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Abstract

The abstract boundary construction of Scott and Szekeres has proven a practical classification scheme for boundary points of pseudo-Riemannian manifolds. It
has also proved its utility in problems associated with the re-embedding of exact
solutions containing directional singularities in space-time. Moreover it provides
a model for singularities in space-time — essential singularities. However the literature has been devoid of abstract boundary results which have results of direct
physical applicability.
This thesis presents several theorems on the existence of essential singularities
in space-time and on how the abstract boundary allows definition of optimal embeddings for depicting space-time. Firstly, a review of other boundary constructions
for space-time is made with particular emphasis on the deficiencies they possess for
describing singularities. The abstract boundary construction is then pedagogically
defined and an overview of previous research provided.
We prove that strongly causal, maximally extended space-times possess essential singularities if and only if they possess incomplete causal geodesics. This result
creates a link between the Hawking-Penrose incompleteness theorems and the existence of essential singularities. Using this result again together with the work of
Beem on the stability of geodesic incompleteness it is possible to prove the stability
of existence for essential singularities.
Invariant topological contact properties of abstract boundary points are presented for the first time and used to define partial cross sections, which are an
generalization of the notion of embedding for boundary points. Partial cross sections are then used to define a model for an optimal embedding of space-time.
Finally we end with a presentation of the current research into the relationship
between curvature singularities and the abstract boundary. This work proposes
that the abstract boundary may provide the correct framework to prove curvature
singularity theorems for General Relativity. This exciting development would culminate over 30 years of research into the physical conditions required for curvature
singularities in space-time.
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Chapter 1

Introduction

Ever since the first exact solution to the Einstein Field Equations was discovered by Schwarzschild (1916) physicists and mathematicians have debated about
the interpretation that ‘ill-behaved’ points or singularities should have in Einstein’s
Theory of General Relativity. Initially it was not at all clear how the choice of
arbitrary coordinate systems and the presence of infinite curvature should be considered. It was not until 1960 when the Kruskal-Szekeres extension (Kruskal 1960,
Szekeres 1960) to the Schwarzschild space-time was discovered that the physical
validity of that particular space-time was confirmed for all values of the coordinate
r.
Soon afterwards Hawking and Penrose found that the most profitable techniques
to characterise and prove the existence of singular behaviour were those of differential topology. Their singularity theorems were of crucial importance in guaranteeing
that under reasonable physical criteria gravitational collapse and the production of
geodesic incompleteness in many space-times were unavoidable.
This thesis aims to examine this problem but using the abstract boundary formalism. In particular, the aim of this work has been to provide physically based
results on abstract boundary essential singularities of space-time and useful structures for those working in exact solutions for space-time.
There are many convincing reasons for using the abstract boundary as opposed
to using the boundary constructions of Geroch, Penrose, Kronheimer and Schmidt.
Chapter 2 has been written to form a brief introduction to the boundary constructions which have been applied to space-time in the past. However, my emphasis
has been to discuss those situations where the boundary constructions fail or do
not produce expected results. These considerations are used to focus on the reasons
why the abstract boundary will be used in the work that follows.
Chapter 3 reviews the fundamentals of the abstract boundary formalism which
will be used as the main tool for the original research presented in this thesis. This
review of the current literature on the abstract boundary has been written in the
style of a tutorial on those aspects of the abstract boundary construction which
are essential to understanding the original research contained within the following
chapters. Specifically I have attempted to make it a self-contained and pedagogical
account of the abstract boundary with the intent of explaining much of the intuition
in its definition and use. The most important result of this chapter is the definition
1
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of essential singularities.
Chapter 4 focuses on the relationship between essential singularities and geodesic
incompleteness. Since the geodesic incompleteness of a given space-time is not
always due to the presence of essential singularities we investigate what additional
conditions must be applied to space-time in order to enforce equivalence between
the existence of essential singularities and geodesic incompleteness. In particular,
for maximally extended and strongly causal space-times we derive the equivalence
of essential singularities and causal geodesic incompleteness. We also attempt to
strengthen the results of the chapter by considering what needs to be done to weaken
the strong causality condition and how other restrictions would prevent the presence
of imprisoned incompleteness.
Chapter 5 is devoted to answering some issues of stability for the classification of
abstract boundary points. The most significant result here is that using Theorem
4.12 one can find conditions under which essential singularities associated with
geodesic incompleteness are stable to perturbations of the metric. Thus, the stability
of the existence of singularities is a way to guarantee the utility of the essential
singularity concept in both physically realistic space-time models and the universe
at large.
Chapter 6 is concerned with the use of the abstract boundary formalism to describe optimal embeddings for space-time. Firstly, the contact properties of abstract
boundary points are developed and these are used to define a new concept — the
partial cross section. Partial cross sections are shown to be an extension of the
concept of an embedding for boundary points and are thus an ideal way to consider
maximal regular boundary sets. A model for optimal embeddings is created by
requiring that if regular boundary points are to exist in the embedding then the
embedding produces a related cross section containing at least a maximal allowable
regular partial cross section. Finally in the case of a maximally extended space-time
it is shown that an optimal embedding cannot possess any abstract indeterminate
points in its representation of the boundary.
Chapter 7 is devoted to one of the most exciting developments in the abstract
boundary. It has become apparent in the last year that the abstract boundary may
allow us to investigate curvature singularity results in an envelopment independent
way for the first time. When the ideas developed in Chapter 4 are applied to nonmaximally extended space-times it is possible to show that this requires certain
conditions on the expansion scalar of causal geodesics to form a trapped region.
It turns out that the strong curvature singularity concept of Tipler and Krolak is
ideally suited to this problem. This chapter reviews the notion of strong curvature
and discusses what is required to complete this curvature result. The proof of a
curvature singularity theorem would be a major result as this has been a goal of
the decades long program of investigation into space-time singularities.

Chapter 2

A History of Boundary
Constructions in General
Relativity.

When the first exact solutions of Einstein’s field equations were discovered it
was already apparent that points of infinite scalar curvature were very common † .
Mathematically these points are not parts of the open manifold M that comprise
the space-time (M, g). However, they may be realised as points of some boundary
set of the manifold, ∂(M) generated topologically or otherwise. The notion that
singularities can be considered boundary points of a space-time, is not a new one. In
practice, finding formal definitions or criteria on which to decide if a boundary point
is singular or not is not a trivial exercise and has been the subject of research for
over 30 years. The industry of boundary constructions for general relativity has been
fruitful for producing useful criteria under which we might determine a boundary
point to be singular. However despite the fact that the issue of singularities has
still not been settled, or perhaps because of it many researchers have moved on
to dealing with theories of quantum gravity to deal with the physics of ”singular
points”. Their efforts hope to determine, among other things, whether quantum
mechanics offers a way for space-times to avoid the presence of infinite curvature.
A related and significant pathology for the definition of singularities in general
relativity is that of curve incompleteness. Once a ‘physically important’ choice of
curve family has been made for a space-time, such as the family of timelike geodesics
or the family of bounded acceleration curves, the incompleteness of these curves is
one indication of singular behaviour. For example, if an astronaut were to traverse
along some inextendible timelike geodesic which has only finite affine parameter
length, then he would after a finite amount of his own proper time cease to be
represented by a point of the space-time manifold. Such a situation is clearly undesirable since such an observer would have no future history‡ . Similarly, for curves
†

In fact it was not until very recently that physically-reasonable singularity-free cosmological
space-times were discovered. At one stage the presence of singularities in just this one field of
exact solutions was so prevalent that it was thought that they may be an essential feature of most
realistic cosmological models.
‡
Indeed neither would the matter that makes up that observer!
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that are past incomplete, the observer would have no prior history and the origin
of creation for the observer would be indeterminate. In addition it is worthwhile
noting that the various types of possible infinities in the curvature, such as infinite
sectional curvature and infinities in scalar curvature invariants lead to the incompleteness of curves. However there are cases where even incomplete geodesics are not
due to curvature singularities. This disparity between the two different notions of
singularity is a source of many unsolved questions for the definition of singularities
in general relativity.
Nevertheless, historically, there have been three prescriptions of boundaries with
the aim of answering the issues above. The g-boundary construction of Geroch
(1968a) was the first method pursued for forming a boundary. It is based around
answering the question of whether two geodesics limit to the same point. Consequently, it is a relevant construction to apply when geodesic incompleteness is the
preferred definition of singular behaviour for the space-time of interest.
The b-boundary construction of Schmidt (1971) attacks the problem of defining
singular boundary points by using the Riemannian space properties of the bundle of
linear frames, L(M), over a manifold M. The construction adds endpoints to curves
in L(M), which are incomplete with respect to their generalized affine parameter.
Since these incomplete curves in M often correspond to many incomplete curves
in L(M) each curve is Cauchy completed in L(M) and equivalences classes of
boundary points formed from those curves that should have the same b-boundary
generated endpoints. Finally, the space-time manifold is completed by continuously
projecting down these equivalence class endpoints back to M.
The c-boundary construction of Geroch, Kronheimer and Penrose (1972) is a
vastly different approach based not on curve incompleteness but the topological
properties of the past and future sets of a space-time. In this technique the singular
boundary points and ‘points at infinity’ are represented by the largest indecomposable past or future sets of the space-time. These are the pasts and futures of
endless, inextendible timelike curves. This method defines boundary points purely
from the causal structure of the space-time alone but does not distinguish between
points at infinity and singular points in its boundary. Additional criteria must be
included for a singular c-boundary to be defined.

2.1

Preliminaries

In the following discussion an understanding of the topological separation properties of the various boundary completions will be essential to determining their
merit. Included here for completeness are the separation axioms for a topological
space, (X, T ) (from Steen and Seebach Jr. (1978)).
Definition 2.1 (T0 -separated)
p, q ∈ X are T0 -separated if there exists an open set U ∈ T such that either p ∈ U
and q ∈
/ U , or q ∈ U and p 6∈ U .

2.2. The g-Boundary
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Definition 2.2 (T1 -separated)
p, q ∈ X are T1 -separated if there exists open sets U (p), V(q) ∈ T containing p and
q respectively, such that q 6∈ U (p) and p 6∈ V(q).
Definition 2.3 (T2 -separated (Hausdorff separation condition))
p, q ∈ X are T2 -separated if there exist disjoint open sets U (p), V(q) ∈ T containing
p and q respectively.
Definition 2.4 (T3 -separation condition))
X satisfies the T3 -separation axiom if for any closed set A and any point x ∈ X
where x 6∈ A then there exist disjoint open sets U (A), V(x) ∈ T containing A and
x respectively.

2.2

The g-Boundary

The g-boundary was initially proposed by Geroch (1968a). It arose out of a need
for making precise the idea that certain physical quantities (i.e. the mass-energy
density, ρ, or components of the Riemann tensor, Rabcd ) may become infinite at a
singularity. This clearly would require a definition of singularities that was local.
Similarly there was a pressing need to precisely define topological concepts such
as the neighbourhood of a singularity or the past and future sets of a singularity.
In addition the question was raised whether differential concepts of the manifold
such as the metric structure could be extended to the singularity. Given that it is
important for the construction to be coordinate independent the definition has to
be topological. Historically, it was important at that time to deal with the issue of
geodesic incompleteness and so emphasis was made on the construction of boundary
points related to incomplete geodesics. The description given here follows essentially
the same notation and presentation of Geroch (1968a).

2.2.1

Construction of the g-Boundary

Suppose that for some geodesically complete space-time, (M, g), we have chosen
a 3-submanifold, S, which divides M into two disjoint parts, M1 and M2 . The
problem we would like solved is: How much of the surface, S, can be recovered if we
are given only M1 , a portion of the original manifold? In the g-boundary approach,
the boundary points are represented by equivalence classes of geodesics. Informally, the purpose of the equivalence relation, ∼, is to identify any two geodesics
which possess the same endpoint. Consider a geodesic γ, which can always be
uniquely defined by an ordered pair (p, ξ a ), p being a point of the manifold M1
and ξ a ∈ Tp M1 /{0} † . If we make small variations to these initial conditions then
the geodesic spray traces out a four-dimensional tube around γ and it is thickened
to a neighbourhood (see Figure 2.1). One notion of equivalence, which seems well
†

Note that the removal of the zero vector from the tangent space at p guarantees that no trivial
‘point’ geodesics are allowed.
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based physically, is to define any two geodesics, γ and γ 0 to be equivalent, γ ∼ γ 0
if γ 0 enters and remains inside every thickening of γ. This would clearly define an
equivalence relation between geodesics with endpoints on the surface S since it is
a reflexive (γ ∼ γ), transitive (γ1 ∼ γ2 and γ2 ∼ γ3 ⇒ γ1 ∼ γ3 ) and symmetric
(γ1 ∼ γ2 ⇒ γ2 ∼ γ1 ) binary relation in that case. Geroch in his argument notes
that in general it is not possible to find a regular 3-surface on which each incomplete
geodesic terminates but that the above idea can be generalised making it applicable
to any space-time.

Figure 2.1: Diagram depicting a thickening of geodesics and supplying a
notion of the equivalence of two geodesics.

With the previous idea we now follow Geroch’s precise definition of the gboundary construction. Let (M, g) be any space-time and G be the reduced tangent
bundle of M,
[
G :=
(Tp M \ {0}).
(2.1)
p∈M

G is an eight-dimensional manifold whose elements can be represented by the ordered pairs (p, ξ a ), defined previously. The elements of G are in unique correspondence with the geodesics of M since p defines the starting point of any geodesic
with ξ a its initial non-zero tangent vector. The affine parameter of that geodesic,
λ, is then defined by
dxa
= ξa.
(2.2)
dλ p
We then define a scalar field φ : G → R+ where φ is the total affine length of the
geodesic (p, ξ a ) in M. φ will be infinite only for those geodesics which are complete
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in M. We are interested in a special subset of G, GI which is the set of points in
G for which φ is finite. GI represents those geodesics of M which are incomplete.
We now define a 9-dimensional manifold H := G × (0, ∞) and more importantly
the two subsets of H
H+ := {(p, ξ a , a) ∈ H|φ(p, ξ a) > a}
H0 := {(p, ξ a , a) ∈ H|φ(p, ξ a) = a}

(2.3)
(2.4)

Geroch then defines a mapping Ψ : H+ → M. This map takes a point (p, ξ a , a)
of H+ to that point of M which is affine distance a along the geodesic (p, ξ a ).
A topology on GI can be defined as follows. Let O be an open set of M. With
each of these open sets we can define a set S(O) ⊂ GI by
S(O) :={(p, ξ a ) ∈ GI | there exists an open set U ∈ H containing the point
(2.5)
(p, ξ a , φ(p, ξ a )) ∈ H0 such that Ψ(U ∩ H+ ) ⊂ O}
Given any two open sets O1 and O2 of M, S(O1 ) and S(O2 ) obeys
S(O1 ) ∩ S(O2 ) = S(O1 ∩ O2 ).

(2.6)

Hence the collection of open sets, {S(O)| O is an open subset of M} is a basis for
the open sets of a topology on GI . The open sets of this particular topology on GI
serve as thickenings of the incomplete geodesics in M.
Using this topology over the set of incomplete geodesics, GI , yields an equivalence relation between elements of GI .
Definition 2.5 (g-equivalence)
Let α and β be two elements of GI . α and β are g-equivalent boundary points,
denoted α ∼ β, if and only if every open set in GI containing α contains β, and
every open set containing β also contains α.
Definition 2.6 (The g-boundary)
The g-boundary, denoted ∂g , is defined as the collection of equivalence classes of GI ,
∂g M := {[α]|α ∈ GI }.

(2.7)

It is important to note that the identification given above is just one of many
ways to define the equivalence classes which form the g-boundary. The prescription
given in Definition 2.5 is one of the weakest since it states that the points of GI
are identified only if they cannot be distinguished topologically by being present
in different opens sets. Consequently this version of topology on the g-boundary
only satisfies the topological separation axiom, T0 . Since this is not necessarily
a desirable property one other identification that may be employed is: α ∼ β if
for each continuous function f defined on GI , f (α) = f (β). The topology induced
on the g-boundary by this equivalence relation satisfies the separation axiom, T3 .
Geroch notes that there are other possible equivalence schemes that can be chosen
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to make the topology on GI , T1 or T2 but that for many examples it does not
make any real difference to the produced g-boundaries - the resulting constructions
producing identical boundaries. He does state, however, that the choice of too strict
a separation axiom may remove the interesting properties present in the boundary
and that this is not always a desirable situation. Geroch cites as an example, Taub
space (Taub 1951), for which a choice of topology obeying the T3 axiom destroys
the interesting non-Hausdorff properties of the g-boundary of that example.
At present the g-boundary is a topolgical space derived from the manifold, M,
but still entirely separate from it. We now define a unified object for the g-boundary
construction.
Definition 2.7 (Space-time with the g-boundary)
Let M be a space-time manifold with g-boundary structure ∂g M then we term
M := M ∪ ∂g M the space-time with g-boundary.
For this new space a subset (O, U ) of M, where O and U are respectively open
sets of M and ∂g M is open in M if S(O) ⊃ U . One should note that the restriction
of the topology on M to M gives the manifold topology on M while the restriction
to ∂g M gives the g-boundary topology mentioned previously.
With this construction Geroch was able to precisely describe the notions of the
future or past of a g-boundary point and extend differentiable structures to the
boundary. Some of the applications of this particular approach are:
1. Determination of the extendability of a space-time and if it is possible to
perform an extension.
2. Constructing conformal infinity for asymptotically flat space-times.

2.2.2

Problems with the g-Boundary

Geroch has stated that the construction of the g-boundary requires extensive
knowledge of the geodesic solutions on the given space-time manifold. It was hoped
that since the g-boundary deals with only the asymptotic behaviour of the geodesics,
that some simpler construction of the boundary might be possible. Geroch suggested
a second method using the metric over the space-time. Since geodesics use only
the simplest properties of this structure Geroch proposed that this could be the
source of a more straightforward construction of the boundary, but that it was
not obvious how to produce a different construction easily applicable to even the
most pathological space-times. Finally there is the problem of the uniqueness of
the construction. Geroch stated concerns that the g-boundary equivalence could be
restricted to include only timelike geodesics and construct the g-boundary points
from this. However since there are space-times which are timelike geodesically
complete but not null or spacelike geodesically complete then the g-boundary under
this altered definition would not be the same as that proposed earlier† . The g†

This arbitrariness of the choice of curve family affecting the description of what one would
call a singularity is essential to the a-boundary construction given in Chapter 3.
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boundary is also insensitive to singularities in space-times that are geodesically
complete but contain inextendible timelike curves of bounded acceleration with finite
generalized affine parameter length. Geroch (1968c) has created a space-time with
exactly this property. The g-boundary is consequently not a flexible construction for
dealing with all sorts of singular curve incompleteness. In addition non-Hausdorff
g-boundary structures occur naturally for many space-time models. Examples of
space-times for which the g and b-boundary constructions possess boundary points
which are not T1 -separated from manifold points are constructed by Geroch, Liang
and Wald (1982). Thus, these examples possess singular points which are ‘arbitrarily
close’ to interior manifold points. This is not a good feature of the g-boundary
construction since this property appears to be non-physical. In addition it is still
unclear how realistic non-Hausdorff space-times are‡ .

2.3

The Bundle Boundary

The bundle boundary or b-boundary construction of Schmidt (1971) uses the
Riemannian manifold properties of the bundle of frames L(M) over a space-time M
to complete the space-time and yield boundary points. Fundamentally the idea is to
use the Riemannian metric over L(M) to produce endpoints via Cauchy completion
for incomplete curves in the bundle of frames and then naturally map these points as
additional points of (M, g) using a continuous projection map from the larger space.
The motivation for using this approach (as mentioned by Hawking and Ellis (1973))
is due to the deficiency of considering only the incompleteness of geodesics and not
more general curves. From an aesthetic point of view the b-boundary construction is
an elegant generalisation of the metric completion of Riemannian spaces to pseudoRiemannian spaces. It is also important to note that for Riemannian spaces the
b-boundary gives an equivalent structure to that obtained by metric completion.
This fact made the b-boundary a particularly promising construction and hinted to
the deep significance of geodesic completeness for Riemannian manifolds compared
to pseudo-Riemannian manifolds.
The description of the b-boundary here follows essentially the treatment given
by Schmidt (1971) in his original paper.

2.3.1

Constructing the b-Boundary

The primary mathematical tool for defining the b-boundary is the concept of
a linear connection. Essentially, linear connections provide a concept of parallel
propagation for vectors on a manifold. So naturally, linear connections define isomorphisms between the tangent spaces of any two points of the original manifold.
It is important to note that unlike parallel transport on a Euclidean space parallel
‡

Many researchers have looked at the various issues of allowing non-Hausdorff manifolds to
represent space-time. Hajicek (1971) investigated the causal properties of these space-times and
showed that under very general conditions they must all possess a causal anomaly such as violation
of strong causality.
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transport does not provide one with a unique isomorphism between the tangent
spaces of two points but one that is path-dependent and related to the curve used to
join the two points. Instead of defining the result in terms of the parallel transport
operation it is simpler to define it in terms of a covariant derivative operator, ∇
which obeys the standard properties for a Koszul connection.
Although the linear connection can be defined as objects on the manifold itself
this operator can also be defined as a geometrical object on the bundle of frames
over the given manifold of interest.
Let M be a C ∞ , Hausdorff pseudo-Riemannian manifold. A linear frame, u, over
any point x ∈ M is defined as an ordered set of basis vectors X1 , X2 , . . . , Xn of the
tangent space over x, Tx M. The bundle of linear frames over M, L(M) is a principal
bundle with structure group GLn R, the group of general linear transformations over
Rn . This means that some element ak i ∈ GLn R acts on the right on any element of
L(M) taking the frame {Xi (x)}i=1...n at the point x to the frame {ak i Xi (x)}k=1...n
also at x. There is a projection map π : L(M) → M which takes any frame above
x to the point x itself.
If a linear connection is given on M then a notion of parallelism is defined on the
space. A curve u(t) in L(M) is termed horizontal if the continuous family of moving
frames {Xi (x(t))}i=1...n are parallel along the projection π(u(t)) of the curve into
M. The family of all the tangent vectors of all horizontal curves through u ∈ L(M)
form an n-dimensional vector subspace, Hu , of the tangent space at u, Tu (L(M)).
The collection, H, of these vector subspaces at every point u of L(M), forms a
distribution which is invariant under the action of the structure group, GLn R. This
can be easily realised because parallel displacement is a vector space isomorphism.
Hence another way to define a linear connection on a manifold, M, is to choose
a n-dimensional vector subspace, Hu of Tu (L(M) such that the distribution, H,
is invariant under the action of the structure group and contains no other vector
tangent to the fibre, π −1 (x), except the zero vector.
With a linear connection defined on M it is now possible to define useful vector
fields and 1-forms on L(M). The standard horizontal basis vector fields, Bi (u), i =
1 . . . n are uniquely defined by
π∗ (Bi (u)) = Xi , if u = {Xi }i=1...n .

(2.8)

Similarly if ξ = {ξ i } ∈ Rn is a set of coefficients, then ξ i Bi is the unique horizontal
vector field such that
π(ξ i Bi (u)) = ξ i Xi , if u = {Xi }i=1...n

(2.9)

For non-zero ξ, ξ i Bi does not vanish. It is also important to note that by the
definition of the basis vectors fields given above every integral curve in L(M) is
projected onto a geodesic in M and every lift of a geodesic in M is an integral
curve of some vector field ξ i Bi .
The action of GLn R on L(M) defines vertical vector fields, which act along the
fibres. These fields correspond to elements of the Lie algebra gln R. For example if
a ∈ gln R, its action generates a path along the fibre, c(t), which is a 1-dimensional
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subgroup of GLn R. Denoting the right action of an element a ∈ GLn R on the point
u ∈ L(M) by Ra u, a unique vertical vector field is defined on L(M) by
∗

(E)u =

d
Ra(t) u
dt

.

(2.10)

t=0

∗

The map E 7−→ E is an isomorphism from gln R to the Lie algebra of vector fields
on L(M) because GLn R acts
freely on it. Let Ek i be a basis of gln R. Then the
∗
collection of vector fields Ek i , Bi define a parallelisation of L(M).
If we use v(X) to denote the vertical component of the vector X then, we can
define the connection 1-forms of the space, ωk i by
∗

v(X) = ωk i (X)Ei k .

(2.11)

Independent of the chosen basis for the structure group, gln R, there is a gln Rvalued 1-form, ω defined by
ω(X) = ωk i (X)Ei k .

(2.12)

The horizontal vector subspaces, Hu , can be easily defined from the relationship
ω(X) = 0 ⇔ X ∈ Hu .

(2.13)

Canonical 1-forms, θ i are determined on L(M) by
π∗ (X(u)) = θ i (X(u)) , if u = X1 , . . . , Xn .

(2.14)

These canonical 1-forms allow a Rn -valued 1-form to be defined by
θ = ei θ i ,

(2.15)

where {ei } is the standard basis of Rn . It is important to note that by the definitions given above in (2.8), (2.11), (2.12), and (2.14) we obtain the following duality
relations between these structures
θ i (Bk ) = δk i
∗

(2.16)

ω l k (E i j ) = δ i k δ l j .

(2.17)

∗

θ i (E k j ) = 0

2.3.2

ωk i (Bj ) = 0

The Bundle Metric on L(M)

Using the fundamental one-forms, θ i , and the connection forms, ωk i , it is possible
to go on to define the torsion and curvature two-forms, Θ and Ω in terms of fundamental and connection forms in the standard structure equations (see Kobayashi
and Nomizu (1963, p. 121) or von Westenholz (1978, p. 370-86)):
X
dθ i = −
ωj i ∧ θ j + Θ i ,
j

dωj i = −

X
k

ωk i ∧ ω j k + Ω j i .
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We can also define a Riemannian metric on L(M) using these objects,
X
X
g(X, Y ) :=
θ i (X)θ j (Y ) +
ωk i (X)ωi k (Y ).
i

(2.18)

i,k

If M is orientable then L(M) consists of two connected components, each component corresponding to the two possible senses of the frame basis. If M is nonorientable then there is only one connected component consisting of all of L(M).
Since we are dealing only with orientable space-times we will only consider the case
where L0 (M) is one of these chosen connected components. On L0 (M) we now
define a distance function d(u, v) as the infimum of the length of all piecewise differentiable curves between points u and v, with respect to the bundle metric, g(X, Y ).
L0 (M) supplied with this distance function becomes a topological metric space. As
for any other metric space, there is a standard method of forming a complete metric
space, L0 (M), in which L0 (M) is dense. The points of L0 (M) which are not contained in L0 (M) are the equivalence classes of Cauchy sequences of points in L0 (M)
which have no limit in L0 (M). These points will be denoted by L̇0 (M). We can
now use the newly formed boundary on L0 (M) to produce a boundary on M by
extending the action of the structure group on L0 (M) to all of L0 (M) and define the
new boundary points of M as the orbits of the structure group contained wholely
in L̇0 (M). It is important to verify that the action of the elements of the structure
group can be transfered onto the boundary. Central to this proof is the following
lemma.
Lemma 2.8
The bundle metric satisfies
0 < α(a)g(X, X) 6 g((Ra )∗ X, (Ra )∗ X) 6 β(a)g(X, X),

(2.19)

where α and β are constants dependent on a and X is an arbitrary vector.
The details of the proof can be found in Schmidt (1971). The above lemma
implies that,
α(a)d(u, v) 6 d(Ra u, Ra v) 6 β(a)d(u, v)
(2.20)
on L0 (M) and hence the transformations Ra are uniformly continuous and may be
extended uniformly continuously, onto L0 (M). This extension is unique and GLn R
(or GL0 n R if M is orientable) is a topological transformation group on L0 (M).
We now let M be the set of orbits of the transformation group on L0 (M) and
π be the projection map from L0 (M) onto M mapping a point on L0 (M) to the
orbit through that point. The topology on M can be defined by allowing a subset
O of M to be open if and only if π −1 (O) is open in L0 (M). Clearly π(L0 (M)) can
be identified with M and now we can define the b-boundary.
Definition 2.9 (bundle boundary (or b-boundary))
Given a space-time (M, g), the b-boundary ∂b M, is defined as
∂b M = Ṁ = ∂(π(L̇0 (M))) = M \ M

(2.21)
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The space M = M ∪ ∂b M is termed the manifold with b-boundary.

It should be noted that the above construction was dependent on the choice of
Riemannian metric given in (2.18). The metric given there is not uniquely given
by the connection since the basis Ej i of gln R which defines the Ej i and the choice
of basis for Rn which determine the Bi may both be chosen arbitrarily. However it
can be shown that all distance functions, which are generated by altering the choice
of basis for gln R and Rn , are all uniformly equivalent. The two distance functions,
d and d0 , are termed uniformly equivalent on a set T if the two maps between the
metric spaces induced by the identity map of T are uniformly continuous. Hence
the choice of linear connection on M uniquely determines a uniform structure on
L0 (M) and M and ∂b M are independent of the choice of Riemannian metric.
Interpreting Curve Length in the b-boundary
Since points in the b-boundary are equivalence classes of Cauchy sequences in
L(M), the lengths of curves in L(M) must be interpreted in M. This is very simple
for horizontal curves. If u(t) : [0, 1] → M is a horizontal curve in L(M) then its
tangent vector u̇(t) has the property that ω(u̇) = 0 and using the definition of the
bundle metric we obtain the length of u(t) as:
L=

Z

1
0

n
X
i=1

θ i (u̇)θ i (u̇)

!1/2

dt.

(2.22)

If u(t) is a frame parallel along x(t) = π ◦ u(t) then the properties of the θ i imply
that
ẋ = π∗ (u̇) = θ i (u̇)Xi .
Thus the θ i (u̇(t)) are the components of ẋ(t) in the frame u(t). Then the length
of x(t) is the ‘Euclidean length’ measure as if the frame were orthonormal. This
L provides curve x with a type of generalized affine curve parameter which in the
case of geodesics agrees with its standard affine parameter. This parameter will be
refered to as a generalized affine parameter which will be abbreviated in future to
g.a.p. From our definition of curve length it is clear that every incomplete geodesic
produces a point of ∂b M. If the previously defined connection corresponds with the
Levi-Civita connection associated with the Lorentz metric of a space-time then, in
addition, we have that timelike curves with finite length (and hence those of bounded
acceleration) generate b-boundary points. Hence the Schmidt construction of the
bundle boundary already includes curves that Geroch showed would not produce
g-boundary points.
Finally if the previous prescription is applied to a Riemannian manifold then its
b-boundary coincides with that produced by the standard metric completeion of the
Riemannian space. This is formalized in the following theorem.
Theorem 2.10 (Schmidt (1971, p. 277))
Let M be a manifold with its b-boundary defined by a connection which is induced
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by a Riemannian metric. Then M is homeomorphic to the Cauchy completion by
means of the Riemannian metric.

2.3.3

Problems with the b-Boundary Approach

The chief difficulty of the b-boundary construction is that its realization for
general space-times can only be made in Riemannian spaces of a large number of
dimensions. For a Lorentzian space of n dimensions the frame bundle L(M) has n+
n2 = n(n + 1) dimensions. If one uses the approach given by Schmidt and considers
the entirety of the bundle of linear frames L(M) then it is necessary to deal with a
20-dimensional space! It has been shown that one need only deal with a submanifold
of L(M), namely, O(M), the bundle of orthonormal frames which in general has
n(n + 1)/2 dimensions (see Schmidt (1971)). Even then, for a 4-dimensional spacetime we must deal with the Cauchy completion of a 10-dimensional Riemannian
space, where intuition is very difficult to use. Schmidt (1971, p. ?) concedes that
in general cases the b-boundary is almost impossible to generate. Consequently
the only b-boundary calculations which have been completed and presented in the
literature have been those of 4-dimensional space-times possessing enough symmetry
that the effective bundle of frames is 3-dimensional for which results calculated in
this sub-bundle may be related to those in L(M). A discussion of the validity of
this approach will be given in the following discussion of the result by Bosshard.
Even if the b-boundary can be generated for a space-time, there are more troublesome difficulties which plague its practical application. Bosshard (1976) determined that the b-boundary of closed Friedmann cosmology identified the initial and
final singularities of the model. Independently Johnson (1977) showed that the bcompletion of a larger family of space-times, which includes both the Schwarzschild
and Friedmann solutions, was non-Hausdorff. These important results and their
consequences are summarised in the following discussion.
b-Boundary of the Closed Friedmann Model
Due to the difficulties exposed earlier in working with the bundle of orthonormal
frames directly it is usual for calculations of the b-boundary to be performed only
in spaces with a significant amount of symmetry. Applying these symmetries to the
bundle of orthonormal frames removes many of the additional degrees of freedom
reducing the number of dimensions to those that are physically relevant and to a
number that is managable in practical calculation.
Bosshard’s determination of the identification of the initial and final singularities
of the closed Friedmann model uses the spherical symmetries of these maximally
symmetric space-times.
For a closed Friedmann model (M, g) with metric
ds2g = R2 (ψ){dψ 2 − dσ 2 − sin2 σ(dθ 2 + sin2 θdφ2 )},
with R(ψ) = 1 − cos ψ,
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there are timelike and totally geodesic submanifolds N ⊂ M with an induced
metric, γ : ds2γ = R2 (ψ)(dψ 2 − dσ 2 ), corresponding to θ = θ0 and φ = φ0 , where θ0
and φ0 are both constants. These can be inversely characterised as an S 2 family of
smooth injections of N into M
i1 : N → M : (ψ, σ) → (ψ, σ, θ0 , φ0 )

with fixed element (θ0 , φ0 ) ∈ S 2 . For any one of these N , we can define the positively
oriented component of the bundle orthonormal frames




 
1
cosh χ sinh χ
∂ψ
+
(ψ, σ) ∈ N , χ ∈ R .
O (N ) :=
ψ, σ,
sinh χ cosh χ R(ψ) ∂σ
Note that in this definition of the sub-bundle O + (N ) ⊂ L(M), the frame
 
1
∂ψ
R(ψ) ∂σ

is located along the cross section χ = 0, ∀(ψ, σ) ∈ N . We can now define a smooth
injection of O + (N ) and O + (M). Consider the following submanifold of O + (M)




 
1
L(χ) 0
Y
χ∈R
Ñ :=
(ψ, σ, θ0 , φ0 ),
0
I2 R(ψ) W
where we define the block matrices


cosh χ sinh χ
L(χ) =
,
sinh χ cosh χ



∂ψ
Y =
, and
∂σ





1 0
I2 =
,
0 1


(R sin σ)−1 ∂θ
W =
.
(R sin θ sin σ)−1 ∂φ

It is readily seen that Ñ is clearly isomorphic to O + (N ). Moreover, there is a C ∞
injection h : O + (N ) → O + (M) since
 
1
Y
W
R(ψ)
is an orthonormal frame for any point of M. Finally, Ñ is a sub-bundle of O + (M)
since



L(χ) 0
χ∈R
0
I2

is a Lie subgroup of the full Lorentz structure group for O + (M). Hence we obtain
the mappings depicted in Figure 2.2. In this diagram π1 and π2 are the natural
projections from each bundle to the base manifolds N and M respectively. i2 is the
embedding of Ñ into O + (M) and ĩ : O + (N ) → Ñ is the embedding of O + (N ) into
Ñ defined by





 
1
1
L(χ) 0
Y
ψ, σ,
L(χ)Y 7−→ (ψ, σ, θ0 , φ0 ),
.
0
I2 R(ψ) W
R(ψ)
It is clear that the projection and embedding maps commute i.e. π2 ◦ h = i1 ◦ π1
(see Bosshard (1976)). Bosshard also presents the following essential result.
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Figure 2.2: Diagram of the maps between the sub-bundles O + (M) and Ñ of O + (M).

Lemma 2.11
If p̃(s) is a horizontal curve in O(N ), then x̃(s) = hp̃(s) is also horizontal in O(M).
Hence for these submanifolds one need only consider the much simpler threedimensional sub-bundle Ñ ⊂ O(M), associated with the submanifolds N since
every curve which is horizontal with respect to γ is horizontal with respect to the
full metric, g. As a result of this even more can be said:
Proposition 2.12
γ̃ = h∗ g̃ or
γ̃(U, V ) = g̃(h∗ U, h∗ V ) for all U , V ∈ T (O + (N )).
The previous proposition is proved in Bosshard (1976, p. 265).
From the expression for γ, the bundle metric γ̃ over Ñ , can be determined
directly by moving frame techniques. The bundle metric may also be calculated
from the determination of horizontal curves† . For the closed Friedmann model γ̃ is
given by the line element
dsγ̃2

e2χ 2
e−2χ 2
R0 (ψ)
2
2
2
2
=
R (ψ)(dψ − dσ ) +
R (ψ)(dψ + dσ ) + (
dσ + dχ)2 .
2
2
R(ψ)

Finally the following inequality (unproved by Bosshard but established by Dodson (1978, pp. 470-1)) is required.
Corollary 2.13
Let p̃1 , p̃2 ∈ O + (N ). then dγ̃ (p̃1 , p̃2 ) > dg̃ (hp̃1 , hp̃2 ) if dγ̃ is the distance function in
O + (N ) given by γ̃ and dg̃ , similarly for O + (M).
†

This method appears to be more labour intensive since it requires determination of the LeviCivita symbols and solving the differential equations for parallel transport of a basis vector from
a given frame (see Dodson (1978, p. 265, 471)). Horizontal curves may be calculated just as easily
from the bundle metric itself.
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This result will be used to show how a bound given on the distances in O + (N )
also provides a bound on distances in O + (M). We now have everything in place to
create the identification curves.
Identification Curves
Bosshard continues by constructing a sequence of horizontal curves λn , each
composed of three horizontal parts. The aim will be to show that the bundle length
of this concatenated curve approaches zero as n → ∞.
Part one connects points p̃1n : (ψn , σ0 , 0) and p̃2n : (ψn , σ0 −χn R(ψn )/Ṙ(ψn ), χn ).
For this curve ψ = ψn is a constant and
σ(χ) = σ0 − χn R(ψn )/Ṙ(ψn ),
where σ0 is a constant and χn = −α ln R(ψn ), α > 1. Using the bundle metric the
length of this curve of is
Z
1
R2 (ψn ) χn p
L1n =
dχ cosh 2χ < √ |(R(ψn )2−α + R(ψn )2+α )/Ṙ(ψn )|
2
Ṙ(ψn ) 0
If R(ψ) = R(2π − ψ) ∼ ψ β as ψ → 0 then
L1n ∼ ψn1+β−αβ + ψn1+β+αβ
and for an arbitrary β > 0 there is an α obeying 1 < α(β + 1)/β. Hence
lim L1n = 0 for ψn → 0.

n→∞

Bosshard goes on to demonstrate that the fibre through p̃1 ∈ Ȯ + (N ) is degenerate and hence any two points in the fibre are identical (see Bosshard (1979) and
also Dodson (1978, p. 473)). The second part of the curve is the horizontal lift of a
null geodesic and connects p̃2n with
p̃3n : (2π − ψn , σ0 − χn R(ψn )/Ṙ(ψn ) + 2π − 2ψn , χn ).
The curve is represented by the functions
σ(ψ) = σ0 − χn R(ψn )/Ṙ(ψn ) + ψ − χn ,
χ(ψ) = χn − ln(R(ψn /R(ψ)).
The length of this portion is bounded (as follows),
√
√ e−χn Z 2π−ψn
dψR2 (ψ) < 3 2πR(ψn )α−1 .
L2n = 2
R(ψn ) ψn
The third curve joins the points p̃3n and
p̃4n : (2π − ψn , σ0 − 2χn R(ψn )/Ṙ(ψn ) + 2π − 2ψn , 0)
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and is represented by the functions
ψ = 2π − ψn = const.,

σ(χ) = σ0 − 2χn R(ψn )/Ṙ(ψn ) + 2π − 2ψn + χR(ψn )/Ṙ(ψn ).
This curve also has length L1n . Thus the length of the concatenated curve Ln has
the property
lim Ln = 0.
n→∞

Thus for each  > 0 there exists an N such that L(λn ) < /2 and R(ψn )ψn < /2
for all n > N . Bosshard reminds us that there are two consequences of this.
1. The sequences {p̃1n }, {p̃4n }, have zero distance in the limit i.e. for all  > 0
there exists an N where
dγ̃ (p̃1n , p̃4n ) < L(λm ) + |R(ψn )ψn − R(ψm )ψm | <  for all n, m > N .
Thus dg̃ (hp̃1n , hp̃4m ) < .
2. Both {p̃1n } and {p̃4n } are Cauchy sequences without limit in O + (N ). Thus
{hp̃1n } and {hp̃4n } are Cauchy sequences in O + (M). One notes that by
construction, the projections of p̃1n and p̃4n converge in coordinates to the
primordial and future collapse singularities of the Friedmann solution,
coord.

p1n −→ (0, σ0 ),
coord.

p4n −→ (2π, σ0 + 2π).
This implies that although {p̃1n } and {p̃4n } (and therefore {ip̃1n } and {ip̃4n }) approach the two different singular points at ψ = 0 and ψ = 2π, Schmidt’s b-boundary
construction leads to the identification of these two points.
Johnson Result
Johnson (1977) investigated the bundle completion of a family of space-times
which could be reduced by symmetries to a two-dimensional space-time with a
metric of the form
ds2 = −b2 (r)dr 2 + a2 (r)dφ2
with r ∈ R+ and φ ∈ S 1 .
Using these two-dimensional results Johnson was able to extend them to show
that the bundle completion of a large family of space-times which includes both
the Schwarzschild and closed Friedmann solutions is non-Hausdorff. The twodimensional family has metric functions a(r) and b(r) with the following properties.
1. b0 (r) > 0 on (0, R),
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2. limr→0+ b(r)/a0 (r) = 0, and d(b0 (r)/a(r))/dr > 0 on (0, R),
3. a(r)/a0 (r) > rC for r ∈ (0, R) for some constant C > 0,
4. for all r0 ∈ (0, R) there are C ∞ functions ã(r), b̃(r) : R → R+ such that
ã|[r0 ,R] = a,

b̃|[r0 ,R] = b

and ã(r) = b̃(r) = 1 except on a compact set,
5. for some sequence {xn } → 0 on (0, R)
∞ Z
X
n=1

xn
0

b(r)dr < ∞,

∞ Z
X
n=1

xn
0

b(r)
dr = ∞.
a(r)

In those cases where all the above are satisfied there is a singularity at r=0. These
conditions are satisfied by the two-dimensional submanifold of the Friedmann model
previously discussed as well as a similar submanifold of the Schwarzschild solution
for which,
a(r) = 1,
b(r) = (2/r − 1)−1/2 with R = 1.
+

Let O (N ) be the completion of the positively oriented orthonormal bundle.
Definition 2.14 (Essential Boundary)
+
Let η : [s1 , s2 ) → O (N ) be an inextendible, finite b-incomplete curve whose rcoordinate function is not bounded away from zero along it. The essential boundary
b + (N )) where
of N is π(O


+
+
b
O (N ) := p = lim η(s) ∈ O (N ) p = lim η(s) .
s→s2

s→s2

The essential boundary represents the singularities in these models. There is
also a natural class of incomplete radial curves in these models
ηφ (s) = (s, φ0 , 0) with φ0 ∈ S 1 fixed.
These curves are the horizontal lifts of their projections. For these curves define
p̃(φ0 ) := lim ηφ0 (s),
s→0

P0 := {p̃(φ0 )|φ0 ∈ S 1 }.
The following lemmas outline Johnson’s proof.
Lemma 2.15
P0 is compact since the mapping S 1 → P0 : φ0 7−→ p̃(φ0 ) is continuous.
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Lemma 2.16
For every point p̃(φ0 ) ∈ P0 the fibre above it, π −1 ◦ π(p̃(φ0 ) reduces to a point (i.e.
p̃g = p̃ for all p̃ ∈ P0 and g ∈ O(1, 1)† ).
Lemma 2.17
For all  > 0 and all φ0 ∈ S 1 , dγ̃ (p̃(0), p̃(φ0 )) < 
Hence we can conclude that P0 consists of a single point, p̃ and we have the next
result
Lemma 2.18
b + (N ) = {p̃} (i.e. the essential boundary of N is a single point).
O

Lemma 2.19
The only open set in N containing π(p̃) is N itself and thus π(p̃) cannot be Hausdorff
separated from any point of N .
This final lemma results from the existence of vertical sequences above every
point (r0 , φ0 ) ∈ N
{q̃i } ⊂ O + (N ) : n 7−→ (r0 , φ0 , n)
converging to p̃ (see Dodson (1978, p. 474) and Johnson (1977, §3.8)). Finally we
can generalize and extend these results to the full four-dimensional Friedmann and
Schwarzschild space-times since there is an injective isometry (like the h used in
Bosshard’s result) from each of these two-dimensional spaces. Hence the horizontal
lifts yield a pointlike P0 in each case and every neighbourhood of this point projected
into the full space-time will contain the image of the injection. The action of the
SO(3) symmetry group on the Schwarzschild space-time (or SO(4) symmetry group
for the case of the Friedmann model) yields rotations allowing the results for the
injected 2-space to apply to any manifold point. Hence for the full space-times and
for any point, p in them there exists a q ∈ ∂b M such that p is in every neighbourhood
of q.

2.3.4

Alternate Versions of the b-Boundary Construction

As was determined in the work of Bosshard and Johnson reviewed in the previous
section there are many problems with the Schmidt construction of the b-boundary.
In the closed Friedmann model, the degeneracy of the fibres over the initial and
final singularities leads to their identification. The b-boundary of this model gives
an incorrect impression of the singularity being composed of a single point when it
is obvious in coordinates that they are separate events. Similarly Johnson noted
that the non-Hausdorff nature of the Schwarzschild and Friedmann b-completions
+
was due to degenerate fibres in O (M). In addition Johnson noted that in his
previously defined class of space-times that the b-boundary was composed of a single
†

Note that this is the same degeneracy result as used by Bosshard earlier.
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point. The type of non-Hausdorff separation presented earlier is clearly undesirable
since it implies that every manifold point (even those remote from the singularity)
is arbitrarily close to the boundary.
In order to address these concerns Dodson, Clarke and Slupinski have all suggested ways to remove the degeneracy over the singular points and in the process
create alternate versions of the b-boundary with better-behaved topological properties. In connection with these attempts Schmidt (1979) proposed two fundamental
criteria which a boundary construction ought to satisfy.
(a) If the space-time M has an extension into a larger space-time M0 such that
M0 \ M is a manifold-with-boundary, then the space-time boundary of M
must contain the topological boundary of M0 \ M in a natural way.
(b) The boundary must be a property of the space-time metric, not requiring the
introduction of particular observers or a similar extrinsic structure.
Condition (a) appears to be important since only for regular boundaries is there any
intuition about which boundary points should be identified. Condition (b) appeals
to the requirement that the boundary construction should be generated only by
space-time properties and not possess any arbitrariness in definition.
Dodson’s Construction of the b-Boundary
Dodson (1978, 1979) proposed an extra term in the bundle metric which removes unwanted identifications and the degeneracy of fibres over the singularity
in the closed Friedmann model. Dodson’s construction relies on the existence of a
parallelization p : M → O + (M) on the manifold. If this is the case then one can
generate a vertical form p̃ producing a term p̃(X)p̃(Y ) which can be augmented
to the Schmidt metric. When applied to the Friedmann model the fibres over the
initial and final singularities are not degenerate and consequently these singularities
are not identified. In addition, the p-completion of the model is Hausdorff. There is,
however, no proof that for a general parallelizable space-time that M̃ is Hausdorff.
Although parallelizations do exist for many common space-times they are not
guaranteed to exist for arbitrary space-times. One might believe this to be sufficient
reason to suggest that the p-completion is not a useful tool in general. Geroch
(1968b) has proved that a space-time is parallelizable if and only if it admits a spinor
structure. Since spinors are the natural language for quantum fields in space-time,
the argument that realistic space-times be parallelizable seems persuasive. When
parallelizations do exist there is often more than one choice. Hence this construction
does not satisfy (b). A parallelization can be constructed if there is some intrinsic
timelike vector on the space-time, such as some eigenvector of the Ricci tensor. In
these particular cases the p-completion may also satisfy (b). However, the existence
of a prefered vector field general physically realistic space-times is another point of
contention.
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Slupinski-Clarke Construction
Slupinski and Clarke (1980) modified the original b-boundary by imposing a
projective limit construction on it. The b-boundary construction can be thought of
as a method to attach endpoints to every b-extendible curve in M making equivalent those endpoints of curves which possess horizontal lifts which approach one
another arbitrarily closely. The authors suggest that the unwanted identifications
and non-Hausdroff topologies produced by the Schmidt construction are a result
of identifications between endpoints that should be separated. If a compact subset
of M is removed from the interior and the b-boundary formed for the resulting
manifold then some of these identifications do not occur when the space-time is
b-completed. Slupinski and Clarke state that the idea of their construction is to
remove successively larger compact sets and form a projective limit of the resulting
b-boundaries. This approach seems to be fruitful since the boundary points obtained are always T2 -separated from interior points of the manifold and when this
construction is applied to the closed Friedmann cosmology it gives separate initial
and final singularities. When applied to the Λ < 0, k = −1 universe, this construction still identifies the initial and final singularities but it is suggested (by Tipler,
Clarke and Ellis (1980)) that this can be repaired by a different choice of topology.
In addition their construction satisfies criterion (b).

2.3.5

Summary of the b-Boundary Construction

We have seen that the Schmidt construction provides a natural way to ascribe
boundary points to a pseudo-Riemannian manifold which coincides with the standard Cauchy completion for Riemannian manifolds. In practical application the
Schmidt prescription is difficult to use since it requires calculating the properties
of a 10-dimensional Riemannian manifold. Consequently it has been calculated for
only a few space-times which possess a high degree of symmetry and which generate bundles with 3 dimensions. In those few cases where this boundary has been
calculated the Schmidt construction has yielded non-physical results. The identification of initial and final singularities in the closed Friedmann universe is an
undesirable feature. Similarly the nature of the non-Hausdorff completions cause
manifold points which should be considered arbitrarily far away to be brought ‘close’
to boundary points. This extends to the degree that for some space-times the only
neighbourhood of the b-boundary is the entire space-time itself. Both of these problems are caused by the presence of degenerate fibres above the singular points. As
a result, Slupinski and Clarke (1980) and Dodson (1979) have attempted to find alternate definitions of the boundary or the metric in the bundle of frames to remove
this degeneracy. The results for some of these have been promising and for others
there is the deficiency that the construction relies on a choice of section or other
construction on the space-time and hence is not a property of the space-time alone.
The Schmidt’s (1971) original b-boundary has been applied to produce singularity
theorems (Hawking and Ellis (1973, p. 276-98) and Dodson (1978, p. 446-9)) but
due to the difficulties in applying the construction to general space-times there has
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been little advance in application of the b-boundary construction to singularities
since that time. The reader is urged to read Dodson (1978) for an extensive (although lengthy) review of the boundary and the results presented in this section.
A shorter review can be found in papers presented in General Relativity and Gravitation (1979), 10(12), by Bosshard (1979), Johnson (1979), Dodson (1979), Clarke
(1979) and Schmidt (1979).

2.4

The Causal Boundary

We will now discuss the causal boundary or c-boundary construction of Geroch,
Kronheimer and Penrose (1972), and the extended developments of it by Budic and
Sachs (1974), and Szabados (1988), et. al. The c-boundary is so named because it
is derived purely from the causal set structure of the parent space-time. The result
of this construction when applied to a manifold M, possessing causal structure, is
a second topological space M∗ = M ∪ ∂c M, the causal completion of M. The
c-boundary identifies ordinary manifold points with their chronological past or future sets (i.e. I + : M → M∗ with p → I + (p) and dually for past sets). Boundary
points in the c-boundary, (denoted ∂c M) are formally represented by terminal indecomposable past sets and future sets (abbreviated to TIP and TIF respectively).
These sets are maximal past or future sets which are not the chronological past or
future of any manifold point. It is clear that for these maps and indentifications
to be well-defined, that the past or future of a point be unique to that point, i.e.
the definitions will only apply to space-times where I − (p) = I − (q) ⇒ p = q and
I + (p) = I + (q) ⇒ p = q. Consequently this construction is only applicable to spacetimes which are both past and future-distinguishing. In those cases where a TIP and
a TIF both represent the same point an identification is made and the completion
given a topology. Provided a strict enough causality condition is obeyed by the
parent manifold this topology can be made Hausdorff. This condition turns out to
be stronger that the distinguishing condition but varies on the type of identification
scheme used.

2.4.1

Ideal Points in the c-Boundary

Definition 2.20 (Past and Future Sets)
An open set, P, is termed a past (respectively future) set if there is a set, S ⊂ M,
where P = I − (S) (or respectively P = I + (S)). Equivalently a past set can be
defined as a set which contains its chronological past (i.e. P is a past set if P ⊆
I − (P)). A future set is defined dually.
Definition 2.21 (Indecomposable Past and Future Sets)
A past (or future set) is termed indecomposable if it cannot be represented as a
union of two proper subsets both of which are open past (or future) sets.
Past indecomposable sets will be abbreviated to IP and analogously, IF, for
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Figure 2.3: The figure depicts an open rectangular portion of Minkowski
space with a hole removed from it. The forward null cone points upwards.
The TIP’s and TIF’s that represent each point are displayed in light and dark
grey respectively. Intersection between the TIP’s and TIF’s are represented
with a darker tone. Note that internal holes (such as q) create TIF’s and
TIP’s.

future indecomposable sets. One should note that the past of any space-time point
is open and an IP. Thus it is possible to divide IPs into two classes. Proper IPs
(PIP) are the pasts of points of the space-time while terminal IPs are not.
Definition 2.22 (Terminal Indecomposable Past and Future Sets (TIP
and TIF))
A subset A of M is a terminal indecomposable past set if
1. A is an indecomposable past set, and
2. A is not the chronological past of any p ∈ M.
Terminal indecomposable future sets (TIF) are defined analogously.
There is a close relationship between TIP’s and TIF’s and inextendible timelike
curves in the space-time. In fact every TIP or TIF is generated by an inextendible
curve. This is formally stated in the following theorem.
Theorem 2.23 (Geroch, Kronheimer and Penrose (1972))
A subset W of a strongly causal spacetime (M, g) is a TIP iff there is a futureinextendible timelike curve γ such that W = I − (γ).
We will denote by M− the set of all IP’s for M and define M+ similarly. It
is possible to extend the usual definitions of the causal relations <, 4 and  and
hence the definitions of I, J and E to subsets of M− and M+ in a natural way.
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Definition 2.24 (I, J and E Extended to c-boundary Points)
Let U and V be subsets of M− , then we define,

−
−

J (V, M ) if U ⊂ V,
U ∈ I − (V, M− ) if U ⊂ I − (q) for some point q ∈ V,

 −
E (V, M− ) if U ∈ J − (V, M− ) but U 6∈ I − (V, M− ).

The GKP Construction for a Topology on M∗

The final aim of these definitions is to produce a space combining M+ and M− to
form a causally completed space M∗ . M∗ should represent standard manifold points
as well as the causal boundary points so that a straightforward decomposition of M∗
into M ∪ ∂c M is possible. One begins this process by first identifying the PIF’s and
PIP’s of M− and M+ . Formally, we create the union, M# = M− ∪M+ /R0 , where
R0 is the equivalence relation such that if P ∈ M− and F ∈ M+ then (P, F ) ∈ R0
if P = I − (p) and F = I + (p) for some p ∈ M, and for all P ∈ M− and F ∈ M+ ,
(P, P), (F , F ) ∈ R0 . The result is that M# has points corresponding to M as
well as the TIP’s and TIF’s. If we futher define the map i : M → M# : p → i(p)
where i(p) represents the conjoined IP and IF (I + (p), I − (p)) then i is injective
and M# is the disjoint union of i(M), representing the manifold points, ∂ + (the
collection of TIF’s representing the ‘past pre-boundary’), and ∂ − (the collection
of TIP’s representing the ‘future pre-boundary’). There is a need (as Figure 2.3
demonstrates), to identify some members of ∂ + and ∂ − . Geroch, Kronheimer and
Penrose (1972) put forward the following construction to achieve both of these aims
simultaneously. Since the strong causality condition holds everywhere on M, the
manifold topology on M agrees with the Alexandroff topology generated by sets of
the form I + (p) ⊂ I − (q). One cannot, however, apply a similar technique to define
a basis on M# , as there are points in M# which are not in the past or future of
any other point in the set. However, instead of using the Alexandroff topology, it
is possible to produce a topology for M which uses sets of the form I + (p), I − (p),
M\I + (p), M\I − (p) as a sub-basis. The topology for M# is defined using a similar
technique. First we define for any F ∈ M+ the sets F int and F ext ,
F int := {P ∈ M− |V ∩ F 6= ∅},

F ext := {P ∈ M− |if P = I − (S) for some S ⊂ M, then I + (S) * F }.

Similar dual definitions apply to an IP P ∈ M− to produce, P int and P ext . By
inspection, the definitions of the sets F int and P int form analogues of I + (p) and
I − (q) while F ext and P ext are analogues of M \ I + (p) and M \ I − (p). For example,
if A = I + (p) and V = I − (q) then V ∈ Aint if and only if q ∈ I + (p). The open
sets of the topology on M# are then defined as the result of finite intersections and
arbitrary unions of the sets F int , F ext , P int , P ext for every element of M# . The
causal completion, M∗ , is finally obtained by identifying the smallest number of
#
points required to make the resulting topological space, TGKP
Hausdorff. Precisely,
∗
#
M is the quotient space M /RH where RH is the intersection of all equivalence
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relations R ⊂ M# × M# for which M# /R is Hausdorff. The causal completion
has its topology induced from M# which agrees with the manifold topology on the
subset i(M) of M∗ .

2.4.2

Problems with the GKP Prescription for T and Alternate Topologies for M∗

In their original paper, Geroch, Kronheimer and Penrose (1972) state that their
identification scheme for producing a topology on the set M# is not unique and
that there are other choices for a topological construction than the one presented
in the previous section. They do warn, however, that the choice made was the only
one which appeared to give sensible results. There are two main issues of concern
with the GKP choice of a causal boundary topology, namely,
1. topological separation problems between what should be distinct c-boundary
points, and between manifold points and boundary points, and
2. non-intuitive results for models with well-understood global structure.
Others though have found counter-examples for which the original GKP construction appears to produce undesirable topological separation features in the
causal completions of even strongly causal space-times. I will present some of these
results and the history of the development of alternate topologies to repair the
problems encountered.
One of the first indications of a problem with the GKP topology was found
by Kuang, Zhi-quan, Li, Jian-zeng and Liang, Can-bin (1986). They determined
the c-boundary of Taub’s plane symmetric static vacuum space-time finding a nonintuitive result. This exact solution possesses the line element
ds2 = z −1/2 (−dt2 + dz 2 ) + z(dx2 + dy 2 ), z > 0,

(2.23)

obeys the stable causality condition and is timelike but not null-geodesically complete. It possesses a scalar polynomial curvature singularity (in Rabcd Rabcd at z = 0
which is approachable only along null geodesics confined in t-x planes. They found
that once a distinction is made between those c-boundary points which could be
considered at infinity and those that should be singular that the structure of the
singularity is a single point. This is not what is intuitively expected, since the
singularity corresponds to a one-dimensional family of pairs of null-finite TIPs and
TIFs. Racz (1987) has proposed a topology very similar to the GKP construction
for the c-boundary corresponding to the singular part. However, Racz’s (1987) prescription repairs the previous concerns exposed by Kuang, Zhi-quan, Li, Jian-zeng
and Liang, Can-bin and produces a c-boundary with a one-dimensional structure.
The Budic-Sachs Construction, TBS
Budic and Sachs (1974) base their construction of the topology on the simple fact
that TIP’s and TIF’s that should be identified form the common past or common
future of one another.
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Definition 2.25 (Chronological Common Past (Budic-Sachs and Rube))
Let (M, g) be a causal space-time and U ⊆ M be open. The chronological common
past ↓U of U is defined by
↓U := I − ({x ∈ M|x < y, ∀y ∈ U })(Budic and Sachs (1974, p. 1303))

It can also be equivalently defined by
\
↓U := I − (
I − (x)) ( Rube (1990, p. 868)).
x∈U

The chronological common future is defined dually. By inspection of these definitions it is clear that for the identifications to be well-posed, future and past
set functions of the space-time of interest must act in a ‘continuous’ fashion (see
Definition A.4). Consequently the space-time should be causally continuous (see
Definition A.3). Let (P, F ) ∈ M− × M+ . Then using the above notation, we call
the ordered pair (P, F ) a hull pair if P = ↓F and F = ↑P. The past (future)
hull lattice is defined to be, L̂ := ↓T := {S ⊆ M : S = ↓U for some U ∈ T }.
The process of creating a topology for the c-completion is then two-fold. Firstly,
the past and future sets must be unified into a causal space. Secondly, various
past and future sets must be identified (using the hull pair relation). The second
process, essentially glues together parts of the past hull lattice and its dual. Budic and Sachs perform these processes by explicitly defining a table of causal and
chronological relations between the identified past and future sets. The resulting
set C ⊆ F ∪ P (termed an enlargement) is a causal space and contains the past
or future set of every point in M. Using the same procedure as Geroch, Kronheimer and Penrose they define TBS to be the topology generated by the sub-base
that {I − (C), I + (C), K + (M) = C \ J − (C), K − (M) = C \ J + (C)}. They later prove
that when M is causally continuous that (C, TBS ) is Hausdorff and that the map
i : M → C is an embedding.
Both Szabados (1988) and Rube (1990) independently concluded that the condition of strong causality on the space-time was not sufficient to guarantee the
existence of the minimal equivalence relation RH . For those general strongly causal
space-times where, RH does not exist, the GKP construction can not be used to
form a Hausdorff causal completion. Szabados also noted that there were two topological problems that arose in general strongly causal space-times if the topology
for the causal completion was created via the GKP construction. The first problem
is that the internal points of M# corresponding to M, i(M) and the pre-boundary
points, ∂ + ∪ ∂ − are only in general only T1 -separated and not T2 -separated. The
second is that there are examples of causal curves, γ with endpoints in M such that
the induced curve in M∗ , i ◦ γ does not have a unique endpoint in M∗ . Szabados
(1988) produced examples of strongly causal space-times with these pathologies.
These are reproduced in Figures 2.4 and 2.5.
The Szabados Construction of the Topology
Szabados (1988) following the style of the Budic-Sachs construction, noted that
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#
Figure 2.4: In TGKP
the TIP P is an endpoint of any curve image i ◦ γ which
has q ∈ ∂(↑P) as an endpoint. In addition, for all causal curves with q as
an endpoint in M the endpoint i(q) of i ◦ γ is not guaranteed to be unique
#
in (M# , TGKP
). The topology proposed by Racz earlier also possesses this
defect.

the construction of a causal boundary for a space-time is made simpler if the identification rule were explicitly constructed. Motivated by examples such as the ReissnerNordstrom, Kerr and anti-de Sitter space-times, Szabados considered that particular
pre-boundary points on the naked part of ∂ + should be identified with particular
points on the naked part of ∂ − . We now discuss this construction. A TIP is termed
naked if there exists a p ∈ M such that P ⊂ I − (p). It has been shown that the
∂ + of a space-time contains no naked element iff it is globally hyperbolic. This is
also equivalent to ↑P = ∅ for every TIP P ∈ ∂ + . Central to the application of this
concept is the following result.
Theorem 2.26 (Szabados (1988, p. 129))
If P ∈ ∂ + is naked then there is a naked TIF F such that for all q ∈ F , P ⊂ I − (q)
(such a TIF is termed a naked counterpart of P) and F is maximal, i.e. F is not a
proper subset of any naked counter part of P.
Arbitrary space-times may possess naked TIP’s with more than one maximal
naked counterpart. In this case it can be shown that
Theorem 2.27 (Szabados
S (1988, p.129))
For a naked TIP P, ↑P = α Fα , where that Fα are the maximal naked counterparts
of P.
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Figure 2.5: The diagram shows a quarter segment of Minkowski space-time
with the countable number of closed segments L 1 , L2 , . . . cut from it. The
dashed lines are null construction lines. The TIPs P, P 0 obey P 6⊂ P 0 ⊂ P.
#
P and P 0 are T0 -separated in TGKP
since there is an open set from the topology
0
containing P but not P. However, despite the space-time being stably causal,
P and P 0 cannot be T1 -separated since any open set which has P as an element
also has P 0 as an element.

If would appear that we would wish only to identify naked TIPs with those naked
TIFs which are naked counterparts to the TIP. However we actually require more
than this. Informally, we would want only those naked TIPs and naked counterparts
which are ‘arbitrarily close’ to be identified. Consequently Szabados created the
following relation: for each TIP, P, and TIF, F , we write P ∼ F if they are
maximal naked counterparts of each other.
The reader should note that even if F is a maximal naked counterpart of P,
then P is not necessarily a maximal naked counterpart of F . Consequently a naked
TIP need not be ∼-related to any naked TIF or maybe related to more than one
naked TIF. One should also note that if P is a TIP and F is a TIF where P =
↓F and F = ↑P then as a result of Theorem 2.27, P ∼ F . This implies that
the Budic-Sachs identification given earlier is contained in the Szabados relation
for causally continuous space-times. Up to this stage Szabados only uses results
relying purely on the distinguishing causality property of the parent space-time. It
is noted though that unless the strong causality condition is satisfied then there
are pathological counter-examples which prevent the identification of certain TIP’s
and TIF’s that one would want identified. Assuming strong causality, the Szabados
equivalence relation is defined as the smallest equivalence relation generated by ∼
(i.e. for each X ∈ M# (X , X ) ∈ R and for any distinct pair of pre-boundary points
B, B 0 ∈ ∂ + ∪ ∂ − , (B, B 0 ) ∈ R if for a finite number of preboundary points B1 , . . . ,
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Figure 2.6: The TIP P and the TIF F are identified by Szabados’ R but are
#
T2 -separated in TGKP
/RGKP .

Br , B ∼ B1 ∼ . . . ∼ Br ∼ B 0 holds).
The resulting equivalence relation, when applied to the previously mentioned
Taub plane symmetric static vacuum space-time, does not collapse the entire oneparameter family of null-finite TIPs and TIFs into a single point, but identifies only
those TIPs and TIFs with the same value of the parameter. Apart from creating a ccompletion valid for strongly causal space-times, Szabados’ construction also seems
to produce more suitable identifications than that produced by the GKP construction. As evidence of this Szabados provides two space-time examples. Figure 2.6
(Figure 3 of Szabados (1988)) gives a stably causal space-time with where a TIP
and TIF that appear like they should be identified are not identified by RGKP but
are identified by R. Figure 2.7 (Figure 4 of Szabados (1988)) provides an example
of TIP’s and TIF’s that possibly should not be identified. These TIP’s and TIF’s
are identified by RGKP but not by R.
Previously in order to identify a PIP with the corresponding PIF the relation R0
had to be introduced. Szabados’s procedure can, however, be applied to perform
the same identification in a single step. For example, for any p ∈ M and its PIP
P = I − (p) there is a point q ∈ M such that P ⊂ I − (q) and hence all PIP’s are
naked. Corresponding definitions can also be made for the naked counterparts of
these PIPs and their maximality. ∼ can then be defined as before. It is worthwhile
noting that while a PIP may have a TIF as a maximal naked counterpart, no naked
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Figure 2.7: In this stably causal space-time the TIPs P, P 0 and TIFs F, F 0
are all identified by RGKP . However, R only identifies F only with P and F 0
only with P 0 .

TIP can have a PIF as a maximal naked counterpart. This implies that no inner
point can be ∼-related to a preboundary point. It follows that this newly devised
relation is an extension of the relation defined previously only for TIFs and TIPs
but agrees with the standard notion of pasts and futures of a point being identified
and so is an extension of R0 as well† .

2.4.3

Concluding Summary of the c-Boundary Construction

As has been suggested earlier, if stronger causality conditions apply to any given
space-time then the equivalence relation RH as defined in the GKP prescription
would exist and the production of a Hausdorff causal boundary ∂c M would follow.
The simplest causality condition suggested (Szabados (1988) and Rube (1990)) is
that (M, g) be stably causal. There have also been indications that the newer
identifications proposed above may not even be extensions of the GKP identification
scheme even for space-times with quite strict causality conditions. Rube (1990) has
illustrated this point by producing a causally simple space-time example where the
Geroch, Kronheimer and Penrose identifying relation RH need not even be contained
within the Budic-Sachs ‘hull-pair’ identifying relation. Although, it is also stated
that for globally hyperbolic space-times the two relations become trivially identical.
All the boundary constructions described above start from the same idea of
an extended Alexandrov topology on M# but differ in the definition of a suitable
equivalence relation for the identification of TIPs and TIFs and in the case of Racz
definitional changes to the sub-base open sets Fint , Fext , Pint , Pext . Taking an
optimistic view Szabados’s construction appears to be the most efficient method
of forming a causal boundary topology. However, the requirement that the space†

Proof of this fact requires the use of the strong causality condition on the space-time.
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time be strongly causal still removes many of the interesting space-times possessing
singularities worthy of analysis. Indeed a method whose applicability is completely
devoid of sensitivity to the causality of the space-time is a necessity in practical
application.
A second obvious point is that although the causal boundary is conformally
invariant, there is no ‘natural mapping’ between various boundary constructions,
making interpretations between differently embedded versions of the same spacetime tedious work with no invariant results. This implies that perhaps the boundary
contains very little physical information other than that related to causal features.
It is no surprise then that the topology of the causal boundary after identifications
have taken place is very sensitive to the causality restriction the parent spacetime obeys. The various possible identifications and the non-transparent effects
identifications have on the topology and structure of the causal boundary leads one
to question its utility in pursuing the nature of singularities in space-time. In fact all
the counter-examples given in the previous treatment are better understood in the
embeddings into flat space given in the diagrams, than in any complex set structure
produced from a c-boundary identification scheme.
In contrast to the g-boundary a differentiable structure on M cannot be generally extended to ∂c M. However for the case where (M, g) is asymptotically simple
this may be done (see Hawking and Ellis (1973, p. 221)). This concept though is
really not essential as in practice one hardly ever needs to do calculus or take limits
within subsets of the boundary.
Finally if the causal boundary is well-posed and we wished to separate the points
of ∂c M into those at infinity and singular points we would still need to provide additional rules as done by Kuang, Zhi-quan, Li, Jian-zeng and Liang, Can-bin (1986)
and there is no guarantee of the invariance of these results in other embeddings.
Harris (1998) has worked on establishing the universality of the causal boundary
from a categorical point of view. In addition Harris (2000) has proved the universality of the spacelike part of future chronological boundary under loose causality
restrictions. These rigidity theorems suggest that the causal boundary from Harris’s
construction must be homeomorphic to the GKP version. Despite these advances
the causal boundary construction offers enormous complexities to one investigating
singularities.

2.5

Concluding Remarks on the Boundary Constructions.

As has been seen in the previous sections there are several important types of
problems which make the practical use of boundary constructions difficult. Geroch
recognised that a useful boundary construction should have some flexibility in the
choice of curves used for identifying singular points. For the g-boundary a link
was formed between geodesic incompleteness and infinities in important physical
properties. This still allows non-geodesic incomplete curves to leak through the
definitional net. The b-boundary uses the largest family of curves, the family of
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g.a.p. curves. With this added generality, the b-boundary suffers from being too
complex to use in practical application and the fact that it often provides poor
results unless an even more complex projective limit topology is applied to it. In
the c-boundary construction, the choice of curve family is left to be decided later
as only ‘edge’ points of the manifold are determined by this procedure. However,
the c-boundary still has the problem that the relationship between appropriate
identifications of the boundary points and final topology is not always intuitively
obvious. The primary lesson that all these boundary constructions teach is that if
one uses curve incompleteness as a criterion for singular behaviour then the concept
of a ‘singular point’ is crucially dependent on the family of curves decided on.
One of the greatest strengths of General Relativity is that it satisfies the principle
of covariance. None of the historical constructions provide an explicit treatment of
this issue. A boundary construction truely useful for an analysis of singularities
must produce invariant information in any re-embedding. Moreover it must do so
in an intuitive manner. We have already seen that the non-Hausdorff separation
of boundary points and manifold points in these completions are a constant plague
on their practical application. It is worthwhile mentioning that these issues are
only made evident by our freedom to choose other embeddings which display these
pathologies more openly. This raises the issue that a model of boundaries which
allows a choice of embeddings may be the best way to proceed. Finally all the
boundary constructions seem to suffer from being difficult to produce. For general
space-times they all either produce spaces with a large number of dimensions or
complicated topologies. A useful boundary construction should be more physical
and allow the use of alternate embeddings to display features that may be hidden
otherwise. The abstract boundary construction developed by Scott and Szekeres
(1994) described in the next chapter is proposed as one way that these three main
concerns may be addressed.

Chapter 3

A Review of the Abstract
Boundary Construction.

As has been elucidated in the previous chapter, historically, there have been
many attempts to provide space-time with a boundary. All of these have been
directed towards providing general relativity with a precise definition of singularities
as points of this boundary. The aim of this program was to produce a formal
description of singularities as a place with respect to the manifold, and in some
constructions, extend geometrical objects such as the metric and curvature to these
points. The main motivation for the various constructions has been the idea that
singularities constitute ‘failed’ points of the manifold. This failure was formulated
mainly in two ways,
1. in the non-existence of extensions of physically important curves, such as
causal geodesics (in the case of the g-boundary), general causal curves (in
the c-boundary approach) or general affinely parametrised curves (for the
b-boundary), the result being the lack of a past/future history for matter
following those curves and,
2. that the various notions of curvature and hence the strength of gravity were
unbounded or non-smooth in the limit as we approach the point.
As was demonstrated in Chapter 2, there are some subtle failures that the g, c
and b-boundaries possess which provide an impediment to their being applied in all
cases. However, from the viewpoint of the two approaches stated above there are
other issues which these constructions never intended to address which are essential
to their application to space-time. The first is that if we restrict our attention
to the behaviour of timelike, or causal geodesics then we may miss any interesting
properties that causal curves may possess in general. Even then there may very well
be spacelike geodesics or spacelike curves whose incompleteness may have important
geometrical significance. The moral of this story appears to be that one must have
the flexibility to choose whatever family of curves may be important for the task at
hand† . The second issue is that there is the possibility of a given choice of curvature
invariant or notion of curvature still not detecting the problem point. Quasi-regular
†

The comment by Geroch (1968a, p. 454) briefly discusses this point.
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singularities, which may not be detected by the non-smoothness of the sectional
curvature at the point or any other Riemann tensor related structure, may only
be evident once global differential geometric or topological pathologies such as the
failure of essential flatness have been determined. In order to grapple with this
problem attempts to classify the types of singularity (quasi-regular and curvature)
and their level of differentiability were made, notably in the work of Clarke (1975),
Clarke and Schmidt (1977), and Ellis and Schmidt (1977, 1979). However, one
should keep in mind that there is a sense in which curvature-related singularities
are a subset of those singularities caused by curve incompleteness on the space-time.
Curvature-related singularities, such as those in a scalar curvature invariant, always
lead to curve incompleteness of some type whereas if one considers the Misner spacetime, we have an example where geodesic incompleteness occurs in a completely flat
and maximally extended space-time‡ .
The abstract boundary construction (or simply the a-boundary) addresses both
of these issues. Developed by Scott and Szekeres (1994), the a-boundary construction is not an explicit method of attaching idealised boundary points to a manifold
as the previously mentioned constructions attempt to do, but instead provides a
standard algorithm for classifying the topological boundary points of some manifold once one has them in a particular embedding. The boundary points of a
manifold can, of course, appear in numerous embeddings† . Hence a method to identify equivalent boundary sets of the same manifold from different embeddings is
an essential part of the a-boundary construction. To this end, a covering relation
between boundary sets is created and the equivalence of boundary sets defined by
requiring that boundary sets cover one another. The abstract boundary is itself
composed of this collection of equivalence classes. The importance of this construction is that for any given boundary point there are some properties which remain
invariant among all the possible representative boundary sets of each equivalence
class and these properties may then be said to pass to the abstract boundary point.
This chapter is intended as a comprehensive overview and primer for those aspects of the abstract boundary construction required for the later chapters. The first
block of the chapter (§3.1 through 3.5) pertain to topics in the paper by Scott and
Szekeres first developing the abstract boundary. In these sections the indispensable
definitions required for understanding the a-boundary are developed. This structure
is then used to create the classification scheme for boundary points. The second
block of the chapter deals with the subsequent work of Fama and Scott on topological invariants of a-boundary representatives. The penultimate section of the
chapter deals with the direct application of the abstract boundary construction to
the formation of singularity theorems (as presented in Scott and Szekeres (1994)).
This review is intended to provide motivation for the definitions and theorems
presented in the original papers. However, the interested reader is urged to consult
‡

It is worthwhile noting that the discovery of a relationship between curve incompleteness and
the existence of curvature singularities remains one of the most difficult questions to be solved in
Lorentzian geometry.
†
This appears to happen frequently in the field of exact solutions. Often physically identical
space-time models are re-discovered several times, but each time in a different coordinate system.
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the seminal paper on the a-boundary construction by Scott and Szekeres (1994) and
the research of Fama and Scott (1994) on the abstract boundary construction.

3.1

Preliminaries

In the treatment of the abstract boundary that follows I will use the notation
and definitions of Scott and Szekeres (1994). For completeness these definitions
are reproduced here with additional notation. All manifolds used in this chapter,
c M, etc. are paracompact, connected, Hausdorff and C ∞ -manifolds, which
M, M,
unless otherwise specified are not endowed with a metric or affine connection.
Definition 3.1 (Parametrised Curve)
A (parametrised) curve γ in a manifold M is a C 1 function γ(t) : I → M where
I = [a, b), a < b 6 ∞, whose tangent vector γ̇ vanishes nowhere. The point p = γ(a)
will be said to be the start of the curve. The parameter of the curve, t, will be said
to be bounded if b < ∞ and unbounded if b = ∞.
Definition 3.2 (Subcurve and Extension of a Curve)
A curve γ 0 : [a0 , b0 ) → M is a subcurve of γ if a 6 a0 < b0 6 b and γ 0 = γ|[a0 ,b0 ) , i.e.
γ 0 is the restriction of γ to the subinterval [a0 , b0 ). If a = a0 and b0 < b then γ is said
to be an extension of γ 0 .
Definition 3.3 (Change of Parameter)
A change of parameter is a monotonically increasing C 1 function
s(t) : [a, b) → [a0 , b0 ) = I 0
such that s(a) = a0 and s(b) = b0 with ds/dt > 0 for t ∈ [a, b). The parametrised
curve γ 0 : I 0 → M is obtained from γ by the change of parameter s if
γ0 ◦ s = γ
Definition 3.4 (Limit Points of a Curve)
A point p ∈ M is termed a limit point of a curve γ : [a, b) → M if there is an
increasing infinite sequence of reals {ti }, ti → b such that γ(ti ) → p. If p is a limit
point of γ, then we say γ approaches p, denoted γ
p.
An equivalent statement of this definition is that for every subcurve γ 0 = γ|[a0 ,b)
of γ, where a 6 a0 < b, γ 0 (t) enters every open neighbourhood of p, U (p).
Definition 3.5 (Endpoint of a Curve)
A point p is an endpoint of the curve γ if γ(t) → p as t → b. If p is an endpoint of
γ, then we say γ converges to p, denoted γ → p.
Often in standard texts on topology the term cluster point or accumulation point
is used for the concept of limit point when applied to nets in general (see Munkres
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(1975) and Geroch (1985)). In this sense, there is no difference in definition since
we are merely defining the limit point of a curve to be the accumulation point of a
net derived from a curve. Clearly all endpoints are limit points but the converse is
not true. To be a limit point of a curve, the curve need only keep ‘re-visiting’ every
neighbourhood of the point. Meanwhile a curve must ‘enter and remain inside’
every neighbourhood of its endpoint. By extension of notation and language, if a
sequence of points, {xi }, has a limit point p then we say that the sequence approaches
p and use {xi }
p. We extend the definition of endpoint to sequences similarly.
Consequently, since we will be using only Hausdorff topological spaces, the endpoint
of a curve or sequence of points will be its unique limit point.

3.2

Introductory a-Boundary Concepts

Since we will be interested in the invariant properties of boundary points of a
space-time when presented in different embeddings it will be important to define
precisely which embeddings we will allow. Although it is possible to embed any
Lorentzian manifold in a flat Riemannian manifold with a sufficiently large number
of dimensions (a result of Clarke a la Whitney) that is not our aim here. For
the moment we will only be concerned with topological manifolds and their reembeddings into manifolds of the same dimension.
Definition 3.6 (Envelopment)
c φ) where M and M
c are differentiable manifolds
An envelopment is a triple (M, M,
∞
c
of the same dimension and φ is a C embedding φ : M → M.

An envelopment is merely a smooth embedding of one open manifold into another
of the same dimension† . By the invariance of domain theorem, the image set, φ(M),
c It is crucial to remember that the definition requires
is an open submanifold of M.
only a topological manifold for its definition despite us using envelopments almost
exclusively for pseudo-Riemannian spaces. The idea of an envelopment has been
commonplace in the field of exact solutions of the Einstein Field Equations since a
particular space-time model may be presented in different coordinate charts, (Ui , φi ).
The coordinates derived from these charts may not apply everywhere in the manifold
and alternate envelopments may allow a more general set of coordinates to view the
physics of the space-time in question. The following example exhibits the simplest
realistic application of envelopments to this problem.
The Schwarzschild space-time, (M, g), has M = R4 and g = ds2 = −(1 −
2m/r)dt2 + (1 − 2m/r)−1 dr 2 + r 2 (dθ 2 + sin2 θdφ2 ). Although it was first discovered
in the coordinate chart (t, r, θ, φ) the coordinates are inapplicable at the hypersurface r = 2m due to the metric becoming degenerate there. There is also a coordinate
degeneracy for coordinates corresponding to the origin point r = 0. The coordinate
†

Following the standard use in the literature I will use this term often and interchangably with
the term embedding. When an embedding is made into a space of different dimension I will state
it explicitly to remove any confusion
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singularity divides the original Schwarzschild space-time into two open submanifolds, one with 0 < r < 2m, and the other with r > 2m, which we will call M1 and
M2 respectively. However, it should be noted that there is no physical substance to
the inapplicability of the coordinates at r = 2m, since all curvature invariants are
finite and well-behaved on any curve approaching this hypersurface. The coordinate
chart is inapplicable there since r = 2m forms the boundary between two coordinate charts where the metric is well-defined. If however, we use the C ∞ embedding
function, φ defined by the change to Kruskal-Szekeres coordinates, we find that the
vacuum solution is well-defined at all points except for those where the original coordinates were r = 0. Moreover, all curves meeting the r = 2m hypersurface can be
extended through it in this new envelopment. In this case, the enveloping manifold,
c is the section of R4 with coordinates (u, v, θ, φ). The two open submanifolds
M,
of the original Schwarzschild coordinate system M1 and M2 , form two disjoint,
open submanifolds, φ(M1 ) and φ(M2 ) as displayed in the Penrose diagram of the
Kruskal-Szekeres extension (exhibited in Figure 3.1) . Moreover, the two space-time
parts are joined by the r = 2m null hypersurface. The validity of the metric extended in the Kruskal-Szekeres coordinates is confirmed by the smoothness of the
metric and Riemann tensors and also the extendability of physical curves across the
event horizon.

Figure 3.1: Figure depicting the re-envelopment of Schwarzschild space-time
into the Kruskal-Szekeres coordinates.

The boundary sets that we shall deal with in the abstract boundary formalism
are points of the topological boundary of an enveloped manifold.
Definition 3.7 (Enveloped Boundary)
c φ) be an envelopment of M by M.
c Then we define the enveloped
Let (M, M,
boundary, ∂φ M := ∂(φ(M)) = φ(M) \ φ(M) where φ(M) denotes the topological
c
closure of φ(M) in M.
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Figure 3.2: The covering definition.

The subsets of the topological boundary in one embedding may be represented
in an uncountably infinite number of other envelopments. It is clear that we will
require a notion of when one boundary set ‘lies over’ or covers a boundary set of a
second envelopment.
Definition 3.8 (Covering Relation .)
c φ) and B 0 be a subset of ∂ψ M in
Let B be a subset of ∂φ M in envelopment (M, M,
c0 , ψ). Then we say that B covers B 0 (denoted B . B 0 )
a second envelopment (M, M
c there exists a neighbourhood V(B 0 ) of
if for every neighbourhood U (B) of B in M
c0 such that
B 0 in M
φ ◦ ψ −1 (V ∩ ψ(M)) ⊂ U
c say, covers a second boundary set B 0 ∈ ∂ψ M
c0
If one boundary set, B ∈ ∂φ M
then Definition 3.8 tells us that whenever we get ‘close’ to the points of B 0 from
c0 then we also get close to B from within the manifold image
within φ(M) ⊂ M
c This idea is formalised in Theorems 3.9, 3.10 and 3.11 of Scott and
ψ(M) ⊂ M.
Szekeres (1994) below.
Theorem 3.9
If a boundary set B covers a boundary set B 0 then every curve γ in M which
approaches B 0 also approaches B.
Theorem 3.10
B covers B 0 if and only if for every sequence {pi } of points in M such that the
sequence {φ0 (pi )} has a limit point in B 0 , the sequence {φ(pi )} has a limit point in
B.
Theorem 3.11
If every curve in M which approaches a boundary set B 0 also approaches a boundary
c contains an open neighbourhood U
set B, and if every neighbourhood of B in M
of B whose complement in φ(M) is connected, then B . B 0 .
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Figure 3.3: The boundary points p and q belong to two identity map envelopments but are displayed together for simplicity. Note that every curve within
M that approaches p also approaches q.

Theorem 3.11 deals with the explicit case where curves approach a boundary
set. The additional condition that every neighbourhood of the boundary set B must
contain a neighbourhood of B whose complement is (path) connected is essential.
An example to display the necessity of the connectedness is given in Figure 3.3
(based on Figure 1 of Scott and Szekeres (1994, p. 229)). In this example we have
two different boundary points p and q which are both derived from identity map
envelopments. Although precisely speaking the two points should not be displayed
on the same manifold, for simplicity sake they are presented together. The most
important part of the construction of this manifold is that every curve, γ : [a, b) →
M, which approaches p must also approach q (i.e. φ(γ) = id(γ)
q). Clearly
though, q does not cover p, since there are sequences of points which approach p but
not q (by application of Theorem 3.10). Note that for small enough neighbourhoods
of p or q, there are no subneighbourhoods that have a connected complement† .
Fama and Scott (1994) later formulated the following equivalent definition of
the covering relation .. This definition is useful in those circumstances where the
explicit equivalence of neighbourhoods of boundary sets in multiple envelopments
is required.
Lemma 3.12
c there is an open
B . B 0 if and only if for any open neighbourhood U of B in M,
c0 with
neighbourhood V of B 0 in M
φ ◦ ψ −1 (V ∩ ψ(M)) = U ∩ φ(M).

†

In fact the complements of small enough ball neighbourhoods of the boundary points all have
a countably infinite number of connected components.
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It is perhaps not surprising that if a boundary set covers a second boundary set
then it covers every point in that set as shown in the following theorem.
Theorem 3.13
B . B 0 iff it covers every boundary point p0 ∈ B 0 .
The covering relation enjoys the properties of a weak partial order†
1. B . B (reflexive)
2. If B . B 0 and B 0 . B 00 then B . B 00 (transitive).
Definition 3.14 (Equivalence of Boundary Sets ∼)
We term two boundary sets, B and B 0 , equivalent, denoted B ∼ B 0 , if they cover
one another (i.e. B ∼ B 0 if B . B 0 and B 0 . B).
The binary relation, ∼, is an equivalence relation on the set of all boundary sets
from arbitrary envelopments. However we will extend its use to larger structures. An
abstract boundary set can now be defined straightforwardly as the set of equivalence
classes wth respect to ∼.
Definition 3.15 (Abstract Boundary Set)
An abstract boundary set, [B], is the collection of all boundary sets equivalent to
the boundary set B ⊂ ∂φ M,
c ψ) where B 0 ⊂ ∂ψ M ⊂ M}
c
[B] := {B 0 : B 0 ∼ B for some envelopment (M, M,

The element, B, of the equivalence class is termed the representative of the abstract
boundary set. Furthermore, an abstract boundary set will be termed an abstract
boundary point if it has a singleton ({p} say) as a representative boundary set.
We can also extend the covering relation to these abstract boundary sets by
defining the following,
Definition 3.16 (Covering Relation For Abstract Boundary Sets)
[B] covers [B 0 ], denoted [B] . [B 0 ] iff B . B 0 .
This definition is independent of the choice of representatives by virtue of the
definition of equivalence. For abstract boundary sets the extended covering relation
becomes a partial order since in addition to the previous properties it now also
satisfies the antisymmetric condition.
3. If [B] . [B 0 ] and [B 0 ] . [B] then [B] = [B 0 ].
†

A weak partial order is sometimes referred to in the literature as a pre-order or a quasi-order
(Bronshtein and Semendyayev 1997, p. 511).
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Despite the terminology, an abstract boundary point [p] is not really ‘pointlike’.
Since all possible re-envelopments of p ∈ ∂φ M are included in the equivalence
class that p represents, [p] will also contain depictions of the boundary set which
are ‘blown-up’. In fact the equivalence class [p] need not even contain connected
boundary sets as elements (see Section 3.7).
We now have everything required to define the abstract boundary of a manifold
as the collection of equivalence classes of its boundary sets which possess point
representatives.
Definition 3.17 (Abstract Boundary)
The abstract boundary B(M)
c φ)}
B(M) := {[p]|p ∈ ∂φ M for some envelopment (M, M,

The abstract boundary is a structure that is defined for all topological manifolds
regardless of other structures such as a metric or affine connection. Although the
abstract boundary was developed with application to Lorentzian manifolds in mind
it is a structure that applies equally to any manifold structure. Consequently it is
generally applicable to a whole class of physical theories.
Since special classes of curves have particular significance in Lorentzian geometry
and General Relativity we will continue to further classify the properties of abstract
boundary points with this in mind. In particular, we will now need to assume that a
family of curves, C, obeying the bounded parameter property (abbreviated to ‘b.p.p.’)
has been decided on for the manifold, denoted (M, C).
Definition 3.18 (Bounded Parameter Property)
Let C be a family of parametrised curves in M. We say that C satisfies the bounded
parameter property if the following are true:
(i) for each point p ∈ M there is at least one curve γ ∈ C that passes though p.
(ii) if γ is any curve of the family then so is every subcurve of γ.
(iii) for all pairs of curves γ, γ 0 ∈ C related by a change of parameter either the
parameter on both curves is bounded, or it is unbounded on both curves.
It is important to note how these features affect the classes of curves which we
will find important. Note that (i) implies that the curve family C accesses all the
points of the manifold. (ii) implies that C is complete in the sense that no sub-curves
are missing from the family of curves. This second condition prevents the creation
of certain pathological curves violating condition (iii) formed by the concatenation
of curves from C. The most important of the conditions required of the family of
curves satisfying the bounded parameter property is the final one (iii). This is the
defining property of bounded parameter curves since it guarantees that C confines a
notion of when boundary points of the enveloped manifold are at a finite ‘distance’
with respect to the curves of C as opposed to those that should be considered at
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infinity. In particular this condition restricts the type of curve parameter change
for any given family of curves. With arbitrary changes of parameter almost any
family of curves will not satisfy the bounded parameter property. I now present
some examples of families of curves satisfying the bounded parameter property.
Example 3.19 (Affinely Parametrized Geodesics)
Geodesics with an affine parameter in a manifold M with affine connection. Affine
parameters only allow linear changes of parameter (i.e. γ(s) → γ 0 (t) = γ(At +
B)). When we enforce only affine parameter changes to geodesic curves this family
satisfies the bounded parameter property.
Example 3.20 (Continuous Generally Affinely Parametrized Curves)
C 1 curves with generalized affine parameter (see Hawking and Ellis (1973, p. 259))
in a manifold with affine connection.
Example 3.21 (Affinely Parametrized Causal Geodesics)
Affinely parametrised causal geodesics in a Lorentzian manifold M. If in addition
the Lorentzian manifold is time-orientable then the bounded parameter property
is also obeyed by the future-directed and past directed causal geodesics, Cgc+ and
Cgc− .
Using the concepts developed above we will now begin the task of classifying
boundary points of a particular envelopment into various categories with the aim
of extending these categories to abstract boundary points.

3.3

C-Approachability

The simplest possible category we can define for boundary points of (M, C)
presented in a given embedding involves the concept of approachability by C. With
a given physically important family of curves already chosen, those boundary points
which are not limit points of curves from C, are not accessible by them. If we
require that boundary points be approachable to be physically important then this
definition is natural. Hence we motivate the following definition.
Definition 3.22 (C-boundary point)
c φ) is an envelopment of (M, C) by M,
c and p ∈ ∂φ M then we term p
If (M, M,
a C-boundary point or C-approachable if it is a limit point of some curve from the
family C (i.e. some curve γ ∈ C approaches p). If there is no such curve then the
point is termed C-unapproachable.
It is important to note that as a result of Theorem 3.9 if a boundary point p
covers a boundary point p0 and p0 is C-approachable then so is p since any curve
approaching p0 must also approach p. Hence the property of C-approachability
passes to the abstract boundary.
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Definition 3.23 (Abstract C-Boundary Point)
An abstract boundary point [p] is an abstract C-boundary point or C-approachable
if p is a C-boundary point. [p] is termed C-unapproachable if p is unapproachable.
Notationally we will define BC (M) := {[p] : ∃γ ∈ C, γ
p}.
It is important however to remember that properties need only be preserved
one way to pass to the abstract boundary. For example, it is possible for a Capproachable point to cover an unapproachable point but the converse is certainly
not true due to Theorem 3.9. An example of a case where a C-approachable point
covers an unapproachable point is given in Example 25 of Scott and Szekeres (1994).

3.4

Regular Boundary Points and Extendability

In order to further classify boundary points let us now provide the manifold
M with a metric. We will use the standard definition of the metric as used in
Riemannian space differential geometry except that we allow the metric to be of
arbitrary signature.
Definition 3.24 (C k Metric)
A C k metric, g, over a manifold, M, is a second rank, covariant, symmetric and nondegenerate C k tensor field on M. The pair (M, g) is called a C k pseudo-Riemannian
manifold. When g is a positive definite metric it is called Riemannian.
Definition 3.25 (Envelopment of a Pseudo-Riemannian Manifold)
c φ).
An envelopment (of a pseudo-Riemannian manifold) will be denoted (M, g, M,
−1 ∗
c under the C ∞
The metric on (φ ) g induced on the open submanifold φ(M) ⊂ M
embedding, φ will also be denoted by g when there is no risk of confusion.
With the additional structure of a metric placed on the manifold we may further
classify boundary points of a particular envelopment by the ability to extend the
manifold about them. The notion we will use is the standard concept of the metric
extension of a manifold.
Definition 3.26 (C l Extension)
A C l extension (1 6 l 6 k) of a C k pseudo-Riemannian manifold, (M, g) is an
c ĝ) such that
envelopment of it by a second pseudo-Riemannian manifold (M,
ĝ|φ(M) = (φ−1 )∗ g

c ĝ, φ). When l = k, we simply term (M,
c ĝ) an extension of
denoted (M, g, M,
(M, g).
A diagram of the concept of extension is given in Figure 3.4. It should be noted
that the above definition for a metric extension can be made in an analogous way
for a manifold endowed with a C k affine connection ∇, denoted (M, ∇). This is
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Figure 3.4: Definition of metric extension.

also true of many of the definitions that follow. This is an important feature of
the abstract boundary classification scheme since it implies that the same structure
can be applied to any kind of physical theory portrayed on a manifold with only
a connection. In particular this scheme can be applied to alternate space-time
theories, conformal, projective and gauge theories.
We now proceed to define regular boundary points as those for which an extension exists about them.
Definition 3.27 (Regular Boundary Point)
We term p ∈ ∂φ M † , C l regular for g if there exists a C l pseudo-Riemannian
c and (M, g, M, ḡ, φ) is a C l
manifold (M, g) such that φ(M) ∪ {p} ⊆ M ⊆ M
extension of (M, g).
Note that the same mapping φ is used for the extension as for the original
envelopment‡ . For a C k pseudo-Riemannian manifold C k regular boundary points
will simply be termed regular. There is no real loss of generality in using this
expression since if the degree of differentiability of the regular boundary point l
is less than that of the manifold k, we can simply regard (M, g) as a C l pseudoRiemannian manifold. It is also worth noting that the definition of regularity given
above requires that there be an extension which includes all of the original manifold
c φ).
φ is associated with the (M, g, M,
This definition is imprecise in the sense that the target set, M, is different to the target set,
c of the C ∞ -embedding φ. Instead φ̄ should replace φ with the definition φ̄(q) = φ(q) for all
M,
q ∈ φ(M).
†

‡
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image, φ(M). Consequently, local extensions which include boundary points at the
expense of other portions of the space-time do not yield regular boundary points of
φ(M). Unlike C-approachability, the concept of regularity, does not pass invariantly
to all images of abstract boundary points§ . Fundamentally the reason for noninvariance of the regularity of boundary points is that non-regular boundary points
may cover regular boundary points and vice versa. A simple example of this is given
in Example 29 of Scott and Szekeres (1994, p. 235) which is described below.
Example 3.28
Let M = (0, 1) be the one-dimensional manifold with the standard flat metric
ds2 = dx2 . We will then embed this into R in two ways.
y = φ(x) = x, and z = φ0 (x) = x1/2 .
Clearly by this choice of embedding functions the boundary points y = 0 and z = 0
cover one another (and hence are equivalent) but while y is C ∞ regular, z is not C l
regular for any l > 1. By the choice of embedding function the induced metric in
the second case is
ds2 = 4z 2 dz 2
which is evidently degenerate at z = 0 and so the metric cannot be extended through
to any target set (−a, 1) where a > 0† . The corresponding abstract boundary point
therefore has two representative boundary points, one regular and the other nonregular.
Perhaps a less artificial and more physical example of this occurring is again
provided by the Kruskal-Szekeres extension of the Schwarzschild space-time. The
enveloping of the Schwarzschild space-time in Kruskal-Szekeres coordinates demonstrates that the points on the hypersurface r = 2m in the Schwarzschild space-time
cover and are equivalent to regular boundary points in the Kruskal-Szekeres coordinates.

3.4.1

Non-Regular Points

In the previous section we defined regularity for boundary points. We will now
continue to classify the various types of non-regular boundary points that may be
present for a pseudo-Riemannian manifold. The first separation of properties for
non-regular boundary points can be effected by using property (iii) of the same
family of b.p.p. curves chosen to define approachability for the boundary points.
Clearly this is only possible for those non-regular points which are also approachable.
Property (iii) allows us to separate those non-regular boundary points which are
accessible by a curve of finite parameter from those that are only accessible by curves
of infinite parameter. Consequently we will have need to make this choice of curve
§

In Chapter 6 I will define a regular portion of the abstract boundary while investigating
cross-sections of the abstract boundary and their relation to optimal embeddings for space-time.
†
In fact no extension exists for any neighbourhood of z = 0.
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Figure 3.5: The regular points along r = 2m in the Kruskal-Szekeres spacetime cover non-regular boundary points from the Schwarzschild space-time.

family implicit for a given pseudo-Riemannian manifold. In the following, (M, g, C)
will denote a pseudo-Riemannian manifold with this family of curves defined upon
it obeying the b.p.p.

3.4.2

Points at Infinity

Definition 3.29 (C l Point at Infinity)
Let (M, g, C) be given and let p ∈ ∂φ M be a boundary point of the envelopment
c φ). p is termed a C l point at infinity for C if
(M, g, C, M,
(i) p is not a C l regular boundary point,

(ii) p is a C-approachable point, and
(iii) no curve of C approaches p with bounded parameter.
This definition encapsulates those properties which we would expect a point at
infinity to possess in any pseudo-Riemannian manifold namely, (i) it should be a
point around which the metric cannot be extended (ii) it should be approachable
by our chosen family of curves and (iii) for these curves only those with unbounded
parameter approach it. We must also consider the fact that a point agreeing with
these properties may be the result of the manifold’s presentation in a given envelopment. There are examples where it is possible to cover a point at infinity by a
regular boundary set of another embedding. In such a case one should consider
the point to not be an essential part of (M, g, C) but an artifact of its particular
embedding. This leads us to the following definitions.
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Definition 3.30 (Removable and Essential Points at Infinity)
A boundary point at infinity is termed a removable point at infinity if there is a
boundary set, B ⊂ ∂φ M composed purely of regular boundary points such that
B . p. When a point at infinity is not removable it will be termed essential.
Using the covering relation and the b.p.p. it is straightforward to prove that the
property of being an essential point at infinity is preserved under covering.
Theorem 3.31 (Invariance of Essential Points at Infinity)
If p is an essential point at infinity and p0 ∼ p then p0 is also an essential point at
infinity.
As a result of the previous theorem the property of being an essential point at
infinity passes to all representatives of an a-boundary point if any one representative
is an essential point at infinity. There is also the possibility that a point at infinity
could be covering additional extendible portions of the manifold. Examples of this
sort may be constructed and this motivates the following definition.
Definition 3.32 (Mixed and Pure points at Infinity)
As essential point at infinity which covers a regular boundary point will be termed
a mixed point at infinity. Otherwise it will be termed a pure point at infinity.
One may ask whether points at infinity are able to cover points other than
regular ones. However, this is forbidden by consequence of Theorem 3.9, the b.p.p.
and the definitions at present. We now turn our attention to non-regular points
which are accessible within finite curve parameter.

3.4.3

Singular Boundary Points

Definition 3.33 (C l Singular Boundary Points)
A boundary point p ∈ ∂φ M will be termed a C l singular boundary point or a C l
singularity if
(i) p is not a C l regular boundary point,
(ii) p is a C-approachable point, and
(iii) there exists a curve, γ ∈ C which approaches p (γ
eter.

p) with bounded param-

Due to the logical structure of the definition of a point at infinity one could also
define a singular boundary point as a C-boundary point which is not C l regular and
not a C l point at infinity. Given that boundary points which are C l -regular are
clearly not regular for all l 0 6 l it follows that if p is a C l singular boundary point
0
then it is C l singular for all l0 6 l.
The definitional structure given so far is exhaustive and so it is possible to define
a non-singular boundary set.
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Definition 3.34 (C l Non-singular Boundary Set)
A boundary set B will be called C l non-singular if it contains no C l singular boundary points i.e. every p ∈ B is either C l regular, a C l point at infinity or is a
C-unapproachable point.
Again, as in the case of points at infinity it is possible that a boundary point
might be found singular as an artifact of the embedding it is given in. There
may exist other envelopments in which the singular point is covered by a nonsingular boundary set. This leads us to the definitions of removable and essential
singularities.
Definition 3.35 (C m Removable Singularity)
A C m singular boundary point will be termed C m removable if there exists some
c φ) and a C m non-singular boundary set B ⊂ ∂φ M ⊂ M
c
other envelopment, (M, M,
m
0
such that B . p. If p is a C removable singularity then for all m 6 m for which it
0
0
is C m singular, it is also C m removable. In the case where m = k, p will be simply
termed a removable singularity.
Definition 3.36 (C m Essential Singularity)
A C m singular boundary point p will be termed a C m essential singularity if it is not
0
C m removable. If p is a C m essential singularity then it will also be a C m essential
singularity for m0 6 m. Clearly then it will be C k essential and in future be simply
termed an essential singularity.
An analogue of Theorem 3.31, proved by similar methods, also exists for essential
singularities.
Theorem 3.37 (Invariance of Essential Singularities)
If p is an essential singularity and p0 . p then p0 is also an essential singularity.
By virtue of the equivalence relation and the theorem above we find that the
property of being an essential singularity passes to an a-boundary point if any one
representative is an essential singularity. In addition it can be shown that removable
singularities are always covered by additional regular boundary points not evident
in the original envelopment. This is embodied in the following theorem.
Theorem 3.38
If p is a removable singularity and B . p is any non-singular boundary set covering
p then B contains at least one regular boundary point.
As for the case of points at infinity, we can ask whether the boundary point
hides any non-singular boundary sets of another embedding. Since an approachable
boundary set cannot cover a unapproachable one we obtain the following definition.
Definition 3.39 (Directional or ‘Mixed’ Singularity)
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An essential singularity p will be termed a mixed or directional singularity if p . q,
where q is either regular or a point at infinity. If p covers no such boundary point
then p will be termed a pure singularity.

3.5

Classifying Boundary Points

In the previous section an exhaustive definitional structure for classifying boundc φ) of some C k pseudoary points was presented. Given an envelopment (M, g, C, M,
Riemannian manifold, (M, g, C) and a particular boundary point p of that envelopment, we would like to classify the point as one of the categories of point above.
One can do this by asking the following series of questions:
(i) Is p a C l regular boundary point for some l 6 k? If p is regular then there
must exist a metric extension about p. If this is the case then, we are finished
except that we may wish to further classify regular points into those that are
approachable and those that are not.
(ii) Is p a C-approachable point? If we are dealing with a non-regular point then
we should ask whether it is the limit point of a curve from our b.p.p. family
C. Those points which are inaccessible to the family of curves are in a sense
not essential. Finally though, one may wish to check whether the point covers
any regular boundary points. If not then we continue with the next question:
(iii) Is there a curve from C which approaches p with bounded parameter? If the
answer is no then we have a point at infinity. Otherwise p is a singularity.
-If p is a point at infinity we ask:
(a) Is p covered by a boundary set B consisting only of regular points or a
mixture of regular and unapproachable points? If yes, then the point at
infinity is called a removable point at infinity, otherwise it is termed an
essential point at infinity. For essential points at infinity we also ask:
(b) Does p cover a regular boundary point q of another embedding? If this is
the case then p is a pure point at infinity. Otherwise it is a pure point
at infinity.
-If p is a singularity:
(a) Is p covered by a non-singular boundary set B of another embedding? If
this is possible then p is removable. Otherwise it is an essential singularity
and we can ask:
(b) Does p cover any boundary sets of another embedding containing regular
boundary point and points at infinity? If the answer is yes then then p is
a directional or mixed singularity, otherwise it is a pure singularity.
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Figure 3.6: The a-boundary algorithm for classifying boundary points of a
space-time. Bold boxes denote classes of points which pass to the abstract
boundary. Particular attention should be paid to those questions with the
word ‘AND’ emphasized. Definitional consistency with Theorem 3.9 and
b.p.p. property (iii) requires these despite not being present in the original
definitions.
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Figure 3.7: Covering chart for boundary points.

The entire classification scheme is depicted schematically in Figure 3.6. Despite
the exhausive nature of the classification scheme the reader is advised that the construction does not provide a method for generating embeddings with given properties. The scheme only provides one with an algorithm for classifying the boundary
points of an embedding. In practice, this may be difficult to perform since some
questions, in particular those involving removable point types and mixed or pure
points on the flowchart, may be extremely difficult to answer. These questions rely
on one being able to perform various space-time extensions, which is not a trivial
exercise. However, the chart does makes it clear that there are only eight different endpoints to the algorithm and hence eight types of boundary points according
to this classification scheme. We remove regular approachable points from this list
since by extension these can be considered points of the manifold in another envelopment. By the definition of the various classes of boundary point, counter-examples,
and application of Theorem 3.9, we can determine a table of allowed boundary point
coverings. This is presented in Figure 3.7. It is clear at this point why property
(iii) of the bounded parameter property (Definition 3.18) is essential to the classification scheme. If we did not require this, boundary points at infinity would be
mixed up with those that should be considered singular. Using this table we can
quickly determine which classes of boundary point become categories for points in
the abstract boundary. We have already seen that of the approachable points, the
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essential categories, pure and mixed points at infinity and pure and directional singularities pass to the abstract boundary. The category C of a boundary point can
only pass to the abstract boundary if representative points can not be equivalent
to representatives from another category C 0 . This will be the case if either category can not cover the other somewhere in the covering chart. The categories that
pass through to the abstract boundary are presented in Figure 3.8. The figure also

Figure 3.8: Abstract boundary categories. The only classes of boundary point
which pass on to become abstract boundary point categories are those which
can never be equivalent to one another.

includes indeterminate points. These are comprised of abstract boundary points
which have as representative members regular boundary points, removable points
at infinity and removable singularities.
The classification scheme above achieves the aims mentioned at the beginning of
the chapter. Primarily, the abstract boundary provides every pseudo-Riemannian
manifold with a class of b.p.p. curves on it with a well-defined, abstract singular
boundary, BS (M). This is simply the collection of all singular abstract points.
An additional abstract boundary at infinity, B∞ (M) is produced as an extra gift.
The abstract boundary is also a flexible approach to singularities, since the choice
of family of curves satisfying the b.p.p. can be made to suit the problem. This
choice will alter which points are defined to be unapproachable and which are not.
Thus the choice of curve family will alter which points may be considered essential
singularities and which will be non-regular unapprochable points† . Finally, the level
of differentiability applied to the regularity of a space-time can be tuned to suit the
application.
†

See §3.8.1 on p. 67 for additional discussion.
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Open Questions in the a-Boundary Point Classification Scheme

Despite the comprehensive nature of the classification scheme expounded in
earlier sections there remain several questions which elude solution. The most important fundamental question is whether every essential singularity possesses a pure
core. At present we do not know of a space-time which is a counter-example to this
question. Since essential singularities can be split into pure and directional types,
the more refined statement of this is whether a directional singularity always covers
a pure singularity in addition to having re-envelopments for which it covers points
at infinity and regular points. This issue is closely related to the following question;
do pure singularities exist which are also approached by b.p.p. curves of infinite parameter? One should note that in the definitional tree points at infinity have only
b.p.p. curves of infinite parameter approaching them while singular points need only
have one curve of finite parameter aproaching it. This definitional gap may then
allow pure singularities to be “far away” for particular curves. This question is
extremely difficult to answer because the question is very general and it applies to
essential singularities defined by any b.p.p. family of curves. A simpler, physically
motivated problem would be to restrict C to be the family of affinely parametrised
causal geodesics (or timelike) and search for a more limited result. This has also
proved to be rather intractable with no present result.

3.6

Topological Properties of Abstract Boundary
Representative Sets

In the previous section it was shown using the concepts of C-approachability,
regularity and the b.p.p. that boundary points of an envelopment could be classified into various categories. In addition it was shown and that the concepts of
essential singularity, essential point at infinity and certain other definitions if satisfied by a boundary point p were also satisfied by any p0 . p. It followed that these
characteristics are inherited by the abstract boundary point [p] since the properties
pass one way through the covering relation .. It is an interesting exercise to search
for other invariant properties with which an abstract boundary point [p] or abstract
boundary set [B] may be endowed. One question that is of particular importance is
whether there are any additional purely topological properties which pass through
the covering relation to endow all abstract representatives of [B] with that invariant topological property. We now turn our attention to the results proved by Fama
and Scott (1994) answering some of these questions. Fama and Scott show that
compactness is a property invariant under boundary set equivalence and so passes
to the a-boundary. An intuitive and precise notion for the isolation for boundary sets is developed by them and it is shown that this is also invariant amongst
boundary set representatives. In addition, they also introduce a general topological
neighbourhood property (abbreviated to T NP) where T is any topological property of a topological space. Fama and Scott show that the T NP is an invariant
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property of any a-boundary set representative and investigate the result for several
choices of T . They examine the connected neighbourhood property (CNP) and simply connected neighbourhood property (SCNP) deriving relations between them and
the dimensionality of the manifold. Homology (HOMk NP) and homotopy (Πk NP)
neighbourhood properties are discussed and it is shown that in various dimensions
these results characterize several properties of abstract boundary sets which can
never be members of the abstract boundary B(M). Thus we can state that there
exist boundary sets which cannot be equivalent to a boundary point in another
embedding and hence never be represented by an a-boundary point. The following
serves as a brief review of these results with emphasis on concepts that will be used
again in later chapters.

3.6.1

Invariance of Compactness for Boundary Sets

Fama and Scott (1994) were able to prove the following for boundary sets equivalent to compact boundary sets,
Lemma 3.40
If a boundary set B ⊂ ∂φ M is compact, then any B 0 ∼ B is closed.
In the above it is essential that B be compact and not merely closed. Fama
and Scott cite the following counter-example to demonstrate the insufficiency of
assuming that B be only closed and not compact.
Example 3.41
c = R3 and M = {(x, y, z) ∈ R3 : z 6 0}, in this envelopment the emLet M
bedding is φ is the inclusion map and the boundary set is B = ∂φ ={z = 0}. If
we compactify M to an open box, i.e. φ0 (M) = {(x, y, z) : |x|, |y|, |z| < 1, z <
c0 (= R3 ) we obtain the space given in Figure 3.9. The boundary set
0} ⊂ M
0
B = {(x, y, z)|z = 0, |x|, |y| < 1} is the top face of φ0 (M) not including the perimeter set {z = 0, |x|, |y| 6 1 and either |x| or |y| = 1}. B is equivalent to B 0 but B 0 is
not closed.
Due to the properties of smooth embeddings it would seem intuitively obvious
that compact boundary sets would remain compact under re-envelopment. Using
the previous lemma Fama and Scott (1994, p. 83) confirmed the invariance of compactness;
Theorem 3.42 (invariance of compactness)
If a boundary set B ⊂ ∂φ M is compact, then any B 0 ∼ B is compact.
Since point sets are compact, all boundary sets equivalent to an boundary point
must all be compact. This is an important corollary of Theorem 3.42 with the result
that re-envelopments of a boundary point cannot stretch these sets into unboundedly
large sets.
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Figure 3.9: For the depicted counter-example M = {(x, y, z) ∈ R 3 |z < 0}.
c = R3 is enveloped under
The boundary set B = {z = 0} = ∂φ M ⊂ M
the inclusion mapping (i.e. φ = id). The figure shows M re-enveloped by
compactification to an open box. Clearly B ∼ B 0 . However, while B is
closed, B 0 is not. This example also provides motivation for why isolated
boundary sets must be unbounded. If we allow a definition of isolation to
include unbounded sets then it is possible for these ‘isolated’ boundary sets
to meet with other boundary sets at infinity. The edges of B 0 depicted here
with a dashed line meet arbirarily closely with the sides of the box and so
should not be considered isolated from them.

Corollary 3.43
All boundary sets equivalent to a boundary point are compact.
Clearly then the property of compactness is preserved by all members of an aboundary equivalence class and compactness becomes an a-boundary set property.

3.6.2

Isolated Boundary Sets

I now state the definition of isolation for boundary sets as presented by Fama
and Scott (1994).
Definition 3.44 (Isolated Boundary Set)
A compact boundary set B is said to be isolated if there is an open neighbourhood,
c such that U ∩ ∂φ =B.
U (B) ⊂ M,

It is worth questioning why only compact boundary sets are considered in the
definition of isolated boundary sets. If one considers open boundary sets one easily
obtains sets satisfying the definition which one would not consider isolated. Similarly if one allows unboundedly large sets then it is possible for the set ‘edges’ to
meet up at infinity.
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Consider the situations depicted in Figure 3.9 (from Example 2.1 of Fama and
Scott (1994)) and 3.10. The first example shows a boundary set B 0 which is not
isolated from the boundary sets that form the side faces since it approaches these
sets arbitrarily closely in this embedding. In the original embedding this behaviour
c = 0} is unbounded
is less obvious since the boundary set B = {(x, y, z) ⊂ M|z
and it apparently meets up to no other set. In the second example, depicted in
Figure 3.10, there is clearly no sense in which the open boundary set B = U ∩ ∂φ M
is separated from the two end pieces. In fact we can find points of B which are
arbitrarily close to the end points of the boundary sets BL and BR .

Figure 3.10: If one allows non-closed sets then we obtain the difficulty that
we can create so-called isolated boundary sets which have other boundary
sets arbitrarily close to points in our candidate for an isolated set.

Intuitively it would appear that isolated boundary sets are formed from a type
of basis of connected boundary set components. Fama and Scott point to this
similarity between isolated boundary sets and connected components of a manifold
in the following lemma.
Lemma 3.45 (Properties of Isolated Boundary Sets)
Isolated boundary sets enjoy the following properties;
(i) An isolated boundary set B is a union of components of ∂φ (in the latter’s
topology).
(ii) The boundary ∂φ consists of a locally finite collection of boundary components
c
if and only if one can find disjoint M-open
neighbourhoods of each component.
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Any boundary component which is compact is thereby an isolated boundary
set.
S
(iii) If B = Bi is an isolated boundary set, each Bi is a boundary component,
c
and the Bi are separated by M-open
neighbourhoods Ui , all of which are
disjoint, then B is a union of a finite number of boundary components.
Fama and Scott suggest that the properties of isolated boundary sets are analogous to connected components for topological spaces. Indeed many of the properties
which we expect for connected components are the same as those presented above
for isolated boundary sets.
In relationship to the third point above, one should remember that not all isolated boundary sets can be expressed as a finite union of boundary components.
Fama and Scott (1994, p. 87) provide the following example of this.
Example 3.46
c = R2 and φ(M) = M
c \ ∂φ M where ∂φ M = X × {0} and X = [0, 1] ∪
Let M
S
n∈N {−1/n}. It is clear that this example is isolated (and hence compact) but
consists of a countably infinite number of boundary components. The second statec
ment in Lemma 3.45 applies here since it is impossible to find disjoint M-open
neighbourhoods of each component† .
The most important property of isolated boundary sets is that it is transitive
through the covering relation and thus passes to the a-boundary (Fama and Scott
1994, Theorem 3.2, p. 89).
Theorem 3.47 (Invariance of Isolation)
If B ⊂ ∂φ M is an isolated boundary set, then any B 0 ∼ B is also an isolated
boundary set.

3.7

The Topological Neighbourhood Property

We have seen from the examples given previously that the abstract boundary
allows boundary sets to appear and reappear in many different forms. We will now
consider those topological properties which remain invariant amongst all abstract
boundary set representatives. For the following I wish to remind the reader of the
definition of a topological property.
Definition 3.48 (Topological Property)
A topological property T = T (X) of a topological space X is a property of X such
that all topological spaces Y which are homeomorphic to X have the same property
i.e. T (X) ⇒ T (Y ) for all Y homeomorphic to X.
†

The set causing difficulty in this example is [0, 1] × {0} since the other connected components
c
of the set converge on the point (0, 0) and so are present inside every M-open
neighbourhood of
[0, 1] × {0}.
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Definition 3.49 (T -niceness)
c φ) (i.e. B ⊂ ∂φ M ⊂ M)
c and
Let B be a boundary set of an envelopment (M, M,
c will be
let T be a topological property. An open neighbourhood of B, U (B) ⊂ M,
called T -nice if T (U (B) ∩ φ(M)) is true in the relative topology of U (B) ∩ φ(M).
Definition 3.50 (Topological Neighbourhood Property (T NP))
A boundary set B, satisfies the topological neighbourhood property (abbreviated to
c contains a
T NP for the sake of brevity) if every open neighbourhood, U (B), in M,
c
T -nice, open neighbourhood, V(B) ⊂ M.
Theorem 3.51
Let T be a topological property. If B satisfies the T NP and B ∼ B 0 , then B 0 also
satisfies the T NP.
The proof of this important result can be found in Fama and Scott (1994, p. 95).
It is worthy of note, that definitions analogous to those of T -niceness and the T neighbourhood property can be made for properties of differential manifolds which
are invariant under diffeomorphisms. For example properties of the tangent bundle
could be used to create a differential neighbourhood property. Since the embedding
functions used in the definition of envelopments are C ∞ , the mapping between
envelopments, φ ◦ ψ −1 (see Definition 3.8), is a diffeomorphism. Thus the method of
proof for Theorem 3.51 given in (Fama and Scott 1994) follows through trivially for
any differential neighbourhood property invariance theorem. As a result of Theorem
3.51 the T NP is satisfied by any chosen abstract boundary representative and we
obtain the following corollary (Fama and Scott 1994, Corollary 4.4, p. 96).
Corollary 3.52 (abstract boundary invariance of the T NP)
If T is a topological property, then the T NP is a well-defined property of abstract
boundary sets [B]. We say that [B] satisfies the T NP iff the representative boundary
set B satisfies the T NP.
Connectedness and the Connected Neighbourhood Property
It is fairly simple to see that the notion of connectedness for boundary sets is
not invariant under boundary set equivalence. Examples demonstrating this can
be easily devised even for isolated boundary sets. Take for example the situation
depicted in Figure 3.11. Here the open manifold M consisting of the open interval
(0, 1) is embedded in the usual way into R. An alternate envelopment embeds M
into S 1 . One choice of embedding function φ : M → S 1 is θ = φ(s) = 2πs where
θ ∈ (0, 2π) is a coordinate for S 1 . Clearly the boundary point p = {θ = 0} of
(M, S 1 , φ) is equivalent to the boundary set B = {t = 0, 1} composed of points
q = {t = 0} and r = {t = 1}. Both these boundary sets are isolated. However,
while p is connected B is not. In fact, one might envision examples where a number
of isolated boundary points might be coalesced to form a single connected boundary
point (see Figure 3.12).
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Figure 3.11: The boundary set B composed of the ends of the interval (represented by boundary points q and r) is coalesced into a point boundary set
p in the new envelopment into S 1 . The two sets are equivalent but while p is
connected B is not.

Figure 3.12: Two boundary points of an enveloped manifold maybe coalesced
into one by the choice of a suitable envelopment φ.

Counter-Examples depicting isolated, connected boundary sets which are equivalent to isolated disconnected boundary sets can be found for manifolds, M with
dim M > 2 (see Fama and Scott (Example 4.1, pp. 90-2)).
We will now examine the case where the topological property T (X) =‘X is
connected’ := C(X). This leads us to define the connected neighbourhood property
which I will abbreviate as CNP. This following result connects the CNP with the
property of a boundary set being connected (Fama and Scott 1994, Theorem 4.1,
p. 92).
Theorem 3.53
c φ). If B satisfies the CNP, then
Let B be a boundary set of envelopment (M, M,
B is connected.
Theorem 3.53 makes intuitive sense since boundary sets obeying the CNP have
arbitrarily small connected neighbourhoods in the relative topology and one would
expect the boundary set to be connected. However, it is not true that connected
boundary sets have the CNP. An example of this is provided in Figure 3.13 (Example 4.2(ii) of (Fama and Scott 1994, p. 96)). Figure 3.13 depicts the manifold
c = R × S 1 = {(t, θ)|t ∈ R, θ ∈ (−π, π]}. We define M := M
c \ {θ = π}, enM
c with the C ∞ embedding φ as the inclusion map. The boundary set
veloped in M
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Figure 3.13: All neighbourhoods of the boundary set B depicted above have
disconnected intersection with φ(M). Thus B cannot satisfy the CNP.

B = ∂φ M = {θ = π} is connected. We will now define some open neighbourhoods of B, U (B) := {(t, θ)|t ∈ R, θ ∈ (−π, −a) ∪ (a, π]}, where a ∈ (0, π) is a
chosen constant. U (B) ∩ φ(M) is made of two connected components and any subneighbourhood contained in U (B) must also have V(B) ∩ φ(M) composed of two
connected components. Therefore B does not satisfy the CNP. In the previous example the boundary set was not-isolated since B was not compact. However there
also exist isolated and connected boundary sets which fail to satisfy the CNP. The
simplest example of a boundary set with this property was given in Figure 3.11. In
that example it is clear that every neighbourhood of {θ = 0} has disconnected intersection with φ(M) and hence cannot satisfy the CNP. Higher dimensional analogs
of this example which possess isolated and connected boundary sets failing to satisfy the CNP are given in Fama and Scott (1994, Example 4.1, pp. 90-1). Although
Figure 3.11 shows that it is possible to produce isolated boundary points not obeying the CNP it is impossible to construct examples for dimensions two and above.
Essential for proving this fact is the following lemma.
Lemma 3.54 (Fama and Scott (1994, Lemma 4.5, p. 96-7))
Let n > 2. If p is an isolated boundary point then, for some  > 0, there is an
open metric ball B(p, ) (about p, of radius ) which intersects ∂φ M at (and only
at p), and is such that B(p, ) \ {p} ⊂ φ(M). It follows that, if n > 2, an isolated
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boundary point satisfies the CNP.
This lemma confirms the intuitive idea that isolated boundary points are an
‘internal’ boundary point for the case dim M > 2 and therefore satisfy the CNP.
Thus we obtain the following corollary
Corollary 3.55 (Fama and Scott (1994, Corollary 4.6, p. 97))
If n > 2, an isolated abstract boundary point [p] satisfies the CNP. Every boundary
set B ∈ [p] is thus connected.
This result enables us to specify at least one type of compact boundary set which
cannot be equivalent to an abstract boundary point. If we take the equivalence
class of any isolated boundary set of ∂φ M composed of more than one connected
component where dim M > 2 then such a set cannot be equivalent to an abstract
boundary point† .
Simple Connectedness and the Triviality of Higher Homotopy Groups
As was the case for connectedness, the simple connectedness of boundary sets is
not an invariant property under the equivalence relation. Several counter-examples
exist in the literature demonstrating this. Fama and Scott (1994, Example 5.1(i),
p. 98) provide examples of non-isolated boundary sets which are not simply connected but are equivalent to a point for manifolds M where dim M > 3. Similarly
Scott and Szekeres’s (1994, Example 15, p. 230) example of an envelopment which
‘blows up’ a boundary point to a boundary set homeomorphic to S 1 provides us
with an example of an isolated boundary set for which simple connectedness is not
invariant under the equivalence relation.
At the end of the previous section I presented an example of a disconnected,
isolated boundary set which is not equivalent to any boundary point. However,
this still leaves open the possibility that there exist connected, isolated boundary
sets which are not equivalent to a boundary. The simply connected neighbourhood
property (SCNP) enables us to say something about this case.
Fama and Scott (1994, Example 5.2, p. 100) consider R3 with a ring of points
removed from it i.e. M = R3 \ B where B is homeomorphic to S 1 . It is easy to see
that this is an isolated and connected boundary set which does not obey the SCNP.
Since any isolated boundary point in n-dimensions, with n > 3, satisfies the SCNP
this set cannot be equivalent to a boundary point and [B] cannot be a member of
B(M). This is not true if dim M = 2 in which case an isolated boundary point
does not obey the SCNP as per Scott and Szekeres (1994, Example 15, p. 230) and
Fama and Scott (1994, Example 5.1(ii), p. 99).
As held previously for the CNP and the connectedness property, the SCNP and
the simple connectedness of a boundary set are unrelated. Examples of equivalent
boundary sets satisfying one property but not the other exist for both cases. The
†
c = R2 with M composed of
Examples of this are very easy to generate. For example take M
c
M with two or more disjoint closed discs removed from it.
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Figure 3.14: The boundary set B is not simply connected but every neighbourhood of it contains a neighbourhood satisfying the SCNP.

space described in Figure 3.13 possesses a simply connected boundary set which
does not obey the SCNP. Conversely the space shown in Figure 3.14 displays a
boundary set which is not simply connected but obeys the SCNP. In this example
c = R × S 1 = {(t, θ)|∞ < t < ∞, −π < θ 6 π} and M = {(t, θ) ∈ M|t
c >
M
0, θ 6= π if t 6 1}. The enveloped boundary is ∂φ M = B ∪ {(t, π)|t ∈ (0, 1]} where
B = {(0, θ)|θ ∈ (−π, π]} is not simply connected. It is clear that the line segment
removed from the space removes the presence of paths not homotopic to the trivial
loop and thus B satisfies the SCNP. The result of this that there is no analogue of
Theorem 3.53 for the SCNP. The counter-example presented in Figure 3.14 can be
generalized to a greater number of dimensions‡ .
In addition to the topological properties selected before we also have other
choices at our disposal. For example,
(i) T (X) = “Hk (X) is the trivial group” := HOMk (X), where k ∈ Z, 0 6 k 6 n.
(ii) T (X) = “X is k-connected” := Πk (X), k ∈ Z, k > 1† .
Fama and Scott were able to find applications of these results in the in further
characterizing the properties of isolated boundary points and properties of representative boundary sets of a given abstract boundary point. These results draw
heavily on the k-connectedness of the deleted neighbourhoods of isolated boundary
points in an arbitrary number of dimensions.
‡

The details of this generalization can be found in (Fama and Scott 1994, Example 4.1, p. 90).
This involves producing a product manifold M × X0 with X0 chosen to be simply connected. This
is then shown to have the requisite properties.
†
Note that SC(X) ≡ Π1 (X) and C(X) ≡ HOM0 (X).
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Theorem 3.56
Let k be a positive integer, and assume that the dimension n of M satisfies n > k+2.
Then an isolated boundary point satisfies the Πk NP. Thus, if n > k + 2, a boundary
set which does not satisfy the Πk NP is not equivalent to any isolated boundary
point.
The case for the SCNP yields the following restriction for isolated abstract boundary
points.
Corollary 3.57
If n > 3, then any isolated boundary point satisfies the SCNP. Thus, if n > 3, a
boundary set which does not satisfy the SCNP is not equivalent to any isolated
boundary point.
It is possible to replace the Πk NP with the HOMk NP by using conditions on
n and k that ensure the triviality of Hk (S n−1 ). Thus an alternative version of this
theorem can be generated.
Theorem 3.58
Let k be a positive integer, satisfying 1 6 k 6 n − 2, where n is the dimension of M.
Then an isolated boundary point satisfies the HOMk NP. Thus, if 1 6 k 6 n − 2, a
boundary set which does not satisfy the HOMk NP is not equivalent to any isolated
boundary point.
The final application of these concepts is to the special class of boundary sets
which are also boundary submanifolds.
Definition 3.59 (Boundary Submanifold)
c φ), which is also a differentiable
A boundary set B of an envelopment (M, M,
c is termed a boundary submanifold. If B is of co-dimension 1 in
submanifold of M,
c
M then it will be termed a boundary hypersurface

Corollary 3.60
Let k be a positive, and let B be a connected, isolated boundary submanifold of an
c φ). Assume that either
envelopment (M, M,

c = 2n > k + 2, dim B = n, and both
(i) N is an odd integer, dim M = dim M
c and B are oriented, or
M

c and
(ii) B is a boundary hypersurface of the simply connected manifold M,
c = n > k + 2.
dim M = dim M

If B is not k-connected, then B cannot be equivalent to any boundary point.

Since boundary hypersurfaces are often encountered when dealing with all types
of regular, singular and infinite boundary points, the previous corollary provides us
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with a criterion for deciding when these boundary features can be associated with
the abstract boundary.

3.8

Abstract Boundary Singularity Theorems

The previous section dealt with the many different invariant topological properties that abstract boundary sets might possess. Some of these results enable us
to characterize those types of abstract boundary sets which do not appear in the
abstract boundary. However, the main aim of the abstract boundary program has
been to provide a structure within which to analyse space-time singularities. One
of the most important concepts the abstract boundary can provide us with is a
notion of when a manifold (M, g, C) is singularity-free. Applying the a-boundary
classification, the following is a natural definition of that concept.
Definition 3.61 (C l singularity-free)
A space-time with chosen b.p.p. curve family C, (M, g, C) is termed singularityfree if it has no C l singularities. This is to say that for every envelopment of M
its boundary points are either C l non-singular points (see Definition 3.34) or C l
removable singularities (see Definition 3.35).
Although natural, the criterion above appears to be difficult to determine in
a practical sense. The process of verifying the absence of essential singularities
for every envelopment of M is a daunting and arduous task. However, Scott and
Szekeres (Scott and Szekeres 1994) were able to prove the following general theorems
making the detection of singularity-free pseudo-Riemannian manifolds possible for
special circumstances.
Theorem 3.62
Every compact pseudo-Riemannian manifold (M, g) is singularity-free for any family C of curves with the b.p.p.
This theorem is essentially a result of the fact that compact manifolds only
possess trivial envelopments into other connected manifolds. Consequently, the
singularity-free property of compact manifolds has long been considered a fundamental test for any practical theory of singularities.
The following theorem displays the consistent theme within singularity theory
that manifolds which are complete with respect to a family of curves are also free
of the presence of singularities. As this idea also motivated the abstract boundary
point classification scheme, the following is not surprising:
Theorem 3.63
Every pseudo-Riemannian manifold with a family C of curves satisfying the b.p.p.,
(M, g, C), which is C-complete is singularity-free.
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Finally, we would expect that since regular boundary points possess convex
normal neighbourhoods in some larger enveloping manifold, there is no way that
geodesically complete manifolds could possess regular boundary points without leading to the existence of an incomplete geodesic and hence to a contradiction.
Theorem 3.64
If the pseudo-Riemannian manifold (M, g) is Cg -complete then it can have no regular
boundary points.

3.8.1

Geroch Points

In any discussion of a-boundary singularities, it is important to remember that
the definition of an essential singularity contains a choice of preferred curves as
well as requiring C l -non-regularity of an enveloped boundary point. Indeed there
are examples of pseudo-Riemannian manifolds which are Cg -complete and therefore
singularity-free with respect to the family of affinely parametrized geodesics but
still possess incomplete g.a.p. curves. Thus, were we to choose C = Cgap (M) for
such a space-time then it would no longer be C-complete. The space-time presented
by Geroch (1968c) provides an example of this behaviour. This model possesses
incomplete curves of bounded acceleration despite being geodesically complete. The
existence of these types of space-times led Scott and Szekeres to make the following
definition.
Definition 3.65 (Geroch Points)
c φ). A
Let (M, g, C) be a Cg (M)-complete manifold enveloped in (M, g, C, M,
boundary point p ∈ ∂φ M of this geodesically complete manifold will be referred
to as a Geroch point if p is a limit point of some γ ∈ C for which γ approaches p
with bounded curve parameter.
It is clear that Geroch points must not only be singular but also essentially
singular as a result of Theorem 3.64. However, if Cg (M)-completeness was used
as a criterion then a pseudo-Riemannian manifold with Geroch points would be
singularity-free.
Although other authors (Hawking and Ellis 1973, Wald 1984, Ellis and Schmidt
1977) have used geodesic incompleteness as a criterion for the presence of a singularity, geodesic incompleteness does not necessarily signify the presence of an
a-boundary essential singularity. Within the a-boundary classification scheme both
the Taub-NUT space-time (Hawking and Ellis 1973, p. 170-8) and Misner’s simplified version (Misner 1967) are singularity-free. Misner’s simplified model has the
manifold M = S 1 × R with the Lorentzian metric ds2 = 2dtdφ + tdψ 2 , where t ∈ R,
and ψ ∈ [0, 2π). The lines ψ = constant are complete null geodesics. However
there are also incomplete winding null geodesics which spiral around the cylinder
an infinite number of times within finite affine parameter. Moreover there is no envelopment of this space-time which provides the space-time with boundary points
which are limit points of these incomplete geodesics. This is most easily seen if
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Figure 3.15: The Misner space-time is null and timelike geodesically incomplete but is singularity-free with respect to any a-boundary classification.
The space-time possesses both vertical null geodesics which are complete and
winding null geodesics which are incomplete. The waist at t = 0 is also an incomplete winding null geodesic. The only boundary points for the space-time
are those points at infinity corresponding to t = ±∞.

one compactifies the space by wrapping it into a torus via identification of t = −∞
and t = +∞. Theorem 3.62 then guarantees that there are no other envelopments
which do this.
It is possible to find envelopments which make the winding null geodesics complete (Hawking and Ellis 1973, p. 171-4). However, any such envelopment has the
effect of ‘twisting’ the vertical null geodesics in such a way that they become incomplete. In addition more than one extension is possible across t = 0 unless one allows
the possibility of non-Hausdorff manifolds as valid space-times† (see Hawking and
Ellis (1973, p. 170-8)).

3.9

Concluding Remarks on the Abstract Boundary Construction

The aim of this chapter has been to provide the reader with a comprehensive
introduction to the abstract boundary construction and a summary of the published
†

The use of non-Hausdorff manifolds to represent space-time has been investigated by Hajicek
(Hajicek 1971).
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work on it to date. It is worth re-emphasizing that the abstract boundary applies
a completely different philosophy to the generation of a boundary compared to
the formulations presented in the previous chapter. The most striking difference is
that the a-boundary construction does not seek to algorithmically generate boundary points which can then be appended to the manifold using some topological
criterion. The existence of B(M) requires only that M be a smooth manifold and
therefore B(M) exists independently of any choice of metric or additional structure.
When the manifold is provided with an affine connection or metric and some b.p.p.
class of curves then abstract boundary points naturally fall into various categories.
The primary utility of the abstract boundary is that many physically important and
topologically essential concepts are invariant of the choice of boundary representative. Apart from the classification of boundary points, various concepts such as
isolation and topological neighbourhood properties pass to the abstract boundary.
Moreover, since the abstract boundary exists for manifolds independent of the
given chart or coordinates it is presented in, it is the perfect candidate for dealing
with physical issues in general relativity. In particular we have seen that the abstract
boundary formalism is a flexible and general method of classifying the boundary
points of a manifold once we have them presented in some embedding. Somewhat
crucially, this flexibility allows us to tune our definition of singularities to the task
at hand.
As has been noted previously, geodesic incompleteness is not a sufficient condition for a manifold to be considered singular in the abstract boundary formalism. It
is inevitable then that singularity theorems involving the abstract boundary are of a
different nature to those usually associated with general relativity. In the following
chapter I will present new abstract boundary essential singularity theorems. These
theorems will allow us to invoke the abstract boundary formalism upon the classical
singularity theorems of Hawking and Penrose et. al.

Chapter 4

Geodesic Incompleteness and
a-Boundary Essential singularities

The abstract boundary essential singularity defined in the previous chapter is a
flexible definition of singularity applicable to all C k pseudo-Riemannian manifolds.
When specifically applied to Lorentzian spaces, the abstract boundary construction
supplies an alternative to the traditionally-used boundary constructions and allows
a precise description of the intuitive global properties of a space-time singularity.
The a-boundary singularity theorems (Theorem 3.62, 3.63 and 3.64) presented in
the earlier chapter provide strong confirmation of the physical significance of the
essential singularity definition (Definition 3.36) and its applicability to questions
involving singularities in General Relativity. However, these theorems stop at providing a result which guarantees the existence of essential singularities, instead describing only a few general situations under which a space-time is singularity-free.
The aim of this chapter is to fill this gap and prove essential singularity theorems.
One way to achieve this is to prove results linking the causal and time-like geodesic
incompleteness guaranteed by the theorems of Hawking, Penrose et. al. to the existence of essential singularities. The definition of an essentially singular boundary
point requires more than just incompleteness. Definitionally, an incomplete curve
from the family of curves C obeying the b.p.p. must approach the boundary point,
and the boundary point must be non-regular. However it is easy to envisage situations where incomplete geodesics do not yield boundary points which are essentially
singular. If a curve from C is incomplete and avoids approaching a boundary point
then irrespective of the regularity of the boundary point no essential singularity can
be associated with that curve.
Consider the Misner simplified space-time depicted in the previous chapter (Figure 3.15). This space-time allows the existence of past-directed causal geodesics
originating from the t > 0 region which are incomplete either on or approaching the
t = 0 waist. Since the space-time is flat everywhere the waist has no discontinuity in the curvature which distinguishes it. Furthermore the waist is composed of
space-time points not topological boundary points. Coincidentally the waist marks
the boundary between the region where the chronology condition holds and the
region where it does not. One could hypothesize that it is the presence of these
causality violating curves that allows causal geodesics to become incomplete ‘away’
71
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from boundary points of the space-time. If a second manifold is constructed by
removing the region t 6 0 one obtains a space-time which is flat, causal and is free
of essential singularities since the boundary set produced by the cut at the waist
is composed of regular boundary points. The metric being extendible everywhere
along the t = 0 surface. It is clear that to obtain a general result we must also
require that our space-time be maximally extended to prevent cases such as these.
Motivated by the previous discussion we proceed to prove the relationship between causal geodesic incompleteness and essential singularities with respect to
causal geodesics. Historically, the distinguishing and strong causality conditions
have been defined in two different ways by Hawking and Ellis, and by Penrose. Due
to the lack of precision in some of these definitions it has been thought necessary to
rewrite the definitions of various causality conditions precisely to obtain irrefutable
results. In addition there appears to be no source in the standard literature establishing the equivalence of the Hawking and Ellis/Penrose definitions. These two
goals are achieved first before tackling the proof of the essential singularity result.
The last part of the chapter is aimed at strengthening the result by extending it to
distinguishing space-times. This is proved for 2-dimensional space-times, but the
proof of a general case raises many issues which are physical in character. These
issues are summarised in the final part of the chapter. We now continue with a
precise treatment of the strong causality condition.

4.1

Strong Causality Revisited

It is necessary that we give the precise definitions of a closed loop and a causal
space-time which will be employed throughout this chapter.
Definition 4.1 (Closed Loop and Causal Space-time)
A causal curve γ : [a, b] → M in a space-time (M, g) is a closed loop if γ(a) = γ(b)
and there do not exist c, d ∈ [a, b], c < d, such that γ(c) = γ(d), unless c = a and
d = b. A causal space-time is a space-time (M, g) which does not contain any closed
loops.
Note that the definition given for a closed loop above prevents the occurrance
of trivial loops. In addition the definition of causal space-time given above agrees
with those of Hawking and Ellis (1973, p. 190), Beem, Ehrlich and Easley (1996,
p. 58) and Penrose (1972, p. 27).
The definition of strong causality for space-times and their points is stated in
Hawking and Ellis (1973, p. 192). In the spirit of this definition, strong causality is
redefined rigorously below.
Definition 4.2 (Strongly Causal - Hawking and Ellis)
A space-time (M, g) is strongly causal at a point p ∈ M if for every open neighbourhood N (p) of p there is an open neighbourhood U (p) of p, U (p) ⊂ N (p), such
that for any causal curve γ : [a, b] → M there do not exist a0 , b0 , c0 ∈ [a, b], with
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a0 < c0 < b0 , where γ(a0 ) ∈ U (p), γ(c0 ) 6∈ U (p) and γ(b0 ) ∈ U (p).
A space-time (M, g) is termed strongly causal if it is strongly causal at every
point of the manifold, M.
We now establish the standard result that strongly causal space-times are causal.
Proposition 4.3
If a space-time (M, g) is strongly causal in the Hawking and Ellis sense, then it is
causal.
Proof. We proceed using a proof by contradiction. Suppose that the space-time
(M, g) is strongly causal but not causal. Then there exists a closed loop γ : [a, b] →
M such that γ(a) = p = γ(b) and p 6∈ γ((a, b)). Hence there exists a point
q = γ(c) ∈ M, where c ∈ (a, b), such that q 6= p. Let N (p) be a sufficiently
small open neighbourhood of p such that γ(c) 6∈ N (p) † . Since the space-time
is strongly causal at p, there exists an open neighbourhood U (p) ⊂ N (p) of p,
where γ(c) 6∈ U (p), such that there do not exist a0 , b0 , c0 ∈ [a, b], with a0 < c0 < b0 ,
where γ(a0 ) ∈ U (p), γ(c0 ) 6∈ U (p) and γ(b0 ) ∈ U (p). However γ(a) = p ∈ U (p),
γ(c) = q 6∈ U (p) and γ(b) = p ∈ U (p), which is a contradiction. Thus the spacetime (M, g) is causal.
The following two definitions (Definition 4.4 and Definition 4.5) give the other
well-known definition of strong causality due to Penrose (1972, p. 27).
Definition 4.4 (Causally Convex - Penrose)
An open set U in a space-time (M, g) is said to be causally convex if no causal
curve intersects U in a disconnected set.
Definition 4.5 (Strongly Causal - Penrose)
A space-time (M, g) is strongly causal at a point p ∈ M if every open neighbourhood
of p contains a causally convex neighbourhood of p.
A space-time (M, g) is termed strongly causal if it is strongly causal at every
point of the manifold, M.
As done previously for the Hawking and Ellis case we now prove the following
proposition.
Proposition 4.6
If a space-time (M, g) is strongly causal in the Penrose sense, then it is causal.
Proof. We again proceed using a proof by contradiction. Suppose that the spacetime (M, g) is strongly causal but not causal. Then there exists a closed loop
†

Such a N can always be found, since for any two distinct points, p and q in M, the Hausdorff
separation property guarantees the existence of non-intersecting open neighbourhoods of the two
points. N (p) can then be chosen to be the non-intersecting open neighbourhood around p.
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Figure 4.1: Diagram exhibiting the proof of Proposition 4.6.

γ : [a, b] → M such that γ(a) = p = γ(b). Select a parameter value c ∈ (a, b). Since
γ(c) and p are distinct points, there exist non-intersecting open neighbourhoods
about each point. Let N be the non-intersecting open neighbourhood around p.
Now the space-time (M, g) is strongly causal at p, so there exists a causally
convex neighbourhood U of p, where U ⊂ N . The closed loop γ must exit U
in order to reach γ(c). Let r ∈ (a, c) be the greatest parameter value such that
γ(r) ∈ U \ U and for which there exists an  ∈ (0, r − a) such that γ((r − , r)) ⊂ U
and γ((r, c)) ⊂ M \ U . Select a parameter value j ∈ (r − , r). (See Figure 4.1.)
The closed loop γ must re-enter U in order to eventually return to p. Let s ∈ (c, b)
be the first parameter value such that γ(s) ∈ U \ U and for which there exists a
δ ∈ (0, b − s) such that γ((s, s + δ)) ⊂ U . Select a parameter value k ∈ (s, s + δ).
From the definition of a closed loop, it is clear that γ(r) and γ(s) are distinct
points. Indeed, γ([j, r]) ∩ γ([s, k]) = φ. Also γ([j, r)) ⊂ U , γ([r, s]) ⊂ M \ U , and
γ((s, k]) ⊂ U . Thus the causal curve γ|[j,k] intersects U in a disconnected set, which
is a contradiction, since U is causally convex. It follows that the space-time (M, g)
must be causal.
We have shown above (Proposition 4.3 and Proposition 4.6) that if a space-time
is strongly causal in either the Hawking and Ellis sense, or the Penrose sense, then it
must be causal. Although it is commonly assumed that the two definitions of strong
causality are precisely equivalent, a proof of this equivalence is not apparent in the
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literature. Since it is useful to be able to use the two definitions interchangeably,
we provide such a proof in Proposition 4.7.
Proposition 4.7
A space-time (M, g) is strongly causal in the Hawking and Ellis sense (see Definition
4.2) iff it is strongly causal in the Penrose sense (see Definition 4.5).
Proof. ⇒ Suppose that the space-time (M, g) is strongly causal in the Hawking
and Ellis sense. If p ∈ M, then the space-time (M, g) is strongly causal at p in
the Hawking and Ellis sense. This means that every open neighbourhood N of p
contains an open neighbourhood U of p for which there exists no causal curves,
γ : [a, b] → M, such that a0 , b0 , c0 ∈ [a, b], a0 < c0 < b0 , and γ(a0 ) ∈ U , γ(c0 ) 6∈ U and
γ(b0 ) ∈ U .
Let U be such an open neighbourhood. Consider the causal curve γ : [a, b] →
M which has non-empty intersection with U . Since [a, b] is a connected set, and
γ is a continuous function, γ([a, b]) ⊂ M is also connected. It follows that if
U ∩ γ([a, b]) is a disconnected set, then there must exist a c ∈ (a, b) such that
γ(c) 6∈ U , γ((a, c)) ∩ U 6= φ and γ((c, b)) ∩ U 6= φ. However no causal curve can
intersect U in this way. This implies that U is causally convex, and thus the spacetime (M, g) is strongly causal at p in the Penrose sense. Since p was any point in
M, the space-time (M, g) is strongly causal in the Penrose sense.
⇐ Suppose that the space-time (M, g) is strongly causal in the Penrose sense.
We will assume that (M, g) is not strongly causal in the Hawking and Ellis sense
and seek to obtain a contradiction. This assumption implies that there exists a point
p ∈ M such that (M, g) is not strongly causal at p in the Hawking and Ellis sense.
It follows that there exists an open neighbourhood, N , of p such that for every open
neighbourhood, V, of p, V ⊂ N , there exists a causal curve γV : [a, b] → M with a0 ,
b0 , c0 ∈ [a, b], a0 < c0 < b0 , where γV (a0 ) ∈ V, γV (c0 ) ∈
/ V and γV (b0 ) ∈ V.
Since (M, g) is strongly causal at p in the Penrose sense, N contains a causally
convex neighbourhood, U , of p. Now there exists a causal curve γ : [a, b] → M with
a0 , b0 , c0 ∈ [a, b], a0 < c0 < b0 , where γ(a0 ) ∈ U , γ(c0 ) ∈
/ U and γ(b0 ) ∈ U . Without
loss of generality, we can assume that γ(a), γ(b) ∈ U — such a curve always exists
(e.g., restrict the curve γ to the parameter range [a0 , b0 ], i.e., γ 0 = γ|[a0 ,b0 ] ). We note
that the causal curve γ does not intersect itself since, by Proposition 4.6, (M, g)
does not contain any closed loops.
The remainder of this proof proceeds in precisely the same manner as the proof
of Proposition 4.6, again leading to a contradiction to the fact that U is a causally
convex neighbourhood of p. It follows that the space-time (M, g) must be strongly
causal in the Hawking and Ellis sense.

4.2

New Singularity Theorem

In this section we will prove the essential singularity theorem for strongly causal,
maximally extended space-times. We will be using the a-boundary definitions of
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many concepts and for relevant definitions I refer the reader to the previous chapter
and to Scott and Szekeres (1994).
Since the singularity theorem will apply to a maximally extended space-time,
we will also need a precise definition of a maximally extended pseudo-Riemannian
manifold with which to work. The central object of interest in the singularity
theorem is an incomplete causal geodesic. Both of these concepts are presented in
Definitions 4.8 and 4.9 below.
Definition 4.8 (maximally extended)
A C k pseudo-Riemannian manifold (M, g) is termed C l maximally extended (1 6
c gb, φ) of (M, g) such that
l 6 k) if there does not exist a C l extension (M, g, M,
c
φ(M) is a proper open submanifold of M.

Our notion of a maximally extended pseudo-Riemannian manifold is a manifold
for which there are no extensions. It is readily seen that if a C k pseudo-Riemannian
manifold is C l maximally extended, then it is C k maximally extended.

Definition 4.9 (incomplete causal geodesic)
An incomplete causal geodesic in a space-time (M, g) is an affinely parametrised
causal geodesic γ : [a, b) → M, where a, b ∈ R, a < b, t ∈ [a, b), such that there
does not exist an affinely parametrised causal geodesic γ 0 : [a, c) → M, where b < c,
t0 ∈ [a, c), such that γ 0 (t0 ) = γ(t) when t0 = t.
Incomplete causal geodesics are affinely parameterised geodesics which do not
admit any curve extension. This is equivalent to stating that the geodesic is not
the proper sub-curve of any geodesic curve with greater extent.
So that we may be able to apply the a-boundary classification scheme we must
be able to find a boundary point of the embedding related to any given incomplete
causal geodesic γ. Naturally we would want to choose a boundary point which is the
limit point of γ. However for general incomplete curves or for the more restricted
family of incomplete geodesics there is no guarantee that the curve will possess a
limit point either within the space-time or at the topological boundary of a given
embedding. It is fortunate then that we have the following result by Clarke and
Scott (Theorem 4.10) which enables us to create an embedding which yields an
endpoint for any single chosen sequence of points which does not possess a limit
point.
Theorem 4.10 (Endpoint Theorem - Clarke and Scott)
Let M be a Hausdorff, connected, paracompact manifold of dimension n. If {xr }
is a sequence of points in M without a limit point, then there exists a Hausdorff,
connected, paracompact manifold N of dimension n and an embedding φ : M → N
such that φ(xr ) → y as r → ∞ for some y ∈ ∂φ M = φ(M) \ φ(M).
The proof of this result can be found in Clarke and Scott. In outline, the proof
relies on creating a tubular neighbourhood around a smoothly embedded non-self-
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intersecting curve connecting the points of the sequence. A smoothly varying radius
function with the property that the neighbourhood avoids wrapping onto itself can
be shown to exist ensuring that an embedding can be created on the neighbourhood.
The embedding is then created using this radius function, the exponential map and a
parallel propagated frame along the curve to generate a coordinate system along the
curve. This tubular neighbourhood is then ‘capped’ with a n-cylinder [1, 2] × Bn−1
and the coordinates extended to this extension. An atlas for the generated manifold
N = M ∪ [1, 2] × Bn−1 is then created to agree with the atlas restricted to M and
the Hausdorff property verified for N with this atlas. The final result is that the
sequence has an endpoint when mapped into N .
We now prove the existence of an envelopment providing a limit point for a curve
initially without one.
Corollary 4.11
Let M be a Hausdorff, connected, paracompact manifold of dimension n containing
a curve γ : [a, b) → M which does not possess a limit point in M. Then there exists
a Hausdorff, connected, paracompact manifold N of dimension n and an embedding
φ : M → N such that the curve φ ◦ γ has a limit point y ∈ ∂φ M.
Proof. For the curve γ : [a, b) → M, let {tr }r∈N denote an increasing infinite sequence of real numbers in [a, b) such that tr → b as r → ∞. Let {xr } denote the
sequence of points in M given by xr = γ(tr ). Since the curve γ does not have a
limit point in M, the sequence of points {xr } cannot have a limit point in M either.
By Theorem 4.10, there exists a Hausdorff, connected, paracompact manifold N of
dimension n and an embedding φ : M → N such that φ(xr ) → y as r → ∞ for
some y ∈ ∂φ M. Since φ(xr ) = (φ ◦ γ)(tr ), it follows that the curve φ ◦ γ has a limit
point y ∈ ∂φ M.
Let us now proceed to proving the singularity theorem.
Theorem 4.12
Let (M, g) be a strongly causal, C l maximally extended, C k space-time (1 6 l 6 k)
and C be the family of affinely parametrised causal geodesics in (M, g). Then
B(M) contains a C l essential singularity iff there is an incomplete causal geodesic
in (M, g).
Proof. ⇒ Suppose that the a-boundary, B(M), contains a C l essential singularity.
This means that there exists an abstract boundary point [p] ∈ B(M), where p ∈
c φ) such that p is a C l essential singularity.
∂φ M for some envelopment (M, M,
l
Since p is a C essential singularity, there exists a causal geodesic γ : [a, b) → M,
t ∈ [a, b), such that γ approaches p with bounded affine parameter b ∈ R. This
means that there exists an increasing infinite sequence of real numbers {ti } ⊂ [a, b),
ti → b, such that (φ ◦ γ)(ti ) → p.
Now suppose that there exists a causal geodesic γ 0 : [a, c) → M, where b < c,
t0 ∈ [a, c), such that γ 0 (t0 ) = γ(t) when t0 = t. Since {ti } ⊂ [a, b), γ 0 (ti ) = γ(ti ),
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which implies that (φ ◦ γ 0 )(ti ) = (φ ◦ γ)(ti ). Thus (φ ◦ γ 0 )(ti ) → p ∈ ∂φ M. It
is also true, by continuity, that as t0 → b, γ 0 (t0 ) → γ 0 (b) ∈ M, and (φ ◦ γ 0 )(t0 ) →
(φ◦γ 0 )(b) ∈ φ(M). In particular, (φ◦γ 0 )(ti ) → (φ◦γ 0 )(b) ∈ φ(M), which contradicts
that (φ ◦ γ 0 )(ti ) → p ∈ ∂φ M. It follows that γ is an incomplete causal geodesic.
⇐ Assume that there exists an incomplete causal geodesic γ : [a, b) → M,
t ∈ [a, b), in (M, g). Let {ti }i∈N denote an increasing infinite sequence of real
numbers in [a, b) such that ti → b as i → ∞, and let {xi }i∈N denote the sequence
of points in M given by xi = γ(ti ).
Case 1
We first consider the case where there exists such a sequence {xi } which does
not have a limit point in M. Then, by Theorem 4.10, we know that there exists an
c and a boundary point p ∈ ∂φ M, such that φ(xi ) → p as
embedding φ : M → M,
i → ∞. We proceed to identify the ‘type’ of boundary point p, using the Scott and
Szekeres (1994, p. 244) classification scheme.
It is clear that p cannot be a C l regular boundary point, else (M, g) would be
C l extendible, contradicting the assumption that it is C l maximally extended. Now
p is a C-boundary point, since it is a limit point of the causal geodesic φ ◦ γ. Indeed,
p is a C l singularity, since the geodesic γ : [a, b) → M has bounded parameter.
We need to know whether it is covered by a C l non-singular boundary set, B, of
another embedding. By Theorem 43 of Scott and Szekeres (1994), any such C l
non-singular boundary set must contain at least one C l regular boundary point,
which would once again contradict the assumption that (M, g) is C l maximally
extended. It follows that p is not a C l removable singularity, and must therefore be
a C l essential singularity. Thus B(M) contains the C l essential singularity [p].
Case 2
We now consider the case where there is no sequence {xi } which does not have a
limit point in M (implying that every sequence {xi } has a limit point in M). This
case splits up into precisely two sub-cases:
(i) There exists a point p ∈ M such that for every sequence {xi }, xi → p as
i → ∞. That is, p is the endpoint of the curve γ (γ(t) → p as t → b). We
will demonstrate that this sub-case cannot occur. Let N be a convex normal
neighbourhood of p. Since γ(t) → p as t → b, there exists a d ∈ [a, b) such that
the restricted geodesic γ|[d,b) is contained entirely in N . From the convexity
of N , γ|[d,b) must be the unique geodesic, totally contained in N , joining γ(d)
to p. Now γ(d) = expp (V ) for some V ∈ Tp M (V 6= 0). It follows that for
some α ∈ R+ , the geodesic γ|[d,b) has the limiting tangent vector W = −αV
as t → b. Standard existence theorems for ordinary differential equations
applied to the geodesic equation ensure that there exists a causal geodesic
γ 0 : [a, c) → M, where b < c, t0 ∈ [a, c), such that γ 0 (t0 ) = γ(t) when t0 = t
and with tangent vector, W , at γ 0 (b) = p. This, however, contradicts the
assumption that γ is an incomplete causal geodesic. So this sub-case cannot
occur.
(ii) Choose a particular sequence {xi }. The sequence {xi } has a limit point p
in M. Now every other sequence {xi } also has a limit point in M. Firstly,
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suppose that no sequence {xi } has a limit point in M other than p (this
then implies that every sequence {xi } must have the limit point p). Now
assume that for one such sequence {xi }, with the limit point p, it is not
true that xi → p as i → ∞. This then implies that there exists an infinite
subsequence {yj } of {xi } such that {yj } does not have the limit point p. Since,
by assumption, the sequence {yj } does not have a limit point in M other than
p, we conclude that it does not have a limit point in M. This then contradicts
the initial assumption of Case 2, namely, that there is no sequence which does
not have a limit point in M. It follows that for every sequence {xi }, xi → p
as i → ∞. This is sub-case (i), which we have already shown cannot occur.
Now suppose that the sequence {yj } (yj = γ(Tj )) has the limit point q in M,
where p and q are distinct points in M. The Hausdorff separation property
guarantees the existence of non-intersecting open neighbourhoods N (p) and
N (q) of p and q respectively. Since (M, g) is a strongly causal space-time,
there exists an open neighbourhood U (p) of p, U (p) ⊂ N (p), such that no
causal curve exits and then returns to U (p) (see Definition 4.2).
Since the sequence {xi } has the limit point p, there exists an xI ∈ U , where
xI = γ(a0 ), a0 = tI . Since the sequence {yj } has the limit point q, there exists
a c0 ∈ (a0 , b) such that yJ ∈ Nq , where yJ = γ(c0 ), c0 = TJ . Again, since the
sequence {xi } has the limit point p, there exists a b0 ∈ (c0 , b) such that xK ∈ U ,
where xK = γ(b0 ), b0 = tK . Thus, for the causal geodesic γ : [a, b) → M, there
exist a0 , b0 , c0 ∈ [a, b), with a0 < c0 < b0 , where γ(a0 ) ∈ U , γ(c0 ) ∈
/ U and
0
γ(b ) ∈ U . This yields a contradiction, since γ is a causal curve which exits
and then returns to U . So this situation cannot occur.
We conclude that Case 2 considered above, comprising sub-cases (i) and (ii),
cannot occur under the assumptions of the theorem. This then implies that Case
1 must occur, thus proving that the existence of an incomplete causal geodesic in
(M, g) implies that B(M) contains a C l essential singularity.
It is important to note that the previous result is true for Lorentzian manifolds
of arbitrary dimension. Structurally the theorem only uses the strong causality condition to eliminate Case 2(ii). Thus a version of this will also be true for pseudoRiemannian spaces of arbitrary dimension provided a notion similar to strong causality can be defined for it. In addition, we may alter the type of curve family to Ctlg ,
the family of affinely parametrised time-like geodesics. The resulting theorem would
also be true since this also relies only on the removal of the final case – and time-like
geodesics clearly do not violate this property in strongly causal space-times. However, one should remember that altering the choice of C does affect the definition of
what an a-boundary essential singularity is, since these a-boundary points must be
C-approachable points.
We are finally in a position to place Theorem 4.12 into context with the Hawking and Penrose geodesic incompleteness theorems presented in Hawking and Ellis
(1973), Penrose (1972), and other sources. These theorems state the conditions
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under which we expect incomplete causal or time-like geodesics to exist in a spacetime. When a given incompleteness theorem is combined with Theorem 4.12, with
perhaps alterations to the causality conditions on the space-time of interest, we obtain new singularity theorems which state the conditions under which the existence
of a-boundary essential singularities is guaranteed.
Let us consider this in the context of Theorem 2 of Hawking and Ellis (1973,
p. 266). If we strengthen the chronological condition (condition (3)) to the strong
causality condition and consider only C l maximally extended space-times then the
combination of this theorem and Theorem 4.12 will yield an a-boundary essential
singularity theorem.
Example Theorem 4.13 (Essential Singularity Theorem generated from
Hawking and Ellis (1973, Theorem 2, p. 266))
Let (M, g) be a C l maximally extended, C k space-time. Then (M, g) contains a
C l essential singularity if:
(i) Rab K a K b > 0 for every causal vector K.
(ii) The generic condition is satisfied, i.e. every causal geodesic contains a point at
which K[a Rb]cd[e Kf ] K c K d 6= 0, where K is the tangent vector to the geodesic.
(iii) The strong causality condition holds on M.
(iv) There exists at least one of the following:
(a) a compact achronal set without edge,
(b) a closed trapped surface,
(c) a point p such that on every past (or every future) null geodesic from p
the divergence θ̂ of the null geodesics from p becomes negative (i.e. the
null geodesics from p are focussed by the matter or the curvature and
start to reconverge).
As proposed at the beginning of the chapter Theorem 4.12 serves as a link
between the notions of geodesic incompleteness and essential singularity. Moreover
it allows us to generate in a straightforward fashion new a-boundary singularity
theorems using existing geodesic incompleteness results.
We now turn our attentions to strengthening this result to include the weaker
distinguishing causality constraint.

4.3

Past and Future Distinguishing Conditions

We begin this section by giving a definition of a point in a time-orientable spacetime chronologically preceding another point (Definition 4.14). This is followed by
definitions of the chronological future and past of a point in space-time (Definition
4.15). It should be noted that, whilst these definitions are similar in nature to the
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ones appearing in, for example, Hawking and Ellis (1973) and Beem, Ehrlich and
Easley (1996), they are somewhat more detailed.
Definition 4.14 (chronological relation)
Let (M, g) be a time-orientable space-time and p, q ∈ M. Then p is said to
chronologically precede q, denoted p < q, if there exists a piecewise C 1 , futuredirected, time-like curve λ : [a, b] → M, where a, b ∈ R, a < b, λ(a) = p and
λ(b) = q.
It is implicit in the definition — λ is a time-like curve — that the curve λ must
have non-zero extent. In other words, it is not just a single point. Note that q must
be the endpoint of the curve λ, as opposed to merely a limit point. Since the curve
is piecewise C 1 , there is a well-defined tangent vector to the curve at both p and q,
precluding the possibility, for example, that λ spirals in to q. Finally, we note that
in some space-times (M, g), for example, those which are not causal, there may
exist points p ∈ M such that p < p.
Definition 4.15 (chronological future and chronological past)
Let (M, g) be a time-orientable space-time and p ∈ M. The chronological future of
p in M, denoted I + (p), is defined by I + (p) := {q ∈ M : p < q}. The chronological
past of p in M, denoted I − (p), is defined by I − (p) := {q ∈ M : q < p}.
We include, for completeness, the definition of a point in a time-orientable spacetime causally preceding another point (Definition 4.16). The causal relationship will
be used in the proof of Proposition 4.19.
Definition 4.16 (causal relation 4)
Let (M, g) be a time-orientable space-time and p, q ∈ M. Then p is said to causally
precede q, denoted p 4 q, if there exists a piecewise C 1 , future-directed, causal curve
λ : [a, b] → M, where a, b ∈ R, a < b, λ(a) = p and λ(b) = q.
As with the definition of strong causality, there are two well-known definitions of
a past distinguishing space-time and a future distinguishing space-time — one due
to Hawking and Ellis (1973, p. 192) and one due to Penrose (1972, p. 27). Hawking
and Ellis (Definition 4.17) employ a past and future distinguishing condition which
applies to individual points p of a space-time (M, g). Like their definition of strong
causality (Definition 4.2), the definition is based on causal curves exiting and reentering certain open neighbourhoods of p. Penrose’s (1972) definition (Definition
4.18), on the other hand, applies directly to the space-time at large, and utilises the
chronological pasts and futures of points in the space-time.
Definition 4.17 (past and future distinguishing conditions - Hawking and
Ellis)
For a time-orientable space-time (M, g), the past (future) distinguishing condition
holds at a point p ∈ M if for every open neighbourhood N (p) of p there is an open
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sub-neighbourhood U (p) of p, U (p) ⊂ N (p)) such that for any past-directed (futuredirected) causal curve γ : [a, b] → M, where a, b ∈ R, a < b, with γ(a) = p, there
does not exist a0 , b0 , c0 ∈ [a, b] with a0 < c0 < b0 where γ(a0 ) ∈ U (p), γ(c0 ) ∈
/ U (p)
0
and γ(b ) ∈ U (p).
A time-orientable space-time (M, g) is past (future) distinguishing if the past
(future) distinguishing condition holds at every point of the manifold, M.
Definition 4.18 (past and future distinguishing conditions - Penrose)
A time-orientable space-time (M, g) is past (future) distinguishing if for all points
p, q ∈ M, I − (q) = I − (p) (I + (q) = I + (p)) implies p = q.
Proposition 4.19 is a proof of the equivalence between the Hawking and Ellis
and the Penrose definitions of a past (future) distinguishing space-time. Again, as
far as we are aware, such a proof is not apparent in the literature.
Proposition 4.19
A time-orientable space-time (M, g) is past (future) distinguishing in the Hawking
and Ellis sense (see Definition 4.17) iff it is past (future) distinguishing in the Penrose
sense (see Definition 4.18).
Proof. We proceed to prove the case for the past-distinguishing case. The future distinguishing case may be obtained by symmetry. ⇒ Suppose that the time-orientable
space-time (M, g) is past distinguishing in the Hawking and Ellis sense. This means
that the past distinguishing condition (Hawking and Ellis) holds at every point of the
manifold, M. We will assume that (M, g) is not past distinguishing in the Penrose
sense and seek to obtain a contradiction. This means that there exist distinct points
p and q in M such that I − (p) = I − (q) (i.e. I − (p) ⊂ I − (q) and I − (q) ⊂ I − (p)).
Since p and q are distinct there exist N (p) and N (q), non-intersecting open neighbourhoods of p and q respectively. Since the past distinguishing condition (Hawking
and Ellis) holds at p, there exists an open neighbourhood U (p) of p, U (p) ⊂ N (p),
such that for any past-directed causal curve γ : [a, b] → M, where a, b ∈ R, a < b,
with γ(a) = p, there does not exist a0 , b0 , c0 ∈ [a, b], with a0 < c0 < b0 , where
γ(a0 ) ∈ U (p), γ(c0 ) 6∈ U (p) and γ(b0 ) ∈ U (p).
Let x ∈ I − (p) ∩ U (p) — thus x ∈ N (p). Since I − (p) ⊂ I − (q), x ∈ I − (q), so
there exists a piecewise C 1 , past-directed time-like curve γ3 : [d, b] → M (d, b ∈ R,
d < b) with γ3 (d) = q and γ3 (b) = x. Now let y ∈ N (q) such that y = γ3 (c) where
c ∈ (d, b). Define γ2 = γ3 |[c,b] . Since y ∈ I − (q) and I − (q) ⊂ I − (p), y ∈ I − (p), so
there exists a piecewise C 1 , past-directed time-like curve γ1 : [a, c] → M (a, c ∈ R,
a < c) with γ1 (a) = p and γ1 (c) = y. Now define the curve γ : [a, b] → M by
γ|[a,c] = γ1 and γ|[c,b] = γ2 . It is clear that γ is a past-directed causal curve with
γ(a) = p ∈ U , γ(c) = y 6∈ U and γ(b) = x ∈ U , which yields a contradiction. It
follows that the space-time (M, g) must be past-distinguishing in the Penrose sense.
⇐ Suppose that the time-orientable space-time (M, g) is past distinguishing in
the Penrose sense. We will assume that (M, g) is not past distinguishing in the
Hawking and Ellis sense and seek to obtain a contradiction. This means that there
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Figure 4.2: Diagram exhibiting the proof of Proposition 4.19.
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exists a point p ∈ M at which the past distinguishing condition (Hawking and Ellis)
does not hold. For this point, there is a choice of open neighbourhood N (p) of p
such that for every open sub-neighbourhood U (p) of p (with U (p) ⊂ N (p)) there
exists a past-directed causal curve γ : [a, b] → M, where a, b ∈ R, a < b, with
γ(a) = p, a0 , b0 , c0 ∈ [a, b], a0 < c0 < b0 , such that γ(a0 ) ∈ U , γ(c0 ) 6∈ U and γ(b0 ) ∈ U .
Let x ∈ I − (p) where, x 6= p. We are free to choose U (p) ⊂ N (p) to be a
sufficiently small open neighbourhood of p so that U (p) ⊂ I + (x). In particular
there exists a piecewise C 1 , past-directed causal curve from any point of U (p) to
x. Due to the failure of the past-distinguishing condition (in the Hawking and
Ellis sense) at p there exists a past-directed causal curve γ1 : [a, c] → M , where
a, c ∈ R, a < c, with γ1 (a) = p, a0 , b0 , c0 ∈ [a, c], a0 < c0 < b0 = c, such that
γ1 (a0 ) ∈ U (p), γ1 (c0 ) 6∈ U (p) and γ1 (b0 ) ∈ U (p). Fix q = γ1 (c0 ). q is distinct from p
and has the property that I − (q) ⊂ I − (p) since there is a past-directed causal curve
from p to q, namely γ1 |[ a, c0 ]. Now since γ1 (c) ∈ U (p) there exists a piecewise C 1 ,
past-directed causal curve γ2 : [c, b] → M such that γ2 (c) = γ1 (c) and γ2 (b) = x.
We now define the piecewise C 1 , past-directed causal curve γ : [c0 , b] → M, where
γ|[ c0 , c] = γ1 |[ c0 , c] and γ| [c, b] = γ2 . Therefore γ(c0 ) = q and γ(b) = x implying that
x ∈ I − (q). However the choice of x was arbitrary and so I − (p) ⊂ I − (q). We already
have that I − (q) ⊂ I − (p) and so I − (q) = I − (p) yielding a contradiction.
In the proof that follows we need to make precise the property of space-time
points which preserves the causal relationships between nearby manifold points.
In particular that for every point of a space-time there is a neighbourhood small
enough to guarantee that each pair of points is precisely spacelike, timelike or null
related for curves in it.
Definition 4.20 (locally-Minkowski causality structure)
Let p ∈ M and U (p) a neighbourhood of p. We say that U (p) possesses a locallyMinkowski causality structure if for all points p and q in U (p), p and q are precisely
either spacelike, or time-like, or null-related spacetime points with respect to curves
confined to U (p).
Example 4.21 (convex normal neighbourhoods)
Convex normal neighbourhoods clearly have the locally-Minkowski causality property. Every pair of points in a convex normal neighbourhood are joined by a unique
spacelike, time-like or null geodesic due to the star-shaped properties of the neighbourhood as stated in Penrose (1972, p. 5).
It is important to note that neighbourhoods possessing locally-Minkowski causality structure do not possess any missing points since missing points would cast a
shadow composed of points which could not be null, time-like or spacelike related.
This also implies that all null generators of the light cones of points in the neighbourhood are not prematurely ended by the presence of missing points in that
neighbourhood. Finally, due to the existence of convex normal neighbourhoods for
all points of a Lorentzian manifold, a neighbourhood obeying the property always
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exists for each space-time point. This is expected as there always exist local Lorentz
coordinates for each point of a space-time (c.f. normal coordinates, Penrose (1972,
p. 4)).
Theorem 4.22 (extension)
Let (M, g) be a 2-dimensional, C l maximally extended, time-orientable C k spacetime (1 6 l 6 k) which satisfies the distinguishing condition, and C be the family
of affinely parametrised, future-directed, causal geodesics in (M, g). Then B(M)
contains a C l essential singularity iff there is an incomplete, future directed, causal
geodesic in (M, g).
Proof. (as for Theorem 4.12 up to the last part of (ii))
Suppose that γ : [a, b) → M is an incomplete, future-directed, causal geodesic
in (M, g), and that p and q are two distinct limit points of γ in M.
Let N (p) and N (q) be two disjoint convex normal neighbourhoods for the points
p and q respectively. Furthermore we choose two sub-neighbourhoods of N (p) and
N (q), U (p) and U (q) such that no future or past-directed causal curve emanating
from p (respectively q) returns to U (p) (respectively U (q)) as guaranteed by the
distinguishing condition.
Since γ has both p and q as limit points there exists two sequences of points
of γ, {xi }i∈N and {yi }i∈N such that {xi } approaches p and {yi } approaches q as
endpoints, xi ∈ U (p) and yi ∈ U (q) for all i and x1 4 y1 4 x2 4 y2 4 . . . 4 xi 4
yi 4 xi+1 4 yi+1 4 . . ..
Assume now that xi ∈ J − (p), i > 2. As both xi and p lie in N (p) there exists a
unique future-directed causal geodesic connecting xi to p. Define λ to be the unique
reverse-direction (i.e. past-directed) geodesic from p to xi . Now γ passes through
xi−1 and yi−1 to xi and is a past-directed causal curve which leaves and returns to
x
U (p). Thus λ concatenated with γ|xi−1
is a past-directed causal curve originating
i
from p and returning to U (p). This violates the distinguishing condition at p and
hence γ cannot pass through J − (p) or J − (q) (by symmetry).
Suppose now that xi ∈ J + (p). Again by the existence of the convex normal
neighbourhood, N (p), implies that there exists a unique future-directed causal
x
geodesic, λ, from p to xi . γ|xi+1
is a future-directed causal curve passing through xi
i
x
yields a future-directed
to yi and then on to xi+1 . Concatenation of λ with γ|xi+1
i
causal curve which originates from p leaves U (p) and returns to it violating the
distinguishing condition at p.
Finally let us assume that γ([a, b)) ∩ N (p) ⊂ N (p) \ (J − (p) ∪ J + (p)). Let h be
an auxiliary Riemannian metric on M† . We now define a set of open balls with
h-radius, ri = 1/2i and centre p, Bi = Bh (p, ri ). Since γ → p there must exist an
infinite sequence of points of γ, {xi }, with xi = γ(ti ) and {ti } a strictly increasing
sequence of real numbers ti ∈ [a, b) such that xi ∈ Bi for each i. Now q is also a
limit point of γ and because N (p) and N (q) are disjoint, γ must exit each Bi . As
there are only two disjoint open subsets of N (p) \ (J − (p) ∪ J + (p)) through which γ
†

the existence of h is guaranteed by the paracompactness of the space-time (M, g).
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may enter N (p) to approach p, at least one of these two sets must have an infinite
number of members of the sequence, {xi }, within it. Let λ : (c, d) → M be a timelike curve passing from I − (p) to I + (p) via this set which does not enter B1 . Note
that this requires γ to pass through λ an infinite number of times.. Let Ti ∈ (ti−1 , ti )
and chosen such that:
(i) γ(Ti ) ∈ λ((c, d))
(ii) there does not exist a Ti0 ∈ (Ti , ti ) such that γ(Ti0 ) ∈ λ((c, d))
Hence the points yi = γ(Ti ) are the last intersection points of γ with λ((c, d)) before
proceeding to xi . We therefore have that x1 4 y2 4 x2 4 . . . xi−1 4 yi 4 xi 4 . . .
impling yi 4 yi+1 . Since yi and yi+1 are points of λ there is clearly a future-directed
time-like curve between them contained wholly in N (p). Moreover yi+1 >N (p) yi (as
opposed to the other way around) otherwise there would be a closed causal curve
going from yi+1 to yi and back again violating the causality condition and therefore
also violating the distinguishing condition on (M, g). We now define
di =

inf

r∈J + (yi )∩N (p)

dh (p, r),

(4.1)

where dh (x, y) is the Riemannian distance function associated with the metric h.
The sequence of points, {pi } where pi ∈ ∂J + (yi ) ∩ N (p) (displayed in Figure 4.3),
may also be chosen so that they realise this closest distance between the future
null generator of yi and p since they are on the extreme edge of the J + (yi ). Since
J + (yi+1 ) ⊂ J + (yi ) the properties of the infimum imply that di+1 > di for any
i. However the di must be strictly increasing else pi = pi+1 and the future null
generators originating from yi and yi+1 must intersect within N (p). This would
contradict the locally-Minkowski causality structure of N (p), since yi < yi+1 4
pi+1 = pi would imply that yi < pi and we already have by construction that
yi 4 pi . However {pi } → p implies that di → 0 otherwise there would be some
infimum distance between p and points in the future of pi . Hence we obtain a
contradiction and curve approach by γ towards p via N (p) \ (J + (p) ∪ J − (p)) is
prohibited.
Since this exhausts the possible sets through which γ may pass to approach p,
γ cannot possess two distinct limit points p, q.

4.4

Extensions of Theorem 4.12

The previous section was devoted to strengthening Theorem 4.12 by weakening
the causality condition. However, in the process of proving an extension of Theorem
4.12 for distinguishing space-times we found it necessary to reduce the dimensionality of the space-time. An in depth explanation of why this was thought necessary
and issues associated with strengthening the theorem further will be developed in
this section.
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Figure 4.3: Figure illustrating the proof of Theorem 4.22.

It is worthy of note that in any attempt to allow Theorem 4.12 to apply to
a wider class of space-times there are only three conditions that may be adjusted
namely,
(i) b.p.p. family of curves — One could attempt to prove that an incomplete
curve yields an essential singularity for more general b.p.p. curve families
such as unit speed, C 2 time-like curves with bounded acceleration or causal
curves endowed with a generalized affine parameter (Beem, Ehrlich and Easley
1996, p. 209). However Case 1 would be more difficult to prove for either of
these choices since both do not obey any system of equations and possess
no preferred collection of basis neighbourhoods as is the case for geodesics.
Any resulting theorem would be more general since the definition of what
constitutes an essential singularity would include a larger class of incomplete
curves.
(ii) maximal extension criterion — Regular boundary points are present only
for non-maximally extended space-times. The existence of regular boundary
points as endpoints of an incomplete geodesic is tackled later in Chapter 7.
(iii) causality condition — If a weaker causality condition is chosen then the
resulting theorem will apply to a larger class of space-times. Theorem 4.12
only uses the causality condition of the space-time (M, g) to complete the
proof of Case 2(ii). This case considers a curve from C having two distinct
limit points which are not endpoints. It is clear that the strong causality
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condition is the most straightforward to apply to this situation for causal
curves, however any condition which removes this sub-case will will allow the
resulting theorem to hold†

Of the three possible options the last was chosen as a starting point. It has been
traditional for singularity theorems to consider maximally extended space-times and
restrict attention to causal or time-like geodesics. It is consistent then to alter the
causality condition to obtain a relationship between the classical geodesic incompleteness theorems and essential singularities. In the following treatment we will
look at the causality condition and its relationship to the case of two distinct spacetime points being limit points but not endpoints of a causal geodesic. Normally
one would approach this by searching for counter-example space-times to guide a
decision on what is the strongest theorem that may be proved. However due to the
paucity of space-times which possess distinct causality violations (such as obeying
the causality condition but not the distinguishing condition), this approach is impractical. The reasons for this and a discussion of the failures and difficulties of
producing each attempted counter-example are then described. We then continue
to investigate the geometry of the distinguishing condition applied to this case. As
a result we discover several types of behaviour which are physically pathological.
This leads to a candidate definition of a finite total energy condition for time-like
curves and we conjecture that with this condition a physically relevant theorem
might be proved with minimal causality conditions required for the space-time.

4.4.1

The Search for Counter-Examples

Let us begin by examining the primary motivating space-time example for this
work, namely, the 2-dimensional Misner space-time. The reader is reminded that
the 2-dimensional Misner space-time is not chronological, however, it exhibits timelike and null geodesic incompleteness and is free of essential singularities (cf. Scott
and Szekeres (1994, p. 249)). It appears that the causality violation caused by the
presence of ‘winding’ behaviour in this model is typical of the way in which geodesic
incompleteness may occur without any type of curvature infinity or the presence of
nearby non-regular boundary points. We must remember that the Misner example
displays most of the salient features of the 4-dimensional Taub-NUT space-time
(Hawking and Ellis 1973, p. 170) in particular causal geodesic incompleteness and
the presence of closed time-like curves. Thus any statements made for the Misner
space-time are generally applicable to the Taub-NUT space-time. In the general
case, the Taub-NUT space-time demonstrates that any extension of Theorem 4.12
to space-times not obeying the chronology condition must be false. The TaubNUT space-time is maximally extended, possesses both closed time-like curves and
incomplete time-like geodesics and yet there are no essential singularities present.
†

It is possible to obtain a theorem by brute force by simply requiring that C cannot possess any
incomplete curves which have more than one limit point. This disallows the behaviour considered
in Case 2(ii) and deals directly with the winding time-like and null geodesics of the Misner spacetime.
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We conclude that removing the behaviour discussed in Case 2(ii) is necessary to
obtain results such as Theorem 4.12.
Since a proof of a version of Theorem 4.12 with a weaker causality condition
is not forthcoming in three and higher dimensional space-times, one may wish to
probe this issue by the creation of counter-examples with distinct causality violations. However, as we attempt to generate counter-examples we encounter many
difficulties. Our first difficulty is that we need to restrict our search to maximally
extended space-times. This is difficult since in Lorentzian geometry it has been
commonplace to perform topological ‘surgery’ on Minkowski space or other candidate space-times. In order to generate a valid counter-example using this technique
all excised sets should be reconnected to a suitable portion of the space-time to
preserve the inextendability of the space-time. This often requires us to devise
space-times with a non-flat metric to obtain either the causality requirement or the
geodesic incompleteness of the space-time. Ensuring inextendability for a candidate
counter-example is equivalent to guaranteeing that the metric is C k -inextendible.
Achieving all three of these properties in one example is prohibitively difficult in
practice† . Nevertheless we will continue our inquiry with space-times which give
subtle hints at the behaviour a potential counter-example might possess.
By means of illustration let us now examine one of the few maximally extended
space-times in the literature which is causal but not distinguishing. The following
space-time by Carter (see Beem, Ehrlich and Easley (1996, p. 62) and Hawking and
Ellis (1973, p. 195)) possesses the line element ds2 = (cosh t−1)2 (dy 2 −dt2 )−dtdy +
dz 2 and has the manifold topology M = R × S 1 × S 1 but with the alteration that
there is an irrational shifting in the y-z plane as shown in Figure 4.4. The boundary
of the space-time is composed entirely of essential points at infinity and so the
space-time is maximally extended. The space-time is time-like and null geodesically
complete but possesses a null geodesic which is imprisoned in a compact 2-surface
of the manifold corresponding to t = 0.
The global structure suggests that if the null geodesic in the t = 0 surface could
be made incomplete by a conformal transformation then no essential singularity
would be produced as there are no boundary points nearby. The result would be a
counter-example to a version of Theorem 4.12 for causal space-times. It turns out,
however, that there exists no conformal transformation of this space-time which
makes these null geodesics incomplete and remains periodic in the y-coordinate‡ .
However there may exist a space-time with similar causal structure (and irrational
identification) which is a counter-example. In summary, even though we have failed
to produced a counter-example for causal space-times the general behaviour of this
example may persuade one to believe that the theorem fails for causal, n-dimensional
space-times, n > 3.

†

In addition, there is no guarantee that the space-time will even possess a physically realistic
source of curvature.
‡
This is a required feature if you allow such an irrational topological identification.
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Figure 4.4: The causal structure of this space-time devised by Carter allows
the existence of a winding curve that has no boundary points nearby. Altering
this example to make one of the winding t = 0 null geodesics incomplete would
yield a counter-example to a version of Theorem 4.12 for causal space-times.

4.4.2

Geometrical Issues for Curves with Two Limit Points

Since the search for a counter-example appears extremely difficult let us now investigate in more detail the proof of the theorem in the distinguishing case and consider the geometry of the situation in two, three and n-dimensional space-times. We
remember that Case 2(ii) considers the existence two distinct limit points p, q ∈ M
of γ ∈ C an incomplete causal geodesic, which are not endpoints. Informally, the γ
must enter and exit from every small enough pair of disjoint neighbourhoods of p
and q an infinite number of times. The strong causality condition allows this situation to be readily discarded since it prevents any causal curve of the manifold from
exiting and re-entering any sufficiently small neighbourhood of a manifold point.
The construction of the 2-dimensional proof of Theorem 4.22 is significantly more
difficult than for n-dimensional strongly causal space-times. The extra effort is due
to the types of pathology that the distinguishing condition allows. Definition 4.17
prevents causal curves originating from p ∈ M exiting and re-entering a sufficiently
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small neighbourhood of p. This implies that a distinguishing space-time cannot
possess causal curves which approach themselves arbitrarily closely. It follows that
the distinguishing condition is much weaker than the strong causality condition for
the purposes of Case 2(ii).
When restricted to 2-dimensional space-times this pathological behaviour is limited since the null cone breaks up any neighbourhood of a manifold point into four
disconnected sets. The proof of Theorem 4.22 relies crucially on the disconnectedness of the set N (p) \ (J + (p) ∪ J − (p)), the other two connected components J + (p)
and J + (q) being dealt with by the distinguishing condition. A 3-dimensional version
of this proof could not follow the same treatment as causal curves are able to approach a manifold point p in ways which do not obviously violate the distinguishing
condition at that point.
Consider the following construction within Minkowski space depicted in Figure
4.5.
The figure displays a sequence of future-directed, null geodesics {λn } whose
distance of closest approach is approaching zero but which do not violate the distinguishing condition† . Note that by construction, λm ∩ J − (λn ) = ∅ for all m > n,
implying that (M, g) is causal and also that each point on any geodesic segment
has a neighbourhood that the curve never re-enters. The sequence evades the past
of any previous sequence member by circling around p and has each member of the
sequence vertically above (i.e. entering the immediate future of) the previous null
curve. With the correct global topology and metric we could construct a single
C 1 null geodesic from such a sequence by joining all the members together with
null curves. It may be possible with a judicious choice of metric that this curve
be made incomplete. The resulting example would yield a space-time in which
a null geodesic could approach p, while obeying the distinguishing condition and
be incomplete satisfying all the requirements for Case 2(ii). Even if this example
could be created one might hope that a theorem could be proved by choosing C
to be a more restrictive family of curves such as C = Ctlg , the family of affinely
parametrized time-like geodesics. However it is always possible to create a time-like
sequence of geodesics which approach the null sequence asymptotically with the
same causal past and future set structure yielding another example satisfying Case
2(ii). Locally this strange behaviour is not prohibited but it seems unlikely that
this type of behaviour could be supported by the global structure at every point of
a distinguishing space-time.
The standard literature only has a few theorems applicable to Case 2(ii). Proposition 3.31 and Corollary 3.32 of Beem, Ehrlich and Easley (1996, p. 76-8) (cf.
Hawking and Ellis (1973, Lemma 6.2.1, p. 185) and O’Neill (1983, p. 404-6)) have
application to the problem, the latter being the most useful proving the existence
of a causal limit curve from p to q and by symmetry one from q to p. This would
violate the causality condition ruling out Case 2(ii) for causal space-times. However
Corollary 3.32 unfortunately requires that the space-time be globally hyperbolic,
which is a result already implied by Theorem 4.12.
†

I thank Steven Harris for the discussion which led to the production of this counter-example
idea.
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Figure 4.5: Example of how a sequence of null geodesics may approach a
point of a space-time arbitrarily closely while not entering their mutual pasts.
Such an example does not violate the distinguishing condition by any obvious
means.
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This raises two important issues for any attempt to complete the theorem for
these cases. Firstly any purely topological proof must use the distinguishing property at more than one manifold point. Secondly it is most likely that the maximally
extended nature of (M, g) must be used to produce a theorem like Corollary 3.32 for
causal or distinguishing space-times. It is only by removing the possibility of nonsingular space-time holes preventing the existence of causal limit curves between p
and q that this route of proof would be fruitful.

4.4.3

Non-physical Behaviour for Causal Curves with Two
Limit Points

In addition to the topological problems detailed above there are several physical
objections to the situation in Case 2(ii). Consider the time-like geodesic formed by
the C 1 concatenation of geodesic segments described before. On each geodesic segment the 4-acceleration A = dV /dτ = ∇V V is zero. By construction the sequence
of time-like geodesics approaches the sequence of null geodesics arbitrarily closely.
This allows two types of pathological properties for our space-time.
(i) Each time-like geodesic segment in the sequence has zero acceleration and each
geodesic has constant coordinate velocity but the coordinate velocity of the
sequence approaches that of a null geodesic. If a single C 1 , time-like geodesic
can be formed from this curve then the geodesic would, in the local coordinates
about the point p, be increasing in coordinate velocity but at every point of
the curve A is zero since the entire curve is geodesic. This implies that a
particle following such a trajectory would have average acceleration without
instantaneous acceleration. This causes the additional problem that in some
sense the 4-velocity and therefore the 4-momentum of a particle traversing
this path would be ill-defined. Although this does not lead directly to the
possibility of mass-energy violation mechanisms† it is nonetheless physically
distasteful that there are geodesics for which there is no well-defined total
mass-energy for matter following them.
(ii) In the proof of Theorem 4.22 we used that for any causal n-dimensional spacetime a causal curve which approaches p not as an endpoint must enter and
exit a neighbourhood U (p) via the set U (p)/(J + (p) ∪ J − (p)). It follows that
any time-like curve with this behaviour must approach a null generator of the
null cone at p arbitrarily closely. Suppose that γ is the incomplete time-like
geodesic with this behaviour. Then, for any coordinate system, γ has a coordinate velocity arbitrarily close to that of a neighbouring null generator from p.
†

It is important to note that causality violation is required to create perpetual motion mechanisms or energy production mechanisms from ‘acceleration without acceleration’. One can envisage
a situation where a ball moving along the given special geodesic returns to a point with greater
coordinate velocity only to collide with another stationary ball passing on some of its energy only
to have precisely the right post-collision velocity to travel the same geodesic again ad infinitum
to produce limitless energy. This or any other physical process would require that at least the
causality condition be violated.
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This is pathological since it implies that any observer would determine that
the total relativistic mass-energy of a particle traversing this path becomes
unbounded within a finite amount of its affine parameter.

This final point is physically significant and implies that we should define a finite
energy condition for families of time-like curves obeying the bounded parameter
property.
Definition 4.23 (Finite Energy Condition for a Family of Incomplete
Time-like Curves)
Let (M, g) be a time-oriented space-time and C be a family of time-like curves
obeying the bounded parameter property. Let γ(t) : [a, b) → M be an affinely
parametrized, incomplete time-like curve from C. γ is said to obey the finite energy
condition on (M, g) if for any auxiliary Riemannian metric h on M and for each
affinely parametrized null geodesic λ(s) : [c, d) → M which does not intersect γ
there exists an h > 0 such that
inf

∀t∈[a,b),s∈[c,d)

dh (γ(t), λ(s)) > h .

C is said to obey the finite energy condition if each incomplete γ ∈ C obeys the
finite energy condition.
The Misner space-time presented earlier violates the finite energy condition defined above. There exist affinely parametrized, incomplete time-like geodesics which
wind asymptotically to the t = 0 null geodesic. For any choice of Riemannian metric the two curves will eventually be within an  distance of one another. If we
add the causality condition to the definition above we remove the t = 0 causality
violating geodesic but not the winding nulls. Including the distinguishing condition
would prevent the existence of these curves as well. We therefore make the following
conjecture.
Conjecture 4.24
Let (M, g) be a n-dimensional, C k -maximally extended, time-orientable C l spacetime which satisfies the distinguishing condition, and C be the family of affinely
parametrized time-like geodesics in (M, g). Suppose also that (M, g) is such that C
obeys the finite energy condition. Then B(M) contains an C k -essential singularity
if and only if there is an incomplete, future-directed, causal geodesic in (M, g).
It is worth adding that the physics of former arguments were topological in
nature. Obviously in a realistic case we would want to consider space-times which
are not source-free. Proposition 8.5.2 of Hawking and Ellis (1973, p. 290) considers
the case of an b-incomplete curve possessing a manifold point as a limit point which
passes an infinite number of times through a region where the null convergence
condition holds in the space-time. The text goes on to prove that such curves
correspond to a parallelly propagated curvature singularity. So it would appear
that with a little extra work that Theorem 4.12 might be extended to possess no
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Table 4.1: Table of results for the a-boundary essential singularity theorems.

causality condition at all. Instead the causality condition would be replaced with
the null convergence condition. Assuming the presence of matter consistent with
this condition allows us to predict the existence of a parallelly propagated curvature
singularity for causal geodesics with imprisoned incompleteness. One may then go
on to show that this generates a boundary point of the manifold which must then
be an essential singularity.
Table 4.1 summarizes the outcomes of the discussion on counter-examples, dimensionality and the finite energy condition. A number of question marks can be
found in Table 4.1. Most of these are due to the lack of a counter-example in the
literature with the required properties.

4.5

Concluding Remarks

In this chapter we have carefully redefined the various causality conditions for
space-time in the standard literature by precisely describing the situation of a general causal curve leaving and returning to a point or neighbourhood. Moreover
the previous standard definitions of the strongly causal and distinguishing conditions presented by Penrose (1972) and Hawking and Ellis (1973) were shown to be
consistent with and equivalent to these precise definitions.
Application of these results to maximally extended space-times with incomplete
causal and time-like geodesics have led to the creation of new abstract boundary
essential singularity theorems which build on those proven by Scott and Szekeres
(1994). The main result, Theorem 4.12, provides an link between causal geodesic
incompleteness and our concept of an essential singularity. In its first application
to the classical geodesic incompleteness theorems of Hawking and Penrose et. al.
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Theorem 4.12 was shown to readily generate new a-boundary essential singularity
theorems.
This strong causality result has been extended to distinguishing space-times
but only for 2-dimensions. Various problems were exposed in trying to evaluate
counter-examples and the method of proof for the distinguishing case shown to
have several deficiencies in the 3-dimensional case. Correspondingly the causality
condition limits of Theorem 4.12 remain an open question due to the lack of suitable
counter-examples with the requisite causality behaviour. Attempts at proving these
results for other causality conditions lead to differential topology questions which
are quite subtle and difficult to answer given the lack of space-times with distinct
causality violations.
Due to this lack of results concerning the behaviour of causal geodesics in maximally extended space-time we have proposed additional constraints on the geometry
of time-like curves in n-dimensional Lorentzian manifolds. With this finite energy
condition we conjectured that essential singularities would be guaranteed to exist
when incomplete time-like geodesics were present in a distinguishing 4-dimensional
space-time. The finite energy condition also appears to be a good candidate for
allowing versions of the theorem to hold in space-times of arbitrary dimension with
causality conditions weaker than strong causality. A second method of achieving
this aim is to use the presence of matter to remove the possibility of causal curves
showing imprisoned incompleteness. Theorems exist in the literature which make
such a result achievable and this is the subject of future research. In later chapters we will continue to use these results to determine the stability of essential
singularities in physically realistic situations and to attack the relationship between
curvature singularities and essential singularities.

Chapter 5

The Stability of the a-Boundary

The stability of space-time features is an essential issue for general relativity
since even if a given space-time is a good model of the properties of the universe at
large, the limitations and imprecision of astronomical measurements require us to
realistically consider space-times that are geometrically ‘close’ to the one of interest.
Only if these properties hold true for all space-times in some restricted neighbourhood of the space of metrics would it be justified to consider the predictions of
any such model valid in all generality. In this chapter I will investigate some of
fundamental issues of stability for the abstract boundary construction. Since the
definition of abstract singular points is dependent not only on the non-regularity
of space-time boundary points but also the special family of b.p.p. curves chosen
to define C-approachability, it is evident that the classification of abstract boundary points is sensitive to perturbations of the metric and conformal changes. The
first issue investigated in this chapter is that of the effect of conformal changes of
metric on a-boundary classification. This issue is interesting since it would provide
us information on what parts of the abstract boundary classification are related to
the causal structure of the space-time alone and give potential relationships (within
a given envelopment) between these classes of a-boundary point and the definition of the c-boundary. However the result discovered here is grim. It is shown
that for the family of timelike geodesics the property of being C-approachable is
not invariant amongst conformally related metrics. It is also argued that even for
families of curves less-affected by conformal transformations that abstract singularities and points at infinity are mixed up. In the second section I go on to deal
with a more varied class of metric perturbations. Using the C r -fine topologies, the
stability results on geodesic incompleteness by Beem and Theorem 4.12 I prove a
stability theorem for a-boundary essential singularities. This is significant since it
confirms the physicality of abstract essential singularities for reasonable causality
conditions. However this result also raises some issues about the physicality of the
C r -fine topologies as well as the C r -stability of strong causality and inextendability
of a space-time. No conclusive results are found for this final problem though† .
†

The work in this chapter on the stability of essential singularities has been published in Ashley
(2002).
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5.1

Stability of the a-Boundary Classification

Since the abstract boundary construction is topological in nature and is independent of any metric assigned to the topological manifold or, affine connections
provided it, the pure equivalence class structure of the abstract boundary is completely unaffected by various choices of these structures. However the classification
as detailed earlier in Chapter 3 of those same abstract boundary points should be
expected to be very dependent on those perturbations or transformations which
affect the chosen specific curve family used to create the classes of boundary point.
One might for example consider how the classification of abstract boundary
points is affected by conformal transformations of the metric. Such an investigation
might lead one to find out what aspects of the classification system and indeed
which types of abstract boundary points might be determined purely by the causal
structure of the space-time of interest. Initial investigations however have been not
been promising since there are many families of b.p.p. curves which are not robust
to conformal transformations.
Consider the following example† involving Ctlg+ , the family of future-directed
timelike geodesics on 2-dimensional Minkowski space (L2 , η), where η is the standard Minkowski space flat metric diag(−1, 1) with the standard Cartesian coordinates t, x, y, z. We now choose null coordinates u = t − x and v = t + x on (L2 , η).
Note that now the metric is η = −du ⊗ dv = −dudv. The reader is reminded that
the two coordinate functions of the space-time points, u(p) and v(p), are monotonically increasing functions for any future-directed timelike geodesic and individually
constant for null geodesics.
Let us now define a conformally-related flat space-time (L2 , g), where g =
2
Ω (u, v)η = −Ω2 (u, v)dudv. If a chosen geodesic γ ∈ Ctlg+ ends at finite v, then its
past set I − (γ) cannot be the entire space-time L2 .
We shall now choose Ω to be a function of u alone (i.e. Ω(u)). The independence
of the metric on the v coordinate function implies that ev = ∂v is a Killing vector
for g and by a standard result of differential geometry there is a conserved quantity
A = −2g(γ̇, ev ),

(5.1)

where γ̇ is the tangent vector to our chosen geodesic, γ ‡ . A must be non-negative
since both γ̇ and ev are future-directed. Let γ̇ be represented by the contravariant
components γ a (λ). Then using the form of the metric and substituting into equation
5.1 yields,
A = −2g(γ̇, ev )
Ω2 (u) u
)γ
= −2(−
2
= Ω2 (u)γ u
†

(5.2)
(5.3)
(5.4)

This example by David Finkelstein was communicated to me by email via Steven Harris.
For any geodesic, with tangent vector V and Killing vector field W there is a conserved quantity
of the form E = g(V, W ) along the geodesic. This is readily shown by proving that ∇V g(V, W ) = 0
provided ∇V V = 0 (geodesic equation) and g(∇Y W, Z) + g(∇Z W, Y ) = 0 (Killing’s identity) hold.
‡
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which implies that
γu =

du
A
= 2 .
dλ
Ω (u)

(5.5)

If we also assume without loss of generality that the geodesic is unit speed with
respect to the affine parameter λ then substituting equation 5.1 into g(γ̇, γ̇) = −1
produces
dv
= A−1
(5.6)
γ̇ v =
dλ
If we now choose a suitable function Ω(u) so that
λf =

Z

λ
0

1
dλ =
A

Z

uf

Ω2 (u)du

(5.7)

u0

converges to some finite value as uf → ∞ then we have that for any timelike geodesic
that we choose from Ctlg+ the coordinate function u(p) will become infinite along
the curve while the coordinate function v(p) will approach the finite value λf /A
when the affine parameter λ reaches the value λf .
We note that the boundary set, JL+ has changed from being unapproachable to
approachable by the future-directed timelike geodesics of the space-time. It is important to note that both standard Minkowski space-time and (L∈ , η) have completely
identical causality structure and yet with this particular choice of curve family the
approachability of points is not invariant under conformal transformations of the
metric. If we had chosen instead to take C to be the family of future-directed timelike curves then we would have had a different result. Since we can always choose a
timelike curve with acceleration large enough to get as near as we like to any given
null geodesic then both JL+ and JR+ will remain approachable to this curve family
in both of the conformally-related space-times.
The conclusion one makes is that in general we should not expect the notion of
approachability to depend on the causality structure of a space-time. It appears that
the property of being a C-approachable point would remain invariant if one chooses
less ‘fragile’ curve families with the bounded parameter property, such as the family
of bounded acceleration curves or the family of general affinely parametrised causal
curves. This is simple due to the fact that conformal transformations of metric
leave the causal structure of the space-time unchanged. Using the latter family of
curves, it is conceivable that the invariance of classification of points further down
the a-boundary flow chart (see Figure 3.6) might also hold. However there are some
fundamental reasons why this might fail as well. General conformal transformations
of metric are a rich class of transformations and it is possible by conformal changes
of metric to ‘bring in’ abstract points at infinity. By a suitable choice of conformal
factor, it is also possible to move abstract singularities to infinity with respect to all
curves which approach them. These conformal factors would force all approaching
curves to accrue infinite affine parameter in order to reach the previously singular
points. Thus the classes of singular boundary points and points at infinity may be
mixed up and classification will not be invariant amongst conformally related spacetimes. Such freedom appears to make the indentification of abstract boundary
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Figure 5.1: Example depicting the dependence of the notion of approachability on conformal transformations. Note that while in standard Minkowski
space-time both JL+ and JR+ are unapproachable by timelike geodesics, the
conformally related space-time has J L+ approachable while JR+ is still unapproachable. Hence the approachability of abstract boundary points is not
invariant under conformal transformations.

5.2. The Stability of a-Boundary Essential Singularities

101

points from different conformally related space-times a fruitless exercise for any
curve family obeying the bounded parameter property. It appears that a much more
productive line of research might be to investigate the invariance of classification
of abstract boundary points under much more restrictive changes of metric. One
might of course choose to consider only conformal metrics in a neighbourhood of our
initial metric (see §7.1 of Beem, Ehrlich and Easley (1996)). There are, however,
other ways to describe more general perturbations of a metric without reference to
conformal equivalence. The stability of space-time properties under the so-called
fine C r -topologies is a useful approach to investigate the stability of a-boundary
classification. However since the stability of geodesics and their incompleteness
properties for specific types metric perturbations, are of particular importance in
the area of singularity theorems for general relativity we will will now investigate
the stability of essential singularities.

5.2

The Stability of a-Boundary Essential Singularities

It is often necessary in studies of exact solutions of general relativity to know
whether the salient physical features of the space-time are robust to perturbations
of the metric. The consensus has always been that for a given space-time to be
physically reasonable, or for a given feature to exist in the universe at large, that
the exact analytical model be stable against small perturbations of the space-time
metric. To this end it is essential to have some precise statement of what it means
for two metrics to be close. The issue of stability has, however, been somewhat
difficult to define in the abstract sense of a pseudo-Riemannian manifold since there
has never been a completely coordinate invariant method of defining metrics that
are near one another. In the practical mathematical and geometrical sense the
difficulty has arisen because at present there appears to be no candidate construction
for a generally applicable, coordinate invariant method of describing a topology and
neighbourhood structure for the space of metrics over a given manifold. Nevertheless
with conditions placed on the allowed coverings of coordinate charts for a spacetime it is possible to derive some important results. With this in mind we will
use the Whitney C r -fine topology on the space of metrics and restate the notion
of C r -stability for some feature of a space-time. In order to gain some insight and
feeling for the C r -fine topologies, we will then proceed to present some physically
intuitive examples of the use of the C r -fine topology with a view to summarising
the literature on the stability of geodesic completeness/incompleteness relevant to
creating a stability theorem for abstract singularities. Finally we will summarise
the literature on the stability of geodesic completeness/incompleteness relevant to
the proof of the stability theorem for essential singularities.
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A Review of the Whitney C r -Fine Topology on the
Space of Metrics

Let A = {Ui } be a chosen fixed covering of M by a countable collection of
charts of M. We will also assume that every chart has compact closure in a larger
chart, (i.e. for all i, Ui is compact, and there exists a Vj so that Ui ⊂ Vj , with {Vj }
forming an atlas on M) and that the covering of M by the Ui is locally finite. Now
let  : M → R+ be a continuous function.
Definition 5.1
For any two Lorentzian metrics g, h, we write,
|g − h|r,P < ,

(5.8)

|gab − hab | < (p) and |gab,c1 c2 ...cr − hab,c1 c2 ...cr | < (p)

(5.9)

if for each point p ∈ P ⊂ M,
when the metric is evaluated at p for all indices a, b, c1 , c2 , . . . , cr in all the given
charts Ui ∈ A which contain p.
Definition 5.2 (Whitney C r -fine topologies)
The Whitney C r -fine topologies (or simply the C r -fine topologies) are defined by
basis neighbourhoods of the form
N (g, ) := {h : |g − h|r,M < }

(5.10)

about each metric g and for each continuous function  : M → R+ .
If h ∈ N (g, ) for some given metric g, then the two metrics g and h are termed
C -close.
r

Definition 5.3 (C r -stable property)
A property, X, of a space-time, (M, g), is termed C r -stable if it is true for every
metric in some open neighbourhood of g in the C r -fine topology.
One should keep in mind that the C r -fine topology on the space of metrics is not
coordinate independent since it is defined relative to the coordinates, φi , of those
charts, {(Ui , φi )}, for which p lies in Ui . However, the C r -fine topology may be
shown to be independent of the cover {Ui } if the conditions above are satisfied. It
is worthwhile noting, though, how these conditions are used to restrict the allowed
coverings. For example, if the covering is not locally finite then it is possible that
there would be no partition of unity available over the charts to guarantee consistent
definition of the metric. It follows that -neighbourhoods of that metric would be
ill-defined. Similarly if one could not guarantee that a chart had compact closure in
a chart of another atlas then  may not possess a maximum. This result would then
make it impossible to guarantee that the metrics and/or their derivatives would
have their deviation confined.
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It is also worthwhile noting that coverings of this sort exist for all except the
most pathological of examples and so these conditions do not really pose much of an
impediment to the practical use of the C r -fine topology. Consequently, at present,
the C r -fine topology over metrics is arguably the most straightforward and practical
notion for the nearness of metrics.

5.2.2

A Physical Interpretation of the C r -Fine Topologies

We will now digress to give an intuitive description of the C r -fine topology. For
the cases r = 0, 1, 2 it is relatively simple to visualise the physical relationship
between C r -close metrics.
Example 5.4
If two metrics g, h for the space-times (M, g) and (M, h) are C 0 -close, then their
metric components are close, implying that the light cones of equivalent points in
both space-times are close.
Example 5.5
If two metrics g, h for the space-times (M, g) and (M, h) are C 1 -close, then the
metric components and their first derivatives (and hence the Christoffel symbol
functions on M, Γa bc (x)) are close. This implies, by the continuous dependence of
the solutions of the geodesic equation on the Christoffel symbols, that the geodesic
systems under both metrics are close in addition to the light cone structure. One
should consult Beem, Ehrlich and Easley (1996, p. 247) for additional references.
Example 5.6
If two metrics g, h are C 2 -close, then additionally we have that the second derivatives
of the metric are close for both metrics and hence the components of the Riemann
curvature tensor and other Riemann derived objects (e.g. curvature invariants,
Ricci, Rab , and Weyl tensors, Cabcd ) are close.
One should now also be able to extrapolate the above examples to higher derivatives. For example, if two metrics are C 3 -close then we would expect that in addition to the light cones, geodesic systems and curvature being close that the first
derivatives of the Riemann tensor would also be close. By analogy we can produce
interpretations for C r -fine topologies with larger r. Note that as r increases, more
metrics are excluded from any given -neighbourhood, N (g, ), and the resulting
topologies about the given metric are finer. Correspondingly any property proved
to be C s -stable will also be C r -stable, whenever s 6 r < ∞. It is also important to
remember that the C r -fine topologies are in a certain sense too coarse since they also
include too many metrics which one may not wish to consider close† . For example,
one may choose  functions which are very small in some compact region of M but
are far from zero elsewhere. The resulting C r -fine open neighbourhood, N (g, ),
†

The metrics allowed in these C r -fine neighbourhoods may correspond to non-physical curvature sources. A more detailed discussion follows in §5.2.4.
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will contain not only metrics whose values and derivatives are close to those of g
everywhere in M but also those that deviate wildly outside of the compact region.
An example of this behaviour is presented in Figure 5.2.

Figure 5.2: The figure compares the values of a metric component from g
and two C 0 -close metrics, h1 and h2 . Note that the metric component, h1ij ,
can vary significantly from gij since  is only small in a compact region. The
metric component, h2ij , has values -close to gij but has a wildly varying
first derivative. Hence the topology allows both h 1ij and h2ij to be close to
gij even though it appears that only h2ij should be included. Consequently
more metrics are present in N (g, ) than one’s intuition might indicate. One
may also want for h2ij to be excluded from this -neighbourhood due to its
wildly deviating derivative. This metric could be eliminated by choosing the
topology to be C 1 -fine, since then the neighbourhood would not contain metrics where the slope differed more than  from that of g ij . One can, however,
easily devise examples where the second and higher derivatives behave pathologically. Seeking greater values of r for the C r -fine topologies would lead to
even finer topologies and exclude these cases.

An important application of the C r -fine topology can be seen in the analysis
of the causal structure of space-times. Using the above described notion that if
two Lorentzian metrics are C 0 -close, then their light cones are close, we obtain
the following precise definition of the stable causality property for space-time (as
motivated by Geroch and Horowitz (1979, p. 241)):
Definition 5.7 (stable causality)
A space-time (M, g) is stably causal if there exists a C 0 -fine neighbourhood, U (g),
of the Lorentzian metric, g, such that for each h ∈ U (g), (M, h) is causal.
Hence stably causal space-times remain causal under small C 0 -fine perturbations
of the metric. The reader should note that Definition 5.7 (from Beem, Ehrlich
and Easley (1996, p. 63)) redefines Geroch’s idea of ‘the spreading of light cones’
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precisely and the interested reader is asked to compare this with the alternate
definition given in Hawking and Ellis (1973, p. 198).

5.2.3

The Stability of Geodesic Incompleteness

The stability of geodesic incompleteness (and completeness) has, over the years,
been investigated closely by Beem and Ehrlich (1987) and also Williams (1984). A
thorough review of the literature on the stability of completeness and incompleteness
is provided in Beem, Ehrlich and Easley (1996, p. 239-270).
Examples by Williams (1984) show that both geodesic completeness and geodesic
incompleteness are not C r -stable for space-time, in general. In addition, Williams
also provided examples showing that these properties may fail to be stable even
for compact/non-compact space-times. Of course this still leaves the possibility
that with additional constraints made on the space-time that geodesic completeness/incompleteness may be stable. Beem showed that geodesic incompleteness is,
in fact, C 1 -stable for strongly causal space-times. This work is relevant to our task
and the following presentation is designed to guide the reader unfamiliar with this
result.
We will need precise definitions for the imprisonment and partial imprisonment
of curves in space-time since partial imprisonment is very closely related to the
strong causality condition on a space-time. The following definitions are those used
by Beem in the proof of the stability theorems.
Definition 5.8 (Imprisonment and Partial Imprisonment)
Let γ : (a, b) → M be an inextendible geodesic.
(i) The geodesic, γ, is partially imprisoned as t → b if there is a compact set
K ⊆ M and a sequence {xi } with xi → b from below such that γ(xi ) ∈ K for
all i.
(ii) The geodesic, γ, is imprisoned if there is a compact set K such that the entire
image, γ((a, b)), is contained in K.
Essentially the definitions differ in that imprisonment implies that there is some
compact set which encloses the entire curve γ((a, b)) while partial imprisonment
only requires that there be an infinite subsequence of points which remains in the
compact set. Hence for a partially imprisoned curve which is not totally imprisoned,
the curve must not only continually reenter the compact set K, but must also exit it
an infinite number of times (see Figure 5.3). Of course, a curve which is imprisoned
is also partially imprisoned.
We now present the result of Beem (1994) (see also Beem, Ehrlich and Easley
(1996) p.265).
Theorem 5.9
Let (M, g) be a semi-Riemannian manifold. Assume that (M, g) has an endless
geodesic γ : (a, b) → M such that γ is incomplete in the forward direction (i.e.
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Figure 5.3: Imprisonment requires that the entire image of the curve be
contained in some compact set whereas partial imprisonment allows the curve
to exit and re-enter a compact set an infinite number of times.

b 6= ∞). If γ is not partially imprisoned in any compact set as t → b, then there is
a C 1 -neighbourhood U (g) of g such that each g1 in U (g) has at least one incomplete
geodesic c. Furthermore, if γ is timelike (respectively, null, spacelike) then c may
also be taken as timelike (respectively, null, spacelike).
Since strongly causal space-times do not allow past or future-directed nonspacelike curves to be partially imprisoned in any neighbourhood of a regular spacetime point, Beem straightforwardly obtained the following corollary.
Corollary 5.10
If (M, g) is a strongly causal space-time which is causally geodesically incomplete,
then there is a C 1 -neighbourhood, U (g) of g, such that each g1 in U (g) is causally
geodesically incomplete.

5.2.4

C r -Fine Stability of a-Boundary Essential Singularities

Since the abstract boundary classification of essential singularities depends crucially on the choice of the family of curves, C, for the remainder of this section I
will choose them to be the family of affinely parametrised causal geodesics within
the space-time, (M, g).
We will now precisely define what is meant by an essential singularity for the
following stability result.
Definition 5.11 (C k essential singularity)
A boundary point p ∈ ∂φ M is a C k -essential singularity if
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(i) p is a C k non-regular boundary point,
(ii) p is a limit point of at least one affinely parametrised causal geodesic,
(iii) there exists an affinely parametrised causal geodesic which approaches p within
finite affine parameter, and
(iv) p is not covered by any other any other non-singular boundary set in another
envelopment.
We now present the stability theorem for these abstract boundary essential singularities.
Theorem 5.12 (stability of abstract boundary essential singularities)
Suppose there exists a C k -essential singularity in B(M) for a C k maximally extended, strongly causal space-time, (M, g) (where 1 6 k), with family C of affinely
parametrised causal geodesics. Then there exists a C 1 -fine neighbourhood, U (g)
of g, so that for each g1 in U (g), B(M) has a C k -essential singularity for (M, g1 )
provided (M, g1 ) is also strongly causal and C k -maximally extended for each g1 in
U (g).
The reader is reminded that the following proof uses the technical definition of
strong causality as defined in §4.1. This definition is different to, but consistent
with that used by Beem in the proof of Corollary 5.10 and consistent also with
the notions of strong causality presented by Hawking and Ellis (1973) and Penrose
(1972) as shown in that section.

Proof. Let (M, g) be a C k -maximally extended and strongly causal space-time possessing a C k -essential singular point p say (i.e. (M, g) contains at least one incomplete affinely parametrised causal curve which approaches p within finite parameter). Suppose also that there exists a C 1 -fine metric neighbourhood about g, V1 (g),
for which every (M, h1 ) with h1 ∈ V1 (g) is both strongly causal and maximally
extended. Clearly (M, g) satisfies the conditions of Corollary 5.10 and so there
exists a C 1 -fine metric neighbourhood, V2 (g), such that for every h2 ∈ V2 (g) there
is an incomplete affinely parametrised causal geodesic. Let U (g) = V1 (g) ∩ V2 (g).
Since V1 (g) and V2 (g) are both basis neighbourhoods from the C 1 -fine topology
it follows that U (g) is an open neighbourhood of g in that topology. Thus each
g1 ∈ U (g), (M, g1 ) satisfies the conditions of Theorem 4.12, namely, each (M, g1 ),
is C k -maximally extended, strongly causal and contains an incomplete affinely
parametrised causal geodesic. Hence application of Theorem 4.12 to each spacetime guarantees that every (M, g1 ) with g1 ∈ U (g) possesses a C k -essential singular
point.
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The Instability of Strong Causality and Maximal Extensions

It is worthwhile considering the question of when strong causality and/or inextendability of a space-time is C r -stable. It is also worth asking how physically
reasonable are the C r -fine metric perturbations for a given space-time. The C r -fine
topologies defined earlier put bounds only on the geometrical perturbations of the
metric. Since they make no reference to the Einstein equation or stress-energy tensor, the metrics included in C r -fine neighbourhoods will also include ones which are
non-physical. These could include, for example, geometries whose equivalent matter
source terms violate the strong energy condition. This is significant since energy
conditions of this sort are used to prove the existence of incomplete timelike or null
geodesics and consequently the existence of a-boundary essential singularities via
Theorem 4.12. It is also possible to produce perturbations which do not coincide
with the source of curvature for the original space-time. For example, if a geometric
perturbation is made around a vacuum space-time then there is no guarantee that
these variations will all possess a vacuum source.
Minkowski space is a useful example to consider the C r -stability of the inextendability of a space-time. One perturbation that could be applied to this metric
is the presence of small gravitational waves. It seems unlikely for gravitational
radiation of a small amplitude that the causal structure and maximally extended
nature of Minkowski space would be affected. On the other hand one could consider
a Schwarzschild space-time which is perturbed by sending a small charge into the
event horizon. One would expect to obtain a Reissner-Nordstrom space-time in
this manner. Such a case seems very physical, however, we would obtain a spacetime that originally was maximally extended but would change its global structure
dramatically and hence, in a physical sense, the maximally extended nature of the
Schwarzschild space-time cannot be considered stable against these types of perturbation† . In the case where a neighbourhood of maximally extended metrics does
not exist we can imagine that a perturbation of the space-time metric may lead to
the production of sets of extension hypersurfaces for the space-time.
It remains an open question to show that if a space-time is strongly causal then
that property is C 1 -stable. To the author’s knowledge, this has not been proven
in the literature. Intuitively, one might expect that strong causality should be C r stable, for some r, since strongly causal space-times do not allow the existence of
causal curves which leave and return to a small neighbourhood of a manifold point.
Thus it would be expected that there exist -neighbourhoods, whose perturbations
allow causal curves passing near their own path, to probe out the exterior of the
strong causality neighbourhoods of a manifold point.
†

This example is overly-simplified. In a realistic situation where a chargeless black hole were
given a small charge the Einstein and stress-energy tensors would satisfy the vacuum equation but
the original space-time would not be Schwarzschild since there must be some small charge present
in the asympotically flat ‘universe’ to direct towards the black hole. The space-time resulting from
the coalescence of the charge and black-hole would not be the Reissner-Nordstrom space-time but
something else. There is still the possibility, however, that charge or mass perturbations of any
sort may allow the production of previously non-existent extension hypersurfaces!
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Concluding Remarks

This chapter has raised some interesting questions involving conformally related
metrics and the classification of abstract boundary points. The general question of
which classes and what families of curves allow conformally stable classification of
abstract boundary points is still open and potentially useful not only for general
relativity but also (in a different form) for projective and gauge theories where conformal invariance is used in the high energy limit. Nevertheless there is a great need
for stability theorems of all types in general relativity. While theories of quantum
gravity still elude us it is essential that astrophysical features within general relativity be stable to perturbations. Thus the previously stated stability theorem for
essential singularities provides a good evidence for the abstract boundary construction being not only a useful mathematical concept but a physically useful one as
well. Although at present the author is unaware of any other physically important
notion for the nearness of metrics other than that provided by the C r -fine topologies
some tantalising questions are evident. The simplest non-trivial question is whether
there is any coordinate invariant (or at least invariant of chart covering) method
for parametrising the space of vacuum metrics near some given vacuum metric.
This result would be significant since many physically relevant exact solutions are
sourceless. The outcome would be physically useful since the presence of gravitational waves would be one source of vacuum perturbations in the real universe and
the question of whether a space-time model is stable to these changes is an crucial
question. If we also consider the stability of causality conditions and of the maximally extended nature of a space-time then there much opportunity for research in
this area. For purely physical reasons only maximally extended space-time solutions
are worth investigating as realistic models for the universe. Moreover, there is no
evidence to suggest that in the real universe anything except maximally extended
space-times would be present. This requires us to rephrase the inextendability definition. Instead, one might want to answer the question of when a space-time which
is free of regular boundary points can be perturbed to one which possesses regular
extension hypersurfaces. This is essentially a question about the existence of stable
optimal embeddings for space-time which will be discussed in Chapter 6.

Chapter 6

Optimal Embeddings and the
Contact Properties of a-Boundary
Points

6.1

Introduction

When presented with an exact solution of the Einstein equation it is always
necessary to decide whether the coordinates that it is presented in are the most
appropriate for depicting all of its global or physical features. The simplest mathematical issue concerned with the physical validity of a particular coordinate picture
is whether a given space-time can be considered a proper subset of a larger spacetime. In a realistic space-time we expect that it should be maximal and have no
artificial boundaries. The a-boundary is a natural choice of boundary construction
with which to consider questions about extensions of a space-time. The simplest
practical example of a space-time requiring extension is that of the Schwarzschild
space-time discussed in Chapter 3. Summarizing what was stated there, the regularity of the r = 2m hypersurface can be deduced by examining the limiting
behaviour of geodesics and properties of the Riemann tensor as we approach the
surface. These physical features provide clues indicating the existence of a more
suitable embedding for the space-time. Using this information we could then proceed with the development of the Ingoing and Outgoing Eddington-Finkelstein coordinates (Misner, Thorne and Wheeler 1973, p. 828-35) and motivated again by
shortcomings of each of these coordinate systems, derive the Kruskal-Szekeres coordinates which are ‘well-behaved’ everywhere except at the curvature singularity.
The Kruskal-Szekeres coordinates are useful for calculating any curvature-derived
quantity but the coordinates still do not allow the global structure to be made apparent. One might then take the extra step of compactifying the space-time by
forming a Penrose diagram of it, and this appears to be the standard practice in the
literature. The resulting picture makes it apparent that one might maximally extend
the space-time by including the mirror image second-half of the usual Penrose diagram for the Kruskal-Szekeres extension. By including the ‘white hole’ and second
asymptotically flat regions of the space-time we complete the picture. In this sense
the embedding of the Schwarzschild space-time into the Kruskal-Szekeres Penrose
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diagram appears to be an optimal choice for depicting the Schwarzschild space-time,
since (1) the space-time can be seen to be manifestly maximally extended and (2)
all the ideal points at infinity and essential singularities are displayed in the Penrose
diagram.
A more difficult example of this process is the global extension of the Weyl
solutions to the vacuum Einstein equation. The Curzon metrics are a subset of these
space-times and are distinguished by the presence of directional singularities. The
singular points of these models have the peculiar property that when approached by
various geodesic curves, the Kretschmann scalar function R abcd Rabcd would possess a
finite or unbounded limit along the geodesic dependent on the direction of approach.
Scott and Szekeres (1986a, 1986b) were able to re-embed the Curzon space-times
in such a way that those geodesics possessing an unbounded curvature limit on
approaching the original point lead on to a ring of essentially singular boundary
points in the new embedding, and those geodesics limiting to finite curvature can be
made complete and propagate on to boundary points at infinity. In a compactified
picture and with all the extensions made, this space-time can then be seen to have
all its global structure laid open.
The similarities in the process used in the previous two examples beg the question
of what criteria one should choose to obtain an optimal embedding which has all
the global features of the space-time evident. In providing one solution to this
problem we will use aspects of the Schwarzschild space-time example as a guide and
the Penrose diagram of the Kruskal-Szekeres extension as an ideal which should
be aspired to for optimal embeddings. Due to its utility in dealing with many
embeddings at once the abstract boundary formalism will be used to form this
definition of an optimal embedding for pseudo-Riemannian manifolds. In order to
solve the problem we will have need of precisely describing the contact properties
of abstract boundary points and provide definitions of when boundary points can
be considered separate and in contact. The chapter has self-contained descriptions
of these, however the initial development of them led to many possible options for
these definitions. Some of these definitions lead to pathological properties for the
contact relation and the reader is urged to read Appendix B for a justification of
the definitions chosen. Using our preferred definition it turns out that the property
of boundary points being in contact or separate follows on to be invariant of the
chosen abstract boundary representative and passes to the abstract boundary.
The definition of separation allows us to define special subsets of B(M) which
abstract the concept of an embedding as a picture of the boundary. The resulting
partial cross-sections of B(M) are used to conceptualize optimal embeddings. Since
extension is an important theme in this work we will examine the properties of partial cross-sections composed completely of regular boundary points. These partial
cross-sections, with additional technical requirements, will turn out to be our model
of a regular, extendable boundary structure — the a-boundary equivalent of a regular extension hypersurface structure. Finally we choose one of many models for an
optimal embedding and prove that for maximally extended space-times an optimal
embedding cannot possess any indeterminate points.

6.2. Contact Relations for B(M)

6.2

113

Contact Relations for B(M)

The abstract boundary
c φ)}
B(M) := {[p]|p ∈ ∂φ M for some envelopment (M, M,

is an enormous object† since it is generated by an uncountably infinite number of
envelopments. In some sense B(M) is too large a set to be satisfactorily thought
of as being ‘the boundary’ of a single manifold M, since a-boundary points may
appear in uncountably many ways depending on how the manifold is enveloped‡ .
Specifically, any two abstract boundary points [p] and [q] may possess many kinds
of contact relation with each other. For example, if [p] = [q] then any envelopment
in which we realize [p] also realizes [q] equivalently. In the case, where [p] covers
[q], we have that [p] in some sense contains [q] and so whenever we realize [p] by
an envelopment φ, we also realize [q]. The two points may be in even less contact
and whenever [p] and [q] are realized, represented by boundary sets Bp , Bq , then
every pair of these neighbourhoods have non-empty intersection when pulled-back
into M. Finally, the two points may be completely separated, as are the individual
boundary points of any specific envelopment, φ. It is possible to define many of
these properties in terms of nets or sequences. Take for example the definitions
of [p] = [q] and [p] . [q] in Chapter 3 and Theorem 3.10. An alternate use for
these ideas is to produce topologies for B(M). This has been done both by Clarke
and Scott (n.d.) and Scott and Szekeres§ . It is worthy of note that topologies
on the a-boundary serve a completely different purpose than for other boundary
constructions. In those cases a topology is necessary to define the correct adjoining
of boundary points generated by the construction to the open manifold itself. This
is not necessary for the a-boundary because a-boundary point representatives are
c φ) and
subsets of the topological boundary ∂φ M of a given envelopment (M, M,
the topology of that set is well-defined with the topology on M agreeing with the
relative topology on φ(M) given it by virtue of the embedding φ. Almost all physical
questions of these boundary points related to topology may be adequately answered
by these enveloped boundary points.
Let us now define when abstract boundary points are in contact.
Definition 6.1 (Contact a (neighbourhood definition) )
c and q ∈ ∂φ0 M ⊂ M
c0 be two enveloped boundary points of M.
Let p ∈ ∂φ M ⊂ M
†

In order to guarantee that B(M) is a set and not a pure class several basic conditions (i.e.
Zermelo-Fraenkel axioms) must hold. However these do not pose much of a problem and remove
certain absurd cases from the choice of envelopments.
‡
Abstract boundary sets are not devoid of invariant properties as discussed in Chapter 3. It is
these invariant properties are one of the reasons for the utility of the a-boundary approach.
§
Scott and Szekeres’s work on producing a topology for the abstract boundary uses the abstract
boundary points and their attached sets to produce a basis for a T0 topology on M t B(M). A T2
topology on M t σ may be produced for a partial cross section σ ⊂ B(M) using the set of points
attached to σ, A(σ). Partial cross sections of the abstract boundary are described later in this
chapter. This work is presently in preparation for publication.
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Then p and q are said to be in contact (denoted p a q) if for all neighbourhoods U
and V of p and q respectively
M

U u V := φ−1 (U ∩ φ(M)) ∩ φ0−1 (V ∩ φ0 (M)) 6= ∅.

(6.1)

Simply stated, two boundary points of a manifold presented in two different
enveloped boundaries are in contact if every pair of neighbourhoods about them
have non-empty intersection when pulled back to M. This point of view motivates
the intuitive idea that two boundary points of different embeddings are in contact
if there is a sequence in M whose points mapped through φ and φ0 converge to p
and q respectively. Thus we have the following alternative definition of contact for
boundary points:
Definition 6.2 (Contact a (sequence definition))
Two boundary points p ∈ ∂φ M, and q ∈ ∂φ0 M are said to be in contact (denoted
p a q) if there exists a sequence {pi } ⊂ M such that {φ(pi )} has p as an endpoint
and {φ0 (pi )} has q as an endpoint.
It is usual in dealings with the abstract boundary to use the concept of limit
point to decide when a sequence ‘gets close’ to a boundary set. However, it is
essential that convergence (and therefore the concept of endpoint) be used for the
sequence definition to prevent points being in contact which intuitively should not
be. The following lemma confirms the correct choice of definition by establishing
the equivalence of Definitions 6.1 and 6.2.
Lemma 6.3
c q ∈ ∂ φ0 M
c0 ⊂ M
c0 . Then p a q (according to Definition 6.2) if
Let p ∈ ∂φ M ⊂ M,
c and, V(q) of
and only if the following holds: if for all neighbourhoods U (p) p in M
0
c , then
q in M
M

U u V = φ−1 (U ∩ φ(M)) ∩ φ0−1 (V ∩ φ0 (M)) 6= ∅,

(6.2)

i.e. the points are in contact according to Definition 6.1.
Proof. ⇒
c0 ⊂ M
c0 and let p a q. We want to show that
c q ∈ ∂ φ0 M
Let p ∈ ∂φ M ⊂ M,
M

U (p) u V(q) 6= ∅ for all U (p) and V(q), neighbourhoods of p and q respectively.
Since p a q there is a sequence {pi } ⊂ M such that {φ(pi )} has p as an endpoint
and {φ0 (pi )} has q as an endpoint. By the definition of endpoint, then, for any
chosen neighbourhoods, U (p) and V(q), there must exist M and N ∈ N such that
i > M ⇒ φ(pi ) ∈ U (p) ∩ φ(M) and j > N ⇒ φ0 (pj ) ∈ V(q) ∩ φ0 (M). We now
choose a k > max(M, N ). Since φ(pk ) ∈ U (p) ∩ φ(M) and φ0 (pk ) ∈ V(q) ∩ φ0 (M)
M

M

then pk ∈ U (p) u V(q) and therefore U (p) u V(q) 6= ∅.
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⇐
M
Suppose that for every pair of neighbourhoods U (p) and V(q), U (q) u V(p) 6= ∅.
We now define a sequence of neighbourhood balls (using the auxilliary Riemannian
c and h0 on M
c0 ) about p and q, Um (p) = Bh (p, 1/m), and Vn (q) =
metric h on M
Bh0 (q, 1/n), where m, n ∈ N. We define a sequence of points of M, {pi }, by choosing
M

a member of Ui (p) u Vi (q) for each i ∈ N. Clearly {φ(pi )} has p as an endpoint
and {φ0 (pi )} has q as an endpoint. Hence p a q.

The binary relation a is clearly symmetric but it is not transitive. This is most
readily seen in terms of Definition 6.2. If we have three boundary points p ∈ ∂φ M,
q ∈ ∂ψ M and r ∈ ∂ξ M where p a q and q a r then there exist sequences {xi } and
{yj } in M such that {φ(xi )} → p, {ψ(xi )} → q and {ψ(yj )} → q, {ξ(yj )} → r.
These conditions alone are not enough to guarantee the existence of a third sequence
{zk } satisfying {φ(zk )} → p, {ξ(zk )} → r.
It is immediate (as a result of Theorem 19 of (Scott and Szekeres 1994)) that
if p0 ∼ p, q 0 ∼ q and p a q then p0 a q 0 . Thus the property of two boundary
points being in contact is independent of any particular choice of representative of
the abstract points [p] and [q] and the concept naturally extends to the abstract
boundary. Hence we have the following definition:
Definition 6.4
Let [p] and [q] be abstract boundary points. We say that [p] and [q] are in contact,
denoted [p] a [q] if p a q for representatives p and q.
Lemma 6.5
If [p] . [r] and [q] . [r] then [p] a [q].
Proof. Suppose that [p] . [r] and [q] . [r]. We want to show that there is a sequence
{pi } ⊂ M where {φ01 (pi )} has p as an endpoint and {φ02 (pi )} has q as an endpoint.
We will do this by constructing such a sequence from any sequence approaching r
from within φ(M). Let {pi } ⊂ M be any sequence of points with r as its endpoint
c there exists an N ∈ N
in r’s own embedding (i.e. for all neighbourhoods U (r) ⊂ M
such that i > N implies that φ(pi ) ∈ U (r)). By Theorem 3.10 and using the
fact that [p] . [r] the sequence {φ01 (pi )} must have p as a limit point. Thus there
exists a subsequence of points {φ01 (pij )}j∈N limiting to p as an endpoint. We now
note that by application of Theorem 3.10 again and using the fact that [q] . [r] the
sequence {φ02 (pij )}j∈N must have q as a limit point. Applying the same reasoning
as before there is a subsubsequence {φ02 (pijk )}k∈N which limits to q as an endpoint.
The sequence {pijk } ⊂ M has the property that, {φ(pijk )} → r, {φ01 (pijk )} → p and
{φ02 (pijk )} → q. Thus [p] and [q] are in contact.
Definition 6.6 (Separation of Boundary Points - k)
c and q ∈ ∂φ0 M ⊂ M
c0 , are termed separate
Two boundary points, p ∈ ∂φ M ⊂ M
(denoted by p k q) if there is no sequence {pi } ⊂ M for which {φ(pi )} → p and
{φ0 (pi )} → q.
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It is clear that this is contrapositive to the definition of in contact, and hence
points that are not in contact must be separate. Moreover, as before, the property
of boundary points being separate passes to the abstract boundary as a result of
Theorem 3.10.
Definition 6.7 (Separation for a-boundary points)
Let [p] and [q] be members of B(M). We say that [p] and [q] are separate, denoted
[p] k [q] if p k q for representatives p and q. Equivalently, [p] k [q] if they are not in
contact.

6.3

Partial Cross Sections

Armed with the definitions of contact and separation for abstract boundary
points we now define special subsets of B(M).
Definition 6.8 (Partial Cross Section - σ)
Let σ ⊂ B(M). σ is termed a partial cross section if for every [p], [q] ∈ σ, [p] k [q]
or [p] = [q].
Note that we do allow the possibility that a partial cross section σ be the null
c
set. These arise for example, in the case of compact manifolds. Any manifold M
enveloping M with enveloping function φ would contain φ(M) as a compact open
subset. However, we have chosen to deal exclusively with connected manifolds.
c implies that φ(M) ⊂ M
c cannot be both open and
Thus the connectedness of M
closed. It follows that M has no envelopments and B(M) is empty. Thus the only
partial cross section derivable from B(M) will be the empty set.
Definition 6.9 (Covering Relation for Partial Cross Section - σ . [p])
Let σ ⊂ B(M) be a partial cross section and [p] ∈ B(M). We say σ covers [p]
(denoted σ . [p]) if for any sequence {pi } ⊂ M which has p as an limit point there
c φ) (i.e. r ∈ ∂φ M) where {φ(pi )} has limit point
exists an [r] ∈ σ realized in (M, M,
r. Essentially σ . [p] if there is a [r] ∈ σ such that [r] . [p].
The following lemma is immediate from Definitions 6.8 and 6.9.
Lemma 6.10
No abstract boundary point [p] is covered by more than one abstract boundary
point of a partial cross section σ.
We may also define contact and separation of abstract boundary points with
respect to partial cross sections.
Definition 6.11 (Point in Contact with a Partial Cross Section)
An abstract boundary point [p], p ∈ ∂φ M is in contact with a partial cross section
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σ, denoted [p] a σ, if there exists a sequence {xi } in M and an abstract boundary
point [q] ∈ σ, q ∈ ∂ψ M such that {φ(xi )} → p and {ψ(xi )} → q.
Lemma 6.12
Let σ be a partial cross section and [p], [q] be abstract boundary points such that
[p] . [q]. If σ . [p] then σ . [q].
We now provide an example of a partial cross section associated with a given
envelopment.
Example 6.13
c φ), φ : M → M
c defines a partial cross section
Each envelopment (M, M,
σφ := {[p]|p ∈ ∂φ M}.

The previous example presents partial cross sections which can be visualized as a
slice through the abstract boundary identifying each boundary point with a distinct
member of B(M). In a sense, the concept of a partial cross section generalizes the
notion of an envelopment for boundary points. However, not all partial cross sections
arise as a result of envelopments, as the following example illustrates.
Example 6.14
Let M = {(x, y) ∈ R2 |y > 0} (i.e. the upper half
be the embedding defined as follows.


(α(x, y), β(x, y))
√
0
0
(x , y ) = φ(x, y) = (x − y + π/4, 2xy)

√

(x + y − π/4, −2xy)

c R2 )
plane) and φ : M → M(=
if |x| 6 y,
if |x| > y and x > 0,
if |x| > y and x < 0,

(6.3)

p
where α(x, y) = tan−1 x/y and β(x, y) = d(x, y) = x2 + y 2 .
The effect of this map on M is displayed in Figure 6.1. This embedding maps a
point P in the right angled cone over the origin to a point in the upper half plane
whose x-coordinate is the angle of the line OP to the y-axis and whose y-coordinate
is the length of OP . Points outside this cone are mapped to a point whose xcoordinate is the x-distance of P from the cone p
edge ±π/4 dependent on the sign of
x, and whose y-coordinate is the parameter k = 2|x|y of the arm of the rectangular
hyperbola through (x, y). The resulting smooth embedding φ has the effect of
‘spreading out’ those curves approaching the boundary point p. p is equivalent to the
boundary set represented by the interval [−π/4, π/4] ⊂ ∂φ M. The boundary point
about which the expansion occurs can be chosen by x-translating the embedding
function φ along. We will denote the translated version by φa := φ(x − a, y). We
will construct the example using these embeddings.
For each point px = (x, 0) ∈ ∂M in its natural envelopment in R2 , we will apply
φx which takes px to the line segment Ix = {(z, 0)||z − x| < π/4} ⊂ ∂φ M. The set
σ consisting of all abstract boundary points having a representative in some Ix is
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Figure 6.1: Example of a map which expands a boundary point to an interval
in the boundary.

6.4. Types of Partial Cross Section
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a partial cross section. However, this partial cross section would require something
topologically like the ‘long line’ construction (Steen and Seebach Jr. 1978, p. 71) to
depict it fully in an embedding. Thus the resulting partial cross section is impossible
c
to realize as a boundary set of a single envelopment of M in a paracompact M.

6.4

Types of Partial Cross Section

Regular points occur only in open sets and when on the boundary only in open
subsets of the edge in the induced topology. This leads us to consider partial cross
sections composed only of points with regular representatives, and so we define the
following.
Definition 6.15 (Regular Abstract Boundary Point)
We term an abstract boundary point regular if it has a regular boundary point
representative. Additionally we define the set of regular abstract boundary points,
denoted Breg (M), as the subset of B(M) composed of every regular abstract boundary point
c φ),
Breg (M) := {[p] ∈ B(M)| there exists a q ∈ [p] and an envelopment (M, M,
c such that q is a regular boundary point}.
q ∈ ∂φ M ⊂ M

Definition 6.16 (Regular Partial Cross Section)
Let σr ⊂ Breg (M). σr will be said to be a regular partial cross section if for each
c such that
[p] ∈ σr there is a representative boundary point q ∈ [p], q ∈ ∂φ M ⊂ M,
(i) q is regular and,

c such that
(ii) there is an open neighbourhood, U (q) ⊂ M
{[r] : r ∈ U ∩ ∂φ M} ⊂ σr

The additional requirement in the definition above guarantees that non-isolated
regular boundary points of a regular partial cross section σr are members of open
subsets of the boundary when presented in a given embedding. Isolated members are
c and are thus not
compact and thus closed in the relative topology derived from M
affected by the additional condition since they are composed of maximal connected
pieces of the boundary which always possess open neighbourhoods containing only
that portion of the boundary. It is possible to produce examples of partial cross
sections composed only of regular abstract boundary points which do not satisfy
the second condition but these have very poor properties for representing extension
sets. Hence condition (2) above (the open boundary property) is essential for the
definition of useful regular partial cross sections.
Let us now define a few further types of partial cross section.
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Definition 6.17 (Cross Section)
A cross section σ is a partial cross section which covers every abstract boundary
point i.e. for every [p] ∈ B(M), σ . [p].
It is still an open question whether every manifold possesses a cross section.
However it is a simple exercise to generate manifolds possessing cross sections.
Definition 6.18 (Total Envelopment)
c is an envelopment where for every [p] ∈ B(M)
A total envelopment, φ : M → M
c such that [B] . [p].
there is a B ⊆ ∂φ M ⊂ M
Every total envelopment, φ yields a cross section σφ (as presented in Example
6.13).
We are also interested in regular partial cross sections which cannot be enlarged
to include any more points, and so we define maximality.

Definition 6.19 (Maximality)
A regular partial cross section σm will be termed maximal if no regular partial cross
section contains it as a proper subset.
Since we will be interested in embeddings that contain all the regular boundary
points explicitly displayed we need to ‘admit’ partial cross sections containing a
maximal regular partial cross section. We therefore define admissible partial cross
sections.
Definition 6.20 (Admissible Partial Cross Section)
A partial cross section σA ⊂ B(M) will be termed an admissible partial cross section
if
(i) there is a maximal regular partial cross section, σm , with σm ⊂ σA and,
(ii) for each [p] ∈ σA there is a representative boundary point q ∈ [p], q ∈ ∂φ M ⊂
c and an open neighbourhood, U (q) ⊂ M
c such that
M,
{[r] : r ∈ U ∩ ∂φ M} ⊂ σA

Definition 6.21 (Maximal Admissible Partial Cross Section)
An admissible partial cross section, σM A is said to be maximal if no admissible
partial cross section contains it as a proper subset.
Definition 6.22 (Total Regular Partial Cross Section)
A regular partial cross section σt is termed total if σt covers every regular abstract
boundary point.
Totality implies that the partial cross section contains all the regular abstract
boundary points. It is trivial to show that total regular partial cross sections are
maximal.
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Figure 6.2: Definitional tree for the classification of partial cross sections.

Definition 6.23 (Admissible Cross Section)
σT is termed an admissible cross section if
(i) there is a total regular partial cross section σt contained in σT and,
(ii) σT covers every [p] ∈ B(M) (i.e. σT is a cross section).
Admissible cross sections are also trivially maximal. The ladder of definitions
for partial cross sections is presented in Figure 6.2.

6.5

Regular Partial Cross Sections and Maximality

When deciding on what properties an optimal embedding should possess the
issue of what to do with regular points is essential. Intuitively one would only
want to consider those regular partial cross sections which were maximal. In this
sense there would be no stray regular abstract boundary points which were not
part of the partial cross section. For separate regular abstract boundary points the
situation is simple because they can simply be added to the regular partial cross
section to make it larger and thus the original regular partial cross section could
not have been maximal. However abstract boundary points may have all sorts of
contact properties. What is required is to prove that if any two regular points are
in contact then they are equivalent. We have been unable to prove this result in
general. However, in the case where the two regular boundary points have a finite
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number of regions of φ(M) about them, we have made some progress. We present
this as a conjecture and supply some justification for it. Nevertheless an important
immediate result in proving the conjecture is presented below.
c and let U (p) be a neighbourhood of p. We now consider
Consider p ∈ ∂φ M ⊂ M
the case where the set U (p) ∩ φ(M) is composed of n connected components.
Definition 6.24 (Connected Neighbourhood Regions)
c and n ∈ N. We say that p has n connected neighbourhood regions
Let p ∈ ∂φ M ⊂ M
if for any open neighbourhood N (p) there exists a sub-neighbourhood U (p) ⊂ N (p)
for which U (p) ∩ φ(M) is composed of exactly n connected components.
Intuitively, any arbitrarily small neighbourhood of the given boundary point has
a finite number of paths along which any curve or sequence may approach the point.
This property is a topological neighbourhood property (see Definition 3.50) and so
passes to the abstract boundary. In particular we have the following as a result of
Theorem 3.51.
Corollary 6.25
c0 . If p ∼ q then for any neighbourhoods of
c and q ∈ ∂φ0 M ⊂ M
Let p ∈ ∂φ M ⊂ M
p and q there exist sub-neighbourhoods U (p) and V(q) for which U (p) ∩ φ(M) and
V(q) ∩ φ0 (M) have the same number of connected component regions.
Thus no two boundary points may be equivalent if they have differing numbers
of connected component regions. This makes sense since for a given boundary point
p each region forms a group of directions of approach for some sequence to converge
p. Any other boundary point equivalent to p should possess a nearby region of M
which is homeomorphic to the region about p.
Lemma 6.26
c and q ∈ ∂φ0 M ⊂ M
c0 be boundary points in contact p a q and for
Let p ∈ ∂φ M ⊂ M
which every neighbourhood of each point contains a sub-neighbourhood, U (p) and
V(q) where U (p) ∩ φ(M) and V(q) ∩ φ0 (M) are each composed of a finite number of
connected components. Then there exist connected homeomorphic neighbourhood
regions O attached to p and O 0 attached to q for which every sequence in them
which converges to p also converges to q (and vice versa).
Proof. Let U (p) and V(q) be neighbourhoods of p and q such that U ∩ φ(M) and
V ∩ φ0 (M) are both composed of a finite number of connected components, i.e. U ∩
φ(M) is the disjoint union of n connected components Uj and similarly V ∩ φ0 (M),
is composed of m connected components Vk , n, m ∈ N. Since p is in contact with
q there exists a sequence {xi } ⊂ M such that {φ(xi )} → p and {φ0 (xi )} → q.
Therefore there is a N such that i > N implies that φ(xi ) ∈ U . As there are only
finitely many connected components Ui there must be at least one component UI
containing an infinite subsequence of {φ(xi )} within it. Let {yi } ⊂ {xi }(⊂ M)
be that infinite subsequence. Being a subsequence {yi } also has the property that
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{φ0 (yi )} → q. By the same process as before there is a connected component
VJ containing an infinite subsequence of {φ0 (yi )}, {φ0 (zi )}, with the property that
{φ(zi )} → p and {φ0 (zi )} → q.
We will now define submanifolds of UI . Let h be a complete Riemannian auxilc and let dh (x, y) be the distance function associated with it. Let
liary metric on M
Xi := {x ∈ UI |dh (x, p) < i} i.e. the intersection of the h-ball of radius i with UI .
There exists an  > 0 for which X is connected since every neighbourhood of p
has a sub-neighbourhood whose intersection with φ(M) has only a finite number
of connected regions† . Since φ0 ◦ φ−1 is a homeomorphism there is an equivalent
connected region φ0 ◦ φ−1 (Xi ) ⊂ VJ .
Let X(2−k ) be a sequence of these regions contracting around p and let {qi } ⊂ M
be any sequence, such that {φ0 (qi )} is eventually in VJ , {φ0 (qi )} → q. We will now
show that {φ(qi )} → p. Since {φ0 (qi )} → q, there must exist a N ∈ N such that
i > N implies that φ0 (qi ) ∈ φ0 ◦ φ−1 (X(2−k ) ). Consequently φ(qi ) ∈ X(2−k ) for all
i > N . This occurs for any choice of k, the X(2−k ) contracting to p. To conclude
that {φ(qi )} → p it remains to show that for any neighbourhood V(q) there is a k0
for which k > k0 implies that φ0 ◦ φ−1 (X(2−k ) ) ⊂ V(q). This result is immediate
since we simply choose k0 to be such that every point of X(2−k ) has a distance to p
which is less than a point of φ ◦ (φ0 )−1 (V(q) ∩ φ0 (M)). Hence {φ(qi )} → p.
Likewise we have that any sequence {pi } ⊂ M which has {φ(pi )} → p via UI also
has {φ0 (pi )} → q. The two relevant (but non-unique) homeomorphic neighbourhood
regions being O = X ⊂ UI and O 0 = φ0 ◦φ−1 (X ) ⊂ VJ and we obtain the result.
The previous lemma brings us much closer to proving the following.
Conjecture 6.27
Let [p] and [q] be regular abstract boundary points in contact, [p] a [q], and which
both possess a finite number of connected neighbourhood regions, then [p] and [q]
are equivalent, [p] = [q].
If we are able to show that the neighbourhood regions of any two regular points
are in one-to-one correspondence if they are in contact then we will be able to show
the following useful result.
Conjecture 6.28
If σr is a maximal regular partial cross section then if [p] is a regular abstract
boundary point and [p] 6∈ σr , then [p] is covered by σr .
This conjecture would guarantee that every admissible partial cross section σA
contains a maximal regular partial cross section containing all the regular points.
Intuitively we expect Conjecture 6.27 to hold since regularity is a fragile property
for manifold points and any choice of envelopment which joins or divides regular
boundary points will destroy the ability to extend the manifold about that point.
†

It is worthwhile considering the situation for p given in Figure 3.3 to develop intuition for this
statement.
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Consider the embedding function from Example 6.14. In this case regularity at the
origin is destroyed by spreading out the ‘directions of approach to the point’. Similarly arbitrary coalescing of regular points destroys regularity by joining directions
for the extension of geodesics through the point.

6.6

Optimal Embeddings

An optimal embedding may not be a maximally extended representation of the
space-time. There are examples of spaces where two equivalently important extensions are not possible at the same time. However one would expect that an optimal
embedding would be a representation for which all regular extension hypersurfaces
or regular points are explicitly depicted.
This leads to the following candidate definition for an optimal embedding.
Definition 6.29 (Optimal Embedding (minimal definition))
c be an envelopment. φ is an optimal embedding if the partial cross
Let φ : M → M
section
σφ = {[p]|p ∈ ∂φ M}
is a maximal admissible partial cross section.
One may wish to have an embedding whose associated partial cross section is
total. It would then cover all the points of Breg (M). However there are cases where
two extensions cannot be made simultaneously and such an embedding does not
exist. The most useful form of embedding would be one associated with an admissible cross section. Such an embedding would realize every point of the abstract
boundary. However achieving this may also be difficult in practice.
It appears then that a decision of an optimal embedding for space-time should
be made top down through the hierarchy of partial cross section definitions until
one cannot go any further.
When one deals with maximally extended space-times the situation is much
simpler since regular points do not exist. Thus we obtain the following theorem.
Theorem 6.30
Let (M, g) be a C l maximally extended space-time. Then the abstract boundary
B(M) can contain no C k indeterminate boundary points, k 6 l (i.e. BI (M) is the
null set).
Proof. In a particular envelopment an indeterminate boundary point q can either be
a C k regular point, a C k removable point at infinity or a C k removable singularity
(c.f. §3.5). We now proceed to eliminate each of these possibilities.
Since (M, g) is C l maximally extended there can be no C k regular boundary
points since if these boundary points were regular then there would exist C l extensions of the manifold about these points contradicting the fact that (M, g) is C l
maximally extended.
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Suppose that q were a C k removable point at infinity. Then q can be covered by
a boundary set of another embedding consisting entirely of regular boundary points.
This again contradicts the fact that (M, g) is a C l maximally extended space-time.
Finally suppose that q is a C k removable singularity. By Theorem 43 of Scott
and Szekeres (1994) any C k non-singular boundary set B covering q must contain
at least one C k regular boundary point. This once again contradicts (M, g) being
C l maximally extended.
Since this exhausts all the possibilities for the existence of indeterminate points
in B(M) we obtain the result.
Corollary 6.31
The abstract boundary, B(M) of any C l maximally extended space-time, (M, g)
cannot possess any C k mixed points at infinity or directional singularities which
cover C k regular points, k 6 l.
The corollary follows from the fact that maximally extended space-times do not
allow the presence of regular points. Both mixed points at infinity and directional
singularities hiding regular points are thus forbidden from existing in maximally
extended space-times.
It is important to note however that the class of unapproachable points may not
be empty.
This leaves maximally extended space-times with the following possible boundary points in a given embedding: pure points at infinity, directional singularities
which do not cover regular points, pure singularities, and unapproachable points.
One could then consider an optimal embedding for a maximally extended spacetime as one realizing this goal. When one compares this to the Penrose diagram of
the Kruskal-Szekeres extensions we find that this embedding achieves most of these
goals, the only points of confusion being those at i+ and i− alongside the r = 0
singularities.

6.7

Concluding Remarks

In our discussion of optimal embeddings we have uncovered several matters that
are unresolved. In addition to Conjecture 6.27 concerning the contact properties
of regular points we are also faced with questions resulting from the classification
scheme presented in Chapter 3.
Intuitively one would hope that all directional singularities cover a pure singularity at their core. Attempts to produce a space-time which do not satisfy that
property have been fruitless and we know of no counter-example in the literature.
If we were able to prove this, then we may expect the following to be true.
Conjecture 6.32
Let (M, g) be a maximally extended, strongly causal space-time and C be the family
of affinely parametrised causal geodesics. Then if there is an essential singularity
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[p] in B(M) then there is an envelopment in which [p] covers [q] a pure singularity.
A closely related conjecture is given below.
Conjecture 6.33
Let (M, g) be a space-time and C be the class of affinely parametrised geodesics.
Then if λ is a geodesic with infinite parameter then there exists an envelopment with
λ having the boundary point p as a limit point where p is pure point at infinity.
Both of these conjectures reflect the concern that every incomplete geodesic
should encounter a pure singularity while each infinite geodesic should propagate on
to a point at infinity. An embedding with this property would explicitly differentiate
between these classes of curves and embeddings which possess this property could
be considered more optimal than those that do not. These open questions are the
subject of current research.

Chapter 7

Applying the Abstract Boundary
to Curvature Singularity
Theorems

7.1

Introduction

The common theme throughout this thesis is that the abstract boundary provides us with a superior alternate structure in which to consider space-time singularities. Recently it has become apparent that the abstract boundary formalism
might allow the proof of curvature singularity theorems for space-time. This is a result of direct application of the abstract boundary classification scheme to Theorem
2 of Hawking and Ellis (1973, p. 271) (compare this proof with Hawking (1967)).
Sub-cases of Theorem 4.12 apply directly to non-maximally extended space-times
covered by Hawking’s theorem and the link given with curvature there appears to
be exploitable to produce a curvature singularity theorem.
In the following we briefly describe the present state of research into singularity
theorems for space-time and attempts to include curvature in this structure. We
then formulate what we consider to be the absolute minimum considerations for the
proof of a curvature singularity theorem applicable to physically realistic situations.
We review how much of this structure is already in place and state which additional
results are required to complete any such theorem.

7.2

Singularity Theorems for Space-time

The earliest attempts to produce theorems about the existence of singularities
in space-time were negative in nature. It was believed that singularities in the
then known cosmological and stellar model space-times were due to their highly
symmetrical nature. The view that singularities would not be a feature of general
solutions was put forward by Lifshitz and Khalatnikov (1963) where it was proposed
that Cauchy data giving rise to singularities consisted of a set of measure zero
in the set of all possible Cauchy data. Later work (Belinskii, Khalatnikov and
Lifshitz 1970) caused them to retract this view.
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The first positive theorems about the existence of singularities were pioneered
by Penrose (1965) and Hawking (1967). Instead of dealing with the properties of
solutions of the Einstein Field Equations directly the Hawking-Penrose singularity
theorems used the techniques of differential topology and very fundamental properties of the space-time and gravitation itself. In these singularity theorems timelike
and/or causal geodesic incompleteness is deduced from a structure which is roughly
composed of three parts.
(i) Energy condition — usually the strong energy or null convergence condition,
(ii) Causality condition — the strong causality or chronology condition,
(iii) Closure or Curve Trapping condition — these sometimes take the form
of topological conditions or a differential geometry construct such as the null
second fundamental form or expansion scalar.
The energy condition guarantees that gravity is attractive for the matter in the
space-time. The causality condition prevents the escape of geodesics from being
focused by curvature through causal violations. Finally the trapping condition sets
up the conditions necessary for collapse or for some sort of cosmological or primordial
singularity.
The primary reason for clarifying the status of these ‘singularity theorems’ is
that as mentioned above, there are two inequivalent philosophies for the definition of singular behaviour for space-time. Examples of space-time exist (see §4.4.1)
where geodesic incompleteness occurs without the presence of any curvature pathology. These situations typically involve imprisoned incompleteness (Hawking and
Ellis 1973, § 8.5, p. 289) or quasi-regularity (Clarke and Schmidt 1977, Ellis and
Schmidt 1977, Ellis and Schmidt 1979). So in fact the term ‘singularity theorem’
is a misnomer since these theorems are actually geodesic incompleteness theorems.
It is commonly felt that real singularities must be a type of curvature singularity
and present astrophysical evidence supports the formation of singularities only in
space-times derived from realistic collapse scenarios. In the case of primordial singularities these might be formed from reasonable boundary assumptions (such as
those arising from the Weyl curvature hypothesis of Penrose). Nevertheless, the
Hawking-Penrose geodesic incompleteness theorems have had enormous success in
most physical situations. However there is strong physical motivation for the specific
prediction of ‘unbounded curvature’.

7.3

Problems in Proving Curvature Singularity
Theorems

Much of the difficulty in proving a curvature result has been due to
(1) the difficulty in ascribing boundary points to space-time — the boundary construction problem, and
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(2) the variety of ways in which curvature may not be smooth in a given spacetime — the curvature pathology classification problem.
Hence the most significant hurdles to date have not been the proof of a curvature
singularity theorem itself but instead formulating precisely the form of the theorem
one wants to prove.
The abstract boundary is a promising way to evade (1) for the following reason. As discussed in Chapter 2, one finds problems of a topological nature when
attempting to generate boundary points for a space-time purely from the pseudoRiemannian manifold representing it. Within this philosophy of boundary construction, it appears that there is no single construction which has all the requisite
properties and remains well-behaved. In essence, the expectation that there exists
a single boundary construction, which is physically significant, topologically wellbehaved, and easy to construct for any space-time is overly optimistic. However,
the abstract boundary uses a completely different philosophy based only on the invariant properties of boundary points in the countless many representations of the
boundary. Thus, it evades the problems encountered in Chapter 2 by not enforcing
a boundary construction upon a space-time but instead allows us to derive general
results from which ever representation of the boundary is best for a specific problem. In addition, we obtain a precise definition for an essential singularity, which is
independent of its envelopment, and for which the objections presented in Chapter
2 do not apply.
Although we have a solution to the boundary problem we are still left with the
problems provided by (2). The literature possesses a large number of different definitions of curvature singularity. If we consider singularities not in the sense of curve
incompleteness but as a ‘place’ resisting metric extension we find many specific
definitions. Clarke (1975) and Ellis and Schmidt (1977) developed schemes aimed
at classifying this notion of singularities. Their work generalized the fundamental definitions of scalar polynomial curvature singularities and parallely propagated
curvature singularities discussed in Hawking and Ellis (1973) to include not only
divergent behaviour but non-smoothness in the derivatives of these objects. In addition Ellis and Schmidt defined these singularities as singular boundary points of
the b-completion of the space-time. The previous definitions of Hawking and Ellis
(1973) only discussed curves corresponding to a curvature singularity and not the
boundary points themselves, since no particular boundary construction was chosen. Finally Clarke, Ellis and Schmidt defined an additional singularity type — the
quasi-regular singularity for which no type of curvature pathology occurs.
In order to gain some feeling for the issue in the abstract boundary context
we redefine Clarke, Ellis and Schmidt’s (1977) definitions in terms of a-boundary
concepts below. One should note that C k essential singularities are defined in
Chapter 3 (Definition 3.36) and that we must choose a family of curves C obeying
the b.p.p.
Definition 7.1 (C k Curvature Singularity)
c be a C k essential singularity, k > 0. q is termed a C k curvature
Let q ∈ ∂φ M ⊂ M

130

7. Applying the Abstract Boundary to Curvature Singularity Theorems

singularity † if there exists a C-incomplete curve γ(s) : [0, a) → M with q as its
endpoint such that a parallelly propagated orthonormal tetrad {Ea (s)} along φ◦γ(s)
has a component Rabcd such that
lim |Rabcd;e1 ...ek (φ ◦ γ(s))| = ∞

s→a

In this case γ(s) is said to correspond to the C k curvature singularity.
Definition 7.2 (C k Quasi-regular Singularity)
c be a C k essential singularity, k > 0. q is termed a C k quasiLet q ∈ ∂φ M ⊂ M
regular singularity if it is not a C k curvature singularity.
Definition 7.3 (C k Scalar Curvature Singularity)
c be a C k essential singularity which is also a C k curvature
Let q ∈ ∂φ M ⊂ M
singularity. q is termed a C k scalar curvature singularity if there is a C-incomplete
curve γ(s) : [0, a) → M with q as its endpoint and a scalar polynomial function
P (x) on M composed only of gab , ηabcd (volume form) and Rabcd such that
lim |P (φ ◦ γ(s))| = ∞

s→a

As above γ(s) is said to correspond to the C k scalar curvature singularity.
Definition 7.4 (C k Non-Scalar Curvature Singularity)
c be a C k essential singularity which is also a C k curvature
Let q ∈ ∂φ M ⊂ M
singularity. q is termed a C k non-scalar curvature singularity if it is not a C k scalar
curvature singularity.
Using the definitions above we might then wish to define an abstract boundary
point [p] ∈ B(M) as being one of the above types of singularity if it possesses a
representative with that property‡ .
Note that C k scalar curvature singularities are clearly C k curvature singularities
but the converse is not necessarily true. There are space-times where the curvature is
ill-behaved but all scalar polynomials are zero (Ellis and Schmidt 1977). One should
also note the essential differences between the definitions presented above and our
goal of describing physical singularities due to unbounded curvature only. The
definitions above include non-smooth behaviour other than simply the divergence
of curvature components or a scalar curvature polynomial. Oscillatory behaviour
in the scalar curvature or components may lead to the non-continuity of the k-th
derivatives.
†

This concept is traditionally referred to in the literature as a parallely propagated curvature
singularity. Similarly the concept in Definition 7.3 is referred to as a scalar polynomial curvature
singularity.
‡
One might then go on to prove the invariance of that classification under re-envelopment so
that the property passes to all members of the equivalence class. This is the subject of future
work.

7.4. Jacobi Fields and Strong Curvature

131

It is conceivable that fast changes in the curvature derivatives alone will not lead
to the destruction of physical objects§ . So we must consider the question of exactly
what type of curvature pathology leads to the destruction of any object nearing
a singularity. Thus, although the previous concepts of singularity are physically
significant the idea of strong curvature described in Ellis and Schmidt (1977, p. 944)
deals with this idea specifically. Strong curvature has other features which make it
an attractive definition of a curvature singularity to use for the proof of curvature
singularity theorems. We now go on to introduce the concept of strong curvature
and its definition in terms of Jacobi fields.

7.4

Jacobi Fields and Strong Curvature

Definition 7.5 (Jacobi Field)
If γ(s) : [0, a) → M is a geodesic, then the smooth vector field J : [0, a) → T M
along γ is a Jacobi Field if it satisfies the Jacobi Equation
J 00 + R(J, γ 0 )γ 0 = 0,
D2 J
where J 00 =
= ∇γ 0 (∇γ 0 J) and R(X, Y )Z = ∇X ∇Y Z − ∇Y ∇X Z − ∇[X,Y ] Z is
ds2
the curvature operator.
Intuitively Jacobi fields along γ describe the behaviour of the displacement vector
between γ and a nearby geodesic. Let γ be a unit parametrized timelike geodesic
and J be a Jacobi field along γ orthogonal to γ 0 . Then γ describes the path of
a freely falling massive point particle and J the displacement vector between it
and a second massive particle following a second neighbouring geodesic. Thus J 0
represents the relative velocity with respect to γ and J 00 the relative acceleration
between the particles. This allows us to physically interpret the Jacobi Equation as
linking curvature to the relative acceleration between geodesic particles.
We will now restrict our attention to Jacobi fields with particular properties. Let
γ(s) : [0, a) → M be a timelike (respectively null) geodesic with affine parameter s.
We define Jb (γ) for b ∈ [0, a) to be the set of vector fields Z : (b, a) → T M confined
to γ such that
(i) Z(s) ∈ Tγ(s) M,
(ii) Z(b) = 0,
D2 Z
= ∇γ 0 (∇γ 0 Z) = R(γ 0 , Z)γ 0
(iii)
2
ds


DZ
0
(iv) g
, γ (b) = 0
ds b
§

The reader may wish to consult Ellis and Schmidt (1977) for their physically motivated discussion of weak curvature singularities.
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Thus Jb (γ) consists of Jacobi fields which vanish at γ(b) and lie in the space orthogonal to γ 0 .
For a timelike geodesic γ, it is possible to choose a set of three linearly independent fields {Z1 (s), Z2 (s), Z3 (s)}, Zi (s) ∈ Jb (γ) which define a space-like 3-volume
element V (s) = Z1 (s) ∧ Z2 (s) ∧ Z3 (s) at each point γ(s). In the case of a null
b1 (s), Z
b2 (s)}, Zbi ∈ Jb (λ) may
geodesic λ, a set of two linearly independent fields {Z
b1 (s) ∧ Z
b2 (s). We now present
be chosen defining a null 2-volume element Vb (s) = Z
the strong curvature definitions of Tipler (1977) and Królak (1987).
Definition 7.6 (Strong Curvature Singularity - Tipler)
A Tipler strong curvature condition is said to be satisfied if for all b ∈ [0, a) and all
independent fields Z1 , Z2 , Z3 ∈ Jb (respectively Zb1 , Zb2 ∈ Jb for γ null) we have
lim inf V (s) = 0 (or respectively lim inf Vb (s) = 0).
s→a

s→a

Definition 7.7 (Strong Curvature Singularity - Królak)
The Królak strong curvature condition is said to be satisfied if for all b ∈ [0, a)
b2 ∈ Jb for γ null) there
and all independent fields Z1 , Z2 , Z3 ∈ Jb (respectively Zb1 , Z
exists a c ∈ [b, a) with dV (c)/ds < 0 (respectively dVb (c)/ds < 0).
The concept of strong curvature was first introduced by Ellis and Schmidt (1977).
They loosely considered it a type of singularity at which no object could arrive
intact due to the presence of unbounded tidal forces. Tipler (1977) was the first to
formalize this definition to the one above using only geometrically defined objects
but with the same physical content. Essentially Tipler’s definition requires that any
object have its volume crushed to zero as we approach the singularity. The Królak
definition is weaker than the Tipler version and arose out of investigations of the
cosmic censorship conjecture (Królak 1986b, Królak 1986a, Królak and Rudnicki
1993). In this literature the Królak definition is sometimes referred to as the limiting
focusing condition.
Our primary reason for considering the use of strong curvature are the following
results from Clarke and Królak (1985)† .
Proposition 7.8
For both the timelike and the null cases, if the Tipler strong curvature condition
is satisfied, then for some component Ri 4j4 of the Riemann tensor in a parallelly
propagated frame the integral
i

I j (v) =

Z

v

dv
0

0

Z

v0
0

dv 00 |Ri 4j4 (v 00 )|,

does not converge as v → a.
†

We strongly suggest that the reader refer to Clarke (1993) instead of Clarke and Królak (1985)
for proof of the following theorems. The original paper is full of misleading typographic errors
which have been corrected in the proofs contained in Clarke (1993).
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Proposition 7.9
If λ(v) is a null geodesic and the Tipler strong curvature condition is satisfied then
either the integral
Z v
Z v0
0
dv 00 R44 (v 00 )
dv
K(v) =
0

0

or the integral
Lm n (v) =

Z

v
0

dv 0

Z

v0

dv 00

0

Z

v 000
0

dv 000 |C m 4n4 (v 000 )|

!2

for some m, n does not converge as v → a.
Similar results dealing with the Królak definition are proved in Clarke and Królak
(1985) but with one integral less in each case.
These results are significant since they are for parallelly propagated components
of the Riemann and Weyl curvature tensors and verify that strong curvature singularities do not only imply the divergence of various parallelly propagated components
of the Riemann, Ricci and Weyl tensors but also of their integrals as defined above
along geodesics approaching them. In addition, Clarke and Królak also prove some
sufficiency conditions on integrals of the Ricci and Weyl curvature which require
the existence of Tipler and Królak-type strong curvature singularities.
In summary, strong curvature has three salient properties for application to the
curvature singularity problem:
(i) Strong curvature is a physically intuitive and mathematically precise way to
define the presence of infinite tidal forces.
(ii) Clarke and Królak (1985) show the equivalence between the various notions
of strong curvature and divergences in the parallelly propagated components
of Riemann and Weyl tensors and in integrals of these curvature components
along the path.
(iii) The form of the strong curvature condition is similar to the trapping condition
of Theorem 7.10 by Hawking (Hawking and Ellis 1973, Theorem 3, p. 271).
It is this final point which we will examine in the following section. Previous
arguments have made it clear that the production of a curvature singularity theorem
requires the connection of three key concepts:
(1) Essential Singularities
(2) Curve Incompleteness
(3) Unbounded Curvature
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(1) is important since a singularity predicted by any resulting theorem should
not be removable simply by re-embedding the space-time. Theorem 4.12 and its
generalizations provide a link between (1) and (2). (2) is also significant since
intuitively realistic singularities all cause the incompleteness of physically relevant
curve families. It has proved difficult to prove theorems on divergent curvature
directly from the types of conditions typically used in the geodesic incompleteness
theorems. However a link between (2) and (3) is provided using strong curvature
and the following theorem by Hawking.
Theorem 7.10
Let (M, g) satisfy the following conditions (c.f. Hawking 1967):
(i) Rab K a K b > 0 for all non-spacelike vectors K.
(ii) the strong causality condition holds on (M, g)
(iii) there is some past-directed unit timelike vector W at a point p and a positive
constant b such that if V is the unit tangent vector to the past-directed timelike
geodesics through p, then on each such geodesic the expansion θ ≡ V a ;a of
these geodesics becomes less than −3c/b within a distance b/c from p, where
c ≡ −W a Va ,
then there is a past incomplete causal geodesic through p.
In the result that follows we suppose that we have an incomplete timelike
geodesic γ predicted by the previous theorem. It is possible that γ does not possess
c In this case the endpoint theorem (Theorem 4.10,
a limit point q ∈ ∂φ M ⊂ M.
p. 76) guarantees that there is an envelopment in which γ has an end point.
Proposition 7.11
Let (M, g) have the property that it and its extensions (if any) satisfy the conditions
of the Hawking theorem. Also let γ be a past incomplete causal geodesic through
c as its limit point. Then q is
p predicted by that theorem which has q ∈ ∂φ M ⊂ M
an essential singularity.
Proof. Much of this proof is similar to Theorem 4.12 and so the result will be
outlined here. We begin by proving that the boundary point q is not regular. Let
us suppose that q were a regular boundary point, that is, there exists an extension
c ĝ, φ) about q and that in the extended space M
c the space-time continues
(M, g, M,
to be strongly causal and obey the null convergence condition. In this extension
c is an ordinary manifold point. Now γ is an incomplete timelike
q ∈ φ(M) ⊂ M
geodesic with limit point q which can be assumed to be affinely parametrized without
loss of generality. The behaviour of γ may be separated into two distinct cases.
c or (Case 2) q is a limit point but not
Either (Case 1) q is an endpoint of γ in M
an endpoint of γ.
Case 1
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The proof of this is similar to that of Case 2 in Theorem 4.12. We remember
that γ is assumed to be an incomplete timelike geodesic. The existence of a convex
normal neighbourhood N (q) about q guarantees that there are unique geodesics
defined between all points of N (q) and that within the neighbourhood γ possesses
a limiting tangent vector at q. Standard existence theorems for ordinary differential
equations applied to the geodesic equation ensure the continuation of γ beyond q
contradicting that γ was assumed to be incomplete.
Case 2
Suppose that γ has q as an limit point but not an endpoint. This case is dealt
with by Case 2(ii) of Theorem 4.12. Since the strong causality condition holds in
c ĝ) (and thus at q also) every neighbourhood N (q) has a
the extended space (M,
sub-neighbourhood U (q) ⊂ N (q) such that no timelike curve may exit and re-enter
U (q). This behaviour of γ therefore leads to a violation of the strong causality
condition and hence we obtain a contradiction.
Thus q is a singular boundary point since (1) it is not a regular point, (2) it
is the limit point of a timelike geodesic, and (3) it is approached by an affinely
parametrized timelike geodesic within finite affine parameter (γ is incomplete).
We now go on to show that q must be an essential singularity. Suppose q is
removable and thus covered by a non-singular boundary set. Due to Theorem 3.11
q cannot be covered by either points at infinity or unapproachable points. The last
possibility is that it is covered by regular boundary points but this would lead to
the same situation as has been dealt with above in Cases 1 and 2. It follows then
that q must be an essential singularity.
The previous result is important since it proves a direct link between the focusing
condition on the expansion (condition 3) of Theorem 7.10 and the existence of an
incomplete timelike geodesic corresponding to an essential singularity. All that
would now be required to obtain a curvature singularity theorem is to link this
condition with our chosen concept of strong curvature singularities. Since it is
possible to determine the expansion of a congruence of geodesics in terms of the
volume form derived from the Jacobi fields,
1 dV (s)
θ=
V (s) ds
we are able to rewrite the strong curvature definitions of Tipler and Królak. This
is a profitable exercise since the expansion scalar obeys the Raychaudhuri equation. Specifically for the case of θ̂ being the expansion scalar for null geodesics the
Raychaudhuri equation takes the form (Hawking and Ellis 1973, p. 88)
dθ̂
1
= −Rab K a K b − 2σ̂ 2 − θ̂ 2
ds
2
a
where σ̂(s) is the shear of the congruence and K (s) is the tangent vector of the null
geodesic along which θ̂ is being determined. If we define a length scale x̂2 = V̂ (s)
where V̂ (s) is the null 2-volume form then
θ̂ =

2 dx̂
1 dV̂ (s)
=
,
x̂ ds
V̂ (s) ds
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and the Raychaudhuri equation becomes
d2 x̂
1
= − [Rab K a K b + 2σ̂ 2 ]x̂.
2
ds
2

(7.1)

Pursuing the details of the propagation equation for the various definitions of
the strong curvature condition we obtain the following definitions.
Lemma 7.12 (Tipler Strong Curvature Condition (Clarke 1993, p. 164))
The Tipler strong curvature condition implies that for all b ∈ [0, a) and all solutions
x̂(s) of (7.1) with initial conditions x̂(b) = 0 we have that lim inf |x̂(s)| = 0.
Definition 7.13 (Królak Strong Curvature Condition (Królak 1986a))
Let λ be a future-inextendible null geodesic. We say that λ terminates in a strong
curvature singularity in the future if for all points p on λ and for all initial value
conditions for the Raychaudhuri equation and the shear equation at p there exists
a point q on λ to the future of p such that θ̂ = [2/x̂(s)][dx̂(s)/ds] is negative.
It is this second definition which looks especially promising for application to
Proposition 7.11. The work in the Clarke and Królak (1985) paper would then
link this to the presence of parallelly propagated curvature components which are
unbounded.

7.5

Future Directions in Proving Curvature Singularity Theorems

This chapter has outlined a program within which curvature singularity theorems
might be proved. To complete this program we must verify the following.
(i) A specific definition of strong curvature must be chosen. Physical intuition
would lead one to choose the Tipler condition however it may be easier in
practice to use the Królak condition. Later extensions which include the
Tipler condition would then be simple to do.
(ii) We should also determine whether the classification of parallelly propagated
singularities in the abstract boundary sense is invariant of representative. This
guarantees that the entire definition of these singularities within the abstract
boundary formalism is well-defined.
In conclusion, it appears that this program offers some exciting opportunities for
proving curvature singularity theorems. Given the importance of the long standing
program of research into singularities, geodesic incompleteness and curvature, such
a result would form the most important step in determining the physical content of
singularity production in General Relativity.

Chapter 8

Conclusions and Future Directions

The primary goal of this thesis has been to develop abstract boundary results
which would be useful to those working in General Relativity and Lorentzian Geometry. Apart from physical results connecting the presence of geodesic incompleteness in space-time with the essential singularity concept of the abstract boundary
construction we have also presented results specific to the problem of choosing embeddings for space-time. The secondary goal was to review the literature on the
historical approaches to providing space-time with a boundary and to investigate the
situations and examples which have led others to conclude that those constructions
may have only limited application.
We now review the most significant results in this thesis and the open questions
this research has raised.
The most fundamental result of this thesis is the proof of Theorem 4.12. It
is significant since it is the only link at present between the essential singularity
concept and the presence of geodesic incompleteness. Its importance in connecting
the classical singularity theorems of Hawking and Penrose et. al. with essential singularities is crucial as it allows the straightforward generation of many secondary
essential singularity theorems. In Chapter 4 evidence is presented which suggests
that Theorem 4.12 is not the strongest result of its type. In addition it is suggested
that a more general result might be obtained by relying on the source of curvature and topological properties of realistic space-times. This leaves two questions
unanswered. The first is whether it is possible to remove the causality condition
from theorems like Theorem 4.12 using the proposed finite energy condition or some
other restriction on the behaviour of winding geodesics. It was briefly mentioned
at the end of the chapter that the type of imprisoned incompleteness typical of the
Misner example is prohibited in physically realistic space-times containing matter.
This appears to be a useful starting point for proving and a theorem free of a causality condition and is the subject of future work. The second open question is the
relaxation of the maximal extension condition. Although this is partially dealt with
in Chapter 7 a more general result of this type would be useful for investigating the
proof of curvature singularity theorems.
Chapter 5 determined that hardly any classifications of the abstract boundary
points are invariant under conformal changes of metric. A change of b.p.p. curve
family to a less fragile type of curve such as timelike curves with bounded accelera137
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tion would remove some of the problems associated with the mixing of approachable
and unapproachble points. However, conformal changes can completely remove or
restore regularity† . Thus even with these choices of curve family the concept of singular boundary point and point at infinity would not survive such general conformal
re-embedding without significant restrictions on the conformal function. Chapter
4 goes on to show that stability of the existence of essential singularities can be
proved for C 1 -fine perturbations of the metric. The importance of this result is
that we require realistic essential singularities to be stable under small changes in
the metric. This in turn required the C r -stability of inextendability and of various
causality conditions themselves. No results of this type were apparent in the literature and this would be an interesting area of inquiry. It was also mentioned that
the perturbations described by the C r -fine topologies were geometric in nature and
thus may not actually correspond to realistic sources of curvature. One open problem with relevance to perturbations of realistic space-times would be to produce a
specific notion for ‘close’ metrics consistent with a particular type of matter or the
vacuum.
Chapter 6 dealt with the contact properties of abstract boundary points and the
definition of partial cross sections. Particular emphasis was made on considering
partial cross sections as a generalization of the concept of embedding for boundary
points. It was shown that every envelopment yields a partial cross section and an
explicit example of a partial cross section not derivable from an envelopment was
given as evidence of partial cross sections possessing extra generality. Using the
partial cross section concept regular partial cross sections were defined to extend
the idea of an extension boundary hypersurface. Motivated by the idea that an
optimal embedding should have all regular points explicitly depicted leads us to
the conclusion that an optimal embedding should produce partial cross section containing a maximal regular partial cross section. Here we conjectured that provided
the neighbouring points of the enveloped manifold about any two regular boundary
points were similar then regular boundary points in contact would in fact be equivalent. A proof of this result is still outstanding and would clarify many of the issues
surrounding maximality for regular partial cross sections. Theorem 6.30 showed
that in the case of a maximally extended space-time any embedding of it cannot
possess indeterminate boundary points and extending the analysis to mixed points
at infinity and directional singularities covering regular points yields the result that
these are also prohibited from such an embedding. It is intuitively felt that every
directional singularity covers a pure singularity however this is yet to be proven.
This result would simplify things further since then one may wish to add an additional rule where an optimal embedding must not possess directional singularities
which may be represented by the pure singularity at its core.
Chapter 7 raised the most exciting of developments in the abstract boundary.
In the process of that work it was necessary to consider the definitions of scalar
and non-scalar curvature singularities but re-defined in the abstract boundary con†

This property has been exploited to investigate primordial singularities in space-time. The
isotropic singularity concept is one example of removing singular behaviour by conformal transformation.
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text. It appears to be rather straightforward to show that these definitions of
curvature singularity are invariant under re-envelopment and thus pass to the abstract boundary, however this is still outstanding. Along the way it was shown that
strong curvature appears to be the most suitable candidate for application to the
problem of proving curvature singularity theorems. Primarily it corresponds to our
intuitive thoughts of what occurs at a realistic singularity and others have shown
its consistency with parallelly propagated curvature singularities. It was shown in
Proposition 7.11 that we can expect timelike geodesic incompleteness to be produced by the condition on expansion If a geodesic incompleteness theorem along
the same lines as the Hawking and Penrose theorems could be proved using the one
of the definitions of strong curvature then it would be relatively straightforward to
produce a curvature singularity theorem. A theorem confirming the physical conditions for the production of curvature singularities has been eagerly sought for over
30 years. Such a result would be a triumph for the abstract boundary construction
and confirm its importance in Lorentzian Geometry and General Relativity.

Appendix A

The Hierarchy of Causality
Conditions for Space-time

The following review of space-time causality conditions is provided for reference.
The reader is urged to consult Beem, Ehrlich and Easley (Beem, Ehrlich and Easley
1996, Section 3.2 p. 54-72) for additional detail and applications for the definitions.
Some of the definitions have been redefined in this work. Where a definition has
been altered from that commonly used a reference is provided for its discussion in
the main body of the text.
Definition A.1 (Chronological)
A space-time (M, g) is termed chronological if it does not contain any closed timelike
curves (i.e. p 6∈ I + (p) for all p ∈ M).
Definition A.2 (Causal)
A space-time (M, g) is termed causal if it possesses no closed causal curves. Hence
causal space-times do not contain any pair of distinct points p, q ∈ M such that
p 4 q 4 p.
Definition 4.17 (Distinguishing - Hawking and Ellis)
For a time-orientable space-time (M, g), the past (future) distinguishing condition
holds at a point p ∈ M if for every open neighbourhood, N , of p there is an open
neighbourhood, U , of p, U ⊂ N , such that for any past-directed (future-directed)
causal curve γ : [a, b] → M, where a, b ∈ R, a < b, with γ(a) = p, there does not
exist a0 , b0 , c0 ∈ [a, b] with a0 < c0 < b0 where γ(a0 ) ∈ U , γ(c0 ) ∈
/ U and γ(b0 ) ∈ U .
A time-orientable space-time (M, g) is past (future) distinguishing if the past
(future) distinguishing condition holds at every point of the manifold, M.
Definition 4.18 (Distinguishing - Penrose)
A time-orientable space-time (M, g) is past (future) distinguishing if for all points
p, q ∈ M, I − (q) = I − (p) (I + (q) = I + (p)) implies p = q.
See Section 4.3 for research applying the above definitions.
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Figure A.1: The figure illustrates the hierarchy of the causality conditions
applied to space-time. The strongest causality condition, global hyperbolicity,
is shown at the top of the hierarchy with the weakest condition, the chronology
condition at the bottom. Every condition on the list implies all the conditions
below it.

Definition 4.2 (Strongly Causal - Hawking and Ellis)
A space-time (M, g) is strongly causal at a point p ∈ M if for every open neighbourhood, N , of p there is an open neighbourhood, U , of p, U ⊂ N , such that for
any causal curve γ : [a, b] → M there do not exist a0 , b0 , c0 ∈ [a, b], with a0 < c0 < b0 ,
where γ(a0 ) ∈ U , γ(c0 ) 6∈ U and γ(b0 ) ∈ U .
A space-time (M, g) is termed strongly causal if it is strongly causal at every
point of the manifold, M.
Definition 4.4 (Causally Convex - Penrose)
An open set U in a space-time (M, g) is said to be causally convex if no causal
curve intersects U in a disconnected set.
Definition 4.5 (Strongly Causal - Penrose)
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A space-time (M, g) is strongly causal at a point p ∈ M if every open neighbourhood
of p contains a causally convex neighbourhood of p.
A space-time (M, g) is termed strongly causal if it is strongly causal at every
point of the manifold, M.
Original work related to the definition of strong causality can be found in Section
4.1.
Definition 5.7 (Stably Causal (see Section 5.2.2))
A space-time (M, g) is stably causal if there exists a C 0 -fine neighbourhood, U (g),
of the Lorentzian metric, g, such that for each h ∈ U (g), (M, h) is causal (see Beem,
Erhlich and Easley (Beem, Ehrlich and Easley 1996, p. 59)).
Definition A.3 (Causally Continuous)
A distinguishing space-time (M, g) is termed causally continuous if the set valued
functions I + and I − are outer continuous (see Beem, Erhlich and Easley (Beem,
Ehrlich and Easley 1996, p. 59)).
Definition A.4 (Outer Continuous)
A set valued function on, F : M → PM, is outer continuous at p ∈ M if far
each compact set K ⊆ M \ F (p), there exists some neighbourhood, U (p), such that
K ⊆ M \ F (q) for each q ∈ U (p) (see Beem, Erhlich and Easley (Beem, Ehrlich
and Easley 1996, p. 59)).
Definition A.5 (Causally Simple)
A distinguishing spacetime (M, g) is causally simple if J + (p) and J − (p) are closed
subsets of M for all p ∈ M (see Beem, Erhlich and Easley (Beem, Ehrlich and
Easley 1996, p. 65)).
Definition A.6 (Globally Hyperbolic)
A strongly causal space-time (M, g) is termed globally hyperbolic if for each pair of
points p, q ∈ M, the set J + (p) ∩ J − (q) is compact (see Beem, Erhlich and Easley
(Beem, Ehrlich and Easley 1996, p. 65)).

Appendix B

Definitional issues for the concepts
of in contact and separate

In previous unpublished work of Clarke et.al. on contact relations for abstract
boundary pints it was usual to define these concepts using limit points. Early results
in that work falsely stated that Definition 6.1 was equivalent to Definition 6.2 with
the term ‘endpoint’ replaced with ‘limit point’ everywhere through the definition.
One can create a counterexample illustrating that this equivalence is false. In
Figure B.1 we have a sequence of points {pi } ⊂ M whose odd and even members
approach two distinct points. Under the embedding φ we have that the odd members
p2n−1 approach the point p ∈ ∂φ M while the other half can behave in any fashion.
Similarly the even members p2n approach the point q ∈ ∂φ0 M. p and q would be
in contact according to the earlier limit point version of contact since there is a
sequence of points, {pi } ⊂ M for which the mapped sequences {φ(pi )}
p and
{φ0 (pi )}
q. However it is clear that this should not be the case. If we simply
choose φ = φ0 = id then our construction would allow distinct points p and q
from ∂M to be in contact when intuitively they are separate points of the same
embedding. Our intuition is supported since according to Definition 6.1 for any
choice of neighbourhoods U (p) and V(q) there should be non-empty intersection if
p and q are in contact but it is clear that there are disjoint neighbourhoods for the
points.
This type of construction can be continued to allow any number of boundary
points to be in contact using the limit point definition. More problematically though
it is easy to convince oneself that this definition of contact would not allow any two
boundary points to be separate.
It is clear then that the only way to produce an effective definition of contact
for boundary points is to put some type of restriction on the behaviour of the
sequence. One could of course require that points would only be in contact if they
were the joint limit points of curves mapped from M. A decision on which types
of curves one would allow is then necessary. This is not an ideal situation since one
would expect the resulting contact properties of the a-boundary to depend rely on
a particular choice of curve family. However, the a-boundary can be generated for
any topological manifold and this suggests that a useful definition of contact should
be independent of such a decision. The simplest choice of definition would be to
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require the mapped sequences to approach the boundary points as endpoints and
this is the approach that we will now implement.
It is our ultimate aim to have the definition of contact pass to the abstract boundary. Since in general abstract boundary points may be represented by boundary sets
composed of more than a singleton it is worth verifying that when a boundary point
is in contact with a boundary set that the result is consistent. In order to generalize
our definition of contact to sets we now define set convergence by a sequence.
Definition B.1 (Set Convergence)
A sequence {xi } converges to a set B, denoted {xi } → B, if for any open neighbourhood U (B) of B there exists an N > 0 such that i > N implies that xi ∈ U (B).
Contact between two boundary sets then follows.
Definition B.2 (Contact - sequence definition)
c0 . B and B 0 are said to be in contact
c and B 0 ⊂ ∂φ0 M ⊂ M
Let B ⊂ ∂φ M ⊂ M
0
(denoted B a B ) if there exists a sequence {xi } ⊂ M such that {φ(xi )} → B and
{φ0 (xi )} → B 0 .
The following lemma confirms that if a boundary point p and a boundary set B
are in contact then there is a boundary point q ∈ B which is in contact with p.
Lemma B.3
c and B ⊂ ∂ψ0 M ⊂ M
c0 which are in contact, p a B. Then there
Let p ∈ ∂φ M ⊂ M
exists a boundary point q ∈ B such that p a q.
Proof. Since p a B there exists a sequence {xi } ⊂ M such that {φ(xi )} → p and
{φ0 (xi )} → B. We will now prove by contradiction that B must possess a limit
point to φ0 (xi )}. Suppose that φ0 (xi )} has no limit point in B. Let h be a complete
c0 . Then for any chosen point q ∈ B there exists
auxiliary Riemannian metric for M
an open metric ball of radius q > 0 Bh (q, q ) such that no φ0 (xi ) is in Bh (q, q ). We
then define
[
U (B) =
Bh (q, q ).
q∈B

This set has empty intersection with the sequence, U (q) ∩ {φ0 (xi )} = ∅. However
U (B) is clearly an open neighbourhood of B. This contradicts the fact that {φ0 (xi )}
converges to B and thus B must contain a limit point to the sequence.
We now show that there is a q such that p a q. Let q ∈ B be a limit point of
c0 . By definition there must exist a subsequence {φ0 (xi )} → q. Now
{φ0 (xi )} in M
j
as {φ(xij )} is a subsequence of {φ(xi )} which converges to p, {φ(xij )} must also
converge to p. Thus the sequence {xij } ⊂ M has {φ(xij )} → p and {φ0 (xij )} → q,
hence p a q.
It is clear that using the previous lemma we can obtain the following.
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Corollary B.4
If B a B 0 then there exist p ∈ B and q ∈ B 0 such that p a q.
Proof. Since B a B 0 there is a sequence {xi } such that {φ(xi )} → B and {φ0 (xi )} →
B 0 . Using the the same technique as above we can prove that {φ(xi )} has a limit
point p. Hence there is a subsequence {xij } such that {φ(xij )} → p. This subsequence also has the property that {φ0 (xij )} → B 0 since it is derived from {xi }.
Thus applying Lemma B.3 we obtain a q ∈ B 0 such that p a q.
The result of the corollary is that one gains nothing extra from using Definition
B.2 over Definition 6.2. Moreover Lemma 6.3 guarantees that all these versions are
equivalent. The uniformity of this approach finally implies that boundary sets are in
contact if they possess boundary points which are in contact. Thus we equivalently
define in terms of Definition 6.2.
Definition B.5
Two boundary sets B ⊂ ∂φ M and B 0 ⊂ ∂φ0 M are in contact if there exist boundary
points p ∈ B and q ∈ B 0 , p a q.
These ideas motivate the extended definition of contact between boundary points
and a partial cross sections given in Definition 6.11 and confirm its consistency when
an abstract boundary set [B] is defined to be in contact with a partial cross section,
σ.
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Figure B.1: The definition of the contact relation should not use limit points
primarily because it allows points that should be considered separate to be
brought into contact. This problem extends further and any number of boundary points may be brought into contact using the former definition. This
construction would also allow any two boundary points to not be separate.
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