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ABSTRACT

Rotation is expected to have an important influence on the structure and the evolution of stars. However, the
mechanisms of angular momentum transport in stars remain theoretically uncertain and very complex to take into
account in stellar models. To achieve a better understanding of these processes, we desperately need observational
constraints on the internal rotation of stars, which until very recently was restricted to the Sun. In this paper, we
report the detection of mixed modes—i.e., modes that behave both as g modes in the core and as p modes in the
envelope—in the spectrum of the early red giant KIC 7341231, which was observed during one year with the Kepler
spacecraft. By performing an analysis of the oscillation spectrum of the star, we show that its non-radial modes are
clearly split by stellar rotation and we are able to determine precisely the rotational splittings of 18 modes. We then
find a stellar model that reproduces very well the observed atmospheric and seismic properties of the star. We use
this model to perform inversions of the internal rotation profile of the star, which enables us to show that the core of
the star is rotating at least five times faster than the envelope. This will shed new light on the processes of transport
of angular momentum in stars. In particular, this result can be used to place constraints on the angular momentum
coupling between the core and the envelope of early red giants, which could help us discriminate between the
theories that have been proposed over the last few decades.
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1. INTRODUCTION

Understanding the effects of rotation on stars is currently one
of the key steps to making progress in stellar modeling. Angular
momentum transport plays a central role in star and planet
formation (see Bodenheimer 1995; Bouvier 2008, respectively).
Stellar rotation is intimately linked with the star formation
process. The distribution of main-sequence rotation rates in stars
indeed arises from the hydrodynamic assembly phase and the
subsequent interaction of protostars and their accretion disks
(Shu et al. 1994). Rotation also impacts stellar structure and

evolution by inducing a mixing of the chemical elements inside
stars. Meridional circulation is expected on general grounds
in rotating stars (Eddington 1926; Mestel 1953; Mathis &
Zahn 2004), and internal shears can generate hydrodynamic
instabilities (see Maeder & Meynet 2000; Pinsonneault 1997 for
reviews on mixing in high- and low-mass stars, respectively).

Despite its importance, very little is currently known about
the internal rotation of stars, the timescales over which it is
modified, or the major mechanisms responsible for doing so.
The theoretical problem is complex because rotation, con-
vection, and magnetism are intricately tied to one another.
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Three classes of mechanisms—hydrodynamic, wave-driven
(Charbonnel & Talon 2005; Mathis et al. 2008; Mathis 2009),
or magnetic (Gough & McIntyre 1998; Spruit 1999; Spada et al.
2010)—could transport angular momentum or induce mixing,
and their relative importance is a matter of active debate.

To understand the mechanisms of angular momentum trans-
port in stars better, observational data on stellar rotation are
needed. Unfortunately, in most cases these are limited to ob-
servations of surface rotation. Seismology is currently the only
tool that allows us to probe the internal rotation profiles of stars
through the detection of rotational splittings of mode frequen-
cies. Observations of solar p-mode splittings have established
that the convective envelope of the Sun is in mild differential
rotation, whereas the radiative interior rotates as a solid body
down to about 0.2 R� (e.g., Schou et al. 1998). This discovery
revolutionized our understanding of the solar interior and raised
some questions, such as the thinness of the solar tachochline
(Spiegel & Zahn 1992), that are still open. It also showed that
although rotational mixing processes have been successful in re-
producing the observations for massive and intermediate-mass
stars (Talon et al. 1997; Maeder & Meynet 2000), they pre-
dict a solar core rotation rate that is too fast (Pinsonneault
et al. 1989). As a result, other more powerful transport pro-
cesses, such as internal gravity waves (Charbonnel & Talon
2005) or magnetic fields (Gough & McIntyre 1998), have to be
invoked.

However, the Sun alone cannot give us information about the
timescale for effective angular momentum transport in stellar
interiors. Indirect methods, involving the evolution of surface
rotation in stellar populations, have been the only tools to study
this matter so far. The spin-down of Sun-like stars can be used
to estimate the timescale over which the radiative core responds
to a magnetized wind torque. Timescale estimates range from
∼10 Myr (Keppens et al. 1995) to ∼500 Myr (Irwin et al. 2007),
with a dependence on mass and rotation rate. The survival of
rapid rotation in old horizontal branch stars (Peterson et al.
1983; Behr 2003) requires that they preserve a core reservoir
of angular momentum, even when taking into account mass
loss on the red giant branch. Differential rotation in red giants
is required to explain this data (Sills & Pinsonneault 2000).
This was corroborated by evolutionary models of red giant stars
self-consistently taking into account the latest prescriptions of
angular momentum transport (Palacios et al. 2003; Palacios et al.
2006).

In this paper, we are able to estimate the internal rotation
profile of a halo early red giant star using seismology. One
of the main asteroseismic goals of the space missions CoRoT
(Baglin et al. 2006) and Kepler (Borucki et al. 2010) is to
probe the rotation profile of stars. These missions are currently
providing us with exquisite asteroseismic data (see Michel &
Baglin 2012 and Gilliland et al. 2010 for overviews of the
asteroseismology programs of CoRoT and Kepler, respectively).
They have already made it possible to extract averaged seismic
parameters of hundreds of solar-like stars (e.g., Garcı́a et al.
2009; Chaplin et al. 2011; Verner et al. 2011), thousands of
red giants (e.g., Hekker et al. 2009; Mosser et al. 2011b),
and also stars in open clusters (e.g., Stello et al. 2010). With
these averaged seismic parameters, the validity of the scaling
relations proposed by Kjeldsen & Bedding (1995) could be
observationally established (Huber et al. 2011) and global
stellar parameters such as the mass and radius were estimated
for stars in a wide range of evolutionary stages covering the
H-R diagram (e.g., Stello et al. 2009; Kallinger et al. 2010; Basu

et al. 2011). Moreover, the excellent quality of the photometry
provided by these instruments enabled us to measure individual
p-mode parameters for many modes (e.g., Chaplin et al. 2010;
Ballot et al. 2011), leading to a very precise modeling of the
structure of the observed stars (e.g., Silva Aguirre et al. 2011).
Observations of individual modes lead directly to observations
of rotational splittings once the frequency resolution allows us
to do so.

Evolved stars such as subgiants and red giants are among the
most promising objects for the purpose of studying core rotation.
Indeed, these stars have higher-amplitude modes than main-
sequence stars because of their higher luminosity, and more
importantly, many of their non-radial modes are so-called mixed
modes. As a star evolves past the end of the main sequence, the
frequencies of g modes become comparable to those of p modes
owing to the high core density. When a p mode and a g mode
of same degree meet, they are known to avoid each other and
exchange natures, instead of simply crossing. This phenomenon,
known as avoided crossing, is caused by the coupling between
the p-mode and the g-mode cavities. During this process, both
modes have a mixed character: they behave as p modes in the
envelope and as g modes in the core. These mixed modes are very
useful because, unlike pure g modes, they have large enough
surface amplitudes so we can detect them and yet are sensitive
to the structure of the core. Mixed modes have been theoretically
known since Osaki (1975) discovered them in stellar evolution
models. They were first observed from the ground (Kjeldsen
et al. 1995) and later from space with CoRoT (Deheuvels et al.
2010) and Kepler (e.g., Campante et al. 2011; Mathur et al.
2011a). These modes enabled us to probe the structure of the
core of subgiants (Deheuvels & Michel 2011; Metcalfe et al.
2010) and red giants (Beck et al. 2011; Mosser et al. 2011a),
thus making it possible to discriminate between evolutionary
scenarios (Bedding et al. 2011; Mosser et al. 2012, see Bedding
2012 for a review). The detection of mixed modes that are split
by rotation will allow us to probe the rotation rate of stars
even in their deepest interior (Kawaler et al. 1999; Lochard
et al. 2004). Very recently, Beck et al. (2012) were able to
measure the rotational splittings of mixed modes in three red
giant stars observed with Kepler and they concluded that the
core must rotate at least 10 times faster than the surface in these
objects.

We here report on the detection of rotationally split mixed
modes in the oscillation spectrum of the star KIC 7341231,
lying on the lower giant branch and observed with the Kepler
spacecraft. We use these modes to probe the internal rotation
profile of this star. The rest of the paper is organized as follows:
we first give an overview of the atmospheric parameters of the
star in Section 2. We analyze in detail the oscillation spectrum
of the star, obtained from one year of Kepler data, in Section 3.
This spectrum is made very complex by the presence of many
mixed modes. We show that the observed non-radial modes are
rotationally split and that the rotational splitting varies from one
mode to the other, which we interpret as a possible evidence for
radial differential rotation in the star. To study this hypothesis,
we search for a stellar model that is in good agreement with
both the atmospheric and the seismic constraints of the star in
Section 4. Finally, in Section 5, we use the observed rotational
splittings and our closest stellar models to infer information
about the rotation of the star. In particular, we perform inversions
of the rotational profile using both the regularized least-squares
(RLS) method and the optimally localized averages (OLA)
technique.
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Table 1
Atmospheric Parameters of KIC 7341231 Found in the Literature or Derived in This Study

Teff (K) 5470 ± 150 Present study (IRFM, Section 2.2)
5233 ± 50 [100]a Present study (HIRES spectroscopy, Section 2.3)

5915 ± 182 Molenda-Żakowicz et al. (2008)
5483 Ammons et al. (2006)
6000 Latham et al. (2002)
5300 Cayrel de Strobel et al. (2001)
5251 Thorburn (1994)
5301 Laird et al. (1988)

[Fe/H] (dex) −1.4 ± 0.1 Present study (Strömgren calibration, Section 2.2)
−1.64 ± 0.05 [0.1]a Present study (HIRES spectroscopy, Section 2.3)

−1.68 ± 0.19 Molenda-Żakowicz et al. (2008)
−0.79 Ammons et al. (2006)
−1.51 Pilachowski et al. (1993)
−2.18 Laird et al. (1988)

log g 3.55 ± 0.03 Present study (seismology, Section 3.1)
4.06 ± 0.29 Molenda-Żakowicz et al. (2008)

3.7 Charbonnel & Talon (2005)
4.0 Latham et al. (2002)

v sin i ( km s−1) < 1.0 ± 0.5 [1]a Present study (HIRES spectroscopy, Section 2.3)

Notes. a The errors in brackets are obtained by multiplying the internal errors by a factor of two (see the text). These
values were used in the present study.

2. ATMOSPHERIC PARAMETERS

2.1. Existing Measurements

The star KIC 7341231 is also known as HIP 92775 or
G205-42. It has a V magnitude of 9.96 (Laird et al. 1988).
The extremely high proper motion (39.18 ± 0.85 mas yr−1 in
R.A. and 255.25 ± 1.24 mas yr−1 in DE; van Leeuwen 2007)
and radial velocity (−269.16±0.14 km s−1; Latham et al. 2002)
make it an unambiguous halo star.

The existing measurements of the star’s atmospheric param-
eters are listed in Table 1. The star was found to be very metal-
poor relative to the Sun—values quoted in the literature range
from −2.18 dex (Laird et al. 1988) to −0.79 dex (Ammons
et al. 2006). Because of this, it has been included in several cat-
alog studies of low-metallicity stars. However, the atmospheric
parameters found by these works are often not consistent be-
tween each other. For instance, there is a wide spread in the
determination of the effective temperature. Most values range
from 5470 K (Casagrande et al. 2010) to 5483 K (Ammons
et al. 2006), but we also note that two studies found a signif-
icantly higher effective temperature, around 6000 K (Latham
et al. 2002; Molenda-Żakowicz et al. 2008). These latter mea-
surements are, however, dubious because they are both found
along with a log g around 4.0 for the star, which is com-
pletely inconsistent with the seismic value of the surface gravity
that we derive in the present work (log g = 3.55 ± 0.03, see
Section 3.1).

2.2. Photometric Determination of the Star’s Teff and [Fe/H]

Strömgren photometry is available for this star. By using the
values of (b − y), m1, and c1 that were obtained by Schuster
et al. (2006) for this star along with the Strömgren metallicity
scale proposed by Casagrande et al. (2011), we derived an esti-
mate of the metallicity of [Fe/H] = −1.4±0.1 dex, confirming
that the star is metal-poor. We also combined the Tycho2 BT VT

photometry (Høg et al. 2000) with the infrared JHKS photom-
etry available from the Two Micron All Sky Survey catalog
(Skrutskie et al. 2006) and applied the InfraRed Flux Method

(IRFM) method as prescribed by Casagrande et al. (2010) to
derive an estimate of the effective temperature of the star. We
thus obtained Teff = 5470 ± 150 K. To determine the error bar
on this measurement, we took into account the uncertainty on
the star’s metallicity and surface gravity, although the IRFM is
only weakly dependent on these quantities. The largest sources
of uncertainty come from the reddening (depending on the red-
dening calibration that we use, we obtain 0 < E(b−y) < 0.02)
and the errors in the photometric observations.

2.3. A New Spectroscopic Determination of the
Atmospheric Parameters of the Star

Because of the wide variations between the atmospheric
parameters found for KIC 7341231 by previous studies, we
re-observed the star using the High Resolution Echelle Spec-
trometer (HIRES) spectrograph (Vogt et al. 1994) at the Keck
Observatory on 2011 July 26 in order to perform a dedicated
spectroscopic analysis. The spectrum we obtained has a signal-
to-noise ratio (S/N) of about 100 and the B5 decker was
used, yielding a spectral resolution, R = 52,000. The analy-
sis of the spectrum was carried out using Spectroscopy Made
Easy (SME), a spectral synthesis modeling program (Valenti &
Piskunov 1996; Valenti & Fischer 2005). The one-dimensional
LTE radiative transfer code built into SME was used to fit the
continuum-normalized spectrum of the star.

It is well known that the determination of log g from spec-
troscopy alone is not reliable (e.g., Smalley 2005). Instead,
global seismic properties of the star (large separation of p modes
and frequency of the maximum amplitude) provide a signifi-
cantly more precise estimate of the surface gravity through well-
established scaling laws (Kjeldsen & Bedding 1995), which
have recently been further validated from observations (Huber
et al. 2011). For our analysis, we fixed the surface gravity to the
seismic value of log g that we obtain from the Kepler oscillation
spectrum in the present work (log g = 3.55, see Section 3.1).
This has the advantage of further constraining the other spec-
troscopic parameters such as the effective temperature or the
metallicity.
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Figure 1. Spectrum of KIC 7341231 obtained with the HIRES spectrograph
at the Keck Observatory around the Mg B triplet lines. The red dashed line
corresponds to the best-fit model.

(A color version of this figure is available in the online journal.)

We searched for optimal values of Teff , v sin i, and [Fe/H],
using a Levenberg–Marquardt algorithm to minimize the χ2

ν

parameter between the model and observed spectrum. After
obtaining one set of model parameters, we varied the effective
temperature by ±400 K as input to new SME trials to explore the
parameter degeneracy. In each case, the best-fit model returned
to the values listed in Table 1, within half the value of the stated
uncertainties. A wavelength segment of the spectrum of the star,
spanning the Mg B triplet lines, is shown in Figure 1. The model
fit is overplotted as a red dashed line in this plot.

We note that this star is very metal-poor and it is quite pos-
sible that systematic sources of error exceed our estimates of
the formal errors. For example, the stellar atmosphere model
used to generate the synthetic spectrum was obtained by in-
terpolation from a grid of Kurucz model atmospheres, which
may not be robust for such a metal-poor star. Furthermore,
the atomic line data (oscillator strengths and broadening co-
efficients) were originally tuned to match the high-resolution
solar spectrum. To account for these likely sources of system-
atic errors in our analysis, the formal internal errors have been
multiplied by an arbitrary factor of two to provide the uncertain-
ties listed in Table 1. We thus obtained an effective temperature
of Teff = 5233 ± 100 K, lower than but in marginal agree-
ment with our result from photometry. In the following, we
chose to use the photometric estimate of Teff as a reference in-
stead of the spectroscopic measurement because the former is
directly tied to the fundamental definition of the effective tem-
perature. However, we have checked that all our results remain
unchanged when considering the spectroscopic temperature
instead.

3. SEISMIC PROPERTIES OF KIC 7341231

3.1. Kepler Observations

The star KIC 7341231 was observed with the Kepler space-
craft over a period of one year (quarters23 Q5, Q6, Q7, and Q8 of
Kepler observations) with the short-cadence mode (58.84876 s),
allowing the detection of solar-like oscillations. The light curve
was processed using the Kepler mission data pipeline (Jenkins
et al. 2010) and corrected for outliers, occasional jumps, and

23 The Kepler spacecraft operates over four seasons (quarters) each year. At
the beginning of each quarter, data from the previous quarter are downlinked to
the ground, new target tables are uploaded, and the spacecraft is rotated by 90◦
to reposition the solar arrays.

drifts following Garcı́a et al. (2011). We also corrected the light
curve for long-period instrumental drifts by applying a high-
pass filter (subtraction of a triangularly smoothed version of the
light curve over a width of 1 day).

The oscillation spectrum of the star (shown in Figure 2)
was obtained from the time series by using the Lomb–Scargle
periodogram (Scargle 1982). It exhibits a clear excess of power
between 300 and 600 μHz, which corresponds to the signature
of high-order pressure modes. The frequency of the maximum
signal is νmax = 406 ± 3 μHz (this value is estimated in
Section 3.3). Using the scaling relations suggested by Brown
et al. (1991), we can derive an estimate of the surface gravity
from νmax and Teff . Using our photometric estimate of the
effective temperature (Teff = 5470 ± 150 K, see Section 2.2), we
obtained a seismic estimate of log g = 3.55 ± 0.03. We note that
even when considering instead our spectroscopic estimate of the
effective temperature (Teff = 5233 ± 100 K; see Section 2.3),
our estimate of log g is not significantly modified (we then obtain
log g = 3.54).

An autocorrelation of the power spectrum provides a first
estimate of the mean large separation 〈Δν〉 ∼ 29 μHz. Figure 3
shows an échelle diagram of the observed power spectrum
folded with this value of the large separation. Two clear
neighboring ridges stand out (at an abscissa around 9 μHz and
5 μHz in Figure 3), which are readily identified as the l = 0
and l = 2 ridges, respectively. No actual l = 1 ridge can be
identified in Figure 3. Instead of lying along a ridge, the l = 1
modes appear scattered in the échelle diagram. This is caused by
the fact that these modes all have a mixed behavior and therefore
no longer follow the asymptotic approximation of high-order p
modes. Deheuvels & Michel (2010b) have shown that l = 1
avoided crossings induce distortions in the whole l = 1 ridge,
owing to the strong coupling between the p-mode and the
g-mode cavities for these modes. The existence of numerous
l = 1 g modes in the frequency range of the observation
can therefore account for such a scattered l = 1 ridge. This
hypothesis is corroborated by the low value of log g found for
this star, which indicates that it is probably in the post-main-
sequence stage.

We note that in this case, we also expect the l = 2 modes
to have a mixed behavior. However, l = 2 p modes are known
to propagate less deeply inside the star than l = 1 p modes.
As a result, the evanescent zone that couples the p-mode and
the g-mode cavities is wider for l = 2 modes and the coupling
is therefore much weaker. This causes the l = 2 modes to be
more efficiently trapped. In this case, the modes that are trapped
in the core have a much larger inertia, and thus a much longer
lifetime, than the modes trapped in the envelope (Dziembowski
et al. 2001). For stars at the bottom of the red giant branch,
Dupret et al. (2009) found a lifetime of the order of 103–104

days for l = 2 modes trapped in the core. Even with one year
of Kepler data, these modes are thus expected to be unresolved.
This is important because Dupret et al. (2009) showed that the
heights of unresolved modes (i.e., their maximum power spectral
densities (PSDs)) are inversely proportional to their inertia. As
a result, the l = 2 modes that are trapped in the core should
have very small heights. This explains why we detect only the
l = 2 modes that are trapped mainly in the envelope, i.e., those
that are located near the l = 2 ridge of p modes in the échelle
diagram.

One particularly striking feature of the oscillation spectrum
is that the l = 1 modes seem to be split in two peaks. This
phenomenon can even be seen with the naked eye in Figure 3.
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Figure 2. Power density spectrum of KIC 7341231 computed with one year of Kepler observations. Left: spectrum smoothed over a 2 μHz boxcar. The red curve
corresponds to a fit of a function of the type B(ν) (see the text) to the spectrum. The contribution from the photon noise is overplotted (gray dashed line). Right: power
density spectrum over the frequency range where oscillation modes are observed.

(A color version of this figure is available in the online journal.)

Figure 3. Échelle diagram of KIC 7341231 folded with a large separation
of Δν = 29 μHz. For more clarity, the power spectrum was binned over a
0.2 μHz boxcar and clipped at a maximum of 50 times the noise level. The
white diamonds correspond to the mode frequencies predicted by the method
of Benomar et al. (2012; see the text).

(A color version of this figure is available in the online journal.)

This is clearly the signature of stellar rotation with a high
inclination angle between the rotation axis and the line of sight. It
opens very exciting possibilities because many of the non-radial
modes have a mixed nature. The modes that behave mainly as
g modes are more sensitive to the rotation in the core, whereas
the modes trapped in the acoustic cavity are more sensitive
to the rotation in the envelope. With KIC 7341231, we thus
have the opportunity to probe the internal rotation profile and
look for possible signatures of differential rotation in radius.
We note that a detailed observation of the light curve did not
show any clear stellar modulation produced by the crossing of
spots at the surface of the star, although the inclination angle
is expectedly high. This is compatible with an old star without
any strong magnetic field in the outer layers that could trigger
surface activity.

3.2. Identification of the Modes

First, we need to identify the l = 1 mixed modes in the
observed power spectrum. Benomar et al. (2012) prescribed a
method to identify the modes in oscillation spectra with avoided

crossings by using a toy model proposed by Deheuvels & Michel
(2010b). If the p- and g-mode cavities were uncoupled, their
eigenmodes would coexist independently and no avoided cross-
ings would occur (Aizenman et al. 1977). We will further denote
the theoretical uncoupled p modes as π modes and the uncou-
pled g modes as γ modes. To interpret the observed spectrum,
which can be very complex because of mixed modes, it is very
convenient to consider the uncoupled modes as harmonic oscil-
lators and to introduce a coupling term between them to simulate
the effects of the evanescent zone (Deheuvels & Michel 2010b).
Indeed, this toy model translates into a simple eigenvalue prob-
lem that can readily be solved to estimate the eigenfrequencies
of the coupled system. These frequencies can then be fitted to
the observed ones (central points of the observed rotational mul-
tiplets) by adjusting the frequencies of the theoretical π modes,
those of the γ modes, and the strength of the coupling (Beno-
mar et al. 2012). The convergence of such a method is made
easier by taking into account the fact that the uncoupled modes
roughly follow the asymptotic approximation of Tassoul (1980;
π modes are approximately equally spaced in frequency and γ
modes are approximately equally spaced in period).

In the present case, we found a satisfactory fit to the
observations by considering 15 l = 1 γ modes between 310 and
580 μHz, with a mean period spacing of 〈ΔΠ1〉 = 107.1±2.3 s,
and a set of π modes with a mean large separation of 〈Δν〉 =
28.9 ± 0.2 μHz. The frequencies of the l = 1 modes that we
obtained using this simple model are overplotted in Figure 3. We
thus confirm that most of the modes detected outside of the l = 0
and l = 2 ridges can be identified as l = 1 mixed modes and
we obtain a list of guessed frequencies for the observed l = 1
modes. In a complementary way, we analyzed the mixed modes
using the asymptotic relation that was applied to hundreds of
red giant stars by Mosser et al. (2012). We obtained estimates
of the l = 1 mixed mode frequencies that are very close to
the ones found with the method of Benomar et al. (2012). We
derived a period spacing of 112.8 ± 0.3 s for the l = 1 modes,
in marginal agreement with the value obtained by using the
method of Benomar et al. (2012).

Unfortunately, these two methods cannot be applied to l = 2
modes. Indeed, the coupling between the cavities is too weak and
as mentioned above, only the modes that are close to acoustic
modes are detected. However, knowing that the period spacing
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of l = 2 modes is such that ΔΠ2 = ΔΠ1/
√

3, the asymptotic
relation of Mosser et al. (2012) allows us to predict that l = 2
avoided crossings should occur around the π modes of radial
orders n = 11, 12, and 13 (frequencies around 327, 355, and
384 μHz). We come back to this matter in Section 4, using
best-fit models of the star.

3.3. Estimating the Rotational Splittings of the
Observed Non-radial Modes

Rotation is known to lift the degeneracy between the non-
radial modes of the same radial order n and degree l but different
azimuthal order m. In the case where the rotation of the star is
slow enough so that the effects of the centrifugal force can
be neglected, a first-order perturbation approximates well the
effects of rotation on the mode frequencies. The star we study
here is in this case because it has a low projected surface velocity
(v sin i < 1 ± 1 km s−1) and a high inclination angle (this
latter point will be confirmed in Section 3.3.2), which places
it significantly below the limit of validity of the perturbative
approach (see, e.g., Suárez et al. 2010). If we further assume
that the rotation profile is spherically symmetric, the frequency
of the (n, l,m) mode is given by

νn,l,m = νn,l,0 + mδνn,l, (1)

where δνn,l is known as the rotational splitting and can be
expressed as a weighted measure of the star’s rotation rate Ω(r)

δνn,l = (2π )−1
∫ R

0
Kn,l(r)Ω(r) dr. (2)

The functions Kn,l(r) are the rotational kernels of the modes;
they depend on the equilibrium structure of the star and on the
mode eigenfunctions. The expression of rotational splittings
for spherically symmetric rotating stars, which is given by
Equation (1), was first obtained by Cowling & Newing (1949)
and Ledoux (1949) (for a review on the effect of rotation
on the mode frequencies, see, e.g., Goupil 2011). We note
that Equation (1) implies that the components of a rotational
multiplet are expected to be uniformly spaced by the splitting
δνn,l .

To estimate the rotational splittings of the modes in the
oscillation spectrum of the star, we followed and adapted a
procedure that was designed to analyze the oscillation spectra
of solar-like pulsators observed from space (Fletcher et al.
2006; Appourchaux et al. 2006), which was successfully applied
to CoRoT targets (e.g., Appourchaux et al. 2008; Deheuvels et al.
2010) and Kepler targets (e.g., Campante et al. 2011).

3.3.1. Modeling the Power Spectral Density (PSD)

The observed power spectrum is distributed around a mean
profile P (ν), following the statistics of a χ2 with 2 degrees of
freedom (Duvall & Harvey 1986). The profile P (ν) can be split
into two components.

1. The background B(ν), which is composed of the photon
noise and the contribution from granulation. The modeling
of B(ν) is described in Appendix A.

2. The contribution from the stellar pulsations to the PSD,
which is described below.

Solar-like oscillations are stochastically excited by the turbu-
lent motions in the outer convective envelope. They are intrin-
sically damped and their profiles in the PSD can be modeled as

a Lorentzian function with a linewidth inversely proportional to
the mode lifetimes (Duvall & Harvey 1986). We can thus write

F (ν) =
∑
n,l,m

al,m(i)Hn,l

1 + 4[ν − νn,l + mδνn,l]2/Γ2
n,l

, (3)

where νn,l , Hn,l , and Γn,l correspond to the frequency, height,
and linewidth of the m = 0 component of the (n, l) multiplet.
Inside a rotational multiplet, the height ratios only depend on
the inclination angle i of the star (Gizon & Solanki 2003) and
correspond to the terms al,m(i) in Equation (3). Unlike previous
analyses of that type, here we allow the rotational splitting δνn,l

to vary from one mode to the other. The peaks are indeed
narrow enough so we can measure individual splittings, and
hence obtain observational constraints on the variations in the
rotation rate with radius.

Several assumptions that are commonly made while analyz-
ing the spectra of main-sequence solar-like pulsators are no
longer expected to be valid in the case of a star as evolved as
this one. For instance, we usually assume that in each overtone,
all the modes share a common linewidth Γ. Here, numerous
non-radial modes have a strongly mixed behavior, which affects
their inertia and therefore their lifetimes. We thus considered
the linewidths of all the modes as free parameters of our fit.
Similarly, for main-sequence stars, the ratio between the height
of a non-radial mode and the height of the closest radial mode is
usually fixed to a theoretical value, determined from the stellar
limb-darkening profile (see, e.g., Gizon & Solanki 2003). In the
present case, we know that some modes are mainly trapped in
the core and have longer lifetimes. We can therefore not expect
all the modes to be resolved, which forbids us to use these the-
oretical visibility ratios. All the mode heights are thus left free
in our fit.

3.3.2. Extraction of the Mode Parameters

The mode parameters have then been independently deter-
mined by seven teams, either by using the maximum likelihood
estimation (MLE) method (see Anderson et al. 1990 for more
details on how this method is applied to oscillation spectra) or
by performing a maximum a posteriori (MAP) estimation based
on Bayesian priors (e.g., Gaulme et al. 2009). Generally, a si-
multaneous fit of all the modes is preferred because numerous
parameters can be considered to be common to several modes
(e.g., linewidths, height ratios, etc.). However, in our case, most
of these assumptions had to be abandoned and the only param-
eter which is shared by the modes is the inclination angle of the
star. For this reason, several teams chose to perform local fits
of the modes to gain in flexibility, leaving the inclination angle
free for each mode in the fit.

For l = 1 modes, the fitting teams obtained estimates of all
the mode parameters (including the rotational splittings) in close
agreement with one another. In order to obtain a robust list of
rotational splittings, we selected among the fitted l = 1 modes
a subset of 15 modes for which at least six of the seven teams
agreed on all parameters within 1σ error bars, as prescribed
by Appourchaux et al. (2008). For these modes, the fits all
converged toward a high inclination angle (between 70◦ and
90◦). This was expected because the overall profile of the l = 1
modes (which appear to be split in two prominent peaks) can
only be explained by i ∼ 90◦.

The case of l = 2 modes is more complicated. For a rotation
axis perpendicular to the line of sight, the m = ±1 components
of the l = 2 multiplets vanish and we thus expect to detect
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Table 2
Estimates of the Frequencies and Rotational Splittings of the

Detected Modes for KIC 7341231, Obtained by Fitting
Lorentzian Functions to the Mode Profiles

l νn,l (μHz) δνn,l (μHz)

0 271.150 ± 0.072 n.a.a

0 299.057 ± 0.101 n.a.
0 327.239 ± 0.051 n.a.
0 355.869 ± 0.040 n.a.
0 384.498 ± 0.030 n.a.
0 413.478 ± 0.035 n.a.
0 442.596 ± 0.040 n.a.
0 472.016 ± 0.065 n.a.
0 501.328 ± 0.068 n.a.
0 531.517 ± 0.202 n.a.

1 286.297 ± 0.015 0.209 ± 0.015
1 315.401 ± 0.022 0.230 ± 0.021
1 333.950 ± 0.051 0.327 ± 0.041
1 341.592 ± 0.017 0.232 ± 0.018
1 349.600 ± 0.067 0.413 ± 0.063
1 361.255 ± 0.076 0.363 ± 0.087
1 370.063 ± 0.023 0.175 ± 0.024
1 379.036 ± 0.024 0.342 ± 0.023
1 392.160 ± 0.019 0.252 ± 0.019
1 400.559 ± 0.022 0.156 ± 0.024
1 412.584 ± 0.012 0.323 ± 0.013
1 425.766 ± 0.038 0.216 ± 0.040
1 434.839 ± 0.023 0.262 ± 0.022
1 450.966 ± 0.034 0.292 ± 0.032
1 460.377 ± 0.036 0.270 ± 0.036
1 476.696 ± 0.072 0.285 ± 0.063
1 488.244 ± 0.044 0.243 ± 0.045
1 517.382 ± 0.058 . . .

1 534.012 ± 0.096 . . .

1 547.940 ± 0.187 . . .

2 295.212 ± 0.300 . . .

2 323.649 ± 0.218 . . .

2 352.237 ± 0.079 . . .

2 409.541 ± 0.033 0.133 ± 0.018
2 439.290 ± 0.016 0.182 ± 0.016
2 468.457 ± 0.087 . . .

2 498.239 ± 0.089 . . .

2 528.407 ± 0.374 . . .

3 420.000 ± 0.109 . . .

3 449.455 ± 0.114 . . .

Notes. The rotational splittings are given only for the modes
for which at least six of the seven teams agreed to within 1σ .
a n.a.: not applicable.

rotationally split l = 2 modes as triplets composed of the
m = 0 and m = ±2 components. In practice, the profiles
of l = 2 modes are clearly split by rotation only in the three
radial overtones around the maximum of the signal. Outside
of this region, the S/N is too low to detect the signature of
rotation. For these latter modes, there was a poor agreement
between the different teams concerning the rotational splittings
and we thus chose to discard them in the following. In two of
the three overtones around νmax, the l = 2 modes (around 409
and 439 μHz) exhibit the expected behavior and their rotational
splittings were successfully estimated (see Table 2).

The third of these overtones (in the neighborhood of the
radial mode at a frequency of 384.5 μHz) shows some peculiar
features. The l = 2 mode in this overtone is expected to be
located between the radial mode and an l = 1 mixed mode at a

Figure 4. Section of the power spectrum of KIC 7341231 in the neighborhood
of the 384 μHz radial mode (light gray area). The dark gray area corresponds
to a rotationally split l = 1 mode and the vertical arrows indicate peaks that are
attributed to l = 2 modes (see the text).

frequency of 379 μHz. Figure 4 shows that at least five peaks
can be detected in this region instead of three, as would be
expected. Besides, when fitting these peaks as the components
of one single l = 2 mode, we find a rotational splitting of about
0.6 μHz, which is much too large compared to the splittings
of the two other l = 2 modes (0.13 and 0.18 μHz). The most
reasonable explanation is that we are in fact detecting an l = 2
avoided crossing and that two l = 2 modes are present (one
around 380.5 μHz and another one around 382.5 μHz) instead
of one. This hypothesis is plausible since the use of asymptotic
relations had predicted an l = 2 avoided crossing around this
frequency (see Section 3.2) and it will be confirmed by the
modeling of the star in Section 4. But even in this case, the
multiplets do not have the expected pattern. The frequencies
of the components in the multiplets appear to be asymmetrical,
contrary to what would be expected for such a slow rotation.
There seems to be an asymmetry also in the amplitudes of the
components. For these reasons, we failed to obtain rotational
splittings for these two l = 2 modes in avoided crossing. A
theoretical study of the interaction between rotation and avoided
crossings for l = 2 modes is under way and could possibly
explain the observed profile of the multiplets. However, at this
point, we preferred to discard these two modes.

A last global fit was performed, using only the modes for
which at least six of the seven fitting teams agreed to estimate the
inclination angle of the star. The idea was to remove the possible
influence of spurious non-radial modes when determining the
angle. We thus obtained an inclination angle of i = 85◦ ± 5◦
and a robust, reliable list of rotational splittings (given in
Table 2) that can be safely used to derive information about
the star’s rotation profile. The obtained splittings range from
0.13 to 0.41 μHz, with error bars of 0.03 μHz on average.
It is therefore clear that there are significant variations of the
rotational splitting from one mode to another. To illustrate this,
Figure 5 shows the profiles of four l = 1 multiplets that have
different rotational splittings. The profiles of the two l = 2
multiplets for which the rotational splitting could be estimated
are plotted in Figure 6. This shows that the interior of the star
rotates differentially in radius. To investigate this further, it is
necessary to find a stellar model in order to establish the relation
between the obtained rotational splittings and the trapping of the
modes.
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Figure 5. Profiles of four l = 1 multiplets in the oscillation spectrum of
KIC 7341231. The profiles we obtained when assuming a varying splitting
in our fit are overplotted in red. The fitted values of the rotational splittings are
specified for each multiplet.

(A color version of this figure is available in the online journal.)

4. SEISMIC MODELING OF KIC 7341231

To obtain information about Ω(r), we need to have access to
the rotational kernels of the modes and therefore to a model of
the star. Our aim here is to find a model offering a reasonable
agreement with both the atmospheric constraints of the star and
the observed mode frequencies, so that we can use the rotational
kernels of this model to estimate the rotation profile of the star.

4.1. Modeling Red Giant Stars Using the
Frequencies of Mixed Modes

It is known that the modeling of stars with avoided crossings
is complex because the timescale of these phenomena is very

Figure 6. Profiles of two l = 2 multiplets in the oscillation spectrum of
KIC 7341231. The profiles we obtained when assuming a varying splitting
in our fit are overplotted in purple. The fitted values of the rotational splittings
are specified for each multiplet.

(A color version of this figure is available in the online journal.)

short compared to the evolution timescale (Deheuvels & Michel
2010a). To remedy this, Deheuvels & Michel (2011) proposed a
method specifically designed to handle these stars. They showed
that the combined knowledge of the mean large separation 〈Δν〉
of the star and the frequency of an avoided crossing νcross
provides extremely precise estimates of the stellar mass and
age, for a given physics. The reason for this is that both 〈Δν〉
and νcross are monotonic functions of age. As a result, there is one
and only one value of the mass and age for which the observed
values of these quantities are simultaneously reproduced. For
each considered physics, Deheuvels & Michel (2011) therefore
suggested to fix the stellar mass and age to the values required
by 〈Δν〉 and νcross, which solves the problem caused by the short
timescale of avoided crossings.

This method was tailored for subgiants, whose spectra usu-
ally contain few avoided crossings. The star KIC 7341231 is
obviously more evolved than these objects because we had to
introduce about 15 γ modes of degree l = 1 to account for the
observed oscillation spectrum of the star (see Section 3.2). Con-
secutive avoided crossings are close to each other and it is hard
to isolate them. The method proposed by Deheuvels & Michel
(2011) therefore had to be adapted.

Contrary to subgiants, the γ modes of KIC 7341231 have a
high enough order to follow the asymptotic theory. Their periods
are thus approximately equally spaced by the period spacing,
defined as

ΔΠl = π

L

(∫ r2

r1

NBV

r
dr

)−1

, (4)

where L ≡ √
l(l + 1) and NBV the Brunt–Väisälä frequency.

Since NBV keeps increasing with age due to the growing central
density, the period spacing ΔΠl monotonically decreases as the
star evolves. Therefore, in the method proposed by Deheuvels
& Michel (2011), the quantity νcross can legitimately be replaced
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Figure 7. Location in the H-R diagram of the models that reproduce the observed
value of ΔΠ1 (red dashed line) and the observed value of Δν (blue dotted
line). The models represented here are computed with [Fe/H] = −1 dex. The
evolutionary tracks of several models, whose masses are specified in M�, were
overplotted.

(A color version of this figure is available in the online journal.)

by ΔΠ1. The observed values of 〈Δν〉 and 〈ΔΠ1〉 can be used to
obtain good first estimates of the stellar mass and age, for any
given physics. This point is illustrated in Figure 7. The mass and
age can then be fine-tuned to reproduce at best the observables
of the star. We note that since 〈Δν〉 and 〈ΔΠ1〉 are used only to
derive a first estimate of the stellar parameters, we can safely
use the values derived for these quantities in Section 3.2.

4.2. Modeling of KIC 7341231

We applied the method described above to model the star
KIC 7341231.

4.2.1. Properties of the Models

All the models were computed with the evolution
code cesam2k (Morel 1997). We used the OPAL 2005 equa-
tion of state and opacity tables as described in Lebreton et al.
(2008). The nuclear reaction rates were computed using the
NACRE compilation (Angulo et al. 1999). The atmosphere was
described by Eddington’s gray law. We assumed the classical
solar mixture of heavy elements of Grevesse & Noels (1993).
Convection was treated using the Canuto–Goldman–Mazzitelly
(CGM) formalism (Canuto et al. 1996). This description in-
volves a free parameter, the mixing length, which is taken as a
fraction αCGM of the pressure scale height Hp. In this work, we
assumed a value of αCGM calibrated on the Sun (α� = 0.64;
Samadi et al. 2006). The effects of microscopic diffusion were
neglected in this study.

We used the oscillation code LOSC (Scuflaire et al. 2008)
to compute the mode frequencies of the models. It is well
known that absolute mode frequencies are affected by our im-
proper modeling of surface convection (see, e.g., Christensen-
Dalsgaard & Thompson 1997). We used the correction of sur-
face effects proposed by Kjeldsen et al. (2008), which consists
of adding to the mode frequencies a power law whose exponent
is calibrated on the Sun. With our evolution code and treatment
of convection, we found an exponent of 4.25, which was used for
all the models in this work. We also note that some modes in the
spectrum of the star are mixed and are therefore less sensitive to
surface effects. To take this into account, the surface correction

Table 3
Parameters of the Best-fit Models as a Function of the Assumed Metallicity

Model A B C D E

[Z/X] (dex) −0.75 −1. −1.25 −1.5 −1.75

Mass (M�) 0.880 0.836 0.804 0.790 0.770
Age (Gyr) 11.3 12.2 13.1 13.4 14.3
Teff (K) 5245 5363 5452 5521 5566
Radius (R�) 2.67 2.62 2.59 2.58 2.55
log g 3.527 3.520 3.514 3.510 3.508
ra

BCE (R	) 0.33 0.36 0.39 0.43 0.46

χ2
atm 0.3 0.2 0.5 1.0 1.3

χ2
seis 7.7 5.5 5.6 6.8 9.6

Note. aBCE: base of the convective envelope.

of non-radial modes was multiplied by a factor Q−1
n,l , where Qn,l

corresponds to the ratio of the mode inertia to the inertia of the
closest radial mode, as prescribed by Aerts et al. (2010, chap-
ter 7). We note that the empirical way of correcting for surface
effects proposed by Kjeldsen et al. (2008) is probably not opti-
mal, and efforts are currently being made to take them into ac-
count in a more satisfactory way (e.g., Gruberbauer et al. 2012).

4.2.2. Results

We applied the method described in Section 4.1 to find
stellar models reproducing both the seismic and atmospheric
constraints of KIC 7341231. Since the metallicity of the star is
rather uncertain, we tried several values of (Z/X) ranging from
−1.75 to −0.75 dex. The initial helium content was estimated
from galactic evolution, by supposing a ratio ΔY/ΔZ = 3 ± 2
(Pagel & Portinari 1998) and a primordial helium abundance
of Yp = 0.2477 (Peimbert et al. 2007). For each value, we
determined the stellar mass and age for which we have both
〈Δν〉 = 28.9 ± 0.2 μHz and 〈ΔΠ1〉 = 107.1 ± 2.3 s, as was
obtained for the star in Section 3.2. We then fine-tuned these
parameters to match the atmospheric constraints (Teff and log g)
and the frequencies of the observed modes as closely as possible.
We have here used our photometric estimate of the effective
temperature (Teff = 5470 ± 150 K, see Section 2.2), but we
verified that our conclusions remain unchanged if we consider
our spectroscopic estimate of Teff instead. The agreement
between the models and the observations was estimated using
the reduced χ2 function defined as

χ2 = 1

N

N∑
k=1

(
Oobs

k − Omod
k

)2

σ 2
k

, (5)

where Oobs
k , k = 1, N correspond to the N observables available

for the star, σk correspond to their error bars, and Omod
k are

the corresponding values in the computed models. The number
of seismic constraints is much larger than the number of
atmospheric constraints. To avoid drowning the contribution
of the latter in the total value of the χ2, we computed a separate
χ2 for the seismic observables (χ2

seis) and for the atmospheric
observables (χ2

atm).
The properties of the best-fit models that we obtained for

each considered value of the stellar metallicity are given in
Table 3. The observables are best reproduced for a metallicity
around −1 dex. The low value of χ2

atm and χ2
seis for these

models indicates a close agreement with both the atmospheric
and the seismic constraints of the star, which is confirmed by
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Figure 8. Échelle diagram of the mode frequencies of KIC 7341231 obtained
in Section 3.3 (black circles). We overplotted the mode frequencies of the best-
fit model obtained with [Z/X] = −1 dex (blue squares: l = 0 modes; red
triangles: l = 1 modes; purple stars: l = 2 modes; and gray pluses: 
 = 3
modes).

(A color version of this figure is available in the online journal.)

Figure 8. For lower abundances of heavy elements, the effective
temperature of the models differs from the observations (this is
all the more true when considering our spectroscopic estimate
of Teff for the star) and more importantly, the agreement with
the observed mode frequencies deteriorates. KIC 7341231 is
found to be a low-mass star (0.77–0.88 M�) at the bottom of
the red giant branch. Its age (ranging from 11.3 to 14.3 Gyr) is
consistent with that of an old halo star. The surface gravity of
the models matches the seismic estimate of log g = 3.55±0.03
that was obtained in Section 3 within 1σ error bars. We note
that in all our best-fit models, there is an l = 2 avoided crossing
around 380 μHz (see Figure 8). This confirms the hypothesis
made in Section 3.3 that two l = 2 mixed modes are detected
in the oscillation spectrum of the star around this frequency.
Finally, the spectroscopic upper limit that we obtained on v sin i
(< 1 ± 1 km s−1; see Section 2.3) combined with the estimate
of the star’s radius that we get from the models (about 2.6 R�)
enables us to set an upper limit on the surface rotation rate of
Ωsurf < 88 ± 90 nHz (we recall that the inclination angle of the
star has been found to be 85◦ ± 5◦).

From the models, we can compute the rotational kernels of
the detected modes. Figure 9(a) shows the integrated kernels
of three l = 1 modes trapped in different regions inside the
star, computed using the models presented in Table 3 (only
model E was excluded because its seismic χ2 is larger). The
variations in the kernel profiles are quite small when switching
from one model to another, which shows that the trapping of
the l = 1 modes depends only weakly on the model we choose
for the star. The integrated kernels of the two l = 2 modes for
which the rotational splitting could be measured are plotted in
Figure 9(b). For one of them (ν = 439 μHz), we reach the same
conclusion as for the l = 1 modes. However, for the second
mode (ν = 409 μHz), the variations are larger. The reason
for this is that this mode is in fact undergoing an avoided
crossing with another l = 2 mode trapped mainly in the core.
Unfortunately, this latter mode could not be detected. As a result,
the trapping of the detected mode is uncertain and varies from
one model to the other, which generates the differences that
we observe between the rotational kernels of the models. We
note that a longer data set will perhaps make it possible to

detect the gravity-dominated l = 2 mode, which would solve
this problem. The l = 1 modes are not prone to this kind of
uncertainty because they can be detected even when they are
trapped essentially in the core.

4.3. Rotational Splitting versus Mode Trapping

Having access to a stellar model of the star, we were then able
to relate the observed rotational splittings to the trapping of the
modes, the idea being to search for the signature of differential
rotation in the interior of the star. For this purpose, we introduced
for each mode the weighted radius rn,l ,

rn,l ≡
∫ R

0 rKn,l(r) dr∫ R

0 Kn,l(r) dr
(6)

which corresponds to the mean location of the rotational kernel
inside the star. Small values of rn,l indicate that the mode is
trapped in the core and therefore more g-like, whereas if rn,l is
close to 1, the mode is trapped in the envelope and close to an
acoustic mode.

In Figure 10, we plotted the measured splittings as a function
of the weighted radii rn,l that were computed for each detected
mode using model B as a reference model. We deliberately
omitted the l = 2 mode around ν = 409 μHz in this figure
because it is the only mode for which the value of the ratio q
depends significantly on the choice of the reference model, for
the reason we mentioned in Section 4.2.2. We observe a very
clear correlation between these quantities: the modes which have
a g-mode behavior tend to have a larger splitting than the ones
which behave as p modes. This clearly suggests that the core of
KIC 7341231 rotates faster than the envelope.

5. INVERSION OF THE ROTATIONAL PROFILE Ω(r)

We established that the core of KIC 7341231 is rotating faster
than the surface. In order to quantify this differential rotation,
we then tried to estimate the rotation profile of the star by
inverting Equation (2), using the observed splittings and the
rotational kernels of the modes computed in Section 4. We start
by recalling general background on inversions (see Christensen-
Dalsgaard et al. 1990 for more details).

We performed linear inversions, which means that for each
radius r0 inside the star, the inferred rotation profile Ω̄(r0) can
be expressed as a combination of the rotational splittings

Ω̄(r0) =
M∑

k=1

ck(r0)δωk, (7)

where we have used a subscript k = 1,M for the detected modes
instead of their radial order n and degree l, for convenience. The
coefficients ck(r0) are either determined during the process of
the inversion or they can be calculated separately. The solution
is characterized by the averaging kernels defined as

K(r; r0) ≡
M∑

k=1

ck(r0)Kk(r), (8)

where Kk(r) is the rotational kernel of the kth mode. By
combining Equations (2) and (7), we obtain that Ω̄(r0) =∫ R

0 K(r; r0)Ω(r) dr . We thus aim at getting the averaging kernel
K(r; r0) as localized as possible around r0 to ensure that Ω̄(r0)
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Figure 9. Left: cumulative normalized integral of the rotational kernels of three l = 1 modes that were detected in the spectrum of KIC 7341231, computed using
models A (full lines), B (dotted lines), C (dashed lines), and D (dash-dotted lines). The black curves correspond to a mode mainly trapped in the envelope, the blue
curves to a mode mainly trapped in the core, and the red curves to a mode in between. Right: same as the left panel for the two l = 2 modes for which the rotational
splitting could be determined (black: ν = 409 μHz, blue: ν = 439 μHz).

(A color version of this figure is available in the online journal.)

Figure 10. Rotational splittings of the modes as a function of the weighted radii
rn,l given by Equation (6). The empty symbols (l = 1: circles, l = 2: squares)
correspond to the observations with 1σ error bars, the filled blue symbols to
an optimal solid-body rotation model, and the filled red symbols to an optimal
two-zone model.

(A color version of this figure is available in the online journal.)

is a good approximation of the true rotation rate Ω(r0). In all
the cases below, the averaging kernels are required to have unit
integral, so that the solution Ω̄(r0) constitutes a proper average
of the true rotation rate and its standard deviation is then given
by

σΩ̄(r0) =
(

M∑
k=1

[ck(r0)σδω,k]2

)1/2

, (9)

where the σδω,k are the standard deviations of the observed
modes.

We have tried two of the most commonly used inversion
techniques to invert the rotation profile of the star, the RLS
method and the OLA method. These methods were both
successfully applied to estimate the internal rotation profile of
the Sun (e.g., Schou et al. 1998; Chaplin et al. 1999). In what
follows, we have used the mode rotational kernels computed
from model B, which is the one that offers the closest fit to the

observations, and we have excluded from our list of measured
splittings the l = 2 mode around 409 μHz because its rotational
kernel is too model dependent. The results that are described are
very similar if we use models A, C, or D instead of model B.

5.1. Least-squares Methods

One approach to inverting the rotation profile of the star is to
try to reproduce as closely as possible the observed rotational
splittings by performing a least-squares fit to the observations.
The objective is thus to minimize the χ2 function

χ2 =
M∑

k=1

[
δωk − ∫ R

0 Ω̄(r)Kk(r) dr
]2

σ 2
δω,k

. (10)

In practice, this can be done by discretizing the rotation profile
Ω̄(r) on an N-point grid. The stellar radius is split into N regions
delimited by the radii 0 = r0 < . . . < rN = 1 and for j = 1, N
we set

Ω̄(r) = Ωj , for rj−1 < r � rj . (11)

In the following, we first tried small values of N, resulting in
simple profiles. Then, for larger values of N, the solution needs
to be regularized to ensure numerical stability.

5.1.1. Solid-body Rotation Profiles (N = 1)

The case N = 1 corresponds to a uniform rotation rate
Ω̄(r) = Ω1 throughout the star. By minimizing the χ2 function
given by Equation (10), we obtained an optimal value of
Ω1 = 328 ± 7 nHz. The agreement with the observed data
is very poor (blue circles in Figure 10), yielding a reduced
χ2 of about 17. This clearly shows that we can reject the
hypothesis of a solid-body rotation inside the star. Figure 10
shows that if we assume a uniform rotation, the modes trapped
in the core are expected to have slightly smaller splittings than
the modes trapped in the envelope—this is caused by the fact
that the kernels of p modes have approximately unit integral,
while the integral of g-mode kernels is smaller than one. In the
observations, it is the contrary, which confirms that the core
rotates faster than the envelope.
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Figure 11. Values of Ω1 and Ω2 obtained when rejecting points one by one in
the rotational splittings list (black crosses). The red cross indicates the result
obtained when considering all the rotational splittings.

(A color version of this figure is available in the online journal.)

5.1.2. Two-zone Models (N = 2)

For N = 2, the star is split into two uniformly rotating regions
separated at a radius r1, with Ω̄(r) = Ω1 toward the core and
Ω̄(r) = Ω2 toward the surface.

We first separated these zones at the interface rCE between
the convective envelope and the radiative core. We note that
based on the model we consider, this value of rCE varies (see
Table 3). However, the results that we obtained for the rotation
rates vary little. By minimizing the χ2 function, we obtained
Ω1 = 696 ± 24 nHz and Ω2 = 51 ± 19 nHz. The agreement
between the theoretical splittings and the observed ones is
much better than with the solid-body profile, as can be seen
in Figure 10. The reduced χ2 is now about 1.6, which indicates
a fairly good agreement with the observations. To estimate how
robust this result is, we repeated the same procedure 18 times,
rejecting points one by one in our list of measured rotational
splittings. Figure 11 shows that the values of Ω1 and Ω2 remain
quite stable in all cases. We then calculated the averaging kernels
corresponding to the solution that we obtained. Instead of
plotting the averaging kernels themselves, we chose to represent
in Figure 12 the cumulative integral of their modulus in order
to estimate more efficiently to which region of the star they
are most sensitive (we recall that unlike the rotational kernels
of the modes, the averaging kernels are not necessarily positive
functions). Apart from a small contribution from the surface, the
core kernel is quite well localized. It is especially sensitive to the
innermost 2% of the star in radius. On the contrary, the envelope
kernel appears to be severely contaminated by the core.

We also tried to consider the intermediate radius r1 as a
free parameter instead of fixing it to rCE. In this case, the
minimization is not as trivial since ∇χ2 is not a linear function
of the rotation rates at the grid points. However, the simplicity
of the profile allowed us to vary r1 from 0 to 1 and each time
determine the optimum values of Ω1 and Ω2. Figure 13 shows
the variations of the reduced χ2 that we obtained as a function
of r1. The first remark is that the minimum χ2 is as low as
0.93, significantly smaller than the one obtained with r1 = rCE.
The corresponding rotation profile is very strange. We obtained
r1 = 0.985, Ω1 = 730 ± 27 nHz, and Ω2 = −2513 ± 178 nHz,
i.e., a flat rotation in the largest part of the star and a thin layer
at the surface spinning fast in the opposite direction.

Figure 12. Integrated modulus of the averaging kernels of the core (dashed
lines) and the surface (full lines) obtained by describing the rotation profile as
a two-zone model (black), by using the RLS inversion method with a 100 point
grid (blue) or the OLA inversion method with the same grid (red). For more
clarity, the integrals were normalized to their surface value.

(A color version of this figure is available in the online journal.)

However, there are several indications showing that this so-
lution should be discarded. First, the χ2 function has an oscil-
latory behavior and thus many secondary minima throughout
the star’s interior. Second, knowing that the radius of the star is
about 2.6 R�, a surface rotation rate of Ω2 = −2513 nHz would
require a surface velocity of about 29 km s−1, clearly inconsis-
tent with the spectroscopic upper limit of v sin i < 1±1 km s−1.
Finally, we performed a simulation to show that the minimum
at r1 = 0.985 is spurious. We computed theoretical rotational
splittings using the optimal rotation profile that had been ob-
tained when setting r1 = rCE (=0.36 for model B). We added
to these theoretical values a Gaussian noise whose width corre-
sponds to the error bars of the observed splittings. We then tried
to recover the input value of r1 by applying the same procedure
as before. We performed several iterations of this procedure,
which all led to a χ2 function very similar to the one that we
obtained from the data. They indeed have an oscillatory behav-
ior and their minimum can be found anywhere between r = 0
and r = 1 instead of recovering the input value rCE = 0.36.
Figure 14 shows the example of an iteration for which the min-
imum of the χ2 function is close to the surface. All this shows
that we can ignore this strange counter-rotating profile.

5.1.3. Regularized Least-squares Method

We then explored the case of larger values of N. In this
case, the finite number of measured splittings for the star is
obviously not sufficient to reconstruct the whole function Ω(r),
which makes any solution nonunique. Besides, the solutions are
very sensitive to both the discretization and the measurement
errors σδω,k . As a result, the problem is ill-conditioned and
needs to be regularized. The RLS method consists in adding
to the classical χ2 function to be minimized a well chosen
regularization function.

To apply the RLS method to our star, we followed the
procedure prescribed by Christensen-Dalsgaard et al. (1990).
The regularization term was chosen as a smoothness constraint
on the solution. We thus minimized the function

J ≡ χ2 + μuF (Ω), (12)
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Figure 13. Left: variations in the reduced χ2 value as a function of the radius r1. The red circle indicates the minimum of the function. Right: optimal values of the
core rotation Ω1 (red) and the surface rotation Ω2 (blue) as a function of r1. The dashed lines indicate the error bars.

(A color version of this figure is available in the online journal.)

Figure 14. Same as the left panel of Figure 13, but for a simulation (see the
text).

(A color version of this figure is available in the online journal.)

where F (Ω) is the regularization function, which was taken
as the norm of the second derivative of Ω(r), i.e., F (Ω) ≡
‖Ω′′(r)‖2. The factor μ is a trade-off parameter between the
smoothness of the solution and the minimization of the χ2

function. For more convenience, we added a normalization
factor u defined as u ≡ (∑

k σ 2
δω,k/M

)−1
. The minimization of

the function J can be written as a linear problem (Christensen-
Dalsgaard et al. 1990), which can readily be solved to estimate
the optimal rotation profile.

To determine a satisfactory value of the trade-off parameter
μ, we generated artificial rotation profiles Ω(r), from which we
computed theoretical rotational splittings. We then applied the
method described above with different values of the regulariza-
tion parameter μ to try to recover the input rotation profile. We
found that a value of μ ≈ 100 provides a good compromise.
Smaller values of μ introduce spurious large-amplitude oscilla-
tions in the recovered profile, while larger values of μ lead to an
overregularization and the obtained profile corresponds to the
one that minimizes F (Ω) (a straight line if the norm of the sec-
ond derivative of Ω(r) is taken as a smoothness condition). We

therefore used μ = 100 when inverting Ω(r) from the observed
splittings.

Figure 15 shows the rotation profile that we obtained by
discretizing Ω(r) over a 100-point grid. We found a rotation rate
in the core of 695±29 nHz, very similar to the one derived with
two-zone rotation models. A rotation rate of −272 ± 137 nHz
was obtained at the surface of the star. The agreement between
the rotational splittings obtained with the inverted rotation
profile and the observed ones is only slightly better than the
one we reached with a two-zone model in Section 5.1.2. Useful
information about the quality of the inverted profile can be
obtained by computing the corresponding averaging kernels.
Details on how these kernels are calculated with the RLS method
are given by Christensen-Dalsgaard et al. (1990). An inspection
of these averaging kernels shows that only the one located in the
core has a satisfactory shape. It is in fact very similar to the core
kernel obtained with the two-zone model. It is well localized
in the innermost 1.4% of the stellar radius (17% in mass) and
has a small contribution from the surface (see Figure 16). On
the contrary, all the other kernels have large leakage from both
the core and the surface. The integrated modulus of the surface
kernel, for instance, has a large contribution from the core (see
Figure 12). Only the estimate of the rotation rate obtained for
the core is thus reliable. In particular, the slight counterrotation
that we obtained at the surface cannot be regarded as significant.

5.2. Optimally Localized Averages Method

Instead of seeking to reproduce at best the observed rotational
splittings like the RLS method, the OLA method consists of
calculating localized averages of the true rotation profile in
different regions of the star. For this purpose, the method builds
for each point rj inside the star a linear combination of the mode
kernels

∑
k ck(rj )Kk(r) such that the resulting averaging kernel

K(r; rj ) is as close as possible to a Dirac function centered
on rj.

Following Backus & Gilbert (1968), we searched for the
coefficients ck(rj ) by minimizing the function

J = 12
∫ R

0
K(r; rj )2(r − rj )2 dr + μ

M∑
k=1

[ck(rj )σδω,k]2

(13)
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Figure 15. Left: inverted rotation profile obtained with the RLS method (100 points, regularization with the second derivative and μ = 100). The dashed lines indicate
1σ error bars. We note that apart from in the core, the averaging kernels are ill-localized and the inverted rotation rates are not reliable (see the text). Right: same as
the left panel using the OLA method.

Figure 16. Left: averaging kernel in the center of the star obtained with the RLS method (black curve) and the OLA method (red curve). Right: zoom of the left panel
in the core. The blue dashed line corresponds to the step function H (r) (see the text).

(A color version of this figure is available in the online journal.)

with the constraint that
∫
K(r; rj ) dr = 1, for each point rj;

μ is a trade-off parameter between resolution of the averaging
kernels and error magnification.

In our case, it is very hard to obtain localized averaging
kernels, so we chose to set μ = 0. Even this way, most averaging
kernels suffer from very large leakage from other parts of the star
(especially from the core and the surface). The core kernel is an
exception (see Figure 16). Figure 12 shows that the leakage from
the surface in the core kernel that was observed with the RLS
method has now been canceled. If we assume that the rotation
profile of the star varies smoothly in the core, then the core kernel
can be well approximated by a step function H (r) between 0
and a small radius r̃ ≈ 0.014 R (see Figure 16). This means that

Ω̄(0) ≈
∫ R

0

H (r)

R
Ω(r)dr =

∫ r̃

0 Ω(r)dr

r0
. (14)

The quantity Ω̄(0) is therefore a very good approximation of
the average of Ω(r) in the innermost 1.4% in radius, which
corresponds to 17% in mass, of the star. We obtain 710 ± 51 nHz
for this average, which is consistent with the result of the RLS
method.

Figure 12 shows the integrated value of the surface averaging
kernel |K(r; 1)| along the stellar radius. The contribution from
the core to this kernel has been significantly decreased compared
to the RLS method. However, there remains a small leakage that
can have significant consequences because we know that the
core rotation is larger than the envelope rotation. The estimate
of the surface rotation (150 ± 19 nHz) is therefore certainly
overestimated and only gives an upper limit of the surface
rotation.

6. CONCLUSION

In this paper, we obtained a precise seismic determination of
the rotation rate in the core of the early red giant KIC 7341231
and we proved that it spins at least five times faster than the
surface.

KIC 7341231 is a low-mass evolved star, which is located at
the bottom of the red giant branch. Solar-like oscillations have
been detected in the oscillation spectrum of the star, derived from
one year of Kepler observations (quarters Q5–6–7–8). Due to
the evolution stage of the star, many of its non-radial modes
have a mixed nature, which means that they behave both as g
modes in the core and as p modes in the envelope. We found

14
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that many of these mixed modes are very clearly split by stellar
rotation and we therefore set out to probe the rotation profile of
the star.

We performed a seismic analysis of the oscillation spectrum
of the star and were able to determine precisely the rotational
splittings of 19 l = 1 and l = 2 modes. They were found
to range from 0.13 to 0.41 μHz, with error bars of 0.03 μHz
on average, thereby suggesting that the interior of the star is
differentially rotating in radius. We then found a stellar model
reproducing very well both the atmospheric and the seismic
properties of the star. We used this model to study the relation
between the observed rotational splittings and the regions in the
star where the modes are trapped. We found a clear correlation
between these quantities that unambiguously indicated that the
core rotates faster than the envelope in KIC 7341231.

Finally, we performed inversions of the rotation profile of the
star, using the observed splittings and the rotational kernels of
our best-fit models. We used both the RLS and the OLA methods
and obtained the following results:

1. We were able to determine a very robust and precise
estimate of the core rotation of the star. All the methods
that we used (RLS and OLA) provided a core rotation
rate consistent with Ωc = 710 ± 51 nHz within 1σ error
bars. Besides, we obtained similar values when using the
rotational kernels of other models of the star computed with
different metallicities, so this result seems to be only weakly
model dependent. We showed, using the OLA method,
that this rotation rate in fact corresponds to a very good
approximation of the average of Ω(r) in the innermost 1.4%
of the stellar radius. It is ironic that the core rotation rate
of KIC 7341231 could be measured while the solar core
rotation is still uncertain for r < 0.2 R� (Chaplin et al.
1999).

2. We obtained an upper limit for the surface rotation of
Ωs < 150 ± 19 nHz. This enabled us to establish that
the core rotates at least five times faster than the surface in
this star.

We note that in this study we essentially focused on the
rotational splittings of l = 1 modes. This is partly caused by
the S/N of modes of degree l � 2, which in most cases remains
too low to reliably determine their rotational splittings. This
problem should be at least partially solved by the growing data
set from the Kepler spacecraft (this star will continue to be on
the short-cadence target list at least through Q12 and hopefully
for the remainder of the mission). However, we also showed
that the profiles of certain l = 2 mixed modes split by rotation
significantly differ from the expected one and it is our opinion
that some theoretical work still remains to be done to better
understand the effects of rotation on mixed modes of degree
l � 2.

We are entering a new era in the study of the transport of
angular momentum in stars because we now have access to
observational constraints on the internal rotation profiles of
stars, which have been longed for a very long time. We will
very likely find among the Kepler targets other subgiants and red
giants whose internal rotation can be inferred by interpreting the
rotational splittings of mixed modes. For instance, if we assume
that the rotation is nearly rigid at the end of the main sequence
(as it is in the Sun), then the differential rotation observed
in subgiants and red giants is entirely caused by the core
contraction in the post-main-sequence stage. The ratio between
the core rotation and the surface rotation at different luminosities
along the giant branch should bring very valuable constraints on

Table 4
Fitted Parameters of the Background Model B(ν) (See the Text)

σg τg αg Bw

(10−3 ppm) (s) (ppm2 μHz−1)

99 ± 5 1096 ± 59 2.17 ± 0.05 3.32 ± 0.04

the timescale of the exchange of angular momentum between
the core and the envelope. This should help us determine which
mechanisms of angular momentum transport dominate and how
efficient they are.
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was partially supported by grant AYA2010-17803 from the
Spanish National Research Plan (C.R.). S.H. acknowledges fi-
nancial support from the Netherlands Organisation of Scientific
Research (NWO). NCAR is partially funded by the National
Science Foundation.

APPENDIX

MODELING OF THE BACKGROUND IN THE POWER
SPECTRAL DENSITY

The background B(ν) is modeled as the sum of a white noise
Bw describing the photon noise (which dominates the spectrum
at high frequency) and a Harvey profile Bg(ν) modeling the
granulation spectrum. As prescribed by Harvey (1985), we
assumed for Bg(ν) a function of the type

Bg(ν) = 4σ 2
g τg

1 + (2πντg)αg
, (A1)

where τg and σg correspond to the characteristic timescale
and amplitude of the granulation (see Mathur et al. 2011b
for a discussion on methodologies to fit the background). The
exponent αg corresponds to the slope of the power law at high
frequency. In most analyses of solar-like oscillation spectra,
a function B(ν) is fitted to the background prior to the fit of
the p-mode component. This has the advantage of stabilizing
the latter fit and it has been shown several times that this has
negligible influence on the results. While fitting the background
component, the p-mode contribution is modeled as a Gaussian
function. We used an MLE method to fit the background, taking
into account the fact that the bins of the PSD follow a 2 degree-
of-freedom χ2 distribution. The fitted background is shown in
Figure 2 and the obtained parameters are given in Table 4.
As a by-product, we obtain an estimate of the frequency of the
maximum signal νmax = 406 ± 3 μHz, which corresponds to the
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centroid of the Gaussian used to describe the stellar pulsation
contribution in the power spectrum.

REFERENCES

Aerts, C., Christensen-Dalsgaard, J., & Kurtz, D. W. 2010, Asteroseismology
(Berlin: Springer)

Aizenman, M., Smeyers, P., & Weigert, A. 1977, A&A, 58, 41
Ammons, S. M., Robinson, S. E., Strader, J., et al. 2006, ApJ, 638, 1004
Anderson, E. R., Duvall, T. L., Jr., & Jefferies, S. M. 1990, ApJ, 364, 699
Angulo, C., Arnould, M., Rayet, M., et al. 1999, Nucl. Phys. A, 656, 3
Appourchaux, T., Berthomieu, G., Michel, E., et al. 2006, in The CoRoT

Mission: Pre-launch Status, ed. M. Fridlund, A. Baglin, J. Lochard, & L.
Conroy (ESP-1306; Noordwijk: ESA), 377

Appourchaux, T., Michel, E., Auvergne, M., et al. 2008, A&A, 488, 705
Backus, G., & Gilbert, F. 1968, Geophys. J. Int., 16, 169
Baglin, A., Auvergne, M., Boisnard, L., et al. 2006, in 36th COSPAR Scientific

Assembly Plenary Meeting, Vol. 36, meeting abstract from CD-ROM, 3749
Ballot, J., Gizon, L., Samadi, R., et al. 2011, A&A, 530, A97
Basu, S., Grundahl, F., Stello, D., et al. 2011, ApJ, 729, L10
Beck, P. G., Bedding, T. R., Mosser, B., et al. 2011, Science, 332, 205
Beck, P. G., Montalban, J., Kallinger, T., et al. 2012, Nature, 481, 55
Bedding, T. R. 2012, in Canary Islands Winter School of Astrophysics,

Vol. XXII, Asteroseismology, ed. P. L. Pallé (Cambridge: Cambridge Univ.
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