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Abstract

This dissertation shows that the Coulomb operator and the long-range Coulomb

operators can be resolved as a sum of products of one-particle functions. These

resolutions provide a potent new route to tackle quantum chemical problems.

Replacing electron repulsion terms in Schrödinger equations by the truncated

resolutions yields the reduced-rank Schrödinger equations (RRSE). RRSEs are

simpler than the original equations but yield energies with chemical accuracy

even for low-rank approximations. Resolutions of the Coulomb operator factorize

Coulomb matrix elements to Cholesky-like sums of products of auxiliary integrals.

This factorization is the key to the reduction of computational cost of quantum

chemical methods.
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Notation and symbol

In this thesis, we have used the following choice of notation and symbol. Atomic

units and real orbitals are used throughout unless otherwise stated.

Notation

a is a scalar.

a∗ is a complex conjugate of a.

|a| is an absolute value of a.

(a)n is the Pochhammer symbol or rising factorial

a is a vector.

|a| is a norm of vector a.

A is a matrix.

A† is a conjugate transpose of matrix A.

I is the identity matrix.

Tr[A] is a trace of matrix A.

ı is the imaginary unit, ı2 = −1.

f(r) is a function of r.

f̂(x) is a Fourier transform of f(r).

F is an operator.

<(z) is the real part of z.

=(z) is the imaginary part of z.
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xviii NOTATION AND SYMBOL

Mathematical symbol

Bz(a, b) Incomplete beta function(
n

k

)
binomial coefficient

C
(λ)
n (z) Gegenbauer (or ultraspherical) polynomial

C l,l′,k
m,m′,m+m′ Clebsch-Gordan coefficient

δ(x) Dirac delta function

δi,j Kronecker delta

pFq

(
a1, . . . , ap

b1, . . . , bq
; z

)
hypergeometric function

pF̃q

(
a1, . . . , ap

b1, . . . , bq
; z

)
regularized hypergeometric function

Γn(z) Gamma function

H(x) Heaviside step function

Hn(z) Hermite polynomial (physicists’ Hermite polynomial)

I(z) modified Bessel function of the first kind

i(z) modified spherical Bessel function of the first kind

J(z) Bessel function of the first kind

j(z) spherical Bessel function of the first kind

Ln(z) Laguerre polynomial

Lα(z) modified Struve function

Pl Legendre polynomial

U(x, y) parabolic cylinder function

Y m
l (r) complex spherical harmonic

Ylm(r) real spherical harmonic

For more comprehensive definition of these symbols, see [8, 9, 10].
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Chemical symbol

B number of basis functions

E energy

L angular momentum in basis set

N number of electrons or normalization constant

ζ Gaussian basis function’s exponent

ω range-separation parameter

ρ(r) electron density

Ψ wavefunction

ϕµ atomic orbital

ψi molecular orbital

εi orbital energy

τ spin variable

〈a|b〉
∫
a∗(r)b(r)dr

〈a|T |b〉
∫ ∫

a∗(r1)T (r1, r2)b(r2)dr1dr2

For more comprehensive definition of these symbols, see [11].

Resolution symbol

φk resolution function

N ,L,K truncation points of infinite resolution

Z scaling factor

∆ logarithm of absolute error of resolution calculation

ε relative error of resolution calculation

For more comprehensive definition of these symbols, see §2.1, §3.3, §4.3 and §5.3.




