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Abstract

Quantum computers have enormous promise in areas as diverse as medicine, fi-

nance, defence and information security. NV-centres in diamond are a promising

platform for quantum computing due to their long coherence times at room tem-

perature. However, current quantum computers are characterised by their noisy

operation and do not provide any quantum advantage. Classical simulations can

be used to provide feedback on various sources of noise to guide future engineer-

ing designs. Simulations can also be used to benchmark real quantum computers,

and develop new quantum algorithms. Unfortunately, current noisy simulators

are phenomenological and limited in scale. Hence they often poorly represent the

general behaviour of real quantum computers, limiting their utility.

In this thesis I work towards developing an accurate, efficient simulator of noisy

diamond quantum computers, with results generalisable to other architectures.

I first compare the performance of two state of the art simulation methods to

identify which is the most efficient. By performing runtime comparisons, I demon-

strate that a leading Schrodinger simulator outperforms a leading tensor network

simulator when performing high fidelity simulations, at least for fewer than 30

qubits. Next, I derive and validate a noise model based on decoherence and single-

qubit control errors in diamond quantum computers. By simulating single-qubit

circuits, I show that a depolarising channel produces simulations with a higher

fidelity than the derived model. I attribute this to the small errors in single-

qubit circuits favouring the fitted depolarising channel, which would not hold

for multi-qubit circuits. I conclude that while the derived model requires further

developments, it still offers immediate advantages over phenomenological models.
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Chapter 1

Introduction

The development of quantum mechanics in the early twentieth century led to

a technological revolution. Today, everything from electronics, to lasers and

telecommunications, to MRI, is underpinned by quantum properties. As our

ability to control quantum systems continues to improve, we are poised to de-

velop a new wave of quantum technologies [1]. Among these, quantum computers

have the greatest potential to revolutionise society is quantum computers. Quan-

tum computers are devices that leverage the entanglement and superposition of

quantum systems (called qubits) to gain a quantum advantage. That is, quan-

tum computers offer up to exponential speed ups over classical computers when

performing particular tasks.

The idea of using quantum systems to perform computations has been around

since at least the 1970s with the development of quantum information theory

[2] [3]. Then, in 1980, Beinoff described the first model of a quantum computer

[4]. Despite this early work, quantum computing research didn’t gain much trac-

tion until 1982, when Richard Feynman described the possible benefits of using

quantum systems to simulate quantum systems [5]. The following decades saw

interest in quantum computers continue to grow. Notably, Shor’s algorithm for

integer factorisation [6], and Grover’s searching algorithm [7] proved that, in the-

ory, quantum computers are able to outperform any known classical algorithms

for particular, important tasks. Today, potential applications continue to emerge

and suggest that quantum computers will be useful in a diverse range of areas

2



§1.1 Noisy Intermediate-Scale Quantum Devices 3

such as solving optimisation problems in finance and defence [8] [9], and mod-

elling quantum systems for faster drug design and improved industrial chemistry

processes [10] [11]. In short, the promise of quantum computers is enormous,

and research conducted by major companies, government bodies, and numerous

start-ups continues to bring quantum advantage closer to reality.

1.1 Noisy Intermediate-Scale Quantum Devices

Several designs have been proposed and tested for quantum computers, including

using superconducting qubits [12], trapped ions [13], photons [14], and Nitrogen-

Vacancy (NV) centres in diamond [15]. Each architecture has its own advantages

and disadvantages. In the case of diamond quantum computers, a unique advan-

tage is that NV-centre qubits have long coherence times at room temperature.

Therefore diamond quantum computers can be operated at room temperature,

compared to the cryogenic temperatures required by some other architectures.

This simplifies the operation of the quantum computer, makes it more energy

efficient, and allows it to be compact. Diamond quantum processors have al-

ready been used to demonstrate quantum error correcting codes [16], quantum

algorithms [17] and simulations of quantum systems [18]. On the other hand,

the creation of useful NV-centre qubits is difficult. Fabrication techniques for

diamond quantum computers is in very early development, and scalability has

not been fully shown [15].

As it stands, the development of quantum algorithms is years ahead of the devel-

opment of physical quantum computers. For instance, useful implementations of

Shor’s algorithm would require a quantum computer with thousands of qubits,

whilst current quantum computers comprise tens of qubits. Shor’s algorithm

is a relatively extreme example; it is predicted that quantum computers with

between 50 and 100 qubits will be able to demonstrate a useful quantum advan-

tage [19]. Such a demonstration, in which a quantum computer performs a task
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faster than any known classical algorithm, is called quantum supremacy. Quan-

tum supremacy is an important and highly sought after threshold in quantum

computing research.

Quantum supremacy was claimed in 2018 by a team of researchers at Google

[20]. Using their 53-qubit superconducting quantum computer, they performed

a computation in 200 seconds that they say would take over 10,000 years on

the world’s most powerful classical computer. However, the task they performed

(simulating random quantum circuits) has no real-world application, so achieving

a useful quantum advantage remains a near-term goal [21].

The reason that quantum hardware is lagging behind quantum algorithms and

applications is because building quantum computers is hard. Creating the quan-

tum systems for a quantum computer requires incredibly precise and reliable

nano-fabrication techniques. Furthermore, operation of a quantum computer

requires precise control of these quantum systems. The techniques and tools re-

quired for fabrication and control of quantum computers have only existed for the

past few decades and continue to require improvements today. Initially it was

only possible to demonstrate few-qubit computers [22], and only very recently

for intermediate-scale quantum computers with 50-100 qubits. Current quantum

devices are characterised by their noisy operation and are hence termed Noisy

Intermediate-Scale Quantum devices. This noise decreases the fidelity of compu-

tations, reducing the overall usefulness of the devices. There are two ways to deal

with noise: allow noise to persist and correct any errors using error-correcting

codes, or minimise the noise itself. Currently the cost of error-correcting codes is

high (requiring many extra qubits), so near-term efforts are focused on decreasing

noise at all stages of operation, from initialisation to readout.
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1.2 The Case for Simulation

Noisy simulations are a powerful tool in the development of quantum computers.

Simulations can be used to identify principal noise sources and their implication

for the performance of the device. Thus they may be used to guide future en-

gineering choices to reduce noise, and to optimise the compilation of quantum

algorithms to mitigate the impact of errors. Simulations can also be used to vali-

date and benchmark the performance of quantum computers, both against other

quantum computers and against classical computers. This allows us to identify or

predict the threshold of quantum advantage in different real-world applications.

Most current quantum computer simulators either do not incorporate noise,

poorly represent the behaviour of physical quantum computers, or are limited

in scale [23] [24]. This is because the noise models used by these simulators are

phenomenological, and the methods used to implement them are generally ineffi-

cient. Phenomenological noise models have no connection to the physical sources

of noise affecting a device’s performance. Due to this, these noisy simulators

often do a good job at describing particular circuits run on particular hardware

(the circuits that are used as training data for the model), but do not generalise

well to other circuits or other devices. Furthermore, since the errors produced by

phenomenological models are not related to the underlying noise sources, they

provide no information about how to improve the quantum computer hardware

to minimise the effects of noise.

1.3 Outline of this Thesis

This thesis addresses two problems in the development of noisy simulations of

diamond quantum computers. Firstly, to compare current state of the art simula-

tors to identify the most efficient. Secondly, to develop a noise model for diamond

quantum computers that incorporates the underlying noise, to be implemented
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in existing simulators. Achieving these aims would provide the foundations for

an accurate and efficient noisy simulator for diamond quantum computers. The

rest of the thesis is structured as follows.

In chapter 2, I give a brief review of the background theory necessary for the rest

of the thesis.

I achieve the first aim in chapter 3 by using existing state of the art simulators

to simulate noiseless quantum computers. I am interested in simulators that can

describe quantum computers that can perform any quantum algorithm, universal

quantum computers. There are two main simulation methods: the brute-force

Schrodinger simulation method, and the more abstract class of tensor network

methods. Tensor network methods have gained popularity in the last few decades

as they can be used to efficiently simulate some quantum systems. However, the

efficiency of tensor networks as a completely general quantum computing simu-

lator is not present in the literature. Furthermore, comparisons of the efficiency

between tensor networks and Schrodinger simulations rely mostly on complexity-

theoretic arguments, rather than demonstrations using useful quantum circuits

that we actually want to simulate. I address both of these issues in this chapter

and determine the most efficient simulation method for general purpose quantum

computing research.

I achieve my second aim in chapters 4 and 5 by deriving and validating a novel

model describing the noise in diamond quantum computers. First, in chapter

4, I demonstrate the derivation methodology for decoherence and single-qubit

gate errors, but it can be generalised to other sources of noise, or other quantum

computing architectures. Then, in chapter 5, I validate the derived noise model

by comparing it to a standard phenomenological model, and demonstrating how

it may be used to provide feedback on sources of noise in the operation of the

quantum computer.

I summarise the conclusions of this thesis and describe possible avenues for future

work in chapter 6.



Chapter 2

Background Theory

In this chapter I give a brief review of the background theory necessary to the

rest of this thesis. In Section 2.1 I start with the basic ideas behind quantum

computing, including notation conventions that I use throughout this thesis. I

provide an outline of the NV-centre in diamond and its use as a quantum com-

puting architecture in section 2.2. Then, in section 2.3, I describe some of the

common representations of quantum noise and standard techniques of converting

between these representations. Sections 2.2 and 2.3 therefore provide the neces-

sary theory and techniques that I use in chapter 4 to derive a noise model for

diamond quantum computers. Finally, in section 2.4 I discuss some of the state

of the art methods used to classically simulate quantum computers, both with

noise and without noise, that I use in my investigations in chapters 3 and 5.

2.1 Quantum Computing Fundamentals

The information in this section is drawn from the foundational textbook by

Nielsen and Chuang [25].

2.1.1 Qubits

The fundamental unit of a classical computer is the bit; a single piece of binary

information carried as a 0 or 1. In a quantum computer, the fundamental unit is

referred to as a qubit - a quantum bit. Whereas a classical bit can only exist as

7
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a 0 or 1, a qubit, denoted by |ψ〉 ∈ C2, can exist as an arbitrary superposition of

the computational basis states |0〉 and |1〉,

|ψ〉 = a |0〉+ b |1〉 , (2.1)

such that |a|2 + |b|2 = 1. The states |0〉 and |1〉 can be represented by the usual

basis states of C2,

|0〉 =

1

0

 , |1〉 =

0

1

 . (2.2)

An alternative, often useful, description of a qubit is called the Bloch sphere

representation. By parametrising |ψ〉 as

|ψ〉 = cos θ2 |0〉+ eiφ sin θ2 |1〉 , (2.3)

we can think of the state of the qubit as a point on the Bloch sphere as shown

in figure 2.1. Applying a unitary operation to a qubit is equivalent to a rotation

of the Bloch sphere. The state of n qubits is described by the tensor product of

Figure 2.1: The state of a qubit, |ψ〉, can be described by a point on the Bloch
sphere. From [25]
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the individual qubit states,

|Ψ〉 = |ψ1〉 ⊗ |ψ2〉 ⊗ ...⊗ |ψn〉 . (2.4)

The n-qubit state is therefore represented by a length 2n vector.

2.1.2 Quantum Circuits

Quantum computers utilise the controlled evolution of a collection of qubits to

solve problems. The method used to solve a particular problem is called a quan-

tum algorithm. A general quantum algorithm consists of three stages:

1. Initialisation: First, the collection of qubits are prepared in some known

initial state, generally the ground state |00, ...0〉.

2. Evolution: Next, a series of unitary operations are performed on the qubits

and are designed to solve the problem being considered. In analogy to

classical computing, these operations are called gates and the set of gates

applied to the qubits is called a circuit. The number of layers of gates in a

circuit is referred to as circuit depth.

3. Readout: Finally, in a well-designed quantum algorithm, the solution to

the problem can be found by measuring the final state of the qubits.

Any computation that can be performed by a classical computer can be performed

by a quantum computer. The converse is also true in theory, given enough time.

The advantage of using a quantum computer is that by leveraging the superpo-

sition and entanglement of qubits, quantum computers can perform some tasks

up to exponentially faster than classical computers.

Quantum circuits are often depicted graphically as circuit diagrams. The stan-

dard notation for these diagrams is shown in table 2.1. Some commonly used

gates and their graphical representations are given in table 2.2. Just as n-qubit
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Circuit Component Graphical
Notation Description

Wire Qubits travel along wires from left to right.

Single-qubit gate Gates acting on a qubit are represented by
boxes drawn on that qubit’s wire

Multi-qubit gates This notation extends naturally to gates
acting on multiple qubits

Conditional gate I

The filled-in circle indicates a control qubit.
This means that U is applied to the target
qubit if and only if the control qubit is in
the |1〉 state.

Conditional gate II

The empty circle also indicates a control
qubit. However, now the operation U is ap-
plied to the target qubit if and only if the
control qubit is in the |0〉 state.

Table 2.1: Graphical notation for quantum circuit diagrams. U is some unitary
operation.

states are represented by length 2n vectors, n-qubit gates are represented by

2n × 2n matrices. As an example, figure 2.2 shows the circuit that performs

the quantum Fourier transform (QFT) - the quantum analogue of the discrete

Fourier transform. The QFT is an important part of quantum algorithms includ-

ing Shor’s algorithm for integer factorisation.

A universal quantum computer is a quantum computer that is able to perform

Figure 2.2: A quantum circuit diagram depicting the quantum Fourier transform
(QFT).
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Gate Graphical
Notation Matrix Form Gate Graphical

Notation Matrix Form

X
(

0 1
1 0

)
H 1√

2

(
1 1
1 −1

)

Y
(

0 −i
i 0

)
Rk

(
1 0
0 e2πi/2k

)

Z
(

1 0
0 −1

)
I

(
1 0
0 1

)

CNOT


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 SWAP


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1



Table 2.2: Some commonly used gates and their graphical representations.

any quantum computation. Any quantum computation on any number of qubits

can be generated from a finite collection of gates, called a universal set. This

seems counter-intuitive at first since there are an uncountably infinite set of

unitary matrices that could act on the qubits. However, the idea is that a finite

sequence of gates from the universal set can approximate any unitary operation

to arbitrary accuracy. The Solovay-Kitaev theorem [26] ensures this can be done

efficiently. Therefore, we only need to be able to physically implement a finite

set of gates to build a universal quantum computer.

2.2 The Nitrogen-Vacancy Centre in Diamond

One of the proposed designs for physical quantum computers is based on the NV-

centre in diamond [15]. A conceptual design for a diamond quantum computer is

shown in figure 2.3. The NV-centre is a defect in the diamond lattice where a pair

of neighbouring carbon atoms are replaced by a nitrogen atom and a vacancy.

The NV-centre introduces a nuclear and an electronic spin degree of freedom into

the diamond lattice. The nuclear spin of the nitrogen atom is a two-level system
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Figure 2.3: A conceptual design of a diamond quantum computer. Qubit clus-
ters comprise an NV-centre and implanted magnetically coupled carbon-13 nu-
clei (bottom). These clusters are arranged on a diamond chip and are coupled
through (e.g.) a spin chain of substitutional nitrogen nuclei. Gates are effected
by surface microwave control systems (middle). Initialisation and readout are
achieved through an optical system placed below the diamond chip (top). From
[27]
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and can therefore be used as a qubit in a quantum computer. In addition to

the nitrogen nucleus, the density of carbon-13 nuclei in the diamond lattice will

generally be artificially increased near the NV-centre to give a cluster of hyperfine-

coupled nuclear spins that can all be used as physical qubits. This coupling is

achieved through an externally applied magnetic field. There have been several

proposed methods to couple individual clusters of qubits to neighbouring clusters,

such as using a nuclear spin chain of substitutional nitrogen nuclei.

For universal quantum computing, we need to be able to initialise the qubit

register, perform single-qubit and multi-qubit gates, and readout the final state.

Optical initialisation and readout of the nuclear qubits are achieved using the

uncoupled electron of the NV-centre as a quantum bus (a system that transports

quantum information through entanglement). Further details of initialisation

and readout can be found in [28] but are omitted here as they are not relevant

to the rest of the thesis. To perform single-qubit gates, radio-frequency (RF)

pulses can be used to drive arbitrary rotations of the Bloch sphere and hence any

single-qubit gate. Microwave pulses can be used to implement a controlled-Z gate

between any two qubits. Therefore, in practice, it is relatively straightforward to

implement gates from the set

{Rx(θ), Ry(θ), CZ}, (2.5)

where Rx(θ) and Ry(θ) are rotations of the Bloch sphere by angle θ about the

x and y axes respectively, and CZ is the controlled-Z gate operation. Table 2.3

gives explicit descriptions as well as their graphical representation. It can be

shown that this set of gates is universal [25].

Diamond is an exciting architecture for quantum computers. NV-centre qubits

possess long coherence times at room temperature, removing the need for large

and expensive cooling systems that are required for other proposed architectures.

Furthermore, the control systems described are above are relatively simple to
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Gate Graphical
Notation Matrix Form

Rx(θ)
(

cos θ
2 −i sin θ

2
−i sin θ

2 cos θ
2

)

Ry(θ)
(

cos θ
2 − sin θ

2
sin θ

2 cos θ
2

)

CZ


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1



Table 2.3: The universal set of gates used in diamond quantum computers.

implement. However, fabrication of quantum processing units based on NV-

centres in diamond is still in the early stages of development and many problems

remain. For instance, NV-centres must be artificially created with a high density

for scalable quantum computing, but with a regular spacing so that RF and

microwave pulses targeted at a particular NV-centres do not affect other NV-

centres. Other current areas of research include finding the most reliable way

to couple qubit clusters, and how to maximise gate fidelities. There are still

numerous challenges to overcome before diamond is a scalable, fault-tolerant

hardware, however all the required components have been demonstrated [15].

2.3 Describing Noise

Current quantum computers are limited by noise. Since we need to be able to

interact with the quantum computer during initialisation and readout, we cannot

totally isolate the quantum computer from the environment. Therefore, quantum

computers are inevitably open quantum systems and so are best studied through

the density matrix formalism. The theory of open quantum systems is well-

developed elsewhere (such as within the references given hereafter). I will only
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provide (without proof) the tools used within this thesis.

2.3.1 Kraus Representation

To start, we will follow [29] and first consider a density matrix ρ. A noise process

is given by some superoperator ξ such that

ρin 7→ ρout = ξ(ρ). (2.6)

Now, both ρin and ρout must be valid density matrices. That is, they must be

hermitian, unit trace, positive-definite operators. This imposes some restrictions

on ξ. Indeed, to be a valid quantum operator, ξ must satisfy the following

properties,

1. Complete Positivity: A positive operator is one that maps positive elements

to positive elements. For ξ to be completely positive we must have (ξ⊗ Ik)

is a positive operator for all k,

2. Trace-Preserving: That is Tr(ξ(ρ)) = Tr(ρ) for all ρ.

We then have the following theorem:

Theorem 1 (Kraus Representation). Consider a d-dimensional quantum system

represented by the density matrix ρ. Any Completely-Positive, Trace-Preserving

(CPTP) map ρ 7→ ξ(ρ) can be written in the form

ξ(ρ) =
N∑
i=1

KiρK
†
i ,

for some N <∞, where
N∑
i=1

K†iKi = I.

The operators Ki are called Kraus operators.
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2.3.2 Master Equation in Lindblad Form

For closed quantum systems, the density matrix evolves according to the von-

Neumann equation,

ρ̇ = −i[H, ρ], (2.7)

where H is the system Hamiltonian, [·] denotes the commutator and we are in

units such that ~ = 1. Equivalently, by defining the evolution operator

U = e−iHt, (2.8)

we have

ρ(t) = UρU †. (2.9)

Now, consider the Kraus representation for the time evolution of an open quan-

tum system,

ρ(t) =
N∑
i=1

Kiρ(0)K†i . (2.10)

By considering ρ(t + dt), it is possible to derive a generalisation of the von-

Neumann equation for open quantum systems,

ρ̇ = −i[H, ρ] + LD(ρ), (2.11)

where LD is a superoperator that describes the decoherent part of the density

matrix evolution. It can be written as

LD(·) =
N∑
i=1

γi

(
LiL

†
i −

1
2{L

†
iLi, ·}

)
, (2.12)

where γi > 0 and the Lindblad operators Li are related to the Kraus operators

in the small time limit by

K1 = I +
(
−iH − 1

2

N∑
i=2

L†iLi

)
dt, (2.13)
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Ki = √γiLi
√
dt, i ≥ 2. (2.14)

Equation (2.11) is called a master equation in Lindblad form and provides an-

other convenient description of open quantum systems. It is important to note

that in the derivation of the master equation in Lindblad form, it is assumed

that the quantum system is Markovian. This is not always true for quantum

computers since we can have information fluctuating between the system and the

environment, but in general it is a very good approximation. More precisely, it

is a good approximation when the time evolution we care about is much longer

than the time scale of the system-environment interactions. Another assumption

of the Lindblad form of the master equation is that the system and environment

are weakly interacting. The validity of this assumption for our purposes will be

discussed in chapter 4.

2.3.3 Choi Matrix

There is one more representation of quantum operations that we will make use of:

the Choi matrix. First, following [30], we cast the Lindblad form of the master

equation as a matrix differential equation in terms of the vectorised density matrix

ρ̃,

ρ =
(
ρ1 ρ2 · · · ρd

)
7→ ρ̃ =



ρ1

ρ2
...

ρd


, (2.15)

where ρi denotes the i-th column of ρ. The matrix differential equation can be

written,
˙̃ρ = (G +H)ρ̃, (2.16)
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where

G =
N∑
m=1

L̄m ⊗ Lm −
1
2I ⊗ (L†mLm)− 1

2(L̄†mL̄m)⊗ I, (2.17)

H = −i(H ⊗ I − I ⊗H), (2.18)

and the overbar denotes complex conjugation. Solving equation (2.16) yields

ρ̃(t) = e(G+H)tρ̃(0) ≡Mρ̃(0) (2.19)

The matrix M is referred to as the evolution matrix of the system. It is related

to the Choi matrix, χ, by a simple permutation of its elements [31],

Mm+s(n−1),j+s(k−1) = χ(j−1)s+m,(k−1)s+n, j, k,m, n = 1, 2, ..., d. (2.20)

To understand why we care about the Choi matrix we need the following theorem

[32]:

Theorem 2 (Choi-Jamiolkowski Isomorphism). Consider a CPTP map acting

between spaces of density matrices (possibly of different dimensions), Φ : A→ B.

Let Eij denote the matrix whose ij-th entry is 1 and is 0 elsewhere, and consider

χΦ = (Φ(Eij))ij ∈ A⊗B. Then the map

Φ 7→ χΦ

is an isomorphism.

The notation I’ve used in the statement of the theorem is intentionally suggestive.

It is the case that χΦ is the Choi matrix for the quantum operation Φ. Hence the

Choi-Jamiolkowski isomorphism gives us a way to complete the circle and convert

from the Choi matrix back to a CPTP map, which we know we can express in

the Kraus representation by theorem 2.1. In lieu of a proof of theorem 2.2, I will

outline the simple method to convert between the Choi matrix and the Kraus
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representation as given in [31]. Consider the Choi matrix, χ, and diagonalise it

in the standard way,

χ = UχDχU
†
χ, (2.21)

where Uχ is the matrix of eigenvectors of χ and Dχ is the diagonal matrix of

eigenvalues of χ. Then form the matrix

e = UχD
1/2
χ . (2.22)

The columns of this matrix, ei, are vectorised Kraus operators of the CPTP map

for the system. Returning them to matrix form using the inverse of the map in

equation (2.15) gives us a collection of Kraus operators Ei. Thus, we can write

ρ(t) =
∑
i

Eiρ(0)E†i . (2.23)

Reversing the process to convert from the Kraus representation to a Choi matrix

is straightforward. Form the matrix e of vectorised Kraus operators so that

χ = ee†. (2.24)

As a final remark, we observe that for a d-dimensional system, the Choi matrix

has dimensions d2×d2. Hence, it has at most d2 unique eigenvectors and therefore

we get the following corollary:

Corollary 1. Any CPTP map acting on d-dimensional density matrices can be

expressed in the Kraus representation using at most d2 Kraus operators.

This concludes our discussion on dealing with noisy quantum systems. Figure 2.4

summarises the three representations we considered and the conversions between

them.



§2.4 Classically Simulating Quantum Computers 20

Figure 2.4: Three representations of noisy quantum systems and the relationships
between them.

2.4 Classically Simulating Quantum Computers

There are many techniques used to classically simulate quantum computers.

There is a broad class of quantum circuits, known as Clifford circuits, that can

be efficiently simulated on a classical computer. This result is known as the

Gottesman-Knill theorem [33]. However, it is clear that circuits from this class

cannot display any quantum advantage, because if they did, it would be impossi-

ble to simulate them efficiently. In contrast, for most purposes, such as algorithm

development and benchmarking quantum devices, we are only interested in simu-

lating universal quantum computers. Hence, I don’t consider Clifford simulators

and instead focus on methods of simulating universal quantum computers. In

chapter 3, I investigate two of the most popular methods for simulating noiseless

quantum circuits: Schrodinger simulations and Matrix Product State (MPS) sim-

ulations [34]. Following a review of these simulation methods, I discuss methods

of introducing noise into simulations.
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2.4.1 Schrodinger Simulations

As we have already seen in section 2.1, a common representation for qubits is

given by

|ψ〉 = a |0〉+ b |1〉 = a

1

0

+ b

0

1

 =

a
b

 . (2.25)

The extension to n qubits is obtained by taking the tensor product of single-

qubit states. Similarly, n-qubit gates are commonly written as 2n × 2n matrices.

A Schrodinger simulation of a quantum circuit is the brute-force method of evolv-

ing the qubits through the quantum circuit by matrix-vector multiplication.

Naive Schrodinger simulators therefore have memory requirements O(2n) to store

the state-vector, and operational costs O(22n) to perform matrix-vector multi-

plication. Due to the exponential cost in n, Schrodinger simulations become

infeasible for larger n. In particular, simulating more than around 40 qubits

requires supercomputing resources and even current supercomputers cannot sim-

ulate far beyond n = 50.

Numerous techniques have been developed to improve Schrodinger simulators.

These can be as simple as using sparse matrices in computations, to more sophis-

ticated techniques such as circuit partitioning [35], and distributed memory [36].

The details are not important to this thesis, but exact Schrodinger simulations

of up to n = 64 qubits have been performed.

2.4.2 Matrix Product State Simulations

MPS simulations fall into the broad class of tensor network simulation meth-

ods. In the last few decades, tensor network methods have gained popularity

in simulating many-body quantum systems [37] [38]. In particular, they are a

promising method for efficiently simulating quantum circuits with a large num-

ber of qubits, but relatively small circuit depth [39]. These methods work by

converting a quantum circuit into a network of tensors, then contracting those
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Figure 2.5: An order n tensor is represented by a box with n external legs.

tensors in specific ways to efficiently produce the output of the original quantum

circuit. There exist many sub-varieties of tensor network simulations, for both

state-vector and density matrix simulations, distinguished by either the way the

tensors are constructed, or the way the tensors are contracted [40] [41]. However,

they all share the same fundamental idea of replacing the large tensors required

for Schrodinger simulations with a collection of smaller tensors. MPS is perhaps

the most widely used tensor network method, certainly in the context of quan-

tum computer simulations. It has several advantages over other tensor network

methods, including having a simple construction and being able to calculate ex-

act expectation values [42]. The following overview of MPS simulations draws

together information from [42] and [43].

Tensor Networks

First, I will introduce a convenient graphical notation for tensor networks. Con-

sider an order n tensor, Tµ1...µn . Recall that this is a shorthand notation and

represents the tensor

T =
∑

µ1...µn

Tµ1...µn |µ1〉 ... |µn〉 . (2.26)

The number of values each index can take is referred to as the index dimension.

An order n tensor is represented by a box with n external legs (one for each

index), as shown in figure 2.5. The legs are often referred to as bonds. As an
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Figure 2.6: A tensor network representation of a matrix-vector multiplication.
The shared bond represents the shared index and is summed over. The external
bond represents the free index.

example, an n qubit system can be represented as a tensor Tµ1...µn ∈ C2⊗ ...⊗C2

with each index µi ∈ {0, 1}. This is an order n tensor with each index dimension

equal to two. Hence it can be drawn as in figure 2.5. Similarly, single-qubit gates

are generally written as 2 × 2 matrices, and so can be represented by an order

two tensor with each index dimension equal to two, U 7→ Uµ1µ2 . Hence it can

be represented graphically as a box with two external legs. In tensor networks,

n-qubit gates are thought of as order 2n tensors rather than matrices as we have

previously described them.

Given two tensors, we can contract over a shared index by summing over it. For

example, a matrix-vector multiplication can be written as

Bν = UµνAµ ≡
∑
µ

UµνAµ, (2.27)

using the usual Einstein summation convention. At this point it is worth noting

that there are nuances with raised and lowered indices that extend to the graph-

ical notation [43]. However, these aren’t important to understanding the rest of

this thesis so I won’t mention them here, and will continue using the convention

of writing all indices as subscripts with the implicit assumption that repeated

indices are summed over.

In the graphical notation, a tensor contraction is depicted by a shared bond

between two tensors. For example, figure 2.6 depicts the matrix-vector multipli-

cation from equation (2.27).
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Singular Value Decomposition

Now that we understand the graphical notation, we need one additional tool

before we can discuss MPS explicitly. The Singular Value Decomposition (SVD)

is a generalisation of the standard eigen-decomposition for non-square matrices.

That is, given an m× n complex matrix M , there exists a decomposition of the

form

M = UΣV †, (2.28)

such that U is an m × m complex unitary matrix, Σ is an m × n rectangular

diagonal matrix with real, non-negative entries on the diagonal, and V is an n×n

complex unitary matrix. The non-zero entries of Σ are called singular values. The

number of singular values of Σ is referred to as its dimension, χ, and it is equal

to the rank of M . Clearly

χ ≤ min(m,n). (2.29)

Furthermore, the SVD can always be done in such a way that the singular values

appear in non-increasing order along the diagonal of Σ. Often, it is useful to

truncate the SVD. This means only keeping the first k singular values. Conse-

quently, you keep only the first k columns of U and the first k rows of V †. The

justification for doing this is that it can be shown [44] that the resulting matrix

is the best rank-k matrix approximation to M in terms of the Frobenius norm:

‖M‖F =
√∑

ij

Mij. (2.30)

Forming a MPS

Recall that the idea behind tensor networks is to rewrite large tensors such as

the state-vector for the quantum system as a collection of smaller tensors. In the
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Figure 2.7: A SVD is performed on the 2× 2n−1 matrix representing the n qubit
state, and then the matrix of singular values is absorbed, resulting in a 2 × 2
matrix and a 2× 2n−1 matrix.

Figure 2.8: A series of SVDs is used to convert the state-vector of an n qubit
system into a network of tensors known as a MPS. µ1, ...µn are the 2-dimensional
external bonds representing the physical qubits and χ1, ...χn−1 are the internal
bonds.

case of MPS, we achieve this using the SVD. First, consider an n qubit state

|Ψ〉 =
∑

µ1...µn

Tµ1...µn |µ1...µn〉 , (2.31)

drawn graphically in figure 2.5. The length 2n state-vector for this state can

be rewritten as a 2 × 2n−1 matrix in a standard way (referred to as folding, or

matricisation). We can then perform the SVD on this matrix and "absorb" the Σ

matrix as shown in figure 2.7. Now we repeat a similar process on the remaining

n− 1 qubit state. A full mathematical description for the process can be found

in [45]. The end result is given in graphical form in figure 2.8. Then, using the

notation of figure 2.8, we can write

Tµ1...µn =
∑

χ1...χn−1

A[1]
µ1χ1A

[2]
µ2χ1χ2 ...A

[n]
µnχn−1 . (2.32)
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Figure 2.9: On the left is a randomly chosen quantum circuit diagram. On the
right, the circuit is converted into MPS form. The green boxes correspond to the
MPS representation of the input state, the orange boxes correspond to the first
layer of H gates, the pink box corresponds to the CNOT gate, and the blue box
corresponds to the two-qubit U gate.

The maximum dimension over all internal bonds is called the bond dimension of

the MPS and is denoted by χ. A consequence of equation (2.29) is that, for a

system of n qubits, we have

χ ≤ 2bn/2c. (2.33)

MPS Simulations

The first step in an MPS simulation of a quantum computer is to prepare the

input state and all gates in MPS form. The graphical notation for this is very

similar to the quantum circuit diagram notation seen in section 2.1 and is shown

in figure 2.9. Once we have constructed the MPS representation of the quantum

circuit, we can obtain the output state by contracting over the indices between

the state-vector and the gates. That is, we contract over the horizontal bonds

in figure 2.9, from left to right. The output state will be a MPS of the same

order as the input state. If you were to contract all internal bonds in the output

MPS, you would obtain the same state-vector output of the quantum circuit

as given by a straightforward Schrodinger simulation. However, the reason for

using a MPS simulation is that we don’t need to store the full state-vector. So,

instead contracting the internal bonds of the output state, we contract the output

MPS with an MPS representation of each of the basis states. This is equivalent
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to taking an inner product and gives the probability distribution of the output

state. The details are unimportant, but it is important to note that this is the

most computationally expensive part of an MPS simulation. It can be shown [43]

that the operational cost of an MPS simulation of n qubits is O(nχ3), and the

memory requirements are O(nχ2).

The theory outlined in this section was all aimed at reaching this conclusion:

the bond dimension is an important parameter in MPS simulations. Given any

n-qubit state, we can find a perfect MPS representation for it, given a large

enough bond dimension. Equation (2.32) guarantees that in the worst case this

is χ = 2bn/2c, and there are specific cases where it is much lower. On the other

hand, the computational costs associated with MPS simulations can be made

linear in n by truncating the bond dimension χ to some fixed constant. However,

this introduces errors into the simulation. Therefore, there is a trade off between

computational efficiency and simulation fidelity.

2.4.3 Including Noise

To include noise in simulations of quantum computers we generally need to con-

sider density matrices rather than state-vectors. The state of the system will be

represented by a density matrix and gates are applied by,

ρ 7→ UρU †. (2.34)

Then, at every point in the circuit we wish to include noise, we can use any of

the three noise models described in section 2.3. For example, we can use a Kraus

channel,

ρ 7→
∑
i

KiρK
†
i . (2.35)

This direct evolution method is analogous to the Schrodinger simulation method

outlined above, except now the memory requirements are O(22n) and the oper-
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ational costs are O(23n+1). There also exist density matrix analogues of MPS

simulations, called matrix product density operator (MPDO) simulations [46]

however these are not as well studied, and suffer some disadvantages compared

with MPS simulations.

Recall that by the Choi-Jamiolkowski isomorphism, we can use an evolution ma-

trix rather than a Kraus channel,

ρ̃ 7→ Uρ̃, (2.36)

where ρ̃ is the vectorised density matrix. However in this case, U is a 22n × 22n

matrix so the computational requirements for this method are greater than using

the Kraus channel.

The final option for including noise is to use a master equation,

dρ

dt
= −i[H, ρ] + LD(ρ), (2.37)

and integrate over a small time period. Whilst this method can be accurate,

density matrix solvers are infeasible for more than a few qubits.

Kraus models are the most used method of including noise in the literature as

they are the most computationally efficient. Furthermore, in certain cases, the

Kraus model can be used to incorporate noise into state-vector simulations (such

as Schrodinger simulations and MPS simulations). This will be discussed further

in section 3.3.



Chapter 3

Simulating Quantum Computers

Being able to simulate quantum computers is a powerful tool for quantum com-

puting research, and this thesis aims to contribute to the development of im-

proved simulations of noisy diamond quantum computers. As outlined in the

introduction, there are two main motivations behind simulating quantum com-

puters. The first is to identify principal sources of noise and provide feedback on

their implications for device performance to improve quantum hardware designs.

And the second is to validate and benchmark the performance of real quantum

computers. A useful simulator for quantum computers should have high fidelity,

and be efficient.

In this chapter, I address the first of my two aims: to compare current state of

the art simulation methods to identify which is most efficient. I use IBM’s Aer

state-vector simulator as a representative for Schrodinger simulators because it is

widely used and well-developed. Consequently, it is reliable and fast. For similar

reasons, I also use Oak Ridge National Laboratory’s Exascale Tensor Network

(ExaTN) MPS simulator. I execute all simulations using Quantum Brilliance’s

Quantum Emulator (QBQE); an IDE to simulate quantum circuits that supports

both the Aer simulator and the ExaTN-MPS simulator [47]. All simulations

are performed using cloud computing resources through Amazon Web Services

(AWS).

MPS simulators have gained popularity because the computational resources

scale linearly with qubit number, assuming the bond dimension is truncated to a

29
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fixed constant. In section 3.1, I devise a worst-case scenario for MPS simulators

to investigate the validity of truncating the bond dimension in general. This

allows me to determine the bond dimension that is necessary for the MPS simu-

lator to produce outputs with an acceptable fidelity, greater than some threshold

value. In section 3.2, I simulate important quantum circuits using the Aer and

ExaTN-MPS simulators to compare their runtime. For these simulations, I en-

sure the bond dimension of the MPS simulator is set high enough so that its

fidelity is guaranteed to be above the acceptable value. Since these investigations

are concerned with trade off between fidelity and efficiency in MPS simulations,

in this chapter I will only consider ideal quantum computers. This ensures the

fidelity of the MPS simulator is being affected only by bond dimension and not

by noise.

The results of this chapter will determine which simulation method should be

preferred for general purpose quantum computing research.

3.1 Bond Dimension vs. Fidelity in MPS Sim-

ulations

3.1.1 Defining the Worst-Case Scenario

We know that given high enough bond dimension, MPS simulations are guaran-

teed to be perfect. We denote this value by χp so that

χp ≡ 2bn/2c, (3.1)

where n is the number of qubits involved in the simulation. Note that in some

cases, the bond dimension required for a perfect simulation is smaller than χp.
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For example, the circuit that prepares the maximally entangled state

1√
2

(|00...0〉+ |11...1〉), (3.2)

can be represented perfectly by an MPS simulation using bond dimension χ = 2

for all n [48]. By "perfect", we mean that the simulation produces an output that

is identical to the expected behaviour of the quantum circuit. This is measured

using a metric called fidelity. In this chapter, I use the standard definition of

fidelity. Given the expected output |ψe〉 and a simulated output |ψs〉, the fidelity

F is defined to be

F = | 〈ψs|ψe〉 |2. (3.3)

Therefore, a fidelity of 1 is perfect, and a fidelity of 0 implies there is no overlap

between the simulated output and the expected output. For simulations to be

useful, they should represent reality as closely as possible. So, they should have

fidelity very close to 1, say greater than 0.99999 (the exact threshold will turn

out to be irrelevant). We know that for bond dimension χp, MPS simulations

have fidelity 1. However, χp is exponential in n which is a problem since, as

previously discussed, the bond dimension also controls the computational cost of

the simulation. Truncating the bond dimension at a fixed constant solves this

problem at the cost of introducing errors into the simulation. This is common in

the literature, as it is generally assumed that the errors introduced by truncating

the bond dimension are small enough to be acceptable.

To test this assumption, let us construct a worst-case example. The following

methodology, including the developed notion of a worst-case example for MPS

is novel. Such a test is an important concept missing from the literature. I will

design a simulation where I know we require bond dimension χ = χp to achieve

a fidelity of 1. Then by truncating the bond dimension at values lower than this

I can see how quickly the fidelity drops below 1. To justify truncating the bond

dimension, the fidelity should stay very close to 1 until the bond dimension gets
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very low.

First, I introduce the following convenient notation from [42]. Excluding the

terminal tensors, every tensor in an MPS is of order 3, so we write it as Aµχ1χ2

where µ corresponds to the external bond, and χ1, χ2 correspond to the internal

bonds. Since the external bond represents the physical qubit, it can take only

two values, 0 or 1. Hence we can represent Aµχ1χ2 by a matrix with vector entries.

For example, the matrix |0〉 0

0 |1〉

 , (3.4)

corresponds to the tensor

A0χ1χ2 =

1 0

0 0

 , A1χ1χ2 =

0 0

0 1

 . (3.5)

In this notation, matrix-matrix multiplication works in the usual way with the

multiplication of numbers replaced by the tensor product of vectors. For example,

|0〉 0

0 |1〉


|1〉 0

0 |0〉

 =

|01〉 0

0 |10〉

 . (3.6)
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Now, we know that in the general case, performing successive SVDs on an n-qubit

state, |ψ〉, yields an MPS chain of the following form:

|ψ〉 =
(
· ·

)· · · ·
· · · ·




· · · · · · · ·

· · · · · · · ·

· · · · · · · ·

· · · · · · · ·


· · ·



· · · ·

· · · ·

· · · ·

· · · ·

· · · ·

· · · ·

· · · ·

· · · ·





· ·

· ·

· ·

· ·


·
·

 ,

(3.7)

where the entries are vectors as described above. In some cases, some of these rows

and columns may be zeros, in which case the bond dimension can be truncated

and no information is lost so the fidelity remains 1. In other cases, some of these

rows and columns will contribute less to the final state, depending on the size

of the singular values in the SVD. Hence, if the bond dimension is truncated, a

small amount of information is lost so the fidelity drops below (but stays very

close to) 1. However, in the worst-case scenario, all of these rows and columns

are equally important. We want to investigate how the fidelity is affected in this

worst-case situation.

3.1.2 Constructing the Circuit

Consider the following MPS,

|ψ〉 =
(
|0〉 |1〉

)|0〉 |1〉 |0〉 |1〉
|1〉 |0〉 |1〉 |0〉

 · · ·


|0〉 |1〉

|1〉 |0〉

|0〉 |1〉

|1〉 |0〉


|0〉
|1〉

 , (3.8)
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Figure 3.1: This circuit constructs an equal superposition of all 4-qubit states
that contain an even number of 1s

where the matrix entries alternate between |0〉 and |1〉. For an even number of

qubits, n, when this state is contracted it forms an unnormalised, equal super-

position of the n-qubit states that contain an even number of 1s. For example,

when n = 4 we have the superposition state

|ψ〉 = |0000〉+ |0011〉+ |0101〉+ |0110〉+ |1001〉+ |1010〉+ |1100〉+ |1111〉 . (3.9)

Notice that all rows and columns contribute equally to the final output. Hence,

I predict that a circuit designed to produce this state (given the ground state as

input) should be a worst-case scenario for an MPS simulator. That is, for bond

dimension χ = χp we achieve fidelity 1, but for any bond dimension χ < χp, the

fidelity is less than 1. Indeed, as we shall see, simulation confirms this.

I will refer to the state described above as an even-1s state. A circuit to construct

an even-1s state is relatively straightforward to build. For an n-qubit circuit,

first apply a Hadamard gate to the first n − 1 qubits. This produces an equal

superposition of all (n− 1)-qubit states and leaves the final qubit in the ground

state |0〉. For those (n− 1)-qubit states that already contain an even number of

1s, we don’t do anything. For those (n−1)-qubit states that have an odd number

of 1s, we need to flip the final qubit into the |1〉 state. We can achieve this with

a sequence of controlled operations. An example for n = 4 is shown in figure

3.1. Physically we only have ability to perform single-qubit and two-qubit gates.
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Figure 3.2: This circuit is equivalent to the circuit shown in figure 3.1.

Hence we need to decompose the above circuit into these gates. First, recall from

table 2.1 that the solid circles indicate the operation is conditional on the qubit

being in the |1〉 state, while the open circles indicate the operation is conditional

on the qubit being in the |0〉 state. We can replace all open-controls by closed-

controls, as long as we add an X gate either side of where the open-control used

to be. The n = 4 case is shown in figure 3.2. Now we just need to know how

to decompose Cn−1NOT gates. That is, a NOT gate with n− 1 controls. There

are very simple ways to do this if we are allowed to introduce ancillary qubits,

or simply ancilla. These are qubits that are used during the computation but

do not contribute to the output state. They can be thought of as additional

workspace for computations. Unfortunately, if we introduce ancilla we are no

longer guaranteed that the circuit will be a worst-case example. Therefore, we

need a way to decompose Cn−1NOT gates without introducing ancilla, which

is far more difficult. However, such a decomposition can be found in [49]. The

method involves first performing a change of basis by applying the single-qubit

gate,

M =

1 0

0 i

 , (3.10)

to all qubits, and then applying the circuit shown in figure 3.3 before returning

to the original basis by applying M † to all qubits.

We now have a circuit that can produce the even-1s state from the ground state
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Figure 3.3: A circuit to perform a Cn−1NOT gate using only single-qubit gates
and single-control gates. All gates are controlled rotations about the x-axis with
the angle of rotation given in the box. From [49].

written in terms of single-qubit gates and single-control gates only. Different

quantum computer architectures use different universal sets to implement ar-

bitrary single-qubit and two-qubit gates. For example, to simulate a diamond

quantum computer we would need to further decompose this circuit into gates

from the set {Rx(θ), Ry(θ), CZ}, however there are standard ways to do this [25],

so the details are omitted.

3.1.3 Running the Simulation

Even for n = 4, the even-1s circuit is very complicated. Indeed, the circuit depth

grows very fast with qubit number n, making simulations very slow beyond just

a few qubits. Using 16 virtual-CPUs on AWS with 64GB RAM, I was able to

perform the simulation for 4, 6, 8, and 10 qubits in a reasonable amount of time.

I performed the simulations taking 1,000,000 shots (samples of the output state)

to obtain the probability distribution of the output. Using one million shots

minimised the effects of shot noise. I then calculated the fidelity between this

simulated distribution and the expected even-1s distribution using equation 3.3.

By varying the bond dimension χ, I could investigate the relationship between

bond dimension and fidelity for the even-1s circuit. In figure 3.4, I have plotted

the fidelity against the bond dimension as a percentage of χp, χ
χp
× 100%. The
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(a) n = 4 (b) n = 6

(c) n = 8 (d) n = 10

Figure 3.4: The fidelity of the MPS simulation for the even-1s circuit is plotted
against the bond dimension as a percentage of χp.
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first thing to notice is that the fidelity drops below 1 for all χ < χp, justifying

the choice of this circuit as a worst-case example.

Furthermore, the fidelity drops below 1 quickly as the bond dimension is reduced

below χp. However, as the number of qubits increases, we observe a flattening

of the curve near χp. That is, for higher qubit numbers, the simulation fidelity

stays very close to 1 for bond dimensions less than, but close to, χp. This is

exactly the behaviour that would support the validity of truncating the bond

dimension. For example, for n = 10 qubits we have χp = 32, but truncating the

bond dimension to χ = 31 still yields a high fidelity simulation. We expect that

this flattening of the curve continues for higher qubit number. Unfortunately,

since χp is exponential in n, it does not appear as though this effect is large

enough for a fixed truncation to be feasible. For instance, suppose we truncate

the bond dimension at χ = 1000, a reasonable value in practice. This is only 3%

of χp for n = 30 and that percentage halves for every additional 2 qubits added.

There is no evidence that the flattening of the curve will be able to match this

exponential decrease at higher qubit number. However, future work should use

supercomputing resources to test the even-1s circuit for higher qubit numbers to

confirm this conclusion.

There are examples, such as the maximally-entangled state, where truncating the

bond dimension yields simulations with sufficiently high fidelities for the circuits

being considered. The even-1s example shows that this cannot be assumed to

be true in general. The even-1s circuit was artificially constructed to be difficult

for MPS simulators and has no known application. It might be the case that

any useful circuit admits simulations with a fixed bond dimension. There are

claims in the literature that truncating the bond dimension is appropriate for low-

entanglement circuits [50]. However, as described above, the maximally entangled

state can be perfectly represented with bond dimension χ = 2 for any qubit

number n, so the precise relationship between entanglement and required bond

dimension is not clear in practice. Further research is required to elucidate which
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properties of quantum circuits determines the bond dimension required for high

fidelity MPS simulation.

The computational cost of MPS simulations scales linearly with qubit number,

assuming the bond dimension is truncated to a fixed value. While this is valid

for some circuits, I have shown that it is not valid for all circuits. Therefore, for

general research purposes, including quantum algorithm design and testing, MPS

simulators with truncated bond dimension should be used with caution. MPS

simulators may still offer advantages if they are more efficient than Schrodinger

simulations, and this will be investigated in the next section.

3.2 Aer vs. ExaTN-MPS

A quantum computer simulator should be high fidelity and efficient. In this

section, I compare the efficiency of Schrodinger simulations with MPS simulations

when performing high fidelity simulations, using runtime as the performance

metric. Schrodinger simulations are always fidelity 1 whereas the fidelity of MPS

simulations depends on the bond dimension. As shown in the previous section,

to be guaranteed that the fidelity is sufficiently close to 1 for all n we cannot

truncate the bond dimension to a fixed value. Therefore, for all MPS simulations

in this section the bond dimension is chosen to be χp. This ensures the fidelity of

the MPS simulations is 1. As mentioned in chapter 2, the memory requirements

of Schrodinger simulations is O(2n), compared to O(nχ2) for MPS simulations.

In our case, χ = χp so that the memory requirements for MPS simulations are

O(n2n), worse than Schrodinger simulations. However, the promise of MPS is in

the required operational resources. For MPS this is O(nχ3) = O(n23n/2), which

is better than the O(22n) required for Schrodinger simulations. So, in theory the

scaling behaviour indicates MPS simulations outperform Schrodinger simulations

- even using the maximum bond dimension. However, MPS simulations come

with significantly greater overhead required to initialise. In practice what this
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means is that while MPS simulations may outperform Schrodinger simulations

in the limit of large n, this will almost certainly not be the case for small n.

Therefore, we predict the existence of a cross over point; a qubit number for

which MPS simulations begin to run faster than Schrodinger simulations. This

cross over may be different for different circuits. For MPS simulations to be

useful, this cross over point should occur in the range of qubit numbers that we

are able to simulate. I attempt to locate this cross over point for two practical

quantum circuits.

3.2.1 GHZ State Preparation

Recall the maximally entangled state, is written as

|GHZ〉 = 1√
2

(|00...0〉+ |11...1〉), (3.11)

for any number of qubits. This state is often referred to as the Greenberger-

Horne-Zeilinger (GHZ) state. The GHZ state is an important state, used in sev-

eral protocols in quantum communications and quantum cryptography [51]. The

circuit to generate the GHZ state from the ground state is very simple and the

n = 4 case is shown in figure 3.5. A single Hadamard gate is applied to the first

qubit to put it in an equal superposition state. A cascading sequence of CNOT

gates follows, ensuring that successive qubits remain in the |0〉 state conditional

on the first qubit being in the |0〉 state, and flipping to the |1〉 state conditional on

the first qubit being in the |1〉 state. I performed simulations of the GHZ circuit

with both Aer and ExaTN-MPS for various number of qubits..Unfortunately, I

encountered a bug in the ExaTN-MPS code preventing me from simulating 20

or more qubits. This issue was reported to Oak Ridge National Laboratory and

has since been fixed, so future work should repeat these simulations to extend

beyond 20 qubits for ExaTN-MPS. As it is, we see no cross over point. How-

ever, we know the theoretical functional form for the scaling behaviour of both
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Figure 3.5: The circuit used to prepare the GHZ state from the ground state for
n = 4 qubits.

Simulator Expected
Scaling Fitting Function a b c

Aer O(22n) a + b2cn 0.029194 1.2771× 10−7 1.0722
ExaTN-
MPS O(n23n/2) a + bn2cn 0.95595 4.5374× 10−5 0.84129

Table 3.1: Fitting functions and parameters for the scaling behaviour of the Aer
and ExaTN-MPS simulators for the GHZ circuit. These are plotted in figure 3.6.

Schrodinger simulations, O(22n), and MPS simulations, O(n23n/2). By fitting

functions to the data I have, I can extrapolate to find an estimate cross over

point for the GHZ circuit. The fitting functions and their parameters are given

in table 3.1. The simulation runtime data and the fitting functions are plotted

together in figure 3.6. The constant a in the fitting functions accounts for any

initialisation overhead and as predicted this is larger for the MPS simulator. We

also notice that the scaling behaviour is much better than the theoretical predic-

tion in both cases. We do not currently understand this completely, however it

is likely due to both simulators employing various techniques to improve upon

the naive simulation methods they are based upon. A full explanation would

require a deep understanding of precisely how the simulators function. Future

work should reconcile the theoretical scaling expectations with the observed scal-

ing behaviour. Regardless, given the fitting functions I can now extrapolate to

higher qubit numbers, and this is shown in figure 3.7. From the figure, we can see

the predicted cross over point occurring around 63 qubits for the GHZ circuit,

perhaps within the simulation capacity of modern supercomputers. However, I
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Figure 3.6: Simulation runtime is plotted against qubit number for both Aer (or-
ange) and ExaTN-MPS (blue) when simulating the GHZ circuit. Fitting func-
tions (curves) are plotted over simulation data (points).

Figure 3.7: The runtime plot shown in figure 3.6 is extrapolated to higher qubit
numbers for both Aer (orange) and ExaTN-MPS (blue) when simulating the GHZ
circuit. The cross over point is indicated with a vertical, red line. Note the y-axis
is on a log scale.
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Figure 3.8: The quantum phase estimation circuit. Given unitary operation U
and an eigenvector |ψ〉, this circuit is used to estimate the phase of the corre-
sponding eigenvalue. The 3-qubit gate QFT † denotes the conjugate-transpose of
the 3-qubit quantum Fourier transform circuit.

am extrapolating a long way from the simulation data, so the precise cross over

point has a large uncertainty.

3.2.2 Quantum Phase Estimation

Quantum phase estimation (QPE) is one of the most important circuits in quan-

tum computing. It forms a key part of many quantum algorithms, including

Shor’s algorithm [6]. Given a unitary operator U and an eigenvector |ψ〉 such

that

U |ψ〉 = e2πiθ |ψ〉 , (3.12)

the QPE algorithm is used to estimate θ. A detailed description of how the QPE

algorithm does this can be found in [25]. Note that the QPE circuit requires t

qubits to estimate θ in addition to the qubits required to encode the eigenvector

|ψ〉. The case for t = 3 is shown in figure 3.8. As a trivial example, consider

U =

1 0

0 e2πiθ

 , (3.13)

which has an eigenvector

|ψ〉 =

0

1

 . (3.14)
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Simulator Expected
Scaling Fitting Function a b c

Aer O(22n) a + b2cn 0.078721 5.4331× 10−7 1.0842
ExaTN-
MPS O(n23n/2) a + bn2cn 65.877 0.15818 0.49444

Table 3.2: Fitting functions and parameters for the scaling behaviour of the Aer
and ExaTN-MPS simulators for the QPE circuit. These are plotted in figure 3.9.

Figure 3.9: Simulation runtime is plotted against qubit number for both Aer (or-
ange) and ExaTN-MPS (blue) when simulating the QPE circuit. Fitting func-
tions (curves) are plotted over simulation data (points).

By choosing θ = 1/2n−1 for n > 2, the QPE algorithm is able to find the phase

precisely using n qubits. This is the circuit I simulate with Aer and ExaTN-MPS

for various qubit numbers n. The same error in ExaTN-MPS was present for

this comparison, restricting n to be less than 20. Hence I once again find fitting

functions whose parameters are given in table 3.2. The runtime comparison

along with fitting functions is shown in figure 3.9. Similar to above, the fitted

scaling behaviour is better than theoretically predicted. The extrapolation to

higher qubit numbers is shown in figure 3.10. From the figure, we observe the

predicted cross over occurring at around 40 qubits for the QPE circuit, this time

certainly within the simulation capacity of modern supercomputers. However, as

with the GHZ case, I have had to extrapolate very far from the simulation data.
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Figure 3.10: The runtime plot shown in figure 3.9 is extrapolated to higher qubit
numbers for both Aer (orange) and ExaTN-MPS (blue) when simulating the QPE
circuit. The cross over point is indicated with a vertical, red line. Note the y-axis
is on a log scale.

So, while the existence of these cross over points is guaranteed by large n scaling

behaviour, the exact location for particular circuits requires further investigation.

Future work should involve using supercomputing resources to verify whether the

cross over points occurs at the places I’ve identified. Verifying the existence of the

cross over points within the simulation capacity of supercomputers would support

the use of MPS simulations in general quantum computing research, particularly

for investigating applications of NISQ devices with between 50 and 100 qubits.

3.3 Noisy Simulations

As mentioned in section 2.4.3, the most computationally efficient way to include

noise in density matrix simulations is using a Kraus model. That is, we evolve

the density matrix of the system through the circuit,

ρ 7→ UρU †. (3.15)
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Then, at every point in the circuit you wish to introduce noise, you apply a Kraus

channel,

ρ 7→
∑
i

KiρK
†
i . (3.16)

An alternative to using a density matrix simulation is to run a state-vector sim-

ulation many times, probabilistically introducing "noise gates" at appropriate

places in the circuit, and taking the average over the outputs. This Monte-Carlo

approach may often be preferred due to the savings in memory. Furthermore,

depending on the number of repetitions performed, it may have a lower compu-

tational cost than the density matrix simulation. By doing this, noise can be

introduced into Schrodinger simulations and MPS simulations. Another advan-

tage of using a Kraus model to include noise in simulations is that it can give

us an easy way to determine the noise gates we should use in the circuit and the

probabilities with which to include them. Suppose that each of the Ki in the

Kraus model can be written in the form

Ki = √piK̃i, (3.17)

where pi is a non-negative, real constant and K̃i is unitary. Then the operators K̃i

are the desired noise gates and the pi give the probability distribution with which

to include in the circuit. For example, the depolarising channel is a commonly

used phenomenological noise model and can be written as

ρ 7→ (1− p0)ρ+ p0

3 XρX + p0

3 Y ρY + p0

3 ZρZ, (3.18)

where p0 ∈ [0, 1] and X, Y, Z are the usual Pauli operators. In the Monte-Carlo

version of this example, we insert the identity gate with probability 1 − p0, and

we insert X, Y , or Z with probability p0
3 . Therefore, given a Kraus model for

noise in a quantum computer, we can incorporate noise into our preferred sim-

ulation method. Hence, the results from this chapter are also relevant to noisy
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simulations.

With the above in mind, to perform noisy simulations of diamond quantum com-

puters, it suffices to have an efficient state-vector simulator and a Kraus model for

noise. In this chapter, I have shown that Schrodinger simulations are the most

efficient widely-used simulation method, at least for small numbers of qubits.

So, all that remains is to obtain a Kraus model for noise. There are two ways

to obtain a Kraus model. The first way is to fit an empirical model (such as

the above depolarising channel) to experimental data. As previously discussed,

this yields a noise model that is non-generalisable and has no connection to the

underlying noise. Therefore, I will focus on the second method of obtaining a

Kraus model: deriving the model from the underlying sources of noise. In the

following chapter, I outline a novel method for deriving a Kraus model for some

noise sources. Then, in chapter 5 I verify the derived Kraus model.



Chapter 4

A Noise Model for Diamond

Quantum Computers

Noisy simulations of quantum computers generally use phenomenological noise

models. These models may be accurate for particular training circuits or hard-

ware, but tend to poorly reflect the performance of a physical quantum computer

in general. This makes these noise models inappropriate for investigating new

quantum algorithms. Furthermore, the errors introduced by these noise models

have no connection to physical noise in the quantum hardware. Hence, they

cannot reliably provide feedback on the most important sources of noise to guide

improvements in the hardware. In this chapter, I aim to overcome these issues by

deriving a noise model for diamond quantum computers that takes into account

the underlying physics. I use the Kraus representation because it is efficient and

simple to include in a wide range of simulation methods, including those studied

in the previous chapter.

In this model, I consider only nuclear spin qubits in NV-centres of diamond. I

incorporate two main sources of noise that contribute to errors in the operation

of quantum computers. First, interactions between the quantum computer and

its environment cause qubit decoherence and relaxation. This will be investi-

gated in section 4.1. Second, noise in the amplitude, phase, and frequency of

radio-frequency (RF) pulses leads to imperfect single-qubit gate operations. In

section 4.2 I present a novel method of deriving a Kraus model for noisy gates.

48
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The method presented can be generalised to other sources of noise, including

multi-qubit gate operations, and any other gate-based quantum computing ar-

chitectures. I do not consider errors associated with state preparation and mea-

surement as these are well-described phenomenologically [23].

4.1 Interactions with the Environment

The nuclear spin qubit in the diamond’s NV-centre can occupy a ground state |0〉

or an excited state |1〉. Since diamond quantum computers are operated at room

temperature, energy can be transferred to or from the environment in many ways

such as electromagnetic interactions, and phonons in the diamond lattice. This

energy transfer can cause the qubit to transition between the ground state and

the excited state. The rate at which this process occurs is characterised by the T1

relaxation time. Consider a qubit in the excited state, |1〉. Then the probability

that it decays to the ground state, |0〉 in time t is given by

Prelax = 1− e−t/T1 . (4.1)

This is called relaxation. The qubits may also experience decoherence. For

nuclear spin qubits in diamond, this process is dominated a hyperfine coupling

to nearby electron spins. As the electron relaxes and drops to the ground state,

the nuclear qubit picks up a phase dependent on the strength of the coupling,

causing decoherence. The rate of this process is characterised by the T2 time.

The electron and nuclear qubit are strongly coupled, however, in practice, we

control the electron state to always be in either the ground state or the excited

state. Therefore, no entanglement is created between the electron and the qubit

and we are able to treat them separately. Then, since the qubit decoherence is
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governed by the electron relaxation, we have the effective model,

T2 ≈ T1,e, (4.2)

where T1,e is the characteristic relaxation time for the electron spin. Note that

what I am calling T2 is generally referred to as pure T2 in the literature, however

the distinction is merely notational and does not affect the derivation. Given

these noise mechanisms, we can write down the standard master equation for

nuclear spin qubits undergoing interactions with the environment,

ρ̇ = 1
T2
ZρZ + 1

2T1
(σ+ρσ

†
+ + σ−ρσ

†
− −

1
2{σ

†
+σ+, ρ} −

1
2{σ

†
−σ−, ρ}), (4.3)

where Z is the Pauli Z operator, and σ± are linear combinations of the Pauli X

and Y operators,

σ± = X ∓ iY. (4.4)

Observe that equation (4.4) is in Lindblad form, with Hamiltonian H = 0, and

Lindblad operators

γ1L1 = 1
T2
Z, (4.5)

γ2L2 = 1
2T1

σ+, (4.6)

γ3L3 = 1
2T1

σ−. (4.7)

Now, I convert the master equation into the Kraus representation. If I assume

a small evolution time t, then using equation (2.14) I obtain a one to one corre-

spondence between Lindblad operators and non-identity Kraus operators given

by

K̃i = √γiLi
√
t. (4.8)
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So, in this case we get

K̃1 =
√
t

T2
Z, (4.9)

K̃2 =
√

t

2T1
σ+, (4.10)

K̃3 =
√

t

2T1
σ−. (4.11)

Then, to complete the Kraus model we include

K̃0 = γ0I, (4.12)

where I is the identity operator and γ0 is a constant such that the representation

is normalised. That is,

γ0 = 1− t

T1
− t

T2
. (4.13)

So, we have

ρout = t

T2
ZρinZ + t

2T1
(σ+ρinσ

†
+ + σ−ρinσ

†
−) +

(
1− t

T1
− t

T2

)
ρin. (4.14)

Whilst the small-time approximation is generally valid in diamond quantum com-

puters, it is an approximation we don’t need to make. Instead, first, we rewrite

the master equation as a matrix differential equation of the form

ρ̇ = (H + G)ρ, (4.15)

where ρ is now understood to be the vectorised density matrix, and

H = −i(H ⊗ I − I ⊗H), (4.16)

G =
∑
i

L̄i ⊗ Li −
1
2I ⊗ (L†iLi)−

1
2(L̄†i L̄i)⊗ I, (4.17)
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where the overline denotes complex conjugation. Since H = 0 we have H = 0.

Substituting the matrix form of the Lindblad operators into equation (4.18), we

get

G =



− 1
T1

0 0 1
T1

0 − 1
T1
− 1

T2
0 0

0 0 − 1
T1
− 1

T2
0

1
T1

0 0 − 1
T1


. (4.18)

Now that we have

ρ̇ = Gρ, (4.19)

we can solve the differential equation in the standard way to get

ρout = eGtρin. (4.20)

Taking the matrix exponential of Gt yields

eGt =



1+e
− t
T1

2 0 0 1−e
− t
T1

2

0 e
− t

2T1
− 2t
T2 0 0

0 0 e
− t

2T1
− 2t
T2 0

1−e
− t
T1

2 0 0 1−e
− t
T1

2


. (4.21)

This matrix is referred to as the evolution matrix. The Choi matrix, χ, is obtained

from the evolution matrix by a permutation of its elements,

χ =



1+e
− t
T1

2 0 0 e
− t

2T1
− 2t
T2

0 1−e
− t
T1

2 0 0

0 0 1−e
− t
T1

2 0

e
− t

2T1
− 2t
T2 0 0 1−e

− t
T1

2


. (4.22)

Finally, we can convert this Choi matrix into a Kraus representation using the

Choi-Jamiolkowski isomorphism described in chapter 2.3. I start by constructing
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the matrix

e = UχD
1
2
χ , (4.23)

where Uχ is a unitary matrix, and Dχ is a diagonal matrix such that

χ = UχDχU
†
χ (4.24)

is the usual eigen-decomposition of χ. The columns of e are then vectorised Kraus

operators. Returning them to matrix form we obtain

K0 =
√

1
4 + 1

4e
− t
T1 + 1

2e
− t

2T1
− 2t
T2 I, (4.25)

K1 =
√

1
4 + 1

4e
− t
T1 − 1

2e
− t

2T1
− 2t
T2Z, (4.26)

K2 =
√

1
2 −

1
2e
− t
T1 σ+, (4.27)

K3 =
√

1
2 −

1
2e
− t
T1 σ−. (4.28)

Thus, the Kraus representation for the part of my noise model describing system-

environment interactions is

ρout =
∑
i

KiρinK
†
i , (4.29)

and it is simple to check that making a small time approximation reduces this

equation to equation (4.15).

4.2 Control Errors

4.2.1 Noisy Rotations

In diamond quantum computers, single-qubit gates are achieved by applying a

RF pulse to the target qubit that causes a rotation on the Bloch sphere. Given a
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pulse with amplitude Ω, phase φ, frequency ∆, and duration t, it can be shown

[52] that the Hamiltonian acting on the qubit is

H = 1
2(Ω cosφ,Ω sinφ,∆) · ~σ, (4.30)

where ~σ is the vector of Pauli matrices. Then the evolution of the qubit is

U = e−iHt = e−
i
2
~R·~σ, (4.31)

where the qubit is rotated about the axis

~R = (Ωt cosφ,Ωt sinφ,∆t), (4.32)

and the angle of rotation, γ, is encoded in the magnitude of the vector ~R,

γ = |~R| =
√

Ω2 + ∆2t. (4.33)

I will denote a particular RF pulse by the quadruple (Ω, φ,∆, t). By an appro-

priate choice of parameters, we can perform any rotation of the Bloch sphere and

hence any single-qubit gate. A perfect gate operation is given by the evolution

ρout = U †ρinU. (4.34)

However, we do not have perfect control over the parameters of the RF pulse.

Due to various sources of classical and quantum noise, the actual pulse will be

(Ω + δΩ, φ + δφ,∆ + δ∆, t + δt). However, we have good control over the pulse

duration compared with the other variables, so therefore we take δt = 0. The
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noisy rotation vector is then

~R′ = ((Ω + δΩ)t cos (φ+ δφ), (Ω + δΩt sin (φ+ δφ), (∆ + δ∆)t)

= ~R + (δΩt(cosφ− δφ sinφ)− Ωtδφ sinφ,Ωtδφ cosφ+ δΩt(sinφ+ δφ cosφ, δ∆t)

= ~R + δ ~R,

(4.35)

where I have made the small angle approximations cos δφ = 1 and sin δφ = δφ.

The noisy gate operation is then

U ′ = e−
i
2 (~R+δ ~R)·~σ, (4.36)

where I denote the presence of noise with a prime. My goal now is to derive a

Kraus representation for the noisy single-qubit gate. To do this, first suppose we

could decompose U ′ into an ideal part and a noisy part,

U ′ = Uξ, (4.37)

where U is the ideal rotation defined in equation (4.31), and ξ is some operator

describing the noisy processes. Then we could write

ρ′out = U ′†ρinU
′ = ξ†U †ρinUξ = ξ†ρoutξ, (4.38)

and go on to derive a Kraus model. But first we must find the decomposition in

equation (4.37).

4.2.2 Deriving the Noise Operator

Since ~R · ~σ does not commute with δ ~R · ~σ, decomposing equation 4.37 is not

straightforward. Consider the explicit description of the Zassenhaus formula [53]
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eA+B = eA

1 +
∞∑
p=0

∞∑
n1,...np=1

(−1)np+...+n1−pnp...n1

np(np + np−1)...(np + ...+ n1)Bnp ...Bn1

 , (4.39)

where A and B are possibly non-commuting operators, and Bm is defined to be

Bm ≡
1
m! (LA)m−1B, (4.40)

where

LAB ≡ [A,B]. (4.41)

This expression is a decomposition of eA+B in orders of B. That is, truncating

the expression after p = 1 gives the decomposition to first order in B, truncating

after p = 2 gives the decomposition to second order in B, and so on. So, if we

assume the erroneous part of the rotation, δ ~R, is small, we can approximate ξ

to first order in δ ~R · ~σ. Therefore, using only up to the p = 1 term in equation

(4.39), we have

e−
i
2 (~R+δ ~R)·~σ = e−i

~R·~σ
{

1 +
∞∑
n=1

(−1)n−1Bn
}

= e−
i
2
~R·~σ
{

1 +
∞∑
n=1

(−1)n−1

n! (L− i
2
~R·~σ)n−1

(
− i2δ

~R · ~σ
)}

.

(4.42)

To proceed we need the following proposition.

Proposition 1. With everything as defined in the text,

(L− i
2
~R·~σ)k

(
− i2δ

~R · ~σ
)

=


(−1

2γ
2) k−1

2 L− i
2
~R·~σ

(
− i

2δ
~R · ~σ

)
k ≥ 1 is odd

(−1
2γ

2) k2−1(L− i
2
~R·~σ)2

(
− i

2δ
~R · ~σ

)
k ≥ 2 is even

.

Proof. The proof is a simple case of mathematical induction, and is deferred to

Appendix A.
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To use the proposition, we first split the sum in equation (4.42) into three pieces

corresponding to n− 1 = 0, n− 1 odd, and n− 1 even,

e−
i
2 (~R+δ ~R)·~σ = e−

i
2
~R·~σ

1− i

2δ
~R · ~σ +

∑
n odd

(−1)n
(n+ 1)!(L− i

2
~R·~σ)n

(
− i2δ

~R · ~σ
)

+
∑

n > 0 even

(−1)n
(n+ 1)!(L− i

2
~R·~σ)n

(
− i2δ

~R · ~σ
).
(4.43)

Then substitute the result of Proposition 1,

e−
i
2 (~R+δ ~R)·~σ = e−

i
2
~R·~σ

1− i

2δ
~R · ~σ +

∑
n odd

(−1)n
(n+ 1)!

(
−1

2γ
2
)n−1

L− i
2
~R·~σ

(
− i2δ

~R · ~σ
)

+
∑

n > 0 even

(−1)n
(n+ 1)!

(
−1

2γ
2
)k−1

(L− i
2
~R·~σ)2

(
− i2δ

~R · ~σ
).

(4.44)

The sums over odd and even terms converge and are given by hypergeometric

functions. I will denote them F (γ) and G(γ) respectively,

∑
n odd

(−1)n
(n+ 1)!

(
−1

2γ
2
)n−1

≡ F (γ), (4.45)

∑
n even

(−1)n
(n+ 1)!

(
−1

2γ
2
)n−1

≡ G(γ). (4.46)

Therefore we get,

e−
i
2 (~R+δ ~R)·~σ = e−

i
2
~R·~σ

1 + 1
4(iG(γ)γ2 − 2i)δ ~R · ~σ + F (γ)

4 (δ ~R · ~σ)(~R · ~σ)

− F (γ)
4 (~R · ~σ)(δ ~R · ~σ)− iG(γ)

4 (~R · ~σ)(δ ~R · ~σ)(~R · ~σ)

,
(4.47)

where we have also expanded out L− i
2
~R·~σ(− i

2δ
~R · ~σ) and (L− i

2
~R·~σ)2(− i

2δ
~R · ~σ).
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Hence, we finally have the noise operator,

ξ = 1 + 1
4(iG(γ)γ2 − 2i)δ ~R · ~σ + F (γ)

4 (δ ~R · ~σ)(~R · ~σ)

− F (γ)
4 (~R · ~σ)(δ ~R · ~σ)− iG(γ)

4 (~R · ~σ)(δ ~R · ~σ)(~R · ~σ).
(4.48)

4.2.3 Deriving the Kraus Model

Now we can work towards a Kraus model for the noisy operation. Recall we have

ρ′out = ξ†ρoutξ. (4.49)

If we expand out the right hand side we get a large number of terms involving

the noisy part of the rotation δ ~R · ~σ, which depends on the random variables

(δΩ, δφ, δ∆) as in equation (4.35). To get a Kraus model, we want to integrate

over these random variables to get the average output,

ρ̄′out =
∫∫∫

dδΩdδφdδ∆P (δΩ, δφ, δ∆)ρ′out, (4.50)

where P is the probability distribution function for (δΩ, δφ, δ∆). Many noise

processes obey a normal distribution due to the central limit theorem. Hence I

assume P to be the multivariate normal distribution. For real electronics, there

will likely be some correlations between the parameters, however I assume these

are small enough to ignore. Therefore, the covariance matrix is diagonal and P

is given by

P (δΩ, δφ, δ∆) = 1
(2π)3/2

1
σΩσφσ∆

e
− 1

2

(
δΩ2
σ2

Ω
+ δφ2

σ2
φ

+ δ∆2
σ2

∆

)
. (4.51)

Due to this choice of distribution, the only terms in ρ′out that survive the integra-

tion are those that contain δΩ2, δφ2, or δ∆2. All linear terms and all cross terms

will average to 0. As a demonstration, observe that one term in the expansion of
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ρ′out is

(δ ~R · ~σ)ρout(δ ~R · ~σ), (4.52)

where we ignore any constants for now. Taking the average with respect to P

yields,

σ2
Ω(t cosφX + t sinφY )ρout(t cosφX + t sinφY )

+ σ2
φ(Ωt sinφX − Ωt cosφY )ρout(Ωt sinφX − Ωt cosφY ) + σ2

∆(tZ)ρout(tZ).

(4.53)

We will get very similar expressions when we integrate the other terms in ρ′out so

for convenience we define

K1 = σΩt cosφX + σΩt sinφY, (4.54)

K2 = σφΩt sinφX − σφΩt cosφY, (4.55)

K3 = σ∆tZ (4.56)

so that

∫∫∫
dδΩdδφdδ∆P (δΩ, δφ, δ∆)(δ ~R · ~σ)ρout(δ ~R · ~σ) =

∑
i

KiρoutKi, (4.57)

and we see that this term directly yields a Kraus representation since K†i = Ki.

If we repeat the integration for the rest of the terms we obtain the following
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expression,

ρ̄′out = ρout + F (γ)2

16 (~R · ~σ)
∑
i

KiρoutKi(~R · ~σ)

+ F (γ)2

16

(∑
i

Ki(~R · ~σ)ρout(~R · ~σ)Ki

)
+ (2−G(γ)γ2)

16

(∑
i

KiρoutKi

)

+ G(γ)2

16

(∑
i

(~R · ~σ)Ki(~R · ~σ)ρout(~R · ~σ)Ki(~R · ~σ)
)

− F (γ)2

16

(∑
i

(~R · ~σ)Kiρout(~R · ~σ)Ki +Ki(~R · ~σ)ρoutKi(~R · ~σ)
)

+ a(2−G(γ)γ2)
16

∑
i

KiρoutKi(i ~R · ~σ)−Kiρout(i ~R · ~σ)Ki

+Ki(i ~R · ~σ)ρoutKi − (i ~R · ~σ)KiρoutKi


+ G(γ)(2−G(γ)γ2)

16

(∑
i

Kiρout(~R · ~σ)Ki(~R · ~σ) + (~R · ~σ)Ki(~R · ~σ)ρoutKi

)

− F (γ)G(γ)
16

∑
i

Ki(~R · ~σ)ρout(~R · ~σ)Ki(i ~R · ~σ)− (~R · ~σ)Kiρout(i ~R · ~σ)Ki(~R · ~σ)

+ (~R · ~σ)Ki(i ~R · ~σ)ρoutKi(~R · ~σ)− (i ~R · ~σ)Ki(~R · ~σ)ρout(~R · ~σ)Ki


(4.58)

Observe that the first five terms in equation (4.58) are in the right form for a

Kraus model. To convert the remaining four terms into the Kraus representation,

we require the following proposition.

Proposition 2. This proposition has four parts. In each part the right hand side

is in the Kraus representation.

a. For any operator A,

AρA+ A†ρA† = (A+ A†)ρ(A+ A†)− AρA† − A†ρA.
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b. For operators A and B such that A† = −A and B† = B,

[B,A]ρB +Bρ[B,A] = [A,B]ρ[A,B] +BρB − ([A,B] +B)ρ([A,B] +B).

c. For operators A and B such that A† = A and B† = B,

AρBAB +BABρA = (A+BAB)ρ(A+BAB)− AρA−BABρBAB.

d. For operators A and B such that B† = −B,

ABρA† − AρBA† = (AB + A)ρ(A† −BA†)− AρA† + ABρBA†,

and

A†ρAB −BA†ρA = (A† −BA†)ρ(AB + A)− A†ρA+BA†ρAB.

Proof. The proof is simple algebra and is omitted.

Proposition 2 shows we can rewrite the last four terms in equation (4.58) to yield

a Kraus representation of the noisy gate operation,

ρ̄′out =
31∑
i=1

EiρoutE
†
i , (4.59)

where the explicit descriptions of the Kraus operators Ei is given in Appendix

B. Having 31 Kraus operators is cumbersome to deal with, and it is also unnec-

essary. The Choi-Jamiolkowski isomorphism tells us we need at most 4 Kraus

operators to describe any single-qubit evolution. Using the methods outlined

in section 2.3, if we transform (4.59) to a Choi matrix, then convert back to a

Kraus representation, we will get 4 Kraus operators that are equivalent to the 31

derived above. The process is as follows:

1. Define all 31 Kraus operators Ei in terms of Ω, φ, ∆, t, σΩ, σφ, and σ∆ as
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given in Appendix B.

2. Define ei to be the vectorised Ei and form the matrix e = [e1, ..., e31].

3. Compute the Choi matrix χ = ee†.

4. Diagonalise the Choi matrix χ = UχDχU
†
χ.

5. Define the new matrix e′ = UχD
1/2
χ = [e′1, e′2, e′3, e′4] where the e′i are vec-

torised Kraus operators.

6. Convert e′i to matrix form to obtain 4 Kraus operators E ′i that are equivalent

to the original 31.

7. The final step is to enforce the normalisation condition for Kraus operators,∑
iE
′†
i E
′
i = I.

Performing this procedure in full generality to try to find an analytic solution is

computationally intensive and does not finish in a reasonable amount of time.

This isn’t a concern because any quantum circuit of interest will comprise only

a finite set of gates. Hence, the procedure outlined above can be used to find

the Kraus representation for the particular noisy gates involved in the circuit.

Selecting a particular gate U fixes the values of Ω, φ, ∆, and t. Then the

Kraus representation for U ′ can be computed numerically using experimentally

determined values for σΩ, σφ, and σ∆.

4.2.4 An Analytic Form

In practice, we are able to numerically compute the Kraus operators for a par-

ticular gate. However, it would still be of interest to find an analytic description.

As mentioned above, we cannot do this in full generality due to computational

constraints. However, recall that in diamond quantum computers, all single-qubit

gates are performed as combinations of rotations about the x and y axes of the
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Basis Element Contribution to M
I 1

2(M11 +M22)
X 1

2(M12 +M21)
Y i

2(M12 −M21)
Z 1

2(M11 −M22)

Table 4.1: The contribution of each basis element {I,X, Y, Z} to the 2 × 2 her-
mitian matrix M

Bloch sphere. Therefore, consider first an x-axis rotation. This can be written as

the rotation (γ, 0, 0, 1.0) where γ is the angle of rotation. I compute the Kraus

operators for a range of values of γ ∈ (0, π]. Each γ yields four Kraus operators,

denoted by K1, K2, K3, and K4. Importantly, since the Choi matrix is hermitian

(by construction), the Kraus operators that we derive from it will also be her-

mitian. Therefore, since {I,X, Y, Z} forms a basis for 2× 2 hermitian matrices,

we can decompose the derived Ki in terms of this basis set. The contribution

from each basis element is summarised in table 4.1. Doing this for each γ, I can

plot the decomposition of each Kraus operator Ki as a function of rotation angle

γ. This is shown in figure 4.1. We observe that for x-axis rotations, the Kraus

operators are an identity (K1), an X operator (K2), and two admixtures of Y

and Z operators (K3 and K4). The amplitude of K2 is negligible compared to the

other Kraus operators so it can safely be ignored. To satisfy the normalisation

condition for the Kraus representation, we require K3 and K4 to be of the form

√
k(γ) (cos (θ(γ))Y + sin (θ(γ))Z) . (4.60)

Figure 4.2 shows k(γ) and θ(γ) for K3 and K4 plotted with fitting functions. The

fitting functions and their parameters are given in table 4.2. Hence, the Kraus
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Figure 4.1: The decomposition of each Kraus operator Ki for i ∈ {1, 2, 3, 4} in
terms of I (orange), X (blue), Y (yellow), and Z (purple) is plotted against
rotation angle about the x-axis of the Bloch sphere.

Data Fitting Function a b c d

k3(γ) aγ6 + bγ4 + cγ2 + d −2.42365×10−8 3.62016× 10−7 4.79505× 10−7 −2.22951×10−8

θ3(γ) a+ bec tan2 (dγ) −0.22537 −1.34625 −2.80912 0.78713
k4(γ) aγ6 + bγ4 + cγ2 + d −1.3614× 10−9 8.1533× 10−8 3.90500× 10−7 2.26028× 10−7

θ4(γ) a+ bec tan2 (dγ) 1.34543 −1.34625 −2.80912 0.78713

Table 4.2: Fitting functions and parameters for the curves plotted in figure 4.2.
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Figure 4.2: The derived amplitude and phase of K3 and K4 in the Y − Z plane
are plotted against the rotation angle about the x-axis on the Bloch sphere in
orange. Functions are fitted to the data and shown in blue.
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model for rotations about the x-axis by angle γ is given by

ρ′out =(1− k3(γ)− k4(γ))ρout

+ k3(γ) (cos (θ3(γ))Y + sin (θ3(γ))Z) ρout (cos (θ3(γ))Y + sin (θ3(γ))Z)

+ k4(γ) (cos (θ4(γ))Y + sin (θ4(γ))Z) ρout (cos (θ4(γ))Y + sin (θ4(γ))Z) .

(4.61)

where ρout is the ideal output state. We can perform an entirely analogous pro-

cedure for rotations about the y-axis. However in this case, the Kraus operators

are the identity, a negligible Y operator, and two admixtures of the X and Z

operators. The normalisation condition for the Kraus representation implies we

can write these admixture operators in the form

√
l(γ) (cos (φ(γ))X + sin (φ(γ))Z) . (4.62)

I again extract k(γ) and θ(γ) for each of the two admixture operators and fit

functions to them. These fitting functions and their fitting parameters are given

in table 4.3. Hence, the Kraus model for rotations about the y-axis by angle γ is

given by

ρ′out =(1− l3(γ)− l4(γ))ρout

+ l3(γ) (cos (φ3(γ))Y + sin (φ3(γ))Z) ρout (cos (φ3(γ))Y + sin (φ3(γ))Z)

+ l4(γ) (cos (φ4(γ))Y + sin (φ4(γ))Z) ρout (cos (φ4(γ))Y + sin (φ4(γ))Z) .

(4.63)

In this section I have defined a novel, completely analytic noise model for single-

qubit gates in diamond quantum computers. Furthermore, I have provided a

numerical algorithm to derive the Kraus operators for any given single-qubit

gate. While I do not consider it in this thesis, the techniques used to derive

the Kraus model for single-qubit gates can be used to derive a Kraus model for
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Data Fitting Function a b c d

l3(γ) aγ6 + bγ4 + cγ2 + d −1.36145×10−9 8.15328× 10−8 3.904500× 10−7 2.26028× 10−7

φ3(γ) a+ bec tan2 (dγ) −1.34543 1.34625 −2.80913 0.78713
l4(γ) aγ6 + bγ4 + cγ2 + d −2.42365×10−8 3.62016× 10−7 4.79505× 10−7 −2.2295× 10−8

φ4(γ) a+ bec tan2 (dγ) 0.22537 1.34625 −2.80912 0.78713

Table 4.3: Fitting functions and parameters for the amplitude and phase in the
X −Z plane for Kraus operators corresponding to rotations about the y-axis on
the Bloch sphere.

two-qubit gates.

In this chapter, I have shown how two of the main sources of noise in the operation

of diamond quantum computers can be described as a Kraus model via a first-

principles derivation. In chapter 5, I investigate validity and utility of the derived

model.



Chapter 5

Validating the Noise Model

In chapter 3 I investigated state of the art methods for simulating noiseless quan-

tum computers. I determined that for small scale simulations with few qubits,

Schrodinger simulations are preferred in general. MPS simulations may begin to

outperform Schrodinger simulations for simulations with greater than around 35

qubits for particular tasks. In chapter 4, I derived a Kraus operator noise model

for diamond quantum computers that can be incorporated into existing simu-

lators. In this chapter, I will investigate the validity and utility of the derived

model.

In section 5.1, I investigate the validity of the noise model by performing noisy

density matrix simulations of single qubit circuits and comparing the performance

of the derived noise model with a standard depolarising channel. In section 5.2,

I demonstrate an application of the derived noise model that is not possible with

a phenomenological model.

5.1 Derived Model vs. Depolarising Channel

In the previous chapter, I first derived a Kraus model to describe decoherence.

This model (in other forms) has been studied previously and is implemented in

IBM’s Aer simulator as a noise option, hence I don’t consider it in this section. I

then derived a novel noise model to describe control errors in single-qubit gates.

To verify that this derived noise model provides an accurate description of reality,

68
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we would ideally need data from a real diamond quantum computer to compare

it to. We do not currently have such data, so we need an alternative benchmark.

Since the noise model does not yet account for errors in multi-qubit gates, we

only need to consider single-qubit circuits. Therefore, we can take a Monte Carlo

approach to very accurately mimic the operation of a real quantum computer,

where we only consider noise arising from control errors. Recall from the previ-

ous chapter that single-qubit gates are implemented by RF pulses that cause a

rotation of the Bloch sphere,

U = e−
i
2
~R·~σ, (5.1)

where ~R defines the rotation axis and γ = |~R| defines the rotation angle. Consider

a single-qubit quantum circuit UnUn−1...U2U1 where each Ui is in the form of

equation (5.1). The procedure for the Monte Carlo simulation is as follows:

1. Initialise ρin = |0〉 〈0|.

2. Determine the RF pulse (Ω, φ,∆, t) that gives the rotation vector ~R asso-

ciated with Ui, as in equation (4.32).

3. Randomly sample errors (δΩ, δφ, δ∆) from normal distributions with mean

zero and variances (σΩ, σφ, σ∆).

4. Compute the noisy part of the rotation δ ~R as in equation (4.35).

5. Compute the noisy operation U ′i = e−
i
2 (~R+δ ~R)·σ.

6. Evolve the state ρ 7→ U ′iρU
′†
i .

7. Repeat steps 2-6 for each Ui to obtain the output state ρout.

8. Repeat steps 1-7 N times to produce a collection of outputs

{ρout,1, ...ρout,N}.

9. Take the mean of the output density matrices to obtain the average output

ρ̄out.
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I will use the output of such Monte Carlo simulations as the benchmark for

the derived noise model. However, we still need a performance metric. I will

use the total variation distance (TVD), a statistical measure used to compare

the similarity of probability distributions. We can define the TVD between two

density matrices as

TV D(ρ1, ρ2) = 1
2
∑
i

| 〈i| ρ1 |i〉 − 〈i| ρ2 |i〉 |, (5.2)

where the sum is taken over all basis states |i〉. In the case of single-qubit circuits

|i〉 ∈ {|0〉 , |1〉}. The TVD is a popular choice in quantum computing research

[23] because it compares only the measurable parts of the density matrices. The

TVD is 0 when two density matrices are identical and 1 in the worst case where

there is no correlation. Hence, we can define a more standard fidelity metric as

FTV D(ρ1, ρ2) = 1− TV D(ρ1, ρ2), (5.3)

where 1 is perfect and 0 is the worst case. I compare the performance of the

derived noise model against a standard depolarising channel, as described in

section 2.4.3, using Monte Carlo simulation results as the expected output of a

"real" quantum computer. I will denote the depolarising channel by

D[ρ] ≡ (1− p0)ρ+ p0

3 XρX + p0

3 Y ρY + p0

3 ZρZ. (5.4)

To compare the derived noise model to the Monte Carlo simulation I proceed as

follows:

1. Initialise ρin = |0〉 〈0|.

2. Determine the RF pulse (Ω, φ,∆, t) that gives the rotation vector ~R asso-

ciated with Ui, as in equation (4.32).

3. Using the procedure outlined in section 4.2.3, compute the Kraus operators



§5.1 Derived Model vs. Depolarising Channel 71

for Ui.

4. Evolve the state ρ 7→ ∑
nKnUiK

†
n.

5. Repeat steps 2-4 for each Ui to obtain the output state ρ̄out.

6. Calculate FTV D between this output state and the output state from the

Monte Carlo simulation.

To use the depolarising channel, we first need to determine an appropriate value

for the parameter p0. This is done using a small trial circuit. First, use a

Monte Carlo simulation to determine the expected noisy output state ρMC . Then,

analytically compute the output of the depolarising channel method in terms of

p0, ρDP (p0). Finally, maximise FTV D(ρMC , ρDP (p0) with respect to p0. Once a

suitable value of p0 is found, the depolarising channel method then proceeds as

follows:

1. Initialise ρin = |0〉 〈0|.

2. Evolve the state ρ 7→ UiρU
†
i .

3. Apply the depolarising channel ρ 7→ D[ρ].

4. Repeat steps 2-3 for each Ui to obtain the output state ρ̄out.

5. Calculate FTV D between this output state and the output state from the

Monte Carlo simulation.

The circuits I use to compare the derived model to the depolarising channel com-

prise an alternating sequence of rotations about the x and y axes of the Bloch

sphere with rotation angles selecting randomly from a uniform distribution (0, π].

I use our best guess for the size of the errors based on experimental observations,

σΩ = σφ = σ∆ = 10−3. In figure 5.1 I plot the fidelity of each noise model

(compared to the Monte Carlo simulation) against number of gates in the cir-

cuit. As we can see, the derived model very accurately represents the output of
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Figure 5.1: The fidelity of noisy quantum computer simulations is plotted against
number of gates in a single-qubit circuit with σΩ = σφ = σ∆ = 10−3. The fidelity
of the derived model (orange) and the depolarising channel (blue) are calculated
compared to a Monte Carlo simulation.

the noisy quantum computer as described by the Monte Carlo simulation with

fidelities above 0.999 even for very large circuits. However, the derived model is

outperformed by the very simple depolarising channel for most circuits simulated.

One possible explanation for this is that just one parameter, p0, is required to

encompass the noisy behaviour of single-qubit gates. To investigate the relation-

ship between p0 and the underlying errors, I have plotted the fitted depolarising

channel parameter p0 as a function of the size of the errors σ for three different

single-qubit circuits: 2 gates, 4 gates, and 8 gates. I am using σ as a shorthand

for all three errors (σΩ, σφ, σ∆) having equal size. This is shown in figure 5.2. We

observe that for small values of σ, the value of p0 is very similar regardless of the

single-qubit circuit before diverging slightly as σ increases. In the comparison of

the derived model and the depolarising channel, I have used our best estimate for

the size of the errors, σ = 10−3. Figure 5.3 therefore suggest that the single pa-

rameter p0 is sufficient to encompass the behaviour of noisy single-qubit circuits,

since we are using a small value of σ. However, since there is no direct connec-

tion between p0 and the underlying noise, this explanation still seems unlikely
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Figure 5.2: Fitted depolarising channel parameter p0 plotted as a function of
noise size σ for three different single-qubit gates: 2 gates (orange circles), 4 gates
(blue triangles), 16 gates (yellow squares).

to be true and further work is required to determine if such a relationship exists

implicitly. An alternative explanation for the depolarising channel outperform-

ing the derived model for single-qubit circuits is that the errors introduced by

(σΩ, σφ, σ∆) are small enough to mask the benefits of the derived model. By this,

I mean that the errors are small enough so that the fidelity of the noisy circuit

compared to the ideal circuit is already very close to 1. Then, because a very

small value of p0 provides a good approximation to the ideal circuit, it naturally

provides a good approximation to the noisy circuit. One way to test this is to

repeat the comparison with the size of the errors increased. This is shown in

figure 5.3 for σΩ = σφ = σ∆ = 0.1. We again observe the depolarising channel

outperforming the derived model for most circuit sizes. However, since we have

increased the size of the errors, truncating the derived model at first order is

almost certainly insufficient. Importantly, we see that with increased errors the

depolarising channel performs significantly worse. Hence it is possible that the

derived model can outperform the depolarising channel if it is derived to higher

order.

The depolarising channel is a phenomenological model. However, I have shown

that it does a good job at representing noise in single-qubit circuits when the
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Figure 5.3: The fidelity of noisy quantum computer simulations is plotted against
number of gates in a single-qubit circuit with σΩ = σφ = σ∆ = 0.1. The fidelity
of the derived model (orange) and the depolarising channel (blue) are calculated
compared to a Monte Carlo simulation.

errors are small. We predict that the benefits of the derived model will become

apparent when it is extended to multi-qubit gates and circuits where phenomeno-

logical models such as the depolarising channel are known to perform poorly.

Furthermore, by performing the derivation in chapter 4 beyond first order in

δ ~R should improve the performance of the derived model beyond the depolar-

ising channel, even for single-qubit circuits. Both of these claims are potential

directions for future work.

5.2 An Advantage of the Derived Model

Despite being outperformed by the depolarising channel, the derived model still

offers its own advantages. In the derived model, there is a clear link between

fidelity and the sources of noise in the quantum computer. This allows us to

investigate how the each source of noise impacts the fidelity of the quantum

computer. This can potentially guide future design choices in the quantum

hardware to minimise the impact of noise and maximise fidelity. As an example,
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Figure 5.4: The fidelity of common gates, X and H, is plotted as a function of
the magnitude of the control errors σΩ, σφ, and σ∆.

in figure 5.4 I have plotted the fidelity of two frequently used gates, X and H,

as a function of the sources of noise σΩ, σφ, and σ∆. From this, we can see that

the variance in the amplitude of the RF pulse σΩ has the greatest impact on the

fidelity of the X gate. Conversely, the variance in the phase of the RF pulse

σφ has the least impact for the X gate. In the case of the H gate, all sources

of noise appear to be equally important to the fidelity. Our best estimate for

each variance is σΩ = σφ = σ∆ ≈ 10−3. From figure 5.4, we observe that near

10−3, the fidelity of the gates is linear with respect to the size of the noise,
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and is very close to 1. This is reassuring because it means the errors will not

compound quickly as we add additional gates to a quantum circuit. We are able

to gain this information because the derived noise model has a direct connection

to the underlying noise sources, unlike phenomenological models such as the

depolarising channel.

In this chapter I have investigated the validity of the noise model derived in chap-

ter 4. I have shown that for single-qubit circuits, the derived model is outper-

formed by a standard depolarising channel. However, I have also demonstrated

the importance of having a noise model with a direct connection to the under-

lying sources of noise in the quantum computer. Future work should include

re-deriving the noise model to higher orders in δ ~R to see if it can outperform

the depolarising channel even for single-qubit circuits. Furthermore, the derived

model should be extended to multi-qubit gates, as this is where we predict the

most advantage will be gained.



Chapter 6

Conclusions and Future Work

In this thesis, I have provided the first steps towards developing an accurate

and efficient simulator for noisy diamond quantum computers with a direct

connection to the underlying sources of noise. Such a simulator would be a

powerful tool in near-term quantum computing research. Noisy simulations can

be used the provide feedback on sources of noise to identify which have the

greatest impact on fidelity. This information can then be used to guide future

engineering choices to improve the performance of quantum hardware, and

to optimise the compilation of quantum algorithms to minimise the effects of

noise. Furthermore, classical simulations can be used to validate and benchmark

the performance of quantum computers, both against classical computers and

other quantum computers, and to develop new quantum algorithms. With

this motivation in mind, this thesis provides two key contributions. Firstly,

a comparison of current state of the art simulators that identified the most

efficient. Secondly, a methodology for deriving a noise model for diamond

quantum computers that incorporates the physics of the underlying sources of

noise.

I achieved the first contribution in chapter 3. I compared two leading state of

the art classical simulators (IBM’s Aer and Oak Ridge National Laboratory’s

ExaTN-MPS) to identify which is most efficient for general-purpose quantum

computing research. I defined a worst-case quantum circuit for MPS simulations,
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a novel concept absent from the literature. I used this worst-case circuit to

show that in some cases MPS simulators require computational resources

exponential in the number of qubits, n, to provide high fidelity outputs. Then,

by performing runtime comparisons for two useful quantum circuits, I showed

that Aer significantly outperforms ExaTN-MPS for small n, at least n . 30.

However, due to the theoretical scaling behaviour of the two simulators, I

showed that ExaTN-MPS might overtake Aer within a range of qubits that we

are interested in simulating, 50-100. This cross over came with a high degree

of uncertainty due to the distance I had to extrapolate, and the discrepancies

between the expected scaling behaviour and the observed scaling behaviour.

Following these investigations, I concluded that while MPS simulations have

been shown to be accurate and efficient for certain quantum systems, current

Schrodinger simulators are faster at producing high fidelity outputs and should

be the preferred choice for a general-purpose simulator.

There was some evidence that for larger n it may become valid to truncate

the bond dimension of MPS simulations for the worst-case circuit. This would

imply that the computational costs associated with MPS simulations may be

made linear with n. Hence future work should use high-performance computing

resources to run the worst-case circuit for larger n to verify whether my

conclusion still holds, or if there exists is a fixed bond dimension which produces

high fidelity simulations for all n. The runtime comparisons should also be

performed with high-performance computing resources to attempt to identify

the theorised cross over point without extrapolation. Another potential avenue

for future work is investigating precisely which circuit characteristics govern

whether MPS simulations are efficient. These extensions of my work could lead

to a simulator that employs a Schrodinger method or a MPS method depending

on the input circuit.

I achieved the second contribution in chapters 4 and 5. In chapter 4, I derived a
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Kraus model for noisy diamond quantum computers that has a direct connection

to the underlying sources of noise. I first showed how to convert from a master

equation description of system-environment interactions to a Kraus model. Then

I demonstrated a novel derivation method to construct a Kraus model for single-

qubit control errors resulting from noise in the RF pulses that effect single-qubit

gates. I was able to obtain an analytic form of this model for the universal set of

gates used in diamond quantum computing. This method is generalisable, so it

can be used for other sources of noise, as well as for other quantum computer ar-

chitectures. In chapter 5, by simulating single-qubit circuits, I showed that while

the derived model provides high fidelity simulations of noisy quantum computers,

it is outperformed by the simple depolarising channel. This result was attributed

to the small error sizes in single-qubit circuits favouring the fitted depolarising

channel, which would not be true for larger errors including those associated with

multi-qubit circuits. Despite this result, the derived model still offers advantages

over phenomenological models due to its direct connection with the underlying

noise sources. I demonstrated this by finding the fidelity of some single-qubit

gates as a function of noise.

Future work should extend my derived model to higher-order terms to improve

its fidelity of simulating single-qubit circuits. Then, the noise model for diamond

quantum computers should be completed by incorporating multi-qubit control

errors. The completed derived model should then be compared with existing,

phenomenological noisy simulators to validate that it more accurately reflects

the output of noisy, multi-qubit circuits. If the completed noise model is shown

to be more accurate than existing simulators as predicted, it should be incor-

porated into an efficient, state of the art simulator such as Aer. This accurate,

efficient noisy simulator could then be used to more deeply investigate gate fi-

delities as a function of noise with the goal of improving quantum hardware.

Moreover, it could be used for a wide range of near-term quantum computing

research as outlined above.



Appendix A

Proof of Proposition 1

To prove Proposition 1 we need the following lemma,

Lemma A.1: For any vector ~R,

(~R · ~σ)2 = |~R|2, (A.1)

where ~σ is the vector of Pauli matrices.

Proof. Let ~R = (Rx, Ry, Rz) so that

(~R · ~σ)2 = (RxX +RyY +RzZ)2 (A.2)

= R2
xX

2 +RxRyXY +RxRzXZ +RyRxY X +R2
yY

2 (A.3)

+RyRzY Z +RzRxZX +RzRyZY +R2
zZ

2 (A.4)

= R2
x +R2

y +R2
z (A.5)

= |~R|2 (A.6)

where in the third line we’ve used the Pauli anti-commutation relations {σi, σj} =

2δijI.

Proposition 1: With everything as defined in the text,

(L− i
2
~R·~σ)k

(
− i2δ

~R · ~σ
)

=


(−1

2γ
2) k−1

2 L− i
2
~R·~σ

(
− i

2δ
~R · ~σ

)
k ≥ 1 is odd

(−1
2γ

2) k2−1(L− i
2
~R·~σ)2

(
− i

2δ
~R · ~σ

)
k ≥ 2 is even

.
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Proof. This will be a proof by induction on k. The first two base cases k = 1

and k = 2 are trivially true. It will be useful to expand these commutators,

(L− i
2
~R·~σ)1

(
− i2δ

~R · ~σ
)

=
[
− i2

~R · ~σ,− i2δ
~R · ~σi

]
(A.7)

= −1
4
(
(~R · ~σ)(δ ~R · ~σ)− (δ ~R · ~σ)(~R · ~σ)

)
, (A.8)

and

(L− i
2
~R·~σ)2

(
− i2δ

~R · ~σ
)

=
[
− i2

~R · ~σ,
[
− i2

~R · ~σ,− i2δ
~R · ~σ

]]
(A.9)

= i

4
(
γ2δ ~R · ~σ − (~R · ~σ)(δ ~R · ~σ)(~R · ~σ)

)
, (A.10)

where we have used Lemma A.1 and γ ≡ |~R| in the last line. For the induction

step, we will also need to directly prove the proposition for k = 3 and k = 4.

First,

(L− i
2
~R·~σ)3

(
− i2δ

~R · ~σ
)

=
[
− i2

~R · ~σ, (L− i
2
~R·~σ)2

(
− i2δ

~R · ~σ
)]

(A.11)

= −1
2γ

2
(1

4(δ ~R · ~σ)(~R · ~σ)− 1
4(~R · ~σ)(δ ~R · ~σ)

)
(A.12)

= −1
2γ

2(L− i
2
~R·~σ)1

(
− i2δ

~R · ~σ
)
, (A.13)

verifying the proposition for k = 3. Next,

(L− i
2
~R·~σ)4

(
− i2δ

~R · ~σ
)

=
[
− i2

~R · ~σ, (L− i
2
~R·~σ)3

(
− i2δ

~R · ~σ
)]

(A.14)

=
[
− i2

~R · ~σ,−γ2(L− i
2
~R·~σ)1

(
− i2δ

~R · ~σ
)]

(A.15)

= −1
2γ

2
(
i

4γ
2(δ ~R · ~σ)− i

4(~R · ~σ)(δ ~R · ~σ)(~R · ~σ)
)

(A.16)

= −1
2γ

2(L− i
2
~R·~σ)2

(
− i2δ

~R · ~σ
)
, (A.17)

verifying the proposition for k = 4. Now we can move on to the induction step.

We will treat the odd and even cases separately. Let k > 3 be odd. We assume
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the proposition holds for k − 2 and want to prove it is true for k. We have

(L− i
2
~R·~σ)k

(
− i2δ

~R · ~σ
)

=
[
− i2

~R · ~σ,
[
− i2

~R · ~σ, (L− i
2
~R·~σ)k−2

(
− i2δ

~R · ~σ
)]]

(A.18)

=
[
− i2

~R · ~σ,
[
− i2

~R · ~σ, (−γ2) k−3
2 (L− i

2
~R·~σ)1

(
− i2δ

~R · ~σ
)]]

(A.19)

= (−1
2γ

2) k−3
2 (L− i

2
~R·~σ)3

(
− i2δ

~R · ~σ
)

(A.20)

= (−1
2γ

2) k−1
2 (L− i

2
~R·~σ)1

(
− i2δ

~R · ~σ
)

(A.21)

as desired. Next let k > 4 be even. We assume the proposition holds for k − 2

and want to prove it is true for k. We have

(L− i
2
~R·~σ)k

(
− i2δ

~R · ~σ
)

=
[
− i2

~R · ~σ,
[
− i2

~R · ~σ, (L− i
2
~R·~σ)k−2

(
− i2δ

~R · ~σ
)]]

(A.22)

=
[
− i2

~R · ~σ,
[
− i2

~R · ~σ, (−γ2) k2−2(L− i
2
~R·~σ)2

(
− i2δ

~R · ~σ
)]]

(A.23)

= (−1
2γ

2) k2−2(L− i
2
~R·~σ)4

(
− i2δ

~R · ~σ
)

(A.24)

= (−1
2γ

2) k2−1(L− i
2
~R·~σ)2

(
− i2δ

~R · ~σ
)

(A.25)

as desired.



Appendix B

Derived Kraus Operators for

Single-Qubit Gates

In chapter 4, we considered an arbitrary single-qubit gate U ′ as a rotation of the

Bloch sphere,

U ′ = e−
i
2 (~R+δ ~R)·~σ, (B.1)

where ~R is the ideal axis of rotation, δ ~R is a small error due to control errors,

and ~σ is the vector of Pauli matrices. We can write ~R and δ ~R in terms of the

parameters of the control pules, Ω, φ, ∆, t as in the main text. Recall that the

rotation angle is

γ = |~R| =
√

Ω2 + ∆2t, (B.2)

and we also defined F and G as the hypergeometric functions,

F (γ) =
∑
n odd

(−1)n
(n+ 1)!(−

1
2γ

2)n−1, (B.3)

G(γ) =
∑
n even

(−1)n
(n+ 1)!(−

1
2γ

2)n−1. (B.4)

Finally, for convenience we also defined

K1 = σΩt cosφX + σΩt sinφY, (B.5)
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K2 = σφΩt sinφX − σφΩt cosφY, (B.6)

K3 = σ∆tZ. (B.7)

Then, following the derivation in chapter 4.2, the Kraus operators for the noisy

rotation are given by:

E1 = I (B.8)

E2 = √c1K1 (B.9)

E3 = √c1K2 (B.10)

E4 = √c1K3 (B.11)

E5 = √c2(~R · ~σ)K1 (B.12)

E6 = √c2(~R · ~σ)K2 (B.13)

E7 = √c2(~R · ~σ)K3 (B.14)

E8 = √c2K1(~R · ~σ) (B.15)

E9 = √c2K2(~R · ~σ) (B.16)

E10 = √c2K3(~R · ~σ) (B.17)

E11 = √c3
(
(~R · ~σ)K1(~R · ~σ)

)
(B.18)

E12 = √c3
(
(~R · ~σ)K2(~R · ~σ)

)
(B.19)

E13 = √c3
(
(~R · ~σ)K3(~R · ~σ)

)
(B.20)

E14 = √c4
(
K1(~R · ~σ)− i(~R · ~σ)K1(~R · ~σ)

)
(B.21)

E15 = √c4
(
K2(~R · ~σ)− i(~R · ~σ)K2(~R · ~σ)

)
(B.22)

E16 = √c4
(
K3(~R · ~σ)− i(~R · ~σ)K3(~R · ~σ)

)
(B.23)

E17 = √c5
(
(~R · ~σ)K1 −K1(~R · ~σ)

)
(B.24)

E18 = √c5
(
(~R · ~σ)K2 −K2(~R · ~σ)

)
(B.25)

E19 = √c5
(
(~R · ~σ)K3 −K3(~R · ~σ)

)
(B.26)

E20 = √c5
(
i(~R · ~σ)K1 − iK1(~R · ~σ) +K1

)
(B.27)
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E21 = √c5
(
i(~R · ~σ)K2 − iK2(~R · ~σ) +K2

)
(B.28)

E22 = √c5
(
i(~R · ~σ)K3 − iK2(~R · ~σ) +K3

)
(B.29)

E23 = √c6(K1 + ~R · ~σ)K1(~R · ~σ) (B.30)

E24 = √c6(K2 + ~R · ~σ)K2(~R · ~σ) (B.31)

E25 = √c6(K3 ~R · ~σ)K3(~R · ~σ) (B.32)

E26 = √c7
(
K1(~R · ~σ) + (~R · ~σ)K1

)
(B.33)

E27 = √c7
(
K2(~R · ~σ) + (~R · ~σ)K2

)
(B.34)

E28 = √c7
(
K3(~R · ~σ) + (~R · ~σ)K3

)
(B.35)

E29 = √c4
(
i(~R · ~σ)K1(~R · ~σ) + (~R · ~σ)K1

)
(B.36)

E30 = √c4
(
i(~R · ~σ)K2(~R · ~σ) + (~R · ~σ)K2

)
(B.37)

E31 = √c4
(
i(~R · ~σ)K3(~R · ~σ) + (~R · ~σ)K3

)
(B.38)

where the constants ci are

c1 = 1
16(G(γ)γ2 − 2)(1 +G(γ)− F (γ)) (B.39)

c2 = 1
16(2F (γ)2 − F (γ)G(γ)) (B.40)

c3 = 1
16(G(γ)2 − 2F (γ)G(γ) +G(γ)(G(γ)γ2 − 2) (B.41)

c4 = 1
16F (γ)G(γ) (B.42)

c5 = 1
16F (γ)(G(γ)γ2 − 2) (B.43)

c6 = 1
16G(γ)(2−G(γ)γ2) (B.44)

c7 = − 1
16F (γ)2 (B.45)

By following the procedure outlined at the end of chapter 4.2, these operators

can be numerically converted into an equivalent set of 4 Kraus operators for use

in noisy simulations.
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