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SPECTRAL CURVES AND PARAMETERIZATION OF A DISCRETE
INTEGRABLE THREE-DIMENSIONAL MODEL

S. Z. Pakuliak* and S. M. Sergeev'

We consider a discrete classical integrable model on a three-dimensional cubic lattice. The solutions of this
model can be used to parameterize the Boltzmann weights of various three-dimensional spin models. We
find the general solution of this model constructed in terms of the theta functions defined on an arbitrary
compact algebraic curve. Imposing periodic boundary conditions fixes the algebraic curve. We show that
the curve then coincides with the spectral curve of the auxiliary linear problem. For a rational curve, we

construct the soliton solution of the model.
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1. Introduction

This paper is devoted to describing the periodic and soliton solutions of a general classical three-
dimensional discrete integrable model. We show that this description can be given completely analogously
to the description of the finite-gap solutions of the hierarchy of the continuous integrable equations, although
our way of deriving our discrete systems of equation is nonstandard and is motivated by the approach
developed in [1] for discrete integrable spin models. First, we construct the discrete equations of motion
from an equivalence condition for the auxiliary linear systems (which replaces the zero-curvature condition
for the Lax operators in the standard formulation) and then prove the integrability by counting the number
of independent integrals of motion.

Several types of boundary conditions can be considered on the cubic lattice: open boundary, periodic
boundary conditions in chosen directions, or completely periodic boundary conditions. Choosing the specific
boundary conditions leads to a specific dynamical interpretation of the model: the Cauchy problem, the
Béacklund transformation, or an analogue of a standing wave on the discrete three-dimensional torus.

Starting from the discrete equations of motion for our model, we change variables through a triple of
the Legendre variables, which transforms the equations of motion into the trilinear form. These trilinear
equations are a generalization of the famous Hirota bilinear difference equation. We then observe that
these trilinear equations can be formally solved using Fay’s identity for the theta function on an arbitrary
algebraic curve.

Some facts observed in this paper are a manifestation of the well-known statement proved more than
two decades ago [2] that any discrete integrable system can be solved using algebraic-geometric methods. In
this paper, we further develop an alternative approach to three-dimensional discrete integrable systems [1]
that does not use the notion of Lax operators and can be applied to both quantum (spin) and classical
integrable systems associated with several three-dimensional lattices. Instead of the Lax operators, we
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use the notion of the linear system defined on auxiliary planes. In this paper, we consider only the cubic
lattice although these methods may be applied to an arbitrary three-dimensional lattice formed by a set of
intersecting planes.

2. Classical discrete integrable system on the cubic lattice

Let the vertices of a cubic lattice spanned by the orthogonal basis e;, e, and e3 be labeled by the

vectors
n = n;e; + ngey + naes. (1)

The cubic lattice is formed by three sets of parallel planes or, equivalently, by three sets of parallel lines
(see Fig. 1, where the cubic lattice of the size 3x2x4 is shown as an example). We associate the dynamical
variables with each edge of the cubic lattice of a given type «, (a = 1,2, 3 corresponds to the three orthogonal
directions of the lattice) as shown in Fig. 2. Namely, the pairs of dynamical variables tq n, Wan, @ = 1,2, 3,
are associated with the edges incoming to the oriented vertex n, while 44 n+te,, Wa,nte, are associated with
the outgoing edges. In Fig. 2, we also depict two auxiliary planes intersecting the respective incoming and
outgoing edges with the number n (these intersecting planes form the triangles 123 and 1'2'3’). Each of
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Fig. 3
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these planes intersects seven of the eight octants around the vertex of the cubic lattice labeled by the vector
n.

We stress that our considerations are strictly local at the moment. Our goal is to obtain the relations
between the dynamical variables surrounding a given vertex. We then extend these relations to the whole
lattice, thus obtaining the discrete dynamical system.

Each triangle on the auxiliary planes is formed by three lines obtained by the intersection of the
corresponding plane with the planes forming the vertex n of the cubic lattice. The vertices of the auxiliary
triangles are thus associated with the edges of the cubic lattice and consequently with a pair of the dynamical
variables. We consider two linear problems associated with the auxiliary triangles by the following rules.
First, we introduce the linear variables ®,, ®;, ®., and ®; around the vertex on the auxiliary plane
according to Fig. 3. The linear problems for each vertex on the auxiliary planes always have the form

0=0,—Pp-u+ P, -w+ Dy - Kuw, (2)

where xk € C is an additional parameter associated with the edge of the cubic lattice. We note that the
coefficients of linear form (2) are fixed by the orientation of the lines that form the vertex on the auxiliary
plane.

The parameterization of the linear variables on the auxiliary planes for the cubic geometry is shown in
Fig. 4. It is clear that these linear variables are associated with the internal parts of the cubes in the cubic
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lattice. According to (2), we can write the system of linear equations
0= (I)n+e2 - (I)n+e2+egu1,n + (I)nwl,n + (I)n+e3'%1,nu1,nwl,n7
0= (I)n - (I)n+e3u2,n + (I)n+e1 W2 n + (I)n+e1+e3'%2,nu2,nw2,n7 (3)

0= (I)n+e2 - (I)nUB,n + (I)n+e1+e2w3,n + (I)nJrel R3,nU3 nW3 n

for the left triangle shown in Fig. 4 and the linear system
0=Pnie,4er — PntertesrtesUlnte; T Prte;Winte, +
+ (I)nJrel +e3R1 nUl nt+e; Wl nte;;
0=Pnte; = PntestesU2nte; T Prte+e;W2nte, +
+ (I)n+e1+e2+e3 HQ,nu27n+e2w2,n+ega
0=Pniestes — PntesUsntes + Pntertertes W3 ntes +

+ @n+ez +e3 KB,UUB,nJreg w3,n+e3

for the right triangle.

Assuming that the dynamical variables do not vanish identically on any edge of the lattice, we can
eliminate the linear variables @, and ®y_e,te,+e; from systems (3) and (4). We require that systems (3)
and (4) (each now contains only two linear relations for the remaining six linear variables ®p4e,, Pnte,+es;
etc.) be equivalent. This means that the matrix elements of these linear systems, which are rational functions
of all dynamical variables around a given vertex, coincide identically. Moreover, we require that each type
of the parameters kK, n be conserved along the corresponding direction a (which was already taken into
account in (4)):

Ran = Ka,n+e, s a = 17 2; 3. (5)

As a result, we obtain the recursive relations for the dynamical variables ta n, Wa,n, Ua,nteq> 3d Wa nteq s

R2 nU1 nU2 nW2 n

Ul nte; = )
R1nU1 nW2 n + R3,nU2 nW3 n + R1,nR3,nU1, nW3 n
(6)
o W1, nW2,n + U3 nW2 n + R3nU3 nW3 n
W1 nte; = w )
3,n
u UL, nU2 nU3 n
2,n+ex; — )
’ U2 nU3 n + U2 nW1,n + R1nU1 nWi,n ( )
7
_ W1, nW2 nW3,n
W2 ntey; = )
W1, nW2,n + U3 nW2 n + R3,nU3,nW3,n
~ U2nU3n + U2 nW1n + K1,nU1,nWin
u3,n+93 - Uy )
n
(8)
R2 nU2 nW2 nW3 n
W3 ntez; =

3
R1nU1 nW2 n + R3,nU2 nW3 n + R1,nR3,nU1, nW3 n

where, by virtue of (5), K1 is independent of the coordinate n1 in expansion (1), k2n is analogously
independent of ny, and k3, is independent of nz. Such a dependence on not all the coordinates of n is
denoted by

Kin = Kiling,nz, R2n = K2:nj,n3, R3,n = K3:nj,ng- (9)
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It might be asked why recursive relations (6)—(8) constitute a dynamical system. We introduce the
nonzero Poisson bracket for the edges incoming to the vertex with some fixed n,

{ua,n; wﬂ,n} = ua,nwa,ndaﬂ- (10)

Transformation (6)—(8) is canonical, i.e., it follows from (10) that

{ua,nJrea’wﬁ,nJreﬁ} = Ua,nte, WBn+teg dap- (11)

The auxiliary triangles shown in Fig. 2 are fragments of two spacelike surfaces. The set of three-dimensional
vertices between these surfaces provides canonical transformation (6)—(8) of the set of dynamical variables
from one surface to the other. We call this transformation the local equation of motion in the direction
perpendicular to the chosen spacelike surface. In addition to local equations of motion (6)—(8), a complete
formulation of the dynamical system requires the specification of boundary conditions.

The type of the boundary conditions, as well as the global characteristics of the model, depends on
the choice of the spacelike surface. The described auxiliary lattices are appropriate for the Cauchy problem
for the cubic lattice. In Sec. 6, we choose n; as the discrete time, while no and n3 are the discrete space
coordinates. System (6) then describes the “time” evolution of the variables uy n, Wi n, while systems (7)
and (8) describe the spatial distribution of the variables ug n, wa n, and us n, wsn, which are “auxiliary”
for this evolution. All the dynamical quantities, such as integrals of motion, spectral curves, etc., must be
calculated for system (6) in this case.

3. The Legendre transform

It follows from (6)—(8) that

Wi nW2n = Wi nte; W2,n+esy; U2 nU3 n = U2 nte; U3 n+e3;
Ul,n o Ul n+te; (12)
W3, n W3 n+es
In general, we can use these relations to perform the change of variables
_ (0 T2,n _ . (0) T3,n+eo
Uln = ul:n2,n3 ’ Win = wl:n2,n3 ’
T2, n+e3 T3,n
) Tin _ .0 73,n
U2n = u2:n1,n3 ’ W2,n = w2:n1,n3 ’ (13)
7-1,1'1+eg 7-3,n+e1
_ (0 Tl,n+e; () T2.n
u37n - U’B:nl,ng ? w37n - w3:n1,n2 .
Ti,n T2,n+e;
After substitution (13), Eqgs. (6)—(8) can be rewritten in the trilinear form
TanTa,n+eg+e,73,nTy,n = Ta,nTB,n+e, Ty,nteg +
-1
+ 86.nTante;Tonte, Tyn + 85 nTante, T80Ty ntes: (14)



where («, 3,7) is any cyclic permutation of the indices (1,2,3) and the coefficients are

0) (0) (0)

spq = BmnaWmng o YlingingUsingng
n 0 ! OO
2:n1,n3 l:ng,n3 “2:n1,n3
(0) (0) (0)
_ u3:n1,n2 o H25”17n3u2:n1,n3w2:n1,n3 15
S2n = (0) ) 2n = (0) (0) ) ( )
w K K u
l:ng,n3 Ling,ngv3:n1,n2%1:ny na W3ing,no
(0) (0) (0)
s _ u2:n1,n3 r o wl:ng,ngw?ﬁnl,ng
3,11 - 0) 9 3,11 - (O) (0)
K11n27"3u1:n2,n3 w2:n1,n3u3:n1,n2

Change of variables (13) admits the following interpretation. Equations (6)—(8) are a kind of Hamiltonian
equations of motion for the classical discrete system. Substitution (13) is therefore the Legendre transfor-
mation. Finally, Egs. (14) are the Lagrangian equations of motion. We call 7,5 the Legendre variables and
the coefficients u&o;)nﬁmv and 11)(()?;2%”w the preexponentials.

Equations (14) in a sense generalize the famous Hirota bilinear equation [3], which can be obtained
from (14) as a special limit where all the parameters Kq:.n,,n, vanish in a definite way. Indeed, let the
parameters 7on, S3n, and sl_nl, which depend on the parameters k, tend to infinity as € — 0,

L I | -1 -1 (16)

7’2711’\/572"'557, S3n ~E _5677 Sin ™€

1

Choosing o = 2, 3 = 3, and v = 1 and equating the coefficients at e=2 and e~! in (14), we obtain

T3.n = T2 n+e3; Tim = T2 n+e;- (17)

We note that 1 n ~ €2 and ko pn ~ k3 n ~ € in limit (16). Imposing one more condition 71 » = 2 n73n, We
find that the remaining two equations in (14) coincide and can be written as a single difference equation
for the Legendre variable 7 n:

T1,nT2n+ei1+ez+e372,n = T2,n+e; T2 n+es+es T 52,nT2,n+es 72 n+e;+es-

In the homogeneous limit where the parameters 71, = 71 and san = sz are independent of the vertex
number n, the latter equation can be rewritten in the canonical Hirota form after an obvious reenumeration
of the discrete variables. Because of this analogy, we often call the Legendre variables 7, the triplet of tau
functions.

We conclude this section by describing the discrete gauge invariance of linear systems (3) and (4). We
require that these systems be invariant under a simultaneous shift of the linear variables

Dy, — EnPn, (18)
where &, € C. This invariance requires the corresponding change of the dynamical variables

€n+e2 §n+e2
Ul,n — U1 n, Win —

1,n,
n+es+es3 fl’l

etc. We must then require the coincidence of the gauge transformation of the parameters kon, @ = 1,2, 3,
in both linear systems (3) and (4), i.e.,

£n£n+ez+e3 _ £n+e1 £n+e1+92+93 K (19)

Rin — 1,n 1,n-
€n+e2€n+es

§n+e1 +e2 §n+e1 +es
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Similar equalities can be obtained for the parameters ko, and k3,. Any of these requirements leads to the

single relation

§n§n+e1 +e2 §n+e1 +es §n+e2 +e3 — §n+e1 §n+e2 §n+e3 §n+e1 +ezxtes- (20)

The last equation can be easily satisfied by the ansatz

gn = gl:ng,n3£2:n1,n3£3:n1,n2~ (21)

This explains all £-dependent factors appearing in the statement of Proposition 1 below.
4. General solution of the classical equations of motion

As was shown, Eqs. (14) generalize the Hirota equations. The structure of (14) repeats the structure of
the Hirota equation. In this section, we present a general solution of these classical equations of motion when
each trilinear equation (14) is reduced to a pair of bilinear equations. This form is suitable for imposing
periodic boundary conditions. The bilinear relations can be identified with Fay’s well-known identities for
the theta functions associated with an algebraic curve of a finite genus. Periodic boundary conditions fix
the form of a general algebraic curve uniquely. The form of this curve depends on the type of boundary
conditions. We claim that the obtained solution of trilinear equations (14) is the most general solution
for periodic boundary conditions. We start by formulating the necessary algebraic-geometric objects (see,
e.g., [4], [5])-

Let I" be an arbitrary algebraic curve of genus g and w = (w1, ws,...,wy) be the g-dimensional vector
of holomorphic differentials. We use the standard normalization

]{ wy = 0k 5, ]{ wr = Qg 5, (22)
aj b

J

where a; and b, j = 1,...,g, are the sets of canonical cycles on I'.
Let I: I'®2 — Jac(T") be the Jacobi map

y
X,Yel — IX,Y) :/ w € Jac(T), (23)
X
and let O(v), v € CI9, € = (€1, €2), € € CY, be the theta function with characteristic € on the Jacobian

Jac(T),

Oc(v) = Z exp(im(m + €1, Qm + €1) + 2ir(m + €1, v + €2)), (24)
meZ9

and let E(X,Y) = —E(Y, X) be the prime form for X,Y € I' such that the cross ratio

E(X,Y)E(X"Y')  Oc. (I(X,Y))0,,, (I(X",Y)) (25)
E(X,Y)E(X')Y) O, (I(X,Y")O.. (I(X",Y))

is a well-defined quasiperiodic function on I'®4. The parameter €,qq is a nonsingular odd theta characteristic
such that O¢_,,(0) = 0. We let O(v) denote the theta function with the zero characteristic.
There is an identity on I'®* ® Jac(T'), the so-called bilinear Fay identity, which can be written in the

form

O(v)O(v+I(B+D,A+C)) =

)@(V+I(B,A))@(V+I(D,C)), (26)
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where it is assumed that I(B+ D, A+ C) =I(B,A) +I(D,C) =1(D,A) + I(B, C).
Let v € Jac(T'), Xn,, X,,,s Y, Yo,y Znas Z,,, (na € Z), and P, Q be arbitrary distinct points on the
algebraic curve I'. We then have the following proposition.

Proposition 1. Any solution of local equations of motion (14) is a particular case of the general

solution
Ti,n = fl:ng,ngG(In + I(Q7 an ))v
7—2,n - 52:n1,n3@(]:n + I(Q7 Ynz))a (27)
T3n = 53:n1,n2®(1n + I(Q, Zns))a
where
ni—1 na—1 ng—1
h=V-+ ZI D, ¢ ZI o Yo ZI ms, (28)
m1=0 mo=0 m3z=0
and the parameters § and points X, ..., Z,’l3 enter the parameterizations of kqyn and the preexponentials
as
o, __Stnansinatina 1 E(Y,, Zn ) E(Yny, Z;,)
s 51:n2+1,n3£1:n2,n3+1 E(Ynz, Z 3)E(Yn27 an) ’
K. _ _52:n1+1,n3§2:n1,n3+1 E(an, Zn?,)E(X':Ll’ Zy/w,) (29)
e 52:n1,n3£2:n1+1,n3+1 E(X nio an)E(Xrn ) Zrlz3) ,
K3, - _ 53:n1,n2§3:n1+1,n2+1 E(X nyo Y"LQ )E(an ) Y’rle)
e 53:n1 +1,n2£3:n1,n2+1 E(Xn1 ) Ynz )E( 7/11 ) Yrrle)
and

0
’U,g 7)11,n2 _ 61:”27n3€32n17n2+1 E(Y/I;/Q’ Z )E(Y’ﬂz ) X’ﬂl)

(0) 51:n2+1,n3£3:n1,n2 E(YriQ ) an )E(Y’I’L27 an) ’

wl na2,n3

0
U’é 7)11,n3 fl:n2+1,n3+1§2:n1,n3 E(Ynl,QvZ )E(an,Z/ )
’(1,501)12 ns £1¢n2+1,n3£2:n1,n3+1 E(Yrigv Z’;Lg)E(an ) Zn3)
0
wi(% T)Ll,nz fQ:nl +1,n3§3:n1,n2+1 E(YTILQ ) XI )E(Xm ’ Zn3)

(0) 52:n1,n3£3:n1+1,n2+1 E(YnQvX )E(X;“v Z )

w2 ni,ns3

Proof. To prove that substitution (13) with the tau functions given by (27) solves (14), we repeatedly
use Fay’s identity. For example, Eq. (14) at « = 1, § = 2, and v = 3 follows from two Fay identities (26)
taken for the respective sets of divisors (A, B,C, D) and (4’,B’,C’",D'), where A= A' = X,,,, B=B' =
Yo, D=D"=Y, ,C=2]_,
appear because of the gauge invariance of linear systems (3) and (4). The gauge parameters {u.n4,n., the
divisors X,,, X,

mnyr

and C" = Z,,. The ratios containing the parameters {u.,,5,n., in (29) and (30)

7L27

and also the period matrix {2 and the point on the Jacobian v are free parameters
of the general solution. Imposing periodic boundary conditions (which, in particular, means fixing the size
of the system), we can relate these parameters to the values of the integrals of motion.

We can solve expressions (30) to avoid the ratios of preexponentials. For this, we introduce extra
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parameters A,,, B,,, and C,,. We then obtain

u _ 51 na+1,n3 ( ng’ 3) E(Cn?,’ZnS) T2,n
’ 51 na2+1,n3+1 E( na’ ns) E(Onsa A 3) T2,n+e3 ’

wy _ _51:n2+1,n3 (Z’I’Lgv ng) E(BTL2 ) Y'fig) T3,n+es (31)
o fl:ng,ng E(Znsayréz) E(BTLmYTLQ) T3,n ’

K1, — fl:ng,nggl:nngl,nngl E(Yrig ) an )E(Yng ) Z’;Lg)
s fl:n2+1,n3§1:n2,n3+1 E(Yrig ; Z’;Ls)E(YnQ ) Zns) ’

Uy g = 52:n17n3 E(Xn1 ’ ) E(Cns ) an) Tl,n
7 §2nyns+1 E(Xny s Zng) E(Crg, Z), ) T1,n+es ’

Wo - _ fQ:nl,ns E(anaXl ) (Anl,an) T3,n (32)
’ 52:n1+1,n3 E(anaXm) (An1 ) Xrlzl) T3,n+e; ’

Ko - _ §2:n1+1,n3€2im1 ng 41 E(Xn,, Zne,)E(Xr/zl ) ZI )
e 52:n1,n3£2:n1+1,n3+1 E(X ng)E(an ) ZI ) ,

Uz = 53:n1,n2+1 E(Xn1 5 Ynz) (BTL2 ) Y'fig) T1,n+es
- fS:nl,TLQ E(an,Y/ ) E(Bn2aYn2) TLU ’

ws _ 53:n1,n2+1 E(Y/I’:/Q’X/ ) ( ) T2,n (33)
' 53:77.1 +1,n2+1 E(Yn2  Xn ) ( 1) T2 n+el

K3 — 53 nl,n2£3 mi1+1,ne+1 E( nla )E(anayrig)
e 63 ni1+1, n2§3 myi,no+1 E(an 3 Yng) ( nla ) ’

where 7,5 are given by (27). The discrete Baker—Akhiezer function ®,, satisfying the whole set of Egs. (3)
(and therefore (4)) and normalized by ®¢ = &, is given by

O(v+I(Q,P)+1,)

Py = Py (P) = 00 (P , 34
(P) = &a®y,’ (P) o +1(Q. D)) (34)
where
n 1
30 (P = B(P, X, ) E(Amy, X)) y
o B(P, X0, VE(An,, Xomy)
”ﬁl (P, Y ) E(Bunys Yo,) "5 E(P, Zuny ) E(Cng, Z,) (35)
X
E(P,Y50,)E(Biy, Yiny) 220 E(P, Z5 ) E(Crng, Zms)

m20

5. Finite lattice with open boundaries

To this point, all the considerations were strictly local and did not take the size and the boundary
of the cubic lattice into account. To describe global characteristics, such as integrals of motion, we must
nevertheless specify these additional data.

We consider a finite cubic lattice with open boundary conditions and the corresponding Cauchy prob-
lem. For a cubic lattice of the size N1 x No x N3, we restrict the coordinates ni, no, ng of the three-
dimensional vector n in (1) by

0<ne <N, a=1,23. (36)
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On the A = N1 Ny + NoN3 + N3 N7 incoming edges of the cubic lattice, 2A initial data values can be given,

ul:nz,ng = ul,Oel +noezx+nzess wl:nz,’l’bg = w1,0e1 +noez+nzess
u2:n1,n3 = u2,n1e1 +0ex+nsess w?:nl,ng = w2,n191+0e2+n393a (37)
U3:ny,no = U3,n1e1+nose2+0e3 W3:n1,n9 = W3, nie;+nzex40e3-

Recursively applying equations of motion (6)—(8), we define the transformation from initial data (37) to
the 2A final data:

/ _ / _
Uling,ng = UL,Niei+nzes+nzess Wi:pny,ng = W1,Nier1+nses+ngess
5 = 5 = 38
U2y ,ng = U2,n1e1+Nres+nzes Wy g = W2,n1e1+Naez+ngess ( )
li — ! =
U3:nq,ny — U3,n1e1+nzez+Nsess W3:py ny = W3,n1e14+nze2+Nsez-

Assuming that initial data (37) are general, we reach the natural question of how we can invert the pa-
rameterizations described by formulas (31)-(33) in order to restore the algebraic-geometric data in terms
of (37) and the parameters Ka:.n,,n, (the total number of parameters is 3A).

In general, the solution of this problem is not unique. Evidently, the same initial data can be parame-
terized by various sets of algebraic-geometric data related to algebraic curves with a sufficiently high genus.
But there exists a unique preferred compact Riemann surface that is minimum (in a certain sense) among
all possible curves parameterizing dynamics (6)—(8).

In the Cauchy problem with (37) and (38), this curve appears as follows. Let the initial data be
parameterized by a curve I'. We can write

Uaing,ny = Uaing,ny (V); Waing,ny, = Wang,n, (V)

Because of (27) and (28), the solution of the Cauchy problem is then

U’:)z:n[g,nW = uoz:ng,n,y (V + Ta)’ ’w(l)z:n(.;,nW = wa:"ﬁv"v (V + TOt)?
where
Ny No N3
T =Y IX,.,Xn), To=> 1YY, Ts=> IZ, 2,) (39)
n1=0 no=0 n3=0

The transformation from the initial data to the final data is the evolution if

T, =Ty, =T3=T mod (Zg + QZQ) (40)

In what follows, we understand all relations of this type modulo Z9 + QZ9.
Evolution conditions (40) mean that because of the Abel theorem, there exist two meromorphic func-
tions A(P) and p(P), P € T, with the divisors

(/\): Z Xny — Z Xr/Ll_ Z Zng + Z Z7l13a

n1€ZN, n1€ZN, n3€EZLNg n3€EZLNg
(41)
_ 2 : 2 : / 2 : 2 : /
(/,L) - YTL2 - Yng - Z"s + an'
n2€ZLN, N2 €EZLN, n3€EZLNg n3€LNg
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ny=

@310 / B3y 310 P10\ Poar \ Pogo
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3:22 3:21 B3, 2
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na=1 n2=0 ns=0 ns=1
Fig. 5

The curve T is then the compact Riemann surface determined by the polynomial equation Ja (A, u) = 0 (see,
e.g., Theorem 10-23 in [6]). Moreover, conditions (41) fix the general structure of Ja (A, ) (see (48) below).
The key observation is that evolution conditions (40) imply that Ja (A, 1), considered as a functional of the
initial data, generates the set of evolution invariants and the curve defined by this polynomial is therefore
the spectral curve.

We can derive the polynomial Ja using a linear system of type (3) written for the whole auxiliary
plane. We fix the position of the auxiliary planes corresponding to the initial and final data. The auxiliary
plane for the initial data crosses all the incoming edges of the cubic lattice, while the plane for the final
data intersects all the outgoing edges. These auxiliary planes play the role of the two-dimensional spacelike
surfaces, and the discrete evolution process corresponds to translating the auxiliary plane in the direction
perpendicular to this spacelike surface.

All the objects, namely, the dynamical and auxiliary linear variables on the spacelike surface, can be
labeled by a two-dimensional discrete index. We choose the labeling for the linear variables in a form similar
to the labeling of initial data (37) or final data (38):

(I)Oe1+ngeg+n3e3 - (I)lzng,nga
(I)nle1+0e2+n393 = ¢22n1,n3a
(42)
(I)n191+n2e2+093 = (I)B:nl,nga
OgniSNi, i:1,2,3.
An example of such an enumeration on the auxiliary plane in the simplest case Ny = No = N3 = 2 is shown

in Fig. 5.
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N2+N3 /
N2

Fig. 6
Let L(\, p) be the matrix of the linear system
0= (I)lzng—i-l,ng - (b1:n2+1,n3+1u1:n2,n3 + (I)lzng,ngwlzng,ng +
+ (I)nQ,n3+1’il:ng,ngul:nQ,ngwlzng,ns;
0= (I)Q:nl,ng - (I>2:n1,n3+1u2:n1,n3 + (I)Q:n1+1,n3w2:n17n3 +
(43)
+ (1)2:n1+1,n3+1/12:n1,n3u2:n1,n3w2:n1,nga
0= (I)B:nl,nngl - (I)B:nl,ngu&nl,nz + (1)3:n1+1,n2+1w3:n1,n2 +
+ (I)S:nl—i-l,ng 53:n17n2u3:n1,n2w3:n1,n2

written in the matrix form 0 = ® - L(\, ), where the linear variables satisfy the identification conditions

D1.0,n; = P2:0,n3» @1.,,0 = P3:0,n45 D2.ny,0 = P3iny 0 (44)

and the quasiperiodicity conditions

@3:]\717“2 — (plan,Ns @3:7L1,N2 — (p2:n1,N3 (bl:Ng,'n,s — @Q:Nlﬂlg (45)
x z Yy z Yy x
for the boundary domains on the auxiliary plane. The parameters
T
z z

are complex numbers, and we call them the spectral parameters. By virtue of (44) and (45), it is clear
that the total number of the independent linear variables in system (43) is A and L£(A, ) is a AXA square
matrix.

We define

JA(/\MM) :detﬁ()‘au)< H u11n27ﬂ3)_ . (47)

nz,n3

In other words, Ja (A, i) is a normalized Laurent polynomial (Jy o = 1) of the spectral parameters A and f,

JIn = Z PITR
a,bell (48)
MI={0<a<Ny+ N3, 0<b<N;+N3z, —N; <a—-b< Ny}
The domain IT (the Newton polygon of Ja) is shown in Fig. 6. It can be proved (see [1]) that the coefficients
of this Laurent polynomial are invariants of the evolution, i.e., they are the same for initial data (37) and
final data (38) and can generate the algebraic-geometric data for the solution of these equations with open
boundary conditions.
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The requirement that linear system (43) have a nontrivial solution is equivalent to the requirement
that the spectral parameters lie on the algebraic curve,

P=M\p)eTa < Ja(Ap) =0. (49)

Assuming that all the incoming data together with the parameters kq:.n,,n., are in general position, we can
calculate the genus of curve (49) using the Newton polygon. For a cubic lattice of size N1 x Na x N3 such
that N7 > Ny > N3, the Newton polygon associated with corresponding curve (49) is shown in Fig. 6. The
genus of the curve I'a is equal to the number of points with integer coordinates inside this polygon,

gan = (N1N2+N1N3+N2N3)—(N1+N2+N3)+1. (50)

Then, ga coefficients J,; in the Laurent polynomial Ja (A, u) corresponding to the internal points of

the Newton polygon with integer coordinates are related to the moduli of the algebraic curve I'n and

consequently to the period matrix Q. The coeflicients J, ; corresponding to the perimeter of the polygon

are related to the divisors of the functions A and p meromorphic on I' A, thus giving the set of parameters
Xpyrooos 2y, From (41) and (34), we explicitly obtain

Ny—1 Ny—1
AP) = 11—[ E(P, Xn,)E(An,, X7,) Y1 E(PY,,)E(Bny; Yn,)
E(P, X}, ) E(An,, Xn,) E(P,Y,)E(By,,Yy,)’

ni= ng

na =0

N2—1 N3—1
(P = 12_[ E(P,Yy,)E(Bn,, Y,.) N5 B(P, 2!, )E(Cny, Zony)
E(P’ Y7;2)E(Bn27YTL2) n3=0 E(Pa Zns)E(Cns,Z;LS)

no =0

A different approach was previously used in [7]. Because of Theorem 2 in [7], the solution ®(A, p) of
the linear problem ® - L(A, 1) = 0, as a vector of meromorphic functions on the curve T'a, was given by
expression (34) on Jac(T'a). Using (34), we can unambiguously restore parameterization (27)—(30).

We conclude the discussion of the Cauchy problem by calculating the degrees of freedom of the
algebraic-geometric parameterizations. Having A = N1Ns + NoMs + N3N;, A’ = N; + Ny + N3, and
g =A—A"4+1, we have g moduli of T'a, g complex numbers v € Jac(T'a), g independent cross ratios
of &,, 2A’ — 2 independent divisors X Z!

nss and A’ arbitrary divisors An,, Bp,,Cp,; in this, one
extraneous degree of freedom corresponding to the arbitrariness of @ is taken into account. We thus obtain

I ERERE)

3A parameters in total. This proves the completeness of the algebraic-geometric parameterization in terms
of the curve I'a.

6. The Backlund transformation

The curve I' o corresponds to initial data in the general position and open boundary conditions. But to
apply our results to integrable spin models, it is necessary to specify periodic boundary conditions T = 0,
i.e., to set

Z I(Xrlzlaan): Z I(YrigaYTLQ): Z I(Z;LyZns)ZO' (52)

n1€ZN, n2€ELN, n3€LNg

These boundary conditions reduce the spectral curve I'a. Namely, because of (52), the parameters z, y,
and z in (45) become meromorphic functions with the divisors

(x) = Zan - ZX’;H
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and (58) (see below). Because x, y, and z themselves (not only their ratios) are meromorphic functions,
the curve can be defined by an algebraic equation for any pair of x, y, or z, i.e.,

Ji(y, z) = Ja(z, 2) = J3(z,y) = 0. (53)

The Laurent polynomial Ja(z/z,y/z) is then not irreducible, and the condition Jo = 0 follows from
algebraic relations (53).

In this section, we describe the reduced spectral curve and the meromorphic functions uniformizing it
for another choice of the auxiliary plane. The interpretation of the problem now differs from the Cauchy
problem for the open cubic lattice. The discrete evolution can now be considered a sequence of Backlund
transformations in the square auxiliary plane.

We first define the new location of the auxiliary plane. Let it cross the incoming edges for the vertices
of the three-dimensional lattice with the coordinates noes +nzes. With this choice, the role of the variables
U and w,, a = 1,2,3, becomes different: wuop, won and usn, ws, are auxiliary, while ui,, win are
dynamical. The evolution then means a variation of these dynamical variables with the “time” n; with
periodic boundary conditions for the second and third directions:

ul:n2+N2,n3 - ul:n2,n3+N3 - ul:ng,ng.? wl:n2+N2,n3 = wl:n2,n3+N3 - wl:ng,’ns- (54)

The auxiliary variables for this evolution also vary from layer to layer according to discrete equations (7)
and (8). We preserve the open boundary conditions in the first direction.

We now consider one layer of the cubic lattice corresponding to the initial value ny = 0. Equations of
motion (6) and periodic boundary conditions (54) yield the implicit transformation

/ /
Ul:ng,ngs Wiing,mg 7 ul:ng,ng,vwl:ng,ng' (55)

According to (27)—(30), we can define

Uling,ng = Uling,ng (v), Wiing,ng = Wiing,ng (v), (56)

where v € Jac(T") for some algebraic curve I'. Then transformation (55) can be written in the form

ull:nz,ng = u11"27”3 (V + I(Xé’ XO))’ wllzng,ng = w11"27"3 (V + I(Xév XO)) . (57)

Periodic conditions (54) in parameterization (27)—(30) yield ), €Zn, I(Y,,Y,,) = Zmest 1(Z),,, Zn,) =0
(see (52)). Using the same arguments that led to formula (41), we can conclude that there exist two

meromorphic functions y and z on I' such that
(y) = ZYTL2 - YT’LQ? (Z) = Z Zns - Z?”Lg’ (58)
na n3

and a compact Riemann surface I' is defined by the polynomial equation Jg(y,z) = 0. Moreover, the
structure of (y) and (z) fixes the algebraic form of I' (see (61) below).

We call transformation (55) the Bédcklund transformation for the two-dimensional square lattice because
it is a canonical transformation preserving the integrals of motion. To specify the integrals of motion, we
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again consider the linear system for the chosen auxiliary plane. This linear system is a system of NoN3
equations
jn27n3 = 07 (I)—l,ng = y_l(DNQ—l,ng,
(59)
(I)’ﬂz,N?, = zq)nz,()v ¢71,N3 = y_lz(I)Ngfl,Oa
where 0 < ny < N2, 0 < n3 < N3, and the linear form jy, », is defined by the first equation in system (3)
with relabeled auxiliary linear variables ®,,, y:

Jnamns = Prang — Pro g +1Uing ng + Pry—1,n3Wiing ns +
+ (I)nzfl,nngl"il:ng,ngul:ng,ngwl:ng,ng~ (60)

The equations in (59) including the spectral parameters y and z are quasiperiodic boundary conditions for
the linear variables ®,,, ..

Let L(y, z) be the complete matrix of the coefficients of system (59), j = ® - L(y, z). We define the
Laurent polynomial

3 2
Jo(y,z) =det L{y,2) = > Y Japy 2", Joo=1. (61)

a=0 b=0
The parameters J, ;, are then invariants of Bécklund transformation (55) (see [1]). For the system ®(P) -
L(y,z) = 0 to have a nonzero solution, the spectral parameters y and z must belong to the spectral curve

P=(y,z)elg < Jo(y,2)=0. (62)

Assuming that the dynamical variables %1:ny ny, Wi, ng and the parameters £1.n, n, are general, we find
that the genus of spectral curve (62) is g = (N2 — 1)(N3 — 1). We recall that form (61) of the polynomial
Jo follows uniquely from conditions (58).

Conversely, Theorem 2 in [7] claims that the solution of ®(P) - L(y, 2) = 0 as a meromorphic vector-
valued function of I'y is given by the formula

et PYm2 E(Bm2’Y/ )”3*1 E(P,st) (CmS’Z/ )

n N X
2ns A BPY,) BBy, V) AL B (P Z1,,) B(Cony: Zon)
TLQ—l 7L3—1
x@(v+I<Q,P>+ S IV V) b Y I(Z;S,zm3>), (63)
m2:0 m3:0

where the theta functions are constructed using the period matrix Q of the algebraic curve I'g. Using
formula (63), we can find the corresponding expressions for the dynamical variables w1.p, n, and Wi, ng-
They coincide with those in the proof of Proposition 1 under the condition that an arbitrary curve I'
is identified with the spectral curve I';. Explicit formulas for the spectral parameters uniformizing the
spectral curve I'q are

- E(P, Z,,) BE(Cy,, Z.,,)
«(P)=[] E(P,Z;,,) E(Cpy, Zny)’

n3€ELNg (64)
H ,) E(By,,Y, )
BPT T

931



In the case where the algebraic curve used to construct the general solution is rational, one evolution
step, n1 +— nj + 1, can be identified with creating a soliton. We study this phenomenon in more detail in
the next section.

In this section, we have thus established why the curve I'g appears when periodic boundary conditions
are imposed on the second and third directions. Evidently, the curve Jg(y, z) must be identified with the
curve J1(y, z) in (53). In the same way, the periodic boundary conditions can be imposed on any other pair
of directions, and the corresponding curves J, and J3 are also the spectral determinants. If the periodic
boundary conditions are imposed on all three directions, then each of the three relations J; = 0, Jy = 0,
and J3 = 0 must define the same curve, and because the generality of the data is lost in this case, the genus
of the curve is restricted to

g <min{ (N = 1)(Nz = 1), (N2 = 1)(N3 — 1), (N3 = 1)(N1 —1)}. (65)
7. The rational limit
In this section, we consider a rational limit of the algebraic-geometric solutions of discrete equation of

motion (14). The rational limit for theta function (24) on the Jacobian of an algebraic curve corresponds
to the limit (see [8])

B (66)
and

e”"Qn,n — 07 e

iTQpn (Qk - Qn)(pk —pn) d:efd
(@ — pn)(Pr — qn)
Thus, the set of dy,, arises from the period matrix, as the set of f,, arises from the points on the Jacobian

kon - (67)

v. The prime forms in the rational limit are the prime forms on the sphere:

E(A,B)E(C,D) (A— B)(C - D)

= . 68
E(A,D)E(C,B) (A-D)(C - B) (68)
For g =1,2,... and the set of parameters
Po; qo, fO;va q2, f27 cee ;pgflv ngl, fgfl - {pka Ak, fk}g;(l)a (69)
we define the rational limit of the theta function (see the appendix in [8])
Ly, detgh— fipil?72
H(g) ({pk7 gk fk i:é) = / I LI=0 . (70)

L (@ —aj)
We set H(®) = 1 by definition. We note that if all the parameters fj, vanish, then H9 ({py, q, O}Z;é) =1.
Let the function oy (z) be

Dk — %
B a—z
For g =0, Egs. (14) admit the simple solution 74, = 1 in the rational limit because of the identity

or(2) (71)

ra=1+55+s;1, (72)
where
_Xé—X,’YXa_XﬂXa—Xé ) :_Xa—Xng—Xg
Xp =Xy Xo— Xy Xo— X!’ “ Xo—Xpg X!, — X’
and (o, 3,7) is any even permutation of the set (1,2,3). The notation in (72) and (73) is related to that
in (15) and in Proposition 1 as follows: ro = ran, Sa = Sam, X1 = Xn,, X1 =X, , Xo =Y,,, X5 =Y,
Xy = Zny, and X} = 7, .

(73)

To =
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Proposition 2. The soliton solutions of Eq. (14) are

where ny,n9,n3 € Z,

and the parameters 1o n and Sqon are defined by formulas (73).

Proof. The proof of this proposition is based on the rational analogue of Fay’s identity

- (A 28) Yo (529 )

+(A—B)(D - C)H ({fk%};) i <{fk%}z—l)

=(A-C)(D-B)HY ({f}{_,)HY ({f’“%} ) o

described in [8].

So far, parameters (69), pg, gk, and fi, have been considered arbitrary complex parameters, and the
solution given by Proposition 2 has been relevant to a lattice infinite in all directions. We now impose
periodic boundary conditions (54) in directions 2 and 3 and interpret the evolution in direction 1 as a
Bécklund transformation, which creates solitons. For this, we first note that boundary conditions (54) are
equivalent to the algebraic relations for the parameters p and ¢

T o) Yy o)

2o — e (77)
11 (V) 11 (Zny)
It can be verified that for the parameters Y,,,, ..., Z} , in the general position, system of equations (77) has

exactly g = (N2 — 1)(N3 — 1) nonequivalent solutions (equivalence means that if (p, ¢) is a solution of (77),
then (g,p) is also a solution). We choose this set of solutions as sequence (69), leaving the parameters fy,
k=1,...,g9, free.

Using this freedom, we can redefine the “amplitudes” fj as

fr = Fy - 01 (Xk), (78)

where, as before, the parameters py and gi of functions (71) are already fixed by system of equations (77)
while the parameters X}, are still free. We consider the solutions for the tau functions 7o, and 73, given by
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Proposition 2 with redefined amplitudes (78) at the initial value of the discrete coordinate ny = 0. Using
the freedom in the parameters X, we send

In this limit, it is clear that all components of the set {1 k}i;é vanish and we have 1o, = 73, = 1 according
to definition (70). In other words, we obtain a zero-soliton solution for these tau functions at n; = 0. We
repeat the same procedure at n; = 1. Namely, we again consider a general solution for these tau functions
given by Proposition 2 and then take limit (79). It is clear that only one element that corresponds to k = 0
does not vanish in the set {In;k}i;(l), and we thus obtain a one-soliton solution. Increasing n; results in
increasing the number of solitons. It can be seen that the maximum number of solitons that can be created
by this procedure is equal to g = (N2 — 1)(N3 — 1) (see [8] for a detailed description of this phenomenon in
the simplest situation).

Before concluding this section, we give one more explanation of this soliton creation procedure. We

consider Eq. (14) at n; = 0 for «, 3,7 = 1,2,3 and for the homogeneous, or zero-soliton, tau functions
(0) _ (0

2:ng,m3 — '3ing,n3
“space” coordinates ne and ngs. Using simple algebra, we can verify that in addition to the trivial solution

= 1. This is a linear difference equation for the function 7y.p, n, with respect to the

Tling,ms = 1, this equation admits a solution of the form

" oo(Vo,) "t 00(Zh,)

Tling,ns = H o0(Yom,) H 00(Zms)’

mo=0 m3z=0

where the parameter py of the function oy is identified with Xy. The complete solution of the linear
difference equation is the linear combination

ng—1 / nz—1 /
(1) UO(sz) UO(Zm?’)
ling,ng 0 m12_£0 00(Ym,) mllo UO(st. 0

with an arbitrary Fy. Solving Eq. (14) for «, 8,7 = 2,3,1 and for «, 8,7 = 3,1, 2 with the already found
1

Tl:TLQ ,n3?
They acquire a one-soliton form similar to (80). Using these solutions again in Eq. (14) with o, 8,y = 1,2, 3,

we can now find the values of the tau functions 7o.n, n, and 73.n, n, at the discrete time n, = 1.

we then find a two-soliton solution for the function 7.y, n, and then two-soliton solutions for the functions
To:ing,ms 0d T3, n, at the next value of the discrete time no = 2. It is clear that this procedure can be
continued, and we can demonstrate the equivalence of the discrete time n; to the number of solitons. This
simple explanation finally justifies that the discrete dynamics investigated in this paper, which is given by
equations of motion (6)—(8), is a set of consecutive Bécklund transformations.

8. Discussion

It is well known [1] that the dynamics of the parameters of three-dimensional spin models is equivalent
to dynamics (6)—(8). Therefore, the classical solutions discussed in this paper can be used to describe
spin models of different types. The solutions with periodic boundary conditions can be used to construct
general spin models such that their Boltzmann weights are parameterized by theta functions on higher-genus
curves. The integrability of such spin models is based on the modified tetrahedron equation [9]. Among
these models, there are various generalizations of the chiral Potts model.

On the other hand, the solitonic solutions are also convenient for the completely inhomogeneous
Zamolodchikov—Bazhanov—Baxter model and open a way for developing the quantum separation of variables
for that model [10]. In particular, these solutions with parameters fj, # 0 allow constructing the complete
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family of isospectral deformations of the Zamolodchikov—Bazhanov—Baxter transfer matrix (also see [8] for
the realization of a similar program in the case of the relativistic Toda chain model with spin degrees of
freedom).
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