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Invariant subspaces of submarkovian semigroups

A. F. M. TER ELST! AND DEREK W. ROBINSON?

Abstract. We characterize the invariance under a submarkovian semigroup of a measurable subset by capacity
conditions on its boundary.

1. Introduction

Let S be a submarkovian semigroup acting on Ly(X ; ) where X is a locally compact
o-compact metric space and © a Radon measure with supp 4 = X (see [7] and [3]). If @
is a measurable subset of X we give characterizations of the S-invariance of L, (£2), i.e. the
property S;L2(€2) € L,(S2) for all # > 0. This corresponds to S-invariance of the set €2 in
the terminology of [7], Section 1.6.

If one interprets S as describing a dissipative evolution then the invariance of €2 corre-
sponds to impenetrability of the boundary 92. Therefore one would expect the invariance
to be characterized by properties of the boundary. Our main result establishes that this is
indeed the case; invariance of €2 is equivalent to a capacity condition on the boundary 0S2.
In this respect it differs from the standard characterizations of invariance. These are either
in terms of local properties of the generator of S (see, for example, [7], Section 1.6 and [10],
Section 2.1) or, in the case of irreducibility of the semigroup, in terms of spectral properties
or algebraic properties (see [11], Section XIII.12, and [12], Proposition 2.1).

In order to formulate our main result we must first introduce some basic definitions and
notation.

Let H denote the positive self-adjoint generator of S and 4 the corresponding Dirichlet
form (see [7] and [3]). We assume that /4 is regular in the sense of [7], i.e. D(h) N C.(X)
is dense in D(h) with respect to the graph norm ¢ — |l¢|lpm) = (h(p) + ||<p||%)1/2 and
also dense in Co(X) with respect to the uniform norm. Moreover, we define % to be local
if h(p, ¥) = 0 for all ¢, v € D(h) with ¢y = 0. This notion appears slightly stronger
than locality as defined in [7] but it is in fact equivalent by a result of Schmuland [13].
Nevertheless, it is weaker than the form of locality introduced in [3]. Next if €2 is a subset
of X and A C  then we define capg(A) € [0, oo] by
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capg(A) = inf { ||g0||%)(h) : ¢ € D(h) and there exists an open V C X
suchthat AC Vandg > lae.onV N Q}

If there is any possible ambiguity then we use the notation capg, j,(A) instead of capg (A).
Note that 2 — capg (A) is amonotonically increasing function for each fixed A. Moreover,
capy (A) = cap(A) where cap(A) is the usual capacity of A with respect to & as defined in
[71, Section 2.1, or [3], Section 1.8. A similar definition of relative capacity is introduced
in [1] [2] and in special cases the two definitions coincide, e.g. if H is the Laplacian on R
and €2 is a bounded set with Lipschitz boundary. We do not know, however, whether the
definitions coincide in general or whether our results are valid when reformulated in terms
of this alternative definition.
The main result of this note is the following statement.

THEOREM 1.1. Let Q2 be a measurable subset of X and suppose that the regular Dirich-
let form h is local. The following conditions are equivalent.

L S;L>(2) C Ly(R2) forallt > 0.
II. There exist A1, Ay € 02 suchthat 92 = A1 UAj and capg (A1) = 0 = capge(A2).

The proof of the implication I=II in Theorem 1.1 does not require locality of / but this
property is used in proving the converse. In the course of the proof we also derive several
alternative characterizations of the S-invariance of L,(£2). Another characterization of
S-invariance for general measurable subsets €2 is given in [5], Theorem 1.3.

Theorem 1.1 extends to local regular Dirichlet forms a result of [12] for forms defined
by degenerate elliptic operators on R? and open subsets 2. Theorem 1.1 in [12] states
that if the coefficients of the degenerate operator are Lipschitz continuous and €2 is a
Lipschitz domain then S-invariance of L, (£2) is equivalent to cap(d€2) = 0. Nevertheless it
is straightforward to construct examples of S-invariant subspaces Ly (€2) with |0€2| > 0. But
then cap(9€2) > |0€2| > 0. So the condition cap(d€2) = 0 does not give a characterization of
S-invariance in general. The current results show that S-invariance of the subspace L, (2)
can indeed be characterized by conditions of small capacity of sets close to the boundary
of @ without any detailed assumptions of regularity.

In the last section we illustrate our results with various examples of degenerate elliptic
operators. Note that for degenerate operators a general sufficient criterion for the existence
of invariant subspaces was given in [6], Lemma 6.4 and Proposition 6.10.

2. Invariance criteria

We begin with a useful corollary of a theorem of Ouhabaz valid for ‘local’ accretive
closed sesquilinear forms.
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PROPOSITION 2.1. Let a be an accretive closed sesquilinear form in a Hilbert space
Lo (Y), where Y is a measure space. Suppose that a(e, ) = 0 for all ¢, € D(a) with
@ = 0. Let T be the semigroup associated to a and let Q be a measurable subset of Y.
Then the following are equivalent.

L. T:L,(2) € Lo(S2) forallt > Q.
II. Iqe € D(a) for all ¢ € D(a).
IIL. There exists a core D for a such that Ige € D(a) for all ¢ € D.

Proof. Let P be the orthogonal projection of L, (Y) onto L,(€2). By [10], Theorem 2.2,
the invariance of L, (€2) under T is equivalent to the statement(s) that there exists a core D
for a (or for every core) such that P(D) C D(a) and Re a(Py, ¢ — Pp) > 0 for all ¢ € D.
This implies that [I=- II=1I1. But Pp = Nge and ¢ — Pp = Tgep. So if P(D) € D(a) then
by ‘locality’ a(Py, ¢ — Pp) = 0 for all ¢ € D. This proves the proposition. O

As a preliminary for the proof of Theorem 1.1 we derive some criteria for the S-
invariance property. The first result is an implication of invariance which does not require
locality of the form #4.

PROPOSITION 2.2. Let 2 be a measurable subset of X. If S; L2(2) € L»(R2) for
all t > 0 then for all ¢ > 0 there exist open sets U, Vi, Vo € X such that cap(U) < ¢,
QRC VUV, IVIiNQNU =0and |V, NQENUC| =0.

Proof. Let W be a relatively compact open subset of X. We first show that for all ¢ > 0
there exists an open set U € X such that cap(U) < ¢ and for all x € W N 02 there exists a
8 > Osuchthat |[B(x;8) NQNU|=0or|B(x;8) NN U =0.

Since h is regular there exists a ¢ € D(h) N C.(X) with 0 < ¢ < 1 and ¢l = L.
Set Y = @ Lgq. Then since L,(S2) is S-invariant it follows, by [7], Theorem 1.6.1, that
Y € D(h) . Let 17/ be a quasi-continuous representative of . Then there exists an open set
U C X such that cap(U) < ¢ and Jluc is continuous. Then

Ylwnanue = ¥lwnenue = 1 ae.

and
Ylwnaenue = ¥lwnaenue = 0 a.e.
by construction of ¢ and .
Let x € WNoQ. If x € U then clearly there exists a § > 0 such that B(x; ) € U.

Hence |B(x;8) N Q2 N U°| = 0. So suppose that x € UC. Since %Uc is continuous at x
there exists a § > 0 such that

~ ~ 1
YO —¥@l <3 2.0
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for all y € B(x; 8) N U°. We may assume that B(x; §) € W. Since B(x;§) N Q2N U C
W N N U it follows that ¥/(y) = 1 fora.e. y € B(x; 8) N2 N UC. Similarly ¥(y) = 0
fora.e.y € B(x; §) N QN UC. Hence if |[B(x; §) N N UC| > 0 then it follows from (2.1)
that |[B(x; §) N QN US| = 0.

Since X is o-compact, for all ¢ > 0 there exists an open set U C X such that cap(U) < &
and for all x € 0L2 there exists §, > O with |B(x; §,)NQNU| = 0or|B(x; §,)NQLNUC| =
0. Define

Al ={x€dQ:|B(x;8)NQNU| =0}
and

Ay ={x €03 :|B(x;8,)NQ°NU| =0}.
By the basic covering theorem, [8] Theorem 1.2, there exists a subset A/1 C Aj such
that ey, B(x:57180) € U,e 41 B(x:8,) and the sets B(x; 5718,) with x € A} are
pairwise disjoint. Since X is o-compact, it is separable. Therefore A is countable. Set
Vi = UxeA’, B(x;68x). Then V; is open in X and A; C | B(x;5718,) € V.

XEA]|
Moreover,
IViNnQNU®| < Z |B(x:8,)NQNU| =0.
xeA
Similarly there exists an open V, € X such that A € V; and |V, N Q¢ N U¢| = 0. Finally,
NR=A1UA, CVIUW. O

The implication I=II in Theorem 1.1 follows from Proposition 2.2 and the next
proposition. We emphasize that the following proposition does not require locality of
the form .

PROPOSITION 2.3. Let Q2 be a measurable subset of X. If for all ¢ > 0 there exist
open sets U, Vi, Vo C X such that cap(U) < &, 92 C ViUV, [ViNQNU =0
and |V, N QE N UC| = 0, then there exist A1, Ap C 092 such that 02 = A1 U Ay and
capg (A1) = 0 = capge(A2).

Proof. By assumption for all n € N there exist open sets Uy, Vi, V2, € X such that
cap(U,) < 27", 0Q C Vi, U Vo, [Vi, N QN U;| = 0and | V2, N Q°NUs| = 0. Then
cap(Use,, Ux) < 271,

(Gr)oan(Ur)

and a similar expression involving the V,, for all n € N. So without loss of generality we
may assume that Uy D Uy D ..., Vi1 2 Vip D ...and Vo1 2 Var D .... Define

o
<Y VunQNUf =0
k=n

o0 oo
A =ﬂvlnmaszandA2=ﬂV2nmasz.

n=1 n=1



Vol. 8, 2008 Invariant subspaces of submarkovian semigroups 665

Let x € 02 and suppose that x ¢ A;. Then there exists an n € N such that x &€ Vy,,.
Therefore x ¢ Vi forall k > n. Since 02 C Vi, U V) for all k € N it follows that x € Vo
for all k > n and x € A,. Therefore 02 = A; U Aj.

Finally, letn € N. Since cap(U,) < 27" there exists a ¢ € D(h) such that ¢ > 1 a.e. on
U, and ||<p||%)(h) < 27" Because |V, NQNU;| = 0it follows that ¢ > 1 a.e. on Vi, N Q.
So capg (A1) = 0. Similarly, capge(Az) = 0. O

If the form £ is local then there is also a converse of Propositions 2.2 and 2.3. In fact
there is even a seemingly weaker version. The next theorem amplifies the characterizations
of Theorem 1.1.

THEOREM 2.4. Let Q2 be a measurable subset of X and suppose that the regular Dirich-
let form h is local. Then the following conditions are equivalent.

L S Ly(R2) C Ly(Q) forallt > 0.
II. For all ¢ > O there exist open sets U, V1, Vo C X such that cap(U) < g, 92 C
ViuVvy, IVinQNU | =0and |V, NQEN US| =0.
III. There exist A1, Ay € 02 suchthat 02 = A1UA3 and capg (A1) = 0 = capge (Az).
IV. There exists an M > 0 such that for all € > 0 there exist open sets Vi, Vo C X and
a function € D(h) such that 92 C Vi U Vo, h(Y) < M, ||[Y]l2 < eand ¥ = 1
a.e. on (Vi N Q) U (Vo N Q.

Proof. The implication I=1I follows from Proposition 2.2, the implication I[I=III by
Proposition 2.3 and the implication III=1IV from the estimate ||¢ V ¥/ IIZD(h) < ||</7||%3(h) +
||1p||%)(h) for all ¢, v € D(h) (see [3], Lemma 8.1.2.1).

IV=T. Let ¢ € D(h) N C.(X) and let M > 0 be as in Condition 2.4. Let n € N.
By assumption there exist open sets Vi, Vo, € X and a function ¥, € D(h) such that
02 C Viu U Vo, h(Yry) < M, ||[Yll2 < n~!and Y, = lae. on (Vi, NQ) U (Vp, N Q°).
We may assume that 0 < i, < 1. Set

on = (¢ — o ¥y)lg.

We shall prove that ¢, € D(h).
Set K = supp ¢. Define

K]o:KﬂQﬂVlcn, Kzo:KﬁQcﬂVZCn,

K1 = Kjp and K; = Ky9. Then K| and K, are compact. We next show that K| and
K> are disjoint. Let x € K1 N K,. Then x € QNQ =090 C Vi, UV, Suppose
x € Vi,. Now x € K; = Ky9, 50 Vi, N K10 # (). This is a contradiction. Similarly
x € V,, gives a contradiction. Hence K and K are disjoint. Since # is regular there exists
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a x, € D(h) N Cc(X) such that x,|x, = 1and x,|x, = 0. In particular y,(x) = 1 for all
x € Ko and y,(x) = 0 for all x € K. Note that

C
KN ((vln NQ)U (Vo N Q°)> nQ =K

and
C
KN ((Vln NQ)U (Vay N QC)) NQ° = K.

Hence it follows that ¢, = (¢ — ¢ ¥,,) xn a.e. So ¢, € D(h).
Since ¢ — @ Y, € D(h) and ¢, € D(h) it follows that (¢ — ¢ ¥, )Lge € D(h). Then, by
locality of A,

h(e — @) =h((¢ — @ ¥n)lQ) + h((¢ — ¢ ¥u)lge) = higpn).

Moreover,

R )" ? < (@) 1Wnlloo + ll@lloo A (W) "? < h(@)'/? + M2 |lglloo

for all n € N. So the sequence ¢1, ¢, ... is bounded in D(h). Therefore this sequence
has a weakly convergent subsequence. Passing to a subsequence, if necessary, there exists
a @ € D(h) such that lim,_, o ¢, = @ weakly in D(h). Then lim,_, » ¢, = ¢ weakly in
Ly(X). Butlim, o ¢ ¥, = 01in Ly(X). So

Jim @, = lim (¢ — ¢yl = ¢ 1o

in Ly(X). Therefore ¢ g = ¢ € D(h). Now the Statement I follows from Propostion 2.1
since D(h) N C.(X) is a core for h. O

A combination of Theorem 1.1 and Proposition 2.1 gives the following corollary.

COROLLARY 2.5. Let Q be a measurable subset of X and suppose that the regular
Dirichlet form h is local. The following conditions are equivalent.

I. 1qp € D(h) forall p € D(h).
II. There exist A1, Ay € 02 suchthat 92 = A1 UAj and capg (A1) = 0 = capge(A2).

We end this section with some remarks concerning comparison with the ordinary
capacity.

COROLLARY 2.6. Suppose the regular Dirichlet form h is local. If cap(92) = O then
Lo (2) is S-invariant.

Proof. The condition cap(9€2) = 0 clearly implies Condition II of Theorem 1.1. O
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This corollary extends to regular local Dirichlet forms an earlier result in [12] valid
for forms defined by degenerate elliptic operators on R¢. In fact Theorem 2.4 gives the
following improvement.

COROLLARY 2.7. Let Q be a measurable subset of X and suppose that the regular
Dirichlet form h is local. Let M € R. Suppose for all ¢ > 0 there exists a y € D(h) such
that h(Y) < M, ||[¥|l2 < e and ¥ > 1 on a neighbourhood of 902. Then Sy L2(2) € Ly(2)
forallt > 0.

The space L, (£2) is clearly unchanged if €2 is modified by a set of measure zero. There-
fore the S-invariance, Condition I of Theorem 1.1, is not sensitive to modifications of this
type. Alternatively, if €21 and 2 are two measurable subsets of X with Q| = €, and
121 AQ;| = O then capg (A) = capg,(A) for all A € Q1. This follows immediately
from the definition. On the other hand, the boundaries of €2; and 2, may be different.
The capacity assumptions of Condition II of the theorem are therefore more sensitive to
variations of €2 since there are sets of measure zero which have strictly positive capacity.
Nevertheless these assumptions do not depend necessarily on the entire boundary of 2.

An open set €2 is called topologically regular if 2 is equal to the interior of its closure, i.e.
if @ = Q or, equivalently, if 9Q = 8(50). For any set € the set € is topologically regular.
If Q is a measurable subset of X with [3Q2| = 0 then 32 € dQ C 92, so |9Q2| = |32 = 0.
Hence L (2) = L2(2) = L»(RQ). Therefore L, () is S-invariant if and only if Lr() is

also S-invariant. Next, note that if in addition €2 is open then 2 C Q and
90 = aQ U (ﬁ\ sz)

Moreover, by definition of capg. (A) it follows (with V = Qand ¢ = 0) that capqe (Q\Q) =

0, although in general cap(Q \ €) # 0. (See Example 3.2) Consequently one has the
following extension of Theorem 1.1 for open sets 2.

COROLLARY 2.8. Let 2 be an open subset of X with |02| = 0 and suppose that the
regular Dirichlet form h is local. The following conditions are equivalent.
I S;L>(2) C Ly(R2) forallt > 0.
II. Thereexist A1, Ay C 02 suchthat Af{UA,; = 8§andcapQ(A1) =0= capge (A2).

Note that in Condition II the open set Q° is used instead of Q.

The sets A1 and Ay in Theorem 1.1 might have a non-empty intersection and we next
prove that the capacity of A; N A vanishes. This is a consequence of a more general
statement which again does not require locality of the Dirichlet form /. Note that a condition
on |A\ (21 U2,)| is necessary in the next lemma since cap(B) > | B| for any measurable set.



668 A.F. M. TER ELST AND D. W. ROBINSON J.evol.equ.

LEMMA 2.9. Let 21, Q> be two subsets of X and let A C Q1 N Q. Suppose that
capg, (A) = capg, (A) = 0. Moreover, suppose that there exists an open set U in X such
that A C Uand |U \ (21 U 22)| = 0. Then cap(A) = 0.

Proof. Lete > 0. Thereexistopen Vi, V,in X and @1, ¢ € D(h) suchthat || ”%)(h) <e,
”902”%)01) <& ACV,AC Vs, >laeonViNQand ¢ > 1 ae. on Vo N Q.
Then |l¢1 Vv (p2||%)(h) <26, ViNVaNUisopen, AC ViNVoNUand ¢ V¢, > 1 ae.on
V1N Q) U (V2N Qy). Clearly ¢1 V ¢ > 1 a.e. on the null set U \ (21 U ©27). But

VmeUg(V1mszl)u(vzmszz)u(U\(szluszz)).

Therefore ¢1 VvV ¢ > 1 a.e. on Vi N Vo, N U. Consequently cap(V; NV, N U) < 2e. Hence
cap(A) = 0. O

COROLLARY 2.10. Let 2 be a subset of X and let A C 02 be such that capg(A) =
0 = capqc(A). Then cap(A) = 0.

Finally we establish a type of domination for invariant subspaces.

COROLLARY 2.11. Let h, k be two regular Dirichlet forms on X with k < h and k
local. Further let S, T be the associated semigroups on Ly(X) and Q2 a measurable subset
of X. If Ly(R2) is S-invariant then L,(S2) is T-invariant.

Proof. Tt follows by definition of the order relation for quadratic forms that D(h) € D(k)
and k(¢) < h(p) for all ¢ € D(h). Therefore if W is a subset of X and A € W then
capW,k(A) < capWh(A).

It follows from Propositions 2.2 and 2.3 that there exist A1, Ay € 92 such that 9Q2 =
A1 U Aj and capg (A1) = 0 = capge ;,(A2). Therefore capg, (A1) = 0 = capge ; (A2).
Hence the corollary follows from Theorem 1.1. O

A similar conclusion can be drawn from Theorem 1.6.1 in [7] if D(h) is a core for D(k).
(See also [7], Corollary 4.6.4.)

3. Examples
We present several examples of degenerate elliptic operators.

EXAMPLE 3.1. Let X = R, © = (0, 00), D(h) = W'2(Q) & L,(Q°) and h(p) =
f ole’ |2, where ¢’ is the distributional derivative. Then £ is topologically regular, |3Q2| = 0
and A is a regular local Dirichlet form. Moreover, capg:(9€2) = cap(_oo’())({O}) =0, so
L,(2) is S-invariant. But cap(0€2) = capg(d2) = cap<0’oo>({0}) # 0.



Vol. 8, 2008 Invariant subspaces of submarkovian semigroups 669

EXAMPLE 3.2. LetX =R, D(h) = WLZ(R) and h(p) = fR |g0/|2. The corresponding
operator is the one-dimensional Laplacian. If 2 = R\ {0} then |02] = 0 and 4 is a regular
local Dirichlet form. Since Q° = @ one has capge(9€2) = 0 and L»(€2) is S-invariant. The
set €2 is not topologically regular and cap(€2) # 0. Nevertheless, H is a strongly elliptic
operator with constant, and therefore Lipschitz continuous, coefficients. This example
shows that a converse of Corollary 2.6 is not valid for degenerate elliptic operators on R¢
with coefficients in W-°(R9).

The latter remark is of interest since it is proved in [12] that if 4 is the local regular
Dirichlet form obtained as the closure of the form

o Y [aiapie e wid)

with ¢;; € Wl (RY), ¢ij = cji and (¢;j(x)) > O for all x € R?, and if Q is a Lipschitz
domain in R? such that L,(2) is S-invariant, then cap(0f2) = 0. It is unclear whether the
Lipschitz property of 2 could be replaced by the assumption that €2 is regular in topology.

EXAMPLE 3.3. Let X =R, V = (—o0, —1) U (0, 1), D(h) = W'2(V) @ L,(V®) and
h(p) = fv |¢'|?. Then h is a local regular Dirichlet form. Choose = (—1, 1). Then £
is topologically regular. Moreover, capg ({—1}) = 0 and capge({1}) = 0. Hence L2 (€2) is
S-invariant. But capg, (9€2) = capq ({1}) # 0 and capge (9€2) = capge({—1}) # 0.

EXAMPLE 3.4. Let X = R?, Q = (0, 0o) x R the right half-plane and V = ({0, co) x
(0, 00)) U ({—00, 0) x (—o0, 0)) the union of the first and third quadrants. Let D(h) =
WL2(V) @ Ly(V©) and h(p) = fv |V|?. Then h is a local regular Dirichlet form. It is
easy to verify that there exists an open set U such that the requirements in Condition II
of Theorem 2.4 are valid for all x € 92 \ {(0, 0)}. But if [ is the form associated to the
Laplacian on R? then the capacity of the set {(0, 0)} with respect to the form [ is zero.
Hence cap({(0, 0)}) = 0 where the capacity is with respect to the form /4. Therefore the
requirements in Condition II of Theorem 2.4 are also valid for (0, 0) by adjusting the open
set U around (0, 0). So L,(2) is S-invariant. Alternatively, Condition II of Theorem 1.1
is satisfied with A| = {0} x {—00, 0] and A, = {0} x [0, 00).

The next example is a multi-dimensional elliptic operator.

EXAMPLE 3.5. Let X = R and h the relaxation, or viscosity closure, of the elliptic
form

d
v ) /R | cij(@i9)Bj9) (¢ € CZRY),
i, j=1

where the coefficients ¢;; = cj; € Loo(Rd) are real and the matrix C = (c;;) is positive-
definite almost everywhere in R¢. (The relaxation of a quadratic form is described in [4]
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(see page 28) and the viscosity closure is defined in [6], Section 2.) Then 4 is again a local
regular Dirichlet form (see [5], Theorem 1.1). Assume that ¢;; = 0 foralli € {2,...,d}.
Moreover, assume that there exists a positive function ¢ € Cp(R) such that c11(x) < c¢(x1)
for almost all x = (x1, ..., x,) € R?. Let k be the closure of the form ¥ > fR )3,
with ¢ € C° (R?). Then k is a local regular Dirichlet form on L;(R). Assume that ¢ is
such that cap g o) x({0}) = 0. If ¥ € D(k) and T € C2*(R?™") then ¥ ® T € D(h) and
one has an estimate
1Y @ llpwy < M @l 1Tl

where M = 1 + max; ; ||cjllcc. Therefore setting 2 = (0, 0o) x R?~! one deduces that
capq (0€2) = capg ({0} x RY~1) = 0. Hence one can choose A; = 92 in Condition II of
Theorem 1.1 and L, (£2) is invariant under the semigroup corresponding to /.

One can construct more complicated examples by combination with the idea underlying
Example 3.4.

Assume that there exist positive functions ¢y, ¢2 € Cp(R) such that

ci(xy) ifxo >0

cr1(x) S{

Z‘z(xl) ifx2 <0

for almost all x € R¥. Let k; and k> denote the Dirichlet forms on L, (R) with coefficients
¢1 and ¢, respectively. Suppose cap g o ¢, ({0}) = O and cap _; o) 1, ({0}) = 0. Then one
may choose A; = {0} x [0, 00) x R¥"2 and A; = {0} x (—00, 0] x R?~2 in Condition II
of Theorem 1.1, and L, (€2) is again invariant under the semigroup corresponding to /.

Finally we note that these examples can all be extended by application of the domination
principle given by Corollary 2.11.
The regularity of the form & in Corollary 2.11 is essential as the next example shows.

EXAMPLE 3.6. Let X = (0, 1)U(2, 3), D(h) = WS’Z(X) and h(p) = [y |¢/|*. Define
the form k by

D) = {p € W' (X) : 9(0) = ¢(3) and p(1) = p(2)}
and k(p) = fX |¢/|?. Thenh < k. Let S, T be the associated semigroups on Ly (X). Choose

Q = (0, 1). Then €2 is S-invariant, but not 7-invariant.
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