Chapter 5

Analysis and discussion
Having introduced the phenomenology of the flow in the sliced cone and sliced cylinder
and verified the accuracy of the numerical model, we will now use the numerical results
to understand the dynamics which govern these flows. We will focus on the steady case,
using a few representative examples of the circulation at small and large Rossby number.
Although the dynamics of the sliced cylinder are relatively well understood (see Beardsley,
1969, 1972; Beardsley & Robbins, 1975), an analysis of this case is included as a reference
for comparison with the sliced cone.

5.1

Vorticity balances

The vorticity dynamics responsible for the flow structures described in Chapters 3 and 4
can be determined from plots of the individual terms in the vorticity equation (2.33). The
vorticity equation was written as
T + A + O + W + E + V = 0,

(5.1)

where T = −Ro ∂ζ
∂t is the time-dependence (i.e. the imbalance), A = −Ro∇H · (uψ ζ) is the
1

advection, O = 2∇H · (uψ ln D) is the orographic stretching, W = E 2 ζT /D is the “wind”
forcing by the lid, E = 2E − W is the Ekman dissipation (2.32) with the “wind” forcing
subtracted, and V = E∇H2 ζ is the lateral viscous dissipation.
Profiles of these terms (e.g. figure 5.1) reveal the vorticity dynamics operating on
particular transect lines. A more complete overview of the flow dynamics was obtained
by the following procedure, which produces plots (e.g. figure 5.2) showing the dominant
vorticity balance in every part of the flow. For each grid node we
1. Evaluate the terms T, A, O, W, E and V in the vorticity equation (5.1).
2. Add the terms in order of decreasing absolute value until the sum is less (in absolute
value) than a threshold ∆bal times the largest term, and the largest of the neglected
terms is smaller (in absolute value) than another threshold ∆ min times the overall
largest term.
3. Assign the node a colour on the basis of the terms which were in the sum (regardless
of their relative magnitude).

This approach is similar to that used by Beardsley (1972, 1973), but this method is
more rigorous because it uses two criteria to determine when all the important terms have
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been included. The first criterion correctly deals with the case of one large term balanced
by a large number of small terms (e.g. a threshold of ∆ min = 0.25 would include only the
first two terms in 100 − 25 − 21 − 20 − 19 − 15 = 0, but the use of ∆ bal = 0.25 includes
all but the final term), whilst the second criterion ensures that all the large terms will be
included in a case such as 100−99+98−97−3+1 = 0 for which the first criterion identifies
only the first two terms. An impression of the relative size of the terms in the dominant
balances can be obtained by varying the thresholds; it was found that ∆ bal = ∆min = 0.4
gave a good representation of the most important terms.

5.1.1

Linear flow in the sliced cylinder

East-west profiles of the terms in equation (5.1) are shown in figure 5.1 for linear flow in
the sliced cylinder (the corresponding northward velocity profile is shown in figure 3.5; the
orographic term has the same form but opposite sign). A topographic Sverdrup balance is
obtained in the interior, as expected from section 2.2.1. As we approach the western boundary the northward velocity changes sign and increases in magnitude, with the resulting
increase in the orographic term balanced by Ekman friction as in a Stommel (1948) western boundary current. Closer to the sidewall the Ekman friction vanishes at the velocity
peak and we have a Munk (1950) balance between the orographic term and lateral viscosity. This mixed Stommel/Munk western boundary current is expected from the analysis
1
3
in section 2.2.2, given that the bottom slope s = 0.1 is close to scr = (2/3) 2 E 4 = 0.0484
(these balances were also anticipated from the Ekman number dependence of the western
boundary current width shown in figure 3.7). Immediately adjacent to the boundary the
orographic term vanishes as a consequence of the no-slip lateral boundary condition and
1
the Stewartson E 4 layer balance between Ekman friction and lateral viscosity is obtained.
The vorticity balances for the linear sliced cylinder flow in figure 5.1 are shown in
figure 5.2; the key shows the percentage of the total area in which each balance is dominant.
Almost the entire flow is in a topographic Sverdrup balance (WO); regions in the western
boundary current governed by a topographic Stommel (EO) or Munk (OV) balance are also
visible. At the entry and exit regions of the WBC the flow is approximately along depth
contours and the balance (EW) is between Ekman pumping due to the (weak) relative
vorticity and that due to the wind forcing; these regions are flanked by zones (EWO) in
1
which the orographic stretching is also important. The Stewartson E 4 layer balance (EV)
is obtained everywhere against the boundary. Note that balances involving only E, W and O
are dominant over more than 90% of the flow area; if exact, these balances do not require
any vertical stretching, so the horizontal divergence of u H is small in these regions. The
dominance of these balances over most of the domain explains the success of the numerical
model in capturing the flow using a streamfunction.

5.1.2

Linear flow in the sliced cone

Figure 5.3 shows east-west and north-south profiles of the terms in equation (5.1) for flow
in the sliced cone with Ro = 0 and E = 3.15 × 10 −5 , and the dominant vorticity balances
in this flow are shown in figure 5.4 (the corresponding vorticity structure is plotted in
figure 4.10 on page 72). It is clear from these figures that the structure of the flow is
considerably more complex than in the sliced cylinder. A topographic Sverdrup balance
(WO) is obtained in most of the interior, and also on part of the slope in the southwest
(the Sverdrup region on the slope corresponds to the region where ζ ≈ 0 in figure 4.10;
its dynamical origin is discussed in section 5.1.3). The balance on most of the upper
slope is between Ekman pumping from the surface wind stress and that from the relative
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Figure 5.1: Terms in the vorticity equation (5.1) vs. x (with y = 0) in the western
boundary current in the sliced cylinder under anticyclonic forcing with Ro = 0, E =
1
6.27 × 10−5 , s = 0.1 and Λ = 3.92. The terms have been divided by 2E 2 , so the
wind forcing term equals −1, and the Ekman friction term equals −ζ on y = 0. The
corresponding velocity profile is shown in figure 3.5.
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Figure 5.2: Streamlines and dominant vorticity balances in the sliced cylinder, under
anticyclonic forcing with Ro = 0, E = 6.27 × 10−5 , s = 0.1 and Λ = 3.92. The
notation used in the key (E: Ekman friction, W: wind, O: orography, V: lateral friction,
A: advection) is defined on page 83; the key also shows the percentage of the total
area in which each balance is dominant. The dominant terms were determined using
∆bal = ∆min = 0.4. North is at the top, the mean flow is clockwise, and the contour
interval in ψ is 10−2 Λ2 .
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vorticity (EW), as anticipated from the velocity profiles in figures 4.3 and 4.5. A Stewartson
1
E 4 layer balance (EV) between Ekman friction and lateral viscosity is found close to the
boundary as a consequence of the no-slip lateral boundary condition. The EW balance on
the upper slope and the Sverdrup balance in the interior were expected from the analysis
in section 2.2.1.
The remaining region is the shear layer located on the lower slope in the north, south
and east and in the interior on the west, where the balance is primarily that of a Stommel
(1948) western boundary current (EO), with flow across potential vorticity contours (the
orographic term) balanced by Ekman friction. Lateral viscosity also plays a role in these
regions, particularly on the eastern side of the shear layer at the west where it balances the
enhanced orographic term in the weak countercurrent, a feature characteristic of a Munk
(1950) western boundary current. The mixed Stommel and Munk balances and spatially
oscillatory behaviour in the interior were expected from the analysis in section 2.2.2, since
the interior bottom slope si slightly exceeds scr (see section 4.1). As for linear flow in the
sliced cylinder, balances involving only E, W and O are dominant over more than 90% of
the flow area, so the horizontal divergence of u H is small in these regions. Lateral friction
is negligible everywhere except the lateral boundary and the region where the interior and
slope join; these are the places where the (neglected) horizontally divergent velocity is
largest, as shown in figure 4.16 (a).
The location of the shear layer relative to the ellipse r = re can be explained as follows.
A region of strong relative vorticity with the same sign as ζ T is inevitable near the ellipse
as a result of the shear between the slow interior flow and the much more rapid flow
on the slope. This vorticity exceeds that on the upper slope, and the Ekman friction is
therefore in excess of that required to balance the wind forcing. The streamlines in this
shear layer must curve to smoothly join the interior and slope flows; this curvature changes
the orographic term in this region, and the crucial point is that the sign of this change
depends on whether the curvature takes place on the slope or in the interior. As shown in
figure 5.3, a balance between the excess Ekman friction and the orographic term demands
that the shear layer be located in the interior at the west, and on the slope in the east
and south, resulting in the spiral structure seen in figures 4.10 and 5.4. This asymmetry
was also seen in the laboratory measurements, as discussed in section 4.3.
Griffiths & Veronis (1998) present a semi-analytical theory for the linear flow in the
1
sliced cone based on asymptotic expansions in powers of E 2 on the slope and in the
interior which are matched at the joining ellipse r = re and smoothed with a Stewartson
1
E 4 layer. The numerical model results provide us with an opportunity to test the validity
of this theory (figures 4.10, 5.3 and 5.4 were obtained under the same conditions as for
their analysis).
As in section 2.2.1, GV98 showed that the lowest order (E 0 ) flow is aligned with depth
contours. GV98 determined the functional relationship between the streamfunction and
depth by assuming that the Ekman pumping due to ζ and ζ T is balanced everywhere
on the slope (an EW balance in the notation used here); the relationship between the
streamfunction and depth obtained on the lower slope (re < r < remax ) also determines
the O(E 0 ) flow along depth contours in the interior. Note that the assumption of an EW
1
1
vorticity balance at O(E 2 ) requires that the O(E 2 ) velocity is also aligned with depth
contours everywhere on the slope; it was shown in section 2.2.1 that this is true on the
upper slope (r > remax ), but not the lower slope.
1
The O(E 2 ) correction adds a cross-contour Sverdrup component vSv to the interior
flow. GV98 employed the kinematic boundary condition (2.38) at the eastern boundary
1
(r = Λ, not re ; −π/2 < θ < π/2), and obtained an O(E 2 ) correction to the streamfunction
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Figure 5.3: Terms in the vorticity equation (5.1) vs. x and y in the sliced cone
under anticyclonic forcing with Ro = 0 and E = 3.15 × 10−5 . The terms have been
1
divided by 2E 2 , so on y = 0 in the interior the wind forcing term equals −1, and the
Ekman friction term equals −ζ. The vertical lines provide a reference to the location
of topographic features (the dot-dashed lines indicate the radius beyond which all
depth contours lie entirely on the slope).
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Figure 5.4: As for figure 5.2 but for flow in the sliced cone under anticyclonic forcing
with Ro = 0 and E = 3.15 × 10−5 . The notation used in the key (E: Ekman friction,
W: wind, O: orography, V: lateral friction, A: advection) is defined on page 83. The
dashed ellipse marks the bottom of the slope. The corresponding vorticity field is
shown in figure 4.10.

which is identical to the Sverdrup streamfunction ψ Sv derived by Pedlosky & Greenspan
1
(1967) (equation (2.24)), but applied only in the interior (r < re ). Thus their O(E 2 )
correction also adds a zonal component to the interior velocity (this is the zonal velocity
needed to cancel the normal component of the Sverdrup meridional velocity at the eastern
boundary). It is questionable whether it is appropriate to use the condition (2.38) at
r = Λ to determine the interior streamfunction for r < re , since the Sverdrup flow does
not encounter this boundary. A more physically reasonable boundary condition would be
1
the streamfunction at O(E 2 ) on the eastern part of the ellipse, but this is unknown at
this stage.
1
The O(E 2 ) correction to the flow on the slope was obtained by numerically solving the
vorticity equation O + W + E = 0 (i.e. (5.1) with the T, A and V terms neglected), using the
corrected interior streamfunction as the boundary condition for ψ on the ellipse r = re .
1
To O(E 2 ) this construction yields a flow in which all of the interior is in a Sverdrup
balance and the potential vorticity gained by fluid columns in the interior is dissipated
entirely on the slope in a Stommel shear layer. The streamfunction is continuous, but the
streamlines have sharp corners at the ellipse where the interior and slope flows join. It
1
was postulated that there are Stewartson E 4 layer corrections to the flow on each side of
the ellipse which smooth the streamfunction and eliminate the associated discontinuity in
1
the velocity across r = re . Since they do not affect the O(E 2 ) streamlines except in the
1
immediate vicinity of the ellipse, these thin E 4 layers do not produce any net change to
the potential vorticity of fluid columns which cross them.
1
There are a number of problems with this theory. The O(E 2 ) correction to the flow
has a cross-contour component on the lower slope (by which the fluid columns return to
their original length after traversing the interior), but this component was neglected in
1
the O(E 2 ) vorticity equation used to derive the relationship between the zeroth-order
streamfunction and depth. The solution method corrects this omission on the slope, but
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not the error in the zeroth-order zonal velocity in the interior determined from ψ 0 (D)
on the lower slope. As a result |∂u0 /∂y| is too small in the interior, since the strong
1
shear on the lower slope was neglected. The O(E 2 ) correction in the interior increases the
meridional gradient of u, but the validity of this correction is questionable since it is due
to the use of a boundary condition at r = Λ. It is clear in figure 4.5 (a) (page 66) that the
predicted gradient |∂u/∂y| is too small compared to both the numerical and laboratory
results; this leads to the underestimation of streamline curvature in the interior noted by
GV98. Figure 4.6 (b) verifies that this disparity originates in the underestimation of the
radial gradient of the azimuthal velocity on the lower slope.
There are further disagreements with the numerical and laboratory results due to
the artificial exclusion of Stommel and Munk balances from the interior, and the use of
1
Stewartson E 4 layers to remove the resulting strong velocity discontinuity at r = re . It is
1
clear from figures 5.3 and 5.4 that the predicted Stewartson E 4 layer (EV) correction plays
no significant role in the overall vorticity balance in the numerical solution near r = re ,
except in very small areas (at the eastern side of the interior and the bottom of the slope
at the west) where the EO balance cannot occur. Instead the adjustment from the slope
to the interior primarily takes place in a Stommel region (EO) located in the interior at
the west, and on the slope around the rest of the ellipse. Thus the vorticity balance at the
west of the interior is completely different from that predicted by GV98; indeed figure 5.3
shows that the E and V terms have the same sign in the core of the shear layer and so
cannot balance in the predicted way. By omitting Stommel dynamics from the interior
the theory fails to capture the east-west asymmetry in the location of the shear layer seen
1
in the numerical and laboratory results. A further point is that since s i = O(E 4 ), the
1
orographic term must enter the E 4 layer vorticity balance, as we saw in section 2.2.2 (this
is evident at the eastern side of the interior in figure 5.3 (a)). Thus its omission by GV98
1
from the Stewartson E 4 layer in the interior is unwarranted. Indeed, since s i > scr (see
1
section 4.1), the postulated E 4 layer should be spatially oscillatory near θ = π in the
interior.
With Ro = 0 the orographic term indicates the rate at which fluid columns change
their potential vorticity. It is clear from figure 5.3 that the potential vorticity gained in the
Sverdrup interior is dissipated primarily at the east and west where the flow merges with
that on the slope, but there is significant dissipation in the south as well (the dissipation
seen at the north on the slope balances the change in potential vorticity of fluid columns
which pass through the region on the lower slope at the west where the orographic term has
the same sign as in the interior). This broad distribution of potential vorticity dissipation is
contrary to the assertion by Griffiths & Veronis (1997, 1998) that the dissipation is confined
to the bottom of the slope at the east. Their conclusion was due to the assumption in
their analysis that the dissipation of potential vorticity takes place only on the slope, via
cross-contour flow balanced by Ekman friction, which as we have seen can occur only at
the south and east. The dynamics controlling the dissipation of potential vorticity will be
discussed in more detail in sections 5.1.3 and 5.2.1.

5.1.3

A thermal analogy for linear flow

Welander (1968) recognised that the equations governing steady, linear, barotropic winddriven flow on a β-plane with topography and bottom friction are mathematically identical
to the equations governing the advection and conduction of heat. This analogy has been
elaborated and generalised by Salmon (1992, 1998), and provides a very useful perspective
for developing an intuitive understanding of flow over topography.
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We saw in section 2.3.1 that when dissipation is negligible the vorticity equation (2.33)
conserves the potential vorticity Q = Roζ − 2 ln
 D, or equivalently the “effective depth”
Deff = e−Q/2 = De−Roζ/2 . The term ∇H · uψ Deff in the equation (2.37) for the conservation
of Deff can be written as uDeff · ∇H ψ, where
uDeff = −k̂ × ∇H Deff

(5.2)

is a “velocity field” directed along Deff contours, with greater effective depth to the left
when facing “downstream” (i.e. the “flow” is pseudo-westwards). Using this notation,
equation (2.37) becomes
∂Deff
+ uDeff · ∇H ψ
∂t

 1 h


i D E
−Ro 2
E2
eff
= − exp
ζT − (1 + σ)∇H2 ψ − σs2 ŝ × k̂ · ∇H (uψ · ŝ) −
∇H ψ
∇H4 ψ.
2
2
2
(5.3)
If we assume a steady flow with vanishing Rossby number (so Deff = D), and also neglect
the lateral viscous diffusion ∇H4 ψ and the final term in the square brackets (both of these
are negligible in most of the flow domain), equation (5.3) becomes
1

uDeff · ∇H ψ −

1

E2
E2
(1 + σ)∇H2 ψ = −
ζ .
2
2 T

(5.4)

This is a forced advection-diffusion equation for the streamfunction ψ. The streamfunction is “advected” pseudo-westwards by the “velocity field” u Deff , the Ekman friction
acts to “diffuse” the streamfunction, and the wind forcing appears as a source term. The
steady-state streamfunction is the same as the steady-state two-dimensional temperature
1

field which would result from heating a substance with thermal diffusivity
1

E2
2

(1+σ) at the

− E22

ζT while it is advected with the velocity u Deff in a domain with a boundary value
rate
of zero temperature (note that in general the advecting “flow” u Deff can pass through the
boundary); since the lateral viscosity has been neglected, there is no boundary condition
on the normal gradient of ψ. This thermal analogy does not hold in the transient case;
the adjustment of ψ to its steady state is not the same as the adjustment of the analogous
temperature field, although it converges to the same steady state.
Consider the flow in the sliced cylinder with zero slice angle. The steady-state streamfunction in this case is a balance between “diffusion” of ψ through the lateral boundary
and “heating”, since the westward “advection” is zero. The streamfunction is therefore a
paraboloid, so the flow is a solid-body rotation with uniform vorticity.
When the slice angle is nonzero, there is a “flow” u Deff to the west, which is stronger
for steeper slice angles. This “flow” carries the interior value of ψ towards the western
boundary, where the boundary value of zero ψ produces a strong “thermal” gradient
and therefore a large “advection” term. When u Deff is large this results in a “thermal”
1

boundary layer of thickness (1 + σ)E 2 /(2n̂ · uDeff ) (where n̂ is a unit vector normal to, and
directed into, the boundary) in which the “advection” is balanced by “diffusion”. This
boundary layer becomes thinner with increasing |u Deff | (i.e. increasing bottom slope s). At
the east the “advection” carries the boundary value of ψ into the interior, so a “thermal”
boundary layer does not form. The overall result of the “advection” is a streamfunction
with a smaller maximum which is displaced to the west relative to the case with zero
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bottom slope. When the bottom slope is sufficiently large (that is, the advective “velocity”
is sufficiently large), “advection” dominates “diffusion” to the east of the streamfunction
maximum, and the balance in this region is between “advection” and “heating”. This
corresponds to a Sverdrup balance, and the “thermal” boundary layer at the west is a
Stommel western boundary current.
Now consider the flow in the sliced cone with zero interior slice angle. The advective
“velocity” in this case is a uniform anticlockwise “flow” on the slope, and zero “flow” in
the interior. There is an essential difference from the sliced cylinder in that the advective
“flow” is a closed circulation, rather than a “flow” from one boundary to the other, so
the “advection” cannot carry the boundary value of the streamfunction into the interior
as it does in the Sverdrup region of the sliced cylinder. Thus the boundary condition on
the streamfunction is carried into the interior by “diffusion” alone. The “advective” term
vanishes everywhere when uDeff is zero in the interior, since the strong azimuthal “flow”
on the slope aligns ψ contours with u Deff . The balance at every point is therefore between
“heating” and “diffusion”, and the streamfunction is the same as that in a flat-bottomed
cylinder (except for the effect of the slope on the “diffusivity”).
A nonzero interior slope introduces westward “advection” in the interior, but does not
change the balance which holds on the upper sidewall slope. As in the sliced cylinder, the
“advection” in the interior blows the streamfunction maximum towards the west. However, the resulting interior streamfunction pattern differs from that in the sliced cylinder
because the boundary values at the eastern side of the ellipse are not zero but the streamfunction values at the bottom of the slope, giving a stronger north-south gradient of the
streamfunction in the interior. Nevertheless, a (Sverdrup) balance between “advection”
and “heating” is dominant from the eastern edge of the interior to the vicinity of the
streamfunction maximum at the west of the interior (see figure 5.5).
It is clear from figure 5.5 that the “advection” in the Sverdrup region “piles up” the
streamfunction on the western side of the interior. The Sverdrup balance is broken on the
far western side of the interior, where the streamfunction contours are strongly curved in
order to smoothly join the azimuthally uniform field on the slope. This strong curvature
creates a “thermal” (Stommel) boundary layer on the interior side of the ellipse in which
“diffusion” balances the “advection”. This “diffusive” region extends a short way onto
the slope in the west, where the much stronger “advection” sweeps it “downstream” (i.e.
in the anticlockwise direction), wrapping the “diffusive” region of excess ψ around the
ellipse r = re . The westward “advection” in the interior prevents the downstream tail of
the “diffusive” region from extending into the interior on the eastern half of the ellipse,
resulting in the spiral structure of the “diffusive” EO region in figure 5.4 and the region of
strong negative vorticity in figure 4.10. Thus the “heat” gained in the Sverdrup interior
is “diffused” and “advected” onto the slope in an extended region curving from the west
of the interior around to the south and east on the lower slope. The interior “heat” is
ultimately lost through the lateral boundary by “diffusion” (given that we have neglected
lateral viscosity).
As figure 5.5 shows, the westward “advection” at the eastern side of the interior produces a smooth match between the streamfunction on the slope and the interior in this
region. However at the western side of the interior the “piling up” of ψ necessarily gives a
value of ψ which exceeds that of the azimuthally uniform paraboloidal profile which holds
on the slope, since with this geometry and Ekman number the intersection between the
paraboloid and the Sverdrup region lies further than a “thermal” boundary-layer thickness (≈ 5.6 × 10−2 for E = 3.15 × 10−5 ) from the bottom of the slope. A match at the
west between the interior and the slope requires an inflection in the east-west profile of
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Figure 5.5: Streamfunction ψ, vorticity ζ and northward velocity v as a function
of east-west position x on the diameter y = 0 in the sliced cone under anticyclonic
forcing with Ro = 0 and E = 3.15 × 10−5 . The vertical lines provide a reference to
the location of topographic features (the dot-dashed lines indicate the radius beyond
which all depth contours lie entirely on the slope).
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∂v
and therefore a region on the slope at the west
ψ, producing a change in the sign of ∂x
where ζ has a different sign from in the shear layer or on the upper slope, as shown in
figures 4.10 and 5.5. There is a topographic Sverdrup balance in the region where ζ ≈ 0
(see figures 5.3 and 5.4), since the wind forcing and Ekman dissipation cannot balance; the
resulting change in depth of fluid columns is compensated at the bottom of the slope in
the north, where the Ekman dissipation exceeds that required to balance the wind forcing.
The extended internal “thermal” boundary layer region around r = re is where fluid
particles lose the potential vorticity gained in the Sverdrup interior or the Sverdrup region
on the slope (this will be shown in more detail in section 5.2.1). This distributed dissipation
of potential vorticity differs significantly from that found in the geostrophically blocked
geometry studied by Salmon (1992). This β-plane model had a sloping sidewall only at the
west, producing a strong “advective flow” which converged on the southwestern corner of
the basin, where it passed through the boundary. The rapid “flow” on the slope aligned ψ
contours with potential vorticity contours, producing a long “topographic tail” extending
to the southwest. In the limit of weak dissipation (small “diffusivity”) the dissipation of
potential vorticity was confined to a very localised region against the boundary in the
southwestern corner, where a “thermal” boundary layer formed in order to satisfy the
boundary condition on ψ. In this sense this geostrophically blocked geometry is similar to
the Stommel model, except that the convergence of geostrophic contours produces a much
more localised dissipation region.
It is clear from the numerical experiments of Becker & Salmon (1997) and Becker (1995,
1999) that when the bottom friction is stronger the dissipation of potential vorticity takes
place in more of the topographic tail rather than being confined to its tip, and so not
all streamlines need to extend to the vicinity of the boundary before returning to the
interior. Kubokawa & McWilliams (1996) showed how the tail shortens as the friction is
increased, and noted that when the friction is sufficiently strong or the slope sufficiently
steep, the circulation resembles the standard Munk or Stommel flow (depending on the
type of friction used) except that the western boundary current occurs offshore, over the
bottom of the slope. This yields a distributed region of potential vorticity dissipation in
the interior which is qualitatively similar to that in the sliced cone, but occurs for different
reasons.
In the sliced cone the potential vorticity is dissipated in a large region isolated from
the boundary as a consequence of the geostrophic contours being closed loops that are
not blocked by the boundary (the importance of the closure of geostrophic contours was
noted by Becker & Salmon, 1997 and Becker, 1995). The rapid “advective flow” u Deff
on the slope in the sliced cone leads to strong topographic steering as in the β-plane
models, but since uDeff is a closed “circulation” which does not intersect the boundary,
ψ and Deff contours can be aligned while still satisfying the boundary condition on ψ.
The orographic “advection” term vanishes at the boundary due to this alignment, so the
potential vorticity supplied by the wind in the Sverdrup regions must be dissipated in
internal shear layers rather than at the boundary. The closure of the “advective flow”
allows a return of the Sverdrup transport without the formation of a topographic tail and
the associated localisation of potential vorticity dissipation at the boundary in the limit of
small bottom friction. We therefore expect the dissipation to remain broadly distributed
in this limit.
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Figure 5.6: As for figure 5.1 but for nonlinear, steady flow with Ro = 8.32 × 10 −2
1
and E = 12.5 × 10−5 (so Reγ = 121). The terms have been divided by 2E 2 , so on
y = 0 the wind forcing term equals −1, and the Ekman friction term equals −ζ.

5.1.4

Nonlinear flow in the sliced cylinder

Figure 5.6 shows east-west profiles of the terms in the vorticity equation (5.1) along y = 0
for nonlinear, steady flow in the sliced cylinder. The dominant vorticity balances for this
flow are shown in figure 5.7 and the corresponding vorticity field is shown in figure 3.9 (c).
It is evident from figure 5.6 that western boundary current is much wider than in the
linear case (figure 5.1), with the Sverdrup balance appearing only for x > −0.7. The
orographic term is weaker than in figure 5.1, since the northward velocity is smaller due
to the broadening of the return flow. This broadening is much greater than would be
expected from the larger value of E, and is mostly due to the slow decay of the outer
“tail” of the boundary current. The vorticity balance in this outer region is primarily
between the advection and orographic terms (as in an inertial boundary layer), but the
orographic term is also partly balanced by Ekman friction as in a Stommel boundary
current. Advection also plays an important role in the inner boundary layer, where it is
balanced by lateral viscosity. Immediately adjacent to the boundary the advection term
1
vanishes as a result of the no-slip lateral boundary condition and the Stewartson E 4 layer
balance is obtained as in the linear case.
The full extent of the inertial modification to the flow can be seen in figure 5.7. The
southwestern part of the basin is dominated by an inertial western boundary current inflow,
modified by wind forcing (WOA), Ekman friction (EOA) or both (EWOA); as in the linear case
there is a region (EWA) where the flow is along depth contours and the orographic term
vanishes. A relatively “pure” inertial boundary current balance (OA) appears closer to the
boundary, where the advection term is much larger than the Ekman friction. Inertially
1
modified Munk (OVA) and Stewartson E 4 layer (EVA) balances are also visible very close to
the sidewall. The inertial modification to this flow has a boundary-layer form, rather than
being spatially oscillatory, because the zonal component of the inflow is westwards (see
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Figure 5.7: As for figure 5.2 but for nonlinear, steady flow with Ro = 8.32 × 10 −2
and E = 12.5 × 10−5 (so Reγ = 121). The notation used in the key (E: Ekman
friction, W: wind, O: orography, V: lateral friction, A: advection) is defined on page 83.
The corresponding vorticity field is shown in figure 3.9 (c).

Greenspan, 1962; Pedlosky, 1987a). The westward component of the Sverdrup interior
flow is stronger in the southern part of the basin than at y = 0, leading to a larger inertial
boundary current width δI , as discussed in section 3.1. Advection of fluid with weak
vorticity reduces the magnitude of the relative vorticity in the WBC inflow region, leading
to a vorticity distribution which is swept downstream relative to the Ro = 0 case (see
figure 3.9). This reduces the relative vorticity and hence the magnitude of E on y = 0
relative to the linear case (compare figures 5.1 and 5.6).
The outflow in the north is controlled by many of the same vorticity balances as the
inflow (OA, WOA, EOA and EWOA predominate), but is much more complex in structure. This
is largely because the western boundary current outflow is eastwards, and is therefore in the
opposite direction to Rossby wave phase propagation. As a result, standing topographic
Rossby waves can form, and a balance (OA) between the orographic and advection terms
has a spatially oscillatory form instead of the inertial boundary-layer structure seen in
the inflow region. Consequently, the rapid boundary current flow enters the interior as
meandering jet (as in the theory of Moore, 1963), which the predominant vorticity balances
indicate is a standing topographic Rossby wave modified by wind forcing and Ekman
friction.

5.1.5

Nonlinear flow in the sliced cone

Figures 5.8 and 5.9 show the vorticity balances for steady flow under strong anticyclonic
forcing. Since the flow is pseudo-eastwards (i.e. ∇H ψ · ∇H Q < 0, where Q = Roζ − 2 ln D is
the potential vorticity) almost everywhere in the basin, a balance between the orographic
and advection terms has a spatially oscillatory (standing Rossby wave) form instead of an
inertial boundary-layer structure. In this regard the flow everywhere except the southwest
of the interior is similar to that in the north of the sliced cylinder. The pseudo-eastwards
group velocity of standing Rossby waves implies that steady meanders will be found only

5.1. Vorticity balances

96

20

10

0

anticyclonic forcing,
E = 6.3 x 10-5
Ro = 0.057
-10

Ekman friction
wind forcing
orographic
lateral viscosity
advection
imbalance

-20

-1

west

-0.5

0

xΛ

0.5

1

−1
east

topography

Figure 5.8: As for figure 5.3 (a) but for steady flow under strong anticyclonic forcing
with Ro = 5.7 × 10−2 and E = 6.3 × 10−5 (the same conditions as in figure 4.2 (f)).
1
The terms have been divided by 2E 2 , so on y = 0 in the interior the wind forcing
term equals −1, and the Ekman friction term equals −ζ.

on the pseudo-eastern side of their source region, as discussed by Kubokawa & McWilliams
(1996). As a result there is a very abrupt change in the profiles at the ellipse joining the
slope and interior, due to the absence of adjustment on the pseudo-western side.
The dominant vorticity balances in the interior of the sliced cone under strong anticyclonic forcing have a structure which is almost identical to that of nonlinear flow in the
sliced cylinder (figure 5.7). Strong standing Rossby waves are generated on both the slope
and in the interior where the jet crosses the ellipse; these appear as a train of Ekmandamped meanders on the downstream side in both regions. Smaller-amplitude waves are
also produced on the slope where the Sverdrup flow crosses the ellipse. Balances resembling
those in the linear flow are found only in the southeast in the interior and the southwest
on the slope, where the amplitude of these waves has mainly decayed away. The standing
Rossby waves present under anticyclonic forcing result in a flow which is highly contorted
compared to that with cyclonic forcing, and therefore more prone to barotropic instability;
this will be discussed further in section 5.2.3. From the Ekman friction term it is clear
that the relative vorticity at the ellipse is about ten times smaller than in the western
boundary current in the sliced cylinder (figure 5.6), so the omission of the stretching of ζ
is less significant in the numerical model of the sliced cone.
The flow structure under strong cyclonic forcing (figures 5.10 and 5.11) is much simpler
than that under strong anticyclonic forcing. Since the flow under cyclonic forcing is pseudo-
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Figure 5.9: As for figure 5.2 but for steady flow in the sliced cone under strong
anticyclonic forcing with Ro = 5.7 × 10−2 and E = 6.3 × 10−5 (the same conditions
as in figure 4.2 (f)). The notation used in the key (E: Ekman friction, W: wind,
O: orography, V: lateral friction, A: advection) is defined on page 83. The dashed
ellipse marks the bottom of the slope. The corresponding vorticity field is shown in
figure 4.11 (b).

westwards everywhere in the basin (i.e. ∇H ψ · ∇H Q > 0), a balance between the orographic
and advection terms has a boundary-layer form rather than being spatially oscillatory; in
this sense the entire basin is dynamically similar to the western boundary current inflow
region in the sliced cylinder. The strongly forced flow shown is dominated by an inertial
boundary layer balance (OA) between the orographic and advection terms, which decay
monotonically on either side of the join between the slope and the interior. In contrast
to the linear and nonlinear, anticyclonically forced cases, the vorticity profile has a nearly
perfect east-west symmetry about the line x = 0, with the shear layer centred on the
ellipse so that both the advection and orographic terms change sign at the ellipse (the
Ekman friction term in figure 5.10 gives an indication of the vorticity distribution, also
shown in figure 4.11 (a)). The wide inertial boundary layers confine the Sverdrup balance
to a small region at the centre of the basin, as anticipated from figures 4.5 (b) and 4.11 (a).
In contrast to the linear case, Ekman friction plays a role in balancing the wind forcing in
the interior near the ellipse as well as on the upper slope.

5.2

Potential vorticity

This section will discuss the potential vorticity structure of flows in the sliced cylinder and
sliced cone, and the locations on each streamline where potential vorticity is produced and
dissipated.
It was shown in section 2.3.1 that the vorticity equation (2.33) used in the numerical
model conserves the potential vorticity Q = Roζ − 2 ln D in the absence of forcing and
dissipation. This quantity is more conveniently expressed as an “effective depth” Deff =
e−Q/2 = De−Roζ/2 , since this avoids the singularity in Q at the boundary of the sliced cone.
We will generally talk in terms of Deff for this reason, but note that large Deff corresponds
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Figure 5.10: As for figure 5.3 (a) but for flow under strong cyclonic forcing with
Ro = 9.24 × 10−2 and E = 3.15 × 10−5 (the same conditions as in figure 4.1 (d)). The
1
terms have been divided by 2E 2 , so on y = 0 in the interior the wind forcing term
equals −1, and the Ekman friction term equals −ζ.
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Figure 5.11: As for figure 5.2 but for flow in the sliced cone under strong cyclonic
forcing with Ro = 9.24 × 10−2 and E = 3.15 × 10−5 (the same conditions as in figure 4.1 (d)). The notation used in the key (E: Ekman friction, W: wind, O: orography,
V: lateral friction, A: advection) is defined on page 83. The dashed ellipse marks the
bottom of the slope. The corresponding vorticity field is shown in figure 4.11 (a).

to small Q.
The surface “wind” stress acts as a source of Deff in the Sverdrup interior of the sliced
cone and sliced cylinder; this input must be balanced by a sink of Deff on each streamline1 .
The locations where these Deff changes occur can be determined from plots of the change
in Deff per unit arc length S along a streamline, which is equivalent to the gradient of Deff
in the direction of the velocity:


uψ
∂Deff
=
· ∇H Deff .
(5.5)
∂S
|uψ |
With this notation and that defined in section 5.1, in the steady state equation (2.37) can
be written
∂Deff −Deff
=
(W + E + V)
∂S
2|uψ |
+Deff
=
(A + O),
2|uψ |

(5.6)

∂D

which shows that ∂Seff is determined by the imbalance between the forcing and dissipation
terms, or equivalently the imbalance between the advection and orographic terms. The line
∂D
integral of ∂Seff around a closed streamline is zero (by Green’s theorem), so all streamlines
∂D
∂D
which pass though a region of nonzero ∂Seff must also pass through a region where ∂Seff
has the opposite sign such that the line integrals through these regions cancel out. This
∂D
integral property makes ∂Seff a more useful diagnostic than uψ · ∇H Deff , the change in Deff
per unit time for a fluid particle in a steady flow.
1
To avoid unnecessarily contorted sentences when discussing the Deff balance under cyclonic and anticyclonic forcing, the wind forcing will be referred to as a “source” of Deff , and any change with the opposite
sign as “dissipation” or a “sink”, regardless of the actual sign of the changes in Deff .
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Figure 5.12: Potential vorticity (indicated by Deff ) and its production and dissipation
∂D
(indicated by ∂Seff ) in the sliced cylinder, under anticyclonic forcing with Ro = 0,
E = 6.27 × 10−5 , s = 0.1 and Λ = 3.92. North is at the top, the mean flow is
clockwise, and the contour interval in ψ is 5 × 10−3 Λ2 between thick and thin lines.

5.2.1

Linear flow in the sliced cylinder and sliced cone
∂D

Plots of Deff and ∂Seff for linear flow in the sliced cylinder are shown in figure 5.12. Since
∂D
Ro = 0, we have Deff = D and only the orographic term contributes to ∂Seff . The plot of
∂Deff
∂S shows the balance of Deff production in the Sverdrup interior and dissipation against
∂D
the sidewall in the western boundary current; ∂Seff has its greatest magnitude along y = 0,
where the flow is parallel to ∇H Deff . The dissipation takes place via Ekman and lateral
∂D
friction, as shown in figures 5.1 and 5.2. The curve ∂Seff = 0 separating the regions of Deff
production and dissipation is symmetrical about the east-west diameter, and intersects
the boundary at the northernmost and southernmost points.
Corresponding plots for linear flow in the sliced cone are shown in figure 5.13. The
effective depth in the interior is the same as in the sliced cylinder, but on the sloping
sidewall it decreases rapidly to zero. There is a net input of Deff into the fluid in the
central Sverdrup region, which is balanced by dissipation of Deff as the streamlines pass
through the surrounding green or blue regions before returning to the interior. As noted
in section 5.1.2, dissipation occurs all around the ellipse r = re , in the interior at the west
and on the lower slope everywhere else, contradicting the predictions of Griffiths & Veronis
(1997, 1998). It is clear from a comparison of figure 5.13 (b) with figures 5.3 and 5.4 that
dissipation occurs mostly as a result of Ekman friction (an EO balance) in the spiral region
of strong relative vorticity shown in figure 4.10.
In the Sverdrup interior the streamlines are at a shallower angle to the Deff contours
∂D
than in the sliced cylinder, due to the stronger eastward velocity u, so ∂Seff is smaller; the
∂D
north-south gradient of ∂Seff in the interior is due to the northward increase in u. Fluid
columns gain less Deff than in the sliced cylinder as they traverse the Sverdrup interior
∂D
∂D
due to the smaller value of ∂Seff ; as a result the magnitude of ∂Seff is also smaller in the
dissipation region. Streamlines passing through the northern part of the interior have a
particularly short path through the Sverdrup region, at a shallow angle to the Deff contours.
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Figure 5.13: Potential vorticity (indicated by Deff ) and its production and dissipation
∂D
(indicated by ∂Seff ) in the sliced cone, under anticyclonic forcing with Ro = 0 and
E = 3.15 × 10−5 . North is at the top, the mean flow is clockwise, and the dashed
ellipse marks the bottom of the slope. The contour interval in ψ is 10−2 Λ2 between
thick lines, and 5 × 10−3 Λ2 between thick and thin lines; thin lines are shown only
for |ψ| ≥ 8.5 × 10−2 Λ2 . The corresponding vorticity field is shown in figure 4.10.

The net change in Deff is therefore small, so these streamlines need only pass through the
dissipation region as they leave and re-enter the interior in order to dissipate their acquired
Deff ; most of the path length on the slope is in regions where the dissipation is very weak.
Fluid columns acquire more Deff when crossing the southern part of the Sverdrup interior,
and there is strong dissipation along most of the return path. At the north there are
streamlines which dissipate Deff in the shear layer but do not pass through the Sverdrup
interior; for these streamlines the balancing input of Deff takes place on the slope in the
west, via Ekman pumping of the opposite sign to that in the dissipation region. Close to
the boundary the fluid circulates with virtually no change in Deff ; this is expected from the
approximate EW balance predicted by linear theory, and also from equation (2.37), which
shows that a local imbalance between forcing and dissipation is less effective in changing
Deff where Deff is small. Thus in contrast to the sliced cylinder, the balance of potential
vorticity around each streamline does not involve dissipation at the lateral boundary. The
significance of this observation will be discussed further in section 5.3.

5.2.2

Nonlinear flow in the sliced cylinder

The situation is more complex in the nonlinear case since Deff is determined by the vorticity
∂D
structure as well as the depth, and this in turn affects the structure of ∂Seff . In particular,
∂D
if the alteration due to ζ aligns the Deff contours and streamlines, ∂Seff will be zero; this
corresponds to an inertial vorticity balance (OA) between the advection and orographic
terms.
When Ro = 0 the vorticity in the sliced cylinder is negligible everywhere except in the
western boundary current. Under anticyclonic forcing the vorticity is cyclonic against the
sidewall, and anticyclonic to the east of the velocity maximum in the western boundary
current (see figure 3.9 (a)). Under weakly nonlinear conditions the vorticity structure is
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Figure 5.14: Potential vorticity and its production and dissipation in the sliced
cylinder. As for figure 5.12, but for nonlinear, steady flow with Ro = 8.32 × 10 −2 and
E = 12.5 × 10−5 . The corresponding vorticity field is shown in figure 3.9 (c).

very similar to the linear case, so Deff is reduced by the vorticity in the cyclonic sublayer,
and increased by the vorticity in the anticyclonic region. As a result the Deff contours
are displaced southward at the western boundary and northward in the outer western
boundary current relative to the linear case. The northward displacement of Deff contours
in the outer part of the western boundary current inflow reduces the Ekman dissipation
needed for the fluid to flow northward (that is, A assists E in balancing O). As a result
the region of strong anticyclonic vorticity is moved northwards. The tendency for flow
to follow Deff contours also results in the northward overshoot in the western boundary
current outflow seen in figure 3.2 (a).
This displacement of Deff contours and the associated changes in ζ become more pronounced as Ro increases. Under strong forcing the cyclonic and anticyclonic regions separate from the boundary and extend into the interior to form the western boundary current
outflow jet (see figure 3.9 (c)). The corresponding potential vorticity is significantly altered from the linear case in the regions of high vorticity, as shown in figure 5.14 (a). The
strong cyclonic vorticity against the sidewall at the west produces a region of very small
Deff which extends from the north to the southwest; at the north Deff is also reduced on
the cyclonic side of the jet. At the eastern boundary the vorticity is much weaker, but it
still leads to a noticeable southward displacement of Deff contours. The anticyclonic outer
part of the western boundary current displaces Deff contours northwards to produce an
extended “tongue” of large Deff (small Q) at the west. Under the conditions shown this
“tongue” curls around in the anticyclonic part of the jet, enclosing a region of smaller Deff
and resulting in closed contours of potential vorticity on the southwestern side of the jet.
These changes to the potential vorticity structure significantly alter the locations in
which potential vorticity is dissipated, as shown in figure 5.14 (b). To the east of the
anticyclonic vorticity maximum the alignment of Deff contours with streamlines leads to a
large reduction in the dissipation in the outer part of the western boundary current inflow
relative to the linear case. This is consistent with the observation in section 5.1.4 that
the vorticity balance in this region is close to that of an inertial boundary current (OA).
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Fluid columns passing through the outer western boundary current therefore have reduced
dissipation, which takes place further to the north than in the linear case, and also gain less
Deff in the interior. The situation is quite different along streamlines which pass through
the inner part of the boundary current inflow (to the west of the anticyclonic vorticity
maximum), since the gradient of Deff in the direction of the flow is larger than in the linear
case, so the dissipation is increased. The region of strong dissipation against the sidewall
extends further to the south than in the linear flow, since fluid columns must reduce
their effective depth earlier if they are to remain close to the boundary. This increase in
dissipation is also evident from the vorticity balance (figure 5.6), which shows that A and
O are both negative, implying that W + E + V > 0 in equation (5.6). In contrast to the
linear case, the reduction in Deff at the boundary implies that fluid columns following these
streamlines have too little Deff to smoothly rejoin the interior flow. This is an example of
a “potential vorticity crisis” (Pedlosky, 1987b), and its resolution requires a qualitative
change from the structure of the linear flow, so that fluid columns which pass close to
the boundary also pass through a region of strong Deff production before entering the
Sverdrup interior. This Deff production region is located on the cyclonic side of the jet in
figure 5.14 (b).
An indication of the extent to which fluid columns change their potential vorticity is
provided by the scatter plot of ψ versus Deff for Ro = 0 and Ro = 8.32 × 10−2 shown in
figure 5.15. The width of the scatter at a given ψ indicates the range of Deff for flow along
that streamline, and the intersection of the scatter with a particular vertical line indicates
the range of streamlines which cross a given Deff contour. It is clear from figures 5.15
and 5.14 that at Ro = 8.32 × 10−2 fluid columns with ψΛ−2 < 0.016 pass through the
low-Deff region close to the western boundary and therefore experience a greater range of
Deff than in the linear case. Since the flow in the Sverdrup region is the same at zero
and finite Ro, for each value of ψ the minimum Deff at Ro = 0 indicates the Deff which
the WBC outflow must exceed in the nonlinear case if it is to merge with the Sverdrup
interior. It is evident that the outflow with small ψ, which passes close to the boundary,
has a marked deficit in Deff and therefore must also pass through a region of strong Deff
production before joining the interior flow, as we saw in figure 5.14.
Figures 5.15 and 5.14 also show that at Ro = 8.32 × 10 −2 fluid columns with ψΛ−2 >
0.016 circulate through the outer western boundary current and experience a reduced range
of Deff than in the linear case. For moderate ψ this reduction is due to the increase in the
minimum Deff experienced by fluid columns, since they travel southwards in the region of
increased Deff in the jet before joining the Sverdrup flow. The reduction in the range of Deff
is particularly pronounced near the streamfunction maximum on the southwestern side of
the jet, where there is also a decrease in the maximum Deff due to the small southward
excursion of fluid columns.
The structure of the scatter plot shows that all Deff contours intersect the boundary
(ψ = 0) when Ro = 0; as a result of this “blocking” most streamlines must cross a
significant range of Deff . In contrast, the scatter for the strongly nonlinear flow shows that
for 0.195 < Deff Λ−1 < 0.215 and 0.320 < Deff Λ−1 (shown by the dashed grey lines) there
are Deff contours which do not intersect the boundary; this closure of Deff contours within
the interior opens up the possibility of recirculating flow in which Deff is nearly conserved.
Of the two disconnected regions in which Deff Λ−1 < 0.215, the “blocked” region in which
ψ is smaller corresponds to the region of small Deff extending from the north around to
the southwest against the boundary, whilst the large-ψ branch corresponds to the closed
Deff contours on the southwestern side of the jet, as shown in figure 5.14 (a). The closed
Deff contours with 0.320 < Deff Λ−1 correspond to a large region in the south where the
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Figure 5.15: Scatter plots of ψ vs. Deff for steady linear and nonlinear flow in the
sliced cylinder under anticyclonic forcing with E = 12.5 × 10−5, s = 0.1 and Λ = 3.92.
∂D
The significance of the dashed lines is discussed in the text. The ψ, Deff and ∂Seff
fields corresponding to the nonlinear case are shown in figure 5.14.
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reduction of Deff at the boundary has created an isolated pool of larger Deff in the interior.
Of the two regions of closed Deff contours, only the one at the southwestern side of the
jet contains streamlines (ψΛ−2 > 0.05) which close within it. The marked reduction in
the range of Deff as ψΛ−2 increases beyond 0.046 is due to the confinement of the flow to
these closed potential vorticity contours, and the resulting alignment of ψ and Deff . The
potential vorticity is nearly uniform within this region of closed streamlines, a well-known
theoretical result (Batchelor, 1956) which has been applied to large-scale ocean circulation
by Rhines & Young (1982a). However in our case complete homogenisation of potential
vorticity cannot be obtained, due to the presence of wind forcing and Ekman friction 2 .
This localised recirculation region is a characteristic feature of wind-driven gyres at large
Rossby number under no-slip boundary conditions, and has been discussed extensively in
the literature (e.g. Blandford, 1971; Böning, 1986; Bryan, 1963; Cessi et al., 1987; Ierley,
1987; Ierley & Young, 1988). Under very strong forcing the closure of potential vorticity
contours in this region allows a strong recirculation to develop, in which the total transport
exceeds that predicted by Sverdrup theory (see figure 3.15 (d)).
Boundary current separation and the potential vorticity “crisis”
Western boundary currents have been shown to separate in response to a change in sign
of the wind stress curl (Munk, 1950), a collision with another western boundary current
(Agra & Nof, 1993; Cessi, 1991), outcropping of isopycnals (Parsons, 1969; Veronis, 1973b)
or a change in bottom topography or boundary shape (Dengg, 1993; Özgökmen et al., 1997;
Spitz & Nof, 1991). The mechanism of western boundary separation in the sliced cylinder
is therefore of interest, since none of these processes can operate. The separation appears
“unprovoked”, in contrast to that seen in similar single-gyre models in a rectangular basin
(e.g. Blandford, 1971; Cessi et al., 1990), in which the boundary current separates from
the northern boundary after negotiating the northwest corner of the basin.
We have seen that at nonzero Rossby number the potential vorticity dynamics in
the cyclonic sublayer are different from those in the anticyclonic outer western boundary
current. In the cyclonic sublayer Deff is reduced relative to the linear case, so potential
vorticity dissipation begins further upstream. In contrast the potential vorticity dissipation
is delayed in the anticyclonic part of the western boundary current because potential
vorticity contours are shifted northwards relative to the linear case. The fluid in the
sublayer is trapped close to the boundary until the flow in the outer western boundary
current has dissipated enough potential vorticity to return to the interior. However the
relative shift in the locations of dissipation means that fluid columns in the sublayer will
have dissipated more potential vorticity than they gained in the Sverdrup interior by the
time they are free to leave the boundary current. As a result, at nonzero Ro the outflow
from the sublayer must pass through a region of Deff production before merging with the
Sverdrup interior, as we have seen in the example above. The relative shift in Deff contours
becomes larger as Ro increases, so the production of Deff must be increased in order to
overcome the increased potential vorticity deficit. It will be shown here that an acute
deficit of Deff (a potential vorticity “crisis”) is intimately involved in western boundary
current separation in the numerical model.
For the purposes of this discussion we will assume that the forcing is anticyclonic. We
will also assume for now that there is no recirculation, so the flow along the boundary
2

In a hypothetical region of homogeneous Q, ζ is a linear function of y (in the quasigeostrophic limit of
small depth variation) and so V vanishes. Since ζ is not uniform, E cannot balance a uniform wind forcing
∂Deff
W at every point, so ∂S
6= 0 from (5.6), contradicting the assumption of uniform Q.
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is northward and the no-slip condition implies ζ > 0 at the boundary. Figure 5.6 shows
that V is positive in the inflow region of the sublayer, whilst E and W are negative, and
that W + E + V > 0. It is evident from equation (5.6) that production of Deff requires
W + E + V < 0, but at first glance it is difficult to say whether this will take place by V
becoming less positive, or E becoming more negative. However equation (5.6) also shows
that A + O > 0 in a region of Deff production; since the flow is northwards we have O < 0,
∂ζ
∂ζ
ln D
2 ∂ ln D
and O = 2|uψ | ∂ ∂S
, so ∂S
< Ro
so −A < O < 0. Now A = −Ro|uψ | ∂S
∂S < 0. Thus
in the production region ζ decreases downstream at a finite rate; by continuity we must
∂ζ
∂ζ
also have ∂S
< 0 for some distance upstream of the production region. Since ∂S
< 0 and
ζ > 0, we expect that E becomes less negative as the flow enters the production region 3 .
Thus V must decrease in order to obtain W + E + V < 0 in the production region.

If we make the boundary-layer approximation we have V ≈ E r −1 ∂ζ/∂r + ∂ 2 ζ/∂r 2 .
Upstream of the Deff production region ζ decreases monotonically away from the boundary,
at a decreasing rate, so V > 0 (see figure 5.6; the Ekman term gives the profile of −ζ). As
∂D
the fluid columns pass from this dissipation region to the production region, ∂Seff becomes
positive via a small change to the vorticity profile which reduces V below −(W + E) but
does not change its sign. At small Rossby number this low rate of Deff production is
sufficient to restore the potential vorticity of fluid columns to a value which allows them
to re-enter the interior, and no more drastic alterations are needed (see figure 5.16 (a)).
∂D
As the Rossby number increases, ∂Seff increases to a larger value at the downstream end
of the production region in order to obtain the required Deff production. Eventually at
∂D
large Rossby number ∂Seff needs to increase to a value which can only be obtained if V
becomes negative. While it is possible at first for V to become negative while retaining the
cross-stream maximum in ζ at the boundary, further downstream the vorticity maximum
tends to leave the boundary, so that ∂ 2 ζ/∂r 2 and ∂ζ/∂r are both negative between the
boundary and the vorticity maximum. This separation of the vorticity maximum can be
seen in figure 3.9 (b), (c) and (d). Radial profiles of terms in the vorticity equation (5.1)
just downstream of the point where ∂ζ/∂r = 0 in figure 3.9 (c) are shown in figure 5.17.
The offshore maximum in ζ is shown by the profile of the Ekman friction term; it is clear
that the curvature of the vorticity profile at its maximum leads to a negative value for the
lateral viscous diffusion4 . Note however that V must be positive at the boundary itself in
order to balance E and W, since A and O vanish.
The displacement of the ζ maximum offshore changes the sign of ∂ζ/∂r at the boundary; this is one of the definitions of flow separation used in section 3.4.1. Separation of
the vorticity maximum creates a bulge in the potential vorticity contours, so the region
of small Deff also extends away from the boundary. By definition, streamlines in the production region must cross potential vorticity contours in the direction of increasing Deff ;
as a result, the streamlines on the “seaward” side of the bulge are guided away from the
boundary, as shown in figure 5.18. The anticyclonic outer part of the boundary current is
also deflected offshore as a result. When the resulting offshore flow is sufficiently inertial it
3

1

This conclusion is less clear-cut than it appears, since E =

downstream), so

∂E
∂S

∂E
∂S

1

=

−2E 2
D
1

−2E 2 ∂ζ
D
∂S

∂ζ
∂S

−ζ

∂ ln D
∂S

Roζ
2



−2E 2
D

ζ depends on D (which decreases

. However since ζ > 0 and −A < O in the production region

we must have
>
1−
. Thus Ro < ζ2 is a sufficient condition to ensure E becomes
∂ζ
less negative as the flow enters the production region, since ∂S
< 0. This will be satisfied for Rossby
numbers slightly beyond the onset of separation (see figure 3.11 (a)), since ζ = O(100) at its maximum
∂ζ
(see section 3.1), and ∂S
< 0 upstream of the production region.
2
4
Calculations indicate that ∂∂θ2ζ makes an insignificant contribution to V in this region compared to the
radial derivatives.
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(a) Ro = 2.0 × 10−2 , E = 12.5 × 10−5

(b) Ro = 4.0 × 10−2 , E = 8.87 × 10−5

Figure 5.16: Production and dissipation of potential vorticity in the sliced cylinder
with and without separation of the western boundary current, with s = 0.1 and
Λ = 3.92. The colour map and contour intervals are the same as in figure 5.12 (b).
The vorticity field corresponding to (b) is shown in figure 3.9 (b), and a detailed view
of the Deff structure at the separation point is given in figure 5.18.

advects the layers of positive and negative ζ into the interior to form a jet (see figure 3.9).
In contrast the fluid very close to the sidewall ends up on the “shoreward” side of the
bulge in the Deff contours past the point where ∂ζ/∂r = 0. This fluid does not separate
(at least at first) but creeps northward near the boundary in the nearly stagnant region
north of the separated jet. Very little fluid takes this second route under the conditions
1
shown (see figure 5.16 (b)), so contours of |ψ| 2 were plotted in figure 5.18 in order to show
the streamlines.
It was shown in section 3.5 that separation of the vorticity maximum occurs at a lower
critical Rossby number than that required for recirculation at the boundary, so there is
a regime (between the dashed lines in figure 3.11) in which the jet separates without
recirculation. This is the case in figures 5.16 (b) and 5.18: the vorticity is cyclonic at the
boundary (see figure 3.9 (b)) since the flow remains northward. However figure 5.16 (b)
shows that the unseparated part of the sublayer is flowing into a region of increasing
Deff , so ζ continues to decrease with distance north of the point where ∂ζ/∂r = 0 (see
figure 3.9 (b)). When the Rossby number is sufficiently large the vorticity decreases so
rapidly to the north of the point where ∂ζ/∂r = 0 that a region of anticyclonic vorticity
is formed at the boundary (see figure 5.14 and figure 3.9 (c) and (d)). Under no-slip
conditions the points where ζ = 0 at the boundary are stagnation points of the flow (Cessi,
1991); between these points there is a recirculation “bubble” bounded by the streamline
ψ = 0 in which the flow along the boundary is reversed. This picture of the separation
process explains the observation in section 3.4.1 that recirculation only occurs when there
is a point to the south where ∂ζ/∂r = 0.
To summarise, the separation of the western boundary current can be explained as an
adjustment process which allows the outflow which passes close to the sidewall to change
its potential vorticity to match that in the interior. This adjustment requires a region of
Deff production, which is facilitated at large Rossby number by a change in sign of ∂ζ/∂r at
the boundary. This in turn results in a potential vorticity structure which guides the flow
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Figure 5.17: Terms in the vorticity equation (5.1) vs. r for nonlinear, steady flow
with Ro = 8.32 × 10−2 , E = 12.5 × 10−5 , s = 0.1 and Λ = 3.92. As for figure 5.6
but along the radius θ = 117.4◦ (27.4◦ west of north, 1.8◦ downstream of the point
where ∂ζ/∂r = 0 on the boundary, but upstream of the recirculation region). The
1
terms have been divided by 2E 2 , so on y = 0 the wind forcing term equals −1, and
the Ekman friction term equals −ζ. Note that the axis scales are different from those
in figure 5.6. The corresponding vorticity field is shown in figure 3.9 (c), and the Deff
∂Deff
and ∂S
fields are shown in figure 5.14.
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Figure 5.18: Streamlines (black) and Deff contours (red) in the sliced cylinder at the
western boundary current separation position, with Ro = 4.0×10−2, E = 8.87×10−5,
s = 0.1 and Λ = 3.92. Separation occurs without recirculation in this case. The con1
tour interval in Deff is 0.02Λ. Contours of |ψ| 2 are plotted order to show the streamlines in the nearly stagnant region at the boundary downstream of the separation;
1
∂D
the contour interval in |ψ| 2 is 10−2 Λ. The corresponding ∂Seff and vorticity fields are
shown in figures 5.16 (b) and 3.9 (b), respectively.

away from the boundary, but need not result in the formation of a recirculation region. A
change in sign of ∂ζ/∂r at the boundary is fundamental to the western boundary current
separation process, and a necessary precursor to separation with recirculation. From this
point of view the formation of a recirculation region is of little fundamental importance,
as it is simply a finite-amplitude expression of the vorticity dynamics required for the
vorticity maximum to leave the boundary. This separation mechanism differs from that
suggested by Holland & Lin (1975) and Pedlosky (1987b) in that the potential vorticity
“crisis” occurs in the sublayer due to excessive potential vorticity dissipation, rather than
in the outer boundary current due to insufficient dissipation.
The general nature of these arguments and the relatively good agreement between the
numerical and laboratory results for the separation position suggest that this explanation
of separation is relevant to the laboratory flow, despite the omission of both the Stewartson
1
E 3 -layer and the stretching of relative vorticity in the numerical model. We also note that
the separation process described here requires only lateral viscosity, vorticity advection and
an ambient potential vorticity gradient, so the arguments presented above apply equally
well if E and/or W are omitted. The general mechanism does not depend on the particular
formulation used here, or the functional form of the potential vorticity. This process
may therefore be relevant to separation of western boundary currents in other models.
For example, Moro (1988) noted that a change in sign of the lateral viscous diffusion
was associated with separation in a two-gyre model with no-slip boundary conditions and
no bottom friction. In his results the bulk of the streamlines leave the boundary well
upstream of the stagnation point, in a region where both the lateral viscous diffusion and
the normal gradient of the vorticity change sign. These general features are analogous to
those identified in the sliced cylinder.
Further development of these ideas may shed light on what determines the site of
boundary current separation in the sliced cylinder. The inclination of the boundary to
the ambient potential vorticity gradient is likely to be a factor, since separation in single-
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gyre models with a meridional western boundary only occurs after the boundary current
collides with the northern wall (Cessi et al., 1990). Separation in the sliced cylinder occurs
close to the northernmost point, and may be related to the “premature” separation from
an oblique coast observed by Dengg (1993).
It is important to note that the potential vorticity structure in the sliced cylinder under cyclonic forcing is nearly identical to that under anticyclonic forcing, except that it is
reflected about the east-west diameter. This is because under cyclonic forcing the vorticity
is anticyclonic at the sidewall and cyclonic to the east of the western boundary current
velocity maximum, so the potential vorticity contours are displaced in the opposite direction from under anticyclonic forcing. Thus potential vorticity considerations analogous to
those under anticyclonic forcing result in the formation of a separated western boundary
current jet in the south-west at large Rossby number.

5.2.3

Nonlinear flow in the sliced cone

At nonzero Rossby number the potential vorticity structure in the sliced cone is most
strongly affected by the relative vorticity in the interior, since the depth gradient is smaller
there. At small Rossby number ζ is negligible everywhere in the interior except at the west
(see figure 4.10). The vorticity in this region is anticyclonic under anticyclonic forcing,
leading to a northward displacement of Deff contours as shown in figure 5.19 (a). The
outflow from the slope is partially guided by these contours, leading to a northward overshoot in which the curvature of the streamlines is increased relative to the linear case. The
associated enhancement of the anticyclonic vorticity results in increased Ekman friction
and an increase in the dissipation of Deff in this region, as shown in figure 5.19 (b). The
enhanced Ekman friction reduces the scaled zonal velocity u (see figure 4.9), and therefore increases the change of Deff experienced by fluid columns as they cross the Sverdrup
interior.
The distortions to the potential vorticity structure become more pronounced as the
Rossby number increases. Under anticyclonic forcing at large Ro (figure 5.19 (c)) the Deff
structure in the interior is very similar to that in the sliced cylinder away from the sidewall
under similar conditions (see figure 5.14 (a)). The anticyclonic vorticity at the western side
produces an extended “tongue” of large Deff which encloses a region of smaller Deff on the
southwestern side of the jet, and the cyclonic part of the jet produces a region of reduced
Deff in the north (the corresponding vorticity field is shown in figure 4.11 (b)). The magnitude of the Deff changes is larger than in the linear case, as a comparison of figures 5.19 (d)
and 5.13 (b) shows (although this increase is also partly due to the larger Ekman number).
The increase in the production and dissipation of Deff is particularly pronounced on the
slope in the north, where vorticity changes due to the standing Rossby wave lead to a
mismatch between wind forcing and Ekman friction (see figures 4.10 and 4.11 (b)). As in
the sliced cylinder, the fluid on the cyclonic side of the jet has too little Deff to smoothly
merge with the interior, and must first pass through a region of strong Deff production.
The alterations to the potential vorticity structure are very different under cyclonic
forcing, as figure 5.20 illustrates. Potential vorticity contours in the interior are displaced
southward at nonzero Ro since the vorticity at the west of the interior is cyclonic. However
this distortion merely acts to smooth out the corners in the Deff contours at the ellipse
r = re , rather than produce a “tongue” of reduced Deff as in the sliced cylinder. The
streamlines are partially guided by these smoothed Deff contours, resulting in a reduction
in their curvature in this region and therefore a reduction in the magnitude of the relative
vorticity. The consequent reduction in Ekman dissipation at the ellipse allows the scaled
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Figure 5.19: Potential vorticity and its production and dissipation in the sliced
cone for steady flow under anticyclonic forcing with nonzero Ro and E = 6.3 × 10 −5 .
Contour intervals are the same as for figure 5.13. The vorticity field corresponding
to (c) and (d) is shown in figure 4.11 (b).
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zonal velocity u to increase in magnitude with increasing Rossby number as shown in
figure 4.9, and therefore reduces the change in Deff in the Sverdrup interior. As the Rossby
number increases the streamline curvature at the ellipse becomes progressively smaller,
and the streamlines and Deff contours become ever more closely aligned, as figure 5.20 (c)
∂D
illustrates. At the large Rossby number shown the magnitude of ∂Seff is far smaller than
in the linear flow (see figure 5.20 (d); the colour map is reversed for easy comparison
with the anticyclonic case), and the flow recirculates very rapidly with almost no change
in potential vorticity. Near the streamfunction minimum the recirculation takes place
entirely within the interior, within a “pool” of large Deff . The close alignment of ψ and
Deff contours is reflected in the dominance of the inertial boundary layer (OA) vorticity
balance in much of the flow, as shown in figures 5.10 and 5.11. The dissipation of Deff
takes place via Ekman friction in a broad region which is centred on the ellipse, in contrast
to the both linear flow and the nonlinear flow under strong anticyclonic forcing.
Thus as the Rossby number increases, the interaction between the relative vorticity
and the topography forces the flow to follow an increasingly contorted path under anticyclonic forcing but produces an increasingly simple flow structure under cyclonic forcing.
Instability in a two-dimensional flow requires that the disturbance passes energy to both
larger and smaller scales (Pedlosky, 1987a). It has been argued by Pedlosky (1996) that
this constraint ensures the stability of a flow whose scale of motion is the largest which can
fit within a basin. Under strong anticyclonic forcing small length scales are retained due
to the absence of upstream adjustment, so the flow is prone to barotropic instability. In
contrast, under cyclonic forcing the scales of motion become larger as Ro increases since
the inertial boundary layers become thicker 5 , so the flow remains stable even at very large
Ro.
Figure 5.21 shows representative scatter plots of ψ vs. Deff in the sliced cone for steady
flow at zero and large Ro under anticyclonic and cyclonic forcing (note that −ψΛ −2 is
plotted in the cyclonic case). The black vertical dashed line indicates the depth beyond
which all Deff contours pass through the interior when Ro = 0. In comparison with
figure 5.15, it is clear from the close correlation between ψ and Deff that the closure of
geostrophic contours allows the flow to recirculate with much less change in Deff than in the
sliced cylinder, yielding a larger transport. The distributions for Ro = 0 demonstrate that
the scatter increases with E, as expected from equation (2.37); the reduction of scatter for
small Deff is also expected from this equation. On the slope the scatter at Ro = 0 is evenly
distributed about the curve predicted from a balance between wind forcing and Ekman
friction. Under anticyclonic forcing the scatter remains large and actually increases slightly
with Ro, reflecting the strong production and dissipation of Deff shown in figure 5.19 (d)6 .
In contrast, the scatter in Deff is dramatically reduced at large Ro under cyclonic forcing;
this close correlation between Deff and ψ is consistent with the reduced role of potential
vorticity production and dissipation shown in figure 5.20 (d).
The streamfunction is increased at every Deff as the cyclonic forcing is made stronger,
and is reduced almost everywhere with increasing anticyclonic forcing, again showing the
5
In the numerical model under no-slip boundary conditions there remains a short length scale due to
the viscous lateral boundary layer. This is not found to be a source of instability, probably because of the
stabilising effect of the extremely strong potential vorticity gradient on the upper slope.
6
There are two maxima in ψ at the large Rossby numbers shown, corresponding to the centres of the two
recirculations in figure 5.19 (c) and (d). The two portions of the scatter plot with no points at intervening
Deff correspond to different streamlines, so only the range of Deff within each portion is representative
of the change of Deff along these streamlines and the difference in Deff between the two regions is of no
consequence. If we exclude these portions of the scatter plot it is evident that the change of Deff along
each streamline is of similar magnitude to that seen with Ro = 0.
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Figure 5.20: Potential vorticity and its production and dissipation in the sliced cone
for steady flow under cyclonic forcing with nonzero Ro and E = 3.15 × 10−5. Contour
intervals are the same as for figure 5.13. The colour map is reversed in (b) and (d)
to facilitate comparison with the anticyclonic case. The vorticity field corresponding
to (c) and (d) is shown in figure 4.11 (a).
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Figure 5.21: Scatter plots of ψ vs. Deff for steady flow in the sliced cone under
anticyclonic and cyclonic forcing. The vertical black dashed line indicates the depth
beyond which all Deff contours pass through the interior when Ro = 0. Also shown
are the curves predicted from an EW balance on the slope at Ro = 0. The ψ, Deff
∂D
and ∂Seff fields corresponding to the linear and nonlinear cases in (b) are shown in
figures 5.13 (with anticyclonic forcing) and 5.20 (c) and (d), respectively; the fields
corresponding to Ro = 0.057 in (a) are shown in figure 5.19 (c) and (d).
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dependence of frictional dissipation, and hence transport, on the sign of the forcing. The
exception to this trend under anticyclonic forcing is in the recirculation to the south
of the jet, which corresponds to the thorn-shaped projection in the scatter plot. As in
the analogous recirculation in the sliced cylinder, the dissipation in this region decreases
as Ro increases (this is evident from the marked reduction in scatter at Ro = 0.077 in
figure 5.21 (a)), and so the transport increases.
The numerical results suggest that under cyclonic forcing the reduction in the curvature
of Deff contours allows the flow to approach a stable, “nearly free” inertial circulation in the
∂D
limit of large Ro, in which ∂Seff ≈ 0 throughout the flow. Since this flow structure relies
on inertial boundary layers at the ellipse, it requires a pseudo-westward flow throughout
the basin, which is equivalent to a negative correlation between ψ and Deff . This condition
(equivalent to a positive correlation between ψ and potential vorticity) is the same as
that required for the Fofonoff free inertial circulation in a rectangular basin on a β-plane
with no topography (Fofonoff, 1954, 1962). This geometry is geostrophically blocked, but
recirculation is made possible by inertial boundary layers on all the boundaries, in which
the relative vorticity “wraps up” the potential vorticity contours to form closed loops,
allowing the slow westward flow in the interior to be returned in a rapid eastward jet
along the northern and/or southern boundary. Even though the sliced cone has closed
potential vorticity contours at Ro = 0, the flow can approach a free inertial circulation
only when the correlation between ψ and Q has the same sign as in the Fofonoff flow.
In terms of vorticity balances, the interior and lower slope in figure 5.11 resemble two
Fofonoff gyres connected at the ellipse by their eastern and western inertial boundary
layers, allowing recirculation without Fofonoff’s eastward inertial jet.
Although the flow under strong cyclonic forcing is similar to a free inertial circulation
in terms of the alignment of the flow with potential vorticity contours, there is an important difference. As pointed out by Niiler (1966), no matter how insignificant forcing
and dissipation may be in the vorticity balance at each point, in the steady state the
circulation must also satisfy the integral constraint
ZZ
W + E + V dA = 0,
(5.7)
obtained by integrating the vorticity equation (5.1) within the area bounded by any
streamline. As a result the functional relationship between ψ and Q is not arbitrary
(as it is in the absence of forcing and dissipation), but is determined by the requirement
that this constraint is satisfied. This observation has been applied in numerous investigations of inertially dominated flow with weak forcing and dissipation (e.g. Briggs, 1980;
Cessi et al., 1987; Davey, 1978; Merkine et al., 1985; Niiler, 1966; Verron & Jo, 1994).
At very large Ro the flow structure will no longer resemble a pair of Fofonoff gyres,
since the inertial boundary layers at the ellipse will grow to fill the basin (see Ierley &
Sheremet, 1995). Outside the boundary layer at r = Λ the expected circulation under
cyclonic forcing in the limit of large Ro is an azimuthal flow with nearly uniform relative
vorticity, such that there is a close balance between wind forcing and Ekman dissipation
at every point, and thus (from (5.6)) a nearly perfect conservation of Deff . There would
be some slight modifications to this general circulation due to the slope correction to the
Ekman friction.
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Sensitivity to lateral boundary conditions

Since the dissipation of potential vorticity takes place at the boundary in the sliced cylinder, we anticipate that changing the lateral boundary condition will have a significant
effect on the structure of the circulation. It is evident from figure 5.22 that this is indeed the case: the numerical results shown were obtained using the free-slip boundary
condition (2.40), and display marked qualitative differences from the flow obtained with
the no-slip condition (2.39). The flow is stable in both examples shown, even though the
Rossby numbers are well in excess of that required for instability in the no-slip case (see
figure 3.11 (a)). The free-slip condition sets the boundary vorticity to zero, so there is
no cyclonic sublayer and the potential vorticity contours are “pinned” at the boundary
to the same positions as for Ro = 0. As a result, the fluid columns which pass close to
the boundary do not acquire a value of Deff which is smaller than that in the Sverdrup
interior at the same latitude, and so do not experience the “potential vorticity crisis”
which leads to flow separation under no-slip conditions. The western boundary current
outflow is therefore much more diffuse than in the no-slip case. Since there is no source
of strong cyclonic vorticity at the boundary, a jet does not form and so the jet instability
cannot appear. The outflow takes place much further downstream than under no-slip
conditions, with the difference increasing with increasing Ro. The region of closed Deff
contours on the “seaward” side of the boundary current is therefore much larger than
with no-slip conditions. At large Ro (figure 5.22 (c) and (d)) this region occupies about
half the basin; at very large Ro we expect this recirculation to grow further and ultimately
fill the basin, as in the numerical experiments of Briggs (1980) and Veronis (1966b). It is
clear from figure 5.22 (d) that the strong recirculation within this region takes place with
very little change in Deff . This “inertial runaway” and the stability of the flow at large
Ro are well-known features of wind-driven circulation under free-slip boundary conditions
(Blandford, 1971; Veronis, 1966b). Pedlosky (1996) attributes the stability of these flows
to the absence of a viscous sublayer, whose short length scale is a source of instability in
the no-slip case.
In marked contrast, in the sliced cone the dependence of the flow on boundary conditions is so subtle that there is little point in showing plots of the streamlines. Even the
velocity field is practically identical, the only significant differences occurring immediately
adjacent to the boundary, as figure 5.23 illustrates. Under the no-slip condition (2.39)
there is a thin boundary layer in which the azimuthal velocity is brought to zero. With
the free-slip and approximate super-slip conditions (2.40) and (2.41) the flow in the interior merges smoothly with that at the boundary; these two conditions give nearly identical
results, except that the boundary velocity is slightly smaller with the free-slip condition.
These observations can be explained by the extremely strong topographic steering on
the upper slope, which demands a vorticity balance between wind forcing, Ekman friction
and lateral viscosity so that the flow does not cross potential vorticity contours. However
since the viscous term can form part of the vorticity balance only in a thin boundary layer
near r = Λ, the balance outside this region must be between wind forcing W and Ekman
friction E, regardless of the lateral boundary condition. The velocity profile dictated by
this balance effectively forms the boundary condition on the flow at smaller radius, so most
of the flow is unaffected by the condition applied at r = Λ. It was shown in section 5.2 that
the potential vorticity imparted by the wind is dissipated in an internal shear layer which
is isolated from the boundary by the “buffer region” where the EW balance prevails; thus
the Lagrangian potential vorticity balance is also unaffected by the choice of boundary
condition, in contrast to the situation in the sliced cylinder.
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Figure 5.22: Potential vorticity and its production and dissipation in the sliced
cylinder under anticyclonic forcing. As for figure 5.12, but for nonlinear, steady flow
with E = 6.27 × 10−5 under the free-slip boundary condition (2.40).
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Figure 5.23: Profiles of the northward velocity v near the western and eastern boundaries in the sliced cone under no-slip, free-slip and approximate super-slip boundary
conditions with anticyclonic forcing, Ro = 5.7×10−2 and E = 6.3×10−5. The profiles
are along the diameter y = 0.
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Geometry

Ro

E

Boundary condition

sliced
sliced
sliced
sliced
sliced
sliced

0.06
0.06
0.057
0.057
0.057
0.057

6.27×10−5
6.27×10−5
6.30×10−5
6.30×10−5
6.30×10−5
6.30×10−5

no-slip
free-slip
no-slip
no-slip
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cylinder
cylinder
cone
cone
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E dA


W dA


+1%
-76%
192%
-97%*
-97%
-100%

V dA


W dA


-96%
-22%
-292%
-2%*
-3%
0%

Table 5.1: Typical vorticity budgets for flow in the sliced cylinder and sliced cone
under anticyclonic forcing with various boundary conditions. The tabulated values
are the basin integrals of the Ekman friction E and lateral viscosity V divided by the
basin integral of the wind forcing W (these terms are defined on page 83). The sum of
the integrals differs from −100% in the sliced cylinder under no-slip conditions due
the time-dependence of the flow. The outermost circle of grid points was excluded
from the integrals in the sliced cone, since E and W are not defined at r = Λ. The
outermost four grid points are excluded from the sliced cone integrals marked *, so
these vorticity balances are for the streamlines which do not pass through the lateral
boundary layer.

5.3.1

Vorticity budgets

The sensitivity to the lateral boundary condition is related to the importance of lateral
friction in the global vorticity balance. Gauss’ theorem implies that the advection and
orographic terms make no net contribution to the integral of the vorticity equation within
a region bounded by any streamline in a steady flow. Thus the net balance must be
between the wind forcing W, Ekman friction E and lateral viscosity V as equation (5.7)
shows. This result can obviously be applied to the basin as a whole, using the bounding
streamline ψ = 0. As mentioned in section 2.3.3, Green’s theorem implies that the basin
integral of the vorticity is zero under the no-slip condition. If the depth were constant,
this would imply that the basin integral of the Ekman friction also vanishes from the total
vorticity balance, so under no-slip conditions the vorticity imparted by the wind must be
dissipated entirely by the lateral viscous flux at the boundary, as discussed by Pedlosky
(1996).
The situation is less clear-cut in the sliced cone and sliced cylinder models, since the
variation in depth and finite-slope corrections allow a nonzero net Ekman friction even if
the total vorticity is zero. However these effects are small in the sliced cylinder due to
the small depth variations, so Ekman friction plays a negligible role in the total vorticity
balance under no-slip conditions, as shown in table 5.1. The free-slip condition reduces the
vorticity gradient at the boundary, which reduces the basin-integrated vorticity flux due
to viscosity. However since the constraint on the integrated Ekman friction is removed,
this term can replace the viscosity as the dominant sink for the net vorticity input, as
the table shows. Thus changing from no-slip to free-slip conditions significantly alters the
overall vorticity balance, and this is reflected in the marked qualitative changes to the flow
structure.
The table shows that in the sliced cone with the no-slip boundary condition the net
contribution of the Ekman friction is around twice as large as the net wind forcing, and
has the same sign, so lateral viscosity must balance both these terms. However if we
neglect the lateral boundary layer by excluding the outermost four grid cells from the
integral (see the data marked *) it is clear that the Ekman friction balances almost all the
vorticity input within the interior streamlines, so the viscous vorticity flux through the
boundary under no-slip conditions balances only the local excess of Ekman friction within
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the boundary layer. Thus even with no-slip boundary conditions the much larger depth
variation in the sliced cone leads to a dominant role for Ekman friction and an insignificant
role for lateral viscosity in the vorticity budget for the bulk of the streamlines. As a result
the overall vorticity balance in most of the basin is essentially unaltered by a change of
boundary conditions, even when an approximate super-slip boundary condition is used,
which eliminates the net viscous flux of vorticity through the boundary. Thus except for
a possible thin lateral boundary layer the flow is unaffected by the choice of boundary
conditions.

