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Abstract
This thesis presents a numerical exploration of the dynamics governing rotating flow driven
by a surface stress in the “sliced cylinder” model of Pedlosky & Greenspan (1967) and
Beardsley (1969), and its close relative, the “sliced cone” model introduced by Griffiths &
Veronis (1997). The sliced cylinder model simulates the barotropic wind-driven circulation
in a circular basin with vertical sidewalls, using a depth gradient to mimic the effects of
a gradient in Coriolis parameter. In the sliced cone the vertical sidewalls are replaced
by an azimuthally uniform slope around the perimeter of the basin to simulate a continental slope. Since these models can be implemented in the laboratory, their dynamics
can be explored by a complementary interplay of analysis and numerical and laboratory
experiments.
In this thesis a derivation is presented of a generalised quasigeostrophic formulation
which is valid for linear and moderately nonlinear barotropic flows over large-amplitude
topography on an f -plane, yet retains the simplicity and conservation properties of the
standard quasigeostrophic vorticity equation (which is valid only for small depth variations). This formulation is implemented in a numerical model based on a code developed
by Page (1982) and Becker & Page (1990).
The accuracy of the formulation and its implementation are confirmed by detailed comparisons with the laboratory sliced cylinder and sliced cone results of Griffiths (Griffiths
& Kiss, 1999) and Griffiths & Veronis (1997), respectively. The numerical model is then
used to provide insight into the dynamics responsible for the observed laboratory flows.
In the linear limit the numerical model reveals shortcomings in the sliced cone analysis
by Griffiths & Veronis (1998) in the region where the slope and interior join, and shows
that the potential vorticity is dissipated in an extended region at the bottom of the slope
rather than a localised region at the east as suggested by Griffiths & Veronis (1997, 1998).
Welander’s thermal analogy (Welander, 1968) is used to explain the linear circulation pattern, and demonstrates that the broadly distributed potential vorticity dissipation is due
to the closure of geostrophic contours in this geometry.
The numerical results also provide insight into features of the flow at finite Rossby
number. It is demonstrated that separation of the western boundary current in the sliced
cylinder is closely associated with a “crisis” due to excessive potential vorticity dissipation
in the viscous sublayer, rather than insufficient dissipation in the outer western boundary current as suggested by Holland & Lin (1975) and Pedlosky (1987b). The stability
boundaries in both models are refined using the numerical results, clarifying in particular
the way in which the western boundary current instability in the sliced cone disappears
at large Rossby and/or Ekman number. A flow regime is also revealed in the sliced cylinder in which the boundary current separates without reversed flow, consistent with the
potential vorticity “crisis” mechanism. In addition the location of the stability boundary
is determined as a function of the aspect ratio of the sliced cylinder, which demonstrates
that the flow is stabilised in narrow basins such as those used by Beardsley (1969, 1972,
v

1973) and Becker & Page (1990) relative to the much wider basin used by Griffiths & Kiss
(1999).
Laboratory studies of the sliced cone by Griffiths & Veronis (1997) showed that the
flow became unstable only under anticyclonic forcing. It is shown in this thesis that
the contrast between flow under cyclonic and anticyclonic forcing is due to the combined
effects of the relative vorticity and topography in determining the shape of the potential
vorticity contours. The vorticity at the bottom of the sidewall smooths out the potential
vorticity contours under cyclonic forcing, but distorts them into highly contorted shapes
under anticyclonic forcing. In addition, the flow is dominated by inertial boundary layers
under cyclonic forcing and by standing Rossby waves under anticyclonic forcing due to
the differing flow direction relative to the direction of Rossby wave phase propagation.
The changes to the potential vorticity structure under strong cyclonic forcing reduce the
potential vorticity changes experienced by fluid columns, and the flow approaches a steady
free inertial circulation. In contrast, the complexity of the flow structure under anticyclonic
forcing results in strong potential vorticity changes and also leads to barotropic instability
under strong forcing.
The numerical results indicate that the instabilities in both models arise through supercritical Hopf bifurcations. The two types of instability observed by Griffiths & Veronis
(1997) in the sliced cone are shown to be related to the western boundary current instability and “interior instability” identified by Meacham & Berloff (1997b). The western
boundary current instability is trapped at the western side of the interior because its
northward phase speed exceeds that of the fastest interior Rossby wave with the same
meridional wavenumber, as discussed by Ierley & Young (1991).
Numerical experiments with different lateral boundary conditions are also undertaken.
These show that the flow in the sliced cylinder is dramatically altered when the free-slip
boundary condition is used instead of the no-slip condition, as expected from the work
of Blandford (1971). There is no separated jet, because the flow cannot experience a
potential vorticity “crisis” with this boundary condition, so the western boundary current
overshoots and enters the interior from the east. In contrast, the flow in the sliced cone
is identical whether no-slip, free-slip or super-slip boundary conditions are applied to
the horizontal flow at the top of the sloping sidewall, except in the immediate vicinity
of this region. This insensitivity results from the extremely strong topographic steering
near the edge of the basin due to the vanishing depth, which demands a balance between
wind forcing and Ekman pumping on the upper slope, regardless of the lateral boundary
condition. The sensitivity to the lateral boundary condition is related to the importance of
lateral friction in the global vorticity balance. The integrated vorticity must vanish under
the no-slip condition, so in the sliced cylinder the overall vorticity budget is dominated by
lateral viscosity and Ekman friction is negligible. Under the free-slip condition the Ekman
friction assumes a dominant role in the dissipation, leading to a dramatic change in the
flow structure. In contrast, the much larger depth variation in the sliced cone leads to
a global vorticity balance in which Ekman friction is always dominant, regardless of the
boundary condition.
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Chapter 1

Introduction
1.1

Overview

At mid-latitudes the large-scale mean horizontal circulation of the upper 1 – 2 km of
the global ocean is dominated by subtropical and subpolar gyres driven by the surface
wind stress. These gyres are recirculations spanning the width of ocean basins, with slow
meridional flow in most of the basin returned by narrow, rapid boundary currents at the
western side. These currents separate from the coast at some point and meander across
the interior between the gyres. Western-intensified circulations of this type appear at midlatitudes in all ocean basins, examples of the poleward western boundary current being
the Gulf Stream in the North Atlantic, the Kuroshio in the North Pacific and the East
Australia Current in the South Pacific. Subtropical and subpolar gyres have a similar
western-intensified form, but subtropical gyres have an anticyclonic circulation, whilst
subpolar gyres are cyclonic.
The wind-driven mid-latitude circulation forms an important part of the global climate system. The western boundary currents of subtropical gyres transport warm water
poleward from equatorial regions, whilst those of subpolar gyres carry cold polar water
equatorward. The resulting sea surface temperature anomalies and the effects they have on
evaporation have a profound influence on the climate of neighbouring continental regions.
For instance, Europe is warmed by the extension of the Gulf Stream, whilst Newfoundland is cooled by the Labrador current. Separated western boundary currents generally
coincide with frontal boundaries, where the outcropping of isopycnals to the surface results in strong lateral density and temperature gradients. The temperature contrast across
these subpolar fronts also has a strong influence on the local climate. The energetic flow
in western boundary current separation regions is highly variable on timescales of a few
years to a few decades, and this variability is thought to be an important factor in climate
fluctuations (Plaut et al., 1995).
This thesis presents a numerical study of laboratory models of the wind-driven general
circulation characteristic of midlatitude subtropical or subpolar gyres.

1.2

Background

From the point of view of fluid dynamics, understanding the behaviour of the global
ocean is an immensely complex problem. There are processes operating on spatial scales
ranging from millimetres to tens of thousands of kilometres, and timescales from seconds
to millennia. The fluid is rotating, stratified, turbulent, contained within a domain with
a highly irregular boundary and subject to forcing which is generally unpredictable in
1

1.2. Background

2

both space and time. The complex physics leads to a plethora of different wave modes
and instabilities, and highly nonlinear motions are common. In addition the motions and
properties of the ocean and atmosphere are intimately linked, leading to coupled modes
of variability such as El Niño and the Antarctic Circumpolar Wave.
To make progress in analysing or modelling aspects of the ocean circulation it is clearly
necessary to make simplifications, chosen to yield a tractable problem while retaining the
essential physics of the processes of interest. This thesis is concerned with the horizontal,
upper-ocean component of the general circulation at mid-latitudes; thus only motions with
a horizontal scale of order 100 km or more, and timescales of order months and longer
will be considered. Veronis (1973a) discusses in detail the simplifications made in order
to study this flow. A brief overview of some of these is given below.
The “β-plane”
Large-scale horizontal circulation is strongly affected by both the Coriolis “force” due to
the rotation of the Earth, and its variation with latitude due to the Earth’s curvature.
When the latitudinal scale of the motion is not too large, the “β-plane” approximation is
often made, by which the curvature of the Earth is neglected except insofar as it affects
the Coriolis term, which is considered to have a linear dependence on latitude.
Stratification
The density stratification of the oceans strongly influences the dynamics of large-scale
ocean circulation, by allowing baroclinic (depth-dependent) motions to exist in addition
to the barotropic (depth-independent) motions which occur with homogeneous density. In
particular, stratification allows the flow to become baroclinically unstable, producing the
energetic mesoscale eddies which are prevalent at mid-latitudes. In addition, stratification
changes the timescales of the flow, since the baroclinic component of the circulation takes
about a decade to adjust to changes in wind forcing, in marked contrast to the barotropic
adjustment timescale of a few weeks (Rhines, 1986). The density structure of the oceans
is also thought to be a crucial factor in determining the path of subsurface flow (Rhines
& Young, 1982b).
The density typically varies slowly as a function of depth in the surface mixed layer,
increases rapidly through the pycnocline and then increases very slowly with depth in
the deep ocean (Levitus, 1982). A two-layer approximation to this stratification is often
made, which models the surface and deep layers as homogeneous and the pycnocline as
a sharp interface between them, typically at a depth of several hundred metres. If the
flow in the upper layer is of primary interest, a “1.5-layer” approximation is often made,
which simplifies the dynamics further by assuming the lower layer is motionless. It is also
common to neglect stratification entirely, by depth-averaging the flow so that only the
barotropic component is included.
Forcing
Atmospheric forcing of the oceans occurs largely through the influence of surface pressure
and wind stress, and through buoyancy fluxes due to heating, evaporation and precipitation. It is thought that the horizontal gyral circulation of the upper ocean is primarily
wind-driven, whilst a combination of buoyancy and wind stress drives the slow vertical
circulation and deep abyssal flow which establishes the stratification of the oceans (Harrison, 1989; Peixoto & Oort, 1992). Although in reality these motions are inextricably
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combined to produce the actual ocean circulation (McWilliams, 1996), it is common practice to consider purely wind-driven motion in a basin with a given stratification, while
neglecting the much slower processes which maintain the density structure.
The surface wind stress is highly variable, and on large space scales and time scales of
more than a few days its fluctuating component is best described as a stochastic field with
white spatial and temporal spectra (Frankignoul & Müller, 1979). The only significant
spectral variations are a power-law fall-off in energy for periods shorter than three days
(Willebrand, 1978), and peaks at periods of 6 and 12 months, and possibly at longer interannual periods corresponding to events such as El Niño (Harrison, 1989). These spectral
peaks occur to different degrees in different geographical locations. Although nonlinear
rectification of transient forced motion may affect the mean flow (Griffa & Castellari, 1991;
Griffa & Salmon, 1989; Pedlosky, 1965b; Veronis, 1966a, 1970), it is generally assumed
that the basic features of the mean circulation can be studied by including only the steady
component of the wind forcing. This approach focuses attention on intrinsic (rather than
forced or coupled) modes of variability. It was shown by Sverdrup (1947) that the curl
of the wind stress is crucial in driving large-scale flow; its time average is anticyclonic
over subtropical gyres and cyclonic over subpolar gyres (Hellerman & Rosenstein, 1983;
Trenberth et al., 1990), which accounts for the differing sense of circulation in these gyres.
Topography, basin shape and inter-basin flow
The topography of the ocean floor and its intersection with the surface (the coastline)
can also exert a strong influence on the general circulation, possibly controlling such
important aspects as the point of separation of western boundary currents from the coast
(Dengg, 1993; Pedlosky, 1965a). There are also many significant flows between oceans,
such as the Antarctic Circumpolar Current which links all southern oceans, the Indonesian
Throughflow from the western Pacific into the northeastern Indian ocean, and the flow of
the Agulhas current from the southern Indian ocean into the South Atlantic.
Given that many of the gross features of mid-latitude gyres (slow equatorward interior
flow, rapid poleward western boundary current, et cetera) are similar in all ocean basins,
we can presumably understand these features without including geographical details of
particular basins such as the bottom topography, basin shape, and inter-basin flow. It is
therefore common in process studies to use a very simple geometry such as a rectangular
basin with a flat bottom, containing only one or two gyres (determined by the form of the
wind stress). The effects of inter-basin flow are usually neglected by specifying no flow
through the basin boundaries.
Dissipation
Turbulence extends to spatial scales much smaller than those of interest in the general
circulation, and indeed much finer than the grid resolution which is practical to use in
numerical general circulation models. Since these fine scales cannot be explicitly included
it is necessary to parameterise the effects of turbulence on the large-scale flow.
Turbulent small-scale oceanic motion is usually presumed to mix momentum and
scalars in a way that appears similar to diffusion when viewed at much larger scales
(although the “best” form of the diffusion operator is the subject of continuing debate).
Thus for basin-scale flows the relevant viscosity is not molecular viscosity, but the “eddy
viscosity” by which the small-scale turbulence is parameterised. Since turbulent mixing is
restricted in the vertical direction due to stratification, there are different kinematic eddy
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viscosities in the vertical and horizontal directions. The actual values are very poorly constrained, estimates for the vertical and horizontal kinematic eddy viscosities being 10 2 –
105 and 107 – 1010 times the molecular value, respectively (Pedlosky, 1987a; von Schwind,
1980). As a result the eddy viscosities are often treated as free parameters which are
“tuned” in order to obtain realistic results, or simply to ensure numerical stability. Although a reasonable first approximation, the use of a fixed eddy viscosity is problematic,
since in reality it is due to small-scale dynamics which vary in space and time (Pedlosky,
1971).
Dissipation of gyre-scale motion occurs through both lateral and bottom turbulent
stresses. Eddy viscosity plays an insignificant part in gyre flows except where there is
strong shear, such as in western boundary currents and the upper and lower Ekman
boundary layers. Although the flow outside these regions can be considered essentially
inviscid, its motion is due to the “viscous” dynamics of the wind-driven upper boundary
layer.
The use of a lateral diffusion term to model small-scale turbulence raises the mathematical order of the governing differential equations, and requires that higher-order boundary
conditions be specified. If the dissipation were due to molecular viscosity there is no
question that the no-slip condition is appropriate for solid boundaries. However, since the
diffusion is the assumed effect of small to mesoscale turbulent eddies it can be argued (Pedlosky, 1996) that the effect of the boundary on nearby eddies will reduce the flux through
the boundary of along-shore momentum, and that a more “slippery” boundary condition
should be used, such as partial-slip, free-slip (no stress), “super-slip” (no vorticity flux) or
“hyper-slip” (no potential vorticity flux).

1.3

Overview of theory

Our understanding of the dynamics which control the wind-driven circulation has been
built up over many decades by the complementary interplay of observation and analytical,
numerical and laboratory modelling. Although ocean general circulation models are routinely used to simulate the circulation in realistic ocean basins (or even the global ocean),
simplified analytical and numerical models continue to play an important role in isolating
and clarifying the fundamental processes at work in the general circulation. These models typically employ a simple rectangular basin with no topography or inter-basin flow,
and simplify or omit the stratification. The wind stress is usually steady, with a highly
idealised spatial structure chosen to produce only one or two gyres. The dynamics are
often simplified by making the quasigeostrophic approximation. This minimalist approach
yields insight into the intrinsic, generic dynamics which are not dependent on the details
of the forcing or the geometry of a particular ocean basin. In addition to clarifying the
dynamics, the relative simplicity of such models often results in computational efficiency,
making it practical to produce long time series and conduct detailed surveys of the dependence of the flow on various parameters (such as the wind strength or the strength
of the dissipation). Idealised process models thus yield a detailed understanding of the
fundamental dynamics governing oceanic flows which is impractical to obtain from general
circulation models due to their complexity and computational expense.
The basic features of the wind-driven circulation are captured by barotropic models.
Despite their very simple formulation, the behaviour of these models can be richly complex,
particularly when the flow is strongly inertial; the physics of barotropic models therefore
remains the subject of active research. The processes which operate in the real oceans
must be at least as complex as those in idealised barotropic models, so an understanding
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of these can be regarded as a necessary first step towards understanding oceanic flows.
Early theory
The first major theoretical advance on this topic was made by Sverdrup (1947), who showed
that at large scales the depth-averaged circulation will be driven across lines of latitude
by the surface wind stress curl. The time-averaged wind stress has anticyclonic curl over
subtropical gyres and cyclonic curl over subpolar gyres (Hellerman & Rosenstein, 1983;
Trenberth et al., 1990), resulting in an equatorward Sverdrup transport in subtropical
gyres and poleward flow in subpolar gyres.
Stommel (1948) and Munk (1950) derived simple linear models of flow in basins with no
topography and showed (respectively) that bottom friction or lateral viscosity can break
the Sverdrup balance at the western boundary to allow a return flow of the interior transport in a narrow (and therefore rapid) western boundary current. These models provided
the first dynamical explanation of this ubiquitous feature of midlatitude circulation. A
very different analytical model was developed by Fofonoff (1954), in which the interior
flow recirculates via inertial boundary layers against all boundaries, and both forcing and
dissipation are absent.
Pioneering numerical investigations into the inertial modification of the Munk and
Stommel models were carried out by Bryan (1963) and Veronis (1966b), respectively (thus
Bryan’s model had lateral friction but no bottom friction, while the opposite was true for
Veronis’ model). At moderate Reynolds number both models displayed northward intensification of the western boundary current, and the outflow extended along the northern
boundary for a short distance. At large Reynolds number the western boundary current outflow in Bryan’s model separated from the northern boundary and flowed around
the perimeter of a localised recirculation in the northwestern corner before entering the
interior. The flow also became unstable, displaying a train of northward-propagating disturbances in the western boundary current upstream of the recirculation. In contrast, the
flow in Veronis’ model did not become unstable at large Reynolds number. Instead of
separating in the northwest, the western boundary current extended along the northern
boundary and entered the interior from the east, forming a large recirculating cell whose
transport far exceeded that predicted by Sverdrup theory.
Sensitivity to boundary conditions
Further numerical experiments by Blandford (1971) showed that when both bottom and
lateral friction are present the strongly nonlinear circulation resembles that in either
Bryan’s or Veronis’ model, depending on whether the lateral boundary condition is no-slip
or free-slip, respectively. This pointed to the crucial role played by the choice of lateral
boundary conditions in determining the gross qualitative behaviour of the flow at large
Reynolds number. The sensitivity to boundary conditions has been demonstrated in more
detail in later investigations (Dengg, 1993; Haidvogel et al., 1992; Moro, 1988), and it has
been shown that even subtle details of the numerical implementation can be important
in the no-slip case (Verron & Blayo, 1996). This sensitivity is rather alarming, since the
appropriate lateral boundary condition at the coast is a subject of continuing debate.
Western boundary layer breakdown and recirculation
The formation of a compact recirculation gyre in the northwest has been related to the
breakdown of the boundary-layer approximation when the boundary current outflow must
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be matched to a sufficiently rapid eastward Sverdrup flow (Ierley, 1987; Ierley & Ruehr,
1986). The dynamics which drive the recirculation itself have been investigated by Cessi
et al. (1987), Ierley & Young (1988) and Cessi (1990). The related “inertial runaway” seen
by Veronis (1966b) at large Reynolds number has been studied by Briggs (1980), Harrison
& Stalos (1982), Merkine et al. (1985), Böning (1986), Verron & Jo (1994), Cessi & Ierley
(1995) and Ierley & Sheremet (1995) in various models with free-slip boundary conditions.
Western boundary current separation
The question of what processes control the separation of western boundary currents has
attracted significant attention over the years, particularly because inaccurate prediction
of the separation site has been a persistent problem in ocean general circulation models
(McWilliams, 1996). Among the factors which have been shown to influence separation
in particular models are a change in sign of the wind stress curl (Munk, 1950), a collision
with another western boundary current (Agra & Nof, 1993; Cessi, 1991), a region of
“adverse” longshore pressure gradient (Baines & Hughes, 1996; Haidvogel et al., 1992),
the requirement of potential vorticity balance (Verron & Le Provost, 1991), outcropping of
isopycnals (Parsons, 1969; Veronis, 1973b) or a change in bottom topography or boundary
shape (Dengg, 1993; Greenspan, 1963; Özgökmen et al., 1997; Pedlosky, 1965a; Spitz &
Nof, 1991). That so many factors can play a part (at least in principle) suggests that the
actual separation process in the oceans is very complex indeed.
Instability
The physics responsible for the onset of instability has also been studied extensively using
simplified models. The barotropic western boundary current instability first observed by
Bryan (1963) has been analysed in terms of viscous instability theory by Ierley & Young
(1991), and this theory was extended to the case of an inclined coastal boundary by Cessi
& Ierley (1993). The analysis of this type of instability has also been generalised to 1.5
and two-layer quasigeostrophic flows by Berloff & Meacham (1998) and to three-layer
quasigeostrophic flows by Berloff & McWilliams (1999b). Additional modes of instability
have also been identified in barotropic (Le Provost & Verron, 1987; Meacham & Berloff,
1997b; Moro, 1990; Sheremet et al., 1997, 1995), 1.5-layer (Berloff & McWilliams, 1999a;
Berloff & Meacham, 1998; Dijkstra & Katsman, 1997; Dijkstra & Molemaker, 1999; Speich
et al., 1995) and two-layer flows (Berloff & McWilliams, 1999a; Berloff & Meacham, 1998).
The mode of instability which first appears is dependent on the physics included in the
model (e.g. whether it includes stratification) and also on the choice of parameters such
as the basin size and shape. At parameters well beyond the initial onset of instability the
time-dependence typically becomes very complex, and ultimately chaotic. The transitions
leading to the onset of chaos have been investigated in several different models, using the
techniques of dynamical systems theory (Berloff & Meacham, 1997; Jiang et al., 1995;
Meacham & Berloff, 1997a; Sheremet et al., 1995).
Continental slopes
There has recently been a resurgence of interest in the role of continental slope topography
in modifying the flow in the classical Stommel and Munk models (e.g. Becker, 1995, 1999;
Becker & Salmon, 1997; Griffiths & Veronis, 1997, 1998; Kubokawa & McWilliams, 1996;
Salmon, 1992). These studies have been motivated both by a need to better understand the
role of topographic steering in determining the path of western boundary currents, and by
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a hope that the inclusion of this steering will eliminate the sensitive dependence on lateral
boundary conditions found in models with vertical sidewalls, since the western boundary
current becomes isolated from the western boundary if the depth changes continuously to
zero at the coast.
Holland (1967) conducted one of the earliest investigations of this problem, using a
single-gyre circulation in a basin with a shallow western region and deeper eastern region
joined by a linear slope. He used both numerical solutions of the governing vorticity
equation and a generalisation of the Sverdrup relation to show that the flow is guided
along contours of constant potential vorticity and is therefore deflected from the path
it would take in a flat-bottomed basin to form an equatorward “tail” extending to the
southwest. With this topography the fluid is essentially stagnant in a “shadow zone”
to the north and west of the potential vorticity contour which intersects the northern
boundary at the bottom of the slope. This shadow zone grows southward as the western
region is made shallower, and ultimately reaches the southern boundary. At this point
the wind-driven gyre becomes confined to the eastern part of the slope and recirculates
without encountering the western boundary. An important contribution to this early work
was the analogy recognised by Welander (1968) between the vorticity equation for depthaveraged inertia-less flow over topography and the two-dimensional advection-diffusion
equation for a passive scalar. This analogy (discussed in section 5.1.3) provides a very
useful framework for developing an intuitive understanding of the effects of topography
on wind-driven flow.
Welander’s approach was revisited after two decades by Salmon, who generalised the
analogy to inertia-less two-layer and continuously stratified flows (Salmon, 1992, 1998, respectively). Salmon (1992) used the planetary geostrophic equations to study the limiting
case of vanishing depth in the western region, so the fluid depth decreased continuously
to zero at the western boundary and the gyre was isolated from the western boundary by
the shadow zone. His analysis showed that the form of the streamfunction on the slope
is determined by the geometry of the potential vorticity contours and the relationship
between the streamfunction and potential vorticity established by the Sverdrup balance
in the region of constant depth. Viscous dissipation of potential vorticity is required in
order to close the Sverdrup circulation, but in the limit of small friction the dissipation is
confined to a thin boundary layer on the slope in the southwest corner of the basin. In
this limit the flow on the slope is therefore independent of the value of the friction coefficient, except in this frictional boundary layer. Further theoretical analysis of the influence
of a western continental slope on the linear circulation was undertaken by Kubokawa &
McWilliams (1996), who determined the way in which the equatorward “tail” shortens
as the slope is steepened (or the friction increased), until the flow returns to the familiar
Stommel or Munk solution in the limit of large slope and/or friction.
Numerical studies by Becker & Salmon (1997) and Becker (1995, 1999) extended these
results into the nonlinear regime and showed that the steering of double-gyre western
boundary currents by the western continental slope produces a vorticity distribution which
is much more prone to barotropic instability than in the case of vertical sidewalls.
Sensitivity to boundary conditions arises from the requirement that each fluid parcel
in a steady flow must dissipate the potential vorticity imparted to it by the wind so
that the net change in potential vorticity around a closed streamline is zero. In a flatbottomed basin with vertical sides the dissipation takes place in a boundary current against
the western sidewall, so the side boundary conditions play a crucial role in the basinintegrated vorticity balance. The situation is very different in a basin in which the depth
goes smoothly to zero at the boundaries (as in the real ocean), since this aligns ambient
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potential vorticity contours with the shoreline in coastal regions. As shown by Kubokawa &
McWilliams (1996), the resulting topographic steering acts to keep the boundary currents
away from the shore, and it is anticipated (and shown in section 5.3) that this will reduce
the importance of boundary conditions at the shore in determining the interior flow at
large Reynolds number.

1.4

Laboratory models

Laboratory modelling has been involved in many of the developments in this field as
a complementary approach to theory and numerical experimentation which provides a
convincing physical demonstration of the processes at work. Although it is possible to
directly simulate the β effect in the laboratory (Baker & Robinson, 1969), a more practical
alternative is to exploit the dynamical equivalence between β and a depth gradient. This
is the approach taken in the “sliced cylinder” model of a wind-driven midlatitude gyre
introduced by Pedlosky & Greenspan (1967). The apparatus consists of a cylindrical basin
rotating with angular speed Ω, filled with water and bounded above by a rigid horizontal
lid and below by a sloping planar base which provides a potential vorticity gradient (see
figure 2.1 (a) on p. 12). The fluid is driven by the lid, which rotates at a speed Ω
relative to the basin and thereby simulates a uniform wind stress curl. The molecular
viscosity of the fluid simulates the eddy viscosity in the large-scale ocean circulation. The
dimensionless parameters controlling the flow are the Rossby number Ro = ||, the Ekman
number E, the bottom slope s and the basin aspect ratio. Pedlosky & Greenspan (1967),
Greenspan (1969) and Beardsley (1969) analysed this model in the limit Ro → 0, using
a perturbation expansion in the bottom slope. Their analysis demonstrated that the
1
circulation is intensified at the west when s  E 2 , with a topographic Sverdrup balance
in the interior and a western boundary current whose lowest-order equations of motion
are analogous to those governing the Stommel (1948) or Munk (1950) models, depending
1
1
1
on whether E 2  s  E 4 or s  E 4 , respectively (see section 2.2.2 for more details).
Beardsley (1969) investigated this model in the laboratory, and the idea has been
followed up in further experimental, analytical and numerical studies (Beardsley, 1972,
1973, 1975; Beardsley & Robbins, 1975; Becker & Page, 1990). For sufficiently small
values of the Rossby number the observed flow was consistent with the linear analytical
solution for the interior flow (Beardsley, 1969). The experiments and numerical solutions
for the sliced cylinder showed that for larger Rossby numbers the western boundary current
intensified in the downstream direction. The outflow became increasingly localised to a
narrow jet which meandered before merging with the interior. The jet was accompanied
by an intense recirculating gyre. When the forcing was sufficiently strong the jet became
unstable, periodically shedding eddies which were carried to the west around the outer
edge of the recirculation. The recirculation, meanders and onset of instability are all
characteristic features seen in numerical models of a single gyre with lateral friction and
no-slip boundary conditions (e.g. Blandford, 1971).
All of the sliced cylinder experiments and computations referred to above used “deep”
systems having width-to-height ratio of order one. This allowed the relative depth variation
across the basin to be kept small, accommodating comparison with linearised analyses at
weak forcing. However, the width of the boundary current was not small compared to
the width of the basin, so the velocity reversal between the interior Sverdrup flow and
the return boundary current occurred at around one half of the cylinder radius, and the
eddy structures in unstable flows filled much of the basin. Thus these models were not
wide systems like the ocean basins, and perhaps not the most suitable for investigation
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of nonlinear phenomena since the behaviour of the unstable jet was constrained by its
proximity to the sidewalls.
Whether the boundary current dynamics are dominated by lateral or bottom friction,
its dimensional width is determined by the depth of the cylinder, the Ekman number and
the bottom slope (Beardsley, 1969). Since there are practical restrictions on the latter two
parameters, a laboratory model in which the boundary current occupies a small proportion
of the basin is most easily obtained by reducing the depth of the sliced cylinder in relation
to its width. This was the approach taken by Griffiths (1995). Laboratory experiments
with this shallow sliced cylinder revealed a second transition at very strong forcing which
had not been reported before, from periodic to aperiodic eddy shedding.
Laboratory models akin to the sliced cylinder apparatus have found application in
modelling the circulation around islands (Helfrich et al., 1999; Pedlosky et al., 1997),
the response to time-dependent wind forcing (Beardsley, 1975; Krishnamurti, 1981) and
two-layer wind-driven circulation (Griffiths & Cornillon, 1994; Krishnamurti, 1981; Krishnamurti & Na, 1978). A variant of the sliced cylinder has also been developed by Griffiths
& Veronis (1997) to investigate of the effect of sloping sidewalls on homogeneous winddriven flow on a simulated β-plane. In this “sliced cone” model the vertical sidewalls of the
sliced cylinder are replaced by an azimuthally uniform slope around the perimeter of the
basin so that the fluid depth decreases continuously to zero at the lateral boundary (see
figure 2.1 (b) on p. 12). Griffiths & Veronis (1997) undertook a laboratory study of the
flow in this apparatus as a function of Rossby and Ekman number and found considerable
differences from the flow in the otherwise equivalent sliced cylinder of Griffiths (1995). In
the geostrophically guided geometry of the sliced cone, the slow interior flow is encircled
by a much faster flow on the slope, leading to a much larger transport than with vertical
sidewalls. At large Rossby number the sloping sidewall produces a dramatic asymmetry between flows under cyclonic and anticyclonic forcing. With anticyclonic forcing, the
slope introduces a new mode of instability in the western boundary current in addition
to the jet instability seen in the sliced cylinder. In contrast, flows with cyclonic forcing
were stable under all conditions, even for Rossby numbers far in excess of that required to
produce instability in the sliced cylinder. A subsequent paper (Griffiths & Veronis, 1998)
presented an analysis of the flow in this model in the linear limit based on an expansion in
half-powers of the Ekman number E on the slope and in the interior, with a Stewartson
1
E 4 layer at the junction between these regions to make the azimuthal velocity continuous.

1.5

This thesis

This thesis presents the results of numerical simulations of flow in the sliced cylinder and
sliced cone models, which reveal in detail the linear and nonlinear dynamics responsible
for the flow observed in the laboratory by Griffiths (Griffiths, 1995; Griffiths & Kiss, 1999)
and Griffiths & Veronis (1997). A generalised quasigeostrophic formulation is derived
which is valid for linear and moderately nonlinear barotropic flows over O(1) topography
on an f -plane. A numerical model of the flow in the sliced cylinder and sliced cone was
implemented using this formulation by modifying a code originally developed by Page
(1982) and Becker & Page (1990). Detailed comparisons of the numerical and laboratory
results are used to verify the accuracy of the formulation and its numerical implementation.
The numerical results provide an understanding of the flows in terms of quantities
such as the potential vorticity which are not accessible to laboratory measurement. The
numerical model allows a more detailed exploration of the regime boundaries as a function
of Ekman and Rossby number, and is also used to explore the dependence of the flow on
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the aspect ratio of the sliced cylinder in order to connect the laboratory results of Griffiths
with previous work with deeper sliced cylinders (e.g. Beardsley, 1969, 1972, 1973; Becker
& Page, 1990). The numerical model is used to test the linear theory of flow in the sliced
cone given by Griffiths & Veronis (1998), and to extend theoretical understanding of the
flow into the nonlinear regime to provide an explanation of the intriguing dependence of
stability on the sign of the wind forcing. The numerical results also clarify the nature of
the instabilities found in these models and the potential vorticity dynamics responsible
for western boundary current separation. In addition the numerical model of the sliced
cone reveals the influence of continental slope topography in reducing the sensitivity of
nonlinear flow to the choice of boundary conditions at the shore.
Chapter 2 presents the theoretical background to the project, and provides a derivation
of the formulation used and an overview of its implementation in the numerical model. The
numerical results from modelling the sliced cylinder and sliced cone flows are presented
in Chapters 3 and 4, respectively, and compared in detail with the laboratory results
of Griffiths (Griffiths & Kiss, 1999) and Griffiths & Veronis (1997) in order to validate
the numerical model. An analysis of the numerical results is given in Chapter 5, which
reveals the dynamics responsible for many of the phenomena observed in the laboratory
under both linear and nonlinear conditions. Conclusions are presented in Chapter 6.
Appendices A and B provide further details on Ekman layer theory and the numerical
method, respectively, and a glossary of symbols is given in Appendix C.
Much of the work presented here has either been published or is under review. Chapter 3 is based on Griffiths & Kiss (1999), Chapter 4 is based on Kiss (2000) and many of
the ideas presented in Chapter 5 appeared in Kiss & Griffiths (1998) and Kiss (2000).

Chapter 2

Models and theory
2.1

The sliced cylinder and sliced cone

Figure 2.1 shows the “sliced cylinder” apparatus used by Griffiths & Kiss (1999) (hereafter
GK99) and the “sliced cone” apparatus employed by Griffiths & Veronis (1997) (hereafter
GV97). Both laboratory models are completely filled with water and bounded above by
a rigid horizontal lid. The base and sidewall rotate with a constant angular velocity Ω k̂
about a vertical axis, whilst the rigid lid has a slightly different angular velocity (1 + ) Ω k̂
in order to simulate a spatially uniform wind stress curl.
The sliced cylinder has vertical sidewalls and a planar bottom boundary; we conducted
experiments with depth gradients of 0.1 and 0.15 1 . In contrast, the base of the sliced cone
has the geometric form of an ungula: the sidewall has a 45 ◦ slope relative to the horizontal
and this cone is intersected at the top by the horizontal lid and at the bottom by a plane
with slope 0.1 which forms the central part of the bottom boundary. Figure 2.1 (b) shows
that in the sliced cone geometry the geostrophic contours (contours of constant depth)
are circles near the rim and D-shaped curves when they cross the interior. All geostrophic
contours are closed curves, in contrast to the sliced cylinder in which all geostrophic
contours are blocked by the vertical sidewalls. The potential vorticity gradient imposed
by the shallow slope in the interior is analogous to the potential vorticity gradient on a
β-plane and allows us to identify directions in the apparatus with various points of the
compass (e.g. the shallow end is “north”, as shown in the figure; note that the apparatus
rotates in the northern hemisphere sense, i.e. Ω > 0). Both models used by GK99 and
GV97 had a depth Ho at the centre of 12.5 cm; the width 2a was 98.0 cm for the sliced
cylinder and 97.3 cm for the sliced cone.

2.2

Theory

Previous numerical studies of the sliced cylinder (Beardsley, 1972, 1973; Beardsley &
Robbins, 1975; Becker & Page, 1990; Page, 1981, 1982) have followed the approach of
Greenspan (1969) and employed a perturbation expansion in the bottom slope to derive
a simplified vorticity equation for the interior flow. This approach is obviously not valid
for the sliced cone, since the sidewall slope is O(1) and the depth vanishes at the lateral
boundary. A vorticity equation applicable to both the sliced cone and sliced cylinder
models is derived in section 2.3. The approximations employed in the derivation are based
1

GK99 obtained the latter in the laboratory by imposing a slope of 0.05 to the lid in addition to the
bottom slope of 0.1 (in this case the lid rotated around an axis normal to its plane).
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Figure 2.1: Perspective diagrams of the “sliced cylinder” (a) and “sliced cone” (b)
models used in the laboratory and numerical experiments. The compass directions are
defined in terms of the potential vorticity gradient imposed by the sloping bottom in
the interior. The curves in (b) are contours of constant depth (geostrophic contours).
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on scaling arguments presented in the following sections.
There will be an unfortunate profusion of symbols introduced in the following pages;
a quick reference to the most important definitions is provided in the glossary of symbols
on page 141.
We begin with the Navier-Stokes equations for an incompressible fluid of uniform
density, relative to coordinates rotating with constant angular velocity Ω k̂. These are the
momentum equation


∂u
+ (u · ∇) u + 2k̂ × u = −∇p + E∇2 u
(2.1)
Ro
∂t
and continuity equation
∇ · u = 0,

(2.2)

where u is the velocity, p is the pressure and k̂ is the unit vector in the z direction (vertical).
We do not include gravitational or centrifugal accelerations since there is no free surface
and no stratification; thus the pressure has no hydrostatic or centrifugal components. The
length, time, velocity and pressure have been scaled by Ho , |Ω|−1 , |Ω|Ho and ||Ω2 Ho2 ρ,
respectively, where Ho is the depth at the centre of the basin and ρ is the density of
the fluid (all quantities introduced in this thesis have been scaled in this way unless
otherwise noted). The importance of advection and viscosity are parameterised by the
ν
Rossby number Ro = || and Ekman number E = ΩH
2 , respectively, where ν is the
o
kinematic viscosity of the fluid. The scaled radius of the tank is Λ = Hao , which will also
be referred to as the aspect ratio. With this scaling the radius of the ellipse separating
the sloping sidewall and the interior of the sliced cone is given by
re (θ) =

Λss − 1
,
ss − si sin θ

(2.3)

where si = 0.1 is the slope in the interior, ss = 1 is the slope of the sidewall and θ is the
azimuthal angle from the x axis (i.e. “due east”). The circle with radius remax = re ( π2 ) =
Λss −1
ss −si separates the regions of circular and D-shaped depth contours. With this scaling the
top and bottom boundaries are at z = 1 and z = h(x, y), respectively, where h(0, 0) = 0.
We are interested in the parameter ranges 0 < Ro < 0.2, 10 −5 < E < 10−3 and
Λ ≈ 4 corresponding to those used in the experiments of GV97 and GK99. We aim to
1
derive equations governing the flow in the bulk of the fluid, outside the thin (O(E 2 ))
Ekman layers on the top and bottom boundaries. To this end it is convenient to separate
the vertical and horizontal components of the velocity by writing u = u H + k̂w, where
k̂·uH = 0. Without loss of generality the horizontal velocity u H can be expressed in terms
of a streamfunction ψ and a scalar potential φ as
uH = uψ + ∇H φ,

(2.4)

where uψ = k̂ × ∇H ψ is the horizontally nondivergent component of the horizontal velocity and ∇H is the horizontal gradient operator. With this notation the continuity
2
equation (2.2) becomes ∂w
∂z = −∇H φ.

2.2.1

Steady, linear flow at large scale

In order to obtain an understanding of the characteristics of this flow (in particular the
extent to which uH is depth-independent and horizontally nondivergent) we will first
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consider the steady, linear case, for which the momentum equation (2.1) becomes
2k̂ × u = −∇p + E∇2 u.

(2.5)

Taking the curl of (2.5) yields the vorticity equation satisfied by the steady, linear flow:
1
∂u
= − E∇2 ω,
∂z
2

(2.6)

∂u

where ω = ∇ × u = k̂ × ∂zH − k̂ × ∇H w + k̂ζ is the relative vorticity and ζ = ∇H2 ψ
is its vertical component. If we assume that the flow varies on a dimensional scale of
P
1
i
2
O(Ho ) and expand u and ω in powers of the small parameter E 2 (i.e. u = ∞
i=0 E ui
P
i
2
and ω = ∞
i=0 E ω i , with ui and ω i O(1)), the horizontal and vertical components of the
vorticity equation yield expressions for the balance between tilting of “planetary” vorticity
2k̂ and the viscous diffusion of the resulting horizontal relative vorticity:
∂uH0
∂z
∂uH1
∂z
∂uH2
∂z
∂uH3
∂z

=0

(2.7)

=0

(2.8)

i
h
1
= ∇H2 k̂ × ∇H w0
2
i
1 2h
= ∇H k̂ × ∇H w1
2

(2.9)
(2.10)

and the balance between stretching of planetary vorticity and the viscous diffusion of the
resulting vertical relative vorticity:
∂w0
∂z
∂w1
=−
∂z
∂w2
=−
∂z
∂w3
=−
∂z

∇H · uH0 = −

=0

(2.11)

∇H · uH1

=0

(2.12)

∇H · uH2
∇H · uH3

1
= ∇H2 ζ0
2
1
= ∇H2 ζ1 ,
2

(2.13)
(2.14)
2

1

3

where we have used the E 0 and E 2 expressions to simplify the E 2 and E 2 expressions,
and also used the continuity equation (2.2).
This expansion shows that in a steady, linear flow which varies on a dimensional scale
∂u
of O(Ho ), ∂zH and ∇H · uH are at most O(E), even if uH and the relative depth variation
are O(1). This well-known result (the Taylor-Proudman theorem) is simply a consequence
1
of the flow being geostrophic to O(E 2 ), as is clear from (2.5). The remainder of this
3
section will investigate the terms at O(E) and O(E 2 ) in order to obtain more refined
estimates of the divergence and depth-dependence of the horizontal flow.
In order to go to higher order we need to determine the magnitudes of w and ζ. In the
sliced cone and sliced cylinder the region of interest is bounded above and below by Ekman
layers on the upper and lower boundaries. According to steady, linear theory (Greenspan,
1
1968), to O(E 2 ) the Ekman pumping velocity due to the upper Ekman layer (on the
horizontal lid at z = 1) is
wT =

1 1
E 2 (ζT − ζ) ,
2

(2.15)
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is the vertical component of the vorticity of the lid due to its relative
where ζT = 2 ||
1

rotation. To O(E 2 ) the vertical velocity at the stationary bottom boundary at z = h is


o
σ 1n
wB = uH · ∇H h + E 2 ζ + s2 ŝ × k̂ · ∇H (uψ · ŝ) ,
(2.16)
2

where s = |∇H h| is the bottom slope, ŝ = s√−1 ∇H h is the unit vector in the direction
of increasing h (decreasing depth), and σ = 4 1 + s2 . This expression for wB is derived
in Appendix A; it is a coordinate-free form of equation (4.9.32) in Pedlosky (1987a) for
the case of isotropic viscosity, and is valid where the radius of curvature of the bottom
topography is much larger than the Ekman layer thickness. The first term represents
orographic uplift of horizontal flow over topography and the second term is the Ekman
pumping velocity modified by the bottom slope. For s  1 the Ekman layer is essentially
the same as that over a flat bottom and the only effect of the slope is to add the orographic
term.
1
1
From (2.11) and (2.12) we have w = wT for all z to O(E 2 ). We also have w = O(E 2 )
∂u
from (2.15), so w0 = 0 and (2.9) immediately yields ∂zH2 = 0.
1
Furthermore, since wT = wB to O(E 2 ), we can combine (2.15) and (2.16) to obtain
uH · ∇H h =



o
1 1n
E 2 ζT − (1 + σ)ζ − σs2 ŝ × k̂ · ∇H (uψ · ŝ) .
2

(2.17)
1

This expression shows that the orographic term u H · ∇H h is at most O(E 2 ), even if
1
uH and ∇H h are O(1). We will assume from now on that ∇H h  E 2 (as in the sliced
cone and sliced cylinder models used here), which implies that u H0 · ∇H h = 0, that is,
any O(1) flow must be aligned with depth contours. Since u H0 is nondivergent, it can
be expressed in terms of a streamfunction ψ 0 = ψ0 (D) which depends only on the fluid
depth D = 1 − h. Thus the zeroth-order flow is determined by the geometry of the depth
contours (“geostrophic contours”) and the functional relationship between ψ 0 and D (note
however that the function ψ0 (D) may be different in two non-intersecting regions which
have the same range of D). The zeroth-order velocity is
uH0 =

dψ
dψ0
k̂ × ∇H D = −s 0 k̂ × ŝ,
dD
dD

(2.18)

so the zeroth-order velocity on a given depth contour is proportional to the bottom
slope s. This expression for uH0 shows that to lowest order the final term vanishes in
equation (2.17), which can therefore be written
uH1 · ∇H h =

1
{ζ − (1 + σ)ζ0 } .
2 T

(2.19)

If the flow has a dimensional scale of O(Ho ) as we have assumed, a balance of terms in
equation (2.19) must involve ζT , since it is O(1). We will investigate two limiting cases,
in which ζT is balanced by only one other term.
ζT
σ
If uH1 · ∇H h = 0, then ζ0 = 1+σ
and (2.15) implies w1 = 2(1+σ)
ζT . In regions where ζT
and σ are spatially uniform (everywhere in the sliced cylinder, and everywhere except the
join between the sidewall and the interior in the sliced cone), (2.13) implies ∇H · uH2 = 0
∂u
and (2.10) implies ∂zH3 = 0.
In the other limit, ζ0 = 0 and (assuming ζT is spatially uniform) we again obtain
∂u
∇H · uH2 = 0 from (2.13) and ∂zH3 = 0 from (2.15) and (2.10). This second limit (in
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which the flow is driven across depth contours by the vorticity input by the lid) will be
referred to as a topographic Sverdrup balance. It is analogous to the Sverdrup (1947)
balance on a β-plane, in which the surface wind stress drives a meridional flow.
Using (2.5), (2.7) and (2.11), the steady, linear horizontal momentum equation at O(E)
can be written
2k̂ × uH2 = −∇p2 + k̂ × ∇H ζ0 .

(2.20)

Since ∇H ζ0 = 0 in both limits above, it is clear that the steady, linear flow is geostrophic
to O(E) in these limits.
These limits may appear artificial, but it is easy to show that they apply to most of
the flow in the sliced cone and sliced cylinder.
In the sliced cylinder, every depth contour intersects the sidewall (i.e. this geometry
is “geostrophically blocked”), so we must have ψ 0 = 0 in order to match ψ0 with its
value at the boundary. We therefore have ζ 0 = 0, so the topographic Sverdrup balance
is obtained everywhere in the sliced cylinder where the flow has a dimensional scale of
O(Ho ); this was first demonstrated by Pedlosky & Greenspan (1967). The return flow
takes place in a western boundary current which is much narrower than this length scale,
so that |ζ|  |ζT | and a different vorticity balance therefore occurs (this is discussed in
the following section).
The situation in the sliced cone is a little more subtle, since every depth contour is
a closed curve (i.e. this geometry is “geostrophically guided”). Using the relationship
between the zeroth-order streamfunction and the depth, the zeroth-order vorticity is
ζ0 = ∇H2 ψ0 = s2

dψ0 2
d2 ψ0
+
∇ D,
2
dD
dD H

(2.21)

where the first term on the right-hand side is the vorticity due to the cross-isobath shear
in the velocity, and the second term is the vorticity due to flow along curved or unequally
spaced depth contours. In the planar sloping interior of the sliced cone (r < re ) we have
∇H2 D = 0 and s2 = 10−2 . Since d2 ψ0 /dD 2 is at most O(1) (and is found from numerical
experiments to actually be much smaller), we have |ζ 0 |  |ζT | in this region, and therefore
an approximate topographic Sverdrup balance. On the upper part of the slope, where
r > remax and so depth contours do not cross into the interior, we have ∂D
∂θ = 0, where θ
∂ζ

is the azimuthal coordinate. Therefore from (2.21) we have ∂θ0 = 0 and so (2.19) implies
∂
∂θ (uH1 · ∇H h) = 0, since ζT and σ are spatially uniform in this region. By using this result
and applying Gauss’ theorem to the integral of ∇H · uH1 over the area bounded by each
depth contour in this region it is evident that since ∇H · uH1 = 0 from (2.12) we must
have uH1 · ∇H h = 0 throughout the region r > remax , which corresponds to the first limit
discussed above. The vorticity balances in these regions are the same as those predicted by
the linear theory of Griffiths & Veronis (1998). The balance in the remaining region (the
lower part of the slope, re < r < remax , where depth contours cross the interior) is more
complex, due to a cross-contour flow which balances the Sverdrup flow in the interior.
Equation (2.19) does not reduce to either limit in this region, since the vorticity is neither
spatially uniform nor small; from equation (2.18) we expect the azimuthal velocity in this
region to be about an order of magnitude larger than the zonal velocity on the same depth
contours in the interior.
To summarise, it has been shown that in regions where the flow varies on a dimensional scale of O(Ho ) there is a topographic Sverdrup balance in the sliced cylinder and
the interior of the sliced cone, and a balance between (spatially uniform) upper and lower
Ekman-layer pumping on the upper part of the slope in the sliced cone. These balances
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imply that the horizontal velocity is depth-independent to O(E 2 ) and horizontally nondivergent to O(E) in these regions. These balances are not obtained on the lower part
of the slope in the sliced cone and the horizontal velocity is therefore depth-independent
1
to O(E) and horizontally nondivergent to O(E 2 ). Since the horizontal velocity is only
weakly divergent, it can be well represented by a streamfunction.
It is illuminating to compare the very small divergence and depth dependence in this
system with flow over topography when the Coriolis force is spatially variable (i.e. β 6= 0).
Although β is equivalent to s = |∇H h| in terms of the ambient potential vorticity gradient
in the quasigeostrophic limit h  1, β has a direct effect on the horizontal divergence of
the flow outside the Ekman layers, whereas the depth gradient is “felt” only through the
vertical stretching, which is very restricted when β = 0. To see this, we replace 2 k̂×u with
3
2(1 + βy)k̂ × u in (2.5) and take the curl as before. To O(E 2 ) the horizontal component
of the resulting vorticity equation is
i
h
E
∂uH
=
∇H2 k̂ × ∇H w ,
(2.22)
∂z
2(1 + βy)
so the depth-independence of the horizontal velocity is basically unaltered from that predicted by (2.7)–(2.10). In contrast, the vertical component of the vorticity equation becomes
∇H · uH = −

∂w
E
βv
=
∇H2 ζ −
,
∂z
2(1 + βy)
1 + βy

(2.23)

so the magnitude of ∂w
∂z (and hence ∇H · uH ) is fundamentally changed from that given
by (2.11)–(2.14), since the additional β term can balance a much greater horizontal divergence than the horizontal viscosity alone could support.
1
2
An application of the continuity equation to (2.22) shows that ∂∂zw2 = 0 to O(E 2 ), so
∂w
∂z

1

= D −1 (wT − wB ) to O(E 2 ) as before. However equation (2.23) shows that the upper
and lower vertical velocities wT and wB can differ by up to O(β), so the cross-isobath
component of the velocity is much less restricted than in the case of zero β, where w T
and wB can differ by at most O(E). In order for the orographic and β terms to balance,
large-scale O(1) flow must be aligned with contours of (1+βy)/D rather than D. An O(1)
flow along (1 + βy)/D contours which are significantly inclined to the depth contours—for
example over a western boundary slope of O(β)—can result in a horizontal divergence of
up to O(β). In this situation there is no question of using a streamfunction to accurately
represent the horizontal velocity. A transport streamfunction can be used (as in Becker,
1999; Becker & Salmon, 1997; Holland, 1967), but this must either include the Ekman
1
layer transport or neglect the O(E 2 ) transport divergence in the interior due to Ekman
pumping.
The horizontal divergence of the horizontal velocity is smaller when β replaces the
depth gradient than when both are present, but it is still larger than in the case of topography alone. For example, the horizontal divergence of Sverdrup flow on a β-plane exceeds
1
that of the analogous topographic Sverdrup flow by a factor of O(E − 2 ), because wB does
not match the Ekman pumping velocity w T .

2.2.2

Linear theory of sidewall boundary layers in the sliced cylinder

It was shown in the previous section that in the linear limit the large-scale flow in the sliced
1
cylinder is in a Sverdrup balance to O(E 2 ), with the velocity component normal to depth
1
contours given by vSv = E 2 ζT /(2s). To this order the along-contour velocity component
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can be determined by horizontal nondivergence and the condition of no normal flow at the
eastern boundary (−π/2 < θ < π/2), giving the interior Sverdrup streamfunction
1

ψSv = vSv [x − (Λ2 − y 2 ) 2 ]

(2.24)

derived by Pedlosky & Greenspan (1967). It is immediately apparent that the Sverdrup
streamfunction satisfies neither the condition of no normal flow at the western boundary,
nor the no-slip condition. This section will discuss the boundary layers (with length scale
much smaller than that considered in the previous section) which arise in order to satisfy
these boundary conditions, and also to close the secondary vertical circulation. Apart
from the estimates of the depth-dependence and horizontal divergence of u H , the analysis
and discussion presented in this section is largely due to Beardsley (1969). It is included in
order to introduce terminology and equations for later use and to investigate the extent to
which flow on smaller scales remains horizontally nondivergent and depth independent. In
addition the results for the sliced cylinder have important consequences for the boundary
current at the west of the interior in the sliced cone.
We begin by investigating the boundary layers required to satisfy the lateral boundary
conditions and close the horizontal circulation. If we assume that the horizontal velocity is
independent of depth to lowest order, the continuity equation (2.2) implies that the vertical
velocity w is a linear function of depth, so the stretching term ∂w
∂z can be determined from
the values wT and wB given by (2.15) and (2.16), assuming that the lateral boundary layer
1
thickness is much greater than E 2 . The vertical component of the steady linear vorticity
equation (2.6) then becomes
1

(1 − h)−1 [2uH · ∇H h − E 2 (ζT − 2ζ)] = E∇H2 ζ,

(2.25)

where we have neglected the slope correction to the bottom Ekman friction in (2.16).
The viscous boundary layers in the sliced cylinder can be understood most easily by
considering the flow near the western boundary at θ = π, where h = sy = 0. Making the
∂
∂
boundary layer approximation ∂x
 ∂y
, we neglect derivatives in the y direction (including
the curvature of the boundary) so the vorticity equation (2.25) at θ = π becomes
E

1 dv
1
d3 v
− 2E 2
− 2sv = −E 2 ζT ,
3
dX
dX

(2.26)

where X = x + Λ is the x coordinate with its origin at the western boundary and v is the
northward velocity. We seek solutions to this ordinary differential equation subject to the
1
conditions v(X = 0) = 0 (no-slip at the west), v(X  0) → vSv = E 2 ζT /(2s) (v matches
R 2Λ
the Sverdrup velocity far from the western boundary), and 0 v(X)dX = 0 (conservation
of volume2 ).
The particular solution of this ordinary differential P
equation is the Sverdrup solution
v = vSv . The complete solution is of the form v = vSv + 3n=1 Cn exp(λn X), where the λn
are the three roots of the characteristic polynomial
1

λ3 − 2E − 2 λ − 2sE −1 = 0.

(2.27)

One of these roots (which we will denote λ 1 ) is always real and positive, regardless of the
values of E and s > 0; we must therefore have C 1 = 0 in order to match the Sverdrup
1
solution in the east (this root corresponds to the Stewartson E 4 layer at the eastern
2

1

The Stewartson E 4 layer at the eastern boundary makes an insignificant contribution to the transport
and has been neglected.
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boundary which brings the azimuthal Sverdrup velocity to zero to satisfy the no-slip
boundary condition).
The nature of the remaining two roots depends on the size of s relative to scr =
1
3
(2/3) 2 E 4 . For s ≤ scr the roots are real and negative, and represent boundary layers
which decay monotonically with distance from the western boundary. In the limit s  scr
1
these roots are widely separated. The less negative root λ 2 = −sE − 2 corresponds to a
1
layer of thickness δS = s−1 E 2 in which the vorticity balance is between orographic vortex
stretching and suction through the top and bottom Ekman layers due to the relative
vorticity of the flow (the last two terms on the left hand side of (2.26)). This layer is
the topographic analogue of the Stommel (1948) western boundary current on a β-plane;
1
this layer returns the Sverdrup transport of O(2ΛE 2 /s), and therefore has an azimuthal
1
velocity of O(2Λ). Embedded within the Stommel layer is a thin Stewartson E 4 sublayer
against the boundary (Stewartson, 1957), where the azimuthal velocity is brought to zero
through a balance between lateral viscosity and Ekman friction (the first two terms on the
1
1
left hand side of (2.26)); this layer corresponds to the more negative root λ 3 = −2 2 E − 4 .
1
As the bottom slope s increases towards E 4 , the Stommel boundary current thickness
1
and transport decrease towards values characteristic of a Stewartson E 4 layer, whilst the
1
Stewartson layer thickens slightly. When s ∼ E 4 lateral viscosity is significant in the
Stommel layer, and the orographic term is comparable to Ekman suction in balancing
1
the lateral diffusion of vorticity through the boundary in the Stewartson E 4 layer; in the
1
sliced cylinder this orographic modification to the Stewartson E 4 layer is strongest at the
west (θ ≈ π), where the azimuthal velocity is parallel to the depth gradient.
3
1
When s = scr = (2/3) 2 E 4 the Stommel boundary current merges with the modified
1
1
1
Stewartson E 4 layer at θ = π, and λ2 = λ3 = −(2/3) 2 E − 4 . When s increases beyond scr
the two roots form the complex conjugate pair λ 2 = λ∗3 = λr + iλi , with λr < 0, and the
solution satisfying the boundary conditions is

2
2
v = vSv − vSv eλr X cos λi X + λ−1
(2.28)
i [2Λ(λr + λi ) + λr ] sin λi X ,
where we have assumed |λ−1
r |  2Λ, i.e. the boundary layer is much thinner than the basin
width. Thus when s > scr the two monotonically decaying boundary layers are replaced
by a single boundary current with an oscillatory decay in X, which returns the interior
Sverdrup transport through y = 0 and also satisfies the no-slip boundary condition at
X = 0. All three terms on the left hand side of (2.26) are important in this combined
western boundary current when s ≈ scr . The meridional extent of the combined boundary
layer increases rapidly with s beyond this critical value, and it occupies the entire western
boundary π/2 ≤ θ ≤ 3π/2 in the limit s  scr (Beardsley, 1969). In this limit we have
s 13
−1 and λ = −3 21 λ , and the western boundary current vorticity balance
) ≡ −δM
λr = −( 4E
i
r
is entirely between orographic vortex stretching and lateral viscosity (the first and third
terms on the left hand side of (2.26)). This limit is analogous to the Munk (1950) model
of western boundary currents on a β-plane; the thickness scale of the western boundary
1
current is δM = (4E/s) 3 , and the velocity in the western boundary current scales as
1
2
ΛE 6 s− 3 (by continuity).
We can estimate the magnitude of the divergent component ∇H φ of the horizontal
velocity by using the continuity equation and the vertical component of the vorticity
2
−2
equation (2.6): ∇H φ ∼ δ ∂w
∂z ∼ δE∇H ζ ∼ δ Ev, where δ and v are the length and
1

(nondivergent) velocity scales of the flow. In the limit s  E 4 this gives ∇H φ ∼ Λs2 in the
1
1
Stommel layer and ∇H φ ∼ ΛE 2 in the Stewartson E 4 viscous sublayer, both very much less
than the horizontally nondivergent velocity, k̂ × ∇H ψ ∼ Λ. The divergent velocity in the
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1

Stommel layer increases as the bottom slope increases, until ∇H φ ∼ ΛE 2 when s = O(E 4 ).
Further increase in the bottom slope does not increase the divergent component of the
1
velocity, but does reduce the nondivergent component. In the Munk limit s  E 4 we
1
2
1
have ∇H φ ∼ ΛE 2 and k̂ × ∇H ψ ∼ ΛE 6 s− 3 away from the no-slip western boundary;
the divergent velocity becomes comparable to the maximum nondivergent velocity when
1
s = O(E − 2 ). For comparison, the divergence of the Stommel boundary current on the
1
analogous β-plane is much larger (∇H φ ∼ ΛE 2 ) because there is no orographic vortex
compression to cancel the stretching due to Ekman suction. The Munk layer is less
divergent on the β-plane because stretching is not involved in the primary vorticity balance;
2
2
thus ∇H φ ∼ ΛE 3 β − 3 due to Ekman suction.
The depth-dependence of the horizontal velocity in the western boundary current can
be estimated in a similar way. The leading
h terms ofi the horizontal components of the
∂uH
E 2
vorticity equation (2.6) yield ∂z ≈ 2 ∇H k̂ × ∇H w . Since w ∼ wB ∼ sv[1 ± δS /(2δ)]

−3
from (2.16), we have v1 ∂v
∂z ∼ Eδ s[1 ± δS /(2δ)], where δ is the width of the boundary
1
1
− 12 4
layer under consideration. In the limit s  E 4 this gives v1 ∂v
s  E 2 in the
∂z ∼ E
1
1
− 12
2
4
Stommel layer (δ = δS ) and v1 ∂v
 δS .
∂z ∼ E in the viscous sublayer, where δ = E 2
1
1 ∂v
2
−4
4
In the Munk limit s  E we have δ = δM  δS , giving v ∂z ∼ s . For E ≈ 10 and
s ≈ 0.1 as in the experimental regime considered here, all three estimates predict that v
is independent of depth to within about one percent (this confirms the self-consistency of
assuming depth-independent flow in deriving (2.25)).
We now come to the question of closing the vertical circulation. Under anticyclonic
forcing there is a horizontally convergent flow directed radially inwards in the upper Ekman
layer, which therefore pumps fluid downwards into the interior (the flow is in the opposite
direction under cyclonic forcing). This fluid is supplied by an upwelling flow within a
1
1
Stewartson layer of thickness E 3 embedded within the Stewartson E 4 layer at the sidewall
(Stewartson, 1957). The flow in this layer is non-hydrostatic (the vertical momentum
balance is between lateral viscosity and a vertical pressure gradient), and the horizontal
velocity is strongly depth-dependent (Friedlander, 1980; Greenspan, 1968). Since the
horizontal basin integral of the vertical vorticity ζ is zero as a consequence of Green’s
theorem and the no-slip boundary condition, the basin-integrated flux into the bottom
Ekman layer also vanishes if we neglect the finite-slope corrections (this is discussed in
1
more detail in section 2.3.3). Thus the Stewartson E 3 layer must obtain nearly all the
return flux directly from the interior via a radial flow near the boundary.
We will see later that the vorticity balances on the lower part of the slope (re <
r < remax ) and western interior of the sliced cone are similar to those in the sliced cylinder
western boundary layers discussed above. In fact for θ ≈ π the western boundary current in
the interior of the sliced cone is governed by the same differential equation (2.26) as in the
sliced cylinder, except that the boundary conditions are different and X = x + re (θ = π).
The general solution is of the same form, but with different coefficients C n . In particular
the λn are determined by (2.27) as before, so the nature of these roots depends on the
size of the interior slope si relative to scr . Thus when si < scr there can exist a Stommel
1
layer with a Stewartson E 4 sublayer, which are both monotonic in X; when s i > scr these
layers must merge into a single boundary layer which is oscillatory in X.
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Governing equations for the numerical model

We will now return to the full momentum equation (2.1) and use the results obtained
in sections 2.2.1 and 2.2.2 to derive a simplified equation governing the evolution of the
horizontal flow in the sliced cone and sliced cylinder at nonzero Rossby number. This
task is made more difficult by the O(1) depth variation in the sliced cone, which precludes
the use of the standard quasigeostrophic approximation. Previous numerical studies of
flow in this situation (Becker, 1995, 1999; Becker & Salmon, 1997; Holland, 1967) used
the depth-integrated momentum equation and expressed the flow in terms of a transport
streamfunction. This approach involves integrating through the entire vertical extent of
the flow, including the Ekman layers, so the transport streamfunction includes a contribution from the Ekman transport. I have followed a different approach because I am
concerned with the flow in the bulk of the fluid (outside the Ekman layers), since this is
what was measured in the laboratory.
It was shown in sections 2.2.1 and 2.2.2 that in the sliced cone and sliced cylinder
1
the horizontal velocity outside the Ekman layers and sidewall Stewartson E 3 layers is
very nearly depth-independent and horizontally nondivergent, despite large variations in
depth. We begin by investigating the consequences of depth-independence. We expect
that the horizontal velocity will retain its depth-independence when advection and timedependence are relatively weak, since the limit Ro → 0 is not singular; this was confirmed
experimentally by GV97 for all Rossby numbers investigated. We will therefore assume
∂u
that ∂zH = 0 outside the Ekman layers, which allows the horizontal flow in this region
to be determined at all depths if it can be calculated at one particular depth. Thus we
will derive an evolution equation for the horizontal velocity in a thin horizontal sheet just
below the top Ekman layer, which will then give the horizontal velocity at all lower depths
∂u
until the bottom Ekman layer is reached. By assuming that ∂zH = 0 we will not be
1
able to capture the dynamics of the Stewartson E 3 sidewall layer, but its omission will
have only a minor effect on the interior flow since it acts only to passively absorb any net
horizontal divergence.
With this assumption of depth-independence, the relative vorticity takes the form
ω = ∇ × u = (∇H w) × k̂ + ζ k̂,

(2.29)

and the vertical component of the curl of equation (2.1) yields the vorticity equation


∂ζ
∂w
Ro
+ ∇H · (uH ζ) − 2
= E∇H2 ζ.
(2.30)
∂t
∂z
Note that the tilting term Ro[(∇H w) × k̂] · ∇H w is identically zero, regardless of the size
of w and ∇H w. Thus the horizontal component of the relative vorticity does not appear
∂u
in equation (2.30) as a consequence of the assumption that ∂zH = 0.
The continuity equation (2.2) implies that the vertical velocity w is a linear function
∂u
of depth in a region where ∂zH = 0, so the stretching term ∂w
∂z can be determined from
the values wT and wB of w at the top and bottom of this region. In our case the steady,
linear3 Ekman matching conditions (2.15) and (2.16) can be used to obtain wT and wB ,
3

Steady Ekman matching conditions are valid for flows which are nearly steady over one rotation period
1
(Beardsley, 1975), which is the case here. The use of linear Ekman theory in a flow with Stewartson E 4
1
layers requires Ro  E 4 (Bennetts & Hocking, 1973); this criterion is violated for the more strongly
forced results presented here, but linear theory was used because a simple analytic expression for Ekman
pumping is only available in the linear limit. The close agreement between the numerical and laboratory
results suggests that the error involved is insignificant.
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yielding
∂w
w − wB
= T
= uH · ∇H ln D + E,
∂z
D

(2.31)

where D = 1 − h is the scaled fluid depth,
1


i
E2 h
ζT − (1 + σ)ζ − σs2 ŝ × k̂ · ∇H (uψ · ŝ)
E=
2D

(2.32)

is the stretching due to Ekman pumping, and in the orographic term I have used the
identity (1 − h)−1 ∇H h = −∇H ln D. Equation (2.30) is analogous to the shallow-water
∂u
vorticity equation in oceanographic theory (Pedlosky, 1987a), which also requires ∂zH = 0.
In the oceanographic case this results from the shallowness of the oceans in relation to their
breadth, but such restrictions are not required in the laboratory since depth-independence
follows from the effects of rotation alone.
So far we have assumed only that the horizontal velocity is independent of depth.
However we found from the analysis in sections 2.2.1 and 2.2.2 that the steady, linear
horizontal flow is dominated by its nondivergent component u ψ , even if uH and ∇H ln D
are O(1). We expect that the horizontal divergence remains small for moderate Ro (this
is confirmed even for strongly nonlinear, time-dependent flow in sections 3.7 and 4.7),
so the horizontal velocity is dominated by the nondivergent component in the advection
term of the vorticity equation (2.30), and in the orographic component of the stretching
term (2.31). To take advantage of this in simplifying the vorticity equation we relax the
continuity equation (2.2) and consider the term ∂w
∂z in equation (2.30) purely as a source
of vorticity, ignoring its equivalence to the divergence of the velocity −∇H · uH ; thus the
vorticity production is included without regard to the mechanism (vortex stretching) by
which it is generated. Following this approach, the small divergent component of the
horizontal velocity in the advection and orographic terms of equations (2.30) and (2.31)
will be neglected, yielding the approximate vorticity equation




∂ζ
Ro
+ ∇H · uψ ζ = 2∇H · uψ ln D + 2E + E∇H2 ζ
(2.33)
∂t
which together with the Poisson equation

ζ = ∇H2 ψ

(2.34)

forms a closed system for the evaluation of the nondivergent component u ψ = k̂ × ∇H ψ of
the horizontal velocity. These equations form the basis of the numerical model. Note that
the assumption of horizontal nondivergence has also allowed the orographic term in (2.33)
to be written as a divergence, highlighting the important conservation properties of this
formulation which will be discussed shortly.
Since (by the continuity equation) ∇H · (uH ζ) = ∇H · (uψ ζ) + ∇H φ · ∇H ζ − ζ ∂w
∂z , by
neglecting the horizontally divergent velocity in the advection term we have actually neglected vorticity production by the stretching of ζ, and only the stretching of “planetary”
vorticity is retained; this limits the validity of equation (2.33) to Ro|ζ|  2 in regions
where there is stretching. Although it is a simple matter to include the stretching of ζ
(as in Matsuura & Yamagata, 1986; Page, 1981, 1982), this was avoided because firstly it
is ad hoc to include this term while neglecting the advection of ζ by ∇H φ, and secondly,
when the stretching of ζ is neglected we obtain a vorticity equation which conserves the
kinetic energy K in the limit E → 0 (see section 2.3.3).
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Even though it is valid for flows with O(1) topography, equation (2.33) is nearly identical to the quasigeostrophic vorticity equation obtained by Beardsley (1972), the only
differences being the inclusion of the variation of D in the denominator of ∂w
∂z , and the
finite-slope correction to the Ekman pumping. Beardsley (1972) followed Greenspan (1969)
in using a perturbation expansion in the bottom slope, and therefore obtained a vorticity equation which is valid only for small relative depth variations. The derivation by
Greenspan (1969) was intended to demonstrate the analogy between β and the depth
gradient, rather than produce a vorticity equation which models the laboratory flow with
great accuracy; this analogy holds only for small relative depth variations, so these were
the conditions under which the equation was derived. Subsequent authors (e.g. Beardsley & Robbins, 1975) have generally followed a similar approach, creating an impression
that the validity of a vorticity equation of this form to laboratory flows is limited to the
conditions used by Greenspan4 . However it is the depth-independence and horizontal
nondivergence of the horizontal velocity implied by these conditions which are responsible
for the form of the vorticity equation. The derivation presented here shows that provided
the horizontal velocity is nearly nondivergent, only very minor modifications are needed to
make Beardsley’s vorticity equation applicable to a much wider range of conditions (depth
variations of O(1)), a generality that appears not to have been previously recognised.
There are many “intermediate models” (Allen et al., 1990; McWilliams & Gent, 1980)
which also seek, among other things, to generalise quasigeostrophic theory to allow O(1)
variations in topography. Such models typically have undesirable mathematical properties,
such as non-conservation of potential vorticity and/or energy (Allen et al., 1990), due to
the inclusion of some higher-order effects of the horizontal velocity divergence (e.g. in the
advection term). By virtue of the near-nondivergence of the horizontal flow in our case due
to the absence of β and stratification and the restriction to small Rossby number, we have
obtained a formulation which describes the flow over large-amplitude topography while
retaining the simplicity of quasigeostrophic theory. We will see below that this formulation
also retains important conservation properties of the quasigeostrophic vorticity equation.
The accuracy of this approach will be demonstrated in Chapters 3 and 4.

2.3.1

Potential vorticity

As a consequence of neglecting the stretching of relative vorticity, equation (2.33) does
in the limit of vanishing E
not conserve the shallow-water potential vorticity q = Roζ+2
D
(as (2.30) does), but rather the related quantity
Q = Roζ − 2 ln D,

(2.35)

which reduces to the quasigeostrophic potential vorticity Roζ + 2h for |h|  1. It is more
convenient to express Q as an “effective depth”
Deff = e−Q/2 = De−Roζ/2 ,

(2.36)

since this avoids the singularity in Q at the boundary of the sliced cone where the depth
vanishes. In addition, Deff reduces to the actual depth in the linear limit and allows us
to generalise the intuition obtained for steady, linear flow to the transient nonlinear case
4
Beardsley (1973) presented an alternative derivation which avoided a perturbation expansion in the
bottom slope, but still concluded that the slope needed to be vanishingly small, since he seems not to have
recognized that finite depth variations can be included if we identify β with the gradient of the logarithm
of D.
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(note that the gradient of Deff is antiparallel to the gradient of the potential vorticity Q).
Using Deff , the vorticity equation (2.33) can be written
 −Deff 

∂Deff
+ ∇H · uψ Deff =
2E + E∇H2 ζ ,
∂t
2

(2.37)

showing that in the absence of dissipation each fluid parcel must conserve its value of Deff .
Note that dissipation is less effective where Deff is small (e.g. near r = Λ in the sliced
cone), so streamlines become very closely aligned with Deff contours in these regions. The
restriction Ro|ζ|  2 required for the stretching of relative vorticity to be negligible implies
that e−1  Deff /D  e—that is, the formulation is not accurate when the effective depth
is very different from the actual depth.

2.3.2

Boundary conditions

Recall that the approach taken here is to derive equations for the uppermost horizontal
layer, and to assume that the calculated horizontal flow applies to the full depth of the
fluid outside the Ekman layers. Note that the lateral boundary of a deeper layer is not
necessarily at r = Λ, but may instead be at the geostrophic contour corresponding to the
depth of the layer (for example the contours shown in figure 2.1 (b) for the sliced cone).
When the boundary of a layer is not at r = Λ, the boundary conditions are determined
by the interior flow in shallower layers, rather than specified in the formulation of the
problem; thus (for example) there can be “inflow” and “outflow” across the boundary of
each lower layer in the sliced cone5 . Only at r = Λ must the lateral boundary conditions
be specified in advance, since there is no interior flow at shallower depth. Although only
the infinitesimally thin uppermost layer is exposed to the boundary conditions at r = Λ in
the sliced cone, they are nevertheless important because the effect they have on the flow
in this layer will implicitly determine the lateral boundary conditions for the flow in lower
layers.
The kinematic condition of no normal flow was imposed on the lateral boundary of the
uppermost layer in both the sliced cone and sliced cylinder:
ψ=0

at r = Λ.

(2.38)

This condition is consistent with the formulation, since it is not possible to have a net horizontal flux through the boundary when the horizontal divergence of the flow is neglected.
1
Thus this formulation cannot include any net radial flux into the Stewartson E 3 sidewall
layer in the sliced cylinder.
A higher-order boundary condition is also required. The no-slip boundary condition
∂ψ
=0
∂r

at r = Λ

(2.39)

is satisfied in the sliced cylinder by boundary layers in which the flow is depth-independent
and horizontally nondivergent to lowest order, as discussed in section 2.2.2. These boundary layers are therefore captured by this formulation, so this boundary condition is appropriate for the sliced cylinder and was used for almost all the numerical runs. Numerous
studies (Blandford, 1971; Chassignet & Gent, 1991; Dengg, 1993; Haidvogel et al., 1992;
Verron & Blayo, 1996) have demonstrated that the nature of nonlinear wind-driven flow
5

There can be no net “inflow” or “outflow” due to the assumption of horizontal nondivergence. Of
course these “inflows” and “outflows” actually pass out of or into shallower layers rather than through the
sloping sidewall, because u = uH + k̂w is parallel to the bottom boundary.
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in ocean models is critically dependent on the boundary conditions used and their implementation. In order to test the sensitivity of the sliced cylinder results to the choice of
boundary conditions a few runs were also conducted with the free-slip condition
ζ=0

at r = Λ.

(2.40)

The results of these free-slip experiments are reported in section 5.3.
The choice of the higher-order boundary condition in the sliced cone is less clear-cut.
Many numerical runs were conducted with the no-slip condition (2.39), but its appropriateness to the interior flow in this geometry is questionable since the lateral boundary is
“buried” beneath the merged upper and lower Ekman layers. On the upper slope GV97
saw no radial flow outside the Ekman layers, but observed a vertical recirculation of dye
from the interior through the two Ekman layers and back to the interior at the same radius. This indicates that the direct connection between the upper and lower Ekman layers
1
removes the need for horizontal flow into a Stewartson E 3 layer at the lateral boundary
of the sliced cone. It is questionable whether the observed mechanism for returning fluid
pumped into the interior to the upper Ekman layer could function if the flow outside the
Ekman layers were subject to the no-slip condition, since its basin-integrated vorticity
would vanish (see section 2.3.3), so the net vertical flux out of the bottom Ekman layer
would also vanish if not for the finite-slope corrections in equation (2.16).
A few sliced cone runs were conducted with the free-slip boundary condition (2.40),
but a more appropriate boundary condition (also used for a few runs) is probably
ζ=

ζT
1+σ

at r = Λ,

(2.41)

since this gives an exact match between upper and lower Ekman layer pumping and is
therefore consistent with no normal (i.e. cross-contour) flow at the boundary. This is
effectively a super-slip boundary condition (see Pedlosky, 1996), since the boundary value
of ζ closely matches that on the upper slope, so the radial gradient of ζ nearly vanishes
at the boundary. This boundary condition therefore results in a smooth radial variation
of the azimuthal velocity, eliminating the lateral boundary layer.
Although most of the runs were conducted with the no-slip condition, it will be demonstrated in section 5.3 that the choice of boundary condition had no influence on the calculated flow in the sliced cone except in a very thin region in the immediate vicinity of
r = Λ. This is because the velocity profile outside this thin lateral layer is very strongly
controlled by a balance between Ekman friction and wind forcing, regardless of the lateral
boundary condition.

2.3.3

Vorticity and energy integrals

Integrating the vorticity equation (2.33) over the domain and applying the Poisson equation (2.34), the kinematic boundary condition (2.38) and Gauss’ and Green’s theorems
yields the equation
ZZ
I
dΓ
∂ζ
=2
E dA + E
dS,
(2.42)
Ro
dt
∂r
where
Γ=

ZZ

ζ dA =

I

∂ψ
dS
∂r

(2.43)
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is the circulation in the uppermost horizontal layer, and the line integrals are taken around
the perimeter of the basin in the anticlockwise direction. Equation (2.42) demonstrates
that the advection and orographic terms make no net contribution to the total vorticity
balance, so this formulation conserves the integrated vorticity (i.e. the circulation) in the
absence of viscosity.
Pedlosky (1996) discusses the role of boundary conditions in determining the basinintegrated vorticity balance. It is clear from (2.43) that the circulation is zero (and therefore independent of time) under the no-slip boundary condition (2.39), so there must be
equal amounts of positive and negative vorticity in the basin in this case; as a result the
Ekman friction vanishes from the integral balance if there is no bottom topography. Since
the left-hand side and the Ekman friction vanish under the no-slip boundary condition
in the limit of zero bottom topography, for the basin as a whole the vorticity input from
the wind forcing is dissipated entirely by viscous diffusion through the lateral boundary.
We expect this result to apply to a limited degree in the sliced cylinder since the depth
variation is small, but the role of Ekman friction in the sliced cone with the no-slip condition may be much larger due to the O(1) depth variation—this is discussed further in
section 5.3.1. In contrast to the no-slip case, the lateral viscosity term makes no net contribution under the super-slip boundary condition and a steady flow must have an overall
vorticity balance between wind forcing and Ekman friction.
Multiplying the vorticity equation (2.33) by ψ and integrating over the domain yields
the energy equation
ZZ
ZZ
dK
= −2
ψE dA − E
ψ∇H2 ζ dA,
(2.44)
Ro
dt
where
1
K=−
2

ZZ

ψζ dA

(2.45)

is the total horizontal kinetic energy per unit depth in the uppermost horizontal layer, given
that we have chosen ψ = 0 on the boundary 6. Note that the advection and orographic
terms make no net contribution to the total energy balance, so this formulation conserves
the total kinetic energy K in the absence of viscosity. Also note that a steady flow will
have an energy balance between the Ekman and lateral viscosity terms.

2.4

Implementation of the numerical model

The numerical experiments were conducted using a modified version of a sliced cylinder
code developed by Page (1982) and described in detail in his PhD thesis (Page, 1981).
Page’s algorithm is the same as that presented by Beardsley (1972), which was in turn
based on the refinement by Israeli (1970) of a scheme proposed by Pearson (1965).
The code is a finite-difference method in polar coordinates. Spatial derivatives are
calculated using second-order centred differences, except at the origin where a special
flux-conserving integral treatment is used. The vorticity equation is advanced in time
using the alternating-direction implicit method (Douglas, 1955; Peaceman & Rachford,
1955), which is unconditionally stable at zero Ro and therefore avoids stringent CFL-type
restrictions due to the convergence of grid lines at the origin. A direct solver based on
a fast Fourier transform in θ is used to solve the Poisson equation (2.34) for ψ. Since
6

There is no simple expression for K in lower layers in the sliced cone, since ψ is not constant at the
lateral boundary at a particular depth (i.e. the flow crosses the bounding depth contour).
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the advective term in the vorticity equation couples it to (2.34), these two equations
are solved iteratively within each timestep until both ψ and ζ converge (see figure 2.2).
When the no-slip boundary condition (2.39) is used, this in-timestep iteration also serves
to converge ζ at the boundary to a value which is consistent with this condition, using
optimal relaxation. The complete algorithm is unconditionally stable for Ro = 0 (Page,
1982) and retains its stability for nonzero Ro provided the advective Courant number
is less than one (Roache, 1982)7 . The temporal scaling in the code is in terms of the
Ekman spinup timescale rather than the advective timescale used in section 2.2, allowing
the unsteady, linear adjustment to be studied.
For this application the code was modified to solve the vorticity equation (2.33) and
include the effect of the sloping sidewalls on the bottom Ekman layer in the sliced cone.
A large number of changes were made to the vorticity solver, the most important of which
are listed below:
• eliminated Roζ ∂w
∂z to make the formulation energy-conserving
• used conservative differencing for the advection and orographic terms to ensure that
the finite-difference formulation retains the integral properties (2.42) and (2.44) (conservative differencing was already employed for the diffusion term)
• added an option to use the sliced cone topography
• implemented a novel differencing scheme for the orographic term (see equation (B.6))
which reduces flux errors due to the abrupt change in bottom slope at the join
between the interior and sloping sidewall in the sliced cone
• changed the half-step at which the velocity is calculated so the flux components are
evaluated at the same time
• added the correction to Ekman pumping on the sloping sidewall in the sliced cone
• added options for free-slip boundary conditions, and super-slip boundary conditions
for the sliced cone
• solved the Poisson equation using the total ψ and ζ rather than their increments to
avoid cumulative errors
• incorporated an algorithm to solve for unstable steady states (this is described in
section 4.5).
An overview of the numerical scheme is shown in figure 2.2, and a detailed description
of the vorticity equation solver is given in Appendix B. The Poisson solver and the method
for solving the tridiagonal problems in the vorticity solver were retained as they were in
Page’s code (apart from a few efficiency improvements). Page’s Poisson solver is described
in Page (1981).

7
However the advective term can become inaccurate at large Ro in strongly decelerating regions of the
flow due to the use of second-order differences (Leonard, 1984). This effect was minimised by using high
spatial resolution.
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n = 0; initialise ζ n−1 , ψ n−1 , ζ n and ψ n
while n < nmax do
1
1
Guess ζen+ 2 , ψen+ 2 , ζen+1 and ψen+1 by linear extrapolation from steps n − 1 and n
repeat
n+1
n+1
For no-slip boundary conditions, find correction ζ̌N
to ζeN
by optimal relaxation
i ,j
i ,j
1
1
n+ 2
n+ 2
e
to ζ
in interior by solving the vorticity equation, evaluatFind correction ζ̌

ing θ differences at step n + 12 and r differences at step n (see Appendix B.3.1)
1
1
1
Set ζen+ 2 ← ζen+ 2 + ζ̌ n+ 2
Find correction ζ̌ n+1 to ζen+1 in interior by solving the vorticity equation, evaluating
θ differences at step n + 12 and r differences at step n + 1 (see Appendix B.3.2)
Set ζen+1 ← ζen+1 + ζ̌ n+1
Obtain the corrected ψen+1 by solving the Poisson equation (2.34) using the cor1
rected ζen+1 , and use this to update ψen+ 2

until the corrections ζ̌ n+1 and ψ̌ n+1 are negligible
Set n ← n + 1
end while

Figure 2.2: Overview of the numerical scheme, based on the alternating-direction
implicit method. Tildes denote approximate values and inverted “hats” indicate corrections. Superscripts are timesteps, and subscripts are grid locations (i is the radial
index, 0 < i < Ni , and j is the azimuthal index, 1 < j < Nj ). Details are given in
Appendix B.

Chapter 3

Sliced cylinder results:
phenomenology and code
validation
This chapter provides an overview of the flow in the sliced cylinder under various conditions, and compares the numerical output with laboratory results and the linear theory
by Beardsley (1969) in order to verify the accuracy of the numerical model. This chapter
is based on results presented by Griffiths & Kiss (1999) (hereafter GK99); Griffiths was
responsible for all the laboratory results and their analysis (some of which also appeared
in Griffiths, 1995), whereas the numerical work and its analysis were conducted entirely by
myself. This chapter is largely descriptive; an analysis of the dynamics responsible for the
observed phenomena is deferred until Chapter 5. As noted on page 13, all quantities are
dimensionless (length, time and velocity scaled by Ho , |Ω|−1 and |Ω|Ho , respectively),
unless otherwise stated.

3.1

Numerical parameters

The sliced cylinder laboratory experiments by Griffiths used a background rotation Ω
in the northern hemisphere sense (Ω > 0) and an aspect ratio Λ = 3.92, as shown in
figure 2.1 (a). The laboratory experiments were conducted with a depth gradient of
either s = 0.1 or s = 0.15, the latter obtained by imposing a slope of 0.05 to the lid in
addition to the bottom slope of 0.1 (Griffiths & Kiss, 1999). The sliced cylinder numerical
runs used an anticlockwise background rotation and most used s = 0.1 in order to match
many of the laboratory experiments; a few runs were also conducted with s = 0.15 in order
to compare the numerical streamfunctions with those calculated by Griffiths with this
depth gradient (see section 3.2). Most of the numerical experiments were conducted with
an aspect ratio Λ = 3.92 as in the laboratory experiments, but runs were also conducted
with a range of smaller values down to Λ = 0.49 in order to investigate the effects of using
a narrower basin as in Beardsley (1969, 1972, 1973, 1975), Beardsley & Robbins (1975)
and Becker & Page (1990) (see sections 3.2.1 and 3.5).
Around 130 numerical experiments were conducted in order to explore the flow behaviour for a variety of different basin widths and Rossby and Ekman numbers (see figures 3.11 and 3.12 for an indication of the parameter values investigated with s = 0.1).
With Λ = 3.92, the experiments used Rossby and Ekman numbers in the ranges 0 ≤
Ro ≤ 0.166 and 3.14 × 10−5 ≤ E ≤ 1.25 × 10−4 , covering the range of Ekman and Rossby
29
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numbers investigated in the laboratory by GK99 with this aspect ratio. With this range
1
of Ekman numbers, the critical slope above which the Stommel and Stewartson E 4 layers
1
3
begin to merge is scr = (2/3) 2 E 4 = 0.0407 – 0.0576 (see section 2.2.2); this is about
half the bottom slope s, so in the linear limit we expect a mixed Stommel/Munk-type
boundary current at the west (θ = π), with a weak countercurrent (Beardsley, 1969). We
expect the countercurrent to weaken with azimuth away from θ = π as the flow becomes
1
more like a Stommel boundary current with a Stewartson E 4 viscous sublayer, as discussed in section 2.2.2. As a proportion of the tank width 2Λ, the e-folding scale of the
viscous boundary layer at θ = π is (−2Λλ r )−1 = 0.010 – 0.015 for this range of Ekman
numbers (with s = 0.1 and Λ = 3.92), where λ r is the real part of the complex conjugate
roots of the characteristic polynomial (2.27). This boundary current width is intermediate
between the values given by the Munk and Stommel length scales δ M and δS .
The boundary layer thickness at large Rossby number is also of interest. In a steady,
inviscid flow in the quasigeostrophic limit |h|  1, a uniform current u int along depth
contours will turn to flow parallel to a straight, impermeable western boundary (which
may be inclined to the depth gradient) in an inertial boundary layer with e-folding scale
1
δI = (−Ro uint /2s) 2 normal to the boundary. Using the Sverdrup streamfunction (2.24) for
1
the interior flow, we have uint = vSv tan θ at the western boundary (where vSv = E 2 ζT /(2s)
is the Sverdrup velocity). In the southwest (where tan θ ≈ 1) at the largest Rossby number
investigated for each Ekman number (with s = 0.1 and Λ = 3.92) we have δ I /(2Λ) = 0.017
– 0.039, similar to the range 0.005 – 0.03 estimated by Le Provost & Verron (1987) for the
North Atlantic. Since δI exceeds −λ−1
r , we expect inertial effects to be very important in
the western boundary current at the largest Rossby numbers investigated; however since δ I
and −λ−1
r are of similar magnitude the influence of lateral and bottom friction is probably
larger than in the real ocean (Le Provost & Verron, 1987).
At large Rossby number we expect the (omitted) stretching of ζ to be comparable to the
stretching of “planetary” vorticity in regions where ζ is large, as discussed in section 2.3.
From the linear boundary layer velocity profile
(2.28), the vorticity maximum occurs at

x = −Λ, y = 0, where we have ζ = −2vSv λr + Λ(λ2r + λ2i ) = 82.6 – 112 for this range
of E, with s = 0.1, Λ = 3.92 and anticyclonic forcing. Assuming this is representative of
the maximum vorticity in the flow at nonzero Ro, we must have Ro  2/|ζ| ≈ 0.02 in
order for the stretching of “planetary” vorticity to dominate the stretching of ζ near the
boundary. This is quite a severe restriction, but we shall see that in practice the numerical
model performs well at larger Ro. This is because the linear theory overestimates |ζ| at
the boundary at finite Ro, and because the error is much smaller in other parts of the
flow where ζ is smaller. In addition the stretching is relatively weak in most of the flow,
so the advection of ζ by uψ is generally more important in the vorticity balance than the
convergence of ζ filaments due to the neglected divergent component of the velocity.
The numerical experiments used a polar grid which was uniform in both directions in
order to retain second-order accuracy in the spatial derivatives. For almost all of the runs
the number of radial and azimuthal nodes was (N i + 1, Nj ) = (161, 512); this choice of Ni
gave between 3.3 and 4.9 grid points within the viscous boundary layer thickness −λ −1
r for
the range of Ekman numbers used (with s = 0.1 and Λ = 3.92). The dimensional timestep
1
for most of the runs was 1.25 × 10−2 τ |Ω|−1 (where τ = 2−1 E − 2 is the Ekman spinup
timescale), chosen to resolve the shortest Rossby wave periods at the smallest Ekman
number used. A few runs with small E and large Ro required higher radial and temporal
resolution to retain accuracy in the advection term. Convergence was confirmed at several
different points in parameter space by comparing runs with different spatial and temporal
resolutions.
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Since the flow behaviour under cyclonic forcing was very nearly identical to that under
anticyclonic forcing (but reflected about the east-west diameter), almost all of the numerical experiments were conducted with anticyclonic forcing. Most runs were started from
rest, but a few used a fully spun-up flow at a slightly different Rossby number as the initial
condition. All runs were spun-up until they had attained a statistically steady state, as
determined from time series of the basin-integrated kinetic energy K (see equation (2.45));
this typically took 5 to 20 times the Ekman spinup timescale τ . All results reported in
this chapter are for the large-time asymptotic state under anticyclonic forcing, and were
obtained using the no-slip boundary condition (2.39).

3.2

Streamlines

Figure 3.1 shows examples of flow in the laboratory experiments by Griffiths (GK99) at
a variety of Rossby and Ekman numbers under anticyclonic forcing. The anticyclonic
forcing produces downward pumping from the upper Ekman layer, which drives a broad,
slow southward Sverdrup flow throughout the interior. This flow is returned by a much
faster and narrower northward current against the western boundary. The visualisations
in figure 3.1 were produced by advection of thin streams of neutrally buoyant dye which
were bled into the flow from syringe tubes positioned in the western boundary current and
in the interior of the tank.
The flows shown in figure 3.1 are representative of the four regimes identified by Griffiths: as the Rossby number is increased at a given Ekman number, the broad outflow
from the western boundary current in the stable quasi-linear flow (figure 3.1 (a)) becomes
concentrated into an intense separated jet characteristic of the stable non-linear regime
(figure 3.1 (b)); as the Rossby number is increased further the jet becomes unstable and
sheds eddies, periodically at first (figure 3.1 (c)), and then aperiodically at very large
Rossby number (figure 3.1 (d)). Apart from the transition to aperiodic flow, this dependence of the flow structure and behaviour on Rossby number is qualitatively the same
as that reported by Beardsley (Beardsley, 1969, 1972, 1973; Beardsley & Robbins, 1975).
The dependence of these transitions on Rossby and Ekman number will be discussed more
thoroughly in section 3.5, but we note here that Griffiths showed that the transitions in the
1
2
laboratory occur at fixed values of the Reynolds number Re γ = 2RoE − 3 Λs 3 , irrespective
of the value of E.
Griffiths found that the laboratory flow was never completely steady, even for the smallest Rossby numbers investigated. The instability at low Rossby number took the form
of a weak fluctuation of the azimuthal velocity in the western boundary current outflow
region. This fluctuation distributed the dye across a small range of streamlines, forming
kinks which were then passively advected by the steady interior flow (see figure 3.1 (a)
and (b); the very slow interior flow was also subject to small-scale thermal convection,
which contributed to the fuzziness seen in the dye streams). Griffiths conducted an exhaustive investigation into the origin of this unsteadiness, and observed that its period was
always an integer multiple of the lid period. From this he tentatively concluded that the
unsteadiness resulted from an extreme sensitivity of the flow to a very weak modulation
of the lid forcing, perhaps due to minute imperfections in the lid’s lower surface. The
low-Rossby number unsteadiness is distinct from the large-amplitude jet instability seen
at larger Rossby number (see figure 3.1 (c) and (d)) and was not seen in the numerical
experiments. Griffiths’ terminology will be adopted here: the low-Rossby number flows
will be described as “stable” (although they are unsteady in the laboratory), and the term
“unstable” will be reserved for flows exhibiting a large-amplitude jet instability.
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(a) Quasi-linear, stable regime:
Ro = 0.0112, E = 3.15 × 10−5 , Reγ = 46.8

(b) Nonlinear, stable regime:
Ro = 0.0557, E = 1.26 × 10−4 , Reγ = 92.1

(c) Unstable, periodic eddy-shedding regime:
Ro = 0.053, E = 6.3 × 10−5 , Reγ = 139.7

(d) Unstable, aperiodic eddy-shedding regime:
Ro = 0.169, E = 1.26 × 10−4 , Reγ = 279

Figure 3.1: Streaklines in the laboratory sliced cylinder experiments by Griffiths
(GK99), under anticyclonic forcing with Λ = 3.92 and s = 0.15. North is at the top
2
1
and the mean flow is clockwise. Reγ is the Reynolds number, Reγ = 2RoE − 3 Λs 3 .
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Figures 3.2 (a), (c) and 3.3 (a) show examples of flows calculated using the numerical
model under various conditions. As in the laboratory experiments, the flow behaviour
passed though a number of regimes for increasing values of Ro. For very weak forcing,
the circulation pattern had a near north-south symmetry and the flow was steady. The
western boundary current intensified to the north under stronger forcing (figure 3.2 (a)),
and a further increase in forcing resulted in separation of the boundary current, which
penetrated into the interior as a jet (figure 3.2 (c)). A small anticyclonic recirculating
gyre appeared on the southwestern side of the jet at slightly stronger forcing than that
shown. Even stronger forcing yielded a transition to periodic unstable flow, with cyclonic
eddy shedding from the cyclonic loop in the boundary current jet (figure 3.3 (a)). Further
transitions to alternating eddy sizes (period doubling) and to aperiodic eddy shedding
took place when the forcing was very strong.
Figures 3.2 and 3.3 also show streamlines calculated by Griffiths from his laboratory
results, using a procedure described in detail in Griffiths & Kiss (1999). This approach
combined mean streamline information obtained by tracking the dye with estimates of
the total transport from measurements of the northward velocity in the interior along the
diameter y = 0. This allowed the determination of the streamlines which represented
equal intervals in the velocity streamfunction. By this method, Griffiths plotted contours
of Λ−2 (ψmax − ψ), where ψmax is the maximum streamfunction on the diameter y = 0.
It is clear from figures 3.2 and 3.3 that there is very good quantitative agreement between the numerical and laboratory streamfunctions at the same parameter values, even at
relatively large Ro. The streamfunction magnitudes match very well in all cases 1 , as does
the width and extent of the western boundary current overshoot in figure 3.2 (a,b) and the
penetration length of the western boundary current jet and the path of the subsequently
diverging streamlines in figure 3.2 (c,d) and figure 3.3 (a,b). However the separation of
the western boundary current jet is slightly delayed in the numerical results, as will be
discussed further in section 3.4.1.
The numerical model also fails to capture the tendency for streamlines to approach the
boundary, which is most easily seen in the laboratory streamlines at the east. As discussed
1
in section 2.2.2, this radial transport enters a Stewartson E 3 layer at the boundary which
supplies fluid for the radial flow in the upper Ekman layer and thereby closes the vertical
1
circulation (Beardsley, 1969; Griffiths & Kiss, 1999). The Stewartson E 3 layer must
obtain fluid directly from the interior because the total vorticity is zero as a consequence
of the no-slip boundary condition (see section 2.3.3), so the net transport from the bottom
Ekman layer is insufficient to supply the upper Ekman layer flux. If we assume that
1
this Stewartson layer is axisymmetric, this implies a radial velocity of −ΛE 2 ζT /4 into
the sidewall layer. At the east this radial velocity is perpendicular to the southward
Sverdrup flow, and implies that the interior streamlines approach the wall at an angle
of tan−1 (Λs/2), which depends only on the geometric parameters of the sliced cylinder
apparatus. With s = 0.15 and Λ = 3.92 this angle is 16.4 ◦ , in good agreement with the
value of ≈ 15◦ obtained from figure 3.2 (d). We note from this expression that the radial
flux assumes a greater importance in the experiments presented here than in the previous
work of Beardsley (1969, 1973); Beardsley & Robbins (1975) and Becker & Page (1990)
because Λ is larger. The depth-dependent, horizontally divergent flow in the Stewartson
1
E 3 layer cannot be captured by the numerical model, so the interior flow is parallel to the
boundary in the numerical results in order to satisfy the boundary condition (2.38).
1
The agreement of the streamfunction magnitudes as a function of E is demonstrated in figure 3.8, with
s = 0.1.
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(a) Numerical streamfunction:
Quasi-linear stable regime:
Ro = 0.011, E = 3.15 × 10−5 , Reγ = 46.8

(b) Laboratory streamfunction:
Quasi-linear stable regime:
Ro = 0.011, E = 3.15 × 10−5 , Reγ = 46.8
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0.032
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0.024
0.016

0.016
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(c) Numerical streamfunction:
Nonlinear stable regime:
Ro = 0.067, E = 1.26 × 10−4 , Reγ = 110

(d) Laboratory streamfunction:
Nonlinear stable regime:
Ro = 0.067, E = 1.26 × 10−4 , Reγ = 110

Figure 3.2: Numerical (left) and laboratory (right) streamfunctions in the sliced
cylinder at the same parameter values, under anticyclonic forcing with s = 0.15 and
Λ = 3.92; the laboratory streamfunctions were calculated by Griffiths (GK99). The
values plotted are Λ−2 (ψmax − ψ), where ψmax is the maximum streamfunction on the
diameter y = 0. The numerical streamlines are an instantaneous snapshot, whereas
the laboratory streamlines in the interior have been averaged over the small-amplitude
wave motions. The shading indicates regions where large-amplitude instability prevented accurate determination of the laboratory streamfunction.
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(a) Numerical streamfunction:
Periodic eddy-shedding regime:
Ro = 0.039, E = 3.15 × 10−5 , Reγ = 162

(b) Laboratory streamfunction:
Periodic eddy-shedding regime:
Ro = 0.039, E = 3.15 × 10−5 , Reγ = 162

Figure 3.3: As for figure 3.2 but in the periodic eddy-shedding regime.

3.2.1

Flow patterns in narrower basins

In order to realistically model the dynamics of wind-driven flow in an ocean basin, the
length scales associated with the western boundary current should be much smaller than
the basin width so that there is significant western intensification. In the sliced cylinder
at zero Rossby number this can be arranged by choosing a large aspect ratio, a large
bottom slope, or a small Ekman number. In principle an appropriate choice of the bottom
slope and Ekman number can make the linear western boundary current width as small
as desired relative to the basin scale for any choice of the aspect ratio. However practical
limitations arise: a very small Ekman number requires a very rapid rotation rate, making
instrumentation difficult in the laboratory, and a large bottom slope produces a large
relative depth variation and therefore a non-constant gradient of the potential vorticity Q
(equation (2.35)), making comparison with β-plane models less straightforward.
Previous authors have used laboratory basins with aspect ratios of Λ = 1.00 (Beardsley,
1969; Beardsley & Robbins, 1975) or Λ = 0.429 (Becker & Page, 1990), both considerably
smaller than Λ = 3.92 used in the laboratory experiments by Griffiths (GK99). Slightly
smaller Ekman numbers and slightly larger bottom slopes were used to compensate, but
the linear boundary current width was still a larger fraction of the basin scale than in
Griffiths’ experiments. The flows studied by Beardsley were qualitatively similar to those
of Griffiths, but Becker and Page obtained qualitatively very different results in their much
narrower basin. This difference motivated a series of numerical experiments by the author
to investigate the effects of reducing the aspect ratio (figure 3.12 gives an indication of the
range of parameters investigated).
Figure 3.4 shows streamfunction plots of flow with the same value of s, RoΛ and E
1
2
(and thus the same values of Ho and the Reynolds number Reγ = 2RoE − 3 Λs 3 ) in basins
with different aspect ratio Λ (note that the contrasts would be further accentuated if we
had chosen to compare solutions for a fixed Ro). We have noted in the caption the runs
which have a similar aspect ratio to the experiments of Beardsley (1969, 1973), Beardsley
& Robbins (1975) and Becker & Page (1990), but the flows they studied more closely
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resemble the previous runs in the sequence (i.e. figures 3.4 (c) and (e)) due to different
choices for E and s.
Since the Ekman number and bottom slope are fixed in this figure, the thickness of
the linear western boundary current is constant, and it therefore takes an increasingly
large proportion of the basin width as the aspect ratio is reduced. For the smallest
aspect ratio shown, the e-folding scale of the linear western boundary layer at θ = π is
(−2Λλr )−1 = 0.08 as a proportion of the tank width 2Λ. Although this is eight times larger
than for Λ = 3.92, this value is still significantly less than one, suggesting that the linear
flow will still display strong western intensification. It is clear however that the nonlinear
flow in figure 3.4 (f) is almost perfectly axisymmetric, displaying no significant western
intensification. The origin of this flow structure is evident from the evolution of the flow
with decreasing aspect ratio. Under the nonlinear conditions illustrated in the figure, the
separated western boundary current jet begins to impinge on the eastern boundary as
the basin becomes narrower (this also strongly suppresses instability when Λ ≤ 0.695).
At large Rossby number a recirculating gyre appears on the southwestern side of the jet;
however when the aspect ratio is very small this recirculation fills the entire basin, the
Sverdrup interior disappears, and there is no western intensification or separated jet. The
recirculation fills the basin partly as a result of the basin becoming narrower and partly
because the inertial length scale δ I increases, since Reγ is held fixed while Λ is decreased.
A similar choice of parameters led to the nearly axisymmetric flows under strong forcing
reported by Becker & Page (1990).
At more moderate aspect ratios the flow is less dramatically different from that in a
wide basin, but the penetration and instability of the western boundary current jet are
constrained by its proximity to the eastern boundary. A wide basin such as that used
by GK99 is therefore a more appropriate choice for laboratory studies of both linear and
nonlinear flow in which the scales resemble those of the wind-driven ocean circulation.

3.3

Velocity profiles

This section reports the flow velocities calculated using the numerical model, and compares
these results to those obtained from the linear theory by Beardsley and the laboratory
experiments by Griffiths. Although this comparison is similar to that conducted by Beardsley (1969, 1973) and Beardsley & Robbins (1975), it is prudent to repeat it in our case
in order to confirm the accuracy of the numerical method based on the modified vorticity
equation (2.33).
Examples of western boundary current velocity profiles from the laboratory and numerical experiments are plotted in figure 3.5. It is difficult to obtain accurate measurements
of the velocity profile in the laboratory under these conditions, mainly because of the
small boundary current width (the velocity maximum is about 1 cm from the boundary
in figure 3.5). In such a narrow current it is particularly difficult to accurately determine
the position at which a velocity measurement was obtained; in regions of high shear this
can lead to a large error in the velocity at a given point in comparison with the actual
profile. Despite these difficulties, there is very good agreement between the numerical and
laboratory results; the only notable difference is a slightly smaller maximum current speed
in the experiment shown. No significant depth dependence was detected in the laboratory,
supporting the assumption of depth-independent horizontal flow made in the derivation
of the numerical formulation (section 2.3). Some of the small differences between the four
laboratory profiles shown are the result of small amplitude oscillations in the flow, particularly at the edge of the boundary current. The interior southward drift in the numerical
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(a) Λ = 3.92
(as in Griffiths’ laboratory experiments,
Griffiths & Kiss, 1999)

(b) Λ = 1.96

(c) Λ = 1.385

(d) Λ = 0.98
(similar Λ to Beardsley, 1969, 1973;
Beardsley & Robbins, 1975)

(e) Λ = 0.695

(f) Λ = 0.49
(similar Λ to Becker & Page, 1990)

Figure 3.4: Numerical streamlines in the sliced cylinder under anticyclonic forcing
for various tank radii a, with fixed Ho = 12.5 cm, s = 0.1, E = 3.14 × 10−5 and
1
2
RoΛ = 0.109 (so Reγ = 2RoE − 3 Λs 3 = 102). The contour interval in ψ is 5×10−3Λ2 .
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results was independent of x, as expected from Sverdrup theory; this was also found in
the laboratory to within the precision of the measurements (10%).
It is clear from the numerical results in figure 3.5 that the (scaled) peak velocity in the
western boundary current at y = 0 decreases with increasing Rossby number, consistent
with the northward intensification at large Ro shown in figures 3.2 and 3.3. This trend
is shown in more detail in figure 3.6 (b). The western boundary current also becomes
broader and loses the countercurrent on the eastern side as the Rossby number increases.
As will be shown in section 5.1.4, these changes result from the increased role played by
inertia in the western boundary current inflow at large Ro.
Figure 3.5 also shows the velocity profile obtained from the linear one-dimensional
theory of the western boundary current (WBC) at θ = π given by Beardsley (1969) and
reproduced in section 2.2.2. With E = 6.27 × 10−5 and s = 0.1 we have λr = −10.125 and
λi = 7.4156 in equation (2.28); the boundary current takes the form of a spatial oscillation
decaying with x (giving a weak countercurrent on the eastern side of the WBC) because the
1
3
bottom slope s exceeds the critical value scr = (2/3) 2 E 4 = 0.0484. The one-dimensional
theory accurately predicts the width of the boundary current at Ro = 0 (this is also shown
in figure 3.7), but overestimates the peak velocity by about five per cent when compared
with the numerical results. This disparity is largely due to neglecting derivatives in the y
direction in the theory and therefore neglecting the component − ∂u
∂y of the relative vorticity.
In the interior the neglected relative vorticity is weakly anticyclonic and results in Ekman
pumping which partly balances the wind forcing, producing a southward transport which
is slightly less than that predicted by Sverdrup theory. The southward transport is also
1
reduced slightly by the Stewartson E 4 layer on the eastern boundary, which was neglected
in the one-dimensional theory. Thus the theory overestimates the interior transport, and
therefore requires a stronger western boundary current.
The normalised maximum northward velocities vmax along y = 0 are plotted in figure 3.6 (a) for a number of experiments in the low-Rossby number regime, along with the
results of the numerical model and the linear one-dimensional theory in section 2.2.2. In
order to remain within the quasi-linear regime in the laboratory experiments (defined as
the conditions under which there was little downstream intensification of the boundary
current), it was not possible to cover a range of E at a fixed value of Ro. Hence the laboratory experiments covered a range of both Rossby and Ekman numbers and in this regime
it was difficult to determine independently the role of each parameter. The numerical
model, on the other hand, reveals a dependence of vmax on both Ro and E. At Ro = 0 the
numerical model gives vmax ∼ E 0.085 , while the linear theory gives vmax ∼ E 0.096 , showing
that the error in the one-dimensional theory is dependent on E. As expected from the
closeness of s to scr , these exponents are intermediate between those given by the Stom1
mel (vmax ∼ E 0 ) and Munk (vmax ∼ E 6 ) limits. As Ro increases, vmax decreases and the
exponents increase; at Ro = 0.06 we have vmax ∼ E 0.178 . Figure 3.6 (b) shows a transi1
tion at finite Rossby number from vmax independent of Rossby number at Ro  E 2 to
vmax ∼ Ro−0.4 at Ro > 0.05 (for E = 6.27 × 10−5 ), due to northward intensification.
The velocity profiles on the diameter y = 0 provide values of the current widths δ m
and δo defined by the distance from the wall to the positions of the maximum speed and
velocity reversal, respectively (δ m is not to be confused with the Munk width δ M ). As
figure 3.7 shows, at Ro = 0 the numerical predictions for δ m and δo (obtained from the
velocity profiles by quadratic interpolation) are in excellent agreement with the theoretical
1
predictions. From the linear theory under these conditions we have δ m ∼ E 3 (matching
the scaling of δM in the Munk limit, s  scr ), whilst the full width δo of the current scales
1
as δo ∼ E 0.40 , close to the E 2 scaling of δS in the Stommel limit, s  scr . This mixed
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Figure 3.5: Northward velocity v in the western boundary current as a function
of east-west position x along y = 0 in the sliced cylinder under anticyclonic forcing
with Λ = 3.92 and s = 0.1. The lines are from the numerical model and the data
points are from laboratory measurements by Griffiths (GK99), obtained using the
bromothymol-blue technique with electrode wires 2 cm below the lid and 2 cm above
the base.
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Figure 3.6: Maximum northward velocity vmax on y = 0 as a function of (a) Ekman
number E (at various Ro) and (b) Rossby number Ro (for E = 6.27 × 10−5 ) in the
sliced cylinder under anticyclonic forcing with Λ = 3.92 and s = 0.1. Data from the
numerical model and linear theory are shown in (a) as small data points and powerlaw regressions; the large data points are from laboratory measurements by Griffiths
(Griffiths & Kiss, 1999). The curve in (b) is an interpolation to assist the eye.
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Figure 3.7: Western boundary current width vs. E at Ro = 0 in the sliced cylinder
with Λ = 3.92 and s = 0.1, from linear theory and the numerical model. δo is the
distance from the wall to the northward velocity reversal on the diameter y = 0, and
δm is the distance to the position of maximum northward velocity. The lines are
power-law regressions.

scaling is a consequence of s being close to scr , and is evidence that the inner WBC is
in an approximate Munk (orographic/lateral viscosity) balance, whilst the outer WBC is
in an approximate Stommel (orographic/Ekman friction) balance. This will be discussed
further in section 5.1.1.
Figure 3.8 shows the Ekman-number dependence of ψ max , the maximum streamfunction
on the diameter y = 0, derived from the laboratory experiments by Griffiths, the linear
theory by Beardsley (1969) (section 2.2.2) and the numerical model. The numerical results
at Ro = 0 are in good agreement with the linear theory; the latter slightly overestimates
the transport due to the omissions discussed above. At Ro = 0 we have ψ max ∼ E 0.450
from the numerical model and ψmax ∼ E 0.467 from the linear theory, again showing that
the error in the one-dimensional theory increases with E, as expected from the omission
1
of the eastern Stewartson E 4 layer and Ekman friction in the interior. The exponents
1
are slightly less than for vSv ∼ E 2 , due to the increase in the western boundary current
thickness δo with E shown in figure 3.7. The numerical result for Ro = 0.06 demonstrates
a small reduction in transport through y = 0 with increasing Ro (mainly due to northward
intensification), but the exponent remains almost the same. The laboratory values were
estimated from ψmax ≈ vint (2Λ − δo ), where vint is the interior northward velocity, assumed
independent of x for −Λ + δo ≤ x ≤ Λ. The scatter in the laboratory values is mostly due
to measurement error, as the dependence of ψ max on Ro is relatively weak. The numerical
results are in very good agreement with the laboratory measurements.

3.4

Vorticity structure

Figure 3.9 shows the vorticity structure in the sliced cylinder under various conditions.
When Ro = 0 (figure 3.9 (a)), the vorticity is significant only near the lateral boundaries.
The vorticity immediately adjacent to the boundary is cyclonic under anticyclonic forcing
due to the no-slip condition; this cyclonic region is particularly intense in the western
boundary current. The western boundary current is anticyclonic to the east of the velocity
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Figure 3.8: Streamfunction maximum ψmax on y = 0 vs. E in the sliced cylinder
from the laboratory experiments, linear theory and numerical results. The forcing is
anticyclonic, Λ = 3.92 and s = 0.1. The lines through the numerical and theoretical
data are power-law regressions.

maximum, apart from a very weakly cyclonic region associated with the countercurrent
(see figure 3.5).
The western boundary current intensifies in the north as the Rossby number increases
and the northward advection of vorticity becomes more significant. When advection becomes sufficiently strong the western boundary current forms a narrow jet which separates
from the boundary before decelerating to merge with the interior Sverdrup flow. As shown
in figure 3.9 (b), the jet is composed of cyclonic and anticyclonic regions which have left
the vicinity of the boundary and penetrated into the interior. Notice, however, that in
figure 3.9 (b) the vorticity remains cyclonic everywhere on the boundary, and that this
separation and breakdown of the boundary-layer approximation therefore occurs without
reversed flow along the boundary. A further increase in forcing strength (or decrease in
Ekman number) is needed to produce separation with stagnation points and reversed flow
similar to that seen in classical (non-rotating) boundary-layer separation (e.g. Schlichting,
1968). This is illustrated in figure 3.9 (c), where we also note the northward migration of
the streamfunction maximum compared to the linear case, and the increased penetration
of sidewall vorticity into the interior. The cyclonic vorticity penetrates further into the
interior due to vortex stretching in the southward flowing jet, and at large Rossby number
and/or small Ekman number this cyclonic region becomes unstable to the formation of
cyclonic eddies which pinch off from the jet. Figure 3.9 (d) is an instantaneous snapshot
of a periodic flow which shows the formation of an eddy in the jet, as well as the previous
eddy which has propagated to the southwest and been damped by Ekman friction since
being shed from the jet. A weak anticyclonic recirculation is also present on the northern
side of the jet in this figure.
The physical location of the instability is unusual, since instability in wind-driven
models of this kind typically appears as a train of eddies trapped in the western boundary
current against the sidewall (e.g. Bryan, 1963; Ierley & Young, 1991; Kamenkovich et al.,
1995; Sheremet et al., 1997) rather than in the jet. However Meacham & Berloff (1997b)

3.4. Vorticity structure

43

+10

ζ

+5
0
-5
-10

(a) Linear flow:
Ro = 0, E = 12.5 × 10−5 ,
Reγ = 0

(b) Nonlinear, steady flow:
Ro = 4.0 × 10−2 , E = 8.87 × 10−5 ,
Reγ = 73.2
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(c) Nonlinear, steady flow:
Ro = 8.32 × 10−2 , E = 12.5 × 10−5 ,
Reγ = 121

(d) Nonlinear, unsteady flow:
Ro = 8.82 × 10−2 , E = 6.27 × 10−5 ,
Reγ = 203

Figure 3.9: Relative vorticity in the sliced cylinder under anticyclonic forcing with
s = 0.1 and Λ = 3.92. The colours show the value of ζ, and the black lines are
contours of ψ (the contour interval is 10−2 Λ2 between thick lines, and 5 × 10−3 Λ2
between thick and thin lines). Vorticity balances for (c) are shown in figures 5.6
and 5.7.
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identified a second “interior instability” which occurred in the meander in the separated
jet in their numerical model when the meridional size of the basin was sufficiently small
relative to the viscous western boundary current thickness (this instability also appears
in the model of Blandford, 1971). Meacham and Berloff showed that in larger basins
the usual western boundary current instability is preferred. The instability in the sliced
cylinder has a similar location to this “interior instability”, but it remains the only form of
instability even when the basin is more than twice as large as the threshold beyond which
the western boundary current instability predominates in the results of Meacham and
Berloff. The anomalous stability of the western boundary current in the sliced cylinder
is probably due to Ekman friction (see Ierley & Young, 1991), which was not included in
Meacham and Berloff’s model.

3.4.1

Boundary current separation position

Western boundary current separation is unambiguously defined only under conditions for
which the current leaves the wall as a narrow jet. We used two criteria to objectively define
the onset and position of boundary current separation in the numerical results: a change in
sign of the vorticity at the boundary (indicating a stagnation point at the boundary and a
region of reversed flow along the boundary, as shown in figure 3.9 (c) and (d)), or a change
in sign of the radial derivative of the vorticity at the boundary (indicating a region of high
vorticity extending into the interior and a breakdown of the boundary-layer approximation
where the radial vorticity gradient vanishes, as shown in figure 3.9 (b), (c) and (d)). The
westernmost point on the boundary satisfying either criterion was taken to be the point
of separation. It was found that the latter criterion was the weaker definition, as it always
occurred at lower Rossby number than that required to produce reversed flow. This results
in a regime (between the dashed lines in figure 3.11) in which there was separation of the
vortex sheets without the formation of a recirculation “bubble” (as discussed by Becker &
Page, 1990). The potential vorticity dynamics responsible for flow separation are discussed
in section 5.2.2.
The position of separation in the numerical results is shown in figure 3.10 as a function
1
2
of Reynolds number Reγ = 2RoE − 3 Λs 3 . Separation occurred between 17◦ and 39◦ west
of north (using the onset of recirculation to locate the separation point) or between 25 ◦
and 40◦ (using the change in sign of the radial vorticity gradient at the boundary). In
cases when both criteria were satisfied, the change in sign of the radial vorticity gradient
occurred about 1◦ ∼ 8◦ upstream of the change in sign of vorticity when Λ = 3.92, with
the difference tending to increase with increasing E. The difference also increased with
decreasing Λ (keeping E and s fixed), reaching around 22 ◦ for Λ = 0.98.
Figure 3.10 also shows the separation position measured in the laboratory by Griffiths.
The separation position was estimated from the path of a dyed streamline injected as close
1
as possible to the wall without it entering the upflow in the Stewartson E 3 layer. Under
some conditions some of the dye also entered a region of reversed flow in the northwest,
north of the separation point, and the resulting confluence of the velocities parallel to the
wall further confirmed the separation positions. Separation occurred in the laboratory at
a mean azimuthal angle 34.7◦ ± 3◦ west of the shallowest point in the tank. Although
separation in the laboratory experiments was identified by recirculation, the numerical
results agree best when the radial vorticity gradient criterion is used. This indicates
that separation is slightly delayed in the numerical results, which may be related to the
1
absence of a Stewartson E 3 sidewall layer in the numerical model. As in the numerical
experiments, the separation position in the laboratory flow was not strongly dependent

3.5. Regimes as a function of Ro, Reγ , E, and Λ

45

Separation position (degrees west of north)

50
45
40
35
30
25

numerical, recirculation
numerical, radial vorticity gradient
laboratory experiments

20
15
100

200

300

400

Reγ
Figure 3.10: Separation position of the western boundary current in the sliced cylinder (in degrees west of the shallowest point, “north”) as a function of the Reynolds
number Reγ in the laboratory experiments and numerical results. The wind forcing is anticyclonic, and Λ = 3.92. The numerical results are for s = 0.1, whilst the
laboratory results are for both s = 0.1 and s = 0.15.

on Ekman or Rossby number, showing only a small shift toward the upstream direction
(southward) for larger forcing.
It is somewhat surprising that the separation position in the numerical model agrees
1
so well with the laboratory measurements, since both the Stewartson E 3 -layer and the
stretching of ζ are omitted. In section 3.1, linear western boundary current theory was
used to estimate ζ at the boundary, from which is was predicted that the stretching of ζ
would be comparable to the stretching of “planetary” vorticity when Ro ≈ 0.02 (roughly
the value of Ro at which separation occurs, as shown in figure 3.11 (a)). However the linear
theory overestimates the magnitude of the vorticity in the outflow region (particularly at
finite Ro), so the error is less serious than expected.

3.5

Regimes as a function of Ro, Reγ , E, and Λ

Figure 3.11 (a) shows the flow regime transitions given by the numerical model as a
function of Ro and E with Λ = 3.92, with the regime boundaries seen in the laboratory
marked by grey lines for comparison. The regime boundaries were in good agreement
with the laboratory results for the transitions from quasi-linear to nonlinear, stable flow
and thence to periodic eddy shedding. The transition to nonlinear flow is shown by two
dashed lines, corresponding to the two different criteria used to define separation: the
radial vorticity gradient changed sign at the wall above the lower line, and recirculation
at the wall (diagnosed by a change of sign of the vorticity at the wall) occurred above the
upper line. Flows with parameters falling between the dotted lines display a breakdown
of the boundary-layer approximation and separation of the high-vorticity region from
the boundary, without the formation of a recirculation “bubble” in the streamfunction
(see figure 3.9 (b)). The transition to nonlinear flow was defined in the laboratory by
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the formation of a western boundary current jet. Although this criterion is somewhat
subjective, the laboratory regime boundary lies between the dashed lines obtained from
the numerical model using objective criteria.
The transition to periodic unstable flow occurs at a critical Rossby number which is
2
nearly proportional to E 3 , and therefore occurs at a critical value of the Reynolds number
2
1
Reγ = 2RoE − 3 Λs 3 which is nearly independent of Ekman number. This Reynolds number
was introduced by Griffiths (GK99), who found that the transitions from quasi-linear to
nonlinear stable flow and from periodic to aperiodic unstable flow also occurred at values
of Reγ which were independent of E (within the resolution of the sampling of parameter
space in the laboratory).
As shown in figure 3.11 (b), these general conclusions are supported by the numerical
results, except for the transition to aperiodic flow. With Λ = 3.92 the transition to periodic
flow in the numerics occurred for Reγ in the range 106 – 126, with a weak dependence on
E. This transition occurs at slightly lower Re γ than in the laboratory, probably because
sustained periodic oscillation of the total kinetic energy was used instead of eddy shedding
as the criterion for identifying flows in the unstable regime.
In the numerical model a critical Re γ = 79 ± 5 characterises western boundary current
separation with recirculation, as the upper dashed line in figure 3.11 (b) shows. The lower
dashed line indicating breakdown of the boundary-layer approximation does not have a
power-law dependence on Ekman number, but is nevertheless characterised by a Reynolds
number Reγ which is nearly independent of E. In a detailed theoretical and numerical
study of nonlinear western boundary currents with lateral viscosity but no bottom friction,
Ierley & Ruehr (1986) found that the boundary-layer approximation breaks down in the
1
4
1
outflow region at a critical value of a different Reynolds number, given by 2 − 3 πRoE − 6 s− 3
in the scaling used here. This Reynolds number does not characterise boundary-layer
separation in the sliced cylinder, probably because the dynamics are complicated by the
finite basin size relative to the western boundary current width (as discussed by Ierley,
1987), as well as boundary curvature and bottom friction.
Under very strong forcing the total kinetic energy of the flow in the numerical model
showed period doubling behaviour, suggesting that this system becomes aperiodic through
a period doubling cascade. Another feature characteristic of the period-doubling route to
chaos is the periodic “window” in an otherwise aperiodic regime, at E = 6.27 × 10 −5
and Reγ = 203. Fourier analysis of kinetic energy time series in the aperiodic regime
yields spectra which lack well-defined peaks, in which the energy is spread continuously
across a broad range of frequencies. Spectra of this sort are characteristic of chaos. The
transition to chaos appears to be quite different from that seen in the laboratory, with the
onset of aperiodicity dependent on E, taking place at significantly smaller Re γ than in
the laboratory when E is small. This difference may reflect either the limitations of the
formulation or numerical instability in the code. The validity of the formulation in strongly
nonlinear flows is questionable, since stretching of relative vorticity is neglected and linear
Ekman theory is used. In fact, since |ζ| ≈ 5 in the jet (see figure 3.9 (c) and (d)), the
(neglected) stretching of relative vorticity will exceed the stretching of planetary vorticity
in the jet when the Rossby number exceeds 2/|ζ| ≈ 0.4, as discussed in section 2.3. It
is therefore not surprising that the detailed time-dependence of the jet is different from
that seen in the laboratory when Ro = O(0.1). In addition to these concerns about the
validity of the formulation, at very large Rossby number and small E the advective term
in the vorticity equation was not accurately represented by second-order finite differences
in the strongly decelerating flow in the separated jet, due to the numerical effect discussed
by Leonard (1984). Owing to these limitations, the details of the time-dependence in the
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Figure 3.11: Flow regimes identified in the sliced cylinder numerical model as a
function of (a) Rossby number Ro and Ekman number E, and (b) Reynolds number
Reγ and Ekman number. All runs have s = 0.1 and Λ = 3.92. Transitions from
stable (•) to unstable flow with periodic eddy-shedding (◦) and thence to aperiodic
(N) eddy shedding can be seen; the colours indicate finer distinctions within these
regimes. Examples of the flow patterns in these regimes can be found in figures 3.2, 3.3
and 3.9. The grey lines show for comparison the transitions found in the laboratory
by Griffiths (GK99) for both s = 0.1 and s = 0.15.
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Figure 3.12: Flow regimes identified in the sliced cylinder, as in figure 3.11 but as
a function of Reynolds number Reγ and aspect ratio Λ. All runs have s = 0.1 and
E = 3.14 × 10−5 (and hence fixed Ho ). Examples of the flow patterns in these regimes
can be found in figure 3.4.

aperiodic regime were not investigated with the numerical model in this study.
The role of aspect ratio becomes clear when we plot the numerical model regimes as
a function of Reγ and Λ for fixed E (and therefore Ho ) and s, as in figure 3.12; streamfunctions for corresponding cases having a range of basin widths are shown in figure 3.4.
Figure 3.12 shows that a critical Reynolds number Re γ also characterises the transitions
between regimes as a function of aspect ratio for Λ > 1. The critical Reynolds number
passes through a minimum at Λ ≈ 1.25; for wider basins it increases slowly, whilst in
narrow basins the flow is strongly stabilised, to the extent that we find no instability for
Λ ≤ 0.695 (at the chosen values of E and s) even with very strong forcing. A larger
bottom slope and smaller Ekman number are required to produce instability when Λ is
very small, as in Becker & Page (1990).

3.6

Oscillation periods

On figure 3.13 we plot the eddy-shedding period (in units of “days”, i.e. tank rotation periods) of the numerical and laboratory flows in the periodic, unstable regime, as a function
1
of RoE − 3 . The laboratory results were obtained by direct measurement of the period of
cyclonic eddy shedding (the laboratory data shown are based on new measurements which
correct several mistakes in the measurements by Griffiths, reported in figure 13 of GK99).
The numerical periods were obtained from time series of the basin-integrated horizontal
kinetic energy K (equation (2.45)); points with doubled periods or aperiodic behaviour
(see figure 3.11) are not shown.
The oscillation periods in the numerical model ranged from approximately 8.5 to 26
days, similar to the periods of 12 – 32 days found by Beardsley (1969, 1972) under slightly
different conditions. We report here a new observation that the numerical oscillation
periods at various Ro and E collapse onto nearly the same curve when plotted against
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Figure 3.13: Oscillation periods in the sliced cylinder in the periodic, unstable
1
regime, in “days” (tank rotation periods), as a function of RoE − 3 . Except where
indicated, s = 0.1 for all the numerical results, and s = 0.15 for all the laboratory
results; all data shown are for anticyclonic forcing and Λ = 3.92. The laboratory
results are for E = 3.15 × 10−5 , E = 6.29 × 10−5 , and E = 12.6 × 10−5 . The lines
through the numerical data points are power-law regressions. The lines through the
laboratory data points are not regressions, but Ro−1 , the lid period in “days”, for the
three Ekman numbers investigated.
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RoE − 3 . For each Ekman number the periods have a power-law dependence on RoE − 3 , but
the exponent depends slightly on E. Nevertheless, the data for all E is well described by a
1
power law with exponent −1.4. The functional dependence on RoE − 3 provides evidence
that the period is determined by the dimensional velocity of the fluid in the jet (which is
to a first approximation proportional to Ro), and the width δ m of the cyclonic inner part
1
of the jet, which scales as E 3 (see figure 3.7). Both the shear in the cyclonic part of the
jet and the time taken for fluid parcels to circumnavigate the cyclonic loop at the end of
1
the jet are therefore functions of RoE − 3 , and it appears that these physical mechanisms
determine the eddy shedding period in the numerical experiments. Under these conditions
the period of the instability is significantly shorter than the shortest Rossby basin mode
period of 37.8 “days” (Pedlosky & Greenspan, 1967), so the resonances with Rossby basin
modes noted by Meacham & Berloff (1997b) do not occur in our case.
1
The laboratory results have a similar magnitude and general dependence on RoE − 3
as the numerical periods. However, in contrast to the close functional dependence on
1
RoE − 3 shown in the numerical results, the laboratory periods fall on three separate
lines corresponding to the three Ekman numbers studied. The cause of this disparity is
revealed by the very close agreement between the laboratory periods and the grey lines
in figure 3.13, which show Ro−1 (the lid period in “days”) at the three different Ekman
numbers. Apart from one exception, every laboratory period shown falls within a few
percent of the lid period. Thus it appears that, whilst the laboratory periods are close to
the “natural” period determined by the flow dynamics (as found in the numerical model),
in most cases the flow is forced to oscillate at a slightly different period by modulation due
to minute imperfections in the lid forcing. The fact that periods obtained with different
depth gradients fall on the same line in the laboratory results, but very different lines in the
numerical results (contrary to previous laboratory results by Beardsley, 1969), provides
further evidence for frequency locking. Frequency locking was also found by Griffiths
(GK99) for the small-amplitude oscillations present in the stable regime, but in this case
the oscillation frequency was often an integer multiple of the lid frequency, presumably
due to a wider disparity between the lid frequency and the frequency of the most readily
forced oscillation of the flow.
In contrast to the laboratory results, the computed flow converged to a steady state
in the stable regimes, and sustained periodic oscillations occurred only under conditions
very close to the onset of eddy shedding. As conditions giving sustained oscillations were
approached, the solution took an increasingly long time to converge to a steady state and
displayed slowly decaying periodic oscillations in total kinetic energy K. These decaying
transients had a well-defined period of around 15 – 30 tank rotation periods. As the Rossby
number was increased past the onset of instability the period merged smoothly with the
oscillation period in the periodic regime, whilst the amplitude increased continuously from
zero (see figure 3.14). These observations suggest that the transition to periodic flow is
a supercritical Hopf bifurcation, i.e. the most unstable eigenmode of the steady flow is
oscillatory, and its decay rate passes through zero at the instability threshold (Alligood
et al., 1997). A similar transition was found in an equivalent-barotropic model by Berloff
& Meacham (1997). The computed flow also showed fluctuations in total kinetic energy
during its initial adjustment following the commencement of forcing. These fluctuations
were not periodic, but had a dominant period of around 5 – 15 tank rotation periods. The
nature of these initial fluctuations has not been fully established, as they are significantly
shorter than the shortest Rossby basin mode period of 37.8 tank rotation periods (Pedlosky
& Greenspan, 1967).
The characteristic timescales of the initial fluctuations and later decaying oscillations
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Figure 3.14: Change in the oscillation amplitude and period as a function of
Ro across the instability threshold in the sliced cylinder, with anticyclonic forcing,
E = 3.14 × 10−5 , s = 0.1 and Λ = 3.92. The amplitude shown is the peak-topeak amplitude of the oscillation in the total kinetic energy K, and the period is in
“days” (tank rotation periods). For the stable runs the period shown is that of the
exponentially decaying oscillation. The lines are interpolations to assist the eye.
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in the numerical model are similar to the period of stable oscillations observed in the
laboratory close to the onset of instability, but are significantly shorter than the periods
(of up to 50 “days”) observed in the laboratory at lower Rossby number. This disparity,
and the independence of the timescale of the oscillations seen in the laboratory on E
and Ro suggest that the lid period exerts a modulating effect on the amplitude of the
stable oscillations, forcing a much longer modulation period at small Ro than the natural
adjustment timescale would imply (although we recall that the observed oscillation period
is still only a fraction of the lid period at small Ro). If this conclusion is correct, then
oscillations in the stable flow seen in the laboratory are a result of the system’s extreme
sensitivity to very weak forcing. As noted previously, the mechanism responsible for
the weak oscillations in the stable regime in the laboratory appears to be unrelated to the
shear instabilities found above the critical forcing level, and is not expected to influence the
locations of the regime transitions. Good agreement is therefore found between transitions
in the laboratory and numerical models (see figure 3.11).

3.7

Divergent velocity

In order to check the consistency of the numerical results obtained with equation (2.33), the
divergent component of the velocity (∇H φ) was estimated by solving the Poisson equation
∂w
∂z

≈ −∇H · uψ ln D − E

∇H2 φ = −

(3.1)

for the velocity potential φ using the numerical output to determine the terms on the
second line (the Poisson solver was the same as that used to solve ζ = ∇H2 ψ in the
numerical model; the boundary condition used was φ = 0 at r = Λ, i.e. no-slip for the
divergent velocity). This estimate is approximate only in that the divergent velocity has
been omitted from the orographic term; the estimate of φ will therefore be accurate if the
divergent velocity is much smaller than the nondivergent velocity.
Figure 3.15 shows plots of the magnitude of the divergent velocity estimated in this
way for flow with Λ = 3.92, s = 0.1 and Ro and Eh at the extremesi of the range in
+ E∇H2 ζ , when
vestigated. Since from (2.33) we have 2∇H2 φ ≈ −Ro ∂ζ
∂t + ∇H · uψ ζ
Ro = 0 we expect ∇H φ to be large only in regions where lateral viscosity is important. In
figures 3.15 (a) and (b) we can see that this occurs near the lateral boundary at the west,
where |∇H φ|Λ−1 reaches 7.1×10−3 for E = 3.14×10−5 , and 1.6×10−2 for E = 12.5×10−5
at i = Ni − 1 (note that the scale is different in figure 3.15 (a)). The magnitude of the
divergent velocity decreases rapidly with distance from the western boundary, and is negligible in most of the basin. Even at i = N i − 1, where |∇H φ|Λ−1 is largest, it is less than
5% of the nondivergent velocity in this region, where |∇H ψ|Λ−1 ≈ 0.4 (see figure 3.5).
Thus the error is small in the estimate of ∇H φ and, more importantly, the terms neglected
in deriving the vorticity equation (2.33) are also small when Ro = 0 (note that the nondivergent velocity is roughly perpendicular to the depth contours in the western boundary
current, so |∇H ψ|  |∇H φ| implies |uψ · ∇H ln D|  |∇H φ · ∇H ln D|). The magnitude of
the divergent velocity and its restriction to the western boundary are consistent with the
predictions in section 2.2.2.
When Ro is large (figures 3.15 (c) and (d)) the region where |∇H φ| is large extends into
the interior along the unsteady inertial jet. Even at the most extreme level of advection
shown we have |∇H φ|Λ−1 < 1.8×10−2 , which is still only a few percent of the nondivergent
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velocity magnitude in the same region since |∇H ψ| is also large in the jet. Although the
region where the divergent velocity is large is more extensive than for Ro = 0, |∇H φ|
is still sufficiently small relative to |∇H ψ| that the calculated flow structure remains in
good agreement with the laboratory observations. However the omission of the divergent
velocity in the jet from the numerical model may partly explain the differences in the
detailed time-dependence of eddy shedding compared to that seen in the laboratory. Note
that at nonzero Ro the omission of ∇H φ from the vorticity advection term may be more
serious than its magnitude implies, since u ψ may be aligned with ζ contours.
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(c) Nonlinear, unsteady flow:
Ro = 6.61 × 10−2 , E = 3.14 × 10−5
|∇H φ|Λ−1 < 8.8 × 10−3

(d) Nonlinear, unsteady flow:
Ro = 16.6 × 10−2 , E = 12.5 × 10−5
|∇H φ|Λ−1 < 1.8 × 10−2

Figure 3.15: Magnitude of the estimated divergent velocity in the sliced cylinder
with s = 0.1 and Λ = 3.92. The shading shows the value of |∇H φ|Λ−1 (note that the
scale is different in (a)), and the black lines are contours of ψ (the contour interval is
10−2 Λ2 between thick lines, and 5 × 10−3 Λ2 between thick and thin lines).

Chapter 4

Sliced cone results:
phenomenology and code
validation
This chapter provides an overview of the flow in the sliced cone under various conditions,
and also compares the numerical results with those obtained in the laboratory by Griffiths
& Veronis (1997) (hereafter GV97) in order to verify the accuracy of the numerical model.
The numerical results will also be compared with the linear theory by Griffiths & Veronis
(1998) (hereafter GV98). Some of the results presented here have been submitted for
publication (Kiss, 2000). This chapter is largely descriptive; a discussion of the dynamics
responsible for the observed phenomena is deferred until Chapter 5. As noted on page 13,
all quantities are dimensionless (length, time and velocity scaled by Ho , |Ω|−1 and |Ω|Ho ,
respectively), unless otherwise stated.

4.1

Numerical parameters

The sliced cone numerical experiments used a background rotation Ω in the northern
hemisphere sense (anticlockwise), an aspect ratio Λ = 3.8920, an interior slope s i = 0.1
and sidewall slope ss = 1 in order to match the laboratory experiments by GV97 (see
figure 2.1 (b)). More than 150 sliced cone numerical experiments were conducted, using
both cyclonic and anticyclonic forcing and a variety of Rossby and Ekman numbers in the
ranges 0 ≤ Ro ≤ 0.14 and 1.575 × 10−5 ≤ E ≤ 1.260 × 10−4 , covering the range of Ekman
and Rossby numbers investigated by GV97 (and similar to the range of parameters used
for the sliced cylinder experiments). The interior slope s i exceeds the critical value scr
(scr = 0.0343 – 0.0577 with this range of Ekman numbers), so at the west of the interior
we expect the boundary current to have a weak countercurrent in the linear limit (see
section 2.2.2). Most runs were conducted with anticyclonic forcing, since the flow in this
case displays a much more interesting dependence on Ro and E. As shown in figure 4.13,
the Rossby and Ekman numbers chosen under anticyclonic forcing were concentrated on
regions of parameter space where the flow underwent changes in its qualitative behaviour.
The polar grid was uniform in both directions. The number of radial and azimuthal
nodes was (Ni + 1, Nj ) = (81, 256) or (161, 512), depending on Ro and E: the lower resolution was sufficient for small Ro and/or large E, but at large Ro and/or small E the finer
resolution was required in order to avoid instability in the advection term. Similar considerations also applied to the timestep: runs with small Ro used a dimensional timestep of
55

4.2. Streamlines

56
1

1.25 × 10−2 τ |Ω|−1 (where τ = 2−1 E − 2 is the Ekman spinup timescale), chosen to resolve
the shortest Rossby wave periods at the smallest Ekman number used. At larger Ro and
high spatial resolution the timestep needed to be reduced in order to keep the advective
Courant number less than unity and thereby retain numerical stability for the advective
term; at large Ro under cyclonic forcing a timestep as small as 1.5 × 10 −3 τ |Ω|−1 was
required. Convergence was confirmed at several different points in parameter space by
comparing runs with different spatial and temporal resolutions.
Most runs were started from rest, but a few used a fully spun-up flow at a slightly
different Rossby number as the initial condition. All runs were spun-up until they had
attained a statistically steady state, as determined from time series of the basin-integrated
kinetic energy K (see equation (2.45)); this typically took 5 to 20 times the Ekman spinup
timescale τ . All results reported in this chapter are for the large-time asymptotic state,
and were obtained using the no-slip boundary condition (2.39).

4.2

Streamlines

Figures 4.1 and 4.2 show streamlines produced by the numerical model superimposed on
photographs of laboratory streaklines obtained by GV97 under the same conditions. Great
care was taken to ensure that the images were correctly aligned so that isobaths in the
photographs coincide with those in the numerical results, and the scales and centres were
matched as closely as possible. The black border around the boundary is a rubber seal at
the edge of the lid; the actual boundary of the tank is at a slightly larger radius than the
inside of the seal. The streaklines were produced by bleeding narrow streams of neutrally
buoyant dye into the flow from 1 mm diameter stainless steel syringe tubes located at
several strategic points throughout the tank. The tube outlets were generally positioned
at the local mid-depth in the water column, but double-diffusive effects eventually spread
the dye into narrow vertical sheets.
Interpretation of these images is hampered by parallax in the photographs, which is
clearly seen in the lack of coincidence between the dashed ellipse and the image of the join
between the interior and the slope. Since the numerical streamlines were scaled to match
the lid diameter, the numerical results are effectively a perpendicular projection onto the
lid. The effect of parallax on the streaklines is less severe than for the ellipse, since they
are closer to the lid (the streaks are from dye tubes positioned between 1.5 and 6.5 cm
from the lid, whereas the ellipse is between 8.5 and 15.8 cm from the lid). Since the dye
tubes were at different heights there is no single scaling which will account for the parallax
in all the streaklines. No attempt was made to choose contour values so that streamlines
would coincide with the dye lines; any such correspondence is therefore fortuitous, and
the agreement should be assessed in terms of whether streamlines are parallel to nearby
streaklines (noting the effects of parallax).
The streamlines in figures 4.1 and 4.2 show a relatively rapid flow on the slope, which is
closely aligned with depth contours. Streamlines on the upper part of the slope are almost
circular, whilst those on the lower part of the slope cross the interior in a much slower
flow. The interior flow has a significant velocity component across contours of constant
depth.
Figure 4.1 shows the flow under cyclonic forcing at a variety of Rossby numbers with
the Ekman number fixed. The flow is anticlockwise on the slope and roughly westnorthwestward in the interior. As Ro increases from 0.41 × 10 −2 to 9.24 × 10−2 , the
transport (scaled by Ro) becomes larger, the interior flow becomes more westward, and
the radius of curvature of streamlines in the join between the slope and the interior is in-
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creased. The flow spins-up to a steady state under all conditions investigated, both in the
laboratory and the numerical model. As we shall see, this dependence on Rossby number
is quite subtle compared to that seen under anticyclonic forcing. The agreement in the
orientation of streamlines in the interior and their curvature in the region of the ellipse is
better for larger Ro, even though the effects of the neglected divergent component of the
velocity become larger at large Ro. The disagreement at low Rossby number is probably
due to the small-scale thermal convection which was present under these conditions in the
laboratory, and is responsible for the fuzzy appearance of the streaklines in the interior.
This convection augments the lateral mixing of vorticity, effectively increasing the lateral
viscosity and therefore thickening the shear layer at the bottom of the slope. At larger Ro
the convection was inhibited by more rapid circulation, and had less time to affect fluid
elements as they traversed the interior. At Ro = 3.57 × 10 −2 the convection was almost
entirely absent, and there is excellent agreement between the laboratory and numerical
results (see figure 4.1 (c): discrepancies are almost entirely due to parallax). Even at the
very large Rossby number of 9.24×10 −2 (figure 4.1 (d)) the agreement remains remarkably
good, apart from a slight overestimation of the radius of curvature of streamlines at the
east and west of the interior in the numerics.
In contrast to the cyclonic case, GV97 found that the laboratory flows under anticyclonic forcing were always unsteady, even at the smallest Rossby numbers investigated.
This low-Ro unsteadiness was also seen in the laboratory flow in the sliced cylinder under
anticyclonic forcing. Despite extensive investigation by Griffiths (Griffiths & Kiss, 1999),
the cause of this unsteadiness is not known. It was not present in the numerical experiments, which spin-up to a steady flow at small Ro. In addition to the small-amplitude unsteadiness at low Ro, the laboratory flow displayed an abrupt transition to large-amplitude
instability at a critical Rossby number; this transition to instability was reproduced by the
numerical code (see figure 4.13). As in Chapter 3, I will adopt the terminology of Griffiths
& Kiss (1999) and describe the flows below this critical Rossby number as “stable” despite
their unsteadiness in the laboratory. The term “unstable” will refer exclusively to flows
with a Rossby number above the critical value.
Figure 4.2 shows numerical streamlines superimposed on laboratory streaklines under
anticyclonic forcing for several Rossby numbers and two different Ekman numbers. The
flow is clockwise on the slope and southeastward in the interior. The flows shown in
figures 4.2 (a), (b) and (f) are steady in the numerical model but display a very weak
time dependence on the western side of the interior in the laboratory. This fluctuation
results in kinks in the streaklines which are then passively advected across the interior
by a nearly steady southeastward drift. Since the laboratory flows are time-dependent,
streaklines and streamlines will not coincide exactly. However the time dependence under
these conditions is very weak and confined to a small area of the flow, so the stirring of dye
across the mean streamlines is small and the streaklines therefore remain closely aligned
with the numerical streamlines.
In contrast to the flow under cyclonic forcing, there is a northward overshoot of the
slope current as it enters the interior (at the west), which becomes more pronounced as the
Rossby number increases. The current in this region becomes unstable when the Rossby
number exceeds a critical value, but the nature of the instability depends on the Ekman
number (see figure 4.13). When the Ekman number is large, the flow remains stable at
relatively large Rossby number and the northward overshoot becomes so extreme that the
outflow from the slope penetrates the interior as an intense jet as shown in figure 4.2 (f).
The jet terminates abruptly in a region of spatially decaying meanders to form a broad,
slow flow across the interior. When the Rossby number is sufficiently large, the cyclonic

4.2. Streamlines

58

(a) Ro = 0.41 × 10−2

(b) Ro = 0.84 × 10−2

(c) Ro = 3.57 × 10−2

(d) Ro = 9.24 × 10−2

Figure 4.1: Numerical streamlines and laboratory streaklines (from GV97, figure 3)
in the sliced cone under cyclonic forcing, with E = 3.15 × 10−5. The flow is steady in
all cases. North is at the top and the mean flow is anticlockwise; the dashed ellipse
marks the bottom of the slope in the numerical results. The contour interval in ψ is
10−2 Λ2 .
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(a) Ro = 0.43 × 10−2 , E = 3.15 × 10−5

(b) Ro = 1.51 × 10−2 , E = 3.15 × 10−5

(c) Ro = 2.07 × 10−2 , E = 3.15 × 10−5

(d) Ro = 5.2 × 10−2 , E = 3.15 × 10−5

(e) Ro = 7.7 × 10−2 , E = 3.15 × 10−5

(f) Ro = 5.7 × 10−2 , E = 6.3 × 10−5

Figure 4.2: Numerical streamlines and laboratory streaklines (from GV97, figure 6)
in the sliced cone under anticyclonic forcing. E = 3.15 × 10−5 in all cases except (f).
The flow is unstable in (c), (d) and (e). North is at the top and the mean flow is
clockwise; the dashed ellipse marks the bottom of the slope in the numerical results.
The contour interval in ψ is 10−2 Λ2 .
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meander at the end of the western boundary current jet becomes unstable and sheds
cyclonic eddies in much the same way as in the sliced cylinder. This is the only mode
of instability at large Ekman number. An additional mode of instability is possible at
low Ekman number, and is the first to appear as the Rossby number is increased. This
instability (shown in figure 4.2 (c)) occurs at the bottom of the slope at the west as a train
of anticyclonic eddies which grow as they propagate northwards along the bottom of the
slope until they arrive at the northern end of the slope outflow region and dissipate. As
the Rossby number is increased, the western boundary current jet also becomes unstable
and sheds cyclonic eddies, giving two modes of instability as shown in figure 4.2 (d). At
very large Rossby number only the jet instability is present, as figures 4.2 (e) and 4.13
show. The transport (scaled by Ro) decreases as Ro is increased, in contrast to the case
of cyclonic forcing. Section 4.5 will discuss in more detail the Ekman number dependence
of the critical Rossby number and the mode of instability.
Under stable conditions (figures 4.2 (a), (b) and (f)), it is clear that the numerical
and laboratory results are in very close agreement, apart from the absence of weak time
dependence in the numerical results. The location, amplitude and scale of the overshoot
and subsequent meanders are accurately modelled, even for the highly nonlinear flow
shown in figure 4.2 (f). The discrepancies are mostly due to the effects of parallax, as well
as some convection at small Ro1 .
It is more difficult to assess the accuracy with which the numerical model simulates the
flow under unstable conditions from figures 4.2 (c), (d) and (e), because the streamlines
and streaklines are not at the same phase. In addition, the large amplitude of the time
dependence leads to significant mixing of dye across mean streamlines, so in the interior
there is no simple correspondence between streamlines and streaklines which have passed
through the region of strong instability. However, there are a few dye streaks (coloured
green) originating from dye tubes placed in the interior which give a better indication of
the mean streamlines in this region. Despite these difficulties, it is clear that the code
accurately models the location, inclination and length of the western boundary current
jet as well as the general location and amplitude of the instabilities. The western boundary current overshoot amplitude is well represented in figure 4.2 (c), as is the interior
flow (shown by the green dye streak in the south). The numerical streamlines shown in
figures 4.2 (d) and (e) are slightly earlier in phase than the streaklines; the large eddy
shown in the streamlines in figure 4.2 (e) is propagating to the west, as is evident from the
streaklines which show it at a later time. The streaklines also show a later stage in the
time dependence of the jet, just prior to eddy pinch-off. The interior flow is more strongly
time-dependent in these cases, so even the (green) streaklines originating in the interior
do not coincide closely with streamlines.
The agreement between the laboratory and numerical streamlines is considerably better for the sliced cone than the sliced cylinder (compare figures 4.1 and 4.2 with figures 3.2
1
and 3.3), probably because there was no radial flow into a Stewartson E 3 sidewall boundary layer in the sliced cone. The absence of this sidewall boundary layer from the numerical
model of the sliced cylinder accounts for most of the disagreement with the laboratory
streamline patterns.
The agreement between the laboratory streaklines and numerical streamlines provides
quantitative confirmation of the accuracy of the numerically modelled velocity direction.
However these results give only a semi-quantitative indication that the relative magnitude
of the modelled velocity in different regions is correct, and provide no evidence on whether
1

The convection is weaker under anticyclonic forcing, possibly because the vertical velocity has a different sign.
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the absolute magnitude of the velocity is accurately reproduced. These questions are
addressed in the next section, in which results directly confirming the accuracy of the
modelled velocity magnitude are presented.

4.3

Velocity profiles

Profiles of the northward velocity v as a function of east-west position x through the centre
of the tank are shown in figures 4.3 (with cyclonic forcing) and 4.4 (with anticyclonic
forcing). Figure 4.3 shows profiles for a range of Rossby numbers with fixed Ekman
number (corresponding to the streamline plots in figure 4.1), whilst figure 4.4 shows a
range of both Rossby and Ekman numbers. We will begin by discussing the features of
the numerical profiles at zero Rossby number; since the velocity magnitude is independent
of the sign of the wind forcing in this case, we need refer only to figure 4.3. The most
conspicuous feature is the contrast between the large azimuthal velocity on the slope and
the much smaller velocity in the interior. The azimuthal velocity is only weakly dependent
on azimuth on the upper slope in the region outside the dot-dashed lines in the figures
(where r > remax and all depth contours therefore lie entirely on the slope), with slightly
larger velocity magnitudes in the east than the west. On the lower slope, where depth
contours cross the interior, there is a marked asymmetry between east and west: at the
east the velocity changes monotonically to the interior value in a shear layer which lies
mostly on the lower slope, whilst at the west the velocity is significantly enhanced on
the lower slope and the shear layer lies almost entirely in the interior. There is a weak
countercurrent on the eastern side of the shear layer at the west of the interior, as expected
from section 2.2.2 since si > scr (see section 4.1).
The numerical profiles at finite Rossby number differ markedly according to the sign
of the wind stress curl. Under cyclonic forcing (figure 4.3) the east-west asymmetry is
reduced when the Rossby number is large: the shear layers become wider by spreading
into the interior, the countercurrent disappears, and the azimuthal dependence of the
azimuthal velocity on the slope becomes weaker. In contrast, the east-west asymmetry
is generally enhanced at large Rossby number under anticyclonic forcing (figure 4.4): the
shear layer at the east is almost entirely confined to the slope, whilst the countercurrent
east of the western shear layer becomes stronger and the velocity profile takes on the form
of a decaying spatial oscillation in this region. The oscillation is especially evident at small
E or large Ro. However, as in the case of cyclonic forcing, the magnitude of the velocity
peak over the bottom of the slope at the west is reduced at large Ro. Figure 4.4 shows
that the magnitude of v increases in the interior and on the slope as E increases. Although
the peak azimuthal velocity in the sliced cone is slightly smaller than that in the sliced
cylinder with the same aspect ratio (see figure 3.5), the total transport is about five times
larger due to the wide region of relatively rapid flow on the slope.
Figures 4.3 and 4.4 also show laboratory velocities measured by Griffiths and Veronis (GV97) under similar conditions to the numerical profiles; these measurements were
obtained from time-lapse video records of the streaklines by tracking the motion of short
interruptions in the dye streams. There is considerable scatter in the laboratory data,
which gives an indication of their uncertainty (error bars were not plotted in order to
avoid clutter). In addition, no attempt was made to correct for parallax so the laboratory
results slightly underestimate the radius of the shear layer between the slow interior flow
and the rapid flow on the slope (this is particularly evident in figure 4.4). Perspective
also results in a slight underestimation of the velocities. Note that in regions where the
velocity gradient is large (such as the shear layer at the bottom of the slope), small errors
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Figure 4.3: Northward velocity v as a function of east-west position x in the sliced
cone under cyclonic forcing with E = 3.15×105 and various Ro (the values correspond
to those in figure 4.1). The lines are from the numerical model and the data points
are from the theory by GV98 and laboratory experiments by GV97. The diagonal
reference line shows the radial gradient in the azimuthal velocity required for the
wind forcing and Ekman friction to balance on the slope. The vertical lines provide
a reference to the location of topographic features (the dot-dashed lines indicate the
radius remax beyond which all depth contours lie entirely on the slope).
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Figure 4.4: As for figure 4.3 but with anticyclonic forcing at various E and Ro.
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in the measurement position will result in large discrepancies with the numerical velocity
at that location. Another source of uncertainty in measurement position is the spreading
of dye streaks by convection at low Ro. All the numerical profiles were obtained under
conditions that gave a steady state at large time, but some of the laboratory results (both
profiles at E = 2.1 × 10−5 , and E = 3.15 × 10−5 , Ro = 0.0213) were for unstable flows,
which made measurements more difficult.
In the light of these considerations, the agreement between the laboratory and numerical results is generally very good, confirming that the numerical model accurately
simulates the magnitude of the velocity as well as its direction. In particular, the laboratory results are consistent with the qualitative features of the numerical profiles discussed
above, and their dependence on Ro and E. However there are a few minor quantitative
differences to be seen in figures 4.3 and 4.4: the numerical model slightly overestimates
the magnitude of the velocity on the slope under cyclonic forcing (this discrepancy is less
apparent under anticyclonic forcing, and in either case is barely significant given the scatter in the laboratory results), and the numerical model overestimates the width of the
shear layer at very large Rossby number under cyclonic forcing, as was also evident from
the streamlines in figure 4.1 (d). Convection broadened the shear layer in the laboratory
at low Rossby number, as was seen in the streakline images in the previous section.
Figure 4.3 also displays velocities predicted by the linear theory of GV98. This theory
matches the laboratory and numerical profiles relatively well, except on the slope at the
west where it fails to capture the change in sign of the radial velocity gradient on the
western side of the velocity maximum. In addition, the east-west asymmetry in the location
of the shear layer relative to the ellipse is not reproduced by the linear theory, because it
1
assumes a Stewartson E 4 -layer which is centred on the ellipse. The diagonal reference line
1
ζT
(where σs = 2 4 is the value of σ on the slope);
in figures 4.3 and 4.4 has a slope of 2(1+σ
s)
this is the radial gradient in the azimuthal velocity required for the wind forcing and
Ekman friction to balance on the slope. The gradients of the numerical velocity profiles
approach that given by this line on the upper slope, as predicted by the theory of GV98.
Figures 4.5, 4.6 and 4.7 show the eastward and northward velocity components u and v
as a function of north-south position y through the centre of the tank. These profiles show
that at low Ro the northward velocity in the interior is almost independent of north-south
position, whereas the magnitude of the eastward velocity increases to the north. The
northward velocity is directed across depth contours on the slope in the north and south,
which leads to its small magnitude in these regions in comparison to the azimuthal velocity.
The shear between the slow interior flow and rapid slope current produces a region at the
base of the slope in which the Ekman friction exceeds the value needed to balance the
wind forcing (compare the gradient of u with that of the reference line for Ekman/wind
balance in figure 4.6 (a)). This imbalance is compensated by the cross-contour flow v in
the lower-slope region seen in figures 4.5 (b) and 4.7 (b), which also acts to return fluid
columns to the depth they had before crossing the Sverdrup interior.
At small Rossby number the north-south gradient of eastward velocity in the interior
is primarily due to the alignment of zeroth-order streamlines and depth contours in this
geostrophically guided geometry, as discussed in section 2.2.1. This is illustrated in figure 4.6 (b), where we plot the eastward interior velocity predicted by equation (2.18) from
the azimuthally averaged azimuthal velocity on the slope obtained from the numerical
model at zero Rossby number. It is clear from this figure that the velocity predicted in
this way is in very close agreement with the numerical profile for y < 0, indicating that
the eastward velocity in this region is determined primarily by the dynamics governing
the flow along the same depth contours on the slope. This agreement breaks down in the
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shear layer in the north where the interior flow is more rapid.
The profiles for anticyclonic forcing display spatial oscillations in the interior at the
north for small E and/or large Ro, which are due to the meanders of the western boundary current jet seen under these conditions in figure 4.2. The meandering jet is absent
under cyclonic forcing, so there are no spatial oscillations in the velocity profiles. There is
generally very good agreement between the numerical and laboratory results, apart from
an overestimation of the eastward velocity at large Rossby number under cyclonic forcing.
Another difference is seen in the profile of v under cyclonic forcing (figure 4.5 (b)), where
the laboratory profile at Ro = 0.0041 displays a y-dependence which is not seen in the
numerical results. This is related to the different angles of the streamlines and streaklines
in figure 4.1 (a), and is probably due to thermal convection in the laboratory flow. Figures 4.5 (a) and 4.6 (b) also show that the north-south gradient of the eastward velocity
predicted by the linear theory of GV98 is considerably weaker than in the numerical and
laboratory results; this is a consequence of the assumed vorticity dynamics on the same
depth contours on the slope, as will be discussed further in section 5.1.2. The linear theory
also predicts a northward velocity which is slightly too large, as figure 4.5 (b) shows.
The Ekman number dependence of the velocity components at the centre (seen in figures 4.4 and 4.7) is made clear in figure 4.8. The very weak dependence of the eastward
velocity on Ekman number in the numerical model (which is not detectable in the laboratory results due to the size of the error bars) is related to the increase in north-south
gradient of eastward velocity with increasing Ekman number seen in figure 4.7 (a). The
1
northward velocity v is slightly less than the Sverdrup value vSv = s−1 E 2 ζT /2 predicted by
the linear theory of GV98 (also shown in figure 4.5 (b)), but is in nearly perfect agreement
with the friction-corrected Sverdrup velocity
1

0
vSv
= s−1 E 2 (ζT /2 − ζ),

(4.1)

where ζ is the vorticity at the centre obtained from the numerical results. The weak
interior vorticity results from the north-south gradient of u shown in figure 4.7 (a); the
resulting Ekman friction is neglected in the theory of GV98. The power-law exponent for
the northward velocity is slightly lower than the Sverdrup value of 0.5, due to the increase
of ζ at the origin with increasing E (this is evident in figure 4.7 (a)). The numerical results
agree well with the laboratory measurements by GV97.
Figures 4.5 and 4.7 show that the northward velocity at the centre is almost independent of Rossby number, but the (scaled) eastward velocity increases with increasing
Ro under cyclonic forcing, and decreases under anticyclonic forcing. This dependence is
made more obvious in figure 4.9, which plots the magnitude of the eastward velocity from
numerical and laboratory experiments as a function of Ro for cyclonic and anticyclonic
forcing (the data set for anticyclonic forcing is limited to relatively low Ro by the onset of
instability at Ro ≈ 0.018). Both the laboratory and numerical data are consistent with a
roughly linear dependence of |u| on Ro, but the quantitative details of this dependence are
different. As is clear from figure 4.5, the numerical model overestimates the rate at which
|u| increases with increasing Ro under cyclonic forcing but seems to accurately predict the
rate at which |u| decreases with increasing Ro under anticyclonic forcing. There may be
a systematic error in the laboratory results under anticyclonic forcing, since the trend of
the data is not consistent with |u| being independent of the sign of the forcing in the limit
Ro → 0.
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Figure 4.5: Velocity components as a function of north-south position y in the sliced
cone under cyclonic forcing. (a) Eastward velocity u; (b) northward velocity v. The
lines are from the numerical model and the linear theory by GV98; the data points
are from the laboratory experiments by GV97. The vertical lines provide a reference
to the location of topographic features (the dot-dashed lines indicate the radius remax
beyond which all depth contours lie entirely on the slope).
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Figure 4.6: Eastward velocity u as a function of north-south position y in the sliced
cone under cyclonic forcing. (a) is the same as figure 4.5 (a) but shows the full range
of u (the diagonal reference line shows the radial gradient in the azimuthal velocity
required for the wind forcing and Ekman friction to balance on the slope). (b) shows
the interior velocity at Ro = 0 predicted from the azimuthally averaged numerical
streamfunction on the slope.
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Figure 4.7: As for figure 4.5, but with anticyclonic forcing. (a) Eastward velocity
u; (b) northward velocity v.
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Figure 4.8: Ekman number dependence of the eastward velocity u and northward
velocity v at the centre of the sliced cone under anticyclonic forcing. Numerical values
of u are fitted with a power-law regression. The line through the numerical values of
0
v is not a regression, but vSv
, the Sverdrup velocity corrected for Ekman friction (see
equation (4.1)).
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Figure 4.9: Rossby number dependence of the magnitude of the eastward velocity
u at the centre of the sliced cone under cyclonic and anticyclonic forcing with E =
3.15 × 10−5 . The lines are from linear regressions.
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Vorticity structure

The vorticity field in the sliced cone under various conditions is shown in figures 4.10
and 4.11. These plots give an indication of the spatial structure of the shear regions
identified in the velocity profiles in section 4.3.
We will begin by discussing the structure at zero Rossby number, shown in figure 4.10.
As expected from the analysis in section 2.2.1, the vorticity of the linear flow is very weak
in most of the interior. This nearly irrotational Sverdrup region is encircled by a zone
of strong vorticity with the same sign as the wind stress forcing where the slow interior
flow joins the much more rapid flow on the slope. As noted in section 4.3, this shear
zone is mainly confined to the lower slope in the east and to the interior in the west; this
asymmetry leads to the spiral structure seen in figure 4.10. The vorticity in this shear zone
is strongest on the western side. At the lateral boundary there is very strong vorticity
of the opposite sign to the wind stress forcing, due to the no-slip condition. The flow
between this region and the spiral shear layer at the bottom of slope has nearly uniform
vorticity on the northern and eastern sides; the vorticity in this region is close to the value
ζT /(1 + σs ) ≈ −0.914 predicted in section 2.2.1 from a balance between wind forcing and
Ekman friction. In contrast, there is an extended region on the western and southern
sides of the slope where the vorticity is of the opposite sign to that required to balance
the wind stress forcing (this feature is also seen in figures 4.3 and 4.6 (a) in the change
in sign of the radial gradient of the azimuthal velocity on the western and southern sides
of the velocity maximum). An explanation of the dynamics responsible for this feature is
provided in section 5.1.3.
The vorticity structure of strongly nonlinear flows depends on the sign of the wind
stress forcing, as shown by the steady flows in figure 4.11. Under very strong cyclonic
forcing (figure 4.11 (a)) the shear layer is centred on the ellipse which defines the bottom
of the slope, and is much weaker and wider than in the linear case. The vorticity structure
on the slope remains similar to that in the linear flow, except that the region coloured white
and yellow (where ζ has the opposite sign to ζ T ) has been displaced in the anticlockwise
direction. In the interior the vorticity remains weak only near the centre, since there are
broad regions flanking the ellipse where ζ ≈ ζ T /2 = 1 in which Ekman friction largely
balances the wind forcing and the Sverdrup balance is lost. Thus the regions in which
Ekman friction can balance wind forcing have expanded to occupy much more of the flow
than in the linear case.
Under strong anticyclonic forcing (figure 4.11 (b)) the vorticity in the interior closely
resembles that seen in the sliced cylinder (see figure 3.9 (c)): the strongly anticyclonic
region is shifted northwards, where it pairs with a cyclonic region to form the western
boundary current jet. The jet and its meandering outflow result in regions of strong vorticity in the interior, where Ekman friction therefore prevents a simple Sverdrup vorticity
balance. In the south and east the anticyclonic shear layer is shifted further outside the
ellipse than in the linear flow, enhancing the east-west asymmetry. The vorticity on the
slope is much less homogeneous than in the linear case, and is close to a balance between
wind forcing and Ekman friction only in the southeast.
Given the close similarity of the vorticity structure of the jet to that seen in the sliced
cylinder, it is not surprising that an analogous instability of the jet is found in the sliced
cone. This is illustrated in figure 4.11 (c), which shows an eddy shed from the cyclonic
loop at the end of the jet in a very similar manner to the sliced cylinder flow shown in
figure 3.9 (d). In contrast to the sliced cylinder flow, at low Ekman number an additional
instability can arise in the western boundary current itself, as shown in figure 4.11 (d).
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Figure 4.10: Relative vorticity in the sliced cone under anticyclonic forcing, with
Ro = 0 and E = 3.15 × 10−5 . The colours show the value of ζ, and the black lines
are contours of ψ (the contour interval is 10−2 Λ2 between thick lines, and 5 × 10−3 Λ2
between thick and thin lines; thin lines are shown only for |ψ| ≥ 8.5 × 10−2 Λ2 ). The
dashed ellipse marks the bottom of the slope. The vorticity balances for this flow are
shown in figures 5.3 and 5.4.

Under slightly unstable conditions this appears as a train of growing waves which propagate
northwards in the anticyclonic shear layer. At large amplitude the vorticity perturbations
are sufficient to produce eddies and disrupt both the cyclonic and anticyclonic regions, as
shown in the figure.

4.5

Regimes as a function of Ro and E under anticyclonic
forcing

As was seen in the previous sections, the choice of Rossby and Ekman numbers determined
whether the flow spun-up to a steady or a time-dependent asymptotic state at large time
under anticyclonic forcing. In order to investigate this dependence, the numerical runs
were classified as stable or unstable on the basis of the time-dependence of the basinintegrated horizontal kinetic energy K. For most unstable runs the flow settled into a
periodic oscillation with constant frequency and amplitude; in a few cases the asymptotic
state was quasiperiodic or chaotic. Stable runs generally converged to a steady state via
an exponentially decaying periodic oscillation in K. This exponential decay was extremely
slow under conditions very close to the onset of instability, making it difficult to determine
whether the asymptotic oscillation amplitude was actually zero or just very small. In these
circumstances a technique described by Berloff & Meacham (1997) was used to accelerate
convergence: once the flow had spun-up to a slowly decaying oscillation, the streamfunction and vorticity fields were repeatedly “collapsed” onto their temporal averages over an
oscillation, which reduced the amplitude of the oscillation by an order of magnitude or
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(a) Stable flow, cyclonic forcing,
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(c) Unstable jet, anticyclonic forcing,
Ro = 8.0 × 10−2 , E = 5.30 × 10−5
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(d) Unstable WBC, anticyclonic forcing,
Ro = 2.0 × 10−2 , E = 1.58 × 10−5

Figure 4.11: Relative vorticity of nonlinear flow in the sliced cone under cyclonic and
anticyclonic forcing ((a) and (b) are under the same conditions as in figures 4.1 (d)
and 4.2 (f), respectively). The colour scale and contour intervals are the same as for
figure 4.10, but the colour map is reversed in (a) to facilitate comparison with the
anticyclonic case. The dashed ellipse marks the bottom of the slope.
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more for each “collapse”. After several such “collapses” the flow was very close to a steady
state, whose stability could be readily determined by observing whether the tiny residual
oscillation continued to decay or began to increase in amplitude once the flow was allowed
to evolve freely.
The unstable runs were further classified as “WBC”, “jet” or “WBC/jet” according
to the physical location and structure of the instability determined from plots of ∂ψ
∂t and
∂ζ
∂ψ
∂t . Figure 4.12 shows ∂t for representative examples of these instabilities: “jet” instability primarily involves lateral oscillation of the western boundary current jet, “WBC”
instability appears as growing waves in the distributed outflow from the western boundary
current at the west of the interior, whilst “WBC/jet” displays characteristics of both (the
∂ζ
last distinction is somewhat subjective). The ∂ψ
∂t and ∂t fields were also used to determine
the form of the exponentially decaying residual oscillation under steady conditions, which
is essentially the least stable linear eigenmode of the steady flow. These decaying oscillations generally had the same form as the WBC, jet, or WBC/jet instabilities, except at
low Rossby number.
The WBC and jet instabilities in the sliced cone are very similar to the WBC and
“interior instability” identified by Meacham & Berloff (1997b) in a barotropic model without topography. The WBC instability is commonly seen in wind-driven models with no
topography (e.g. Bryan, 1963; Ierley & Young, 1991; Kamenkovich et al., 1995; Sheremet
et al., 1997), but it is absent in the sliced cylinder results, presumably due to the stabilising effects of Ekman friction (see section 3.4). It appears that under anticyclonic forcing
the sloping sidewall acts to destabilise this mode in the sliced cone.
Figures 4.12 (a) and (b) show that the wavelength of the WBC instability is relatively
well-defined, although it decreases somewhat towards the north due to a reduced phase
velocity. The flow perturbations in this instability are also inclined into the mean velocity
gradient in a manner consistent with extraction of energy from the mean flow, as discussed by Pedlosky (1987a). For the range of parameters under which the instability was
periodic, the wavelengths estimated from the ∂ψ
∂t fields lay in the range 0.27Λ – 0.69Λ in
the vicinity of y = 0. The wavelength increased with both Rossby and Ekman number;
power-law regressions yielded exponents of 0.64 and 0.58, respectively. Dividing these
wavelengths by the corresponding oscillation periods (see section 4.6) yields northward
phase velocities ranging from 0.091Λ to 0.20Λ, which lie within the range of v in the anticyclonic shear layer (see figure 4.4). These phase velocities exceed by a factor of 4.2 – 8.6
the fastest northward phase velocity of interior Rossby waves with the same meridional
wave number (the maximum northward phase velocity is given by s i /(Ro l2 ), where l is
the meridional wave number and si is the bottom slope in the interior). As a result, in
the limit of infinitesimal amplitude this instability is unable to radiate Rossby waves into
the Sverdrup interior, and it is trapped in the western boundary current outflow region in
a similar way to the WBC instabilities discussed by Ierley & Young (1991). This trapping
is clearly evident for the small-amplitude instability in figure 4.12 (a); at very large amplitude nonlinear coupling between wave modes allows the instability to (weakly) radiate
Rossby waves with a different meridional wavelength, as figure 4.12 (b) shows. The WBC
instability also seems unable to radiate on the slope, but an explanation is less readily
available due to the rapid flow and strong vorticity in this region. In contrast, the jet and
WBC/jet instabilities are much less localised (see figures 4.12 (c) and (d)). This widely
distributed variability was also seen in the “interior instability” in the numerical results
of Meacham & Berloff (1997b).
Figure 4.13 shows the type of asymptotic time-dependence obtained for different Rossby
and Ekman numbers. It is clear that the first instability to appear as the Rossby number
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(a) Weak WBC instability:
Ro = 1.0 × 10−2 , E = 1.58 × 10−5
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(c) Jet instability:
Ro = 8.0 × 10−2 , E = 5.30 × 10−5

(d) WBC/Jet instability:
Ro = 5.3 × 10−2 , E = 4.01 × 10−5

Figure 4.12: Instantaneous snapshots of the time-dependence in the sliced cone
under anticyclonic forcing. The colours show the value of ∂ψ
∂t (scaled by its maximum
absolute value), and the black lines are contours of ψ (the contour interval is 10 −2 Λ2
between thick lines, and 5 × 10−3 Λ2 between thick and thin lines; thin lines are
shown only for |ψ| ≥ 8.5 × 10−2 Λ2 ). ψ is positive under anticyclonic forcing—thus
the perturbations in (a) and (b) are propagating northward, and the eddy and jet
in (c) are moving southwestward at the time shown. The dashed ellipse marks the
bottom of the slope. The vorticity for (b) and (c) is shown in figure 4.11 (d) and (c),
respectively.
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Figure 4.13: Asymptotic time dependence in the sliced cone numerical model under
anticyclonic forcing as a function of Rossby and Ekman number. Regime boundaries
for the numerical runs are shown as thick lines; the thin lines show the corresponding
regime boundaries from the laboratory experiments of GV97, figure 7. The longdashed line is the stability boundary for the laboratory sliced cylinder experiments of
Griffiths & Kiss (1999) (see figure 3.11 (a)).

increases is in the western boundary current at low Ekman number, and in the jet at
large Ekman number. The jet instability is very similar to that seen in the sliced cylinder,
although it occurs at a larger critical Rossby number (the long-dashed line in figure 4.13
shows the onset of instability in the sliced cylinder laboratory experiments of Griffiths &
Kiss, 1999). The critical Rossby number Roc for the jet instability is well described by
the power laws
0.60
Ro−
c = 26.0E

Ro+
c

= 67.9E

0.70

for 3.3 × 10−5 < E < 6.3 × 10−5 ,
for E > 6.3 × 10

−5

.

(4.2)
(4.3)

The WBC instability is confined to a wedge-shaped region in the parameter space,
bounded above by a curve (not a power law) which intersects the boundary for jet instability at ∼ (E = 3.3 × 10−5 , Ro = 0.053), resulting in an S-shaped stability boundary.
The critical Rossby number Roa which forms the lower boundary of the WBC instability
wedge is given by the power law
Roa = 1.71 × 103 E 1.10 .

(4.4)
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Between E = 3.3 × 10−5 and E = 4.7 × 10−5 (beyond which the WBC instability
disappears completely), there exists the curious phenomenon of flow stabilisation as the
Rossby number increases beyond the upper bounding curve for the WBC instability.
This stabilisation closely coincides with structural changes to the mean flow, in which the
outflow narrows into a jet and a recirculation appears (see figure 4.12 (c)). The association
of this mode of instability with a broad WBC outflow rather than a jet was also noted
in a three-layer model by Berloff & McWilliams (1999b). The disappearance of the WBC
instability at large E is consistent with the observation by Meacham & Berloff (1997b)
that this instability is preferred over the jet instability only when the WBC thickness is
much smaller than the basin’s meridional scale (however they found a different threshold
at which this change takes place).
Figure 4.13 also shows regime boundaries for the onset of anticyclonic or cyclonic eddy
shedding (due to large-amplitude instability in the WBC or jet, respectively) determined
in the laboratory by GV972 . It is clear from figure 4.13 that there is qualitative agreement in the stability boundaries derived from the numerical and laboratory results, but
the numerical model gives a somewhat smaller value of Ro a than is seen in the laboratory,
+
whilst Ro−
c and Roc have smaller power-law exponents than the corresponding laboratory boundary. The laboratory stability boundaries determined by GV97 are less tightly
constrained than those from the numerical results, particularly for Ro a because it was
investigated at only two relatively closely spaced values of E (see figure 7 (a) in GV97).
Furthermore, Roa is only loosely constrained by the laboratory data at E = 2.1×10 −5 , and
there is considerable ambiguity regarding the onset of instability at E = 3.15×10 −5 . These
considerations account for nearly all the difference between the numerical and laboratory
values of Roa ; any remaining difference is easily explained by the different criteria which
were applied: GV97 defined Roa by the appearance of anticyclonic eddies in the boundary
current (rather than the onset of time-dependence as in the numerical results) to avoid
confusion with the small-amplitude unsteadiness which was present in the laboratory flow
at small Ro. The minor difference in Ro c may be due to the omission of stretching of the
relative vorticity in the numerical formulation, an error which is more significant at the
large Rossby numbers where the instability occurs. Although the laboratory experiments
did not investigate the range of Ekman numbers in which the numerical stability boundary
curves back in an S shape, the laboratory results did indicate that the combined WBC/jet
instability was restricted to low Ekman number and moderate Rossby number, consistent
with the WBC instability being confined to a wedge in parameter space of the form found
in the numerical results (the data point at E = 3.15 × 10 −5 , Ro = 5.2 × 10−2 in GV97,
figure 7 would be classified as a combined WBC/jet instability using the criteria applied
to the numerical results, as figure 4.2 (d) shows).
The onset of combined WBC/jet instability at low Ekman number occurs at slightly
smaller Ro than expected from Ro−
c , suggesting that the variability in the jet is driven
by instability in the WBC, and the jet would otherwise be stable. The onset of WBC/jet
instability at low Ekman number occurs at significantly larger Rossby number in the
numerical results than in the laboratory (shown by the short-dashed thin grey line in
figure 4.13), but this may partly be explained by the qualitative criteria used to define
this transition.
We also note that the form of the decaying oscillation in stable runs close to the
stability boundary is the same as that for the unstable runs on the other side boundary.
A decaying jet oscillation was dominant for stable runs at large Ro and large E, but at
lower Ro the least stable linear eigenmode is a decaying wave in the WBC, even for E
2

Note that there is an error in equation (5.2) in GV97, which should read Roa = 2.99 × 103 E 1.14 .
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much larger than the maximum value at which the WBC instability was found. These
observations are consistent with the flow being susceptible to the WBC instability only
when the boundary current outflow is broadly distributed rather than jetlike.

4.6

Oscillation periods

Figure 4.14 shows the oscillation period (in units of “days”, i.e. tank rotation periods)
from the numerical model for a range of Ekman numbers under conditions for which there
was a single dominant period. The numerical periods were obtained from time series of
the basin-integrated horizontal kinetic energy K (equation (2.45)); this corresponds to
the time interval between eddy-shedding events in the jet instability, or the time between
the arrival of successive anticyclonic eddies at the northern end of the boundary current
in the WBC instability. It is clear from these plots that the two instabilities have quite
different periods under similar conditions. Nevertheless, the overall range of periods is
much the same for the two instabilities, and is very similar to that seen in the sliced
cylinder (figure 3.13).
The jet instability periods at different Ekman number collapse onto the same curve as
a function of Rossby number, as figure 4.14 (a) illustrates. The periods are well described
by the logarithmic curve of best fit shown. This dependence on parameters is slightly
different from that of the jet instability in the sliced cylinder, possibly as a result of
different dynamics determining the width of the cyclonic portion of the jet.
In contrast, the western boundary current instability periods collapse onto the same
2
curve as a function of RoE 3 (figure 4.14 (b)); once again, a logarithmic fit describes the
data well. The period of the combined WBC/jet instability falls on the same curve as
the WBC instability, suggesting that variability in the jet under these circumstances is
governed by the same dynamics as the instability in the western boundary current. This
is consistent with the observation in figures 4.11 and 4.12 that the instability is largely
confined to the strongly anticyclonic part of the flow in both cases (in contrast to the jet
instability which is largely confined to the cyclonic portion of the jet). This conclusion
is also consistent with the critical Rossby number for this instability being different from
that for the jet instability, as shown in figure 4.13.
As in the sliced cylinder results, the period of the exponentially decaying oscillation
merged smoothly with the oscillation period of the unstable flow as the Rossby number was
increased past the onset of instability, whilst the amplitude increased continuously from
zero (see figure 4.15). This result, and the observation in figure 4.13 that the form of the
most unstable mode is matched across the stability boundary, strongly suggest that the
instabilities in the sliced cone occur via supercritical Hopf bifurcations (that is, the decay
rate of the least stable linear eigenmode passes through zero at the stability boundary).

4.7

Divergent velocity

As in section 3.7, the divergent component of the velocity (∇H φ) was estimated by solving the Poisson equation (3.1) in order to check the consistency of the numerical results
obtained with equation (2.33). Figure 4.16 shows plots of the magnitude of the divergent
velocity estimated in this way for the linear flow and also for strongly nonlinear flow near
the extremes of the parameter range investigated. When Ro = 0 we expect ∇H φ to be
large only in regions where lateral viscosity is important; in figure 4.16 (a) we can see that
this occurs at the lateral boundary (where |∇H φ|Λ−1 reaches almost 3 × 10−3 , although
this is an artefact of the no-slip boundary condition), and to a lesser extent at the bottom
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Figure 4.14: Oscillation periods in the sliced cone from the numerical model in the
periodic, unstable regimes, in “days” (tank rotation periods), as a function of (a) Ro,
2
and (b) RoE 3 . The lines through the data points are logarithmic regressions.
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Figure 4.15: Change in the oscillation amplitude and period as a function of Ro
across the WBC instability threshold in the sliced cone, with anticyclonic forcing
and E = 1.58 × 10−5 . The amplitude shown is the peak-to-peak amplitude of the
oscillation in the total kinetic energy K, and the period is in “days” (tank rotation
periods). For the stable runs the period shown is that of the exponentially decaying
oscillation. The lines are interpolations to assist the eye.
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of the slope, particularly at the west, where |∇H φ|Λ−1 peaks at about 6 × 10−4 . These divergent velocity magnitudes are less than 1% of the nondivergent velocity in these regions,
where |∇H ψ|Λ−1 ≈ 0.5 (see figure 4.3); thus the error is very small in both the estimate
of ∇H φ and the vorticity equation (2.33).
When Ro is large |∇H φ| becomes larger in the interior (note the different scale in
figures 4.16 (b)–(d)), but even at the extreme levels of advection and time-dependence
shown we have |∇H φ|Λ−1 < 1.3×10−2 , significantly smaller than the nondivergent velocity
magnitude in the same regions (see figures 4.3–4.7). Although the resulting error in the
vorticity equation (2.33) is larger than for Ro = 0, it is still sufficiently small that the
calculated flow remains in good agreement with the laboratory observations.
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(a) Linear flow:
Ro = 0, E = 3.15 × 10−5
|∇H φ|Λ−1 < 2.9 × 10−3
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(b) Nonlinear, steady cyclonic flow:
Ro = 9.24 × 10−2 , E = 3.15 × 10−5
|∇H φ|Λ−1 < 9.4 × 10−3
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(c) Nonlinear, steady anticyclonic flow:
Ro = 5.7 × 10−2 , E = 6.3 × 10−5
|∇H φ|Λ−1 < 9.8 × 10−3

(d) Nonlinear, unsteady anticyclonic flow:
Ro = 3.0 × 10−2 , E = 1.58 × 10−5
|∇H φ|Λ−1 < 1.3 × 10−2

Figure 4.16: Magnitude of the estimated divergent velocity in the sliced cone. The
shading shows the value of |∇H φ|Λ−1 (note that the scale is different for the Ro = 0
case), and the black lines are contours of ψ (the contour interval is 10−2 Λ2 between
thick lines, and 5 × 10−3 Λ2 between thick and thin lines; thin lines are shown only
for |ψ| ≥ 8.5 × 10−2 Λ2 ). The dashed ellipse marks the bottom of the slope.

Chapter 5

Analysis and discussion
Having introduced the phenomenology of the flow in the sliced cone and sliced cylinder
and verified the accuracy of the numerical model, we will now use the numerical results
to understand the dynamics which govern these flows. We will focus on the steady case,
using a few representative examples of the circulation at small and large Rossby number.
Although the dynamics of the sliced cylinder are relatively well understood (see Beardsley,
1969, 1972; Beardsley & Robbins, 1975), an analysis of this case is included as a reference
for comparison with the sliced cone.

5.1

Vorticity balances

The vorticity dynamics responsible for the flow structures described in Chapters 3 and 4
can be determined from plots of the individual terms in the vorticity equation (2.33). The
vorticity equation was written as
T + A + O + W + E + V = 0,

(5.1)

where T = −Ro ∂ζ
∂t is the time-dependence (i.e. the imbalance), A = −Ro∇H · (uψ ζ) is the
1

advection, O = 2∇H · (uψ ln D) is the orographic stretching, W = E 2 ζT /D is the “wind”
forcing by the lid, E = 2E − W is the Ekman dissipation (2.32) with the “wind” forcing
subtracted, and V = E∇H2 ζ is the lateral viscous dissipation.
Profiles of these terms (e.g. figure 5.1) reveal the vorticity dynamics operating on
particular transect lines. A more complete overview of the flow dynamics was obtained
by the following procedure, which produces plots (e.g. figure 5.2) showing the dominant
vorticity balance in every part of the flow. For each grid node we
1. Evaluate the terms T, A, O, W, E and V in the vorticity equation (5.1).
2. Add the terms in order of decreasing absolute value until the sum is less (in absolute
value) than a threshold ∆bal times the largest term, and the largest of the neglected
terms is smaller (in absolute value) than another threshold ∆ min times the overall
largest term.
3. Assign the node a colour on the basis of the terms which were in the sum (regardless
of their relative magnitude).

This approach is similar to that used by Beardsley (1972, 1973), but this method is
more rigorous because it uses two criteria to determine when all the important terms have
83
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been included. The first criterion correctly deals with the case of one large term balanced
by a large number of small terms (e.g. a threshold of ∆ min = 0.25 would include only the
first two terms in 100 − 25 − 21 − 20 − 19 − 15 = 0, but the use of ∆ bal = 0.25 includes
all but the final term), whilst the second criterion ensures that all the large terms will be
included in a case such as 100−99+98−97−3+1 = 0 for which the first criterion identifies
only the first two terms. An impression of the relative size of the terms in the dominant
balances can be obtained by varying the thresholds; it was found that ∆ bal = ∆min = 0.4
gave a good representation of the most important terms.

5.1.1

Linear flow in the sliced cylinder

East-west profiles of the terms in equation (5.1) are shown in figure 5.1 for linear flow in
the sliced cylinder (the corresponding northward velocity profile is shown in figure 3.5; the
orographic term has the same form but opposite sign). A topographic Sverdrup balance is
obtained in the interior, as expected from section 2.2.1. As we approach the western boundary the northward velocity changes sign and increases in magnitude, with the resulting
increase in the orographic term balanced by Ekman friction as in a Stommel (1948) western boundary current. Closer to the sidewall the Ekman friction vanishes at the velocity
peak and we have a Munk (1950) balance between the orographic term and lateral viscosity. This mixed Stommel/Munk western boundary current is expected from the analysis
1
3
in section 2.2.2, given that the bottom slope s = 0.1 is close to scr = (2/3) 2 E 4 = 0.0484
(these balances were also anticipated from the Ekman number dependence of the western
boundary current width shown in figure 3.7). Immediately adjacent to the boundary the
orographic term vanishes as a consequence of the no-slip lateral boundary condition and
1
the Stewartson E 4 layer balance between Ekman friction and lateral viscosity is obtained.
The vorticity balances for the linear sliced cylinder flow in figure 5.1 are shown in
figure 5.2; the key shows the percentage of the total area in which each balance is dominant.
Almost the entire flow is in a topographic Sverdrup balance (WO); regions in the western
boundary current governed by a topographic Stommel (EO) or Munk (OV) balance are also
visible. At the entry and exit regions of the WBC the flow is approximately along depth
contours and the balance (EW) is between Ekman pumping due to the (weak) relative
vorticity and that due to the wind forcing; these regions are flanked by zones (EWO) in
1
which the orographic stretching is also important. The Stewartson E 4 layer balance (EV)
is obtained everywhere against the boundary. Note that balances involving only E, W and O
are dominant over more than 90% of the flow area; if exact, these balances do not require
any vertical stretching, so the horizontal divergence of u H is small in these regions. The
dominance of these balances over most of the domain explains the success of the numerical
model in capturing the flow using a streamfunction.

5.1.2

Linear flow in the sliced cone

Figure 5.3 shows east-west and north-south profiles of the terms in equation (5.1) for flow
in the sliced cone with Ro = 0 and E = 3.15 × 10 −5 , and the dominant vorticity balances
in this flow are shown in figure 5.4 (the corresponding vorticity structure is plotted in
figure 4.10 on page 72). It is clear from these figures that the structure of the flow is
considerably more complex than in the sliced cylinder. A topographic Sverdrup balance
(WO) is obtained in most of the interior, and also on part of the slope in the southwest
(the Sverdrup region on the slope corresponds to the region where ζ ≈ 0 in figure 4.10;
its dynamical origin is discussed in section 5.1.3). The balance on most of the upper
slope is between Ekman pumping from the surface wind stress and that from the relative
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Figure 5.1: Terms in the vorticity equation (5.1) vs. x (with y = 0) in the western
boundary current in the sliced cylinder under anticyclonic forcing with Ro = 0, E =
1
6.27 × 10−5 , s = 0.1 and Λ = 3.92. The terms have been divided by 2E 2 , so the
wind forcing term equals −1, and the Ekman friction term equals −ζ on y = 0. The
corresponding velocity profile is shown in figure 3.5.

KEY
WO
E O
EWO
E OV
EW V
EW
EWOV
OV
WOV
E V
W V

(84.0%)
( 2.5%)
( 2.5%)
( 1.9%)
( 1.7%)
( 1.6%)
( 1.5%)
( 1.2%)
( 1.2%)
( 1.1%)
( 0.2%)

Figure 5.2: Streamlines and dominant vorticity balances in the sliced cylinder, under
anticyclonic forcing with Ro = 0, E = 6.27 × 10−5 , s = 0.1 and Λ = 3.92. The
notation used in the key (E: Ekman friction, W: wind, O: orography, V: lateral friction,
A: advection) is defined on page 83; the key also shows the percentage of the total
area in which each balance is dominant. The dominant terms were determined using
∆bal = ∆min = 0.4. North is at the top, the mean flow is clockwise, and the contour
interval in ψ is 10−2 Λ2 .
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vorticity (EW), as anticipated from the velocity profiles in figures 4.3 and 4.5. A Stewartson
1
E 4 layer balance (EV) between Ekman friction and lateral viscosity is found close to the
boundary as a consequence of the no-slip lateral boundary condition. The EW balance on
the upper slope and the Sverdrup balance in the interior were expected from the analysis
in section 2.2.1.
The remaining region is the shear layer located on the lower slope in the north, south
and east and in the interior on the west, where the balance is primarily that of a Stommel
(1948) western boundary current (EO), with flow across potential vorticity contours (the
orographic term) balanced by Ekman friction. Lateral viscosity also plays a role in these
regions, particularly on the eastern side of the shear layer at the west where it balances the
enhanced orographic term in the weak countercurrent, a feature characteristic of a Munk
(1950) western boundary current. The mixed Stommel and Munk balances and spatially
oscillatory behaviour in the interior were expected from the analysis in section 2.2.2, since
the interior bottom slope si slightly exceeds scr (see section 4.1). As for linear flow in the
sliced cylinder, balances involving only E, W and O are dominant over more than 90% of
the flow area, so the horizontal divergence of u H is small in these regions. Lateral friction
is negligible everywhere except the lateral boundary and the region where the interior and
slope join; these are the places where the (neglected) horizontally divergent velocity is
largest, as shown in figure 4.16 (a).
The location of the shear layer relative to the ellipse r = re can be explained as follows.
A region of strong relative vorticity with the same sign as ζ T is inevitable near the ellipse
as a result of the shear between the slow interior flow and the much more rapid flow
on the slope. This vorticity exceeds that on the upper slope, and the Ekman friction is
therefore in excess of that required to balance the wind forcing. The streamlines in this
shear layer must curve to smoothly join the interior and slope flows; this curvature changes
the orographic term in this region, and the crucial point is that the sign of this change
depends on whether the curvature takes place on the slope or in the interior. As shown in
figure 5.3, a balance between the excess Ekman friction and the orographic term demands
that the shear layer be located in the interior at the west, and on the slope in the east
and south, resulting in the spiral structure seen in figures 4.10 and 5.4. This asymmetry
was also seen in the laboratory measurements, as discussed in section 4.3.
Griffiths & Veronis (1998) present a semi-analytical theory for the linear flow in the
1
sliced cone based on asymptotic expansions in powers of E 2 on the slope and in the
interior which are matched at the joining ellipse r = re and smoothed with a Stewartson
1
E 4 layer. The numerical model results provide us with an opportunity to test the validity
of this theory (figures 4.10, 5.3 and 5.4 were obtained under the same conditions as for
their analysis).
As in section 2.2.1, GV98 showed that the lowest order (E 0 ) flow is aligned with depth
contours. GV98 determined the functional relationship between the streamfunction and
depth by assuming that the Ekman pumping due to ζ and ζ T is balanced everywhere
on the slope (an EW balance in the notation used here); the relationship between the
streamfunction and depth obtained on the lower slope (re < r < remax ) also determines
the O(E 0 ) flow along depth contours in the interior. Note that the assumption of an EW
1
1
vorticity balance at O(E 2 ) requires that the O(E 2 ) velocity is also aligned with depth
contours everywhere on the slope; it was shown in section 2.2.1 that this is true on the
upper slope (r > remax ), but not the lower slope.
1
The O(E 2 ) correction adds a cross-contour Sverdrup component vSv to the interior
flow. GV98 employed the kinematic boundary condition (2.38) at the eastern boundary
1
(r = Λ, not re ; −π/2 < θ < π/2), and obtained an O(E 2 ) correction to the streamfunction
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Figure 5.3: Terms in the vorticity equation (5.1) vs. x and y in the sliced cone
under anticyclonic forcing with Ro = 0 and E = 3.15 × 10−5 . The terms have been
1
divided by 2E 2 , so on y = 0 in the interior the wind forcing term equals −1, and the
Ekman friction term equals −ζ. The vertical lines provide a reference to the location
of topographic features (the dot-dashed lines indicate the radius beyond which all
depth contours lie entirely on the slope).

5.1. Vorticity balances

88

KEY
WO
EW
E O
EWO
E V
EW V
EWOV
E OV
WOV
OV

(51.1%)
(19.1%)
(10.9%)
(10.0%)
( 2.6%)
( 1.8%)
( 1.6%)
( 0.8%)
( 0.8%)
( 0.1%)

Figure 5.4: As for figure 5.2 but for flow in the sliced cone under anticyclonic forcing
with Ro = 0 and E = 3.15 × 10−5 . The notation used in the key (E: Ekman friction,
W: wind, O: orography, V: lateral friction, A: advection) is defined on page 83. The
dashed ellipse marks the bottom of the slope. The corresponding vorticity field is
shown in figure 4.10.

which is identical to the Sverdrup streamfunction ψ Sv derived by Pedlosky & Greenspan
1
(1967) (equation (2.24)), but applied only in the interior (r < re ). Thus their O(E 2 )
correction also adds a zonal component to the interior velocity (this is the zonal velocity
needed to cancel the normal component of the Sverdrup meridional velocity at the eastern
boundary). It is questionable whether it is appropriate to use the condition (2.38) at
r = Λ to determine the interior streamfunction for r < re , since the Sverdrup flow does
not encounter this boundary. A more physically reasonable boundary condition would be
1
the streamfunction at O(E 2 ) on the eastern part of the ellipse, but this is unknown at
this stage.
1
The O(E 2 ) correction to the flow on the slope was obtained by numerically solving the
vorticity equation O + W + E = 0 (i.e. (5.1) with the T, A and V terms neglected), using the
corrected interior streamfunction as the boundary condition for ψ on the ellipse r = re .
1
To O(E 2 ) this construction yields a flow in which all of the interior is in a Sverdrup
balance and the potential vorticity gained by fluid columns in the interior is dissipated
entirely on the slope in a Stommel shear layer. The streamfunction is continuous, but the
streamlines have sharp corners at the ellipse where the interior and slope flows join. It
1
was postulated that there are Stewartson E 4 layer corrections to the flow on each side of
the ellipse which smooth the streamfunction and eliminate the associated discontinuity in
1
the velocity across r = re . Since they do not affect the O(E 2 ) streamlines except in the
1
immediate vicinity of the ellipse, these thin E 4 layers do not produce any net change to
the potential vorticity of fluid columns which cross them.
1
There are a number of problems with this theory. The O(E 2 ) correction to the flow
has a cross-contour component on the lower slope (by which the fluid columns return to
their original length after traversing the interior), but this component was neglected in
1
the O(E 2 ) vorticity equation used to derive the relationship between the zeroth-order
streamfunction and depth. The solution method corrects this omission on the slope, but

5.1. Vorticity balances

89

not the error in the zeroth-order zonal velocity in the interior determined from ψ 0 (D)
on the lower slope. As a result |∂u0 /∂y| is too small in the interior, since the strong
1
shear on the lower slope was neglected. The O(E 2 ) correction in the interior increases the
meridional gradient of u, but the validity of this correction is questionable since it is due
to the use of a boundary condition at r = Λ. It is clear in figure 4.5 (a) (page 66) that the
predicted gradient |∂u/∂y| is too small compared to both the numerical and laboratory
results; this leads to the underestimation of streamline curvature in the interior noted by
GV98. Figure 4.6 (b) verifies that this disparity originates in the underestimation of the
radial gradient of the azimuthal velocity on the lower slope.
There are further disagreements with the numerical and laboratory results due to
the artificial exclusion of Stommel and Munk balances from the interior, and the use of
1
Stewartson E 4 layers to remove the resulting strong velocity discontinuity at r = re . It is
1
clear from figures 5.3 and 5.4 that the predicted Stewartson E 4 layer (EV) correction plays
no significant role in the overall vorticity balance in the numerical solution near r = re ,
except in very small areas (at the eastern side of the interior and the bottom of the slope
at the west) where the EO balance cannot occur. Instead the adjustment from the slope
to the interior primarily takes place in a Stommel region (EO) located in the interior at
the west, and on the slope around the rest of the ellipse. Thus the vorticity balance at the
west of the interior is completely different from that predicted by GV98; indeed figure 5.3
shows that the E and V terms have the same sign in the core of the shear layer and so
cannot balance in the predicted way. By omitting Stommel dynamics from the interior
the theory fails to capture the east-west asymmetry in the location of the shear layer seen
1
in the numerical and laboratory results. A further point is that since s i = O(E 4 ), the
1
orographic term must enter the E 4 layer vorticity balance, as we saw in section 2.2.2 (this
is evident at the eastern side of the interior in figure 5.3 (a)). Thus its omission by GV98
1
from the Stewartson E 4 layer in the interior is unwarranted. Indeed, since s i > scr (see
1
section 4.1), the postulated E 4 layer should be spatially oscillatory near θ = π in the
interior.
With Ro = 0 the orographic term indicates the rate at which fluid columns change
their potential vorticity. It is clear from figure 5.3 that the potential vorticity gained in the
Sverdrup interior is dissipated primarily at the east and west where the flow merges with
that on the slope, but there is significant dissipation in the south as well (the dissipation
seen at the north on the slope balances the change in potential vorticity of fluid columns
which pass through the region on the lower slope at the west where the orographic term has
the same sign as in the interior). This broad distribution of potential vorticity dissipation is
contrary to the assertion by Griffiths & Veronis (1997, 1998) that the dissipation is confined
to the bottom of the slope at the east. Their conclusion was due to the assumption in
their analysis that the dissipation of potential vorticity takes place only on the slope, via
cross-contour flow balanced by Ekman friction, which as we have seen can occur only at
the south and east. The dynamics controlling the dissipation of potential vorticity will be
discussed in more detail in sections 5.1.3 and 5.2.1.

5.1.3

A thermal analogy for linear flow

Welander (1968) recognised that the equations governing steady, linear, barotropic winddriven flow on a β-plane with topography and bottom friction are mathematically identical
to the equations governing the advection and conduction of heat. This analogy has been
elaborated and generalised by Salmon (1992, 1998), and provides a very useful perspective
for developing an intuitive understanding of flow over topography.
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We saw in section 2.3.1 that when dissipation is negligible the vorticity equation (2.33)
conserves the potential vorticity Q = Roζ − 2 ln
 D, or equivalently the “effective depth”
Deff = e−Q/2 = De−Roζ/2 . The term ∇H · uψ Deff in the equation (2.37) for the conservation
of Deff can be written as uDeff · ∇H ψ, where
uDeff = −k̂ × ∇H Deff

(5.2)

is a “velocity field” directed along Deff contours, with greater effective depth to the left
when facing “downstream” (i.e. the “flow” is pseudo-westwards). Using this notation,
equation (2.37) becomes
∂Deff
+ uDeff · ∇H ψ
∂t

 1 h


i D E
−Ro 2
E2
eff
= − exp
ζT − (1 + σ)∇H2 ψ − σs2 ŝ × k̂ · ∇H (uψ · ŝ) −
∇H ψ
∇H4 ψ.
2
2
2
(5.3)
If we assume a steady flow with vanishing Rossby number (so Deff = D), and also neglect
the lateral viscous diffusion ∇H4 ψ and the final term in the square brackets (both of these
are negligible in most of the flow domain), equation (5.3) becomes
1

uDeff · ∇H ψ −

1

E2
E2
(1 + σ)∇H2 ψ = −
ζ .
2
2 T

(5.4)

This is a forced advection-diffusion equation for the streamfunction ψ. The streamfunction is “advected” pseudo-westwards by the “velocity field” u Deff , the Ekman friction
acts to “diffuse” the streamfunction, and the wind forcing appears as a source term. The
steady-state streamfunction is the same as the steady-state two-dimensional temperature
1

field which would result from heating a substance with thermal diffusivity
1

E2
2

(1+σ) at the

− E22

ζT while it is advected with the velocity u Deff in a domain with a boundary value
rate
of zero temperature (note that in general the advecting “flow” u Deff can pass through the
boundary); since the lateral viscosity has been neglected, there is no boundary condition
on the normal gradient of ψ. This thermal analogy does not hold in the transient case;
the adjustment of ψ to its steady state is not the same as the adjustment of the analogous
temperature field, although it converges to the same steady state.
Consider the flow in the sliced cylinder with zero slice angle. The steady-state streamfunction in this case is a balance between “diffusion” of ψ through the lateral boundary
and “heating”, since the westward “advection” is zero. The streamfunction is therefore a
paraboloid, so the flow is a solid-body rotation with uniform vorticity.
When the slice angle is nonzero, there is a “flow” u Deff to the west, which is stronger
for steeper slice angles. This “flow” carries the interior value of ψ towards the western
boundary, where the boundary value of zero ψ produces a strong “thermal” gradient
and therefore a large “advection” term. When u Deff is large this results in a “thermal”
1

boundary layer of thickness (1 + σ)E 2 /(2n̂ · uDeff ) (where n̂ is a unit vector normal to, and
directed into, the boundary) in which the “advection” is balanced by “diffusion”. This
boundary layer becomes thinner with increasing |u Deff | (i.e. increasing bottom slope s). At
the east the “advection” carries the boundary value of ψ into the interior, so a “thermal”
boundary layer does not form. The overall result of the “advection” is a streamfunction
with a smaller maximum which is displaced to the west relative to the case with zero
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bottom slope. When the bottom slope is sufficiently large (that is, the advective “velocity”
is sufficiently large), “advection” dominates “diffusion” to the east of the streamfunction
maximum, and the balance in this region is between “advection” and “heating”. This
corresponds to a Sverdrup balance, and the “thermal” boundary layer at the west is a
Stommel western boundary current.
Now consider the flow in the sliced cone with zero interior slice angle. The advective
“velocity” in this case is a uniform anticlockwise “flow” on the slope, and zero “flow” in
the interior. There is an essential difference from the sliced cylinder in that the advective
“flow” is a closed circulation, rather than a “flow” from one boundary to the other, so
the “advection” cannot carry the boundary value of the streamfunction into the interior
as it does in the Sverdrup region of the sliced cylinder. Thus the boundary condition on
the streamfunction is carried into the interior by “diffusion” alone. The “advective” term
vanishes everywhere when uDeff is zero in the interior, since the strong azimuthal “flow”
on the slope aligns ψ contours with u Deff . The balance at every point is therefore between
“heating” and “diffusion”, and the streamfunction is the same as that in a flat-bottomed
cylinder (except for the effect of the slope on the “diffusivity”).
A nonzero interior slope introduces westward “advection” in the interior, but does not
change the balance which holds on the upper sidewall slope. As in the sliced cylinder, the
“advection” in the interior blows the streamfunction maximum towards the west. However, the resulting interior streamfunction pattern differs from that in the sliced cylinder
because the boundary values at the eastern side of the ellipse are not zero but the streamfunction values at the bottom of the slope, giving a stronger north-south gradient of the
streamfunction in the interior. Nevertheless, a (Sverdrup) balance between “advection”
and “heating” is dominant from the eastern edge of the interior to the vicinity of the
streamfunction maximum at the west of the interior (see figure 5.5).
It is clear from figure 5.5 that the “advection” in the Sverdrup region “piles up” the
streamfunction on the western side of the interior. The Sverdrup balance is broken on the
far western side of the interior, where the streamfunction contours are strongly curved in
order to smoothly join the azimuthally uniform field on the slope. This strong curvature
creates a “thermal” (Stommel) boundary layer on the interior side of the ellipse in which
“diffusion” balances the “advection”. This “diffusive” region extends a short way onto
the slope in the west, where the much stronger “advection” sweeps it “downstream” (i.e.
in the anticlockwise direction), wrapping the “diffusive” region of excess ψ around the
ellipse r = re . The westward “advection” in the interior prevents the downstream tail of
the “diffusive” region from extending into the interior on the eastern half of the ellipse,
resulting in the spiral structure of the “diffusive” EO region in figure 5.4 and the region of
strong negative vorticity in figure 4.10. Thus the “heat” gained in the Sverdrup interior
is “diffused” and “advected” onto the slope in an extended region curving from the west
of the interior around to the south and east on the lower slope. The interior “heat” is
ultimately lost through the lateral boundary by “diffusion” (given that we have neglected
lateral viscosity).
As figure 5.5 shows, the westward “advection” at the eastern side of the interior produces a smooth match between the streamfunction on the slope and the interior in this
region. However at the western side of the interior the “piling up” of ψ necessarily gives a
value of ψ which exceeds that of the azimuthally uniform paraboloidal profile which holds
on the slope, since with this geometry and Ekman number the intersection between the
paraboloid and the Sverdrup region lies further than a “thermal” boundary-layer thickness (≈ 5.6 × 10−2 for E = 3.15 × 10−5 ) from the bottom of the slope. A match at the
west between the interior and the slope requires an inflection in the east-west profile of
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Figure 5.5: Streamfunction ψ, vorticity ζ and northward velocity v as a function
of east-west position x on the diameter y = 0 in the sliced cone under anticyclonic
forcing with Ro = 0 and E = 3.15 × 10−5 . The vertical lines provide a reference to
the location of topographic features (the dot-dashed lines indicate the radius beyond
which all depth contours lie entirely on the slope).
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∂v
and therefore a region on the slope at the west
ψ, producing a change in the sign of ∂x
where ζ has a different sign from in the shear layer or on the upper slope, as shown in
figures 4.10 and 5.5. There is a topographic Sverdrup balance in the region where ζ ≈ 0
(see figures 5.3 and 5.4), since the wind forcing and Ekman dissipation cannot balance; the
resulting change in depth of fluid columns is compensated at the bottom of the slope in
the north, where the Ekman dissipation exceeds that required to balance the wind forcing.
The extended internal “thermal” boundary layer region around r = re is where fluid
particles lose the potential vorticity gained in the Sverdrup interior or the Sverdrup region
on the slope (this will be shown in more detail in section 5.2.1). This distributed dissipation
of potential vorticity differs significantly from that found in the geostrophically blocked
geometry studied by Salmon (1992). This β-plane model had a sloping sidewall only at the
west, producing a strong “advective flow” which converged on the southwestern corner of
the basin, where it passed through the boundary. The rapid “flow” on the slope aligned ψ
contours with potential vorticity contours, producing a long “topographic tail” extending
to the southwest. In the limit of weak dissipation (small “diffusivity”) the dissipation of
potential vorticity was confined to a very localised region against the boundary in the
southwestern corner, where a “thermal” boundary layer formed in order to satisfy the
boundary condition on ψ. In this sense this geostrophically blocked geometry is similar to
the Stommel model, except that the convergence of geostrophic contours produces a much
more localised dissipation region.
It is clear from the numerical experiments of Becker & Salmon (1997) and Becker (1995,
1999) that when the bottom friction is stronger the dissipation of potential vorticity takes
place in more of the topographic tail rather than being confined to its tip, and so not
all streamlines need to extend to the vicinity of the boundary before returning to the
interior. Kubokawa & McWilliams (1996) showed how the tail shortens as the friction is
increased, and noted that when the friction is sufficiently strong or the slope sufficiently
steep, the circulation resembles the standard Munk or Stommel flow (depending on the
type of friction used) except that the western boundary current occurs offshore, over the
bottom of the slope. This yields a distributed region of potential vorticity dissipation in
the interior which is qualitatively similar to that in the sliced cone, but occurs for different
reasons.
In the sliced cone the potential vorticity is dissipated in a large region isolated from
the boundary as a consequence of the geostrophic contours being closed loops that are
not blocked by the boundary (the importance of the closure of geostrophic contours was
noted by Becker & Salmon, 1997 and Becker, 1995). The rapid “advective flow” uDeff
on the slope in the sliced cone leads to strong topographic steering as in the β-plane
models, but since uDeff is a closed “circulation” which does not intersect the boundary,
ψ and Deff contours can be aligned while still satisfying the boundary condition on ψ.
The orographic “advection” term vanishes at the boundary due to this alignment, so the
potential vorticity supplied by the wind in the Sverdrup regions must be dissipated in
internal shear layers rather than at the boundary. The closure of the “advective flow”
allows a return of the Sverdrup transport without the formation of a topographic tail and
the associated localisation of potential vorticity dissipation at the boundary in the limit of
small bottom friction. We therefore expect the dissipation to remain broadly distributed
in this limit.
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Figure 5.6: As for figure 5.1 but for nonlinear, steady flow with Ro = 8.32 × 10−2
1
and E = 12.5 × 10−5 (so Reγ = 121). The terms have been divided by 2E 2 , so on
y = 0 the wind forcing term equals −1, and the Ekman friction term equals −ζ.

5.1.4

Nonlinear flow in the sliced cylinder

Figure 5.6 shows east-west profiles of the terms in the vorticity equation (5.1) along y = 0
for nonlinear, steady flow in the sliced cylinder. The dominant vorticity balances for this
flow are shown in figure 5.7 and the corresponding vorticity field is shown in figure 3.9 (c).
It is evident from figure 5.6 that western boundary current is much wider than in the
linear case (figure 5.1), with the Sverdrup balance appearing only for x > −0.7. The
orographic term is weaker than in figure 5.1, since the northward velocity is smaller due
to the broadening of the return flow. This broadening is much greater than would be
expected from the larger value of E, and is mostly due to the slow decay of the outer
“tail” of the boundary current. The vorticity balance in this outer region is primarily
between the advection and orographic terms (as in an inertial boundary layer), but the
orographic term is also partly balanced by Ekman friction as in a Stommel boundary
current. Advection also plays an important role in the inner boundary layer, where it is
balanced by lateral viscosity. Immediately adjacent to the boundary the advection term
1
vanishes as a result of the no-slip lateral boundary condition and the Stewartson E 4 layer
balance is obtained as in the linear case.
The full extent of the inertial modification to the flow can be seen in figure 5.7. The
southwestern part of the basin is dominated by an inertial western boundary current inflow,
modified by wind forcing (WOA), Ekman friction (EOA) or both (EWOA); as in the linear case
there is a region (EWA) where the flow is along depth contours and the orographic term
vanishes. A relatively “pure” inertial boundary current balance (OA) appears closer to the
boundary, where the advection term is much larger than the Ekman friction. Inertially
1
modified Munk (OVA) and Stewartson E 4 layer (EVA) balances are also visible very close to
the sidewall. The inertial modification to this flow has a boundary-layer form, rather than
being spatially oscillatory, because the zonal component of the inflow is westwards (see
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Figure 5.7: As for figure 5.2 but for nonlinear, steady flow with Ro = 8.32 × 10−2
and E = 12.5 × 10−5 (so Reγ = 121). The notation used in the key (E: Ekman
friction, W: wind, O: orography, V: lateral friction, A: advection) is defined on page 83.
The corresponding vorticity field is shown in figure 3.9 (c).

Greenspan, 1962; Pedlosky, 1987a). The westward component of the Sverdrup interior
flow is stronger in the southern part of the basin than at y = 0, leading to a larger inertial
boundary current width δI , as discussed in section 3.1. Advection of fluid with weak
vorticity reduces the magnitude of the relative vorticity in the WBC inflow region, leading
to a vorticity distribution which is swept downstream relative to the Ro = 0 case (see
figure 3.9). This reduces the relative vorticity and hence the magnitude of E on y = 0
relative to the linear case (compare figures 5.1 and 5.6).
The outflow in the north is controlled by many of the same vorticity balances as the
inflow (OA, WOA, EOA and EWOA predominate), but is much more complex in structure. This
is largely because the western boundary current outflow is eastwards, and is therefore in the
opposite direction to Rossby wave phase propagation. As a result, standing topographic
Rossby waves can form, and a balance (OA) between the orographic and advection terms
has a spatially oscillatory form instead of the inertial boundary-layer structure seen in
the inflow region. Consequently, the rapid boundary current flow enters the interior as
meandering jet (as in the theory of Moore, 1963), which the predominant vorticity balances
indicate is a standing topographic Rossby wave modified by wind forcing and Ekman
friction.

5.1.5

Nonlinear flow in the sliced cone

Figures 5.8 and 5.9 show the vorticity balances for steady flow under strong anticyclonic
forcing. Since the flow is pseudo-eastwards (i.e. ∇H ψ · ∇H Q < 0, where Q = Roζ − 2 ln D is
the potential vorticity) almost everywhere in the basin, a balance between the orographic
and advection terms has a spatially oscillatory (standing Rossby wave) form instead of an
inertial boundary-layer structure. In this regard the flow everywhere except the southwest
of the interior is similar to that in the north of the sliced cylinder. The pseudo-eastwards
group velocity of standing Rossby waves implies that steady meanders will be found only
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Figure 5.8: As for figure 5.3 (a) but for steady flow under strong anticyclonic forcing
with Ro = 5.7 × 10−2 and E = 6.3 × 10−5 (the same conditions as in figure 4.2 (f)).
1
The terms have been divided by 2E 2 , so on y = 0 in the interior the wind forcing
term equals −1, and the Ekman friction term equals −ζ.

on the pseudo-eastern side of their source region, as discussed by Kubokawa & McWilliams
(1996). As a result there is a very abrupt change in the profiles at the ellipse joining the
slope and interior, due to the absence of adjustment on the pseudo-western side.
The dominant vorticity balances in the interior of the sliced cone under strong anticyclonic forcing have a structure which is almost identical to that of nonlinear flow in the
sliced cylinder (figure 5.7). Strong standing Rossby waves are generated on both the slope
and in the interior where the jet crosses the ellipse; these appear as a train of Ekmandamped meanders on the downstream side in both regions. Smaller-amplitude waves are
also produced on the slope where the Sverdrup flow crosses the ellipse. Balances resembling
those in the linear flow are found only in the southeast in the interior and the southwest
on the slope, where the amplitude of these waves has mainly decayed away. The standing
Rossby waves present under anticyclonic forcing result in a flow which is highly contorted
compared to that with cyclonic forcing, and therefore more prone to barotropic instability;
this will be discussed further in section 5.2.3. From the Ekman friction term it is clear
that the relative vorticity at the ellipse is about ten times smaller than in the western
boundary current in the sliced cylinder (figure 5.6), so the omission of the stretching of ζ
is less significant in the numerical model of the sliced cone.
The flow structure under strong cyclonic forcing (figures 5.10 and 5.11) is much simpler
than that under strong anticyclonic forcing. Since the flow under cyclonic forcing is pseudo-
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Figure 5.9: As for figure 5.2 but for steady flow in the sliced cone under strong
anticyclonic forcing with Ro = 5.7 × 10−2 and E = 6.3 × 10−5 (the same conditions
as in figure 4.2 (f)). The notation used in the key (E: Ekman friction, W: wind,
O: orography, V: lateral friction, A: advection) is defined on page 83. The dashed
ellipse marks the bottom of the slope. The corresponding vorticity field is shown in
figure 4.11 (b).

westwards everywhere in the basin (i.e. ∇H ψ · ∇H Q > 0), a balance between the orographic
and advection terms has a boundary-layer form rather than being spatially oscillatory; in
this sense the entire basin is dynamically similar to the western boundary current inflow
region in the sliced cylinder. The strongly forced flow shown is dominated by an inertial
boundary layer balance (OA) between the orographic and advection terms, which decay
monotonically on either side of the join between the slope and the interior. In contrast
to the linear and nonlinear, anticyclonically forced cases, the vorticity profile has a nearly
perfect east-west symmetry about the line x = 0, with the shear layer centred on the
ellipse so that both the advection and orographic terms change sign at the ellipse (the
Ekman friction term in figure 5.10 gives an indication of the vorticity distribution, also
shown in figure 4.11 (a)). The wide inertial boundary layers confine the Sverdrup balance
to a small region at the centre of the basin, as anticipated from figures 4.5 (b) and 4.11 (a).
In contrast to the linear case, Ekman friction plays a role in balancing the wind forcing in
the interior near the ellipse as well as on the upper slope.

5.2

Potential vorticity

This section will discuss the potential vorticity structure of flows in the sliced cylinder and
sliced cone, and the locations on each streamline where potential vorticity is produced and
dissipated.
It was shown in section 2.3.1 that the vorticity equation (2.33) used in the numerical
model conserves the potential vorticity Q = Roζ − 2 ln D in the absence of forcing and
dissipation. This quantity is more conveniently expressed as an “effective depth” Deff =
e−Q/2 = De−Roζ/2 , since this avoids the singularity in Q at the boundary of the sliced cone.
We will generally talk in terms of Deff for this reason, but note that large Deff corresponds
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Figure 5.10: As for figure 5.3 (a) but for flow under strong cyclonic forcing with
Ro = 9.24 × 10−2 and E = 3.15 × 10−5 (the same conditions as in figure 4.1 (d)). The
1
terms have been divided by 2E 2 , so on y = 0 in the interior the wind forcing term
equals −1, and the Ekman friction term equals −ζ.
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Figure 5.11: As for figure 5.2 but for flow in the sliced cone under strong cyclonic
forcing with Ro = 9.24 × 10−2 and E = 3.15 × 10−5 (the same conditions as in figure 4.1 (d)). The notation used in the key (E: Ekman friction, W: wind, O: orography,
V: lateral friction, A: advection) is defined on page 83. The dashed ellipse marks the
bottom of the slope. The corresponding vorticity field is shown in figure 4.11 (a).

to small Q.
The surface “wind” stress acts as a source of Deff in the Sverdrup interior of the sliced
cone and sliced cylinder; this input must be balanced by a sink of Deff on each streamline1 .
The locations where these Deff changes occur can be determined from plots of the change
in Deff per unit arc length S along a streamline, which is equivalent to the gradient of Deff
in the direction of the velocity:


uψ
∂Deff
=
· ∇H Deff .
(5.5)
∂S
|uψ |
With this notation and that defined in section 5.1, in the steady state equation (2.37) can
be written
∂Deff −Deff
=
(W + E + V)
∂S
2|uψ |
+Deff
=
(A + O),
2|uψ |

(5.6)

∂D

which shows that ∂Seff is determined by the imbalance between the forcing and dissipation
terms, or equivalently the imbalance between the advection and orographic terms. The line
∂D
integral of ∂Seff around a closed streamline is zero (by Green’s theorem), so all streamlines
∂D
∂D
which pass though a region of nonzero ∂Seff must also pass through a region where ∂Seff
has the opposite sign such that the line integrals through these regions cancel out. This
∂D
integral property makes ∂Seff a more useful diagnostic than uψ · ∇H Deff , the change in Deff
per unit time for a fluid particle in a steady flow.
1
To avoid unnecessarily contorted sentences when discussing the Deff balance under cyclonic and anticyclonic forcing, the wind forcing will be referred to as a “source” of Deff , and any change with the opposite
sign as “dissipation” or a “sink”, regardless of the actual sign of the changes in Deff .
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Figure 5.12: Potential vorticity (indicated by Deff ) and its production and dissipation
∂D
(indicated by ∂Seff ) in the sliced cylinder, under anticyclonic forcing with Ro = 0,
E = 6.27 × 10−5 , s = 0.1 and Λ = 3.92. North is at the top, the mean flow is
clockwise, and the contour interval in ψ is 5 × 10−3 Λ2 between thick and thin lines.

5.2.1

Linear flow in the sliced cylinder and sliced cone
∂D

Plots of Deff and ∂Seff for linear flow in the sliced cylinder are shown in figure 5.12. Since
∂D
Ro = 0, we have Deff = D and only the orographic term contributes to ∂Seff . The plot of
∂Deff
∂S shows the balance of Deff production in the Sverdrup interior and dissipation against
∂D
the sidewall in the western boundary current; ∂Seff has its greatest magnitude along y = 0,
where the flow is parallel to ∇H Deff . The dissipation takes place via Ekman and lateral
∂D
friction, as shown in figures 5.1 and 5.2. The curve ∂Seff = 0 separating the regions of Deff
production and dissipation is symmetrical about the east-west diameter, and intersects
the boundary at the northernmost and southernmost points.
Corresponding plots for linear flow in the sliced cone are shown in figure 5.13. The
effective depth in the interior is the same as in the sliced cylinder, but on the sloping
sidewall it decreases rapidly to zero. There is a net input of Deff into the fluid in the
central Sverdrup region, which is balanced by dissipation of Deff as the streamlines pass
through the surrounding green or blue regions before returning to the interior. As noted
in section 5.1.2, dissipation occurs all around the ellipse r = re , in the interior at the west
and on the lower slope everywhere else, contradicting the predictions of Griffiths & Veronis
(1997, 1998). It is clear from a comparison of figure 5.13 (b) with figures 5.3 and 5.4 that
dissipation occurs mostly as a result of Ekman friction (an EO balance) in the spiral region
of strong relative vorticity shown in figure 4.10.
In the Sverdrup interior the streamlines are at a shallower angle to the Deff contours
∂D
than in the sliced cylinder, due to the stronger eastward velocity u, so ∂Seff is smaller; the
∂D
north-south gradient of ∂Seff in the interior is due to the northward increase in u. Fluid
columns gain less Deff than in the sliced cylinder as they traverse the Sverdrup interior
∂D
∂D
due to the smaller value of ∂Seff ; as a result the magnitude of ∂Seff is also smaller in the
dissipation region. Streamlines passing through the northern part of the interior have a
particularly short path through the Sverdrup region, at a shallow angle to the Deff contours.
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Figure 5.13: Potential vorticity (indicated by Deff ) and its production and dissipation
∂D
(indicated by ∂Seff ) in the sliced cone, under anticyclonic forcing with Ro = 0 and
E = 3.15 × 10−5 . North is at the top, the mean flow is clockwise, and the dashed
ellipse marks the bottom of the slope. The contour interval in ψ is 10−2 Λ2 between
thick lines, and 5 × 10−3 Λ2 between thick and thin lines; thin lines are shown only
for |ψ| ≥ 8.5 × 10−2 Λ2 . The corresponding vorticity field is shown in figure 4.10.

The net change in Deff is therefore small, so these streamlines need only pass through the
dissipation region as they leave and re-enter the interior in order to dissipate their acquired
Deff ; most of the path length on the slope is in regions where the dissipation is very weak.
Fluid columns acquire more Deff when crossing the southern part of the Sverdrup interior,
and there is strong dissipation along most of the return path. At the north there are
streamlines which dissipate Deff in the shear layer but do not pass through the Sverdrup
interior; for these streamlines the balancing input of Deff takes place on the slope in the
west, via Ekman pumping of the opposite sign to that in the dissipation region. Close to
the boundary the fluid circulates with virtually no change in Deff ; this is expected from the
approximate EW balance predicted by linear theory, and also from equation (2.37), which
shows that a local imbalance between forcing and dissipation is less effective in changing
Deff where Deff is small. Thus in contrast to the sliced cylinder, the balance of potential
vorticity around each streamline does not involve dissipation at the lateral boundary. The
significance of this observation will be discussed further in section 5.3.

5.2.2

Nonlinear flow in the sliced cylinder

The situation is more complex in the nonlinear case since Deff is determined by the vorticity
∂D
structure as well as the depth, and this in turn affects the structure of ∂Seff . In particular,
∂D
if the alteration due to ζ aligns the Deff contours and streamlines, ∂Seff will be zero; this
corresponds to an inertial vorticity balance (OA) between the advection and orographic
terms.
When Ro = 0 the vorticity in the sliced cylinder is negligible everywhere except in the
western boundary current. Under anticyclonic forcing the vorticity is cyclonic against the
sidewall, and anticyclonic to the east of the velocity maximum in the western boundary
current (see figure 3.9 (a)). Under weakly nonlinear conditions the vorticity structure is
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Figure 5.14: Potential vorticity and its production and dissipation in the sliced
cylinder. As for figure 5.12, but for nonlinear, steady flow with Ro = 8.32 × 10−2 and
E = 12.5 × 10−5 . The corresponding vorticity field is shown in figure 3.9 (c).

very similar to the linear case, so Deff is reduced by the vorticity in the cyclonic sublayer,
and increased by the vorticity in the anticyclonic region. As a result the Deff contours
are displaced southward at the western boundary and northward in the outer western
boundary current relative to the linear case. The northward displacement of Deff contours
in the outer part of the western boundary current inflow reduces the Ekman dissipation
needed for the fluid to flow northward (that is, A assists E in balancing O). As a result
the region of strong anticyclonic vorticity is moved northwards. The tendency for flow
to follow Deff contours also results in the northward overshoot in the western boundary
current outflow seen in figure 3.2 (a).
This displacement of Deff contours and the associated changes in ζ become more pronounced as Ro increases. Under strong forcing the cyclonic and anticyclonic regions separate from the boundary and extend into the interior to form the western boundary current
outflow jet (see figure 3.9 (c)). The corresponding potential vorticity is significantly altered from the linear case in the regions of high vorticity, as shown in figure 5.14 (a). The
strong cyclonic vorticity against the sidewall at the west produces a region of very small
Deff which extends from the north to the southwest; at the north Deff is also reduced on
the cyclonic side of the jet. At the eastern boundary the vorticity is much weaker, but it
still leads to a noticeable southward displacement of Deff contours. The anticyclonic outer
part of the western boundary current displaces Deff contours northwards to produce an
extended “tongue” of large Deff (small Q) at the west. Under the conditions shown this
“tongue” curls around in the anticyclonic part of the jet, enclosing a region of smaller Deff
and resulting in closed contours of potential vorticity on the southwestern side of the jet.
These changes to the potential vorticity structure significantly alter the locations in
which potential vorticity is dissipated, as shown in figure 5.14 (b). To the east of the
anticyclonic vorticity maximum the alignment of Deff contours with streamlines leads to a
large reduction in the dissipation in the outer part of the western boundary current inflow
relative to the linear case. This is consistent with the observation in section 5.1.4 that
the vorticity balance in this region is close to that of an inertial boundary current (OA).
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Fluid columns passing through the outer western boundary current therefore have reduced
dissipation, which takes place further to the north than in the linear case, and also gain less
Deff in the interior. The situation is quite different along streamlines which pass through
the inner part of the boundary current inflow (to the west of the anticyclonic vorticity
maximum), since the gradient of Deff in the direction of the flow is larger than in the linear
case, so the dissipation is increased. The region of strong dissipation against the sidewall
extends further to the south than in the linear flow, since fluid columns must reduce
their effective depth earlier if they are to remain close to the boundary. This increase in
dissipation is also evident from the vorticity balance (figure 5.6), which shows that A and
O are both negative, implying that W + E + V > 0 in equation (5.6). In contrast to the
linear case, the reduction in Deff at the boundary implies that fluid columns following these
streamlines have too little Deff to smoothly rejoin the interior flow. This is an example of
a “potential vorticity crisis” (Pedlosky, 1987b), and its resolution requires a qualitative
change from the structure of the linear flow, so that fluid columns which pass close to
the boundary also pass through a region of strong Deff production before entering the
Sverdrup interior. This Deff production region is located on the cyclonic side of the jet in
figure 5.14 (b).
An indication of the extent to which fluid columns change their potential vorticity is
provided by the scatter plot of ψ versus Deff for Ro = 0 and Ro = 8.32 × 10−2 shown in
figure 5.15. The width of the scatter at a given ψ indicates the range of Deff for flow along
that streamline, and the intersection of the scatter with a particular vertical line indicates
the range of streamlines which cross a given Deff contour. It is clear from figures 5.15
and 5.14 that at Ro = 8.32 × 10−2 fluid columns with ψΛ−2 < 0.016 pass through the
low-Deff region close to the western boundary and therefore experience a greater range of
Deff than in the linear case. Since the flow in the Sverdrup region is the same at zero
and finite Ro, for each value of ψ the minimum Deff at Ro = 0 indicates the Deff which
the WBC outflow must exceed in the nonlinear case if it is to merge with the Sverdrup
interior. It is evident that the outflow with small ψ, which passes close to the boundary,
has a marked deficit in Deff and therefore must also pass through a region of strong Deff
production before joining the interior flow, as we saw in figure 5.14.
Figures 5.15 and 5.14 also show that at Ro = 8.32 × 10−2 fluid columns with ψΛ−2 >
0.016 circulate through the outer western boundary current and experience a reduced range
of Deff than in the linear case. For moderate ψ this reduction is due to the increase in the
minimum Deff experienced by fluid columns, since they travel southwards in the region of
increased Deff in the jet before joining the Sverdrup flow. The reduction in the range of Deff
is particularly pronounced near the streamfunction maximum on the southwestern side of
the jet, where there is also a decrease in the maximum Deff due to the small southward
excursion of fluid columns.
The structure of the scatter plot shows that all Deff contours intersect the boundary
(ψ = 0) when Ro = 0; as a result of this “blocking” most streamlines must cross a
significant range of Deff . In contrast, the scatter for the strongly nonlinear flow shows that
for 0.195 < Deff Λ−1 < 0.215 and 0.320 < Deff Λ−1 (shown by the dashed grey lines) there
are Deff contours which do not intersect the boundary; this closure of Deff contours within
the interior opens up the possibility of recirculating flow in which Deff is nearly conserved.
Of the two disconnected regions in which Deff Λ−1 < 0.215, the “blocked” region in which
ψ is smaller corresponds to the region of small Deff extending from the north around to
the southwest against the boundary, whilst the large-ψ branch corresponds to the closed
Deff contours on the southwestern side of the jet, as shown in figure 5.14 (a). The closed
Deff contours with 0.320 < Deff Λ−1 correspond to a large region in the south where the
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Figure 5.15: Scatter plots of ψ vs. Deff for steady linear and nonlinear flow in the
sliced cylinder under anticyclonic forcing with E = 12.5 × 10−5, s = 0.1 and Λ = 3.92.
∂D
The significance of the dashed lines is discussed in the text. The ψ, Deff and ∂Seff
fields corresponding to the nonlinear case are shown in figure 5.14.
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reduction of Deff at the boundary has created an isolated pool of larger Deff in the interior.
Of the two regions of closed Deff contours, only the one at the southwestern side of the
jet contains streamlines (ψΛ−2 > 0.05) which close within it. The marked reduction in
the range of Deff as ψΛ−2 increases beyond 0.046 is due to the confinement of the flow to
these closed potential vorticity contours, and the resulting alignment of ψ and Deff . The
potential vorticity is nearly uniform within this region of closed streamlines, a well-known
theoretical result (Batchelor, 1956) which has been applied to large-scale ocean circulation
by Rhines & Young (1982a). However in our case complete homogenisation of potential
vorticity cannot be obtained, due to the presence of wind forcing and Ekman friction 2 .
This localised recirculation region is a characteristic feature of wind-driven gyres at large
Rossby number under no-slip boundary conditions, and has been discussed extensively in
the literature (e.g. Blandford, 1971; Böning, 1986; Bryan, 1963; Cessi et al., 1987; Ierley,
1987; Ierley & Young, 1988). Under very strong forcing the closure of potential vorticity
contours in this region allows a strong recirculation to develop, in which the total transport
exceeds that predicted by Sverdrup theory (see figure 3.15 (d)).
Boundary current separation and the potential vorticity “crisis”
Western boundary currents have been shown to separate in response to a change in sign
of the wind stress curl (Munk, 1950), a collision with another western boundary current
(Agra & Nof, 1993; Cessi, 1991), outcropping of isopycnals (Parsons, 1969; Veronis, 1973b)
or a change in bottom topography or boundary shape (Dengg, 1993; Özgökmen et al., 1997;
Spitz & Nof, 1991). The mechanism of western boundary separation in the sliced cylinder
is therefore of interest, since none of these processes can operate. The separation appears
“unprovoked”, in contrast to that seen in similar single-gyre models in a rectangular basin
(e.g. Blandford, 1971; Cessi et al., 1990), in which the boundary current separates from
the northern boundary after negotiating the northwest corner of the basin.
We have seen that at nonzero Rossby number the potential vorticity dynamics in
the cyclonic sublayer are different from those in the anticyclonic outer western boundary
current. In the cyclonic sublayer Deff is reduced relative to the linear case, so potential
vorticity dissipation begins further upstream. In contrast the potential vorticity dissipation
is delayed in the anticyclonic part of the western boundary current because potential
vorticity contours are shifted northwards relative to the linear case. The fluid in the
sublayer is trapped close to the boundary until the flow in the outer western boundary
current has dissipated enough potential vorticity to return to the interior. However the
relative shift in the locations of dissipation means that fluid columns in the sublayer will
have dissipated more potential vorticity than they gained in the Sverdrup interior by the
time they are free to leave the boundary current. As a result, at nonzero Ro the outflow
from the sublayer must pass through a region of Deff production before merging with the
Sverdrup interior, as we have seen in the example above. The relative shift in Deff contours
becomes larger as Ro increases, so the production of Deff must be increased in order to
overcome the increased potential vorticity deficit. It will be shown here that an acute
deficit of Deff (a potential vorticity “crisis”) is intimately involved in western boundary
current separation in the numerical model.
For the purposes of this discussion we will assume that the forcing is anticyclonic. We
will also assume for now that there is no recirculation, so the flow along the boundary
2

In a hypothetical region of homogeneous Q, ζ is a linear function of y (in the quasigeostrophic limit of
small depth variation) and so V vanishes. Since ζ is not uniform, E cannot balance a uniform wind forcing
∂Deff
W at every point, so ∂S
6= 0 from (5.6), contradicting the assumption of uniform Q.
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is northward and the no-slip condition implies ζ > 0 at the boundary. Figure 5.6 shows
that V is positive in the inflow region of the sublayer, whilst E and W are negative, and
that W + E + V > 0. It is evident from equation (5.6) that production of Deff requires
W + E + V < 0, but at first glance it is difficult to say whether this will take place by V
becoming less positive, or E becoming more negative. However equation (5.6) also shows
that A + O > 0 in a region of Deff production; since the flow is northwards we have O < 0,
∂ζ
∂ζ
ln D
2 ∂ ln D
and O = 2|uψ | ∂ ∂S
, so ∂S
< Ro
so −A < O < 0. Now A = −Ro|uψ | ∂S
∂S < 0. Thus
in the production region ζ decreases downstream at a finite rate; by continuity we must
∂ζ
∂ζ
also have ∂S
< 0 for some distance upstream of the production region. Since ∂S
< 0 and
ζ > 0, we expect that E becomes less negative as the flow enters the production region 3 .
Thus V must decrease in order to obtain W + E + V < 0 in the production region.

If we make the boundary-layer approximation we have V ≈ E r −1 ∂ζ/∂r + ∂ 2 ζ/∂r 2 .
Upstream of the Deff production region ζ decreases monotonically away from the boundary,
at a decreasing rate, so V > 0 (see figure 5.6; the Ekman term gives the profile of −ζ). As
∂D
the fluid columns pass from this dissipation region to the production region, ∂Seff becomes
positive via a small change to the vorticity profile which reduces V below −(W + E) but
does not change its sign. At small Rossby number this low rate of Deff production is
sufficient to restore the potential vorticity of fluid columns to a value which allows them
to re-enter the interior, and no more drastic alterations are needed (see figure 5.16 (a)).
∂D
As the Rossby number increases, ∂Seff increases to a larger value at the downstream end
of the production region in order to obtain the required Deff production. Eventually at
∂D
large Rossby number ∂Seff needs to increase to a value which can only be obtained if V
becomes negative. While it is possible at first for V to become negative while retaining the
cross-stream maximum in ζ at the boundary, further downstream the vorticity maximum
tends to leave the boundary, so that ∂ 2 ζ/∂r 2 and ∂ζ/∂r are both negative between the
boundary and the vorticity maximum. This separation of the vorticity maximum can be
seen in figure 3.9 (b), (c) and (d). Radial profiles of terms in the vorticity equation (5.1)
just downstream of the point where ∂ζ/∂r = 0 in figure 3.9 (c) are shown in figure 5.17.
The offshore maximum in ζ is shown by the profile of the Ekman friction term; it is clear
that the curvature of the vorticity profile at its maximum leads to a negative value for the
lateral viscous diffusion4 . Note however that V must be positive at the boundary itself in
order to balance E and W, since A and O vanish.
The displacement of the ζ maximum offshore changes the sign of ∂ζ/∂r at the boundary; this is one of the definitions of flow separation used in section 3.4.1. Separation of
the vorticity maximum creates a bulge in the potential vorticity contours, so the region
of small Deff also extends away from the boundary. By definition, streamlines in the production region must cross potential vorticity contours in the direction of increasing Deff ;
as a result, the streamlines on the “seaward” side of the bulge are guided away from the
boundary, as shown in figure 5.18. The anticyclonic outer part of the boundary current is
also deflected offshore as a result. When the resulting offshore flow is sufficiently inertial it
3

1

This conclusion is less clear-cut than it appears, since E =

downstream), so

∂E
∂S

∂E
∂S

1

=

−2E 2
D
1

−2E 2 ∂ζ
D
∂S

∂ζ
∂S

−ζ

∂ ln D
∂S

Roζ
2



−2E 2
D

ζ depends on D (which decreases

. However since ζ > 0 and −A < O in the production region

we must have
>
1−
. Thus Ro < ζ2 is a sufficient condition to ensure E becomes
∂ζ
less negative as the flow enters the production region, since ∂S
< 0. This will be satisfied for Rossby
numbers slightly beyond the onset of separation (see figure 3.11 (a)), since ζ = O(100) at its maximum
∂ζ
(see section 3.1), and ∂S
< 0 upstream of the production region.
2
4
Calculations indicate that ∂∂θ2ζ makes an insignificant contribution to V in this region compared to the
radial derivatives.


5.2. Potential vorticity

107

∂Deff
∂S

+0.15
+0.10
+0.05

0.00
-0.05
-0.10
-0.15

(a) Ro = 2.0 × 10−2 , E = 12.5 × 10−5

(b) Ro = 4.0 × 10−2 , E = 8.87 × 10−5

Figure 5.16: Production and dissipation of potential vorticity in the sliced cylinder
with and without separation of the western boundary current, with s = 0.1 and
Λ = 3.92. The colour map and contour intervals are the same as in figure 5.12 (b).
The vorticity field corresponding to (b) is shown in figure 3.9 (b), and a detailed view
of the Deff structure at the separation point is given in figure 5.18.

advects the layers of positive and negative ζ into the interior to form a jet (see figure 3.9).
In contrast the fluid very close to the sidewall ends up on the “shoreward” side of the
bulge in the Deff contours past the point where ∂ζ/∂r = 0. This fluid does not separate
(at least at first) but creeps northward near the boundary in the nearly stagnant region
north of the separated jet. Very little fluid takes this second route under the conditions
1
shown (see figure 5.16 (b)), so contours of |ψ| 2 were plotted in figure 5.18 in order to show
the streamlines.
It was shown in section 3.5 that separation of the vorticity maximum occurs at a lower
critical Rossby number than that required for recirculation at the boundary, so there is
a regime (between the dashed lines in figure 3.11) in which the jet separates without
recirculation. This is the case in figures 5.16 (b) and 5.18: the vorticity is cyclonic at the
boundary (see figure 3.9 (b)) since the flow remains northward. However figure 5.16 (b)
shows that the unseparated part of the sublayer is flowing into a region of increasing
Deff , so ζ continues to decrease with distance north of the point where ∂ζ/∂r = 0 (see
figure 3.9 (b)). When the Rossby number is sufficiently large the vorticity decreases so
rapidly to the north of the point where ∂ζ/∂r = 0 that a region of anticyclonic vorticity
is formed at the boundary (see figure 5.14 and figure 3.9 (c) and (d)). Under no-slip
conditions the points where ζ = 0 at the boundary are stagnation points of the flow (Cessi,
1991); between these points there is a recirculation “bubble” bounded by the streamline
ψ = 0 in which the flow along the boundary is reversed. This picture of the separation
process explains the observation in section 3.4.1 that recirculation only occurs when there
is a point to the south where ∂ζ/∂r = 0.
To summarise, the separation of the western boundary current can be explained as an
adjustment process which allows the outflow which passes close to the sidewall to change
its potential vorticity to match that in the interior. This adjustment requires a region of
Deff production, which is facilitated at large Rossby number by a change in sign of ∂ζ/∂r at
the boundary. This in turn results in a potential vorticity structure which guides the flow
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Figure 5.17: Terms in the vorticity equation (5.1) vs. r for nonlinear, steady flow
with Ro = 8.32 × 10−2 , E = 12.5 × 10−5 , s = 0.1 and Λ = 3.92. As for figure 5.6
but along the radius θ = 117.4◦ (27.4◦ west of north, 1.8◦ downstream of the point
where ∂ζ/∂r = 0 on the boundary, but upstream of the recirculation region). The
1
terms have been divided by 2E 2 , so on y = 0 the wind forcing term equals −1, and
the Ekman friction term equals −ζ. Note that the axis scales are different from those
in figure 5.6. The corresponding vorticity field is shown in figure 3.9 (c), and the Deff
∂Deff
and ∂S
fields are shown in figure 5.14.
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Figure 5.18: Streamlines (black) and Deff contours (red) in the sliced cylinder at the
western boundary current separation position, with Ro = 4.0×10−2, E = 8.87×10−5,
s = 0.1 and Λ = 3.92. Separation occurs without recirculation in this case. The con1
tour interval in Deff is 0.02Λ. Contours of |ψ| 2 are plotted order to show the streamlines in the nearly stagnant region at the boundary downstream of the separation;
1
∂D
the contour interval in |ψ| 2 is 10−2 Λ. The corresponding ∂Seff and vorticity fields are
shown in figures 5.16 (b) and 3.9 (b), respectively.

away from the boundary, but need not result in the formation of a recirculation region. A
change in sign of ∂ζ/∂r at the boundary is fundamental to the western boundary current
separation process, and a necessary precursor to separation with recirculation. From this
point of view the formation of a recirculation region is of little fundamental importance,
as it is simply a finite-amplitude expression of the vorticity dynamics required for the
vorticity maximum to leave the boundary. This separation mechanism differs from that
suggested by Holland & Lin (1975) and Pedlosky (1987b) in that the potential vorticity
“crisis” occurs in the sublayer due to excessive potential vorticity dissipation, rather than
in the outer boundary current due to insufficient dissipation.
The general nature of these arguments and the relatively good agreement between the
numerical and laboratory results for the separation position suggest that this explanation
of separation is relevant to the laboratory flow, despite the omission of both the Stewartson
1
E 3 -layer and the stretching of relative vorticity in the numerical model. We also note that
the separation process described here requires only lateral viscosity, vorticity advection and
an ambient potential vorticity gradient, so the arguments presented above apply equally
well if E and/or W are omitted. The general mechanism does not depend on the particular
formulation used here, or the functional form of the potential vorticity. This process
may therefore be relevant to separation of western boundary currents in other models.
For example, Moro (1988) noted that a change in sign of the lateral viscous diffusion
was associated with separation in a two-gyre model with no-slip boundary conditions and
no bottom friction. In his results the bulk of the streamlines leave the boundary well
upstream of the stagnation point, in a region where both the lateral viscous diffusion and
the normal gradient of the vorticity change sign. These general features are analogous to
those identified in the sliced cylinder.
Further development of these ideas may shed light on what determines the site of
boundary current separation in the sliced cylinder. The inclination of the boundary to
the ambient potential vorticity gradient is likely to be a factor, since separation in single-
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gyre models with a meridional western boundary only occurs after the boundary current
collides with the northern wall (Cessi et al., 1990). Separation in the sliced cylinder occurs
close to the northernmost point, and may be related to the “premature” separation from
an oblique coast observed by Dengg (1993).
It is important to note that the potential vorticity structure in the sliced cylinder under cyclonic forcing is nearly identical to that under anticyclonic forcing, except that it is
reflected about the east-west diameter. This is because under cyclonic forcing the vorticity
is anticyclonic at the sidewall and cyclonic to the east of the western boundary current
velocity maximum, so the potential vorticity contours are displaced in the opposite direction from under anticyclonic forcing. Thus potential vorticity considerations analogous to
those under anticyclonic forcing result in the formation of a separated western boundary
current jet in the south-west at large Rossby number.

5.2.3

Nonlinear flow in the sliced cone

At nonzero Rossby number the potential vorticity structure in the sliced cone is most
strongly affected by the relative vorticity in the interior, since the depth gradient is smaller
there. At small Rossby number ζ is negligible everywhere in the interior except at the west
(see figure 4.10). The vorticity in this region is anticyclonic under anticyclonic forcing,
leading to a northward displacement of Deff contours as shown in figure 5.19 (a). The
outflow from the slope is partially guided by these contours, leading to a northward overshoot in which the curvature of the streamlines is increased relative to the linear case. The
associated enhancement of the anticyclonic vorticity results in increased Ekman friction
and an increase in the dissipation of Deff in this region, as shown in figure 5.19 (b). The
enhanced Ekman friction reduces the scaled zonal velocity u (see figure 4.9), and therefore increases the change of Deff experienced by fluid columns as they cross the Sverdrup
interior.
The distortions to the potential vorticity structure become more pronounced as the
Rossby number increases. Under anticyclonic forcing at large Ro (figure 5.19 (c)) the Deff
structure in the interior is very similar to that in the sliced cylinder away from the sidewall
under similar conditions (see figure 5.14 (a)). The anticyclonic vorticity at the western side
produces an extended “tongue” of large Deff which encloses a region of smaller Deff on the
southwestern side of the jet, and the cyclonic part of the jet produces a region of reduced
Deff in the north (the corresponding vorticity field is shown in figure 4.11 (b)). The magnitude of the Deff changes is larger than in the linear case, as a comparison of figures 5.19 (d)
and 5.13 (b) shows (although this increase is also partly due to the larger Ekman number).
The increase in the production and dissipation of Deff is particularly pronounced on the
slope in the north, where vorticity changes due to the standing Rossby wave lead to a
mismatch between wind forcing and Ekman friction (see figures 4.10 and 4.11 (b)). As in
the sliced cylinder, the fluid on the cyclonic side of the jet has too little Deff to smoothly
merge with the interior, and must first pass through a region of strong Deff production.
The alterations to the potential vorticity structure are very different under cyclonic
forcing, as figure 5.20 illustrates. Potential vorticity contours in the interior are displaced
southward at nonzero Ro since the vorticity at the west of the interior is cyclonic. However
this distortion merely acts to smooth out the corners in the Deff contours at the ellipse
r = re , rather than produce a “tongue” of reduced Deff as in the sliced cylinder. The
streamlines are partially guided by these smoothed Deff contours, resulting in a reduction
in their curvature in this region and therefore a reduction in the magnitude of the relative
vorticity. The consequent reduction in Ekman dissipation at the ellipse allows the scaled
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Figure 5.19: Potential vorticity and its production and dissipation in the sliced
cone for steady flow under anticyclonic forcing with nonzero Ro and E = 6.3 × 10 −5 .
Contour intervals are the same as for figure 5.13. The vorticity field corresponding
to (c) and (d) is shown in figure 4.11 (b).
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zonal velocity u to increase in magnitude with increasing Rossby number as shown in
figure 4.9, and therefore reduces the change in Deff in the Sverdrup interior. As the Rossby
number increases the streamline curvature at the ellipse becomes progressively smaller,
and the streamlines and Deff contours become ever more closely aligned, as figure 5.20 (c)
∂D
illustrates. At the large Rossby number shown the magnitude of ∂Seff is far smaller than
in the linear flow (see figure 5.20 (d); the colour map is reversed for easy comparison
with the anticyclonic case), and the flow recirculates very rapidly with almost no change
in potential vorticity. Near the streamfunction minimum the recirculation takes place
entirely within the interior, within a “pool” of large Deff . The close alignment of ψ and
Deff contours is reflected in the dominance of the inertial boundary layer (OA) vorticity
balance in much of the flow, as shown in figures 5.10 and 5.11. The dissipation of Deff
takes place via Ekman friction in a broad region which is centred on the ellipse, in contrast
to the both linear flow and the nonlinear flow under strong anticyclonic forcing.
Thus as the Rossby number increases, the interaction between the relative vorticity
and the topography forces the flow to follow an increasingly contorted path under anticyclonic forcing but produces an increasingly simple flow structure under cyclonic forcing.
Instability in a two-dimensional flow requires that the disturbance passes energy to both
larger and smaller scales (Pedlosky, 1987a). It has been argued by Pedlosky (1996) that
this constraint ensures the stability of a flow whose scale of motion is the largest which can
fit within a basin. Under strong anticyclonic forcing small length scales are retained due
to the absence of upstream adjustment, so the flow is prone to barotropic instability. In
contrast, under cyclonic forcing the scales of motion become larger as Ro increases since
the inertial boundary layers become thicker 5 , so the flow remains stable even at very large
Ro.
Figure 5.21 shows representative scatter plots of ψ vs. Deff in the sliced cone for steady
flow at zero and large Ro under anticyclonic and cyclonic forcing (note that −ψΛ −2 is
plotted in the cyclonic case). The black vertical dashed line indicates the depth beyond
which all Deff contours pass through the interior when Ro = 0. In comparison with
figure 5.15, it is clear from the close correlation between ψ and Deff that the closure of
geostrophic contours allows the flow to recirculate with much less change in Deff than in the
sliced cylinder, yielding a larger transport. The distributions for Ro = 0 demonstrate that
the scatter increases with E, as expected from equation (2.37); the reduction of scatter for
small Deff is also expected from this equation. On the slope the scatter at Ro = 0 is evenly
distributed about the curve predicted from a balance between wind forcing and Ekman
friction. Under anticyclonic forcing the scatter remains large and actually increases slightly
with Ro, reflecting the strong production and dissipation of Deff shown in figure 5.19 (d)6 .
In contrast, the scatter in Deff is dramatically reduced at large Ro under cyclonic forcing;
this close correlation between Deff and ψ is consistent with the reduced role of potential
vorticity production and dissipation shown in figure 5.20 (d).
The streamfunction is increased at every Deff as the cyclonic forcing is made stronger,
and is reduced almost everywhere with increasing anticyclonic forcing, again showing the
5
In the numerical model under no-slip boundary conditions there remains a short length scale due to
the viscous lateral boundary layer. This is not found to be a source of instability, probably because of the
stabilising effect of the extremely strong potential vorticity gradient on the upper slope.
6
There are two maxima in ψ at the large Rossby numbers shown, corresponding to the centres of the two
recirculations in figure 5.19 (c) and (d). The two portions of the scatter plot with no points at intervening
Deff correspond to different streamlines, so only the range of Deff within each portion is representative
of the change of Deff along these streamlines and the difference in Deff between the two regions is of no
consequence. If we exclude these portions of the scatter plot it is evident that the change of Deff along
each streamline is of similar magnitude to that seen with Ro = 0.
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Figure 5.20: Potential vorticity and its production and dissipation in the sliced cone
for steady flow under cyclonic forcing with nonzero Ro and E = 3.15 × 10−5. Contour
intervals are the same as for figure 5.13. The colour map is reversed in (b) and (d)
to facilitate comparison with the anticyclonic case. The vorticity field corresponding
to (c) and (d) is shown in figure 4.11 (a).
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Figure 5.21: Scatter plots of ψ vs. Deff for steady flow in the sliced cone under
anticyclonic and cyclonic forcing. The vertical black dashed line indicates the depth
beyond which all Deff contours pass through the interior when Ro = 0. Also shown
are the curves predicted from an EW balance on the slope at Ro = 0. The ψ, Deff
∂D
and ∂Seff fields corresponding to the linear and nonlinear cases in (b) are shown in
figures 5.13 (with anticyclonic forcing) and 5.20 (c) and (d), respectively; the fields
corresponding to Ro = 0.057 in (a) are shown in figure 5.19 (c) and (d).
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dependence of frictional dissipation, and hence transport, on the sign of the forcing. The
exception to this trend under anticyclonic forcing is in the recirculation to the south
of the jet, which corresponds to the thorn-shaped projection in the scatter plot. As in
the analogous recirculation in the sliced cylinder, the dissipation in this region decreases
as Ro increases (this is evident from the marked reduction in scatter at Ro = 0.077 in
figure 5.21 (a)), and so the transport increases.
The numerical results suggest that under cyclonic forcing the reduction in the curvature
of Deff contours allows the flow to approach a stable, “nearly free” inertial circulation in the
∂D
limit of large Ro, in which ∂Seff ≈ 0 throughout the flow. Since this flow structure relies
on inertial boundary layers at the ellipse, it requires a pseudo-westward flow throughout
the basin, which is equivalent to a negative correlation between ψ and Deff . This condition
(equivalent to a positive correlation between ψ and potential vorticity) is the same as
that required for the Fofonoff free inertial circulation in a rectangular basin on a β-plane
with no topography (Fofonoff, 1954, 1962). This geometry is geostrophically blocked, but
recirculation is made possible by inertial boundary layers on all the boundaries, in which
the relative vorticity “wraps up” the potential vorticity contours to form closed loops,
allowing the slow westward flow in the interior to be returned in a rapid eastward jet
along the northern and/or southern boundary. Even though the sliced cone has closed
potential vorticity contours at Ro = 0, the flow can approach a free inertial circulation
only when the correlation between ψ and Q has the same sign as in the Fofonoff flow.
In terms of vorticity balances, the interior and lower slope in figure 5.11 resemble two
Fofonoff gyres connected at the ellipse by their eastern and western inertial boundary
layers, allowing recirculation without Fofonoff’s eastward inertial jet.
Although the flow under strong cyclonic forcing is similar to a free inertial circulation
in terms of the alignment of the flow with potential vorticity contours, there is an important difference. As pointed out by Niiler (1966), no matter how insignificant forcing
and dissipation may be in the vorticity balance at each point, in the steady state the
circulation must also satisfy the integral constraint
ZZ
W + E + V dA = 0,
(5.7)
obtained by integrating the vorticity equation (5.1) within the area bounded by any
streamline. As a result the functional relationship between ψ and Q is not arbitrary
(as it is in the absence of forcing and dissipation), but is determined by the requirement
that this constraint is satisfied. This observation has been applied in numerous investigations of inertially dominated flow with weak forcing and dissipation (e.g. Briggs, 1980;
Cessi et al., 1987; Davey, 1978; Merkine et al., 1985; Niiler, 1966; Verron & Jo, 1994).
At very large Ro the flow structure will no longer resemble a pair of Fofonoff gyres,
since the inertial boundary layers at the ellipse will grow to fill the basin (see Ierley &
Sheremet, 1995). Outside the boundary layer at r = Λ the expected circulation under
cyclonic forcing in the limit of large Ro is an azimuthal flow with nearly uniform relative
vorticity, such that there is a close balance between wind forcing and Ekman dissipation
at every point, and thus (from (5.6)) a nearly perfect conservation of Deff . There would
be some slight modifications to this general circulation due to the slope correction to the
Ekman friction.
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Sensitivity to lateral boundary conditions

Since the dissipation of potential vorticity takes place at the boundary in the sliced cylinder, we anticipate that changing the lateral boundary condition will have a significant
effect on the structure of the circulation. It is evident from figure 5.22 that this is indeed the case: the numerical results shown were obtained using the free-slip boundary
condition (2.40), and display marked qualitative differences from the flow obtained with
the no-slip condition (2.39). The flow is stable in both examples shown, even though the
Rossby numbers are well in excess of that required for instability in the no-slip case (see
figure 3.11 (a)). The free-slip condition sets the boundary vorticity to zero, so there is
no cyclonic sublayer and the potential vorticity contours are “pinned” at the boundary
to the same positions as for Ro = 0. As a result, the fluid columns which pass close to
the boundary do not acquire a value of Deff which is smaller than that in the Sverdrup
interior at the same latitude, and so do not experience the “potential vorticity crisis”
which leads to flow separation under no-slip conditions. The western boundary current
outflow is therefore much more diffuse than in the no-slip case. Since there is no source
of strong cyclonic vorticity at the boundary, a jet does not form and so the jet instability
cannot appear. The outflow takes place much further downstream than under no-slip
conditions, with the difference increasing with increasing Ro. The region of closed Deff
contours on the “seaward” side of the boundary current is therefore much larger than
with no-slip conditions. At large Ro (figure 5.22 (c) and (d)) this region occupies about
half the basin; at very large Ro we expect this recirculation to grow further and ultimately
fill the basin, as in the numerical experiments of Briggs (1980) and Veronis (1966b). It is
clear from figure 5.22 (d) that the strong recirculation within this region takes place with
very little change in Deff . This “inertial runaway” and the stability of the flow at large
Ro are well-known features of wind-driven circulation under free-slip boundary conditions
(Blandford, 1971; Veronis, 1966b). Pedlosky (1996) attributes the stability of these flows
to the absence of a viscous sublayer, whose short length scale is a source of instability in
the no-slip case.
In marked contrast, in the sliced cone the dependence of the flow on boundary conditions is so subtle that there is little point in showing plots of the streamlines. Even the
velocity field is practically identical, the only significant differences occurring immediately
adjacent to the boundary, as figure 5.23 illustrates. Under the no-slip condition (2.39)
there is a thin boundary layer in which the azimuthal velocity is brought to zero. With
the free-slip and approximate super-slip conditions (2.40) and (2.41) the flow in the interior merges smoothly with that at the boundary; these two conditions give nearly identical
results, except that the boundary velocity is slightly smaller with the free-slip condition.
These observations can be explained by the extremely strong topographic steering on
the upper slope, which demands a vorticity balance between wind forcing, Ekman friction
and lateral viscosity so that the flow does not cross potential vorticity contours. However
since the viscous term can form part of the vorticity balance only in a thin boundary layer
near r = Λ, the balance outside this region must be between wind forcing W and Ekman
friction E, regardless of the lateral boundary condition. The velocity profile dictated by
this balance effectively forms the boundary condition on the flow at smaller radius, so most
of the flow is unaffected by the condition applied at r = Λ. It was shown in section 5.2 that
the potential vorticity imparted by the wind is dissipated in an internal shear layer which
is isolated from the boundary by the “buffer region” where the EW balance prevails; thus
the Lagrangian potential vorticity balance is also unaffected by the choice of boundary
condition, in contrast to the situation in the sliced cylinder.
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Figure 5.22: Potential vorticity and its production and dissipation in the sliced
cylinder under anticyclonic forcing. As for figure 5.12, but for nonlinear, steady flow
with E = 6.27 × 10−5 under the free-slip boundary condition (2.40).
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Figure 5.23: Profiles of the northward velocity v near the western and eastern boundaries in the sliced cone under no-slip, free-slip and approximate super-slip boundary
conditions with anticyclonic forcing, Ro = 5.7×10−2 and E = 6.3×10−5. The profiles
are along the diameter y = 0.
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Geometry

Ro

E

Boundary condition

sliced
sliced
sliced
sliced
sliced
sliced

0.06
0.06
0.057
0.057
0.057
0.057

6.27×10−5
6.27×10−5
6.30×10−5
6.30×10−5
6.30×10−5
6.30×10−5

no-slip
free-slip
no-slip
no-slip
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super-slip

cylinder
cylinder
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cone
cone
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119
E dA


W dA


+1%
-76%
192%
-97%*
-97%
-100%

V dA


W dA


-96%
-22%
-292%
-2%*
-3%
0%

Table 5.1: Typical vorticity budgets for flow in the sliced cylinder and sliced cone
under anticyclonic forcing with various boundary conditions. The tabulated values
are the basin integrals of the Ekman friction E and lateral viscosity V divided by the
basin integral of the wind forcing W (these terms are defined on page 83). The sum of
the integrals differs from −100% in the sliced cylinder under no-slip conditions due
the time-dependence of the flow. The outermost circle of grid points was excluded
from the integrals in the sliced cone, since E and W are not defined at r = Λ. The
outermost four grid points are excluded from the sliced cone integrals marked *, so
these vorticity balances are for the streamlines which do not pass through the lateral
boundary layer.

5.3.1

Vorticity budgets

The sensitivity to the lateral boundary condition is related to the importance of lateral
friction in the global vorticity balance. Gauss’ theorem implies that the advection and
orographic terms make no net contribution to the integral of the vorticity equation within
a region bounded by any streamline in a steady flow. Thus the net balance must be
between the wind forcing W, Ekman friction E and lateral viscosity V as equation (5.7)
shows. This result can obviously be applied to the basin as a whole, using the bounding
streamline ψ = 0. As mentioned in section 2.3.3, Green’s theorem implies that the basin
integral of the vorticity is zero under the no-slip condition. If the depth were constant,
this would imply that the basin integral of the Ekman friction also vanishes from the total
vorticity balance, so under no-slip conditions the vorticity imparted by the wind must be
dissipated entirely by the lateral viscous flux at the boundary, as discussed by Pedlosky
(1996).
The situation is less clear-cut in the sliced cone and sliced cylinder models, since the
variation in depth and finite-slope corrections allow a nonzero net Ekman friction even if
the total vorticity is zero. However these effects are small in the sliced cylinder due to
the small depth variations, so Ekman friction plays a negligible role in the total vorticity
balance under no-slip conditions, as shown in table 5.1. The free-slip condition reduces the
vorticity gradient at the boundary, which reduces the basin-integrated vorticity flux due
to viscosity. However since the constraint on the integrated Ekman friction is removed,
this term can replace the viscosity as the dominant sink for the net vorticity input, as
the table shows. Thus changing from no-slip to free-slip conditions significantly alters the
overall vorticity balance, and this is reflected in the marked qualitative changes to the flow
structure.
The table shows that in the sliced cone with the no-slip boundary condition the net
contribution of the Ekman friction is around twice as large as the net wind forcing, and
has the same sign, so lateral viscosity must balance both these terms. However if we
neglect the lateral boundary layer by excluding the outermost four grid cells from the
integral (see the data marked *) it is clear that the Ekman friction balances almost all the
vorticity input within the interior streamlines, so the viscous vorticity flux through the
boundary under no-slip conditions balances only the local excess of Ekman friction within
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the boundary layer. Thus even with no-slip boundary conditions the much larger depth
variation in the sliced cone leads to a dominant role for Ekman friction and an insignificant
role for lateral viscosity in the vorticity budget for the bulk of the streamlines. As a result
the overall vorticity balance in most of the basin is essentially unaltered by a change of
boundary conditions, even when an approximate super-slip boundary condition is used,
which eliminates the net viscous flux of vorticity through the boundary. Thus except for
a possible thin lateral boundary layer the flow is unaffected by the choice of boundary
conditions.

Chapter 6

Conclusions
6.1

Summary

Theoretical arguments presented in Chapter 2 show that when β = 0 a slight generalisation
to the standard barotropic quasigeostrophic vorticity equation makes it applicable to linear
and moderately nonlinear flow in a basin with O(1) depth variations. Although β is
equivalent to the depth gradient in terms of the ambient potential vorticity gradient in
the quasigeostrophic limit of small depth variations, β has a direct effect on the horizontal
divergence of the linear flow outside the Ekman layers, whereas the depth gradient is “felt”
by this flow only through the vertical stretching, which is very restricted when β = 0 as a
consequence of the Taylor-Proudman theorem. The horizontal divergence is therefore very
small in the linear limit, so to a good approximation the vorticity equation governing the
low-Rossby number horizontal flow is identical to the standard quasigeostrophic vorticity
equation except for the inclusion of the actual depth variation in the denominator of
the stretching term. This generalised formulation retains the simplicity and conservation
properties of the standard barotropic quasigeostrophic vorticity equation.
This generalised formulation was implemented in a numerical model based on a code
developed by Page (1982) and Becker & Page (1990). A novel implementation allowed
the orographic term to be evaluated more accurately in regions where the bottom slope
changes abruptly. The accuracy of the formulation and its implementation were tested
in Chapters 3 and 4 by a detailed comparison with laboratory results, using both the
sliced cylinder and sliced cone models and a wide range of the governing parameters.
The numerical results closely matched those found in the laboratory in terms of the flow
structure and its dependence on the governing parameters in both models. There was
also good agreement in the critical Rossby number at which the flow became unstable,
and the numerical model convincingly reproduced the observed physical structure of the
instabilities. The main area of disagreement was in the onset of aperiodic eddy shedding
in the sliced cylinder, but this occurred under strongly nonlinear conditions for which the
formulation becomes inaccurate. There were also minor differences related to the absence
1
of a Stewartson E 3 sidewall layer in the numerical model of the sliced cylinder.
Analysis of the numerical results in Chapters 3, 4 and 5 has also revealed many details
of the dynamics of these models which could not be determined in the laboratory. The
numerical results provided an opportunity to test the linear theory of Griffiths & Veronis
(1998). The predicted vorticity balances agreed with those found in the numerical results
in the interior and on most of the upper slope, but were significantly different on the slope
at the west and in the shear layer near the bottom of the sloping sidewall. These differences
were shown to be due to shortcomings in the analytical approach used by Griffiths and
121
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Veronis. The numerical results also showed that potential vorticity dissipation in the sliced
cone is distributed around the bottom of the slope, rather than being localised at the east
as suggested by Griffiths & Veronis (1997, 1998). The linear circulation pattern was
explained using the thermal analogy of Welander (1968), which shows that the distributed
potential vorticity dissipation is due to the closure of geostrophic contours in this geometry.
The numerical results have also provided insights into the dynamics of the flow under
nonlinear conditions. The numerical model showed that in the sliced cylinder under the
no-slip boundary condition the viscous sublayer of the western boundary current must
separate from the boundary at large Rossby number to enable the outflow to change its
potential vorticity to match that in the interior. Thus separation is a response to a “crisis”
due to excessive potential vorticity dissipation in the sublayer, rather than insufficient
dissipation in the outer western boundary current as suggested by Holland & Lin (1975)
and Pedlosky (1987b). This view of the separation process also explains why separation
does not occur under the free-slip boundary condition. The role of this potential vorticity
“crisis” in the separation process is made particularly clear in this model, since the basin
has no corners and the model lacks stratification, bottom topography and spatial variation
in the wind stress.
The numerical results allowed the stability boundaries in both models to be refined.
It was shown that there is a regime in the sliced cylinder in which the vortex sheets of
the western boundary current separate from the boundary, but there is no reversed flow.
The secondary role of stagnation points in the separation process is consistent with the
potential vorticity crisis mechanism.
The numerical results also clarified the way in which the western boundary current instability in the sliced cone disappears at large Rossby and/or Ekman number, and demonstrated that instability arises in both models as a result of supercritical Hopf bifurcations.
A study was also conducted to determine the location of the stability boundary as a function of the aspect ratio of the sliced cylinder, which demonstrated that the flow is stabilised
in narrow basins such as those used by Beardsley (1969, 1972, 1973) and Becker & Page
(1990).
Instability in the sliced cone is found only under anticyclonic forcing. This remarkable
dependence of the stability on the sign of the wind forcing is shown to be due to the
combined effects of the relative vorticity and topography in determining the shape of
the potential vorticity contours. The vorticity at the bottom of the sidewall smooths
out the potential vorticity contours under cyclonic forcing, but distorts them into highly
contorted shapes under anticyclonic forcing. These changes are also related to the flow
direction relative to the direction of Rossby wave phase propagation, which determines
that flows dominated by inertial boundary layers are found only under cyclonic forcing,
whilst the anticyclonically forced flow will be dominated by standing Rossby waves. The
complex structure and small scales of the flow under anticyclonic forcing make it prone to
barotropic instability under strong forcing. In contrast, under cyclonic forcing the scales of
motion become larger as the Rossby number is increased (since the inertial boundary layers
grow to fill the basin) and the flow remains stable even under very strong forcing. The
alterations to the potential vorticity structure under cyclonic forcing reduce the potential
vorticity changes experienced by fluid columns, and the flow approaches a free inertial
circulation under very strong forcing. In contrast, the potential vorticity changes remain
large under strong anticyclonic forcing.
The numerical results have shown that the two types of instability found in the sliced
cone under anticyclonic forcing are closely related to the western boundary current instability and “interior instability” identified by Meacham & Berloff (1997b). The western
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boundary current instability was similar to that seen by Bryan (1963) and Kamenkovich
et al. (1995) and consisted of a train of growing waves at the western side of the interior.
It was shown that these perturbations were trapped in this region at small amplitude
because their northward phase speed exceeds that of the fastest interior Rossby wave with
the same meridional wavenumber, as discussed by Ierley & Young (1991). In contrast the
“jet” (or “interior”) instability induced much more widely distributed variability, consistent with the numerical results of Meacham & Berloff (1997b). The jet instability was also
found in the sliced cylinder, but the western boundary current instability was not. This
suggests that the sloping sidewall destabilises the western boundary current in the sliced
cone under anticyclonic forcing.
A study was also undertaken of the sensitivity of the horizontal flow in these models
to the choice of boundary conditions at the “coast”. The flow in the sliced cylinder was
dramatically different when the no-slip boundary condition was replaced by the free-slip
condition: the western boundary current overshot the northernmost point and entered the
interior from the east, and the flow was stable even under very strong forcing. There was
no separated jet, because the viscous sublayer is absent with this boundary condition. This
behaviour is analogous to that found by Veronis (1966b) and Blandford (1971) under freeslip conditions. In contrast, the flow in the sliced cone was completely insensitive to the
choice of boundary condition (even with an approximate super-slip condition), except in
the immediate vicinity of the “coast”. This insensitivity results from the extremely strong
topographic steering near the edge of the basin due to the vanishing depth, which demands
a balance between wind forcing and Ekman pumping on the upper slope, regardless of the
“coastal” boundary condition. The continental slope also isolates the Sverdrup return
flow from the “coast”, so the potential vorticity supplied by the wind is dissipated in an
internal shear layer. This insensitivity to the choice of boundary condition extends the
linear result of Kubokawa & McWilliams (1996) into the nonlinear regime.

6.2

Applications

It has been demonstrated that a slightly modified quasigeostrophic formulation can be
used to accurately model moderately nonlinear barotropic flow on an f -plane with O(1)
depth variations. The simplicity and numerical efficiency of this formulation may make
it advantageous to use in other numerical or analytical studies of laboratory or oceanic
flows.
Although many of the detailed features of the sliced cylinder and sliced cone circulations are probably specific to these models, some of the results obtained may be indicative
of more general properties of rotating flow. The stability and “inertial runaway” observed
in cyclonic flow in the sliced cone are likely to be general features of pseudo-westward
barotropic circulation in a geostrophically guided domain, since the alignment of streamlines and potential vorticity contours via internal inertial boundary layers does not depend
on details of the topography. The sliced cone results also suggest (as does the linear theory
of Kubokawa & McWilliams, 1996) that the inclusion of sloping boundaries in numerical
ocean models may reduce the sensitivity of the circulation to the poorly-known lateral
boundary condition by allowing the Sverdrup circulation to close without encountering
the lateral boundary.
One must be cautious in drawing conclusions about ocean circulation from this highly
idealised modelling work, since it neglects several features (such as stratification) which
are known to play an important dynamical role. However the barotropic component of
the circulation in the oceans may include contributions from the processes identified in
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this study.
The smoothly curving boundary and spatially uniform wind stress curl in the sliced
cylinder allow the potential vorticity “crisis” in the sublayer and its association with western boundary current separation to be clearly revealed. This separation process requires
only lateral viscosity, vorticity advection and an ambient potential vorticity gradient and
is therefore likely to be relevant to separation of western boundary currents in other
barotropic models, such as that studied by Moro (1988). It is possible that a similar
process plays a role in western boundary current separation in the oceans, although the
dynamics are likely to be much more complex due to isopycnal outcropping, spatially
variable forcing and complex topography.
The sliced cone results show that the closure of geostrophic contours has a profound
effect on the circulation, leading to a strong topographically steered current over the
sloping sidewall. This recirculation is absent in a geostrophically blocked domain such
as a midlatitude ocean basin, in which the depth does not go to zero at the northern
and southern boundaries. The model is therefore more relevant to barotropic wind-driven
circulation in an enclosed sea which is large enough for the Coriolis effect to be dynamically
significant. A superficially likely candidate is the Black Sea, which has bottom topography
that roughly resembles that in the sliced cone (although the slope of the sidewalls is not
nearly so uniform). The flow in this basin is dominated by a strong, persistent cyclonic
recirculation (the Rim Current) which is confined over the steepest topographic slope
(Oguz et al., 1994). The topographic steering of this circulation is analogous to that seen
over the slope in the sliced cone. A naı̈ve application of the sliced cone results suggests that
the large-scale structure of this cyclonic circulation would be stable under steady forcing.
However numerical modelling shows that this is not the case (Oguz & Malanotte-Rizzoli,
1996): even under steady forcing the Rim Current exhibits propagating meanders which
evolve to shed mesoscale eddies. This behaviour is due to baroclinic instability (Oguz
et al., 1994), which arises because the Rim Current is also a frontal boundary.
The destabilising effect of the continental slope revealed in the sliced cone experiments
may be relevant to western boundary currents in the ocean, but it is likely that baroclinic
energy conversion would also play an important role in enhancing the instability (Berloff
& McWilliams, 1999b; Berloff & Meacham, 1998).

6.3

Directions for future work

The results presented here open up several avenues for further research.
The numerical results demonstrate that separation of the western boundary current
occurs in response to a potential vorticity “crisis” in the viscous sublayer. This insight
could possibly be elaborated into a more deductive theory of western boundary current
separation which would predict the separation position and the critical Rossby number.
An investigation of the role of the higher-order pressure gradient (Baines & Hughes, 1996;
Haidvogel et al., 1992) in the momentum balance in the separation region would also be
informative.
Of particular interest would be an analysis (along the lines taken by Ierley & Young,
1991) of the mechanism by which the sloping sidewall destabilises the western boundary
current in the sliced cone. Further insight into the nature of the instabilities and their role
in the transition to chaos under strong forcing would be gained by applying the methods
of dynamical systems theory in the manner of Dijkstra & Katsman (1997); Jiang et al.
(1995); Meacham & Berloff (1997a); Sheremet et al. (1997) and others1 .
1

A preliminary investigation of this type has been conducted (Kiss, 1999) but the results have not been
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Further numerical and laboratory work could also be conducted using different bottom
topography, to investigate the effects of a western sidewall in a basin which is geostrophically blocked rather than guided. The manner in which the flow approaches that in the
sliced cylinder as the sidewall becomes steeper would also be informative, and could be
related to the theoretical work of Kubokawa & McWilliams (1996). Of particular interest
is the degree to which the numerical results remain independent of the lateral boundary
condition when the topography allows the internal shear layer to approach the boundary.

included here because they were affected by numerical problems due to a non-conservative formulation
used in a previous version of the code.

Appendix A

The Ekman layer on a slope
Pedlosky (1987a, section 4.9) derives an expression for Ekman pumping on a slope for
the oceanographically relevant case of differing vertical and horizontal eddy diffusivities.
A simpler derivation is presented here for the special case of isotropic viscosity (as in the
laboratory models).
Consider a flow over a rigid lower boundary with uniform slope s = tan α, where α
is the bottom slope angle to the horizontal (see figure A.1). We choose two sets of righthanded Cartesian coordinates, (x, y, z) and (x 0 , y 0 , z 0 ), where x is the horizontal coordinate
in the direction of increasing height of the topography 1 and z is vertical (aligned with
the planetary rotation axis), whilst x 0 is tangent to the boundary and z 0 normal to the
boundary and directed into the fluid. The coordinate axes y and y 0 (directed into the page
in figure A.1) are identical. The velocity u has components (u, v, w) and (u 0 , v 0 = v, w0 )
relative to these coordinates.
, z'

z

u
x'
l

x

Figure A.1: Definition sketch for Ekman pumping on a slope.

The component of the steady, linear vorticity equation (2.6) in the direction of the z 0
axis is
∂w0
∂w0
E
∂w0
= cos α 0 + sin α 0 = − ∇2 ζ 0 ,
∂z
∂z
∂x
2

(A.1)

where ζ 0 = k̂0 · ∇ × u is the component of the vorticity normal to the boundary and k̂0 is
the unit vector in the direction of increasing z 0 . We now make the boundary-layer approx1

The definitions of x and y in this appendix differ from those used throughout the rest of this thesis,
where the x axis points eastwards, as in figure 2.1.
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∂
∂
imation: we assume that close to the boundary ∂z∂ 0  ∂x
0 , ∂y 0 by defining the stretched
coordinate η = z 0 /l, where l  1 is the boundary layer thickness (to be determined
∂
∂
∂
is of the same magnitude as ∂x
shortly), such that ∂η
0 and ∂y 0 . Using this scaling and
assuming s  l −1 (i.e. the bottom slope is not too steep), the dominant terms in (A.1)
yield
 0

2 0
∂u
∂v 0
−2 E ∂ ζ
cos α
=
l
+
(A.2)
∂x0 ∂y 0
2 ∂η 2

(the continuity equation (2.2) was used so that both sides
u 0 and v 0 ). In order
q involve only
√
1
4
E
2
1 + s2 ,
to have both sides the same magnitude we choose l = cos
α = σE , where σ =
to obtain
 0

∂u
∂v 0
∂2ζ 0
2
+
.
(A.3)
=
∂x0 ∂y 0
∂η 2
This vorticity equation indicates that, as for a horizontal bottom boundary, the Ekman
layer balance is between the generation of relative vorticity by stretching of the normal
component of the planetary vorticity in the direction normal to the boundary, and viscous
diffusion of this vorticity in the same direction. The Ekman layer is thicker on a slope (by
a factor of σ) because the component of the planetary vorticity normal to the boundary is
reduced, so stretching in this direction is less effective in generating relative vorticity and
a weaker vorticity gradient is therefore sufficient to dissipate it.
Having determined the boundary layer thickness, we will now determine the flow in the
Ekman layer in order to find the Ekman pumping velocity w. Using the boundary-layer
approximation with the boundary layer thickness l  1, the dominant terms of the x 0 , y 0
and η components of the steady, linear momentum equation yield
1 ∂ 2 u0
σ 2 ∂p
−
2 ∂x0 2 ∂η 2
σ 2 ∂p
1 ∂ 2 v0
u0 = −
+
2 ∂y 0 2 ∂η 2
∂p
0=
,
∂η
v0 =

(A.4)
(A.5)
(A.6)

respectively. By combining these we obtain the equations
σ 2 ∂p
1 ∂ 4 v0
=
4 ∂η 4
2 ∂x0
4
0
1∂ u
σ 2 ∂p
u0 +
=
−
,
4 ∂η 4
2 ∂y 0
v0 +

(A.7)
(A.8)

∂p
∂p
∂p
and note that since ∂η
= 0, ∂x
0 and ∂y 0 have the same values as outside the Ekman layer.
The general solutions to (A.7) and (A.8) which satisfy (A.4) and (A.5) and remain
finite for η → ∞ are

σ 2 ∂p
+ e−η {C1 cos η + C2 sin η}
2 ∂x0
σ 2 ∂p
+ e−η {C1 sin η − C2 cos η} ,
u0 = −
2 ∂y 0
v0 =

(A.9)
(A.10)
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which represent the familiar Ekman spiral. The coefficients C 1 and C2 are independent of
2 ∂p
η; applying the no-slip boundary condition u 0 = v 0 = 0 at η = 0 gives C1 = − σ2 ∂x
0 and
σ 2 ∂p
C2 = − 2 ∂y0 . Using these values we find


 ∂p
∂p
σ2 
−η
−η
1 − e cos η
− e sin η 0
v =
2
∂x0
∂y


2
 ∂p
∂p 
σ
−η
0
−η
−e sin η 0 − 1 − e cos η
.
u =
2
∂x
∂y 0
0

(A.11)
(A.12)

Using these expressions we can find the velocity w 0 normal to the boundary in the limit
0
∂v 0
−1 − 21 ∂w 0 = 0 to the Ekman
η → ∞, by applying the continuity equation ∂u
∂x0 + ∂y 0 + σ E
∂η
layer as a whole, given the boundary condition w = 0 at η = 0:
Z ∞
∂w0
0
w (η → ∞) =
dη
∂η
0
Z ∞ 0
1
∂v 0
∂u
+
dη
= −σE 2
∂x0 ∂y 0
0

Z 
σ3 1 ∞ ∂ 2 p
∂2p
2
=
e−η sin η dη
E
0 +
0
2
∂x 2 ∂y 2
0


σ3 1 ∂ 2 p
∂2p
E2
+
=
.
(A.13)
4
∂x0 2 ∂y 0 2
We now need to use this result to obtain the vertical velocity w B at the top of the
Ekman layer. Since w 0 = w cos α − u sin α we have
w0 (η → ∞)
+ su
cos α 

1
σ3
∂2p
∂2p
2
=
+ su,
E
+
4 cos α
∂x0 2 ∂y 0 2

wB =

where u is the x-velocity in the bulk of the fluid (outside the Ekman layer). Now
and

∂2p
∂x0 2

2

∂ p
= cos2 α ∂x
2 (since

∂p
∂η

(A.14)
∂2p
∂y 0 2

=

∂2p
∂y 2

= 0), so this expression becomes



σ3 1
∂2p
1 ∂2p
2
wB =
cos α 2 +
+ su
E
4
∂x
cos α ∂y 2
 2

2
σ 1 ∂ p
2 ∂ p
= E2
+
(1
+
s
)
+ su,
4
∂x2
∂y 2

(A.15)

where in the second line we have used σ 2 = 1/ cos α and 1/ cos 2 α = 1 + s2 . If we equate
p with the geostrophic pressure 2ψ of the interior flow, we obtain


∂uψ
σ 1
2
+ su,
(A.16)
wB = E 2 ζ − s
2
∂y
where ζ = ∇H2 ψ is the vertical component of the vorticity in
uψ = − ∂ψ
∂y is also in the bulk of the fluid. All that remains is
a form which is independent of the choice of horizontal axes.
in terms of the topography, we can replace su with u H · ∇H h

the bulk of the fluid, and
to write this expression in
Since x and y are defined
and uψ with uψ · ŝ (where
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uψ = k̂ × ∇H ψ, ŝ = s−1 ∇H h and h is the height of the bottom), and also replace


− ŝ × k̂ · ∇H . This yields equation (2.16):
wB = uH · ∇H h +



o
σ 1n
E 2 ζ + s2 ŝ × k̂ · ∇H (uψ · ŝ) .
2

∂
∂y

with

(A.17)

Although the analysis leading to this expression was derived for a uniform slope, the
coordinate-free form can be also be used when ∇H h varies with position, provided this
1
variation is small on the scale of the Ekman layer thickness l = σE 2 .

Appendix B

Details of the numerical
implementation
The numerical code is based on that supplied by Michael Page (Monash University) and
described in detail in his doctoral thesis (Page, 1981). The general algorithmic structure
of Page’s vorticity solver was retained in this work, but many changes were made to its
details (summarised in section 2.4) so this appendix presents a detailed discussion of this
aspect of the code. Page’s Poisson solver was retained without modification, apart from
efficiency improvements; details on the Poisson solver can be found in Page (1981). An
overview of the complete code is presented in figure 2.2 on page 28.

B.1

Scaling in Page’s code

The scaling chosen by Page for his code is different from that used in this thesis, in that
he scaled the length, time and velocity by a, τ |Ω| −1 and |Ω|a, respectively (rather than
1
Ho , |Ω|−1 and |Ω|Ho ), where τ = 2−1 E − 2 . The temporal scaling is in terms of the spinup timescale due to Ekman pumping rather than the advective timescale, allowing the
unsteady, linear adjustment to be studied. With this scaling, the vorticity equation (2.33)
becomes



∂ζp
∂w
2
+ τ Ro∇Hp · uψp ζp = 2τ
+ τ Ep ∇Hp
ζp ,
(B.1)
∂tp
∂z p
where
1




i

∂w
Ep2 h
= ∇Hp · uψp ln Dp +
ζT p − (1 + σ)ζp − σs2 ŝ × k̂ · ∇Hp (uψp · ŝ) ,
∂z p
2Dp
(B.2)
Ep = Λ−2 E, ζp = ζ, uψp = Λ−1 uψ , ψp = Λ−2 ψ and the subscript p distinguishes quantities
with Page’s scaling. This scaling was retained in my version of the code, but for clarity I
will continue to use the same scaling as in the rest of this thesis in the following exposition.

B.2

Spatial discretisation

Using polar coordinates we write uψ = ur̂+v θ̂, where r̂ and θ̂ are the radial and azimuthal
unit vectors (throughout this appendix u and v denote the radial and azimuthal compo∂ψ
nents − 1r ∂ψ
∂θ and ∂r of the horizontally nondivergent velocity, rather than the eastward
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and northward velocity components as in the rest of this thesis). Using a polar grid with
uniform radial and azimuthal spacing ∆ r and ∆θ we denote the radius and azimuth at grid
indices (i, j) by ri = i∆r and θj = (j −1)∆θ respectively. The indices are taken to lie in the
ranges 0 < i < Ni , 1 < j < Nj ; note that the j indices are cyclic, so j = N j +1 is identified
with j = 1, et cetera. The velocity at (i, j) is denoted by (u i,j , vi,j ) ≡ (u(ri , θj ), v(ri , θj )).
It is advantageous to use the quantity U ≡ ru = − ∂ψ
∂θ instead of u since this allows us to
define U = 0 at the origin, and avoid the singularity in u.
We will now write down the terms in the vorticity equation (2.33) as they appear under
spatial discretisation on this polar grid 1 . We will utilise Gauss’ theorem to write the terms
which appear as divergences (the advection, orographic stretching and lateral viscosity) in
terms of the flux through the boundary of a cell enclosing the point in question. Using the
same fluxes at the boundaries of adjacent cells ensures conservation of vorticity, so that
the numerical method retains the integral property (2.42).
Averaging the advective term over the region r i−1 ≤ r ≤ ri+1 , θj−1 ≤ θ ≤ θj+1 (and
considering the values of the velocity and vorticity at the midpoints of the sides to be
representative of their values across the width of each side) we obtain


∇H · uψ ζ i,j = 2A−1
i,j [ ∆θ (Ui+1,j ζi+1,j − Ui−1,j ζi−1,j )
+∆r (vi,j+1 ζi,j+1 − vi,j−1 ζi,j−1 )]

(B.3)

where Ai,j = 4ri ∆r ∆θ is the area of this region, and we have used second-order differences
to obtain


ψi,j+1 − ψi,j−1
(B.4)
Ui,j = −
2∆θ
and
vi,j =

ψi+1,j − ψi−1,j
.
2∆r

(B.5)

The differencing scheme (B.3) is equivalent to the Jacobian −J+×
i,j (ζ, ψ) in Arakawa’s
notation (Arakawa, 1966), which conserves vorticity and kinetic energy (so both (2.42)
and (2.44) are satisfied) but does not conserve enstrophy.
Averaging the orographic term over the same region yields


r
r
θ
θ
∇H · uψ ln D i,j = A−1
(B.6)
i,j (Fi+1,j − Fi−1,j + Fi,j+1 − Fi,j−1 ),
where

r
Fi,j

= Ui,j

θZj+1

ln D dθ

(B.7)

θj−1

is the radial flux through the azimuthal arc r = r i , θj−1 ≤ θ ≤ θj+1 , and
θ
Fi,j
= vi,j

rZi+1

ln D dr

(B.8)

ri−1

is the azimuthal flux through the radial line r i−1 ≤ r ≤ ri+1 , θ = θj , where we have
neglected the variation in the velocity along the sides of each cell. The conventional
1

discussion of the method used at the origin is deferred until the next section
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approach is to approximate the integrals in (B.7) and (B.8) as 2∆θ [ln D]i,j and 2∆r [ln D]i,j ,
but this leads to errors in the fluxes, particularly in cells which straddle the ellipse joining
the interior and sloping sidewall in the sliced cone where there is a discontinuous change in
the depth gradient. These errors produce a long-wavelength perturbation to the flow due
to the near-coincidence of the joining ellipse with grid circles. This numerical artefact is
eliminated by using integrals of ln D, as in (B.7) and (B.8). The integrals are independent
of time, so they were evaluated once in the initialisation (using a Romberg integration
method based on an extended midpoint rule from Press et al., 1992) and stored. Since
each flux is used in two computational cells, additional efficiency was obtained by storing
the fluxes and reusing them within each timestep.
The lateral viscosity term was averaged over a smaller region, r i− 1 ≤ r ≤ ri+ 1 ,
2
2
θj− 1 ≤ θ ≤ θj+ 1 , giving the second-order flux-conservative formula
2

2



∇H2 ζ



i,j

= 4A−1
i,j [

ri+ 1 ∆θ ∆−1
r (ζi+1,j − ζi,j )
2

−ri− 1 ∆θ ∆−1
r (ζi,j − ζi−1,j )
2

+∆r (ri ∆θ )−1 (ζi,j+1 − ζi,j )

= (ri ∆r ∆θ )−1 [

=

−∆r (ri ∆θ )−1 (ζi,j − ζi,j−1 )]

ri ∆θ ∆−1
r (ζi+1,j − 2ζi,j + ζi−1,j )
1
+ ∆θ (ζi+1,j − ζi−1,j )
2
+∆r (ri ∆θ )−1 (ζi,j+1 − 2ζi,j + ζi,j−1 )]
∆−2
r (ζi+1,j − 2ζi,j + ζi−1,j )

+(2ri ∆r )−1 (ζi+1,j − ζi−1,j )

+(ri ∆θ )−2 (ζi,j+1 − 2ζi,j + ζi,j−1 ) .

(B.9)

The geometry in the sliced cone and sliced cylinder allows for some simplification of
the slope correction to the Ekman pumping. On the sloping sidewall we have ∂D
∂θ = 0 and
the Ekman pumping term in equation (2.33) has the form
"

 #
1
s2 σ ∂ 2 ψ
E2
ζ − (1 + σ)ζi,j − 2
,
(B.10)
(E)i,j =
2Di,j T
∂θ 2 i,j
ri
where

∂2ψ
∂θ 2

was obtained by the second-order formula


∂2ψ
∂θ 2



=
i,j

ψi,j+1 − 2ψi,j + ψi,j−1
.
∆2θ

(B.11)

1

With a 45◦ slope we have s = 1 and σ = 2 4 , as used in GV98. In the interior of the sliced
cone (and everywhere in the sliced cylinder) the bottom slope s is 0.1. Its effect on the
bottom Ekman layer is negligible, so the Ekman pumping term was simplified to
1

(E)i,j

E2
=
[ζ − 2ζi,j ] .
2Di,j T

(B.12)

For efficiency, equation (B.10) was used in both regions, by setting s = 0 and σ = 1 in the
non-slope region.
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Temporal advancement

The discretised vorticity equation was advanced in time using the alternating-direction
implicit method (ADI). This method is unconditionally stable for Ro = 0 (Page, 1982),
allowing spatial and temporal resolutions to be chosen according to the physical scales of
the problem without any CFL-type restrictions based on Rossby wave propagation times
across grid cells2 —this is particularly important in a polar grid due to the convergence of
grid lines at the origin. The method also has second-order accuracy in time. The approach
is to split each timestep into two equal half-steps, as shown in figure 2.2. In the first
timestep implicit differences are used in one spatial direction ( θ̂ in our case) and explicit
differences are used in the other direction (r̂); in the second half-timestep the reverse is
the case (explicit in θ̂, implicit in r̂). This technique provides the stability advantages of
fully implicit schemes but is much more efficient because the implicit differences are onedimensional in each half-timestep (in our case, the matrix problem is almost tridiagonal
since second-order differences are used; the two off-tridiagonal elements are due to the
cyclic nature of the index j).
We shall use superscripts to denote the timestep. Each timestep begins by estimating
1
1
the values ζen+ 2 , ψen+ 2 , ζen+1 and ψen+1 of the fields at the end of each half-timestep, by
1
linear extrapolation from steps n − 1 and n. Corrections ζ̌ n+ 2 and ζ̌ n+1 are calculated
by solving the vorticity equation by the ADI method (tildes will be used to indicate
approximate values and inverted “hats” will indicate corrections). This method requires
the value of ζ̌ n+1 at the boundary for the implicit radial differences in the second halftimestep; this is unknown for no-slip boundary conditions and is obtained in this case
by a relaxation method that minimises the velocity at the boundary. Once ζen+1 has
been corrected, the Poisson equation (2.34) is solved for the corrected value of ψen+1 by
applying a fast Fourier transform in θ and solving the resulting (almost) tridiagonal system
directly. Since ψ and ζ are coupled nonlinearly through the advection term in the vorticity
equation, the calculations of ζ n+1 and ψ n+1 are iterated within each timestep until they
converge. The relaxation of ζ n+1 at the boundary (for no-slip boundary conditions) is also
accomplished as part of this in-timestep iteration.

B.3.1

The first half-timestep

For the first half-timestep we are effectively evaluating the vorticity equation at time
1
(n + 14 )∆t , where ∆t is the timestep. The exact value of ζ at timestep n + 12 is ζ n+ 2 ≈
1
1
ζen+ 2 + ζ̌ n+ 2 .
The time derivative for the first half-timestep is


∂ζ
∂t

n+ 1
4

i,j

n+ 1

n+ 41
^
ζ̌i,j 2
∂ζ
,
=
+ 1
∂t i,j
2 ∆t

(B.13)

where
n+ 1

n+ 14
n
^
ζei,j 2 − ζi,j
∂ζ
=
.
1
∂t i,j
2 ∆t

(B.14)

2
For Ro > 0 a CFL-type restriction applies, based on the advective velocity. In the sliced cone and
sliced cylinder this velocity is large near the boundary, rather than the origin
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The first half-timestep is implicit in θ, so the advection term in the first half-timestep
is


∇H · uψ ζ

where

n+ 1

4

i,j



n+ 41




= ∇H^
· uψ ζ i,j
n+ 41


∇H^
· uψ ζ i,j

=

2A−1
i,j

+



2A−1
i,j ∆r

∆θ
+∆r







n+ 41 n+ 21
ζ̌i,j+1
vi,j+1

−

n+ 14 n+ 21
vi,j−1
ζ̌i,j−1

n+ 1 n
Ui+1,j4 ζi+1,j

n+ 1 n
− Ui−1,j4 ζi−1,j

n+ 14 en+ 21
vi,j+1
ζi,j+1

n+ 14 en+ 21
vi,j−1
ζi,j−1

−



,

(B.15)





,

(B.16)

and the “velocities” are calculated at the same timestep as the corresponding vorticities:
 n

n
ψi,j+1 − ψi,j−1
n+ 14
Ui,j = −
,
(B.17)
2∆θ
and
1

n+ 1
vi,j 4

=

1

n+ 2
n+ 2
ψei+1,j
− ψei−1,j

2∆r

.

(B.18)


n+ 1
The orographic term ∇H · uψ ln D i,j 4 retains the form in (B.6), using the “velocities”

defined above.
The vorticity in
the Ekman term is evaluated at step n + 14 , so the value


1
1
n +ζ
en+ 2 + ζ̌ n+ 2 . The stretching term is therefore
used is 12 ζi,j
i,j
i,j


∂w
∂z

n+ 1
4

i,j

^n+ 14
1
∂w
E2
n+ 1
−
(1 + σ)ζ̌i,j 2 ,
=
∂z i,j
4Di,j

(B.19)

where



n+ 21
^n+ 14
 2 n+ 41
1
n
e
2
ζi,j + ζi,j

n+ 1
∂w
σs
E2 
∂ ψ
,
ζT − (1 + σ)
− 2
= ∇H · uψ ln D i,j 4 +
∂z i,j
2Di,j
2
∂θ 2 i,j
ri

(B.20)



∂2ψ
∂θ 2

n+ 14
i,j

=

n + ψn
n
− 2ψi,j
ψi,j+1
i,j−1

∆2θ

,

(B.21)

and we neglect the insignificant correction to the Ekman pumping in the sliced cylinder
and the interior of the sliced cone by setting s = 0, σ = 1 in these regions.
The viscous term in the first half-timestep is


 2 n+ 14 ^n+ 14
n+ 1
n+ 21
n+ 21
∇H ζ i,j = ∇H2 ζ i,j + (ri ∆θ )−2 ζ̌i,j+1
− 2ζ̌i,j 2 + ζ̌i,j−1
,
(B.22)
where

^n+ 41
∇H2 ζ i,j =


n
n
n
∆−2
ζi+1,j
− 2ζi,j
+ ζi−1,j
r

n
n
− ζi−1,j
+(2ri ∆r )−1 ζi+1,j


n+ 1
n+ 21
n+ 21
.
− 2ζei,j 2 + ζei,j−1
+(ri ∆θ )−2 ζei,j+1

(B.23)

B.3. Temporal advancement

135

Using these terms, at (n + 14 )∆t the vorticity equation (2.33) becomes

n+ 41
^n+ 41
1
n+
^



n+ 41
4
∂ζ
∂w
Ro
+ Ro ∇H^
· uψ ζ i,j − 2
−E^
∇H2 ζ i,j
∂t i,j
∂z i,j
n+ 21

= − Ro

ζ̌i,j

− 2RoA−1
i,j ∆r

1
2 ∆t



n+ 41 n+ 21
ζ̌i,j+1
vi,j+1

−

n+ 14 n+ 21
vi,j−1
ζ̌i,j−1





1
E2
n+ 21
n+ 21
n+ 21
n+ 12
−2
(1 + σ)ζ̌i,j + E(ri ∆θ )
−
ζ̌i,j+1 − 2ζ̌i,j + ζ̌i,j−1
2Di,j
=

n+ 1 n+ 1

n+ 1 n+ 21

2
+ bi,j 4 ζ̌i,j
ai,j 4 ζ̌i,j−1

n+ 1 n+ 1

2
+ ci,j 4 ζ̌i,j+1
,

(B.24)

where
n+ 14

ai,j

n+ 1

−2
4
= 2RoA−1
i,j ∆r vi,j−1 + E(ri ∆θ ) ,

(B.25)

1

n+ 14

= −2Ro∆−1
t −

bi,j

E2
(1 + σ) − 2E(ri ∆θ )−2
2Di,j

(B.26)

and
n+ 41

ci,j

n+ 1

−2
4
= −2RoA−1
i,j ∆r vi,j+1 + E(ri ∆θ ) .

(B.27)

1

The solution of this algebraic equation for ζ̌ n+ 2 is complicated slightly by the cyclic nature
of j, so this system is not quite tridiagonal. It can nevertheless be solved efficiently using
a slightly modified version of the standard tridiagonal inversion algorithm.
1
After the correction ζ̌ n+ 2 has been found for the interior points 3 it needs to be calculated at the origin. For this grid-point the advection, orographic and viscous terms
are evaluated in terms of fluxes through the boundary of a circle centred on the origin,
with the fluxes matched to those in the interior cells. The advection term is calculated by
averaging over the disk r ≤ r1 , giving


n+ 1

 4
∇H^
· uψ ζ 0,j =

Nj
2 X n+ 41 n
U
ζ .
Nj r12 j=1 1,j 1,j

(B.28)

The orographic term is averaged over the same disk, so


n+ 1

 4
∇H · ^
uψ ln D 0,j =

Nj
1 X r,n+ 41
F
,
2πr12 j=1 1,j

(B.29)

r are integrals over 2∆ . The viscous
where the factor of 12 occurs because the fluxes Fi,j
θ
term is averaged over the smaller disk r ≤ r 1 , which yields
2

^n+ 41
∇H2 ζ 0,j =
1
3 n+ 2
ζ̌

Nj

4 X n
n
.
ζ1,j − ζ0,j
2
Nj r1 j=1

(B.30)

is not calculated at the boundary at this stage, since it is not needed in the second half-timestep.
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The expressions for the time derivative and Ekman dissipation are the same as those used
n+ 1

in the rest of the interior; these are the only terms in which the correction ζ̌0,j 4 appears.
]
n+ 14
∂w
The stretching term ∂z 0,j has the same form as elsewhere in the interior, apart from
the different expression for the orographic term. Substituting these terms into the vorticity
n+ 1

equation (2.33) yields an expression for ζ̌0,j 4 :
n+ 41

ζ̌0,j

=

−1

1

−1
2
2Ro∆−1
t + E D0,j


n+ 41
n+ 41




1
1
 
^
^

n+ 4

n+ 4 
∂ζ
∂w
Ro
+ Ro ∇H^
· uψ ζ 0,j − 2
−E^
∇H2 ζ 0,j
,


∂t 0,j
∂z 0,j



(B.31)

where we have again neglected the correction to the Ekman pumping by setting s = 0 and
σ = 1.
n+ 1
At the end of the first half-timestep the vorticity values at n+ 12 are corrected: ζi,j 2 ←
1

1

1

n+
n+
n+
ζei,j 2 + ζ̌i,j 2 . For efficiency, the corrected vorticity is not used to correct ψei,j 2 , so the
Poisson equation (2.34) is not satisfied exactly at this stage. The Poisson equation is
solved at the end of the second half-timestep, ensuring that this error remains small.

B.3.2

The second half-timestep

For the second half-timestep we are effectively evaluating the vorticity equation at time
(n + 43 )∆t . The exact value of ζ at timestep n + 1 is ζ n+1 ≈ ζen+1 + ζ̌ n+1 .
The time derivative for the second half-timestep is


∂ζ
∂t

n+ 3
4

i,j

n+ 43

n+1
^
ζ̌i,j
∂ζ
,
+ 1
=
∂t i,j
2 ∆t

(B.32)

where
n+ 1

n+ 34
n+1
^
ζei,j
− ζi,j 2
∂ζ
=
.
1
∂t i,j
2 ∆t

(B.33)

The second half-timestep is implicit in r, so the advection term in the second half-timestep
is



n+ 3  ^ n+ 34
n+ 43 n+1
n+ 43 n+1
−1
4
∇H · uψ ζ i,j = ∇H · uψ ζ i,j + 2Ai,j ∆θ Ui+1,j ζ̌i+1,j − Ui−1,j ζ̌i−1,j , (B.34)
where



n+ 43


∇H^
· uψ ζ i,j

= 2A−1
i,j





n+ 3 n+1
n+ 3 n+1
− Ui−1,j4 ζei−1,j
∆θ Ui+1,j4 ζei+1,j


n+ 34 n+ 21
n+ 34 n+ 21
+∆r vi,j+1 ζi,j+1 − vi,j−1 ζi,j−1 ,

(B.35)

and the “velocities” are calculated at the same timestep as the corresponding vorticities:
!
n+1
n+1
ψei,j+1
− ψei,j−1
n+ 34
,
(B.36)
Ui,j = −
2∆θ
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and
1

n+ 3
vi,j 4

=

1

n+ 2
n+ 2
ψei+1,j
− ψei−1,j

2∆r

n+ 1

= vi,j 4 .

(B.37)


n+ 3
The orographic term ∇H · uψ ln D i,j 4 retains the form in (B.6), using the “velocities”

defined above.
The vorticity inthe Ekman term is evaluated at step n + 34 , so the value

1
n+
n+1
n+1
+ ζ̌i,j
. The stretching term is therefore
used is 12 ζi,j 2 + ζei,j


∂w
∂z

n+ 3
4

i,j

^n+ 43
1
∂w
E2
n+1
(1 + σ)ζ̌i,j
,
=
−
∂z i,j
4Di,j

(B.38)

where


n+ 21
^n+ 43
 2 n+ 34
1
n+1
e
2
3
ζi,j + ζi,j

n+
σs
∂w
∂ ψ
E2 
,
− 2
ζT − (1 + σ)
= ∇H · uψ ln D i,j 4 +
∂z i,j
2Di,j
2
∂θ 2 i,j
ri

(B.39)



∂2ψ
∂θ 2

n+ 34
i,j

=

n+1
n+1
n+1
ψei,j+1
− 2ψei,j
+ ψei,j−1

∆2θ

,

(B.40)

and we neglect the insignificant correction to the Ekman pumping in the sliced cylinder
and the interior of the sliced cone by setting s = 0, σ = 1 in these regions.
The viscous term in the second half-timestep is


∇H2 ζ

n+ 3

4

i,j

where
^n+ 43
∇H2 ζ i,j =

n+ 34

=^
∇H2 ζ i,j


n+1
n+1
n+1
+ ∆−2
ζ̌
−
2
ζ̌
+
ζ̌
r
i+1,j
i,j
i−1,j


n+1
n+1
+ (2ri ∆r )−1 ζ̌i+1,j
− ζ̌i−1,j
,


en+1 − 2ζen+1 + ζen+1
∆−2
ζ
r
i+1,j
i,j
i−1,j


n+1
n+1
+(2ri ∆r )−1 ζei+1,j
− ζei−1,j


n+ 12
n+ 21
n+ 21
−2
ζi,j+1 − 2ζi,j + ζi,j−1 .
+(ri ∆θ )

(B.41)

(B.42)
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Using these terms, at (n + 34 )∆t the vorticity equation (2.33) becomes

n+ 34
^n+ 43
^
 ^ n+ 43
^n+ 43
∂ζ
∂w
Ro
+ Ro ∇H · uψ ζ i,j − 2
− E ∇H2 ζ i,j
∂t i,j
∂z i,j


n+1
ζ̌i,j
n+ 43 n+1
n+ 34 n+1
−1
− 2RoAi,j ∆θ Ui+1,j ζ̌i+1,j − Ui−1,j ζ̌i−1,j
= − Ro 1
2 ∆t
1


E2
n+1
n+1
n+1
n+1
−
ζ̌
−
2
ζ̌
+
ζ̌
(1 + σ)ζ̌i,j
+ E∆−2
r
i+1,j
i,j
i−1,j
2Di,j


n+1
n+1
+ E(2ri ∆r )−1 ζ̌i+1,j
− ζ̌i−1,j
=

n+ 3

n+ 3

n+ 3

n+1
n+1
n+1
+ bi,j 4 ζ̌i,j
+ ci,j 4 ζ̌i+1,j
,
ai,j 4 ζ̌i−1,j

(B.43)

where
n+ 34

ai,j

n+ 3

−2
−1
4
= 2RoA−1
i,j ∆θ Ui−1,j + E∆r − E(2ri ∆r ) ,

n+ 3
bi,j 4

(B.44)

1

=

−2Ro∆−1
t

E2
−
(1 + σ) − 2E∆−2
r
2Di,j

(B.45)

and
n+ 43

ci,j

n+ 3

−2
−1
4
= −2RoA−1
i,j ∆θ Ui+1,j + E∆r + E(2ri ∆r ) .

(B.46)

n+1
The solution of this linear equation for ζ̌ n+1 requires ζ̌N
, which is known for free-slip
i ,j
boundary conditions (2.40) (or super-slip boundary conditions (2.41) in the sliced cone)
n+1
but is unknown for no-slip conditions (2.39). In this case ζ̌N
is found by an optimal
i ,j
relaxation method described by Page (1981). The solution of this linear system also
n+1
requires ζ̌0,j
, which is not yet known. We can solve the latter difficulty by writing




]
n+1
n+1
n+1
n+1
n+1 /∂ ζ̌ n+1
n+1 /∂ ζ̌ n+1
ζ̌i,j
= ζ̌]
+
∂
ζ̌
ζ̌
;
we
can
solve
for
ζ̌
and
∂
ζ̌
before
i,j
0,j
i,j
0,j
0,j
i,j
i,j


n+1
n+1
n+1
n+1
to find ζ̌i,j
after ζ̌0,j
has been calculated.
ζ̌0,j
is known, then use ∂ ζ̌ n+1 /∂ ζ̌0,j
i,j

The matrix in (B.43) is decomposed into a product of upper- and lower-triangular
matrices by writing
n+1
n+1
n+1
.
+ Ni,j ζ̌0,j
ζ̌i,j
= Li,j + Mi,j ζ̌i+1,j

(B.47)

Substituting this expression into (B.43) implies
Ro
Li,j =

h]in+ 43
∂ζ
∂t i,j

n+ 43




+ Ro ∇H^
· uψ ζ i,j

]
n+ 43
^n+ 43
∂w
− 2 ∂z i,j − E ∇H2 ζ i,j − ai,j Li−1,j

ai,j Mi−1,j + bi,j

,

(B.48)
Mi,j =

−ci,j
,
ai,j Mi−1,j + bi,j

(B.49)

Ni,j =

−ai,j Ni−1,j
.
ai,j Mi−1,j + bi,j

(B.50)

and
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These coefficients can be found recursively, starting from L 0,j = 0, M0,j = 0 and N0,j = 1.
n+1
Direct back-substitution via (B.47) cannot proceed until ζ̌0,j
is known, but calculation
n+1
n+1
of ζ̌0,j requires the values of ζ̌1,j . The solution to this dilemma is to write
!
∂ ζ̌ n+1
]
n+1
n+1
n+1
ζ̌0,j
,
(B.51)
ζ̌i,j = ζ̌i,j +
n+1
∂ ζ̌0,j
i,j

where
]
n+1
n+1
ζ̌]
i,j = Li,j + Mi,j ζ̌i+1,j ,

(B.52)

n+1
n+1
which allows us to solve for ζ̌]
by back-substitution, since the boundary value ζ̌]
i,j
Ni ,j =
n+1
ζ̌N
is given by relaxation. Combining (B.47), (B.51), and (B.52) yields the formula
i ,j
!
!
∂ ζ̌ n+1
∂ ζ̌ n+1
= Ni,j + Mi,j
,
(B.53)
n+1
n+1
∂ ζ̌0,j
∂ ζ̌0,j
i,j



n+1
which gives ∂ ζ̌ n+1 /∂ ζ̌0,j



i,j

i+1,j



n+1
by back-substitution, given that ∂ ζ̌ n+1 /∂ ζ̌0,j

Ni ,j

= 0 at

n+1
the boundary because ζ̌N
is determined by the boundary conditions.
i ,j


n+1
n+1
n+1 /∂ ζ̌ n+1
After ζ̌]
and
∂
ζ̌
have been found for the interior points, ζ̌0,j
needs
i,j
0,j
i,j

to be calculated at the origin. As in the previous half-timestep the advection, orographic
and viscous terms are evaluated in terms of fluxes through the boundary of a circle centred
on the origin, with the fluxes matched to those in the interior cells. The advection term
is calculated by averaging over the disk r ≤ r 1 , giving
!
Nj
n+1 X
n+1
3

n+ 3  ^ n+ 43 2ζ̌0,j
∂
ζ̌
n+
U 4
,
(B.54)
∇H · uψ ζ 0,j 4 = ∇H · uψ ζ 0,j +
n+1
Nj r12 j=1 1,j
∂ ζ̌0,j
1,j

where


n+ 3

 4
∇H^
· uψ ζ 0,j =



Nj
2 X n+ 43 en+1 ]
n+1
U
ζ1,j + ζ̌1,j .
Nj r12 j=1 1,j

(B.55)

The orographic term is averaged over the same disk, so

n+ 43
∇H · ^
uψ ln D 0,j =

Nj
n+ 14
1 X r,n+ 43 
^
F
.
=
∇
·
u
ln
D
H
ψ
0,j
2πr12 j=1 1,j

(B.56)

The viscous term is averaged over the smaller disk r ≤ r 1 , which yields
2


where

∇H2 ζ

n+ 3
4

0,j



Nj
n+1 X
n+1

n+ 34 4ζ̌0,j
 ∂ ζ̌
∇H2 ζ 0,j +
= ^
2
n+1
Nj r1 j=1
∂ ζ̌0,j

^n+ 34
∇H2 ζ 0,j =

!

1,j



− 1 ,


Nj 
4 X en+1 ]
n+1
n+1
e
.
ζ
+ ζ̌1,j − ζ0,j
Nj r12 j=1 1,j

(B.57)

(B.58)
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The expressions for the time derivative and Ekman dissipation are the same as those used
]
n+ 34
∂w
in the rest of the interior. The stretching term
has the same form as elsewhere
∂z 0,j

in the interior, apart from the different expression for the orographic term. Substituting
n+ 3

these terms into the vorticity equation (2.33) yields an expression for ζ̌0,j 4 :

n+ 43

ζ̌0,j

h]in+ 43
∂ζ

]
n+ 43
^n+ 43
n+ 43
∂w
^
− Ro ∇H · uψ ζ 0,j + 2 ∂z 0,j + E ∇H2 ζ 0,j
−Ro ∂t
0,j
"
#,
=



Nj
Nj 
1
n+ 43
∂ ζ̌ n+1
∂ ζ̌ n+1
−1
4E P
2Ro P
E2
U1,j
2Ro∆t + N r2
+ D0,j − N r2
−1
∂ ζ̌ n+1
∂ ζ̌ n+1
j 1



0,j

j=1

1,j

j 1

j=1

0,j

1,j

(B.59)

where we have again neglected the correction to the Ekman pumping by setting s = 0 and
σ = 1.
At the end of the second
half-timestep
the vorticity values at n + 1 are corrected:


]
n+1
n+1
n+1
n+1
n+1
n+1
ζ
← ζe
+ ζ̌
+ ∂ ζ̌
/∂ ζ̌
ζ̌
. The corrected vorticity is used to correct
i,j

n+1
ψi,j
n+ 12

i,j

i,j

0,j

i,j

0,j

by solving the Poisson equation (2.34); this is also used to update the estimate of

. If the corrections are larger than a given tolerance, the two half-timesteps are
ψ
n+1
repeated in order to refine the accuracy of the solution; otherwise the new values ζ i,j
n+1
and ψi,j
are used for the start of the next timestep (see figure 2.2).

Appendix C

Glossary of symbols
All symbols denote dimensionless quantities (length, time and velocity scaled by Ho , |Ω|−1
and |Ω|Ho , respectively), unless otherwise stated.
Symbol
a
A
D
Deff
∂Deff
∂S

E
E
E
r
Fi,j
θ
Fi,j

h
Ho
i
j
k̂
K
O
p
Q
r
r̂
re
remax
Reγ
ri
Ro

Description
Dimensional radius of basin

Advection term in ζ equation, A = −Ro∇H · uψ ζ
Depth, D = 1 − h
“Effective depth”, Deff = e−Q/2 = De−Roζ/2
Change in Deff per unit arc length S along a streamline,
∂Deff
∂S = (uψ /|uψ |) · ∇H Deff
ν
Ekman number, E = ΩH
2
o
Ekman friction term in ζ equation, E = 2E − W
Stretching due to Ekman pumping
Radial flux of u(ri , θ) ln D through the azimuthal arc
r = ri , θj−1 ≤ θ ≤ θj
Azimuthal flux of v(r, θj ) ln D through the radial line
ri−1 ≤ r ≤ ri , θ = θj
z-coordinate of bottom boundary
Dimensional depth at centre of basin
Radial grid index
Azimuthal grid index
Vertical unit vector
Basin-integrated horizontal kinetic energy per unitdepth
Orographic term in ζ equation, O = 2∇H · uψ ln D
Pressure, with the hydrostatic component subtracted
“Potential vorticity”, Q = −2 ln Deff = Roζ − 2 ln D
Radial coordinate
Radial unit vector
Radial coordinate of join between interior and slope of
sliced cone
Maximum value of re
Western boundary current Reynolds number,
1
2
Reγ = 2RoE − 3 Λs 3
Radial coordinate at grid index i, r i = i∆r
Rossby number, Ro = ||
141

See
Fig. 2.1, p.11
p.83
p.15
Eq. (2.36), p.23
Eq. (5.5), p.99
p.13
p.83
Eq. (2.32), p.22
Eq. (B.7), p.131
Eq. (B.8), p.131
p.13
Fig. 2.1, p.11
p.131
p.131
p.11
Eq. (2.45), p.26
p.83
p.13
Eq. (2.35), p.23
p.130
Eq. (2.3), p.13
p.13
p.35
p.131
p.13
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Symbol
s
ŝ
scr
si
ss
T
u
u
u0 , u 1 , . . .
uDeff
uH
uψ
U
v
vSv
V
w
wT
wB
W
x
y
z
δI
δM
δS
∆bal , ∆min
∆r , ∆ θ

ζ
ζ0 , ζ 1 , . . .
ζT
θ
θ̂
θj
Λ
ν
σ
φ, ψ
ω
Ω
∇H

Description
Bottom slope, s = |∇H h|
Unit vector in the direction of increasing h, ŝ = s −1 ∇H h
1
Bottom slope at which Stommel and Stewartson E 4 layers
3
1
merge, scr = (2/3) 2 E 4
Bottom slope s in the interior of the sliced cone
Slope s of the sidewall in the sliced cone
Local rate of change in ζ equation, T = −Ro ∂ζ
∂t
Eastward velocity (except in Appendices A and B)
Velocity vector, u = uH + k̂w
1
Velocity vector expanded in powers of E 2 ;
P∞
i
u = i=0 E 2 ui
“Velocity” vector along Deff contours, uDeff = −k̂ × ∇H Deff
Horizontal velocity vector, uH = k̂ × ∇H ψ + ∇H φ
Nondivergent horizontal velocity, u ψ = k̂ × ∇H ψ
Radial flux per radian, U = − ∂ψ
∂θ
Northward velocity (except in Appendices A and B)
1
Sverdrup northward velocity, vSv = E 2 ζT /(2s)
Lateral viscous dissipation term in ζ equation, V = E∇H2 ζ
Vertical velocity
Vertical velocity at the lid
Vertical velocity at the bottom

See
p.15
p.15
p.19
p.13
p.13
p.83
p.13
p.14
Eq. (5.2), p.90
p.13
p.13
p.131
p.18
p.83
p.13
Eq. (2.15), p.15
Eq. (2.16), p.15

1

“Wind” forcing term in ζ equation, W = ED2 ζT
Coordinate pointing “east” (except in Appendix A)
Coordinate pointing “north” (except in Appendix A)
Coordinate pointing vertically upwards
1
Inertial WBC thickness, δI = (−Ro uint /2s) 2
1
Munk WBC thickness, δM = (4E/s) 3
1
Stommel WBC thickness, δS = E 2 /s
Thresholds for determining dominant terms in vorticity
balance
Grid spacings in radial and azimuthal directions
Relative angular velocity of the lid
Vertical component of the vorticity, ζ = ω · k̂
P
i
1
2
ζ expanded in powers of E 2 ; ζ = ∞
i=0 E ζi

Vorticity of the lid, ζT = 2 ||
Azimuthal angle from “due east”
Azimuthal unit vector
Azimuthal coordinate of grid index j, θ j = (j − 1)∆θ
Aspect ratio of the tank, Λ = Hao
Dimensional kinematic viscosity of the fluid
Correction
to Ekman pumping due to bottom slope,
√
4
σ = 1 + s2
Scalar potential and streamfunction for the horizontal
velocity; uH = k̂ × ∇H ψ + ∇H φ
Relative vorticity vector, ω = ∇ × u
Dimensional angular velocity of base
Horizontal gradient operator

p.83
Fig. 2.1, p.11
Fig. 2.1, p.11
Fig. 2.1, p.11
p.30
p.19
p.19
p.83
p.131
Fig. 2.1, p.11
p.14
p.14
p.15
p.13
p.130
p.131
p.13
p.13
p.15
Eq. (2.4), p.13
p.14
Fig. 2.1, p.11
p.13
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