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Abstract
There has been a growing interest in spatial sound generation arising from the development of new communications and media technologies. Binaural spatial sound
systems are capable of encoding and rendering sound sources accurately in three dimensional space using only two recording/playback channels. This is based on the
concept of the Head-Related Transfer Function (HRTF ), which is a set of acoustic
filters from the sound source to a listener’s eardrums and contains all the listening
cues used by the hearing mechanism for decoding spatial information encoded in
binaural signals. The HRTF is usually obtained from acoustic measurements on different persons. In the case of discrete data and sets of measurements corresponding
to different human subjects, it is desirable to have a continuous functional representation of the HRTF for efficiently rendering moving sounds in the virtual spatial
audio systems; further this representation should be well-suited for customization
to an individual listener.
In this thesis, modal analysis is applied to examine the HRTF data structure,
that is to employ the wave equation solutions to expand the HRTF with separable
basis functions. This leads to a general representation of the HRTF into separated
spatial and spectral components, where the spatial basis functions modes account
for the HRTF spatial variations and the remaining HRTF spectral components
provide a new means to examine the human body scattering behavior. The general
model is further developed into the HRTF continuous functional representations.
We use the normalized spatial modes to link near-field and far-field HRTFs directly,
which provides a way to obtain the HRTFs at different ranges from measurements
conducted at only a single range. The spatially invariant HRTF spectral components are represented continuously using an orthogonal series. Both spatial and
spectral basis functions are well known functions, thus the developed analytical
model can be used to easily examine the HRTF data feature—individualization.
An important finding of this thesis is that the HRTF decomposition with the
spatial basis functions can be well approximated by a finite number, which is defined as the HRTF spatial dimensionality. The dimensionality determines the least
vii

viii
number of the HRTF measurements in space. We perform high resolution HRTF
measurements on a KEMAR mannequin in a semi-anechoic acoustic chamber. Both
signal processing aspects to extract HRTFs from the raw measurements and a practical high resolution spatial sampling scheme have been given in this thesis.
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Chapter 1
Introduction
1.1

Motivation and Background

People hear sound in three dimensions and the perception of the spatial aspects of
sound has been essential to human survival. For instance, determining the location
of a speaker or crossing a busy city street both depend on an ability called sound
localization. The perception of sound has been an experience rich in spatial detail,
but always taken for granted because of its everyday nature. By the early twentieth
century a simple theory of human sound localization [3] had been developed, since
then there has been a growing interest in spatial sound generation arising from the
development of new communications and media technologies.
A well known example is stereo reproduction, which can provide a sense of
directionality because sounds can be heard from different directions within the
angle subtended by the loudspeakers by simply manipulating the gains assigned
to the source in each channel (i.e., amplitude panning [4]). The result is that
stereo reproduction, though pleasant, falls far short of reproducing realistic listening environment. An obvious approach to improve upon stereo is to add more
loudspeakers so that the panning range between speakers can be expanded. For
example, additional loudspeakers behind the listener [5] create a surround sound
effect which is much more exciting and realistic than stereo. However, the success
of surround sound depends significantly on the location of the listener with respect
to the loudspeakers, for example the most effective location is named the “sweet
spot”. The addition of more loudspeakers can still not reproduce a totally realistic
environment.
A more accurate method is to undertake a modal decomposition of the recorded
field in higher-order ambisonics [6] or by carrying out a spherical harmonic decomposition [7]. The high accuracy of these reproduction systems is at the cost of an
1
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Figure 1.1: Virtual spatial sound rendering in a tele-collaboration environment.
excessive number of loudspeakers to be used.
Psycho-acoustic researchers have been studying this problem from the view of
understanding the functioning of the human hearing system which makes sound
localization possible in the real world, leading to the principles of binaural human
hearing. Binaural means that hearing or listening uses only two ears. From the two
acoustic signals (i.e., the sound pressure to each ear), we can extract all relevant
spatial information to tell where a sound is located in three dimensional space
around us. Thus in principle, if the two inputs (binaural signals) are recorded and
reproduced authentically, then all acoustic cues are available to the listener for
forming the original auditory perceptions.
Two significant advantages of binaural systems over other techniques are that
firstly only two playback channels are needed, and secondly a virtual sound source
can be positioned at any desired position in space in an interactive way. For future
tele-collaboration environment as shown in Fig. 1.1, such an ability to provide the
listener with a realistic immersion into a virtual environment has many applications,
for example corporate meetings, medicine, interactive multiplayer games, remote
education, live interactive music recording/reproduction, and virtual gatherings.
The majority of binaural technologies are at some level based on the concept of
the Head-Related Transfer Function (HRTF ). A HRTF can be thought of as a set
of acoustic filters from the sound source to a listener’s eardrums, which contains all
the listening cues used by the hearing mechanism for decoding spatial information
encoded in binaural signals. The HRTF changes with direction from which sound
arrives to the listener; and any sound source can be realistically located by filtering
sound with the HRTF corresponding to the desired location and presenting the
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resulting binaural signals to the subject using two playback channels, typically
through a pair of headphones [8].
It is clear that the concept of using binaural signals to synthesize a realistic
spatial experience is simple, however, the practical implementation is not. One important limitation of binaural techniques is that all listeners are different, resulting
in the idiosyncratic nature of binaural signals. As the spectra of sound is modified
by the interaction of the sound wave and the subject’s body, differences in head
and torso dimensions contribute to acoustic signal changes between individuals.
Thus, if a listener is presented with binaural signals recorded at the ear of another
person, localization errors generally occur [9].
Currently, many researchers rely on the measured HRTFs on people (or sometimes a mannequin) to study the transformation characteristics of the external ear
and to synthesize virtual reality over headphones [10–12]. With the proper equipment, measuring the HRTF of a listener is a straightforward procedure [13]. The
measurement is usually made in an anechoic chamber (echo-free), where human
subjects (or the mannequin) are equipped with microphones near or inside their
ear canals to record the acoustic modifications introduced by the human body.
However, this process can be very time consuming and tedious for both the subject
and the experimenter. Besides, there are several issues with measured HRTFs,
such as, the angular resolution necessary for the measurement is still not clear and
HRTF data at all ranges are essentially unavailable.
In the case of discrete data and sets of measurements corresponding to different human subjects, many techniques have been proposed to model the HRTF
by a reduced number of parameters; some examples are filter bank models [8, 14]
and transform decompositions [15–17]. These models only allow the synthesis of
HRTFs at the measured spatial positions and frequency samples. Interpolation is
required [18–24] for the unmeasured HRTFs between discrete measurement positions. These models are also not well-suited for customization to an individual
listener. As the HRTF depends strongly on the listener’s anatomy, another way
of modelling the HRTF is to factor the HRTF as a combination of independent
geometrical models for the head, torso and ears [25–27]. The studies however show
that the simplified geometrical models are only accurate at low frequencies. Because high-frequency localization cues are very important, simplified geometrical
models are not suitable for creating individualized HRTFs.
Thus, from the above discussion, we identify the challenge which has not been
adequately solved previously as follows:
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The challenge in binaural technology is to devise an efficient HRTF
model which can accurately capture the HRTF variations and meanwhile
is capable of representing individualized HRTFs.

1.2

Aim and Scope

The aim of this thesis is to develop an ideal HRTF model capable of adapting to
different listeners by a simple change of parameters. The model should have data
independent basis functions so that any given set of HRTF data can be transformed
to a set of coefficients which carry the information about the individuality. In addition, an ideal HRTF model should be continuous in all frequency-range-angle
domains to represent the whole auditory scene so that the problem of restricted
spatial and spectral resolutions from measurements can be resolved. Such a continuous model could further reduce errors in virtual acoustic displays, decrease the
number of HRTF measurements for a particular person and decrease the computation required in binaural simulation.
This thesis also aims to provide details of the experimental setup and procedures
for HRTF measurement. The developed continuous model should be able to answer
the questions of angular sampling resolution required for HRTF measurement and
how to link near-field and far-field HRTFs 1 .
The work in this thesis focuses on the static listeners (no head rotation movement) even though localization in everyday life includes head and body motion. As
head moves, the spatial cues will change according to the nature of the motion (or
the relative positions of head and body), and this will have a net effect on localization. Theories that study these phenomena are called motional theories [10]. Many
studies have shown that when subjects are allowed to move their heads, localization
can be more accurate [28]. The questions regarding the dynamic behavior of the
spatial hearing system are beyond the work in this thesis. Interested readers can
refer to the related literature [28] for more information.

1.3

Structure of the Thesis

This section sketches out how the thesis is structured and how the aim will be
achieved.
1

Researchers have long recognized that binaural cues that dominate auditory localization are
independent of distance when source is greater than 1 m (far-field) but change systematically
with distance when source is within 1 m of the listener’s head (near-field).
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Chapter 2 presents the literature on the binaural technologies for spatial audio
implementation with particular focus on the HRTF. The basics of spatial hearing
are introduced, including duplex theory by Lord Rayleigh [3], to explain the directional hearing in the horizontal auditory scene and other cues used for spatial
hearing. An overview of the acoustics of the HRTF is presented with a description
of its role in the synthesis of spatial audio over two playback channels. The HRTF
is formally defined and shown to provide comprehensive cues for decoding a free
field sound’s spatial location. Typical HRTF measurement strategies are described,
and issues with measured HRTFs are highlighted. This chapter also presents a literature survey on various signal analytic and signal processing techniques used to
investigate the structure of the HRTF.
Chapter 3 starts with an investigation of the HRTF restricted to the horizontal
auditory scene. A continuous functional model with data independent basis functions is developed. The approach uses the conventional Fourier series to model the
HRTF azimuthal dependence; the remaining HRTF spectral components are represented by the continuous Fourier Bessel series of various orders. The advantage
of this model is that both basis functions are independent of the HRTF data and
thus remain unchanged for all subjects and measurement setups. Hence, the model
can transform an individualized HRTF to a subject specific set of coefficients. The
model can accurately synthesize or interpolate HRTFs at arbitrary azimuth and
frequency points from a finite number of measurements.
Chapter 4 points out the measurement of HRTF data over all angles represented
by a 3D sphere is impractical due to physical and mechanical constraints, measurements at low elevations are not reliable. The classical problem of extrapolation of
a bandlimited signal from limited time domain data is revisited for signals defined
on the sphere. That is, given limited or incomplete measurements of an isotropic
low pass signal, such as HRTF measurements, on the unit sphere, find the unique
extrapolation to the complete unit sphere. Our investigations explore the role of
integral equation operators in characterizing the extrapolation problem which leads
to an iterative algorithm analogous to that available in time-frequency analogies.
This chapter also investigates the more complicated problem when signals are discrete samples and contaminated by noise.
Chapter 5 studies the sampling and synthesis of the HRTF in a three-dimensional
auditory scene based on a general modal decomposition of the HRTF in all frequencyrange-angle domains. The main finding is that the HRTF decomposition with the
derived spatial basis functions modes can be well approximated by a finite number,
which is defined as the spatial dimensionality of the HRTF. The dimensionality
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determines the required spatial resolution in HRTF measurement. The general
model is further developed into a continuous HRTF representation, in which, the
normalized spatial modes can achieve HRTF near-field and far-field representations in one formulation; the remaining HRTF spectral components are compactly
represented using the Fourier Spherical Bessel (FSB) series, where the aim is to
generate the HRTF with much higher spectral resolution in few parameters. The
proposed model is powerful for the computation of the HRTF at any arbitrary
position in space and at any frequency point from a given set of measurements at
a fixed distance.
Chapter 6 describes the details of the HRTF experimental procedure with emphasis on the signal processing and the spatial sampling aspects to process the
measurements from a KEMAR mannequin. Firstly, we show how to tackle echoes
and noises when the measurement is performed in a reverberant environment in
the case of unavailability of an anechoic chamber. The key considerations in this
acoustic measurement are the design of the test signal and the post-processing to
extract HRTFs. A pre-emphasized exponential sweep is constructed as the excitation signal which has promising properties to separate the nonlinear and time
variant distortions from the main response. For the received raw data, a series
of signal processing techniques are applied to determine when the head response
occurs, to mitigate room reverberation, and to equalize the HRTF measurements.
Given the required high resolution in HRTF measurement, a practical sampling
strategy is proposed with a fast analysis algorithm developed in this chapter.
Chapter 7 provides concluding remarks and possible directions for future work.

1.4

Thesis Contributions

This thesis presents several contributions towards understanding the structure of
the HRTF data and the insight into the HRTF spatial sampling. The contributions,
in general, show that the HRTF can be continuously represented in all frequencyrange-angle domains and there is a spatial dimensionality of the HRTF which
tells the required spatial resolution in HRTF measurement. The principle thesis
contribution areas and their relationships are shown in Fig. 1.2. The contributions
are listed below:
• A novel way to examine the HRTF data structure is proposed, which can
separate the HRTF spatial and spectral components. It is shown that the
decomposed HRTF spatial components can be represented using standard
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Figure 1.2: Major thesis contribution areas.
functions, such as Fourier series for azimuthal dependence, spherical harmonics as a function of elevation and azimuth, and spherical Hankel function
for range variations. The remaining HRTF spectral components provide a
new way to examine the human body scattering behavior.
• HRTF continuous representations have been developed for both two dimensional and three dimensional auditory scenes. The spatial basis functions
achieve HRTF near-field and far-field representations in one formulation,
which provides a way to obtain the range dependence of the HRTF from
measurements conducted at a single range. The radially invariant HRTF
spectral components have also been represented continuously using orthogonal series. This series representation provides a way of generating HRTFs
at much higher spectral resolutions in far fewer parameters compared to the
original measurements thus achieving a more efficient HRTF representation.
• Algorithms are presented to obtain HRTF data over a sphere from limited
measurements. Its robustness of performance in terms of the mean square
error for noise contained signals is investigated through simulation and analysis.
• The concept of spatial dimensionality is introduced for the HRTF. A main
finding from the developed continuous model is that the HRTF decomposition
with the spatial basis functions can be well approximated by a finite number;
this number of spatial basis functions is defined as the spatial dimensionality
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of the HRTF. It is stated that the spatial dimensionality determines the
minimum number of parameters to represent the HRTF corresponding to all
directions and also the required spatial resolution in HRTF measurement.
• A pre-emphasized logarithmic sweep is designed as the excitation signal to
measure the HRTF in a small-scale reverberant environment. The designed
signal has promising properties to separate the nonlinear and time variant
distortions from the main response. The raw-data processing to extract the
HRTF is described in detail.
• An efficient and simple sampling strategy IGLOO is proposed for HRTF
measurement, based on which, a fast spherical harmonic transform algorithm
is developed to analyze the high resolution data. The proposed method is
studied through analytical solutions and experimental data.

Chapter 2
Acoustics of Spatial Sound
Overview: The aim of this chapter is to provide background knowledge for the
thesis. The binaural human hearing mechanism is introduced. Important parameters for spatial sound localization are ITD (interaural time difference), ILD
(interaural level difference), spectral cues, and distant cues. The Head-Related
Transfer Function (HRTF) is formally defined and shown to include all spatial
hearing cues for decoding a free field sound’s spatial location. Typical HRTF measurement strategy is described and several issues with the measured HRTFs are
posed. This chapter also presents different ways to represent HRTF data in the
frequency, time and spatial domains. A literature review on the different analytic
and signal processing techniques to investigate the structure of the HRTF is given.
The problems with current HRTF analysis are highlighted.

2.1

The Basics of Human Hearing

As human beings, it is an amazing feature of our auditory system that with only
two ears we are able to perceive sounds from all directions, and we can even sense
the distance and the size of sound sources. This mechanism depends on the way
the sound waves from a source differ from each other as they reach the left and
right ears, where the placement of ears can maximize interaural differences for
sound sources around the listener. The main perceptual cues include the interaural difference in the arrival time of the sound between two ears, the interaural
differences in the level of the sound between two ears, and most importantly, the
spectrum of the sound that is the relative amplitude of the sounds as a function of
frequency [10]. We next describe the theories and the cues of spatial hearing. The
goal is to provide the reader with the basics of spatial hearing and familiarize the
reader with the terminology.
9
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Figure 2.1: Low frequency interaural time difference for a spherical head of radius
a = 0.09 m in the horizontal plane. Same ITD can be seen for front and back
directions, which means we can not only use ITD to determine the direction of a
sound source.

2.1.1

Primary Localization Cues: Interaural Differences

One of the basic binaural processing mechanisms is the comparison between the
received signals at the left and right ears. Duplex theory by Lord Rayleigh [3]
explains the perception of lateral angles of a sound source by two binaural cues:
interaural time difference (ITD) and interaural level difference (ILD). The ITD
is defined as the difference in arrival time of a sound’s wavefront at the left and
right ears; and similarly the ILD is defined as the amplitude difference generated
between the left and right ears by a sound in the free field. It has been shown that
both ITD and ILD are the primary cues for the perception of a sound’s location in
the horizontal plane [10].
Interaural Time Difference
The time differences are obtained by observing the phase of the incident sound
waves at both ears. A sound closer to the ear has the sound coming first and a larger
ITD translates to a larger lateral displacement. However, we can not use the ITD
to determine the direction of a sound source since there will exist ambiguity about
front and back, commonly known as front-back confusion or front-back reversal
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Figure 2.2: The “cone of confusion”. All points on the cone have the same distance from the cone’s apex and share the same ITD and ILD. They can only be
distinguished using the spectral differences. Illustration taken from [1].
(Fig. 2.1). Meanwhile, ITD cues could not be used at approximately 2 kHz and
above as the incident sound wavelength (less than 17 cm) becomes comparable to
the head diameter and an aliasing problem may occur.
Kuhn [29] has derived an approximation of the ITD on the surface of a rigid
sphere substituting the human head with an equivalent radius a. The ITD has the
following form,

ITD ≈


 3a sin φ,

for ka ¿ 1

 2a sin φ,

for ka À 1

c
c

,

where φ is the azimuthal angle, k = 2πf /c is the wavenumber and c is the speed
of sound propagation (340 m/s in air). The ratio of the low frequency ITD to the
high frequency ITD is 3/2. Further, Kuhn [30] shows that the ITD has a declining
slope in the frequency band ([500, 2000] Hz) but remains frequency-independent
elsewhere. He also reports on the similar results from the measured KEMAR
(Knowles Electronics Mannequin for Acoustic Research) dummy head data.

Interaual Level Difference
The presence of the head can cause the high frequencies to be attenuated or shadowed so that less energy arrives at the shadowed ear (the ear farther away from
the sound) than the non-shadowed ear. This attenuation causes the difference in
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Figure 2.3: Perception of elevation relies on the spectral coloration of a sound
produced by torso, head and external ear, pinna. Illustration taken from [2].
amplitude at two ears (the so-called ILD), another important parameter in lateral
localization, especially for frequencies above 2 kHz.
The ILD can be roughly modeled using the Rayleigh scattering complex function
of a plane wave on a rigid sphere [31], which was reformulated by Morse and
Ingard [32] and Blauert [10]. The superposed spherical waves can be represented
by two sets: one is the spherical Hankel functions for the radial variations and the
other is the Legendre polynomials for the angular dependence.
Cone of Confusion
The simple duplex theory would allow one to estimate the lateral angle, or the
perception of azimuth, but not the changes in elevation. There is a conical surface
(called as cone of confusion [33] in Fig. 2.2) of equal distance from the observer’s
head on which all the points have the same associated ITD and ILD. The problem
is especially acute in the median plane (0◦ azimuth), which travels vertically along
the z axis and divides the head into left and right portions. For sounds originating
from any point in this plane, the ITD and the ILD must vanish because of the
bilateral symmetry of the human body. However, localization in elevation is well
developed for human beings with the use of other auditory cues as described next.

2.1.2

Spectral Cues

It is widely thought that human ability to localize sound in the median plane
relies on the spectral cues of a sound transformed by the external ear (i.e., pinna)
at higher frequencies [34–36] and other body structures like torso and head at
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lower frequencies [37]. A hypothesis for sound elevation localization is based on
comparing the memorized spectrum from the perceived spectrum, which means the
spectral shape of the difference will determine the perceived elevation as shown in
Fig. 2.3. This idea is only feasible for broadband sources. With narrowband sources,
the perception of elevation mainly depends on the frequency of stimulus [10, 38].
Localizing unfamiliar sources in the median plane can only be achieved with head
motion (or so called dynamic cues [10]). Further, several researchers have suggested
that the spectral cues are also used to distinguish the front from the back when
the sound source has sufficient high-frequency energy (f > 3 kHz). This is due to
the front/back asymmetry of the pinna which causes the so-called pinna shadow
for sound arriving from the back [39].
The spectral cues imparted by the outer ear are highly individual, depending
on the shape and size of the outer ear. If sound is presented through headphones,
and has been recorded via another head with different-shaped outer ear surfaces,
the ear’s frequency responses need to be disambiguated from the spectrum of the
recordings; otherwise problems will appear when trying to evaluate directions in
the median plane with these foreign ears, i.e., front-back permutations or insidethe-head-localization. Hence, in spatial audio field, the spectral cues imparted by
the outer ear need to be disambiguated from the spectrum of the original sound
and this is a difficult and ill-posed problem.

2.1.3

Distance Cues

The spectra, ITD and ILD vary with azimuth, elevation and distance as well. It
is clear the range dependence is significant, especially when a source is very close
to the listener. For example, when the source distance is less than 1 m, the ILD
increases significantly on the ipsilateral side, but the ITD and spectral cues are
similar to those of distance sources [40]. At large distances (r > 1 m), interaural
differences and spectral cues do not vary notably, thus are not reliable to estimate
the distance of a source. It is well known that one of the most useful cues for range
estimation is loudness, which changes with distance [1]. Other cues for distance
perception are derived from the acoustics environment, like reverberation/reflection
from nearby surfaces. Some authors show that people use the ratio of reverberation
to direct sound to estimate the relative distance between the source and the listener
and the room acoustics [41]. This cue is even more reliable when the listener is
familiar with the sound source.
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Figure 2.4: HRTF source positions defined by spherical coordinates.

2.2

Head-Related Transfer Function (HRTF)

Compared to the well-known duplex theory, there is less understanding of how spectral cues and perceived spatial location relate mathematically. Many researchers
have tried to record the direction-dependent frequency response at the listener’s
ear [8, 13, 42–45], and then to analyze and find the perceptual structure of the
data. These measurements are called head-related transfer functions (HRTFs) and
specify the effect of the body on the sound.

2.2.1

What is the HRTF?

The head-related transfer function (HRTF) describes how a given sound wave input
is filtered by the diffraction and reflection properties of the head, pinna, and torso,
before the sound reaches the listener’s eardrums. The HRTF is defined as the ratio
of the complex sound pressure level (SPL) at the ear drums to the SPL at the center
of the head when the listener is absent [46]. The HRTF is a function of direction,
distance, and frequency; and the inverse Fourier transform of the HRTF is the
head-related impulse response (HRIR), which is a function of direction, distance,
and time.
Formally a single HRTF is defined for an individual’s left or right ear as mea-
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Table 2.1: Terminology used in most HRTF literature.
Median plane: azimuth φ = 0◦
Horizontal plane: elevation θ = 90◦
Ipsilateral ear: the ear on the same side of the head with respect to the source
Contralateral ear: the ear on the opposite side of the head with respect to the source
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Figure 2.5: The (a) HRIR and (b) HRTF magnitude for a human subject (left ear
of subject 3 in the CIPIC database) in the horizontal plane. The abscissa in each
plot is azimuth, the ordinate is time or frequency and the grayscale is amplitude
or magnitude in dB.
sured from a specific point in the free field to a specific point in the ear canal.
Typically, HRTFs are measured in an anechoic environment from humans or mannequins for both the left and right ears at a fixed distance from the listener’s head.
Thus, the source location for a HRTF measurement is specified by a 2D angle, azimuth φ (left-right direction) and elevation θ (up-down direction). Fig. 2.4 depicts
the spatial coordinate system used in HRTF measurement. The elevation angle θ
from top to bottom is defined as changing from 0◦ to 180◦ ; and the azimuth φ is
counterclockwise rotating from 0◦ to 360◦ , where 0◦ and 180◦ are the direct front
and back directions and 90◦ and 270◦ are defined as the left and right sides (note
this definition is in accordance with the right hand coordinate system and may be
different from others). Table 2.1 summarizes the relevant terminologies used in the
HRTF literature [47].
The HRTF subsumes both ITD and ILD information. For example, in the time
domain, the ITD is encoded as the difference in occurring time of the left and right
ear HRIRs; while the ILD is encoded as the level difference observed between the
left and right ear HRTFs. Fig. 2.5 and Fig. 2.6 plot the image representations of
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Figure 2.6: The (a) HRIR and (b) HRTF magnitude in the median plane for a
human subject (left ear of subject 3 in the CIPIC database). The abscissa in each
plot is elevation, the ordinate is time or frequency and the grayscale is amplitude
or magnitude in dB.

horizontal and median plane HRIRs and HRTFs from the CIPIC database [44]. In
Fig. 2.5, the variation of occurring time with azimuth is clearly seen in a roughly
sinusoidal shape of the top envelope of the response; the low magnitude response
as the azimuth approaches the opposite side of the head shows the head shadow
effect. In the median plane (Fig. 2.6), the occurring time of the main pulse is
almost the same for all elevations, which means the ITD information vanishes in
this plane. The strong spectral variations with the elevation angle are also included
in the HRTF [10, 48]. One can see the following features: in the horizontal plane,
the general darker appearance of the magnitude response at the contralateral side
shows the effect of head shadow; the strong response on the ipsilateral side around 5
kHz corresponds to the quarter-wavelength depth resonance identified by Shaw [35];
and the weaker response at 9 kHz in both horizontal and median plane HRTFs is
the so-called pinna notch.
The HRTFs of most humans have similar patterns, but there are still subtle
differences between individuals due to the differences in human body shape (especially the external ear shape) and size. These individual differences have been
shown to play an important role for precise localization [49]. Thus, it is believed
that only using one’s own HRTF can simulate realistic and accurate 3D audio, as
proved in many experiments [9, 50].
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Figure 2.7: Headphone rendering of spatial sound systems using a pair of HRTFs.

2.2.2

Synthesis of Spatial Audio using HRTF

The HRTF is commonly specified as a linear time invariant (LTI) system. Once
the sound source is filtered by a pair of HRTFs and combined into binaural signals,
the final step is to deliver the binaural signals to the listener. The simplest way
to produce spatial audio effect is through headphones. Suppose that we want to
process a source x(t) as located at azimuth φ and elevation θ. Let h` (t) and hr (t)
represent the corresponding HRIRs of left and right ears, respectively. Construct
two sounds x` (t) and xr (t) as follows,
x` (t) = x(t) ∗ h` (t)
xr (t) = x(t) ∗ hr (t),

(2.1)

where ∗ represents the convolution operator, and present x` (t) and xr (t) to the left
and right ears simultaneously over headphones as shown in Fig. 2.7.
For the binaural technique to work, playback conditions should match recording
conditions. However, headphones provide many practical and real difficulties in
rendering spatial audio. Open headphones, which do not couple acoustically with
the ear, are meant to be used with blocked-ear recordings (measurements at the
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Figure 2.8: Apparatus for HRTF Measurement.
ear entrance with the ear canal blocked) [42]. While with in-ear earphones, the ear
canal resonance needs to be re-introduced.
The practical applications involve synthesizing of spatia sound source moving
over time. Hence, several hundreds of HRTFs corresponding to different spatial
locations need to be stored and interpolation is required to produce a smoothly
moving effect. Further, to create a virtual realistic environment, the real-time
knowledge of the listener’s head orientation with respect to a reference frame should
be incorporated, which is usually obtained based on a head tracker [51].

2.2.3

Measurement of HRTF

A common approach to measure the HRTF is to insert a small microphone near
or inside the ear canal of a listening subject (or KEMAR), and then to perform
a simple form of system identification by emitting a known spectrum test signal
through a loudspeaker placed at a specified position (azimuth φ, elevation φ and
distance r from the subject’s head). For such a measurement, the subject is usually
placed in the center of the measurement apparatus, i.e., a rotary hoop, on which
fixed or movable loudspeakers can be placed at the specified position. A general
description of this process is shown in Fig. 2.8.
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For such a measurement, it is first critical to decide the position of the microphone within the ear canal where the HRTF is measured. In the past, deep ear
canal recordings (measurements near the eardrum) used to be performed such that
all the individual localization characteristics were captured and the reflection from
the ear canal only introduced a notch in the recorded signals at frequency greater
than frequencies of interest. However, this method is intrusive and dangerous. It
has been verified by many researchers [52–54] that the position within the ear canal
at which the HRTF is measured is not critical if the diffuse field HRTF (the average log magnitude spectrum across all locations) is removed. A common and least
intrusive method is the recording at the entrance with the ear-canal blocked (the
blocked-ear recording) [55].
In practice, acoustic measurement of the HRTF needs conscientious preparation
and careful design of the measurement apparatus. A more detailed introduction
and implementation of HRTF measurement is covered in Chapter 6. Here we
provide an overview, a HRTF measurement apparatus consisting of the following
components:
1. Sound generator.
2. Ear microphones mounted at the entrance of the ear canal.
3. Loudspeakers movable to the specified measurement positions.
4. Sound recorder.
5. Listening subjects or mannequins.
6. Signal processor.
The measurement is usually made in an anechoic chamber (echo-free). Since
it is generally assumed that the HRTF is a LTI system, the standard LTI system identification methods such as direct excitation and cross correlation analysis
are used to measure the HRTF. Among all these techniques, pseudo-random binary signals (e.g., Golay codes [56, 57] and Maximum Length Sequences [58]) and
Fourier analysis based sweeps [59] are widely used as the excitation signals. The
measured impulse response is truncated corresponding to a certain time range so
that all later reverberations are discarded. To compensate for the linear distortions
introduced by the loudspeakers and microphones, a reference measurement without
the subject and with the microphone placed at the origin is removed from the raw
measurements. There are still many other factors that can degrade the fidelity of
the HRTF measurement, for example acoustic and electric noises, subject motion,
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and apparatus inaccuracies. All these factors should be considered in the design of
the measurement system.
The whole HRTF measurement is a tedious and time-consuming procedure
and three problems with the HRTF measurement are as follows. Firstly, there
is no standard spatial sampling theory; hundreds of directions are measured and
different databases use different sampling grids, which makes HRTF measurements
less practical for commercial applications. Secondly, the dependence of the HRTF
on the range r is usually neglected because it is impractical to measure over all
ranges. Thirdly, no samplings are made for lower elevations (i.e., elevation θ >
140◦ , see Fig. 2.4) because of strong disturbance from the ground and measurement
apparatus. Thus, only partial data over the sphere is available.

2.2.4

HRTF Data Representation

The HRTF can be displayed in the time, frequency and spatial domains, from which
we can understand its structure and analyze the HRTF data set. The two well
known HRTF structures are head-related diffraction effects and elevation-related
effects [10,47]. In this section, HRTF data measured empirically from KEMAR [13]
(the mean anatomical size of the population) are used as an example to display the
HRTF structures in all of the time, frequency, and spatial domains.

Two Well-known Structures in HRTF data
Head-related diffraction effects in the contralateral HRTFs which usually have less
energy injected compared to the ipsilateral HRTFs are due to head diffraction.
This means the human head has amplifying and interfering effects on the incident
wave especially for some frequencies and some incident angles [60]. In addition,
Shaw identified the “bright spot” phenomenon [61], that is, HRTFs corresponding
to contralateral locations which lie in the direct shadow of the head have relatively
higher amplitudes or a local maximum energy injected.
Elevation effects in the ipsilateral HRTFs which have spectral cues for elevation
perception are due to the pinna, or external ear. Frequencies between 6 and 8 kHz
have shown to be important for the perception of elevation [62]; since these frequencies have wavelengths similar to the dimension of the pinna, there are noticeable
patterns in HRTF data around these frequencies.
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Figure 2.9: Frequency domain representation of the HRTF as a function of azimuth in the horizontal plane (elevation = 90◦ ). Diffraction effects can be seen on
contralateral side at azimuths around 270◦ and 90◦ for left ear (a) and right ear
(b).
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Figure 2.10: Frequency domain representation of the HRTF as a function of elevation in then median plane (azimuth = 0◦ ). Elevation effects can be seen, such as
a notch around 7 kHz that migrates upward as elevation goes towards the north
pole and a shallow peak around 13 kHz which flattens out at the upper sphere. (a)
Left-ear measured HRTFs (b) Right-ear measured HRTFs.
HRTF Representation in Frequency Domain
HRTF data in the frequency domain is represented by the magnitude and phase
responses at different positions as a function of frequency. HRTF visualization in
the frequency domain demonstrates some macroscopic properties of HRTF data
sets, such as peaks, notches, or other spectral shapes at particular frequencies.
These properties associate or systematically vary with the perception of azimuth
or elevation. Thus, many signal processing techniques have been applied in this
domain to parameterize HRTFs. For example, principal components analysis [16]
and pole-zero modelling [14] of frequency-domain HRTFs have been performed.
The frequency-domain representation of the HRTF clearly shows some characteristics of HRTF data. Fig. 2.9 and Fig. 2.10 show left and right ear frequencydomain HRTFs measured from KEMAR for locations in the horizontal plane (elevation = 90◦ ) and in the median plane (azimuth = 0◦ ), respectively. Firstly,
contralateral HRTFs seem to be less smooth than ipsilateral HRTFs, suggesting
that the SNR for ipsilateral HRTFs is generally higher than that for contralateral
HRTFs. This is reasonable, since the contralateral ear typically receives less power
than the ipsilateral ear due to the head shadowing effect.
Fig. 2.10 shows the elevation effects in the frequency domain. For example, in
the measured data there is a notch around 7 kHz that migrates upward in frequency
as the elevation goes towards the north pole. A shallow peak can be seen at 13
kHz for lower elevations over the bottom sphere in the median plane, and this peak
flattens out at the upper sphere. Diffraction effects can be seen more easily in
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Figure 2.11: Time domain representation of the HRTF as a function of azimuth
in the horizontal plane (elevation = 90◦ ). Diffraction effects can be seen on the
contralateral side with lower amplitude initial peaks and longer delays at azimuths
around 270◦ and 90◦ for left ear (a) and right ear (b).
Fig. 2.9. The ripples in contralateral HRTFs correspond to the azimuths of 270◦
and 90◦ for the left and right ears, respectively.
HRTF Representation in Time Domain
The time-domain version of the HRTF is called the head-related impulse response
(HRIR) [46,63] and usually regarded as a finite impulse response (FIR) filter which
is computed by an inverse Fourier transform on the HRTF. Because the length of
the HRIR determines the complexity of a spatial sound system, some research
attempted to minimize the length of the HRIR while still preserving important
spatially related spectral cues [63]. In addition, one can low-pass filter the HRIR
in an effort to reduce the noise in the HRTF measurement process.
Fig. 2.11 shows left-ear and right-ear HRIRs measured from KEMAR for locations in the horizontal plane. It shows that a location that is further away from
the ipsilateral side has a corresponding HRIR with a lower amplitude initial peak
and occurring later in time. This is consistent with duplex theory, which proposes
larger ITDs and ILDs for sources with a larger lateral displacement.
Fig. 2.11 also demonstrates diffraction effects and Shaw’s “bright spot” phenomenon. HRIRs corresponding to contralateral locations that lie in the direct
shadow of the head have relatively local higher amplitude initial peaks. For example, Fig. 2.11 shows how left and right ear HRIRs associated with azimuths of 270◦
and 90◦ have relatively large amplitude initial peaks while these locations lie in the
direct shadow of the head. One can also see elevation effects in HRIRs in Fig. 2.12
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Figure 2.12: Time domain representation of the HRTF as a function of elevation
in the median plane (azimuth = 0◦ ). Note there is a slight difference in the arrival
times and amplitudes for the upper sphere and the lower sphere HRIRs.
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Figure 2.13: Spatial representation of the HRTF as a function of azimuth and
elevation at 2 kHz for left ear (a) and right ear (b).
(HRIRs in the median plane), as there is a slight difference in the arrival time and
the amplitude for HRIRs of different elevations.
HRTF Representation in Spatial Domain
The spatial visualization of the HRTF data can be presented in several different
ways. Some authors plot only ITD and ILD as a function of azimuth and elevation [63, 64]. More comprehensively, the time-domain or frequency-domain HRTFs
were plotted at a fixed azimuth or elevation, where the sequential layout of the data
by elevation or azimuth highlights the data pattern [65]. Cheng and Wakefield [66]
plot the magnitude response of all HRTFs in a data set for a fixed frequency as
a function of azimuth and elevation and named it the spatial frequency response
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Figure 2.14: Spatial representation of the HRTF as a function of azimuth and
elevation at 8 kHz for left ear (a) and right ear (b).

surfaces (SFRS), which indicates how much energy the right and left ears receive
at a fixed frequency as a function of spatial location.
Fig. 2.13 and Fig. 2.14 plot the polar response magnitudes for HRTF data from
KEMAR at 2 kHz and 8 kHz. Diffraction effects are easily seen from the plots.
In general, the contralateral side HRTFs has smaller magnitude compared to the
ipsilateral side HRTFs due to head shadow effects. The 2 kHz HRTF in Fig. 2.13
contains a local maxima on the contralateral side, near azimuth of 270◦ and elevation of 90◦ for the left ear and near azimuth of 90◦ and elevation of 90◦ for the
right ear. This is the well-known “bright spot” phenomenon. In addition, it can
be seen that as frequency increases the response on the contralateral side becomes
progressively smaller [46].
Elevation perception can be linked to the local maxima at specified frequencies,
which suggests that the auditory system favors the maxima location when presented
with narrow-band sound centered at that frequency. For example, the measured
left ear HRTF has maximum magnitude near azimuth of 90◦ and elevation of 20◦ at
2 kHz and dominant hot spot near azimuth of 90◦ and elevation of 40◦ (or 130◦ at
the bottom sphere) at 8 kHz. Therefore, subjects listening to narrow-band sounds
centered at 2 and 8 kHz would perceive the sounds as coming from these locations.
HRTF data has also been processed in the spatial domain. Spherical basis
functions have been used to parameterize HRTFs [17, 67]. There have been also
attempts to parameterize the HRTF using a beamformer, where a virtual sensor array models the spatial and temporal characteristics of the HRTF simultaneously [68–71].
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HRTF Modelling

HRTF measurements are generally made available over a discrete set of angles and
at discrete frequencies or time samples. Depending on the sampling rate and the
frequency resolution of the measurements, the length of HRTF data will vary from
a few hundred to a thousand samples. The number of HRTF data varies with the
spatial resolution of the measurement apparatus, for example, for a resolution of
5◦ , over 2500 points should be measured in the full 3D space. As stated in Section
2.2.2, a direct implementation of binaural spatial sound is to perform real-time
convolution (or filtering) of the HRTF measurements with the sound sources. This
approach is extremely expensive considering the duration of the HRIR, especially in
the case of the high sampling rate required in high-quality audio. Another problem
related to the finite resolution of the measurements is that appropriate interpolation [18–24] is required to achieve the perception of smooth position changes in
moving sound simulations.
Efficient ways of processing and rendering binaural signals are required for the
virtual spatial sound systems; and one common approach towards this goal is to
model the HRTF or HRIR with a reduced number of parameters and to make the
processing more effective by operating in the parametric domain. Besides decreasing the amount of data required to be saved for a particular person and resolving
the problem of restricted directional resolution, functional HRTF modelling could
further reduce errors in virtual acoustic displays and decrease the computation
required in binaural simulation.
Signal Models
The signal models look at the HRTF as a set of signals or filters and attempt to
represent the signal with the least number of parameters and to provide the most
accurate match.
Filter bank model: The work of Batteau [72] represents the first functional approach. Batteau examined the effects of the pinna on localization accuracy
and assumed that the external ear could be modeled as a three-channel twodelay and sum acoustic coupler. Since then, a number of similar studies
have further established filter bank models for HRTFs with different delay
channels, such as a finite impulse response (FIR) [8]
H(f, θ, φ) = b0 (f, θ, φ) +

N
X
n=1

bn (f, θ, φ)e−i2πf n

(2.2)

2.2 Head-Related Transfer Function (HRTF)

27

and an infinite impulse response (IIR) model [14]
P
b0 (f, θ, φ) + N
bn (f, θ, φ)e−i2πf n
H(f, θ, φ) =
,
PN n=1
1 + n=1 an (f, θ, φ)e−i2πf n

(2.3)

where f is frequency, e(·) is the exponential function and an (f, θ, φ) and
bn (f, θ, φ) are filter coefficients. Even though results show that the synthesis
through these models are very close to the original HRTF measurements, the
coefficients in the models are still very complicated functions of angle and
frequency, which limits the usefulness of the model.
Statistical/Interpolation model: Statistical methods have been used to analyze the HRTF in an effort to reduce the redundancy (correlation) of a data
set. One important study is principal component analysis (PCA). Martens
was the first person to propose using PCA to model the HRTF [15]. The main
idea of PCA methodology is an orthogonal matrix decomposition performed
on the log of the magnitude of the measured HRTFs after the directional
independent frequency dependence is removed. The analysis yields a set of
the principle components (basis spectral functions), dj (f ), j = 0, . . . , Nd ,
from which each spectrum H(f, θ, φ) in the set is built and weights wj (θ, φ)
expressing the contribution of each basis function to the spectrum, i.e.,
H(f, θ, φ) =

Nd
X

wj (θ, φ)dj (f ).

(2.4)

j=0

While Martens [15] focused on the horizontal plane, Kistler and Wightman [16] further performed PCA over three-dimensions (elevation, azimuth
and frequency). The study resulted in five principal (Nd = 5) components
approximating individualized HRTFs, and the work has been verified by perceptual tests. However, the facts are that this PCA representation is not
truly continuous (the weights only available for the measured directions) and
the five basis functions may change for each individual. Hence, many researchers [18, 21–23] tried to find an efficient spatial interpolation method,
which turns the statistical model into a valid continuous representation of
the HRTF; however, this finding does not alleviate the need for individualized measurement.
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Spherical basis function modelling: HRTFs have been represented as a weighted
sum of surface spherical harmonics in three dimensions in [17] as
H(f, θ, φ) =

∞ X
n
X

βnm (f )Ynm (θ, φ),

(2.5)

n=0 m=−n

where the spherical harmonics Ynm (·) are orthonormal basis functions on the
unit sphere and βnm are expansion coefficients. The advantage of using this
orthogonal expansion is that the basis functions, spherical harmonics, provide
a natural continuous representation in the spatial domain. Therefore, it leads
to a straightforward solution to the problem of HRTF interpolation in elevation and azimuth. However, as the expansion weights are still functions of
the measured frequencies, this model cannot achieve any optimality in lower
dimensional representations compared to statistical modelling methods.
It is generally believed that the signal models can achieve very good measurements fit but it is often found that the models are not well-suited for customization
to an individual listener. It also should be noted that all signal processing models
analyze HRTF data measured at a fixed radius from subjects’ head, and the range
dependence is neglected.
Structural Models
The basic idea of a structural model is to factor the HRTF as a combination of
independent models, where each model represents a physical object, such as torso,
head and external ear, and contributes to HRTF data. A spherical head model
was firstly proposed by Duda [46] in which the human head is modeled as a rigid
sphere. It has been demonstrated that the sphere model is an effective model for
catching the head effects on the HRTF [46, 73].
Many researchers have further developed geometrical models for head, torso and
ears [26]. For example, the head and torso can be modeled as ellipsoids [27] and
the pinna can be modeled using a set of simple geometrical objects [25]. Then, the
acoustic waves equations can be solved from these simple geometries to determine
the head response. In theory, these models should be easy to fit to any particular
listener by making anthropometric measurements1 of the listener and putting these
1

The term anthropometric refers to comparative measurements of the body. Even though the
specification of a general and sufficient set of well defined anthropometric measurements is an
unresolved problem, usually the measurements used for the HRTF study include head, torso and
pinna parameters.
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measurements into the model. The studies however show that the simplified geometrical models are only accurate at low frequencies. Given that high-frequency
localization cues are also of great importance, simplified geometrical models are
not suitable for creating individualized HRTFs.
Stemming from the same theory, a more promising approach is to use the accurate geometrical representation of a subject’s head, from a three-dimensional
laser scan, and apply this as the basis for computational acoustic simulation using
finite element modelling (FEM) or boundary element modelling (BEM) [74–76].
There are many practical difficulties with this method, such as complication of
scanning the subject head and neglecting the interior features of the ear. And the
greatest problem is to solve the complicated acoustical equations. Hence, this approach currently requires more efforts and expenses than acoustical measurements
of HRTFs.
Regarding this technique, there are still many questions to be answered, such as
which of the human body’s anatomies parameters are more important, how many
parameters should be used to build the model and whether the human body effects
should be decomposed as serial or parallel combination of the independent models.
Motivated by above literature review, we propose to devise a universal HRTF
model which can accurately capture the HRTF variations in both the frequency
and spatial domains and is capable of adapting to different listeners by a simple
change of parameters.

2.3

Summary

This chapter has presented an introduction to spatial audio and the HRTF. The
need for the HRTF (or spectral cues) is motivated because the duplex theory is
unable to locate spatial locations uniquely from ITD and ILD. The role of the
HRTF in the synthesis of spatial audio over two play back channels has been described. This chapter has also presented the typical strategies for the measurement
of HRTFs from listening subjects and reviewed the limitations of using the HRTF
measurements directly for spatial audio systems, including high computation and
large storage requirement. The HRTF was displayed in the frequency, time, and
spatial domains, from which we can see two-well known structures in HRTF data,
head diffraction effects and elevation effects. Finally, this chapter presented a literature survey on various signal processing techniques to model the HRTF. An open
research problem is to devise a universal individualized HRTF model, which will
be tackled in the remaining chapters of this thesis.

Chapter 3
Continuous HRTF Model on
Horizontal Plane using Data
Independent Basis Functions
Overview: This chapter introduces a continuous functional model for HeadRelated Transfer Functions in the horizontal auditory scene. The approach uses
a separable representation consisting of a Fourier Bessel series expansion for the
spectral components and a conventional Fourier series expansion for the spatial
components. Being independent of the data, these two sets of basis functions remain unchanged for all subjects and measurement setups. Hence, the model can
transform an individualized HRTF to a subject specific set of coefficients. A continuous functional model is also developed in the time domain. The efficient model
performance in approximating experimental measurements is demonstrated by using the HRTF measurements from a KEMAR mannequin and the synthetic data
from the spherical head model. The statistical results are determined from a 50subject HRTF data set. The predictive capability of the proposed model is also
corroborated. The model has near optimal performance, which can be ascertained
by comparison with the standard Principle Component Analysis (PCA) and discrete Karhunen-Loève expansion (KLE) methods at the measurement points and
for a given number of parameters.

3.1

Introduction

HRTFs are usually obtained from measurements on people (or dummy heads) and
so there is a rich variety of HRTFs corresponding to the different human subjects
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being measured1 . Such data is naturally taken from systematic measurements over
a discrete set of angles and at discrete frequencies or time samples. Whilst the
data is discrete by necessity, it is understood that the underlying HRTF is fully
continuous in space and frequency. It is a well studied problem of finding how to
interpolate the discrete measurements to obtain synthetic or estimated data at any
particular angle [18,21,22]; but these methods’ validity is not related to the spatial
sampling condition and the most appropriate interpolation can be still considered
as an open question. The Discrete Fourier Transform (DFT) is commonly applied
for the HRTF spectral analysis so only limited spectral resolution can be achieved.
In this chapter, a continuous HRTF model in both spatial (1D horizontal scene)
and spectral domain is proposed so that the need for interpolation is removed.
Statistical methods, PCA [16] and the (discrete) KLE [64] as introduced in
Chapter 2, are used to find the most efficient lower dimensional representation
of the statistical data where efficiency is typically measured in terms of variance.
These optimal discrete methods rely on the empirical data and provide an optimal
description for any given lower dimensional model. However, their dependence on
the empirical data is a weakness as well as a strength. The clear strength is that
the representation deals directly with the set of measurements and reality rather
than an abstraction through a model which may be inaccurate. The weakness is
that optimal discrete models only represent the given empirical data set and any
changes to that data set change the model. That is, the principle components,
which are basis vectors, will vary with any change to the data set (additions or
omissions). Of course, if a data set is sufficiently large and rich, in the sense
of capturing the true variance across the population, the basis functions may be
fixed without much loss of optimality [77]. Further, because the data is discrete
and taken from a measurement grid, the representation is not universal in the
sense that HRTF measurements taken with differing measurement grids cannot
be merged directly whereas the underlying continuous HRTF should be consistent
and is independent of how it is measured. Our model of the HTRF combines the
strengths of the empirical formulation with the use of a continuous model, retaining
the near optimality of PCA type formulations but with a data-independent set of
basis functions.
The continuous model developed in this chapter for HRTFs expands any particular HRTF in terms of a weighted sum of continuous basis functions which
are separable in azimuth angle and frequency. The weights carry the informa1

Here we assume that the HRTFs are measured at a fixed distance between the loudspeaker
and head center and there is no head rotation movement.
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tion regarding the individuality. The study firstly uses the Fourier expansion to
represent the azimuthal dependence embedded within the structure of horizontal
domain measured HRTFs. As the series weights depend on frequency, analyzing
these components can provide a new means to model the scattering behavior of the
human head and pinna. As stated in [47], HRTF frequency domain data is more
relevant to the elevation source localization and diffraction effects, for example, the
spectral notches and peaks change with elevation. These observations require the
developed HRTF model to have high spectral resolution even though most experimental measurements are limited by the sampling rate and number of samples.
The novelty of this work is applying parametric spectral analysis to model these
frequency components of the HRTF. Different from traditional methods using DFT
for HRTF spectral analysis, the parametric approach is to develop a model for the
HRTF frequency components, and then the parameters are estimated from the
empirical data. Once the model is given, the HRTF spectrum can be determined
with better spectral resolution and fewer parameters (so that the lower dimensional
representation is achieved).
The proposed approach, for the spectral representation portion of the HRTF, is
to seek a preferred orthonormal function set from a range of closed form orthonormal functions as the one that best empirically represents test data (described in
Section 3.3). Each of the candidate closed form orthonormal functions is by its
nature fixed and independent of any data. A member of the class of Fourier-Bessel
series expansions is identified as the preferred representation due to the strong correlation between these basis functions and the measured spectral structure of the
HRTF. So the important distinction in our approach is to use the test data to make
a one-off choice of the set of basis functions from a range of candidate sets which
can then be applied to any measurements including those of different measurement
grids. In contrast, PCA and related statistical approaches use a single set of data to
generate empirical basis vectors which can only be used on that single set of data.
Our approach is continuous and the basis are functions and data independent (the
spectral representation is fixed as a Fourier-Bessel series, and the spatial azimuth
representation is fixed as a Fourier series) whereas for PCA the basis is discrete,
measurement grid dependent and data dependent. Thus, the proposed model can
achieve continuous HRTF representation (at any frequency point and an arbitrary
azimuth) for any HRTF data set.
This chapter is organized as follows. Section 3.2 develops the HRTF model
in both the frequency and time domains and describes the model parameter estimation. Section 3.3 describes the acoustic validation of the model using the MIT
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HRTF data set [13] collected from a KEMAR mannequin, and some analytically
generated HRTFs from the spherical head model [46]. The statistical results on
the model performance is also investigated from a 50-subject HRTF database [78].
Section 3.4 compares the continuous model with the PCA method and shows the
near optimality of performance of the proposed model. A summary of this chapter
is give in Section 3.5.

3.2

Functional Modelling of Horizontal Plane HRTF

We develop a continuous function representation of the horizontal plane HRTF as
a function of frequency f ∈ (0, fmax ), where fmax is the maximum measurement
frequency, and azimuth angle φ ∈ [0, 2π). In the following subsections we develop
spatial azimuth (Section 3.2.1) and spectral (Section 3.2.2) continuous representations of the HRTF. Further, the time domain HRIR (head-related impulse response)
model is provided in Section 3.2.3.

3.2.1

HRTF Spatial Azimuth Modelling

Using a Fourier series expansion, H(f, φ) can be expanded in the φ coordinate as
∞
X

H(f, φ) =

Am (f )eimφ ,

(3.1)

m=−∞

where i =

√

−1 and the mth order Fourier series weight is given by
1
Am (f ) =
2π

Z

2π

H(f, φ)e−imφ dφ.

(3.2)

0

The work of [79] shows that the horizontal plane HRTF has a low pass character
with limited spatial bandwidth. Most of energy in Am (f ) is restricted in a region
which is limited by |m| ≤ 2πf a/c, where c denotes the sound propagation velocity
and a is the radius of the head (usually we assume c = 340 m/s and a = 0.09 m).
While outside of this region, the energy is not significant and decaying rapidly with
increasing order |m|. Thus, the infinite series (3.1) can be truncated to |m| ≤ M
to represent a band-limited HRTF function through
HM (f, φ) ,

M
X
m=−M

Am (f )eimφ .

(3.3)
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As a guide, based on [79], a suitable M can be determined through
§
¨
M = 2πafmax /c ,

(3.4)

where d·e is the integer ceiling function, and fmax is the maximum frequency.
To estimate the coefficients Am (f ), we replace the integral in (3.2) with a finite
summation at discrete angles corresponding to the measurements. The standard
Fourier analysis for discrete periodic signals is used here. Along the circle 0 ≤ φ <
2π, given V0 equi-azimuthal angle increments, φ0 , . . . , φN −1 , we have
V0 −1
1 X
Am (f ) u
H(f, φv )e−imφv ,
V0 v=0

|m| ≤ M.

(3.5)

Equations (3.3) and (3.5) show that the continuous H(f, φ) can be recovered
from the V0 discrete measurements H(f, φv ) provided the number of samples V0 ≥
(2M +1) [80]. This is because, given V0 sampled discrete measurements, the Fourier
series representation will contain at most V0 expansion components. In particular,
given the maximum measurement frequency fmax and (3.4), the horizontal HRTFs
should be sampled with V0 ≥ (2 d2πafmax /ce + 1) so that the function can be
accurately reconstructed.
As the bandlimited HRTF HM (f, φ) is completely determined by 2M +1 Fourier
series weights and these weights are functions of frequency only, we believe analyzing Am (f ), such as an analytical representation of Am (f ), would provide an efficient
method to estimate the HRTF spectrum and study the scattering characteristics
of human head and pinna. Parametric spectral analysis is applied in Section 3.2.2
below to model Am (f ) by introducing a second orthogonal series expansion in frequency f .

3.2.2

HRTF Spectral Modelling

Parametric spectral analysis seeks a functional representation of the HRTF spectrum which can give better spectral resolution from the sampling conditions—the
sampling rate and number of samples. Such a representation facilitates direct
HRTF evaluation at any frequency point. Our approach is to find which closed
form standard orthogonal functions match the experimentally measured HRTFs
distribution most efficiently as basis functions and expand the HRTF spectral components with these basis functions.
We initially formulate a general orthogonal representation of the HRTF frequency components Am (f ) for each m defined over the finite interval (0, fmax ),
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where fmax is the maximum frequency. Unlike the expansion for the azimuthal
variable there is no obviously compelling choice for the preferred orthogonal representation so this is a crucial issue in formulating our representation. We write
Am (f ) =

∞
X

(m)

Cm;` ϕ` (f ),

(3.6)

`=1
(m)

where, ϕ` (f ) is a suitable complete set of orthogonal functions with weight W (f )
defined on the finite interval (0, fmax ) and indexed by ` (note different orthogonal
functions may be chosen for different values of m). Theoretically any squareintegrable function can be represented by (3.6) [81], and arbitrarily well approximated truncating to a finite number of terms L, i.e.,
Am (f ) u

L
X

(m)

Cm;` ϕ` (f ).

(3.7)

`=1

The order L is usually chosen as a tradeoff between accuracy and economy of
representation, noting that the approximation can be made arbitrarily close by
choosing L sufficiently large.
The expansion coefficients Cm;` in (3.6) can be obtained from
Cm;`

1
=
γ`

where

Z

fmax

0

Z
γ` =
0

fmax

(m)

Am (f )ϕ` (f ) W (f ) df,

(3.8)

¯ (m) ¯2
¯ϕ (f )¯ W (f ) df,

(3.9)

`

and W (f ) is the prescribed (non-negative) weighting function defined on f ∈
(m)
(0, fmax ). The weighting function for a given complete orthogonal basis, {ϕ` (f )},
p
(m)
(m)
is to make {ψ` (f ) = W (f )ϕ` (f )} become orthogonal set in the specific region (0, fmax ). Table 3.1 gives an example of four standard orthogonal bases with
W (f ) defined for the HRTF spectrum modelling purpose.

Comparison of Different Orthogonal Basis Functions
This leaves the issue about the choice of the basis functions for each m. In principle
any complete orthogonal set of functions on a finite interval can be adapted for
the purpose and provide an exact representation and in that sense are equivalent.
However, under truncation to a certain number of terms, some orthogonal sets will
perform better than others. That is, under truncation, different orthogonal sets of
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(m)

Table 3.1: Candidate closed form orthogonal functions ϕ` (f ) defined on f ∈
(0, fmax ) for modelling the HRTF spectral components Am (f ) with the argument
normalized as f 0 = f /fmax .
Orthogonal Functions
(general form)

Interval

Weight
W (x)

Modified Basis
(m)
ϕ` (f )

Complex Exponentials

x ∈ [−1, 1]

1

eiπ`(2f −1)

x ∈ [−1, 1]

1

P` (2f 0 − 1)

0

γ`
2

iπ`x

e

Legendre Polynomials
P` (x)

1

Chebyshev Polynomials x ∈ [−1, 1] (1 − k 2 ) 2
U` (x)
Fourier Bessel series
(n)
of order ` Jn (Z` x)

x ∈ (0, 1)

1

U` (2f 0 − 1)
(n)

Jn (Z` f 0 )

1
2` + 1
π
2
2
(n)

Jn+1 (Z` )2

functions are not equivalent and there will exist preferred choices.
It is our interest to find the most efficient orthogonal set for truncation (3.7)
based on real data (Fig. 3.1), which is the first novel element. The second novel
element is to restrict the choice of candidates to well studied classical closed form
orthogonal sets defined on a finite interval (possibly with different weighting functions) for which there is a rich set of choices including: Complex Exponentials,
Legendre Polynomials, Chebyshev Polynomials and the Fourier Bessel series of
various integer orders. Table 3.1 summaries the representation of the Am (f ) using
four families of these orthogonal functions (refer to [81] and [82] for the detailed
references of these orthogonal functions). To choose the most effective basis function, the four functions are applied to model the Am (f ) calculated from the MIT
data [13] and the percent mean square approximation error is calculated from the
P sampling frequencies, i.e.,
PP
ε=

em (fp )k2
kAm (fp ) − A
∗ 100%,
PP
2
kA
(f
)k
m
p
p=1

p=1

(3.10)

em (fp ) is the approximated HRTF spectrum components at frequency fp .
where A
It is shown in Table 3.2 that the Fourier Bessel series (note that different orders
of Fourier Bessel series are available and they may differ from different m; but
here we use the zero-th order Bessel function of the first kind J0 (·) to model the
Am (f ) for all m) can provide a better match to the measured HRTFs compared
with the Complex Exponentials under the same expansion order L = 100; while
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Figure 3.1: Mesh plots of the magnitude spectrum of Am (f ), |m| ≤ 35, calculated
from (a) analytical HRTFs from the spherical head model and (b) measured HRTFs
from MIT data. Note that given 72 samples (source positions) equally spaced along
the circle with ∆φ = 5◦ in both data sets, the highest Fourier series order we can
unambiguously derive is M = 35 with fmax = 21 kHz.
Table 3.2: Percent mean square error of approximating Am (f ) using four orthogonal
functions with truncation number L = 100 based on MIT measurement data.
Name of Orthogonal Functions Percent MSE
Complex Exponentials
3.19%
Legendre Polynomials
79.40%
Chebyshev Polynomials
25.97%
Fourier Bessel series (` = 0)
2.27%
Fourier Bessel series (` = |m|)
1.53%
the approximation made by Legendre and Chebyshev Polynomials has relatively
larger errors using the same truncation order.2
The observed efficiency of the Fourier Bessel series can be explained by referring
to Fig. 3.1. The energy of the HRTF frequency components does not equally spread
over the Fourier series expansion for each order m, which is described as butterfly
shape of the HRTF spectrum in [23,79] (the plots in Fig. 3.1 give half the butterfly
shape corresponding to positive frequencies). The explanation for the special shape
of the spectrum is as follows. For low frequency f , the large bandwidth requires
small spatial Fourier series (m) support since the waves are spatially varying slowly.
For increasing frequency, the butterfly shape is widening due to large spatial Fourier
2
Note the approximation errors of these two functions will also be arbitrarily small when a
large number of terms are included, e.g., L > 200.
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series support. It can be seen that the spatial Fourier series support increases with
frequency as the smaller wavelength indicates faster changes along the azimuthal
angle domain. Therefore, most of Am (f ) energy is present in a butterfly shaped
region; and outside the region, the energy is greatly reduced. This provides an
insight why Complex Exponentials, Legendre and Chebyshev polynomials are less
efficient. In contrast, the Bessel functions of the first kind are better matched to
the observed distribution of energy over frequency for various orders.
The Bessel functions Jn (·) for n ≥ 1 have a high pass character. That is, the
magnitude of Jn (·) for n ≥ 1 is approximately zero for smaller arguments. And this
zero value interval grows as n increases. In Fig. 3.2, a comparison is made between
the magnitude spectrum for coefficient functions A0 (f ), A10 (f ), A20 (f ) and A30 (f )
and the magnitude of a subset of the family of Bessel functions of the first kind
(of the same order n = 0, 10, 20, and 30). The resemblance between the patterns
of Am (f ) and Bessel functions explains the reason why the Fourier Bessel series
can match the HRTF with highest accuracy for a given truncation order. Thus, in
this chapter, the Fourier Bessel series are proposed to model the HRTF spectral
components Am (f ) dependent on m as explained next.
Fourier Bessel Series
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Figure 3.2: Examples to demonstrate the structural similarities between the magnitude spectrum of Am (f ) and the Bessel functions of the first kind. (a) the magnitude spectrum of Am (f ) from MIT data at m = 0, 10, 20, and 30 and (b) the
magnitude of the Bessel functions of the first kind Jn (x) at the corresponding orders
n = 0, 10, 20, and 30 with against arguments x from 0 to 30.
The Fourier Bessel series make use the orthogonality between Bessel functions
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of the first kind for a specific order n on the interval (0, 1) (the expansion does not
converge at point 0 and 1) to expand a general function [82] (see Section 3.A). The
Fourier Bessel series expansion of the frequency components of HRTFs is given as
Am (f ) =

∞
X

Cm;` Jn

`=1
(n)

(n)

³ Z (n) ´
`
f ,
fmax

(3.11)

(n)

where Z1 , Z2 , . . . , Z` are the positive roots of Jn (x)=0 and n is the specific
order of the Bessel function of the first kind. Cm;` are complex coefficients whose
dependence on n has been suppressed. From (3.A-4), the coefficients of the Fourier
Bessel series expansion can be determined from
Cm;` =

2

¡
(n) ¢2
2
fmax
Jn (Z` )

Z
0

fmax

³ Z (n) ´
f Am (f )Jn ` f df.
fmax

(3.12)

As the choice of the Fourier Bessel series has an infinite number of possibilities,
we need to decide which specific order n to use and how this depends on m. The
previous modelling comparison among different orthogonal functions (in Table 3.2)
shows that the zero-th order Bessel function of the first-kind J0 (·) can achieve very
accurate approximations. This is due to the dominance of A0 (f ) and, among all
orders, only J0 (·) can give very efficient approximation to A0 (f ) in the limit as
f → 0. However, J0 (·) is not the optimum representation for higher order Am (f )
when m 6= 0. Noticing that high order Fourier Bessel series can match high order
frequency components, we believe the representation with n increasing with m
is more effective. In this chapter, we have not mathematically derived a specific
formula relating m and n, but we propose a simple linear relationship n = |m| which
avoids the significant triangular near null energy regions seen in Fig. 3.1. Under
this heuristics, the error of approximating Am (f ) is 1.53% for L = 100, which is
the lowest approximation error in Table 3.2. The real measurements reconstruction
performance in Section 3.3 establishes that this choice works very well, in the sense
of high approximation accuracy and significantly reduced number of parameters
(the physical basis of this simple formula will be left as on open problem).
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Proposed Efficient Continuous HRTF Model
The above development leads to the HRTF functional model in the frequency
domain written as
³ Z (|m|) ´
H(f, φ) =
Cm;` J|m| ` f eimφ ,
fmax
m=−∞ `=1
∞
∞
X
X

(3.13)

where
Cm;` =

2
πfmax

¡

1

(|m|) ¢2
J|m|+1 (Z` )

Z

fmax

Z

π

f H(f, φ)J|m|
0

−π

³ Z (|m|) ´
`
f e−imφ dφdf.
fmax
(3.14)

Equation (3.14) illustrates how to calculate the model parameters from a continuous HRTF function. When using experimentally measured HRTFs, the model
coefficients Cm;` can be calculated using the left Riemann sum to approximate the
integral (3.14). Section 3.3 shows how to choose the truncation of (3.13) up to
provide accurate approximations to the original HRTF measurements.
The HRTF representation (3.13) exhibits three significant advantages:
• Firstly, the representation has well studied closed form orthogonal sets as
basis functions, which can make the HRTF approximation easily implemented
and model parameters Cm;` simply computed using (3.14).
• Secondly, using continuous basis functions, the proposed model can achieve
HRTF reconstruction at any frequency point for an arbitrary azimuth angle.
That is, it provides natural interpolation and extrapolation.
• Thirdly, the basis function choice is empirically guided but the basis functions
are independent of the data. As the basis is same for all subjects, the model
coefficients Cm;` carry all the information about the individuality. Thus the
model has capability to represent the individualized HRTF by assigning a
subject specific set of parameters to the model through (3.13).

3.2.3

HRIR Representation

In this subsection, the equivalent head-related impulse response (HRIR) representation is developed. The model is based on the inverse Fourier transform of the
Fourier Bessel series, the function used to represent the frequency variable of the
HRTF in (3.13).
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The Fourier Transform of Jn (t) is given by [83] as
2(−j)n Tn (w)
F {Jn (t)} = p
,
(1 − w2 )

for |w| < 1,

(3.15)

and zero otherwise, where w = 2πf is the angular frequency in radians per second
(rad/s), Tn (·) is the Chebyshev function of the first kind and is defined as
¡
¢
Tn (w) = cos n cos−1 (w) ,

|w| < 1.

(3.16)

Thereafter, the HRTF model in the time domain, the so-called HRIR model,
can be developed as
h(t, φ) =

∞
∞
X
X

¡ (|m|) ¢
Cm;` eimφ σm Z` , t

(3.17)

m=−∞ `=1

where based on (3.15)
(|m|)
σm (Z` , t)

(|m|)

−1

Z
{J|m| ( ` f )}
fmax

,F

max t)
(−j)|m| T|m| ( f(|m|)
(|m|)

Z

 r (|m|) Z`
, if 0 ≤ t < f`max
Z
.
=
)2 −t2
π ( f`
max

(|m|)

Z
0,
if t ≥ f`max
(3.18)

Now, both HRTF and HRIR models (3.13) and (3.17) are continuous representations and have data independent basis functions to represent the spectral (or time)
and spatial dependence. Thus, for each individualized measurement set only a coefficient matrix needs to be saved and used to further reconstruct the HRTF (or
HRIR) for a specific listener.

3.3
3.3.1

Model Validation
Methodology

The effectiveness of the proposed HRTF continuous representation is investigated
by comparing the experimentally measured (or analytically simulated) HRTFs with
model reconstructed results. In this section, three sets of data are employed in
evaluation: 1) the MIT data acquired from a KEMAR manikin [13], 2) some an-
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alytical solutions from the spherical head model [46], and 3) a 50-subject HRTF
data set [78]. A brief summary of these three sets of data is given below.
The MIT measurements were made in an anechoic chamber; and both the
“small” and “large” pinna models were tested on the KEMAR. The measurements
are the head-related impulse responses in the time domain at the 44.1 kHz sampling
rate and each response is 512 samples long. The speakers were at a distance of 1.4
m away from the head center (far-field measurements, r > 1 m). In the horizontal
plane, a full 360◦ of azimuth were sampled in equal sized increments (5 degrees
approximately). The azimuthal angle φ is from 0◦ to 360◦ . The direct front and
back directions at ear level are defined as 0◦ and 180◦ azimuth; while the left and
right sides are defined as φ = 90◦ and φ = 270◦ as stated in Chapter 2.
The analytically simulated HRTFs is based on the spherical head model presented in [46]. We generate the HRTFs along a circle of 72 points on the horizontal
plane at a distance of 0.7 m from the head center (near-field values, r < 1 m).
The HRIR measurements performed at IRCAM (a research lab) anechoic chamber include 50 subjects [78]. A 8192 point logarithmic sweep (sampling frequency is
also 44.1 kHz) is used as the test signal. For each subject, the HRTFs are measured
at 24 equally spaced points along the azimuth angle domain (15◦ degree intervals).
We use these data sets especially to check the favorable statistical performance of
the model reconstruction performance in Section 3.3.2.
Choice of Truncation Number
The model coefficients Cm;` are calculated for both MIT data and analytically simulated HRTFs as shown in Fig. 3.3. Firstly, the Fourier series expansion (3.3) are
solved up to and including the order 35 (M = 35), which is the maximum solvable order upper bounded by the number of discrete measurements (72 azimuthal
samples in the horizontal plane) and corresponds to the maximum measurement
frequency fmax = 21 kHz based on (3.4)3 . Then, the HRTF spectrum Am (f ) are
expanded with Fourier Bessel series up to order L = 150.
The structure of the model coefficients guides us on how to choose the truncation number of the proposed model (3.13) and (3.17). Especially, the two sets of
data correspond to two types of HRTFs, i.e., the far-field HRTFs from the MIT
data and the near field data from analytical simulated HRTFs. The plots in Fig. 3.3
show that the model coefficients energy are mainly kept in the low order expansion
components so that we just need to keep these coefficients for the HRTF represen3
We should state that according to (3.4), for MIT data of fmax = 22.05 kHz (sampling rate of
44.1 kHz), we need approximately 74 samples with ∆φ = 4.86◦ for accurate reconstruction.
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Figure 3.3: Magnitude of model coefficients Cm;` solved from (a) MIT HRTFs of
far-field r = 1.4 m and (b) analytically simulated HRTFs from the spherical head
model of near-field r = 0.7 m. The model coefficients energy are kept in low order
components.

tation. To decide the appropriate truncation for series representation, the criteria
is to choose the truncation number M and L as the lowest orders at which at least
90% of the total “energy” is contained in the approximation4 . Thus, the truncation
number for the far-field HRTF is chosen as M = 35 and L = 100 and the near
field HRTF model is truncated to M = 35, L = 30 accordingly (note the large
spatial variance of the near-field HRTFs requires more Fourier series terms in the
model as shown in Fig. 3.3(b)). There is no doubt that keeping more of the series
coefficients will increase approximation accuracy. Section 3.3.3 shows the shape of
the synthesized responses will go arbitrarily close to that of the measurements by
increasing Fourier series order M and Fourier Bessel series order L.

Error Metric
Given the efficient representation with the lowest truncation numbers, the performance of the model in accurately approximating experimentally measured HRTFs
has been assessed in both the frequency and time domains. The error metric is
defined as the mean square error (MSE) in the magnitude and phase spectrum (or
4
Both data fitting results [17] and PCA perceptual test [16] have proved that a representation
capturing 90% of variations of measured HRTFs guarantees a faithful HRTF reconstruction.
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Figure 3.4: Example of MIT measured and model reconstructed HRTFs using the
frequency domain model (a) left ear measured HRTF at φ = 120◦ and (b) right ear
measured HRTF at φ = 110◦ . Measurements: star dot-dash line, Reconstruction:
solid line.
the impulse response) at the measured azimuthal locations
PP
εv =

p=1

°
°
e p , φv )°2
°H(fp , φv ) − H(f
,
°
PP °
°H(fp , φv )°2

v = 1, . . . , V0

(3.19)

p=1

where for each azimuth, HRTFs are measured at P frequency points f1 , f2 , · · · , fP ,
H(fp , φv ) is the measured HRTF (or HRIR) at the pth frequency point and v th
e p , φv ) is the reconstructed HRTF (or HRIR).
azimuth, and H(f

3.3.2

Continuous Model Performance

The performance of the proposed model is investigated in two ways: 1) in reconstruction, using the measured data (the same data used to determine the model
parameters), and 2) in interpolation, using the cross-validation technique.
HRTF Model Reconstruction Performance
The first example to assess the HRF model performance is to reconstruct the 72
MIT measured (or analytically simulated) HRTFs spaced by 5◦ in the horizontal
plane. The error analysis of the frequency model is conducted at each azimuthal
angle to both the magnitude and unwrapped phase responses. Fig. 3.4 shows a
direct and qualitative comparison of the measured HRTF spectrum from MIT left
and right ears and model reconstructed HRTFs in the frequency domain.
The errors in fitting the HRTF measurements (or analytically simulated HRTFs)
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Figure 3.5: The approximation error distribution as a function of the source position (azimuthal angle φ) for the MIT HRTFs. (a) reconstruction error distributions
and (b) interpolation error distributions. The top plots correspond to the left ear
and the bottom plots correspond to the right ear.
are further analyzed at each of the measured positions. The distribution of errors
across all positions are presented in Fig. 3.5(a) and Fig. 3.6(a) for both MIT measurements and analytical simulated HRTFs. Note that in both data sets, a source
located at 90◦ azimuth is directly across from the left ear (the right ear is the shadowed ear) and a source located at 270◦ is directly across from the right ear (the
left ear is the shadowed ear). The calculated error in the model fitting leads to two
observations. First, in general, the continuous functional model provides a good fit
to HRTFs with significantly reduced number of parameters, for example, the mean
square reconstruction error is about 1.78% for the MIT measurements and 0.5%
for analytically simulated HRTFs. Second, given the accurate approximation, the
synthesis of HRTFs is better at the source-facing side of the head compared to the
head’s shadowed side.
The reconstruction of the 50-subject HRTF data set shows very good statistical results on the reconstruction performance of the proposed approach. First,
given 24 samples equally spaced by 15◦ in the horizontal plane for each subject,
according to the sampling and reconstruction analysis in Section 3.2.1, we can
accurately reconstruct the human subject HRTF data to 7.2 kHz. We check the
reconstruction errors across all positions for each human subject. Fig. 3.7 shows the
statistical reconstruction error distribution among 50 subjects with the mean value
overlaid. It can be seen that the maximum reconstruction error is under 6% and
the mean value distribution is very like the error distribution of the KEMAR data.
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This corroborates our claim that we have an efficient data independent continuous
functional model.

HRTF Model Interpolation Performance
In applications, HRTF interpolation may be required over angles not measured. In
this section, the interpolation performance of the proposed continuous functional
model is demonstrated. In order to use the available measurements to examine
the interpolation performance, we employ cross-validation. We partition the 72
angular measurements of 5◦ spaced MIT (or analytically simulated) HRTF data
points in the horizontal plane into two groups with each having 36 data sets spaced
by 10◦ . The first group is used to determine the model parameters Cm;` which
are used to synthesize/interpolate the HRTF at the angles corresponding to the
second group. The difference indicates the interpolation performance. In addition,
the second group locations, which are at the midpoints of those used to determine
the modal parameters, represent the locations of maximum interpolation error.
For interpolation, the most important implementation issue is to record the
sound field with enough samples. As shown in Section 3.2.1, for the sound field
reconstruction along the circle, the maximum measurement frequency fmax determines the highest order of the Fourier expansion coefficients, M = d2πafmax /ce as
given in (3.4). Hence, the maximum angular sampling interval is determined by
4φ◦max =

360
360
=
V0min
2 d2πafmax /ce + 1

(3.20)

where a is the radius of the head. (3.20) is based on the fact that we need V0 ≥
(2M +1) equally spaced samples along the circle. It shows the maximum azimuthal
angular spacing 4φmax is related to the maximum measurement frequency fmax .
For example, when the sampling frequency is 44.1 kHz (as used in MIT data set),
the maximum angular sample interval is approximately 4.86◦ .
In our validation test of the MIT data, the second group of data sets is spaced
by 10◦ ; and we can only accurately interpolate the HRTFs up to 10.8 kHz. Fig. 3.8
shows the interpolated MIT left and right ear HRTFs with original measurements
overlaid. The interpolation error performance in Fig. 3.5(b) and Fig. 3.6(b) demonstrate that our model is able to interpolate over large angles with high accuracy
(the maximum error is about 4.3% for MIT data and 1.52% for the analytical
solutions). In addition, the maximum interpolation error is also located at the
contralateral ear.
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Figure 3.8: Example of model interpolated HRTFs with original MIT measurements overlaid. (a) left ear HRTF at φ = 105◦ and (b) right ear HRTFs at φ = 165◦ .
Measurements: star dot-dash line, Interpolation: solid line.
Time Domain HRIR Model Performance
The measured MIT HRTF database is applied to the time-domain HRIR model
(3.17). The HRIR analysis is conducted in a similar way to the HRTF analysis, except the error is calculated for each time slot and for each azimuthal angle. Fig. 3.9
shows examples of the HRIR measurements with their model reconstruction and
interpolation overlaid. The closeness of the reconstructed and experimental responses corroborates the effectiveness and high accuracy of the time-domain HRIR
model.

3.3.3

Model Performance Analysis

Section 3.3.2 shows that the synthesis of HRTFs is usually better at the sourcefacing side of the head than at the head’s shadowed side. Three factors contribute
to this phenomenon. The first factor is that the comparative poorer signal-to-noise
ratio (SNR) at the head shadowed side. The signal level at the head shadowed
side is lower than that at the source facing side, resulting in the signal to noise
ratio in the measurement is relatively poorer at the head shadowed locations. The
second factor is the high complexity of the HRTF at the head’s shadowed locations. Because of the diffraction around the head, the contralateral sounds have
more variations. This results in the spectral shapes that are more complicated
and more difficult to model. Thirdly, the head shadowing may cause HRTF spectral components has energy outside of the butterfly shape. Hence, the truncated
model can spatially not predict the large spatial variation including diffraction and
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Figure 3.9: Example of model reconstructed and interpolated HRIR from MIT
data with original measurements overlaid. (a) reconstructed MIT left ear HRIR at
φ = 180◦ and (b) interpolated MIT right ear HRIR at φ = 275◦ . Measurements:
star dot-dash line, Synthesis results: solid line.
head shadowing. If we choose larger M and L, we may specifically improve the
reconstruction over those regions.
Beside the diffraction effects, the Shaw’s “bright spot” phenomenon can also
be observed [61], that is, HRTFs corresponding to contralateral locations which
lie in the direct shadow of the head have relatively higher-amplitudes or a local
maximum energy injected. Hence, both ears HRTF reconstructions (Fig. 3.5 to
Fig. 3.7) have the local least approximation error with azimuths of 90◦ and 270◦ ,
respectively.
We summarize the performance of the proposed model in the following four
aspects. Firstly, the proposed continuous functional HRTF and HRIR models
provide accurate approximations to the experimental measurements. The shape
of the synthesized responses can get arbitrarily close to that of the measurements
by increasing the Fourier series and Fourier Bessel series harmonic orders. Our
calculation shows that the reconstruction error of MIT data decreases to 0.52%
when M = 35, L = 150. Secondly, as given in (3.14), each of the individualized
HRTF is transformed to a set of coefficient. This coefficient set is much smaller
in size compared to the original HRTF data samples. For example, original MIT
databases has 36864 sample points (72 directions and 512 frequency samples for
each azimuth); now the transformed coefficient just has 5100 entries (M = 25,
L = 100). The data needs to be saved has been reduced by nearly 85%. Thirdly, the
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computation of the model coefficients is easily implemented as the basis functions
are well known orthogonal functions and their value can be calculated in advance.
Hence, we can use the model to decompose any HRTF through (3.14) and resynthesis the data from the series representation of (3.13) for any specific position.
Fourthly, the proposed model can be regarded as noise discriminated as the two
orthogonal functions we choose as bases has structural similarities to the HRTF
being analyzed. Thus, the unwanted components (noise or distortion) will not be
represented with the same accuracy as the signal interested. For example, the
noise components of high spatial bandwidth (|m| > M ) is removed from (3.5) and
the noise with frequency components outside the butterfly shaped region will be
significantly reduced from (3.12).
The continuous model has been further validated only by the magnitude spectrum of the HRTF. A more efficient representation is obtained, i.e., only 20 FBS
components (L = 20) are required to represent the whole HRTF magnitude spectra
of range between [0.2, 20] kHz (MSE around 3%). This means in practice, the continuous HRTF model can be used to model only the HRTF magnitude spectrum
with the phase is reconstructed based on a minimum phase assumption corresponding to each HRTF magnitude function and another simple time delay filter contains
the interaural time difference information [29]. Such an implementation will have
great utility and practical value to the spatial audio field.

3.4

Comparison with Statistical Modelling Methods

The statistical modelling methods, specifically PCA [16] and the (discrete) KL
expansion [64], are applied in an effort to reduce the redundancy (correlation) of
the HRTF data set. Both methods apply eigen-analysis to a sample frequency
covariance matrix constructed from the measured HRTFs to yield a set of the
principle components dj (f ), j = 1, 2, . . . , Nd , as basis spectral functions. The PCA
model, as defined in [16], constructs the sample covariance matrix from the HRTF
magnitude spectrum while the KLE method defined in [64] uses the complex valued
HRTFs after the directionally independent frequency dependence is removed. The
complex (or magnitude) HRTF for a given azimuth φ as a weight sum of the
Nd (most important) principle components dj (f ) with a directionally independent
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Figure 3.10: (a) Example of PCA model reconstructed MIT left ear HRTF at
φ = 120◦ and (b) example of KLE model reconstructed MIT left ear HRTF at
φ = 120◦ . Measurements: star dot-dash line, Reconstruction: solid line.
component d0 (f ) is written in the following form,
H(f, φ) =

Nd
X

wj (φ)dj (f ) + d0 (f ),

(3.21)

j=1

where the complex coefficients wj (φ) are termed spatial characteristic functions.
Since the eigenvectors with largest eigenvalue of the frequency covariance matrix are
chosen as principle components, the statistical modelling methods achieve optimal
lower dimensional orthogonal representations. These models rely on the empirical
data to provide an optimal representation. However, for these representations the
basis is discrete and data dependent which can have disadvantages.
The same HRTF reconstruction procedure on the MIT data is performed using
the PCA and KLE methods. To capture 90% of the variance in the spectrum, we
extract 8 principal components as basis vectors. Fig. 3.10 shows the reconstructed
HRTF magnitude and phase spectrums with original data overlaid. The example is
for the MIT left ear HRTF reconstruction at azimuthal angle φ = 120◦ (Fig. 3.4(a)
gives our continuous model reconstruction performance). The PCA model gives
nearly identical approximation to the HRTF magnitude spectrum but ignores the
measured phase; while the discrete KLE is to model the complex valued HRTFs.
A spline interpolation of the KLE coefficients wj (φ) is commonly used for HRTF
interpolation [18]. Results in Fig. 3.11 are interpolated MIT HRTFs with original
data overlaid. Compared with Fig. 3.8, we can see that the statistical/interpolation
model can not interpolate the HRTF data sufficiently accurate. This is further
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Figure 3.11: Example of KLE model using spline interpolation interpolated MIT
(a) left ear HRTF at φ = 105◦ and (b) right ear HRTF at φ = 165◦ . Measurements:
star dot-dash line, Interpolation: solid line.
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Figure 3.12: Rat distortion curves of (a) KLE model and (b) continuous model for
MIT HRTF interpolation.
proved by rate distortion curves (Fig. 3.12) of the KLE model and the proposed
continuous model for MIT HRTF interpolation. Beyond certain number of parameters (e.g. 20 principle components), KLE could not provide any better interpolation
accuracies; while the proposed continuous model can achieve as low as (3%) overall
interpolation error.
Table 3.3 summaries the numerical HRTF reconstruction/interpolation performances using the two statistical methods and our proposed continuous model.
There are several observations. Firstly, even though there are a small number of
basis vectors in the statistical models, both basis and weights change with the
listener. In terms of the number of parameters changing with the listener, both
statistical models and the proposed continuous model require similar number of
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Table 3.3: Horizontal plane HRTF reconstruction/interpolation using PCA, KLE,
and continuous model.
Methods

Mag. spec. Complex resp.
appro. error appro. error
PCA
2.00%
—
KL expansion
4.84%
2.46%
Continuous model
5.29%
2.63%

Interpolation
error
—
22.84%
3.26%

Number of
parameters
4672
4672
4900

parameters5 . Secondly, two kinds of approximation errors are investigated for the
three models. As PCA is formulated to analyze the HRTF magnitude function, it
assuredly gives the least magnitude spectrum approximation error. However, there
is no qualitative way to show the complex valued HRTF reconstruction using the
PCA method due to the minimum phase assumption (there is only a monaural
phase between two ears to model the interaural phase difference). Whilst it is true
that for minimum phase systems knowledge of the magnitude response is sufficient
to infer the phase response, this does not imply the PCA applied to the magnitude
only of a minimum phase system has any claim to optimality when full complex
data modelling is desired. The proper formulation needs to apply PCA to the full
complex response like the discrete KLE method. Finally, as for a fair comparison
between KLE and the proposed continuous model, the relatively larger approximation error using the continuous model shows that the discrete statistical method is
truly the optimal description for this data set6 . However, the disadvantage of lack
of strict optimality of our approach is countered by the universality (data independent and measurement grid independence of the basis) and the continuous nature
of the basis functions (eliminating the need for interpolation) as demonstrated by
much smaller interpolation error.

3.5

Summary and Contributions

The functional representation of the HRTF should be consistent and independent
of how the HRTF is measured. The optimal statistical model however does not
satisfy this requirement; because the data is discrete and taken from a sampling
5

From (3.21), the basis functions size is P × Nd and the weights size is Nd × V0 , where P is
the total number of frequency samples, Nd is the number of principal components and V0 is the
number of HRTF data. In the MIT data, P = 512, Nd = 8, V0 = 72 thus the total number of
parameters is 512 × 8 + 8 × 72 = 4672.
6
For a fair comparison, we reduce the parameters of the proposed model to 4900 with average
reconstruction error of 2.63%. Remember previously in Section 3.3.2 the proposed model achieves
reconstruction error of 1.78% with 5100 parameters.
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grid the statistical representations of the HRTF measurements taken with different
measurement grids cannot be merged directly. This chapter has investigated the
continuous representation of the horizontal plane HRTFs.
Some specific contributions in this chapter are:
1. A novel way to examine the HRTF data structure was proposed, which can
separate the HRTF spatial and spectral components.
2. Fourier series were used to model the spatial azimuth dependence of the
HRTF while the HRTF spectral components were represented by the continuous Fourier Bessel series of various orders. The significant advantage is that
both Fourier series and Fourier Bessel series are well-studied complete closed
form orthogonal functions and can be readily applied to accurately model the
HRTF.
3. By applying these two sets of continuous functions as basis functions, a continuous functional model has been developed for the horizontal plane HRTF
representation. Each individualized HRTF is expressed by a coefficient matrix in a form amenable to truncation to a significantly reduced number of
parameters. The model can be used to synthesis/interpolate HRTFs at arbitrary azimuth and frequency points. Moreover, being independent of the
data, the basis functions will remain unchanged for all subjects and measurement setups.
4. The developed continuous model was compared with the optimal statistical
methods, PCA and KLE models. The near optimality of the proposed model
is shown by its universality being data independent and measurement grid
independence of the basis and its continuous nature of the basis functions.
The development of a three dimensional HRTF representation following the
same methodology simply replaces the conventional Fourier series expansion with
an expansion using spherical harmonics to represent the spatial dependence (adding
elevation to the azimuth angular variable). A similar parametric spectral analysis
can be performed. The work in [84] found similar butterfly shaped HRTF spectral
components of 2D HRTFs at other elevations. Thus, the Fourier-Bessel series may
be used as an efficient functional analysis of the 3D HRTF spectrum. However,
such a study would require more complete measurement data that is currently
unavailable. In a typical HRTF measurement setup, no measurements are made for
lower elevations because of the strong distortions from the ground and measurement
apparatus. Therefore, it becomes an important issue of how to extrapolate the
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missing HRTF responses over low elevations from a limited set of measurements,
which is the strength of the next chapter.
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3.A

57

Appendix: Complete Orthogonal Functions:
Fourier Bessel Series
(n)

(n)

Let n ≥ 0 and Z1 , Z2 , ... be the positive roots of Jn (x) = 0, where Jn (·) is a
specific order of the Bessel function of the first kind. A general function on the
interval (0,1) can be expanded in terms of Bessel functions of the first kind as
f (x) =

∞
X

γu Jn (xZu(n) ).

(3.A-1)

u=1

And the coefficients are found based on the orthogonality of the Bessel function
roots, i.e.,
Z 1
1
(n)
(n)
xJn (xZu(n) )Jn (xZ` )dx = δ`,u [Jn+1 (Z` )]2 ,
(3.A-2)
2
0
so
Z
0

1

(n)
xf (x)Jn (xZ` )dx

=
=

Z

∞
X

γu

u=1
∞
X

1
2

0

1

(n)

xJn (xZu(n) )Jn (xZ` )dx

γu δu,` [Jn+1 (Zu )(n) ]2

u=1

1
(n)
= γ` [Jn+1 (A` )]2 .
2

(3.A-3)

The coefficients are given by
γ` =

2
(n)
[Jn+1 (Z` )]2

Z
0

1

(n)

xf (x)Jn (xZ` )dx.

(3.A-4)

Chapter 4
Spherical Harmonic Analysis and
Model-Limited Extrapolation on
the Sphere
Overview: A significant problem in HRTF measurement is that the HRTF data
over all angles represented by a 3D sphere is impractical to obtain due to physical
and mechanical constraints. This chapter revisits the classical problem of extrapolation of a bandlimited signal from limited time domain data for signals defined on
the sphere. That is, given limited or incomplete measurements of an isotropic low
pass signal on the unit sphere, S2 , find the unique extrapolation to the complete
unit sphere. The problem is termed as mode-limited extrapolation on the sphere.
The investigations explore the role of projection operators in characterizing the extrapolation problem and devise an iterative algorithm analogous to that obtained
in the time-frequency case. Some theoretical results are further presented for discrete and noisy signals. It has been demonstrated that in the presence of noise, a
regularized MNLS estimation is an admissible extrapolation solution.

4.1

Introduction

The HRTF data over all angles can be represented by a unit sphere, S2 , as a
function of azimuth, elevation and frequency1 . In Chapter 3, one-dimensional signal
processing makes use of Fourier series as the basis functions to represent the HRTF
azimuthal dependence. Analogously, spherical harmonics can be applied to the
analysis of functions on the surface of a sphere, f (θ, φ), where 0◦ ≤ θ ≤ 180◦
1
The range dependence is removed as here we only concern about the far field HRTFs, i.e.,
r ≥ 1 m.
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and 0◦ ≤ φ < 360◦ . Spherical harmonics form a complete, continuous orthogonal
set on the surface of sphere [85]; by expressing the HRTF as a weighted sum
of spherical harmonics [17], a modeled HRTF can be obtained for any arbitrary
direction (2D angle, azimuth and elevation). The spherical harmonic coefficients
are complex Fourier coefficients and are given by spherical harmonic transform on
the experimental measurements.
A significant problem is that the HRTF measurements at the low elevations are
extremely distorted by the structure of the apparatus. The underside surface of the
turntable, an artifact that does not exist in real listeners, occlude the direct path to
the ear; and there are also strong ground reflections. In order that these distorted
measurements in the global data set do not distort the HRTF spherical harmonic
analysis, these HRTFs are usually removed from the data set. Given only a limited
set of measurements, the spherical harmonic coefficients can not be calculated
with high accuracy. This chapter investigates the problem of extrapolation of an
isotropic low pass signal defined on the unit sphere, S2 , from limited or incomplete
measurements.
The extrapolation of bandlimited signals from incomplete time domain data
is a fundamental problem in signal processing. That is, knowing a signal on a
finite time interval, determine the signal on the infinite time line. At a conceptual mathematical level this is a trivial task because it is merely as instance of
analytic continuation. However, the engineering challenge is to find a robust and
simple algorithm for this problem. Papoulis gave an algorithm for this task and
characterized its convergence [86]. It was show that fundamental work of Slepian
et al. [87, 88] emerged naturally in characterizing the problem2 .
A bandlimited signal is subject to a smoothness constraint. In carrying over the
notion of “bandlimited” to the sphere the objective is to find a suitable low pass
characterization. This is well-known and involves truncating the spherical harmonic
expansion of the signal on the sphere retaining the lowest order terms [89, 90].
Because the spherical harmonics involve two indices, an imposed condition is that
the low pass operator is isotropic on the sphere and this implies that the truncation
of the spherical harmonics takes a particular but very natural form where only one
of the indices needs to be limited.
At an abstract level there is little difference between the time/frequency case
(“time-case”) and the sphere-spatial/spherical harmonic case (“sphere-case”) which
guarantees a set of meaningful results for the sphere-case. However, the sphere-case
2

Another method of extrapolating band-limited signals is based on the expansion of the function into a series of prolate spheroidal wave functions, which are orthogonal on both (−1, 1) and
(−∞, ∞) [87, 88].
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is in some aspects more challenging than the time-case. It is helpful to flag these
aspects.
• Firstly, the sphere-case is multi-variate and the analog of the “intervals” of
the time-case are “regions” which can be varied in shape and not necessarily
simply connected. The theory for the sphere-case is valid for all sufficiently
regular regions, and the shape of the region has a significant role to play
in characterizing the problem. In contrast, the interval in the time-case is
relatively benign.
• Secondly, in the sphere-case, the unit sphere is a twice periodic and finite
structure, and this means the Fourier representation is discrete, that is, harmonic (as the name spherical harmonics suggests). This is simpler than the
time-case where the Fourier transform is continuous.
• Finally, in the sphere-case, when truncating the spherical harmonic expansion (low pass) the resulting signal is finite dimensional which means that
standard linear algebra can be used to characterize the extrapolating functions [90].
The structure of this chapter is as follows. Section 4.2 reviews the spherical
harmonic analysis and presents the problem formulation. Section 4.3 reinterprets
the classical Papoulis algorithm by applying it to the unit sphere. It is shown
that the mean square error between the extrapolated and the original signals reduces at successive iterations. This error energy reduction procedure means the
algorithm converges to the original signal. In Section 4.4, the extrapolation of
noiseless discrete signal is investigated, in which discrete samplings do not completely define the function; the main finding is that the algorithm converges to the
MNLS (minimum norm least-squares) solution. Section 4.5 demonstrates that the
extrapolation problem is sensitive to noise even in case when only small amounts
of extrapolation are required. A regularization technique can be used to obtain
reasonable results. This technique is proposed to extrapolate discrete measured
HRTFs in the spherical harmonic domain.

4.2

Problem Formulation

The problem being addressed is: given limited or incomplete measurements of
an isotropic low pass signal on the unit sphere, S2 , find the unique extrapolation
to the complete unit sphere. More precisely if the signal is available only on some
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subregion Γ ⊂ S2 and is known to be isotropically low pass (spatially bandlimited),
determine the signal on the S2 \ Γ .

4.2.1

Fredholm Integral Equation

b ≡ (θ, φ), represent a direction in space as
In our notation, bold letters, such as x
a unit vector on the unit sphere with θ being the elevation or co-latitude and φ
being the azimuth or longitude. Further,
ds(b
x) ≡ sin θdθdφ

(4.1)

denotes the surface element on the unit sphere.
A general homogeneous Fredholm integral equation of the first kind takes the
form
Z
¡
¢
b ∈ Ω,
L f (b
x) =
L(b
x, yb)f (b
y ) ds(b
y ), x
(4.2)
Ω

where Ω is the domain of interest and L(b
x, yb) is the kernel. The kernel will be
taken as Hilbert-Schmidt (a bounded operator) unless otherwise stated, meaning
° °2
°L ° =

ZZ

¯
¯2
¯L(b
x, yb)¯ ds(b
y ) ds(b
x) < ∞,

b, yb ∈ Ω.
x

(4.3)

Ω×Ω

The integral equation (4.2) has adjoint
¡

∗

¢

Z
b)f (b
L(b
y, x
y ) ds(b
y ),

L f (b
x) =

b ∈ Ω,
x

(4.4)

Ω

where (·) stands for complex conjugate. The operator in (4.2) is self-adjoint, L ∗ =
b). Condition (4.3) is sufficient to make the integral
L , whenever L(b
x, yb) = L(b
y, x
operator compact.
In the following, we shall be considering functions on the unit sphere, S2 , or a
subregion (close bounded region) of the unit sphere, Γ ⊂ S2 .

4.2.2

Spherical Harmonics

Notation
In the following, we use the shorthand
X
m,n

,

∞ X
n
X
n=0 m=−n

and

X
m,|n|<N

,

N
−1
X

n
X

n=0 m=−n

(4.5)
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b = (θ, φ),
The spherical harmonics, as a function of x
s
2n + 1 (n − |m|)! |m|
P (cos θ)eimφ ,
4π (n + |m|)! n

Ynm (b
x) ,

n = 0, 1, 2, . . . ,

m = −n, . . . , n,

(4.6)

|m|

where Pn are the associated Legendre functions, defined for n = 0, 1, 2, . . . and
|m| = 0, 1, . . . , n, form a complete orthogonal system with respect to the natural
inner product on the 2-sphere S2 [91]. We denote this complex Hilbert Space as
L2 (S2 ). For any f (b
x) ∈ L2 (S2 ) we have the spherical harmonic transform identity
f (b
x) =

X³Z
m,n

S2

´
f (b
y )Ynm (b
y ) ds(b
y ) Ynm (b
x),

(4.7)

where the equality is understood in terms of convergence in the mean [92]. The
complex coefficients in (4.7) are the generalized complex Fourier coefficients and
are given by
Z
Fnm

4.2.3

,
S2

y ) ds(b
y ),
f (b
y )Ynm (b

n = 0, 1, 2, . . . ,

m = −n, . . . , n.

(4.8)

Two Projections on the Sphere

Mode Limiting Operator
Given the Spherical Harmonic Expansion, (4.7), we define a mode limiting operator,
BN , on Hilbert Space L2 (S2 ), as the truncated spherical harmonic transform (4.7),
¡

¢

BN f (b
x) ,

X ³Z
m,|n|<N

S2

´
f (b
y )Ynm (b
y ) ds(b
y ) Ynm (b
x),

(4.9)

which is an isotropic low pass filter on S2 . A simple manipulation reveals (4.9) to
be an integral operator of the form (4.2) with hermitian symmetric kernel
BN (b
x, yb) ,

X

Ynm (b
x)Ynm (b
y ).

(4.10)

2n + 1
Pn (b
x · yb),
4π

(4.11)

m,|n|<N

Using a well-known identity,
n
X
m=−n

x)Ynm (b
Ynm (b
y) =
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b · yb is the inner product and equals cos ζ where ζ denotes the angle between
where x
b and yb, [91]. The kernel (4.10) can be simplified to
x
BN (b
x, yb) ,

N
−1
X
n=0

2n + 1
Pn (b
x · yb).
4π

(4.12)

This reveals that the kernel is actually purely real. Operator BN is a finite
rank operator of dimension N 2 and hence compact [93]. It is also a projection,
idempotent and self adjoint. Note that a kernel on the unit sphere that can be
b · yb is a type of isotropic spherical convolution—the
expressed as a function of x
analog on the unit sphere for a standard convolution kernel on the real line which
b − yb.
is a function of x

Truncation Operator

The second operator is the spatial truncation operator, DΓ , defined as

f (b
b∈Γ
x) x
(DΓ f )(b
x) =
0
b ∈Ω\Γ
x

(4.13)

for some subregion Γ ⊂ Ω. Again this can be expressed as an integral operator of
the form (4.2) using generalized functions, leading to a kernel of the form
DΓ (b
x, yb) , χΓ (b
y )δ(b
x − yb).

(4.14)

where χΓ (·) denotes the characteristic (indicator) function of the region Γ , and
δ(·) is the 2D Dirac delta function. This kernel is real and satisfies DN (b
x, yb) =
b) and so the operator is self adjoint. It is idempotent and a projection
DN (b
y, x
but it is not compact. Nor is it Hilbert-Schmidt, that is, it does not satisfy the
sufficient condition (4.3). Equivalently, we can write the truncation operator as a
multiplication operator
(DΓ f )(b
x) = χΓ (b
x)f (b
x)
using the characteristic function.

(4.15)

4.3 Papoulis Algorithm on the Unit Sphere

4.3
4.3.1

65
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Algorithm Description

Let f (b
x) be the mode-limited function on the unit sphere to be determined. It
satisfies
¡
¢
f (b
x) = BN f (b
x).
(4.16)
g(b
x) is the measured function on the unit sphere which satisfies
¡
¢
g(b
x) = DΓ f (b
x)

(4.17)

where the support of g(b
x) is Γ .
b ∈ S2 from g(b
The objective of the algorithm is to reconstruct f (b
x) for all x
x)
which is non-zero only in Γ ⊂ S2 . Towards this goal the Papoulis algorithm [86]
∞
used two sets of iterations, {fd }∞
d=1 and {gd }d=1 , involving only the spherical harmonic expansion of functions. The iterative algorithm starts from computing spherical harmonic coefficients
( R
x)ds(b
x)
n<N
g(b
x)Ynm (b
Γ
Fnm (1) =
(4.18)
0
n≥N
and a mode-limited function
f1 (b
x) =

N
−1
X

n
X

Fnm (1) Ynm (b
x).

(4.19)

n=0 m=−n

Next, we replace the segment of f1 (b
x) over the subregion Γ by the known data
g(b
x)
(
b∈Γ
g(b
x)
x
g1 (b
x) =
(4.20)
f1 (b
x)
elsewhere.
Following the same procedure, at the dth iteration, we have
( R
Fnm (d)

=

S2

gd−1 (b
x)Ynm (b
x)ds(b
x)

0

and
fd (b
x) =

N
−1
X

n
X

n=0 m=−n

Fnm (d) Ynm (b
x).

n<N
n≥N

(4.21)

(4.22)
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Applying two orthogonal projection operators, BN and DΓ , we have
(

b∈Γ
g(b
x)
x
fd (b
x)
elsewhere
¡
¢
= fd (b
x) + DΓ [f − fd ] (b
x),

(4.23)

¡
¢
fd (b
x) = BN gd−1 (b
x).

(4.24)

gd (b
x) =

and

In summary, this algorithm states that we start by low-pass filtering the zero
extended measurements. At step d, the low-pass filter output fd (b
x) is substituted
by the measurements g(b
x) over the subregion Γ and the result is low-pass filtered
again to yield fd+1 (b
x). It will be shown in the next section that f (b
x) and fd (b
x)
are in the same mode-limited subspace. And it will be proven that fd (b
x) tends to
f (b
x) as d → ∞, and the convergence properties will be determined.

Numerical Example
We apply the proposed method to extrapolate an incomplete data set on a sphere.
The data is artificially generated by assigning random spherical harmonic coefficients up to and excluding degree N = 9. The limited observations are given
for 0 ≤ θ ≤ 100◦ , 0 ≤ φ ≤ 200◦ . We use a quadrature method, the equiangular grid sampling arrangement [94], which has predetermined number of samples
and sample positions, to numerically implement the continuous spherical harmonic
transform (4.8). For example, given the signal in this example is mode limited to
degree N = 9, we have 324 samples in total over the sphere. Fig. 4.1 shows the
actual signal, the given observations and the extrapolated data after 30 iterations.
This numerical example demonstrates that the algorithm can provide accurate estimation results on both the observation region and the extrapolation region.

4.3.2

Illustration of the Algorithm

The collection of mode-limited functions forms a complete linear subspace, the
mode-limited subspace of L2 (S 2 ), so that all functions having the same finite degree spherical harmonic coefficients are in the same subspace. Analogously, the
space selected functions form another complete linear subspace, the space selection
subspace of L2 (S 2 ). Then, as shown in Fig. 4.2, the iterative algorithm can be
regarded as an affine projection involving two projection operators BN and DΓ .
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Figure 4.1: An example of data reconstruction on the sphere using Papoulis iterative algorithm. The observations in (b) are given for 0 ≤ θ ≤ 100◦ , 0 ≤ φ ≤ 200◦
with N = 9. Extrapolation results in (c) are the estimates after 30 iterations with
MSE of 0.3804.
Thus we have
¡
¢
fd (b
x) = BN gd−1 (b
x)
¡
¢
¡
¢
= BN fd−1 (b
x) + CN,Γ [f − fd−1 ] (b
x)
¡
¢
¡
¢
= fd−1 (b
x) + BN g (b
x) − CN,Γ fd−1 (b
x),

(4.25)

CN,Γ , BN ◦ DΓ .

(4.26)

where

The algorithm can be interpreted as an iterative descent algorithm. Here by
descent, we mean that in the mode-limited subspace, each new point fd generated
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Figure 4.2: Illustration of the algorithm as projections involving two subspaces,
the mode-limited subspace and the space selection subspace, corresponding to the
mode-limited signal and given limited measurements.
by the algorithm corresponds to reducing the value of some error function (f − fd ).
Intuitively, the sequence of points generated by such algorithm converges to the
original signal. In the next section, we will use the spherical harmonic analysis to
prove the convergence of the algorithm.

Composite operator
Theorem 4.3.1 The composite operator CN,Γ , BN ◦DΓ is a self-adjoint compact
Fredholm integral operator [95] on L2 (Γ ) defined by
¡

Z

¢

BN (b
x, yb)f (b
y )ds(b
y ),

CN,Γ f (b
x) =
Γ

with kernel
BN (b
x, yb) ,

X

Ynm (b
x)Ynm (b
y)

m,|n|<N

=

N
−1
X
n=0

2n + 1
Pn (b
x · yb)
4π

(4.27)
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b),
= BN (b
y, x
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b, yb ∈ Γ.
x

(4.28)

Proof
Consider (4.7) which holds for any f ∈ L2 (S2 ) and so holds for the truncated
function (DΓ f )(b
x) ∈ L2 (S2 ), that is,
X³Z

(DΓ f )(b
x) =

m,n

S2

m,n

S2

m,n

Γ

X³Z

=

´
x)
χΓ (b
y )f (b
y )Ynm (b
y ) ds(b
y ) Ynm (b

X³Z

=

´
x)
(DΓ f )(b
y )Ynm (b
y ) ds(b
y ) Ynm (b

´
f (y)Ynm (b
y ) ds(b
y ) Ynm (b
x)

(4.29)

b ∈ S2 . However, when x
b is restricted to Γ ⊂ S2 , DΓ f = f , and we
valid for all x
have
´
X³Z
b∈Γ
f (b
y )Ynm (b
y ) ds(b
y ) Ynm (b
x), x
f (b
x) =
m,n

Z

Γ

B(b
x, yb)f (b
y ) ds(b
y ),

=

b∈Γ
x

(4.30)

Γ

where, as a functional on Γ × Γ ,
B(b
x, yb) ,
=

X
m,n
∞
X
n=0

Ynm (b
y)
x)Ynm (b
2n + 1
Pn (b
x · yb)
4π

= δ(b
x − yb)

(4.31)

which simply is the completeness relation for spherical harmonics—operator DΓ is
equivalent to the identity operator on L2 (Γ ).
Next we apply the mode-limiting operator BN to DΓ f = f in (4.30) to obtain
a fundamental integral equation
¡

¢

Z
BN (b
x, yb)f (b
y ) ds(b
y ),

BN f (b
x) =

b∈Γ
x

(4.32)

Γ

where
BN (b
x, yb) =

N
−1
X
n=0

2n + 1
Pn (b
x · yb),
4π

b, yb ∈ Γ
x

(4.33)
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Figure 4.3: An example of the dominant two eigenvectors for the subregion Γ ≡
(0 ≤ θ ≤ 120◦ , 0 ≤ φ ≤ 200◦ ) and the mode limiting operator up to degree N = 4.
is the kernel previously obtained in (4.10) but now defined on domain Γ × Γ . Due
to the symmetry of the kernel, that is,
b),
BN (b
x, yb) = BN (b
y, x

(4.34)

the integral operator (4.32) on L2 (Γ ) is self adjoint (as well as compact).
Given the integral equation (4.27) on L2 (Γ ) is compact and self-adjoint, then
by the Spectral Theorem [93], it has a fully defined set of orthogonal eigenvectors
ϕj (θ, φ) with real positive eigenvalues λj (λj < 1)3 . That is,
Z
BN (b
x, yb)ϕj (b
y )ds(b
y ) = λj ϕj (b
x),

(4.35)

Γ

where

Z
ϕj (b
x)ϕ` (b
x)ds(b
x) = λj δj` .

(4.36)

Γ

Notation used in (4.35) reveals that eigenvectors and eigenvalues depend on
the subregion Γ (area and shape), and the given value of the mode limiting degree
N . Fig. 4.3 gives an example of the first two dominant eigenvectors for Γ = (0 ≤
θ ≤ 120◦ , 0 ≤ φ ≤ 200◦ ) with N = 4. Here, the eigenvectors are derived from
the kernel of the integral operator BN which is calculated from the equiangular
grid sampling of the sphere. This sampling does completely define the function
thus can be used to represent the analytic continuation. As shown in Fig. 4.4, λ0
3
Note the function total energy is reduced after the BN ◦ DΓ operation; and eigenvalues show
the fractional function energy passed under such a transform.
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Figure 4.4: An example of λ0 increasing with the subregion Γ , where the colatitude
observation increases from 0◦ to 180◦ and the full range of azimuthal observation
is assumed. The fraction area
R of the subregion is defined as the solid angles in
fractions of the sphere, i.e., Γ dΩ/4π.
(the largest eigenvalue corresponds to the eigenfunction with smallest energy loss)
increases with the area of the subregion Γ when the value of N is fixed. In the next
section, we will use the derived orthogonal eigenvectors to prove the convergence
of the algorithm.

4.3.3

Algorithm Convergence

To prove the convergence of the iteration, by the Spectral Theorem for self-adjoint
compact operators [93], we use ϕj (b
x) as orthogonal basis to expand the function
f (b
x) over the region Γ
f (b
x) =

∞
X

αj ϕj (b
x),

b ∈ Γ.
x

(4.37)

j=0

The convergence analysis are directly inferred from the time/frequenyc case presented in [86].
Theorem 4.3.2 The dth iteration of the algorithm is given by
fd (b
x) =

∞
X

αj [1 − (1 − λj )d ]ϕj (b
x),

b∈Γ
x

(4.38)

j=0

where λj and ϕj are introduced after Theorem 4.3.1, and αj are the function ex-
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pansion coefficients.
Proof
At the first step
¡

¢

f1 (b
x) = CN,Γ f (b
x) =

∞
X

b ∈ Γ,
x

αj λj ϕj (b
x),

(4.39)

j=0

where CN,Γ , BN ◦ DΓ . Suppose at the dth step
fd (b
x) =

∞
X

(j)

b ∈ Γ.
x

x),
αj Ad ϕj (b

(4.40)

j=0

From (4.25)
¡
¢
fd (b
x) = fd−1 (b
x) + CN,Γ [f − fd−1 ] (b
x)
∞
X
(j)
(j)
=
αj (Ad−1 + (1 − Ad−1 )λj )ϕj (b
x),

b ∈ Γ.
x

(4.41)

j=0

Thus
(j)

(j)

(j)

Ad = Ad−1 + (1 − Ad−1 )λj .

(4.42)

(j)

Solving the recursion with the initial condition A1 = λj , we conclude that
fd (b
x) =

∞
X

αj [1 − (1 − λj )d ]ϕj (b
x),

b ∈ Γ.
x

(4.43)

j=0

Theorem 4.3.3 Over the subregion Γ ,
fd (b
x) → f (b
x),

as d → ∞.

(4.44)

Proof
From (4.37) and Theorem 4.3.2, the error
ed (b
x) = f (b
x) − fd (b
x)
is given by
ed (b
x) =

∞
X
j=0

αj (1 − λj )d ϕj (b
x),

(4.45)

b ∈ Γ.
x

(4.46)
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The mean square value Ed is written as
Z
2

Ed =

ed (b
x) ds(b
x) =
Γ

As signal energy E =

P∞
j=1

∞
X

αj2 (1 − λj )2d .

(4.47)

j=0

|αj |2 is finite; hence, there is an integer P that
X

|αj |2 < ²1 ,

(4.48)

j>P

where ²1 is an arbitrary small value and ²1 > 0. Eigenvalues 0 < λj < 1 and tend
to zero as j → ∞, we have 1 − λj < 1 and
(1 − λj ) ≤ (1 − λP ),

for j ≤ P.

(4.49)

Then
Ed =

P
X

2

2d

|αj | (1 − λj ) +

j=0

∞
X

|αj |2 (1 − λj )2d

j>P
2d

< (1 − λP )

P
X
j=0

2

|αj | +

∞
X

|αj |2 < (1 − λP )2d E + ²1 .

(4.50)

j>P

As d → ∞, (1−λP )2d → 0, Ed is always less than an arbitrary small value ² = ²1 +²2
where (1 − λP )2d E < ²2 . The mean square error value between the extrapolated
and original signals at successive iterations is reduced, that is, ed (θ, φ) → 0 in the
mean as d → ∞. The estimate fd and original function f are in the same mode
limited subspace; thus Theorem 3 actually means the estimated signal tends to the
original function over the whole sphere .
Notation used in (4.46) reveals that the estimation error is a function of eigenvalues
of (4.36). Considering the eigenvalue properties stated in Section 4.3.2, two remarks
about the iterative algorithm are:
1. The convergence of the iteration algorithm is lower bounded by the largest
eigenvalue λ0 , as from (4.46), the minimum estimation error after each iterP
d
ation is ∞
x).
j=0 αj (1 − λ0 ) ϕj (b
2. As shown in Fig. 4.4, λ0 increases with the area of the subregion Γ , which
means that measurements of larger observation region have faster initial convergence and thus would tend to require a smaller number of iterations.
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Figure 4.5: Mean square error between the estimated and the original signal for
different data observation regions. FA stands for fractional area and the spherical
harmonic coefficients are resolved to degree N = 4.
The mean square estimation error between the estimated and the original signals after each iteration for different observation regions are shown in Fig. 4.5.
Several observations are: firstly, the estimation error is exponentially decaying
with the iteration step, demonstrating that the convergence of fd to the unknown
mode-limited function f is remarkably rapid. Smaller error and faster convergence
associated with the measurements of larger observation region support the remarks
of the algorithm.

4.4

Discrete Extrapolation Problem

The extrapolation theory presented in Section 4.3 was developed for continuous
signals; a solution for the discrete case is considered in this section by sampling the
continuous signal.
Similar work has been done in the time/frequency case [96–98]. Sabri and
Steenaart [96] suggested a discrete version of the iterative algorithm proposed by
Papoulis [86] and demonstrated the problem could be solved by finding an extrapolation matrix. In Cadzow’s work [97], a different extrapolation method which dose
not have the existence problem of the extrapolation matrix has been proposed. One
thing should be noticed is that for discrete signals, the analytic property vanishes

4.4 Discrete Extrapolation Problem

75

due to sampling, that is discrete sampling does not completely define the function..
Therefore, an extrapolation result may not match the original signal. In fact, other
constraints besides the band-limited assumption must be imposed on the estimate
to achieve a unique extrapolation. For example, Jain and Ranganath [98] found by
formulating the extrapolation problem as a minimum norm least-squares (MNLS)
type problem, many extrapolation algorithms developed for the continuous case
converge to the equivalent MNLS solution.
In this section, the discrete extrapolation problem on the sphere is also formulated in the matrix form as a set of linear equations. It is shown that the discrete
extrapolation problem is a MNLS type problem, and the iterative Papoulis algorithm is linearly convergent to the MNLS solution.

4.4.1

Definitions and Notation

Discrete Extrapolation Problem: Let f (b
xj ) be a discrete mode-limited signal on
the sphere. We are given a set of spatial limited noise-free measurements over the
subregion Γ ,
g(b
xj ) = f (b
xj ), 1 ≤ j ≤ M.
(4.51)
Given g(b
xj ), extrapolate f (b
xj ), 1 ≤ j < ∞, over the whole sphere4 .
Refer to (4.16) and (4.17), we have a system of equations
g = CΓ,N f

(4.52)

where g and f are M × 1 and ∞ × 1 vectors of measurements and estimates,
respectively,
g = [g(b
x1 ), · · · , g(b
xM )]T ,
(4.53)
f = [f (b
x1 ), · · · , f (b
xM ), · · · ]T .

(4.54)

The M × ∞ matrix operator is decomposed as,
CΓ,N = DΓ BN .

(4.55)

where the matrix operator BN = {bp,q }, 1 ≤ p, q ≤ ∞, represents a discrete
mode-limiting filter
bp,q =

X

xq ),
Ynm (b
xp )Ynm (b

p, q = 1, 2, · · · .

(4.56)

m,|n|<N
4
In order to estimate signal over all directions, we assume there is an infinite number of f to
be estimated.
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and the M × ∞ matrix operator DΓ = {dp,q } is a discrete spatial selection operator

dp,q


1,
=
0,

p = q, 1 ≤ p, q ≤ M
otherwise.

,

which selects M elements from an infinity vector.
We also define a ∞ × ∞ spatial selection matrix operator WΓ = {wp,q }, 1 ≤
p, q ≤ ∞ as

wp,q


1,
=
0,

p = q, 1 ≤ p, q ≤ M
otherwise.

,

and we have the following relationship
WΓ = DTΓ DΓ .

(4.57)

This operator WΓ truncates an infinite vector to M elements and then extrapolates
the remaining elements by zeros.
The properties of these matrix operators are summarized below,
1. BN is a real matrix, as the entry of the matrix
X

Ynm (b
xp )Ynm (b
xq )

=

N
−1
X
n=0

m,|n|<N

2n + 1
bq ),
Pn (b
xp · x
4π

(4.58)

where the Legendre polynomial Pn (·) is a real valued function.
2. BN is a symmetric operator, i.e., BTN = B. This follows from the definition
(4.56) and (4.58).
3. WΓ is a symmetric and idempotent matrix, i.e.,
WΓT = WΓ , WΓ2 = WΓ .

4.4.2

(4.59)

MNLS Extrapolation

The extrapolation problem (4.52) is to find an estimate of a vector, f , given a
measurement vector g. Although the extrapolation problem in the continuous case
has a unique solution as shown in Section 4.3.3, the same is not true in the discrete
case. This is because (4.52) is an under-determined system so that even though a
least-squares solution may exist, it is not unique. One possible way to make the
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solution unique is to impose an additional constraint on the extrapolation, such as
minimum norm (as shown in 4.A and [99]).
Theorem 4.4.1 The MNLS solution associated with the linear system of equations
g = CΓ,N f = DΓ BN f

(4.60)

provides an admissible estimate of the discrete extrapolation problem.
Proof
Let f̌ be a least-squares solution of (4.60). It must satisfy the equation
DΓ BN f̌ = g,

(4.61)

and the same for the spatial low passed signal, i.e.,
f̌N = BN f̌ .

(4.62)

The norm of the spatial low passed signal {f̌N } is less than or equal to the norm
of the least-squares solution {f̌ }, that is
kb
fN k2 ≤ kb
f k2 ,

(4.63)

because the mode-limited operator reduces or maintains the signal energy.
Hence, the MNLS solution f + must also satisfy BN f + = f + ; and this implies
(4.61) as
DΓ f + = g.
(4.64)
Therefore, f + is an admissible extrapolation.
The significance of the MNLS solution is that it is not only a unique leastsquares solution, but also an admissible extrapolation. Next we give how to obtain
the MNLS extrapolation explicitly. On the sphere, there is a one-to-one correspondence between the signal f (b
x) and its spherical harmonic coefficients Fnm as shown
in (4.8). In particular, there is a linear relationship between the measurements
g(b
xi ) and the spherical harmonic coefficients Fenm of the MNLS extrapolation,
g(b
xj ) =

X

Fenm Ynm (b
xj ),

1 ≤ j ≤ M.

(4.65)

m,|n|<N

Hence, we have
g = YF+ ,

(4.66)
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where




−1
Y00 (b
x1 ) · · · YNN−1
(b
x1 )


..
..
..

Y=
.
.
.


N −1
0
Y0 (b
xM ) · · · YN −1 (b
xM )

(4.67)

−1 T
is size of M × N 2 and the vector F+ = [Fe00 , · · · , FeNN−1
] is size of N 2 × 1.

Theorem 4.4.2 The MNLS solution of discrete extrapolation algorithm is given
by
F+ = Y+ g.
(4.68)
The matrix Y+ is called the pseudo inverse extrapolation filter. For over-determined
(M > N 2 ) and under-determined (N 2 < M ) cases,

(YH Y)−1 YH ,
Y+ =
YH (YYH )−1 ,

M > N2
M ≤ N2

,
(4.69)

where (·)H stands for Hermitian transpose (or conjugate transpose). It is clear that
from F+ , one can generate the MNLS extrapolation at any direction
f + (b
x) =

X

Fenm Ynm (b
x),

b ∈ S2 .
x

(4.70)

m,|n|<N

Numerical Example
A mode-limited signal is artificially generated by assigning the spherical harmonic
coefficients randomly up to degree N = 13. The limited observations are given
for 0 ≤ θ ≤ 90◦ , 0 ≤ φ ≤ 180◦ . We uniformly sample the signal on sphere with
∆θ = 10◦ and ∆φ = 10◦ . The plots in Fig. 4.6 show the original signal, the given
observations and the MNLS solution at 703 samples obtained via (4.68) and (4.70).
It is clear the MNLS solution reasonably matches the actual signal.

4.4.3

Iterative Extrapolation Algorithm

The continuous Papoulis algorithm is an iterative algorithm where the estimate
at each iteration is improved by reducing the energy between the estimate and
the original signal. The following theorem proves the discrete Papoulis algorithm
linearly converges to the MNLS solution [98].
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Figure 4.6: An example of data reconstruction on the sphere using the MNLS
extrapolation. A mode-limited signal (a) is artificially generated by assigning the
spherical harmonic coefficients up to N = 13. The limited observations in (b) are
given for 0 ≤ θ ≤ 90◦ , 0 ≤ φ ≤ 180◦ . Extrapolation in (c) is the MNLS solution
with MSE of 0.034.
Theorem 4.4.3 The iterative Papoulis algorithm for discrete case on the unit
sphere is
fd+1 = fd + BN WΓ g − BN WΓ fd , f0 = 0,
(4.71)
which converges to the MNLS solution. The matrix operator WΓ is defined in
(4.57) as WΓ = DTΓ DΓ .
Proof
An iterative gradient algorithm associated with the MNLS solution of (4.60) is
given in [100]
1
fd+1 = fd + ΥTΓ,N (f − ΥΓ,N fd ), f0 = 0.
(4.72)
σ
It is proven that fd+1 converges to f + as d → ∞ if 0 < 1/σ < 2/λmax (ΥTΓ,N ΥΓ,N ),
where λmax (ΥTΓ,N ΥΓ,N ) denotes the largest eigenvalue of ΥTΓ,N ΥΓ,N .
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Let ΥΓ,N = WΓ BN , so (4.72) becomes
fd+1 = fd +

1
BN (WΓ f − WΓ fd ),
σ

f0 = 0,

(4.73)

which is equivalent to (4.71).
Now
ΥTΓ,N ΥΓ,N = BTN WΓ BN = BN WΓ BN

(4.74)

and
λmax (ΥTΓ,N ΥΓ,N ) = λmax (BN WΓ BN ) < 1,

∀M < ∞,

(4.75)

because given any finite measurements, the composite mode-limiting and spatial
selection operators reduce the vector energy, so the maximum eigenvalue is less
than 1.
Therefore, (4.71) converges to the MNLS solution f + as σ = 1 and
0<

1
2
<2<
.
σ
λmax (BN DΓ BN )

(4.76)

We have the following remarks about the discrete Papoulis algorithm on the
unit sphere:
• Unlike the continuous case considered in Section 4.3, the discrete iterative
algorithm fd does not converge to the original signal f ; instead, fd converges
to f + , the MNLS solution.
• The above analysis especially shows that Papoulis algorithm is a one step
(σ = 1) gradient algorithm, which has a linear convergence.

4.5

Extrapolation and Noise

This section is devoted to mode-limited extrapolation of noisy signals. The first
part is to show that the extrapolation problem is sensitive to noise even when
small amounts of extrapolation are required. In the second part, we will present a
regularization technique to obtain reasonable extrapolation results when the given
signal is contaminated with noise.
Noisy Extrapolation Problem: The given data contain noise or distortion η, i.e.,
g 0 (b
x) = f (b
x) + η(b
x),

b ∈ Γ.
x

(4.77)

b ∈ Γ and an
Given g 0 (b
x), find an estimate of f (b
x) on the observation region x
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extrapolation on the S2 \ Γ .

4.5.1

Noise Sensitivity of the Mode-limited Extrapolation

It has been shown that the band-limited time signal extrapolation problem is an
ill-conditioned problem since a small amount of noise may imply that there is no
solution. An important problem is to decide whether the extrapolation is sufficiently close to the original signal. Since we are only given noisy data g 0 , all the
criteria are based on comparison of the extrapolation and g 0 . In addition, it should
be clear that closeness to the noisy data g 0 does not imply closeness to f . The
following theorem is given in [101, 102].
Theorem 4.5.1 Given any pair of positive numbers ² and ζ, and ² < ζ, and given
b0 be
a mode-limited function f and its noisy contaminated measurements g 0 , let x
b0 ∈ S2 \Γ . Then, there exist a mode-limited
any point outside this region such that x
function f²,N that satisfies
kf²,N − g 0 kΓ ≤ ²
kf²,N (b
x0 ) − f (b
x0 )k ≥ ζ.

(4.78)
(4.79)

Theorem 4.5.1 states that small noise in the observed signal may produce large
errors outside the observation region. The worst case is that there is no solution of
the extrapolation if noise η is not a mode-limited function on the observation region.
Next, we will show a reasonable solution can be obtained by using regularization
techniques.

4.5.2

Stable Results for the Extrapolation of Noisy Signals

Regularization methods were introduced to solve the ill-posed problems without any statistical knowledge about the noise [103] and have been used in many
works [104–107].
Given the MNLS solution for the noiseless data (4.68), the regularization technique is to employ a smoothing function on the signal spherical harmonic coefficients
SF µ [F, g 0 ] = kYF − g 0 k2L2 (Γ ) + µkFk2 ,
(4.80)
where µ > 0, g 0 ∈ L2 (Γ ).
The solution is F‡ which gives the minimum value of (4.80). Such a regularization can be thought as an optimization problem and has the unique solution
as shown in Section 4.B and [102]. When µ is large, it means kF‡ k2 is small, the
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regularization solution departs from the data g 0 . And when µ is very small (tends
to zeros), the regularization solution is close to g 0 .
Given a vector g0 = [g 0 (b
x1 ), · · · , g 0 (b
xM )]T of M noisy measurements, the regularization solution in the MNLS form are represented as follows,
F‡ = Y ‡ g 0 ,
where


(YH Y + µI)−1 YH ,
‡
Y =
YH (µI + YYH )−1 ,

(4.81)

M > N2
N2 > M

.

(4.82)

I is the identity matrix. Then from F‡ , the estimation of f ‡ can be generated over
all directions.
The regularization technique can restrain the perturbation caused by noise or
distortion. It is clear that the difference between the regularized solution and the
noisy measurements depends on the regularization control parameter µ. An algorithm to choose the regularization control parameter based on the noise properties
(or kf − g 0 kΓ ≤ ²) is given in [103]. In general, µ should be large when ² is large.
Numerical Example
A Gaussian distributed white noise is added on the noiseless data (Section 4.4.2
numerical examples) with SNR = 4.86 dB; the regularization technique is applied
with different values of control parameter µ. Fig. 4.7 shows the actual signal,
noise contaminated observations and obtained extrapolations. As shown, if we
choose µ large, then the extrapolation solution must be small and may depart
from the noisy observations. While on the other hand, if µ is chosen small then
more oscillations exist with the extrapolation results which makes kF‡ k large, and
then the extrapolation is closer to the noisy data g 0 . Thus, choosing regularization
control number µ is important, which determines the behavior of the algorithm
and also provides a great deal of flexibility.
Remarks
The regularization can make the solution stable. However, the difficulty with the
extrapolation using the spherical harmonic function is that when one assumes a
different mode-limiting order from the true one, the extrapolation goes wrong.
Meanwhile, the extrapolation with sufficient observations (N > M 2 ) gives better
interpolation/extrapolation results than the case of the minimum norm underconstrained situation.
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Figure 4.7: An example of noisy data extrapolation on the sphere using the regularization technique. A mode-limited signal (a) is artificially generated by assigning
the spherical harmonic coefficients being one up to N = 13. The noisy observations
in (b) are given for 0 ≤ θ ≤ 90◦ , 0 ≤ φ ≤ 180◦ . Extrapolation results in (c) and
(d) are the regularized extrapolation solutions.

4.6

Summary and Contributions

In order to perform accurate spherical harmonic analysis of three dimensional
HRTFs given incomplete measurements, this chapter has investigated the problem of extrapolation of a signal defined on the sphere from limited measurements.
The classical problem of extrapolation of a band-limited signal from limited time
domain data was revisited for signals defined on the sphere. It is shown that spherical harmonics arise on the unit sphere S2 in the same way as Fourier series arise on
the circle. Thus there is some similarity between the time/frequnecy band-limited
extrapolation and the sphere-spatial/spherical harmonics mode-limited extrapolation. Theoretical results have been presented for continuous, discrete and noise
contaminated signals.
Some specific contributions made in this chapter are:
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1. The classical Papoulis algorithm was applied to the sphere case and proved to
be convergent to the original signal. It was shown that the mean square error
between the estimate and the original signal exponentially decays with the
iteration step; in addition there is always smaller error and faster convergence
associated with the measurements of larger observation region.
2. It has been shown that given the discrete samples on the sphere, the extrapolation problem can be formulated as a MNLS problem and the MNLS
solution is an admissible solution.
3. In the presence of noise, a regularization technique was proposed to make the
solution stable.
The extrapolation work presented in this chapter can be applied to estimate
HRTF data over all directions from incomplete measurements. Based on this work,
the following chapters will examine the HRTF sampling and synthesis in a threedimensional auditory scene.

4.A Appendix: Least-squares and Minimum Norm Least-squares
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Appendix: Least-squares and Minimum Norm
Least-squares

4.A.1

Least-squares Solution of Over-determined Equations

Consider y = Ax where A ∈ Rm×n is strictly skinny, i.e., m > n, there are more
equations than unknowns (called as over-determined set of linear equations) which
yields infinitely many solutions. One approach to approximately solve y = Ax is
to define a residual or error ε = Ax − y and find x̌ that minimizes kεk. x̌ is called
least-squares solution of y = Ax.
To find x̌, we need to minimize norm of residual squared, that is,
minkεk2 = xT AT Ax − 2y T Ax + y T y.

(4.A-1)

Set the gradient of kεk2 with respect to x to zero, we get the normal equations,
AT Ax = AT y.

(4.A-2)

If we assume A is full rank, that is AT A is invertible, so we have
x̌ = (AT A)−1 AT y,

(4.A-3)

where A† = (AT A)−1 AT is called the pseudo inverse of A.
Many applications in inversion, estimation and reconstruction problems have a
linear measurement system with noise,
y = Ax + η,

(4.A-4)

where x is what we want to estimate or reconstruct, y is our measurements, and η
is an unknown noise or measurement error.
Consider a linear estimator of form x
b = By, which is called unbiased if x
b=x
whenever η = 0, this means no estimation error when there is no noise, or BA = I
(B is left inverse of A). The estimation error of unbiased linear estimator is
x−x
b = x − B(Ax + η) = −Bη.

(4.A-5)

To reduce the error, we would like B small and meanwhile BA = I. The fact is
the pseudo inverse of A, which is A† = (AT A)−1 AT , is the smallest left inverse
P
P
†2
of A. Because for any B with BA = I, we have i,j Bij2 ≥
i,j A ij . Hence,
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least-squares provides the best linear unbiased estimator (BLUE) property.

4.A.2

Minimum Norm Least-squares of Under-determined
Equations

Consider y = Ax where A ∈ Rm×n is fat, i.e. m < n, there are more variables
than equations (called as under-determined set of linear equations). Because x is
underspecified, many choices of x can lead to the same y. If we assume that A is
full rank (m), so for each y ∈ Rm , there is a solution set of all solutions in the
following form
{x|Ax = y} = {xp + z|z ∈ N (A)},
(4.A-6)
where xp is any solution that satisfies Axp = y. z characterizes available choices in
solution, which means we can choose z to satisfy other requirements or optimize
among solutions.
One particular solution is
x+ = AT (AAT )−1 y,

(4.A-7)

which in fact is the solution of y = Ax that minimizes kxk. That is x+ is solution
of optimization problem
minimize kxk
(4.A-8)
subject to Ax = y.
Suppose Ax = y, so A(x − x+ ) = 0 and (x − x+ )T x+ = 0, which means
(x − x+ ) ⊥ x+ and
kxk2 = kx+ x − x+ k2 = kx+ k2 + kx − x+ k2 ≥ kx+ k2 .

(4.A-9)

Thus, x+ has the smallest norm of any solution.

4.A.3

General Norm Minimization with Equality Constraints

Consider problem
minimize 12 kAx − bk
subject to Cx = d

(4.A-10)

with variable x, this includes both least-squares (minimize kAx − bk with no constraint) and minimum norm least-squares (A = I, b = 0).
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The Lagrangian of this problem is
1
L(x, λ) = kAx − bk2 + λT (Cx − d)
2
1
1
= xT AT Ax − bT Ax + bT b + λT Cx − λT d.
2
2

(4.A-11)

The optimum solutions are when the gradients with respect to x and λ are zero,
Ox L = AT Ax − AT b + C T λ = 0, Oλ L = Cx − d = 0.

(4.A-12)

Writ in the following block matrix form
"

AT A C T
C
0

#"

x
λ

#

"
=

AT b
d

#
(4.A-13)

and if the block matrix is invertible, we have
"

x
λ

#

"
=

AT A C T
C
0

#−1 "

AT b
d

#
.

(4.A-14)

If AT A is invertible, from the first block equations we get
x = (AT A)−1 (AT b − C T λ).

(4.A-15)

Substitute to Cx = d to get
λ = (C(AT A)−1 C T )−1 (C(AT A)−1 AT b − d),

(4.A-16)

and
¡
¢−1
x = (AT A)−1 AT b − C T (C(AT A)−1 C T ) (C(AT A)−1 AT b − d).

(4.A-17)

The special cases of the least-squares and the minimum norm least-squares solutions
are consistent with (4.A-3) and (4.A.-7).

4.B

Appendix: Tikhonov Regularization

Regularization is to find a good approximation Ax ≈ b with small x. This assumption comes from prior knowledge that kxk is small or small x is less sensitive to
errors.
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Regularization fitting is an optimization problem
minimizekAx − bk + µkxk,

(4.A-18)

which can be solved as a least-squares problem
°"
#
"
°
A
b
°
minimize ° √
x−
°
µI
0

#°
°
°
°.
°

(4.A-19)

The solution of Tikhonov Regularization is
x‡ = (AAT + µI)−1 AT b.

(4.A-20)

Chapter 5
Insights into Head-Related
Transfer Function: Spatial
Dimensionality and Continuous
Representation
Overview: This chapter studies HRTF sampling and synthesis in a three dimensional auditory scene based on a general modal decomposition of the HRTF in
all frequency-range-angle domains. The main finding is the HRTF decomposition
with the derived spatial basis function modes can be well approximated by a finite
number, which is defined as the spatial dimensionality of the HRTF. The dimensionality determines the minimum number of parameters to represent the HRTF
corresponding to all directions and also the required spatial resolution in HRTF
measurement. The general model is further developed to a continuous HRTF representation, in which, the normalized spatial modes can achieve HRTF near-field
and far-field representations in one formulation. The separated HRTF spectral
components are compactly represented using the Fourier Spherical Bessel (FSB)
series, where the aim is to generate the HRTF with much higher spectral resolution
in fewer parameters from typical measurements which usually have limited spectral
resolution constrained by the sampling conditions. A low-computation algorithm
is developed to obtain the model coefficients from the existing measurements. The
HRTF synthesis using the proposed model is validated by three sets of data, (i)
synthetic HRTFs from the spherical head model, (ii) MIT KEMAR data, and (iii)
45-subject CIPIC measurements.
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5.1

Insights into Head-Related Transfer Function: Spatial Dimensionality and
Continuous Representation

Introduction

In Chapter 3, we studied the horizontal plane HRTF representation. Here we extended our work to the three dimensional auditory scene. Three main contributions
of this chapter are summarized below.
In Section 5.2, we use the acoustic reciprocity principle and the modal expansion
of the wave equation solution to develop a general HRTF representation in all
frequency-range-angle domains. We show that the HRTF decomposition with the
derived spatial basis function modes can be truncated to a finite number with
relative high accuracy. This means the HRTF is essentially a mode-limited function;
a finite number of spatial modes (named the dimensionality) can represent the
HRTF corresponding to all directions. The value of dimensionality also determines
the required spatial resolution in HRTF measurement.
In Section 5.3, we further develop the general HRTF model to a continuous representation. We apply normalized spatial modes to achieve near-field and far-field
HRTF representations in one formulation, which provides a way to obtain the range
dependence of the HRTF from measurements conducted at only a single range. We
study the radially invariant HRTF spectral components and find the HRTF spectrum has an underlying pattern similar to the spherical Bessel functions. We use an
orthogonal property of the Bessel functions to form frequency basis functions, the
Fourier Spherical Bessel (FSB) series, to model the HRTF spectral components.
Besides achieving much higher spectral resolution, this series representation can
have far fewer parameters compared to the measurements thus achieving a more
efficient HRTF representation.
The practical model implementation issues are discussed in Section 5.4. A lowcomputation algorithm is proposed to calculate the model coefficients from discrete
measurements. The proposed method separates the HRTF azimuth and elevation
sampling effects, from which we have the following observations, i) the HRTF
measurements that are coarsely sampled in elevation can still be reconstructed with
reasonable accuracy and ii) as for the azimuth, we need finer azimuthal sampling
on the elevations closer to the equator but less azimuthal sampling points closer to
the pole.
Section 5.5 validates the developed HRTF sampling theory and the proposed
HRTF continuous representation by decomposing the experimentally measured [13,
37] (or analytically simulated [46]) HRTFs on a single sphere and synthesizing
HRTFs at any frequency for an arbitrary spatial location.

5.2 Modal Analysis of HRTF
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Figure 5.1: Geometry of HRTF measurement based on the reciprocity principle.

5.2

Modal Analysis of HRTF

HRTFs are usually obtained by emitting a signal from a loudspeaker at different
positions in space and recording it at a microphone in the listener’s ear. At the
physical level, the HRTF is characterized by the classical wave equation subject to
boundary conditions. The general solution to the wave equation can be obtained
by separation of variables (frequency, range, azimuth and elevation angles) [108].
Thus, in principle, we can use the wave equation solution to expand the HRTF
with separable basis functions.

5.2.1

Theoretical Development

When sound propagates from the source to the listener, the received sound at the
listener’s ear is transformed by the structure and shape of the listener’s body. We
seek a representation of the sound pressure at the listener’s ear (left or right), where
two sources should be taken into account: one is the original acoustic source from
the speaker and the other is the secondary source due to the scattering of human
body. It is a complicated problem to apply the wave equation in this configuration
because the receiver, the listener’s ear, is within the scatterer region of human
body. The principle of reciprocity [32] can be used to remove this difficulty and to
develop a general representation of the HRTF [67].
To apply the principle of reciprocity to the HRTF analysis, we assume that the
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original acoustic source is located at the listener’s ear and microphones are some
distance away (Fig. 5.1). Here, we consider all the scattering sources of human
body as the secondary level sources with the original sources at the listener’s ear
together constituting the source field. From Huygens’ principle [91], the sum of the
waves from all the sources (including both original and secondary sources) to any
point beyond the scatterers (the human body) can be calculated by integration or
numerical modelling. To exactly model the effect of the source field, we develop
an equivalent source field on a sphere of radius s with origin at the head center
as shown in Fig. 5.1, where the sphere should be large enough to enclose all the
sources. Note that the reason we choose the sphere to include all the sources
is because we can use a specific set of orthogonal series, spherical harmonics, to
represent the source field; for example, we write the equivalent source field as a
function of angular position and wavenumber, i.e.,

ρ(b
xs , k) =

∞ X
n
X

αnm (k)Ynm (b
xs ),

(5.1)

n=0 m=−n

bs is a unit vector (or a set of 2D angles, elevation and azimuth {θs , φs })
where x
bs defines the equivalent
pointing in the equivalent source direction and xs ≡ s · x
source position. The wavenumber is defined as k = 2πf /c, where f is frequency
xs ) are the spherical harmonics
and c is the speed of sound propagation. Ynm (b
characterized by two indices, degree n and order m,
s
2n + 1 (n − |m|)! |m|
P (cos θs )eimφs .
4π (n + |m|)! n

Ynm (b
xs ) ,

(5.2)

αnm (k) are the spherical harmonic coefficients of the equivalent source field at
wavenumber k and obtained from
Z
m
xs )d%(b
xs )
(5.3)
αn (k) =
ρ(b
xs , k)Ynm (b
S2

R
on the 2-sphere S2 , where (·) stands for the complex conjugate and S2 d%(b
xs ) =
R 2π R π
sin θs dθs dφs . We can see that the αnm (k) carry information about the original
0
0
source and also the human body scattering behavior. Then the received signal at
y ≡ r · yb (the HRTF corresponding to that position) can be written in terms of
the equivalent source field as
Z
b
H(y,
k) =

ρ(b
xs , k)
S2

eikkxs −yk
d%(b
xs ),
4πkxs − yk

r > s,

(5.4)
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where r is the distance between the head center (origin, or source center) and the
receiver position and yb is the direction of the receiver. The integral is over the
sphere to account for all sources. Using the Jacobi-Anger expansion [91], we have
∞ X
n
X
eikkxs −yk
m x )Y m (b
= ik
jn (ks)h(1)
s n y ),
n (kr)Yn (b
4πkxs − yk
n=0 m=−n

r > s,

(5.5)

(1)

where jn (·) is the spherical Bessel function and hn (·) is the spherical Hankel function of the first kind. By substituting (5.5) into (5.4), we can expand the HRTF
at position y as
b yb, k) =
H(r,

∞ X
n
X

m
y ),
βbnm (k)h(1)
n (kr)Yn (b

(5.6)

n=0 m=−n

where
βbnm (k) = 4πik αnm (k)jn (ks).

(5.7)

In (5.6), the HRTF dependence on each variable (frequency, range, and 2D
angle) is represented by separable basis functions (note the radial part is with
variable range measured in wavelengths as it being a function of kr). The spatial
modes, i.e.,
m
h(1)
y)
(5.8)
n (kr)Yn (b
account for the HRTF spatial variations and βbnm (k) are the modal decomposed
HRTF spectral components.

5.2.2

Dimensionality of HRTF as a Mode-limited Function

In this section, we show that the HRTF decomposition in (5.6) can be well approximated by choosing a sufficiently large truncation order N , viz.,
b yb, k) ∼
H(r,
=

N
n
X
X

m
βbnm (k)h(1)
y ),
n (kr)Yn (b

(5.9)

n=0 m=−n

which indicates that the HRTF is essentially a mode-limited function [90]. The
required number (N + 1)2 of spatial modes (5.8) to represent the HRTF spatial
variations should be determined by a typical size of human head/torso and by
bounds on the spherical Bessel function jn (ks) which decides the upper limit of
βbnm (k) in (5.6) (because firstly, both the source field coefficients αnm (k) and the
spherical harmonics Ynm (·) are bounded functions; secondly, the spherical Hankel
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Figure 5.2: Dependence of the spherical Bessel function jn (ks) vs degree n at
different ks shown on the vertically shifted curves.

(1)

function hn (kr) has a weaker impact than the same order of spherical Bessel
function jn (ks) [109].). We define this number of spatial modes as the spatial
dimensionality of the HRTF.
Fig. 5.2 illustrates typical dependence of the spherical Bessel function on the
degree n for various value of ks. It is clearly seen that there are two distinct
regions separated by value [110, 111]
N = deks/2e.

(5.10)

For n < deks/2e, the spherical Bessel functions oscillate and there is no decay in the
amplitude for growing n. However, when n ≥ deks/2e the functions monotonically
decay to zero with growing n, and the decay is very fast. Therefore, we only
need to include all spatial modes lower than the order of N = deks/2e for HRTF
spatial representation. This yields the spatial dimensionality of the HRTF, or the
required number of weights {βbnm (k)} that can represent HRTFs corresponding to
all directions, i.e.,
DIM(H(k)) = (N + 1)2 = (deks/2e + 1)2 .

(5.11)
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Figure 5.3: Calculated the required truncation order N for HRTF representation
as a function of frequency.

In order to obtain the required number of weights, (5.11) also defines the
least number of the HRTF samples in space. The dimensionality depends on the
wavenumber k and the radius of the equivalent source field s; and we have the
following comments:
(1) The dimensionality increases with wavenumber/frequency. This is because
for a fixed size region of sphere, the low frequency HRTF requires fewer
spatial modes since the waves are spatially varying more slowly; for increasing
frequency, we need more spatial modes as the smaller wavelength indicates
faster changes in the space.
(2) The value of s relates to the typical size of human head/torso. For example,
for the spherical head, the value of s is simply the radius of the head (0.09
m). While for the KEMAR or human subjects HRTFs, we need to enlarge
the radius of the equivalent source field to include the main torso effect, i.e.,
the shoulder reflection. However, the torso only contributes to the HRTF at
frequencies below 3 kHz. For frequencies above 3 kHz, it is the pinna effect
that allows the perception of elevation effects [35, 37]. So we propose to set
two separate values of the equivalent source field radius for two ranges of
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H(b
y , k)
Far-field HRTF
N
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X
X

q
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y)
4
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s

Rn (kr) Ynm (b
y)
2
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Near-field HRTF
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n=0 m=−n

Figure 5.4: Modal decomposition of the HRTF with radial invariant frequency
components.
frequency, that is,

0.20 m
s=
0.09 m

for f ≤ 3 kHz
for f > 3 kHz.

(5.12)

(3) Fig. 5.3 plots the calculated truncation order N required for HRTF representation (5.9) as a function of frequency (note the value N in the frequency
range of [3, 6] kHz is decided by the maximum value at f = 3 kHz after
which the equivalent source field radius reduces to 0.09 m). In the case for
a given frequency range, such as the audible frequency range (200 Hz to 20
kHz), the maximum number of the discrete frequency points included in the
frequency range determines the least number of measurements. For example,
20 kHz bandwidth has the highest truncation order N = 46 and requires at
least 2209 HRTF measurements in space.

5.3

HRTF Continuous Representation

In this section, we further develop the general representation (5.9) into a continuous
HRTF model which can i) link near-field and far-field HRTFs directly, and ii)
parameterize the spectral components by a set of basis functions.

5.3.1

Normalized Modes for HRTF Spatial Representation

The spatial modes in (5.6) cannot directly represent far-field HRTFs because the
radial term tends to zero, viz.,
(n+1)
h(1)
n (kr) ∼ (−i)

eikr
→ 0,
kr

as r → ∞.

(5.13)
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It is desirable to normalize the spherical Hankel function (or match the spherical
Hankel function at near-field and far-field), i.e.,
Rn (kr) , i(n+1) kre−ikr h(1)
n (kr),

(5.14)

so that we can achieve both near-field HRTF and far-field HRTF representations
in one formulation. As demonstrated later in this section, we will show that this
definition is consistent with the analytical spherical head HRTF model.
Referring to (5.9), the modified HRTF representation with the normalization is
then
N
n
X
X
H(r, yb, k) =
βnm (k)Rn (kr)Ynm (b
y ),
(5.15)
n=0 m=−n

noting that limr→∞ Rn (kr) = 1, ∀n, when r → ∞, we have the normalized far-field
representation
N
n
X
X
H(b
y , k) =
βnm (k)Ynm (b
y ).
(5.16)
n=0 m=−n

Equations (5.15) and (5.16) show that the HRTF spectral components βnm (k) are
radially invariant and can be obtained from the spherical harmonic transform of
the measurements at a single radius, i.e.,
Z

1

H(r, yb, k)Ynm (b
y )d%(b
y ),

R
(kr)
2
m
n
S
Z
βn (k) =

 H(b
y , k)Ynm (b
y )d%(b
y ),

for near-field,
(5.17)
for far-field

S2

and later used for HRTF reconstruction at any spatial point, as shown in Fig. 5.4.
In addition, from (5.7), we have
βnm (k) =

βbnm (k)
4παnm (k)jn (ks)
=
.
i(n+1) kre−ikr
in re−ikr

(5.18)

Example of Spherical Head Model
We use the spherical head model [46] as an example to solve the HRTF spectral
components, in which the closed form HRTF is represented as
∞
(1)
−r −ikr X
hn (kr)
ϕH (r, Θ, k) = 2 e
(2n + 1)Pn (cos Θ) 0(1)
,
ka
h
(ka)
n
n=0

r > a,

(5.19)

where a is the spherical head radius, Θ is the angle of incidence (the angle between
the ray from the center of the sphere to the source, yb, and the ray to the measure-
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bear ), Pn (·) is the Legendre polynomial of
ment point on the surface of the sphere, ϑ
(1)
0(1)
degree n and hn (·), hn (·) are the spherical Hankel function of the first kind and
its derivative. Applying the addition theorem [91], we have
n
X
4π
bear ).
Pn (cos Θ) =
y )Ynm (ϑ
Y m (b
2n + 1 m=−n n

(5.20)

Then we can expand the spherical head model HRTF with the normalized modes,
where the spectral components are
βnm (k)

5.3.2

bear )
4πYnm (ϑ
=
in

Ã
jn (ka) −

(1)
hn (ka)
0
jn (ka) 0(1)
hn (ka)

!
.

(5.21)

Fourier Spherical Bessel Series for HRTF Spectral
Representation

The goal of seeking an efficient continuous HRTF spectral representation is to
determine the spectrum of the HRTF with higher spectral resolution and fewer parameters from a finite number of measurements, which usually have limited spectral
resolution constrained by the sampling rate and number of samples (or the record
time).
The βnm (k) exhibit an underlying pattern similar to the spherical Bessel functions (implicitly shown in ) [112]. An example is the spectral components of the
spherical head HRTF (5.21), in which the first component represents the incident
wavefield and the second term is the scattered field. Both terms show the similar
structures to the spherical Bessel functions; so we can observe the strong correlation between the HRTF spectral components and spherical Bessel functions in
Fig. 5.5.
Fig. 5.6 shows the energy spread of the HRTF spectrum over the spatial modes
(n, m) and wavenumber, which has a significant triangular null region and has been
described as the butterfly shape of the HRTF spectrum [79, 113] for the horizontal
plane HRTF. The explanation for this special shape of the spectrum is because the
HRTF dimensionality increases linearly with frequency as shown in Section 5.2.2.
At low frequencies, only low order spatial modes are signification and the high
spatial modes have very small contributions; at higher frequencies, the higher order
spatial modes become significant. Therefore, most of βnm (k) energy is present in a
triangular shaped region and outside this region, the energy is greatly reduced.
In Fig. 5.5, the resemblance between the patterns of βnm (k) and the spherical
Bessel functions of the same degree indicates that the HRTF spectrum can be com-
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Figure 5.5: Examples to demonstrate the structural similarities between the HRTF
spectral components βnm (k) and the spherical Bessel functions of the first kind.
Top plots and middle plots are the real and imaginary parts of βnm (k) with (a)
n = 0, m = 0 and (b) n = 12, m = 0; and the bottom plots are the spherical Bessel
functions jn (·) at the corresponding degree n = 0 and n = 12 against arguments
from 0 to 30.

Figure 5.6: Magnitude of the HRTF spectral components over spatial modes and
wavenumber for the spherical head case. The spatial modes of degree n and order
m correspond to number of n2 + n + m + 1 on x-axis.
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pactly represented by the spherical Bessel functions. Here, we apply the Fourier
Spherical Bessel (FSB) series for the representation of the HRTF spectral components. The FSB series [114] (derived from the Fourier Bessel series used for the
horizontal plane HRTF spectral representation in Chapter 3) are orthogonal basis
functions on the interval (0, 1)
Z

1

2

³

x jn
0
(n)

(n)
xZ`

´

¡

jn xZg(n)

¢

´2
³
1
(n)
dx = δ`,g jn+1 (Z` ) ,
2

(5.22)

(n)

where Z` and Zg are the positive roots of the jn (·) and δ`,h is the Dirac delta
function. The derived HRTF spectral components representation is
βnm (k)

=

Ã

∞
X

m
Cn;`
jn

`=1

!
(n)
Z`
k ,
kmax

(5.23)

where from (5.22)
m
Cn;`

=

2
3 j2
kmax
n+1

Z
³

(n)
Z`

kmax

´
0

Ã
k 2 βnm

(k) jn

!
(n)
Z`
k dk.
kmax

(5.24)

kmax is the maximum wave number of an HRTF data set being modeled. In (5.23),
the HRTF spectral components are decomposed as a linear combination of FSB
series. Given the FSB series expansion is convergent, (5.23) can be truncated as
βnm (k) ∼
=

L
X
`=1

Ã
m
Cn;`
jn

!
(n)
Z`
k ,
kmax

(5.25)

where by choosing L sufficiently large the contribution of the neglected higher
order FSB terms can be made sufficiently small. Section 5.4 gives a practical way
to determine L.
Besides compact representation, the continuous FSB series can achieve HRTF
spectral reconstruction at any frequency value (not necessity of measured frequencies) and therefore provide a way for generating HRTFs at higher spectral resolutions than the measurements. Meanwhile one should notice that this series
representation is that the expansion does not converge at f = 0 and f = fmax .

5.4 Implementation Analysis

5.3.3
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Proposed Continuous HRTF Model

In summary, the above development leads to a continuous HRTF model written as

H(r, yb, k) =

N
n
L
X
X
X
n=0 m=−n `=1

Ã
m
Cn;`
jn

!
(n)
Z`
k Rn (kr) Ynm (b
y ),
kmax

(5.26)

m
which can transform any HRTF data set to a set of coefficients {Cn;`
} of cardinality
2
(N + 1) × L. This HRTF representation exhibits three significant advantages:

• Firstly, the representation has well studied closed form orthogonal basis functions, which can make the HRTF approximation easily implemented and
m
model parameters Cn;`
simply computed. A low-computation algorithm is
developed in Section 5.4 given finite discrete measured HRTFs.
• Secondly, using continuous basis functions, the proposed model is powerful
for the computation of the HRTF at any frequency point for an arbitrary
direction from a given set of measurements at a fixed radius.
• Thirdly, the basis functions are independent of the data. As the basis is same
m
carry all the information about the
for all subjects, the model coefficients Cn;`
individuality. Thus, the model has capability to represent the individualized
HRTF by assigning a subject specific set of parameters to the model.

5.4

Implementation Analysis

In this section, we investigate the modal decomposition of the discrete measured
HRTFs using the proposed functional model (5.26). A practical method to solve
the integral equations (5.17) and (5.24) given the typical HRTF measurement setup
is introduced in the following.

5.4.1

Typical HRTF Measurement Setup

Typically HRTFs are measured from humans or mannequins for both left and right
ears at a fixed radius from the head center. Thus, the source location for the HRTF
measurement is specified by a 2D angle, azimuth φ and elevation θ (denoted as a
unit vector yb in our previous analysis). The elevation angle θ from top to bottom is
defined as varying from 0◦ to 180◦ ; and the azimuth φ is counterclockwise rotating
from 0◦ to 360◦ , where 0◦ and 180◦ are the direct front and back directions and 90◦
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and 270◦ are defined as the left and right sides (note this definition is in accordance
with the right hand coordinate system and may be different from others).
It is commonly believed that the HRTFs should be sampled uniformly on the
sphere; however, arranging points evenly on sphere is a complicated mathematical
problem. Two most used strategies for the HRTF measurement are equidistance in
azimuth arc [13] and equiangular [37]. In the former one, the sampling points are
distributed equally in azimuth arc from each other at all elevations, resulting in a
decline of angular resolution towards the pole of the sphere. While the latter one
applies the equal angular interval along both elevations and azimuths and samples
the sphere with very high spatial resolution. We next develop a practical method
to estimate the model coefficients from the discrete measured HRTFs. These two
sampling arrangements are compared in Section 5.5 using the proposed modal
decomposition method, which helps us thoroughly investigate the azimuthal and
the elevation sampling effects.

5.4.2

Practical Modal Decomposition Method

The proposed modal decomposition method is a two-step procedure corresponding
to approximating the two integral equations (5.17) and (5.24) given the discrete
measured HRTFs.
Estimating HRTF Spectral Components
The HRTF spectral components are obtained from the spherical harmonic transform of the measurements on a single sphere as shown in (5.17). We rewrite the
spherical harmonic transform in elevation and azimuth, given yb = {θ, φ}, as
Z
βnm (k)

π

Z

=
−π

0

π

H(θ, φ, k)Ynm (θ, φ) sin θdθdφ.

(5.27)

Note here we only consider extracting βnm (k) from far-field HRTFs; same procedure
can be applied to near-field measurements with an additional step of dividing the
normalized spherical Hankel function.
Note an important issue in the HRTF measurement is that no samplings are
made for lower elevations (i.e., θ ≥ 140) because of the strong distortions from the
ground and measurement apparatus. Chapter 4 has demonstrated that the MNLS
solution is an admissible estimate of a signal over sphere and its spherical harmonic
coefficients from incomplete discrete measurements. However, considering that we
are dealing with hundreds or even thousands of data, it will be an extremely time
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consuming process to perform the inverse of a large size matrix in the MNLS
extrapolation approach.
In this section, a low computation algorithm is proposed to implement the
discrete spherical harmonic transform. Let H(θq , φv , k) be the HRTFs measured
at several elevations θq , q = 1, . . . , Q, and several different/same azimuths φv , v =
1, · · · , Vq , at each elevation. We write the far-field measured HRTFs decomposition
with the spherical harmonics (5.16) as
H(θq , φv , k) =

n
N
X
X

βnm (k)Ynm (θp , φv ),

(5.28)

n=0 m=−n

where the spherical harmonics Ynm (·) are defined in terms of the associated Legendre
|m|
function Pn (·) and the exponential function as shown in (5.2). We use (5.2)
|m|
to express (5.28) in terms of the normalized Legendre function Pn (·) and the
normalized exponential function Em (·) as
H(θq , φv , k) =

N
n
X
X

βnm (k)Pn|m| (cos θq )Em (φv ),

(5.29)

n=0 m=−n

√
where Em (φv ) , (1/ 2π)eimφv and
s
Pn|m| (cos θq ) ,

2n + 1 (n − |m|)! |m|
P (cos θq ).
2 (n + |m|)! n

(5.30)

Azimuth Harmonics: At each elevation with the use of the orthogonality of
the exponential functions over circle, we get an azimuth harmonics [115]
am (θq , k) =

N
X

βnm (k)Pn|m| (cos θq );

(5.31)

n=|m|

while given Vq azimuth samplings at each elevation θq , we have
am (θq , k) ≈ ∆φv

Vq
X

H(θq , φv , k)E−m (φv ),

|m| 6 b(Vq − 1)/2c.

(5.32)

v=1

where ∆φv is the azimuthal sampling interval in radians and b·c denotes the integer
floor function. The azimuthal HRTFs of Vq samples contains at most Vq expansion components, which means we can estimate am (θq , k) for |m| 6 b(Vq − 1)/2c.
However, if the sampling is non-uniform, we should emphasize the approximate
(5.32) is determined by the maximum sampling interval; only the coefficients of
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|m| 6 b( ∆φ2πmax − 1)/2c can be accurately solved.
v

Least-Squares Fitting: By writing (5.31) for a specific order of m for all
measured elevations, we can now form a system of simultaneous equations given
by
Pm bm = am , m = −N, . . . , N
(5.33)
where the matrix Pm and the vector bm are in the following forms



|m|
|m|
P|m| (cos θ1 ) · · · PN (cos θ1 )


..
..
..
,
Pm = 
.
.
.


|m|
|m|
P|m| (cos θQ ) · · · PN (cos θQ )

(5.34)

m
m
m
(k)]T ,
(k), . . . , βN
bm = [β|m|
(k), β|m|+1

(5.35)

am = [am (θ1 , k), am (θ2 , k), . . . , am (θQ , k))]T .

(5.36)

and

The HRTF spectral components βnm (k) can be calculated by solving these linear
equations described by (5.33) for each order m. Since there will be noise in the
HRTF measurement, it is necessary to solve (5.33) in the least-squares sense by
minimizing the mean square error kPm bm − am k2 . Another issue in the HRTF
measurement is that no samplings are made for lower elevations (i.e., θ ≥ 140◦ )
because of the strong distortions from the ground and measurement apparatus.
To avoid the enlargement of the unmeasured HRTFs, we need to regularize the
solution (the power kbm k2 may be included as a constraint). The minimum norm
least-squares solution is denoted by
+
b+
m = Pm am ,

(5.37)

where P+
m is the general inverse of Pm [116]. Given the size of Pm is Q×(N −|m|+1),
there are two cases of interest and the Tikhonov regularized solutions are given
explicitly by
T
−1 T
P+
m = [Pm Pm + λI] Pm ,

Q ≥ (N − |m| + 1)

(5.38)

T
T
−1
P+
m = Pm [Pm Pm + λI] ,

Q < (N − |m| + 1),

(5.39)

where λ is the regularization control parameter and I is the identity matrix. A
systematic approach to evaluate λ for a meaningful result is given in the work [117].
In our experiment, we set a small value of λ = 10−5 , which was seen to achieve
reasonable reconstruction and interpolation quality.
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Insights into Spatial Sampling:
The main contribution of this modal decomposition method is based on factorization of the spherical harmonics, which helps to separate the azimuth and the
elevation sampling effects. We have the following comments regarding the HRTF
spatial sampling,
(1) In theory, it is necessary to set (5.33) as an over-determined system, i.e., the
number of elevation samples should be greater than (N + 1), so that the
least-squares solution is valid. However, with the use of the regularization
technique, we can loosen this condition. Our experimental results show the
HRTF measurements that are coarsely sampled in elevation (given the total
number of samples greater than the dimensionality) can still be reconstructed
with reasonable accuracy.
(2) For smaller elevations (θ towards pole), the associated Legendre functions
|m|
|m|
Pn (cos θ) have close to zeros values for higher m, i.e., Pn (cos 0) = 0, for
m 6= 0 [118]. This means as elevation increases from the pole towards the
equator, higher order (m) coefficients begin to appear. Thus, in principle,
we need less azimuth sampling points closer to the pole and more azimuth
sampling points on the elevations closer to the equator. This shows the
equidistance sampling is appropriate for HRTF measurement, which we will
further corroborate using the real data validation.

Calculating Model Coefficients
m
From the estimated HRTF spectral components βnm (k), the model coefficients Cn;`
is obtained by using the left Riemann sum to approximate the integral (5.24). The
most important issue is to determine the truncation order L. We define the relative
power of the `th order FSB series term against the total power as
m 2
|Cn;`
|
P
,
κ` = ∞
m 2
`=1 |Cn;` |

` = 1, 2, . . .

(5.40)

In (5.40), the denominator is an infinite sum over model coefficients which should
be calculated from the HRTF spectral components, as shown in (5.24). Since only
HRTFs at discrete frequencies can be obtained by measurements, we evaluate the
contribution of the FSB series over the maximum order Lf (the number of HRTF
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frequency samples), the relative power ratio is defined as
PL
κ = PL`=1
f

m 2
|Cn;`
|

m 2
`=1 |Cn;` |

.

(5.41)

Then for each HRTF spectral component βnm (k), calculate κ for L = 1, 2, . . . , Lf
and when κ reaches a power threshold (such as 0.9), L is chosen as the truncation
order above which the contribution of higher-order FSB series is negligible.

5.5
5.5.1

Simulation Results
HRTF Database

Three sets of HRTF database are used.
(1) Analytically simulated HRTFs from the spherical head model [46].
The HRTF for an ideal rigid sphere is defined as the pressure on the sphere at
the defined ear position divide by the pressure that would exist at the sphere center
in the absence of the sphere. The synthetic data are without noise influence and
provide reliable reference to check the proposed sampling theory and the continuous
model performance.
(2) The HRTF database for KEMAR from the MIT media laboratory [13].
KEMAR is designed according to the mean anatomical size of the population;
thus results from KEMAR HRTF represent the mean performance. The measurements are the head-related impulse responses in the time domain at 44.1 kHz
sampling rate and each response is 512 samples long, from which a 512-tap HRTF
can be obtained by the discrete-time Fourier transform. The speakers were at a
distance of 1.4 m away from the head center. The HRIR (or HRTF) were sampled in the equidistance in azimuth arc, where the measurements are available for
elevation steps of 10◦ ranging from 0◦ (north pole) to 130◦ (40◦ underneath the
horizontal plane) and full azimuthal cover but a decline of azimuthal resolution
towards the pole as shown in Table 5.1.
(3) HRTF database of human subjects from CIPIC interface laboratory [37].
The HRIR measurements performed at CIPIC include 45 subjects. A 200 sample long pseudo-random signal generated by the Snapsshot system (sampling frequency is 44.1 kHz) is used as the test signal. For each subject, the HRTFs are
measured at 1250 points on the sphere of 1 m away from the listener. The elevation
varies uniformly from 0◦ to 135◦ in the step of 5.625◦ ; and there are 50 azimuth
samples at each elevation but not uniformly sampled, i.e., azimuth = [0 : 5 :
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Table 5.1: MIT KEMAR data measurement steps (angles in degrees).
Elevation Azimuth Resolution
Number of
(θ)
(φ)
Azimuthal Measurements
70 to 110
5.00
72
60 and 120
6.00
60
50 and 130
6.43
56
40
8.00
45
30
10.00
36
20
15.00
24
10
30.00
12
45, 55, 65, 80, 100, 115, 125, 135 : 5 : 225, 235, 245, 260, 280, 295, 305, 315 : 5 : 355]◦ .
The samplings are more dense near the median plane but very coarse near the ear
where the azimuth varies in the step of 20◦ .

5.5.2

Results for Dimensionality and Analysis

Simulations are run on some audible frequency range for each HRTF database,
where the total number of spatial samples determines the maximum frequency point
that can be reconstructed with reasonable accuracy. The relative mean square error
(MSE) over all M angles (include both azimuth and elevation) at each frequency
is used as the error metric
PM
ε(f ) =

j=1

e ybj )|2
|H(f, ybj ) − H(f,
,
PM
bj )|2
j=1 |H(f, y

(5.42)

e ybj ) are the original and the reconstructed HRTFs, respecwhere H(f, ybj ) and H(f,
tively.
Fig. 5.7 plots the synthetic HRTF reconstruction error performance at each frequency point for the audible frequency range up to 20 kHz. The analytically simulated HRTFs are generated at 1.0 m away from the head center on the sphere according to the equidistance in azimuth arc sampling (2640 samples) and the equiangular sampling (4371 samples); both satisfy the required dimensionality (2209 samples) for reconstruction up to 20 kHz. We can see the maximum reconstruction
error is at the highest frequency. This shows large number of measurements can
fit the low frequency data very well. Both equiangular and equidistance sampling
have very small reconstruction errors; but the equiangular method needs much
more samples and its biggest failure is the sampling points near the pole are dense,
small, and can be very distorted when measurements are contaminated by noise.
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Figure 5.7: Synthetic HRTF reconstruction error performance for the audible frequency range of [0.2, 20] kHz.
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Figure 5.8: (a) MIT KEMAR mannequin measurements of frequency range [0.2, 12]
kHz. (b) HRTFs of CIPIC subject 3 of frequency range [0.2, 8] kHz.
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We next investigate the dimensionality results of the HRTF measurements on
KEMAR mannequin and human subjects. Fig. 5.8 shows both data sets reconstruction errors are larger than that of the theoretical model due to the possibility
of noise contamination at some measurements. This is especially more likely to
occur for human subjects where the movement of the subject in the measurement
can lead to inconsistency in the measured response. Thus, we can see that the
reconstruction of KEMAR HRTF are more accurate than the human subjects. In
addition, both data sets have very similar reconstruction error patterns.

As introduced in Section 5.5.1, the MIT KEMAR measurements are equidistance sampled which has 72 azimuthal samples on the horizontal plane and less
azimuthal samplings for the elevations towards the pole. In total there are 710
spatial samples on the sphere, which means we can solve the spatial modes decomposition up to N = 26 corresponding to the frequency about 12 kHz according to
(5.11). In Fig. 5.8(a), the MIT data reconstruction shows a reasonable match to
the original data in the frequency range of [0.2, 12] kHz with maximum error less
than −40 dB.

The CIPIC data has finer elevation samplings but not uniformly sampled azimuths. Even though the CIPIC measurements are sampled at a much higher
spatial resolution (1250 samples on sphere), it has even larger errors (Fig. 5.8(b))
compared to MIT measurements. This is due to the possible large measurement
variations and the coarse azimuthal sampling (50 not uniformly azimuths on each
elevation). Very large azimuthal interval of 20◦ at both ear sides determines the
model coefficients can only be solved accurately for low order N . This is corroborated in Fig. 5.8(b), where the CIPIC data reconstruction errors are less than −17
dB for f ≤ 4 kHz and increase to large values for higher frequencies.

In summary, the simulation results prove that the proposed dimensionality
(5.11) determines the required number of spatial samples in HRTF measurement.
Only when the number of spatial samples are larger than the required number
for a given frequency range, reasonable reconstruction with high accuracy can be
achieved. In addition, equidistance in azimuth arc is appropriate; especially with
the use of the regularization technique, the spatial sampling for elevation can be
coarse while the sampling along azimuth should be finer (especially for the measurements close to the equator).
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Figure 5.9: The relative power distribution of the FSB series components for HRTF
spectral representation. (a) Analytically simulated HRTFs from the spherical head
model; (b) MIT KEMAR mannequin HRTFs. For all spatial modes, the relative
contribution of lower order FSB series is significant.
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Figure 5.10: Examples of analytical simulated and measured HRTFs reconstructions using the proposed continuous model. (a) Analytical simulated HRTFs at
elevation 90◦ and azimuth of 80◦ and (b) Left ear MIT KEMAR data at elevation
60◦ and azimuth of 0◦ . Original: dotted line (·), Reconstruction: solid line (−).
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Table 5.2: Summary of the number of spatial modes and the number of FSB series
for the three sets of HRTF database.
Given
Number of
Number of
Freq. Range spatial modes FSB series
Synthetic HRTFs [0.2, 20] kHz
472 = 2209
85
KEMAR HRTFs [0.2, 12] kHz
262 = 676
67
Subject HRTFs
[0.2, 4] kHz
162 = 256
16

5.5.3

Average
MSE
-78.7 dB
-28.6dB
-8.6 dB

Continuous Model Performance

HRTF Reconstruction Results

Fig. 5.9 shows how the relative power distribution of each FSB series coefficient
varies with the spatial modes. We can clearly see that for all spatial modes, the
relative contribution of lower order FSB series is significant, which corresponds
to the smooth HRTF spectral variations. It also proves using the relative energy
ratio as the criteria to choose the truncation order of the FSB series expansion is
appropriate. We suggest the truncation order of the FSB series expansion based on
the power threshold of 0.9. Table 5.2 summarizes the number of FSB series and the
number of spatial modes (i.e., the dimensionality results given in Section 5.5.2) for
the three sets of HRTF database representation for a given frequency range. Note
that we only validate the CIPIC data at low frequencies here because its spectral
components are accurately solved up to 4 kHz as stated in Section 5.5.2. It can be
seen that the number of FSB series for the HRTF spectral representation increases
with frequency; in addition, the human subjects HRTF needs more basis functions
to represent.
Fig. 5.10 plots the original and reconstructed HRTF magnitude and phase for
synthetic HRTF (θ = 90◦ , φ = 80◦ ) and KEMAR left ear measurements (θ =
60◦ , φ = 0◦ ). The reconstruction errors for both data sets are shown in Table 5.2.
It is clear that the reconstructed responses closely match the synthetic and the
KEMAR responses in both cases. We also use CIPIC subject measurements to
check the model performance. The reconstruction error of subjects HRTFs tends
to be a larger value (average MSE around −8.6 dB), which demonstrates that
human subjects are harder to model than the spherical head and the KEMAR
mannequin.
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Figure 5.11: MIT left ear HRTF polar response at 2 kHz: (a) original data and (b)
synthesized response over the sphere.
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Figure 5.12: MIT left ear HRTF polar response at 8 kHz: (a) original data and (b)
synthesized response over the sphere.
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Figure 5.13: MIT left ear HRTF polar response at 4.15 kHz, which is not measured
but interpolated by applying the modal decomposed coefficients to the continuous
spectral modelling basis functions.

HRTF Interpolation and Range Extrapolation

We further investigate the HRTF interpolation and range extrapolation performance using the proposed continuous model. The MIT KEMAR data are measured
at the sampling frequency of 44.1 kHz with 512 samples for each position. Fig. 5.11
and Fig. 5.12 plot the polar response magnitudes for data at 2 kHz and 8 kHz,
where the synthesized polar responses (generated at a much higher spatial resolution of ∆θ = 5◦ and ∆φ = 5◦ at each elevation) are smooth forms of the original
data and the match is reasonably accurate. In addition, the polar response at not
measured frequency (f = 4.15 kHz) is interpolated by applying the decomposed
model coefficients to the continuous HRTF model as shown in Fig. 5.13. We can see
that the proposed continuous FSB series can achieve reasonable HRTF spectrum
interpolation.
In Fig. 5.14, the plots on the left are the magnitudes of the analytical HRTFs
at different ranges on the horizontal plane, compared to the range extrapolation
results from the proposed model on the right. We observe the reconstruction is
perfect with average approximation error around 0.52% (-45 dB).
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Figure 5.14: Analytically simulated HRTFs at r = 1.0 m (top plots) and the
extrapolated HRTFs at r = 0.5 and r = 1.5 m (b) compared to the reference (a).
The horizontal axis is frequency and the vertical axis is azimuth from [0◦ , 360◦ ].

HRTF Magnitude Spectrum Modelling
In practical spatial audio field, the minimum phase approximations of the HRTF
work extremely well with Kuhn’s model [29] to model the interaural phase. Some
researches have been done to model only the HRTF magnitude spectrum modelling,
such as PCA [15, 16].Such an implementation has great utility and practical value
to the spatial audio field.
The proposed continuous model has also been validated on the real magnitude
spectrum 1 . The MIT/CIPIC data reconstruction results in Fig.5.15 and Fig.5.16
show that only 20 FSB series (L = 20) can represent the whole HRTF magnitude
spectra of range between [0.2, 10] kHz (MSE around -26 dB). The reconstructed
results are smoothed form of HRTF magnitude spectrum but can capture all the
major peaks and troughs. The results demonstrate that applying FSB series to
model the HRTF magnitude data is more efficient than to model the complex
HRTF data.

1
The real spherical harmonics replace the spherical harmonics in the continuous model (5.26)
to represent the spatial variations of the HRTF magnitude spectrum.
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Figure 5.15: MIT HRTF magnitude spectrum reconstruction performance for direction of azimuth 120◦ and elevation 120◦ (a) left ear and (b) right ear. Original:
dot-dash line, Reconstruction: solid line.
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Figure 5.16: CIPIC HRTF magnitude spectrum reconstruction performance at
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Discussion
We summarize the performance of the proposed continuous model in the following
three aspects. Firstly, the proposed continuous functional HRTF model provides
accurate reconstruction to the experimental measurements. The interpolated results are also reasonable emulations. Secondly, as given in Table 5.2, each of the
individualized HRTF data set is transformed to a set of coefficients. This coefficient set is much smaller in size compared to the original HRTF database. For
example, for frequency range of [0.2, 12] kHz, original MIT databases has 81920
sample points (710 directions and 160 frequency samples for each direction); now
the transformed coefficient just has 45292 entries (N = 25, ` = 67). The data needs
to be saved has been reduced by nearly 45%. Compared to the statistical PCA
model [16] which is truly the optimal low-dimensional description for the HRTF
data set, the disadvantage of our model using more basis functions is countered
by the universality (data independent and measurement grid independence of the
basis) and the continuous nature of the basis functions (eliminating the need for
interpolation). Thirdly, the proposed model can be regarded as noise discriminated
as the basis functions we choose has structural similarities to the HRTF being analyzed. Thus, the unwanted components (noise or distortion) will not be represented
with the same accuracy as the signal interested. For example, the noise components of high spatial bandwidth (n > N ) is removed and the noise with frequency
components outside the triangular shaped region will be significantly reduced.

5.6

Summary and Contributions

This chapter has derived a general HRTF representation in all frequency-rangeangle domains. The HRTF spatial dimensionality is defined as the required number
of spatial modes to represent HRTFs corresponding to all directions. A continuous
functional HRTF model has been developed in both spatial and spectral domains.
The model is powerful for the computation of the HRTF at any arbitrary position
in space and at any frequency point from a given set of measurements at a fixed
distance. We observed good HRTF spatial and spectral components reconstruction
and interpolation results from both analytical solutions and measurement data.
Some specific contributions made in this chapter are:
1. Using the acoustic reciprocity principle and the modal expansion of the wave
equation solution, a general HRTF representation was developed. This representation can separate the HRTF frequency, range and angle components

5.6 Summary and Contributions

117

and represent them in standard functions, such as spherical harmonics for
angular dependence and spherical Hankel function for range variations.
2. It was shown that the HRTF decomposition with the spatial basis functions
can be well approximated by a sufficiently large number which is defined
as the HRTF spatial dimensionality. The HRTF spatial dimensionality determines the minimum number of parameters to represent the HRTF corresponding to all directions and also the required least number of HRTF
measurements.
3. A continuous 3D HRTF representation was derived from the general model.
In this representation, the normalized spatial modes can link near-field and
far-field HRTFs; the HRTF spectral components were modeled by the FSB
series, which can use far few number of parameters for a more efficient HRTF
representation with much higher spectral resolution.
4. By factorizing the spherical harmonics into complex exponentials and Legendre functions, a low computation algorithm was proposed to evaluate the
spherical harmonic transform of the discrete measured HRTFs and thus to
obtain the model coefficients.
5. The HRTF azimuth and elevation sampling effects have been examined. The
findings were that HRTFs can be coarsely measured along elevation but the
azimuth should be finer sampled especially for measurements near the horizontal plane.
We also need to state that the current approach is dealing with the representation of empirical measurements at the technical level. Psychoacoustic validation
has to be performed in the future to confirm the error bounds and truncation orders
given in this Chapter.

Chapter 6
HRTF High Resolution
Measurements on KEMAR
Mannequin
Overview: This chapter describes the details of the HRTF experiment procedure such as the signal processing and the HRTF spatial sampling to process
the measurements from a KEMAR mannequin1 . Firstly, the problem of how to
tackle echoes and noise is studied especially for the measurement performed in a
reverberant environment in the case of unavailability of an anechoic chamber. A
pre-emphasized exponential sweep is constructed as the excitation signal which has
promising properties to separate the nonlinear distortions from the main response.
From the received raw data, a series of signal processing techniques are applied
to synchronize the responses, to mitigate room reverberation, and to equalize the
data. Given the required high resolution in HRTF measurement, this chapter also
considers what is the most suitable HRTF sampling scheme. An efficient and simple method is the class termed as IGLOO, based on which a fast spherical harmonic
transform algorithm is developed to analyze the sampled high resolution data.

6.1

Introduction

The spatial dimensionality results in Chapter 5 show that a high directional resolution HRTF measurement is required to allow the full synthesis of the HRTF over
all directions. This high resolution database can be used in a binaural synthesis
system to implement virtual spatial sounds. Further, these measurements provide
1
The work presented in this chapter is done in collaboration with Ms Meng Qiu Zhang who is
pursuing her PhD at RSISE, ANU from Feb. 2009.
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detailed information to study the transformation characteristics of the external ear.
The measurement of the HRTF is performed by presenting a signal via a loudspeaker and recording the signal from a microphone, placed at the entrance of the
ear canal. The recorded signal is then processed to extract the HRTF. The whole
measurement procedure is described as a system identification process. Generally,
the HRTF is independent of distance for source beyond 1 m [40]; thus, the HRTF
is obtained on a spherical surface of constant radius for only a predefined set of
elevation and azimuth angles. The measurement is usually made under anechoic
condition to get rid of reverberation.
But in this chapter we produce a feasible experimental setup for a non-anechoic
situation, that is, the measurement can be made when there is some reverberation.
We call this as semi-anechoic. Section 6.2 introduces the details of our experimental
facilities and the experimental procedure. In Section 6.3, we elaborate on how to
design the test signal and how to extract the HRTF in a semi-anechoic sound
chamber, which is vital to carry out the reliable and meaningful experiment.
The remaining of this chapter deals with another significant problem with HRTF
measurement, that is what is the most suitable sampling scheme in HRTF measurement. This is clearly a question of significant importance; the right choice
of measurement grid will both dramatically improve data acquisition and accelerate data analysis. Section 6.4.1 identifies a list of requirements for the design
of the HRTF measurement and the structure of discrete HRTF data. We next
compare different sphere sampling methods and propose the one, called IGLOO in
the astrophysics literature, which satisfies all of these requirements. Section 6.4.2
introduces how to measure the HRTF over sphere according to the IGLOO scheme.
We demonstrate that the low-computation algorithm proposed in Chapter 5 can
be combined with fast Fourier transform (FFT) to further accelerate the high resolution data spherical harmonic analysis.

6.2
6.2.1

Experiment Procedure
HRTF Measurement Facility

This section introduces the main facilities used in our HRTF experiment. The
measurement is performed in a 3.2 m × 3.2 m × 2 m room. The room’s walls, ceiling,
and floor are coated with foam to reduce internal reflections and also to isolate
the room from outside noise. The test subject, a KEMAR (Knowles Electronics
Mannequin for Acoustics Research), is placed in the center of the measurement
apparatus, i.e. a rotary hoop, on which fixed loudspeakers can be placed at the
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Figure 6.1: HRTF measurement rotary hoop system
specified position (azimuth φ and elevation θ at a fixed distance r = 1.5 m from
the subject’s head) as shown in Fig. 6.1. Because the first incoming reflection is
from the hoop, we covered the hoop with foam, which is proved to be effective in
our experiment.
The mannequin (Type: 45BA, made by G.R.A.S.) is especially built for simulating the diffraction and reflection characteristics of a real human, with two
microphones embedded at the “eardrum” locations to make binaural recordings.
In our experiment, it was fitted with a small left pinna (G.R.A.S KB0061) and a
large right pinna (G.R.A.S KB0065), which correspond to two sets of HRTFs as
the symmetry of mannequin means HRTF measurements for the left and right ears
of same type are symmetric. The mannequin is fixed on a rotatable plate which
can be automatically controlled by the computer to precisely set azimuth.
The microphones (Type: 40AG, made by G.R.A.S.) are both 1/2-inch precision
reference microphones for laboratory use. The microphone is a polarized pressure
microphone with a large dynamic range (160 dB range), which measures the sound
pressure at the location of its diaphragm. It has a flat pressure-frequency response
over its entire working frequency range from 3.15 Hz to 20 kHz. The pressure
microphone also measures the disturbing effects of its presence in the sound field,
which are minimal at low frequencies but must be taken into account at higher
frequencies.
The G.R.A.S. preamplifier (Type: 26AC), which is connected with the microphone, is a small robust unit optimized for acoustic measurements with a very low
inherent noise level (≤ 6µVrms), and the frequency range from 2 Hz to 200 kHz.
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The power supply of the preamplifier is the G.R.A.S. power module (Type: 12AA).
There is a linear-response high-pass filter in each channel of the power module with
cut-off frequency at 20 Hz to reduce unwanted low-frequency noise.
The equipment for D/A and A/D conversion is a National Instruments USB6221. This USB high-performance M Series multifunction data acquisition module
is optimized for superior accuracy at fast sampling rates. There are 16 analog
inputs (16 bit) with the data rate up to 250 kb/s, and two outputs (16 bit) with
the data rate up to 833 kb/s. It also has perfect I/O performance with the output
impedance of just 0.2 Ω and the input impedance of higher than 10 GΩ.
The loudspeaker we used in the experiment to broadcast the test signal is a
CREATIVE LX270 satellite loudspeaker with the linear frequency range from 40
Hz to 20 kHz.

6.2.2

HRTF Data Collection

Fig. 6.2 depicts the operation of the measurement system to control measurement
facilities, broadcast the test signal, acquire raw data, and perform post-signal processing. The whole measurement procedure is generated by a customized MATLAB
program running on a DELL desktop computer. The computer is placed outside
the acoustic chamber so that there is no noise from the computer and the operator.
A USB cable through the wall of the chamber is used to connect the computer and
the NI data acquisition instrument. The NI device output is connected with the
amplifier and then to the loudspeaker; and two NI inputs are connected with the
dual channel power module, which transfers the received signals from two microphones to the computer.
As shown in Fig. 6.2, the first step in our experiment is to place the KEMAR
and the loudspeaker to the desired position. Then the test signal is generated in
MATLAB; and the digital excitation is converted to the analog signal by the NI
USB-6221 D/A component at the sample rate of 44.1 kHz. The output unit of
NI device transfers data to the amplifier which drives the loudspeaker. Then the
loudspeaker broadcasts the test signal. At the receiver part, two microphones fitted
at the entrance of KEMAR’s ears capture the arrived signal. The signals recorded
at the microphones are further pre-amplified, high-pass filtered to avoid aliasing.
Then the recorded data are sampled at the sampling rate of 44.1 kHz and send
to the computer, where a MATLAB program will perform a series of post-signal
processing to extract HRTFs from the raw data.
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Figure 6.2: Operation diagram of HRTF data collection procedure.

6.3

Signal Processing Aspects of HRTF Measurement

6.3.1

Choice of the System Identification Method

The first issue to be considered is choosing a system identification method suitable
for acoustical systems like the HRTF. As the measurement is performed in a nonanechoic environment, the reverberant noise reduces the signal-to-noise ratio (SNR)
of the measurement. In addition, the instruments add noise to the measurement.
There are two ways to tackle this problem. The first is to raise the amplitude of the
signal. However, usually the maximum amplitude of the excitation signal is limited
by the range of linear characteristics of the equipment, especially the loudspeaker.
The second method is to extend the signal in time, which can be achieved by either
a long excitation signal or repetition of the measurement.
There are two other aspects to be considered for this measurement: immunity to nonlinear distortion and immunity to time variability. The loudspeaker
introduces nonlinear distortions due to the saturation effects of the loudspeaker
membrane and the nonlinearity of the power amplifier. In addition, the whole measurement chain (amplifier-speaker-room-subject-microphone-amplifier) is a weakly
nonlinear system [119]. It is clear that the nonlinear artifacts must be separated
from the measurement results to obtain the HRTF. The measurement of the HRTF
should also be considered as a weakly time-variant system as the listening subject’s
head may vary during the measurement procedure (this is unavoidable even under
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surveillance with a head tracker).
Several identification methods have been applied over the past decades. Common to all of them is the use of an excitation signal (test signal, or stimulus)
containing all the frequencies of interest to broadcast through loudspeakers. The
response of the system is captured by microphones at listening subject eardrums
and in some way compared with the original signal to extract the HRTF. Ideally
the excitation should have flat spectrum, i.e., equal energy at all frequencies, and
a low crest factor (the peak amplitude divided by the root mean square (RMS) of
the signal amplitude). Either strong signal level or averaging (repetition) must be
used to get an appropriate SNR.
Impulse
Using an impulse, which is usually approximated by a short impulse-like pulse, as
an excitation is the natural way to obtain a system impulse response. The pulse
is sent out by a D/A converter and amplified. The response is captured by the
microphone, amplified, and digitized by an A/D converter. As the name implies,
this captured response already is the desired impulse response. To increase the
SNR, a pulse train, repeated periodic pulses, are used as the excitation, which is
very easy to implement [120]. The received signal is the periodic impulse response,
which is actually equal to the non periodic impulse response if it is shorter than
the measurement period. The measured impulse response can be transformed into
the transfer functions by FFT.
The biggest failure of this method is its high crest factor which means the
signal has very low energy content with respect to the peak amplitude. Thus, a
low noise floor of the acoustic environment is desired and many repetitions are
required to obtain a good SNR. In addition, the impulse stimulus is not practical
and in other ways can be quite problematic. Audio devices, such as loudspeakers,
could not generally radiate enough power at high frequencies and an extremely
intensive pulse is not proper to use with human subjects. Also, the measuring
equipment should be driven in its linear, time invariant range to avoid nonlinear
and time-variant distortions.
Random Noise
Random noise has a flat spectrum and is thus suitable for audio experiments. The
most important types of random noise are white noise and pink noise. Theoretical
white noise has a constant power spectrum over all frequencies but an infinite mean
square value and thus can not exist in reality. In practice, a bandlimited white noise
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can be used as an excitation, which has a constant power spectrum at a specified
frequency band and a zero value elsewhere. Often used are Gaussian white noise
the amplitude of which follow the Gaussian distribution. From white noise, one
can generate pink noise by reducing the power spectrum by −3 dB/octave. This
is usually used to evaluate the power response of a loudspeaker.
The main drawback of random noise for the HRTF measurement is the long
duration of the excitation signal. This is because the noise source signal only has
a white spectrum when averaged over a long time, a short duration of the noise
signal suffers from deep magnitude dips. Furthermore, the excitation spectrum
is not known in advance, which means that both excitations and received signals
have to be captured and processed simultaneously. It has the same problem as the
impulse.
Pseudo Random Binary Signal (PRBS)
The third one, pseudo random binary signal (PRBS), is a periodic noise sequence.
But different from random noise, the PRBS is deterministic so it can be easily
generated and averaged in order to improve SNR. The PRBS is designed to have
a flat spectrum with a random phase. It has the crest factor of one and thus can
further increase the SNR. Two members of this method are the maximum length
sequence (MLS) and the Golay-codes.
MLS is well described in [58] to obtain room acoustic transfer functions. However, it is also sensitive to nonlinear noise. Even though this problem can be solved
by lowering the signal amplitude [121], which will also lower the SNR. Another
problem with the MLS is its long time duration 2n − 1 which further makes the
HRTF measurement processing a time-consuming process. Golay-codes [57] have
a length of 2n samples, which allows FFT to accelerate processing. But its disadvantage is leading non-negligible artifacts to the HRTF measurements when there
is head movement [122]. The general problem of PRBS is its high sensitivity to
nonlinear distortions and time variance.
Sweeps
There is another signal family, frequency sweeps [59], which can be applied to the
HRTF system identification. Sweep is a sinusoidal stimulus with frequency f varying with time. The system identification with sweeps based post-signal processing
has several promising properties: isolating all linear and nonlinear parts of a weakly
nonlinear system, separation of linear harmonic distortions from the acquired im√
pulse response, a low crest factor of 2 resulting in high SNR, low sensitivity to the
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deleterious effects of time variance, deterministic signal generation, and definition
of measurement frequency range. Furthermore, the exponential sweeps have an
exponentially increasing sweep rate which gives itself an advantage of laying more
energy on low frequency signals over the traditional linear sweeps.

6.3.2

Design of Test Signal

Exponential Sweep
The exponential sweep is a sweep whose frequency varies exponentially with time,
see Fig. 6.3, from f0 = 300 Hz to f1 = 20 kHz with the length of T , viz.,
ν

f (t) = f0 et T , t ∈ [0, T ],

(6.1)

and the corresponding time-domain signal is
³

Z

´
t
x(t) = sin 2π
f (t0 )dt0
0
³
´
T tν
T
= sin 2πf0 (e − 1) ,
ν

(6.2)

where ν/T is the slew rate with ν = ln(f1 /f0 ).
To avoid room reverberation, the sweep length must be no longer than the
impulse response (IR) length. In our experiment, the distance between the loudspeaker and the mannequin is 1.5 m, which corresponds to the 4.4 ms IR length;
thus the designed sweep has a length of 4.2 ms. This is equivalent to a 185 sample
sweep given the sampling rate of 44.1 kHz.
Pre-emphasis
In almost any acoustical measurement, it is not advisable to use an excitation signal
with white spectral content which tends to have a poor SNR at low frequencies.
Two factors account for this matter. One is the increase of ambient noise in the
low frequency region and the other is the loss of the sensitivity of the measurement
equipment to the low frequency signal. Therefore, to get a good response without
the corrupting effects of low SNR, a strong emphasis at low frequencies is required.
A pre-emphasis filter is designed to enhance the magnitude at low frequencies
and leave other components untouched. We especially prefer the FIR filter due to
its several advantages [123]. The first is its property of being able to realize a linear
phase response, which means that there is no phase distortion and the input signal
will be delayed by a constant time when it is transmitted to the output. Hence, no
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Figure 6.3: Spectrogram of an exponential sweep from 300 Hz to 20 kHz with a
duration of 4.2 ms.
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Figure 6.5: Test signal: (a) Original sweep in time domain (b) Spectrum of the
original sweep (c) Pre-emphasized sweep in time domain (d) Spectrum of the preemphasized sweep.
significant changes in shape will be observed on the output signal. This is the main
reason why we choose the FIR filter. The second is that FIR filters are inherently
stable because all the poles are located at the origin and thus are located within
the unit circle. The third advantage is that the unit impulse response of a FIR
filter is a finite long sequence. It is reasonable to assume in most practical cases
that the value of the samples of signals of interest becomes almost negligible after
a finite time.
The key points for realizing such a filter is to properly determine the cut-off
frequency and the magnitude response. The human audible frequency range is
generally considered to be from 20 Hz to 20 kHz, but it is far more sensitive to
sounds between 1 kHz and 4 kHz. For example, listeners can detect sounds as low
as 0 dB SPL at 3 kHz, but require 40 dB SPL at 100 Hz (an amplitude increase of
100) [124]. So, we decide to emphasize the signals with frequency under 1 kHz and
leave the signal from 1 kHz to 20 kHz unchanged. The design parameters are, the
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emphasizing pass band of [0 0.045], the unalterable pass band of [0.06 0.91], and
the stop ban of [0.92 1] (frequencies here are relative or normalized to frequency of
22.05 kHz). The other design factor is the order of the filter, which is chosen on a
trial-and-error basis until the specifications are satisfied [47]. In our measurement,
the order is chosen to be 128 as the best tradeoff between specifications and the
amount of computation.
The plots in Fig. 6.4 give the filter’s magnitude and phase responses. As shown,
there is more than 10 dB gain in the lower frequency region from 0 to 1 kHz.
The linear phase in the pass band enables the signal shape unchanged after being
emphasized. Fig. 6.5 compares the original sweep and the pre-emphasize sweep.
As demonstrated, the initial phase of the filtered signal remains the same as the
original one but the amplitude at the lower frequencies is around 4 times larger.
The Integrated Test Signal
Averaging is an effective way to improve the SNR. Therefore, 16 pre-emphasized
sweeps are broadcasted. There is a 80 ms break between two sweeps (that is 3528
zero samples at the sampling rate of 44.1 kHz). The length of break is determined
experimentally. From experimental results, we found that reverberant echoes die
out after 80 ms from the time when the signal was sent out. The whole test signal
lasts 1347.2 ms, thereby having 59408 samples at the sampling rate of 44.1 kHz.
The total of 16 emphasized sweeps and breaks are then integrated into one test
signal.

6.3.3

Post-signal Processing to Extract HRTFs

The entire received data of each channel measured at one direction are 59408 samples corresponding to the broadcasted test signal and include the system response
consisting of the data acquisition, the amplifier, the speaker, the microphone, the
pre-amplifier, and the power module. We discard the first received sweep response
because there might be some missing data at the beginning due to the delay of A/D
component. Then, after recording the relative timing between measured HRIRs for
different directions, a series of signal processing is performed on the following 15
received signals to extract HRTFs from the raw data.
Alignment and Averaging
The test signal is broadcasted once at one specified source position. Originally,
2×59408 samples are captured at both left and right ears and recorded by two of

130

HRTF High Resolution Measurements on KEMAR Mannequin

1

1

1

1

1

0

0

0

0

0

−1

−1

−1

−1

−1

0

2

4

0

2

4

0

2

4

0

2

4

1

1

1

1

1

0

0

0

0

0

−1

−1

−1

−1

−1

0

2

4

0

2

4

0

2

4

0

2

4

1

1

1

1

1

0

0

0

0

0

−1

−1

−1

−1

−1

0

2

4

0

2

4

0

2

4

0

2

4

0

2

4

0

2

4

0

2

4

Time (ms)
Figure 6.6: Aligned measurements in 15 sections.
input channels of NI data acquisition module separately. Then, each received sequence can be divided evenly into 16 sections, where each section has 3713 samples
corresponding to one single excitation. In order to avoid missing useful information
caused by the unpredictable delay of the input channels, we discard the first 3600
samples. For the remaining 15 sections, a vital question is where those responses
are exactly located. The response delay may vary among these 15 sections due to
the effects of the testing system and the transmission path. Therefore, alignment
is the first step in our post-signal processing tasks to synchronize the responses
without introducing further noise when performing averaging.
A simple and effective way to determine the response start time is to calculate
the correlation C between the test signal x and the received signal y by,
Cj = E(x − x)(yj − y j ),

(6.3)

where j is from m to m + 199, m ≤ 185 and x, y j are the average values of x and
yj . From Cj , we can determine the start point St of y for each of the 15 sections.
We also use the cross correlation to determine the room reverberation time. A
test signal of 185 samples long is broadcasted to get the system response (there is no
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KEMAR mannequin included and the microphone is at the head center position).
In this case, the correlation is only performed for the latter part of the received
signal, that is
0
Ci = E(x − x)(yj0 − y 0j ),
(6.4)
where j 0 is from m0 to m0 + 30 and m0 > 185. Once we get the start point of the
first unwanted reverberation Et , we just need to keep the data from St to Et as the
valid measurements. Furthermore, the reverberation time at the high frequencies is
usually much shorter than that encountered at the low frequencies. Therefore, the
capturing can be stopped almost immediately after the excitation signal is swept
through [59]. In our experiment, the interval between the response start time and
the first coming room reverberations is quite stable (194 samples). Fig. 6.6 shows
the synchronized responses in 15 sections, from which the averaging is performed
in the time domain.
Low Pass Filtering
A low-pass filter with cut-off frequency of 20.5 kHz is applied to remove high frequency noise. Once again, we choose to use the FIR filter based on its advantages
discussed in Section 6.3.2 on the design of the pre-emphasis filter. The implementation however is different. In this situation, the design parameters are pass
band ripple and stop band attenuation. The maximum of 3% pass band ripple and
the minimum of 40 dB stop band attenuation are deemed to be acceptable in our
experiment. We also choose to apply a low order filter implemented in Matlab.
The plots in Fig. 6.7 demonstrate the filter properties and give a comparison
between filter’s input and output signals. Fig. 6.7(a) shows that the filter pass band
ripple and stop band attenuation can all meet our requirements very well, and its
transition band is less than 1 kHz. Further, as shown in Fig. 6.7(c) and Fig. 6.7(d),
the received signal spectrum at frequency lower than 20 kHz are unchanged while
the spectrum over 20 kHz is dramatically attenuated, which testifies that the filter
works reasonably well.
Equalization
The low pass filtered signal is still colored by the measurement system response so
the next step is to apply an equalization to remove the embedded system effects.
This process is quite straightforward, the transfer function of the whole measurement system is measured and the inverses of the function can be used to equalize
the raw HRTF data [47].
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Figure 6.7: Low pass filter (LPF): (a) Magnitude response of LPF (b) Phase property of LPF (c) Signal before LPF (d) Signal after LPF.

6.3 Signal Processing Aspects of HRTF Measurement

20
10
0
−10
−20
−30
0

0.5

1

1.5

Frequency (HZ)

2
4

x 10

(a)

30

Magnitude response (dB)

30

Magnitude response (dB)

Magnitude response (dB)

30

133

20
10
0
−10
−20
−30
0

0.5

1

1.5

Frequency (HZ)

(b)

2
4

x 10

20
10
0
−10
−20
−30
0

0.5

1

1.5

Frequency (HZ)

2
4

x 10

(c)

Figure 6.8: Equalization of left ear HRTF data at direction of θ = 90◦ , φ = 0◦
(a) System frequency response (b) Rough HRTF data before equalization (c) Final
HRTF after equalization.
We measure the system response by moving away the mannequin and leaving
the microphones at the same positions. The same signal processing procedures are
performed to acquire the system response, which includes the responses of the data
acquisition, the amplifier, the speaker, the microphone, the pre-amplifier, and the
power module.
From the time-averaged and low-pass filtered raw data, the equalized HRTFs
are computed by taking the ratio of the Fourier transform of the raw data to the
Fourier transform of the system response. For each ear, these calculations result in
a set of HRTFs, which depends only on the position of the acoustic source,
H` (θ, φ, f ) =

F [y r (θ, φ, t)]
F [y ` (θ, φ, t)]
, Hr (θ, φ, f ) =
F [u` (t)]
F [ur (t)]

(6.5)

where F [·] is the discrete Fourier transform operator (here a zero-padded 256 point
FFT), y ` and y r are the time-averaged and low-pass filtered raw data at both left
and right ears, respectively. Likewise, the average system responses u` and ur are
measured for both left and right ear microphones.
Fig. 6.8 presents our left ear measured HRTFs at the direction of 0◦ azimuth
and 90◦ elevation before and after the equalization. In Fig. 6.8, (a) is the measured
system frequency response U ` (f ), (b) is the measured raw HRTF, Y ` (90◦ , 0◦ , f ),
and (c) is the left ear final HRTF H` (90◦ , 0◦ , f ).
Results
In a preliminary experiment, we run the simulation setup and the HRTFs of a
KEMAR mannequin are obtained at several predefined azimuth and elevation positions. We show our data structure in both median and horizontal planes.
Fig. 6.9 depicts the magnitude response of the HRTF measured at the direction
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Figure 6.9: Main spectral characteristics of the HRTF.
of θ = 90◦ and φ = 0◦ . We can observe three spectral notches at high frequencies,
i.e., the notches at 9, 12.5, 18 kHz, and a peak at frequency around 4.5 kHz. These
features are matched well with the findings in [25] and [125] .
Fig. 6.10 shows the frequency domain measured left ear and right ear HRTFs in
the median plane. It is clear that HRTFs tend to show less fluctuation when the
elevations are in the upper sphere, i.e., θ ≤ 60◦ . The peak around 4.5 kHz appears
at all responses and a notch can be seen around 8.5 kHz to 10 kHz as elevation goes
to the upper sphere. A shallow peak around 11 kHz appears for lower elevations
over the bottom sphere, and this peak flattens out at the upper sphere.
Diffraction effects can be easily observed in Fig. 6.11, where measured HRTFs
in the horizontal plane are plotted. Note that the contralateral HRTFs, which are
corresponding to the azimuth of 270◦ and 90◦ for the left and right ear, respectively,
seem to be more rippling than the ipsilateral ones. The ripples are especially obvious at the higher frequencies. These results are consistent with findings published
in [47].
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In Chapter 5, we demonstrated that the HRTF is essentially mode limited (or a
finite number of spherical harmonic decomposition). The spatial dimensionality
defines the required number of spatial modes to represent the HRTF over all directions and thus the least number of measurements in three dimensional space. The
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Figure 6.10: Frequency-domain comparision of HRTFs measured at 13 elevations
in the median plane (azimuth = 0◦ ) (a) Left ear measured HRTFs (b) Right ear
measured HRTFs.
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Figure 6.11: Frequency-domain comparision of HRTFs measured at 36 azimuths
in the horizontal plane (elevation = 90◦ ) (a) Left ear measured HRTFs (b) Right
ear measured HRTFs.

136

HRTF High Resolution Measurements on KEMAR Mannequin

conclusion is that the number of HRTF measurements required on the 2-sphere S2
at frequency f is,
l¡ eπsf
¢2 m
M,
+1 .
(6.6)
c
For example, we assume the typical head radius is s = 9 cm; then, 20 kHz bandwidth (audible frequency range of [0.2, 20] kHz) requires at least 2209 HRTF measurements over sphere.

6.4.1

Requirements for Design of HRTF Measurement

HRTF measurement at a fixed radius is an example of data measured on the 2sphere. The whole HRTF measurement is a tedious and time-consuming procedure
given a HRTF set consists of over 2000 positions. In addition, a significant problem
with the HRTF measurement is that no measurements are made for lower elevations
because of strong disturbance from the ground and measurement apparatus.
We next consider how the high resolution HRTF data is to be measured over
sphere. This is clearly a question of significant importance; the right choice of
measurement grid will both significantly improve data acquisition and accelerate
data analysis. We identify these important considerations:
1) The HRTF measurements performed on a sphere is to capture a finite number of spherical harmonic coefficients. The spherical harmonic transform becomes
prohibitively slow if the sampling on the sphere and the corresponding structure
of the discrete data set are not designed carefully.
2) The HRTF is a mode-limited function, however, the measurement process
will inevitably induce noise on the data set due to the instruments. This noise is
random, white and with a spatial bandwidth significantly exceeding that of the
HRTF data.
3) The comfort of human subjects taking part in the measurement. Taking
measurements at all angles typically requires rotating either the speaker or listener
or both. It is desirable to keep the rotations to a minimum number of steps.
Taking these considerations into account, we propose the following list of requirements for the design of the HRTF measurement and the structure of the
discrete HRTF data:
1. Iso-longitude measurement setup – The proposed sampling strategy should measure all elevations at each azimuth in order that the listener and apparatus
experience the least rotations.
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2. Least number of measurements – The proposed sampling grid must at least equal
the required number of measurements (at least 2209 sample positions for the
20 kHz audible frequency range) and avoid over-sampling the sphere otherwise
the whole measurement process will be unnecessarily time-consuming.
3. Least distortion over pole – The proposed sampling grid should avoid oversampling near the pole. This is because for measurements near the pole,
where the spacing between measurements is small, even a small amount of
noise in this region can generate very noisy data.
4. Equal area division – The proposed sampling grid should have nearly equal
area division of the sphere, which makes all the measurements having equal
weights when used in the discrete spherical harmonic transform. In addition,
with the property of nearly equal area division, the measured HRTF data
need only to be sampled within a region rather than at a specific point,
which provides more tolerance for the sampling strategy.
5. Hierarchical structure of database – This allows for easy synthesis of the database
at lower resolutions. That is, the database should be structured such that a
low resolution data set suitable for low frequencies is imbedded in the high
resolution data set. This is very useful in analyzing the data.
6. Azimuth symmetry – When discretized, the spherical harmonic transforms take
(N +1)4 operations, because (N +1)2 spherical harmonics need to be evaluated
at at least (N + 1)2 measurement positions, which results in a large number
of computations.
The proposed sampling grid should have azimuthal symmetry so that the
discrete spherical harmonic transform can be speed up. This is based on the
fact that the azimuthal dependence of the spherical harmonic functions can
be factored out by
imφ
,
(6.7)
Ynm (θ, φ) = Pm
n (cos θ)e
where

s
Pm
n (cos θ) =

2n + 1 (n − |m|)! |m|
P (cos θ).
4π (n + |m|)! n

(6.8)

The azimuthal sum can then be performed quickly with a Fast Fourier transform as shown in the later analysis.
Many alternative sampling distributions on the sphere have been suggested for
the discretization and analysis of functions [94, 126–128]. We next compare these
methods to assess which one best meets the above requirements.
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(a) Equiangular grid simply uses equal divisions in latitude and longitude (which
is also known as Equidistance Cylindrical Projection in sky pixelizations [129]).
For a mode-limited function, such as the HRTF of the highest modes up to
degree N , the equiangular method needs 4(N + 1)2 samples to approximate
the spherical harmonic transform [94].
The equiangular grid satisfies requirements 1, 5 and 6 but fails with requirements 2, 3 and 4. The biggest failure of the equiangular grid is that the
region near the pole is densely sampled. Thus, the measurements may be
very noisy. In addition, the equiangular method over-samples the sphere and
these extra data are wasteful in the analysis.
(b) Gauss-Legendre sampling is based on optimal methods of evaluating definite integrals in the spherical harmonic transform [126]. For mode-limited
functions up to degree N , in the θ direction, N + 1 measurement points are
taken as the roots of the Legendre polynomial of degree N , i.e., PN (cos θq ) =
0, q = 0, · · · , N . The corresponding weights wqGL are determined using the
Gaussian-Legendre method. As for the φ variable, 2N + 1 points are equally
2πv
, v = 0, 1, · · · , 2N . So in total, the
spaced in [0, 2π), that is, φv = 2N
+1
Gauss-Legendre method requires 2N 2 + 3N + 1 samples.
The Gauss-Legendre sampling grid provides an accurate way to approximate
the spherical harmonic transform. However, it does not meet requirements
3, 4 and 5. The shape of sampling region is not regular and the sampling
grids for different resolution data are totally different, which cause troubles
to data acquisition and slow down data analysis. Besides, analogous to the
equiangular grid, there are many samples near the pole, which may produce
distorted measurements.
(c) HEALPix stands for Hierarchical Equal Area Isolatitude Pixelization, which
is a novel pixelization scheme based on a rhombic dodecahedron [127]. This
scheme samples the surface of a sphere into equal area subregions, which
means all samples have same weights in approximating the spherical harmonic
transform. HEALPix is also hierarchical: the base resolution has twelve subregions in three elevations (two around the pole and one around the equator)
and the high resolution data are constructed by subdividing each base region
into four. Therefore, a HEALPix grid always has Npix = 12×4p , p = 0, 1, · · · ,
subregions of the same area. A problem of HEALPix for HRTF measurement
is the azimuthal positions change with elevation, that is the sampling points
are not iso-longitude. Furthermore, in HEALPix an excess number of sam-
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Table 6.1: Comparison of different methods for HRTF sampling over sphere.
Iso-longitude
Number of samples
(for 20 kHz bandwidth )
Least distortion over pole
Equal area division
Hierarchy nature
Azimuth symmetry

Equiangular Gauss-Legendre
Yes
Yes
8836
4371
No
No
Yes
Yes

No
No
No
Yes

HEALPix
No
12288

IGLOO
Yes
3072

Yes
Yes
Yes
Yes

Yes
Almost
Yes
Yes

ples, 12288, relative to the least number, 2209, are required so that the fast
spherical harmonic transform can be performed to evaluate the HRTF spherical harmonic coefficients up to the desired degree.
(d) IGLOO is a general sampling grid developed from the equiangular method [128].
The biggest advantage is that the sampling edges are defined along constant
lines of elevation θ and azimuth φ, thus satisfying the iso-longitude criteria
first and meanwhile allowing for an exact integration of spherical harmonics. Different from the equiangular grid, the division of sphere in IGLOO
is more nearly square and nearly equal area, thus the number of samples in
each elevation must decrease as approaching the pole, which means IGLOO
sampling is less distorted. In addition, IGLOO has built-in hierarchy and
can maintain minimal distortions and roughly equal area sampling at each
level. The IGLOO samples at each elevation also possess discrete azimuthal
symmetry. Such symmetry is essential for making use Fast Fourier transform
with respect to azimuthal variable φ.
Table 6.1 summarizes the characteristics of the above four sampling methods.
We can see the simplest method which satisfies all the requirements is the IGLOO
method.

6.4.2

Meeting the Requirements: The IGLOO Grid

All the requirements introduced in Section 6.4.1 are satisfied by IGLOO. In this
scheme, one first divides the sphere into some base regions subject to the minimum distortion criteria. A tradeoff is between the number of base regions and the
sample distortion. Increasing the number of base regions, the measurements can
be made less distorted; but having less base regions makes the scheme simple and
hierarchical.
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Figure 6.12: Picture of the polar cap region in the igloo scheme, showing three
levels of subdivision to higher resolution samples.

The best compromise has been demonstrated as the twelve base regions of 3:6:3
divisions on the sphere [128]. In this scheme, the sphere is firstly divided into three
layers, two cap layers near the poles and one equatorial layer. The cap layers are
further divided into three subregions and the equatorial layer is divided into six
subregions. That is why we name this twelve base region scheme as 3:6:3. Each of
the base region is further divided into four. Finally, one can create a finer division
of the sphere with the required resolution.
Mathematically, the resolution of the grid can be expressed by a parameter Md ,
which is the number of divisions along the longitude of a base region that is needed
to reach the required high resolution sampling. Each base region has 4Md samples,
Md = 0, 1, 3, 5, · · · , and a IGLOO map has 12 × 4Md samples in total.
From the resolution parameter Md , we next define the sample positions. The
samples are located on 3(Md + 1) elevations. The locations of the sample points
are defined by (θ, φ), where θ ∈ [0◦ , 180◦ ] in degrees is measured from the north
pole and φ ∈ [0◦ , 360◦ ) in degrees is rotated counterclockwise in accordance with
the right hand coordinate system, 0◦ being the direct front direction. The divisions
between the base polar caps and equatorial belt are θ = 60◦ , 120◦ .
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Polar Cap Sampling
The polar cap is initially divided into three equal wedges (base regions). The higher
resolution sampling is formed by dividing each base region into four pieces. There
are two cases, (i) the regions including the pole are divided into one polar wedge
and three pieces surrounding it; and (ii) the regions not including the pole are
bisected by lines of constant θ and φ, as depicted in Fig. 6.12, where the red circles
denote the sample positions.
The elevation index 1 ≤ q ≤ (Md + 1), and the azimuth index at each elevation
1 ≤ v (q) ≤ Vq ; the sampled elevation positions are
θq = q

60
,
Md + 1

q = 1, · · · , Md + 1,

(6.9)

and the azimuthal samples are structured as
φv(q) = v (q)
where

360
,
Vq

v (q) = 0, · · · , Vq − 1,


3,
q=1
Vq =
9 × 2(dlog2 (q)e−1) , 2 ≤ q ≤ M + 1.
d

(6.10)

(6.11)

Sample positions over lower polar cap is the mirror symmetry of the upper polar
cap with respect to the equator (θ = 90◦ ). Especially, in the HRTF measurement,
no measurements are made over lower polar cap because the measurements are not
reusable given strong disturbance from the ground and the apparatus.
Equatorial Layer Sampling
The equatorial layer initially has six base regions and the high resolution sampling
is obtained by bisecting each region into four.
For elevations Md + 2 ≤ q ≤ 2(Md + 1), and azimuths 1 ≤ v (q) ≤ 6(Md + 1),
the sample positions are
θq = q

60
,
Md + 1

and
φv(q) = v (q)

60
,
Md + 1

q = Md + 2, · · · , 2(Md + 1),

v (q) = 0, · · · , 6(Md + 1) − 1.

(6.12)

(6.13)

Fig. 6.13 demonstrates an example of 3:6:3 equal area IGLOO scheme. Here
each base region is sampled with 64 points, that is Md = 7.
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Figure 6.13: Picture of the 3:6:3 equal area division, which divides the sphere into
twelve base regions, three at either cap and six 60◦ × 60◦ equatorial regions. Here,
each base region is sampled with 64 points.
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Table 6.2: The IGLOO scheme based HRTF sampling for 20 kHz audible bandwidth
(angles in degrees).
Elevation Azimuth Resolution
Number of
(θ)
(φ)
Azimuthal Measurements
4
120.00
3
7
40.00
9
11 and 15
20.00
18
19 to 30
10.00
36
34 to 60
5.00
72
64 to 120
3.75
96

6.4.3

HRTF Sampling Arrangement based on IGLOO

Applying the IGLOO scheme to the HRTF measurement of the 20 kHz audible
frequency range, we need to divide each base region into 256 pieces, that is Md =
15. Based on the method introduced in this section, the elevation resolution is
∆θ = 3.75◦ . Considering the difficulty to set the sampling position with high
accuracy to 0.05◦ , we approximate the elevation sampling position to the nearest
integer in degrees; thus the sampling interval now changes to either 3◦ or 4◦ along
elevation. This proves to be effective without introducing further errors in our
experiment.
Given the lower cap data is unavailable, we actually sample the sphere into
9 base regions and in total have 9 × 256 = 2304 samples (Table 6.2), which still
satisfies the required number for the 20 kHz bandwidth.

6.4.4

Fast Spherical Harmonic Transform Algorithm

In this section, we will show one attractive feature of the IGLOO data structure, in
which an exact discrete azimuthal symmetry at each elevation allows fast and accurate spherical harmonic transform. Such an ability to perform spherical harmonic
transform quickly is highly desirable for the HRTF data analysis and reconstruction.
As stated in Section 5.4.2 and Section 6.4.1, one can factorize the spherical
harmonics into the azimuthal part and the elevation part. The measured HRTFs
are represented as follows
H(θq , φv(q) , k) =

N
−1
X

n
X

βnm (k)Pn|m| (cos θq )eimφv(q) ,

n=0 m=−n

q = 1, · · · , Q,

v (q) = 1, · · · , Vq ,

(6.14)
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where Q = 2(Md + 1) is the number of sampled elevations, Vq is the number of
azimuthal samples at each elevation θq , and
s
P|m|
n (cos θq ) ,

2n + 1 (n − |m|)! |m|
P (cos θq ).
4π (n + |m|)! n

(6.15)

At each elevation, with the use of the orthogonality of the discrete exponential
functions over circle, we get an azimuth harmonics
am (θq , k) =

N
X

βnm (k)P|m|
n (cos θq );

(6.16)

n=|m|

while given Vq azimuth samplings at each elevation θq , we have
Vq
1 X
H(θq , φv(q) , k)e−imφv(q) ,
am (θq , k) =
Vq (q)
v

|m| 6 b(Vq − 1)/2c.

(6.17)

=1

v (q) ,
Especially, in the IGLOO scheme, given the azimuth symmetry φv(q) = 2π
Vq
(6.17) can be implemented using FFT. This will greatly reduce the number of
computations. For example, over the equatorial belt, we have 96 azimuthal samples
at each elevation, which means we need to perform 962 = 9216 multiplications and
96 × (96 − 1) = 9120 real additions to evaluate (6.17). However, by using FFT,
the 96 samples are in the form of 3 × 25 , only 89 multiplications and 166 additions
need to be calculated. The speed improvement factor is 103.
Next is to solve βnm (k) from am (θq , k) over the sampled Q elevations, Q =
2(Md +1), which can refer to the least-squares fitting method introduced in Section
5.4.2. By writing (6.16) for a specific order of m for all measured elevations, we
can now form a system of simultaneous equations, viz.,
Pm bm = am ,

m = −N, . . . , N

(6.18)

where the matrix Pm and the vector bm are in the following forms


Pm = 


|m|

|m|

P|m| (cos θ1 ) · · · PN (cos θ1 )




..
..
..
,
.
.
.

|m|
|m|
P|m| (cos θQ ) · · · PN (cos θQ )

m
m
m
(k)]T ,
(k), . . . , βN
(k), β|m|+1
bm = [β|m|

(6.19)

(6.20)
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and
am = [am (θ1 , k), am (θ2 , k), . . . , am (θQ , k))]T .

(6.21)

The minimum norm least-squares solution is denoted by
+
b+
m = Pm am ,

(6.22)

where P+
m is the Tikhonov regularized inverse explicitly given by
T
−1 T
P+
m = [Pm Pm + λI] Pm ,

Q ≥ (N − |m| + 1)

(6.23)

T
T
−1
P+
m = Pm [Pm Pm + λI] ,

Q < (N − |m| + 1),

(6.24)

where λ is the regularization control parameter and I is the identity matrix.

6.5

Simulation and Experimental Results

The proposed IGLOO scheme based sampling and data analysis methods are studied through simulation and experiments. Simulations are run on the 20 kHz audible
frequency range and the HRTF data reconstruction and interpolation results are
demonstrated. The error metric is defined as the mean square error (MSE) in the
magnitude and phase spectrum at the measurement (or interpolation) locations
PP
ε(θq , φv(q) ) =

p=1

°
°2
e q , φ(q)
°H(θq , φv(q) , fp ) − H(θ
°
v , fp )
,
°2
PP °
°
°
p=1 H(θq , φv (q) , fp )
q = 1, · · · , Q,

v (q) = 1, · · · , Vq ,

(6.25)

where for each position, HRTFs are measured at P frequency points f1 , f2 , · · · , fP ,
e q , φv(q) , fp ) is the reconstructed (or
H(θq , φv(q) , fp ) is the measured HRTF and H(θ
interpolated) HRTF, respectively.

6.5.1

Analytical Solutions

The synthetic right ear HRTFs from the spherical head model [46] are generated
at 1.0 m away from the head center on a sphere according to the IGLOO based
HRTF sampling arrangement at a sampling frequency of 44.1 kHz. Note in order
to simulate the real experiments, no data are generated in the lower polar cap
(θ ≥ 120◦ ); and according to Table 6.2 in total there are 2304 samples on the
sphere for frequency up to 20 kHz.
The fast spherical harmonic transform introduced in Section 6.4.4 is applied
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Figure 6.14: An example of synthetic sampled HRTFs based on the IGLOO scheme
and the reconstruction results at elevation of 79◦ and azimuth of 90◦ . Sampled data:
dot-dash line, Reconstruction: solid line.
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Figure 6.15: An example of HRTF interpolation at elevation of 62◦ and azimuth of
14◦ compared with reference of the synthetic solutions. Reference data: dot-dash
line, Interpolation: solid line.
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Figure 6.16: Synthetic HRTFs reconstruction error performance at different elevations. (a) θ = 30◦ (b) θ = 60◦ (c) θ = 90◦ (d) θ = 120◦ .

to obtain the HRTF spherical harmonic coefficients, from which one can generate
HRTFs at any direction. Fig. 6.14 gives an example of a sampled synthetic HRTF
and its reconstruction results at position of θ = 79◦ , φ = 90◦ ; and the plots in
Fig. 6.15 show the interpolated HRTF compared to the reference of analytical solutions. It is clear in both cases the emulation results are extremely accurate. In
fact, the mean square error for the 2304 point data reconstruction is around 0.5%
and the interpolation error is less than 1%.
The reconstruction error performance in Fig. 6.16 further demonstrates that
the synthesis of the right ear HRTF is usually better at the source-facing side of
the head (right ear side, φ ∈ [45◦ , 135◦ ]) than the shadowed side (left ear side,
φ ∈ [235◦ , 315◦ ]). This is due to the head-related diffraction effects, where the
contralateral sounds have more variations, which results in the spectral shapes that
are more complicated and more difficult to model. Beside the diffraction effects,
the Shaw’s “bright spot” phenomenon can also be observed [61], that is, HRTFs
corresponding to contralateral locations which lie in the direct shadow of the head
have relatively higher-amplitudes or a local maximum energy injected. Hence, we
can see the local least reconstruction error at azimuth of 270◦ and elevations of 90◦
and 120◦ .
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Figure 6.17: An example of KEMAR left ear HRTF sampled based on the IGLOO
scheme and the reconstruction results at elevation of 45◦ and azimuth of 110◦ .
Sampled data: dot-dash line, Reconstruction: solid line.

6.5.2

Experimental Data

We perform the IGLOO scheme based HRTF measurements on the KEMAR mannequin in our acoustic chamber at ANU. The far-field HRTFs are measured at a
distance of 1.5 m from the KEMAR at a sampling rate of 44.1 kHz following the
same experiment procedure and signal processing methods as stated in Section 6.2
and Section 6.3. Especially, such a high resolution sampling are automatically
controlled by a computer, where a customized Matlab program sets the azimuth
position by controlling the rotation of a turn table on which the KEMAE is placed
and the elevation angle is controlled by the hoop position.
We use the experimental data to evaluate the proposed sampling method and
the fast spherical harmonic analysis. The plots in Fig. 6.17 show a direct comparison of the measured HRTF spectrum (θ = 45◦ , φ = 110◦ of left ear) and the
reconstruct HRTF from the calculated spherical harmonic coefficients. The reconstructed responses closely match the original measurements except some deviation
at low frequencies, such as f ≤ 1 kHz. This is due to the non-anechoic measurement
condition which causes relative poor SNR at low frequencies. But overall, the 2304
data reconstruction is accurate with the percent mean square error around 3.24%.
Fig. 6.18 further demonstrates that the interpolated responses are also reasonably
accurate (percent MSE of 1.15%). Both left ear and right ear HRTFs reconstruc-
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Figure 6.18: An example of KEMAR left ear HRTF interpolation at elevation of 85◦
and azimuth of 0◦ compared with measurement reference. Sampled data: dot-dash
line, Interpolation: solid line.
tion error performances shown in Fig. 6.19 demonstrate the similar head diffraction
effects and bright spot phenomenon.

6.6

Summary and Contributions

This chapter has presented a high resolution HRTF measurement on a KEMAR
mannequin in a semi-anechoic chamber. Some specific contributions made in this
chapter are:
1. The HRTF measurement can be regarded as a system identification process
and the exponential sweep was shown to be the best identification method.
2. A pre-emphasized exponential sweep was built as the excitation and shown
to be effective to combat the nonlinear and time variant distortions in reverberation environment.
3. It was shown on how to extract HRTFs from the raw data by performing
a series of post-signal processing, including alignment, averaging, low-pass
filtering and equalization.
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Figure 6.19: KEMAR HRTFs reconstruction error performance at different elevations. (a) Right ear θ = 60◦ (b) Right ear θ = 90◦ (c) Right ear θ = 120◦ (d) Left
ear θ = 60◦ (e) Left ear θ = 90◦ (f) Left ear θ = 120◦ .
4. The angular sampling and resolution criteria for HRTF measurement were
identified. A practical sampling strategy, the IGLOO scheme from the astrophysics literature [128], was shown to satisfy all the requirements for efficient,
accurate, practical and high resolution HRTF measurement. In addition, the
discrete data structure processes an exact discrete azimuthal symmetry and
thus allows fast and precise spherical harmonic transform computation. Accurate reconstruction and interpolation results are observed from both analytical solutions and experimental data using a KEMAR mannequin.

Chapter 7
Conclusions and Future Research
Directions
This chapter states the general conclusions drawn from this thesis. The summary
of contributions can be found at the end of each chapter and are not repeated here.
Following this, some possible future research directions are proposed.

7.1

Conclusions

This thesis has been concerned with the understanding of the structure of HRTF
data and the insights into HRTF spatial sampling. Motivated by a growing interest in the HRTF based virtual spatial audio synthesis for future tele-collaboration
applications, this thesis investigated the functional representation of the individualized HRTF data and a series of open problems associated with HRTF measurement
setup such as the required angular resolution in the measurement and the range
dependence of the HRTF.
By introducing the previous HRTF modelling methods, an open research problem was identified as to devise an efficient functional representation by which the
HRTF can be individualized to a specific listener. The most significant result was
to develop a novel way to examine the HRTF data structure, which is based on
wave equation solutions to separate the HRTF spatial and spectral components.
It was shown that the decomposed HRTF spatial components can be represented
using standard functions and the remaining HRTF spectral components provide a
new means to examine the human body scattering behavior.
The proposed universal HRTF model is continuous representations in both the
horizontal plane and the three dimensional auditory scenes. The spatial basis
functions achieve HRTF near-field and far-field representations in one formulation,
151

152

Conclusions and Future Research Directions

which provides a way to obtain the range dependence of the HRTF from measurements conducted at only a single range. The radially invariant HRTF spectral
components have also been represented continuously using orthogonal basis functions. As the basis is the same for all subjects, the model coefficients carry all the
information about the individuality. Thus, the model has capability to represent
the individualized HRTF by assigning a subject specific set of parameters to the
model.
This thesis has shown there is a fundamental limit to the HRTF spatial variations. This is based on the HRTF decomposition with the spatial basis functions
can be well approximated by a finite number and this number is defined as the
spatial dimensionality of the HRTF. The spatial dimensionality determines the
minimum number of basis functions to represent the HRTF corresponding to all
directions and also the required least number of the HRTF measurements in space.
High resolution HRTF measurements are performed on a KEMAR mannequin in a
semi-acoustic chamber. Both signal processing aspects to extract HRTFs from raw
measurements and an efficient sampling scheme on high resolution HRTF measurements were presented in this thesis.

7.2

Further Research Directions

Outlined below is a number of future research directions arising from the work
presented in this thesis.
Individualized HRTF Generation: One future work is to study the decomposed model parameters from different persons HRTFs, such as the CIPIC data
sets of 45 subjects. The aim is to examine whether there is some correlations between the coefficients and the persons anthropometric parameters. This will help
to build an efficient individualized HRTF generator without performing measurements for each individual.
Source Localization and Separation using HRTF Cues: Source localization
cues include binaural cues, intra-aural time and level differences, and the primary
monaural cue, the spectral filtering introduced by the head and pinnae via the
HRTF. Applying two binaural cues to find source azimuth position has been studied
in some literatures. However how to incorporate the frequency dependent feature of
the HRTF to achieve source elevation localization still needs to be further explored.

7.2 Further Research Directions
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Virtual Spatial Audio Design: The virtual spatial sound is generated by convolving a source at a specified position with the HRTF corresponding to that
position and played from two channels. For more complicated situations, room
reverberation and individual motion effects should be incorporated into the system
design.
Unit Sphere Signal Processing: Unit sphere signal processing is an underexplored domain in the engineering literature particularly relative to the maturity
of time domain signal processing. The sphere signal extrapolation work in Chapter
4 is an example of signal processing tasks on unit sphere. A systematic theory needs
to be developed for the notions of signals and linear systems, filtering, smoothing
and prediction, etc.
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