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ABSTRACT. In this paper we provide a pinching condition for the char-
acterization of the totally geodesic disk and the rotational annulus a-
mong minimal surfaces with free boundary in geodesic balls of three-
dimensional hyperbolic space and hemisphere. The pinching condition
involves the length of the second fundamental form, the support func-
tion of the surface, and a natural potential function in hyperbolic space
and hemisphere.

1. INTRODUCTION

To characterize simple but important geometric objects by various stan-
dards has been a focus of attention for a long time. For example, F. J.
Almgren [1] proved that the equator is the only minimal surface in S? of
genus 0 (up to rigid motions in S?). The Lawson conjecture confirmed by S.
Brendle [5] states that the Clifford torus is the only embedded minimal torus
in S®. The Pinkall-Sterling conjecture proved by B. Andrews and H. Li [3]
says that the rotational torus is the only embedded torus with constant mean
curvature in S®. The Willmore conjecture due to Marques and Neves [18]
shows that the Clifford torus is the unique minimizer of the Willmore energy
among surfaces in S? of genus at least 1. In another direction, the equator

and the Clifford tori Crypom = S™ (/) x S*7™(,/2=2), 1 <m <n—1,

in S™*1 can be characterized by the following gap theorem:

Theorem 1 (Chern-do Carmo-Kobayashi [8], Lawson [15], Simons [25] ).
Let X" be a closed minimal hypersurface in the unit sphere S*T1. Assume
that its second fundamental form A satisfies

|A]* < n. (1)
Then

(1) either |A|> =0 and X" is an equator;
(2) or |A|> =n and X" is one of Clifford tori Cpyp—m, 1 <m <n—1.
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In the setting where a minimal surface lies in a 3-dimensional Euclidean
unit ball B® with free boundary, the flat equatorial disk and the critical
catenoid play analogous roles as the equator and the Clifford torus in S3.
Here the critical catenoid is a piece of a catenoid in R® which intersects
0B3 orthogonally (free boundary). Due to their simple topology, these two
examples in B3 have got extensively studied these years. We refer the readers
to [2] for a nice account of the works concerning the flat equatorial disk and
the critical catenoid. Or see e.g. |4,9,11H14},20.22,24126,28|. In particular,
very recently Lucas Ambrozio and Ivaldo Nunes have obtained a gap theorem
which is similar to Theorem [1] in some sense.

Theorem 2 (Ambrozio-Nunes [2]). Let X be a compact free boundary min-
imal surface in Euclidean unit ball B®. Assume that for all points © € ¥,

AP (2) {2, N(2))* < 2, (2)

where N(x) denotes a unit normal vector at the point x € ¥ and A denotes
the second fundamental form of 3. Then
(1) either |A|*(z, N(z))2 =0 and X is a flat equatorial disk;
(2) or |AP2(p){p, N(p))? = 2 at some point p € ¥ and X is a critical
catenoid.

In this paper we aim at proving a similar gap theorem in the 3-dimensional
hyperbolic space H? and hemisphere Si. To that end we first introduce some
notations.

Let M3 be a 3-dimensional warped product Riemannian manifold [0, Ruo ) X
S? equipped with the metric (see [16])

g =dr? + A(r)*gse, (3)
where A\(r) and Ry, are given by

T, Ry = +00,
A(r) = < sinhr, Ry = +00,
sinr, Ry =m/2.

That is, M? is Euclidean space R?, hyperbolic space H? or hemisphere S‘i.
For any surface ¥ in M3, there are two important functions, i.e. the potential
function X and the support function (X, N). Here X = A\(r)d, is the natural
conformal vector field on M3 and N is a unit normal of the surface. For
example, these two functions appear in the well-known Minkowski formulas.

Let Br = [0, R) xS? C M?3 be the geodesic ball in M? with radius R, and
Y2 be a compact free boundary minimal surface in Bg. Now we can state
our main result as follows:

Theorem 3. Let X be a compact free boundary minimal surface in the
geodesic ball Br C M3 with radius R < Rs,. Assume that for all points x
m 3,
[ AN (), X)*
<2 4
ORI W




A GAP THEOREM IN HYPERBOLIC SPACE AND HEMISPHERE 3

where N(x) denotes a unit normal vector at the point x € ¥ and A denotes
the second fundamental form of ¥.. Then
(1) either |A|>(N(z), X)2 =0 and ¥ is a totally geodesic disk;
AI2(N(p), X)?
(2) or H<()\(§Q)’> = 2 at some point p € X and X is a rotational
annulus.

The proof of Theorem [3] proceeds parallel to that of Theorem [2] Firstly
we deal with the hyperbolic case, that is, M3 = H3. It is our key observation
that the length square of the natural conformal vector X can define a convex
function on the surface ¥ under the pinching condition , which is the
content of Lemma Then we divide the condition into two cases: either
it is a strict inequality on X\ 9%, or it is an equality for some p € ¥\ 9%.
In the latter case we can use the Minkowski space model for H? to prove the
surface is rotational, which is another difference from that in [2]. Secondly
for the spherical case M3 = Si, after a little bit more work, we are able to
find a convex function on ¥ under , see Lemma 8| Then the remaining
is similar to that in hyperbolic case.

This paper is organised as follows. In Section [2| we check that in hyper-
bolic case the rotational minimal annulus with free boundary in B C H?
indeed satisfies the condition , where the Poincaré disk model for H? is
convenient. Then in Section [3| as mentioned above we prove Theorem [3] for
hyperbolic case. Finally in Section [l we provide the key Lemma [§]in spher-
ical case to finish the proof of Theorem [3| for spherical case. Throughout
the paper, the inner product (-, ) and the norm | - | are with respect to the
curved metric unless otherwise indicated.
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2. THE TWO EXAMPLES FOR HYPERBOLIC CASE

This section is devoted to examples in hyperbolic space H? which satisfy
the condition . Obviously the totally geodesic disk satisfies . While for

the rotational minimal annulus with free boundary in Bp C H3, we verify

as follows.

First we use the Minkowski space model for H? C ]R‘ll, that is,

H? = {y e R :y' = V()2 + (1) + (%)% + 1}, (5)
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with the metric induced from the Lorentz inner product (-,-); in R}. Then
as in [10,21], the rotational catenoid we consider can be parametrized as the
map Fj, : R x St — H? given by

1 1
F,(s,0) = (\/acosh2s - icose, \/acosh2s — isine,
1 . 1
\/acosh2s + B sinh ¢(s), 1/ a cosh 2s + B cosh qb(s)) ,

where ¢(s) is the integral

1 [° 1
o) =Jar— 4 [ i ©
4o (acosh2t+ 3)y/acosh2t — 3
and a > % is a constant. Note that F, is rotational around the plane
generated by coordinate vectors d3 and dy, and s is the arclength parameter
of the generating curve.

Using this model, we can prove for any geodesic ball B C H? centered
at (0,0,0,1), there exists a unique a = a(R) such that F(py is a minimal
annulus with free boundary in Bg. In fact, it suffices to prove, for any
a > 3 and fixed 6 (say 0), the tangent straight line {F(s) + kF'(s) : k € R}
in R will intersect with the y*-axis for some s9 > 0. Then F(sq) is on the
boundary of the geodesic ball. The proof is elementary, which we omit here.

However, under this model it is not easy to see that holds on ¥. To
that end, we shall use the Poincaré disk model for H?. That is,

3
H® = {z e R3: Z(zi)2 <1}, (7)

with the conformal flat metric
3

9= e = T D0 ®

Here p(z) = W and go = 3.7, (dz")%. Now consider the rotational

minimal surface ¥ in H? given by
2(t,0) = (t, f(t)cosb, f(t)sinh), —1<—
As a surface in Euclidean space, ¥ has a unit normal
—  (f',—cosf,—sin6)

N g 1o

Ql

<t<a<l. (9)

and two principal curvatures
f// 1

(14 (f1)?)2 fFA+(f1)?)2

K1 = —
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Then as a surface in hyperbolic space, i.e. with a conformal metric g = p?go,
the surface ¥ has two principal curvatures (see e.g. |17, Lemma 10.1.1])
_ ki N(p)

R = — — )
op p?

here N(p) means the directional derivative, namely N(p) = go(N, Vg, p).
With these preparation, since ¥ is a minimal surface in H?, we can derive
f// 1 f _ tfl
S R 13
R A ey o "

i=1,2, (12)

with initial data

f(0)=ce (0,1), f(0)=0. (14)
Then for a geodesic ball Br C H? centered at the origin with hyperbolic
radius R, we can find a unique ¢ = ¢(R) such that the solution curve f(t) (¢t €

[—a,a]) generates a minimal annulus with free boundary in Bg. Moreover,
the free boundary condition requires that a is the first zero of the function

/
f(ﬁ\)lowtvae(tziée in a position to verify . First note that is equivalent to

kg (— < N,0, >)-tanhr <1, (15)
where r is the geodesic distance from z = (¢, f(t)cos@, f(t)sinf) to the
origin with respect to g. We can compute it to get
1+ |z[go

=In ,
1- |Z’90

(16)

which implies

2zlgy  2\/124 f2 (17)

L+ 22, 1482+ /2

tanhr =

Meanwhile,

N,8, > = go(N, ——) = tf —f .
< > gO( ’Z‘go) \/1+(f,)2\/t2+f2

In summary, we have

“2'(_<N,ar>)'tanh7":<1_t2_f2 tf' = f )

2fVI+ ()2 I+ ()
y f-tf NN R
VITURVET P TP
FA+())A+82+ 1)
In view of the equation (13)), we know that on (0, a)

>0, f">0, f—tf'>0, and 1+ f2—¢>—2tff >0.
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Furthermore, it is straightforward to check the numerator in is decreas-
ing, while the denominator is increasing. As a consequence, —ko- < N, 0, >
-tanh r is decreasing from 1 to 0. This finishes the verification of .

3. PROOF OF THEOREM [3] FOR HYPERBOLIC CASE

In this section we assume M3 = H3. Firstly we prove a useful lemma.

Lemma 4. Let X2 be a free boundary minimal surface in B C H. Let
be the function defined by

o(z) = )\(r(m))2, T € X. (19)
Then we have
(a) VZp(x) = 2A\N0, for all x € OX.

2 2
(b) For each x € ¥, when 4] <](\;(/§:2)’X>

< 2, the matriz Hesssp(x)
s positive semi-definite.

Proof. Note that X = A(r)0, is a conformal vector field, i.e. for any vector
field v € TM? we have (see e.g. [6,/16])

Dy(A(r)0,) = N(r)v. (20)

Here D is the connection of ambient space M?>. And we will use V = V> to
denote the connection of 3.
Note that ¢(z) = |X|?. Let ej,es € T:X be an orthonormal basis for
T,%. Then for (a),
V() = (eil X[))ei
=2(D., X, X)e;
= 2<)\/€i7 )\ar>€i
=227,
where (-)7 denotes the orthogonal projection onto 7,%. Now along 0%, the
vector O, is the conormal of 9% in X. So we have Vp(x) = 2AN9, for all
x € 0%, which proves (a).
For (b), taking any Y, Z € T, X, we have
Hesssp(x)(Y, Z) = Y Z(|X[?) = (Vv Z)(IX )
=2Y(NZ,X)-2(NVyZ, X)
=2M(Y,0.(Z, X) +2(NDy Z, X) + 2(N)*(Z,Y) — 2(N'Vy Z, X)
=2\\(Y,0.)(Z,0,) + 2(N)*(Z,Y) + 2N (A(Y), Z)(N (z), X)

= 2\\(Y,0,)(Z,0,) + 2(XN)? <Y + %A(Y)(N(x), X)), Z> . (21)
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Note that \’(r) = sinhr > 0 and the second fundamental form A has
[AX(N (z), X)?
(X)?

eigenvalues +|A|/v/2. Therefore when < 2, the matrix

Hessxp(x) is positive semi-definite.
U

Then as in [2], we can obtain the following proposition. The proof for it
is the same as in [2]. We omit the details here.

Proposition 5. Let ¥ be a compact free boundary minimal surface in Br C
H3. Define
C={peX:r(p)=minr(x)}. (22)
TEX
[AP(N (), X)?
(V)2
(a) either C contains a single point p € ¥\ 0%, in which case ¥ must be
a totally geodesic disk;
(b) or C is a simple closed geodesic in ¥\ 0% and ¥ is homeomorphic
to an annulus.

If

<2 on %, then

Moreover, reasoning as in [2], we have a corollary.

Corollary 6. Let > be a compact free boundary minimal surface in B C
AP(N(2), X)?
He, If ] ’
o
In view of this corollary, it remains to deal with the case where the func-
[AP(N (), X)?
(X)?
Proposition 7. Let ¥ be a compact free boundary minimal surface in Br C
2 2 2 2
H°. If —(/\/)2 <2o0nd, and 7(/\,)2
then 3 is a rotational annulus.

< 2 on X, then X is a totally geodesic disk.

tion attains its maximum value 2 at some point on .

= 2 at some point p € X,

The proof is similar to that of [2, Proposition 4], with some adaptation
to curved space. We include it here for completeness.

[AP(N, X)?
w2

2 at some point p € X, then case (a) in Proposition [5| can not happen. In
fact, should (a) occur, then by [27, Theorem 4.1] or |23, Theorem 2.1] (an
extension of Nitsche’s result [22]), ¥ is a totally geodesic disk, a contra-
diction. Thus ¥ is homeomorphic to an annulus and C is a simple closed
geodesic v : [0,]] — X with arc parameter. Note that infs; ¢ > 0.

Let rg > 0 satisfy sinh®ry = infy, ¢ and let S,, C H? be the geodesic
sphere of radius ro centered at the origin. Then ¥ C {x € H® : r(z) > ro}
and X NSy, = ¥([0,1]). Therefore T, % = TSk, for all s € [0,1]. Note

Proof. The function ¢ : ¥ — R and C are defined as before. Since
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that v is a geodesic in . So it is also a geodesic in S,. That is, vy is a great
circle of S, .
Now we recall the Minkowski space model for H® C R}, that is,

H? = {y e R} : y' = V(¥")2 + (1) + (%)% + 1}, (23)

and we set Bp C H? centered at (0,0,0,1). Based on the analysis above,
we can assume that 03 is orthogonal to the hyperplane which contains the
circle v and 4. Then {7(s),03} is an orthonormal basis of T'(,)% for all
s € 10,1].

Now as in [27, Theorem 5.1], we define for any three vectors vy, vo, v3 in
R‘ll their Lorentz cross product v; A vo A vg as the unique vector such that
for any v € R:

(v1 A vg Az, v)1 = det(vy, v2,v3,v), (24)

where (-, )1 is the Lorentz inner product and det is the determinant in the
canonical basis.
With this preparation, we define a function u : ¥ — R by

u(x) = (¢(x) A O3 A 04, N(x))1. (25)

Here ¢ : ¥ — H? C R} denotes the immersion of the surface. It is straight-
forward to verify that

% = coth R - u on 0%, (26)
which means that u is a Jacobi function on ¥. And note that u = 0 on
¥ if and only if ¥ is a rotational surface in R} around the two-dimensional
subspace generated by 03 and 0.

Now on the one hand, ([0,1]) is contained in u~!(0), which implies at
any point v(s) we have (Vu,~') = w = 0. On the other hand, recall
{7/ (s), 03} is an orthonormal basis of T’,(,)% and /() is a principal direction
of ¥. Then 05 is the other principal direction at 7(s), which implies Dy, N
is parallel to 03. Therefore,

(Vu, 03) = (93 A O3 A O, N(2))1 + (¢(z) A O3 A\ O, (93, N(x))19(x) + Doy N (x))1
=0.

Au+ (JA]? = 2)u=0on X,

To sum up, Vu = 0 along the circle v, which means the critical points of u
in the nodal set u~1(0) are not isolated. Then a result of S. Y. Cheng [7,
Theorem 2.5] shows u = 0 on ¥. As a consequence, ¥ is a rotational annulus
as claimed.

O

4. PROOF OF THEOREM [3] FOR SPHERICAL CASE

For the problem in hemisphere, the key lemma is the following.



A GAP THEOREM IN HYPERBOLIC SPACE AND HEMISPHERE 9

Lemma 8. Let ¥ be a free boundary minimal surface in Br C S with
R € (0,7/2). Let ¢ be the function defined by

p(z) = A(r(z))?, zeX, (27)
and choose ®(s) =1 — /1 —s. Then we have
(a) VZ®(p)(x) = 28'(p) AN, for all x € 0.

Al2(N X)?
(b) For each x € 3, when APV (), X)7

UL < 2, the matriz Hessx®(p)(x)

18 positive semi-definite.

Proof. (a) Since VZ®(p) = ®/(p)V=¢, the conclusion follows immediately.
(b) First we have for any Y, Z € T,%,

Hesss®(p)(Y,2) =Y Z(2(p)) — Vy Z(2(p))
=Y (' (¢)Z¢) — '(p)Vy Zy
=)V Zp+ D' (0)Y Zp — () Vy Zp
= D" (@) AN(N)* (Y, 0r)(Z,0p) + ¥ () Hessp(Y, Z).
Now using the computation in Lemma i.e. Equality , we get
Hesss®(¢)(Y, Z) = " (¢)4AN*(X)*(Y, 9,)(Z, 0y)

#0(0) (20 000(2.07) + 207 (¥ + AW (@), X), 7))
=2 (20" ()N (N)? + @ () AN") (Y, 0,)(Z, 0,

+ 20/ (p)(X)? <Y+/\,A( (N (x),X>,Z>.

1

Note that A = sinr, N = cosr, \/ = —sinr, & = 1(1 —5)72 and ®” =

2
11— s)_%. So we can check that 2" () A2(\)2 + @' (©) AN’ = 0. Then the
conclusion follows.

O

The rest of the proof of Theorem [3| for spherical case is similar to that
for hyperbolic case, with minor modification. Just note that now ®(y) is
a convex function under the pinching condition (4]). Then the remaining
goes through. Here we omit the details. Therefore we complete the proof of
Theorem [3

Remark 9. The existence of the rotational free boundary minimal annulus
in Bp C S3 (R < 7/2) is easier now. For example, see the deep result [19]
by Davi Maximo, Ivaldo Nunes and Graham Smith. In fact, here we are
only concerned with the existence of the rotational annulus. When the
radius R of the geodesic ball is small, the metric is approximately Euclidean
and so we get the existence. While for large radius, the existence of the
rotational annulus follows from the continuity of the solution on the radius



10

HAIZHONG LI AND CHANGWEI XIONG

R. Moreover, consider the parametrization of ¥ as F, : R x ST — S3 given
by (see [10])

1 1
Fo(s,0) = {1/ 5 + acos2scos, 4/ B + acos2ssinf,
1 i 1
5 —acos 2ssin ¢(s), 5 —acos 2scos @(s) |,

where ¢(s) is the integral

1 s 1
o) =3 —a* [ i, (28)
4 0 (3 —acos2t),/3+acos2t

and —% < a < 01is a constant. Then after a lengthy, but direct calculation,
one can check that holds for F, in some geodesic ball B, C S? with

R(a

(1]
2]
3]

(4]

(12]
(13]

(14]

) < m/2.
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