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a b s t r a c t

Transient radiative transfer effects are pertinent to thermal treatment of superficial cancer via short-
pulsed laser irradiation. Importance of the transient effects arise from relatively strong scattering and
long attenuation path of radiation in human tissues in the therapeutic window until the complete
absorption. Our analysis is based on transport approximation for scattering phase function and the Monte
Carlo method for solving the three-dimensional radiative transfer problem. Monte Carlo simulations are
used to study applicability of the quasi-steady radiative transfer approach, and demonstrate that in the
biomedical problem under consideration, the quasi-steady solution for absorbed radiation power is suf-
ficiently accurate for laser pulse duration longer than 10 ps. The simulations for superficial tissues with
embedded gold nanoshells, used to increase the local volumetric absorption, show that overheating of the
nanoshells with respect to the ambient biological tissue is strongly dependent on the laser pulse dura-
tion. This effect becomes considerable for laser pulse duration shorter than 1–2 ns. The quasi-steady
approach for radiative transfer results in significantly underestimated temperatures of human tissues
for short laser radiation pulses. The latter is explained by a relatively strong reflection of the short pulsed
radiation by highly scattering human tissues.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Thermal treatment of superficial cancer via short-pulsed laser
radiation has been extensively studied in the last decade [1–3].
Visible and near-infrared laser radiation in the spectral range
corresponding to the so-called therapeutic window, typically 0.6–
1.4 lm [4,5], is used for tumor heating in the direct (DHA) [6–8]
and indirect (IHA) [9,10] heating approaches. In IHA, an annular
region around the tumor is irradiated and the tumor is heated
predominantly by conduction during the time intervals between
periodic laser irradiation. In both approaches, heating can be
enhanced by embedding strongly absorbing gold nanoparticles
(GNPs) [8,11–14]. IHA can also perform well without the use of
GNPs [9,10], alleviating the difficulties associated with nanoparti-
cle supply and concentration control.

An accurate computational model for thermal treatment of
superficial tumors, e.g. such as melanoma, by IHA must capture
the relevant bio-heat transfer effects such as the metabolic heat
generation, thermal non-equilibrium between arterial blood and
ambient tissues and kinetics of the cell damage, as well as absorp-
tion of laser radiation in anisotropically scattering multi-layer
human tissues. An approximate radiative transfer model with
application to IHA [15] was examined by the authors in [16]. The
transport approximation for the scattering phase function and dif-
ferential models for radiative transfer [17,18], in particular the
modified two-flux approximation [19], were shown to be suffi-
ciently accurate at an acceptable computational cost. The study
presented in [16] was based on a steady-state approach to radia-
tive transfer, thus neglecting possible unsteady effects that may
arise when very short pulses of the incident laser radiation are
used.

Heat transfer in human tissues without GNPs or with GNPs
remaining in thermal equilibrium with the ambient tissues can
be analyzed using the radiation power absorbed in the tissues dur-
ing a relatively long time as compared with the pulse duration.
However, for highly absorbing GNPs embedded in the tissue the
thermal equilibrium condition may not be satisfied for short laser
pulses which might result in microscale thermal effects around
GNPs. Consequently, knowledge of a transient radiative intensity
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Nomenclature

a particle radius, m
Ainc irradiated surface area, m2

c0 speed of light in vacuum, m s�1

d thickness, m
dpp particle–particle separation distance, m
fv volume fraction of particles
ms number of scattering events
M number of pulses
n real part of complex refractive index
N ray number
P energy per unit area, J m�2

q irradiation, W m�2

Q efficiency factor
r, r0 radius
R random number
se free path of a ray until extinction
tp pulse width, s
w energy (or rate) of ray bundles, J (or W)
W volumetric absorbed power density, W m�3

Greek symbols
a absorption coefficient, m�1

d relative radius of the silica core
s laser pulse duration, s

sm averaging time period, s
W probability of absorption

Subscripts and superscripts
a absorbed
c cooling, central
e extinction, external
g gold
i initial
Inc. incident
max pulse maxima
n normal to a surface
p particle, pulse
qs quasi-steady
ray ray number
s scattered
sat saturation
si silica
t tissue, time, transmitted
tr transport
trans transmission
k spectral
⁄ normalized
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field is needed to determine the thermal conditions at the micro-
scale. The micro- and macroscale heat transfer problems are cou-
pled because of possible thermal damages of biological cells in
the vicinity of relatively hot nanoparticles. By neglecting any local
thermal damage of bio-tissues, the solutions to micro- and macro-
scale heat transfer problems can be decoupled. A comparison of the
speed of light and the speed of sound in human tissues demon-
strates that the transfer of thermal energy at the finite speed needs
to be taken into account for certain conditions therefore necessitat-
ing application of a modified heat conduction equation in both the
micro- and macroscale thermal analysis with appropriate relaxa-
tion times matching the different characteristic time scales. Previ-
ous pertinent studies of non-Fourier conduction in presence of
radiative transfer can be found in the references [20–22]. Note that
the use of the Cattaneo’s hyperbolic heat conduction model may
lead to unphysical results for very short time scales or very small
dimensions, for which the local thermal equilibrium assumption
is not valid [23,24]. It was shown in the recent study [25] that
the dual-phase-lag model of heat conduction proposed by Tzou
[26–28] also provides incorrect predictions in some cases. The
non-Fourier conduction problem is closely related to the problem
under consideration in the present study. At the same time, a
non-Fourier analysis of heat transfer processes in the vicinity of
GNPs is beyond the scope of the present study.

The problem of a transient radiative transfer has been
addressed in numerous investigations, especially in the last decade
[29–49]. However, only few of these studies were concerned with
biomedical applications. Note that the problem statements in some
recent papers [42,46–49] are close to that in the present paper. At
the same time, to the best of our knowledge, there are no theoret-
ical and computational studies in the literature concerning the
problems related to interaction of short-pulsed radiation with
human tissues containing embedded GNPs. It is also important that
effects of a short-pulsed laser radiation on transient heating of
superficial human tissues are analyzed in the present paper.

In this work, transient effects of radiative transfer in superficial
human tissues during short-pulsed laser cancer treatment via IHA
are considered in the case when the effects of the finite speed of
light become important. Specifically, the objectives of this paper
are: (1) to elucidate transient effects of radiative transfer in super-
ficial human tissues including the case with embedded highly-
absorbing GNPs subject to short-pulsed laser irradiation, and (2)
to identify the limiting laser pulse duration for which the quasi-
steady approach to radiative transfer in superficial human tissues
remains valid.

To estimate the macroscale effects of the short-pulsed irradia-
tion on the temperature field in multilayer superficial human tis-
sues, the transient heat transfer problem at realistic conditions of
hyperthermia [9,10] is solved for both continuous and short-pulsed
irradiation.
2. Problem statement

A schematic of an axisymmetric superficial human tissue sec-
tion as applied to the thermal cancer treatment via IHA is shown
in Fig. 1. The section includes five zones corresponding to different
layers of human tissue (Fig. 1a), namely epidermis (#1), papillary
and reticular dermis (#2), fat (#3), muscle (#4), and superficial
tumor (#5). The transient light propagation in absorbing and scat-
tering human tissues is modeled using a 3-D radiative transfer
model. A 2-D view of the axisymmetric computational domain is
shown in Fig. 1b. Since the external laser radiation does not typi-
cally reach the muscle layer even in the therapeutic window [9],
this layer is not included in the actual computational domain
shown in Fig. 1b. The tumor is not directly irradiated in IHA, and
thus it is also excluded from the computational domain shown in
Fig. 1b. Both zones should be included in their entirety in heat
transfer models of superficial tissues undergoing long-time ther-
mal treatment [9,10,15].

An annular region of the body surface Ainc surrounding the
superficial tumor is exposed to short-pulsed laser irradiation. The
irradiated area of the body surface is flat and optically smooth. This
assumption is justified by a predominant contribution of
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Fig. 1. Schematic of an axisymmetric problem with five zones corresponding to different tissue layers: (#1) epidermis, (#2) dermis, (#3) fat, (#4) muscle, and (#5) tumor: (a)
2-D tissue section including the central (non-irradiated) and annular irradiated regions; and (b) 2-D view of the computational domain.
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volumetric scattering of radiation in human tissues to the reflec-
tance. Two variants are considered: (i) IHA with gold nanoparticles
consisting of a silica core enclosed in a gold shell, referred to as
gold nanoparticles (GNPs) in the following text, embedded in an
annular region (r1 6 r 6 r2, r1 = 5 mm, r2 = 10 mm and
0:1 6 z1 6 2 mm) including parts of the dermis and fat layers,
which in turn are located underneath the plane of incidence of
the laser beam, and (ii) IHA without GNPs.

For simplicity, it is assumed that for the variant with GNPs, their
volume fraction is uniform in the suspension. Although the simu-
lations are performed in the entire domain depicted in Fig. 1b,
the absorbed radiative power is evaluated only for a cylindrical
sub-domain of 3.5-mm thickness, 2.5-mm internal radius and
12.5-mm external radius, which includes parts of zones (#1)–
(#3). The relatively small thickness of 3.5 mm is chosen based on
the findings presented in [16] to elucidate the transient radiative
transfer effects in the region of considerable absorption of laser
radiation at wavelength of 0.6328 lm.

Separate computations are performed for a single pulse with
Gaussian temporal shape and a train of Gaussian pulses given by
[49]:

qeðtÞ ¼ qe;max

XM

i¼1

exp �4� ln2� t � tc � ði� 1ÞTp

tp
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Fig. 2. The shape of a single pulse (solid curve) and a train of four pulses.
where M is the number of pulses. A pulse is characterized by the
pulse maximum qe,max, the width at half maximum tp, the time-shift
of the first pulse maximum taken equal to tc = 1.5tp, and, in the case
of periodic pulse in accordance with parameters used in [49], the
pulse period Tp = 6tp. The Gaussian pulses q�eðt�Þ ¼ qeðt�Þ=qe;max are
plotted in Fig. 2 as a function of the relative time t⁄ = t/tp.

The tissue index of refraction at k ¼ 0:6328 lm is assumed to be
uniform in the computational region, nt = 1.45, even though its
spatial variation in real multi-layered tissues has been reported
in the range 1.341.45 [49]. The directional–hemispherical reflectiv-
ity of the tissue surface is obtained using Fresnel’s equation for an
interface between two non-absorbing media:

q¼1
2

sin2ðhinc�htransÞ
sin2ðhincþhtransÞ

1þcos2ðhincþhtransÞ
cos2ðhinc�htransÞ

� �
sinhtrans¼nt sinhinc

ð2Þ

where hinc and ht are the angles of incidence and transmission,
respectively [50].

Radiative properties of spherical GNPs are predicted using Mie
theory [51], while the spectral optical properties of biological tis-
sues at k ¼ 0:6328 lm are retrieved from experimental studies
reported in the literature [4,5,52]. The effects of finite light propa-
gation time over distances comparable with the size of GNPs are
not considered. Applicability of this approach for GNPs of radius
a is examined using the relation

tp ¼ 2ant=c0 ð3Þ

where c0 is the speed of light in vacuum. For a = 20 nm, we obtain
tp � 2 � 10�4 ps. The time of light propagation for a distance equal
to the wavelength, tk ¼ k=c0, is about 0.03 ps at k ¼ 1 lm in vac-
uum. As a result, one can consider the classical Mie scattering prob-
lem when the incident radiation is a plane electromagnetic wave
with nearly-constant intensity at distances much greater than the
particle size. It is also known that organelles inside human cells
are responsible for the scattering properties of human tissues in
the therapeutic window [4]. Application of Eq. (3) to organelles of
size equal to the laser wavelength confirms that the scattering
properties of human tissues are not affected by laser pulses for
pulses longer than approximately 0.01 ps. Consequently, typical
values of optical properties of human tissues reported in the litera-
ture are employed in the present analysis.

The effects of extreme heating rates of GNPs are neglected in
this study, and it is assumed that the temperature of GNPs, Tp, does



J.H. Randrianalisoa et al. / International Journal of Heat and Mass Transfer 78 (2014) 488–497 491
not exceed a limiting value for explosive evaporation of water in
the tissue surrounding the particle. According to [53], the
maximum temperature excess for overheating of pure water at
atmospheric pressure is equal to DTmax = Tp � Tsat = 320 K, where
Tsat = 373 K is the water saturation temperature. The resulting for-
mation of steam blankets around the GNP changes dramatically its
radiative properties, and significantly affects heat rates from GNPs
to host tissue [17,54].

The absorption and transport scattering coefficients of a tissue
with embedded gold nanoshells of radius a and volume fraction
fv are calculated as follows [17]:

a ¼ at þ ap rtr ¼ rtr;t þ rtr;p ð4aÞ

ap ¼ 0:75f v
Q a

a
rtr;p ¼ 0:75f v

Q tr
s

a
ð4bÞ

where Qa and Q tr
s are the absorption efficiency factor and the trans-

port scattering efficiency factor, respectively [50]. According to [15],
the following parameters of GNPs are used in the present study:

a ¼ 20 nm d ¼ 0:725 Q a ¼ 7:828 Q tr
s ¼ 1:144 ð5Þ

where d is the relative radius of the silica core.

3. Quasi-steady approach

3.1. Solution based on modified two-flux approximation

The quasi-steady radiative transfer model for non-uniform
human tissues with embedded nanoparticles is presented in [15],
and the mathematical details are omitted from this text for brevity.
For simplicity, the transport approximation is applied to the aniso-
tropic scattering of light inside human tissue [17,18]. The mathe-
matical problem is linear with respect to the incident radiative
flux. Consequently the solution is obtained for the unit incident
radiative flux.

3.2. Monte Carlo ray-tracing solution

The Monte Carlo ray-tracing (MCRT) method for quasi-steady
radiative transfer modeling is well-covered in the literature, e.g.
[55–57]. Thus, only the aspects specific to the present study are
discussed here. The collision-based Monte Carlo method with the
transport approximation to the scattering phase function is applied
[16,58]. The simulations are carried out for the total number of
rays Nray, with radiative power of each ray given by:

wq�s ¼ Ainc�qinc=Nray ð6Þ

where �qinc is the time-averaged irradiation flux by the laser,
obtained as

�qinc ¼ PðsÞ=s PðsÞ ¼
Z s

0
qincðtÞdt ð7Þ

where s is the laser pulse duration, P(s) is the radiative energy per
unit area of the laser pulse of total duration s = 6tp for a single pulse
and s = 6Mtp for a train of M pulses. During tracing, rays undergo
absorption and scattering in the medium, and boundary reflection
and refraction. Rays are traced until they are absorbed inside the
domain, exit the domain through the tissue surface, or propagate
sufficiently far from the evaluation sub-domain discussed in the
previous section. Rays incident at the tissue surface from within
the medium are either transmitted or internally reflected, with
the choice based on the actual value of the directional–hemispher-
ical reflectivity given by Eq. (2). Rays propagating at large distances,
here assumed at r > 15 mm and/or z > 3.5 mm, are considered as
lost because of a low probability to be absorbed within the compu-
tational sub-domain.
The counters of absorbed rays are stored on a structured 2-D
cylindrical mesh consisting of nz � nr = 50 � 20 annular cells with
the following non-uniform spatial resolution:

Dz ¼
0:01 mm for 0:0 6 z < 0:1 mm
0:07 mm for 0:1 6 z 6 1:5 mm
0:10 mm for 1:5 6 z 6 3:5 mm

8><
>: Dr ¼ 0:5 mm ð8Þ

After tracing all Nray rays, the normalized spatial distribution of the
absorbed radiative power is obtained using [16]:

W�ðr; zÞ � ð1� qnÞ
wq�s

�qe

Naðiz; irÞ
Vðiz; irÞ

;

Vðir ; izÞ ¼
pDzDr2

4
½ðir þ 1Þ2 � i2

r � qn ¼
ðnt � 1Þ2

ðnt þ 1Þ2
ð9Þ

where V(ir, iz) and Na(ir, iz) are the volume of the cell (ir, iz) and
number of rays absorbed in this cell, respectively.

4. Transient approach

The transient MCRT method is selected as the method of
solution for the unsteady radiative transfer problem in the non-
uniform tissue to overcome numerical difficulties of solution based
on the modified two-flux approximation.

4.1. Transient Monte Carlo algorithm

The Monte Carlo simulation of the unsteady problem is similar
to the quasi-steady method described in Section 3. The main differ-
ence is that for unsteady problems, the histories of rays are evalu-
ated at time instants and the time variation of radiative sources is
taken into account during ray histories. In the unsteady approach,
each ray carry energy w defined by,

w ¼ AincPðsÞ=Nray ð10Þ

For a pulsed radiation (Fig. 2), the initial time, ti, of the ray i for i = 1
to Nray, is randomly sampled from the normalized Gaussian
distribution:

Rt ¼
Z ti

0
qincðtÞdt

�Z s

0
qincðtÞdt ¼ PðtiÞ

PðsÞ ð11Þ

with P(s) already defined by Eq. (7).
During their paths, the rays may undergo volumetric absorption

and scattering as well as boundary reflection and refraction. The
determination of location and type of extinction and boundary
interaction are managed in the same manner as for quasi-steady
algorithm. At each extinction point, the time of flight of the ray
is updated by adding the duration of the last path propagation
before interaction se:

te ¼
1
c0

Z se

0
ntds ð12Þ

where nt is the local refractive index of tissue. Consequently, the
time at which the absorption of a ray i occurs is given by:

t ¼ ti þ
Xmsþ1

j¼1

te;j ð13Þ

The summation in Eq. (13) is performed over the number of scatter-
ing events ms that the ray has undergone along its path before
absorption.

At each absorption event, the number of absorbed rays at time t
and space coordinates z and r is updated. In the computer code, the
number of absorbed rays is stored in an array Na(it, ir, iz), where it = -
int(t/Dt) + 1, ir = int(r/Dr) + 1 and iz = int(z/Dz) + 1 are the time and
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spatial indices, respectively. The absorbed power is calculated at
nt = 100 equidistant time points, with the interval Dt. The spatial
discretization of the computational domain is the same as in the
quasi-steady approach of Section 3.

4.2. Transient absorbed power

In the case with embedded GNPs, the thermal equilibrium
between the GNPs and the ambient tissue is normally assumed
in the macroscopic thermal model. This assumption is generally
applicable for the irradiation by a continuous wave (cw) laser
but it may be incorrect for a short-pulsed laser. Under the thermal
equilibrium assumption, the absorbed power is determined from
the number of rays absorbed in each computation cell without dis-
tinction of absorbing components (GNP or tissue). Indeed, after all
Nray rays have been traced, the volumetric distribution of the tran-
sient absorbed power and the corresponding normalized quantity
are approximated as:

Wðt; r; zÞ � ð1� qnÞw
Naðit; ir ; izÞ
Dt Vðir; izÞ

W�ðt; r; zÞ ¼ sWðt; r; zÞ=PðsÞ

ð14Þ

The above assumption of thermal equilibrium between GNPs
and ambient human tissue is applicable in the case of a relatively
slow heating of the nanoparticles. At the same time cooling of
small particles by thermal conduction to the surrounding medium
is rapid. The cooling time can be estimated using the solution for
transient cooling of a homogeneous isothermal sphere with initial
temperature Tp,0 placed in an infinite host medium at temperature
Tt:

Tp � Tt

Tp;0 � Tt
¼ expð�FoÞ Fo ¼ ktt

ðqcÞpa2 ð15Þ

where kt is the thermal conductivity of the host medium and (qc)p

is the specific volumetric heat capacity of the particle substance.
The size of gold nanoshells is usually much smaller than the wave-
length, referred to as the Rayleigh limit [17]. Consequently, the vol-
umetric distribution of the absorbed radiation power in a particle is
uniform, justifying the isothermal approximation. The Fourier num-
ber Fo is the only dimensionless parameter that determines the par-
ticle cooling rate. A condition of Fo = 1 provides an estimate for the
cooling time:

tc ¼ ðqcÞpa2=kt ð16Þ

In the case of a gold nanoshell with a silica core, one can use the fol-
lowing relation:

ðqcÞp ¼ ðqcÞsid
3 þ ðqcÞgð1� d3Þ ð17Þ

Substituting the values of (qc)si = 1.99 MJ m�3 K�1 for silica,
(qc)g = 2.51 MJ m�3 K�1 for gold, and kt = 0.445 W m�1 K�1 for der-
mis [15], one can obtain tc � 2 ns. This estimate shows that ther-
mal nonequilibrium of the gold nanoshells and the surrounding
tissue can be neglected for at least ls-long radiation pulses. For
short-pulsed laser radiation with pulse width tp � 2 ns, the possi-
ble overheating of GNPs during the laser pulse should be taken into
account.

When GNPs are exposed to a short-pulsed laser radiation, the
temperature of gold nanoshells will rise significantly and much
faster (estimated heating time is about 2 ps [59]) than that of adja-
cent surrounding tissue (estimated heating time is about 100 ps
[59]). This is due to the ultrafast dynamics of photon-to-electron
and electron-to-phonon energy conversion processes in metal
nanoparticles [60]. Based on the heating times, the gold nanoshells
will have considerably greater temperature than that of ambient
tissue during a few nanoseconds after the pulse. In the microscale
thermal model, the absorbed power by the gold shell of a nanopar-
ticle and that by ambient tissue in each computational cell have to
be determined. For a monochromatic incident radiation, the volu-
metric absorbed power by GNPs located within the computational
cell iz and at time point it, can be directly determined from the
quantity Na(it, ir, iz) by:

Wpðt; r; zÞ � ð1� qnÞw
Wðir ; izÞNaðit ; ir; izÞ

Dt Vgðir; izÞ
Wðir; izÞ ¼ ap=ðap þ atÞ Vgðir; izÞ ¼ ð1� d3ÞfvVðir; izÞ ð18Þ

where W(ir, iz) is the probability for a ray to be absorbed by a GNP
located at the radius r and abscissa z. Vg(ir, iz) is the volume of gold
shells contained within the cell of indexes ir and iz.

4.3. Time-averaged absorbed power

It is convenient to introduce time-averaged absorbed powers,
which indicate if the quasi-steady approach is applicable for
calculations of the absorbed radiation power for the case of pulsed
irradiation of duration s. The time-averaged absorbed power for
use in macroscopic thermal equilibrium model can be obtained
as follows:

�W�ðsm; r; zÞ ¼
1
sm

Z sm

0
W�ðt; r; zÞdt sm P s ð19Þ

with sm is the period used to compute the time-averaged absorbed
powers. For each pulse width, the value of sm should be adjusted to
determine when the quasi-steady approach is applicable.

5. Computational results

The optical properties of three superficial human tissues of total
thickness d = 3.5 mm at vacuum wavelength k ¼ 0:6328 lm are
specified in Table 1. These data are taken from paper [9].

5.1. Quasi-steady solution for absorbed radiation power

The absorbed radiation power results obtained from the 1-D
modified two-flux approximation [19] at various volume fractions
of gold nanoshells are presented in Fig. 3. The external radiation is
absorbed mainly in a surface layer of the irradiated medium and
the absorbed specific power decreases with the distance from the
illuminated surface. A local increase of volumetric absorption in
the GNPs suspension is observed at z = 0.1 mm. The referenced
numerical solutions along the laser beam axis at r = rc = (r1 + r2)/2
obtained using the quasi-steady MC method at fv = 0 and fv = 2 -
� 10�6 are also shown in Fig. 3. A relative difference between
two methods increases in the region of a very low absorption (at
z > 2 mm). At the same time, one can see good agreement between
approximate 1-D and exact solutions in the quasi-steady approach
at least in the region of z < 2 mm. We will focus on the results for
this important region in subsequent unsteady calculations.

5.2. Transient solution for absorbed radiation power

The variation of the time-averaged absorbed power along the
laser beam axis at r = rc for different pulse widths tp obtained using
transient Monte Carlo algorithm is analyzed below. The transient
results are also compared with the results from traditional
quasi-steady approach. Figs. 4a and b present the results for tissues
with and without GNPs, respectively. The time-averaged results
are calculated over period equal to the pulse duration, i.e. for
sm = s in Eq. (19). Both a single laser pulse and a train of 4 pulses
were considered. It can be seen that for very short pulses
(tp 6 3 ps), the time-averaged absorbed power has a significantly



Table 1
Optical properties of tissues in the computational region.

Layer number Tissue name Layer thickness (mm) at (mm�1) rtr,t (mm�1)

1 Epidermis 0.1 0.30 2.50
2 Dermis 1.4 0.27 3.75
3 Fat 2.0 0.19 2.70
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Fig. 3. Profiles of the normalized absorbed radiation power obtained using the
quasi-steady approach: 1 � fv = 0, 2–2 � 10�6, 3–5 � 10�6. Curves – the modified
two-flux approximation, symbols – the MCRT results at r = rc .
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Fig. 4. Profiles of normalized absorbed radiation power for a single pulse (dashed
curves with symbols) and a train of four pulses (dotted curves with symbols) for the
cases (a) with GNPs and (b) without GNPs: 1 � tp = 1 ps, 2–3 ps, 3–10 ps, 4–30 ps, q-
s – quasi-steady solution.

J.H. Randrianalisoa et al. / International Journal of Heat and Mass Transfer 78 (2014) 488–497 493
large value only in a relatively small depth of the tissue
(z < 0.5 mm). Radiation cannot penetrate further into the tissue
during the time interval 0–s because of intense scattering. This
result is in good qualitative agreement with the computational
results of the recent study [49]. Thus, the quasi-steady approach
is not applicable for very short pulses. For the pulses with tp > 10 -
ps, the differences between the quasi-steady and time-averaged
results decrease. In these cases, the pulse durations (s > 60 ps for
single pulses here) are relatively long so that radiation can propa-
gate further into the tissue (z > 2 mm). For the case of single pulse
of width tp = 30 ps and train of pulses of width tp = 10 ps, the
results from the quasi-steady and transient approaches are very
close to each other. That means that in these cases the quasi-steady
approach is applicable to calculate the absorbed power for the
macroscopic thermal problem with and without GNPs

Fig. 5 illustrates the change in the value of sm resulting in a rel-
ative deviation less than 5% between the quasi-steady predictions
and the time-averaged results for different pulses widths. This
result can be interpreted as follows. If the characteristic time for
heat conduction is larger than sm, the quasi-steady approach to
radiative transfer is applicable; otherwise, the transient approach
should be used to determine the absorbed powers. For the partic-
ular case of a train of pulses, sm can be interpreted as the minimal
time separating successive pulses, i.e. the pulse period, for which
the quasi-steady approach is applicable.
5.3. Radiation power absorbed by a single gold nanoparticle

The transient radiation power absorbed by GNPs and by the
surrounding tissue can be considered using the microscopic ther-
mal non-equilibrium approach. In this section, we focus on the
radiation power absorbed by a single GNP. It is especially impor-
tant at the first moment of short radiation pulses when the irradi-
ation is mainly absorbed by the gold shells of the GNPs through
photon-electron interactions. Through electron–phonon interac-
tions, the absorbed energy results in heating the gold nanoshells
during about 2 ps [59] and then the stored thermal energy in the
GNP is transferred toward the surrounding dermis by heat
conduction.

The maximal overheating for a given pulsed laser of energy den-
sity P(s) can be estimated from energy conservation by assuming
that there is no heat conduction toward the ambient dermis:

DTpðt; r; zÞ ¼
R t

0 Wpðt0; r; zÞdt0

ðqcÞp
t � tc ð20Þ

where Wp the volumetric power absorbed by GNPs. Eq. (20) is appli-
cable for pulse duration much shorter than the GNP cooling time
(s� tc). For longer pulse durations, s > tc, the total energy of the
pulse does not convert entirely to the heating of the GNP due to
the heat losses toward the surrounding medium. An estimate of
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GNP’s overheating accounting for such heat loss can be obtained
from the solution of the classical transient energy equations in
the particle and concentric dermis layer, surrounding the GNP:

ðqcÞp
@T
@t
¼ kp

r02
@

@r0
r02
@T
@r0

� �
þWp t; r0; zð Þ r0 < a ð21aÞ

ðqcÞt
@T
@t
¼ kt

r02
@

@r0
r02
@T
@r0

� �
þW tðt; r0; zÞ r0 > a ð21bÞ

kp
@T
@r0
¼ kt

@T
@r0

Tja�0 ¼ Tjaþ0 r0 ¼ a ð21cÞ

Ttðt; r; zÞ ¼ Ttð0; r; zÞ þ
Z t

0
W tðt0; r; zÞdt0

�
ðqcÞt

r0 ¼ dpp; t < d2
ppkt

.
ðqcÞt ð21dÞ

where Wt the volumetric power absorbed in dermis at the radius r
and space coordinate z of the computational domain; r denotes the
radial axis of the nanoparticle (it should not be confused with r, the
radius of the computational domain); dpp = 4a/(3fv) is the distance
between neighboring nanoparticles. It is important to note that
although the Fourier based model (21) has been often used in liter-
ature to solve ultrafast transient problems (e.g. in [59–61]), is only
an approximation as it neglects the transfer of thermal energy at the
finite speed. The boundary condition (21d) is deduced from (21b)
by neglecting of oT/or0 at large distances from the nanoparticles.
For simplicity, we also neglect the possible thermal resistance at
the gold nanoshell/dermis interface, and the heating from the
neighboring GNPs. The first assumption seems to be realistic in
the case where there is no explosive evaporation of water from
the surrounding dermis. The heating due to the neighboring GNPs
can be neglected for short heating duration because it is known to
be significant only for a time scale of approximately
d2

ppkt=ðqcÞt � 10�3 s [61]. Due to the very small size of GNPs, the
gold nanoshells are assumed to be isothermal. This last simplifica-
tion enables us to recombine Eqs. (21a) and (21c), which leads to:

ðqcÞp
@T
@t
�Wpðt; r; zÞ ¼

3
r0

kt
@T
@r0

r0 ¼ a ð22Þ

Solution of Eq. (21b) taking into account Eqs. (21d) and (22)
gives the temperature of an isothermal GNP. It can be used to
determine the threshold incident radiation power, which may lead
to explosive evaporation of water from the surrounding dermis.
However, it is assumed in the present study that this threshold is
not reached and the ordinary optical properties of gold nanoshells
embedded in a human tissue [15] can be used.
Fig. 6 shows the transient evolution of the overheating excess
temperature of a single GNP, DTpðt; r; zÞ ¼ Tpðt; r; zÞ � Tpð0; r; zÞ,
positioned in the dermis layer at r = rc and z = 0.135 mm in
response to a single laser pulse or a train of four laser pulses. Note
that dermis layer is especially interesting for consideration of
superficial tumors [15]. According to Fig. 4b, the absorbed power
is maximal at this location and the overheating is expected to be
the most severe. Five different pulse widths tp ranging from
0.1 ps to 1 ns are considered. In each case, the incident pulse
energy flux was assumed equal to PðsÞ ¼ 1 pJ lm�2, a typical value
for picoseconds pulsed lasers. Indeed, identical irradiation energy
allows us to investigate the effect of the pulse width on the maxi-
mum overheating temperature excess of GNPs. Note that in the
absence of heat transfer toward the dermis, Eq. (20) gives
DTp ¼ 77 K. This value was used to normalize the results presented
in Fig. 6.

In both cases of single pulse and train of four pulses, the nar-
rower the pulse width, the higher the nanoparticle overheating.
It is clear from these figures that very short laser pulses allow to
achieve a significant overheating during a long time period. On
the contrary, long pulses lead to moderate and small overheating.
The computational results for the case of short-pulsed irradiation
with a single pulse are qualitatively similar to that with a train
of four pulses (tp = 0.1 and 1 ps). The largest value of the overheat-
ing excess temperature, obtained with laser of pulse width
tp = 0.1 ps, is about 69 K, inferior to the limit value 77 K due to sig-
nificant heat conduction to dermis even at very short pulses.
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Table 2
Thermal properties of tissues in the computational region.

Layer number Tissue name qt (kg m�3) ct (J kg�1 K�1) kt (W m�1 K�1)

1 Epidermis 1200 3589 0.235
2 Dermis 1200 3300 0.445
3 Fat 1000 2674 0.185

J.H. Randrianalisoa et al. / International Journal of Heat and Mass Transfer 78 (2014) 488–497 495
Therefore, it is important to model the entire heat transfer problem
when evaluating GNP’s temperature.

Fig. 7 presents a variation of the overheating excess tempera-
ture maxima as a function of the pulse width for the case of a single
pulse. For pulse widths tp < 10 ps, the overheating is large and it is
weakly dependent on tp. In the case of tp > 10 ps, the maximum
overheating decreases abruptly when the pulse width whereas
the overheating is very small at tp > 0.1 ls (less than 1 K for the
problem under consideration). The data of Fig. 7 can be used to
choose the pulsed laser parameters for thermal treatment. The lat-
ter is especially important for the direct laser damage [6] of tumor
cells with embedded GNPs.
5.4. Accuracy considerations

In the MCRT method, the transient absorbed radiative power is
obtained as an average result of ten independent runs. Each run
consists of tracking 5 � 107 rays and uses a unique seed for the ran-
dom number generator. The computational time of a single run is
about 5 min on a desktop computer Intel(R) Core(TM) i3–2330 M
CPU@ 2.2 GHz processor with 4 GB of RAM. The relative error is
estimated by comparing the transient absorbed power obtained
for Nray = 107, 5 � 107 and 5 � 108. The accuracy of the numerical
solution is quantified by computing a standard deviation based
on the results of ten runs, each with Nray rays and a different value
of the random number generator seed. Typical axial distributions
of this relative error for a 1 ps pulse of laser radiation are presented
in Fig. 8. Only the important part of the computational region char-
acterized by a considerable value of the absorbed power is shown
in this figure. In all cases, the relative error is less than 1% in the
region of z < 2 mm, where the number of rays is sufficient to obtain
accurate results. A non-uniform computational mesh used to
obtain reliable numerical results was discussed in paper [19].

The effects of uncertainties in the input parameters on the com-
putational results are analyzed at three typical pulse widths, 3 ps,
10 ps and 1 ns. Simulation results for tissues with and without
GNPs are assessed. The uncertainties of 10% in each of the input
parameters are considered. It is shown that the uncertainty in
the tissue refractive index results in less than 6% change in
absorbed radiation power and 3.5% in the dermis temperature.
The uncertainty in transport scattering coefficient leads to less
than 2% deviation in the absorbed radiation power and less than
3% in temperature of tissues. The same uncertainty in absorption
coefficient is more important, at least for the case without GNPs.
It leads to almost 9% variation in the absorbed radiation power.
As one can expect, the effect of uncertainties in thicknesses of tis-
sue layers is negligible (less than 1%). Finally, the uncertainties in
thermophysical properties of tissues affect considerably (up to
6%) the calculated temperature in the case of long pulse duration.

6. Effect of short-pulsed radiation on macroscale heating of
superficial human tissues

In hyperthermia, the temperature variation due to thermal
treatment is usually much greater than the difference between
local temperatures of the tissue and blood. Therefore, this differ-
ence can be neglected, at least in the approximate thermal model.
In subsequent analysis we neglect also convective heat transfer
with arterial blood. The latter is an acceptable approach for super-
ficial human tissues [9]. According to computational results pre-
sented in [9], we use a one-temperature model assuming the
local thermal equilibrium between arterial blood and ambient tis-
sues. A small value of the metabolic heat generation in superficial
tissues is neglected. In this case, the 1-D energy equation and the
associated initial and boundary conditions are:

ðqcÞt
@Tt

@t
¼ @

@z
kt
@Tt

@z

� �
þ qinc

�W�ðzÞ ð23aÞ

t ¼ 0 Tt ¼ Tt;iðzÞ ð23bÞ

z ¼ 0 kt
@Tt

@z
¼ h1ðTe;1 � TtÞ z ¼ d kt

@Tt

@z
¼ h2ðTe;2 � TtÞ ð23cÞ

where qinc is the averaged incident radiative flux. It is assumed that
qinc = const during the irradiation. The boundary condition at z = 0
corresponds to cooling of the body surface by a mixed (forced and
natural) convection, whereas the boundary condition at z = d (at
the boundary between fat and muscle layers) describes approxi-
mately the heat transfer from the internal part of the body. The ini-
tial steady-state temperature profile Tt,i(z) is a solution to the
following boundary-value problem:

d
dz

kt
dTt

dz

� �
¼ 0 ð24aÞ



Table 3
Heat transfer parameters.

h1 (W m�1 K�1) h2 (W m�1 K�1) Te,1 (K) Te,2 (K) qinc (W m�2) with
GNRs/without GNPs

10 50 295 310 1500/1900
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z ¼ 0 kt
dTt

dz
¼ h1ðTe;1 � TtÞ z ¼ d kt

dT t

dz
¼ h2ðTe;2 � TtÞ ð24bÞ
The main parameters of the above heat transfer problem are spec-
ified in Tables 2 and 3 [9,15].

The computational results in the form of temperature profiles at
different time moments are presented in Fig. 9. It can be seen that
temperature of human tissues in the case of a short-pulse irradia-
tion is systematically less that that predicted by the quasi-steady
solution for radiative transfer. This difference is especially great
when there are no GNPs in the body (Fig. 9b). As was mentioned
above, this effect is explained by a relatively large reflection of
the short pulsed laser radiation by highly scattering superficial
human tissues. At the same time, the temperature profiles
appeared to be very close to the quasi-steady solution in the case
of pulse width greater than 10 ps. This effect is much stronger in
the case when GNPs are embedded in human tissues (Fig. 9a):
the temperature curves TtðzÞ at tp = 10 ps are practically indistin-
guishable of similar curves calculated using relatively simple
quasi-steady approach.
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Fig. 9. Temperature profiles in human tissues at different time moments:
1 � t = 2 s, 2–3 s, 3–4 s. Calculations for single-pulsed irradiation (a) with GNPs
and (b) without GNPs: I � tp = 3 ps, II–10 ps, q-s – quasi-steady solution.
7. Conclusions

The Monte Carlo method has been employed to analyze the
effects of finite speed of light during the interaction of short-pulsed
laser radiation with human tissues as applied to thermal treatment
of superficial tumors. The increase of the local radiation absorption
in the tissue in the therapeutic window was examined for the
short-pulsed radiation with gold nanoparticles (GNPs) embedded
in human tissues.

It was shown that the quasi-steady approach neglecting the
final speed of light is applicable for human tissues without GNPs
for laser pulse width greater than 10 ps. At the same time, the
microscale heat transfer in the vicinity of single GNPs is more sen-
sitive to the duration of laser pulses because of the considerable
overheating effect of the particles with respect to ambient tissue.
The thermal nonequilibrium is pronounced at pulse duration less
than about 1 ns but the steady-state approach remains to be appli-
cable to estimate the overheating at laser pulse width greater than
10 ps. In the case of shorter pulses, the effect of finite speed of light
should be taken into account in solving microscale problems. The
latter is expected to be especially important in the case of a direct
irradiation of superficial tumors with embedded nanoparticles.

A heat transfer problem for multilayer superficial human tis-
sues in the case of the external short-pulse laser irradiation was
solved on the basis of the Fourier law and various approaches for
the average absorption of the incident radiation. It was shown that
temperature of the tissues in the case of a short-pulse irradiation is
systematically less that that predicted by the quasi-steady solution
for radiative transfer. This difference is especially large when there
are no GNPs in the body (Fig. 9b). This effect can be explained by a
relatively strong reflection of the short pulsed laser radiation by
highly scattering superficial human tissues. At the same time, the
temperature profiles were closer to those obtained using the
quasi-steady solution in the case of pulse width greater than 10 ps.
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