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Abstract

In this paper we continue the study of Q-operators in the six-vertex model and its higher spin generaliza-
tions. In [1] we derived a new expression for the higher spin R-matrix associated with the affine quantum
algebra Uy (ST(-E)). Taking a special limit in this R-matrix we obtained new formulas for the Q-operators
acting in the tensor product of representation spaces with arbitrary complex spin.

Here we use a different strategy and construct Q-operators as integral operators with factorized kernels
based on the original Baxter’s method used in the solution of the eight-vertex model. We compare this
approach with the method developed in [1] and find the explicit connection between two constructions.
We also discuss a reduction to the case of finite-dimensional representations with (half-)integer spins.
© 2014 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction

In our previous paper [1] we derived a new expression for the U, (s/(2)) R-matrix Ry j(A)
with a spectral parameter acting in the tensor product of two highest weight representations with
arbitrary complex spins I and J. The method we used was based on a 3D approach developed
in [2—4]. The result was surprisingly simple and represented in terms of the basic hypergeometric
function 4¢3.
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As an application of this new formula for the R-matrix we constructed the Q-operators related
to the U, (sT(E)) algebra as special transfer matrices acting in the tensor product of arbitrary
highest weight representations. The idea of the construction of the Q-operator in terms of some
special transfer matrices belongs to Baxter [5]. It is a key element of his original solution of the
8-vertex model. For the simplest case of the six-vertex model the quantum space is built from
2-dimensional highest weight representations of the U, (s/(2)) algebra at every site of the lattice.

In 1997 Bazhanov, Lukyanov and Zamolodchikov suggested a new method to derive the
Q-operators related to the affine algebra U, (ST(E)) [6,7]. Based on the universal R-matrix the-
ory [8] they showed that the Q-operators can be constructed as special monodromy operators
with the auxiliary space being an infinite-dimensional representation of the g-oscillator algebra.
This method of construction of Q-operators has been actively used and extended in [9—13]. How-
ever, the derivation of the local Q-operators from the universal R-matrix [14] quickly becomes
unbearable for higher spins.

Taking a special limit / — oo [15—17] in the R-matrix from [1] we generalized the construc-
tion of [6,7] to the case of arbitrary complex spin s. In the limit 2s = I — Z_ the Verma module
becomes reducible and contains an (/ 4 1)-dimensional invariant subspace. Our Q-operators
allow a natural non-singular reduction to this subspace.

Interestingly, there is a different approach to the construction of the Q-operators based on the
famous Baxter’s “propagation through the vertex” method [18]. Baxter’s ideas were developed
by Bazhanov and Stroganov [19] in their study of the six-vertex model at roots of unity. They
considered fundamental L-operators [20] intertwined by the R-matrix of the six-vertex model
at the roots of unity ¢ = 1. In this case, the highest weight representation of the U, (s1(2))
algebra is replaced with a cyclic representation. Based on factorization properties of the U, (s/(2))
L-operator all matrix elements of the Q-operator can be explicitly calculated as simple products
involving only a two-spin interaction.

The idea of “factorized” Q-operators was further developed by Pasquier and Gaudin [21]
where they constructed the Q-operator for the Toda lattice in the form of an integral operator.
The integral Q-operator for the case of the XXX chain was first calculated in [22]. Taking the
limit N — oo [23] in the Bazhanov and Stroganov construction [19] one can recover the results
of [21] and [22].

The main difference of the above approach from the original Baxter’s method is that the
“quantum” representation space is infinite-dimensional. It has the structure of a tensor product
of Verma modules with the basis chosen as multi-variable polynomials p(xi, ..., x)), where M
is the size of the system.

Initially the Q-operator for the XXX spin chain for complex spins was constructed as the
integral operator [22]. Later on a new operator approach was developed where the Q-operator
becomes a differential operator of infinite order [24]. This was generalized to the XXZ case when
the Q-operator is represented by a g-difference operator of the infinite order [25,26].

It is well known that in the XXZ case the solutions of g-difference equations can be fixed
only up to certain periodic functions. This can lead to potential problems when the Yang—Baxter
equation is satisfied only up to such periodic functions [27]. A possible resolution in the XXZ
case is to use a modular double [28]. The non-compact case and applications of the Q-operators
to Liouville theory are discussed in [29-31].

Recently there was a substantial progress in understanding of the structure of a general
R-matrix for the XYZ spin chain using elliptic modular double [32] where the elliptic beta inte-
gral plays an important role [33]. However, the integral form of the Q-operator for the XXZ spin
chain was still missing. In this paper we intend to fill this gap and present the XXZ Q-operator
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as an integral operator acting in the space of polynomials. In fact, we shall construct two such
operators, one is based on the Askey—Roy extension of the beta integral [34] and another is based
on the g-analogue of Barnes’ first lemma [35].

The next question is how these integral Q-operators are connected with the Q-operators de-
rived in [1]. We find the explicit relation between them extending ideas of [36] for the XXX case,
where a connection between the Q-operators of [24] and the Q-operators of [12] was found.

The paper is organized as follows. In Section 2 we remind some basic facts about the XXZ
chain at arbitrary spin and explain the construction of the Q-operators derived in [1]. We also
calculate the Q-operators at some special value of the spectral parameter where they have a very
simple form. In Section 3 we introduce a polynomial representation of the U, (s/(2)) algebra and
rewrite the transfer-matrix of the six-vertex model in the form of a finite order g-difference opera-
tor in the space of M-variable polynomials. In Section 4 we construct the XXZ (Q-operator as the
integral operator acting in the space of polynomials and calculate its explicit action. In Section 5
we prove a commutativity of the integral Q-operators and the transfer-matrix at different values
of the spectral parameters. In Section 6 we find the explicit connection between the Q-operators
from Section 3 and the Q-operators constructed in [1]. Finally, in Conclusion we summarize all
results and outline further directions of investigation.

2. The XXZ model at arbitrary spin

In this section we remind some results from [1]. We start with the following U, (s/(2))
L-operator

2.1)

g1 7 lgIF
L(k;@:(qﬁ q ¢~

dlglE  ¢lrg~H/2

where
[x]=x —x" ", (2.2)

E, F and H are the generators of the quantum algebra U, (s/(2)) and ¢ is the horizontal field.
For any I € C one can introduce an infinite-dimensional Verma module VIJr with a basis v;,
i € Z4+. We define the infinite-dimensional representation 71;“ of U, (sl(2)) by the following
action on the module VI+
i I—i
Hvi=(1—2i)v,-, Ev,- vai—ls Fvizmviﬂ. (23)
lq] lq]
We notice that the L-operator (2.1) differs from the L-operator used in [1] by a change
A — Ag~'/? and a simple similarity transformation in quantum space. Namely, basis vectors
v; used in this paper are related to basis vectors v; in [1] as

vi=q I H, i=0,1,... 2.4)
When I € Z, the representation n;r becomes reducible. The vectors v;, i > I span an ir-
reducible submodule of VIJr isomorphic to Vfl_z and one can introduce a finite-dimensional
module V; with the basis {vo, ..., v;} isomorphic to the quotient module VIJr / Vfl_z. We denote
the corresponding finite-dimensional representation as 7j.
For I € Z the homogeneous transfer matrix T;(A; ¢) with periodic boundary conditions
acting in the (I 4+ 1) -dimensional quantum space W = ®lﬁi 1 Vi is defined as
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Ti(A;¢) =Ti[L1(A;9) ® ... ® Ly (%; 9)] (2.5)

where the trace is taken in the auxiliary space C.
Due to a conservation law in the quantum space W

=Y ip=I, (2.6)

the transfer matrix (2.5) has a block-diagonal form

M
T ¢) =P T 0 9). @7

=0

We call the subspace in the quantum space W with a fixed [ as the /-th sector and denote it Wj.

Due to (2.6) one can introduce a simple equivalence transformation in the quantum space and
move all local fields ¢ to the left where they combine into one boundary field ¢ ~*°3. This is how
twist is normally introduced into the XXZ model. Here we prefer to use local fields ¢ because in
this case we preserve translational invariance of the spin chain which is obviously broken in the
case of a boundary field.

Let us notice that the direct sum expansion (2.6) is also true for I € C, when the quantum
space becomes infinite-dimensional, W = ®f‘i1 V1+. In this case the sum in (2.6) runs from zero
to infinity, but all blocks with a fixed / are still finite-dimensional.

There are two Q-operators Qg) (A) which commute with the transfer matrix T;(); ¢) and
among themselves for different values of spectral parameters

[QY ), T/ )] =[QF 1), QP ()] =[QY 1), QL ()] = 0. 2.8)
They satisfy the famous Baxter T Q-relation

;05 QY 1) =11/1MQY (g1 + 2 1MQY (¢7'2), (29
where we introduced a variable ¢ for later convenience
¢ :ql/z' (2.10)

Let us first assume that / € Z.. In the case ¢ # 1 the eigenvalues of Q(i] )(A) are polynomials
in A and A~! up to a simple phase factor. Namely, if we define two operators Ag_l ) 9]

QY (1) = e MMAL () = 2FMAL (), 2.11)
where
A:eiu’ ¢=qh’ (212)

then the eigenvalues Ag ) (A) of the operators AE_LI ) (A) in the subspace W; have the following form

I IM—1
APw = T[] AP @ =0 ] [/ (2.13)
k=1 k=1

where )L,:f are the solutions of the Bethe Ansatz equations.
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The T Q-relation for the operators Ag ) (A) takes the form
T, 0 )AL 0) =" 12/01"AL (g2) + 67V 1617 AL (7). (2.14)

Let us notice that we could change a A-dependent normalization of the operators Ag )(k) in
such a way that their eigenvalues would become polynomials in A2. Such a change of normaliza-
tion will result in additional factors ¢g*' in the RHS of (2.14).

Operators A(il )(A) satisfy the Wronskian relation

M

YA (gAD ) — ¢ MAL (gAY (1) = Wr) M (12715 ¢2) ) (2.15)
where we defined the g-Pochhammer symbol
n—1
(X @) = ]_[(1 —xq%). (2.16)
k=0
The Wronskian Wr(¢) was calculated in [ 1]
Wr(p) = (_1)1M¢Mql—1M(l _¢2Mq21—1M)I_ 2.17)

Operators Ai)(k) were constructed in [1] as special transfer matrices acting in the subspace
Wi

(1)()\’) ( ¢2M 20— IM) % TI'{A(I)()\,) ®. ®A(1)()\,)}, (2.18)

M times

where the trace is calculated over the infinite-dimensional Fock space F, spanned by a set of
vectors |n), n =0,1,2,...,00. We always choose the field ¢ € C in (2.18) to ensure a conver-
gency of the geometric series in (2.18) and then analytically continue to all values of ¢.

Local L-operators acting in the tensor product F;, ® V; have the form

Y R N ’
[AS{)()‘)]Z’}I _ 8i+n’,i/+n¢_2n(_1)l+l )»_lq7l(l+l l "G+ D)+ I+ +n(I—i—i")

S N
(q2§q2)n(q2;qz)i3¢2 q’z’,qz‘”" § e @19)

and
I /’~/ P _l~ P l./ o . ./ it
[A(—)(’\)]Z,il =5i+n,i/+n/¢2"/\' Iq (=D 451" =D +i(I+i")+n(I—i—i")

()\'2q—1+2(l n) 2)1 isi - <q—21’ q —2i' , >
x 6 (72 ). e
(q ;qZ)l q 2]1q2(1+n i’)

where we defined a regularized terminating basic hypergeometric series , 1, as

— (lg™"; ai,...,ar _ ‘ K@ @k
r+1¢>r< bi b q,z)—gz @ ]"[(ay,q)k wq"14), (2:21)

Such a regularization is necessary, since the parameter ¢>(!*"~") in (2.19) may become equal to
g, m =0, 1,...and the standard basic hypergeometric series is not defined at these points.

It was shown in [1] that two L-operators (2.19)—(2.20) are related by the following transfor-
mation for integer I € Z4,0<1i,i’' <1
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n', I—i’

WO =LA Ly ez

In fact, we could use (2.22) to define the second Q-operator A(_I)(A) in terms of the first one,
AL ().

Due to the presence of §-functions in (2.19)—(2.20) both Q-operators act invariantly in sub-
spaces W; similar to the transfer-matrix T;(A; ¢).

The choice of a normalization factor in (2.18) leads to simple asymptotics of both operators
AP () at A — oo

AL W50 === (I +0(72).
AP W), = Mg (1 4 0(3.72)). (2.23)

The L-operator (2.19) can be continued to arbitrary / € C, since its matrix elements are poly-
nomials in ¢ where ¢ was defined in (2.10). This defines the Q-operator ASFI)(A) forany I € C.
The continuation of the second Q-operator to non-integer values of / is more problematic. The
L-operator (2.20) has a pre-factor which contains infinitely many zeros and poles in ¢? for non-
integer /. If we multiply (2.20) by a simple meromorphic function independent of indices

-2.1.,.2
(A_2q_1;q2)_1 _ ()i qiv‘] )oo ’ (2.24)
N OO A I

then the matrix elements of the L-operator (2.20) contain a ratio of two g-Pochhammer symbols.
Since such a ratio is no longer a polynomial in {" and ¢”, a calculation of the trace over the
auxiliary Fock space becomes a nontrivial problem. Let us also notice that a restriction of both
L-operators from generic to positive integer values of [ is non-singular and the corresponding
transfer-matrices act invariantly in the finite-dimensional quantum space V7.

Both L-operators (2.19)—(2.20) simplify significantly for two special values of the spectral
parameter, A = ¢!, At A = ¢ (2.19) reduces to

=2I. 2
STHGESY) G 597
(4% q?)i

(qz; qz)n’ =2n n(I+i—i'y( —2n. 2
_— q q 3 q7);- (2.25)
(qz; q2)n ( )l

Now we can expand the last g-Pochhammer symbol in (2.25) in series in ¢ 2", take the tensor
product of M copies of the L-operator and calculate the trace over the Fock space in (2.18). The
result can be written as an M-fold sum. One can remove one summation using the following
simple identity

I /’-/ oy 1 o
[AV O], =68iswiren(=D" g F210HD

i —2i. 2 2ik 2. 42y,
Z(CI h 72 Dk q - =_x—1%’ i€Z,, xeC. (2.26)
(¢ > 1—xq~ (7 g%)it

k=0

The final result for the action of the operator Ai’)(g ) in the quantum subspace W; can be
written in the following neat form
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[ASFI)@)]Z ----- l}u _ (_1)1+1( ¢2M 20— [M l—[ ’qz)?lk (¢/§)2+2k(i,;—ik)

[—iy

3 (4% )i 1 4 HM (2?2 XI5 G=iD, g2)
X — zq = 347 );
S:O(¢2M§ 2Mq2s 2),+1s'dz ol h"z:O

(2.27)

In (2.27) we introduced a dummy variable z to uncouple remaining M — 1 summations and
converted back to the product of M — 1 g-Pochhammer symbols. It is quite surprising that there
exist such a simple expression for the transfer-matrix (2.18) at the particular value of A = ¢.
We also notice that a derivation of the result (2.27) remains valid for any I € C. In Section 6
we will show that this formula allows us to explicitly compute matrix elements of the transfer-
matrix (2.18) for arbitrary values of A.

At the point » = ¢! the hypergeometric function 3¢, reduces to 2¢, of the argument ¢2 and
can be calculated using the g-Vandermonde sum. As a result we obtain the expression for the
L-operator (2.19) similar to (2.25) and again can calculate the transfer-matrix in a closed form.
We shall not use this expression and leave it as an exercise for the reader.

In the case I € Z, the second transfer-matrix A(_I)(C) can be obtained from (2.27) using a
symmetry (2.22). The difficult case I € C will be discussed elsewhere.

3. Polynomial representation
There is another representation of the quantum algebra U, (s/(2)) on the space of polynomials

which we also use in this paper.
Let us introduce the polynomial ring K [x] in variable x over the field C and its multi-variable

generalization Ky/[X], X = {x1,...,xpu} and identify basis vectors in W with monomials in
KumlX]
Vi ,'MEUI'1®...®UI'M’\‘)C§1...X5&/[. 3.1
The ring K /[ X] has a gradation
I
KulX1= P K}/ 1x1. (3.2)
leZy

where Kl(él)[X ] is generated by monomials in M variables of the total degree /. There is an
obvious isomorphism between W; and K ,(tfl)[X 1.

In this paper we consider only periodic boundary conditions and always imply periodicity
M + 1 =1 and all indices run from 1 to M (mod M), i.e. xg = X, etc.

Let us introduce a set of operators X; and D;, i =1, ..., M acting in K /[ X] as

Xip(xt, ..., xpm) =xip(X1, ..., xXm),

Dip(x1, .-y xm) = p(X1y ooy Xiy ooy XM)- (3.3)
The U, (s/(2)) generators H, E, F in K[x] can be realized in terms of one pair of operators X', D
D 2p-1
JH=cp2,  pxtPl KT (3.4)
[q] [q]

where ¢ was defined in (2.10).
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The L-operator takes the form

¢~'[AD7] ¢~ XD
Lx;¢)= 1 1 . (3.5)
¢X ™ [D] ¢[rz= D]
Again we can define the transfer-matrix with periodic boundary conditions
T/ (ki ¢) = Te[L1(Gi ) ® .. ® Ly (i )] (3.6)
which is a g-difference operator in M variables acting on polynomials p(x1, ..., xy) € Ky [X].
The T Q-relation becomes the operator relation acting in K[ X]
T AL (M) =™ /¢ 1M AL (g2) + ¢ TV 1 1M AL (g71). (3.7

Although the transfer-matrix (3.6) is a finite order g-difference operator, Q-operators will be,
in general, integral operators. Our goal is to construct Q-operators as special integral operators
with factorized kernels acting in K /[ X].

4. Integral Q-operator

In this section we construct the XXZ Q-operator as an integral operator with a factorized
kernel. First we consider the case I € C and discuss a restriction to the finite-dimensional case
later.

We will denote the Q-operator in this section as Q s (4). It has polynomial eigenfunctions and
should not be confused with the Q-operators Q4 (A) from Section 2.

First we assume that the Q-operator can be represented as an integral operator with the kernel

0,.(x]y)
d d
[Qr(Mp]x) = 515 % 20, )iy p ). @.1)
C

Ym

where x = {x{,...,xp}, Y= {1, ..., yu} and the integration contour C is a proper deformation
of the unit circle.

In general, one can expect that the kernel O, (x|y) will have a non-local structure, i.e. involve
functions depending simultaneously on all variables x and y. Our goal is to construct a factorized
kernel Q, (x|y) which can be represented as a product of factors depending on pairs of local
variables.

It is well known that this can be achieved by using Baxter’s method of “pair-propagation
through a vertex”. As a result the 7 Q-relation reduces to a set of difference equations in vari-
ables x; for the kernel Q; (x]y). However, in this approach we cannot fix a dependence of the
kernel on the integration variables y;. This difficulty can be resolved by applying Baxter’s method
to a “conjugated” L-operator. Such approach will allow us first to determine a dependence of the
kernel on y-variables in (4.1). Then a dependence on x-variables can be fixed by a proper nor-
malization of the Q-operator. In original Baxter’s notations it is equivalent to a construction of
the operator Qp (A).

Let us consider a finite-order g-difference operator M and define its conjugate M* by

d d
%%f(y)[zwg](y) - gﬁ %[M*f](y)g(y), 4.2)
C C
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where functions f(x) and g(x) are properly defined to ensure a convergence of the integral. Here
we also assume that the integration contour is invariant under the change of variables y — ¢g*'y.
In particular, we have

X* =X, D*=D 4.3)

Using (4.3) one can construct the L-operator conjugated to (3.5) in the sense (4.2)

-1 -1 2
[AzD] X[qz"D]
rose=( ° o (4.4)
¢X~'[gD™"] ¢l D]
and define the associated transfer-matrix
T; (i ¢) = Tr[L70:¢) ® ... ® L}y (1: 9)] 4.5)
Now let us introduce a set of local transformations U; in the auxiliary space C?

- _ 1 o .

LX) =Uio LXWU, U,~=<0 1‘), i=1,....,M, (4.6)
where we defined a set of arbitrary complex parameters «;, i = 1, ..., M. Obviously the transfer
matrix (4.5) is not affected by this transformation of the L-operators.

According to Baxter’s method we now construct a set of functions f(y;) satisfying

[ZNMfky>=(* 0) 4.7

4 v x % . .
From (4.7) it is easy to obtain a recurrence relation for the function f(y;):
— i _ M
f(qzy!) _ 2(1 k{ai,l(ﬁz)(l 4'0[1') (4 8)
N 23 rve 25y, " .
Fi) (1_%)(1_%)

Let us notice that the RHS of (4.8) factorizes into the product of four factors even in the case
of arbitrary horizontal field ¢. As a result the horizontal field can be nontrivially introduced into
the periodic “saw”-like structure of the kernel of the Q-operator. To our knowledge this was not
known before.

There are infinitely many solutions to the difference equation (4.8). They all differ by func-
tions which are periodic in ¢2, i.e. for any two solutions fi(y), f>(y) of (4.8) we have

A =g HG),  gld®y) =g (4.9)

The choice of the function g(y) is determined by the condition that Q-operators should commute
at different values of spectral parameters as integral operators. This can be also reformulated as
two statements which are more appropriate in our context. First, we show that the Q-operator
maps polynomials to polynomials, i.e. Kp/[X] to Kps[X]. Second, we require that Q-operators
commute on polynomials. Since polynomial functions are dense in the space of continuous
complex-valued functions on a finite interval, it would imply a commutativity of Q-operators
as integral operators.

In this paper we are going to introduce two types of integral operators. The first one is
of the type (4.1) and based on Askey and Roy extension of the beta integral [34] (see also
(4.11.2) in [37])
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Lyf(% 85 R edy (abed,p, 85 U5 9o (4.10)
2m'c (ay, by, <, ‘;,q)oo y (ac,ad,be,bd,q: q)oo ’

where ac,ad,bc,bd #q7",n=0,1,2,..., pcd # 0 and the contour C is a deformation of the
unit circle such that the zeros of (ay, by; q) lie outside the contour and the origin and zeros of
(c/y,d/y; @)oo lie inside the contour.

Motivated by (4.10) we choose a solution of (4.8) as

Aoy qPai1d® oo g2y, q )
192 Mpiyi O Ly )\Pzaz ’

( Vi o ld’ )\)’l )haz . q2)
Moai_1¢2’ ALy e’ Ly o0

1
f(yi)=u(ai_1,ai)—2 . . 4.11)
Tl

where p(oj_1, ;) are some normalization factors and p; are the parameters at our disposal. It is
easy to check that (4.11) satisfies (4.8).

Now we are ready to define our Q-operator. The product of M functions (4.11) contains M
arbitrary parameters «; and we identify them with x; in (4.1). Then we fix the factors p(x;_1, x;)
in such a way that the Q-operator has the following normalization

Q) -1=1 (4.12)
Choosing p; = x;_11~'¢? we obtain the action of the Q-operator

1 Xk Xk—

19 2. 2
2202 2197 Px 14734 oo

x_19> 1¢2 q%x q% .
4 k71¢27)\xk7 mv q2)00

dyl dym
—g()’l» ces YM)

2 2 2

M 97 M1 Xk$T gt . 2

« ({ykv f}’k ’ {yk ’ Xk—lxk¢27 q )OO (4 13)
X—19> vk Axg. 2)00 ’ ’

M k_z
(z
[Qr(Wg]Gxt, . .o xm) = o l) |:| p=

k=1 (Agxk 1627 ACyk C Cxk’ Ly’

where contours Cy, ..., Cy are defined similar to the contour in (4.10). Using the Askey—Roy
integral (4.10) it is easy to check that the Q-operator defined by (4.13) satisfies the normalization
condition (4.12).

Having the explicit form of the kernel Q; (x|y) we can calculate the diagonal matrix elements
in (4.7). Using standard arguments we come to the “left” 7 Q-relation acting in K y7[X]

QrWT (x; ¢) =M /c1MQr(gh) + ¢ MAe1MQp (g7 'A). (4.14)

Let us notice that if we only use the relation (4.8), then the diagonal matrix elements in (4.7) will
contain “wrong” factors [A/g¢] and [gA¢] instead of the “right” ones [A/¢] and [1¢]. However,
the kernel of the Q-operator in (4.13) contains a pre-factor which we obtained from the normal-
ization condition on the Q-operator. This pre-factor will generate the missing factors [A/¢] and
[A¢] and cancel the “wrong” ones.

The next step is to show that the integral operator defined by (4.13) maps polynomials in M
variables into polynomials in M variables. This is achieved by choosing a proper basis. Let us
fix real parameters x;, i = 1,..., M and consider a family of polynomials in y;,i =1,..., M
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M
Pia im0t o5 yo) = [ ] Pacms i), (4.15)
i=1
where
Yi 2 AYi 2
Pnim; (Vi) = (7;61 ) (—;q ) (4.16)
e AL xi-19? n; \EXi m;
and {n} ={ny,...,ny}, {m}={my,...,my} are two arbitrary sequences of positive integers.

Obviously, polynomials (4.15) form a basis in Kp;[Y]. In fact, it is sufficient to choose all n; =0
and consider only nonzero m;’s.
Using a simple formula

2
2 (X: 4700
X,q°) = ——F——— 4.17)
(v:7), (xg*"; 4%)oo
and (4.10) one can easily check that the Q-operator (4.13) maps polynomials p;; »;(y;) into
polynomials in x;_1/x; and x; /x;_1
Xi 1. 2y (xi19® A2, 2
(g 2 4 Gy 234 )m
({ 74; Clz)ni+m,-

Since the kernel of the Q-operator is factorized, it maps a product of polynomials py; m; (vi)
for different i into the product of RHS’s in (4.18). This completely describes the action of the
Q-operator (4.13) on the basis of polynomials in y;,i =1,..., M.

To make this action explicit (the LHS of (4.18) involves a dependence on the variables x;’s)
let us use the following simple formula

Qs )z puym; (yi) = (4.18)

e @Dk g
_ i 4.19
x ];0 o 4 ik (4.19)

It allows us to expand the powers x” in terms of g-binomials. Combining it with the ac-
tion (4.18) and setting n; = 0 we obtain

Zom A2 xim19?. 2
i\ e @ s Tk,
Q) :y" — <—) : q (4.20)
S X g (@2 ¢ % g%

We can simplify it even further by expanding the last g-Pochhammer symbol in the numerator in
series and performing a summation in k. The result reads

ﬁ)’” @ 0*m N~ m—k<¢_2>k
C i

(§74; 612)m k=0 '
A2 g2 ¢k

@ aM@* qDm-k
This formula clearly demonstrates that the integral operator defined by the action (4.13) maps

polynomials in M variables into polynomials in M variables. Moreover, the total degree of the

polynomials is conserved, so it acts invariantly in the subspace K I(é)[X ] of homogeneous poly-
nomials of the degree [.

Qs 1y — <

4.21)
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Let us notice that if we set A = ¢, then the action (4.21) is trivial and the Q-operator Q s(})
simply becomes the identity operator

Qs =L (4.22)
Multiplying (4.21) by
—4. 2

2m . —m . m €™ q)m
Ty ———— (4.23)

C @5 qPm
and summing over m from 0 to 400 we derive the action of the Q-operator on a generating

function of polynomials in y;. Taking the product over i =1, ..., M we obtain

M

M _2_1ii;200 )\’—l ii—;2oo)¥ _lii;zoo
Qf(k)-]_[@ ¢~ wixisq”) _1—[(9“ Puixi—139 )00 (AP~ pixi3 q°)
i=1

(2 wixi; oo N (EATTOUixi—1; G o0 ALHT i3 G )00
(4.24)

i=1

where p; are arbitrary complex parameters and we imply a periodicity in M, i.e. xg = xs. This
formula describes the action of the Q-operator on arbitrary polynomials in M variables and
coincides with the formula (3.25) of [26] at ¢ = 1. However, the method we used is completely
different from the method of [26]. Our Q-operator is a well defined integral operator and the
Q-operator constructed in [26] is the difference operator of infinite order.

One can construct another integral operator which has the same polynomial action (4.21). The
kernel of this integral operator comes from the g-analogue of Barnes’ first lemma discovered by
Watson [35]

100 !
L (q17c+S’q17d+.S;q)oo nqus
27mi (g, q"5; @)oo sinm(c — s)sinm(d — 5)
—ioo
qc (q, ql-i-c—d’ qd—c, qa+b+c+d; oo

— 425
sinzm(c —d) (q9F¢, g4, gb+<, g"F 4 ) (425)

where the contour of integration runs from —ioo to oo and separates increasing and decreasing
sequences of poles. To use (4.25) for the construction of the Q-operator we need to make a
change of variables. Let us define two new sets of variables ¢;, s; as

xj =g, yi=q®, i=1,...,M. (4.26)
Then we can write another solution of (4.8)
2 2
q Ayt gyl 2
g2 4 )00

Vi Ayi. 2
xig? xis 4 Joo

S i) =g, yi)yi 4.27)

where the function g (X, y) satisfies

ggh, q) =g(r, ¢*y) =g(q*r,y) = g(r, ). (4.28)

It is easy to see that such function does not affect the T Q-relation because it is periodic in ¢ and
shifts in A and y always enter in pairs. Barnes’ first lemma (4.25) suggests to choose the function

gk, y) as
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g 429
A, Yi) = — - , .
g 3i) sinw(t; —si +v—1I1/4)sina(ti-1—si+h—v—1/4) ( )

where

r=q”, o =q". (4.30)

It is easy to check that (4.29) satisfies (4.28).
Using (4.25) we can again normalize the Q-operator such that it satisfies (4.12). Then we
come to a different integral representation for the Q-operator

[QrMg]Gxr, ... xm)

Moy _
_1—[(?» 2072002072 xi /0 X197, X192 /%187 4 D)oo
(@2, 074 ¢ 22x; /xi 192, Xi—10%/22xi5 4P o

M . 100 M q2+2v, NS q2+2v,§-

H{Slnﬂ(zv+ti_ti7]_h) / d / d 1_[( Xi_ 1¢2 ) —q )
X N S1.. SM

; 271 AX; P qus, a7

i=l1 —ioo —ioco =1 Mx 1027 Cxi o0

2s,,).

M
Tq 251
X R
11 SNt —s; +v— 1/4)sinm(fi_g —si +h—v— 1/4)g(q a

4.31)

Repeating the same arguments one can easily show that the integral operator (4.31) has the
same polynomial action (4.21) as the Q-operator given by (4.13). A representation by the Askey—
Roy integral does not require a change of variables (4.26, 4.30) and probably is more convenient.

We also notice that both integrals appeared in the study of orthogonality relations for g-Hahn
polynomials in [38]. It is known that Hahn polynomials appear in the XXX model as the eigen-
values of the Q-operator at M =2 [39,40,22]. A better understanding of this connection with the
approach of [38] deserves a further study.

5. T Q-relation and commutativity of the Q-operators

In the previous section we constructed the Q-operator on the space of polynomials and proved
that it solves the “left” T Q-relation

QrWT(h; ¢) =dM/c1MQr(gh) + ¢ M 1MQr (g7 2) 5.1

on the space of polynomials K /[ X].
The next step is to prove a commutativity of the Q-operator with the transfer-matrix. It imme-
diately follows from a commutativity of Q-operators at different values of the spectral parameters

[Qr (1), Qp(w)] =0. (5.2)
So let us prove the relation
Q)T (2; ) =Tr(2: 9)Qy (1) (5.3)

as a consequence of (5.1)—(5.2). Multiplying both parts of (5.3) by Q s (1) from the left and using
a commutativity (5.2) we get
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Qr()QrMT1(h;¢) =Qr(MT 1 (A; 9)Q (). (5.4

Substituting the T Q-relation (5.1) into (5.4) we obtain

Qr(w)(M1/1MQr(gn) + o MA1MQ (¢ 'A))
=@M/ c1MQr(gr) + ¢ M1 Qr(q7'2)) Q1) (5.5)

and this again follows from (5.2).

Now let us prove the relation (5.2). As mentioned before it is sufficient to prove the com-
mutativity of the Q-operators on polynomials. So let calculate the action of the product of two
Q-operators on a monomial x"

i+1
QrM)Qr () - x4y (5.6)
Using the action (4.21) we can represent the result in the following form
QrMQs(w)-xt = > O mmmix X" xf (5.7)
0<n+k<m

After straightforward calculations one can derive the following explicit expression for
g g exp p
c(A, M)m,n,k
C()», M)m,n,k =¢2(m+n7k))\2k7mum72n
G S o X VO Ul S e
4 mEqDm-n@? 4 g
@% a2/ 12 /8% qPn
@% 9@ 4P m—n—k

_ g _ 1 2n,,2
q 2(m—k n)’ q2+2n 2m§-47 perad q {ZM -
X 4¢3 M 2-2(m—k—n) 2 9.9 > (5.8)
9" q ¢ 242n—2m ,,2 »2
4.4 9 )Lz b q l"L {
where
" <q"; al,...,ar > Xn: k(q’";q)k : (as; @k (5.9)
+1 q4,2 )= z | | .
o b, ..., by = @k (b

is the standard terminating basic hypergeometric series. The series in (5.8) also satisfies the
balancing condition ¢'~"ajasaz = bybyb3 and z = g (with ¢ replaced by ¢2).

The commutativity of the Q-operators (5.2) is equivalent to the symmetry of coefficients
c(A, M)m,n,k

c(A, M)m,n,k =c(u, )\)m,n,k- (5.10)

This symmetry immediately follows from Sears’ transformation (III.15) of terminating balanced

series 4¢3 in [37]. Extending (5.7) to the action on xf‘ x’;,}” we prove (5.2) on the space of

polynomials K[ X].
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6. Connection between Q-operators

In Sections 2 and 4 we presented two different approaches for construction of the Q-operators
in the XXZ spin chain with spin //2 and arbitrary horizontal field. The approach of Section 4
gives much simpler formulas for the action of one Q-operator (4.21). It is easy to see that this
operator maps beyond the finite-dimensional space V; and the action (4.21) becomes singular
for m > I, I € Z due to a presence of the factor (g ~2!; ¢%),, in the denominator of the RHS
in (4.21). The Q-operators constructed in Section 2 are free from this difficulty.

One can carefully expand near the singular point { = ¢//?> +¢, € — 0 and extract the invariant
block corresponding to the finite-dimensional subspace V;. This procedure is technically chal-
lenging and has been completed in [24] for the case of the XXX chain. So we first consider a
generic case [ € C.

Let us remind that the Q-operators Afp(k) and Q7 (1) from Sections 2 and 4 solve the same
T Q-relation

T/ (4 0)QR) =M1 /c1MQ(gr) + ¢ M A 1M Q(g™'A). (6.1)

This T Q-relation was obtained from (2.9) by removing the phase factor corresponding to dif-
ferent periodicity conditions with respect to the spectral parameter for two solutions of (2.9).
It implies that two Q-operators Ag )(A) cannot mix (at ¢ # 1) and specifying periodicity con-
ditions of the solution we fix it up to a constant matrix multiplier. Therefore, we must have the
relation

AP () =A0Qs (), (6.2)

where A is some matrix independent of the spectral parameter.
Now let us remind that at A = ¢, the Q-operator Q r(1) becomes the identity operator

Qr(M) =L (6.3)
It immediately follows from (6.2) that
Ao=AY ), 64

but we already explicitly calculated ASFI) (¢) in (2.27). Hence, we get the following general ex-
pression for the Q-operator A;’) 03]

AL =AY ©Q ) (6.5)

at arbitrary values of . Since ASFI) (¢) commutes with ASFI)()\), the order of the matrix multipli-
cation in the RHS of (6.5) is irrelevant.

Let us derive the explicit form of the matrix elements of the operator Q(1) in Ky [X].
We obtain from (4.21)

QJc()L)-)c{1 xlj‘,'l"
Zﬁ@)jk @%q)j
k=1 { (€_4;q2)jk

' iv M _ g

2 - o\ (03¢ g AT D) el et

XZZH 2 2.0, (2.2 Xk (6.6)
A @G~ 971 (G735 97) je—1y
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Therefore, for the matrix elements of Q (1) we get

M j
i T M (@ a);
A ‘_/1 """ jM = (_> AT Tk
Qf( )11 ,,,,, im = (é——4;q2)jk

2N\ L1468k 42 2 —2+=2. .2y,
« Z H(d) ) ()" ﬂq )l]+5k()\' é— 5 q )Jk—l|—3/{, (67)

— @ qPn+8.(% 4% ji—1, -

where
k=Y (is = js)- (6.8)

Comparing (6.7) with (2.27) we see that the divergent factors (£ %; ¢%) jr cancel in the matrix
product in the RHS of (6.5) and we get the answer for ASFI)(A) which is suitable for a reduction
to the finite-dimensional case [ € Z..

Let us emphasize that we derived a general expression for the Q-operator Ag)(k) with pe-
riodic boundary conditions based on a highly nontrivial L-operator (2.19) which contain the
hypergeometric function 3¢,. To derive the matrix elements of the Q-operator Aﬁr’)(g) we need
to multiply M copies of such L-operators and to calculate the trace over the Fock space which
seems to be a hopeless problem.

Nevertheless, we now have the explicit expression for ASFI) (¢) in terms of the product of two
much simpler matrices A<+’> (¢) and Q s (1) which are both finite-dimensional in any subspace W;.
The second Q-operator A(_I)(A) for I € Z4 can be easily constructed from ASFI)()L) using the
symmetry (2.22).

It is also interesting to look at the relation (6.5) in the limit A — oo where Ag) (1) is propor-
tional to the identity operator (see (2.23)). In the subspace W; we obtain

Qr (M, 0 =4 Qu(1+0(17?)), (6.9)

where

2 —2jk
j1 ,,,,, ]M_ -1 (6] q7) ji ki q )l|+8k k=1 201+61) 6.10
Qecli. ¢ n(c ‘hq%,wzwl_l1 @, KTV 610

Substituting this into (6.5) at A — oo and using (2.23) we have
AP (0)Qoo = (1) F1 M gl =M, 6.11)

i.e. the matrices Ai’)(z) and Q« are the inverses of each other up to a simple constant. In fact,
the inversion of the matrix Qs in W; without knowing the explicit answer (2.27) is a difficult
problem.

Finally, the relations similar to (6.5), (6.11) were obtained in [36] for the XXX chain using
the operator approach. So we can look at them as a generalization of results [36] to the case of
the XXZ chain.
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7. Conclusion

In this paper we constructed a new integral representation for the XXZ Q-operator at arbi-
trary complex spin and horizontal field. In the polynomial basis the action of the Q-operator
looks surprisingly simple and the matrix elements are expressed in terms of a single sum. The
generating function of this action coincides with the generating function for the Q-operator [26]
constructed as a g-difference operator of infinite order. Our integral Q-operator is directly related
to the Q-operator A (1) constructed in [1] based on the approach developed in [6,7]. Using this
connection we calculated explicitly the action of the Q-operator A4 (A) for arbitrary complex
spins. A reduction to (half-) integer spins is non-singular and results in the explicit formulas for
both Q-operators A+ (}).

However, when spin is complex a natural duality (2.22) between A (1) and A_ (X) disappears
and construction of the second Q-operator A_ (1) becomes problematic. It is easy to understand
because the eigenvalues of A_(}) are no longer polynomials. At this stage we don’t know how
to construct the integral analog of A_(}) for complex spins.

Let us notice that in the elliptic case the Q-operators for the periodic XYZ spin chain con-
structed in [41] have a natural symmetry between Q4 (A) and Q_(X). However, they were
represented as formal infinite series of difference operators with elliptic coefficients and it is
difficult to compare their action in any appropriate basis. It looks like in the trigonometric limit
such simple duality disappears and A_()) is a more complicated operator comparing to A (A)
in the case of arbitrary spins. This is justified by calculations in [24] for the XXX chain where
the action of the second Q-operator on polynomials has a more complicated structure.

Another direction of generalization is to extend our results to the inhomogeneous case. Since
the kernel of the integral operator Q s (1) is factorized, its generalization to the inhomogeneous
case is straightforward. Small lattice calculations (up to M = 3, [ = 3) show that the matrix Ay
in (6.2) remains essentially the same as in the homogeneous case but no longer commutes with
Q(1). We plan to return to these questions elsewhere.

Acknowledgements

I would like to thank Vladimir Bazhanov, Sergey Derkachov, Michio Jimbo, Anatol Kirillov,
Gleb Kotousov, Tetsuji Miwa and Sergey Sergeev for their interest to this work, useful discus-
sions and critical comments. I would also like to thank Jan De Gier for discussions on properties
of the integral Q-operator and collaboration at the early stages of this project in 2003-2004. This
work is partially supported by the Australian Research Council.

References

[1] V. Mangazeev, On the Yang—Baxter equation for the six-vertex model, Nucl. Phys. B 882 (1) (2014) 70-96,
arXiv:1401.6494 [math-ph].

[2] V.V. Bazhanov, S.M. Sergeev, Zamolodchikov’s tetrahedron equation and hidden structure of quantum groups,
J. Phys. A 39 (2006) 3295-3310, http://dx.doi.org/10.1088/0305-4470/39/13/009, arXiv:hep-th/0509181.

[3] V.V. Bazhanov, V.V. Mangazeev, S.M. Sergeev, Quantum geometry of 3-dimensional lattices, J. Stat. Mech. 0807
(2008) PO7004, http://dx.doi.org/10.1088/1742-5468/2008/07/P07004, arXiv:0801.0129 [hep-th].

[4] V.V. Mangazeev, V.V. Bazhanov, S.M. Sergeev, An integrable 3D lattice model with positive Boltzmann weights,
J. Phys. A 46 (2013) 465206, http://dx.doi.org/10.1088/1751-8113/46/46/465206, arXiv:1308.4773 [math-ph].

[5] R.J. Baxter, Partition function of the eight-vertex lattice model, Ann. Phys. 70 (1972) 193-228.

[6] V.V. Bazhanov, S.L. Lukyanov, A.B. Zamolodchikov, Integrable structure of conformal field theory. 2. Q operator
and DDV equation, Commun. Math. Phys. 190 (1997) 247-278, arXiv:hep-th/0022000.


http://refhub.elsevier.com/S0550-3213(14)00207-7/bib4D616E3134s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib4D616E3134s1
http://dx.doi.org/10.1088/0305-4470/39/13/009
http://dx.doi.org/10.1088/1742-5468/2008/07/P07004
http://dx.doi.org/10.1088/1751-8113/46/46/465206
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib4261783732s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib424C5A393761s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib424C5A393761s1

V.V. Mangazeev / Nuclear Physics B 886 (2014) 166184 183

[7] V.V. Bazhanov, S.L. Lukyanov, A.B. Zamolodchikov, Integrable structure of conformal field theory. 3. The Yang—
Baxter relation, Commun. Math. Phys. 200 (1999) 297-324, http://dx.doi.org/10.1007/s00220005053 1, arXiv:hep-
th/9805008.

[8] V. Drinfeld, Hopf algebras and the quantum Yang—Baxter equation, Sov. Math. Dokl. 32 (1985) 254-258.

[9] V.V. Bazhanov, S.L. Lukyanov, A.B. Zamolodchikov, 1997, unpublished.

[10] H. Boos, M. Jimbo, T. Miwa, F. Smirnov, Y. Takeyama, Hidden Grassmann structure in the XXZ model, Commun.
Math. Phys. 272 (1) (2007) 263-281, arXiv:hep-th/0606280.

[11] H. Boos, F. Gohmann, A. Klumper, K.S. Nirov, A.V. Razumov, Exercises with the universal R-matrix, J. Phys. A
43 (2010) 415208, arXiv:1004.5342 [math-ph].

[12] V.V. Bazhanov, T. Lukowski, C. Meneghelli, M. Staudacher, A shortcut to the Q-operator, J. Stat. Mech. 1011
(2010) P11002, http://dx.doi.org/10.1088/1742-5468/2010/11/P11002, arXiv:1005.3261 [hep-th].

[13] R. Frassek, T. Lukowski, C. Meneghelli, M. Staudacher, Baxter operators and Hamiltonians for “nearly all” in-
tegrable closed g/(n) spin chains, Nucl. Phys. B 874 (2) (2013) 620-646, http://dx.doi.org/10.1016/j.nuclphysb.
2013.06.006.

[14] V.N. Tolstoi, S.M. Khoroshkin, Universal R-matrix for quantized nontwisted affine Lie algebras, Funkc. Anal.
Prilozh. 26 (1) (1992) 69-71.

[15] G. Pronko, On the Baxter’s Q operator for the XXX spin chain, Commun. Math. Phys. 212 (2000) 687-701,
http://dx.doi.org/10.1007/s002200000235, arXiv:hep-th/9908179.

[16] W.-L. Yang, R.I. Nepomechie, Y.-Z. Zhang, Q-operator and T-Q relation from the fusion hierarchy, Phys. Lett. B
633 (2006) 664-670, http://dx.doi.org/10.1016/j.physletb.2005.12.022, arXiv:hep-th/0511134.

[17] H. Boos, F. Gohmann, A. Kliimper, K. Nirov, A. Razumov, Universal integrability objects, Theor. Math. Phys. 174
(2013) 21-39, http://dx.doi.org/10.1007/s11232-013-0002-8, arXiv:1205.4399 [math-ph].

[18] R.J. Baxter, Exactly Solved Models in Statistical Mechanics, Academic, London, 1982.

[19] V.V. Bazhanov, Y.G. Stroganov, Chiral Potts model as a descendant of the six-vertex model, J. Stat. Phys. 59 (3—4)
(1990) 799-817.

[20] L. Faddeev, E. Sklyanin, L. Takhtajan, The quantum inverse problem method. 1, Theor. Math. Phys. 40 (1980)
688-706.

[21] V. Pasquier, M. Gaudin, The periodic Toda chain and a matrix generalization of the Bessel function recursion
relations, J. Phys. A 25 (20) (1992) 5243-5252.

[22] S.E. Derkachov, Baxter’s Q-operator for the homogeneous XXX spin chain, J. Phys. A 32 (28) (1999) 5299-5316.

[23] H. Au-Yang, J.H. Perk, The large N limits of the chiral Potts model, Physica A 268 (1999) 175-206, arXiv:math/
9906029.

[24] D. Chicherin, S. Derkachov, D. Karakhanyan, R. Kirschner, Baxter operators for arbitrary spin, Nucl. Phys. B 854
(2012) 393432, http://dx.doi.org/10.1016/j.nuclphysb.2011.08.029, arXiv:1106.4991 [hep-th].

[25] S.E. Derkachov, D. Karakhanyan, R. Kirschner, Baxter Q-operators of the XXZ chain and R-matrix factorization,
Nucl. Phys. B 738 (2006) 368-390, http://dx.doi.org/10.1016/j.nuclphysb.2005.12.01, arXiv:hep-th/0511024.

[26] D. Chicherin, S. Derkachov, D. Karakhanyan, R. Kirschner, Baxter operators with deformed symmetry, Nucl. Phys.
B 868 (3) (2013) 652-683, http://dx.doi.org/10.1016/j.nuclphysb.2012.12.002.

[27] V. Bazhanov, Chiral Potts model and the discrete Sine—~Gordon model at roots of unity, in: Exploring New Structures
and Natural Constructions in Mathematical Physics, in: Adv. Stud. Pure Math., vol. 61, Math. Soc. Japan, Tokyo,
2011, pp. 91-123.

[28] L. Faddeev, Modular double of a quantum group, in: Conférence Moshé Flato 1999, vol. I, Dijon, in: Math. Phys.
Stud., vol. 21, Kluwer Acad. Publ., Dordrecht, 2000, pp. 149-156, arXiv:math/9912078.

[29] R.M. Kashaev, The non-compact quantum dilogarithm and the Baxter equations, in: Proceedings of the Baxter
Revolution in Mathematical Physics, Canberra, 2000, J. Stat. Phys. 102 (2001) 923-936, http://dx.doi.org/10.1023/
A:1004859121464.

[30] A.G. Bytsko, J. Teschner, Quantization of models with non-compact quantum group symmetry: modular XXZ
magnet and lattice sinh-Gordon model, J. Phys. A 39 (2006) 12927-12981, arXiv:hep-th/0602093.

[31] A. Bytsko, J. Teschner, The integrable structure of nonrational conformal field theory, arXiv:0902.4825 [hep-th].

[32] S. Derkacheyv, V. Spiridonov, Yang—Baxter equation, parameter permutations, and the elliptic beta integral, Russ.
Math. Surv. 68 (6) (2013) 1027, http://dx.doi.org/10.1070/RM2013v068n06 ABEH004869.

[33] V.P. Spiridonov, On the elliptic beta function, Russ. Math. Surv. 56 (1) (2001) 185.

[34] R. Askey, R. Roy, More g-beta integrals, Rocky Mt. J. Math. 16 (2) (1986) 365-372, http://dx.doi.org/10.1216/
RMJ-1986-16-2-365.

[35] G. Watson, The continuations of functions defined by generalized hypergeometric series, Trans. Camb. Philos. Soc.
21 (1910) 281-299.


http://dx.doi.org/10.1007/s002200050531
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib4472696E66656C6431393835s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib424A4D533036s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib424A4D533036s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib426F6F7332303130s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib426F6F7332303130s1
http://dx.doi.org/10.1088/1742-5468/2010/11/P11002
http://dx.doi.org/10.1016/j.nuclphysb.2013.06.006
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib544B3932s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib544B3932s1
http://dx.doi.org/10.1007/s002200000235
http://dx.doi.org/10.1016/j.physletb.2005.12.022
http://dx.doi.org/10.1007/s11232-013-0002-8
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib4261783832s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib42533930s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib42533930s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib466164646565763A31393739s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib466164646565763A31393739s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib50473932s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib50473932s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib4465723939s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib417559616E673939s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib417559616E673939s1
http://dx.doi.org/10.1016/j.nuclphysb.2011.08.029
http://dx.doi.org/10.1016/j.nuclphysb.2005.12.01
http://dx.doi.org/10.1016/j.nuclphysb.2012.12.002
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib62617A683131s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib62617A683131s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib62617A683131s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib466164646565763A31393939s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib466164646565763A31393939s1
http://dx.doi.org/10.1023/A:1004859121464
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib427974736B6F3A32303036s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib427974736B6F3A32303036s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib427974736B6F3039s1
http://dx.doi.org/10.1070/RM2013v068n06ABEH004869
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib5370697232303031s1
http://dx.doi.org/10.1216/RMJ-1986-16-2-365
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib576174736F6E3130s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib576174736F6E3130s1
http://dx.doi.org/10.1016/j.nuclphysb.2013.06.006
http://dx.doi.org/10.1023/A:1004859121464
http://dx.doi.org/10.1216/RMJ-1986-16-2-365

184 V.V. Mangazeev / Nuclear Physics B 886 (2014) 166—184

[36] D. Chicherin, S. Derkachov, D. Karakhanyan, R. Kirschner, Baxter operators for arbitrary spin II, Nucl. Phys. B
854 (2012) 433-465, http://dx.doi.org/10.1016/j.nuclphysb.2011.08.026, arXiv:1107.0643 [hep-th].

[37] G. Gasper, M. Rahman, Basic Hypergeometric Series, second ed., Encycl. Math. Appl., vol. 96, Cambridge Univer-
sity Press, Cambridge, 2004, with a foreword by Richard Askey.

[38] E.G. Kalnins, W. Miller Jr., g-Series and orthogonal polynomials associated with Barnes’ first lemma, SIAM J.
Math. Anal. 19 (5) (1988) 1216-1231, http://dx.doi.org/10.1137/0519086.

[39] L. Faddeev, G. Korchemsky, High-energy QCD as a completely integrable model, Phys. Lett. B 342 (1-4) (1995)
311-322, http://dx.doi.org/10.1016/0370-2693(94)01363-H.

[40] G. Korchemsky, Bethe-ansatz for QCD pomeron, Nucl. Phys. B 443 (1-2) (1995) 255-301, http://dx.doi.org/
10.1016/0550-3213(95)00099-E.

[41] A. Zabrodin, Commuting difference operators with elliptic coefficients from Baxter’s vacuum vectors, J. Phys. A
33 (20) (2000) 3825-3850.


http://dx.doi.org/10.1016/j.nuclphysb.2011.08.026
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib476173706572s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib476173706572s1
http://dx.doi.org/10.1137/0519086
http://dx.doi.org/10.1016/0370-2693(94)01363-H
http://dx.doi.org/10.1016/0550-3213(95)00099-E
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib5A61623030s1
http://refhub.elsevier.com/S0550-3213(14)00207-7/bib5A61623030s1
http://dx.doi.org/10.1016/0550-3213(95)00099-E

	Q-operators in the six-vertex model
	1 Introduction
	2 The XXZ model at arbitrary spin
	3 Polynomial representation
	4 Integral Q-operator
	5 TQ-relation and commutativity of the Q-operators
	6 Connection between Q-operators
	7 Conclusion
	Acknowledgements
	References


