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Abstract

The estimation of motion of multi-camera systems is one efrittost important tasks in com-
puter vision research. Recently, some issues have beea ralimut general camera models
and multi-camera systems. Using many cameras as a singkeraasnstudied [60], and the
epipolar geometry constraints of general camera modefe¢tically derived. Methods for
calibration, including a self-calibration method for geme&amera models, are studied [78, 62].
Multi-camera systems are an example of practically impletadge general camera models and
they are widely used in many applications nowadays becafuketlo the low cost of digital
charge-coupled device (CCD) cameras and the high resolofianultiple images from the
wide field of views. To our knowledge, no research has beedwsird on the relative mo-
tion of multi-camera systems with non-overlapping viewolktain a geometrically optimal
solution.

In this thesis, we solve the camera motion problem for nudtaera systems by using lin-
ear methods and convex optimization techniques, and we fakeubstantial and original
contributions to the field of computer vision. First, we feaon the problem of translational
motion of omnidirectional cameras, which are multi-canssistems, and present a constrained
minimization method to obtain robust estimation results/e@® known rotation, we show that
bilinear and trilinear relations can be used to build a systé linear equations, and singular
value decomposition (SVD) is used to solve the equationsor8k we present a linear method
that estimates the relative motion of generalized caménagarticular, in the case of non-
overlapping views. We also present four types of genemlcaneras, which can be solvable
using our proposed, modified SVD method. This is the firstystutling linear relations for
certain types of generalized cameras and performing erpets using our proposed linear
method. Third, we present a linear 6-point method (5 pomshfthe same camera and 1 point

from another camera) that estimates the relative motionuwfi«tamera systems, where cam-
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eras have no overlapping views. In addition, we discusshberetical and geometric analyses
of multi-camera systems as well as certain critical confians where the scale of translation
cannot be determined. Fourth, we develop a global solutrmeuanl., norm error for the
relative motion problem of multi-camera systems using sdearder cone programming. Fi-
nally, we present a fast searching method to obtain a glabalisn under an’., norm error
for the relative motion problem of multi-camera systemshwion-overlapping views, using a
branch-and-bound algorithm and linear programming (LR)teting the feasibility of LP at
the earlier stage, we reduced the time of computation ofrsplP.

We tested our proposed methods by performing experimeititssynthetic and real data.
The Ladybug2 camera, for example, was used in the experionezgtimation of the translation
of omnidirectional cameras and in the estimation of thetikedamotion of non-overlapping
multi-camera systems. These experiments showed that algolution usingl . to estimate

the relative motion of multi-camera systems could be aduev
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Chapter 1

Introduction

In this thesis, we investigate the relative motion estiorairoblem of multi-camera systems to
develop linear methods and a global solution. Multi-cansyigtems have many benefits such
as rigid motion for all six degrees of freedom without 3D nestouction of the scene points.
Implementations of multi-camera systems can be found inynagplications but few studies
have been done on the motion of multi-camera systems so far.

In this chapter, we give a general introduction to multi-eaansystems and their applica-
tions, followed by our contributions and an overview of tthissis.

Recently, the popularity of digital cameras such as di@taR (single-lens reflex) cameras,
compact cameras and mobile phones with built in camera leesased due to their decreased
cost. Barry Hendy from Kodak Australia [29] plotted the “gig per dollar” as a basic measure
of the value of a digital camera and used the informationdomenend a retail price for Kodak
digital cameras. This law is referred to as “Hendy’s Law”. tBa basis of this law, it can be
concluded that the resolution of a digital camera is becgrhigher and the price per pixel of
the camera sensor is becoming lower every year. It is no tadiffeeult or expensive to set up
an application that uses several cameras.

It is considered that multicamera systems (a cluster of casner a network of cameras)
have many benefits in real applications such as visual sfeeud scientific research. The first
study on virtualized reality projects that use virtual vieeaptured by a network of cameras
was conducted by Kanade et al. in 1995 [54]. Their system wad to capture touchdowns
in the Super Bowl, which is the championship game of protesdi American football, and it

was used to look around the event from other point of virtuaive. In 1999, a similar visual



Figure 1.1: A software controlling 120 cameras using 5 laptopsw. br eezesys. com(Courtesy of
Breezesystems, Inc)

effect known as “bullet time” was implemented in the film “Thg&atrix”, where the camera
appears to orbit around the subject of the scene. This was lolpplacing a large number of
cameras around the subject of the scene. Digital Air is a-kedlvn company that produces
Matrix-like visual effects for commercial advertisemefs Another company, Breezesys,
Inc. [6], sells consumer-level software that allows thewdtameous capture of multiple images
by multiple cameras controlled by a single laptop, as shawhigure 1.1. Thus, the use of
multi-camera systems in various applications is becomopufar and their use is expected to
increase in the near future.

In the last two decades, many studies have been conductduedheory and geometry
of single-camera systems which are used to capture imagestivo views, three views and
multiple views [11, 10, 27]. However, the theory and geomefrmulti-camera systems have
not been fully studied or clarified yet. This is because initamiuto recording multiple views
of a scene using a network of cameras or an array of cameeais,dre more challenging tasks
such as obtaining spatial and temporal information as thd-camera system moves around
the environment.

This process of obtaining the orientation and positionrimiation is known as the “visual
odometry” problem or “the problem of estimation of relatimetion of multi-camera systems”.

A good example of this is as follows: The Mars Exploration By Spirit and Opportunity,



Navcam FOV ~45° x45°

Pancam FOV ~16° x16°

Front Hazcam
FOV ~120° x120°

Rear Hazcam
FOV ~120° x120°

Figure 1.2: The Mars Exploration Rovers in motion.The rovers are equipped with 9 cameras: four
Hazcams are mounted on the front and rear ends for hazarddancie, two Navcams are mounted on
the head of the rovers for navigation, two Pancams are malortethe head to capture panoramas, and
one micoscopic camera is mounted on the robotic arm. (CeuMASA/JPL-Caltech)

landed on Mars in January 2004. As shown in Figure 1.2, thmass were equipped with nine
cameras distributed between their heads, legs and armisouih the rovers were equipped
with navigation sensors such as IMU (inertial measuremeit) and odometry sensors on
their wheels, the estimated distance travelled by the sosarMars was not very accurate.
This could have been due to several reasons, for exampleowke wheels could not obtain
a proper grip on the ground on Mars, which caused the wheagitowithout moving. This

resulted in the recording of false measurements by the otlgrarit. Another reason could
have been the accidental failure of the IMU and odometrymgent. In such a case, visual
sensors such as the nine cameras might be used to detereinedtion of the rovers on Mars.

To our knowledge, no research has been conducted on gettimgtianal solution to predict the
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motion of multi-camera systems. Hence, if we develop amugitsolution, it can be applied to
control the motion of planetary rovers, UAVs (unmannedaehicles), AUVs (autonomous
underwater vehicles) and domestic robots such as SpiriQgpdrtunity on Mars, Aerosonde,
REMUS and iRobot’'s Roomba.

In general, the motions of camera systems can be consideterlEuclidean motions that
have six degrees of freedom in three-dimensional (3D) sp8ogthe main aim of this study
is to estimate the motion for all six degrees of freedom. H@#ein single-camera systems
that capture two images, the relative motion can be estihrfateonly five degrees of freedom:
three degrees for rotation and two degrees for translatietttbn. The scale of translation
cannot be estimated from the single-camera system unlesg®&ure is recovered. However,
in the case of non-overlapping multiple rigs, 3D structigeovery problem is not as easy as
in the case of systems with overlapping views such as stgreras and monocular SLAM

(Simultaneous Localization and Mapping) systems.

1.1 Problem definition

In this thesis, we investigate the motion of multi-camerstaymns. We investigate motion es-
timation problems such as the translational motion of aniadirectional camera, the motion
of a non-overlapping 8-camera system on a vehicle usingeadimethod and the motion of a
6-camera system (Ladybug2 camera) using second-ordempcogeamming (SOCP) or linear
programming (LP) undek ., nhorm.

In general, the motion of multi-camera systems is a rigidiomot Therefore, there are 6
degrees of freedom for rotation and translation. Takingaathge of the spatial information
(exterior calibration parameters) of cameras in multi-eeansystems, we can estimate the
relative motion of multi-camera systems for six degreegeddom.

Given known camera parameters, we capture image sequesiogsaumulti-camera sys-
tem. Then, pairs of matching points are detected and fouind fsature trackers. Using these
pairs of matching points, we estimate the relative motiomatfti-camera systems for all the

six degrees of freedom.
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1.2 Contributions

In this thesis,

1. We show that if the rotation of the camera across multipevs is known, it is possible
to estimate the translation more accurately using a cansttaminimization method

based on singular value decomposition (SVD).

2. We also show that the motion of non-overlapping imageshea@stimated from a min-
imal set of 6 points of which 5 points are from one camera andittfs from another
camera. Theoretical analysis of the critical configuratiloat makes it impossible to

solve the relative motion of multi-camera systems is aladist.

3. A linear method to estimate the orientation and positiba multi-camera system (or
a general camera model) is studied by considering the rafinkietey of equations and
experiments. To our knowledge, no experiments using linegthods have been per-

formed by other researchers in the field of computer vision.

4. Using global optimization and the convex optimizatiocht@ques, we solved the prob-

lem of estimation of motion using SOCP.

5. We solved the problem of estimation of motion using LP witbranch-and-bound algo-
rithm. Approaches 4 and 5 provide a framework to obtain aajleblution for the prob-
lem of estimation of relative motion in multi-camera syssg@ven with non-overlapping

views) under thd.., norm.

We performed experiments with synthetic and real data tibyveur algorithms, and they

mostly showed robust and good results.

1.3 Overview

In chapter 1, we provide a general overview of the problentkarestimation of multi-camera

systems and demonstrate how multi-camera systems candéusal applications.
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In chapters 2 to 4, we provide brief overviews of the singlesera system, two-camera
system, three-camera system, multi-camera system anchtbébn estimation problems. In
chapter 5, we discuss previous related works.

The main work of this thesis is presented in chapters 6, 7,a8d10. In chapter 6, we
show how constrained minimization allows the robust edimnafrom omnidirectional im-
ages. In chapter 7, we show how using six points, we can egtitha relative motion of
non-overlapping views, and we also show that there is a @dggey configuration that makes
it impossible to estimate the motion of non-overlapping tirecdmera rigs. In chapter 8, we re-
veal a linear method for estimation of the motion of a genesilalera model or non-overlapping
multi-camera systems along with an intensive analysis @fréimk deficiency in generalized
epipolar constraint equations. In chapter 9, we study tluengéry of multi-camera systems
and demonstrate how using their geometry, we can converntign problem to a convex
optimization problem using SOCP. In chapter 10, we attemphprove the method proposed
in chapter 9 by developing a unified framework to derive a glawlution for the problem
of estimation of camera motion in multi-camera systemsgu&iR and a branch-and-bound

algorithm. Finally, in chapter 11, conclusions and dismussare presented.



Chapter 2

Single-Camera Systems

2.1 Geometry of cameras

In this section, we revisit the geometry of single-camesdeays and present a detailed analysis
of the projection of points in space onto an image plane aadigiid transformations of points
and cameras.

Let us assume that the world can be represented using atprejsgacdP?. The structures
and shapes of objects are represented using points in timedfo4-vectors such aX in IP3.
The motion of these points is represented ByaB rotation matrixg and a 3-vector translation
t. Let us now consider transformations of points and camertisei projective spack3.

Three coordinate systems are used to describe the posdfopsints, the locations of
cameras in the projective spali®’ and the image coordinates IR2. In this study, we have
used right-hand coordinate systems, as shown in Figure Thé. first coordinate system is

theworld coordinate systemwhich is used to represent the positions of points and casriar

Z2=x XYy

Y

Figure 2.1: Right-hand coordinate system.



82.1 Geometry of cameras 8

(b) Projected image

Figure 2.2: (a) The camera coordinate system (indicated in red) is repméed by the basis vectors
Xeamerar Yeamera aNd Zeqmera, and the world coordinate system (indicated in green) isasented
by the basis vectorX o4, Yworta @nd Z0r14 in 3D space. (b) The image coordinate system is
represented by two vectors;,,qge andYi,qq4. in 2D space.

the world. Hence, the positions of all points and camerasbearepresented by an identical
measurement unit such as “metre”. The second system isatinera coordinate systerm
which the positions of the points are based on the viewpaifitse cameras ifi*3. It should

be noted that a point in space can be expressed both in thd eamidinate system and in the
camera coordinate system. The final coordinate system iswge coordinate systerwhich

is specifically used to define the coordinates of pixels irgesa Unlike the first two coordinate
systems, the image coordinate system ifh The image coordinate system uses “pixels” as
the unit of measurement.

Figure 2.2 shows the three coordinate systems. In Figufa)2\®e observe that the person
holding the camera is taking a picture of a balloon. A camesits own two-dimensional
(2D) coordinate system for images. This 2D coordinate sysseshown in Figure 2.2(b). The
camera is positioned with respect to a reference point inmtidd coordinate system. The
position of the balloon in the air can also be defined with eespo the reference point in
the world coordinate system. Therefore, the positions efddmera and balloon (structure)

are expressed in the world coordinate system (indicateddany. The orgin of the camera
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coordinate system (indicated in red) is positioned at timéreef the camera and points toward

the object of interest.

2.1.1 Projection of points by a camera

If we assume that the-axis of the camera is aligned with theaxis of the world coordinate
system, and the two coordinate systems are placed at thie,dtign the camera projection

matrix can be represented by a 4 matrix as follows:

P=[I|0] (2.1)

wherelI is a3 x 3 identity matrix.

Let a 4-vectoiX.,,, be a point in space ard..,, be represented in the camera coordinate
system. ThenX_,,,, may be projected onto the image plane of the camera througiisaThe
image plane uses a 2D image coordinate system, as shownureRA2(b). Therefore, the

projected poinik is represented as a 3-vectorlitt and can be denoted as follows:

X= [I ’ O]Xcam (2.2)

It should be noted that still uses the same unit (say “metre”) as that of the worldrdeo
nate system in (2.2). However, as we are dealing with imabesunit needs to be converted
to a pixel unit. Most digital cameras have a charge-coupkedce (CCD) image sensor that
is only a few millimetres in size. For instance, the Sony IOA2K? is a6-mm (= 0.24 in)
diagonal, interline CCD solid-state image sensor with asgpixel array, and it has total of
1024 x 768 active pixels. The unit cell size of each pixeli$5,m x 4.65um?. Therefore,
the units needed to be converted in order to obtain the coates of a pixel in the image. For
instance, in Sony ICX204AK CCD sensors, the size of a pixélds x 10~% metres. Hence,
this value is multiplied byl /(4.65 x 10~%) in order to convert the unit from metres to pixels.

It is also necessary to consider other parameteres sucle dsdél length, the principal

1Sony ICX204AK technical document [33]
21 um (micrometre) =10~%m (metre) =3.93700787 x 10~° in.
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points where the optical axis meets the image plane, anké#veness of the image sensor. All
these parameters are included iB & 3 matrix, which is termed a “calibration matrix”. The

calibration matrix may be added in (2.2) and it is given akies:

X= K[I ’ O]Xcam (2.3)

wherek has focal lengthg, and f,,, and the skew parameterand it is defined as

Jo s 0
K=|o0 f, 0]- (2.4)
0 0 1

The units of the focal lengthg, and f,, should be converted from metres, the unit of the world

coordinate system, to pixels, the measurement unit of isiage

2.1.2 Rigid transformation of points

A rigid transformatiorM of a pointX in IP? is given as follows:

X' = MX , (2.5)

whereM is a4 x 4 matrix used for transformation ai is the position ofX after transforma-
tion of X. This transformation may be considered to represent th& porfter rotation and

translation. Thus, (2.5) may be rewritten as follows:

X' = X, (2.6)

whereR is a3 x 3 rotation matrix and is a 3-vector translation. Please note that the pXint
is translated by first and then rotated by with respect to the world coordinate system. This

is shown in Figure 2.3.
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Figure 2.3: Rigid transformation of a point.A pointX is moved to a different positioR’ by a rigid
motion comprising rotatio® and translationt.

2.1.3 Rigid transformation of cameras.

Let us now consider the rigid transformation of the coort#ieaf a camera, as shown in Fig-
ure 2.4. The camera is placed in the world coordinate systerits coordinate transformation
has rotation and translation parameters similar to thestommation of points.

A camera aligned with the axis of the world coordinate sysatiine origin is represented
by a3 x 4 matrix as follows:

P=[1]0], (2.7)

whereI is a3 x 3 identity matrix.

If the camera is positioned at a poititthe camera matrix is represented as follows:

1 0 0 —c;
P=1010 —¢ |- (2.8)
0 0 1 —c,

where the vectoe = [c,, ¢, ;]! is the centre of the camera. The 18fk 3 submatrix inP is
not changed because the camera is still aligned with thedveodrdinate system.

If the camera is rotated b with respect to the world coordinate system, then the newly
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Figure 2.4: Rigid transformation of a camera.A camera afc is moved to a positior’ by a rigid
motion comprising rotatio’ and translationt.

positioned camera matrix can be represented as follows:

P=R[I| —c]=[R| —Re|=[R]|t], (2.9)

wheret = —Rc is a vector represented by the translation
In particular, note that the camera is first translatedt tand is then rotated by with
respect to the world coordinate system. Finally, the carnsgpasitioned at. A point X in

IP3 is projected onto an image pointin IP? by the camera matrik as follows:

v=PX =R[I| —¢]X, (2.10)

wherev is a 3-vector inlP? and is represented in the image coordinates. Hemasn be
considered as an image vector originating from the centteeotamera to the poiX. If X

is displaced by the motion matrik then the projection oKX is also displaced as follows:

v/ =PMX =R[I| — c]MX. (2.11)

The vectort is also called a translation in other articles. Howeverbphiy it is more reasonable to defia@s
a translation instead afbecause it is more relevant to our geometrical conceptsb&iber understanding, in this
thesis, the vectoe is called as the centre of the camera and the veci®denoted as the direction of translation.
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Instead of movingX, let us imagine that the camera is moved to make the positidheo
projected point the same as thatdf Therefore, from (2.11), the matriX of the transformed
camera matrix is written as:

PP =PM=R[I| —c|M. (2.12)

Let us consider two rigid transformations andM,. Let the transformations be applied
in the orderM; andM, to a pointX. The transformed point is denoted ¥$ = MoM;X. In
the same way, the transformed camera matrix can be givé ByPMyM; instead of moving

points.

2.2 Epipolar geometry of two views

In this section, we revisit the geometry of single-camerstesys used to capture two images
from two different locations and also re-introduce methtmsstimate the relative motion of
a camera between two views. In the following section, weirdisish between two terms

“views” and “cameras” in order to better understand mudtinera systems.

2.2.1 Definitions of views and cameras

Views. Views are defined as images taken by a single camera at difflr@ations. As the
same camera is used, each view has the same image size aaththeaibration parameters.
The phrase “two views”, implies that physically a single emandevice is used to capture two
images from two different positions in space. On the othadh#e phrase “multiple views”
(sayn views) implies that physically a single camera device isliseapture multiple images,

which form a single image sequence, frandifferent positions.

Cameras. Cameras are physical devices used to capture images. Tlge isimes and cal-
ibration parameters vary from camera to camera. Even if dmecas are identical and are
manufactured by the same company, they may have differeal fengths and/or different
principal points. The cameras may be located in the sameigmsiwhile capturing images

but are generally placed in different positions. Whenewveruae the phrase “two cameras”, it
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refers to two physically separated camera devices thatsae together to capture two image
sequences. The phrase “multiple cameras” impliesriitemera devices are used together to
capturen image sequences. Therefore, the phrase “3 views of 4 caimenaans that four
cameras are used to capture four image sequences from tfieeerd positions (a total of 12

images).

2.2.2 History of epipolar geometry

The history of epipolar geometry is closely connected tohikeory of photogrammetry. The
first person to analyze geometric relationships was Guidacklin 1883 [28]. In his article
published in “Journal of Pure and Applied Mathematics”, bedithe German term Kernpunkt

(epipole) as follows [28]:

Es seien (Fig. 1. &’ undS” zwei Projectionsebenen); undO die zugehorigen
Projectionscentren. Die Schnittlinig, der zwei Projectionsebenen nennen wir
denGrundschnitt Die VerbindungslinieD; 0, moge die zwei Projectionsebenen
in den Punktem), undo} schneiden, welche wir di€ernpunkteder zwei Ebenen

nennen.

The English translation may be as given below:

Let S” andS” be two projection planes, and; and O, the corresponding pro-
jection centres (Fig. 1. a). We will call the intersectiomeliof the two projection
planes th&rundschnitt (basic cut)Let the line joiningD; O4 cuts the two projec-
tion planes in the points), ando}, which we will call theKernpunkte (epipoles)

of the two planes.

Figure 2.5 shows the epipolar geometry and the two epip#lempunkte)o; ando),, as
illustrated by Guido Hauck in his paper [28].

Epipolar geometry was studied first by German mathemascaud was introduced to the
English in the first half of the 20th century. As pointed outlb. Salt [65] in 1934, most of the

literature on photogrammetry until that time had appeare@érman. In 1908, Von Sanden
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Journal fir reme und andewandte Mathematk B % Tafel I (Fig 1-7)

Figure 2.5: lllustrations from Guido Hauck’s paper (Courtesy of wikilieeorg. The copyright of the
image has expired).
presented the first comprehensive description of how tormiée the epipole in his Ph.D.
thesis [84]. In 1934, a German book entitled “Lehrbuch der&iphotogrammetrie (Text book
of Stereophotogrammetry)” by Baeschlin and Zeller was ighbt [3], and it was translated
into English in 1952 by Miskin and Powell with the title “Telbok of Photogrammetry” [88].
It was the book that introduced English equivalent term& agcepipoles and epipolar planes.
The usage of the words related to epipolar geometry in phatogietry is somewhat dif-
ferent from their usage in computer vision because it israssuthat aerial photographs are
used in phogrammetry. However, the essential meaning af/tinds is the same. According
to the glossary in the “Manual of Photogrammetry”. The tespgoles, epipolar plane and

epipolar ray are defined as follows [70]:

epipoles— In the perspective setup of two photographs (two perspegtiojec-
tions), the points on the planes of the photographs wheng dhe cut by the

air basé (extended line joining the two perspective centers). Incie of a pair

4air base (photogrammetry) — The line joining two air stagjoar the length of this line; also, the distance
(at the scale of the stereoscopic model) between adjacespemive centers as reconstructed in the plotting in-
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of truly vertical photographs, the epipoles are infinitelstant from the principal

points.

epipolar plane — Any plane which contains the epipoles; therefore, anyelan

containing the air base. Also called basal plane.

epipolar ray — The line on the plane of a photograph joining the epipole and
the image of an object. Also expressed as the trace of anlapiplane on a

photograph.

The concept of an essential matrix in computer vision is @&aied to that in photogrammetry.
In 1959, Thompson first presented an equation composed @vaskmmetric matrix and an
orthogonal matrix to determine the relative orientatiorpimtogrammetry [81]. In 1981, in
computer vision, Longuet-Higgins was the first to introdace x 3 matrix similar to that in
Thompson’s equation. This matrix was later termed an esséematrix and was used to explain
the relationships between points and the lines correspgrdi these points in the two views
[46].

Following this, several studies were made to derive methodetermine the relative ori-
entation and translation of the two images. In 1991, Horisgmeed an iterative algorithm to
estimate the relative orientation [31]. In 1997, Hartlegganted a linear algorithm known as
the “normalized 8-point algorithm” to estimate the fundawaé matrix, which is the same as
the essential matrix except in this case, the cameras acalitmtated [25]. In 1996, Phillip [59]
introduced a linear method for estimating essential megricsing five point correspondences,
and it obtains the solutions by finding the roots of a 13threlegrolynomial. In 2004, Nister
improved on Philip’s method by finding the roots of a 10th+@egpolynomial [57]. In 2006,
Stewénius presented a minimal 5-point method that usemfatehing pairs of points and finds

the solutions using a Grobner basis [73, 74].
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Figure 2.6: Intuitive illustration of epipolar geometry.

2.2.3 Interpretation of epipolar geometry

In this section, we first present a simple illustration ofpear geometry, as shown in Fig-
ure 2.6, before defining its mathematical equations. Lenagjine that there are two persons,
a lady and a gentleman, playing with a ball. From the viewpofrihe gentleman, he can see
both the ball and the lady. Although his eye is directly famisn the ball, both the image of
the ball and the lady are projected onto the retina of his.ej&sv, suppose we draw a line
from the eye of the lady to the ball. He can now perceive thk tied eye of the lady and the
line. In epipolar geometry, the eye of the lady observed kygéntleman is called an epipole.
In addition, the line seen by the gentleman is known as aro&gipine. The epipolar line cor-
responds to the image of the ball seen by the lady. In the saagyecensidering the viewpoint
of the lady, the gentleman’s eye perceived by the lady i®dah epipole. If we draw a line
from the eye of the gentleman to the ball, the line observethbylady is another epipolar
line. Therefore, given an object in two views, we have twgelas and two epipolar lines. It
is apparent that the ball, the eye of the gentleman and thefdpe lady form a triangle that
lies in a single plane. In other words, they are coplanarplpaar geometry, this property is

known as the epipolar constraint, and it yields an epipalaiaéon that is used to construct an

strument [70]. air station (photogrammetry) — the pointpace occupied by the camera lens at the moment of
exposure; also called camera station or exposure statjn [7
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essential matrix.

2.2.4 Mathematical notation of epipolar geometry

Epipolar geometry is used to explain the geometric relatigps between two images. The two
images are captured by a single camera that is shifted frenplaice to another, or they can be
captured by two cameras at different locations. Assumiagttie cameras are calibrated, the
epipolar geometry can be represented I3y>a3 matrix, which is called an essential matrix.
The essential matrix describes the relationships betwaempdirs of matching points in the
two images.

Letv andv’ be points in the first image and in the second image, respégtihat form a
matching pair. Without loss of generality, let us assuméadlsngle camera is used to capture
the two images, hence, although the camera moves from oiitopds another, its intrinsic

parameters such as the focal length and principal pointairethe same.

2.2.4.1 Pure translation (no rotation) case

If we assume that the motion of the camera is translationél sisfts between two positions
to capture two images, the essential magjxvhich is used to explain the relationships be-
tween point correspondenseandv’, becomes the simple form of a skew-symmetric matrix

as follows:

Ev =
= v'T(t X V)
= v (v xt)
= t'(vxVv)
t1 v V)
= |ty vg vy |=0, (2.13)

t3 V3 vé
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N

(a) Pure translation to the side (b) Pure translation forward

Figure 2.7: Epipolar geometry for a pure translational motionThe camera (indicated in red) at
positionc; moves to positioks (indicated in blue) by pure translation indicated by A 3D pointX
is projected to image points andv’ in the first and second view, respectively. The three vestovs
andt are on an epipolar plane.

wheret is the translation of the camera afad is a skew-symmetric matrix of any 3-vector
a. The translation vectot and the matching pairs of pointsandv’ can be written ag =
(t1,t2,t3) ", v = (vi,v2,v3) T andv’ = (v}, vh,v4) "

Equation (2.13) is in the form of a scalar triple product akthvectorsy, v/ andt, but
it is nothing more than a coplanar constraint on the thre¢ovec As shown in Figure 2.6,
the triangle is formed by three line segments joining thremts such as the lady’s eye, the
gentleman’s eye and the ball. This triangle should lie innglsi plane. There are three coor-
dinate systems in this situation. The first two coordinatsteans are 2D coordinate systems
used by the two images taken by the camera. The third codedgystem is the world coor-
dinate system, which shows the position of the two cameriasvpoints of the two persons)
and the ball. Because there is no rotation in this partiqulee translation case, the directions
of these three vectors are not affected by other coordinatierss. Therefore, it is simply a
coplanar condition for three vectors to lie on a plane. Tlaelis called an epipolar plane in
the epipolar geometry.

As shown in Figure 2.7, the vecteris a projected image vector of a 3D poiXtin the
first view c;. The vectorv/, corresponding tor, is a projected image vector of the 3D point
X in the second view,. The translation vectar is the same as the displacement of camera

positions. Because of the purely translational motion ef¢ameras, the translation vector



§2.2 Epipolar geometry of two views 20

!
A \'2] A4 ,
d= Vgy
Vi
/ V3
A" Vo
54—0 e
\§
% 3
- O
vy
(a) Pure translation to the side (b) Pure translation to the forward

Figure 2.8: Overlapped image vectoss and v, on an image.(a) The vectors are parallel for sideways
translational motion. (b) The vectors coincide at an epgofor forward motion.

Figure 2.9 Image vectors on a sphere with an epipelfr a pure translation.

is in the epipolar plane containing the two image vectorandv’. Therefore, a great cirle
(plane) joiningv andv’ also contains the translation direction veator

We now define a property of pure translational motion. Supbs image vectors; and
v’ overlap, as shown in Figure 2.8. Then, for sideways traiosiat motion, the overlapped
image vectorsy; andv’; will be parallel. On the other hand, in the case of forwardiomtv;
andv’, will meet at a single point. This point is the same as the dgipothe first view.

In other words, this property can also be explained as faldBuppose the image vectors
v andv’ are on a sphere, as shown in Figure 2.9. The image vectared v’ join a plane
(great circle). If there are more than two pairs of matchiogfs such as/; andv/, where
i = 1,...,n, andn is the number of point correspondences, then the inteosecti these

planes forms an epipolar axis containing two epipoles. property will be used in chapter 10
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-

Figure 2.10 Image vectors on a sphere for the pure rotation case.

to estimate the relative orientation of two views.

2.2.4.2 Pure rotation (no translation) case

If the motion of the camera is purely rotational when the twages are captured by the
camera, the geometric relationshipsvoéndv’ can be represented as a simple rotation about

an axis, as shown in Figure 2.10.

2.2.4.3 Euclidean motion (rotation and translation) case

If the motion of the camera is both rotational and transtetipa general form of the essential

matrix E for a pair of matchings points andv’ may be written as follows

'"TEv = v/ '[t]xRv (2.14)
= V'TR[RTt] <V (2.15)
= V/TR[C]XV , (2.16)

whereR is a relative rotation matrix angdis a translation direction vector. This can be explained
as rotating the image vecterin the first view byr in order to align the image plane in the first
view with that in the second view. After alkyv is the image vector in the first image rotated

into a coordinate system of the second camera.

5See Appendix A.2.
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Figure 2.11: Alignment of the first view (indicated in red) with the secerelv (indicated in blue) in
order to make the two views the same as those in the pure atéosicase. The virtually aligned view
is marked as purple.

As shown in Figure 2.11, on aligning the image planes, the image planes become
parallel, resulting in a situtation that is similar to the@translation case. Instead of using the
vectorv, a rotated image vect®wv can be used as the vector corresponding to the image vector
v. Because the aligned view (indicated in purple) is paratiehe second view (indicated in
blue) as shown in Figure 2.11, the image point vectdrand Rv also satisfy the epipolar
co-planar constraint as follows:

v [t]x(Rv) = 0. (2.17)

2.2.4.4 Essential matrix from two camera matrices

Let the two camera matrices Be= [I | 0] andP’ = [R| —Rc| = [R | t], whereR is the relative
orientation,c is the centre of the second view até- —Rc is a translation direction vector. As
explained in the previous section, for a given pair of matghpoints,v andv’, the essential

matrix may be written from the two camera matrices as foltows
)T
v [t]xRv=0. (2.18)

wherek is the essential matrix from camemsndP’.



§2.2 Epipolar geometry of two views 23

For a general form of two camera matrices suc®@as- [R; | —Rjcy] andPy = [Ro | —
Rocs], the essential matrix from the general form of two camerarioest may be written as
follows:

v Ev = V/TRQ [c1 — CQ]XRITV =0. (2.19)

It can be derived from (2.18) by multiplying4ax 4 matrix with the camera matrices and

P, as follows:
RI C1
PlH = [Rl | — Rlcl] (220)
0" 1
= [1]0] (2.21)
and
RI C
PoH = [R2| —Raco) (2.22)
o" 1
= [RoR{ |Roci — Rocy) (2.23)
= RQR]—[I ’ Rl(cl — Cg)] . (224)
From (2.21) and (2.24), the essential matrix can be cortstlugs follows:
E = [Ra(ci — c2)]xRoR{ (2.25)
= RQ[Cl — CQ]XR]— . (226)

2.2.4.5 Fundamental matrix

The fundamental matrix is basically the same as the eskeamizix except that a calibration
matrix is not considered. When calibrated cameras are gpeimt coordinates in images
are represented in pixel units. However, if we assumme heatameras are calibrated, we
can eliminate the pixel units by multiplying the inverse loé tcalibration matrix with the co-

ordinates of the points. In the fundamental matrix, suchgenpoints can be considered as
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directional vectors to the corresponding 3D points. Givalibcated cameras and directional
vectors of the image points, the essential matrix can bdyeatsiained. On the other hand, if
uncalibrated cameras and pixel coordinates of the imag#gare provided, we can obtain the
fundamental matrix. Simply, given a point corresponden@ndx’ in pixel units, because of

the presence of directional image vecters: K~ 'x andv’ = K~!x’, wherek is a calibration

of the camera, the fundamental matfixnay be written as follows:
v/ 'Ev = K X)TEK x) = x' K TEK 'x = x' ' Fx . (2.27)
ThereforeF = K~ TEK L.

Elements of the fundamental matrix Given a fundamental matrig, its elements;; may

be written as
Fi1 Fi2 Fi3

F=1Fyn Fyp Fo | - (2.28)
F31 F3z Fz3
For thisF, a pair of matching points = (r1,29,23)T andx’ = (z},z5,25)"; hence, the

equation of epipolar constraints can be given as
(2], 2h, 25)F (21, 22,23) T = 0. (2.29)

The coefficients of the termz; in (2.29) correspond to the elementsFofThese elements of
F can be determined from two camera matrices and the positiar8D point using a bilinear

constraint, which will be explained in the following paraghs.

Bilinear constraints Let A andB be two camera matrices. Then, a 3D pakitcan be

projected by the two camera matriceskas= AX andk’x’ = BX, wherek and%’ are any
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non-zero scalar values. These two projectionXahay be written as

X
A x O
/ —k =0. (2.30)
B 0 x _

If we rewrite (2.30) using the row vectors of the matriaesndB, and the elements af andx’,

we can determine the elements of the fundamental matiBuppose the two camera matrices

are
al
A= aJ (2.31)
ag
and
b/
B=| by | (2.32)
b
then, (2.30) is written as
a]— I
a;— i)
X X
a;’— T3
. —k | =D| —k |=0. (2.33)
b, ) " y
bT ! N B
2 L9
by  af

From the above equation (2.33), the coefficient of the tefm) is determined by eliminat-
ing two rows and the last two columns of the malixand by calculating the determinant of

the remainingt x 4 matrix. Therefore, the entries of the fundamental matriy fo@ written
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as follows:
Fj; = (—1)" det ’ (2.34)
~bl
J
where~ a/ is a2 x 3 matrix created after omitting thieth row a, from the matrixA and
~ b/ is a2 x 3 matrix is created after omitting theth row b,” from the matrixs. Equation

(2.34) is called a “bilinear relation” for two views. The aébns for three and four views are

known as trilinear relations and quadlinear relationgpeesvely.

2.3 Estimation of essential matrix

2.3.1 8-point algorithm

Longuet-Higgins was the first to develop the 8-point aldwntin computer vision, which
estimates the essential matrix using 8 pairs of matchingtp@icross two views [46]. Unlike
Thompson'’s iterative method using 5 point correspondef@gswhich solves five third-order
equations iteratively, the 8-point method directly obsdine solution from linear equations.
Given the point correspondences= (vi,vq,v3)" andv’ = (vf,vh,v4)", the3 x 3

essential matriE can be dervied as follows:

E11 Ei2 Egg U1
-
v/ Ev = (V],05,03) | Ey; Eg Eog ve | =0. (2.35)

E31 Esz2 Ess U3
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A linear equation may be obtained from (2.35) as follows:

En
Er2
Ei3
Egy
(vivy, vive, vivs, vhuy, vhva, vhus, vivy, vive, vhU3) Eyp | =0. (2.36)
Eas
Es;
E3o

E33

It can be observed that equation (2.36) has nine unknowsreders. However, if we assume
that the value of last coordinate of the matching points i, dor exampleps = 1 andv; =
1, the equation has eight unknowns to be solved. Therefortheass are eight independent
equations for eight pairs of matching points, equationgRczan be solved directly.

In order to determine the relative orientation and trai@adf the camera system from the
estimated essential matrix, Longuet-Higgins proposedthodenherein the translation vector

can be obtained by multiplying the transpose of the esgantgrix with (2.18) as follows:

EET = ([t]xR)([t]xR)T (2-37)
= ([t]«RR"[t]} (2.38)
= [t]x[t]] . (2.39)

If we perform the trace cEE ", it becomes TEEE") = Tr([t]«[t]]) = 2||t||>. By assuming

to be a unit vector, i.e||t|| = 1, the trace oEE' can be given as
Tr(EE") = 2. (2.40)

Therefore, the essential matrixcan be normalized by dividing it b %Tr(EET). After
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obtaining the normalized essential matrix, the directibtie translation vector is determined

using the main diagonal @' as follows:

B+t —totn  —t3th 112 —tot; —tsty
EE' = | —tot; 2+ —tgty | = | —toty 1—12 —tsty | » (2.41)
—tgt;  —tgty 12+ t3 —tgty  —tsty 1 —t3

wheret? + 2 + t2 = 1 because is a unit vector. From the main diagonal E£", we can
obtain three independent elements of the translation vectdlowever, the scale af cannot
be determined.

In order to find a relative orientation, Longuet-Higgins disiee fact that each row of the
rotation matrix is orthogonal to each row of the essentialrixalLet us supposey; andr;
are thei-th column vectors of the essential matfxand the rotation matri® contained irg,

respectively. They may be written as

E= [ d1 92 g3 ] (2.42)

and

R = { T rg] . (2.43)

Then, becausg] b = a x b satisfies for any 3-vectar andb, we can derive the following
relations from (2.18) as follows:

q; = t x r;, (244)

whereq; is thei-th column vector of the essential matExandr; is thei-th column vector of
the rotation matrixg, wherei =1, ..., 3.
Becauser; is orthogonal tog; and is coplanar with, the vectorr; can be written as a

linear combination ofj; andq; x t. If we define a new vectow; = q; x t, then

r;, = )\it + W Wy (245)



§2.3 Estimation of essential matrix 29

where)\; andy; are any scalar values. Here, the unknown sgalés determined to bg; = 1

by substituting (2.45) into (2.44) as follows:

@ = txr (2.46)
= tx (At 4 pwy) (2.47)
e xw) @49)
= pit x (q; x t) (2.49)
= M9 - (2.50)

Because the rotation matriis an orthogonal matrix, the cross products of any two column
vectors ofR are the same as the elements of the remaining column vecrorkdr example,

riy = ry X r3. Therefore, from (2.46), (2.45) and= 1, we obtain

ry, = rpxrs
AMt+w; = (Aot + wa) X (A3t + ws)
= (Aot +wy) X (At + ws)
= X3t Xt 4+ Aot X w3z + A3wy X t + Wy X w3
= At X w3) — A3(t X wa) + wa X w3
= A2Q3 — A3q2 + W2 X W3
= A2q3 — A392 + (g2 x t) X (g3 X t)
= oq3 — A3q2 +def(qy t t)g3 — det(qe t g3)t
= doqs — A3q2 + q (t X t)q3 — qy (t x q3)t

= doqz — A3q2 —qq (t X q3)t .

Becausew, q3 and q4 are all orthogonal t& and the last term on the right in (2.51) is a

multiple of t, the above equation becomes

At = —q;—(t X Q3)t = W9o X W3 . (251)
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On substituting the above equation into (2.45), we obtainfihial equation of each column

vector of the roation matrik as follows:

ryr = Wi+ Wy X W3 (2.52)
rs = Wo+ W3 X Wj (253)
rs = W3+ Wi XWy. (2.54)

Although we have estimated the relative orientation anastedion using 8 pairs of match-
ing points, there are four possible solutions if we consgigns of the orientations and trans-
lations. In order to identify the signs, Longuet-Higgin®posed a 3D-point reconstruction
method and determined the signs of the translation andantan the basis of the values of
the last coordinates of the reconstructed 3D points. If tlees of the last coordinates of a
pair of 3D points are negative, then the sign of the trarmlathanges. If the values of the last
coordinates of the 3D points are opposite in sign to eactr,difen the sign of the rotation is

reversed.

2.3.2 Horn’s nonlinear 5-point method

Horn proposed a method to determine the relative oriemtdtiatation) and baseline (transla-
tion) of the motion of a camera system using 5 pairs of matchivints across the two views
[30]. The rotation of the first camera coordinate system wapect to the second camera is
known as the relative orientation. There are five unknowmarpateres — 3 for rotation and 2
for translation — in the essential matrix.

Given a pair of matching pointé andv’, Rv is the image vector in the first view rotated
into the coordinate system of the right view (or camera), n@Rds the relative rotation with
respect to the other view. For these two views, there is aacaplcondition, known as the

epipolar constraint, for the image vect@s, v’ and the translation vectaras follows:

t]xRv=0. (2.55)
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Figure 2.12 The shortest distance is a line segment between the two iveagersv’ andRv.

Considering the cost function to be minimized to solve theseknowns for the essential
matrix, the shortest distance between two rays is that legtweo image vectorRv andv’.
Figure 2.12 shows the shortest distance. This shortesindistis determined by measuring the
length of the line segment that interseetsandRv, which is parallel t®Rv x v’. Because the

sum oft andv’ is the same as the sumb{ andRv x v/, we obtain the following equations:

aRv +Y(Rv x V') =t + BV, (2.56)

where the values af andg are proportional to their distances along the first and sttooage
vector to the points where they approach closely, while #ilaesof~ is proportional to the
value of the shortest distance between the image vectorscaBylating the dot product of
(2.56) withRv x v/, v/ x (Rv x v/) andRv x (Rv x v’), we obtain the following equations as

follows:
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For~:
aRv +v(Rv x V') =t + 3v/ (2.57)
aRv) T (Rv x V') +y|[Rv x V/|> =t T (Rv x V) + ﬁv/T(Rv x v') (2.58)
Y[RV x V|2 =tT (Rv x V') (2.59)
ARV x V|2 = V/T[t]XRV (2.60)
for o
aRv +v(Rv x V') =t + v/ (2.61)
a®v) T (v x (Rv x V') + v(Rv x v/) T (v/ x (Rv x V')
(2.62)
=t (v x Rv x V) + BV (v/ x (Rv x V'))
al[Rv x V|2 =tT (v x (Bv x V') (2.63)
al[Rv x V|2 = Rv x v/) T (t x v') (2.64)
for G-
aRv +y(Rv x V') =t + v/ (2.65)
a®Rv) T (Rv x (Rv x v/)) + 7(Rv x v/) T (Rv x (Rv x v/))
(2.66)
=t (Rv x (Rv x V') + 6V/T(Rv X (Rv x v'))
0=t'"(Rv x (Rv x v')) — B||Rv x v||? (2.67)
BlRv x V'||> = (Rv x v/) T (t x Rv) (2.68)

For a given rotation, Horn showed a closed form of the leas&sgs solution for the base-
line direction by minimizing

ZwitT(Rvi x v)? (2.69)
i=1

wherew; is a weighting factor. This 5-point algorithm adjusts théatimn and the baseline
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iteratively until a desired value of error is obtained. Rertdetails can be found in [30].

2.3.3 Normalized 8-point method

Longuet-Higgins introduced an 8-point method for a givena$e3 point correspondences in
two images [46]. In uncalibrated cameras, the fundamengitixnhas the same properties as
an essential matrix, except for the use of pixel coordinfdesmages. However, Longuet-
Higgins’s 8-point method can not be used for uncalibratedezas in practical applications
because of its sensitivity to noise. An improved and robusthed of estimating a funda-
mental matrix was presented by Hartley in which coordinatiethe points in the images are
normalized [25].

Hartley pointed out that the main reason for errors in the@tpmethod was the acceptable
range of pixel coordinates of homogeneous 3-vectors, anekittually relates to the condition
number of the SVD. The pixel coordinates usually range freno o a few thousands and they
are in the first two elements of the homogeneous 3-vectoreoptlints. However, the value
of the last element of the homogeneous 3-vector is always @herefore, the SVD of the
equation of epipolar constraints returns one huge singidlre but relatively small singluar
values for other elements of the solution vector. In ordeesolve this problem, normalization
of the homogeneous point coordinates is performed by madhieg to an origin at the centroid
of all the points and by scaling them to have a mean distgfica [25].

Let T be the transformation matrix of all 2D image coordinates.e,ha fundamental
matrix F,, can be expressed using the transformation matrix and in@weioatesx andx’ as
follows:

x'"TTF,Tx = 0. (2.70)

Therefore, the fundamental matixor unnormalized image coordinatesandx’ is obtained

by multiplying the inverse of a matrik" andT with each side of (2.70) as follows:

F=T 'F,T!. (2.71)
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2.3.4 5-point method using a Gobner basis

Stewénius et al. derived a solution to the minimal five-po@ative pose problem by using
a Grobner basis [71]. The minimal five-point solver regsiifiee point correspondences and
it returns up to 10 real solutions. These 10 solutions canobad by solving polynomial
equations using a Grobner basis.

There exist three epipolar constraints for the minimal fieéat problem: the coplanar

constraint, the rank constraint and the trace constraimey&re given as follows:

T

v Ev = 0 (2.72)
detE) = 0 (2.73)
2FE'E — tracgEE' )E = 0 , (2.74)

whereE is a3 x 3 essential matrix. The rank constraint is derived from tto flaat the rank
of the essential matrix is two. The trace constraint is @ty Philip in [59].

Using these constraints, Stewénius et al. derived 10 patyal equations of three unknown
parameters, and then, they obtained up to 10 solutions gbdhomial equations using a
Grobner basis.

Li and Hartley also proposed a 5-point method which solvesrétative motion of two

views [44]. Their method provides a simpler algorithm thaew&nius’s method.

2.3.5 TheL, method using a branch-and-bound algorithm

Hartley and Kahl performed a study to obtain a global sotutar the essential matrix in terms
of the geometric relations between two views [21]. Thereen®r algorithms before this that
proved a geometrical optimality for the essential matriX.ig norm minimization.

Unlike previous methods of estimation of essential mattir 8-point method, the normal-
ized 8-point method and Stewénius’s 5-point method), leyaidnd Kahls’s method provides
a method to search a global solution undey, norm using a branch-and-bound algorithm,

which makes the search faster than a exhaustive searchlbtlez eotation space. They also
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showed that the speed of searching over the rotation spackeceemarkably reduced if we

test the feasibility of linear programming in an earliempste



Chapter 3

Two- and Three-camera Systems

Because we focus on multi-camera systems which have manghihee cameras, it is not an
essential topic in this thesis to investigate details on-tamera systems and three-camera
systems. However, in this chapter, we give a brief introduncto the usage of two-camera
systems, a trifocal tensor and three-camera systems iipleultew geometry.

A two-camera system comprises a set of two cameras that gsicplty connected to-
gether and that simultaneously capture images. Similartiiree-camera system is a set of
three cameras that are connected together and that captages at the same time. Stereo
(binocular) cameras are well-known examples of two-cansgetems. In this chapter, we

discuss the characteristics and rigid motion of the tweAkramera systems.

3.1 Two-camera systems (stereo or binocular)

A stereo camera is a type of camera that has two lenses tHaeenim capture two pictures at
the same time from different positions. Similar to the marimevhich a human being uses two
eyes to obtain the depth of an object in front their eyes, r@steamera performs stereoscopy
of the two images to determine the depth of the object in fabihe camera.

There are many terminologies related to stereoscopy susteaopsis, binocular vision,
stereoscopic imaging and 3D imaging. Streopsis was firshited by Charles Wheatstone in
1838 and his research on binocular vision is available irj. [&&ereoscopy is used in pho-
togrammetry to obtain 3D geographic data from aerial phafoigs. Stereo cameras were
widely used as scientific equipment and also as devices tigtiapurposes in the early 20th

century. One of the stereo camera manufactured by the Bastodak company is shown

36
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Figure 3.1: Stereo camera and photographs taken by the stereo camerdak<Brownie Hawkeye
Stereo Model 4, manufactured between 1907 and 1911. (GyudkeTimothy Crabtree frommw.
devi ant art. com All copyrights reserve®2008. Reprinted with permission.)

in Figure 3.1. In computer vision, stereo cameras are usddteymine the depth of an object

using close-range photogrammetry, as shown in Figure 3.2.

3.2 Motion estimation using stereo cameras

Not only a single image from a stereo camera system, butwisorages from the stereo cam-
era system can be considered as one application of the tweraasystems. There are many
studies about motion estimation from stereo images asiellén 1983, Moravec et al. devel-
oped a robot known as Stanford Cart, which is equipped witk-eyed stereo cameras [51].
The robot used the stereo camera system to avoid obstactas path of the robot. Matthies
and Shafer introduced an ellipsoid (3D Gaussian) error ifodstereo navigation system in
1987 [49]. Young and Chellappa proposed a motion model féer@s camera system using
a Kalman filter in 1990 [87]. Zhang and Faugueras showed aadethestimate the motion

of a stereo camera system using pairs of matching 3D line eeggnand an extended Kalman
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& out.depth

(©) (d)

Figure 3.2: Stereoscopy and dense disparity map reconstructi(a). Left image, (b) right image, (c)
dense disparity map and (d) 3D view of the stereo reconstmict
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filter in 1992 [89]. In 1995, Matthies et al. developed a réale stereo vision system to detect
obstacles in terrain data [48]. In 1998, Se and Brady predemstereo vision system to detect
obstacles for partially sighted people [68]. Ferrari etdeveloped a simple real-time stereo
system to avoid obstacles in unknown environment in 199Q. [k21997, Konolige showed

SRI's small vision module (SVM) which is used to compute destereo range images in real
time [41]. Molton and Brady introduced multiple stereo nielbypotheses and a Kalman filter

for tracking 3D reconstructed points [50].

3.3 Three-camera systems (trinocular)

A three-camera system is a set of three cameras that pHystcainected together and that
simultaneously capture images from different positionsliké stereo camera systems, three-
camera systems have not been widely used in commercial gddowever, it is still worth

studying three-camera systems for scientific purporses.

3.4 Trifocal tensor

The geometric relationships between three views or betwaee cameras may be described
mathematically using a trifocal tensor. The trifocal tenBg wherei = 1,.. ., 3, consists of
three3 x 3 matrices with 18 independent degrees of freedom and yieldsgtric relationships
between 3 pairs of lines and/or points such as the linelineeeorrespondence, the point-line-
line correspondence, the point-line-point corresponégtiee point-point-line correspondence
and the point-point-point correspondence.

Let a line in 3-space be represented as a 4-vector in pregestiacdP?. Similarly, let a
line projected in images be represented as a 3-vector iegingg spacd?. Supposd, I’ and
1" are 3 pairs of matching lines in the first, second and thirdivespectively.

As shown in Figure 3.3, each of the line¢’ andl” back-project to the planes =’ andr”,
respectively. Suppose that the three camera projectioriaestareP = [I | 0], P’ = [A | ay]

andP” = [B | by] for the first, second and third camera, respectiviey. Thenback-projected
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Figure 3.3: The line-line-line correspondence and trifocal tensoA line L is projected onto the
images of the three cameras Bd’ and1” for the first, second and third camera, respectively. The
projected lines back-project to planes suchrasr’ and«”, respectively. The trifocal tensor describes
the geometric relationships between three cameras givendiresponding lines.

planes can be represented as follows:

T=P'l= (3.1)
0
ATY
7 =P"l= (3.2)
a4Tl’
T
/N AR/ B'1"I
=P = . (3.3)
b4T1//

A 4 x 3 matrix consisting of columns, =" and=” should have a rank ¢f that the three
planes meet in a single lifk in 3-spacdP3. From this constraint, we can derive thriee 3

matricesT;, wherei = 1, ..., 3, as follows:

T, = aby| —asb; ", (3.4)
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Figure 3.4: The point-line-line correspondenceéA line L in 3D space is projected as the linBsand
1” in the images of the second and third camera, respectivily.pfojected line¥ andl” back-project
to planes such as’ and =", respectively. A poirK on the lineL is projected on a poink by the first
camera.

wherei =1,...,3.
For a given set of corresponding lines- 1’ <~ 17, the relation between these three lines

may be written as
1T =@"1y0", VTl VTTsl”) =1 " [Ty, To, T4)1” (3.5)

where|[Ty, To, T3] is @ notation of thre8 x 3 matrices for the trifocal tensor.

Let us consider a point in the firstimage and two lind$ andl” in the other two images
of a three-camera system. Suppose the poand two lined’ andl” are in a correspondence,
as shown in Figure 3.4. Then, the point-line-line corresigmte may be written using the

trifocal tensorT; as follows:

3
l’T(Z #'T;)I” = 0 for a correspondence « 1" — 1” (3.6)
i=1
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Figure 3.5: The point-line-point correspondence line L in 3D space is projected as the lilfein the
image of the second camera. The projected lifeack-projects to a plane’ for the second camera. A
point X on the lineL in 3D space is projected onto the poinésandx” by the first and third camera,
respectively.

wherez! is thei-th coordinate ok.
Let us consider a point-line-point correspondence suck, #sandx”. The trifocal ten-
sorT; describes the geometrical relationships of point-ling¥poorrespondence of the three

cameras as follows:

3
"3 a'1)[x"]x = 0" for acorrespondence « 1 < x” , (3.7)
i=1
wherez’ is thei-th element of the vectox. An example of this configuration is shown in
Figure 3.5.

For a point-point-point correspondence of the three cases shown in Figure 3.6, the

geometric relationships between the poirts<’ andx” can be represented using the trifocal
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Figure 3.6: The point-point-point correspondenceé\ pointX in 3D space is projected onto the points
x, x" andx” by the first, second and third camera, respectively.

tensor as follows:

[x] (23: 2'T;)[x"]x = 03x3 for a correspondence « x’' « x” | (3.8)
=1
wherez’ is thei-th element of the vectat.

It should be noted that the point-line-line and the poinglpoint correspondences do not
indicate a unique correspondence between the three camirdke point-line-point case,
consider that a poirX in 3D space may project to poinkgsandx” in the image planes of the
first and third camera, respectively. However, the corredpg linel’ of the second camera
may back-project to a plane containing the pathowever, any lind. on the plane can be
projected onto the lin¢’. Therefore, the point-line-point correspondence is nagus In
the case of the point-line-line configuration, if a plarigback-projected by the linE) is an
epipolar plane between the first and second camera, the Roint3D space should also lie
in the epipolar plane. It implies that any line on the plat¢hat passes througX can be the
corresponding line of the point and the linel’. Hence, the point-line-line configuration is

also not unique.
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However, the line-line-line and point-point-point compesdences are unique and have

individual trifocal tensor representations.

3.5 Motion estimation using three cameras

There are a few three-camera system to estimate the moticaméras and to obtain the
strucure of the environment. In 1998, Murray and Little deped a trinocular system for

building simple grid maps of the environment in real time][53



Chapter 4

Multi-camera Systems

4.1 What are multi-camera systems?

Multi-camera systems are a system having many cameraslifusu@e than three cameras)
securely mounted on an object which have a rigid motion.

There exist many kinds of camera systems comprising meltpmeras such as the stereo
camera system, omnidirectional camera system and mutiera system, as shown in Fig-
ure 4.1. A stereo camera has two lenses and two CCD (chargeecbdevice) sensors, and it
takes two images simultaneously. An omnidirectional camemprises either multiple cam-
eras or a camera and mirrors. It can capture®3ftages. A multi-camera system is a set
of cameras firmly connected together, but they need not shfedd of view. This is a more

general type of camera system than the omnidirectional @aBystem.

@) (b) (© (d)

Figure 4.1: Examples of multi-camera systemg) Stereo camera system (Bumble, (b) Omni-
directional camera system (Ladybp), (c) Multi-camera system (ProFUSION 25, Courtesy of Poin
Grey Research Inc.) and (d) Multi-camera system (CamerahferUrbanScape project, Courtesy of
UNC-Chapel Hill).

45
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4.1.1 Advantages of multi-camera systems

The amount of information obtained increases with the nurobeameras used. Multi-camera
systems usually have more than three cameras and they nesldane a field of view. These
systems have a large field of view and a complex structureevf.virhey can be distributed
in a network. Like most omnidirectional cameras, multi-eaasystems can take panoramic
photos. Moreover, they can be used in a factory or buildingtioveillance or be mounted on a
moving vehicle. They can also be worn on the body. Howevelatlger the number of cameras
used, the greater is the complexity of the multi-cameraesystEstimating the motions of all

the cameras is not easy, unlike the case of a single-camsiensy

4.2 Geometry of multi-camera systems

In this section, the geometry of multi-camera systems isiciemed. These systems comprise
a set of cameras that are connected firmly and the movemem obineras are described by a
rigid transformation. Without loss of generality, the ction matrices for each camera in the

multi-camera system are written as follows:
P, = [I ‘ - ci] ) (41)

, Wherei = 1,...,n is the index number of the camerasjs the total number of cameras
andc; is the centre of thé-th camera. In this form of projection matrices, the rotagilopart
of the extrinsic parameters is removed to simplify the fdamu This removal can easily be
performed by multiplying the inverse of the rotation matnith image vectors. For instance,
if the original shape of the projection matrice®js= R[I | — c;], then the original projected
image point isx = R[I | — ¢;]X. In this case, by multiplying the image point wikt!, we
obtainv = R"!x = R7!R[I | —¢;]X = [I| —¢;]X. To remove the rotational component from
the original projection matrices, we need to know the rotathatrices. We assume that all the
extrinsic parameters, rotation and translation of camerdsrespect to the world coordinate

system, are already known. This concept is illustrated gufg 4.2.
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C;

Figure 4.2: Removing the rotational component of camera projection megs in multi-camera sys-
tems. A camera (a grey coloured triangle) is placed at the cerfrand is rotated byr. A pointX is
projected by the camera and the projectiorXfs denoted bk. If the pointX is rotated by the inverse
of the rotationR—!, then, the vectow = R~!'X is the projection of the point when the camera has no
rotation component in the camera projection matrix.

4.2.1 Rigid transformation of multi-camera systems

Rigid transformation of cameras was discussed in sectib8,2and the rigid transformation of
multi-camera systems will be explained in this section. Ehelidean motion of multi-camera

systems can be written as follows:

M= , (4.2)

whereR andt are rotation and translation, respectively.
Using (4.1) and (4.2), all the cameras in the multi-camestesy are moved to new posi-

tions by motionv as follows:

P,=PM=[R| —Rt —¢;] . 4.3)
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Py

P3

/!
P/ P!

Figure 4.3 Example of two motion$, andM, of multi-camera systems.

For consecutive motion$;, Mo, ..., M,,,
M; = , (4.4)
0 1
wherej = 1,...,m andm is the number of motions, the positions of the cameras aftyet

motions will be as follows:
P, = PM,My,_1---M. (4.5)

An example of a multi-camera system subjected to such n®tfshown in Figure 4.3.

4.3 Essential matrices in multi-camera systems

In single-camera systems, there is a geometric relatipnséiween two images taken by a
single camera in motion. This geometric relationship igeepnted by & x 3 matrix, the
essential matrix. Similar to the essential matrix for twaagas, multiple essential matrices

represent geometric relationships in multi-camera system
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For instance, suppose there are four cameras that are lyeamaected to each other and
move along a path as shown in Figure 4.3. We term the camesd$ailr-camera system”.
Let Py, Py, P3 andP, be the camera projection matrices of these four camerasean{, P,

P, andP), be their camera projection matrices after being subjectéet motion.

If we define these camera projection matricesPas= [I | —c¢1], P2 = [I | — c3],

P; = [I| —c3] andPy = [I | — c4), then the camera projection matrices after the motion
are written a®} = R| —Rt —c¢;], P4 = R| —Rt —c3], P4 = R| — Rt — c¢3] and

P, = [R| — Rt — c4], whereR andt are the rotation and translation for the Euclidean motion
of the cameras.

Therefore, a relationship between two cameraandP;, wherei = 1,...,m, may be

written as an essential matrix from (2.19) as follows:
E; =R[c; —t —R ¢« I, (4.6)

wherei = 1,...,m andm is the total number of cameras in the multi-camera system.

4.4 Non-perspective camera systems

The Dutch graphic artist Maurits C. Escher created a litaphic print displaying reflections
in a mirror, as shown in Figure 4.4. Just like Escher’s irdene artworks showing imaginary
scenes and scenes difficult to depict in the non-perspeetiviel, there are studies in the field
of computer vision pertaining to photographs captured bgraperspective camera system.
A general type of conceptual non-perspective camera wassfirdied by Grossberg and
Nayar in [18]. They considered the projection as a mappiogfthe incoming scene rays
to the photo-sensitive elements on the image sensor. Thesemrs are called “raxels” and
contain information on geometric, radiometric and optisedperties of the incoming scene
rays. Four types of non-perspective imaging systems arided in their paper. These are
a catadioptric system, a dioptric wide-angle system, amgingasystem comprising a camera

cluster and a compound camera made of individual sensingesits.
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Figure 4.4: M.C. Escher holding a curved mirror and his artwork “Hand wiReflecting Sphere” in
1935. In the curved mirror, he obtains a wider view of his sunrdings than that obtained by looking
directly without the mirror. Most of his surroundings suchtas room and his whole body are seen in the
mirror. Just like artists see the world with mirrors, comeuvision researchers also consider a camera
system with mirrors, the non-perspective camera systethM(&. Escher’'s workg0)2008 The M.C.
Escher Company — the Netherlands. All rights reserved. Wyguermissionwww. ncescher . com)

Figure 4.5: Examples of implementation of catadioptric sensors whiehcamposed of cameras and
curved mirrors. (Images from [4]. Reprinted with permissfcom the author, S. Baker.)
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Figure 4.6: Dioptric imaging systemSigma8 — mm fisheye lens for a DSLR camera and the photo-
graph taken by a Sigma SD9 camera with the fisheye lens. Dia@tmera systems have a lens with

a wide field of view to obtain a large field of view. The lens i®aaave lens so as to capture a large

number of incoming light rays. (Photograph by Jae-Hak Kim)

The catadioptric sensor, as shown in Figure 4.5, contaitis imirrors (catoptrics) and
lenses (dioptrics). The word “catadioptric” is originaltglated to the terminology used in
telescope design; however, in computer vision, the capdiiibiosensor is used as a panoramic
or omni-directional sensor, and it is built by using a pecspe camera and curved mirrors.
The image reflected by the curved mirror is captured on thepeetive camera. Because of the
reflection on the curved mirror, incoming light rays are noger mapped by the perspective
projection.

The dioptric wide-angle system shown in Figure 4.6 has a&lamncave lens to obtain a
wide field of view. For instance, a fisheye lens may provideaavwangle of around 180.
Because of this wide angle, most fisheye lenses do not havegke sientre of projections.
Therefore, the dioptric wide-angle system is also a typeoofperspective projection camera.

The camera cluster is a set of cameras that are physicalhected to each other as shown
in Figure 4.7. There is no limit on the number of cameras incmmera cluster. In this thesis,
we call this type of camera cluster “multi-camera systerglistinguish them from “multiple
views”, which refers to a large number of images taken bygisicamera at multiple locations.

For providing panoramic or omnidirectional images, eadividual camera in multi-camera
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Figure 4.7: Camera cluster.The Stereo Omnidirectional System (SOS) by Japan’s Natinstitute

of Advanced Industrial Science and Technology and devélopeollaboration with the National Re-
habilitation Center for Persons with Disabilities. It prioles not only omnidirectional images but also
depth from stereo for people using wheelchairs. (Copyri@htational Institute of Advanced Industrial
Science and Technology (AIST), Japan. All rights reserRegbrinted with permission from AIST).
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Figure 4.8: Compound eye of a dragonfly comprising units called omnatiiach ommatidium is
hexagonal in shape. The compound eye of the dragonfly is afygggposition eye that is divided into
two groups. (Images fromww. wi ki pedi a. or gand reprinted with permission under the terms of
the GNU Free Documentation Licence).

systems needs to provide a view angle of 380d should have a small amount of overlapping
views.

There is a compound camera of which structure of the lensniasito the structure of the
eyes of insects, as shown in Figure 4.8. A series of artift@aipound eyes has been created
by a team of bioengineers at the University of Californiarkgéey, as shown in Figure 4.9. It

can be used as a camera to obtain a wider field of view than tlefisheye lens.
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Figure 4.9: (Left) Artificial compound eye in which 8,370 hexagonal olnses are spherically ar-
ranged. (Right) The spherical arrangement. Courtesy: f{84]. Reprinted with permission from
AAAS (American Association for the Advancement of Science)



Chapter 5

Previous Related Work

The concept of “structure from motion”, i.e., the reconstien of the shape of an object and
estimation of camera motion from videos and images, hasing@duced in the field of com-
puter vision research. However, most research was pertbfaoreconventional camera sys-
tems such as single-camera systems, stereo cameras ardirentioinal cameras. Very little
research has been dedicated to multi-camera systemsslohpter, we discuss some previ-
ous work that is related to the next following chapters, Whiontain the main contributions
of this thesis.

In summary, plane-based projective reconstruction (sekose5.1.1) and linear multi-
view reconstruction and camera recovery (section 5.112)er¢o chapter 6. Recovering cam-
era motion using.., minimization (section 5.2) and Lie-algebraic averagingnoitions (sec-
tion 5.3.2) relate to chapters 6, 7, 9 and 10. The generalingagodel (see section 5.4) relates
to chapters 7 and 8. Convex optimization in multiple view getry (section 5.5) relates to

chapters 9 and 10.

5.1 Motion estimation using a large number of images

5.1.1 Plane-based projective reconstruction

Kaucic, Dano and Hartley have studied a linear method ofeptivje reconstruction using
planar homography [38]. Their experimental results arevshia Figure 5.1. Kaucic's method
uses four points located on the same plane. The four poietsised as reference points to

determine the planar homography matrix. Thus, this metaqdires only four points isible in

55
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Figure 5.1: An image sequence and its reconstruction by Kaucic's metH@burtesy of Richard
Hartley)

all the images to perform the projective reconstruction.

For a given large number of images captured by a single camesgoossible to extract
and match feature points. Since this method is based onrgi@naography, it is necessary to
select a reference plane. The four points that are locatdtleoreference plane are used for
matching over all the images. Once the four points are ifledfithe planar homography is
estimated from the four points. The planar homography shberselationship between points
on a single plane visible in two views.

Using the estimated planar homographies, the 3irst3 part of the camera matrices can
be determined, however, the last column or translationgddhe camera matrices is unknown.
This translation part can be estimated using the consérdimtived from the fundamental ma-
trix of two views, the trifocal tensor of three views and theadrifocal tensor of four views.
These constraints are used to develop linear equationarha&asily solved by singular value
decomposition (SVD).

For instance, the linear equations to be solved in the ca8eiefvs are as follows:

[ @l 1 al ol
SiaTio  S34T3y
S2,T2, S2.T?
34T3y  S56T56 t=0. (5.1)
303 o3 w3
S56T56  S7sl7s

4 4 md
| S12To S7T7s
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wheret is a3m-vector of all the translation parts et cameras (in this example; = 8). A
n x 9 matrix Si.’k is an x 9 matrix is constructed from point correspondences of thigh and
k-th views atp frame. A9 x 6 matrix T?k is obtained fromn pairs of matching points of the
j-th andk-th views atp frame.

The matrixTﬁ.’k is constructed using a bilinear relationship derived frowva fundamental

matrix. It can be written as follows:

[ Az Ao Az Az T
0 —| By Bs 0 —| As As
B3 B3 B3 By
Az Az As Az
0 B, - B, As 0 —| As
B3 B3 B3 B,
Az Ao Az Az
0 -| By B —| Az As 0
By By By B,
Ag Ay A A
B 0 —| Ba 0 Az —| A3
B3 B3 B3 B,
Ag Ay A Ay
P __
.= | | = 0 B, | —| as 0 As , (5.2)
B3 B3 B3 B,
Ay Ay Aq Ay
B 0 -| B: Aj —| As 0
B, Bo Bo B:
Ao Ay Ay Ay
—| By B, 0 0 —| A, Ao
Bj Bj Bs B,
Ao Ay Ay Ay
B, - B, 0 As 0 —| A,
B3 B3 B3 B,
A Ay Ay Ay
- B B, 0 —| A, Ao 0
L By By By B3 i

where A; andB,; are thei-th row vectors of matrices andB, respectively, which arg x 3
submatrices of the camera matrices. The camera matriche ath view andk-th view are

written asP; = [A | a] andP, = [B | b], respectively.
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Letx} andx;/ be thei-th pair of matching points in viewsandk. The point coordinates
of x} andx} are(z',y", 2') " and(z",y", 2") T, respectively. The matrig’, is derived from

point correspondences as follows:

/1,1 /1,1 /1 /1,.1 /1,1 1 1
riwp o ryy; o owpo ypry o Yy wpoyy ol
12,2 12,2 12 12,.2 12,2 2 2
oo _ | WY T YT YiYs Y 1 £ 3
b = (5.3)

m.,.n m,n m m,..n m, n n n
R T T 7 i T

Because the planar homographies are already estimategl theirfour points, th& x 3
matricesA andB can be easily determined. Furth@?k is calculated from the two cameras,
andsfk is derived using the pairs of matching points. Finally, after substituting theained
result into (5.1), the translation vectbran be estimated by SVD.

The method proposed by Kaucic, Dano and Hartley can be cadpdth the factorization
method proposed by Sturm and Triggs [79]. However, Kauoeshod does not require all the
points to be visible in all images as Sturm’s method doesy @nir points located on a plane
visible in all images are required to solve the projectivarestruction problem. However, both
methods only concern images captured by a single-cametensysd multi-camera systems
were not utilized in many applications. In chapter 6, we slkeomethod to determine the
translation of for omnidirectional cameras. In chapter® and 10, we present methods to

estimate the motion of multi-camera systems.

5.1.2 Linear multi-view reconstruction and camera recovey

As shown in Figure 5.2, Rother and Carlsson proposed a métih@dsimultaneous computa-
tion of 3D shapes and estimation of the camera motion frontipheilviews using four points
located on a reference plane visible in all images [63, 6#ipyTused SVD to solve the linear
equations. Rother’'s method constructs linear equationadgyping the bases of 3D points to
the bases of 2D points.

Using four coplanar points visible in all images, homogiapltan be estimated. This also
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Figure 5.2: Camera position and 3D shape recovered by Rother’s meti@mlir(esy of Carsten Rother
©all rights reserved)

gives us the firs8 x 3 half of the camera matrix. We now know the fitstx 3 half of the
camera matrix and the coordinates of the pairs of matchimgtoThe unknown parameters
are the translation part of the camera matrix and the coatenof the 3D points. Using
Rother’'s method, the two unknowns — the 3D point and traieslgtart — can be calculated
simultaneously.

Without a detailed description of the equations, it may beter as follows:

X
zAsT —AT -1 0 =z t
’ ! "o, (5.4)
yAgT - A;— 0 —1 Yy to
t3

where A; " is thei-th row of the first3 x 3 matrix A from the camera matri = [A | t],
t = (t1,t2,13) ", (x,y) are non-homogeneous coordinates of a 3D pointénsithe projected
point of the 3D point.

If there arem views and each view hasmatching points, a set @nm equations can be
generated andn + 3m unknown parameters exist in the equations. These equatanbe
solved using SVD.

Similar to Kaucic’s method, Rother’'s method also sufferghim presence of noise on the

measurement of coordiantes of mathcing pairs, and it atpaines overlapped views between
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images and four visible points on a reference plane ovehalimhages.

5.2 Recovering camera motion usingd.., minimization

Sim and Hartley proposed a method for estimation of cametgoméor a single-camera sys-
tem usingL., minimization [69]. In this method, the rotations of the camare determined
first, and then the translation is estimated using secoddrarone programming (SOCP) to
determine the camera motion on the basis of the matchedspoint

In Sim’s method, it is assumed that the cameras are calihrhtahe first step, given pairs
of matching points, the relative orientations between #iesgare computed using the essential
matrix. Because the translation is up to scale, they mirethiz maximum of the angle error
between a unit vector of the estimated translation and aveotor of the true translation. This
minimization problem is solved using SOCP.

Although their approach deals with global optimizationhteiques, only the translation
part uses convex optimization. Hence, it is still not anmylisolution in terms of the estima-
tion of both rotation and translation. Similar to the methodscussed previously, this method

also requires overlapped views to estimate the motion.

5.3 Estimation of rotation

5.3.1 Averaging rotations

Curtis et al. proposed a method for averaging rotationsguSiiD [8]. Given two rotation
matrices, an algebraic average of the two rotations — sugithem and then dividing the result
by two — does not yield a correct approximation of two rotatioatrices. Curtis et al. proposed
a method to theoretically obtain the correct average ofwlwegiven rotation matrices. This
method is useful to obtain a reasonable rotation matrix vtherestimated rotation matrices
are inaccurate because of measurement errors.

LetR; andR, be two rotation matrices. In the method given by Curtis ethed.average of

two rotations is calculated by computing the SVD of the surtwaf rotations and by using the
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result to determine the first and last orthogonal matricdelbsvs:
R, =UV', (5.5)

whereuDV' = Ry +R,. Here,U andV are orthogonal matrices, abds a diagonal matrix with
non-negative entries. This SVD approach to averagingiootatis based on the orthonormal
procrustes problem, which is a matrix approximation probfer two matrices proposed by
Schonemann [66].

A 3D rotation matrix can be represented by a quaternion ak @&len two quaternions

q: andqs, Curtis obtained the average of the two quaternions asasllo

(q1+a2) it alao >0
Q@ = X dide =1 (5.6)

(‘“;uqz’) otherwise

where\ = ||q1 + q2|| and,u = ||q1 — q2||
The weighted averages of more than two rotations can alsdbtzned using the two

methods listed above.

5.3.2 Lie-algebraic averaging of motions

Govindu showed a method to average the motions of an imageseg using Lie-algebra
m(m—1)

[17]. Givenm images,——— pairwise relative motions can be used to calculate globally

consistent averages of motions over an image sequence.

5.4 General imaging model

A general imaging model was first introduced by Grossberg\agr in [18]. They described
a general imaging model for light rays incident on an image proposed a new concept of
light rays as “raxels” which contain geometric, radiomeaind optical information. They also

proposed a calibration method for general image modelgstmctured light patterns.
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5.5 Convex optimization in multiple view geometry

In this section, we briefly re-introduce convex optimizatand outline its use in multiple view
geometry problems in computer vision. Furture details @nctbnvex optimization in multiple
view geometry can be found in [22].

Convex optimization is a method to find an optimal solutioratproblem that has the
shape of a convex function and the domain of a convex set.UBeaaf the shape of the convex
function, there exists only a single minimum solution topiheblem and this makes it easier to
obtain a globally optimal solution as compared to other imnealr optimization methods which

usullay risk not converging, or converge to a local minimum.

Convex set. A convex set is a subsét of IR™, provided that the line segment joining any

two points inS is contained inS. The convex set can be defined as

(1 —a)xg+ ax; € Sforall xg,x; € Sanda € [0, 1] . (5.7)

Convex function. A convex function is a functiorf that has the domain of a convex set such

that all forxg, x; € domair(f), and0 < o < 1.

fl(1—a)xo+axy) < (1 —a)f(xg) + af(xy) . (5.8)

Convex optimization problem. Given a convex functiorf, we find the minimum off in
the domain off. The convex optimization problem can be solved by algorghiat depend
on the functionf and the domairD.

Ideally, it would be most suitable if multiple view geomepsoblems were in the form of
convex optimization problem; however, most cost functionsultiple view geometry are not
in the form of convex functions. However, another approackoive multiple view geometry

problems is to use quasi-convex optimization.
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Quasi-convex functions. A function f is a quasi-convex function if its--sublevel set is
convex for alla as follows:

Sa ={xe D[ f(x) <a}. (5.9)

This property of quasi-convex functions is important fomguter vision researchers be-
cause some cost functions in multiple view geometry may msidered as forms of quasi-
convex functions. A quasi-convex function has no local mimin but the shape of the quasi-
convex function is not convex. Instead, it becomes a coruegtion only if a certain sublevel
of the quasi-convex function is considered. If the sublévelpecified by the value ef, we
refer to it as am-sublevel set of the quasi-convex function. Hence, theegjyais to determine
an a-sublevel set of the quasi-convex function in order to abtapglobal minimum. Further
information of convex optimization is provided by Boyd andnderberghe in [5].

Convex optimization has attracted many researchers in gtanpision since 2004. In
2004, Hartley and Schaffalitzky [23] first introduced the, cost function for the multiview
triangulation problem and the motion reconstruction peabbf omnidirectional images. Fol-
lowing that, in 2005, a convex optimization technique wasoriuced to solve the problems of
multiple view geometry by two separate research groupdfateint locations but almost at the
same time. Kahl [35] introduced a quasi-convex optimizativethod to solve the multiview
triangulation problem, the camera resectioning problethtaa homography estimation prob-
lem using SOCP. Ke and Kanade [39] also presented a quagcaptimization method to
solve the multiview triangulation problem, the camera césaing problem and the multiview

reconstruction problem with known rotations using SOCRr@dr programming (LP).



Chapter 6

Translation Estimation from

Omnidirectional Images

There are two known approaches for reconstructing cametamand structure from an im-
age sequence when there are missing feature tracks in tige iseguence. One is to compute
both camera motion and structure at the same time as Rothetfsod [63, 64]. The other is to
compute camera motion first and then obtain the structureaasi&’s method [37]. However,
in the presence of noise, both methods are extremely sensitinoise, and they could fail to
achieve accuracy of estimation. When features are detecteédracked from the image se-
quence, the length of the tracked features affects esomagisults in both methods. Rother’s
method needs feature tracks visible across large numbésw§\vo obtain robust results when
there are measurement errors in the data. Kaucic’s metsodeduires the long feature tracks
to get robust results.

In this chapter, we present a method which does not requereigh of long feature track
lengths as the above-mentioned methods. Instead of usetptiy track lengths, we use
a constrained minimization to get a more reliable result bgnging an equation which is
used in the plane-based translation estimation method &€& assume that relative rotation
between two views is known. The relative motion can be eséthhy using Kaucic’s method
or Longuet-Higgins’s algorithm [24, 46]. In particular, teathat we would like to solve the
motion problem throughout all views in an image sequence.

From our experiments, the proposed method showed a morstragsult than the other

two methods and the time of computation of the proposed mdeithaimilar as that of the

64
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Figure 6.1: Model of an omnidirectional camera: The centre of the unhep is the centre of the
omnidirectional camera. The unit direction vectors the image oX.

previous methods.

6.1 Omnidirectional camera geometry

An image vector for an omnidirectional image is represebied three-dimensional direction
vectorx which starts from the origin of a coordinate system to a pomthe surface of a unit
sphereS?, as shown in Figure 6.1.

Let us suppose that a unit sphere is placed of the origin ofoedomate system. Then,
an image vector can be easily represented by a unit vectérXLge a 3D point in oriented
projective spacé®3. Then, the poiniX is projected onto a spherical image which is modelled
by a unit sphere [75]. The projected poinis represented by a direction vector from the centre
of the unit sphereC in real spacéR?® to the direction of pointing<. Suppose that the centre
of the unit sphere is the centre of the omnidirectional cameXccordingly, the directional
image vectorx is simply obtained by = (X — C)/||X — C|| whereX andC in R? are
inhomogeneous coordinates of the pa¥hand the centr€ in P2, respectively. For instance,

if X =(2,4,8,2)7,thenX = (1, 2, 4)". The directional image vecteris also represented
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by a projection ofX and normalization on the unit sphere as follows:

u = K[I|0X=[fX;, fXa, Xs]
[LI1, u2, fu3]T

|[[u1, ug, fus

i

wherek = diag(f, f, 1) andu in P2 is a projected image point on the plane from the camera
centreC. Sinceu is on the lineXC, x is represented by normalizing

The position of a camera can be represented by a rotationranslation with respect to
the origin of a world coordinate frame. In an omnidirectionamera, we can set the focal

length f to one, so the matrik becomes an identity matrix. These can be written as follows:

u = KR[I| —C]X

= R[I| —-C|X

= R| —RC|X

= R|tX (6.1)
x = ﬁ (6.2)

Equation (6.1) shows that the poiKt is projected on a plane and the point is transformed by
a rotationR and translatiort = —RC. The image poinu1 projected on the plane is projected
onto the unit sphere as shown in Figure 6.1. This is the samerasalizingu with respect to
the camera centr€ as shown in (6.2).

Therefore, any direction vectarfor an omnidirectional image can be represented by map-
ping the point through rigid transformation, followed byojacting onto an image plane and

normalizing on a unit sphere.

Remark. If a point X in P3 is projected by an omnidirectional camera, then a threeedgional
direction vectorx in an omnidirectional image is representedsby= u/||u||, whereu =

[R | t] X andR andt are rotation and translation of the omnidirectional camesspectively.

Definition 1. An omnidirectional camera projection matis expressed a = [R | t] where
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t = —RC, andC is the centre of the camer&js a rotation matrix and is a translation vector.

If we know the rotation of an omnidirectional camera, the eemprojection matrix of
the omnidirectional camera may be further simplified by iplying it by the inverse of the

rotation matrix.

Remark. Given an omnidirectional camera projection ma®ix= R[I | — C], we can obtain
a simplified projection matri® = R~!P = [I | — C] by multiplying P by the inverse of the
rotation matrixk ! . Note that a poink projected by the camera matixs written as a point

% =R !x.

6.2 A translation estimation method

Kaucic et al. proposed a plane-based projective recortigtnumethod with missing data [37].

In their paper, the projective reconstruction method wasiegh in the case of a conventional
camera. However, if we apply this method to omnidirectianedges, it becomes a translation
estimation method for an omnidirectional camera. In thesif, we assume that rotations in
all views are already known. This assumption is similar & & Kaucic's method because
Kaucic et al. assumed that homographies in all views ara@reomputed in their plane-based
projective reconstruction. More details about Kaucic'dtmd are explained in section 5.1.1.
Practically, these rotations may be estimated from esdanttrices. A singular value decom-
position (SVD) method may be used to extract a rotation padtatranslation part from an

essential matrix [24, 46].

6.2.1 Bilinear relations in omnidirectional images

Let x «— x’ be a point correspondence in two omnidirectional views.suint correspon-
dence is obtained by the projection of a pa¥iin space onto two omnidirectional views. Let
P=[I| —aJandP’ = [I | — b] be the two omnidirectional camera projection matrices cor-
responding to the two views. Let us suppose that the rotati@ach view is already known.

Therefore, the lefB x 3 sub-matrix of the camera projection matrix may become a fofrm
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an identity matrix by multiplying the camera projection m@s by the inverse of the rotation
matrix.

With a known calibration matrix and rotation matrix, acdagito [27, Equation (9.2) on
page 244], the fundamental matrix corresponding to the twoidirectional cameras becomes
as follows:

F=[b—al =[t]x, (6.3)

where[t] is a3 x 3 skew-symmetric matrix and the 3-vectois the translation from the centre
of the first camera to the centre of the second camera. Therdgf® fundamental matrix for
the two omnidirectional cameras is expressed by the 3-vedbecause we already know the
rotations. To check this, note that the rotation matrix @édrthe fundamental matrix is an

identity matrix, so the fundamental matrix has only a skgwumetric matrix part.

Lemmal. LetP and P’ be two camera projection matrices for omnidirectional ireagand
write asP = [I | —a] andP’ = [I | — b] wherea andb are the centres of each camera.
Then, a fundamental matrifor the two omnidirectional cameras is written a8 & 3 skew-

symmetric matri’F = [t]«, wheret =b — a .

Given a point correspondence« x’ represented as unit vectors in omnidirectional im-

ages, from lemma 1, we can obtain the following epipolar traitg equation as follows:

Trx = x'T[t]«x

X
= x'T(t xx)

= xxx)Tt=0. (6.4)

Equation (6.4) is zero because of epipolar constraints lamdéctort which consists of two
camera centres andb may be decomposed to build a system of linear equations Wwéh t
centresa andb as follows:

a

xxx)Tt=xxx)" [_1 1] =0. (6.5)
b
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Note that this is an easy way to derive the bilinear condtralren image vectors are repre-
sented in omnidirectional images. The same derivationdcbalobtained by a more difficult
way for central projection cameras as explained in secti@¥s and [27, Section 17.1 on
page 412].

Accordingly, given the point correspondente— x’, equation (6.5) gives us a system of
linear equations in terms of the camera centresmdb. These equations are the same as the
bilinear relationships shown in [37]. The 3-vectdn (6.5) is obtained from a skew-symmetric

fundamental matrix. Therefore, the vectan (6.5) is written as follows:
t= fji = Tijcij N (66)

wheref;; is a 3-vector of a skew-symmetric fundamental mattix;is a3 x 6 matrix of a
bilinear relation from two views and;; andc;; is a 6-vector consisting of two 3-vectassand
b which come from the last column in each camera projectiomirakhe vectorc;; gives us

the centres of two cameras. Then, in summary, the magfiand the vectoe;; are written as

follows:

T;; = [ -1 I ] (6.7)
Cij = a s (68)
b

wherea andb are the centres of two cameras at vieand;.

Lemma?2. LetP = [I | —a] andP’ = [I | — b] be two omnidirectional cameras for view
andj. Given point correspondences« x’ in the two omnidirectional viewsand j, we can
compute a fundamental matrix; from x'"F;;x = 0 whereF;; is a skew-symmetric matrix
according to lemma 1 . A 3-vectdy; defining a matrixF;; can be expressed by a bilinear

relation T;; and a vectore;; = [a”, b']T from two cameras such &; = T;;c;;.
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6.2.2 Trilinear relations

The trilinear relations are expressed in the same way awhbilirelations by using a trifocal
tensor instead of a fundamental matrix. ket x’ < x” be a point correspondence in three
omnidirectional views. LeP = R[I | — Cy],P’ = R/[I| — Cy] andP” = R”[I | — C3] be
three omnidirectional cameras. Then, the simplified cambeaome® =R~'P = [T | — C4],

N

p'=R~!P/ = [I| — Cy] andP” = R"~1P” = [I| — C3]. Now, the vector€;, C, andCs are

centres of cameras in the world coordinate system. The @amatrices become = [I | 0],
P =[I| —aJandP” = [I | —b], wherea = C, — C; andb = C3 — C;. The trifocal tensor

corresponding to these three omnidirectional camerashesas follows:
7% = §7pF — sFak . (6.9)
The trifocal tensor relation for point-point-point corpesmidence is
xix/pml/qepjseqkt’];jk = 04 (6.10)

and by substituting (6.9) we can obtain the following equradi

xix'pw”qepjseqkt(égbk —okak) = 04
2iPae . ¢ 5jbk: i Ipolg, 5k k _
pjs€qkt?; T T epjseqrio; a7 = Ost
2T xPa" e, et — 2P aPa"le e qpa” = 0g
2l (@ x b)i([2']x)js — 2"(2’ x a)s([2" e = Ot
(x x 2)s(x” xb)y — (x x 2")(2' xa)s = 04 . (6.11)

Equation (6.11) is a system of linear equations of the twatired camera centresandb. In

the same way, the trilinear relationship can be used. Thexefhe trilinear relationship is



§6.2 A translation estimation method 71

written as follows:

TF = (=) Vet | pi |, (6.12)

where the expressior P’ means the matri® with row i omitted.

6.2.3 Constructing an equation

Bilinear relations.  Given multiple images in omnidirectional cameras, we cawosk any

two views from an image sequence to construct bilinearicglagquations. Point correspon-
dences between the two selected views are obtained by usiel known feature matching
method [47]. Note that because the point correspondencetisequired to be seen in all
views, we are dealing with a missing data problem. Then, viainlundamental matrices for
every pair of views. Each fundamental matfix for view : and;j can be defined by a 3-vector
f;; which comes from a skew-symmetric fundamental matrix lendm&hen, the following

equation is satisfied for the multiple images with missintada
Sijfji =0 s (613)

wheres;; is an x 3 matrix of the point correspondences which are extracted frews: and
J, andn is the number of point correspondences. This maifjxis the same matrix used to
compute a normalized 8-point fundamental matrix.

By substituting (6.6) into (6.13), we obtain the followinguation:
Si;jTijcij = 0. (6.14)

If we select any two consecutive views, then we make (6.1t fthe two views. If we select
again and repeat for all other two consecutive frames, thelcam construct a large matrix
consisting of a set of equations (6.14) for the consecutammés [37, 27]. We used consecutive

frames and added more frames to make a system of linear eqsiablvable.
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However, there is a simple way to make the linear system oataapns. The number of

possible ways of selecting two views from views is the combination of choice number,

mC2 = 2!(77’;112)! = m(";_l). For instance, given four views, the number of ways of silgct
two views becomeg1,2},{1,3},{1,4},{2,3},{2,4} and{3,4}, so there are,C, = 42 =6
ways. This can be easily written by using two for-loop seocésnin any programming lan-
guage.

For example, let us see how to make the large matnxhen we have four views. The
left parts;;T;; in (6.14) is added to the large matiixto compose all relations of translation
vectors through all views. Lek; andA; be the first, x 3 and last: x 3 part ofS;;T;;. There
are 6 ways of selecting two views. Therefore, the large mathas6n rows anddm columns,
wheren is the number of point correspondences anis the number of views. Then, the large

matrix E can be expressed as follows:

A A
! . (6.15)

Ao Ay

Ay Ay

where[A; | A;] =8;;T;; andAy is an x 3 matrix. Therefore, the equation we have to solve

becomes

Ec=0, (6.16)
wherec is a3m-vector consisting of all camera centres, ands the number of views.
Trilinear relations.  Similar to the bilinear relations, three views can be usecbtstruct a

system of linear equations using trilinear relations. Siggpthat there are number of point

correspondences across three views. Then, for three w#&wsj, view j and viewk, we have
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an equation as follows:

Sijkfkji =0, (6.17)

wheres, ;;, is an x 6 matrix of the point correspondences which are extracteu fri@wsi, j
andk. This matrixs;;;, is the same matrix as a system of linear equations for trecaiftensor

from point correspondences.

6.2.4 A simple SVD-based least-square minimization

The simple way to solve (6.16) is to use singular value deasiipn (SVD) [16, 61]. If the
SVD of EisE = UDV', then the last column of matrix is the vectorc that minimizes |Ec]|.
This minimization method is used by Kaucic et al. [37] butiite unexpected results when
there is a significant level of noise in the data. Figures 6d3@5 show results from the simple
SVD-based method. You can notice the spiral and sharplygihgrcamera motion in the
figures. Because their method is not appropriate for rediagtipns with noise data, we need

a more reliable method to solve this problem.

6.3 A constrained minimization

In this section, we present a robust minimization methodrimslation estimation from om-
nidirectional images, which gives better results than ttexipus method [37]. The previous
method which is based on SVD does not show a robust result thleea is noise in data. Sur-
prisingly, a slight modification can easily improve the fleésy changing given equations and

introducing a constrained minimization method.
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Equation (6.15) can be rewritten by dividing it into two cooments 3,; andT;;, as follows:

Si2| |T1 T2
Siz | |Ta T3
£ diag | | | o (6.18)
S23 Ty T3
S24 Ty Ty
Sza ) | T3 T4

wherediag(S;;) is a block diagonal matrix frons;; and T is a3 x 3 matrix. Therefore,
Tij = [Ti | Tjl.

Let (6.18) beE = AG as follows:

S12 Ty To
S13 Ty T3
S14 Ty Ty
A = diag and G = . (6.19)
S93 Ty Tj
So4 To Ty
S3q T3 Ty

Then, the original equation to be solved is as follows:

Ec = 0

AGe = 0,

wherec is a3m x 1 vector consisting of the last columns of each projectionrixat m views.
For example, in four viewsg = [c]y, c{3, cf,, cJ3, €9y, cay] " bECOMES A8 X 1 Vector.
Therefore, the problem becomes a constrained least-sypesblem. All we have to do is to
find a vectorx that minimizes||Ax|| subject to the conditiofjx|| = 1 andx = Gc. We can

find a vectorx and also the translation vectorby using the algorithm A5.6 in [27, p 596].
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The condition||x|| = 1 gives a normalization of fundamental matrices insteadasfdiations.
The conditionx = Gc constrainsx to lie in the column space @
By slightly modifying the equations and adding constraimis improved the translation

estimation result dramatically. The results are shownénfetiowing section.

6.4 Algorithm

The proposed algorithm estimating the translation from idimectional images is shown in

algorithm 1.

Algorithm 1: Translation estimation from omnidirectional images usiritinear rela-
tions.
Input: (1) A set of point correspondences— x’ < x” across three views from a total
of m views in an image sequence; (2) Rotations between views.
Output: Estimated translation.

1fori=1,...,m—2do

2 for j=4,...,m—1do

3 for k=j,...,mdo

4 Get a point correspondengg « x;- — xJ from three views.

5 Multiply x;, x: andx;’ by the inverse of each rotation matrix at viéw and

k, respectively.

6 Construct a matri¥; ;;, from the point correspondence.

7 Puts;;; into a block diagonal matrix.
Compute matrices;, T; andT,, from the point correspondences and put
them into a matrixG.

9 end

10 end

11 end

12 Find c which minimizes||AGc|| subject tg|Ge|| = 1.
13 Extract all 3-vectors of translations from

6.5 Experiments

6.5.1 Synthetic experiments

Randomly distributed data in space is synthesized for omeutional cameras which have a

circular motion on a plane. This is shown in figure Figure &2ircle in the figure indicates a
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Figure 6.2: Synthesized data for 101 omnidirectional cameras whictelzagircle planar motion and
uniformly random distributed 1000 points. Each camera ca@ anly a part of the data with a given
visible range.

circular motion of cameras. In particular, note that onljnated number of points are visible
to each camera. The radius of the circle which is used fordhgeca motion is 100 units.

In Figure 6.3, we show the omnidirectional camera motiolvered using a fundamental
matrix based method for changing levels of noise in the d@itee result shows unexpected
spirals and sharply changing trajectories of camera motidmnecomes a problem in the case
of previous methods. Kaucic’'s method have the same problaenwe use the same noisy
data. The problem disappears when we use a long track lérgtimore than 10 track lengths.
However, we are concerned about the worst case such as vaokrdrfeatures are short and
have a lot of noise.

In Figure 6.4, we show the omnidirectional camera motior ihaecovered using con-
strained minimization and a fundamental matrix based naefhiovarying noise levels. As can

be shown in Figure 6.4, it gives a better recovery than thdtresFigure 6.3. Specifically, note
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Figure 6.3: Bilinear + SVD. The results obtained for a camera moving in a circular mofioa plane.
The camera motion was recovered using the fundamentalxaatd the SVD-based method for varying
a standard deviatiom of Gaussian noise with a zero-mean. No track had a lengthtgreéhan three.
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Figure 6.4: Bilinear + Constrained SVD.The results obtained for a camera moving in a circular
motion in a plane. The camera motion was recovered usingitidaimental matrix and the constrained
minimization for varying a standard deviatienof Gaussian noise with a zero-mean. No track had a

length greater than three.
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Figure 6.5: Trilinear + SVD. The results obtained for a camera moving in a circular motioa plane.
The camera motion was recovered using the trifocal tensar the SVD-based method for varying
a standard deviatiom of Gaussian noise with a zero-mean. No point correspondeweee tracked
across more than three views.

that there are no spirals or unexpected changing trajestoriFigure 6.4 as in Figure 6.3. Par-
ticularly, at the same level of noise, Figure 6.4-(c) showgyaificant improvement compared
with Figure 6.3-(c).

In Figure 6.5, we show the omnidirectional camera motionvered using a trifocal tensor
by changing the noise in the data. By adding more noise, @sgimnstable recovery. Particu-
larly, Figure 6.5-(d), (e) and (f) show spirals or unexpdatbanging trajectories. This result
using a trifocal tensor, as shown in Figure 6.5, is much b#ten the result obtained using a
fundamental matrix, as shown in Figure 6.3. The result isowgd by increasing the number
of views.

In Figure 6.6, we show the omnidirectional camera motion ihaecovered using a con-

strained minimization and a trifocal tensor based methoddioying noise levels. The result
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Figure 6.6: Trilinear + Constrained SVD.The results obtained for a camera moving in a circular
motion in a plane. The camera motion was recovered usingrifoeedl tensor and the constrained
minimization method for varying a standard deviatiof Gaussian noise with a zero-mean. No track
had a length greater than three.

in Figure 6.6 shows a better recovery than the result in Eigus. Specifically, note that there
are no spirals or unexpected changing trajectories in Eigus as it is in Figure 6.5. Partic-
ularly, at the same level of noise, Figure 6.6-(d) shows aifsggint improvement compared

with Figure 6.5-(d).

6.5.2 Real experiments

Experiments with real data are carried out. An image sequenacquired by Ladybug2 cam-
era [32]. The Ladybug2 camera consists of 6 cameras andtiireap spherical image which
covers around a hemisphere from the position of the cameravigh the Ladybug2 camera, an
omnidirectional image sequence can be captured. The Lg@&ytamera is mounted on a hel-

met and the helmet is worn on the head of a person who has eglipith a laptop computer
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Figure 6.7: Sample 10 images taken by a camera in the forward directmm fradybug?2 camera. The
number at the bottom of each image is the frame number framh 186 images.

which connected to the Ladybug2 camera to acquire a videen,Tlwhile the person moves
along a path, the Ladybug2 camera captures all 6 image seggi@nound the environment
surrounding the person. Sample images from the Ladybug2maare shown in Figure 6.7.
These images are taken from a camera in the forward direofitime moving of the person.
The path which the person follows in this experiment is showiRigure 6.8(a). The number
of captured images is total 139 frames and the size of theamgd024 x 768 pixels.
Features in the images are detected and matched to get a peinbfcorrespondences
across views by using the Kanade-Lucas-Tomasi (KLT) tnagkd. Because of the wide field
of view, the acquired images are distorted by radial digtort The distortion in images are
corrected by radial distortion information provided by direy Inc. The pixel coordinates
of the tracked features are also corrected in the same wayriexting radial distortion in the
images. After that, the random sample consensus (RANSA@paph is applied to remove
outliers in the matched points [13]. Then, the set of poimtespondences in all 6 cameras is

transformed to have coordinates on a unit sphere. This wiroleess gives us image vectors
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Figure 6.8: (a) The ground path of cameras movement is indicated as amedvaon a map from
GoogleEarthht t p: / / ear t h. googl e. com (b) The estimated path from our proposed method. It
starts from(0, 0), and blue dots represent the positions of the centre of tliytiiag2 camera.

which represent direction vectors from the centre of the idirattional camera to the point
on a unit sphere as shown in Figure 6.1.

With all these transformed image vectors across two viewhree views, a set of linear
equations is constructed from bilinear relations or tedinrelations. The translations in camera
motion are found by solving the constrained minimizatioolgem as shown in algorithm 1.

The result is shown in Figure 6.8. The estimated path fromstedion estimation is su-
perimposed over the Google map of the site where experinaeatsarried out. The estimated
translation has some drift and jittering when the motionsgfae from the initial starting point.
However, the path is reasonably correct and it gives goachasbn of rotation even when the
person makes a turn left significantly. Note that the errorshe estimation are accumulated

over all frames.
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6.6 Conclusion

A translation estimation method from omnidirectional iraags presented. The translation
estimation method is based on the plane-based projectteastuction problem with missing

data. Therefore, it does not require that a point correspacel be seen in all views. We
assume that the rotations of each camera are known. Thed®mnstcan be computed from
other methods [24, 46]. This method uses a constrained nzaiion instead of a least-square
minimization. This linear method gives a stable and redslenacovery result, and therefore
can be used as a good initial estimate for the next non-lingaimization step such as a
bundle adjustment [82]. For the implementation of an omaitional camera, we may use
two conventional cameras which are placed back-to-baclbtairo the entire sphere of view

[55].



Chapter 7

Robust 6 DOF Motion Estimation for

Non-Overlapping Multi-Camera Rigs

Motion estimation of multi-camera systems has become ofenmtterest with use of these
systems for the capture of ground based or indoor video daalidw a reconstruction of the
whole surrounding environment [83]. Capture systems negatdvide a large field of view
horizontally and vertically to cover the upper hemisphefr¢he environment. An efficient
system, for example, is often build of two wide field of viewntaras rigidly coupled together.
Alternatively, each wide field of view camera is replaced bgamera cluster. To closely
approximate the wide field of view camera, the optical centbthe cameras are as close
together as possible and the cameras have no or very smalamveThis avoids parallax
effects in between cameras. There are also systems thatamdist of one camera cluster that
captures the whole upper hemisphere. As we will show in oalyars, it is generally very
challenging to recover a 6 degrees of freedom (DOF) motiotihi latter type of cameras.

An example of a multi-camera system for the capture of grduemkd video is shown in
Figure 7.1. This system consists of two camera clusters admséde of a vehicle. The cameras
are attached tightly to the vehicle. Accordingly, they movegid motions. The shown system
will later be used for experimental evaluation of our apptoa

In this chapter, related work is discussed in the next secand our novel 6 degrees of
freedom motion estimation method for non-overlapping mradimera rigs is introduced in

section 7.3. In section 7.5, experiments with syntheticraatldata are carried out.

84
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Figure 7.1 Example of a multi-camera system on a vehicle. (CourtesyNgE{Chapel Hill)

7.1 Related work

There has been a lot of study on the motion estimation of roaltiera systems [58, 14, 80].
Some approaches use stereo/multi-camera systems to testireaego-motion of the camera
system. Nistér et al. proposed a technique that uses aatelibstereo camera system for visual
navigation in [58]. They used the stereo camera system tvee@D points up to an unknown
orientation. Frahm et al. introduced a 6 degrees of freedstimation technique for a multi-
camera system [14]. Their approach assumed overlappimgs\oéthe cameras to obtain the
scale of the camera motion. Tariq and Dellaert proposed @de of freedom tracker for a
multi-camera system for head tracking using nonlineamoigation [80].

In this chapter, we propose an algorithm estimating 6 desgoé&eedom motion of multi-
camera systems. However, it does not require to have oyénigpiews and does not need to
know the positions of the observed scene. In other words,tBI2tare reconstruction is not
required to estimate the 6 degrees of freedom motion.

Another type of approach is based on the generalized cameadlalf18, 60]. A stereo or
multi-camera system is an example of generalized cameragenAralized camera is a type
of camera which may have different centres of projectionthW@tit loss of generality, general-
ized cameras also can represent a type of single centra&gtimj camera. The single central
projection cameras are an ordinary type of camera havingealires of projection identical.

Nowadays, they are widely used by general customers. Ay multi-camera systems
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Figure 7.2 (a) Ordinary camera and (b) Generalized camera.

can be considered as a type of generalized cameras haviriglmuakntres of projection for
each physical camera [18, 60]. Figure 7.2 shows an illustraif an ordinary camera and a
generalized camera.

The concept of generalized cameras was proposed by GrgsafieNayar in [18]. Sturm
showed a hierarchy of generalized camera models and newtiear relations for general-
ized cameras [77]. A solution for the motion of a generalizachera is proposed by Stewénius
et al [74]. They showed that there are up to 64 solutions ferdative position of two gen-
eralized cameras given 6 point correspondences. Theirametblivers a rotation, translation
and scale of a freely moving generalized camera. One ofithigations of the approach is that
centres of projection can not be collinear. It means that thethod can not solve a motion for
the axial case of generalized cameras. The definition of agiaeras is shown in [77]. This
limitation naturally excludes all two camera systems ad agh system of two camera clus-
ters where the cameras of the cluster have approximatelgaime centre of projection. The
approach of Stewénius et al. can not estimate the camefamiot pure translation at all, and
the algorithm fails to give any result. Our method also caaffected by the pure translation,
and may not return the 6 degrees of freedom of motion. Howevégast, for the pure transla-
tion case, our proposed method can estimate 5 degrees dbfmemotion without the scale of
translation. Our method also uses 6 points to estimate tlegteds of freedom motion. The
next section will introduce our novel approach for the 6 degrof freedom estimation of a

multi-camera system.
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(b)

Figure 7.3: Examples of a generalized camera(@) Six rays never meet each other. It could be
considered as that 6 rays are projected by each differentecam(b) Five rays meet on a single centre
of projection and another ray does not meet the centre.

7.2 6 DOF multi-camera motion

The proposed approach addresses the motion estimation lGfcaumera systems. Multi-
camera systems may have multiple centres of projection.tHarovords, they may consist
of multiple conventional (central projection) cameras.r Fstance, a stereo system is one
of the examples of multi-camera systems. However, muttigra systems could have little
overlapping views, for example, such as an omni-directioamera, Ladybu@'2 [32]. These
multi-camera systems are examples of generalized camEhasmost general type of gener-
alized cameras may not have common centre of projectionasnsim Figure 7.3. However,
that case is rare in real applications. Practically, nedinera systems are more frequently
used. Our technique assumes that we observe at least fiespondences from one of the
cameras and one correspondence from any additional carmepaactice this assumption is
not a limitation as a reliable estimation of camera motiajuiees multiple correspondences
due to noise.

Suppose that there is a set of calibrated cameras movingdnenposition to another. An
essential matrix which describes the epipolar geometry@fcalibrated camera can be esti-
mated from five point correspondences in one camera. Nistgosed an efficient algorithm
for this estimation in [56]. It delivers up to ten valid satrts for the epipolar geometry. The
ambiguity can be eliminated with one additional point cep@ndence. A rotation and a trans-

lation (up to scale) of the motion of the camera can be exdcafiiom the essential matrix.
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Roor, toy

Figure 7.4: Motion of a generalized camera which consists of two cam&ttashed together. A camera
at C; and a camera atC, build a cluster of cameras and they become a multi-camerisysThey
move together from one place (positi@n andC-) to another (positiorC} andCY,) by a rigid motion.

Consequently, a single camera provides 5 degrees of freefitime camera motion. The re-
maining degree is the scale of the translation. Given thetegEees of freedom of the motion
of the multi-camera system (rotation and translation dioe¢ we can compensate for the ro-
tation of the system. Our approach is based on the obsanviid the position of the epipole
of each camera in the multi-camera system is restricteditear the image. Hence the scale
as the remaining degree of freedom of the camera motionidesa linear subspace.

In the next following sections, we derive the mathematieai¥ of our approach to motion

recovery.

7.3 Two camera system — Theory

We consider a set-up involving two cameras, rigidly conggluwith respect to each other.
The two cameras are assumed to be calibrated. Figure 7.4sdhewconfiguration of the
two-camera system.

A rigid motion of the two-camera system consists of a rotatod a translation between
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two positions. The motion may be estimated from one of camigrdéhe two-camera system
by using any relative motion estimation algorithm [27, 46].5However, this gives only 5
degrees of freedom of motion, so the scale of translationtisolved.

In this section, mathematical derivations for two-camgsiesms are given and it is shown
that in two-camera systems it is possible to find 6 degreeseeflbm of motion of the two-

camera systems, although the images may not overlap eagh oth

Theorem 2. LetP; andP, be two cameras in a two-camera system, writteR;as- [I | 0] and
P, = [R2 | — R2C3]. Suppose that they move rigidly to a new position where teedamera
is specified by, = [R] | — AR{C/]. Then, given a point correspondenge— x’ from the

second camera, the scale of translatidis determined by an equation as follows:
X' TAx + A\x' 'Bx =0 , (7.2)

.
whereA = RoR} [(R} — I)Cz]xRy andB = RoR} [C)]«Rg .

In order to simplify the derivation, we assumed that a cowmth system is aligned with
the initial position of the first camera, so tiat = [I | 0]. Any other coordinate system is
easily transformed to this coordinate system by a Euclidesarsformation. The first camera

has moved to a new position &C/.

Proof. Our immediate goal is to determine the camera matrix for doeisd camera after the
motion. First note that the camePa may be written as
/ R] —AR|C]
P, =1[I|0] =PT,
o’ 1
where the matrixt, so defined, may be thought of as a Euclidean transformatiduced by

the motion of the camera pair. Since the second camera wetetige same Euclidean motion,
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we can compute the form of the camefato be

Py, = PoT
R| —)R|C]
= [R2| —R2Cy]
of 1
= [RoR] | — ARoR|C] — R2Cy]

= RR|[I| — (\C| +R, Cy)]. (7.2)

From the form of the two camera matricesandP,, we may compute the essential matrix for

the second camera as follows:

E; = RoR|[AC| 4R, Cy— Cy| Ry
T
= RoR|[R] Cz — Ca]xRJ + ARoR|[C}]«Ry (7.3)
= A+ )AB.

Now, given a single point correspondence— x’ as seen in the second camera, we may
determine the value of, the scale of the camera translation. The essential majtiaten
x''Ex = 0 yieldsx' ' Ax + Ax’ ' Bx = 0, and hence

T T
X/TAX x’/ (RQR/I [Rll Cy — CQ]XRQT) X

S . 7.4
x'TBx x'" (RoR4[C)|xRg ) x (7.4)

A\ =

7.3.1 Geometric interpretation

The situation may be understood via a different geometterjometation as shown in Figure 7.5.
We note from (7.2) that the second camera moves to a newqositi(\) = R} ' Cy + AC.
The locus of this point for varying values &fss a straight line with direction vecta, passing

through the poinR’lTCQ. From its new position, the camera observes a point at pasifiin
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Translation

Figure 7.5: The 3D poinfX must lie on the plane traced out by the ray corresponding tior different
values of the scal@. It also lies on the ray corresponding tothrough the initial camera centr€;.

its image plane. This image point corresponds to awaglong which the 3D poinX must
lie. If we think of the camera as moving along the li@§()), then this ray traces out a plane
IT; The 3D pointX must lie on this plane.

On the other hand, the poiiX is also seen (as image poix} from the initial position of
the second camera, and hence lies along arrhyoughC,. The point where this ray meets

the planell must be the position of the poiiX. In turn this determines the scale factor

7.3.2 Critical configurations

This geometric interpretation allows us to identify caticonfigurations in which the scale
factor A cannot be determined. As shown in Figure 7.5, the 3D pXiig the intersection of
the plandl with a rayv through the camera cent,. If the plane does not pass through,
then the pointX can be located as the intersection of plane and ray. Thusrtlyepossible
critical configurations are where the plafigasses through the second camera ce@ye,
According to the construction, the ling,(\) (the locus of possible final positions of the
second camera centre) lies on the plEnd-or different 3D point&X, and corresponding image
measurement’, the plane will vary, but always contain the lig#()\). Thus, the plane$l

corresponding to different poinis form a pencil of planes hinged around the axis g \).
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Unless this line actually passes through, there will be at least one poiX for which Cy
does not lie on the plarid, and this point can be used to determine the pEin@nd hence the
scale.

Finally, if the line C,()\) passes through the poiat, then the method will fail. In this
case, the ray corresponding to any pantvill lie within the planell, and a unique point of
intersection cannot be found.

In summary, if the lineC5 () does not pass through the initial camera centgealmost
any point correspondenc€ « x may be used to determine the poiitand the translation
scale\. The exceptions are point correspondences given by pgintsat lie in the plane
defined by the camera cenitg and the lineC,(\).

If on the other hand, the lin€’,(\) passes through the cent®, then the method will
always fail. It may be seen that this occurs most importaifittiiere is no camera rotation,
namelyR] = I. In this case, we see that,(\) = Cs + \C/, which passes through,. It is
easy to give an algebraic condition for this critical coimit SinceC/ is the direction vector
of the line, the poiniC, will lie on the line precisely when the vecte!iTcg — Cyisinthe
directionC]. This gives a condition for singularit@R’lTC2 — Cy) x C} = 0, or rearranging
this expression, and observing that the vectgx C/ is perpendicular to the plane of the three

camera centre€s, C andC; (the last of these being the coordinate origin), we may state

Theorem 3. The critical condition for singularity for scale determiten is
(R Co) x €} = Cy x C} .

In particular, the motion is not critical unless the axis otation is perpendicular to the plane

determined by the three camera centés C) andC;.

7.4 Algorithm

Figure 7.6 shows our proposed algorithm solving relativeiomoof two generalized cameras

from 6 rays with two centres where 5 rays meet one centre apith@nray meets another cen-
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Figure 7.6. Flow chart of algorithm for 5—-1 camera configuration of gealezed camera.

tre. Firstly, we use 5 points in one ordinary camera to egéraa essential matrix between two
views. Stewénius’s method is used to estimate the eskamdiaix from 5 points [71]. There
is also a simple derivation of the algorithm by Li et al. whigtes 5 points and gives the same
result [44]. The 5 points are selected by the random sampisersus (RANSAC) algorithm
which gives us a guarantee that the selected 5 points agesifili3]. A distance between the se-
lected point and the corresponding epipolar line is useditsia for the RANSAC algorithm.
The essential matrix is decomposed to a skew-symmetridxrattranslation and a rotation
matrix. When the essential matrix is decomposed, it shoalddmsidered that there existe an
ambiguity on deciding a correct rotation matrix and a cdrtemslation direction [27]. How-
ever, the translation is up to scale. So, we need to get tHe etdhe translation for the 6
DOF solution. The scale of translation can be determined/b).( However, the one point
correspondence from a second camera is very essentialeoriiet the scale of translation.
Therefore, we incorporate RANSAC algorithm to select thet bee point correspondence for
estimating the scale of translation. In this RANSAC step,sekect one point by checking a
distance between the point and the corresponding epipokaof the point. Finally, with the
scale of translation, we get the motion of two-camera systieam 5 points from one camera

and 1 point from another camera.
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7.5 Experiments

7.5.1 Synthetic data

Steweénius introduced a relative motion estimation atbarifor generalized cameras using
a Grobner basis [74]. It is possible to estimate the redathotion of two-camera systems
using his method. In this section, we compare our method ®fwénius’s method in the
same configuration of synthetic data. Then, we examine winietihod gives better results of
estimation.

First, we compute a relative rotation of a generalized camewdel which consists of two
central projection cameras. The synthetic data has twaalgarbjection cameras which form
a generalized camera system, and they are located at raratiops in the world coordinate
system. Six points are placed randomly in space and theyrajecfed onto each image plane
of the two central projection cameras. Because we know tkéi@o of both centres of the
central projection cameras and the six points in spacekBticoordinates for six rays can
be obtained. These six rays, represented by Plucker lioedomtes, are used to estimate a
relative motion of the generalized camera using Stewé&nimsthod. For experiments with our
method, the same set of data is used but note that Plickardiordinates are not needed in our
method. In this synthetic data, five points from the first cenage used to estimate an essential
matrix, and then one point from the second camera is useditoads the scale of translation.
Let us call this configuration of the two-camera systems d “8&amera configuration”.

The comparion between our method and Stewénius’s mettsbabign in Figure 7.7(a) and
Figure 7.7(b). Figure 7.7(a) shows a histogram of rotatiwareby Stewénius’'s method, and
for 1,000 runs it gives less than 1.0 degree of rotation errthis 5+1 camera configuration.
However, as shown in Figure 7.7(b), our method shows lessQtiadegrees of rotation error
with the same data, so our method gives better results anastin than Stewénius’s method
for this 5+1 configuration. Note that our method is only aggdiile to this 5+1 configuration,
not to all generalized camera models.

As shown in Figure 7.8, we show how sensitive our method iutite assumption of

Gaussian measurement noise. The configuration of the deeeraamera is the same as in
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Figure 7.7: (a) Histogram of rotation error produced by Stemius’s method for a generalized camera
having two centres where 5 rays meet on one centre and otii@negts on the other centre in two views.
There are no noise on data. (b) Histogram of rotation erroogiuiced by our method for a generalized
camera having two centres where 5 rays meet on one centretardray meets on the other centre in
two views. There are no noise on data.

the above experiment except the measurement noise. Exgresrare carried out for various

standard deviations of Gaussian measurement noise.

7.5.2 Real data

An experiment with real data is carried out in this sectiom. ilsage sequence is captured by
8 cameras mounted on a vehicle. The vehicle is shown in Figg@reAll 8 cameras are firmly
mounted on the vehicle, and 4 of them are assigned on thedefaad the other 4 cameras are
assigned on the right side of the vehicle to have wide fielde/vThe distance between a set
of 4-camera on the left and a set of 4-camera on the right igteh® metres. The position of
8 cameras is shown in Figure 7.10. These cameras have Hdiiedii overlapping views with
each other. So, it is an example of a real implementation afreaverlapping multi-camera
systems. The size of the images is 102468 pixels, and the number of frames in the image
sequence for each camera is about 1,000 frames. So, a t@20Qf frames are dealt with
in this real experiment. In Figure 7.9, a sample of captuneagies from 8 cameras is shown.
Note that there is a very little overlapping field of view. mg experiment, only two cameras,

one from the left side and another from the right side, arected.
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Figure 7.8: Rotation error produced by our method for a generalized aarhaving two centres where
5 rays meet on one centre and other ray meets on the otheredartivo views. Gaussian distribution
of noise has been added to the data.

Figure 7.9: An 8-camera system of non-overlapping multi-camera riga @ehicle and a sample of 8
images. (Images: Courtesy of UNC-Chapel Hill)
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Left

Figure 7.10: Position of 8 cameras in the systerRed, green, blue and black colour indicate backward,
side, forward and up direction of cameras, respectivelyeréhare a little overlapping of field of view
across cameras.
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Figure 7.11: Five points selected from the left-backward camera in tvevgi frame 120 and frame
125. Epipolar lines corresponding the five points are plbtt&n essential matrix is estimated from the
selected five points. The five points from the first view icatdd as red circles and the five epipolar
lines corresponding to the five points are shown as red linethé second image. In the same way,
green circles for 5 points in the second view and green linethie corresponding epipolar liners.

First, features in image sequences are found and trackedsatwo views. We have used
a commercial feature tracker, Boujou, to obtain robustut@atracks [1]. Then, an essential
matrix from a camera on the left side of the vehicle (a backwzamera is selected in this
experiment) is estimated from five point correspondencegyule five point minimal solution
method [71]. The best five points are selected by the RANSAGrahm and the estimated
result is refined from inliers. In Figure 7.11, the five poiatsl estimated epipolar lines are
shown.

With the estimated essential matrix, the scale of tramsiadirection is estimated from one
point selected from the other camera on the right side oféhécle. Like the five point method,
the RANSAC approach is also used to find the best one point fremright side camera.
For refinement of the scale estimation, all inliers on thétrigjde camera are used to find a
solution of the least-squares of liner equations, and &t optimization by minimizing the
geometric reprojection errors is applied. In Figure 7.12@d Figure 7.12(b), the best one
point and estimated epipolar lines from all inliers on thghtiside are shown, respectively.

For evaluation of the result, the ground truth for the posiif the vehicle, in other words,

the position of cameras, is provided from a global posiiigrsystem (GPS) and inertial mea-
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(b)

Figure 7.12: (a) One point selected from the right-backward camera inwiews, frame 120 and frame
125 (indicated as red and green circles). This one point isdu® estimate the scale of translation
direction for multi-camerarigs. (b) All inliers used fordlscale estimation and its epipolar lines. Note
that there are no inliers found around a car in the image besgatlne car in the image was moving and
points on the car are identified as outliers. A total of 343reiout of 361 are found as inliers, and
they contribute to find a solution of the scale by a refinemethod. Red circles indicate the inliers in
the first view and red lines show the epipolar lines corresiog to the red circles in the second view.
Green circles indicate the inliers in the first view and grdiees show the epipolar lines corresponding
to the green circles in the second view.
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Figure 7.13: (a) Critical angles in real experiments: From frame numb&0o 250, it is larger than
2 degrees of critical angles. (b) Scale estimation in re@ez¥ments: From frame number 150 to 250,
the scale estimation shows values close to the ground truth.

surement unit (IMU) device of POSLV, Applanix which is eqgopgad in the vehicle system
[2, 86].

From the geometric interpretation, we found that there istal configuration where our
method cannot solve the scale of translation in non-ovpitgpmulti-camera systems. Let us
define critical angles as the angle between the translatioiowr of the first camera and the
translation vector of the second camera. If the critical@igequal to zero, it means that the
motion of the multi-camera system is in a critical configimat So, in this case, we cannot
solve the scale of translation. Therefore, it is reasonabiExamine how many times our 8-
camera system on a vehicle has critical motions. In Figut8(d@), angles between the two
translation vectors of two cameras are shown in each framam frame number 150 to 250,
the angles are greater than about 2 degrees, and the reatr@fsfrare less than 2 degrees. It
means, unfortunately, most of motions of the vehicle aryiko be critical.

In Figure 7.14, the ground truth position of cameras is shole vehicles moved straight
forward first, and then turned left and crossed over a speatpburhe speed bump mainly
caused a large value of the critical angles and this motioresponds to the frame numbers
150 to 250. Therefore, the scale of translation can be ewthorrectly between these frame
numbers.

In Figure 7.13(b), a ratio of scale estimation is shown. # thtio is equal to one, then

it tells us that the estimation of the scale for the transtais close to the correct solution.
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Figure 7.14: (a) The ground truth positions of two cameras, left-bacldv@ed) and right-backward
side (blue), on the vehicle from frame number 0 to 980. (b)dked part of the positions (from frame
number 150 to 250) where the vehicle crosses over a speed [thigpart has enough large critical
angles to estimate the motion of the vehicle.

Otherwise, it fails to estimate the scale of translationshswn in Figure 7.13(b), only frames
between 150 and 250 give values close to one. These frameensitmdve large critical angles.
In Figure 7.15, the rotation error and translation direttioror in real experiments have
been shown. The rotation part is usually estimated withés than about 0.1 degrees but the
translation direction is estimated within about less th&nd2grees, which is mostly caused by
the motion of the vehicle because the vehicle moves in a planéion and the 8 cameras are

mounted on the sides of the vehicle.

7.6 Conclusion

An algorithm solving the pose estimation for a multi-camgyatem having non-overlapping
views is proposed.

Unlike Stewénius’s method estimating the motion of geliwd cameras, our proposed
method does not need the 6-vector of rays represented lokd?ldoordinates but use the 3-
vector of points in homogeneous coordinates, and it needgpbints from one camera and
one point from another camera. In addition, our methods slol@ss residual error than

Stewénius’s method in the same experiment setup.
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Figure 7.15: (a) Rotation error in real experiments: From frame 150 to 28(@ error is less than about
0.1 degrees; (b) Translation direction error in real expagnts: From frame 150 to 250, the error is
less than 2.0 degrees.

A mathematical proof and geometric interpretation on théenmf non-overlapping multi-
camera systems are presented. Itis pointed out that theepgitical motions, which prevent us
from estimating the correct motion of multi-camera systefsr example, a parallel motion
of the system is a degenerate case.

An algorithm solving the motion of non-overlapping muléiroera systems is introduced.
The motion problem can be solved by estimating an essenaéixrfrom five points in one
image, decomposing the essential matrix to obtain rotadiod translation direction of the
multi-camera system, and then using one point from othegéhe scale of translation di-
rection can be estimated. This straightforward method veag sensitive to the noise of point
coordinates in images. Therefore, RANSAC approaches,ekelensity approximation and
non-linear refinement process have been applied to obtawstestimation from an initial
estimate.

From synthetic and real data experiments, it is observedthieamost important part in
the whole estimation is the estimation of an essential maffhere are many algorithms to
estimate essential matrices, however we used a minimal firg pnethod by Stewénius'’s
method because it provides minimum number of iteration&®RNSAC algorithm. Mostly, in
real experiments, the rotation part could be estimated nadnystly less than about 0.1 degrees.

However, the translation direction could be estimated withO degrees. This was a major
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bottleneck to improve the result of scale estimation of thedlation. The scale estimation
could be achieved very robustly using RANSAC, kernel dgregiiproximation and non-linear
optimization if the motion of multi-camera systems is notiitical motions. Unfortunately,
most motion of vehicles are close to the case of critical amstisuch as moving forward and
turning left or right on a flat ground unless they do a drift mSs over a speed bump.

With this approach, we could solve the 6 degrees of freedotiomof the multi-camera
system with having non-overlapping views and it was alsaibbs to solve 5 degrees of free-
dom when the system goes into the degenerate case.

For future research, it might be possible to improve theregtion result by using an geo-
metrically optimal solution of essential matrix if we carhave less than 0.1 degrees error of

translation direction.



Chapter 8

A Linear Estimation of Relative

Motion for Generalized Cameras

A generalized camera is a type of camera having no restietim mapping an incoming light
ray to a photo-sensitive cell in image sensor arrays. Rlickordinates were used by Pless to
represent incoming light rays for generalized camerasGip [Bless formulated a generalized
epipolar equation using the generalized essential matiigiwis a6 x 6 matrix describing the
geometric relationships of the corresponding incomingtligys between two views.

The generalized essential matrix has 17 degrees of freedbarefore, given 17 points it
is, in priciple, possible to construct a system of linearaiquns which estimate the generalized
essential matrix. The linear system may be an overdetethaystem of linear equations when
more than 17 points are provided and the rank of the lineaesys 17 or more. Hence, the
linear system may be solvable by using the singular valuerdposition (SVD). However,
it applies only to a general configuration of generalized @as. Unfortunately, in the most
common type of multi-camera configurations, the rank ofdmequations is less than 17.
Consequently, the linear system cannot be solved linegrlysing the SVD method.

Nevertheless, in this chapter, remarkably, we found thexetls a linear approach to solve
the generalized essential matrix in the case of common frauttiera configurations. The key
idea is that a part of the solution is invariant when the galimsd camera model is a locally-
central, axial or locally-central-and-axial model. Thastant part can be solved for linearly,
so the rest of the solution can be obtained as well. Expetsrmnboth synthetic and real data

are conducted, and a reasonable accuracy is achieved byofespd method.

104
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8.1 Previous work

A general imaging model is introduced by Grossberg and NiewEir8]. They described the
general imaging model as a mapping of scene rays to pixaisp@sented a concept of “rax-
els” which represent geometric, radiometric and opticapprties. They also provided a cal-
ibration method for this general imaging model using strced light patterns. Pless used
Plucker line coordinates to represent scene rays andediegiv epipolar constraint equation for
generalized cameras [60]. He predicted that 17 point qooregences are enough to solve a
generalized essential matrix and solved the generalizeeh#@al matrix for non-central cam-
eras using the Fisher Information Matrix. However, his rodtfs not a linear approach to the
problem. A hierarchy of generalized camera models and #akematrices for the different
camera models are shown by Sturm in [77]. However, none efrdgearch has shown any
experiments with a linear method for estimating an esdemizrix for generalized cameras.
In this our research, we show and extensively verify a limaathod for solving the relative
motion problem for generalized cameras.

There exist many non-linear algorithms for solving for trengralized essential matrix
for generalized cameras. Lhuillier used bundle adjustif@ngeneralized cameras by using
angular error instead of 3D errors [42]. Stewénius et adus Grobner basis to solve for the
generalized essential matrix and Byrod et al. improvedctimaerical accuracy of Stewénius’s
method [74, 7]. These methods based on a Grobner basisaapysolve polynomial equations
to compute the generalized essential matrix, and applyetoninimal case only.

Mouragnon et al. [52] considered the rank of a matrix for tbaeegalized epipolar equa-
tions when the generalized camera is a type of central camee camera or non-axial cam-
era. They confirmed that there are ambiguities in the saluiio the generalized epipolar
equations, and suggested a non-linear approach to adtisgsroblem. They carried out
experiments with axial-type cameras only. They also intoed an incremental bundle ad-
justment method to refine their results. Schweighofer amd Bave an iterative algorithm
for generalized camera to estimate its structure and motjaminimizing an object-space er-

ror which is the distance between a point in 3D and the prigjeatf the point onto a scene
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ray [67]. All these methods require a good initial estimatetheir non-linear optimization
process. However, none of the method actually used therlitiégoint algorithm for initial-
ization.

There is some related work estimating relative motion far-traditional cameras. Frahm
et al. [14] proposed a pose estimation algorithm for mudtihera systems by putting a virtual
camera into a multi-camera system. Alternate methods aoeisked in chapters 9 and 10 of

this thesis, and also in [40].

8.2 Generalized essential matrix for multi-camera systems

In this section, we reintroduce Pless’s generalized eissenatrix and the notation of Pliicker
coordinates. We also give a brief introduction to Stew&siumethod to solve the relative
motion of generalized cameras.

Let us consider a light ray in the world coordinate systenthdflight ray is incident on a
photosensitive sensor such as films and CCDs, the sensdivisted and records the intensity
of the light ray. Therefore, irrespective of the manner incliithe light rays travel through
some materials such lenses and mirrors, an image is cafiyride camera system when they
arrive at the CCD array. So, the model of propagation of therimng light rays is determined
by the materials that are present in the region between thie wod the photosensitive sensor.
If the incoming light rays pass through lenses, meet at omemaon point and hit the photosen-
sitive sensor, then this model of propagation of the liglysria called the “central projection
camera model” because all the incoming light rays meet aigescentre of projection. If the
incoming light rays are reflected by materials such as nsreord hit the photosensitive cell,
then this camera model might not have a single centre of gfioje This model is called the
“non-central projection camera model.” Therefore, the elad propagation, i.e, the manner
of mapping from the incoming light rays to the photosensitdells determines the type of
camera model. This is the “generalized camera model” of €éherg) and Nayar in [18]. An
illustration of the generalized camera model is shown iuFad. 1.

From the original definition of the generalized camera mau§l8], “raxel” is defined as
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Figure 8.1: The generalized camera modehn incoming light rayP; in the generalized camera system
is mapped to a pixel coordinagg. The incoming light rays are not restricted to a centre ofjpotion
and therefore they could have multiple centres of projectio

an element of a light ray having geometric, optical and naditsic properties. However, in this
thesis, we use a simplified representation of the genedatiaesnera model as used by Pless in

[60].

8.2.1 Plicker coordinates

Pless used Plicker vectors to describe a light ray in thévfior generalized camera model in
[60]. The Plucker vectors represent a line by a 6-vectar igha pair of 3-vectorsq andq/,
which are called the direction vector and moment vectopeetively. The direction vectay
is a vector with the direction of the line. The moment veejbre= P x q has a direction that
is perpendicular to the plane containing the line and thgimrand whose magnitude is equal
to the area of the triangle that is defined by the directiorioreend the origin. It is shown in
Figure 8.2.

A property of the Pliicker line coordinates is tigandq’ are perpendicular to one another.
Therefore, the inner product of them is equal to zerq ag’ = 0. The Pliicker coordinates are

homogeneous and therefore multiplying all the six coondisdy any real number gives new
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aq

(a) (b)

Figure 8.2: Plucker coordinates(a) A line L in 3-D space and two vectorgand q’ for the Plicker
line coordinates of.. The vectoiq represents the direction of the line and the veejbrs the moment
vector which is depicted by a shaded triangle and a normatoreo the triangle. (b) All points on the
line L are expressed by the two vectefs< q' andaq, wherea is a scalar.

Plucker coordinates for the same line. More details on theker coordinates can be found in
[75]. Assuming that the direction vectaris a unit vector, the set of all points that lie on the

line L is written as follows:

(axq)+aq, (8.1)

wherea is a scale.

8.2.2 Pless equation

Let us derive the generalized epipolar constraint that viletloa “Pless equation” or “Gen-
eralized Essential Matrix Constraint” for the generalizadnera model as shown by Pless in
[60].

Suppose there is a generalized camera model in the worldioate. The incoming light
rays are mapped to a pixel coordinate in the generalized reamedel. If the generalized
camera is subjected to a rigid motion, the rigid transforomais applied to the incoming light
rays. LetR andt be the rotation and translation of the rigid transformatietween two views

in the generalized camera model. A light ray presented biPliieker coordinates, 6-vectiy,
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is written as follows:

L= . (8.2)

If the light ray is transformed by a rigid motion, the liliein the Plucker coordinates after

the rigid transformation becomes as follows:

R R
L — 4 = 4 . (8.3)

(RP +t) x (RqQ) Rq' +t x (RQ)

Considering a pair of matching light rayk, <+ L', whereL = (q , q’lT)T andL/ =

(a4, d'5) 7. These two light rays intersect if and only if
T 7 T o
A9, +929;=0. (8.4)

From (8.3),q; andq) becomeRq; andRq’; + t x (Rq, ), respectively. Therefore, in [60],

Pless showed that (8.4) may be written as follows:

a3 (Rq) +t x (Rq1)) + ¢ (Raqy) =0 (8.5)

.
a4 Rq} + gy [t]xRaq1 +dh Rq; = 0. (8.6)

LetL; = (q/,q, )T andLy = (q3 ,q, )T be two Pliicker lines. Equation (8.6) may be
written with a9 x 9 matrix G as follows

T

q tlek R | [ q
Lol = | [t oo, 8.7)

a5 R0 q;

Therefore, given the ray correspondedce— L’, the generalized essential mattixis

written as follows:

Q= : (8.8)
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whereR andt are the rotation and translation, respectively, of a rigeggh¢formation between
two views.

It is important to note that if the last three elements of thigcker line are zero, i.e. if
q) = 0 andqg, = 0, then the form of the generalized essential matrils the same as
the standard form of essential matdxn (2.18). Owing to the use of the Pliicker lines, the
generalized essential matrix can represent relationshipthe pair of matching light rays in
multi-camera systems.

The two light raydl.; andL, should intersect at one point in the world coordinate system
The point can be determined by finding the point of the intgise of the two rays. WheR

andt are known, from (8.1), the two light rays satisfy the follogiequality:

R((q1 x q}) + a1q1) +t = (q2 X g5) + a2q2, (8.9)

wherea; andasy are scalars.

The reconstruction of the 3D poiX is given by Pless in [60] as follows:

X = (a1 xq}) +a1q1 , (8.10)

wherea; can be solved from the equationRq; — a2q2 = (q2 x g5) —R(q1 x q}) —t, which
is derived from (8.9).

For continuous motion, Pless also derived the differemiaieralized epipolar constraint
similar to the generalized epipolar constraint for disemabtion. He used the Fisher informa-

tion matrix to solve the continuous motion equation in [60].

8.2.3 Stevenius’s method

In [72], Stewénius obtained multiple solutions for theatiéle motion in multi-camera systems.
Stewénius also used a generalized camera model to desotiliecamera systems, but he
derived a more general form of Pless equation by allowinditeecamera in a more general

configuration.
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LetR; andRy be the rotation for the first and second views, respectiweity) respect to
the world coordinate system in the generalized camera m&iedilarly, lett; andt, be the
translation for views 1 and 2 with respect to the world comate system. Then, the corre-
sponding two light ray$.,; andLs may be transformed and expressed in the world coordinate
as follows:

N R
L - L (8.11)

Riq) + t1 x (Riq1)

R R.
L, — 2 . (8.12)

Roqgh + t2 X (R2q2)

From (8.4) the epipolar plane constraint gives us the stanidam of the generalized essential

matrix equation, and it may be written as

.
g Rg Rid) + q'o Ro "Riqy + qg Ry [t1 — to]xRiqy = 0 - (8.13)

By choosing 6 rays in two cameras, Stewénius et al. showeethat to solve for the relative
motion between two views of the generalized camera. In @&robner basis is used to solve
for the relative motion. Their method showed that there d@sdutions to the problem, and

they solved the problem by using the Grobner basis.

8.3 Four types of generalized cameras

A generalized camera is a model for an imaging situation ifckvpixels in the image corre-
spond to specified rays (straight lines) in space, but witbther limitation on how incoming
light rays project onto an image. The image value at a pixanas the response (for instance
colour) of some point along its associated ray. There can Wépte centres of projection,
or indeed no centres of projection at all. This camera masleklatively general, and in-
cludes cameras such as perspective cameras, fish-eye saoestaal or non-central catadiop-

tric cameras, linear or non-linear pushbroom cameras)([@®ifiskbroom cameras, panoramic
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cameras ([20]) as well as multi-camera rigs and insect dyisworth noting, however, that it
does not cover certain important classes of cameras, sisymtetic aperture radar (SAR) im-
ages, and the rational cubic camera model ([26]) used in rearveillance images, or perhaps
X-ray images.

Suppose that two images are taken by a generalized camenaviro different positions
and let 3D pointsX; be projected in two images. Let; be incoming light rays as a line-
segment connecting froiX; to the centre:; in the first view, and Iet;j be incoming light rays
from X, to the centre:; in the second view. Then, let us consider the order of incgrhight
rays. If the position of all centres in a system is presertieeh all incoming light rays;; and
r;j for two views have the same order. However, if the positiomlb€entres in a system is
not preserved, for example, if they have different positibrcentres, then all incoming light
raysr;; and r;j have different order of projection. This order of point &spondences is
preserved in central projection cameras across views. #awi@ generalized camera models,
an order of point correspondences can be different betweeniews. They are illustrated in
Figure 8.3(a) and Figure 8.3(b).

In addition, it could have no centre of projections or muétipentre of projections. Specif-
ically, projections of all image rays can lie in a single aXidoreover, the order of light rays
can be considered or not. In this section, we call these fmest of generalized cameras as
“the most-general case,” “the locally-central case,” “thé@al case,” and “the locally-central-
and-axial case” as shown in Figure 8.3.

Let a light ray be described by a pomtwith the unit directionx. The generalized epipolar
equation with a corresponding light ray represented bghliivectord, = (x, (v xx)") "

andL’ = (x'", (v/ x x')T)T may be written as follows

T T

L''GL = (8.14)
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and it can be rewritten as
x'TEx + (v x x')TRx + X/TR(V xx)=0, (8.15)

whereE is a3 x 3 matrix decomposed & = [t]«R, whereR is a rotation matrix and is a
translation vector. This equation (8.15) may constructsaesy of linear equations as a form

of A]y = 0 as follows:

_ o7 - _
X1X1 Enl
X)X Er2
X1X3 Ei3
X5HX1 Eg;
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wherex = (x1,x9,x3)", X' = (x’l,x’z,xg)T, v = (vi,va,v3), Vv = (v’l,v’z,vg)T, and

E;; andR;; are the(s, j)-th element of the matri€ andR. By putting all 17 rays togethelx,iT
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may construct a matrix such as

Af
AT
2 T
Ay=1| " | (En, Ei2, -~ Es3, Ru1, Ri2, -+, Ra3) (8.17)
| Al7 |
— A(vedE)", veqR)" )T =0 (8.18)

where ve¢E) and ve¢R) are 9-vectors whose elements are taken in column-major tnate
E andR, respectively. For example, given a matlix= [m;, ms, ms], where ve(M) =

(m/, mg, mg)".

8.3.1 The most-general case

In the most-general case, the matkiin (8.18) may have rank 17 given 17 unconstrained rays.
In (8.18), the vectoK contains the entries of two matricBsndR, of the essential matrix and
rotation matrix. This equation can be solved by using SVDwEMer, the matrixa for the two
cases, the locally-central and axial case, as shown in &8®(b) and Figure 8.3(c), does not
have a sufficient rank to solve the equation directly usimg3WD method. In this thesis, this
specific two cases are discussed and linear algorithmangatire problems for these cases are

presented.

8.3.2 The locally-central case

As shown in Figure 8.3(b), the order of centres in a genedlcamera is preserved throughout
other views. A real camera setup for this locally-centradecs possible such as using non-
overlapping multi-camera systems consisting of multiglmeras physically connected to each
other but possibly sharing little field of view.

Suppose that incoming rays are expressed in each camemdirate system and the
camera is aligned with its own coordinate system. Then, eespondence of rayd,’ =

(x", (vxx))TandL'" = (x'7, (v'xx/)T)T, will have the same centre= v’. Therefore,
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(c) The axial case (d) The locally-central-and-axial case

Figure 8.3: (a) The most-general case; All incoming light rays projetite first camera and the order
of corresponding rays in the second camera is different ftbenorder of the first camera. (b) The
locally-central case; The order of incoming light rays isnststent in their correspondence between
two generalized cameras. However, there is no single conteatre of projections. (c) The axial
case; The order of incoming light rays in correspondenceds preserved and all light rays meet
on an axis in each camera. (d) The locally-central-and-bs@se; The order of incoming light rays in
correspondence is preserved and all light rays meet on aniaxdach camera. The ranks of generalized
epipolar equations in each case are 17, 16, 16 and 14 ford)réspectively.
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the equation (8.15) becomes
x'TEx + (v x x')TRx + X/TR(V xx)=0. (8.19)

Given N rays, the size of the matrix is N. Therefore, 17 points are enough to solve the
equation because the vectpris represented in homogenerous coordinates. Unfortynatel
in the locally-central case, the rank of the mattiis not 17. Let us see one possible solution

solution of(E, R) is (0, I)in (8.19). This solution makes the equation become zerollasv&

x'Ex + (v x x')TRx + x'TR(V X X) (8.20)
= (vxx)x+ x'T(V X X) (8.21)
=x'(vxx)+x"(x xV) (8.22)
=x' (vxx)—x'(vxx)=0. (8.23)

Assuming that the matrik is not zero, the matrix in (8.18) has rank 16 at least. Therefore,
the solution has a two-dimensional linear family such &8, AR + ©I) where andyu are
scalar. In other words, the two-dimensional linear familyeg us the rank 16 =18 - 2. ltis
important to note that thi part of the solution may vary and the essential matrpart of the

solution is not changed. Therefore, theart can be uniquely determined.

8.3.3 The axial case

In the axial case, there is a virtual single line in a geneedlicamera. All incoming light rays
in the generalized camera intersect with the single lineis $mgle line forms as an axis of
all incoming light rays. In this special configuration of aming light rays, the generalized
epipolar equation may not have rank 17 to be solvable usimgtémdard SVD method. How-
ever, a possible set of solutions can be found by analyziegdtjuation for this axial case. In
this axial case, the order of projection centres of the inogmays is not considered. When
the order is preserved, another configuration, we call ‘tleally-central-and-axial case,” can

be considered.
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To make the equation simpler, let us assume that the axiepalssough the origin of
the world coordinate system. Then, suppose that the axepigsented as/, which is the
direction vector. It means that all points in the axis willd&gressed as a scalar value times
the direction vectow such asy = aw andv’ = o/w. As seen before, the pointsandv’ are
the points on a raf. andL/’, respectively. Therefore, the generalized epipolar éo8.15)

becomes as follows:
s / NT s .
x Ex+ o (wxx') Rx+ax R(wxx)=0. (8.24)

Let (E, R) be solutions for the equation, then other possible solutdio, ww ). It is

verified as follows:

x'"Ex + o (w x x')TRx + OéX/TR(W X X) (8.25)
=o/(wxx)Tww'x+ ax'TWWT(W X X) (8.26)
= o/x'T(w X wW)ww ' x + ozx'waT(w xw)=0. (8.27)

So, for the axial case of generalized cameras, we have ®WUt\E, \R + uww ') , a two-
dimensional linear family. Therefore, the rank of the matrifor this axial case is 16 = 18 -
2. In particular, note that the part of the solution is constant and theoart is involved with

ambiguity on solutions.

8.3.4 The locally-central-and-axial case

This “locally-central-and-axial case” of generalized eaas is a special case of “the axial
case” with preserving the order of incoming light rays. As tbcally-central case has a so-
lution of (0, R), the locally-central-and-axial case also has the sameimolof (0, R). In
addition, the locally-central-and-axial case has angflosssible solution because of its prop-
erty of the axial case.

In the equation (8.24) for the axial casé,may be substituted by because the order of



68.4 Algorithms 118

the incoming light rays is consistent. Therefore, the eéqnadiecomes
x'"Ex + a(w x x')TRx + ozx/TR(w xx)=0. (8.28)

In this case, a possible solution(i, [w]). It can be proved as follows:

x'"Ex + a(w x xX') TRx + ax’ R(W x x) (8.29)
= a(w x x') T [W]xx + ax”" [w]y (W x x) (8.30)
= a(w x x)T(w x x) + a(x' x w) " (w x x) (8.31)
—a(wxx)T(wxx)—ax xw) (wxx)=0. (8.32)

Therefore, the set of solutions for the locally-centradkaxial case is written in a four-dimensional
family as follows:

(QE, oR + A1 +~[w]x + dww '), (8.33)

whereq, (3, v and) are scalars. Therefore, the rank of the ma#rir this locally-central-and-
axis case is 14 = 18 - 4. It is significant to note that the matart is not changed and can be

uniquely determined up to scale.

8.4 Algorithms

8.4.1 Linear algorithm for generalized cameras

As seen so far, the generalized epipolar equations for thieatease, the axial case and the
locally-central-and-axial case have solutions in whiclydhe E part is unchanged by the
ambiguity. Therefore, we do not need to solve forkheart.

From this observation, solving the equation (8.18) may beitien as a problem of finding

a solution minimizing

||A(vedE) ", veqR) ") "|| subjecttol|(vedE)", veqR)") || =1, (8.34)

For any 3-vecton andb, it satisfiega]xb = a x banda ' [b]x = (a x b) "
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where the part of constraints can be changed and the equatiolbe written as follows:

|A(vedE)", veqRr)")T|| subjectto||veqE)|| =1. (8.35)

This specific minimization problem can be solved by usinge¢ast-squares solution of homo-
geneous equations subject to a constraint, as discussqapendix A.5.4.2 on page 595, [27].
The details of the least-squares solution for our probleaxgained in the following section
section 8.4.2. Accordingly, finding the solution of the mamzation problem in (8.35) is the

same as getting the solution of the following minimizationlgem:

(AgAy — I)AgvedE) =0, (8.36)

whereA;{ is the pseudo-inverse af, andAg is the first 9 columns of the matrik, andAg is

the last 9 columns of.

Algorithm 2: A linear algorithm solving the generalized essential maitnithe cases of
the locally-central, axial and locally-central-and-akigeneralized camera model.

Input: A set of corresponding rayk « L’ in Pliicker coordinates, where
L=(x", (vxx))TandL/ = (x'", (v' x x')")T. For the locally-central
caseyv = v'. For the axial case, alt andv’ should lie on a single line. For the
locally-central-and-axial case, allandv’ should be the same point, and should
lie on a single line.
Output: A 6 x 6 generalized essential mati&including its components such as a
3 x 3 matrixE, 3 x 3 rotation matrixk and the translatiom with scale.

1 Normalization of rays: translate cameras by a centroidwgpoints, and scale them
to lie in a unit distance.

2 Construct generalized epipolar equations: given cormedipg rays, build a system of
linear equationd zveqE) + AgrveqR) = 0 using (8.15).

3 Compute the pseudo-inversg of Ag, build a system of linear equations
(AgAy — I)AgvedE) = 0. Solve ve¢E) in (8.36) using SVD. Decompose the matFix
to get a rotation matriR, whereR has two possible solutions.

4 Solvet with knownR using (8.15).
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8.4.2 Minimizing ||Ax|| subject to||Cx|| =1

An algorithm for the least-squares solutions to homogesemuations with a constraint is
summarized by Hartley and Zisserman in Appendix 5.4.2 oe 58, [27]. In this section, the
algorithm is introduced and discussed how this algorithetditour problem. The algorithm of
the least-squares solutions in [27] is rewritten as algori8. This algorithm 3 can be modified

to algorithm 4 by puttingvedE) ", veqR) )" into x and substituting by [Tgxg | Ogx].

Algorithm 3 : Least-squares solution of homogeneous equations subjtw tonstraint

||cx|| = 1.

Input: Ais am x n matrix andC is ak x n matrix.

Output: x is n-dimensional vector for solution which minimizgax|| subject to
llcx|| = 1.

Compute the SVIX) = UDV ', and writeA’ = AV.

Suppose ranfp) = r and letA’ = [A] | A}] wherea] consists of the first columns of

A’, and4) is formed from the remaining columns.

LetD; be the upper x r minor ofD.

ComputeA” = (a5A," — T)A/D; L. This is anm x r matrix.

Minimize ||A”x"|| subject to||x”|| = 1 using the SVD.

Setx} = D;'x” andx), = —A, Al x].

Letx' = (x} ", x,")T.

The solution is given bk = Vx'.

N -

0w N o 0o b~ W

Algorithm 4 : Modified least-squares solution for generalized epipolzuaions.

Input: Ais am x 18 matrix constructed by a set of ray correspondences repesken
Plucker coordinates.

Output: veqE) is a9-dimensional vector for the solution which minimizes

|[A(vedE)T, veqR) ") || subject to|(vedE))|| = 1.

SetC = [I9><9 | ngg].

Compute the SVIX) = UDV '.

We have ranfD) = 9 and letA = [Ag | Ag] WwhereAg consists of the firsh columns ofa,

andAg, is formed from the remaining columns ofA.

LetD; be the upped x 9 minor of D. Actually,D; = Igyg.

Computer” = (AgAp* — I)AgD; ' = (AgAp™ — I)Ag. Thisis al8 x 9 matrix.

Minimize ||A”x"|| subject to||x”|| = 1 using the SVD.

Setx} = D 'x" = x" andx), = —Az " Agx].

Letx' = (x, ", x,")T.

The solution is given byvedE) ", veqR) )T = vx’ = I1gy18% = X'

10 Therefore, the solution v€E) is equal tox”.

=

w N

© 00 ~N o 0 b
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8.4.3 Alternate method improving the result of the linear agorithm

Our proposed linear method gives a solutiort efhen a rotatiork is known from the equation
(8.15). In the same way, a solution Bftan be obtained when a translatitis known. This
fact gives us an alternative way of improving the solutiohg andt, iteratively. The strategy

is to first estimate givenR, and re-estimata given thet, and repeat these until a reasonable

residual error is achieved.

8.5 Experiments

8.5.1 Synthetic experiments

We carry out three experiments with synthetic data. Thelstitt data simulates three com-
monly used generalized cameras which are (1) a general xiaheamera rig; (2) an axial
camera rig; and (3) a non-overlapping stereo head. These thpes of generalized cameras
are shown in Figure 8.4. The image size for each camera istdh600 x 1,000 pixels.
The three cases have the rank 16, 14 and 14, respectivaly,tfre analysis of the general-
ized epipolar equations in the previous sections. Standiewihtion 0.05 degrees of Gaussian
distribution noise are added into the direction vector éicRér line coordinates.

In Figure 8.5, we plotted an average convergence curve forub8 of the alternation
method. As shown in Figure 8.5, the residual error for theraéition method decreases rapidly
in less than 20 iterations. For the first two cases in Figuée B0O0O runs are carried out with
random points and histograms of estimation errors are shioviAigure 8.6 and Figure 8.7.
Graphs of the errors of the estimated rotation and the ewaraanslation from 1,000 trials
are shown for the first two cases in Figure 8.8. and FigureR8the non-overlapping stereo
head, errors of the estimated rotation and the estimatadlation are shown in Figure 8.10.
To see how much our method improves the result of estimadanther experiment with a
monocular camera is carried out and the comparison betvieen is shown in Figure 8.10.
As seen in Figure 8.10, our method gives better estimatisultsethan the monocular camera

system.



§8.5 Experiments 122
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Figure 8.4: Three types of generalized cameras used in the experiméhtshe synthetic data: (a)
A general non-axial camera rig (“the locally-central cage’(b) an axial camera rig (“the locally-
central-and-axial case”) and (c) a non-overlapping stetezad (“the locally-central-and-axial case”).

8.5.2 Real experiments

An experiment with real data is carried out. The real datebisioed from a spherical imag-
ing device, Ladybul}’2 camera system [32]. The LadyBi@ camera system consists of 6
cameras in the head unit. There are 5 cameras along the ritng dlead unit and one cam-
era on top of the head unit as shown in Figure 8.11. Althoughdamera system is mainly
used to capture images of spherical or omnidirectionabwmisihe total 6 cameras are consid-
ered as a multi-camera system. Accordingly, the Lad{b@gamera is a real example of the
“locally-central” case of generalized cameras.

To acquire the ground truth, a trajectory of the Lady®®camera is generated from a
computer aided drawing tool (Xfig) as shown in Figure 8.12isTtajectory is ax-shape and
it has marked positions for the Ladydi@ camera to be aligned at every frame. As seen in
Figure 8.11, the bottom of the LadybiM camera is flat. So, one of the edges on the bottom
of the head unit can be aligned with the marked positionsaretperiment. For the alignment,
a target point on the edge is marked with a label. Then, thectay is printed on a piece
of A2-size paper and the printed trajectory is attached uagsece of half-transparent paper
with 2mm grids. All the marked positions can be measured iifim@tres in 2-dimensional

coordinates, and they provide us the ground truth for theanaif the Ladybud"2 camera in
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Residual convergence curve (noise = 0.05,100 points, average of 50) runs
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Figure 8.5: An average convergence curve of the alternation procedereresidual error v.s. number
of iterations. The curve was generated by averaging 50 rutis@05 degrees of the standard deviation
noise.
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Figure 8.6: Histograms of estimation accuracy based on 1,000 randoimlylated tests for non-axial
multi-camera rig. In all these tests, we introduce angulaise at the level of standard deviation 0.05
degrees. The number of rays is 100.
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Figure 8.7: Histograms of estimation accuracy based on 1,000 randoimlylated tests for an axial
camerarig. In all these tests, we introduce angular noishatevel of standard deviation 0.05 degrees.
The number of rays is 100.
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Figure 8.8: This figure shows estimation accuracy (in rotation, tratisla, scale) as a function of noise
level. The error in scale estimate is defined|as- Lell ||. Results for simulated non-axial camera rigs.
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Figure 8.9: This figure shows estimation accuracy (in rotation, tratiska, scale) as a function of noise
level. The error in scale estimate is defined|as- MH. Results for simulated axial camera rigs.
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Figure 8.10: Experiment results for a 2-camera stereo systefop row: estimation errors in rotation
and translation direction by using one camera only (i.e.noaular). Bottom row: estimation errors
obtained by the proposed method.
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@ (b)

Figure 8.11: (a) LadybugM2 camera system consisting of 5 cameras on the side and 1 aamehe
top of the head unit. A label is attached on the left-side emfghe bottom of the head unit, which is
just under the red light-emitting diode (LED). The label &=d to align the camera with a trajectory
printed on a piece of paper. (b) Positions of the 6 camerasaidybud™2 camera. The positions are
retrieved from calibration information provided by Point&y Inc. The order of cameras is indicated as
colour red, green, blue, cyan, magenta and black, respelgtihe label for the alignment is indicated
as a cyan dot at the bottom of the head unit. (All copyrightheforiginal CAD drawing are reserved
to Point Grey Inc. Modified and reprinted with permissiomfrot t p: / / www. pt gr ey. com)

Figure 8.12: A oco-shape trajectory produced by a drawing tool. The trajegtisrprinted on a piece of
paper and is used for the path of the LadyB¥ camera in the experiment. The trajectory is a closed-
loop and has 108 positions. A starting position and end pmsire shown as a red line segment, and
the frame numbers are shown.
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Multiple View |
Geometry |

Figure 8.13: Experiment setup with a Ladybl¢p camera and books surrounding the camera. The
Ladybud™2 camera is placed on a piece of A2-size paper on which thedtajy of 108 positions of
cameras is printed.

Figure 8.14: A sample of 6 images taken by the LadyB{®jcamera placed on a piece of paper and
surrounded by books in the experiment. The first 5 imagesthierteft are from the camera id number
0 to 5, which are on a ring of the head unit, and the last piciaigom the camera id 6, which is on the
top of the head unit.

this experiment.

For features to track in this real experiment, static olsjecich as books and boxes are
placed around the Ladybl{¢2 camera, as shown in Figure 8.13. Then, the Lad{bRgam-
era is manually moved and aligned with the marked positibesery frame.

A set of six images is captured by the Ladybig camera at each marked position. The
number of the marked positions is 108, so a total of 648 imagesaptured in this experiment.
The size of the captured imaged ¥4 x 768 pixels and all calibration information is provided
by Point Grey Inc [32]. A sample of 6 images captured by theybad™?2 camera in the
experiment is shown in Figure 8.14.

Features in the images are detected, and tracking of therésais performed throughout
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End frame
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Figure 8.15: Estimated motion of the Ladybl¥ camera in the real experiment using our proposed
“linear method” which is indicated as blue dots and lines.€elground truth of the motion is superim-
posed as red dots and lines. All the estimated positions diouwt the frame number 92 out of total
108 frames. At the moment of the frame number 93, the linetiradgives a large amount of displace-
ment error. However, after that frame, the estimation goelsagain until the last frame. The estimated
loop would be closed if there were no large error at the frarBel®tells us our linear method needs to
find some other ways or non-linear estimation using bundjesithent to improve the result. Accord-
ingly, the linear method serves as a good initial estimatedtie bundle adjustment. The measurement
unit in this figure is millimetre.

6 image sequences by Boujou 2d3 software [1]. Because of itle-angle lenses of the
Ladybud™?2 camera —2.5mm focal length high quality micro lenses—tliea large amount
of radial distortion in the captured images. So, radialadigin correction is applied to the
coordinates of the features. After the radial distortiomrection, a RANSAC algorithm is
used to get rid of outliers from the features [13].

Given all inliers at every frame and camera calibration nimfation, Plicker line coordi-
nates for the inliers are represented in a local coordingtes. One of the six cameras in
the Ladybud™?2 camera system is selected and aligned with the origin ofat@ coordi-
nate system. With all these real data, the estimated mofitdred_adybug"2 camera and its
comparison with the ground truth are shown in Figure 8.15sW®ved a 3D view of the esti-
mated motion and positions of all 6 cameras of the Lad{b@gamera system in Figure 8.16.

Specifically, note that the trajectory is a closed loop aredcebtimated positions of the cameras
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accumulates errors at every frame. Therefore, examinimgwell the trajectory is closed at
the last frame can be one of criteria to verify the result. His £xperiment, the estimation
seems fine throughout all frames. However, there is a lag@atiement in the estimation at
the moment of the frame number 93. It tells us the linear nktbdairly applicable and gives
good result, but in terms of robustness we need a better wanjromizing residual errors in

motion estimation.

8.6 Conclusion

In this chapter, a linear approach to estimate motion of igdimed cameras is proposed. This
linear method, especially, deals with four types of gelimedl cameras such as the most-
general case, the locally-central case, the axial casehariddally-central-and-axial case. For
these four cases, our proposed linear algorithm obtaintutico of the generalized epipolar
eqguations using a constrained minimization method baséuksosingular value decomposition,
and it gives an estimate of tliex 6 generalized essential matrix. Our method extra@s<e3
rotation matrix and a translation 3-vector with scale frdra estimated generalized essential
matrix. Because it is a linear method, practically, it ist fasd easy to implement compared
to non-linear methods. Furthermore, this linear methoddcbe a good initial estimate for

non-linear optimization methods such as bundle adjustment
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Figure 8.16: The estimated motion and position of 6 cameras of the Lad{lugamera are plotted.
The 6-camera is indicated as blue dots and lines. The axiseof &dybud™2 camera is shown as red
lines. The marked position of the label attached on the hedgtgdwhich is aligned with the pre-defined
trajectory, is shown as cyan dots. (a) Top view of the es@chatotion and positions of 6 cameras;
(b) Perspective view of the estimated motion and positiéiscameras; (c) Side view of the estimated
motion and positions of 6 cameras.



Chapter 9

Visual Odometry in Non-Overlapping
View Using Second-order cone

programming

We present a further solution of motion estimation for a $etameras firmly mounted on
a head unit not having overlapping views in each image. We ffiaund that this is related
to solving a triangulation problem which finds a point in spdom multiple views. The
optimal solution of the triangulation problem i, norm is solved using second-order cone
programming (SOCP) lately in computer vision research. S€qaently, with the help of the
optimal solution for the triangulation, we can solve visadbmetry by using SOCP.

In this chapter, we propose a solution to estimate 6 degréeefiom motion of a set of

multiple cameras with non-overlapping views, based.gntriangulation.

9.1 Problem formulation

Consider a set of calibrated cameras with non-overlapping fields of view.c8ithe cameras
are calibrated, we may assume as before that they are atitedien the same way just to
simplify the mathematics. This is easily done by multiptyian inverse of the rotation matrix
to the original image coordinates. This being the case, weatsb assume that they all have

camera matrices originally equal®p = [I| — ¢;]. We assume that ai; are known.

132
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The cameras then undergo a common motion, described by mEl&arcimatrix

wherer is a rotation, and is a translation of a set of cameras. Then, #le camera matrix

changes to

Pi=PM'=[| —¢ N S
i =P = ci =R |[t—cj (9.1)
T

which is located ak(c; — t).

Suppose that we compute all the essential matrices of thereanindependently, then
decompose them into rotation and translation. We obsetetlile rotations computed from
all the essential matrices are the same. This is true onlgusecall the cameras have the same
orientation. We can average them to get an overall estinfatgation. Then, we would like

to compute the translation. This is a triangulation prob&swill be demonstrated.

9.1.1 Geometric concept

First, let us look at a geometric idea derived from this peahl An illustration of the motion
of a set of cameras is shown in Figure 9.1. A bundle of camerasived by a rotatioR and
translationt. All cameras at; are moved ta,. The first camera at positiotf is a sum of
vectorsc;, ¢, — ¢; andc) — ¢, wherei = 1...3. Observing that the vectar; in Figure 9.1 is
the same as the vectof — ¢; and the vectoe — ¢/ is obtained by rotating the vector — c;,
the first camera at positioe; can be rewritten as a sum of three vectersR(c; — ¢;) and
v;. Therefore, the three vectoss, colored solid arrows in Figure 9.1 meet in one common
point ¢}, the position of the centre of the first camera after the motib means that finding
the motion of the set of cameras is the same as solving a tii@i@n problem of translation
direction vectors derived from each view.

Secondly, let us derive detail of equations for this probfesm the geometry concept we

have described above. LBt be the essential matrix for theth camera. Fronk;, we can
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’CQ + R(cllri c9)

.
c3 +R(c —c3)

Figure 9.1: A set of cameras is moved by a Euclidean motion of rotagi@nd translationt. The
centre of the first camere; is moved tac) by the motion. The centkg is a common point where alll
translation direction vectors meet. The translation diiec vectors are indicated as red, green and
blue solid arrows which are |, vo andvs, respectively. Consequently, this is a triangulation peof.

compute the translation vector of the first cameiajn the usual way. This is a vector passing
through the original position of the first camera. The finasipon of this camera must lie
along this vector. Next, we u&, for i > 1 to estimate a vector along which the final position
of thefirst camera can be found. Thus, for instance, weRss® find the final position oP;.
This works as follows. Theé-th essential matri¥; decomposes intR; = R and a translation
vectorv;. In other wordsEg; = R[v;]x. This means that théth camera moves to a point
¢; + \iv;, the value of\; being unknown. This point is the final position of each camgria
Figure 9.1. We transfer this motion to determine the motibthe first camera. We consider
the motion as taking place in two stages, first rotation, themslation. First the camera centre
c; is rotated byR about poinic; to pointc; + R(c; — ¢;). Then it is translated in the direction
v; to the pointc, = ¢; + R(c1 — ¢;) + \;v;. Thus, we see that, lies on the line with direction
vectorv;, based at point; + R(cy + ¢;).

In short, each essential matixconstrains the final position of the first camera to lie along

aline. These lines are not all the same, in fact urikessI, they are all different. The problem
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now comes down to finding the values xfandc; such that for alk:
C/1:CZ'—|—R(C1—CZ')—|—/\Z‘VZ' forizl,...,n. (92)
Having foundc’, we can get from the equatiore) = R(c; — t).

9.1.2 Algebraic derivations

Alternatively, it is possible to show an algebraic derigatof the equations as follows. Given

P; = [I| — c;]andP, = R | t — ¢;] (See (9.1)), an essential matrix is written as

E;=R'[c; +R(t —¢;)]xI=[R c; + (t — ¢;)]xR" .

Considering that the decomposition of the essential MBIAKE; = R;[v;]x = [R;vi] xR,
we may get the rotation and translation from (9.3) sucR;as- R" and \;R;v; = R'¢c; +
(t —c;). As aresultt = \R'v; + ¢; — R'c; which is the same equation derived from the

geometric concept.

9.1.3 Triangulation problem

Equation (9.2) gives us independent measurements of tigopasf point ¢}. Denotingc; +
R(c; — ¢;) by C;, the pointc] must lie at the intersection of the lin&S; + \;v;. In the
presence of noise, these lines will not meet, so we need taafgabd approximation to.

It is important to note that this problem is identical witlettriangulation problem studied in
[27]. We adopt the approach of [23] of solving this under norm. The derived solution is
the pointc] that minimizes the difference betweeh— C; and the direction vector;. In the
presence of noise, the poiett will lie in the intersection of cones based at the vel&x and
with axis defined by the direction vectovs.

In particular, note that the points and vectorss; are known, having been computed from

the known calibration of the camera geometry, and the coetpessential matrices.
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9.2 Second-order cone programming

In the previous section, the problem of estimating the nmotba set of cameras with non-
overlapping fields of view is redefined as a triangulatiorbfgm. We provide the mathematical
equations for the triangulation problem solving the mogstimation of the set of cameras.
Here instead o/, we writeX as the final position of the first camera where all translation
decomposed from each essential matrix meet together. Asawedxplained in the previous
section, we have: cones, one on each line of the translation directions. Taexefinding
the overlapping of the cones is the solution we need to getnibiton of cameras. Then, our

original motion estimation problem is formulated as théoiwing minimization problem:

i L5 = G0 x vil|

7 (X — Ci)TVZ' (93)

Specifically, note that the quotient is equatim(0;) whereé; is the angle betweewn; and

(X — C;). This problem can be solved as an SOCP using a bisectiontalgdi35].

9.3 Summarized mathematical derivation

From the previous sections, we summarize the previousoseitithe following lemma and

theorem.

Lemma3. LetP;, = [I| — c¢;] be a camera matrix andl; = P;M~! = [R' | t — c;] be the

camera matrix after a Euclidean motiodhdefined by

whereR is a rotation andt is a translation of the motion. L& andv; be an orientation and
translation vector which are decomposed from an essentlixE; corresponding to the pair

of cameraP; andP,. Then, the rotation and translation of the moti®randt, are determined
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by
R=R' and t=(I—R')c;+ MR v,

where); is non-zero scale of the translation.

Theorem 4. Givenn cameras, the centre of the caméX¥ais a point where all vectorg; meet
together fori = 1...n. The vectoiy; is defined asy; = C; + v; whereC; = ¢; + R(c; — ¢;)

is a starting point of the vectayj; andv; is a direction vector of the translation.

Remark. The centre of the first camera can be found.ig norm using SOCP as a solution of

a triangulation problem.

9.4 Algorithm

The algorithm to estimate motion of cameras having nonlappmg views is as follows:

Objective:  Given point correspondences; in non-overlapping views, determine the motion
of the camera®; = [R; | — Ricy.
Algorithm:

1. Express the image points in the coordinate frame of thedaera by setting;; =

RZ—-I—XU and alscﬁi = [I ’ — Ci]-
2. Compute each essential matFixin terms ofx;;.
3. Decompose a5, = R;[v;]x and selC; = c; + R(c1 — ¢;).

4. Solve thel, triangulation problem to fin& = ¢} minimizing

max;[||(X — C) x vo)||/(X = C:)Tvy)]

5. Computer andt fromt = c¢; — R ' c}.
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Figure 9.2: An experimental setup of the LadyBlg camera on an A3 size paper surrounded by books.
The camera is moved on the paper by hands, and each positibe chmera at frames is marked on
the paper to provide the ground truth of experiments.

9.5 Experiments

We have used SeDuMi and Yalmip toolbox for optimization of(3Oproblems [76, 45]. We

have also used a five point solver to estimate an essentiakrfwl, 44].

9.5.1 Real data

We used a Ladybddf 2 camera as an example of our problem [32]. Calibration médion
provided by Point Grey Research Incorporated is used tongénsic and relative extrinsic
parameters of all six cameras. The camera coordinate sysdtéma LadybudV2 uses &Y X
convention of Euler angles for the rotation matrix, so th&tion matrix of the extrinsic pa-
rameters from the calibration information needs to be cdadeo aX'Y Z convention for our
mathematical notation.

A piece of paper is positioned on the ground, and the camgiaéed on the paper. Some
books and objects are randomly located around the camemcdrhera is moved manually
while the positions of the camera at some points are marketh@maper as edges of the
camera head unit. These marked edges on the paper are ustdhe ground truth of relative
motion of the camera for this experiment. The experimergalsis shown in Figure 9.2. A
panoramic image stitched in our experimental setup is showigure 9.3.

In the experiment, 139 frames of image are captured by eavkrea Feature tracking is
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Figure 9.3: A panoramic image is obtained by stitching together all sbages from the Ladyb{j2
camera. This image is created by LadybugPro, the softwareiged by Point Grey Research Inc.
performed on the image sequence by the Kanade-Lucas-T@dasitracker [47]. Since there
is lens distortion in the captured image, we correct the eragprdinates of the feature tracks
using lens distortion parameters provided by the Lad{buspftware development kit (SDK)
library. The corrected image coordinates are used in alethuations we have derived. After
that, we remove outliers from the feature tracks by the remdample consensus (RANSAC)
algorithm with a model of epipolar geometry in two view anifiotal tensors in three view
[13].

There are key frames where we marked the positions of thereanidey are frames 0,
30, 57, 80, 110 and 138 in this experiment. An estimated piatineocameras over the frames
is shown in Figure 9.4. After frame 80, the essential matsuit was badly estimated and

subsequent estimation results were erroneous.

Rotation True rotation Estimated rotation

pair Axis Angle AXis Angle
(Ro,R1) | [00-1] | 85.5 | [-0.008647 -0.015547 0.999842] 85.15
(Ro,R2) | [00-1] | 157.0 | [-0.022212 -0.008558 0.999717]156.18
(Ro,R3) | [00-1] | 134.00 | [0.024939 -0.005637 -0.999673]134.95

Table 9.1: Experimental results of rotations at key frames 0, 30, 57 &dwhich correspond to the
position number 0-3, respectively. For instance, a pairathtion (Rg,R;) corresponds to a pair of
rotations at key framé and 30. Angles of each rotation are represented by the axis-angfiztion
representation.

A summary of the experimental results is shown in Table 9d @2. As can be seen,

we have acquired reasonable good estimation of rotatians frame O up to frame 80 within
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0.02 0 -0.02 -0.04 -0.06 -0.08 0.1 -0.12 -0.14

(b) Front view (c) Side view

Figure 9.4: An estimated path of the Ladybit® camera in the view of (a) top, (b) side, and (c) front.
The camera number 0, 1, 2, 3, 4 and 5 are indicated as red, ghdee, cyan, magenta and black color,
respectively.

approximately less than 1 degree of accuracy. Adequatea&stin of translations is reached
up to frame 57 within less than 0.5 degrees. We have suctlgsscked the motion of the
camera through 57 frames. Somewhere between frame 57 ane 8@ an error occurred that
indicated the computation of the position of frame 80. Thaswrobably due to an critical
configuration that made the translation estimation invaliderefore, we have shown the crit-
ical configurations, frame-to-frame rotations, over franreFigure 9.5-(a) and (b). As can be
seen, there are some frames having less than 5 degrees as firmm 57 to 62, from 67 to 72
and from 72 to 77.

In Figure 9.5-(c), we have shown the difference between tbargl truth and estimated
position of the cameras in this experiment. As can be seenpdikition of the cameras are
accurately estimated up to 57 frames. However, the track wféat frame 80. A beneficial
feature of our method is that we can avoid such bad conditiorthie estimation by looking
at the angles between frames and residual errors on the S{DGRhen we try to use other

frames for the estimation.
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Figure 9.5: Angles of the critical configuration are shown in degreesaf&) in log-scale (b). In partic-
ular, note that zero rotation means critically impossibtadition to estimate the motion of the cameras
given frames. (c) Ground truth of positions (indicated as lines) of the cameras with orientations at
key frames 0, 30, 57 and 80, and Estimated positions (inglicas black lines) of the cameras with its
orientations at the same key frames. Orientations of theetasnare marked as blue arrows. Green
lines are the estimated path through all 80 frames.
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Translation Scale ratio Angles
pair True value| Estimated valug True value| Estimated valug
(to1,t02) 0.6757 0.7424 28.5 28.04
(to1,to3) 0.4386 1.3406 42.5 84.0TF

Table 9.2: Experimental results of translation between two key fraaveshown in scale ratio of two
translation vectors and in angles of that at the two key franiEhe translation direction vectdy; is
a vector from the centre of the camera at the starting pasjtitame number 0O, to the centre of the

camera at the position numbeérFor exampletq; is a vector from the centre of the camera at frame 0
to the centre of the camera at frame 30.

9.6 Discussion

We have presented a solution to find motion of cameras whefiranly fixed and have little
overlap of their field of view. This method works equally widl any number of cameras,
not just two, and will therefore most likely avoid some of #réical configurations that the
two-view method suffers. The method requires a non-zemodrgo-frame rotation. Probably
because of this, the estimation of motion through a long ersagjuence significantly went of
track.

The method geometrically showed good estimation resultesggeriments. However, the
accumulated errors in processing long sequences of imagee tthe system produce bad
estimations over long tracks. A robust and accurate esbmatgorithm of the essential matrix

is very critical to obtain correct estimation of motions létset of cameras.



Chapter 10

Motion Estimation for Multi-Camera

Systems using Global Optimization

In this chapter, we would like to presentggometrically optimalL., solution for 6 DOF
motion for multi-camera systems from image point corresiemices without any 3D point
reconstruction. Hartley and Kahl recently showed thatptassible to find an optimal solution
of the essential matrix for a single camera unflgr using a branch-and-bound algorithm, by
searching for the optimal rotation over the rotation sp&dg.[Here we extend that algorithm
to make it solve the 6 DOF motion for multiple cameras as well.

The method relies on the observation that if the rotatiorhefrigid multi-camera setup
is known, then the optimal translation may be found usingsé@rder cone programming
(SOCP), as shown in chapter 9. As in [21], we use a branchbandd search over rotation
space to find the optimal rotation. This allows the optimahsiation to be computed at the
same time. Instead of using SOCP, we improve the speed of watign by using linear
programming (LP) which speeds up the computation enormgousliaddition, a preemptive
feasibility test allows us to speed up the branch-and-bawomdputation. In our experiments,
the LP method with the feasibility-test showed 90 timesdiasbnvergence of errors than the

pure LP method.

Multi-camera systems. Let us suppose that there arecameras in the multi-camera sys-
tem. We assume that the complete calibration of the camestaryis known. The system of

m cameras is moved rigidly and point correspondences arénebtdetween two points seen

143
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before and after the motion. Given this camera and motiofigramration, we would like to es-
timate the 6 DOF motion, namely the rotation and translatiith scale, of the multi-camera
system.

For multi-camera systems, there is an algorithm to estimadgon of the multi-camera
systems using SOCP, as shown in chapter 9. In that chapssshibwn that the motion problem
is the same as a triangulation problem, once the rotationassk. SOCP was applied to obtain
an optimal solution for translation in the multiple cameyatem. However, that method uses
an unstable initial estimate of rotation which is extradtedh an essential matrix from a single
camera. Although, that method tries to obtain good init&ineates by averaging the selected
rotations, the initial estimates come from each cameranoot fall cameras. Therefore, the
rotation that is estimated from a single camera is still mobptimal solution for the whole
system in terms of global optimization. Surely, it can beliawed if we could estimate the
initial rotation from all cameras.

In this chapter, we introduce a way of using all cameras tiones¢ the motion — rotation

and translation — from the optimal essential matrix for thédtirtamera system.

10.1 ThelL., method for a single camera

In this section, we describe the method for obtaining anrgsdematix which is an optimal
solution in a single-camera system using a branch-andebalgorithm.

Hartley and Kahl performed a study to obtain a global solufir the essential matrix in
terms of the geometric relations between two views [21].r&leere no algorithms before this
that proved a geometrical optimality for the essential imatr L., norm minimization.

Hartley and Kahl introduced a technique to rapidly searehrtitation space in order to
estimate an optimal solution for the essential matrixLig norm. However, their method
is not an exhaustive search method. It does not examine sdlilje rotations, but attempts
to minimize the maximum of_., error for the essential matrix using convex optimization
techniques, which have recently become popular among cempision researchers. The

convex optimization technique can be used to solve two pad#gms — derivation of a camera
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matrix for given 3D points and projected 2D points, and deion of the relative pose of two
views for given 2D points. In this thesis, we are concerndth thie the second pose problem.
Given a 3D pointX, 1), where the value of the last coordinate is set as one for eonve

nience, a projected poistin an image can be written as
X
x =KR[I| — (] (10.1)

and its image vectoy is written as

—x 1y — _ X
v=K 'x=R[I| —(] (10.2)
1

v=R(X-c). (10.3)
By representing the image vectoras a unit vector, equation (10.3) may be rewritten as

_ K
-~ IIR(

)

X—c
v X o) ° (10.4)

Let the two camera matrices be= [I | 0] andP’ = [R | — Rc] by assuming that calibra-
tion matrices are all identity matrices. For a set of imageespondences as image vectors
v; < v, wherev; andv/ are points in the first and second image, respectively, thed 4,
optimization problem of the estimation of the relative ataion and baseline may be written

as follows:

RH)l(in {max{é(vi,Xi), Z(viR(X; — c))}} , (10.5)

wherei is the index of the-th point correspondences and-, -) is an operator of the angle
difference between two vectors. Equation (10.5) reprasemihimizing maximum errors of

all angles between the measured image vectorsuid v;) and the estimated image vectors
(X; andR(X; — c)), which are determined by the rotation and the centre of #mera. If

the rotation is known in (10.5), then it becomes optimallivable in L., norm using second-
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order cone programming (SOCP) [23] [35]. Hartley and Kaldpmsed a branch-and-bound
method to perform fast searching over all rotations in otdefficiently solve the relative pose
problem for two views.

In their method, the rotations iR? are expressed as angle-axis rotations and the parameter
space is divided into cubic blocks, which represent a seinafeg rotations. This represen-
tation can be considered as projecting a quaternion (hgphiere on a plane as an azimuthal
equidistant projection. The azimuthal equidistant prijecis a particular type of map projec-
tion, where all the distances measured from the centre ahtifgalong any longitudinal line
are accurate.

By introducing a blockD in rotation space, equation (10.5) becomes a restricteid opt
mization problem, which finds the optimal solution in a rieséd parameter space. It may be
written as follows:

D(%,i)lcli,c {m?X{A(Vi,Xz')a /(v R(X; —c))}} , (10.6)

whereD(R) is a cubic block representing simliar rotations aroand

Given the blockD, we can calculate the minimum error for the cost function.diVele the
block D into smaller blocks and examine the minumum errors of eagdeti smaller block.
If there exists a small block that has an error less than threwuerror ofD, the small block is
selected as the best candidate and is subdivided into srbfdiks to search over the rotation
space. This process is repeated until eventually the siteedslock results in a rotation of the
desired resolution. This is a simple description of the binaand-bound algorithm. Therefore,

the feasibility of he problem stated in (10.6) is tested #svics:

Do there exist D(R),c and X;
such that Z(vi, X;) < €min (10.7)

and Z(V,R(X; — ¢€)) < €min

(2

whereeni, is the L, error. The above equation (10.7) cannot be solved instankigrefore,

by fixating the rotation and with a weaker bound, the weakersblvable problem can be
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defined as follows:

Do there exist c and X;
such that Z(vi, X3) < €min (10.8)

and (v}, R(X; — ¢)) < €émin + V30,

whereR is the rotation at the centre of culi2 and s is the half-side length ob. Equation
(10.8) uses a zero-th order approximation for the rotationthe regionD of the rotation
space. The details of the terfBo in the last constraint are discussed in [21]. The algorithms
for this branch-and-bound method are described in algorBhand function 6. The proof of

the feasibility test will be discussed in detail later in ptex 10.

Algorithm 5: Search optimal rotation i, across two views.

Input: Matched image vectors andv’ and initial rotation matrixg
Output: Estimated rotatio®

// An initial mnimumerror is obtained
1 Given an initial rotation matrix®, find the minimum errog,.,; by testing the feasibility.
In order to do this, refer to the algorithdai ndM nEr r or

/1l Search over the rotation space with the m nimum error

€best
2 Subdivide the rotation space into a few cubes (for instalhce) x 5 cubes), and place

them in a queue

3 repeat

4 Get a rotation cubé®(R) from the queue

5 Test the feasiblity given the rotation cub¥ R) usingTest Feasi bi lity

6 if feasiblethen

7 if the rotation cubeD(R) is too small to be subdividetthen

8 | continue

9 else

10 Subdivide the rotation cubB(R) into smaller cubes and put them into the
gueue for the next search

11 Try for a better solution by testing the feasibility calliagunction
Test Feasi bi | i ty with the current rotation cub®(R)

12 if feasiblethen

13 The best rotation is determined so far by calling a function

Fi ndM nErr or

14 until no more rotation cubes are available
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Function Fi ndM nEr r or
Input: Matched image vectors andv’, rotation matrixk, and errors ande;
Output: Minimum error

while (maxError — minError) > Resolution do
midError = (maxError + minError)/ 2.0
Test feasibility by callingrest Feasi bi | i t y with the current erromidError
if feasiblethen
| maxError = midError
else
| minError = midError

N o o b~ W N e

8 ReturnmaxError as the minimum error

10.2 Branch-and-bound algorithm

The branch-and-bound algorithm is used to find an optimaitiewi in L., norm [21, 43, 36].
As given by Hartley and Kahl in [21], the branch-and-boungoathm for essential matrix
estimation finds the optimal rotation by dividing the spatalbrotation into several blocks
and testing them one by one to find which one gives the besti@olu Rotation space is
represented as a 3-dimensional space using the angleegxésentation of a rotation. As the
algorithm progresses, the blocks may need to be subdividedmaller blocks in order to get
a more accurate answer. Ultimately after a finite number egfsstone can find the optimal
rotation, and hence translation within any required degfegcuracy.

The key to the branch-and-bound technique is a method ofdiogrihe cost associated
with the rotations within a block. L&ty be the rotation represented by the centre of a block
in rotation space, and letrepresent the maximum radius of the block (measured inmajlia
Since the translational part of the motion may be computdinatly (in L., norm) once the
rotation is known, we might find this optimal solution assagthe rotatiork,, and compute
the best residual (namely the maximum reprojection error, also measureddians) over all
possible choices of translation. Now the key point is thaafbother rotation® in the rotation
block of radiusr, the best residual is bounded belowdy- r (see [21]).

Now, suppose that,;, is a best residual found so far in the search, we ask the fwipw

question. Is it possible to find a solution with rotation assd equal t®, that has residual
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less tham,,;, + 7. If the answer is no, it means that no rotation inside theerirrotation
block can beat the best residugl;,,. In this case, we do not need to consider the current block
any further. If on the other hand the answer is yes, or pasdiien the result is inconclusive.

In this case, we subdivide the rotation block by dividingoist subblocks, and keep them
for future consideration. This method is guaranteed to fire@dptimal rotation, and hence
translation within any desired bound within a finite numbkesteps.

The main computation in the method just described is, foh édack we need to answer
a feasibility question: is it possible with rotati®g to find a solution with residual less than
€ = dmin + 7?7 We will see that this feasibility problem can be answereg efficiently using
LP.

This LP problem arises in the following way. It will be showrat each point correspon-
dence (before and after the motion) must constrain thel&tms vector of the motion to lie in
a wedge of space bounded by a pair of planes. The placemeangtelof this wedge depends
on the value ok just defined. The feasibility problem has a positive ans\véra set of all
these wedges (one wedge for every point correspondence) d@amon intersection. This is

a standard LP problem, and may be solved quickly and effigient

10.3 Theory

We now give more details of the method given above. We assurag@tionR is given, and
our task is to find whether there exists a solution to the magiimblem with residual less than

a given value:.

Single camera constraints. Let x < x’ be a pair of matched points observed in one of
the cameras. These represent direction vectors exprasseddordinate frame attached to
the camera rig. Knowing (or rather hypothesizing) the fommtwe may transform one of
the vectors so that they are both in the same coordinatensystéerefore, defing = Rx
andv’ = x/. These two vectors and the translation vector must nowfgdlie coplanarity

conditiont " (v x v') = 0 which specifies that the three vectors involved are coplafiais
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(b)

Figure 10.1: (a) Translation directiont exists in a region of intersections (shaded as green) of half
spaces bounded by planes which are tangent to two coneschaxe@sv; andv’. Two matched pairs
of pointsvy; « v} andvy < v}, give the two intersections of two wedges. The intersectiche
two wedges is a polyhedron containing the translation dicect. (b) The two normals of the two
half-spaces.

obviously places a constraint on the vedtor

However, we do not expect this constraint to be satisfiedtgxar all point correspon-
dences. Rather, we wish to know if it may be satisfied withiivargerror bound. A technical
detail discussed in [21] allows us to specify different bdsinande’ on the two points. This
is not necessary to follow the argument further, but we vaiame thatr andv’ are allowed
different error bounds and¢’. If we allow v andv’ to be perturbed in this way, then this
means they must lie inside cones of radiwnde’ respectively as shown in Figure 10.1(a).

The translation directiof must lies inside a wedge bounded by planes tangent to the two
cones. The two normals of these planes are shown in Figulgl)0.For several matched
points, the translation direction must lie inside all suctiges.

To solve the feasibility problem, we need to express the amro the planes in terms
of (v,e), and(v’, ¢’). Then answering the feasibility problem is equivalent tvisg the LP
problem. We give the formulas for the normals below, withfolltdetails.

As shown in Figure 10.2, let us assume that angles ande are the angle between two
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Figure 10.2: The angles, between the planes which are bi-tangent to two cones angléme con-
taining the axes/; and v} of the two cones, is determined by the angle and ¢ where« is the
angle betweew; andv’, and bothe and¢’ are the angle errors at measured image point coordinates
of matched points. The vectatsandz are given byv; x v,, andy x x, respectively, and the vectors
x, y andz construct a basis of a coordinate system.

axes of cones, the angle between bi-tangent planes andrbks,@nd radius error of matched
points, respectively. Lek, y andz be vectors given by two cones and v/ as shown in
Figure 10.2.

The vectorsc andz are determined by the axes of two coreandv’, and by the vectoy

where two great circles meet as shown in Figure 10.2. Thewegds derived as follows:

_ sin(e)v’ + sin(€)v

sin(f) sin(«) (10.9)

wheref is the angle between the planes bi-tangent to two cones angldhe containing the

axes of the two cones as illustrated in Figure 10.2. Thiseafigd given by (see Appendix)

sin? 5 = sin?(e) + ZSin(E)SiLng((i))COS(a) + sin?(€’) 7 (10.10)

whereq, e ande’ are shown in Figure 10.2.

The vectorsx, y andz form a basis for a coordinate system and serve to build emsati
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of normals for the two half-spaces. From the work of [21],egiva pair of matched cones on

v; <> v}, we derive the two normals; andn;, of half-spaces as follows:

n; = sin(f)z+ cos(B)x (10.11)

ny, = sin(f)z — cos(f)x . (10.12)

These equations provide two normalsandn, for planes from a pair of matched points—

x’, and eventually will be used to get an intersection of alf-sphces from all matched pair
of points. This is an intersection from only one camera, dnedexistence of the intersection
tells us whether a problem is feasible for the optimal esslemtatrix in one camera. In this
chapter, we would like to deal with multiple cameras insteé@d single camera to find the

optimal rotation and translation.

Multiple cameras.  We represent each camera by a sphere centred at the camtrg cen
Therefore, we haven spheres for amm-camera system. Associated with each sphere, as
in Figure 10.1 there is a polyhedral cone with apex positioaethe centre of each camera,
formed as the intersection of wedges defined by the poinespandences for that camera.
These cones represent the direction of motion of each ofdheeras. A correspondence of

points in thek-th camera generates a constraint of the form

nT(c;f —cg) >0, (10.13)

wherec;, is the centre ok-th camera and, is the centre ok-th camera after the motion.
The constraints from different cameras involve differeatiables, however. To get a set of
consistent constraints, we need to transform these corthatdbey constrain the final position
of a specific chosen one of the cameras, let us say the finaiquos] of the first camera.

This problem is the same as the triangulation problem censilin [40]. We will see
how the cones given by the linear constraints are transfdioyethe assumed rotation of the

camera. This is illustrated in Figure 10.3.
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Figure 10.3: The shaded region is the intersection of three polyhedratkxt on where each camera
seesc’, the centre of the first camera after a rigid motion. The slia@gion is a feasible solution of
the translation of this multi-camera system.
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To express (10.13) in terms of instead ofc;, we use the following relationship, which

may be easily read from Figure 10.3:

c) =cp +R(c; —ci) + (¢, —cx)

By substituting for(c), — c;,) in (10.13), we obtain the inequality for multiple camerateyss

as follows:

0 < n'(c,—cp)

= nT(c/l —cCp — ﬁ(cl —c))

= n'cf—n'(cp +R(c; —cp)) .

This is the specific inequality involving,; after the transformation. Finding a solution satisfy-
ing all these inequalities is the same as finding an intaseof all half-spaces.

We find the centre of the first camera after the final motion byhsersection of all wedges
defined by all pairs of matched points. In other words, we firgblation to a set of linear
constraints by linear programming. More precisely, thisfbility problem is described as

follows:

Does there exist c

Satisfying  n;ci —n,(c; +R(c; —ci)) >0
nizc'l — niTZ(ck + ﬁ(cl — Ck)) >0

for i1=1,...,N,

wheren;; andn;, are the two normals derived from matched paiahdk is the appropriate
index of the camera generating the matched point

The feasible region is the region of space satisfying abéhaequalities. In this problem,
it is not important to know the entire polygon, but only to fioe particular point of interest.

Solving this feasibility problem tells us the position oétbentre of the first at the final motion,
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and finally it gives us the optimal solution of translatiomedtion vector and its scale value in

multi-camera systems.

Feasibility test.  All half-spaces from matched pairs serve as inequaliti¢sisnLP problem.
Given atotal ofN matched points im» cameras, the number of inequalitie2is. Generally,
for 5 cameras with 100 points, LP requires to find an interseatf 1,000 half-spaces. If we

use only LP to solve this problem, it will take too much congtiain time.

We introduce a way to reduce the time of computation for LPis particular problem by
testing the feasibility at an earlier stage before solvirigllaLP problem. The feasibility for
multi-camera systems depends on the feasibility of a sicayheera. If any feasibility observed
for one single camera fails, then we do not need to look atli#isies of other cameras. This
observation gives a method to reduce the computation tireelgr

Testing a feasibility for a single camera is done by redutimgnumber of variables for the
translation direction vector to two variables as shown it [Z his feasibility test for a single
camera can be adopted for greater speed of LP in multi-cagystams.

The order of matched points also affect the speed of thebiéigsitest. A larger angle
« between two matched points leads to a narrower wedge in whetranslation direction
must lie, and gives more chance to finish the feasibility ¢éaslier. Thus, these points should
be tested first. In our experiments, using a preemptive fdiggitest makes the algorithm 90

times faster than an algorithm without this feasibilityttes

Degeneracy. It is important to note that if the motion from one frame to tiext has no
rotation, then the scale of the translation can not be coespuBecause of the independence
of the different cameras, there is an overall scale amlyigdéspite having known distances

between the cameras. If the rotation is close to zero, tinslation will be less reliable.

10.4 Algorithm

Givenm calibrated cameras with a total &f matched points in each image, we can trans-

form the matched points into vectors on the surface of a spbyemultiplying the inverse of
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the calibration matrix and the inverse of the rotation nxabfi each camera. An example of
these vectors is illustrated in Figure 10.6. With these §fiad image vectors, the problem be-
comes easier to describe. The algorithm to find the optimatiea of motion of multi-camera

systems is written in algorithm 7.

Algorithm 7 : Optimal L., Motion in Multi-Camera.

Input: Givenm calibrated cameras witll matched pointsx; < x/ .
Output: Estimated optimal rotation and translation with scale.

1 Obtain an initial estimate for the motion by any means (aoamduess if necessary)
and compute an initial estimadg,;,, for the minimal residual. Then carry out a
branch-and-bound algorithm over rotation space, with ¢fleing steps.

2 Select a rotation block and consider its centre as an imitiinate of rotatiol. in
rotation space.

3 Multiply R by x to get axes of two cones = Rx andv’ = x/.

4 Lete = dmin + r, Wherer is the radius of the rotation block. Next determine whether
there is a solution with rotatiok and residual less tharby the following steps.

5 From the two cones abowtandv’ with half vertex-angle errors, compute two
normalsn; andn, from (10.12). Do this for all correspondences— v'.

6 Transform the two half-spaces to obtain inequality equatio
n/c) —n/ (cy +R(c; —cx)) >0.

7 Solve linear programming with the constraints.

g If it is a feasible problem, then divide the selected rotatitock into subblocks, and
gueue for further processing; otherwise discard the atdilock.

9 Repeat until we meet a desired error, then return the esithratation and translation

10.5 Experiments

Two experiments are conducted on synthetic and real dateot® bustness and applications.
A comparison with other method is presented to show impraamiracy of our proposed

method.

10.5.1 Synthetic data experiments

A synthetic data set has four cameras with 50 image pointtoraly located in space. A total
of 200 points are projected onto four image planes, and tstesyof four cameras is moved by

a rigid motion of rotation and translation. The 200 points also projected onto another four



Figure 10.4: Result of the synthetic data experimentslormally distributed noise with standard de-
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viation parameterts is added to image coordinates in pixel units. (a) The angfedince between

the estimated rotation and the true rotation of cameras;T{ig angle difference between the estimated
translation direction and the true translation directiof cameras, (c) The distance between the esti-
mated centres and the true centre of cameras and (d) the sgi@debetween the estimated translation
and the true translation are compared by varying noise patarscs from 0 to 0.5 which means about

99.7% of the image points have errors from Gttd.5 pixels because &fo.
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image planes of cameras at the final motion. When we processyththetic data to estimate
the motion by using our method, the central processing @#t{) time of computation is about
3.5 seconds in a standard Intel Core 2 CPU PC based on 3&ibitétions and a single process.
The implementation is written in C++ with GNU Linear Progmaing Kit (GLPK) [15]. As
shown in Figure 10.4, several experiments are conductednEs ton the same synthetic data
by increasing noise parameters in pixels, and the distamoea centres is compared with the
ground truth and its mean values are shown.

We have examined the performance comparison with the methodapter 9, which we
call “E+SOCP” in this chapter, which uses a single essentgttix and SOCP to estimate the
motion of multi-camera systems. As seen in Figure 10.5, copgsed method gives a better

estimation for rotation and translation than E+SOCP.

10.5.2 Real data experiments

As a real example of multi-camera systems, we have used Poey's LadybudV?2 [32].
Six images are captured at each camera, and feature poirk® dmages are extracted and
tracked by the Kanade-Lucas-Tomasi (KLT) tracker [47] tlylo image sequences. Outliers
in the tracked features are removed using RANSAC [13]. Wasfram these tracked features
to image vectors on a sphere by multiplying the inverse catiitn matrix and the inverse
rotation matrix in each camera. The image vectors are shovigure 10.6. They are used
in our algorithm to obtain the optimal solution of the rotatiand translation in the 6-camera
system of LadyBug. It is important to note that we are not dealing with omnidiienal

cameras but a multi-camera system.

10.5.2.1 First real data set

The data is collected in the same way as for chapter 9. Then@masystem is moved on a
piece of paper and the position is marked on the piece of pdjer motion of the 6-camera
system, LadyBug, is a circular-like motion for 95 frames. Neéwe selected key-frames every

5 frames from the image sequences. The estimated motiore @-tamera system using our
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Figure 10.5: Comparison of two methods which are the SOCP based on thke ssgential matrix
method by [40]. (indicated as blue lines, “E+SOCP”) and ounposed method based on branch-
and-bound algorithm with LP (indicated as red lines, “B&BPL). (a) The difference between the
true position of camera and the estimated position of theezarat the final motion. (b) Angle error
of estimated rotation. (c) Angle error of estimated tratisla direction. (d) Scale error of estimated
translation. The “B&B+LP” method gives more accurate pdasit of camera though it has under-
estimation of rotation and translation direction compareith the “E+SOCP” method. The difference
of the errors is less than 1 degrees, so itis minimal. Thedeak error of translation in the “B&B+LP”
method shows why it estimates better position of camerdeedirtal position.



610.5 Experiments 160

datal
: data2
o .y.( P . .
q;r:,”’, > _‘:_;,{“ data3
W, .
Cegal ‘h. N datad
IO ) datab

data6
data7
data8
data9
datal0O
datall
datal2

0.5 0 -05

Figure 10.6: Image vectors on a sphere from LadyBllj camera. These image vectors represent
matched points which are transformed by the inverse of lifin matrix and the inverse of rotation

matrix for our simplified model. Data 1 and 2 are from the firahera, data 3 and 4 are from the

second camera, data 5 and 6 are from the third camera, and so on
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Figure 10.7: Path of cameras from a top viewEach point in coloured lines represents the centre of six
cameras in the system.
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Figure 10.8: Path of cameras from a side vieweach point in coloured lines represents the centre of
six cameras in the system. To see this, note that a black ealdine is the camera on top of the base
unit.

proposed method is shown in Figure 10.7 and Figure 10.8. Tihmope of this experiment is
to see how estimated motion is similar to the circular-likation because the camera is moved
randomly and the ground truth for this motion is not measuhethe next experiment, we will

look at how the motion is accurately estimated by locatirgdhmeras at the pre-determined

path.

10.5.2.2 Second real data set

We test the algorithm also on the data described in chaptansl®. The configuration of the
camera setup is shown in Figure 10.9, and the images takdmelsix cameras are shown in

Figure 10.10.

Analysis of accuracy. Before we proceed with this particulass-shape” like motion of cam-
eras, first, we would like to analyze how much pixel errorsnrages affect the accuracy of
estimation for rotations and translations. For a bettetyaisaand simulation of the experi-
mental environment, we used the same data set which hasati¢lasured trajectories of the
Ladybud™?2 camera with rotations and translations, and we also usedaimera calibration
information of the Ladybu}'2 camera. With this measured ground truth and the Ladyt®ig
camera calibration information from the real experimes&dlp, the estimation of translations

and rotations is simulated. The computed motion of cameralsdwn in Figure 10.11.
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Multiple View |
Geometry |

Figure 10.9: Experiment setup. A LadyBug camera is placed on a piece @rpelpich has 1mm grids
and it is surrounded by books. A trajectory of cameras is mdmn the paper. Total 108 positions of
ground truth are measured from the marked positions.

Figure 10.10: Six images captured at each camera of LadyBugve cameras (camera id O to 4) are
placed to look horizontally view, and the last one (camer&)ids located for a top view (From left to
right order). There are only small overlapped fields of viesxoss cameras.

Results. For 108 images, the motion of the 6-camera system is estihzaie the results are
shown and compared with the results of the “E+SOCP” methdeignre 10.14. The graph
in Figure 10.14 shows that the estimated rotation and @#osl by our proposed method are
more accurate than the estimated motion by the method usé® 8@h essential matrix from

a single camera. The estimated trajectories of cameraspeesposed the ground truth of the
measured trajectories of the cameras in Figure 10.12. ¢iestes of translation and rotation
errors of the simulated motion are shown in Figure 10.13. s&€henalysis shows that the
translation direction is sensitive to noise on image cow@tdis. The estimated trajectories of the
Ladybud™?2 camera and its consisting 6 cameras with the marker arensimoigure 10.15.

It shows the bc-shape” path from the positions of the marker.
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Figure 10.11: Computed motion of cameras from synthetic data with the lhiagh}'2 camera calibra-
tion information and the ground truth positions. The conagiunotion is indicated as blue lines and the
ground truth positions of cameras are drawn with red linelse Tomputed motion is generated with 0.1
standard deviation of the normal distribution for noisesnrage coordinates by pixel units. The overall
scale of the computed motion is expanded compared with drouth, perhaps largely due to the scale
ambiguity caused by small rotation between frames. Negletk, note that the computed path almost
closes accurately. This suggests a systematic bias towaelestimating translation characteristic of
Maximum Likelihood estimation.
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—e— Estimated positions
—e— Ground truth positions

Figure 10.12: Top view of the estimated trajectories of cameras and thargidruth of the cameras
from frame 0 to 108. The estimated trajectories are indida@® red lines with dots on their positions of
the cameras. The ground truth is illustrated as blue lineg s positions of the cameras. The starting
position of the cameras is the left middle point which is (@)dn the coordinates. There is a jittering
or drift movement in the estimated motion because of acateulikrrors over frames.
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Figure 10.13:Histograms of rotation and translation errors on the simuied motion.The simulated
motion is generated with 0.1 standard deviation of normatribution as noises on the image coordi-
nates. (a) Histogram of rotation errors. (b) Histogram cdrislation direction errors. (c) Histogram of
translation scale errors. These shows the translationadios errors are sensitive to the noises.
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Figure 10.14: (a)Histogram of rotation error by our proposed method “B&BP” method. It shows

1.08 degrees of the mean and 0.83 degrees of the varianceélis{@yram of rotation error by the

“E+SOCP” method which is based on the essential matrix frosireyle camera and SOCP by [40]. It
shows 4.73 degrees of the mean and 25.61 degrees of the eariihe proposed “B&B+LP” method
estimates the rotation better than the “E+SOCP” method ial@ata experiments.

Figure 10.15:

dots).

-400

The top-side view of the path of the 6 cameras (blue and reg)iand marker (cyan
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10.6 Conclusion

An optimal solution of motion for multi-camera systems undeg, norm is presented, and a
feasibility test of linear programming for the multi-caraesystems reduced the computation
time of the problem significantly. The algorithm is optimaider L., through all steps of
the algorithm. Analysis of simulated motion showed thas thigorithm is robust to estimate
rotation angles and translation scale values (at least wieerotation is not too small) when
there is noise in the image coordinates. However, we fouatittie estimate of the direction

of translation is sensitive to the noise in the images.
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Conclusions and discussions

Camera motion estimation for multi-camera systems is stuftir an omnidirectional camera,
non-overlapping multi-camera rigs and general imaging eted

An omnidirectional camera is first used to estimate the ivglahotion of the omnidirec-
tional camera, which is an example of a multi-camera sysiEme. translational motion of an
omnidirectional camera is estimated and the result is ingatdoy constrained minimization
across three views.

As a second example, general imaging models are used toagstine relative motion of
a generalized camera using a linear method. To our know]atigelinear method and its
experiments have been studied and performed for the firstifirthis thesis. The results show
that this linear method is capable of estimating the redatnotion in real time and is used as
an initial estimate for other nonlinear methods.

Third, linear methods for non-overlapping multi-camegsrare presented to estimate the
relative motion of multi-camera systems. We used an 8-caragstem that uses 8 cameras
on a vehicle to estimate the motion of an 8-camera systermeatimethod using 6 points is
presented and critical motions for which the estimatiomcéibe obtained are studied.

Finally, nonlinear methods for multi-camera systems assgmted using SOCP and LP
with a branch-and-bound algorithm. These methods give #mapsolution undet’. ., horm
error. The SOCP method was the first method provided a glabalien to the motion esti-
mation for multi-camera systems. We showed that the motiimation problem of multi-
camera systems is the same as the triangulation problem ltiplawiews. The second LP

with a branch-and-bound algorithm provides a global sotutio the motion estimation of

168
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multi-camera systems. The branch-and-bound algorithnsesl tio search a rotation over the
rotation space, and it reduces the time to search rotaticediing the feasibility of the LP
problem.

All the six degrees of freedom of the rigid motion of multincara systems can be esti-
mated. Particularly, the scale of translation is able tolitaioed. In this work, we gave a new
direction to camera motion estimation for multi-cameraeys.

In this work, we have found that the best method estimatiegdiative motion of multi-
camera systems is LP+B&B method, which is described in @ndfd. This method gives the
most accurate estimated position of cameras compared ¢o oo methods (linear method
and E+SOCP method) shown in chapter 8 and chapter 9. Bedalisis, LP+B&B algorithm,
an error term to be minimized is based on the convex optimizaechinques, it gives us a
guarantee to obtain a globally optimal solution unélgr norm. It is the main reason that this
LP+B&B method gives better results than the linear methalEerSOCP mehod.

The shortcoming of the LP+B&B method, including E+SOCP rodths the time of com-
putation. They usually run slower than the linear methodcaBse they rely on LP or SOCP,
the complexity of the algorithm depends on the number oftsand the number of cameras.
However, the linear method is generally faster and easy pdeiment, so it is a good method
to be used in real-time applications or to provide an iniésiimate for non-linear methods.
Another thing is that the relative motion of multi-cameratsyns cannot be estimated if the
motion is critical, as described in chapter 7. In the casenefdritical motion, no methods
provided in this thesis can estimate all the six degreesesfdom of the motion. Only five
(except the scale of the translation) can be estimated.

Future works may include many studies on feature matchingnigti-camera systems,
self-calibration of non-overlapping multi-camera rigslanaal-time implementation of the mo-
tion estimation of multi-camera systems using graphic @ssor unit (GPU) programming. In
particular, GPU programming may reduce the time of compmrtatto solve the motion of
multi-camera systems.

There exists an unsolved problem such as investigating titeomestimation of multi-
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camera systems across three views. Using the trifocal temsbthe global rotation-space-
searching method, the results of the motion estimation dfifoamera systems may be signif-

icantly improved.



Appendix

A.1 Proofs

We re-introduce the proof of the equation (10.9) given irtisacl0.3, which is shown in [21].
By symmetry,y is coplanar withv andv’. We writey = av + bv’ wherea > 0 andb > 0.
Taking cross products with vectovsandv’ and expressing the length of the resulting vector

in two ways leads to

sin(7) = ly x vl| = [lbv x v/|| = bsin(a)

sin(y') = [ly x v'[| = lav x v/|| = asin(a)

wherey and+’ are the angles separatiggrom v andv’ respectively. From this we obtain

_sin(y) sin(y)
Y= sin(a) v sin(a)v (11.1)

We do not yet know the anglesand~’. At this point, we need an elementary result from

spherical trigonometry (see 11.1).

Lemmad4. Let ABC be a spherical triangle in which' is a right-angle, and the edges be arcs

of lengtha, b and ¢ respectively, on a unit sphere. Thén B = sin(b)/ sin(c).

This compares with the formula for a Euclidean triangle inalilsin B = b/c. We do not
intend to prove this lemma.
Now, applying this to the triangles shown in Figure 11.2 we that
sin(e)  sin(€’)

0 = Gu3) ~ snt)

Substituting forin(y) andsin(y’) in (11.1) gives the required formula (10.9) for
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Figure 11.1: The formula for thein of an angle in a right-angled spherical triangle formed bgaof
great circles issin(B) = sin(b)/ sin(c) whereb andc are the lengths of the arcs on the surface of the
unit sphere.

nj

/ Vi

Figure 11.2: Computing the angle between the plane bi-tangent to twoscand the plane containing
the axes of the two cones. See the text for the computation.
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Next we wish to prove the formula (10.10) f8r This is simply a result of the fact that

is a unit vector. Computing the norm gfgiven by (10.9) yields

o 1.  sin®(e) + 2sin(e) sin(€’) cos(a) + sin?(¢)
IF =y y= Sin2(a) sinz(ﬁ)

from which the result follows:

sin?(e) + 2sin(e) sin(€’) cos(ar) + sin?(€’)
sin?(a) sin?(3)
sin?(e) + 2sin(e) sin(€’) cos(ar) + sin?(€’)

sin?(a)

= sin?(3) .

Finally, the equation (10.12), namely = sin((3)z + cos(3)x is simply a statement that the

angle between the tangent plane andzAfais isg.

A.2 Skew-symmetric matrix

For a 3-vectott = (t1,1,,13) ", a skew-symmetric matrix is defined as

0 —t3 o
[t] X = t3 0 —t1
—to 17 0

For any 3-vectoan andb, the cross product of andb satisfies

axb=J[al,b and (axb) =a'[b]y.

For any non-singulad x 3 matrixR and a 3-vectot, we have the following equalities:

R[t]x = [Rt]xR
[Rt], = R[t] R

[t]xR=RR t], .
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