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Abstract

We investigate the impact of noise with heavy tails on sychronisation within coupled sys-
tems of oscillators, the most classic case being called the ‘Kuramoto model’. The initial
part of this work focuses on methods of simulation of heavy-tailed stochastic processes
that are then implemented in the various synchronisation models discussed throughout
the thesis. In particular, we explore the accept-rejection sampling method for stable
and tempered stable Lévy processes and the Wiener-Hopf Monte-Carlo algorithm for
the simulation of the so-called S-family of Lévy processes. The first application of these
heavy-tailed stochastic processes in an extension of an adversarial 'Blue vs Red’ Ku-
ramoto model from the deterministic and Gaussian cases to the cases where the models
are driven by stable and tempered stable Lévy noise. We apply techniques from Bayesian
optimisation and the so-called 0-1 test for chaos to numerically investigate the impact
of the stochastic noise under various parameterisations of the driving stochastic noise.
This 'Blue vs Red’ model is then extended into a ’combat-coordination model’ through
the development of an adversarial attrition model with spatial dependency driven by
tempered stable Lévy noise. We then consider extending our previously considered sim-
ulation techniques to the case of simulating conditioned stochastic processes, specifically
processes conditioned to stay positive and conditioned on the terminal value. These sim-
ulation techniques for conditioned stochastic processes are then applied in the context
of a conditioned Kuramoto model with a focus on the impact of the underlying network
structure. We then advance an approach to mathematically represent networked human
decision makers by adapting a Kuramoto model under heave-tailed noise and applying
data from a recent study of military headquarters staff. We finally investigate pairs

trading and portfolio optimisation under a general stochastic synchronisation model.
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Chapter 1

Introduction

In this thesis we investigate the impact of heavy-tailed stochastic noise on dynamical
systems, specifically in the context of synchronisation modelling. Synchronisation is a
phenomenon that occurs in many natural, social and technological systems. A common
approach to the problem of developing a model of synchronisation, consists of modelling
each member of the population as a phase oscillator. That is, we model the dynamics

of the phase oscillators as

Bi=F(B)+o Y H(Bi, B,

JEV(i)

for some functions F' : R — R and H : R — R representing the internal interactions and
the linear coupling dynamics of the phase oscillators respectively. One of the central
models studied in the literature is the Kuramoto model [1] which takes F'(3;) = w; and
H(B;, Bj) = sin(p; — B;). The Kuramoto model is simple enough to be mathematically
tractable yet complex enough to display a large variety of synchronisation patterns and
can be applied in a large variety of situations. One of the underlying features of these
models is an underlying network which models the connections between the processes or
elements of the system. The topologies of these networks play a key role in determining
the sychronisation of the system. Very broadly, a network can be described as a system
that can be mathematically represented through a graph, denoted as G = (V, E), whose
nodes/vertices V represent the processes or elements of the system and whose connecting

links/edges E represent the connections between elements.

Using the Kuramoto model on a network G as the core model, the major aim of this
thesis is to perturb the system by a stochastic time-varying white-noise &; at each node

of the network and then analyse the resulting dynamics of this system.
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In particular, we seek to understand how shocks or jumps in the stochastic component of
our model influences the dynamics. For this task, Brownian motion is ill suited due to its
continuity property. To this end, we turn a slightly broader class of stochastic processes
known as Lévy processes which allow for much more flexibility than a Brownian motion
as these processes can allow for jumps. As with Brownian motion, a Lévy process,
denoted as L; in this thesis, is a stochastic process with stationary and independent
increments however these processes have several important properties that are of great
interest and use in a prospective mathematical model. Noticeably, Lévy processes are
the simplest examples of random motion whose samples paths are right-continuous with
a countable, either infinite or finite, number of random jump discontinuities occurring
at random times with a finite time interval. These processes have several important
properties that are of great interest from both a mathematical and modelling perspective,

and their application in modelling is one of focal aspects of this thesis.

This work is structured as follows. In Chapter 2 we review some definitions and mathe-
matical objects used throughout the thesis. Our discussion in this chapter briefly reviews
the necessary graph theory to describe the underlying networks of our sychronisation
models, the Kuramoto model, and stochastic processes where we overview both theory
and numerical simulation. Our discussion of the simulation of stochastic processes begins
with the simulation of diffusion processes and then proceeds to discuss the formulation
of Lévy processes and a few of the special cases of Lévy processes that we shall use in our
sychronisation models, specifically stable processes, tempered stable processes, and the
B-family of Lévy processes. The rest of this chapter is spent discussing three methods
of simulating Lévy processes that will be used in all the subsequent chapters of this
thesis. These methods are: the Euler method [2], the acceptance-rejection method for
the simulation stable and tempered stable processes [3, 4], and the simulation method
proposed by Kuznetsov et al. in [5] known as the Wiener-Hopf Monte Carlo (WHMC)

algorithm.

In Chapter 3 we present our first sychronisation model that consists of two interacting
populations of phase oscillators labelled ‘Blue’ and ‘Red’. This work was produced
as a result of a collaboration with the DSTG! who originally proposed the model in
the Gaussian case in the work of Holder, Zuparic and Kalloniatis [6]. The novelty of
this chapter is the consideration of a ‘Red vs. Blue’ model in the presence of heavy-
tailed noise. In particular, this work models competitive dynamics between the two
populations, where each population seeks both internal phase synchronisation and a
phase advantage with respect to the other population, subject to exogenous heavy-tailed

stochastic shocks. We study the system from an analytic and numerical point of view to

'DSTG: Department of Defence, Science and Technology Group. Special thanks to Dr Alexander
Kalloniatis who proposed this research project.
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understand how the phase lag values and the shape of the noise distribution can lead to
steady or noisy behaviour utilising the numerical methods of Bayesian optimisation [7, 8]
and the 0-1 test as originally proposed by Gottwald in the works [9, 10]. Our analytic
study shows that the bulk behaviour can be described by dynamics in the presence of
tilted ratchet potentials manifesting metastability in regimes that would otherwise have
been expected to be noisy. The proceeding numerical study of the full nonlinear system

shows order and noisy behaviour in regions consistent with our analytic estimates.

A broader goal of our work with the DSTG is the development of a combat-coordination
model that can be suitably used to model complex warfighting between adversaries [11].
The scope of Chapter 4 is to propose combat models that can be used as a framework for
this research. Specifically, we look to extend the Blue vs Red model considered previ-
ously in Chapter 3 to include spatial dynamics using the so-called ‘swarming’ framework
as proposed in the recent work of O’Keeffe et al. in [12]. The general form of the model
combines the position and the phase of the oscillators into the following dynamical

system
1 N
@i = Vit z; Tasi (x5 — i) F(0; — 0;) — Lrep (25 — )],
=

. &
0; = wr + N ZlHatt(ej —01)G(xj — x;),
]:

where x; is the position of the i’th swarmalator, 6;, w; and wv; are its phase, natural
frequency, and self-propulsion velocity respectively. I,i; and I, are the spatial attrac-
tions and repulsions respectively, F' measures the influence of phase similarity on spatial
attraction, Hy is the phase interaction, and G is the influence of spatial proximity on
the phase attraction. This new Blue vs Red swarming model is then further extended to
take into account attrition of the oscillators where we take inspiration from Lanchester’s
laws [13]. In this extension, we propose and investigate two different attrition models

that can describe direct combat between the two networks.

In considering these models, a question that arose was: “If an oscillator jumps out
of synchronisation, to what extent does the network structure play a role in the re-
synchronisation of the system?”. To focus on these complicated dynamics, which are
rare events, we develop new numerical methods to tackle this problem through the
use of conditioned Lévy processes. The work in Chapter 5 provides an investigation
of the simulation of conditioned diffusion processes and conditioned Lévy processes.
Our discussion begins with the diffusion bridge processes, that is conditioning the one-
dimensional process X; on its terminal value X7 = u for some u € R, consists of a

variety of different found in the literature with particular focus upon the method of
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Bladt and Sgrensen in [14]. Using the WHMC algorithm from Kuznetsov et al. [5] as
our foundation, we then propose an extension to conditioned Lévy processes. In addition
to the simulation of Lévy bridges, we also consider methods for the simulation of Lévy
processes conditioned to stay positive and Lévy processes conditioned on their extrema.
Although work has been done upon the theory of conditioned Lévy processes [15-17],
discussion on the practical simulation of these conditioned processes is somewhat lacking
in the literature. This work on the simulation of conditioned stochastic processes is then
applied to the proposed model in Chapter 6 which is a standard synchronised Kuramoto

system in both the Gaussian and Lévy noise cases given by the system

N

dez(t) = | w; — UGZAij sin(@i - 9]) dt + st(i), 1= {1, .. .,N},
J

On(T.) = 0. for some [6c] > 7/2, 61(0) = 05(0) = --- = Ox(0) =0,

where 6; is the phase angle for node 4, w; is the intrinsic frequency of the given node, og
is the global coupling constant, L; is a Lévy process, n is selected from the set of nodes
{1,...,N}, and T, > 0 is the (time) point of conditioning. The simulation of these
conditioned processes utilises the results of the simulation of bridge processes discussed
in Chapter 5. We then focus our analysis upon how the underlying network structure

affects the dynamics of the system before and after the point of conditioning.

As part of the broader aim to study the 'Perception-Action cycle loop’ of individual
agents in the context of a synchronisation model, as was previously investigated in the
adversarial context in Chapters 3 and 4, the work in Chapter 7 advances an approach to
mathematically represent networked human decision makers by adapting the Kuramoto
model of networked phase oscillators and applying data from a recent study of mili-
tary headquarters staff. The motivation for this work was originally proposed by the
DSTG and is based upon the data studied by Kalloniatis in [18], although the afore-
mentioned study was outside of the context of the synchronisation of decision making.
The implementation of stochastic noise in this model captures the idea that agents may
randomly ‘jump’ ahead in their decision state in time-stressed conditions where intuition
becomes significant. We observe a high probability that synchronisation may be lost as
a consequence of the high information demand of some agents in the crisis scenario; this
provides face-validation of the model. We examine the causes of this loss of synchro-
nisation and compare to qualitative approaches in the literature to validate the model.
To conclusion this chapter, we discuss the model’s utility as a future decision support

tool.

As a final model, we present an application of our work outside of the context of an
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"OODA loop’ synchronisation model. The model that we investigate in Chapter 8 em-
ploys a synchronisation model in context of pairs trading. Although the pairs trading
model has been studied in the literature [19-21], our goal in this chapter is to extend
the pairs scenario to the multiple asset setting in which the modelled financial system
has an underlying topology which can be described by a graph and the dynamics of the

drifts of the assets are driven by the Kuramoto equation given by the following system

dYp

n
t

=1

where the nonlinear co-integration factor that incorporates the underlying market struc-

ture is given by

n
of = af+ > AuF (log Yy —log ),
=1

where W = (th, ! th)ogth

some known function F': R — R and A is a weighted adjacency matrix that encodes the

is a vector of independent Brownian motions, F' is

network topology. Once the model is established, we then derive the optimal portfolio

based upon this model.

Finally Chapter 9 of the thesis presents a brief discussion of the results established in
the previous chapters and examines various possible extensions and future works that

may come about as a result of this thesis.

To summarise the aim of this thesis, in addition to discussing currently used methods
in the literature to simulate stochastic processes and reviewing previous work with the
Kuramoto model, the central goal of this work is to present novel research in the following

areas:

e The development of numerical methods to simulate Lévy processes, conditioned

Lévy processes and various path functionals of these processes.

e The application of Lévy noise in the so-called adversarial and crisis scenario syn-

chronisation models.

e The development and analysis of a variety of synchronisation models utilising Lévy

processes and conditioned Lévy processes.
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1.1 Publication, presentation, and collaboration details

The work done in Chapter 3 and Chapter 7 of this thesis is a product of the result of
two separate research agreements with the Australian Defence Science and Technology
Group. This research has been submitted for publication in [22] and [23] and provided

in detail below:

e Kalloniatis, Alexander C., McLennan-Smith, Timothy A., Roberts, Dale O. and
Zuparic, Mathew L. Two-network Kuramoto-Sakaguchi model under tempered sta-

ble Lévy noise. Physical Review E 99, no. 1 (2019): 012205.

e Kalloniatis, Alexander C., McLennan-Smith, Timothy A., and Roberts, Dale O.
Modelling military watch staff using stochastic network synchronisation, Submitted

to the Journal of the Operational Research Society.

The research on conditioned Lévy processed from Section 5.1 and attrition models in

the swarming setting from Chapter 4 has been presented in the following talks:

e Fourth IMS-FPS (Institute for Mathematical Statistics - Finance, Probability and
Statistics) Workshop, Sydney. Wiener-Hopf Monte Carlo method for Lévy pro-

cesses conditioned to stay positive, July 2014

e Modelling Complex Warfighting Strategic Research Initiative Symposium 2, Ade-

laide. A ruin adversarial model under tempered stable noise, May 2018



Chapter 2

Preliminaries

We begin the main body of this thesis with some necessary preliminary details that will
go into the various mathematical aspects and definitions used throughout the synchro-
nisation models examined in the later chapters. This chapter gives a brief overview of
the following major aspects: in Section 2.1 we review some graph theory which is used
to describe the topology of the underlying networks in our models. In Section 2.2 we
provide a more detailed discussion of the central model of this thesis, the Kuramoto
model. Section 2.3 discusses the simulation of diffusion processes. In Section 2.4 we
present a discussion of the mathematical description of our stochastic noise with a focus
upon the definition of a Lévy process. Finally in Sections 2.5 and 2.6 the simulation of
Lévy processes is discussed through the Euler method, an acceptance-rejection method,

and the recent Wiener-Hopf Monte Carlo method.

2.1 Networks and graphs

2.1.1 An overview of networks and graphs

A network is a commonly used device to represent the interaction between agents in
a complex system; see for example [24, 25]. In order to mathematically describe a
network, we utilise the structure known as a graph to represent its topology. We define
a graph as the ordered pair G = (V, E') where the nodes/vertices denoted as V represent
the processes or elements of the system and the connecting links/edges denoted as F
represent the connections between elements. The edge (7, j) joins the nodes i and j and
these nodes are said to be adjacent. Adjacent nodes are also referred to as neighbours.
The order of a graph, |V| = N, is the total number of vertices in the graph N and the

size of a graph |E| is the total number of edges. One of the most useful tools used to

7
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describe a graph is the N x N adjacency matriz A where are the elements of this matrix
are given by
1 if (i,5) € E,
Ai]’ = {

0 otherwise.

There are two distinct classes of graphs that we consider in this thesis, that of directed
and undirected graphs. An undirected graph is a graph in which edges have no orienta-
tion, that is the edge (4,7) is identical to the edge (j,7). In the case of an undirected
graph, the adjacency matrix A is symmetric. A directed graph or digraph is a graph
in which edges have orientations. In this case, the set of vertices F are now ordered
pairs. These connections are depicted by arrows where an arrow (4, j) is considered to
be directed from 7 to j and j is called the head and i is called the tail of the arrow. For
a directed graph, the adjacency matrix A is not symmetric. An example of undirected

and directed graphs and their respective adjacency matrices are given on Figure 2.1.

4
3 4
1 3
1 2
2
0110 01 11
10 01 0 00O
1 0 00 0 00O
0100 0 010

FIGURE 2.1: Graphs and adjacency matrices for an undirected graph (left) and a
directed graph (right) with |V| = 4.

The degree of a node i, denoted as d;, is the number of edges that connect to it. In the
case where an edge that connects a vertex to itself, it is counted twice. In terms of the

adjacency matrix we can define the degree

where A;; is a element of the adjacency matrix A. This definition is only valid for
undirected graphs. For a directed graph, the degree of a given node ¢ is defined in terms
of the sum of edges arriving at the node and departing at the node. That is, for a

directed graph, we define the degree by

di - din,i + dout,ia
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where djn; = Zj Aj; and doy; = Zj A;j. A useful matrix representation is that of
the degree matriz D which is an N x N diagonal matrix that which contains all the

information about the degrees of the network in matrix form and is defined as

d; if ¢ = j,
Dij =
0 otherwise.

In addition to the adjacency and degree matrices, we define the N x N Laplacian matriz

as L =D — A, where the elements of L are given as

d; ifi=j,
Lij =4 -1 ifi# jand node i is adjacent to node j,
0 otherwise.

As we shall discuss in the proceeding section, the Laplacian matrix provides a useful

tool that can be used to find many useful features of a graph.

We refer to the connected component, or simply just the component, of an undirected
graph as the subgraph in which any two vertices are connected to each other by a path.
A connected graph, which contains a path between every pair of nodes, has just one
connected component and it consists of the entire graph. If a graph has more than
one connected component, then the graph is said to be disconnected. More precisely, a
graph is said to be k-connected if there does not exist a set of kK — 1 edges whose removal

disconnects the graph.

2.1.2 Quantifying graph features

In this section we present a variety of different statistics that will be used to measure
particular properties of a given graph G = (V, E) with |V| = N, adjacency matrix A,

degree matrix D, and Laplacian matrix L. For more details, see [24, 25].

The Fiedler value, or the algebraic connectivity, of the graph G is given by the second
smallest eigenvalue of the Laplacian matrix L and is denoted as A2 [26]. The relative
magnitude of the Fielder value provides a measure of how well connected the graph
is. A well known result is that a connected graph will always have a non-zero Fiedler
value and furthermore that the Fielder value is bounded below by the % where D
is the diameter of the graph and N is the number of vertices [27]. As an example of
the relationship between the overall connectivity of the graph and the Fiedler value, on

Figure 2.2 we plot two 1-connected graphs with low and high connectivity respectively.



Preliminaries 10

FIGURE 2.2: Two sampled graphs from the set of 1-connected graphs with |V| = 6.
Left: a l-connected graph with low algebraic connectivity (A2 = 0.081). Right: a
1-connected graph with high algebraic connectivity (Ao = 0.485).

A natural measure of distance in graphs is to count the number of edges that make
up the shortest connecting path between two nodes ¢ and j. This distance is referred
to as the shortest-path length l;;. For two nodes in two disconnected graphs, we define
l;j = oo. The diameter of the graph G is than defined through the shortest path length
as follows

D = maxl;j,
ZLj

that is the diameter provides a measure of the maximum shortest-path lengths between

any two nodes in the network.

Another measure of the size of the graph is the average shortest-path length which is

defined as the average value of [;; over all possible pairs of vertices in the network
1
)= ——— lij
< > N(N _ 1) ; (VR

where by definition () < D.

The closeness centrality is a measure of centrality in a network that is calculated as the

average distance of a node to all others through the shortest-path length as

1
gi = )
>z lij

thus the more central a node is in terms of the relative magnitude of its closeness

centrality, the closer it is to all other nodes.

The final statistic that we shall discuss is the characterisation of clustering in a graph.
The property of clustering in a graph implies that, given the three nodes i, j, k, where
there an edge between the nodes ¢ and j and an edge between the nodes ¢ and k, then
there is a high probability that there will be a vertex between the nodes j and k. In

an undirected graph, the clustering at a given node i can be quantified in terms of the
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clustering coefficient [24] which is defined by

€;

Ci= di(d; — 1)/2’

where d; is the degree of the node i and e; is the number of edges among the neighbours

of the node ¢ which can be calculated in terms of the adjacency matrix A as

1
€ =5 Z AijAjk A
Jk
The average clustering coefficient of the network is than given by the average clustering

coefficient over all nodes as

(C) = }VZC

2.1.3 Network models

We conclude our overview on graphs with two well known network models that feature

in this thesis, namely the Erdés-Rényi model [28] and the k-ary tree model [29].

2.1.3.1 The Erdos-Rényi model

The Erdés-Rényi model [24, 28, 30] is used to generate random graphs. The idea behind
the original form of the model is that nodes are connected at random with some prob-
ability p. There are two variants of the model that are used, the first variant denoted
as G(N, E) fixes the number of edges E and joins the N nodes at random amongst the
E edges. In the second variant, denoted as G(N, p), each edge is included in the graph
with probability p independent from every other edge. In the second variant of these
two models, the probability of constructing a graph G(N, E) with a G(N,p) model is
given by
P(G(N, B)) = p"(1 - p)zNN=D7F,

In fact, the two models are statistically equivalent in the limit as N — oo with pN(N —
1)/2 = E [24]. In the G(NV,p) variant of these models, the distribution of the degree of

any particular node [31] follows the binomial distribution as

P(d; = k) = ( Nt )pk(lp)N_l_k- (2.1)
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In the limit as N — oo and holding Np constant, the distribution in Eq. (2.1) can be
approximated by the Poisson distribution [32] as

1N _ N (Np)k
P(dz —k) =€ pT.

Some of the key properties of the G(N, p) model are:

Np < 1: G(N,p) has no connected components of size larger than O(log(n))

almost surely.
e Np=1: G(n,p) has a largest component whose size is of O(n?/?) almost surely.
e p< (1_6)#: G(N,p) will be disconnected almost surely.

e p> (175)#: G(N,p) will be connected almost surely.

2.1.3.2 The k-ary tree

Unlike the Erdos-Rényi model which generates a random graph, the k-ary tree model
generates a graph with a distinctive structure. This model is a type of tree model
[33, 34]. A tree model is an undirected graph in which any two vertices are connected
by exactly one path. Simply put, a tree is a undirected, connected, and acyclic (that is
there no cycles) graph. From these properties, a tree with N nodes has N — 1 edges.
Conversely, a connected graph with N nodes and N — 1 edges is a tree. The k-ary tree
model is an rooted tree model in which each node has no more than k children. By
rooted tree, we refer to a tree model in which one node is designated as the root of the
tree. We refer to the parent node as the node connected to it on the path to the root
and the child of a node v as the node of which v is the parent. Formally, we can define
the k-ary tree, denoted as T}, as the set of nodes that consists of a root, R, and exactly
k distinct k-ary trees. That is, the remaining nodes are partitioned into k > 0 subsets,
To,T1,...,Tk—1, each of which is an k-ary tree such that T, = {R, Ty, T1,...,Trk-1} -
We shall specifically look at the case of a perfect k-ary tree which is a full k-ary tree in
which all leaf nodes are at the same depth. That is every node is either a 0-node or a
k-node and all leaves are on the same level. For a perfect k-ary tree with some height
h, the total number of nodes N is given by

k:h+1—1
N=2"_"—-
k—1
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2.2 Synchronisation models

There are many different dynamical processes that can be constructed upon a network.
The dynamical processes of interest in this thesis will be those that can effectively
model the property of sychronisation amongst the elements of the system. These so-
called synchronisation models model each member of the population within the given
network as a phase oscillator. In the most general setting, a phase oscillator can be

represented by the dynamical system

8= f(B),

for some function f : R — R and where the phase 8 has a periodic orbit given by some
v € R. Extending our scope to that of a system of linearly coupled phase oscillators
upon a network described by the G = (V, E), the most general form of the dynamical

system can then be written as

Bi=F(B)+o Y H(Bi, B,
JeV(i)
for some functions F' : R — R and H : R® — R representing the internal interactions
and the linear coupling dynamics of the phase oscillators respectively and o denoting

the strength of the linear coupling between the phase oscillators.

2.2.1 The Kuramoto model

One of the most widely studied synchronisation models in the literature is the Kuramoto
model and its variants. Many biological, social and economic examples of complex sys-
tems contain both cooperative and competitive phenomena in tension that lead to both
ordered and disordered behaviours. The Kuramoto model (e.g., see [35-39]) and its
extension to multi-networks [40-45] has been shown to offer a viable approach to mod-
elling competitive dynamics between populations in these contexts. Richer behaviour
in the dynamics of the Kuramoto was observed when various forms of Gaussian white
or coloured noise perturbation [36, 46-51] were introduced and more recently under
heavier-tailed noise [52, 53] coming from the class of Lévy processes. This class includes
fractional diffusion [54, 55] and other closely related noise distributions. In its most
popular form, the Kuramoto model governs the dynamics of coupled phase oscillators

according to the following dynamical system

Bi=w; + % > sin (B - Bi), (2.2)

JEV(i)
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where w; is the natural frequency of oscillator i, V(i) is the set of vertices connected to
i and K is the coupling strength of the oscillators. Thus in the Kuramoto model, each
oscillator tries to run independently at its own frequency, while the coupling tends to
synchronise it to all the others. When the coupling K is weak, the oscillators evolve inco-
herently whereas beyond a certain threshold of the coupling, collective synchronisation

of the system emerges.

2.2.2 Measures of synchronisation and the mean-field Kuramoto model

In the Kuramoto model, as given by Eq. (2.2), synchronisation can be measured through

the order parameter R € C given by
4 1N
R=re" = ¥ > e, (2.3)
j=1

where r € [0, 1] represents the phase-coherence of the population of oscillators and
1 indicates the average phase. In the limit as N — oo, if the oscillators are out of
synchronisation, the amplitude of the order parameter approaches 0 that is r — 0. In
the case that 0 < r < 1, a subset of the oscillators are synchronised and in the case

where r &~ 1, synchronisation is present within all of the oscillators of the system.

An alternative version of the Kuramoto model, the so-called mean-field Kuramoto model,
can be obtained by combining the dynamical system of the Kuramoto model and the
order parameter in Eq. (2.2) and Eq. (2.3) respectively. This is achieved by multiplying
Eq. (2.3) by e~ and considering only the imaginary part we get

N
rsin(y — G;) = % ZSin(ﬁj — i),

=1

which can be substituted back into Eq. (2.2) to give

Bi =w; + Kr bln(ﬁl — 1,[))

This formulation of the Kuramoto model highlights the mean-field behaviour of the
model, that is each oscillator is coupled to the common average phase 1 with coupling
strength given by Kr. When K — 0, the dynamics of the system can be approximated
by Bi(t) =~ wit + 5;(0), that is the oscillators rotate at frequencies given by their own
natural frequencies. In the limit of strong coupling, that is as K — oo, the oscillators

become synchronised to their average phase, 8; = ¢ and hence » — 1. For intermediate
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FIGURE 2.3: The dependency of sychronisation on coupling strength using the mean-

field Kuramoto model with a Lorentzian frequency distribution as in Eq. (2.4) with

v = 0.5. The order parameter in the thermodynamic limit is given in orange and the
simulation with N = 50 and 7" = 1000 is given in blue.

couplings, K. < K < oo, part of the oscillators are phase-locked 5, = 0 and part are

moving out of synchronisation with the locked oscillators.

Taking the Lorentzian frequency distribution for the distribution of the natural frequen-

cies as

o) = 0, 2.4

where w is uniformly distributed as w ~ U[r, w]. It can be shown [56] that in the limit

as N, T — oo, the order parameter behaves as

0 K<

2y
—~r K2

r =

2|y =2y

Setting v = 0.5 and approximating the thermodynamic limit with N = 50 and T = 1000,

we present the mean-field result for the Kuramoto model in Figure 2.3.

2.3 Diffusion processes

Most of the models considered in this thesis can be formulated through the stochastic

differential equation [57]
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dX; = [I,(t, Xt) dt + O'(t,Xt) dLy, (25)

with some initial condition X (0) and some Lévy process L(t) = (L1(t), La(t), . . . La(t)),
where L; is independent of L; for ¢ # j. In this form, the two deterministic functions
[0, 7] x R* = R% and o : [0,T] x R? — R?*? are processes of dimension d and d x d
respectively. These two processes are commonly refereed to as the drift and diffusion
coefficients. Though we shall continue this chapter without explicit mentioning so, the
drift coefficient p and the diffusion coefficient o obey certain regularity conditions. In
particular they are measurable with respect to the filtration {F}} generated by W; and
are in the functional spaces L*([0, T]x R?) and L?([0, T xRY) respectively. Furthermore,
in order to guarantee that a solution exists and is unique, we make the following two

assumptions:

e Global Lipschitz: For all z,y € R? and t € [0,7], there exists a constant
K < 400 such that:

u(t, ) — pt,y)| +lo(tz) —o(ty)] < Kl -yl

e Linear growth: For all 2 € R? and t € [0, 7], there exists a constant C' < 400
such that:

[t ) + o (t,2)] < C(1+[z]).

The driving noise of the SDE in Eq. (2.5) can be either a Lévy process or a Brownian
motion. In this section, we look at the case of a diffusion process which arises when the
driving noise in Eq. (2.5) is a Brownian motion W (t) = (Wy(t), Wa(t), ... Wy(t)), where
W; is independent of W} for i # j. ( For a more detailed discussion on Brownian motion
see e.g., [58].)

Unless otherwise stated, we shall continue with the one-dimensional diffusion case of
d =11in Eq. (2.5). In scalar form the SDE is denoted as dX; = u(t, X¢)dt + o (t, X¢)dW;.

Some examples of well known diffusion processes are provided on Table 2.1.

pt, Xe) | o*(t, Xy)
Brownian motion 0 o?
Standard Brownian motion 0 1
Geometric Brownian motion Xy o X
Brownian motion with drift 7 o?
Ornstein-Uhlenbeck process | —((X; — «) o? B8>0
Cox-Ingersoll-Ross process | —3(X; — «) o’ X, a>0,6>0

TABLE 2.1: A list of some well known one-dimensional diffusion processes.
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2.3.1 Simulating diffusion processes

The simulation of an unconditioned diffusion processes follows a relatively simple pro-
cedure. Given a one-dimensional diffusion processes X; whose dynamics are driven by
the SDE in Eq. (2.5) with d = 1, the Euler-Maruyama method for the simulation of X;
with some initial condition Xy = z on ¢ € [0,¢] is given by the approximation X where
X is defined as follows:

e Partition the time interval [0,7] into N equal subintervals 0 = 79 < 71 < -+ <

7n = T where the width of each interval is given by At = T'/n.
e Set the initial value Xy = .

e Incrementally solve for X’n, for 1 <n < N by
Xn—l—l =X, + (T, Xn)At + o (Tn, XH)AWn,

where

AW, = W,

n+1

— W,

and AW, are independent and identically distributed normal random variables

with zero mean and variance At, that is AW, w N(0, At).

If we are interested in evaluating E(f(X:)) where f : R — R is some known function
and X; is the solution to Eq. (2.5) at a time ¢, a common method for evaluating such a
quantity is the Monte Carlo method. The Monte Carlo method works by simulating n
replications x1, x9, ..., x, of the random variable X;, and then approximating E(f(X}))

through the mean of the observations f(z;), that is

If a finiteness condition holds, that is E|f(X:)| < oo , then the central limit theorem

guarantees that

Fo 4 (B, S Var (F(60)).

We can estimate the standard error of the simulation as

S

SE(ft) N
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where s is the sample variance of the Monte Carlo replications

n

s° = Z(f($i)_ft)2-

=1

Although the convergence rate % is slow, the attraction of the method is that it is

independent of the smoothness of the function f(-).

To finalise this discussion on the simulation of a standard diffusion process, the following

algorithm summaries the Monte Carlo procedure for obtaining an estimate of E(f(X})):

Algorithm 1 Monte Carlo simulation of E(f(X;))
1. At T/N
2: fori=1,...,ndo
3: X (0) + Xo
4: for j=0,...,N—1do

5: sample W ~ N (0, At)
6: X(G+1) X)) +uAt-5,X(4)) - At+o(At -5, X)) - W
T F() < f(X(n)

8: return mean(F)

2.3.2 The generator of a diffusion process

We now look at the characterisation of the dynamics of the process in an infinitesimal
time interval through the infinitesimal generator. The infinitesimal generator of a d-

dimensional diffusion process is defined by the operator £ which is given by

2.6
ing " , (2.6)

where f is some suitable function f : R™ — R. The set of all functions f for which the
above limit exists is referred to as the domain of the operator and denoted by D, where
D, contains all twice-differentiable functions with compact support. In the context of
a diffusion process, it can be shown (for a full proof see e.g, [59]) that the differential

operator can be expressed as

Ezzd:u‘a+lzd:(aaT).. e . (2.7)
= j(‘)a:j 2 i 4.J 89@18%

In the one dimensional case, the generator is defined as £ = pd, + 30%02,.
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As an example, for the case of an uncorrelated d-dimensional Brownian motion with

fixed drift p and diffusion o = I,,, where the SDE given by the following equation
dXt = Mdt + th,

the generator of X, is then given by

Of 1= 0%f
£F =2 gy + 32 5ar

2.3.3 Transition densities of diffusion processes

The dynamics of diffusion processes can be described in terms of their transition prob-
abilities. Thanks to the Markov property of our diffusion process, we can describe the

solutions of the SDE Eq. (2.5) in terms of the transition densities:
p(Tylt,x) =P (X7 € [y,y + dy)| X¢ = 2). (2.8)

The backward evolution of the transition density p(T, y|t, ) is given by the Kolmogorov
backward equation which tells us about the distribution of the process at time t < T,
given that it is in some future state at time 7T'. This is defined by

op op

1 2

0*p

T

for an initial condition p(T, y|T, x) = §(x—y) where ¢ is the Dirac measure. Alternatively
we can express this in terms of the infinitesimal generator F from Eq. (2.7) as
op

a—l—}'p:O.

The forward evolution of the transition density p(7T',y|t,z) is given by the Kolmogorov
forward equation (or Fokker-Planck equation) which tells us about the distribution of
the state of the process at a future time T > t from a starting state x. This is defined
by

A % {o*(T.y)p} =0,

or 0oy
for an initial condition p(t, y|t,x) = §(x —y) and can alternatively be expressed in terms

of L£*, the adjoint operator of £, by

9p _

N = F'p.
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For a more detailed discussion on the simulation of diffusion processes and stochastic

differential equations in general see e.g., [59-61].

2.4 Lévy processes

In our discussion on Lévy processes [17, 57, 62], we shall work on the probability space
(Q, F,P). Here we define Q2 as

Q:D([o,oo],Rdu{a}),

which is the space of right-continuous functions with left limits with the isolated point
0 which shall serve as the cemetery state of the process. The Borel sigma-field of  is
denoted by F and we consider the probability measure P on (€2, F) such that under P,

the process L; has independent homogeneous increments and P(Lg = 0) = 1.

2.4.1 An overview of Lévy processes

Lévy processes are a class of stochastic processes that generalise the idea of a Brownian
motion to include jumps in their paths and heavy tails in their transition distributions.
They have a rich and deep theory and play an important role in financial mathemat-
ics, statistics, and insurance risk theory (e.g., [17, 57, 62-65]). From a mathematical
perspective, Lévy processes are interesting as they can be viewed as the scaling limit of
random walks. These processes provide a number of challenges as they are on the edge of
mathematical tractability due to their characterisation obtained by their characteristic

function (i.e., the Fourier transform of their transition densities).

A stochastic process {L; : t > 0} on R? is said to be a Lévy process if

Lo=0a.s

(Independence of increments) For any 0 < ¢; <ty < --- <t, <00, Ly, — L4, Lty —

Ly, ..., Ly, — Ly, | are independent.

(Stationary increments) For every s,t > 0, the distribution of the process Ls— Lg

does not depend on s.
e For any € > 0 and ¢ > 0 it holds that limj,_,qP(|Lsp, — L¢| > €) = 0.

e There is a Qy € F with P[Q2y = 1] such that for every w € Qp, L;(w) is right-

continuous in ¢ > 0 and has left limits in ¢ > 0.
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The process L; can be characterised by the triplet (a,o?,II), where a € R is the linear
drift component, o > 0 is the volatility of the Gaussian component, and II(dx) is the
Lévy measure satisfying IT ({0}) = 0 and [, (z* A1) II(dx) < co. In general the distribu-
tion of a Lévy process is described by its characteristic function as explicit expressions
for densities are often unobtainable. The characteristic function of a Lévy processes
is given by the Lévy-Khintchine formula. This formula states that the characteristic

iuLt] — otV (u)

exponent W(#) of a Lévy process L; is given by E [e for u € R where

1 .
U(u) :=iua + 502u2 + / (1 — €™ +iurlyy<y) I(dx).
R

Some well known examples of the characteristic exponents of Lévy processes can be

observed in the case of a linear Brownian motion N (a, o?)

the Poisson process Pois(\)

and the Cauchy process C(u, )

U(u) = Olu| — iup.

A useful tool for understanding the nature of Lévy processes through their paths is that
of the Lévy Ito decomposition. This states that, given a Lévy triplet (a,o?, II), there
exist three independent Lévy processes, in the same probability space P, denoted as
Lgl),LEQ),ng) where

° Lgl) = oW; — at is a Wiener process with drift 4 and diffusion 02 and corresponds

to the continuous part of the measure,

. ng) = vaztl & is a compound Poisson process where {N; : ¢ > 0} is a Poisson
process with rate II(R\(—1,1)) and {& : i > 1} are iid with distribution
II(dz) /TI(R\(—1,1)) concentrated on z : |z| > 1, and

o ng) whose characteristic exponent is given by ¥ (u) = f0<|x|<1 (1 — ™ 4 jux) I(dx)
and it can be shown that it corresponds to the superposition of a countable num-
ber of independent compound Poisson processes with different arrival rates and

an additional linear drift.

Thus the process defined by L; = Lgl) + L,EQ) + L§3) is then a Lévy process with triplet
(a,0?,1I).
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2.4.2 Families of Lévy processes

In this section we provide the details of a few of the special cases of Lévy processes that
we shall use in our sychronisation models, specifically stable processes, tempered stable

processes and the S-family of Lévy processes.

2.4.2.1 The stable and tempered stable processes

A stochastic process L; is said to be a stable process [66, 67] if it is a Lévy process
which satisfies the scaling property, that is under the law P, for every ¢ > 0, the process
cLy.—o has the same law as L. Here the stability parameter « is bounded as a € (0, 2],
and the case a« = 2 corresponds to Brownian motion. The distributions of the stable
and tempered stable processes can be expressed through their characteristic functions

as follows: Let Lis),t > 0 be a spectrally positive stable process, then

(s

; )
E [e’“Lt } = exp [taf(—a) cos (%) lu|® (1 —itan ?sgn(u))] ,
exp [t fR+ (efvr — 1)#&4 , if « € (0,1),
exp [t fR+(ei“x —-1- zux)xof%dx] , ifae(l,2),

(2.9)

for some a > 0 and stability index o € (0,1) U (1,2). Note that in the case of a = 2, the
stable process corresponds to that of a Brownian motion. We exclude the Cauchy process
(o = 1) and write S(a,a) for the probability distribution of S;. The process (St):>0 is
the scaling limit of a random walk with power-law jumps: ¢~ Y%(Ly + - -- + Llct]) — Sy
in distribution as the time scale ¢ — oo when all the random variables L; satisfy P(L; >
x) = axz~® for large x > 0. The totally positively skewed stable process (S;)i>0 takes
values in R if @ € (0,1) and in R if o € (1,2). The moments of the stable process are
given by E[(L?)™] = oo for all m > «, which implies that for a < 1 even the expectation
of LY diverges. The density fS(a,a)() of the stable distribution S(«,a) exists however
it cannot be obtained as a closed-form solution and only by numerically inverting the
characteristic function. More generally, a (two-sided) stable process (L?);>q of index «
can be obtained from two independent positively skewed stable processes (S¢)i>0 and
(S¢)i>0 as LY == (14 6)S; — (1 — 0)S; with —1 <0 < 1.

An extension of the stable processes can be seen in the class of processes known as the

tempered stable processes [68, 69]. We define the one-sided tempered stable processes in

the following manner. Let L%TS),t > 0 be a centered and spectrally positive tempered
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— Normal
— Stable
— T.Stable

3 2

FIGURE 2.4: Comparison of Gaussian, one-sided stable and one-sided tempered stable
densities.

stable process, then
LTS s \Q «@ . a—1
E [e ¢ } =exp [tal'(—a) (A —iu)® — X* + duaX® )],

. e~ AT
=exp [t/ (e"" —1—iduzr)a——dx (2.10)
Ry €z

where A > 0 is the tempering parameter. Again, a (two-sided) tempered stable process
(LETS))?ZO of index a can be obtained from two independent positively skewed tempered
stable processes (LgTS))fZO and (EgTS))tZO as (LgTS))tZO = (1+ Q)LgTS) —(1- H)f;ETS)
with —1 < # < 1. Thus the centred noise is specified by four parameters «, o, 8, A,

generalising from the one parameter of mean-zero Gaussian noise, o.

On Figure 2.4 we provide a comparison of the densities for the stable and tempered
stable processes and the Gaussian distribution for 0 =1, @ = 1.5 and A = 1 and where
we parameterise the scaling parameter as

1, 1
a:=—-0"m——
2 I'(-a)cos(ng)

so that \Ilgs) (u) — exp(—30°u?) as o — 2 to recover the Gaussian distribution in the

limit.
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2.4.2.2 The g-family of Levy processes

In this final section we shall briefly review the so-called S-family of Lévy processes. The
B-family of Lévy processes, originally introduced by Kuznetsov [5, 70, 71], is a flexible
class of Lévy processes thanks to a large parameter set and its similarity to many of
the more popular processes such as the tempered stable processes as mentioned in the
previous section. One of the most useful proprieties of the S-family of Lévy processes is
that there exists semi-explicit expressions for the laws of the extrema of these processes.
The existence of these laws allows for a method of simulating paths of Wiener-Hopf
Monte Carlo method which we shall discuss in a following section. Some applications of

the f-family can be seen in financial models in [70, 72].

The S-family of Lévy processes is defined as a 10-parameter Lévy process which has the

characteristic exponent

1 .
U (u) =iau + —o’u® + a {B(al, 1—X\)—B(ag — ﬁ, 1-— )\1)}
2 b B

+02{B(ag,l—/\g)—B(a2+m,l—Ag)}, (2.11)
165 165

where a,0 € R, ¢y, ca, a1, a2, 51, B2 > 0, A1, A2 € (0,3)\ {1,2} and B(z,y) = I'(x)['(y) /T (z+
y) is the Beta function and I'(x) is the Gamma function. The large number of parame-
ters in the S-family allows for great flexibility in the choice of paths, specifically we can
obtain paths of either bounded or unbounded variation through at least of the parameter
choices 0 # 0, \1 € (2,3) or A2 € (2,3) for unbounded variation or all of the parameter
choices 0 = 0,A1 € (0,2) or Ay € (0,2) holding for bounding variation. Additionally
we can obtain either finite or infinite jump activity in the jump component through the
parameter choice A1, A2 € (1,3) for infinite jump activity, and \;, Ao ¢ (1, 3) for finite
jump activity. Further details of the S-family are given in Appendix B.1.

2.5 Simulation schemes for Lévy processes

To conclude our preliminary discussion, we discuss three methods of simulating Lévy
processes that will be used in all the subsequent chapters of this thesis, namely the
the Euler method [2], the acceptance-rejection method for the simulation stable and

tempered stable processes [3, 4], and the WHMC algorithm [5, 70, 71].
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2.5.1 The Euler scheme for Lévy processes

Similarly to the case of a diffusion process as discussed in Section 2.3.1, there exists an
Euler scheme for the simulation of Lévy driven SDEs (see for e.g. [2]). We begin by
considering the SDE

dX; = f(X;)dLy. (2.12)

with some initial condition Xy and where f : R — R is some deterministic function and
Ly is a Lévy process with characteristic triplet (i, o, ) and initial condition Lo = 0.

The Euler method is then to discretise Eq. (2.12) in time where the discretisation step
on the time interval [0, 7] given by At = T'/N. The approximate solution X with initial

condition Xy = X is incrementally given by

~ A~ A~

Xntnar = Xoat + f(Xnat)AL,

where AL = L,11)a¢ — Lnat. Since we assume that the increments AL are stationary
and independent, we can then take replicated samples AL = La; for each increment of
the algorithm. The Euler scheme for simulating Lévy SDEs is summarised in Algorithm
2.

Algorithm 2 Euler simulation of Lévy driven SDEs
1. At T/N
2: forn=1,...,N do
3: AL ~ Law(La¢)

X(n+1)=X(n)+ f(X(n))- AL

=

5. return X

2.5.2 Poisson and Gaussian approximations of Lévy processes

Recall from the Lévy-Ito decomposition of a Lévy process from Section 2.4.1, that we
can decompose L; into the sum of a Wiener process, a linear drift and a pure jump
process. In a similar sense to this decomposition we can decompose L; = L(t) into the

following three independent Lévy processes
L(t) = LW(t) + LE(t) + Le(1),

where L(l)(t) is a Wiener process, L¢(t) is a compound Poisson process with a drift and

the distribution of jumps proportional to v = v{|,~} and the process L(t) has a zero
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mean with a fixed Lévy measure ve = vy <¢}- The last term L. can be interpreted as

the small jump component of L(t). When ¢ is small, we can take the approximation
L(t) ~ LW(t) + LE(t),

and thus simulate the L; as if it were a jump-diffusion process. However this is not
feasible in the case the intensity of the small jumps is high. Fortunately we can take
an approximation result provided in Theorem 2.1 from Asmussen and Rosinski in [73]
which allows us to approximate, under the condition that v(e)/e? — oo, the small jumps

X, by an independent Brownian motion.

Theorem 2.1 [Asmussen and Rosinski.]
Let L; be a Lévy process with characteristics (a,0,v). denote v(e) = ffe 2?v(dz). If
v(e)/e? — 0o as € | 0, then

for and an independent Brownian motion Wy.

Thus using the Gaussian approximation of L, we can write
L(t) & LW (t) + LE(t) + v(e) W (t),

and effectively simulate L(t) as if it were a jump-diffusion process.

Stable and tempered stable processes allow for Gaussian approximations of small jumps
as is demonstrated in [3] however this is not the case for a gamma process. For more

information on the Gaussian approximation of small jumps see for e.g. [73, 74].

2.5.3 Simulation through characteristic inversion

In the simulation of Lévy processes, many methods require some form of sampling from
the distribution of the process under consideration. However, in general, we often don’t
have any information about the process aside from the characteristic function. In this
part we discuss a procedure for sampling from the distribution of a Lévy process through

an inversion of the characteristic function.

Using the so-called Lévy inversion theorem, which states that if ¢(-) is a characteristic

function of the distribution function F' for some scalar random variable X, then we can



Preliminaries 27

express the distribution function of the process in terms of its characteristic function as

P = PO [T

27 J_ o (5

where F'(0) is some constant, thus for every interval (a,b) we have

/abdF(:n)— ! /OO e e,

27 J_ o w

which then allows us to express the density of the process as

1 [ _
f@) =5 [ ot
The constant term in the expression for the distribution function can be eliminated
thanks to the following result from Gil-Pelaez in [75] as
1 1 00 ilux _ p—tux

() — e Tg(u) |

Flz)=-+—
@) =5+5: | i

Practical implementation of the inversion theorem is done through the use of the so-
called fast Fourier transform (FFT) algorithm developed by Cooley and Tukey in [76]
which allows for the computation of the discrete Fourier transform, DFT, and its in-
verse the, IDFT, in nlog(n) operations. For some sequence of complex numbers z,
k=11,2,...,N] the DFT transforms zj into the sequence X}, where the transformed

sequence is given by

N

_ 2mikn

szg Tnpe N
n=1

In order to apply the FEF'T to the characteristic function, we first approximate the integral

through Simpson’s rule as follows:

1 N

flz) == Z e 2TUnT (), A,

n=1

where u, = Au - n for some Au. Discretising the = range as z; = 1, + Az(k — 1) for

k=1,...,N where [z, zy] is the support of z and A, = *X—3L, we write
1 N
f(wk) — Re 56—2Au-(n—1)xL Z e—zAu-Ar-(k—l)(n—l)¢(un)Au
n=1

By selecting the discretisations such that Au - Ax = 27/N ( that is we choose Au =

2r N-—1
N xy—xp,

), we see that f(x) is now in the desired form for the FFT algorithm.
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2.5.4 On the simulation of stable and tempered stable variates

In this section we focus on simulating variates from the stable and tempered stable
Lévy distributions in a similar manner as presented in [3]. In the methods discussed,
we shall only consider the spectrally positive versions of these distributions however the
algorithms can be extended to consider the full bilateral case. For more information on
the stable distribution see for e.g [62, 77| and for the tempered stable distribution see
for e.g [68, 69, 78].

2.5.5 Sampling from the stable distribution

The distribution of a spectrally positive stable process, denoted as S(«a,a) := E(Lgs)),
can be simulated exactly thanks to a result from Chambers et al. in [4] which gives the

following representation

1-a
sin(aU + 6 cos((1—a)U —60)\ o

S(a, a) = (—al(—a) cos(ra/2))/® (COS(UCO:H)R/Q < ( E) )> . (2.13)
where § = arctan(tan(ma/2)), U is a uniform random variable on (—7/2,7/2), and E
is a standard exponential random variable independent of U. Note that by the scaling
property, we can generalise this result to any time using S(a,a) := L(t~V/ 0‘Lgs)) which
implies that

S(a,ta) = L <t‘1/°‘ FS(aa) (t—l/%)) .

2.5.6 Acceptance-rejection sampling

Before we discuss sampling from the tempered-stable distribution, a necessary prelimi-
nary that will first be discussed is the acceptance-rejection sampling method or simply
rejection sampling. For more information on acceptance-rejection sampling; e.g., see

[79, 80].

The idea behind acceptance-rejection sampling is that instead of simulating some dis-
tribution F' with PDF f(z) that might be difficult to sample from, we find an alternate
distribution G with density function g(z) that we can effectively sample from and then
accepting the sample from G with probability f(x)/(cg(z)). Ideally the proposal dis-
tribution g(z) is ’close’ to f(z) and moreover the ratio f(z)/g(z) is bounded by the
constant ¢ > 0; sup, {f(z)/g(x)} < c¢. That is we would like ¢ to be as close to 1 as

possible. This acceptance-rejection algorithm can be summarised in Algorithm 3 below.
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Algorithm 3 Acceptance-rejection sampling
: Fixe>0

[

2: repeat

3 Y ~ Law(Q)
4: U ~ Uniform(0, 1)
5 until U < %
6: return X <+ Y

The unconditional acceptance probability of the above algorithm can be shown to be

p=PU < c{;((ii//))) = 1/c. Hence the further G is from F, the more likely we are to reject

Y. We can also show through a series of computations that the conditional distribution

; )
of Y given U < g (V)

as follows

P(Y <y|U <

As an example of the acceptance-rejection sampling method, consider the special case

of the beta distribution

-1

f(z) =ba"(1—2)", b= [/01 2"(1 — m)”}

We now set g(z) =1 for z € U(0,1). Then f(x)/g(z) = f(z) and ¢ = sup,, f(z) which
is found at x = 1/2 and thus ¢ = b(1/4)". The acceptance-rejection algorithm is thus

as follows

1. Generate U and Y independently from the uniform distribution.

2. fU <4™(Y(1—-Y))", then set X =Y; otherwise go back to 1.
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2.5.7 Sampling from the tempered stable distribution

The method of sampling from the tempered stable distribution, unlike the stable dis-
tribution, varies according to the value of the stability index «. In the case where
a € (0,1), there exists exact acceptance-rejection sampling schemes in the sense that
the variate produced by the scheme is equal in law to that of the tempered stable dis-
tribution. However in the case where « € (1,2) there does not exist a practically exact
sampling method in the sense that the currently used methods are only exact under an

asymptotic limit which would require an infinite computational time to realise.

We start by looking at an exact sampling method for the tempered stable process that
is when « € (0,1). Setting the notation of the tempered stable process as T'S(«, a, A)
and the tempered stable subordinator as T'S’(a, a, \) where the tempered stable sub-
ordinator is obtained by adding back the centering term as follows: TS'(a,a,\) =
L (LtlS +I(1- a)a)\"‘_l). Since we can express the density of the tempered stable sub-

ordinator in terms of the density of the stable process (e.g., see [81, 82]) as

e>\$

Frsi(aan (@) = Mfsw () = e TN Fo (@), (2.14)
e 1

it follows that the density of the tempered stable process can be expressed in terms of

the stable density as

Jr8(a,000)(®) =f1s/(a,an (@ —T(1 - a)aX® 1),

—eMwmalat (=) fs(aay(z —T(1 - a)aX* 1),

Since we can sample from the stable distribution thanks to the result in Eq. (2.13), we

can then apply the acceptance-rejection algorithm discussed in Section 2.5.6. Setting

¢ =sup { fTS’(a,oa,)\)(Z) }
z fS(a,a) (:U) ’

=sup {e—)\a:—af‘(—oe))\o‘} ’
x

— — [e3
—e al'(—a)A

Y
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[(Y)
cg(Y)

since A > 0, the acceptance probability in the acceptance-rejection algorithm is

then given by

f(Y) - fTS’(a,a,A) (Y)

CQ(Y) - CfS(a,oz)(Y) ,
ef)\YfaF(fa))\o‘

- e—al'(ma)r> 7

where Y is a random variate from the stable distribution S(a, Aa). By accounting
for the difference due the centering term between T'S(a, a, \) and T'S’(a, a, \), we can

simulated variates from the tempered stable distribution as outlined in Algorithm 4.

Algorithm 4 Sample from the law of T'S(a, Aa, ), a € (0,1)

1: repeat

2: sample U ~ Uniform(0, 1)

3 sample Y (A) ~ Law(S(a, Aa))

4: until U < exp(—AY(4))

5 return Y] = Y (A) — AT(1 — a)a > !

As we previously mentioned, Algorithm 4 is exact in the sense that the variates pro-
duced by the algorithm, Y7, are equal in distribution to 7'S(a, Aa, A). However in the
case that a € (1,2) this is no longer the case as the support is now the real line R, as

opposed to R, , upon which the exponential tempering e~

# explodes at either positive
or negative infinity. In the case that o € (1,2), the law of T'S(«, Aa, A) can be approxi-
mately simulated through a method similar to Algorithm 4 through the introduction of
a truncation of the real line to the domain upon which the exponential tempering e ~*#
is performed. This truncation is denoted by the parameter c. This method as discussed

in [81] is outlined in Algorithm 5.

Algorithm 5 Sample from the law of T'S(«, Aa, ), a € (1,2)
1: Fixe>0

2: repeat

3 sample U ~ Uniform(0, 1)

4: sample Y ~ Law(S(a, Aa))
until U < exp(—A(Y(A) +¢))
return Yo =Y — AI'(1 — a)a\*!
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From [81] and [3], the acceptance rate of Algorithm 5 denoted as p(A, ¢) can be shown
to be
p(A,¢) =E [ AVEITEY(A) > —¢| + P(Y(A) < —¢).

The density of Y5 can then be given in terms of the acceptance rate p(A, ¢) through the

following expression

p(Aa C)ilfS(a,Aa) ifzve (—OO, _C]a
(Aa C)_le_)\(x—i_c)fS(a,Aa) ifoe (_C7 OO)

Jeova(ae) = {
p

We note that as ¢ — oo, the density fr(y,(a,c)) converges to that of the tempered stable

subordinator density frg/(a,aar) (2)

. . e—A(w—i-c)
A feoa(ae (@) = i g [e XAt Y (A) > —c] + P(Y(A) < —0) Is(@.aa)(@),
e—)\(x)

:mfs(a,m) (),

=frs(a,0a0) (),
where in the second line we have used the identity from Eq. (2.14).

Optimal selection of ¢ concerns the maximisation of the acceptance rate p(A,c) and
the minimisation of the Kolmogorov-Smirnov distance D s(L(Y2(A,¢)), TS(a, Aa, N)).
Since optimal selection can be a difficult task, in practise we select ¢ from the 90%

quartile of the tempered stable distribution, that is we choose
¢ =Qrs(0.9,a,Aa, N),

where Qrg is the quartile function of the tempered stable process T'S(a, Aa, A). The
quartile function can be approximated through the density function obtain from an

inversion of the characteristic function as discussed in Section 2.5.3.

We close off this section by noting that for the simulation of the bilateral tempered

stable distribution, that is the process LETS) whose characteristic function is given by

R[] = e _ 1y ey oy d
|:6 ] = exp t . (6 — 1 — ZUZE) G+W {z>0} + afw {z<0} x|,
0

where 1 is the indicator function, Algorithms 4 and 5, in the cases of @ € (0,1) and
a € (1,2) respectively, need to be implemented twice, once for the positive component,

and the other for the negative component.
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2.6 WHMC simulation of Lévy processes

In this section we present the Wiener-Hopf Monte Carlo (WHMC) algorithm for the
simulation of Lévy processes originally proposed by Kuznetsov et al. in [5] and recently
extended to the simulation of SDEs in [83]. For simplicity, we now describe only the
Lévy process case. The WHMC method allows for the simulation of the joint law of the
position and running of a Lévy process through the application of a path decomposition
in terms of the Wiener-Hopf factors of the process, that is, it can simulate from the
law of (Lg, L) for some random time g such that the distribution can be constructed

arbitrarily close to t.

The WHMC relies upon the construction of a so-called stochastic grid whose creation
can be attributed to Carr in [84]. To create this stochastic grid, we first consider a
sequence of i.i.d exponentially distributed random variable with unit mean given by
€1, eq,...e, that exists on a common product space with law Q orthogonal to the space
(Q, F,P), that is Q is orthogonal to the space upon which the Lévy process exists. Due

to the law of strong numbers we have the result that for all ¢ > 0, as n 1 oo
St
g = g(n,n/t) = Z—ei —t, Q-almost surely. (2.15)
iz

Since g is the sum of exponential random variables, it is itself equal in law to a Gamma

random variable with shape n and scale n/t. The set of random points

{0 = g(ovn/t)a g(Ln/t)v cee >g(k>n/t)} s

where g(i,n/t) < g(i + 1,n/t) for i € [0,k — 1] then forms the ’stochastic grid’ in
time. The distance between mesh points in the temporal grid form a sequence of i.i.d.
exponentially distributed random variables. Using this ’stochastic grid’ for a sufficiently

large n, the law P (Lt edx,L; € dy) can be approximated by P x Q (Lg € dz, Eg € dy).

A path decomposition theory of Lévy processes, known as the Wiener-Hopf factorisation,
tells us that for any Levy process L and some ¢ > 0, we have that the random variables
e(@Le()- The WHMC method

utilities the Wiener-Hopf factorisation upon this ‘stochastic grid’ by introducing the

fe(q) and L., — Ee(q) are independent and that L., — L

random variables V(n,n/t) and J(n,n/t) on a new probability space whose law can be
expressed in terms of the laws of Ee(n sty and L, /). The introduction of these two new
random variables gives rise to the approximation that, for any n, it can be shown that

( see for e.g [5])
(Lagtnn/ty Latnn/n) = (V(nin /1), J(n,n/1)),
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where V' (k,n/t) and J(k,n/t) are defined iteratively through

V(k,n/t) =V (k—1,n/t) + S\, + 11, (2.16)
J(k,n/t) = max (J(k: —1,n/t),V(k —1,n/t) + s%) (2.17)

for k> 1, V(0,n/t) = J(0,n/t) = 0 and 5% = 1)) =

of random variables {Sg/)t iy > 1} and {I (]/)t j> 1} are distributed as L Lo and L Loy

respectively. From this we can make the observation that we need only simulate i.i.d

= 0 where the two i.i.d sequences

copies of the random variables ST(Ll/)t and ¢ /)t in order to produce a realisation of (Lg, Lg).

For some integrable function F', standard Monte Carlo techniques then give

1 M
ZF(V(’“ n,n/t),J m>(n,n/t)),

m:l

E [F(L, Ly)]

where (V™ (n,n/t), J0™ (n, n/t)), ., < areiid copies of (V(n,n/t), J(n, /)1 <m<nmt
and M > 0 is a large integer. By the strong law of large numbers, the right-hand side
converges almost surely to IE[F(LI, Ly)] as n, M — oo.

Algorithm 6 WHMC algorithm for sampling from the law of (Ly, Ly)

1: Choose n > 1 so that g:= 1" | Le; ~t by SLLN.
20\ n/t

3: L(0) -0, Z(0) <~ 0

4: fori=1,...,ndo

5: sample S ~ Law(Le, /»)
6

7

8

9

sample [ ~ LaW(Lel//\)
L)« LGE—-1)+S+1
Z(i) < max(Z(i — 1), L(3))

: return (L(n), Z(n))

The astute reader will notice that Algorithm 6 is only interesting if one can sample
from the laws of L; and L, in a computationally tractable manner. Such laws are
sometimes achievable through Wiener-Hopf factorisation and there exist several families
of processes for which explicit identities of the Wiener-Hopf factors are known (e.g.,
[5, 70, 71, 85]). We shall focus upon the the S-family of Lévy processes as discussed
in Section 2.4.2.2 in the application of the WHMC method. We also note that this
algorithm can be further refined through the extension to the multi-level Monte Carlo

setting as discussed in Appendix A.4.



Preliminaries 35

2.6.1 Random walk approximation of the WHMC method

In addition to providing a means to sample from the law of (L, L), the WHMC can
also produce a reasonable approximation of the random walk of the process L;. We first
note that in the stochastic grid constructed in the WHMC method, in addition to the
convergence result in Eq. (2.15) , we have that for any s € [0, ¢], by the SLLN

g(k(n),n/t) — s, Q-almost surely,

for some sequence k(n) € {0,...,n}. Thus we can view the stochastic grid as being
dense in the interval [0,¢] as n — co. and hence we can easily show that constructing

the law of (L, L;) in the WHMC algorithm produces an approximation of the vector
((L(); EO): (Ll/n7 z’1/n>7 cety (Lt7 Et))

Lemma 2.2 [WHMC random walk approzimation]
Let Ly be a Lévy process, {g(k,n/t),k € [0,n]} be the stochastic grid constructed as in
Eq. (2.15) and V and J be sequences defined in Eq. (2.16) and Eq. (2.17) respectively.
Then the sequence {(V (k,n/t), J(k,n/t))} e approzimates a random walk of (Ly, Ly)
in the sense that

((Lgn/0 Lgo/0): - Lgtanfey: Lanan)) =
(V(0,n/t), J(O,n/t)),...,(V(n,n/t), J(n,n/t))).

We can see that Lemma 5.3 holds through an induction argument. When k = 1, this
identity holds due to the Wiener-Hopf factorisation identity (Le(q),fe(q)) 4 (Ee(q) +
Leg)s Le(g))- For some k > 2, we have that

Lokn/t)s La(kn = | Lg(k—1.n/t) + Le, s sup L, sup L,|,
(etinsen Latinso) ( st Loy 2TV o )

[I=

Lop—1in/y+ L , sup L, Lotk—1.n/t) + Lo(n ,
( g(k—1,n/t) e(n/t) 0<us<alh1n/®) \/( g(k—1,n/t) ( /t))>

4 (V(k —1,n/t) + S5 4+ 1Y,

J(k—1,0/t) \/(V(k - 1,n/t) + s,@”/“)) ,

=(V(k,n/t), J(k,n/t)),
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where we have used the stationary and independent increment property of the process
Ly, the identity Lo, . = S 4 1{"/"

eyt = and the induction assumption that

= d
(Lg(k—l,n/t)a Lg(k—l,n/t)) = (V(k - 17 n/t)a J(k - 17 n/t))

2.6.2 WHMC simulation for stable and tempered stable processes

We conclude this section on the simulation of Lévy processes by applying the WHMC al-
gorithm from Section 2.6 in the context of simulating tempered stable process followed by
a numerical comparison of the aforementioned algorithm with the acceptance-rejection

method from Section 2.5.6 and the characteristic inversion method from Section 2.5.3.

Due to the versatility of the S-family of Lévy processes, we can obtain many of the more
widely used Lévy processes as parametric limits of the the S-family. In the following
Lemma, we consider how the stable and tempered stable processes can be obtain through

the S-family [70].

Lemma 2.3 [Convergence of a B-family process to a tempered stable process.]
Let vps(z) and vg(x) be the Lévy measures of a tempered stable process and a [3-family
process respectively where the measures are defined by
6—>\+m GA’QE
vrs(z) = a+m1{x>o} + G—W1{z<o}7

e—1piz 2Bz
vp(%) = 1 mmym He0) g may Ha<oh

where the [-family has the parametric constraints a1p > 0, B12 > 0, c12 >0, A2 €
(0,3) and the tempered stable process has the parametric constraints oy — € (0,2]\{1},
Ay~ >0, ap— > 0. If in the B-family we set ¢y = ay ST+ ¢y = a_plite-)
a1 =B as =2 N =1+ay, a=1+a_, B = By = B, then in limit as

B10, vg(x) converges to vps(x).

First considering the spectrally positive case, under the new parameterisation the mea-

sure of the S-family process is given by

51+a+67)\+x
vg(x) = ay 1i201-
(1 — e Br)l+ay {z>0}
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Now taking the limit 5 — 0

\ B 1+oy
limvg(z) =ase” ¥ lim [ ———— 1 ,
310 /3( ) + 310 < — > {z>0}

R . N ltag
=0t T él*% <1 — 65*) liz>0)
e—)urm
:a+ml{x>0},

:VTS(QU);

where in the second line we have made the transformation 5 = —f*/z and in the third
line we have used the limit identity lim, g % = 1. Thus in the spectrally positive
case, the measure of the g-family process converges to that of the tempered stable pro-

cess. A similar result holds for the spectrally negative case.

We can now apply the WHMC algorithm from Section 2.6 to simulate tempered stable
processes in addition to the S-family processes. On Figure 2.5 we present a comparison
of the distribution of the bilateral variate L;‘)Fff approximated through the acceptance-
rejection method, the characteristic inversion method and the WHMC method. In the
simulation of the tempered stable variate we use the parameters « = 1.5, A = 0.5,
a=1,A=0.1and 8 = 0.3 for the parametric limit in the WHMC method. In terms
of simulation speed, the acceptance-rejection method was found to be the fastest of the
three however the WHMC method has the advantage in that it provides an approxi-
mation of the path of the process up until the terminal time. We conclude by noting
that in the application of these methods, we are essentially taking an approximation of
an approximation thus resulting in the slight divergence between the densities of the
three methods. In the WHMC method, numerical precision quickly becomes an issue
in the limit as 8 — 0, thus leading to the choice of § = 0.3 in the direct application
of the parametric limit of the S-family. In the acceptance-rejection method, the choice
of the truncation parameter c is limited to the 90th quartile of the tempered stable

distribution. However in the limits § — 0 and ¢ — oo, these distributions converge.
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FIGURE 2.5: Distribution of the tempered stable variate T'S(«,aA,\) under the

acceptance-rejection method, the characteristic inversion method and the WHMC

method for « = 1.5, A=0.5,a =1, A =0.1 and 8 = 0.3 in the WHMC method. The
densities were obtained using a kernel density estimator from 10000 simulations.



Chapter 3

Two Network
Kuramoto-Sakaguchi Model
Under Tempered Stable Lévy

Noise

In this chapter we examine a model of two interacting populations of phase oscillators
labelled ‘Blue’ and ‘Red’. To this we apply tempered stable Lévy noise, a generalisation
of Gaussian noise where the heaviness of the tails parameterised by a power law exponent
«a can be controlled by a tempering parameter A. This system models competitive
dynamics, where each population seeks both internal phase synchronisation and a phase
advantage with respect to the other population, subject to exogenous stochastic shocks.
This work was done collaboratively with the DSTG which lead to the paper titled ‘T'wo
Network Kuramoto-Sakaguchi Model Under Tempered Stable Lévy Noise’ in [22]. In
this chapter, we present the paper in full. My personal contribution to this collaborative
work is in the development of the numerical methods used to simulate and analyse the
heavy-tailed versions of the model, the implementation of Bayesian optimisation and
the 0-1 test and the production of plots throughout the paper and in the editing of the

manuscript.

We study the system from an analytic and numerical point of view to understand how
the phase lag values and the shape of the noise distribution can lead to steady or
noisy behaviour. Comparing the analytic and numerical studies shows that the bulk
behaviour of the system can be effectively described by dynamics in the presence of
tilted ratchet potentials. Generally, changes in o away from the Gaussian noise limit,

1 < a < 2, disrupts the locking between Blue and Red, while increasing A acts to

39
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restore it. However we observe that with further decreases of a to small values, a < 1,
with A #£ 0, locking between Blue and Red may be restored. This is seen analytically
in a restoration of metastability through the ratchet mechanism, and numerically in
transitions between periodic and noisy regions in a fitness landscape using a measure
of noise. This non-monotonic transition back to an ordered regime is surprising for a
linear variation of a parameter such as the power law exponent and provides a novel
mechanism for guiding the collective behaviour of such a complex competitive dynamical

system.

3.1 Introduction

Many biological, social and economic examples of complex systems contain both coop-
erative and competitive phenomena in tension that lead to both ordered and disordered
behaviours. Various stylised features of these systems have been studied through the
Kuramoto model [1] of synchronising oscillators and its many extensions; see the review

articles [35-39].

In this chapter, we study synchronisation in what we call the ‘Blue vs Red’ model [6,
45] under the effect of heavy-tailed stochastic perturbations. This model extends the
Kuramoto-Sakaguchi oscillator model (e.g., see [37-39]) to the case of two interacting
populations of oscillators attempting to synchronise with each other under various frus-
trations. More precisely, we consider N blue agents in a undirected network given by
adjacency matrix B;;, (i, € {1,...,N} = B), and M red agents in a undirected net-
work given by adjacency matrix R;;, (4,5 € {1,...,M} =R). Let ; € R denote the
phase of the blue agent i € B and p; € R the phase of the red agent i € R. The

nonlinear dynamical system we consider is

Bi=w; — (Y Bijsin(B; — B;) + for(Bipi) + &, i€ B

jeB

pi = Vi —CR Z Rijsin(p; — pj) + fre(pi, Bi) + &, i €R,
jER

(3.1)

where gi,& are time-varying independent heavy-tailed white noises and fpr and frp
are interaction terms between the red and blue networks. These nonlinear interaction

terms are given by

fr(Bipi) = —CBR Y Ang) sin(8; — pj — ¢)

JER

frB(pi, Bi) = —CrB ZAEJRB) sin(p; — B — 1),

JjEB
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where the matrices ABE) and ABB) of size N x M and M x N respectively are adjacency
matrices representing the undirected and unweighted edges from ‘Blue to Red’ (BR) and
‘Red to Blue’ (RB). We assume that ABR) = AEB)T 56 that the edges between blue and
red populations are symmetric. These interaction terms contain temporal lags ¢ and 1,
often called frustrations, between the populations similar to the Sakaguchi variation [86—
89] of the Kuramoto model. This typically drives a tendency to disorder in tension with

the ordering tendency of synchronisation.

Extending the Kuramoto model to multi-networks offers a viable approach to modelling
competitive dynamics between ecological, social and organisational populations [6, 40—
45, 90]; hence our use of the labels ‘red’ and ‘blue’. It has been shown that richer
behaviour in the dynamics of such models are observed under various forms of Gaus-
sian white or coloured noise perturbations [36, 46-51]. Recent studies have also shown
relationships between the heaviness of the noise distribution’s tails and synchronisation
behaviour of the Kuramoto model [52, 53]. The case of tempered stable noise, which
we consider here, is particularly interesting due to its relation with tempered fractional
diffusion [54, 55, 91-94] and are part of broader class of processes called Lévy processes.
At the core is so-called stable Lévy noise where the stochastic process arises from a
distribution with a heavy tail and scale law parametrised by an exponent a. As « is
decreased from a = 2 the noise deviates more strongly from Gaussian noise, and the
tails become heavier with significant changes to the distribution below @ = 1. From a
modelling perspective, tempered stable noise offers a number of useful attributes such
as a small number of parameters, finite moments of all order, and a parameter A that
controls the tempering of the distribution’s tails. Moreover, our approximations hold
in a regime at the interface between order and noisy behaviour, which is often where

competing populations seek to operate.

A key question will be how the tempered stable noise changes dynamics observed for the
deterministic [45] and Gaussian stochastic [6] versions of the Blue-Red system. As in
these works, we explore the dynamics of our model from both an analytic and numerical
point of view. Indeed, in [45] we showed that much of the full dynamics of the system
could be understood through linearisation around a fixed point describing respectively
internally synchronised Blue and Red clusters and examining the system in the vicinity
of the regime where Blue and Red lose relative phase locking, and the role of a projection
of the system into zero and normal modes of Laplacians of the networks. In the locked
configuration, whichever of Blue or Red is ahead in phase by an amount less than 7
may be deemed to have a competitive advantage over the other. The system is thus
poised at this interface between order and noisy behaviour, with a transition through
periodic behaviour where Blue and Red remain internally synchronised but drifting in

relation to each other. It turns out that this regime corresponds to a particle in a
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ratchet potential, which is a superposition of an oscillatory potential on a linear slope.
In such systems there is an interplay of the size of the wells and the slope determining
if the particle may become trapped or rolls down the slope. In the Blue-Red system
this maps to the property that Blue and Red clusters lock, respectively drift, with
respect to each other; drift would mean that Blue and Red rotate and thus the overall
dynamics is periodic in time. In [6] we went on to show how this structure figured
in the stochastic system, such that noise could trigger metastability, namely situations
where even though deterministically Blue and Red may be locked with respect to each
other, noise would enable drift and thus periodic behaviour. Nevertheless this analysis
showed that the deterministic fixed point system leaves its fingerprint on the stochastic
dynamics. Nevertheless as the type of noise becomes more exotic the potential for
disruption of global synchronisation in the pure Kuramoto model, or locking for multiple

populations, increases.

In this chapter we uncover a genuinely novel type of behaviour that is not merely in-
cremental to previous insights, namely transitions between order, periodicity and noisy
behaviour within the aforementioned nonlinear mechanism of metastability. Specifi-
cally, we discover a novel mechanism for restoring locking between Blue and Red in the
presence of noise, or even diminishing the drift between the two when the system is

deterministically periodic in behaviour.

The key results of this paper are several: that we may analytically derive transitions
to and away from disruption of locking between Blue and Red for particular parameter
ranges of the tempered stable Lévy noise in a regime where the deterministic system
shows locked behaviour (in Fig.3.3); that in numerical computation for the full nonlin-
ear dynamics both individual paths (Figs.3.4,3.5) of the fitness landscape for frustration
parameters ¢ and ¢ the imprint of the deterministic dynamics (Fig.3.7) survives for
weak noise strength across a range of values for the power and tempering indices of
the tempered stable Lévy noise (Fig.3.8); and that this shows a transition from noisy
behaviour back to locking (Fig.3.11) in the regime predicted in the analytic approach.
What is genuinely surprising is that this restoration of locking or suppression of drift
in the presence of noise occurs for @ < 1 where naively the heavy tails of the stable
noise case are extreme; in the absence of tempering decreasing « only destroys locking
with monotonically increasing severity (Fig.3.10). Both the generalisation of such a
two network frustrated Kuramoto model to tempered stable Lévy noise, and the detec-
tion of transitions to/from noisy behaviour of a nonlinear model of multiple competing

populations of synchronising and frustrated oscillators is, to our understanding, novel.

To this end, this work is organised in the following manner. Section 3.2 provides the
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preliminary details of our setup, in particular this part gives details about the net-
works interactions and how we model the heavy-tailed noise injected into the system.
Section 3.3 provides an analytical approximation of the dynamics of the system near
certain locked states for the deterministic version of the model and details the choice
of networks used later in the numerical analysis. Section 3.4 discusses analytical results
for the stochastic model in some special cases. Here we establish the result that the
zero modes of the system are described by dynamics in the presence of tilted ratchet
potentials manifesting metastability in regimes that would otherwise have been expected
to be noisy. Section 3.5 focuses on the full nonlinear dynamics of the system using nu-
merical simulations with aim to identify optimal internal synchronisation and phase lag
of the Blue network against the Red network. We achieve these results using Bayesian
optimisation to maximise an appropriately chosen objective function. We also study
the presence of noisy paths given the choice of parameters in our noise through the
implementation of the 0-1 test. Section 3.6 provides a discussion on the extension of our

numerical optimisation to a wider parameter set.

3.2 Preliminaries

3.2.1 Network interactions and coupling

The (N 4+ M) x (N + M) adjacency matrix for the corresponding external Blue-Red

connections, labeled M has the following block off-diagonal form,

(BR)
M= 0 A )
A(RB) 0

The quantities w;, v; give the natural frequencies of the associated Blue and Red agents
respectively; they may be drawn from some probability distribution. Finally, (g, (r,(BR,(rB
are coupling constants, respectively, for intra-Blue, intra-Red, Blue to Red and Red to
Blue interactions. Asymmetry between Blue and Red potentially exists in the coupling

constants and frustrations: (gr and (grp, and ¢ and v need not be equal.

3.2.2 Definitions for the linearised Blue-Vs-Red model

In this part we bring together the various elements needed to specify and analyse the
model, from the deterministic system, the noise and the specific examples we will use
to illustrate behaviours in the model. As discussed more generally in Section 2.1, we

define the degree matrix d and the Laplacian matrix L for the blue and red networks in
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a similar manner. The degree of Blue agent at node ¢ € B is the number of links from

node ¢ to other Blue agents,

d,EB) = ZBU’ 1€ B.
JjEB

(B)

i

(B)

The corresponding Blue degree-matriz D'\P’ is a diagonal matrix with the degrees d

inhabiting the diagonal entries
B B .
ng ) = dz( )5ij7 {Z,]} € B.

The matrices L in Eq. (3.21) constitute a graph Laplacian, where the Laplacian for the

Blue population is given by the expression
B B .
LB — o) B, (i) B

Equivalent definitions for L) apply to the Red network.

Addressing the corresponding cross-network quantities, we define the degree with which

a Blue agent at node ¢ connects to Red agents as,

AP = 3 My =3 APP i
JEBUR JER

We note that in this instantiation of the model AB®) is the transpose of A"B) and

vice-versa (it need not be so, however), so there is symmetry between the total number

of degrees between the Blue and Red networks:

BR RB BR RB
&P = df =N aPP =5l
1eB 1€ER

(BR)

The diagonal degree matrix D which encodes all the Blue to Red links is given by,

pPR) = (BRs. ieB, jeBUR,

i 7

(BR)

where the final M diagonal entries of D are zero. This finally leads to the cross-

network Laplacian from Blue to Red

L =P My, ieB, jeBUR.

Similar considerations lead to an equivalent expression for the Red to Blue cross-network

Laplacian L(5),
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The Blue and Red network Laplacians obey the following eigenvalue equations,

ST = ABP) e, 3T LI — ABet) e R,
JjEB JER

The graph eigenvalues are well-studied objects [33]. For instance, the zeroth-eigenvalue
is always zero valued, and the remaining eigenvalues are all real, positive, semi-definite

and can be ordered as follows,
0=2P < AP < AP <. < \P

where we have used the Blue network as an example. The normalised zero eigenvectors

are

1 1
N S ieR.

' VN ' vM

They provide an alternate expression for the Blue and Red centroids:

ZIBZ (BO)’ Zp] RO)‘

zEB ]GR

Projections onto the eigenvectors are:

2 = ZW@'@EB’S), w = %Zwi’ ngR) — Zdl('BR)eZ(B,s)’

1€B i€B i€B
and equivalent expressions hold for the relevant Red quantities.

Fluctuations b; and p; are expanded in the following non-zero normal-modes:

b; = Z xTeEB’T) i€ B, pj= Z yreg»R’T) JjETR.
reBE /{0} reRE /{0}

3.2.3 Tempered stable Lévy noise

The stochastic terms in our system can be rewritten by considering a stochastic differ-
ential equation formulation of our system by formally multiply both sides of Eq.(3.1)
by dt and assume &; dt = dL;(t) where L; = (L;(t))¢>0 is a tempered stable Lévy pro-
cess, for t = 1,...,N. We do the same for the 51 for ¢+ = 1,..., M terms which are
simply independent copies. This gives us N + M noise terms that we relabel L; for
i=1,...,N+ M. These processes have 3 parameters governing the distribution of their

increments: the stability parameter «, the tempering parameter A, and the asymmetry
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parameter #. From the Lévy-Khintchine formula, the characteristic exponent A satis-
fying E[efli(0]] = et*AK) of the process is given by A(k) := C(k) for 0 < a < 1 and
A(k) := C(k) — 2ikad ! for 1 < a < 2 where

1

Clk) == 2 cos(am/2)

(1 + )N+ k)™ + (1 — O)(\ — ik)® — 2)9).

The probability density p(x,t) of each process L; for i« = 1,...,N + M satisfies a

tempered fractional diffusion equation x = L;(t),
dp(x,t) = cd2%p(x,t),

where the constant ¢ > 0 for 1 < a < 2 and ¢ < 0 for 0 < o < 1 and the tempered-

fractional-diffusion operator O A g given explicitly as [93, 94]

0
ag,é‘,)\ — Dg,@,)\ + va,@,)\i + Va,)\

ox
where v®%* and v®* are additional drift and source/sink terms given by,
af N 0, [ RS (07 1) ar ¢
v I T VT cos(ma/2)
| cos(ma/2)| ac (172)

Here a € (0,1)U(1, 2] is the fractional power or stability parameter, governing the heavy-
tail law of the distribution generating the noise, 6 € [—1,1] is an asymmetry generating
skew in the distribution, and A € (0,00) is a tempering parameter that exponentially
suppresses large jumps in the process 77. Importantly, we take the noise as centred in
the Gaussian limit (zero mean). For stability parameter o = 2, the Lévy noise becomes
Gaussian and the tempering A no longer has any effect. Importantly, the value a = 1
is excluded because it corresponds to the pathological Cauchy process. The operator

Dy 92 is called the A-truncated fractional derivative of order a, given by,
Dg’e’)‘ = Z(H)e_’\x ,onge)‘a’ — 7“(0)6)\&: ng‘oe_)‘z

where the operators _D$ and ;DS are the Riemann-Liouville derivatives defined as
[94]

N pre gy = " / T_der o

I'(m—a)da™ |_ (z—)otl-m

(_1)me)\x om 00 dCe—/\(
['(m — «) 0x™ /x (¢ — x)otl-m

e ngoe—M’f(:c) =

for « — 1 < m < a. These can be equivalently defined in Fourier space [95, 96]
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where
Fli@) = [ dee @) = )
F[fw] = [ Gret i) = fo)
The weighting factors
10) 0—1 r(6) 0+1

~ 2cos(ra/2)’ ~ 2cos(rar/2)

determine the asymmetry imposed on each of the Riemann-Liouville derivatives. It is

also useful to take the Fourier transform of the fractional derivative 85" giving

~

Flogt2p@)] = {10/ = ik)= = (@) O\ + k) — ik v F(k) - (3.16)

=A(k) /o2

where A (k) is the characteristic exponent (given earlier) and and o2 becomes the variance
of the noise in the Gaussian limit. The centred noise is specified by four parameters
«,0,0, A\, generalising from the one parameter of mean-zero Gaussian noise, o, that we

obtain in the limit as @ — 2.

3.2.4 Measures of synchronisation

To measure the degree of synchronisation within a given population we use local forms

of Kuramoto’s order parameter [1] given by
Op = 1 > el Op = L > el (3.17)
N | ’ M |4
JjeB JER

We emphasise that in many of our examples in the following the total system (‘global’)

order parameter 1/(N + M)| >, 5 e + dier e'?i| will be far from the value one.
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3.3 Bulk dynamics near locked states

In this section we make various approximations to understand the bulk dynamics ana-
lytically when the system is near certain locked states. In Section 3.5 we return to the

studying the full system (without approximations), albeit numerically.

There are various ways that the system can be deemed locked. We refer to the phase
locking within Blue, that is 3; =~ §; V 4,5 € B, and within Red p; = p; V ¢,j € R,
as internal or local locking, and the phase locking of Blue externally with Red, 5; =~
p; V{i,j} € {B,R}, as external or global phase locking. If we denote by B and P the
centroids of the Blue and Red phases given by

B:%Z,Bi, P:%Zpi. (3.18)

ieB ieR
and consider the difference

A(t) = B(t) — P(t), (3.19)

then if A # 0 is time-independent then we may speak of external frequency locking.

3.3.1 The two cluster ansatz

In general, the system in Eq. (3.1) can only be solved numerically. To gain analytic
insight in a region of greatest relevance, given that Blue and Red may deem internal

phase synchronisation ideal, we explore a fixed point given by the ansatz

with b;, p; small so that b? ~ 0, p? ~ 0. This leads to ) ;cgb;i = > ;crpi = 0.

We linearise the system using Egs. (3.20) and (3.19), keeping only terms first order in a

Taylor expansion in b; and p; giving

bit+B~Q— (s> LPb— Cpreos(A—¢) S L,

jeB jEBUR (3.21)
Pi+PrQ—(r) Lgf)pj —(rpeos(A+¢) Y L,(JRB)U]"
JER JEBUR

where

b, i€ B Wi — CBRdEBR) sin(A — ¢)
Vi = , = (RB) .
pi 1ER vi + Crpd;  sin(A + ).
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The quantities d and L, with superscripts B, R, BR and RB, represent respectively the
degree and corresponding Laplacian for the Blue, Red, Blue-Red and Red-Blue networks
using the matrix M; see Appendix A. Note that the Laplacian is defined as L := D — A.
See [33, 90, 97] for the significance of the Laplacian spectrum.

3.3.2 Decoupling the dynamics

We now assume that

S L Y Ly o, (3.22)
JEBUR JEBUR

so that the equations for the fluctuations b; and p; in Eq. (3.21) may be decoupled
through the use of the graph Laplacians. More specifically, the intra-population Lapla-
cians L(5) and L) both contain a complete spanning set of orthonormal eigenvectors for
the N and M dimensional subspaces. These are labelled as e(P") forr = 0,1,...,N—1 ¢
Bg and e for r = 0,1,...,M — 1 € Rp. The associated eigenvalues are denoted by
AB) and A(B) We distinguish between indices in node space {B,R}, and those in eigen-
mode space {BY, RF} (which has the same dimensionality) by reserving labels {4, 5} for
expressions involving graph nodes, and labels {r, s} for expressions involving Laplacian
eigenmodes. We assume that Blue and Red networks each consist of one component.
Up to normalisation, the corresponding zero eigenvectors B0 and &9 consists of
all unit valued entries [33]. Combined with Eq. (3.18), we see that B and P are the
zero-mode projections of the phases 3; and p;. Analogously, we denote by z, and y, the

projections of b; and p; on the Blue and Red non-zero eigenvectors.

Using Eq. (3.22) and the eigenvector projections in Eq. (3.21) combined with the or-

thonormality of the eigenvectors gives

iy = w — APz, — Cgrd PP sin(A — ¢),
gs = 1 — (AP, + Crpd(FP) sin(A + ),

. d\B® 3.23
B=u&-— 7CBRNT sin(A — ¢), ( )
' dBR)
P=v+ C1"”’#5111(A+1/)),
for r € BF/{0} and s € R¥/{0}. The terms w") and d'P™ are the projections onto the

r—th eigenvector and @ is the average over B with ngB) the projections onto the s—th

eigenvector and i the average frequency for Red. The difference of B and P gives then

A=-V'(n), (3.24)
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where

V(A) == puA —+/S%2+ C?cos (A — o) (3.25)

~(-¥)
o=tan"'(5/C),
(BR) CBRCOS¢ CrB COS Y
(o )
CBRSIH¢ Crpsiny
i .

Thus A may be solved first from Eq.(3.24), and then used in the forcing terms of the

normal mode equations in Eqgs.(3.23) which are otherwise solvable in their own right.

The substitution, A = o + 2tan~! (19 + 7“92:02), leads to the solution

A(t) = o+ 2tan™ {1 [ ——— 52 + ¢ \/7 ( (const — t)) } (3.26)

where const = ftanh {%00}, and

K=0C?+8%— 1% (3.27)

The solutions to the normal modes are given in Appendix A. Ultimately their dy-
namics depends on the behaviour of A(¢) which in turn is governed by the potential
V(A) in Eq. (3.24). This is commonly referred to as a tilted periodic [98-100] or
tilted Smoluchowski-Feynman ratchet [101] potential. Importantly, we have period-
icity, V/(A) = V/(A 4 27), and the tilt refers to the constant forcing term in V’/(A)
given by the difference of frequency averages p. The sign of K is critical. If K > 0 the
solution asymptotes to the value o + sin™! <ﬁ> mod 27. If £ < 0 then Eq. (3.26)
m for K > 0, V(A) is a series of

local maxima with unstable fixed points at A =7 + o —sin~! (W) +2mn, n € Z)

1 L
(W) + 21, n € Z on
a landscape which has an overall slope according to the sign of . For K = 0 the hills

and local minima with stable fixed points at A = o+ sin™

and valleys of the potential become points of inflection, and hence unstable fixed points.
For K < 0, the potential loses all of its fixed points, even the unstable ones. We may
also speak of drift when there is no stable fixed point. This implies that Blue and Red

clusters will be in motion with respect to each other.
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3.3.3 Measures of synchronisation and the fixed point approximation

Something absent in the works [6, 45] is the centroid representation for order parameters

1 1
O =y Z cos?(B; = Bj) = Z cos?(b; — by), (3.28)
i,jEB i,jEB
1 1
Or = Z cos?(p; — pj) = i Z cos?(p; - pj)- (3:29)
1,JER 1,JER

In the fixed point approximation when K > 0 (giving A constant), b;, p; may be deter-
mined from the stationary solutions for x,,y, in Eqgs. (3.23) which may be substituted
into Eqs. (3.28) and (3.29). Alternatively, and reintroducing the LB, LEB matrices,
Eqgs. (3.21) in the static limit may also be compactly written in terms of a ‘super-

Laplacian’ matrix L,
Q- Li=0, (3.30)

where the off-diagonal parts of the matrix £ incorporate the terms ignored thus far,
Egs. (3.22).

The super-Laplacian, given explicitly in [45] is not symmetric but has zero column sum
and therefore a single zero right eigenvalue. Thus Eq. (3.30) is invertible through the
pseudo-inverse of the super-Laplacian (even though it may only be computed numeri-
cally, in general) and used in Egs. (3.28) and (3.29).

Importantly, this brings together information about the network structure through the
Laplacian, but also on the nature of the threshold in /C through the implicit depen-
dence on A. Thus any deterministic optimisation of Op (for example) in relation to
parameters ¢ and 1 will encode the transition to periodic behaviour at I = 0. We will
show a numerical example of this below when we consider the fitness landscape of the

deterministic system.

3.3.4 Example networks, frequencies and couplings

To illustrate our otherwise general solutions and compare to numerical simulation we
consider an example of Blue agents in a hierarchy and Red agents on a random network.
As in [6, 45], for B we consider a complete 4-ary tree, thus N = 21. For R we use a

random Erdos-Rényi network also of NV = 21 with link of probability 0.4.

Blue-to-Red interactions are arranged such that each leaf-node of Blue (i = 6,...,21)

interacts with the correspondingly labelled Red node (i = 27,...,42), shown as open
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BR) _ dZ(RB) = 1 or 0, for agents engaged, respectively

circles in Fig. 3.1. Thus dg

not engaged, with a competitor, but drEFBR) = 16. Given the significance of the graph
Laplacians we show their spectra and the frequencies of each agent in Fig. 3.2 where the
specific frequencies of each agent are drawn from a uniform distribution w;, v; € [0, 1].
In this instance the average frequencies are w = 0.503, 7 = 0.551, giving u = —0.048. If
cross-couplings were set to zero the Red population would lap Blue over time. The sign
of p here implies a negative slope for the tilted ratchet potential V(A). Note here that
there are many more low lying eigenvalues for L&) compared to L) - a consequence

of the comparatively poor connectivity of the tree graph (left, Fig. 3.2).

We choose couplings [6, 45]

(8 =8,(r=0.5,(Br = (g = 0.4.

For these network instances these give high internal phase synchronisation (note that
(B > (R, reflecting the difficulty of hierarchies to synchronise) but allow for some changes
in dynamics as the frustrations are varied; specifically we set ¢y = 0 and manipulate ¢.
Then I changes sign from positive to negative at ¢. = 0.94987. In the vicinity of this
point, in the absence of noise, for ¢ < ¢. Blue locks to a fixed phase ahead of Red, and
for ¢ > ¢. Blue and Red remain internally phase synchronised but lap each other with a
period that decreases as ¢ gets larger. Thus we shall be interested in behaviours slightly

below and above this point, for example ¢ = 0.947 and ¢ = 0.967.
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F1GURE 3.1: Left: The Blue network B created from a complete 4-ary tree with N = 21.
Right: The Red network R created according to the Erods-Rényi model with N = 21
and a link probability of 0.4. The node i in the tree graph denoted by a circle interacts
with a corresponding number, node i + 21; all other nodes are represented by a filled

triangle.
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FIGURE 3.2: Left: The spectrum of the graph Laplacian for Blue and Red networks

coloured respectively Blue and Red. Right: The frequencies for Blue and Red agents

according to the node labelling again coloured blue and red respectively, with solid lines
indicating their corresponding means.
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3.4 Analytical results

In this section, we derive some analytic results when the system is perturbed by exoge-
nous stochastic shocks. We seek to understand the bulk behaviour through a projection

onto an expansion in terms of the Red/Blue Laplacians.

3.4.1 Projecting the noise

For every small increment of time, we apply a small increment of our processes L; to
the Blue and Red network nodes. To aid the notation, we denote by LEB) (t) and LER) (t)
the processes on the Blue and Red network nodes, respectively. At every time point
t, the increments of the processes may be decomposed in terms of eigenvectors of the

Blue/Red Laplacians as

dLP(t) = Y- APeP anP ), i€ B,

reBg
AL () = 3 4B ag®(r), ie R
ré€ERE

where nv(qB) and nq(nR) are tempered stable Lévy processes with a change of parameters.

We stress that this does not mean a decoupling of the noise, but a decomposition of
general tempered stable Lévy noise under a complete basis. In particular, we note that
the projections onto Laplacian eigenvectors in Section 3.4.1 mean that the parameters
a, 0,0, A of the noise of the original process L; are not necessarily the same as those of

the projected system 7.

In [53] the general expression for projection onto an N-dimensional vector u; of the

tempered stable Lévy process 7; was derived as is given by

N
deroj = Z Uj dnj-
j=1

For the noise 7 this is defined as a function of the parameters «, 0,0, A, as in Eq. (3.16).

Then for the projected process Lyo; the characteristic exponent is

N
Aprog (k) =02 37 (14 O)(A + i)
j=1
+(1 = O)(\ — ikuj)® — ikujo?N 4 > (3.32)

Essentially, the ‘momentum’ k is multiplied by the component of the vector u;.
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This gives the Langevin or Ornstein-Uhlenbeck system, written in SDE form as

dar(t) = ¢{P) (2, (1), A) dt +1P) dnfP) (1), (3.33)
dys () = i) (y (1), A) dt 4 4y ),
dA() = =V/(A) dt 445" dng™ (t) — 76" dng™ (2), (3.34)

for r € BE/{0}, s € R¥/{0}, and where the variables and parameters are as used in
Eq. (3.23).

We test the consequences of noise applied to zero or normal modes via the selections:

o ’y(()B) = éR) =0, 'yﬁB) = 7§R) =1, {r,s} € {BF/{0},R¥/{0}} has noise applied to

normal modes;

o fy(()B) = éR) =1, %(,B) = 7§R) =0, {r,s} € {BF/{0},R¥/{0}} has noise applied to

zero modes.

These choices then specify the random variables in the stochastic system. In the full
problem of noise applied generally, there are three sets of random variables, two vector
and one scalar, corresponding to the deterministic variables (¥, #, A). These correspond

to Blue and Red Laplacian projections and the phase difference between centroids.

3.4.2 Noisy normal modes subject to tempered stable noise

We consider first the case 763 = 7(1]% = 0 where Lévy noise is introduced on normal mode
fluctuations on the background of the deterministic A. The latter is governed by the
solution Eq. (3.26) which tends to a fixed value as t — oo or is periodic, according to
the sign of I in Eq. (3.27). We show in the following how with tempered Lévy noise
this devolves to a system we have solved elsewhere [102]; we will not give the solution
here but explain the behaviour it implies and why it is less interesting than the zero

mode case.

As A is no longer a random variable, in this case, all the normal mode Langevin equations
in Eq. (3.33) are independent. We may therefore consider the fractional version of a
Langevin equation for the Blue modes x, - the corresponding equations for ys are easily

translated from Eq. (3.33)
i = q{P) (s, A) + LTMA(2) (3.35)

where La’e’k(t) is a tempered stable Lévy process in time described by parameters «, 6, A.

For ease of notation we will first take the noise as if applied within the normal mode
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projected system, and translate back to the original basis subsequently. Because, in the
approximation that off-diagonal entries of the super-Laplacian are taken to be zero, the

(Br) s —1,...,N.

uj in Eq. (3.32) are, for the Blue system, the eigenvector components e;

Thus the corresponding Fokker-Planck equation can be decomposed into a product of
N 4+ M — 2 densities,

Pt = [ PP7@.t) [ Pt
reBE /{0} seRE/{0}

leading to a decoupling into separate fractional Fokker-Planck equations for each mode.

The probability density P(z,t) associated with the tempered-stable Lévy process given
by Eq. (3.35) satisfies the fractional Fokker-Planck equation [103],

0
(B,r) — ) ;2500% _ (B) (B.r)
3tp (z,1) {U o oz, @ (T t)} P (zr,t),
PEN (z,,0) =5(xy — L), (3.36)

where o2 € (0, 00) is the diffusion constant - which becomes the variance of the process in

the Gaussian limit. Unpacking qq(«B) gives the explicit form of the tempered-fractional-

Fokker-Planck equation (TFFP) for the normal mode projection of the Blue-vs-Red

system
;P(B’T) (p,t) = {UQD%’@’)‘ + [CB)\gB)xr + o2y fA
)
(™ _ rndBR g _
() = Cord{® sin(A(1) ~ )] 7~
+ [CoA®) + 020N }PEN (g, ). (3.37)

oA = 88—;2, section 1.8.3.6 of [104] gives a set of nonlinear

For the Gaussian limit, i.e.
transformations which result in the Gaussian equivalent of Eq. (3.37) becoming the
standard heat equation. Indeed, this technique enabled the analytical investigation of
clustering effects in the frustrated Kuramoto model under the influence of Gaussian

white noise [6].

As alluded several times, we have solved a version of this problem in [102] where the
sign of I and the shape of the underlying noise distribution interplay in determining
the solution. For K > 0, where A asymptotes to a constant value, the probability
density broadens from a delta function to a tempered stable density of corresponding
characteristics given by «a, 0, A. For K < 0, where A becomes oscillatory, the Fokker-

Planck density evolves from the delta function to a tempered stable density of fized
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shape (again, according to a, 6, ) but whose centre oscillates according to the dynamics

of A. This is a natural generalisation of the behaviour seen for the Gaussian case in [6].

These behaviours will result in corresponding dynamics for the order parameters Op(t)
and Opg(t) for weak values of o. For IC > 0, these will exhibit noisy behaviour (showing
tempered-heavy-tails) around a steady-state value, while for K < 0 there will be similar
noisy behaviour around an oscillatory background. Importantly, if noise is applied across
all nodes independently, we expect a residual imprint of the sign of K in the dynamics.
In this respect, there is little that is surprising in the normal modes and so we turn to

the potentially more interesting case of the zero modes.

3.4.3 Noisy zero modes

Taking v; = 0 and 9 = 1, we consider the tempered fractional Fokker-Plank equation
with the tilted ratchet potential from Langevin form Eq. (3.34) and wrap their densities
P(x,t) onto S'. For more details regarding the analytic results of this Section please

refer to [105].

From Eq. (3.36) we get that each population density can be rewritten in terms of the

probability current J(x,t) as

d 0
&P(mi) + %j(m,t) =0
= J(z,t) = — {026@"0”\ + ;xvl(a:)} P(z,t). (3.38)

We now restrict the support of z to S' by constructing the so-called reduced density

Pplreduc) (1 t) and reduced probability current J¢%)(z, t) through

P(reduc) (x’ t) = Z ’P(x + 2mn, t),

n=—oo

o
g (redue) (. 1) = Z J(x + 27mn, t).
n=-—00
Due to the linearity of the Fokker-Planck equation, the reduced density and reduced
probability current also obey Eq. (3.38) but with the new boundary and normalisation

conditions _
plredue)(—g,t) = Predudl(z ), [ PUredwe(z ¢)dx = 1. (3.39)

-7
Just like the Gaussian case [101], we expect that for tempered stable Lévy noise the
steady state equivalent of Eq. (3.36) with vanishing boundary conditions at the natural

boundaries * — +oo will be non-normalisable due to metastability. The steady state
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(reduc)

density P, (z) on S! satisfies

{0289?797* + ;xV’(x)} plredue) () = 0 (3.40)

with boundary and normalisation conditions given by Eq. (3.39).

The solution is obtained by Fourier transformation of Eq. (3.40) revealing the expression,

~

Qk+1) = —f1Qk) + Q(k — 1),

where @(k:) = e_ikpﬁs(:educ)(kz), (3.41)
2

kV/S2 4+ C?

and we note that because of periodicity, the Fourier variables k are integer-valued. We

and f, = - [A(K) + ikpl,

can then construct the corresponding reduced probability density via the discrete inverse

Fourier transform

(reduc) _ 1 ) S —in(z—p) A
P (@) = o {Q(O) + 2RZ_jle 1Q(n) ¢, (3.42)
where Q(0) = 1 from the normalisation condition in Eq. (3.39). The remaining Q(n)
may be solved via the nonlinear transform

Q(k +1
Sk-l-l:Q(/\ )7

Q(k)

which transforms the linear three-term recurrence relation given by Eq. (3.41) into the

following nonlinear two-term recurrence relation,

1

Sy = ————.
" e+ Sk

(3.43)

Eq. (3.43) can be solved iteratively with the application of continued fractions,

1 1

- S 1
fe fet1+Skt2 fet fk+1+fk+2ﬁ

Sk

whose values can be used to reconstruct the corresponding @(k‘) expressions using,
Qk) = SkSk-1.-.5251Q(0)

for insertion into Eq. (3.42).
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In this paper we mainly focus on the average velocity (A), which is defined through the

reduced steady state probability current JS(Z educ)(:ﬁ) with x replaced by A as follows

@)= 5@ = [ i @aan.

Non-zero values of (A) indicate that through a combination of drift and noise there is a
rotation of the centroid of Blue with respect to that of Red; positive values mean that

Blue advances and negative values mean that Red advances. The average velocity (A)

is solved for giving
—%ﬁ’%u—zmﬂ{@u)} 0<a<l

<A> — COS(T)

p— 21l {@(1)} 1<a<?2 349

We now need to take into account the Laplacian projection of the noise. It is straight-
forward to see that as the equation for A arises from the difference B — P, the N + M

components of u; in Eq. (3.32) for this purpose are:

1 .
L ji=1,...,N
U; = Nj

=N+ N+ M '

Eq. (3.32) thus gives

Ao (k) 202{(1+9) [N <A+;’%>Q+M(A_ J%)a]

RTINS}
— ik (x/ﬁf \/M) PO | (N+M)ya)k}.

Noting that in the explicit example we consider, N = M, this leads to

Ao(k) = 20%°N K/\Jr \;%)a - <>\— \j’%)aﬂa,x} .

This can be further simplified to

Ro(k) =20N1=/2 [(VNA + ik)a + (VNA- z’/-c)a + VI
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We see that for the mode A, the parameters of the noise H for the zero mode projected

system are a simple rescaling of those of the noise 1 on the original system:

o2 o2 N1-a/2
A=V N
0 —0.

Significantly, both the tempering and noise strength are enhanced, and the skew is
eliminated. The interplay of these for various o and A are not easily read off from
Eq. (3.44). In Figure 3.3 we show the A-dependence of (A) for various a from Eq. (3.44)
for the couplings in Eq. (3.31) and with ¢ = 0.967,v¢ = 0 (top, for which K < 0) and

¢ = 0.94m,¢ = 0 (bottom, for which £ > 0).

In both cases, we see that values of the average velocity are generally small and negative
(indicating that Red will advance ahead of Blue), and the near Gaussian case (red curve)
is correctly A independent. The curves on the top, for ¢ = 0.967, represent generally
larger absolute values of (A), consistent with K < 0 so that deterministic dynamics
already imply A = 0. For small tempering A the average velocity is larger in absolute
magnitude for smaller a (though difficult to discern on this scale), but there is a critical
value of A at which this behaviour reverses, with small « values seeing more suppression.
However the effect eventually flattens out. Thus, even when deterministically there is
drift between clusters, tempered stable noise with small « and large tempering A can
cancel some, but not all, of this drift. This effect is more pronounced for ¢ = 0.947
(bottom), where K > 0 and thus deterministically A = 0. Thus the effect is naturally
more exaggerated since the underlying deterministic dynamics places the system in
steady-state. The black curve here for a = 0.3 genuinely approaches zero. Thus, for
small o and sufficient tempering A, the noise induced drift between Blue and Red may

be cancelled entirely.

To summarise the key insight from this section: for small « in the presence of tempering,
the noise may drive a tendency for the Blue and Red clusters to drift less even when
deterministically they might otherwise be in relative motion, while for deterministically
locked scenarios noise may be cancelled entirely. Though we have not yet drawn atten-
tion to it, this behaviour is independent of the graph structure of Blue and Red since it
arises purely from the structure of the fixed point as represented in the potential V' (A)
in Eq. (3.25).
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FIGURE 3.3: Plots of the average ((a) and (b)) and variance ((c) and (d)) of A and the

velocity (A) ((e) and (f)) given by Eq. (3.44) as a function of the tempering parameter A

for different values of the stability parameter . The couplings are as in Egs. (3.31) and

the noise strength ¢ = 0.1. The left hand plots show when the frustration parameters

are ¢ = 0.96m,1 = 0 (when Blue and Red deterministically drift) and the right hand
the case for ¢ = 0.94m,¢ = 0 (where Blue and Red deterministically lock).

3.5 Noisy behaviour in the full dynamics

We now focus on investigating the full nonlinear dynamics of the stochastic Blue vs
Red model using numerical simulations. The aim of this numerical investigation is to
identify the optimal internal synchronisation and phase lag of the Blue network against
the Red network and to understand how the noise parameters «, o, and A lead to either

steady, periodic, or noisy pathwise behaviour.

3.5.1 Implementation

To simulate the full tempered fractional stochastic Blue-v-Red model we implemented
code in C++ for maximum performance and uses the Messaging Passing Interface (MPI)
to parallelise the simulation across an arbitrary number of CPU cores. The simula-
tion is performed using an Euler method to simulate the dynamics at the N vertices.

This algorithm was chosen as it allows the code to easily switch between the cases of
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(1) no noise, (2) Gaussian noise, (3) stable noise, or (4) tempered stable noise with-
out changing the underlying algorithm. The code takes the following parameters: the
noise distribution parameters; the number of paths to simulate; the number of time
steps in each path; and the filename containing the graph G stored in graph6 for-
mat [106]. The code also includes a number of hand-implemented random sampling
algorithms for stable and tempered stable distributions. The evaluation of the ex-
pected values of the order parameter is approximated through a simple Monte Carlo
procedure, that is we approximate the expected value of the order parameter upon
the discretisations E[(Op);] = E[(Op(ti)],t; € [0,T],i = 1,..., N through the mean
Op)i = & Z%zl(OB)gm) where (OB)l(-m) is the i’th discretised value of the m’th simu-
lated path of the order parameter Og. From the CLT we have that

(OB)i~ N <E[(OB)¢L \/j\7> , (3.45)

where N is the normal distribution and the standard deviation of the order parameter
estimate is given as s = 7 Z%Zl((OB)Em) —(Opg);)?. This is similarly done for (Op);
and A;.

3.5.2 Pathwise dynamics

In the following we show the pathwise dynamics, namely individual but characteristic
instances, for tempered stable Lévy noise choices for cases where we have previously
examined the deterministic [45] and Gaussian noise [6] systems. We first focus on the
dynamics for specific values of o, o, A while always using the one-sided case § = 1. We
generate time-series of the order parameters Op,Or and A. We choose values where
both deterministic and stochastic properties are evident, in other words where chaos is
not dominant. In most cases, this limits us to choices a > 1 so we use @ = 1.5 as a value
sufficiently far from Gaussian. Our choice of points in the (¢, 1)) landscape will be both
below and above the threshold X = 0. These should be compared to corresponding plots
for the Gaussian case in [6]. We note that whereas in that work we plotted box-whisker
charts for the data at each time-step, here we simply plot the mean and the standard
deviation on a dual axis. Thus the fluctuations in Op and O may appear to exceed

unity - this is an artefact of how we represent the deviations.
To begin with we consider stable noise for ¢ = 0.05 and o = 1.5 in Figure 3.4.

We show examples for four points in the (¢,1) plane, two below, one at the threshold
of K = 0 and the other above. We observe, firstly, that levels of synchronisation in
Op and Opg are high in all cases, however the nature of the fluctuations can be quite

different. While IC > 0, as for the top two cases, the fluctuations are quite random about
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FIGURE 3.4: Time series plots in the stable Lévy noise case with 0 = 0.05 and a = 1.5.
Left axis: Time series plots for the average order parameters and A. Right axis: Time
series plots (dashed lines) for the standard deviation of the Monte Carlo estimates of
the order parameters and A. Left column: order parameters for the blue and red
networks as given by the blue (light grey) and red (grey) lines respectively. Right
column: A as denoted by the black lines. (a) and (b): (¢,%) = (0.27,0), (c¢) and (d):
(¢,9) = (0.947,0),(e) and (f): (¢,9) = (0.957,0),(g) and (h): (¢, ) = (0.967,0)
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a constant mean. The heavy tail jumps are more evident in A in contrast to Op, Og.
Below I = 0, as for ¢ = 0.967,19 = 0 a clear periodicity is evident in all measures,
however, for Op and Og the superimposed jumps are also marked. These should be
contrasted with a far more incremental stochasticity in the Gaussian case shown in [6].
The behaviour of A in the fourth instance is quite telling: the periodicity is evident,

however after each cycle there is a distortion in the period that incrementally increases.

The important point to emphasise is that we are applying noise here to all nodes so
that we are stimulating in essence both the zero and normal modes according to the
Laplacian. Nevertheless, we can distinguish the impact on the two classes of mode quite
cleanly. Firstly, the dominance of the periodicity when I < 0 with noise superimposed is
a consequence of the noise on normal modes but the underlying deterministic behaviour
of the zero mode, namely A(t), leaving its mark. Secondly, the stochasticity in the
periodicity itself of A when I < 0, is a consequence of the noise on the zero mode itself.
Specifically, the Lévy ratchet potential manifests itself in the probabilistic nature of how
long the system stays in the metastable well when subject to noise. We recall from [6]
that when Gaussian noise is only applied to normal modes the behaviour of A(¢) in the

K < 0 regime is strictly periodic.

In light of this discussion, understanding the tempered case is straightforward. Shown
in Figure 3.5, we observe essentially the same characteristics but with moderation of
the stochasticity. Tempering here is at A = 0.75 so that the jumps in Op and Op are
significantly smaller and sparser, both for constant and periodic behaviours. In the
behaviour of A the broadening for /' > 0 is smoother. For the periodic regime, K < 0,
the period is far more well-defined as a consequence of the stabilisation of the system in

the ratchet potential.

We have avoided thus far to show results for 0.5 < a < 1 as there is little structure
distinguishable due to the heaviness of the tails. However, in the presence of tempering
with o = 0.5 recognisable structures emerge as shown in Figure 3.6. We see here the
behaviour predicted analytically, that with tempering and small values of v a smoother

dynamics is restored.

3.5.3 Objective function for deterministic system

We now focus on the fitness landscape, where fitness refers to optimal internal synchro-

nisation and phase lag for one population with respect to the other; we choose Blue for



Two Network Kuramoto-Sakaguchi Model Under Tempered Stable Lévy Noise

65

(a) (b)

Loos )
025
Foua
oou
1.000 020
Foae
oon2
ot
0.995 Ir T ¥ | oo
o010 o
S |, B = I R
o ! | &) e =
! | S ] B
\ \ 0.006 0.00 rod [ 0.06
Doss \ ! ot maetihgrrg AN
SN P
\ | oo —00s e Loos
| i ! e
1 { ' POTRI)
0.950 i ~010 ! )
Il M | ' ) 0.002 o0z
TR "U“:" un;‘.‘ L g )
i | BN 3 ot Lp bl iy .
AL B Stk sttt AR Sl s
eak i 0000 om0
S S e T R P A S 0 w0 ow  mw mo mw 2w
.
o
oo
Lo
04 0.150
ooz
099 0
T v 0.010 0.1
ST o0 O q oz N 0100 <]
i AN Npanst ~
[ | B K T A %
| 0.006 0.1 s A ke AL 0! Vi) 0075
0ses i ke Y ISR
d : [ Y e \)1-,.‘/"'.
N 0.004 0.0 ! 0.050
i
0.950 i H
- H 025
- l“‘!l | TN o2 " 0o
"N o A IS o
1. A "u.héw ot SR LA A et
* — 0.000 0.000
o 0 me w0 oo o o im0 2w S 0 me w0 et mo 2w
Lo05
0
oo
Lo »
o012
o
0905 0010
— -6
=5 oos O a
0990 = -
8] 3 )
000
w0
0985
000t »
0580
o0 "
0000 0
T aw me w0 1w mw o mw w
Lo0s
0
Foou
Low .
Foore
0.995 I 0.010 —20
(ST Lo © 4
. = w0
&) 4 [S3]
Fooos
0085 10
Fooot
. 50
™ Lo
000 prp - . -

0 250 500 750 1000 1250 1500 1750 2000

FI1GURE 3.5: Time series plots in the stable Lévy noise case with o = 0.05 and o« = 1.5
and A = 1. Left axis: Time series plots for the average order parameters and A. Right
axis: Time series plots (dashed lines) for the standard deviation of the Monte Carlo
estimates of the order parameters and A. Left column: order parameters for the blue
and red networks as given by the blue (light grey) and red (grey) lines respectively.
Right column: A as denoted by the black lines. (a) and (b): (¢, ) = (0.27,0), (c) and
(d): (¢,%) = (0.947,0),(e) and (f): (¢,v) = (0.957,0),(g) and (h): (¢,) = (0.967,0)
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FIGURE 3.6: Time series plots in the stable Lévy noise case with o = 0.05 and o = 0.5
and A = 0.75. Left axis: Time series plots for the average order parameters and A.
Right axis: Time series plots (dashed lines) for the standard deviation of the Monte
Carlo estimates of the order parameters and A. Left column: order parameters for the
blue and red networks as given by the blue (light grey) and red (grey) lines respectively.
Right column: A as denoted by the black lines. (a) and (b): (¢, ) = (0.27,0), (c) and

(d): (¢,%) = (0.947,0),(e) and (f): (¢,%) = (0.957,0),(g) and (h): (¢,?) = (0.967,0)
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this purpose. To this end we choose an objective function given by

=

, ,
U(p, ) = (Z wiUZ-> (3.46)

where w; are the weights of sub-objective functions U;. These sub-objective functions,
upon the discretisations (Op); = Op(t;),t; € [0,T],4 = 1,...,N , and similarly for

(ORr); and «, are given by

N
(+(OB)i — 0)? (3.47)

Sl

N
U, = Z((OB)’ — 1)2 +

i=1 i=1

N

Us =, | S (A - 02
=1
Y d

Us =\| >_(=-(Or)i = 0)?

~.
—

where Uy,Us and Us corresponds to Op being constant and close to 1, A being close
to ¢ and Op being constant respectively. We indicate the value of 0 in Eq. (3.47) to
emphasise that objective function seeks constant Opg and Og. This choice of combination
of U1, Us and Us captures the trade-offs required by the Blue agents to maintain both
stable internal synchronisation Op = 1, Op = 0, and maintain a lead in the cycle ¢ over
the competitor, Red, namely A = ¢. We also include a requirement that Red have static
value of the order parameter Op, without seeking it to be close to 1. In other words,
Blue prefers to be internally well-synchronised, and Red at best frequency synchronised
but to the extent that Blue agents interacting with Red may achieve a phase advantage
of ¢. The choice of the power —% in Eq. (3.46) is for visualisation purposes to enable

better resolution of peaks and troughs in the landscape, as will be seen shortly.

3.5.4 Bayesian optimisation

Instead of performing an exhaustive grid search across the parameters ¢ and v over the
region [0, 27] x [0, 27r] we approach the problem of finding a global optimum of the various
objective functions using the theory of constrained global optimisation built upon the

ideas of Bayesian inference and Gaussian processes [7, 107]. In other words, we seek

rga(mﬁx {U(,v) : ¢,9 € [0,27]},
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using the minimal number of probes of U(¢,1). One of the consequences of this ap-
proach is that we may obtain a view of the fitness landscape by interpolating over the

intermediate values obtained by the algorithm as it searches for the global maximum.

As discussed in Appendix A.1, Bayesian optimisation is different to other kinds of op-
timisation in that it constructs a probabilistic model for seeking the maximum of a
function f(x) on some bounded set X C R? and then exploits this model to make deci-
sions about where in X to evaluate next. It uses all of the information available from
previous evaluations of f(z) and not simply local gradient and Hessian approximations.
This gives an algorithm that finds the maximum of non-convex functions with relatively
few evaluations at the cost of performing more computation to determine the next point
to try. This approach is particularly well suited when the evaluation of f(z) is expen-
sive to perform (as in our case). When performing this approach in practice there are
two major implementation choices that need to be made. The first is a model for the
prior over functions that express assumptions about the function being optimised. We
assume here a Gaussian process prior for the influence of ¢ and ¥ on K. Second, the
implementation requires a choice of an ‘acquisition function’ used to construct a utility
function from the model posterior and allows the algorithm to determine the next point

to evaluate.

To improve the performance of the Bayesian optimisation algorithm and, in the case of
the stochastic system, to account for the standard error of our estimate in Eq. (3.45),
we perform data smoothing on a coarser version of the original data set through the
application of a symmetric moving average filtering algorithm. The symmetric moving
average filter that we used is of window length 2n + 1 and is given by

n

Op)i= > w@E[Op)i], n<i<N-n (3.48)

j=—n

where the weights are chosen such that jwi =1 and the expectations are approx-
imated through Eq. (3.45). In our application of this algorithm we make the simple

selection of w; = For the n observations at the beginning and end of the time

_1
2n+1"
series, we use an asymmetric moving average filter to preserve all observations. Unless

otherwise stated, we use n = 10 in our window length.

3.5.5 Fitness landscape for deterministic system

In the top panel of Fig. 3.7 we show the objective function for the deterministic system
in the ¢, plane. We compare it below with a plot of the objective function but with

only the term corresponding to w; included, where we evaluate Op(¢,1)) based on the
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truncation to lowest order in the fixed point approximation, Eq. (3.28), as discussed

earlier. In addition, we overlay on this latter plot the lines (in black) where I = 0.

In the top panel of Fig. 3.7 we observe an overall ‘ridge’ of optimality in the bright strip
on the diagonal, and, with same alignment, dark narrow troughs far from optimality.
This ridge however sits at the top of a similarly aligned region that drops off orthogonally
to the bright ridge down to the darkly coloured troughs. Correspondingly, the overall
symmetry of the objective function on the top is displayed in the truncated form of Op
below. We may infer that the negatively sloped diagonal of maxima and minima in
the top panel are a consequence completely of the behaviour of I shown in the lower
plot. Because of the specific small choice of p in our example, the region where K < 0
(where the angle between Blue and Red centroids, A, becomes time-dependent) is very
narrow - in the narrow gap between the black lines in the bottom plot. This is, therefore,
responsible for the narrow troughs in the objective function on the top. Similarly, where
the objective function takes its maximum coincides at points with where K achieves
its maximum positive value, as well as Op itself as seen periodically along the central

diagonal of the lower plot.

However, something difficult to detect in a single quantity such as used in Op on the
bottom but evident in the full objective function on the top is that it is impossible
for Blue to achieve the combined objective of optimal internal synchronisation and large
frustration in relation to Red, ¢, for a fixed value of Red’s frustration in relation to Blue.
This is visible in the top plot as follows. On the one hand, following the bright ridge of
the plot, positive values of ¢ require negative values of ¢ to maintain high optimality.
This ridge corresponds to Red being ‘compliant’ with Blue’s intent: large positive phase
¢ for Blue is consistent with large negative phase, —¢, for Red. However these bands
do not extend indefinitely along the diagonals of the (¢,1) plane but are truncated.
This is a consequence of the presence of Us in the objective function Eq. (3.47) where
optimality requires a sign of A: Blue seeks to be a certain phase ahead of Red. This
truncation of the diagonal band is only seen partially in the bottom plot in that the

central cell is a square rather than a rectangle in the upper plot.

Once values of (¢, 1) off the diagonal are chosen, the degree of optimality drops off into
rectangular bands that align with the diagonal ridge. This drop off is a consequence
of the combination of internal synchronisation and achievement by Blue of maintaining
close to the phase difference ¢ ahead of Red, but where Red chooses ‘non-compliant’
values 9. The larger is ¢/ > 0, the smaller the range of ¢ > 0 available before instability
occurs, namely a dark ridge in the plot is encountered. Thus, this landscape represen-
tation summarises the trade-offs in internal synchronisation and ability to synchronise

in a stable manner ahead of the competitor available to one side or the other given the
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choices of the other. The question we address next is how much of this structure is

maintained in the presence of stable and tempered stable noise.

3.5.6 Fitness landscape for stochastic system

To study the fitness landscape in the presence of noise, we use the objective function of
Eq. (3.46) but with sub-objective functions using the discretisations (OB)i =0p (t;),t; €
[0,T],i=1,...,N , and similarly for (OR)i and (A)z, are given in terms of the smoothed

expected values as defined in Eq. (3.48). The sub-objective functions then are as follows

N o N d .
Ui =\[>_((Op)i —1)%+ Z(@(OB%—O)Q,

=1 =1

N
Uz =y| > _((A)i — 9)2,

=

N d -
Us =\| >_(5:(Or)i = 0)?,

i=1

where U;,Us and Ujs corresponds to Op being constant and close to 1, A being close to

¢ and Or being constant respectively.

In Fig. 3.8 we show four cases of the objective function, comparing the deterministic,
Gaussian (top left and right) and, importantly, the stable case for & = 1.5 (bottom left)
and tempered stable case with o = 1.5, A\ = 0.5. In particular, for the two non-Gaussian

cases we have used the Bayesian optimisation approach.

We observe firstly that the Gaussian case (top right) maintains to a high degree the
integrity of the landscape from the deterministic result. However, stable noise (bottom
left), as a consequence of the heavy tails, significantly smears the landscape - we note to
this end the change in the colour gradations for this case showing that overall values of
the objective function are suppressed in comparison to deterministic and Gaussian cases.
Also, the accumulation of points searched by the Bayesian optimisation underscores the
relative sub-optimality of (¢,) values away from the origin. Nevertheless the structure
of the landscape is maintained. With suppression of the heavy tails by tempering (bot-
tom right), the landscape is closer to the Gaussian case. In Fig. 3.9 we plot numerical
evidence that the optimal fitness landscape results picks out optimal values by plotting

the time series of the various order parameters at a point within the optimal band.
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In conclusion for this stage, the overall imprint of the deterministic dynamics is retained
in non-Gaussian noise cases. In particular, the partition of the (¢,) plane according

to the sign of K remains key for determining regions of stochastic optimality.

3.5.7 Determining the presence of regular and noisy path behaviour

In order to analyse for which values of (a, o, \) the property of periodicity holds we

introduce a new objective function
UM (a,0)=1-K (3.49)

where K is the result of the application of the ‘0-1 test’ upon the ORr time series as
defined in Eq. (3.48). The 0-1 test is the means for determining the presence of chaos in
time series data that is a computationally efficient alternative to computing a Lyapunov
exponent [9, 10]. In this work, we shall utilise the 0-1 test to differentiate between
regular and noisy path behaviour of OR. To apply the 0-1 test upon the time series
Or, we select an observable from the solution ¢)(Og) and some parameter ¢ > 0. The

method used in this test is independent of the form of the function ¥. We now define

o(t) :ct+/0t¢(03)ds,
p(t) = /0 t Y(OR) cos(0(s))ds.

If the underlying dynamics are regular then p(t¢) is bounded otherwise p(¢) behaves
asymptotically like Brownian motion. To identify the growth of p(t), the mean-square

displacement is used:

T
M) = Jim 7 [ e+7) = plr)

If the behaviour p(t) is Brownian, then M (t) will grow linearly in time; otherwise if p(t)
is bounded, then M (t) will be bounded. To distinguish between these two properties,

the asymptotic growth rate of the mean-square displacement is calculated:

K — lim 28M0)
t logt

This can be calculated through a linear regression of log(M(t)) and logt¢ and will be
near 1 if the underlying dynamics are chaotic or noisy and 0 otherwise. Note that the
choice of 1 — K in Eq. (3.49) is the reverse of the typical test, used in this way here
for consistency with the landscape plots wherein large values (periodic behaviour in the

0-1 test and desired dynamics in the previous objective functions) are ‘good’; and low
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scoring values (noisy behaviour in the 0-1 test and undesired dynamics in the previous

objective functions ) are "bad’. More details of the 0-1 test are provided in Appendix A.2.

We now conduct straightforward grid search through the range of parameters in present-
ing landscape plots. We show two examples of computation of UV for stable (A = 0)
and tempered stable (varying across A), in Figs. 3.10 and 3.11, where yellow indicates
ordered regions and blue noisy regions. We choose a case of ¢ = 0.967,1) = 0 where
K > 0 and therefore we know that the deterministic dynamics should be constant in

quantities such as Op, Ok and A.

For the stable case, we show both one-sided (top panel) and two-sided (bottom panel)
cases in Fig. 3.10. We observe that across all values of «, for ¢ > 0.05 there is an onset
of noise with the strongest departures to noise at low a consistent with the property
that tails in the noise distribution become very heavy. Evidently the role of skew in the

noise plays a marginal role.

Contrastingly, we now choose ¢ = 0.05 and explore the tempered stable case in Fig. 3.11
for ¢ = 0.967 for both the one-sided (§ = 1) (top) and symmetric (# = 0) (bottom)
cases. We see that close to the Gaussian regime a = 2, there is an absence of noisy
behaviour across all values of A, as to be expected. We also see that for A = 0, going
vertically down the left hand edge of the plot, there is a transition from steady, to
periodic behaviour, to noisy behaviour and then long transients, reflecting the structure
of the landscape for the stable case in Fig. 3.10. However, once A\ # 0 this monotonic
trend from steady state to noisy behaviour changes. For any fixed 0 < A < 0.3 as «
decreases there is a transition to noisy behaviour and then back to periodic behaviour
(yellow goes to blue which goes back to yellow). Thus there is a restoration of ordered

behaviour for all A for small values of «, typically a < 0.25.

In other words, Blue and Red will exhibit smoother periodic behaviour in relation to
each other. This is broadly consistent with the pattern observed analytically for the
dynamics of A using the ratchet potential in the zero mode projection of the Blue-vs-
Red system. Recall three significant effects were seen to occur in that approach: the
skew drops out, there is a greater suppression of variance in A for small « for non-zero
A, and there is a reduction of the average drift between Blue and Red clusters. That the
skew does not play a role can be seen in the result for the landscape of for U for zero
skew (namely symmetric two-sided noise) in the bottom panel, with ¢ = 0.967 again.
Once more we observe the suppression of noisy behaviour at small a. Though the onset
of noisy behaviour is more general in the full system, applying between and within Blue
and Red. However, the analytical result for the variance of A and the average value
of A shows that the generation, or suppression, of variability in the zero mode of the

system is consistent with this behaviour. Of course there is need for caution, as the
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Noise U Parameters

Y ¢ (BR CRB
None 57.8598 | 1.675m  0.1944 = 0.8997 0.1628

Gaussian | 98.6311 | 1.3747x  0.00337 0.8170 0.0668
Stable 10.6854 | 0.2007 # 0.0083 = 0.8289 0.7124

T. Stable | 42.0838 | 1.26937  0.01437w 0.9932 0.1017

TABLE 3.1: Bayesian optimisation results for U(y, ¢,{pr,{rp) where 9, ¢ € [0, 27]
and g, Erp € (0,1] for 500 iterations and T = 2000. o = 0.05, « = 1.5 and A = 0.75.

analytic approach is not valid in the deep noisy regime; the onset of drift and variation
from the noise is a precursor to the stronger regime of noisy behaviour. In this sense, we
may say there is qualitative agreement between numerical and analytical results on the
impact of small « in suppressing the tendency to noisy behaviour of the nearly locked
Blue-Red system in the presence of tempering; increasing the exponent of the tail of
the distribution does not disrupt Blue and Red locking with monotonically increasing
strength. The observation of this, and the broad consistency between analytical and

numerical approaches are the main results of this work.

3.5.8 Optimisation across multiple parameters

We have seen throughout the work that the non-linear nature of the interactions in the
Blue-v-Red model mean that, even deterministically, it is not generally possible for one
population, say Blue, to achieve the desired phase ahead of the other, for example ¢.
We now use the Bayesian approach to search for optima for Blue across the four cross-
population parameters ¢,v,(gr,(rp given the Blue and Red networks and internal
couplings (g, (r as previously given. We conduct 500 iterations running the simulation
out to 7' = 2000 and consider four cases: deterministic, Gaussian (as used in [6]), stable

(o = 1.5) and tempered stable (o = 1.5, A = 0.75). The results are shown in Table 3.1.

We note that the Gaussian case obtained a higher scoring optimal value than the deter-
ministic case as a result of either a relativity small number of optimisation iterations for
a 4-dimensional parameter space and the algorithm favouring a local maximum. The
optimisation algorithm was unable to find a decently scoring set of parameters in the
stable Lévy noise case. We observe nevertheless a broad consistency between the three
other cases in that ¥ > ¢ and (pr > (rp. In the interests of space we forego here
showing plots of the corresponding time-series for Op p and A(t) but simply comment
that Op shows generally higher values than Op, and A(t) is a positive constant for
deterministic, (A & 0.6), and Gaussian (A = 0.01) cases. For the tempered stable case,
the expected value of A is approximately 0.06, however the extreme cases are time-

varying both positively and negatively, not untypical for 1 < a < 2. The requirement
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that A is close to ¢ is part of the objective function Us ensures that Blue comes as
close as possible to its objective by not seeking to be as ambitious in its phase ahead
of Red as Red seeks in its relation to Blue. The actual values of A match ¢ for the
deterministic and Gaussian cases. On the other hand, to achieve this Blue agents must
seek to couple to Red agents more strongly than Red to Blue; the nature of the internal
networks intuitively plays an important role in this, just as Blue’s hierarchy requires
stronger internal coupling to achieve its level of internal synchronisation. Stable noise
is generally destructive of such optima outside the narrow range where one population
complies with the intent of the other (for example, ¢ = —1)), as previous results have
emphasised. These results are simply a taste of what is possible with such a model.
Future work may consider optimisation across more parameters and ultimately across

different networks.

3.6 Conclusions

We have explored the two networked populations ‘Blue-vs-Red’ frustrated Kuramoto
model subject to tempered stable noise. Using approximations in the region where
the two populations are internally synchronised but seek to lock with respect to each
other, we have solved the stochastic dynamics using the tempered fractional Fokker-
Planck approach. The zero-mode projection under the graph Laplacian of this reveals
that, whereas for 1 < a < 2, noise generally causes an otherwise deterministically
locked system to degrade leading to drift between Blue and Red clusters, for small
a < 1 improved locking between Blue and Red takes place. In the situation where
deterministically the system shows locking, the noise may be such that stochastically
induced drift between Blue and Red is entirely cancelled. When the deterministic system
exhibits drift between Blue and Red clusters, such tempered stable noise can be used to

moderate the stochastic drift.

Through our simulations we see a similar pattern: noise of higher strength or stronger
tails can disrupt the locking between Blue and Red in cases where deterministically the
system may be achieving high levels of global synchronisation - with both sets of agents
well synchronised internally and having a fixed frustration in relation to each other.
Tempering, naturally, has the effect of restoring locking by moderating the heavy tails.
The surprising result we find is that with tempering in the regime where a < 1 the system
may be become less noisy, and thus showing smoother periodic, and approaching steady-
state, behaviour. Again, this is consistent with Blue and Red either smoothly drifting
in relation to each other or even locking. There is only the caveat that the analytical

result does not apply in the noisy regime, but provides an indicator or precursor to it.
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Thus both analytically and numerically we obtain a surprising result, that the boundaries
of regions of different dynamics (steady-state, periodic, noisy behaviour) of the stochastic
system are not linear in variation of the parameter o governing the tail of the noise once
tempering is introduced. In contrast, for purely stable noise reducing « only destroys

locking between Blue and Red with monotonically increasing severity.

Intuitively, we propose that the underlying reason for this behaviour lies in an interplay
of the ratchet mechanism with tempering and the fundamental change in the stable
noise probability density for o < 1. As illustrated in [53], for & < 1 the density is no
longer centred around zero but with a heavy tail that is increasingly suppressed as A
increases. This centering becomes the dominant effect with tempering, and seemingly

acts to counter the deterministic drift in the ratchet potential.

Importantly, much of the structure of the landscape of the stochastic system, as deter-
mined through simulation, can be predicted through the analytically accessible thresh-
olds for instability and periodic behaviour from the deterministic system at least with
weak noise strength. Thus analytic understanding of the landscape in the absence of
noise remains an important guide to the overall structure of the landscape of dynam-
ics in the regime of weak noise, close to the boundary with noisy behaviour. These
insights are then complemented by examining the Laplacian zero mode projection of
the linearised system, where the properties of ratchet potentials under tempered stable
noise plays an important, and analytically tractable, role in predicting the weak noise
strength dynamics. This nonlinear mechanism, with tilted ratchet potentials, has not

been articulated before in the context of synchronisation on multi-networks.

Interpreting these results in the context of the competitive system of Blue and Red agents
is now interesting. Intuitively it is clear that if two populations both seek to maintain
a certain phase advantage over the other it is not possible for both to simultaneously
achieve their aims. For different network structures and couplings one side or the other
may be able to achieve close to their result within a certain bound. Indeed, our results
show that in such interactions ‘less is more’, namely that one side seeking less ambitious
phase advantage in relation to the other may be able to achieve more optimal results.
The landscape method shown here enables determination of these boundaries before
instability is triggered, and how close to optimality may be achieved. The added dimen-
sion of noise, in general, makes this optimal behaviour even more difficult. However,
for certain forms of non-Gaussian noise with tempering A for large jumps and far-from-
Gaussian power law index a better approach to optimal behaviour may be achieved.
Indeed, such behaviour becomes attractive as a mechanism for guiding the behaviour of
otherwise complex competitive stochastic systems or informing an understanding of the

capacity for resilience or robustness of the system. As alluded already, future work may
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broaden the scope of the optimisation to cover the networks themselves. For example,
for a given topology, or statistical parametrisation thereof, of Red what is the optimal
network within and across for Blue? Returning to our overall aim to apply such models
to competitive distributed decision making or social processes, investigations like this
with the two-network frustrated Kuramoto model open the door for testing many rather

qualitative hypotheses in the organisational, social and management science literature.
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FIGURE 3.7: (a): Objective score function for U(¢, ) in the deterministic case with
500 iterations and T = 1000. The objective weights are given by w; = 1, wy = 0.1
and wz = 1. High scoring (red) values correspond to Op constant and close to 1 and
Opr constant whilst low scoring values (blue) correspond to either periodicity or noisy
behaviour in the times series or Op far away from 1. Note that the optimal value near
(1.1m,1.857) in this fitness landscape corresponds to a periodic time series with a very
long periodicity, beyond that of T=1000. The subsequent plot repeats the construction
of the fitness landscape for T=2000. (b): the objective function including only the
analytical evaluation of Op truncating to leading order in the fixed point. This is
overlaid in black with the lines where K = 0.
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FIGURE 3.8: Objective score function for U(¢, 1) for different noise cases: (A) deter-
ministic , (b) Gaussian (top right), (c) stable with ¢ = 0.05, « = 1.5, and (d) tempered
stable with ¢ = 0.05,a = 1.5, A = 0.5, with 500 iterations and 7' = 1000. The objective
weights are given by wy = 1, we = 0.1 and w3 = 1. High scoring (red) values corre-
spond to Op constant and close to 1 and Og constant whilst low scoring values (blue)
correspond to either periodicity or noisy behaviour in the times series or Op far away
from 1. Note that the optimal value near (1.1m, 1.857) in this fitness landscape corre-
sponds to a periodic time series with a very long periodicity, beyond that of T' = 1000.
The subsequent plot repeats the construction of the fitness landscape for T" = 2000.
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FIGURE 3.9: Time series plots in the optimal regime of U(¢, ¢) in the tempered stable

Lévy noise case with ¢ = 0.05, @ = 1.5, A = 0.5 and (¢,¢) = (0,0). Left axis (solid

lines): Time series plots for the average order parameters and A. Right axis (dashed

lines): Time series plots for the standard deviation of the Monte Carlo estimates of the

order parameters and A. (a) order parameters for the blue and red networks as given

by the blue (light grey) and red (grey) lines respectively. (b) A as denoted by the black
lines.



Two Network Kuramoto-Sakaguchi Model Under Tempered Stable Lévy Noise

(b)

0.00 +

0.00

10 2.00

0.0 0.0

0.00
0.00 0.10

a a

FIGURE 3.10: Heat maps of the objective score function for U(°V(«, o) in the stable
Lévy noise case with ¢ = 0.967, ¢ = 0. and 100 iterations for T = 6000; (a) is the
one-sided and (b) is the two-sided case. High scoring (dark yellow) values correspond to
Or steady or periodic behaviour, low scoring non-zero values (light blue) correspond to
noise, and negative values (dark blue) correspond to long transients in the times series.
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FIGURE 3.11: Heat maps of the objective score function for UV (a, A) in the tempered

stable Lévy noise case, with ¢ = 0., 0 = 0.05 and 100 iterations for T' = 6000; top for the

one-sided ¢ = 0.967 and bottom for the two-sided case with ¢ = 0.967. High scoring

(dark yellow) values correspond to Og steady or periodic behaviour, low scoring non-

zero values (light blue) correspond to noise, and negative values (dark blue) correspond
to long transients in the times series.



Chapter 4

Swarming Adversarial Models

under Tempered Stable Noise

In this chapter we seek to extend the model introduced by Eq. (3.1) in Chapter 3 to
include spatial dynamics in a similar manner as described in the swarming framework
as was recently introduced by O’Keeffe et al. in [12]. The aim is to take this so-
called Blue vs Red swarming model and apply it in the context of attrition modelling
which seeks to model direct combat between a blue and a red network. Historically,
attrition models have a long standing basis in the so-called Lanchester equations [13]
derived from Lanchester’s laws which analyses the relative strengths of opposing military
forces. These attrition equations have been recently investigated in the context of the
Blue vs Red Kuramoto model by Kalloniatis in [11]. The first attrition model that
we propose is a model in which the strength of each node is described by a process
whose drift is negatively affected by the variance of the phases of the nodes within the
respective networks and driven by a spectrally negative Lévy noise. The second of the
two models seeks to incorporate the Lanchester equations into the attrition model in a

similar manner to [11].

4.1 Attrition models in the Lanchester setting

An early example of an attrition model based upon the Lanchester equations was ex-
amined in [13] and further in [108, 109]. The idea behind these models is to describe
the time dependent strengths of the two armies, the blue force B and the red force R,

80
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through the following system of equations

B(t) =asB(t) — apaR(t), (4.1)

where ag and Bg are the rate of resupply for the blue and red forces respectively, apa

and Bp4 are the rate of attrition for the blue and red forces.

Using the Lanchester equations in Eq. (4.1) as a basis, an example of an attrition model
in the Blue vs Red setting was recently proposed in [11] to model direct combat between
the two opposing forces. This Blue vs Red Lanchester type attrition model is given by

the following system of equations

N
. B(t)
Bi =w; — 0 z;BU sin(B; — B5;),
= (4.2)
R(t) M
pi = 0 Zlnm sin(p; — pj),
]:

where the variables B(t), R(t) are governed by the Lanchester equations as follows

o3-
o
~~
=
|

agOB<t)B(t) — OtDAOR(t)R(t),
R(t) =BsOr(t)R(t) — BpaOp(t)B(t).

where Op and Op are the order parameters for the blue and red networks respectively
and the parameters ag, 8s,apa and Spa4 are similarly defined as in the Lanchester
equations in Eq. (4.1). The idea behind this model is that good sychronisation in the
blue network positively affects its ability to resupply itself whilst enhancing its ability to
attrit the red network. Conversely, poor sychronisation adversely affects the networks
ability to resupply itself and weakens its ability to attrit the red network. The variables
B(t) and R(t) in the system Eq. (4.2) directly affect the ability of the respective networks

to couple within itself.

4.2 Swarming models

One of the aims of this chapter, is to extend our Blue vs Red model to include spatial
dynamics. The incorporation of spatial dynamics, specifically in the context of combat
modelling, has an origin in [110] which proposes an extension of the classical modelling
of combat through the Lanchester equations as in Eq. (4.1) to include one-dimensional

spatial effects. This models extends the Lanchester equations, which in general form,
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are given by

B(t> :fl(tv A;B7R)7
R(t) :fQ(tv A? Bv R)7

to the more general PDE given by the following equations

B(t) :Fl(t,l‘, )\; B7 Ra Bx7R17 B:m:y sza s )7
R(t) :Fg(t,x, >\; B, R, Bva;ta B:m:a sza cee ),

where f1, fo (and Fy, F, respectively) represent the nonlinear interaction laws and A is

the set of all parameters specific to the model dynamics.

Since our goal is to further generalise the spatial dynamics of a combat model, specifically
a combat model driven by the Kuramoto equation, we require some framework in which
such a generalisation is possible. Our proposed model is based upon the generalised
swarming model introduced in [12]. The so-called swarming model is named for the
property that the oscillators have phase and spatial dynamics which are coupled. The

generalised dynamics of the system of swarmalators is given by the following equations

1 N
wz:vzﬂ‘*z att j ) (0 _0)_ rep("-l:]_wi)]v
= (4.3)

\ =

N
= NZ Ha (05 — 01)G (x5 — a),

where x; is the position of the ¢’th swarmalator, 6;, w; and v are its phase, natural
frequency and self-propulsion velocity. I,y and I.p, are the spatial attractions and
repulsions respectively, F' measures the influence of phase similarity on spatial attraction,
H, is the phase interaction and G is the influence of spatial proximity on the phase

attraction.

Based upon the swarming framework in Eq. (4.3), the Blue vs Red model previously
considered in Section 3 is extended upon to incorporate spatial dynamics by setting the
phase interaction H, to the sine function, G is set to the weighted adjacency matrix
in which the weighting is described by the Euclidean distance between the nodes, the
influence of phase similarity F' is described through the cosine function and the spatial
attractions and repulsions, Iy and Irep, are described through a inverse power laws and
inverse square power laws respectively. These quantities are similarly defined for the
inter-networks interactions between the Blue-Red and Red-Blue networks. Using these

definitions, the oscillator dynamics in the blue network are governed by the following
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system
B __(B) (B) _ 55)
(B 1 T, -z i B
:I)Z( ):UZ'F*ZBZ] ZB)(B)(AB+JBCOS(ﬂi_Bj))_BB(JB)(B)2]7
jEB ;™ — 2 ;" —
(R __(B) (R g
1 BR) | &j T & T T %
+MZ’A1(J ) W(ABRJFJBRCOS(&_M_¢))_BBRW ’
jER E R @y
5, | (BR)
Bi=wi—08) gy sin(Bi = 8) ~ Eor Z my, S0l = pj =0,
jeslzy — x| jer |lx ‘ |

(4.4)
where ¢ € B and the following system for the red network
(R) (R) (R) (R)
® 1 N2 ' ' xz; " —x
T, —Uz‘l-MZRzg ! (R)_ (R) (AR+JRCOS(pl_p]))_BR (R) _ (R) N
(B) (R) (B) (R)
1 (rB) | T} —® T, — &
2 A [<B><R><AR3 + Jrp cos(pi = B =) = Bre— g |
JEB ’mj | ’wj mi |
. (RB)
pi :wi — O'R ﬁ Sln( §RB Z Sln( 6] ¢)7
JER |33j —x; | geB - z |
(4.5)

where ¢ € R. The parameters Jg, Jr, Jgr and Jrp measure the extent to which phase
similarity supports spatial attraction where Jg and Jg affect the internal blue and red
network attractions respectively and Jgr and Jrp affect the attraction between the
blue to red networks and the red to blue networks respectively. In this system, the
dynamics of the phase of the oscillators are similar to that of the Blue vs Red model
as previously discussed in Chapter 3 however the adjacency matrix is now weighted
by the distance between the two oscillators. The spatial dynamics of the system are
governed in three parts namely the self-propulsion velocity, the intra-network (i.e Blue-
Blue) attractions and repulsion and the inter-network (i.e Blue-Red) attractions and
repulsions respectively. This form of the model is derived in a similar fashion as proposed
in [12] with the addition of our inter-network terms and adjacency matrices to account

for the fact that our network is not one-to-one.

A convenient assumption in the swarming model is to consider the case of constant
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magnitude and direction of the swarmalator propulsion velocity, however the inclu-
sion of alignment into the model can be obtained by setting v; = v((]i)ﬁi where n; =
(cos Bi,sin ;). The addition of alignment in the model introduces additional dynam-
ics through the addition of the angular variables 3. One possible description for the
dynamics of 3 is given by the Vicsek type interactions from [111]. These interactions

describe a relationship between 3 and @ and are governed by the equations

where A; is defined as the set of swarmalators within a distance § of the 7’th swaramalator

and |A;] is the count of all these neighbours.

The extension of the Blue vs Red swarmalator model in Eq. (4.4) and Eq. (4.5) to
the stochastic version can be easily implemented through the addition of additive noise

to each of the equations for ci:l(B), :bZ(R)

. B p; and similarly for the self-propulsion
B; as in Eq. (4.6). In our initial analysis of the swarming model, we shall consider
the deterministic case and only consider the extension to a stochastic system when we

consider our attrition models.

To measure synchronisation in the swarmalator model, we can use a similar set of order
parameters as defined by Eq. (3.17) in Section 3 however due to the addition of spatial
dynamics, we can extend these order parameters to take into account the positioning
of the oscillators. The new order parameters for the swarmalator model extends the
usual Kuramoto order parameter to include spatial angle of the oscillators ¢; where
¢i = tan~!(y;/x;) is the spatial angle of the i-th oscillator. These order parameters are

given by the following equations

0 =5 v Ze (65%55) (4.7)
jEB

0 =5 vl Z 185205, (4.8)
]ER

where we then take Sp = maX(Sgr), SJ(;)) as our order parameter for the blue network

(and similarly for the red network). The need for the inclusion of the spatial angle of
the oscillators in the order parameters arises to account for the potential correlations
between ¢ and either 8 or p in the various clustering scenarios that may arise (see [12]

for more details.)

One of the issues with the implementation of the spatial angle that is not present in
the oscillator phase, is that the spatial angle of the oscillators ¢; is dependent upon the

choice of reference frame. In its introduction in [12], the reference frame was the origin
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(0,0) and this posed no issue as the expected centroid was the origin. This might no
longer be the case in our scenario. To fix this, we propose a shift of the reference frame
to the centroids of the blue and red networks respectively, thus the corrected spatial
angle is given by ¢;(z¢, ye) = tan™'((y; — ye)/(z; — x.)) where (2, y.) is the centroid of

the blue or red networks.

4.2.1 Numerical investigation of the Blue vs Red swarming model

In this initial investigation of the swarming model, we consider a simplified version of
the model through the following parameter choices. We consider the case of identical
oscillators with w; = w and v; = v where the self propulsion velocity v is assumed to have
constant magnitude and direction. Through a choice of reference frame, we can thus set
w = 0 and v = 0. By rescaling time and space we can set Ag = Ag = Bg = B = 1.
Fixing the coupling strengths op = 8K /(N+M), or = 0.5K/(N+M) and {pr = {rp =
0.4K/(N + M), where K € R is some scaling parameter, the frustration parameters ¢ =
1 = 0 and setting Jp = Jp = J and Jpr = Jrp = {0.1J, J} for some J € R, the two free
parameters of the model are then (J, K). The choice of Jgr = Jrp = J corresponds to
to equal inter-network and intra-network spatial attraction based upon phase similarity.
The alternative paramerterisation of Jgr = Jrp = 0.1J was selected based upon the
assumption that agent movements is primarily governed upon the phases within their
own networks and only a vast difference in phase between the competing networks will
resulting in the inter-network term exceeding the magnitude of the intra-network term.
We shall initially investigate both parameterisations, however in the later numerical
analysis of the model, we shall solely use the later. The first part of our numerical
analysis of the Blue vs Red swarming model is given on Figures 4.1 and 4.2. Here we
plot some of the states of the system for (J, K) € {(1,-42),(1,-1),(1,1),(1,42)} for
both Jgr = Jrp = {0.1J, J} after the system is allowed to run until a time 7' = 1000. In
these plots, we look to observe the variety of spatial configurations that this swarming
model can exhibit. In the case of Jgr = Jrp = J for (J,K) € {(1,-1),(1,1)}, we
obtain similar spatial configurations as observed in [12], however when we increase the
coupling constant we note that for large K no stable state is reached. Although no
stable state is reached, the spatial configuration present are nonetheless interesting, for
example in the plot with (J, K') = (1,42) we obverse that the blue network attempts to
surround the red network whilst the red network attempts to cluster. In the case where
we now set Jpr = Jrp = {0.1J,J}, additional spatial configuration emerge. When
(J, K) = (1,—42) there is no steady state however and in this scenario the blue network
attempts to cluster whilst the red networks attempts to surround it. Additionally there is

asynchronisation amongst the phases of the red network. In the case of (J, K) = (1, —1),
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FIGURE 4.1: Scatter plots of the final network states at 7' = 1000 in the adversarial
swarming model. Circles correspond to the blue network, triangles correspond to the
red network and the colour of the nodes correspond to the phase of the respective
node mod 27. We consider the cases with Jgr = Jgg = J with J = 1 and various
values of K. The plots are ordered as follows: Top left (J, K) = (1,—42), top right
(J,K) = (1,-1), bottom left (J, K) = (1,1) and bottom right (J, K) = (1, 42).

a steady state is reached where the blue network clusters whilst the red network attempts
to surround it however unlike the previous cases the blue network separates into two
separate clusters with the red network focusing on surrounding the larger of the two
clusters. When (J, K) = (1, 1), the networks separate into two distinct opposing clusters
and in the final plots with (J, K) = (1,42), the blue network attempts to surround the

red network whilst the red network attempts to cluster.

We attempt to summarise network cohesion as a function of the coupling constant K
on Figure 4.3 where we plot the order parameters for the blue and red networks as
given by Eq. (4.7) and Eq. (4.8) respectively and the order parameter for the full system
against the scaling parameter K. On this plot we look at the case of Jgr = Jgg = 0.1J
and will continue with this parameterisation from here onward. From these plots we
observe that for positive values of K, the blue and red networks have similar order
parameters however at a threshold at roughly about K = 12, the blue network order
parameter is much smaller than the of the red network, corresponding the situation
where at this threshold the blue network attempts to surround the red network whilst
the red network remains clustered. A similar scenario occurs for negative K with the
roles reversed, however in this case the order parameter for the blue network is always
greater than that of the red network. Additionally for negative K the magnitude of
the order parameter is weaker than that of the respective positive K, whoever this is

expected as a negative K promotes phase repulsion between oscillators of similar phase.
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FIGURE 4.2: Scatter plots of the final network states at T = 1000 in the adversarial
swarming model. Circles correspond to the blue network, triangles correspond to the
red network and the colour of the nodes correspond to the phase of the respective node
mod 27. We consider the cases with Jggp = Jrgg = 0.1J with J = 1 and various
values of K. The plots are ordered as follows: Top left (J, K) = (1,—42), top right
(J,K) = (1,-1), bottom left (J, K) = (1,1) and bottom right (J, K) = (1,42).

0.7 4

0.6

v
5
0.3 - mkf'{w .Q*g.@

0.2 1

0.1+

—40 -30 -20 —-10 0 10 20 30 40
K

FIGURE 4.3: Order parameters for the blue and red networks as given in Eq. (4.7) and
Eq. (4.8) respectively and the full system (black) for Jpr = Jpp = 0.1J with J = 1.
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4.3 Swarming adversarial models with attrition

4.3.1 The initial attrition model

The first of the two attrition models that we consider in this section constructs a process
which governs the dynamics of the strength of each of the nodes in the Blue vs Red
swarming model as defined in 4.4 and 4.5. We define the strength of each node of
the blue and red networks as ,u(B) and p) respectively which all of the strengths are
bounded above by pmax which we define as the maximum life of each node. When
wB) < 0 or pf) < 0, that is the strength of a node is 0 or less, the individual node
is removed from the network. The dynamics of the node strength are then governed
by three terms, a resupply terms which we treat as a constant factor for each node,
an attrition term whose strength growths when the relevant network is in a state of
asynchronisation which is modelled through the variance of the phases and in addition
to the variance, the magnitude of the attrition rate is affected by the relative difference
in numbers between the two groups. The final term in each process is an additive,
spectrally negative tempered stable Lévy noise which models the constant fire that each
node undergoes in a combat scenario. The dynamics of this version of the Blue vs Red

swarming model are thus governed by the following equations

,[LZ(-B) 5§B) — (J\]\/}[)V |:Oz - var <B mod 27r> + nz-(B)} +L;, iebB, (4.9)

Al =6t - (J\]\;)V [a -var (p mod 27) + nﬁ.R’} + L, jER,
where 3 C 8, p C p are the subsets of the blue and red networks respectively, « is a scal-
ing factor for the impact of the variability on the drift, N and M are the current number
of alive nodes in B and R respectively, v is the magnitude of the numbers advantage
effect, 6B), §() are the positive drift components corresponding to the resupply rates
of the respective nodes, %), ") are the attrition rates and L is a spectrally negative
tempered stable Lévy process. We note that we need to include mod 27 in the variance

operator as the phases of the nodes are equivalent mod 2.

4.3.2 Numerical investigation of the initial attrition model

With the attrition model established in Eq. (4.9), we now ask the question: "What is
the optimal strategy for the blue network across the (¢, 1) parameter space?”. To define
what we mean by an optimal strategy for the blue network across the pair of frustration
parameters, we say that the blue network has an optimal strategy if it maximises its

expected win rate over a set simulated of war games whilst minimising its expected
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losses and, in the event that the blue network losses, it maximises the expected losses
of the red network. To mathematically define this optimal strategy, in a similar manner

as our work in Section 3.5, we define the objective function:

Uattr) = E(blue win rate) * 100 + E(# of surviving blue nodes) (4.10)

— E(# of surviving red nodes).

With the objective function defined as in Eq. (4.10) and the fact that in our example
we set N = M = 21, it follows that the range is given by Uiy € [—21,121], thus
the best possible strategy in our case has a score of 121. More generally, this range
is given by Uattry € [~M,100 + N]. To optimise this objective over the frustration
parameters, we employ a Bayesian optimisation algorithm as discussed in Appendix A.1
and used in the context of the Blue vs Red model from Section 3.5. Using this Bayesian
optimisation algorithm across the (¢, 1) € [—27, 27| parameter space with the objective
function Ugagy) from Eq. (4.10), we recreate the fitness landscape for both the cases of
(J,K) = (-1,1) and (J,K) = (1,1) with Jpr = Jrp = 0.1J. We set pmas = 100,
a =1 v =1, 1; = 1 for all 4,j and sample the resupply rates for both networks
from 6 ~ U(0.1,0.2). The spectrally negative Lévy noise is taken from the tempered
stable distribution with a = 1.5, A = 0.5 and o = 0.1 with the usual parameterisation
used throughout Chapter 3. For the initial conditions of the two networks, we set
(z,y)B) ~ U(1,2) and (z,y)® ~ U(-1,-2). We then allow the system to run up till
a time 7' = 200 with the attrition terms fixed, that is (5 = 0 for ¢ € [0, 7], so that
the system is first allowed to configure into its steady state formulation as presented in
the plots on Figure 4.3 in the case of (¢,v) = (0,0).

The results of our Bayesian optimisation routine is provided on Figure 4.4. We begin
out analysis of these plots by first noting the score ranges across the fitness parameter
landscape for the two given cases. In the case where K = 1, the range of the objective
U((f;;) € (4,86) with an approximate mean of 59
across all values whilst in the case of K = —1, the range is given by U ((/5;;) € (61,97)

function is approximately given by

with an approximate mean of 83. Thus the blue network generally performs better in
the case of K = —1. This is not a surprising result as since the variance drives the
attrition of the model and given that we established the result from Figure 4.3 in the
case of (¢,7%) = (0,0) we have that U((f\(;)_l)
that the magnitude of the order parameter is greater in the blue network which directly

~ 71 and this follows from the result

governs the variance of the network. In the case of K = 1, at the point (¢, ) = (0,0),
we have that U ((f;;) ~ 45 which agrees with the magnitudes of the order parameters of
the blue and red networks being similar in Figure 4.3. Similarly to the fitness landscape

constructed in the model from Section 3, there exists periodic bands of optimal strategies



Swarming Adversarial Models Under Tempered Stable Noise 90

Score function

—27 —157 —lx —057 0 057 = 157 27

Score function

FIGURE 4.4: Bayesian optimisation of the objective/scoring function U(attr) over the
across the (¢,v) € [—2m, 2n]. Top: K = 1. Bottom : K = -1.

for the blue network in the (¢, ) parameters space as opposed to a singular point. In
the case of K = 1, there two separate periodic, with periodicity 27, and diagonal bands
of optimality between the ranges of ¢ € [—2m,0] and ¢ € [0,27] whereas in the case
of K = —1, there is a single but wider and non-diagonal periodic band of optimality
with a periodicity of 7. We conclude by noting that the relevant magnitude of the order
parameters in the swarming model from Eq. (4.4) and Eq. (4.5) has the potential to be a

good predictor for success in the wargame governed by the attrition model in Eq. (4.9).

4.3.3 A swarming model with Lanchester-type attrition

We conclude our discussion on adversarial models with a proposed extension of the
Blue vs Red Lanchester attrition model from Eq. (4.2) to include spatial dynamics as
described in the swarming model from Eq. (4.4) and incorporate the strength dynam-
ics from the Lanchester equations individually for each node as opposed to the whole

network in a similar manner as done in our initial model in Eq. (4.9).

In this proposed model, we implement the idea from Blue vs Red Lanchester attrition
model from Eq. (4.2) which models the coupling constant as its own dynamical process
however in our implementation, the dynamics of the coupling constant is unique to each
oscillator and will be governed by a process inspired by the Lanchester equations. The

implication of formulating the coupling dynamics in such a manner is that the strength
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of the node directly impacts the ability of a node to sychronisation its phase within it’s
network and stay ahead of the opposing network in respect to its respective frustration
parameter. Additionally to the phase, the strength of the node will also directly impact
the ability of the node to move in either the direction of nodes with similar phases in
its own network or to move to take advantage of the appropriate difference in phases in

itself and opposing nodes.

We thus model the dynamics of the spatial movements and phases of the blue network

through the following system of equations

(B) (B) (B) (B)
_(B) B;(t) 1 [zcj —x, T -z
) =v; + — — " (Ap + Jpcos(Bi — B;)) — Bp—2r——=—|
i . B B B B
B;(0) NjeB [ g ) ml( )| |a:§ )_mz( )’2
HES ol e (Bi—pj—¢)) — B ;e
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B; =w; — oB Z SV E— sin(B; — B;)
B;(0) ieB |:1:§.B) - ccz(B)]
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(4.11)

where ¢ € B and the dynamics of the red network are governed by the system of equations

2B _ (B (R) _ (R
m . R [ 1 x T Bt A
T; T =vi+ R;(0) \ M Z (R) _ (B (Ar + Jrcos(pi = p;)) = Br (R) _ (R)g |~
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jeB ‘fBj —z; | ‘37]' ;|
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R;(0) jeR |$§' ) - :1:5 :
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+‘£RB Z (B) = (R) Sln( 5] ¢) ;
JjEB ’mj %

(4.12)

where ¢ € R. The spatial and phase dynamics in this model are thus similar to that of
the swarming model as presented in Eq. (4.4) and Eq. (4.5) but with the addition of the
strength of the individual nodes at a given time ¢, denoted as B;(t) and R;(t) for the
blue and red networks respectively where B;(0) and R;(0) are the initial strengths of

the respective networks. The dynamics of B and R are modelled as processes inspired
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by the Lanchester equations and are given by the following system of equations

Bi(t) =asOp,(t) ) —& @ Bl
jen ’xj —x; |
AG i
JER %5 i JER 15 i
Ry(t) =BsOR,(t) Y | —m B
JER |mj —x;
A 9
jeB 1T z; | jeB ’wj z; |

()

Eq. (4.9), the strengths are bounded above by Bi(max) and Rgmax) which we define as

the maximum lives of the respective network node and when B; < 0 or R; < 0, that

where LY’ are versions of the (white-noise) Lévy process L;. Similarly to our model in

is the strength of a node is 0 or less, the individual node is removed from the network.
We note that in this model, there doesn’t exist supply conservation however this can
be included through modification. In this system, the parameters ag and B¢ are the
rate of resupply for the blue and red networks respectively, apa and Spa are the rate
of attrition for the blue and networks. The order parameters Op, (t) and Op, (t) are the
standard Kuramoto order parameters for the phase and can be either local or global

order parameters in the sense that

OBi (t) =

1
il

. 1 .
5 S eB0| Op, (1) = a S eini)

jeB!

When we consider the case of the global order parameters we have that B, = B, R, = R,
|Bi| = N and |R}| = M. In the case of a local order parameter we set B, C B, R, C R
which are the sets of nodes within some distance § of the ¢’th node and |B}| and |R}]

are the sizes of the respective local networks.

Similarly to the Lanchester equations, the first two terms in these processes correspond
to the resupply and attrition rates of the system however our models seeks to incorporate
spatial dynamics into these processes in the sense that the proximity of notes directly
impacts their ability to resupply and attrit one another. That is, if a node is close to
another node within its own network, it is able to effectively resupply the friendly node
and similarly if it is close to nodes in the opposing network it is effectively able to attrit
that rival node. The implementation of the spectrally negative tempered stable is done
in a manner to model the phenomenon that each node is under constant fire by every
other node in the opposing network and that the magnitude of this fire is inversely

proportional to the distance between the competing nodes.
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With the model laid out by the system of equations in Eq. (4.11), Eq. (4.12), Eq. (4.13)
and Eq. (4.14), we have laid the basis for future work in developing a model that
effectively captures a wargame scenario that captures decision making based upon the
OODA loop in which agents are free to move about the battlefield and directly eliminate
opposing forces from the battlefield through a Lévy driven process.



Chapter 5

Simulation of Conditioned

Stochastic Processes

In this chapter we extend our discussion on the simulation of stochastic processes to the
case of conditioned processes. We begin in Section 5.1 with exploring the simulation of
bridge diffusion processes through an application of the Doob h-transform which results
in an SDE that specifies the dynamics of the conditioned process, a simulation method
that makes use of the time-reversibility of a diffusion process and a naive acceptance-
rejection scheme. We then extend our work to the simulation of conditioned Lévy
processes beginning in Section 5.2 where we present a new simulation technique based
upon the WHMC algorithm for the simulation of Lévy processes conditioned to to
stay positive. In Section 5.3 we explore the simulation of Lévy bridges. Our work
on Lévy bridges explores a new technique based upon the WHMC algorithm and the
time reversed diffusion bridge. We also derive the double saddle-point approximation
of Lévy bridges for the S-family. Finally in Section 5.4 we investigate the simulation of
Lévy processes conditioned on their extrema through a novel application of the WHMC

algorithm.

5.1 Conditioned diffusion processes

5.1.1 The Doob h-transform and conditioned diffusion processes
We begin our investigation on the simulation of conditioned processes by looking at

applying the Doob h-transform to diffusion processes. To start, we consider X; to be a

diffusion process given by the SDE in Eq. (2.5) which exists in the state space S and is

94
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conditioned on the event X7 € A for some A C S.

The transition density of the unconditioned process X; is given by p(T, y|t, x) and defined
in Eq. (2.8). We now define the h function to be the probability that the process is in

the conditioned state at time 7', that is

h(t,z) == P(X7 € A|X; = z).

The conditioned transition density p(t + s,y|t, z) for some s > 0 can then be expressed

in terms of the unconditioned transition density p and the h-function as

p(t+ s,y|t,x) =P(Xiys = y| Xy =z, X7 € A),
 P(Xyys =y, X7 € A|X; = )
P(Xp € Al X, = x) ’
P(Xr € Al Xi1s =y)
P(Xr e Al X;=1x) '
h(t +s,y)
h(t,z)

=P(Xt1s = y|X¢ = 2)

=p(t + s,ylt, z)

In general the h function is never known, however there exist a small number of cases
in which this can be useful. The following theorem allows for an approximation of the

h-function to construct bridge diffusions.

Theorem 5.1 [Doob’s h-transform for diffusion processes] Let X; be a 1-dimensional
diffusion given by the SDE

dXt = ,LL(Xt)dt + O'(Xt)th

on [0,T] and conditioned on the event Xp € A. Then the conditioned diffusion Z;
satisfies the SDE

9 0zh(t, Zy)

47, = (mZT) rolzp Bt

) dt + o(Z,)dW.

where h(t,x) = P(Xr € A|X; = z). Furthermore, if we take A = {y} for some y € S,
then h(t,z) ~ p(T,ylt, ).
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Recall the definition of the generator from Eq. (2.6). For the conditioned diffusion at

some time ¢, the generator is given by

GO f(x) = lim E[f(Xivs) | Xy = 2, X7 € Al — f(x)

s0 S
i B [f(Xts ) Lixpeaix,—a} [ Xi = 2] — f(2)h(t, x)
= lim ,
510 sh(t,x)
i E[f(Xiys)h(t + s, Xeys) | Xy = 2] — f(2)h(t, x)
= lim .
510 sh(t,x)

We can then express the generator G in terms of the generator of the original diffusion
L= pdy + 30202, as
(0 + £)(hf)

OF FNCOR2A
Gof = . :

Since (0; + L)h = 0, we can write

GO f = % {fath + horf + hudp f + fudzh + %0’2 (fOuzh + 20, fOrh + hOyi f)|

,0uh
h

1
= (atf + po f + 2028351]”) + % (Oth + Lh) + o O f,

=LOf 4 02@;axf.

Thus the dynamics of the conditioned diffusion are equivalent to that of the uncondi-
tioned diffusion with a modified version of the drift. This means that the conditioned
diffusion, denoted as Z;, follows the SDE

2 Ozh(t, Zt)

4z, = (1(Zr) + o(2) A

) dt + o(Z,)dW,.

Note that if we take A = {y}, the probability P(Xp = y|X; = z) is identically equal to

0. However by considering the approximation
P(X7 € (y,y +dy) | Xe = z) = p(T, y|t, z) dy + O(dy),

we can then condition on the event X7 = y by taking h(t, x) to be the transition density
p(T,ylt, z).

We now consider three applications of Theorem 5.1 in deriving the bridge dynamics for
three different diffusion processes conditioned on X7 = y. Specifically we consider a
Brownian motion with drift, an Ornstein-Uhlenbeck process, and a Cox-Ingersoll-Ross
process. In each case we give the SDE for the unconditioned process denoted by X, the
transition density p(T,yl|t,z) and the SDE for the bridge process Z; derived from the
application of p(T,yl|t,x) in Theorem 5.1.
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e Brownian bridge with drift:

dXt :Mdt + O'th,

(z—y— p(T — 1)

p(T,ylt,x) < exp |—

2(T —t)o? ’
— Xy + (T —t
4z, =(u+ 2 tT+_“t( it + gaw,.

e Ornstein-Uhlenbeck bridge:

dX; = —B(X, — a)dt + od W,
(y—a— (3= a)e BTN
(1= ) /B ] ’
—a—(z—a)exp (=4 (T —t))]
—exp (=28(T —1))/B
% exp (—B (T — 1)) )dt + odW,.

p(T,ylt, ) oc exp [—
(5.2)

47, = (—B(Xt—oz)—i—Q[y

e Cox-Ingersoll-Ross bridge:

dX; = —0(X; — a)dt + o/X dW; 0> 0,a>0,0 >0,

p(T,ylt, x) o (5 exp LXP(O(T )= 1] Iy (sinh (LT - t))> ’
_ o2y [y \“7 "Xy
dZ; = <_9(Xt —a) - X, (X't) N exp(0(T —t) —1)
0’2Xt ﬁ _% 1/—1(77) + II/+1 (77)
1 M(Xty) Il/(’[’l) ) dt + O'th,

where 8 = 20072, v = Ba — 1, I, is a modified Bessel function of the first kind

with index v and
Bv Xty
sinh(30(T —t))

Since the SDEs for the bridge processes are effectively modifications of the uncondi-
tioned diffusion processes through an additional term in the drift, if we are interested
in simulating E(f(Z;)) for some function f(-), we are able to take Algorithm 1 with
the modified drift and simulate approximations of E(f(Z;)) through this MC scheme.
On Figure 5.1 we look at applying the Euler-Maruyama method from Section 2.3.1 to
simulated 5 paths of an Ornstein-Uhlenbeck bridge.
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FIGURE 5.1: 5 sample paths of the Ornstein-Uhlenbeck bridge simulated according to
the SDE Eq. (5.2) derived from the Doob h-transform with 5 = 1, & = 0.5, 0 = 0.1,
T=10and y = 1.

5.1.2 Simulating diffusion bridges

We finish this section by extending our investigation on the simulation of diffusion
bridges to two different methods, namely a time reversal bridge method and a naive
acceptance-rejection sampling method. The first method makes use of the time re-
versibility property of one-dimensional diffusions with finite speed measure that was
originally proposed by Bladt and Sgrensen in [14]. This method of simulating bridges is
simple to implement and whose construction plays a role in the proposed algorithms for
simulating conditioned Lévy processes in a forthcoming section. We start by considering

two diffusions given by

dX} =p(t, X} )dt + o (t, X} )dW,,
dX} =p(t, X7)dt + o (t, X7)dW,

where W} and W2 are independent Wiener processes and the initial conditions are given
by X¢ =z and X2 = y. The idea behind this method is then to simulate the process
X! forward in time and X? backward in time and if the paths intersect, then they can
be combined into a realisation of the bridge process. That is, given the simulated paths
)A(SA)t and Xr(fA)t with n = 0,1,... N and At = T/N such that the paths cross, the
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process which approximates the diffusion bridge is defined by

A

Zons = X}Lm for n=0,1,...,v—1,
WAL =
X%At for n=v,v+1,...,N,

where
min yn € {1,..., N} ‘XiAt < X(QN—n)At if Xg > Xit?
v= . . . .
minyn € {1,... . N}Xpn > Xy yarp X < X3y

The procedure for simulating diffusion bridges according to the time reversal method is

given below in Algorithm 7

Algorithm 7 Time reversal simulation of diffusion bridges
1: Choose T, z,y, N
2: At < T/N
repeat
X10) + 2, X2(0) «+y
for j=0,...,N—1do
sample W1 W2 ~ N(0, At)
X1+ 1) < X)) + u(At- 4, X(5)) - At + o (At - 5, X (7)) - W!
X2(j +1) « X2(5) + u(At - 5, X (j)) - At + o (At - j, X (j)) - W?
9: until v # ()
10: X2+ X2[:: —1]
11: Z <+ [X'0:v—1],X?[v: N]]

12: return Z

The application of this algorithm is only valid when the speed measure of the diffusion

is finite, that is given the density of the speed measure defined by

o) = e (2 Gty

for some arbitrary point z and z in the state space S, the following finiteness condition

holds

M = / m(z)dz < oo.
xeS

For more information about the speed measure of a diffusion see for e.g., [112]. The fol-
lowing theorem from Bladt and Sgrensen [14] then proves that this method approximates

the bridge diffusion and is summarised below in Theorem 5.2.
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Theorem 5.2 [Time-reversible approzimation for diffusion processes.]

Let 7 =inf{0 <t < T|X} = X%_t} with inf ) = +00 and define

p X! oifo<t<r,
t:
X2, if r<t<T.

Now assume that the density of the speed measure is finite, M < co. Then the distribu-
tion of {Zt}y<<p conditioned on {T < T} is equal to that of a diffusion bridge.

We now present a naive acceptance-rejection sampling method for the bridge process
P(Xp € y|X; = ) = 0. The practical implementation of this proposed algorithm
requires that the bridge be conditioned on an interval as opposed to a point, that is we
simulated the diffusion X; conditioned on the the event Xp € [y — ¢,y + €] for some
€ > 0. The idea behind the algorithm is to simulate paths of the unconditioned process
and reject all paths that fail to meet the conditioning criteria. Though this procedure
can be generalised to any type of conditioning, we present the following version for the

case of a diffusion bridge below:

Algorithm 8 Naive acceptance rejection sampling of diffusion bridges.
1: Choose € > 0,T,x,y, N

2: At T/N

3: repeat

4: X(0) « =z

5: for j=0,...,N—1do

6: sample W ~ N (0, At)

T: X +1) « X() +pu(At-5,X(5)) - At +o(At- 5, X(5)) - W
8: until | X(N) —y| <e

9: return X

The smaller the value of €, the more accurate the algorithm becomes in approximating
the diffusion bridge in the sense the Kolmogorov-Smirnov distance, Dkg, is minimised
that is lime a7 50 Dis(F(Zi(e, AT)), F(Z;)) = 0 where F(Zi(e, AT)) and F(Z;) are the
laws of the approximation and actual bridge process. However, a small € adversely effects
the acceptance rate of the algorithm, R(-), since R(e) = 1/P(X7 € [y — €,y +€]| Xt = x).
Thus practical simulation of Algorithm 8 requires a trade off between accuracy and
computational time. This trade off between the acceptance rate R and the Kolmogorov-
Smirnov distance Dy g will be a commonly recurring theme in the sections to come. In
general, the run time of this algorithm will be poor however due to its simple 'brute-force’
approach to simulating a conditioned process for any type of conditioning or process, it

is a useful tool to analyse the plausibility of any newly proposed simulation technique.
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We close off this section with a numerical comparison between the naive acceptance-
rejection sampling in Algorithm 8, the Doob h-transform driven bridge from Theorem
5.1 and the time reversal bridge from Algorithm 7. Fixingt=0,7T =10,z =0, y = 1,
we compare the distributions of the various bridges near the time of the terminal value
and the expected value of the process across the time interval. That is, for each of the
three methods, we present a comparison of the distributions of Zg and the expected
value E[Z;] obtained from a MC simulation with 10000 replications. The total time
taken for each of these methods is also record with the time-reversal method found to

be the fastest of the three. Results are shown on Figure 5.2.

—— Doob Method 1o] — Doob Method
—— A-R Method —— A-R Method
—— Time-Reversal Method —— Time-Reversal Method

PZa(x))
ElZ()

FIGURE 5.2: Numerical comparison of the density of Zg(x) (Left) and the E[Z;(x)]
(Right) using the Doob h-transform method, the time-reversal method and the
acceptance-rejection method for the simulation of an Ornstein-Uhlenbeck bridge with
B=1 a=05 06 =05 T =10 and y = 1. The distribution of Zs(z) for each case
is plotted using a standard kernel density estimation procedure. The total times for
each of the methods in order of speed are: Time-reversal method (41 seconds), Doob
h-transform method (73 seconds), acceptance-rejection method (2391 seconds).

5.2 Lévy processes conditioned to stay positive

We begin our discussion on the simulation of conditioned Lévy processes by considering
a Lévy processed conditioned to stay positive. We denote the measure of the conditioned
process starting at 0 by PT, where the transition densities of the conditioned processes
can be define through the Doob h-transform as discussed in Section 5.1.1. We introduce
the following notation to describe the conditioned process in terms of the unconditioned

process Lj;:

L] = {Lt)Lt >0,¢>0}.
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In this section we shall present an acceptance-rejection type simulation scheme based
upon the WHMC approach proposed in [5] that was presented in Section 2.6. For more
information the general theory on Lévy processes conditioned to stay positive see for
example, [16, 17, 113].

5.2.1 Simulating processes conditioned to stay positive

Our algorithm for simulating Lévy process conditioned to stay positive is based upon an
adaptation of the WHMC method from Algorithm 6. Similarly to the WHMC case, this
method is based upon the construction of a ‘stochastic grid” upon which the joint law of
(LI, EI) is approximated. That is we suppose that e, e, ... is an i.i.d sequence of expo-
nentially distributed random variables on a common product space with law QQ orthogo-
nal to the space (2, F,PT) then g(n, A) = 3" | e;/\ is equal in law to a Gamma random
variable. By the strong law of large numbers, as n — oo, g(n,n/t) — t, Q-almost surely.

Using this stochastic grid for a sufficiently large n, the law PT <LI € dux, EI € dy) can
be approximated by PT x Q (L; € dux, f; € dy).

Given the Wiener-Hopf factors of the process L;, the WHMC method produces the
approximation (Lg(n,n/t),fg(n,n/t)) 4 (V(n,n/t), J(n,n/t)). From this approximation,
we now present an acceptance-rejection adaption of the WHMC simulation technique

for Lévy processes conditioned to stay positive given in Theorem 5.3 below.

Theorem 5.3 [WHMC for Lévy processes conditioned to stay positive.]
For alln € N, define g(n,\) :=> 1", /X and X =n/t. Then

(Lg(n,A)’Lg(n,,\)) - (V (n,A),J" (n, A)) ,
where V1(n,\) and J'(n,\) are defined iteratively for k € N as
Ve A) =V Tk —1,0) + SET 4 1B,

k
Tk =\ (VG =10+ 897,
j=1
and V1(0,\) = JT(0,\) = 0. The i.i.d sequences of random variables {S’g\j)T ij > 1} and
{Iﬁ\j)T D> 1} are drawn from the distributions of Eel//\ and Lg, \ respectively under
the condition that ng)T + I)(\j)T > VT —1,)\) for all j € N.

To see that this holds in the conditioned version of the WHMC, we follow a similar

line of reasoning as provided in [5]. Fixing n > 1 and letting F. gL(n—l, N be the filtration
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generated by the process L; up until the time g(n — 1, \), we define Ly, = SUPg<y<t Lu
and then note that

(Lgnns Lginny) = (Lgm-10) + (Lgny) = Lgm-13) s Lgn-1.) V Lgm-1.7).gm.N)) -

where g(0,\) = 0. By defining Ll(tn) = Lg(n—1,0)+t—Lgn-1,») and Eé:)//\ = SUP,<e, /A L§”>,
it then follows that

7 _ () 7 7 7(n)
(Lgnn), Lena)) = (Lgm—u) t Lo, n Lam-10) V Lgn-1,) + L, //\) :

Now consider conditioning the process to remain positive at each n, then from 5.2.1 at

each iteration we have that

(LT(n A)? f&m)) = {(Lg(m)v Eg(nA)) ’Lg(n,A) 20,7, gL(n—l,)\)}

_{< g(n—1,)) +L((a )/)\ L gn—-1,0) vV (Eg(n—m) +E<(e:)/A))
’L n}\)>0f (n— 1)\}

Since the process L(™ is independent of {Lg: s < g(n — 1,\)}, has law P, and noting
that the Wiener-Hopf factorisation tells us that fel sy and Le, /y —fel /» are independent

and the latter is equal in distribution to L, /y, it follows that

<LT(n A)’ ET(M)) - { (Lg(n—u) + Sg”) + Ii”)

Lafn- u)V( et + S ))‘L ) 2 0. FL “)}

where S&n) and [ /(\n) are random variables with distributions equal to that of L, /» and
Lg, /» for all n respectively.

Now noting that Lg(n,)\)iLel/A + Lg(n—1,)), we have that

<LT(” A)? (nﬂk)) - (Lg(n—l)\) + {(Sf\") + [ﬁ"))

Lain-1 V (Zgin-10 + {51

Lel/)\ > _Lg(n—l,)\)} >

Leyjn = _Lg(n—l,)\)}>> -

Since Lg(n,l)\)iV(n —1,)) and Lel/kiS(n) + I(n), if at each iteration we choose incre-
ments S/(\n) + Iin) from Le, /) + L Le, /» under the condition that S( ") ( ) > —V(n-1),

then we have that
T 0 d 4 4
(Lg(m/\)’Lg(n /\)> (V (n,A), ' (n, A)) ,

where VT (n, \) and JT(n, \) are defined as in the theorem above.
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Our proposed acceptance-rejection algorithm to sample from the law of (LI, I_)tT) is given

in Algorithm 9.

Algorithm 9 Sample from the law of (L], L])

1: Choose n > 1 so that g :==>_" | %ei ~ t by SLLN.
20\ n/t

3: L(0) «+ 0, Z(0) <« 0

4: fori=1,...,ndo

5: repeat

6: sample S ~ Law (L, /»)
7 sample I ~ Law(Le, /)
8: L)« Lii—-1)+S+1
9: until L(i) > 0.

10: Z(1) < max(Z (i — 1), L(3))
11: return (L(n), Z(n))

For an integrable function F', standard Monte Carlo techniques then gives
LM
TTFN| ~ T 7t
B[P ID] = 57 32 F (Eluy B,

T 7
where (L(m), L(m)) L <m<M

By the strong law of large numbers, the right-hand side converges almost surely to
E[F(LI,EI)] as n, M — oo.

are sampled using Algorithm 9 and M > 0 is a large integer.

3.0 1 vﬁ

2.5

2.0 A

1.5 1

1.0 A

0.5

0.0

FIGURE 5.3: 5 sample paths of a S-family Lévy process conditioned to stay positive.
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5.2.2 Path functionals of processes conditioned to stay positive

In this section we turn our attention to an extension of the acceptance-rejection WHMC
method to path functionals of Lévy processes conditioned to stay positive. The results
in this section are based upon the work done by Ferreiro-Castallia and van Schaik in
[114], where we now consider the results in the context of a Lévy processes conditioned
to stay positive. The path functionals that we are interested in are the first passage
time of the process above a certain level © > 0 and the overshoot, undershoot and last
maximum before this first passage time where the first passage time of the process LI

over the level u > 0 is defined by
Ty := inf {t > O‘LI > u} .

and Llu —u, u— L' and u— E_Tr, are the overshoot, undershoot and last maximum
before first passage time respectively. Applications of these particular quantities are
particularly relevant in the context of ruin process in insurance modelling, for further

information, see for example [65, 115, 116].

We begin our discussion of path functionals by first noting we can construct a random
walk approximation of the process LI through the WHMC method in the manner as
discussed in Section 2.6.1. That is the WHMC algorithm produces an approximation

of the vector ((Lg, Zg), (LI/n, fq/n), ol (LI, EI)) Due to the sequence {L;(km/t)},po
being a suitable random walk approximation of the Lévy process LI, we can evaluate

the path functionals of the process according to the following theorem.

Theorem 5.4 [Path functionals for Lévy processes conditioned to stay positive.]
Let LT be any Lévy process conditioned to stay positive. Fixz somet > 0, u > 0 and
define V1 and J' as in Theorem 5.3. Set for alln € N

K = inf{k e {0,....n}|JT(k,N) > u}
Then we have as n — 00

(;(ng An), VIEMAN) —uu— VTP = 1) An, ) u— JT(k0) — 1) An, )\)>

u—TL!

d
%(TuAt,LiuAt—u,u—Lg (m/\t)*) .

TuNE) ™

The proof of Theorem is provided in Appendix 5.4. As in Theorem 5.3, the application of
Theorem 5.4 only requires the simulation of i.i.d copies of the distributions of Sy = S &1)

and I =1 /(\1) from which a functional transformation then gives about the required
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realisation of the random variables (7, A t, Liu/\t —u,u — L?Tu/\t)_ U — E?Tu/\t)—)' The
implementation of Theorem 5.4 is given below in Algorithm 10.
Algorithm 10 Sample from the law of (7, A t, Llu/\t —u, U — Lzm/\t)_ , U — E?Tu/\t)_)

Choose n > 1 so that g := >, Le; ~t by SLLN.

i=1n
20 A n/t
X(0)«+ 0, Z(0)«0
4: fori:=1,...,ndo
repeat
6: sample S ~ Law(fel/k)

sample I ~ Law(Le, /)
L(i)« L(i—1)+S+1
until L(i) > 0.
10: Z(i) « max(Z(i — 1), L(3))
if Z(i) > u then

o

12: tau < t/n i

overshoot < L(i) — u
14: undershoot < u — L(1)

LM ¢ u—Z(i — 1)
16: break

if i = n then

18: tau <t

overshoot < L(n) —u
20: undershoot < u — L(n)

LM+ u—Z(n—-1)

22: return (tau, overshoot, undershoot, LM)

5.2.3 Numerical Results

In this section we present a numerical analysis of the WHMC for Lévy processes condi-
tioned to positive and path functionals of these processes. Similarly to the work done

in [5], our computations are performed with the following parameter sets
(a'7 og,qn, 517 Ah C1, (2, 627 )\27 62) = (ay 047 17 157 157 17 17 157 157 1)

where set 1 has a driftless process a = 0 and set 2 has a linear drift where a is chosen
such that ¥(—i) = —r with » = 0.05 which amounts to the process {exp(L; — rt) : t > 0}
being a martingale. In the cases of both parameter sets, the resulting processes are of
unbounded variation as ¢ # 0 holds and have infinite activity in the jump as the
conditions A1, A2 € (1,3) hold.

The simulations of the acceptance-rejection WHMC method are verified against that of
a naive increment-by-increment Euler simulation. As discussed in Section 2.5, our Euler

simulation is achieved through a Fast Fourier Transform of the characteristic function of
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the S-family process whose characteristic exponent was given in Eq. (2.11). These naive
simulations are run with a step size of h = 0.01 and we run a total number of M = 1000
simulations in this classic Monte Carlo approach. The results of these simulations are
presented on Figures 5.4-5.6. We note that in all figures present, the resulting densities
produced by naive increment-by-increment simulations and the WHMC simulation are
generally in agreement with one-another. In the case of Figure 5.5, the presence of
the bimodal curve is due to the event that ¢ > 7, occurring for some paths in these

simulations.

0.5
- — MC L] ’ — MC L]
0.8 4 \‘ == WHMC L] == WHMC L]
— MC L] — MC L]
-== WHMC L] 0.4 WHMC L]

0.14

0.0 4

0.0

FIGURE 5.4: Comparisons of Algorithm 9 (WHMC) and a naive increment-by-
increment simulation (MC) for the distributions of LI and E{ for parameter set 1
(left) and parameter set 2 (right).
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FIGURE 5.5: Comparisons of Algorithm 10 (WHMC) and a naive increment-by-
increment simulation (MC) for the distributions of 7, At (top left), Llu At — U (top
right), u — L(TT At)- (bottom left) and u — EIT At)- (bottom right) for parameter set 1

with ¢t =5 and ©v = 2.
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FIGURE 5.6: Comparisons of Algorithm 10 (WHMC) and a naive increment-by-
increment simulation (MC) for the distributions of 7, At (top left), Llu At — U (top

right), u — L(TTHM), (

bottom left) and u — LIT At)- (bottom right) for parameter set 2

with ¢t =5 and uv = 2.
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5.3 Lévy bridges

In this section we investigate a variety of methods for the simulation of Lévy bridges, that
is we are interested in simulating the Lévy process L; starting from 0 and terminating
at some value b € R. In this section, we shall describe the Lévy bridge in terms of the

unconditioned process as
LB = {Lt‘LT =}

Similarly to 5.2, we shall first consider an acceptance-rejection type simulation scheme
based upon the WHMC method that was presented in Section 2.6. For more information

the general theory on Lévy bridges, see for example [117-119].

5.3.1 Conditioning on the terminal value

In this section we propose a variation of the WHMC method to simulate a Lévy bridge.
This method is based upon the scheme from Bladt and Sgrensen [14] as previously
discussed in Section 5.1.2 for the case of diffusion bridges. The starting point of this
method is to consider the two independent Lévy processes Lgl) and ng) with the initial
conditions L(()l) = 0 and ng) = b for some b > 0. We then simulate a random walk
approximation of the process L(}) forward in time and L® backward in time through
the WHMC algorithm and if the paths intersect, then they can be combined into a
realisation of the bridge process Lf " From this procedure, we have the following

theorem for the simulation of Lévy bridges under the WHMC setting.

Theorem 5.5 [WHMC for Lévy bridges.]

Let Ly be a time reversible Lévy process. For all n € N, define g(n,\) := > 1 | e;/\
and A = n/t and suppose that {(V(i)(k‘, A), JO(k, )‘))}ke[o,n} approximates the random
walks of (L,Ei),f/gi)) fori € {1,2} where L(()l) =0, L(()Q) = b for some b > 0. Assume that
kb < oo where

. 1 2
kP := inf {k €{0,...,n} |L1(g()k,A) 2 L(g()nfk,)\)}

Then

T 7 Br d
(LgBof,A)v Lf(?"zz\)) = (VE(n,0), 5 (n,0)

where for k € N,

(VO (k, A), TO (K, \)) if0<k<kb

VO(k, ), JP(k,N\)) =
(VH(k2). 1)) (V@0 =k, 2), JOE NV ID (0 =k N)) i K < k<.
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The quantities (VD (k,X), JD(k, \)) are constructed through Eq. (2.16) and Eq. (2.17)
and for the reversed process we first backwards construct V(Q)(k:, A) and then work for-
wards from the increments of {V® (k,\)} to obtain Jlgz)(kz, A))

VO = (k+1),A) =VO(n— kA — 50" — 10,

0 if k < kb,

Ti) (ke N) = @) 2 (k-1) f b
max (ka (k—1,0),V®(k—1,)) + 5! ) if k> kb.

fork>1,V® (n,\) = b and the two i.i.d sequences of random variables {S&j) 1j > 1}

and {[)(\j) ij > 1} are distributed as Eiel and Liel respectively.

Let L§3) be a Lévy process whose triple is identical to Lil) and the distribution of L(()?’)

has the density v. Let p be the first time that the process ng) hits the sample path of

Lgl) and define the process

O
LY ifo<t<p
4) _ 1E3) . if P < T?
Lt = Lt if p < t < T
Lgl) otherwise.

By the strong Markov property for Lévy processes, LY has the same distribution as
LM Thus under the conditioning L = b we have that

P(LY € (LY =b.p < T) =P(LY" € LY =b,p < T).

From the time reversibility of the process Ly, we have that {L% is approximately

equal in distribution to that of {LEB)\LFE,?) = b}0< o thus
<t<

—t}ogth

P(LY € LY =bp <T) = P(LP" =be |p < T).

b

where the bridge approximation f)ig v is given by

ﬁBrb_{ LY ifo<t<r
Bry _

LY, itr<t< T
for someT:inf{OgtST]Lgl):nglt}.

Defining k° as in the theorem above and assume that {kb < oo} holds. Then in the
limit as n — oo by the SLLN and using the fact that the process L does not jump at
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the fixed times g(k, ) we have that

. 1 2
k‘b =inf {k‘ c {0, Ce ,TL} ’L(g()k,)\) > L(g()nfk,)\)}

— Inf {0 <t< T|L£1) = Lg?lt} Q-almost surely
=T.
Then through the WHMC construction, we have that

YLV Ok, N), JD(k,N) for 0< k <k’ and 0 < t < 7.

For k > kP, by the definition of k® we have that

(L 22 LW O, N), JO R, M)

g(n—kb,)\)’ g(n_kbz)‘)

(VO (=K A), JOE,A) Vv IS (0 — K, N)),

where the second equality follows by construction of Jg). Since V? is time reversed

WHMC algorithm starting from b, we have that

Lé(nfk,)\)iv(m (n— k) for k* < k < n.

Thus as n — oo, th’ — Lg( )ivb(k:, A) Q-almost surely. For the supremum, we first

note that we can write the approximation L’ in terms of Ll(fl) and Lg?lt as

kA

sBr, _ AR ifo<t<r
L Wy LY ifr<t<T
T maXpg(ry Lp” .y T <t< 1.

We have already shown that ff{ — JP(k,\) for 0 <t < 7. For t > 7, by the SLLN as
n — 0o

Egl) V max Lg?zT, —>E(1) V  max L(2)

Jnax, gk VX Lemon ) Q-almost surely

LIOE NV ID (0~ k, ),

where the second equality follows by construction of J,Ef). Thus as n — oo, ftB (LR

Eg(rkb /\)iJ b(k, A) @-almost surely which completes the proof.

The procedure for simulating diffusion bridges according to the time reversal method is

given in Algorithm 7.
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Algorithm 11 Sample from the law of (L”™ L")
1: Choose n > 1 so that g := >, te; ~t by SLLN.

i=1n
2: A n/t
3: repeat
4. LY0) « 0, Z10) «+ 0
5. L*(n) < B, Z%(0) + 0
6: fori=1,...,ndo
7 sample S*, 5(n — (i — 1)) ~ Law(L, /»)
8: sample I, I?(n — (i — 1)) ~ Law(Lg, /)
9: LYG) « L' — 1)+ St + 1!
10: ZY(i) < max(Z'(i — 1), L*(i) + SY)
11: L?>(n—i)«+ L*(n—(i—1)) = S%(n—(i—1)) = I*(n— (i — 1))

12 kb« inf {k|L'(k) > L*(k)}

13: until £ < oco.

14: Z%(k) < ZY(kP)

15: fori=kb+1,....,n do

16:  Z%(i) + max(Z2%(i — 1), L?(i — 1) + S%(3))

17: return ([L1(1: k%), L2(k® +1:n)], [Z1(1 : k), Z2(K® + 1 : n)])

We present a numerical simulation of the acceptance-rejection WHMC algorithm for
Lévy bridges on Figure 5.7 below. Similarly as in the case for Lévy processes condi-
tioned to stay positive in section 5.2.3, we use the S-family of Lévy processes with the

parameterisation

(a,0,a1, 81, A\1,c1, a2, B2, A2, c2) = (0,0.1,1,1.5,1.5,1,1,1.5,1.5,1).

For numerical verification we include the densities of the bridge process under the
acceptance-rejection WHMC algorithm and a naive MC algorithm at the time T = 5.
In the case of the MC algorithm, we are simulating the approximation to conditioned
process {Li|Lt € [b—€,b+ €]} with e = 0.1. In this case, we note that the densities
obtained from the MC and WHMC algorithms roughly align with one another.

5.3.2 Path functionals of Lévy bridges

Similar to the case of Lévy processes conditioned to stay positive, we can adapt the
path functional results from [114] to the case of Lévy bridges. In this scenario, the first

b over the level u > 0 is defined by

passage time of the process LtB "
s Bry
Ty := Inf {t > O)Lt > u} .

We then have the following theorem for path functionals of Lévy bridges.
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0.7 ~, —— WHMC Method
MC Method

0.6

0.5

0.4 1

0.3

0.2

0.1 1

0.0 1

F1GURE 5.7: Top: 5 sample paths of the acceptance-rejection WHMC Lévy bridge al-

gorithm. Bottom: Comparisons of the acceptance-rejection WHMC Lévy bridge algo-

rithm and a naive approximate simulation (MC) for the distribution of L?. Simulations
are run with b =1 and T = 10.
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Theorem 5.6 [Path functionals for Lévy bridges.]

Let Lf”’ be a Lévy process conditioned on its terminal value. Fix somet > 0, u > 0
and define V® and J° as in Theorem 5.5. Set for alln € N
w1 = inf {k € {0,...,n} |JB(k,\) > u}

u

Then we have as n — 00

(t(m@ An), V(™ An,A) —u,u— V() = 1) An, ), u— JP (Y — 1) An, )\))

n

d b b Tb
— (Tu Nt, Lru/\t — U, U — L(Tu/\t)—7U - L(ru/\t)—> :

The proof of Theorem 5.6 follows simply through a repeated application of the proof

from Theorem 5.4 in with the definitions of J® and V? from Theorem 5.5.

5.3.3 Double saddle-point approximation of Lévy bridges

In this section we present a method for sampling from a Lévy bridges based upon the
double saddlepoint approximation. In this section we present the result by Kim and Kim
in [120] who used the double point saddle approximation to derive the approximated
conditional PDF for a tempered stable Lévy process with stability index less than one
and then we will derive the approximate conditional PDF for the spectrally one-sided

(B-process.

The saddlepoint approximation [121, 122] is a method in statistics to approximate the
conditional PDF of the mean of n, i.i.d random variables X = (X7,... X)) where each
component X; has the density f(-), moment generating function M(u) = E [uTX] for
u = (uy,...,u,) and cumulant generating function K (u) = log M (u). The saddlepoint

approximation to the density of f(X) is then given as

; 1 1 1/2 o
)= Gmyre (\K"m)) exp (K (8) —a%x),

where 1 is the unique solution to the n-dimensional saddlepoint equation K'(u) = x.

The saddlepoint approximation can be used to obtain an approximation of a conditional
PDF through the use of two saddlepoint approximations, one for the joint PDF and one
for the marginal PDF [122, 123]. Introducing the random vector of n, i.i.d random
variables Y = (Y1,...,Y,, ) and the n, + n, = n dimensional vector (X,Y) with joint
PDF f(x,y), the double saddle point approximation for the conditional PDF f(x|y) is
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given by
. 1/2
r 1 ‘ng(oavo)’ PPN ~T ~T ~ ~T
fxly) = (2m)? < K7 (@,9)| exp (K(u,v) —ux—v'y— (K(0,v9) — vy y)),

(5.3)

where Vv is the unique solution to the n-dimensional saddlepoint equation K'(0,v() =y
and (1, v) is the solution to K'(, V) = (x,y). We denote the gradient as K" and Hessian

by K" where K, is the Hessian with respect to the components v.

5.3.4 Double saddle-point approximation for the one-sided tempered
stable Lévy bridge

In this section we present the result from Kim and Kim [120] for the double saddlepoint
approximation for the one-sided tempered stable Lévy process. This approximation is

given in the next theorem.

Theorem 5.7 [Double saddlepoint approzimation for a tempered stable Lévy bridge.]
Let L\T'S); be a tempered stable subordinator with o € [0,1) and parameterisation
A= (1-a)/k and a = \=2/T(1 — ) for some k > 0. Then the double saddlepoint
approximation to the conditional PDF f L) LTS (x|ly) for a € (0,1) and 0 <t < T is
given by

A 1 1 t(T —1t) 2<1 ) 2(:3)
o o) =y 7= (7 2) " (5
[ (1—04) (tl/(l ) (T t)l /(1—a) Tl/(la))]
-eXp —_— —

akK po/(1— a) (y — )/ (- yo/ (=)

where N is some normalisation constant. For o = 0 and some normalising constant N,

the double saddlepoint approximation is given by

T ,1
o 1 T=*z t 1 1 T—t t T
- . " " st — )t e Loyl
ngTS)ngﬂTS) (x’y) N/ (T B t) T':t_’_% 2 \/ﬂ(y x) X Yy

Under the parameterisations o = 0 and a = 0.5, we obtain the special cases of the
so called gamma and inverse Gaussian bridges respectively. In these cases the exact
conditional PDF of these bridges are known from [124, 125] and are given as

fG

LT LTS (z]y) =
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and

3
1 (T —1t) Y 2 1 /2 (T—-t)? 1T?
1G _ . R _
th(TS)ngWTS) (Zﬂ‘y) - \/ﬂ T ((y — LIT)IL’) exp |: 2 (I + y—z y ’

respectively.

The known densities of the gamma and inverse Gaussian bridges allow us to formulate
an acceptance-rejection algorithm for the sampling of tempered stable Lévy bridges. In
the case of a € (0,0.5), we have that the ratio of the double saddlepoint approximation
to the gamma bridge which is given by

ngTS>|L<TS> (zly)
- x g1(), (5.4)

G
T
fLETS)ng_‘TS)( 1Y)

where

b a1 @)

with p = a/(1 — «) is uniformly bounded on (0,y). Similarly in the case where o €
(0.5,1), we have that the ratio of the double saddlepoint approximation to the inverse

Gaussian bridge which is given by

N

frirs) s (zly)

Ie] i) 92(x), (5.5)
fLETS)lL(TTS)( 1Y)
where
(@) =27 (y—2)""7 ¢ ! e + (T -ty . e + (-t
pu— _ X _ — R— S —
9 Y Pl paepe \or 7 (- ap 26 \z  y—z )|

with p = a/(1 — «) is uniformly bounded on (0,y). Letting Cy, and Cy, be the upper
bounds on the ratio from Eq. (5.4) and Eq. (5.5) respectively, the acceptance-rejection

sampling scheme for tempered stable Lévy bridges is then given in Algorithm 12.

In the case 0.5 < a < 1 we are required to sample from the inverse Gaussian bridge
however a sampling algorithm can be obtained from the work by Ribeiro and Weber in
[124]. Algorithm 12 additionally requires the computation of the relevant upper bounds

of Cy, or Cgy, which can be obtained through simple numerical approximation.
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Algorithm 12 Acceptance-rejection sampling for tempered stable Lévy bridges for
aec(0,1)
if 0 <a <0.5then
2: Choose y,t, T
Compute Cy,

4: repeat
Sample B ~ B(<, %)

6: Sample U ~ Uniform(0, 1)
Y < 2B

8: until U < ¢1(Y)/Cy,
return L «+ Y
10: else if 0.5 < a < 1 then

Choose y,t, T
12: Compute C,
repeat
14: Sample Y ~ fiﬁLT (z|y)

Sample U ~ Uniform(0, 1)
16: until U < g2(Y)/Cy,
return L <Y

5.3.5 Double saddle-point approximation for the one-sided [S-family
Lévy bridge

In this part we propose a double saddle-point approximation for the spectrally positive

[B-family process LE’B ). We begin by noting that the MGF of LE’B ) is given by M(u) =

E[e“Lt(B)] = (") where I(u) is Laplace exponent of which is given by

l(u) = —au — %O'QUQ + % [B(a, 1—X)—B(a+ %, 1-X)

where ¢, 8,0, A > 0 and a,0 € R. For times 0 < t < T, the two-dimensional vector

(Lg? ),L,gﬁ )), where the cumulant generating function of each component is given by

T'logl(u) and T logl(u) respectively, has the joint cumulant generating function K (u, v)

K (u,v) =log(E [uLEﬁ) + ng@)} ),
—1og(E [(u+v)L{” + oL ]),
=tl(u+v)+ (T - t)l(v),

—t <(—a(u+v) - 102(U+U)2+; [B(Oé,l—/\) — B(a+ (u+v)>1_/\)]>

2 g
+(T —t) <—cw - %0’2112 + % [B(a, 1-X)—Bla+ % 1= )‘)D

)

where we have used the stationary increment property of Lgﬁ in the second equality

and the independent increment property in the third equality.
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We now are required to solve the equations K'(u,0) = (x,y) and K'(0,09) = y. The

components of the gradient are given by

K (u,v) =t [—a — o2(u+v) + E(u+0)],
Kl (u,v) =t [—a—o*(u+v) + &(u+v)| + (T —t) [-a— ®v+£(v)],

—

where

&(x) = —%B(a—f—%,l—)\) w(oz—k%)—w(a—k%—l—l—)\) ,

and 1 (z) is the digamma function. Setting F(z) = —a — o2z + £(x), the equations for

4 and © are then given by the following

We can thus solve F(0) = (y — z)/(T — t) numerically for v through a standard root
finding procedure and then solve F(i+v) = x/t for 0. For the 0y quantity, the problem
reduces to numerically solving the equation F(0y) = y/T. The components of the

Hessian K" (u,v) are given by

t {—02 + W (u+ v)} ,
tﬁm2+é”w+vﬂ+CF—wﬂm2+5”@ﬂ,
t

[—02 + W (u+ v)} ,

Kuv
K’U’U
Kuu

where €M (z) is defined by

2
W (z) :=— %B(OH— %, 1-X) (1/J(a+ %) —Y(a+ % +1-— A))
(1) AACY < _
+¢(a+w (0 m+6+1 My

and 9N (z) is the first order polygamma function.
We can now calculate the determinant in terms of the quantities 4,9 and g as

\K" (0, 8)] = (T — 1) [—02 +eW (a4 @)} [—02 + §<1>(@)] ,

K (=, 0] = ¢ |~ + €D (@)
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From Eq. (5.3), the double saddlepoint approximation for the spectrally positive g-family

process is then given by

. 1 |—0% + ¢W (1) | V2
T W) = e\ T oo + €0 + )] [-0? + €V (3)
cexp [tl(a +0) + (T — t)I(v) — ux — vy — (TU(o) — Voy)]-

5.4 Lévy processes conditioned on their extrema

To conclude our discussion on the simulation of Lévy processes, we shall investigate an
extension of the WHMC algorithm to the problem of conditioning a Lévy process on its

extrema.

5.4.1 Conditioning on the extrema

The focus of this section is the proposition of an algorithm for the simulation of Lévy
processes conditioned on their extrema. That is, we are interested in simulation of the

Lévy process of the form

supy,infy

£ LT (), L2}

for some PDFs f(z) and g(x), which corresponding to conditioning the process L; such

that the supremum is distributed as f(-) and the infimum is distributed as g(-).

In this section, will shall observe the simple case of conditioning the supremum of the

process to hit a point value as given by the following process
LiuP” = {Lt‘ET = u} ,
for some u > 0. Introducing the hitting time
T, = inf {t € T|L™* = u},

we then observe for some new process L; whose Lévy triple is identical to that of Ly,
the conditioned process {f)t|A, 0<t< T} where the set A is defined as

A={tozicn, { L0 < Ly, =u} Lrcier { L < u}}, (5.6)

i.e. the process on [0,7,) is conditioned to have a first hitting time of 7, and on [, T

the process is conditioned to stay on or below the level u, is equal in distribution to
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L;""* by construction. From the new formulation of our conditioning in Eq. (5.6) we can
define the following process in terms of the path behaviour before and after the hitting

time 7,

Lgl) := { Ly| inf {t eT|L; = u} = Tu} 0<t< Ty,
L§2) = L4|Ly, = u, Ly < u} Tu <t <T.

d ;sup,

where by the strong Markov property, f/iup“ . We now note that we can express

the process Lgl) onte (0,7,) as

Lgl) = {ﬂt| inf {t eT|L; = u} = Tu} ,
= {f/t|[~/t < f/m = U} )

—{LPLP < uf,

that is we can view L} as a Lévy bridge conditioned to hit u at the time 7, and remain
below the level w on ¢ € [0,7). In the case of ng), we can view this process as being
conditioned to remain on or below the level u. If L; is a symmetric Lévy process whose

triplet is identical to L§2), we can then express L§2) as

L£2) = {iﬂ[:m —u, L < u} ,
:{U—Lt|Lt 2 O},
:u—LI,

where LI is a Lévy process conditioned to stay positive as discussed in Section 5.2. The
idea behind the simulation scheme is thus as follows. On the interval [0,7] for some
T € [0,T] we simulate a Lévy bridge as in the WHMC acceptance-rejection method in
Section 5.3 under the constraint that the bridge remains below the level . The bridge

approximation is then given by

LY <ol o<t<,

7 _ -
LA <ul ifr<t<T,

L =

for some 7 = infcjo 7y inficio 7 {L(Tlft) = LS ’1)} where T is only fixed once we have

found 7 under the condition that T < T. We can view 7 as the first time that the
(T}_i) hits Lgl’l) anywhere on the intervals of [T,0] and [0,7]. Once
this time 7 has been found, we set T = 7 + (T —t) < T. By construction, ﬁi” is an

reversed process L

approximation of the process Lgl), which is in turn the process L;"? killed at the hitting

time 7, thus we take T as an approximation to the hitting time 7.
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(2)

In the approximation of the process L;”, if L; is a symmetric Lévy process then we can
directly apply Algorithm 9 to simulate u — LI on (T, T}, otherwise a simple modification
of Algorithm 9 to simulate {Etlim =u,L; < u}, that is of a Lévy process conditioned

to remain on or below the level w.

In summary, the algorithm for simulating the path of the process L;"** is given below

Algorithm 13 WHMC path simulation of L;""*

1: Choose n > 1 so that g := > 17 Le; ~ t by SLLN.
20 A\ n/t

3: LM (0) + 0, LA(0) « u, L) (0) + u

4: ZW 0, 23 o

510 «0,i3@ «0

6: repeat

7 fori=1,...,n do

8: sample S(l) ~ Law(L,, /)

9: sample (1) ~ Law(L, /)

10: LG« LWG - 1)+ SO 4 1)
11: if Z) > LM (i) then

12: i

B 20 e max(Z0, L () + 5O)
14: repeat

15: sample S® ~ Law(L el/k)

16: sample 1(2) ~ Law(L, /»)

17 LO)(i) « 1O — 1) — 5@ — 1@
18: until L2 < u.

19: Z?) « min(Z® L3 (5) — 5@)
20: if Z®) < L?)(i) then
21: i@
22: if 72> 7' or iV +4i® > p then
23: Break
24: until Z2 > Z' and itV +i® <n
25: YU «— LM (5), j=0,1,...,iN —1
26: Y« LPA)(4), 5 =i®,i® —1,....0
27: N < n — i) — 3

28: for j=1,...,N do

29: repeat

30: sample S ~ Law(L 81/)\)

31: sample 1(3) ~ Law (L, /)
L) L0100
33:  until L) <

34: Y<3><—L<>(') =1,2,...,N

35: return [Y () Y2y ()]

We note that Algorithm 13 can easily be extended to the conditioning problem L:qu =
{Lt‘fTif(-)} for some PDF f(xz) by first sampling u from the distribution f(z) each

time we simulate a path of the process.
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A numerical simulation of Algorithm 13 is provided on Figure 5.8 below. For numerical
verification we include the densities of the conditioned process under the acceptance-
rejection WHMC algorithm and a naive MC algorithm at the time 7' = 0.5. In the

case of the MC algorithm, we are simulating the approximation to conditioned process

{Li|Ly € [u—€,u+¢€} with e=0.1.
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FiGure 5.8: Top: 5 sample paths of the acceptance-rejection WHMC algorithm

for Lévy processes conditioned on their supremum. Bottom: Comparisons of the

acceptance-rejection WHMC algorithm for Lévy processes conditioned on their supre-

mum and a naive approximate simulation (MC) for the distribution of Lg'?. Simula-
tions are run with u =1 and T'= 1.



Chapter 6

The Conditioned Kuramoto

Model

In this chapter we consider a standard synchronised Kuramoto system upon an arbi-
trary network in which a node is chosen to escape from the group synchronised state
at a particular time. This model is investigated for both the Gaussian and Lévy noise
cases. The major focus of our analysis of this system will be on how the underlying
graph structures affects the dynamics of the system before and after the point of condi-
tioning. Specifically, we are interested in investigating if there are potentially any graph

properties that can be used as predictors for the dynamics of the conditioned system.

6.1 Problem background

The role that network structure plays in the dynamics of a given model is a complicated
question. An example of this problem that has been explored in the literature can
be seen in the field of epidemic processes where examples in epidemiological modelling
and networked structures are discussed in the context of extinction thresholds (e.g.
[126, 127]) and some analytical results are obtained in [128]. More general discussions
on network structure in sychronisation models with particular focus upon the degree

distribution of the network can be found in [129].

The aim of this chapter is to investigate the dependency of the dynamics of a Kuramoto
model upon the graph structure at the times before, on and after the point of condi-
tioning. Our goal is to identify what the relevant topological features of the network
are in governing the system dynamics at these times and ideally to use these topological

features as predictors for future system states.

124
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6.2 Model overview

The oscillator dynamics in this model are given by the Kuramoto model where we
condition one of the oscillators 6, () for some n € {1,..., N} to hit a specified value 6,
at some time 7T,.. The dynamics of the conditioned Kuramoto model driven by stochastic

noise are given by the following system of equations

N

d0;(t) = | wi —og Y _ Aysin(0; — 0;) | dt+dL,Y, i={1,...,N}, (6.1)
J

0n(Te) = 0. for some |0.| > 7/2, 601(0) =62(0)=---=6x5(0) =0.

where 0;(t) is the phase angle for node i at time ¢, w; is the intrinsic frequency of the

)

given node, og is the global coupling constant, Lgi is an independent Lévy process at
node i, and n is the conditioned node from the set of nodes n € {1,..., N} where n
is chosen randomly with a uniform probability from this set. The underlying network,
described by the adjacency matrix A, is created by sampling from the set of connected
graphs for two different cases. The first case that we shall consider is the simple case
of 1-connected graphs with |E| = N and in the second case we consider more general
graphs that are n-connected, i.e. where the number of edges is |E| > N. We note that
graphs in the 1-connected case are generally simpler and have Fielder values that can be
directly compared between graphs in this set whereas this is not the case for the more

general set of n-connected graphs.

6.3 Bridge approximations of the conditioned process

In the numerical simulation of the conditioned Kuramoto model, the fact that the con-
ditioning is now applied upon a multidimensional process means that we will have to
resort to some approximation of the conditioned oscillator before any of the previously

discussed techniques in Chapter 5 can be applied.

As a first step, we linearise the sine function around 0 and thus can show that the

dynamics of 6(t) satisfy that of an Ornstein-Uhlenbeck process

(1) = |wi+ 06 Y Aijsin (6; — 6;) | dt + dzy’,
j=1

Q

w; — oG Z ,Cijej dt + dLﬁl),
j=1
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Aij, 1#]

and dZ: Az
—~di, =] 2 Ao

where ,Cij = {

We thus arrive at the Ornstein-Uhlenbeck process which approximates the unconditioned

dynamics of the system of oscillators as
do(t) = (w — BO(t))dt + d Ly,

where w = (w!,...,w") and B = diag (0g,...,00c) L.

Focusing on the Gaussian case, one possibility in further approximating the system in
Eq 6.3 is to project the dynamics onto a one-dimension diffusion process using the idea of
Markovian projection from Theorem B.1 in Appendix B.3. First, we shall parameterise
the model such that E[@(¢)] = 0 which can be obtained through the selection w = 0.
With this parameterisation we then apply the results of Markovian projection from
Theorem B.1 which allows us to write the dynamics of the unconditioned oscillator n as

the one-dimensional diffusion process

40, (t) = — (E[BO(t)|0(t) = 6]),, dt + dW,™.

Utilising this formulation requires the calculation of the conditional expectation in the
drift term which can be difficult to obtain. Thus we shall make a further approximation
to the expectation by conditioning on the event 6(¢) = [0,0,...,0,(¢),...,0]. We can
think of this approximation as allowing the oscillator n to move freely whilst fixing the
other nodes at 0. In this case, the unconditioned dynamics of the oscillator n will be
given by the equation whose dynamics explicitly depend on the degree d,, of the node
n:

A0 (t) ~ —dnoOp(t) + AW ™. (6.2)

Since Eq. (6.2) is a one-dimensional Ornstein-Uhlenbeck process, we can apply the Doob

h-transform from Section 5.1.2 to obtain an SDE for the conditioning 6, (7¢.) = ..

In the second case where the stochastic noise is a Lévy process, we require an addi-
tional approximation in order to apply our techniques for the simulation of conditioned
processes. Given the Ornstein-Uhlenbeck approximation to the unconditioned process
driven by Lévy noise

A6, (t) ~ (BO(t)dt), + dL™,

and the parameterisation of the model such that E[@(¢)] = 0, by setting 0 to its expected

value we have the approximation where the dynamics of the unconditioned oscillator n
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are simply given by the Lévy noise
0, (t) ~ (BE[O(t)]dt), + dL{™ = dL{™.

The conditioned dynamics of the oscillator n are thus simulated through our WHMC
algorithm for Lévy bridges in Section 5.3.

In summary, the dynamics of the conditioned oscillator n on the interval ¢ € [0, T¢] are

governed by the following SDEs for the Gaussian and Lévy noise cases:

e Gaussian case: An Ornstein-Ulhenbeck approximation is taken and the bridge

dynamics are given by:

[0c — 0, (t) exp (—ogdy, (T, — t))]
—exp (—20¢dy, (T, — t)) /(ogdy)

x exp (—ogdy, (T, — t))> dt + odW;, (6.3)

A0, (t) ~ < — odnbn(t) + 2

e Lévy case: The path is approximated by the WHMC algorithm for Lévy bridges.

A0, (t) ~ ALY

Based upon the approximation of the dynamics of the conditioned process in the Gaus-
sian case in Eq. (6.3), there is explicit dependence on the degree of the conditioned
node d,. With this dependency in mind, we shall now proceed to investigate the depen-
dency of the system dynamics on the network topology numerically. In particular, we
shall be interested in investigating what graphs properties aside from the degree of the

conditioned node are useful predictors for the dynamics of the conditioned system.

6.4 Numerical investigation of the conditioned model

In the numerical implementation of the system in Eq. (6.1), we simulate the dynamics
over the time frame ¢ € [0,7] where 7' = 3. For the conditioning, we set 6,(T;) = 7,
where T, = 2. Each node is chosen to have zero natural frequency w = 0 so that
E[6(t)] = 0 and the coupling constant is chosen to be o = 1. On the interval ¢t € [0, T¢],
we simulate the conditioned node n according to Eq. (6.3) and on the time ¢ € (75, 7],

the dynamics are driven by the unconditioned system. That is, in the Gaussian case,
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the dynamics of the conditioned node are simulated as

_ [0.—0n (1) exp(—ogdn(Te—1))]
( 0GdnOn(t) + 2= s o d o)) Tload) it 0,7,

oy (t) = x exp (—ogd, (T, — t))> dt + odW4,
(—aG SN Ay sin(0a (1) — ej(t))) dt +dW, if t € (T, 1),

and in the Lévy case the dynamics of the conditioned node are given by

dr;"e if t € [0, T3],

don(t) = (o6 X Aijsin(0a(t) — 0,1)) dt +dL; if t € (T, T)

In the Gaussian case, we choose the volatility ¢ = 0.1. In the Lévy case we use the

[B-family of Lévy processes as discussed in Section 2.4.2.2 where we set

(CL, g,Q1, Bl, )\1, Ci, ag,ﬂg, )\2, CQ) = (0, 0.1, 1, 1.5, 1.5, 1, 1, 1.5, 1.5, 1).

In this numerical investigation, we shall record two different statistics to observe the im-
pact of the graph topology on the system dynamics. Our choice of these two observables
is based on our desire to measure the behaviour of the system at a local and global level
where we define local as the neighbourhood of the conditioned oscillator n and global
as the entire network. We will specifically be interested in observables that measure the
overall phase of the system and the synchronisation of the system at the appropriate

global and local levels.

The first statistic that we shall observe is the average phase across all oscillators
(t) = ~ > 0i(t)
S N&E T
1=

This shall serve as a ‘global’ statistic in our analysis. Since in the unconditioned case we
have that E(6,,(t)) = 0 as a result of our parameterisation, the impact of conditioning

0 (Te) = 0. = 5 results in the shift 0 < E[f(T¢)] < § at time T,. The magnitude of the
shift in @ from 0 shall be the focal point of this statistic.

The second statistic that we shall use is the local order parameter of the conditioned
node and this shall serve as our ‘local’ statistic as it is specific to the dynamics at and

near the conditioned oscillator. The local order parameter is given by
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where G; C G is a subset of nodes from the full graph G consisting of the conditioned
oscillator at node n and all neighbouring nodes of n ( for a total of d,, + 1 nodes). This
will serve as a measure of local sychronisation at the conditioned node, the expectation
is that there will be a loss of sychronisation as the conditioned node escapes from the
group state at T}, that is E[O% (t)] > E[O% (T.)]. The magnitude of the shift in the local

order parameter from its synchronised state shall be the focal point of this statistic.

The local and global statistics, §(t) and O% () respectively, are to be observed at a time
prior to conditioning ¢ = 1, at the time of conditioning T, = 2 and after conditioning at

the terminal time T = 3.

In the approximation of the dynamics of the conditioned oscillator, we determined that
the degree of the node d,, plays an important role in the behaviour of the oscillator as
it escapes and returns to the system. One of the aims of this investigation is to find
what other features of the graph can be used as predictors in determining the behaviour
of the conditioned node and the overall system in the context of our local and global
statistics 0(t) and O% (t) respectively. To this end, we shall investigate a variety of
different graph statistics that are relevant to the entire network and the particular node
n on which the conditioning is applied. On Table 6.1 we summarise the graph statistics
from Section 2.1.1 that will then be used to extend our numerical analysis to a wider

range of graph feature characterisations.

Name Symbol | Definition Node/Network Statistic
Degree d; Number of edges connect to Node
node 1.
Average Degree (d) Average degree across all Network
nodes
Fiedler value A2 Second smallest eigenvalue of Network
L.
Diameter D Maximum shortest path Network

length between any two nodes.

Average shortest path length {0) Average shortest path length Network
over all possible pairs of ver-
tices.
Closeness centrality gi Average distance at node i to Node

all other nodes.

Clustering coefficient C; Local clustering at node <. Node
Average clustering coefficient (C) Average all of clustering coef- Network
ficients

TABLE 6.1: Summary of graph statistics used in the numerically analysis of the effect

of graph structure on the dynamics of the conditioned Kuramoto model. We list the

name, symbolic notation, definition and wherever the statistic is specific to a node or
the entire network.
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6.4.1 Simulations with 1-connected graphs

As a starting point in our numerical investigation, we shall restrict ourselves to the case
of 1-connected graphs, that is the set of graphs where the removal of a single edges
results in a disconnected graph hence the number of edges is equal to N — 1 where
we choose N = 20 for all of our graphs. We start this investigation by observing the
degree of node d,, and the Fiedler value Ao which describes the overall connectivity of
the graph. Thus our initial approach in this investigation is to determine how the overall
structure of the network, represented by the Fielder value, impacts the dynamics of the
conditioned oscillator. Since we are interested in investigating the impact of the Fiedler
value on the system dynamics, we desire that our set of graphs is selected such that
we sample uniformly across the allowable range of Fiedler values for each graph. The

algorithm in Algorithm 14 is used as a starting point to generate 1-connected graphs.

Algorithm 14 Sampling from the set of 1-connected graphs
1: N+ 20

: A < zeros(N, N)

. Al0,1] = A[1,0] «+ 1

: fori=0,...,N—-3do
sample j € [0,1,...,i+ 1]
Ali+2,§] = Alj,i +2] « 1

7. return A

To see that this algorithm samples from the entire set of 1-connected graphs, we intro-

duce the following proposition.

Proposition 6.1 [The set of 1-connected graphs produced by Algorithm 14.] Let G be
the set of 1-connected graphs produced by Algorithm 14. Then G is equivalent to the set
of all 1-connected graphs.

Let G(N, E) be an arbitrary graph with |E| = N — 1 and pick two arbitrary nodes from
G indexed i and j. Since G is l-connected, the shortest path length /;; < N — 1 is
the only path between the two nodes. Let the nodes along the path [;; be numbered
[i,n1,m2,...,M,,-2,7j]. It is then sufficient to show that, with non-zero probability,
Algorithm 14 can produce a path of length I;; < N between nodes ¢ and j. Let GW

be the graph produced by Algorithm 14 at which node 7 is initially created, then with

1
i+

of the algorithm. A lower bound on the probability of Algorithm 14 creating a path of

probability p > an edge will be created between the nodes ¢ and n; at some iteration

length [;; < N between nodes ¢ and j can be obtained by considering the case where

the path [i,n1,m2,...,m,,2,]] is created at subsequent iterations of the algorithm.
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The probability of this path occurring after |l;;| iterations is given by Psubseduent(],.y —
Z%Z‘l w%n Thus the probability of Algorithm 14 producing a path of length I;; is

bounded below by P(l;;) > Sl L~

n=1 i+n

One of the issues with Algorithm 14 is that it is biased towards producing graphs with
relatively low Fielder values and as such, highly connected graphs with large Fielder
values can been seen as rare events of this algorithm. To ensure that we sample graphs
evenly across the possible range of Fielder values, we first create the empirical distribu-
tion of the Fiedler values from the graphs produced by Algorithm 14. This empirical
distribution will then be used to produce an acceptance probability for each graph such
that the resulting distribution of Fielder values in the acceptance-rejection scheme is
uniformly distributed across the allowable range. The probability of accepting a graph
with a Fielder value of A is calculated by weighting the probability of being within a
range of some Ax of the given Fielder value of A by the inverse ratio of the the den-
sity function Ao and the value of the desired uniform distribution. This weighting is

calculated by

A Az I (:L‘) -1
Inae =l — Az <z <A+ Az) = / e ) gy (6.4)
AAr \ LU, LieT Ti-T;

where Z = | J,;[Li, U;] = supp(fx,(x)) and supp is the support of fy,(x). The probability
of acceptance is then calculated by adjusting the odds of the original probability by the
weighting in Eq. (6.4) as follows:

g\ Ax

q\ Az

(6.5)

where the new odds gy A, is given by

1
2A.T ZUizLiEI UifLi

T
1-2Az ZUi,LiEI Ui—L;

q\Ax = l)\,Ax

This procedure is summarised below in Algorithm 15 where we use a histogram to
approximate the procedure in Eq. (6.4)-Eq. (6.5). A comparison of the probability
densities of the Fielder values between the graphs sampled from Algorithm 14 and
Algorithm 15 is given in Figure 6.1.
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Algorithm 15 Sampling from the set of 1-connected graphs uniformly across Fiedler

values

1: fort=0,...do
2: sample G as in Algorithm 14
3: Ao[i] + Fiedler(G)

4: H <« hist(A2)

5: numbins <— number of nonzero bins (H)
6: num < total count (H)

7: repeat

8: sample G as in Algorithm 14
9: A + Fiedler(G)
10: count <+ H(\)
11: U ~ Uniform(0, 1) )
122 1+ (#ﬂm)
13: q+1- %
14: p« L

1+q
15: until U <p

16: return G
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FI1GURE 6.1: The probability density of Fiedler values from set of 1-connected graphs
sampled from Algorithm 14 (blue) and Algorithm 15 (green) for N € {5,8,10,20}.

Using Algorithm 15 we sample from the set of 1-connected graphs G. For each graph,

the conditioned oscillator n is chosen randomly from the set of nodes {1,2,..., N} in

each graph G. For each graph we record the degree of the conditioned node n and the
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Fielder value A2. We then record the median values of the local and global statistics, 0(t)
and 0% (t) at the times T = 1,2, 3 where the median value is taken over 100 simulations

for each graph.

As a baseline scenario, we consider the unconditioned system where none of the oscil-
lators are Figure 6.2. We then consider the Gaussian noise case in Figure 6.3 and the
Lévy noise case in Figure 6.4. In each figure we plot the median of the average frequency

and local order parameter against the degree of the node d; and the Fiedler value As.

FIGURE 6.2: The baseline scenario (no conditioning). Left column: The expected
median frequency. Right: The expected local order parameter at the conditioned node.
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FIGURE 6.3: The conditioned scenario with Gaussian noise. Left column: The expected
median frequency. Right: The expected local order parameter at the conditioned node.
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FIGURE 6.4: The conditioned scenario with Lévy noise scenario. Left column: The
expected median frequency. Right: The expected local order parameter at the condi-
tioned node.

It is clear from the plots in Figures 6.2-6.4 that the degree of the conditioned node di-
rectly impacts the dynamics of the system however the impact of the overall connectivity
is less certain. In the unconditioned case on Figure 6.2, graph structure has no effect on
the median frequency. The local order parameter shows stronger synchronisation when
the degree of the node is smaller however the overall connectivity of the graph does not
matter. In the Gaussian case on Figure 6.3, the median frequency is dependent upon
the degree of the conditioned node and not the graph structure with a high node degree
shifting the median frequency more than the low node degree. This is similarly observed
in the local order parameter however, when T' = 3, a dependence upon the Fielder value
emerges. In the Lévy case 6.4, the structure is more blurred. Here the behaviour of
the median frequency is similar to the Gaussian case however the behaviour of the local

order parameter is similar to that of the unconditioned case.

We now look to extend this analysis to include the various graph statistics from Table 6.1.
From this table we shall observe the values of the degree d;, the Fiedler value Ao, the
diameter D, the average shortest path length (I) and the closeness centrality g; for each
graph G as generated through the application of Algorithm 15. In this analysis, we shall
observe the differences in the global and local statistics 6(t) and O% (t) for time ¢ € [1,2)
and for time ¢ € [2,3) which represent the dynamics of the system leading up until the
time of conditioning and the dynamics after the time of conditioning respectively. We
sample from N = 1000 graphs and for each graph we obtain a Monte-Carlo estimate
of the expectations through 50 simulations. We then use multiple linear regression to
fit a model with the differences of each statistic §(AT) and O% (AT) as our response
variables and the relevant graph statistics from Table 6.1 as our predictors. We also

include the interaction terms between the predictors in the model fit. The Bayesian
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information criterion (BIC) is then used in model selection to determine which graphs
statistics are potentially useful predictors of system dynamics leading up until the time
of conditioning and afterwards. We should however note that many of these graph
statistics are dependent upon one another and hence the purpose of this regression
should best be interpreted as looking for a best singular statistic to predict dynamics
and not a linear combination of statistics. The results of the BIC model selection in
the case of 1-connected graphs are given on Figure 6.5 for both the Gaussian and Lévy

noise cases.
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FIGURE 6.5: Model selection for 1-connected graphs under Gaussian noise (top) and

Lévy noise (bottom). Here CloseC denotes the closeness centrality, Diameter denotes

the Diameter, Fiedler denotes the Fiedler value, Spathlen denotes the shortest path

length and degree denotes the degree. The symbol ’:> denotes the interaction between
the two relevant predictors.
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6.4.2 Simulations with n-connected graphs

In the previous part, we only considered 1-connected graphs with N nodes. We now look
to extend our numerical investigation to the case of n-connected graphs. The procedure
behind our graph generation in this section is based upon Algorithm 15 to ensure that
our sampled graph remains connected. Using the 1-connected graph generated from
Algorithm 15 as a starting point, we then use the Erdés-Rényi G(IV, p) model to generate
the additional edges with a link probability of p = 0.1. The procedure for generating

n-connected graphs is given below in Algorithm 16.

Algorithm 16 Sampling from the set of n-connected graphs
1: N+ 20,p+ 0.1

2: sample G as in Algorithm 15
3: H < Erdos-Renyi(N, p)
4: G+~ G+H

5. return G < int(G! =0)

To see that this algorithm samples from the entire set of n-connected graphs, we intro-

duce the following proposition.

Proposition 6.2 [The set of n-connected graphs produced by Algorithm 16.] Let G be
the set of n-connected graphs produced by Algorithm 16. Then G is equivalent to the set

of all n-connected graphs.

Set n € [1,...,N]. Let G! and G? be the graphs produced in steps 2 and 5 of Algo-
rithm 15 respectively. Since G is 1-connected, it follows by step 4 that G? is at least
1-connected. Let G be at least an n-connected graph, then it is known, from the prop-
erty of a Harary graph [130], that G has at least [nN/2] edges. It is also known that if
G is a complete graph, it has w
|E| number of edges where [nN/2] < |E| < w The probability that the G? has
|E| edges is thus bounded by

edges. Thus, if G is at least n-connected, G has

N -1
< ) p[nN/2] (1 _p)N—l—[nN/2] ZP(‘E‘)

[nN/2]
N -1 N(N-1) . N(N-1)
= ( N(N-1) >P > (1 —P)N ! 2

2

>0.
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Since G? is at least 1-connected and can have all possible edges up until a complete
graph with non-zero probability, it follows that Algorithm 16 can sample from the full

set of m-connected graphs.

In our numerical analysis, we shall use all graph statistics present in Table 6.1 however
we do note that the Fiedler value is no longer an effective comparative statistic across
graphs with a variable number of edges. As before, we shall observe the differences in
the global and local statistics 6(t) and O% (t) between time ¢ € [1,2) and time ¢ € [2, 3).
We sample from N = 1000 graphs and for each graph we obtain a Monte-Carlo estimate
of the expectations through 50 simulations. The results of the BIC model selection in
the case of n-connected graphs is given on Figure 6.6 for both the Gaussian and Lévy

noise cases.

6.4.3 Observations

A summary of the best fitting models for both the 1-connected graphs in Fig 6.5 and
the n-connected graphs in Fig 6.6 is presented on Table 6.2 and further summarised on
Table 6.3 where we count the frequency of the explanatory statistics amongst the best

fitting models.

We first note that there are poor BIC values for all models for the median of the average
frequency for ¢ € [2,3). This result is not surprising as all oscillators are set to have zero

natural frequency thus we expect that E[0(3)] — E[f(2)] = 0, hence no statistics can be

significant predictors for this response variable.

For 1-connected graphs, we observe generally good BIC scores (low) in both the Gaus-
sian and Lévy noise cases. In this case, Gaussian noise models contain generally more
explanatory statistics and lower BIC scores than the Lévy noise models. However, when
we move to the case of n-connected graphs, the Gaussian models are seen to score sim-
ilarly to that of the Lévy models. With the additional graph statistics available in the
case of n-connected graphs, and the overall increase in connectivity of the graphs when
we move from the 1-connected to n-connected case, the Lévy models are found to be

more descriptive in the n-connected case.

In terms of the explanatory statistics in the best fitting models, the first observation
that can be made is that the degree is relevant in all models with explanatory power and
this holds for both 1 and n-connected graphs. This observation confirms the original
approximation that was established earlier on in this chapter where we determined that
the degree of the graph is a significant predictor of graph dynamics. The closeness

centrality of the conditioned node g; was found to be present in the majority of the
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FIGURE 6.6: Model selection for n-connected graphs under Gaussian noise (top) and
symbol "’ denotes the interaction between the two relevant predictors

Lévy noise (bottom). Here AveClusC denotes the average clustering coefficient, CloseC
notes the Diameter, Fiedler denotes the Fiedler value, Spathlen denotes the shortest

denotes the closeness centrality, ClusC denotes the clustering coefficient, Diameter de-
path length, aveD denotes the average degree and degree denotes the degree.
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best fitting models in both the 1 and n-connected cases. In the case of the n-connected
graphs, the clustering coefficient of the conditioned node C; was present in the majority
of the best fitting models. It is less clear as to what other statistics are useful as
predictors for graph behaviour. The average shortest path length also appeared to be
a useful predictor in both cases however this was not as prevalent as the previously
mentioned statistics. The remaining statistics, though occasionally present in some of
the best fitting models, cannot be confidently declared as useful predictors in an overall

sense.

In conclusion, we have shown that the degree of the conditioned node was shown to be
a significant predictor in both the approximating SDE of the conditioned processes and
the numerical models obtained through our BIC selection procedure. In addition to the
degree of the conditioned node, our analysis of the various graph statistics suggest that

the closeness centrality and clustering coefficient could be said to be potentially useful

predictors.
1-connected graphs
Response Time Noise Model
te[L2) Gau/SSian Br + By, gi + Buy () + Ba,di + Ba g, di - gi + Ba,, ydi - (1)
median(é(t)) LeV}" Prt Pasdi + Bounty i ©

re2.3) Gaussian Br+ BpD

Lévy Br + 5(1),)\2 (OEPY

Gaussian Br + Bg; gi + Baoda + By (1) + Ba,di + By, ,pgi - D
tell,2) +Bg;,wygi - (1) + Bp,wyD - {I) + Bp,a; D - d;
median(0°% (1)) Lévy Br + By, 9i + Bg;,d;9: - di + Ba;,pdi - D
Gaussian Br + Bg; gi + Bag A2 + Ba;di + Bg; 20 9i - A2 + By, 9i - di

te€(2,3) +Bxz,9: A2 Gi + Brg,a; A2 - di + Bay,a, (1) - di

Lévy Br + Ba,d:

n-connected graphs
Statistic Time Noise Model
te[L2) Gau/SSian Br + B, 9i + Biay(d) + Ba;di + Bg;,4,9: - di + Be,a,Ci - di
median(d(t)) oy | Bt b+ Pen it ¥ Popah d + By ) o1

Le(2,3) Gaussian Br + Bicy,a,(C) - di

Lévy Br + Bc; 2. Ci - A2
e L) Gaussian Br + Ba;di + Bicy, 2 (C) - Az

Lévy Br + Buy(l) + Ba,di + By, 4,9: - di + Bc;,pCi - D

median(oe" (1)) Gaussian Br+ Basds + 5<C>A2 (€ Ao+ Bas.aigi - da

Le[2.3) +Bc,; 1yCi - (1) + Be;,a;,Ci - di + Brg,a; N2 - di

Lévy Br + Buy () + Ba,di + Ba,di + Bg;,a,9i - di

+Bg; aygi - {d) + Bey,a; Ci - di + Buy,a; (1) - di + Bay,a,(d) - di

TABLE 6.2: Summary of best fitting models for the 1-connected graphs from Fig 6.5

and the n-connected graphs from Fig 6.6. Here we use the following notation: intercept

I, degree d;, average degree (d), Fiedler value \s, diameter D, average shortest path

length (), closeness centrality g¢;, clustering coefficient C; and the average clustering
coefficient (C).
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Graph Statistic frequency
Statistic | 1-connected | n-connected | 1-connected | n-connected || Prevalence over all models
Gaussian Gaussian Lévy Lévy
d; 3 3 3 3 100 %
(d) 1 - 2 50 %
Ao 2 2 0 0 33 %
D 1 0 1 1 25 %
1) 3 1 1 3 66 %
gi 3 2 2 3 83 %
C; - 2 - 3 83 %
(C) - 2 - 0 33 %

TABLE 6.3: Graph statistic frequency amongst the best fitting models excluding the
median(f;) response at T =3 —T =2




Chapter 7

Modelling Military Watch Staftf
Using Stochastic Network

Synchronisation

In this chapter we advance an approach to mathematically represent networked human
decision makers by adapting the famous Kuramoto model of networked phase oscillators
and applying data from a recent study of military headquarters staff. This work was
done collaboratively with the DSTG which lead to the paper titled 'Modelling Military
Watch Staff Using Stochastic Network Synchronisation’ in [23]. In this chapter, we
present the paper in full. My personal contribution to this collaborative work is in
the development of the numerical methods used to simulate and analyse the stochastic
versions of the model, the production of plots throughout the paper and in the editing

of the manuscript.

The model that we consider in this work represents a continuous Perception-Action
cycle loop of individual agents through a phase at each network node; the network
represents the formal and informal communications of human agents and information
artefacts they use; a coupling represents the strength of relationship between any two
agents; native frequencies represent the individual decision speeds of agents when left to
themselves; and stochasticity represent further randomness in the intrinsic temporal be-
haviour of agents. In particular, heavy tailed noise captures that agents may randomly
jump’ ahead in their decision state in time-stressed conditions where intuition becomes
significant. Drawing upon data from a case study where headquarters’ networks were
mapped for routine business and crisis scenarios, we tune the model using the routine

scenario data to match the observation that operations were well synchronised under
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such conditions. We then test the impact of the crisis scenario using the correspond-
ing network and stochastic process in the model. We observe a high probability that
synchronisation may be lost as a consequence of the high information demand of some
agents in the crisis scenario. By comparing with qualitative theories of organisational
design, this provides face-validation of the model. We examine the causes of this loss
of synchronisation and compare to qualitative approaches in the literature to validate
the model. We discuss the model’s utility for organisational redesign and technology

insertion.

7.1 Introduction

In much of the literature on collective decision making in organisations there is agree-
ment that the structure of interactions between members plays a significant role in the
efficiency and effectiveness of the decision-making; by efficiency we refer to the use of
resources (here the members), and by effectiveness the outcomes of the decision making.
However, real human organisations reflect much more than a structure, but also the
heterogeneity of members, such as individual capacities to make constituent decisions,
and that these properties may also be dependent on the context of decisions at any one
time. In this paper we bring together a number of these elements into a mathematical
formulation as coupled differential equations and show how such a model can be used to
infer the contribution of these elements to the efficiency of the collective decision making
of an organisation. We focus on efficiency here, rather than effectiveness, (because the
model is not yet embedded in a representation of the context such that the outcomes can
be examined). The model represents networked decision makers as interacting agents
engaged in stochastic individual decision cycles. The efficiency of the decision making
is then analysed by the degree of synchronisation between the individual decision cy-
cles. Thus the key elements of this mathematical model will be the network and the
stochastic dynamical equations. The utility of such a model is in enabling exploration
of options for organisational structure in light of the heterogeneity of members of a
particular organisation. The context of this work is decision making in military head-
quarters, a concern in what is called ‘Command and Control’ (C2), generally the means
by which authority is delegated through an organisation to accomplish its missions. We
draw upon data collected in a study of C2 within a subgroup in an Australian Defence
Force (ADF) headquarters that works somewhere within the spectrum between strategic
(based in the capital city) and tactical (resident in individual task groups or elements
in a particular geographic area). The actual study from which data was collected, re-
ported in [18], was not concerned specifically with synchronisation of decision making,

but it nevertheless afforded an opportunity to collect network data of human-to-human
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and human-to-information artefact interactions. This particular staff group supports
the twenty-four hour commander’s decision making cycle, that is informed by a formal
set of briefs at the start of the day. A key group within this are staff that constitute
a twenty-four/seven ‘watch’ who interact with each other, with a range of systems or
information artefacts, and other staff who work more regular business hours. There is
nothing in this that is necessarily unique to the military. At this level of fidelity many
civilian settings, such as emergency management, air-traffic and energy sector control
may be modelled in this way. Formal and informal organisational structures may be
encoded in the mathematical object of a network, human and technology agents who
have varying decision making characteristics may be included, and there are different
circumstances, from routine business to specific crisis response, thay may trigger activ-
ity. Thus, the utility of our modelling approach transcends military operations. All of
these contexts already see a diversity of approaches to improve efficiency or effectiveness.
Most common is the Business Process Modelling (BPM) approach[131] where graphi-
cally represented workflows are encoded into formal or executable models. Agent Based
Modelling (ABM) is also prevalent, where individual organisation member properties
and local interactions are represented; the organisational behaviour is then an emergent
product of bottom-up interactions. Finally, Social Network Analysis (SNA) is also com-
mon, where both formal and information interactions are encoded. For a review of these
types of approaches, see [132]. Quite uncommon in this context are stochastic differen-
tial equation based models. We present such a model in this paper. Though we argue
that the diversity of approaches is absolutely necessary for any validation [133, 134],
the modelling approach in this paper has some of the advantages of ABM and SNA
over BPM without some of the disadvantages. Bottom-up modelling reflects the emer-
gence of how business is dynamically performed in complex environments. The ABM
approach, while extremely flexible, often does not allow for insight; more stylised and
abstract mathematical modelling approaches often allow approximations in interesting
regimes that are amenable to closed form solution, yielding explicit expressions for the
relationship between factors. SNA traditionally fails to capture the dynamical process
that occurs on the network. Thus, our approach here, while abstracting significantly,
offers a parsimonius but insightful approach to organisational dynamical behaviours. In
this paper we seek to validate the model and develop insights into the collective be-
haviours of the organisation as the style of individual decision making is varied. The
data collected in the study [18] mapped out a headquarters’ network of interactions for
actual routine business and under a hypothetical crisis scenario. In addition to differ-
ent networks, the decision making style will be different for the two contexts according
to cognition models to be discussed below. Thus, to the degree that the stochastic

process we employ captures the tendencies within different decision making styles, we
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may build such styles into the mathematical model. Specifically, this stochastic pro-
cess enables representation of a mode of decision making under uncertainty, whereby
experienced decision makers will use intuition to jump ahead of an otherwise sequential
process. We use the routine business data to tune the model and then run the model
for the crisis scenario in order to perform validation. However, because the crisis sce-
nario was not run as an exercise or experiment (this was an operational headquarters)
we have no performance data with which to compare the model. Therefore we must
use insights from qualitative research as to what the expected outcome may have been.
In particular, the phenomenon of uncertainty-reduction behaviour shows that decision
makers tend to seek more sources of information in a crisis; a by-product of this is they
may expose themselves to information deluge and decision paralysis, on the one side,
and/or fail to carry their less connected team members, on the other. We show how the
model behaviours in the crisis may be interpreted as reflecting such behaviour, and to
this degree we are able to validate the model. From this point we explore how varying
the parameters that encode the degree of jumping in decision making further impacts
on behaviours. This chapter is organised as follows. First we explain the model in
more detail, including its mathematical structure. We explain the data and conduct the
model tuning using data around the routine conduct of business. We then conduct the
validation by applying data around a crisis scenario, and comparing the behaviours of
the model against known properties of organisational behaviours in situations of threat
or uncertainty. We then illustrate how the model provides deeper insight into the causes

of these behaviours. We conclude with future directions of work.

7.2 The model ingredients

7.2.1 The mathematical model

The key element in our approach is what is known as the stochastic Kuramoto model
[46] defined as the equation for the time-derivative §; = df;/dt of a set of real time-
dependent variables 3; = B;(t) at time ¢:

N
Bit) =wi — 06 Y Aijsin(Bi(t) — B;(t)) +vLi(t), i={1,...,N}. (7.1)

j=1
With v = 0, Eq. (7.1) is a network generalisation of the classical Kuramoto model [1].
So, A;j is a matrix of ones and zeroes representing the connection, or lack thereof, of

nodes labelled by the index ¢, on a network of size N. Generally undirected networks,

where A;; is symmetric, are used; here we apply directed graphs, for which the model
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remains consistent but with slightly different properties. The w; are constants, often
drawn statistically, representing native or intrinsic frequencies or speeds of oscillation.
The interaction function as the sine of the phase differences is what makes the (3; true
phases: though the 3; can take their values on the real number line, in interactions
only the value modulo 27 is relevant. So, the interaction models local synchronisation
between connected agents but also allows for anti-synchronisation when agents are an
interval m apart. The quantity og is a coupling strength governing the intensity of

interaction of connected phases.

Many reviews of the Kuramoto model exist, see [35-39]. But the key property that it
exhibits is that at low og phases behave chaotically, at high o they collectively syn-
chronise, and there is some intermediate value at which this behaviour changes over.
For undirected networks the collective synchronisation is to the mean of the frequency
ensemble, 0; ~ wt for all i. For directed graphs this result receives some corrections
from individual degrees of the nodes. Many studies focus on the role of various hetero-
geneous random network structures in impeding or enhancing synchronisation at lower
coupling strengths. Here, structures include the Barabasi-Alberts ‘scale free’ network
[135] studied for the Kuramoto model in [136-139], and the small world network [140]

typical of social structures [141].

For v = 1, there is the additional term L; in Eq. (7.1) which is ‘noise’, basically a
function of time whose values at different time-instances satisfy certain probabilistic
characteristics. Gaussian-like idealisations of this stochasticity - where the increments
of L; are drawn from a Gaussian distribution and are uncorrelated in time - have been
considered [36, 46-51]. However, for reasons to become clear below, heavy-tail distribu-
tions [54, 55, 142] are also of value particularly for decision-making under uncertainty,

with a first exploration of this for the Kuramoto model in [52, 143].

7.2.2 Mapping the mathematical model to decision making

How does such an equation as Eq. (7.1) model organisational decision making? As orig-
inally proposed in [144], we take the phase (; to represent the point of an individual in
a continuous decision, or Perception-Action [145], cycle; the native frequency represents
the frequency of that cycle when a decision maker is left to themselves, A;; represents the
combined formal-informal-informational network, where we include both human (which
have w; # 0) and information artefacts (which have w; = 0, in the absence of autonomy
or‘self-updating’); oG represents the intensity of the relationship between agents; the
sine interaction represents the requirement that connected decision makers will adjust

their decision state according to that of their connected partner; and noise represents the
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property that further heterogeneity between decision makers may also be random and
time-dependent. Let us expand a little more on some of these features. While seemingly
simplistic, many descriptive cognitive models of individual decision making are funda-
mentally cyclic in nature and indeed more simplistic in turning a continuous process
(as would be reflected in a phase variable) into a repetitive sequence of discrete states;
indeed this has been argued to be problematic when seeking to consider hybrid systems
of humans and autonomous technological agents [146]. The Neisser model we have cited
already [145], but there is also the Endsley model of situation awareness [147] and vari-
ous Levels or Discretised systems for considering human-autonomy hybrid systems [148];
finally, in the tactical military context there is the Observe-Orient-Decide-Act (OODA)
loop model of John Boyd [149, 150], which has become adopted for strategic and broader
civilian decision making contexts [151, 152]. The notion of coupling has also deep roots
in the organisational /sensemaking literature. Weick [153] in the seventies accumulated
some fifteen concepts related to “loose coupling”, they may be essentially aggregated to
two: low connectivity, and low intensity along connectivity. Many approaches have only
taken the first notion of coupling forward, as reflected in network theory, to conduct
measurement and experiments in organised decision making settings [154]; a small sub-
set have pursued the importance of intensity of interactions or degree of slackness on a
network [155]. In this respect, the Kuramoto model elegantly provides a framework for

both notions of coupling.

Stochastic diffusion (Gaussian) processes have already been used to model elementary
human decision making [156]. The choice of heavy-tail noise is intended in our work
to build in to the mathematical representation models of decision making in complex
and uncertain environments, namely so-called Wicked Problems [157] and Recognition
Primed, or Naturalistic Decision Making [158, 159]. These respectively hold that in the
face of complexity the decision process is (among other things) ‘jumpy’, and that under
uncertainty, experienced decision makers do not incrementally advance through a logical
process but observe patterns in the environment that prime their intuition allowing them
to leap ahead in the decision process. Heavy tail skewed noise, a variation of fractional
non-Gaussian diffusion [54, 55, 142] builds in precisely such forward leaning jumps.
Indeed, we employ a form of this noise known as the tempered stable Lévy process [91—
94] described by parameters o, ar, 0, A that control the spread (in the Gaussian limit, the
variance), scaling, skew and large size tempering of such jumps. This class of processes
is attractive from a modelling point of view, compared to the stable process, due to
the fact that the process has moments of all order and thus can be more easily fitted to
experimental data [160] when available. Thus the use of the tempered stable process has
appeared in areas ranging from finance[161], to insurance [162, 163], to biology [164],
acoustics [165], and physics [94].
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When a = 2 the noise is purely Gaussian with variance o. For a < 2, = 0, so-
called stable Lévy noise, the jumps follow a power law tail with jumps of size  occuring
according to a distribution 6~%. An initial study for this type of noise applied to the data
from [18] was undertaken in [166]. The parameter \ allows the very large jumps then to
be tempered exponentially with distribution e =%*¢~%. Intuitively speaking, experienced
rational decision makers will jump ahead in a single decision cycle but not over multiple
cycles. Thus @ < 2 and A > 0 allow the strength of the jumps to be moderated to

potentially reflect realistic intuitive decision making.

7.2.3 Measures of synchronisation

To measure the degree of synchronisation within a given population we use local forms

of Kuramoto’s global order parameter [1]. The global form is computed as

1 A
_1 8
G = Ze’ i, (7.2)
JjEG

where N is the total number of nodes on the network G. This measures the amount of
synchronisation of the entire network in that when contributing phases are all approx-
imately equal r ~ 1. However, the corresponding quantity for sub-networks G of size

N, may also be used to measure local regions of synchronisation:

1 .
_ B;
G, = E e, (7.3)
JEG;

We specify below the particular sub-groups we examine.

7.2.4 Stable and tempered stable noise parameterisation

In this work we utilise both a totally positively skewed stable process and totally posi-
tively skewed tempered stable process. The simulation of the variates of these processes
are previously discussed in Section 2.5.4 where the characteristic functions of the to-
tal positively skewed stable and tempered stable processes are given in Eq. (2.9) and
Eq. (2.10) respectively. In the simulation of these processes, we shall take the parame-

terisation

I'(—a)cos(m%)

IR
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so that U,(z) — exp(—3022%) as a — 2 to recover the Gaussian distribution in the

limit.

In Figure 7.1 we plot the probability densities f(z) for two values of « overlaying the
cases of different values of \. We observe in the lower plot the characteristic property
that for v > 1 the density shows the one-sided heavy tail in the positive direction (seen
by zooming in, as in the insets) but that the curve is smooth around the mode at x = 0,
with near Gaussian tails in the negative direction. Contrastingly, for o < 1 a cusp
develops at the mode at x = 0 with the one-sided heavy tail in the positive direction.
Thus for o > 1 the mean of the density vanishes, but for a < 1 it is non-zero, reflecting
the shift in the tempered stable density. In either case, as tempering A increases the tail

is suppressed with the density nevertheless retaining its distinctive shape.

7.3 The context of model and data

7.3.1 On the availability of data for the model

For many of the aspects we have described here there is no presently available quanti-
tative data. While techniques for determining networks are long-standing and decision
speed for specific tasks may be measured, many of the other aspects lack quantitative
measurement. In particular, as mentioned, though a quantitative model for diffusive
decision making exists this is only for elementary binary decisions [156], no fitting of the
Recognition Primed model [158] to the parameters of a mathematical stochastic process
exists. One motivation for the present work is to encourage Human Factors research to

collect such data.

7.3.2 Staff structures and information artefacts

As alluded already, we apply the mathematical formulation to staff and systems in a
military headquarters at an echelon within the tactical to strategic span. Organisation-
ally the staff are members of two separate branches labelled using the Common Joint
Staff System (CJSS):

e The J2 is concerned with Intelligence, namely the analysis (not collection) of in-
formation on potential threats, adversaries and the environment of military oper-

ations (including local populations); and
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FIGURE 7.1: Plots of the density f(x) for centred noise, top for « = 0.8 and bottom
for @ = 1.4 for varying A and the Gaussian case for ¢ = 0.1; in the inset we zoom in

close to the horizontal axis to separate the different tail behaviours.
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e The J3 is concerned with current operations, including the status of own forces,
events in the immediate past, and plans on controlling movements of task units

for the immediate future (approximately the next 24-48 hours).

We forego the labels for other branches in this system [167]. Much of what these staff
prepare is presented to the Commander and other branch heads at an early morning
brief; the shorter term decisions flowing from this brief are then implemented by the
J3 staff, or questions requiring further analysis are pursued by the J2 staff. The staff
we represent in the model are focused on the twenty-four hour Commander’s ‘Battle
Rhythm’ [168]. This means that many of them work within a shift roster with twelve
hour shifts while others work roughly business hours conducting deeper analysis but
responsive to the daily cycle. Either way, collective synchronisation to the twenty-four

hour cycle is a requirement for efficient operation of this staff.

In addition to human staff there are a multitude of information systems and artefacts
that are fundamental to the work: either extracting information from a system that may
be a visual display on a computer monitor, or a text document or a set of briefing slides,
or populating such a system with information, preparing or amending said documents
and briefing slides. In this context, the systems and artefacts are human-driven: they do
not automatically update based on changing sensor data. They must be up-to-date to
correctly inform the commander’s briefing cycle. They therefore play a role in supporting
or undermining the collective synchronisation of the socio-technical system that is the
headquarters. In Tables 7.1 and 7.2 we provide a detailed list and description of the

staff and systems.

As reported in [18], an instrument was developed to determine the ‘sources and sinks’
of information of this staff for their work. There we distinguished information pull,
when staff draw from another human or from an information system, and information
push when they initiate information to another human or populate information into an
artefact or system. Regardless of the initiation of the information request, a direction
of flow is present in both cases. Here we combine unweighted pull and push networks
from [18] by computing a directed adjacency matrix
Aij = TAP™

where [-] represents the ceiling function, and the index order represents flow of infor-
mation from ¢ to j. For the routine and crisis scenarios we obtained the directed graphs
shown in Figure 7.2. Of course, a pure human-to-human network may be derived from
this through the technique of multiplying the associated adjacency matrices with their

transpose and projecting onto only human agents; this captures human-to-human via
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Staff

Description

OCmnd

0J3W1
0J3W2
0J3WS
0J3S
0J2W1
0J2W2
0J2A
0J2S
OStrat
OExt
Olnt
OJTF
0SSs1
OWOG

Commander or branch heads
Senior staff in J3 Watch
Junior Officers/NCOs in J3 Watch
Support Officers in J3 Watch
Support Officers in J3
Senior Officers in J2 Watch
Junior Officers/NCOs in J2 Watch
Analysts in J2
Support Officers/NCOs in J2
Higher Headquarters staff
Overseas Organisations
Other Intelligence Organisations
Lower Headquarters
Single Service (Army/Navy/Air Force)
Non-Defence Government Staff

TABLE 7.1: Staff related to the headquarters; ’support’ refers to ancillary functions
such as logistics, environmental, personnel management, health and computer systems.

Systems Description
Pemail Formal email with information
Pweb Intranet documents
Pbrief Fused J3-J2 brief
PCOP Display of Common Operating Picture
PJ3Brief Routine briefs from J3 staff
PJ30rd Orders issued by J3 Watch
PRps Formal Reports by military staff
PJ2WBrief Routine briefs of J2 Watch
Padhoc Ad hoc document or slides on current events
PJ2AnBrief Analysis brief by J2
PThrAss Threat Assessments
POpen Open source internet information
PEnv Reports on physical environmental conditions
PExt Reports from external organisations
PInt Reports from other Intelligence organisations
PJTF Brief or Signal from Lower Headquarters
Pdef Signals from single service units
PWOG Reports from other government departments

TABLE 7.2: Information Systems/Artefacts related to the headquarters.
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the intermediation of an information artefact [169]. However, to the degree that the
technology behind office documentation - before the advent of Smartphones and Auto-
Correct systems - is not self-updating but entirely human driven, the time-cost of human
interaction with such information artefacts is an important factor in the efficiency of or-
ganisational work. We therefore impose vanishing native frequencies on information
artefacts. Their incorporation into the mathematical model however means they will
be driven in their decision state through the interaction (namely, information push) of

human agents.
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FIGURE 7.2: Networks of human (red nodes, labelled ‘O’) and information artefacts
(grey nodes, labelled ‘P’) with top the routine scenario, and bottom the crisis scenarios.
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7.3.3 Other numerical data

As mentioned, the study in [18] was not specifically focused on synchronisation and
therefore data on decision making speeds was not collected. However, given the com-
monality of the twenty-four hour cycle across all staff in the networks, we may draw w;
for human agents from uniform distributions and average results over many instances.
To that end we normalise to twenty-four hours and draw the specific frequencies of

agents in the following way:

e watch staff from a uniform distribution of width (—0.1,0.1) around w = 1;

e day staff from a uniform distribution of width (—0.1,0.1) around w = 0.5.

This leaves an overall scale that will be fixed by tuning the coupling, as described in the

following section.

7.4 Simulation study

7.4.1 Implementation

To simulate the stochastic Kuramoto model we implemented code in C4++ for maximum
performance and uses the Messaging Passing Interface (MPI) to parallelise the simula-
tion across an arbitrary number of CPU cores. The simulation is performed using an
Fuler method to simulate the dynamics at the N vertices. This algorithm was chosen
as it allows the code to easily switch between the cases of (1) no noise, (2) Gaussian
noise, (3) Stable noise, or (4) Tempered Stable noise without changing the underlying
algorithm. The code runs on the command line and takes the following parameters: the
noise distribution parameters; the number of paths to simulate; the number of time steps
in each path; and the filename containing the graph G stored in graph6 format [106].
In addition, multiple graphs G can be given so that simulations results can be averaged
over ensembles. The code also includes a number of hand-implemented random sampling
algorithms for Stable and Tempered Stable distributions. We examine the order param-
eters for the following groups over multiple paths for different instances of frequencies
and noise: the entire networks of Figure 7.2, the J3 and J2 staff separately, including
their watch members, and then the watch itself consisting of J3 and J2 watch-keepers.
Specifically, we compute expected values, variance and extreme ranges - the difference
between maximum and minimum extreme results over time (after discarding an initial

transient), after running up to ¢t = 500, and over 1000 paths. In the following we use the
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routine scenario to tune the model and then explore how these settings impact on the
crisis scenario. The principle behind this is as follows. Routine conditions for operations
in the headquarters means that staff can adjust the intensity of their interactions over
time to achieve acceptable levels of synchronisation within an efficient application of
effort; coupling is, after all, an effortful activity [153]. When unanticipated crises strike
the initial value of coupling effort will be that achieved during routine conditions; staff
will only increase effort in coupling if they detect a loss of synchronisation as they adjust
processes to deal with the crisis. It is this potential loss of synchronisation that we use

the model to predict.

7.4.2 Routine Scenario: tuning the coupling

We first examine the order parameters Eq. (7.2) and Eq. (7.3) as functions of time. We
initially fix the noise parameter o = 0.1; we later test for sensitivity to this choice. In
Figure 7.3 we show the local order parameter Eq. (7.3) for different staff groupings - the
entire staff, the J3 and J2 staff (including their watch sections), and the watch as a whole
including both J3 and J2 members - as functions of time for coupling strength og = 0.2.
The solid line in the plots represents the expected value of r over 1000 paths; the orange
line, with axis on the right hand side, shows the standard deviation, and the grey region
indicates the extreme values. We see that at such a low value of coupling, though the
whole organisation and the watch members show reasonably high values of r close to
0.8 — 0.9, the individual branch groups show considerably more variance. By visual
inspection the J3 staff show slightly less synchronisation than the J2 staff. However,
comparing these with the relatively high synchronisation of the Watch, we may deduce
that the relative lack of synchronisation in J3 and J2 is from the presence of both
watch and day staff elements. Increasing the coupling to og = 0.4 gives a dramatically
changed picture in Figure 7.4 Expected values are now consistently in excess of r = 0.9.
We have zoomed in specifically to better visualise the fluctuations, which are tiny; even
the extreme values never drop below r = 0.85, indicating a strong consistency in the
synchronisation level over time. Thus coupling og = 0.4 is sufficient to bring all parts
of the C2 system to synchronisation. Further increases in oG only further increase the

average value of r to the value one and shrink the fluctuations.

7.4.3 Sensitivity analysis for tuned coupling value.

We next show an entire landscape of values to test for the sensitivity against the choice
of the value of ¢ by plotting the expected value of 1 — r for the various staff groups for

various (0,0¢) as a surface plot or heat map. This is shown in Figure 7.5. Note that
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FIGURE 7.3: Order parameter values for the various groups (Full/J3/J2/Watch) in
the routine scenario using Gaussian noise for ¢ = 0.1 and og = 0.2. On the left axis
we plot the expected value of the order parameter (solid black line) and the extreme
values of the order parameter across all paths (grey area). On the right axis we plot
the standard deviation of the order parameter across all paths (dashed orange line)
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FIGURE 7.4: Order parameter values for the various groups (Full/J3/J2/Watch) in
the routine scenario using Gaussian noise for ¢ = 0.1 and og = 0.4. On the left axis
we plot the expected value of the order parameter (solid black line) and the extreme
values of the order parameter across all paths (grey area). On the right axis we plot
the standard deviation of the order parameter across all paths (dashed orange line)
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each panel in figures such as this is colour calibrated differently to bring out key features
in the separate plots; those comparing colours across panels should be done cautiously.
We observe that for o ~ 0.3 we cross a consistently dark blue horizontal line in the
plane for each panel, consistent with 1 —r < 0.1 there words r > 0.9. In particular, there
is marginal variation in the o direction. Thus, at least for Gaussian noise, the choice for
tuning the coupling og such that synchronisation is achieved in the various sub-groups
of the C2 system is indeed insensitive to the variance in the Gaussian noise. So much is
based only on the expected value of the order parameters. Normally, the variance over
the sample of paths would give a sense of the scale of fluctuations. However, in view
of the properties of the Lévy noise to be considered soon, we will instead use the range
of the paths, namely the difference between maximum and minimum extreme values.
This is shown for the Gaussian noise case in Figure 7.6. For o = 0.4 we observe
that there is somewhat greater sensitivity to the value of o, with the range increasing
with . In particular, values of o > 0.2 give ranges in the order parameter greater
than 0.4. In particular, for o = 0.4 as o varies in the interval 0.1 > ¢ > 0.5 the
range in r can vary between 0.2 up to 0.5, a considerable variation. At og = 0.6 this
sensitivity is considerably diminished. Thus tuning of the coupling to o = 0.6 gives
both strong synchronisation and demonstrates insensitivity to statistical extreme values
under Gaussian noise. To conclude, we tune the model to the routine network data with
Gaussian noise with coupling o = 0.6 and Gaussian noise variance ¢ = 0.1 such that

the organisation collectively and in its individual groups is synchronised.

Full Watch

-Ave

1-Average
-Averay

FIGURE 7.5: Variation of the expected value of the average order parameter across the
(0,0¢) parameter landscape for the Baseline scenario. The simulation was run with
1000 paths up until T=500.
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7.4.4 Crisis scenario - Gaussian noise

We now replace the network for routine business with the crisis scenario, namely swap
the network in the top panel of Figure 7.2 for that in the bottom panel. Our inten-
tion is to also apply tempered stable noise to reflect that in the crisis there is greater
uncertainty and therefore individual decision making styles will be more reflective of
Recognition Priming [158]. However we first persist with the Gaussian noise for com-
parison purposes, with the landscape for the expected value of the order parameters as
seen in Figure 7.7, where again 1 —r is plotted. We observe that order parameters values
are typically low for low coupling o¢, particularly for the J3 staff where deviation from
perfect synchronisation is strongest. Nonetheless at the tuned value of o = 0.4, the ex-
pected values remain approximately » = 0.9. This already suggests that the properties
of the network for the crisis scenario are such that synchronisation is less attainable,

even with Gaussian noise.

7.4.5 Crisis scenario - tempered stable noise

We now reach the critical test, applying tempered stable noise to the crisis scenario
network structure and using the tuned value of coupling o = 0.6 Here we have fixed o
to its value assumed in the Gaussian case, and set the skewness to its maximum value

f = 41 indicating decision makers jumping forward through the decision cycle.

We must choose a value of a judiciously, though later we will explore the trade-offs
between o and A. To make this choice we use the stable and tempered stable distribution
properties discussed in Section 2.4 and plot in Figure 7.8 the probability of a jump x
greater than 7 in one time-step, based on integrating the densities f(z), as a function
of the index of the power law, «, and for different values of A. For the stable case,
A = 0, we see that the probability increases monotonically with decreasing «, a direct
consequence of the changes in the shape of the density reflected in Figure 7.1 We observe
that for o &~ 1.4 the probability of such jumps are less than one percent. Within the
interpretation of the stochastic Kuramoto model as a model for decision makers jumping
ahead in their decision cycle we may interpret jumps of more than half a decision cycle as
unreasonable. Thus, for the present purpose we take a = 1.4. We see with the additional
curves in Figure 7.8 that there is a measure of insensitivity of this choice of a to A for
A < 1. At A = 1 the suppression of the tail is so strong that the probability of large jump
is not visible on the scale of the figure. We further probe this insensitivity to A in the
dynamics now by plotting the order parameters for the crisis scenario with purely stable
Lévy noise in Figure 7.9. We now see that, though average values and variance remain

reasonable, extreme values are considerably larger, reaching down to values of r =~ 0.5.
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FIGURE 7.6: Variation of the expected value of the range of the order parameter across
the (0, 0¢) parameter landscape for the Baseline scenario. The simulation was run with
1000 paths up until T=500.
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FIGURE 7.7: Average order parameter values for the various groups (Ful-
1/J3/J2/Watch) in the crisis scenario using Gaussian noise. The values 1 — r are used
for the colour scheme.
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FIGURE 7.8: The probability of a jump of step = greater than 7 in a single time-step
for different tempering.

Thus synchronisation is far from guaranteed from instance to instance. Tempering can
moderate the extreme behaviours. For example, with tempered stable noise now for
A = 1 as shown in Figure 7.10. Here now extreme cases are rarer. Nevertheless, the
conclusion stands that given the network structure for the crisis scenario, particularly
with individual decision making characterised by skewed heavy- tailed stochastic jumps
synchronisation as a robust behaviour is lost at coupling values adopted from routine

business.

7.4.6 Sensitivity analysis of Crisis Scenario.

We can further explore the sensitivity of this conclusion around variations of the tem-
pered stable noise parameters a and A. The result is shown in Figure 7.11. We plot the
landscape of 1 — r for the different staff groupings for different values of the remaining
noise parameters, o and A. While these show very small deviations from synchronisation
for the expected value, a landscape of the range gives a sense of the extreme cases, seen
in Figure 7.12. Here the general pattern is that for « far from extreme values 2 and
0 more tempering A is required for the range to diminish. This is less the case for the
entire staff, but for all of the watch, J3 and J2 stuff the range of values can be as large as
0.3 across a,A values. In other words, order parameter values may be as low as r = 0.6,
significantly far from synchronisation. We also observe the trade-off between a and A:
as « decreases from 2, higher values of A\ are required to temper the extreme deviations
from synchronisation. Evidently, for sufficiently large A > 1 synchronisation will be

recovered, but this is at ranges where the tempered stable noise has been suppressed
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to levels close to Gaussian. In conclusion, the combination of altered network structure
in the crisis scenario and individual processes for non-Gaussian decision making results
in a loss of robust synchronisation for this headquarters staff, as modelled here through

synchronising oscillators. This stands as a prediction of the model.

Full Watch

FIGURE 7.11: Average order parameter values for the various groups (Ful-
1/J3/J2/Watch) in the crisis scenario using tempered stable noise with og = 0.6.
Colours are determined from the value of 1 — 7.

7.5 Discussion: information, uncertainty reduction and

contingency theory

As has been repeated several times, we have no data to empirically confirm the pre-
dicted loss of synchronised decision making in this sample of headquarters staff. The
means for validation by quantitative historical data or predictive means [170, 171] is
not possible. However, qualitative theories of organisational behaviour do permit an
initial cross-validation. In a previous work [18] we have already highlighted the extreme
centralisation of both the routine and crisis scenario networks by comparing their degree
distributions compared to some typical theoretical networks. In Figure 7.13 we repeat
this plot, showing degree distributions for two examples of the Barabasi-Alberts (BA)
scale free networks, a Small World (SW) and the uniform random Erdos-Renyi (ER)
networks of same size. The BA cases are noteworthy because they are characterised by
strong hubs and weakly connected periphery, something also seen in hierarchies. We

see here that both the headquarter networks show an even more strongly connected
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hub, with some nodes having degree d; > 25, far more concentrated than for the BA
cases. At the other end, the headquarter networks show a large bulk of nodes with
very low degree, spread across a larger range of values than for the BA cases. What
distinguishes the crisis scenario network is that it is more centralised than the routine
scenario network. As noted in [18], some senior participants in the original study sought
to access 140 links to raw data from people and sources for their decisions, despite the
role of their staff to do this. This is consistent with what is known as ‘Uncertainty
Reduction Theory’ [172, 173] where decision makers in threatening or uncertain situa-
tions seek more information. However, is such an increase in centralisation sound from
the perspective of organisational theory? According to a semi-quantitative approach to
organisational theory known as Contingency Theory [174], the answer is: no. Without
reviewing this significant body of literature, the import is that hierarchical structures
are fit-for-purpose for stable, routine contexts but not for unstable, complex, opaque
contexts. This is where organic, at or peer-to-peer structures are more appropriate,
both because of saving time in waiting for information to move up a chain-of-command
and decisions to percolate down, and because information is shared peer-to-peer so that
team members may adjust their tasks self-synchronously. A two-dimensional form of
this theory goes back to the classical work of Burns and Stalker [175]. Though qualita-
tive, this theory would predict then that there is a probability - non-quantifiable in this
approach - that this headquarters arrangement for the crisis would experience incoherent
decision making. A model such as we have proposed here can quantify this probability
of failure and identify the breakage points. For example, examining individual instances
in the case of the stable noise distribution we give a selection of the phase profiles 3;(t)
for key individuals in the headquarters in Figure 7.14. We observe that consistently,
the node to lose synchronisation with the cluster is the lowest degree node of d; = 2,
the role J3WS - a set of officers in the J3 part of the watch who play a critical role in
providing critical support information (logistics, environmental, health, and computer
systems support). That the lowest degree nodes fail to synchronise is the reverse side of
the high centralisation of the senior officers in that they fail to carry staff outside the
perceived core team. Thus there is an associated risk that critical enabling information,
such as availability of equipment, people, medical support, communications networks,
or weather changes, may missed by senior staff as they develop responses to the crisis.
By enumerating the number of fail-cases in a large sample, the probability of failure,

and even the type of failure, may be computed through this model.
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7.6 Conclusions

We have proposed and analysed a model for headquarters staff using a stochastic dy-
namical systems representation of synchronising oscillators. By building in modern
statistical properties such as heavy-tail noise, and utilising features of network theory
we have shown how empirical data from a case study of networked decision making in a
military headquarters may be used to tune the model and gain predictions of organisa-
tional behaviour under novel situations. Specifically, we were able to use a skewed form
of heavy-tail noise to reflect that individual decision makers would be jumping ahead
in their decision processes to anticipate emerging situations in a crisis scenario. In par-
ticular, having tuned the model for its behaviour under routine business, we predicted
that a crisis would trigger a probability of failure of coherent decision making. This is
not because any individual decision makers represented here are disadvantaged by their
intuitive leaping forward but that the imbalances in connectivity combined with relative

weakness of coupling means that coherent collective decision making breaks down.

Due to a lack of data on actual synchronisation of decision making in a crisis scenario
in the case study we could not quantitatively validate the model. Nevertheless using
qualitative theories of organisational behaviour, we were able to confirm that the predic-
tion is sound - that excessively centralised decision making in crisis situations will lead
to instances of failed coherent decision making insofar as some organisational members
will be ‘left behind’, with an associated risk that crucial information may be missing
as leaders progress in their decisions. We were thereby able to cross-validate the model
and identify the failure nodes and the operational risks that this implies. The lesson out
of this is not necessarily that coupling should be stronger; micromanagement by leaders
of subordinates is not generally the answer, whose consequences such as degradation of
initiative are not represented in this model. Rather, better sharing of information loads
in the network via more uniform degree distributions of networks is appropriate when

crises emerge and intuitive judgement becomes critical.

The model evidently now allows for empirical studies. Firstly, the use of the tempered
stable Lévy process to build the stochastic dynamical model means that data can be
better incorporated in the model, permitting quantitative validation. This provides an
impetus for quantitative data collection on distributed human decision making. This in
turn creates scope for experimentation on intervention strategies to mitigate the risks
in the crisis that we have identified. For example, it is straighforward to undertake
variations in the network structure such increasing links between subordinates while
moderating the degree of centralisation of the senior staff. Alternately, we may consider
training scenarios to tighten, for example, the frequency distributions of the various

groups, or moving staff between watch and regular business hour positions. Finally,
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we may explore the impact of autonomy in such a system, for example considering
scenarios where individual information artefacts are replaced or aggregated into ‘apps’
enabled to self-update based on automatically feed dynamical data. This was initially
studied for pure stable Lévy noise in [166]. A typical concern with the proliferation
of autonomy in socio-technical systems is the mis-match in decision speeds between
humans and technology. A model of this type enables exploration of the performance of

the headquarters system as a coherent whole given such a hybrid nature.

As we have argued, a model such as this is applicable in a wide variety of settings outside
of the military, from emergency response, to energy and traffic control organisations.
With this variety of applications, and focusing, as it does, on speeds of individual decision
making and organisational coherence of such processes, we trust this spurs human factors
researchers to refine methods for data collection to further validate and operationalise

such a model.
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Chapter 8

Pairs Trading and Portfolio

Optimisation

In this chapter we consider how to introduce the concept of synchronisation into a
model for trading a portfolio of securities. This model aims to construct a market-
neutral trading strategy that matches a long position with a short position in a pair
of highly correlated securities. Our goal in this section is to extend this pairs scenario
to the multiple asset setting in which the modelled financial system has an underlying
topology which can be described by a graph and the dynamics of the drifts of the assets
are driven by the Kuramoto equation. Once the model is established, we then consider

the construction of the optimal portfolio.

8.1 An overview of pairs trading and synchronisation in

financial markets

The aim of this work is to extend a commonly used pairs-trading model to a networked
setting and devise an optimal trading strategy based upon the resulting synchronisation
model. Pairs trading typically involves the construction of a portfolio of two closely
related assets and implementing a strategy based upon the predictability of the joint
behaviour of the assets. This strategy generally consists of a long position in one security
and a short position in another based upon some predetermined ratio. Typically this
portfolio is modelled as a mean-reverting process and the long and short positions taken
are based upon wherever the observed values are larger or smaller than the respective
predicted values. In the literature, trading algorithms are typically developed to take

advantage of the structural dependency between assets by co-integrating the drifts of the
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assets together in the named cointegration pairs model [19-21]. An example of the joint
behaviour of two assets is provided on Figure 8.1 where we plot the midprice relative to
the mean midprice of JPMorgan Chase (JPM) and Goldman Sachs (GS) over the course
of a single trading day.

1.012 + - JPM

1.010 A

1.008 A

1.006

1.004

1.002 +

1.000

T T T T T
03-03 10 03-03 11 03-03 12 03-03 13 03-03 14 03-03 15 03-03 16

FIGURE 8.1: Midprice relative to mean midprice of JPM and GS on March 3, 2017 for
the whole day of trading.

Structured behaviour in financial markets has been studied by Mantegna in [176] wherein
the topology of the financial market is described through the means a connecting graph
derived from the degree of similarity between the time evolution of stock prices. This
degree of similarity is quantified through the correlation coefficient between the time

series of two stocks ¢ and j and is given by
e (Y3 — (%) (1)
i, — )
(o = 007) (1) - 09?)

where Y is the return of stock i given by Y; = log P;(t) — log P;(t — 1) and P;(t) is the

closure at day t. The distance between two stocks ¢ and j is then given by

d(i,3) = \/26i - pyy).

The distances between stocks forms the N x N weighted symmetric matrix D which
then represents the topology of the financial market. From the distance matrix, it also

possible to represent the topology of the financial market through the construction of
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a minimal spanning tree [177] which connects the n stocks in the market through a 1-
connected graph. In the study of synchronisation dynamics in financial market networks,

the Kuramoto model can then be employed in the following system [178]
. N
0; :wi—i-UZe*adij sin(0; —6;,), i=1,...,N.
J

where « is a weighting parameter and d;; are the elements of the distance matrix D.

Our aim in this section is to take the existing cointegration model [19, 20] and using
the derivation of the optimal portfolio as discussed in [21] as a framework, extend it by
introducing a nonlinearity in the cointegration term such that the cointegration factor

is now a synchronisation model with an underlying network structure.

8.2 The synchronised cointegration model

The setup of our synchronised cointegration model begins by considering a collection of

risky assets Y = (Yf, . Yt") that satisfy the system of SDEs

0<t<T

ayl - ,

Y—; = afdt + Y opdWy, (8.1)
t i=1

where the nonlinear cointegration factor that incorporates the underlying market struc-

ture is given by

n
of =af + Z A F (log Y} — log Ytk> , (8.2)
i=1
and W; = (th, el th)o << 18 & vector of independent Brownian motions, F' is some
known function F : R — R and A is a weighted adjacency matrix that encodes the
network topology. The instantaneous covariance between the assets Y;' and th is given
by

n
Qij = g TikOkjs
k=1

and the matrix o is the Cholesky decomposition of the variance-covariance matrix €2 =

O'O'T.

It should be noted that in this newly proposed model, the dynamics of the original
cointegration model as in [19, 20] can be retrieved through a linearisation of the new

cointegration factor in Eq. (8.2). To see this, we first use Ito’s theorem to show that the
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log-prices satisfy the SDEs

1 = :
dlog }/tk = (047]5c — §Qkk)dt + Z Ukithz.
=1

We now note that by substituting in oz,’f and linearising the function F' around 0, the

dynamics of log Y} satisfy that of an Ornstein-Uhlenbeck process

n ‘ 1 n .
dlog Ytk = (a’é + ZAMF (log Y, —log Yf) - 29%) dt + Zakithl,
i=1 i=1

~ (m — F'(0))  Ly;log Yt’f) dt + Y o dWy
=1 =1

where wk = af — Qi + F(0)dy, Ly = :
_dk7 k= J

and dy, = Zj Apj.

Now setting ZF = log Y}¥ we arrive at the Ornstein-Uhlenbeck process
dZ = (w — BZ;)dt + odW,, (8.3)

where w = (w!,...,w") and B = diag(H'(0),...,H'(0))£. Thus we have shown that
through linearisation, our model has the same mean-reverting process that is obtained

in the original version of the cointegration model.

8.3 The optimal portfolio construction

We now turn our attention to the agent’s optimisation problem for the model de-
scribed in Eq. (8.1) in a similar manner as constructed by Cartea in [21]. Let 7 =
(7,7, ..., m)o<t<r denote the value of the amount invested in the riskless asset 7y

and risky assets (7}, ...,7") and denote the agents wealth process at time ¢ by

X =3k = Yy 8.4
k=0
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where my, is the number of units invested in the the asset k. The dynamics of the agents

wealth process X[ are then given by

X7 =3 dnf i) = S it = 3o a0
k=0 k=0 k=1
= Z afdt + Z O'kithi ,
k=1 i=1

where we have assumed that the interest rates corresponding to the riskless asset are

zero over our time horizon, thus dY,? = 0.

Using u(z) = —exp(—yx) as the agents utility function, the performance criteria is
given by
H™(t,2,y) = Etz,y [—exp (—vX7)],

where E; ; , denotes the expectation conditional on Xi* = x and Y; = y. The agents

value function is then given by

H(t,z,Y)=sup H"(t,z,y),
TEA

where the set of admissible strategies A obey the finite condition that

Z/ du]<oo

Before we construct the dynamic programming equation (DPE), we require the quadratic

variation and cross-variations of the processes X and Y. These are given by

n n
dY', Y7, =Y v} Y opiodWE W), = PR AT pionjdt = (}QTQYt)U dt,
k=1 k=1

n
diX™, X" Z rirloyond [W WJ Z rimlogoydt = wf Qmydt,
,7,k,l=1 i,5,k,l=1
n

dX™, V¥, = > wloyoy VAW, W), = Z moyoYidt = (n] Qm),
i,5,0=1 Ji=1
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The dynamic programming principle then states that the value function H should satisfy
the following DPE

1 5o
O H+a"DyH + Dy H

8.5)
1 (
+ sup {ﬂ'TaﬁmH + 5(71'TQ7r)6mH + ﬂTQ'nyH} =0,
™
subject to the boundary condition H(T,z,y) = —exp(—vyz) and a = (af, ..., a)o<t<T-
The linear differential operators given in Eq. (8.5) are defined as follows
D,H = (y' 0 H,....y"0H)"
n
Q . 4
Dy H =Y y'Qy 0, H, (8.6)
ij=1
T
DoyH = (y' Oy H, ...,y Opyn H) " .
Assuming 0, H # 0, we write the supremum term as
1
M =nTad, H + 5(71'Tﬂ7r)8mH +n'QD,, H,
1 ad,H+ QD H
:iamH {ﬂ'TQﬂ' + o —2 0. H Y } ,
1 QlcH\" QlcH\ LTHQ'LH
=—0Opa H — Q - , (8.7
2 T { <7"t + amH > <7l't + 83333H > (8$$H)2 ( )

where the linear operator L is defined as
LH = ald,H+ QD H,

and we have used that fact that the variance-covariance matrix €2 is symmetric

From the above expression in Eq. (8.7), we can identify the optimal investment as

. QlcH
T TL.H

Q 'ad,H + DyyH
a O H

The maximum value of M obtained at 7* is thus given by the second term in Eq. (8.7)

1CTHQ 'LH
M=-—-—" """
2 O, H



Pairs Trading and Portfolio Optimisation 175

We thus arrive at the following form of the non-linear PDE for the value function

1L"THQ'LH

1
T Q
OH + ol DyH + SDRH — 5 =—o = 0.

In the classical Merton problem, H takes the form — exp(—y(z + h(t))) for some de-
terministic function h(t). With the addition of the nonlinear co-integration factor, we
expect that the function h additionally depends on ¢ and thus our ansatz for the form
of H is

H(t,z,y) = _e—w(fwrh(t,a))7

subject to h(T, ) = 0. Since « is a function of y, we can choose an alternative ansatz

for H in terms of the function h(t,y) where
H<t7 xz, y) = _e—w(x-l—iz(t,y))’

and h(T,y) = 0.

Differentiation on H with respect to y* acts as

O H = —yHOh(t,y).

And for the second derivative

(9yjka = — ’yayj (Hﬁykﬁ(t, y)) s

=v2H,; h(t,y)0,uh(t,y) — YHO 5, h(t, y).

Thus we can write the differential operators in Eq. (8.6)

D, H =yHDiag(y)dyh,
D,yH :72HDiag(y)8yﬁ,
ngly Z’yH Z yiQiijj {Gyiﬁayjﬁ - 'y@yiyjil s
i,J

LH=—-—~vHa+ 'y2HQDiag(y)8yﬁ.
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Using the above differential expressions from our ansatz, we can now write out the DPE
in Eq. (8.5) as

0=—~yHO,H — yHa® Diag(y)dyh,
1 . . - -
5 H | Yoy [0,00,h = 10,00 | |

.3

(v*H)! ((—’;/Ha + 2 HQDiag(y)d,h) Q@ (—yHe + ’yQHQDiag(y)ayiL)) ,

N | —

_l’_

which simplifies to

0 =—9,H — o’ Diag(y)dyh,
1 . Tt .
+ B Z Y Qijyj [(‘%ih@yjh — ’yayiyjh ,
i3

1 - -
+ a ((—a + vﬂDiag(y)ﬁyh)Tﬂfl(—a + ’yQDiag(y)f)yh)) )

Noting that we can write the last term as

(—a + yQDiag(y)d,h) T Q7 (a + yQDiag(y)d,h)
=alQla - 2fyaTDiag(y)6yﬁ + 728yﬁTDiag(y)QDiag(y)(?yﬁ.

Substituting this back into our expression for the DPE and noting the cancellation of
the second and third term in the expansion above, we obtain the PDE
~ 1 , , - o'
Oh+ 3 zj: Yy b+ —5— =0, (8.8)
with the terminal condition fL(T,y) = 0. Solving this PDE for h, we can then obtain

the solution for the optimal portfolio which in terms of our ansatz for H is given by

Q'CH
OveH
Q@ 'yHo + y*HDiag(y)dyh
v2H ’
1 ~
S Diag(y)0yh,
5

T =—

1 ~
=—Q 'a—To,h. (8.9)
Y
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Where we have made the change of derivative

Jo
Oyeh(t, o) = 3y ka h(t, ),
And thus we can calculate
oo _TH
oyk Yk

where T'* the k’th column of the matrix I' is defined by

I { — Y isn AjiF' (logyi —logyl), j=k
kj = 4

i F'(logyf —logyl), j# k.

8.4 Numerical implementation

We first consider a numerical scheme to directly solve for h in (8.8) for t € [0,7]. The
numerical approach that we shall use is a finite-difference approach that incorporates
a predictor-corrector Alternating Direction Implicit (ADI) method. The scheme works
by alternative the directions that are treated implicitly by the finite difference scheme,
that is in the first step the direction x; is treated implicitly and all others explicitly,
in the second step the direction x5 is implicit and all other explicit and so on. Thus
all spatial variable end up being treated in a semi-implicit manner in a similarly to a
Crank-Nicolson scheme. For a more detailed discussed on the method and the finite

difference implementation of the method, see [179, 180].

We recall that the predictor-corrector ADI method can be formulated in the following

manner for PDEs of the form

=1 P P
S av 1 2V
(t,x)=— + = t,x)V =0 8.10
h=1 h=1 I=1

where sp, 1 (t,2) > 0 and sp,(t,z) = s;4(t, ) for h,l =1,...,p and subject to V(T z) =
g(x),g: R = R. Given the PDE in (8.10), we can write it in the form

Zﬁhv-l—z Z EhlV_O (8.11)

h=11l=h+1



Pairs Trading and Portfolio Optimisation 178

where the operators £y, and L are defined by

Lo = i) 0 4 Lentir) O phe(t)
h = Hp\l, T 8{Eh 2Sh,h y L 813}21 b i, x),
82
»Ch,l = Sh,l(t, x) axhaml.

Given the operator representation of the PDE in (8.11), the predictor-corrector method
is then given by the following sequences of equations where the set of equations corre-

sponding to the predictor are given by

p p p
(1 - eAtﬁl) v = A, (A;l +(A=0Li+> L+ > ﬁh,l> V(tiz1),
h=2

h=1Il=h+1
(1 - GAtﬁz) UD = 0D Z A LoV (tig),
(1 - eAtﬁp) UP) = P~ — 0N L,V (ti41),

and the set of equations corresponding to the corrector are given by
~ ~ p ~
(1-60021) 20 = & (Agl +(1— )Ly + Z L

Z Z ﬁhz) (tiy1) +)\Atz Z Ly, UP),

h=1Il=h+1 h=1Il=h+1
(1 - HAt/f2> 2@ = 20 _9ALHV (ti),

(1 - 9Atﬁp) V(t) = 200 — 0N L,V (ti).

With m,, points in the xj-direction for h = 1,...,p, the computational cost the this
scheme is O(II}_,my,). For p < 3, the stability conditions of this method are § > % and
% < A <0. For p > 4, the conditions are 6 > % and

1<)\<
27 T (1P

0.
Since the boundary conditions are not explicitly defined for this problem, we imple-
ment the Vetzal approximation [181] at the boundaries which approximates the partial

derivatives at the boundaries in the following manner under a finite difference method
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al(i 0) = ~V(i,2) + 4V (i,1) — 3V (4,0)

ox "’ 2Ax ’
aiv(i 0) = V(i,2) — 2V (i, 1) + V (i, 0)

0z (Az)? ’ (8.12)
fLV(Z- N) = 3V(i,N) -4V (i,N — 1) + 3V (i, N — 2) ’
oxr 2Ax ’

o*vV . V(i,N)—2V(i,N —1)+ V(i,N — 2)

ooz () = (o) -

where Az is the step size in the finite difference mesh z € {z; }jvzl

8.5 Results

As a starting point in the numerical evaluation of the pairs trading model, we look at
the effect of the choice of the nonlinearity in the cointergration factor Eq. (8.2) upon the
structure of the solution space of ﬁ(O, y) obtained by solving the PDE in Eq. (8.8) with
the Vetzal boundary approximations from Eq. (8.12) and terminal condition A(T,y) = 0
for T'= 1. In this numerical investigation, we consider two securities with the following

parameterisation

0.02 0.01 1. 05
Q= , A= : ao = 0.
0.01 0.01 05 1.

For the choice of the non-linearity in the Eq. (8.2), we investigate four different choices
F(x) € {x,|z|,tanh(x),sin(xz)} where the choice F(z) = sin(x) corresponds to the dy-
namics of the co-integration factor being governed by the Kuramoto model and F'(z) = x
corresponds to the standard formulation of the co-integration factor in the literature.
The results of the numerical investigation for these four different functions are provided
upon Figure 8.2. Visually observing the structure of the function h in the numerical
output, we notice that all four functions exhibit a common structure and set of values
along the line x1 = z9, i.e. when F' = 0. This has been confirmed analytically in the
linearisation of F' around 0 in Eq. (8.3). The effect of the non-linearity is only notice-
able when there is a sizeable deviation between the prices of the two securities thus the
choice of the F specifically impacts the dynamics of re-synchronisation between the two
securities. For the choice of F(z) = = and to a somewhat lesser extent F'(z) = |z|, the
‘elastic pullback’ that exists when the stocks deviate can be seen to be large relative to
the other two choices which would imply a rapid ‘snap back’ to synchronisation between
the two securities. The sin(x) and tanh(z) functions induce a more gradual return to

synchronisation in such a scenario however the sin(x) function has the feature that after
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a given level the ‘elastic pullback’ becomes weaker. It should be noted that in most
cases where we are dealing with relative prices in the implementation of these models,
that these large deviations between security prices are unlikely to be observed outside
of extremely large volatilities. However it should be noted that these observations are
only true for the selections of functions used in this analysis and should we wish for the
non-linearity to be significant upon small deviations, an appropriate function F' can be

chosen for this purpose.

As an experimental implementation of the model Eq. (8.1) where we use F(z) = sin(x),
i.e. the Kuramoto model, in the co-integration factor in Eq. (8.2), we simulate three

securities with the following parameterisation

0.05 0.01 0.005 1. 01 1.
Q= 0.01 0.025 0.001 [, A=1 01 1. 0. [, ag =0.
0.005 0.001 0.01 1. 0. 1

and initial conditions

Y," =[11.1,12.0,11.0].

The results of this simulation are provided on Fig 8.3 in which we plot the prices of the
three assets Y given by Eq. (8.1), the co-integration factor ! from Eq. (8.2), the wealth
process X7 from Eq. (8.4) and the position 7}/Y;’ where 7} is the dollar value invested
in the asset Y}’ and is given by the optimal portfolio in Eq. (8.9). Based upon the matrix
A, we should expect that the dynamics assets Y,! and Y;? are strongly coupled together
whereas this is less so for the dynamics of the asset Y;? and this is visually the case in the
simulated plot of the asset prices. Due to high coupling between Y;! and Y2, shifts in
positions are most prevalent in these two assets whereas a position is very rarely taken
in Y;? as its impact on the dynamics of the other assets is relatively small. We also note

that the wealth process is generally increasing as desired from an optimal portfolio.
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= sin(x)

FIGURE 8.2: Numerical implementation of the ADI method upon the PDE in Eq. (8.8)
using the Vetzal approximation at the boundaries as in Eq. (8.12) and terminal condi-
tion A(T,y) = 0 with 7 =1 and AT = 0.1. Four different simulations have been run
for four different choices of the non-linearity F(x) € {x, |z|, tanh(z),sin(z)} where the
choice F' = sin(z) in the bottom right plot represents the Kuramoto model.

FI1GURE 8.3: A single sample path of the co-integrated asset prices and the resulting
optimal strategy. Top left: The asset prices. Top Right: The co-integration factors.
Bottom left: The wealth process. Bottom right: Asset position.



Chapter 9

Conclusion and Future Work

To finalise this thesis, we now present a brief summary of the results presented and

discuss future works that may come about as a result of this research.

We now summarise the novel results of this thesis. In Chapter 3 we studied the Blue vs
Red model from an analytical and numerical point of view to understand how the phase
lag values and the shape of the noise distribution can lead to steady or chaotic behaviour.
This work has been published in the paper titled ‘Two Network Kuramoto-Sakaguchi
Model Under Tempered Stable Lévy Noise’ in [22] and extends upon the previously
studied deterministic [45] and Gaussian stochastic [6] versions of the Blue-Red system.
Here our analytic study showed that the bulk behaviour can be described by dynamics
in the presence of tilted ratchet potentials manifesting metastability in regimes that
would otherwise have been expected to be chaotic and this was consist with the results
from our numerical study of the full nonlinear system.

The Blue vs Red model was then extended in Chapter 4 to include spatial dynamics
through the swarming framework as established in [12]. This Blue vs Red swarming
model served as the basis for two proposed attrition models that could potentially be
used to model a wargame between the Blue and Red networks based upon the Lanch-
ester equations [13].

In Chapter 5 we have proposed new simulation methods for the simulation of condi-
tioned Lévy processes based upon the WHMC algorithm [5]. We explored these WHMC
extensions in the context of Lévy bridges, Lévy processes conditioned to stay positive
and Lévy processes conditioned on their extrema. Although work has been done upon
the theory of conditioned Lévy processes [15-17], discussion on the practical simulation
of these conditioned processes is somewhat lacking in the literature and thus one of the
aims of this chapter was to contribute towards this discussion.

The methods for simulating conditioned processes was then applied in Chapter 6 where

182
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we considered a standard synchronised Kuramoto system [1] driven by stochastic noise
upon an arbitrary network in which a random node was conditioned to escape from the
group synchronised state. Here we established that the degree of the conditioned node
is a good predictor for the dynamics of the system, in addition the closeness centrality
of the conditioned node and the clustering coefficient were found to be potentially useful
predictors.

In Chapter 7 we explored the implementation of stochastic noise in a Kuramoto model
to capture the ability of agents to randomly ’jump’ ahead in their decision state in time-
stressed conditions where intuition becomes significant. This study based upon the data
studied in [18], although the aforementioned study was outside of the context of the
synchronisation of decision making. This chapter has been submitted for publication
in the paper titled '"Modelling militarywatch staff using stochastic network synchronisa-
tion’ in [23]. Here we observed a high probability that synchronisation may be lost as a
consequence of the high information demand of some agents in the crisis scenario.
Finally in Chapter 8 we derived a stochastic synchronisation model in the context of
pairs trading, derived the optimal portfolio for the model and numerically evaluated the
model when the sychronisation dynamics are driven by the Kuramoto model. Similar
pairs trading model have been studied in the literature [19-21] and our goal in this

chapter was to provide a discussion on an extension to the sychronisation setting.

There are a number of extensions and prospects for future research that can come about
as a result of the work presented in this thesis. From our work on the simulation of Lévy
processes, we note that we can extend the idea of utilising the idea of the stochastic grid
and increments based upon Wiener-Hopf factors to a variety of different conditioning
problems. Some potential conditioning problems can can be explored are: conditioning
both on the extrema and on the terminal value, conditioning on the extrema and to
stay positive and/or negative and similarly for various combinations of conditionings.
In terms of the application of our work on conditioned processes, there is potential for
research in applications of the Lévy processes conditioned to stay positive in financial
models, particularly in the context of the Bachelier model which has the drawback of
negative prices that would be averted in this context. The use of a conditioned Lévy
process in this Bachelier setting would be ideally suited to the modelling of penny stock
dynamics of which little work is available in the current literature. A well studied area
in stochastic processes is the calibration of such processes to real world data however it
is less clear how to proceed in the case of effectively calibrating conditioned processes.
In the context of our work on sychronisation modelling, we note that many of the
models considered can be further extended through the application of S-family of Lévy
processes as noise. The work in the stochastic synchronisation model in the pairs trading

setting can be extended to formally consider real world data, i.e., calibrating the model
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against the JPM and GS stock prices for a variety of different nonlinearities. The
resulting optimal portfolios from these mode can than be compared to the existing pairs
trading models in the literature. Finally, our proposed swarming model with Lanchester-
type attrition has set the basis for future work which employs spatial dependency into

attrition modelling.



Appendix A

Numerical Methods

A.1 Bayesian optimisation

Bayesian optimisation is different to other kinds of optimisation in that it constructs a
probabilistic model for seeking the maximum of a function f(z) on some bounded set
X C R? and then exploits this model to make decisions about where in X to evaluate
next. It uses all of the information available from previous evaluations of f(z) and
not simply local gradient and Hessian approximations. This gives an algorithm that
finds the maximum of non-convex functions with relatively few evaluations at the cost
of performing more computation to determine the next point to try. This approach is
particularly well suited when the evaluation of f(z) is expensive to perform. For a full

review of Bayesian optimisation, see for e.g [7, 8.

The two major aspects of the implementation of Bayesian optimistion are the selection
of the prior that expresses the assumptions about the function being optimised and the
selection of an acquisition function which is used as a utility function from the model

posterior which allows for the next point to evaluate.

A common choice of a prior in Bayesian optimisation due to its flexibility and tractability
is the Gaussian process prior [107]. The Gaussian process is defined as the continuous
time stochastic process of the form f(x) ~ GP(m(x), k(x,x’)) for some mean function
m : X — R and covariance function K : X x X — R with kernel k. Our observations are
then taken to be of the form {x,,, yn}fy:l where y, ~ N(f(x), €) where € is the variance of
noise introduced into the function observations. The flexibility of the Gaussian process

comes into play in the choice of the covariance function.

185
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A common choice is that of the squared exponential function
1L [y — !\
A - n n
ksp(x,x") —Qoexp{ 27;—1 < 72 )

where 6 = [0y, 01,...,0,] are the so-called hyperparameters. Selection of the hyperpa-
rameters is typically done through the maximisation of the marginal likelihood under

the Gaussian process given 6 from an initial random seeding [182, 183].

One downside of the square exponential function is that the sample functions obtained
from this covariance function are too smooth for practical optimisation use. A recom-

mended alternative is that of the Matérn kernel [184] which is given by

1—v
b o) = s (2 [x = )7 K, (237 x = x]).

where I'(+) and K, () are the Gamma function and Bessel function of order v respectively.

In the application of a Bayesian optimisation algorithm, selection of the next point x;1
given the observations {xi., f(x1.t)} is obtained through the predictive distribution
P(fr+1|D1:t, X¢e41). Through use of the Sherman-Morrison-Woodbury formula [185],

the predictive distribution can be shown to be given by

P(fre1|Dr, xe41) ~ N (pe(xe41), 07 (Xe41)).-

The mean and variance functions in the predictive distribution are given by

pe(xi1) = KK,

of(xe41) = k(xe41,%41) — kT K 'k,
where f1.; = f(x1.t), the kernel matrix is given by

kj(xl,xl) . ]{J(Xl,Xt),

k(xe,x1) ... k(xy,t)
and k = [k(x¢, x1), k(X¢,X2), - . ., k(x¢, X¢)].

The second part of Bayesian optimisation after having constructed and updated the prior
is the acquisition function which guide the algorithm in its search for the optimal value.
The acquisition function, denoted by a : X — R™T, seeks for this next value through a

balancing of the principles of exploration, which seeks places with a high variance, and
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exploitation, which seeks places with a low mean. The acquisition function balances

these for our proxy optimisation to determine the next evaluation at argmax,a(x).

We first denote the best current value as Xpesy = argming f (xp,) and

f(xbest) - :U'(X> - §

o(x)

v(x) =

9

where £ is a trade-off parameter that balances exploration against exploration. In prac-
tise it is recommended that £ is initially high to encourage exploration and decreased to-
wards 0 as the algorithm continues [186]. Some acquisition functions that are commonly
used are the probability of Improvement [186] which looks to maximise the probability

of improving over the best current value and is given by

apr(x) = ®(7(x)),

where ®(-) is the cumulative distribution function of the standard normal. The Expected
Improvement [187] looks to maximise the expected improvement over the current best
and is given by

api(x) = o (x)6(1(x)) + 0 (x)y(x)(3(x)),

where ¢(y(x)) is the PDF of the standard normal distribution. And finally the GP Upper
Confidence Bound [188] which seeks to exploit the lower (or upper under maximisation)
confidence bounds to construct acquisition functions that minimise regret over the course

of their optimisation and is given by

arcp(x) = p(x) — ko(x),
where k is a parameter that balances exploitation against exploration.

In summary, Bayesian optimisation can be summed in the following steps, finding x; by
optimising the acquisition function over the Gaussian process, sampling the objective
function and finally augmenting the data and updating the Gaussian process. These

steps are presented below in Algorithm 17:

Algorithm 17 Bayesian Optimisation
1: fort=1,2...do

2 x; = argmax,a(x|Dyy—1 = {X1:4-1-Y1:4—1})
3: Yt = f(Xt) + €
4: D1y = {cht—h (Xt~yt)}
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A.2 The 0-1 test

The 0-1 test [9, 10] provides a means for determining the presence of chaos in time
series data that is a computationally efficient alternative to computing a Lyapunov
exponent [189]. Utilising the 0-1 test compared with calculating the largest Lyapunov
exponent has two clear advantages: the computational costs are greatly reduced and
the complexity of the underlying dynamical system is irrelevant to the test as only the
time-series data is used. The disadvantage of the simplicity of the 0-1 test is the loss of
being able to quantify the chaos by observing the magnitude of the largest Lyapunov
exponent. In additional to identifying the existence of chaos in deterministic dynamical
system, the 0-1 tests singular reliance upon time series data allows it to be effectively
used in the analysis of experimental data. To apply the 0-1 test upon the time series
O(t), we select an observable from the solution 1 (O) and some parameter ¢ > 0. The

method used in this test is independent of the form of the function . We now define

O(t) = ct —I—/O P(0(s))ds,
(A.1)

p(t) = /0 B(O(s)) cos(8(s))ds.

If the underlying dynamics are non-chaotic then p(t) is bounded otherwise p(t) behaves
asymptotically like Brownian motion. To identify the growth of p(¢), the mean-square

displacement is used:

If the behaviour p(t) is Brownian, then M (¢) will grow linearly in time; otherwise if p(t)
is bounded, then M (t) will be bounded. To distinguish between these two properties,

the asymptotic growth rate of the mean-square displacement is calculated:

K — lim 28(M(®)
t—oo  logt

This can be calculated through a linear regression of log(M(t)) and logt¢ and will be

near 1 if the underlying dynamics are chaotic and 0 otherwise.

The application of the 0-1 test relies on the validity of the claim of the asymptotic
behaviour of p(t) in (A.1) based on the chaotic or non-chaotic nature of the underlying

system. For some ¢ € (0,7), the translation variables are constructed through the
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extended system given below

0 =c,
p =1 (0(t))cos¥, (A.2)
¢ =(O(t)sind,

where (0,p,q) represent coordinates on the Euclidean group E(2) of rotations 6 and

translations (p, ¢) in the plane.

As an example of the regular and chaotic dynamics obtained through the system in (A.2),
we consider the periodically forced self-excited oscillator known as the Duffing-Van der

Pol oscillator, governed by the equation
i —p(l —2H)i 4+ ax + B + 62 = f(t), (A.3)

where 1 > 0, «,f and § are constant parameters, and f(t) = fcoswt. A plot of
the translation variables given in (A.2) for the Duffing-Van der Pol oscillator (A.3) is
provided on Figure A.1.

160 A
12.5 - 140 -
10.0 - 120 4
7.5 1 100
5.0 - 80 -
2.5 60 -

0.0 401
-2.5- 207
-5.0 %

FIGURE A.1: Dynamics of the translation components (p, q) of the E(2)-extension for

the Duffing-van der Pol system ¢ € [0,1000] with o = 0.22, § = —0.58, § = 0.16,

u = 0.68 and f = 1.8. The trajectory in the right plot is bounded as the van der

Pol system is regular when w = 1.6. The left plot shows the case when the trajectory

undergoes a Brownian motion due to the chaotic dynamics of the Duffing van der Pol
system for w = 2.
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Although the R-extension can be used as a detector for chaos, by the ergodic theorem
the growth rate of p(¢) will be linear and the rate will be equal to that of the space
average of ¥(O(t)). The result of this linear growth is that K = 2 regardless of regular
or chaotic dynamics in the underlying system. This leads to the necessity of removing
the linear term in p(t) to differentiate between different dynamics. The construction of
the skew product system in (A.2) is designed to remove the linear linear term. One of
the key results that allow for the justification of the 0-1 test arises from the following

theorem which summarises the major results from the work done in [190]:

Theorem A.1 [Euclidean extensions of dynamical systems [190].] Given a dynamical
system X with chaotic dynamics in the sense that periodic points are dense in X, then
regardless of the ergodic properties of the transformation on X, generic I'-extensions
have trajectories that are unbounded when I' = R™ for all n and T' = SE(n) (for n =2
or odd n) where I' = SE(n) = SO(n) x R" is the special FEuclidean group of rotations
SO(n) and translations R™ in n-dimensional space. Furthermore for T' = SE(n) (for

n =2 or odd n) this growth is sublinear.

From the theorem in Theorem A.1 and the results in [191], the dynamics of the p and
q components are shown to behave like a Brownian motion under the condition that
the chaotic attractor is uniformly hyperbolic. There exists a weak condition upon the
magnitude of the chaos of the underlying dynamic that guarantees the growth rate of
K =1 for the mean-square displacement. This weak condition states that if there are

constants C > 0 and a > 2 such that

‘ / BO(E)) cos(B())(Oo) cos fydOpdfly| < 1

for all ¢ > 0 then K = 1 [192]. More simply, this weak condition states that if autocor-
relation function of 1(O) cos(f) decays at rate greater than quadratic, then K = 1 as

desired.

In the practical implementation of the 0-1 test as discussed in [10], for some ¢ € (0,7),

the translation variables from (A.2) are constructed through the observable ¥(O) as
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where n € 1,2,...N. The diffusive behaviour of p. and ¢, are then analysed through

the mean square displacement which is calculated through

Mc(n) = lim — Z [pe(j +n) = pe())? + [ae(G +n) — ge(§))? (A.4)

Using this definition requires n << N. A sample approximation to the limit can be
obtained by using a value of ng.,; = N/10 as a stopping point. An alternative approach
as developed and proven in [193] uses a modified mean square displacement D.(n) which
has the same asymptotic growth as M.(n) but has better convergence properties. For

an observation v(j), the autocorrelation function is given by

p(k) = E((1)y(k +1)) — (E(TZJ))27 k=0,1,2,...

Provided the autocorrelation function is absolutely summable (377 |p(k)| < co) then

for each ¢ € (0,7) we can write
M.(n) = V(c)n + Vose(e,n) + e(e, n),

where e(¢,n)/n — 0 as n — oo uniformly in ¢ and

91 — cos(nc)

Vosc(c,n) = (E(¢))

1—cosc

By subtracting the explicit term V,s.(c, n) from the mean square displacement, we obtain

an improved version in form

The removal of the oscillatory behaviour captured by the term Vys.(n) allows for a
better determination of the growth rate Kc as the error term e(c,n) decays uniformly

in c € (0,m).

A simple method to calculate the asymptotic growth rate K, is done by taking a linear
regression of the log-log plot of the mean-square displacement M.. When using the
modified mean-square displacement D.(n), some care must be taken as the subtraction
of oscillatory term can result in negative values for D.(n). To address this issue we set

De(n) = D.(n) — min De(n),

n=1,...,ncut
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and then obtain the asymptotic growth rate

K, = lim 2082

n—oo logn '

which can be approximated numerically by regression on the graph of log bc(n) versus

logn. An alternative method is to calculate the correlation coefficient

cov(&, A)
var(§)var(A)’

K. = corr(&,A) =

for the vectors & = (1,2,...,nc) and A = (D.(1),D¢(2),...,Dc(neut)) In practice
the correlation method proves to be a more precise method then that of the regression

method.

In most applications of the 0-1 test, the random selection of ¢ results in either K. ~ 0
or K, =~ 1 for regular or chaotic dynamics respectively. However there exist isolated
values of ¢ which result in a resonance effect at which K. ~ 2 at these points regardless
of the dynamics of the underlying system. To understand how these resonances arise,
we must observe how the translation dynamics are structured in (A.4). If the Fourier
decomposition of the observation 1 contains a term proportional to exp(—iwk) then
there is a resonance as the cos(cj) term has a resonant frequency at ¢ = w. At this
frequency the translation variable is approximately p. o (n) and hence M.(n) o n?
regardless of the dynamics. The existence of resonant frequencies justifies the use of the
median value of K, rather than that of the mean, as outliers produced by such resonances
do not affect the final result in the former case. To avoid these resonances that distorted
the statistics, a restriction is placed on the range of ¢ to a subset of the interval [0, 7].
An example of a good interval range for use in computations is ¢ € (w/4,47/5). A

recommended sampling value N, of ¢ is 100 [10].

In Algorithm 18 we provide a summary of the practical implementation of the 0-1 test

which incorporated all of the aforementioned details.
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Algorithm 18 The 0-1 test given the observable ¥ (j) with j € 1,..., N
1: Neyt < N/lO

2: N, < 100

3: foriel,...,N.do

4: t<1,...,ncyt

5: sample ¢ ~ U(w /5,47 /5)

6: p < cumsum(v - cos(j - ¢))

7: q < cumsum(v - sin(j - ¢))

8: fornel,...,ng: do

9: M{n] + mean ((p[n : Ne] — p[1 : No —n])? + (g[n : No] — q[1 : Ne — n])?)
10: DI[n] + M[n] — (mean())? - (1 — cos(n - ¢))(1 — cos(c))
11: D+ D—min(D)

12: kcorr < corr(t, D)

return median(kcorr)

As an example of the implementation of the 0-1 test, we provide comparison of the 0-1
test and the maximum Lyapunov exponent upon the time series data simulated from the
dynamical system in (A.3) where we vary the frequency of the driving force w across the
interval w € [1,2.5]. Within this range, the system is known to have chaotic behaviour in
various parameter windows after w = 1.141 and for a more sustained parameter window

after w = 1.917.
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0.100

0.075

0.0350

0-1 Test

0.025
0.000 W L

~0.025

Lyapunov Exponent

~0.050

~0.075

F1GURE A.2: Comparison of the 0-1 test and the maximum Lyapunov exponent for the

Duffing-van der Pol system ¢ € [0,1000] with o = 0.22, § = —0.58, § = 0.16, u = 0.68

and f = 1.8. The black line represents the value of the maximum Lyapunov exponent
and the blue line represents the value of the 0-1 test.
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A.3 The Feynman-Kac method

We shall now consider the probability measure change induced by the market price of

risk vector A; which through the Radon-Nikodym derivative defined by

* T T
dP” 3 T IA P ds— [T Ndw,

dp

induces a new measure P* so that Girsanov’s theorem implies that

t
Wi = —/ Aods + W,
0

are independent P* Brownian motions. We shall now choose A\; such that P* is the

risk-neutral measure, which implies that traded assets Y; are martingales. Since
n
dv}F =vXafdt + > o VFdw)
i=1

n n
=(of + > opA)YFdt + ) oYWy,
=1 =1

the martingale conditions implies that the processes are driftless, we require

n
k .
=1

and hence, after applying the invertibility of o, we obtain the expression for the market

price of risk vector

and the driftless process
n
AvF =" o YFdwy.
i=1

Using the probability measure P*, we can write the PDE in (8.8) as

TO-1
Ve
O+ LY)Yh+ ——— =0
with the terminal condition i~1(T7 y) and where £*Y is the P*-infinitesimal generator of

y. Using the Feynman-Kac formula [194], we can then write h(t,y) in terms of the

T Tﬂ—l
hty) =By | [ 25 ). (A.5)
t 2y

following expectation:
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where Ef ;. denotes the P*-expectation given y; = y. Taking into account the expression

of the optimal portfolio in (8.9), we can then use the expectation in (A.5) to write

1 T
== (Q la-T -Q'E; agds| |,
Y by ¢

which can then be numerically solved for through a Monte-Carlo procedure.

A.4 Multi-level Monte Carlo

Many of the WHMC algorithms described in this thesis can be extended in the Multi-
level Monte Carlo setting. This standard Monte Carlo technique can be further extended
to the multilevel Monte Carlo setting as discussed in detail by Ferreiro-Castilla et. al
in [195]. The idea behind the multi-level Monte-Carlo setting relies upon a reduction of
the variance of the traditional MC method and is summarised as follows. Fix ng, L € N

and set n; = 2ng for [ = 0,..., L and define

F™ .= (V(nl,nl/t), J(nl,nl/t)) ;

Thus the larger n becomes, the finer the approximation F™ becomes due to the con-
vergence to F(L;, L;) in the limit n; — oco. Since the finest approximation F™ can be
written in terms of the coarser approximations as
L
E[F"*] = E[F"] + ) E[F" — F"-1].
=1
an estimate of F'™ can be obtained by independently computing each of the expectations

of the telescoping sum by a standard Monte-Carlo method:
E[F(L;, Ly)] ~ F no.L = Fmo.m _ Frem o pni-1,m

where M(ng, L) := {Ml}lL:() are the Monte Carlo trails in each level and F™" denotes

the m-th sample from F™.

To see that this approach does indeed result in variance reduction, we first note that we

can express the mean-square error between the WHMC estimate denoted as FMoand
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the true quantity E [F(Ly, Lt)] as follows
. R — A2
MSE(F™M) =E [(F”M -E [F(LtaLt)]> ] ;

[(F”M E [Em ])] (E[F"M}—E[F(Lt,it)])?,

N
)

=Var [F” M} + (E [F”’M} -E [F(Ltait)])Za

1 _
= Var[F"] + (E[F" — F(L, L))", (A.6)
where we have used the facts that E [F”M] = E[F"] and Var [F"M} = 4 Var [F"].
Note that the first term corresponds to the variance of the estimator and the second

(no,L)

term corresponds to the bias. The mean square error of the estimator FJ\/\/[AL from
the multilevel Monte Carlo method can be expanded in a similar manner as in (A.6) to

obtain
MSE(F™) = | (B - B [Fen L))’
=Var {FJ\//[VIL(TLO’L)} + <IE {FA/:I/(L(W’L)} —E[F(L, Et)]>2 ;

L
=—Var [F™] + ) L Var [F™ — F] 4 (E [F* — F(L;, L) |0&.7)

—

where we have used the fact that E [FJQ,/(L(HO’L)} = E[F"], Var [ ](L/[OiM} = 4 Var [F"]
and Var ﬁl Zi]\ill(F”l’m - F”l—l’m)} = Var [ﬁl Zi]\ill(F”l — F”l—l)} )

Comparing the MSE in (A.7) to the MSE in (A.6) we note that the bias remains
the same but the variance is reduced due to the convergence of the variance term
Var [F™ — F™-1] — 0 as n; — oo. In the WHMC setting, given the sequences {Sflj)/t j> 1}
and {I(])/t j> 1}, it can be shown that sampling from F™-1 can be obtained through

the sequences {Sflill/t 1i > 1} and { ()7 i D> 1} as follows

S

-1

SK o =maxd S (S0 ) sl e [ = wi

W _ o\ G . ) 0
Inlfl/t - Z , (Snz/t +1 l/t> B Snzfl/t’
J=Ki—1+

where kg = 0 and k; — k;—1 are a sequence of i.i.d geometrically distributed random
variables with parameter 0.5. For a full discussion on how to then effectively sample

from the coarser level F™-1 given F™ we refer the reader to [195].
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Topics in Stochastic Processes

B.1 The pg-family of Lévy processes

The Lévy measure of the S-family as introduced by Kuznetsov in [70] is given by

e—1b1z eQ2b2z

II(dx) = C1m1{x>o} + CQWL{QKO} dx,

allowing us to observe that this class of processes has both positive and negative jumps.
From the application point-of-view, it is interesting to note that the processes in the
B-family are similar to the class of tempered stable processes whose Lévy measure is

given by

e+ T a_zT

e
[(dx) = C+$T1{x>0} + C_Wl{KO} dx.

In fact, the measure of the S-family converges to that of the tempered stable processes
by setting ¢; = e M, = c_f*, a1 = ap B, ap = a_f7L, B1 = By = B and taking
the limit 5 — 0. The S-family is also similar to the CGMY family of processes [196]
under the parameter restriction ¢; = ¢, A\ = A2 and 51 = fs.

The characteristic exponent of this class is given by

U(u) =iab + 102u2 + 4 {B(al, 1—X\)—B(ag — ﬂ, 1- )\1)}
2 631 B

+ % {B(Oég,l—)\g) —B(Oég—l- Z:,l—)\g)},

where a,0 € R, ¢1, 2, a1, 02, B1, B2 > 0, A1, A2 € (0,3)\ {1,2} and B(z, y) = I'(z)I'(y)/I'(z+
y) is the Beta function.

198
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For A > 0, all the roots A + ¥(u) = 0 are simple and real and, looking at the case of the

negative roots {i¢, : n > 0}, are located on the negative imaginary axis as

¢ € (0, Braa), Gy € (—=praa,0),
b€ (Belaz +n—1), B2(az +n)) forn>1,
Cn € (Bi(—a1 —n), fi(—a1 —n+1)) forn > 1.

The semi-explicit law for the supremum of the S-process is then obtained from:

P(Xel/A €dr)=— chzglzegf dx x>0, (B.1)
k>0
where
& =11 1+ ¢ /(Bi(n—1+a1))
and

o LG/l re)) e 146/ (i 1+ o))
' 1- CO_/CE n>1,n#k 1 - gk_/C’f;

A similar expression holds for P(—X,, /5 € dz) with the role of {¢;, : n > 0} being played
by {=¢ :n >0} and ay, 51 replaced by as, 3s.

Using Eq. (B.1), and its equivalent for the infimum process, one can sample efficiently
from the law of X, /) and X, /x- A suitable truncation of the infinite series is required

to sample from these random variables.

B.2 Proof of Theorem 5.4

The proof of Theorem 5.4 is similar to that as given in [114].
To show that the first quantity in the 4-tuple, that is the first passage time, converges,
we begin by introducing the auxiliary quantity

k‘(Lﬁ) := inf {k €{0,...,n} |E;(k,)\) > u} , (B.2)
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which yields the index of the stochastic grid upon which first passage time occurs. Since

by the WHMC method, E;(k n/t)iJ(k, A), it is sufficient to show that

it

3(/47(]‘) Amn) n(k(;) An) 5 ru At (B.3)

n

Due to the convergence result in (2.15) and by considering the event that the process

does not cross the passage level v in a finite time, that is ¢t < 7, or {k(ﬁ) = oo}, we have

that as n — oo
1{k(n):m}(t — Ty Nt) < 1{k(n):OO . <t}t = Lig(n\)<ru,ru<tit = 0 Q-almost surely.
Lt Lt v

In the case where the process does cross the passage level u, that ist > 7, or {kéﬁ) < oo},

we have that

t (n) _ t (n) t (n)
1{k(L"T)<oo}(EkLT —Tu\t) _1{k(L’;><oo,ruzt}(5kLT —TuNt) A+ 1{k‘§><oo,¢<t}(ﬁkm —Tu )

b

<oo,‘r<t}(ﬁ Lt _Tu).

_ L)
IR G L A U

(B.4)

By the SLLN, the first term in (B.4) converges in the limit n — oo as follows:

t

()
1{k(Lﬁ)<oo,Tu2t}(H 3

(n)
kLT _t) Sl{ HkLT

kg%)<oo,ru2t} a t'

<lign),r>tyt = 0 Q-almost surely.

To show convergence in probability for the second term, we consider some ¢ > 0 and
some temporal partition 0 =ty < t; < --- < ty =t where t; —t;_1 < €/2 for all . Thus

we need to show that

N
L t
P{1 n . —u = Pl1 n — - Tu
< {k:<m><oo,r<t} nk’m Tu)| > e> ; ( {k<L¢)<007T€[ti717ti)} nk‘m Tul > €

Noting that we can produce an upper bound for each term of the summation as

t
e

7,
n LT

t . P
P (1{]€iffr)<oo,7'€[til7ti)} > 6> <P (ti—l - inf {k > O|lg(k,\) > ti_1} > 2>

+P (t inf {k > 0|g(k,\) > t;} —t; > ;) ,
n



Appendiz. 201

and the fact that each of the terms above converge in the limit as n — oo

) _Pp (M > inf {k > 0|g(k, \) > ti_1}>

—Pp (ti_l < g(MvA)>

€

t
P (ti—l — 5inf {k > 0lg(k, \) > ti_1} > 5

and

2

t
]P’(inf{kEOg(k,)\)>ti}—ti>€> =P .
n

inf {k > 0|g(k,\) > t;} > M)

n(ti + 5)

7~ N 7 N

A gt,-)

A) < ti) Q-almost surely

Thus we have shown that (B.5) holds and can conclude that the first quantity in 4-tuple
has the desired result from (B.3). For the second component, that is the overshoot of

the process, we introduce the two auxiliary quantities

kg = inf {g(h, \)|g(k, \) > 7}

(n) (n
oy =1¢ (n gk, A) + 1 g(n, ),

G e
where k:;.}) is given in (B.2) and the two auxiliary quantities kén) and O'S_n) give the
first passage time of the process in terms of the stochastic grid and are equal when the
process passes the level v in the given time ¢ however the latter term is equal to t in the

event that the first passage time is not hit. (That is 1{k<?<oo}ké") = 1{1@(’?@0}05@ ).
L L

In terms of this auxiliary quantity, we wish to show that

VIEM An, ) —u < LT<n> —us Llu/\t — u.
7+

We first note that in the event {k(LnT) = oo}7 we use the SLLN to write

1{k(n¢>:°°}LcT7§r") = 1{ET }L;(m,\) — 1{ZI<U}LI Q-almost surely
L >

g(n,\)<u

= 1{mzt}LI-
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For the event {k(LnT) < oo}, we first note that we can write

1{k<L,?)<OO} =1 ot } — 1{Z1>u} Q-almost surely

g(n,A\)>u

= 1{Tu<t} .

Thus to show convergence for the second quantity in the 4-tuple, all that remains is to

show that in the limit as n — oo
T 1) P
l{ki?)<oo,7'u§t} (LUS_n) LTu) - O

Fixing some € > 0 and letting ¢ > 0, since ag_n) = k’én) > T, we can obtain the following

U
P (L ) [H =24 )
_ L )
=® (pgpenma) (e Homset) [Fi =21 >)
(n) /
> 6) +P <1{k(L,?<OO7Tu<t} (U+ — Tu) > e) ,

by right continuity and path regularity, we can make the first term arbitrary small

upper bound on our probability through

Ll |5

Tuts ~ Ty

<P| sup
s€[0,€’]

through the choice of ¢/. For the second term, we consider the temporal partition
0=ty <t1 <--- <ty =tsuch that t; —t;_; < €/2 for all i and in the limit n — oo

write

N
(n) _ (n)
P <1{k:(L"T)<oo,Tu§t} <0'+ — Tu> > €/> = ZZ;IP) <1{k5,}><00,7'u€[ti—1,ti)} (O’+ — Tu> > 6/>

N
<> P (inf {g(k, N)|g(k,A) > t;} —ti1 > €)
=1

N ¢
=3P <inf{g(k, Mgk, A) > ti} —t; > 2>

i=1

N /
— ZIP)(ti — 1 > %) Q-almost surely
i=1

=0.

For the third component of the 4-tuple, we introduce the auxiliary quantity

o = 1{k<7%><oo}g(k(ﬁ) —LA)+ 1{,60?200}8;(“, A),
L L
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which corresponds to the last time before first passage in terms of the stochastic grid
when the process passes the level u in the given time ¢ and ¢ otherwise. In terms of this

auxiliary quantity, we wish to show that
w— V(&I —1) An,\) L LT(,L) Bou- LIuM.
o_

Similarly as in the argument for the second quantity in the 4-tuple, it is sufficient to

show that in the limit as n — oo

T _ .t \ R
1{k(LnT)<OO,Tu<t} <La(n) LTu) = 0.

By construction, we have that
Lo 10" <1p o \7u,
{kLT <OO} {km <OO}

thus by fixing some € > 0 and letting ¢ > 0 we can obtain, in a similar manner as before,

g <1{’“(L?)<°0,Tu§t} . 6)
_ A A
=P <l{k(L"T)<oo,Tu<t} (1{0<_n)€[7u67m)} + 1{0(_71><Tu6/}> 'LUW — Lr; > €>
(n)
= (5:}(1)2/} ” 6) +F <1{k§})<oo,‘ru§t} (Tu —o > > 6/> )

by left continuity and path regularity, we can make the first term arbitrary small through

the following upper bound on our probability as

to_ !
LO'(:’L) LTu_

Ty —S

A A
Tu

the choice of €. For the second term, we consider the temporal partition 0 =ty < t; <

.-+ <ty =t such that t; —t;_1 < €/2 for all i and in the limit n — oo write

N
P <1{k(LnT)<oo,Tu<t} (Tu o 0'(7”)> > €,> - ;]P <1{k:(LnT)<oo,Tu€[ti1,ti)} (Tu N Uin)) > 6/>

N
< Zp(ti—l —sup{g(k, \)|g(k,\) <t} >¢)
=1

N
~3p (ti —sup {g(k, \)|g(k,\) < t:;} > §>
=1

N
— ZIP’(ti — 1 > %) Q-almost surely
i=1

=0.
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For the final quantity in the 4-tuple, we wish to show that

w—JN((MD An, ) Lou— ETW 5au- Liu/\t.

Similarly as before, by fixing some € > 0 and letting € > 0 we can obtain the following

g (1{k1?><oow} 7 )
_ 7T 7
=P <1{kinT><oo,Tu<t} (1{0<n)6[7u—e,7'u)} + 1{0(n><'ru—e’}> 'Lg(_") o LTJ > 6)
<P| sup > € —HP’(l (n) (Tu—U(n)> >€/> )
T \seloe {7 <comst -

by left continuity and path regularity, we can make the first term arbitrary small through

upper bound on our probability as

7t 1
L)~ Il

Tu

ZT N ET
_ "

Ty —S

the choice of ¢/. The desired convergence then follows by repeating the arguments for

the third component.

B.3 Markovian projection

The simplification of a complex process by a simpler process was first introduced in [197]

and discussed further in [198] is given by the following result

Theorem B.1 [Markovian projection.] Let X (t) be a p-dimensional stochastic process

given by the strong solution of the SDE
dX (t) = p(t)dt + X(t)TdW (1),

where X(t) is a (d X p)-matriz valued adapted process, W (t) is a d-dimensional Brownian

E (/Dt H/\(S)T)\(S)H) <o

for all t > 0. Then there exists a (d X p)-matriz valued function b and a p-dimensional

motion and

vector valued function a such that
b(t, 2)7b(t,x) = E (AWTAWD|X() =),  alt,x) = E(ut)|X(0) = 2)
for any t > 0. The SDFE given by

dY (t) = a(t, Y (t))dt + b(t, Y ()T dW (t)
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then admits a weak solution and furthermore the process Y (t) has the same distribution

as the process X (t) for t > 0.

Thus through Markovian projection, we are able to construct a mimicking process Y

that has the same marginal distribution as the original process X.
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