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Abstract

Three-dimensional entanglement, including knots, periodic arrays of woven filaments
(weavings) and periodic arrays of interpenetrating networks (nets), forms an integral part
of the analysis of structure within the natural sciences. This thesis constructs a catalogue of
3-periodic entanglements via a scaffold of Triply-Periodic Minimal Surfaces (TPMS). The
two-dimensional Hyperbolic plane can be wrapped over a TPMS in much the same way as
the two-dimensional Euclidean plane can be wrapped over a cylinder. Thus vertices and
edges of free tilings of the Hyperbolic plane, which are tilings by tiles of infinite size, can
be wrapped over a TPMS to represent vertices and edges of an array in three-dimensional
Euclidean space. In doing this, we harness the simplicity of a two-dimensional surface as
compared with 3D space to build our catalogue.

We numerically tighten these entangled flexible knits and nets to an ideal conformation
that minimises the ratio of edge (or filament) length to diameter. To enable the tightening of
periodic  entanglements which may contain vertices, we extend the
Shrink-On-No-Overlaps algorithm, a simple and fast algorithm for tightening finite knots
and links. The ideal geometry of 3-periodic weavings found through the tightening process
exposes an interesting physical property: Dilatancy. The cooperative straightening of the
filaments with a fixed diameter induces an expansion of the material accompanied with an
increase in the free volume of the material. Further, we predict a dilatant rod packing as the
structure of the keratin matrix in the corneocytes of mammalian skin, where the dilatant
property of the matrix allows the skin to maintain structural integrity while experiencing a

large expansion during the uptake of water.






Contents

1 Introduction 3
1.1 Historical ConteXt . . . . . . . . . . . . . i 5

1.2 SignificantResults . . . . . . . .. ... L o 12

1.3 Overviewofthethesis . . . .. .. ... ... ... ... ........ 14

2 Free Tilings of the Hyperbolic Plane 17
2.0.1 Conceptual Detour: Orbifolds and The Poincaré Disc model . . . 18

2.1 Abstract topology of tilings: Delaney—Dress . . . . . .. ... ... ... 21
2.2 Embedding orbifolds in the universal cover space . . . . .. .. ... .. 29
2.3 Embedded tilings commensurate with TPMS . . . . .. ... ... ... 35
2.4 Lower Order Symmetry Groups . . . . . . . . . . .. ... ... 59

3 Reticulations of Triply-Periodic Minimal Surfaces 65
31 FromH?t0E® . ... . 66
3.1.1  Triply Periodic Minimal Surfaces . . ... ... ... ...... 67

312 StructuresinE3 . ... 69

3.2 Interpenetrating Nets . . . . . . . . . . . . . .. 73
3.2.1 Degree-3 nets: srs, hcb and finite polyhedra . . . . . .. ... .. 73

3.2.2 Degree-4 nets: dia, sql and 4-chains . . . . . ... ... ..... 80

3.2.3 Degree-6 nets: pcu, hxl and 6-chains . . . . . ... ... ... .. 86

3.24 Sparse degree-3 nets: hcb and finite O-graphs . . . . . . ... .. 94

3.3 Crystalline filamentous arrays . . . . . . . ... ... oL 105
3.3.1 Invariant rod packings: non-cubic . . . .. ... ... ... ... 109

3.3.2 Invariant rod packings: cubic . . . . . ... ... 113

3.3.3 Non-invariant rod packings . . . ... ... ... ... ..... 116

3.3.4 Weavings with intersecting filamentaxes . . .. ... ... ... 120

3.3.5 Complex inter-growthof loops . . . . . ... ... ... ..... 123

3.3.6 More general weavings . . . . . . . ... .. e 125

3.3.7 Realisation of woven structures . . . . . . . .. ... ... ... 127



2 Contents

4 Ideal geometry of branched and periodic structures
4.1 Ideal Knots and the SONO algorithm . . . ... ... ... .......
4.2 Tightening branched and periodic entanglements . . . . . ... ... ..
4.3 Results of the PB-SONO algorithm . . . . . .. ... .. ... ... ...
431 Knots . . ... e
432 Finitegraphs . . . . . .. ...
4.3.3 Periodic entanglement of filaments . . . . . . ... ... ... ..
434 Periodic entanglementofnets . . .. ... ... ... ......

44 Remarks . . . . . . e

5 Dilatancy of Woven Filament Arrays
5.1 Dilatant filament weavings . . . . . . ... ..o

5.2 Keratin alignment in corneocytes . . . . . . . . ... ... oL
6 Conclusion
Bibliography

A Commensurate orbifold subgroups

129
129
133
137
137
138
154
165
178

181
182
191

195

199

211



