Chapter 4

Sliced cone results:
phenomenology and code
validation
This chapter provides an overview of the flow in the sliced cone under various conditions,
and also compares the numerical results with those obtained in the laboratory by Griffiths
& Veronis (1997) (hereafter GV97) in order to verify the accuracy of the numerical model.
The numerical results will also be compared with the linear theory by Griffiths & Veronis
(1998) (hereafter GV98). Some of the results presented here have been submitted for
publication (Kiss, 2000). This chapter is largely descriptive; a discussion of the dynamics
responsible for the observed phenomena is deferred until Chapter 5. As noted on page 13,
all quantities are dimensionless (length, time and velocity scaled by Ho , |Ω|−1 and |Ω|Ho ,
respectively), unless otherwise stated.

4.1

Numerical parameters

The sliced cone numerical experiments used a background rotation Ω in the northern
hemisphere sense (anticlockwise), an aspect ratio Λ = 3.8920, an interior slope s i = 0.1
and sidewall slope ss = 1 in order to match the laboratory experiments by GV97 (see
figure 2.1 (b)). More than 150 sliced cone numerical experiments were conducted, using
both cyclonic and anticyclonic forcing and a variety of Rossby and Ekman numbers in the
ranges 0 ≤ Ro ≤ 0.14 and 1.575 × 10−5 ≤ E ≤ 1.260 × 10−4 , covering the range of Ekman
and Rossby numbers investigated by GV97 (and similar to the range of parameters used
for the sliced cylinder experiments). The interior slope s i exceeds the critical value scr
(scr = 0.0343 – 0.0577 with this range of Ekman numbers), so at the west of the interior
we expect the boundary current to have a weak countercurrent in the linear limit (see
section 2.2.2). Most runs were conducted with anticyclonic forcing, since the flow in this
case displays a much more interesting dependence on Ro and E. As shown in figure 4.13,
the Rossby and Ekman numbers chosen under anticyclonic forcing were concentrated on
regions of parameter space where the flow underwent changes in its qualitative behaviour.
The polar grid was uniform in both directions. The number of radial and azimuthal
nodes was (Ni + 1, Nj ) = (81, 256) or (161, 512), depending on Ro and E: the lower resolution was sufficient for small Ro and/or large E, but at large Ro and/or small E the finer
resolution was required in order to avoid instability in the advection term. Similar considerations also applied to the timestep: runs with small Ro used a dimensional timestep of
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1.25 × 10−2 τ |Ω|−1 (where τ = 2−1 E − 2 is the Ekman spinup timescale), chosen to resolve
the shortest Rossby wave periods at the smallest Ekman number used. At larger Ro and
high spatial resolution the timestep needed to be reduced in order to keep the advective
Courant number less than unity and thereby retain numerical stability for the advective
term; at large Ro under cyclonic forcing a timestep as small as 1.5 × 10 −3 τ |Ω|−1 was
required. Convergence was confirmed at several different points in parameter space by
comparing runs with different spatial and temporal resolutions.
Most runs were started from rest, but a few used a fully spun-up flow at a slightly
different Rossby number as the initial condition. All runs were spun-up until they had
attained a statistically steady state, as determined from time series of the basin-integrated
kinetic energy K (see equation (2.45)); this typically took 5 to 20 times the Ekman spinup
timescale τ . All results reported in this chapter are for the large-time asymptotic state,
and were obtained using the no-slip boundary condition (2.39).

4.2

Streamlines

Figures 4.1 and 4.2 show streamlines produced by the numerical model superimposed on
photographs of laboratory streaklines obtained by GV97 under the same conditions. Great
care was taken to ensure that the images were correctly aligned so that isobaths in the
photographs coincide with those in the numerical results, and the scales and centres were
matched as closely as possible. The black border around the boundary is a rubber seal at
the edge of the lid; the actual boundary of the tank is at a slightly larger radius than the
inside of the seal. The streaklines were produced by bleeding narrow streams of neutrally
buoyant dye into the flow from 1 mm diameter stainless steel syringe tubes located at
several strategic points throughout the tank. The tube outlets were generally positioned
at the local mid-depth in the water column, but double-diffusive effects eventually spread
the dye into narrow vertical sheets.
Interpretation of these images is hampered by parallax in the photographs, which is
clearly seen in the lack of coincidence between the dashed ellipse and the image of the join
between the interior and the slope. Since the numerical streamlines were scaled to match
the lid diameter, the numerical results are effectively a perpendicular projection onto the
lid. The effect of parallax on the streaklines is less severe than for the ellipse, since they
are closer to the lid (the streaks are from dye tubes positioned between 1.5 and 6.5 cm
from the lid, whereas the ellipse is between 8.5 and 15.8 cm from the lid). Since the dye
tubes were at different heights there is no single scaling which will account for the parallax
in all the streaklines. No attempt was made to choose contour values so that streamlines
would coincide with the dye lines; any such correspondence is therefore fortuitous, and
the agreement should be assessed in terms of whether streamlines are parallel to nearby
streaklines (noting the effects of parallax).
The streamlines in figures 4.1 and 4.2 show a relatively rapid flow on the slope, which is
closely aligned with depth contours. Streamlines on the upper part of the slope are almost
circular, whilst those on the lower part of the slope cross the interior in a much slower
flow. The interior flow has a significant velocity component across contours of constant
depth.
Figure 4.1 shows the flow under cyclonic forcing at a variety of Rossby numbers with
the Ekman number fixed. The flow is anticlockwise on the slope and roughly westnorthwestward in the interior. As Ro increases from 0.41 × 10 −2 to 9.24 × 10−2 , the
transport (scaled by Ro) becomes larger, the interior flow becomes more westward, and
the radius of curvature of streamlines in the join between the slope and the interior is in-
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creased. The flow spins-up to a steady state under all conditions investigated, both in the
laboratory and the numerical model. As we shall see, this dependence on Rossby number
is quite subtle compared to that seen under anticyclonic forcing. The agreement in the
orientation of streamlines in the interior and their curvature in the region of the ellipse is
better for larger Ro, even though the effects of the neglected divergent component of the
velocity become larger at large Ro. The disagreement at low Rossby number is probably
due to the small-scale thermal convection which was present under these conditions in the
laboratory, and is responsible for the fuzzy appearance of the streaklines in the interior.
This convection augments the lateral mixing of vorticity, effectively increasing the lateral
viscosity and therefore thickening the shear layer at the bottom of the slope. At larger Ro
the convection was inhibited by more rapid circulation, and had less time to affect fluid
elements as they traversed the interior. At Ro = 3.57 × 10 −2 the convection was almost
entirely absent, and there is excellent agreement between the laboratory and numerical
results (see figure 4.1 (c): discrepancies are almost entirely due to parallax). Even at the
very large Rossby number of 9.24×10 −2 (figure 4.1 (d)) the agreement remains remarkably
good, apart from a slight overestimation of the radius of curvature of streamlines at the
east and west of the interior in the numerics.
In contrast to the cyclonic case, GV97 found that the laboratory flows under anticyclonic forcing were always unsteady, even at the smallest Rossby numbers investigated.
This low-Ro unsteadiness was also seen in the laboratory flow in the sliced cylinder under
anticyclonic forcing. Despite extensive investigation by Griffiths (Griffiths & Kiss, 1999),
the cause of this unsteadiness is not known. It was not present in the numerical experiments, which spin-up to a steady flow at small Ro. In addition to the small-amplitude unsteadiness at low Ro, the laboratory flow displayed an abrupt transition to large-amplitude
instability at a critical Rossby number; this transition to instability was reproduced by the
numerical code (see figure 4.13). As in Chapter 3, I will adopt the terminology of Griffiths
& Kiss (1999) and describe the flows below this critical Rossby number as “stable” despite
their unsteadiness in the laboratory. The term “unstable” will refer exclusively to flows
with a Rossby number above the critical value.
Figure 4.2 shows numerical streamlines superimposed on laboratory streaklines under
anticyclonic forcing for several Rossby numbers and two different Ekman numbers. The
flow is clockwise on the slope and southeastward in the interior. The flows shown in
figures 4.2 (a), (b) and (f) are steady in the numerical model but display a very weak
time dependence on the western side of the interior in the laboratory. This fluctuation
results in kinks in the streaklines which are then passively advected across the interior
by a nearly steady southeastward drift. Since the laboratory flows are time-dependent,
streaklines and streamlines will not coincide exactly. However the time dependence under
these conditions is very weak and confined to a small area of the flow, so the stirring of dye
across the mean streamlines is small and the streaklines therefore remain closely aligned
with the numerical streamlines.
In contrast to the flow under cyclonic forcing, there is a northward overshoot of the
slope current as it enters the interior (at the west), which becomes more pronounced as the
Rossby number increases. The current in this region becomes unstable when the Rossby
number exceeds a critical value, but the nature of the instability depends on the Ekman
number (see figure 4.13). When the Ekman number is large, the flow remains stable at
relatively large Rossby number and the northward overshoot becomes so extreme that the
outflow from the slope penetrates the interior as an intense jet as shown in figure 4.2 (f).
The jet terminates abruptly in a region of spatially decaying meanders to form a broad,
slow flow across the interior. When the Rossby number is sufficiently large, the cyclonic
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(a) Ro = 0.41 × 10−2

(b) Ro = 0.84 × 10−2

(c) Ro = 3.57 × 10−2

(d) Ro = 9.24 × 10−2

Figure 4.1: Numerical streamlines and laboratory streaklines (from GV97, figure 3)
in the sliced cone under cyclonic forcing, with E = 3.15 × 10−5. The flow is steady in
all cases. North is at the top and the mean flow is anticlockwise; the dashed ellipse
marks the bottom of the slope in the numerical results. The contour interval in ψ is
10−2 Λ2 .
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(a) Ro = 0.43 × 10−2 , E = 3.15 × 10−5

(b) Ro = 1.51 × 10−2 , E = 3.15 × 10−5

(c) Ro = 2.07 × 10−2 , E = 3.15 × 10−5

(d) Ro = 5.2 × 10−2 , E = 3.15 × 10−5

(e) Ro = 7.7 × 10−2 , E = 3.15 × 10−5

(f) Ro = 5.7 × 10−2 , E = 6.3 × 10−5

Figure 4.2: Numerical streamlines and laboratory streaklines (from GV97, figure 6)
in the sliced cone under anticyclonic forcing. E = 3.15 × 10−5 in all cases except (f).
The flow is unstable in (c), (d) and (e). North is at the top and the mean flow is
clockwise; the dashed ellipse marks the bottom of the slope in the numerical results.
The contour interval in ψ is 10−2 Λ2 .
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meander at the end of the western boundary current jet becomes unstable and sheds
cyclonic eddies in much the same way as in the sliced cylinder. This is the only mode
of instability at large Ekman number. An additional mode of instability is possible at
low Ekman number, and is the first to appear as the Rossby number is increased. This
instability (shown in figure 4.2 (c)) occurs at the bottom of the slope at the west as a train
of anticyclonic eddies which grow as they propagate northwards along the bottom of the
slope until they arrive at the northern end of the slope outflow region and dissipate. As
the Rossby number is increased, the western boundary current jet also becomes unstable
and sheds cyclonic eddies, giving two modes of instability as shown in figure 4.2 (d). At
very large Rossby number only the jet instability is present, as figures 4.2 (e) and 4.13
show. The transport (scaled by Ro) decreases as Ro is increased, in contrast to the case
of cyclonic forcing. Section 4.5 will discuss in more detail the Ekman number dependence
of the critical Rossby number and the mode of instability.
Under stable conditions (figures 4.2 (a), (b) and (f)), it is clear that the numerical
and laboratory results are in very close agreement, apart from the absence of weak time
dependence in the numerical results. The location, amplitude and scale of the overshoot
and subsequent meanders are accurately modelled, even for the highly nonlinear flow
shown in figure 4.2 (f). The discrepancies are mostly due to the effects of parallax, as well
as some convection at small Ro1 .
It is more difficult to assess the accuracy with which the numerical model simulates the
flow under unstable conditions from figures 4.2 (c), (d) and (e), because the streamlines
and streaklines are not at the same phase. In addition, the large amplitude of the time
dependence leads to significant mixing of dye across mean streamlines, so in the interior
there is no simple correspondence between streamlines and streaklines which have passed
through the region of strong instability. However, there are a few dye streaks (coloured
green) originating from dye tubes placed in the interior which give a better indication of
the mean streamlines in this region. Despite these difficulties, it is clear that the code
accurately models the location, inclination and length of the western boundary current
jet as well as the general location and amplitude of the instabilities. The western boundary current overshoot amplitude is well represented in figure 4.2 (c), as is the interior
flow (shown by the green dye streak in the south). The numerical streamlines shown in
figures 4.2 (d) and (e) are slightly earlier in phase than the streaklines; the large eddy
shown in the streamlines in figure 4.2 (e) is propagating to the west, as is evident from the
streaklines which show it at a later time. The streaklines also show a later stage in the
time dependence of the jet, just prior to eddy pinch-off. The interior flow is more strongly
time-dependent in these cases, so even the (green) streaklines originating in the interior
do not coincide closely with streamlines.
The agreement between the laboratory and numerical streamlines is considerably better for the sliced cone than the sliced cylinder (compare figures 4.1 and 4.2 with figures 3.2
1
and 3.3), probably because there was no radial flow into a Stewartson E 3 sidewall boundary layer in the sliced cone. The absence of this sidewall boundary layer from the numerical
model of the sliced cylinder accounts for most of the disagreement with the laboratory
streamline patterns.
The agreement between the laboratory streaklines and numerical streamlines provides
quantitative confirmation of the accuracy of the numerically modelled velocity direction.
However these results give only a semi-quantitative indication that the relative magnitude
of the modelled velocity in different regions is correct, and provide no evidence on whether
1

The convection is weaker under anticyclonic forcing, possibly because the vertical velocity has a different sign.
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the absolute magnitude of the velocity is accurately reproduced. These questions are
addressed in the next section, in which results directly confirming the accuracy of the
modelled velocity magnitude are presented.

4.3

Velocity profiles

Profiles of the northward velocity v as a function of east-west position x through the centre
of the tank are shown in figures 4.3 (with cyclonic forcing) and 4.4 (with anticyclonic
forcing). Figure 4.3 shows profiles for a range of Rossby numbers with fixed Ekman
number (corresponding to the streamline plots in figure 4.1), whilst figure 4.4 shows a
range of both Rossby and Ekman numbers. We will begin by discussing the features of
the numerical profiles at zero Rossby number; since the velocity magnitude is independent
of the sign of the wind forcing in this case, we need refer only to figure 4.3. The most
conspicuous feature is the contrast between the large azimuthal velocity on the slope and
the much smaller velocity in the interior. The azimuthal velocity is only weakly dependent
on azimuth on the upper slope in the region outside the dot-dashed lines in the figures
(where r > remax and all depth contours therefore lie entirely on the slope), with slightly
larger velocity magnitudes in the east than the west. On the lower slope, where depth
contours cross the interior, there is a marked asymmetry between east and west: at the
east the velocity changes monotonically to the interior value in a shear layer which lies
mostly on the lower slope, whilst at the west the velocity is significantly enhanced on
the lower slope and the shear layer lies almost entirely in the interior. There is a weak
countercurrent on the eastern side of the shear layer at the west of the interior, as expected
from section 2.2.2 since si > scr (see section 4.1).
The numerical profiles at finite Rossby number differ markedly according to the sign
of the wind stress curl. Under cyclonic forcing (figure 4.3) the east-west asymmetry is
reduced when the Rossby number is large: the shear layers become wider by spreading
into the interior, the countercurrent disappears, and the azimuthal dependence of the
azimuthal velocity on the slope becomes weaker. In contrast, the east-west asymmetry
is generally enhanced at large Rossby number under anticyclonic forcing (figure 4.4): the
shear layer at the east is almost entirely confined to the slope, whilst the countercurrent
east of the western shear layer becomes stronger and the velocity profile takes on the form
of a decaying spatial oscillation in this region. The oscillation is especially evident at small
E or large Ro. However, as in the case of cyclonic forcing, the magnitude of the velocity
peak over the bottom of the slope at the west is reduced at large Ro. Figure 4.4 shows
that the magnitude of v increases in the interior and on the slope as E increases. Although
the peak azimuthal velocity in the sliced cone is slightly smaller than that in the sliced
cylinder with the same aspect ratio (see figure 3.5), the total transport is about five times
larger due to the wide region of relatively rapid flow on the slope.
Figures 4.3 and 4.4 also show laboratory velocities measured by Griffiths and Veronis (GV97) under similar conditions to the numerical profiles; these measurements were
obtained from time-lapse video records of the streaklines by tracking the motion of short
interruptions in the dye streams. There is considerable scatter in the laboratory data,
which gives an indication of their uncertainty (error bars were not plotted in order to
avoid clutter). In addition, no attempt was made to correct for parallax so the laboratory
results slightly underestimate the radius of the shear layer between the slow interior flow
and the rapid flow on the slope (this is particularly evident in figure 4.4). Perspective
also results in a slight underestimation of the velocities. Note that in regions where the
velocity gradient is large (such as the shear layer at the bottom of the slope), small errors
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Figure 4.3: Northward velocity v as a function of east-west position x in the sliced
cone under cyclonic forcing with E = 3.15×105 and various Ro (the values correspond
to those in figure 4.1). The lines are from the numerical model and the data points
are from the theory by GV98 and laboratory experiments by GV97. The diagonal
reference line shows the radial gradient in the azimuthal velocity required for the
wind forcing and Ekman friction to balance on the slope. The vertical lines provide
a reference to the location of topographic features (the dot-dashed lines indicate the
radius remax beyond which all depth contours lie entirely on the slope).
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Figure 4.4: As for figure 4.3 but with anticyclonic forcing at various E and Ro.
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in the measurement position will result in large discrepancies with the numerical velocity
at that location. Another source of uncertainty in measurement position is the spreading
of dye streaks by convection at low Ro. All the numerical profiles were obtained under
conditions that gave a steady state at large time, but some of the laboratory results (both
profiles at E = 2.1 × 10−5 , and E = 3.15 × 10−5 , Ro = 0.0213) were for unstable flows,
which made measurements more difficult.
In the light of these considerations, the agreement between the laboratory and numerical results is generally very good, confirming that the numerical model accurately
simulates the magnitude of the velocity as well as its direction. In particular, the laboratory results are consistent with the qualitative features of the numerical profiles discussed
above, and their dependence on Ro and E. However there are a few minor quantitative
differences to be seen in figures 4.3 and 4.4: the numerical model slightly overestimates
the magnitude of the velocity on the slope under cyclonic forcing (this discrepancy is less
apparent under anticyclonic forcing, and in either case is barely significant given the scatter in the laboratory results), and the numerical model overestimates the width of the
shear layer at very large Rossby number under cyclonic forcing, as was also evident from
the streamlines in figure 4.1 (d). Convection broadened the shear layer in the laboratory
at low Rossby number, as was seen in the streakline images in the previous section.
Figure 4.3 also displays velocities predicted by the linear theory of GV98. This theory
matches the laboratory and numerical profiles relatively well, except on the slope at the
west where it fails to capture the change in sign of the radial velocity gradient on the
western side of the velocity maximum. In addition, the east-west asymmetry in the location
of the shear layer relative to the ellipse is not reproduced by the linear theory, because it
1
assumes a Stewartson E 4 -layer which is centred on the ellipse. The diagonal reference line
1
ζT
(where σs = 2 4 is the value of σ on the slope);
in figures 4.3 and 4.4 has a slope of 2(1+σ
s)
this is the radial gradient in the azimuthal velocity required for the wind forcing and
Ekman friction to balance on the slope. The gradients of the numerical velocity profiles
approach that given by this line on the upper slope, as predicted by the theory of GV98.
Figures 4.5, 4.6 and 4.7 show the eastward and northward velocity components u and v
as a function of north-south position y through the centre of the tank. These profiles show
that at low Ro the northward velocity in the interior is almost independent of north-south
position, whereas the magnitude of the eastward velocity increases to the north. The
northward velocity is directed across depth contours on the slope in the north and south,
which leads to its small magnitude in these regions in comparison to the azimuthal velocity.
The shear between the slow interior flow and rapid slope current produces a region at the
base of the slope in which the Ekman friction exceeds the value needed to balance the
wind forcing (compare the gradient of u with that of the reference line for Ekman/wind
balance in figure 4.6 (a)). This imbalance is compensated by the cross-contour flow v in
the lower-slope region seen in figures 4.5 (b) and 4.7 (b), which also acts to return fluid
columns to the depth they had before crossing the Sverdrup interior.
At small Rossby number the north-south gradient of eastward velocity in the interior
is primarily due to the alignment of zeroth-order streamlines and depth contours in this
geostrophically guided geometry, as discussed in section 2.2.1. This is illustrated in figure 4.6 (b), where we plot the eastward interior velocity predicted by equation (2.18) from
the azimuthally averaged azimuthal velocity on the slope obtained from the numerical
model at zero Rossby number. It is clear from this figure that the velocity predicted in
this way is in very close agreement with the numerical profile for y < 0, indicating that
the eastward velocity in this region is determined primarily by the dynamics governing
the flow along the same depth contours on the slope. This agreement breaks down in the
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shear layer in the north where the interior flow is more rapid.
The profiles for anticyclonic forcing display spatial oscillations in the interior at the
north for small E and/or large Ro, which are due to the meanders of the western boundary current jet seen under these conditions in figure 4.2. The meandering jet is absent
under cyclonic forcing, so there are no spatial oscillations in the velocity profiles. There is
generally very good agreement between the numerical and laboratory results, apart from
an overestimation of the eastward velocity at large Rossby number under cyclonic forcing.
Another difference is seen in the profile of v under cyclonic forcing (figure 4.5 (b)), where
the laboratory profile at Ro = 0.0041 displays a y-dependence which is not seen in the
numerical results. This is related to the different angles of the streamlines and streaklines
in figure 4.1 (a), and is probably due to thermal convection in the laboratory flow. Figures 4.5 (a) and 4.6 (b) also show that the north-south gradient of the eastward velocity
predicted by the linear theory of GV98 is considerably weaker than in the numerical and
laboratory results; this is a consequence of the assumed vorticity dynamics on the same
depth contours on the slope, as will be discussed further in section 5.1.2. The linear theory
also predicts a northward velocity which is slightly too large, as figure 4.5 (b) shows.
The Ekman number dependence of the velocity components at the centre (seen in figures 4.4 and 4.7) is made clear in figure 4.8. The very weak dependence of the eastward
velocity on Ekman number in the numerical model (which is not detectable in the laboratory results due to the size of the error bars) is related to the increase in north-south
gradient of eastward velocity with increasing Ekman number seen in figure 4.7 (a). The
1
northward velocity v is slightly less than the Sverdrup value vSv = s−1 E 2 ζT /2 predicted by
the linear theory of GV98 (also shown in figure 4.5 (b)), but is in nearly perfect agreement
with the friction-corrected Sverdrup velocity
1

0
vSv
= s−1 E 2 (ζT /2 − ζ),

(4.1)

where ζ is the vorticity at the centre obtained from the numerical results. The weak
interior vorticity results from the north-south gradient of u shown in figure 4.7 (a); the
resulting Ekman friction is neglected in the theory of GV98. The power-law exponent for
the northward velocity is slightly lower than the Sverdrup value of 0.5, due to the increase
of ζ at the origin with increasing E (this is evident in figure 4.7 (a)). The numerical results
agree well with the laboratory measurements by GV97.
Figures 4.5 and 4.7 show that the northward velocity at the centre is almost independent of Rossby number, but the (scaled) eastward velocity increases with increasing
Ro under cyclonic forcing, and decreases under anticyclonic forcing. This dependence is
made more obvious in figure 4.9, which plots the magnitude of the eastward velocity from
numerical and laboratory experiments as a function of Ro for cyclonic and anticyclonic
forcing (the data set for anticyclonic forcing is limited to relatively low Ro by the onset of
instability at Ro ≈ 0.018). Both the laboratory and numerical data are consistent with a
roughly linear dependence of |u| on Ro, but the quantitative details of this dependence are
different. As is clear from figure 4.5, the numerical model overestimates the rate at which
|u| increases with increasing Ro under cyclonic forcing but seems to accurately predict the
rate at which |u| decreases with increasing Ro under anticyclonic forcing. There may be
a systematic error in the laboratory results under anticyclonic forcing, since the trend of
the data is not consistent with |u| being independent of the sign of the forcing in the limit
Ro → 0.
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Figure 4.5: Velocity components as a function of north-south position y in the sliced
cone under cyclonic forcing. (a) Eastward velocity u; (b) northward velocity v. The
lines are from the numerical model and the linear theory by GV98; the data points
are from the laboratory experiments by GV97. The vertical lines provide a reference
to the location of topographic features (the dot-dashed lines indicate the radius remax
beyond which all depth contours lie entirely on the slope).
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Figure 4.6: Eastward velocity u as a function of north-south position y in the sliced
cone under cyclonic forcing. (a) is the same as figure 4.5 (a) but shows the full range
of u (the diagonal reference line shows the radial gradient in the azimuthal velocity
required for the wind forcing and Ekman friction to balance on the slope). (b) shows
the interior velocity at Ro = 0 predicted from the azimuthally averaged numerical
streamfunction on the slope.
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Figure 4.7: As for figure 4.5, but with anticyclonic forcing. (a) Eastward velocity
u; (b) northward velocity v.
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Figure 4.8: Ekman number dependence of the eastward velocity u and northward
velocity v at the centre of the sliced cone under anticyclonic forcing. Numerical values
of u are fitted with a power-law regression. The line through the numerical values of
0
v is not a regression, but vSv
, the Sverdrup velocity corrected for Ekman friction (see
equation (4.1)).
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Figure 4.9: Rossby number dependence of the magnitude of the eastward velocity
u at the centre of the sliced cone under cyclonic and anticyclonic forcing with E =
3.15 × 10−5 . The lines are from linear regressions.
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Vorticity structure

The vorticity field in the sliced cone under various conditions is shown in figures 4.10
and 4.11. These plots give an indication of the spatial structure of the shear regions
identified in the velocity profiles in section 4.3.
We will begin by discussing the structure at zero Rossby number, shown in figure 4.10.
As expected from the analysis in section 2.2.1, the vorticity of the linear flow is very weak
in most of the interior. This nearly irrotational Sverdrup region is encircled by a zone
of strong vorticity with the same sign as the wind stress forcing where the slow interior
flow joins the much more rapid flow on the slope. As noted in section 4.3, this shear
zone is mainly confined to the lower slope in the east and to the interior in the west; this
asymmetry leads to the spiral structure seen in figure 4.10. The vorticity in this shear zone
is strongest on the western side. At the lateral boundary there is very strong vorticity
of the opposite sign to the wind stress forcing, due to the no-slip condition. The flow
between this region and the spiral shear layer at the bottom of slope has nearly uniform
vorticity on the northern and eastern sides; the vorticity in this region is close to the value
ζT /(1 + σs ) ≈ −0.914 predicted in section 2.2.1 from a balance between wind forcing and
Ekman friction. In contrast, there is an extended region on the western and southern
sides of the slope where the vorticity is of the opposite sign to that required to balance
the wind stress forcing (this feature is also seen in figures 4.3 and 4.6 (a) in the change
in sign of the radial gradient of the azimuthal velocity on the western and southern sides
of the velocity maximum). An explanation of the dynamics responsible for this feature is
provided in section 5.1.3.
The vorticity structure of strongly nonlinear flows depends on the sign of the wind
stress forcing, as shown by the steady flows in figure 4.11. Under very strong cyclonic
forcing (figure 4.11 (a)) the shear layer is centred on the ellipse which defines the bottom
of the slope, and is much weaker and wider than in the linear case. The vorticity structure
on the slope remains similar to that in the linear flow, except that the region coloured white
and yellow (where ζ has the opposite sign to ζ T ) has been displaced in the anticlockwise
direction. In the interior the vorticity remains weak only near the centre, since there are
broad regions flanking the ellipse where ζ ≈ ζ T /2 = 1 in which Ekman friction largely
balances the wind forcing and the Sverdrup balance is lost. Thus the regions in which
Ekman friction can balance wind forcing have expanded to occupy much more of the flow
than in the linear case.
Under strong anticyclonic forcing (figure 4.11 (b)) the vorticity in the interior closely
resembles that seen in the sliced cylinder (see figure 3.9 (c)): the strongly anticyclonic
region is shifted northwards, where it pairs with a cyclonic region to form the western
boundary current jet. The jet and its meandering outflow result in regions of strong vorticity in the interior, where Ekman friction therefore prevents a simple Sverdrup vorticity
balance. In the south and east the anticyclonic shear layer is shifted further outside the
ellipse than in the linear flow, enhancing the east-west asymmetry. The vorticity on the
slope is much less homogeneous than in the linear case, and is close to a balance between
wind forcing and Ekman friction only in the southeast.
Given the close similarity of the vorticity structure of the jet to that seen in the sliced
cylinder, it is not surprising that an analogous instability of the jet is found in the sliced
cone. This is illustrated in figure 4.11 (c), which shows an eddy shed from the cyclonic
loop at the end of the jet in a very similar manner to the sliced cylinder flow shown in
figure 3.9 (d). In contrast to the sliced cylinder flow, at low Ekman number an additional
instability can arise in the western boundary current itself, as shown in figure 4.11 (d).
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Figure 4.10: Relative vorticity in the sliced cone under anticyclonic forcing, with
Ro = 0 and E = 3.15 × 10−5 . The colours show the value of ζ, and the black lines
are contours of ψ (the contour interval is 10−2 Λ2 between thick lines, and 5 × 10−3 Λ2
between thick and thin lines; thin lines are shown only for |ψ| ≥ 8.5 × 10−2 Λ2 ). The
dashed ellipse marks the bottom of the slope. The vorticity balances for this flow are
shown in figures 5.3 and 5.4.

Under slightly unstable conditions this appears as a train of growing waves which propagate
northwards in the anticyclonic shear layer. At large amplitude the vorticity perturbations
are sufficient to produce eddies and disrupt both the cyclonic and anticyclonic regions, as
shown in the figure.

4.5

Regimes as a function of Ro and E under anticyclonic
forcing

As was seen in the previous sections, the choice of Rossby and Ekman numbers determined
whether the flow spun-up to a steady or a time-dependent asymptotic state at large time
under anticyclonic forcing. In order to investigate this dependence, the numerical runs
were classified as stable or unstable on the basis of the time-dependence of the basinintegrated horizontal kinetic energy K. For most unstable runs the flow settled into a
periodic oscillation with constant frequency and amplitude; in a few cases the asymptotic
state was quasiperiodic or chaotic. Stable runs generally converged to a steady state via
an exponentially decaying periodic oscillation in K. This exponential decay was extremely
slow under conditions very close to the onset of instability, making it difficult to determine
whether the asymptotic oscillation amplitude was actually zero or just very small. In these
circumstances a technique described by Berloff & Meacham (1997) was used to accelerate
convergence: once the flow had spun-up to a slowly decaying oscillation, the streamfunction and vorticity fields were repeatedly “collapsed” onto their temporal averages over an
oscillation, which reduced the amplitude of the oscillation by an order of magnitude or
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(c) Unstable jet, anticyclonic forcing,
Ro = 8.0 × 10−2 , E = 5.30 × 10−5
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(d) Unstable WBC, anticyclonic forcing,
Ro = 2.0 × 10−2 , E = 1.58 × 10−5

Figure 4.11: Relative vorticity of nonlinear flow in the sliced cone under cyclonic and
anticyclonic forcing ((a) and (b) are under the same conditions as in figures 4.1 (d)
and 4.2 (f), respectively). The colour scale and contour intervals are the same as for
figure 4.10, but the colour map is reversed in (a) to facilitate comparison with the
anticyclonic case. The dashed ellipse marks the bottom of the slope.
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more for each “collapse”. After several such “collapses” the flow was very close to a steady
state, whose stability could be readily determined by observing whether the tiny residual
oscillation continued to decay or began to increase in amplitude once the flow was allowed
to evolve freely.
The unstable runs were further classified as “WBC”, “jet” or “WBC/jet” according
to the physical location and structure of the instability determined from plots of ∂ψ
∂t and
∂ζ
∂ψ
∂t . Figure 4.12 shows ∂t for representative examples of these instabilities: “jet” instability primarily involves lateral oscillation of the western boundary current jet, “WBC”
instability appears as growing waves in the distributed outflow from the western boundary
current at the west of the interior, whilst “WBC/jet” displays characteristics of both (the
∂ζ
last distinction is somewhat subjective). The ∂ψ
∂t and ∂t fields were also used to determine
the form of the exponentially decaying residual oscillation under steady conditions, which
is essentially the least stable linear eigenmode of the steady flow. These decaying oscillations generally had the same form as the WBC, jet, or WBC/jet instabilities, except at
low Rossby number.
The WBC and jet instabilities in the sliced cone are very similar to the WBC and
“interior instability” identified by Meacham & Berloff (1997b) in a barotropic model without topography. The WBC instability is commonly seen in wind-driven models with no
topography (e.g. Bryan, 1963; Ierley & Young, 1991; Kamenkovich et al., 1995; Sheremet
et al., 1997), but it is absent in the sliced cylinder results, presumably due to the stabilising effects of Ekman friction (see section 3.4). It appears that under anticyclonic forcing
the sloping sidewall acts to destabilise this mode in the sliced cone.
Figures 4.12 (a) and (b) show that the wavelength of the WBC instability is relatively
well-defined, although it decreases somewhat towards the north due to a reduced phase
velocity. The flow perturbations in this instability are also inclined into the mean velocity
gradient in a manner consistent with extraction of energy from the mean flow, as discussed by Pedlosky (1987a). For the range of parameters under which the instability was
periodic, the wavelengths estimated from the ∂ψ
∂t fields lay in the range 0.27Λ – 0.69Λ in
the vicinity of y = 0. The wavelength increased with both Rossby and Ekman number;
power-law regressions yielded exponents of 0.64 and 0.58, respectively. Dividing these
wavelengths by the corresponding oscillation periods (see section 4.6) yields northward
phase velocities ranging from 0.091Λ to 0.20Λ, which lie within the range of v in the anticyclonic shear layer (see figure 4.4). These phase velocities exceed by a factor of 4.2 – 8.6
the fastest northward phase velocity of interior Rossby waves with the same meridional
wave number (the maximum northward phase velocity is given by s i /(Ro l2 ), where l is
the meridional wave number and si is the bottom slope in the interior). As a result, in
the limit of infinitesimal amplitude this instability is unable to radiate Rossby waves into
the Sverdrup interior, and it is trapped in the western boundary current outflow region in
a similar way to the WBC instabilities discussed by Ierley & Young (1991). This trapping
is clearly evident for the small-amplitude instability in figure 4.12 (a); at very large amplitude nonlinear coupling between wave modes allows the instability to (weakly) radiate
Rossby waves with a different meridional wavelength, as figure 4.12 (b) shows. The WBC
instability also seems unable to radiate on the slope, but an explanation is less readily
available due to the rapid flow and strong vorticity in this region. In contrast, the jet and
WBC/jet instabilities are much less localised (see figures 4.12 (c) and (d)). This widely
distributed variability was also seen in the “interior instability” in the numerical results
of Meacham & Berloff (1997b).
Figure 4.13 shows the type of asymptotic time-dependence obtained for different Rossby
and Ekman numbers. It is clear that the first instability to appear as the Rossby number
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(c) Jet instability:
Ro = 8.0 × 10−2 , E = 5.30 × 10−5

(d) WBC/Jet instability:
Ro = 5.3 × 10−2 , E = 4.01 × 10−5

Figure 4.12: Instantaneous snapshots of the time-dependence in the sliced cone
under anticyclonic forcing. The colours show the value of ∂ψ
∂t (scaled by its maximum
absolute value), and the black lines are contours of ψ (the contour interval is 10 −2 Λ2
between thick lines, and 5 × 10−3 Λ2 between thick and thin lines; thin lines are
shown only for |ψ| ≥ 8.5 × 10−2 Λ2 ). ψ is positive under anticyclonic forcing—thus
the perturbations in (a) and (b) are propagating northward, and the eddy and jet
in (c) are moving southwestward at the time shown. The dashed ellipse marks the
bottom of the slope. The vorticity for (b) and (c) is shown in figure 4.11 (d) and (c),
respectively.
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Figure 4.13: Asymptotic time dependence in the sliced cone numerical model under
anticyclonic forcing as a function of Rossby and Ekman number. Regime boundaries
for the numerical runs are shown as thick lines; the thin lines show the corresponding
regime boundaries from the laboratory experiments of GV97, figure 7. The longdashed line is the stability boundary for the laboratory sliced cylinder experiments of
Griffiths & Kiss (1999) (see figure 3.11 (a)).

increases is in the western boundary current at low Ekman number, and in the jet at
large Ekman number. The jet instability is very similar to that seen in the sliced cylinder,
although it occurs at a larger critical Rossby number (the long-dashed line in figure 4.13
shows the onset of instability in the sliced cylinder laboratory experiments of Griffiths &
Kiss, 1999). The critical Rossby number Ro c for the jet instability is well described by
the power laws
0.60
Ro−
c = 26.0E

Ro+
c

= 67.9E

0.70

for 3.3 × 10−5 < E < 6.3 × 10−5 ,
for E > 6.3 × 10

−5

.

(4.2)
(4.3)

The WBC instability is confined to a wedge-shaped region in the parameter space,
bounded above by a curve (not a power law) which intersects the boundary for jet instability at ∼ (E = 3.3 × 10−5 , Ro = 0.053), resulting in an S-shaped stability boundary.
The critical Rossby number Roa which forms the lower boundary of the WBC instability
wedge is given by the power law
Roa = 1.71 × 103 E 1.10 .

(4.4)
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Between E = 3.3 × 10−5 and E = 4.7 × 10−5 (beyond which the WBC instability
disappears completely), there exists the curious phenomenon of flow stabilisation as the
Rossby number increases beyond the upper bounding curve for the WBC instability.
This stabilisation closely coincides with structural changes to the mean flow, in which the
outflow narrows into a jet and a recirculation appears (see figure 4.12 (c)). The association
of this mode of instability with a broad WBC outflow rather than a jet was also noted
in a three-layer model by Berloff & McWilliams (1999b). The disappearance of the WBC
instability at large E is consistent with the observation by Meacham & Berloff (1997b)
that this instability is preferred over the jet instability only when the WBC thickness is
much smaller than the basin’s meridional scale (however they found a different threshold
at which this change takes place).
Figure 4.13 also shows regime boundaries for the onset of anticyclonic or cyclonic eddy
shedding (due to large-amplitude instability in the WBC or jet, respectively) determined
in the laboratory by GV972 . It is clear from figure 4.13 that there is qualitative agreement in the stability boundaries derived from the numerical and laboratory results, but
the numerical model gives a somewhat smaller value of Ro a than is seen in the laboratory,
+
whilst Ro−
c and Roc have smaller power-law exponents than the corresponding laboratory boundary. The laboratory stability boundaries determined by GV97 are less tightly
constrained than those from the numerical results, particularly for Ro a because it was
investigated at only two relatively closely spaced values of E (see figure 7 (a) in GV97).
Furthermore, Roa is only loosely constrained by the laboratory data at E = 2.1×10 −5 , and
there is considerable ambiguity regarding the onset of instability at E = 3.15×10 −5 . These
considerations account for nearly all the difference between the numerical and laboratory
values of Roa ; any remaining difference is easily explained by the different criteria which
were applied: GV97 defined Roa by the appearance of anticyclonic eddies in the boundary
current (rather than the onset of time-dependence as in the numerical results) to avoid
confusion with the small-amplitude unsteadiness which was present in the laboratory flow
at small Ro. The minor difference in Ro c may be due to the omission of stretching of the
relative vorticity in the numerical formulation, an error which is more significant at the
large Rossby numbers where the instability occurs. Although the laboratory experiments
did not investigate the range of Ekman numbers in which the numerical stability boundary
curves back in an S shape, the laboratory results did indicate that the combined WBC/jet
instability was restricted to low Ekman number and moderate Rossby number, consistent
with the WBC instability being confined to a wedge in parameter space of the form found
in the numerical results (the data point at E = 3.15 × 10 −5 , Ro = 5.2 × 10−2 in GV97,
figure 7 would be classified as a combined WBC/jet instability using the criteria applied
to the numerical results, as figure 4.2 (d) shows).
The onset of combined WBC/jet instability at low Ekman number occurs at slightly
smaller Ro than expected from Ro−
c , suggesting that the variability in the jet is driven
by instability in the WBC, and the jet would otherwise be stable. The onset of WBC/jet
instability at low Ekman number occurs at significantly larger Rossby number in the
numerical results than in the laboratory (shown by the short-dashed thin grey line in
figure 4.13), but this may partly be explained by the qualitative criteria used to define
this transition.
We also note that the form of the decaying oscillation in stable runs close to the
stability boundary is the same as that for the unstable runs on the other side boundary.
A decaying jet oscillation was dominant for stable runs at large Ro and large E, but at
lower Ro the least stable linear eigenmode is a decaying wave in the WBC, even for E
2

Note that there is an error in equation (5.2) in GV97, which should read Roa = 2.99 × 103 E 1.14 .
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much larger than the maximum value at which the WBC instability was found. These
observations are consistent with the flow being susceptible to the WBC instability only
when the boundary current outflow is broadly distributed rather than jetlike.

4.6

Oscillation periods

Figure 4.14 shows the oscillation period (in units of “days”, i.e. tank rotation periods)
from the numerical model for a range of Ekman numbers under conditions for which there
was a single dominant period. The numerical periods were obtained from time series of
the basin-integrated horizontal kinetic energy K (equation (2.45)); this corresponds to
the time interval between eddy-shedding events in the jet instability, or the time between
the arrival of successive anticyclonic eddies at the northern end of the boundary current
in the WBC instability. It is clear from these plots that the two instabilities have quite
different periods under similar conditions. Nevertheless, the overall range of periods is
much the same for the two instabilities, and is very similar to that seen in the sliced
cylinder (figure 3.13).
The jet instability periods at different Ekman number collapse onto the same curve as
a function of Rossby number, as figure 4.14 (a) illustrates. The periods are well described
by the logarithmic curve of best fit shown. This dependence on parameters is slightly
different from that of the jet instability in the sliced cylinder, possibly as a result of
different dynamics determining the width of the cyclonic portion of the jet.
In contrast, the western boundary current instability periods collapse onto the same
2
curve as a function of RoE 3 (figure 4.14 (b)); once again, a logarithmic fit describes the
data well. The period of the combined WBC/jet instability falls on the same curve as
the WBC instability, suggesting that variability in the jet under these circumstances is
governed by the same dynamics as the instability in the western boundary current. This
is consistent with the observation in figures 4.11 and 4.12 that the instability is largely
confined to the strongly anticyclonic part of the flow in both cases (in contrast to the jet
instability which is largely confined to the cyclonic portion of the jet). This conclusion
is also consistent with the critical Rossby number for this instability being different from
that for the jet instability, as shown in figure 4.13.
As in the sliced cylinder results, the period of the exponentially decaying oscillation
merged smoothly with the oscillation period of the unstable flow as the Rossby number was
increased past the onset of instability, whilst the amplitude increased continuously from
zero (see figure 4.15). This result, and the observation in figure 4.13 that the form of the
most unstable mode is matched across the stability boundary, strongly suggest that the
instabilities in the sliced cone occur via supercritical Hopf bifurcations (that is, the decay
rate of the least stable linear eigenmode passes through zero at the stability boundary).

4.7

Divergent velocity

As in section 3.7, the divergent component of the velocity (∇H φ) was estimated by solving the Poisson equation (3.1) in order to check the consistency of the numerical results
obtained with equation (2.33). Figure 4.16 shows plots of the magnitude of the divergent
velocity estimated in this way for the linear flow and also for strongly nonlinear flow near
the extremes of the parameter range investigated. When Ro = 0 we expect ∇H φ to be
large only in regions where lateral viscosity is important; in figure 4.16 (a) we can see that
this occurs at the lateral boundary (where |∇H φ|Λ−1 reaches almost 3 × 10−3 , although
this is an artefact of the no-slip boundary condition), and to a lesser extent at the bottom
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Figure 4.14: Oscillation periods in the sliced cone from the numerical model in the
periodic, unstable regimes, in “days” (tank rotation periods), as a function of (a) Ro,
2
and (b) RoE 3 . The lines through the data points are logarithmic regressions.
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Figure 4.15: Change in the oscillation amplitude and period as a function of Ro
across the WBC instability threshold in the sliced cone, with anticyclonic forcing
and E = 1.58 × 10−5 . The amplitude shown is the peak-to-peak amplitude of the
oscillation in the total kinetic energy K, and the period is in “days” (tank rotation
periods). For the stable runs the period shown is that of the exponentially decaying
oscillation. The lines are interpolations to assist the eye.
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of the slope, particularly at the west, where |∇H φ|Λ−1 peaks at about 6 × 10−4 . These divergent velocity magnitudes are less than 1% of the nondivergent velocity in these regions,
where |∇H ψ|Λ−1 ≈ 0.5 (see figure 4.3); thus the error is very small in both the estimate
of ∇H φ and the vorticity equation (2.33).
When Ro is large |∇H φ| becomes larger in the interior (note the different scale in
figures 4.16 (b)–(d)), but even at the extreme levels of advection and time-dependence
shown we have |∇H φ|Λ−1 < 1.3×10−2 , significantly smaller than the nondivergent velocity
magnitude in the same regions (see figures 4.3–4.7). Although the resulting error in the
vorticity equation (2.33) is larger than for Ro = 0, it is still sufficiently small that the
calculated flow remains in good agreement with the laboratory observations.
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Figure 4.16: Magnitude of the estimated divergent velocity in the sliced cone. The
shading shows the value of |∇H φ|Λ−1 (note that the scale is different for the Ro = 0
case), and the black lines are contours of ψ (the contour interval is 10−2 Λ2 between
thick lines, and 5 × 10−3 Λ2 between thick and thin lines; thin lines are shown only
for |ψ| ≥ 8.5 × 10−2 Λ2 ). The dashed ellipse marks the bottom of the slope.

