Chapter 3

Sliced cylinder results:
phenomenology and code
validation
This chapter provides an overview of the flow in the sliced cylinder under various conditions, and compares the numerical output with laboratory results and the linear theory
by Beardsley (1969) in order to verify the accuracy of the numerical model. This chapter
is based on results presented by Griffiths & Kiss (1999) (hereafter GK99); Griffiths was
responsible for all the laboratory results and their analysis (some of which also appeared
in Griffiths, 1995), whereas the numerical work and its analysis were conducted entirely by
myself. This chapter is largely descriptive; an analysis of the dynamics responsible for the
observed phenomena is deferred until Chapter 5. As noted on page 13, all quantities are
dimensionless (length, time and velocity scaled by Ho , |Ω|−1 and |Ω|Ho , respectively),
unless otherwise stated.

3.1

Numerical parameters

The sliced cylinder laboratory experiments by Griffiths used a background rotation Ω
in the northern hemisphere sense (Ω > 0) and an aspect ratio Λ = 3.92, as shown in
figure 2.1 (a). The laboratory experiments were conducted with a depth gradient of
either s = 0.1 or s = 0.15, the latter obtained by imposing a slope of 0.05 to the lid in
addition to the bottom slope of 0.1 (Griffiths & Kiss, 1999). The sliced cylinder numerical
runs used an anticlockwise background rotation and most used s = 0.1 in order to match
many of the laboratory experiments; a few runs were also conducted with s = 0.15 in order
to compare the numerical streamfunctions with those calculated by Griffiths with this
depth gradient (see section 3.2). Most of the numerical experiments were conducted with
an aspect ratio Λ = 3.92 as in the laboratory experiments, but runs were also conducted
with a range of smaller values down to Λ = 0.49 in order to investigate the effects of using
a narrower basin as in Beardsley (1969, 1972, 1973, 1975), Beardsley & Robbins (1975)
and Becker & Page (1990) (see sections 3.2.1 and 3.5).
Around 130 numerical experiments were conducted in order to explore the flow behaviour for a variety of different basin widths and Rossby and Ekman numbers (see figures 3.11 and 3.12 for an indication of the parameter values investigated with s = 0.1).
With Λ = 3.92, the experiments used Rossby and Ekman numbers in the ranges 0 ≤
Ro ≤ 0.166 and 3.14 × 10−5 ≤ E ≤ 1.25 × 10−4 , covering the range of Ekman and Rossby
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numbers investigated in the laboratory by GK99 with this aspect ratio. With this range
1
of Ekman numbers, the critical slope above which the Stommel and Stewartson E 4 layers
1
3
begin to merge is scr = (2/3) 2 E 4 = 0.0407 – 0.0576 (see section 2.2.2); this is about half
the bottom slope s, so in the linear limit we expect a mixed Stommel/Munk-type boundary current at the west (θ = π), with a weak countercurrent (Beardsley, 1969). We expect
the countercurrent to weaken with azimuth away from θ = π as the flow becomes more
1
like a Stommel boundary current with a Stewartson E 4 viscous sublayer, as discussed in
section 2.2.2. As a proportion of the tank width 2Λ, the e-folding scale of the viscous
boundary layer at θ = π is (−2Λλr )−1 = 0.010 – 0.015 for this range of Ekman numbers
(with s = 0.1 and Λ = 3.92), where λr is the real part of the complex conjugate roots of
the characteristic polynomial (2.27). This boundary current width is intermediate between
the values given by the Munk and Stommel length scales δ M and δS .
The boundary layer thickness at large Rossby number is also of interest. In a steady,
inviscid flow in the quasigeostrophic limit |h|  1, a uniform current u int along depth
contours will turn to flow parallel to a straight, impermeable western boundary (which
may be inclined to the depth gradient) in an inertial boundary layer with e-folding scale
1
δI = (−Ro uint /2s) 2 normal to the boundary. Using the Sverdrup streamfunction (2.24) for
1
the interior flow, we have uint = vSv tan θ at the western boundary (where vSv = E 2 ζT /(2s)
is the Sverdrup velocity). In the southwest (where tan θ ≈ 1) at the largest Rossby number
investigated for each Ekman number (with s = 0.1 and Λ = 3.92) we have δ I /(2Λ) = 0.017
– 0.039, similar to the range 0.005 – 0.03 estimated by Le Provost & Verron (1987) for the
North Atlantic. Since δI exceeds −λ−1
r , we expect inertial effects to be very important in
the western boundary current at the largest Rossby numbers investigated; however since δ I
and −λ−1
r are of similar magnitude the influence of lateral and bottom friction is probably
larger than in the real ocean (Le Provost & Verron, 1987).
At large Rossby number we expect the (omitted) stretching of ζ to be comparable to the
stretching of “planetary” vorticity in regions where ζ is large, as discussed in section 2.3.
From the linear boundary layer velocity profile
(2.28), the vorticity maximum occurs at

x = −Λ, y = 0, where we have ζ = −2vSv λr + Λ(λ2r + λ2i ) = 82.6 – 112 for this range
of E, with s = 0.1, Λ = 3.92 and anticyclonic forcing. Assuming this is representative of
the maximum vorticity in the flow at nonzero Ro, we must have Ro  2/|ζ| ≈ 0.02 in
order for the stretching of “planetary” vorticity to dominate the stretching of ζ near the
boundary. This is quite a severe restriction, but we shall see that in practice the numerical
model performs well at larger Ro. This is because the linear theory overestimates |ζ| at
the boundary at finite Ro, and because the error is much smaller in other parts of the
flow where ζ is smaller. In addition the stretching is relatively weak in most of the flow,
so the advection of ζ by uψ is generally more important in the vorticity balance than the
convergence of ζ filaments due to the neglected divergent component of the velocity.
The numerical experiments used a polar grid which was uniform in both directions in
order to retain second-order accuracy in the spatial derivatives. For almost all of the runs
the number of radial and azimuthal nodes was (N i + 1, Nj ) = (161, 512); this choice of Ni
gave between 3.3 and 4.9 grid points within the viscous boundary layer thickness −λ −1
r for
the range of Ekman numbers used (with s = 0.1 and Λ = 3.92). The dimensional timestep
1
for most of the runs was 1.25 × 10−2 τ |Ω|−1 (where τ = 2−1 E − 2 is the Ekman spinup
timescale), chosen to resolve the shortest Rossby wave periods at the smallest Ekman
number used. A few runs with small E and large Ro required higher radial and temporal
resolution to retain accuracy in the advection term. Convergence was confirmed at several
different points in parameter space by comparing runs with different spatial and temporal
resolutions.
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Since the flow behaviour under cyclonic forcing was very nearly identical to that under
anticyclonic forcing (but reflected about the east-west diameter), almost all of the numerical experiments were conducted with anticyclonic forcing. Most runs were started from
rest, but a few used a fully spun-up flow at a slightly different Rossby number as the initial
condition. All runs were spun-up until they had attained a statistically steady state, as
determined from time series of the basin-integrated kinetic energy K (see equation (2.45));
this typically took 5 to 20 times the Ekman spinup timescale τ . All results reported in
this chapter are for the large-time asymptotic state under anticyclonic forcing, and were
obtained using the no-slip boundary condition (2.39).

3.2

Streamlines

Figure 3.1 shows examples of flow in the laboratory experiments by Griffiths (GK99) at
a variety of Rossby and Ekman numbers under anticyclonic forcing. The anticyclonic
forcing produces downward pumping from the upper Ekman layer, which drives a broad,
slow southward Sverdrup flow throughout the interior. This flow is returned by a much
faster and narrower northward current against the western boundary. The visualisations
in figure 3.1 were produced by advection of thin streams of neutrally buoyant dye which
were bled into the flow from syringe tubes positioned in the western boundary current and
in the interior of the tank.
The flows shown in figure 3.1 are representative of the four regimes identified by Griffiths: as the Rossby number is increased at a given Ekman number, the broad outflow
from the western boundary current in the stable quasi-linear flow (figure 3.1 (a)) becomes
concentrated into an intense separated jet characteristic of the stable non-linear regime
(figure 3.1 (b)); as the Rossby number is increased further the jet becomes unstable and
sheds eddies, periodically at first (figure 3.1 (c)), and then aperiodically at very large
Rossby number (figure 3.1 (d)). Apart from the transition to aperiodic flow, this dependence of the flow structure and behaviour on Rossby number is qualitatively the same
as that reported by Beardsley (Beardsley, 1969, 1972, 1973; Beardsley & Robbins, 1975).
The dependence of these transitions on Rossby and Ekman number will be discussed more
thoroughly in section 3.5, but we note here that Griffiths showed that the transitions in the
1
2
laboratory occur at fixed values of the Reynolds number Re γ = 2RoE − 3 Λs 3 , irrespective
of the value of E.
Griffiths found that the laboratory flow was never completely steady, even for the smallest Rossby numbers investigated. The instability at low Rossby number took the form
of a weak fluctuation of the azimuthal velocity in the western boundary current outflow
region. This fluctuation distributed the dye across a small range of streamlines, forming
kinks which were then passively advected by the steady interior flow (see figure 3.1 (a)
and (b); the very slow interior flow was also subject to small-scale thermal convection,
which contributed to the fuzziness seen in the dye streams). Griffiths conducted an exhaustive investigation into the origin of this unsteadiness, and observed that its period was
always an integer multiple of the lid period. From this he tentatively concluded that the
unsteadiness resulted from an extreme sensitivity of the flow to a very weak modulation
of the lid forcing, perhaps due to minute imperfections in the lid’s lower surface. The
low-Rossby number unsteadiness is distinct from the large-amplitude jet instability seen
at larger Rossby number (see figure 3.1 (c) and (d)) and was not seen in the numerical
experiments. Griffiths’ terminology will be adopted here: the low-Rossby number flows
will be described as “stable” (although they are unsteady in the laboratory), and the term
“unstable” will be reserved for flows exhibiting a large-amplitude jet instability.
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(a) Quasi-linear, stable regime:
Ro = 0.0112, E = 3.15 × 10−5 , Reγ = 46.8

(b) Nonlinear, stable regime:
Ro = 0.0557, E = 1.26 × 10−4 , Reγ = 92.1

(c) Unstable, periodic eddy-shedding regime:
Ro = 0.053, E = 6.3 × 10−5 , Reγ = 139.7

(d) Unstable, aperiodic eddy-shedding regime:
Ro = 0.169, E = 1.26 × 10−4 , Reγ = 279

Figure 3.1: Streaklines in the laboratory sliced cylinder experiments by Griffiths
(GK99), under anticyclonic forcing with Λ = 3.92 and s = 0.15. North is at the top
2
1
and the mean flow is clockwise. Reγ is the Reynolds number, Reγ = 2RoE − 3 Λs 3 .
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Figures 3.2 (a), (c) and 3.3 (a) show examples of flows calculated using the numerical
model under various conditions. As in the laboratory experiments, the flow behaviour
passed though a number of regimes for increasing values of Ro. For very weak forcing,
the circulation pattern had a near north-south symmetry and the flow was steady. The
western boundary current intensified to the north under stronger forcing (figure 3.2 (a)),
and a further increase in forcing resulted in separation of the boundary current, which
penetrated into the interior as a jet (figure 3.2 (c)). A small anticyclonic recirculating
gyre appeared on the southwestern side of the jet at slightly stronger forcing than that
shown. Even stronger forcing yielded a transition to periodic unstable flow, with cyclonic
eddy shedding from the cyclonic loop in the boundary current jet (figure 3.3 (a)). Further
transitions to alternating eddy sizes (period doubling) and to aperiodic eddy shedding
took place when the forcing was very strong.
Figures 3.2 and 3.3 also show streamlines calculated by Griffiths from his laboratory
results, using a procedure described in detail in Griffiths & Kiss (1999). This approach
combined mean streamline information obtained by tracking the dye with estimates of
the total transport from measurements of the northward velocity in the interior along the
diameter y = 0. This allowed the determination of the streamlines which represented
equal intervals in the velocity streamfunction. By this method, Griffiths plotted contours
of Λ−2 (ψmax − ψ), where ψmax is the maximum streamfunction on the diameter y = 0.
It is clear from figures 3.2 and 3.3 that there is very good quantitative agreement between the numerical and laboratory streamfunctions at the same parameter values, even at
relatively large Ro. The streamfunction magnitudes match very well in all cases 1 , as does
the width and extent of the western boundary current overshoot in figure 3.2 (a,b) and the
penetration length of the western boundary current jet and the path of the subsequently
diverging streamlines in figure 3.2 (c,d) and figure 3.3 (a,b). However the separation of
the western boundary current jet is slightly delayed in the numerical results, as will be
discussed further in section 3.4.1.
The numerical model also fails to capture the tendency for streamlines to approach the
boundary, which is most easily seen in the laboratory streamlines at the east. As discussed
1
in section 2.2.2, this radial transport enters a Stewartson E 3 layer at the boundary which
supplies fluid for the radial flow in the upper Ekman layer and thereby closes the vertical
1
circulation (Beardsley, 1969; Griffiths & Kiss, 1999). The Stewartson E 3 layer must
obtain fluid directly from the interior because the total vorticity is zero as a consequence
of the no-slip boundary condition (see section 2.3.3), so the net transport from the bottom
Ekman layer is insufficient to supply the upper Ekman layer flux. If we assume that
1
this Stewartson layer is axisymmetric, this implies a radial velocity of −ΛE 2 ζT /4 into
the sidewall layer. At the east this radial velocity is perpendicular to the southward
Sverdrup flow, and implies that the interior streamlines approach the wall at an angle
of tan−1 (Λs/2), which depends only on the geometric parameters of the sliced cylinder
apparatus. With s = 0.15 and Λ = 3.92 this angle is 16.4 ◦ , in good agreement with the
value of ≈ 15◦ obtained from figure 3.2 (d). We note from this expression that the radial
flux assumes a greater importance in the experiments presented here than in the previous
work of Beardsley (1969, 1973); Beardsley & Robbins (1975) and Becker & Page (1990)
because Λ is larger. The depth-dependent, horizontally divergent flow in the Stewartson
1
E 3 layer cannot be captured by the numerical model, so the interior flow is parallel to the
boundary in the numerical results in order to satisfy the boundary condition (2.38).
1

The agreement of the streamfunction magnitudes as a function of E is demonstrated in figure 3.8, with
s = 0.1.
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(a) Numerical streamfunction:
Quasi-linear stable regime:
Ro = 0.011, E = 3.15 × 10−5 , Reγ = 46.8

(b) Laboratory streamfunction:
Quasi-linear stable regime:
Ro = 0.011, E = 3.15 × 10−5 , Reγ = 46.8
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(c) Numerical streamfunction:
Nonlinear stable regime:
Ro = 0.067, E = 1.26 × 10−4 , Reγ = 110

(d) Laboratory streamfunction:
Nonlinear stable regime:
Ro = 0.067, E = 1.26 × 10−4 , Reγ = 110

Figure 3.2: Numerical (left) and laboratory (right) streamfunctions in the sliced
cylinder at the same parameter values, under anticyclonic forcing with s = 0.15 and
Λ = 3.92; the laboratory streamfunctions were calculated by Griffiths (GK99). The
values plotted are Λ−2 (ψmax − ψ), where ψmax is the maximum streamfunction on the
diameter y = 0. The numerical streamlines are an instantaneous snapshot, whereas
the laboratory streamlines in the interior have been averaged over the small-amplitude
wave motions. The shading indicates regions where large-amplitude instability prevented accurate determination of the laboratory streamfunction.
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(a) Numerical streamfunction:
Periodic eddy-shedding regime:
Ro = 0.039, E = 3.15 × 10−5 , Reγ = 162

(b) Laboratory streamfunction:
Periodic eddy-shedding regime:
Ro = 0.039, E = 3.15 × 10−5 , Reγ = 162

Figure 3.3: As for figure 3.2 but in the periodic eddy-shedding regime.

3.2.1

Flow patterns in narrower basins

In order to realistically model the dynamics of wind-driven flow in an ocean basin, the
length scales associated with the western boundary current should be much smaller than
the basin width so that there is significant western intensification. In the sliced cylinder
at zero Rossby number this can be arranged by choosing a large aspect ratio, a large
bottom slope, or a small Ekman number. In principle an appropriate choice of the bottom
slope and Ekman number can make the linear western boundary current width as small
as desired relative to the basin scale for any choice of the aspect ratio. However practical
limitations arise: a very small Ekman number requires a very rapid rotation rate, making
instrumentation difficult in the laboratory, and a large bottom slope produces a large
relative depth variation and therefore a non-constant gradient of the potential vorticity Q
(equation (2.35)), making comparison with β-plane models less straightforward.
Previous authors have used laboratory basins with aspect ratios of Λ = 1.00 (Beardsley,
1969; Beardsley & Robbins, 1975) or Λ = 0.429 (Becker & Page, 1990), both considerably
smaller than Λ = 3.92 used in the laboratory experiments by Griffiths (GK99). Slightly
smaller Ekman numbers and slightly larger bottom slopes were used to compensate, but
the linear boundary current width was still a larger fraction of the basin scale than in
Griffiths’ experiments. The flows studied by Beardsley were qualitatively similar to those
of Griffiths, but Becker and Page obtained qualitatively very different results in their much
narrower basin. This difference motivated a series of numerical experiments by the author
to investigate the effects of reducing the aspect ratio (figure 3.12 gives an indication of the
range of parameters investigated).
Figure 3.4 shows streamfunction plots of flow with the same value of s, RoΛ and E
1
2
(and thus the same values of Ho and the Reynolds number Reγ = 2RoE − 3 Λs 3 ) in basins
with different aspect ratio Λ (note that the contrasts would be further accentuated if we
had chosen to compare solutions for a fixed Ro). We have noted in the caption the runs
which have a similar aspect ratio to the experiments of Beardsley (1969, 1973), Beardsley
& Robbins (1975) and Becker & Page (1990), but the flows they studied more closely

3.3. Velocity profiles

36

resemble the previous runs in the sequence (i.e. figures 3.4 (c) and (e)) due to different
choices for E and s.
Since the Ekman number and bottom slope are fixed in this figure, the thickness of
the linear western boundary current is constant, and it therefore takes an increasingly
large proportion of the basin width as the aspect ratio is reduced. For the smallest
aspect ratio shown, the e-folding scale of the linear western boundary layer at θ = π is
(−2Λλr )−1 = 0.08 as a proportion of the tank width 2Λ. Although this is eight times larger
than for Λ = 3.92, this value is still significantly less than one, suggesting that the linear
flow will still display strong western intensification. It is clear however that the nonlinear
flow in figure 3.4 (f) is almost perfectly axisymmetric, displaying no significant western
intensification. The origin of this flow structure is evident from the evolution of the flow
with decreasing aspect ratio. Under the nonlinear conditions illustrated in the figure, the
separated western boundary current jet begins to impinge on the eastern boundary as
the basin becomes narrower (this also strongly suppresses instability when Λ ≤ 0.695).
At large Rossby number a recirculating gyre appears on the southwestern side of the jet;
however when the aspect ratio is very small this recirculation fills the entire basin, the
Sverdrup interior disappears, and there is no western intensification or separated jet. The
recirculation fills the basin partly as a result of the basin becoming narrower and partly
because the inertial length scale δ I increases, since Reγ is held fixed while Λ is decreased.
A similar choice of parameters led to the nearly axisymmetric flows under strong forcing
reported by Becker & Page (1990).
At more moderate aspect ratios the flow is less dramatically different from that in a
wide basin, but the penetration and instability of the western boundary current jet are
constrained by its proximity to the eastern boundary. A wide basin such as that used
by GK99 is therefore a more appropriate choice for laboratory studies of both linear and
nonlinear flow in which the scales resemble those of the wind-driven ocean circulation.

3.3

Velocity profiles

This section reports the flow velocities calculated using the numerical model, and compares
these results to those obtained from the linear theory by Beardsley and the laboratory
experiments by Griffiths. Although this comparison is similar to that conducted by Beardsley (1969, 1973) and Beardsley & Robbins (1975), it is prudent to repeat it in our case
in order to confirm the accuracy of the numerical method based on the modified vorticity
equation (2.33).
Examples of western boundary current velocity profiles from the laboratory and numerical experiments are plotted in figure 3.5. It is difficult to obtain accurate measurements
of the velocity profile in the laboratory under these conditions, mainly because of the
small boundary current width (the velocity maximum is about 1 cm from the boundary
in figure 3.5). In such a narrow current it is particularly difficult to accurately determine
the position at which a velocity measurement was obtained; in regions of high shear this
can lead to a large error in the velocity at a given point in comparison with the actual
profile. Despite these difficulties, there is very good agreement between the numerical and
laboratory results; the only notable difference is a slightly smaller maximum current speed
in the experiment shown. No significant depth dependence was detected in the laboratory,
supporting the assumption of depth-independent horizontal flow made in the derivation
of the numerical formulation (section 2.3). Some of the small differences between the four
laboratory profiles shown are the result of small amplitude oscillations in the flow, particularly at the edge of the boundary current. The interior southward drift in the numerical
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(a) Λ = 3.92
(as in Griffiths’ laboratory experiments,
Griffiths & Kiss, 1999)

(b) Λ = 1.96

(c) Λ = 1.385

(d) Λ = 0.98
(similar Λ to Beardsley, 1969, 1973;
Beardsley & Robbins, 1975)

(e) Λ = 0.695

(f) Λ = 0.49
(similar Λ to Becker & Page, 1990)

Figure 3.4: Numerical streamlines in the sliced cylinder under anticyclonic forcing
for various tank radii a, with fixed Ho = 12.5 cm, s = 0.1, E = 3.14 × 10−5 and
1
2
RoΛ = 0.109 (so Reγ = 2RoE − 3 Λs 3 = 102). The contour interval in ψ is 5×10−3Λ2 .
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results was independent of x, as expected from Sverdrup theory; this was also found in
the laboratory to within the precision of the measurements (10%).
It is clear from the numerical results in figure 3.5 that the (scaled) peak velocity in the
western boundary current at y = 0 decreases with increasing Rossby number, consistent
with the northward intensification at large Ro shown in figures 3.2 and 3.3. This trend
is shown in more detail in figure 3.6 (b). The western boundary current also becomes
broader and loses the countercurrent on the eastern side as the Rossby number increases.
As will be shown in section 5.1.4, these changes result from the increased role played by
inertia in the western boundary current inflow at large Ro.
Figure 3.5 also shows the velocity profile obtained from the linear one-dimensional
theory of the western boundary current (WBC) at θ = π given by Beardsley (1969) and
reproduced in section 2.2.2. With E = 6.27 × 10 −5 and s = 0.1 we have λr = −10.125 and
λi = 7.4156 in equation (2.28); the boundary current takes the form of a spatial oscillation
decaying with x (giving a weak countercurrent on the eastern side of the WBC) because the
1
3
bottom slope s exceeds the critical value scr = (2/3) 2 E 4 = 0.0484. The one-dimensional
theory accurately predicts the width of the boundary current at Ro = 0 (this is also shown
in figure 3.7), but overestimates the peak velocity by about five per cent when compared
with the numerical results. This disparity is largely due to neglecting derivatives in the y
direction in the theory and therefore neglecting the component − ∂u
∂y of the relative vorticity.
In the interior the neglected relative vorticity is weakly anticyclonic and results in Ekman
pumping which partly balances the wind forcing, producing a southward transport which
is slightly less than that predicted by Sverdrup theory. The southward transport is also
1
reduced slightly by the Stewartson E 4 layer on the eastern boundary, which was neglected
in the one-dimensional theory. Thus the theory overestimates the interior transport, and
therefore requires a stronger western boundary current.
The normalised maximum northward velocities vmax along y = 0 are plotted in figure 3.6 (a) for a number of experiments in the low-Rossby number regime, along with the
results of the numerical model and the linear one-dimensional theory in section 2.2.2. In
order to remain within the quasi-linear regime in the laboratory experiments (defined as
the conditions under which there was little downstream intensification of the boundary
current), it was not possible to cover a range of E at a fixed value of Ro. Hence the laboratory experiments covered a range of both Rossby and Ekman numbers and in this regime
it was difficult to determine independently the role of each parameter. The numerical
model, on the other hand, reveals a dependence of vmax on both Ro and E. At Ro = 0 the
numerical model gives vmax ∼ E 0.085 , while the linear theory gives vmax ∼ E 0.096 , showing
that the error in the one-dimensional theory is dependent on E. As expected from the
closeness of s to scr , these exponents are intermediate between those given by the Stom1
mel (vmax ∼ E 0 ) and Munk (vmax ∼ E 6 ) limits. As Ro increases, vmax decreases and the
exponents increase; at Ro = 0.06 we have vmax ∼ E 0.178 . Figure 3.6 (b) shows a transi1
tion at finite Rossby number from vmax independent of Rossby number at Ro  E 2 to
vmax ∼ Ro−0.4 at Ro > 0.05 (for E = 6.27 × 10−5 ), due to northward intensification.
The velocity profiles on the diameter y = 0 provide values of the current widths δ m
and δo defined by the distance from the wall to the positions of the maximum speed and
velocity reversal, respectively (δ m is not to be confused with the Munk width δ M ). As
figure 3.7 shows, at Ro = 0 the numerical predictions for δ m and δo (obtained from the
velocity profiles by quadratic interpolation) are in excellent agreement with the theoretical
1
predictions. From the linear theory under these conditions we have δ m ∼ E 3 (matching
the scaling of δM in the Munk limit, s  scr ), whilst the full width δo of the current scales
1
as δo ∼ E 0.40 , close to the E 2 scaling of δS in the Stommel limit, s  scr . This mixed
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Figure 3.5: Northward velocity v in the western boundary current as a function
of east-west position x along y = 0 in the sliced cylinder under anticyclonic forcing
with Λ = 3.92 and s = 0.1. The lines are from the numerical model and the data
points are from laboratory measurements by Griffiths (GK99), obtained using the
bromothymol-blue technique with electrode wires 2 cm below the lid and 2 cm above
the base.
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Figure 3.6: Maximum northward velocity vmax on y = 0 as a function of (a) Ekman
number E (at various Ro) and (b) Rossby number Ro (for E = 6.27 × 10−5 ) in the
sliced cylinder under anticyclonic forcing with Λ = 3.92 and s = 0.1. Data from the
numerical model and linear theory are shown in (a) as small data points and powerlaw regressions; the large data points are from laboratory measurements by Griffiths
(Griffiths & Kiss, 1999). The curve in (b) is an interpolation to assist the eye.
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Figure 3.7: Western boundary current width vs. E at Ro = 0 in the sliced cylinder
with Λ = 3.92 and s = 0.1, from linear theory and the numerical model. δo is the
distance from the wall to the northward velocity reversal on the diameter y = 0, and
δm is the distance to the position of maximum northward velocity. The lines are
power-law regressions.

scaling is a consequence of s being close to scr , and is evidence that the inner WBC is
in an approximate Munk (orographic/lateral viscosity) balance, whilst the outer WBC is
in an approximate Stommel (orographic/Ekman friction) balance. This will be discussed
further in section 5.1.1.
Figure 3.8 shows the Ekman-number dependence of ψ max , the maximum streamfunction
on the diameter y = 0, derived from the laboratory experiments by Griffiths, the linear
theory by Beardsley (1969) (section 2.2.2) and the numerical model. The numerical results
at Ro = 0 are in good agreement with the linear theory; the latter slightly overestimates
the transport due to the omissions discussed above. At Ro = 0 we have ψ max ∼ E 0.450
from the numerical model and ψmax ∼ E 0.467 from the linear theory, again showing that
the error in the one-dimensional theory increases with E, as expected from the omission
1
of the eastern Stewartson E 4 layer and Ekman friction in the interior. The exponents
1
are slightly less than for vSv ∼ E 2 , due to the increase in the western boundary current
thickness δo with E shown in figure 3.7. The numerical result for Ro = 0.06 demonstrates
a small reduction in transport through y = 0 with increasing Ro (mainly due to northward
intensification), but the exponent remains almost the same. The laboratory values were
estimated from ψmax ≈ vint (2Λ − δo ), where vint is the interior northward velocity, assumed
independent of x for −Λ + δo ≤ x ≤ Λ. The scatter in the laboratory values is mostly due
to measurement error, as the dependence of ψ max on Ro is relatively weak. The numerical
results are in very good agreement with the laboratory measurements.

3.4

Vorticity structure

Figure 3.9 shows the vorticity structure in the sliced cylinder under various conditions.
When Ro = 0 (figure 3.9 (a)), the vorticity is significant only near the lateral boundaries.
The vorticity immediately adjacent to the boundary is cyclonic under anticyclonic forcing
due to the no-slip condition; this cyclonic region is particularly intense in the western
boundary current. The western boundary current is anticyclonic to the east of the velocity
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Figure 3.8: Streamfunction maximum ψmax on y = 0 vs. E in the sliced cylinder
from the laboratory experiments, linear theory and numerical results. The forcing is
anticyclonic, Λ = 3.92 and s = 0.1. The lines through the numerical and theoretical
data are power-law regressions.

maximum, apart from a very weakly cyclonic region associated with the countercurrent
(see figure 3.5).
The western boundary current intensifies in the north as the Rossby number increases
and the northward advection of vorticity becomes more significant. When advection becomes sufficiently strong the western boundary current forms a narrow jet which separates
from the boundary before decelerating to merge with the interior Sverdrup flow. As shown
in figure 3.9 (b), the jet is composed of cyclonic and anticyclonic regions which have left
the vicinity of the boundary and penetrated into the interior. Notice, however, that in
figure 3.9 (b) the vorticity remains cyclonic everywhere on the boundary, and that this
separation and breakdown of the boundary-layer approximation therefore occurs without
reversed flow along the boundary. A further increase in forcing strength (or decrease in
Ekman number) is needed to produce separation with stagnation points and reversed flow
similar to that seen in classical (non-rotating) boundary-layer separation (e.g. Schlichting,
1968). This is illustrated in figure 3.9 (c), where we also note the northward migration of
the streamfunction maximum compared to the linear case, and the increased penetration
of sidewall vorticity into the interior. The cyclonic vorticity penetrates further into the
interior due to vortex stretching in the southward flowing jet, and at large Rossby number
and/or small Ekman number this cyclonic region becomes unstable to the formation of
cyclonic eddies which pinch off from the jet. Figure 3.9 (d) is an instantaneous snapshot
of a periodic flow which shows the formation of an eddy in the jet, as well as the previous
eddy which has propagated to the southwest and been damped by Ekman friction since
being shed from the jet. A weak anticyclonic recirculation is also present on the northern
side of the jet in this figure.
The physical location of the instability is unusual, since instability in wind-driven
models of this kind typically appears as a train of eddies trapped in the western boundary
current against the sidewall (e.g. Bryan, 1963; Ierley & Young, 1991; Kamenkovich et al.,
1995; Sheremet et al., 1997) rather than in the jet. However Meacham & Berloff (1997b)
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(c) Nonlinear, steady flow:
Ro = 8.32 × 10−2 , E = 12.5 × 10−5 ,
Reγ = 121

(d) Nonlinear, unsteady flow:
Ro = 8.82 × 10−2 , E = 6.27 × 10−5 ,
Reγ = 203

Figure 3.9: Relative vorticity in the sliced cylinder under anticyclonic forcing with
s = 0.1 and Λ = 3.92. The colours show the value of ζ, and the black lines are
contours of ψ (the contour interval is 10−2 Λ2 between thick lines, and 5 × 10−3 Λ2
between thick and thin lines). Vorticity balances for (c) are shown in figures 5.6
and 5.7.
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identified a second “interior instability” which occurred in the meander in the separated
jet in their numerical model when the meridional size of the basin was sufficiently small
relative to the viscous western boundary current thickness (this instability also appears
in the model of Blandford, 1971). Meacham and Berloff showed that in larger basins
the usual western boundary current instability is preferred. The instability in the sliced
cylinder has a similar location to this “interior instability”, but it remains the only form of
instability even when the basin is more than twice as large as the threshold beyond which
the western boundary current instability predominates in the results of Meacham and
Berloff. The anomalous stability of the western boundary current in the sliced cylinder
is probably due to Ekman friction (see Ierley & Young, 1991), which was not included in
Meacham and Berloff’s model.

3.4.1

Boundary current separation position

Western boundary current separation is unambiguously defined only under conditions for
which the current leaves the wall as a narrow jet. We used two criteria to objectively define
the onset and position of boundary current separation in the numerical results: a change in
sign of the vorticity at the boundary (indicating a stagnation point at the boundary and a
region of reversed flow along the boundary, as shown in figure 3.9 (c) and (d)), or a change
in sign of the radial derivative of the vorticity at the boundary (indicating a region of high
vorticity extending into the interior and a breakdown of the boundary-layer approximation
where the radial vorticity gradient vanishes, as shown in figure 3.9 (b), (c) and (d)). The
westernmost point on the boundary satisfying either criterion was taken to be the point
of separation. It was found that the latter criterion was the weaker definition, as it always
occurred at lower Rossby number than that required to produce reversed flow. This results
in a regime (between the dashed lines in figure 3.11) in which there was separation of the
vortex sheets without the formation of a recirculation “bubble” (as discussed by Becker &
Page, 1990). The potential vorticity dynamics responsible for flow separation are discussed
in section 5.2.2.
The position of separation in the numerical results is shown in figure 3.10 as a function
1
2
of Reynolds number Reγ = 2RoE − 3 Λs 3 . Separation occurred between 17◦ and 39◦ west
of north (using the onset of recirculation to locate the separation point) or between 25 ◦
and 40◦ (using the change in sign of the radial vorticity gradient at the boundary). In
cases when both criteria were satisfied, the change in sign of the radial vorticity gradient
occurred about 1◦ ∼ 8◦ upstream of the change in sign of vorticity when Λ = 3.92, with
the difference tending to increase with increasing E. The difference also increased with
decreasing Λ (keeping E and s fixed), reaching around 22 ◦ for Λ = 0.98.
Figure 3.10 also shows the separation position measured in the laboratory by Griffiths.
The separation position was estimated from the path of a dyed streamline injected as close
1
as possible to the wall without it entering the upflow in the Stewartson E 3 layer. Under
some conditions some of the dye also entered a region of reversed flow in the northwest,
north of the separation point, and the resulting confluence of the velocities parallel to the
wall further confirmed the separation positions. Separation occurred in the laboratory at
a mean azimuthal angle 34.7◦ ± 3◦ west of the shallowest point in the tank. Although
separation in the laboratory experiments was identified by recirculation, the numerical
results agree best when the radial vorticity gradient criterion is used. This indicates
that separation is slightly delayed in the numerical results, which may be related to the
1
absence of a Stewartson E 3 sidewall layer in the numerical model. As in the numerical
experiments, the separation position in the laboratory flow was not strongly dependent
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Figure 3.10: Separation position of the western boundary current in the sliced cylinder (in degrees west of the shallowest point, “north”) as a function of the Reynolds
number Reγ in the laboratory experiments and numerical results. The wind forcing is anticyclonic, and Λ = 3.92. The numerical results are for s = 0.1, whilst the
laboratory results are for both s = 0.1 and s = 0.15.

on Ekman or Rossby number, showing only a small shift toward the upstream direction
(southward) for larger forcing.
It is somewhat surprising that the separation position in the numerical model agrees
1
so well with the laboratory measurements, since both the Stewartson E 3 -layer and the
stretching of ζ are omitted. In section 3.1, linear western boundary current theory was
used to estimate ζ at the boundary, from which is was predicted that the stretching of ζ
would be comparable to the stretching of “planetary” vorticity when Ro ≈ 0.02 (roughly
the value of Ro at which separation occurs, as shown in figure 3.11 (a)). However the linear
theory overestimates the magnitude of the vorticity in the outflow region (particularly at
finite Ro), so the error is less serious than expected.

3.5

Regimes as a function of Ro, Reγ , E, and Λ

Figure 3.11 (a) shows the flow regime transitions given by the numerical model as a
function of Ro and E with Λ = 3.92, with the regime boundaries seen in the laboratory
marked by grey lines for comparison. The regime boundaries were in good agreement
with the laboratory results for the transitions from quasi-linear to nonlinear, stable flow
and thence to periodic eddy shedding. The transition to nonlinear flow is shown by two
dashed lines, corresponding to the two different criteria used to define separation: the
radial vorticity gradient changed sign at the wall above the lower line, and recirculation
at the wall (diagnosed by a change of sign of the vorticity at the wall) occurred above the
upper line. Flows with parameters falling between the dotted lines display a breakdown
of the boundary-layer approximation and separation of the high-vorticity region from
the boundary, without the formation of a recirculation “bubble” in the streamfunction
(see figure 3.9 (b)). The transition to nonlinear flow was defined in the laboratory by
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the formation of a western boundary current jet. Although this criterion is somewhat
subjective, the laboratory regime boundary lies between the dashed lines obtained from
the numerical model using objective criteria.
The transition to periodic unstable flow occurs at a critical Rossby number which is
2
nearly proportional to E 3 , and therefore occurs at a critical value of the Reynolds number
2
1
Reγ = 2RoE − 3 Λs 3 which is nearly independent of Ekman number. This Reynolds number
was introduced by Griffiths (GK99), who found that the transitions from quasi-linear to
nonlinear stable flow and from periodic to aperiodic unstable flow also occurred at values
of Reγ which were independent of E (within the resolution of the sampling of parameter
space in the laboratory).
As shown in figure 3.11 (b), these general conclusions are supported by the numerical
results, except for the transition to aperiodic flow. With Λ = 3.92 the transition to periodic
flow in the numerics occurred for Reγ in the range 106 – 126, with a weak dependence on
E. This transition occurs at slightly lower Re γ than in the laboratory, probably because
sustained periodic oscillation of the total kinetic energy was used instead of eddy shedding
as the criterion for identifying flows in the unstable regime.
In the numerical model a critical Re γ = 79 ± 5 characterises western boundary current
separation with recirculation, as the upper dashed line in figure 3.11 (b) shows. The lower
dashed line indicating breakdown of the boundary-layer approximation does not have a
power-law dependence on Ekman number, but is nevertheless characterised by a Reynolds
number Reγ which is nearly independent of E. In a detailed theoretical and numerical
study of nonlinear western boundary currents with lateral viscosity but no bottom friction,
Ierley & Ruehr (1986) found that the boundary-layer approximation breaks down in the
1
4
1
outflow region at a critical value of a different Reynolds number, given by 2 − 3 πRoE − 6 s− 3
in the scaling used here. This Reynolds number does not characterise boundary-layer
separation in the sliced cylinder, probably because the dynamics are complicated by the
finite basin size relative to the western boundary current width (as discussed by Ierley,
1987), as well as boundary curvature and bottom friction.
Under very strong forcing the total kinetic energy of the flow in the numerical model
showed period doubling behaviour, suggesting that this system becomes aperiodic through
a period doubling cascade. Another feature characteristic of the period-doubling route to
chaos is the periodic “window” in an otherwise aperiodic regime, at E = 6.27 × 10 −5
and Reγ = 203. Fourier analysis of kinetic energy time series in the aperiodic regime
yields spectra which lack well-defined peaks, in which the energy is spread continuously
across a broad range of frequencies. Spectra of this sort are characteristic of chaos. The
transition to chaos appears to be quite different from that seen in the laboratory, with the
onset of aperiodicity dependent on E, taking place at significantly smaller Re γ than in
the laboratory when E is small. This difference may reflect either the limitations of the
formulation or numerical instability in the code. The validity of the formulation in strongly
nonlinear flows is questionable, since stretching of relative vorticity is neglected and linear
Ekman theory is used. In fact, since |ζ| ≈ 5 in the jet (see figure 3.9 (c) and (d)), the
(neglected) stretching of relative vorticity will exceed the stretching of planetary vorticity
in the jet when the Rossby number exceeds 2/|ζ| ≈ 0.4, as discussed in section 2.3. It
is therefore not surprising that the detailed time-dependence of the jet is different from
that seen in the laboratory when Ro = O(0.1). In addition to these concerns about the
validity of the formulation, at very large Rossby number and small E the advective term
in the vorticity equation was not accurately represented by second-order finite differences
in the strongly decelerating flow in the separated jet, due to the numerical effect discussed
by Leonard (1984). Owing to these limitations, the details of the time-dependence in the
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Figure 3.11: Flow regimes identified in the sliced cylinder numerical model as a
function of (a) Rossby number Ro and Ekman number E, and (b) Reynolds number
Reγ and Ekman number. All runs have s = 0.1 and Λ = 3.92. Transitions from
stable (•) to unstable flow with periodic eddy-shedding (◦) and thence to aperiodic
(N) eddy shedding can be seen; the colours indicate finer distinctions within these
regimes. Examples of the flow patterns in these regimes can be found in figures 3.2, 3.3
and 3.9. The grey lines show for comparison the transitions found in the laboratory
by Griffiths (GK99) for both s = 0.1 and s = 0.15.
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Figure 3.12: Flow regimes identified in the sliced cylinder, as in figure 3.11 but as
a function of Reynolds number Reγ and aspect ratio Λ. All runs have s = 0.1 and
E = 3.14 × 10−5 (and hence fixed Ho ). Examples of the flow patterns in these regimes
can be found in figure 3.4.

aperiodic regime were not investigated with the numerical model in this study.
The role of aspect ratio becomes clear when we plot the numerical model regimes as
a function of Reγ and Λ for fixed E (and therefore Ho ) and s, as in figure 3.12; streamfunctions for corresponding cases having a range of basin widths are shown in figure 3.4.
Figure 3.12 shows that a critical Reynolds number Re γ also characterises the transitions
between regimes as a function of aspect ratio for Λ > 1. The critical Reynolds number
passes through a minimum at Λ ≈ 1.25; for wider basins it increases slowly, whilst in
narrow basins the flow is strongly stabilised, to the extent that we find no instability for
Λ ≤ 0.695 (at the chosen values of E and s) even with very strong forcing. A larger
bottom slope and smaller Ekman number are required to produce instability when Λ is
very small, as in Becker & Page (1990).

3.6

Oscillation periods

On figure 3.13 we plot the eddy-shedding period (in units of “days”, i.e. tank rotation periods) of the numerical and laboratory flows in the periodic, unstable regime, as a function
1
of RoE − 3 . The laboratory results were obtained by direct measurement of the period of
cyclonic eddy shedding (the laboratory data shown are based on new measurements which
correct several mistakes in the measurements by Griffiths, reported in figure 13 of GK99).
The numerical periods were obtained from time series of the basin-integrated horizontal
kinetic energy K (equation (2.45)); points with doubled periods or aperiodic behaviour
(see figure 3.11) are not shown.
The oscillation periods in the numerical model ranged from approximately 8.5 to 26
days, similar to the periods of 12 – 32 days found by Beardsley (1969, 1972) under slightly
different conditions. We report here a new observation that the numerical oscillation
periods at various Ro and E collapse onto nearly the same curve when plotted against
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Figure 3.13: Oscillation periods in the sliced cylinder in the periodic, unstable
1
regime, in “days” (tank rotation periods), as a function of RoE − 3 . Except where
indicated, s = 0.1 for all the numerical results, and s = 0.15 for all the laboratory
results; all data shown are for anticyclonic forcing and Λ = 3.92. The laboratory
results are for E = 3.15 × 10−5 , E = 6.29 × 10−5 , and E = 12.6 × 10−5 . The lines
through the numerical data points are power-law regressions. The lines through the
laboratory data points are not regressions, but Ro−1 , the lid period in “days”, for the
three Ekman numbers investigated.
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1

50
1

RoE − 3 . For each Ekman number the periods have a power-law dependence on RoE − 3 , but
the exponent depends slightly on E. Nevertheless, the data for all E is well described by a
1
power law with exponent −1.4. The functional dependence on RoE − 3 provides evidence
that the period is determined by the dimensional velocity of the fluid in the jet (which is
to a first approximation proportional to Ro), and the width δ m of the cyclonic inner part
1
of the jet, which scales as E 3 (see figure 3.7). Both the shear in the cyclonic part of the
jet and the time taken for fluid parcels to circumnavigate the cyclonic loop at the end of
1
the jet are therefore functions of RoE − 3 , and it appears that these physical mechanisms
determine the eddy shedding period in the numerical experiments. Under these conditions
the period of the instability is significantly shorter than the shortest Rossby basin mode
period of 37.8 “days” (Pedlosky & Greenspan, 1967), so the resonances with Rossby basin
modes noted by Meacham & Berloff (1997b) do not occur in our case.
1
The laboratory results have a similar magnitude and general dependence on RoE − 3
as the numerical periods. However, in contrast to the close functional dependence on
1
RoE − 3 shown in the numerical results, the laboratory periods fall on three separate
lines corresponding to the three Ekman numbers studied. The cause of this disparity is
revealed by the very close agreement between the laboratory periods and the grey lines
in figure 3.13, which show Ro−1 (the lid period in “days”) at the three different Ekman
numbers. Apart from one exception, every laboratory period shown falls within a few
percent of the lid period. Thus it appears that, whilst the laboratory periods are close to
the “natural” period determined by the flow dynamics (as found in the numerical model),
in most cases the flow is forced to oscillate at a slightly different period by modulation due
to minute imperfections in the lid forcing. The fact that periods obtained with different
depth gradients fall on the same line in the laboratory results, but very different lines in the
numerical results (contrary to previous laboratory results by Beardsley, 1969), provides
further evidence for frequency locking. Frequency locking was also found by Griffiths
(GK99) for the small-amplitude oscillations present in the stable regime, but in this case
the oscillation frequency was often an integer multiple of the lid frequency, presumably
due to a wider disparity between the lid frequency and the frequency of the most readily
forced oscillation of the flow.
In contrast to the laboratory results, the computed flow converged to a steady state
in the stable regimes, and sustained periodic oscillations occurred only under conditions
very close to the onset of eddy shedding. As conditions giving sustained oscillations were
approached, the solution took an increasingly long time to converge to a steady state and
displayed slowly decaying periodic oscillations in total kinetic energy K. These decaying
transients had a well-defined period of around 15 – 30 tank rotation periods. As the Rossby
number was increased past the onset of instability the period merged smoothly with the
oscillation period in the periodic regime, whilst the amplitude increased continuously from
zero (see figure 3.14). These observations suggest that the transition to periodic flow is
a supercritical Hopf bifurcation, i.e. the most unstable eigenmode of the steady flow is
oscillatory, and its decay rate passes through zero at the instability threshold (Alligood
et al., 1997). A similar transition was found in an equivalent-barotropic model by Berloff
& Meacham (1997). The computed flow also showed fluctuations in total kinetic energy
during its initial adjustment following the commencement of forcing. These fluctuations
were not periodic, but had a dominant period of around 5 – 15 tank rotation periods. The
nature of these initial fluctuations has not been fully established, as they are significantly
shorter than the shortest Rossby basin mode period of 37.8 tank rotation periods (Pedlosky
& Greenspan, 1967).
The characteristic timescales of the initial fluctuations and later decaying oscillations
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Figure 3.14: Change in the oscillation amplitude and period as a function of
Ro across the instability threshold in the sliced cylinder, with anticyclonic forcing,
E = 3.14 × 10−5 , s = 0.1 and Λ = 3.92. The amplitude shown is the peak-topeak amplitude of the oscillation in the total kinetic energy K, and the period is in
“days” (tank rotation periods). For the stable runs the period shown is that of the
exponentially decaying oscillation. The lines are interpolations to assist the eye.
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in the numerical model are similar to the period of stable oscillations observed in the
laboratory close to the onset of instability, but are significantly shorter than the periods
(of up to 50 “days”) observed in the laboratory at lower Rossby number. This disparity,
and the independence of the timescale of the oscillations seen in the laboratory on E
and Ro suggest that the lid period exerts a modulating effect on the amplitude of the
stable oscillations, forcing a much longer modulation period at small Ro than the natural
adjustment timescale would imply (although we recall that the observed oscillation period
is still only a fraction of the lid period at small Ro). If this conclusion is correct, then
oscillations in the stable flow seen in the laboratory are a result of the system’s extreme
sensitivity to very weak forcing. As noted previously, the mechanism responsible for
the weak oscillations in the stable regime in the laboratory appears to be unrelated to the
shear instabilities found above the critical forcing level, and is not expected to influence the
locations of the regime transitions. Good agreement is therefore found between transitions
in the laboratory and numerical models (see figure 3.11).

3.7

Divergent velocity

In order to check the consistency of the numerical results obtained with equation (2.33), the
divergent component of the velocity (∇H φ) was estimated by solving the Poisson equation
∂w
∂z

≈ −∇H · uψ ln D − E

∇H2 φ = −

(3.1)

for the velocity potential φ using the numerical output to determine the terms on the
second line (the Poisson solver was the same as that used to solve ζ = ∇H2 ψ in the
numerical model; the boundary condition used was φ = 0 at r = Λ, i.e. no-slip for the
divergent velocity). This estimate is approximate only in that the divergent velocity has
been omitted from the orographic term; the estimate of φ will therefore be accurate if the
divergent velocity is much smaller than the nondivergent velocity.
Figure 3.15 shows plots of the magnitude of the divergent velocity estimated in this
way for flow with Λ = 3.92, s = 0.1 and Ro and Eh at the extremesi of the range in
+ E∇H2 ζ , when
vestigated. Since from (2.33) we have 2∇H2 φ ≈ −Ro ∂ζ
∂t + ∇H · uψ ζ
Ro = 0 we expect ∇H φ to be large only in regions where lateral viscosity is important. In
figures 3.15 (a) and (b) we can see that this occurs near the lateral boundary at the west,
where |∇H φ|Λ−1 reaches 7.1×10−3 for E = 3.14×10−5 , and 1.6×10−2 for E = 12.5×10−5
at i = Ni − 1 (note that the scale is different in figure 3.15 (a)). The magnitude of the
divergent velocity decreases rapidly with distance from the western boundary, and is negligible in most of the basin. Even at i = N i − 1, where |∇H φ|Λ−1 is largest, it is less than
5% of the nondivergent velocity in this region, where |∇H ψ|Λ−1 ≈ 0.4 (see figure 3.5).
Thus the error is small in the estimate of ∇H φ and, more importantly, the terms neglected
in deriving the vorticity equation (2.33) are also small when Ro = 0 (note that the nondivergent velocity is roughly perpendicular to the depth contours in the western boundary
current, so |∇H ψ|  |∇H φ| implies |uψ · ∇H ln D|  |∇H φ · ∇H ln D|). The magnitude of
the divergent velocity and its restriction to the western boundary are consistent with the
predictions in section 2.2.2.
When Ro is large (figures 3.15 (c) and (d)) the region where |∇H φ| is large extends into
the interior along the unsteady inertial jet. Even at the most extreme level of advection
shown we have |∇H φ|Λ−1 < 1.8×10−2 , which is still only a few percent of the nondivergent
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velocity magnitude in the same region since |∇H ψ| is also large in the jet. Although the
region where the divergent velocity is large is more extensive than for Ro = 0, |∇H φ|
is still sufficiently small relative to |∇H ψ| that the calculated flow structure remains in
good agreement with the laboratory observations. However the omission of the divergent
velocity in the jet from the numerical model may partly explain the differences in the
detailed time-dependence of eddy shedding compared to that seen in the laboratory. Note
that at nonzero Ro the omission of ∇H φ from the vorticity advection term may be more
serious than its magnitude implies, since u ψ may be aligned with ζ contours.
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Figure 3.15: Magnitude of the estimated divergent velocity in the sliced cylinder
with s = 0.1 and Λ = 3.92. The shading shows the value of |∇H φ|Λ−1 (note that the
scale is different in (a)), and the black lines are contours of ψ (the contour interval is
10−2 Λ2 between thick lines, and 5 × 10−3 Λ2 between thick and thin lines).

