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We suggest a novel approach for generating the second-harmonic radiation in subwavelength graphene
waveguides. We demonstrate that the quadratic phase matching between plasmonic guided modes of different
symmetries can be achieved in a planar double-layer graphene structure when conductivity of one of the
layers becomes spatially modulated. We predict theoretically that, owing to graphene nonlocal conductivity,
the second-order nonlinear processes can be actualized for interacting plasmonic modes with an effective grating
coupler to allow external pumping of the structure with the generated radiation at the double frequency.
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I. INTRODUCTION

Graphene plasmonics is the rapidly developing field of
nanophotonics that attracted a lot of attention during the past
two years [1–7]. One of the recent novel directions in this field
is the study of nonlinear phenomena given the fact that strong
confinement of surface p plasmons in graphene can enhance
light-matter interaction [8] and facilitate nonlinear response
[9]. In particular, the recent theoretical studies included the
analysis of spatial plasmon solitons in graphene layers [10,11],
nonlinear difference frequency generation of terahertz surface
plasmons [12], and single-photon operation in a graphene
cavity [9].
Double-layer graphene waveguides are known to support symmetric and antisymmetric plasmonic guiding modes
classified with respect to the in-plane electric-field profile
[13–15], so we may expect the coupling between different
modes when the nonlinear response becomes important. In this
paper, we suggest and study analytically an approach for the
second-harmonic (SH) generation in double-layer graphene
waveguides taking advantage of the possibility to modulate
spatially the conductivity of one of the graphene layers
by doping or electrostatic gating [16–18] thus assisting the
coupling of freely propagating light to plasmons in graphene
[19–22].
Phased matching between parametrically interacting waves
is known to be a crucial requirement for the efficient secondorder nonlinear effects [23], and in our geometry the phase
matching can be achieved by tailoring the modal dispersion
of the graphene waveguide enabling plasmon-to-plasmon
frequency conversion. More specifically, we demonstrate
below that the phase matching becomes possible between
an antisymmetric fundamental frequency (FF) mode and a
symmetric SH mode in a double-layer graphene waveguide.
We employ a theoretical analysis based on the perturbation
theory and describe the second-order nonlinear process with
graphene plasmons in terms of slowly varying modes of a
waveguide structure, the approximation frequently used in
nonlinear optics [24]. For definiteness, we consider a planar
geometry shown schematically in Fig. 1 where a graphene
double-layer waveguide is placed into a homogeneous surrounding medium with the dielectric permittivity ε being
illuminated by light from the upper half-space x > d/2. As
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a matter of fact, in our analysis we distinguish two parts of the
problem and examine them sequentially,
(1) Linear scattering. Radiation at the fundamental frequency normally incident onto the structure is scattered by the
periodic conductivity grating and then excites resonantly an
antisymmetric mode of the graphene waveguide;
(2) Nonlinear plasmon-to-plasmon conversion. Due to
the second-order nonlocal nonlinearity of graphene [25–27],
the induced current of the antisymmetric mode serves as a
source for the phase-matched symmetric mode at the double
frequency which eventually radiates into free space.
Similar to the assumptions employed earlier [11,15,28],
namely, low dissipation, weak nonlinearity, and small phase
mismatch, here we solve Maxwell’s equations following the
procedure of the asymptotic expansion and demonstrate that
the second-order nonlinear processes can be achieved with
conductivity modulation to allow external pumping to couple
to the guided modes of the structure generating output radiation
at the doubled frequency.
II. LINEAR SCATTERING

We start our derivation by studying the linear resonant excitation of antisymmetric plasmons and write the corresponding
system of Maxwell’s equations in the form
1 ∂H
,
∇×E = −
c ∂t


 (1)


ε ∂E 4π (1)
d
d
(2)
∇×H =
+
j δ x−
+j δ x+
z0 ,
c ∂t
c
2
2
where j (1,2) are the surface current densities induced in the
graphene layers placed at x = ±d/2 as indicated by the Dirac
δ functions. Assuming the field to be p-polarized with the
magnetic component H = H (x,z,t)y0 , from Eq. (1) we find
ε ∂ 2H
− H
c2 ∂t 2





d
d
4π ∂
j (1) δ x −
+ j (2) δ x +
, (2)
=−
c ∂x
2
2
where, if we assume the harmonic field dependencies ∼
exp(−iωt), the currents are given by
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j (1,2) (ω,z) = σ (1,2) (ω,z)Ez (x = ±d/2,z,ω).

(3)
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In the zero-order approximation in μ, for the function h(x),
Eq. (2) takes the form
d 2h
2
− ksp
− k02 ε h(x)
dx 2
 




d
d
∂
4π (I )
iσ (ω)
δ x−
+δ x+
ez (x) ,
=
c
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2
2
(6)
FIG. 1. (Color online) Geometry of the problem. A free-standing
waveguide created by two graphene layers is illuminated by an
external wave being coupled to the phase-matched guided modes
of the graphene waveguide. The red curve corresponds to an
antisymmetric mode at the fundamental frequency, and the blue curve
corresponds to a second-harmonic symmetric mode (shown with the
tangential electric-field component). Conductivity of the upper layer
is periodically modulated.

Here σ (2) (ω,z) = σ (ω), σ (1) (ω,z) = σ (ω)[1 + f (z)] are surface conductivities and σ (ω) ≡ σ (R) (ω) + iσ (I ) (ω) is the
linear frequency-dependent surface conductivity of graphene,
z) + f2 cos( 4π
z) is aswhereas f (z) = f (z + a) = f1 cos( 2π
a
a
sumed to be a periodic function of z, i.e., conductivity of one
of the graphene layers is spatially modulated.
Assuming the dissipative losses and modulation amplitudes f1,2 to be small, we formally introduce the smallness
parameter μ,

 (R) 
σ 


(4)
μ = max  (I )  ,f1,2 ,
σ

dh
where ez (x) = k0i ε dx
. This equation yields the dispersion
relation,


2π σ (I ) κ (s,a)
−κ (s,a) d
1±e
1−
= 0,
(7)
ωε
√
(s,a)2
where κ (s,a) = ksp
− k02 ε, k0 = ω/c, and the modal transverse profiles are

h(s,a) (ω,x) =

and

H (x,z,t) = e−iωt {μH̄0 (x,μz)
+ [A2 (μz)h(ω,x) + μH̃2 (x,μz)]e

−iksp (ω)z

}, (5)

where h(x) is the transverse profile of the linear plasmonic
mode of the guiding structure, A1,2 are slowly varying mode
amplitudes, where the subscripts “1” and “2” refer to the
forward and backward propagations along the z direction,
respectively. Also H̃1,2 are small corrections to the eigenmode
profile, and the term H̄0 does not contain a fast dependence
on z.

(8)

where the continuous tangential components of the electric
field are expressed as
⎧ (s)
−κ (x−d/2)
, x > d/2,
⎪
⎨e
cosh(κ (s) x)
(s)
,
|x| < d/2,
ez (ω,x) = cosh(κ (s) d/2)
(9)
⎪
⎩ κ (s) (x+d/2)
e
,
x < −d/2,

and adopt the following asymptotic ansatz for the magnetic
field:
+ [A1 (μz)h(ω,x) + μH̃1 (x,μz)]eiksp (ω)z

−ik0 ε dez(s,a)
,
κ (s,a)2 dx

⎧ (a)
−κ (x−d/2)
, x > d/2,
⎪
⎨e
sinh(κ (a) x)
(a)
,
|x| < d/2,
ez (ω,x) = sinh(κ (a) d/2)
⎪
⎩ κ (a) (x+d/2)
, x < −d/2
−e

(10)

for both symmetric and antisymmetric eigenmodes guided
by a double-layer waveguide [14,29] as indicated by the
superscripts.
We now assume that the period of the conductivity grating
is chosen to almost compensate the momentum mismatch with
(a)
the antisymmetric plasmon |ksp
(ω) − 2π /a| ≡ |k|  2π /a
(a)
so that |k/ksp (ω)|  μ. Substituting the expression of the
total field (5) into Eq. (2) and keeping only resonant terms, in
the first order in μ for the field perturbations H̃1,2 , we obtain
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whereas H̄0 satisfies the equation,
d 2 H̄0
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∂
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Equation (12) includes the reflection of a plane wave incident
√
from the semispace x > d/2, written as H0 exp[−ik
0 ε(x −
√
d/2)] where we assume H0 ∼ μ, E0 = H0 / ε, E0z (ω,x) is
the tangential electric-field distribution at f1,2 = 0. Taking into
account the boundary conditions at the graphene interface, we
find the amplitude of the electric field at x = d/2 as follows:
Ē0z (ω,x = d/2)
2π
f1
= E0 (1 + r) − √ iσ (I ) (ω) (A1 ei k z + A2 e−i k z ),
2
c ε
(13)
√ iσ (I ) (ω)(1 + 4π
√ iσ (I ) (ω))−1
where
r = − c4π
stands
ε
c ε
for the reflection coefficient
from
two
closely
√
spaced graphene layers k0 εd  1 at f1 = 0. We
assume that at operating frequencies the graphene
−1
conductivity is predominantly Drude-like, ω  τintra
,
−1
4π
(I
)
where τintra is the relaxation rate, and c√ε σ (ω)  1,
leading to the expression,
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obtain the slowly varying amplitudes,
A1 = A2 ≡ A =

and substitute them into Eq. (13). Thus, the excitation of
the antisymmetric mode results in changing the reflection
coefficient compared to the case without a conductivity grating
rA ≈ r(1 + f1 A/2E0 ).
III. NONLINEAR PLASMON-TO-PLASMON CONVERSION

First we notice that, for the case of TM-polarized waves
with the tangential electric field of the form Eτ ω = z0 Eeiqz [the
monochromatic time dependence ∼ exp(−iωt) is omitted], the
induced second-harmonic current in graphene depends on the
in-plane momentum q manifesting its nonlocal nature. It is
expressed as [26,31]

4π
r ≈ − √ iσ (I ) (ω).
c ε

j2ω = −z0

Substituting the expression (13) into Eq. (11), in order for
the corrections H̃1,2 to be nondiverging, in accord with the
Fredholm alternative [30], we have to satisfy the orthogonality
condition for the right-hand side of Eq. (11) with the solution
of its homogeneous part, or equivalently, with the plasmonic
mode itself. This overintegrating is mathematically written as
 +∞
∗
F1,2 (x,z)h(a) (ω,x)dx = 0,
(14)
−∞

and it leads to the nonlinear equations for the slowly varying
amplitudes A1,2 ,


∂A1,2
(a)
(a)
(a)
± γ + γr A1,2
±2iksp (ω)
∂z


(a)
∓2i k z
= − 2iksp
(ω)γr(a) + Q(a)
2 A2,1 e
∓i k z
+ Q(a)
,
1 E0 (1 + r)e

(15)

where linear damping due to losses in graphene γ (a) , gratinginduced damping due to radiation γr(a) , and coupling coefficients Q(a)
1,2 are derived, respectively, in the form
4π (R)
k0 ε
,
σ (ω) (a)
c
ksp (ω)q (a)
2
 (I )
k0 ε1/2
π σ (ω)f1
=
,
(a)
c
ksp
(ω)q (a)

Q(a)
1,2 =

3 e3 vF2
qE 2 ei2qz ,
8 π 2 ω 3

(19)

where vF ≈ c/300 is the Fermi velocity. This result is
derived in the semiclassical limit from the Boltzmann kinetic
equation written for Dirac electrons with a linear energy
dispersion under the approximations ω  EF , kB T  EF ,
and qvF /ω  1, where EF is the Fermi energy, kB is the
Boltzmann constant, and T is the temperature. Thereby, a
nonlinear source associated with the antisymmetric mode will
generate a synchronous symmetric mode. Importantly, in general, when discussing the parametric interaction that involves
the modes of different symmetries, the phase matching is not
a sufficient condition and the overlaps of the modes with
the respective nonlinear sources should be examined. Since
a quadratic nonlinear source localized at the graphene layers
is symmetric, the conversion between the FF antisymmetric
mode and the SH symmetric mode becomes possible.
Similar to the analysis of the fundamental frequency field,
we employ here the perturbational method and derive the
equations for the envelopes of the second-harmonic fields B1,2 ,

(s)
±2iksp
(2ω)

∂B1,2
± γ (s) + γr(s) B1,2
∂z





(s)
= −2iksp
(2ω)γr(s) B2,1 e∓2i(k+2 k)z + gA21,2 e∓i k z , (20)

γ (a) =
γr(a)

E0 (1 + r)
Q(a)
, (18)

 1
(a)
(a)
2iksp (ω) γ (ω) + 2γr(a) − Q(a)
2

(16)

(s)
(a)
 = ksp
(2ω) − 2ksp
(ω) is a small detuning, and other
where k
parameters are

q

k0 ε
2π (I )
σ (ω)f1,2 (a) ,
c
q

where in all the expressions we employ the following definition:


sinh (κ (a) d) + κ (a) d
ε2
.
(17)
q (a) = k02 (a)3 1 +
κ
2 sinh2 (κ (a) d/2)
∂
When we assume a simple homogeneous case ∂z
= 0 and
the exact momentum matching k = 0, from Eq. (15) we
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(s)

γ (s)

γr(s)



sinh (κ (s) d) − κ (s) d
ε2
,
1+
=
κ (s)3
2 cosh2 (κ (s) d/2)
8π (R)
k0 ε
σ (2ω) (s)
=
,
c
ksp (2ω)q (s)
2
 (I )
2k0 ε1/2
π σ (2ω)f2
=
,
(s)
c
ksp (2ω)q (s)
4k02

g = −i

16π
k0 ε
σ2 (ω) (s) ,
c
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DARIA SMIRNOVA AND YURI S. KIVSHAR

PHYSICAL REVIEW B 90, 165433 (2014)

with σ2 (ω) denoting the quadratic conductivity of graphene
defined as
Guide index

48

3 e3 vF2 (a)
k (ω).
8 π 2 ω3 sp
Within the undepleted pump approximation, when the amplitude at fundamental frequency is not affected by nonlinearity,
 = k = 0 and homogeneous
for the exact phase matching k
case discussed above, we have
σ2 (ω) = −

gA2
(s)
2iksp
(2ω) γ (s) + 2γr(s)

.

(22)

Since the radiation associated with the SH field is emitted
equally in both directions, the normalized conversion efficiency can be introduced as a ratio of the doubled SH energy
flux density in the upper half-space to the energy flux of the
incident fundamental wave. Equivalently, this definition takes
the following form:
η=

2|Ē0z (2ω,x = d/2)|2
,
|E0 |2

(23)

√ iσ (I ) (2ω)f2 B.
where Ē0z (2ω,x = d/2) = − c2π
ε

IV. DISCUSSION AND CONCLUSION

In the framework of the nonlinear amplitude equations,
we can now analyze the parametric effects and estimate
the frequency conversion efficiency. To make a period of
the conductivity modulation realistic, in our calculations we
employ highly doped or multilayer graphene that effectively
increases the equivalent surface conductivity leading to a
reduction in the wave number of the p-polarized plasmons
supported by multilayer graphene structures [11,29]. We take
σ (ω) = N σs (ω) for a randomly stacked multilayer graphene
film consisting of N layers with each layer characterized by a
surface conductivity [32],



ie2
1  2EF − ω 
EF
, (24)
σs (ω) =
+ ln 
−1
π   ω + iτintra
4
2EF + ω 
where for doped graphene we assume ω < 1.67EF and
kB T  EF . For multilayer graphene sheets with negligible
interlayer hopping, the nonlinear current in Eq. (19) should
also be multiplied by a number of layers.
To reveal a possibility of plasmonic frequency conversion
in the graphene waveguide, in Fig. 2 we plot the frequency
dependence of the plasmonic guide indices for the symmetric
and antisymmetric modes. We observe that the first-harmonic
antisymmetric and second-harmonic symmetric modes of the
waveguide can be matched at ω = 0.12 eV (λ = 2π/k0 ≈
10.6 μm, corresponding to one of the radiation lines of high
(a)
≈ 23.4k0 .
power CO2 lasers) ksp
Figure 3 shows the dependence of the fundamental frequency on the separation between the layers. Note while
discussing the dispersion relations and the possibility of
phase-matching conditions we take σ = iσ (I ) and do not take
losses into account, however these losses are included into our
considerations by means of the perturbative approach. Calculated for f1 = f2 = 0.1, a ≈ 456 nm, and τintra = 0.3 ps,

16
0

FF

0

SH

0.2
0.4
Frequency h̄ω/εF

0.6

FIG. 2. (Color online) Plasmonic guide index vs frequency at the
fixed separation between the graphene layers d = 62 nm, calculated
for the doping level of EF = 0.6 eV, N = 1, and ε = 1. Blue and red
solid curves correspond to the symmetric and antisymmetric modes,
respectively. Dashed gray and red lines show dispersion of an isolated
graphene sheet and half-frequency antisymmetric mode for reference.
Colored dots in the horizontal axis mark the fundamental and secondharmonic frequencies.

the incident wave intensity S of 1 MW/cm2 and the other
parameters of Fig. 2, efficiency is η ∼ 2.6 × 10−7 . Overall,
for this structure the smallness parameter is found to be
μ ∼ 0.1 so that our asymptotic approach is well justified.
We notice that, within our model, the results remain valid
for a broad range of parameters since the chemical potential of graphene EF , the number of layers N , and the
spatial separation between the graphene sheets d, can be
adjusted for controlling the effect. For comparison, the set of
parameters, N = 5, EF = 0.3 eV, τintra = 0.3 ps, ε = 1 d =
123 nm, f1 = f2 = 0.1, a ≈ 1 μm, and S = 1 MW/cm2 ,
provides the estimate of η ∼ 8.7 × 10−7 at the same operational fundamental frequency ω = 0.12 eV.
Last but not least, we have considered a simplified model
allowing an analytical treatment and transparent interpretation
aiming to concentrate on the underlying physical mechanisms
of the predicted effect. In particular, we have assumed that
the dielectric permittivity is spatially uniform. In a realistic
situation, the dielectric slab between the graphene layers can
differ from the cladding dielectrics. Besides, the conductivities
of both graphene layers can be varied spatially with the
modulation profiles containing many spatial harmonics. Such
more complicated geometries would lead to a modification
of the dispersion relations for the surface modes participating
in the nonlinear interaction with subsequent revisions of the
0.22
Frequency h̄ω/εF

B1 = B2 ≡ B =

32

0.19
0.16
0.13

50

70
90
110
Separation d (nm)

130

FIG. 3. (Color online) Operational fundamental frequency as a
function of the separation between the layers for the exact phase
matching at EF = 0.6 eV, N = 1, and ε = 1. The point corresponds
to the parameters used in Fig. 2.
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phase-matching conditions. However, the derived nonlinear
equations Eqs. (15) and (20) would preserve their general
structure, and only their coefficients would be modified in
accord with the additional factors. Further developments of
the model for describing other realistic geometries would lead
to lengthy mathematics, however, they will not bring any new
physics, entirely outlined in this paper.
In conclusion, by employing the approximation of slowly
varying field amplitudes, we have derived nonlinear equations
for describing the second-harmonic generation from a doublelayer graphene structure with modulated conductivity. We
have revealed that the quadratic phase matching between the
plasmonic modes of different symmetries becomes possible in
a planar waveguide geometry with conductivity modulation

playing the role of an effective grating that couples the
external pumping radiation to the waveguiding modes with the
subsequent parametric conversion into radiation at the double
frequency.
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