂit will be a sufficient
statistic for the family {p(x,0); 6 E'O};‘and.so.We.expeCt
SOme.analqu.to,the.Kodpman-PitmanFDarmois.fdrmufor p(x;ﬂ);
However, we cannot apply this well:knownKreSult'directly;.as
it is based on n independent identically distributed observations
- on a realfvalued random variable. = Since the random variable
. % in the above problem takes values in the Euclidean space
Rn,.it will be necessary .to develop a new method of character-
isation.

We shall need the following lemma which is a generalisat-

ion to the multivariate ‘case of Theorem :(2.1).

WLemma’KSiﬁ)x»Let'p(§,ﬁ).beithé.joint:density-of a random
.'variablefﬁ =w(xi3§2#g.f,x£)‘takipg'values in:RF;under.the
. one-dimensional parameter é € 0, ‘an open ‘interval din R.
Assume thaf_?%.lpg p(%,b)ﬁexists:for’all_ﬁ'and allQG. . Then
a necessary and sufficient condition for p(%,@) to possess
~an M.L.R. in a real-valued statistic T(%)@is.that:it'canvbe
written in the form

Op(x,9) = H()) exp] J G (T(g),u)du} - 1 (5.5)

_ g

.where;H(X)mis,a-pOSitive;.realévalu36‘iﬁﬁCti9ﬁ1°£i%;
-‘GCIG%);ﬁ),is azreal-valued;.nondeCreésing:funCtionfof‘TG§)

- for each 6 € 0 and a = inf 0.
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- 'Proof The proof is a natural generalisation of that for
theorem :(2.1). In this case one considers the ratio

p(x e:)“fOr‘Bl > ﬁz, which is known to be a nondecreasing

- function of the one-dimensional statistic T(%). Taking
logarithms and limits as in theorem :(2.1), it is easily
»shown.that’K535).is.thefnecessary_fdrm.for)p(x,ﬁ),,where

G(T(x) ,9) _ ae 1log 'p(x,0) v;a e R%6 €0 1 (5.5)
and G(T(x),0) is a,nondecreasipg:function;of'$(§)vfor'each
© € ©. In this case ‘the ‘additional complication of the

spectrum depending on 6 is absent.
Q.E.D.

IQUsipg;this.lemma, we ‘can now state and verify a
necessary and sufficient condition on the form of A(®) for
'p(§;£).as.given by (5.1) to have an M.L.R. in a statistic
T(%);'provided.certain.rggularity.asSumptions'are’satisfied.

Theorem '(&.1) . Suppose that p(%,0) is given by (5.1) and

- dh(9)

that —EE—eIeXists‘onf@. Consider a statistic T(%), a

: function from R" ‘into R, such that there ‘exists tg £ R such

that thereﬂ{ﬁa*ﬁ(%)j=\t;licontains'amongst.its.elements.SOme
Eﬁﬁiil distinct :points % = i(X_ 1,X_ ls+s.yyX ) ‘helonging to
2 oy Rt FRa JNSRN T

" which possess the property~that ‘the matrix’ Z has full rank,

where the rth'IOW‘Of ‘Z, written in wyector form, is given by

a2 2 20 . « . o .
Z03 (X RT el d, X g XXy XX g XX g XX 5 XX,
x 1 T Th  Fp Ty TyTy  TyTaph Eu Y1 f4 P2
DX DX yeeey XX » XX } (5.7)
14Lr3, T r(nhQ) T (n 1)

- for each r=1,2, (n+l).

L I ’2
~ Assume also .thatag\c’o{ e {x: T(x)

v dAC) 1 .
ko a6 Ko TO O

Then a necessary and sufficient condition for p(%,ﬁ) to

n

t;}tSuch'that‘

e 0. (5.8)
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possess :an M.L.R. iin théfstatiStic.$C§)‘is‘thatéﬁcelﬂshould
be of the form - |

O (:é) = ¢ (‘:HGA)M+NS B e © ‘ -‘(51;;—9)»
where ¢ (0) is a real-=yvalued, ¢iﬁfereﬁtiahlefand‘monOtdnic
;:functionjof'e; and where M and N'arefn§n'matticescindependent

. of the value'of'é'inje.

-'Proof If the form (5.9) for A(8) is satisfied, it follows

that
2 d “d‘A"'e
52 log p(£,0) = -k 3o log|a™ (o) |-k 5 L) o
d oy do (8 |
= -% g5 log|A” oy |- J’—(—)— x'Mx  (5.10)

. The right hand side of (5.10) is a nondecreasing function of
. the real-=valued statistic T(x) = ﬁ’§'M x.according4aé 49(8)
, A : . de

is nonpositive for :all 6 in @ or nonnegative for all 6 inu0.
. ‘Hence, by an application of lemma (5.1), the .joint density
g(%,ﬁ),.asfgiven'byithe'equation'(511),.possesses an M.L.R.
in ’Ti(%').'

. .To prove the mecessity of the form !(5.9) for 'A(9), we
. note that p(x $), as given'by (5.1), must ‘also be of the form

p(§,6) = H(g) exp{J G(T(x) u)du} g € R™, 8 e 0 (5.11)

. This follows from Lemma (5.1), where.Hﬁﬁ)_is a positive, real-
- valued function of x, a = inf OAandvG(T(ﬁ),ﬁ)‘is a non-

- decreasing function of T(x) for each é'in1@. After equating
~ the two forms !(5.1) :and (5.11) for p(%,9), taking logarithms
and differentiating with respect to 6, it follows that A(9)
gatisfies the differential equation .

6T = % S Togacen)] - % x' B w0 ¢ 0 (5.12)

We do not attempt to solve equation (5.12), but we wish to

" make use of it in order to derive the form of A(B). If we
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define a‘new:fUnctionfK(T(x),b)1ofVT(X)‘and é according to
cd - ‘
K(T(x),0) = 35 log|A(6) -2 G(T(x),®), - (5.13)

it followsﬂthat'K(3(§)}ﬁ).is a nonincreasing function oflr(ﬁ)

for each 6 ¢ ©. . Also, equation (5.12) can then be rearranged
to yield
. c o Ao .n o
K(T.(%x),9) = %"fﬁé_; X 'geR, 0 ¢e0. C(5.14).

It follows from equation !(5.1%) that, for each 6 e O,

 feaT (k) = dA<é>. . o
1x:T(x) = t }c:{x. x" 30 K = K(to,,e)} '(5.15)

By the assumption (5.8) we have‘thatlT(§b) = td'and

Q%éﬂ% %& #10 V & € ©, . Hence we can conclude from equation
'(5.14). that -

: 'K(t "Nré)f + 0 Ye e 0. 1 (5.,16)

dggg; x_"K(t ,é)k.for any value of Q e 0.

Consider”: {§. x!
It can be written in the form -
n n
/. ¢ N .
{x: = I a,/), () x.x, = 1}, < (5,17)
%113—13 %3

where xi.is:the’ith component of x for i=1,2,...,n ‘and aij (0)

g Eh L d(e)
i8 the (i,J)  entry of the matrix K(to,ﬂ): To

for i,j=1,2,..,n.

. e e o L e Y Far ameh emt o Dol
Furthermore, since X, Ei{%v T(%)V.'to}_for each r 1,2,...?2(n+1)

it follows from the inclusion (5.15) that
. n . n
e’ {x: & L a (ﬂ)xixj = 1} for each r=152,g..,%6n+1).and

S X
AT VY ey g=1 13

for any 6 € 0.

. n n -
S } o o1 Beaay e 1,
Hence i£l jilaij(ﬁ)xrixrj -1 T 1,2,L..?2(n+1) (5.18)

" Equations !(5.18) ‘can be regarded as a.set;of_%(n+1) eguations.. -

where 1 > J and

in the —(n+1) “unknown ‘coefficients a, 1%

i=l‘2,...,u. ") [Note ‘that from the symmetry of A(ﬂ) and - hence
NP < 1% €D IR, e

poﬁ-féggl,.we have..that.aij =.a Ji for 1 < J and’ JHl 2,...,n.

, Tﬁefeforevthere5arefonliy%cn+llﬂnnknowhs as giyven aboye, and

not'hZ'unknowns as it might at first appear.] Now, the
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assumption that the matrix Z is of full rank implies that
thé;%(n+1) equations of (5.18) are linearly independent and

so there is a unique solution for each of the coefficients
aij(ﬂ); and moreover, this unique solution will be independent

0f the wvalue of 6 since it depends only on the fixed points -

ll§r,§2ga.51§2(n+i). . This "implies that, for any 6 € 0O,
R LN
1 anaee) A ce e , ..
K(to,ﬂ) T = M where M is an nXn matrix independent of

6 and hence A(®6) can be written in'the form

:A(ﬂ) = ¢ (0)M+N, 6 € 0O, (5.19)
where N is also an nXn matrix independent of 6, :and ¢(0) is
differentiable on 0. . Equation (5.1%4) now becomes

» ' ‘ ‘. = d[(,e) ' . v n

the left hand side of which we know to be a nonincreasing

o

function of TKﬁ);for'each ® ¢ 6., This implies that ¢(6) is

" monotonic on © because I(ﬁytcnn be taken, without loss of

_generality, to be a .scalar multiple Ofi§’M%(Such a scalar

must be negative if ¢(6) is nondecreasing on ¢ and positive

if ¢ (6) is nonincreasing on 9). Equation (5.19) is therefore

. .the required result. Q.E.D,

. ‘The awkwardzrggularity;conditionsvonfI(%):in.the‘
hypothesis of Theorem (5.1) may seem rather artificial ‘and
so we shall now present a similar result deriyed under some=

what more matural conditions.

Theorem (5.2]) .. Let gC%,ﬁL.be;gﬁven_hy»(Sfi}‘and.let T(%L.be

’ a'mapping‘from'Rn into R. f,Assumeﬁthafvggflég'p(x,ﬁ)‘eXistS’

: and'is'differentiaﬁle”withﬂrespeCtAto.IG%),forfalli(x,B)eRnX;Q.

,Let‘ed e ©®, . Then a.neCeésaryrand:sufficient.conditionffor.

p(%,ﬁ).to,pOSSeSS'an’M.L;R;‘in‘TC§X:Such@that
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() 6 A e L GRCB) L
'GQQ(%)?eb) = z Eg,lpgkA(Gb)l - %_&'_- 0% x is a strictly

.de
increasing function of T(%), is.that:A(E) can be written in
the form
CA(B) =9 (6) M+N 6 e 0 ' (5;20)
wherev¢(€); M and N are as given in Theorem :(5.1) except

that ¢ (0) possesses the.additional'property‘that E%éEhlf+f0-

- Proof The sufficiency of the form (5.20) follows as in

c.dg.(6:)
Theorem (5.1) with the additional remark that since ;——E%—'+'O

it can be seen from equation (5.10) that
4 ;ﬂA(Ob)

-, = 1. = o | )| = 1 ' ~
G(T(x),0:) =% g5 Llog|a(e ) |- % x' —5

¥ is a strictly
increasing function of T(%);
. To prove the necessity of the form (5.20) we follow
. Theorem !(5.1). :to ‘the point whgre we ‘are able to write

: ey w) o ot GACE) .
RETGE)L) =g ek

6 € 06 1 (5:.:21)
where K(T.(x),0) is a nonincreasing function of T(%) for each
9 € O.and.is.strictly:deCreasipg.infT(§).for 8 = 60. Since
GCT(%),ﬂ) Q,E%ﬁlpg p(%,ﬁ).is differentiable with respect to
3(%).for each 6 by assumption, so is’K(Z(%),ﬂ).

. For 0 = 00 we may invert equation (5.21) to obtain

T (x) =,K¥;ij'“gA(Bb)i§g Q (5.22)
R 0 | N ——— : :
.ot ".deé
. dA(e:) n
" Now let us define M = 533—3— , a mapping Td'from R dinto R
~given by
TR = " Mg - (5.23)

- .and a bivariate function on Rx0 given by

ey ol w ey en 5 DA,
R (. ,9) —xx['geo(f),ﬁ)}.‘ (5:.024 ).

From !(5:..22), .(5.23) and (5.24) it follows that T&(%) = §[M§v
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is a well-defined statistic satisfying

. , 0y = v GNCO) (5. 25
'.Ko'(.To'-‘("%)"e) =x'"' "33 ¥ 00 (5.25)

where KO(TOK%),E) is a nonincreasing function ofvTo(§);for
each 6 ¢ 0 and differentiable'withIrespeCtLto‘de§)rfor
. each 6 & 0.
Now equation (5.25) can be written as -
) noon ) )
'.Ko(Td(§)5E) éji§1 j§1?inAij(9) (5.26)

. " . ey = 9 R
K C = - ) o(0) ) ' (8) = — (o
where JA(9) - 1xij(e)) and_xij(ﬁ) _ de,kij(e).

' Differentiatiﬁg (5:.26) with respect 'to xkxwe'have'
| BKO(;II%(?\E;;S ) .-1 18'..'::{ (;}‘{') = 2 g )\!"k» (o) Xy i f(’5.‘>.-32:7.)'.
oV Xk i=1t

k = 1,2,.04,0

where we have used the fact.thatgA(b)'(and.hencé'd (ﬁ)-)

is a symmetric matrix, being the inverse of a variance -

. covariance matrix. Let M =“(mi3). . Then
n 0
Td(%) = Ev--E mijxin.and.so equation (5.27) becomes, since
i=1j=1
) ’ . ;B.Ko; (AT.‘OL_ (){6 ) ,.36 ) n n .
P A gt - . : = : o
M is also symmetric, 5T (%) -, 2.-5 WX, 2 .E-Aik(e)xi,
To R i=1 i=1
(5.28)
)
~Hence I AfpC0d®y 4y (po(x)ie) S
i=1 =92 oM ' k=1,2,...,n ' (5,29
T n ST 1 (x) TR mynn e
$om, )X, o x+ 0
. ik T4 ol
i=1

. The right hand side of (5.29) does mnot vary with k ‘and
so, if we put :all the components of x equal to: zero except
. the j-th which we put equal to one, then we can write, .for
’ mj k: +’ 0’

Al (8) j=Ll,2,...,0
ik
== = 4 (0) k=1.2. .

mjk | =1,2,..4,0

© (5.30)
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where ¢3(ﬂ)‘is.an integrable function of 0, mnegative for

all 6 € 0 and independent of the wvalue of k. 'If‘mjk = 0,
. then, by (5“28)’ijk = 0. Hence
_x;k(e) = ¢5(9)mjk ' jél52;g.;,n and kélgz;f.;,n
- '(5.31)
L dK(e) B
However, .both 733——vand M are symmetric matrices,
3 ) :‘ = ' :b 5 = . - e R 1 )
l,e._ljk(e) ,~Akj(e) and.mjk ‘ mkj_for all j ‘and k, and so

it follows that -

9108 = ¢45(8) = = $200) = ¢'(0).
Hence 9—3%)— = $'(8)M and so A(8) = ¢(O)M+N
where ¢ (6) has nonpositive derivative on 0 and M,N are nxn
matrices'of,constants:suchithatzﬂ(ﬁ) is‘positive.definite.
We could‘have.choseand(ﬁ) = -x'Mx, so that in general we may
conclude that ¢$(8) is monotonic and differentiable with

" respect to 8. Also, since G(?(%),eb) is strictly increasing

in T(x), it follows that 49 (&), *;0.
T '8 Q.E.D

It is interesting to note that Theorem (5.1) can be
extended to a1characterisationfoffﬂ(é):Such.that'p(§,£)
possesses a.one4dimensional:sufficient:statistic‘$(§)jrather
. than :an M.L.R,. in T(ﬁ),-providedAthe-Same.rggularity
'.assumptions,on-T(§) are made ‘and provided as before that -
3%,log p(%,ﬁ)lexists:on‘RnQO. ,ThiS'lastnaSSumption,means
that p(%,ﬂ) will have the form .(5.5) given by Lemma (5.1),
pK%,B) ='H(%)gexg{JéG(T{%},u)du};
' “a

éxcept.that‘G(Tﬁﬁ),B) will not mecessarily be a monotonic
function of I(ﬁ),in this case. . Thus we are able to develop
the same form .(5.9) for A(8) by following the proof of

Theorem (5.1) and omitting the questions of monotonicity of

- K(T(x),p) and $(¢). We state this result as a corollary to
N
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Theorem (5.1).

Corollary (5.11] .Suppose”all,théféssumptions3offThgdrEm
(5.1) are SatiS£ied; . Then a necessary and sufficient -
condition‘for”Tfﬁ); a'mapping from Rn'intd R;:to.be'a
sufficient statistic for p(%;ﬁ)lis.that;ACe),should.bejof
the form A(H) = ¢(6)M+N, where M and N are as given in
Theorem (5.1) and ¢(6) is a differentiableffgnction of 6 e 0
‘Similarly;’one’can‘eXtendAThéorem (5;2).to a
characterisation of:A(b)'SUChﬂthat T(%)jis a sufficient

statistic for p(x,0).

Corollary (5.2)  Suppose all the assumptions of Theorem (5.2)
are satisfied. = Then a necessary ‘and sufficient condition
,‘fonW$C§),ta:be'a:sufficientrstatisticvfor’ﬁ(ﬁ’ﬁ)ﬂis:tHAtgACQ)

should be of the form A(H) = '$COIM+N, where M ‘and N are as -

~given ‘in Theorem (5.1) and ¢$(0) is a differentiable function
cdgCe: )
of 6 € @'satisfying.theffurther.cohdition'fag—g—f £0.
~ So we have seen that requiring p(%,b) =
C1 :
. - L
en™2|1 )|

,Texp{@% ﬁlACQ)ﬁlftngosseSS'an'MgL;R;.in

1(%), or merely .to possess a one-dimensional sufficient -
statistic‘$(§)5.places a rather mnarrow constraint on the form
of A(8) and hence on the variance-covariance matrix:A_l(B)

of the observations. In fact, this fOrm:for;Afl(b) is not -
~generally ‘enjoyed by the.testnstatisticl(xi;g.f;xh) =
(Wm(ti),;..,wm(thQ).discussed.at.the,beginning,of.this.section.
Nevertheless, it iis possible that the results derived in this
,SeCtion; as well as beipg:of'éomefinterestfin.themselves;vmay

be of more use in :reference to .some other application.
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