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Abstract—We consider the issues of cost and fairness in the
problem of cooperative data exchange among a group of wireless
clients. In this problem, each client initially holds a subset of
packets and needs to obtain the full set of packets through
cooperation with other clients via a shared broadcast channel. To
find minimum cost transmission schemes, we propose a general
model for the problem which is based on network information
flow with side information available to the sinks. As a special case
of minimum cost solutions, the minimum number of required
transmissions is studied in detail. We show that packet splitting
is a natural consequence of solving the linear programming
associated with the mentioned network flow problem. Our main
observation is that splitting the packets not only minimizes the
number of transmissions, but also it results in considerably more
fairness compared to the case where splitting is not allowed.
Hence, incentive-based long-term cooperation among users can
be sustained.
Keywords- network coding, cooperative data exchange, linear
programming, multicast, side information.

I. I NTRODUCTION
A. Motivation
Cooperation among users of a wireless network is known to
be advantageous in terms of freeing valuable server resources
and enabling network scalability [1]. For establishing longterm and reliable user interactions, it is important to consider
their cost and also to provide incentives for cooperation.
The ability to achieve maximum fairness (usually in terms
of individual user energy or bandwidth) and minimum cost
(usually total energy or bandwidth) can determine whether
a cooperative protocol can be successfully established and
maintained or not.
In this paper, we analyze the issues of cost and fairness in a
recently-introduced problem, referred to as coded cooperative
data exchange [2]. In this problem, a group of closely-located
wireless clients are interested in downloading a set of packets,
and initially each client holds a subset of packets. The clients
wish to exchange (possibly network coded packets) through
a common broadcast channel to obtain all the packets. This
problem can have a variety of applications and advantages
in cellular systems and other server-based wireless broadcast
networks with an ever increasing demand for better download
quality and higher data rates. For example, due to the occurrence of packet erasures over a wireless channel, a client
might not receive the entire set of packets from the server. This
motivates one to use the short range links among the nearby

clients which are faster, cheaper, and more reliable instead
of exhaustive retransmissions by the base station, wasting its
valuable downlink bandwidth.
B. Related Work and Knowledge Gaps
Cooperative data exchange has been the subject of recent
research, where numerous works have studied different aspects
of the problem (note that different names are used to refer to
essentially the same problem). Some heuristic and randomized
algorithms have been proposed to minimize the delay [3], [4]
or the total number of transmissions [2], [5]. However, finding
the exact optimal solution has proven to be non-trivial and a
deeper understanding of the problem, how to best model it,
and its properties is still required.
Recently, it has been shown independently in [6], [7] that
linear programming can be used to guarantee that each client
will receive sufficient number of packets, while the total
number of transmissions is minimized. It is found that the
solution to linear programming often requires the packets to
be split into so-called subpackets. This improved the findings
of [2], [5] which did not allow or consider packet splitting.
However, neither [7] nor [3], [4], [2], [5] studied the issue
of fairness in terms of number of individual transmissions
of different users. Moreover, the modeling and formulation
of linear programming in [6], [7] is only suited when the
cost is defined as the total number of transmissions and
cannot incorporate more general cost functions. The problem
of minimum cost cooperative data exchange has been recently
studied in [8], but the adopted approach is a generalization
of the randomized algorithm of [5], which is not model-based
and does not consider packet splitting.
To the best of our knowledge, a generalized network model
for cooperative data exchange that is easy to understand and
provides a general framework for the joint analysis of cost and
fairness is still missing in the literature. This is the topic of
this paper. Before summarizing our contributions, we briefly
discuss an example to clarify the impact of packet splitting on
cost and fairness.
C. An Example of Simultaneous Cost Reduction and Fairness
Improvement
Consider the example shown in Fig. 1(a). Three wireless
clients, c1 , c2 and c3 hold packets {x1 , x2 }, {x1 , x3 } and
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Fig. 1. (a) Cooperative data exchange without packet splitting, (b) Cooperative data exchange with packet splitting.

{x2 , x3 }, respectively where packets are elements from a
finite field, i.e. x1 , x2 , x3 ∈ GF (2m ). Using linear network
coding [9], it has been shown in [2] that all clients can
obtain their missing packets by 2 transmissions as shown in
Fig. 1(a), thus reducing the transmissions compared to an
uncoded scheme by 33%. Note that in this solution, c2 does
not transmit and only benefits from other users’ transmissions.
So the scheme is not fair.
Here, the implicit assumption is that the packets are indivisible units of information, but if we allow the clients to
split the packets to smaller elements, we may achieve better
solutions, or more technically, a solution which is not only
optimal but fairer than a solution without splitting. To clarify,
suppose that x1 , x2 and x3 are now divided to subpackets
{x11 , x12 }, {x21 , x22 } and {x31 , x32 }, respectively, as shown
in Fig. 1(b). It is easy to verify that if c1 broadcasts x11 ⊕ x21 ,
c2 broadcasts x12 ⊕ x32 , and c3 broadcasts x22 ⊕ x31 , then all
the clients can obtain what they need. Compared to [2], this
further reduces the total number of transmissions from 2 full
packets to 3 half-packets or simply 1.5 packets. Moreover,
everyone participates equally in the exchange and full fairness
is achieved.

Below we summarize our main contributions and highlight
their distinctions with previous works.
• In Section II-B, we show that the cooperative data
exchange is a special class of multicast network information flow problems with available side information
at the sinks [10]. This leads us to conclude that linear
network coding is sufficient to achieve optimal solutions
for cooperative data exchange.
• In Section II-C, we model and formulate this problem as a
minimum cost subgraph given a linear cost criterion leading to linear programming. By defining an appropriate
cost function we can solve the problem for the minimum
number of transmissions. However, the model in its
general form provides the capability to control different
performance metrics and/or to model the problem in more
realistic conditions as discussed in II-C.
• In Sections III and IV, we apply a normalized fairness
index to the solution of linear programming to show that
splitting the packets results in a significant improvement
in fairness.
• In Section IV, we show through numerical simulations
that while packet splitting can reduce the total number of
transmissions, the average improvement compared to integral packet coding is negligible, while the improvement
in fairness is considerable.
Since our proposed model is based on the network information flow with side information, it is easy to understand and
study. Moreover, our model is more general than that studied
in [7] which specialized on the minimum number of transmissions as the cost function. Compared to [8], it naturally
allows model-based packet splitting while minimizing the cost.
Finally, the solutions to the data exchange problem are tested
for fairness among users, which to the best of our knowledge,
has not been considered in the literature before.
II. O PTIMAL S OLUTION
A. Problem Definition
The cooperative data exchange problem is defined formally
as follows. A set X = {x1 , . . . , xn } of n packets needs
to be delivered to a set of k clients C = {c1 , . . . , ck }.
Initially, each client knows a subset of packets denoted by
Ωi ⊆ X, while
 the clients collectively know all the packets
in X, i.e., ci ∈C Ωi = X. The objective of each client is to
obtain its missing packets Ω̄i = X \ Ωi with the help of its
peers. The problem is to find the minimum cost transmission
scheme assuming the clients can broadcast coded packets via
an erasure-free channel and each client is aware of the initial
distribution of packets. Similar assumptions have been made
in [2], [4], [7], [8], which help understand intrinsic aspects of
the problem. Unlike [2], [5], we allow the packets to be split
to some subpackets if necessary. More precisely, a packet xi
of length mi might be partitioned to a set of l subpackets
{xi,1 , . . . , xi,l },such that each subpacket xi,d has a length
μi,d ≤ mi and d μi,d = mi .

∗

Based on the concept of subpackets, with linear network
coding, at each transmission round t a client ci may transmit
a linear combination of the subpackets
 j,d
λt xj,d
pt =
xj,d ∈Ω∗
i

where Ω∗i is the set of all subpackets client ci holds and λj,d
t ’s
are the network coding coefficients. Whether packets should
be split and by how much depends on the solution found by
the linear programming, which will be discussed in the next
two subsections.
B. Graph Model
In this paper, we study the cooperative data exchange as a
network information flow problem. Based on the observation
in the example of Fig. 1(b) and other examples, it is concluded
that achieving the optimal solution may not be possible
without breaking the packets to smaller so-called subpackets.
This fact motivated us to investigate the optimal number of
transmissions (or more generally minimum cost solutions) in
this problem through a network information flow model. At
first, we show how this problem is modeled as a layered
multicast network with side information available at the sinks.
Then the optimal solution is found using a linear programming
formulation.
We form an equivalent acyclic graph G(V, E) of the data
exchange problem as follows. V is the set of vertices which
includes five types of nodes:
• The set of sources S = {x1 , . . . , xn }, i.e. each packet
xj can be considered as a source node. We treat each
packet xj as a realization of a random process Xj ,
where the corresponding random processes are mutually
independent. We denote the set of all random processes
generated at the sources by X = {X1 , . . . , Xn }.
∗
• A virtual source s which provides all the random processes in X .
• The set of encoders U = {u1 , . . . , uk }. Since any client
is able to generate a combination of the packets in its
possession, it can be considered as an encoder.



• The set of virtual nodes U = {u1 , . . . , uk }, where each
encoder has a corresponding virtual node to which it
broadcasts the encoded packets it generates.
• The set of sinks (decoders) T = {t1 , . . . , tk }. A client can
simultaneously play the role of an encoder and a decoder.
Based on the definition of our problem, each client ci
holds a subset of packets which can be considered as
a realization of a set of random processes denoted by
Yi ⊆ X .
Therefore, V = S ∪ {s∗ } ∪ U ∪ U  ∪ T . E ⊆ (V × V ) is the
set of noiseless edges, which is divided into the following five
types:
∗
• The set of edges connecting the virtual source s to the set
of sources, which is denoted by E1 = {(s∗ , vj )|vj ∈ S}.
• The set of edges connecting the sources to the nodes
in U based on the initial distribution of packets, E2 =
{(vi , vj )|vi ∈ S, vj ∈ U, xi ∈ Ωj }.
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The equivalent graph of the example in Fig. 1

The set of edges connecting a node in U to its corresponding node in U  , E3 = {(ui , ui )|ui ∈ U, ui ∈ U  }. This
guarantees that whenever a client generates a function of
the packets in its possession, it is naturally broadcast to
the intended sinks through the corresponding node in U  .
• The set of edges which broadcast the coded packets to all
the neighbors, i.e., E4 = {(ui , tj )|ui ∈ U  , tj ∈ T, j =
i}.
• The set of edges providing the side information to the
sinks, i.e., E5 = {(vi , tj )|vi ∈ S, xi ∈ Ωj }.
We also denote the incoming and outgoing edges of a node
v by Γi (v), Γo (v) respectively. Fig. 2 shows the equivalent
graph of the example in Fig. 1.
•

We remark that our proposed graph model is jointly inspired
by the networks proposed and studied in [10], [11]. In [11],
a system of distributed source coding for satellite communications was modeled and a layered network was constructed
to represent transmitters, encoders and decoders (at receivers).
Each transmitter can send information to a subset of encoders
and each decoder has access to a subset of encoders. Our
model possesses a layered encoder/decoder topology similar
to [11] and combines it with the concept of multicast with side
information [10] available at the sinks. For such a network,
it is shown that linear network codes are able to achieve
its rate region and the rate region is simply an extension of
cutset bounds based on the available side information [10].
Since our model inherits the properties of [10] and [11], we
conclude that linear network codes are sufficient for achieving
optimal solution to cooperative data exchange found by linear
programming. This is outlined in the subsection below.
C. Linear Programming Framework
To find the minimum cost transmission scheme, we apply
linear programming to its corresponding graph. This is similar

to the minimum cost subgraph calculation in [12], with two
main differences: (1) In our problem, each sink holds a set of
packets as side information which is provided by the edge set
E5 at no cost; (2) We only need to associate actual rates zi to
the edges in E3 for i = 1, . . . , k to take the number of actual
transmissions into account. We also associate a set of variables
to each edge denoted by αeti , which can be considered as the
flow towards the sink ti carried by the edge e ∈ E. In its
most general form, the corresponding linear programming can
be formulated in the following way:
minimize

k


bi z i

i=1

subject to
0 ≤ αeti ≤ zi ≤ Ci


αeti −
αeti = σv(ti )
Γo (v)

where,
σv(ti )

(1)

Γi (v)

⎧
⎪
if v = s∗ ,
⎨R,
= −R, if v = ti ,
⎪
⎩
0,
otherwise.

where bi is the cost associated with a transmission 
by client
n
ci , Ci is the capacity of the ith edge in E3 , and R = j=1 mj
where mj is the length of packet xj . It should be noted that
we set αeti = mj for e = (s∗ , vj ). This enables us to solve
the problem even in the case that network packets do not have
the same length.
Modeling cooperative data exchange in the way discussed
here, not only gives a deep understanding about the nature of
the problem, but also it provides a powerful tool to adjust
the performance metrics of the network. For example, we
may limit the total number of transmissions by each client
based on its available battery or just to maintain more fairness
among the clients. Also, the ability of handling packets of
different lengths, might be helpful to extend the idea of
partial packet recovery suggested by [13] to such cooperative
settings. Each client might have heard a packet partially, so
instead of discarding the incomplete packet it can exploit its
partial knowledge of that packet in cooperation with its peers.
Moreover, short range links may have different qualities, that
can be taken into account in the associated costs or can limit
the capacity of actual transmission links.
Clearly, finding the minimum number of required transmissions is a special case of the minimum cost problem. This can
be achieved if we set bi = 1 and Ci = ∞ for all i = 1, . . . , k.
To count the number of transmissions in terms of packets, we
can set R = n and αeti = 1. For instance, in the example
of Fig. 2, solving the linear programming would result in
z1 = z2 = z3 = 1/2. It is assumed that the size of packets
is appropriate to be divided if needed. In this example, mj ’s
are assumed to be equal and even numbers. However, when
the size of packets is not even, there would still be some
benefit in packet splitting in an asymmetric fashion, which
is not discussed here any further.

III. FAIRNESS
Unlike the conventional communication systems where
users compete against each other to capture the resources
of the network, in cooperative models, the clients aid each
other to achieve a common goal. Cooperation may result in
a dramatic improvement in the usage of network resources.
However, a fundamental question arises: under what conditions
users are motivated to cooperate? In other words, not only
the efficiency of the whole system should be considered,
but each user, individually should find a major benefit in
participating. From this point of view, in a cooperative system,
the allocation of resources and duties should be as fair as
possible while a certain set of constraints and optimality
conditions are guaranteed. It is important to note that the
concept of fairness in a cooperative system is not equivalent to
uniform distribution of resources and tasks, because a ‘totally
fair’ system with an overall poor performance is not desired
even from the users’ perspective.
As it was mentioned earlier, splitting the packets may result
in more fairness, i.e. the portion of transmissions by each client
is close to the others as much as possible. Roughly speaking,
by splitting the packets we enable more clients to participate in
the transmission of a single packet. In our problem, fairness is
a critical issue, since the energy supply of wireless transceiver
devices is usually limited.
In the following, we will have a brief introduction to a
statistical index of fairness and its advantages over other metrics and its application to our problem. To have a quantitative
measure of fairness, different schemes and formulas might be
considered. For example, at a first look, the variance of zi ’s
found in (1) seems to be a good candidate. Lower variance
may indicate more fairness around a specific mean, but the
most important weakness of variance is its dependence on
the mean and the size of the problem. [14] discusses the
desired properties of a fairness index and suggests a very
useful statistical formula to measure the fairness, which will
be used in this paper. Using the notations in this paper, the
index proposed by [14] can be written as
k
( i=1 zi )2
(2)
f (z) = k
k i=1 zi 2
where z = (z1 , z2 , · · · , zk ) is the vector of zi ’s. This index
is a normalized measure which is independent of the scales,
population and size of the problem, and continuous. For more
details see [14]. Applying this formula to the canonic example
of Fig. 1, gives f (z) = 23 for the non-splitting case where
z = (1, 1, 0) and f (z) = 1 for the splitting case where
z = ( 12 , 12 , 12 ).
As long as the optimal solution is unique, exploring the
fairest solution is not meaningful, because any other solution
with more fairness would be suboptimal in terms of number of
transmissions (although clients may come to an agreement to
sacrifice some optimality in the total number of transmissions
in favor of a fairer solution). But in the case that the optimal
solution is not unique, it is reasonable to choose the fairest

k


TABLE I
C ODING GAIN FOR THE LP AND THE ALGORITHM IN [5].
n
Alg. [5]
LP

5
1.2454
1.2477

10
1.3867
1.3882

15
1.4453
1.4485

20
1.5127
1.5155

25
1.5461
1.5487

30
1.5870
1.5886

1
LP
Algorithm [5]

0.9
0.8
0.7

fairness index

optimal solution. The uniqueness of solution to a linear
optimization problem can be determined before solving the
problem using the method in [15]. In fact, we have observed
through simulations that in a large number of instances of
our problem, the solution is not unique. We denote the total
number of transmissions in an optimal solution found by the
LP by z ∗ . To find the fairest optimal solution, we should
maximize the nonlinear fairness index subject to the same set
of conditions used by the LP, given that the summation of zi ’s
is equal to z ∗ . That is,
k
( i=1 zi )2

maximize
f (z ) = k
k i=1 zi 2
subject to
zi = z ∗ and the set of conditions in (1)

0.6
0.5
0.4
0.3

i=1

0.2

Fortunately, this problem can be converted to a convex
k minimization problem. By substitution of the condition i=1 zi =
z ∗ in the above, the objective function would be become
f (z ) =

(z ∗ )2
k
k i=1 zi 2

Since z ∗ is a known constant at this
kstep,2this problem
is equivalent to the minimization of
i=1 zi . Hence, the
problem is converted to a constrained quadratic problem [16].
IV. N UMERICAL R ESULTS
In this section we compare the performance of the suggested
linear programming in (1) against the algorithm in [5], which
is known to be optimal with a high probability if the coding
coefficients are chosen from a sufficiently large field under
the condition that no packet splitting is allowed. The general
structure of the algorithm in [5] is in a way that at each round
of transmission, a client with highest rank of knowledge space
is selected as the leader to broadcast a linear combination of
the packets it holds. In the first part of our simulations, we
assumed the cost of transmissions are equal, i.e. the minimum
number of required transmissions has been considered.
To generate an initial setting for a cooperative data exchange
scenario, we have assumed that each client have received
a packet with a probability p = 0.5. The experiments are
performed for k = 8 clients and different number of packets
ranging from n = 4 to n = 30 with 250 trials for any
value of n. Table. I shows the gain of network coding for
the two mentioned algorithms over uncoded transmissions,
i.e., the ratio of the number of uncoded transmissions to the
number of transmissions found by LP or the algorithm in
[5]. Although we proved that the optimal solution might not
be achievable without splitting the packets, it can be seen
from this table that, on average, the gains are very close to
each other in practice. But the key advantage of breaking the
packets to smaller entities (subpackets) is to improve fairness
substantially. Especially, the algorithm in [5] requires nodes
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A comparison between the fairness of LP and the algorithm in [5].

with the higher dimensions of knowledge space to participate
more in transmissions, which can be unfair. Fig. 3 shows the
fairness index introduced in Section III for the two algorithms.
A large gap between the two algorithms can be seen from
the fairness point of view. As discussed earlier, splitting the
packets provides opportunities for more clients to participate in
the transmission of a specific packet. But the gap is narrowed
as the number of packets increases. The intuition behind this
phenomenon is clear: For larger number of packets, the chance
of each client for participating in transmissions is increased in
the algorithm of [5].
In the second part of our numerical experiments, we considered the effect of non-uniform costs, where each transmission
by client ci has an associated cost bi = 1. In this experiment
we chose bi ’s randomly from 1 to 10 for k = 6 clients and
different number of packets ranging from n = 4 to n = 30.
The results of this experiment has been compared to uncoded
transmissions in Fig. 4. Clearly, setting bi = 1 for all the
clients, provides the lower bound for the total number of
required transmissions as shown in Fig. 4.
V. C ONCLUSION
In this paper, we studied the problem of cooperative data exchange among a group of closely-located wireless clients using
network coding. In this problem, each client holds a subset of
packets and is interested in achieving all other packets held by
other clients through cooperation. We modeled this problem as
a multicast with side information available at the sinks to show
linear network codes are sufficient to achieve the minimum
cost transmission schemes. We introduced a linear program
to find the optimal solution, which may naturally result in
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Fig. 4. Number of transmissions for random costs, uniform costs and uncoded
transmissions.

fractional numbers for the number of transmissions by each
client, which can be interpreted as splitting the packets.
While, on average, splitting the packets only marginally
improves the total number of transmissions compared to
previously known integral solutions to this problem, it provides a major advantage: a dramatic improvement in fairness.
Fairness measures the equity of contributions from individual
clients towards the data exchange problem. Obviously, a fairer
solution would provide more incentive for clients to cooperate
and hence, is a very desirable property of a solution.
In this paper, we assumed that all the clients are fully connected via an erasure-free broadcast channel. This assumption
might be relaxed in the future, which indeed adds another
non-trivial dimension to the problem and deserves further investigation. Generally, the clients might have a more dynamic
behavior (for example, entering and exiting the system during
the cooperation phase). Finally, the side information processes
at the sinks might have a more general form than just being
a subset of packets, which is a scenario that may appear in
sensor networks.
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